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ORGANIZING BODIES 
OF THE SIXTEENTH MARCEL GROSSMANN MEETING 


INTERNATIONAL ORGANIZING COMMITTEE 


Blair David, Choquet Bruhat Yvonne, Damour Thibault, De Bernardis Paolo, 
Everitt C. W. Francis, Fryer Chris, Haensch Theodor, Henneaux Marc, 
Jones Christine, Kerr Roy, Kleinert Hagen, Kunz Jutta, Laemmerzahl Claus, 
Longair Malcolm, Mirabel Felix, Mirzoyan Razmik, Piran Tsvi, Rueda Jorge, 
Ruffini Remo (chair), Sasaki Misao, Sato Humitaka, Sunyaev Rashid, 

't Hooft Gerard, Weinberg Steven, Yau Shing-Tung, Zhang Bing 


LOCAL ORGANIZING COMMITTEE 


Adamo Cristina, Bianco Carlo Luciano, Brandolini Gabriele A., di Niccolo Cinzia, 
Latorre Silvia, La Selva Domenico, Li Liang, Loppini Alessandro, Natale Elisabetta, 
Verzulli Damiano, Vereshchagin Gregory (chair), Wang Yu 


INTERNATIONAL COORDINATING COMMITTEE 


ALBANIA: Hafizi M. - ARGENTINA: Arguelles C., Scoccola C., Reula O., Romero 
G.E. - ARMENIA: Sahakyan N. - AUSTRALIA: Blair D., Ju L., Lun A., Manch- 
ester D., Melatos A., Quinn P., Scott S.M., Steele J.D. - AUSTRIA: Aichelburg 
P.C., Schindler S. - BELARUS: Kilin S., Prakapenia M., Siutsou I. - BELGIUM: 
Henneaux M. - BOLIVIA: Aguirre C.B. - BOSNIA: Pasic V. - BRAZIL: Barres de 
Almeida U., Coelho Goulart J., Dalmolin F.T., de Lima Rafael C.R., Guzzo M., 
Maia C., Malheiro M., Romero Filho C.A., Shellard R.C., Zen Vasconcellos C. - 
BULGARIA: Yazadjiev S. - CANADA: Singh D., Smolin L., Turok N. - CHILE: 
Bauer F., Bunster W.C., Giacomini A. - CHINA (MAINLAND): Cai R., Cai Y., 
Cao Z., Chang J., Chen J., Chen X., Dai Z., Feng L.-L., Han W., Jing Y., Li 
T.-P., Lin W., Lou Y.-Q., Luo J., Mei J., Tam T., Wang A., Wang Y., Wu X.-P., 
Wu Y.-L., Yuan Y.-F., Zhang B.-B., Zhang S.-N., Zhao G. - CHINA (TAIWAN): 
Chen Chiang-Mei, Chen Pisin, Lee Da-Shin, Lee Wo-Lung, Ni Wei-Tou - COLOM- 
BIA: Barguefio de Retes P., Gonzalez G., Higuera Garzon M.A., Núñez L., Romano 
A.E., Valenzuela Toledo C.A., Zuluaga J.I. - CROATIA: Dominis Prester D., Kar- 
lica M., Milekovic M., Smolcic V., Smolic I., Suric T. - CUBA: Perez Martinez 
A., Pérez Rojas H. - CZECH REPUBLIC: Bicak J., Stuchlik Z. - DENMARK: 
Naselsky P. - ECUADOR: Contreras E. - EGYPT: Tawfik A.N., Wanas M. - 
ESTONIA: Einasto J., Saar E. - FINLAND: Poutanen J., Volovik G. - FRANCE: 
Brillet A., Buchert T., Chardonnet P., Coullet P., de Freitas Pacheco J.A., Deru- 
elle N., Iliopoulos J., Lamanna G., Mignard F. - GEORGIA: Lavrelashvili George, 
Machabeli Giorgi - GERMANY: Biermann P., Blumlein J., Di Piazza A., Fritzsch 
H., Genzel R., Gilmozzi R., Hasinger G., Hehl F., Keitel C., Kiefer C., Mirzoyan R.., 


Neugebauer G., Nicolai H., Renn J., Ringwald A., Ruediger A. - GREECE: Batakis 
N.A., Cotsakis S., Vagenas E.C. - HUNGARY: Fodor G., Levai P. - ICELAND: 
Bjornsson G., Jakobsson P. - INDIA: Chakrabarti S.K., Iyer B., Padmanabhan T., 
Souradeep T. - IRAN: Baghram S., Bavarsad E., Eslam Panah B., Firouzjahi H., 
Haghighat M., Mansouri R., Mashhoon B., Shakeri S., Sobouti Y., Taghi Mirtorabi 
M. - IRELAND: O'Murchada N. - ISRAEL: Milgrom M., Nakar E., Pe'er A., Piran 
T. - ITALY: Belinski V., Bianchi M., Bianco C.L., Cherubini C., Della Valle M., 
Falciano S., Filippi S., Haardt F., Menotti P., Merafina M., Pani P., Ricci F., Treves 
A., Vereshchagin G.V., Vitale S., Xue S.- S. - JAPAN: Fujimoto M.-K., Makishima 
K., Nakamura T., Sato K., Shibata M. - KAZAKHSTAN: Abishev M., Aimuratov 
Y., Boshkayev K., Mychelkin E.G., Spitaleri C. - KOREA (PYEONGYANQG): Kim 
J.S. - KOREA (SEOUL): Kim S.P., Kim S.-W., Lee H.K., Lee H.-W., van Putten 
M. - KYRGYZSTAN: Gurovich V.Ts. - LIBYA: Gadri M. - MEXICO: Breton N., 
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Belczynski K., Demianski M., Lewandowski Jerzy, Nurowski P., Sokolowski L. - 
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Kogan G., Blinnikov S., Chechetikin V.M., Cherepaschuk A.M., Khriplovich I., 
Lipunov V.M., Lukash V.N., Novikov I., Rudenko V.N., Starobinsky A.A. - SER- 
BIA: Djordjevic G., Jovanovic P., Knezevic Z., Pankov-Hzvojevic M., Popovic L., 
Prodanovic T., Sijacki D., Simic S. - SLOVAKIA: Balek V. - SLOVENIA: Cadez 
A., Gomboc A., Zavrtanik D. - SOUTH AFRICA: Larena J., Maharaj S. - SPAIN: 
Elizalde E., Ibanez J., Perez M.J., Verdaguer E. - SWEDEN: Abramowicz M.A., 
Marklund M., Ryde F. - SWITZERLAND: Durrer R., Jetzer P. - TURKEY: Aliev 
A., Gurses M. - UKRAINE: Novosyadlyj B., Zaslavskii O., Zhuk A. - UNITED 
ARAB EMIRATES: Fernini I. - UNITED KINGDOM: Cruise A.M., Frenk Carlos 
S., Green M., Mavromatos N., Perry M., Willingale R. - USA: Abel T., Ashtekar A., 
Bardeen J., Carlstrom J., Cornish N., Dermer C., Fan X., Flanagan E., Fraschetti 
F., Fryer C., Incera V., Jantzen R.T. (chairperson), Kolb R., Laguna P., Lousto C., 
Madau Piero, Mathews Grant, Matzner Richard, Melia Fulvio, Mester John, Michel- 
son Peter, Nordtvedt Kenneth, Parker Leonard, Pretorius F., Pullin J., Shapiro I., 
Shapiro S., Shoemaker D., Smoot G., Stiavelli M., Teukolsky S., van Nieuwenhuizen 
P., Zhang B. - UZBEKISTAN: Ahmedov B., Zalaletdinov R.M. - VATICAN CITY: 
Gionti G. - VENEZUELA: Fuenmayor E. - VIETNAM: Long H.N. 
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MARCEL GROSSMANN AWARDS 


Sixteenth Marcel Grossmann Meeting 


Institutional Awards 


"for the creation of the world's best X-ray map of the entire sky, for the discovery of 
millions of previously unknown accreting supermassive black holes at cosmological 
redshifts, for the detection of X-rays from tens of thousands of galaxy clusters, filled 
mainly with dark matter, and for permitting the detailed investigation of the growth 
of the large-scale structure of the universe during the era of dark energy dominance”. 


S.A. LAVOCHKIN ASSOCIATION 
- presented to its Designer General Alexander Shirshakov 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS 
(MPE) 
- presented to Professor Peter Predehl, Principal Investigator of eROSITA 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN 
ACADEMY OF SCIENCES 

- presented to Professor Rashid Sunyaev, Principal Investigator of SRG Obser- 
vatory in Russia 


Individual Awards 


DEMETRIOS CHRISTODOULOU 

“For his many lasting contributions to the foundation of mathematical physics 
including the dynamics of relativistic gravitational fields. Notably for: contributing 
in 1971, at the age of 19, to derive with Remo Ruffini the mass-energy formula of 
black holes as a function of their angular momentum, charge and irreducible mass. 
Christodoulou turned then to the study of partial differential equations and mathe- 
matical physics, to which he remained dedicated for the rest of his career. Highlights 
in this area include the theoretical discovery of the nonlinear memory effect of grav- 
itational waves (Phys. Rev. Letters 1991), the monograph (1993) in collaboration 
with Sergiu Klainerman on the global nonlinear stability of the Minkowski spacetime, 
the monograph (2009) on the formation of black holes in pure general relativity by 
imploding gravitational waves, and the monographs (2007 and 2019) on the forma- 
tion and further development of shocks in fluids.” 


GERARD 't HOOFT 
"for his persistent devotion to the study of the quantum field theory boundary con- 
ditions at the black hole horizon". 


TSVI PIRAN 
"for extending Relativistic astrophysics across international frontiers, a true com- 
panion in the search for the deeper meaning of Einstein’s great theory”. 


xii 


STEVEN WEINBERG 
“for unwavering support for the MG meetings since their inception, a true compan- 
ion in the search for the deeper meaning of Einstein’s great theory”. 


Each recipient is presented with a silver casting of the TEST sculpture by the artist 
A. Pierelli. The original casting was presented to His Holiness Pope John Paul II 
on the first occasion of the Marcel Grossmann Awards. 


xiii 


15th Marcel Grossmann Meeting 
July 2018, Rome, Italy 


Institutional Awards 


PLANCK SCIENTIFIC COLLABORATION (ESA) 

“for obtaining important constraints on the models of inflationary stage of the 
Universe and level of primordial non-Gaussianity; measuring with unprecedented 
sensitivity gravitational lensing of Cosmic Microwave Background fluctuations by 
large-scale structure of the Universe and corresponding B-polarization of CMB, 
the imprint on the CMB of hot gas in galaxy clusters; getting unique information 
about the time of reionization of our Universe and distribution and properties of 
the dust and magnetic fields in our Galaxy" 


- presented to Jean-Loup Puget, the Principal Investigator of the High Frequency 
Instrument (HFT) 


HANSEN EXPERIMENTAL PHYSICS LABORATORY AT STANFORD UNI- 
VERSITY 

^to HEPL for having developed interdepartmental activities at Stanford University 
at the frontier of fundamental physics, astrophysics and technology" 


- presented to Research Professor Leo Hollberg, HEPL Assistant Director 


Individual Awards 


LYMAN PAGE 
“for his collaboration with David Wilkinson in realizing the NASA Explorer WMAP 
mission and as founding director of the Atacama Cosmology Telescope" 


RASHID ALIEVICH SUNYAEV 
"for the development of theoretical tools in the scrutinising, through the CMB, of 
the first observable electromagnetic appearance of our Universe" 


SHING-TUNG YAU 

"for the proof of the positivity of total mass in the theory of general relativity 
and perfecting as well the concept of quasi-local mass, for his proof of the Calabi 
conjecture, for his continuous inspiring role in the study of black holes physics" 


14th Marcel Grossmann Meeting 
July 2015, Rome, Italy 


Institutional Award 


EUROPEAN SPACE AGENCY (ESA) 

“for the tremendous success of its scientific space missions in astronomy, astro- 
physics, cosmology and fundamental physics which have revolutionized our knowl- 
edge of the Universe and hugely benefited science and mankind" 


- presented to its Director General Johann-Dietrich Woerner 


Individual Awards 


KEN'ICHI NOMOTO 
“for heralding the role of binary systems in the evolution of massive stars” 


MARTIN REES 
“for fostering Research in black holes, gravitational waves and cosmology” 


YAKOV G. SINAI 
“for applying the mathematics of chaotic systems to physics and cosmology” 


SACHIKO TSURUTA 
"for pioneering the physics of hot neutron stars and their cooling" 


FRANK C.N. YANG 
"for deepening Einstein's geometrical approach to physics in the best tradition of 
Paul Dirac and Hermann Weyl” 


T.D. LEE (award received by Yu-Qing Lou on behalf of Prof. T.D. Lee) 
“for his work on white dwarfs motivating Enrico Fermi’s return to astrophysics and 
guiding the basic understanding of neutron star matter and fields” 
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13th Marcel Grossmann Meeting 
July 2012, Stockholm, Sweden 


Institutional Award 


ALBANOVA 

for its innovative status as a joint institute established by Stockholm University and 
the Royal Institute of Technology and for fostering contributions to cosmology and 
astrophysics in the profound scientific tradition established by Oskar Klein. 


- presented to the Rector of Stockholm University, Prof. Kare Bremer. 


Individual Awards 


DAVID ARNETT 

for exploring the nuclear physics and yet unsolved problems of the endpoint of 
thermonuclear evolution of stars, leading to new avenues of research in physics and 
astrophysics. 


VLADIMIR BELINSKI and I.M. KHALATNIKOV 
for the discovery of a general solution of the Einstein equations with a cosmological 
singularity of an oscillatory chaotic character known as the BKL singularity. 


FILIPPO FRONTERA 

for guiding the Gamma-ray Burst Monitor Project on board the BeppoSAX satel- 
lite, which led to the discovery of GRB X-ray afterglows, and to their optical 
identification. 
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12th Marcel Grossmann Meeting 
July 2009, Paris, France 


Institutional Award 


INSTITUT DES HAUTES ÉSTUDES SCIENTIFIQUE (IHÉS) 

for its outstanding contributions to mathematics and theoretical physics, and 
notably for having renewed basic geometrical concepts, and having developed new 
mathematical and physical aspects of spacetime. 


- presented to Prof. Jean-Pierre Bourguignon 


Individual Awards 


JAAN EINASTO 
for pioneering contributions in the discovery of dark matter and cosmic web and 
fostering research in the historical Tartu Observatory. 


CHRISTINE JONES 

for her fundamental contributions to the X-ray studies of galaxies and clusters 
tracing their formation and evolution and for her role in collaborations using clusters 
to study dark matter and in analyzing the effects of outbursts from supermassive 
black holes on the intracluster gas. 


MICHAEL KRAMER 
for his fundamental contributions to pulsar astrophysics, and notably for having 
first confirmed the existence of spin-orbit precession in binary pulsars. 
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11th Marcel Grossmann Meeting 
July 2006, Berlin, Germany 


Institutional Award 


FREIE UNIVERSITAT BERLIN 

for the successful endeavor of re-establishing — in the spirit of the Humboldt tra- 
dition — freedom of thinking and teaching within a democratic society in a rapidly 
evolving cosmos 


- presented to Dr. Dieter Lenzen, President of FUB 


Individual Awards 


ROY KERR 
for his fundamental contribution to Einstein's theory of general relativity: "The 
gravitational field of a spinning mass as an example of algebraically special metrics." 


GEORGE COYNE 

for his committed support for the international development of relativistic astro- 
physics and for his dedication to fostering an enlightened relationship between sci- 
ence and religion. 


JOACHIM TRUMPER 

for his outstanding scientific contributions to the physics of compact astrophysi- 
cal objects and for leading the highly successful ROSAT mission which discovered 
more than 200,000 galactic and extragalactic X-ray sources: a major step in the 
observational capabilities of X-ray astronomy and in the knowledge of our universe. 
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10th Marcel Grossmann Meeting 
July 2003, Rio de Janeiro, Brazil 


Institutional Award 


CBPF (Brazilian Center for Research in Physics) 
for its role as a teaching and research institution and as a place originating funda- 
mental physics ideas in the exploration of the universe. 


- presented to its founders Cesar Lattes, José Leite Lopez and Jayme Tiomno 


Individual Awards 


YVONNE CHOQUET-BRUHAT AND JAMES W. YORK, JR. 

for separate as well as joint work in establishing the mathematical framework for 
proving the existence and uniqueness of solutions to Einstein's gravitational field 
equations. 


YUVAL NE'EMAN 
for his contributions to science, epistimology, mathematics and physics from sub- 
nuclear to space sciences. 


9th Marcel Grossmann Meeting 
July 2000, Rome, Italy 


Institutional Award 


SOLVAY INSTITUTES 
for identifying and recording in discussions by the protagonists the crucial develop- 
ments of physics and astrophysics in the twentieth century. 


- presented to Jacques Solvay 


Individual Awards 


CECILLE AND BRYCE DEWITT 
for promoting General Relativity and Mathematics research and inventing the “sum- 
mer school" concept. 


RICCARDO GIACCONI 
for opening, five successive times, new highways for exploring the Universe. 


ROGER PENROSE 
for extending the mathematical and geometrical foundations of General Relativity. 


XX 


8th Marcel Grossmann Meeting 
June 1997, Jerusalem 


Institutional Award 


HEBREW UNIVERSITY 
for its role as a cradle of Science and Humanities and for hosting the manuscripts 
of Albert Einstein. 


- presented to M. Magidor, President of the Hebrew University of Jerusalem 


Individual Awards 


TULLIO REGGE 

for his contributions to the interface between mathematics and physics leading to 
new fields of research of paramount importance in relativistic astrophysics and par- 
ticle physics. 


FRANCIS EVERITT 
for leading the development of extremely precise space experiments utilizing super- 
conducting technology to test General Relativity and the Equivalence Principle. 
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7th Marcel Grossmann Meeting 
June 1994, Stanford, USA 


Institutional Award 


SPACE TELESCOPE SCIENCE INSTITUTE 

for its critical role in the direction and operation of the Hubble Space Telescope, 
a truly unique international laboratory for the investigation and testing of general 
relativity in the context of modern astrophysics and cosmology. 


- presented to Peter Stockman 


Individual Awards 


SUBRAHMANYAN CHANDRASEKHAR 

for his contributions to the analysis of gravitational phenomena from Newton to 
Einstein and especially for leading the way to relativistic astrophysics with the 
concept of critical mass for gravitational collapse. 


JIM WILSON 

for having built on his experience in nuclear physics, thermonuclear reactions, and 
extensive numerical simulation to create a new testing ground for the novel concepts 
of relativistic astrophysics. 


xxii 


6th Marcel Grossmann Meeting 
June 1991, Kyoto, Japan 


Institutional Award 


RITP 

for keeping alive first in Hiroshima and them in Kyoto research in relativity, cosmol- 
ogy, and relativistic field theory and the development of a school of international 
acclaim. 


- presented to Professor K. Tomita 


Individual Awards 


MINORU ODA 

for participating in the pioneering work of the early sixties in X-ray astronomy 
and for his subsequent molding of an agile and diversified Japanese scientific space 
program investigating the deepest aspects of relativistic astrophysics. 


STEPHEN HAWKING 
for his contributions to the understanding of spacetime singularities and of the large 
scale structure of the Universe and of its quantum origins. 


xxiii 


5th Marcel Grossmann Meeting 
August 1988, Perth, Australia 


Institutional Award 


THE UNIVERSITY OF WESTERN AUSTRALIA 
for its contributions to relativistic astrophysics. 


- presented to the Vice Chancellor, Professor Robert Smith 


Individual Awards 


SATIO HAYAKAWA 
for his contributions to research in gamma, X-ray and infrared radiation as well as 
cosmic rays. 


JOHN ARCHIBALD WHEELER 
for his contributions to geometrodynamics and Einstein’s visions. 
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4th Marcel Grossmann Meeting 
July 1985, Rome, Italy 


Institutional Award 


THE VATICAN OBSERVATORY 
for its contributions to the origin and development of astrophysics. 


- presented to His Holiness Pope John Paul II 


Individual Awards 
WILLIAM FAIRBANK 


for his work in gravitation and low temperature physics. 


ABDUS SALAM 
for his work in unifying fundamental interactions. 
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Institutional Awards for the Spektrum-Roentgen-Gamma (SRG) mission 


"for the creation of the world's best X-ray map of the entire sky, for the discovery of 
millions of previously unknown accreting supermassive black holes at cosmological 
redshifts, for the detection of X-rays from tens of thousands of galaxy clusters, filled 
mainly with dark matter, and for permitting the detailed investigation of the growth 
of the large-scale structure of the universe during the era of dark energy dominance”. 


S.A. LAVOCHKIN ASSOCIATION 
- presented to its Designer General Alexander Shirshakov 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS 
(MPE) 
- presented to Professor Peter Predehl, Principal Investigator of eROSITA 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN 
ACADEMY OF SCIENCES 

- presented to Professor Rashid Sunyaev, Principal Investigator of SRG Obser- 
vatory in Russia 


On Tuesday June 29, 2021, the following 31 astro-ph appeared: 


1. https://arxiv.org/abs/2106.14517 17. https://arxiv.org/abs/2106.14533 
2. https://arxiv.org/abs/2106.14518 18. https://arxiv.org/abs/2106.14534 
3. https: //arxiv.org/abs/2106.14519 19. https://arxiv.org/abs/2106.14535 
4. https: //arxiv.org/abs/2106.14520 20. https://arxiv.org/abs/2106.14536 
5. https://arxiv.org/abs/2106.14521 21. https://arxiv.org/abs/2106.14537 
6. https: //arxiv.org/abs/2106.14522 22. https://arxiv.org/abs/2106.14541 
7. https://arxiv.org/abs/2106.14523 23. https://arxiv.org/abs/2106.14542 
8. https: //arxiv.org/abs/2106.14524 24. https://arxiv.org/abs/2106.14543 
9. https: //arxiv.org/abs/2106.14525 25. https://arxiv.org/abs/2106.14544 
10. https://arxiv.org/abs/2106.14526 26. https://arxiv.org/abs/2106.14545 
11. https://arxiv.org/abs/2106.14527 27. https://arxiv.org/abs/2106.14546 
12. https://arxiv.org/abs/2106.14528 28. https://arxiv.org/abs/2106.14547 
13. https://arxiv.org/abs/2106.14529 29. https://arxiv.org/abs/2106.14548 
14. https://arxiv.org/abs/2106.14530 30. https: //arxiv.org/abs/2106.14549 
15. https://arxiv.org/abs/2106.14531 31. https: //arxiv.org/abs/2106.14550 
16. https://arxiv.org/abs/2106.14532 
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S.A. LAVOCHKIN ASSOCIATION 
presented to its Designer General Alexander Shirshakov 


S.A. Lavochkin Association created the Navigator space platform 
carrying German eRosita and Russian ART-XC X-Ray Telescopes, 
organized the launch of SRG Orbital X-Ray Observatory to the second 
Lagrangian point of the Sun-Earth system at a distance of 1.5 million 
km from the Earth and managed the observatory flight and the daily 
reception of its scientific data on Earth for 23.5 months. 


Dr Alexander Shirshakov, Designer General of the S.A. Lavochkin 
Association, is specialized in design, manufacture, testing, launch and 
control of S/C for scientific purposes. Among those S/C launched, 
there are the «Radiostron» Astrophysical Observatory (2011) and the 
«Spektr-RG» space observatory (2019), while the planned S/C 
launches are «Luna-25» and «Exomars». 


Dr Shirshakov started his career in 1973, working as an engineer of 
the State Unitary Enterprise «NPO named by S.A. Lavochkin» in 
Khimki (Russian Federation). Starting from 1989 he has played 
multiple roles within the Lavochkin Association, been appointed head of the group, head of the sector, head 
of department, deputy head of the complex, head of the branch, director of the center, deputy head of the 
Design Bureau, deputy General Designer and deputy General Director. 


Dr Alexander Shirshakov 


Dr Shirshakov is an editorial board Member of the reviewed edition of «Vestnik of Lavochkin Association». 
Since 2017, he is also member of the General Designer council. He has been awarded Honored Mechanical 
engineer of the Russian Federation as well as Agency-level award of the Russian Federal Space Agency. 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS (MPE) 
presented to Professor Peter Predehl, Principal Investigator of eROSITA 


eROSITA is the soft X-ray telescope on-board the 
Russian-German Spektr-RG mission which was 
successfully launched from Baikonur on July 13, 2019 
and placed in a halo orbit around the L2 point. 30 years 
after ROSAT, eROSITA performs an all-sky survey 
with an unprecedented sensitivity, spectral and angular 
resolution. Clusters of galaxies are the largest collapsed 
objects in the Universe. Their formation and evolution is 
dominated by gravity, i.e. Dark Matter, while their large 
scale distribution and number density depends on the 
geometry of the Universe, ie. Dark Energy. X-ray 
observations of clusters of galaxies provide information 
| on the rate of expansion of the Universe, the fraction of 

mass in visible matter, and the amplitude of primordial 

fluctuations which are the origin of clusters of galaxies 

and the whole structure of the universe. eROSITA has 
been designed to detect at least 100.000 clusters of galaxies and to detect systematically more than 3 million 
obscured accreting Black Holes. eROSITA will also allow to study the physics of galactic X-ray source 


Professor Peter Predehl 
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populations, like pre-main sequence stars, supernova remnants and X-ray binaries. The eROSITA telescope 
consists of seven identical Wolter-1 mirror modules. A novel detector system has been developed by MPE 
on the basis of the successful XMM-Newton pn-CCD technology. MPE is the scientific lead institute of 
eROSITA, responsible for the development of the instrument, the operation, the analysis software and data 
archive. Peter Predehl led this development as Principal Investigator of eROSITA and German lead scientist 
of the SRG mission for more than 15 years until the completion of the first of eight surveys in 2020. At this 
time eROSITA has already discovered more than 1 million X-ray sources, more than all X-ray observatories 
of the last 50 years together. This demonstrates that the design goals of the mission will easily be fulfilled. 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN ACADEMY OF SCIENCES 
presented to Professor Rashid Sunyaev 


Space Research Institute (IKI) of the Russian Academy of 
Sciences was responsible for developing the overall concept 
and scientific program of the SRG Orbital observatory and 
played a leading role in developing the ART-XC telescope 
and the entire SRG observatory as part of the Russian space 
| Science program carried out by Roskosmos Corporation in 
| the interests of the Russian Academy of Sciences. 


During the flight to the L2 point of the Sun-Earth system, 
SRG with German (eRosita) and Russian (ART-XC named 
after Mikhail Pavlinsky) X-ray Telescopes aboard performed 
calibrations and long duration Performance Verification 
observations of a dozen of targets and deep fields. Starting in 
the middle of December 2019, the SRG scanned the whole 
sky three times. During these scans, SRG discovered two 
million point X-ray sources: mainly quasars, stars with hot 
and bright coronae, and more than 30 thousand clusters of 
galaxies. There is a competition and synergy in the search for 
clusters of galaxies between SRG and the ground-based Atacama Cosmology and South Pole Telescopes, 
which are searching for clusters of galaxies in microwave spectral band using Sunyaev-Zeldovich effect. 
SRG provided the X-Ray map of the whole sky in hard 
and soft bands, the last is now the best among existing. 
The huge samples of the X-ray selected quasars at the 
redshifts up to z — 6.2 and clusters of galaxies will be 
used for well-known cosmological tests and detailed 
study of the growth of the large scale structure of the 
Universe during and after reionization. SRG/eRosita is 


Professor Rashid Sunyaev 


discovering every day several extragalactic objects which 
increased or decreased their brightness more than 10 
times during half of the year after the previous scan of the 
same one-degree wide strip on the sky. A significant part 
of these objects has observational properties similar to the 
Events of Tidal Disruption of a star orbiting in the 
vicinity of the supermassive black hole. ART-XC 
discovered a lot of bright galactic and extragalactic 
transients. 
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Rashid Sunyaev is the Principal Investigator of SRG mission in Russia, director-emeritus of the Max-Planck 
Institute for Astrophysics and Maureen and John Hendricks distinguished visiting professor of the Institute 
for Advanced Study, Princeton. 


First SRG/eROSITA all-sky survey: 
A million of X-ray sources and the Milky Way. 
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Individual Awards 
LISEHHLHTEIDEMETRIOS CHRISTODOULOU 


"For his many lasting contributions to the foundation of mathematical physics including the dynamics of 
relativistic gravitational fields. Notably for: contributing in 1971, at the age of 19, to derive with Remo 
Ruffini the mass-energy formula of black holes as a function of their angular momentum, charge and irre- 
ducible mass. Christodoulou turned then to the study of partial differential equations and mathematical 
physics, to which he remained dedicated for the rest of his career. Highlights in this area include the theoret- 
ical discovery of the nonlinear memory effect of gravitational waves (Phys. Rev. Letters 1991), the mono- 
graph (1993) in collaboration with Sergiu Klainerman on the global nonlinear stability of the Minkowski 
spacetime, the monograph (2009) on the formation of black holes in pure general relativity by imploding 
gravitational waves, and the monographs (2007 and 2019) on the formation and further development of 
shocks in fluids. " 


Professor Demetrios Christodoulou 


sink of energy, were energy sources emitting "in principle" 5096 of their mass energy, being extractab! 


XXX 


Fig. 1 and Fig. 2: Demetrios during his thesis presentation with Eugene Wigner (Fig. 1) and David Wilkinson (Fig.2). Johnny 
and I were supervisors, ready to intervene in case of need, but no need of intervention was necessary! Wigner elaborated the 
aphorism of Niels Bohr "Interesting = wrong" in the most definite "very interesting if true = totally wrong". 
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A “long march” started on 12 December 1970 with the launch of 


A [ 7 2 ; 

Fig. 3: Prof. Remo Ruffini receiving the Cressy 
Morrison Award of the New York Academy of 
Sciences, 1972 for the discovery of the first 
Black Hole in our galaxy Cygnus X1. 


« É feci. à Ei 


Fig. 4: In the second row, from left to right, there are, among others: E. T. Newman, S. Chandrasekhar (Nobel 1983), R. Giacconi 
(Nobel 2002), R. Ruffini, A. Treves, A. Hewish (Nobel 1974), D. Arnett, J.H. Taylor (Nobel 1993), J. Wilson, R. Penrose (Nobel 
2020), as well as J. Bahcall, T. Damour, T. Piran et al. 


Today, after fifty years, this “long march" has reached a definite result: through the grandest observational 


are finally finding evidence that black holes are “alive” and their “extractable energy" in our mass formula 


. Their “inner engine", has three independent components: 1) a 


Remo Ruffini 
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GERARD "t HOOFT 


"for his persistent devotion to the study of the quantum field theory boundary conditions at the black hole 
horizon". 


F * Prof. Gerard ’t Hooft has been a full Professor at the Utrecht 
] [ 


1 
‘For elucidating the quantum 
physics” 


structure of electroweak interactions 


= 
E 


Prof. 't Hooft's 


Professor Gerard 't Hooft 


Prof. 't Hooft has been awarded the 
"n 


direct Gerard's attention to some specific 


Fig. 2: The signature of Gerard 't Hooft on the 
wall of ICRA Room 301 (April 4, 1999). 


Ruffini's 1971 paper w 


"i I "for his persistent devotion to the study of the quantum field theory 
boundary conditions at the black hole horizon" 


Remo Ruffini 
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CETTE TSVI PIRAN : 


"for extending relativistic astrophysics across international frontiers, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


LET 


research deals with numerous aspects of relativistic 
I 


| 
Piran's research work focuses mostly 
| TTE TIT] m T 


Professor Tsvi Piran Piran’s achiev 


N STEVEN WEINBERG 


"for unwavering support for the MG meetings since their inception, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


Academy of Sciences, Britain's Royal Society, and other acade 


he is “considered by many to be the preeminent theoretical physicist 


alive in the world today." His books for physicists incl 


Gravitation and Cosmology l COU The Quantum 
Theory of Fields\\Cosmology 


Foundations of Modern Physics MMU 


Professor Steven Weinberg. Photo 
courtesy of Matt Valentine. 
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ICRA Collection 


Fig. 1: Chuo Pei Yuan and Cheng Ning Yang at MG2 in Trieste, 


Italy (1979). 


| Bina [I Ei | [I] "motto " 


D [Friends from all over the world are welcomed” 


member of the present MG16 IOC: no MG meetings on Einstein's theory of general relativi 


ICRA Collection 


Fig. 2: From right to left: Chaim Weizmann, President of Israel; Yuval 
Ne'emann, Minister of Science of Israel; R. Ruffini. 


‘Scientists 
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I kept on meeting Tauber in the years which followed (see Fig. 3). Soon after, Yuval Ne'emann visited 


"for unwavering support for the MG 
meetings since their inception, a 
true companion in the search for the 
deeper meaning of Einstein's great 


theory” 


“for extending Relativistic 
astrophysics across international 
frontiers, a true companion in the 
search for the deeper meaning of 


Einstein’s great theory” 


Fig. 4: Albert Einstein, Hideki Yukawa and John. A. Wheeler with a hand- 
written dedication to Remo Ruffini “To Remo Ruffini, companion in the search 
for the deeper meaning of Einstein great theory. With warm regards, John 
Wheeler 5 April 1968”. 


words of John A. Wheeler’s photo 


Remo Ruffini 
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PREFACE 


Since 1975, the Marcel Grossmann Meetings on Recent Developments in Theoretical 
and Experimental General Relativity, Gravitation, and Relativistic Field Theories 
have been organized in order to provide opportunities for discussing recent advances 
in gravitation, general relativity and relativistic field theories, emphasizing mathe- 
matical foundations, physical predictions and experimental tests. The objective of 
these meetings is to elicit exchange among scientists that may deepen our under- 
standing of spacetime structures as well as to review the status of ongoing exper- 
iments aimed at testing Einstein's theory of gravitation either from the ground or 
from space. Previous meetings have been held in Trieste (MG1: 1975) and (MG2: 
1979), Shanghai (MG3: 1982), Rome (MG4: 1985, MG9: 2000), Perth (MG5: 1988), 
Kyoto (MG6: 1991), Stanford (MG7: 1994), Jerusalem (MG8: 1997), Rio (MG10: 
2003), Berlin (MG11: 2006), Paris (MG12: 2009), Stockholm (MG13: 2012), MG14 
in 2015 and MG15 in 2018 both in Rome. 

Due to the COVID-19 pandemic spreading in the last two years the decision 
was taken to organize the Sixteenth Marcel Grossmann meeting for the first time in 
history entirely online. Despite numerous challenges, related to the organization of 
large worldwide event, MG16 showed the strongest ever interest from the scientific 
community with a record-breaking number of almost 1200 registered participants 
and of more than 1000 speakers. 

The traditional six-day schedule has been modified to account for different time 
zones of the speakers and each day the program of the meeting was divided in three 
blocks with the reference to the Central European Summer Time. The first block 
was starting at 06:30 in the morning, allowing comfortable time for speakers from 
Asia and Oceania. The second block was held in the daytime in Europe and Africa. 
The third block was starting in the afternoon and ending at 19:30 allowing accom- 
modation of the speakers from the Americas. Each day the blocks of plenary sessions 
were interchanging with the blocks of about 30 parallel sessions each, making this 
one of the most intense MG meetings ever. All this was possible thanks to recent 
developments in communication technologies. The Indico open-source software was 
selected as a web platform for this meeting, while Zoom platform was adopted for 
the video-conferencing. The meeting was streamed on ICRANet YouTube channel. 

The meeting started on Monday July 5 with the Award ceremony. The individual 
awards went to Demetrios Christodoulou, Tsvi Piran, Gerard ’t Hooft and Steven 
Weinberg, while the Institutional Awards went to the S.A. Lavochkin Association, 
to the Max Planck Institute for Extraterrestrial Physics - MPE and to the Space 
Research Institute IKI of the Russian Academy of Sciences. Overall there were 54 
plenary talks, 4 public lectures and 5 roundtables and about 90 parallel sessions. 
The plenary session *Events in Relativistics Astrophysics" on Monday have seen 
the contributions from Rashid Sunyaev, Michael Kramer, James Miller-Jones, Felix 
Mirabel. The public lectures were delivered by Razmik Mirzoyan, Asghar Qadir 
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and Mohammad Bagheri. Plenary talks on Tuesday session “Black holes and the 
Quantum” by Juan Maldacena, Ahmed Almheiri, Gerard "t Hooft, Mihalis Dafer- 
mos, Sergiu Klainerman, Abhay Ashtekar and Frank Wilczek were bracketed by two 
roundtables on “New results from SRG/eRosita" with the participation of Andrea 
Merloni, Prof. Rashid Sunyaev, Alexander Lutovinov, Chandreyee Maitra, Esra 
Bulbul and “Solar neutrinos and Borexino" with the participation of Gianpaolo 
Bellini and Wick Haxton. Plenary talks on Wednesday in the session “Lambda 
CDM tensions” by George Efstathiou, Scolnic Daniel, Marc Kamionkowski, Wendy 
Freedman, Priya Natarajan and Licia Verde were followed by the roundtable “Pre- 
cision cosmology” with the participation of Licia Verde, Marc Kamionkowski, Piero 
Rosati, and the public lecture by Francis Halzen. Two blocks of Thursday plenary 
sessions “Black holes in GRBs” and “Precision tests” included the talks by Roy 
Kerr, Yuan Ha, Lorenzo Amati, Elena Pian, Carlos Raúl Argüelles, Di Li, Jianglai 
Liu, Claus Lammerzahl, Gerhard Heinzel and Ignazio Ciufolini and were followed 
by the roundtable “GRB 170817A and GRB 190829A” with the participation of 
Eleonora Troja, Liang Li, Rahim Moradi, Jorge Armando Rueda Hernandez. Two 
plenary blocks on Friday “Massive stars” and “Physics behind stellar collapse” 
included the talks by Selma de Mink, Norbert Langer, Jiri Bicak and Tomas Led- 
vinka, Ivan De Mitri, Rahim Moradi and Giancarlo Cella. Finally, two plenary blocks 
on Saturday “Current and future missions” have seen the talks by Shuang-Nan 
Zhang, Weimin Yuan, Makoto Tashiro, Ruoyu Liu, Jean-Luc Atteia, Jim Hinton 
and Nicholas White and were followed by the roundtable “What is in our Galactic 
center" with the participation of Reinhard Genzel, Carlos Raúl Argiielles, Andreas 
Krut, Jorge Armando Rueda Hernandez, Eduar Becerra Vergara. The program of 
the meeting can be found at the official website http://www.icra.it/mg/mg16 and 
at ICRANet Indico website https://indico.icranet.org/event/1/. 

These proceedings include about 400 papers containing the results presented at 
the Sixteenth Marcel Grossmann meeting. The plenary papers from the meeting have 
been published in International Journal of Modern Physics D as they were submitted. 
'The table of contents includes also the links to YouTube videos with talks given at 
the meeting and cover plenary talks, public lectures, roundtables and all parallel 
sessions. The general link to the videos from MG16 is: https:/ /www.youtube.com/ 
watch?v-QFellsSid-o&list 2PLr5RLbSWSonsaOnZukBDs0qsNIWMSAvRF. 

As the editors we would like to express our gratitude to all the chairpersons of 
the parallel sessions at MG16, who peer-reviewed the papers submitted for these 
proceedings, as well as to the ICRANet secretariat office and in particular to Cinzia 
di Niccolo, Elisabetta Natale and Yasmina Di Domizio, as well as to ICRANet 
system manager Gabriele Brandolini for their help in preparation of this publication. 


Remo Ruffini and Gregory Vereshchagin 
November 2021 


This page intentionally left blank 


Contents 
Publications in this Series 
Sponsors and Acknowledgements 
Organizing Committees 
Marcel Grossmann Awards 
Preface 
PART A 


PLENARY SESSIONS 


New results from testing relativistic gravity with radio pulsars 


Michael Kramer- 2e Reds Cr e Oh EEK EASE 


Dragging of inertial frames by matter and waves 


Jiří Biéák and Tomás Ledvinka . ...... e 


Probes of the progenitors, engines and physics behind stellar collapse 


Chris: Li Fryer 30$ xev IE me EAR ROT ved d epu ums 


'The observation of high-energy neutrinos from the cosmos: Lessons 
learned for multimessenger astronomy 


Francis Halzem v use EG uec REPRISE UUISar Eu due 


The first results of PandaX-4T 


Jianglai Liu on behalf of the PandaX Collaboration . . ... ....... 


XRISM: X-ray imaging and spectroscopy mission 


Makoto S. Tashiro and the XRISM team . ..... oes 


'The SVOM mission 
J.-L. Atteia, B. Cordier and J. Wei on behalf of the 


SVOM Collaboration = ...... e rs 


Quantum field theory with boundary conditions at the horizons 


Gerard. ^L. Hooft.« JJ og se RR BRUTUS 


xxxix 


XXXVI 


22 


39 


59 


85 


95 


xl 


'The development of general relativity and the cosmological constant 
Asghar QUU Le e eo erp pU aes we aeu ieu eid PTS 


'The irreducible mass of Christodoulou-Ruffini-Hawking mass formula 
Yuan Ka Ha: e uuu x sexum pda dex PIG RUE SOUS dE eo vb etd 


Reshaping our understanding on structure formation with the 
quantum nature of the dark matter 
C. R. Argüelles, E. A. Becerra- Vergara, A. Krut et al... ..... ls. 


First results of LHAASO 
Ruo-Yu Liu for the LHAASO Collaboration... .... lle. 


On the MG16 awards 2021 
Vico BAUTEN e esaet eta ee het Merl d sa oe E ES ELE So tae a ono 


The white dwarf binary merger model of GRB 170817A 
J. A. Rueda, R. Ruffini, Liang Li etal sewi ee ee 


PARALLEL SESSIONS 
Accretion 


e MHD Processes Near Compact Objects 
Chairperson: Sergey Moiseenko 


YouTube link: https://youtu.be/2WMTg06ZmV8 


A semi-implicit multidimensional unstructured gas dynamical solver 
for astrophysical applications 
Ilya A. Kondratyev and Sergey G. Moiseenko .............0044 


Magnetized neutron stars propagating through a non-uniform ISM 
O. D. Toropina, M. M. Romanova and R. V. E. Lovelace .......... 


Calculation of the kinetic coefficients of arbitrary degenerate electrons 
in magnetized dense matter 
M. V. Glushikhina and G. S. Bisnovatyi-Kogan . .... lle. 


Modeling of magnetic fields of accretion discs, using no-z- and 
RZ-approximations 
M. V. Pashentseva and E. A. Mikhailov . . ... 2222. 


e Accretion Discs and Jets 
Chairpersons: Audrey Trova and Shokoufe Faraji 


YouTube link: https://youtu.be/29Wj9RCVEKw 


Limiting effects in tori clusters 
D. Pugliese and Z. Stulchik o cestne ee 


Hydrodynamical transport of angular momentum in accretion disks 
in the presence of nonlinear perturbations due to noise 
Subham Ghosh and Banibrata Mukhopadhyay . . .... lle. 295 


Properties of accretion disc models in the background quadrupole 
Shokoufe Faraji foes cg voe s daut RR Rw Pup! Pod Roe be RR d o 307 


Magnetized tori around a uniformly accelerating black hole 
Shokoufe Faraji and Audrey Trova... 317 


Multifrequency behaviour of high mass X-ray binaries 
(Time lag between optical and X-ray outbursts) 
Franco Giovannelli |... . see 321 


Active Galactic Nuclei 


e The Black Hole in M87 
Chairpersons: Brian Punsly and Jorge Rueda 


YouTube link: https://youtu.be/l11TgksyJag 


Rotation of the crescent image of M87* and polarization of its ESE hotspot 
Krzysztof Nalewajko . . . ie ea a EE e d a a a a A a 339 


Magnetic reconnection in jet-accretion disk systems 
Chandra B. Singh, Elisabete M. de Gouveia Dal Pino, 
Luis H.:5. Kadowaktet.al euam OA d ER 344 


e Machine Learning in Astronomy: AGN, Transient Events, Cosmology 
and Others 
Chairpersons: Rahim Moradi and Yu Wang 


YouTube link: https://youtu.be/ErqrmMZQsBk 


Exact fractal model of the universe and possible machine learning 
methods for the verification of the fractality 
A. A. Kirillov, E. P. Savelova and P. O. Viadykina ....... ss. 352 


Estimating the photometric redshifts of galaxies and QSOs using 
regression techniques in machine learning 
A. Momtaz, M. H. Salimi and S. Shakeri .. .... 22e. 368 


Deep learning in quasar physics 
F. Rastegar Nia, M. T. Mirtorabi, R. Moradi, Y. Wang 
ünd- A; Vafaei:Südr 4.4 8 si gb REG ne ARO ee BS Ws onde 382 


Cosmological density field emulation and gravitational wave inference 
based on dimensionality reduction and supervised machine learning 
Miguel Conceição, António da Silva and Alberto Krone-Martins. . . . . . . 391 


xlii 


Unsupervised photometric detection of galaxy cluster candidates in 
large surveys 
Ana Carvalho, Alberto Krone-Martins and Antonio da Silva . . .. . . . .. 409 


e Multiwavelength and Multi-Messenger Observations of Active Galactic 
Nuclei 
Chairpersons: Paolo Giommi and Narek Sahakyan 


YouTube link: https://youtu.be/-Hyu2NQsExg 


Time-dependent lepto-hadronic modeling of the emission processes in 
blazar jets 
S. Gasparyan, D. Bégué and N. Sahakyan . . .. 2e. 429 


Multiwavelength study of high-redshift blazars 
G. Harutyunyan and D. Israyelyan . . 22e 445 


Alternative Theories 


e Extended Theories of Gravity and Quantum Cosmology 
Chairpersons: Yi-Fu Cai and Wentao Luo 

YouTube links: https://youtu.be/ ADRr9DfV5zM 

https:/ /youtu.be/eOzpiC1cFkU 

https://youtu.be/kYzJds. JIp8 


Quantum gravity phenomenology from thermodynamics of spacetime 
A. Alonso-Serrano and M. Liška . . .. 22e 462 


Gauge theory of gravity based on the correspondence between 
the 1% and the 2?7 order formalisms 
David Benisty serari e og EAR Denada E VSS Ek RS d Ade EUR 479 


U (1) local strings in hybrid metric-Palatini gravity 
Tiberiu Harko, Francisco S. N. Lobo and Hilberto M. R. da Siwa . . . . .. 485 


Inflationary supersymmetric FRLW quantum cosmology 
N. E. Martínez-Pérez, C. Ramirez and V. M. Vazquez-Bdez......... 499 


Effective f(R) actions for modified loop quantum cosmologies 
Ana Rita Ribeiro, Daniele Vernieri and Francisco S. N. Lobo ........ 517 


Probing multiverse using gravitational wave observations 
Moe Kukihara and Kazuhiro Hayama. . . ee 531 


Operator ordering ambiguity in observables of quantum cosmology 
Harkirat Singh Sahota and Kinjalk Lochan . . .. 2e. 538 


xliii 
Decoupled quark stars in self-interacting Brans-Dicke gravity 


M. Sharif and Amal Majid ...... s 548 


Big-bounce in projectively invariant Nieh-Yan models: The Bianchi I case 
Flavio Bombacigno, Simon Boudet, Gonzalo J. Olmo 
and Giovanni Montani... 2 4 ee 561 


Late time cosmology with derivatives of matter Lagrangian 


Shahab Shahid. ode um de ROC G RO ASA AUR Wess x ed 576 
On the semiclassical and quantum picture of the Bianchi I polymer 

dynamics 

E. Giovannetti, G. Montani and S. Schiattarella .. ...... ll. 588 


Quantum corrections to the Bianchi II transition under local 
rotational invariance 
Sara F. Uria, David Brizuela and Ana Alonso-Serrano............ 597 


e Mathematical Problems of Relativistic Physics: Classical and Quantum 
Chairpersons: A. Shadi Tahvildar-Zadeh and Michael Kiessling 

YouTube links: https://youtu.be/9Dr3M9Kb2jo 

https: //youtu.be/gMOykpapJ5A 


The hypercomplex medium as storage of physical equations 
Alexander P. Yefremov anoda saaana aa e a aaa a a a A 605 


The Maxwell-Bopp-Landé-Thomas-Podolsky-Einstein system for 
a static point source 
Érik Amorim .. ooa a 619 


V Hoang i «cu qeu EE a AR ee 627 


Adiabatic solutions in general relativity as null geodesics on the space 
of boundary diffeomorphisms 
Emine Şeyma Kutlük e ne oe o br ee a a RR ey Ra 635 


The point spectrum of the Dirac Hamiltonian on the zero-gravity 
Kerr-Newman spacetime 
M. Kiessling, E. Ling and A. S. Tahvildar-Zadeh . ........ ls. 648 


Causal fermion systems: Classical gravity and beyond 
Felz- Fenster. see mIRC dam ku pel 661 


Newman-Penrose-Debye formalism for fields of various spins in 
pp-wave backgrounds 
Aleksandr Kulitskii and Elena Yu Melkumova . .... 2.222 len. 679 


xliv 


Gravitational geometric phase 
Banibrata Mukhopadhyay, Tanuman Ghosh and 
Soumya Kanti Ganguly . 2... es 689 


Retarded potentials and radiation in odd dimensions 
D. V. Gal’tsov and M. Khlopunov . ....... ee 699 


Wave propagation in the anti-deSitter optical metric 
D. García-Peláez and C. S. López-Monsalvo . . ... 22e. 713 


New approaches to constrained dynamics and Hamilton-Jacobi 
procedures in general relativity 
D. Salisbury, J. Renn and K. Sundermeyer ........ llle. 719 


Orientability of space from electromagnetic quantum fluctuations 
N. A. Lemos and M. J. Rebouças . . 2... 0. 725 


Essential self-adjointness of Dirac operators under the influence of 
general-relativistic gravity 
Michael K.-H. Kiessling, A. Shadi Tahvildar-Zadeh and Ebru Toprak.... 736 


e Wormholes, Energy Conditions and Time Machines 
Chairpersons: Francisco Lobo and Diego Rubiera- Garcia 


YouTube links: https://youtu.be/tu 3Wqcd9Ys 
https://youtu.be/NqN1c-2fv8Y 


Relic magnetic wormholes as possible source of toroidal magnetic 
fields in galaxies 
A. A. Kirillov and E. P. Savelova . ..... 22e. 743 


Wormhole geometries induced by action-dependent Lagrangian theories 
Ismael Ayuso, Francisco S. N. Lobo and José P. Mimoso .......... 756 


Gravitational lensing by wormholes in binary systems 
SY Pieroni ug etna etes e oe ngs ae ER dod. ar EE shee 774 


Hyper-fast positive energy warp drives 
El Widentzisg Rete he EE Bh A TW 779 


From black-bounce to traversable wormhole, and beyond 
Aled SNPS 01 o. 2. eruta ADE Roh OR ep deus e APUD IPLE 787 


Tractor beams, pressor beams, and stressor beams within the context 
of general relativity 
Matt Visser, Jessica Santiago and Sebastian Schuster ............ 808 


A singularity theorem for evaporating black holes 
E.-A. Kontou, B. Freivogel and D. Krommydas . .... les. 


Circularly symmetric thin-shell wormholes in F(R) gravity with 
(24-1)-dimensions 
Cecilia Bejarano, Ernesto F. Eiroa and Griselda Figueroa-Aguirre ..... 


Warp drive dynamic solutions considering different fluid sources 
Osvaldo L. Santos-Pereira, Everton M. C. Abreu and 
Marcelo Ba Ribeiro aud dose re Su e hoe es 


Symmetries and geometry of spacetime: Towards a new paradigm 
Francisco Cabral, Francisco S. N. Lobo and Diego Rubiera-Garcia ..... 


e Theories of gravity: Alternatives to the cosmological and particle 
standard models 

Chairpersons: Stefano Bellucci and Orlando Luongo 

YouTube links: https://youtu.be/-aQcr YoQfBM 
https://youtu.be/WsCwPb50QhY 

https://youtu.be/JMnrUfBgqVU 

https://youtu.be/pPhZY-bbsew 


Thermodynamics of scalar-tensor gravity: A new approach 


Valerio Pardons 0 deste af ae eta Bohn te Se i ce et Ge SE Ee uu 


Two body dynamics in a quadratic modification of general relativity 
Soham Bhattacharyya 2... 0. aaae 


Alternatives to A: Torsion, generalized couplings, and scale invariance 
C. J. A. P. Martins, C. M. J. Marques, C. B. D. Fernandes et al. ..... 


Model-independent test of scalar-tensor gravity theory by 
reconstructing scalar mode of GW170817 
Yuya Gushima and Kazuhiro Hayama .. eee 


Cosmology in the novel scalar-tensor representation of f(R,T) gravity 
Tiago B. Gonçalves, João Luts Rosa and Francisco S. N. Lobo ....... 


On the interaction between electromagnetic, gravitational, and plasma 
related perturbations on LRS class II spacetimes 


T. AS OTIO S Ted ua. E US Mert du t Lo Ma Mx ose dor ot eed does 


Condition for expansion-collapse duality between Einstein and 
Jordan frames 
Dipayan Mukherjee, H. K. Jassal and Kinjalk Lochan ............ 


822 


831 


840 


856 


876 


883 


907 


921 


932 


943 


xlvi 


'The model of dark energy based on the quantum-mechanical 
uncertainty relation 
Yu.. V Diminuer rU ESTER AUR SE p SE xS 967 


e Conformal Dilaton Gravity and Related Issues 
Chairperson: Reinoud Jan Slagter 


YouTube link: https://youtu.be/A3Ygi3YBs5A 


Conformal dilaton gravity, antipodal mapping and black hole physics 
on a warped spacetime 
Bed. lagter- ora Go eB oh OR EGA E dh tee eoe do tes ech avs 978 


From neutrino masses to the full size of the universe — Some 
intriguing aspects of the tetron model 
DB. LOMPE E s ode tt sag bret NR e roo dre ET cease as ta nly oa eae d od we 999 


Summary parallel session AT5 
Reinoud Jan.5lagter ce qo durat es eder s n, ee peter uS 1014 


e Horava-Lifshitz Gravity 
Chairperson: Anzhong Wang 


YouTube links: https://youtu.be/vPT1dH1zITE 
https://youtu.be/5z7zhpiDOpw 


Boundary conditions for the Klein-Gordon field on Lifshitz spacetimes 
Lassasdé Souza Campos 2%) 2 Pooks oe URS debts ORA 1017 


Dynamical system analysis of Bianchi-I spacetimes in f(R) gravity 
Saikat Chakraborty, Kazuharu Bamba and Alberto Saa............ 1026 


Cosmological implications in modified Hofava-Lifshitz gravity 
Abdul Jawad, Kazuharu Bamba and Farwa Khurshid .. ........... 1038 


Finite action principle and wormholes 
Jan Chojnacki and Jan Kwapisz .. 2... es 1046 


Strange quark stars in Hořava gravity 
GrigonisPanotopoulos. so ep RR a e be A Re oe x4 1054 


Shadows of Kerr-like black holes in 4D Einstein-Gauss-Bonnet 
gravity and constraints from EHT observations 
Sushant G. Ghosh and Rahul Kumar Walia .......... cen. 1069 


Wormhole interaction in 2d Horáva-Lifshitz quantum gravity 
Jan Ambjørn, Yuki Hiraga, Yoshiyasu Ito and Yuki Sato. . ......... 1084 


xlvii 


Nature of singularities in vector-tensor theories of gravity 
Ve He Satheeshkumar «ovk ved edo a we eee EO Mb ee ee 1095 


Horava-Lifshitz and Einstein-/Ether gravity in the light of Event 
Horizon Telescope observations of M87* 
Emmanuel N: Saridakis |... ee 1104 


Horava-Lifshitz gravity in (3 + 1) dimensions coupled with anisotropic 
matter and possible constraints from GRB 170817A 
Tao Zhang and Fu-Wen Shu... . eA 1112 


Summary of the parallel session AT6 
Anzhong. Wang «x dso ee ee o edem n UA e a ed 1119 


e Ghost-Free Models of Modified Gravity: Massive Gravity, Horndeski 
and DHOST Theories, Other Related Models; Their Properties and 
Solutions 

Chairpersons: Dmitry Gal’tsov and Michael Volkov 

YouTube links: https://youtu.be/ISKHUPnT2D8 

https: //youtu.be/48OHIKpgNqs 


Non-local R?-like inflation, gravitational waves and Non-Gaussianities 
K Sravan KUNG uo dete hale es ea Soh ee RR ee a US aà 1124 


Palatini kinetic scalar-tensor theory: Analytical and numerical solutions 
D. V. Gal'tsov and D. S. Bushuev . 1... 0. ee 1136 


PART B 
Black Holes: Theory and Observations/Experiments 


e Theoretical and Observational Studies of Astrophysical Black Holes 
Chairperson: Alexander Zakharov 


YouTube links: https://youtu.be/fiv MH-N2kw 
https://youtu.be/GYoOb17GvE8 


Reconstruction of a star motion in the vicinity of black hole from the 
redshift of the electromagnetic spectrum 
S. O. Komarov and A. K. Gorbatsievich .. ... lle. 1151 


Shadows of hairy Kerr black holes and constraints from M87* 
Sushant G. Ghosh and Misba Afrin... 2.0.00 0 1167 


Displacement memory and BMS symmetries 
Shailesh Kumat sn. $08 D Pe ee Ub ue uei s har ea RU, S 1179 


xlviii 


Physical black holes in semiclassical gravity 
Sebastian Murk and Daniel R. Terno. .... 222 lle 


e Black Hole Thermodynamics 
Chairperson: Hernando Quevedo 


YouTube links: https://youtu.be/XmZDf5mrXQk 
https://youtu.be/amseL2qykfk 


Information recovery from evaporating rotating charged black holes 
Zhi- Wei Wang, Samuel L. Braunstein and Saurya Das... onssa. 


Black hole thermodynamics from entanglement mechanics 
S. Mahesh Chandran and S. Shankaranarayanan . .... lle. 


Thermodynamics of charged black hole 
M. Sharif and Amjad Khan . s e s 


Rindler trajectories and Rindler horizons in the Schwarzschild spacetime 
Kajol Paithankar and Sanved Kolekar . . .... 00000000004 


Linear growth of the two-point function for the Unruh state in 
14-1 dimensional black holes 
Paul R. Anderson, Zachary P. Scofield and Jennie Traschen ........ 


Stress-energy tensor for a quantized scalar field in a four-dimensional 

black hole that forms from the collapse of a null shell 

Shohreh Gholizadeh Siahmazg, Paul R. Anderson, Raymond D. Clark 

and Alessandro Fabbri .. .. 2222s 


Microscopic model building for black hole membranes from constraints 
of symmetry 
Swastik Bhattacharya and S. Shankaranarayanan . . .. le. 


Einstein-Maxwell-Dilaton-Axion mass formulas for black holes with 
struts and strings 
Dmitri Gal'tsov, Gérard Clément and Igor Bogush . ....... le. 


e Black Holes in Alternative Theories of Gravity 
Chairpersons: Jutta Kunz and Kamal Hajian 

YouTube links: https://youtu.be/FRNGJKhiw7c 
https://youtu.be/Tjfmuut1Eo0 


Holography for rotating black holes in f(T) gravity 
Masoud Ghezelbash. . . .. 22s 


Infinitely degenerate exact Ricci-flat solutions in f(R) gravity 
Semin Xavier, Jose Mathew and S. Shankaranarayanan ........... 


xlix 


Universe in a black hole with spin and torsion 
Nikodem Poplawski s ecr E . ro es 1327 


Asymptotically flat black hole solution in modified gravity 
Surajit Kalita and Banibrata Mukhopadhyay... ... lle. 1337 


Shadow of a charged black hole surrounded by an anisotropic matter field 
Javier Badía and Ernesto F. Eiroa . .. 22s a 1343 


Constraining modified gravity theories with physical black holes 
Sebastian Murk ra d dui so o ee oo ue ee e dert oe 1351 


Penrose suggestion as to pre-Planck-era black holes showing up in 
present universe data sets discussed, with a possible candidate as to 
GW radiation which may provide initial CMBR data 


A. W. Beckwith zz ns RS tees A ee RR RAE Ge S 1359 
Summary of the parallel session BH3 

Kamal Hajian and Jutta Kunz .. . ee 1372 
Binaries 


e Explosive Events Associated with Compact-Object Binary Mergers 
Chairpersons: Chris Belczynski and Jorge Rueda 


YouTube links: https://youtu.be/Dwq1ZU3gkrg 
https: //youtu.be/nw02ylI6R2M 


Uncertainties in kilonova modeling 
C. L. Fryer, C. J. Fontes, O. Korobkin etal... .. 22s. 1391 


e Post-Newtonian and Post-Minkowskian Corrections for Binary 
Gravitating Systems 
Chairperson: Johannes Bluemlein 


YouTube link: https://youtu.be/wfiLG5r08yE 


Tutti-Frutti method: Recent developments in the PN/PM/SF 
treatment of the gravitational two-body problem 
Donato Bini and Andrea Geralico. . .. 2... 0 1405 


e Multichannel Studies of Nonstationary Relativistic Stars 
Chairperson: Vladimir Lipunov 


YouTube link: https:/ /youtu.be/usn2PlU. qFA 


GRB observations on cubesate satellites in the Universat-SOCRAT project 
Sergey I. Svertilov, Michail I. Panasyuk, Vitaly V. Bogomolov et al. . .. . 1412 


Multiwavelength observations of GRB160625B by MASTER, 
Lomonosov, Konus-Wind and three stage collapse 
V. M. Lipunov, V. A. Sadovnichy, M. I. Panasyuk et al... ....... 1429 


The role of the magnetic fields in GRB outflows 
N. Jordana-Mitjans, C. G. Mundell, S. Kobayashi etal. ........004. 1449 


MASTER optical observations of the blazar TXS0506+056 during the 
IC170922A 
V. M. Lipunov, K. Zhirkov, V. G. Kornilov et al... ...... sn. 1467 


Boson Stars 


e Scalar Fields in Cosmology 

Chairpersons: Carlos Herdeiro and Alfredo Macias 
YouTube links: https://youtu.be/SyLoguueGKk 
https://youtu.be/fOnuo8Jvw-w 


A short review on nonlinear perturbation theory of structure 
formation for modified gravity 
Jorge L. Cervantes-Cota and Alejandro Aviles... .... les. 1474 


Testing modified gravity theories with marked statistics 
Alejandro ATES d, uoa lS DUE RUMP d rs E PS 1494 


Dark matter as condensed phase of generic bosons 
Elías Castellanos and Jorge Mastache . . .... le 1513 


Cosmic Microwave Background 


e Cosmic Backgrounds from Radio to Far-IR 
Chairperson: Carlo Burigana 


YouTube link: https://youtu.be/4e3Cj5wahck 


New Planck tSZ map and its cosmological analysis 
H. Tanimura, M. Douspis and N. Aghanim . ... ole. 1527 


'The CMB dipole: Eppur si muove 
RM- Sullivan and D. 660ll.. un BS Son aues 1532 


High angular resolution Sunyaev Zel'dovich observations: The case of 
MISTRAL 
E. S. Battistelli, E. Barbavara, P. de Bernardis et al... ..... s. 1542 


Cosmological and astrophysical results exploiting magnification bias 
with high-z sub-millimetre galaxies 
L. Bonavera, M. M. Cueli and J. Gonzalez-Nuevo .............. 1557 


'The impact of the Lorentz symmetry violation on the CMB polarization 


Seddigheh Tizchang, Rohoollah Mohammadi and She-Sheng Xue ..... 


Cosmic backgrounds from the radio to the far-infrared: Recent results 
and perspectives from cosmological and astrophysical surveys 


Carlo Burigana, Elia Sefano Battistelli, Laura Bonavera etal. . . . . .. 


e New Horizons in Cosmology with CMB Spectral Distortions 
Chairpersons: Jens Chluba and Andrea Ravenni 


YouTube links: https://youtu.be/uBYLO4S8mw3o 
https://youtu.be/50APfzAe35k 


CMB uT cross-correlations as a probe of PBH scenarios 


Ogan Ozsoy and Gianmassimo Tasinato ... ee 


Theoretical and numerical aspects of CMB spectral distortions from 
non-thermal energy injections 


Sandeep Kumar Acharya, Jens Chluba and Abir Sarkar .......... 


BISOU: A balloon project to measure the CMB spectral distortions 


B. Maffei, M. H. Abitbol, N. Aghanim etal... . 22s 


Cosmic microwave background spectral distortions constraints on 
decaying dark matter particles and axion-like particles using 
COBE/FIRAS and EDGES 


Doris; Bolltet! se 6 3 d a palletes ENTE Apes Bete ee ee bank e ho koi oieta 


The COSmic Monopole Observer (COSMO) 


S. Masi, E. Battistelli, P. de Bernardis et al. .............24. 


e Status of the Ho and og Tensions: Theoretical Models and 
Model-Independent Constraints 
Chairpersons: Joan Sola Peracaula and Adria Gómez- Valent 


YouTube links: https://youtu.be/VNWZ1Bzjus4 
https: //youtu.be/zEBOCwvetKE 
https://youtu.be/nzgC7qV9H. Y 


Measuring the Hubble constant Ho from gravitational lensing 


Tinya Lb. d. Williamsi 24er nte v v ER RK eds 


Extra components consistency in the Hubble tension and BBN 


Osamu Seto and Yo Toda .......... eA 


Gravitational anomalies, axions and a string-inspired running vacuum 
model in Cosmology 


Mck-E.zMaoromatós s oup rau ue eua ud ara vx 


lii 


Early and not so early dark energy. What do cosmological observations 

tell us about them? 

Adrià Gómez- Valent, Ziyang Zheng, Luca Amendola, Valeria Pettorino 

and Christof Wetterich. .. eee ees 1713 


Renormalized p,4, without m? terms 
Cristian Moreno-Pulido and Joan Sola Peracaula . . . ..... cl. 1733 


BD-ACDM and running vacuum models: Theoretical background and 

current observational status 

Javier de Cruz Pérez, Joan Solà Peracaula, Adrià Gómez- Valent and 

Cristian Moreno-Pulido .. .. .. es 1752 


Cosmological tensions: Hints for a new concordance model? 
Ei Valentno dus he ere RW a e doe A etus dq RES aS 1770 


Solving both Ho and øs tensions in f (T) gravity 
Emmanuel N. Saridakis . . .... 22r. 1783 


Precision Cosmology and Hubble tension in the era of LSS surveys 
Ge kamizza carnier tenda edente c ae Raten e “hod kok rk gh a te rae dh 1792 


e Effects of Primordial Perturbations Enhancement: From Black Holes 
Formation to CMB Anomalies 
Chairpersons: Antonio Enea Romano and Krzysztof Turzynski 


YouTube link: https://youtu.be/frjjONXbd1M 


Primordial black holes arise when the inflaton falls 
Keisuke Inomata . . . ss. a 9 es 1803 


Effects of the modification of gravity on the production of primordial 
black holes 
Sergio Andrés Vallejo Pena . . ... ees 1809 


Cosmic Strings 


e Cosmic Strings 
Chairpersons: Reinoud Jan Slagter and Batool Imtiaz 


YouTube link: https://youtu.be/ZpaU82ZUHzM 


U (1) local strings in generalized hybrid metric-Palatini gravity 
Hilberto M. R. da Silva, Tiberiu Harko, Francisco S. N. Lobo 
and: Joao Luis Rosa! 245 sua eee Ron ma pO epe SOD 1820 


New evidence of the azimuthal alignment of quasars spin vector in 
Large Quasar Groups and cosmic strings 
Tis Ja lagter o uxo omar cede eer ee aue aA eer RD ead 1835 


liii 


Summary parallel session cosmic strings I 
Reinoud Jan Slagter and Batool Imtiaz. . .... 22e. 1848 


e From Cosmic Strings to Superstrings 
Chairpersons: Carlos Martins and Ivan Rybak 


YouTube link: https://youtu.be/LJFtV 4aSAg 


Scaling solutions of wiggly cosmic strings 
A. R. R. Almeida and C. J. A. P. Martins... 1851 


High resolution calibration of string network evolution 
J. R. C. C. C. Correia and C. J. A. P. Martins ..... llle. 1871 


Radiation from Global Cosmic Strings using adaptive mesh refinement 
Amelia Drew and E. P. S. Shellard |... .... 2222 ee 1891 


Analysing the scaling density of axion strings 
A..Lopez-BEiguren uz eo sn iot bosse. m o e o ck a a Ge EUN 1898 


Electroweak axion string and superconductivity 
Yu Hamada, Yoshihiko Abe and Koichi Yoshioka ............... 1912 


Dark Energy and Large Scale Structure 


e Dark Energy and the Accelerating Universe 
Chairpersons: Alexei Starobinky and David Polarski 
YouTube links: https://youtu.be/JZEPRS_rqbE 
https: //youtu.be/3aG_AT4UzWE 
https://youtu.be/ZITWquG-pFk 


Hints for the Hp — rg tension in uncorrelated Baryon Acoustic 
Oscillations dataset 


Denisa Starc0va s teoa EB Beads Beth E Bh ea Me bo 1923 
Observational constraints on nonlinear matter extensions of general 

relativity 

E.-A. Kolonia and C. J. A. P. Martins... le. 1935 


Constraining the dark energy-dark matter interaction model using 
low-redshift observations 
Archana Sangwan, Joseph P. J. and S. Shankaranarayanan ......... 1948 


On the evolution of inhomogeneous perturbations in the ACDM model 
and f(R) modified gravity theories 
T. Schiavone and G. Montani... . 2e. 1961 


Soft dark energy and soft dark matter 
Emmanuel N. Saridakis si ... 2e. 1970 


liv 


A simple parametrisation for coupled dark energy 
Vitor da Fonseca, Nelson J. Nunes and Tiago Barreiro ........... 1979 


e Cosmography with Gravitational Lensing 
Chairpersons: Claudio Grillo and Mimoza Hafizi 


YouTube link: https://youtu.be/FXplIAvUDBM 


A tale of two double quasars: Hubble constant tension or biases? 
L. J. Goicoechea and V. N. Shalyapin . ..... ee 1990 


Dark Matter 
e Interacting Dark Matter 


Chairpersons: Nikolaos Mavromatos 
YouTube links: https://youtu.be/zOshKJlwD- Y 
https: //youtu.be/JR44dh2GYik 


Dark energy and dark matter unification from dynamical space time: 
BBN constraints 
D Benistys i we Gees Since e rS s dei atari Role Sede Shee gach alee o see asec 2005 


Entropy and irreversible processes in gravity and cosmology 
Llorenç Espinosa-Portalés and Juan García-Bellido ............. 2013 


LHC experiments for long-lived particles of the dark sector 
Vasilikt As: MALSQUA Te etae Bae es ees Up exa wg 2029 


Constraining the interactions in the dark sector with cosmological data 
Adria Gómez- Valent, Valeria Pettorino and Luca Amendola . . .. . .... 2050 


Running vacuum interacting with dark matter or with running 
gravitational coupling. Phenomenological implications 
Joan Sola Peracaula . . s . . ss 2069 


Dark matter properties from the Fornax globular cluster timing: 
Dynamical friction and cored profiles 
DS Blas m S ad eiu ud ek RCRUM Ie x Sora s s 2089 


Growth of linear perturbations in a universe with superfluid dark matter 
S. Banerjee, S. Bera and D. F. Mota... .... e 2101 


Interacting dark sector in the late Universe: Mapping fields and fluids, 
and observational signatures 
Joseph P. J. and S. Shankaranarayanan . . . .. eee 2119 


The role of self interactions in the cosmological evolution of warm 
dark matter 
R. Yunis, C. R. Argüelles, D. López Nacir etal. ..... lll. 2127 


Interaction energy between a charged medium and its electromagnetic 
field as a dark matter candidate 
Manet ANJO e Moi ice ERE REI EAS EE Xd us 2139 


e Dark Matter Searches with Liquid Xenon and Argon Detectors and 
Self Gravitating Systems and Dark Matter 
Chairpersons: Marco Merafina and Soroush Shakeri and She-Sheng Xue 


YouTube link: https://youtu.be/H90GYnGq9pI 


The maximum mass of dilute axion stars 
Pierre-Henri- Chavanise eo ue uultu EN de pobre es PT 2149 


A dark matter solution for the XENONIT electron excess and the 
galactic center 511 keV line 
Yasuman Barzan 38 a 4g uw ah eB ew EOS cR be dee dU o tied 2174 


Preliminary results of rich galaxy clusters’ spatial distribution 

analysis on CfA2 Redshift Survey data: Compact objects or dark 

matter presence at redshift less 0.032 

I. V. Arkhangelskaja, A. M. Galper, L. N. Khanh and 

D. N..JDoroslieva d d dua d ise A b E RS Soc LS 2189 


e Dark Matter: Beyond ACDM 
Chairpersons: Carlos Argüelles and Andreas Krut 


YouTube links: https://youtu.be/hdKeo5L7pYE 
https://youtu.be/i0IPHXzmV-s 


Probing the nature of dark matter with Milky Way subhaloes 
Me Re DOGEN a e om Ato se des NS Goo BOR 2202 


Addressing classical cosmological back-reaction with multiple scales 
Yonadav Barry Ginat ve pow Ree y a RR RR 2217 


Imaging formation process for DM profiles 
Omar de J. Cabrera- Rosas and Tonatiuh Matos...............4. 2222 


The self-gravitating Fermi gas in Newtonian gravity and general relativity 
Pierre-Henri Chavis s i2 bc bk ee eh ce eh a S 2230 


e Dark Matter and Rare Processes 
Chairpersons: Rita Bernabei and Zurab Berezhiani 


YouTube links: https://youtu.be/wheVrbETP_0 
https://youtu.be/dVdZ4TIDxt0 


The dark matter: DAMA/LIBRA and its perspectives 
R. Bernabei, P. Belli, V. Caracciolo etal... .. 22e. 2252 


Dark matter directionality approach 


R. Bernabei, P. Belli, V. Caracciolo etal... .. les. 2272 
Collapse models under test by high sensitivity y-ray and X-ray 

measurements 

C. Curceanu, Kristian Piscicchia, Massimiliano Bazzi et al... ..... 2288 


Leptophilic dark matter at linear colliders 
Pi Sp Bhiipal De. d ruido RIA gary eR eus 2296 


DM6 session: Dark matter and rare processes 
R. Bernabei and Z. Berezhianà . . ...... ee 2316 


e The Nature of Galactic Halos 
Chairpersons: Francesco De Paolis and Asghar Qadir 


YouTube link: https://youtu.be/qlwVnNxi0n0 


Primordial black holes as dark matter candidates in the Galactic halo 


Lindita Hamolli, Mimoza Hafizi, Francesco De Paolis 
and Achille A. Nucita i lorea aia a a e A ee 2319 


Giant cosmic ray halos around M31 and the Milky Way 
S. Recchia, S. Gabici, F. A. Aharonian and V. Niro ............. 2335 


A nearly complete census of intergalactic gas using the kinematic 
Sunyaev-Zel’dovich effect 
Chaves-Montero, Jonás .. . 2 s 2345 


Searching for Intermediate Mass Black Holes in the Milky Way’s 
galactic halo 
A. Franco, A. A. Nucita, F. De Paolis, F. Strafella and M. Maiorano ... 2352 


Virial clouds evolution from the last scattering up to the formation of 
first stars 
Noraiz Tahir, Asghar Qadir, Muhammad Sakhi and 


Francesco De Paolis; capes wutiw pm eux EL GE a ee as 2360 

Testing Weyl-modified gravity on M31 and Milky Way 

Muhammad Bilal and Asghar Qadir . ... 22e 2365 
PART C 

Education 


e Teaching Einsteinian Physics to School Students 
Chairpersons: David Blair and Matteo Luca Ruggiero 
YouTube links: https://youtu.be/W-WV6J8kprg 
https://youtu.be/UHYpwKQ09SU 


lvii 


Teaching relativity: A paradigm change 
F. Herrmann and M. Pohlig. ... ee 2371 


Teaching relativity: Computer-aided modeling 
F. Herrmann and M. Pohlig. 2... 0 aaae 2381 


Solstices and Equinoxes in 1703 at the meridian line of St. Maria degli 
Angeli in Rome, and the stellar aberration of Sirius 
Costantino Sigismondi and Silvia Pietronà . . . 22e. 2388 


Positional astrometry at arcsecond accuracy using historical 
instruments, with light equipment 
Costantino Sigismondi and Lorenzo Ricciardi . . .... ces. 2398 


Daily, seasonal, and equinoctial solar paths on a school soccer field 
Costantino Sigismond tn. 4 eu veu ok. psoas ae eR Ae a a 2411 


Teaching relativity at the AstroCamp 
C: Js Ac Pe Martins sumi RPA EE AR OLA HD EM et BI SY 2415 


Sungrazing comets as General Relativistic gravitational probes 
Silvia Pietroni and Costantino Sigismondi . . . .... 000.000.0008 2424 


The three Summer solstice's markers of 1721 unveiled in the Basilica 
of Santa Maria degli Angeli in Rome 
Costantino Sigismondi . . . ee 2428 


Einstein-First: Bringing children our best understanding of reality 
A. Popkova, K. Adams, S. Boublil et al... 22e. 2438 


Exact Solutions 


e Exact Solutions in Four and Higher Dimensions 
Chairpersons: David Blair and Matteo Luca Ruggiero 


YouTube link: https://youtu.be/GHZUS5-4gVQ 


Kundt spacetimes in the Einstein-Gauss-Bonnet theory 
R. Švarc, J. Podolský and O. Hruska... oos ee. 2453 


Exact decoupled solutions in curvature-matter coupled gravity 
M. Sharif and Fizza Furqan .. 2e 2464 


'Tolman-Oppenheimer-Volkov conditions beyond spherical symmetry 
José P. Mimoso, Alan Maciel and Morgan Le Delliou ............ 2479 


A spherically symmetric stiff fluid spacetime in light of cosmic struc- 
ture formation 
Daniele Gregoris  .-: 4 s a a athe ag YN Bhan E EUR BS OREO eRe 2497 


lviii 


e Exact Solutions (Including Higher Dimensions) 
Chairperson: Susan Scott 


YouTube link: https://youtu.be/-hJjJvmmOew 


Three-parameter solution for the null-surface formulation in 
2+1 dimensions 
Tina A. Harriott and J. G. Williams. ...... ee 2510 


New exact stationary cylindrical anisotropic fluid solution of GR 
M;SN.SQOlÓTIeT? ec sos BS ore w T hak Bit Cee ee hae EY X 2522 


Early Universe 


e Quantum Fields 
Chairperson: Andrei Lebed 


YouTube links: https://youtu.be/BLaTp0r0TkQ 
https://youtu.be/ZifgaSDy5Vc 


Hydrodynamic representation and energy balance for the Dirac and 
Weyl fermions in curved space-times 
Tonatiuh Matos, Omar Gallegos and Pierre-Henri Chavanis......... 2533 


Breakdown of the Equivalence Principle for a composite quantum body 
A. GC oLebed s io bows eee RAMP BE RS Gg Rath) Bad ee Be X e PP 2551 


Extended DeWitt-Schwinger subtraction scheme, heavy fields and 
decoupling 


Antonio Ferreiro and Jose Navarro-Salas . . ...... eee 2557 


Renormalization and decoupling for the Yukawa model in curved 
spacetime 
Sergi Nadal-Gisbert, Antonio Ferreiro and José Navarro-Salas........ 2562 


Trace anomaly and evaporation of spherical black holes 
PS Medari us Clete os bu pEUE eds ee eel Be dioi eo E Belin dud 2573 


On decay of the false Unruh vacuum 
A Shiker a g a 3 ses Due. neus mu eee See hs 2587 


Behaviour of noise kernel in de Sitter and FRW space-times 
Ankit Dhanuka and Kinjalk Lochan. . . 22e 2600 


Breaking Buchdahl: Ultracompact stars in semiclassical gravity 
Julio Arrechea, Carlos Barceló, Raúl Carballo-Rubio and 
Luis. Gara sema RUPES CASA ue Het Ur A RUM E Ie, e A 2608 


lix 


Einstein anomaly with tensors of odd order in six dimensional 
curved space 
Kohei Yamamoto and Satoshi Yajima . .. eA 2619 


Quantum memory and BMS symmetries 
Sanved Kolekar and Jorma Louko . .... eee 2623 


e Topological Methods, Global Existence Problems, and Spacetime 
Singularities 
Chairperson: Spiros Cotsakis 


YouTube link: https://youtu.be/H8Itnc C10c 


Gravitational singularities, scattering maps for bouncing, and 
structure-preserving algorithms 
Philippe Ge Lebloch- ‘yc sek Get del Bex ADEESSYp3 Xu 2630 


Brane-world asymptotics in a nonlinear fluid bulk 
I. Antoniadis, S. Cotsakis and Ifigeneia Klaoudatou . ............ 2645 


Primordial synchronization of Mixmaster spatial points 
Spiros Cotsakisssc dani ewe Toke Se ee he he YS 2657 


e The Early Universe 
Chairperson: Stefano Ansoldi 


YouTube links: https://youtu.be/m80hHWegOlFs 
https://youtu.be/6tyaZSMMV tw 


Quintessential inflation from Lorentzian slow roll 
Dauid Benmsti. «ioo oe gor eom ue E BOR a Eos e dod 2663 


Condensed light, quantum black holes and L-CDM cosmology: 

Experimentally suggested and tested unified approach to dark matter, 

dark energy, cosmogenesis and two-stage inflation 

Vaetor- Borsetti cca acs tin edP SEES 4 eb DIA EQ UECESE MIS 2672 


Helical magnetic fields lead to baryogenesis 
Ashu Kushwaha and S. Shankaranarayanan . . noo 0.2 2692 


Polymer Quantization of the Isotropic Universe: Comparison with the 
Bounce of Loop Quantum Cosmology 
G. Barca, E. Giovannetti, F. Mandini and G. Montani ........... 2700 


General relativistic evolution equations for density perturbations in 

open, flat and closed FLRW universes and the problem of structure 

formation 

Pieter G.-Miedemü «rela lo ee ARRA RS 2708 


Ix 


Constraining beyond ACDM models with 21cm intensity mapping 
forecast observations combined with latest CMB data 


Entropy and irreversible processes in gravity and cosmology 
Llorenç Espinosa-Portalés and Juan García-Bellido ............. 2737 


Fundamental Interactions and Stellar Evolution 


e Why and How the Sun and the Stars Shine: The Borexino Experiment 
Chairpersons: Giampaolo Bellini, Dmitry Naumov, Gioacchino Ranucci, Gemma 
Testera 

YouTube links: https://youtu.be/hh5wDnM8miU 
https://youtu.be/TG-HgBf7W4s 

https://youtu.be/HLiis2LFeEs 


Experimental detection of the CNO cycle 
B. Caccianiga, N. Rossi, G. Testera etal... .. ole. 2753 


Borexino detector performances 
A. Caminata, M. Agostini, K. Altenmüller etal. .............04. 2765 


Study of antineutrinos from the Earth and the Cosmos with the 
Borexino detector 
Sandra Zavatarelli, M. Agostini, K. Altenmuller et al. ............ 2774 


Unveiling the engine of the Sun: Measurements of the pp-chain solar 
neutrinos with Borexino 


D. Guffanti, A. C. Re and O. Smirnov... 0. aa E EA 2785 


Electron neutrino survival probability in the energy range 
200 keV-15 MeV 
Marco Pallavicini on behalf of the Borexino Collaboration . . .. ...... 2804 


'The relevance of pp-chain and CNO-cycle neutrino measurements for 
solar physics 
F. L. Villante and A. M. Serenelli .......... eee 2815 


Role of the CNO cycles in stars 


Geoneutrino observation 
Tadao Mitsui for the KamLAND Collaboration . . ..... les. 2840 


Synthesis of the session: Why and how the Sun and the stars shine 
Gianpaolo Bellini... sk ops me 3 e Rex A e m 2845 


lxi 


e Rotation in Stellar Evolution 
Chairperson: Georges Meynet 


YouTube link: https://youtu.be/9LNoiwa0nv8 


The internal rotation of low-mass stars from solar and stellar seismology 
G. Buldgen and P. Eggenberger . . . . 22e 2848 


'The rotation of supermassive stars 
B: Haemmetlé: scoala ao a E ae US Re Y oSv dem eR es 2865 


Fast Transients 


e What Can We Learn from a Growing Sample of Fast Radio Bursts? 
Chairpersons: Duncan Lorimer, Victoria Kaspi and Bing Zhang 

YouTube links: https://youtu.be/yo4n1SgfUrQ 
https://youtu.be/NwGooPauhjU 


Cosmology with high-redshift FRBs 
A PQOIKOUS ud rh dU S ay tees Ge EVI ud. E ENS 2880 


e Non Standard Cosmological Probes 

Chairpersons: Duncan Lorimer, Victoria Kaspi and Bing Zhang 
YouTube links: https://youtu.be/EEFUgiFeMck 
https://youtu.be/Ryb15AINfMs 


Closing the cosmological loop with the redshift drift 
C. J. A. P. Martins, C. S. Alves, J. Esteves, A. Lapel 
Gnd. B: Gi Pereira. «d addu ee tet it dia Bech ls vt etu a 2890 


Gamma-Ray Bursts as potential cosmological probes 


Surface brightness fluctuations: The method and future applications 
Michele Cantelo m misss anr ee eek, RR Ur Re ex tees 2915 


Preliminary results of analysis of Ia supernovae redshift distributions 
on data of the Asiago Supernova and Open Supernova Catalogues 
I. V. Arkhangelskaja ve ra casa ea a a e e a a a a a 2930 


e Photospheric Emission in GRBs 

Chairpersons: Gregory Vereshchagin and Damien Bégué 
YouTube links: https://youtu.be/ZifnzoUXIFc 
https://youtu.be/n7vWAVhF XiU 


Understanding prompt emission: Where do we stand? 
Asaf Pe ers b hk PRE Se eR a eh ee ae Pe Ba UA 2946 


lxii 


On explaining prompt emission from GRB central engines with 
photospheric emission model 
M. Bhattacharya and P. Kumar... eA 


Monte Carlo simulations of photospheric emission in Gamma Ray Bursts 
T. M. Parsotan and D. Lazzati .. .. 22s es 


'The photosphere emission spectrum of hybrid relativistic outflow for 
Gamma-Ray Bursts 
Yan-Zhi Meng, Jin-Jun Geng and Xue-Feng Wu ......... ee 


On diffusive photospheres in Gamma-Ray Bursts 
Gai Vis Vereshchagin zu ku ep ak o ROS A bone UE 


Summary of the parallel session GB3 
G. V. Vereshchagin and D. Bégué . .. eee 


e High and Very High Energy Emission from Gamma-Ray Bursts 
Chairpersons: Francesco Longo and Fabian Schüssler 


YouTube links: https://youtu.be/ZUkLyy YowaM 
https://youtu.be/zwN1mNVeUzA 


Synchrotron and synchrotron self-Compton emission components in 
GRBs detected at very high energies 
Jagdish C. Joshi, Vikas Chand and Soebur Razzaque............. 


The VERITAS gamma-ray burst follow-up program 
D. Ribeiro for the VERITAS Collaboration . ..... les 


MAGIC view of Gamma-Ray Bursts at very high energies 
A. Berti on behalf of the MAGIC Collaboration . ....... le. 


Prospects for VHE monitoring of gamma-ray bursts with SóWGO 
G. La Mura, U. Barres de Almeida, R. Conceição et a... ... ls. 


Theoretical implications on the very high energy emission from 

GRB 190114C 

D. Miceli, A. Berti, Z. Bosnjak et al. on behalf of the 

MAGIC: Collaboration xe tems m EIER d du els ESQ UP 


AGILE and GRBs: 13 years of observations 
A. Ursi on behalf of the AGILE Team .... eee 


Searching for Gamma-Ray Bursts with the High-Altitude Water 
Cherenkov (HAWC) observatory 
K. L. Engel for the HAWC Collaboration... ... lees 


Ixiii 


e Electromagnetic Counterparts of Compact Binary Mergers 
Chairpersons: Jonathan Granot and Paz Beniamini 


YouTube link: https://youtu.be/AS7bwaT48us 


CALET search for gamma-ray counterparts of gravitational wave events 
Masaki Mori for the CALET Collaboration .. 1... lee 3084 


e Unusual and New Types of Gamma-Ray Bursts 
Chairperson: Binbin Zhang 


YouTube link: https://youtu.be/VrF0iU8Q6us 


Off-axis jet scenario for early afterglow emission of low-luminosity 
Gamma-Ray Burst GRB 190829A 

Yuri Sato, Kaori Obayashi, Ryo Yamazaki, Kohta Murase 

and. Yutaka Ohir zoe iu de ee ep de et! be a A eem ds 3095 


e Gamma-Ray Burst Correlations: Observational Challenges and 
Theoretical Interpretation 

Chairpersons: Maria Giovanna Dainotti and Liang Li 

YouTube links: https: //youtu.be/gcEy2h6y1jg 
https://youtu.be/m2pCT6RAmI0 

https://youtu.be/GTCvcVhBjN4 


GRB prompt phase spectra under backscattering dominated model 
Mukesh Kumar Vyas, Asaf Pe'er and David Eichler ............. 3101 


Applying models of pulsar wind nebulae to explain X-ray plateaux 
following short Gamma-Ray Bursts 
L. C. Strang and A. Melatos ..... es 3107 


Searching for strange quark planets 
Xu Wang, Yong-Feng Huang and Bing Là ... eee. 3118 


Probe the universe by using Gamma-Ray Bursts with X-ray plateaus 
Fan Xu and Yong-Feng Huang... ee 3124 


A new perspective on cosmology through Supernovae Ia and 
Gamma Ray Bursts 
B. De Simone, V. Nielson, E. Rinaldi and M. G. Dainottà. ......... 3130 


'Theory of plateau phase in Gamma-Ray Bursts 


Exploring the canonical behaviour of long Gamma-Ray Bursts using 
an intrinsic multi-wavelength afterglow correlation 
S. R. Oates, J. L. Racusin, M. De Pasquale et al. ............ 3150 


lxiv 


e GRB 170817A and Binary Models 
Chairpersons: Marica Branchesi and Giulia Stratta 


YouTube link: https://youtu.be/FRBvkaLX5WU 


Kilonova emission observed so far: A comparison with AT2017gfo 
Air ROSS U6, boss We Eon ab V Re E pte Br. Lo ad Ena en nae 3162 


e Binary-Driven Hypernovae of Type 1, 2 and 3 
Chairpersons: Carlo Luciano Bianco, Christian Cherubini and Simonetta Filippi 


YouTube link: https://youtu.be/8IFLfget3CO 


Neutrinos and gamma-ray production from proton-proton interactions 
in binary-driven hypernovae framework 
S. Campion, J. D. Melon Fuksman and J. A. Rueda Hernandez. . . . . . . 3172 


General relativistic turbulence in spherically symmetric core-collapse 
supernovae simulations 
L. Boccioli, G. J. Mathews and E. P. O'Connor ....... len. 3184 


Gravitational Waves 


e Sources of Gravitational Waves 
Chairperson: Andrew Melatos 

YouTube links: https://youtu.be/Lr8b9nKsFm4 
https://youtu.be/xuqJOXPDyV Y 
https://youtu.be/qzOrgojHsMg 
https://youtu.be/KCJoWMd71pE 


Mountain formation by repeated, inhomogeneous crustal failure in a 
neutron star 


A. D. Kerin and A. Melatos. oona 3194 


Gravitational waves from neutrino mass generating phase transitions 
Nobuchika Okada and Osamu Seto... 2o ee 3206 


Efficiency of registration of chirp bursts and signals of collapsing stars 

by the Euro-Asian network of GW interferometers 

V. N. Rudenko, S. L. Andrusenko, D. P. Kricheuskiy 

and G. D. Manucharyan . . . ir aie A ee 3219 


Joint analysis method on gravitational waves and low-energy 
neutrinos to detect core-collapse supernovae 
O. Halim, C. Casentini, M. Drago etal... .. lens 3228 


e Mid-frequency Gravitational Waves (0.1—10 Hz): Sources and Detection 
Methods 
Chairperson: Wei-Tou Ni 


YouTube link: https://youtu.be/sJ6A7a73Vxw 


lxv 


A cryogenic and superconducting inertial sensor for the Lunar 
Gravitational-Wave Antenna, the Einstein Telescope and Selene-physics 
F. Badaracco, J. V. van Heijningen, E. C. Ferreira and A. Perali ..... 3245 


Space gravitational wave antenna DECIGO and B-DECIGO 
S. Kawamura and the DECIGO working group ..... llle. 3254 


Summary of the parallel session GW2 
Dongfeng Gao, Wei-Tou Ni, Jin Wang etal. ....... len. 3261 


e Numerical Relativity and Gravitational Wave Observations 
Chairperson: Nigel Bishop 

YouTube links: https://youtu.be/eZPytAUAZmk 
https://youtu.be/th-3KqkxDnU 


Salient features of the optimised PyCBC IMBH search 
Koustav Chandra, Archana Pai, V. Villa-Ortega et al... .......2.. 3277 


Matter shells modifying gravitational wave signals 
Monos Naidoo, Nigel T. Bishop and Petrus J. van der Walt. ........ 3286 


Odd-dimensional gravitational waves from a binary system on 
a three-brane 
D. V. Gal'tsov and M. Khlopunov . ....... ee 3301 


Developments in numerical relativity and gravitational wave observations 
Nigel T Bishop eos o sw ur EX SO Xe Y SP Far uere EA 3309 


High Energy 


e Very High Energy Gamma Rays 
Chairpersons: Razmik Mirzoyan and Alessandro De Angelis 


YouTube link: https://youtu.be/jHM1RH20ZyM 


Insights into the Galactic Center environment from VHE gamma-ray 
observations with ground-based facilities 
Cec PPUCK m e RS ee PP Eye LO ES Ae eue my 3316 


The TAIGA experiment 
M. Tluczykont, I. I. Astapov, A. K. Awad etal... ... lll. 3324 


Science perspectives of the Southern Wide-field Gamma-ray 
Observatory (SWGO) 
K. L. Engel for the SWGO Collaboration . ....... le 3343 


e Future Missions for High-Energy Astrophysics 
Chairpersons: Filippo Frontera and Shaolin Xiong 


YouTube link: https://youtu.be/JgDsZX6RUkU 


Ixvi 


Laue lenses: Focusing optics for hard X/soft Gamma-ray astronomy 
L. Ferro, M. Moita, P. Rosati et al. ... 22 lee 3355 


ASTENA: A mission concept for a deep study of the transient 

gamma-ray sky and for nuclear astrophysics 

E. Virgil, F. Frontera, P. Rosati et al. on behalf of the 

ASTENA Collaboration . ........ ee 3368 


Polarimetric prospects of a new hard X-soft gamma-ray space mission 

for next decades 

M. Moita, L. Ferro, F. Frontera et al. ...... ee 3385 
e The SRG Mission: First Results from eROSITA and ART-XC 
Chairperson: Andrea Merloni 


YouTube link: https://youtu.be/10t1B716UcM 


Prospect for WHIM detection in the cosmic web by SRG/eROSITA 
H Tanimura and N. Aghanim a s 3400 


e eX TP — Enhanced X-Ray Timing and Polarimetry Mission 
Chairpersons: Marco Feroci and Fangjun Lu 


YouTube link: https://youtu.be/3d08eKmsImI 
The role of eXTP in the multi-messenger astronomy era 
G. Stratta and Gor Oganesyan . . . ee 3403 


e Observations of HE and UHE Cosmic Rays 
Chairpersons: Ivan De Mitri and Fabio Gargano 


YouTube link: https://youtu.be/19DZyBMWO5c 
CALET on the ISS: The first 5 years 


Pier Simone Marrocchesi for the CALET Collaboration ........... 3427 

The fluxes of charged cosmic rays as measured by the DAMPE satellite 

Paolo Bernardini on behalf of the DAMPE Collaboration. .......... 3442 

Recent results from the Pierre Auger Observatory 

E. Roulet for the Pierre Auger Collaboration . ....... llle. 3449 

'The HERD space mission 

F.C.T. Barbato on behalf of the HERD Collaboration. . ......... s. 3455 
PART D 


History of Relativity 

e The “Fall and Rise" of Betelgeuse 
Chairperson: Costantino Sigismondi 

YouTube link: https://youtu.be/VmbrE2gYmOM 


Ixvii 


'The observation of the stars in daytime and near the horizon 
Costantino Sigismondi and Paolo Ochner . . .... 22e. 3471 


Fall and Rise of Betelgeuse: The summary of HR1 session 
Costantino Sigismondi and Paolo Ochner .......0.0 0000000 ee 3475 


Photometry of Betelgeuse at daylight 
Otmar Nickel: a utes eet Soh RReEueEGxdWAEdqddee 3479 


Evidence for dynamical changes in Betelgeuse using multi-wavelength data 
Sneha Kachhara, Sandip V. George, Ranjeev Misra and G. Ambika... . . 3485 


The curious case of Betelgeuse 
Jacco AXEh DONELOON m utu Gee ura ew Bla Meum he a s Ge tu ds 3494 


Variable stars observed from city sites: The 2500 AAVSO-SGQ database 
Costantino Sigismondi and Paolo Ochner . . . 22e. 3501 


Betelgeuse: An introductory course to observational astronomy 
Costantino Sigismondi and Tiziana Pompa . .... les 3507 


'The meridian line of the Vatican obelisk to study the stellar aberration 
Costantino Sigismondi and Lorenzo Ricciardi . . .... 2e. 3513 


Betelgeuse, Sirius and the stars in the roman Settecento 
Costantino Sigismondi . . . en 3519 


e History of Relativity, Gravitation and Cosmology 
Chairperson: Luis Crispino 


YouTube link: https:/ /youtu.be/RNbPUSp95PQ 


On Einstein’s last bid to keep a stationary cosmology 
Salvador Galindo- Uribarri and Jorge L. Cervantes-Cota ........... 3536 


Jayme Tiomno: Relativity, gravity, cosmology, and the 
Marcel Grossmann Meetings 
William D. Brewer- esu aem ERE ERES A Ree 3547 


A look inside Feynman’s route to gravitation 
M. Di Mauro, S. Esposito and A. Naddeo ......... lll. 3563 


Towards detecting gravitational waves: A contribution by 
Richard Feynman 
M. Di Mauro, S. Esposito and A. Naddeo ......... lll. 3576 


Stellar gravitational collapse, singularity formation and theory breakdown 
TOrilMaltiseu- «euis Aa ee td a ae et See eor ee end 3596 


Ixviii 


The Hamilton-Jacobi analysis by Peter Bergmann and Arthur Komar 
of classical general relativity 
D Salisbury c qu vo ette AREE EUER Bok ER E 3626 


e Time and Philosophy in Physics 
Chairperson: Shokoufe Faraji 


YouTube link: https:/ /youtu.be/986v- V5JJEk 


'The passage of time and top-down causation 
DorbarasDrosselc «desc s us eser E tava AED Whig ea eredi seats 3631 


Explaining time's passage 
Jonathan J; Deckaue iom est PBs BBE il, dex a o do9 A UR 3646 


A glimpse to Feynman's contributions to the debate on the 
foundations of quantum mechanics 
M. Di Mauro, S. Esposito and A. Naddeo ......... lll. 3657 


Summary of the parallel session HR3 
oliokoufe. Fataji s op qo Re RATE s re bee ACE SEU dev 3671 


Neutron Stars 


e Dense Matter in Compact Stars 
Chairpersons: Alessandro Drago and Jorge Rueda 


YouTube links: https://youtu.be/U5Yr0oDVhqY 
https://youtu.be/MvMDFh- 1_be 


Massive compact stars in the two-families scenario 
P. Char, A. Drago and G. Pagliara. a... 22e 3677 


Quasi-universality of the magnetic deformation of neutron stars in 
general relativity and beyond 
J. Soldateschi, N. Bucciantini and L. Del Zanna ............24. 3684 


Screening and elastic properties of the NS crust in the OCP 
approximation 
D. Barba González, C. Albertus Torres and M. A. Pérez-Garcia. . . . . . . 3703 


'Tidal deformability as a probe of dark matter in neutron stars 
D. Rafiei Karkevandi, S. Shakeri, V. Sagun and O. Ivanytskyi ....... 3713 


Binary neutron star mergers with quark matter equations of state 
Atul Kedia, Hee Il Kim, Grant Mathews and In-Saeng Suh ......... 3732 


Ixix 


Probing dense matter physics with transiently-accreting neutron stars: 

'The case of source MXB 1659-29 

Melissa Mendes, Andrew Cumming, Charles Gale and 

Farrukh J. Fatloyeu sawe sesta o x o SEX es 3736 


e Compact Stars as Laboratories for Testing Strong Gravity 
Chairpersons: Aurora Perez Martinez and César Augusto Zen Vasconcellos 


YouTube link: https://youtu.be/C1KGecdNEfs 


Vacuum properties and astrophysical implications 
A. Pérez Martinez, M. Pérez-Garcia, E. Rodriguez Querts 
and A> Romero Jorgé- ux emu he a Ye DA SS EES 3756 


Testing extended theories of gravity with GRBs 
Lie Mastrototüto aad ee oe a aR OR AR ae Be OE S dex He E 3762 


e Pulsar Power in Physics and Astrophysics and Pulsars and Pulsar 
Systems at High Energies 

Chairpersons: Andrea Possenti and Pak-Hin Tam 

YouTube links: https://youtu.be/gAG29DZwUbM 
https://youtu.be/ytdUBFrViHI 


News and views regarding PSR J1757-1854, a highly-relativistic 
binary pulsar 
A. D. Cameron, M. Bailes, V. Balakrishnan et al. ....... ln. 3774 


On the origin of the unique isolated X-Ray pulsar 1E 161348-5055 
with 6.7 hr. spin period 
VeVi Ime. ede DS a beet ile, Ey nb Se ad eX eh 3785 


Advantages of including globular cluster millisecond pulsars in Pulsar 
Timing Arrays 
M. Maiorano, F. De Paolis, A. A. Nucita and A. Franco .......... 3791 


Searching for pulsars in globular clusters with the MeerK AT Radio 
Telescope 
F. Abbate on behalf of the MeerTIME/TRAPUM Collaboration ....... 3799 


Precision Tests 


e Gravitational Lensing and Shadows 
Chairpersons: Perlick Volker and Oleg T'supko 


YouTube links: https://youtu.be/6DXXWpMJ3IQ 
https://youtu.be/F-KlgXn7l Y 
https://youtu.be/B-V8r2HMztw 


Gravitational lensing by rotating Simpson- Visser black holes 
Sushant G. Ghosh and Shafqat Ul Islam . .. ..... les. 3812 


Killing tensors in foliated spacetimes and photon surfaces 
Igor Bogush, Kirill Kobialko and Dmitri Gal'tsov . . .... len. 3827 


Decoding black hole metrics from the interferometric pattern of 
relativistic images 
Mx O22; s mere bag en Ge gat ure te Netus d dex atu x e 3839 


Shadow of black holes with a plasma environment in 
4D Einstein-Gauss-Bonnet gravity 
Javier Badía and Ernesto F. Eiroa . .. 22e 3856 


Aspects of neutrino mass hierarchy in gravitational lensing 
Himanshi Swami -eass dog RW ub ERR depart ees 3865 


Photon regions in stationary axisymmetric spacetimes and umbilic 
conditions 


K. V. Kobialko and D. V. Gal’tsov . .... eee 3874 


Gravitational lensing by charged accelerating black holes 
Torben: C. Frosts s 2 s af og) a Re Spe hk hg ee db d hoe Seba ss 3885 


e Experimental Gravitation 
Chairpersons: Angela di Virgilio and Claus Lammerzahl 


YouTube link: https://youtu.be/mXcxztQOnyk 
https: //youtu.be/tE3gIUBviTc 


A manmade experiment aimed to clarify the gravity law in the 
Solar system 
Alexander P. Yefremov and Alexandra A. Vorobyeva ............. 3905 


Gravitomagnetic field generation using high permittivity materials in 
superconducting magnetic energy storage devices 
GV. Stephens Oae d.a veel ee ee es OEE ES EE 3910 


Large ring laser gyroscopes: Geometry stabilization and laser control 
U. Giacomelli, N. Beverini, G. Carelli etal... 2... 0. ee 3920 


Dark gravitomagnetism with LISA and gravitational waves space detectors 
A. Tartaglia, M. Bassan, G. Pucacco, V. Ferroni and D. Vetrugno .... . 3929 


Ixxi 


Light rays in the Solar system experiments: Phases and displacements 
Pravin Kumar Dahal and Daniel R. Terno . .... les. 3942 


'The Ginger project — preliminary results 
C. Altucci, F. Bajardi, A. Basti etal. ..... 2222s. 3956 


e Variation of the Fundamental Constants, Tests of the Fundamental 
Symmetries and Probes of the Dark Sector 

Chairpersons: Angela Victor Flambaum and Yevgeny Stadnik 

YouTube links: https://youtu.be/NAZA-0tWHak 

https://youtu.be/juhDGBJ12Lg 

https://youtu.be/zxGgDP2sn60 


Varying fundamental constants and dark energy in the ESPRESSO era 
Cedi AP MATS 23 8 3c ode err RR mue dr tg 3963 


e Dragging is Never Draggy: MAss and CHarge Flows in GR 
Chairperson: Oldrich Semerak 


YouTube link: https://youtu.be/ho31IgLNxu8 


Testing the general relativistic nature of the Milky Way rotation 
curve with Gaia DR2 
Müriateresa Crosta à uod oS peek wea eh ded a ws 3970 


Spinning cylinders in general relativity: A canonical form for the Lewis 
metrics of the Weyl class 
L. Filipe O. Costa, José Natário and N. O. Santos . ............. 3982 


Magnetized black holes: The role of rotation, boost, and accretion in 
twisting the field lines and accelerating particles 
Ondřej Kopáček and Vladimir Karas... 1... 22e 3999 


Spinning particle: Is Newton-Wigner the only way? 
V. Witzany: eels ud Rede A Et Ux ete ap ceu pA a ob 4010 


Gravitomagnetic resonance and gravitational waves 
Matteo Luca Ruggiero and Antonello Ortolan . ... llle. 4019 


Quantum Gravity 
e Loop Quantum Gravity 
Chairpersons: Marcin Kisielowski and Jerzy Lewandowski 


YouTube links: https://youtu.be/VaLPseY Wh9E 
https://youtu.be/WFIgMqrQ07U 


Studying the EPRL spinfoam self-energy 
Pietropaolo Frisoni o cor . oe e a a Terura ein oE e a a e a aa a a 4026 


Ixxii 


A spin foam framework for the black-to-white hole transition 
Farshid Sollnt- tue ewe UR qeu ek gen 4045 


Holographic properties of the bulk-to-boundary transmission of 
information in regions of quantum space 
Eugenia Colafranceschà . . . ee 4062 


e Quantum Gravity Phenomenology 
Chairpersons: Giovanni Amelino- Camelia and Jerzy Kowalski- Glikman 


YouTube links: https://youtu.be/vYnVb2zNl0o 


https://youtu.be/icK8z80Hm-Y 
https://youtu.be/svXLa0yhy Y Y 


Minimal length discretization and properties of modified metric tensor 

and geodesics 

Abdel Nasser Tawfik, Fady T. Farouk, F. Salah Tarabia 

and Muhammad Maher... 2s 4074 


'The structure of the multiverse from the entanglement entropy 
Samuel Barroso Bellido .. .......... en 4082 


Effective field theory from relativistic Generalized Uncertainty Principle 


Vasil N. Todorinov, Saurya Das and Pasquale Bosso............. 4088 
Stelle gravity as the limit of quantum gravity with maximal momentum 

V. Nenmeli, S. Shankaranarayanan, V. Todorinov and S. Das... . .. .. 4107 
Baryon asymmetry and minimum length 

Saurya Das, Mitja Fridman, Gaetano Lambiase and Elias C. Vagenas . . . 4114 
On quantum gravity and quantum gravity phenomenology 

Douglas Edmonds, Djordje Minic and Tatsu Takeuchi ............ 4126 
WKB approach to the gravity-matter dynamics: A cosmological 
implementation 

G. Maniccia and G. Montani ... es 4146 


Natural evidence for fuzzy sphere noncommutative geometry: 
Super-Chandrasekhar white dwarfs 
Surajit Kalita, T. R. Govindarajan and Banibrata Mukhopadhyay . . . . . . 4159 


A model of polymer gravitational waves: Theory and some possible 
observational consequences 

Angel Garcia- Chung, James B. Mertens, Saeed Rastgoo, Yaser Tavakoli 

and Paulo Vargas Moniz... ee 4166 


e Loop Quantum Gravity: Cosmology and Black Holes 
Chairpersons: Jorge Pullin and Parampreet Singh 


YouTube links: https://youtu.be/CAuAK31Ukho 
https://youtu.be/JIYnEzRiRRO 


Primordial power spectrum from a matter-ekpyrotic scenario in loop 
quantum cosmology 


Bao-Fei Li, Sahil Saint and Parampreet Singh... .. 2l ls. 


The primordial power spectra in modified loop quantum cosmology 


Bao-Fei Li, Javier Olmedo, Parampreet Singh and Anzhong Wang ... . 


Primordial perturbations in kinetically dominated regimes of classical 
and quantum cosmology 


B. Elizaga Navascués, R. Jiménez-Llamas and G. A. Mena Marugdn. . . . 


Revisiting the Hamiltonian formalism of the Ashtekar-Olmedo-Singh 
black hole model 


Alejandro Garcta-Quismondo and Guillermo A. Mena Marugán. . . . . . 


A comparison of different choices of clocks in a reduced phase space 
quantization in loop quantum cosmology with an inflationary 
potential using effective techniques 


Kristina Giesel, Bao-Fei Li and Parampreet Singh... ..... ls. 


Initial conditions in LQC/mLQCs 


Bao-Fei Li, Parampreet Singh and Anzhong Wang ............. 


Holonomy corrections in effective midisuperspace models 


A. Alonso-Bardaji and D. Brizuela . . . 22e 


Infrared signatures of quantum bounce in collapsing geometry 


Harkirat Singh Sahota and Kinjalk Lochan... ... lle. 


Effective black hole interior and the Raychadhuri equation 


Keagan Blanchette, Saurya Das, Samantha Hergott and Saeed Rastgoo . . . 


Effect of loop quantization prescriptions on the physics of non-singular 
gravitational collapse 


Kristina Giesel, Bao-Fei Li and Parampreet Singh... ..... ls. 


Summary of the parallel session QG3 


Jorge Pullin and Parampreet Singh . . o. 22e 


Ixxiii 


4178 


4188 


4193 


4211 


4228 


4234 


4239 


4247 


4256 


Ixxiv 


Strong Field 


e Strong Electromagnetic and Gravitational Field Physics: From 
Laboratories to Early Universe 

Chairpersons: Sang Pyo Kim and She-Sheng Xue 

YouTube links: https://youtu.be/kexqTayqFiU 

https: //youtu.be/laymGp6x9Hg 


Reliable equations of state of viscous strong and electroweak matter 
ALL GUWIUR us cet ts et gr ty: AP ap XI Roe e ode a old 4277 


Neutral fermion pair production by Sauter-like magnetic step 
T. C. Adorno, Zi-Wang He, S. P. Gavrilov and D. M. Gitman ....... 4290 


On the magnetic field screening in strong crossed electromagnetic field 
S. Campion, J. A. Rueda Hernandez, S.-S. Xue and R. Ruffini ....... 4306 


Particle creation by strong fields and quantum anomalies 
José Navürro-50las s. a e a e une Ou aa i De EE A 4317 


Constraints on the non-minimal coupling of electromagnetic fields 
from astrophysical observations 
Susmita Jana and S. Shankaranarayanan . . . se. 4326 


New partial resummation of the QED effective action 
Silvia Pla and José Navarro-Salas .. . aooaa 4337 


Can a detector detect soft photons 
Sanved Kolekar and Jorma Louko .. oonan a 4347 


Breaking of the adiabatic invariance in the production of particles by 
strong fields 
P. Beltrán-Palau, A. Ferreiro, J. Navarro-Salas and S. Pla ......... 4352 


Dynamics of relativistic electrons in non-uniform magnetic fields and 
its applications in quantum computing and astrophysics 
Srishty Aggarwal and Banibrata Mukhopadhyay . ...... les. 4362 


Validity of the semiclassical approximation in 1+1 electrodynamics: 
Numerical solutions to the linear response equation 
Tan M- Newsome Trs ux teer WT e e EUR e aaea A e e teg 4374 


On Kerr black hole perfect MHD processes in Doran coordinates 
C. Cherubini, S. Filippi, A. Loppini etal... 2... ee 4387 


Tadpole contribution to magnetic photon-graviton conversion 
N. Ahmadiniaz, F. Bastianelli, F. Karbstein and C. Schubert ........ 4393 


Ixxv 


e The Effects of (Non)Linear Electrodynamics on the Properties of 
Astrophysical/Gravitational Compact Objects 
Chairperson: Seyed Hossein Hendi 


YouTube link: https://youtu.be/SAIAXtQhavE 


Correspondence of gamma radiation coming from GRBs and 
magnetars based on the effects of nonlinear vacuum electrodynamics 
Tursynbek Yernazarov, Medeu Abishev and Yerlan Aimuratov ........ 4401 


Absorption of massless scalar waves by electrically charged regular 
black holes 
Marco A. A. de Paula, Luiz C. S. Leite and Luís C. B. Crispino ...... 4410 


White Dwarfs 


e White Dwarf Explosions 

Chairpersons: Robert Fisher and Maria Pilar Ruiz Lapuente 
YouTube links: https://youtu.be/ndaW6u2xuOo 
https://youtu.be/Iwj YaQaqJel 


Modeling Type Ia supernovae with explosions in white dwarfs near 
and below the Chandrasekhar mass 
Friedrich K. Röpke, Florian Lach, Sabrina Gronow etal. .......... 4420 


Type Ia supernovae and their explosive nucleosynthesis: Constraints 
on progenitors 
Shing-Chi Leung and Kenichi Nomoto... 1... 0.000000. ee eee 4427 


Charged polarized white dwarfs with finite temperature as a possible 
source of type Ia supernovae 
Sílvia P. Nunes, José D. V. Arbanil and Manuel Malheiro.......... 4447 


e White Dwarfs, Magnetic Compact Stars and Nuclear Astrophysics 
Chairpersons: Manuel Malheiro and Jaziel Goulart Coelho 


YouTube link: https://youtu.be/onicFElJQnA 


CTCV J2056-3014 and other fast-spinning white dwarfs 
C. V. Rodrigues, R. Lopes de Oliveira, A. Bruch etal... .......... 4453 


Gravitational waves from fast-spinning white dwarfs 
M. F. Sousa, J. C. N. de Araujo and J. G. Coelho ........ ls. 4461 


Highly magnetized white dwarfs: Implications and current status 
B. Mukhopadhyay, M. Bhattacharya, A. J. Hackett etal. ....... s. 4475 


Electron captures and stability of white dwarfs 
N. Chamel, L. Perot, A. F. Fantina etal... .. 2... ee ee 4488 


Ixxvi 


Massive hot white dwarfs: Consequences of finite temperature in the 
structure and on the onset of instabilities 
Sílvia P. Nunes, José D. V. Arbanil and Manuel Malheiro.......... 


A study of the infrared emission of SGR/AXPs in a disk scenario and 
its implications for their origin 
Sarah Villanova Borges... ee 


Particle acceleration and high energy emission in the white dwarf 
binaries AE Aquarii and AR Scorpii 
P. J. Meintjes, S. T. Madzime, Q. Kaplan et al. ....... len. 


Study the effects of anisotropy on the highly magnetized white dwarfs 
Debabrata Deb, Banibrata Mukhopadhyay and Fridolin Weber ........ 


List of Participants 


PART A 


This page intentionally left blank 


New results from testing relativistic gravity with radio pulsars 


Michael Kramer 


Maz- Planck-Institut für Radioastronomie 
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mkramer @mpifr-bonn. mpg. de 


We experience a golden era in testing and exploring relativistic gravity. Whether it is 
results from gravitational wave detectors, satellite or lab experiments, radio astronomy 
plays an important complementary role. Here one can mention the cosmic microwave 
background, black hole imaging and, obviously, binary pulsars. This talk will concen- 
trate on the latter and new results from studies of strongly self-gravitating bodies with 
unrivalled precision. This presentation compares the results to other methods, discusses 
implications for other areas of relativistic astrophysics and will give an outlook of what 
we can expect from new instruments in the near future. 


Keywords: Pulsars; Neutron stars; Black holes; Gravitational-wave astrophysics; Exper- 
imental tests of gravitational theories 


PACS numbers: 97.60.Gb; 97.60.Jd; 97.60.Lf; 04.30.Tv; 04.80.Cc 


1. Introduction 


The latest Marcel-Grossmann Meeting has showed once more that gravity can be 
explored and tested in many different ways. Whether it is via lab experiments on 
Earth, in the Solar system or in outer space. Whether it is via radio astronomy, op- 
tical/infrared astronomy, high-energy observations or gravitational wave detectors. 
Nearly all experiments use techniques that were not even remotely thinkable at the 
time, when Einstein conceived general relativity (GR). And yet, all these experi- 
ments that the theory has been confronted with, seem to confirm GR’s predictions. 
Obviously, the phenomena of Dark Matter and Dark Energy, or the incompatibility 
of GR. with quantum physics, justify the search for alternatives and the continuing 
search for experiments that may eventually show a flaw in Einstein's theory. 

In this endeavour it is important to complement the different approaches as 
they test different regimes of gravity, in each of which one may find a deviation 
for a given theory. This is illustrated in Figure 1. In the solar systems, gravity 
tests are made in the quasi-stationary weak-field regime, often involving satellite 
experiments of high precision (e.g. Ref. 1). The quasi-stationary strong-field regime 
can be probed with experiments such as stellar orbits around Sgr A* (e.g. Ref. 2) 
or radio images of black holes (Ref. 3). But also pulsar experiments contribute to 
this regime, and indeed they already allow precision tests of the radiative proper- 
ties of gravity (e.g. Ref. 4), as we also show in the following. Using radio pulsars 
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Fig. 1. Different regimes of gravity tests and examples of methods and experiments that allow 
tests in those. 


also as galaxy-sized gravitational wave (GW) detectors (e.g. Refs. 5), one also en- 
ters the dynamical strong-field regime, where obviously also the Earth-bound GW 
detectors are operating (e.g. Ref. 6). Finally, theories should also be tested on the 
largest scales, which can be done, for instance, with studies of the cosmic microwave 
background (CMB). 

We note that in most of these experimental methods (certainly in those examples 
given here) radio astronomy plays a crucial role. In the following, we will concentrate 
on recent results involving radio pulsars. 


2. Testing gravity with pulsars 


The most common, and most well known way, of testing gravity with pulsars is via 
a technique called pulsar timing.” Less common but still powerful is the usage of 
pulse structure data that allow us to probe precessional effects when the line-of-sight 
through the emission beam is changing, modifying the observed pulse properties 
like width or generally pulse shape. In extreme cases, the pulsar may completely 
disappear from our view after a while.® 1°) 

In pulsar timing one makes use of the often very stable rotation of a pulsar that 
leads to a regularity in the emitted pulsed signal, caused by a lighthouse effect, that 
rivals the best atomic clocks on Earth. As an observer on Earth, we can measure 
the arrival time of the pulses at the telescope and infer from it the motion of the 
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Fig. 2. Gravity tests using binary pulsars performed via the measurements of Post-Keplerian 
(PK) parameters and their graphical representation in a mass-mass diagram. a) all PK parameter 
lines insect in a single point: the test is passed. b) the lines do not intersect in a single point: the 
theory fails the test. c) Example for the Hulse- Taylor pulsar, here shown for general relativity. 


pulsar in a binary orbit. The timing precision that is attainable (i.e. better than 
100 ns in many cases) is provided by following the rotational phase of the pulsar 
in a coherent fashion, making measurements more precise as the time baseline in- 
creases. In a similar way, tracking the orbital phase reveals periodic and secular 
deviations from a simple Keplerian orbit, expressed in the so called Post-Keplerian 
(PK) parameters.?: 1:1? Those can typically be expressed as functions of the Kep- 
lerian parameters and the two unknown masses of the binary system. Once two PK 
parameters can be measured, the two masses can be determined within the frame- 
work of a given theory and the value of further PK parameters can be predicted. 
Once that is done, the predictions can be compared with similar measurements and 
the theory, hence, can be tested. 

One can express such a test in a graphical form, where each PK parameter 
describes a line in a diagram with the values of two unknown masses as its axes. 
Two PK parameter lines define an intersection point through which every other 
PK parameter line must pass. If that is not the case, the theory determining the 
lines is falsified and needs to be rejected. The measurement uncertainties in the PK 
parameters is expressed as the width of the PK lines in the mass-mass diagram. See 
Figure 2. 


2.1. The Double Pulsar 


We demonstrate the power of pulsar timing using the best laboratory currently 
known, the so called “Double Puslar”.!*:!4 The system consists of two active radio 
pulsars — a currently still unique feature of the system — orbiting each other in 147 
min. The recycled (old) pulsar (A) in the system has a period of 23 ms, the non- 
recycled (young) pulsar (B) a period of 2.8 s. An important feature of the system 
is its edge-on geometry (see Figure 3) that also leads to 30-s long eclipses and our 


Fig. 3. Artistic impression of the Double Pulsar. Here, two active radio pulsars orbit each other 
in 147 min in a slightly eccentric orbit (e — 0.09). One pulsar is old and recycled (P — 23 ms), 
while the second pulsar is young (P — 2.8 s). Figure is not to scale. 


ability to measure light-propagation effects (see below). The previous gravity tests 
with the system made usage of the ratio of the masses of the two pulsars, that 
can be directly (i.e. theory independently to 1PN order) measured from the two 
semi-major axes the pulsars’ orbit around the common centre of mass. Meanwhile 
the data have improved very significantly in both precision and length. The latest 
results were presented by Kramer et al. (Ref. 15), reporting the measurement of, in 
total, seven PK parameters. 

What is important and different to previous experiments, the measurement pre- 
cision is now so high that for the first time higher-order contributions need to be 
taken into account for some of the PK parameters. This includes the contribution of 
the A pulsar’s effective mass loss (due to spin-down) to the observed orbital period 
decay, a relativistic deformation of the orbit, and the effects of the equation of state 
of super-dense matter on some of the observed PK parameters via relativistic spin- 
orbit coupling. The system also provides the currently most precise test of general 
relativity’s quadrupolar description of GWs, validating GR’s prediction at a level of 
1.3 x 1074 with 95% confidence.!? As indicated, the impact of the mass loss due to 
rotational spin-down is taken into account in this result. Interestingly, as the pulsar 
is losing rotational energy, and while E = mc?, the slow-down corresponds to a 
mass loss of 8.4 Million tons per second or 3.2 x 107?! of the mass of A per second. 


2.1.1. Light propagation 


The edge-on geometry of the system allows not only a test of relativistic spin- 
precession as discussed in Section 3, but it also leads to a “Shapiro-delay”, i.e. the a 
delay in the measured arrival time as the photons have to propagate in the curved 
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Fig. 4. Shapiro delay measurement in the Double Pulsar. The curvature of spacetime around the 
companion B (see artistic impression on the left, not to scale) leads to a delay in the arrival times 
of the pulses of pulsar A (right). 


spacetime near the companion pulsar. We illustrate this effect in Figure 4. The data 
points follow the prediction of GR (red line) remarkable well (at a level of 4 x 1074 
with 9596 confidence.!? This agreement with the data is, however, only achieved 
when next-to-leading order effects are taking into account: at the 1.5PN limit one 
has to take into account that the speed of light is finite and that pulsar B moves 
during the flight time of the photos across the orbit. See Figure 5. 

When comparing the Shapiro delay curve with precision data, another effect 
needs to be considered which relates to the fact the pulsar is indeed a lighthouse 
rather than a pulsating or oscillating object. This effect is aberration, which for 
pulsar timing means in principle a delay in arrival time that depends on orbital phase 
and on the orientation of the pulsar with respect to the orbit and the observer.!?:!6 
Due to the geometry of the Double Pulsar that does, however, not lead to separately 
measurable, additional PK parameters.!? Nevertheless and most interestingly, given 
the precision obtained in the measurements, the curved spacetime encountered by 
the photons near superior conjunction leads to a deflection of the signal in the 
gravitational field of pulsar B. This gravitational signal deflection leads to a small 
change in the proper angle of emission, which in turn leads to a lensing correction 
to the classical (“longitudinal”) aberration. See Ref. 15 for details. As a result, 
only those photons reach the observer on Earth that are emitted slightly earlier 
(or later, respectively) in pulsar rotational phase, before (and after, respectively) 
superior conjunction. The measurement shown in Figure 6 not only demonstrates 
the lighthouse character of pulsars but also indicates a prograde alignment of the 
pulsar spin relative to the total angular momentum vector. 


2.1.2. Orbital deformation, lense-thirring effect and moment-of-inertia 


A further effect that is observed in the Double Pulsar and that is now required to 
be considered in the data analysis is a relativistic deformation of the orbit. The 
presence of the effect!^!? was already seen by Weisberg & Huang (Ref. 17). In 
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Fig. 5. Illustration of the physical origin and impact of the next-to-leading order (1.5PN) con- 
tribution to the Shapiro delay. a) Previously, a “static” Shapiro delay was implemented in timing 
formula, assuming the position of the companion pulsar B to be fixed during the propagation of 
A's photons. b) In reality, pulsar B moves during the flight time of the photons, which effectively 
leads to a small shift in the Shapiro delay curve at the 1.5PN level. Illustration by N. Wex. 


this case, ignoring this subtle effect would (wrongly) suggest a tension between the 
measured “Einstein delay" and its prediction by GR. See Kramer et al. (Ref. 15) 
for details. 

As already indicated, the extreme precision of the experiment now also needs 
to incooperate the effects of the equation of state (EoS) of super-dense matter on 
some of the observed post-Keplerian parameters via relativistic spin-orbit coupling. 
Indeed, the most precisely measured PK parameter, w, representing the precession 
of the orbit, has a contribution from the Lense-Thirring effect due to the rotation 
of pulsar A at the 2PN level, which is more than 30 times larger than our measure- 
ment error. However, a calculation of the Lense-Thirring contribution requires the 
knowledge of the Moment-of-Inertia of pulsar A, Z4, which comes with a significant 
uncertainty due to our imperfect knowledge of the EoS for neutron star matter. To 
constrain J, one can use constraints on the EoS obtained from the double neutron 
star merger GW170817!? and determine precise measurements for the pulsars. Al- 
ternatively, one can ignore any existing constraints on the EoS of neutrons stars to 
simultaneously determine the pulsar masses, ma, mp, and Ja, assuming GR to be 
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Fig.6. Illustration and measurement of another next-to-leading order effect that needs to be taken 
into account for the Shapiro delay. In this case, aberrational light bending due to the curvature of 
spacetime around pulsar B is considered. a) Before superior conjunction, the photons have to be 
emitted at a slightly later rotational phase than usual to compensate for the light bending near 
B to reach the observer on Earth. b) After superior conjunction, the photons have to be emitted 
slightly earlier, respectively. c) The light bending contributes an additional 600 km to the total 
impact distance. d) Residuals observed near superior conjunction (i.e. periastron, ® = 0 deg), 
when this effect is not taken into account. The red curve shows the theoretical prediction arising 
from this effect, and the black curve corresponds to the best fit, with a 2e range indicated by the 
light grey band. This effect allows us to infer the spin direction of pulsar A, indicating a prograde 
orientation. See Kramer et al. (2021) for details. 


the correct theory of gravity. In this case, simply based on pulsar timing, one finds 
for the the Mol I, < 3.0 x 107? g cm? with 9096 confidence,!? which in turn can be 
directly compared to the results derived from the GW170817 LIGO/Virgo merger 
and from NICER X-ray timing. Using a universal relation, like the one in Ref. 19, 
one can convert the obtained probability distribution of Ja into a probability distri- 
bution for A's radius. With 9096 confidence, this gives an upper limit for A's radius 
of 22 km, a value outside any physically valid EoS but purely based on the arrival 
times measurements of pulses.!? 

In summary, the Double Pulsar allows to test conservative aspects of the or- 
bital dynamics of two strongly self-gravitating masses up to 2PN order, including 
a ~lo constraint on the Lense-Thirring contribution, which in turn can be used 
to constrain the Mol of pulsar A under the assumption of GR. The experiments 
allow to test the propagation of photons in the gravitational field of a strongly self- 
gravitating (material) body, with next-to-leading-order contributions being clearly 
present in the timing data, confirmed with a precision of about 10%. We can also 
test the radiative aspects of GR, yielding a test at 2.5PN level in the equations 
of motion with a precision of 1.3 x 1074 (95% C.L.). In terms of overall frac- 
tional precision, this is the most precise test of GR’s predictions for GW emission 


10 


1.2492 


~ 1.2490 


mp (M, 


1.2488 


ms (Solar Mass) 


1.2486 


1.2484 


m. 


[s 
N 1.2482 


1.3376 1.3378 1.3380 1.3382 1.3384 1.3386 1.3388 
MA 


ma (Solar Mass) 


Fig. 7. Mass-mass diagram for the Double Pulsar as presented by Kramer et al. (2021). The right 
panel is a zoomed-in version of the intersection point of the PK parameter lines in the left panel. 
The shift of the line for the PK-parameter w when ignoring the Lense-Thirring effect (wo) is clearly 
visible. See text for details. 


currently available. These tests are summarized in the mass-mass diagram shown in 
Figure 7. 


3. Relativistic spin-precession 


A gyroscope freely falling in curved spacetime suffers a precession with respect to a 
distant observer. Experiments made in Solar System provide precise weak-field tests 
and confirm it, e.g. with Lunar Laser Raning or GRAVITY Probe-B. In a binary 
pulsar system, the pulsar - also being a gyroscope - we observe, strictly speaking, 
a mixture of different contributions to relativistic spin-orbit coupling. One contri- 
bution comes from the motion of the first body around the centre of mass of the 
system (deSitter-Fokker precession), while the other comes from the dragging of the 
internal frame at internal frame at the first body due to the translational motion of 
the companion.?? This resulting relativistic spin-precession causes nevertheless the 
expected effect: the pulsar precesses about the total angular momentum, which as 
a result changes the relative orientation of the pulsar towards Earth with poten- 
tially observable consequences as predicted by Damour & Ruffini in Ref. 21 even 
before the publication of the discovery of the Hulse- Taylor binary pulsar.?? We note 
that the orbital angular momentum is expected to be much larger than that of 
a pulsar in the system, so that the orbital spin practically represents a fixed di- 
rection in space. Hence, effectively the pulsar precesses about the orbital angular 
momentum. 
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The precession rate, Ogo, is another PK as introduced above. Assuming GR to 
be valid, it is given by?? 
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The effect of relativistic sin precession on pulsar timing is in principle measurable 
due to a change in the aberration parameters with time. Much more obvious, and 
hence easier to measure, are the consequences of the changing line-of-sight as the 
pulsar precesses. We expect changes in the pulse shape (e.g. in simply the measured 
width, but also more dramatic changes) and especially in the measured linearly 
polarised emission which is a sensitive probe of the pulsar geometry.?^?* Such mea- 
surements have indeed enabled the detection of spin precession in a number of rel- 
ativistic binaries. After the first detection in the Hulse- Taylor pulsar B1913--16?:?5 
and later in PSR B15344+12,?° 2” it is now possible to convert long-term observations 
in precise quantitative tests of spin precession and, hence, test of the “effacement” 
property of a spinning body. 


3.1. Spin precession in the Double Pulsar 


A prime example to study relativistic spin precession is, again, the Double Pulsar. 
Here, we have two active pulsars, both of which could, in principle show the effects of 
precession. However, it turns out that the supernova explosion creating the second- 
born pulsar, B, was a low-kick supernova which left the pre-Supernova orientation of 
the orbital angular momentum vector unchanged. The spin of pulsar A, having been 
aligned with the orbital spin during its recycling period, is therefore still aligned 
with it, so that precession for A is not expected. Indeed, so far, profile changes for 
A have not been detected, suggesting that A's misalignment angle is less than 3 
deg.?5: 29 

In contrast, secular changes in the pulse shape and the orbital visibility windows 
of pulsar B were observed soon after its discovery, providing early evidence for 
spin precession of B. Around 2008, the pulsar vanished from our view when our 
line-of-sight moved out of the emission beam.!? B will eventually re-appear. The 
exact epoch for this to happen depends on the actual beam shape, but despite a 
precession period of 71 years (see Table 1), it could happen relatively soon.!9:?! 

Meanwhile, it has been possible to track the orientation of the spin axis of pulsar 
B in a rather fortuitous way: Breton et al. (Ref. 32) studied the time evolution of the 
~ 30-s long eclipses of A that are caused by the blocking rotating magnetosphere of 
B at superior conjunction. This absorption of the background emission, presumably 
33 is not complete, but because of the torus-shaped 
dipolar magnetosphere* the light from the background pulsar A is visible every 


by synchrotron self-absorption, 
half-turn or full-turn of pulsar B, depending on the orientation of the spin-axis and, 


? Deviations from a purely dipolar-shaped magnetosphere do exist and are observed. Indeed, about 
50% of the magnetosphere is “missing” but for the remaining parts, the torus shape appears more 
than adequate, as the successful modelling shows. See, for instance Ref. 34. 
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hence, the magnetosphere. Applying a simple but successful geometrical model,?? 
Breton et al. were able to explain the observed modulation of A's lightcurve dur- 
ing the eclipse phase in great detail. Model-fitting indicates a constant magnetic 
inclination angle and constant misalignment angle, while the azimuthal spin an- 
gle is changing with a rate of Qso,B = LE yr‘, in agreement with general 


relativity?? (see Table 1). 


3.2. PSR J19064-0746 — The currently best test 


A further observational consequence of relativistic spin precession is its impact on 
the polarisation properties of binary pulsars. Here, two separate but related aspects 
are observable. 

The first aspect is due to the changing line-of-sight within the pulsar beam. 
According to the rotating vector model (RVM),”4 we expect an S-like swing of the 
position angle of the linearly polarised emission component of the studied pulsar. 
'The closer the line-of-sight approaches the magnetic axis, the steeper is the ex- 
pected S-swing. In general, the shape of the S-swing depends on four quantities: 
the magnetic inclination angle, o, between the spin and magnetic axes, the impact 
angle between our line-of-sight and the magnetic axis, £, the pulse phase, ¢, and, 
finally, the absolute (reference) position angle, Vo, which is obtained at ¢ = 0 and 
identical to the orientation of the pulsar spin-axis projected on the plane of the sky. 
Such a measurement was first achieved for PSR B1534+12,76?" where the impact 
angle 8 was observed to change with time. 

The second consequence is the change of V, due to the changing orientation 
of the pulsar spin and the resulting projection on the sky.?? This change of the 
absolute position angle is periodic, with a period equal to the precessional period. 
Note that there is also a small contribution due to orbital aberration, which we will 
ignore here. We note that the measured absolute position angle will be affected by 
Faraday rotation due to propagation in the magnetised ionised interstellar medium. 
But this effect can, in principle, be measured and removed. 

It is the additional information provided by the change in absolute position 
angle that allows to break some degeneracies and to potentially determine the true 
orbital inclination angle, 4 (rather than 180 — i, as pulsar timing only provides sin i). 
Modelling the evolution of the position angle swing in the described way requires in 
total only four free parameters, i.e. the precession rate, go, the misalignment angle 
between pulsar spin and total angular momentum vector, ó, the precession reference 
phase, $26, and the magnetic inclination angle of the pulsar, a. A requirement 
for precession to occur is 6 > 0, a measurement of which is very useful to study 
the formation of the system (see Refs. 34 and 35 for a detailed discussion on this 
topic). 

Both aspects just described are relevant for the beautiful case of PSR 
J1906+0746. This pulsar is an almost perfect orthogonal rotator, and so this 
pulsar was discovered with the emission from both magnetic poles being visible 
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Fig. 8. Pulse profile of PSR J1906--0746 as observed by Desvignes et al. (2019) shown in the 
middle panel. Both magnetic poles (schematics left and right) were originally visible after discovery. 
Their observed emission is highly linearly polarised (red line), with a position angle swing (middle 
lower panel) that resembles a textbook-like rotating vector model. The pulsar also shows a modest 
amount of circularly polarised emission (middle upper panel, blue line). At the left pole, our line- 
of-sight moves out of the beam, while at the right pole our line-of-sight crossed the magnetic pole 
during the long-term monitoring of this source. 


(see Figure 8). The emission’s high degree of linear polarisation reveals a perfect 
RVM-like behaviour of the measured position angle that was studied by Desvignes 
et al. (Ref. 36). Fitting those to the RVM as a function of time using the pre- 
cessional RVM model? described above, allows to measure the precession rate to 
Oso = 2.17 + 0.11 deg/yr which is in perfect agreement with the expectation from 
GR (see Table 1). This test is the currently best test of relativistic spin-precession 
for strongly self-gravitating bodies. 

'The study of the position angle reveals even more: Apart from providing mea- 
surements of the geometry of the system (i = 45 + 3 deg, a = 99.4 + 0.2 deg, 
ô = 104+ 9 deg), the evolution of the position angle swing with time shows how 
its slope becomes steeper when our lines-of-sight approaches the magnetic pole. It 


also shows how it swaps sign in slope when crossing the pole, and how it becomes 
flatter again when moving away from the pole?? (see right of Figure 9). This is 
the first unequivocal evidence that the RVM is correct and that the position angle 
swing of pulsars is in principle determined by the geometry of the pulsar and its 
fieldlines. Deviation may, however, still occur in cases due to propagation effects or 
modifications to the field line structure in the emission region. 

Furthermore, we can reconstruct the emission beams of the pulsar as projected 
on the sky and as shown in the left two panels of Figure 9). As the light of sight 
crosses the two beams, we can obtain “tomographic” images, albeit incomplete ones 
due to lack of observations in part of the beam. We note from the middle panel, 
showing the pole that is responsible for the (initially) weaker pulse component 
in Figure 8, that the emission beam is active on either side of the pole, ruling 
out models that predict radio emission to be restricted to one side of the pole. 
Secondly, the emission pattern is not symmetric in the latitudinal direction relative 
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Fig. 9. Beam pattern of the two magnetic poles of PSR J1906+0746 as projected on the sky 
and observed by Desvignes et al.3 The beams are reconstructed from observations spanning more 
than 10 years, when our line-of-sight moved in the indicated direction above both poles. For the 
right beam, our line-of-sight crossed the magnetic pole. The resulting position angle swing shown 
on the right evolves with time as expected from the rotating vector model (see text for details). 
For the left beam, the emission becomes weaker to the beam edge and the initially much stronger 
component (see Figure 8) is hardly detectable anymore and will soon vanish completely. 


to the pole. When looking more closely at our data, we also notice that above the 
pole itself the emission is reduced, matching theoretical predictions for the current 
density in the polar cap for an orthogonal rotator.?” What is also not visible in these 
total intensity plots shown here (see Ref. 36 for details) is an interesting behaviour 
of the polarisation characteristics more generally: the handedness of the circularly 
polarised emission changes when crossing the pole, the fractional linear polarization 
overall decreases with increasing distance to the beam centre, and finally, emission 
heights inferred from polarisation data increase from very low emission heights near 
the pole to emission heights of several hundreds of kilometres at the beam edge, 
again consistent with theoretical expectations?? and inferred more indirectly from 
other pulsars.??: 40 

In summary, somewhat unexpectedly, an experiment designed to test theories 
of gravity and to tests predictions made by Thibault Damour and Remo Ruffini 
nearly 50 years ago, leads to unique insight into the emission physics of pulsars. 


3.3. Relativistic spin precession in other pulsars 


Today, spin precession has been routinely observed in all those binary pulsars, where 
we can expect the pulsar spin to be misaligned with the orbital momentum vec- 
tor (i.e. systems where we observe the young pulsar or where the last supernova 
explosion in the system imparted a large kick onto the newly born neutron star) 
and where the precession rate is high enough due to a sufficient compactness of the 
orbit. Using the precession rate as given in GR, Eqn. 1, we provide a list of pulsars 
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where we would expect to observe spin precession. Table 1 gives the corresponding 
values, sorted by decreasing rate. We note that for the vast majority of sources, spin 
precession has been detected (see Ref 41). The second highest rate is expected for 
the highly accelerated binary pulsar J1757—1854 discovered with in the High Time 
Resolution Universe Survey.^?? As presented by Cameron et al. in this conference, 
first signs of profile changes may already be present but further data are needed. 
If this is confirmed, the first top-6 pulsars (and seven out of eight) have all been 
observed to undergo spin precession. The only other exception in the table is PSR 
J1756—2251. Here the spin may be aligned with the orbital momentum vector, but 
studies are in progress to revisit this pulsar with larger precision and longer time 
baseline.4? 


Table 1. Binary pulsar systems where relativistic spin precession is expected 
or observed, ordered according to the precession rate as expected from general 
relativity. Pulsars marked with an asterisk have been identified of showing spin 


precession. 

PSR P(ms) P, (d) zx (1t-s) e Q (deg yr- 1) 
J0737—3039A/B* | 22.7/2770 0.10 1.42/1.51 0.09 4.8/5.1 
J1757—1854 22.50 0.18 2.24 0.61 3.1 
J1906--0746* 144.1 0.17 1.42 0.09 2:2 
B2127+11C* 30.5 0.34 2.52 0.68 1.9 
J1141—6545* 394.0 0.20 1.89 0.17 1.4 
B1913+16* 59.0 0.33 2.34 0.62 1.2 
J1756—2251 28.5 0.32 2.76 0.18 0.8 
B1534+12* 37.9 0.42 3.73 0.27 0.5 


4. Further recent tests with radio pulsars 


In this work, we have so far concentrated on a few prominent, perhaps even spec- 
tacular recent examples of using pulsars for testing strong-field gravity. Much more 
can be studied, including fundamental concepts, such as the Universality of Free 
Fall (UFF) and the Strong Equivalence Principle (SEP), the possible variation of 
fundamental constants, or bounds on the graviton mass. We can also test specific 
alternatives to GR. Here, we refer to recent reviews (see Refs. 44, 45 for more in- 
depth discussions) and we point to other contributions of the MG16 meeting. Here, 
we will only highlight some recent examples. 


4.1. Universality of Free Fall (UFF) 


The UFF can be tested in the various regime that we discussed in context of Figure 1. 
In the solar system, we refer to the superb measurement using test masses aboard the 
MICROSCOPE satellite that was launched in April 2016 and operated until October 
2018. The results indicate that any violation of the weak equivalence principle, A, 
is smaller than A < 1071 (see Ref. 1). 
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Fig. 10. Artistic impression of the Triple System, where a 2.7-ms pulsar, PSR J0337--1715, and 
a 0.20Mo white dwarf are in an inner 1.63-day orbit, while being orbited themselves by a second 
0.41 Mo white dwarf in 327 days. The figure is not to scale. 


The Earth-Moon system allows to test the fall of two bodies with different 
gravitational self-energy, e = Egray / mc?, where Egrav is the Newtonian gravitational 
binding energy, in the gravitational field of the Sun. For the Earth eg = —4.6 x 1071? 
and for the Moon, ey = —0.2 x 10-19, The fall can be measured with Lunar Laser 
Ranging and limits on a deviation are currently at A < 2 x 10713.4647 Comparing 
this to the gravitational self-energy of the involved bodies, a limit on the violation 
of the SEP in the weak field of the solar system is A/e < 0.04%. 

Pulsars allow us to test the SEP for strongly-self gravitating bodies, i.e. € = 
—0.13. The idea was already presented by Damour & Schafer in 1991 (Ref. 48) who 
proposed to study the possible variation of the orbits of pulsar-white dwarf systems 
as they fall in the gravitational potential of the Milky Way. The discovery of a Triple 
System,^? a pulsar with two White Dwarf (WD) companions, allows an important 
variation of this experiment, leading to a much more stringent test (see Figure 10). 

The 2.7-ms pulsar, also known as PSR J0377+1715 is in a 1.63-day orbit with a 
WD of mass 0.2Mo. This inner binary system is orbited by a second, more massive 
WD (0.41Mo) in a 327-day orbit. As pointed out already by Freire et al. (Ref. 50), 
in such a case, the pair of bodies with different gravitational self-energy falls in 
the gravitational potential of the outer WD, providing a much stronger field than 
that of the Milky Way. Archibald et al. (Ref. 51) presented the result of such an 
experiment and derived a limit of A < 2 x 1079. This may appear weaker than the 
weak-field limit from the solar system, but the SEP should apply for both weak- and 
strong-field conditions. Hence, when referring to a corresponding A/e « 0.002%, the 
importance of this measurement becomes clear. 

Even more recently, Voisin et al. (Ref. 52) presented an important improvement 
on the experiment, using a completely independent data set. The improvements 
arise from a more uniformly sampled data set but also from an improved theoretical 
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treatment that incorporates the interesting parameter A directly into the analysis 
of the timing data set. The result is a limit of A = (+0.5+ 1.8) x 10-9 at 95% 
confidence level. While the numerical improvement upon Ref. 51 is 30%, this result 
is statistics-limited and avoids limitation by systematics as previously encountered. 

We complete this section by also referring to recent results and proposals for 
further experiments to test the UFF also towards dark matter. See Ref. 53 for more 
details. 


4.2. Alternative theories of gravity 


Despite the successes of GR when being confronted with experimental data, GR may 
not be our final answer in describing gravity on a macroscopic scale. Given a number 
of unsolved questions (e.g. dark matter, dark energy, inflation) or its incompatibility 
with quantum mechanics, is still possible that we encounter an experiment that 
contradicts GR’s predictions. In this case, we would learn important and substantial 
lessons, and so it is important to explore all regimes presented in Figure 1, probing 
different aspects of the predictions of GR and alternative theories with different 
methods. For instance, observations with GW detectors are able to test the highly 
dynamical strong-field regime and radiative aspects of gravity, but they are not able 
to test aspects of light-propagation in strong fields. This may be eventually possible 
with images from super-massive black holes, but the curvature of spacetime is many 
orders of magnitude smaller than around stellar compact objects. This, on the other 
hand, and other aspects can be tested with binary pulsars. 

The close agreement of the Double Pulsar experiment with the predictions of 
GR shown in Section 2.1 allows us to place tight constraints on various alter- 
natives to GR. Kramer et al. (Ref. 15) used their recent results to study both 
*Damour-Esposito-Farése" (DEF) gravity and Bekenstein’s tensor-vector-scalar 
theory (TeVeS).°4 The latter is a MONDian relativistic gravity theory that evades 
the need for dark matter in galaxies by a modification of GR. Even though this the- 
ory has been ruled out already with observations of GWs,?? Ref. 15 points out that 
pulsar experiments are still useful to test the aspects of scalar field in the theory. 

DEF is a two-parameter mono-scalar-tensor gravity,?9 containing GR as a limit 
with the two parameters a9 = fo = 0. As other alternative of GR, DEF violates 
the SEP, which should result in observable dipolar GWs and a location-dependent 
gravitational constant. We would measure such phenomena in the form of differ- 
ent functional dependencies of the PK parameters as described in Section 2 (see 
e.g. Ref. 57). Moreover, in certain regions of the parameter space, DEF gravity 
shows genuine non-perturbative strong-field effects that are only present in NSs 
and therefore are not testable in the weak-field regime of the solar system. Hence, 
one can convert our observational results into constraints for the parameters ag—{o. 
'This is done by Ref. 15 as shown in Figure 11. It demonstrates that pulsar tests are 
complementary to each other as well as to other methods. 
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Fig. 11. (Left) Diagram displaying the ag—8o parameter space of DEF gravity. Different exper- 
iments provide constraints shown as lines. Parameter space above a line is ruled out. In addition 
to constraints from the Cassini spacecraft, the figure includes constraints from limits on the ex- 
istence of dipolar GW emission obtained from PSR J1738+0333, and constraints from the Triple 
System and the Double Pulsar as described earlier. GR is contained in this parameter space at 
(ao = 0, Bo = 0). The Jordan-Fierz-Brans-Dicke (JFBD) theory is also contained along the vertical 
(Bo = 0)-line. (Right) Every point in the left parameter space corresponds to a specific DEF theory 
and different realisations of the PK parameters. For a specific choice as an example, indicated by 
the star in the left figure, one obtains a mass-mass diagram that can be compared to Figure 7. 
Here, the PK lines fail to intersect in a single point and the specific theory should be rejected. 
This is already visible by the star’s position in the left diagram, left and above the Double Pulsar 
line. This specific theory, however, would have passed other existing constraints as indicated. See 
Kramer et al. (2021) for details and references therein. 


5. Conclusions 


In this contribution, I have tried to summarise some recent key results in probing 
strong-field gravity using pulsars. In the past three years, the results have not only 
improved dramatically in precision, but also new effects could be studied. Pulsar 
continue to play an important role and complement other experiments which have 
only become possible in the recent years. This includes terrestrial GW detection as 
well as the imaging of black holes. What is unique about pulsars is the incredible 
precision that we can obtain in pulsar timing experiments. This is perhaps best 
demonstrated by the fact that we now have to consider the mass loss of a pulsar 
spinning down and the interior structure of neutron stars when we one to interpret 
our results. 

Figure 12 attempts to bring the pulsar experiments into context with others. 
The chosen parameters plotted are a deliberate choice, as they clearly demonstrate 
that pulsars probe strong-field gravity, as pointed out by many authors in the past 
(e.g. Ref. 58). It also shows the size of the parameter space to be probed. Fu- 
ture telescopes, like the Square Kilometre Array (SKA), will contribute many more 
experiments and exciting constraints, as first results with MeerK AT clearly demon- 
strate.4? The best is still to come. 
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Fig. 12. Parameter space to compare different gravity experiments. While several possible com- 
binations for 2-D diagrams are possible, none is complete in capturing all quantities relevant for 
gravity tests, and therefore each of them always gives an incomplete comparison. Adopting the 
plot from Kramer et al. (2021), we show the gravitational potential and the maximum space- 
time curvature in a system, distinguishing between weakly and strongly self-gravitating masses 
amongst material bodies. Experiments that directly probe the coupling between gravitational and 
electromagnetic fields, i.e. the propagation of photons in a curved spacetime, are highlighted by 
red circles. We also mark experiments involving black holes as black dots. See Kramer et al. for a 
discussion of the choice of parameters and further details. 
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Dragging of inertial frames by matter and waves 
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We review and analyze four specific general-relativistic problems in which gravitomag- 
netism plays the important role: the dragging of magnetic fields around rotating black 
holes, dragging inside a collapsing slowly rotating spherical shell of dust, compared with 
the dragging by rotating gravitational waves. We demonstrate how the quantum detec- 
tion of inertial frame dragging can be accomplished by using the Unruh-DeWitt detectors. 
Finally, we shall briefly show how “instantaneous Machian gauges” can be useful in the 
cosmological perturbation theory. 


Keywords: Einstein equations, Gravitomagnetism, Cosmology 
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1. Introduction 


The relativistic effect of the dragging of inertial frames is associated with the pro- 
found criticism of the Newtonian concepts of absolute space and time by Mach. It 
was this criticism which appears to be one of the most influential for Einstein in the 
creation of general relativity. Ernst Mach (1838-1916) was born very close to Brno 
(like Kurt Goedel), today Czech Republic, formerly Austria-Hungary. He was pro- 
fessor at the Charles-Ferdinand University in Prague for 28 years and his influence 
on Prague physics indirectly also led to the stay of Albert Einstein in Prague. 

Let us illustrate Mach's ideas by just one thought from his most influential work: 


[The] investigator ... must feel the need of ... knowledge of the immediate 
connections, say, of the masses of the universe. There will hover before 
him as an ideal insight into the principles of the whole matter, from which 
accelerated and inertial motions will result in the same way (Science of 
mechanics). 


Keeping the Mach tradition, on the 150th anniversary of the birth of Ernst Mach, 
the international conference was organized in September 1988 at the Charles Uni- 
versity in Prague. The conference papers are published in the book [1], including 
several contributions by some leading scientists, philosophers and historians of sci- 
ence. The meeting was inspiring for Julian Barbour and Herber Pfister who, during 
the meeting, decided to organize the meeting on just Mach's principle. A compre- 
hensive volume [2], based on the conference at Tübingen in July 1993, includes not 
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only many contributions by leading experts but also detailed texts recording many 
discussions. 

Prague and Brno historically became attractive places for a number of influential 
scientists. Here we naturally recall the stay of Albert Einstein at the Karls-Ferdinand 
University from April 1911 until July 1912. His invitation to Prague was strongly 
supported by Mach's Prague pupils. Einstein wrote several pioneering papers show- 
ing the route to the final version of General Relativity, in particular in his answer 
to Max Abraham how a future theory of gravity should look like and, in the best 
known paper from Prague, he forecasted the light bending (we refer, e.g., to [3] for 
details). From the point of view of dragging, however, it is most interesting that it 
was in Prague where this phenomenon was first discussed, albeit based on Einstein's 
Prague preliminary version of general relativity. In his work [4] he considers a shell 
of matter and its influence on a mass point placed in its center as the shell starts 
to accelerate. In his words: This suggests that the entire inertia of a mass point is 
an effect of the presence of all other masses, which is based on a kind of interaction 
with the latter. (This is exactly the same point of view that E. Mach advanced in 
his astute investigations on this subject.) 


Experiments 


A nice experiment to measure rotational dragging was suggested by Braginsky, 
Polnarev and Thorne in 1984 [5]. The plane of a Foucault pendulum at the South 
Pole will be fixed with respect to “fixed stars” around which on average will not 
produce the dragging of the pendulum into the rotation. However, slowly rotating 
“very close" Earth does produce the effect of warag = 2J, / R?, where J and R are 
angular momentum and radius of the Earth—see Fig. 1 left. 

Most sophisticated experiment to confirm the dragging of inertial frames by the 
rotating Earth is, of course, Gravity Probe B. 

The idea of placing a gyroscope on a free orbit around the Earth was conceived 
independently by L. J. Schiff and G. E. Pugh. In fact, the gyros (the “most spher- 
ical balls” produced by man) were four. There was also a telescope in the satellite 
with the gyros which was pointing towards the Guide Star—see Fig. 1. The launch 
occurred on April 20, 2004, and lasted 16 months. The first results appeared in 
April 2007 but the complete analysis was finished only in 2015 (see [6]). The mea- 
sured frame dragging effect, —37.2+7.2 mas y^ !, confirmed the general-relativistic 
prediction —39.2 + 0.2 mas y^ !. The relatively large error was caused primarily by 
random patches of electric charge on rotors (gyros) and their housing. 

A very nice experiment demonstrating the dragging effects on the nodal rates 
of 3 laser-ranged satellites using the Earth gravity field model produced by space 
mission GRACE was performed by the group of I. Ciufolini (see his plenary talk at 
this conference, contribution by D. Lucchesi in the Section PT5; see also the book 
on Gravitomagnetism by I. Ciufolini and J. A. Wheeler [7]). 
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Fig. 1. Left: Dragging of the pendulum plane observed at the pole seen as a Machian competition 
between masses of distant stars and Earth. Right: A gyroscope on the polar orbit. Its axis changes 
direction both due to the geodesic precision (~ 6600mas y^!) and due to frame dragging induced 
by Earth rotation (zz 39mas y- 1). This change with respect to a distant “guide” star was measured 
by the Gravity Probe B space experiment. 


2. Magnetic fields, Meissner effect and dragging 


Consider first the magnetic test field Bọ which is uniform at infinity and aligned 
with the hole rotation axis. Solution of Maxwell's equations on the background 
geometry of a rotating (Kerr) black hole with boundary condition of uniformity 
at infinity and finiteness at the horizon yields the field components; from these 
the lines of force are defined as lines tangent to the Lorentz force experienced by 
test magnetic/electric charges at rest with respect to locally non-rotating frames 
(preferred by the Kerr background field). The field lines are plotted in Fig. 2 for 
a — 0.5M and in the extreme case when a — M. Notice that only weak expulsion 
occurs in the former case. There is a simple analytic formula for the flux across the 
hemisphere of the horizon, see [8-10]: 


® = Borr? (1 =) (1) 
r4 
where r} = M -- (M? — a?)!/?, As a consequence of the coupling of magnetic field to 
frame-dragging effects of the Kerr geometry the electric field of a quadrupolar nature 
arises. Its field lines are shown in Fig. 3. Again the field lines are expelled: while 
even with a = 0.95M it is still not very distinct, the expulsion becomes complete 
in the extreme case. One can demonstrate that total flux expansion takes place for 
all axisymmetric stationary fields around a rotating black hole [9,10]. In Fig. 4 the 
field lines of a current loop in the equatorial plane are shown. The Meissner-type 
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effect arises also for charged (Reissner-Nordstróm) black holes as shown in Fig. 4 
right. 

Although extremely charged black holes (e? = M?) are probably not important 
in astrophysics they may be significant in fundamental physics (as, for example, 
very special supersymmetric BPS states mass of which does not get any quantum 
corrections). In the charged case the electromagnetic perturbations are in general 
coupled to gravitational perturbations, the resulting formalism is involved. Nev- 
ertheless, one may construct explicit solutions, at least in stationary cases. From 
these the magnetic field lines follow as in the Kerr case. The magnetic field lines of 
a dipole located far away from the hole look like in a flat space, however, when the 
dipole is close to the horizon, the expulsion in the extreme case is evident (Fig. 4 
right). Due to the coupling of perturbations closed field lines appear without any 
electric current inside; see [11] for details. There exist exact models (exact solutions 
of the Einstein-Maxwell equations) representing in general rotating, charged black 
holes immersed in an axisymmetric magnetic field. The expulsion takes place also 
within this exact framework - see [12-14]. Recently, the Meissner effect was also 
demonstrated for extremal black-hole solutions in higher dimensions in string the- 
ory and Kaluza-Klein theory. The question of the flux expulsion from the horizons 
of extreme black holes in more general frameworks is not yet understood properly. 
The authors of [15] “believe this to be a generic phenomenon for black holes in 
theories with more complicated field content, although a precise specification of the 
dynamical situations where this effect is present seems to be out of reach." 


Fig.2. Field lines of the test magnetic field uniform at infinity and aligned with the hole rotation 
axis. Two cases with a = 0.5M (left) and a = M (right) are shown. 


The flux expulsion does not occur when the configuration is not axially sym- 
metric. The electromagnetic field occurring when a Kerr black hole is placed in an 
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Fig. 3. Field lines of the electric field induced by the “rotating geometry” of Kerr black hole in 
asymptotically uniform test magnetic field; a = 0.95M (left), and a = M (right). 


Fig. 4. Left: Field lines of the test magnetic field of a current loop in the equatorial plane of the 
Kerr spacetime with a = 0.995M. Right: Field lines of the test magnetic field of a magnetic dipole 
placed near the extreme Rissner-Nordström black hole. 


originally uniform magnetic field without assuming the alignment of the direction 
of the magnetic field and the axis of symmetry of the black hole was first given 
in [16] (see also [17], [9]). 

The properties of these “oblique” fields and their possible astrophysical relevance 
were already studied in the contribution [12] to the 5th Marcel Grossmann Meeting 
in Perth. They were then much developed in a number of important papers by V. 
Karas and his group appearing until today. Here we mention just few results and 
refer to the paper by V. Karas given in the Session PT5 of this MG16 meeting. One 
of the effects of the rotation on the fields which are asymptotically uniform and 
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perpendicular to the rotation axis is the dragging of field lines by rotation and, as 
a consequence, the appearance of critical points where the field vanishes as seen in 
Fig. 5. 


Fig.5. Field lines in the equatorial plane of the Kerr black hole with color indicating the intensity 
of the field. Field lines which are asymptotically uniform and perpendicular to the rotation axis 
are dragged by rotation in vacuum (no conductive medium around). The horizon is in the center 
as a point. The critical point appears where the field vanishes (approx. at 11 hours). The figure is 
taken from [18]. 


In the most recent work, Karas ef al realized that due to the presence of the 
plasma in the accretion flows and differential rotation even weak electromagnetic 
fields are crucial. Although magnetic fields within the accretion flow are turbulent in 
almost empty funnels around the rotation axis they can be organized on large scales 
and it is from here where they can accelerate the charged particles and produce 
collimated jets. Most recently, Karas and Kopáéek conclude that inclined field (its 
oblique component) leads to more efficient acceleration and larger final Lorentz 
factors of escaping particles; see [19] and number of references therein. For an leading 
expert view on formation of jets and black-hole shadow in case of M87, see the 
contribution of R. Blandford to the Session PT5 of this MG16 meeting. 
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3. Dragging by a slowly rotating, collapsing spherical shell 


A spherical shell in slow rotation and collapse (see Fig. 6) produces slightly per- 
turbed Schwarzschild spacetime outside with the metric 


2M 2M \~* 
a? (1 :3r- (: ) dr? — r? d8? — r? (dd — wdt)?. — (2) 


r 


Here w is the frame dragging potential given by w = 2J/r?, J is fixed (small) total 
angular momentum of the shell. At the shell's surface r = r, is decreasing as shell 
collapses and ws = 2J/r? is increasing. Notice (Fig. 6) that Q = dó,/dt is the 
angular velocity of the shell, r?0? is neglected. 


Fig. 6. Dragging of a gyroscope inside a slowly rotating, collapsing and rebouncing thin shell. 
Angular velocities of the vectors indicating the shell rotation Q and the central inertial frame 
rotation ws are shown in the middle panel. See [21] for details. (Stills from the animation 
https://utf.mff.cuni.cz/~ledvinka/psi/a1.mp4 by W. Barker.) 


The spacetime inside the shell is flat in this approximation. Its metric ds? — 
dt? — dr? — r? do? — r? sin? 0 d$? can be joined across the shell to the metric outside. 
Because dọ = dọ — ws dt, the local inertial frames (LIFs) inside (ġ = const.) all 
rotate rigidly with the same angular velocity w.r.t. the observers at rest relative 
to infinity (“static observers” with ¢ = const). Thus dó/dt = 0 implies the time- 
dependent angular velocity do /dt = w,(t) of the rigid rotation. 

As measured in LIF’s own proper time the rate of rotation is 

Tp aes eG (3) 


2 


EE 


Static observers inside experience Euler acceleration (Coriolis ~ w, centrifugal 
~ w? ) and the congruence of their worldlines twists. Rate of rotation Q, of the 


shell itself measured in its proper comoving time 7 is 
= 3r, 3J 


2m,r2 


(4) 


Many details about this system can be found in Refs. [20-22]. 
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4. Quantum detection of inertial frames dragging 


Recently, we studied quantum Unruh-DeWitt detectors [23] and their suitability, at 
least in principle, for the detection of the dragging of inertial frames [24] and for 
the detection of a conicity of space [25]. We have shown, for the first time as far as 
we know, that the dragging of inertial frames (as well as conicity) can be observed 
by a quantum detector. We studied the response function of UdW detector placed 
in a slowly rotating shell which has flat spacetime inside and slowly rotating Kerr 
metric outside, as discussed in the previous Section. (Here we assume the shell to 
be stationary, not collapsing.) 

The detector is a two-state system with energy gap 2 and the field-interaction 
Hamiltonian H(r) = Ax(r)à(r) & V(x(r)), where x(r) is switching function of the 
detector (ensuring that the interaction duration is Ar = T/k), x(7) its worldline, 
ji(7) its monopole momentum operator and A is the coupling constant. We assume 
the detector-field system is in initial state |0} p |0) 4. Then the transition probability 
P to |1) p is 


P= XF +05). (5) 
The response function F of the detector turns out to be 
F=f f] xx wan) al) dn dr — (9) 
where the Wightman function of the field is 
W(2(71), a(12)) = a(0| $(2(72))9(2()) |) - (7) 


We show that the response function picks up the presence of rotation even 
though the spacetime inside the shell is flat and the detector is locally inertial. 
The detector can distinguish between the static situation when the shell is non- 
rotating and the stationary case when the shell rotates and the dragging of inertial 
frames, i.e. gravitomagnetic effects, arise. Moreover, it can do so when the detector 
is switched on for a finite time interval within which a light signal cannot travel to 
the shell and back to convey the presence of rotation. 

The summary of the results for quantum detection of the dragging of inertial 
frames is taken from the publication [24]. (See also the contribution of W. Cong in 
the Session PT5 at MG 16.) 


5. Dragging effects of gravitational waves 


Rotating gravitational waves can also become a source of the dragging. The situation 
when the central frame is surrounded by rotating gravitational waves was for the 
first time modeled assuming the translational symmetry along z-axis in [26, 27]. 
Although this assumption implies unbounded energy of the gravitational waves and 
the spacetime is not asymptotically flat, the problem can be treated analytically as 
the master equation for the single function describing the gravitational wave has 
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Fig. Y. Comparison with the detector in a static shell. Detector response function inside a slowly 
rotating shell is plotted for several values of the shell angular momentum J = Ma appearing in 
the dimensionless parameter ak, where k is the frequency of detector switching function x(7). The 
difference Frot — F stat is plotted as a function of the energy gap Q of the detector. Shell mass M 
and radius R radius satisfy Mk = 1, Rk = 3, detector is placed at rg = 0.5/k from the center. 


F rot stat 
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Fig. 8. Detected difference between rotating and static shell depends of the distance of the de- 
tector from the center (left) and on the spherical angular coordinate 0 of the detector. Remaining 
parameters are described in Fig. 7. 


the form of a flat-space wave equation Ow(t, p,p) = 0. Given a particular solution 
to this equation, other metric functions appearing in the line element 


ds? = e*t (dt? — dp?) — W?e-?* (dio + w dt}? — e?” dz? (8) 


can be determined from the Einstein equations. In particular, averaging of their 
t — component identifies (Y +Y) as a source of the dragging of the inertial frames 
on the axis and for 7 in the form of a cylindrical shell the central frame rotation 
is then found in a closed form. The analogy with angular momentum transport in 
spiral galaxies is discussed in [27]. 
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A similar problem permitting asymptotic flatness was then studied in [21, 28]. 
The gravitational waves are assumed to form a spherical shell described again by a 
single scalar function Y(t, x) satisfying flat-space wave equations OW = 0 which this 
time appears only as the first order approximation of the full Einstein equations. 
The spacetime metric (in which we now use signature — +++) 


Juv = "luv + hi a) + nQ +.. (9) 


is decomposed into a flat Minkowski metric nay = diag(—1, 1, r?, r? sin? 0) in spher- 
ical coordinates t, r, 0, p, and the first and second-order perturbations n and nQ 
'Then the first-order metric perturbations due to linearized gravitational waves ap- 
pear the source of the second order perturbations 


GO) [n9] = -CQ [A 2), (10) 


where GQ (A, h] contains terms of the Einstein tensor Guy quadratic in the 
first-order perturbations. 

Assuming the Regge-Wheeler gauge the function wv then directly determines 
AQ, he nh) , and n), with remaining first-order perturbations vanishing, and the 
effects of the linearized gravitational waves are then determined by the analysis of 


the second-order terms. To make space approximately flat for the central observer 
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Fig. 9. Snapshots of the function v» in the equatorial plane 0 = 7/2 (top) and in the meridional 
plane  — 0,7 (bottom) at three distinct times t = 0, 2a, 4a. The well-known behavior of spherical 
harmonics Y;, ~ sinl"! 9 means that for higher m the first order perturbations vanish not only 
near the center where we study the frame dragging but also along the z axis. T'he top right plot also 
shows the position of a null particle with r = ay + tx at given times to illustrate the localization 
of the wave at radii r ~ Va? + t?. (We denote Cartesian unit vectors X, y, red/blue color indicates 
positive/negative w.) 
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and his inertial frame, n is assumed to vanish near the origin. Assuming a partic- 


ular gauge, the quantity determining the central frame dragging can be determined 
from a quantity satisfying an elliptic equation, in a way similar to other situations. 
The central-frame rotation appears in the perturbation approach as a | = 1,m = 0 
component in the expansion of n into mutually orthogonal spherical tensor har- 
monics. Then a projection of Eq. (10) into the relevant m — 0 tensor harmonic 
function resembles an averaging and yields 


Lf ay” (0-1),0 e» 2i 1 T are 

M hP — hP- 27,2) = AY A ]85 Yi dO d 
Ere puo. CPUS anf, [ee ee 
where hP determines O ADT and pn?) determines nO, n components of the 


second-order metric perturbations. Dots and primes denote the time and radial 


derivatives. The rotation of the central frame d = dy — wodt appears as ho s 


—wo r? sin? 0, so it is determined by the behavior of ne 


change of coordinate  — q + ôy? (t, r), we can set 


hP —0, ie, A2 -0. (11) 


at r — 0. Using a global 


Near the center we then have the Minkowski metric in spherical coordinates with 
the dominating perturbation corresponding to the slow rigid rotating of the central 
frame with angular velocity wo(t). Fixing the gauge condition (11), libi decus — 0, 
prohibits any radial dependence of an additional coordinate transformation y — 
y+6y)(t,r) and the angle y in the center and thus also the central frame rotation 
wo is determined unambiguously with respect to spatial infinity. We find 


1 (2) 1 1 sin 0 
ss MES [n 9, nO] EE qr qo do. (12) 


To investigate further a particular closed-form solution w of the wave equation, 
it has been chosen in the form of a shell of null radiation converging toward the 
origin, bouncing at the minimal radius r ~ a, and then expanding back to infinity 
(see Fig. 9). This allowed us to evaluate the integral (12) and find the explicit 
(though lengthy) formula for wo. Assuming | 1 it simplifies to 


woo 


wo(t) = (13) 


Ga” 
In the same limit, we show in [21] that the frame dragging is determined by the 
angular momentum of the gravitational wave L, and that the long exact formula 
can be approximated by w®?* = 2L, /a?. The angular momentum of the linearized 


gravitational waves is defined using the effective stress energy tensor 
1 
EY eff j3 eff _ (2r) pa 
Los - [r da, Tip = grie [AD AM). (14) 


We can see that (12) and (14) differ by a factor r? inside the integral. This explains 
why the approximate relation (13) holds: because for | >> 1 the function w is local- 
ized around a thin shell with radius r(t) = Va? + t? (see Fig. 9), the factor r? can 
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Fig. 10. The dependence of the normalized angular velocity of the central inertial frame 
wo(l, 1; t)/wo(l,1;t = 0) on the parameter | = 2,3,10,20,30 (from inside to out). The depen- 
dence (13) is shown as a dashed line. 


be put in front of the integral. The time dependence of wo(t) on the parameter l is 
shown in Fig. 10. 

In an asymptotically flat spacetime we have two special flat-space worldlines 
categories — the one of the central observer and that of a cautious observer who 
slowly retreats to r >> a so that she never meets significant metric perturbations. 
'The discrepancy between the orientation of the gyroscopes following these worldlines 


— oo 

can be seen as an illustration of the dependence of the parallel transport on the cho- 
sen worldline. In Fig. 11 we illustrate Ayo as an obvious implication of the spacetime 
curvature due to the rotating gravitational waves. Thus, although the immediate 
value of wo involves instantaneous effects, its integral (15) representing the total 
rotation of the central gyroscope is a well-defined observable quantity. In the ap- 
proximation l >> 1 we then obtain Ayo = 2aw®?* = 4L; /a?. Such a simple relation 
is not available for dragging by a massive rotating shell, because its dynamics is not 
as unambiguous as that of gravitational radiation. 


6. On the dragging of inertial frames and Mach’s principle in 
cosmology 


In our treatment of the dragging of inertial frames in a cosmological context we shall 
mostly confine ourselves to the linear (cosmological) perturbation theory, rather 
than to exact models. Our inspiration will be Mach’s principle as generally for- 
mulated by Hermann Bondi in his classical book [29]: ...all motions, velocities, 
rotations and accelerations are relative; local inertial frames are determined through 
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Fig. 11. Left: The fundamental dependence of parallel transport on the chosen path is usually 
demonstrated on a spherical surface naturally embedded in three-dimensional flat Euclidean space. 
Here we use neighborhoods of two meridians as an example of two approximately flat patches 
which yield mismatch when vector from the south pole is extended into both patches. Right: In 
our spacetime with rotating gravitational waves we also have two approximately flat patches. The 
spacetime is asymptotically flat which in the figure is symbolized by the blue “ladder” with arrows 
indicating “fixed” direction of a gyroscope. Because the gravitational waves do not reach the center, 
there is also approximately flat region near the center. Its worldtube is depicted as a gray cylinder. 
The gravitational waves are shown at the moment they are the strongest (t = 0) as a blue torus 
encircling the central observer. The rotation of the central inertial frame (and gyroscopes there) 
is illustrated by the twist of the red spacetime-coordinate “ladder” and the gyroscope orientation. 
The mismatch of gyroscope directions at the top demonstrates the meaning of Eq. (15) as the 
implication of a particular form of spacetime curvature accompanying the rotating gravitational 
wave. 


distributions of energy and momentum in the Universe by some weighted averages 
of the apparent motions. 

We started to realize such a “Machian program" in [30]. We first analysed frame- 
dragging effects due to slowly, rigidly rotating, but collapsing or expanding spheres 
in the (inhomogeneous) Lemaitre-Tolman-Bondi universes, and we analysed the 
dragging effects of the vector perturbations of the FLRW universes described in a 
special gauge such that three (momentum) constraint equations enabled us to de- 
termine instantaneously metric perturbations ho, (k = 1,2,3) in terms of energy- 
momentum perturbations ÓTo; and show how such averages are to be taken. In 
closed universes a linear combination of six Killing vectors (three rotations plus 
three quasitranslations) may be added to the hog. We also obtain the solutions of 
the three constraint equations when angular momenta corresponding to the three 
rotations and quasimomenta corresponding to the three quasitranslations of the 
sources (determined by ôTox) are given. No absolute rotations exist in closed uni- 
verse, only differences of rotation rates are determinable — in accord with Mach's 
ideas that ‘all motions are relative’. (If the velocities of the bodies, described by 
perturbations of perfect fluid, are given, the metric perturbations are determined 
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uniquely.) The last result is related to the fundamental fact that six globally con- 
served quantities, corresponding to the six Killing vectors in a FLRW universe, must 
all vanish if considered for the whole closed universe. 

It was, among others, an attempt to understand Mach's principle in cosmologi- 
cal perturbation theory, which inspired us to formulate conservation laws even for 
large perturbations with respect to curved backgrounds [31]. The resulting ‘KBL 
superpotential’ (using the designation by Julia and Silva in their profound analy- 
sis [32]), was found, after applying certain natural criteria, to be unambigous and 
most satisfactory in spacetimes with or without a cosmological constant, in any 
spacetime dimension. It also found applications in various studies of generation of 
cosmological perturbations (see [33] for references). For the recent generalization to 
the Horndeski theory, see [34]. 

In a more recent paper [33] we studied general linear perturbations of the FLRW 
universes from a ‘Machian perspective’. This led us to investigate both rotations 
and accelerations of local inertial frames in perturbed universes. We first intro- 
duced congruences of cosmological observers’ worldlines, defined their acceleration, 
rotation (twist, vorticity), shear and expansion in general, and then considered per- 
turbed FLRW models (gu, = gLL'W + huv). We found that un-accelerated and 
non-rotating local inertial frames (LIFs) are determined by 90,1, hot, , hot, o. 

We developed all the perturbed Einstein equations in a general gauge 'ab ini- 
tio', without assuming harmonic decompositions. Introducing the standard confor- 
mal time in FLRW universes, putting tildas over all the perturbation quantities, 
introducing the traceless part of hl, and notation 


hp, = hi, — Onn, Te= Vu, K= 3ahoo + 4a? — Vut, — (16) 


where V is the covariant derivative associated with the spatial FLRW background 
metric fyi, a is the expansion factor, dot the derivative w.r.t. standard cosmological 
time t whereas the prime denotes the derivative with respect to conformal time 
1, adt = dn. Using V? = f" Vi, k = 0, +1 for the curvature index and H = aH, H 
being the standard Hubble parameter, we find Einstein’s equations for perturbations 
to obtain the form 


a?k19 =a75G8 = 1V7AT + kh? — 24K — 1V,7T*, (17) 
a? KT =a75G = 1V?ho + kho + Vrhi +5V:K — 5 (Tk) , (18) 
TP T ND a MN MR 
a?^& (si$ = 612) =a" (569 ^ 667) = V7hoo + 3a (<x) hoo +z (ak) , (19) 
and 


a? (oi z 351077) = 6, =... (20) 


We do not write down fully the last equation since it describes waves and is not 
important for the determination of LIFs. 
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To see how the LIFs can be determined by surrounding matter instantaneously 
on certain time-slices we use some specific gauges which we call the “Machian 
gauges". We give three examples of such gauges. For example, by putting Tẹ = 0 
and K = 0, the first three equations become (hyper-) elliptic and the quantities 
determining LIFs can be found instantaneously when the (perturbations of) mat- 
ter distribution are given. The gauge conditions 7; — 0, fixing spatial coordinates, 
are associated with the “transverse-traceless” gauges in the linearized gravity and 
minimal-shear condition in numerical relativity. We assume these conditions to be 
valid in all three Machian gauges. In the first Machian gauge we choose the time 
slices to be so that K = 0. This implies the “constant mean curvature slices”, and 
it coincides with Bardeen's uniform-Hubble expansion gauge. In other two Machian 
gauges, together with the same gauge condition on spatial coordinates, we require 
“uniform-intrinsic scalar curvature condition" and the *minimal-shear hypersurface 
condition" (called the Poisson gauge by Bertschinger in 1995). In [33] these gauges 
are discussed in detail. In particular it is shown that they admit much less residual 
freedom than the synchronous gauge, frequently used in cosmology. 

These Machian gauges have been considered in the group of D. Wiltshire, in 
particular, in [35], in the review [36] and, most recently, by his students M. Williams 
[37] and R. Gaur [38] in the context of the Post-Newtonian Cosmology. 

We believe that dragging effects and Machian ideas will remain the source of 
inspiration. 
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Probes of the progenitors, engines and physics behind stellar collapse 
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SN are one of the most powerful explosions in the universe and astronomers have invoked 
the collapse of a stellar core down to a neutron star as a potential power source behind 
these cosmic blasts. The current paradigm behind core-collapse SN relies on convection 
in the region just above the newly formed neutron star. This engine was driven and 
confirmed by observations. We review this observational evidence, and the potential for 
further observational constraints in this paper. 


Keywords: SNe; neutron star; black hole 


PACS numbers: 97.60.Bw, 97.60.Jd, 97.60.Lf 


1. Core-Collapse SNe (CCSNe) 


The SN field was established Baade and Zwicky coined the term “Super-nova” 
(SN) to explain the most powerful class of novae.! Shortly thereafter, Zwicky also 
proposed what has become one of the standard energy sources behind these cosmic 
explosions: the collapse of the core of a massive star down to a neutron star.? Zwicky 
argued that this core-collapse SNe (CCSN) mechanism would tap the potential 
energy released when the core of a massive star collapsed down to a neutron star. 
'The details of how this works has taken nearly 90 years to work out. 

Over the past 8-9 decades, scientists have continued to refine the basic model 
behind CCSN. Stellar models focused on identifying which stars would produce 
cores that would collapse down to SNe. Stars are powered by nuclear fusion in their 
cores and the most massive stars can undergo a series of nuclear burning phases, 
where the ashes of the previous phase are fused in the next burning phase, until 
an iron core is produced. Iron is maximally compact, its fusion does not generate 
energy and the contraction of the iron core causes electron capture and the collapse 
of the core. This collapse only stops when the core forms a proto-neutron star, 
realizing the engine proposed by Zwicky. 

1-dimensional simulations of stellar evolution have allowed astronomers to piece 
together the detailed evolution of these successive burning stages. This evolution is 
capture in a diagram developed by Kippenhahn.? Figure 1 shows the Kippenhahn 
diagram describing the evolution of a 22M star. These Kippenhahn diagrams 
contain a wealth of information. The top curve denotes the mass of the star as a 
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Fig. 1. Enclosed mass vs. time before collapse of a 22M star. This diagram encapsulates the 
entire life of the star. It color codes energy deposition from fusion and energy losses from neutrinos. 
Hash marks denote convection and the top line denotes mass loss from winds. 


function of time. The lower-left corner shows the hydrogen burning core which lasts 
until a million years prior to collapse. The next phase is the helium core burning 
phase that lasts until 10,000 y prior to collapse. At the end of helium core burning, 
the core collapses and helium begins to fuse in a shell layer above this core. In the 
last 100 y, the star goes through a series of carbon, oxygen and silicon core and shell 
burning, building up an iron core. The timescales and the evolution of the core can 
all be learned from this diagram. 

This iron core is supported by a combination of thermal and electron-degeneracy 
pressure. As the mass of this iron core continues to grow, the core contracts. Ulti- 
mately, electrons in the core capture onto protons, removing the support pressure 
and causing a runaway collapse. This collapse proceeds until the core reaches nu- 
clear densities and neutron degeneracy pressure and nuclear forces halt the collapse. 
'The collapse of the iron core to this proto-neutron star releases nearly 100 times 
the energy needed to drive the observed explosion. When the collapse halts, it can 
produce a strong bounce and preliminary 1-dimensional calculations of this collapse 
phase produced weak explosions.? These explosions did not match the observed en- 
ergies and were missing critical pieces of physics, most importantly, the neutrino 
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Fig. 2. Velocity vs. enclosed mass of the collapse, bounce and stall of a bounce shock for a 15 Mo 
star at a series of times in the collapse. As the core begins to collapse, the infall accellerates until 
bounce. Shortly after the bounce, the bounce shock stalls. The different lines show this evolution. 


physics. In the bounce, most of the potential energy converted into neutrinos and, 
as long as the neutrinos are trapped, the bounce shock propagates outward. But 
when the neutrinos in the outward-moving shock can escape, much of the bounce 
energy is lost, causing this shock to stall. Figure 2 shows the velocity evolution of 
a sample core collapse, bounce and bounce shock stall. 

Although scientists realized that tapping the neutrinos leaking out of the core 
would be one way to revive the explosion, the diffusion of neutrinos was too slow 
to revive the shock. The first mention of convection in CCSN focused on using 
this convection to transport the neutrinos to the edge of the proto-neutron star, 
allowing the neutrinos to more quickly deposit their energy into the stalled shock.® 7 
Although this convection can play a role in our models, this is not the convection 
that has formed the basis for the current paradigm in SNe. The critical convection 
behind the convection-enhanced neutrino-driven SN engine is convection above the 
proto-neutron star, in the region between the edge of the proto-neutron star and 
the stalled shock. This paper focuses on this currently favored convection-enhanced 
paradigm, both the observational evidence leading to its development (Sec. 2) and 
the current and ongoing measurements confirming this paradigm (Sec. 3). 
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2. Observed Asymmetries and the Birth of the Convective 
Paradigm 


Due to the difficulty in including all of the physics in SN models, most SN-engine 
simulations until the 1990s were 1-dimensional. But, with better observations of SNe 
and their remnants, astronomers began to demonstrate that these explosions were 
anything but spherically-symmetric.— In this section, we review the observations 
the led to the development of the convection-enhanced neutrino-driven SN explosion 
engine that is the current paradigm for normal SNe. 


2.1. Observed Asymmetries that Drove the Convective Paradigm 


Observations of SN remnants, both ejecta and remnant, have long argued for an 
asymmetries in the SN engine. Large asymmetries have been observed in many of 
the observed SN remnants. In spherically symmetric models, the ejecta from the 
SN is expected to follow the same elemental abundance layered distribution that 
was produced in the stellar evolution with the iron peak elements in the center 
with the elements getting lighter as we move out in the ejecta. T'he distribution in 
the Cassiopeia A SN remnant not only displays heavier elements further out than 
lighter elements but also a sizable amount of mixing,® suggesting an asymmetry in 
the explosion mechanism. Determining whether this mixing was due to asymmetries 
in the explosion or in the blastwave propagation through the surrounding medium,? 
along with limitations in the requirements to observe these abundances (shock- 
heating requirements, out-of-equilibrium atomic physics), limited the constraints 
these observations placed on the engine. 

Another observational indication that the explosion mechanism in core collapse 
had large asymmetries is the observed distribution pulsar velocities with some pul- 
sars moving faster than 1000 km s^ 1.!? The high velocities observed in the pulsar 
velocity distribution suggests that these “kicks” are imparted onto the neutron stars 
during formation. One of the leading mechanisms behind these kicks is the asym- 
metric explosion of a SN engine. In this mechanism, the newly-formed compact 
remnant is kicked in the opposite direction of the ejecta conserving linear momen- 
tum. But a wide range of models have been proposed to explain these kicks (for a 
review, see!!) and many don't require an asymmetric SN explosion. Like SN rem- 
nants, although suggestive, pulsar velocities were not definitive proof of supernova 
asymmetries. 

Observations of SN 1987A provided this evidence and drove SN engine theorists 
to begin to actively gain new insight into the CCSN engine. First and foremost, 
SN 1987A provided essential confirmation of the basic core-collapse idea. Although 
theorists had argued that a CCSN could be produced by stars above ~ 10Mo, 
no definitive proof existed until 1987, when a star in the Large Magellanic Cloud 
collapsed. Prior to its collapse, this star had been observed and its identification 
of this progenitor, Sanduleak -69 202, providing the first irrefutable evidence that 
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at least some SNe are produced through the death of massive stars.!? In addition, 
a burst of neutrinos were detected from this nearby SN at a rate that can only 
be produced with a compact object (either formation or a merger).!?:!^ These two 
observations definitively demonstrated that at least some SNe are produced by the 
core-collapse to a compact object of a massive star. 

Although SN 19874 solidified the foundation of the CCSN engine, it also raised 
a number of a new issues: the star was a blue, not a red, supergiant as predicted 
by models (we now believe this to be due to binary effects), the gamma-rays from 
the decay of radioactive nickel appeared much sooner than expected and the line 
profiles from these gamma-rays and infra-red lines (of the iron) were both broader 
than expected as well as being redshifted (instead of blue-shifted). From infra-red 
to gamma-rays, SN 1987A was showing the limitations of our spherically symmetric 
model. Scientists immediately realized that by artificially mixing out nickel pro- 
duced in the innermost ejecta of 1-dimensional models, they could explain the early 


1.15 However, this artificial mixing did not explain the 


rise time of gamma-ray signa 
redshifted lines. In addition, producing the extent of mixing needed to explain the 
observations was difficult to achieve with simple Rayleigh-Taylor mixing developing 
in a symmetric shock propagated through the stellar profile.!6:!7 

'These difficulties led scientists to turn their attention to the engine itself and, in- 
stead of focusing on convection in the proto-neutron star, they focused on the region 
between the edge of the neutron star and the stalled shock. The unstable entropy 
gradient produced as the shock stalled led to convection in this region.!*:!? After a 
few preliminary studies, the first 2-dimensional calculations found this convection 
could change the fizzle produced by a 1-dimensional model into a strong explosion.?? 
'These instabilities evolved into low-mode convection which could both facilitate the 
extensive mixing and explain the pulsar kicks.?! Three-dimensional models followed 
soon after,?? including 3-dimensional explosion models that demonstrated that very 
low-mode convection could also explain the redshifted lines features.??:?4 This ini- 
tiated a broad set of scientific work studying the SN engine that we will discuss in 


the next section. 


2.2. Evolution of the SN Engine 


Before we discuss the details of the convective engine, let's review the basic steps 
behind this leading paradigm:?° 


(i) Onset of Collapse: The iron core of a massive star because so massive that it 
compresses to densities that cause electrons to capture onto protons, removing 
electron degeneracy pressure. This causes further compression and accelerates 
the electron capture, driving a runaway collapse (Fig 2). 

(ii) Bounce This runaway collapse proceeds until the core reaches nuclear densities 
where nuclear forces and neutron degeneracy pressure halt the collapse, causing 
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the infalling core to bounce. The bounce shock moves out through the star 
(Fig 2). 

(iii) Stall of the Shock: Most of the energy in the shock is stored in neutrinos. 
When the neutrinos are no longer trapped in the core, the shock loses energy 
and stalls at ~100-200 km (Fig 2). 

(iv) Convective Engine: The region between the compact core and the stalled 
shock is unstable to a range of instabilities, including Rayleigh-Taylor convec- 
tion. This convection transports energy deposited at its base and transfers it 
outward to push against the infalling star. At the same time, it transports mass 
piling up at the stalled shock and allows it to convect to the core, releasing fur- 
ther potential energy and reducing the pressure that must be overcome at the 
stalled shock. These two effects, not modeled in 1-dimensional models, make it 
easier to drive an explosion (Fig 3). 

(v) Shock Launch: When the pressure in the convective engine can overcome the 
ram pressure of the infalling star, an explosion is launched. The shock will be 
highly asymmetric (Rayleigh-Taylor tends to evolve to the largest mode possible 
in a convective region, Standing Accretion Shock Instabilities also produce low- 
mode convection). This aspherical shock will allow further accretion after its 
launch, allowing further energy deposition. But the neutrino-energy deposition 
will decrease as the density above the proto-neutron star decreases. 


Here we focus most of our discussion on the convective engine. Figure 3 shows a 
2-dimensional slice of a 3-dimensional simulation. This image shows both the high- 
entropy upflows and the low-entropy downflows. During the 15-20 y after the first 
2-dimensional simulation of this engine, most studies focused on reproducing these 
results. Additional instabilities were studied, most notably the standing accretion 
shock instability (SASI).?9 The primary difference between these two mechanisms 
is the growth time of the instability and the latter interpretation of the convective 
motions is favored by models where the turbulence growth is slow. Simulations with 
more rapid convective growth argue for Rayleigh- Taylor instabilities. 

The growth time is a key feature in the final result, both in the explosion energy 
and the remnant mass, so understanding this convection is critical. Unfortunately, 
a number of numerical artifacts make it difficult to model this convection. We can 
not resolve the convection and artificial viscosity (either explicitly state in smooth 
particle hydrodynamics or implicit in the numerical advection of grid-based codes). 
This growth time can be estimated analytically and we can test our calculations 
against this analysis. The growth time of this convection is on order of the inverse 


of the Brunt-Vaisala frequency: 
Terowth =y —wey (1) 


where wpy is given by:p 
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Fig. 3. Slice of a 3-dimensional convective engine. In this simulation, the convective region now 
extends to 300 km. The color-coding denotes entropy with red being high entropy and blue being 
low entropy. The vectors denote velocity magnitude (length) and direction. The proto-neutron star 
is in the inner 30 km. Material piles up at the top of the convective region near the stalled shock 
and the flows down in streams to the core. 


where c, is the sound speed, P is the pressure and geg = —O®/Or + v,0v,/Or is the 
effective gravity with is the gravitational potential and v, is the radial velocity. 
For the region above the proto-neutron star, the growth time can be approximated 
by: 


GMexs AS 
Tesowth © 4| — 3 S rr 
gms rays SAr 3) 


where G is the gravitational constant, Mpws, rpws are mass and radius of the newly- 
formed, proto-neutron star, S is the entropy and AS is the change in entropy of 
a distance Ar in the region between the proto-neutron star and the stalled shock. 
With these conditions, we find the post-bounce convective growth-time to be on 
order of a few milliseconds.?? All current calculations have growth times that are 
much longer than this prediction. 

It could be that this simple analysis underestimates the growth time. We can fur- 
ther test the growth term by comparing our growth times to different prescriptions 
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Fig. 4. Growth of turbulence, sound speed from mixing-length theory?" and turbulent energy 
from a Reynolds Averaged Navier Stokes solution.?® Strong turbulence develops in less than 10 ms. 


(Fig 4) developed both in astrophysics (mixing-length theory?") and engineering (a 
Reynolds Averaged Navier Stokes solution?®). Using 1-dimensional collapse models, 
these prescriptions also predict a very quick growth time for the instabilities: within 
a few ms, the Rayleigh-Taylor convection is strong with velocities/turbulent energies 
reaching a sizable fraction of the sound speed limit. Again, current models do not 
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reproduce these growth times. Until we match these growth times, our simulations 
will not be quantitatively accurate, but they can help us study many of the trends 
with respect to different physics in the SN engine. They can also be used to study 
qualitative features in the SN explosion. 

Beyond insufficient resolution, what else can be missing in these convective mod- 
els. One of the most important is the initial seeds used to drive the explosion. The 
initial 2- and 3-dimensional models used smooth particle hydrodynamics.???? The 
initial setup conditions have an intrinsic stochasticity in the density and these initial 
studies argued that these perturbations were on par with the convective inhomo- 
geneities of the progenitor star. Later studies focused on very extreme instabilities in 
an attempt to produce the observed neutron star kicks.?™30 An interesting feature 
of this neutron-star kick mechanism is that, unlike most other kick mechanisms, it 
predicts that lower-mass progenitors will produce the strongest neutron star kicks. 
Observations can potentially confirm or refute this kick mechanism. More recent 
studies have modeled the stellar convection at the final stages of a star's life, follow- 
ing this burning through collapse to produce more consistent simulations of these 
convective seeds.?! In all cases, these models found, as expected by analytic theories, 
that these seeds accelerated the growth of convection. 

Active areas of research in the convective engine includes increased-resolution 
models to better understand the limitations of the numerical methods modeling this 
convection. But a number of more physics-informed models are also being developed 
to better understand convective in the collapsed core. These methods will lead 
to better implementation of subgrid models that can help capture effects like the 
turbulent pressure. Much more work must be done to understand convection and 
core-collapse engine theorists are bringing a wide array of numerical and analysis 
tools to improve our understanding of this engine. 


3. Confirmation and Ongoing Constraints of the Convective 
Engine 


Even with the limitations of the convective-enhanced neutrino-driven engine, we 
are able to make predictions from this model both to test it as a model and use 
observational features to help improve our understanding. Here we review current 
observational comparisons that have solidified this standard paradigm. We also 
discuss upcoming observations that will further test the engine, providing valuable 
insight into the explosion engine. Like 1987A, we expect upcoming observations to 
not only constrain this engine, but perhaps provide the evidence to pursue new 
insight into this developing engine. 


3.1. Explaining SN Energies 


Prior to the development of the convection-enhanced SN explosion mechanism, ex- 
plaining why CCSNe tap only ~1% of the total potential energy released in the 
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collapse of the core was one of the most baffling conundrums of the SN engine. But 
the convection-enhanced SN engine provided a natural explanation for this observa- 
tion. The energy in the convective region continues to increase only until its energy 
is sufficient to overcome the ram pressure of the infalling material. The accretion 
rate of this infalling material and the time it takes the engine to overcome its ram 
pressure dictates the explosion energy. Figure 5 shows the energy required to over- 
come the ram pressure as a function of time in the collapse for a series of different 
progenitor stars. In all cases, this energy lies between a few tenths to a few times 
109lerg?, 
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Fig. 5. Explosion energy vs. enclosed mass for different stellar models. 


The power of this natural explanation for the explosion energy is often under- 
appreciated in the astronomy community. Let's compare it to the leading alternative 
engine for SNe, the magnetar-engine scenario. In this scenario, strong magnetic fields 
tap the rotation energy of the SN to power the explosion. The rotational energy is 
given by: 


Emagnetar = 2/5 MpnsRbngQbng (4) 


where Mpws, Rpng, and Qpng are the mass, radius and rotation rate of the proto- 
magnetar. When the explosion is launched (which must be in the first ~ second 
after collapse so that the core does not accrete too much to collapse to a black 
hole), Rpng is roughly 30 km. If the proto-neutron star contracts to form a 10km 


?'Ten to the Fifty One Erg was termed a “foe” by Hans Bethe. This unit is also known as a Bethe. 
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neutron star spinning at 100 ms, we'd expect an average SN energy of 5 x 10^" erg 
instead of the observed 0.1 — 3 x 10°! erg. Only the rare, fastest spinning stars would 


produce strong SNe. 


3.2. Predicting SN Progenitors 


One of the great successes of the convective-engine paradigm is its prediction of 
which stars produce strong SN explosions versus which collapse to form black holes. 
Under the convective paradigm, whether or not the convective engine can produce 
an explosion depends upon whether the energy of the convective engine can grow fast 
enough to overcome the ram pressure of the infalling material. A successful explosion 
is a race between the energy deposition timescale and the collapse timescale from 
accretion. If we ignore stellar winds, massive stars will have larger cores with higher 
accretion rates. This means that the timescale to collapse decreases and there is less 
time to develop convection and drive an explosion. In addition, the energy needed 
to overcome the higher accretion ram pressure is higher. Unless the engine becomes 
more efficient, these stars will not explode. Assuming minimal winds, the convective 
engine predicted that stars more massive than ~ 23 Mo would either fail to explode 
or produce weak explosions.?? 

Shortly thereafter, observations of SN lightcurves argued that most SN had 
ejecta masses above 15-20 Mọ.33 The magnetar model could produce explosions 
with such high ejecta masses, suggesting it might be the better standard SN engine. 
In this case, however, the analysis of the SN light-curves was wrong. As the sample 
of observed progenitors increased, it became clear that the vast majority of SN are 
produced from stars less massive that 20 Mo,*4 confirming the first prediction (vs. 
post-diction) of the convective engine and providing another strike for the magnetar 
model. 


3.3. Compact Remnant Distribution 


For the convective-engine paradigm, the mass of the compact remnant formed in 
CCSN can be described through a series of phases each of which depend on different 
properties of the explosion. The compact remnant initially forms during the collapse 
bounce phase. Typically, the mass of this bounce core is low (roughly 1.1 Mọ”). 
As the convective engine develops, the core continues to accrete mass. Both the 
progenitor mass (that determines the infalling mass accretion rate with time) and 
the time it takes for this engine to develop dictates the mass of the core at the 
launch of the explosion. Finally, the explosion energy determines how much material 
ultimately falls back onto the compact core. All of these effects are important in 
determining the final compact remnant mass. 

Observations of the compact remnant mass distribution provide insight into 
these explosion properties. Initially, observations argued for a remnant mass distri- 
bution that peaked strongly at two separate masses: a peak at ~1.4 Mọ and another 
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peak at ~ Mc.99 These highly-peaked mass distributions are difficult to reproduce 
within convective-engine paradigm, especially when including the fallback of mate- 
rial after the launch of the launch.?" Fallback occurs because the SN blastwave must 
drive the entire star to explode. As it decelerates, some of the ejecta can decelerate 
sufficiently that this material can not escape the gravitational potential of the star. 
'This fallback has been studied both analytically and through a series of simula- 
tions,??9? demonstrating that fallback accretion decreases following a power-law 
time evolution: Mfattback ex 7/?. The amount of integrated fallback depends on the 
explosion energy and the progenitor structure (and hence, its mass). 


Remnant Mass (Mo) 


2 4 6 8 10 12 
CO Core Mass (Mo) 


Fig. 6. Remnant mass as a function of CO core mass for rapid/slow convective models?? along 
with a parameterized growth time model. The steeper the rise in remnant mass (caused by faster 
convective growth time), the deeper the mas gap produced. 


One of the key observational constraints from the compact remnant mass distri- 
bution is the gap between neutron stars and black holes. Observations of neutron 
stars and black holes (binary pulsars and X-ray binaries) argued for an absence of 
neutron stars in the compact mass region lying between 2.5 and 4 Mo. Whether 
this was an observational bias or due to low-number statistics has been a matter of 
debate for many years. If the gap exists, it places strong constraints on the growth 
time of the convection.?? Figure 6 shows the compact remnant mass as a function 
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of the CO core mass while varying the convective growth time (and, hence, the in- 
jection time of the energy). Producing a pristine mass gap requires very rapid and 
strong explosions to avoid falllback filling in this gap. It is possible that fallback 
will drive further outflows that then limit further fallback such that, even though 
fallback occurs, the amount of mass accreted is limited.?" Until recently, the mass 
gap favored rapid explosions, affecting both our understanding of the SN engine and 
predictions for a wide range of SN properties. However, gravitational wave observa- 
tions suggest that the mass gap region is not as pristine as originally believed?! and, 
because of this, the constraints on the convective growth time are less stringent (we 
will discuss this further in section 3.6). 

With all of the current observations, we must consider the observational biases. 
One of the potential observational biases of the mass gap is that the observed com- 
pact mass distribution is limited to systems in close binaries. Any comparison of the 
predictions of the remnant mass distribution to the observed mass distribution must 
include calculations of these binaries and are limited by the associated uncertainties 


of binary population synthesis. ^? “4 


3.4. SN Ejecta Remnants 


The ejecta from CCSNe form another form of remnant as the ejecta in the SN blast- 
wave propagates through the interstellar medium. As we discussed in Section 2.1, 
the morphology of these ejecta remnants provided the first hints that the SN en- 
gine must be aspherical. Although these remnants are highly aspherical, it is often 
difficult to extract properties of the explosive engine from other effects in the prop- 
agation of a SN remnant. As also we discussed in section 2.1, the effects of the prop- 
agation through the circumstellar medium and the modeling of the atomic physics 
in these non-local thermodynamic equilibrium conditions can make it difficult to 
tie the properties of the remnant to the explosion itself. Nonetheless, remnants can 
prove powerful probes of the SN explosion and its engine. 

First, let's better understand the difficulties through the example of analyses 
of the Cassiopeia A SN remnant. As the blastwave propagates through the cir- 
cumstellar medium, it decelerates, causing a reverse shock to progress inward (in 
mass coordinates) through the remnant, lighting up the material and allowing as- 
tronomers to probe properties of the explosion.Ó^46 But the morphology of the 
shock can be shaped by the circumstellar medium? and the masses and properties 
inferred (masses, abundance rations) depend on assumptions in the atomic physics, 
i.e.^" Cassiopeia A demonstrates the pitfalls of such an analysis. Images and analysis 
of the shock-heated material in Cassiopeia A suggests a jet-like explosion, suggest- 
ing a magnetar and disk model.® To verify this conclusion, astronomers developed 
another probe of this morphology by, instead of observing shocked material, observ- 
ing material through the decay of radioactive material produced in the explosion. 
In particular, the NuStar satellite mapped out the ^^Ti production from the SN 
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producing this remnant. ^^Ti is ideally suited as a probe of the central engine. It is 
produced in the innermost ejecta where ?9Ni is produced. It has a long enough half- 
life to be observed in SN remnants (unlike °°Ni whose half-life is too short) and, 
because it is unstable (unlike iron), we know the observed ^*Ti was produced in 
the explosion. This innermost material may not yet be affected by the surrounding 
medium, especially if the reverse shock has yet to reach it. What the “Ti observa- 
tions of the Cassiopeia A SN remnant showed was a clumpy distribution mimicking 
the convective motions in the SN engine.**:49 This is the most direct observation 
to date proving the convection-enhance neutrino-driven SN engine. At least for this 
SN remnant, the engine is not matched by the magnetar model. Although limited 
to velocity imaging, the ^*Ti observations of SN 1987A suggest the same convective 
engine.?0 

Although these NuStar observations of remnants through the decay photons 
from radioactive elements provide a direct probe, the number of remnants that can 
be observed in such a manner is limited. Even with next generation gamma-ray de- 
tectors like COSI mission,?! increasing the number of remnants with resolved images 
of the ^^Ti will be difficult. However, there exists a wealth of data of shock-heated 
material and combined with infra-red observations (and increasingly sophisticated 
models of the atomic physics), SN remnants will become an increasingly powerful 
probe of the SN engine. SN remnants measure key elements in the explosion that 
probe both the progenitor and the explosion energy. To demonstrate this, figure 7 
shows the abundance fraction versus enclosed ejecta mass for two 1-dimensional 
SN explosions of a 15 Mọ star.?? The abundances in this plot span the typically- 
observed abundances in SN remnants. The different observed abundances probe 
different aspects of the SN and different regions in the progenitor star. For exam- 
ple, Fe is produced in the innermost ejecta and is very sensitive to the explosion 
energy. Si, S, Ca, and Ar are produced just above the iron ejecta also probe the 
explosion energy. O, Mg, and Ne yields are produced even further out and are bet- 
ter probes of the progenitor because their production is much less sensitive to the 
explosion energy. 


3.5. Nucleosynthetic Yields 


Nucleosynthetic yields provide an excellent probe of the SN engine, especially of the 
elements produced near the engine (e.g. iron peak and heavier isotopes). As we dis- 
cussed in Section 3.4, SN remnants provide a measure of the nucleosynthetic yields 
and their morphology. These remnant measurements probe the progenitor, explo- 
sion energy, and morphology of the explosion. Ti observations are not only more 
direct probes (because the physics behind its analysis is more straightforward). The 
sensitivity of the ^*Ti production on the electron fraction of the inner ejecta?? also 
means that it can probe the conditions in the convective region (and the properties 
of the neutrinos, including neutrino oscillations) in this region. 
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Fig. T. Nucleosynthetic yiels from an 0.82 (top) and 1.86 (bottom) foe (109! erg) explosion of a a 
15 Mo star. O, Mg, Ne are produced in stellar evolution and the supernova shock primarily destroys 
these abundances. Si, S, Ar, Ca are produced at the base of the C/O layer and their production 
depends somewhat on the SN explosion energy. Iron is produced in the core from shock-driven Si 
burning. It is very sensitive to the explosion energy, both to drive the nuclear fusion and to avoid 
falling back onto the proto-neutron star. 


But remnants aren't the only way we can measure nucleosynthetic yields. Based 
on isotopic ratios, scientists have identified a set of pre-solar dust grains produced 
by SNe. With the detailed isotopic ratios and relative element abundances, scientists 
can begin to probe the detailed yields from SNe.°* °° In addition, galactic chemical 
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evolution, which measures the evolution of the abunadances as a function of metal- 
licity, can be used to both determine which transients form different elements and 


the variation in their production rates.°% 58 


3.6. Neutrinos and Gravitational Waves 


The neutrino detection of SN 1987A provided conclusive evidence that at least some 
SNe are produced in the formation of a compact remnant. Neutrinos remain one 
of the most direct probes of the SN engine. With a detailed neutrino spectrum, 
scientists can not only probe the nature of the proto-neutron star (and the nuclear 
matter equation of state) and the neutrino physics (including neutrino oscillations). 
Unfortunately, neutrinos are difficult to detect and, to date, SN 1987A remains 
the only SN detected in neutrinos. With hyperKamiokande, scientists expect to 
observer SNe out to 1 Mpc.?? This can increase the neutrino detection rate, but 
for the detailed spectra to do most of the neutrino SN science will still require a 
Galactic SN. 

Gravitational waves provide another?? probe different physics of the inner en- 
gine: the rotation and the convection. To measure convection, we need a nearby 
SN, well within the Milky Way.9? But, fast rotating collapses can be seen further 
out (in extreme cases, out to 1 Mpc).?! With next generation detectors, a Galactic 
SN would produce a strong enough signal to measure the growth and extent of the 
SN mixing and the expected rate of fast-spinning collapses is sufficiently high that 
we will begin to place constraints on the angular momentum in stars (determin- 
ing the importance of rotation in the SN engine). Next generation detectors will 
increase the number of mass-constraints on compact objects 100-fold, providing an 
extremely accurate mass distribution of compact objects (in close binary systems). 
With these masses, we can constrain the mixing in the SN engine (see Section 3.3). 


3.7. SN Light Curves and Early- Time Emission 


We have already discussed issues with using SN light-curves. One of the primary 
difficulties in studying the engines and progenitors of SNe from the SN light-curve 
lies in the fact that most of the emission occurs long after the SN blastwave has 
broken out of the star and interactions with the surrounding medium blur the 
features (and in particular the extent of the asymmetries) in the explosion and 
its progenitor star. Observing the emission from the SN blastwave as it breaks 
out of the star provides a much more direct probe of the explosion (asymmetries) 
and progenitor (convection, radii, and mass loss).9? 9* Figure 8 shows the early 
emission from a SN as it breaks out of the photosphere of a Wolf-Rayet star. This 
emission is driven by shocks produced as the SN blastwave propagates first through 
the convective envelope, then down the transition region from stellar edge to wind 
and then through the clumpy wind. By characterizing this emission, astronomers 
will probe the properties of the star, in particular, the convection in the stellar 
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envelope (convection is a key uncertainty of massive star evolution) and stellar 
mass-loss (which alters the structure of the star and can change its final fate). This 
emission also prov ides a probe of the SN asymmetries. Ultrasat® and SIBEX96:67 
satellite missions are being developed to obtain a large number of this early-time 
SN emission. 


—— WRH,4-4.0,1.300 =- WRH,a-3.7,pp  —— WRL,a = 4.0,NC 
—— WRH,a=4.0,p-/1.3 | —-— WRH,&-4.,p.  —— WRL,a@=4.3,NC 
—— WRH,a=4.0, pc —— WRL,a=3.7,NC 
F9 
45.0 4 tm 
` 
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Fig. 8. Shock breakout emission (bolometric) from a high mass (WRH) and low mass (WRL) 
Wolf-Rayet progenitor star varying properties of the wind (with and without clumps) and the 
density slope of the transition region (p = por ?). Signal without clumps (NC) are compared to 
those with a wind clump density that varies by 30%. This emission is predominantly in the X-ray 
and UV bands. 


4. Conclusion 


In this paper, we reviewed the broad set of observations that led to, confirmed, and 
have constrained the convective-enhanced neutrino-driven SN engine paradigm. We 
have also outlined the the future observations that will place further constraints. 
For our understanding of the SN engine, the future is bright. 
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The observation of high-energy neutrinos from the cosmos: Lessons 
learned for multimessenger astronomy 
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'The IceCube neutrino telescope discovered PeV-energy neutrinos originating beyond our 
Galaxy with an energy flux that is comparable to that of GeV-energy gamma rays and 
EeV-energy cosmic rays. These neutrinos provide the only unobstructed view of the cos- 
mic accelerators that power the highest energy radiation reaching us from the universe. 
We will review the results from IceCube's first decade of operations, emphasizing the 
measurement of the diffuse multiflavored neutrino flux from the universe and the iden- 
tification of the supermassive black hole TXS 05064-056 as a source of cosmic neutrinos 
and, therefore, cosmic rays. We will speculate on the lessons learned for multimessenger 
astronomy, among them that extragalactic neutrino sources may be a relatively small 
subset of the cosmic accelerators observed in high-energy gamma rays and that these 
may be gamma-ray-obscured at the times that they emit neutrinos. 


Keywords: Neutrinos; cosmic rays; multimessenger astronomy. 


PACS numbers: 95.55.Vj; Neutrino; muon; pion; and other elementary particle detectors; 
cosmic ray detectors 


1. Neutrino Astronomy: A Brief Introduction 


The shortest wavelength radiation reaching us from the universe is not radiation 
at all; it consists of cosmic rays—protons and high-energy nuclei. Some reach us 
with extreme energies exceeding 105 TeV from a universe beyond our Galaxy that 
is obscured to gamma rays and from which only neutrinos reach us as astronomical 
messengers.! Their origin is still unknown but the identification of a supermassive 
black hole powering a cosmic-ray accelerator?? represents a breakthrough towards 
a promising path for resolving the century-old puzzle of the origin of cosmic rays: 
multimessenger astronomy. 

The rationale for searching for cosmic-ray sources by observing neutrinos is 
straightforward: in relativistic particle flows near neutron stars or black holes, some 
of the gravitational energy released in the accretion of matter is transformed into the 
acceleration of protons or heavier nuclei, which subsequently interact with ambient 
radiation or matter to produce pions and other secondary particles that decay into 
neutrinos. For instance, when protons interact with intense radiation fields near the 
source via the photoproduction processes 


ptyon+p and py — q* +n, (1) 
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both neutrinos and gamma rays are produced with roughly equal rates; while neu- 
tral pions decay into two gamma rays, n? — y+7, the charged pions decay into three 
high-energy neutrinos (v) and antineutrinos (7) via the decay chain t+ > pt + v, 
followed by u* + e+ +p, 4-v.. The fact that cosmic neutrinos are inevitably accom- 
panied by high-energy photons transforms neutrino astronomy into multimessenger 
astronomy. 

A main challenge of multimessenger astronomy is to separate these photons, 
which we will refer to as pionic photons, from photons radiated by electrons that 
are accelerated along with the cosmic ray protons. Another challenge is to identify 
the electromagnetic energy associated with the pionic photons because they do not 
reach our telescopes with their initial energy. T'hey suffer losses in interactions with 
the extragalactic background light (EBL), predominantly with microwave photons, 
via the process ^ + Yemp — €* + e7. Importantly, they may also lose energy in 
the source. As is the case when constructing a neutrino beam in a particle physics 
laboratory, neutrinos require a target that transforms the energy of the proton 
beam into neutrinos. Powerful neutrino sources within reach of IceCube's sensitivity 
require a dense target that is likely to be opaque to pionic gamma rays. Additionally 
losing energy in the source, these may reach Earth with MeV energies or below. We 
will review the accumulating indications that cosmic neutrinos originate in gamma- 
obscured sources with their associated multimessenger signals emerging below the 
detection thresholds of high-energy gamma-ray satellites and ground-based TeV 


gamma-ray telescopes.^? 


2. High-Energy Cosmic Neutrinos 


Close to the National Science Foundation's research station located at the geograph- 
ical South Pole, the IceCube project? transformed one cubic kilometer of natural 
Antarctic ice into a Cherenkov detector. 'T'he deep ice of the Antarctic glacier consti- 
tutes the detector, forming both support structure and Cherenkov medium. Below 
a depth of 1,450 meters, a cubic kilometer of glacial ice has been instrumented with 
86 cables called "strings," each of which is equipped with 60 optical sensors; see 
Fig. 1. Each digital optical module (DOM) consists of a glass sphere containing a 
photomultiplier and the electronics board that captures and digitizes the light sig- 
nals locally using an onboard computer; see Fig. 2. The digitized signals are given a 
global time stamp accurate to 2ns and are subsequently transmitted to the surface. 
Processors at the surface continuously collect the time-stamped signals from the op- 
tical modules, each of which functions independently. The digital messages are sent 
to a string processor and a global event trigger. They are sorted into the Cherenkov 
radiation patterns that are emitted by muon tracks produced by muon neutrinos 
interacting in the ice, or by secondary particle showers initiated by electron and tau 


neutrinos. These reveal the flavor, energy, and direction of the incident neutrino." 
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Fig. 1. Architecture of the IceCube observatory. 


Constructed between 2004 and 2010, IceCube has now taken 10 years of data with 
the completed detector. 

The arrival direction of a secondary muon track, or of an electromagnetic shower 
initiated by an electron or tau neutrino, is reconstructed from the arrival times of 
the Cherenkov photons at the optical sensors, while the number of photons is a 
proxy for the energy deposited by secondary particles in the detector. Although the 
detector only records the energy of the secondary muon inside the detector, from 
Standard Model physics we can infer the energy spectrum of the parent neutrino. 

Tracks resulting from muon neutrino interactions can be pointed back to their 
sources with a < 0.4° angular resolution for the highest energy events. In contrast, 
the reconstruction of cascade directions, in principle possible to within a few degrees, 
is still in the development stage in IceCube, achieving 8? resolution.*:? On the other 
hand, determining the shower energy from the observed light pool is straightforward, 
and a resolution of better than 15% can be achieved. For illustration, we contrast 


62 


Fig. 2. Digital optical module showing the down-facing 10-inch photomultiplier and the associated 
electronics that digitize the light signals. 


in Fig. 3 the Cherenkov patterns initiated by an electron (or tau) neutrino of 1 PeV 
energy (top) and a neutrino-induced muon losing 2.6 PeV energy while traversing 
the detector (bottom). 

IceCube identifies cosmic neutrinos in a large background of muons and neutri- 
nos produced by cosmic rays interacting in the atmosphere. Two principal methods 
are used to separate neutrinos of cosmic origin from the background of atmospheric 
muons and neutrinos. The first method reconstructs muon tracks reaching the de- 
tector from directions below the horizon, the second identifies neutrinos of all flavors 
that interact inside the instrumented volume of the detector; examples of events are 
shown in Fig. 3. We will describe these methods in turn. 


2.1. Muon Neutrinos Through the Earth 


Detecting particles from directions below the horizon has the immediate advantage 
of eliminating the overwhelming background of cosmic-ray muons that reach the 
detector from above. The tracks are separated from the background of atmospheric 
muons using the Earth as a filter. IceCube thus collects samples of muon neutrinos 
with high purity, typically well above 9996, at a rate of more than 100,000 per year. 
The neutrino energies cover more than six orders of magnitude, from ~ 5 GeV in the 
highly instrumented inner core, labeled DeepCore in Fig. 1, to extreme energies be- 
yond 10 PeV. IceCube thus measured the atmospheric neutrino flux over more than 
five orders of magnitude in energy with a result that is consistent with theoretical 
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Fig. 3. Top Panel: Light pool produced in IceCube by a shower initiated by an electron or tau 
neutrino of 1.14 PeV, which represents a lower limit on the energy of the neutrino that initiated 
the shower. White dots represent sensors with no signal. For the colored dots, the color indicates 
arrival time, from red (early) to purple (late) following the rainbow, and size reflects the number 
of photons detected. Bottom Panel: A muon track coming up through the Earth, traverses the 
detector at an angle of 11° below the horizon. The deposited energy, i.e., the energy equivalent of 
the total Cherenkov light of all charged secondary particles inside the detector, is 2.6 PeV. 


calculations. Muon neutrinos can be detected even when interacting outside the 
detector because of the kilometer range of the secondary muons. More importantly, 
IceCube has observed an excess of neutrino events at energies beyond 100 TeV19-?? 
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that cannot be accounted for by the atmospheric flux at the 5.60 level. A recent 
measurement of the energy flux covering 9.5 years of data was performed yielding 
a sample of 650,000 neutrinos with 99.7% purity; see Fig. 4. The excess cosmic 
neutrino flux (red) over the atmospheric background (purple) is well described by a 
power law with a spectral index of —2.37 +0.09 and a normalization at 100 TeV neu- 
trino energy of (1.367022) x 10718 GeV-!cm-?sr-!s-1.!? The residual atmospheric 
muon background is small (yellow). For more details, see Ref. 14. 
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Fig. 4. The distributions of muon tracks arriving from the Northern Hemisphere, i.e., with decli- 
nation greater than —5?, for the period 2010-18,!? are shown as a function of reconstructed zenith 
(left) and muon energy (right). The full data set consists of about 650,000 neutrino events with a 
purity of 99.796. Best fits to the low-energy atmospheric and high-energy astrophysical components 
of the neutrino flux are superimposed. Statistical errors are shown as crosses, the grey bands in 
the ratio plots show an estimate of the systematic error obtained by varying all fit-parameters 
within their uncertainties. 


'The measured arrival directions of the astrophysical muon tracks are isotropi- 
cally distributed over the sky. Surprisingly, there is no evidence for a correlation to 
nearby sources in the Galactic plane; IceCube observes a diffuse flux of extragalac- 
tic sources. Only after collecting 10 years of data!? did the first evidence emerge at 
the 3c level that the neutrino sky is not isotropic. The anisotropy results from four 
sources—T XS 0506+056 among them (more about that source later)—that emerge 
as point sources of neutrinos with a p-value of less than 0.01 (pretrial); see Fig. 5. 
'The strongest of these sources is the nearby active galaxy NGC 1068, also known 
as Messier 77, which, independently, also emerges as the most significant source in 
a list of about a hundred candidates that had been preselected by the collaboration 
as targets of interest. 
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Fig. 5. Top Panel: Upper limits on the flux from candidate point sources of neutrinos in 10 years 
of IceCube data assuming two spectral indices of the flux.!? Also shown as triangles are limits 
on a preselected list of about one hundred candidate sources. Four sources exceed the 4c level 
(pretrial) and collectively result in a 3c anisotropy of the sky map. Bottom Panel: Association 
of the hottest source in the sky map as well as in the list of preselected candidate sources with the 
active galaxy NGC 1068. 
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2.2. Neutrinos Interacting Inside the Instrumented Volume 


'The second method for separating cosmic from atmospheric neutrinos exclusively 
identifies high-energy neutrinos interacting inside the instrumented volume of the 
detector, so-called starting events. After only two years of operation, IceCube used 
this method to make the initial discovery of an extragalactic flux of cosmic neutri- 
nos! with an energy flux, E?dN/dE, in the local universe that is, surprisingly, similar 
to that in gamma rays.!® 17 Using this method, one divides the instrumented vol- 
ume of ice into an outer veto shield and a ^ 500-megaton inner fiducial volume. The 
advantage of focusing on neutrinos interacting inside the instrumented volume of ice 
is that the detector functions as a total absorption calorimeter,? allowing for a good 
energy measurement that separates cosmic from lower-energy atmospheric neutri- 
nos. In contrast to the first method, neutrinos from all directions in the sky and 
of all flavors can be identified, including both muon tracks and secondary showers 
produced by charged-current interactions of electron and tau neutrinos and neutral 
current interactions of neutrinos of all flavors. A sample event with a light pool of 
roughly one hundred thousand photoelectrons extending over more than 500 meters 
is shown in the top panel of Fig. 3. 

The starting event samples revealed the first evidence for neutrinos of cosmic 
origin. 18 Events with PeV energies and with no trace of coincident muons that 
reveal either the decay products of a parent meson or an accompanying atmospheric 
shower are highly unlikely to be of atmospheric origin. The present seven-year data 
set contains a total of 60 neutrino events with deposited energies ranging from 
60 TeV to 10 PeV that are likely to be of cosmic origin. The deposited energy and 
zenith dependence of the high-energy starting events!?:1? is compared to the atmo- 
spheric background in Fig. 6. A purely atmospheric explanation of the observation 
is excluded at 8c. 

The flux of cosmic neutrinos has by now also been characterized with a range of 
other methods. Their results agree, pointing at extragalactic sources whose flux has 
equilibrated in the three neutrino flavors after propagation over cosmic distances,7! 
with ve : v, : Vr ~ 1:1: 1. Fig. 7 shows the measurement of the cosmic neutrino flux 
of a recent analysis that specializes to showers only. These have been isolated from 
the atmospheric background down to energies below 10 TeV.?? The energy spectrum 
of E-?? agrees with the measurement using upgoing muons with a spectral index of 
E? above an energy of ~ 100 TeV.!? In general, analyses reaching lower energies 
exhibit larger spectral indices with the updated 7.5 years starting-event sample,!? 
yielding a spectral index value of —2.87 + 0.2 for the 68.3% confidence interval. 


2.3. Cosmic Tau Neutrinos 


We should comment at this point that there is yet another method to conclusively 
identify neutrinos that are of cosmic origin: the observation of high-energy tau 
neutrinos. Tau neutrinos are produced in the atmosphere by the oscillations of muon 
neutrinos into tau neutrinos, but only for neutrino energies well below 100 GeV. 
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Fig. 6. Left Panel: Deposited energies, by neutrinos interacting inside IceCube, observed in six 
years of data.!? The grey region shows uncertainties on the sum of all backgrounds. The atmo- 
spheric muon flux (blue) and its uncertainty is computed from simulation to overcome statistical 
limitations in our background measurement and scaled to match the total measured background 
rate. The atmospheric neutrino flux is derived from previous measurements of both the 7, K, and 
charm components of the atmospheric spectrum.?? Also shown are two fits to the spectrum, as- 
suming a simple power-law (solid gray) and a broken power-law (dashed gray). Right Panel: The 
same data and models, but now showing the distribution of events with deposited energy above 
60 TeV in declination. At the South Pole, the declination angle ô is equivalent to the distribution 
in zenith angle 0 related by the identity, 6 = 0 — 7/2. It is clearly visible that the data is flat in 
the Southern Hemisphere, as expected from the contribution of an isotropic astrophysical flux. 


Above that energy a tau neutrino must be of cosmic origin, produced in cosmic 
accelerators with a neutrino flux with a tau fraction of approximately one third. 
Tau neutrinos produce two spatially separated showers in the detector, one from 
the interaction of the tau neutrino and the second from the decay of the secondary 
tau produced.?? The mean decay length of the tau lepton is A; = (E;/m)cr ~ 
50 m x (E,/PeV), where m, T, and E, are the mass, lifetime, and energy of the 
tau, respectively. Two such candidate events have been identified.?^ An event with 
a decay length of 17 m and a probability of 98% of being produced by a tau neutrino 
is shown in Fig. 8. The energies of the two showers are 9 TeV and 80 TeV. 

Yet another independent confirmation of the observation of neutrinos of cosmic 
origin appeared in the form of the Glashow resonance event shown in Fig. 9. The 
event was identified in a dedicated search for partially contained showers of very 
high energy.?? The reconstructed energy of the shower is 6.3 PeV, which matches 
the laboratory energy for the production of a weak intermediate W ^ in the resonant 
interaction of an electron antineutrino with an atomic electron: De +e => W- — 
q+ q. Given its high energy, the initial neutrino is cosmic in origin; it represents an 
independent discovery of cosmic neutrinos at the level of 5c. Assuming the Standard 
Model cross section, we expect 1.55 events in the data sample searched, assuming 
an antineutrino:neutrino ratio of 1:1 characteristic of a cosmic source producing 
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Fig. 7. The flux of cosmic muon neutrinos!? inferred from the eight-year upgoing-muon track 
analysis (red solid line) with 1e uncertainty range (shaded range; from fit shown in upper-right 
inset) is compared with the flux of showers initiated by electron and tau neutrinos.?? The mea- 
surements are consistent assuming that each neutrino flavor contributes an identical flux to the 
diffuse spectrum. 


an equal number of pions of all three electric charges. Taking into account the 
detector's energy resolution, the probability that the event is produced off resonance 
by deep inelastic scattering is only 0.01, assuming a spectrum with a spectral index 
of y = —2.5. Furthermore, the presence of both muons and an electromagnetic 
shower is consistent with the hadronic decay of a W^ produced on the Glashow 
resonance.?? 

'The observation of a Glashow resonance event indicates the presence of electron 
antineutrinos in the cosmic neutrino flux. Its unique signature provides a method to 
disentangle neutrinos from antineutrinos; their ratio distinguishes accelerators that 
produce neutrinos via pp and py interactions and is also sensitive to their magnetic 
field.?° 

Finally, data from the ANTARES experiment are consistent with the observation 
of a flux of cosmic origin although with limited statistical significance.?6 


3. Multimessenger Astronomy 


The most important message emerging from the IceCube measurements may not 
be apparent yet: the prominent role of neutrinos relative to photons in the extreme 
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Fig. 8. Event view of a tau neutrino.24 The Cherenkov photons associated with the production 
and subsequent decay of the tau neutrino are identified by the double-peaked photon count as a 
function of time for the bright DOMs, for instance, the one shown in the top-right corner. The 
best fit (solid line) corresponds to a 17 m decay length and is far superior to fits assuming a single 
electromagnetic or hadronic shower (dashed lines). 


universe. Photons are inevitably produced in association with neutrinos when ac- 
celerated cosmic rays produce both neutral and charged pions in interactions with 
target material in the vicinity of the accelerator. While neutral pions decay into 
two gamma rays, 7° + y+, the charged pions decay into three high-energy neu- 
trinos (v) and antineutrinos (7) via the decay chain m+ — pt + v, followed by 
put — et +D, + Ve and the charged-conjugate process. On average, the four final 
state leptons equally share the energy of the charged pion. With these approxima- 
tions, gamma rays and neutrinos carry on average 1/2 and 1/4 of the energy of the 
parent pion. 

Modeling of gamma ray observations generally indicated that the flux in pionic 
photons would be relatively small compared to a dominant flux of photons radiated 
by electrons in electromagnetic processes, synchrotron radiation, and inverse Comp- 
ton scattering. These were generally assumed to dominate the energy production 
of sources in the Galaxy and beyond. IceCube observations show that this is not 
the case. To illustrate this point, we show in Fig. 10 the energy fluxes, E?dN/dE, 
of neutrinos and gamma rays in the universe. Clearly, the energy flux of cosmic 
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Fig. 9. Particle shower created by the Glashow resonance.?? Its energy is reconstructed at the 
resonant energy for the production of a weak intermediate boson W7 in the interaction of an 
antielectron neutrino with an atomic electron in the ice. The properties of the secondary muons 
produced in the particle shower are consistent with the hadronic decay of a W~ boson. 


neutrinos is comparable to the one for the highest energy gamma rays observed 
by the NASA Fermi satellite.!9 This already indicates a more prominent role of 
hadronic processes than routinely anticipated. We will look at this match of the 
neutrino and gamma-ray energies in more detail. 

The neutrino production rate Q,, (with typical units GeV !s-! and with the 
subscript o labeling the neutrino flavor) can be related to the one for charged pions 
Q by 


5 E,Qy, (E) S 3 [ErQr= (Ex)]g, AE, , (2) 
while, similarly, the production rate of pionic gamma rays is related to the one for 


neutral pions by 


EQ (Ey) ~2 [E Qo (Ex)|g, a5, 2 (3) 


Pion production in the interactions of cosmic rays with photon fields proceeds 
resonantly via the processes p + y + At — «4? +p and p - y > At > nt m. 
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Fig. 10. A calculation illustrating that the photon flux that accompanies the neutrino flux (thick 
black line) measured by IceCube matches the gamma-ray flux (thick red line) observed by Fermi. 
We assume a E? energy spectrum, star-formation redshift evolution and, importantly, gamma- 
ray transparent sources, i.e., pionic photons lose energy in the EBL but not in their sources. 
The black data points are early IceCube measurements.?” 28 The result suggests that the decay 
products of neutral and charged pions from pp interactions may be significant components of 
the nonthermal radiation in the extreme universe.?? (Introducing the cutoff on the high-energy 
flux, shown in the figure, does not affect the result.) The calculation is compared to an identical 
calculation adopting a spectral shape characteristic for the production of cosmic neutrinos on 
a gamma-ray target in the source (thin lines). While the pionic gamma-ray energy flux is now 
suppressed relative to the Fermi observations, the neutrino energy spectrum underestimates the 
IceCube observations and the conclusion that the sources are likely obscured is recovered after 
correct normalization to the most up to date measurements.?9 


These channels produce charged and neutral pions with probabilities 2/3 and 1/3, 
respectively. However, the additional contribution of nonresonant pion production 
changes this ratio to approximately 1/2 and 1/2. In contrast, cosmic rays interacting 
with matter produce equal numbers of pions of all three charges: p +p — n4 [T° + 
+ 4 q7]+ X, where n, is the pion multiplicity. We thus obtain a charge ratio 
Ky = Na+ /N_o c2 and 1 for pp and py interactions, respectively. 
Eqs. 2 and 3 can now be combined to obtain a direct relation between the 
gamma-ray and neutrino production rates: 


32: 59 (Ey) = A" [B2Q,(E TE (4) 
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where the factor 1/4 accounts for the fact that two gamma rays are produced 
in the neutral pion decay with twice the energy of the accompanying neutrino, 
(Ej) / (E^) = 1/2. Note that the relative production rate of gamma rays and neu- 
trinos only depends on the ratio of charged-to-neutral pions produced without any 
reference to the cosmic-ray beam that initiates their production in the target. This 
powerful relation follows from the fact that pion production conserves isospin and 
nothing else. 

Before applying this relation to data, one must recall that the universe is trans- 
parent to extragalactic neutrinos but not to the accompanying gamma rays. These 
will interact with microwave photons and other components of the extragalactic 
background light (EBL) to initiate an electromagnetic cascade that reaches Earth 
in the form of multiple photons of lower energy. The electromagnetic shower subdi- 
vides the initial PeV photon energy into multiple photons with GeV to TeV energies 
by the time it reaches Earth.??:?! If the source itself is opaque to gamma rays, the 
high-energy gamma rays will lose energy even before reaching the EBL to possibly 
emerge at Earth below the threshold of Fermi, at MeV energies and below. 

In order to underscore the power of the multimessenger connection between 
photons and neutrinos, we first calculate the gamma-ray flux accompanying the 
diffuse cosmic neutrino flux observed by IceCube, which we describe by a power law 
with spectral index of —2.15, consistent with the neutrino data above an energy of 
100 TeV. The result is shown in Fig. 10 assuming gamma-ray transparent sources 
and equal multiplicities of all three pion charges, i.e., K, = 2. The cascaded gamma- 
ray energy flux resulting from the pionic photons accompanying the neutrino flux 
matches the energy flux of extragalactic gamma rays measured by Fermi. 

Clearly, in this illustration, the slope and overall normalization of the neutrino 
spectrum have been adjusted to not exceed the isotropic extragalactic gamma-ray 
background observed by the Fermi satellite. We conclude that the high-energy cos- 
mic neutrino flux above 100 TeV shown in Fig. 10 saturates the Fermi measurement 
for the highest photon energies; higher normalization and larger spectral index of 
the neutrino flux will result in a gamma-ray flux that exceeds the Fermi observa- 
tions. Fitting the IceCube data with a E-?? spectral index, closer to the present 
observations, results in larger neutrino energy fluxes at energies below 100 TeV for 
both neutrinos and their accompanying photons. After cascading in the EBL, the 
latter exceeds the Fermi observations. There is no conflict here; in this case, we con- 
clude that the assumption that the sources themselves are transparent to photons is 
untenable. The resolution is as mentioned above, that the photons lose energy in the 
source even before entering the EBL and, as a result, reach Earth with energies that 
are below the detection threshold of the Fermi satellite, at MeV energy or below. 

Alternatively, the target for producing the neutrinos may be photons. This 
changes the value of K, and, more importantly, the shape of the energy spectrum; 
for a detailed discussion, see, for instance, Ref. 32. Yielding an energy spectrum that 
peaks near PeV energies, as shown in Fig. 10, the contribution to the Fermi flux is 
suppressed at lower energies relative to the power law assumed in Fig. 10. However, 


73 


as was the case for pp interactions, fits that do not exceed the Fermi data tend not 
to accommodate the cosmic neutrino spectrum below 100 TeV. This is illustrated in 
Fig. 10 where we obtain a neutrino spectrum well below the Fermi observations at 
the price of not fitting the overall normalization of the neutrino data. If sources of 
the TeV-PeV neutrinos are transparent to gamma rays with respect to two-photon 
annihilation, tensions with the isotropic diffuse gamma-ray background measured 
by Fermi seem unavoidable, independently of the production mechanism.?? 

'The conclusion is inescapable that the energy fluxes of neutrinos and gamma 
rays in the extreme universe are qualitatively the same. Furthermore, the IceCube 
observations point at contributions to the diffuse flux from gamma-obscured sources. 

We therefore anticipate that multimessenger studies of gamma-ray and neu- 
trino data will be a powerful tool to identify and study the cosmic ray accelerators 
that produce cosmic neutrinos. Accordingly, IceCube has developed methods, most 
promising among them the real-time multiwavelength observations with astronomi- 
cal telescopes, to identify the sources and build on the discovery of cosmic neutrinos 
to launch a new era in astronomy.??:?4 

An important lesson for multiwavelength astronomy is that strong high-energy 
gamma-ray emitters may not be the best candidate neutrino sources. For instance, 
IceCube does not observe neutrinos from gamma-ray bursts, but this result covers 
a sample of bursts that are strong gamma-ray emitters.?? A handful of bursts have 
been identified that are obscured in gamma rays and may instead provide the key 
to detecting a neutrino signal. The strongest sources in the 10-year IceCube sky 
map, the galaxies NGC 1068 and TXS 0506+056, are gamma-ray-obscured sources 
at least at the time that they emitted neutrinos. We will discuss this next. 

Interestingly, the common energy density of photons and neutrinos is also com- 
parable to that of the ultra-high-energy extragalactic cosmic rays.?9 


4. Identifying Neutrino Sources: The Supermassive Black Hole 
TXS 0506+056 


Phenomenological studies?^?? and recent data analyses?? ^! have converged on the 


fact that Fermi’s extragalactic gamma-ray flux shown in Fig. 10 is dominated by 
blazars, AGN with jets pointing at Earth. It is tempting to conclude, based on the 
matching energy fluxes of photons and neutrinos discussed in the previous section, 
that the unidentified neutrino sources contributing to the diffuse neutrino flux have 
already been observed as strong gamma-ray emitters. This is not the case. A ded- 
icated IceCube study*? 
Fermi blazars shows no evidence of neutrino emission from these sources. The limit 


correlating the arrival directions of cosmic neutrinos with 


leaves room for a contribution of Fermi blazars to the diffuse cosmic neutrino flux 
below the 10% level. Surprisingly, the multimessenger campaign launched by the 
neutrino alert IC-170922A? identified the first source of cosmic neutrinos as a Fermi 
“blazar.” We will discuss how the multiwavelength data shed light on the apparent 
contradiction. 
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Since 2016, the IceCube multimessenger program has grown from issuing Galac- 
tic supernova alerts? and matching neutrinos with early LIGO/Virgo gravitational 
wave candidates to a steadily expanding set of automatic filters that select in real 
time rare, very high energy neutrino events that are likely to be cosmic in origin.^* 
Within less than one minute of stopping in the instrumented Antarctic ice, the 
arrival directions of the neutrinos are reconstructed and automatically sent to the 


Gamma-ray Coordinate Network for potential follow-up by astronomical telescopes. 


4.1. Observation of a Cosmic Neutrino Source: TXS 0506+056 


On September 22, 2017, the tenth such alert, IceCube-170922A,*° reported a well- 
reconstructed muon that deposited 180 TeV inside the detector, corresponding to 
a most probable energy of the parent neutrino of 290 TeV. Its arrival direction was 
aligned with the coordinates of a known Fermi blazar, TXS 05064-056, to within 
0.06°. The source was “flaring” with a gamma-ray flux that had increased by a 
factor of seven in recent months. A variety of estimates converged on a probability 
on the order of 1073 that the coincidence was accidental. The identification of 
the neutrino with the source reached the level of evidence, but not more. What 
clinched the association was a series of subsequent observations, culminating with 
the optical observation of the source switching from an “off” to an “on” state two 
hours after the emission of IC-170922A, conclusively associating the neutrino with 
TXS 0506+056.4° The sequence of observations can be summarized as follows: 


e The redshift of the host galaxy, a known blazar, was measured to be 
z œ 0.34.^" It is important to realize that nearby blazars like the Markar- 
ian sources are at a distance that is ten times closer, and therefore TXS 
0506+056, with a similar flux despite the greater distance, is one of the 
most luminous sources in the universe. This suggests that it belongs to a 
special class of sources that accelerate proton beams in dense environments, 
revealed by the neutrino. That the source is special eliminates any conflict 
between its observation and the lack of correlation between the arrival direc- 
tions of IceCube neutrinos and the bulk of the blazars observed by Fermi.*? 
Such limits implicitly assume that all sources in an astronomical category 
are identical, and this is a strong, unstated assumption as underscored by 
this observation. 

e Originally detected by NASA's Swift^? and Fermi?? satellites, the alert was 
followed up by ground-based air Cherenkov telescopes.? MAGIC detected 
the emission of gamma rays with energies exceeding 100 GeV starting sev- 
eral days after the observation of the neutrino.?! Given its distance, this 
establishes the source as a relatively rare TeV blazar. 

e Informed where to look, IceCube searched its archival neutrino data up 
to and including October 2017 for evidence of neutrino emission at the 
location of TXS 0506--056.? When searching the sky for point sources of 
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neutrinos, two analyses have been routinely performed: one that searches for 
steady emission of neutrinos and one that searches for flares over a variety 
of timescales. Evidence was found for 19 high-energy neutrino events on a 
background of fewer than 6 in a burst lasting 110 days. This burst dominates 
the integrated flux from the source over the last 9.5 years of archival IceCube 
data, leaving the 2017 flare as a second subdominant feature. We note that 
this analysis applied a published prescription to data; the chance that this 
observation is a fluctuation is small. 

e Radio interferometric images??:5? of the source revealed a jet that loses its 
tight collimation beyond 5 milliarcseconds running into material or intense 
radiation fields that are likely to be the target for producing the neutrinos. 
The nature of the target is still a matter of debate. Speculations include the 
merger with another galaxy that may supply plenty of material to interact 
with the jet of the dominant galaxy. Alternatively, the jet may interact 
with the dense molecular clouds of a star-forming region or simply with 
supermassive stars in the central region of the host galaxy.???? Also, in a 
so-called structured jet, the accelerated protons may catch up and collide 
with a slower moving and denser region of jetted photons. Additionally, the 
VLBA data reveal that the neutrino burst occurs at the peak of enhanced 
radio emission at 15 GHz, which started five years ago; see Fig. 11. The 
radio flare may be a signature of a galaxy merger; correlations of radio 
bursts with the process of merging supermassive black holes have been 
anticipated.>4 

e The MASTER robotic optical telescope network has been monitoring the 
source since 2005 and detected its strongest time variation in the last 15 
years to occur two hours after the emission of IC170922, with a second 
variation following the 2014-15 burst.4° The blazar switches from the “off” 
to the “on” state two hours after the emission of the neutrino. After an 
episode of monitoring the uniformity of their observations of the source in 
the first quarter of 2020, they argue that the time variation detected on 
September 22, 2017 conclusively associates the source with the neutrino.*® 


Additionally, it is important to note the fact that the high-energy photon and 
neutrino spectra covering the 2014 burst are consistent with a hard E~? spectrum, 
which is expected for a cosmic accelerator. In fact, the gamma-ray spectrum shows 
a hint of flattening beyond E-? during the 110-day period of the 2014 burst.??:56 

In summary, both the multiwavelength campaign? and the observation of an 
earlier burst of the same source in archival neutrino data provide statistically in- 
dependent? evidence for the association of neutrinos with TXS 05064-056 at the 3 
and 3.70 level, respectively. The significances contributed by the optical and TeV 
associations on timescales of hours and days are not taken into account, and it is not 
straightforward to do so because of their a posteriori nature. We conclude, however, 
that the association of neutrinos with the source summarized above is compelling. 
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Fig. 11. TXS 0506+056 radio light curve from Owen Valley Radio Observatory (OVRO) at 15 
GHz (red). The dashed line illustrates the pattern of the radio flux density. The 2014/15 110-day 
neutrino flare (yellow band) and the IceCube-170922A episodes are shown. 


Other IceCube alerts have triggered intriguing observations. Following up on a 
July 31, 2016, neutrino alert, the AGILE collaboration, which operates an orbiting 
X-ray and gamma-ray telescope, reported a day-long blazar flare in the direction 
of the neutrino one day before the neutrino detection.?" A tentative but very in- 
triguing association of an IceCube alert?? has been made with a tidal disruption 
event, an anticipated source of high-energy neutrino emission. Even before IceCube 
issued automatic alerts, in April 2016, the TANAMI collaboration argued for the 
association of the highest energy IceCube event at the time, dubbed “Big Bird,” 
with the flaring blazar PKS B1424-418.?? Interestingly, the event was produced at a 
minimum of the Fermi flux,? indicating a gamma-ray-obscured source. AMANDA, 
IceCube’s predecessor, observed? three neutrinos in coincidence with a rare flare 
of the blazar 1ES 1959+650 detected by the Whipple telescope in 2002.9! However, 
none of these identifications reach the significance of the observations triggered by 
IC-170922A. 


4.2. The Blueprint of the TXS 0506+056 Beam Dump? 


Blazars are accelerators with their jets pointing at Earth. The gamma-ray com- 
munity has developed a routine procedure for modeling their spectrum with two 
components: a lower energy component produced by synchrotron radiation by the 
electron beam and a high-energy component resulting from the inverse Compton 
scattering of (possibly the same) photons by accelerated electrons; for a recent dis- 
cussion, see Ref. 62. Such a source cannot accommodate the TXS observations for 
two reasons: an electron beam does not produce pions that decay into neutrinos, 
and, even with the presence of protons in the beam, a target is required to produce 
the parent pions. It is also evident that a source that emits high-energy gamma 
rays is transparent to yy absorption and unlikely to host the target material to 
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produce neutrinos. The opacity for yy interactions to absorb photons is typically 
two orders of magnitude larger than the one for py interactions to produce pions 
and neutrinos.9? 

With the opacity to photons about two orders of magnitude larger, the target 
producing the neutrinos is unlikely to be transparent to TeV photons, only to pho- 
tons with tens of GeV energy, and that is indeed what is observed by Fermi at the 
time of the 2014 flare. There is also evidence that, temporarily, TXS 0506--056 was 
a gamma-ray-obscured source at the time the IC-170922A neutrino was emitted. 
'The optical observations show a dramatic transition of the blazar from the *off" 
to the “on” state two hours after the emission of the neutrino, resulting addition- 
ally in the doubling of its total optical luminosity.4° Also at the time of IC-170922 
the ground-based atmospheric gamma-ray telescopes observed rapid variations in 
the flux around the time of the neutrino emission,? with the gamma-ray emission 
observed by MAGIC only emerging after several days.?! 

A more direct indication that strong neutrino emitters are gamma-ray-obscured 
is indicated by a more recent alert, IC-190730A, sent by IceCube on July 30, 2019. A 
well-reconstructed 300-TeV muon neutrino was observed in spatial coincidence with 
the blazar PKS 1502--106.9^ With a reconstructed energy just exceeding that of IC- 
1709224, it is the highest energy neutrino alert so far. OVRO radio observationsÓ? 
show that the neutrino is coincident with the peak flux density of a flare at 15 
GHz that started five years prior,99 matching the similar long-term radio outburst 
of TXS 0506+056 at the time of IC-170922A; see Fig. 11. Even more intriguing 
is the fact that the gamma-ray flux observed by Fermi shows a clear minimum 
at the time that the neutrino is emitted; see Fig. 12. We infer that at this time 
the jet meets the target that produces the neutrino. Inevitably, the accompanying 
high-energy gamma rays will be absorbed and the bulk of their electromagnetic 
energy will cascade down to energies below the Fermi threshold, i.e., MeV or below. 
Accumulating evidence indicates that cosmic neutrinos are produced by temporarily 
gamma-suppressed blazars or some other category of AGN. 

'The coincidence of the two highest energy alerts to date with extended periods 
of radio emission has led to the speculation that all" or at least some,®® 
neutrinos originate in radio-bright galaxies. The significance of the correlation and 
its physical origin, if any,9? are debated. 

We suggest that neutrino sources are special, with properties unlikely to match 


cosmic 


any astronomical classification; astronomical observations catalog accelerators, not 
neutrino sources. If the neutrino flux observed from T'XS 05064-056 over the last 
decade were typical of all blazars, these would overproduce the total diffuse flux 
observed by IceCube by well over an order of magnitude.9? The diffuse neutrino 
flux limits the density of such sources in the universe to ~ 5 x 107 !? per Mpc’, 
i.e., about 5% of all blazars, and more likely an even smaller fraction of all AGN.* 
Attempts by IceCube and others to find a correlation between the directions of 
high-energy neutrinos and all Fermi blazars must inevitably be unsuccessful, as 
was the case in Ref. 42. 
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Fig. 12. Temporal variation of the y-ray and radio brightness of PKS 1502+106.° Top Panel: 
Fermi-LAT likelihood light curve integrated between 100 MeV and 300 GeV (marked by black dots 
with error bars). Bottom Panel: OVRO flux density curve of PKS 1502+106 plotted with light 
blue dots, which is superimposed by the radio flux density curve binned to the Fermi-LAT light 
curve (marked with dark blue squares). The detection time of the neutrino IC-190730A is labeled 
by a vertical purple line. 


The nature of this special class of sources has not been settled. One straightfor- 
ward explanation could be that a subclass of AGN, selected by redshift evolution, 
are powerful proton accelerators producing neutrinos in the past and no longer 
active today. This assumption accommodates the relatively large redshift of TXS 
0506--056, which would be the closest among a set of sources that only accelerated 
cosmic rays at early redshifts."? 

Alternatively, in merging galaxies there is plenty of material for accelerated cos- 
mic rays to interact with the jet of the dominant galaxy. Merger activity in active 
galaxies in not uncommon. The fresh material provides optically thick environments 
and allows for rapid variation of the Lorentz factors. A cursory review of the lit- 
erature on the production of neutrinos in galaxy mergers is sufficient to conclude 
that they can indeed accommodate the observations of both the individual sources 
discussed above and the total flux of cosmic neutrinos. L7? Besides mergers, some 
form of structured jet where the accelerated protons collide with a slower moving 
and denser region of jetted photons is a possibility. The jet could also interact with 
dense molecular clouds of a star-forming region or simply with supermassive stars 
in the central region of the host galaxy.5® 53 

The observation that the energy flux in neutrinos and very high energy cos- 
mic rays are similar supports the fact that cosmic rays must be highly efficient at 
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producing neutrinos, requiring a large target density that renders them opaque to 
high-energy gamma rays. A consistent picture emerges with the source opacity Tp, 
exceeding a value of 0.8,*°° resulting in a gamma-ray cascade where photons lose 
energy in the source before cascading to yet lower energies in the extragalactic back- 
ground light. Some of their energy emerges below the Fermi threshold by the time 
they reach Earth. This is consistent with the discussion in the previous section that 
the multimessenger relation between neutrinos and gamma rays points at obscured 
sources. 

We previously mentioned the evidence emerging from 10 years of IceCube 
data that the arrival directions of cosmic neutrinos are no longer isotropic.“ The 
anisotropy results from four sources—TXS 0506+056 among them—that show evi- 
dence for clustering above the 4c level (pretrial). The strongest of these sources is 
the nearby active galaxy NGC 1068. There is evidence for shocks near the core and 
for molecular clouds with column density reaching ~ 107? cm7?.”° Similar to TSX 
0506--056, a merger onto the black hole is observed—either with a satellite galaxy 


76 accounting for the molecular clouds. 


or, more likely, with a star-forming region 
'This major accretion event may be the origin of the increased neutrino emission. 
Although it is obviously challenging to provide a final conclusion on the origin 
of neutrinos and cosmic rays, we should not lose sight of the fact that high-energy 
neutrino astronomy exists and that IceCube has demonstrated it has the tools to 
reveal the extreme universe with more data, or, more realistically, with a larger 


detector. 


5. From Discovery to Astronomy: Larger Telescopes with Better 
Angular Resolution 


Neutrino astronomy has reached a stage that reminds us of the time when Trevor 
Weekes's 11-meter ground-based Cherenkov telescope had established one convinc- 
ing TeV source: the Crab. Even today we do not know how the Crab produces 
gamma rays that track the pulsations of the pulsar at TeV energy. We have to take 
the lead on TeV astronomy: building more and better telescopes. 

Following the pioneering work of DUMAND,” several neutrino telescope 
projects were initiated in the Mediterranean Sea and in Lake Baikal in the 
1990s.78-81 In 2008, the construction of the ANTARES detector off the coast of 
France was completed. It demonstrated the feasibility of neutrino detection in the 
deep sea and has provided a wealth of technical experience and design solutions 
for deep-sea components. An international collaboration has started construction of 
a multi-cubic-kilometer neutrino telescope in the Mediterranean Sea, KM3NeT.?? 
KM3NeT in its second phase?? will consist of two units for astrophysical neutrino 
observations, each consisting of 115 strings carrying more than 2,000 optical mod- 
ules. Since April 2021, six are operational and taking data.9? 

A parallel effort is underway in Lake Baikal with the construction of the deep 
underwater neutrino telescope Baikal-GVD (Gigaton Volume Detector).5^ The first 
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GVD cluster was upgraded in the spring of 2016 to its final size: 288 optical modules, 
a geometry of 120 meters in diameter and 525 meters high, and an instrumented 
volume of 6 Mton. Each of the eight strings consists of three sections with 12 optical 
modules. At this time, 7 of the 14 clusters have been deployed, reaching a sensitivity 
close to the diffuse cosmic neutrino flux observed by IceCube. 

IceCube itself is deploying seven new strings at the bottom of the detector array 
that have been designed as an incremental extension of the DeepCore detector and 
as a test bed for the technologies of a next-generation detector. The new instru- 
mentation will dramatically boost IceCube's performance at the lowest energies, 
increasing the samples of atmospheric neutrinos by a factor of ten. New calibration 
devices will advance our understanding of the response of the light sensors in both 
current and new strings, resulting in improved reconstructions of cascade events, 
better identification of tau neutrinos, and an enhanced pointing resolution of muon 
neutrinos that could approach the 0.1 degree level for the highest energy events of 
cosmic origin. The improved calibration of the existing sensors will also enable a 
reanalysis of more than ten years of archival data and significantly increase the dis- 
covery potential for neutrino sources before the construction of a second-generation 
instrument. 

Further progress requires a larger instrument. Therefore, as a next step, IceCube 
proposes to instrument 10km? of glacial ice at the South Pole, capitalizing on 
the large absorption length of light in ice to thereby increase IceCube's sensitive 
volume by an order of magnitude.®° This large gain is made possible by the unique 
optical properties of the Antarctic glacier revealed by the construction of IceCube. 
Exploiting the extremely long photon absorption lengths in the deep Antarctic ice, 
the spacing between strings of light sensors will be increased from 125 to close to 
250 meters without significant loss of performance of the instrument at TeV energies 
and above. The instrumented volume can therefore grow by one order of magnitude 
while keeping the instrumentation and its budget at the level of the current IceCube 
detector. The new facility will increase the rates of cosmic events from hundreds to 
thousands over several years. The superior angular resolution of the longer muon 
tracks will allow for the discovery of cosmic neutrino sources, currently seen at the 
~ 30 level in the 10-year sky map; see Fig. 5. 
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Dark matter, an invisible substance which constitutes 8596 of the matter in the observable 
universe, is one of the greatest puzzles in physics and astronomy today. Dark matter 
can be made of a new type of fundamental particle, not yet observed due to its feeble 
interactions with visible matter. In this talk, we present the first results of PandaX- 
4T, a 4-ton-scale liquid xenon dark matter observatory, searching for these dark matter 
particles from deep underground. We will briefly summarize the performance of PandaX- 
4T, introduces details in the data analysis, and present the latest search results on dark 
matter-nucleon interactions. 
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1. Introduction 


The detection of the weakly-interacting-massive-particles (WIMPs) has been out- 
lined by Goodman and Witten in 1985.! Yet, in the direct detection of dark mat- 
ter, we have not seen convincing signals. At the large mass region (approximately 
100 GeV/c? and above), the front runners are xenon-based experiments.?^ The 
sensitivities of these experiments, roughly speaking, correspond to a few events per 


tonne per year. 
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All of these xenon experiments are based on a tank of liquid xenon cooled 
at negative one hundred degrees. The detector is the so-called Time Projection 
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Chamber (TPC), capable of measuring both the energy deposition and its location, 
utilizing the detection of prompt scintillation photons (S1) and delayed electro- 
luminescence signals due to ionized electrons ($2). See Fig. 1. The interaction of 
dark matter and xenon nucleus produces nuclear recoils (NR), and the background 
gamma rays produce electron recoils (ER). The ratio of S1 and $2 is a natural 
discriminant for ER background. 

The three dark matter experiments with xenon TPC are LUX-ZEPLIN (L2), 
XENONnT and PandaX-4T. LZ is located at the 4850 feet level of the Sanford 
Underground Research Facility in Lead, SD, containing seven active tonnes of liquid 
xenon. At the Laboratori Nazionali del Gran Sasso (LNGS) of INFN in Italy, the 
XENONnT detector is an upgrade to XENONIT, with an active mass of six tonnes. 
Both LZ and XENONnT are under active preparation. The experiment I am going 
to focus here, PandaX-4T, with 3.7 tonnes of active mass, is located in China Jinping 
Underground Laboratory (CJPL), southwest of China, 2400 meters underneath a 
rock mountain. 

CJPL is the deepest underground laboratory in the world. CJPL-I has a small 
space and only holds two experiments, PandaX and CDEX (China Dark matter 
Experiment), to detect dark matter with different methods. CJPL-II has a much 
expanded lab space, with eight experimental halls, each with a dimension of 65 m 
long and 14x14 m? cross section. Currently, there are three experimental halls in 
occupation, PandaX, CDEX and JUNA (Jingping Underground lab for Nuclear 
Astrophysics). 


2. The PandaX Experiment 


'The PandaX collaboration is formed in 2009. Up to now, we have undergone two 
completed phases. The first phase, PandaX-I, had 120 kg of xenon target. The sec- 
ond, PandaX-II, has 580 kg of xenon target. In particularly, PandaX-II has produced 
several leading results on the direct detection of dark matter. Since the August of 
2019, the new generation of the experiment, PandaX-4T, was officially moved into 
CJPL-II. 


2.1. Results of Panda X-II 


In 2019, we finished the full exposure of 130 ton-day of PandaX-II. As shown in 
Fig. 2(a), the data set was increased by a factor of 2.5 in sensitivity for WIMPs,? 
in comparison with the results in 2017.5 But the upper limit is worsened due to 
background fluctuation. For ER signals, we are looking directly for the solar axion 
signal and the anonymous neutrino magnetic moment from the solar neutrinos. In 
light of the recent XENONIT excess, in this region, the data are contaminated by 
the tritium background, with limited sensitivity to confirm or refute XENONIT 
(Fig. 2(b)).9 Fig. 2(c) gives a new search using an extremely low threshold data by 
giving up $1 and only taking S2. This pushes the energy threshold down to 80 eV. 
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Fig. 2. (a) The 9096 confidence level upper limits vs. WIMP mass for the spin-independent 
WIMP-nucleon elastic scattering cross sections from the full exposure data of PandaX-II, overlaid 
with that from PandaX-II 2017, LUX 2017, and XENONIT 2018;? (b) A search of solar axion- 
electron coupling constant g Ae in PandaX-II, in comparison with other experiments; (c) 90% C.L. 
upper limits (solid: the constant model, dashed: NEST 2.0) on WIMP-electron scattering cross 
section from PandaX-II data for a point-like interaction." 


Therefore, we can look for the direct scatterings of WIMPs and electrons. Because 
of the low threshold, we have the best sensitivity around 25 MeV/c? in WIMP mass 
for a point-like interaction, which was unexplored previously." 


2.2. Overview of PandaX-4T 


For the newly deployed PandaX-4T experiment, a 900 m? water tank is acting as the 
shielding of the central detector. The detector resides in a platform at the middle 
of this tank. At the center of the detector, there is a TPC with a 1.2 m height 
and 1.2 m diameter, holding 3.7 tonnes liquid xenon. On the top and bottom, it is 
covered by roughly 400 channels of 3-in PMTs. 

The preparation of PandaX-4T started in April, 2018, after the permission from 
the CJPL management. The installation of the entire apparatus was completed on 
May, 2020. The commissioning run extended from Nov. 28, 2020 to Apr. 16, 2021, 
of which the data will be reported here. 

Most of our instrumentation severing the detector is located in a 10000-class 
clean room. All the TPC assemblies were carried out in a 1000-class clean room. 
To avoid the contamination of radon, the air going into the 1000-class clean room 
were purified by a radon removal system. 


3. Performance of PandaX-4T Commissioning 
3.1. Cryogenics 


'The cryogenics is very stable during the commissioning. In fact, the heat load of 
the system is only 50 W, much smaller than the maximum cooling power 580 W 
by design. We have two circulation loops trying to clean out the electronegative 
outgassing from the detector with a rate of 40 kg/h. Through out the stable run- 
ning period, the pressure and the temperature are stable within 0.596 and 0.1 K, 
respectively. 
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3.2. Electronics and DAQ 


We utilize a triggerless electronics system. Every channel is read out separately 
by a faster digitizer whenever the signal is above 1/3 photonelectron (PE), with a 
sampling rate of 250 MS/s. The average single photon efficiency is around 9596, and 
the maximum bandwidth of the DAQ is 450 MB/s. 


3.3. TPC operation conditions 


As illustrated in Fig. 1, between the anode and the gate is a 10 mm amplification 
region for the ionized electrons. Between the gate and the cathode is the drifting 
region, with a maximum drift distance of 1.2 m. Below the cathode, we have a 
10 cm shielding region to suppress the background from bottom PMTs. During the 
operations, the HVs on the electrodes were set at a few different values to avoid 
excessive discharges. 


3.4. Data taking history 


(D-9: Commissioning data taking subset 
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Fig. 3. Electron lifetime for different commissioning data taking subset. 


Electronegative impurities tend to attach ionized electrons, leading to an ex- 
ponential attenuation of the S2 signals vs. drift time. The purity of the liquid is 
characterized by the mean attenuation time, i.e. the electron lifetime. Using inter- 
nal gamma or alpha peaks, the extracted electron lifetime also gives the vertical 
correction for S2. In total, we have a stable data running period of 95 days, and as 
shown in Fig. 3, the electron life time is kept around 1000 us. In comparison, the 
maximum drift time in the TPC is about 840 ps. 
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3.5. Calibration 


Calibration is one of the most important aspects. PandaX-4T adopted three main 
methods. One is the gas source injection, where we can load in radioactive *?"Kr 
and ??°Rn into the detector. They are short-lived, but uniformly distributed in the 
detector. Second is the external calibration loops, where a source can go into these 
loops at three different height of the TPC. Lastly, we have a Deuteron-Deuteron (D- 
D) fusion generator for neutrons. It produces semi-monoenergetic neutrons, which 
are then beamed directly into the detector. 


e Uniformity correction with 5?"Kr. When 9?"Kr radioactive sources are loaded 
into the detector, they uniformly distribute in the detector with a characteristic 
41.5 keV energy, based on which the uniformity of $1 and 52 can be calibrated. 
For $2,, the RMS variation in the fiducial volume is 12% and for S1, the RMS 
variation 20%. The measured energy resolution is 6.8%. 

For the energy reconstruction, event-by-event we use a linear combination of $1 
and 52 according to Eq. 1. 


S1 925 ) (1) 


B= 13. ! 
ida & EEE x SEG 


in which PDE, EEE and SEG are corresponding to the photon detection efficiency, 
electron extraction efficiency and single electron gain, respectively. 
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Fig. 4. (a) Charge yield vs. light yield in PE/keV and the linear fit. (b) Fractional differences 
between the reconstructed and expected energy. Blue squares represent uniformly distributed elec- 
tron recoil peaks, 131^ Xe(164 keV), 129" Xe(236 keV),1?7 Xe(408 keV) and 5?" Kr(41.5 keV). Blue 
points in (b) represent de-excitation gammas from 1?°Xe* (39.6 keV) and 1?! Xe*(80.2 keV) after 
neutron activation, with the NR components subtracted from S1 and $2, which are not used in 
the linear fit. 


SEG can be obtained using the smallest $2 signals identified in the data. The 
uniform distribution to the detector is only 1396 for the RMS variation. The top 
and bottom ratio for these low energy is also very stable. Then with various 
ER peaks in the data, we can fit for PDE and EEE using Eq. 1, as shown in 
Fig. 4(a). Just for the check, the reconstruction energy, after applying these two 


90 


fitted parameters, shows on Fig. 4(b). The red points have been used in the fit. 
We use two more independent data points produced by illuminating xenon with 
neutrons and looking at de-excitation gamma rays. They are also at the zero line, 
but with a large uncertainty because the de-excitation energy contains some of 
the nuclear energy component. 

e Nuclear recoil calibration with D-D neutrons. 
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Fig. 5. D-D neutron calibration. The left picture shows log1992/51 over S1; The right plot gives 
the one-dimensional projection of 52, which is in agreement with MC expectation. 


'The other aspect of the calibration is to determine the low energy response of the 
detector, particularly relevant to the dark matter search. If dark matter interacts 
with xenon, and produces a low energy nuclear recoil, the best calibration should 
come from the neutrons. Fig. 5 summarizes the neutron recoil calibration with 
the D-D neutron band. D-D neutron band can generate a monoenergetic neutron 
around 2.2 MeV. The data set is used in combination with the AmBe data set, 
another neutron source, to tune the parameters, such as the light yield, charge 
yield, as well as fluctuations in the signal model. 


4. ER calibration with ???Rn 
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Fig. 6. ???Rn calibration. In the left plot, purple solid line is the medium of neutron calibration. 
The right plot gives the one-dimensional projection of $2, which is in agreement with the MC 
data. 
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ER calibration is critical for us to understand the majority of the background. 
The ER response is calibrated by injecting ??°Rn into the detector, which only 
have 55 s life time. One of the decay progeny ?!?Pb is a beta emitter, producing a 
flat energy spectrum at low energy. We characterize the rejection power by simply 
counting how many events are leaked underneath the nuclear recoil medium line. 
As shown in Fig. 6, the full rejection power is 0.4396, with roughly 5096 uncertainty. 
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Fig. 7. Selection efficiency. The left picture shows the data quality cut efficiency for S1 an S2; 
The right plot gives the efficiency vs. nuclear recoil energy. 


Using the same electron or nuclear recoil low energy data set, we can determine 
the efficiency for both $1 and 52. As illustrated in Fig. 7, at the plateau region, we 
have an efficiency of around 78%@40 keV. 


4.1. Backgrounds 


'The major background components considered in the dark matter analysis are the 
following: 

'The first is the material background from the detector. If we bin our detector into 
several regions, the top, the bottom, the outer and the center, the background com- 
ponent is different. Comparing the expectation from the data, the overall agreement 
is around 1496. After converting all these high energy events into the low energy in 
the dark matter region, it is a minor background with 33 events expected. 

?22Rn background, distributed uniformly into a detector, is important. They can 
come out of the surface of an emanation material. However, ???Rn can be identified 
easily through their decay progeny. There are alphas that one can identify, as well 
as a-B coincidence signals. We find that the rate of radon is about 5 uBq/kg. This 
number is improved by six times from PandaX-II. The extracted background is 
estimated to be 347190 events. 

55Kr, another noble gas, is used to be a major problem for the earlier generation 


of PandaX. Using a delayed coincidence technique, the krypton level is measured 
to be 0.33 ppt, improved about twenty times from PandaX-II. The residual *5Kr 
background is estimated to 534334 events. 
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1?7Xe normally do not exist in the xenon. It is produced when xenon is exposed 
too longer on the surface. Through the characterized gamma and X-rays in the 
electron-capture process, we can track them in the detector. The half live of !?"Xe 
is only 36 days, and will decay soon. The background in the dark matter region is 
the 5 keV K-shell X-rays. Actually, we can tag these X-rays through the 33 keV 
L-shell X-rays. The expected events of 1?" Xe background is estimated to be 92. 

Tritium background is unfortunately identified in our data. They are likely 
originated from a calibration at the end of PandaX-II, where we loaded tritium 
into the detector, trying to calibrate the detector and see how well we can remove 
them. Unfortunately, the removal is probably inefficient, leaving some residuals in 
PandaX-4T. In our fit, we left this contaminant to be floated, resulting into about 
5x107?4 mol/mol concentration, a value that one cannot see with direct assay mea- 
surement. 

Surface background is related to radon. Radon progeny can attach to the surface 
of the detector. These events can be clearly identified from the data by looking for 
as with abnormally small 52. Because they are closed to the PTFE reflector, we 
can get both the position distribution and the $2 distributions to estimate how 
much of these backgrounds could leak underneath the dark matter search window. 
The expected background for these wall surface is estimated to be 0.60.2. 

Neutron background generates directly nuclear recoil. For these neutron back- 
ground, once they enter the detector, they could multi-scatter, and eventually get 
capture onto xenon, producing high energy capture signals. Both processes are 
bench-marked by neutron source calibration. In the end, the neutron background is 
estimated to be 1.30.6. 

Accidental background is formed by random coincidence between uncorrelated 
$1 and S2. Therefore, cuts imposing the diffusion relations observed in data are 
effective in removing them. The expected accidental background was suppressed by 
two times in comparison with PandaX-II. It is estimated to be 2.4+0.5. 

Fiducial volume determination utilizes the expected background from detector 
materials, as well as a combination of the radon background and the tritium back- 
ground that is measured in-situ, to maximize a figure-of-merit related to the search 
sensitivity. The fiducial mass is settled at 2.67 tonnes. 


5. Results 


Fig. 8 shows the dark matter candidates within the fiducial volume and dark matter 
selection window. There are 1058 candidates in total. Six events are identified below 
the NR median curve. Candidates are uniformly distributed in the fiducial volume, 
which is expected if backgrounds are dominated by the tritium and radon. A fit 
to the data is consistent with background-only hypothesis, with a goodness-of-fit 
p-value of 0.7. 

Based on the fit, we therefore set the bound on the spin-independent WIMP- 
nucleon scattering, summarized in Fig. 9. With a 0.63 tonne-year, we have a 
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Fig. 8. Distributions of the final dark matter candidates in logio(ne/S1) vs. S1 (a), z vs. r? 


(b), and y vs. x (c). ne is the number of electrons derived from 3S2 so that different run sets 
under different gate conditions can be plotted on the same graph. In (a), the solid blue and red 
lines are the ER and NR medians, respectively, and the dashed blue lines are the corresponding 
95% quantiles of ER events. The dashed violet line represents the 99.5% NR acceptance cut. The 
nuclear recoil energy in keVn, are indicated with the grey dashed lines. The six ER events located 
below the NR median line are highlighted in brown. In (b) and (c), the dashed lines are projections 
of the fiducial volume, and black (light grey) dots represent events inside (outside). 
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Fig. 9. The 90% C.L. upper limit vs. m, for the SI WIMP-nucleon elastic cross section from 
PandaX-4T commissioning data (red), overlaid with that from LUX 2017,4 XENONIT 2018? and 
PandaX-II 2020.5 The green band represents the +1ø sensitivity band. 


sensitivity which is improved from the previous PandaX-II final analysis by 2.8 
times at 40 GeV/c?. Comparing the results (red line) with XENONIT, we are 
slightly edged, for example, at 40 GeV/c? where our exclusion limit is 1.3 times 
stronger. With this data, we can also dive into previously unexplored territory, such 
as approaching the low energy neutrino floor, and getting deeper into the SUSY 
parameter space. 
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6. Conclusion and Outlook 


As mentioned, we have completed the first commissioning run of PandaX-4T with 
a 0.63 tonne-year exposure. PandaX-4T has produced the strongest WIMP-nucleon 
interaction constraint.? This demonstrates the physics potential of a highly sensitive 
multi-ton liquid xenon detector. PandaX-4T is currently performing an offline tri- 
tium removal campaign, aiming to reduce the electron recoil background by at least 
two-fold. In parallel, the collaboration is developing the plan for the next generation 
xenon experiment at CJPL. 
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and the XRISM team 


The X-Ray Imaging and Spectroscopy Mission (XRISM) is a JAXA/NASA X-ray ob- 
servatory with collaboration from ESA and several institutes and academic institutions 
worldwide. It is proposed to fulfill the promise of high-resolution X-ray spectroscopy with 
imaging once realized but unexpectedly terminated by a mishap of ASTRO-H/Hitomi. 
XRISM carries two sets of X-ray Mirror Assemblies and is equipped on the focal plane 
with a 6 x 6 pixelized X-ray micro-calorimeter array and an aligned X-ray CCD camera. 
With the combination of high-resolution spectroscopy imaging and the broader field of 
view, XIRSM is expected to pioneer a new horizon of the Universe in X-ray astrophysics. 
Aiming to launch the satellite in the Japanese Fiscal Year 2022, we fabricate the instru- 
ments and test for the satellite integration starting at the beginning of 2022. The paper 
reports the development status, reviewing the science objectives and the operation plan. 


Keywords: X-ray astronomy; observation satellite; spectroscopy; imaging 


1. Overview of XRISM 


The X-ray imaging and spectroscopy mission — XRISM!:? is a recovery mission 
of ASTRO-H Hitomi? launched on February 17, 2016. After the launch and fol- 
lowing the commissioning of the onboard instruments, Hitomi started observa- 
tion. However, due to a series of mishaps in the attitude control system, Hitomi 
was forced to stop operation on March 26. The observation period was only one 
month, but the results clearly show the X-ray microcalorimeter epoch-making ca- 
pability. The observation was terminated before opening the gate valve. The valve 
was equipped to protect the sensor assembly from the atmosphere on the ground, 
but the gate valve limited the bandpass below ~ 2 keV. Even with the limitation 
in the low energy band, the unprecedented energy resolution enables us to measure 
the plasma turbulence velocity and detect weak lines of rare metals with a few ks 
exposure. The obtained spectrum is a highlight obtained from the Perseus cluster of 
galaxies.4 

The central concept of XRISM is to maximize the X-ray micro-calorimeter sci- 
ence since it is an entirely new scientific field. We chose a conservative combination 
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with the CCD camera to strengthen the science. Table 1 summarizes of required 
specifications of the instruments of XRISM. 


Table 1. XRISM mission instruments specifications 


Parameters Resolve Xtend 
Feild of view > 2.9! x 2.9! > 22! x 22! 
Angular resolution! <1.7' <1.7' 
Effective area at 6 keV > 210 cm? > 300 cm? 
Imaging pixel format 6x6 1280 x 1280 
Energy range 0.3 — 12 keV 0.4 — 13 keV 
Energy resolution? X 7 eV (goal 5 eV) « 250 eV* 


1: The half power diameter 
i: The full width half maximum at 6 keV 
*: At the end of mission life. 


1.1. Resolve 


The critical device of XRISM — the X-ray microcalorimeter realizes the high- 
resolution spectroscopy with imaging by the X-ray Mirror Assembly (XMA). The 
XMA is a Wolter-I X-ray mirror of their reflectors’ figure in conical approximation. 
'The reflectors of the mirror are made of heat formed aluminum sbstrate followed by 
epoxy replication on gold-sputtered smooth Pyrex clindrical mandrels. The XMA 
is developed and fabricated by NASA /Goddard Space Flight Center (GSFC). The 
imaging spectroscopy telescope of XRISM is named “Resolve.”° The device mea- 
sures phonons induced by a penetrated X-ray photon. The X-ray photon heats the 
mercury tellurized absorber by a few mK, and the temperature rise is measured 
by the attached silicon thermometer in the accuracy of uK. All the pixelized de- 
tectors are cooled down to 50 mK to reduce both heat capacity and thermal noise. 
The equipped adiabatic de-magnetized refrigerator (ADR) and liquid helium realize 
the extremely low temperature at the sensor in the vacuum dewar, whose thermal 
shields are cooled by Joule-Tomson coolers and two-stage Stirring coolers. The de- 
tector system is placed on the focal plane of an X-ray mirror assembly, and the 6 x 6 
pixels realize a moderate imaging capability and unprecedented energy resolution. 
The Resolve telescope is emphasized with the high energy resolution of 7 eV FWHM 
at 6 keV. The energy resolution allows us to measure the velocity dispersion of the 
iron line in the accuracy of 100 km s~?. 

The detector assembly and the ADR cooling system are developed by 
NASA/GSFC, while JAXA and Sumitomo Heavy Industry (SHI) develop and pro- 
vide the vacuum dewar and the mechanical cooling systems. 
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1.2. Xtend 


The wide-field X-ray CCD imager with the identical XMA constitutes the “Xtend” 
telescope, which covers the same energy band of Resolve with a 200 um thick back- 
illuminated CCDs.’ The X-ray CCD, operated at the temperature of —110°C utiliz- 
ing the one-stage Stirling cooler, covers almost the same energy band from oxygen 
lines to highly ionized irons. The device was developed for the Hitomi/SXI and em- 
ployed by XRISM with a slight modification. The CCD is produced by Hamamatsu 
Photonics, is calibrated by the Xtend team of XRISM, and is installed in a camera 
body electronics by Mitsubishi Heavy Industry (MHI). 

The spacecraft of 2.3 tons is 7.9 m long, 9.2 m wide, and the baseplate diameter is 
about 3 m. It is designed to work for three years with cryogen of Resolve. After three 
years, we can conduct cryogen-free operation with installed mechanical coolers. 


2. Science Cases 


'The high energy resolution and weak line detection capability of Resolve exceed the 
previous observatories above 0.8 keV. The Xtend is excellent in grasp capability, 
which is the product of effective area and the solid angle of field of view. With the 
combination of a narrow field of view, Resolve, Xtend is useful for producing reliable 
scientific outputs with the brand new X-ray micro-calorimeter system. The science 


cases with X-ray microcalorimeter are summarized in ASTRO-H White Papers." ?? 


2.1. Structure formation of cluster of galaxies 


The precision of cluster cosmology depends on the accuracy of the mass measure- 
ments. One of the most important ways of measuring cluster masses is based on 
hydrostatic equilibrium — the assumption that the thermal pressure alone supports 
the hot gas against the cluster's gravity. However, numerical simulations show that 
the macroscopic motions of the intra-cluster medium (ICM) may provide significant 
non-thermal pressure support, up to 25 — 30% at the radius at which the cluster 
mass density is 200 times the critical density of the universe (r200). 

Hitomi observed the Perseus core, which is dominated by the central massive 
galaxy NGC 1275, to reveal the macroscopic motion of the ICM (Fig. 1. By measur- 
ing the line doppler broadening, the Hitomi succeeded in showing that the turbulent 
velocity dispersion is 164 + 10 km s^! as mentioned.^ This kinetic pressure is less 
than 1096 of the thermal pressure on a scale of 60 kpc. XRISM will continue Hit- 
omi's legacy by measuring velocities of gas motions and the non-thermal pressure 


contribution with an accuracy of a few percent in many relaxed, bright galaxy clus- 
ters. Velocity measurements up to T2590, for even a small sample of nearby relaxed 
clusters, will significantly improve the constraints on dark energy and other cosmo- 


logical parameters.!” 
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Fig. 1. Chandra image?^ and the Hitomi SXS spectrum from Perceus cluster of galaxies.^?5 The 
blue boxes in the image indicates the field of view of Hitmoi SXS. Hitomi observed the centeral 
region and obtained the high resolution spectrum. Evaluating the Fe-K lines width, the Hitomi 
collaboration? reveals the turbulent velocity dispersion of 164 + 10 km s-!.? 


2.2. Transportation of energy and matters 


XRISM will conduct spatially and spectrally investigation on the Active Galactic 
Nucleus (AGN) feedback.!? Figure 2 left panel shows Chandra X-ray image of the 
core region of the Virgo cluster of galaxies dominated by the central galaxy M 87, 
which highlights the complexity of structures in the gas. We focus that the 1 keV 
gas indicates uplifted gas produced by the AGN feedback. These structures will be 
resolved by the Resolve utilizing the imaging spectroscopy capability. Each white 
box (6 x 6) shows the field of view of Resolve, and by mapping, XRISM will ob- 
serve both the uplifted gas structure and surrounding ICM. Figure 2 right shows 
a simulated Resolve spectrum of one of the regions with the expected outflows in 
M 87 assuming a 100 ks exposure. The spectrum resolves the contributions from the 
different thermal components to the Fe-L line complex and allows us to distinguish 
uplifted cool gas from the ambient hot ICM. 

'The chemical evolution of the universe reflects the history of billions of super- 
novae. Resolve will detect weak lines from rare elements in the ICM, such as Na, 
Al, Cr, and Mn. Al and Na are sensitive tracers of the metallicity of the underlying 
stellar population. Also, Cr and Mn can be used to probe the characteristics of 
SN Ia progenitors, resulting in information about the chemical enrichment history 
of the ICM and the universe. 


“Credit: ISAS/JAXA https://www.isas.jaxa.jp/feature/forefront /190924.html. 
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Fig. 2. Spatially and spectrally resolving AGN feedback with XRISM. Reprinted by courtesy 
of the authors from Figure 5 of “Science of XRISM”2° which is updated from an ASTRO-H 
White Paper.!? Left: Chandra X-ray image of the core region of the Virgo cluster, including the 
central galaxy M 87, divided by a spherically symmetric model of surface brightness. The image 
highlights the complexity of structures in the gas produced by the AGN feedback.?25:29 Each white 
box (2.9 x 2.9’) shows the field of view of Resolve. The two regions point at the cool and bright 
structures, such as the shock and the center of M 87. Right: a 100 ks simulated Resolve spectrum 
of one of the regions with outflows (left box) in M 87. The spectrum shows the contributions from 
the different thermal components to the Fe-L line complex. 


2.3. Relativistic objects 


XRISM will revolutionize our understanding of accreting SMBHs, starting from how 
cold gas flows in from the interstellar medium (ISM) of the galaxy down to the inner 
accretion flow where matter is affected by the strong gravity of the black hole.!* 

Relativistic Doppler broadening and gravitational redshifts in the accretion disks 
surrounding black holes have been investigated for decades.?6 In particular, the 
ASCA observation of MCG-6-30-15 opened our observational view of a broad Fe K 
line in AGN X-ray spectra.?’ The implication of the broad line is immense, as it may 
provide a way of measuring an elusive fundamental parameter of a black hole — 
spin. As such, the broad Fe-K line has ignited debate and continued interest. 

Rapid time variability shown in the following observations, including the X-ray 
reverberation mapping or quasar microlensing, improved our understandings. They 
indicate that the broad Fe K line is produced by reprocessing the inner accretion 
disk within ~ 10R,. However, the details of the inner disk radius and kinematics of 
the flow are still highly debated. 

By disentangling the expected contributions from other spectral features — nar- 
row emission from the outer disk and torus or absorption through ionized outflows 
along our line of sight —, XRISM probes properties of the inner accretion flow to 
estimate the black hole spin. Thus, we will clearly understand how much material 
is making it to the black hole and how much material is removed through massive 
outflows. 
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Figure 3 left chart shows Fe-K line prole of MCG-6-30-15 as seen in 300 ks 
by XMM-Newton pn (blue) and Chandra HETGS (green), along with a Resolve 
simulation in red. The red XRISM spectrum alone shows clear spectral features in 
this Fe-K energy band. The middle chart shows The ratio of the XMM pn spectrum 
to a power-law model t between 2 and 4 keV, and 7.5 and 10 keV. The pn spectrum 
can be well described either by pure relativistic reflection with an inclination of 
5 deg (blue) or by relativistic reflection with an inclination of 75 deg with additional 
emission and absorption, including an ultrafast outflow of vout = 0.13 c (red). The 
right panel shows that XRISM will easily distinguish between these two scenarios 
since it resolves the narrow emission and absorption features. 
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Fig. 3. Reprinted by courtesy of the authors from Figure 6 of “Science of XRISM.” Left: Fe-K line 
pro le of MCG-6-30-15 as seen in 300 ks by XMM-Newton pn (blue) and Chandra HETGS (green), 
along with a Resolve simulation in red. Middle: The ratio of the XMM pn spectrum to a power-law 
model fit between 2—4 keV and 7.5 — 10 keV. The pn spectrum can be equally well described by pure 
relativistic reflection with an inclination of 5 deg (shown in blue) or by relativistic reflection with 
an inclination of 75 deg with additional emission and absorption, including an ultrafast outflow of 
Vout ~ 0.13 c (shown in red). Right: XRISM will easily distinguish between these two scenarios, 
as the narrow emission and absorption will be resolved.?9 


'The relativistic redshift on a compact object surface is also one of the scientific 
targets of XRISM. Here we show an example of the symbiotic star detected by 
Swift/BAT T Coronae Borealis (T CrB), which is a recurrent nova.? This fact 
and the hard BAT spectrum indicate that its white dwarf is exceptionally massive, 
around 1.35 solar mass. 

'T CrB exhibits a strong 6.4 keV Fe-K line, partly from the reflection of the white 
dwarf surface. Therefore, T CrB is an ideal target to investigate the compact objects 
mass and radius by measuring the gravitational redshift. This simulated spectrum 
is guided using the 46 ks Suzaku observation obtained in 2006.?! The XIS data 
were reproduced well with a model absorbed by a partial covering absorber, with 
a single, narrow Gaussian at 6.396 keV. If it is, the inset shows that the XRISM 
Resolve has the statistical quality necessary to detect the expected gravitational 
redshift of 4 eV of the neutral iron-K line (Fig. 4). 
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Fig. 4. Simulated 100 ks observation of T Cr B in the Fe-Ka region. The inset showing a close-up 
spectrum around the energy of 6.4 keV. It shows the Resolve has a capability to detect the expected 
gravitational redshift of 4 eV (see text). Reprinted by courtesy of the authors from Figure 2 of 
“ASTRO-H White Paper — White Darf"? 


3. Mission Status and Observation Plan 


All the instruments produced under the international collaboration are being deliv- 
ered to the JAXA Tsukuba Space Center. The Resolve calorimeter sensor insert was 
delivered and installed in the dewar produced in SHI, Japan. The integrated dewar 
system equipped with the mechanical coolers was transferred to Tsukuba Space 
Center with the cooler drivers. The XMA is under calibration and is planned to be 
delivered to Japan in January 2022. All CCD chips for the Xtend were screened in 
Osaka University and were integrated into the camera system at MHI. The camera 
was transferred to Tsukuba Space Center. In 2022, these mission instruments will 
be installed on the satellite in the first half. Then we conduct the proto-flight test. 
XRISM will be launched in the Japanese Fiscal Year 2022 or the early calendar year 
2023 from Tanegashima Space Center. 


Table 2. XRISM observation phases 


Initial phase 3 months 
critical operation ~ 1 week 
comissioning until 3 months after launch 
Nominal phase until 3 years after launch 
initial calibration & test observations 1 month 
calibration & performance verification observation 6 months 
nominal observation (Guest observations) 26 months 


Observation phases defined in the operation plan are summarized in Table 2. At 
the beginning of the nominal observation phase, the performance verification (PV) 
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observations are conducted. The initial observation phase is planned to verify the 
performance to show the XRISM capability to the astrophysics community. The 
PV observation target objects list was recently released on the XRISM website 
for researchers. The XRISM Science Team consists of contributors to develop in- 
struments, data processing software, and calibration and observation plan to carry 
out the PV observations. In addition to the XRISM Science Team, unlike Hitomi, 
XRISM introduced the XRISM Guest Scientist Program to the PV phase observa- 
tion. The XGSs will be solicited by the three agencies — JAXA, NASA, and ESA 
independently — in 2022 and contribute to PV observation planning, data analysis, 
and produce science output with the XRISM Science Team. The guest observer 
phase is open 10 months after the launch. The announcement of opportunity for 
the guest observations is planned to be submitted at the end of the commissioning. 

'The approved nominal mission term is 3 years. After the 3 years, the XRISM 
project is to have a mission completion review. At the moment, if the satellite, 
including the mechanical cooling system, functions well and the mission extension 
review approve, the latter phase operation will be conducted in the latter half of 
the 2020s. 
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The Sino-French space mission SVOM is mainly designed to detect, localize and follow-up 
Gamma-Ray Bursts and other high-energy transients. The satellite, to be launched mid 
2023, embarks two wide-field gamma-ray instruments and two narrow-field telescopes 
operating at X-ray and optical wavelengths. It is complemented by a dedicated ground 
segment encompassing a set of wide-field optical cameras and two 1-meter class follow-up 
telescopes. In this contribution, we describe the main characteristics of the mission and 
discuss its scientific rationale and some original GRB studies that it will enable. 


Keywords: SVOM; High-Energy Astrophysics; Multi-Messenger Astrophysics; Gamma- 
Ray Bursts. 


1. Why a New Gamma-Ray Burst Mission? 


SVOM (Space-based multi-band astronomical Variable Objects Monitor) is a Sino- 
French mission devoted to the study of gamma-ray bursts (GRBs) to be launched in 
2023.! Its main goals are the detection and multi-wavelength study of high-energy 
transients, and the search for the electromagnetic counterparts of non-photonic 
transient sources detected in gravitational waves or neutrinos. Before describing 
SVOM in Section 2, we briefly discuss in this section the rationale for a new GRB 
mission in the coming years. 


1.1. High-energy Astrophysics 


The astrophysics of high-energy transients is essential for the study of several major 
questions of modern astrophysics. 

High-energy transients offer a unique view at extreme stellar explosions with 
relativistic jets. High-energy observations reveal the presence of a ‘central engine’ 
able to launch relativistic jets, and as such they are essential to clarify key issues like 
the complex zoology of GRBs (which encompasses long and short duration GRBs, 
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low-luminosity GRBs and ultra-long GRBs), the nature of the GRB-supernova (SN) 
connection or the distribution of GRB beaming angles. The jets themselves raise 
several unanswered questions, like their composition and geometry, the nature of the 
central engine (a magnetar or a black hole?) and the mechanism of their acceleration, 
the physical processes explaining their high radiative efficiency, and their role in 
the acceleration of Very High-Energy cosmic rays. The jets have their origin in the 
universal accretion/ejection mechanism that takes place around accreting compact 
objects. However, GRB jets being extremely relativistic with Lorentz factors of 
the order of one hundred, they probe a regime that is not accessible with other 
phenomena. 

Sometimes, high-energy transients are associated with the birth of stellar mass 
black holes (BHs). BH astrophysics has emerged as a major topic after the discovery 
of dozens of binary black hole mergers by the LIGO Scientific Collaboration and 
Virgo Collaboration (LVC).? Black hole demography and zoology, their mass & spins 
distribution and their birth places are key questions which are now actively studied. 
In this context, GRBs are of high interest because they offer a complementary view 
on the birth of stellar mass BHs across the history of the universe. 

Gamma-ray bursts are so intense that some of them are detectable out to high 
redshift (z > 5).? They illuminate regions of the young universe (at z=6 the uni- 
verse is about 950 Myr old), pinpointing galaxies that would otherwise remain 
undetectable and measuring their chemical enrichment and physical state, as well 
as the properties of the intergalactic medium at such high redshifts. Additionally, 
the history of GRB formation provides crucial insight into the formation rate of 
massive stars in the early universe, and pushing the redshift limit a bit further may 
permit the identification of GRBs from the first generation of stars (usually called 
population III stars) giving us a glimpse at the formation of the first stellar mass 
black holes. The current GRB samples probably contain a small fraction of very 
distant GRBs that have not been recognized in the absence of NIR spectra of their 
afterglows, this emphasizes the need for fast NIR followup of GRB afterglows. 

Neutron stars (NSs) are prolific sources of high-energy transients, which can be 
emitted by very different mechanisms in accreting neutron stars, magnetars and in 
mergers of neutron stars. Fundamental questions like the equation of state of neutron 
star, the mass gap between neutrons stars and black holes, the radiation process 
of magnetars are active fields of research which require continued observations of 
violent phenomena involving neutron stars. 

Finally, GRBs are powerful tools to test the Lorentz invariance over very large 
distances and they may also become a privileged tool for cosmography if we manage 
to standardize them. 


1.2. Multi-messenger Astrophysics 


'The detection of transient gravitational wave signals from cosmic explosions has 
opened a new window on violent phenomena involving compact objects like neutron 
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stars and black holes. The complementarity of gravitational wave (GW) astro- 
physics and HE astrophysics has been wonderfully illustrated by the joint detec- 
tion of GW170817 and GRB 170817A4 followed by the discovery of the kilonova 
AT 2017gfo. These discoveries opened the era of multi-messenger astrophysics. This 
new context raises new questions for HE astrophysicists, like the geometry of the 
jets of short GRB, the compared demography of BNS mergers and short GRBs, the 
compared demography of BBH mergers and long GRBs, the masses of BHs involved 
in galactic HE transients, in BBH mergers and in GRBs, the photonic emission of 
BNS mergers, BHNS mergers, and BBH mergers, the delay between a merger and 
the emergence of a GRB, or the comparison of the speed of gravitational waves 
with the speed of light. This non-comprehensive list illustrates a renewed interest 
for transient HE observations in the multi-messenger era. 


1.3. A Rich Instrumental Panorama 


Additional motivations to develop new instruments for the exploration of the tran- 
sient high-energy sky are the diversity of sources that emit bursts of HE photons, the 
fact that some of them are rare events that do not repeat, and the rapid evolution 
of the instrumental panorama. 

The transient manifestations of black holes at high energies involve galactic and 
extragalactic X-ray binaries, GRBs of all types, Active Galactic Nuclei (AGNs), 
Relativistic Tidal Disruption Events (TDEs), and possibly BHNS mergers. Neutron 
stars, on the other hand, manifest themselves as galactic and extragalactic X-ray 
binaries, magnetars or soft gamma repeaters eventually associated with FRBs, and 
of course as BNS mergers. The diversity of these manifestations calls for different 
observing strategies, in terms of energy range, sensitivity, pointing strategy, follow- 
up, etc., which cannot be accommodated with a single mission. 

The construction of novel missions is further justified by the fact that the com- 
ing years are expected to be a golden age for transient sky astronomy and for 
multi-messenger astrophysics, with a number of large facilities surveying the sky for 
photons at all wavelengths and for non-photonic messengers. In the electromagnetic 
domain, we can mention the Cherenkov Telescope Array (CTA®), the High-Altitude 
Water Cherenkov Observatory (HAWC®) and the Large High Altitude Air Shower 
Observatory (LHAASOY) for Very High-Energy gamma-rays. In X-rays, eROSITA? 
will establish a reliable map of the X-ray sky, allowing the fast identification of new 
sources. In the visible the already operating Zwicky Transient Facility (ZTF?) and 
the future Vera Rubin Observatory’? will map the visible transient sky every night 
allowing meaningful comparisons with the transient high-energy sky. In the mean- 
time, new spectrometers on large telescopes, like SOXS!! or NTE? will increase our 
capacity to measure the redshifts of extragalactic transients. In the radio domain, 
the counterparts of HE transients will be observed with very good sensitivity with 


?https://nte.nbi.ku.dk/ 
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the precursors of SKA, like ASKAP!? or MEERKAT,!° while instruments like the 
Canadian Hydrogen Intensity Mapping Experiment (CHIME!4) or the Commensal 
Real-time ASKAP Fast Transients Survey (CRAFT?!) will monitor the transient 
radio sky for Fast Radio Bursts (FRBs). 

The true revolution, however, comes from the instruments looking for non- 
photonic messengers from violent events, in particular the gravitational waves in- 
terferometers LIGOà VIRGO, GEO and KAGRA, which have opened the explo- 
ration of the transient gravitational wave universe. As shown with the detection 
of GW170817 and GRB 1708174, the joint operation of gravitational wave detec- 
tors and HE detectors brings crucial information on transient gravitational wave 
sources. The field of neutrino astronomy is also evolving very quickly and the large 
neutrinos observatories like ICECUBE!” or KM3NeT!® have started to constrain 
the physics of GRB jets.!? 

After this short introduction, we now present the SVOM mission (Section 2) 
and some of its science capabilities for the study of GRBs (Section 3). 


2. The SVOM Mission 


The SVOM mission (Figure 1) is the result of a bilateral collaboration between 
France (CNES) and China (CAS, CNSA).?9:?! It involves several research institutes 
from these two countries and contributions from the University of Leicester, the 
Max Planck Institut für Extraterrestische Physik and the Universidad Nacional 
Autónoma de México. SVOM is led by J.Y. Wei from NAOC in China and B. 
Cordier from CEA in France. The mission has been designed to survey the high- 
energy sky and to follow-up cosmic transients at optical and X-ray wavelengths. It 
encompasses a space segment, with four instruments embarked onboard a low Earth 
orbit satellite and a strong ground segment?? with two sets of wide-field optical 
cameras, two l-meter class ground follow-up telescopes, and a network of ~ 45 
VHF receiving stations distributed along the footprint of the orbit. The launch of 
SVOM is scheduled mid 2023 with three years of nominal operations and a possible 
extension of two years. 

'The main science drivers of SVOM are high-energy transient astrophysics with a 
focus on gamma-ray bursts, multi-messenger astrophysics, and time domain astron- 
omy. The “core program" is dedicated to GRB detection and follow-up, aiming to 
improve our understanding of these phenomena. Between GRBs, SVOM will carry 
out other programs driven by the narrow-field instruments: a target of opportunity 
program focused on multi-messenger astrophysics and a general program focused 
on multi-wavelength astronomy. A detailed description of the SVOM mission and 
its science objectives can be found in Wei et al.! and in the website of the mission”. 
We now briefly describe the space and ground instruments developed for SVOM. 


Phttp:/ /www.svom.fr/ 
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satellite ~ 930 kg 
payload ~ 450 kg 
prompt observation 

| | follow-up observation 


Fig. 1. Outline of the SVOM mission, showing the satellite and the space and ground instruments. 


2.1. Space-based Instruments 


2.1.1. Gamma-Ray Monitor - GRM 


Fig. 2. The GRM instrument. (a) Schematic drawing showing the position and orientation of the 
three GRD detectors on the science platform. (b) One of three GRD detection modules of the 
GRM. 


The Gamma-ray monitor (GRM) is a wide-field gamma-ray spectrometer.?? 7° 


It encompasses three Nal-based detection modules (called GRDs) looking at differ- 
ent regions of the sky. The pointing directions of the three GRDs are 30° from the 
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pointing axis of the satellite and they are separated by 120? in azimuth (Figure 2). 
'The main characteristics of the instrument are given in Table 1. The GRM allows 
the detection of GRBs with a good sensitivity within a large field of view (2.6 sr), a 
feature which is especially important for the detection of short/hard GRBs in the era 
of transient gravitational wave detectors. It will also nicely complement ECLAIRs to 
measure the GRB spectral parameters over a large energy range (4 keV-5 MeV).?6 


Table 1. GRM main characteristics. 


Energy range (keV) 15 — 5000 

Number of GRD modules 3 

Detection area (cm?, 1 of 3 modules) 200 

Field of View (sr, all 3 modules) 2.6 

Expected GRB rate (yr- 1) 90 (~ 1796 short?7) 

Additional features 14 detection times from 5 ms to 40 seconds in 5 energy 
bands 


6 mm plastic scintillator to monitor particles & reject 
particle events 
Crude localization capability 


2.1.2. ECLAIRs 


(a) 


Fig. 3. The ECLAIRs instrument. (a) Schematic drawing showing the radiator on the left, the 
coded mask (dark blue), the shield (light blue), the detection plane electronics (grey) and the 
onboard calculator (black). The detection plane itself is not visible, it is located 45 cm below the 
coded mask at the bottom of the shield. (b) ECLAIRs during vibration tests. 


ECLAIRs is the hard X-ray imager and trigger of SVOM. The instrument is 
based on a coded-mask placed in front of a CdTe detection plane with 6400 4x4 mm? 
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pixels,??:?? its main characteristics are summarized in Table 2. An interesting fea- 


ture of ECLAIRs is its low energy threshold at 4 keV. Reaching this threshold was 
a significant technological challenge for the detectors and their readout electronics, 
but also for the mask, whose holes have to be transparent at these energies, and 
for the trigger software which has to deal with non-GRB transient sources (e.g. 
X-ray bursters), which are numerous at energies of a few keV. When it detects an 
excess in a sky image, ECLAIRs sends an alert to the satellite in order to start a 
slew towards the source (if the conditions are met) and to start followup with the 
onboard narrow-field instruments MXT & VT. In parallel, the alert is broadcast 
by the onboard VHF antennas allowing to trigger followup observations from the 
ground. All the photons detected by ECLAIRs are sent to the ground, allowing to 
look for faint transients with improved detection methods after a typical delay of 
few hours. 


Table 2. ECLAIRs main characteristics. 


Energy range (keV) 4.0 — 150.0 

Detection area (cm?) 1000 

Number of Cd'Te detectors 6400 

Median FWHM at 60 keV (keV) 3 

Field of View (total, sr) 2.0 

Mask open fraction (%) 40 

Localisation accuracy at detection limit (arcminute) 12.0 

Expected GRB rate (yr~) 65 

Additional features 18 detection times from 10 ms to 20 min. 


in 3 energy bands 


2.1.3. Microchannel X-ray Telescope - MXT 


The Microchannel X-ray Telescope (MXT) is a focusing X-ray telescope using an 
innovative focusing “Lobster-Eye” micro-pores optics and a fully-depleted frame- 
store silicon pnCCD camera read out by two ASICs.3° 34 
are summarized in Table 3. The MXT will observe the X-ray afterglow promptly, 
improving ECLAIRs localization by a factor > 10?. 


Its main characteristics 


Table 3. MXT main characteristics. 


Energy range (keV) 0.2 — 10.0 

Focal length (cm) 100 

Field of View (arcminute) 64 x 64 

Effective area (cm? at 1 keV) 27 

Energy resolution at 1.5 keV (eV) 80 

Localisation accuracy (arcsecond) 13.0 

(for 5096 of GRBs, within 5 minutes of the trigger) 

Additional features Micro-pores “Lobster Eye" optics 


with square 40 um pores 
Silicon pnCCD based camera 
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Fig. 4. The MXT instrument. (a) Schematic drawing showing the radiator in light blue, the 
lobster eye optics (top inset), the shield (black), the camera (bottom inset), and the onboard 
calculator. (b) MXT during tests. 


2.1.4. Visible Telescope — VT 


The Visible Telescope (VT) is a Ritchey-Chretien optical telescope with two chan- 
nels, able to detect GRBs up to redshift z ~ 6.5.7233 Tt will observe SVOM GRBs 
quickly (in less than 5 minutes), providing an arcsecond localization of the afterglow 
or a deep limit (M, = 22.5) very quickly after the burst. 


External 


Secondary Baffle 


mirror 


Channel Channel 


(a) 
Fig. 5. The VT instrument. (a) Schematic drawing showing the various components except the 
onboard calculator. (b) VT during tests. 
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Table 4. VT main characteristics. 


Diameter (mm) 400 

Focal length (mm) 3600 

Two channels blue (400-650 nm) and red (650-1000 nm) 
Field of View (arcminute) 26 x 26 

Localisation accuracy (arcsecond) < 1.0 

Sensitivity (300 s integration) My = 22.5 

Additional features Ritchey-Chretien telescope 


Two 2k x 2k CCD detectors 
Will detect 80% of ECLAIRs GRBs 
Fully covers ECLAIRs error boxes 


2.2. Ground-based Instruments 
2.2.1. Ground Wide Angle Cameras - GWAC 


The Ground Wide Angle Cameras (GWAC)?* is a set of several units, each made of 4 
wide-angle optical cameras (called JFoV) and a small photographic camera (called 
FFoV) on a single fast-moving mount (Fig. 6). Each unit covers instantaneously 
about 1296 of the ECLAIRs field of view, five of them have been installed at Xing- 
long Observatory (China) and 4 more will be installed at Muztagh Ata Observatory 
(China). The characteristics of JFoV and FFoV cameras are given in Table 5, the 
FFoV extends the optical flux coverage by ^ 6 mag in R-band, at the bright end. 
GWACs will scan the entire accessible sky each night to detect optical transients, 
offering the unique capability to detect precursor optical emission for SVOM GRBs. 
Three robotic telescopes on the same site (two 60 cm diameter and one 30 cm diam- 
eter) can quickly follow interesting events detected by GWAC. The GWACS are in 
commissioning phase, they have already participated in the search for counterparts 
of gravitational wave events during the O2 and O3 runs of LIGO/VIRGO.?? 


Fig. 6. Four GWAC units at the Xinglong Observatory (on the right of the picture). 
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Table 5. GWAC main characteristics. 


Number of units 5 (Xinglong) 4- 4 (Muztagh Ata) 

Number of telescopes per unit 4 (JFoV) + 1 (FFoV) 

Diameter (mm) 180 (JFoV) — 35 (FFoV) 

Detector 4k x 4k CCD (JFoV) - 3k x 3k CCD (FFoV) 
Field of View (degrees) 12.8 x 12.8 (JFoV) — 30 x 30 (FFoV) 

Sensitivity (c) R ~ 16 (JFoV) - R ~ 12 (FFoV) 

Location Xinglong and Muztagh Ata Observatories (China) 
Additional features Self triggering capability 


The FFoV performs guiding. 


2.2.2. Ground Followup Telescopes - GFT 


Two Ground Followup Telescopes (GFT, Fig. 7) aim at observing quickly the high- 
energy transients detected by SVOM, to precisely measure their light curves and 
their positions. The two GFTs are respectively located in China and Mexico, about 
120? apart in longitude, to maximise the probability of immediate observations in 
response to SVOM alerts. Upon reception of an alert, the GFT which is in the night 
(if any) will start observing the source - if it is above the horizon - in less than 1 
minute. The GFTs will also be used to perform joint observations with the satellite 
as well as non-SVOM observations. The main characteristics of the Chinese GFT 
(CGFT*) and of the French-Mexican GFT (Colibri?9) are given in Table 6. 


Table 6. GFTs main characteristics. 


C-GFT Colibri 
Diameter (mm) 1200 1300 
Focal ratio 8 3.75 
Number of channels 3(g;r;i) 3 (g/r/i;z/y ; J/H) 
Field of View (arcminute) 21 x 21 26 x 26 (grizy) ; 21 x 21 (JH) 
Sensitivity (r channel, 300 s, 100) mag & 20 MAB «22 


2.3. The Mission 
2.3.1. Orbit and Pointing Strategy 


The SVOM satellite will be launched by a Long March 2C launch vehicle, on a 29° 
inclined orbit, at an altitude of 630 km. The pointing strategy has been designed 
to favour the detection of extragalactic transients and their immediate observabil- 
ity by ground based telescopes. This calls for a nearly anti-solar pointing (Fig. 8a) 
with some excursions to avoid SCO-X1 and the galactic plane.?" In the following 
this pointing strategy is called “the B1 law”. The resulting 1 year sky coverage of 
ECLAIRs is shown in Fig. 8b, it favours the galactic poles, with exposure times 


Shttps://www.svom.eu/en/#filter=.instrumentsarticle.portfolio217load 
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(b) 
Fig. 7. The two GFTs. (a) Chinese GFT at Jilin observatory. (b) French-Mexican GFT (aka 


Colibri) under test at the *Observatoire de Haute Provence" in France, before its installation at 
the Mexican National Astronomical Observatory in San Pedro Mártir. 


reaching 3 to 4 Ms. The B1 law will be the rule during the nominal part of the mis- 
sion (the first three years), with three exceptions: to point GRBs detected onboard, 
to point targets of opportunity, and to observe few remarkable sources as part of 
the general program (cf. Section 2.3.2). 


Nearly anti-solar pointing 
-» Earth in the field of view 


(a) 


Fig. 8. SVOM pointing strategy. (a) Illustration of the anti-solar pointing that allows telescopes 
on the night side of the Earth to observe SVOM alerts promptly. (b) ECLAIRs one year exposure 
map in galactic coordinates. 


2.3.2. Observing Programs 


'The observing time of SVOM is divided into three components: the Core Program 
(CP), which is the observation of HE transients detected onboard, the General 
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Program (GP), which is the observation of pre-selected sources close to the B1 law 
with the narrow field instruments, and the Target of Opportunity program (ToO) to 
observe active sources upon request from the ground.! The GP is selected by a TAC 
every six months and uploaded every week for the next two weeks. The ToOs are 
approved by the PIs of the mission and uploaded as soon as possible (see Sec. 2.3.3). 
Figure 9 shows the time allocated to each of the three programs during the nominal 
mission and during the extended mission. 


Nominal mission Extended mission 
1 ToO per day, 10% of GP outside B1 law 5 ToOs per day, 50% of GP outside B1 law 


Fig. 9. Fraction of observing time attributed to the three observing programs of SVOM. Left: 
during the nominal 3-yr observing phase. Right: during the 2-yr extended phase. Light green 
indicates the time devoted to the General Program outside the B1 law. 


2.3.3. Alerts and ToOs 


SVOM alerts will be distributed promptly to the community through the GCN 
network. Alerts can report a count rate excess or the detection of a new source 
or both. The detection of a count rate excess triggers the construction of a sky 
image and the search for a new source. A catalog of known sources onboard permits 
differentiating new transients from known sources,?? the slew threshold for known 
sources is set very high in order to slew towards a known source only when it is 
in a truly exceptional state. Alerts validated onboard will be broadcast by two 
onboard VHF antennas, hopefully detected by one of the ~ 45 VHF receiving 
stations distributed around the world (Fig. 10) and forwarded to the French Science 
Center, which will format them as GCN Notices and VOEvents and transmit them 
immediately to the GCN.?? 

On the way up, commands can be sent quickly to SVOM with the Beidou 
short messages communication service.?? This will be used to program target of 
opportunity observations towards active high-energy sources or towards neutrinos 
or gravitational waves transient sources. 
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Fig. 10. SVOM network of VHF receiving stations. In green the stations installed and fully 
operational at the end of 2021. 


2.3.4. Burst Advocates and Instrument Specialists 


Like other GRB missions (e.g. Swift or Fermi), the management of SVOM alerts 
will be assigned to Burst Advocates who will survey all activities connected with 
the alert, act as points of contact for the non-SVOM world, and eventually take 
decisions about the follow-up of the source. Considering the large number of space 
and ground instruments involved in the detection and follow-up of transients and the 
number of burst advocates needed to ensure the proper follow-up of the alerts, it is 
needed to complement the pool of burst advocates with a few Instrument Specialists 
(2 or 3 per instrument) that can be contacted at any time by a burst advocate who 
has questions about the details of an instrument's operation. 


2.3.5. Mission Status 


All SVOM instruments have been constructed, they have undergone environment 
testing and full characterization, which have demonstrated their nominal perfor- 
mance. They are ready to be shipped to Shanghai to be integrated on the satellite 
in the first half of 2022. The full satellite will then undergo complete testing, be- 
fore the launch planned mid 2023. The complex SVOM system (satellite operations 
and programming, observation sequences with and without triggers, satellite slews, 
alert reception and distribution, data management, etc.) has also been tested dur- 
ing extensive “system tests” lasting several days, that reproduced realistic operating 
conditions. These tests have demonstrated the capability of the SVOM collabora- 
tion to manage all aspects of this complex mission. 
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3. SVOM & GRB Science 


We conclude this presentation with a subjective list of GRB science topics that 
could make good progress in the coming years thanks to SVOM. A presentation of 
the complete list of scientific objectives of the mission can be found in Wei et al.! 


3.1. GRB detection 


Thanks to its low energy threshold and a thorough onboard image processing, 
ECLAIRs will be particularly sensitive to long and soft GRBs. As such, it pro- 
vides a unique opportunity to increase the sample of X-Ray Flashes!L*? (XRFs) 
that may hold the key to the connection between SNIbc supernovae and classical 
long GRBs. This is also the guarantee to detect several high-redshift GRBs (z > 5) 
during the nominal mission, despite the relatively small size of ECLAIRs. This 
is important because SVOM has the potential to quickly identify high-z GRBs as 
explained below. 

'The pointing strategy of the satellite will guarantee long periods of stable point- 
ing, allowing the detection of long, faint transients like the ultra-long GRBs. A study 
by Dagoneau et al.4? shows that SVOM may double the number of detected UL- 
GRBs (Figure 11b), allowing detailed multi-WL studies of these mysterious events 
and their host galaxies. 

Finally, all ECLAIRs and GRM photons are sent to the ground, allowing the 
construction of various delayed off-line triggers that will benefit of more computation 
power than available onboard and a much better knowledge of the context (solar 
activity, particles, pre- and post- count-rate evolution...), and could be used to 
search for classical HE transients with better sensitivity as well as new types of HE 
transients. 


3.2. Physics of the Prompt Emission 


The unique combination of observations with GRM, ECLAIRs and GWAC for 
some GRBs will provide a unique coverage of the prompt emission. The sys- 
tematic broadband time-resolved spectroscopy of the prompt GRB emission with 
ECLAIRs+GRM (and occasionally GWAC) will offer a renewed view of this phase, 
allowing to disentangle the role of the photosphere from internal shocks and other 
dissipation processes?? (Figure 11a). For some GRBs, the prompt coverage may be 
extended to VHE gamma-rays with Fermi/LAT and CTA, allowing crucial diagnos- 
tic on the physics of GRB relativistic jets.^^ 45 


3.3. Physics of the Afterglow 


SVOM has two features that will permit to study the physics of GRB afterglows 
systematically with more detailed data. The first one is a good coverage of the 
prompt-afterglow transition for GRBs longer than 2-3 minutes, in X-rays thanks to 
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(a) 
Fig. 11. Predicted SVOM performance. (a) Joint reconstruction of GRB spectra with ECLAIRs 
and GRM.26 (b) ECLAIRs sensitivity to ultra-long GRBs.43 


the overlap of ECLAIRs and MXT energy ranges, and in the optical thanks to the 
combination of GWAC + GFT + VT. The second is the multi-wavelength coverage 
of the afterglow with MXT, VT and GFT, with a good sensitivity balance between 
VT & MXT, ensuring that ~ 70% of the afterglows of SVOM GRBs will be detected 
by both instruments. In addition, it is expected that most SVOM GRBs will have 
their redshift measured (see below), giving us access to the energetics of the bursts. 


3.4. Redshifts of GRBs 


SVOM will provide arcsecond GRB localizations in less than 5 minutes with the 
GFTs and the VT, and the majority of SVOM GRBs will be immediately observ- 
able with telescopes in the night hemisphere. These localizations will permit fast 
spectroscopic observations with mid- or large-size telescopes with the goal of mea- 
suring the redshifts of a large fraction (> 2/3) of SVOM GRBs. SVOM will also 
provide quick indications of intermediate redshift GRBs*° (3 < z < 6), and of high-z 
GRBs candidates, when the afterglow is undetected in the VT. In all cases, dark 
bursts in the VT will indicate GRBs of interest, deserving additional observations 
with powerful telescopes. 


3.5. SN-less GRBs 


The detection of two SN-less GRBs with Swift in 20064" 9? raised a lot of attention, 
since the association of long GRBs with SNIbc was by then considered secure. In 
2011, another SN-less GRB was detected by Swift: GRB 111005A?! at 57 Mpc 
(z=0.01326). These events raise the question of the nature of SN-less GRBs: are 
they the result of the explosion of the core of a massive star or a merger? Since 
GRB 111005A was well within the detection volume of GW detectors for NSNS or 
BHNS mergers and easily detectable with ECLAIRs (Figure 12), the occurrence of 
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Fig. 12. ECLAIRs on-axis count SNR for GRBs in the local universe (z< 0.3). The orange 
horizontal band represents the detection limit of ECLAIRs at SNR — 6.5. The green and yellow 
bands represent the O4 LIGO detection limits for NS-NS and BH-NS mergers respectively. The 
light grey trails represent the evolution of the on-axis count SNR with the redshift.5? 


another event of this type within the field of view of ECLAIRs during the operation 
of GW interferometers would provide crucial data to solve this mystery.?? 


4. Conclusion 


'The operation of SVOM simultaneously with powerful instruments in the 2020's 
decade will certainly bring new crucial data for our understanding of GRBs. We 
have already mentioned the diagnostic brought by gravitational waves for nearby 
events, like short GRBs, sub-luminous GRBs or XRFs. We can also mention the 
search for GRBs coincident in time and direction with afterglow candidates that will 
be detected by the Vera Rubin Observatory. The operation of SVOM simultaneously 
with large neutrino detectors like ICECUBE or KM3NeT may also bring its share of 
surprises. Last but not least, the discovery of VHE gamma-ray emission from GRBs 
by HESS and MAGIC raises the hope to increase the number of such detections 
with CTA in the SVOM era, revealing key information about the composition and 
physical processes at work in ultrarelativistic jets. 

Observing GRBs, AGNs, TDEs and transient sources of gravitational waves, 
SVOM will become a key player in the fields of High-Energy Astrophysics, Time 
Domain Astronomy and Multi-Messenger Astrophysics, after its launch mid-2023. 
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A procedure to derive a unitary evolution law for a quantised black hole has been 
proposed by the author. The proposal implies several assumptions, which seem almost 
unavoidable to this author. We start off with the question how to describe the energy 
eigenstates of a black hole. The background metric required for this cannot be the Vaidya 
metric let alone the metric proposed by Hawking, who included the effect of the final 
evaporation of the black hole. This however leads to the formation if firewalls at both 
the future and the past event horizon, unless one anticipates the effects that the fire- 
walls have. These effects can be handled as new boundary conditions at the horizons, 
describing the flow of the participating particles. It is subsequently explained how these 
boundary conditions must involve the antipodes of the outside world. Imposing unitar- 
ity and continuity then automatically leads to a unique, unitary evolution operator. We 
exhibit the resulting, quite coherent picture. 


Keywords: Quantum black hole; past and future event horizon; firewall; Penrose diagram; 
eternal black hole; time slices; entanglement; vector representation; Shapiro shift; Cauchy 
surface; boundary condition; antipodal identification. 


1. Introduction 


There is a general agreement that a theoretical study of black holes in a regime, 
where quantum mechanical effects play a role, is important for a more complete 
understanding of general relativity and/or some modifications of this theme, in its 
relation to quantum mechanics.'? There are several problems and disagreements, 
however. What is the classical limit from where one should start adding quantum 
corrections? The first thing many investigators assume is that there is a classical 
metric describing a black hole from beginning to end, and after that, the dynamical 
variables should be subject to some quantum mechanical replacement.? This should 
give the *quantum black hole". 

However, there is a difficulty concerning the way these quantum variables 
would evolve. First, in accordance with the no-hair theorem, the evolution of these 


* Based on a talk presented at the Sixteenth Marcel Grossmann Meeting on Recent Developments 
in Theoretical and Experimental General Relativity, Astrophysics and Relativistic Field Theories, 
online, July 2021. 
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“quantum corrections" would quickly fade away, together with all other quantum 
field theoretical degrees of freedom. There seems to be just a single state that sur- 
vives: the Hartle-Hawking state. We do have evolution in this Hartle-Hawking 
state in a quantum mechanical manner, which is why investigators did continue 
along such directions, but, entanglement or not, only a single state seems to sur- 
vive, and this appears to be incompatible with unitarity. 

Second, if there is a quantum mechanical evolution law, it should also apply 
both during the initial implosion and the final puff of the evaporation process. 
'These depend on quantum processes, and demanding their tie evolution to be fixed 
destroys unitarity. 

Third, the quantum states will be entangled with particles entering or leaving 
the scene far from the black hole. 

There is a way out of these difficulties, which is to consider more carefully how in- 
going particles assemble near the past event horizon, and how the emitted Hawking 
particles are prepared near the future event horizon. They form what has become 
to be known as firewalls .* 7 This is the subject of the present investigation. Al- 
ready years ago, the author reported about what seems to be considerable progress 
along these lines ,° but there continue to be communication barriers that should be 
overcome. 

Particle states emerging from the past event horizon will be shown here to gener- 
ate a rich spectrum of different possible quantum states of out-going particles, and, 
considering the equally rich spectrum of in-going particles, the quantum mechanical 
interactions between the two horizons can be seen to restore unitarity. 

There will be limitations to what we can do presently, as will be briefly explained 
later. 


2. The Background Metric 


The Penrose diagram? 1° for the eternal black hole is depicted in Fig. 1(a). This 
diagram is the unique analytic extension of the Schwarzschild metric that solves 
Einstein’s equations without matter effects added. In line of arguments just sketched 
above, and clarified further below, this is the only metric that we believe can be 
used for the quantum theory. 

The metric often considered in quantum speculations for black holes, is the 
Vaidya metric of the kind sketched in Fig. 1(b). It was suspected to be superior 
since it includes the black hole formation process, so it may seem to contain more 
freely adjustable parameters that can be subject to quantisation. 

Adding to that the gravitational effects of the Hawking evaporation, Hawking 
proposed to substitute this by Fig. 1(c). This diagram, like the others, has the 
singularity at r = 0 absorbing in-going material, which is problematic since unitarity 
would demand information to be returned in the entire process. Anyway, one should 
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Fig. l. Different Penrose diagrams for the Schwarzschild black hole. M stands for matter moving 
in, H for Hawking radiation going out. See text. 


realise that the underlying equations, both for general relativity and for quantum 
mechanics, are invariant under time reversal, so that Fig. 1(d) should at least be 
considered as possibility as well. 

We shall later conclude that only Fig. 1(a) can be used for the quantum process, 
but the arguments will be more convincing after we have treated the details of our 
theory. At this point, let us emphasise here that Fig. 1(a) for the eternal black hole 
is the most suitable one to use for the description of the stationary modes of a black 
hole, in particular its energy eigenstates, which make use of beams of in-going and 
out-going particles asymptotically far away, so as to make up for the evaporation. 

To set up our program, we momentarily return to Schwarzschild coordinates, 
we divide the Schwarzschild time coordinate t in equal slices, each lasting for at 
most one period At ~ Mpg in Planck units, see Fig. 2. Within each of these time 
slices, the physical variables are defined to consist of all standard model particles 
and the slightly hidden degrees of freedom such as dark matter and gravitons. These 
particles are following their (quantum) trajectories, but, and this is essential for our 
procedure, particles that venture too close to either the future or the past horizon, 
will not be included. The idea is that such particles will become more manifestly 
observable in future or past slices (where they belong). 

This paper is about stitching these slices back together in order to get the 
complete picture. Particularly at the horizons, this is a nontrivial procedure. 

'There may be some misunderstanding as to the quantum state of the Hawking 
particles. The Hawking particles are seen to be entangled, and as such it may appear 
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final evaporation 


time time 


initial implosion 


Fig. 2. Slicing the Schwarzschild coordinates in sequences of short periods. The quantum variables 
can be defined on each slice, lasting not longer than O(Mgy) in Planck units. 


that they can only form a single quantum state. This happens only, however, if none 
of the Hawking particles are subject to observation, and if nothing is thrown into 
the black hole for large stretches in time. This will become more clear below.* 

Quantum field theory (QFT), projected on this background of time-slices, will 
reveal how particles propagate and interact. At any safe distance (of the order of 
a couple of Planck lengths), the outcomes of QFT calculations will be decisive as 
to what happens. Up to this point, it should be clear that the metric of an eternal 
black hole serves just fine as a background. 

However, particles inevitably will approach the horizons more closely. There are 
particles entering the future event horizon, and particles emerging from the past 
event horizon. A theory is needed that dictates how particles appear out of the past 
horizon, and how, if at all, this is determined by the in-going ones. 

At this point, it seems that Hawking’s original calculation! cannot be the entire 
story since it puts all out-particles into just one state, the Hartle-Hawking state. 


“For a better understanding of these aspects of quantum mechanics, it may be helpful to view 
quantum mechanics itself as a vector representation of physically observable objects, see the au- 
thor’s ideas about this, in Refs. 12 and 13. 


137 


In contrast, we expect that different states of particles entering the future horizon 
should lead to different states of out-particles. 

It suffices to produce a prescription that holds just for a few Planck lengths 
away from the intersection point of future and past event horizons. There, we expect 
"something" that causes in-particles to bounce against, or turn into, out-particles. 
So-far, in this treatment, we have only used the physically accessible or observable 
part of the Schwarzschild metric. Quantum gravity has been used only in its per- 
turbative regime, so it only enters in the form of some stray gravitons. But now, 
this is going to change. 

What has been found is that interactions between in- and out-particles can do 
the job. We need interactions that become sufficiently strong only at tiny distances. 
Which force acts more strongly at close distances than the renormalizable interac- 
tions in the Standard Model? Of course, the answer is: the gravitational force. 


3. The In-Out Interaction Caused by Gravity 


Indeed, the gravitational effect of an in-going particle on an out-going one is that 
the wave function of the out-particle is modified. This is illustrated in Fig. 3: the 
dashed arrowline marked “in”, going through the future event horizon very early 
in time, carries a large momentum dp~. Coming from region (IV) in the diagram, 
a Hawking particle was on its way out (wiggled line marked “out”). Due to óp^, a 
shock wave !^ from the in-particle drags the out-particle along, displacing it by a 
distance u~, which is proportional to dp~ and a Green function F(0) depending 
on the transverse, angular, distance 0 between the particles. This function F(0) has 
been calculated.!? 

This effect is closely related to the Shapiro effect,!9 the fact that a light or radio 
signal from an astrophysical source or a spacecraft, grazing the Sun, experiences 
a delay due the solar gravitational field. All Hawking particles are delayed in a 
different way, depending on their transverse positions, and so it happens that the 
entire quantum state describing the out-particles is modified. 

'The modification operator is easy to calculate, in principle 


U= OP Joni Pin GE Cou) = e Pune Neb GP (Oout, Pout Oin, Pin) 
(3.1) 


where G is Newton's constant, and furthermore, in the second part we replaced ôp7 
by Jin Pin since all in-particles have this effect on all out-particles. 

It must be emphasised that the dependence of U on the in-particle momenta 
increases exponentially with Schwarzschild time, because, the later the time t where 
we study the particles in the background metric, the closer the older in-particles 
squeeze against the past horizon, so the larger their influence will be. The very first 
in-particles in fact were the particles that formed the black hole by imploding. Since 
they came in very early, their exponentiated in-momenta p^ are gigantic, in terms 
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singularity 


outside 


Fig. 3. The Penrose diagram for the eternal black hole, see text. Light cones everywhere in the 
diagram are oriented the same way as the one shown. 


of the Penrose coordinates for the particles later in time, but this is nothing to worry 
about: they caused the wave functions of the early out particles to be separated by 


equally large separation variables u,,,,. 

The increase of u^ changes from exponential to linear in time as soon as the 
out-particles move out of the direct gravitational influence of the black hole. They 
are joining the other distant out-particles that no longer play any role for us. Our 
complete quantum states of course include the early out-going particles, and our 
calculations show that they are entangled with the later particles, but from this 
moment onwards we can just re-arrange the basis of quantum states for the out- 
particles, and describe their wave functions any way we please. 

The reader may have felt something strange in the emerging picture: the time 
dependence of all particle states is such that the outgoing particles move away 
exponentially from the past and future event horizons, but there are two regions 
in which they can escape. The Penrose diagram used so-far is twice the size of 
the universe that we usually consider as the home universe of this black hole. We 
labelled these two regions (T) and (IT) in Fig. 3. What happens to a particle that 
makes its way out in region (II)? If we ignore it, we make a mistake. The operator 
U derived in Eq. (3.1) is the operator for the Fourier transform (apart from the 
Green function F that will be treated later). The Fourier transformation process is 
unitary, which means that we can use it to describe a unitary quantum evolution 
of the black hole, but it is only unitary if we consider in- and out-wave functions to 
cover the entire line |-oo, +00], and not just the half-lines that form the boundaries 
of region (I) or region (II) of a black hole. 
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Indeed, the Shapiro effect can easily transport the geodesic of a particle across 
the other horizon. This is the real reason why we are destined to use the entire, 
double, Penrose diagram for our considerations. Before disclosing the physical role 
of region (II), we sketch the picture obtained so-far. 

A time boost for an outside observer, t = t+ At, corresponds to a Lorentz boost, 
(ut, u-) = (ute-t/48Msn, q-et/4GMs8) for an observer close to the origin of this 
diagram. This implies that Cauchy surfaces for the particles in the regions (I) and 
(II) take the shape of the green curve in Fig. 3, that evolves into and beyond the 
red curve as time continues. 

The Cauchy surfaces never enter into the regions (III) or (IV) in the Penrose 
diagram. They pivot around the origin. This is where our procedure contrasts with 
other work.? 

However, we do have to pay for this — in an interesting way. Our general finding 
is that, when particles go into and out of the black hole, they cause shifts along 
the horizons. During black hole formation, these shifts are large. Effectively, we 
are using the eternal Penrose diagram, but the boundary conditions, by which the 
horizons connect different domains of the spacetime metric, are strongly affected by 
the gravitational force: the Shapiro effect. 

Now, we have to address the question what region (II) stands for physically. It 
cannot just be ignored. It also cannot just be there to describe another black hole. 
That other black hole would not only be strongly entangled with the first one, as 
some investigators argue, but the two black holes exchange information. Entangled 
particles do not exchange information without violating locality. 

Mathematically, it is easy to *cure" our theory. We have to find an isometry 
transformation in spacetime, whose square is the identity. We can write it as Zo. 
One such transformation is the identity itself, or, regions (I) and (II) are then 
assumed to represent the same spacetime. Our problem is then that this does not 
work since the Shapiro shift would not commute with such a mapping, or, it would 
generate cusp singularities near the origin. However, such cusp singularities do not 
arise if we accompany the Zə mapping with an antipodal mapping: 


(0, p) (1 — 06, p+r). (3.2) 


In flat Minkowski spacetime, this would also generate a cusp singularity at the 
origin, but for Schwarzschild (and its rotating and charged relatives), it does not. 
This is because in the entire spacetime that we are using, r > 2GMpu so that 
angular positions never come close to their antipodes. Only deep inside the regions 
(III) and (IV), r — 0, and points coincide with their antipodes. We never venture 
more than infinitesimal distances into these unphysical regions. 

Nevertheless, at the beginning of this paragraph, we put the word “cure” in 
quotation marks. The fact that a solution looks mathematically pleasing does not 
automatically mean that it embodies the physical solution. 

This antipodal mapping procedure may help us to avoid the “quantum 
no-cloning” condition, but does it? We do see a potential danger. In region (II), 
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compared with the time variable for a local observer, the arrow of time for the 
distant observer will flip over. Time runs backwards there! This means that, if, 
near the antipodes, an observer sees a particle, the same particle will appear to 
move backwards in time, or, have negative energy, when viewed by an observer in 
region (II). 

Our resolution to that problem is to redefine energy by a constant. A particle 
in region (II) has energy Ej = E™** — Ej, where E'™** is the energy of the “anti- 
vacuum” state. The antivacuum is the state completely filled with particles, having 
the largest possible amount of energy. 

Better understanding is obtained by adhering to expansions in partial harmonics, 
item 9 in the next section, but this we leave for future considerations. 


4. On the Complete Theory 


We hope the above can serve as a more elaborate explanation as to the various 
ingredients for a consistent theory of quantum black holes. It can be viewed as a 
^package deal": there are several postulates that by now sound natural and un- 
avoidable by this author, but seem to meet with considerable skepticism from other 
researchers: 


(1) Up to a few Planck lengths from the horizon, matter particles may be handled 
using conventional quantum field theory, only during small time steps, each 
lasting for the “scrambling time", Tycramb1 = O(Mpu). This is far too short to 
include collapsing matter or late evaporation. These would act as projection 
operators that ruin unitarity. In practice, we can only handle modest amounts 
of matter going in and/or out during any of these short time spans. 

One has to use the metric of the eternal black hole as background. 

The metric must be divided by Z2, to restore a single asymptotic region. 

'The only way to do that is by antipodal identification. 

Time outside runs backwards in region (IT). This implies that the local states 

to be compared with the black hole states must approach the antivacuum in 

region (II). Creating a particle near the black hole corresponds to creating a 

particle in (I) or annihilating a particle in (II). 

(6) During the time stretch around time t z to for the distant observer, in-particles 
at t « to are seen to generate a Shapiro shift along the past event horizon; 
out-particles at t >> to generate Shapiro shift along future event horizon. 
'These form firewalls that can be removed by re-arranging the corrections at 
the horizons (cut-and-paste procedures that effectively modify the boundary 
conditions there). 

(7) This links the positions of the out particles to the momenta on the in-particles, 
and vice versa. That opens the way to define a unitary evolution law. 

(8) Initial imploding matter and the final evaporating matter have decisive effects 
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at the horizons; rather than merely shifting the geodesics, these may initiate 
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the links between the antipodes there. Initial and final black holes are mere 
seeds, to be described as gravitational instantons. This is as yet a suspicion; it 
is not known how to substantiate that with calculations. 

(9) To do explicit calculations, it is advisable to expand the in-going momenta and 
the out-going momenta or positions at the horizons in spherical harmonics for 
optimal use of linearity of the equations. The Green function F(0, y, 6’, o) 
then diagonalises, much like Schródinger's equation for the hydrogen atom. 
Note that these spherical harmonics are not to be confused; in our case, we 
are dealing with operators. Since these operators involve all of the in-going and 
out-going particles, it is not appropriate to try to “second quantise" them. At 
every (Z, m), we have only one position operator and one momentum operator. 


The mathematics works correctly only when these views are all combined. In 
particular, we may only compare states in a background metric to states as seen 
from the outside, if the mapping on the Cauchy surfaces is 1 to 1. 

This enforced the antipodal mapping (it cannot be avoided). 

Note that this mapping keeps all information visible on the Cauchy surfaces; we 
have no information loss. 

'The procedure described above can lead to an accurately defined scattering 
matrix linking every in-state to an out state in a unitary manner. Unitarity may 
follow because, at every (£, m) mode, where / must be odd because of the antipodal 
identification, the Fourier transformation is a unitary operation. 

It is important to emphasise that the Shapiro effect only acts on energy and 
momentum, not on other quantum numbers. This means that further analysis is 
needed to establish how data other than positions and momenta are transported 
across horizons. 

'Thus, we are not yet ready to consider the complete Standard Model to describe 
the interactions in the immediate vicinity of the black hole. This is somewhat remi- 
niscent to the situation in string theory. This theory also requires first to characterise 
all its excited states in terms of momentum and/or position operators, while its re- 
lation with the Standard Model can only be established by extensive studies of the 
relevant symmetry groups and algebras. 

A new energetic generation of young students and ambitious postdocs is asked 
for to continue research along these lines. 
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There is much talk of a “mysterious form of energy”, called “dark energy" that forms the 
bulk of the energy content of the Universe. Perhaps the most mysterious aspect of it is 
why it should be regarded as mysterious in the first place. This question is discussed in 
the context of the development of relativity and relativistic cosmology. It will be argued 
that there is no good reason to treat it as other than Einstein's cosmological constant. 
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1. Introduction 


It is often taken that there is no need to hark back to a subject and one only 
needs to consider current developments. However, people like Julian Barbour! point 
out that the past debates and the process of the development of a subject might 
provide the correct direction in which to proceed. He was talking of the problem 
of combining quantum theory and general relativity, which has not been achieved 
despite the best efforts of the best scientists for about a century. This problem is 
at the base of, or contributes significantly to, many other important problems that 
Physics is facing today. I would agree with Barbour that when we are so badly 
stuck, we should look back to see where we took a wrong turn. Very often we do 
not realize that some hidden assumptions have been made and proceed forward 
in various erroneous directions. We should look back lest, in our headlong rush 
forward, we miss the lessons lying in the past. This is especially true if it is argued 
that we cannot require experimental verification because it is beyond our current 
technology, and must instead rely on the concept of “naturalness” — reminiscent 
of Aristotle’s “self-evident truths". This argument is appealed to for the attempted 
merger of the two major theories, which have so far resisted a union — the so-called 
^quantum-gravity problem". The problem is exacerbated by the current trend to 
publish as much as possible, which encourages wild speculation, instead of scientific 
progress based on adequate experimental evidence. One might fruitfully apply the 
same caution, to look back, for other recent developments. 

I am, here, concerned with the so-called *dark-energy problem". In an attempt 
to see significant effects of his general theory of relativity, Albert Einstein applied 
it to the Universe in the large.? The equations in his seminal paper on general 
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relativity? implied a non-static Universe, and he firmly believed that it should be 
static (see^ for a more detailed explanation of why he believed it). In this paper 
he added a constant to his Lagrangian and obtained a static Universe model. How- 
ever, in 1929 Edwin Hubble found that further away galaxies are redder. Treating 
the reddening as a Doppler shift, he deduced the Hubble Law,’ that galaxies are 
generally receding from us at a rate proportional to their distance. (Einstein called 
his modification “the greatest blunder of my life".) This fitted with Friedmann’s 
solutions for Einstein's field equations, which provided three universe models: two 
expanding forever; and one contracting later; but all expanding at more or less 
the same decreasing rate currently. Thus, if the scaling factor for the distance be- 
tween galaxies is given by a(t), the Hubble parameter that relates the speed of 
expansion with the distance is H = a(t)/a(t). As the scale is increasing this is 
positive. However, the dimensionless acceleration q — a(t)à(t)/à?(t), would be neg- 
ative. For the model which contracts later, H would become zero later, and then 
negative. 

Observations strongly supported the Friedmann models, but the fact that the 
Universe consists mainly of hydrogen and helium and all other elements are essen- 
tially ^cooked" in stars, seemed to be a stumbling block in the theory till George 
Gamow” suggested that there must have been radiation in the early Universe that 
stopped nucleosynthesis but allowed some deuterium, tritium, helium3 and normal 
helium to form. Later observations further supported the Friedmann open model.? 
Gamow’s “hot big bang model predicted that there would then be a remnant of 
that radiation still left over as the Universe cooled. A rough estimate was of 3?K. 
It was confirmed in 1965 when Penzias and Wilson discovered a microwave back- 
ground radiation,? which turned out be in a Planck spectrum, as predicted. Fitting 
the observed primordial abundance of elements with the radiation gave very precise 
estimates of the amount of baryonic matter in the early Universe. 

In 1997 new observations of the further reaches of the Universe, obtained by 
studying type Ia supernovae, indicated that the Universe is expanding at an ex- 
ponential rate.!?!! As it happens, much earlier in 1927, Georges Lemaitre!? had 
independently derived the Friedmann solutions, but with an extra feature allow- 
ing for an exponential expansion in later times. He had derived the solution using 
Einstein's equations with a cosmological constant. This was what Perlmutter and 
Reiss!?:!! had referred to. Nevertheless, a flurry of papers appeared in the jour- 
nals about evidence for a *mysterious form of dark energy", despite the fact that 
Riess’ paper explicitly mentions the cosmological constant. In this paper I will try 
to demonstrate that it is because of not looking back to the past, that theory is 
still blundering down dark blind alleys, instead of accepting the obvious solution. 
It is that, and the dark side of the force, forcing many people to publish many 
papers. The current standard model of cosmology!? is called the ACDM model, 
the CDM stands for *Cold Dark Matter" — and the *A" is Einstein's "greatest 
blunder”! 
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2. Generalizing Special Relativity 


Soon after Einstein published his paper on special relativity,!^ his one-time teacher 
Hermann Minkowski (whose classes he had skipped), wrote the theory in terms of 
a four-dimensional spacetime (a space with an indefinite metric). Einstein was 
not pleased with the development at the time, regarding the physics of the theory 
as being obfuscated by the mathematical formalism. However, the theory was re- 
stricted to uniform linear motion, and he needed to generalize it. On considering 
small accelerations along the direction of motion he was able to derive the physical 
consequence of a deflection of light due to gravity, which amounts to a bending of 
a straight line by acceleration. He considered uniform circular motion and found 
that it entailed a change in the geometry implying that one needed non-Euclidean 
geometry (see for example! for an explanation of the reasoning). 

Isaac Newton!" had defined the world-view that held sway before Einstein, ac- 
cording to which there is an absolute space and an absolute time, whereby space 
exists in itself independent of any matter or any observer in it. God was explicitly 
given the role of the Universal observer to provide reality to space. Time was taken 
to “flow at a constant rate". What sense would that phrase make? A stream can 
flow at a constant rate, meaning that in equal intervals of time the particles in the 
stream would flow equal distance. How could points of time flow at a constant rate 
in equal units of time? When Einstein had challenged this so-called *common sense" 
view with his special theory, non-physicists found it impossible to come to terms 
with the new view. However, while he challenged the absolute time more directly, 
and allowed lengths to decrease for moving observers, he had not altered the basic 
picture of a rigid grid. With a change of geometry that picture would become un- 
tenable. Before the Newtonian revolution, the world-view of Aristotle (c. 350 BC) 
held sway. In that view, space only existed as the distance between bodies. To give 
it reality, Aristotle had postulated an all-pervading aether. Further, time only gave 
a chronology of events, and precise measures of time were not assumed. If Newton’s 
absolute grid had to go, then we should expect space to be defined by its matter 
content. Measures of space and time would depend on the procedures specified to 
measure them and would not be automatically defined. 

Einstein had another problem, this time with Newton's law of gravitation. Ac- 
cording to it, if a body moves away from its position, another body will instanta- 
neously feel the change in the gravitational force between the two bodies. However, 
this militates against the basic precept of his special theory, as all information must 
obey the speed of light limit. Somehow, Aristotle's aether would be needed. How- 
ever, he had managed to get rid of the luminiferous aether. As such, the spacetime 
would have to carry the information across at a speed limited by that of light. In- 
stead of being Newton's rigid grid, or a rotated version of it (causing distances to 
appear shrunk), Einstein needed a more malleable spacetime that could be distorted 
by its matter content. Over time it became clear to him that he needed to use the 
geometry taught by Minkowski that he had skipped. 
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3. The Einstein-Grossmann Collaboration 


Einstein had already arrived at the key to his generalization by, what he had called 
“the happiest thought of my life". This was the realization that gravity would not 
be felt in a freely falling frame, since all objects would fall together, as Galileo 
had shown. Hence, in that frame a ball released would not fall but float. This led 
him to a prediction of the bending of light by gravity,'® as an experimenter in a 
fixed frame would see light sent across a falling lift hit the other side lower than 
if the lift is falling.!6 The effect turns out to be half what he later derived from 
the full general theory. He proposed that the effect could be seen by looking at 
the bending of the light from a star near the edge of the solar disc, seen during 
a full solar eclipse. (Fortunately for him, World War I broke out and prevented 
the expedition to observe the solar eclipse in South America. By the time it finally 
became possible, he had the correct answer.) In that paper he also obtained the 
gravitational red-shift, which is unaltered in the full theory. However, the effect is 
so small that it was not till 1956 (after Einstein's death) that the experiment could 
actually be performed and not till 1959 that the effect was finally verified.!? 

His friend, Marcel Grossmann (who is commemorated in these meetings) had 
not only attended Minkowski's lectures, but was proficient in non-Euclidean geom- 
etry, so Einstein asked him to help. Though Einstein had tried other non-Euclidean 
extensions of Geometry, Grossmann taught him Riemann's extension using differ- 
ential calculus — what is nowadays called differential, or Riemannian, geometry. 
This turned out to be especially fruitful. Though “the happiest thought” had come 
earlier, in many ways “the happiest development” came in the first paper of their 
collaboration,?? where Newtonian’s scalar gravitational potential is replaced by the 
geometrical metric tensor. Thus the spacetime itself becomes the medium to carry 
the gravitational field, participating in dynamics as was needed. This set the base 
for the theory. In it, the gravitational "force" is nothing but the curvature of the 
four-dimensional spacetime. Paths are bent due to the warping of the spacetime, 
rather than a mysterious force acting instantaneously from a distance. In the sec- 
ond paper of the collaboration,?! the basic field equations were set up and shown 
to be covariant. T'his was well before the derivation of the equations from a varia- 
tional principle. In it, the Einstein tensor was defined by using the divergence-free 
condition for the conservation of the stress-energy tensor and the second Bianchi 
identities. However, they limited themselves to those transformations that left the 
determinant of the metric tensor invariant. In other words, instead of the symme- 
try group being GL(4), SL(4) was used. Since that reduces one of the degrees of 
freedom, the field equations were not correctly identified there. 

There remains a crucial step in obtaining the field equations that was not made 
explicit in their derivation. How do we suddenly jump to relating the curvature 
tensor to the stress-energy tensor, without it coming from the bending of the path 
due to the presence of matter-energy as the warping of the spacetime? I will derive 
them the way I think Einstein must have done, but unfortunately left hidden. 
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4. Derivation of the Einstein Field Equations 
by Using Geodesic Deviation 


'To follow the argument, one needs to think of one of a family of observers looking 
at another observer of the same family, i.e. both in the same frame. I hope the 
reader will bear with me while I go through basic differential geometry, so that 
the reasoning can be seen in full clarity. The observers will follow geodesics, the 
straightest available paths. If the tangent vector to the path is t, treating it as a 
derivative operator, t(t) — 0, so that the direction does not change, i.e. dt/ds — 0. 
This is the geodesic equation. In terms of the components of t, t^ = dx^/ds, where 
a is the position vector of the observer, the geodesic equation is tht? — 0, where 
the summation convention that repeated indices are summed over, has been used 


BH 


and “;” is the covariant derivative, t% = t% - D'5,t^, “,” being the partial derivative 
0/0x*. Thus, in this index notation, the geodesic equation becomes 
i^ -T9? ae? 2° =0, (1) 


where I'?. is the Christoffel symbol, given in terms of the metric tensor, gec, by 


"dba c + Ged,b — bcd) + (2) 


= 0% = 59 
and g^ is the inverse of gpa, so that grag?’ = ô$. 

Let p represent the position vector of observer B, as seen by observer A. If the 
geodesics are radial lines on a plane and A is an ant moving outward at a constant 
rate on one line at angle 04, looking at an ant B on another line at 0p, p will 
increase at a constant rate as the two move out, so D = 0. Instead, let A be a jet 
plane flying due South on longitude ¢,4 and B another on longitude op. For the 
sake of definiteness, let them both start at a latitude 0; in the northern hemisphere. 
Even if the two jets fly at the same speed p will increase, p > 0, as 0 decreases, 
but the rate of increase of p will decrease at a constant rate, i.e. D < 0. As the 
rate of change of position is the velocity, p is the velocity and its rate of change, 
P, is the acceleration, A. Thus curvature is seen to be related to acceleration in 
kinematic terms. To see precisely how the two are related, one needs to require that 
the position vector p be "carried along" by the tangent vector to the geodesic, t. 
We say that p is Lie transported along t. In the above example, if A starts at point 
P and goes on to point Q, then the position vector of B at Q will be given by t(p). 
Further, if B starts at R and ends at S, then S is given by p(t). But the position of 
S relative to Q is also given by t(p). Hence they commute, i.e. t(p) = p(t). 

The curvature of a space over a small area is measured by carrying a vector field, 
v^ along one direction in the locally flat coordinate system and then the other, and 
subtracting the result from carrying it in the reverse order. (Carrying along the map, 
rather than on the curved space itself, is called parallel transport.) This is seen most 
easily on the surface of the Earth with one direction along a line of longitude and 
the other a line of latitude. Carrying equal distances and not angles (which would 
be the case for Lie transport), as defined in the local coordinate system of a map, 
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the rectangle carrying the vector will not close, because the cosine of the latitude 
will enter into the distance. Also the final direction of the vector will be different 
for the two, as it gets "twisted around more at a higher latitude than a lower one. 
'Thus the Riemann curvature tensor is defined in index notation by 


20“ esd] = R^ , (3) 


where Slab] = (Sab — Sba)/2!. 

For our purposes we need to use a four-dimensional spacetime. Since the geodesic 
of A is the path of a test particle, t must be a timelike vector, and since p is the 
position vector of a neighbouring test particle seen at some time in the rest-frame of 


A, it must be a spacelike vector. I use the metric signature convention (+, —, —, —), 
so that t.t > 0 > p.p. Thus the physical acceleration of B relative to A is 
A= p = t[t(p)] . (4) 


In the geometrical context it is called the geodesic deviation. We now use the Lie 
transport and geodesic equations to get the relation between the curvature tensor 
and the acceleration. First, we use the Lie transport for the acceleration, written 
in index notation, by commuting the expression inside the bracket to get 


A" = P(E pL) sp = t (pt), , (5) 
and then expand the bracket to obtain 
A" = Pp th +EP p thp. (6) 


Next, we use the Lie transport equation again for the first term to write it as 


AF = pPEL EP, + tP p th. (7) 
Notice that 
p? (t th) = pet te, + pP thp, (8) 
so we and add and subtract p^t"t^., using the positive part to rewrite the first 
term and obtain 
AP = pP (Pt); p — PEP tnp + EPP thp. (9) 


Now use the geodesic equation to get rid of the first term. Interchanging dummy 
indices and using the definition of the Riemann tensor, we finally arrive at 


AM = RM t pt (10) 


If the curvature is due to gravity, then this is the tidal acceleration, or the accelera- 
tion of one test particle as seen by an observer on the other. If the mass of the test 
particle is m, m.A" is the tidal force, which is the gravitational force equivalent to 
the curvature, which has been called the pseudo-Newtonian, or 7) N-, force.*?? 
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Since the acceleration is taken to be physically “caused” by the distribution of 
matter and energy, represented by the stress-energy tensor, 7", and geometrically 


by the Riemann tensor, R“,,,, the two must be functionally related. Thus 


TH” = f (Regs) . (11) 


The problem is that the former is a second rank tensor while the latter is a fourth 
rank tensor. The trace of the Riemann tensor, called the Ricci tensor, Rgs = Re "m 
is a second rank tensor which could be used in place of the Riemann tensor. Further, 
for mass-energy conservation the stress-energy tensor must be divergence-free, i.e. 
T"7, = 0, which requires that f"*, = 0. Now the Riemann tensor satisfies the second 
Bianchi identities (for a proof of which, see for example?) 


Reprise + Re gey5 + R pie — 0, (12) 


contracting which yields the divergence-free Einstein tensor 


1 
Egs = Figs = 398st ; (13) 


R = g""R,, being the Ricci scalar. Integrating f"^, = 0, the simplest function 
f!” would be a constant, which means a constant times the covariantly constant 
metric tensor, g^", but that would “throw the baby out with the bath-water". The 
simplest meaningful expression is to add in a constant times the Einstein tensor, 
which yields the relation between curvature and matter-energy as 


1 
Ry — 39i. t + Agu = KTyy , (14) 


where A is a constant of integration and the overall proportionality constant, K, is 
put in with the matter-energy tensor, rather than the geometrical tensor. 


5. What Difference Does It Make? 


So what have we achieved? Just an alternate derivation of the Einstein field equa- 
tions with a cosmological constant? I believe that this derivation had already been 
arrived at by Einstein. Undoubtedly, Einstein first published his field equations by 
using the variational principle. If he had got them earlier by this method, why did 
he not publish that derivation? I think that he felt that the Physics community was 
not so readily adopting the geometrical work of Grossmann and him, and wanted a 
derivation that would convince the community, and so waited till he had the field 
theoretic derivation worked out. Why would he not, then, have inserted the cosmo- 
logical constant in there? There seem to be some letters between Hilbert and him 
that indicate he had done so in an earlier draft, but removed it later. The reason 
would be that the jewel in the crown of relativity was the explanation of the per- 
ihelion shift of Mercury by a theory with no free parameters. Had he put in the 
cosmological constant, there would be a free parameter. He was convinced that the 
theory was right. In this derivation the cosmological constant would have to be there. 
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In the derivation from the variational principle, it would have to be inserted by hand 
and so Hilbert was not getting it. 

Even if this was the original derivation by Einstein, what difference does it make 
in any case? The point is that if we accept that Einstein inserted the constant later, 
by hand for his paper on cosmology a couple of years later,? it appears artificial 
and not part of the original theory, that had been verified. I have made much of the 
constant of integration coming with the geometry and not with the (physical) stress- 
energy tensor. It could, apparently, equally well have been inserted on the right side 
of the equation. In that case it would be an all-pervasive vacuum energy and not 
part of the geometry. Thus, it would need to be included in quantization. It is then 
assumed that the renormalization effect would come at the cut-off where quantum 
gravity takes over. On dimensional arguments one can argue that neither quantum 
mechanics nor relativity can be neglected when A, G, c^! 
them to make dimensional quantities, we get Planck units. It is further argued that 
^hence quantum gravity will set in at the Planck scale". Using the Planck energy 
density, which has the same units as the cosmological constant, one gets a value 
about 126 orders of magnitude off from observation! Hawking called this “the worst 
prediction in the history of Physics", and one cannot but agree with him. However, 
the original argument says that it must be invoked by the Planck scale, not at 
it. There is no reason that it should not set in well before the Planck scale. As I 
mentioned earlier, there is no theory of quantum gravity in any case, so one can 
only say what a valid theory for it might say. In that context Husain and Qureshi?? 
have pointed out that the claimed problem does not arise. They point out that the 
argument is based on quantization of energy that is well defined in Minkowski space 


are non-negligible. Using 


but is ambiguous in an arbitrarily curved spacetime. There is no vacuum instability 
problem. 

So, what difference did the history make, if Einstein had got the cosmological 
constant earlier? It would have been perceived as part of the geometry, as a constant 
curvature, and the question of quantizing it would not arise till we had a *quantum 
geometrical" description of spacetime. One could then try to see what it would say, 
if anything, about the matter. The point is that it may be just our perception of 
what is “natural” that leads to the problems. 


6. Conclusion and Discussion 


In this paper it has been argued that it makes a huge difference whether the cos- 
mological constant is regarded as part of the geometry or part of the stress-energy 
tensor. In the former role, as shown by Willem de Sitter,?4 it yields a static, con- 
stant curvature spacetime. Though this universe model does not change with time, 
an observer looking at the geodesic of a neighbouring test particle sees it accelerating 
away and so sees an expansion of this universe. Transforming to a cosmological time, 
using which one could talk of what is happening in a distant part of this universe 
“at the same time”, the expansion would seem to be exponential (see for example?). 
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Put with the stress-energy tensor it would be an all-pervasive vacuum energy which 
gives a repulsive force for positive A. 

Which way should it be looked at? Well, it was the expression involving the 
curvature that had to be determined, and so it is natural to keep the constant 
on the left side of the equation with the geometry. There is then no energy field 
causing the expansion — which appears as a kinematic effect. As such it cannot be 
considered for quantization without quantizing the rest of the spacetime. In that 
case the renormalization of the quantization of the rest of the curvature might, 
for example, balance that of the cosmological constant, so that there would be 
no net renormalization effect. I am not claiming that this must be so, only that 
we do not know and it could even be so. In fact, Maxwell had pointed out that 
his electromagnetic force, and hence energy, is opposite to the gravitational. Thus 
all gravitational effects should be expected to behave opposite to electromagnetic 
effects. Now the net mass-energy, material and gravitational, of the Universe is zero. 
That is what made it possible for Brout et al.2° to propose that the Universe may 
be a vacuum fluctuation. In fact, have argued that there is reason to believe that 
any quantum gravitational effect should act opposite to other quantum fields.?9 

The current speculation is that the exponential expansion is due to a “mysterious 
form of dark energy" with thoroughly counter-intuitive properties. In fact, in some 
ways it is reminiscent of the luminiferous aether with any number of properties 
inserted by hand, with no evidence for them. This introduces any number of free 
parameters, reminiscent of Aristotle's epicycles. Regardless of these problems, let 
us go ahead and see what the claim is. The argument goes that if it were due to a 
cosmological constant, it would be orders of magnitude too small — hence it must be 
zero. You might well wonder how zero would be closer to the Planck value than the 
small observed value? Surely, that should be infinitely many orders of magnitude off! 
Why should it be zero in any case? If there is a constant appearing in the equations, 
should one not naturally look to the observational data to provide the value? The 
response normally given is that “it must be zero for some hitherto unknown reason, 
which will emerge later, but in the meantime we should assume that it is zero." 

The standard model of cosmology is called the “A-CDM model”, of which the 
latter stands for “cold dark matter" and the former for the cosmological constant. 
'Thus, within observational errors, the data gives a behaviour of the Universe iden- 
tical with what would be expected with a cosmological constant. To argue that it is 
a dynamical field seems perverse. Alternatively, we can say that the Almighty has 
set it to behave that way just to confuse us — transferring the perversity to Him 
(as we tend to do for most of our sins). Perhaps He is busting a rib up in Heaven, 
laughing at how “He has confused these arrogant blighters!” Why do we not simply 
accept the obvious explanation of the cosmological constant and determine it, just 
as we do Newton's constant of gravity? I am forced to conclude that it is because 
we would then eliminate a whole spew of papers and students supervised, based on 
wild speculations. In this conference “the Hubble tension” has been taken to imply 
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that the “dark energy" underwent a phase transition and started to behave like the 
cosmological constant.?" The essence of the argument was because “the ACDM is 
correct, and if it does not fit at the very early stage then the A cannot be constant”, 
despite the fact, as pointed out,?? that the accuracy of the measurements for it are 
not yet sufficient for any definite conclusion. As we have no idea of the Physics of 
the CDM, why should there not be a phase transition for it? That would appear to 
be far more natural as matter does undergo phase transitions. Because people have 
got wedded to “the mysterious dark energy" — the dark side of the force. 


Acknowledgments 


I am most grateful for very useful comments to Francesco De Paolis, Viqar Husain, 
Babar Qureshi and Khalid Saifullah. I am also most grateful to the Organizing 
Committee of MG 16 for providing me a Registration fee waiver to participate in 
the Virtual Meeting. 


References 


1. J.B. Barbour, The Discovery of Dynamics: A Study from a Machian Point of View 
of the Discovery and the Structure of Dynamical Theories (Oxford University Press 
2001). 

2. A. Einstein, “Kosmologische betrachtungen zur allgemeinen relativitatstheorie” , 
Preuss. Akad. der Wissen. Sitz. 1917 (part 1) 142-152. 

3. A. Einstein, “Zur allgemeinen relativitátstheorie", Preuss. Akad. der Wissen. Sitz. 
1915 (part 2) 844-847; *Grundlage der allgemeinen relativitátstheorie", Annalen 
der Physik 49 (1915) 769—822. 

4. A. Qadir, Einstein's General Theory of Relativity (Cambridge Scholars Publishing 
2020). 

5. E. Hubble, “A relation between distance and radial velocity among extra-galactic 
nebulae", Proc. Nat. Acad. Sci. 15 (1929) 168-173. 

6. A. Friedman, “Uber die krümmung des raumes", Z. Phys. 10 (1922) 377-386. 

G. Gamow, “The evolution of the Universe”, Nature 162 (1970) 680-682. 

8. A. Sandage, “Distances to galaxies, the Hubble constant, the Friedmann time and the 
edge of the World", Proc. Symp. on the Galaxy and Distance Scale, in Quart. Jour. 

Roy. Astron. Soc. 13 (1972) 282-296; “Observational tests of world models", Ann. 
Rev. Astron. & Astrophys. 26 (1988) 561—630. 

9. A.A. Penzias and R.W. Wilson, “A measurement of excess antenna temperature at 
4080 Mc/s”, Astrophys. Jour. 142 (1965) 419-421. 

10. S. Perlmutter et al, “Measurements of the cosmological parameters Q and A from the 
first seven supernovae at z > 0.35”, Astrophys. Jour. 483 (1997)m565-581. 

11. A.G. Reiss et al., “Observational evidence from supernovae for an accelerating Uni- 
verse and a cosmological constant”, Astron. Jour. 116 (1998) 1009-10038. 

12. G. Lemaitre, “Un Univers homogène de masse constante et de rayon croissant rendant 
compte de la vitesse radiale des nébuleuses extra-galactiques", Annales de la Société 

Scientifique de Bruxelles 47 (1927) 49-59. 

13. P.J.E. Peebles, Principles of Physical Cosmology (Princeton University Press 2019). 

14. A. Einstein, “Zur elektrodynamik bewegter kórper", Annalen der Physik 17 (1905) 
891-921. 


E 


15. 


16. 
1T. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


2T. 
28. 


153 


H. Minkowski, *Das relativitátsprinzip", Annalen der Physik 352 (1907) 927—938; 
“Die grundgleichungen für die elektromagnetischen Vorgànge in bewegten Kórpern", 
Nachrichten der Gesellschaft der Wissenschaften zu Gottingen, Mathematisch- 
Physikalische Klasse (1908) 53-111; “Raum und Zeit”, Jahresbericht der Deutschen 
Mathematiker- Vereinigung 18 (1909) 75-88. 

A. Qadir, Relativity: An Introduction to the Special Theory (World Scientific 1989). 
I. Newton, Philosophiae Naturalis Principia Mathematica S. Pepys Reg. Soc. Praeses 
1686. 

A. Einstein, “Relativitatsprinzip und die aus demselben gezogenen folgerungen", 
Jahrbuch der Radioaktivitat 4 (1907) 411—462. 

R.V. Pound and G.A. Rebka Jr., *Gravitational red-shift in nuclear resonance", Phys. 
Rev. Lett. 3 439-441. 

A. Einstein and M. Grossmann, “Entwurf einer verallgemeinerten relativitatstheorie 
und eine theorie der gravitation: I. Physikalischer teil von A. Einstein; II. Mathema- 
tischer teil von M. Grossmann", Zeitschrift für Mathematik und Physik, 62 (1913) 
225-261. 

A. Einstein and M. Grossmann, *Kovarianzeigenschaften der Feldgleichungen der auf 
die verallgemeinerte Relativitatstheorie gegründeten Gravitationstheorie", Zeitschrift 
für Mathematik und Physik, 63 (1914) 215-225. 

A. Qadir, “General relativity in terms of forces", Proc. Third Regional Conference on 
Mathematical Physics, eds. F. Hussain and A. Qadir (World Scientific 1990) pp. 481- 
490; “The gravitational force in general relativity”, M.A.B. Bég Memorial Volume, 
eds. A. Ali and P.A. Hoodbhoy (World Scientific 1991) pp.159-178. 

V. Husain and B. Qureshi, *Ground state of the Universe and the cosmological con- 
stant. A nonperturbative analysis", Phys. Rev. Lett. 116 (2016) 061302 (6 pages). 
W. de Sitter, “On Einstein’s theory of gravitation and its astronomical consequences", 
Mon. Not. Roy. Astron. Soc. T8 (1917) 3-28. 

R. Brout, F. Englert and E. Gunzig, "The creation of the Universe as a quantum 
phenomenon", Ann. Phys. 115 (1978) 78-106. 

A. Qadir, *On the reality of Hawking radiation", Int. J. Mod. Phys. D 28 (2019) 
2040001 (11 pages). 

M. Kamionkowski, “The Hubble tension", talk on Wednesday 07/07 at 16.40. 

W. Freedman, “The Hubble constant tension", talk on Wednesday 07/07 at 17.15. 


154 


The irreducible mass of Christodoulou-Ruffini-Hawking mass formula 
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We reveal three new discoveries in black hole physics previously unexplored in the 
Hawking era. These results are based on the remarkable 1971 discovery of the irreducible 
mass of the black hole by Christodoulou and Ruffini, and subsequently confirmed by 
Hawking. 

1. The Horizon Mass Theorem shows that the mass at the event horizon of any black 
hole: neutral, charged, or rotating, depends only on twice its irreducible mass observed 
at infinity. 

2. The External Energy Conjecture proposes that the electrostatic and rotational energy 
of a general black hole exist completely outside the horizon due to the nature of the 
irreducible mass. 

3. The Moment of Inertia Property shows that every Kerr black hole has a moment of 
inertia. When the rotation stops, there is an irreducible moment of inertia as a result of 
the irreducible mass. 

Thus after 50 years, the irreducible mass has gained a new and profound significance. 
No longer is it just a limiting value in energy extraction, it can also determine black hole 
dynamics and structure. What is believed to be a black hole is a physical body with an 
extended structure. Astrophysical black holes are likely to be massive compact objects 
from which light cannot escape. 


Keywords: Black holes; quasi-local energy; irreducible mass; Kerr metric; moment of 
inertia. 


1. 50th Anniversary 1971—2021 


This article is to celebrate the 50th anniversary of the discovery of the mass-energy 
formula of a Kerr-Newman black hole in 1971 by introducing three new results re- 
cently found in black hole physics. Surprisingly, these results all invove the concept 
of the irreducible mass. 

First, congratulations to Demetrios Christodoulou and Remo Ruffini for their 
remarkable discovery of the irreducible mass! of the black hole and confirmed by 
Hawking,? one of the most important concepts in black hole physics. 

'This year is also the 50th anniversary of the renormalization of Yang-Mills the- 
ory? in 1971. Congratulations to Gerard 't Hooft and the late Martinus Veltman 
for their elucidation of the quantum structure of electroweak interactions, one of 
the great achievements in 20th Century physics. 


155 


'The irreducible mass formula discovered by Christodoulou and Ruffin in 1971 is 
the following:! 


Q? 2 Jg 
———— ————Ás. 1 
T AG Mirr T 4G? M? (1) 


rr 


M? = (ir 


Here M is the total mass of the Kerr-Newman black hole, Mirr is the irreducible 
mass; Q is the electric charge and J is the angular momentum. All quantities are 
reckoned according to the distant observer. When Q and J are zero, the irreducible 
mass is the mass of a Schwarzschild black hole. 50 years later, the irreducible mass 
has gained unexpected new and profound significance besides energy extraction. It 
can also determine black hole dynamics and structure. 

It is especially appropriate to explain the many definitions of a black hole in 
physics.^ The mathematical black hole in general relativity has a singularity hidden 
by a horizon. However, neither singularity nor horizon has been observed. Compact 
objects like the one at the center of our galaxy are also called black holes in common 
usuage, even though their nature is still unknown. This is pointed out in the 2020 
Nobel Prize in Physics citation. To Roger Penrose, the citation is ‘for the discovery 
that black hole formation is a robust prediction of the general theory of relativity’. 
To Reinhard Genzel and Andrea Ghez, the citatation is ‘for the discovery of a 
supermassive compact object at the center of our galaxy’. The term black hole 
is avoided. Strictly speaking, the black hole has not been discovered, but only a 
black hole-like object has been observed in astyrophysics. The Laplace ‘dark star’ 
introduced the concept of the black hole as a massive body from which light cannot 
escape due to its strong gravity. 

Between 1965-1985, several important theorems on classical black holes were 
gradually discovered. They are known as: 


1 
2 


(1) Singularity Theorem (1965),° 
( 

(3 

( 


Area Non-decrease Theorem (1972),° 
Uniqueness Theorem (1975) ,” 


4) Positive Energy Theorem (1983).* 


Au SF rU anA 


These theorems have been well discussed for many years in general relativity and 
accepted as basic properties of the classical black hole. In recent years, three new 
results on black holes previously unexplored in the Hawking era are found. They 
were developed using the quasi-local energy approach and angular momentum con- 
sideration. Remarkably, they all contain the irreducible mass of Christodoulou and 
Ruffini. They are: 


(5) Horizon Mass Theorem (2005)? 
(6) External Energy Conjecture (2017),!? 
(T) Moment of Inertia Property (2018).!! 
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These results are derived completely within general relativity and therefore legiti- 
mate. They add new properties to the classical black hole with potential to resolve 
several long-standing paradoxes in black hole physics. 


2. Horizon Mass Theorem 


Theorem. For neutral and charged black holes, the horizon mass is always twice 
the irreducible mass observed at infinity. 


For rotating black holes, the horizon mass is found to be extremely close to twice 
the irreducible mass for all rotations. It is conjectured that a rigorous proof will 
eventually show that the horizon mass is exactly twice the irreducible mass. 


In notation, it is simply 
M(r4) = 2Mirr (2) 


where r, is the horizon radius of the black hole. The theorem relates the mass 
of a black hole observed at the event horizon to its irreducible mass observed at 
infinity. The irreducible mass does not contain electrostatic and rotational energy. 
The Horizon Mass Theorem is the final outcome of quasi-local mass applied to black 
holes. 

'The quasi-local energy is one of the most important concepts in general relativity 
after decades of searching for a consistent definition of gravitational energy. It was 
finally obtained in 1993. The Brown and York expression!? for quasi-local energy 
is given in terms of the total mean curvature of a surface bounding a volume for a 
gravitational system in four-dimensional spacetime. The total energy E , including 
binding energy, is given in the form of an integral, 


- £8 sí. Pedals d (3) 


where c is the determinant of the metric defined on the two-dimensional surface 
?B ; k is the trace of the extrinsic curvature of the surface, and ko , the trace of 
the curvature of a reference space. For asymptotically flat reference spacetime, k? is 
taken to be zero. The expression in Eq.(3) is the basis for establishing the Horizon 
Mass Theorem. 

For a Schwarzschild black hole, the total energy contained in a sphere enclosing 
the black hole at a coordinate distance r is calculated,!? 1^ 


rca 


E(r) = T 


2GM 
E 2 


(4) 


TC 


At the Schwarzschild radius, r = r} = 2GM/c? , the above equation reduces to 


E(r) = e )s = Me, (5) 
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giving the first case of the Horizon Mass Theorem in Schwarzschild spacetime, i.e. 
M(r4) 22M . 

For a Reissner-Nordstróm black hole enclosed within a radius at coordinate r, 
the total energy calculated is now [9], 


4 2 
rc k- | 20M | GQ (6) 


E(r) =- 5 


TC r2c4 


Here M is the total mass of the black hole including electrostatic energy observed 
at infinity, and Q is the electric charge. 

The irreducible mass is the final mass of the black hole when its charge is neu- 
tralized by adding oppositely charged particles, extracting energy from the black 
hole. It is defined as in electrostatics, 

Q? 


M= Mirr -ARA 4 
u 4G Mi. 


(7) 


Inverting the equation to solve for Mirr, we find 


M M Q? 


The horizon radius of a Reissner-Nordström black hole is known to be 


GM GM Q? 
wam ae am (9) 


Combining Eq.(6) and Eq.(9), we find the mass contained within the horizon to be 


E(r+) Q? 
c | GM?’ 
ie. M(r,) = 2Mi,. This is the second case of the Horizon Mass Theorem in 
Reissner-Nordstróm spacetime. It is seen that the horizon mass of the charged black 
hole depends only on the energy of the black hole when it is neutral. 

We proceed next to the case for a slowly rotating black hole with mass M and 
angular momentum J . The total energy contained within a sphere of radius r can 
only be given by an approximate expression. This is due to the complexity of the 
Kerr metric, and more importantly, due to the fact that the Kerr metric only has 
axial symmetry instead of spherical symmetry. At the horizon, it is found that,? 


- M(r4) 2 M M|J1 (10) 


rc 2GM a? 
E(r) => Fa 1 = 1 = TOÀ + T3 
o2 ct 2GM 2GM 2GM | o 
2 pic qo Ze ubl 
T 6rG i rc? " ( t rc? ) rc? id r2 5 (11) 


where a = J/Mc is the angular momentun length paraneter. The leading term of 
the expression is similar to the energy expression in the Reissner-Nordstróm case, 
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suggesting that the mass at the horizon is twice the irreducible mass. The next term 
depends on o?, adding a small contribution to the leading term. 

The irreducible mass of a Kerr black hole is the final mass when its rotational 
energy is completely extracted by adding external particles, such as in the Penrose 
process.l It is given in the form 


M? M? J2c? 
Me mq ——4) 1 = 12 
irr 2 + 2 G? M* ( ) 


The horizon radius in this case is, 


GM GM J?c? 
= = + ——d1- LM 1 
m c? " c? G? M4 e 
An approximate relation for the horizon energy is therefore found, 
E(r4) ~ 2Mirr + O(o?). (14) 


The conclusion is that there is very little rotational energy insiide the Kerr black 
hole. 

It is natural to extend the quasi-local energy investigation to include higher ro- 
tations, and logically, all rotations. However, a severe challenge appeared at this 
stage and progress on black hole rotation in this approach stopped. The calcula- 
tions became extremely difficult to perform. No analytical expression or numerical 
evaluation could achieve an ezact expression for the horizon mass of the Kerr black 
hole. An analysis of the horizon mass in the teleparallel equivalent formulation of 
general relativity! reveals that it is strikingly close to twice the irreducible mass 
2M;,, for all range of the parameter 0 € a < GM/ c. The tiny discrepancy is likely 
due to evaluating method and describing the spherical horizon region in a system 
with intrinsic axial symmetry. A general principle based on equipartition of energy 
at the horizon also suggests the horizon mass result for the Kerr black hole!® by 
invoking one-half of the horizon mass for compensating the negative gravitational 
potential energy and the other half for supplying the irreducible mass. 

We give a heuristic argument for the Horizon Mass Theorem with the area con- 
cept of a black hole.? It has been known from the Kerr metric that the area at the 


event horizon of a Kerr black hole for all rotations is! 
167G? M2, 
A= 4r(r} +a?) = a (15) 
and the area of a Schwarzschild black hole of mass Mg and radius Rg is 


2:3 | 160G?M2 


(16) 


Anf = an ( ; - 


C Cc 


The two areas can be related by invoking Hawking’s Area Non-decrease Theorem 
in the energy extraction process. The theorem asserts that the area of a Kerr black 
hole is the same as the area of the final Schwarzschild black hole when rotational 
energy is extracted in a smooth and reversible process. Since the horizon mass of the 
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Schwarzschild black hole is proven to be twice its asymptotic mass Mg, the horizon 
mass of the Kerr black hole in this process is therefore 2M;,.-. The result applies to 
all rotations. It is believed that a rigorous mathematical proof will eventually show 
that the horizon mass is ezactly twice the irreducible mass. 

'The Horizon Mass Theorem is crucial for understanding processes occuring near 
the horizon, such as the merging of two black holes,!? and quantum emission of 
Hawking radiation.?° 


3. External Energy Conjecture 


Proposition. The electrostatic energy and rotational energy of a general black hole 
exist completely outside the horizon. 


The conjecture is a direct consequence of the irreducible mass in the Horizon Mass 
'Theorem. 

By definition, the irreducible mass does not contain rotational energy or elec- 
trostatic energy. A rotating black hole does not have rotational energy inside the 
horizon; therefore rotational energy exists outside the surface. Similarly, an elec- 
trically charged black hole does not have electrostatic energy inside. Electrostatic 
energy exists only outside, like that of a conductor. When quantum particles carry- 
ing electric charges and spins reach the black hole, they are forbidden to enter inside. 
They can only stay outside or at the surface. Since all matter particles in Nature 
are quantum particles, this makes the interior of the black hole completely hollow. 
Classical particles do not exist in Nature; they are a tool in classical mechanics. 

We may generalize the External Energy Conjecture to include other energies of 
a black hole and introduce a new paradigm.!! 


External Energy Paradigm: 


All energies of a black hole are external quantities. They include: constituent 
mass, gravitational energy, electrostatic energy, magnetic energy, rotational 
energy, heat energy, etc. 


'The validity of this paradigm will be demonstrated in the next section in which the 
moment of inertia of a black hole is presented. 


4. Moment of Inertia Property 


Statement. A black hole with an angular momentum and an angular velocity at 
the event horizon has a moment of inertia given by: 


coefficient x Kerr mass x (ergosphere radius)? . 
When rotation stops, there is an irreducible moment of inertia given by: 


irreducible mass x (Schwarzschild radius)? . 
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'The result of this statement is derived solely from the Kerr metric and is therefore 
a bona fide property of general relativity. Every black hole has a moment of inertia, 
even when it is not rotating. Moment of inertia indicates structure of the black hole. 

The Kerr metric?! discovered in 1963 ushered in a new epoch in general relativity 
and in astrophysics. It is absolutely indispensable for the study of rotating black 
holes. We demonstrate the existence of moment of inertia uniquely from the Kerr 
metric, using angular momentum and angular velocity consideration. We present 
the Kerr metric in an ezplicit form of the Boyer-Lindquist coordinates?? (t, r, 0, o) 
so that the metric coefficients can be readily extracted for calculation. It contains 
two constants a = J/Mc and m = GM/c? for the stationary case, 


r? + o?cos?0 — 2mr 4marsin?0 
de = 2,442 
° ( r? + a?cos?6 ) foires r2 + a? cos?0 areas 
2 | 2) (2 1 2 eos? 2 22 
_ [rt - o)(r^  o*cos"8) + 2mro* sin*6] sin?6d? 
r? + a?cos?0 


dr? 
2 2.22 2 
— (r^ + a*cos*6) | d0 = J|. 17 

(r+ ( — p 
The Kerr spacetime rotates with different angular velocities at different locations. 
The angular velocity at a point is defined as the change in azimuthal angle ó with 
respect to the change in coordinate time t. It can be expressed in terms of the metric 
coefficients as 


Q= do — 1t, (18) 
dt Jog 


where gio = get . At the equatorial region, 0 = 90° , the angular velocity expression 
at a distance r can be written as 


2marc 

€ = m. 19 

(r? + a? )r? + 2mro? ats) 

Further simplification can be achieved at the event horizon r = r} , using the 
identity r? + o? = 2mr, , ie. 

ac 


ee 2 
r2 +a? DU 


0, = 
In terms of actual physical quantities, we have an exact algebraic relation for the 
angular velocity of the Kerr black hole, 


Q4 (J) = ——— M. (21) 
2G?M? Pe 
—— |l +4/1 


ct | G2M4 


Given an angular momentun J and a Kerr mass M determined by a distant ob- 
server, the angular velocity at the event horizon can be obtained in radians/sec. 
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Equivalently, we can express the angular momentum J in terms of the angular 
velocity Q through the moment of inertia 7(€2) in the form 


J(Q) = I(Q) - Q. (22) 
We find, from Eq.(21), after substantial algebra, 
2GM M? 
iuum 
c 
J(0,.) = ————— R. 23 
(Q+) ocu iai * (23) 
1+ 2 pou 
c c 


The crucial step here is to extract a radius factor in the above relation. It is recog- 
nized that the factor 2GM/c? is the ergosphere radius at the equator, since M is 
the Kerr mass which includes rotational energy. Accordingly, the moment of inertia 


of the Kerr black hole is 
2GM \? 
M ( : ) 
c 


202 
Q 
= (2894) E 


10.) = (24) 


c? c? 


It is further recognized that the entire denominator in the above expression becomes 
a dimensionless number and acts as a numerical coefficient. The structure of the 
Kerr black hole is therefore, 


coefficient x Kerr mass x (ergosphere radius). 


As angular momentum is continually reduced in the energy extraction process, 
a slowly rotating black hole is formed. In the static limit, the quantity ud — 0 
first, the Kerr mass becomes the irreducible mass, M — Mirr and the coefficient 
becomes exactly equal to 1. The moment of inertia of a Schwarzschild black hole is 
derived. It is the limiting value of the moment of inertia of the Kerr black hole in 
Eq.(24), given by 


I= MsR$. (25) 


There is an irreducible moment of inertia of the Kerr black hole as a result of the 
irreducible mass. It is the rotatonal analogue of the rest mass of a moving body 
E — mc. 

A further observation that leads quickly to the irreducible moment of inertia is 
by considering the angular momentum definition in the Kerr metric J — Mac and 


the angular velocity Q4 at the horizon found in Eq.(20). We find, 


J 
i= ar M (r? +07) 2 A/ MZ, + M2, (r5 +07). (26) 
As the rotational parameter a — 0, the rotational mass M5; — 0; while the horizon 


radius r4 — Rg. In the limit, I = Mirr R = Ms RẸ. If one directly puts J = 0 and 
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Q4 = 0 in the definition J = J/N, , one would get an undefined result 0/0. The 
static limit of the Kerr black hole hole has the structure, 


irreducible mass x (Schwarzschild radius). 


A Schwarzschild black hole does not have an axis of rotation. Introducing an axis 
destroys its spherical symmetry. The center is therefore the point of symmetry. The 
moment of inertia J = M, sR is a statement about the mass distribution of a body 
with respect to the center in that the total mass is to be located at the Schwarzschild 
radius. À natural interpretation is that the static black hole is a hollow massive shell. 
This would go against the Equivalence Principle and the Singularity Theorem. It is 
possible that the static black hole resulting from the energy extraction process of a 
Kerr black hole is fundamentally different from the original Schwarzschild black hole. 
'The static black hole derived from a Kerr black hole may be a quasi-black hole. A 
quasi-black hole has the same exterior spacetime as that of the Schwarzschild black 
hole but without the conceptual difficulties associated with the latter.?? Singularity 
does not exist because particles are forbidden to cross the horizon by the very 
presence of the moment of inertia. The black hole firewall is such a scenario.?^ The 
quasi-black hole would also provide a physical surface where electric charges can 
stay instead of hovering without cause in the case of the charged black hole. In 
addition, if the surface area is identified as the entropy of a black hole according to 
Bekenstein?? and Hawking, then it is logical to expect that all mass of the quasi- 
black hole is at the surface. The moment of inertia is a new property of the Kerr 
black hole. 


5. Epilogue 


After 50 years, the irreducible mass has progressed from the gedanken Penrose pro- 
cess to quantum energy extraction in gamma-ray bursts and active galactic nuclei 
emissions.?Ó Instead of being a cold and inert body, the real black hole is a highly 
active object. The irreducible mass further plays a central role in newly discovered 
black hole properties. These results may resolve some of the long-standing para- 
doxes in black hole physics. 
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We study the non-linear structure formation in cosmology accounting for the quantum 
nature of the dark matter (DM) particles in the initial conditions at decoupling, as 
well as in the relaxation and stability of the DM halos. Differently from cosmological 
N-body simulations, we use a thermodynamic approach for collisionless systems of self- 
gravitating fermions in General Relativity, in which the halos reach the steady state by 
maximizing a coarse-grained entropy. We show the ability of this approach to provide 
answers to crucial open problems in cosmology, among others: the mass and nature of 
the DM particle, the formation and nature of supermassive black holes in the early Uni- 
verse, the nature of the intermediate mass black holes in small halos, and the core-cusp 
problem. 


Keywords: Dark Matter; Galaxies: Super Massive Black Holes - Halos; Self-gravitating 
Systems: fermions 


1. Introduction 


In the particle DM paradigm, different particle candidates (e.g. WIMPS, axions, 
sterile neutrinos, etc.) have different early Universe histories that, in turn, translates 
into different evolution of primordial perturbations in the cosmic plasma which seeds 
the formation of galaxies at later stages.! The effects of the DM microphysics is, in 
these cases, often quantified only by the (linear) matter power spectrum: a measure 
of the distribution of density perturbations before non-linear processes are involved. 
Such non-linear processes typically include the gravitational collapse of primordial 
structures, key to the formation of the observed structures in the late Universe, 
such as galaxies and clusters. 
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From the point of view of structure formation, the quantum nature of particle 
DM has been traditionally involved only in the initial conditions before self-gravity 
comes into play, neglecting any role it may have in the dynamics of the formed 
systems. However, whether or not this DM microphysics affects the overall structure 
of DM halos has been questioned in recent works. That is, our ignorance about its 
potential (quantum) effects through the innermost regions of the halos and their 
stability, may represent a hole in our knowledge of these systems. 

Indeed, the limited inner spatial resolution of DM halos inherent of cosmological 
N-body simulations implies huge uncertainties on the DM central distribution. It 
includes the open questions on how the DM is correlated with baryonic matter on 
such inner scales, and ultimately, how is the relation with the supermassive black 
hole (SMBH) at the center of large galaxies, and how they can co-exist in a steady 
state. Moreover, the use of classical point masses as the building blocks of mat- 
ter (without considering the quantum nature of the particles) in traditional N-body 
simulations within the LCDM paradigm does not allow for any new possible sources 
of quantum-pressure in DM halos (e.g. as recently shown within 3D numerical sim- 
ulations for bosons 2 or fermions 3). The arising of these quantum effects at the 
center of equilibrium systems of self-gravitating quantum particles (either bosons 
or fermions) is a long-known physical phenomenon. 

Motivated by these open issues, we here present an alternative mechanism 
of structure formation in cosmology based on thermodynamics of self-gravitating 
fermions. In such a scenario, the quantum nature of the DM particles is duly taken 
into account in the physics of decoupling in the early Universe (with correspond- 
ing effects in the linear power spectrum), as well as at DM halo formation and 
subsequent stability and morphology. 


2. DM halo formation: A thermodynamic approach 


'The thermodynamic approach for DM halo formation used here is motivated by the 
seminal work of Lynden-Bell on violent relaxation.? This approach was originally 
applied for collisionless stellar systems, and few decades later extended to indis- 
tinguishable particles such as massive neutrinos in Ref. 6. Relevant extensions to 
Lynden-Bell theory allowing for out of equilibrium effects (i.e particle evaporation), 
were performed in Refs. 7, 8 using the framework of kinetic theory. Quasi-stationary 
solutions to such equations (see Eq. (2) below), lead to a most-probable, coarse- 
grained distribution function (DF) at (violent) relaxation, of more realistic applica- 
tions than the original Lynden-Bell's version: a tidally truncated Fermi-Dirac DF 
of the form 


d ee /kT 


~ ele w)/RT p 1" 


Jie Se) f(e» €) =0, (1) 
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where e = /c?p? + m?c* — mc? is the particle kinetic energy, u is the chemical 
potential with the particle rest-energy subtracted off, T' is the effective temperature, 
k is the Boltzmann constant, c is the speed of light, and m is the DM fermion 
mass. The full set of dimensionless-parameters of the model are defined by the 
temperature, degeneracy and cutoff parameters, 6 = kT/(mc?), 0 = u/(kT) and 
W = e;/(kT), respectively (when these parameters are evaluated at the center of 
the configuration, they will be written with a subscript 0). 

DM halos built upon such a fermionic DF in a cosmological framework, naturally 
lead to finite-sized halos which can be stable, extremely long-lived, and holding key 
implications to supermassive BH formation from DM as shown here (and detailed 
in Ref. 3). 

In the limiting case of e. >> e, there is no particle escape, and (1) takes the form 
of the traditional (coarse-grained) Fermi-Dirac DF obtained in the original work of 
Lynden-Bell. Indeed, this DF is a stationary solution of the Vlasov-Poisson (VP) 
equation governing collisionless systems," that is a solution of Eq. (2) shown below, 
with J = 0, usually called ‘VP dynamically-stable’ solutions. The more realistic 
“tidally-truncated” DF (1) is another kind of quasi-stationary solution of the more 
general convection-diffusion kinetic equation (2), as demonstrated in Refs. 7, 9. 
This accounts for the ‘microphysics’ of the long-range particle-particle interactions? 
involved in the diffusion current J, caused mainly by the rapid fluctuations of the 
gravitational potential (proper of violent relaxation processes): 


Of of af ðJ 
5i Vg VER Ov’ (2) 


When the gravitational fluctuations die down at the end of relaxation, the dif- 
fusion current approaches zero (i.e. no more evaporation), and the DF (1) remains 
as a stationary solution of the VP equation. Now, these dynamically-stable VP 
solutions can be easily used to build DM halos in (hydrostatic) equilibrium able 
to reproduce galaxy rotation curves (as shown in Refs. 10, 11). However, such 
analysis does not explain neither how such a collisionless self-gravitating system 
reaches the required steady state, nor if they maximize the coarse-grained entropy 
S of such a fermion-gas, nor if they are just transitional (unstable/unreachable) 
states. This stems from the fact that VP dynamical stability does not necessarily 
imply thermodynamical stability, therefore some dynamically stable solutions for 
DM halos in hydrostatic equilibrium can be more likely to occur in Nature than 
others! 


? For isolated systems made of fermions, such a current can make (2) to be of the form of a fermionic 
Landau equation, conserving mass and energy, and continuously increase the Fermi-Dirac entropy 
functional (i.e. fulfilling H-theorem).9 
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In order to find dynamically and thermodynamically stable configurations of col- 
lisionless self-gravitating fermions in General Relativity (GR), able to model realistic 
DM halos, it is needed to solve the problem of finding solutions that maximize the 
global entropy S = Ds s(r)e/*4rr2dr (at fixed total energy and particle number), 
where s(r) is the entropy density given by the Gibbs-Duhem relation 


P(r) + alr) = n(r)n(r) 
T(r) , (3) 


s(r) = 


eM? Anr?dr is the proper volume, being e^ the spatial component of the spherically- 
symmetric spacetime metric: ds? = e"c?dt? — e^dr? — r?dO? — r? sin? Od¢?, with 
(r, ©, $) the spherical coordinates, and v and » depend only on r. 

The mass-energy density p(r), pressure P(r) and particle number density n(r) 
are directly obtained as the corresponding integrals of f(p) over momentum space 
(bounded from above by e < e.) as detailed in Ref. 3. This makes a four-parametric 
equation of state (p(r), P(r)) depending on (8,0, W, m) according to the dimen- 
sionless parameters in (1). The stress-energy tensor is the one of a perfect fluid with 
the above density and pressure, so the self-gravitating configurations of fermions 
are solutions of the hydrostatic equilibrium equation, with the local T(r) and u(r) 
fulfilling, respectively, the Tolman and Klein equilibrium relations (see Ref. 3 for 
details). We shall analyze which of such solutions are thermodynamically stable and 
of astrophysical interest regarding realistic DM halos in cosmology. 

The above stability analysis can be solved in an elegant manner via the ‘Katz 
criterion'.!? This allows to find the full set of thermodynamically-stable solutions 
(i.e. maxima of global entropy S) along the full series of equilibrium solutions of 
self-gravitating fermions. This is a powerful and rigorous method which relies only 
in the derivatives of the caloric curve given by total energy E = c?M(R) vs. 1/Tæ 
(like in Fig. 1), and without the need of calculating explicitly the (rather involving) 
second order entropy variations 67,5. This is a commonly used method to calcu- 
late the stability of self-gravitating systems (see e.g. Refs. 9, 3). We work in the 
microcanonical ensemble applied for isolated systems since, as explained in detail 
in Ref. 9, it is the most appropriate for astrophysical applications. The relevant 
thermodynamic potential to be extremized in this ensemble is the coarse-grained 
entropy S. 

In order for such a maximization entropy problem to be well defined, the self- 
gravitating solutions with given particle number N — d n(r)e/24rr2dr and total 
energy E — c?M(R) must be bounded in radius, as occurring when working with 
the tidally-truncated DF (1). We recall this is not the case for the standard Fermi- 
Dirac DF (i.e coarse-grained solution of the VP equation), which instead leads to 
unbounded systems. Therefore, our approach is well posed and without the need to 


invoke unrealistic bounding boxes.? 
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3. Astrophysical & cosmological applications 


We use the following method to assure that the fixed boundary conditions — such 
as N and corresponding M(R) required to maximize the global entropy S — do 
correspond to values of a given fermionic halo in a realistic cosmological framework: 
(i) calculate the linear matter power spectrum for such fermionic (quantum) candi- 
dates; (ii) apply the corresponding Press-Schechter formalism to obtain the virial 
halo mass, My; = M(R = Ry), with associated redshift Zvir for such a particle 
mass; and then (iii) use the the most probable coarse-grained DF (1) obtained at 
the end of violent relaxation (valid for that redshift), to obtain the full families of 
DM (equilibrium) profiles in agreement with above virial constraints. Having done 
this, we can analyze the (thermodynamic) stability of such halos using the Katz 
criterion in a given cosmological framework, and further check their astrophysical 
applications. 

This strategy was recently applied in Ref. 3 within a WDM cosmology for 
fermion masses of O(10) keV, and exemplified here for an average DM halo of 
mass My, z 5 x 101? Mo, which started to form at zy, œ% 10 according to the 
Press-Schechter formalism in our cosmological setup. 

We show in Fig. 1 the caloric curve in dimensionless variables, —M vs.1 ps 
for an average DM halo (with corresponding N = 76.25, and Wy — ĝo = 24 typical of 
average-size galaxies?) and for a particle mass of m = 48 keV. The stability analysis 
is based on the Katz criterion and follows the global procedure (i-iii) mentioned 
above. A practical rule of thumb to understand how the Katz criterion works is: (a) 
an unstable mode (coming from stable ones) arises when the caloric curve rotates 
clockwise (i.e. when the negative slope in the (— M, Tx!) curve becomes infinite 
for then turning into positive), (b) when the same curve rotates counterclockwise 
a stable mode has been re-gained (the later implying that a positive slope turned 
into negative just after becoming vertical). In this sense, once in a given unstable 
branch of the caloric curve, it is necessary as many counterclockwise turns of the 
curve as clockwise passed, to regain the thermodynamic stability (see Appendix A 
in Ref. 3 for details). 

In Fig. 1, we display the full family of thermodynamically-stable (i.e. maxima of 
S) solutions in continuous-blue line, and the thermodynamically unstable ones (i.e. 
minimum or saddle points of S) in dotted-violet. Interestingly, there are two spiral 
features in this caloric curve. The upper one arises due to the fermion (quantum) 
degeneracy which avoids the gravothermal catastrophe typical of Boltzmannian dis- 
tributions (as first shown for classical systems in Ref. 13). The second spiral feature 
is of relativistic origin and lead to the turning point criterion for gravitational col- 
lapse discussed below. 

We now highlight the main conclusions of this stability analysis, and its cosmo- 
logical and astrophysical consequences in three different subsections. 
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Fig. 1. Series of equilibrium solutions along the caloric curve for tidally-truncated configurations 
of mc? = 48 keV fermions, for typical DM halos of Myir & 5 x 1019 Mọ. The equilibrium states 
within the continuous-blue branches are thermodynamically (and dynamically) stable, while the 
dotted-violet branches — between (a) and (b) and after (c) — are unstable, according to the Katz 
criterion. Figure taken from Ref. 3. 


3.1. The shape of the fermionic DM halos 


We analyze from the caloric curve of Fig. 1 all the different kinds of density profiles 
for a conveniently fixed value of the total energy M (see vertical black-dashed 
line in the inset-box of Fig. 1, leading to the associated profiles of Fig. 2). There 
are two different families of stable and astrophysical DM profiles in a O(10) keV 
cosmology, arising from our (thermodynamic) halo-formation approach. They are 
either King-like, as the solution (1) in Fig. 1 (resembling the Burkert profile), or 
they develop a core-halo morphology (like the solution (3) in Fig. 1). Importantly, 
both kinds of solutions can agree with the observational DM surface density relation 
of galaxies (the latter ox p(rpi) rn, with p(rp) the density at plateau, and r; the 
one-halo scale-length of such profiles), as demonstrated in Ref. 3. In the first case, 
the fermions are in the dilute regime (i.e. 0 «& —1) and correspond to a global 
maxima of entropy, while in the second case, the degeneracy pressure (i.e. Pauli 
principle) is holding the quantum core against gravity, and correspond to a local 
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maxima of entropy. This kind of fermionic core-halo solutions are usually referred 
as the Ruffini-Argüelles-Rueda (RAR) model.!?:!4 They are extremely long-lived, 
meta-stable states as demonstrated in Ref. 3, with a lifetime « e", and more likely 
to arise in Nature than the former as argued in Ref. 9. 

Remarkably, solutions like (3) in Fig. 1 can fit the rotation curve in galaxies, such 
as in the case of the Milky Way as shown in Fig. 3, while their dense quantum core 
can work as an alternative to the SMBH in non-active galaxies.!9: 11-15-16 Indeed, 
this latter statement was analyzed in the case of our own Galaxy in Ref. 15 within 
the extended RAR model for mc? — 56 keV. It has been there shown that the 
gravitational potential of the DM dense core of such a configuration leads to better 
fit of the orbits of the S2 and G2 objects around Sgr A*, with respect to the one 
obtained by the central BH model (see Figs. 4 and 5). Furthermore, a geodesic 
in the gravitational field of the DM profile of the extended RAR model naturally 
predicts the post-pericenter slowing down phenomenon observed in G2 (see Fig. 5), 
result that contrasts with the BH hypothesis where it has been proposed that G2 
is being slowed down by a drag force caused by an accretion flow onto the massive 
BH over which G2 should move.!^:!? Finally, strengthening this DM interpretation 
of the Galactic Center, in Ref. 16, this result has been extended to the up-to- 
date astrometry data of the 17 best-resolved S-stars orbiting Sgr A*, achieving to 
explain the dynamics of the S-stars with similar (and some cases better) accuracy 
compared to a central BH model (see Fig. 6), strengthen the alternative nature 
of Sgr A*. 

Another key consequence of such a thermodynamic approach for DM halo forma- 
tion is that, on inner halo scales, the O(10) keV fermionic density profiles develops 
an extended plateau (similar to Burkert profiles, with or without the innermost 
quantum core depending on the degree of central degeneracy), thus not suffering 
from the core-cusp problem associated to the standard ACDM cosmology.!? Inter- 
estingly, while in N-body simulations (within the CDM paradigm) it is possible to 
obtain ‘cored’ profiles when including for DM self-interactions (see e.g. Ref. 20), here 
the flatness on inner halo scales are obtained due to the fulfillment of an entropy 
maximization. The later can be achieved thanks to the long range particle-particle 
interactions involved in the diffusion-current term of equation (2) (see also footnote 
a) as shown here, or complementarily it could be enhanced by (short-range) DM 
self-interactions as well. 


3.2. Gravitational core-collapse of DM and SMBH formation 


Another striking consequence of the present DM halo formation approach is that it 
predicts a novel SMBH formation mechanism from DM. Namely, a galactic quantum 
core made of DM (like in solution (3) of Fig. 2) might become so densely packed 
that, above a threshold critical mass, the quantum pressure can not support it any 
longer against its own weight, leading to its gravitational collapse and forming a 
SMBH. Such threshold solution correspond to the last-stable configuration depicted 
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(1): Bo = 2.63 x 107, Ay = —23.97, Wo = 0.03 
(2): Bo = 3.27 x 10°, 05 = 31.52, Wy = 55.52 
(3): A = 4.83 x 10-5, Bo = 31.54, Wo = 55.54 


" 


10^ 109 104 
r [pc] 


Fig. 2. Density profiles for mc? = 48 keV corresponding with three different solutions along the 
caloric curve in Fig. 1 at a fixed energy. Only the profiles (1) (resembling a King distribution) and 
the core-halo one (3) are stable, while profile (2) is thermodynamically unstable. Solutions like 
(3) are successfully applied to explain the Milky Way rotatoin curve (see Fig. 3). They are stable, 
extremely long-lived and fulfill with different observational probes. Figure taken from Ref. 3. 


by the point (c) in the caloric curve of Fig. 1, below which there is no possible 
accessible state (see Ref. 3 for details). Moreover, such a collapse occurs prior to 
the turning point in the (traditional) total mass vs. central density diagram (see 
Fig. 7). This result, occurring here for self-gravitating systems of neutral fermions 
at finite T4, in GR, agrees with similar findings within rotating perfect-fluid stars,?° 
and generalizes the traditional result applied to compact objects (such as neutron 
stars) based on full degeneracy (T — 0). 

This kind of DM core-collapse can only occur when the total particle number 
exceeds the so-called Oppenheimer-Volkoff limit (i.e. Ñ > Nov 7 0.4, as fulfilled in 
the case here exemplified of Ñ = 76.25). However, as explained in Sec. 3.1, it can also 
exist a stable branch of core-halo solutions for such N > Noy as exemplified through 
the solution (3) in Fig. 1, before the last stable one (c). This fact is characteristic 
of self-gravitating solutions of fermions at finite T (as in the RAR model), which 
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Fig. 3. Milky Way rotation curve and DM density profile within the core-halo DM RAR profiles 
for mc? = 56 keV, with a DM quantum core of mass of Me = M(rc) = 3.5 x 109 Ma. Top: DM 


(black) and baryonic (bulge + disk) contribution to the rotation curve vrot (total in red). Bottom: 
corresponding DM density profile. Figure taken from Ref. 15. 


differ from the traditional T — 0 limit where the system must necesarily collapse 
when Ñ > Noy (see Ref. 3 for further details). 

In cases when N > Noy as the one shown here, and for mc? z 50 keV, it is 
possible to form a SMBH of MS ~ 2 x 105 Ms at the center of a realistic DM halo: 


173 


z (km/s) 


2000 2005 2010 2015 2020 
epoch (yr) 


Fig. 4. Theoretical and observed orbit and radial velocity (z) of S2 around Sgr A* (wiht data 
taken from Ref. 21). Top panel: shows the projected orbit on the sky, X (Right Ascension) vs. 
Y (Declination). Bottom panel: shows the line-of-sight radial velocity as a function of time. The 
theoretical models are calculated by solving the equations of motion of a test particle in the 
gravitational field of: (i) a Schwarzschild BH of 4.075 x 109 Me (black dashed curve), and (ii) the 
fermionic DM distribution obtained from the core-halo RAR model with mc? = 56 keV fermions 
(red curves). Figure adapted from Ref. 15. 
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Fig. 5. Theoretical and observed orbit and line-of-sight radial velocity of G2 around Sgr A*. 
Top panel: shows the projected orbit on the sky, X (Right Ascension) vs. Y (Declination). Bottom 
panel: shows the redshift function z as a function of time. The theoretical models are calculated by 
solving the equations of motion of a test particle in the gravitational field of: (1) a Schwarzschild BH 
of 4.075 x 109 Mo (black dashed curve), and (2) the DM distribution obtained from the extended 
RAR model for 56 keV fermions (red curves). T'he mass of the quantum core in the RAR model is 
3.5 x 106 Mo. The observational data are taken from Refs. 17,18,22. Figure adapted from Ref. 15. 
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Fig. 6. Best-fit orbits for the 17 best-resolved S-star orbiting Sgr A*. It shows the projected orbit 
on the sky, X vs. Y, where X is right ascension and Y is declination. The black dashed curves 
correspond to the BH model and the colored curves to the RAR model for m z 56 keV fermions. 
''he astrometric data was taken from Refs. 21,23,24. Figure taken from Ref. 16. 
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Fig. 7. Series of equilibrium states with N > Noy are shown along a po vs. M curve, in correspon- 
dence with the caloric curve of Fig. 1. The last stable configuration at the onset of the core-collapse 
occurs at the minimum of this curve and prior to the turning point instability (corresponding with 
point (c) in Fig. 1). Such a critical solution has a critical core mass MS" ~ 2 x 109 Mo, and thus 
a forming a SMBH from DM core-collapse. Figure taken from Ref. 3. 


that is, the last stable configuration at the onset of the core-collapse (point (c) in 
Fig. 1) correspond to a critical core mass MS = 2.17 x 105 Mo, and thus a forming 
a SMBH from DM core-collapse (see Ref. 3 for more details). This is an interesting 
number, since the majority of the SMBHs are comprised within ~ 105 Mọ,?® in some 
way separating active from non-active galaxies. Moreover, the relevance of such a 
DM core-collapse scenario, is that it can occur within the high z ~ 10 Universe 
when such halos start to form, without the need of prior star formation or any 
BH seed mechanisms involving (likely unrealistic) super-Eddington accretion rates. 
'This may provide the long-sought solution to the problem of SMBH formation in 
the early Universe, which deserves further detailed investigations. 

Such a critical value triggering core-collapse can be written in a more famil- 
iar way in terms of the Planck mass mp, and the fermion mass m as Nov z 
0.398 m5, / m? , corresponding to a critical (total) mass Moy 0.384 m7, /m? which 
for m & 50 keV yields Moy ~ 108Mo. Therefore, equilibrium configurations of 
fermions at finite T4, with Myir < 105 M can not undergo core-collapse towards a 


177 


SMBH within the present scenario. Indeed, the caloric curves in such cases never 
develop a last-stable solution (like (c) in Fig. 1), nor the second spiral of relativistic 
origin as shown in Ref. 3. 

The above numbers imply another intriguing consequence for this new theory: 
the critical mass for collapse into a massive BH can not be reached for smaller DM 
halos, for example those surrounding typical dwarf galaxies with Myir € 108 Mọ. 
Instead, this Ñ < Ñov scenario would leave smaller dwarf galaxies with a central 
DM nucleus with a mass typically of Me ~ 105Mọ (or less) as shown in Ref. 11, 
thus offering a natural explanation for the so called ‘intermediate-mass BHs'. Such 
a DM quantum-core can still mimic the gravitational signatures of a central BH, 
whilst the dark matter outer halo could also explain the observed galaxy rotation 
curves. !! 


4. Conclusions 


We have shown that mechanisms of DM halo formation based on entropy max- 
imization in which the quantum (fermionic) nature of the particles is accounted 
for, may provide answers to crucial open problems in cosmology. In particular they 
allow: to constraint the mass of the DM particles, to provide a novel mechanisms 
of supermassive BH formation from DM core-collapse, to understand the nature of 
the intermediate mass black holes in small halos, and to provide a solution to the 
core-cusp problem. 

The approach applied here (and detailed in?) for DM halo formation in terms of 
self-gravitating fermions is self-consistent: the nature and mass of the DM particle 
involved in the linear matter power spectrum calculations (as obtained in Ref. 3 
within a CLASS code for WDM cosmology of O(10) keV), are the same build- 
ing blocks at the basis of virialized DM configurations with its inherent effects in 
the core-halo profiles. Importantly, such a fermion mass would produce the same 
ACDM power-spectrum on scales down to O(Mpc), hence providing the expected 
large-scale structure (see Appendix B in Ref. 3). Moreover, for such typical fermion 
masses the number of sub-halos in the corresponding WDM cosmology is not in 
tension with the number of Milky Way satellites," while being consistent with 
Lyman-a forest observations.?? Another relevant consequence is that the maximum 
entropy approach for structure formation applying here for O(10) keV particles, can 
naturally avoid the so called ‘catch-22’ tension arising for fermionic halos within 
(N-body simulation-based) WDM cosmologies.?? That is, the resulting fermionic 
profiles within our approach allow for ‘cored’ density profiles in dwarfs with right 
sizes and masses, and at the same time in agreement with Lyman-a bounds.!! 

To conclude, we believe the results shown here open new insights in the formation 
and stability of DM halos. Moreover, the quantum degenerate core at the center 
of the stable DM configurations, and its eventual core-collapse, may play crucial 
roles in helping to understand the formation of SMBHs in the early Universe, or 
in mimicking its effects without the need of a singularity at all. The astrophysical 
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consequences of the analysis here shown for O(10) keV — together with the recent 
results in Refs. 3, 10, 11, 15 — strongly suggest that such DM core-halo morphology 
are a very plausible scenario within the late stages of non-linear structure formation. 
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First results of LHAASO 
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The Large High Altitude Air Shower Observatory (LHAASO) has recently published 
the first results, including the discovery of 12 ultrahigh-energy gamma-ray sources (with 
emission above 100 TeV) above 7o confidence level and a detailed analysis of Crab Neb- 
ula. This contribution gives a brief introduction to the LHAASO experiment and its 
recent discoveries. 


Keywords: Gamma rays; Cosmic rays; Pulsar Wind Nebula 


1. Introduction 


The Large High Altitude Air Shower Observatory (LHAASO) is one of the key 
national science and technology infrastructure facilities of China, located in Mt. 
Haizi (29?21'27.6" N, 100?08'19.6" E, 4410 m above the sea level), Sichuan Province 
of China. It is a new generation instrument aiming for a deep investigation of the 
so-called *non-themral Universe" at extreme energies. The observatory consists of 
three detectors: the Water Cherenkov Detector Array (WCDA) for gamma rays in 
0.5 — 10 TeV, the Kilometer Square Array (KM2A) for gamma rays in 10 TeV — 
1 PeV, and the Wide Field Chenrenkov Telescope Array (WFCTA) for cosmic rays 
from 1 TeV - 1 EeV. 

KM2A comprises an array of 5195 electron detectors (ED) made by scintillation 
tiles, and an array of 1188 underground muon detectors (MD) each of which is a 
pure water Cherenkov detector enclosed within a cylindrical concrete tank. Both 
arrays cover an area of 1km? with an additional 0.3km? skirt array used to identify 
showers falling outside the central region. Once charged particles in an air shower 
enter an ED, they lose energy and excite the scintillation medium to produce a large 
amount of scintillation photons, which will be recorded by photomultiplier tubes and 
used to determine the number of electromagnetic particles Ne in a shower. Each MD 
is enveloped by a steel lid underneath soil. The thickness of the overburden soil is 
2.5m to absorb the secondary electrons/positrons and gamma rays in showers. Thus 
particles that can reach the water inside and produce Cherenkov signals are almost 
exclusively muons, although a few very energetic electrons/positrons or gamma rays 
in the central part of showers may have a chance to penetrate through the screening 
soil layer. To reduce the possible pollution from the high energy electromagnetic 
particles near the shower core, only MDs with a distance farther than 15m from 
the core are used to count the number of muons N, in a shower. 
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Each air shower event is composed of many ED and MD hits with timing and 
charge information. In the reconstruction of primary particle event, only the ED hits 
are used for direction, core location, and energy reconstruction. Both ED hits and 
MD hits are used for composition discrimination. Gamma-ray-induced showers are 
muon-poor while cosmic-ray-induced showers are muon-rich. Therefore, the ratio 
between the measured muons and electrons can be used to discriminate primary 
gamma rays from cosmic protons/nuclei, which is defined as 


N, + oom) 


` (1) 


R — log ( 
0.0001 in the numerator is used to show the case with zero muon. Generally, a simple 
cut on the parameter R is used in the discrimination, where the detailed value of R 
depends on the energy of the reconstructed event and can be adjusted to maximize 
the detection efficiency.! This process is extremely important for the gamma ray 
detection because cosmic rays constitute the majority of the recorded events by 
KM2A and become a background for the gamma-ray observations. The rejection 
power of KM2A can be better than 10* above 100 TeV (i.e., reduce the background 
cosmic-ray flux by a factor higher than 10^). The large collective area and the high 
rejection power make LHAASO the most sensitive detector for ultrahigh-energy 
(UHE) gamma rays with energy above 100 TeV. 

Detection of UHE gamma-ray emission is crucial to understand the origin of 
Galactic cosmic rays. The measured cosmic-ray spectrum roughly maintains a 
power-law behaviour up to about 1 PeV. After that it shows a spectral break fea- 
ture known as the “knee”. This indicates the existence of astrophysical objects in 
our Galaxy capable of accelerating protons up to at least PeV energies (which is 
also known as proton *PeVatrons"). When these high-energy protons interact with 
matter inside or close to the accelerators, neutral pions are generated, which fur- 
ther decay into gamma-ray photons. These gamma-ray emission reveal the location 
of the cosmic-ray accelerators. Since each produced photon takes about 1096 of the 
energy of the parent proton, we need to search for UHE gamma-ray sources in order 
to find out PeV cosmic-ray sources. In the rest of this artcile, we will introduce the 
first results of LHAASO, which are mainly based on? and.? 


2. Discovery of 12 Ultrahigh-energy Gamma-ray Sources 


The first results of LHAASO are mainly discovered by the half KM2A during the 
operation of 11 months in the year 2020. By reconstructing showers with zenith 
angle « 50?, we have detected 12 sources with emission above 100 TeV at the 
statistical significance exceeding 7c level and the basic information of the sources 
are listed in Table. 1. All of these sources are located in the Galactic plane and 
hence very likely Galactic sources. Most of them show extended spatial structures 
with angular extensions up to 1?. Generally, there are multiple astrophysical objects 
proposed as potential PeVatron candidates in spatial association with these sources. 
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Table 1. UHE ^-ray sources. The celestial coordinates (R.A.,dec), the statistical signifi- 
cance of detection above 100 TeV (using a point-like template for the Crab Nebula and 
LHAASO J21084-5157 and 0.3? extension templates for other sources) are shown together 
with the corresponding differential photon fluxes at 100 TeV in unit of the Crab flux (1 
CU=6.1 x 10-17 photons TeV-! cm-? s-1) and the detected highest photon energies. 


Significance Flux (+ error) 
R.A. dec (c) Emax (CU) 
Source Name (2) (°) above 100 TeV (PeV) at 100 TeV 
LHAASO J0534+2202 83.55 22.05 17.8 0.88 £0.11 1.00(0.14 
LHAASO J1825-1326 276.45 -13.45 16.4 0.42 +0.16 — 3.57(0.52 
LHAASO J1839-0545 279.95 -5.75 LT 0.21 +0.05  0.70(0.18 
LHAASO J1843-0338 280.75 -3.65 8.5 0.26 19:18 0.73(0.17 
LHAASO J1849-0003 282.35 -0.05 10.4 0.35 +0.07  0.74(0.15 
LHAASO J1908--0621 287.05 6.35 17.2 0.44 +0.05 1.36(0.18 
LHAASO J1929+1745 292.25 17.75 7.4 pri d 0.38(0.09 
LHAASO J1956--2845 299.05 28.75 7.4 0.42 +0.03 0.41(0.09 
LHAASO J2018+3651 304.75 36.85 10.4 0.27 +0.02 — 0.50(0.10 
LHAASO J2032--4102 308.05 41.05 10.5 142 +0.13 0.54(0.10 
LHAASO J2108+5157 317.15 51.95 8.3 0.43 +0.05 0.38(0.09 
LHAASO J2226+6057 336.75 60.95 13.6 0.57 +0.19 1.05(0.16 


Among these astrophysical objects, most of them are supernova remnants, pulsar 
wind nebulae and young massive star clusters. 

The top-three brightest sources at 100 TeV are LHAASO J1825-1326, 
LHAASO J1908+0621 and LHAASO J2226+6057. The regions of the three sources 
have been extensively studied in the previous literature (e.g.,4 ?"). All of them are 
associated with both energetic pulsars and supernova remnants. Dense molecular 
clouds also appear in their region. LHAASO’s observations extend their spectra up 
to several hundred TeV energies, demonstrating there exist efficient particle accel- 
erators acting as PeV particle factories. The spectra present gradual softening to- 
wards high energies. The log-parabola function can describe the spectra better than 
power-law function, as can be seen in Fig. 1. However, we cannot tell whether these 
multi-hundred-TeV gamma rays arise from the leptonic process such as the inverse 
Compton (IC) scattering of electrons, or hadronic process such as the proton-proton 
(pp) collisions, based on the present data. Deep observations of multiwavelength in- 
struments are needed to elucidate their natures. 

We'd like to highlight that the energy of the most energetic photons detected 
from these sources is 1.42 + 0.13 PeV in association with the Cygnus Cocoon, which 
is a energetic gamma-ray emitter at GeV — TeV band. It has been proposed that 
Cygnus Cocoon is powered by the O/B star association, Cygnus OB2, possibly via 
collisions of the stellar winds.?® ?? [HA ASO's discovery may be considered as the 
evidence of Cygnus OB2 as a proton PeVatron. 

It is also worth mentioning that among the 12 detected sources, there is a 
new source, LHAASO J2108--5157, without association with any of the previ- 
ously detected very-high-energy sources. The position of its gamma-ray emission 
is correlated with a giant molecular cloud, which makes the hadronic origin of the 


183 


gamma-ray emission possible. Detection of this source also implies that there could 
be much more new UHE gamma-ray sources hiding in our Galaxy than we previ- 
ously expected. Future observations of LHAASO with longer exposure can hopefully 
discovered more UHE gamma-ray sources or PeVatron candidates. We stress that 
the 12 sources reported here are UHE gamma-ray sources with significant emission 
above 100 TeV. There are much more sources with significantly detected by KM2A 
above 20 TeV, such as LHAASO J0621--3755?! and LHAASO J03414-5258.?? 
Note that the only point-like source discovered in this survey, i.e., 
LHAASO J05344-2202, which is also the only identified source, is the Crab Nebula. 
The highest-energy photon from Crab Nebula reaches 0.88 + 0.11 PeV, demonstrat- 
ing it as an electron PeVatron. We will show more detailed analysis on Crab Nebula 


in the next section. 
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Fig. 1. The spectral energy distributions and significance maps of LHAASO J1825-1326 (panel 
a), LHAASO J1908+0621 (panel b), and LHAASO J2226+6057 (panel c) The spectral fits with a 
log-parabola function (solid lines) in the form of (E/10 TeV)l- 9-5 log(5/10TeV)] are compared with 
the power-law fits, ÆTT: (a) a = 0.92, b = 1.19 vs P = 3.36; (b) a = 2.27, b = 0.46 vs T = 2.89, 
and (c) a = 1.56,b = 0.88 vs T = 3.01. The comparison of the two models with the Akaike 
Information Criterion?? (AIC) gives: AICr oa = 11.6 and AICpr, = 14.8 for LHAASO J1825-1326; 
AlCr oc = 15.1 and AICpy, = 30.1 for LHAASO J1908+0621; AICLog = 12.3 and AlCpy, = 24.4 
for LHAASO J2226--6057. 


3. PeV Gamma rays from the Crab Nebula 


'The Crab Nebula was born from a supernova explosion occurring at Jul 4, 1054 A.D. 
It is the brightest pulsar wind nebula known so far, powered by the ultrarelativistic 
electron-positron wind launched by the Crab pulsar. It is a very important source 
in gamma-ray astronomy and considered as the standard candle. Previous observa- 
tions revealed gamma-ray emission beyond 100 TeV.?^?? LHAASO measured the 
spectrum of Crab Nebula in TeV — PeV range. The spectrum from 0.5 TeV to 13 TeV 
is measured using the WCDA pond, from September 2019 to October 2020. The 
KM2A data consists of that collected at the half array stage, which is the same as 
that used for the discovery of the twelve sources, and the data collected by three 
quarters of the array in about 3 months. The 0.88 PeV photon, as mentioned in 
the previous section, was detected on 11 January 2020. T'he shower of the event has 
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also triggered WCDA. Coincidently, the event occurred after local midnight and was 
recorded by WFCTA. The derived energy is 0.92*0:25 PeV which is well consistent 
with that derived from KM2A’s measurement, and demonstrates that LHAASO can 
cross check the results using multiple detection techniques, ensuring reliable and ac- 
curate results. In the stage of the 3/4 KM2A, the highest-energy photon detected 
from the Crab Nebula has an energy of 1.12 PeV, arriving at 4 January 2021. The 
spectrum between 0.5 TeV to 1.1 PeV can be described by a log-parabola function, 
where the local slope softens from 2.5 around 1 TeV to 3.7 around 1 PeV. 

'The gradual softening of the spectrum is consistent with the prediction of IC 
radiation of electrons where the Klein-Nishina effect operates at the highest en- 
ergies and softens the spectrum. For gamma-ray emission above 100 TeV, cosmic 
microwave background is the dominant target radiation field for the IC radiation. 
The relation between the average energy of upscattered IC photons (from 2.7K 
CMB) and the energy of the parent electrons can be given by 


E, ~ 2.15(E,/1 PeV)77 PeV . (2) 


To account for 1.1 PeV photon via the IC radiation of electrons, the energy of 
electron needs to be about 2.3 PeV. The acceleration rate of electrons can be given 
by E, = geBc;?9 where 7 is the ratio of the projection of the electric field to the mean 
magnetic field. Its value cannot exceed unity under the classical electrodynamics and 
ideal magnetohydrodynamics, and can be also regarded as the acceleration efficiency. 
On the other hand, electrons will lose energy via the synchrotron radiation when 
it propagates in the magnetic field. The maximum energy of electrons is then is 
determined by the balance between the acceleration and the energy loss rates, i.e., 


E, max = 5.89 1/2 (B/100uG)- 7? PeV (3) 


On the other hand, in the framework of the standard one-zone model, fitting to the 
multiwavelength data from X-ray to PeV gamma-ray energies results in a magnetic 
field of B — 112*7 uG, as shown in Fig. 2. According to the relation between E, 
and Ee given by Eq.(2), we find the electron acceleration in the Crab Nebula must 
proceed at an extreme efficiency 


n = 0.16(B/1124G)(£,/1.1 PeV)!?* PeV . (4) 


in the framework of the standard one-zone model. For comparison, at the diffusive 
shock acceleration in young supernova remnants," n is smaller by at least 3 orders 
of magnitude. 

Note that although the standard one-zone model can generally give an accept- 
able fit to the overall spectrum of the Crab Nebula, the presence of the intense flare 
at MeV/GeV band (also known as “Crab flare” ,10:41) implies fast acceleration and 
synchrotron cooling of sub-PeV/PeV electrons in compact (with size < 0.01 pc) 
highly magnetized (with B = 1mG) regions inside the nebula, and is thus in- 
consistent with the standard one-zone picture. Actually, in the spectral fitting of 
the KM2A data in the standard one-zone scenario, we find that the one-zone model 
does not agree very well with the measured flux in the energy range of 60— 500 TeV, 
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Fig. 2. The Spectral Energy Distribution of the Crab Nebula. The black curves represent 
the fluxes of the Synchrotron and IC components of radiation of an electron population calculated 
within the one-zone model. The electron spectrum above 1 TeV is assumed to be a power-law 
function terminated by an super-exponential cutoff, E-^ exp[-(E/Eo)?]. The model’s best fit 
parameters are: a = 3.42 + 0.05, Eo = 215*0. 0 PeV, B — 112*15 LG. The total energy in 
electrons above 1 TeV is We = 7.7 x 104” erg. A break in the electron spectrum at Ej = 0.76 TeV 
is assumed to provide a consistency with the GeV y-ray and low-frequency synchrotron data. The 
dark-grey and light-grey shaded regions show the lo and 3ø error bands, respectively. The insets 
in the bottom exhibit the 2-dimensional projected parameter spaces of the free parameters o, B 
and Eo. The green curve presents the log-parabola spectral fitting. The purple and the magenta 
circles show the X-ray and the MeV emission of the Crab Nebula.?® The orange circles represent 
the Crab observations by Fermi-LAT in the non-flare state.?9 The blue and red squares represent 
WCDA and KM2A measurements reported in.? The inserted figure in the top right corner zooms 
the fluxes above 10 TeV in the presentation of E?dN/dE. 


nor it reproduces the spectral hardening above 500 TeV although the latter is not 
statistically sound at the present time. The fitting can be ameliorated by introduc- 
ing a second spectral component, either produced by an extra population of PeV 
electrons or protons, which are accelerated presumably in different sites by different 
mechanisms. Based on the present observation, we expect that the full LHAASO ar- 
ray can detect 1 — 2 PeV photons from the Crab Nebula per year. Hopefully, we can 
accumulate sufficient statistics to clarify whether such a spectral hardening truly 
exists in 2 years. 


4. Conclusion 


LHAASO is a dual-purpose complex of particle detectors for the measurements of 
gamma rays in sub- TeV to PeV energy range and cosmic rays in TeV to EeV energy 
range. It is designed to be operating continuously and steadily for many years in 
order to accumulate a large data sets. The first results of LHAASO introduced here 
are probably only the tip of the iceberg, but they demonstrate LHAASO’s potential 
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to provide a deep insight into the mystery of cosmic-ray origin and related physics, 
especially when combined with the multiwavelength data of other instruments. The 
full LHAASO array has started to collect data since the end of July 2021. We 
anticipate more interesting discoveries by LHAASO in the coming years. 


References 


1. F. Aharonian, Q. An, Axikegu, L. X. Bai, Y. X. Bai, Y. W. Bao, D. Bastieri, X. J. Bi, 
Y. J. Bi, H. Cai, J. T. Cai, Z. Cao, Z. Cao, J. Chang, J. F. Chang, X. C. Chang, B. M. 
Chen, J. Chen, L. Chen, L. Chen, L. Chen, M. J. Chen, M. L. Chen, Q. H. Chen, S. H. 
Chen, S. Z. Chen, T. L. Chen, X. L. Chen, Y. Chen, N. Cheng, Y. D. Cheng, S. W. 
Cui, X. H. Cui, Y. D. Cui, B. Z. Dai, H. L. Dai, Z. G. Dai, Danzengluobu, D. Della 
Volpe, B. D. Piazzoli, X. J. Dong, J. H. Fan, Y. Z. Fan, Z. X. Fan, J. Fang, K. Fang, 
C. F. Feng, L. Feng, S. H. Feng, Y. L. Feng, B. Gao, C. D. Gao, Q. Gao, W. Gao, 
M. M. Ge, L. S. Geng, G. H. Gong, Q. B. Gou, M. H. Gu, J. G. Guo, X. L. Guo, 
Y. Q. Guo, Y. Y. Guo, Y. A. Han, H. H. He, H. N. He, J. C. He, S. L. He, X. B. He, 
Y. He, M. Heller, Y. K. Hor, C. Hou, X. Hou, H. B. Hu, S. Hu, S. C. Hu, X. J. Hu, 
D. H. Huang, Q. L. Huang, W. H. Huang, X. T. Huang, Z. C. Huang, F. Ji, X. L. Ji, 
H. Y. Jia, K. Jiang, Z. J. Jiang, C. Jin, D. Kuleshov, K. Levochkin, B. B. Li, C. Li, 
C. Li, F. Li, H. B. Li, H. C. Li, H. Y. Li, J. Li, K. Li, W. L. Li, X. Li, X. Li, X. R. Li, 
Y. Li, Y. Z. Li, Z. Li, Z. Li, E. W. Liang, Y. F. Liang, S. J. Lin, B. Liu, C. Liu, D. Liu, 
H. Liu, H. D. Liu, J. Liu, J. L. Liu, J. S. Liu, J. Y. Liu, M. Y. Liu, R. Y. Liu, S. M. 
Liu, W. Liu, Y. N. Liu, Z. X. Liu, W. J. Long, R. Lu, H. K. Lv, B. Q. Ma, L. L. Ma, 
X. H. Ma, J. R. Mao, A. Masood, W. Mitthumsiri, T. Montaruli, Y. C. Nan, B. Y. 
Pang, P. Pattarakijwanich, Z. Y. Pei, M. Y. Qi, D. Ruffolo, V. Rulev, A. Sáiz, L. Shao, 
O. Shchegolev, X. D. Sheng, J. R. Shi, H. C. Song, Y. V. Stenkin, V. Stepanov, Q. N. 
Sun, X. N. Sun, Z. B. Sun, P. H. T. Tam, Z. B. Tang, W. W. Tian, B. D. Wang, 
C. Wang, H. Wang, H. G. Wang, J. C. Wang, J. S. Wang, L. P. Wang, L. Y. Wang, 
R. N. Wang, W. Wang, W. Wang, X. G. Wang, X. J. Wang, X. Y. Wang, Y. D. Wang, 
Y. J. Wang, Y. P. Wang, Z. Wang, Z. Wang, Z. H. Wang, Z. X. Wang, D. M. Wei, 
J. J. Wei, Y. J. Wei, T. Wen, C. Y. Wu, H. R. Wu, S. Wu, W. X. Wu, X. F. Wu, 

Q. Xi, J. Xia, J. J. Xia, G. M. Xiang, G. Xiao, H. B. Xiao, G. G. Xin, Y. L. Xin, 

Xing, D. L. Xu, R. X. Xu, L. Xue, D. H. Yan, C. W. Yang, F. F. Yang, J. Y. Yang, 

L. Yang, M. J. Yang, R. Z. Yang, S. B. Yang, Y. H. Yao, Z. G. Yao, Y. M. Ye, 

Q. Yin, N. Yin, X. H. You, Z. Y. You, Y. H. Yu, Q. Yuan, H. D. Zeng, T. X. Zeng, 

. Zeng, Z. K. Zeng, M. Zha, X. X. Zhai, B. B. Zhang, H. M. Zhang, H. Y. Zhang, 

L. Zhang, J. W. Zhang, L. Zhang, L. Zhang, L. X. Zhang, P. F. Zhang, P. P. Zhang, 

Zhang, S. R. Zhang, S. S. Zhang, X. Zhang, X. P. Zhang, Y. Zhang, Y. Zhang, 
Y. F. Zhang, Y. L. Zhang, B. Zhao, J. Zhao, L. Zhao, L. Z. Zhao, S. P. Zhao, F. Zheng, 
Y. Zheng, B. Zhou, H. Zhou, J. N. Zhou, P. Zhou, R. Zhou, X. X. Zhou, C. G. Zhu, 
F. R. Zhu, H. Zhu, K. J. Zhu, X. Zuo and (Lhaaso Collaboration), Observation of the 
Crab Nebula with LHAASO-KM2A - a performance study, Chinese Physics C 45, p. 
025002 (February 2021). 

2. Z. Cao, F. A. Aharonian, Q. An, L. X. Axikegu, Bai, Y. X. Bai, Y. W. Bao, D. Bastieri, 
X. J. Bi, Y. J. Bi, H. Cai, J. T. Cai, Z. Cao, J. Chang, J. F. Chang, X. C. Chang, B. M. 
Chen, J. Chen, L. Chen, L. Chen, L. Chen, M. J. Chen, M. L. Chen, Q. H. Chen, S. H. 
Chen, S. Z. Chen, T. L. Chen, X. L. Chen, Y. Chen, N. Cheng, Y. D. Cheng, S. W. 
Cui, X. H. Cui, Y. D. Cui, B. Z. Dai, H. L. Dai, Z. G. Dai, Danzengluobu, D. della 
Volpe, B. D'Ettorre Piazzoli, X. J. Dong, J. H. Fan, Y. Z. Fan, Z. X. Fan, J. Fang, 
K. Fang, C. F. Feng, L. Feng, S. H. Feng, Y. L. Feng, B. Gao, C. D. Gao, Q. Gao, 


S. 
Y. 
L. 
L. 
W 
J. 
R. 


187 


W. Gao, M. M. Ge, L. S. Geng, G. H. Gong, Q. B. Gou, M. H. Gu, J. G. Guo, X. 
Guo, Y. Q. Guo, Y. Y. Guo, Y. A. Han, H. H. He, H. N. He, J. C. He, S. L. He, X. 
He, Y. He, M. Heller, Y. K. Hor, C. Hou, X. Hou, H. B. Hu, S. Hu, S. C. Hu, X. 
Hu, D. H. Huang, Q. L. Huang, W. H. Huang, X. T. Huang, Z. C. Huang, F. Ji, X. 
Ji, H. Y. Jia, K. Jiang, Z. J. Jiang, C. Jin, D. Kuleshov, K. Levochkin, B. B. Li, C. Li, 
C. Li, F. Li, H. B. Li, H. C. Li, H. Y. Li, J. Li, K. Li, W. L. Li, X. Li, X. Li, X. R. Li, 
Y. Li, Y. Z. Li, Z. Li, Z. Li, E. W. Liang, Y. F. Liang, S. J. Lin, B. Liu, C. Liu, D. Liu, 
H. Liu, H. D. Liu, J. Liu, J. L. Liu, J. S. Liu, J. Y. Liu, M. Y. Liu, R. Y. Liu, S. M. 
Liu, W. Liu, Y. N. Liu, Z. X. Liu, W. J. Long, R. Lu, H. K. Lv, B. Q. Ma, L. L. Ma, 
X. H. Ma, J. R. Mao, A. Masood, W. Mitthumsiri, T. Montaruli, Y. C. Nan, B. Y. 
Pang, P. Pattarakijwanich, Z. Y. Pei, M. Y. Qi, D. Ruffolo, V. Rulev, A. Sáiz, L. Shao, 
O. Shchegolev, X. D. Sheng, J. R. Shi, H. C. Song, Y. V. Stenkin, V. Stepanov, Q. N. 
Sun, X. N. Sun, Z. B. Sun, P. H. T. Tam, Z. B. Tang, W. W. Tian, B. D. Wang, 
C. Wang, H. Wang, H. G. Wang, J. C. Wang, J. S. Wang, L. P. Wang, L. Y. Wang, 
R. N. Wang, W. Wang, W. Wang, X. G. Wang, X. J. Wang, X. Y. Wang, Y. D. Wang, 
Y. J. Wang, Y. P. Wang, Z. Wang, Z. Wang, Z. H. Wang, Z. X. Wang, D. M. Wei, 
J. J. Wei, Y. J. Wei, T. Wen, C. Y. Wu, H. R. Wu, S. Wu, W. X. Wu, X. F. Wu, S. Q. 
Xi, J. Xia, J. J. Xia, G. M. Xiang, G. Xiao, H. B. Xiao, G. G. Xin, Y. L. Xin, Y. Xing, 
D. L. Xu, R. X. Xu, L. Xue, D. H. Yan, C. W. Yang, F. F. Yang, J. Y. Yang, L. L. 
Yang, M. J. Yang, R. Z. Yang, S. B. Yang, Y. H. Yao, Z. G. Yao, Y. M. Ye, L. Q. Yin, 
N. Yin, X. H. You, Z. Y. You, Y. H. Yu, Q. Yuan, H. D. Zeng, T. X. Zeng, W. Zeng, 
Z. K. Zeng, M. Zha, X. X. Zhai, B. B. Zhang, H. M. Zhang, H. Y. Zhang, J. L. Zhang, 
J. W. Zhang, L. Zhang, L. Zhang, L. X. Zhang, P. F. Zhang, P. P. Zhang, R. Zhang, 
S. R. Zhang, S. S. Zhang, X. Zhang, X. P. Zhang, Y. Zhang, Y. Zhang, Y. F. Zhang, 
Y. L. Zhang, B. Zhao, J. Zhao, L. Zhao, L. Z. Zhao, S. P. Zhao, F. Zheng, Y. Zheng, 
B. Zhou, H. Zhou, J. N. Zhou, P. Zhou, R. Zhou, X. X. Zhou, C. G. Zhu, F. R. Zhu, 
H. Zhu, K. J. Zhu and X. Zuo, Ultrahigh-energy photons up to 1.4 petaelectronvolts 
from 12 4-ray Galactic sources, Nature 594, 33 (January 2021). 

. 4. Cao, F. A. Aharonian, Q. An, L. X. Axikegu, Bai, Y. X. Bai, Y. W. Bao, D. Bastieri, 
X. J. Bi, Y. J. Bi, H. Cai, J. T. Cai, Z. Cao, J. Chang, J. F. Chang, X. C. Chang, B. M. 
Chen, J. Chen, L. Chen, L. Chen, L. Chen, M. J. Chen, M. L. Chen, Q. H. Chen, S. H. 
Chen, S. Z. Chen, T. L. Chen, X. L. Chen, Y. Chen, N. Cheng, Y. D. Cheng, S. W. 
Cui, X. H. Cui, Y. D. Cui, B. Z. Dai, H. L. Dai, Z. G. Dai, Danzengluobu, D. della 
Volpe, B. D'Ettorre Piazzoli, X. J. Dong, J. H. Fan, Y. Z. Fan, Z. X. Fan, J. Fang, 
K. Fang, C. F. Feng, L. Feng, S. H. Feng, Y. L. Feng, B. Gao, C. D. Gao, Q. Gao, 
W. Gao, M. M. Ge, L. S. Geng, G. H. Gong, Q. B. Gou, M. H. Gu, J. G. Guo, X. L. 
Guo, Y. Q. Guo, Y. Y. Guo, Y. A. Han, H. H. He, H. N. He, J. C. He, S. L. He, X. B. 
He, Y. He, M. Heller, Y. K. Hor, C. Hou, X. Hou, H. B. Hu, S. Hu, S. C. Hu, X. J. 
Hu, D. H. Huang, Q. L. Huang, W. H. Huang, X. T. Huang, Z. C. Huang, F. Ji, X. L. 
Ji, H. Y. Jia, K. Jiang, Z. J. Jiang, C. Jin, D. Kuleshov, K. Levochkin, B. B. Li, C. Li, 
C. Li, F. Li, H. B. Li, H. C. Li, H. Y. Li, J. Li, K. Li, W. L. Li, X. Li, X. Li, X. R. Li, 
Y. Li, Y. Z. Li, Z. Li, Z. Li, E. W. Liang, Y. F. Liang, S. J. Lin, B. Liu, C. Liu, D. Liu, 
H. Liu, H. D. Liu, J. Liu, J. L. Liu, J. S. Liu, J. Y. Liu, M. Y. Liu, R. Y. Liu, S. M. 
Liu, W. Liu, Y. N. Liu, Z. X. Liu, W. J. Long, R. Lu, H. K. Lv, B. Q. Ma, L. L. Ma, 
X. H. Ma, J. R. Mao, A. Masood, W. Mitthumsiri, T. Montaruli, Y. C. Nan, B. Y. 
Pang, P. Pattarakijwanich, Z. Y. Pei, M. Y. Qi, D. Ruffolo, V. Rulev, A. Sáiz, L. Shao, 
O. Shchegolev, X. D. Sheng, J. R. Shi, H. C. Song, Y. V. Stenkin, V. Stepanov, Q. N. 
Sun, X. N. Sun, Z. B. Sun, P. H. T. Tam, Z. B. Tang, W. W. Tian, B. D. Wang, 
C. Wang, H. Wang, H. G. Wang, J. C. Wang, J. S. Wang, L. P. Wang, L. Y. Wang, 
R. N. Wang, W. Wang, W. Wang, X. G. Wang, X. J. Wang, X. Y. Wang, Y. D. Wang, 


L. 
B. 
J. 
L. 


188 


Y. J. Wang, Y. P. Wang, Z. Wang, Z. Wang, Z. H. Wang, Z. X. Wang, D. M. Wei, 
J. J. Wei, Y. J. Wei, T. Wen, C. Y. Wu, H. R. Wu, S. Wu, W. X. Wu, X. F. Wu, S. Q. 
Xi, J. Xia, J. J. Xia, G. M. Xiang, G. Xiao, H. B. Xiao, G. G. Xin, Y. L. Xin, Y. Xing, 
D. L. Xu, R. X. Xu, L. Xue, D. H. Yan, C. W. Yang, F. F. Yang, J. Y. Yang, L. L. 
Yang, M. J. Yang, R. Z. Yang, S. B. Yang, Y. H. Yao, Z. G. Yao, Y. M. Ye, L. Q. Yin, 
N. Yin, X. H. You, Z. Y. You, Y. H. Yu, Q. Yuan, H. D. Zeng, T. X. Zeng, W. Zeng, 
Z. K. Zeng, M. Zha, X. X. Zhai, B. B. Zhang, H. M. Zhang, H. Y. Zhang, J. L. Zhang, 
J. W. Zhang, L. Zhang, L. Zhang, L. X. Zhang, P. F. Zhang, P. P. Zhang, R. Zhang, 
S. R. Zhang, S. S. Zhang, X. Zhang, X. P. Zhang, Y. Zhang, Y. Zhang, Y. F. Zhang, 
Y. L. Zhang, B. Zhao, J. Zhao, L. Zhao, L. Z. Zhao, S. P. Zhao, F. Zheng, Y. Zheng, 
B. Zhou, H. Zhou, J. N. Zhou, P. Zhou, R. Zhou, X. X. Zhou, C. G. Zhu, F. R. Zhu, 
H. Zhu, K. J. Zhu and X. Zuo, Peta&#x2013;electron volt gamma-ray emission from 
the crab nebula, Science 373, 425 (2021). 

A. J. B. Downes, T. Pauls and C. J. Salter, G 40.5-0.5 : A previously unrecognised 
supernova remnant in Aql., A&A 92, 47 (December 1980). 

J. Yang, J.-L. Zhang, Z.-Y. Cai, D.-R. Lu and Y.-H. Tan, Molecular Gas Distribution 
around the Supernova Remnant G40.5 0.5, CJA&A 6, 210 (April 2006). 

F. Aharonian, A. G. Akhperjanian, G. Anton, U. Barres de Almeida, A. R. Bazer- 
Bachi, Y. Becherini, B. Behera, W. Benbow, K. Bernlóhr, C. Boisson, A. Bochow, 
V. Borrel, I. Braun, E. Brion, J. Brucker, P. Brun, R. Bühler, T. Bulik, I. Büsching, 
T. Boutelier, S. Carrigan, P. M. Chadwick, A. Charbonnier, R. C. G. Chaves, 
A. Cheesebrough, L. M. Chounet, A. C. Clapson, G. Coignet, M. Dalton, M. K. 
Daniel, B. Degrange, C. Deil, H. J. Dickinson, A. Djannati-Atat, W. Domainko, L. O'C. 
Drury, F. Dubois, G. Dubus, J. Dyks, M. Dyrda, K. Egberts, D. Emmanoulopoulos, 
P. Espigat, C. Farnier, F. Feinstein, A. Fiasson, A. Forster, G. Fontaine, M. Füflling, 
S. Gabici, Y. A. Gallant, L. Gérard, B. Giebels, J. F. Glicenstein, B. Glück, P. Goret, 
D. Hauser, M. Hauser, S. Heinz, G. Heinzelmann, G. Henri, G. Hermann, J. A. Hinton, 
A. Hoffmann, W. Hofmann, M. Holleran, S. Hoppe, D. Horns, A. Jacholkowska, O. C. 
de Jager, I. Jung, K. Katarzynski, U. Katz, S. Kaufmann, E. Kendziorra, M. Ker- 
schhaggl, D. Khangulyan, B. Khélifi, D. Keogh, N. Komin, K. Kosack, G. Lamanna, 
J. P. Lenain, T. Lohse, V. Marandon, J. M. Martin, O. Martineau-Huynh, A. Mar- 
cowith, D. Maurin, T. J. L. McComb, M. C. Medina, R. Moderski, E. Moulin, 
M. Naumann-Godo, M. de Naurois, D. Nedbal, D. Nekrassov, J. Niemiec, S. J. Nolan, 
S. Ohm, J. F. Olive, E. de Ona Wilhelmi, K. J. Orford, M. Ostrowski, M. Panter, 
M. Paz Arribas, G. Pedaletti, G. Pelletier, P. O. Petrucci, S. Pita, G. Pühlhofer, 
M. Punch, A. Quirrenbach, B. C. Raubenheimer, M. Raue, S. M. Rayner, M. Re- 
naud, O. Reimer, F. Rieger, J. Ripken, L. Rob, S. Rosier-Lees, G. Rowell, B. Rudak, 
C. B. Rulten, J. Ruppel, V. Sahakian, A. Santangelo, R. Schlickeiser, F. M. Schóck, 
R. Schréder, U. Schwanke, S. Schwarzburg, S. Schwemmer, A. Shalchi, J. L. Skilton, 
H. Sol, D. Spangler, L. Stawarz, R. Steenkamp, C. Stegmann, G. Superina, P. H. 
Tam, J. P. Tavernet, R. Terrier, O. Tibolla, C. van Eldik, G. Vasileiadis, C. Venter, 
L. Venter, J. P. Vialle, P. Vincent, M. Vivier, H. J. Vólk, F. Volpe, S. J. Wagner, 
M. Ward, A. A. Zdziarski and A. Zech, Detection of very high energy radiation from 
HESS J1908+063 confirms the Milagro unidentified source MGRO J1908+06, A&A 
499, 723 (June 2009). 

B. Bartoli, P. Bernardini, X. J. Bi, C. Bleve, I. Bolognino, P. Branchini, A. Budano, 
A. K. Calabrese Melcarne, P. Camarri, Z. Cao, R. Cardarelli, S. Catalanotti, C. Cat- 
taneo, S. Z. Chen, T. L. Chen, Y. Chen, P. Creti, S. W. Cui, B. Z. Dai, G. D’Alf Staiti, 
Danzengluobu, M. Dattoli, I. De Mitri, B. D'Ettorre Piazzoli, T. Di Girolamo, X. H. 
Ding, G. Di Sciascio, C. F. Feng, Z. Feng, Z. Feng, F. Galeazzi, E. Giroletti, Q. B. 


189 


Gou, Y. Q. Guo, H. H. He, H. Hu, H. Hu, Q. Huang, M. Iacovacci, R. Iuppa, I. James, 
H. Y. Jia, Labaciren, H. J. Li, J. Y. Li, X. X. Li, G. Liguori, C. Liu, C. Q. Liu, J. Liu, 
M. Y. Liu, H. Lu, X. H. Ma, G. Mancarella, S. M. Mari, G. Marsella, D. Martello, 
S. Mastroianni, P. Montini, C. C. Ning, A. Pagliaro, M. Panareo, B. Panico, L. Per- 
rone, P. Pistilli, X. B. Qu, F. Ruggieri, P. Salvini, R. Santonico, P. R. Shen, X. D. 
Sheng, F. Shi, C. Stanescu, A. Surdo, Y. H. Tan, P. Vallania, S. Vernetto, C. Vig- 
orito, B. Wang, H. Wang, C. Y. Wu, H. R. Wu, B. Xu, L. Xue, Y. X. Yan, Q. Y. 
Yang, X. C. Yang, Z. G. Yao, A. F. Yuan, M. Zha, H. M. Zhang, J. Zhang, J. Zhang, 
L. Zhang, P. Zhang, X. Y. Zhang, Y. Zhang, Zhaxiciren, Zhaxisangzhu, X. X. Zhou, 
F. R. Zhu, Q. Q. Zhu, G. Zizzi and Argo-YBJ Collaboration, Observation of the TeV 
Gamma-Ray Source MGRO J1908+06 with ARGO-YBJ, ApJ 760, p. 110 (December 
2012). 

. E. Aliu, S. Archambault, T. Aune, B. Behera, M. Beilicke, W. Benbow, K. Berger, 
R. Bird, J. H. Buckley, V. Bugaev, J. V. Cardenzana, M. Cerruti, X. Chen, L. Ciupik, 
E. Collins-Hughes, M. P. Connolly, W. Cui, J. Dumm, V. V. Dwarkadas, M. Errando, 
A. Falcone, S. Federici, Q. Feng, J. P. Finley, H. Fleischhack, P. Fortin, L. Fortson, 
A. Furniss, N. Galante, D. Gall, G. H. Gillanders, S. Griffin, S. T. Griffiths, J. Grube, 
G. Gyuk, D. Hanna, J. Holder, G. Hughes, T. B. Humensky, P. Kaaret, M. Kertz- 
man, Y. Khassen, D. Kieda, F. Krennrich, S. Kumar, M. J. Lang, A. S. Madhavan, 
G. Maier, A. J. McCann, K. Meagher, J. Millis, P. Moriarty, R. Mukherjee, D. Ni- 
eto, A. O'Faoláin de Bhróithe, R. A. Ong, A. N. Otte, D. Pandel, N. Park, M. Pohl, 
A. Popkow, H. Prokoph, J. Quinn, K. Ragan, J. Rajotte, G. Ratliff, L. C. Reyes, P. T. 
Reynolds, G. T. Richards, E. Roache, J. Rousselle, G. H. Sembroski, K. Shahinyan, 
F. Sheidaei, A. W. Smith, D. Staszak, I. Telezhinsky, K. Tsurusaki, J. V. Tucci, 
J. Tyler, A. Varlotta, V. V. Vassiliev, S. Vincent, S. P. Wakely, J. E. Ward, A. We- 
instein, R. Welsing and A. Wilhelm, Investigating the TeV Morphology of MGRO 
J1908+06 with VERITAS, ApJ 787, p. 166 (June 2014). 

. A. U. Abeysekara, A. Albert, R. Alfaro, J. R. Angeles Camacho, J. C. Arteaga- 
Velázquez, K. P. Arunbabu, D. Avila Rojas, H. A. Ayala Solares, V. Baghmanyan, 
E. Belmont-Moreno, S. Y. BenZvi, C. Brisbois, K. S. Caballero-Mora, T. Capistrán, 
A. Carramitiana, S. Casanova, U. Cotti, J. Cotzomi, S. Coutifio de León, E. De la 
Fuente, C. de León, S. Dichiara, B. L. Dingus, M. A. DuVernois, J. C. Díaz-Vélez, 
R. W. Ellsworth, K. Engel, C. Espinoza, H. Fleischhack, N. Fraija, A. Galván-Gámez, 
D. Garcia, J. A. García-González, F. Garfias, M. M. González, J. A. Goodman, 
J. P. Harding, S. Hernandez, J. Hinton, B. Hona, D. Huang, F. Hueyotl-Zahuantitla, 
P. Hüntemeyer, A. Iriarte, A. Jardin-Blicq, V. Joshi, S. Kaufmann, D. Kieda, A. Lara, 
W. H. Lee, H. León Vargas, J. T. Linnemann, A. L. Longinotti, G. Luis-Raya, J. Lun- 
deen, R. López-Coto, K. Malone, S. S. Marinelli, O. Martinez, I. Martinez-Castellanos, 
J. Martínez-Castro, H. Martínez-Huerta, J. A. Matthews, P. Miranda-Romagnoli, J. A. 
Morales-Soto, E. Moreno, M. Mostafá, A. Nayerhoda, L. Nellen, M. Newbold, M. U. 
Nisa, R. Noriega-Papaqui, A. Peisker, E. G. Pérez-Pérez, J. Pretz, Z. Ren, C. D. 
Rho, C. Rivière, D. Rosa-González, M. Rosenberg, E. Ruiz-Velasco, F. Salesa Greus, 
A. Sandoval, M. Schneider, H. Schoorlemmer, G. Sinnis, A. J. Smith, R. W. Springer, 
P. Surajbali, E. Tabachnick, M. Tanner, O. Tibolla, K. Tollefson, I. Torres, R. Torres- 
Escobedo, L. Villasenor, T. Weisgarber, J. Wood, T. Yapici, H. Zhang, H. Zhou and 
HAWC Collaboration, Multiple Galactic Sources with Emission Above 56 TeV De- 
tected by HAWC, PRL 124, p. 021102 (January 2020). 


190 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


J. Li, R.-Y. Liu, E. de Ofia Wilhelmi, D. F. Torres, Q.-C. Liu, M. Kerr, R. Bühler, 
Y. Su, H.-N. He and M.-Y. Xiao, Investigating the Nature of MGRO J1908+06 with 
Multiwavelength Observations, ApJL 913, p. L33 (June 2021). 

G. G. Pavlov, O. Kargaltsev and W. F. Brisken, Chandra Observation of PSR B1823- 
13 and Its Pulsar Wind Nebula, ApJ 675, 683 (Mar 2008). 

H. Uchiyama, H. Matsumoto, T. G. Tsuru, K. Koyama and A. Bamba, Suzaku Obser- 
vation of HESS J1825-137: Discovery of Largely-Extended X-Rays from PSR J1826- 
1334, PASJ 61, p. $189 (January 2009). 

A. Van Etten and R. W. Romani, Multi-zone Modeling of the Pulsar Wind Nebula 
HESS J1825-137, ApJ 742, p. 62 (Dec 2011). 

F. Voisin, G. Rowell, M. G. Burton, A. Walsh, Y. Fukui and F. Aharonian, ISM gas 
studies towards the TeV PWN HESS J1825-137 and northern region, MNRAS 458, 
2813 (May 2016). 

D. Khangulyan, A. V. Koldoba, G. V. Ustyugova, S. V. Bogovalov and F. Aharonian, 
On the Anomalously Large Extension of the Pulsar Wind Nebula HESS J1825-137, 
ApJ 860, p. 59 (June 2018). 

H. E. S. S. Collaboration, H. Abdalla, F. Aharonian, F. Ait Benkhali, E. O. Angüner, 
M. Arakawa, C. Arcaro, C. Armand, M. Arrieta, M. Backes, M. Barnard, Y. Becherini, 
J. Becker Tjus, D. Berge, K. Bernlóhr, R. Blackwell, M. Böttcher, C. Boisson, J. Bol- 
mont, S. Bonnefoy, P. Bordas, J. Bregeon, F. Brun, P. Brun, M. Bryan, M. Büchele, 
T. Bulik, T. Bylund, M. Capasso, S. Caroff, A. Carosi, S. Casanova, M. Cerruti, 
N. Chakraborty, T. Chand, S. Chandra, R. C. G. Chaves, A. Chen, S. Colafrancesco, 
B. Condon, I. D. Davids, C. Deil, J. Devin, P. deWilt, L. Dirson, A. Djannati- 
Atai, A. Dmytriiev, A. Donath, V. Doroshenko, L. O. C. Drury, J. Dyks, K. Eg- 
berts, G. Emery, J. P. Ernenwein, S. Eschbach, S. Fegan, A. Fiasson, G. Fontaine, 
S. Funk, M. Füfling, S. Gabici, Y. A. Gallant, F. Gaté, G. Giavitto, D. Glawion, 
J. F. Glicenstein, D. Gottschall, M. H. Grondin, J. Hahn, M. Haupt, G. Heinzelmann, 
G. Henri, G. Hermann, J. A. Hinton, W. Hofmann, C. Hoischen, T. L. Holch, M. Holler, 
D. Horns, D. Huber, H. Iwasaki, A. Jacholkowska, M. Jamrozy, D. Jankowsky, 
F. Jankowsky, L. Jouvin, I. Jung-Richardt, M. A. Kastendieck, K. Katarzyriski, 
M. Katsuragawa, U. Katz, D. Kerszberg, D. Khangulyan, B. Khélifi, J. King, 
S. Klepser, W. Kluzniak, N. Komin, K. Kosack, M. Kraus, G. Lamanna, J. Lau, 
J. Lefaucheur, A. Lemiére, M. Lemoine-Goumard, J. P. Lenain, E. Leser, T. Lohse, 
R. López-Coto, I. Lypova, D. Malyshev, V. Marandon, A. Marcowith, C. Mariaud, 
G. Martí-Devesa, R. Marx, G. Maurin, P. J. Meintjes, A. M. W. Mitchell, R. Moderski, 
M. Mohamed, L. Mohrmann, C. Moore, E. Moulin, T. Murach, S. Nakashima, M. de 
Naurois, H. Ndiyavala, F. Niederwanger, J. Niemiec, L. Oakes, P. O'Brien, H. Odaka, 
S. Ohm, M. Ostrowski, I. Oya, M. Panter, R. D. Parsons, C. Perennes, P. O. Petrucci, 
B. Peyaud, Q. Piel, S. Pita, V. Poireau, A. Priyana Noel, D. A. Prokhorov, H. Prokoph, 
G. Pühlhofer, M. Punch, A. Quirrenbach, S. Raab, R. Rauth, A. Reimer, O. Reimer, 
M. Renaud, F. Rieger, L. Rinchiuso, C. Romoli, G. Rowell, B. Rudak, E. Ruiz- 
Velasco, V. Sahakian, S. Saito, D. A. Sanchez, A. Santangelo, M. Sasaki, R. Schlick- 
eiser, F. Schüssler, A. Schulz, H. Schutte, U. Schwanke, S. Schwemmer, M. Seglar- 
Arroyo, M. Senniappan, A. S. Seyffert, N. Shafi, I. Shilon, K. Shiningayamwe, R. Si- 
moni, A. Sinha, H. Sol, A. Specovius, M. Spir-Jacob, L. Stawarz, R. Steenkamp, 
C. Stegmann, C. Steppa, T. Takahashi, J. P. Tavernet, T. Tavernier, A. M. Taylor, 
R. Terrier, L. Tibaldo, D. Tiziani, M. Tluczykont, C. Trichard, M. Tsirou, N. Tsuji, 
R. Tuffs, Y. Uchiyama, D. J. van der Walt, C. van Eldik, C. van Rensburg, B. van 
Soelen, G. Vasileiadis, J. Veh, C. Venter, P. Vincent, J. Vink, F. Voisin, H. J. Vólk, 
'T. Vuillaume, Z. Wadiasingh, S. J. Wagner, R. M. Wagner, R. White, A. Wierzcholska, 


I 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


191 


R. Yang, H. Yoneda, D. Zaborov, M. Zacharias, R. Zanin, A. A. Zdziarski, A. Zech, 
F. Zefi, A. Ziegler, J. Zorn and N. Zywucka, Particle transport within the pulsar wind 
nebula HESS J1825-137, A&A 621, p. A116 (January 2019). 

R.-Y. Liu and H. Yan, On the unusually large spatial extent of the TeV nebula HESS 
J1825-137: implication from the energy-dependent morphology, MNRAS 494, 2618 
(April 2020). 

G. Principe, A. M. W. Mitchell, S. Caroff, J. A. Hinton, R. D. Parsons and S. Funk, 
Energy dependent morphology of the pulsar wind nebula HESS J1825-137 with Fermi- 
LAT, A&A 640, p. A76 (August 2020). 

A. Albert, R. Alfaro, C. Alvarez, J. R. A. Camacho, J. C. Arteaga-Velázquez, K. P. 
Arunbabu, D. A. Rojas, H. A. Ayala Solares, V. Baghmanyan, E. Belmont-Moreno, 
S. Y. BenZvi, C. Brisbois, T. Capistrán, A. Carramifiana, S. Casanova, U. Cotti, 
J. Cotzomi, E. D. 1l. Fuente, R. D. Hernandez, B. L. Dingus, M. A. DuVernois, 
M. Durocher, J. C. Díaz-Vélez, K. Engel, C. Espinoza, K. Fang, H. Fleischhack, 
N. Fraija, A. Galván-Gámez, D. Garcia, J. A. García-González, F. Garfias, G. Giacinti, 
M. M. González, J. A. Goodman, J. P. Harding, B. Hona, D. Huang, F. Hueyotl- 
Zahuantitla, P. Hüntemeyer, A. Iriarte, A. Jardin-Blicq, V. Joshi, G. J. Kunde, 
A. Lara, W. H. Lee, H. L. Vargas, J. T. Linnemann, A. L. Longinotti, G. Luis- 
Raya, J. Lundeen, K. Malone, V. Marandon, O. Martinez, J. Martínez-Castro, J. A. 
Matthews, P. Miranda-Romagnoli, E. Moreno, M. Mostafá, A. Nayerhoda, L. Nellen, 
M. Newbold, M. U. Nisa, R. Noriega-Papaqui, N. Omodei, A. Peisker, Y. P. Araujo, 
E. G. Pérez-Pérez, C. D. Rho, D. Rosa-González, H. Salazar, F. S. Greus, A. Sandoval, 
M. Schneider, F. Serna, R. W. Springer, K. Tollefson, I. Torres, R. Torres-Escobedo, 
F. Urena-Mena, L. Villasenor, E. Willox, H. Zhou and C. d. León, Evidence of 200 
TeV Photons from HAWC J1825-134, ApJL 907, p. L30 (February 2021). 

J. P. Halpern, E. V. Gotthelf, K. M. Leighly and D. J. Helfand , A Possible X-Ray 
and Radio Counterpart of the High-Energy Gamma-Ray Source 3EG J2227+6122, 
ApJ 547, 323 (January 2001). 

R. Kothes, B. Uyaniker and S. Pineault, The Supernova Remnant G106.3+2.7 and Its 
Pulsar-Wind Nebula: Relics of Triggered Star Formation in a Complex Environment, 
ApJ 560, 236 (October 2001). 

V. A. Acciari, E. Aliu, T. Arlen, T. Aune, M. Bautista, M. Beilicke, W. Benbow, 
D. Boltuch, S. M. Bradbury, J. H. Buckley, V. Bugaev, Y. Butt, K. Byrum, A. Can- 
non, A. Cesarini, Y. C. Chow, L. Ciupik, P. Cogan, W. Cui, R. Dickherber, T. Ergin, 
S. J. Fegan, J. P. Finley, P. Fortin, L. Fortson, A. Furniss, D. Gall, G. H. Gillanders, 
E. V. Gotthelf, J. Grube, R. Guenette, G. Gyuk, D. Hanna, J. Holder, D. Horan, C. M. 
Hui, T. B. Humensky, P. Kaaret, N. Karlsson, M. Kertzman, D. Kieda, A. Konopelko, 
H. Krawczynski, F. Krennrich, M. J. Lang, S. LeBohec, G. Maier, A. McCann, M. Mc- 
Cutcheon, J. Millis, P. Moriarty, R. Mukherjee, R. A. Ong, A. N. Otte, D. Pandel, 
J. S. Perkins, M. Pohl, J. Quinn, K. Ragan, L. C. Reyes, P. T. Reynolds, E. Roache, 
H. J. Rose, M. Schroedter, G. H. Sembroski, A. W. Smith, D. Steele, S. P. Swordy, 
M. Theiling, J. A. Toner, V. V. Vassiliev, S. Vincent, R. G. Wagner, S. P. Wakely, 
J. E. Ward, T. C. Weekes, A. Weinstein, T. Weisgarber, D. A. Williams, S. Wissel, 
M. Wood and B. Zitzer, Detection of Extended VHE Gamma Ray Emission from 
G106.3+2.7 with Veritas, ApJL 703, L6 (September 2009). 

Y. Xin, H. Zeng, S. Liu, Y. Fan and D. Wei, VER J2227--608: A Hadronic PeVatron 
Pulsar Wind Nebula?, ApJ 885, p. 162 (November 2019). 

S. Liu, H. Zeng, Y. Xin and H. Zhu, Hadronic versus Leptonic Models for y-Ray 
Emission from VER J2227+608, ApJL 897, p. L34 (July 2020). 


192 


25. 


26. 


2T. 


28. 


29. 


30. 


3l. 


Tibet ASy Collaboration, M. Amenomori, Y. W. Bao, X. J. Bi, D. Chen, T. L. Chen, 
W. Y. Chen, X. Chen, Y. Chen, S. W. Cirennima, Cui, L. K. Danzengluobu, Ding, J. H. 
Fang, K. Fang, C. F. Feng, Z. Feng, Z. Y. Feng, Q. Gao, Q. B. Gou, Y. Q. Guo, Y. Y. 
Guo, H. H. He, Z. T. He, K. Hibino, N. Hotta, H. Hu, H. B. Hu, J. Huang, H. Y. 
Jia, L. Jiang, H. B. Jin, K. Kasahara, Y. Katayose, C. Kato, S. Kato, K. Kawata, 
W. Kihara, Y. Ko, M. Kozai, G. M. Labaciren, Le, A. F. Li, H. J. Li, W. J. Li, 
Y. H. Lin, B. Liu, C. Liu, J. S. Liu, M. Y. Liu, W. Liu, Y. Q. Lou, H. Lu, X. R. 
Meng, K. Munakata, H. Nakada, Y. Nakamura, H. Nanjo, M. Nishizawa, M. Ohnishi, 
'T. Ohura, S. Ozawa, X. L. Qian, X. B. Qu, T. Saito, M. Sakata, T. K. Sako, J. Shao, 
M. Shibata, A. Shiomi, H. Sugimoto, W. Takano, M. Takita, Y. H. Tan, N. Tateyama, 
S. Torii, H. Tsuchiya, S. Udo, H. Wang, H. R. Wu, L. Xue, Y. Yamamoto, Z. Yang, 
Y. Yokoe, A. F. Yuan, L. M. Zhai, H. M. Zhang, J. L. Zhang, X. Zhang, X. Y. Zhang, 
Y. Zhang, Y. Zhang, Y. Zhang, S. P. Zhao and X. X. Zhaxisangzhu, Zhou, Potential 
PeVatron supernova remnant G106.3+2.7 seen in the highest-energy gamma rays, 
Nature Astronomy 5, 460 (January 2021). 

C. Ge, R.-Y. Liu, S. Niu, Y. Chen and X.-Y. Wang, Revealing a peculiar supernova 
remnant G106.3+2.7 as a petaelectronvolt proton accelerator with X-ray observations, 
The Innovation 2, p. 100118 (May 2021). 

Y. Fujita, A. Bamba, K. K. Nobukawa and H. Matsumoto, X-Ray Emission from the 
PeVatron-candidate Supernova Remnant G106.3+2.7, ApJ 912, p. 133 (May 2021). 
C. J. Cesarsky and T. Montmerle, Gamma-Rays from Active Regions in the Galaxy 
- the Possible Contribution of Stellar Winds, SSR 36, 173 (October 1983). 

F. Aharonian, R. Yang and E. de Ona Wilhelmi, Massive stars as major factories of 
Galactic cosmic rays, Nature Astronomy 3, 561 (March 2019). 

A. M. Bykov, A. Marcowith, E. Amato, M. E. Kalyashova, J. M. D. Kruijssen and 
E. Waxman, High-Energy Particles and Radiation in Star-Forming Regions, SSR 216, 
p. 42 (April 2020). 

F. Aharonian, Q. An, L. X. Axikegu, Bai, Y. X. Bai, Y. W. Bao, D. Bastieri, X. J. Bi, 
Y. J. Bi, H. Cai, J. T. Cai, Z. Cao, Z. Cao, J. Chang, J. F. Chang, X. C. Chang, B. M. 
Chen, J. Chen, L. Chen, L. Chen, L. Chen, M. J. Chen, M. L. Chen, Q. H. Chen, S. H. 
Chen, S. Z. Chen, T. L. Chen, X. L. Chen, Y. Chen, N. Cheng, Y. D. Cheng, S. W. 
Cui, X. H. Cui, Y. D. Cui, B. Z. Dai, H. L. Dai, Z. G. Dai, Danzengluobu, D. Della 
Volpe, B. D'Ettorre Piazzoli, X. J. Dong, J. H. Fan, Y. Z. Fan, Z. X. Fan, J. Fang, 
K. Fang, C. F. Feng, L. Feng, S. H. Feng, Y. L. Feng, B. Gao, C. D. Gao, Q. Gao, 
W. Gao, M. M. Ge, L. S. Geng, G. H. Gong, Q. B. Gou, M. H. Gu, J. G. Guo, X. L. 
Guo, Y. Q. Guo, Y. Y. Guo, Y. A. Han, H. H. He, H. N. He, J. C. He, S. L. He, X. B. 
He, Y. He, M. Heller, Y. K. Hor, C. Hou, X. Hou, H. B. Hu, S. Hu, S. C. Hu, X. J. 
Hu, D. H. Huang, Q. L. Huang, W. H. Huang, X. T. Huang, Z. C. Huang, F. Ji, X. L. 
Ji, H. Y. Jia, K. Jiang, Z. J. Jiang, C. Jin, D. Kuleshov, K. Levochkin, B. B. Li, C. Li, 
C. Li, F. Li, H. B. Li, H. C. Li, H. Y. Li, J. Li, K. Li, W. L. Li, X. Li, X. Li, X. R. 
Li, Y. Li, Y. Z. Li, Z. Li, Z. Li, E. W. Liang, Y. F. Liang, S. J. Lin, B. Liu, C. Liu, 
D. Liu, H. Liu, H. D. Liu, J. Liu, J. L. Liu, J. S. Liu, J. Y. Liu, M. Y. Liu, R. Y. 
Liu, S. M. Liu, W. Liu, Y. N. Liu, Z. X. Liu, W. J. Long, R. Lu, H. K. Lv, B. Q. 
Ma, L. L. Ma, X. H. Ma, J. R. Mao, A. Masood, W. Mitthumsiri, T. Montaruli, Y. C. 
Nan, B. Y. Pang, P. Pattarakijwanich, Z. Y. Pei, M. Y. Qi, D. Ruffolo, V. Rulev, 
A. Sáiz, L. Shao, O. Shchegolev, X. D. Sheng, J. R. Shi, H. C. Song, Y. V. Stenkin, 
V. Stepanov, Q. N. Sun, X. N. Sun, Z. B. Sun, P. H. T. Tam, Z. B. Tang, W. W. Tian, 
B. D. Wang, C. Wang, H. Wang, H. G. Wang, J. C. Wang, J. S. Wang, L. P. Wang, 
L. Y. Wang, R. N. Wang, W. Wang, W. Wang, X. G. Wang, X. J. Wang, X. Y. Wang, 
Y. D. Wang, Y. J. Wang, Y. P. Wang, Z. Wang, Z. Wang, Z. H. Wang, Z. X. Wang, 


32. 


193 


.M. Y. J. Wei, T. Wen, C. Y. Wu, H. R. Wu, S. Wu, W. X. Wu, 
ZEB. 8. . Xia, J. J. Xia, G. M. Xiang, G. Xiao, H. B. Xiao, G. G. Xin, 
. L. Xin, Y. . L. Xu, R. X. Xu, L. Xue, D. H. Yan, C. W. Yang, F. F. Yang, 
. Y. Yang, L. L. Yang, M. J. Yang, R. Z. Yang, S. B. Yang, Y. H. Yao, Z. G. Yao, 
. M. Ye, L. Q. Yin, N. Yin, X. H. You, Z. Y. You, Y. H. Yu, Q. Yuan, H. D. Zeng, 
. X. Zeng, W. Zeng, Z. K. Zeng, M. Zha, X. X. Zhai, B. B. Zhang, H. M. Zhang, 
. Y. Zhang, J. L. Zhang, J. W. Zhang, L. Zhang, L. Zhang, L. X. Zhang, P. F. Zhang, 
. P. Zhang, R. Zhang, S. R. Zhang, S. S. Zhang, X. Zhang, X. P. Zhang, Y. Zhang, 
Y. Zhang, Y. F. Zhang, Y. L. Zhang, B. Zhao, J. Zhao, L. Zhao, L. Z. Zhao, S. P. 
Zhao, F. Zheng, Y. Zheng, B. Zhou, H. Zhou, J. N. Zhou, P. Zhou, R. Zhou, X. X. 
Zhou, C. G. Zhu, F. R. Zhu, H. Zhu, K. J. Zhu, X. Zuo, LHAASO Collaboration and 
X. Y. Huang, Extended Very-High-Energy Gamma-Ray Emission Surrounding PSR 
J 0622 +3749 Observed by LHAASO-KM2A, PRL 126, p. 241103 (June 2021). 

Z. Cao, F. Aharonian, Q. An, Axikegu, L. X. Bai, Y. X. Bai, Y. W. Bao, D. Bastieri, 
X. J. Bi, Y. J. Bi, H. Cai, J. T. Cai, Z. Cao, J. Chang, J. F. Chang, B. M. Chen, E. S. 
Chen, J. Chen, L. Chen, L. Chen, L. Chen, M. J. Chen, M. L. Chen, Q. H. Chen, 
S. H. Chen, S. Z. Chen, T. L. Chen, X. L. Chen, Y. Chen, N. Cheng, Y. D. Cheng, 
S. W. Cui, X. H. Cui, Y. D. Cui, B. D'Ettorre Piazzoli, B. Z. Dai, H. L. Dai, Z. G. 
Dai, Danzengluobu, D. d. Volpe, X. J. Dong, K. K. Duan, J. H. Fan, Y. Z. Fan, Z. X. 
Fan, J. Fang, K. Fang, C. F. Feng, L. Feng, S. H. Feng, Y. L. Feng, B. Gao, C. D. 
Gao, L. Q. Gao, Q. Gao, W. Gao, M. M. Ge, L. S. Geng, G. H. Gong, Q. B. Gou, 
M. H. Gu, F. L. Guo, J. G. Guo, X. L. Guo, Y. Q. Guo, Y. Y. Guo, Y. A. Han, H. H. 
He, H. N. He, J. C. He, S. L. He, X. B. He, Y. He, M. Heller, Y. K. Hor, C. Hou, 
H. B. Hu, S. Hu, S. C. Hu, X. J. Hu, D. H. Huang, Q. L. Huang, W. H. Huang, X. T. 
Huang, X. Y. Huang, Z. C. Huang, F. Ji, X. L. Ji, H. Y. Jia, K. Jiang, Z. J. Jiang, 
C. Jin, T. Ke, D. Kuleshov, K. Levochkin, B. B. Li, C. Li, C. Li, F. Li, H. B. Li, H. C. 
Li, H. Y. Li, J. Li, K. Li, W. L. Li, X. R. Li, X. Li, X. Li, Y. Li, Y. Z. Li, Z. Li, 
Z. Li, E. W. Liang, Y. F. Liang, S. J. Lin, B. Liu, C. Liu, D. Liu, H. Liu, H. D. Liu, 
J. Liu, J. L. Liu, J. S. Liu, J. Y. Liu, M. Y. Liu, R. Y. Liu, S. M. Liu, W. Liu, Y. Liu, 
Y. N. Liu, Z. X. Liu, W. J. Long, R. Lu, H. K. Lv, B. Q. Ma, L. L. Ma, X. H. Ma, 
J. R. Mao, A. Masood, Z. Min, W. Mitthumsiri, T. Montaruli, Y. C. Nan, B. Y. Pang, 
P. Pattarakijwanich, Z. Y. Pei, M. Y. Qi, Y. Q. Qi, B. Q. Qiao, J. J. Qin, D. Ruffolo, 
V. Rulev, A. Sáiz, L. Shao, O. Shchegolev, X. D. Sheng, J. Y. Shi, H. C. Song, Y. V. 
Stenkin, V. Stepanov, Y. Su, Q. N. Sun, X. N. Sun, Z. B. Sun, P. H. T. Tam, Z. B. 
Tang, W. W. Tian, B. D. Wang, C. Wang, H. Wang, H. G. Wang, J. C. Wang, J. S. 
Wang, L. P. Wang, L. Y. Wang, R. N. Wang, W. Wang, W. Wang, X. G. Wang, X. J. 
Wang, X. Y. Wang, Y. Wang, Y. D. Wang, Y. J. Wang, Y. P. Wang, Z. H. Wang, 
Z. X. Wang, Z. Wang, Z. Wang, D. M. Wei, J. J. Wei, Y. J. Wei, T. Wen, C. Y. Wu, 
H. R. Wu, S. Wu, W. X. Wu, X. F. Wu, S. Q. Xi, J. Xia, J. J. Xia, G. M. Xiang, 
D. X. Xiao, G. Xiao, H. B. Xiao, G. G. Xin, Y. L. Xin, Y. Xing, D. L. Xu, R. X. Xu, 
L. Xue, D. H. Yan, J. Z. Yan, C. W. Yang, F. F. Yang, J. Y. Yang, L. L. Yang, M. J. 
Yang, R. Z. Yang, S. B. Yang, Y. H. Yao, Z. G. Yao, Y. M. Ye, L. Q. Yin, N. Yin, 
X. H. You, Z. Y. You, Y. H. Yu, Q. Yuan, H. D. Zeng, T. X. Zeng, W. Zeng, Z. K. 
Zeng, M. Zha, X. X. Zhai, B. B. Zhang, H. M. Zhang, H. Y. Zhang, J. L. Zhang, J. W. 
Zhang, L. X. Zhang, L. Zhang, L. Zhang, P. F. Zhang, P. P. Zhang, R. Zhang, S. R. 
Zhang, S. S. Zhang, X. Zhang, X. P. Zhang, Y. F. Zhang, Y. L. Zhang, Y. Zhang, 
Y. Zhang, B. Zhao, J. Zhao, L. Zhao, L. Z. Zhao, S. P. Zhao, F. Zheng, Y. Zheng, 
B. Zhou, H. Zhou, J. N. Zhou, P. Zhou, R. Zhou, X. X. Zhou, C. G. Zhu, F. R. Zhu, 
H. Zhu, K. J. Zhu and X. Zuo, Discovery of a New Gamma-Ray Source, LHAASO 
J03414-5258, with Emission up to 200 TeV, ApJL 917, p. L4 (August 2021). 


UEAK I 


194 


33. 


34. 


35. 


36. 


3T. 


H. Akaike, A New Look at the Statistical Model Identification, IEEE Transactions on 
Automatic Control 19, 716 (January 1974). 

M. Amenomori, Y. W. Bao, X. J. Bi, D. Chen, T. L. Chen, W. Y. Chen, X. Chen, 
Y. Chen, Cirennima, S. W. Cui, Danzengluobu, L. K. Ding, J. H. Fang, K. Fang, 
C. F. Feng, Z. Feng, Z. Y. Feng, Q. Gao, Q. B. Gou, Y. Q. Guo, H. H. He, Z. T. 
He, K. Hibino, N. Hotta, H. Hu, H. B. Hu, J. Huang, H. Y. Jia, L. Jiang, H. B. 
Jin, F. Kajino, K. Kasahara, Y. Katayose, C. Kato, S. Kato, K. Kawata, M. Kozai, 
Labaciren, G. M. Le, A. F. Li, H. J. Li, W. J. Li, Y. H. Lin, B. Liu, C. Liu, J. S. Liu, 
M. Y. Liu, Y. Q. Lou, H. Lu, X. R. Meng, H. Mitsui, K. Munakata, Y. Nakamura, 
H. Nanjo, M. Nishizawa, M. Ohnishi, I. Ohta, S. Ozawa, X. L. Qian, X. B. Qu, T. Saito, 
M. Sakata, T. K. Sako, Y. Sengoku, J. Shao, M. Shibata, A. Shiomi, H. Sugimoto, 
M. Takita, Y. H. Tan, N. Tateyama, S. Torii, H. Tsuchiya, S. Udo, H. Wang, H. R. Wu, 
L. Xue, K. Yagisawa, Y. Yamamoto, Z. Yang, A. F. Yuan, L. M. Zhai, H. M. Zhang, 
J. L. Zhang, X. Zhang, X. Y. Zhang, Y. Zhang, Y. Zhang, Y. Zhang, Zhaxisangzhu, 
X. X. Zhou and Tibet AS y Collaboration, First Detection of Photons with Energy 
beyond 100 TeV from an Astrophysical Source, PRL 123, p. 051101 (August 2019). 

MAGIC Collaboration, V. A. Acciari, S. Ansoldi, L. A. Antonelli, A. Arbet Engels, 
D. Baack, A. Babić, B. Banerjee, U. Barres de Almeida, J. A. Barrio, J. Becerra 
González, W. Bednarek, L. Bellizzi, E. Bernardini, A. Berti, J. Besenrieder, W. Bhat- 
tacharyya, C. Bigongiari, A. Biland, O. Blanch, G. Bonnoli, Z. Bošnjak, G. Busetto, 
R. Carosi, G. Ceribella, Y. Chai, A. Chilingaryan, S. Cikota, S. M. Colak, U. Colin, 
E. Colombo, J. L. Contreras, J. Cortina, S. Covino, V. D’Elia, P. da Vela, F. Dazzi, 
A. de Angelis, B. de Lotto, M. Delfino, J. Delgado, D. Depaoli, F. di Pierro, L. di 
Venere, E. Do Souto Espiñeira, D. Dominis Prester, A. Donini, D. Dorner, M. Doro, 
D. Elsaesser, V. Fallah Ramazani, A. Fattorini, G. Ferrara, D. Fidalgo, L. Foffano, 
M. V. Fonseca, L. Font, C. Fruck, S. Fukami, R. J. García López, M. Garczarczyk, 
8. Gasparyan, M. Gaug, N. Giglietto, F. Giordano, N. Godinovic, D. Green, D. Gu- 
berman, D. Hadasch, A. Hahn, J. Herrera, J. Hoang, D. Hrupec, M. Hütten, T. In- 
ada, S. Inoue, K. Ishio, Y. Iwamura, L. Jouvin, D. Kerszberg, H. Kubo, J. Kushida, 
A. Lamastra, D. Lelas, F. Leone, E. Lindfors, S. Lombardi, F. Longo, M. López, 
R. López-Coto, A. López-Oramas, S. Loporchio, B. Machado de Oliveira Fraga, 
C. Maggio, P. Majumdar, M. Makariev, M. Mallamaci, G. Maneva, M. Manganaro, 
K. Mannheim, L. Maraschi, M. Mariotti, M. Martínez, D. Mazin, S. Mićanović, 
D. Miceli, M. Minev, J. M. Miranda, R. Mirzoyan, E. Molina, A. Moralejo, D. Mor- 
cuende, V. Moreno, E. Moretti, P. Munar-Adrover, V. Neustroev, C. Nigro, K. Nils- 
son, D. Ninci, K. Nishijima, K. Noda, L. Nogués, S. Nozaki, S. Paiano, J. Palacio, 
M. Palatiello, D. Paneque, R. Paoletti, J. M. Paredes, P. Penil, M. Peresano, M. Per- 
sic, P. G. Prada Moroni, E. Prandini, I. Puljak, W. Rhode, M. Ribó, J. Rico, C. Righi, 
A. Rugliancich, L. Saha, N. Sahakyan, T. Saito, S. Sakurai, K. Satalecka, K. Schmidt, 
T. Schweizer, J. Sitarek, I. Snidarié, D. Sobczynska, A. Somero, A. Stamerra, D. Strom, 
M. Strzys, Y. Suda, T. Surić, M. Takahashi, F. Tavecchio, P. Temnikov, T. Terzić, 
M. Teshima, N. Torres-Albà, L. Tosti, V. Vagelli, J. van Scherpenberg, G. Vanzo, 
M. Vazquez Acosta, C. F. Vigorito, V. Vitale, I. Vovk, M. Will and D. Zarić, MAGIC 
very large zenith angle observations of the Crab Nebula up to 100 TeV, A&A 635, p. 
A158 (March 2020). 

F. A. Aharonian, A. A. Belyanin, E. V. Derishev, V. V. Kocharovsky and V. V. 
Kocharovsky, Constraints on the extremely high-energy cosmic ray accelerators from 
classical electrodynamics, PRD 66, p. 023005 (July 2002). 

M. A. Malkov and L. O. Drury, Nonlinear theory of diffusive acceleration of particles 
by shock waves, Reports om Progress in Physics 64, 429 (April 2001). 


38. 


39. 


40. 


41. 


195 


L. Kuiper, W. Hermsen, G. Cusumano, R. Diehl, V. Schónfelder, A. Strong, K. Ben- 
nett and M. L. McConnell, The Crab pulsar in the 0.75-30 MeV range as seen by 
CGRO COMPTEL. A coherent high-energy picture from soft X-rays up to high-energy 
gamma-rays, A&A 378, 918 (November 2001). 

M. Arakawa, M. Hayashida, D. Khangulyan and Y. Uchiyama, Detection of Small 
Flares from the Crab Nebula with Fermi-LAT, ApJ 897, p. 33 (July 2020). 

A. A. Abdo, M. Ackermann, M. Ajello, A. Allafort, L. Baldini, J. Ballet, G. Bar- 
biellini, D. Bastieri, K. Bechtol, R. Bellazzini, B. Berenji, R. D. Blandford, E. D. 
Bloom, E. Bonamente, A. W. Borgland, A. Bouvier, T. J. Brand t, J. Bregeon, 
A. Brez, M. Brigida, P. Bruel, R. Buehler, S. Buson, G. A. Caliandro, R. A. Cameron, 
A. Cannon, P. A. Caraveo, J. M. Casand jian, O. Gelik, E. Charles, A. Chekht- 
man, C. C. Cheung, J. Chiang, S. Ciprini, R. Claus, J. Cohen-Tanugi, L. Costa- 
mante, S. Cutini, F. D'Ammando, C. D. Dermer, A. de Angelis, A. de Luca, F. de 
Palma, S. W. Digel, E. do Couto e Silva, P. S. Drell, A. Drlica- Wagner, R. Dubois, 
D. Dumora, C. Favuzzi, S. J. Fegan, E. C. Ferrara, W. B. Focke, P. Fortin, M. Frailis, 
Y. Fukazawa, S. Funk, P. Fusco, F. Gargano, D. Gasparrini, N. Gehrels, S. Germani, 
N. Giglietto, F. Giordano, M. Giroletti, T. Glanzman, G. Godfrey, I. A. Grenier, 
M. H. Grondin, J. E. Grove, S. Guiriec, D. Hadasch, Y. Hanabata, A. K. Harding, 
K. Hayashi, M. Hayashida, E. Hays, D. Horan, R. Itoh, G. Jóhannesson, A. S. John- 
son, T. J. Johnson, D. Khangulyan, T. Kamae, H. Katagiri, J. Kataoka, M. Kerr, 
J. Knódlseder, M. Kuss, J. Lande, L. Latronico, S. H. Lee, M. Lemoine-Goumard, 
F. Longo, F. Loparco, P. Lubrano, G. M. Madejski, A. Makeev, M. Marelli, M. N. 
Mazziotta, J. E. McEnery, P. F. Michelson, W. Mitthumsiri, T. Mizuno, A. A. Moiseev, 
C. Monte, M. E. Monzani, A. Morselli, I. V. Moskalenko, S. Murgia, T. Nakamori, 
M. Naumann-Godo, P. L. Nolan, J. P. Norris, E. Nuss, T. Ohsugi, A. Okumura, 
N. Omodei, J. F. Ormes, M. Ozaki, D. Paneque, D. Parent, V. Pelassa, M. Pepe, 
M. Pesce-Rollins, M. Pierbattista, F. Piron, T. A. Porter, S. Rainó, R. Rando, P. S. 
Ray, M. Razzano, A. Reimer, O. Reimer, T. Reposeur, S. Ritz, R. W. Romani, 
H. F. W. Sadrozinski, D. Sanchez, P. M. S. Parkinson, J. D. Scargle, T. L. Schalk, 
C. Sgrò, E. J. Siskind, P. D. Smith, G. Spand re, P. Spinelli, M. S. Strickman, D. J. Su- 
son, H. Takahashi, T. Takahashi, T. Tanaka, J. B. Thayer, D. J. Thompson, L. Tibaldo, 
D. F. Torres, G. Tosti, A. Tramacere, E. Troja, Y. Uchiyama, J. Vandenbroucke, 
V. Vasileiou, G. Vianello, V. Vitale, P. Wang, K. S. Wood, Z. Yang and M. Ziegler, 
Gamma-Ray Flares from the Crab Nebula, Science 331, p. 739 (February 2011). 

M. Tavani, A. Bulgarelli, V. Vittorini, A. Pellizzoni, E. Striani, P. Caraveo, M. C. 
Weisskopf, A. Tennant, G. Pucella, A. Trois, E. Costa, Y. Evangelista, C. Pittori, 
F. Verrecchia, E. Del Monte, R. Campana, M. Pilia, A. De Luca, I. Donnarumma, 
D. Horns, C. Ferrigno, C. O. Heinke, M. Trifoglio, F. Gianotti, S. Vercellone, A. Argan, 
G. Barbiellini, P. W. Cattaneo, A. W. Chen, T. Contessi, F. D'Ammand o, G. DeParis, 
G. Di Cocco, G. Di Persio, M. Feroci, A. Ferrari, M. Galli, A. Giuliani, M. Giusti, 
C. Labanti, I. Lapshov, F. Lazzarotto, P. Lipari, F. Longo, F. Fuschino, M. Marisaldi, 
S. Mereghetti, E. Morelli, E. Moretti, A. Morselli, L. Pacciani, F. Perotti, G. Piano, 
P. Picozza, M. Prest, M. Rapisarda, A. Rappoldi, A. Rubini, S. Sabatini, P. Soffitta, 
E. Vallazza, A. Zambra, D. Zanello, F. Lucarelli, P. Santolamazza, P. Giommi, L. Sa- 
lotti and G. F. Bignami, Discovery of Powerful Gamma-Ray Flares from the Crab 
Nebula, Science 331, p. 736 (February 2011). 


196 


On the MG16 awards 2021 


Remo Ruffini 


ICRA and Dipartimento di Física, Università di Roma La Sapienza 
Piazzale Aldo Moro 5, 1-00185 Roma, Italy 
ruffini@icra. it 


ICRA Net 
Piazza della Repubblica 10, I-65122 Pescara, Italy 
ruffini@icra. it 


INAF 
Viale del Parco Mellini 84, 00136 Rome, Italy 
ruffini@icra. it 


On Monday July 5, 2021 took place the official ceremony for the attribution of the 4 
MG16 Individual Awards to Demetrios Christodoulou, Gerard ’t Hooft, Tsvi Piran and 
Steven Weinberg, as well as for the attribution of the 3 MG16 Institutional Awards to the 
Spektrum-Roentgen-Gamma (SRG) mission of the Max Planck Institute for Extrater- 
restrial Physics (MPE), of the Space Research Institute (IKI) of the Russian Academy 
of Sciences and of the S.A. Lavochkin Association. The MG Awards consist in a silver 
casting of the TEST sculpture by the artist Attilio Pierelli. The MG16 Awards were 
presented to the Awardees by Prof. Roy P. Kerr. 


Keywords: Black Holes; mass energy formula; Horizons; International scientific coopera- 
tion; Scientific space missions 


1. The MG Awards 


Since 1985, the MG Awards have been attributed on the occasion of the Marcel 
Grossmann meetings. ''he MG Award consist in a silver casting of the TEST sculp- 
ture by the artist Attilio Pierelli. 

On the occasion of the MG4 meeting (July 1985, Rome, Italy) the Institutional 
Award went to the Vatican Observatory (presented to His Holiness Pope John Paul 
ID, while the Individual Awards went to William Fairbank and to Abdus Salam. 
On the occasion of the MG5 meeting (August 1988, Perth, Australia) the Institu- 
tional Award went to the University of Western Australia (presented to the then 
Vice Chancellor, Prof. Robert Smith) while the Individual Awards went to Satio 
Hayakawa and to John Archibal Wheeler. On the occasion of the MG6 meeting 
(June 1991, Kyoto, Japan) the Institutional Award went to the RITP (presented to 
Prof. K. Tomita) while the Individual Awards went to Minoru Oda and to Stephen 
Hawking. On the occasion of the MG7 meeting (June 1994, Stanford, USA) the 
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Institutional Award went to the Space Telescope Institute (presented to Prof. Peter 
Stockman) while the Individual Awards went to Subrahmanyan Chandrasekhar and 
to Jim Wilson. On the occasion of the MG8 meeting (June 1997, Jerusalem) the 
Institutional Award went to the Hebrew University (presented to the then Presi- 
dent M. Magidor), while the Individual Awards went to Tullio Regge and to Francis 
Everitt. On the occasion of the MG9 meeting (July 2000, Rome, Italy) the Institu- 
tional Award went to the Solvay Institutes (presented to Jacques Solvay), while the 
Individual Awards went to Cecile and Bryce Dewitt, Riccardo Giacconi and Roger 
Penrose. On the occasion of the MG10 meeting (July 2003, Rio de Janeiro, Brazil) 
the Institutional Award went to the Brazilian Center for Research in Physics - CBPF 
(presented to its founders Cesar Lattes, José Leite Lopez and Jayme Tiomno), while 
the Individual Awards went to Yvonne Choquet-Bruhat, to James W. York, Jr and 
to Yuval Ne'eman. On the occasion of the MG11 meeting (July 2006, Berlin, Ger- 
many) the Institutional Award went to the Freie Universitaet Berlin (presented to 
the then President Dr. Dieter Lenzen), while the Individual Awards went to Roy 
Kerr, George Coyne and Joachim Trumper. On the occasion of the MG12 meeting 
(July 2009, Paris, France) the Institutional Award went to the Institut des hautes 
études scientifiques - IHES (presented to Prof. Jean-Pierre Bourguignon), while 
the Individual Awards went to Jaan Einasto, to Christine Jones and to Michael 
Kramer. On the occasion of the MG13 meeting (July 2012, Stockholm, Sweden) the 
Institutional Award went to Albanova (presented to the Rector of the f Stockholm 
University, Prof. Kàre Bremer), while the Individual Awards went to David Arnett, 
to Vladimir Belinski and I. M. Khalatnikov and to Filippo Frontera. On the occa- 
sion of the MG14 meeting (July 2015, Rome, Italy) the Institutional Award went 
to the European Space Agency - ESA (presented to its Director General Johann- 
Dietrich Woerner), while the Individual Awards went to Ken'ichi Nomoto, to Martin 
Rees, to Yakov G. Sinai and to Sachiko Tsuruta. The 2 additional MG14 Individual 
Awards to Frank C.N. Yang and to T.D. Lee have been delivered on the occasion of 
the International Conference on Gravitation and Cosmology /the fourth Galileo-Xu 
Guangqi meeting in Beijing on May 4, 2015. On the occasion of the MG15 meet- 
ing (July 2018, Rome, Italy) the Institutional Award went to the Planck scientific 
collaboration - ESA (presented to the Principal Investigator of the High Frequency 
Instrument (HFI) Jean-Loup Puget) and to the Hansen experimental physics lab- 
oratory at Stanford University (presented to its Assistant Director Leo Hollberg), 
while the Individual Awards went to Lyman Page, to Rashid Sunyaev and to Shing- 
Tung Yau. 


2. MG16 Individual Awardees 


The MG16 Individual Awards went to Demetrios Christodoulou, Gerard ’t Hooft, 
Tsvi Piran and Steven Weinberg. 


198 


2.1. Demetrios Christodoulou 


Motivation: Professor Demetrios Christodoulou received the MG16 Award 
“For his many lasting contributions to the foundation of mathematical physics in- 
cluding the dynamics of relativistic gravitational fields. Notably for: contributing in 
1971, at the age of 19, to derive with Remo Ruffini the mass-energy formula of 
black holes as a function of their angular momentum, charge and irreducible mass. 
Christodoulou turned then to the study of partial differential equations and mathe- 
matical physics, to which he remained dedicated for the rest of his career. Highlights 
in this area include the theoretical discovery of the nonlinear memory effect of grav- 
itational waves (Phys. Rev. Letters 1991), the monograph (1993) in collaboration 
with Sergiu Klainerman on the global nonlinear stability of the Minkowski spacetime, 
the monograph (2009) on the formation of black holes in pure general relativity by 
imploding gravitational waves, and the monographs (2007 and 2019) on the forma- 
tion and further development of shocks in fluids." 


Scientific and historical background: It was back in 1967 that Achille Pa- 
papetrou mentioned the case of the 16 year old Demetrios Christodoulou to John 
Archibad Wheeler. Wheeler interviewed Demetrios in Paris and brought him imme- 
diately to Princeton where he was registered as an undergraduate at the university. 
After only one year he entered the graduate school and started collaborating with 
me. At the time I was working with Wheeler on the effective potential approach 
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to co-rotating and counter-rotating geodesics (see e.g. reference in The Classical 
Theory of Fields (Landau and Lifshitz, 1980) in the Kerr metric (later renamed 
as ISCO; see e.g. (Gravitation Misner, Thorne, Wheeler. 1973). In parallel, Frank 
Zerilli was working on the gravitational radiation emitted by a test particle falling 
into a Schwarzschild black hole (Zerilli 1970). From this limited conceptual arena 
Charles Misner and later Kip Thorne launched a program for the detection of grav- 
itational waves on the Earth; see e.g. Misner 1974, Abbott et al. 2016, Abbott et 
al. 2017; see however Davis et al. 1972, Rodriguez et al. 2018 and J.A. Rueda et 
al. 2018. A new approach started with the arrival of Demetrios: he was just creat- 
ing mathematics following his needs. We identified the reversible and irreversible 
transformations of a Kerr black hole. Wheeler advanced a thermodynamic analogy. 
I addressed the need to identify the concept of irreducible mass (from the Italian 
“irriducibile” ), and was Demetrios's contribution to integrate, overnight, the differ- 
ential equation for infinitesimal reversible transformations which led to the finite 
mass-energy formula for a Kerr black hole. That evening, while walking back home 
through the IAS woods, I expressed to Wheeler the great relevance of the newly 
found formula by Demetrios and proposed to let Demetrios be the single author of 
this article, admiring his great mathematical talent. Wheeler agreed. The Editor 
of PRL objected since in that two page article Fig. 2 by Wheeler and myself was 
still unpublished. Actually that Fig. 2 followed a discussion I previously had had 
with Penrose in Florence (Penrose 1969) which allowed us to present the “Penrose 
process" there. Some difficulties in achieving this process were obvious from the 
example in Fig. 2, which Roger later recognized himself (Penrose & Floyd 1971). 
'The Editor finally agreed to our written request and the paper appeared on Sep 17, 
1970 (Christodoulou, 1970). In January 1971 my article with Johnny Introducing 
the Black Hole (Ruffini & Wheeler, 1971) appeared with the new physics we were 
developing in Princeton, including the concept of the “ergosphere”. On March 1, 
1971 we submitted an article giving the mass formula for the Kerr-Newman metric, 
including the relation between the surface area of the horizon and the irreducible 
mass (Christodoulou & Ruffini, 1971) . On March 11, 1971 the same results were 
independently confirmed by Steven Hawking, extending further the applicability of 
our formula (Hawking 1971). 

The thesis of Demetrios was successfully discussed by a committee including 
Eugene Wigner (see Fig. 1a), one of the closest collaborators of Albert Einstein and 
David Wilkinson (See Fig. 1b), the head of the NASA WMAP mission and Johnny 
and myself as supervisors. The new message was clear: black holes, far from being 
energy sinks, were energy sources able to emit “in principle" up to 50% of their 
mass energy as being extractable (Christodoulou & Ruffini, 1971). 

Demetrios turned soon to the study of partial differential equations and math- 
ematical physics, to which he dedicated for the rest of his career and results were 
published in four monographs: (Christodoulou and Klainerman 1994, Christodoulou 
2007, Christodoulou 2009, Christodoulou 2019). In 1968, Johnny proposed to 
Demetrios the collapse of a “geon” composed of massless scalar field as a second 
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Fig. 1. Demetrios during his thesis presentation with Eugene Wigner (above) and David Wilkin- 
son (below). Myself and Johnny were supervisors, ready to intervene in case of need, but no need of 
intervention was necessary! Wigner elaborated the aphorism of Niels Bohr "Interesting — wrong" 
in the most definite “very interesting, if true = totally wrong" 


topic for his thesis. It took almost forty years for him to solve this problem, which 
he extended to the more difficult case of focusing gravitational waves leading to 
black hole formation (Christodoulou 2009). 
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A “long march" started on December 12, 1970 with the launch of the Uhuru 
satellite by Riccardo Giacconi. Early in 1971 an almost daily conversation with him 
and Herb Gursky at the Smithsonian Astrophysical Observatory led to the discovery 
of binary X-ray sources. This was soon followed by the announcement of Cygnus 
X1 identified as the first black hole in our galaxy (Ruffini 1973); see e.g. Gursky & 
Ruffini 1975 which also contained the first public announcement of the discovery of 
gamma ray bursts, as well as Giacconi & Ruffini 1980, 2009; see Fig. 2). 


Ld ee 


Fig. 2. In the second row, from left to right, there are, among others: E. T. Newman, S. Chan- 
drasekhar, R. Giacconi, R. Ruffini, A. Treves, A. Hewish, D. Arnett, G. I. Taylor, J. Wilson, R. 
Penrose, as well as J. Bahcall, T. Damour, T. Piran et al. 


Today, after fifty years this “long march” has reached a definite result: through 
the grandest observational multi-wavelength effort in the history of mankind, 
from space, ground and underground observatories, we are finally finding evidence 
that black holes are “alive” and their “extractable energy” in our mass formula 
(Christodoulou & Ruffini, 1971) is the energy source of the most energetic sources 
in our universe: gamma ray bursts (GRBs), active galactic nuclei (AGNs) as well as 
ultra-high energy cosmic rays (UHECRs) (Ruffini et al. 2021 and references therein). 
Their “inner engine" has three independent components: 1) a Kerr black hole which 
is neither in a stationary state nor in vacuum, 2) a background magnetic field aligned 
with the black hole rotation axis, and 3) an extremely diluted fully ionized plasma 
(Moradi et al. 2021). There is no role in this inner engine for ISCOs. Indeed new 
electrodynamical field equations describe the synchrotron radiation emitted close 
to the black hole horizon, and they point to a discrete and repetitive emission of 
“blackholic quanta” in the MeV and in the GeV. The magnitudes and the emission 
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time scales of these quanta, for M87 and GRB 1304274, are expressed as a function 
of the above three parameters (Rueda & Ruffini, 2021). A long lasting GeV emission 
with a luminosity decreasing as a temporal power law allows for the first time for 
GRBs the determination of the black hole mass and spin as well as their time evo- 
lution perfectly fulfilling our mass energy formula (Christodoulou & Ruffini, 1971): 
a long lasting emission process profoundly different from the traditional process of 
continued gravitational contraction. 


2.2. Gerard ’t Hooft 


Motivation: Professor Gerard ’t Hooft received the MG16 Individual Award “for 
his persistent devotion to the study of the quantum field theory boundary conditions 
at the black hole horizon". 


Scientific and historical background:Prof. Gerard ’t Hooft has been a full 
Professor at the Utrecht University (the Netherlands), since 1977. Nowadays, he is 
an Emeritus Professor at that University. During his career, he has paid extended 
scientific visits to CERN (Geneva), Harvard, Stanford, Princeton and Duke Univer- 
sity, NC. In 1999, together with M. Veltman, he received the Nobel Prize in Physics, 
awarded by The Royal Swedish Academy of Sciences, “For elucidating the quantum 
structure of electroweak interactions in physics". Prof. 't Hooft main subjects of 
research includes: 
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e Gauge Theories for the sub-atomic particles and forces, various aspects and ingre- 
dients of what is now called “The Standard Model” of the sub-atomic particles: 
renormalizability, topological features such as magnetic monopoles and instan- 
tons, 1/N expansions, 

e Theories for the quantization of the gravitational force and black holes: producing 
models for the quantum properties of a black hole, as derived from Standard 
Model and General Relativity alone; its topological features such as antipodal 
identification, 

e Fundamental theories underlying quantum mechanics, in particular returning de- 
terminism and reality to the dynamics of the tiniest material entities in his uni- 
verse, Prof. 't Hooft has been awarded the Wolf Prize of the State of Israel (1982), 
the Pius XI Medal (Vatican city, 1983), the Lorentz Medal (KNAW Amsterdam, 
1986) as well as the Spinoza Premium (Netherlands Organization for Scientific 
Research NWO, 1995). 
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Fig. 3. The signature of Gerard 't Hooft on the wall of ICRA Room 301 (April 4, 1999). 


A special event took place at ICRA on April 30, 1999. Prof. Ruffini invited Gerard 
't Hooft to Rome to discuss a boundary condition for a quantum field on the black 
hole horizon, a topic Prof. Ruffini discussed in a previous article “Black-hole evap- 
oration in the Klein-Sauter-Heisenberg-Euler formalism” with Thibault Damour 
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(Phys. Rev. D 14, 332, 1976), but which needed to be examined in more detail. 
Prof. Ruffini planned to direct Gerard's attention to some specific aspects of this 
problem. Because we have traditionally been very attentive in spending ICRA travel 
funds, ICRA offered Gerard to come to Rome on a reduced fare weekend ticket ar- 
riving Friday and departing Monday. He had a great relaxing weekend together 
with Prof. Ruffini following his seminar, which among other things allowed Gerard 
to sign the wall in our ICRA Room (see Fig. 3), and during this splendid Rome 
spring weekend he also was able to find a missing factor of 2 in a formula in Prof. 
Ruffini's 1971 paper with Demetri Christodoulou on the black hole mass formula. 
'The following October, Gerard received the Nobel prize, which meant that we could 
no longer get away with bringing him to Rome on a cheap ticket! Ever since Gerard 
has been in our MG IOC helping us with the preparation of the meetings. We are 
very happy to announce this MG16 Award to Gerard 't Hooft with the motivating 
phrase “for his persistent devotion to the study of the quantum field theory boundary 
conditions at the black hole horizon”. 


2.3. Tsvi Piran 


Motivation: Professor Tsvi Piran received the MG16 Individual Award “for ex- 
tending Relativistic astrophysics across international frontiers, a true companion in 
the search for the deeper meaning of Einstein’s great theory". 


Scientific and historical background: Tsvi Piran is the emeritus Schwartz- 
mann professor at the Hebrew University of Jerusalem. He obtained his PhD in 
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Physics, in 1976 from the Hebrew University working on the collisional Penrose 
process. Piran returned to the Hebrew University at 1981after being a post doc at 
Oxford and Texas and a long term member at the IAS at Princeton. In 1982 he 
initiated and directed the first ever summer school on Gravitational Waves that 
took place at Les Houches. Piran was a visiting professor at Harvard, Columbia and 
New York and a Moore scholar at Caltech. Piran's research deals with numerous 
aspects of relativistic astrophysics, ranging from the foundation of numerical rela- 
tivity to modeling of observer relativistic phenomena and analytic work on the fate 
of gravitational collapse. Piran's research work focuses mostly on black holes and in 
particular on gamma-ray bursts. He was among the first to point out their cosmo- 
logical origin and their association with merging neutron stars and heavy r-process 
nucleo synthesis. Piran's achievements were recognized in the 2019 EMET prize for 
Physics. 


2.4. Steven Weinberg 


Motivation: Professor Steven Weinberg received the MG16 Individual Award 
“for unwavering support for the MG meetings since their inception, a true compan- 
ion in the search for the deeper meaning of Einstein’s great theory”. 


Scientific and historical background: Steven Weinberg is a member of the 
Physics and Astronomy Departments at The University of Texas at Austin. His 
research has covered a broad range of topics in quantum field theory, elementary 
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particle physics and cosmology. He has been honored with numerous awards, in- 
cluding the Nobel Prize in Physics, the National Medal of Science, the Heinemann 
Prize in Mathematical Physics and in 2020, the Breakthrough Prize. He is a mem- 
ber of the US National Academy of Sciences, Britain's Royal Society, and other 
academies in the USA and abroad. The American Philosophical Society awarded 
him the Benjamin Franklin Medal, with a citation that said he is “considered by 
many to be the preeminent theoretical physicist alive in the world today." His books 
for physicists include Gravitation and Cosmology, the three-volume work The Quan- 
tum Theory of Fields, Cosmology and published in April of 2021, Foundations of 
Modern Physics. Educated at Cornell, Copenhagen, and Princeton, he also holds 
honorary degrees from sixteen other universities. He taught at Columbia, Berkeley, 
M.LT., and Harvard, where he was Higgins Professor of Physics, before coming to 
Texas in 1982. 


2.5. Scientific and historical background for the Tsvi Piran and 
Steven Weinberg MG16 Awards 


The Sixteenth Marcel Grossmann Meeting (MG16) is a very special one in many 
respects: it will take place during a pandemic and in spite of the many difficulties, we 
have decided not to postpone it but to organize it as a virtual meeting. As described 
on the MG series webpage, these meetings started in 1975 with the first meeting 
at the International Centre for Theoretical Physics (ICTP) in Trieste (Italy) that I 
organized with Nobel Prize winner Abdus Salam. A second meeting followed in 1979, 
with a significantly larger participation including Nobel Laurate Cheng Ning Yang 
and a Chinese delegation led by Chuo Pei Yuan (see Fig. 4), including Fang Li-Zhi 
who had accompanied me during my entire first visit to China in 1979. The first truly 
international MG meeting followed in 1982 in Shanghai (China):this represented an 
especially important step forward both for the meeting and for China. A multi- 
millennia “motto” in China, which was then proclaimed on banners everywhere, 
read “Friends from all over the world are welcomed”. 

We were soon at an impasse over the participation of scientists from Israel, 
since no diplomatic relations existed between China and Israel at that time and the 
Israeli scientists were not to be allowed to attend the meeting. A long negotiation 
began. The boundary conditions were clearly set by Steven Weinberg, a member of 
the present MG16 IOC: no MG meetings on Einstein's theory of general relativity 
could occur without the participation of Israeli scientists. The intervention of Yuval 
Ne'emann, also a member of the MG IOC then as well as the Minister of Science 
of Israel (see Fig. 5), proposed a compromise that would admit at least one Israeli 
scientist. 

I went to Beijing alone, meeting every morning for a week with 12 Chinese 
representatives led by Chuo Pei Yuan going over all possible options. I stayed in 
an isolated villa not far from Tiananmen Square, accompanied by the 3 volumes 
of Matteo Ricci (RI MA TO) to keep me company. No solution was in sight the 
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Fig. 4. Chuo Pei Yuan and Cheng Ning Yang at MG2 in Trieste, Italy (1979). 


entire week. At the last moment, just before my departure, an agreement was finally 
reached allowing two Israeli scientists into China. The historic compromise would 
admit Gerard Tauber and Tsvi Piran into China using a special ICRA travel doc- 
ument I had proposed for them to be able to participate in the meeting, accepted 
by the Chinese Ambassador in Rome. This modified the thousand year Chinese 
“motto” to read “Scientists from all over the world are welcomed". The event was 
extremely beneficial for China and signaled the truly international nature of the 
MG meetings. 

I kept on meeting Tauber in the years which followed (see Fig. 6). Soon after, 
Yuval Ne'emann visited China. The development of bilateral relations, including 
military cooperation and economical tights, grow exponentially until the establish- 
ment of normal diplomatic relations between Israel and China in 1992. 

Given their key role played in the foundations of the MG meetings, I am very 
happy to propose on behalf of the MG16 IOC, two special Marcel Grossmann In- 
dividual Awards: one to Steven Weinberg for “for unwavering support for the MG 
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Fig. 5. From right to left: Chaim Weizmann, President of Israel; Yuval Ne'emann, Minister of 
Science of Israel; R. Ruffini. 


meetings since their inception, a true companion in the search for the deeper mean- 
ing of Einstein’s great theory” and another one to Tsvi Piran, “for extending Rela- 
tivistic astrophysics across international frontiers, a true companion in the search 
for the deeper meaning of Einstein’s great theory” , in the words of John A. Wheeler’s 
photo dedication to myself (see Fig. 7). 


3. MG16 Institutional Awardees 


The MG16 Institutional Awards to the Spektrum-Roentgen-Gamma (SRG) mission 
“for the creation of the world's best X-ray map of the entire sky, for the discovery of 
millions of previously unknown accreting supermassive black holes at cosmological 
redshifts, for the detection of X-rays from tens of thousands of galaxy clusters, filled 
mainly with dark matter, and for permitting the detailed investigation of the growth 
of the large-scale structure of the universe during the era of dark energy dominance? 
went to the S.A. Lavochkin Association (presented to its Designer General 
Alexander Shirshakov), to the Max Planck Institute for Extraterrestrial Physics - 
MPE (presented to Professor Peter Predehl, Principal Investigator of eROSITA) 
and to the Space Research Institute (IKT) of the Russian Academy of Sciences (pre- 
sented to Professor Rashid Sunyaev, Principal Investigator of SRG Observatory in 
Russia). 
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Fig. 6. From right to left: Arrigo Finzi, Remo Ruffini, Gerard Tauber and Konrad Bleuler. 


ICRA Collection x 
Fig. Y. Albert Einstein, Hideki Yukawa and John. A. Wheeler with a hand-written dedication to 
Remo Ruffini “To Remo Ruffini, companion in the search for the deeper meaning of Einstein great 
theory. With warm regards, John Wheeler 5 April 1968". 
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On Tuesday June 29, 2021, the following 31 Astro-Ph appeared: 


https://arxiv.org/abs/2106.14517 
p g 
https://arxiv.org/abs/2106.14518 
P 8 
https://arxiv.org/abs/2106.14519 
P 8 
https://arxiv.org/abs/2106.14520 
P 8 
https://arxiv.org/abs/2106.14521 
P 8 
https://arxiv.org/abs/2106.14522 
P 8 
https://arxiv.org/abs/2106.14523 
P 8 
) https://arxiv.org/abs/2106.14524 
https://arxiv.org/abs/2106.14525 
P 8 
https://arxiv.org/abs/2106.14526 
P 8 
) https://arxiv.org/abs/2106.14527 
https://arxiv.org/abs/2106.14528 
P 8 
https://arxiv.org/abs/2106.14529 
P 8 
https://arxiv.org/abs/2106.14530 
P 8 
https://arxiv.org/abs/2106.14531 
P 8 
16) https://arxiv.org/abs/2106.14532 
https://arxiv.org/abs/2106.14533 
p g 
https://arxiv.org/abs/2106.14534 
) http g 
https://arxiv.org/abs/2106.14535 
) http g 
https://arxiv.org/abs/2106.14536 
) http g 
https://arxiv.org/abs/2106.14537 
P 8 
) https://arxiv.org/abs/2106.14541 
) https://arxiv.org/abs/2106.14542 
https://arxiv.org/abs/2106.14543 
) http g 
) https: //arxiv.org/abs/2106.14544 
) https://arxiv.org/abs/2106.14545 
https://arxiv.org/abs/2106.14546 
) http g 
) https: //arxiv.org/abs/2106.14547 
https://arxiv.org/abs/2106.14548 
P 8 
) https://arxiv.org/abs/2106.14549 
https://arxiv.org/abs/2106.14550 
P 8 


3.1. S.A. Lavochkin Association 


The MG16 Institutional Award to the S.A. Lavochkin Association has been pre- 
sented to its Designer General, Alexander Shirshakov. 

S.A. Lavochkin Association created the Navigator space platform carrying Ger- 
man eRosita and Russian ART-XC X-Ray Telescopes, organized the launch of SRG 
Orbital X-Ray Observatory to the second Lagrangian point of the Sun-Earth sys- 
tem at a distance of 1.5 million km from the Earth and managed the observatory 
flight and the daily reception of its scientific data on Earth for 23.5 months. 
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Dr Alexander Shirshakov, Designer General of the S.A. Lavochkin Association, 
is specialized in design, manufacture, testing, launch and control of S/C for scien- 
tific purposes. Among those S/C launched, there are the Radiostron Astrophysical 
Observatory (2011) and the Spektr-RG space observatory (2019), while the planned 
S/C launches are Luna-25 and Exomars. 

Dr Shirshakov started his career in 1973, working as an engineer of the State 
Unitary Enterprise NPO named by S.A. Lavochkin in Khimki (Russian Federation). 
Starting from 1989 he has played multiple roles within the Lavochkin Association, 
been appointed head of the group, head of the sector, head of department, deputy 
head of the complex, head of the branch, director of the center, deputy head of the 
Design Bureau, deputy General Designer and deputy General Director. 

Dr Shirshakov is an editorial board Member of the reviewed edition of Vestnik of 
Lavochkin Association. Since 2017, he is also member of the General Designer coun- 
cil. He has been awarded Honored Mechanical engineer of the Russian Federation 
as well as Agency-level award of the Russian Federal Space Agency. 


3.2. Maz Planck Institute for Extraterrestrial Physics (MPE) 


The MG16 Institutional Award to the Max Planck Institute for Extraterrestrial 
Physics (MPE) has been presented to Professor Peter Predehl, the Principal Inves- 
tigator of eROSITA. 

eROSITA is the soft X-ray telescope on-board the Russian-German Spektr-RG 
mission which was successfully launched from Baikonur on July 13, 2019 and placed 
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in a halo orbit around the L2 point. 30 years after ROSAT, eROSITA performs an 
all-sky survey with an unprecedented sensitivity, spectral and angular resolution. 
Clusters of galaxies are the largest collapsed objects in the Universe. Their forma- 
tion and evolution is dominated by gravity, i.e. Dark Matter, while their large scale 
distribution and number density depends on the geometry of the Universe, i.e. Dark 
Energy. X-ray observations of clusters of galaxies provide information on the rate of 
expansion of the Universe, the fraction of mass in visible matter, and the amplitude 
of primordial fluctuations which are the origin of clusters of galaxies and the whole 
structure of the universe. eROSITA has been designed to detect at least 100.000 
clusters of galaxies and to detect systematically more than 3 Million obscured ac- 
creting Black Holes. eROSITA will also allow to study the physics of galactic X-ray 
source populations, like pre-main sequence stars, supernova remnants and X-ray bi- 
naries. The eROSITA telescope consists of seven identical Wolter-1 mirror modules. 
A novel detector system has been developed by MPE on the basis of the successful 
XMM-Newton pn-CCD technology. MPE is the scientific lead institute of eROSITA, 
responsible for the development of the instrument, the operation, the analysis soft- 
ware and data archive. Peter Predehl led this development as Principal Investigator 
of eROSITA and German lead scientist of the SRG mission for more than 15 years 
until the completion of the first of eight surveys in 2020. At this time eROSITA has 
already discovered more than 1 Million X-ray sources, more than all X-ray obser- 
vatories of the last 50 years together. This demonstrates, that the design goals of 
the mission will easily be fulfilled. 
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3.3. Space Research Institute (IKI) of the Russian Academy of 
Sciences 


The MG106 Institutional Award to the Space Research Institute (IKI) of the Russian 
Academy of Sciences has been presented to Professor Rashid Sunyaev, the Principal 
Investigator of SRG Observatory in Russia. 


a 


The Space Research Institute (IKI) of the Russian Academy of Sciences was 
responsible for developing the overall concept and scientific program of the SRG 
Orbital observatory and played a leading role in developing the ART-XC telescope 
and the entire SRG observatory as part of the Russian space science program carried 
out by Roskosmos Corporation in the interests of the Russian Academy of Sciences. 

During the flight to the L2 point of the Sun-Earth system, SRG with German 
(eRosita) and Russian (ART-XC named after Mikhail Pavlinsky) X-Ray Telescopes 
aboard performed calibrations and long duration Performance Verification observa- 
tions of a dozen of targets and deep fields. Starting in the middle of December 2019, 
the SRG scanned the whole sky three times. During these scans, SRG discovered 
two million point X-Ray sources: mainly quasars, stars with hot and bright coronae, 
and more than 30 thousand clusters of galaxies. There is a competition and synergy 
in the search for clusters of galaxies between SRG and the ground-based Atacama 
Cosmology and South Pole Telescopes, which are searching for clusters of galaxies 
in microwave spectral band using Sunyaev-Zeldovich effect. 
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SRG provided the X-Ray map of the whole sky in hard and soft bands, the last 
is now the best among existing. The huge samples of the X-ray selected quasars 
at the redshifts up to z=6.2 and clusters of galaxies will be used for well-known 
cosmological tests and detailed study of the growth of the large scale structure of 
the Universe during and after reionization. 

SRG/eRosita is discovering every day several extragalactic objects which in- 
creased or decreased their brightness more than 10 times during half of the year 
after the previous scan of the same one-degree wide strip on the sky. A significant 
part of these objects has observational properties similar to the Events of Tidal Dis- 
ruption of a star orbiting in the vicinity of the supermassive black hole. ART-XC 
discovered a lot of bright galactic and extragalactic transients. 

Rashid Sunyaev is the Principal Investigator of SRG mission in Russia, director- 
emeritus of the Max-Planck Institute for Astrophysics and Maureen and John 
Hendricks distinguished visiting professor of the Institute for Advanced Study, 
Princeton. 


Fig. 8. The SRG space mission. 


215 


First SRG/eROSITA all-sky survey: 
A million of X-ray sources and the Milky Way. 
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Fig. 9. First SRG/eROSITA all-sky survey, a million of X-ray sources and the Milky Way. 
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Following the GRB 170817A prompt emission lasting a fraction of a second, 108s of 
data in the X-rays, optical, and radio wavelengths have been acquired. We here present 
a model that fits the spectra, flux, and time variability of all these emissions, based on 
the thermal and synchrotron cooling of the expanding matter ejected in a binary white 
dwarf merger. The 107? Mo of ejecta, expanding at velocities of 10? cms~!, are powered 
by the newborn massive, fast rotating, magnetized white dwarf with a mass of 1.3Mo, 
a rotation period of 212s, and a dipole magnetic field ~ 10!° G, born in the merger 
of a 1.0 + 0.8Mọo white dwarf binary. Therefore, the long-lasting mystery of the GRB 
1708174 nature is solved by the merger of a white dwarf binary that also explains the 
prompt emission energetics. 


Keywords: Gamma-ray bursts; white dwarfs; white dwarf mergers. 


1. Introduction 


GRB 1708174 is a short gamma-ray burst (GRB) whose prompt emission lasts less 
than a second, as was detected by the gamma-ray burst monitor (GBM) onboard 


* Based on a talk presented at the Sixteenth Marcel Grossmann Meeting on Recent Developments 
in Theoretical and Experimental General Relativity, Astrophysics and Relativistic Field Theories, 
online, July 2021. 
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the NASA Fermi Gamma-ray Space Satellite,? and confirmed by INTEGRAL.’ 
It was subsequently associated with GW170817, a gravitational wave signal re- 
ported by the LIGO/Virgo Collaboration about 40min after the Fermi-GBM cir- 
cular.^ These initial data were then associated with the optical-infrared-ultraviolet 
source AT 2017gfo, which started to be observed about 12h (zz4 x 10*s) after the 
GRB trigger.?? Further data of GRB 170817A have been in the mean time ac- 
quired in the X-rays and in the radio from 10°s after the GRB trigger, and still 
ongoing. 

It has been well established that short GRBs are produced by neutron star 
binary (NS-NS) mergers.? !! Therefore, it is not surprising that GRB 170817A 
was labeled as such from the very beginning, ^ ^!? despite the fact that it had 
been soon recognized that GRB 1708174 was observationally very different from 
typical short GRBs.? Indeed, a comparison of GRB 1708174 in the gamma-rays, 
X-rays and in the optical with typical short GRBs led? to suggest that GRB 
170817A looks more like a white dwarf binary (WD-WD) merger rather than an 
abnormal, special or unique NS-NS merger.!^ Identified additional sources similar to 
GRB 1708174 and have proposed an alternative interpretation of them as WD-WD 
mergers. 

In the mean time, 108s of data of GRB 170817A have been acquired in the X- 
rays, in the optical, and in the radio wavelengths, besides just the MeV radiation of 
the prompt emission. These observations have indeed led to alternative explanations. 
In fact 


e The NS-NS merger interprets the associated optical counterpart AT 2017gfo as a 
nuclear kilonova produced by the decay of r-process, which yields in the matter 
ejected in the merger.? * 

e The experimental confirmation of the nuclear kilonova needs a univocal spectro- 
scopic identification of the atomic species present in the ejecta.!? !? This has not 
been achievable in view of lack of available accurate models of atomic spectra, 
the nuclear reaction network, density profile, and details of the radiative trans- 
port (opacity). Other mechanisms can also explain the photometric properties 
of AT 2017gfo, for instance the cooling of the expanding ejecta of a WD-WD 
merger.1?:2? We will further elaborate this scenario in this paper. 

e The NS-NS merger leading to a jet propagating throughout the ejected matter 
appears in conflict with recent data by the Chandra X-ray Telescope at 107-10 s 
after the GRB trigger.?^ ?? 


In view of all the above, we here explore further and extend the suggestion 
by Ref. 13 of GRB 1708174 being the product of a WD-WD merger, adding new 
observations all the way up to 10 s. 


e The possibly observed re-brightening in the X-ray afterglow of GRB 1708174 at 
1000 days agrees with the predicted appearance of the pulsar-like activity of the 
newborn WD from a WD-WD merger.!* 7° 
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e The rate of GRB 170817A-like events is well explained by the rate of WD-WD 
mergers.1?: 20 
e Interestingly, the host galaxy of GRB 170817, NGC 4993 distant at about 40 
Mpe, is an old elliptical galaxy.! Elliptical old galaxies are amply recognized as 
preferred sites of type Ia supernovae produced by the so-called double-degenerate 


scenario, namely, by WD-WD mergers.??:4 


The aim of this paper is to extend the treatment of Ref. 20 on WD-WD mergers, 
and exploit the analogy with the synchrotron emission in the X-rays, optical and ra- 
dio bands in the afterglow of long GRBs?? ?? to determine the emission of WD-WD 
mergers across the electromagnetic spectrum. Then, we apply the above consider- 
ations to the luminosity in the X-rays, optical and radio wavelengths observed in 
the afterglow of GRB 1708174. 

We here show the prominent role of rotation and its effect on the synchrotron 
emission from the interaction of the newborn rotating object with the ejected mat- 
ter in the merger. This process is energetically predominant and has been neglected 
in traditional simulations of these merging systems. The ejected matter expands 
in the magnetic field of the newborn fast rotating WD, which injects rotational 
and accretion energy into the expanding ejecta. While expanding, the ejecta radi- 
ate energy across the electromagnetic spectrum due to thermal cooling and syn- 
chrotron emission. We evidence that the newborn WD becomes observable as a 
pulsar when the synchrotron radiation fades off. The amount of mass ejected, the 
mass, rotation period, and strength of the magnetic field of the newborn WD are 
the most important features that determine the electromagnetic emission of the 
system. 

We show that the above process leads to a hard-to-soft evolution of the emitted 
radiation with specific decreasing luminosities that approach a distinct power-law 
behavior. The late-time luminosity is dominated by the pulsar activity of the new- 
born object, therefore the asymptotic power-law gives information on the param- 
eters of the newborn central object. The total energy radiated during the whole 
evolution is dominated by the energy injected and radiated from the central WD, 
so it is covered by its rotational energy.?? Energy and angular momentum con- 
servation allow to infer, for instance, the spin and magnetic field of the newborn 
WD directly from the light-curve of the source, prior to any detailed fit of the 
observational data with the theoretical model (see Refs. 26-28, for the case of 
long GRBs). 

We apply the above considerations to GRB 170817A and show the agreement of 
the WD-WD merger scenario with all the available observational multiwavelength 
data from the gamma-rays all the way down to the radio wavelengths. This paper 
is organized as follows. In Sec. 2, we formulate the general physical conditions of 
the WD-WD coalescence that constrain the parameters of the newborn WD formed 
at merger. Section 3 presents an estimate of a possible mechanism leading to a 
gamma-ray prompt emission in these mergers, and how it compares with GRB 
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17808174. Section 4 is devoted to the analysis of the WD-WD post-merger early 
optical-infrared-ultraviolet emission by thermal cooling, and how it compares with 
AT 2017gfo. In Sec. 5, we present the theoretical model of the synchrotron emission 
powered by the newborn WD, and how it leads to a multiwavelength emission (from 
the radio to the gamma-rays). À comparison with the emission of GRB 170817A 
t > 10°s is presented. We outline our conclusions in Sec. 6. We use cgs units 
throughout. 


2. Merging Binary and Post-Merger Remnant 


The fate of the central remnant of a WD-WD merger with a total mass near (below 
or above) the Chandrasekhar mass limit can be one of the three possibilities: (i) a 
stable newborn WD, (ii) a type Ia supernova, or (iii) a newborn neutron star. Sub- 
Chandrasekhar remnants can lead either to (1) and (ii), while super-Chandrasekhar 
remnants produce either (ii) or (iii). Super-Chandrasekhar remnants are supported 
by angular momentum, so they are less dense and metastable objects whose final 
fate is delayed until the excess of angular momentum is loss, e.g. via magnetic 
braking, inducing its compression.??: 31 

We are here interested in WD-WD mergers leading to stable, massive, sub- 
Chandrasekhar newborn WDs with a mass = 1.0M5. These WDs can have rotation 
periods as short as ~ 0.5s (see Ref. 32) and can also avoid the trigger of unstable 
burning leading to type Ia supernova providing its central density is kept under 
some critical value of a few 10? g cm ?.?! 

Numerical simulations of WD-WD mergers show that the merged configuration 
has in general three distinct regions:?^ 35 3? a rigidly rotating, central WD, on top 
of which there is a hot, convective corona with differential rotation, surrounded by 
a rapidly rotating Keplerian disk. Roughly, half of the mass of the secondary star, 
which is totally disrupted, goes to the corona while the other half goes to the disk. 
'The above implies that little mass is ejected in the merger. Numerical simulations 
show that the amount of expelled mass is approximated by Ref. 39 


0.0001807 


Aib ge Ll o ren 
mej  h(q) M, hla) = S016724 02463q — 0.698243 FP 


(1) 
where 
1 
M = mı +m = (=) mə, (2) 
q 


is the total binary mass, and q = m2/m, < 1 is the binary mass ratio. Equation (1) 
tells us that for a fixed total binary mass, the larger the mass symmetry, the smaller 
the mass that is ejected. Thus, for a fully symmetric mass ratio, q — 1, the amount 
of expelled matter becomes mej ~ 3.4 x 10 4M. 

WD-WD merger simulations show two important ingredients for our model. 
First, the central remnant (the newborn WD) is degenerate, namely, massive 
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(Z 1.0Ms), fast rotating, and magnetized.?! Second, although the amount of ex- 
pelled matter is negligible with respect to the total mass of the system, the ejecta 
are crucial for the electromagnetic emission in the post-merger evolution. 

We start with a double WD with components of mass mı and m», with corre- 
sponding radii Rı and R5. We shall make use of the analytic mass-radius relation?? 


Ri  0.02254/1— (mi/ Mc )*/3 
Ro — B o (miíMax)/5 C 
where ji © 2 is the molecular weight, and 


5.816Mo 
;2 


(3) 


Meri © & 1.4 Mo, (4) 
is the critical mass of (carbon) WDs, Mo and Rọ are the solar mass and radius. 
Since little mass is expelled, we estimate the newborn WD mass as 
2+ 
mya M = ma =m +g — ma (53) ma, (5) 
where we have approximated the disk mass by mg £z m2/2, according to numerical 
simulations. Combining Eqs. (2) and (5), we obtain 


1+ 


q 
M = 2 | — | mwa, 
(1) ra (6) 


and using Eqs. (1) and (6), we obtain 
2+ q Mej 
wd œ | —— : 7 
iiis ro) en i 


As we shall see in Sec. 6, the above equations allow us to infer, from the inferred 
mass of the ejecta from the fit of the multiwavelength data of GRB 1708174, the 
parameters of the merging components and of the newborn WD. 


3. The Prompt y-Ray Emission 


GRB 170817 was first detected by the GBM on board the Fermi satellite.? The 
gamma-ray emission was confirmed by INTEGRAL.’ 

GRB 1708174 is as a short burst with a duration (Too) of 2.048s, as reported 
in the NASA/HEASARC database.* We performed a Bayesian spectral analysis of 
the Fermi-GBM data by using the Multi-Mission Maximum Likelihood Framework 
(3ML, see Ref. 41), and the best model is selected by comparing the deviance 
information criterion (DIC, see Refs. 42, 43). We first fit the data with a single 
power-law function, and obtained a DIC value of 3138. We then compare this model 
to the blackbody (Planck) spectrum over the same time interval, and obtained a 
DIC value of 3146. We also fit the data with a Comptonized (i.e. a cutoff power-law, 


“https: //heasarc.gsfc.nasa.gov/W3Browse/fermi/fermigbrst.html. 
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Fig. 1. Spectral fits of vF, spectrum for the entire pulse (—0.320 to 1.984s) of the Fermi-GBM 
observation of GRB 1708174. This time interval is the best fit with a Comptonized function, with 
a cutoff energy Ee = 500 + 317 keV, a = —1.42 + 0.18, and time-averaged flux is (1.84 + 0.82) x 
1077 ergs-! cm-? (see Sec. 3 for details of the data analysis). 


hereafter CPL) function, and obtained a DIC value of 3128. The CPL model leads 
to a DIC improvement of 10 with respect to the power-law model, and of 18 with 
respect to the blackbody model, which suggests the CPL as the model that best fits 
the data. We refer to Refs. 44—48 for a detailed Bayesian analysis of the data and 
the reduction procedure applied to GRBs. 

As discussed above, the entire pulse (—0.320 to 1.9848) is best fitted by a CPL 
with a cutoff energy E. = 500 + 317 keV and power-law index a = —1.42 + 0.18 
(see Fig. 1). The time-averaged flux is (1.84 + 0.82) x 107" ergs^! cm ?. With 
the measured cosmological redshift of z — 0.009783, corresponding to a source 
distance of ~ 43 Mpc, the isotropic energy released in this time interval is esti- 
mated to be (4.16* 7:12) x 104° erg. The nonthermal energy released at energies above 
1 MeV corresponds to only 2.82% of the emission corresponding to ~ 1.17 x 10% erg 
'Therefore, most of the energy is released below MeV energies, which corresponds 
to 24.04 x 1078 erg. 

We here advance the possibility that the y-ray prompt emission of GRB 170817A 
occurs from activity in the merged magnetosphere. We could think of the WD pulsar 
magnetosphere in an analogous way as the NS pulsar magnetosphere, therefore the 
presence of the strong magnetic field and rotation produces the presence of a electric 
field by Faraday (unipolar) induction.?? Numerical simulations show that the merger 
forms a transient hot corona with temperatures 109-10? K that cools down rapidly 
mainly by neutrino emission.?! Therefore, thermal production of ete~ pairs can 
occur for short time before it cools below the pair formation energy threshold. The 
charged particles are accelerated by the electric field to then follow the magnetic 
field lines generating both curvature and synchrotron photons. Since the magnetic 
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field lines are curved, photon-photon collisions occur roughly in all directions, so 
the majority of the photons with energy in excess of mec? can decay into pairs again 
and generate a thermal plasma. A minority of photons escape along the rotation 
axis (see below), leading to the observed nonthermal emission above 1 MeV. 

The cross-section of the yy — e~e* process is given by 


Sor 32) 93/32 34 3 

= “°F (1 — 8?) |28(62 — 2) + (3— 84) In ( — ||, 8 

on = EA - 8^) hage - 2) + (8 - 8m (FE (8) 

where o £ 6.65 x 107? cm? is the Thomson cross-section, and f is the e^ (or e*) 
velocity (in units of c) in the center of momentum frame 


= 2 
= ,/1 - —————, 9 
B V Eincétgt (1 — cos 0) ' (9) 


being Einc,tgt = Ginc,tet/(mec”) the normalized energy of the incident and target 
photons which collide making an angle 0 measured in laboratory frame. 

Photons emitted along the curved magnetic field lines are expected to be ab- 
sorbed since they will be radiated nearly isotropically. In this case, (cos 0) ~ 0 and 
the cross-section becomes maximal at Eincétgt © 4, and oy, © o7/4. Under these 
conditions, the yy optical depth is 


LigtO ^ T Ligt €inc OT 
Anrcétg, GATT Mec?’ 


Tay BS NtgtOyyr S (10) 
where r is the source size and mg; is the density of target photons, which we 
have estimated as nigt © Legc/ (4m 1? c gt), where Ligt is the luminosity emitted at 
energies larger than the target photon energy. 

For a transient hot corona, most photons are emitted at energies around the 
peak of the Planck spectrum, which for a temperature of a few 10? K implies eic ~ 
tet ~ JkT ~ 1MeV. Assuming a source size r ^ Rwa ~ 10? cm, and a target 
luminosity Ligt ~ 4r R2 ,0T^ ~ 10?! ergs ^, the optical depth (10) Ty, ~ 1019. 

The above conditions imply that most photons interact generating an optically 
thick pair plasma which explains the dominant blackbody component observed by 
Fermi-GBM. The observed nonthermal component is explained if ~ 1% of the pho- 
tons escape from the system, which can occur near the rotation axis of the WD. 
There, the interaction angle could approach values as small as cos0 ~ 1, thereby 
reducing drastically the photon-photon cross-section. 


4. Thermal Cooling of the Ejecta as Origin of the Kilonova 


The second observed emission associated with GRB 1708174 is the optical counter- 
part at about 0.5 d after the Fermi-GBM trigger, i.e. AT 2017gfo.^9:59:5! For the 
modeling of this thermal emission of the expanding ejecta, we must take into account 
that in a nonhomogeneous distribution of matter, the layers reach transparency at 
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different times. For simplicity, we consider the ejected matter as a spherically sym- 
metric distribution extending at radii r; € |R}, Rmax], with corresponding velocities 
v; € [v., Umax], in self-similar expansion 


rit) = riot”, u;(t) = = vi of", (11) 


t 


where t = t/t,, being tx = nR, o/v. o the characteristic expansion timescale, which 

is the same for all layers in view of the condition of self-similarity. Here, rio and 

vio are the initial radius and velocity of the layer (so at times t < t. close to the 

beginning of the expansion. The case n — 1 corresponds to a uniform expansion. 
The density at the position r = r; is given by 


R 3—m -1 T -m 
G97 Te om 


where Mej is the total mass of the ejecta, and m is a positive constant. The distri- 
bution and time evolution given by Eq. (12) ensure that at any time the total mass 
of the ejecta, i.e. the volume integral of the density, is always equal to Mej. 

We divide the ejecta into N shells defined by the N + 1 radii 


(Rmax,0 Fi Rx o) 
N , 
so the width and mass of each shell are, respectively, Ar = (Rmax,o — Rx,o)/N, and 
Titi 4 
mi = / Arr? p(r)dr ~ 7 


í m-—3 


p(ri) = —— 


rio = Reo +1 i —0,1,..., N, (13) 


r2 p(ri)Ar, (14) 


so in view of the decreasing density with distance, the inner layers are more massive 
than the outer layers. The number of shells to be used must be chosen to satisfy 
the constraint that the sum of the shells mass gives the total ejecta mass, i.e. 


N 
Som; = Mej, (15) 
J= 


where we have introduced the discrete index j = i+ 1 to differentiate the counting of 
the shells from the counting of radii given by Eq. (13). In this work, we use N = 100 
shells which ensures that Eq. (15) is satisfied with 9996 of accuracy. 

Under the assumption that the shells do not interact with each other, we can 
estimate the evolution of the ith shell from the energy conservation equation 


Ey = —P, Vi - Leooli + Ainj,i; (16) 
where V; = (47 /3)r?, Ei, and P; are the volume, energy, and pressure of the shell, 
while Hjnj,; is the power injected into the shell, and 

cH; 
rill + Topt,i)’ 
is the bolometric luminosity radiated by the shell, being ropc; the optical depth. 


(17) 


Loool, RÍ 
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Assuming a spatially constant, gray opacity throughout the ejecta, the optical 
depth of the radiation emitted by the ith layer is given by 


Topt,i — f &p(r)dr x kp(r)dr = v; of 2”, (18) 


oo Rmax 


R m—l1 R m-—1 
dC | 


|.»1—1 4n R2 o " R ym 
Fris 


where we have used Eq. (12), and & is the opacity. 
We adopt a radiation-dominated equation of state for the ejecta and, improving 
with respect to Ref. 20, accounting for the radiation pressure, i.e. 


m —39 km 


Tij 


E; = 3P; V; + D (20) 


The power injected into the ejecta originates from the newborn central WD.?° 
This energy is absorbed and thermalized becoming a heating source for the expand- 
ing matter. The power-law decreasing density (12) suggests that the inner the layer 
the more radiation it should absorb. In order to account for this effect, we weigh 
the heating source for each shell using the mass fraction, i.e. 


= — Hi; (21) 


where m; is the shell's mass, and adopts the following form for the heating source: 


—ó 
Hage (1 à =) (22) 
where Ho and 6 are model parameters. According to Ref. 20, power from fallback 
accretion with Ho ~ 109? ergs-!, 5 ~ 1.3, and te ~ t, (see Table 1), dominates the 
energy release from the newborn WD at these early-times. 

The photospheric radius at a time t is given by the position of the shell that 
reaches transparency at that time. Namely, it is given by the position of the shell 
whose optical depth fulfills 755.,;[r;(£)| = 1. Using Eq. (18), we obtain 


Rmax ot” 


R m—3 
( ) 
Rmax 


-1 
1+ mat "qo wee Humax gn 
m-—3 Kej Ba 
Equation (23) shows that when the entire ejecta is optically thick, Rph = Rmax- 
Then, the transparency reaches the inner shells all the way to the instant over which 


Ron = (23) 


m-—1 
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Fig. 2. Left: emission from the expanding, cooling ejecta at early-times in the visible (r and V) 
and in the infrared (i and Ks) bands, following the theoretical treatment of Sec. 6. Right: zoomed 
view of the left panel figure at the times relevant for the comparison with the observational data 
of AT 2017gfo. 7: 850,51 


Rpn = Rx, reached at t = fq, when the entire ejecta is transparent. The time f. 
is found from the condition Topt,[R.(ttir,.)] = 1, and is given by 


-1 zu 
( Rmax ) c 
no 


ttr,» = 


m—3 KMej R, mud 
m-—1i 4n R2 o Fins 


: : n(m-—3) . : 
At t < ttr,«, the photospheric radius evolves as Rph x t 7-1, while at later times, 


Rpn ex t". For the parameters of our system, ttr,. ~ 10? s (see Fig. 2). 
The bolometric luminosity is given by the sum of the luminosity of the shells 


N 
Lol = 5 Lcoolj; (25) 
j=l 


so the effective temperature of the thermal blackbody radiation, T,, can be obtained 
from the Stefan—Boltzmann law, i.e. 
1/4 
Lboi 


T;—-|—— : 
An Roo 


(26) 


where o is the Stefan-Boltzmann constant. The power per unit frequency, per unit 
area, is given by Planck's spectrum 


2mhv? hy 
B, (v,t) = A [ent — 1-2, (27) 
C 


where v is the radiation frequency, h and ky are the Planck and Boltzmann con- 
stants. Most of the thermal cooling is radiated in the visible, infrared and ultra- 
violet wavelengths, which we refer to as optical. Therefore, the spectral density 
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Table 1. Numerical values of the theoretical model 
parameters that determine the thermal cooling of 
the expanding ejecta which fits the data of AT 
2017gfo shown in Fig. 2. 


Parameter Value 
n 1.22 
m 9.00 
me; (107? Mc) 1.00 
Rx o (10H. cm) 4.00 
vx, o (10? cm s-1) 1.00 
k (cm? g7!) 0.20 
Ho (10% erg s~') 8.16 
ô 1.30 
te/tx 1.00 


(power per unit frequency) given by the thermal cooling at a frequency v is 
Jcooi(v, t) = An Re (t) By (v, t), (28) 


and the luminosity radiated in the frequency range [1, v4] can be then obtained as 


Va 


tJ J Raai (29) 


Vi 

Figure 2 shows the luminosity in the r, V, i, and K, energy bands obtained from 
Eq. (29), and compares them with the corresponding observations of AT 2017gfo. 
For the fit of these data, we have set the parameters, as shown in Table 1. 

The value of the parameter Umax,o9 does not have any appreciable effect in the 
evolution, so it cannot be constrained from the data. This happens because most 
of the mass is concentrated in the innermost layers, so they dominate the thermal 
evolution. For self-consistency of the model, we have set Umax,o = 2v.,o, a value that 
keeps the outermost shell velocity well below the speed of light at any time in the 
evolution. As for the initial value of the internal energy of the shells, E;(to), we have 
set them to the initial kinetic energy of each layer, E; = (1/2)mjv;(to)?. 

There is a general agreement of the model with the observations, although it 
cannot catch any detailed observational feature. There are some extensions to the 
present model that can increase its accuracy. For instance, we can abandon the 
assumption of spherical expansion allowing the layers to have a latitude-dependent 
velocity. Such a detailed treatment goes beyond our present scope that is to show 
the broad agreement of a WD-WD merger model with the multiwavelength data 
but not a dedicated model of AT 2017gfo. 


5. Synchrotron and WD Pulsar Radiation 


We have shown above that the expanding matter reaches full transparency at about 
10? s. After this time, the emission originated from the newborn WD as well as the 
one originated in the ejecta itself, become observable. We here follow the treatment 
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in Ref. 28 for the explanation of the X-ray afterglow of long GRBs as originating 
from a newborn spinning NS powering the expanding SN. Here, we simulate the 
emission generated in the X-rays, in the optical, and in the radio by the synchrotron 
emission of electrons accelerated in the expanding magnetized ejecta, together with 
the emission of the newborn spinning WD pulsar. 

We show below that synchrotron radiation originating in the merger ejecta dom- 
inates the emission up to nearly 10? s. We find evidence of the newborn WD pulsar 
emission, owing to magnetic dipole braking, in the X-ray luminosity at approxi- 
mately 10°s, when the synchrotron radiation was not fully overwhelming yet, and 
then at times 108s, when the synchrotron luminosity sufficiently decreased for the 
WD pulsar emission to be fully observed (see Fig. 4 for details). 


5.1. Synchrotron emission by the expanding ejecta 


In this model, a fraction of the kinetic energy of the merger ejecta is used to acceler- 
ate electrons that, owing to the presence of the magnetized medium provided by the 
newborn WD, convert their kinetic energy into synchrotron radiation. The electrons 
are continuously injected from the newborn WD into the ejecta. The magnetic field 
threading every ejecta layer evolves as 


Tj H Dj 
Bit) = Ba [| = Fae a» 


where po is the magnetic field strength at r = r; o, and u gives the spatial depen- 
dence of the field at large distance from the newborn WD. 

Because the electrons lose their energy very efficiently by synchrotron radiation 
(see details below), we can simplify our calculation by adopting that the radiation 
originates from the innermost layer of the ejecta, which we will denote to as R. 
The evolution of this layer, following Eq. (11), is given by R(t) = Rs of", v.(t) = 
ty ot 1, t, = nfl. o/v.,o, and the magnetic field at its varying position decreases 
with time as B, (t) = B, ot^. 

The evolution of the distribution of radiating electrons is determined by the 


kinetic equation accounting for the particle energy losses?? 
ON(ES) ð 
———— = —-__/[EN(E,t E,t 31 
(5.0) __ ENEA FOEN, (3 


where Q(E,t) is the number of injected electrons per unit time, per unit energy, 
and E is the electron energy loss rate. 

In our case, we assume electrons are subjected to adiabatic losses by expansion 
and synchrotron radiation losses, i.e. 


E 


Texp 


-È = + B8B.(t) E?, (32) 


229 


where 8 = 2e*/(3m$2c^), B(t) is the magnetic field, and 


is the characteristic timescale of expansion. 

In order to find the solution to the kinetic equation (31), we follow the treatment 
of Ref. 53, adapted to our specific physical situation. We consider a distribution of 
the injected particles following a power-law behavior, i.e. 


Q(E, t) = Qo(t)E ^, 0 < E < Emax; (34) 


where y and Emax are parameters to be determined from the observational data, 
and Qo(t) can be related to the power released by the newborn WD and injected 
into the ejecta. We assume that the injected power has the form 


Psi) =i, (1 + 2u (35) 


where Lo, tq, and k are model parameters. We have not chosen arbitrarily the 

functional form of Eq. (35), actually, both the powers released by magnetic dipole 

braking and by fallback accretion (see Eq. (22)) obey this sort of time evolution. 
Therefore, the function Qo(t) can be found from 


Finwe max E2-* 
L(t) = f Eq. f g (EdB = QE, (36) 


which using Eq. (35) leads to 


Qolt) = a (1 4 2 (37) 


where qo = (2 — y) Lo/ Emax 

Having specified the evolution of the ejecta by Eq. (11) and the magnetic field 
by Eq. (30), as well as the rate of particle injection given by Eqs. (34) and (37), we 
can now proceed to the integration of the kinetic equation (31). 

First, we find the evolution of a generic electron injected at time t = t; with 
energy Fi. Integration of Eq. (32) leads to the energy evolution 


E; (ti/t)” 


= ——— H c, (38) 
1+ MEt? [pam xm 
where we have introduced the constant 
psg 
M = — 39 


which have units of 1/(energy x time”). In the limit t/t, > 1 and n = 1, Eq. (38) 
reduces to Eq. (3.3) of Ref. 53, and in the limit t, — oo, reduces to the solution 
presented in Sec. 3 of Ref. 52 for synchrotron losses in a constant magnetic field. 
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The solution of Eq. (31) is given by 


N(E,t) = f QL[E;, ti(t, Ei, Ey 95 ag. (40) 
E OE 
where the relation t;(t, E;, E) is obtained from Eq. (38). 

We can write N(E,t) as a piecewise function of time, separating it into different 
time intervals that allow simplifications and approximations depending upon the 
physical situation at work, and on the behavior of the energy injection given by 
Eq. (37). All the observational data of GRB 1708174 are contained in the time 
interval t < t; and at electron energies int he range Ey < E < Emax (see definition 
of tẹ and Ey below) where synchrotron losses are dominant. Under these conditions, 
the solution of Eq. (40) is well approximated by 


qo i2un m (3-1) 
—— a). Ld 
PB. oly- 1) 1 
NBN) V ju (41) 
0 q ?2un—k r»— (4-1) 
—————|—| ere , ig €t«ltp, 
BB? (y - 1) (i) ' 
and we have defined 
f2un-1 " 
Ej = Mt» ^ ip (Mt? Emax) 2pn—1 (42) 


With the knowledge of N(E,t), we can proceed to estimate the synchrotron 
spectral density (energy per unit time, per unit frequency) from Jsyn(v,t)dv = 
Psyn(v, E)N(E,t)dE, where Psy4(v, E) is the synchrotron power per unit frequency 
v, radiated by a single electron of energy E. Most of the synchrotron radiation 
is emitted in a narrow range of frequencies around the so-called photon critical 
frequency, Verite- Thus, we can assume electrons emit the synchrotron radiation at 


V X Varit © OB, E?, (43) 


where a = 3e/(4mm3c°). This gives a relation between the electron energy and the 
radiation frequency, and P, (v, E) can be approximated to the bolometric power 


Pas(9, E) ~ Piya (v) = 8B? E? (v) = EB. (44) 

Within this approximation, the spectral density is 
Jayn (v, t) © Pys(v)N(E, 022. (45) 
It can be seen from Eq. (41) that in each time and frequency interval we can write 
N(E,t) 2 nf! E?, (46) 


where 7) and the power-law indexes | and p are known constants from Eq. (41). With 
this, the spectral density (45) becomes 
p-3 p+] .2l-pun(p+1)  1-p 


Jsyn (v, t) = So B 0 do p2, (47) 


* 
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The synchrotron luminosity in the frequencies [1,12] can be then obtained as 


va 


Lays(14, V2; t) = J Jsyn (V, t)dv, (48) 


1 


which in a narrow frequency band from v4 = v to vo = v + Av where Av/v « 1, 
can be well approximated as 


2i—un(ptl) 3—p 


B es EY 2 yz, 49 
0 


Lsyn(V, t) 22 V Jsyn (v, t) = gu nB, 


where we have used Eq. (47). 


5.2. WD evolution and pulsar emission 


The central WD emits also pulsar-like radiation. We adopt a dipole + quadrupole 
magnetic field model.54 In this model, the total luminosity of spindown is 


Lsa = Laip + Lquaa 


16 R349? 
= 0! BARS asin? X1 (: HP “5 ) , 


333 (50) 


where the parameter € defines the quadrupole to dipole strength ratio as 


B ua 
E = \/ cos? x3 + 10sin? x2 B ponam (51) 


ip 
and the modes can be separated: y4 = 0 and any value of x» for the m = 0 mode, 
(x1, X2) = (90?,0?) for the m = 1 mode, and (x1, x2) = (90?,90?) for the m = 2 
mode. 
The WD evolution is obtained from the energy balance equation 


-(QWw + T) = Liot = Linj + Lsa, (52) 


where W and T are, respectively, the gravitational and rotational energies of the 
newborn WD. We can obtain an analytic, sufficiently accurate solution of Eq. (52) 
by noticing the following. The power injected in electrons Linj is larger than Lsa 
and has a shorter timescale with respect to the spindown timescale (see Eq. (35) 
and Fig. 5), so at t < tg, we have Li & Linj. At later times, Ltot + Lsa, so the 
luminosity should approach the spindown luminosity 


t —8 
La = Laa,o (: + +) : (53) 


where s = (ny 4- 1)/(ny — 1), being n; the so-called braking index (n, = 3 for a pure 
dipole and n, = 5 for a pure quadrupole), and Tsą is the spindown timescale 
1 


NN 4 
Tsd 2AN2’ (5 ) 


being A = (2/3)(BiipRia)/(CL), and Qo the initial angular velocity of the WD. 
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With the above, Eq. (52) is integrated analytically accounting for changes in 
the WD structure. We describe the WD as an effective Maclaurin spheroid,?? so the 
angular velocity, Q, is related to the spheroid eccentricity, e, by 

3 — 2e?) (1 — e?)"/? arcsin(e) 3 (1 =e? 

Q? =2nGpg(e), gle) = Se — a) (55) 
where p = 3ma/ (41 R34) is the density of the sphere with the same volume of the 
spheroid, being Mwa and Rwa the corresponding values of the mass and radius of 
the WD. The total energy of the spheroid is also a function of the eccentricity as 


E=T +W -nGplo-F(e), (56) 
where Jo = (2/5)mwaR?,,, and 
ieee" (4e 3p eue 4e? 
F(e) = —2 + a c + ae ee arcsin(e) ny 15" (57) 


being the last line a series expansion of the function F which is accurate enough 
for low values of the eccentricity and which allows to give an analytic solution for 
the eccentricity as a function of time. 

Then, integrating Eq. (52) and using Eqs. (56) and (57), we obtain 


etiara] De) ; ma GRO. (58) 


where 
EE p Lsa,0Tsa pa 
ane (OE) aeo Cta) | 
(60) 


where eg is the initial value of the spheroid eccentricity, and we have used that the 
function g(e) in Eq. (55) satisfies g(e) = —F (e), at the order of our approximation. 
We recall that the moment of inertia changes with the eccentricity as I = Io(1— 
e?)-/3 ~ Io(1 + e?/3). The corresponding parameters of the model that explains 
the afterglow emission at different wavelengths are presented in the next section. 


6. Model Parameters from the Multiwavelength Data 


We proceed to determine the model parameters that best fit the GRB 170817A 
afterglow. We list in Table 2 the value adopted for each parameter of the present 
model to fit the multiwavelength data of GRB 170817A shown in Fig. 3. We did 
not consider here data at MeV energies because it is only present in the prompt 
emission that we have already discussed in Sec. 3 and is explained by a different 
mechanism from the synchrotron radiation. There are observations in the 30 MeV- 
10GeV energy band by AGILE®’ which give upper limits ~ 1044-1045 ergs! in 
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Table 2. Numerical values of the theoretical 
model of synchrotron radiation of Sec. 5 that 
fit the multiwavelength observational data of 
GRB 1708174 as shown in Fig. 3. 


Parameter Value 
y 1.13 
k 2.70 
H 1.50 
Lo (1099 erg s7!) 1.80 
Bx o (10? G) 1.00 
Emax (10° mec?) 1.00 
tq (107 s) 1.22 
¿ 0.00 
Baip (1019 G) 1.30 


P (s) 12.21 


10^9 
€ 
> 
= 1038 
T 
2 
10° 
=: 

10 

10° 107 10° 
time (s) 


Fig. 3. Comparison of the theoretical (solid curves) light-curves with the observational data 
(points) of GRB 170817A, in selected energy bands from the radio to the gamma-rays. The radio 
data at 3 GHz have been taken from Refs. 56-63; the infrared (F606W HST band) data points are 
retrieved from Refs. 63-64; the X-ray (0.3-10 keV) data from CXO are taken from Ref. 66. 


the time interval ~ 107—108 s. For the parameters of Table 2, no emission is indeed 
expected at these energies because the maximum synchrotron radiation frequency 
obtained from Eq. (43) falls below 10 GeV before  10* s. The synchrotron luminos- 
ity vanishes at these energies at longer times. 

Having discussed the gamma-rays, we turn now to the X-rays, optical and radio 
emission. Figure 3 compares the absorbed luminosity predicted by the model (see 
Sec. 4), as a function of time, in selected energy bands, with the corresponding 
observational data of GRB 170817A. We have here included the X-ray data the 
0.3-10 keV energy band from the Chandra X-ray Observatory (CXO) including the 
latest observations, the infrared data from the HST at ~ 5 x 10!^ Hz,®* © and the 
radio data at 3 GHz.96 65,66 

'The model shows a satisfactory fit of the data in the X-rays, optical and radio 
data, both where the luminosity rises, at times t ~ 109—107 s, and where it fades 
off, at t => 10" s. We show a closer view in Fig. 4 of the X-rays, optical, and radio 
luminosities around the time of the peak luminosity. The synchrotron luminosity 
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Fig. 4. Zoomed views of the radio (left), optical (center), and X-ray (right) luminosities around 
transparency. The dashed curves represent the unabsorbed luminosities. The dotted curve in the 
right panel shows the contribution from the newborn WD pulsar which causes the deviation from 
the pure synchrotron power-law luminosity at times >3 x 10" s. 


rises as a power-law while the energy injection is constant, ie. up to t z t, = 
1.2 x 10's, while it decreases as a power-law at later times. Probably the most 
interesting feature that can be seen from these zoomed views appears in the X-ray 
emission, where we can see in addition to the synchrotron luminosity, evidence of 
the WD pulsar emission owing to the magnetic dipole braking. The contribution 
from the pulsar emission is seen first at t ~ 106 s when the synchrotron radiation 
is rising but is still comparable with the pulsar spindown luminosity. Then, the 
synchrotron luminosity takes over, reaches a peak at approximately 10" s, and then 
decreases. While the optical and radio counterparts continue to fade with time as 
dictated by the synchrotron radiation, the accuracy of the X-ray data of the CXO 
presented in Ref. 66 allows to identify a clear deviation in the X-rays at a few 10" s 
from such a power-law behavior. This is again the signature of the emergence of the 
WD pulsar emission. 

We have used the entity of this deviation to constrain the WD pulsar param- 
eters. Since the pulsar emission depends on the WD radius (see Sec. 5.2), we first 
estimated the mass of the newborn WD. To accomplish this task, we must apply the 
considerations of Sec. 2. From the inferred mass of the ejecta, Mej = 10? Mc (see 
Table 1), we obtain an upper limit to the binary mass ratio via Eq. (7), by requesting 
that the newborn object be a stable, sub-Chandrasekhar WD, i.e. mwa S; 1.4Mo, 
which leads to q < 0.87. According to this maximum mass ratio and the ejecta mass 
value, Eq. (5) constraints the secondary mass to the range m» S 0.85Mg. With the 
knowledge of q and mz, Eq. (2) constrains the total binary mass to M < 1.82Mo. 
Thus, the primary component must satisfy mı < 0.97 Mo. 

We assume that the newborn WD is stable, therefore it might have a mass close 
but not equal to the Chandrasekhar mass, since some mass will be accreted via 
matter fallback. Hereafter, we shall adopt in our estimates Mwa œ~ 1.3Mo, so a 
radius Rwa z 3.4 x 105 cm. With these WD structure parameters, we can proceed 
to constrain the magnetic field strength and rotation period. 

'The X-ray emission data show that deviation from the pure synchrotron emission 
behavior starts at %3 x 10" s, and extends up to when we have data, namely, up to 
~ 10? s (see Fig. 4). This would suggest to chose this time for the spindown timescale 
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Tsa, but at the moment it is only a lower limit to 744 because the luminosity did not 
reach yet the power-law given by the pulsar luminosity. 

Hereafter, we assume a pure dipole (i.e. € = 0) because the fit of the X-ray 
emission does not require at the moment the quadrupole component (see Fig. 4). 
By eliminating the rotation angular velocity between the pulsar luminosity (50) and 
the spindown timescale (54), we can express the magnetic field strength as 


31/23/27 


= eae (61) 
PEAT RS s 


Baip 
where J is the moment of inertia. We can use Eq. (61) to give an upper limit to 
Baip by setting as values of Lsq and Tq, the values of the latest value of the X-ray 
luminosity data, ie. Lsa = Lx ~ 4.87 x 10°8 ergs !, and mq & 108s. With this, 
we obtain an upper value Baip,max © 7.46 x 10!! G. To this upper value of Baip, it 
corresponds an upper value of the initial rotation period which can be obtained by 
calculating Py = 2r /Qo from Eq. (50), i.e. 


1/4 
aps Hm 
Po = 20 EJ , (62) 


from which we obtain Po max © 75.25s. We can further constrain the rotation period 
by seeking for values of the magnetic field strength and rotation period in agreement 
with the model presented in Sec. 3 for the prompt emission. Such a mechanism is 
expected to release magnetic energy stored in the magnetosphere, i.e. 


1 
Ep es z Bain fia: (63) 
so we need a dipole magnetic field strength 
1/2 1/2 
Baip = (=) / PT (Se) / . (64) 
Ria Ria 


If we assume that the entire energy of the prompt emission, Epromp: © 4.16 x 1046 erg 
(see Sec. 3) is paid by the magnetosphere energy, we obtain a magnetic field Bai = 
9.61 x 10!? G. If we require the magnetic field energy to cover only the nonthermal 
component of the prompt, i.e. 1.17 x 104° erg (see Sec. 3), then the dipole magnetic 
field becomes 1.30 x 10! G. For the above magnetic field values, Eq. (62) gives, 
respectively, Po ~ 30s, and P ~ 12s. The WD pulsar luminosity shown in Figs. 3 
and 5 corresponds to the latter case. 

The energy released (and injected into the ejecta) by the fallback accretion 
phase is Eg, = Hot./(ó — 1) © 3.34 x 10* erg. Energy and angular momentum 
are transferred to the newborn WD during this phase, and since the rotational to 
gravitational energy ratio of a uniformly rotating WD is of the order of 10-2,?? 
the newborn WD has gained about a few 1046 
phase. This might produce at a rotation period decrease of the order of a second, 
which confirms that the WD must be already fast rotating at birth. 


erg of rotational energy during this 
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Fig. 5. Power injected into the ejecta by the newborn WD and the pulsar emission as given, 
respectively, by Eqs. (35) and (50). See the main text for further details. 


In Fig. 5, we plot the power injected in energetic electrons from the WD, Linj, 
and the luminosity due to magnetic dipole braking, Lsa. Both components release 
an energy of the order of 10*° erg. From the inferred rotation period of 12.21 s, the 
initial eccentricity turns out to be eo ~ 0.39, so the moment of inertia is about 5% 
bigger than the one of the equivalent spherical configuration. Using the evolution 
equations (58), we obtain that the moment of inertia, for instance from 10^s to 
105 s, changes in about 0.03%. This small change in the structure of the WD, and 
the associated change in the rotational and gravitational energy, are sufficient to 
pay for the energy released by the ongoing magnetospheric phenomena responsible 
for the injection of particles into the ejecta and for the pulsar emission; see Sec. 5.2. 


7. Conclusions 


We have here addressed a self-consistent explanation of GRB 1708174, including 
its associated optical emission AT 2017gfo, based on a WD-WD merger. The most 
recent data of Chandra of the X-ray emission of GRB 1708174 at ~ 108s (~ 1000 d) 
after the GRB trigger,?^?? indicate an X-ray re-brightening. This is explained by 
the emergence of the pulsar-like activity of the newborn WD (see Figs. 3 and 4), as 
predicted in Refs. 13, 20. We have here inferred that the newborn object is consistent 
with a massive (~ 1.3 Mo), fast rotating (P = 12s), highly magnetized (B ~ 101? 
G) WD, formed in a 1.0 4- 0.8 WD-WD merger (see Secs. 2 and 6). 

'The post-merger emission at different wavelengths is explained as follows. The 
prompt gamma-ray emission detected by the Fermi-GBM, with a luminosity of 
^ 10*' ergs~! and observed duration of <1s, can be explained by the transient 
hot corona produce at the merger. The high temperature produces photons that 
undergo e~e* pair creation, the pairs are accelerated by the electric field induced 
by the 107? G magnetic field an the WD rotation, thereby producing photons. The 
system is highly opaque to these photons (see Sec. 3) to the yy pair production 
process. Only a small percentage of photons is expected to be able to escape from 
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the system along the polar axis, leading to the small amount of nonthermal emission 
observed above 1 MeV, while the rest is expected to form a nearly thermal plasma. 

The ejecta expand with velocities ~ 10° cm s^! 
cooling (see Sec. 4) and synchrotron radiation (see Sec. 5), powered by the newborn 
WD at the merger (see Sec. 5.2). Fallback accretion onto the newborn WD injects 
energy into the ejecta at early-times, heating up the ejecta. The ejecta is optically 
thick up to nearly 10°, so the ejecta cool by diffusion while it expands. The thermal 
radiation is in agreement with the data of the early optical counterpart AT 2017gfo 
(see Fig. 2). This explanation is markedly different from the nuclear kilonova from 
decay of r-process synthesized heavy nuclei in an NS-NS merger ejecta. 

The signature of the synchrotron radiation is identified from nearly 108 s, which 
explains the rising and decreasing luminosities with the same power-law slopes in 
the X-ray, optical and radio emissions (see Fig. 3 for details). 

The X-ray data are essential for identifying the emergence of the newborn WD 
as a pulsar. We have shown evidence of the pulsar emission around 10° s and at late- 
times 10? s, causing the X-ray luminosity to deviate from the power-law emission of 
a pure synchrotron emission (see Figs. 3 and 4). These data reveal a rotation period 
= 12s, and magnetic field of ~ 101° G. The follow-up of the GRB 170817A X-ray 
emission in the next months/years to come is crucial to confirm this prediction. 

Summarizing, GRB 170817A/AT 2017gfo are explained by a WD-WD merger. 
The 107?M; expelled in the merger expand and radiates via thermal and syn- 
chrotron cooling. The former explains AT 2017gfo and the latter the late-time X- 
rays, optical and radio emission. In this line, the association of GW170417A with 
GRB 170817A! is not confirmed in our treatment based on the new data in the 
X-rays, optical, and in the radio up to 10? s. Therefore, we indicate the necessity to 
further inquire on the spacetime sequence of the early part of these events. 

Indeed, WDs of parameters approaching the present ones have been already 
identified, e.g. the WD in V1460 Her with P ~ 398,95 and the most recent observa- 
tion of the WD in LAMOST J024048.51+195226.9 with P ~ 25s.9? WDs of similar 
properties have been proposed as a model of SGRs and AXPs."? ? Therefore, the 
newborn WD pulsar in GRB 1708174 could show itself in the near future as an 
SGR/AXP in the GRB 1708174 sky position. 


, and release energy by thermal 
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Astrophysical problems such as modelling of core-collapse supernovae, collapse of proto- 
stellar clouds as well as other processes, involving collapsing matter, deal with regions 
(e.g. protostars, protoneutron stars), where a speed of sound has much larger values, 
than in remaining parts of a computational domain. A time-step in explicit numerical 
schemes, thus, has to be bounded by acoustic Courant-Friedrichs-Lewy condition, due to 
high speed of sound in these compact regions. In some cases, this condition can be very 
restrictive, and (semi-) implicit numerical schemes may outperform the explicit ones. We 
propose a semi-implicit solver on a collocated mesh for self-gravitating gas dynamical 
flows, in which only acoustic waves are treated implicitly. We use an operator-difference 
approach to construct difference analogues of vector differential operators on unstruc- 
tured meshes in two and three dimensions, which allows us to save the conjugacy proper- 
ties of the operators. A Rusanov-type dissipation was used to get monotonic flow profiles 
and usual linear flux reconstruction to improve an order of spatial approximation. Results 
of test calculations are presented. 


Keywords: Gas dynamics; semi-implicit schemes; self-gravity. 


1. Introduction 


Numerical simulations of astrophysical fluid flows is one of the key instruments, 
which allow us to explain a wide range of astronomical phenomena on the qualitative 
level, as well as to compare the theoretical predictions to observational data quan- 
titatively. An astrophysics is rich for different types of gas and plasma flows in the 
case, when one can use ideal compressible fluid approximation without dissipation 
(e.g. Euler equations). The ideal flow is described in terms of hyperbolic systems of 
partial differential equations, for which the explicit schemes, such as Godunov-type 
finite volume,! can be successfully applied (see also textbooks??). Explicit SPH 
solvers are broadly used by astrophysical community as well^ But there are the 
problems, such as, for example, star formation from protostellar clouds, collapses 
of stars’ iron cores and supernovae explosions, where the implicit or semi-implicit 
schemes may possibly outperform the explicit solvers. It is a common situation 
in astrophysical modelling, when the compact high-density regions of a collapsed 
matter with high speed of sound (such as protostars, protoneutron stars) appear 
in a computational domain, where the velocity of the flow is very low compared 
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to the acoustic speed, so that we deal with low Mach number flows. At the same 
time, in other parts of the domain, the flow can be considered as compressible, 
strong shocks and other different flow discontinuities may form. The latter situa- 
tion is common for e.g. a post-bounce evolution of core-collapse supernovae.? It also 
stands for magnetorotational supernove simulations, when we have small acoustic 
timescale and large magnetic field evolution timescale.9: " The mesh size during such 
astrophysical simulations is usually refined in the regions of collapsed objects up to 
several orders of magnitude, compared to the cell size on the outer boundary. The 
explicit solvers are restricted by Courant-Friedrichs-Lewy (CFL) condition. In the 
mentioned types of astrophysical flows, the global CFL condition comes mostly from 
the high sound speed from resolved collapsed objects and may be very restrictive, 
which makes such kind of simulations computationally expensive and challenging. 
'Thus, the implicit treatment of acoustic waves in hydrodynamical schemes allows 
to increase timestep significantly, and hence, to reduce the computational cost of 
such astrophysical simulations. 

Implicit evaluation of the pressure field is à common approach in incompress- 
ible flow simulations.5 The idea to extend the semi-implicit to compressible flows 
was proposed in mid-80's by Casulli and Greenspan,? but only quite recently this 
approach was used to construct the so-called All-Mach number solvers for gas dy- 


10713 on structured and!^!? on unstructured grids, and ref- 


16,17 


namics (see e.g. works 
erences therein) and for MHD equations, 
are the pressure-based solvers by its nature, but they can work as high resolution 
shock-capturing methods as well in presence of discontinuities. The usage of semi- 


written in conservative form. They 


implicit solvers results to the solution of an elliptic equation with a Laplace-type 
operator for the pressure on each time-step, and it is very important to construct 
a consistent difference analogue of the solving differential problem, which provides 
the cheaply solvable linearized systems. To obtain a symmetric sign-definite ma- 
trices for the linear elliptic problems, we use a Support (basic) Operators Method 
(operator-difference approach)!? to construct the difference analogues of differen- 
tial operators in three dimensions. The support operators method has also many 
common features with mimetic finite difference!? approach. 

The idea of the support operators method is that the difference operators should 
be derived in the way to fulfil the same properties as the continuous operators. Thus, 
the constructed operators should satisfy the difference analogues of integral rela- 
tions such as Green formula. This approach allows to obtain the so-called completely 
conservative fully implicit finite-difference schemes for gas dynamics and MHD equa- 


19 on unstructured grids. For 2D simulations of magnetorotational supernova 


tions 
explosion this method was used e.g. in? with a cell-nodal approximation??? in the 
framework of Newtonian MHD with self-gravity. 

The paper is organized as follows. In the next subsection we derive the nodal 
difference operators of gradient and divergence in three dimensions. In the 3-rd 


subsection we provide the description of the solving gravitational gas-dynamics 
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system and derive a semi-implicit numerical scheme for these equations, and in 
the last subsections we present and discuss the results of numerical simulations of 
several benchmark problems in low and high Mach number regimes. 


2. Difference analogues of differential operators 


In the Support operators method the difference analogues of differential operators 
are built in pairs. Further we are going to consider only the nodal gradient and 
divergence operators, while the other difference analogues can be obtained in a sim- 
ilar way. To introduce difference GRAD and DIV operators one should define finite 
dimensional linear grid spaces and scalar products of grid functions in them. The 
first operator can be obtained using any numerical differencing technique, while the 
second one has to satisfy the grid analogue of the Green formula in corresponding 
grid space. Thus, the resulting operators are conjugated to each other. The GRAD 
operator can be derived in two different ways: either using the finite element ap- 
proach with linear basis functions inside the tetrahedra (for 2D case see e.g.??) or 
with a finite volume approach using piecewise-constant basis functions on the nodal 
edge-based (median-dual) cells, as in Godunov-type methods on unstructured grids 
(see e.g.?^). The grid gradient operator reads (for 3D case): 


4 
VD = gg È D (Semi); (1) 


i€G; k=1 


where p is a nodal scalar function, G; is a set of tetrahedral cells adjoined to sought 
j-th node, i is a cell index, k is a node index inside the i-th cell, n; and 5; are unit 
normal and area to the tetrahedron's triangular face, which does not contain the 
node k in its vertexes, and W; = Ibico, V; is a “node” volume (the volume of a 
median-dual cell), V; is a volume of i-th tetrahedron. 

To obtain the consistent approximation of the divergence operator, the Green 
formula and its difference analogue should be used: 


[ vav [ (vp)-vav = d pv - dS, 
V V av 
? N (2) 


(Vxp)u: viWi + So pi(Vx + v)kWy = (9* v, p), 
k=1 


z 


Il 
un 


where V and V: are the gradient and the divergence operators correspondingly, v 
is a vector function, Npn is a total number of the nodes, and V is a volume of the 
computational domain. The surface integral in the right hand side of the formulae 
(2) correspond to the so-called Boundary operator ® in a formalism of the support 
operators method. Its evaluation can be found in.?^?2:25 The boundary operator 
is used to formulate the boundary-value problems in the operator-difference form. 
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We do not consider it here, because in the solver we use ordinary finite volume 
boundary conditions via ghost cells approach. 

To derive the DIV operator in the interior nodes of the computational domain, 
the Green formula in (2) is written without the integral in the right hand side. By 
substituting the grid gradient operator (1) in the analogue of the Green formula (2) 
and rearranging the terms, the following approximation for the divergence operator 
can be obtained 


4 
(Vx V)j = an 5 p (Sin; | Vk);- (3) 


i€G; k=1 


We note, that the latter operator has the same form, as the initially derived gra- 
dient one (1) due to the usage of purely nodal approximation, while its form and 
stencil is different from the cell-nodal DIV operator. The divergence operator (3) 
is conjugated to (1), and thus, the grid Laplacian transforms into the symmetric 
and sign-definite matrix. The usage of the support operators technique allows to 
derive the full set of vector calculus operators in any geometry, which satisfy the 
conjugacy properties. 

Finally, the difference analogues of differential operators can be written in a 


finite-volume form? 


Wp) = g D (Spr). (4) 


2 
J ncH; 


where H; is a set of neighbouring nodes to the sought node with index j, $5; and ny; 
are the area and the unit normal to the n-th face of the node-centred median-dual 
control volume. This approximation leads to exactly the same expression as (1).?6 


3. Semi-implicit numerical scheme for the equations of gas 
dynamics with gravitation 


3.1. Euler equations with self-gravity 


Gas dynamical equations with self-gravity can be written in the following conser- 
vative formulation: 


Op 


ORY v olov a) dc vp —pN WV, 
ot (5) 
OpE 


= FNV (evt + 2) = —pv : VW, 


V. VÝ = AnGp. 
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In the system above, the first three equations without source terms in right hand 
sides correspond to ideal Euler equations, while the last one is the Poisson equation 
for a gravitational potential V. The source terms correspond to presence of an 
acceleration by gravity, G is a gravitational constant. In ideal Euler equations (5) 
p is a mass density, v is a flow velocity; P is a pressure, E = ‘> + Ej is a total 
energy density, E;, is an internal energy density. A thermodynamic equation of 
state is needed to close the system of equations (5). In this paper we consider only 
a perfect gas equation of state with an adiabatic index ^: 


P = (y — UpEn. (6) 


Extension of a semi-implicit solver (see next subsection) to an arbitrary equation 


of state is straightforward and can be found in e.g.!^ 12 


3.2. Poisson solver 


'The Poisson equation should be solved on each time-step to calculate the value of 
the gravitational potential, and hence, a gravitational force. The support opera- 
tors method allows to construct a discrete Laplace operator in the form of a sym- 
metric and sign-definite matrix. Purely nodal approximation requires the stencil, 
which consists of the second-order neighbours for each node. The boundary condi- 
tions are projected to the boundary nodes and included in the operator-difference 
form of the solving problem. For example, the Dirichlet boundary-value problem 
reads? 22 


(I - 5)Vx - V(I — 6)W + (I 26)V VOU, = AxG(I — ó)p, (7) 


where VU. is a boundary value of the gravitational potential, J is a unit operator, 
ô is an operator, which is equal to unity in the boundary nodes, and zero - in 
the interior ones.?? For other types of boundary conditions (e.g. an absence of the 
force on the boundary) we solve the Poisson using the ghost cells approach. The 
resulting linear system can be solved with a matrix-free conjugate gradient method. 
The gravitational acceleration then can be calculated as a nodal gradient of the 


potential. 
In Fig. 1 the solution of the Poisson equation is shown for the spherically- 
2 2 2 
symmetric Gaussian-law solution V = exp( — 74+) given by the function 


— exp atu" *2^ (%2 4 y? 4 22 — 3) in the right-hand side of the equation. 
2 y g 

The cell-node approximation can also be used for the solution of the Poisson 
equation procedure. It allows to use a smaller stencil for the matrix, while the 


gradient of the potential still can be found with a purely nodal operator (4). 
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(vv) 


o 1 2 3 4 5 0 1 2 3 4 5 
radial coordinate radial coordinate 


Fig. 1. The solution of the Poisson equation (blue lines, 1D plots are given for the X-axis) for 
the potential (left) and its gradient (right) together with an analytical solution (black lines). 
The computational domain is cube (0 < x,y,z < 5) with no force conditions on the symmetry 
boundaries and Dirichlet conditions on outer ones. 


3.3. Hydro-solver 


The difference gas dynamical system of equations can be written in the following 
form on a collocated mesh 


E P agesi 
T , 
n-clyn-cl _ plat = 
O LEY. + He gv OV") + Vx PMH = By, (8) 
n+l pl _ npn ET 2\n 
p - p EVE (nv ta ) dts Cu) 2 Se, 
where h = Eno = Ge is a thermodynamic enthalpy. This system describes the 


flow evolution from time t = t" to t = t”+! = t +7. The last terms in the left parts 
of the second and third equations in (8) should be evaluated implicitly according 
to, 1! which allows to treat implicitly only the acoustic waves in the gas dynamical 
system (5). The source terms are given by the formulae S, = —p"t!V,.W, S, = 
—ptly” . Vx W. The gravitational potential is solved for the density distribution 
on the (n 4- 1)-th time-step. Note, that such separate treatment of acoustic waves 
is equivalent to the Toro-Vazquez flux splitting approach.?” 

The difference operator with tilde Vx: in explicitly evaluated advective fluxes 
corresponds to an upwind monotonic scheme for advection. It is written together 
with a Rusanov-type numerical dissipation: 


~ 1 OF 


[nig | Sig (ui — 2 (9) 
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where dissipation is written in a finite-volume form (4), in which u and F are the 
vector of conservative variables and the flux vector correspondingly: 


u = (p, pv, pE 
(p, pv, pE) (10) 
F = (pv, pv & v, pv E). 
We use | F\= md |v|;), thus, dissipation coefficient is independent on the 


speed of PE 'The explicit advective scheme is implemented in the same manner, 
as the edge-based Godunov-type finite volume solvers on median-dual grids,?5 so 
that the advective fluxes F in (9) are calculated at the centres of the edges between 
the nodes. 

'The numerical scheme is conditionally stable with a milder CFL condition, which 
depend only on the flow velocity and not on the speed of sound: 


`. AX 
T < Tady = MN ———., (11) 
2|v] 
where AX is a characteristic local mesh size. 
By substituting the momentum from the momentum equation in (8) to the 


energy equation, we can obtain the following nonlinear equation: 


pnt 
pcs IHE VE) 
2 n+l 7 24n 
EN p E" port M ) TV. Y (nv M ) ) +4 TS, (12) 


—TMx- (h+ (g^ v? z TV. (p^v^ & v") + TS,)). 


The latter system is nonlinear, and the usual approach to solve it is a usage of 
nested Newton-type iterations (r-iterations, Picard iterations),!^ 1? 
rapidly (usually 2-3 iterations are enough). The resulting linearised system reads: 


which converge 


ptr 
RU E TN. dna PTS pnt r+1 
y— 


24 nl,r X 
= E" pnm) Seo (pty d Jes 
T 


$ 13 
-TV ;: [IPSE —TV.- (p"v" & v Yo S x) ( ) 
Arrir = poss L 
(G= 


To obtain the solution from n-th time level to n + 1-th, the following procedures 
should be done: 


(I) solving the mass conservation equation in (8) with the explicit scheme and 


obtaining p" 
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(II) solving the Poisson equation (7) with the density p"! for the gravitational 
potential and calculating the forces in the source terms of gas-dynamical 
system (8) 

(III) defining P^*5! = P”, pni = h” and v®”tbi = y” 
(IV) r-iterations, r = 1, rp 


(a) Solving (13) and obtaining P?+hrt! 
(b) recalculating A"*."*1 and calculating v^*L^*! from the momentum 
equation (8) using ptr 


V) defining P+! = pn*Lr» Artl = prthrr and v"t! = yntlLrp 
8 , 


(VI) calculating the energy using a semi-implicit equation from the system (8). 


'This procedures allow to obtain a numerical solution of the gas-dynamical sys- 
tem (5) with a first order in space and time. In this study we use rp = 3 Picard 
iterations. 

To extend this scheme to higher order in space, we use the same approach as 
in explicit finite volume Godunov-type schemes on unstructured meshes, as it is 
done in e.g.?5 (see also?? for a different approach). We apply a piecewise-linear 
reconstruction of conservative gas-dynamical variables in advection upwind fluxes 
(9) with Barth-Jespersen slope limiters,?^ thus, the explicit advective part of the 
solver is calculated with the second order in space. For this reason, the resulting 
order of spatial approximation of the scheme is higher, than one. Note, that the 
difference operators like (4) provide the second order in space on the mesh, consisting 
on equilateral tetrahedra (or equilateral triangles in 2D), because these operators 
are analogous to the usual central differences on the uniform grid, so that on such 
kind of meshes the solver has the second approximation order in space. High order 
in time approximation can be achieved either by employing explicit high order 
methods for the advective parts of the solving system, as was done in e.g.,!? or by 
using the implicit-explicit Runge-Kutta methods. 

The linearised problem (13) has a matrix of a Laplace-type second order differ- 
ence operator and, in addition, a diagonal, filled with the positive elements. The 
conjugated difference operators allow to obtain an easily reversible symmetric and 
positive definite matrix. We use a matrix-free conjugate gradient method to solve 
the system (13), which is very efficient. 

It is also possible to make a discretization of the system (5) in time, substitute 


m+lyn-+l in the energy equation, and further discretize the energy 


the expression for p 
equation in space.!? The cell-node approximation and the Support operators method 
can be applied for the Laplace-type operator in (13), thus, making the matrix stencil 
more compact. Preliminary calculations show, that this approach is slightly more 
effective, as well as it provides a collocated pressure system, which is similar in 


properties to the staggered grid approach.!? 
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4. Test computations 


'The code was developed in two variants: 2D and 3D Cartesian versions. We have 
tested our code in several benchmark problems in high and low Mach number 
regimes as well as simulated a test problem of a dust collapse to check the code's 
ability to simulate the flows with self-gravity. 

In Fig. 2 the Sod shock tube problem solution is shown for the 3D (the first 
three pictures) and 2D versions of our code at the time T' — 0.45 for the mesh with 
Nz = 200 nodes in X-direction and Ny = N, = 10 ones in Y- and Z-directions. 
The initial conditions are as usual: p(x < 1) = 0.125, P(x < 1) = 0.1 and p(z > 
1) = 1,P(a > 1) = 1, while the velocity is zero everywhere. The shock profile is 
about 4-5 cells thick. The solution is obtained by the conservative scheme, thus, the 
discontinuities have physically correct amplitudes and velocities. 

In Fig. 3 the density profile of a slowly moving contact discontinuity is presented. 
The initial conditions are the following: v — (0.01,0,0), P — 3 everywhere, while 
the density p(a « 0.25) = 50, p(a > 0.25) = 1. The problem is solved until the final 
time T = 50, which corresponds to the contact discontinuity located at x = 0.75. 


0 02 04 06 08 1 12 14 14$ 148 2 0 02 04 06 08 1 12 14 16 18 2 


Fig. 2. Velocity, pressure and density fields (the first three figures, blue lines) of the gas in the 
Sod shock tube at time T = 0.45, compared to the reference solution given by a second-order 
explicit second-order local Lax-Friedrichs solver with Barth-Jespersen slope limiters (black lines) 
on a finer mesh with Nz = 500 nodes. On the last picture the density plot is shown for 2D explicit 
(red line) and 2D semi-implicit (blue line) solvers with the same mesh resolution. 
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Fig. 3. Velocity, pressure and density fields of the gas in a slowly moving contact discontinuity 
problem at time T = 50. The blue lines correspond to our numerical solution, while the red 
dash-dotted line and dashed purple line are initial and final location of the contact discontinuity 
correspondingly. 


The profile is smeared over ~ 10 grid points. On this problem, the semi-implicit 
scheme greatly outperforms the explicit solver by a factor of ~ 40. The time step 
Tadv (11) is equal to ~ 20076 FL. 

The next test is the Sedov-Taylor planar blast wave solution, which was per- 
formed in a 2D cylindrical geometry. The shock front location is R ~ VT. Fig. 4 
shows the density and pressure profiles at T = 0.2. The 2D mesh, used in the simu- 
lations, is refined at the centre of explosion by a factor of 10. It has 8756 nodes. The 
numerical solution shows a good agreement with analytics. In the refined central 
part (r = 4/2? + y? « 1) of the computational domain, the sound speed is greatly 
exceeds the velocity, while at r < 1 the strong high Mach number shock wave is 
pronounced. At the end of the simulation, the advective time-step was about 50 
times higher, than the CFL time-step tory. In real astrophysical conditions this 
ratio of time-steps could be even higher. 

The latter situation is more pronounced in 3D Sedov- Taylor blast wave problem, 
where the semi-implicit calculation (see Fig. 5) was at least 10 times faster, than the 
explicit solver, due to restrictive acoustic time-step in the centre of computational 
domain. 
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Fig. 4. Density (left) and pressure (right, together with the 2D mesh) of the gas in a planar 
Sedov-Taylor blast wave problem at time T' — 0.2. 


Fig. 5. Density (left) and its 1D slice (right, red line, together with the explicit solver calculation) 
of the gas in a 3D Sedov-Taylor blast wave problem at time T' — 0.1. 


We have tested our code including the self-gravity module and simulated a 
well-known problem on the spherical collapse of a pressureless star (dust collapse), 
which was originally considered in the paper by Colgate and White.?? The octant- 
symmetric 3D results for the density at dimensionless time T = 1.791 are presented 
in Fig. 6. We use the system of units, which removes the multiplier 47G in the 
Poisson equation for the gravitational potential (7). In these units the free-fall time 


SU 


trp = "E $ © 1.9238. The initial cloud radius and density are equal to unity. We use 
the mesh, which is refined to the centre of the computational domain. The snapshot 
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Fig.6. Density of the gas in the dust collapse problem at time T' — 1.791. Left panel correspond to 
3D solution, while the right panel corresponds to 1D spherical plot (blue line - numerical solution, 
black dashed line - analytics) together with the solution at the time T' — 1.618 (red line - numerical 
solution, black dotted line - analytics). 


of our simulation in Fig. 6 shows a physically correct evolution of collapsing matter, 
although at the developed stage of the collapse the density field has a discrepancy 
from the analytical solution (blue line in Fig. 6, right) due to the high spatial and 
temporal steps. The initial spherically-symmetric conditions are also disturbed by 
unstructured mesh, and these disturbances tend to slight deviation from spherical 
symmetry. 


5. Conclusion 


In this paper we have constructed the semi-implicit nodal (edge-based) pressure- 
based solver for gravitational gas dynamics on unstructured tetrahedral meshes. The 
usage of the Support operators technique results to linear systems with symmetric 
and sign-definite matrices for the pressure system in semi-implicit gas-dynamical 
solver as well as for the Poisson equation for the gravitational potential. The code 
works efficiently both in low and high Mach number regimes, and its spatial accuracy 
is close to the second order. In future, we plan to apply this code to simulation of 
the post-bounce evolution of core-collapse supernovae. Further development of the 
code will be devoted to improvement of temporal accuracy, massive parallelization 
and inclusion of magnetic fields. 
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Magnetized neutron stars propagating through a non-uniform ISM 
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Many neutron stars propagate through the interstellar medium with supersonic veloc- 
ities, and their magnetospheres interact with the interstellar medium (ISM), forming 
bow shocks and magnetotails. Using numerical MHD simulations, we investigated the 
propagation of a magnetized neutron stars through a non-uniform ISM, the interaction 
of the magnetospheres with the ISM and the influence of ISM density on the shape of the 
magnetosphere tail. We consider the interaction of magnetized neutron stars with small- 
scale and large-scale inhomogeneities in the ISM. We conclude that the inhomogeneities 
in the ISM can change the shapes of the bow shocks and magnetotails at different values 
of the magnetization. 


Keywords: Neutron stars; magnetic field; PWN; ISM; MHD. 


1. Introduction 


'The most dramatic bow shock nebulae are associated with the neutron stars. Pul- 
sars emit winds of relativistic particles and magnetic fields, and are frequently sur- 
rounded by the pulsar wind nebulae. Most pulsars propagate supersonically through 
the interstellar medium, and their PWNs interact with the ISM, forming bow shocks 
and magnetotails. The bow shocks are often observed in the Ha spectral line.? 
Many interesting structures (bow shocks, very long tails, and jet-like features) are 
observed in the X-ray? and radio wavebands. A remarkable example of PWN is the 
Guitar Nebula discovered in 1992. It's powered by an ordinary NS, PSR B22244-65. 
This pulsar travels at an extraordinarily high velocity, about 1600 km/sec. It leaves 
behind a *tail" in the ISM, that looks like a guitar. The high-resolution observa- 
tions in the Ha line show that the shape of the Nebula's head becomes wider with 
time. The variation in shape may be connected with the variation in the density of 
the ISM.4 

Many of the PWN show irregularities in their shapes in the X-ray band, as well 
as very long tails (see review by Kargaltsev et al"). Longer tails are observed in 
the radio band. Two examples of PWN, observed in the X-ray and radio bands are 
presented on the Figure 1: the PWN associated with the pulsar PSR J1509-5850 
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and the Mouse Nebula, powered by the pulsar PSR J1747-2958.9 These PWNs have 
extended tails in the X-ray band (red lines), and longer tails in the radio-band (blue 
lines). One can see that both the heads of the PWN and their tails have different 
unevenness in shapes. 


S a. EE SS 


J1509-5850 


Mouse 
Mouse 


i 


Fig. 1. X-ray and radio images of the very long pulsar tails, by Kargaltsev and Pavlov. Right 
panels show the radio contours and the direction of the magnetic field. The red and blue colours 
in the left panels correspond to X-ray and radio, respectively. 


When a pulsar or an isolated neutron star propagates supersonically through 
the ISM, then the PWN or magnetosphere of isolated star interacts with the ISM, 
forming a bow shock and magnetotails. In the bow shock, the energy of accelerated 
particles may dominate over magnetic energy. However, in the magnetotails, the 
magnetic energy may be comparable to or larger than the energy of the particles. 
Long and magnetically dominated magnetotails can to form in the PWN. They may 
be visible, if the accelerated particles propagate into the magnetotails, or invisible. 
In the simulation of the supersonic PWN, it is important to take into account both, 
the matter and the magnetic field components of the PWN. 

Supersonic propagation of pulsars and isolated neutron stars through the ISM 
has been studied in a number of axisymmetric non-relativistic and relativistic hy- 
drodynamic simulations (e.g., Bucciantini,? Barkov!). Most of the these simulations 
of the bow shocks propagating through an inhomogeneous ISM medium were per- 
formed in hydrodynamic approximation. Early we performed MHD simulation of 
supersonic propagation of magnetized isolated neutron stars in the homogeneous 
ISM.?:1? Then we started MHD simulation of the bow shock PWN propagating 
through a non-uniform ISM.!? Our aim is to consider this problem in axisymmetric 
MHD simulations at different magnetization values of the pulsar wind. 
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2. Model 


We performed MHD simulations to investigated the supersonic propagation of mag- 
netized isolated neutron star and PWNs through the non-uniform ISM. We used 
an axisymmetric, resistive MHD code, that incorporates the methods of local iter- 
ations and flux-corrected-transport.!? The flow is described by the resistive MHD 
equations: 


a 1 
pa, tev V)v =—-Vp+ Ix BF? , 
C 


OB Cos 
pr AW + gy B, 


2 
eee) +V- (pev) = —pV-v+ s ; (1) 
ot c 


We assume axisymmetry (0/09 = 0), but calculate all three components of v 
and B. The equation of state for an ideal gas, p = (y — 1)pe, where y = 5/3 is the 
specific heat ratio and € is the specific internal energy of the gas. The equations 
incorporate Ohm’s law J = o(E+v x B/c), where ø is the electric conductivity. The 
associated magnetic diffusivity, mm = c?/(4-o), is assumed to be a constant. The 
gravitational force, F7 = —G'MpR./R?, is due to the star because the self-gravity of 
the accreting gas is negligible. 

We use a cylindrical, inertial coordinate system (r, $, z) with the z—axis parallel 
to the star's dipole moment u and rotation axis Q. The vector potential A is 
calculated so that automatically V - B = 0 at all times. The intrinsic magnetic field 


of the star is taken to be an aligned dipole, with vector potential A = u x R/R. 
11,12 


A description of numerical model in detail can be found in. 

We measure length in units of the Bondi radius Rg = GM /c2, with c, the sound 
speed at infinity, density in units of the density of the interstellar medium p, and 
magnetic field strength in units of Bo which is the field at the pole of the numerical 
star. We measure time in units of to = (Zmas — Zmin)/Voo, which is the crossing 
time of the computational region with the star's velocity, Ugo. 


3. Propagation of magnetized isolated neutron stars through 
non-uniform ISM 


First, we consider a supersonic propagation of magnetized, isolated old neutron stars 
(IONS) through the non-uniform ISM, in particular through the a dense and cold 
cloud. Simulations were done for a number of values of the star's magnetic moments 
Lt, the velocity of the star v and the density of the ISM cloud p. We received pictures 
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of the flow of matter for different parameters u, v and p. For all used parameters a 
magnetospheric radius of the star is much larger than accretion radius Rm >> Race, 
so that matter cannot accretes onto neutron star surface. This case corresponds to 
the georotator regime for isolated neutron stars. 

When a neutron star moving through an uniform medium with the density po, 
incoming matter forms a conical shock wave around the star. The magnetic field 
lines stretches in the direction of flow of matter out of the magnetospheric radius 
Rm and form a long tail of the magnetosphere. A picture of the matter flow one can 
see on top panel of the Figure 2. We observed a reconnection of magnetic field lines 
in the tail. Then a star passes through the non-uniform medium which is a cold 
and dense cloud, and the shape of the bow shock and the tail of the magnetosphere 
varies depending on the density and temperature of the ISM. The shape of the bow 
shock changes its width and the shape of the magnetotail gets multiple “bumps”. 

A typical example of the matter flow is represented on Figure 2. In this case 
Mach numbers M = v/c, = 6 and density of the cloud p/po = 6. A central region 
of calculation at moments tı = 0, t9 = 0.33to, t3 = 0.66to and t4 = 1.0tg is shown, 
when to is the crossing time of the computational region. On the left panel the 
background represents the logarithm of the density and solid lines are magnetic 
field lines. The length of the arrows is proportional to the poloidal velocity of the 
matter. We can see that with increasing density of the cloud the width of the bow 
shock and width of the tail decreases. Then with decreasing density of of the cloud 
the magnetosphere recovers its shape. Magnetic field lines are compressed by the 
dense incoming flow and form new reconnections in the tail. On the right panel 
the background represents the logarithm of the temperature. We can see that with 
decreasing temperature of the cloud the width of the bow shock and width of the 
tail decreases. Then with increasing temperature of of the cloud the magnetosphere 
recovers its shape. 

Left panel on Figure 3 shows a density distribution across the magnetotail on the 
distance z = 0.5 and at the same time t = 0.33to, A solid line represents an uniform 
medium with constant density po. À maximum of the density correspond to the 
distance r = 0.37 approximately. A dotted line represents the cloud density p/pp = 
3. A maximum of the density correspond to r = 0.26. A dashed line represents the 
cloud density p/po = 6. A maximum of the density correspond to r = 0.20. We can 
see that with an increase in the density of the ISM the tail of the magnetosphere 
becomes more narrow and hollow. 

Right panel on Figure 3 shows a temperature distribution across the magnetotail 
on same distance z = 0.5 and at the same time t = 0.33to. The solid line represents 
an uniform medium with constant density po. The dotted line represents the cloud 
density p/po = 3 and a dashed line represents the cloud density p/po = 6. For 
all three values of the density, the temperature is maximum at the Z axis, then 
decreases along R axis and forms a “step”, and then becomes a constant. We can 
see that with a decrease in the temperature of the ISM the tail of the magnetosphere 
becomes more narrow and hollow. 
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Fig. 2. The propagation of a neutron star with a magnetic field through the dense and cold cloud 
of interstellar medium. Mach numbers M = 6 and dencity of the cloud p/po = 6. Central region of 
matter flow at moments tı = 0, t2 = 0.33to, t3 = 0.66to and t4 = 1.0to is shown. On the left panel 
the background represents the logarithm of the density the background represents the logarithm of 
density. Solid lines are magnetic field lines. The length of the arrows is proportional to the poloidal 
velocity. On the right panel the background represents the logarithm of the temperature. 


0.1 062 rp 03 0.4 0.5 “o 0.1 02 rp 03 0.4 0.5 


Fig. 3. Left panel: Distribution of the density across the magnetotail at the same time t = 0.33to 
on the distance z — 0.5. Right panel: Distribution of the temperature across the magnetotail at 
the same time t = 0.33t9 on the distance z = 0.5. 
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4. Propagation of PWN through the non-uniform ISM 


We investigate the propagation of a PWN through an ISM with an inhomogeneous 
matter distribution. Observations point to large and small-scale inhomogeneities, 
and therefore we consider two types of imhomogeneities: (1) large-scale clouds, 
which are much larger than the size of the bow shock, (2) small-scale clouds, whose 
size is comparable with the width of the bow shock. 
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Fig. 4. Left panels: Propagation of a PWN of moderate magnetization through a large cloud 
of density Pcloud = 3p0 at two moments in time. The background represents the logarithm of 
density. The solid lines are magnetic field lines. Right panels: Same, but the background shows 
magnetization c. 


4.1. Large-scale cloud 


Fig. 4 shows an example of propagation of a large cloud of density puoua = 30 
through the PWN in the model with a moderate magnetization. The left panels 
show that the cloud compresses the bow shock and the bow shock has a smaller 
opening angle (the Mach cone). The cloud is in pressure balance with the rest 
of the ISM, so that the sound speed in the cloud is three times lower than in 
the rest of the ISM. Therefore, the Mach number of the star inside the cloud is 
Mnew = vp/c, = 3Moia = 60. This is why we observe a smaller opening angle of 
the Mach cone. The bottom left panel shows that after entering the cloud, the KH 
instability develops in the region of CD. This is an expected result: at larger Mach 
number, there is a larger difference between velocities of matter from two sides of 
the contact discontinuity. The right panels of Fig. 4 show that the region of high 
magnetization becomes more narrow after the passage of the cloud. Also, the region 
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of high magnetization becomes less homogeneous (more patchy) due to the action 
of the KH instability. These simulations demonstrate that propagation through a 
large-scale cloud leads to a reconstruction of the magnetic field in space and to 
change in the value of the magnetic field. The tangled magnetic field may reconnect 
and the magnetic energy can be converted to the energy of accelerated particles and 
radiate. This may be a possible reason for the re-brightening of PWN magnetotails 
observed in X-ray." 


4.1.1. Small-scale inhomogeneities 


Our simulations show that the KH instability frequently forms at the CD and pro- 
duces some wavy structure of the bow shock. However, a wavy structure could also 
result from the interaction of the bow shock with the small-scale inhomogeneities 
in the ISM. To model the interaction of the small-scale inhomogeneities with the 
bow shock, we took models where the KH instability is weak and does not modify 
the shape of the bow shock. 

We model small-scale inhomogeneities as a set of small clouds with Gaussian 
density distribution, with the maximum density of pmax and half-width of Ar = 0.2. 
To keep the pressure balance between the clouds and the rest of the ISM, we take 
the temperature in the cloud to be Taouad = Tism * Po/Pcloua. We experimented 
with clouds of different densities, and found that the shape of the bow shock varies 
significantly if the density in the cloud is peoua Z 2po. At Pcloua = 2/0, a Wavy 
structure starts to become visible, while at pcoua = 30, the bow shock changes its 
local shape significantly. 

Fig. 5 shows a wavy variation of density in the bow shocks that appears after 
the propagation of clouds of density pcloua = 3po in the models with low and 
moderate magnetizations. Such an interaction with small-scale inhomogeneities may 
explain the wiggles in the shape of the bow shock observed in PSR J0742-2822 
(see Fig. 1). In PSR J0742-2822, the estimated stand-off distance is Rsa ~ 4.2 x 
10'6d/2kpc cm. The size of clouds in our model Ry z (2 — 4) Ra z (0.8 — 1.6) x 
10!7d/2kpc cm. It may correspond to one of scales in turbulent ISM matter. We 
should note that an alternative explanation of these small-scale features in bow 
shocks can be connected with the KH instability. Currently, we cannot distinguish 
between these two mechanisms. 


5. Conclusions 


We performed MHD simulations of the supersonic propagation of magnetized neu- 
tron star and bow shock PWN propagating through a uniform and non-uniform 
ISM at different levels of magnetization. Our main findings are the following: 

The fluctuations in the density or temperature leads to a change in shape of 
bow shock and the tail of the magnetosphere structure of the neutron star. With 
an increase in the density of the ISM the bow shock nebulae and the tail of the 
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Fig. 5. Interaction of the bow shock with small-scale clouds of maximum density peloua = 3po in 
the model with low c (left panel) and in the model with medium ø (right panel). The background 
represents the logarithm of density. The solid lines are magnetic field lines. 


05 0 0.5 1 1.5 2 2.5 3 
Z 


magnetosphere become narrow and vice versa. A temperature dependence is oppo- 
site. With an increase in the temperature of the ISM the bow shock nebulae and 
the tail of the magnetosphere become wider. A presence of “bubbles” or “bumps” in 
the shape of bow shock and the magnetotail most likely indicates on the changing 
density or temperature of the ISM. 

The interaction of the bow shock with a large-scale, dense cloud leads to the 
compression of the bow shock and the formation of a new bow shock with a smaller 
opening angle. The level of compression (the ratio between the original and final 
widths of the bow shock) is approximately the same for PWN of different magneti- 
zation. 

The interaction of the bow shock with the small-scale inhomogeneities in the 
ISM leads to a wavy structure in the bow shock. The amplitude of the “waves” 
increases with the ratio pPeloua/po. For example, variation in the shape of the bow 
shock of pulsar PSR J0742-2822 can be explained by the propagation through a 
series of clouds with a density ratio of pusua/po ©% 3. Small-scale clouds produce 
wavy shapes of the bow shocks in PWN of different magnetization. 
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A solution of the Boltzmann equation is obtained for a magnetized plasma with arbitrary 
degenerate electrons and nondegenerate nuclei. For the arbitrary and non-degenerate 
electrons kinetic coefficients are obtained by solving Boltzmann equation by Chapman- 
Enskog method of successive approximations. The expressions have a considerably more 
complicated dependence on magnetic field than analogous dependences derived in pre- 
vious publications on this subject. 


Keywords: Neutron stars; magnetic field; kinetics. 


1. Introduction 


'The transfer of heat and charge in a magnetized nondegenerate plasma plays an 
important role in describing its behavior both under laboratory conditions and in 
the structure and evolution of stars. Kinetic coefficients such as thermal conductiv- 
ity, diffusion, thermal diffusion and diffusional thermal effect determine heat fluxes 
and current densities. Knowing the distribution of heat and current, one can cal- 
culate the magneto-thermal evolution, the distribution of the magnetic field and 
temperature over the surface of stars, or describe the behavior of plasma obtained 
and accelerated in laboratory conditions. 

Here is presented results of solving Boltzmann equation by two methods. For 
arbitrary degeneracy case we used the Chapman-Enskog method of successive ap- 
proximations. Tensors of thermal diffusion, diffusion and diffusional thermal effect 
are found by using an expansion of three polynomials.'? In Lorentz approximation 
Boltzmann equation has an exact solution. It is shown by using Lorentzian gas as 
an example that the method has good convergence to the exact solution. 


2. General equations 


We use the Boltzmann equation for arbitrary-degenerate electrons in a magnetic 
field, taking into account the interaction of electrons with ions and with each other. 
Boltzmann equation describing the change in the electron distribution function f 
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over time in the presence of electric and magnetic fields, written as?'* 


of 


Of Of e 1 
+ Ci E; 4 i B =0. 1 
Ot Or; Me ( "s RR j) Oc; uL (1) 
Here (—e), Mme — charge (negative) and electron mass, Fi, B; — electric field 


strength and magnetic induction, €;,; completely antisymmetric Levi - Civita ten- 
sor, c — the speed of light. The collision integral J for nondegenerate electrons and 
singly charged ions, according to," is written in the form: 


J = Jee + Jen = fun — f' filgeeb db dede; + [ltt — f' frlgerbdbdedcy;. (2) 


Here the impact parameter b and & are the geometric parameters of the collision of 
particles with relative speeds gee, ger. 

Integration in the electronic part of the collision integral in (2) is performed 
over the phase space incident particles (dc;;) and their physical space (bdbde).° 
Post-collision velocity functions are marked with strokes. 

'The transfer equations for the electron concentration total momentum and en- 
ergy of electrons in a two-component mixture of electrons and kernels can be ob- 
tained in the usual way from Boltzmann equations in quasineutral plasma? ?:? 

Here and in what follows, we assume the average mass velocity to be equal to 
the average ion velocity co; = (Cri), we also consider electric current and heat flux 
only from electrons. 

The Boltzmann equation can be solved by using the Chapman-Enskog method 
of successive approximations.? This method is used when the distribution functions 
are close to their values in the state of thermodynamic equilibrium, and deviations 
are considered in a linear approximation. In a first approximation, we look for the 
distribution function f in the form f — fo[1 4- x(1 — fo)] 

The x function allows the solution to be represented as:! 


where diffusion vector dj: 


pNOlnnP, pelOPn ene 1 
p Or; P. p Or; P, QUE : (4) 
Gn = Tin) ie DA £o = fp, here G, is Fermi integral and u is chemical 


potential. The functions A; and D; determine the heat flux and diffusion. 

The collision integral similar to Jee from (2) for strongly degenerate neutrons in 
8 see also.!! In the presence of non-degenerate heavy nu- 
clei and highly degenerate neutrons, the contribution of collisions between them to 


nuclear matter is given in, 


the heat transfer and diffusion coefficients is negligible compared to neutron-nucleus 
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collisions. The same situation holds for highly degenerate electrons. Therefore, for 
strongly degenerate electrons, the Lorentz approximation, taking into account col- 
lisions between light and heavy particles, is asymptotically accurate. Therefore, we 
can neglect Jee compared to Jen, and we can equate J = Jen in (2). In this case 
Boltzmann equation is solved in Lorentz approximation as it was shown int: !? and 
the components of four tensors of kinetic coefficients are calculated. 

General expressions for the heat flux q;, and the average directional (diffusion) 


electron velocity (v;) are given by 


OT 
d = -Agp c Vad = dio do, (5) 
J 
OT A D 
(vi) — Hii 5 — nerijdj = (vs ^a (ví D (6) 
J 


where A;; and vj; are the tensors of thermal conductivity and diffusional thermal 
effect, and j4;; and nij — thermal diffusion and diffusional tensors, respectively.!! !? 
The indices (A) and (D) determine the heat fluxes and diffusion velocities of elec- 
trons determined by the temperature gradient OT'/Ox;, and the diffusion vector dj, 
respectively. 

The method for finding the coefficients of the thermal conductivity tensor A;j for 
arbitrary degeneracy is described in detail in the work,! where analytical expressions 
are found for them. For strongly degenerate electrons, the coefficients of thermal 
diffusion, diffusion and diffusion thermal effect in the Lorentz approximation are 


found in.!? 


3. Exact solution in Lorentz approximation 


The Lorentz approximation for solving the kinetic equation is used when the mass of 
light particles much less than the mass of heavy particles, and electron-electron col- 
lisions can be neglected. So we can neglect Jee in comparison with Jen, and we can 
equate J = Jen in the (2). In this approximation, the linearized Boltzmann equa- 
tion has exact solution. This approximation works well for transport in metal, where 
strong electron degeneracy makes it possible to neglect electron-electron collisions. 
'The Lorentz approximation can be used to check the approximate polynomial solu- 
tion, since it makes it possible to trace the convergence of the approximate solution 
to the exact one with increasing degree of the polynomials. Solution in Lorentz's 
5:16.17 see also.15 For thermal 
conductivity, the convergence of a polynomial solution to an exact one was consid- 
ered in,! if we consider only the heat flux connected with the temperature gradient, 
at zero value of the diffusive vector d; from (5), (6) than we obtain the expression 


approximation was considered in different approaches, 
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for the heat flux for the case B = 0 from!? as: 


A... 640k me(kT)4 


di A I 2 G3/2 


1 G5/2 OT 
Gs) S (7) 


In the limiting cases the coefficient in (7) is reduces to 


Ly MOV? ne REP. < 220 Png 


l 
re = DSRA ny e* Z2  /ms 3r m. Tra (ND) 
5 k'Tn2h? 5r? k^ Tn 
~ 64A m2ny Ze! — 6 me ta (D) (8) 


Average frequency of electron-ion collisions ve; in!^ in the limiting case of non- 
degenerate electrons is written as 


4 [In Z?e'ny A 
ei — ND 
Méca arse UB 
322?  Z?e*Anw 
em Me Dem (D). (9) 


Here indices (ND) and (D) determine non-degenerate and degenerate cases respec- 
tively. 

Using the same approach as in,! we can find an exact solution in explicit form 
for the Lorentz approximation for the case B — 0: 


128k m (kT)? 5 G5/2 OT 
AN _ e 
Mrs A nnneZeth3 Ga 8 Ca Or;’ do 
G 32 m urs G 
D 5/2 e 5/2 
|) = —ne—— —1;d; = Gadi, 11 
us ) £ God d A neny Z2e*h3 G3/2 $ ( ) 
G 5G 
P 5/2 ..128 me(kT) 5/2_, OT (12) 


uy n i A nn Z2e*h3 G3/2 ar 
In limiting cases, the coefficient in (10) reduces to 


12k — (kT)9? 16k 
f Ex - 
He = "3/?NAnwetZ?J2m, ind (ND), (13) 


and the coefficients in (11), (12) are reduced to 


32 kT 128(KT)? 
nl SS = nds Ul = A E ) Tnd- (14) 
37 NeMeT 37Me 
The exact formulas in the Lorentz model are used by? to estimate the accuracy 
of the polynomial approximation. The contribution of electron-electron collisions to 
the thermal diffusion coefficient for different Z can be estimated from the graph 
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of normalized three-polynomial thermal diffusion coefficients in the direction per- 
pendicular to the magnetic field, introducing the quantity QGU. yeh and we» 
defined as: 


ONE SL e) _ SL cy _ up 
* T = nl * vl 


l 


Here Und is taken from the top line in (13), v; ng and T na are taken from (14). 


Curves for different Z, including Z — oo, related to Lorentz approximation are 
shown in Fig. (1a) for thermodiffusion, on Fig. (1b) for diffusional thermal effect, 
on Fig. (2a) for diffusion and on Fig. (2b) thermal conductivity plots! are presented 
for comparison. 


o, 9 
w, ® 


Fig. 1. On the (a) figure are presented the plots of the values of QE? as functions of wr in the 
three-polynomial approximation for nondegenerate plasma of helium (Z = 2), carbon (Z = 6), iron 
(Z = 26) in comparison with Lorentz plasma, formally corresponding to Z = oo. The deviation 
from the Lorentzian plasma is due to the contribution of electron-electron collisions. On the right- 


side figure are plots of the values of the diffusional thermal effect we» as a function of wr. 
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Fig. 2. On tthe (a) figure are plots of diffusion values of UG? as functions of wr in the three- 
polynomial approximation for nondegenerate plasma of helium (Z—2), carbon (Z=6), iron (Z=26), 
for comparison with the Lorentz plasma, formally corresponding to Z — oo. On the (b) figure are 


plots for heat conductivity coefficient from! as a function of wr, here: Qe) = a Aer. 
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4. Partially degenerate electrons 


'To examine the effect of degeneracy on the convergence of the polynomial approx- 
imation to the exact value, we compare the coefficients calculated by the method 
of successive approximations with the coefficients obtained as an exact solution in 
the Lorentz approximation. In a partially degenerate plasma, it is enough to simply 
calculate collision integral for electron-ion at u = 0 - chemical potential with the 
degeneracy level DL = efe/kT = 1.011. When compared with the exact solutions 
for heat conductivity and thermaldiffusion, obtained by the Lorentz method, the 3- 
polynomial solution for thermal conduction differs from the exact solution by about 
13%, for thermal diffusion - by 7%. For non-degenerate electrons in the 3-polynomial 
approximation, the coefficient of thermal conductivity differs by 2.2%, and thermal 
diffusion by 1.3%. 

For partial degeneracy, it is found that the 3-polynomial solution for diffusion 
differs from the exact one by 2.6%. For diffusion thermal effect: 3-polynomial by 
about 8%. For the nondegenerate case, the 3-polynomial approximation differs by 
0.14% from the exact one for diffusion, and by 0.38% for the diffusion thermal 
effect. Detailed description of the calculations can be found in.^? The accuracy of 
approximation by a series of orthogonal functions decreases with an increase in the 
degree of degeneracy. 


5. Discussion 


In this work, the tensors of the kinetic coefficients of diffusion, thermal diffusion, 
and diffusion thermal effect are found for nondegenerate electrons in a nonquantiz- 
ing magnetic field. Tensors are obtained from the solution the kinetic Boltzmann 
equation by the classical Chapman-Enskog method using the expansion into Sonin 
polynomials and taking into account two and three terms of the expansion. Electron- 
ion and electron-electron collisions are taken into account. Tensors are written for an 
arbitrary local direction magnetic field and temperature gradient in the Cartesian 
coordinate system according to.* 

Using the example of the Lorentz approximation, it was shown that the accu- 
racy of the approximation by a series of orthogonal functions, similar to Sonin’s 
polynomials, decreases with increasing degree of degeneracy. 

For non-degenerate electrons, disregarding electron-electron collisions, the value 
of the thermal diffusion coefficient in the two-polynomial approximation underesti- 
mates the exact solution obtained in the Lorentz approximation at B = 0 by 26%, 
and in the three-polynomial approximation it overestimates by approximately 1%. 
For partially degenerate electrons, at u = 0, the two-polynomial solution underesti- 
mates the exact one by 2896, and the three-polynomial one underestimates the exact 
one by 796. It should be noted that electron-electron collisions further decrease the 
coefficient values. 

The diffusion coefficient value obtained from the two-polynomial approximation 
underestimates the exact solution by about 4%, and the three-polynomial solution 
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underestimates the exact solution by 0.14% for nondegenerate electrons. In the case 
of partial degeneracy, the diffusion obtained from the two-polynomial solution un- 
derestimates the exact one by 0.4%, and the one obtained from the three-polynomial 
solution overestimates the exact one by 3%. 

The diffusion thermal effect coefficient for nondegenerate electrons in the two- 
polynomial approximation underestimates the exact solution by 12%, and in the 
three-polynomial approximation overestimates the exact solution by 0.4%. With 
partial degeneracy of electrons, the two-polynomial solution underestimates the 
exact solution by 2.5%, and the three-polynomial solution overestimates the exact 
solution by 8%. 

The Chapman-Enskog method can be used for a sufficiently dense gas (plasma), 
where the time between particle collisions is the smallest value among other charac- 
teristic times. In the presence of a magnetic field, in addition to the lifetime of the 
system and the characteristic time of changes, in the plasma parameters rotation 
time in the Larmor circle is added rz = 2z/w. This time must be much less than 7, 
which leads to a condition under which the Chapman-Enskog method can be used, 
in the form wr < 27. Therefore, this work can be successfully applied for wr S 1, 
and for large wr only qualitative estimates can be obtained. 

'The coefficients can be used for calculation of heat fluxes and electric current in 
white dwarfs, on the surface of magnetized neutron star, as well as in the magnetized 
matter accreting to the magnetized neutron star or for describing plasma obtained 
in laboratory conditions. 
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The evolution of the accretion discs surrounding different compact objects (such as white 
dwarfs, neutron stars and black holes) is closely connected with the magnetic fields and 
their features. It is highly likely that the magnetic field generation is connected with 
the dynamo action. As for the dynamo, we have a lot of specific models which have 
been constructed for different astrophysical objects. For accretion discs we can take the 
approaches that were used for galactic discs which have nearly the same shape. There 
are two main models. The first one is connected with no-z approximation which is based 
on the fact that the discs is quite thin. RZ-model describes the discs with large half- 
thickness and can be used for the objects where we should study the vertical structure 
of the magnetic field. Here we show the results obtained for the accretion discs which 
used both of these approaches and compare the results. 
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1. Introduction 


The accretion discs surrounding different compact objects (such as black holes, 
neutron stars and white dwarfs), play an important role in different branches of 
astrophysics. Their structure and features is closely connected with the magnetic 
fields, which should have a strong influence on the motions in the disc.! Nowadays 
there are different approaches that describe the origin of magnetism of such objects. 
First of all, we should mention the transition of the field which is connected with 
the accreting matter.? Also there are some models which describe the field as a 
result of interaction between the central object and the accretion disc. However, 
observational data and theoretical models show that the field is highly likely to be 
generated by the dynamo mechanism.? ? 

The dynamo mechanism is widely used to study the magnetic field evolution in 
different objects such as the Sun, stars, galaxies etc. The equations of the dynamo 
are quite difficult to be solved in explicit form. So there are different specific two- 
dimensional models which take into account geometrical features of the celestial 
body and allow us to simplify the problem. As for the galaxies, there is so-called 
no-z approximation,? which is based on the fact that the galactic disc is quite thin. 
So some of the partial derivatives can be changed by the algebraic expressions, and 
the z-component of the field can be taken from the solenoidality condition. This 
approach can be used to study magnetism of the accretion discs,^? because their 
shape is quite close to the one of the galaxies. As for thick galactic discs, we can 
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take the RZ-model, which uses another basic assumptions.? In this paper we study 
the magnetic field using this model, too. After that we compare the given results. 


2. Dynamo 


'The dynamo is connected with transition of the energy of turbulent motions to the 
energy of the magnetic field.!? If we are speaking about the large-scale magnetic 
field, it is based on two main effects. First of all, it is the alpha-effect which is con- 
nected with the helicity of the turbulent motions. It is connected with the rotation 
of the magnetic field. The second process is associated with the differential rota- 
tion which is caused by changing angular velocity (most of celestial bodies rotate 
with a non-solid law). They compete with the dissipative effects which destroy the 
large-scale structures of the field. So, dynamo is a threshold process: the field can 
grow only if the alpha-effect and differential rotation are more intensive than the 
dissipation. Otherwise the field will decay and the dynamo won't be able to generate 
significant fields. 

The evolution of large-scale component of the field is described by the Steenbeck 
— Krause — Radler equation, which has been obtained by averaging the magnetohy- 
drodynamics equations by scales comparable with size the turbulent cells:!! 

92 L y (aB) ev [7,5] e nad, 

'This equation is rather difficult to be solved. So usually the researchers use specific 
two-dimensional models for every type of the objects: such as Parker dynamo for 
stars of torus dynamo for outer rings of galaxies. 


2.1. No-z approximation for accretion discs 


While studying the magnetic fields in the accretion discs, it is quite convenient to 
use the models which have been developed for the objects that have nearly the same 
geometrical shape (of course, taking into account sufficiently different lengthscales). 
As for the galactic discs, so-called no-z approximation is widely used. It studies 
the evolution of two components of the field (which lie in the equatorial plane), 
which makes the problem much easier. The z-component of the field is taken using 
the solenoidality condition. Also it is quite convenient to assume that the field is 
axisymmetric (as for the accretion discs it is even more reasonable than for the 
galactic ones). 

If we study the accretion disc, we should take the keplerian law for the rotation 
velocity Q1: 
(GM)? 


3 , 
r2 


Q= 


where M is the mass of the black hole, neutron star or white dwarf; r is the distance 
from the central object. 
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The equations should be solved for values rin < r < R, where rin is the inner 
radius and R is the outer one. 

It is quite convenient to use the dimensionless units: all parameters are measured 
in their typical values. As for the magnetic field, some dimensionless parameters 
characterizing the dynamo regime are introduced. 

Ra shows the intensity of the alpha-effect: 

2 
Hog cU 
7] 
where Q is the angular velocity of the disc and / is the typical size of the turbulent 
cell. 
R,, is connected with the differential rotation: 


A corresponds to the ration between the lengthscales of the disc (half-thickness 
h and radius R): 


Taking these assumptions into account, the equations for the magnetic field in 
dimensionless form look like this: 


OB, B'N SB. of 8 (10 
7 c 0 ( =) EG (s. 122) 
Vo OB, 
NES. M uidi 1 
r(1 EE ( Ór ) (1) 


0B,  3R,, By. fd (10 Vo OB, 
ze m SEE es | a 
ot 2r$ 4 "d Or Nr Or (rBy) r e — X Ta) Or 


(2) 


The equipartition field is assumed to be the following:” 


A. 
—^ 39 
B* = 420r T (: m 
r 
It is included in the equations using the non-linearity coefficient (1 — P 


As for the boundary conditions, we use the following ones: 


B. oy _ 
Or (R) ~~ 0, 
OB, (R) =0 


Or 
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B, (rin) = 0, 
By (Tin) = 0. 
Also we can take the zero derivative conditions on the inner boundary:? 
0B; 
Ór 
OB, 
Ór 
However, it has been shown that the results for the magnetic field will be nearly 
the same as for the model with zero field boundary condition. 


'The magnetic field for different inner radius is shown on figure 1. It can be seen 
that larger inner radius moves the field from the center. Also the time dependence 


(rin) = 0, 


(Tin) = (). 


is shown on figure 2. 
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Fig. 1. The dependence of the magnetic field on the distance to the center of the accretion disk 
for different inner radius with zero boundary condition (Deff = 15 ). Solid line shows the case, 
when rj; = 0.1 and the dotted line — the case rin = 0.2. 


3. RZ-model 


No-z approximation has a lot of advantages for a wide spectra of objects (from 
galaxies to accretion discs). Unfortunately, it cannot be use for the objects where 
the vertical structure is more complicated than a standard law which is taken into 
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Fig. 2. Time dependence of the magnetic field for different rin with zero boundary condition. 
Solid line shows the case, when rin = 0.1 and the dotted line — the case rin = 0.2. 


account there. So, for thick discs we should take the RZ-approximation which de- 
scribes the field using another approaches. Firstly these ideas have been used for 
the torus dynamo in outer rings of galaxies!” and now there are results which can 
describe the whole disc.? 

The magnetic field B can be presented as: 


B = Bé, + V (Ac), 


where B is the azimuthal magnetic field and A is the azimuthal part of the vector 
potential of the magnetic field. 

If we use this model, the Steenbeck — Krause — Radler equation will take the 
following approximate form: 


seeds (1— B?) - MAA-— pe 


Ot Or’ 
OB Se OA\.. <5 OB 


All main dimensionless parameters here are the same as for the previous model. 
The equations are solved for —h < z < h, rin < r < R, and the boundary conditions 
are: 


Alt=o = 0 


277 


B\:=0 = Bosin(mr)cos (=) 


OA (r, —h) 
Oz 
The comparative results are shown on Fig 3. Here we can see both the field 
modeled using no-z approximation and the RZ-model. We can see that the field for 
the RZ-model reaches a bit larger values and the typical dependence is different, 
too. 


= 0. 


B/B“ 


r 


Fig. 3. Comparison of two models. Dashed line shows RZ-model and solid line shows no-z model. 


Figure 4 shows the 2D-structure of the field. Here we can see the maximum of 
the magnetic field quite close to the inner boundary, and near the outer boundary 
the field decreases. 

Also we have studied the connection between the dynamo number D = RaRw 
and the r-dependence of the field. It can be seen that for lower D the field is smaller, 
too. 


4. Conclusion 


In this work we have studied evolution of the magnetic field in accretion discs. 
We have used two different models taking into account different approaches to the 
dynamo. First of all, we studied the evolution of the magnetic field using the no-z 
approximation which has been developed for thin discs. After that, we passed to 
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0.02 


N 0.00 


-0.02 


Fig. 4. The dependence of the magnetic field on r and z coordinates for RZ-model. 


B/B* 


Fig. 5. Time dependence of the magnetic field for RZ-model for different D, y. Solid line shows 
the case, when Deff = 15, dashed line shows the case, when Deff = 9, dotted line shows the case, 
when Deff Eu 
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the RZ-model, which takes into account z-dependence of the magnetic field, but it 
is more difficult to be solved from the numerical point of view. We can conclude 
that if we study thick discs, it is better to take the RZ-model, and for thin one we 
can take no-z approximation. 


Work of M.P. was supported by a grant from the Fund for the Development of 
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Limiting effects in tori clusters 
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We consider agglomerates of misaligned tori orbiting a supermassive black hole. The 
aggregate of tilted tori is modeled as a single orbiting configuration by introducing a 
leading function governing the distribution of toroids (and maximum pressure points 
inside the disks) around the black hole attractor. The orbiting clusters are composed by 
geometrically thick, pressure supported, perfect fluid tori. This analysis places constraints 
on the existence and properties of tilted tori and more general aggregates of orbiting 
disks. We study the constraints on the tori collision emergence and the instability of the 
agglomerates of tori with general relative inclination angles, the possible effects of the tori 
geometrical thickness and on the oscillatory phenomena. Some notes are discussed on the 
orbiting ringed structure in dependence of the dimensionless parameter € representing 
the (total) BH rotational energy extracted versus the mass of the BH, associating £ to 
the characteristics of the accretion processes. 


Keywords: Accretion disks; Accretion- jets; Black hole physics; Hydrodynamics 


1. Introduction 


We study agglomerates of tori orbiting one central Kerr super-massive black hole 
(SMBH), in two macro-configuration models: (i) as an equatorial-Ringed Accretion 
Disk (eRAD), where the toroids equatorial and symmetry planes coincide with the 
central Kerr BH equatorial plane;'? (ii) as Ringed Accretion Disk (RAD), where 
the agglomerate is composed by misaligned (tilted) tori.!9 !? 

The eRAD tori rotation orientation is a well defined quantity, and a couple of 
eRAD toroids can be both corotating or counter-rotating with respect to the cen- 
tral spinning BH, otherwise tori can have a relative alternate rotation orientation 
(with an inner corotating toroid and an outer counter-rotating toroid with respect 
to the central attractor or viceversa). Tori with different relative rotation orienta- 
tion constitute an interesting case from the viewpoint of the constrains posed by 
the eRAD or RAD model, for example in the case of double tori accretion phase or 
also tori collision which depends generally on the spin-mass ratio of the central BH. 
It is clear that an orbiting tori aggregate model could be constructed considering 
a different disk model for each toroidal component. However in this analysis we 
mostly consider a Polish doughnut (PD) model. This is a well known geometrically 
thick disk model, widely used in literature in a variety of different applications. 13 
Polish doughnut shows a remarkably good fitting of main morphological charac- 
teristics of thick disks also in comparison with more refined dynamical GRHD or 
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GRMHD models.!? RAD is a *constraining-models", providing initial configurations 
for dynamical (GRMHD) situations. In general aggregates of toroidal structures or- 
biting one central BH attractor can result from different accreting phases of the 
SMBHs growing, where the infalling materials, having diverse angular momentum, 
may trace back the BH story.2:? 14 23 

This paper is structured in two parts: In the first part, Sec. (2), we discuss 
the eRAD model, focusing on the model parameters and distribution of pressure 
and density critical points. We introduce the concept of leading function for the 
agglomeration describing the tori distribution around the central attractor. 

The second part, Sec. (3), focuses on aggregates of misaligned tori (RAD), dis- 
cussing explicit solutions of its inner structure and an adapted parametrization for 
the toroidal components. 


2. The Equatorial Ringed Accretion Disks 
2.1. Leading function and geodesic structure 


A key step in the modelization of the orbiting agglomerate is to individuate an 
adapted “leading function”, representing the tori location around the central at- 
tractor. For large part of this analysis, we can identify the leading function with 
the definition of fluid specific angular momentum /. Different choices are the ag- 
glomerate leading functions also possibles as we see some examples in Sec. (2.4) and 
Sec. (3.1). In the Kerr spacetime there is 


qm Ln Us IU? + gaU* _ quo t 9602 (1) 
E U; GU + JpU? gu + Heh’ 
Q= ue a Eget + gut = Ito T gut 
U! Eggs t+ gel —— gap Qu 


where gag are metric components in the Boyer-Lindquist coordinates, U* is the fluid 
four velocity, Q is the fluid relativistic angular velocity and (E, L) are constants of 
motions-see for example.^? In general, we may interpret E, for timelike geodesics, 
as representing the total energy of the test particle coming from radial infinity, 
as measured by a static observer at infinity, and L as the axial component of the 
angular momentum of the particle. (For the PD tori orbiting in a Kerr spacetime the 
set of results known as Von Zeipel theorem holds, therefore the fluid is barotropic 
and the surfaces of constant pressure coincide with the surfaces of constant density. 
In these spacetimes, the family of von Zeipel's surfaces does not depend on the 
particular rotation law of the fluid, Q = O(£), but on the background spacetime 
only 5-99) 

The leading function provides the distribution of the possible maximum points 
of pressure and density in the fluids surrounding the BH, which are identified as 
the RAD-“rings seeds" , coincident with torus centers reenter, and eventually the 
minimum points of pressure of the fluids orbiting around the central attractor. The 
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minimum points of pressure are associated to the cusps rx of the PD torus Roche 
lobe and are regulated by the geodesic structure of the background, composed by 
the marginally stable circular orbit (755), the marginally bounded circular orbit 
(rmbo) and the marginally circular orbit (ry) which is also a photon orbit. (The cusp 
location in the PD model, located in the range |r mbo, ra so|, could be related to the 
inner edge of an accreting torus.) In the RAD and eRAD models, the location of 
the maximum points of the pressure around the attractor are interpreted as “rings 
seeds", and are regulated by a set of radii, associated to the geodesics structure, 
located in the “stability region" at r > rms. and defined by 


Timbo): £ (r=.6) = 4 Fus) = fmo With roy: (ry) =e (r$) ENS 


bsc mao S T tiabo) < ry 


where <T y) 


and rq44,:0,0.0 =0, with rm: £ (rim) = (xd m (2) 


m 


In here and in the following with QF we indicate quantities Q associated to counter- 
rotating (£a « 0) or corotating (£a > 0) structures respectively, with respect to the 
central BH spin a/M. In the following, for any quantity Q and radius r, we adopt 
the notation Q, = Q(r.). Where more conveniently, we use dimensionless quantities 
where r > r/M and a a/M. 

The leading function, solution of 02£*(r,0;a) = 0 (where (r,6,¢,t) are the 
Boyer-Lindquist coordinates of the Kerr metric), provides the point of maximum 
density of the rings seeds distribution around the BH. 

The corotating and counter-rotating tori cusps orbital regions are shown in the 
Figs 1 for different BH attractors. In the Figs 1 the orbital regions for the ring 
seeds locations (tori centers) are also shown. The union of these regions provides 
the maximum rage of the location of the rings seeds and the maximum extension 


of the disks inner part (the region [rinner, center] where rx < Tinner is the torus 
cusp and finner is the inner edge of the quiescent (i.e. not cusped torus)). The 
orbital strips in Figs 1 relative to the corotating and counter-rotating fluids, cross 
in different points depending on the BH spin-mass ratio and particularly for slower 
spinning attractors. 


2.2. Ideal GRMHD and GRHD 


Polish doughnuts have been realized in different ideal GRMHD and GRHD setups, 
where for the ideal GRMHD (infinitely conductive plasma) case there is 


U4 V? p + (p+ p)V*U, = 0, 

(p+ p)U°V aU? — ehP" V gp — (V9 Fas) F5) h?” = 0, 

U°V as — 0. 
(Ff is the Faraday tensor and e is a quantity related to the metric signature?” 30), 
'The electric field does not affect the continuity equation or the equation for the 
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a/M 


Fig. 1. Left: Fluid specific angular momentum £- of the eRAD tori, for corotating (—), and 
counterrotating (+), fluids, versus SMBH dimensionless spin a/M. Tori can form for £^ > Flm 
respectively. There is fe = (re) for re = {1'mso,Tmbo; Ty}, Tmso is the marginally stable circular 
orbit, rmbo is the marginally bounded orbit and r the last circular (photon) orbit. Right: radii 
Tmbo and Pmso and the pair T(mbo) and T(mso) as functions of the dimensionless spin of the BH-see 
Eqs (2). 


FÉmso 


entropy. The entropy per particles s is conserved along the flow U*, defined for 
each torus of the aggregate, and hê is the metric on the 3-sheet orthogonal to flow 
direction U%, defining the projector tensor (there is Vaggy = 0). The inner ringed 
structure is defined by the boundary conditions determining the tori (edges)—see 
for more details.?: ?9: 31 

To simplify our discussion we consider in this analysis the GRHD scenario (see 
for example 13). With the barotropic equation of state, p = p(p), the set of GRHD 
equations for the PD model, reduces to the only constrain equation for the pressure 
(Euler equation): 


where W = W (a; l;r,0) is an effective potential, function of (r,0) for the Kerr 
metric (in the Boyer-Lindquist coordinates). The equation for the pressure critical 
points can be further simplified by considering / as a model parameter, constant 
in each torus of the aggregate. In this setup the extreme points of pressure are 
the extremes of the potential W, and the leading function is given by the radial 
derivative of the effective potential. More precisely the tori parameters are the 
couple (£, K) with £ = constant and Ver = K = constant for each torus, where 
W = ln Verr. 

In this context, the eRAD leading function is /(r) : 0,Ver¢ = 0. The tori (Boyer) 
surfaces are equipressure surfaces (also surfaces of constant (p, p, £, Q)) and the fluids 


fill every equipressure surfaces.?? 


2.2.1. The energy function and tori energetics 


The “energy function" K(r) = Vers (€(r)) regulates, with the leading function (r), 
the RAD aggregate, where K : K(r) —constant for each torus. More precisely, 
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function K(r,0;a) = Ver (4,7, 6; à)|rc. 0a) determines the flow (and the torus) ge- 
ometrical thickness, the tori extension on the equatorial plane, and it is uniquely 
identified by /(r) in the case of cusped tori. The relation between the geometrical 
maxima (defined by K) and the density maxima (fixed by £) is provided by the 
extreme of the leading function /(r,0;a).!? We can relate K(r) to certain features 
of the tori energetics, evaluating some characteristics related to the flow thickness, 
as mass accretion rate or cusp luminosity as listed in Table (1). It is clear that these 
quantities depends on the details of the different tori models, but this analysis can 
provide an estimation of these quantities with respect to the flow co-rotation or 
counter-rotation, the dimensionless BH rotational energy (or dimensionless spin) 
and the tori location in the aggregate.?? 


Table 1. There is w = n + 1, with y = 1/n + 1 being the polytropic index, & is the polytropic 
constant. Q is the relativistic angular velocity. W = InVeyyz is the value of the equipotential 
surface, which is taken with respect to the asymptotic value, Wx = ln Kx is W at the cusp 
rx, while Ws > Wx and rs is related to the accreiting flow thickness. £ representing the total 
luminosity, M the total accretion rate where, for a stationary flow, M = Mx, n = L/Mc? the 
efficiency, D(n, &), C(n, K), A(n, K), B(n, K) are functions of the polytropic index and the polytropic 
constant. L/L is the fraction of energy produced inside the flow and not radiated through the 
surface but swallowed by central BH-see Figs 2 


Quantities O(rx,rs,n) 2 q(n, )(W, — W,)?)? Quantities P= Ole TA FLUE 


Q(x) 
R-quantities: Ry = (W (rs) - Wx)” N-quantities: Nx = DO CR MOT. 
Enthalpy-flux: D(n,«)(Ws — Wx )”+3/2, torus-accretion-rate: m = - 
Edd 
Mass-Flux: C(n,k)(W, — Wy) *1/2 Mass-accretion-rates: 
‘ (W,—W, )n*i 
Mx = A(n, k)r Ss — 


Q(rx) 
L£ B(n,&) Ws-W i i 
Xx — L - ET x Cusp-luminosity: 


z n42 
Lx = B(n,&k)rx AOL a a — 


Evaluation of these quantities defined in Table (1) are in Figs 2 as functions of the 
BH dimensionless rotational energy for different models, fixed according to selected 
values of the fluid specific angular momentum / (fixing the cusp location and the 
center of maximum density) and the Ks €], 1|, fixing the flow thickness at the 
cusp.?* 


2.3. The BH rotational energy 


The BH rotational energy is related to the BH geometrical features through 
its irreducible mass Mirr. From the definition of irreducible mass M2, = 


(M? + V/ M? — J?) /2, where M is the BH total (ADM) mass and the J = aM, 
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Fig. 2. Plots of NS = rx(W#(rs) — Wz)^(Q(rz))-! for P-quantities analysis and R% 
(W*(rs) — W.-)* for O-quantities analysis defined in Table (1) for corotating ((-)-continuum 
curves) and counterrotating ((4-)-dashed curves) tori for different values of the cusps rą = ry € 
(e, B, 9) and radii rs € (ec, Wc 9 c, Ox}, related to thickness of the accreting matter flow, where 
w = n4 1, with y = 1/n+1 is the polytropic index, « is the polytropic constant. Radii (rx, rs) and 
the associated angular momentum £ and K parameters are shown with (e, 8, $, ex, B, ¢x, Ox}. 
Q is the relativistic angular velocity. € is the dimensionless BH rotational energy. 


the dimensionless rotational energy € is: 


POL 
Moros 1+ V/1- mor 


) 
geis [rg Mirr 6M — Jwh 
S 2° Mirr J(0)2” 
y M? — xir 
where £ = £*, M,ot is the rotational mass, r+ are the outer and inner BH hori- 
Zons, wH is the BH relativistic frequency (light-like limiting circular frequency 
evaluated at the BH outer horizon r+). Thee BH dimensionless spin is a(£) = 


A = 2\/—(€ — 2) (£ — 1)?€. The rotational energy € is governed by the constraint 
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Mirr > 0 thus (0M — óJuj) > 0, where £ = 1 — Mirr/M, with quantities evalu- 
ated at an initial state (0). It is £ € [0, £;] where £ = 1 (2 — V2), limiting the total 
rotational energy extracted to a ~ 29% of the total mass M for a process leading 
an extreme Kerr BH to the static Schwarzschild BH. 
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Fig. 3. Upper left panel: the BH outer horizon r+ and the dimenionless BH spin function .A(£), as 
functions of the dimensionless BH rotational energy €. Extreme Kerr BH corresponds to € & 0.29. 
Upper right panel: marginally bounded orbit mbo (dashed curves), marginally stable orbit mso 
(plain curves), marginally circular orbit mco (dotted curves) for corotating motion (blue curves) 
and counter-rotating motion (red curves) as functions of the parameter €. Center Bottom pan- 
els: the tori specific fluid angular momenta £F =constant for corotating (center left panel) and 
counter-rotating (center right panel) tori, the RAD energy function K-(r) =constant for the 
counter-rotating (bottom left panel) and corotating fluids (bottom right panel) as functions of €, 
where ry is the last circular circular orbit (photon orbit) for counter-rotating (+) and corotating 
orbits (-). 


In Figs 2 and Figs 3 the tori aggregates energetic characteristics at the state 0, 
prior a possible process involving the BH and its environment, are related to the 
BH rotational energy. The energetic parameter £ and the angular relativistic ve- 
locity of the BH determine the BH state prior the transition-.?^?9 This analysis 
turns particularly relevant for the RAD model which, because of its inner discrete 
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structure, can be characterized by phases of enhanced accretion rates. Furthermore, 
as each torus of the aggregate is a geometrically thick disk, each component can 
contribute with super-Eddington accretion rates, with the possibility of further ef- 
fects as runaway instability,?^?5 or in the case of RAD composed by misaligned 
tori, the Bardeen-Petterson effect.?? 


2.4. Magnetized tori: alternative leading function 


As mentioned in Sec. (2.1), the leading function is not necessary the fluid specific 
angular momentum. An example providing a different aggregate leading function 
is the case of orbiting agglomerates composed by magnetized tori with a “Komis- 
sarov" toroidal magnetic field.*° In this case the eRAD aggregate leading function 
is a function S, defined by the magnetic field parameters and proving the rings 
seeds locations, the minima of pressure (according to the conditions for the cusp 
formation), the maximum values of the S-parameter for the formation of a tori 
couple and constrains on the eRAD inner structure in dependence on the tori rela- 
tive rotation orientation. More precisely, let us consider the toroidal magnetic field: 
B® = J/2pp/A, where A = Ê gu + 2lgig + goo, and pp = M (gioi — 9u9g65) TTAN 
is the magnetic pressure, w is the fluid enthalpy, q and M are constant; The Euler 
equation can be written as 


SP G+ GO, gicoTWh «-in6. b= flem.(Nh A 
: q-1 q.Mát-! 
O (WO £C") 28, [l0 Vess +G], G(r,9) = S (AVZ) SE RUE 
The RAD leading $-function is 
A-9 
Scrit ——g fa, 67) (Q=¢=— 1), 


where f(a, £; r) is a function of the BH spin and fluid angular momentum?'?! (there 
is A =r? — 2Mr +a’). 


3. Misaligned Tori 


In this section we discuss the tori aggregates containing misaligned tori. To simply 
our discussion we consider misaligned tori orbiting a central static BH. In this case 
we can use different leading functions for the description of the aggregate introduced 
in Sec. (3.1). Tori geometrical thickness is discussed in Sec. (3.2). Frequency models 
in tori aggregates are considered in Sec. (3.2.1) and tori geometrical characteristics 
are deepened in Sec. (3.3) for quiescent (not cusped) tori in Sec. (3.3.1) and for 
cusped tori analyzed in Sec. (3.3.2). 


3.1. Leading functions 


In this section we introduce three definitions of leading functions for the tori 
aggregates-see.!! 
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The critical r(r;) and r$, functions: 


2r | /2ri — r4 ri — 1] 


r(ri) = ’ e = 


(ncn 2 


(solutions of f(r) = (rp) for two orbits (r,r,)). In this case the leading function 
is a relation between the extremes of pressure inside the tori 7(r;), or the cusp r$ 


2 
Tcenter (y 2T center — T. T 1) 
) 


(fenter a, r4)? 


as function of the center of maximum pressure. The distance reenter — rx increases 
with the tori distance in the aggregates from the central BH attractor. 

Leading function /2,,,(K): 

There is 


7 | /27K4 — K (9K? — 8? — 36K? + 8 
P dk ) aa 9K2 (K2 m 1) , (6) 


"Wm 27K^ + K (9K? — 8)? — 36K? +8 (1) 
crit 2K2 (K2 0 1) , 
where riel K) > SUE) > uos Faye Enso, 6l. 


In this case, notably the leading function, relating the two tori parameters £ and 

K, bas been split in function £2, (K), the leading function providing parameters 

(£, K) at the tori centers (rings seeds), and function (2, (K) for the tori cusps. 
Similarly we introduce the following alternative functions. 

(K): There is 


Tori critical radius r2,;, 


8 | 8 
Oi. K)z T K)z , 
rea) Fore aay ak) oa’ "90 = eRe aa SK) 44 


nia (Kx) = fx, foin (Keenter) = lcenter (8) 


o 


oit (X), the leading function is r2,,, (X), relating the center of maxi- 


similarly to £ erit 


mum pressure (ring seed) and the K parameter at the torus center. 


3.2. Geometrical thickness 


Disk geometrical thickness is an important characteristic for the RAD tori. The 
eRAD is a geometrical thin disk composed by geometrical thick tori with an inner 
articulated ringed structure, combining some features of geometrical thick disks, 
inherited by its components and features typical of the geometrical thin disks in its 
global structure. Geometrical thickness is a relevant parameter in the comparison 
with other disks model, in the assessment of the torus vertical structure and the 
influence of a possible poloidal magnetic field, for the accretion mechanism and 
the study of tori oscillations. The definition of geometrical thickness adopted here 
coincides with the thickness S of the outer Roche lobe section of the PD torus. For 
large part of the (£, K) range, cusped tori can be considered geometrically thin i.e. 
S « 1. There are classes of toroidal components with equal thickness. For example, 
in the "reference" case S — 1, distinguishing geometrically thin and geometrically 
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thick disks, where there are couples of toroids with equal energy parameter K, 
regulating also the flow thickness.!% !! 

A further parameter for the evaluation of tori geometrical thickness is the 
dimensionless Berit 


B m (Téenter ux 2)" (renter = P Sa TcenterTx a 2 (Reenter + 2ry) 
crit — 


center VV center ami 3rx yT% m 2 


, 


emerging from the analysis of cusped tori oscillation.*' 4^? Similarly to the leading 
function r(r;) of Eq. (5), Berit depends on the distance between the maximum and 
minimum point of pressure in the tori, which increases with the distance from the 
central attractor. For small Berit (Berit > 0), tori may be considered geometrically 
thin for radial and vertical oscillation, and can be described by the radial and ver- 
tical epicyclical frequencies from the hypothesis of thin (slender) tori, coincident 
therefore with the respective circular orbit frequencies.42 4445 The conditions for 
geometrical thin components according to definition S « 1 and conditions for geo- 
metrical thin tori according to Berit coincide only for special conditions on £ and K 
parameters (therefore depending on the tori location in the agglomerate and their 
dimension), having tori with combined characteristics typical of geometrical thin 
and thick disks.!? 


3.2.1. Frequency models in tori aggregates 


In the conditions where Berit > 0, we can consider the circular orbit approximation 
for the oscillation frequencies. In!? different frequency models are applied to the 
RAD structure, interpreted as a frame for the high-frequency (HF) Quasi-Periodic 
Oscillations (QPOs), assuming the geodesic (nearly circular geodesic motion) fre- 
quencies 

y,(r) — vk(r)f1— ams, vlr) =VvK(r) = ELE (9) 
determined by the tori constraints. The frequencies (9) are combined for the fitting 
of resonance ratios, identifying the upper vy and lower vr, frequencies from different 
oscillation models and assuming (v,(r),vk(r)) evaluated at different points r of 
the tori surfaces. Therefore in!'? we used the frequency models (TD,RP,RE,WD) 
listed Table (2), evaluated in different tori models. The twin peak quasi-periodic 
oscillations with resonant frequency ratios vy /vr = {3 : 2,4 : 3,5 : 4,2 : 1,3: 1} 
have been analyzed.!? 

Different components of the aggregates fit different frequency models, according 
to tori location in the aggregate with respect to the central attractor distinguishing 
therefore the toroidal components and the different torus active parts.!? In the 
models of Table (2), the torus inner edge has been considered the active part of 
the emission process, the frequencies being evaluated at rinner > rx (for quiescent 
tori) Or Tinner = Tx for cusped tori, and as (Berit Z 0,S « 1), the maximum of 
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Table 2. Frequency models and related tori models for the analysis of Sec. (3.2.1). Frequen- 
cies (vg, vr) are in Eq. (9), the relativistic frequency vg = 2, coincident with vg in the static 
spacetime is in Eq. (1). The fluid specific angular momentum is @ and K is the energy pa- 
rameter, rcenter is the center of maximum density and pressure in the torus, rout is the torus 
outer edge. The relativistic-precession model coincides in static BH also with the total pre- 
cession models TP. Radius r%ax is the cusped torus geometrical maximum of Eq. (13), where 
TOax(T) = Tmax as functions of £. Radii 7(r;) and r$ are the aggregate leading functions of 
Eqs (5); function r(r;) relates the critical points of pressure in each toroidal component of the 
aggregate, and function r$, provides the torus cusp as function of the torus center-see Eq. (5). 


Frequency models Tori models 

(RP): vy = vk; vr = vper = vk — Vr; (a)-model]: function of r/M 

relativistic-precession model) (b)-model]: r = reenter (£) function of 
LE [Emo limbo] 

(RE): vu = ve, VL = Vr; (c)-model]: for r = rout (£) functions of £ 

resonance epicyclic models) (d)-model]: in r = rXax(Z) function of £ 

TD): vr = vg, vy = (vk + vr); (e)-model]: for r = r£ function of r/M 
torus cusp or center 

tidal distortion model) (f)-model]: function of r(r;) 

WD): vi, = (vie — v»), 

vu = (2vk — vr); (g)-model]: for r = rcenter(K) function of K 
warped disk model) 


pressure point, the outer edge and the geometrical maximum point have been also 
considered.46-57 


3.3. Tori geometrical characteristics 


Frequencies models of Table (2) have been evaluated on the outer rout and the inner 
rx tori edges, the tori geometrical maximum fmax and tori center reenter. The evalu- 
ation of the tori geometrical characteristics is relevant in the determination of inner 
ringed structure and tori collision. In this section we provide (ry, rout, T center; T max); 
the torus height h and the inner Roche lobe maximum high. These quantities are 
functions of tori parameters (£, K) for quiescent (not cusped) tori, considered in 
Sec. (3.3.1) and @ or K (or alternately the critical pressure points ry and reenter) 
for cusped tori analyzed in Sec. (3.3.2). 


3.3.1. Roche lobes in quiescent and cusped tori 


For quiescent and cusped tori, we provide below the outer and inner torus edge and 
the tori elongations A on the tori symmetry plane-see!! 


2 [1 + Kr cos (4 cos! (o))] 
3K í 


2r cos (1 [2cos ^! (a) + 7] ) 
/3 b 
2 [1 — Kr sin ($ sin! (a))] 
3K l 


Torus outer edge: Tout = 


(10) 


Tori elongation: A= 


Torus inner edge: Tinner = 


291 


where K: K = /1—K, Q = Ê and (o, K, 7) are functions of (£, K)-see.!! (Note 
in the case of cusped tori rinner = rx). 

For the inner Roche lobe, the inner edge an the elongation of the lobe on the 
symmetry plane are 


2[~¢—7sin (i [2 cos! (a) + 7])] 


BH — 
Tinner = 3 , 
BH —2_|.. (1 E TUE 
Abner = 37 Sinis [2 cos” ! (o) + 1] | — sin 3 sin (a)l l. (11) 


The geometrical maximum for the outer r2 ax and inner Roche lobes r?,,, are 


max 


| | KQ 2 i-e 
(K,4) = E 4 ea cos E cos (be) 
Inner lobe: ria, (K,£) = ee 1/2 sin E sin! (us). 


and the torus height is 


2 
haa (K, 4) = = - +Z fay cos E cost (v), 


where (Y, Yr, Z) are functions of (£, K).!! 


Outer lobe: r? 


max 


3.3.2. Cusped tori 


In this section we specialize the analysis of Sec. (3.3.1) for cusped misaligned tori, 
which are described by one only independent parameter K or £ (or equivalently rx 
or menter) 

We can express the critical points of pressure in the tori in terms of the parameter 
£. The torus center and the point of minimum density (and hydrostatic pressure) 
are 


center (£) = ; lo + 2L, COs (z) , Tx (£) = 3 le RS 2L; cos (s [ta + 2)] $ 


where Ly, Ly are functions of ( and Q = (?.! The cusped torus outer edge is 
located at 


" bo se Ne [68 (86526 — Go) + 03 (83 — 1200 + 36)) + 12243] 
4 
TTE 


Tout — E 


304» + 26 — do) - 
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(where (bo, #2) are functions of /). Similarly to functions (€°, g) of Eqs (6), the 
leading function can be expressed in terms of the energy function K as 


[Q + 2L, cos (42) — 6] [Q + 2L, cos (#)]? 


center (£) = 3Q [34 + 2 (2Q — 15) Le cos (4) — 399 + 272 cos (22) + 54]" 
BJ [Q — 2L, sin (4) — 6] (Q — 2L, sin (4))* 
K. (= i ; 
39 [3/4 + 2 (15 — 29) Lesin [4] — 399 — 212 cos (22:) + 54] 
E cos 1 (Lyg), b= sin ! (Lg) (12) 


(here L4 is a function of the momentum £). Function Keenter (£) describes the rings 
seeds, while Kx (£) refers the tori cusps (Q = Ê). 
The cusped tori outer edge can be expressed as function of the cusp r as follows: 


Tx 


1 
COS E cos ! x| To——— — TX 


(ry Ex Taso ^s. 


(rx i VTinbo) 


x een 
Tou Tx) E 3 Tx —Tmbo 


where X is a function of rx, and the the geometrical maxima of cusped tori for the 
outer (o) and inner (i) Roche lobes are 


"ate m cos É uud (- ne CIE 
Ur) \ (FEROU - -a dus cos l CE E "| 


(here r is the fluid pressure critical point where v, Yo are functions of r). 
The cusped torus height is 


r2 


(r= 1 )bo 


a Tmbo) 


IE 2,4 1 
foe) = itt M(x r+) TX sec E cos (wp) + 


+ 
8(rx —Tmbo)(Tx — Ty) (rx — Tmbo)? 


2,2 a \ 12 
9(rx — rz)?rZ, sec? [12cos 1 (9,)] (rx —r4+)(5rx — 22] 
(Wo is a function of rx.) Finally we can express the cusped tori geometrical thickness 
Sx = 2h, /(Ax) in terms of the pressure critical points where Ax is the cusped torus 
elongation on its symmetry plane and hx the cusped torus height. 
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4. Conclusion 


We explored models of tori clusters orbiting around a central SMBH, detailing the 
morphological characteristics of the toroidal components. Configurations considered 
here can be used as initial data for dynamical (time-dependent, evolutive) GRMHD 
analysis. A “leading function” as been used to constraint the tori distribution around 
the central attractor, together with the energy function K (r) regulating the agglom- 
erate stability (cusp emergence and tori collision), the flow thickness, mass accretion 
rate and cusp luminosity. 

From the observational viewpoint the inner ringed structure offers several in- 
teresting scenarios arising from the unstable states associated to its inner activity, 
as the presence of multiple accretion points and inter disk shells of multiple jets. 
Eventually observational evidence of the RAD and the associated inter disk activity 
could be found in the obscuration of the X-ray emission spectrum, as a track of the 
agglomerate inner composition. An indication of the presence of multiple orbiting 
tori could be seen in an increasing BH accretion mass rate and the presence of inter- 
rupted phases of BH accretion, or in the emission associated to oscillation tori modes 
as in HF QPOs. The establishment of runaway instability and the tori self-gravity 
can be relevant further factors for eRAD tori agglomerate around SMBHs?^?? and 


the Bardeen-Petterson effect is main relevant in the misaligned tori case.?? 
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Hydrodynamical transport of angular momentum in accretion disks in 
the presence of nonlinear perturbations due to noise 
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The origin of hydrodynamical instability and turbulence in the Keplerian accretion disk 
is a long-standing puzzle. The flow therein is linearly stable. Here we explore the evo- 
lution of perturbation in this flow in the presence of an additional force. Such a force, 
which is expected to be stochastic in nature hence behaving as noise, could result from 
thermal fluctuations (however small be), grain—fluid interactions, feedback from outflows 
in astrophysical disks, etc. We essentially establish the evolution of nonlinear pertur- 
bation in the presence of Coriolis and external forces, which is the modified Landau 
equation. We obtain that even in the linear regime, under suitable forcing and Reynolds 
number, the otherwise least stable perturbation evolves to a very large saturated ampli- 
tude, leading to nonlinearity and plausible turbulence. Hence, forcing essentially leads a 
linear stable mode to unstable. We further show that nonlinear perturbation diverges at 
a shorter time-scale in the presence of force, leading to a fast transition to turbulence. 
Interestingly, the emergence of nonlinearity depends only on the force but not on the 
initial amplitude of perturbation, unlike the original Landau equation-based solution. 


Keywords: Accretion, accretion disks — hydrodynamics — instabilities — turbulence 


1. Introduction 


Origin of instability and plausible turbulence in Rayleigh stable flows, e.g., the Ke- 
plerian accretion flow, is a long-standing problem. While such flows are evident 
to be turbulent, they are linearly stable for any Reynolds number (Re). Although 
people"? described the underlying flow in accretion disks to be turbulent with an 
effective turbulent viscosity, the origin of turbulence therein was not clear until 
Balbus and Hawley® proposed the idea of magnetorotational instability (MRI) fol- 
lowing Velikhov^ and Chandrasekhar. MRI is a Magnetohydrodynamical (MHD) 
instability, and it operates due to the coupling between the weak magnetic field and 
the rotation of the fluid parcel. Although MRI is a popular instability mechanism, it 
poses several problems. There are astrophysical bodies where the ionization fraction 
is tiny as they are cold. In such systems, MRI gets suppressed.? Apart from that, 
beyond a certain value of the toroidal component of the magnetic field for com- 
pressible plasma, MRI gets suppressed.^? There are several other cites too where 
MRI seizes to work or becomes suppressed.?: !? We, therefore, venture for a hydro- 
dynamical origin of nonlinearity and hence plausible turbulence in the accretion 
disk. Our emphasis is the conventional linear instability when perturbation grows 
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exponentially, unlike the case of transient growth. We particularly consider here 
an extra force,!! to fulfill our purpose. The examples!? of the origin of such force 
in astrophysical context, particularly in accretion disks, could be: the interaction 
between the dust grains and fluid parcel in protoplanetary disks, back reactions of 
outflow /jet to accretion disks. 


2. Formalism of the problem 


a D. 
= [m y (6) 


" P, 


x@ 


Fig. 1. Model picture of local cubical box in accretion disk where we perform the analysis 
(http://ipag.obs.ujf-grenoble.fr/ longarep/astrophysics.html). Within the box, the Cartesian co- 
ordinate x is along the radial cylindrical coordinate r (with respect to the center of the accretion 
disk), y is along ¢, and z is same in both the systems. 


To formulate the problem, we have considered a local box at a local patch in 
the accretion disk, as shown in the Fig. 1. Although the accretion disk possesses 
cylindrical geometry, In the local box, we study the motion of the local fluid el- 
ement using the Cartesian coordinates. The one to one correspondence between 
the Cartesian (x,y,z) and cylindrical (r, à, z) coordinates are shown in the Fig. 1. 
The Cartesian coordinates x,y,z are along the cylindrical coordinates r, 9, z. The 
details of the local formulation are in Mukhopadhyay et al.,!5!^ and Ghosh and 
Mukhopadhyay.!? As we confine ourselves in the local region of the accretion disks, 
the corresponding flow has been considered incompressible.?: 13-16-18 The governing 
equations are the ensemble-averaged Orr-Sommerfeld and Squire equations in the 
presence of Coriolis force and an additional stochastic force,!?:!? which is delta cor- 
related with nonzero mean. The Orr-Sommerfeld and Squire equations are obtained 
by eliminating the pressure term from the corresponding Navier-Stokes equations 
and utilizing the continuity equation for the incompressible flow. The governing 
equations are given by, 


We" sm a a Ta 
rı = NL” 1 
(+u?) V» U By aoe Rev ut 1 ; (1) 


297 


(StU) SO SE gE” REAM, O 
where u and ¢ are respectively the z-component of the velocity and vorticity pertur- 
bations after ensemble averaging, U the y-component of background velocity which 
for the present purpose of plane shear in the dimensionless units is —x, q the ro- 
tation parameter with O(r) c 1/r*, Q(r) being the angular frequency of the fluid 
parcel at radius r, I'-s are the corresponding constant means of stochastic forces 
(white noise with nonzero mean due to gravity making the system biased!!) in the 
system described below, and N L-s are the non-linear terms due to the perturbation. 
The z-component of vorticity and the non-linear terms are given by 


Ow Ov 
= e (3) 
NL” = -V7{(u'- V)u) + oy : f(u' - V)u’}, (4) 
Oris One 
NL‘ = “o Nw) + ziu: V)o}, (5) 


where u’ = (u,v, w), which is the perturbed velocity vector. For the complete de- 
scription of the flow, equations 1 and 2 are supplemented with the equation of 
continuity, which is given by 


V-u =0, (6) 
To solve the governing equations, we have no-slip boundary conditions along z- 
direction,!?: 1320 i.e. u = v = w = 0 at x = +1 or equivalently 
Ou 
= — =¢C=0, atx = +1. 7 
w= T =e z (7) 


2.1. Linear theory 
In the evolution of linear perturbation, let the linear solutions be 


(x, t)e™™, (8) 
(x, the™™, (9) 


=> 


C= 


with k = (0, k,, k;) and r = (0,y,z). Substitute these in equations (1) and (2), 
neglecting non-linear terms, we obtain 


VY 


a 
a9 * i£Q T =0, (10) 


=a a EN £i Lia 09 
a-(e- (es). mom. (11) 


where 
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i 1 2 
£u =(D? — i)" [eu (D? =k) — ku" - — (D - 9], 
Lig — (D? — kt ake 
q 


2 
La =- (v' + ) kz, 
q 


1 
Loo =k,U n iHe (D? = k*) ; 
and 


no pes am) (12) 


Let us subsequently assume the trial solution of the equation (10) be 


1 


- —ict . 
Q = AQse D, pik?’ 


(13) 


where o is the eigenvalue corresponding to the particular mode and it is complex 
having real (op) and imaginary (0;) parts, 


«- (5) a 


and D, stands for 0/0t. Qx is the eigenfunction corresponding to the homogeneous 
part of the equation (10), i.e., Qy satisfies LQ; = o Q;. The first term of the right- 
hand side of the equation (13) is due to the homogeneous part of the equation 
(10), and the second term is due to the inhomogeneous part, i.e., the presence of I, 
of the same equation. Hence, Q is influenced by the force I. However, the typical 
eigenspectra for the Keplerian flow (q — 1.5), constant angular momentum flow 
(q = 2) and plane Couette flow (q — oo) for Re = 2000 and ky = k; = 1 are 
shown in the Fig. 2. Since £1» and £21 in the equation (11) are zero for the plane 
Couette flow and constant angular momentum flow, respectively, we obtain the 
same eigenspectra for both plane Couette, and constant angular momentum flows. 
We perform the whole analysis for the least stable modes for the respective flows, 
and these least stable modes are shown in the dotted box in Fig. 2. 


2.2. Nonlinear theory 
For the non-linear solution, following similar work but in the absence of force,?9 ?? 


we assume the series solution for velocity and vorticity, i.e. 


y= 5 Yn = Y Yn (t, cern ert) (15) 


"n -—0oo n— -—o0o 


when obviously V, = V? and v could be any one of u and C. 
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Fig. 2. Variation of c; with o; for Re = 2000 and ky = kz = 1 for the Keplerian flow (q = 1.5), 
constant angular momentum flow (q = 2) and plane Couette flow (q — oo). The latter two 
eigenspectra are identical. The dotted box represents the least stable mode for the respective 
cases. 


We substitute these in equations (1) and (2) and collect the coefficients of the 
term e'(*r-779. to capture least nonlinear effect following, e.g.,,!?:20:2? from both 
sides and obtain 


ð 
wet — ion Qs + LQ, = NL, (16) 
2. ,2)-1 u = 
where NL, = (P 5 ). NL and Qı = & vir We assume the solution 
NIA Ga, £) 
for Qı to be 
2 1 
Qi = 3 AunQsm — Big (17) 


m=1 


where m stands for various eigenmodes. 

However, to the first approximation, our interest is in the least stable mode. 
Similar descriptions in two dimensions”? without T and three-dimensional Keplerian 
disks?? without T are already there in the in the literature and we mostly follow 
their formalism. We, therefore, omit the summation, and subscript m in the equation 
(17), and obtain 


i 


Qi = AQ; — D, yil" (18) 
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We then substitute the equation (18) in the equation (16) and using bi- 
orthonormality between Q, and its conjugate function Qz, we obtain 


dA, 


a oA, +N = p|Ad^ At, (19) 
where 
1 
N= / dx QT' (20) 
-1 
and 
1 ~ 
p= f axdis. (21) 
“4 
where 
1 
I’ =—T +i, — JU 
d (s; + 72. (22) 


= -I'+io,(t - i£) + LPT, 


S is the spatial contribution from the nonlinear terms. For the greater details, see 
Ghosh and Mukhopadhyay.!? 
Throughout the paper, I from the equation (12) has been decomposed as T > 


1 
DL ( ;j by adjusting Iı and Ts, as they are only the free parameters. 


The evolution of M has been shown in Fig. 3 for the parameters mentioned 
in the figure. It shows that M becomes saturated beyond a certain time, and the 
saturation depends on Re. As Re increases, the saturation increases. Fig. 4 shows 
the variation of the least stable (the one in the dotted box in Fig. 2) as a function of 
Re in the case of the Keplerian flow. It tells us that the least stable mode approaches 
zero as Re is increased. 


3. Results 


Equation (19), which is a nonlinear equation, tells us about the evolution of the 
amplitude of the perturbation. To explore the evolution of linear and nonlinear 
perturbations, we use the equation (19) accordingly. For the evolution of the linear 
perturbation, we get rid of the nonlinear term in equation (19). 


3.1. Evolution of |A|: in the linear regime 
In the linear regime, the equation (19) becomes 


dA 
ae =o;A,—N. (23) 


This equation tells that at large t, | A;| becomes |W/]o;|.!? 


301 


250 [——————————————-— 

— — Rea 500 

I NEM LL LZ ZI Re = 1000 
200 -——— Re=2000 H 
100 4 
50 

L L f Ll il 1 Ll l 1 1 | f 1 l 1 f 1 1 
0 100 200 300 400 500 


t 


Fig. 3. Variation of M as a function of t for Re = 500, 1000 and 2000, for r = 10^ and ky = 
kz = 1, corresponding to the respective least stable modes. 


Fig. 5 shows the variation of | A;| as a function of t for various values of Re and 
T. Fig. 5 also suggests the scaling relation between saturated |A;| and T to be 


|Ad x T (24) 


for a fixed Re. Apart from that, we notice that for a fixed TI, |A|; becomes saturated 
at |N|/|c;| beyond a certain time, and the saturation increases as Re increases. 
This saturation is independent of the initial condition.!? This is because at a fixed 
T, |V| becomes saturated (see Fig. 3) at a fixed value, and the saturated value 
increases as Re increases, as well as |c;| increases as Re increases (see Fig. 4). Now, 
in the accretion disk, Re is huge!? (> 1014). The smaller T, therefore, can bring 
nonlinearity in the accretion disk, as for huge Re, |c;| is infinitesimally small. Hence, 
IV |/|o;| becomes enormous. This huge saturation of |A;| could bring nonlinearity 
and hence plausibly turbulence in the underlying Keplerian flow. 


3.2. Evolution of | A;| in the nonlinear regime 


In the nonlinear regime, the evolution of |A;| is described by the equation (19). 
Fig. 6 describes the variation of |A| as a function of t for nonlinear perturbation 
in the Keplerian flow. In the figure, RE(A;) and IM(A;) indicate the real and 
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Fig. 4. Variation of the least stable c; as a function of Re for ky = kz = 1 in the Keplerian flow. 


imaginary parts of initial A;, respectively. It tells us that for [ = 0, depending on 
the initial amplitude, | A;| may diverge (green line) or | A;| may decay (continuous 
black line) to zero from the initial amplitude. When there is no noise, i.e., T = 0, 
the diverging solution of |A;| occurs when the initial amplitude is beyond a critical 
amplitude.!? It is apparent that the onset of the nonlinearity depends on the initial 
amplitude of perturbation in the absence of the force, but it does not depend on 
the same in the presence of force.!? The divergence of |A;| and hence the onset of 
nonlinearity and plausible turbulence depends only on the strength of the force, as 
shown by dashed (magenta) line, compared to dot-dashed (blue) and dotted (red) 
lines, in Fig. 6. 


4. Conclusion 


If there is no extra force involved in the system, then the equation (19) becomes 
the usual Landau equation, which is 


dA 

E = gi At + p| Ad As, (25) 
which can be further recast to 

d| A|? 

HAL SLAP Ra AE, (26) 


dt 
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Fig. 5. Variation of |A;| as a function of t for three sets of Re and T with ky = kz — 1 for linear 
analysis in the Keplerian flow (q — 1.5). 


where A is the amplitude of the nonlinear perturbations for the corresponding sys- 
tem, kı is 20; and kə is the real part of 2p, i.e., 2p... Its solution is 


A2 
|A? = — S (27) 
ae AG + (1 + 2.43) eam 


where Ag is the initial amplitude. Depending on the sign (positive/negative) of kı 
and k2, there are four?^?? different possible evolutions of |A|. These given below. 


e In the present context of shear flows, kı (i.e., gi) is negative, but kə is 
positive. Therefore, there will be a threshold for initial amplitude A;, de- 
termining the growth of perturbation. If the initial amplitude Ap < Ai, 
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Fig. 6. Variation of |A;| as a function of t with ky = kz = 1 for nonlinear analysis in the Keplerian 
flow for Re = 500 and four different I. For T Z 0, initial condition is RE(A;) = IM(A;) = 1. 


then 
2 A2 kit 
A? Aóe (28) 


at a large t. Therefore, |A|? — 0 for Ag < A; at t — oo. However, if 
Ap > Aj, then |A]? — œ at t > In(1 = A? /A2)/k1. 
e If both kı and ky would be positive, |A|? blows up after a finite time. Hence, 


there will be a fast transition to turbulence. 

e On the other hand, if kı > 0 but k2 < 0, then |A|? — ky /|k2| at t — oo. In 
this case, |A|? at a large t does not depend on Ap. 

e Obviously, for kı and kg both negative, |A|? decays fast. 
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However, we have shown that the saturation in |A| is [N]/|c;| in the linear 
regime. We have also argued that depending on Re and I’, the system may already 
be in the nonlinear regime. The evolution of |A;| at the linear regime in our case, 
ie., with extra force, is similar to that of |A| from the equation (26), i.e. without 
force, for kı > 0 and kg < 0. In the Keplerian flow, kı, i.e. o;, is negative, but 
k2, i.e. pr, could be positive. In the presence of extra force, the Landau equation 
modifies in such a way that the solution in the linear regime itself mimics the Landau 
equation without force (i.e., equation 26), however, with kı > 0 and k2 < 0. Further, 
in the nonlinear regime, the amplitude A; (i.e., with extra force included) diverges 
beyond a certain time, depending on Re and I'. In the nonlinear regime, the Landau 
equation in the presence of extra force but negative kı (c;) is, therefore, mimicking 
the Landau equation without force but with positive kı and ks. Essentially, the 
extra force effectively changes the sign of kı (ie., oi) for the Landau equation 
without force. Speaking in another way, the very presence of extra force destabilizes 
the otherwise stable system. Thus, the presence of force plays an important role in 
developing nonlinearity and turbulence in the case of Rayleigh stable flows. 
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Properties of accretion disc models in the background quadrupole 


Shokoufe Faraji 


University of Bremen, Center of Applied Space Technology and Microgravity (ZARM), 28359 
Germany 


We consider a static and axially symmetric metric containing two quadrupole param- 
eters. In the present contribution, we study the quadrupole moments constraints on 
the properties of the relativistic accretion disc models, also explore the relation of os- 
cillatory frequencies of charged particles to the frequencies of the twin high-frequency 
quasi-periodic oscillations observed in some microquasars. We also compare the results 
with Schwarzschild and Kerr metrics. 


Keywords: Accretion discs; Quadrupole moment; Black hole physics; QPOs 


1. Introduction 


In this paper, we are interested in studying how the presence of quadrupole moments 
in the metric affects the nature of astrophysical properties. This metric may link 
the observable effects to the system due to taking these parameters as the new 
dynamical degrees of freedom. 

The first static and axially symmetric solution of Einstein equation contain- 
ing arbitrary quadrupole moment were described in.! Later, Zipoy and Voorhees?;? 
found an equivalent transformation which can be treated analytically. Later on, with 
introducing a new parameter is known as q-metric.* In this regard, quadrupoles can 
be seen as perturbation parameters of the Schwarzschild spacetime from a dynami- 
cal point of view. T'his metric represents the exterior gravitational field of an isolated 
static axisymmetric mass distribution. Of course, there are different ways of includ- 
ing quadrupole in the metric, but we consider ones that can be treated analytically. 
One simple and straightforward extension of q-metric involves introducing an ex- 
ternal field in addition to the dynamical metric. This class of theories is referred to 
as generalized q-metric. The astrophysical motivation for choosing such fields is the 
possibility to constitute a reasonable model for a more realistic situation occurring 
in vicinity of compact objects. 

This work studies thin and magnetized thick accretion disc models,? and quasi- 
periodic oscillations (QPOs)? in this static and axisymmetric background. 


2. q- metric with an external source 


Most of the astrophysical studies considered the Kerr black hole. However, here, 
we choose to work on the generalized q-metric that considers the existence of a 
static and axially symmetric external distribution of matter in its vicinity up to 
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quadrupole like adding a magnetic surrounding." In fact, due to their strong gravi- 
tational field, compact objects are not necessarily isolated or spherically symmetric 
as a response to their environments. This metric describes the outer of a deformed 
compact object up to quadrupole and reads as? 


2 ge eos Q 442 2/,.2 —2H 
ds* = — e" dt" + M*(x* — l)e 


zl 
r +1\ 09 ge vere 24 
x ———45 e 
r—1 z? — y? 
dx? dy? 
+ (1—y*)d¢? 1 
x (+ a) aver]. () 
where t € (—œ0, +00), x € (1,+00), y € [-1,1], ¢ € [0,27), and in principle 


a € (—1,00). Metric function w plays the role of gravitational potential, and once 
we have it by an integration of its explicit form, 7 is obtained. These are given by 


p= - [-327y? +2? +y- 1], (2) 
4 = —2xB(1— y?) 
+ E (x? —1)(1 — y)(—92^y? + x? + y? — 1). (3) 


By its construction, this metric is valid locally.? This metric has two parameters 
aside from the mass; deformation parameter a and distortion parameter £, which are 
not independent of each other. These are chosen to be relatively small and connected 
to the q-metric and the surrounding external mass distribution, respectively. It can 
easily be checked that for vanishing 8 we recover the q-metric, and in the limits a = 
0 and 8 4 0 distorted Schwarzschild written in the prolate spheroidal coordinates,’ 
and for a = 0 and £8 = 0 we recover the Schwarzschild solution. The relation between 
the prolate spheroidal coordinates (t,2,y,¢), and the Schwarzschild coordinates 
(t, r, 0, Q) is 

ub y = cos. (4) 
To the end, we explore this background by analyzing the thick and thin accretion 
disc models, and Quasi-periodic oscillations. 


3. Accretion discs 


In this analysis, we consider two well known Thin and Thick analytical models of 
accretion onto a compact object. 


3.1. Thin model 


'The standard thin disc model has been used to explain a variety of observations 
where gas is cold and neutral. Therefore, the coupling between the magnetic field and 
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gas is negligible. In general, observations provide the luminosity and the maximum 
temperature of the disc that fit the data model. 

In this model, the steady axisymmetric fluid configuration is assumed. In ad- 
dition, as a result of the geometrically thin assumption, effectively, all physical 
quantities only depend on the vertical distance from the equatorial plane and the 
radial distance to the central object so that we can consider vertically integrated 
quantities. Therefore, the two-dimensional disc structure can be decoupled to one- 
dimensional configurations. One is responsible for the radial quasi-Keplerian flow 
another for the vertical hydrostatic structure.!9: 11 

'Three fundamental equations govern the radial structure of the thin disc model 


(pu^); — 0, (5) 
uL rr = 0; (6) 
hus (T7"),, = 0. (7) 


where u^ is the four-velocity of the fluid and p is the rest mass density, 7?" is the 
stress-energy tensor containing non-vanishing shear part, and A^"" is the projection 
tensor. These equations, together with the radial velocity, which is stated in terms 
of surface density and mass accretion rate, alpha viscosity prescription and heat 
flow, govern the radial structure of the disc.1?: 1 

For the vertical profile in the comoving fluid frame, the force due to vertical 
pressure gradient is balanced with gravity, the centrifugal force, and vertically Euler 
force. T'he pressure is the sum of gas pressure from nuclei and the radiation pressure, 
which in practical is derived from the relativistic Euler equation.!? 

Finally, by solving this system of linear equations, one obtains a unique solu- 
tion for considering positive temperature and pressure. Besides quadrupoles, three 
parameters describe a thin disc solution in this background, namely M, mass ac- 
cretion rate M , and viscosity parameter a. Consequently, the geometric configu- 
ration of an accretion disc located around this space-time depends explicitly on 
the value of the quadrupole parameter. An analysis shows the astrophysical quan- 
tities possess almost the same pattern. Figure 1 shows the temperature and flux 
profiles for different values of quadrupole parameters. As it shows, the intensity of 
these quantities is much higher closer to the central object and for negative values 
than Schwarzschild and positive values. This links to the location of ISCO, which 
is considered the inner edge of the thin accretion disc. For negative quadrupoles, 
ISCO is closer to the central object, pushing away for positive ones. Therefore, for 
negative values, the inner part of the disc is located closer to the central object, 
which causes more intense characteristics in all quantities. It means the behaviour 
of positive quadrupole moments is smoother than negative ones in general. We may 
compare this result with the Kerr solution if we consider the rotation parameter 
a kind of quadrupole counterpart in this background. In the Kerr background, the 
intensity of these quantities for co-rotating is also smaller than the counter-rotating 
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case. However, the main difference in the Kerr background is this pattern is valid 
everywhere, not only closer to the inner part of the disc. Therefore, in general, there 
are distinguishable differences in both cases regarding observational data.!? 


350000 
300000 
250000 
200000 
150000: 


100000: 


Fig. 1. The left plot is temperaturee T profile for a = —0.2; blue line shows 8 = —0.00001, 
green one 8 = 0 (Schwarzschild), and red one 6 = —0.00001. The right plot is flux profile F for 
vanishing 8 (q-metric) and different values of a; from top a = —0.2 , a = 0 (Schwarzschild), 
a=0.2,a=0.5. 


3.2. Thick model 


The thick disc model describes a general method of constructing perfect fluid equi- 
libria in an axially symmetric and stationary background, which is the simplest 
analytical model of discs with no accretion flow and is radiatively inefficient. In 
this work, we considered its magnetic version. The evolution of an ideal magne- 
tised fluid is described by the baryon conservation, energy-momentum conserva- 
tion, and induction equation.!^!? The final well known equation in this model 
reads as!6 


W Win t 


£ 
i Ode 
B.E. (8) 
£ 


K—-lw m-lw a 12E 


where W = ln |u|, magnetic pressure and gas pressure are pm and p, 7 and & are 
parameters, and w is enthalpy. Therefore, one can construct this model by specifying 
Q or £ to fix the geometry of the equipotential surfaces. In the constant case, the 
disc surface is fully determined by the choice of the potential in the inner part 
of the disc, Win, independent of the magnetic field.!” Thus, the value of angular 
momentum ,£o, determines the total potential.'® 

In this work we also considered two more angular momentum distributions; the 


power-law,!5 and the trigonometric function.'? In the power-law distribution it is 
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assumed that 
Q(£) = ce”. (9) 


where by using this equation, the right hand side of the equation (8) can be calcu- 
lated easily.!? In the trigonometric function distribution, it is assumed that!? 


LK (x) p EPPAYT) S 
M 
fC) = y’) , £ < Trs, 


where lo = Clk (£ms), and £g is the Keplerian angular momentum in the equatorial 
plane, 7, c, and 6 are parameters, and £ms is the place of marginally stable orbit. 
In this model, one only needs to solve function F to obtain the solution!? 


Op _ Ong" -H£^0,9** 
= 9 FS = c Fn). (11) 
Oyp yg” + £7 Oyg 
Analysis of results shows that changing parameter e has a strong effect on the 


location and amplitude of the rest-mass density and spreading the matter through 
the disc for any chosen value of quadrupoles. 
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Fig. 2. The left plot is for (a, 8) = (0.4, 0.000001), the right one is for (a, 8) = (—0.1, 0.000001) 
with constant angular momentum. 


In fact, a higher magnetic pressure causes the matter to concentrate more in the 
inner part of the disc. The rest-mass density maximum and its location also depend 
on the quadrupoles values. Although the effect of quadrupoles correlates with the 
other parameters, we can conclude that quadrupoles are more responsible for shift- 
ing the position of the disc and have a positive contribution to its radial extension. 
However, this effect for 3 is not easy to see, as the values of quadrupole parameters 
that we chose in our models are minimal.?^?! Moreover, there is a possibility of 
having two tori in a row for any value of 8 but negative values for the parame- 
ter a € (—0.5, —0.553]. In Figure 3 this situation is plotted with constant angular 
momentum. However, with two other angular momentum distributions discussed in 
the paper it is also possible to have two tori.?? 

Furthermore, in the trigonometric distribution, the o and 6 parameters influence 
each other. However, one can say that o is more responsible for the location and 
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Fig. 3. Possibility to have two tori in a row for a € (—0.5, —0.553] regardless of the 8 values. 


amplitude of the rest-mass density, and 6 affects the distribution of equidensity 
surfaces. In the case of the power-law distribution, steeper angular momentum tends 
to shrink the disc and decrease the amplitude of the rest-mass density and pushes 
away the location of its maximum simultaneously. 


4. Quasi-periodic oscillations 


Quasi-periodic oscillations (QPOs) of X-ray power spectral density have been ob- 
served at low (Hz) and high (kHz) frequencies.?^?? There have been many mod- 
els to explain QPOs in the past years. Among them is the Relativistic Precession 
Model (RPM), which relates the twin-peak QPOs to the Keplerian and periastron 
precession frequency on an orbit located in the inner part of the accretion disc.?4 
Regarding, the high frequencies QPOs ( the two-picks in Fourier power density spec- 
tra) are considered as the resonances between oscillation modes. Within the ratio 
3 : 2 epicyclic resonance, the resonant frequencies are identified with frequencies of 
radial and vertical epicyclic axisymmetric modes.?5 27 

In this work, we are interested in the dynamics that occur when a static, ax- 
isymmetric central compact object is embedded in a weak uniform magnetic field 
of strength B aligned with the central body’s symmetry axis and described by the 
$-component of the vector potential?® 


(+a) 
22) l (12) 


1 m 
Ag = zB = l)e 2% (= 1 


In addition, the specific energy and angular momentum of the particle read as?? 


(+a) 
r—1 ; dt 
E- m. 1 

(==) ^ ds S 


" (+a) 
L = (a? — 1)e ?* (=) E + o) , (14) 
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where Q :— 25 is magnetic parameter. Further, the effective potential is 


2m 
(a+1) a 
E j TZES 
Vgg — (z ) eY eg an (=) (=°) 


rcl 


Le?ó x—-1\* : 
x tee (zu) Q(x 4 ) | (15) 


'The second term corresponds to the central force potential and electromagnetic 
potential energy. In what follows, we investigate the stability of circular motion in 
this background in the presence of a homogeneous magnetic field. We followed the 
method described in?^:?! and extend the result to this background. The results are 
in good agreement with these papers regarding vanishing quadrupoles, also rotation 


in their works. 

We need to describe the more general class of orbits slightly deviated from 
the circular orbits in the equatorial plane x” using the perturbation expansion, 
z^ = x” + E”. By considering this relation into the geodesic equation with non- 
vanishing external force and making the integration, for the t and ¢ components, 


up to linear order in £", and we obtain??:?! 
Q2 = 0,0" — oT (16) 
w? = ðU”. (17) 


These equations describe radial and vertical oscillations of the charged particle 
about circular orbits. The sign of frequencies determines the dynamic w2 and w? so 
that if they have a positive sign, we have a stable orbit; otherwise, even a minimal 
perturbation can cause a substantial deviation from the unperturbed orbit. 

In Schwarzschild solution, the vertical epicyclic frequency is a monotonically 
decreasing function of x, and we have w? < w? = Q?. On the contrary to the 
Schwarzschild case, the interesting situation in this background is to have various 
orderings among frequencies and thus different possibilities to reproduce the ratio 
of 3 : 2, also other ratios via different combinations of parameters?? which is not 
the case in either Schwarzschild or in q-metric. 

Among the various models of the resonance of accretion disc oscillations, we 
consider the group of QPO models (WD, TD, RP, Ep, Kp, RP1, RP2) considered 
in?? and examined them in this background and compared with observational data 
of three microquasars XTE 1550-564, GRS 1915+105, and GRO 1655-40.79: 38 How- 
ever, the physical details of these models are different and depend explicitly on the 
time evolution of the desired system. Indeed, the case of relatively slowly rotating 
XTE 1550-564 source is more compatible with our static set-up. However, different 
sets of parameters can fit the data even for the two other fast-rotating sources. An 
analysis shows for chosen parameters Q, a, and f, the best fit almost corresponds 
to RP2, RP, and RP1 models in low spin cases. Besides, results reveal that even 
the regular orbits for some combinations of parameters of metric turn to behave 
chaotically with a higher magnetic field. 
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Fig. 4. The upper oscillation frequencies compared to the mass limits obtained from observations 
of three microquasars for some chosen parameters. 


5. Conclusion 


In this paper, we mentioned astrophysical features of two accretion disc models 
in the background of a compact object containing quadrupole moments. We have 
shown that the presence of quadrupoles changes the accretion disc’s geometric prop- 
erties in both models drastically. In particular, in the Thin accretion disc model, 
the spectral features would be significantly different and distinguishable in the ob- 
servation from a black hole. The structure and the shape of the magnetized Thick 
accretion disc model are also influenced strongly by these parameters. 

In addition, the dependency of these two parameters reflects into epicyclic fre- 
quencies of particles that cost substantial deviation from the correspondence quan- 
tities in the Schwarzschild case. In fact, the resonant phenomena of the radial and 
vertical oscillations at their frequency ratio 3 : 2 depending on chosen parameters, 
also in this background can be well related to the frequencies of the twin HF QPOs 
3 : 2 observed in the microquasars. Although the fitting depends on the combina- 
tion of parameters, we still can expect to have a better fitting for choosing a larger 
quadrupole moment in the combination. 

Directions for the future could be adding the strong magnetic field which also in- 
fluences the metric itself, considering rotation, studying the self-gravity of the Thin 
disc model, and studying the stability of this solution to extend this work. Further, 
this theoretical model can be served as the initial data for numerical simulations in 
the astrophysical setting. 
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We generalize the relativistic accretion thick disc model to the background of a spinning 
charged accelerating black hole described by the C-metric to study the effects of this 
background on the disc model. We show the properties of this accretion disc model and 
its dependence on the initial parameters. This background can be distinguishable from 
the Kerr space-time by analyzing the observing features of accretion discs. 
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1. Introduction 


In this paper we investigate the spinning charged C-metric, with the aim of studying 
the properties of the well known magnetised Thick accretion disc model and the 
morphology of the equipotential surfaces. 

The family of C-metric has accelerating nature and is considered as describing 
an accelerating black hole.' The spinning charged C-metric in Boyer-Lindquist-type 
coordinates? reads as 


1 2 
ds? — q2 4d E — asin? T4 

b dé? sin? 0 dol? 

yd + Er? d —— lad (r^ + e (1) 

where 
Q=1+arcos8, (2) 
2m +a 
f= es) (i- 384 827). (3) 
g(0) = (e? + a?)o? cos? 0 + 2mo cos 0 + 1, (4) 
2 

X(r,0) = =p 0080+ 1, (5) 
€ 2 o? (e£? a?) +1, (6) 
K =€+2ma, (7) 


where t € (—oo, +00), 0 € (0,7), r € (0,+00). The metric has four independent 
parameters: the mass m, the electric charge e, the rotation a, and the so-called 
acceleration parameter a. In this metric r — 0 is the curvature singularity, and there 
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is a conical singularity on the 0 axis. The parameter K affects the distribution of 
conical defects in the space-time and allows y to be 27-periodic (see for example? ?). 

Almost all studies with this metric are revolved around the coordinate ranges, 
which are dictated by the metric functions and their root configurations. The main 
constrains are 


1 
o 8 
"i a cos 6’ (8) 
e? +a? « m?, (9) 
and 
DUET dux 
< 

2mas L? uec (10) 


2. Properties of the disc model 


The Thick accretion disc is an analytical model that provides a general method 
to build equilibrium configurations of the perfect fluid matter orbiting around a 
stationary and axially symmetric black hole.^" In this procedure, we considered 
the approach of Komissarov? to attach a dynamically toroidal magnetic field to the 
model. 

An analysis shows? that by increasing the acceleration parameter a, almost the 
possibility of having solutions decreases dramatically. On the contrary, the charge 
parameter e positively contributes to having solutions; mainly, its effect manifests 
more for a relatively large o. Furthermore, the possibility of having solutions for 
larger a depends on having large values for e, so the effect of higher a on the disc 
could be neutralized partially with the higher charge. 


a = 0.001, L? = 15.4, Wn = -0.0390776,e - 0 aq = 0.001, L? = 14.9, Wi, = -0.039381,e=0.5 a = 0.001, L? = 14.4, Wy, = -0.03967125, e = 0.7 
m 1 T y 


1.008 1102 
0.896 


0.784 


lo.o80 
|0.857 
0.672 lo.135 


0.560 lo.612 


r x cos(8) 
rx cos(8) 
rx cos(0) 


0.448 
0.336 


|o.490 

|o.367 

0.224 H 0.245 1 0.223 

oa12 -10 i 122 -10 | oan 

i 10.000 i 0.000 i 

0 10 20 0 10 20 0 10 20 
rxsin(8) rx sin(8) rxsin(0) 


Fig. l. Contour map of the rest-mass density of magnetised disc. The dashed lines point the 
center of the disc at re = 10. The discs are all highly magnetised disc. 


The effect of rotation parameter a on having solutions is not strong compared 
to aœ but more substantial than the charge parameter e. In fact, parameter a, like 
a, has a negative effect on having solutions. In general, as e increases, we expect 
the matter is concentrated closer to the inner edge of the disc. On the contrary, the 
higher values of a spread the matter more through the disc. Moreover, Increasing a 
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decreases the size of the disc and change the distribution of matter. In addition, it 
shifts the disc farther from the compact object, contrary to an increase in e, which 
shift the disc closer to the central object. 

For a fixed value of acceleration parameter a and vanishing rotation, the magne- 
tization parameter does not influence the geometry of the disc; however, it changes 
the distribution of matter inside the disc and shifts the location of the rest-mass 
density maximum. In addition, we have a larger oriented disc for larger values of e. 
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Fig. 2. Contour map of the equipotential surfaces. no solution for o — 0.005 unless for high e 
and very low a. Show no solution for higher a and rotation. 


3. Conclusion 


In this work, we discussed the influence of the magnetisation parameter, charge e, 
rotation a, and accelerating parameter a in the spinning charged C-metric on the 
structure of the magnetised thick disc model. 

In general, we can have the Thick disc model for relatively small values of a, 
while by increasing a, the disc structure becomes smaller and gradually vanishes. 
'The same is true for a. On the contrary to these two parameters, an increase in 
e increases the disc size and possibility of having a solution. However, we should 
mention that the strength of the parameters are not the same, as o has the strongest 
and e has the weaker effect on the disc structure, in comparison. 
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A further step of this work can be a study on the oscillation of the disc in this 
setup which is in progress. In addition, this is interesting to examine the Thick disc 
model with different angular momentum profiles in this space-time. 
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In this work, without any claim to completeness, I will review the zoo of binary sys- 
tems emitting X radiation, the multi-frequency behaviors of high-mass X-ray systems 
(HMXBs), with particular emphasis on the X-ray/Be system A 0535 + 26/HDE 245770, 
which for a favorable series of concomitant causes it is the most studied system. I will 
also discuss the time lag between events occurring in the high-energy and low-energy 
bands in galactic accreting systems. 


Keywords: X-ray binaries; High mass X-ray binaries; individual: A 0535+26/HDE 
245770; accretion, accretion disks 


1. Introduction 


Among X-ray emitters, X-ray binaries are cauldrons of fundamental physical pro- 
cesses which appear along practically the whole electromagnetic spectrum. The 
sub-class of X-ray transient sources show multifrequency behaviour which deserve 
particular attention in order to understand the causing physics. These binary sys- 
tems consist of a compact star and an optical star, therefore there is a mutual 
influence between these two stars that drive the low energy (LE) (i.e. radio, IR, op- 
tical) and high energy (HE) (i.e. UV, X-ray, y-ray) processes. The LE processes are 
produced mostly on the optical star and the HE processes mostly on the compact 
star, typically a neutron star. Thus it appears evident that through the study of 
LE processes it is possible to understand also the HE processes and vice versa. In 
this paper we will discuss this problem starting from the experimental evidence of 
a delay between LE and HE processes detected for the first time in the X-ray/Be 
system A0535+26/HDE245770 (e.g. Giovannelli & Sabau-Graziati;? Giovannelli, 
Bisnovatyi-Kogan & Klepnev*! (here after GBK13); Giovannelli et al.43). This de- 
lay is common in cataclysmic variables (CVs) and other binary systems with either 
a neutron star or a black hole. 

Giovannelli?? published an extensive review about X-ray binary systems. Briefly 
we can summarize the main characteristics of these systems. 


2. The zoo of X-ray binary systems 


The trivial definition of X-ray binaries (XRBs) is that they are binary systems emit- 
ting X-rays. However it has been largely demonstrated that X-ray binary systems 
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emit energy in IR, Optical, UV, X-ray, Gamma-ray and sometimes they show also 
valuable radio emission. They can be divided in sub-classes, namely: 


1. High Mass X-ray Binaries (HMXB) in which the optical companion is an 
early type giant or supergiant star and the collapsed object is a neutron star or 
a black hole. They are concentrated around the galactic plane. The mass transfer 
is usually occurring via stellar wind; they show hard pulsed X-ray emission (from 
0.069 to 1413 s) with KT > 9 keV; typical X-ray luminosity is ranging from 10?* 
to 10?? erg s-!, and the ratio of X-ray to optical luminosity is ~ 1073-10. The 
HMXBs can be divided in two sub-classes: 


1.1. Hard Transient X-ray Sources (HXTS) in which the neutron star is 
eccentrically (e ~ 0.2-0.5) orbiting around a V-II luminosity-class Be star (Porn > 
10 days); they show strong variable pulsed hard X-ray emission (Lxmax/Lxmin > 
100) with KT > 17 keV, and Pspin ranging from 0.069 to 1413 s; Lx = 1034 — 1089 


ergs 5. 


1.2. Permanent X-ray Sources in which the neutron star or black hole is cir- 
cularly orbiting (e ~ 0) around a giant or supergiant OB star (Po, < 10 days); they 
show an almost steady permanent pulsed hard X-ray emission (Lxmax/Lxmin < 
100), and Pspin ranging from 0.069 to 1413 s; Lx ~ 10?" erg s~!. 


1.3. Supergiant X-ray Binaries (SGXBs): obscured sources, which display 
huge amount of low energy absorption produced by the dense wind of the supergiant 
companion, surrounded by a weakly magnetized neutron star. 


1.4. Supergiant Fast X-ray transients (SFXT), a subclass of SGXBs and 
a new subclass of transients in which the formation of transient accretion discs could 
be partly responsible for the flaring activity in systems with narrow orbits. They 
096 erg s7! 03? erg st. 


show Lxpeak x1 ’ and Lxquiecence al 


2. Low Mass X-ray Binaries (LMXB) in which the optical companion is a 
low-mass-late-type star and the collapsed object is a neutron star or a black hole 
(Porb from 41 min to 11.2 days). They are concentrated in the globular clusters, and 
in the halo around the galactic center. T'he mass transfer in these systems is usually 
occurring via Roche lobe overflow. Their emission in soft X-ray range is usually not 
pulsed with KT < 9 keV. Their X-ray luminosity is ranging from 10? to 10?? erg s71 
and Lx/Lopt ~ 107-104; many LMXBs show Quasi Periodic Oscillations (QPOs) 
between 0.02 and 1000 seconds and few of them also pulsed X-ray emission, such 
as Her X1, 4U 1626-27 and GX 14-4. 

Many LMXB show transient behaviour in the form irregular X-ray bursts, when 
their luminosity increases several tens or hundreds times. During these luminous 
stages, steady periodical signals, with millisecond periods, have been observed in 
several of them. In few of them ms X-ray pulsars have been discovered in quies- 
cent stages between bursts. The ms X-ray pulsars in LMXB form a link between 
binary X-ray sources and recycled binary radio pulsars, with ms periods and low 
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magnetic fields (Bisnovatyi-Kogan & Komberg?), which are formed on the place 
of these LMXB after ceasing of accretion, due to evolution of the companion star, 
transforming into low mass white dwarf, or a giant degenerate planet. 


3. Cataclysmic Variables (CVs) in which the optical companion is a low-mass- 
late-type star and the compact object is a white dwarf. The detected CVs are 
spread roughly around the solar system at distance of 200-300 pc. Orbital periods 
are ranging from tens of minutes to about ten hours. The mass transfer is occurring 
either via Roche lobe overflow or via accretion columns or in an intermediate way 
depending on the value of the magnetic field. Typical X-ray luminosity is ranging 
from 10?? to 1034 erg s~!. Updated reviews about CVs are those by Giovannelli??) 
and Giovannelli & Sabau-Graziati.?? 


4. RS Canum Venaticorum (RS CVn) type systems, in which no compact 
objects are present and the two components are a F or G hotter star and a K 
star. Typical X-ray luminosity is ranging from 10°° to 10?! erg s71. Usually in the 
current literature they are excluded from the class of X-ray binaries since historically 
they were discovered as X-ray emitters only with the second generation of X-ray 
experiments. 


In binary systems there are essentially two ways for accreting matter from one star 
to the other: via accretion disk or via stellar wind (Giovannelli & Sabau-Graziati,?" 
adapted from Blumenthal & Tucker’) (left panel of Fig 1). But in some cases there 
is a third way which is a mixture between the two, as for instance in eccentric binary 
systems close to the periastron passage where a temporary accretion disk can be 
formed around the neutron star (e.g. Giovannelli & Ziólkowski??), like shown in the 
right panel of Fig. 1 (Giovannelli & Sabau-Graziati,?" after Nagase®). 


ÀA SCRIDCAL, E 
S sunrace’--4 


Fig. 1. Left panel: accretion in X-ray binary systems disk-fed and wind-fed (adopted from Gio- 
vannelli & Sabau-Graziati,?’ adapted from Blumenthal & Tucker’). Right panel: mixed transfer 
(adopted from Giovannelli & Sabau-Graziati,>” after Nagase®*). 


XRBs are the best laboratory for the study of accreting processes thanks to 
their relative high luminosity in a large part of the electromagnetic spectrum. For 
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this reason, multifrequency observations are fundamental in understanding their 
morphology and the physics governing their behaviour. 

Because of the strong interactions between the optical companion and collapsed 
object, low and high energy processes are strictly related. 

Often, it is easier to perform observations of low energy processes (e.g. in ra- 
dio, near-infrared (NIR) and optical bands) since the experiments are typically 
ground-based, on the contrary to observations of high energy processes, for which 
experiments are typically space-based. 


2.1. High mass X-ray binaries 


Among the X-ray binaries, the class of High Mass X-ray Binaries (HMXBs) consti- 
tutes an important group for studying the interactions either via stellar wind either 
via accretion disk between the optical and the compact companions. 


2.2. X-ray/Be systems 


The X-ray/Be binaries are the most abundant group of massive X-ray binaries in 
the galaxy, with a total inferred number of between 10? and 104. The ones which do 
occasionally flare-up as transient X-ray/Be systems are only the “tip” of this vast 
“iceberg” of systems (van den Heuvel & Rappaport^9). The mass loss processes are 
due to the rapid rotation of the Be star, the stellar wind and, sporadically, to the 
expulsion of casual quantity of matter essentially triggered by gravitational effects 
close to the periastron passage of the neutron star. The long orbital period (> 10 
days) and a large eccentricity of the orbit (7 0.2) together with transient hard X-ray 
behavior are the main characteristics of these systems. Among the whole sample 
of galactic systems containing 114 X-ray pulsars (Liu, van Paradijs & van den 
Heuvel?9), only few of them have been extensively studied. Among these, the system 
A 0535+26/HDE 245770 — HDE 245770 was nicknamed Flavia star by Giovannelli & 
Sabau-Graziati?9) — is the best known thanks to concomitant favorable causes, which 
rendered possible forty six years of coordinated multifrequency observations, most 
of them discussed in the past by e.g. Giovannelli & Sabau-Graziati,?9 Burger et al.°), 
Piccioni et al., and later by Giovannelli & Sabau-Graziati?? and Giovannelli et 
al.4^* 44). Accretion powered X-ray pulsars usually capture material from the optical 
companion via stellar wind, since this primary star generally does not fill its Roche 
lobe. However, in some specific conditions (e.g. the passage at the periastron of the 
neutron star) and in particular systems (e.g. A 0535+26/HDE 245770), it is possible 
the formation of a temporary accretion disk around the neutron star behind the 
shock front of the stellar wind. This enhances the efficiency of the process of mass 
transfer from the primary star onto the secondary collapsed star, as discussed by 
Giovannelli & Ziolkowski?? and by Giovannelli et al.38 in the case of A 0535+26. 
Optical emission of HMXBs is dominated by that of the optical primary com- 
ponent, which is not, in general, strongly influenced by the presence of the X-ray 
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source. The behavior of the primary stars can be understood in the classical (or 
almost) frame-work of the astrophysics of these objects, i.e. by the study of their 
spectra which will provide indications on mass, radius, and luminosity. Both groups 
of HMXBs (transient and permanent) differ because of the different origin of the 
mass loss process: in the first, the mass loss process occurs via a strong stellar wind 
and/or because of an incipient Roche lobe over-flow; in the second group, the mass 
transfer is probably partially due to the rapid rotation of the primary star and par- 
tially to stellar wind and sporadically to expulsions of a casual quantity of matter, 
essentially triggered by gravitational effects because of periastron passage where 
the effect of the secondary collapsed star is more marked. A relationship between 
orbital period of HMXBs and the spin period of the X-ray pulsars is shown in Fig. 2 
(updated from Giovannelli & Sabau-Graziati^" and from Corbet?9:?!), Tt allows to 
recognize three kinds of systems, namely disk-fed, wind-fed [Ppuise ox (Porb)*/ 7), and 
X-ray/Be systems [Ppulse x (Porb)?]. 
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Fig. 2. Spin period vs orbital period for X-ray pulsars. Disk-fed systems are clearly separated by 
systems having as optical counterparts either OB stars or Be stars (adopted from Giovannelli & 
Sabau-Graziati,?" after Corbet??: 21), 


Most of the systems having a Be primary star are hard X-ray (KT > 10 KeV) 
transient sources (HXTS). They are concentrated on the galactic plane within a 
band of ~ 3.9?. The orbits are quite elliptic and the orbital periods large (i.e. 
A 0538-66: e = 0.7, Pa = 16.6 days (Skinner et al./); A 0535+26: e = 0.47 
(Finger, Wilson & Hagedon??), Po; = 111.0 days (Priedhorsky & Terrell®). The 
X-ray flux during outburst phases is of order 10-1000 times greater than during 
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quiescent phases. For this reason, on the contrary, the stars belonging to the class 
of permanent X-ray sources, which do not present such strong variations in X-ray 
emission, can be also named "standard" high mass X-ray binaries. In X-ray/Be 
systems, the primary Be star is relatively not evolved and is contained within its 
Roche lobe. The strong outbursts occur almost periodically in time scales of the 
order of weeks-months. Their duration is shorter than the quiescent phases. During 
X-ray outbursts, spin-up phenomena in several systems have been observed (i.e. A 
0535+26 and 4U 1118-61 (Rappaport & Joss"?). The observed spin-up rates during 
the outbursts are consistent with torsional accretion due to an accretion disk (e.g. 
Ghosh?9). So, the formation of a temporary accretion disk around the collapsed 
object should be possible during outburst phases (e.g. Giovannelli & Ziólkowski??). 


3. Old & news from the transient X-ray/Be system 
A0535+26/HDE245770 


The most studied HMXB system, for historical reasons and due to concomitant 
favourable causes, is the X-ray/Be system A 0535+26/HDE 245770. By means of 
long series of coordinated multifrequency measurements, very often simultaneously 
obtained, it was possible to: 


e identify the optical counterpart HDE 245770 of the X-ray pulsar; 

e identify various X-ray outbursts triggered by different states of the optical 
companion and influenced by the orbital parameters of the system; 

e identify the presence of a temporary accretion disc around the neutron star 
at periastron. 


Multifrequency observations of A 0535+26 started soon after its discovery as 
an X-ray pulsar by the Ariel-5 satellite on April 14, 1975 (Coe et al.!7). The X-ray 
source was in outburst with intensity of ~ 2 Crab and showed a pulsation of ~ 104 s 
(Rosenberg et al."?). The hard X-ray spectrum during the decay from the April 1975 
outburst became softer, so that the 19 May spectrum had E-9? and the 1 June 
spectrum E-! (Ricketts et al.7). Between 13 and 19 April, 1975, as the nova 
brightened, the spectra showed some evidence of steepening. The best fit of the 
experimental data between roughly 27 and 28 April was compatible with an 8 keV 
black-body curve (Coe et al.!7). The X-ray source decayed from the outburst with 
an e-folding time of 19 days in the energy range of 3-6 keV (Kaluzienski et al.?! ). 

In the X-ray error box of the X-ray source A 0535+26, detected by Ariel V, were 
present 11 stars up to 237 magnitude and one of them (HDE 245770) of magnitude 
around 9 showed the Ha and Hg in emission, H, filled in with emission, and Hs, 
H.,..., Hio in absorption (Margon et al.59). A priori probability of finding a 9 mag 
star in such a field is 0.004, thus HDE 245770 was considered as the probable optical 
counterpart of A05354-26. 
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But in order to really associate this star with the X-ray pulsar, it was necessary to 
find a clear signature proving that the two objects would belong to the same binary 
system. This happened thanks to a sudden insight of the author, Franco Giovannelli 
(FG), who predicted the fourth X-ray outburst of A 0535+26 around mid December 
1977. For this reason, Giovannelli’s group was observing in optical HDE 245770 
around the predicted period for the X-ray outburst of A 05354-26. Figure 3 shows the 
X-ray flux intensity of A 0535+26 as deduced by various measurements available at 
that time, with obvious meaning of the symbols used (Giovannelli??). FG’s intuition 
was sparked by looking at the rise of the X-ray flux (red line) and at the 24th May 
1977 measurement (red asterisk): he assumed that the evident rise of the X-ray flux 
would have produced an outburst similar to the first one, which occurred in 1975. 
'Then with a simple extrapolation he predicted the fourth outburst, similar to the 
second: and this happened! 

Optical photoelectric photometry of HDE 245770 showed significant light en- 
hancement of the star relative to the comparison star BD +26 876 between Dec. 
17 and Dec 21 (here after 771220-E) and successive fading up to Jan. 6 (Bartolini 
et al.!), whilst satellite SAS-3 was detecting an X-ray flare (Chartres & Li!9). The 
observed enhancement of optical emission followed by the flare-up of the X-ray 
source gave a direct argument strongly supporting the identification of HDE 245770 
- later nicknamed Flavia’ star by Giovannelli & Sabau-Graziati?9 — with A 0535+26. 

Soon after, with spectra taken at the Loiano 152 cm telescope with a Boller & 
Chivens 26767 grating spectrograph (831 grooves/mm II-order grating: 39 A mm-!) 
onto Kodak 103 aO plates, it was possible to classify HDE 245770 as O9.7IIIe star. 
'This classification was so good that it survives even to the recent dispute attempts 
made with modern technology. The mass and radius of the star are 15 Mọ and 14 
Ro, respectively; the distance to the system is 1.8 + 0.6 kpc (Giangrande et al.?"). 

UV spectra taken with the IUE enabled the reddening of the system to be 
determined as E(B-V) = 0.75+0.05 mag, the rotational velocity of the O9.7IIIe star 
(Vrot sin i = 230 + 45 km s^), the terminal velocity of the stellar wind (ve œ 630 
km s~!), the mass loss rate (M ~ 1075 Mo yr-! in quiescence (Giovannelli et al.33). 
During the October 1980 strong outburst, the mass loss rate was M ~ 7.7 x 1077 
Mo yr ! (de Martino et al.?!). 

Complete reviews of this system can be found in Giovannelli et al.,?^ Giovannelli 
& Sabau-Graziati,?? and Burger et al.? 

Briefly, the properties of this system, placed at a distance of 1.8 + 0.6 kpc 
(Giangrande et al.?”), can be summarized as follows: a hard X-ray transient, long- 
period X-ray pulsar — the secondary star — is orbiting around the primary O9.7IIIe 
star. The masses are of ~ 1.5 +0.3 Mo (Joss & Rappaport;?? Thorsett et al.;"? van 
Kerkwijk, van Paradijs, J. & Zuiderwijk??), and 15 Mo (Giangrande et al.?") for 
the secondary and primary star, respectively. The eccentricity is e — 0.47 (Finger, 
Wilson & Hagedon??). Usually the primary star does not fill its Roche lobe (de Loore 
et al.58). However, the suggestion that there might be a temporary accretion disk 
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Fig. 3. X-ray flux versus time of A 0535+26. X-ray measurements are reported with red lines and 
asterisk, upper limits with green arrows, and predicted fluxes with light blue stars. Periods of real 
detected X-ray outburst and optical measurements are also marked (adopted from Giovannelli?8). 


around the X-ray pulsar when it approaches periastron (Giovannelli & Ziólkowski??) 
was confirmed by the X-ray measurements of Finger, Wilson & Harmon?‘ and was 
discussed by Giovannelli et al.?° 

The first suggestion of Bartolini et al.? about the value of the orbital period 
(Porb = 110.856 + 0.002 days), allowed Giovannelli & Sabau-Graziati^? to discover 
a systematic delay (~ 8 days) of the X-ray outbursts with respect to the periastrons 
passages of the neutron star. Just a little before or simultaneously to the perias- 
tron, the system experiences an optical brightening ranging from z 0.02 to = 0.2 
magnitudes. 

The trigger of this discovery was the optical flare occurred at JD 2,444,944 (5th 
December 1981) (hereafter 811205-E; E stands for event) (Giovannelli et al.34) and 
followed by a short X-ray outburst (811213-E) (Nagase et al.) — predicted by a 
private communication of Adriano Guarnieri (member of Giovannelli's group) to 
the team of Hakucho Japanise X-ray satellite. Unfortunately in the following years 
simultaneous optical and X-ray measurements were not always obtained around pe- 
riastron passage. However, the available data were sufficient for showing the afore- 
mentioned systematic delay. 

In order to explain and describe the 8-day delay between periastron passage and 
X-ray outbursts, GBK13 constructed a model adopting the orbital period deter- 
mined by Priedhorsky & Terrell® from X-ray data (Po = 111.0 + 0.4 days), and 
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the ephemeris JDopt—outh = JDo(2,444,944) + n(111.0 + 0.4) days; the 111-day or- 
bital period agrees within the error bars with many other determinations reported 
in the literature: from optical data (e.g. Guarnieri et al.; de Martino et al.;9? 
Hutchings;4’ Janot-Pacheco, Motch & Mouchet**), and from X-ray data (e.g. Na- 
gase et al.;°° Priedhorsky & Terrell;9? Motch et al.;°? Finger, Wilson & Harmon;?* 
Coe et al.;? Finger et al.?°). 


4. Time delay between optical and X-ray outbursts in A 
0535+26/HDE 245770 


A description of the time-delay among many optical and X-ray events occurring 
around the periastron passages in the system A 0535+26/HDE 245770 have been 
presented in the papers by GBK13 and Giovannelli et al.54* However, just to 
remark the importance of the experimental evidence of such a time-delay I will 
present a few more examples that in my opinion definitively support the validity 
of the model developed in GBK13. Briefly, the model is the following: in the vicin- 
ity of periastron the mass flux M increases (depending on the activity of the Be 
star) between ~ 1078 and ~ 1077 Mo yr-!. The outer part of the accretion disk 
— geometrically thin and optically thick without advection (Shakura & Sunyaev;”° 
Bisnovatyi-Kogan*) — becomes hotter, therefore the optical luminosity (Lopt) in- 
creases. Due to large turbulent viscosity, the wave of the large mass flux is prop- 
agating toward the neutron star, thus the X-ray luminosity (L4) increases due to 
the appearance of a hot accretion disk region and due the accretion flow channeled 
by the magnetic field lines onto magnetic poles of the neutron star. The time-delay 
T is the time between the optical and X-ray flashes appearance. Figure 4 shows a 
sketch of this model. 
By using the ephemerides given by GBK13, namely: 


IDopt—outh = JDo(2,444,944) + n(111.0 + 0.4) days 


that fixed the reference point at the date 5th December 1981 (811205-E), it was 
possible to explain the behaviour of the system during the year 2014 (Giovannelli 
et al.^). It was possible not only to predict the arrival time of the X-ray outbursts 
following the optical flashes, but also the intensity I, of the X-ray flares, thanks to 
the relationship I, versus AVmag, where AVmag is the relative variations of the V 
magnitude of the Be star around the periastron passage with respect to the level 
before and after such a passage. This relationship is shown in Fig. 5 (adapted from 
Giovannelli et al.**). 

An impressive strong optical event have been detected on March 19, 2010 (JD 
2,455,275). On the basis of such a strong optical activity — especially H, in emission 
— Giovannelli, Gualandi & Sabau-Graziati?? predicted the incoming X-ray outburst 
of A 0535+26, which actually occurred (Caballero et al.''). The X-ray intensity 
reached was 1.18 Crab on April 3, 2010 in the range 15-50 keV of BAT/SWIFT 
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Fig. 4. Sketch of the viscous accretion disk model for explaining the time-delay between X-ray 
and optical flashes (adopted from:4! GBK13). 
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Fig. 5. Intensity of the X-ray flare of A 0535+26 versus the variation of V magnitude of HDE 
245770 around the periastron passage (adapted from Giovannelli et al.44). 


(Caballero et al.;'° 18 Caballero et al.!^). Figure 6 shows the March-April 2010 
event. The X-ray flare started about 8 days after the 93th periastron passage af- 
ter the 811205-E, just when optical spectroscopy was performed by Giovannelli, 
Gualandi & Sabau-Graziati,?? and reached the maximum about 12 days later and 
decayed in about 20 days roughly as occurred in 1975 when A05354-26 was discov- 
ered by the Ariel V satellite. 
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Fig. 6. The predicted March-April 2010 X-ray outburst of A 0535+26 (Giovannelli, Gualandi & 
Sabau-Graziati?9) after the 93th passage at the periastron after 811205-E (Caballero et a].;10-13 
Caballero et al.14 


A0535+26/HDE 245770 


Periastron passage ARIEL V X-ray data jn rode 
at JD 2502 100 (Rosenberg et al., 1975) 
22 P, before 811205-E 2 Various mode 
5 ncemslized 
JD 2,442,510.4 - E Me Using Crab 


115 cycles before 
19 March 2010 


8'9'40'4 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 
Date (April 1975) 
2530 


2515 2520 


2525 


JD 42,440,000 


Fig. 7. The Periastron passage at the 22nd cycle before 811205-E (JD 2502) (red line) precedes 
of ~ 14 days the X-ray outburst of A 0535+26 which starts approximatively on JD 2516 (after 
Rosenberg et al.7?). The vertical blue line indicates the day April 7, 1975 (JD 2,442,510.4) just 115 
cycles before the strong optical spectroscopic activity detected on March 19, 2010 (JD 2,455,275.4) 
(after:4! GBK13). 


The astonishing fact that definitively demonstrate the goodness of GBK13's 
ephemerides and the mechanism triggering the X-ray outburst with a time-delay 
with respect to the optical flare around the periastron passage is reported in Fig. 7. 
Indeed, in this figure, the measurements of the first detection of A 0535+26 by Ariel 
V satellite are reported. Unfortunately in 1975, around the time of the discovery of 
A 0535--26 no optical measurements are available for obvious reasons. The vertical 
red line indicates the time of the periastron passage following GBK13's ephemeris. 
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'This passage occurred at the 22nd cycle before the 811205-E. The vertical blue line 
indicates the day April 7, 1975 (JD 2,442,510.4) just 115 cycles before the strong 
optical spectroscopic activity detected on March 19, 2010 (JD 2,455,275.4), that 
preceded the strong X-ray outburst reported in Fig. 6. 

'The similarity between the first X-ray outburst and that of March-April 2010 
is evident, and the separation of the two events is exactly 115 cycles. 


5. General model of time lag between optical and X-ray outbursts 
in binary accreting sources 


In LMXBs (Low-Mass X-ray Binaries) the compact object can be either a neutron 
star or a black hole and the optical companion is a low mass star. The exchange 
of matter occurs via Roche lobe overflow, like shown in the left panel of Fig. 1. In 
HMXBs (High-Mass X-ray Binaries) the compact object can be either a neutron 
star or a black hole and the optical companion is a high mass star: giant or super- 
giant. The exchange of matter occurs mainly via stellar wind since usually the 
optical star does not fill its Roche lobe (Fig. 1, left panel). However, sometimes, 
the exchange of matter can occur in a mixed way because of the formation of 
an accretion disk around the compact object around the periatron passage (e.g. 
Giovannelli & Ziólkowski??) (Fig. 1, right panel). 

As well known, X-ray/Be systems are formed by a compact star and an optical 
star. Obviously there is a mutual influence between the two stars. Low-energy (LE) 
processes influence high-energy (HE) processes and vice versa. Never confuse the 
effect with the cause. There is a general law in the Universe: Cause and Effect. 
The Cause generates an Effect and NOT vice versa! 

It is right to remind that the mechanism proposed by GBK13 for explaining 
the X-ray-optical delay in A 0535+26/HDE 245770 is based on an enhanced mass 
flux propagation through the viscous accretion disk. This mechanism, known as 
UV-optical delay (the delay of the EUV flash with respect to the optical flash) 
was observed and modeled for cataclysmic variables (e.g. Smak;"/ Lasota??). Time 
delays have been detected also in several other X-ray transient binaries. This is 
the reason that urged Bisnovatyi-Kogan & Giovannelli$ (BKG17) to generalize the 
aforementioned model, developed for the particular case of A 0535+26/HDE 245770 
(Flavia! star). This general model provides the formula (1) of the time delay between 
the optical and X-ray flashes appearance in transient cosmic accreting sources: 


2 1 
m /3m /15 


T = 6.9—— —— —m3á-7— 1 
at/s (T4) Pis a) 


where: 


m = M/Mo; m = M/(10-? Mo/yr); Ta = To/10* K; a = viscosity, and To = 
maximum temperature in optics. 
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By using this formula it is possible to obtain an excellent agreement between the 
experimental and theoretical delays found in: 


e X-ray/Be system A0535+26/HDE245770: Texp ^: 8 days (GBK13); tn = 8 
days; 

e Cataclysmic variable SS Cygni; Texp = 0.9-1.4 days (Wheatley, Mauche & 
Mattei*!); n c 1.35 days; 

e Low-mass X-ray binary Aql X-1/V1333 Aql: Texp ~ 3 days (Shahbaz 
et al.75); Ten œ 3.2days 

e Black hole X-ray transient GRO J1655-40: Texp ~ 6 days (Orosz et al.9"); 
Tin œ 6.5 days. 


In this general formula the a-viscosity parameter plays an important role, and 
usually it is hard to be determined. However, if the other parameters are known, 
because experimentally determined, the formula (1) can be used for determining a, 
taking into account the experimental delay measured in a certain source. 

Over the last couple of decades we have witnessed the discovery of a multitude 
of highly ionized absorbers in high-resolution X-ray spectra from both BH and NS 
XRBs. The first detections were obtained thanks to ASCA on the BH binaries 
GROJ1655-40 and GRS 1915+105. Narrow absorption lines in the spectra of these 
systems identified as Fe XXV and Fe XXVI indicated the first of many discoveries 
of photo-ionized plasmas in LMXBs (Chandra, XMM-Newton and Suzaku). Black 
hole hot accretion flows occur in the regime of relatively low accretion rates and 
are operating in the nuclei of most of the galaxies in the universe. One of the most 
important progress in recent years in this field is about the wind or outflow. This 
progress is mainly attributed to the rapid development of numerical simulations 
of accretion flows, combined with observations on, e.g., Sgr A*, the SMBH in the 
Galactic center. The mass loss from a BH via wind is related to the mass accretion 
rate onto the BH as (Yuan??): 


Mwina(t) = Mpu x (r/20rj) with sz1 and rg= — (2) 

At this point it is useful to make a sort of summary about the number of XRBSs, 
including CVs. Liu, van Paradijs & van den Heuvel?9:97 and Ziólkowski?* report 315 
galactic XRBs: 197 LMXBs (6396) and 118 HMXBs (37%), 72 of which are Be/X-ray 
systems; moreover there are 62 BH candidates. Coleiro & Chaty!® report that in the 
Milky way there are > 200 HMXBs. Ritter & Kolb” catalogue, in the 7.20 (Dec. 
2013) version, reports 1166 CVs. Buckley? reports about the discoveries of 530 new 
CVs from MASTER-Network and 855 CVs from Catalina Real Time Survey (CRTS) 
(http:/ /nesssi.cacr.caltech.edu/DataRelease/). Ferrario, de Martino & Gansicke?? 
report the number of MCVs as z 250, and ~ 60 of which IPs, and considering 
those systems for which the magnetic field intensity has not yet been determined, 
their number is of ~ 600. Table 1 shows the content of XRBSs, including CVs, 
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Table 1. Comparison of numbers of different classes of X-ray 
Binary Systems in the Milky Way and in the Magellanic Clouds 
(Ziólkowski;54^ Ferrario, de Martino & Gansicke;?? Buckley?). 


Name of the Class 


Total mass of the galaxy 
(in Mgmc units) 


High Mass X-ray Binaries 
in this Be/X-ray 


Low Mass X-ray Binaries 


Cataclysmic Variables 
in this MCVs 

IPs 

B not yet determined 


in the Galaxy, and in the LMC and SMC (Ziólkowski;?4 Ferrario, de Martino & 
Gansicke;?? Buckley?). The mass are expressed in unit of SMC. 

Some attempts of evaluation of the number of SBHs in the Galaxy have been 
done. For instance, taking into account the y-ray emissivity of the Galaxy (1.3 
x1043 s71 for E > 100 MeV) measured by the SAS II satellite (Strong, Wolfendale 
& Worral”’) and the processes of disk-fed accretion onto black holes, Giovannelli, 
Karakula & Tkaczyk*! 3? — considering a spherical accretion flow with a constant 
Mach number, corresponding to the adiabatic power y = 5/3 — found a possible 
upper limits to the number of black holes (M ~ 10 Mọ and M z 1078 Mo yr-!) of 
10-? - 1074 of the total star population of the Galaxy for Mach’s number 1 and 2, 
respectively.) 

There is a class of intermediate-mass black holes (IMBHs), with masses > 100 
Mo up to ~ 10? Mo. It contains a dozen systems, as listed in Johnstone.^? However, 
black holes with masses of several hundred to a few thousand solar masses remain 
elusive, as reported in a review by Casares & Jonker! where a deeply discussion 
about the mass measurements of SBHs and IMBHs is contained. 

Supermassive black holes (SMBHs) are 109—10!? times more massive than our 
Sun and are found in the centers of galaxies (see the exhaustive review by Kormendy 
& Ho?^). Most galaxies, and maybe all of them, harbor such a black hole. So in our 
region of the Universe, there are some 10! SMBHs. The nearest one resides in the 
center of our Milky Way galaxy. The most distant one we know of resides in a quasar 


(*)The Mach number is given by the ratio of the velocity of the gas to the local sound speed. In 
order to evaluate the temperature, concentration and velocity of the plasma near the black hole it 
is necessary to solve the system of equations describing the plasma motion (Michel®?) taking into 
account the distance from the black hole in units of gravitational radius and the u — R-component 
of four velocity. Mach's number 1 and 2 correspond to different values of ud (1.0266 and 2.1213, 
respectively) at a distance ro from the black hole (Giovannelli, Karakula & Tkaczyk3!:3?), 


335 


galaxy billions of lightyears away. SMBHs grow in size as they gorge on surrounding 
matter. 

A list of BH candidates has been reported by Johnston ?? and provides the in- 
put for constructing the map of sky locations of BH candidates. Source list in- 
cludes results reported in Kormendy & Gebhardt,?? Orosz,°° Tremaine et al.,9? and 
Ziólkowski.9? 


6. Conclusions 


'The zoo of X-ray binary systems has been presented together with the main charac- 
teristics of the single constituent element. A particular emphasis has been devoted 
to the individual X-ray/Be system A 0535--26/HDE 245770 for which I discussed its 
history since its discovery by the Ariel-V satellite. Thanks to the long term survey of 
this system a delay between X-ray and optical flares has been recognized. This fact 
triggered the work for understanding the physical reasons of this phenomenon that 
allowed Bisnovatyi-Kogan & Giovannelli? to develop a model of time lag between 
optical and X-ray flashes for close-binary galactic sources with accretion disks. 

'The time lag in disk-accreting galactic close-binary sources is based on a sudden 
increase in the accretion flow that starts at the disk periphery and is related to the 
optical maximum. The massive accretion layer propagates to the central compact 
source as a result of the turbulent viscosity. The X-ray flash occurs when this massive 
layer reaches the inner hot regions of the accretion disk and falls into the central 
compact object. The matter in the accretion disk moves inside with a speed that 
is determined by the turbulent viscosity. They described this model quantitatively 
and derived an analytic formula that determines the value of the time lag. This 
formula gives results that agree well with observational values. 
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The first image of the black hole (BH) M87* obtained by the Event Horizon Telescope 
(EHT) has the shape of a crescent extending from the E to WSW position angles, with a 
tentative ‘ESE hotspot’. Assuming that the BH spin vector is aligned with both the inner 
accretion axis and the projected direction of the kpc-scale relativistic jet, the position of 
the ESE hotspot is inconsistent with the axisymmetric accretion flow. Recent polarimet- 
ric EHT images of M87* show that the ESE hotspot is essentially unpolarized, which 
strongly supports its distinct origin. If the hotspot emission is due to the synchrotron 
radiation, its depolarization requires either isotropically tangled magnetic fields or an ad- 
ditional Faraday dispersion measure. The 6-day EHT observing campaign in April 2017 
allowed in principle to detect orbital motions advancing by up to ~ 60°. The apparent 
rotation rate of the major axis of the EHT crescent image is consistent with the rotation 
rate of the Faraday-corrected polarization angle measured by the ALMA. However, the 
counterclockwise (CCW) sense of these rotations is opposite to the clockwise (CW) rota- 
tion of the plasma flows implied by the N-S brightness asymmetry, which might indicate 
that accretion in M87 is retrograde. 


Keywords: Black hole physics; Galaxies:active; Galaxies:individual:M87; Relativistic 
processes. 


1. Introduction 


The Event Horizon Telescope (EHT) resolved at 1.3 mm the core M87* of the 
nearby (distance of D ~ 16.8 Mpc) radio galaxy Virgo A (M87) into a crescent 
image of angular diameter of ~ 42 was, which corresponds to ~ 11 gravitational 
radii Reg = GMpu/c? for the black hole (BH) mass of Mg œ 6.5 x 10? Mo (G is the 
gravitational constant, c is the speed of light, Mo is the mass of the Sun; R,/c ~ 
8.9 h).- 5 M87* is thought to be the base of a relativistic jet observed in radio," ? 
optical? and X-ray!! bands, propagating in the WNW direction (position angle 
~ 288?) beyond the kpc scales. The inclination angle of the jet axis is estimated at 
~ 17?.? If the jet is powered by the Blandford-Znajek mechanism,!? its direction of 
propagation should be aligned with the BH spin. Accreting plasma in the vicinity 
of spinning black hole would be forced to swirl with trans-relativistic velocities 
preferentially along the BH equatorial plane. The resulting difference in the Doppler 
beaming of emission should result in a roughly N-S brightness asymmetry of the 
crescent image. It is in fact observed by the EHT that the S side of the M87* 
crescent image is significantly brighter than the N side. 
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The angular extent of the M87* crescent is roughly from the E to WSW position 
angles. There is a hint of substructures in the angular brightness profiles that de- 
pends significantly on the image reconstruction method. The observed crescent may 
consist of the proper crescent extending from the SSE to WSW position angles and 
the ESE hotspot. Using simple axisymmetric models for the geometry of emitting 
regions, we have previously suggested that the proper crescent can be explained by 
emitting regions symmetric with respect to the BH spin/jet WNW axis, and that the 
ESE hotspot (opposite to the WNW jet) would be rather a localized perturbation 
of the accretion flow.!? Such azimuthal perturbations are commonly observed in the 
results of GRMHD numerical simulations of magnetized BH accretion flows.? 1415 


2. Polarization of the ESE hotspot 


More recently, the EHT Collaboration presented the first resolved polarimetric im- 
ages of M87*.!°!7 These images show linear polarization at the level of ~ 15%. 
In our interpretation, this polarization is largely limited the proper crescent, while 
the ESE hotspot is essentially unpolarized. Such a striking difference between the 
polarization properties of these two regions strongly supports their distinct origin. 

'The very low polarization degree of the ESE hotspot calls into question whether 
it is produced by the same emission mechanism (presumably synchrotron), whether 
it is optically thin (or a localized millimeter photosphere), or whether it involves 
ordered or tangled magnetic fields. It could also result from depolarization by an 
additional localized Faraday screen. Unresolved ALMA polarimetry simultaneous 
to the EHT campaign was performed in two bands — 1.3 mm and 3 mm — which 
allowed to estimate the simultaneous rotation measures as ~ +10° rad/m?.!? Since 
depolarizing a 1.3 mm signal by factor e requires a dispersion measure of ~ 4 x 
10° rad/m?, depolarization of the ESE hotspot may require an additional dispersion 
measure of order ~ 10° rad/m?. Such dispersion measures are plausible in the 
advection dominated accretion flow (ADAF) models!? for the mass accretion rate 
of M > 2x 1073 M5/yr.?? 


3. Rotation of the crescent image and net polarization vector 


'The 2017 EHT observing campaign spanned 6 days, resolved images were obtained 
from data recorded on April 5th, 6th, 10th and 11th. This time scale can be com- 
pared with the orbital period of a source propagating along the innermost stable 
circular orbit (ISCO) in Schwarzschild^ metric: Pisco ^ 92 R5 /c ~ 34 days. Hence, 
during the 6-day campaign one could expect to observe an orbital advance by ~ 60°. 
Note that the estimated viewing angle of the M87 jet is sufficiently small that equa- 
torial accretion flows would be well aligned with the plane of the sky. 


*The effect of BH spin is not included in this basic analysis, but it would be an obvious next level 
of sophistication. 
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For comparison, in the case of Sgr A* (R,/c ~ 20 s; Pisco ~ 31 min) 
the VLTI/GRAVITY Collaboration detected orbital motion at the period of 
Peraviry œ 40 min œ 1.3Pjgc0o,?! which corresponds to a circular Schwarzschild 
geodesic of radius Reire c T.1R,. 


rotation rates: image vs. polarization 


6 @ EVPA (ALMA; Goddi+21, Table 2) 
$ 6 xo (ALMA; Goddi+21, Table 2) 
6 6 5-167.7? (eht-imaging; EHT IV, Table 7) 


days of April 2017 


Fig. 1. Time evolution of the orientation angles of the total-intensity crescent image and net 
polarization. See the main text for details. 


In Figure 1, we compare two kinds of orientation angles measured independently 
for each day of the M87 campaign. First, we consider the mean orientation angles 
1) of the crescent image according to the eht-imaging algorithm from the Table 7 
of EHT Paper IV.* This angle increases by ~ +23° between April 5th and April 
10th, and the mean rotation rate is (3.8 + 0.6)? /day. Second, we consider the net 
polarization angles from the Table 2 of the ALMA Paper:!? the observed angles 
EVPA, and the angles yo corrected for Faraday rotation using the simultaneous 
rotation measure values. The EVPA increases by ~ +7.8° between April 5th and 
April 10th, while yo increases by ^ +27° between April 6th and April 11th. The 
mean rotation rate is (1.42: 0.3)? /day for the EVPA and (4.0 1.2)? /day for the xo. 
'The rotation rate of the Faraday-corrected polarization angle is thus consistent with 
the rotation rate of the crescent. The rate of 3.9? /day corresponds to the orbital 
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period of P ~ 92 days ~ 2.7 Pisco. The apparent rotation rate of the crescent image 
and net polarization would correspond to Reire ~ 11.6 Rg. 

'The trend of increasing position angle measured from N to E corresponds to the 
counterclockwise (CCW) rotation on the sky for the relatively outer accretion flow. 
On the other hand, since the S side of the M87* image is clearly brighter than the N 
side, should this be attributed to the trans-relativistic Doppler beaming of the inner 
accretion flow (funnel wall), in light of the roughly W direction of the projected jet, 
the inner accretion flow (and the BH itself) should rotate in the clockwise (CW) 
direction on the sky. This situation of opposite outer and inner accretion flows 
corresponds to the bottom left panel of Figure 5 in EHT Paper V.? This would 
suggest that accretion in M87 is retrograde. And this in turn would constrain the 
range of GRMHD models listed in Table 2 of EHT Paper V? to two categories: 
the high-spin (a. — —0.94) SANE models, and the medium-spin (a. — —0.5) MAD 
models. 
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Black hole surroundings and relativistic jets host magnetically dominated regions and 
fast magnetic reconnection are likely to play an important role concerning astrophysical 
phenomena associated with such regions. In this contribution, we highlight the works 
related to turbulence-driven reconnection processes. These processes have been studied 
by us using analytical as well as numerical methods which showed that fast reconnection 
processes are powerful ways to giving rise to relativistic particles and associated non- 
thermal emissions around stellar-mass and supermassive black holes. The power released 
from the reconnection can even compete with those of extraction from black hole spin. 


Keywords: Instabilities; Jets; Acceleration of Particles; Magnetic Reconnection; Magne- 
tohydrodynamics; Numerical Methods 


1. Introduction 


Black holes are in a range of masses like 5-10 solar masses for stellar-mass to 
109 — 10!° for supermassive black holes. Accretion disks, as well as relativistic 
jets, are quite common features for those black holes. Usually, relativistic jets can 
achieve high Lorentz factors and propagate several orders of magnitude in distances. 
Those are likely to be powered by the energy available from accretion disk or black 
hole spin. The base of the jets is supposed to be magnetically dominated which 
later becomes kinetically dominated so an efficient conversion is needed to explain 
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this picture. So magnetic reconnection can be a viable mechanism to make it hap- 
pen. Another issue that requires explanation is regarding very high emissions (up to 
TeV) from highly under luminous radio galaxies which might occur close to the base 
of the jet and from a very compact region in magnetized surroundings around black 
holes. As standard processes in sites like shocks are likely to be weak, so promising 
candidate is magnetic reconnection processes and requires due attention. 

In the presence of turbulence, the first-order Fermi process in the fast reconnec- 
tion sites or current sheets is likely to accelerate particles to high energies as shown 
in analytical! and numerical works.?? It was shown that the particles trapped 
within current sheets were found to undergo exponential growth in energy with 
time and the corresponding energy spectrum was power-law with spectral indices 
~ 1-2. Such a mechanism is well-suited for addressing very high energy phenomena 
seen in a range of systems containing black holes like galactic black holes or mi- 
croquasars(GBHs), active galactic nuclei (AGNs), and gamma-ray bursts(GRBs). 
In this contribution, we discuss further works showing the role of fast magnetic 
reconnection in accretion disks and jets in such systems containing black holes. 


2. Magnetic reconnection around black holes 


de Gouveia Dal Pino and Lazarian! proposed a model showing that the first-order 
Fermi process in the coronal region around a black hole can accelerate particles due 
to the power extraction from fast magnetic reconnection between lines anchored 
in the accretion disk and black hole horizon. That model could address the origin 
of radio flares in GBHs and AGNs and later extended to gamma emissions and 
larger samples as well.+ Further, the fundamental plane black hole activity which 
correlates the radio and X-ray emissions could be easily explained in the frame- 
work of fast magnetic reconnection model. In those models, a standard disk with 
corona as a central source around the black hole was used which is suitable for 
close to Eddington sources. Later the scenario was revisited for taking care of sub- 
Eddington sources as well by considering thick magnetically dominated accretion 
flow (MDAF).° 

Figure 1 shows the calculated turbulence-driven fast magnetic reconnection 
power and the observed radio and gamma-ray luminosities for more than 270 sources 
including XRBs, low luminous AGNs (LLAGNs), and GRBs.? The diamonds in red 
and green colours represent the radio emissions in the case of LLAGNs and XRBs 
respectively. Some XRBs (Cyg X-1 and Cyg X-3) and LLAGNs (Cen A, IC 310, 
Per A, and M87) are highlighted which have been studied extensively in multi- 
wavelength studies. The reconnection power is much greater than the observed radio 
luminosities which means only a small fraction of this power is enough to explain 
the radio emission for most of the sources. Observed gamma-ray luminosities for 23 
sources are included, represented by red and green circles for LLAGNs and XRBs 
respectively. The circles represent the emissions of 4 radio galaxies, 2 XRBs, and 
several Seyfert galaxies (most with upper limits in GeV). It is seen that the released 
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Fig. 1. Tubulent-driven magnetic power against black hole source mass compared to observed 
emissions of LLAGNs, GBHs, GRBs and blazars. In few cases, maximum and minimum values 
of gamma-ray luminosity are connected with a vertical black line that extends down to the radio 
emission. The inverted arrows for some sources indicate that the gamma-ray emission is an upper 
limit only. The gamma-ray emissions for blazars and GRBs are represented by blue and orange 
circles respectively. The vertical dashed lines correct the observed emissions by Doppler boosting 
effects (adopted from ref.?). 


magnetic energy power is sufficient enough to produce gamma-ray emissions. The 
gamma-ray and radio emissions seem to be correlated and originating from the same 
core region around black holes and produced by the same acceleration mechanisms. 
However, the emissions of blazars and GRBs seem to originate along the jet rather 
than from the base of the jets. This is likely because the emissions from the core 
region of these sources are usually screened as the jets point towards our line of 
sight. 

In another work, we performed a semi-analytical comparison between black 
hole spin and fast magnetic reconnection power for accreting black holes based on 
fiducial astrophysical parameter space. Besides the rotational energy of the black 
hole, the fast reconnection power may play a similar role to power relativistic jets. 
Frame dragging effects of rotating black holes can lead to complicated magnetic 
structures and enhances the possibility of polarity inversion of the field lines lead- 
ing to reconnection events and high energy emissions. The reconnection power is 
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Fig. 2. Magnetic reconnection power Pmp and black hole spin power Pgz ploted against black 
hole spin (adopted from ref.°), 


a minimum close to the black hole and near the spin axis. It is likely to increase 
in magnitude with increase in the mass accretion rate. It may compete or even 
dominate the black hole spin power as shown in Fig. 2. It shows the maximum and 
minimum values for black hole spin and reconnection power as a function of black 
hole spin. The power available from the black hole spin and reconnection is compa- 
rable for rapidly rotating black holes and the same range of mass accretion rates. 
The black hole spin power obviously depends on the black hole rotation magnitude 
while the reconnection process seems to be independent of the black hole spin. The 
black hole spin-driven process gets suppressed in presence of reconnection. This may 
occur due to the destruction of large-scale magnetic fields following reconnection 
events. So state transitions from hard state to soft state can be triggered by this 
process. 


3. Magnetic reconnection in relativistic jets 


Using the three-dimensional relativistic magnetohydrodynamic code RAISHIN, we 
investigated the influence of radial density profile on the spatial development of the 
current-driven kink instability (CDKI) along magnetized rotating, relativistic jets." 
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Fig. 3. Current driven kink instability and fast magnetic reconnection in a relativistic magnetized 
jet for decreasing density profile (heavier jet) with angular velocity amplitude of Qo = 2. The upper 
panel shows 3D density isosurfaces, and bottom panel the locations of maximum current density 
as tracer of reconnection sites at t = 100 (adopted from ref."). 
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We studied light as well as heavy jets with respect to the environment depending 
on the density profile. Different angular velocity amplitudes have been also tested. 
'The results show the propagation of a helically kinked structure along the jet and 
a relatively stable configuration for the lighter jets. The jets appear to be colli- 
mated by the magnetic field and the flow is accelerated due to the conversion of 
electromagnetic into kinetic energy. We also identified the regions of high current 
density in filamentary current sheets, indicative of magnetic reconnection, which are 
associated with the kink unstable regions (Fig. 3) and correlated to the decrease 
of the sigma parameter of the flow. We discuss the implications of our findings for 
Poynting-flux dominated jets in connection with the magnetic reconnection process. 
We find that fast magnetic reconnection may be driven by the kink-instability turbu- 
lence and govern the transformation of magnetic into kinetic energy thus providing 
an efficient way to power and accelerate particles in AGN and gamma-ray-burst 
relativistic jets. 
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Fig. 4. Kinetic energy evolution, normalized by the proton rest mass energy, for the particles 
injected. Colours indicate which velocity component is being accelerated (red or blue for parallel 
or perpendicular component to the local magnetic field, respectively (adopted from ref.8). 
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Further, we also investigated the acceleration of particles injected in the jet 
subject to CDKI, which drives turbulence and fast magnetic reconnection.? Test 
protons injected in the nearly stationary snapshots of the jet, experience an ex- 
ponential acceleration up to maximum energy. For a background magnetic field of 
B ~ 0.1 G, this saturation energy is ~ 10/6 eV, while for B ~ 10 G it is ~ 101 
eV. The simulations also reveal a clear association of the accelerated particles with 
the regions of fast reconnection. In the early stages of the development of the non- 
linear growth of CDKI in the jet, when there are still no sites of fast reconnection, 
injected particles are also efficiently accelerated, but by magnetic curvature drift in 
the wiggling jet spine. However, they have to be injected with initial energy much 
larger than that required for particles to accelerate in reconnection sites. Fig. 4 
shows which component of the velocity of the particles is being predominantly ac- 
celerated (red for the parallel and blue for the perpendicular component to the 
direction of the local magnetic field). We note that in the exponential regime, there 
is a clear dominance of the parallel component, characterizing an effective electric 
field mostly parallel to the reconnection layers, as expected, though the stochastic 
nature of the whole process also allows for the acceleration of the perpendicular 
component. The slower drift acceleration regimes, both in the beginning and after 
the exponential growth regime, are dominated by the acceleration in the vertical 
direction. We also obtained from the simulations an acceleration time due to recon- 
nection with a weak dependence on the particles energy E, t4 x E?-!. The energy 
spectrum of the accelerated particles develops a high energy tail with a power-law 
index p ~ -1.2 at the beginning of the acceleration, in agreement with earlier works. 
Our results provide an appropriate multi-dimensional framework for exploring this 
process in real systems and explain their complex emission patterns, especially in 
the very high energy bands and the associated neutrino emission recently detected 
in some blazars. 


4. Summary and Conclusions 


In this presentation, we discussed the role of magnetic reconnection in accretion- 
ejection phenomena around black holes based on results obtained in our theoretical 
and numerical studies. Our main conclusions can be summarized as follows: 


1. Fast magnetic reconnection can play an important role in accretion/jet systems 
for particle acceleration, dissipation of magnetic energy, and conversion from 
magnetically dominated region to kinetically dominated region. 

2. Power released by the fast magnetic reconnection can explain radio as well as 
gamma-ray emissions of XRBs and non-blazar AGNs as coming from the core 
around black holes with masses that span 10 orders of magnitude. 

3. Black hole rotation and magnetic reconnection processes can drive jets of com- 
parable power and even compete with each other. 
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4. 'The fast turbulent reconnection in magnetically dominated relativistic jets can 
be triggered by CDKI, possibly drive Fermi acceleration and lead to gamma-ray 
emissions as required by GRB and AGN blazar jets. 
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We discuss the possibility that the topological structure of the Universe may possess frac- 
tal properties. Relic wormholes and their fractal distribution are predicted in a natural 
way by lattice quantum gravity models. This gives a new approach to some long-standing 
problems. Those are the nature of dark matter phenomena, the origin of Faber-Jackson 
and Tully-Fisher relations, and the observed deficit of baryons. We consider open Fried- 
man model and construct an exact fractal model by means of a factorization of the 
space over a discrete subgroup of the group of motion. We derive some basic features of 
the resulting fractal space and discuss applications of machine learning methods for the 
verification of the fractal properties. 


Keywords: Dark matter; wormholes; fractal distribution; baryon deficit. 


1. Introduction 


The nature of dark matter represents one of the most challenging problems of 
modern astrophysics. Particle physics suggests many possible candidates. The most 
promising are WIMPs (weakly interacting massive particles) which can be both new 
particles beyond the standard model, or particles composed from already known. 
However, such particles can hardly solve the problem. Indeed, experiments at LHC 
do not show the presence of particles beyond the standard model. Moreover, such 
particles should possess very exotic properties. Firstly, in the early Universe at the 
moment of recombination such particles have a rather high density but do not inter- 
act with baryons or radiation, otherwise they essentially change the observed CMB 
power spectrum of AT/T. Secondly, in the modern Universe in centers of galaxies 
dark matter particles have much more modest densities but they should possess a 
sufficiently strong interaction with baryons to form the observed cored distribution 
of dark matter ppm(r) ~ const as r — 0, where r is the distance to the center of 
a galaxy." We recall that numerical investigations based on DM particles predict 
the presence of a cusp ppm (r) ~ 1/r ^? in centers of galaxies which is the unavoid- 
able consequence of the potential nature of initial velocities and the fact that DM 
particles interact via gravity only. 

In principle, such a difficulty of DM models based on particles may be overcome 
in some of modified theories of gravity? which gain the popularity during the last 
decade.^5 However, any modification should be approved first from particle physics 
standpoint and most of such modifications can be rejected already at laboratory 
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scales. In other words, most of such theories have pure academic interest and have 
no astrophysical applications. 

One of the possible solutions of the problem is based on the fact that local 
topology of space may possess a rather complex or fractal structure.®™ 1° It has two 
basic advantages. First, it does not require any modification of general relativity 
or the presence of additional dark matter component. And second, it gives the 
natural explanation to the empirical Tully-Fisher and Faber-Jackson relations!! 12 
for rotation curves in galaxies. We point out that except the exotic scheme suggested 
by Milgrom,!* where such relations were incorporated from the very beginning, the 
fractal topology gives the only natural explanation to such relations.'+ 
'The origin of fractal topological structure comes out directly from predictions of 
lattice quantum gravity models.!> !7 Indeed lattice models predict that at Planckian 
scales space-time has a foamy structure which possesses fractal properties. In par- 
ticular, numerical investigations!" show that spectral dimension of space-time runs 
from the value D — 3/2 at sub-Planckian scales to the value D — 4 on macroscopic 
scales. At very small scales the space-time foam can be described by a distribu- 
tion of virtual wormholes.!5 At laboratory scales vacuum is stable which means 


that all virtual wormholes appear and disappear permanently. However if we be- 
lieve that the early Universe underwent through an inflationary phase, we should 
expect that the exponential expansion very rapidly stretches all scales and some 
virtual wormholes do not decay. They temper and form initial conditions for the 
topological structure of space. The subsequent evolution of wormholes is the pure 
classical process. Spherically symmetric wormholes rapidly collapse, while toroidal 
and more complex wormholes may survive till the present days.!?:?? In other words, 
the present topological structure of space is an instant print of the space-time foam 
picture existing on Planck scales. Since the vacuum state possesses homogeneity 
and isotropy properties, the topology of our Universe inherits the same properties 
upon the freezing out on the inflationary stage. 

'The fractal structure of space can be described as follows. Consider an arbitrary 
point x in space and fix the geodesic distance R. Then the volume V, (R) of space 
which gets inside the geodesic ball, i.e., all points y which obey the inequality 
L(y, xz) < R (where L(y, x) is the geodesic distance between x and y), scales with R 
as V, ~ RÀ, where d = D — 1. The homogeneity and isotropy of space requires that 
the function V;(R) and the dimension D do not depend on the initial point x. 

The initial point x and omnidirectional geodesic lines, issued from the point x, 
define the extrapolated reference system which is used in astrophysics. The coordi- 
nate volume of such a system has always the dimension D — 4 which reflects the 
fact that locally space is Euclidean with the dimension d — 3 (i.e., R?). We point 
out that the dependence on the redshift (cosmological evolution) and the choice of 
the background metric (open, flat, or closed model) somewhat changes the behavior 
of V(R) and the definition of the dimension d, but rough features and the value 
d — 3 remains valid. 
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The situation changes when the space is filled with a distribution of wormholes. 
A part of geodesics go through wormhole throats and return to the same physical 
region of space or get into a remote region. Therefore, the behavior of V(R) and the 
dimension d may change essentially. From the pure mathematical standpoint this 
signals to the fact that the extrapolated coordinate system stops to work (the same 
point may have multiple images), which requires to introduce additional atlases. In 
general the dimension evaluated in such a manner may either exceed or be less than 
the coordinate dimension d = 3. What kind of the dimension is realized for physical 
space depends on properties and the distribution of wormholes. 

It is curious that the distribution of galaxies gives roughly the analogous picture. 
In a homogeneous space the number of galaxies reflects sufficiently well the behav- 
ior of the physical volume of space. The galaxy counts show the fractal behavior 
N(R) ~ RÀ with the dimension d ~ 2 up to the distances R ~ 200M pc?^?? where 
N(R) is the number of galaxies within the distance R. The maximal scale changes 
with the increase of precision. First estimates?’ for the scale upon which the distri- 
bution of galaxies switches to the homogeneity have the order ~ 200M pc. However 
more recent observations of SDSS? have found the existence of wall-type structures 
(Sloan Great Wall, etc.) on scales up to 0.1Ry, where Ry is the Hubble radius, 
see also.?? Such super-large structures have posed a serious problem for the stan- 
dard scenario of the structure formation. Recall that according to latter the largest 
scale on which inhomogeneities may develop is 300M pc. Moreover, such structures 
seem to be inconsistent with the cosmological principle. We consider such data as 
an indirect evidence for the fractal (or at least complex) topological structure of 
space and the existence of relic wormholes. The development of perturbations and 
the formation of structures in the presence of relic wormholes is a rather complex 
problem which requires the further investigation. 

We point out that in the flat space the light when passing through a wormhole 
throat is too scattered and may contribute only to the diffuse background radi- 
ation.?6 Most likely the scattered signal is too dim to observe a separate galaxy 
through wormhole throats. The exception may be only gigantic throats compared 
to the void and larger size. This means that the observed dimension counted by 
galaxies is always less than three d « 3. In particular, this may also explain the 
observed deficit of baryons.?" 

The fractal topological structure can be easily obtained in open Friedman models 
by means of a specific factorization of the negative curvature (Lobachevsky) space 
over a discrete subgroup of the group of motion of space.!?:?? We point out that the 
fractal distribution of baryonic matter does not necessarily indicate the existence of 
a fractal topological structure. However such a distribution requires specific initial 
conditions and, to be consistent with the observed homogeneity of the background, 
it requires the presence of dark matter which is dually distributed in space. The 
fractal topological structure, in turn, is the direct prediction of lattice quantum 
gravity models and, therefore, it has the most rigorous theoretical ground. 
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At first glance the basic disadvantage of the factorization is the presence of 
multiple images. Why do we not see images of the same galaxy? To find the answer 
is not difficult. First, our Universe has flat space. For small throats of wormholes 
(of the galaxy size or less) the additional images are very small and cannot be 
directly observed. Indeed, as it was demonstrated?? in the flat model the intensity 
of an image I have the order J ~ £d; where R is the characteristic radius of 
the throat and L is the distance between the throat center and the original source 
and the ratio R < 1. It reaches the order of dH ^ 1 only for very large throats. 
Moreover, the position of the image will be seen only in the second entrance into 
the wormhole and, therefore the image may have an arbitrary distance from the 
original. We point out that for fractal distribution over distances between entrances 
into the same wormhole the mean distance between entrances diverges. 

Therefore, different images contribute only to the scattered background radia- 
tion. For gigantic wormholes all such images are too far from each other and we may 
see the same galaxy at different stages of its evolution. Therefore, it is impossible 
to recognize that we indeed see the same galaxy. 

'Thus the basic disadvantage is that the factorization requires the negative cur- 
vature space only, while the position of Doppler picks in the CMB spectrum favor 
for the flat space. In flat space such a factorization is impossible, while a fractal 
structure can be obtained by inserting fractal distribution of wormholes by onset or 
by means of deforming the metric of the factorized Lobachevsky space. We point out 
that such a deformation is not an unusual phenomenon. For example, if the inflation 
starts in an open model, then the factorization takes actually place at sub-Planck 
scales, while the subsequent particle production may change the value of the mean 
spatial curvature and produce flat or even closed space which depends on the rate 
of particle production. 

In the flat space the presence of wormholes was shown to produce a specific 
modification of the standard Newton's law.?*:2° If we interpret this as dark matter 
phenomenon, then we find the rigid relation between distribution of visible and 
dark components in a galaxy in the form ppy (Kk) = b(k)puis(k), where p(k) is the 
Fourier components for dark and visible matter densities and b(k) corresponds to the 
correction which depends on the distribution of wormholes around the galaxy. This 
gives the direct method for the determining of the correction b(k) from observations 
and the subsequent modeling of the distribution of relic wormholes. 

If our Universe is filled with relic wormholes, then how can we recognize this? 
To give an answer on such a question is not so easy. The investigation of possible 
independent effects related to the scattering of radiation on wormholes has revealed 
that almost all effects are well hidden under analogous effects related to the ordinary 
matter. Here we see the three most promising possibilities. The first possibility 
relates to recently observed unexpected circular radio objects?! and the possible role 
of torus-shaped wormholes in their origin.?? The second relates to the gravitational 
wave Astronomy. In particular, several groups have claimed evidence for repeating 
echoes in the LIGO/Virgo observations of binary black hole mergers.?? °° And such 
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echoes can be generated by the near-horizon or other strong field effects related to 
black holes or wormholes.?" °° We stress that the scattering of GWs by wormholes 
produces much stronger effects as compared to the scattering by ordinary matter 
objects, e.g., see discussions in, ^? which allows to disentangle such effects and detect 
wormholes. 

'The third and the most promising possibility lies in the application of machine 
leaning methods for detecting unusual structures produced by wormholes on the 
sky maps. The structures we should look for are the ring-type structures, which 
in general case have elliptical or even rectangular form. The latter may appear in 
regions where the mean curvature is negative, see Fig. 2. Besides, one should also 
look for multiple images of galaxies, etc.. 


2. Stable wormholes and factorization of the open model 


As it was discussed above, relic wormholes are remnants of the inflationary stage. 
A-priori such wormholes may have an arbitrary form and geometric structure. Sta- 
ble spherically symmetric wormholes cannot exist without an essential modification 
of general relativity. In general relativity static spherical wormholes require the pres- 
ence of exotic matter which does not show up in physical systems and laboratory 
experiments. The exotic matter can be replaced by a proper modification of theory, 
e.g., see also a recent paper*! and references therein, but any modification requires 
first a verification from particle physics point of view. Any deviation from general 
relativity is not detected yet, while quantum corrections may stabilize only worm- 
holes of a Planck size.?? Therefore, spherical wormholes collapse very soon upon the 
inflationary stage and form couples of primordial black holes. 

Situation changes when we consider less symmetric configurations. It was demon- 
strated!?:?? that in open Friedman models a collection of stable wormholes can be 
constructed simply by means of a factorization of space over a discrete subgroup of 
the group of motions for the Lobachevsky space. The simplest wormhole here has 
the throat in the form of a torus and in such a scheme spherical wormholes do not 
appear at all. Such wormholes expand in the agreement with the expansion of space 
and, in other words, in the expanding co-moving reference frame they are static. 
This does not mean that they cannot collapse as the spherical configurations do. 
In particular, the development of density perturbations may enforce to collapse a 
whole region of space which contains such a wormhole throat. In what follows we 
briefly describe the factorization scheme. 


2.1. Factorization of the open Friedman model 
Consider the open Friedman model with the metric 
ds? = dt? — a?(t)dl?, (1) 
where the space-like metic corresponds to the Lobachevsky space 
dl? = dx? + sinh” x (sin? Ody? + d0?) . (2) 
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For the sake of illustration and simplicity we demonstrate the factorization for 2D 
sections of the space which correspond to a plane dy = 0. Such a plane corresponds 
to two values of the polar angle y = yo and y = yo + 7 which formally can be 
covered by the angles 0 € [0,27] where the range 0 € [7,27] corresponds to the 
half-plane y = yo + 7. Using the coordinate transformation as 


low 


(3) 


z=r+iy=i 


where w = tanh Xet, we get the realization of the section in the form of the upper 
complex half-plane Imz > 0 which is the Klein model of the Lobachevsky plane 
di? = dg Consider two particular geodesic lines on the plane which correspond 
to semicircles |z| = 1/R and |z| = R with R > 1. Then the factorization can be 
determined by the map z' = R?z which represents one of possible motions of the 
plane. The factorization means that any two points of the plane represent the same 


point, if they are connected by the relation 


zn = R?” z, n =0,+1,+2,... (4) 


The above factorization corresponds to the cut along those two geodesic lines and 
subsequent gluing along them. The resulting space is a wormhole which connects 
two independent Lobachevsky planes (regions E, and E_, see Fig. 1). 


Fig. 1. a) The Lobachevsky plane. Dashed lines give the polar frame. The stripe between the two 
geodesic lines r = 1/R and r = R corresponds to the wormhole region. Regions below red dashed 
geodesics (semi-circles) correspond to two unrestricted Lobschevsky spaces E+. The point y = i 
corresponds to the center point of the wormhole throat (x — 0). The line y — 0 corresponds to 


infinity x — oo for the plane. b) The same plane in coordinates w — ret? where r = tanh x. 


To understand how such a factorization looks in three dimensions let us return 
to the initial coordinates x, 0, and y. The geodesic lines |z| = R and |z| = 1/R are 
determined by 


cosh? y — cosh? 
iunge eee AE RON ME 


(5) 


cosh” x sinh? xo 
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where R = eX? and xo gives the shortest distance to the geodesic lines from the 
center point x = 0. The above equation corresponds to an arbitrary section dy = 0 
and describes two lines which can be seen in opposite directions 0 — 0 and 0 — m. 
Here the point x — 0 corresponds to the center of the throat (the point z — i on Fig. 
1). Using the symmetry with respect to the change of p we find that in 3D space 
the above equation determines two semi-spheres (rigorously speaking they become 
semi-spheres in terms of the radial variable r = tanh € in which the infinity x — oo 
becomes the sphere r — 1), while the factorization has the same form determined 
by (3) and (4). In this case the throat is not restricted. It is important that from the 
central point x = 0 such semi-spheres occupy the solid angles AQ = 27 A0 where 
A0 can be found from (5) in the limit x — oo which gives the asymptotic angles 
A0 = 2arctan(1/sinh xo). To get a restricted throat we have to place two more 
analogous semi-spheres e.g., in the orthogonal to 0 — 0,7 directions at a distance 
x1, see fig. 2. Moreover, the distances xo,1 should be chosen in such a way that all 


a) 


Fig. 2. a) The form of a throat as it is seen on sky in the open model. It represents the colored 
curved rectangle. Regions behind the circles are copies of the physical region. All additional images 
lay within the circles. b) The form of the throat as it is seen in flat models upon the deformation 
of the metric from the negative curvature space. The throat has the torus-like form and only part 
of the throat surface is seen. Additional images lay inside the surface of the torus. 


four semi-spheres restrict a finite minimal section. It is also important that every 
semi-sphere envelopes a non-physical space, since every point within it represents 
an image of a point from the corresponding physical space. 

Now let us consider how such a wormhole looks for a remote from the center 
of the throat observer. To this end we should simply shift the central point x — 0 
from the middle of the throat. From qualitative standpoint the picture remains the 
same, every semi-sphere is determined by the same equation (5) but the distance to 
it Xo changes. Four such semi-spheres group and if they restrict a finite solid angle 
they form a remote wormhole. The angle they occupy on sky is A0 ~ 2exp(—xo) 
and the throats (minimal sections) are seen as curved rectangles. We point out that 
from the topological standpoint throats are tori but in open model they will be seen 
on sky as rectangles. Such wormholes restore the torus-like form of throats only in 
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the case when the space is additionally deformed or curved in such a way that the 
mean curvature becomes zero or positive one. 

Above we have described the factorization which forms a wormhole that connects 
two independent (connected only through the throat) Lobachevsky spaces. To get a 
wormhole whose both entrances lay in the same region requires one more analogous 
map as described in.!? In this case we get couples of such throats (groups of semi- 
spheres) on sky. Now to get a pure fractal picture we may construct a Cantor set 
on sky by placing such groups of semi-spheres of smaller and smaller solid angles. 


2.2. Stability of wormholes 


The factorization described previously requires the negative curvature space which 
corresponds to an open Friedman model, while the position of Doppler picks in the 
power CMB spectrum favor for the flat space. In flat space such a factorization is 
impossible. However a fractal structure can be obtained by inserting fractal distri- 
bution of wormholes or by deforming the metric of a factorized Lobachevsky space. 
'The deformation of the Lobachevsky space can be obtained rather naturally dur- 
ing the inflationary stage. Indeed, if the space had initially a negative curvature, 
then during the inflation stage production of wormholes and particles took place. 
Therefore, particle production process could essentially change the value of spatial 
curvature and essentially deform the picture described above. In this sense we may 
expect to see a distribution of analogous wormholes even in flat space. We point out 
that contrary to the open model in flat space upon the deformation throat sections 
will look as torus- like shapes. This poses the problem how such wormholes may 
evolve in flat space. Spherical wormholes are unstable and collapse very quickly. 
The stability of torus-like wormholes is not investigated yet. There are only some 
encouraging results. For example, the existence and stability of static cylindrical 
wormholes without exotic matter was demonstrated recently in Refs.??: 4^ We point 
out that the toroidal wormhole reduces to the cylindrical one in the limit when on of 
radii tends to infinity. Though the rigorous investigation of the behavior of toroidal 
wormholes during the cosmological evolution still is not completed, we may expect 
that such wormholes collapse much slower, than spherical wormholes do and may 
survive till the present days. As a result we get open or flat Friedman model filled 
with toroidal wormholes. 

When we consider wormhole throats as objects of a finite size (e.g., they occupy 
a finite solid angle on sky) we may average out over possible random orientations of 
the throats in space. We point out that there are no strong physical arguments in 
favor for some particular characteristic size of wormholes, moreover, fractal structure 
of space-time at Planck scales predicts analogous fractal distribution over the throat 
sizes. In the case of the statistical averaging over possible orientations the spherical 
symmetry of the wormhole configuration restores and, therefore, estimates based on 
spherical wormholes should give correct predictions, at least to the leading order. 
In what follows we discuss the open Friedman model with almost zero value of the 
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space curvature where wormholes can be considered simply as quasi-static objects 
expanding only due to the scale factor a(t). The cosmological evolution of a(t) 
follows the standard Friedman equations 


k 8TG 
H? + 2 z o 
where H = a/a is the Hubble constant, k = —1, and p is the matter density (baryons 
plus radiation). The metric has the standard form ds? = dt? — a?(t)dl?, where the 
space-like part di? corresponds to the Lobachevsky space. 

The behavior of small perturbations in such a model is determined by the stan- 
dard Lifshitz theory? with one exception. The basic equations for perturbations 
have local character and, therefore, do not depend on the topological structure of 
space. However possible solutions do. In particular, in comparison to the ordinary 
Lobachevsky space the space with wormholes represents a space with a specific 
factorization. For example in flat space the factorization over translations in one 
of directions gives the space which is simply the cylinder and one of coordinates 
becomes a periodic one. This means that corresponding modes are classified by a 
discrete wave numbers instead of continues ones and, therefore, some modes are 
absent. Analogously, the factorization of the open model selects only particular 
solutions among all possible solutions for the unrestricted space. Therefore, from 
qualitative and quantitative standpoint the evolution of perturbations will show 
essential deviations from the behavior in standard Friedman models. Analogous de- 
viations are indeed observed and are interpreted as the presence of dark matter, or 
a modification of general relativity. According to Ref.!” the Hausdorff dimension of 
space should be 1 < d < 3. At laboratory scales we see that d = 3 and no deviations 
from the standard Newton’s law are observed. The number of galaxies counts show 
that starting from galactic scales (R ~ 5 pc) at least up to 200M pc the Hausdorff 
dimension is d ~ 2 and at those scales we observe the phenomenon of dark matter. 

Indeed, the simplest estimate for the Newton’s law gives F œ $08 where M 


is the mass within the volume V(R) (ball of the radius R) and S(R) — av qu is 
the square of the sphere surrounding the volume V(R). In the case of a fractal 
law V ~ R?4 and S ~ RÓ-!. The value d c 2 is in the very good agreement with 
observations of dark matter in the range of scales 5X pc < R < 200M pc. The value 
d ~ 1 gives too strong the gravitational bind and such structures should decouple 
the cosmological expansion very early, or it even should be suppressed during the 
inflationary stage. 

From one standpoint, stable toroidal wormholes do surely exist in negative cur- 
vature spaces (in the open model), while in the flat model their stability requires 
additional study. From other point, the position of the Doppler picks in the CMB 
(AT/T) spectrum points out to the fact that our Universe is very close to the flat 
space, which means that the matter density is close to the critical value. Here, how- 
ever, one should be especially careful in making estimates. First, the positions of 
picks are evaluated on the basis of the standard Friedman models when the possible 
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factorization of the space is not taken into account (i.e., the possible presence of 
wormholes). Secondly, the presence of fluctuations AT/T ~ 10^? means that at 
the moment of recombination analogous fluctuations are present in the metric and 
matter density AQ = Q — 1 ~ 1075, where Q = p/per and per = 3H?/(87G) is the 
critical density. In other words, the space is split in regions of a positive (Q > 1, 
k/a? = 10? H?) and negative (Q < 1, k/a? ~ —10 ? H?) curvature. If in regions 
where 2 > 1 the presence of stable wormholes requires the additional study, in 
the regions where €) « 1 stable wormholes do exist. Moreover, in the fractal Uni- 
verse the observed mean value of the spatial curvature is somewhat different from 
the actual locall value. It contains the additional factor Vj, (R)/Veoor(R), where 
Vpn (R) ~ RP-! is the actual physical volume of space, while Veoor(R) ~ R? is the 
coordinate, or extrapolated volume. In this estimate one should take the Hubble 
radius R = Ry, or the radius of the sphere of last scattering. In accordance to Ref.® 
the estimate Vpn(R)/Veoor(R) ~ 10^? is in the agreement with observations which 
means that at the moment of recombination the local value of the spatial curvature 
and the Hubble constant may have the same order (k/a2,. zz H2,.). We point out 
that the same value 10-7? characterizes the portion of actually observed baryons 
with respect to the value predicted by nucleosynthesis. Here we assume estimates of 
the number of baryons based only on counts of galaxies and discrete sources, while 
the diffuse background (e.g., the X-ray background) gives much higher estimate 
for such a ratio ~ 0.4.1645 In fractal picture the diffuse background does not rigor- 
ously reflects the actual number of baryons. It reflects merely the mean homogeneity 
and isotropy of space and the local density of baryons, while the actual number of 
baryons is proportional to the physical volume of space N(R) ~ Vj, (R) < Veoor(R). 
In other words, rigorous estimates require further investigation. 


3. Fractal distribution of wormholes and modification of 
Newton's law 


The fractality of the topological structure of space requires the analogous fractal 
distribution of wormholes. At first glance the fractality is not consistent with the 
observed homogeneity and isotropy of the Universe. This however is not so, e.g., 
the diffuse background which appears due to the scattering on wormholes remains 
homogeneous and isotropic.?? The basic feature of the fractal distribution is a scale - 
dependence of different mean values, such as mean density of wormhole throats n, 
the mean distance between entrances (X), the mean radius of the throat (R), etc. 

Consider the simplest model suggested by us in Ref.,?5 which explicitly demon- 
strates that non-trivial topology can model effects of dark matter. The model is 
based on spherical wormholes, while actual stable wormholes should have torus like 
throats. We assume that throats are averaged over orientations then the spherical 
symmetry restores and such wormholes can be considered in the leading order as 
spherical ones. 
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In the case of weak gravitational fields and potential perturbations the Einstein's 
equations reduce to the Laplace equation for Newton's potential (Rj — 4 R = 81 T4) 


1 3 


where a is the scale factor, dp and 6P are perturbations in density and pressure 
respectively. The behavior of perturbations are determined by the Green function 
(Newton's law) 


AG (a2, 2’) = 4nó (x — x). 


In the Euclidean space the Newton's law gives Go — —1/r (in the Fourier repre- 
sentation it gives Go = —47/Kk?). In the presence of wormholes the Green function 
changes.?? It is convenient to describe corrections which appear due to wormholes by 
the presence of additional sources (fictitious sources). Then formally we may think 
that the space remains Euclidean, while proper periodic conditions on throats are 
accounted by the bias of sources 


AG (a, x.) = 4r [6 (x — z') + b (x — 2’). 


Here the bias function b (x) describes corrections to the Newton’s law which appear 
due to non-trivial topology of space. Indeed the presence of the bias b(a — x’) gives 
rise to the transformation 

1 2 [* sin(kr) — kr cos(kr) 

z7? =| [1+ b(k)] ——_ 5 k. 
The asymptotically flat rotation curves in galaxies require that the correction to 
the Newton’s potential should have the logarithmic behavior, i.e. the gravitational 
acceleration should switch from 1/r? to 1/r. The above expression implies that at 
galaxy scales the bias behaves as b(k) ~ 1/k® with a ~ 1 and b(a—2’) ~ 1/(a—2")?. 
When considering a galaxy with surface mass density distribution pr(cr) the bias 
b(x — x’) forms an effective dark matter halo in the form 


pom(t) = b(z — a'oraa. 


In particular, for b(k) ~ 1/k* and an infinitely thin disc pr (x) = ce~"/”? (z) this 
expression gives the pseudo-isothermal halo ppm = po R2,/ (R2, 4- r?), where Rc is 
the radius of the core, e.g., see.® 14 

For a homogeneous distribution of wormholes the bias function b(x) was first 


?5 and more general case was constructed in.!? The bias is expressed 


considered in 
via the distribution of wormholes which in the homogeneous and isotropic case is a 
function F = nf (X, R), where n is the density of wormhole throats in space, X is 
the distance between entrances into a wormhole, and R is the throat radius. In the 
Fourier representation (b(k) = f b (r) e-**"d?r) it has the form?’ 


b(k) = wR(5) 5 (^5) - 1); 
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where we define 


Rik) = : I f(0, R) sin (KR) dR = -im I e-itRw(R)dR, (6) 


1 /j f 
v (k) = EROS ECT) sin (kR) dR, (7) 
and f(k, R) = f f (X,R)e~**d3X is the Fourier transform for the distribution 
function over distances. Here k = |k| and the dependence of the above functions 
only on k reflects the isotropy of the distribution f. The physical meaning of these 
two functions R (k) and v (k) become quite clear in the limit kR < 1, when throat 
radii assumed to be small as compared to the characteristic scales. Then we may 
set sin (kR) ~ kR and we find R ~ f Rw(R)dR = f Rf (X, R) d? XdR which is 
simply the mean value of the throat radius. We point out that R (k) is proportional 
to the imaginary part of the characteristic function for the distribution over radii 
w(R) = f(0, R) (6) (which is w(k) = f e-*^Fw(R)dR). Analogously the function 
v(k) ~ (1/R) f Rf(k, R)dR is the characteristic function for the distribution over 
the distances between throat entrances. In the most general case the effective radius 
R (k) has the dependence on scales and it admits both signs. Thus, the presence of 
a distribution of wormholes gives rise to the specific modification of the Newton's 
law and the true Green function becomes 
G(k) = -$5 Qe). 
Consider the simplest particular situation when all distances between throats 
have the same value Xo and all throat radii be Ro, then we find the homogeneous 
and isotropic distribution in the form 


1 


HA T 


6(|X| — Xo)ó(R — Ro), 


and the Fourier transform is 
Ps sin k Xo 
k, R)  (R— R 
f, R) = (R — Ro) == 
The effective radius and the characteristic function which correspond to such a 
distribution are 


sin (kRo) k) = sin kXo 


ea © Ue 


R (k) = Ro 


and the bias is 


An sin (kRo) sin kK Xo 
b(k) = ——nRo—-——— (1-— f 

(k) no HS EXo 
We see that the bias b(k) (and, therefore, corrections to the Newton’s potential) 
alternates the sign with the change of scales. It is completely determined by three 
typical scales related to wormhole distribution, which are the density n ~ 1/L3,, the 
typical throat radius Ro, and the typical distance between entrances into throats Xo. 
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In the general case (of the isotropic and homogeneous distributions) the above 
expressions can be rewritten as follows 


- (sin (kR)) 1 sin (KR) sinkX 
R(k) = ————— bk) - ——( ——— 

o=- = acu CET) 

where the mean value is determined as (g(X, R)) — f g(X, R)f(X, R)d? XdR. For 
normal distributions, when all momenta are finite, we may expand the above ex- 
pressions in series and find 


b (k) E [eri Gig) us (i (Lak)? 4 (Lsk)* +...) , (8) 


arn (RX?) and the characteristic scales Ly are determined via mean 


values as follows 


where \ = 


D 6 N=1 (R+ XAN- 
— (RX?) (21 -- 1)! (2(N — D) 41)! 


i=0 


The first term here determines the re-normalization of the gravitational constant, 
while next terms determine higher order corrections. The above analysis shows that 
using only normal distributions it is hardly possible to get the desirable form of 
corrections (observed in galaxies). This is confirmed by estimates presented in In- 
troduction. Indeed, Gaussian distribution of wormholes is described by three typical 
scales those are L,, ~ n~!/° which characterizes the absolute value of corrections, 
Ro, and Xo. Starting from a typical scale R > Xo Vpnys(R) = Veoor(R) and all cor- 
rections reduce to a some renormalization of gravitational constant, while at smaller 
intermediate scales (Ro < R < Xo) corrections have more complex behavior (partial 
screening, e.g., see?>). This indicates that we should consider more general fractal 
distributions. 

In the case of fractal distributions such an expansion does not work, since all 
momenta may diverge, while the density of wormholes n is badly determined (its 
value also depends on scales). In this case we should directly work with charac- 
teristic functions w(k) (R (k) = —Im w(k)/k) and v(k). Indeed, consider the sim- 
plest example when w(k) and v(k) are independent. Then every function can be 
expressed as 


Q7. 


v(k) = exp [- (kL) (1 — if, tan (=) ; (9) 
where f € [-1, 1] determines an asymmetry of the distribution e.g., see Ref.4° And 
analogously 


QT 


w(k) = exp [- (kLa)*? e — ifl; tan (=) , (10) 
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with its own parameters L, 5, and a. The last equation defines the effective radius 
as 


R(k) 5 —Im e = -1, C G3) sin [22 By tan (=| . (0) 


In the case œ = 2 the above characteristic functions corresponds to the standard 
Gaussian distribution, while for o < 2 the dispersion which corresponds to such a 
distribution diverges as 


as well as all higher momenta. The parameters a; relates to the Hausdorff dimension 
of space D and it characterizes the fractal structure of f(X, R). To avoid misunder- 
standing we also point out that the scales L; do not characterize the mean value 
between entrances into throats, or the mean radius, since for fractal distributions 
such moments diverge. In such a case the decomposition in series presented above 
(8) does not work. In this case we should expand directly the characteristic func- 
tions (9), (11) themselves. In the region of sufficiently small scales kL; >> 1 (i.e., at 
very small distances) the function b(k) quickly oscillates and vanishes b(k) — 0. In 
this region of scales the standard Newton's law does work. At sufficiently big scales, 
i.e., in the limit kL; < 1, we find the first leading term as 


(ka) 9 (era yon 


i) aytag—3 
(kL3)” 


b(k) x 4m +... = 4rx | kL Heia 12 
X 


where L3 = 1/4/nL» and 


x = Botan (=) (1 — ip; tan (5) : 


Corrections to the empirical Green function b(k) can be restored directly from 
observations and by relations (6), (7) they determine the distribution of wormholes. 
In the present paper we do not analyze any actual data, since it requires an inde- 
pendent study. However some rough estimates can be obtained. Indeed, the first 
correction for the empirical Green function which follows from rotation curves! 
behaves roughly as Gemp = — 75 (1 + (kL)~°) with a ~ 1 which determines param- 
eters in (12) as x ~ 1 (8; = 0), a1 + a ~ 2, and L ~ 5K pc. As it was discussed 
in Ref.!^ the value of the parameter L may somewhat change from a galaxy to a 
galaxy which reflects the presence of initial inhomogeneities of the metric at the 
moment of recombination. 

As it was demonstrated in! the bias in the form (12) and the homogeneity of 
total matter (baryon plus dark matter components) straightforwardly lead to the 
origin of Tully-Fisher and Faber-Jackson relations. Therefore, this can be also con- 
sidered as indirect indication of the fractal topological structure of space. Moreover, 
the recent SDSS data?^?^ show the traces of the fractal distribution of baryons up 
to scales ~ 0.1 Rg. 
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4. Concluding remarks 


As concluding remarks we point out to basic results of this paper. First, we have 
demonstrated that the most natural origin of dark matter phenomena relates to 
the existence of locally complex or fractal topological structure of our Universe. 
At extremely small (sub-Planckian) distances such a fractal structure is predicted 
by lattice quantum gravity models. During the inflationary period the topological 
fractal structure tempers and forms the initial conditions for the actual structure of 
space in Friedman models. One may imagine such a process as an instant enormous 
increase of a small (of the Planckian order) portion of space filled with virtual 
wormholes up to macroscopic scales. The stretched wormholes become real and 
form the initial topological structure, while their subsequent evolution is already 
governed by classical gravity. Spherical wormholes collapse and form primordial 
black holes, while torus-like wormholes may survive till the present days. 

Secondly, the fractal structure is consistent with the apparent homogeneity and 
isotropy of space. The simplest rigorous model is the Lobachevsky space factorized 
over a discrete subgroup of the group of motion. The resulting space has a constant 
spatial curvature and it locally cannot be distinguished from Friedman model. How- 
ever it is not a homogeneous space any more and in general it possesses a complex 
topological structure. The flat model can be obtained by a deformation (due to 
particle production) of the factorized Lobachevsky space. In this case the fractal 
topological structure will correspond to a specific distribution of relic wormholes 
which possesses fractal properties. 

And finally, we have demonstrated that when the distribution of wormholes 
possesses fractal properties, corrections to the standard Newton's law have the 
necessary form to imitate carefully the presence of dark matter in galaxies. The 
empirical Green function restored from the analysis of rotation curves in galaxies 
allows directly restrict some of parameters of the fractal distribution of wormholes. 

The rigorous verification of the fractal topological structure requires the use 
of machine leaning methods. Such methods allow for detecting unusual structures 
produced by wormholes on the sky maps. Those are the ring-type structures with 
a specific temperature profile, e.g., if a wormhole throat rotates, then due to the 
kinematic Sunaev-Zeldovich effect this produces a specific profile of T in CMB. In 
general case rings may have elliptical or rectangular form. Besides, the fractal struc- 
ture predicts that galaxies may have multiple images given at different moments of 
their evolution. Such features cannot be detected without the use of machine leaning 
methods. 
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Measuring distances of cosmological sources such as galaxies, stars and quasars plays 
an increasingly critical role in modern cosmology. Obtaining the optical spectrum and 
consequently calculating the redshift as a distance indicator could instantly classify these 
objects. As long as spectroscopic observations are not available for many galaxies and 
the process of measuring the redshift is time-consuming and infeasible for large samples, 
machine learning (ML) approaches could be applied to determine the redshifts of galaxies 
from different features including their photometric colors. In this paper, by using the 
flux magnitudes from the Sloan Digital Sky Survey (SDSS) catalog, we develop two 
ML regression algorithms (decision tree and random forest) for estimating the redshifts 
taking color indices as input features. We find that the random forest algorithm produces 
the optimum result for the redshift prediction, and it will be further improved when 
the dataset is limited to a subset with z < 2 giving the normalised standard deviation 
AZnorm — 0.005 and the standard deviation C Az = 0.12. This work shows great potential 
of using the ML approach to determine the photometric redshifts of distant sources. 


Keywords: Spectroscopy; Photometry; Machine Learning; Random Forest; Decision Tree 


1. Introduction 


Spectroscopy is usually applied as a valuable technique to determine the redshift of 
extragalactic sources. However, its high wavelength resolution limits its accuracy, a 
problem that can only partially be solved with more observation time.! 

In recent years, a growing number of studies have relied on less precise statistical 
but more efficient estimates of redshifts based on broadband photometry.? ^4 A lot 
of key projects for the upcoming survey telescopes will involve these photometric 
redshifts. The photometric redshift is a tool used by multiple fields of astronomy 
to estimate the distances between objects in the sky. Since the process of redshift 
estimation is of great importance in various endeavors such as astronomical transient 
events, galaxy clustering, the mass function of the galaxy and the weak-lensing 
approach through constraining the presence of Dark Energy, several methods have 
been developed to choose an optimum technique.? These methods include leveraging 
training sets,° utilizing template spectra for comparisons’ and mostly template 
fitting methods.® 

Additionally, for over a decade, cosmologists have used ML techniques based on 
neural networks and regression algorithms to determine photometric redshifts.? In 
an attempt to establish a quantitative approach towards the performance of Random 
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Forests, Carliles et al. 2010 concludes that in contrast to other regression techniques, 
Random Forest regression overcomes several vital weaknesses.!? Random Forests 
algorithm as a non-parametric procedure does not use a statistical model to describe 
the underlying data. The performance of parametric methods depends on how well 
the model fits the underlying distribution of data.!! However, with highly skewed 
noise distributions, the Random Forest still provides reliable estimate of the error 
distribution, and this behavior is backed up by strong theoretical support.!? 

In Hoyle et al. (2015), an analysis of feature importance selection applied to 
the photometric redshift estimation using the ML architecture decision trees was 
presented. Such an investigation in this regard remarked in five optical frequency 
bands known as u-g-r-i-z, the flux magnitudes available from the SDSS, as a de- 
terminative input feature that encodes the most information about the redshifts of 
galaxies or quasars.P? 

Over the last 20 years, the SDSS has made a map of the universe. SDSS mea- 
surements of the galaxies, quasars and intergalactic gas structure have contributed 
significantly to tests of the standard cosmological model that describes our un- 
derstanding of the history and future of the universe. Data Release 16 of SDSS!4 
includes infrared, extragalactic and integral field spectra for nearby galaxies. The 
survey has mapped 4846156 useful spectra, 2863635 of which are galaxies and 960678 
are quasi-stellar objects or the so-called quasars. 

In this paper, we focus on Data Release 16 of SDSS and design a decision tree 
and a random forest algorithm to obtain an accurate estimation of the redshifts 
and then investigated their evaluation procedures to obtain optimum algorithms. 
We create a dataset of color indices acting as an approximation for the spectrum 
and as our input features. À noteworthy aspect of this work is the effort put into 
incorporating more information than a simple point estimate of the redshift. We de- 
termine the uncertainty associated with redshift estimates and calculate a posterior 
distribution.? 

The rest of the paper is organized as follows. In Sec. 2 we explain ML algorithms 
including decision trees and random forests. In Sec. 3 the last data release of SDSS, 
DR16, and our input features will be presented besides our ML methodology for 
training and learning. The analysis and results are presented in Sec. 4 where we 
apply optimizing process for Decision Tree and Random Forest algorithms and 
compare the results of these algorithms. Finally, we discuss our results and conclude 
in Sec. 5. 


2. Machine Learning Algorithms 
2.1. Decision Trees 


A decision trees is a ML algorithm which is used for both classification and regres- 
sion learning tasks.!ó Based on a set of input features, decision trees generates its 
corresponding output targets. This is accomplished by a series of single decisions, 
each representing a node or branching of the tree. Following the training data, the 
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decision tree learning algorithm determines which decision should be made at each 
branch. Various metrics are employed by each algorithm in order to determine what 
is the best way to split the data (e.g. Gini impurity or information gain). 


g-r<=0.373 g-r<=0.172 
node 


i-z<=0.335 i-z<=0.149 r-i<=0.108 
node node node 


Target Target Target Target 
1.286 0.431 0.995 0.365 


Target 
1.834 


Fig. 1. Schematic of the decision tree algorithm. 


The input of the calculated color indices into a series of decision nodes is shown 
above (Fig. 1), and the target redshift is calculated as output through the series of 
decision nodes. To implement ML, we will use Python’s scikit-learn library. Using 
scikit-learn decision tree regression, a set of input features and target values are 
taken into account and then the model is constructed to adapt to new data. 


2.1.1. Important Hyperparameters of Decision Tree 


The most significant hyperparameter of Decision Trees is the max-depth. In all other 
cases, the nodes are expanded until all leaves contain less than min-samples-split 
samples, or until all leaves are pure. In the case of a continuous value, as it is in 
this study, the most commonly used criteria to determine split locations are Mean 
Square Error (MSE), Poisson deviance as well as Mean Absolute Error (MAE). 


2.2. Random Forests 


Random forests can be viewed as an ensemble of decision trees in which random 
subsamples of the input attributes are used to create each tree (Fig. 2).!7 In this 
case, the trees will only learn a portion of the input attribute pattern and it will be 
poor classifiers. 
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Additionally, the trees learn only a part of the data, so they cannot learn artificial 
structures or be influenced by correlated attributes the same way as a neural network 
can. As final output, they give an average result based on the trained trees, which 
indicates the probability of each object belonging to one of the specified categories. 
This method gathers an attractive package of advantages. For instance, the model 
resists overfitting and is robust against correlated input attributes. In most cases, 
Random Forest produces excellent results. Moreover, it is one of the most common 
algorithms, owing to its simplicity and versatility. 


1.834 + 1.54 + 0.73 _ 


1.36 
3 


B 
1 
¥@)=5) In) = 


Fig. 2. Schematic of the random forest algorithm. 


2.2.1. Important Hyperparameters of Random Forest 


First and foremost, there is the n-estimators hyperparameter, which is essentially 
the number of trees the algorithms build before taking the maximum voting or 
calculating the average prediction. It is generally true that a higher number of trees 
leads to better estimation and helps to predict more accurately, but it can also slow 
down the calculation speed. 


3. Data 


In this study, SDSS Data Release 16!^ is used as the data source. Observations for 
the SDSS have been carried out from Apache Point Observatory (APO) since 1998 
(using the 2.5m Sloan Foundation Telescope!? and from Las Campanas Observatory 
(LCO) since 2017 (using the du Pont 2.5m Telescope). 

The newest DR16 contains the final sets of spectra collected as part of the main 
eBOSS observing program. SDSS’s DR16 survey, then, ends a twenty-year stretch 
of performing a large-scale survey of the universe’s structure at redshifts. SDSS has 
produced the largest catalog of spectroscopic redshifts of galaxies compare to any 
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other program over this time period. It is worth mentioning that DR16 provides 
spectra with usable redshifts for around 2.6 million unique galaxies. T'he photometric 
properties of around 100 million galaxies were also measured in this data set. 
DR16 includes SDSS data products that are freely available through several 
channels. A large number of galaxy photometrically selected galaxies with spectro- 
scopic redshifts are present in the SDSS that lend themselves well to the analysis 
presented in this paper to use as training, cross-validation and test samples. 


3.1. Input Features 


Using the color indices as our input features and the photometric redshift as the 
output, we have constructed a decision tree and a random forest. The data that 
we use for training are collected through accurate spectroscopic measurements of 
SDSS. These color indices have been created from flux magnitudes which are the 
total flux received in five frequency bands known as u-g-r-i-z (Fig. 3). Also, an 
astronomical color is derived from the difference in magnitudes of two filters, i.e. u 
- g. An object’s color index provides an approximation to its spectrum, allowing it 
to be classified into various types. 


Pe SDSS Filters and Reference Spectrum 
0 


normalized flux / filter transmission 


Shoo 4000 5000 6000 7000 8000 9000 10000 11000 
Wavelength (Angstroms) 


Fig. 3. SDSS filters and reference spectrum.!? 


We can get information about the physical processes taking place in distant 
astronomical sources by precise analysis of high-resolution spectra. Since the process 
of obtaining these spectra is very time-consuming and costly, astrophysicists usually 
observe objects through broadband filters and record them using the magnitude 
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system. As an example, we can define the magnitude in the u-band filter above as 
follows: 


u = mref — 2.5 log 10 | | B rosaa] (1) 


where F(A) is the star’s flux at wavelength A, S(A) is a sensitivity function describes 
the fraction of the star’s flux that is detected at a specific wavelength and myer is 
apparent bolometric magnitude. 


3.2. Training and Learning 


Following conventional ML methodology, the galaxy catalog is then subdivided into 
training and testing samples, with portions of 80 and 20, respectively. For each 
architecture and hyperparameter set, the ML system is trained using a training 
sample. Testing the learned machine's generalization ability based on a test sample 
is necessary to determine whether it truly generalizes to new data sets. Furthermore, 
k-fold cross-validation allows us to test the accuracy of our model. Our model is 
trained k times, with each training test recording the accuracy. We train the model 
every time using a different combination of k-1 subsets, and we test it with the 
final kth subset. Then, the overall accuracy of the model is calculated by taking the 
average of the k accuracy measurements. 


4. Analysis and Results 


In the current section, we start to analyze the final results of our structured al- 
gorithms. First we make a contour map of the redshifts based on a combination 
of color indices (Fig. 4), the results indicate that relatively well-defined regions of 
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Fig. 4. Contour map of the redshifts based on a combination of color indices. 
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similar redshifts can be extracted and therefore the redshift of a new data point 
can be inferred from the color indices. So, this gesture underlines the fact that color 
indices are, indeed, appropriate input features for our ML algorithms. 

In Fig. 5, the redshift distribution of galaxies and quasars are presented. In our 
dataset there are more galaxies in the dataset than quasars, and galaxies usually 
have lower redshifts. 
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Fig. 5. Redshift distribution of Galaxies/QSOs. (a) Total range of the dataset. (b) limited range 
(z<2) of the SDSS dataset. 


We divide Our dataset into two ranges, i) contains all the measured redshifts 
ii) includes those below value 2. The reason behind this procedure is to achieve better 
performance of the algorithms, which will be discussed in detail in the following 
sections. 


4.1. Optimizing Process for Decision Tree 


There are some limitations for decision trees algorithm, including an over-fitting 
tendency. This means that it would potentially create a tree that is too complicated 
and does not address the statistical outliers in the data. In the process, general 
trends may not be accurately characterized. 

Among the reasons for the over-fitting is the algorithm works by trying to opti- 
mize each node’s decision locally. During our analysis, we will examine the impact of 
constraining the number of decision node rows (tree depth) on predictions. Various 
tree depths can be used to investigate whether the tree is over-fitting or not. We are 
particularly interested in comparing the algorithm performance on test data with 
its performance on training data (Fig. 6). 
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Fig. 6. Analysis of the maximum tree depth (a) Total range of the dataset. (b) limited range 
(z<2) of the SDSS dataset. 


4.2. Optimizing Process for Random Forest 


Creating a parameter grid prior to fitting is the first step in optimizing the Ran- 
dom Forest algorithm. A new combination of features is selected on each iteration, 
especially the n-estimators parameter, which represents the number of trees. In our 
Random Forest algorithm, we see that 600 trees will give the best result, as mea- 
sured by the median value of the residual of measured and predicted redshifts. By 
setting the number of trees parameter to 600, we investigate the optimum amount 
of each tree’s depth as in our prior grid search in the algorithm. 


4.3. Illustrations of the Models Performance 


Once the maximum tree depths have been determined, the algorithms are ready 
to take on the two different sets of data extracted from DR 16. We have used 
450000 of the catalog’s data based on our system’s performance. There were 400000 
data under value 2 in the parts of the paper where calculations had been exe- 
cuted on the filtered dataset. Fig. 7 and Fig. 8 present the measured redshifts from 
the survey versus the algorithms predicted redshifts. The color bars indicate the 
density of the galaxies or quasars in the datasets. A straight line with an angle 
of 45 degrees illustrates the success of the algorithms where measured redshifts is 
equal to the predicted ones. The overall performance of each algorithm was evalu- 
ated using three metrics:2° model accuracy, the Root Mean Square Error (RMSE), 
and the normalized standard deviation. The normalized standard deviation is 
defined by: 


Zspec — Zphot (2) 


Az(norm) = aa 
Zspec 
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And, we calculate the standard deviation of the photometric redshifts from the 
spectroscopic redshift or namely the RMSE: 


Fig. 7 illustrates how the Decision Tree algorithm has performed on both subsets of 
the dataset. Each datum's predicted redshift is plotted as a function of its spectro- 
scopically measured value. The left panels show the the results for the whole range 
of the redshift data, while the right panels limited to the results with redshifts below 
value 2. Moreover, the error distributions of the predicted redshifts appear under 
each graph. The mathematical criteria for each model's performance are provided 
in the corresponding tables, however, it can obviously be inferred from both of 
the diagrams that filtering the redshift to below 2 values has indeed enhanced the 
accuracy of results. 

As the Table 1 shows, filtering data into lower redshifts leads to a significant 
improvement in the model's performance. The accuracy of the algorithm has in- 
creased by 1596, the median difference, the normalized error as well as the standard 
deviation were all decreased by corresponding amounts. The explanation which un- 
derlies this improvement could be the fact that by splitting the dataset, there are no 
more considerable biases in the values of target redshifts and the algorithm would 
not experience a scattered distribution of values in the training procedure. Thereby, 
there should be no excessive miscalculation or poor estimation in the testing mode. 
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Fig. 7. The predictions of the Decision Tree algorithm for two ranges of redshifts in SDSS dataset. 
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Table 1. Analytical overview of statistical parameters 
for the Decision Tree algorithm for two ranges of red- 
shifts z<7 and z<2. 


Parameters Decision Tree Decision Tree 
(2X7) (2X2) 


Accuracy 70.17% 85.26% 
Max Depth 19 17 
Median Difference 0.017 0.0156 
ANZ sar 0.0135 0.005 
OAz 0.28 0.16 
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Fig. 8. The predictions of the Random Forest algorithm for two ranges in SDSS dataset. 


Contemplating what was discussed in section 2.2, as the number of trees grow, 
the accuracy of the predicted value increase. Thus, it is expected that the Random 
Forests would have a better overall performance in terms of making more accurate 
predictions. As shown in Fig 8, both in the scattered plot and the distribution plot, 
the amount of precise estimations has increased. Since the color bar range indicates 
the density of data in the diagram and it includes a greater range of numbers than 
the Decision Tree algorithm. We conclude that the Random Forest algorithm has 
better accuracy. This fact is also presented in terms of statistical parameters showing 
the accuracy in Table 2 such as the standard deviation. 
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Table 2. Analytical overview of statistical parameters for 
the Random Forest algorithm for two ranges of redshifts 


Z<7 and zx. 
Parameters Random Forest Random Forest 
(z<7) (2X2) 
Accuracy 81.02% 91.00% 
Max Depth 25 13 
Number of Trees 600 600 
Median Difference 0.0164 0.0154 
AZ norm 0.013 0.005 
OAz 0.23 0.12 


5. Conclusion and Remarks 


The current research addresses two leading ML regression algorithms namely the 
Decision Tree and the Random Forest, that were structured for estimating the 
redshifts of distant objects such as galaxies and quasars. Since there exist vital 
limitations in obtaining spectroscopic measurements, the photometric optical band 
data are widely investigated in this realm. This paper uses the 16 Data Release of 
the SDSS, where photometric colors are used as input features of the mentioned 
models. After developing the Decision tree and the Random Forest algorithms and 
evaluating the final results, it was concluded that the Random Forest algorithm will 
significantly perform better in this case (Table 3). The Random Forest algorithm 
leads to much better accuracy and marginally better standard deviation and median 
difference as seen in Table 3. 

Another noteworthy improvement was filtering the dataset to redshifts below 
value 2. The significant effect of redshift splitting was illustrated in section 4.3 and 
we extensively discussed about all the possible reasons behind this effect. 


Table 3. Comparison between statistical parameters of 
the Decision Tree and the Random forest algorithms for 


z[<2. 
Parameters Decision Tree Random Forest 
(z<2) (z<2) 
Accuracy 85.26% 91.00% 
Median Difference 0.0156 0.0154 
AZ norm 0.005 0.005 
OAz 0.16 0.12 


A few recent attempts for redshift estimation applying similar developed ML 
algorithms are addressed in Table 4. The crucial factor affecting their evaluations 
is the amount of data in the training sets. Remarkably, in this work taking 400000 
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Table 4. Comparison among results obtained using similar methodologies by different collabo- 
rations and our results in this work. 


Refrence Articles Data Release Training Set INZ ao ML Algorithm 
Beck(2016) 12 1,976,978 5.84 x 10-5 Local Linear Regression 
Paul(2018)! 12 20,000 2 x 107? Random-Forest 

Baldeschi(2021)!2 16 1,251,249 1x 10-3 Random-Forest 

This work 16 320,000 5 x 10-3 Random-Forest 


data into consideration for the training set, we achieved nearly equivalent accuracy 


to the previous works. 


Our results show the great potential of the ML methods for redshift estimation of 


distant sources using color index features. It is worth mentioning that applying ML 
methods is unavoidable when a large number of astrophysical data will be obtained 
from the next generation of sky surveys as the era of big data has started. 
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In view of increasing data volume of existing and upcoming telescopes/detectors we here 
apply the 1-dimensional convolutional neural network (CNN) to estimate the redshift of 
(high-)redshifts quasars in Sloan Digital Sky Survey IV (SDSS-IV) quasar catalog from 
DR16 of eBOSS. Our CNN takes the flux of the quasars as an array and their redshift as 
labels. We here evidence that new structure of the network, and augmenting the training 
set, provide a high precision result in estimating the redshift of quasars. 


Keywords: Quasar, Deep learning, CNN, SDSS 


1. Introduction 


Quasars are the most luminous active galactic nuclei(AGN) which are powered by 
accretion disk around supermassive black holes at centers of their host galaxies. 
Thanks to their high luminosity, they can be observed across the universe in wide 
range of redshift from z = 0 to z ~ 7. Thus, quasars give us important information 
about the early universe, the structure formation and evolution.!? 

Nowadays, astronomy and astrophysics have been brought into the big data era 
through the construction and development of ground-based and space telescope. 


Since huge amount of data, ranging from gamma-ray, x-ray, ultraviolet, optical, 


383 


infrared and radio bands of quasars is available in sky surveys, various challenges 
and opportunities are created for scientific discoveries.?:Ó 

In recent years, machine learning (ML) and deep learning (DL) have been uti- 
lized in astronomy and astrophysics in order to deal with the big data surveys 
and as well extract the new physical understanding. The goal in ML and DL is to 
diagnose, by optimization, common characteristics and features in data.!? These 
interesting branch of computer science have been used in estimating the physical 
parameters and classification of celestial objects; for example the morphological 
classification of galaxies,!?:!6:29 estimation of photometric redshift,!?:25:33:34 clas- 
sification of star/galaxy,^?^:?? spectral classification of stars.* ^ 17.35 

'This article is mainly dedicated to train a CNN to predict the redshift of Quasi- 
stellar radio source (quasars) or quasi stellar objects (QSO) in Sloan Digital Sky 
Survey IV (SDSS-IV) quasar catalog from Data Release 16 (DR16) of the extended 
Baryon Oscillation Spectroscopic Survey (eBOSS), which is the most comprehensive 
catalog of spectroscopically collected quasars to date.?° 


2. Dataset 


In this paper, we exploit dataset from the quasar spectra obtained by the Sloan 
Digital Sky Survey-4(SDSS-4). They are provided by the Sixteenth Data Release 
(DR16) of SDSS extended Baryon Oscillation Spectroscopic Survey (eBOSS).!4 Ac- 
cording to the technical details of eBOSS, namely the wavelength coverage in range 
of 361nm— 1014nm with the resolution R = 2000, where R = ~, more than 700,000 
quasar spectra have been detected in the redshift range 0 € z € 7.1. 

The distributions of detected quasars redshift in the DR16 catalog is shown in 
Fig. 1. As can be seen, the number of quasars reaches its maximum around z z 2.5; 
at earlier epochs i.e., higher redshifts, they are comparatively rare. 


2.1. Redshift 


The observed quasar spectra contain broad emission lines, often time-variable flux 
both in the continuum and in the emission lines and UV flux; see e.g.!! The shift 
and deformation of the various lines and specific characteristic of different fluxes 
in the spectra of quasars, due to the cosmological redshift, makes quasars a proper 
tool to invest the deep learning method and extract the common features hidden in 
their spectra (flux). 

In DR16Q catalog, redshifts obtained for quasars by different methods, such as 
principal component analysis (PCA) and QuasarNET are reported. In this work we 
use “primary” redshift or best redshift for quasars which has been selected from 
the available visual inspection redshifts,? or, alternatively, the SDSS automated 
pipeline redshift;, see??:?4 
option is exploiting only the visual inspection redshifts which will be presented in 
the forthcoming papers. 


and references therein for more information. The best 
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Fig. 1. The distributions of “primary” redshift of quasars in the DR16 catalog. 


3. Convolutional neural network (CNN) 
3.1. CNN architecture 


Since the spectra of quasars are represented by flux versus the wavelength, namely 
1+1 dimensional set of data, they can be considered as as time-series. For this rea- 
son, the neural network model in this work is designed to be a 1-dimensional CNN. 
It operates like a combination of some mathematical functions, which optimizes 
through several filters, and transforms the input data; here flux of quasars, to the 
output data, here redshift of quasars, by extracting the hidden features from the 
quasars’ fluxes. 

'The physical information, such as redshift are hidden in the observed flux, and 
CNNs, as a regressor, are supposed to estimate the redshift through the train- 
ing process. The CNN in the current work is a combination of convolutional and 
fully-connected layers. The convolutional layers are initialized with He Normal ini- 
tializer.?? If the model requires to access the non-linear modes in data he Rectified 
Linear Unit (ReLU) activation function is implemented.?9 

The filters in each convolutional layer scans each row (flux) and extract the 
prominent features from the raw input for the specific redshift. The feature- 
extraction layers have a repeating pattern of the convolutional layers whereas the 
pooling layers reduce the dimensions and concentrate only on the most promi- 
nent features. This process recognizes the non-linear correlation within the dataset. 
Finally, the fully-connected feed-forward layers connect and assign the extracted 
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features to the output layer (redshift). All free parameters in the model change dy- 
namically as the algorithm finds the best solution, achieved by the back-propagation 
learning algorithm. 

Many free parameters, such as the number of layers, layer specifications, and 
their arrangement can be changed while one constructs a neural network model; 
known as model architecture. The architecture selection affects optimization and 
quality of the performance; this process is called hyperparameter optimization.!? 
'The hyper-parameter optimization process is necessary in order to ensure that nei- 
ther underfits nor overfits of the training set happens. 

In the hyper-parameter optimization process, the number and length of filters of 
convolutional layers, the number of nodes in fully-connected layers, and the kernel 
size of the Maxpooling layer are considered and finally the “Mean Squared Error" 
(MSE), as the loss function, is utilized in our CNN. 

We also use Adam optimizer to optimize the loss function, which is an algorithm 
for the first-order gradient-based optimization of stochastic objective functions. We 
here set the learning rate as 0.0001 and the coefficients for computing the averages 
of gradient and its square as 0.5 and 0.9, the weight decay of L2 penalty is set 
as 0.28.29 

Figure 2 demonstrates the CNN pipeline of this work. It takes a quasar spectrum 
as a 1-dimensional array and predicts the redshift. We have tested different samples 
of training set, and the addition of more layers to this configuration does not enhance 
the prediction accuracy presented in this paper for different redshift intervals. 
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Fig. 2. Structure of 1-dimensional CNN developed in this work to learn higher-order features 
hidden in the input spectrum. The CNN goes through the spectrum via a convolutional layer of 
kernel size — 200, 200, 32, respectively in order to search for the global and local pattern. The 
fully connected layers output the redshift. 
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3.2. Pre-processing the data 


Data pre-processing is crucial in two aspects: (1) to provide an understandable 
dataset for DL networks, and (2) to increase the speed and accuracy of process- 
ing. As the first step of the pr-eprocessing procedure in the present work, a two- 
dimensional matrix of the dataset is created. In the matrix each row represents the 
quasar flux and each column relates to a flux a certain wavelength. At the second 
step, the flux of every spectrum is normalized via the Zero-Mean Normalization 
method. Moreover, the normalized fluxes are stored in a Numpy array and applied 
as features dataset, their corresponding redshifts are collected for labels dataset as 
well. 
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Fig. 3. Redshift predicted by our CNN for 3 < z < 5. Top: The predicted redshift vs. the redshift 
reported in the DR catalog. Bottom: The relative error and their distribution. As it can be seen 


the distribution of relative error follows a Gaussian distribution with mean, u = 0.0042 and a 
standard deviation of e = 0.014. 


4. Prediction in the 3 < z < 5 interval 


As an example, we use the quasars in the 3 < z < 5 interval as sources to test 
our CNN. In general, there are 51, 100 quasars in this interval,7596 of them, namely 
38832 spectra are taken as the sample in order to train our CNN (training set) and 
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Fig. 4. Redshift predicted by our CNN for 3 < z < 5 with training set in 2.9 < z < 5.2 interval. 
Top: The predicted redshift vs. the redshift reported in the DR catalog. Bottom: The relative 
error and their distribution. The distribution of relative error follows a Gaussian distribution with 
mean, u = 0.0038 and a standard deviation of e = 0.012. 


25%, namely 12776 as sources to testify our CNN (test set). In the whole paper, the 
test set has not been used to train the CNN. Moreover, no limit on the S/N ratio 
of spectra is imposed. 

The predicted redshift by our CNN for 3 < z < 5 together with their relative 
errors distribution and the best fit is shown in Fig. 3. The distribution of relative 
error, RE, 


RE = — pred (1) 


Z 


which z is the redshift reported by SDSS and Zpreq is the redshift predicted by 
our CNN, follows a Gaussian distribution with mean, u = 0.0042 and a standard 
deviation of ø = 0.014. The method used for smoothing the scatterplot is locally 
weighted regression (LWR).'% 

As it can be seen in Fig. 3, the fit in the lower and upper edges of the prediction, 
namely 4.5 S z < 5 and 3 S z € 3.1 intervals, is not as significant as other time 
intervals. 
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'This problem can be due to: 


(1) the lack of data in z « 3 and z > 5 and consequently the failed LWR in the 
aforementioned intervals. 
(2) the deficiency of training sample in 4.5 € z < 5. 


In order to solve the first issue, we extend our training set to 2.9 € z < 5.2. By 
adding this extra data to the train set we make sure that there is no bias in the 
LWR fitting presented in Fig. 3 at its lower and upper part; see Fig. 4. 

In order to accommodate the second issue and increase the number of spectra of 
the training set in 4.5 S z € 5 we first convert the observed spectra in 4 € z < 4.5 
interval, where there are enough spectra to produce a reliable training set, into their 
cosmological rest-frame by dividing their wavelength by 1+z then we convert data 
set to 4.5 < z € 5 by multiplying the wavelengths by a factor of 1+z+0.5. 

Figure 5 represents the results when extra samples from 2.9 < z < 3 and 5 < 
z X 5.2 as well as the redshifted sample from 4 € z € 4.5 to 4.5 € z € 5 have 
been added to the original training set. The distribution of relative error follows a 
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Fig. 5. Redshift predicted by our CNN for 3 < z < 5 with training set in 2.9 < z < 5.2 interval 
together with the converted observed spectra in 4 < z < 4.5 interval into 4.5 < z < 5. Top: The 
predicted redshift vs. the redshift reported in the DR catalog. Bottom: The relative error and its 
distribution which follows a Gaussian distribution with mean, 4. = 0.0030 and a standard deviation 
of ø = 0.010. 
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Gaussian distribution with mean, js = 0.003 and a standard deviation of ø = 0.01. 
The prediction is clearly improved in 4.5 € z < 5 comparing to initial result shown 
in Fig. 3. 


5. Conclusions 


Deep learning, especially CNN?! 37 
CNN can be utilized, owing to its several convolutional and fully connected layers 
to find the common deep hidden patterns in the spectrum, in provision for improv- 
ing our astrophysical knowledge of distant objects. In this regard, we showed that 
exploiting a CNN leads to a statistically significant prediction of the redshift of 
quasars. We also showed that augmentation of dataset, which depends on the sta- 
tistical and physical features of samples improves the prediction of redshift. Since 
CNN finds the physical characteristics of the spectra and these characteristics are 
deformed by the cosmological redshift the results presented here can be extended 
to the other energy bands like, X-ray, Infrared, UV, Gamma-ray and etc. 


is promising in the future Astrophysical studies. 
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Two major challenges in modern cosmology involve understanding the origin and growth 
of Cosmic structure and the progenitors of Gravitational Waves. Both scenarios currently 
require heavy computational resources to perform simulations and inference. In this 
work, we adopt simple Machine Learning methods to alleviate these requirements, to 
enable significantly faster sampling and inference. We show that using Dimensionality 
Reduction and simple Supervised Learning methods, it is possible to generate high- 
precision emulations of density fields given a set of parameters (such as the Dark Matter 
density parameter and redshift). Our method provides orders of magnitude improvement 
of CPU run times and much less computational resources when compared with N-Body 
simulations or more complex supervised learning approaches. We also show that it is 
possible to generate fast inference of gravitational wave parameters (such as the Chirp 
Mass) from Binary Black Hole systems using the same method. This method provides a 
promising approach to fast emulation and parameter inference to further explore in the 
context of upcoming large surveys like Euclid, LSST/Rubin, and LISA. 


Keywords: N-body Simulations, Gravitational Waves, Supervised Machine Learning, Di- 
mensionality Reduction, Emulation, Inference. 


1. Introduction 


Two main challenges in modern Cosmology involve understanding the origin and 
growth of Large Scale Structure (LSS) and the physics behind the progenitors of 
Gravitational Waves (GW). To study these phenomena, usual approaches rely on the 
generation of mock data for comparison with observations and consequent inference 
of parameters concerning the underlying preferred models. 
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Regarding Structure Formation, mock data is usually generated with N-body 
simulations, which are the most powerful method to study the non-linear evolu- 
tion of large scale structure, within a huge variety of cosmological scenarios. With 
upcoming surveys like Euclid,! the urgency to generate large databases of these 
simulations for statistical analysis becomes even higher. One serious limitation is 
that simulations take large amounts of computational resources and time, making 
unfeasible their direct adoption in tasks that require the realization of multiple sim- 
ulations and wide explorations of parameter spaces. To overcome these limitations, 
we propose the application of simple Machine Learning methods to generate high 
accuracy emulations of N-body density fields in a minimal amount of time, given a 
chosen set of cosmological parameters, more specifically the Dark Matter Density 
(Qam) and redshift (z). 

Similarly to the N-body case, current approaches for parameter inference from 
gravitational waveforms also rely on computationally heavy and sometimes model- 
dependent methods. With GW detectors like LIGO? and the upcoming LISA® mis- 
sion there is also the urgency for the development of methods that can efficiently 
extract information from this type of data. Consequently, we aim at generalizing our 
proposed N-body approach to enable fast and accurate inferences of astrophysical 
parameters of the waveforms progenitors, namely, the Chirp Mass (Mcnirp). 

To achieve both goals we combine a simple data projection method called Princi- 
pal Component Analysis (PCA)*® with Supervised Machine Learning techniques, 
requiring only an initial dataset of N-body simulations and approximated wave- 
forms. PCA enables us to take advantage of the redundancy intrinsic to the data 
by compressing the dimensional size of input features before providing them as 
an input to the Machine Learning methods, which learn the relationship between 
the compressed representation, i.e. the Principal Component coefficients, and the 
desired cosmological/astrophysical parameters for emulation/inference. 

After convergence is achieved, we can use the models to infer or emulate previ- 
ously unknown regions of the parameter space, which can be compared with ground 
truth examples not included in the training data, to gauge the performance of the 
methods. To test different approaches and discriminate which was more appropri- 
ate for our analysis we explored four different machine learning algorithms, Random 
Forest,’ Extremely Randomized Trees, Support Vector Machine? and Neural Net- 
works.!? Additionally, we also explore the possibility of using Functional Principal 
Component Analysis (FPCA) to perform the emulation of N-body density fields, a 
method that combines the capabilities of both the PCA and the Supervised Learning 
approach, providing better accuracy at the cost of higher computational memory. 


2. Methodology 


'This Section presents the method that we developed and the approaches that we 
used to generate our training and test data sets. To ensure that our methods are 
effective even in infrastructures with limited resources, all work presented here was 
created, run, and tested on a regular desktop computer with an Intel Core 15-4460 
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(4 cores, 4 threads), with 16Gb RAM at 2400 Mhz, running the Linux Ubuntu 
18.04LTS operating system, without discrete high-performance GPU cards. 

The whole pipeline includes codes in different programming languages. These 
include Fortran, for generation the N-body simulations and power spectrum com- 
putation from 3-dimensional density volumes; Python,!! to generate GW waveforms, 
noise models, and to compute density field bispectra; and, finally, the R program- 
ming language?? for the new statistical learning pipeline that we propose. This also 
includes R libraries for dimensionality reduction, regression models and parameter 
estimation, that are written in C, C++ and Fortran. 

In the following Sections, we provide a detailed description of our pipelines. 


2.1. Adopted Machine Learning Algorithms and Optimization 


To build our pipeline, we tested four classical machine learning algorithms, Random 
Forest,’ Extremely Randomized Trees, Support Vector Machine? and Neural Net- 
works.! Each algorithm is governed by a set of hyper-parameters that define the 
properties of the learning process and the structure of the model. Consequently, we 
optimized the combination of these hyper-parameters using three different optimiza- 
tion approaches, Grid-Search, Bootstrap and K-fold Cross-Validation, ultimately 
choosing the one which provided the best results. 

For the Random Forest algorithm we used the randomForest package,!? while 
optimizing the number of trees in the ensemble (ntree), the number of features 
tried at each split (ntry) and the minimum size of the terminal nodes (nodesize). 

For the Extremely Randomized Trees, our implementation used the pack- 
age extraTrees while optimizing the number of random cuts at each split 
(numRandomCuts) and similarly to the previous case, the number of trees in the 
ensemble and features tried at each split. 

The Support Vector Machine models were built using the package e1078!^ and 
the hyper-parameters optimized were the kernel kernel, the margin/error cost and 
the amount of curvature allowed in the decision boundary of the Gaussian Radial 
Basis Function Kernel (gamma). 

Finally, for the Neural Networks, our implementation used the package nnet,!° 
and we optimized the number of perceptrons in the single layer (size) and the 
decay of the weights (decay). 

For the particular case of Gravitational Wave parameter inference, since the 
Principal Components are used as independent variables, they were also optimized. 
Here we used a simple Grid-Search. 


2.2. The N-body Emulation Pipeline 


In the first half of our work, we attempted to estimate N-body dark matter density 
fields using our proposed compression-based machine learning methods. 

We consider two scenarios. In the first scenario, we attempt to estimate the den- 
sity fields considering just one cosmological parameter as the independent variable 
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used to build the regression models, the Dark Matter density (Qam). In the second 
scenario, we extend the pipeline to include the redshift (z) as a second cosmological 
variable and attempt to use both as independent variables to estimate the density 
field for different values of Qam and at a continuous range of z. 


2.2.1. Generation of the Training and Test Datasets 


We generated the N-body simulations using a public version of the Hydra code,!® 
which solves the Newtonian equations for a set of mass particles of Dark Matter. 
Every simulation has the same initial conditions, starting from the first snapshot at 
z — 49 until reaching z — 0, summing up to a total of 10 snapshots. We generated 
the fields for 160? particles of dark matter initially positioned on a regular cubic 
grid of comoving length L = 100 h~'Mpc on the side, and every snapshot contains 
positions and velocities for each one of them. 

The cosmological model assumed was the A-CDM model with Q, = 0, Qm = 
1— Qa, og = 0.809, and h = 0.7, where og the stardand deviation of density 
fluctuations when convoluted with a Kernel at a scale of 8 h- Mpc and A is the 
Hubble parameter (i.e. h = Hg/100). 

After calculating the positions and velocities for each particle using the Hydra 
code, the data is compiled by another code called darkdens which calculates the 
densities of the particles using the Smooth Particle Hydrodynamics (SPH) formal- 
ism.!7 Finally, the data goes through yet another fundamental piece of code which 
computes the density field in 128? cubic voxels, in units of 1077 Kg m-?. 

In the first scenario of emulation from a single free-parameter, as a demonstra- 
tion of the validity of our method, it was enough to generate a small set of 24 
simulations, setting one of them apart to evaluate the performance of the mod- 
els. The 23 simulations in the training set were generated with Qm varying in the 
interval Qm € [0.05,0.6] with AQ,, = 0.025, while our test simulation was gener- 
ated with the density value from the Planck collaboration 2015,!? corresponding to 
Êm = 0.309. 

For the scenario of multiple parameter (Q, z) density field emulation, the training 
set we adopted in this work comprises 23 Qm density fields spanning four redshifts, 
z = [0,0.25,0.75, 1], while z = 0.5 for Qm = 0.309 was held for testing. Conse- 
quently, the final training dataset will consist of a total of 92 density cubes. 


2.2.2. The Density Field Emulation 


After creating the N-body simulations, we then proceed to load our training set into 
a matrix to perform dimensionality reduction using PCA, while forcing the data to 
be scaled and centered, and apply it to our training matrix in its logarithmic form. 
For that purpose we use the function prcomp from the package stats. 

As a result of the PCA analysis, we have five objects. A vector containing the 
standard deviations of each Principal Component. Two vectors containing respec- 
tively the values used in the centring and scaling of our original data matrix. The 
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matrix containing the loadings (in each column), holding the correlations between 
the original data and the PCs. And the scores matrix containing the PC scores, or 
in other words, our data projected in the principal directions. If we consider the 
loading and scores matrices to be given by L and S, the scale and centre vectors 
to be given by s and c, to obtain our original data representation the scores must 
be matrix multiplied by the loadings with a posterior sum of the centre vector and 
multiplication of the scaling one, yielding: 


Morig = 19(SL7 8" +c") (1) 


Once we have our projected quantities, we use them to optimize and train the 
regression models. Since we aim to estimate the field itself, in the case of single 
free-parameter emulations the training is performed using the PCs as dependent 
variables and Qm’s as independent ones. Once trained, the models are used to 
predict the new set of PCs for Qm = 0.309 (or any other Qm), which can be de- 
projected into the final estimated cube. To achieve this, we created an iteration 
loop wherein each iteration our four different algorithms build a regression model 
accounting for that specific PC and the same set of Qm values. 

To obtain the final PC predictions using these models, we rely on the function 
predict from the R package stats. This function accepts as inputs the regression 
model and the predictor variables, which in this case correspond to one of the four 
algorithms and Qm = 0.309, respectively. 

For the case of the two free-parameter regressions, it is just a matter of adding 
the redshift as a second independent variable, providing the correspondent train- 
ing redshift vector to the supervised learning algorithms and the new test redshift 
(z=0.5) plus the trained models to the predict function. Keep in mind that in this 
case, we are training with 4 distinct redshifts, and thus 4 x 23 simulations, as men- 
tioned in the previous section. After having the new PCs, the four final estimated 
cubes are obtained, by de-projecting them using Eq. 1. 


2.2.3. Testing the Models 


To test the emulation performance of our methods we need to define an appropriate 
metric for comparison against the ground-truth N-body simulation. Consequently 
we chose to use both the Power Spectrum and Bispectrum for this comparison. 

The power spectrum corresponds to the Fourier Transform of the two-point 
correlation function defined by: 


ind) / (lk (E, Df) eh (2) 


(27)? 


where V is the considered volume and ôr(k, t) corresponds to the over-density field. 
Thus the power spectrum yields: 


P(k,t) = (ED = y J elr, t)e Tdr (3) 
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this quantity gives a complete statistical description of a Gaussian Field. The Bis- 
pectrum corresponds to the Fourier Transform of the three-point correlation func- 
tion and, as an higher order correlation function, it is sensitive to departures from 
Gaussianity. It is usually defined as B, yielding: 


(8g, 0g. 0g.) = ôn (kı + Ko + Ex) B(Ii, ka, ks) (4) 


where óp is the Kronecker delta function. 

Since Dark Matter density contrast fields are considered to be well approximated 
by Gaussian Random Fields at the extreme of large scales (linear regime), and as we 
travel to smaller scales we begin to observe departures from Gaussianity (non-linear 
regime), this two quantities are quite appropriate to be used as testing metrics in 
the context of this work. 

During the optimization process, each explored range and optimization scheme 
will provide us a different optimal model, in order to discriminate between the 
different models we compared their estimated outputs against our test simulation 
using the following quantity: 


PSDrp = Y - 38% (5) 
i=l 


i 
Usim 


where yes; and Ysim are the power spectrum vector of our estimated field and the 
ground truth, respectively, n corresponds to the power spectrum vector size, Yis 
and yi,,, are the ith power spectrum vector cell value for both the estimated and 
simulated vectors. 

Consequently, to have an estimation as close to the ground truth as possible, 
we need this quantity as close to zero as possible, and thus, given a set of different 
optimal models, the best performing will be the one with a minimal PS Dgp. 


2.2.4. FPCA: An Alternative Approach 


In an attempt to increase the efficiency of our pipeline and explore less traditional 
approaches, we also demonstrated an application of Functional Principal Component 
Analysis, in the single free-parameter emulation context. 

This method provides a continuous function relating the Principal Components 
with our desired free-parameter, thus combining the compression capabilities of 
PCA with the predictive usefulness of the Machine Learning methods, and con- 
sequently, enabling us to perform a “short-cut” in our pipeline by discarding the 
Supervised Machine Learning step. Here we adopt the R package fda!® in a process 
divided into three steps, as follows. 

In the first step we build a Functional Data Object from the training data. To 
do so we first need to specify the set of basis functions used to compute the FPCA. 
To follow our application of standard PCA, we defined 23 b-spline basis functions. 
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After having the basis functions, we use them to convert the training data (in log- 
arithmic scaling) into the final Functional Data Object where the harmonics/FPCA's 
will be evaluated. 

Once the harmonics are obtained, we apply them to compute the Principal 
Components (PCs) for Qam = 0.309, following the de-projection into the original 
density cube by multiplying each PC by each column of the scores matrix returned 
by the FPCA decomposition. 

One important remark is that this method is highly expensive in terms of mem- 
ory. Thus, we evaluated it in lower-resolution simulations of 64? density cells, instead 
of the 128? density cell simulations used in the previously other pipelines. 


2.3. The Gravitational Wave Inference Pipeline 


In this Section, we describe the methodology we adopted for the Gravitational Wave 
parameter inference. We demonstrate our implementation in Frequency Domain 
waveforms. To probe the generalization capabilities of our pipeline, all algorithms 
were trained in waveforms without noise but tested for Chirp Mass inferences in a 
dataset of waveforms imbued with noise, with decreasing S/N ratios. 

In the following Subsections, we will be describing the process of waveform and 
noise generation, the GW parameter inference pipeline and finally, the performance 
evaluation of our pipeline. 


2.3.1. Generation of the Training and Test Datasets 


We generated a training set of 256 waveforms and a test set of 255 waveforms, 
varying the chirp mass in the ranges Menirp = [9.13; 25.80] Mo and Menirp = 
(9.19; 21.79] Mo, respectively. 

One crucial aspect of our work is that we tweak the S/N ratio by varying the 
distance to the source, consequently we generated 3 different test sets for the men- 
tioned test Chirp Mass range, while only varying the distance parameter (eg. 1 Mpc, 
100 Mpc and 1 Gpc). 

Apart from the distance and masses, it is also necessary to provide high and low 
frequency cutoffs, the frequency resolution, and the frequency domain waveform 
approximator. To follow the LIGO detector parameters, the low and high frequency 
cutoffs were chosen to be, respectively, 10 Hz and 10kHz. Finally, we set the fre- 
quency resolution to Af = ic, and choose the TaylorF2?? approximant to generate 
the simulated waveforms. 


2.3.2. Noise Generation and Data Pre-Processing 


To colour the waveforms with noise, we need to generate an analytical power spectral 
distribution (PSD) following the expectations for the Advanced Ligo detector. To 
do so, we use an analytical Gaussian Noise simulation, as implemented by the 
function analytical.aLIGOZeroDetHighPower from the package pycbc.psd. We 
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set the length of the PSD (Ipsp), the frequency resolution (Af = jt) and the 
low-frequency cutoff (fiow = 10 Hz). 

'The noise is then generated from the defined PSD using the pycbc.noise pack- 
age and its frequency. noise from psd function. After obtaining the noise vector, 
we add it to the strain obtained as from the waveform generation. 

Finally, we resize the simulated waves by cropping all the strain values for fre- 
quencies above 51 Hz, which corresponds to the limiting frequency domain of the 
shortest wave. Thus, each frequency domain waveform results into 656 data points. 


2.3.3. The Inference Pipeline 


Once we generate all waveforms, they are organized to form a training matrix com- 
posed of 256 instances and a test matrix with 255 instances, each corresponding to a 
matrix row. Similarly to the cosmological density fields case, the next step consists 
of performing dimensionality reduction. This data projection results into a compact 
representation, where each waveform is represented by 256 PCs. 

In this case we are dealing with smaller matrices than in the N-body case. Thus 
the PCA projection step is significantly faster. However, as now a higher number 
of instances is considered (e.g 256 instead of 23), the final projection will result in 
a higher number of Principal Components. 

After producing the compressed data representation, we proceed to the machine 
learning regressions. Different from the N-body emulation scenario, here we are not 
attempting to emulate waveforms, but we are instead attempting to infer parameters 
concerning those waveforms given their strain vectors. 

Consequently, instead of using the PCs as dependent variables, now they are 
used as independent variables, while the chirp masses are the dependent variables 
for prediction. That implies a large simplification in our pipeline since we are not 
forced to build a regression model for every single PC. 

Also, in this part of the work, we excluded the neural networks. Since in this 
scenario we have 256 dimensions/independent variables, as opposed to the N-body 
context where we have a maximum of 2 independent variables (e.g Qm and z), here 
the single-layer neural network is expected to highly under-perform. 

After we train and optimize the models using the training set, they are used to 
infeer the parameters for the not previously seen waveforms. To do so we need to 
first project the test waveforms in the PC basis of the training set, were the same 
centering and scaling vectors as learnt from the training set are used, obtaining the 
PC vector for a specific waveform as: 


PO = pet) (6) 


where, as in the Density fields case, LT corresponds to the loadings (or rotation) 
matrix provided by the PCA, s the PCA scaling vector, c the PCA centering vector 
and tw p to the test waveform vector for chirp mass inference. 

After having our 255 inferred chirp masses we proceed to evaluate the algorithms. 
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2.3.4. Testing the Models 


In this case of Chirp Mass inferences, since we are dealing with discrete instances 
represented by a real number, our choice for evaluation metric was the simple Root 
Mean Squared Error, given by: 


RMSE = 


where j; and y; correspond, respectively, to the ith estimated and ground-truth 
chirp masses and n is the total number of instances. 

Here, we use this metric to discriminate between the different models gener- 
ated in the optimization process and also as the final evaluation measure, used to 
discriminate between the different algorithms explored in this approach. 


3. Results 


In this Section, we present the results of our work. We first show the results con- 
cerning the N-body dark density field estimations, and following that, the results 
regarding the GW parameter inference. 

We present our final optimized regressions, and compare the performance of the 
algorithms against the ground-truth using the evaluation metrics described in the 
previous section. 


3.1. N-body Density Fields 


We begin by showing the results concerning our N-body Density Field Emulations. 

First we present the results concerning our main pipeline, coupling PCA with 
the four supervised learning methods in the two emulation scenarios, with one and 
two free parameters. Lastly, we show the results regarding the FPCA emulations, 
implemented in the reduced size dataset. 


3.1.1. Qam Emulations 


In Figure 1 we show the main results from the four supervised learning emulations. 
On the top panels, left-hand side we see the Power Spectra of our estimators against 
the ground-truth while on the right-hand side we see the Bispectra. The lower panels 
show the ratio between the spectra of the emulations and the ground-truth. 

Regarding the Power Spectra, we achieved an accuracy within 9996 throughout 
all of the k domain using the Single-Layered Neural Network, which was the best 
performing algorithm. This is impressive, because these results show that it is pos- 
sible to attain very low errors even at extreme scales as k > 2 hMpc ! and nearing 
k ~ 0.3 hMpc !, while using one of the most simple types of neural networks, a 
single-layer network. We note, however, that this is only possible because of the 
compression step that was adopted here. 
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Results for the single free-parameter emulation scenario implemented at z=0. (a) Power 


Fig. 1. 
Spectrum Comparison. (b) Bispectrum Comparison. 


Looking at the lower panel, it is possible to observe that generally, the algorithms 
seem to have a sharp decrease in their performance at the large scale extreme 
(k < 0.2 hMpc™t), which can be attributed to the lack of independent modes in the 
training dataset. 

On the opposing small scale extreme, we can also observe a slight decrease in 
performance, this time due to leakage of the Nyquist modes, as we approach the 
resolution limit of the simulations. 

Regarding the Bispectra, we obtained an accuracy within 97% throughout all 
of the 0 domain using the Neural Networks. Here we see Random Forest excelling 
at lower 6’s (£ < 0.75), but its accuracy eventually falls below 97% at the large 
0 extreme. The reason why we observe such an overall decrease in performance 
in the Bispectra case, compared to the Power Spectra can be attributed to the 
fact that the Bispectrum is non-linear in nature, giving a description of departures 
from Gaussianity, as opposed to the Power Spectrum. Since the Bispectrum deals 
with the non-linear aspects of the density fields, we should expect an higher chal- 
lenge in reproducing it faithfully, since the non-linear features should be harder 
to compress via a simple PCA method and thus, later to predict via Supervised 
Learning. Non-linear compression methods would allow these results to be improved 
significantly. 


3.1.2. (Qam, z) Emulations 


Figure 2 shows the results for the two-free parameter emulation scenario. 

In the case of the two-free parameter emulation scenario we observe a decrease in 
the performance of the algorithms from the previous scenario. This can be expected, 
as now an increased dimensionality is faced. Also, the simple neural network is no 
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Fig. 2. Results for the two free-parameter emulation scenario. (a) Power Spectrum Comparison. 
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longer the best performing algorithm, and its adoption results in errors reaching 
25% at around k = 0.6 hMpc7!. 

It is however remarkable how well the SVM method performed in this scenario. 
Here, the SVM achieves an accuracy of more than 95% for 0.3 < k < 2 hMpc™}, 
decreasing to about 90% at the low scale extreme and ~ 85% at the large scale one. 

Finally, the observed decrease in overall accuracy between the previous scenario 
to the present, multidimensional one, can be explained due to the so-called Curse 
of Dimensionality. To reach similar performances compared to lower-dimensional 
cases, a required increase in the size of the training set can be exponential, when 
the number of dimensions in the feature space increases. 

Regarding the Bispectrum, the results further indicate that SVMs are the best 
method among those studied in this work, since as we can see, even looking at 
higher order correlations it still out-performs the remaining algorithms. It is the 
only algorithm able to maintain an accuracy below 15% for the entire 6 domain. 

Finally, one additional interesting feature we see in this result, is the fact that the 
relation between the error and the 0 domain seems to be inverted. While in previous, 
one dimensional case, the errors tend to increase for larger angles (corresponding 
to larger scales), here they tend to decrease. This could possibly be due to the 
increased size of our training dataset. By increasing the amount of full simulations 
in our training data we are effectively increasing the number of large scale modes, 
and consequently, improving the predictions of the algorithms at such scales. 


3.1.3. FPCA Results 


Finally, we close the N-body section by showing the results regarding our 
FPCA demonstration. The Power Spectra and Bispectra are shown in Figure 3, 
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Fig. 3. FPCA emulation results at z=0. (a) Power Spectrum Results. (b) Bispectrum Results. 


compared against an optimized Single-Layered Neural Network and the ground- 
truth simulation. 

We can observe from Figure 3 that even when compared against the best per- 
forming algorithm of our previous results, FPCA seems to attain an slightly better 
performance, particularly at the large scale regime, indicating a strong capacity of 
the algorithm for generalization. 

Additionally, FPCA seems to be more stable than the neural network, in the 
sense that we do not observe the frequent oscillations in the power ratio that we 
can observe in the neural network case. This could be due to the smoothing process 
of the b-spline basis functions that takes place within the FPCA. 

Finally, one interesting thing to notice when looking at the error in terms of 
overestimation and underestimation of the power is the fact that the neural network 
and the FPCA seem to roughly exchange roles. When one underestimates, the other 
overestimates. This suggest that it would be possible to further improve the results 
by merging these two methods into an ensemble or a stacked generalization.?! Since, 
roughly, their average results seem to overlap with the simulated Power Spectrum. 


3.2. Gravitational Waves 


Here we present the results from our Gravitational Wave inference pipeline. We show 
results concerning 255 Chirp Mass inferences from waveforms emitted at increasing 
distances and consequently, decreasing signal-to-noise ratios. 


3.2.1. Frequency Domain Inferences 


In Figure 4 we can see the results regarding inferences from waveforms emitted at 
1 Mpc (left hand-side) and 100 Mpc (right hand-side). The top panels show our 
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Fig. 4. Comparison between the estimated chirp masses and the ground truth in Frequency 
Domain. (a) For waveforms emitted at 1 Mpc (b) For waveforms emitted at 100 Mpc. 


predictions against the ground-truth while the lower panels show a measure of the 
ratios. 

These results show that up to 100 Mpc and for Mehirp > 14 we are able to obtain 
an accuracy within 98% using our best performing model which in this context was 
the Extremely Randomized Trees. 

The Support Vector Machine also manages to obtain stable results throughout 
the mentioned domain, with an accuracy within 97%. On the other side, Random 
Forest was the worst performing algorithm, with its accuracy falling below 95%, 
even in this expected well behaved region of the Chirp Mass domain. 

The large increase in error observed at the lower Chirp Mass extreme (Mehirp < 
14) is a consequence of the fact that lower chirp masses result in lower amplitude 
Strains, which get highly diluted in the noise. 

Turning our attention now to inferences in very low signal to noise ratio regimes, 
Figure 5 represent the results for inferences from waveforms emitted at much higher 
distances, at 1 Gpc. 

Here we see a decrease in the quality of the results, with the previous best per- 
forming algorithm (Extremely Randomized Trees) having its accuracy falling to val- 
ues close to 85% in the interval 14 < Menirp > 16 and to 90% for 16 € M.hirp > 20. 

We can also observe a shift in the “well behaved” domain, now Menirp > 16, 
which is a natural consequence of increasing the distance to the progenitors of the 
waveforms, translating in a generalized decrease in the signal to noise ratio. 

On the other side, the Support Vector Machine manages to excel compared to 
the other algorithms, achieving an accuracy ~ 95% for Mehirp > 16. The results 
from these simulated experiments reinforce the strong generalization capabilities of 
SVMs, and are particularly impressive considering that the algorithms were trained 
in a dataset of waveforms without noise while they are being tested on noisy ones. 
In part this is due to the data compression step, since by its very nature, it is also 
working as a denoising procedure. 
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Fig. 5. Comparison between the estimated chirp masses and the ground truth in Frequency 
Domain for waveforms emitted at 1 Gpc. 


4. Discussion 


We showed that combining PCA with simple supervised learning methods allows 
fast and accurate estimation (regression) of cosmological density fields. We also 
demonstrated that the same method can be used, in the inverse way, to perform 
parameter inference, applied to the problem of GW source parameter determination. 

Indeed, the fast increase in the demand for larger and more diverse sets of 
cosmological simulations, to study large-scale structure mechanisms and their de- 
pendence on Cosmology, demands fast and accurate methods to produce multiple 
realizations of density volumes. Our results show that our approach achieves this 
objective. On the other hand, our results demonstrate that our proposed method 
also provides a fast way of performing GW parameter inference without requiring 
additional prior assumptions on top of those that were already adopted to build the 
set of approximated waveforms. 

Here we discuss the main results of our work. We comment on the relevance of our 
method for further developments in these fields, addressing its gains of performance 
and potential to explore other situations of interest. We also address the method’s 
present constraints and discuss ways to mitigate them, proposing solutions for future 
implementation. 


4.1. Efficiency 


Here we focus on the efficiency of our method. In other words, we will discuss 
the amount of CPU time and computational resources required to produce a final 
result. We begin by showing the CPU run times for the N-body emulations, in both 
scenarios of single and two free-parameter emulation, and following that we show 
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the CPU run times for the GW inference pipelines in both low and high signal to 
noise ratio regimes. 


4.1.1. Cosmological Density Fields 


In Table 1, we show the total time in order to perform the emulations. The first row 
regards the single free-parameter emulation scenario, where our best performing 
algorithm was the Neural Network (NNET), while the second row regards the two 
free-parameter emulation scenario, where the best performing algorithm was the 
Support Vector Machine (SVM). 


Table 1. CPU run times for the N-body Emulation Case. 


Emulation PC Estimation De-Projection Total Emulation Time 


Qam 0.077 s 0.719 s 0.796 s 
(Qam; z) 0.082 s 4.380 s 4.462 s 


We managed to achieve an high accuracy for the density field estimation, in a 
total of ~ 0.796 s for the one-dimensional case and ~ 4.462 s for the two-dimensional 
case. As a comparison, it takes ~ 84 min to perform an N-body simulation of the 
same scale. Our results, thus, correspond to an improvement of three orders of 
magnitude in the time required to generate the density field. Moreover, the com- 
putational resources required to implement our pipeline are far smaller than those 
required to perform the N-body simulations. Additionally, these emulations repro- 
duced the real Power Spectra to less than a 1% (NNET in Figure 1 at 0.4<k <3 
and SVM in Figure 2 at 0.4 < k < 2). 

Finally, with respect to our work on Gravitational Wave inferences, we present 
the CPU running times of our pipeline in Table 2. The first row regards the high 
signal-to-noise ratio regime, where the best performing algorithm was the Extremely 
Randomized Trees (ET), while the second row regards the low signal-to-noise ra- 
tio regime, where the best performing algorithm was the Support Vector Machine 
(SVM). 


Table 2. CPU run times for the GW Inference Case. 


GW Inference (FD) Projections into the PC Basis  Inferences Total Time 


D=1 Mpc 0.142 s 0.041 s 0.182 s 
D=1 Gpc 0.252 s 0.004 s 0.256 s 


Once again, we achieve a highly significant efficiency in inferring the Chirp Mass 
of the waveforms, obtain inference times down to 0.183 s for high signal-to-noise 
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ratio regime. These results are particularly appealing, considering this is the time 
required to perform 255 simultaneous waveform projections and M,j;,, inferences. 


5. Conclusions 


In this work, we presented a simple and computationally light methodology to enable 
fast sampling and inference of datasets in two gravity dominated contexts, Structure 
Formation and Gravitational Waves. To achieve that we implemented supervised 
Machine Learning methods coupled with Principal Component Analysis, on training 
datasets of full 3D N-body simulations and approximated Gravitational Waveforms. 

In the context of structure formation, we provided contributions to the field 
using our methodology for fast and accurate emulations of full N-body dark matter 
density fields of 128? density cells in a box of 100 h! Mpc, given a choice of 
cosmological parameters. We applied four supervised Machine Learning Algorithms, 
Random Forest, Extremely Randomized Trees, Support Vector Machine and Neural 
Networks, in two different emulation scenarios. In the first scenario, we performed 
emulations solely based on the Dark Matter Density (Nam) parameter. We managed 
to reproduce the Power Spectrum of the corresponding simulated field to a less 
than a 1% difference for k > 0.3 hMpc ! in all redshifts, and reproducing the 
Bispectrum for all 0 domain to less than a 3% difference for z = 0 and less than a 2% 
difference for the remaining redshifts, using the best-performing algorithm (Neural 
Networks). We additionally studied Functional Principal Component Analysis in the 
context of structure formation. We achieved even better results than the supervised 
methods for a reduced size dataset of simulations with 64? density cells, managing to 
reproduce the Power Spectrum and Bispectrum to less than a 2% and 5% difference 
from the ground truth, at all redshifts. In this scenario we trained our algorithms 
with 23 N-body simulations in the range Qam = [0.05; 0.6] with AO4,,, = 0.025, and 
tested the emulations for Qam = 0.309. 

In the second scenario, we introduced an additional dimension, adding the red- 
shift as free-parameter. Using the best-performing algorithm in this scenario (Sup- 
port Vector Machine), we managed to reproduce the Power Spectrum to less than 
a 5% difference for 0.3 < k < 2 hMpc ! and the Bispectrum to less than a 15% 
difference in all 0 domain. Here we trained the algorithms with simulations in the 
same Ngm range as in the first scenario, but in four distinct redshift snapshots 
(z =0, z = 0.25, z = 1, z = 10), increasing the training dataset by a factor of four. 
We tested the emulations against an Qam = 0.309 simulation at redshift z = 0.5, 
although the emulator can be used for any value of Qam and z. 

We thus demonstrate that percent level accuracies can be reached using these 
emulators, and that moreover emulations can be performed in 0.796 s in the first 
scenario and in 4.462 s for the second scenario. This corresponds to an improvement 


of three orders of magnitude when compared to the time required to perform an 
N-body simulation of the same scale. 
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In the context of Gravitational Waves, we inverted the pipeline to perform infer- 
ence of the Chirp Masses for a set of Frequency Domain simulated waveforms. We 
managed to achieve a high generalization capacity in our models by training them 
with 256 denoised waveforms, and testing on 255 waveforms imbued in theoreti- 
cal LIGO detector noise, for three different datasets at decreasing signal-to-noise 
ratios. In this case we achieved differences in the inferences of around 2% for the 
higher signal-to-noise contexts and for Me; > 14 Mo, while around 5% for lower 
signal-to-noise ratio contexts and for Mehirp > 16 Mo. For both high and low signal- 
to-noise ratios, the parallel inference of 255 independent waveforms is performed in 
less than 0.3 seconds. The main success in these Gravitational Wave parameter 
inference results, however, reside in the generalization capabilities of our proposed 
methodology, since while it was trained on noise-free training sets, it was tested on 
highly noisy test sets. 
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Galaxy Clusters are essential to study galaxy evolution and are sensitive probes of cos- 
mology and the dynamics of the Dark sector. Large galaxy surveys, such as Euclid, DES, 
LSST/Rubin will detect many new clusters. For example, the Euclid mission survey may 
reveal more than 6 x 104 clusters with S/N>3 up to z ~ 2, representing a whole new era 
for cluster cosmology. A large fraction of these clusters will be unknown high-redshift 
cluster candidates, lacking spectroscopic information. Thus, a major challenge for cluster 
detection is the identification of possible member galaxies from photometry alone, and 
ideally without strong assumptions of what a cluster is. Here we present the first results 
for the detection of galaxy clusters of a modified version of the UPMASK (Unsupervised 
Photometric Membership Assignment) method. The method, created to study star clus- 
ters, uses heuristics and statistical analysis to separate cluster candidate galaxies from 
other field galaxies without assuming cluster profiles or any strong theoretical cluster 
priors. We show that the method operates in a fully unsupervised way and it can even 
work with minimal amounts of astrometry and photometry information, using Euclid-like 
galaxy survey simulations. We then use Pan-STARRS data to assess the performance of 
the method to identify Planck clusters and present possible detections of optical coun- 
terparts for cluster candidates in the second PlanckSZ data release catalog. Finally, we 
compare our findings with other Planck cluster candidate follow-up efforts. 


Keywords: Methods: data analysis, methods: statistical, galaxies: clusters: general. 


1. Introduction 


The distribution of galaxies in the Universe is not uniform. They permeate an 
immense cosmic web that has evolved from an initial density field, continuously 
sculpted by gravity and cosmological expansion, where galaxy groups and clusters 
emerge at the interceptions of filamentary structures. The study of these objects, 
their abundance, and spatial correlations provides unique ways to test cosmological 
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models, including those featuring dark matter, dark energy, or modified gravity 
theories (see e.g. Refs. 1, 2). Regarding clusters, their use as cosmological probes in 
galaxy surveys critically depends on the definition of “cluster” and the separation 
of their member galaxies from other galaxies in the field. Spectroscopic information 
can significantly improve cluster identification, but present and near-future surveys 
lack spectroscopic information for a large fraction of detected objects. Additionally, 
most cluster identification methods adopt strong a priori models and explicitly 
search for the existence of a Red Sequence (see e.g. Ref. 3). Moreover, some of these 
a priori assumptions provide only the expected behavior of idealized systems, which 
are sometimes poor approximations to a more complex reality. 


2. The method 


UPMASK?* is a method designed to study stellar clusters, that was successfully 
applied to discover multiple new objects of this type.^Ó This method was created 
considering only the availability of minimal data, like photometry and astrometry. 
However it is also possible to use any other input feature that can help to discrim- 
inate objects. The method uses processes like the Principal Component Analysis? 
(PCA), clustering algorithms, Kernel Density Estimation? ? (KDE), data resam- 
pling, and an iterative process. In this proceeding we report our testings of UP- 
MASK for a membership study in galaxy clusters. We also report on tests done 
with modified versions of the method (see Sec. 3), aiming at improving the process- 
ing speed of the original version, and looking towards the development of a future 
galaxy cluster search application for large datasets. 

The method will firstly re-sample the measured data according to their error 
distributions and then apply PCA to the photometric parameters. It will cluster 
the data with k-means!? in the space defined by the Principal Components. Each 
mathematical cluster is analyzed in the astrometric space with a KDE and then 
compared with the KDEs of a uniform random distribution. The method eliminates 
the KDEs compatible with those of a uniform distribution KDE and iterates. This 
way, UPMASK can discern clustered objects from field objects, by purifying the 
cluster data at each iteration. Finally, running this routine multiple times, UPMASK 
accounts for observational errors/uncertainties, and provides a score (equivalent to 
a frequentist membership probability) for each object in the dataset. 


3. Modifying UPMASK 


'This method, in particular the KDE step, is computationally time-consuming. Thus, 
its application to large areas of the sky requires significant computational resources. 
We studied alternatives to replace the KDE step of the method. We have used tools 
such as the Voronoi tesselation, Anderson-Darling test and regression functions, as 
described next. 
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3.1. Voronoi selection procedure with Anderson-Darling Test 


Here we apply a Voronoi!! diagram to the K-means clusters in the astrometry 
space and then compare the polygon areas distributions of these objects with those 
obtained from a random uniform distribution. For an illustration of the method, 
we show in Fig. 1 the Voronoi Tesselations and the distribution of sky areas of 
the polygons of a random normal distribution and a random uniform distribution. 
Note that the first is naturally clustered at the center, whereas the latter shows 
a typical uniform distribution of points. The type of point distribution, therefore, 
affects the distribution of the areas of the Voronoi polygons. We have adopted a two- 
sample Anderson-Darling test!? to perform the comparison between the resulting 
distributions of polygon areas. We use this test twice: testing the area distribution of 
the k-mean mathematical cluster against the area distribution of a random uniform 
realization, and testing the area distribution of random uniform realizations against 
each other - the later test has performed a maximum of 100 times to account for 
statistical fluctuations. Each test gives us a p-value that is used to discern between 
the two cases. A K-means group is classified as a clustered group if 


Dkmeans— uniform S (Danton ude orn) -Tx Ouniform—uniform (1) 


where Pemeans—uniform 1$ the p-value of the Anderson-Darling test between the 
distribution of Voronoi areas of the k-means cluster and the distribution of areas of a 
random uniform realization, Puniform—uniform 18 the mean p-value of the Anderson- 
Darling test of two distributions of areas between 2 random uniform realizations, 
Cuniform-—uniform is the standard deviation of p-values from the latter case and T is 
a threshold level. We have set T = 3 as default, but one can modify this parameter 
as desired. We improve the computational processing speed of this step by including 
a lookup table for quantities that can be pre-computed before running the method. 


3.2. Voronoi selection procedure with simple statistic comparison 


We have studied another modification, also using Voronoi diagrams. This alternative 
has a simple statistical comparison between tesselation area distributions instead 
of the Anderson-Darling Test. As in the previous section, Voronoi tessellation is 
performed on the K-means clustering points to compute the mean of the distribution 
of tessellation areas. The same thing is done for a set of random uniform realizations 
in identical conditions (same total area and number of points) and an average and 
standard deviation of polygon areas are also obtained. The K-means mathematical 
group is then assigned as an identified cluster if: 


UN meats) > (Nuni form) +T x Cuniform (2) 


in which (Ngmeans) is the mean of the density of the polygons from the Voronoi 
Tesselation applied to the K-means group, (Nun; form) is the mean of all the uniform 
realizations average density of the polygons from the Voronoi Tesselation, Guniform 
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Fig. 1. Top: Left - Voronoi Tesselation (black lines) of a random normal distribution (red points). 
Right - Histogram of the distribution of polygon areas that resulted from the Voronoi Tesselation 
on the left. Bottom: Left - Voronoi Tesselation (black lines) of a random uniform distribution (red 
points). Right - Histogram of the distribution of polygon areas that resulted from the Voronoi 
Tesselation on the left. 


is the standard deviation of all the uniform realizations average density of the poly- 
gons from the Voronoi Tesselation and T is a threshold level that can be adjusted 
by the user. As in the previous subsection, T = 3 is chosen to be the default case. 


3.3. Grid selection procedure 


Another approach to replace the KDE part in UPMASK is to create a new version of 
the method, implementing a “contingency table” as a very simplistic and discrete 
approximation of the KDE. This approach works as follows. Silverman’s rule of 
thumb!’ is used to provide the width of grid divisions to distribute the K-means 
cluster points in the astrometry space. Then, a squared grid is generated and the 
number of points that fall inside each grid cell is counted. The counts are interpreted 
as a non-normalized frequency. Next, the method computes the distance between 
the maximum and the mean frequency, normalized to the standard deviation of the 
count distribution. This is then compared with the average of the same quantity 
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for multiple random uniform realizations, using the same expression in the original 
UPMASK version (second equation in section 2 of Ref 4). 


3.4. Grid selection procedure with fast thresholding 


'The computation of statistics for the random uniform distributions only depends 
on the number of points of the realizations and therefore does not depend directly 
on the input data. As such, and to reduce iteration times, we have applied regres- 
sion methods to pre-compute a function that provides the threshold according to 
the number of K-means clustering points. This is obtained by performing 1000 ran- 
dom uniform realizations and computing threshold levels as a function of size as in 
subsection 3.3. The number, n, of considered points is in the range 1 — 1000 and 
are more concentrated between 1 — 100, motivated on one hand by the traditional 
galaxy cluster definition in which a cluster is expected to have more than 50 mem- 
bers and on the other hand by the fact that the data will be divided by the k-means 
into subsamples. The longer interval accounts for possible group samples that fall 
inside the 1-100 range. The generated threshold values are represented in Figure 2 
and can be fitted by the following, two-branch, polynomial regression function: 
(x) ao + a2 + azz? n « 90 (3) 
es bo + bix + box? + bax? + baxt + bsx + bgx9 + brz” n > 90 
The function coefficient values are presented in Table 1. It is worth adding that 
the creation of this function and its points were generated outside the UPMASK 
method. As such, the kernel will simply use this function and it does not need to 
compute the values needed, improving the computational time. 


Table 1. Fitting function coefficients of Eq. (3) for the Grid method. 


ao 1149227 | a1 0.200402 | a2 —0.001189 | 


bo 1.351 x 10 bi  —7.293 x 107? | bo 4.462x 10-4 | b3 —1.443 x 10-6 
b4 2.529 x 10-9 | bs —2.422 x 10712? | bẹ 1.187 x 10715 | b; —2.315 x 10-1? 


3.5. KDE selection procedure with a fitting function 


Following the same procedure and reasoning as in subsection 3.4, we have replaced 
the KDE random uniform part with a regression function created based on the 
KDE random uniform realization threshold output for the same range of n used in 
subsection 3.4. The generated threshold values are represented in Fig. 2, and can 
be fitted by the following regression function: 


f(x) = (4) 


co tea + coz? + e33? n < 40 
do + dix + daz? + dax? TL > 40 


where the polynomial coefficients are listed in Table 2. 
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Fig. 2. Fitting function for the Grid (left) and KDE (right) method. In both cases, the red line 
corresponds to the first branch of the function and the blue line corresponds to the second branch. 


Table 2. Fitting function coefficients of Eq. (4) for the KDE method. 


co  3.0532634 | cı —0.0381186 | c2 0.0011377 | c3 —0.0000115 


do 2.648 | dı —7.205 x 1074 | d2 3.781 x 1077 | da —7.897 x 107" 


To validate UPMASK and all the proposed modifications of the method, we 
adopted state-of-the-art galaxy mock catalogues from N-body simulations. The sim- 
ulated catalogue contains photometric information and is described in the following 
section. The study performed is presented in Sec. 5. 


4. Data 


In this section we describe the data that was used in this project. First, we applied 
UPMASK and its modifications (Refs Sec. 2 and Sec. 3) to simulated data, to 
validate and inspect their performance. Afterwards, we applied the method to real 
data, looking to re-identify the PLANCKSZ2 clusters from Pan-STARRS data. 


4.1. Simulated data 


We used simulated galaxy survey catalogues that contain estimated photometry 
for DES!^ and Euclid’ bands to test the application of UPMASK and its mod- 
ifications in the context of galaxy clusters. We used the MICE catalogue version 
2,1670 obtained from the CosmoHub portal.?^?? This data was obtained by se- 
lecting the most massive cluster that was present inside a one square degree area 
(30.5? < 6 < 31.5°, 0.5? € a < 1.5?) and its surrounding objects. The resulting 
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subset contained a total of 8774 galaxies, 171 belonging to the most massive cluster 
that lies at z = 1.09. We selected the following catalogue entries: the DES‘ filters 
g, r, i, z, y, the Euclid? filters RIZ, Y, J and H, astrometry (a, ô), redshift, halo 
identifier and mass, and the galaxy identifier. In Sec. 5 we present the performance 
of UPMASK and its aforementioned modified versions using only this subset of 
galaxies and entries from the MICE catalogue. 


4.2. Planck 2nd Sunyaev-Zel’dovich source catalogue 


Many clusters that were detected via the Sunyaev-Zel'dovich (SZ) effect are still 
lacking optical counterparts as of the present time. After testing UPMASK and 
modifications with simulations, we search for the optical counterparts of Planck de- 
tected clusters. PLANCKSZ2 - Planck 2nd Sunyaev-Zel'dovich Source Catalogue?? 
contains detections of galaxy clusters candidates, obtained during 29 months of 
observations. 1653 of the total objects in this catalogue, 1203 (~ 73%) are con- 
firmed clusters. Here we use PLANCKSZ2 sources that were detected by the three 
detection methods in Ref. 23. We used the object identifier, the astrometric infor- 
mation, position errors and the integrated SZ intensity distortion, Y5r500, from this 
catalogue. With this data we searched for galaxy clusters with UPMASK, in the 
PanSTARRS”* catalogue as described below. 


4.3. Pan-STARRS 


As mentioned in the previous subsection, we decided to use the recent observations 
from the Pan-STARRS Panoramic Survey Telescope and Rapid Response System) 
survey?^ as the input to re-detect the PLANCKSZ2 galaxy cluster candidates. We 
used the second data release of the Pan-STARRS catalogue?? published in 2019. Our 
method is as follows. Around each PLANCKSZ2 object, we extracted the follow- 
ing astrometric (a, ô) and photometric information: the mean PSF (Point Spread 
Function) magnitude of each filter (g - 486.6 nm, r - 621.5nm, i - 754.5nm, z - 
867.9 nm and y - 963.3nm) and its standard deviation, and the mean Kron mag- 
nitude?Ó of each filter and its standard deviation. We tailored the area queried 
for each PLANCKSZ2 catalogue entry using the sky coordinates and the position 
uncertainty — the latter used to determine the radius of the Pan-STARRS query. 
'Thus we obtain multiple subsets, each containing the field that corresponds to the 
PLANCKSZ2 cluster coordinates. This catalogue contains mostly stars and galax- 
ies, however, no flag is provided to discern between the two. To perform a simple 
separation, we adopted the difference between the PSF magnitude and the Kron 
magnitude of a filter (e.g. see Ref 27). To obtain a final galaxy catalogue we selected 
the objects that have a PSF-Kron magnitude > 0.05 in all of the selected filters. 
Finally, we applied UPMASK. We describe our findings in Sec. 6. 
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5. Validation of the method 


This section is dedicated to a viability study of applying UPMASK to detect op- 
tical counterparts of galaxy clusters in photometric galaxy surveys. The validation 
process was carried out using state-of-the-art N-body simulations containing pho- 
tometric and galaxy-dark-matter halo membership information that allows deter- 
mining which galaxies are part of true cluster halos or are field galaxies. These 
simulations are described in Sec. 4. Below we present a detailed description of the 
tests and method yields for all versions of UPMASK under investigation, followed 
by a discussion of how the different modifications work and compare when varying 
method parameters. 


5.1. UPMASK and its modifications 


We applied the original UPMASK method as well as its modifications to the subset 
of simulated galaxies described in the previous section, using Euclid filters RIZ, Y, 
J, and H and also their respective colors, as well as the astrometry information. 
To compare performances between different method versions, we choose to set the 
number of runs equal to 10, nruns— 10, in all versions. This choice is a good com- 
promise between having relatively short CPU running times and a fair membership 
frequentist probability, with a 1096 resolution for all method versions. To perform 
a quantitative comparison, we compute the completeness and purity metrics as: 


i NUPMASK,clust 
Purity = UT (5) 
Nu PM ASK,detec 
NuPMASK,clust 
Completeness = SOT. (6) 
Netuster 


where Nu pw ASK,cluster is the number of known objects belonging to the cluster 
above a certain UPMASK probability threshold; N,,:,4,. is the number of known 
objects belonging to the simulated cluster and Nu pw Asx,etec is the number of 
objects above a certain UPMASK probability threshold. The results of this test are 
represented in Fig. 3, and their resulting CPU running times are shown in Table 3. 


Table 3. CPU running times for the different UPMASK versions. 
'The last column shows the relative CPU running time percentage of 
each version with respect to the original UPMASK method. 


UPMASK Version CPU running time (s) 96 
KDE 274 100 
KDE + Fitting Function 262 96 
Voronoi + Anderson-Darling Test 190 69 
Voronoi + Mean Comparison 148 54 
Grid 303 110 
Grid + Fitting Function 289 105 
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The detection results for the original and all modified UPMASK versions. The results 


are displayed in groups of two rows, with each column corresponding to a version. The first and 
third rows show the density maps of UPMASK detected galaxies for the following versions: KDE, 
KDE + Fitting Function, Voronoi + Anderson-Darling Test, Voronoi + Mean Comparison, Grid, 
and Grid + Fitting Function. The color scale was set the same for all the field panels, with 
a color scheme where lower (higher) densities are in blue (yellow). The white circles indicate 
the cluster dark-matter halo radius. The second and fourth rows show the Completeness (green 
dashed) and Purity (blue solid) functions obtained from the unsupervised UPMASK classification, 
corresponding to the field above each case. 
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As expected when analyzing Fig. 3 and Table 3, the fitting function versions 
give the same results and improved in processing time, when comparing to their 
base UPMASK version. Voronoi+Anderson-Darling implementation is the one that 
improved the CPU time the most (~ 30%). However, the application of this version 
results in a less concentrated field (when comparing with KDE), as well as a more in- 
complete sample. This is due to the fact that the Anderson-Darling test is a stricter 
test since it compares the whole distribution of two samples, while the other imple- 
mentations depend only on simple statistical calculations as the mean and standard 
deviation. When the Anderson-Darling test is replaced by a comparison of the mean 
of the Voronoi distributions. we were able to improve the completeness. On the other 
hand, the Grid implementation looks overall similar to the KDE version, although 
it results in a slightly purer sample when comparing to the latter. It is however 
unclear why the grid versions take more time to run than a KDE implementation, 
as the latter needs to perform more CPU-heavy tasks. We hypothesize that this 
difference is purely due to the implementation of the prototype code adopted here. 

In the following subsections, we study the impact of the UPMASK parame- 
ters — number of Principal Components, number of objects per K-means cluster 
and threshold level T — have on the results, namely in the purity and completeness. 


Table 4. Principal Components of the photo- 
metric information using simulated data (Sec. 4) 
and the Standard Deviation for each PC 


Principal Component | Standard Deviation 
PC, 2.604481 
PC2 1.792770 
PC3 9.108574 x 1071 
PC4 3.631163 x 10-1 
PCs 2.028331 x 107! 
PCs 4.036392 x 10715 
PC; 2.559386 x 10-15 
PCs 2.356076 x 10715 
PCo 1.541463 x 10715 
PCio 1.157850 x 10715 
PC 7.081957 x 10-16 


5.2. Dependency in the number of principal components 


Here we show how the number of principal components affects the purity and com- 
pleteness of the sample, as well as the UPMASK method run times. Principal com- 
ponents are ordered according to the variance of the original data projected on 
the PCA basis. Thus, by selecting the first few n principal components, one can 
grasp the most important information about the data. UPMASK calculates each 
PC from the provided photometry and colors. The standard deviation of each PC is 
shown in Table 4. This shows that the first five principal components are those that 
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contribute the most to the data representation and all the others can be neglected. 
We have studied the case of using 2, 3, 4, or 5 PCs. For each of these scenarios, we 
show purity and completeness curves represented in Fig. 4, and the CPU run times 
in Table 5. 


Table 5. CPU run time as a function of the num- 
ber of Principal Components used in UPMASK. 


o SE 
N? of Principal 2 3 4 5 
Components 
Time (s) 1073 | 1193 | 1224 | 1249 
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Fig. 4. Completeness (green dashed) and Purity (blue solid) of the unsupervised UPMASK clas- 
sification (applied to the simulated data of Sec. 4) for different number of PCs being used in the 
method: 2 PCs (top left), 3 PCs (top right), 4 PCs (bottom left) and 5 PCs (bottom right). 


Taking into account the completeness and purity in Fig. 4 as well as the compu- 
tational time in Table 5, we have chosen to use the first 4 principal components for 
all of the applications below. The usage of 5 principal components includes more 
information, however, it is not significant when comparing with the study with 4 
principal components. As such, it does not justify the additional run time. 
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5.3. Dependency on the number of k-means objects “N” 


The next step is to test how the number of k-means objects “N” affect the results 
of the method, in all versions. We have performed this study for 20, 35, 50, 65, 80, 
95, 110, 125, 140, 165, and 180 objects per K-means cluster. In Fig. 5 we show only 
some of the results, due to economy of space. For a complete grasp, we refer the 
reader to the appendix A of Ref 28. 

Changing “N” impacts completeness and purity. Figure 5 shows that the com- 
pleteness is increasing with the number of objects being clustered by k-means. On 
the other hand, the purity has the contrary behavior and decreases. This is because 
including more objects, these are not ignored by the method and the completeness 
will naturally increase. However, we are also contaminating more and as such, the 
purity is seen to be decreasing as expected. 


5.4. Dependency on the threshold level “T” 


Next, we study the impact of changing the threshold level T in UPMASK. This is 
a parameter that controls the detection limit comparison between the data and the 
uniform realization distributions. T' can be adjusted in all method versions, except 
for those with thresholds provided by the fitting function procedures described 
earlier. We applied UPMASK and its modifications, testing different values for T', 
T = {0.5, 1, 1.5, 2,2.5,3}. The completeness and purity curves are shown in Fig. 6 
for T = (0.5,1.5,3]. For complete results, we refer the reader to the Appendix A of 
Ref 28. From Fig. 6, we see a general behavior — a higher T leads to higher purity, but 
lower completeness. When increasing this value, the k-means cluster needs to achieve 


a higher threshold to be classified as a cluster. Thus, more groups will happen to 
be classified as following a uniform distribution and the completeness will decrease. 
On the other hand, k-means clusters that are without a doubt clustered, will be 
classified as such and kept in the UPMASK kernel. 

Finally, the original implementation of the method seems to be a promising 
alternative for membership determination in galaxy clusters and cluster finding, 
as well as the newly implemented versions although there is room for accelerating 
UPMASK methodology, specially when making stronger assumptions about the 


cluster member distributions.?? 


6. Optical identification of Planck clusters with UPMASK 


In this section, we apply UPMASK to search for optical counterparts of the 
PLANCKSZ2 cluster candidates in the Pan-STARRS catalogue. We are particu- 
larly interested in clusters not yet confirmed by other surveys. For each subset 
(which were obtained as described in Sec. 4) we applied UPMASK using the coor- 
dinates and the photometric data of each object. Taking into account the discussion 
in Sec. 5, here we used 4PCs. Some fields have a small number of objects after the 
star-galaxy separation, therefore we used 10 objects per k-means cluster for all the 


421 


D -— = 
o Coe 
a ja — Purity pat —— Purity UP — Purity 
--- Completeness LI --- Completeness - Completeness 
gl $ Iw 
g | 
& 
o. 
So 
c 
S 
oS 
a 
o] 4 
N 
o4 J 
o: 
S 1 
3]? — Purity 1 — Purity t — Purity 
! Completeness H - Completeness e --- Completeness 
oj 
91, 5 \ 
2 I \ \ 
S $1! \ 4 
c | \ 
TE è 
o]! 1 X 
a 1 * 
R per tid 
S J 
LJ 
»9-9-9 e LI 
o4 90-99 €-9-9 9 6-9 | 9-99 0-990909 | *-e-0 0 09-0 99 9 
o [— =" ale oe 
c+ 999 e 
a T — Purity * — Purity be ee — Purity 
a --- Completeness “ee R --- Completeness --- Completeness 
] "ee. 
RJ 
S x 
s ] a 
E 
B ' 
[s] 
9 
[7] 
a 
\ 
L] 
o4 
CC remm. — aee aeea a: P 
I-E a f 
a H — Purity * — Purity oe — Purity 
- a --- Completeness Pa --- Completeness 
o] | wN 
© 
& 
oj 
So 
c 
8 
5g 
a 
o] 
N 
o 


0 20 40 60 80 100 20 40 60 80 1X0 20 40 60 80 10 
Probability Probability Probability 


Fig. 5. Completeness (green dashed) and purity (blue solid) of UPMASK classification, ap- 
plied to the simulated data of Sec. 4 for different N. We change this value along the lines 
(N = {20,60,140}), for the different methods. The lines are an application of the KDE ver- 
sion (original), Voronoi+Anderson-Darling, Voronoi+Mean and finally the Grid version. 


fields. Since we are only interested in detect clusters with optical parameters, a 
resolution of 10% in the UPMASK score (frequentist probability) is a reasonable 
choice. The classification of a cluster is entirely up to the user of the method. Ours 
will depend on the number of objects each field has, above a certain probability. In 
Fig. 7 we show how this classification behaves when changing the cut in probability. 

Thus, for the rest of this proceeding, we have chosen to classify a cluster as the 
field that has more than 10 members above 50% frequentist membership probabil- 
ity. In Fig. 8 we show the dependency of our findings with the redshift. The first 
plot shows the dependency of the measured SZ flux with the redshift. The figure 
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Fig. 6. Completeness (green dashed) and purity (blue solid) of UPMASK classification, ap- 
plied to the simulated data of Sec. 4 for different T. We change this value along the lines 
(T = {0.5,1.5,3.0}), for the different methods. The lines are an application of the KDE ver- 
sion (original), Voronoi-- Anderson-Darling, Voronoi+Mean and finally the Grid version. 


shows three distributions: all PSZ2 sources (grey points), PSZ2 sources inside the 
Pan-STARRS sky-coverage (blue circles) and finally the UPMASK detections (blue 
dots). One can conclude that the detections do not seem to depend on the red- 
shift (the dependency is only present due to the Planck selection function). In the 
second plot, we show the count dependency on the redshift for the same distribu- 
tions described previously. Finally, the third plot shows the ratio of the detected 
objects over the total PSZ2 sources present in the Pan-STARRS sky coverage. This 
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Fig. 7. Projection of the distribution of Planck Clusters in the sky detected by UPMASK for 
Clusters that have more than 10 objects with probability above of 50, 70, 90 and 100% (Left to 
right, top to bottom). Each point indicates one galaxy cluster from the PLANCKSZ2 catalogue. 
The red lines are the Galactic coordinate lines. 
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Fig. 8. Variation of PSZ2 sources properties with redshift. Left panel - Dependency of the mea- 
sured Planck SZ flux with redshift. The grey points represent all the PSZ2 sources, the blue circles 
represent the PSZ2 sources that are included in the Pan-STARRS sky coverage and the blue points 
represent the sources that UPMASK detected (here, we established the detection criteria as the 
fields that contain more than 10 members above 5096 membership probability. This detection cri- 
terion is the same in all panels of the figure). Center panel - Variation of PS2 source counts with 
redshift, for all sources (dotted grey), for sources included in the Pan-STARRS sky coverage (solid 
blue), and for the UPMASK detections (dashed green). Right panel - Fraction of the detected 
sources as a function redshift. 


distribution shows a very weak dependency until redshift 0.5. Above this redshift, 
the ratio fluctuates significantly due to the small number of objects. 

It is also particularly interesting to look for clusters in the PLANCKSZ2 survey 
catalogue that were not confirmed by an external counterpart at the moment of the 
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Table 6. Comparison table between the results of Refs 30 and 31 
and UPMASK. The “True” and “False” fields are the unconfirmed 
PSZ2 sources that were found or not by the respective methods. The 
results are normalized to the total number of unconfirmed sources in 
the Pan-STARRS sky coverage. 


Streblyanska et al., Streblyanska et al., 

Barahona et al. False | Barahona et al. True 
UPMASK False 36 (12%) 49 (1696) 
UPMASK True 78 (26%) 138 (4696) 


Table 7. Comparison table between the results of UPMASK and other authors 
(see Refs. 30-35). Here we used SIMBAD?6 to investigate which among the 216 
UPMASK clusters had previous optical counterparts. 


Found (Other Authors) | Not Found (Other Authors) 
UPMASK Found 67 149 


release of the PLANCKSZ2 catalogue. Following the same classification, out of the 
301 galaxy cluster candidates with no external validation, UPMASK was able to 
rediscover 72% (216) clusters with optical information. Furthermore, we have com- 
pared our results with other works in the literature (see Refs 30 and 31) in Table 6. 
The authors report that there are some spurious detections (ie, no obvious cluster 
observed in the photometric data) and therefore we have not included these detec- 
tions in this table. The “False” and “True” fields refer to the fields that were not 
found in the list of PSZ2 sources without an optical counterpart, and those that are 
a clear detection, respectively. Overall we have a general accordance with the results 
from the aforementioned articles, while our method shows a more optimistic result 
(26% UPMASK clusters when compared with the “False” results). This optimistic 
behavior emerges naturally from the fact that UPMASK makes no assumptions 
about the cluster model, or requires direct redshift information from the galaxies 
in the data. However, more fortuitous detections might also be returned from the 
method in these conditions, and this should not be considered a drawback since any 
selected candidate still need to be spectroscopically confirmed. Here we were espe- 
cially interested in the UPMASK candidates that were not previously confirmed by 
other authors, Refs. 30-35. In Table 7 we show that we found 67 cluster candidates 
in other recent efforts but without present optical confirmation. Fig. 9 shows an 
example of 4 of these detected clusters by UPMASK. Each panel is a KDE image 
with iso-contours obtained from the spatial distribution of galaxies that have mem- 
bership probabilities > 5096. Our forthcoming work will be dedicated to perform 
follow-up spectroscopy observations aiming to confirm or rule-out some of these new 
galaxy cluster candidates. 


7. Conclusion 


'The study and characterization of galaxy clusters requires their detection and the 
identification of their member galaxies. In this proceeding, we modified and applied 
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Fig.9. Examples of UPMASK detections in Pan-STARRS fields around PSZ2 sources. The plots 
show a KDE image representation with iso-contours (color map: the brighter, the denser) of the 
most likely members (members with a probability above 50%) 


UPMASK, a method originally designed to analyse stars in stellar clusters, to galaxy 
clusters. We show that the method is effective in this context, adopting only photo- 
metric and astrometric data as expected from upcoming surveys. Additionally, our 
study suggests that the performance of the method seems to be redshift independent. 
In section Sec. 3 we describe the modifications proposed in this work: 
KDE-Fitting Function; Voronoi+Anderson-Darling test; Voronoi4-Mean Compar- 
ison; Grid; Grid+Fitting Function. These modifications and the method itself were 
validated in Sec. 5, with simulated data from the MICE version 2 galaxy survey 
catalogue. In that same section we studied how the results behave with varying 
parameters, as the number of objects per K-means group, the number of Principal 
Components, and the threshold level. We conclude that the fastest modification is 
the Voronoi+Mean Comparison. On the other hand, the Grid implementation is 
the method that provided the highest improvement in purity. We also studied the 
optimal number of principal components to use. Overall, we were able to reduce 
dimensionality to 4 Principal Components. This number was chosen because addi- 
tional components result in similar outcomes, with the penalty of increasing CPU 
time. Moreover, we have seen that using more objects per K-means cluster, results 
into higher completeness, while decreased purity. Also, when using a smaller thresh- 
old level, the completeness decreases, while the purity has an ascending behavior. 
In the end, we conclude that the UPMASK modifications and this parameter study 
shows that this is a very versatile tool for galaxy cluster cosmology, as the user can 
adjust the method and the parameters according to their goals: to use the method 
to quickly find galaxy cluster candidates or, to obtain membership probabilities. 
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In Sec. 6 we look for optical counterparts of Planck SZ clusters. We start with 
a list of candidates from the 2nd Sunyaev-Zel'dovich cluster catalogue (PSZ2) and 
the data from the Pan-STARRS catalogue collected from the Pan-STARRS survey. 
For each field obtained from Pan-STARRS, which corresponds to a certain PSZ2 
candidate, we apply UPMASK. We show in this work (Fig. 8) that UPMASK can 
detect clusters independently of redshift. Additionally, we were also able to discover 
optical counterparts for about 7296 of the 301 clusters without previous external 
validation. In the future, it can be interesting to apply the methods developed here 
to search for the new clusters directly from deep optical surveys, as the Rubin/Large 
Synoptic Survey Telescope and the Euclid space mission. For the cluster candidates 
detected in this work, we now plan to perform dedicated spectroscopic observation 
to determine their redshifts and to confirm or rule-out their physical existence. 

Finally, thanks to the methods we developed here and to the adoption of the most 
modern optical surveys, we performed the detection of the optical counterparts for 
67 galaxy cluster candidates previously identified by the ESA Planck space mission. 
'This builds up the evidence for the reality of these candidates, which are at the 
backbones of the large-scale structure of the Universe. 
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The recent associations of neutrino events with blazars (e.g. TXS 0506--056, 3HSP 
J095507.9--355101) provided a unique opportunity to study the possible physical connec- 
tion between the multiwavelength electromagnetic and neutrino emissions. We present 
SOPRANO, a new conservative implicit kinetic code which follows the time evolution of 
the isotropic distribution functions of protons, neutrons and the secondaries produced 
in photo-pion and photo-pair interactions, alongside with the evolution of photon and 
electron/positron distribution functions. In the current work, we apply SOPRANO to 
model the broadband spectrum of TXS 0506+056, 3HSP J095507.9+355101 and 3C 
279 blazars. It was possible to constrain main physical parameters within both a pure 
hadronic and lepto-hadronic scenarios. 


Keywords: Radiation mechanisms; non-thermal-quasars; individual; TXS 05064-056, 
3HSP J095507.9--355101 and 3C 279 — galaxies; jets — gamma-rays; galaxies 


1. Introduction 


In recent years, the discovery of very high energy neutrinos of astrophysical origin 
by the IceCube experiment! ? has opened a new window on very high energy sources 
such as gamma-ray bursts (hereafter GRBs), active galactic nuclei (AGNs) and tidal 
disruption events (TDEs). In 2017, the very high energy neutrino IceCube 170922A* 
and its further association (confidence level of 3.50) with the blazar TXS 0506+056° 
made clear that high energy protons, neutron and even possibly nucleons have an 
important role to play in the dynamics and the radiation of relativistic jets.9 > 

In the forthcoming years, it is expected that many more crucial data will be- 
come available for high energy sources at all wavelengths, but more importantly at 
very high energy. For instance, the MAGIC collaboration recently reported the first 
observations of a GRB at energies above TeV with its observation of 190114C,° and 
several more are expected to be observed with CTA.!?:!! In addition, upgrades of 
existing neutrino facilities, with e.g. IceCube-Gen2,? as well as new experiments 
such as P-one,!? KM3Net!^ and the Baikal-GVD,? will allow for increasingly more 


* Current address. 
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sensitive searches of the origin of very high energy neutrinos.!? Those experiments 
should also help to establish more firm coincidental observations of neutrino bursts 
with identified electromagnetic counterparts, thus allowing for models to be tested, 
constrained, challenged and eventually ruled out. 

In order to understand observations and constrain models of emission able to 
explain very high energy neutrinos, it is necessary to perform self-consistent simula- 
tions of the time evolution of hadrons distribution functions, together with following 
the evolution of the photon and lepton distribution functions. This is a challenging 
task since 1- the number of distributions is much larger (from two to fourteen al- 
though some are trivial), 2- all equations describing the time evolution of particle 
distribution functions are coupled in a non-trivial (and non-linear) way by many 
complex processes that 3- have different time scales, requiring an implicit time dis- 
cretization. The high number of distribution functions comes from the fact that 
we also wish to follow the cooling and emission of charged secondaries (pion and 
muons), preventing us from using semi-analytical expressions for the production 
rate of neutrinos, see e.g.!7 

Over the years, several groups have developed numerical models to estimate 
leptons, hadron and photon distribution functions in order to make predictions to 


1821 or for the 
23-28 


explain observations, either under the steady state approximation 
fully time dependent equations either for leptons only?? or adding protons. 
In this paper, we present our approach to the problem: a modular code solving 
the time dependent isotropic kinetic equations which preserves the total energy of 
the system as well as the number of particles where needed. The code structure is 
modular such that processes can be added easily (or removed). It is also implicit so 
numerical stability is achieved at all time. 

The paper is organised as follows. In Section 2, we detail the processes included 
in our numerical code and the associated kinetic equation. In Section 3, we provide 
elements of the numerical discretizations in energy and time. In Section 4 we present 
examples of the theoretical modelings obtained by SOPRANO. In particular, we 
model the spectra of TSX 0506+056, 3HSP J095507.9+355101 and of 3C 279. The 
conclusion follows. 


2. SOPRANO: Simulator of Processes in Relativistic 
AstroNomical Objects 


In its current version, the code evolves in time the isotropic kinetic equations for 
photons, electrons and positrons (considered as one species, see below), protons, 
neutrons, charged and neutral pions, muons, neutrino and anti-neutrino of all fla- 
vors. We summarize here all terms appearing in the kinetic equation for all particle 
species. For the cross-sections used in SOPRANO see.?? In the photon distribution 
function, we assign np, to be the number of photons per unit volume per hertz. 
We further define N; to be the number of particles of species i per unit volume per 
unit Lorentz factor of particle i. Here i can be all leptons and all hadrons. Then, we 
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define N,, the number of neutrinos of flavour i per units volume per GeV. Finally, 
for the sink and source terms we assign Q and S, respectively. The contribution of 
inverse Compton scattering is noted Rze for the photons and is a cooling term for 
the leptons. 


e Photons : they are created by synchrotron radiation from all charged par- 
ticles, and by mọ decay. They are absorbed by pair production and redis- 
tributed in energy by inverse Compton scattering. We neglect the absorp- 
tion of photons in the photo-pion and photo-pair processes. The resulting 
kinetic equation takes the form 


ONnph 
=-S 
ot E 


y—ete- T Qro + Ric + »3 On ack (1) 


e Leptons : electron and positrons are considered a single species. They are 
created by muon decay u, by photo-pair production and photon pair pro- 
duction. The also undergo synchrotron cooling such that the final kinetic 
equation reads 


ON. 
Ot 


= Qu F Qpysete- Qe te-Cic 4 Csynch (2) 


e Protons : protons undergo cooling via synchrotron emission, Bethe-Heitler 
photo-pair production and via photo-pair production. They are produced 
by photo-pair interaction with neutron, and disappear for a fraction of 
photo-pair interaction. T'he kinetic equation takes the form 


ON, 
73 = Cpy>pr + Coysete— + Üsynch — Syp>nr + Qno pn (3) 


e Neutron : Neutron are produced in photo-pion production and disappear 
in photo-pion interactions. The kinetic equation takes the form 


ON, 
at —Snyspn + Qpy>nr + Cny>nr (4) 


e Charged pions : 74 and m_ are produced by photo-pair production. Then, 
they cool via synchrotron emission and decay. The kinetic equation for both 
species takes the form 


ƏN, 
at 


= Qpy>r + Qny>r A Sa + Csynch (5) 


We note that we solve the kinetic equation independently for both species, 
since the branching ratio in photo-pion production are different for negative 
and positive pions. 

e Neutral pions : the To kinetic equation is similar to that of charged pions 
but without synchrotron cooling. 
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e Muons : Muons are produced by the decay of charged pions. They are also 
cooled by the synchrotron process and they decay. Therefore, the kinetic 
equation is 

ON 
T = Qr; — Su + Csynch (6) 


e Neutrinos and anti-neutrinos: neutrinos and anti-neutrinos are produced 


in the decay of pions and of muons. We consider all 2 flavours ¢ 


ONv.¢ _ 


X = Ons + % (7) 


3. Numerical Discretization 


The SOPRANO follows the evolution of distribution functions as a function of time 
under the following simplificative assumptions: i) space is infinite and homogeneous, 
ii) distribution functions are isotropic. For disretization, SOPRANO uses a flavour 
of finite volume approximation based on the discontinuous Galerkin method. This 
method fits nicely for solving integro-differential equations. 


3.1. Energy discretization 


In order to numerically solve the kinetic equations presented in Section 2, a numer- 
ical grid for the energy of all particles is introduced. The grid element are equally 
space in logarithmic of the energy.* The grid characteristics for each types of particle 
are given by Table 1. We use the approach of the discontinuous Galerkin method. 
On each energy cell I, we approximate the distribution function by a polynomial. 
In the current version we restraint to first order and consider the Legendre polyno- 
mial as basis function. Therefore, on each energy cell J, the distribution function is 
approximated by 


Nj (x) = NioLo(2) (8) 


where the first order Legendre polynomial on the energy cell J is 
"2 1 "ONE. 

O yeng tr VIH 

Here £r+(1/2) are the boundaries of energy cell Z and where we introduced the 


additional notation ||I|| = (%741/2—-7~-1/2). An important properly of the Legendre 
polynomial is that 


Lj 


(9) 


] ie e. (10) 
I 


*Note that our numerical method do not require to have a uniform grid. Because it is based on 
finite volume, we can refine the grid in one or several energy bands of interest. In this way, we 
can provide more detailed results in those specific bands, while the rest of the domain is coarse 
for faster numerical estimation. 
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Table 1. Characteristics of the numerical grids used by SOPRANO 
for the numerical models of this work. The cells are equally space in 
logarithmic scale. 


Particle Number of cells Minimum energy Maximum energy 
Photons 150 v = 10-?Hz v = 1099 Hz 
Leptons 130 Yet = 1.2 Yet = 5X 1013 
Hadrons 100 Yr = 1.2 yn = 10H 
Neutrinos 100 E, = 107-3 GeV Ey, = 10!! Gev 


In the following we will use interchangeably N/ = N/,. We seek the weak formu- 
lation of all kinetic equations presented below on all energy interval I. For this, we 
multiply both sides of the equation by Lo and integrate over J. After simplification, 
we obtain a system of differential equations for all Nio- This specific discretization 
and the structure of the kinetic equation allows us to retrieve a numerical method 
which conserves energy and the number of particles when they are conserved. 


3.2. Temporal discretization 


Before discussing the temporal discretization, we note that the equation are non- 
linear in the distribution function for Compton scattering, pair production, photo- 
pion and photo-pair processes. We have decided to linearize the kinetic equation 
of photo-pion and photo-pair processes by assuming that the target photon-field is 
equal to the one at the previous time step, effectively making those process linear in 


the distribution function. For all leptonic processes,” 


we preserve the non-linearity 
of the kinetic equations and solve at each time step a non-linear system via Newton- 
Raphson iteration. The temporal evolution of the distribution function is performed 
with the implicit Euler. 


The computation of one time step is done in the following form 


(1) solve the linear kinetic equation for the protons since for photo-pion and photo- 
pair processes the photon distribution function is assumed to be known and 
given by its value at time t. The pairs created in the photo-pair processes are 
saved to be use as a source term in the leptonic computation. 

(2) compute the decay and cooling (when required) of pions and muons. The pairs 
and photons created in the muon and pion decay are used as source terms in 
the leptonic computation. 

(3) perform the fully implicit leptonic computation with the source term computed 
in the two previous steps. 


4. Modeling of Blazar SEDs 


The code SOPRANO, described in Section 2, is used to model the multiwavelength 
SEDs of TXS 0506+056, 3HSP J095507.9+355101 and 3C 279. Two of these sources, 


bThis is true for all process but synchrotron which is linear in the distribution function. 
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TXS 0506--056 and 3HSP J095507.9+355101, coincide in space and time with the 
IceCube 170922A* and IceCube 200107A?? events, respectively. The other source, 
3C 279, shows a prominent flare in the y-ray band. In all modelings, the emission 
region assumed to be a sphere with a radius of R’ which is moving with a bulk 
Lorentz factor of T ~ ô, carries a magnetic field with an intensity of B’ and a 
population of relativistic particles. The magnetic jet luminosity is defined as 


B^? 
Lg = acRP?6? —., (11) 
87 
while for protons and electrons as follows: 
Lac aR Em f wl) (12) 
Le = TR? Mme | Ye QLY) de, (13) 


where c is the speed of light, mp and m, are the proton and electron masses, while 
Qi, and Q refer to proton and electron injection spectra, with the following forms: 


Qil) = Qop ^^ "p eo E masc (14) 


Qs ?* exp (- Je ) Ye,min < Ye < Ye,max) 
Ye,cut 


Q.(4.) = (15) 


0 otherwise, 


where Yemin is the minimum injection Lorentz factor. All primed quantities refer 
to the comoving frame. The distribution functions of protons and electrons evolve 
via cooling and via interaction with photons, producing different signatures in the 
broadband spectrum. Our aim is to identify those signatures and use them to con- 
strain the emission mechanism within the framework of different scenarios. We also 
assume that the injection power-law indexes are such that o4 = ap. Once injected in 
the emitting region, particles interact with the magnetic field and with the photons, 
producing secondary particles, which themselves interact, radiate and decay, shaping 
the broadband SED. The low energy component is interpreted as the synchrotron 
emission of the primary electrons while the HE component is modelled either within 
a pure hadronic model(hereafter HM) or a hybrid lepto-hadronic (hereafter hybrid) 
model e.g.?^?? For the HM, the high energy peak on SED is formed due to the 
proton synchrotron emission, however in the hybrid model, the high energy peak is 
explained by leptonic processes and proton synchrotron emission is required to be 
subdominant. The proton content is obtained by maximizing the neutrino flux at 
PeV energies, which is constrained by the radiation from the secondaries produced 
by the Bethe-Heithler and photo-pion processes. Indeed, it has long been speculated 
that efficient neutrino production is associated with efficient Bethe-Heithler process, 
creating a population of HE pairs, which can over-shine the tight constraints in the 
X-ray band e.g., order of minutes.?? The system of kinetic equations is evolved for 
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one dynamical time scale tayn ~ R' [c considering the magnetic field to be constant, 
and taking into account all relevant processes for particles interactions. Having esti- 
mated the model parameters of each blazar SEDs, the corresponding neutrino flux 
can be derived. The flux of muon neutrino, F,, (E,,), in all considered scenarios 
is shown by the light blue line in Figures 1-3. When available, the neutrino flux is 
compared with the limit imposed by the IceCube detector. This flux can be trans- 
formed to the expected observed number of neutrinos in the IceCube detector using 
its averaged effective area Aog(E,,), which is mostly a function of the incident neu- 
trino energy. For 3HSP J095507.9+355101 and 3C 279, the average area from?^ was 
considered, while for TXS 0506+056 we used the area released after the observa- 
tion of IceCube-170922A.° The effective area increases with energy and reaches its 
maximal value for energies above several hundreds of PeV. The expected number 
of muon neutrinos and anti-neutrinos is computed through 


Emax,v 
Nutt, = texp Í B Fy, (E,,) Aeg (Ep, ) dE,, (16) 
min;vj, 

where the minimum and maximum energy of the neutrinos are Emin,v, = 100 GeV 
and Emax,v, = 10? GeV, respectively, chosen to correspond the limits for the effec- 
tive area. The expected number of neutrino events depends on the duration of the 
source activity, texp, over which the neutrinos are emitted. The neutrino oscillation, 
within the quasi-two neutrino oscillation assumption, is taken into account by 


Ng” = 0.575N,,, + 0.425N,,, (17) 


where N° is the observable distribution of muon neutrinos, while, N, and N, 
Vu m e 


are the emitted muon and electron neutrino distributions.*° 


5. Results 


The results of the SEDs modeling are shown in Fig. 1-3 with the Table 2 and 3. 
TXS 0506+056: Two different periods are chosen for modelling: the single neu- 
trino detection period,^ and the historical neutrino flaring period.? The modeling 
results are shown in Figure 1 and Table 2. Panels a) and b) of Figure 1 represent 
the modeling of SED of the single neutrino event period, while panel c) and d) show 
flare for historical neutrino flare SED modelings. The multiwavelength data from? 
are modeled within a HM scenario in panel a). The corresponding model parameters 
are given in Table 2. The sum of all components, represented by the blue line in the 
top left panel of Figure 1, satisfactorily explains the observed data. The model over- 
predicts the radio data, but by taking into account the synchrotron self-absorption 
effect,?? the model is in agreement with the data. The modeling parameters given 
in the first column of Table 1 are in the range of similar estimations for blazars in 
general and for TXS 0506+056 in particular. A Doppler factor 6 = 20 and a radius 


*https:/ /icecube.wisc.edu/science/data-releases/ 
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R’ = 2.5 x 101? cm were used in our modeling. This is in agreement with the limits 
on the variability time of 10°s presented in.?? We note that when 6 = 10 or 15, 
the data can also be well reproduced by the model. The initial injection power-law 
index of the emitting electrons is ag = 2.1, a value that can be formed by shock 
accelerations, e.g.?” Due to the high magnetic field, B = 80 G, electrons are in the 
fast cooling regime and their distribution function is a power-law with index a, +1. 
The initial electron distribution extends up to Yeut = 2.4 x 10? (~ 1 GeV) which is 
representative of the acceleration and cooling time scales. Instead, protons cool less 
efficiently and they could be accelerated up to much higher energies, i.e. Ymax = 10? 
(9.4 x 101” eV), see.?? 

As an alternative model to HM or leptonic models, the hybrid model is also 
applied to the SED of TXS 05064-056, shown in panel b) of Figure 1. The model 
parameters are given in the second column of Table 2. The blue dashed lines rep- 
resent the time evolution of the spectrum in selected numerical steps, which builds 
and forms the overall SED, represented by the solid blue line after one dynamical 
time scale. The synchrotron component peaking between 1-10 eV is up-scattered 
by the relativistic electrons to produce the HE and VHE component. In contrast 
to HM scenario, the magnetic field in the emitting region is B = 0.57G signifi- 
cantly lower, therefore, electrons with Lorentz factor Yemin = 10? are not substan- 
tially cooled within one dynamical time scale. For this hybrid model, protons do 
not directly contribute to the observed SED, instead the contribution of secondary 
electron-positrons dominates in the X-ray band, which puts constraints on the pro- 
ton luminosity and as a consequence the neutrino luminosity. For example, if one 
increases by 1.5 times the proton luminosity, the model would overshoot the X-ray 
data, as shown by the dotted-dashed blue line in panel b) of Figure 1. 

Further the results of the SED modeling obtained during the historical neutrino 
flare of TXS 0506+056 is presented. Unfortunately, when 13 + 5 neutrinos were 
observed between October 2014 and March 2015,° the multiwavelength coverage is 
scarce. Yet, the flux upper limit of F < 9.12 x 107? erg cm? s^! derived from Swift 
BAT observations?? introduces substantial difficulties for a one-zone modeling. In- 
deed, the predicted number of neutrino events cannot be matched to the IceCube 
observations?? and?? have shown that only few neutrino events could be detected 
under different optimistic considerations for the emitting region and for the target 
photon field (internal or external to the jet). Matching together the observed multi- 


wavelength data and the neutrino data seems to require two zone models with more 
38, 39 


free parameters. 

To accommodate the X-ray limit and try to account for the neutrino flux during 
this flare, two different assumptions on the proton distribution function are made. 
On the one hand, radiation from the secondaries can be constrained to be dominant 
in the MeV band, in which there are no observational constraint. On the other hand, 
radiation from the secondaries could be dominant in the GeV band and produce 
the second HE hump. The SEDs of these two models are respectively shown in 
panels c) and d) of Figure 1, with data from.?? Those two models lead to two very 
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different sets of parameters for the emitting region, see column 3 and 4 of Table 
2. The first model requires a large radius R’ = 10'%cm and a slowly moving jet 
with Doppler factor 6 = 10, while the second model necessitates those parameters 
to be R’ = 10Pcm and 6 = 15. The required magnetic field also significantly differs 
between these two models with B = 35G for the first model, to be compared to 
B — 0.65G for the second one. The first model tends to reproduce the neutrino flux, 
albeit produces the peak at lower energies. The second model puts the neutrino peak 
at larger energy, but is not able to reproduce the observed neutrino number. In both 
interpretations, it is clear that the upper limit in the X-ray band imposes strong 
constraints on the photon spectrum, which in turn limits the proton content in 
the jet. Considering larger proton luminosity would lead to over-estimate both the 
observed y-ray flux and the X-ray upper limit. 


Table 2. Parameter sets used for modeling the SEDs of TXS 05064-056, ob- 
served in 2017 and during the neutrino flare in 2014-2015. The electon, proton 
and magnetic luminosities are also given. 


TXS 0506+056: 2017 TXS 0506--056: 2014-2015 

Hadronic | Lepto-hadronic | Hadronic | Lepto-hadronic 
ó 20 20 15 10 
R/1015 cm 2.5 10 1 100 
B[G] 80 0.57 35 0.65 
^fe,min 100 1000 2 x 10? 9 x 10? 
^fe,cut 2.4 x 103 4.5 x 104 104 =Ye,max 
"fe,max 3 x 104 6 x 104 8 x 104 8 x 10* 
Qe 2.1 2.0 2.0 2.0 
Ap = Ae 2.1 2.0 2.0 2.0 
fo min 1 1 1 1 
^/p,max 10? 106 2 x 105 1.2 x 105 
Le (ergs—!) | 2.2 x 1044 9.3 x 1044 2.8 x 1044 5.3 x 1044 
Lp (ergs-!) | 6.0 x 1016 4.9 x 1048 1045 1.6 x 1045 
Lp (ergs-3) | 2.1 x 1047 2.6 x 1090 3.4 x 1047 4.9 x 1052 


From the jet energetic perspective, the total jet luminosity in the case of TXS 
0506+056, for the proton synchrotron model, shown on panel a) of Figure 1, is 
Liot = Lp + Le + Lg = 2.7 x 1047 erg s71, which exceeds by one order of magnitude 
the Eddington luminosity of ~ 4 x 10?9erg s~! for a black hole mass of 3 x 105 Mo, 
as estimated for TXS 0506+056 using the absolute R-band magnitude.^? This is in 
agreement with previous studies suggesting that in the case of proton synchrotron 
models or models producing a high neutrino flux, the required jet luminosity exceeds 
that of the Eddington limit.4' Within the hybrid model, matching the neutrino 
flux with the neutrino event of TXS 0506+056, displayed on panel b) of Figure 1, 
requires the jet luminosity to be ~ 109? erg s^ 1, significantly exceeding that of the 
Eddington luminosity. Although the Eddington luminosity is not a strict limit and 
super-Eddington luminosities were previously reported, ^? this value is extremely 
large. On the other hand, for the neutrino flare in 2014-2015, when assuming that 
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Fig. 1. The multiwavelength SED of TXS 0506+056 during the neutrino emission in 2017 (upper 
panels) and during the neutrino flare in 2014-2015 (lower panels) modeled within the hadronic 
and lepto-hadronic hybrid scenarios. The solid blue line in all plots represents the sum of all 
components which has been corrected for EBL absorption considering the model of.43 


the emission from the secondary pairs solely dominates in the X-ray and y-ray bands, 
an unrealistically high luminosity of ~ 10°?erg s^! is obtained. Indeed, matching the 
high neutrino flux with the large radius (1017 cm) imposed by the modeling in this 
case, requires a large protons density, hence the too large proton luminosity. In the 
alternative interpretation, when the emission from the secondary pairs dominates 
in the GeV band, a modest luminosity of 3.4 x 104’ erg s! is estimated. 

The expected numbers of neutrinos during the 6 months flare of TXS 0506+056 
are 0.43 and 0.23 for the hadronic and hybrid scenarios, respectively. During the 
2014-2015 neutrino flare, our most optimistic models predict 3.0-3.3 neutrinos for 
a 6 months exposure time (note however that the IceCube observational window 
was ~ 110 days). Our results are in agreement with previous estimations for TXS 
0506+056 and confirm that within a one-zone scenarios, 13 + 5 events from the 
direction of TXS 0506+056 cannot be explained.*® °° 

3HSP J095507.9+355101: It is the first time that the jet of an extreme blazar 
is associated with a neutrino event,?? straightening the assumption that the jets of 


this blazar type are potential sites for cosmic rays and even ultra-high energy cosmic 
4 


ray acceleration.4 

'The SED of 3HSP J095507.9--355101 is shown in Figure 2, where the multiwave- 
length data are from.*° Optical, UV and X-ray data were acquired on the 8t}, 10^ 
and 11^ of January. However, since the data taken on the 8t? and 11 of January 
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seem to have the same flux and spectral shape, 6 we only model the data from the 
8th. The lack of available multiwavelength data does not allow to constrain the low 
and high energy peaks, which hardens the estimation of the model free parameters. 
A hint of a 20 — 30 minutes variability has been found in the NICER and NuSTAR 
data, but only at the ~ 3.5 level.4” Therefore, the compactness of the emitting 
region cannot be constrained. In order to keep the generality, the SED of 3HSP 
J095507.94-355101 is modeled for two different parameter configurations. For the 
HM, we consider R’ = 3x 10'4 cm and ô = 15, while for the hybrid model we assume 
R'! ~ 1016 cm and 6 = 30. The all estimated parameters are shown in Table 3. 
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Fig. 2. The multiwavelength SEDs of 3HSP J095507.9+355101 on the the 8* and the 11*^ of 
January (panels a) and b) on the top raw) and on the 10*^ of January (panels c) and d) on the 
bottom raw). The data are taken from.45:46 The observed spectrum including all processes is 
shown by the solid blue line. All models (solid blue lines) have been corrected for EBL absorption 
considering the model of.4? 


The estimated muon neutrino rate for 3HSP J095507.9+355101, is within 
6 x 107^ — 4.8 x 107? per day. This implies that under this rate of emission, the 
expected number of neutrinos to be detected by IceCube in a time corresponding 
to the duration of the flare is very low. Such low neutrino estimation was obtained 
also by the authors of,“° where they concluded that in the most promising scenarios, 
there is a ~ 1% to ~ 396 to observe one neutrino over the time characteristic of the 
long-term emission of 3HSP J095507.94-355101 (years). 

3C 279: The broadband emission from the powerful FSRQs 3C 279 at redshift 
z = 0.536 has characterized by high amplitude variability almost in all energy 
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bands e.g., order of minutes,4* and in particular in the HE y-ray band, which 
present the fastest variability. On the 16*" of June 2015, Fermi LAT observations 
showed that 3C 279 was in an exceptionally bright state. The flux increased up to 
3.6 x 107? photon cm"? s^! with a flux doubling time on the order of 5 minutes.?? 
IceCube performed a time-dependent neutrino signal search correlated with this 
y-ray flare but no evidence for a signal was found.?? We apply SOPRANO to model 
the SED of 3C 279 during its flare in the framework of the HM, when the second 
peak dominates by proton synchrotron emission. The parameters of our modeling 
are given in Table 3. Figure 3 shows the multiwavelength SED of 3C 279 taken 
from,?! alongside with the results of our modeling. During the brightening, the 
X-ray emission of the source appears with a hard photon index « 1.50, smoothly 
connecting with the INTEGRAL data, described by a power-law with index 1.08.51 
In the HE y-ray band, the spectrum presents a power-law with photon index 2.21 
with a turn over.°? We make the hypothesis that the HE component is produced 
from a single mechanism. In our modeling it is interpreted as proton synchrotron 
emission, represented by the red dashed lines in Figure 3. This interpretation re- 
quires that protons are accelerated up to *p,max = 2.1 x 105, see Table 3. 
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Fig. 3. The multiwavelength SED of 3C 279 during the exceptional flaring activity in 2015. The 
contribution of different particle emission is shown by dashed lines whereas the thick solid line 
represents the observed spectrum, corrected for EBL absorption considering the model of.4? 


The compactness of the emitting region implies a high efficiency for photo-pion 
and photo-pair interactions, which inject energetic secondary pairs. The contribu- 
tion of these pairs dominates above ~ 10 GeV and peak at ~ 100 GeV, as can be 
seen by the blue dashed line in Figure 3. The synchrotron radiation of the primary 
electrons peaks at ~ 0.1 eV and its HE tail accounts for the observed optical/UV 
data. These data constrain the cut-off energy to be relatively low, Ye,cut = 2.4 X 102, 
otherwise, for B = 70 G and 6 = 55, the synchrotron radiation would overshoot 
the observed flux in optical and UV bands. A similar hadronic modeling for this 
flare is presented in?! and in. The neutrino rate for the considered flaring period 
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is as high as 0.15 per day is estimated. However, for a relatively short period of the 
source activity, from minutes to one day, no neutrino events in the IceCube detector 
are expected, in agreement with.?? 


Table 3. Parameters used to model the multiwavelength SEDs of 3HSP J095507.94-355101 
and 3C 279. The electron, proton and magnetic luminosity is also displayed. 


3HSP J095507.94-355101 3C 279 
January 8th January 10th 

Hadronic Lepto-hadronic Hadronic Lepto-hadronic Hadronic 
ó 15 30 15 30 55 
R/10! cm 0.3 10 0.3 10 0.32 
BIG] 45 0.11 45 0.08 70 
Ye,min 104 100 5 x 103 100 1 
^fe,cut 6 x 10? 2 x 106 2 x 10° 7 x 10° 2.4 x 10? 
Ye,max 9 x 105 6 x 109 5 x 105 6 x 109 4 x 10? 
Qe 1.9 2.0 1.9 2 1.8 
Ap = Qe 1.9 2.0 1.9 2 1.8 
"/p,min 1 1 1 1 1 
Yp,max 9 x 108 106 9 x 105 106 2.1 x 105 
Le (ergs7t) | 1.2x 1044 1.6 x 1044 7.3 x 10% 2.1 x 1044 1.9 x 1044 
Lg(ergs-!) 1.5 x 1044 4.1 x 104? 1.5 x 1044 2.2 x 1042 5.7 x 1045 
Lp(ergs-!) 3.2 x 1016 8.0 x 1050 3.2 x 1046 1.8 x 10°! 1.3 x 1049 


6. Conclusion 


We have presented a new kinetic model of photo-hadronic and leptonic interactions 
aiming at studying the emission of optically thin (for Compton scattering) scenar- 
ios of relativistic sources (e.g., AGNs and GRBs). Our numerical solution of the 
kinetic equations for protons, neutrons, pions, muons, neutrinos, pairs, and photons 
conserves the total energy of the system as well as the number of particles where 
required. The code takes as an input the spectral injection rate of the particles (e.g., 
electrons and/or protons), and compute the time evolution of all relevant particles, 
including the secondaries, as they interact and cool, allowing the computation of 
the broadband emission spectrum at any given period. In this paper, we have ap- 
plied SOPRANO to model the SEDs of three blazars, two of which are potentially 
associated to neutrino emission observed by IceCube. We have assumed different 
models for the production of the HE component and compute in all cases the ex- 
pected number of muon neutrinos. The time-dependent nature of the code allowed 
to follow the evolution of all particles in one dynamical time scale and then assess 
the proton content in the jet by using the radiative spectrum of either secondaries 
or initial particles. This is necessary for the estimation of the expected number of 
neutrinos. Such time-dependent treatment of the particle evolution enabled us to 
constrain different scenarios of neutrino production by using the limits imposed by 
the observations in different bands. 
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Multiwavelength study of high-redshift blazars 


G. Harutyunyan and D. Israyelyan 
ICRANet Armenia, Marshall Baghramian Avenue 24a, Yerevan 0019, Republic of Armenia 


High-redshift blazars are among the most powerful objects in the Universe. The spectral 
and temporal properties of 33 distant blazars (z > 2.5) detected in the high-energy y-ray 
band are discussed using Fermi-LAT and Swift Ultraviolet and Optical Telescope/X-ray 
Telescope (UVOT/XRT) data accumulated during 2008-2018. The properties of the jets 
of these blazar obtained by modeling the multiwavelength spectral energy distributions 
within a one-zone leptonic scenario are presented and discussed. 


Keywords: Galaxies; active -Gamma rays; galaxies—radiation mechanisms; non-thermal. 


1. Introduction 


Blazars are a type of active galactic nuclei(AGN) which have relativistic jet that 
is directed towards to the Earth.! Blazars characteristic features are high degree 
of polarization, short and strong non-thermal emission variations both in time and 
amplitude. Based on the absence or presence of emission lines in their optical spectra 
blazars are divided in two large classes, namely FSRQs and BL Lacs.For FSRQs the 
equivalent width of emission line is >5 A meanwhile BL Lacs have weak emission 
lines «5 À.! 

The spectral energy distribution (SED) of blazars has a double-peaked structure. 
Low energy peak, from radio to X-ray is due to synchrotron radiation of relativistic 
electrons. Instead, the high energy peak is most probably due to the Inverse Comp- 
ton scattering of either synchrotron photons(Synchrotron-Self Compton(SSC)? 4) 
or photons field external to the jet (external Inverse Compton).? ’ The external 
target fields can be photons of the accretion disc, broad-line region and dusty 
torus. 

The dominant class of extragalactic y-ray sources are blazars. During its ten 
year survey, Fermi-LAT has observed ~ 5000 sources in y-ray band from which 
more than 2863 are AGNs detected above the 50.8 Only 33(1.18%) out of 2863 
are distant blazars z > 2.5 (Table 1) from which 26 are FSRQs, 2 are BL Lacs 
and 5 are blazar candidate sources. Studying of these sources can shed light on 
some questions such as, cosmological evolution of blazars and black holes, evolu- 
tion of relativistic jets across different cosmic epochs, accretion disc-jet connection, 
extragalactic Background Light density limit, etc.? 

In this paper were investigated multiwavelength emissions from high red shift 
blazars(z > 2.5) using data accumulated by Fermi-LAT and Swift telescopes. 


Table 1. List of y-ray emitting blazars at z > 2.5. The results of observation of distant blazars from August 4, 2008, to August 4, 2018 by 
Fermi-LAT are presented in the right part of the table. 


Object 4FGL name Class RA Dec Fy : Photon index TS Paas” Probability z 

GB 1508+5714 J1510.1+5702 FSRQ 227.54 57.04 0.76 + 0.15 2.95 + 0.15 63.50 8.76 0.8268 4.31 
PKS 1351-018 J1354.3-0206 FSRQ 208.50 -2.11 1.11 + 0.15 2.69 + 0.09 98.49 1.30 0.7010 3.72 
MG3 J163554+3629 J1635.6--3628 BCU 248.92 36.48 1.46 + 0.27 2.84 + 0.12 123.95 3.74 0.8413 3.65 
NVSS J1219154-365718 J1219.0--3653 BCU 84.77 36.89 0.22 + 0.08 2.20 + 0.14 40.56 2.67 0.8273 3.53 
PKS 0335-122 J0337.8-1157 FSRQ 54.47 -11.96 0.72 + 0.16 2.69 + 0.13 49.47 10.19 0.9245 3.44 
PKS 0537-286 J0539.9-2839 FSRQ 84.99 -28.66 4.38 + 0.18 2.72 + 0.03 1694.80 7.60 0.9619 3.10 
TXS 0800+618 J0805.44-6147 FSRQ 21.36 61.80 2.23 + 0.14 2.82 + 0.05 475.17 4.83 0.8441 3.03 
S4 1427+543 J1428.9+5406 FSRQ 217.23 54.11 0.59 + 0.15 2.62 + 0.14 67.10 10.26 0.7831 3.01 
GB6 J0733+0456 J0733.8+0455 FSRQ 13.47 4.93 1.14 € 0.15 2.39 + 0.07 197.26 17.65 0.9854 3.01 
B2 0743+25 J0746.4+2546 FSRQ 16.60 25.77 2.06 + 0.19 2.87 + 0.07 280.99 1.52 0.7449 2.99 
PKS 0347-211 J0349.8-2103 FSRQ 57.47 -21.06 3.25 + 0.15 2.47 + 0.03 1372.81 5.83 0.9690 2.94 
S4 1124+57 J1127.4+5648 FSRQ 71.87 56.80 0.96 + 0.13 2.75 + 0.09 147.30 7.09 0.8495 2.89 
MRSS 291-081526 J2313.9-4501 BCU 348.49 -45.02 0.89 + 0.20 2.80 + 0.13 81.12 2.25 0.7550 2.88 
PKS 0438-43 J0440.3-4333 FSRQ 70.09 -43.55 2.24 + 0.20 2.60 + 0.05 574.84 2.00 0.9225 2.85 
S4 2015+65 J2015.4+6556 FSRQ 303.86 65.95 0.39 + 0.15 2.37 + 0.15 23.77 4.34 0.7257 2.84 
87GB 214302.1+095227 J2145.5+1006 BL Lac 326.38 10.12 0.048 + 0.014 1.71 + 0.19 40.46 67.15 0.9874 2.83 
MG2 J174803+3403 J1748.0+3403 FSRQ 267.01 34.06 0.97 + 0.13 2.31 2 0.07 284.21 31.63 0.9934 2.76 
PKS 0834-20 J0836.5-2026 FSRQ 129.13 -20.45 1.93 + 0.19 2.94 + 0.08 171.15 1.15 0.5796 2.75 
TXS 0222+185 J0224.9--1843 FSRQ 36.24 18.72 1.72 + 0.22 3.05 + 0.12 101.08 2.59 0.5327 2.69 
OD 166 J0242.34+1102 FSRQ 40.59 11.05 1.94 + 0.20 2.59 + 0.06 252.83 6.91 0.8651 2.68 
CRATES J233930+024420 J2339.6+0242 BCU 354.90 2.71 1.00 + 0.21 2.58 + 0.11 94.50 6.17 0.8537 2.66 
TXS 09074-230 J0910.64-2247 FSRQ 137.67 22.80 1.17 3: 0.14 2.37 + 0.06 262.58 5.38 0.9578 2.66 
PMN J1441-1523 J1441.6-1522 FSRQ 220.41 -15.38 0.65 + 0.23 2.32 0.13 72.02 LLTT 0.9535 2.64 
CRATES J1054334-392803 J1054.2+3926 BCU 163.56 39.44 0.27 + 0.09 2.30 + 0.16 34.05 4.79 0.9000 2.63 
MG1 J154930+1708 J1549.6+1710 BL Lac 237.41 17.18 0.17 + 0.08 2.01 + 0.16 44.75 17.03 0.9759 2.62 
TXS 1448+093 J1450.4+0910 FSRQ 222.62 9.18 0.76 3: 0.13 2.35 3: 0.08 130.24 10.58 0.9599 2.61 
PMN J02264-0937 J0226.5--0938 FSRQ 36.63 9.63 0.48 + 0.12 2.18 + 0.10 96.49 56.42 0.9523 2.61 
PKS 0451-28 J0453.1-2806 FSRQ 73.29 -28.11 5.83 + 0.17 2.66 + 0.02 3118.20 10.77 0.9815 2.56 
B3 0908--416B J0912.2--4127 FSRQ 138.06 41.46 1.51 3: 0.14 2.42 + 0.05 539.57 12.10 0.9903 2.56 
TXS 16164-517 J1618.0--5139 FSRQ 244.52 51.67 0.69 + 0.13 2.68 + 0.12 72.65 12.38 0.8408 2.56 
B3 1624--414 J1625.7--4134 FSRQ 246.45 41.57 1.38 + 0.14 2.49 + 0.06 395.12 9.69 0.9787 2.55 
B3 1343+451 J1345.5--4453c FSRQ 206.39 44.88 15.01 + 0.16 2.25 + 0.008 34652.79 24.25 0.9994 2.53 


PKS 2107-105 J2110.2-1021c FSRQ 317.56 -10.36 0.88 + 0.18 2.66 + 0.13 53.29 5.46 0.6500 2.50 


Note: | Integrated y-ray flux in units of x 10-5photon cm7? s-!. 


Note: ? Photon energy in GeV. 
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Table 2. Spectral parameters of the sources modeled with logparabola. 


Object E, a 8 

PKS 1351-018 (6.86 + 1.66) x 107° 2.20 + 0.23 0.63 + 0.23 
PKS 0537-286 (4.15 + 0.20) x 1078 2.66 + 0.04 0.10 + 0.03 
TXS 0800+618 (2.04 + 0.16) x 1075 2.67 + 0.08 0.17 + 0.06 
B2 0743+25 (1.72 + 0.23) x 107§ 2.53 + 0.14 0.40 + 0.13 
PKS 0347-211 (2.69 + 0.17) x 1078 2.32 + 0.05 0.19 + 0.03 
PKS 0438-43 (1.15 + 0.23) x 1078 2.35 + 0.12 0.48 + 0.11 
84 2015+65 (1.66 + 1.00) x 1079 2.42 + 0.35 0.42 + 0.31 
PKS 0834-20 (1.76 + 0.20) x 1075 2.62 + 0.16 0.29 + 0.13 
OD 166 (1.45 + 0.24) x 1078 2.43 + 0.11 0.24 + 0.08 
TXS 0907+230 (8.68 + 1.77) x 1078 2.28 + 0.09 0.12 + 0.06 
PKS 0451-28 (5.56 + 0.18) x 1078 2.56 + 0.04 0.09 + 0.02 
B3 1343+451 (1.41 + 0.02) x 1077 2.18 + 0.01 0.07 + 0.006 


Note: | Integrated y-ray flux in units of photon cm~? s~!. 


2. Fermi LAT analysis 


To investigate considered sources in the y-ray band the data accumulated by Fermi- 
LAT were used. In the current paper, the 100 MeV to 500 GeV data from the region 
with 12° radius were downloaded and analysed. The data had been accumulated 
during ten years since launch of Fermi-LAT (4 August 2008 to 4 August 2018). 
gtselect and gtmktime tools were applied to select good time intervals when data 
were valid. The maximum zenith angle was 90° to avoid 4-rays which are due to 
Earth’s limb. Events were binned into 16.9x16.9 ROI (region of interest) and 37 
equal logarithmically spaced energy bins using gtbin tool. The model file of each 
source includes all the 4FGL sources falling within the ROI+5° region and it was 
generated using 4FGL-DR2 catalog which is the second release of 4FGL (based on 
ten years operation). For galactic and extragalactic diffuse emission components 
glliem_v07 and iso PSRS.SOURCE V2 v1 models were used. With the gtlike tool 
spectral analysis of considered sources using binned maximum likelihood method 
was performed. The spectral parameters of sources located within the ROI are set 
to free. Detection significance of the sources estimated using TS (Test Statistic)!? 
which is defined as TS=2 x (logLı — logLo) where Ly is the likelihood of the data 
with a point source at the given position and Lo without the source. For each 
source the same y-ray spectral model as in 4FGL catalog was used and additionally 
analysis was performed using power-law spectral model. SEDs of the sources were 
created by running gtlike for smaller energy intervals equal in logarithmic space. 
The y-ray light curves were computed with gtlike tool applying unbinned likelihood 
analysis method which is suitable for shorter periods. The spectra of the considered 
source was modeled using a power-law which provide good results for small interval. 
The normalization and photon index of the chosen sources are free to vary except 
photon index of all sources which are lying within the ROI. For the fitting the events 
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with energy 0.1-300 GeV were considered. To investigate y-ray variability initially 
we calculated 30 day bins light curves for all the sources. There are statistically 
significant (> 50) sources in the sample which have flaring periods and for that 
periods the light curves with small bins such as day or week were calculated. For 
some powerful sources such as B3 13434-451, PKS 0537-286, PKS 0347-211, PKS 
0451-28 additionally the adaptively binned method has been applied to generate the 
light curves. In this method time intervals are adapt to provide bins with constant 
flux uncertainty(with 15%) above the Eo which is a powerful method to study flux 
variation in y-ray band.!1!7 


3. Swift observations 


In the current paper the data from the two of the instruments onboard Swift XRT!* 
and UVOT? have been analysed. Although the primary scientific goal of the Swift 
telescope is the observation of GRBs,?? also, due to its wide frequency coverage, 
it is suitable for studies of blazars. Except 4 sources from the Table 1 the rest 
of the sources at least once have been observed by Swift, some of them (e.g. B2 
0743+25, PKS 0438-43, TXS 0222+185, TXS 1448+093, PMN J0226--0937, TXS 
1616+517 and PKS 2107-105) had been observed more than ten times. The Swift 
XRT data analysis was available for twenty-two sources, and only twenty-six sources 
were detected in at least one of the optical-UV Swift-UVOT filters (see Table 3). 
The Swift UVOT performs measurements at 6 wavelengths: UVW2 (188 nm), 
UVM2 (217 nm), UVWI (251 nm), U (345 nm), B (439 nm), and V (544 nm). The 
photometry analysis of the sample was performed using the standard UVOT soft- 
ware distributed within the HEAsoft package (v6.25) and the calibration included 
in the CALDB (v.20170922). The source counts were extracted from a circular re- 
gion with a 5" radius around the source, while the background one is a region with 
20" radius not being contaminated with any signal from the nearby sources. If in 
the observation data from the different filters exists, the same models were used, 
after checking background region contamination by nearby sources. For converting 


source counts to magnitudes uvotsource tool and the conversion factors provided 
by?! was used. The fluxes were corrected for extinction using the reddening coeffi- 
cient E(B — V) from the Infrared Science Archive?. 

In the X-ray band the Swift XRT data observed both in photon counting and 
window timing modes were used. The data were analyzed with the standard XRT- 
DAS tool distributed within the HEAsoft package (v6.25), applying standard pro- 
cedures, filtering, and screening criteria. As a source region was selected a circular 
region with a 20-pixel (47") centered on the coordinates of each source, while as 
a background region was selected an annulus, with the same center as the source 
region and inner and outer radii of 51 (120") and 85 pixels (200"), respectively. 
For fitting the 0.3-10 kev X-ray spectrum was used XSPECI12.10.1 tool, adopting 


?http://irsa.ipac.caltech.edu/applications/DUST/ 


Table 3. Summary of Swift-UVOT observations of the considered sources. For the sources, when several observations were available, the fluxes in each 


band are computed from the summed images. Averaged flux in each band is in units of erg cm~? s^ !. 

Object V B U Wi M2 w2 

PKS 1351-108 — - - 4.54 + 2.53) x 10714 - - 

MG3 J163554 

+3629 - - 6.93 + 2.72) x 10-4 - - 7.50 + 4.11) x 10-14 
PKS 0537-286 (3.78 + 5.86) x 1071? (4.53 1.56) x 10714 (3.54 0.42) x 10713 (4.54 + 2.54) x 107 1^ (6.84 0.75) x 107 1^. (4.61 4 0.55) x 107? 
TXS 0800+618 (7.69 + 0.12) x 1071? - (2.39 + 0.6) x 1071? (5.68 £0.18) x 10715 - 6.58 + 0.13) x 10714 
S4 1427+543 - (2.52 + 2.03) x 10714 (2.53 + 0.92) x 10713 - (3.88 + 1.4) x 10714 (1.50 3 0.02) x 10715 
GB6 J0733-4-0456 - (2.97 + 2.55) x 10714 - (9.40 + 0.25) x 10-1? - - 

B2 07434-25 - (4.92 + 0.82) x 107 !^ (3.39 + 0.59) x 107? - (1.12 + 0.22) x 107? (4.76 + 0.76) x 1071? 
PKS 0347-211 - - (2.80 + 0.52) x 107? - (1.69 + 0.5) x 1071? (2.03 + 1.09) x 10718 
S4 1124+57 1.16 + 0.85) x 10714 - - - - - 

PKS 0438-43 (7.90 + 0.1) x 10715 = 3.45 + 0.38) x 1071? - i 8.02 + 0.69) x 10-1? 
S4 2015--65 1.63 + 0.02) x 10-1? - - 6.91 + 0.33) x 10714 - - 

87 GB 214302.1 

+095227 1.01 + 0.48) x 10718 (2.49 + 0.36) x 10713 - 2.78 + 0.72) x 1071 (3.49 € 0.63) x 10-1? - 

MG2 J174803 

+3403 1.92 + 0.32) x 1071? (2.53 + 0.25) x 10737? (4.68 + 0.87) x 1071? (2.404 0.33) x 10-1? (3.73 0.61) x 10713 (3.20 + 1.52) x 10713 
PKS 0834-20 - - (7.82 + 0.54) x 107? (3.84 1.72) x 107 !^ (2.39 0.36) x 10713 (7.29 + 0.91) x 107? 
TXS 0222+185 - - 9.36 + 0.89) x 10-1? - (8.18 + 1.11) x 1071? (1.12 Æ 0.21) x 107? 
OD 166 = = = - = (9.19 + 0.36) x 10714 


TXS 0907+230 9.53 + 4.27) x 10714 (9.66 + 3.17) x 10714 (5.284 2.66) x 1071? (8.77 +3.31) x 10714 (2.094 1.55) x 10718 
PMN J1441-1523 - - 6.33 + 4.81) x 10714 - - 
CRATES J05433 


--392803 - - - 1.90 + 0.88) x 10716 - - 

TXS 14484-093 - E 6.53 + 2.36) x 10-14 - i (1.35 + 0.35) x 1071? 
PMN J0226--0937 (9.95 + 4.17) x 10-14 (5.13 2:0.9) x 10718 (1.22 0.06) x 1071? (4.39 3 1.53) x 10-1? (1.304 0.06) x 1071? (1.26 + 0.08) x 1071? 
PKS 0451-28 - (9.52 + 1.21) x 10714 - - - - 

B3 0908+416B (3.45+0.11) x 10715 (3.46 + 2.22) x 107-14 (2.08 + 0.66) x 10713 (4.94 + 1.95) x 10714 (6.87: 1.91) x 10714 (2.67 1.2) x 1071? 
TXS 1616+517 - - 1.96 + 0.27) x 10-1? - - (1.25 + 0.34) x 1071? 
B3 13434-451 - (3.12 + 2.77) x 1071* (4.54 0.55) x 1071? (7.41 20.23) x 1071? (2.52 0.29) x 1071? (4.47 0.65) x 10713 


PKS 2107-105 - - (1.74 + 0.1) x 107? - - (1.44 + 0.13) x 107 1? 


6vY 
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an absorbed power-law model with a neutral hydrogen column density fixed to its 
Galactic value in each direction. 

As these sources are not observed with the Swift XRT instrument too long, for 
most of the sources the count rates were below 20, which would prevent spectral 
fitting, some cases several observations of the same source were merged if they were 
available for increasing the photon statistics. T'he merging was performed using the 
tool available from the UK Swift Science Data Center^.?? Again for the fitting of the 
0.3-10 keV spectrum XSPEC was used, applying both the absorbed power-law and 
log-parabola models. Also, light curves have been generated for the investigation of 
the flux variation in each band. 


4. Results of data analysis 


In Table 1 the results of y-ray data analysis(4-ray flux, index, TS, etc.) obtained 
after power-law fitting are presented. Detection significance(TS) for all sources was 
TS > 34.05, only S4 2015+65 detected with TS=23.77.Also, fit with log-parabola 
spectral model was performed for sources which spectral model is log-parabola 
in 4FGL(Table 2). Results show that fluxes estimated using log-parabola spectral 
model are not much different from corresponding fluxes estimated from the power- 
law fitting. The results presented in Table 1 are shown in Fig. 1. The y-ray photon 
index versus flux is shown in he upper left panel.The photon index estimated in 
the 0.1-500 GeV ranges from 1.71 to 3.05 with a mean of 2.54. The flux of con- 
sidered sources ranges from 4.84 x 10-1? to 1.5 x 107 "photon cm-?s-!. The two 
BL Lacs, 87 GB 214302.14-095227 and MG1 J154930+1708, have the lowest flux 
(4.84 + 1.37) x 10^ photon cm ?s^! and (1.66 + 0.79) x 10 ?photon cm ?s- 1. 
The y-ray flux of BCUs included in the sample ranges from 2.19 x 107° to 
1.46 x 10 5photon cm ?s^! with T, within 2.20-2.84. The FSRQs occupy the region 


of high flux > 3.89 x 10-?photon cm ?5-! with a mean 2.11 x 10-5photon cm? s^. 


The highest y-ray flux of 1.50 x 107 "photon cm-?s-! was observed from the bright 
FSRQ B3 1343--451. The luminosity of each source was computed using the ob- 
served flux(F^,) and photon index(TI,). In upper right panel is shown the distribution 
of the considered sources in I',-L,, plane. The y-ray luminosity of the considered 
sources ranges from 1.01 x 10*'erg s-! to 5.54 x 10*%erg s-!. The lowest lumi- 
nosity of 1.01 x 104%erg s-! has been estimated for CRATES J105433+392803 
which is of the same order with that of the two BL Lacs included in the sample 
(1.42+0.98) x 10?"erg s71 for 87GB 214302.14-095227 and (1.24+0.59) x 10^"erg s-! 
for MG1 J154930--1708. The luminosity of these BL Lacs corresponds to the high- 
est end of the luminosity distribution of BL Lacs included in the fourth cata- 
log of AGNs detected by Fermi-LAT.?3 The y-ray luminosity of PKS 0347-211, 
PKS 0451-28, PKS 0537-286 and B3 1343+451 > 10*erg s-!. X-ray data anal- 
ysis results (Table 3) show that flux ranges from ~ 5 x 10-!^erg cm-?s-! to 


Phttps://www.swift.ac.uk/userN objects/ 
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c 107 erg cm~?s~', the highest flux of (1.19 + 0.04) x 10^ !erg cm-?s^! being 
observed for TXS 0222+185. In the lower left panel X-ray flux versus the photon 
index was plotted. Because of small number of detected counts flux and photon 
index were estimated with large uncertainties. X-ray photon indexes estimated for 
these sources is «2 which means that X-ray spectra has a rising shape. The hardest 
X-ray spectrum detected for B3 0908--416B with T+ = 1.01 + 0.46. PKS 0451-28, 
TXS 0222+185, PKS 0834-20, PKS 0537-286, TXS 0800+618, B2 0743+25 and 
PKS 0438-43 have a comparable high X-ray flux > 2.13 x 107 erg cm ?s^!. In 
the lower right panel are compared y-ray and X-ray fluxes. Sources which are bright 
in y-ray band such as PKS 0537-286 and PKS 0451-28 appear to be,also a bright 
sources in X-ray band. 


TXS 0222+185 3.25 
3.00 TXS 0222+185 GB 1508+5714 
GB 150845714 305 
2.75 @ PKS 0537-286 
TER 2.75 E @ PKS 0537-286 


© 
$ PKS 0451-28 
@ PKS 0347-211 


B3 134344516 


Photon index 


Photon index 
N N 
Nou 
a o 

+ 


2.50 4% @ PKS 0347-211 
2.25 j + B3 1343+451 @ 
2:00 2.00 
MG1J15493041708 MG1 J15493041708 
1.5 1.75 
87GB 214302.1+095227 87GB 214302,1+095227 


-9.5 -9.0 -B.5 —8.0 75 mE 47.0 47.5 48.0 48.5 
Log[F, (photon cm"? s71)] Log[L, (erg s7?)] 


-9- TXS 0222+185 
3.0 B2 0743+25 
PKS 0537-286 
TXS 0800+618 9 ks 0451:28 
TXS 1448+093 e€ PKS 0451- 
2.5 © 
PKS 0834-20 

S4 2015+65 

B3 1343+451 


H $ PKS 0347-211 
PKS 0438-43 =} 


$ $o e e -13 
1.0 TXS 02224185 
PKS 0834-20 TXS 1448+093 


-13.5 -13.0 -125 -12.0 -115 -11.0 -8.5 —8.0 -7.5 =7.0 
Log[Fx (erg cm? s-1)] Log[F, (photon cm? s71)] 


PKS 0451-28. 


Photon index 


Ex 
in 


Log[Fx (erg cm~? s~?)] 


Fig. 1. The y-ray flux (> 100 MeV) and luminosity of considered sources versus the photon index 
are shown in the upper panels. BL lacs, FSRQs and BCUs are shown with triangles, circles, and 
squares, respectively. Lower left panel: The X-ray flux (0.3 — 10 keV) versus the photon index. 
Lower right panel: Comparison of y-ray and X-ray (if available) fluxes. 


4.1. Variability 


Multiple observations of some of these sources with the Swift telescope allow us to 
investigate their X-ray flux variability. After processing and analyzing data from 
each observation there were only eight objects with enough counts for constraining 
the flux and the photon index in a single observation. The results showed that the 
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X-ray emission from the considered sources was relatively constant except for PKS 
0438-43, B2 0743+25, and TXS 0222+185. 

The X-ray flux of TXS 0222+185 is mostly around (0.96 — 1.1) x 
1071! ergem ? s^! which increased to (1.62 + 0.13) x 10 !! ergcm ? s^! and 
(1.37 + 0.16) x 1071 erg cm~? s^! on 24 December 2014 and 31 July 2006, re- 
spectively. In case of PKS 0438-43, it was in a bright X-ray state on 15 De- 
cember 2016 with a flux of (1.09 + 0.16) x 107! ergem ? s^! as compared 
with the flux of (1.30 + 0.31) x 1071 ergem ? s^! in the quiescent state. Sim- 
ilarly, the X-ray flux of B2 0743+25 in the high state on 01 January 2006 was 
(1.06 + 0.56) x 1071! erg cm~? s^. The variation of the 0.3-10 keV X-ray flux of 
PKS 0438-43, B2 07434-25 and TXS 0222+185 is shown in Fig. 4. No variation of 
X-ray photon index was found, due to the large uncertainties in its estimation. 
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Fig. 2. The 0.3-10 keV X-ray fluxes of PKS 0438-43, B2 0743--25 and TXS 0222+185 measured 
by Swift-XRT. 


A detailed investigation of y-ray flux variation of the considered sources during 
the ten years was possible due to the continuous observation by Fermi-LAT. In 
some cases, when source detection significance is < 100, the data are not enough for 
variability searches in month scales, in these cases the variability has been checked 
for longer scales (6 to 12 months).?^ If the source detection significance is > 370, it 
is possible to use the adaptively binned intervals for computations. The adaptively 
binned light curves were possible to compute only for B3 1343+451, PKS 0451-28, 
PKS 0347-211 and PKS 0537-286, which are shown in Fig. 3. For the other sources 
included in Table 1 the variability on week and month scales are investigated. 

'The adaptively binned light curve of B3 1343--451, which is the brightest and 
the most variable source in the sample is shown in 3. During the bright y-ray flaring 
periods: around MJD 55100, MJD 55890, MJD 56170, MJD 56640, and MJD 57060 
the flux changes in sub-day scales. The width of 83 bins was shorter than 12 hours, 
which were observed during the flares around MJD 55890 (24 bins) and MJD 56170 
(35 bins). There are about 200 bins with a width shorter than a day, and the 
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Fig. 3. y-ray light curve of B3 1343+451, PKS 0537-286, PKS 0347-211, and PKS 0451-28 for 
the period from August 2008 to August 2018 calculated using adaptively-binned timescales. 
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minimum adaptively binned time width is 6.33 hours observed on MJD 56176.34 
when the source flux was (7.52+1.85) x 10 "photon cm? s^ !. In the quiescent state, 
the y-ray flux of the source is ~ (1—5) x 10 5photon em ? s^! with Ty = 2.4840.29 
was observed on MJD 55891.7 with a detection significance of 9.1o within a time 
bin having a width of 8.2 hours, which is 36.4 times higher than the y-ray flux 
of the source in the quiescent state but the T} is within the uncertainties of the 
value given in Table 1. During the hardest y-ray emission period, T} = 1.45 + 0.21 
was detected on MJD 56432 with a significance of 7.20, which is unusual for this 
source. 

PKS 0537-286 (z = 3.10) is the furthest source showing y-ray flux variability in 
short time scales (Fig. 3b). The adaptive light curve showed variability in intra-day 
scales: 20.45, 15.96, and 18.90 hours. First about flaring activity of PKS 0537- 
286 was reported in?” and the rapid y-ray flux variations in.?^ y-ray flux of PKS 
0537-286 was increased from its 10 year average value, which was (4.38 + 0.18) x 
107 photon cm? s~!, on MJD 55528-55553, MJD 56264-56400 and MJD 57878.0- 
57883.4, with the maximum value of (6.58 + 1.35) x 107" photon cm? s^! observed 
on MJD 57879.2 with a detection significance of 10.570. But in this periods the T} 
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is not significantly different from its average value in Table 1, which means that the 
emission is dominated by the MeV photons. 

In the case of PKS 0347-211 and PKS 0451-28 (Fig. 3c and d) the adaptively 
binned light curves show several periods of y-ray brightening. For example, for PKS 
0347-211 the shortest y-ray flux increase time interval is 2.65 days, and for PKS 
0451-28 it is 1.56 days. The light curves of both sources show multiple periods when 
y-ray flux increased. For example, on MJD 54757.04 + 2.71 the y-ray flux of PKS 
0347-211 was (1.57 + 0.41) x 1077 photon cm~? s-!. In the case of PKS 0451-28, 
the peak ^4-ray flux of (2.20 + 0.50) x 1077 photon cm? s^! was observed on MJD 
56968.60 + 0.79 with 9.64c. During this period, I’, was 2.06 + 0.19. 

For finding out whether the y-ray emission of other sources is variable or not,a 


simple y2 test was performed;?Ó the flux measured in each interval was fitted by 
a constant flux and the reduced X2 and the probability of the flux being constant 
are computed. The x2 fitting showed that the y-ray emission variability of these 
sources varies from week to month scales. MG3 J1635544-3629 at z — 3.65 is the 
most distant y-ray flaring blazar; this source was reported to be in active state 
during May-July 2018: for example on July 7 2018 its daily averaged y-ray flux 
peak value was (6.4 + 1.15) x 1077 photon cm~? s~!.2” During June-July 2018 this 
source was also bright and the maximum daily averaged y-ray flux was observed 
(1.18 + 0.23) x 1077 photon cm? s~1.?7 

For the considered sources also investigated the y-ray photon index evolution 


in time has been. This may reveal crucial information, because the photon index 
is defined by the processes responsible for particle acceleration and cooling and its 
changes are directly linked with the processes inside the jet. For the searching the 
photon index variation are used the y-ray light curves produced in 30 and 7 days, in 
the case of B3 1343+451 3 day bins, and for escaping large uncertainties only those 
periods when the source detection was TS > 25 were considered, because adaptively 
binned light curves have narrow width, and photon indexes would be estimated with 
big uncertainties, which would would not allow to make definite conclusions. The 
x2 test shows that the photon index of B3 1343+451, PKS 0451-28, B3 0908+416B 
and TXS 0907+230 only varies in time and the evolution was shown in Fig. 4 where 
the horizontal line corresponds to the averaged photon index estimated in ten years 
(Table 1). 

'The most interesting photon index variability has B3 1343--451, there are 60 
periods when I’, < 2.0. The hardest spectrum of B3 1343+451 was observed on 
58089.16 + 1.5 with T} = 1.73 + 0.24, also it is interesting, that the y-ray spectrum 
was hard in a brightly y-ray flaring state on MJD 56172.16 + 1.5 with 1.95 + 0.07. 
In the 30-day binned light curve of PKS 0451-28 are observed I', = 2.06 + 0.07 
and I, = 2.17 + 0.15 on MJD 56977.66 + 15 and 58297.66 + 15, respectively. In 
the case of B3 0908+416B we can see remarkable hardening on MJD 57517.66 + 15 
when the I’, changed to 1.847 0.25 compared to the average of 10 years 2.42 + 0.05. 
And in the case of the most distant object where 4-ray spectrum hardening was 
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Fig. 4. The evolution of the y-ray photon indexes of B3 1343+451, PKS 0451-28, B3 0908+416B 
and TXS 0907+230 in time. 


observed is TXS 0907+230 with z = 2.66. It’s 7 day y-ray light curve shows that 
on MJD 54798.16 + 3.5, 54805.16 + 3.5 and 54826.16 + 3.5 its y-ray photon index 
appeared I',, = 1.72 + 0.23, 1.90 + 0.21 and 1.72 + 0.15, respectively. Such a hard y- 
ray spectrum is more typical for BL Lacs, but it has also been occasionally observed 
for the FSRQs during the flares.!?: 15.2831 


5. Theoretical modelling and results 


'The multiwavelength emission from blazars is due interaction of accelerated elec- 
ot 32°39 with magnetic and photon fields. The currently proposed 
models can not explain dynamical changes of the radiation and flares which are 
most likely caused by changes of radiating particles or the emission region.*° Ori- 
gin of flares can be investigated with contemporaneous multiwavelength data. From 
considered sources only for PKS 0438-43 and TXS 0800+618 are available contem- 
poraneous Swift data. Our goal is to constrain the main physical parameters of 
distant blazars jets and because of lack of multiwavelength data in the modeling 
will be used only the averaged multiwavelength SEDs which presents the typical 
state of the source. To investigate broad band emission from considered sources we 
have used a one-zone leptonic model. The emission region is assumed to be a spher- 
ical blob with a radius of R which is filled with uniformly tangled magnetic field 


trons or protons 
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B and with a homogeneous population of relativistic electrons. Non-thermal energy 
distribution of electrons is described by a power-law with exponential cut-off: 


Ni) p y Pezxp(—y/"yeut) Y > fímin; (1) 
where y is the Lorentz factor of electrons in the blob rest frame and a is the 
power-law index which defines the properties of acceleration mechanism.*! 44 ^Imin 


and Yeu are the minimum and cut-off energy of the electron in the emission region 
correspondingly. Yeut allows constraining the cooling process of the particles and the 
state of plasma in the jet.??: 4? In a simple one zone leptonic model emitting region 
parameters are the radius, Doppler factor([=0), and magnetic field. Magnetic field 
is a free parameter and its density is B?/47. In the modeling it is assumed that 
from radio to optical/UV emission is due to synchrotron emission of relativistic 
electrons, meanwhile high energy peak is due to the Inverse Compton scattering of 
both internal? + or external?" photons. 

'The previous studies show that high energy peak is well explained when assumed 
external photons for Inverse Compton scattering.!? 169? Depending on the position 
of emission region(blob) in the jet different photon field can be assumed.?? In case of 
these sources it is assumed that emission region is outside of broad-line region(BLR) 
and in this position dominant photon field is the infrared emission from dusty 
torus.?! IR radiation from dusty torus has a black body spectrum which luminosity 
is Lrg = 0.6Laise,*® where Lajse is the accretion disc luminosity. Directly emission 
from accretion disk showing a UV excess in the SED and fitting of this excess allows 
us to estimate photons temperature and luminosity.°? SEDs modeling results are 
shown in Table 3 and SEDs of sources for which were generated adaptively binned 
light curves are shown in Figure 4. The archival data from the Space Science Data 
Center are in gray, while the optical/UV, X-ray, and y-ray data, obtained here, are 
shown in cyan, red, and blue, respectively. The radio data are not included in the 
SEDs fits, but are considered only as upper limits. The observed radio emission is 
assumed to originate from a different and extended region. The hard y-ray emission 
spectra of B3 13434-451, PKS 0451-28 are in magenta, showing that the y-ray flux 
increased and their spectra extend to higher energies. 

The SEDs in Fig. 5 contain enough data from radio to HE y-ray bands to shape 
both low and high energy peaks. The electron power-law index is defined by the 
X-ray data and depending on whether the SSC or EIC component is dominating 
in the X-ray band, different values for a are obtained. When the X-ray spectrum is 
hard and the SSC component is dominating, the energy distribution of the emitting 
electrons has a hard spectrum as well. For example for PKS 0537-286 a = 1.33 + 
0.07. The HE tails of both synchrotron and IC components are well defined by 
the optical/UV and y-ray data, respectively, allowing precise estimation of Yeut = 
(1.01 — 15.73) x 10?.5,, strongly depends on o and its highest values is (15.73 + 
1.60) x 10? which was estimated when a = 2.80 4- 0.04. Meanwhile, when a = 2.2 — 
2.5, the highest Your is (1.01 — 15.73) x 10? for B3 1343+451. The estimated Doppler 
factor is from 6 = 10.00 to 6 = 27.42 with a mean of 6 = 19.09 which is higher 


Table 4. Parameters obtained from the modeling of multiwavelength SEDs. [1]: object name. [2]: Doppler factor. [3]: Slope of electron energy 
distribution. [4] and [5]: the Lorentz factors corresponding to the minimum and cutoff energy of the electron distribution. [6]: Magnetic field in units 
of G. [7] Radius of the emitting region in units of 1019 cm. [8] and [9]: Electron and magnetic field energy densities. [10]: accretion disk luminosity in 


units of 104° erg s71. [11] and [12]: The power of the jet in the form of the relativistic electrons (Le) and magnetic field (Lg) in units of 105? ergs 


and 104? erg s-1, respectively. 


Sources 


[1] 


GB 15084-5714 
PKS 1351-018 

PKS 0537-286 

TXS 0800+618 

S4 1427+543 

GB6 J0733+0456 
PKS 0347-211 

B2 0743+25 

S4 1124+57 

PKS 0438-43 

84 2015+65 

MG2 J1748034-3403 
PKS 0834-20 

TXS 0222+185 

OD 166 
TXS 0907+230 
PMN J1441-1523 
TXS 14484-093 
PMN J0226+0937 
PKS 0451-28 

B3 0908+416B 
TXS 1616+517 
B3 1343+451 
PKS 2107-105 


Note: * Integrated y-ray flux in units of x 10-5photon cm 


ó 
[2 


15.72 4 
20.47 d 
11.50d 
14.04 4 
10.00 d 
16.28 d 
26.00 d 
10.02 d 
22.174 
18.17 d 
17.85 d 
24.50 d 
27.42 4 
10.03 d 
19.02 d 
21.66 d 
17.01 4 
17.90 d 
25.02 4 
26.144 
23.22 4 
10.114 
26.55 d 
27.32 d 


] 


- 1.29 
E 2.49 
E 0.57 
t 0.56 
- 0.37 
- 1.36 
- 1.02 
- 0.45 
t 1.37 
- 1.29 
- 1.32 
- 2.06 
t 0.97 
- 0.28 
t 0.84 
- 1.66 
t 1.50 
- 1.13 
E 1.98 
E12 
t 1.72 
- 0.31 
- 1.04 
t 1.34 


Note: ? Photon energy in GeV. 


Q 
[3] 
LIT 0.07 
2.16 + 0.11 
1.33 + 0.07 
2.75 + 0.04 
2.04 + 0.10 
2.80 + 0.04 
2.79 + 0.02 
1.13 + 0.19 
2.78 + 0.04 
2.78 + 0.04 
2.73 + 0.05 
2.87 + 0.06 
2.70 + 0.06 
1.62 + 0.05 
1.96 + 0.04 
2.23+0.11 
2.19 + 0.07 
1.52 + 0.15 
2.41 + 0.04 
2.90 + 0.28 
1.31 + 0.25 
2.09 + 0.09 
2.48 + 0.04 
2.30 + 0.06 


Ymin 
4] 


26.90 + 2.88 
2.68 + 0.36 
15.70 + 1.49 
13.98 + 0.86 
29.00 + 2.55 
47.90 + 3.42 
23.09 + 1.12 
7.66 + 0.22 
22.92 + 1.45 
23.13 + 1.54 
20.63 + 1.64 
14.67 + 1.58 
20.57 + 1.51 
19.56 + 0.98 
2.58 + 0.15 
20.26 + 1.84 
2.86 + 0.29 
49.64 + 5.82 
5.37 + 0.59 
21.93 + 1.3' 
6.41 + 0.72 
93.28 + 4.15 
16.49 + 1.31 
7.45 + 0.90 


m n 


R 


Ue 
[8] 


0.50 
0.54 
5.93 
0.06 
0.63 
0.12 
0.03 
16.90 
0.14 
0.12 
0.07 
0.004 
0.02 
10.28 
0.01 
0.03 
0.07 
0.003 
0.03 
0.11 
0.09 
0.06 
0.11 
0.0006 


Up 
[9] 


1.49 
1.66 
3.21 
2.73 
10.02 
6.22 
1.61 
0.003 
1.95 
4.52 
8.41 
83.98 
5.44 
5.04 
0.52 
3.72 
112.38 
19.44 
119.86 
8.01 
6.10 
10.79 
0.42 
17.73 


La 
[10] 


3.02 
4.04 
3.44 
1.65 
1.83 
3.40 
1.99 
3.58 
1.69 
3.91 
4.55 
8.87 
5.51 
2.41 
0.53 
1.09 
0.17 
0.56 
10.94 
7.20 
0.43 
0.35 
0.48 
8.30 


Le 
[11] 


2.43 
2.68 
7.31 
13.49 
2.14 
0.98 
1.72 
7.80 
3.39 
3.33 
1.26 
0.23 
0.70 
11.10 
0.25 
0.70 
0.14 
0.17 
0.03 
3.59 
0.26 
0.70 
1.76 
0.05 


E 


Lg 
[12) 


0.73 
0.82 
0.40 
61.84 
3.75 
5.20 
10.08 
0.24 
4.87 
12.52 
14.44 
434.69 
23.92 
0.54 
92.38 
5.96 
22.85 
115.93 
107.98 
26.32 
1.78 
13.11 
0.68 
150.16 
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Fig. 5. The evolution of the y-ray photon indexes of B3 1343+451, PKS 0347-211, PKS 0451-28, 
PKS 0537-286 in time. 


than the average values estimated for FSRQs.°?: 54 The emitting region size is within 
R = (0.70—9.48) x 1016 cm. Results obtained for R suggest that the multiwavelength 
emission is produced in the sub-parsec scale regions of the jet. Modeling results 
allow us to estimate energetics of the considered sources. For seventeen sources out 
of thirty three was possible to estimate discs luminosity assuming that disc has a 
black body spectrum. Estimations shows that L4 ~ (1.09 — 10.94) x 1076 erg s71 
and highest value estimated for PMN J0226+0937 is Lg ~ 1.09 x 1077 erg s-!. Jet 
power was calculated as 


L = rR°T’U; (2) 


where U; is electron or magnetic field energy density.Corresponding values from 
Table 4 show that Le c (0.03 — 13.49) x 1075 ergs™! and Lg ~ (0.24 — 434.69) x 
10“ erg a1. 


6. Summary 


'The main results after analysis of Fermi-LAT data, accumulated in 2008-2018 and 
Swift data, observed in fifteen years are summarized. The y-ray photon index of all 
the considered sources is between 2.18-3.05 except for two BL Lacs. Swift XRT has 
detected significant X-ray emission only from FSRQs considered here and X-ray flux 
ranges from 5 x 10714 erg cm? s^! to 1071 erg cm? s71. The y-ray variability of 
the considered sources has shown emission on short and long time scales from sub 
day to month scales. During y-ray flares the luminosity riches (1049? — 1099) erg s-!. 
The most luminous source in the sample is B3 1343--451 which luminosity during 
flare increases 36.4 times and corresponds to Ly = 1.5 x 105° ergs !. For SED 
modeling one zone leptonic model considering SSC of synchrotron and IC of dusty 
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torus photons was used. Magnetic field ranges from 0.10— 1.74 G and Doppler factor 
is within 10.00— 27.42. Estimated black hole masses are within (1.69—5.35) x 109 Mo. 
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In this review, we discuss a derivation of effective low energy quantum gravitational 
dynamics from thermodynamics. The derivation is based on the formalism developed in 
semiclassical thermodynamics of spacetime that allows to obtain Einstein equations from 
the proportionality of entropy to the area. We first introduce the relevant ingredients of 
semiclassical thermodynamics of spacetime, paying special attention to the various con- 
cepts of entropy involved and their relations. We then extend the semiclassical formalism 
by considering low energy quantum gravity effects which imply a modified entropy for- 
mula with an additional term logarithmic in the area. Upon discussing the derivation of 
effective gravitational dynamics from this modified entropy, we comment on the most 
important features of our proposal. Moreover, we show its physical implications on a 
simple cosmological model and show that it suggests the replacement of the Big Bang 
singularity by a regular bounce. 


Keywords: Quantum gravity phenomenology, Thermodynamics of spacetime 


1. Introduction 


The search for a consistent theory unifying gravity and quantum physics has been 
an important direction of research in the last decades. While promising candidates 
have been put forward, none of them presently provides a complete and consistent 
final theory. In the absence of a fully developed theoretical framework, quantum 
gravitational phenomenology offers a way to gain information about possible low 
energy dynamical effects of quantum gravity." ? Phenomenological models concern- 
ing strong gravitational fields are mainly available for physics in the vicinity of 
classical singularities.9 10 However, these models face limitations coming from the 
simplicity of the studied geometries and their results cannot be directly applied in 
more general settings. Motivated by overcoming these issues, the authors have em- 
ployed thermodynamics of spacetime to study quantum gravitational phenomenol- 
ogy and propose effective equations of motion applicable in generic spacetimes.!! 
As we will see, thermodynamic methods allow us to look for model-independent 
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low energy phenomenological dynamics of quantum gravity without choosing any 
specific background spacetime. One can then particularise the resulting dynamics 
to any case of interest. Furthermore, the relevant thermodynamic predictions are 
common for most of the candidate theories of quantum gravity and can even be 
obtained by model independent considerations. 

Thermodynamics of spacetime presents a useful tool for understanding gravita- 
tional dynamics. Following the seminal developments of black hole thermodynam- 
ics,!?-14^ the framework has been extended both to more general spacetimes!? and 
beyond general relativity.!9 A key step forward has been the derivation of Einstein 
equations from thermodynamics of local Rindler horizons.!"The original approach 
has since been improved and generalised to work for different constructions of local 


18-22 certain modified theories of gravity?9 ?6 
19,21,22 


horizons, and even to derive semiclas- 
sical gravitational equations of motion. 

Taking a step further, the authors have included quantum gravity effects on 
the thermodynamics of local causal horizons, obtaining equations governing low 
energy effective dynamics of quantum gravity.!! To get sufficiently robust and gen- 
eral results, we concentrated on the leading order quantum correction to Bekenstein 
entropy, a term logarithmic in the horizon area. This is advantageous, since its pres- 
ence is predicted by many different approaches to quantum gravity, including loop 
quantum gravity (LQG),?^?5 string theory???? and AdS/CFT correspondence,?! 
non-local effective field theory,?? entanglement entropy calculations,?? as well as 
model independent considerations based on generalised uncertainty principle (GUP) 
phenomenology’ and analysis of statistical fluctuations.** 3° Thus, the effective dy- 
namics we propose is relevant to most of the main approaches to quantum gravity. 

While we are chiefly concerned with low energy quantum gravity effects, ther- 
modynamics of spacetime provides interesting insights already on the semiclassical 
level. Furthermore, a complete understanding of the semiclassical regime is necessary 
to extend the thermodynamic formalism to the realm of quantum gravity. There- 
fore, we include a detailed review of the concepts considered in semiclassical ther- 
modynamics of spacetime, especially various notions of entropy. Since derivations 
of gravitational dynamics rely on equilibrium conditions for local causal horizons 
which involve Bekenstein, entanglement and Clausius entropy, we further discuss to 
what extend are these entropies equivalent. 

In the present work, we review the main features of our proposal, paying special 
attention to the various concepts of entropy involved as well as to the unimodular 
nature of the resulting gravitational dynamics.?? Section 2 introduces the necessary 
entropy definitions and discusses their relations both in the semiclassical and low 
energy quantum gravity settings. In section 3, we first briefly recap derivation of 
the effective equations. Then we discuss their properties and illustrate their physical 
implications on a simple cosmological toy model (finding that the Big Bang singu- 
larity can be resolved). Lastly, section 4 sums up our results and presents possible 
directions for future research. 
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Throughout the paper, we work in four spacetime dimensions and use metric 
signature (—, +, +, +). Definitions of the curvature-related quantities follow.?" We 
use lower case Greek letters to denote abstract spacetime indices and lower case 
Latin letters for spatial indices with respect to a (local) Cartesian basis. Unless 
otherwise explicitly stated, we use the SI units. 


2. Entropy in thermodynamics of spacetime 


'Thermodynamic derivations of gravitational dynamics are based on the observation 
that gravitational dynamic are encoded in the horizon area equilibrium condition 
for maximal entropy, 6S = 0, if it holds for all local causal horizons. This condi- 
tion sums together variations of entropy of the horizon, often interpreted in terms 
of entanglement (von Neumann) entropy due to quantum correlations across the 
17,19,26 and of entropy of the matter. Since the latter is usually described in 
17,18 it is not obvious that one can com- 


horizon, 
terms of thermodynamic Clausius entropy, 
bine both entropies to define a meaningful equilibrium condition (it has actually 
been suggested that this fails in the case of local Rindler wedges??). This combina- 
tion requires that fluxes of Clausius and von Neumann entropy of matter across the 
horizon are equal with sufficient precission. In the following, we first introduce our 
implementation of local causal horizons: geodesic local causal diamonds (GLCD). 
'Then we present the definitions of all the relevant entropies associated with GLCD's 
and review our previous argument for the interchangeability of Clausius and von 
Neumann entropy.?9 


2.1. Geodesic local causal diamonds 


We begin by briefly introducing the construction and most important properties of 
GLCD's. More detailed description of GLCD's can be found, e.g. in.?9 4? 

In an arbitrary spacetime point P choose any unit timelike vector n(P). In every 
direction orthogonal to n send out of P geodesics of parameter length l. These form 
a spatial geodesic 3-ball, Xo, and the region causally determined by X constitutes 
a GLCD (see figure 1). The boundary, B, of Xo is approximately a 2-sphere. Its area 
reads!’ 


A = 4nl? — A Goo (P) - O (P), (1) 


where Goo = G,,n"n". The GLCD possesses an approximate (up to O (13) curva- 
ture dependent terms) conformal Killing vector!® 


c=0((P-P =P) Fad), (2) 


where C denotes an arbitrary normalisation constant. It has been argued that 
one can assign Hawking temperature to the GLCD’s conformal horizon, Ty = 
hk/21kpc, where k = C/2l is the surface gravity corresponding to ¢.1% 4? 
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Fig. 1. A sketch of a GLCD with the origin in point P (the angular coordinate 0 is suppressed). 
No is a spatial geodesic ball of radius | (several of the geodesics forming it are depicted as grey 
lines), its boundary an approximate 2-sphere B. Unit timelike vector n^ is a normal of Xo. The 
tilted lines from the past apex Ap (t = —I/c) to the future apex Ay (t = l/c) represent the null 
geodesic generators of the GLCD boundary. The diamond's base No is the spatial cross-section of 
both the future domain of dependence of Ap and the past domain of dependence of A; at t = 0. 


2.2. Bekenstein entropy 


To derive the Einstein equations from thermodynamics of GLCD's (or, conversely, 


to interpret the first law of GLCD dynamics implied by Einstein equations in ther- 
42) one must assume that entropy associated with its horizon 
19,22 


modynamic terms 
obeys the Bekenstein formula 


kpA 
anm 


(3) 


SBH = 


where A denotes the horizon area. However, it is far from clear to what types of 
horizons can one assign Bekenstein entropy. Since its interpretation in terms of 
quantum entanglement allows a natural extension of the Bekenstein formula to any 
causal horizon, it is often assumed in the context of thermodynamics of spacetime 
(although it was originally proposed in a different context****). To understand the 
entanglement interpretation of Bekenstein entropy, consider two causally separated 
spacetime regions. An observer in one region cannot measure vacuum fluctuations 
in the other one. Since the fluctuations are correlated between regions, some infor- 
mation is inaccessible to the observer and non-zero entanglement entropy appears. 
Its value is proportional to the area of causal horizon, S, = n.A.?***: 4^ The pro- 
portionality constant 7 is infinite unless one introduces a cutoff. Then 7 becomes 
finite and depends on the cutoff length, the number and type of quantum fields 
considered in the theory and even on the position in spacetime.?® 33 To recover the 
Bekenstein entropy, a universal value 7 = kp/4l2, is necessary (see, e.g??? for 
discussions of feasibility and shortcomings of this assumption). Let us stress that 
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the entanglement interpretation of Bekenstein entropy is in no way necessary to 
derive gravitational dynamics from thermodynamics. Any microscopic interpreta- 
tion of black hole entropy which also applies to observer-dependent causal horizons 
would work just as well. Nevertheless, here we focus on the entanglement entropy 
as it is currently the most developed proposal with this property. 

Beyond this semiclassical picture, many different models indicate that the lead- 


ing order quantum gravity correction to Bekenstein entropy is a non-local term 
7,9,27-35, 46-49 


s- 94 scu (4), w 


"a j 


where C is a real number and Ap a constant with dimensions of area. The values of C 


logarithmic in horizon area 


and Ap are model dependent. Considering the entanglement entropy interpretation 
allows us to calculate modified entropy even for causal horizons in a flat spacetime.?? 
Interestingly, a logarithmic term then appears for spherical horizons,?? but not for 
planar ones?? (due to different Euler characteristics). This is the reason we consider 
GLCD's rather than local Rindler wedges to find effective low energy dynamics of 
quantum gravity from thermodynamics!! (for arguments against the Rindler wedges 
even in the semiclassical setting see, e.g.?9:35), 

While the presence of a logarithmic term seems to be a very general prediction of 
quantum gravity, the value and even the sign of C differ in various approaches. Gen- 
erally speaking, two types of corrections to Bekenstein entropy have been studied in 
the literature. On one hand, microcanonical corrections appear due to more precise 
counting of the microstates at fixed horizon area, which reduces our uncertainty, 
leading to negative contribution to entropy. On the other hand, canonical correc- 
tions stem from thermal fluctuations at fixed temperature, which are an additional 
source of uncertainty increasing the entropy. As we discuss in section 3, the sign of C 
determines the physical implications of the modified dynamics we propose, allowing 
the avoidance of spacetime singularities only for C > 0. Therefore, the presently 
unknown overall sign of C is crucial for the interpretation of our results. 


2.3. Clausius entropy of the matter 


Apart from Bekenstein entropy, derivation of gravitational dynamics from thermo- 
dynamics also requires a way to account for the entropy of matter. The simplest 
approach is to consider the thermodynamic Clausius entropy, dSc = óQ/T. The 
heat flux dQ across an arbitrary timelike hypersurface X reads! 


6Q = -f TV NTD, (5) 
5 


where V" and N” are timelike and spacelike unit normals of X. If V" corresponds 
to velocity of an eternal, uniformly accelerating observer with acceleration a, we 
can define the corresponding Unruh temperature, Ty = ħa/2rkpge. This definition 
holds with sufficient precission even for observers with slowly varying acceleration 
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or finite lifetime, as long as the proper length A of the trajectory with an approxi- 
mately constant acceleration is large enough, i.e. A > c?/a.°! For the special case 
of uniformly accelerated observers travelling inside causal diamonds one also finds 
an equivalent result due to conformal mapping of a Rindler wedge to a causal dia- 
mond.??:53 Therefore, as long as we consider a sufficiently large a, we can use the 
standard Unruh temperature together with the expression for heat flux to define 
Clausius entropy flux across a timelike hypersurface 


rS óQ = -f 2nkpe y LV" NERYS, (6) 
x 


The timelike surface © coincides with the causal horizon perceived by the uniformly 
accelerating observer in the limit a — oo. Notably, this limit is well defined both 
for arbitrary causal horizons in flat spacetime and for sufficiently small horizons in 
curved spacetimes!? (in that case, one simply considers Riemann normal coordinate 
expansion to the leading order). Before moving on to the special case of causal 
diamonds, several further remarks are in order. First, the definition of Clausius 
entropy flux across null surfaces is completely independent of gravitational dynamics 
or any requirements on symmetries of the spacetime. Second, the construction of the 
entropy is semiclassical as it explicitly depends on quantum field theory by invoking 
the Unruh effect. And, lastly, in contrast with the nature of Clausius entropy in non- 
relativistic thermodynamics, the entropy flux is manifestly observer dependent.!? 

For a GLCD, the resulting expression for Clausius entropy flux from t = 0 
(geodesic ball Xo) to t = l/c (future apex Ap) takes form?9 


l/c 
asc- f Z f TukikraA) dt +0 (6), 7) 
0 h S(t) 


where k” denotes the future pointing null normal to the GLCD's boundary. Per- 
forming the integration and some straightforward manipulations then yields 


ASc = — (To (P) + 2 e») +0 (T), (8) 


where we explicitly stress that the energy momentum tensor is evaluated at the 
diamond's origin, P. 

When one wishes to take into account low energy quantum gravity effects, defin- 
ing the Clausius entropy flux becomes more complicated. The subtleties in its def- 
inition come from the need to consider the Unruh effect, which requires that the 
ground state of quantum fields is locally well approximated by Minkowski vac- 
uum. This amounts to invoking Einstein equivalence principle??? “Fundamental 
non-gravitational test physics is not affected, locally and at any point of spacetime, 
by the presence of a gravitational field" .?^ However, the status of the equivalence 
principle in the low energy quantum gravity regime is far from clear. For instance, 
possible violations of weak equivalence principle resulting from GUP phenomenol- 


ogy have been explored in a number of works with very different conclusions.°° 55 
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A simple way to deal with possible influence of the equivalence principle violations 
on the Unruh effect is to consider heuristic modifications to Unruh temperature due 
to GUP, previously suggested in the literature.°? ©° All the proposals for modified 
Unruh temperature obey 


lia (1 + ea?) lta’ 
Tmod = —~s——— + O | = }, (9) 
2nkpc c8 


where v denotes a model dependent real number that is expected to be of the or- 
der of unity.?9:9? A similar prescription has also been earlier proposed for modified 
Hawking temperature.”* 33 To our best knowledge, these modifications to tem- 
perature have not been confirmed by any rigorous method. However, since GUP 
phenomenologically implements effects of a minimal resolvable length that arises in 
a number of approaches to quantum gravity, ? the idea of modified Unruh tem- 
perature is worth considering. Hence, to incorporate leading order quantum gravity 
corrections in thermodynamics of spacetime, we need to show that the previously 
outlined construction of Clausius entropy flux works with this modified tempera- 
ture. Note that the previous reasoning does not apply directly, since in the limit 
à — œ correction terms in the modified temperature formula become dominant. 
Instead, one must consider acceleration much larger than c?/I but much smaller 
than c?/ Ulp (this can be satisfied for | >> Ip, i.e., whenever the GLCD is much 
larger than the Planck scale). The construction of Clausius entropy flux under this 
assumption has been carried out by the authors,!! yielding 


ji SEA Bach l/c l5a* 1 
ASC mod = — ( — y P ) T a | t / Tuyk” R"d A aof, p =) 
C h 0 S(t) c a 


(10) 
The only difference with respect to the semiclassical formula are the a-dependent 
sub-leading terms. We can recover it by setting i» = 0 and then taking the limit a > 
co. Let us note that while we assumed finite acceleration simply for mathematical 


convenience, the limit a < c?/ Ulp agrees quite well with the proposal of an upper 
limit to acceleration ay; set by quantum gravity effects, am = c?/Ip.9! 


2.4. Von Neumann entropy of the matter 


To be consistent with the entanglement interpretation of the entropy of GLCD's 
horizon, one should consider quantum von Neumann entropy of the matter rather 
than the thermodynamic Clausius one. For small variations from vacuum, this en- 
tropy can be obtained from the vacuum state density operator, p = e-/*sT: /Z, 
where Z is the partition function, 7; denotes the previously defined temperature 
associated with conformal Killing vector G^ and K is known as the modular Hamil- 
tonian.? While variations of K can in general be non-local, for conformal fields 
they correspond to variations of the local matter Hamiltonian? 


ôH = | 6(T,,)&"n"d?Odr, (11) 
Mo 
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where n = 0/0t. Then, the variation of entropy reads 


d u 2mkg An^ 5 


For non-conformal field theories with a UV fixed point, the von Neumann entropy 
variation is modified only by the presence of an additional [-dependent spacetime 
scalar, 0A, 19.09.09 


2nkg 4nl* 
Sm = —— — 
B hc 15 


In our study concerning the quantum gravity corrections, we have gone beyond 
the semiclassical case just by including modifications to the temperature’! (in a 
future work we plan to analyse possible corrections to the modular Hamiltonian). 


(6(Too) + 6X). (13) 


Implementing the leading order quantum gravity modification to temperature gives 
rise to the following modified variation of matter von Neumann entropy 


annt RU (Tuo) + 6X) (1 — wbx?) +0 (P). P3 


Note that for the particular case  — 0 we straightforwardly recover the semiclassical 
expression. 


0S, mod = 


2.5. Entropy equivalence 


Assuming the entanglement interpretation of Bekenstein entropy, the natural equi- 
librium condition for the GLCD involves von Neumann entropy of the matter. To 
consider the Clausius entropy instead, its equivalence with the von Neumann en- 
tropy is necessary. This condition requires that fluxes of Clausius and von Neumann 
entropy of matter across the horizon are equal with sufficient precission. Since the 
von Neumann entropy is defined for the geodesic ball Xo corresponding to t = 0, the 
meaningful quantities to compare are time derivatives of both entropies evaluated 
at t & l/c (at precisely t = 0 the entropy fluxes vanish). We start by considering 
conformal fields. For the time derivative Clausius entropy we have?8 


dSc 39m? kge s 
—— (t) = ——— ti T 1 
Se ii) n kec eny, (15) 
while the time derivative of the von Neumann entropy reads?? 
dS 321?kpc 
——. g C6 , 
di 3h (Too) (16) 


Both expressions are indeed equivalent, making the use of Clausius entropy in ther- 
modynamics of spacetime justified for conformal fields. Note that the argument in 
no way involves gravitational dynamics. 

The situation becomes more complicated for non-conformal matter as the previ- 
ously outlined approach cannot be directly applied to formulas for the von Neumann 
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entropy.9?:06? Nevertheless, semiclassical gravitational dynamics derived from Clau- 
sius and von Neumann entropy are equivalent even in this case,!^ 1936 suggesting 
that both entropies are at least strongly related. 

When low energy quantum gravity effects on the temperature are taken into 


account, we find for conformal fields 


dS. 32z?kpgc B 
7 ae EE 2S E z eda) t Too, x 
and 
dS, 325? kpc 
A a — (1 — ylk?) £175(Too). (18) 


Both formulas are equivalent only for a special value of the surface gravity, x = a/c?. 
Since we are not aware of any way to motivate a specific choice of x, and a needs to 
be very large, a > c?/l, we cannot say anything conclusive about the equivalence 
of both entropies. We will return to this question after we introduce the modified 
gravitational dynamics. 


3. Effective low energy quantum gravity dynamics 


Upon presenting the various notions of entropy involved, we proceed to discuss 
our proposal for the effective low energy quantum gravitational dynamics. Details 
of the derivation can be found in the original paper of the authors; here we just 
briefly recall the main points. For the sake of comparison, we employed two different 
thermodynamic derivations. The first one, known as the physical process approach, 
keeps track of the Clausius entropy flux across the horizon and the correspond- 
ing changes in its Bekenstein entropy. Equilibrium condition for this process reads 
ASe q +ASc = 0, where the Clausius entropy flux contribution, ASc, was discussed 
in the previous section. The Bekenstein entropy part, AS.,, can be evaluated from 
the formula for area of GLCD's boundary cross-section introduced in subsection 2.1. 
After a series of calculations (see! for details), we obtain the modified equations of 
motion 


l 1 8rG 1 
Suv — 1g, SuAS po Ton (n.o = 3°) Juv = -T (n. d iT) , (19) 


4 

where Spv = Rav — Rg /4 denotes the traceless part of Ricci tensor. The derivation 
works for GLCD's length scale | much larger than the Planck length but much 
smaller than the curvature length scale (square root of the inverse of the largest 
eigenvalue of the Riemann tensor). 

The second method to derive the modified equations of motion starts from the 
entanglement equilibrium hypothesis: “When the geometry and quantum fields are 
simultaneously varied from maximal symmetry, the entanglement entropy in a small 
geodesic ball is maximal at fixed volume" .!? For a small variation from a maximally 
symmetric spacetime the hypothesis implies 05.4 4-05, = 0, where 6S; denotes the 
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variation of matter von Neumann entropy. From here, calculations proceed similarly 
as for the physical process approach, yielding! 


"y E f. duos 87G 1 

“PL ZP | Ra gs v = 2 (67) — 28T gu |) - 

o at Pae | gu a A0) - GOT) Iu 
(20) 


Notably, in neither derivation does the form of modified temperature affect the 
resulting equations. This is expected as definitions of both Hawking and Unruh 
temperature (even modified ones) are purely kinematic with no dependence on 
gravitational dynamics.® The correction terms are thus fully determined by the log- 
arithmic contribution to Bekenstein entropy and they depend only on one presently 
unknown parameter, C. 

Comparing the results of both approaches, we can see that the equations have 
the same form, although coefficients in front of the terms quadratic in curvature 
differ. We can write both equations in a common form 


Suv — 


Sui DIS SS ETE (Base = zh) Juv = E (em m imo»). (21) 
with D — C/18 for the physical process approach and D — C/30 for the entangle- 
ment equilibrium hypothesis one. In both cases, the coefficient D has the same sign 
and differs only by a factor 3/5. The difference might be due to the details of the 
variation considered in the entanglement equilibrium hypothesis derivation, which 
is performed at fixed spatial volume.!^!? Since, for modified theories of gravity, 
a more complicated quantity known as generalised volume needs to be held fixed 
instead,?! finding the appropriate generalised volume in our case could account for 
the difference in D between both approaches. Alternatively, it might indicate a fail- 
ure on the equivalence between Clausius and von Neumann entropy of the matter 
at this level (although, given the similarity of the results, both entropies would have 
to remain closely related). 

Upon reviewing the two derivations of the modified equations of motion, we 
proceed to discus their properties (for a more detailed treatment, see"). First, note 
that while the value and even the sign of C is model dependent, any possible value 
can be viewed as being of the order of unity compared to the squared Planck length, 
l} zx 2.6 x 1077? m?. Therefore, the correction terms become relevant only when 
the curvature length scale nears the Planck length (although it needs to remain 
significantly larger than lp, otherwise the assumptions of our derivation will break 
down). 

As a second property, it is easy to check that the modified equations are trace- 
less. Hence, they do not imply local energy-momentum conservation. If we want to 
assume it, we must impose divergence-free energy-momentum tensor, (T,,"),, = 0, 


m 
as an additional condition. Satisfying it requires 


1 2 Av Di KX 1 
gir = Dip (S Sur), + Em R Reds = 1 Pun e 


27G 
ci 


(Th, (22) 
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This condition does not have a general solution for T'. Therefore, in general, the 
equations of motion cannot be recast in a form directly implying a divergence-free 
energy-momentum tensor. Nevertheless, the condition can be solved for spacetimes 
with a vanishing Weyl tensor. In that case, the cosmological constant, absent in the 
traceless equations of motion, appears as an arbitrary integration constant. 

Third, while any terms containing higher than fourth derivatives of the metric 
or more than quadratic in curvature tensors are likely suppressed by higher powers 
of lp, the higher derivative terms known from quadratic gravity should appear at 
the same order as the corrections we propose. They implicitly appear on the right 
hand side of modified equations in the quantum expectation value of the energy- 
momentum tensor.9? In principle, one might also find higher derivative contributions 
to the left hand side by considering higher orders in the Riemann normal coordinate 
expansion of the metric. However, these corrections are ambiguous as they depend 
on shape deformations of the GLCD's horizon.? Without a physically motivated 
way to resolve these ambiguities, it is not possible to determine higher derivative 
terms contributing to the left hand side of the equations. Since these terms are 
anyway contained with undetermined coefficients on the right hand side, in the 
energy-momentum tensor expectation value, their omission on the left hand side 
does not change the resulting dynamics in any significant way. 

Traceless equations of motion and the status of cosmological constant as an ar- 
bitrary integration constant both point out to the modified dynamics being a gen- 
eralisation of unimodular gravity (or, more precisely, Weyl transverse gravity99). In 
fact, even the semiclassical gravitational dynamics derived from thermodynamics 
has more in common with unimodular gravity than general relativity.?5 36-67 We 
can partially understand the emergence of unimodular gravity from thermodynam- 
ics by noting that only the difference between entropy of two states is relevant for 
deriving the gravitational dynamics. In other words, vacuum contribution to mat- 
ter entanglement entropy does not affect the conditions for thermodynamic equi- 
librium. Consequently, vacuum energy naturally does not couple to gravity, leading 
to the behaviour of the cosmological constant characteristic for unimodular gravity. 
Furthermore, thermodynamics of spacetime do not imply local energy-momentum 
conservation, which always needs to be postulated as an additional condition, again 
in agreement with unimodular gravity. 


3.1. Application to a cosmological toy model 


To illustrate the physical consequences of the modified dynamics, we examine a 
simple cosmological toy model, a homogeneous, isotropic, spatially flat universe 
filled with a perfect fluid with the equation of state p = (y — 1) c?p for some y € [1, 2] 
(the limits correspond to dust and stiff matter, respectively). Due to previously 
noted unimodular character of the equations, we consider a unimodular form of the 
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Friedmann-Lemaitre-Robertson- Walker (FLRW) metric 


c 


ds? = — 
a (t) 


d? + a (t)? (dr? + 12a?) , (23) 


where a (t) denotes the scale factor. Because of the symmetries of the metric, the 
modified equations of the motion yield only one non-trivial condition 
12, H? 


H-D a = AnG, (24) 


where H = å/a is the Hubble parameter and the dot denotes a time derivative. This 
condition corresponds to a modified Raychaudhuri equation, with a correction term, 
—DIZ,H? /c?, non-linear in second time derivatives of the scale factor. To simplify 
it, we assume that the Hubble parameter corresponds to its classical value Ho up 
to O (13) terms (validity of this assumption is extensively discussed in!), 


H = Ho + Hi +O (i$), (25) 
and rewrite the modified Raychaudhuri equations in the following way 
H = —A4myGp (1 = indy) (26) 
PP 
where pp = 4/c?/G?hi denotes the Planck density. If we further assume local energy- 


momentum conservation, we can integrate the modified Raychaudhuri equation to 
obtain the modified Friedmann equation 


27D r 
H? = Bre (i- =o 2) e (27) 


where A is an arbitrary integration constant corresponding to the cosmological 
term (À — Ac?/3). We see that the appearance of cosmological constant is indeed 
consistent with unimodular gravity. 

Notably, for D > 0, our results correspond to the effective description of loop 
quantum cosmology (LQC).® Since effective dynamics of LQC replaces the Big 
Bang singularity by a non-singular quantum bounce, the same conclusion holds for 
our modified equations of motion assuming D > 0. The bounce corresponds to 
a critical density, perit = pp/271 D^. In other words, if the logarithmic correction 
to Bekenstein entropy of a GLCD is positive, the resulting modifications of the 
dynamics are already sufficient to remove the cosmological singularity. On the other 
hand, the case of D « 0 appears to not only preserve the singularity, but actually 
strengthen the gravitational attraction responsible for it. These preliminary results 
warrant a more detailed analysis of cosmological models and possible values for 
parameter D. 
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4. Discussion 


In the present work we have first reviewed the issue of entropy equivalence in ther- 
modynamics of spacetime. For conformal fields in the semiclassical regime, Clausius 
and von Neumann entropy turn out to be equivalent in the semiclassical regime 
independently of the gravitational dynamics, although a similar clear result is not 
available for non-conformal fields. 

Then, we proceeded to review our proposal for a new phenomenological per- 
spective on the effects of quantum gravity at low energies. The effective low energy 
quantum gravitational dynamics we have proposed is based on a single assump- 
tion: leading order quantum gravity correction to entropy associated with spherical 
local causal horizons is logarithmic in the horizon area. Since a number of concep- 
tually different approaches predict such a logarithmic term (at the very least in 
the case of black hole entropy), our conclusions are fairly robust and relevant to 
many candidate theories of quantum gravity, e.g. LQG, string theory, AdS/CFT 
correspondence and GUP phenomenology. 

Let us remark that the equations we found are a generalisation of the clas- 
sical equations of motion of unimodular gravity and cannot even be restated as 
some generalised Einstein equations. This agrees with our previous results concern- 
ing the relation between thermodynamics of spacetime and unimodular gravity in 
the semiclassical setting. It does appear that the corrections we propose break the 
equivalence of unimodular gravity and general relativity that holds on the level of 
classical dynamics. 

Our results also extend the semiclassical equivalence between Clausius and en- 
tanglement entropies. While they suggest a possible breaking of the exact equiva- 
lence on the quantum level, both entropies remain strongly related. Their precise 
relation should be analysed carefully in a future work. Importantly, a more sys- 
tematic inclusion of quantum gravity effects on matter entropy will be necessary to 
completely resolve this issue. 

Note that our approach still requires further development. First, issues of dif- 
feomorphism invariance, equivalence principle and locality of the modified dynam- 
ics previously discussed by the authors!! need to be addressed in greater detail. 
Moreover, the apparent breaking of local energy conservation requires a physically 
motivated explanation. Relating our proposal to other modified gravity theories 
might shed some light on all these questions. In particular, our effective equations 
of motion resemble the 4-dimensional version of Einstein-Gauss-Bonnet gravity® 70 
and non-local effective field theory of gravity."! The latter approach even leads to 
logarithmic term in Bekenstein entropy consistent with our assumptions.?? 

Another possible further development of our results lies in a careful inclusion 
of higher order Riemann normal coordinate corrections in the analysis in order to 
obtain higher derivative terms on the left hand side. Similarly, accounting for low 
energy quantum gravity effects on the entropy of matter might lead to interesting 
conclusions. 
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Furthermore, we have seen that the modified dynamics resolve the Big Bang 
singularity only if the logarithmic correction to entropy of a GLCD is positive, i.e., 
D > 0. To find which approaches to quantum gravity support this sign and what are 
the bounds on the magnitude of D they imply would help to constrain the physical 
implications of our proposal. 

Lastly, the emergence of unimodular (Weyl transverse) gravity from thermo- 
dynamics needs to be better understood even in the semiclassical case. The first 
steps in this direction include developing rigorous formalism for thermodynamics of 
spacetime in the Weyl transverse gravity and connecting Weyl invariance of gravi- 
tational dynamics with properties of entropy. All these issues will be addressed in 
future works. 
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A covariant canonical gauge theory of gravity free from torsion is studied. Using a metric 
conjugate momentum and a connection conjugate momentum, which takes the form 
of the Riemann tensor, a gauge theory of gravity is formulated, with form-invariant 
Hamiltonian. By the metric conjugate momenta, a correspondence between the Affine- 
Palatini formalism and the metric formalism is established. For, when the dynamical 
gravitational Hamiltonian pyn does not depend on the metric conjugate momenta, 
a metric compatibility is obtained from the equation of motions, and the equations of 
motion correspond to the solution is the metric formalism. 


Keywords: Gauge-Theory; Gravity; Hamiltonian formulation. 


1. Introduction 


General Relativity is one of the well tested theories in physics, with many excellent 
predictions. A search of a rigorous derivation of General Relativity on the basis of 
the action principle and the requirement that the description of any system should 
be form-invariant under general space time transformations has been constructed 
in the framework of the Covariant Canonical Gauge theory of Gravity. 

The Covariant Canonical Gauge theory of Gravity! ? is formulated within the 
framework of the covariant Hamiltonian formalism of classical field theories. The 
latter ensures by construction that the action principle is maintained in its form 
requiring all transformations of a given system to be canonical. The imposed re- 
quirement of invariance of the original action integral with respect to local trans- 
formations in curved space time is achieved by introducing additional degrees of 
freedom, the gauge fields. In the basis of the formulation there are two independent 
fields: the metric g?^?, which contains the information about lengths and angles of 
the space time, and the connection yà "T which contains the information how a vec- 
tor transforms under parallel displacement. In this formulation, these two fields are 
assumed to be independent dynamical quantities in the action and referred to as 
the Affine-Palatini formalism (or the 1** order formalism). 

Using the structure of metric and the affine connection independently, with 
their conjugate momenta, yields a new formulation of gauge theories of gravity. 
In! the discussion was with the presence of torsion, and here we discuss about the 
formulation with no torsion from the beginning, that has a link between the metric 
affine and the metric formalism.? 
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2. A basic formulation 


'The Covariant Canonical Gauge theory of Gravity is a well defined formulation de- 
rived from the canonical transformation theory in the covariant Hamiltonian picture 
of classical field theories.! It identifies two independent fundamental fields, which 
form the basis for a description of gravity: the metric g^? and the connection yà B 
In the Hamiltonian description, any fundamental field has a conjugate momentum: 
the metric conjugate momentum is k?^9 and the connection conjugate momentum 
is gae?: 


Ta laa E 
S= I (i * gar — 59h" Vae,p — Ha da (1) 


where the “tilde” sign denotes a tensor density, which multiplies the tensor with 
/—g. As the conjugate momentum components of the fields are the duals of the 
complete set of the derivatives of the field, the formulation is referred to as “covariant 
canonical". A closed description of the coupled dynamics of fields and space-time 
geometry has been derived in,! where the gauge formalism yields: 


Ta 1 E MES 


As a result of the gauge procedure, all partial derivatives of tensors in Eq. (1) reap- 
pear as covariant derivatives. The partial derivative of the (non-tensorial) connec- 
tion changes into the tensor Re LT which was shown to be the Riemann-Christoffel 
curvature tensor: 


n Vap ae T 4 T 4] 
Raes = Ge — Ge T YoB!re — Yok Vrp- (3) 


The “dynamics” Hamiltonian H Dyn — Which is supposed to describe the dynamics 
of the free (uncoupled) gravitational field — is to be built from a combination of the 
metric conjugate momentum, the connection conjugate momentum, and the metric 
itself. 


3. A correspondence between the 15* and the 2"4 order formalism 


In addition to the foundations of the gauge theory of gravity, it turned out that the 
part of the action: kepy 9o8;,, Which contains the metric conjugate momentum, has 
a strong impact as a connector between the affine-Palatini formalism (or the 15t 
order formalism) and the metric formalism (or the 2?4 order formalism): 


L(g, y) jorder + RP gagy => L(g) 2order (4) 


In the 1% order formalism, one assumes that there are two independent fields: the 
metric g"" and the connection 47 g: In contrast to that, in the 2"7 order formalism 
the connection is assumed to be the Levi Civita or Christoffel symbol: 


p 1 
Vea = i H 39 (Dane + gv, — Suv) (5) 
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and appears in the action directly in this way. In general, only for Lovelock theo- 
ries, which includes Einstein Hilbert action, both formulations will yield the same 
equations of motion and the connection will be in both cases the Christoffel sym- 
bol. In Ref? it was proved that for any general action which starts in the 15* order 
formalism in addition to the term kP gap; the energy momentum tensor will be 
the same as it would be calculated in the 2"7 order formalism. The main reason 
for that correspondence is the metric compatibility constraint. The variation with 
respect to k^?" gives the metricity condition: 


p 
gag, 7-0 > du (6) 
which cause the connection to be the Christoffel symbol. The variation with respect 
to the connection gives the tensors: 


OY fy k*P gag = —k* gpa — BE gpa (7) 
with a symmetrization between the components p and v. The variation with respect 
to the metric is: 
ô 

— kP gagy = RR 8 

Sgp Joy » (8) 
Because of the new contribution to the field equation pn^ the complete field equa- 
tion will contains additional terms which make the first order field equations to be 
equivalent to the field equation under the second order formalism. Indeed, isolating 
the tensor k/"^ and inserting it back into Eq. (8) gives the relation: 


O£(k) -— (0 GLK) 3 pp DER) pu r2) 


3Jov BEC à Ovo Ohio O^ bs 


+9 (9) 
where L(K) = k??"9,5.... The terms in the right hand side represents the additional 
terms that appear in the second order formalism. One option for obtain the con- 
tributions into the field equation is to solve k°°7. The direct way is by using this 
equation, that gives the new contributions for the second order formalism into the 
field equation, from the variation with respect to the connection ^7,.. An application 
for this correspondence is from the Covariant Canonical Gauge theory of gravity 
action (2). 


4. Path to Gauge theories 


From the correspondence between the 1% and the 2"7 order formalisms theorem, 
we obtain a basic link between the dependence of the Hpyn with the metric con- 
jugate momentum k^?" and the structure of the metric energy momentum tensor. 
In the first case, Hpyn does not depend on the metric conjugate momentum keba, 
A variation with respect to the metric conjugate momentum keby gives the met- 
ric compatibility condition. According to the theorem (4) the gravitational energy 
momentum tensor is the same as the gravitational energy momentum tensor in the 
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second order formalism. In the second case Hpyn does depend on the metric conju- 
gate momentum k°87, A variation with respect to the metric conjugate momentum 
k°7 breaks the metric compatibility condition. T'his basic framework is not a spe- 
cial feature only for the Covariant Canonical Gauge Theory of Gravity, but leads 
to a fundamental correlation for many options of H Dyn- 

In analogy to the definition of the metric energy-momentum tensor density of 
the given system Hamiltonian, the metric energy-momentum tensor density is being 
define as the variation of the £,, with respect to the metric: 


2 OL 
TH” = ———— 10 
Vg guv (0) 


Therefore the complete action takes the form: 


"3 1 x E z 
L£ = k PY 068; 72 08 3d TR, — Hayn(ĝ, k,g) + Lm (11) 
The variation with respect to the metric conjugate momenta: 
AHpyn 
Bac e 12 
Jo; Oko8 ( ) 


which presents the existence of non-metricity if H py, depends on kv. The second 
variation is the variation with respect to the connection: 


- (po Bag = Ev (9), 03) 


which contracts the relation between the momenta of the metric and the connection. 
The third variation is with respect to the connection conjugate momentum q^"^, 
which gives: 


uS (14) 


If Hpyn is not depend on q, the Riemann tensor will be zero. Therefore the con- 
tribution for the stress energy tensor comes from the Dynamical Hamiltonian and 
from the metric conjugate momenta: 


2 Ofpy, 
V-9g guv 
From the variation with respect the connection (13), the value of the momentum 


k^8*". As an example, we consider a Dynamical Hamiltonian which has no depen- 
dence with the metric conjugate momentum. 


v v a 1 V 
THY = gH” (kY Japy — PLA PY RA ay) — 2k"! 4- —— (15) 


5. Sample Hayn without breaking metricity 


Our starting point is a dynamical Hamiltonian with the connection conjugate mo- 
mentum up to the second order, without a dependence on the metric conjugate 
momentum: 


~ 1 
Hayn = — ge gn um 


TER Ger 98r — 92 do  gagó1 + gav/.—g (16) 
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This Hamiltonian was investigated inf under the original formalism for non-zero 
torsion (which is finally set to zero), and led to resolving the cosmological constant 
problem. In our case, assuming that there is no torsion, the formalism demands 
that the energy momentum tensor is covariantly conserved, as is supposed to be in 
the second order formalism. 

The variation with respect to the metric conjugate momenta ko» give the the 
metricity condition. The variation with respect to the connection conjugate mo- 
menta qh”? gives 


QnoeB = G1 (asco uw re) (17) 


where: 


Rnacg = 92 (GneJas — InBGea) (18) 
refers to the ground state geometry of space-time which is the de Sitter (dS) or 
the anti-de Sitter (AdS) space-time for the positive or the negative sign of go, 
respectively. The last variation is with respect to the metric. In order to isolate the 
tensor k""* one can use the following process: First, we multiply by the metric g^? 
and sum over the index o: 


" z 1 
Lose [ovs — Ve (à anov y d aran (19) 


Switching the indices o + v and the indices 4 4 v gives a new combination of the 
k^?" tensor. By summing the Eqs. the isolated value gives: 


z 1 
—Kk?"a = gVe (q-e +4 Gre?) (20) 


Therefore, the contribution for the stress energy momentum comes from the covari- 
ant derivative of (20): 


1 2 OHpyn 
THY = ge AE g + VaV a (GA H ge) H y (21) 
2 A By ?* Vg guv 
Plugging in the value of the tensor qagyô from Eq. (17) gives the result: 
1 
qu" - GHY +4 gh" A 
81G 
f (22) 


+91 Cm E 9 RPV Ropy + (VaVe+ Va Vanore ) 


where G"" is the Einstein tensor. The coupling constants relate to the physical 
quantities with the relations: 
1 A 
N92 Terg’ 81G 
This stress energy momentum tensor is exactly the same metric energy momentum 


69195 + 93 = (23) 


tensor if our starting point was the effective Lagrangian: 


L = g RY RSS — (R — 2N) (24) 


167G 
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and the stress energy momentum tensor is the same stress energy momentum tensor 
for this Lagrangian in the second order formalism. One from the big benefits of 
this formulation is common in many gauge theories of gravity,? where the starting 
point is with additional variables with no higher derivatives in the action, and the 
equations of motion are equivalent to actions with higher derivatives of metric. In 
this specific case, the starting point is with the quartic momentum q and at the end 
is equivalent to an action with quadratic Riemann term. 


6. Discussion 


In this paper we investigated the formulation of the covariant canonical gauge the- 
ory of gravity free from torsion. Diffeomorphisms appear as canonical transforma- 
tions. A tensor field which plays the role of the canonical conjugate of the metric 
is introduced. It enforces the metricity condition provided that the “Dynamics” 
Hamiltonian does not depend on this field. The resulting theory has a direct cor- 
respondence with our recent work concerning the correspondence between the first 
order formalism and the second order formalism through the introduction of a La- 
grange multiplier field which in this case corresponds with the field that is used to 
provide the metric with a canonically conjugate momentum. The procedure is ex- 
emplified by using a ^Dynamics" Hamiltonian which consists of a quadratic term of 
the connection conjugate momentum. The effective stress energy momentum tensor 
that emerged from the canonical equations of motion were equivalent to Einstein 
Hilbert tensor in addition to quadratic term. derives the complete combination 
for the quadratic theories of gravity with R? and Ruy R""." derives inflation from 
fermios based on the Covariant Canonical Gauge theories of Gravity approach to 


spinors.® 
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In this work we made use of a general static cillindrically symmetric metric to find 
U(1) local cosmic string solutions in the context of the hybrid metric-Palatini theory of 
gravity in it's scalar-tensor representation. After finding the dynamical equations for this 
particular case, we imposed boost invariance along t and z directions, which simplified 
the equations of motions, leaving only one single metric tensor component, W?(r). For 
an arbitrary potential V($), the solutions obtained can be put in a closed parametric 
form, with ¢ taken as a parameter. Several particular cases of the potential were studied, 
some yielding simple mathematical forms, others with only numerical solutions. In this 
way, we obtain a large class of novel stable stringlike solutions in the context of hybrid 
metric-Palatini gravity, in which the basic parameters, such as the scalar field, metric 
tensor components, and string tension, depend essentially on the initial values of the 
scalar field, and of its derivative, on the r(0) circular axis. 


Keywords: Cosmic Strings, Modified Gravity, hybrid metric-Palatini theory 


1. Introduction 


'The recent observation of the accelerated expansion of the Universe! brought an 
identity crisis upon the standard theory of gravity, General Relativity. Albeit be- 
ing a well established theory, with several important experimental confirmations, 
there is now a wide agreement that General Relativity may be, at the very least, 
an incomplete theory.? Not only due to the observations that demand the intro- 
duction of a Dark Sector to the energy budget of the Universe, but also due to 
theoretical difficulties, namely the existence of mathematical singularities and the 
non-quantization of the theory.? All of these issues paved the way to more general 
theories for gravitation, focusing on solving some of these problems, or at least to be 


used to falsify the theory. Lovelock's theorem? is a crucial roadmap to this quest, 
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as it establishes the GR equations as the only possible solution (minus constant 
factors), if one assumes the same conditions Einstein followed when he proposed 
the theory. In order to produce a viable modified gravity theory, at least one of the 
assumptions must be broken. 

'The hybrid metric-Palatini theory was proposed by Capozzielo, Harko, Koivisto, 
Lobo and Olmo in 2011? in order to overcome the difficulties faced by f(R) theories 
of gravity and successfully unifies the late-time cosmic acceleration period with the 
weak-field solar system dynamics without the need for chameleon mechanisms.? For 
a more in-depth review of the theory, we refer the reader to the review article.Ó In 
this theory, the connection is considered an independent dynamical variable, adding 
to the metric. 

Cosmic strings are one of the possible topological defects formed after spon- 
taneous symmetry breaking (SSB) during phase transitions in the history of the 
Universe. In fact, many grand unification theories (GUTs) postulate that the uni- 
verse, as it cooled, underwent a series of phase transitions associated with SSB, 
meaning that at sufficiently high temperatures there was invariance under a more 
general group of symmetries. Each of these phase transitions may have left behind 
a network of topological defects, through the Kibble-Zurek mechanism. For a more 
in depth review of topological defects, we refer the reader to Ref. 7. 

The type of strings to be considered in this work are local U(1) cosmic strings, 
which are an extension of the global U(1) strings to include gauge fields. Lo- 
cal strings differ from the global cosmic strings in what concerns the symme- 
try that is effective above the spontaneous breaking scale; in the case of local 
strings, the lagrangian remains invariant under local transformations of the type 
$(z) — el) p(z). 

The study of the properties and dynamics of cosmic strings in the context of 
modified theories of gravity is crucial in the advent of powerful observatories, such 
as LISA, as it may allow us to constrain both Modified Gravity theories and Grand 
Unified theories. 


2. Hybrid metric-Palatini gravity 


In this hybrid regime, the metric and Palatini approaches are combined, by adding 
a new term, f(R) to the Einstein-Hilbert action: 


S= 55 | ves [R+f(R) + £4]. (1) 


where R is the Ricci-Palatini scalar, the geometrical analogous to the Ricci scalar, 
constructed in terms of an independent connection, T: 


a 


= pa Da Do p8 ha pe 
Ruse aat qp pe. (2) 


R= I” Ruw (3) 
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In this theory we have two dynamical variables, the metric and the (independent) 
connection. And so, we apply variation calculations of the action with respect to 
both. 

Varying (1) with respect to the metric, g,,, we obtain 


d 1 
Ru) = TOR Ded Tw (4) 


where T, is the energy-momentum tensor defined, as usual, as: 


pon. 2 97355) 
w yg Pg") 


When we perform the variation of the action (1) with respect to the independent 
connection, I’, the resulting equation is: 


v. = (verge) (6) 


which has an interesting feature: if we consider a metric conformally related to gy, 


Gu» + 


(5) 


by a i factor, hj, = 3 uv; equation (6) implies that the independent connection 
P is the Levi-Civita connection of such metric. 
One of the useful features of the hybrid metric-Palatini theory is that it admits 
a scalar-tensor representation, which simplifies the analysis of the dynamics of the 
theory. 
Let's introduce an auxiliary field, A, so that the action (1) becomes 
df 


= ya | V te ane ra )+ 43 (8 - A) * £n (7) 


where the coupling constant Q4 is introduced for generality. If we further define 


o= 3r and V(¢) = A af — f(A), the action becomes: 


= ga | VF de [QAR R- V(O) + Lm] - (8) 


Since we now have three dynamical variables, the metric guv, the independent 
connection, I' and the scalar field ¢, we perform the variation of the action (8) with 
respect to each of the dynamical variables, resulting in the following equations of 
motion: 


QAR s QR = EOAR + dR — V(6))gu» = Eu (9) 
R—Vs =0 (10) 


Ve = (V=9¢9nv) (11) 


As we’ve seen before, the last equation implies that the independent connection 
is the Levi-Civita connection to a conformal related metric to gu: hy, = O9uv, 
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allowing us to write the Ricci-Palatini tensor from the Ricci tensor and the conformal 
factor $: 


1 1 3 
Rw = Ruy — 5 (v.v up ) + gg rtro (12) 
RoR rec sdüg (13) 
i $ 292" 
where O = V,, V" in the D’Alembert operator. Eq.(13) can be used to recast the 
action (8) into the following form: 
1 3 
S= gs vei de [ame EVO En] — Qn 


We can note now three different cases for the value of the coupling constant 
O4, for Q4 = 1 we have the original hybrid threory, for Q4 = 0 we have the 
Palatini-f(R) gravity and for O4 — oo we recover the metric- f (R) theory. 

Using eqs.(2) and (10), we can rewrite eq.(9) in the scalar-tensor representation 
for the original hybrid theory as: 

3 
26 

In this equation we can conclude that the curvature of spacetime is due not only 
to the matter distribution, but also to the presence of the scalar field. 

Taking the trace of equation (9) with g"", and using equation (10), we get 


2V — 9V, — &?T +04R (16) 


1 1 
(1 F $)R s =k? [os = aT) d du (V F o) T Vivre ras 00, (15) 


If we now rewrite eq. (16) using eqs. (13) and (10), we get an effective Klein- 
Gordon equation for the scalar field: 


1 epv-ü-eVs es 
cg cue co TH e p 
Which demonstrates that, unlike the purely Palatini case, the scalar field is 
dynamic and the theory is therefore not affected by the instabilities found in the 
Palatini gravity.® 


(17) 


3. Dynamical equations of local strings in Hybrid metric-palatini 
using Vilenkin's approximation 


For the study of local U(1) string in the context of the hybrid metric-Palatini 
gravity, we will start by defining the energy-momentum tensor of a straight, infinite 
cosmic string along the z-direction. Following Vilenkin's prescription,? one possible 
energy-momentum tensor is 


T; = Ty = —o(r) (18) 


where o(r) is the linear energy density of the string. 
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We consider a general cylindrically symmetric static metric 
ds? = —e2(K—U) gy? + g(K-U) gp? + - 2U y 2992 + e gz? (19) 


Where f, r, 0 and z denote the time, radial, angular and axial cylindrical coordinates 
respectively, and K, U and W are functions of r alone. 

Inserting the metric (19) into the gravitational field equation (15) provides the 
following components 


12 ,W' W" — 4l 3 12 
+o) (=v HK) =6 15° 
— (x -U'- Ww) g + (20 + ;") ee). (20) 
(1+ 9) (-v em) - a (x U' 4 ") d - gum. (21) 
(1 + ¢) THE +K") = =g" zs z^ up g= Ve? K- e (22) 


, n 
(1 +¢) (v? de" EN or QUT XE ul ) 5 S d 


3 12 / W' / 2 1 2(K—U) 
— —— — = . 23 
+ 1 a + (v W [o Koo + zV e (23) 

Additionally, we can use Eq. (17) to determine the effective Klein-Gordon equa- 
tion for the scalar field ¢: 


97N o 
exco (Cw Tree) +S BV- O+ Va 
Since in this model the matter field couples minimally with curvature, it’s pos- 
sible to show that the energy conservation equation still holds, i.e., 


2K? 


=0. — qu 


V,T",—0 (25) 


which yields K’o = 0, and apart from the trivial vacuum solution, o = 0, this 
implies that K’ = 0. Thus, we consider from now on that e* = 1, so that Eqs. 
(20)-(23) simplify to the following relations 


(14 9) (-v?- 1) = ¢g! 3 gp (v l — d 


W 46 W 
+ (20 + ;") p (26) 
(14 9)U? = Z^ + (-v + Ww) o + ; Ve, (27) 
(1+ $U? — e + Zo? -U'd - Vet (28) 
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/ n 
(1-4 9) (v? -aya 1o. T) =—d! + 3 gp 


W W 4o 
W' 1 
po Pee —_ 2 = —2U 2 
«(v 7) (ge sve 3 (29) 
With the effective Klein-Gordon equation for the scalar field ó reducing to 

W' p? o 2ók?o0 

2U | g" — — 4 +> |--L[Vv- 1)V. zx. 30 

e (ce -Eyt E) «Sav - eov + (a0) 


If we further consider that local gauge strings preserve boost invariance along 
the t and z directions,? meaning, in this case, that U = 0, the gravitational field 
equations simplify considerably: 


Ww" 3 Ww’ 1 
1 ao.) — I2 IU. w^ 2 = 31 
a+ ( 7) ó 15° +e tKwot sv, ) 
3 12 i / 1 
a T 5 2 
0 ii? ae dV, 32) 
3 1 
Qc uen ie 33) 
Ww" 3 Ww’ 1 
1 ee H Li 12 It qu^ 2 Ac . 34 
( + Oe ó "a w?-*57-5V ) 


where we can see now that Eqs. (31) and (34) become redundant. Combining Eqs. 
(32) and (33) yields the following relation for the potential V: 


Ww’ 
V=—¢" — —4 35 
s Td, (35) 
substituting into the Klein-Gordon equation (30), the latter reduces to: 
39? 
V (3 + 20) — Vad ($ + 1) + 2&?0ó + 2 =0. (36) 


Additionally, we can further deduce: 


ss = co [0 WT , (37) 
and 
(a+ ew! _ : 
——Ww V o). (38) 


An important physical parameter characterizing the cosmic string properties is 
the mass per unit length of the string, which is defined as 


mr) = f af" r)W(r)dr 
Rs 


o( 
= an f a(r)W(r)dr, 


where R, is the string radius. 
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The set of the previous equations allows us to write the gravitational equations 
of a cosmic string in hybrid metric-Palatini gravity in an exact(closed) form, with 
all the geometric and physical quantities expressed in a parametric form, in ¢ taken 
as the parameter. 

By taking into account Eq. (33), the field equations (31) and (34) reduce to the 
form 

Ww" W' 


+4) a> = -w-"e (40) 


3.1. Parametric form of the dynamical equations 


From a mathematical point of view Equation (33) is independent of the metric 
tensor coefficient W and it represents a second order nonlinear differential equa- 
tion. In order to solve it we first rescale the radial coordinate r according to the 
transformation r = b£. Hence Eq. (33) takes the form 


do 3 fd$MN 1, 
———l1— =B°V(¢) =0. 41 
mle) evo (41) 
In order to solve Eq. (41) we introduce the transformations 
do o du | dudó du tld , (42) 
— =u — = — = — —-—u 
dt ^ dé dt dédt dé 2de’ 
and 
u? — v, (43) 
respectively. Then Eq. (41) becomes a first order linear differential equation of the 
form 
dv 3 2 
cs — 44 
TS gt BV) =O, (44) 
with the general solution given by 
vo) = e lo - e fo viae. (45) 
where C is an arbitrary constant of integration. We immediately obtain 
uo =P le - e fervo], (46) 
and 
$-3/^dQ 
os |- (47) 


/ [C — — 3/2V (o jde] 


respectively, where Co is an arbitrary constant of integration. 
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Equation (32) can be successively transformed as 


1dWdó 3 /d\? fg 
wae dei (ag) ~ 27 i 
and 
1d — 3 B vig 
Wdó 46 2 |C-f*f9-32v(9)do| (49) 
--3 sag |e- e f e viae 
|. 4$  2dó 
yielding 


W(d) = Wg [c — ge J à-3/2V (¢)dġ, (50) 


where Wọ is an arbitrary constant of integration. 
As a last step we need to obtain the expression of ø. With the use of Eq. (32), 
then Eq. (40) can be rewritten as 


2W d 2 
+e) oe E (F) HEO- o. (51) 


With the use of the mathematical identities 
dW dW dọ dw 
— = —— — = ——u 
d£ dọ dg dp ' 
aw m d?"W y 1 dW dv 
d? d | 2 do d 


(52) 


(53) 


Eq. (51) takes the form 
T (vore " ios) "o 
W de? 2W dọ dọ 4o 
Finally, after some simple calculations we obtain 
?o(9) -x Lote ov o) eaa [ 555 E 
—2(26 + 3)V(¢)] — 3 (C/8*) Vo}. 


Equation (47), (50) and (55) give the complete solution of the field equations 
describing the geometry of a cosmic string in hybrid metric-Palatini gravity. The 


£38'V(6)- Ets. (54) 


(55) 


solution is obtained in a parametric form, with ¢ taken as a parameter. It also 
contains three arbitrary integration constants £9, C, and Wo which must be obtained 
from the initial or boundary conditions imposed on the cosmic string configuration. 
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As for the mass of the string, in the dimensionless variable £ it can be obtained 
as 


£s 
m(£) = 2nB f c(£)W (£)d£, (56) 


where €, = R,/B. 
In order to study specific cosmic string solutions in the hybrid metric-Palatini 
framework, we need now to specify the form of the potential V (6). 


4. Solutions to the dynamical equations with specific potentials 


In this section we will investigate the application of the set of parametric equations 
deduced on the previous section to different potential configurations, for a more 
complete set of possible potential configurations, we refer the reader to the original 
article Ref. 10. 


4.1. Power law potential 


The gravitational field equations describing a cosmic string in hybrid metric-Palatini 
gravity admit an exact solution, corresponding to the power law type scalar field 
potential V(¢) = Vo4?/4^. We rescale the radial coordinate r by imposing the condi- 
tion B?Vo = 1, which gives r = £/ /Vo. With these choices from Eq. (47) we obtain 
explicitly the scalar field as a function of £, given by 


(£99 9/4 + 2691, + 800)“ 


4 = mo 


(57) 


where we have used the usual initial conditions ¢(0) = 9o and ¢/(0) = $$, respec- 
tively. For the metric tensor component W we obtain 


Wo 
(£269 3/4 + 2Edh, + 800) VEE 20/09 374 


where Wo is an arbitrary constant of integration. On the string axis, i.e., € = 0, 
we obtain W?(0) = -Wo?/524288 ġo 7!/4¢4. Since the metric tensor component 
W? must be positive for all € > 0, it follows that the physical solution for the 
string configuration is the one with the positive sign. Hence in the case of the 
V(¢) = Vo¢?/* potential, the solutions of the field equations describing a cosmic 
string in hybrid metric-Palatini gravity are 


W(&) = (58) 


(£29 9/4 + 2691, + 800)“ 
409609 8 i 
Wo 2 
(£240 3/4 + 2Ebh +800)? (2€ + 264/40 3/4) | 


o() = 


W*(e) = (59) 
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respectively, with Wo? = 524288 W?(0)óo 2!/4¢4, a condition that implies øo > 0 
and $5 > 0. For the string tension as a function of ó and € we obtain the expressions 


-6C —5(ó6 — 3) V6 


Ka Q =V, (60) 
(9) = Vo NT; 

and 

3/4 

k?g ML; MN — 48C j^ - s (e 3/4 1 9 Pate ) x 
5 (£205/^ 2600-860) o Epo Epo + 8Qo 
2 43/4 n 4 
[esten -. T 

respectively. 


In this case, the scalar field is a monotonically increasing function of the radial 
distance from the string axis and tends to infinity for £ — oo. On the other hand, 
the metric tensor component decreases monotonically from a finite value on the 
string axis to zero at infinity. For € = 0, the string tension takes the finite value 


e(0) = Vo |-48Cdt/^ — 40 (40 — 3) do] /6405/* (62) 


while lime. ,55 c(£) = —oo, indicating that ø is a monotonically decreasing function 
of the radial coordinate. In the first order of approximation we obtain for the mass 
of the string of radius £, the expression 


EM T 8Wo&s 7/4 12 |. 9 A/ 
m= spaan (00 0 + 156, 0 (c 2 7y 


— poh [6C + 5 (6o — 3) 4/90] + 565 (bo — 3) 48}. (63) 


In this approximation the mass monotonically increases with the string radius. 


4.2. The Higgs-type potential 


Next we consider the case where the scalar field potential is of the Higgs type, given 
by 


52 
V(9) ^ £59? + 204, (64) 


where ji? and v are constants. In the following we will investigate only the case with 
ji? < 0, meaning we will adopt the minus sign in the definition of the potential. By 
following the standard approach in elementary particle physics, we assume that 
the constant ji? is related to the mass of the scalar field particle as m3 = 2v? = 
20°, where v? = ji?/€ gives the minimum value of the potential. The Higgs self- 
coupling constant v can be obtained, in the case of strong interactions, from the 
determination of the mass of the Higgs boson in laboratory experiments, and its 
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Fig. l. Variation of the scalar field for the cosmic string configuration in the presence of a Higgs- 
type potential V(®) = —4? + 4 for (0) = o = 1, and for different values of $5: ©) = 0.034 
(solid curve), ®j = 0.056 (dotted curve), $$ = 0.084 (short dashed curve), ®j = 0.126 (dashed 
curve), and $$ = 0.148 (long dashed curve), respectively. 


numerical value is of the order of v ~ 1/8.!! By rescaling the radial coordinate and 
the scalar field according to 


- ® 
r = v25, Q=- y (65) 
(vii) 
then Eq. (47) provides the profile of the scalar field in the following form 
d 3 (dV 
——— S| ] -P+ p. 
aig (ge) vero di 
'The general solution for this equation is given in a closed form by 
1 
£40) = | — —À—— uw. (67) 
€3/4,/C + 2 (T — 392) 68/2 


However, this solution cannot be expressed in an analytical form in terms of 
known functions. In the first order approximation, we obtain 


Avo — 497/4 
/C | 21032 


but this representation is not particularly useful from the point of view of concrete 
calculations. 


Eq e +0 (94) (68) 


The variation of the scalar field with Higgs potential supporting a string con- 
figuration in hybrid metric-Palatini gravity is represented in Fig. 1. There is a 
significant qualitative difference between this string model and the constant, simple 
power law or exponential potentials. Note that the scalar field for the Higgs-type 
potential shows a basically periodic structure, changing between successive maxima 
and minima. There are singularities in the field. Its behavior is strongly affected by 
the initial conditions on the string axis, and the field extends to infinity. 
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W? (£) 


Fig. 2. Variation of the metric tensor component W?(£) of the cosmic string configuration in 
the presence of a Higgs type potential V(®) = —6? + 4 for (0) = 1, W (0) = 107%, and for 
different values of $5: $$ = 0.034 (solid curve), $$ = 0.056 (dotted curve), 9$ = 0.084 (short 
dashed curve), ®j = 0.126 (dashed curve), and 9$ = 0.148 (long dashed curve), respectively. 


B?k? o (€) 


Fig. 3. Variation of the string tension &?o(£) of the cosmic string configuration in the presence 
of a Higgs type potential V(®) = —6? + 64 for 6 (0) = 1, W (0) = 1073, and for different values 
of $6: Ph = 0.034 (solid curve), $$ = 0.056 (dotted curve), $$ = 0.084 (short dashed curve), 
©) = 0.126 (dashed curve), and 9$ = 0.148 (long dashed curve), respectively. 


The variation of the metric tensor component W?(£) in the presence of a Higgs 
potential is represented in Fig. 2. The same oscillatory pattern can also be observed 
in the case of the metric tensor component W?. However, there is a difference in 
the phase of these to quantities. When the field reaches its maximum at £ ~ 1, the 
metric tends to zero, W?(1) ~ 0. Then, while the scalar field decreases, the metric 
tensor increases, reaching its maximum at the minimum of the field, corresponding 
to € = 2. This pattern is repeated up to infinity. 

The variation of the string tension with respect to the radial coordinate in 
the presence of the Higgs potential is depicted in Fig. 3. The variation of c is in 


497 


phase with that of the scalar field, and both quantities reach their maxima and 
minima at the same position. The string tension also has an oscillatory behaviour, 
which is a general property of all physical and geometrical parameters of the string 
configurations supported by scalar fields with a Higgs-type potential. 


5. Conclusions 


In this work we studied the existence and physical properties of cosmic strings in the 
context of the hybrid metric-Palatini gravity. The theory is an extension to General 
Relativity, combining both metric and Palatini formalism. A main success of the 
theory is the possibility to generate long-range forces that pass the classical local 
tests of gravity at the Solar System level, thus avoiding some problematic features 
of the standard f(R) theories. Another interesting advantage of the theory is that it 
admits an equivalent scalar-tensor representation, simplifying greatly the dynamical 
equations. The type of strings studied in this work are local gauge strings, using an 
approximation to the Vilenkin-prescribed energy-momentum tensor and different 
potential configurations. For the case of the potential of the form V = Vo¢?/*. The 
requirement of the positivity of the metric tensor for r — 0 imposes the condition 
that the metric tensor and the string tension are decreasing functions of r, since 
both ġo and ¢ are required to be positive. In this case, the scalar field becomes 
singular at infinity. However, it is possible to construct finite string configurations: 
defining a string radius by introducing an effective cuttoff length, Eco for both the 
metric and the scalar field. This radius would allow us to get finite values for the 
scalar field, the metric tensor components and the string tension. For this type 
of potential the choice of £,, should be made based on empirical considerations, 
such as consistency with observational data. The case of the Higgs-type potential is 
quite different, since the string tension does not vanish for any value of the radial 
coordinate but it does reaches its minimum value at € ~ 3.5, where the scalar field is 
also at its minimum and W?(£) is singular and tends to zero. Another possible choice 
for the string radius could be é ~ 1, the first zero of the metric tensor component; 
in this case both the string tension and the scalar field are at their maxima. Or we 
could, as in the exponential potential, introduce a cutoff radius to be determined 
by confrontation with observations, matching the solution with the cosmological 
background or another GR string solution, thus achieving a well behaved structure 
throughout the radius of the string. 
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We consider inflationary scenarios of the supersymmetric quantum cosmology of FRLW 
models with a scalar field. We use the superfield formalism with a superpotential for the 
scalar superfield. The probability amplitude solution of the supersymmetric Wheeler- 
DeWitt equation, gives a probability density from which we can compute mean trajecto- 
ries that can be parametrized by the scalar. By suitable choices of the superpotential, the 
resulting evolutions of the scale factor correspond to consistent inflationary scenarios. We 
show the acceleration, the resulting e-folds and the horizon for several superpotentials. 


Keywords: FRW metric; supersymmetry; quantum cosmology; inflation. 


1. Introduction 


We can think of the universe as originating from a homogeneous early phase, that 
lies presumably in the Planck scale, based on the numerous observations available 
nowadays from worldwide experiments and satellite missions which tell us about of 
the past convergnece of matter, the homogeneity and isotropy of the CMB, light 
elements abundance, the distribution and content of large scale structures, etc. To 
attack directly this early phase one would desire to be armed with a theory of the 
quantum spacetime, which we lack today. Nonetheless at classical level we have de- 
scriptions of the early universe with a FRLW metric, see e.g.,! which can be allowed 
to incorporate inhomogeneity perturbations of the metric and scalar fields, which 
upon quantization are believed to seed the structure we observe today.? However, 
this picture does not account for the very known problems we are confronted by 
the observations, such as the horizon problem, the homogeneity of the CMB and 
the flatness problem. The most accepted solution to these problems is inflation, see 
e.g.,? a mechanism that produces enough fluctuation growth as well as the suitable 
causal relations on the universe, from which, by means of a semiclassical quantum 
gravity treatment, one can obtain the seeds of structure at the ending of the homo- 
geneous phase, making natural to think that the early homogenous phase should be 
treated by quantum mechanics. In this line of thought, quantum cosmology* gives 
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a canonical quantization of cosmology, resulting in a time independent Schródinger 
equation for the wave function of the universe, the Wheeler-deWitt equation. Given 
that the hamiltonian operator acting on the wave function vanishes, this is a time- 
less theory, but time can be reinstated in some way for the subsequent classical 
universe.” 7 

In,® we are given a way to obtain a time, where a scalar field is chosen to be time, 
and a time dependent effective wave function is defined by the conditional probabil- 
ity of measuring a value of the scale factor for a given value of the scalar field, this 
allows to compute mean values (dependent on time) from the wave function. On the 
other hand, the knowledge of the fermionic and bosonic constituents of matter, as 
well as the required symmetry breaking, has led to the search and construction of 
unified theories, including fermions and bosons related and interacting in a non triv- 
ial way. Supersymmetry,” lies well in the category of such theories and it has given 
the way to supergravity and string theory. In this view, supersymmetric quantum 


10-1? is a good option to study the early universe and attains its goals 


cosmology 
by the extension of spacetime diffeomorphisms to diffeomorphisms in a Grassmann, 
extended spacetime, called superspace. This supersymmetry-superspace has addi- 
tional fermionic coordinates, and the fields become superfields, power expansions 
on the grassmann variables. Thus, supergravity is formulated as general relativity 
theory on a supermanifold.?:!? There are several formulations for supersymmet- 
ric extensions of homogeneous models.!^!? The type of formulation we consider 
here, is obtained by the extension of time general reparametrizations, to general 
reparametrizations on a “time superspace".!?:!4^ Another option is dimensional re- 
duction which involves fields depending only on time, and the spatial coordinates 
are integrated out.! In the simple cases this system has exact solutions, !? and 
the wave functions have several independent components. In!Ó a semiclassical WKB 
analysis has been made, from which follow a classical hamiltonian, and the corre- 
sponding classical equations of motion, for the two relevant spinorial components 
of the wave function. 

In this work we consider the supersymmetric quantum cosmology model of,® 
to explore inflationary scenarios. In sections 2 and 3, we review the supersymmet- 
ric model and its component formulation. In section 4 we review the quantization 
of the model from.? In section 5 we make a discussion of the problem of time. 
Following,® a time dependent, effective wave function, can be given. We obtain in- 
flationary behavior from suitable exponential superpotentials, as shown in section 
6. We illustrate the inflationary behavior for two types of decaying superpotentials. 
Finally, in section 7, we make a short discussion with some remarks and future work 
perspectives. 


2. Supersymmetric FRLW model with a scalar field 


We begin with a model consisting of a FRLW metric with a scalar field, a setting that 
can account for inflation, primordial matter generation and structure formation, and 
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possibly dark energy, thus our model is 


1 Jos qe I3. 
I= F \-3% laa? + 3N ka — Na? A + ka’ az" ‘G2 — wv (@)| bat, (1) 
where k? = Sete 


2.1. Supersymmetric cosmology 


Supersymmetric cosmology can be obtained from one dimensional supergravity.!% 
Here we review the derivation of the supersymmetric Wheeler-DeWitt equation 


following,® 14 


with several minor modifications. In particular we introduce SI di- 
mensional constants into the action and the ensuing equations, and correct ty- 
pos. In these works, we have formulated it as general relativity on supersymmetry- 
superspace, t > zM = (t,0,0), where © and © are anticommuting coordinates. 
Hence, under zM — ;'M = zM + ¢M (z), the superfields, see e.g.,?:!? transform as 
óc (z) = —CM (z)8y 9(z), and their covariant derivatives are V 49 = V M (z)0y 9. 
V 4 (z) is the superspace vielbein, whose superdeterminant gives the invariant su- 
perdensity E = SdetVm^, &E = (—1)"8y((M£). For the supersymmetric ex- 
tension of the FRLW metric, in the covariant Wess-Zumino gauge,'® we have 
E = —e— i(QV 4- OV).!4 In this formulation, to the scale factor and the scalar field 


correspond real scalar superfields?: ?: 
A (t,0,0) = a(t) + OA (t) - OA (t) + OOB (t), (2) 
$ (t,0,0) = 9 (t) + On (t) — On(t) + OOG (t). (3) 
Thus the superfield extension of the model (1), for k = 0,1, is I = Ie + Im , 
where Ig is the supergravity action and Ij; is the matter term? 13-21 
3 z 
Igi, J E (AVeAVe.A - VEA?) dOdOdt, (4) 
1 = 
Iu = nz E + we) dOdOdt. (5) 


W is the superpotential. 


3. Component formulation 


Upon component expansion of the superfields in (4) and (5), once we have performed 
the integration of the ferminic coordinates, we have® 


3a . 
ad 


Lo - 3 | 0 3 Aa (ud Pa) + Hafai i M) +eaB (ovk - 3B) 


+e (6k — 3B) AA ia (3k — V3Aa) (PA + 2) — aval , (6) 
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a? H aè Sy oes 
L —— 2 | e 
m = gaz gh (0 wn) + SE 6 Qn) 
E i 
= ES (nn + 7) — 3ea? BW — ea? GW' + Se 
C 
was B a) ae 
— 6eaW AX — ea? (5 $ aw”) nī — a W (wr +d) (7) 


1 ja? = 
+ 3ea? (sc L w’) (Añ — An) — ZW (um + pn) 
a? = E 
Tog — 3eannAd, 
4e 


where W = W(¢), W' = ôW (¢), and W” = 03W(¢). We note the presence of 
auxiliary fields B and G, whose equations of motion are purely algebraic and can be 
solved straigthforward, B = vk — 44 ane (W — igi) and G = W' + è (àn — Añ). 

Then, substituting the previous equations in (6) and (7), and making the redef- 


initions \ — a!/?, A > a1/2X, n > a3/2n, i — a3/?ñ, we end up with the following 


lagrangian 
3aà? aed? 3kea 31p2 
Lrrot = go 1 9e 1 ue j a° W 
WW P - 
- gd WT (443) 5; (ni + d) + 2T (uA — Bd) 
a3/2¢ 3 k 3 : 
x (n vn) 4 io (Aj + An) + 3e (E-a) AÀ 
2c Ka 
; 3Vk i 3K? 7 = ; 3/2 Vk 1 VEN 
ja3/? 3eW' = Shoe ea aes 
ia F e _ Ed _ 
W' (yn + of) - —— (i - àn) 343 VVAA + gvv. 
"d conjugated momenta are Ta = fei ! ava (wr PA), To = oe = 
jus = (um vi) T a on f àn), TAGS — 25), TX ccm Ty = Z, Tg = acl The 


Dirac Brackets are (a, ta} = {¢, To} = 1, {A,A}4 = $, (m 2] = —c, where {, }4 
are fermionic Dirac brackets. Therefore, the Hamiltonian is H = N Ho-- sus — sus s 
where the hamiltonian and supersymmetric constraints are 


cm. en, Si TA 725 is 3ak : 
eo 12a | 203 2q3 e» | àn) n | 3V ka? W 
3 ; 1 9 _ 3 2 3 E 
1 a3W? | 4 W^ | 5 WA 1 Wn | w (Añ ES Xn) (8) 


ae 2a 4a3 ' 
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aA 6i k f EE 3i 
S= P^ EL D + 3ia2 WA + ia? W'n + ga Pu (10) 
K 
a CTa À CT gH 6iVk F . 3/2 A | 3/2 3t E 
S= a 13/3 + à Jar — 3ia? ^W A — ia? ?W'n — 253/2 ^. (11) 


they satisfy the Dirac fermionic brackets 
(S, S}+ = —2Ho, (12) 
Further, the scalar potential in the hamiltonian Ho is 


M Vk 3k? 


Vs a 4 


1 
W? 4 W^. (14) 


4. Quantization 


'There are several well known problems of the quantization of this system, which 
are address in.!? In particular the time problem, a consequence of the invariance 
under time reparametrizations. It has been argued that time is an internal property 
that can be determined by a the choice of a clock.? On the other side, the observed 
universe is classical,!® hence its description is given by mean values of the quantum 
operators. We further discuss the time problem in section 5. 

We follow,®:?° for the derivation of the Wheeler-DeWitt equation, which follows 
from the Hamiltonian constraint. In the supersymmetric case, the supercharges 
(10) and (11) give first order differential equations, from which the Hamiltonian 
constraint follows (12). For consistency it is required that the Hamiltonian is her- 
mitian, hence the supercharges must satisfy S = St and S = Sİ. In fact, the 
constraints (9), (10), (11), and the algebra (12), (13) are symmetric under complex 
conjugation, with A* = A and n* = ij. As the momenta of the fermionic variables 
satisfy second class constraints, Dirac brackets must be implemented. It follows that 
the non-zero brackets are 

An 


[a, Ta] = [4, To] — ih, {A, A = ku in.) = —he. (15) 


D E ne is the Planck length. For the quantization, we redefine the fermionic degrees 


of freedom as \ = 4/ ^ a, \ = \/"“a, n = vhe and ij = vhicB. Hence the 


anticommutators are 


(o, a}y = 1, (86,81. =-1. (16) 


as well as a? = 8? = a? = fg? = 0. The bosonic momenta are represented by 


derivatives, a and P are annihilation operators, and à and f are creation operators. 
We fix the ordering ambiguities in the first and last terms of (10) and (11) by Weyl 
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ordering, which for fermions is antisymmetric. Hence 


1 CK 1 3 3ik s 
——8 = (a? 278 H naa *)Vatea4n + —a?Wa 
hc 2v6 EET: 
: V 6k 
+ ia? W'8 — i aja a hicka- ? o B, 6], (17) 
K 4/2 
1 = CK 1 1 ^ 3 
——8 = (aba mua t) à ca dn 238 wa 
hc 2V REV: 
3 = 1 iv3, 3 
— ia?2W'B +i a3 4 72a 18 
B+ i Pada + Shera tal, (18) 
The anticommutator of these operators is {5,5}, = —2hcHo, hence the quantum 


hamiltonian is® 


Hy =- 


2,2 2 i 
a (a^ n2 + n2a 3) 4 CLE Kr VE cao 


= V hna nolo +āß) + SVE hog -15 n] 


3k 
Eu a a W? + 3 ka?W + lew”? (19) 


+ A - Lor WIB, B + iii 


Thus, S = St, and Hp is self-adjoint. The Hilbert space is generated from the 
vacuum state |1), which satisfies a |1) = 6|1) = 0. Hence, there are four orthogonal 
states 


|, |2)=a|1), |3-28]) and |)-aB]|), (20) 


which have norms (2]2) = (1|1), (3]|3) = — (1|1) and (4|4) = — (1|1). Further, from 
the constraint equation S |W) = 0, we get, up to nonvanishing factors? 


(o iom Ree Je- Xe W')és—0, (21) 


6k. i 1 
(a. Žew ' a Jj ws =0 and (a m ie") v4-—0, (22) 


?Note that the ordering differs from the one in? 
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while from SW = 0, we get 


3 
a @ + oW mlt 34 pee (0g +a” W') y2 =0, (23) 


6vk 1 P) Ü V6 
h 
(a. BA Zan 2 v1 =0, and (a. 4 ye) 1-0, (24) 


hc heck? 


4.1. Solutions 


Since the Wheeler-DeWitt equation is second order, its solutions require boundary 
conditions. However, in the supersymmetric theory the equations are first order 
(21)-(24), and have unique solutions, which can be fixed by the requirement of 
normalization.9:17:2? The equations for i; and v4 can be straightforwardly solved, 
yielding the, up to constant factors, unique solutions 


yı (a, 9) = aexp |- (ewo — 2:21 ; (25) 


n (ewo z 2:3] . (26) 


Following??? and the arguments stated there, we choose as the only physical 
solutions |V) = Cı Yıla, $) |1) + C44(a, P) 4), where the factors are arbitrary 
constants. 

In the following, unless otherwise stated, we will consider k — 0, in this case we 
can write (25) and (26), together as 


Wlad) = Caen |- p eéIW OD (27) 


where the normalization constant is 


In?? the corresponding expressions for k = 1 are given. 


5. Time 


A brief but comprehensive discussion of the problem of time in quantum cosmology 
is given in,” for the moment let us give some plausibility coments in the same line 
of thought. The wave function of a quantum system should give high probabilities 
on paths around classical trajectories in superspace.!? Hence, it is possible to iden- 
tify mean trajectories along regions around maxima of the wave function, and it 
should be possible to parameterize these trajectories, to give a time. Strictly speak- 
ing, measurements should give random values around these mean values. Therefore, 
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this time would correspond itself to a sort of mean value. We consider the stan- 
dard interpretation of quantum mechanics for the solutions of the Wheeler-DeWitt 
equation, i.e. the square module of the wave function is the probability density of 
measuring a certain three-geometry. Thus, the wave function must give probabilities 
for all possible three geometries of the universe. 

In our case, the configuration space is given by the scale factor and the scalar 
field. If the probability density has crests, we could speak of "trajectories" in the 
(a, 6) plane. From (27) we see, that for ¢ constant, we have a bell curve for (27), with 


a maximum at dmax(¢) = Ea p and Wmax(¢) = V(amax, 9) = e^ S anax (d). 


As an example, we set W(¢) = $-1(e-9 +1), with the probability density given 
in figure 2, and taking the scalar field to lie in ¢ € [0, o6), then the most probable 
value for the universe would be somewhere at ó — oo; hence, the system is not 
localized. But, if the universe is at some value $o, it will be less probable to find it 
for ó < ġo, and more probable to find it for @ > ġo, around Qmax(¢), this behaviour 
suggest that the field ¢ can take the role of time,9:*:?? as far as it is causal. This 
corresponds to the comoving gauge, where the scalar field is constant on the spacial 
slices. 


Fig. 1. Profile of v(a, 9), for ¢ constant. 


Fig. 2. Probability density for W(9) = 1/9. 
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Hence we set ¢ > t, with a probability amplitude? 


1 6|W (t)| a*|W (t)] 
V(a,t) = v(a,t) = a exp ; (29) 
JE da pla, t) Ue | E | 


normalized as f,~ da |W(a,t)|? = 1, where the resulting probability density? 


|Y(a, t) 
Jo da (a, t|?’ 


is the conditional probability of the universe being at a and t ~ 4¢, if the universe 
is at ¢ regardless of a. It satisfies a conservation equation as stated in.5:?9 

Since we do not have the possibility of recreating the universe in order to give a 
meaning to probabilities, what we can give a meaning is to mean values. Therefore, 
under the preceding ansatz, the classical setup arises from mean values with the 
probability amplitude (29), upon this line we get a time dependent scale factor 


IV (a, t)? = (30) 


oo he 1/3 
t) = Va.) Pda — T 4/3) [cor 31 
a(t) = [als D da =T (4/3) | ar (31) 
with the standard deviations 
: nt he 123 
(aa? = [ri - rs] fe] (32) 
and 
2/3 
(Am)? = rays) AL (33) 
he 
from which follows the uncertainty relation holds 
AaAm, = yr (1/3) [r (5/3) -T (4/3)*] hw 0.530. (34) 


6. Inflationary scenarios 


In this section we will consider several superpotentials that lead to cosmological 
scenarios. The scalar field has real values, from —oo to oo, and as mentioned in 4.1 
and,?? we require that the superpotential is a symmetric function and always posi- 
tive. It is convenient to choose time beginning at t = 0. Hence, these superpotentials 
correspond to bouncing universes. With these settings, we are considering universes 
with a defined origin at t=0, described by homogeneous quantum cosmology from 
its very beginning. We will consider two types of superpotentials, depending on the 
initial conditions. The first type is suitable for a(0) = 0, hence lim, ,9 W(t) = oo 
(31), and the wave function (29) will vanish at t = 0, ¥ (a, 0) = 0, similar to figure 1. 
Hence, the universe will arise for t > 0 from nothing. Otherwise, if W(0) takes some 
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1/3 
finite value, then a(0) = T (4/3) Eod . We can obtain superpotentials of the 


first type by W(¢) — à ?*W(9), with a a positive number. 
From (31) we get 


a(t) p 2l | (35) 


w(t) Wit) 


Hence the acceleration is positive if W2(t) > 3W(t)W(t). We consider inflation 
starting when the scale factor acceleration becomes positive, at t = t;, until the exit 
when it becomes zero again a(t.) = 0, with N = In c )- M. 3 In c ) e-folds. Note 
that in this way N is independent of the time PE ot 


The feasibility of inflation has an indicative in the Hubble horizon 


3x 21/3 W(t) 
T(4/3)(ch)1/3 W'(t) ` 


(aH) = (36) 


For simplicity, in the following we will consider an adimensional time t > T = 
t/tp, where tp = J/hG/c? is the Planck time. 


6.1. Superpotentials 


We consider two types of superpotentials?? 
Gaussian superpotentials 


c* M3 2 
(r) = m ES (e + X) , (37) 
and Step superpotentials 
ci M3 1 
ES P —2a 
W(r)- coc (a FER + 1), (38) 


where M, = Lh is the reduced Planck mass, a > 0, and A is a positive constant. 
We consider representative cases which reproduce an inflationary period with N ~ 
60 e-folds, evaluated considering the beginning and exit of inflation from the time 
interval where acceleration is positive, and a consistent Hubble horizon. As we will 
see, a very small A is required for enough e-folds, and we set A = e^". Regarding 
other parameters, as the tensor-scalar ratio, an estimate considering an effective 
one scalar FRLW cosmology leads to inconsistent results, a more precise evaluation 
is needed. 

The general behaviour of the system under these superpotentials, (37) and (38), 
is as follows: the scale factor has an initial value a(0) > 0 with a very small positive 
acceleration for a = 0, and a(0) = 0, with a vanishing acceleration for a > 1. In 
order to see if there is a consistent inflation, we evaluate the values of the scale 
factor at 7 = 0, and the corresponding acceleration. If a(0) > 0, then inflation 
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begins at the time T = 7;, when the acceleration becomes positive, until it becomes 
negative, at T = Ty. If the acceleration is positive already at r = 0, inflation begins 
right away. Further, if a(0) = 0 and ä(0) > 0, and afterwards à > 0, then there will 
be exit, but there are infinite e-folds, unless we discard some initial period, for any 
reason. Otherwise, if a(0) = 0 and à(0) < 0, then inflation will begin as soon as 
the acceleration becomes positive, at T = 7;, and finish when acceleration becomes 
negative again, at T = Tf. 


6.2. Gaussian superpotentials 
The scale factor for (37) is 
Hu T(4/3)hro/9 
21/3cMp (e77? +)? 


(39) 


In the following, we will consider unities c = 1, A = 1, and « = 1. The acceleration 
vanishes around the value at which the superpotential (37) becomes nearly constant, 
at eT m A, Le. T & yv. Thus, for T > yp, the scale factor behaves as a = 
(/v)*/34-1/5. Hence to have a < 1 for late times, it is convenient to rescale (39) 
by A1/3, such that 


T(4/3)hr^/3 
= aia E (40) 
21/3eMp (X-1e-7* +1) 
Therefore, for a = 0, we have 
r(4/3h ( A XM?  r(4/3)hAV3 
= a(0) = ————-—— pe 41 
ao a( ) 21/3cM, (35) 21/3cMp E ( ) 
with a positive acceleration 
22/3T(4/3)hA!/3 
0) z ASTE (42) 


3c M, 


On the other side, for large times, T > yv, the gaussian in (37) can be neglected, 
and the scale factor is almost constant 


— T(4/3)h 


a(r) S ae = 21/3¢M,’ (43) 
see figure 4. Thus, for a = 0, the e-fold number satisfies 
Qe 1 v 
N<I = l —-—-,. 44 
<ln d 3 nA 3 (44) 


It turns out that a value A ~ 1077? is necessary for ~ 60 e-folds. From (41), we 
see that there is a very small initial value a(0) ~ 3 x 10777, with an initial velocity 
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a(0) = 0. The initial acceleration is also very small à(0) ~ 1077", but inflation 
begins right away, until the acceleration slows and becomes negative at ry ~ 13.4, 
see figure 3. We get N — In 2&2 & 60.1, consistently with (44). A plot for the 


horizon is given in figure 5. 
For a > 0, a(0) = 0, and at early times, 7 < 1, the scale factor can be approxi- 


mated by a(r) = L/S) 0/367 , and a(r) © Iain e [a(a — 3) - 2(2a + 


21/30 M, 9x21/3 
3)r?]r^/3-?. The acceleration at late times is shown in figure 3 for a = 1,2,3, for 
higher values it is similar. Further, for early times, we have: For a = 1,2, a(0) = —oo, 


grows and becomes positive. For a = 3, à(0) = 0, and then grows. For a = 4,5, 
a(0) = oo, decreases almost to zero for 0 < 7 S; 0.5, and then grows again. For 


a = 6, a(0) = Bess ~ 3 x 1077", and grows. Finally, the cases a > 6 are 
similar to a = 3. : 

For a = 1 a meaningful e-fold number can be obtained. Namely, for A ~ 10777, 
the acceleration becomes positive at r; ~ 0.4, with N = lna(ry)/a(r;) ~ 60.2. 
For a = 2, the initial acceleration is infinite; hence as a(0) = 0, N is unbounded. 
However, the initial acceleration is very quickly decreasing, see figure 11, and we 
could discard the initial, decelerating period, which presumably would require full 
quantum gravity. In this case, if we consider inflation starting at 7 ~ 0.3, where 
acceleration becomes practically zero and begins to grow, we get similar values as 
for o — 1. 

Thus, the previous three cases a = 0, 1, 2, are consistent with inflation, see figures 
3 and 4. Even if the previous results are alike, the event horizons, plotted in figure 5, 
are quite different. With the previous results, we can compute the effective matter 
density and pressure for a perfect fluid. It turns out that the resulting potential 
differs from the scalar potential following from the hamiltonian (14). Moreover, for 
the gaussian potential and k — 0, in the analysed cases, the fluid has phantom 
energy. The effective potentials for k = 0 and k = 1 are given in figures 6 and 7. 
Note that the second case seems to correspond to a tunneling. 


alr) 


— a20, A107? 
E 
125 130 140 — az Aso 


= — a=2,=10-% 


-150 


Fig. 3. Acceleration á(7) for gaussian superpotentials. 
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Fig. 4. Scale factor a(7) for gaussian superpotentials, the graphics are logarithmic for clarity. 
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Fig. 5. Comoving Hubble radius (aH)-! for gaussian superpotentials, 
mic for clarity. 
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Fig. 6. Effective potentials from Friedmann equations, for k = 0, for k = 1, for a = 1,2 the 


potential becomes oo at 7 = 0. 


6.3. Step superpotentials 
For the step superpotentials (38), we have 


B T(4/3)ħr®/3 
21/3cM, [(T2 + A)-1 4- 1]? 


(45) 
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Fig. 7. Effective potentials from Friedmann equations, for k = 1, for a = 2 the potential becomes 
oo at T — 0. 


And the behaviour of the system is the same as for gaussian superpotentials, if 
a = 0 the scale factor initial value is (41), and for large time values, 7 >> 1, the 
scale factor tends to (43). Hence, the e-folds satisfy as well (44). The initial velocity 
and acceleration are zero, à(0) = 0, 4(0) = 0, and inflation begins from this moment, 
and ends at 7 ~ 0.51, when the acceleration becomes negative. For N ~ 60 a value 
A ~ 1079? is required. 

In the case a > 1 the situation is also similar to the one of the preceding 
section, the initial values are practically the same. The acceleration initial behavior 
is similar, but after a short time the differences become notable, as can be seen from 
figures 11 and 12. We give also the corresponding profiles for the event horizons, 
shown in figures 5 and 10. For o = 1, the 60 e-folds are reached for A ~ 10753., 


a(t) 


30 


— a=0,1=10 
— azl, Ac10 


— az2, A-1075 


Fig. 8. Scale factor a(7) for step superpotentials. 


In this case the effective potentials, from the Friedmann equations, look quali- 
tatively similar to the previous ones. 


7. Discussion 


Quantum cosmology gives a canonical quantization of general relativity in the 
Schródinger picture. The invariance under time reparametrizations leads to the 
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Fig. 9. Acceleration á(r) for step superpotentials. 
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Fig. 10. Comoving Hubble radius (aH)! for step superpotentials. 
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Fig. 11. Initial acceleration for gaussian superpotentials. 


hamiltonian constraint that corresponds to a zero energy time independent 
Schrödinger equation, i.e. the Wheeler-DeWitt equation. There is no time dependent 
Schrödinger equation that generates a time dependence for the wave function. Thus, 
the wave function encodes the probability amplitudes for all possible configurations 
at any time. The observed universe is classical and has time, and classical physics 
should follow from quantum physics, hence a time evolution should follow from the 
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Fig. 12. Initial acceleration for step superpotentials. 


quantum description. The Wheeler-DeWitt equation in the supersymmetric case is 
a system of first order equations, whose solutions are spinorial wave functions, see 
e.g.,! ^1? whose meaning has not been established. In general, there are only two 
nonvanishing components, see e.g.,!? given by real exponentials with opposite expo- 
nent sign. Here we have considered a homogeneous theory with a minimally coupled 
scalar field. In this case, the solution of the supersymmetric Wheeler-DeWitt equa- 
tion (21)-(24) has four components, two of them have analytic expressions (25),(26), 
and only one is physically consistent. As the equations are homogeneous and two 
components decouple, the other ones can be taken as trivial. The form of the solu- 
tion, (27), suggests that in a certain gauge, time can be given by the scalar field and 
trajectories for the observables can be given by their mean values. We compute an 
evolution for the scale factor a(t), and time reparametrizations can be performed. 
It remains the general question of how far can we get classical trajectories from a 
quantum state in this way. 

We have considered several inflationary scenarios with this approach, with su- 
perpotentials (37) and (38). These superpotentials have a factor T~?° that, for 
suitable values, gives a wave function that vanishes for 7 — 0 and produces a path 
of increasing probabilities, we can interpret this as giving the direction of time. 
'The exit of inflation is implemented at the level of the superpotential through 
—-3N. where N are the observationally required e-folds. Three 
cases were given in plots for each type of superpotential, figures 3-12. These re- 
sults indicate that this kind of models could be realistic. The inclusion of inho- 
mogeneous perturbations and the evolution of the fluctuations are part of future 


work. Further, more complex models, e.g. with several scalars could be considered, 
14 


a constant A ~ e 


as in. 
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Although General Relativity (GR) is an extremely successful theory, at least for weak 
gravitational fields, it breaks down at very high energies. For example, extrapolating the 
expansion of the Universe backwards in time yields an infinite energy density, which is 
referred to as the initial singularity problem. Quantum Gravity is expected to provide 
a solution to this open question. In fact, one alternative scenario to the Big Bang, that 
avoids the singularity, is offered by Loop Quantum Cosmology (LQC), which predicts 
that the Universe undergoes a collapse to an expansion through a bounce. In this work 
we use metric f(R) gravity to reproduce the modified Friedmann equations, which have 
been obtained in the context of modified loop quantum cosmologies (mLQC). Using a 
order reduction method, we obtain covariant effective actions that lead to a bounce, for 
specific models of mLQC, considering a massless scalar field. 


Keywords: Initial singularity, cyclic cosmology, loop quantum cosmology, f(R) gravity, 
covariant order reduction. 


1. Introduction 
1.1. Motivations: Loop quantum cosmology and its modifications 


A quantum theory of gravity is expected to provide insight on the behaviour of 
gravity at quantum scales,! and consequently in addressing fundamental open ques- 
tions,” such as the initial singularity problem. Loop Quantum Gravity (LQG)? ? is 
one of the main candidates we have today. Indeed, through an effective Hamilto- 
nian description, LQC, which is described as a symmetry-reduced model of LQG,® 
yields a modified Friedmann equation that dictates that the big bang singularity is 
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replaced by a quantum bounce:^ 1? 


Bü iw (1 E 2) (1) 

3 Pe 
where H = à/a is the Hubble function, given in terms of the scale factor a(t), and 
pc = V3/(32n7°) is the critical energy density, where y z 0.2375 is the Barbero- 
Immirzi parameter.!^ Throughout this work, we will be using the geometrized sys- 
tem of natural units in which c = A = G = 1 and, accordingly, x = 87. It is clear 
from Eq. (1) that the Universe behaves in a cyclic way and that the quantum bounce 
occurs at the critical density, when H = 0 and a> 0. 

Nevertheless, the procedure used in LQC, to obtain the Hamiltonian constraint 
which then leads to Eq. (1), differs from the one used in the full theory of LQG. 
In LQC the Lorentzian and Euclidean terms are treated as proportional to each 
other, contrary to LQG, leading to different Hamiltonian constraints in the process 
of quantization? One of the first attempts to construct a Hamiltonian constraint 
that is similar to the construction in LQG was undertaken in Ref. 15, in which 
'Thiemann's regularization was used. Even so, there is still no systematic way of 
deriving LQC as a cosmological sector of LQG and different paths to obtain LQG- 
like Hamiltonians from LQC followed.!9 1? Given these quantization ambiguities in 
constructing the effective Hamiltonian constraint operator, in isotropic LQC, there 
is a need to understand how different quantization methods affect the physical 
predictions. More specifically, there are still great possibilities for the expanding 
universe to recollapse due to quantum gravity effects. 

In this work, we focus on two specific modified loop quantum cosmology (mLQC) 
models,!?:?? which differ from standard LQC in the way the Lorentzian term in the 
Hamiltonian constraint is treated.?! 


1.2. Modified loop quantum cosmology — I: mLQC-I 


'This model was derived in Ref. 20, by treating the Lorentzian term in the Hamil- 
tonian constraint separately and using Thiemann's regularization,!? yielding a fun- 
damental difference between LQC and mLQC-I, in that in the latter the evolution 
of the universe is described by two different branches, b} and b_, which coincide at 
the bounce. 


The modified Friedmann equation for the b— branch takes the form?9:?! 


= 3 T 


2 
w= 2 (1-4) 1+ Y ppc zig (2) 
c 

( 
where pl = p./[A(1 + 7°)] is the critical density at which the quantum bounce 
occurs. Notice how, for p/p! <1, the standard Friedmann equation H? ~ Kp/3 is 
recovered. 
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Concerning the b, branch, on the other hand, the modified Friedmann equation 
takes the form??:?! 


- ep ge 
ay pt (1+ v1 - pipi) 


where a = (1— 552)/(5? + 1), pa = 3/[kaA? (1 + 4?)?], and à? = 4v/3r». The limit 
of Eq. (3) when p/p. < 1, is given by H? ~ 81G&4(p + pa)/3, where Ga := aG. 
Comparing with the standard Friedmann equation, this limit shows that quantum 


(3) 


geometric effects are still present for low energy densities in the form of a modified 
Newtonian constant, G4, and an emergent positive cosmological constant, pA. If this 
branch lies in the post-bounce universe, in which we live, these pose phenomenolog- 
ical problems. It can be shown that the classical energy conservation law still holds 
in this modified model of LQC, concerning both branches.?? 


1.3. Modified loop quantum cosmology — II: mLQC-II 


'The second model that we consider in this work was derived by using Thiemann's 
regularization, similarly to the previous model, while also using the proportionality 
of between the Ashtekar’s connection and the extrinsic curvature.!?^:?? In doing so, 


yields 15 
g? 25e (: p ) 1 4y? (y? +1) p/o} 
3 pel) [1+ 29? p/ p! + 1 43? (1+ 3?) pfo 


where the quantum bounce occurs at the critical density pl! = 4(4? + 1)p.. Unlike 
in mLQC-I, the bounce in this model is perfectly symmetric, as in LQC. Similarly 
to the mLQC-I model, the dynamics in the Planck regime are less trivial and the 
classical limit is given by the usual Friedmann equation.?? Moreover, the energy- 


(4) 


momentum conservation law still holds without any change in the properties of the 
barotropic equation of state (EoS). 


1.4. Covariant order reduction 


'The only covariant action that leads to second-order equations, under metric varia- 
tion, is the Einstein-Hilbert (EH) action which leads to the usual Friedmann equa- 
tion. In this work, we are interested in asking if the modified Friedmann Eqs. (2)-(4) 
can be obtained from different actions. An interesting analysis was considered in the 
Palatini approach of f (E) gravity in Ref. 23, where R is the Ricci scalar and f some 
function of it. In this case, the modified Friedmann equation does not involve higher 
than second-order derivatives of the geometrical quantities and is just a function of 
the matter sources.?4 

In this work, however, we have used metric f(R) gravity," ?! where the full 
field equations are of fourth-order. Given that our current theory of gravity is a 
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second-order one, we have considered our chosen theory as an effective one, by ap- 
plying the method of covariant order reduction, in which only the solutions that are 
perturbatively close to GR are considered as physical ones and the rest considered 
spurious.?? 34 

This technique has been applied within the context of bouncing cosmologies, for 
different modifications of GR. In Ref. 35, bouncing solutions in a modified Gauss- 
Bonnet gravity theory were explored, of the type R + f(G), where G is the Gauss- 
Bonnet term.?? This analysis was then extended in the context of f (R, G) gravity.°° 
The same approach has also been implemented in the context of f(Q) symmetric 
teleparallel gravity theories, where Q is the non-metricity scalar." Indeed, in all 
of these works, a covariant gravitational action, that leads to the quantum bounce 
observed in LQC, was found by demanding that the Friedmann equation derived 
within such gravity theories coincides with the one emerging from LQC. 


2. Reduced equations in f(R) gravity 


In metric f(R) gravity, the corresponding action is given by 


$- = i d'a /—gf(R) + Sulg, Y), (5) 
K Jy 


where g is the determinant of the metric tensor guv, Sm is the matter action defined 
as Sy = fy d'v/—9 Lm (guv, V), being £y the matter Lagrangian density, in which 
matter is minimally coupled to the metric guv, and V collectively denotes the matter 
fields. Without loss of generality, we parametrize the Lagrangian density f(R) as 
the sum of the gravitational Lagrangian of GR and a deviation term, as follows 


f(R) =R+2A+ ep(R), (6) 


where A is the cosmological constant, e is a dimensionless parameter, and ey(R) 
represents the deviation from GR. Substituting Eq. (6) in Eq. (5), and varying the 
action with respect to the metric, yields the following field equations 


1 
Gy, — gu, A +e -39ue (t) t e (R)Ru, — (VuVo — gwO) e (R)| = Tuv, (7) 


where the energy-momentum tensor 7,,, is defined as 


T. 2. 2 6(/—g£m) (8) 
a E n 
In simple terms, applying the order reduction technique to Eq. (7) amounts 
to replacing the Ricci scalar and the Ricci tensor, in the terms of order e, by the 
expression we get for them, from the e = 0 version of the same equations. Thus, 
setting e = 0 in Eq. (7), yields the following 


1 
Riv = 38i (Rr + 2A) + Tus, (9) 
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as the reduced expression of the Ricci tensor, where Rr is the order reduced Ricci 
scalar. Taking into account the trace of Eq. (9), the latter provides Rp = -KT — 4A, 
and after substituting it into Eq. (9), we arrive at 
T 1 
Riv = KT — g9u RT — Aguy - (10) 
Replacing R and R,,, in the e-order terms in Eq. (7), with the expressions for Rr 
and R, respectively, yields the reduced field equations 


1 1 
Ga gio T€ | m gue tr) T e' (Rr) (sm. m pI FT Tas Agw) 


= (VeVe — Juv ) ean = KT, , (11) 
which are valid for 
lee (R)| < |R]. (12) 


Throughout this work, we consider the FLRW metric with a (—, +, +, +) signa- 

ture, which in spherical coordinates is given by 
dr? 

1— kr? 
where a(t) is the scale factor and k is the curvature of the universe. We assume 
a perfect fluid description for the content of the universe, given by the energy- 
momentum tensor, Tuy = (p + pJU,U, + pgyv, where U" is the four-velocity field 
of an observer comoving with the fluid, defined in such a way that U,U" = —1, 
and p = p(t) and p = p(t) are the fluid’s energy density and isotropic pressure, 


- r?d0? + r? sin? Odd? | , (13) 


ds? = —dt? 4 «| 


respectively. 
Now, by taking into account a EoS p = wp, with —1 € w < 1, and taking into 
account Eq. (13), then Eq. (11) provides the following modified Friedmann equation 

in f(R) gravity?? 
1 k A ell 
3 3 E 


(Bw + 1)g Ut )np + e (Rr)A + (Rr) 


— (sep — z — 3A) e" (Rr)(1+w)(1 — 3w)Kp| , (14) 


where yr = y(Rr). It is clear that this equation is effectively a second-order one 
and that we recover the standard Friedmann equation for e = 0. With this result, 
we aim to find a function y(Rr), such that Eq. (14) is the same as some Friedmann 
equation with a modified source. 


3. Strategy to obtain effective actions 


Here, we describe the procedure for finding effective actions, which was used in 
Ref. 38, in order to determine an effective action for LQC. In this context, we con- 
sider a spatially flat universe (k = 0) with a zero cosmological constant (A = 0). 
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In order to be in agreement with the approach leading to Eq. (1), we consider a 
massless scalar field (w — 1) so that 


Rr = —2Kp. (15) 
Taking these aspects into account, then Eq. (14) becomes 
1 1 
H? = xp — $ 2 (r)sp + 5e(Rr) + 128^ p^g"(Rr)| , (16) 


In the following sections, our goal is to determine y(Rr) such that Eq. (16) is 
the same as the modified Friedmann Eqs. (2)-(4), considered in the modified loop 
quantum cosmologies. We conveniently write Eqs. (2)-(4) in a general way as 

1 
H? = zsp + W(p), (17) 
where V(p) depends on the model. Using Eq. (15) and comparing Eq. (17) with 
Eq. (16), the requirement is that y(Rr) satisfies 
ell 


z- 54 Utr) - Rre (tr) + 3Rp4/ (Rr) = V(Rr). (18) 


In finding the deviation term y(Rr), a metric f(R) action of the form 
f(R) = R + ee(R) (19) 


is found, that leads to the quantum bounce which characterizes the models we are 
considering. 


4. Effective actions for modified loop quantum cosmology models 


Independently of the model of LQC, the solution to the non-homogeneous Eq. (18) 
consists of the sum of the solution to the corresponding homogeneous equation and 
its particular solution, y(Rr) = yn(Rr) + o, (Rr). The homogeneous equation 
is a second order Cauchy-Euler equation, with a characteristic equation given by 
m? — 4m/3 + 1/6 = 0. Solving for m, we get two real roots, m = ¿(4 + v10), 
meaning that the solution to the homogeneous equation is given by 


Ph(R) = c REU-VIO o, gá VIO), (20) 


This solution is not locally given by a convergent power series. For this reason, 
and also for the fact that y,(R) does not contribute to the full Eq. (18), we set 
Ci = co = 0, without loss of generality.?? As such, the solutions to Eq. (18) are 
simply given by the particular solution in question, i.e. p(Rr) = oj (Rr), depending 
on V(R). 


4.1. Effective actions for mLQC-I 


As described in the Introduction, mLQC-I is divided in two branches. As such, we 
consider each of them separately and find an effective action for both. 
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4.1.1. Effective action for the b... branch 


Considering Eq. (2) for the b_ branch, the definition for V(p) given by Eq. (17) and 
Eq. (15), U(Rr) is given by 


2 2 I 
pc “Pe? (42 41) ) (1+ vie REA 2K pl ) 
Therefore, in this case, Eq. (18) is given by 
e [1 ; oe RR Rr (1+ £7) Y! Rr/(2Kp2) 
Pe (y 241) (1+ TE Rr nol a 
(22) 


This equation was solved for y(Rr) using Wolfram Mathematica. Thus a metric 
f(R) action, Eq. (19), was found which, when treated as an effective action, leads 
to the modified Friedmann Eq. (3). This effective action is given by 


1 2 I m 2 
f(R)=R+ 90(42 + 1) {5( T2yy^ Kp, + xoi T54y R) 
TER 3 (4 (5 — 410) søl + Mie 
| pv 4): (2- vto J= =| 


DO R) 
- (vao 4); s (vT +2); A | 


2kpl 


24i E 2/6 


+ nel eo (ovi, EHI v10 4) 55 (2 V0) 5" | 


2K Pe 
l. (23) 


where we have dropped the subscript T since, to e order, f(R) and f(Rr) are 
the same. This action contains hypergeometric functions, denoted by 2F), and its 
domain is given by —2xol < R. Since it is only physically meaninful to consider 
R < 0, given Eq. (15), we have that our physical solution is defined for the range 
-2kp. < R< 0. 

Using Wolfram Mathematica, a Taylor expansion of Eq. (23), about R = 0 and 
up to third order, was also determined and is given by 


- (1110 +20) oF 5E 6 (vio js (+2): ) 


Ty y 
4+ 3y7)R? ? R? 


PODS or ee) RA Eko NAT 


Heyes (24) 
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In order to visualize our solution, we provide two different plots in Fig. 1 regard- 
ing Eq. (23). In Fig. 1a we present the deviation terms of Eq. (23) and the deviation 
term of the effective action for LQC, given by ey(R) = R?/(18xp.) according to 
Ref. 38. In Fig. 1b, we compare Eq. (23) with the effective f(R) function for the 
case of LQC and the Lagrangian density of GR, with A — 0. 


0.5 N T 0 
x 

b n 

0.4 Sg -14L 
N 
s 
s 
0.3} x -2l 
q [ 
€q(R) PN KR) 
02 bs -3 — GR 
ES Hc Lac 
S, ~~~ mLQC-I b. 
"E ` D --- mLQC-I b. 
R 

ool. 56 >. 


(a) (b) 

Fig. 1. Figure la presents the comparison between the deviation, from GR, of the effective La- 
grangian for the case of LQC (solid blue line), given by ey(R) = R?/(18Kpc), and the deviation 
terms of Eq. (23), for the b— branch of mLQC-I (dashed dark orange line), for —2«pl < R < 0. 
Although the deviation is higher for the case of the b— branch of this modified model, both of them 
are dominated by the quadratic term. Figure 1b illustrates the differences between the Lagrangian 
density of GR (solid black line), with A = 0, and the effective f(R) functions for the case of LQC 
(solid blue line) and Eq. (23), for the b— branch of mLQC-I (dashed dark orange line), for the 
interval —2kpl « R «x 0. 


4.1.2. Effective action for the b branch 


Considering Eq. (2) for the b. branch, the definition for V(p) given by Eq. (17) and 
Eq. (15), V (Rr) is given by 


Rr) : Rr (1-2? + VIF RrfQngl)) 


R 1 
V(Rr) EIU + ZOKRDA (: + 


6 3 2K ps 83? pl (1 Talca Rr/(2Kp!)) 
(25) 
Therefore, in this case, Eq. (18) becomes 
E€ | PT / 2 4 Rr AKPA Rr 
R + 3R = 14 
3 | py AEPD E SAAT 6 3 | 2kpl 
Rr (1-27? + a #4) 

1 (26) 


83? pl (1 +,/1+ | 


As before, this equation was solved for y(R) using Wolfram Mathematica, and the 
corresponding effective action, that leads to the modified Friedmann Eq. (3), is 
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(a) 
Fig. 2. Figure 2a. presents the comparison between the deviation, from GR, for the case of LQC 
(solid blue line), given by ee(R) = R?/(18«Kp-), and the deviation terms of Eq. (27), for the b+ 
branch of mLQC-I (dashed light orange line), for -2«pl < R < 0. Contrary to the previous case, 
for this branch the deviation is predominantly negative since it is dominated by the linear term. 
Figure 2b. illustrates the differences between the Lagrangian density of GR (solid black line), with 
A = 0, and the effective f(R) functions for the case of LQC (solid blue line) and Eq. (27), for the 
b} branch of mLQC-I (dashed light orange line), for the interval —2kpl « R «x O0. 


(b) 


For the same reasons as in the previous branch, the physical domain of this 
solution is also given by —2xp} < R < 0. The Taylor expansion of Eq. (27) up to 
third order, about R = 0, was computed using Wolfram Mathematica, resulting in 


4 — 33?) pa R? 3 
pet +2) nt TTO PO 
yp 


288y"&(pl)? ^ 3968&*(p) 7'' 

(28) 

We observe that, for this particular branch, f(0) z 0. We recall that pa was in- 

terpreted as the energy density of an emergent positive cosmological constant in 
Ref. 20. Finally we provide similar plots for this branch, in Fig. 2. 
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4.2. Effective action for mLQC-II 


We now consider the mLQC-II model, in which the modified Friedmann equation is 
given by Eq. (4). Considering the definition for V(o) given by Eq. (17) and Eq. (15), 
V(Rr) is given by 


Rr Rr (1+ Ry/(2pl!)) (1 — 27? (5? + 1) Rr /(kpl!)) 


V(Rry) = 8 . (29) 
8 (1 — y? Rz/(sp) + VI- 25? G+ 1) Rr GL) 
Therefore, in this case, Eq. (18) is given by 
24? (4? -1)R 
e f1 Rr Rr (1+ sr) (1- DO z) 
3 Ea Roe 4 aR = (30) 


6 s(1- ir + 1- par) 


This equation was solved for y(R) using Wolfram Mathematica. The corresponding 
metric f(R) action which, when treated as an effective one, leads to the modified 
Friedmann Eq. (4) is given by 


20 (4$ +74) R? 


1 
f(R)=R+ so [m (y+ +77) R 4 90kp]! + Ep 


907 


+9 


3 ((vio- 2) «pl! +2 (4 +9?) R) 
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(31) 


This solution also contains hypergeometric functions but, for this model, they 
present a different argument. According to this argument the domain of Eq. (31) is 
given by R < «pl! / (25? (^? + 1)). As such, since the Ricci scalar must be less or 
equal to zero for a massless sclar field scenario, in this case the solution only has 
physical meaning for the interval R < 0. 
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Using Wolfram Mathematica, a Taylor expansion of Eq. (31), about R = 0 and 
up to third order, was computed and is given by 


(-3y4— 2? 41)R? (y +1)" R 
TBxpHl G2 (spl y? 

The solution for the mLQC-II model is depicted in Fig. 3. In Fig. 3a, we present 
the deviation terms of Eq. (31) and the deviation term of the effective action for 
LQC, given by ey(R) = R?/(18&p.) according to Ref. 38. In Fig. 3b, we compare 
Eq. (31) with the effective f(R) function for the case of LQC and the Lagrangian 
density of GR, with A = 0. As a summary, a combination of our results is presented 
in Fig. 4. 


f(R) =R+ " (32) 


-50. 
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"i —— LQC 100 GR 
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sonas mLQC-II 
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EL 


Fig. 3. Figure 3a. presents the comparison between the deviation, from GR, of the effective 
Lagrangian for the case of LQC (solid blue line), given by ee(R) = R?/(18Kpc), and the deviation 
terms of Eq. (31), for the case of mLQC-II (dashed pink line), for —18«pe < R < 0. Both of the 
deviations are dominated by the quadratic term. Figure 3b. illustrates the differences between the 
Lagrangian density of GR (solid black line), with A = 0, and the effective f(R) functions, for 
the case of LQC (solid blue line), and Eq. (31), for mLQC-II (dashed pink line), for the interval 
—18&p. € R< Q0. 


5. Conclusions 


In this work, we have addressed the initial singularity problem that is present in 
the ACDM model and considered a possible resolution to this question, as proposed 
by LQC, in which the Big Bang is replaced by a quantum bounce. Since this result 
comes from a different field in physics, it is relevant to ask if it is possible to replicate 
it in the framework of GR and its modifications. In this context we considered the 
class of metric f(R) gravity. Motivated by Ref. 38, we have used the same procedure 
with two modifications of standard LQC, that also yield a quantum bounce, which 
are two attempts to bridge the gap between LQG and LQC, by means of similar 
treatments of the Hamiltonian constraint. 

We have applied the covariant order reduction method to obtain a reduced 
version of the full field equations in f(R) gravity. The corresponding modifed 
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Fig. 4. Figure 4a. presents the comparison between the deviation, from GR, of the effective 
Lagrangian for the case of LQC (solid blue line), given by ey(R) = R?/(18Kpc), and the deviation 
terms of Eq. (23), for the b— branch of mLQC-I (dashed dark orange line), Eq. (27), for the 
b+} branch of mLQC-I (dashed light orange line) and Eq. (31), for mLQC-II (dashed pink line), 
for —2xpl < R < 0. Figure 4b. presents the differences between the Lagrangian density of GR 
(solid black line), with A — 0, and the effective f(R) functions for the case of LQC (solid blue 
line), Eq. (23), for the b.. branch of mLQC-I (dashed dark orange line), Eq. (27), for the b+ 
branch of mLQC-I (dashed light orange line) and Eq. (31), for mLQC-II (dashed pink line), for 
—2kpl <R<O. 


Friedmann equation depends on the f(R) function, which we chose to parametrize 
as f(R) = R+ep(R). In this framework, we have determined functions y(R), such 
that Eqs. (2)-(4) are the same as Eq. (18). In other words, we have determined 
effective covariant f(R) actions which lead to Eqs. (2)-(4). Moreover, these effec- 
tive actions allow for a positive effective gravitational coupling constant and avoid 
the Dolgov-Kawasaki instability.?? According to Eq. (12), the approximation that 
we use is valid for |R| < pe ~ 15”, therefore, breaking down at the bounce, since 
there |R| ~ pe ~ 15. Thus, the argument that the effective Lagrangians deduced in 
this work yield Eqs. (2)-(4) is not quite a rigorous statement. However, our claim 
is that, at stages close enough to the bounce, the solutions found in this work may 
effectively, and correctly, describe the collapsing universe. 

If a quantum theory of gravity is found, a proper description of the beginning 
of the Universe could eventually be reached. In this regard, the ACDM model is 
incomplete and, for this reason, there is motivation for attempting modifications 
of GR, in order to accommodate scenarios in which the Big Bang singularity is 
non-existent, such as the covariant effective actions determined in this work. In a 
forthcoming paper we will extend our analysis for mLQC-II to arbitrary values of w. 
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From the theory of the multiverse cosmology, it is possible that our universe collides with 
other universes locally in its history, which may result in local changes of the curvature 
of the spacetime. In this paper, we propose a method to probe the multiverse using grav- 
itational wave observations for the first time. Our method firstly makes triangles using 
two detected gravitational wave sources and the Sun, and then measures the curvature of 
the triangles. We use 11 gravitational wave sources detected by LIGO and Virgo during 
O1 and O2, and make 55 triangles by combining them to measure their curvature. The 
curvature is measured by comparing the distance between two gravitational wave sources 
estimated by the gravitational wave observations with the one obtained with assumption 
of a simple model of the cosmological evolution. 

As a result, we found that, for 43 of 55 triangles, the distances estimated by the 
model are greater than the ones obtained by the gravitational wave observations. This 
indicates a negative curvature, which may be due to the simplification of the cosmolog- 
ical evolution. For the rest 12, the distances are not determined because of uncertainty 
of the parameters of the gravitational wave observations. Further gravitational wave ob- 
servations and more sophisticated model of the cosmological evolution is essential to test 
the multiverse cosmology observationally. 


Keywords: Gravitational wave observations, multiverse, spacetime geometry, cosmologi- 
cal evolution 


1. Introduction 


Since E. Hubble discovered the expansion of the universe in 1929,! it has been con- 
sidered of the possibility that the beginning of the universe was a small point. G. 
Gamow proposed the Big Bang theory, from which the beginning of the universe 
was a fireball. The Big Bang theory was supported by observations such as the 
first observation of the cosmic microwave background radiation in 1965? and the 
discovery of temperature fluctuations originating in the early universe by the cos- 
mic background radiation explorer COBE in 1989.? However, the Big Bang theory 
has problems such as the homogeneity and the flatness problem. Inflation theory 
proposed to solve these problems,* © but inflation theory also has following prob- 
lems: The average value of the vacuum energy density predicted by the field theory 
is pa ~ 101? J/m?, whereas the currently observed vacuum energy density is, 
pa ~ 107? J/m?. There is a difference of about 120 digits in size between the 
theoretical value and the observed value.” 
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Multiverse cosmology may solve these problems. In the multiverse cosmology, 
each universe is allowed to have different vacuum energy density, and our universe 
happened to have current vacuum energy densities. Thus, in the multiverse cosmol- 
ogy, the formation of multiple universes is naturally predicted. It is possible that our 
universe collides with other universes locally and there is a local change of curvature 
at the collision surface. The measurement of the curvature performed by the cos- 
mic microwave background radiation observation satellite WMAP?:1? showed that 
the curvature of the entire universe was flat. But there were uncertainties that the 
vortex-shaped polarization component were not discovered by CMB polarization 
observations, and therefore the determination of the curvature needs to be further 
refined in future observations. 

In order to find whether there has been collisions between our universe and other 
universes in the past, There are studies that explore the temperature fluctuations 
that occur at the collisions surface. This temperature fluctuation appears as a ring 
pattern on the cosmic microwave background radiation. Several radio observations 


were conducted to see the properties,!!!? 


and as a result, four sky areas were 
reported from the WMAP observations that were consistent with the ring patterns 
that appeared due to collision between the universes.!?:!4 It should be noted that 
as the universe is expanded with time, the effects of collisions tend to be diluted as 
much as the structure of the initial universe. 

In this paper, we proposed for the first time a method for probing the multiverse 
using gravitational wave observations, which is independent of radio wave observa- 
tions performed so far.! Chapter 2 describes how to measure the local curvature 
of the universe, and Chapter 3 describes the results and discussion. 


2. Measurement of the local curvatures of the universe 


We will explain how we estimate local curvatures of the universe.The gravitational 
waves GW150914, GW151012, GW151226, GW170104, GW170608, GW170729, 
GW170809, GW170814, GW170817, GW170818, GW170823 were detected by the 
LIGO and Virgo observations.!9 Two of the 11 gravitational wave sources and the 
sun are used to form a triangle, and the distance between the two gravitational 
wave sources is estimated by gravitational wave observations. The distances are also 
estimated by simple assumption that the gravitational wave sources were born in 
the early universe and the distance between the two sources is the size of the flat 
universe. The local curvature of the universe was measured by comparing these 
values. 


2.1. Distance between gravitational waves by gravitational wave 
observations 


'The sky locations of the almost all detected gravitational waves are highly uncertain. 
The summary plots in the paper B. P. Abbott, et al.!© which show 50% and 90% 
credible area for the sky locations of detected gravitational wave events and most 
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of the events have error regions with several hundred square degrees. But the error 
regions are estimated to be reduced in future observations. In this paper we re- 
gard the sky locations of the gravitational waves as the positions with the highest 
probabilities in the contours. 


"GWiTOi0A. 
GWA 


id #GW170608 
GWi70818 |""""^"en 
d 4 
GW151012." MN alee 
x, $ 
Rig H $ 
MSS ene QW1S0014 hs 
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Fig. 1. Most probable sky locations of the detected gravitational waves in 2015-2017 in the 
Mollweide coordinates.1® 
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Fig. 2. 55 combinations of two gravitational sources for making triangles including the Sun. 
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Figure 1 shows the sky positions of the gravitational wave sources used here and 
the sun. we constructed triangles using the sun and two of the gravitational wave 
sources. The distances between the two gravitational wave sources were estimated 
using the estimated distances and sky locations of the gravitational wave sources in 
the triangle. Figure 2 shows 55 combinations of two gravitational sources for making 
triangles including the Sun. 


2.2. Distance between gravitational waves by a flat universe model 


We consider of the following four-dimensional metric that describes a uniform and 
isotropic expansion universe. 


dr? 


2. 9 2:573 
ds^ = —c^dt^ + a*(t) 1— E 


| r?(dü? sin?0d9?) (1) 


c: speed of light, a(t): Scale factor at time t, r: Radius in 3D spherical 
coordinates, 0, $: Declination in 3D spherical coordinates, K: constant 


Using the natural unit system, the metric of the flat universe model is, 
ds? = —dt? + a? (t)|dr? + r?(d6? + sin?6d9?)] (2) 


When a gravitational wave with a redshift z is observed, the relation of the scale 
factor and z is as follows: 


a(t) | 1 
a c pis (3) 


Here, when we estimate the distance between two gravitational wave sources in the 
flat universe model, we put simple assumption that the gravitational wave sources 
occurred in the early universe and the evolution of the universe are not affected by 
gravity from other objects such as dark matter and galaxies.!™ 18 z is the average of 
the redshifts of the two gravitational wave sources, and the distances between the 
two points are estimated to be the size of the universe at z. Hereafter we refer this 
as the simple universe model. 


2.3. Comparison of the estimated distances for 55 triangular areas 


Figure 3 shows the distances between the sources by gravitational wave observa- 
tions and the distances between the sources by the simple universe model for each 
triangular area. The blue cross marks show the value distances estimated from the 
gravitational wave observations. The error bars reflect the uncertainties of the dis- 
tances of the gravitational wave sources and the uncertainties of the sky locations 
of the gravitational wave sources. The red asterisks are the distances between the 
two gravitational wave sources in the simple universe model. 

Figure 4 shows the curvature of each area. The curvature of each area was esti- 
mated by comparing the distances estimated by the two ways. If the two estimated 


Fig. 3. 
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Blue cross marks show the distances between gravitational wave sources estimated by 


the gravitational wave observations with uncertainty. Red asterisks show the distances calculated 
using a simple model of the cosmological evolution. 
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distances are equal each other, then the local curvature of the universe is zero. If the 
distance estimated by gravitational wave observations is larger than the distance 
estimated by the simple universe model, the positive curvature is suggested, and if 
smaller, the negative curvature is suggested. 

In the 43 areas among 55 areas, the distances estimated by the simple universe 
model were larger than the distances estimated by gravitational wave observations, 
so negative curvatures were suggested. On the other hands area 5, area 14, area 22, 
area 29, area 34, area 35, area 41, area 42, area 43, area 44, area 45, area 55 in this 
12 areas, the estimated distances estimated by the simple universe model were in 
the error bars of the distances estimated by gravitational wave observations, so the 
curvatures were not estimated from all at the gravitational wave observations. 


3. Summary 


In this study, we proposed for the first time a method to probe the multiverse 
cosmology using gravitational wave observations. We estimated the local curvatures 
of various areas in the universe by measuring the sums of the internal angles of the 
55 triangles formed by the sun and the all combinations of 11 gravitational wave 
sources. 

In the 43 areas among 55 areas, the distances estimated by the simple universe 
model were larger than the distances estimated by gravitational wave observations, 
so negative curvatures were suggested. This is due to the simplification of the uni- 
verse model, and it is necessary to sophisticate the model of the universe by including 
the effects of other astronomical objects, dark matter, dark energy, and so on. On 
the other hands in the area 5, area 14, area 22, area 29, area 34, area 35, area 41, 
area 42, area 43, area 44, area 45, area 55 in this 12 areas, the distances estimated by 
the simple universe model were in the error bar of the distances estimated by gravi- 
tational wave observations, so the curvatures could not be estimated at the current 
gravitational wave observations. In the future, it will be important to reduce the 
error in order to limit the sign of the curvature. 
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We discuss the status of observables and operator ordering ambiguity in the quantum 
cosmology model with Brown-Kuchar dust as the matter field. In order to study the 
dynamics of the FLRW universe, Hubble parameter and Ricci scalar are expressed as 
a function of phase space variables. As these functions exhibit operator ordering am- 
biguity, we write several Hermitian extensions corresponding to these observables. For 
the unitarily evolving semiclassical wave packet constructed in,! we have computed the 
expectation value of these observables, which shows that very early in the collapsing 
branch and very late in the expanding branch, the expectation values of the Hubble pa- 
rameter and the Ricci scalar matches the classically obtained results irrespective of the 
operator ordering chosen. The expectation value of the Hubble parameter vanishes, and 
Ricci scalar attains an extremum at the point of classical singularity for all orderings, 
showing a robust singularity resolution. The signature of the operator ordering ambiguity 
is most pronounced at the classical singularity. For Weyl ordering, the expectation value 
of the Ricci scalar becomes negative for certain parameter values. We have computed 
the expectation value of other curvature invariants as well, which follows the trend. 


Keywords: FLRW Model, Wheeler-DeWitt equation, Operator ordering ambiguity, 
Quantum Cosmology, Brown-Kuchar dust 


1. Introduction 


Any consistent quantization scheme for gravity must address the longstanding issues 
that plague the theory, like observables in quantum gravity or operator ordering 
ambiguity. In this work we will address the issue of operator ordering ambiguity 
in the observables of quantum gravity, in the context of flat FLRW model with 
Brown-Kuchar dust.? 

General relativity is an example of singular systems, which has diffeomor- 
phisms and time reparametrizations as gauge freedom.? A consistent (Dirac) ob- 
servable in the general relativity must be invariant under diffeomorphisms and time 
reparametrizations. Now the systems with time reparametrization symmetry are 
tricky to handle, as the Hamiltonian of such systems itself is a constraint. Which 
would means that physical observables in the theory would be frozen in time or 
are constant of motion. To circumvent this issue, a possible resolution is proposed 
by Kuchar,^ a phase space function does not need to have weakly vanishing Pois- 
son bracket with Hamiltonian constraint to be an observable of general relativity. 
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The special objects which have vanishing Poisson bracket with Hamiltonian con- 
straint are called a perennials. 

Upon quantization, one would ideally like to obtain a self-adjoint extension of all 
the relevant observables appearing in the theory and study their spectral properties. 
But if one is interested in the expectation value of the operators in a wave packet, 
Hermiticity of the operator is sufficient to ensure the reality of the expectation 
value. For that reason we will concern ourselves with the Hermitian extensions of 
the observables and their expectation value for the wave packets constructed in the 
quantum model. 

In this analysis, we will follow Kuchai’s prescription of observables in the quan- 
tum gravity models. For the FLRW model we will write the Hermitian extension of 
the operators that correspond to the Hubble parameter and the curvature invari- 
ants. We will find the expectation value of these operators and show the robustness 
of the singularity resolution claimed in the aforementioned quantum cosmology 
model. Apart from that, we will also address the operator ordering ambiguity in 
these observables and discuss at what stage this ambiguity will play a role. 


2. FLRW Model with Brown-Kuchar Dust 


We will start with the canonical formulation of the flat FLRW model coupled to 
Brown-Kuchaf dust. We will first write the Hamiltonian constraint for this system 
and then write the phase space expression for the observables we are interested in. 

'The line element and the Ricci scalar for a homogeneous and isotropic flat FLRW 
spacetime is 


ds? = — N? (t)d£? + a? (t)dx?, (1) 
6 | Na à ày? 
nase | M424 (N, (2) 


where a(7) is the scale factor and M is the lapse function. The action for this model 
with Brown-Kuchai dust?^? written in ADM form is, 


S=S¢t+S. = f (va + p.T — N(H? + HP)) dt. (3) 
'The Hamiltonian constraint for this model is given by, 
H- H9 4 gh = Pa 0 4 


In the further analysis, we will choose &? = 6Vo. The solution of the Friedmann's 
equations with dust as matter is a(t) ox t?/?. The dust proper time 7 and the coordi- 
nate time f are related as 7 = 1 = > T(t) = t-- const. This model exhibits curvature 
singularity and has two disjointed solutions, representing a universe expanding from 
a Big Bang singularity and a universe collapsing to a Big Crunch singularity. 
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2.1. Hubble Parameter and Ricci Scalar 


We are interested in the canonical expression for the Hubble parameter and the 
Ricci scalar. Using defining equation for the momentum conjugate to scale factor 
and the Hamilton's equations of motion, we get 


aN 

ác, (5) 
l aN PN? 

ü= Pe o r (6) 


Since we are working in comoving gauge VV = 1, the Hubble parameter takes the 


form 
HE —a "p,q. (7) 
a 
From (2), (5) and (6), the Ricci scalar is given by, 
_ 3r 
E (8) 


Classically for dust as matter source, the Ricci scalar is R = 4/3t?. The flat FLRW 
model with dust as matter has curvature singularity at t = 0 when a ~ t?/? — 0 
and R > oo. 


2.2. Riemann and Kretschmann Scalar 


Riemann Scalar for this model is 
(aN —Nà) | ,(aNà—aàN -2Nà?) — 3p 

a2 N6 ai NS MEC (9) 
Kretschmann Scalar for this model is, 

àN -Nà? at XN 159] 

Af 9g2 ' a4 N^ a8 
Classically for dust as matter, Riemann and Kretschmann scalar takes the form 
Rie = 16/27t^, and K = 80/27t*. These curvature invariants also diverge at t = 0. 


Rie =R RM” =9 


= 5Rie. (10) 


K = Riva R” = 12( 


3. Quantum Cosmology 


Quantization of this system is done by implementation of the constraint H ~ 0 as 
supplementary condition on wave functions. Brown-Kuchai dust appears as natural 
clock for the quantum theory and we are essentially working with dust proper time. 
Wheeler Dewitt equation for this model takes the form of Schrödinger equation, 


OU(R,T) + 
ME c = HW(a,7T), (11) 
=R a rera pus 2; (12) 
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Since the Hamiltonian is a product of non-commuting variables, therefore, it does 
not have a unique quantum counterpart and the model exhibits operator order- 
ing ambiguity. The parameters p and q represent our freedom to choose operator 
ordering. The eigenvalue of Hamiltonian can be interpreted as Misner-Sharp mass 
which on-shell is related to the energy of the dust®. The self-adjoint extensions of 
Hamiltonian (12) are discussed in.! 

To make the momentum operator P Hermitian on the real half line R*, we 
choose measure a? and the momentum operator that is symmetric with this measure 
fa = —ia~!O,a. Therefore, to accommodate hermiticity of the momentum, we have 
to impose the constraint 1 — p — 2q = 2 or p+ 2q = —1 on operator ordering 
parameters. Using this constraint, we can eliminate one of these parameters. It is 
shown in,? the expectation values of a general observables in a general wave packet 
constructed in this model is independent of parameter q and it appears as a free 
parameter in the model. T'herefore, the above constraint does not put any restriction 
on the physical content of the theory. The detailed discussion about the Hermiticity 
and the self-adjointness of momentum operator on real half-line can be found in.9 
'The positive energy stationary states with this choice are, 


B ca 2 3 
bn) = S E* Jaa (5 2:37 (13) 


Which form an orthogonal set under the scalar product we have chosen, thus making 
them suitable for the construction of wave packet. From the positive energy modes, a 
unitarily evolving wave packet is constructed by choosing a normalized Poisson-like 
distribution 


Y(R, T) = | dv Ed) (R)e!*7 A(VE), (14) 
A(VE) E SOMME JE 32 
T(« +1) 


where & > 0 and A > 0 are real parameters with & being dimensionless and A has 


(15) 


dimensions of length or inverse of energy. For this choice of distribution, expectation 
value of the Hamiltonian is inversely proportional to A. With this distribution and 
constraint & = 2|g|/3, the wave packet takes the form, 


2|g|-1 3 

lal V23 A3 -= 38. 

W(a,T) = V3 2 (s iE e (don). (16) 
Papx um 


Taking this constraint on the parameter makes the distribution a function of the 
operator ordering parameter. We can not be sure if the dependency of an observable 


*Misner-Sharpe mass for spherically symmetric system ds? = gap(z)dz%dz’ + R?(z)dQ? 
is Mms = R(z) (1 — g^*0, R(z)R(z)) /2. For the case of FLRW mode, Misner-Sharp mass 
is Mms = aà?^r?/2 = (4rr3/3)pa°G. The gravitational Hamiltonian is given by H = 
—(3V/8rG)aà? = —Vpa?, since pa? is a constant of motion and the Hamiltonian represents 
energy associated with the dust. 
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on parameter q is coming from the its dependence on the shape of the distribution 
or is it a genuine artifact of the operator ordering ambiguity. The signature of 
this parameter on the observables is discussed inÜ and we are not interested in 
operator ordering ambiguity in the Hamiltonian operator here. We are interested in 
the operator ordering ambiguity in the observables of this theory. It is shown in,! 
this model avoids singularity following DeWitt's criteria and in the current context, 


it represents a bouncing cosmology model. 


4. Observables 


In this analysis, we will follow Kuchar's proposal,^^ the observables in a time 
reparametrization invariant systems need not to commute with Hamiltonian con- 
straint. Moreover in the quantum domain, we will require the Hermitian extension 
of operators to ensure the reality of expectation value of these observables. We will 
write the Hermitian extension of phase space functions that we are interested in 
and compute their expectation values in the wave packet (16). 


4.1. Hubble Parameter 


Corresponding to the canonical form of the Hubble parameter (7), several operator 
orderings for which the Hubble parameter is Hermitian can be written as, 


F.OA > Hi = -a` tfaa t, (17) 
; 1 
F.0.2 > Hy = a (a? poa T puc pou" 7). (18) 
R Əy - 
Hw = Hoy = i Ead = Ë. (19) 
a 


To ensure the Hermiticity of the operator, the boundary term iluda has to 
vanish. It is achieved by the wavefunctions that vanishes when a — 0 or a — oo. 
For the wave packets (16), it is the case provided q z 0. 

The expectation value of the Hubble parameter for the wave packet (16) is, 


Ov(a, T) 8T 


Hy = (pÊ |») = if v" (a, T) ða da = 302 + 472) $ (20) 


In the large 7 limit, i.e. 7? >> A?, we recovers the classical value of Hubble param- 
eter for the flat FLRW model with dust as matter. 


= 2 
Hlx^o = g-- (21) 
'The expectation value of the Hubble parameter is plotted in Fig. 1. 
The Hubble parameter H has global maximum at 7 = \/2 and global minimum 
at T = —A/2. At the point of classical singularity the Hubble parameter vanishes 


thus signifying a robust singularity resolution. 
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Fig. 1. Expectation value of the Hubble Parameter for different A values. 


4.2. Ricci Scalar 


We will write general operator orderings that will make the operator corresponding 
to the phase space function given in Eq. (8) Hermitian with the given measure. 
There are two choices, normal symmetric operator ordering and Weyl ordering. 


Ry = 3a ipaa i t aat, (22) 


n 3 ; 
Ra; (a! paa "f, 


gt qi **— 9 a t paa t) ; (23) 
Here j and k are parameters that encapsulate the operator ordering ambiguity 
and describe our freedom in choosing operator ordering corresponding to the Ricci 
scalar. 

For the operators to be Hermitian, the boundary term 


—2 OX Ow E 
Apte : 


has to be satisfied. For the case of the wave packet (16), the boundary term vanishes 
when q > 3/2. The expectation value of the Ricci scalar for this wave packet is, 


p, — 16 0? Glal +20 — 4 — D) + 4lal(2lal — 3)77) 

3|gl(2lg| — 3) (A2 + 472)" 

&,- 18 (X (3]g] — 23(j + k — 4) + 5k — 12) + 4la|(2la] — 3)7?) 
3lgl(2lg| — 3) (A? + 472)" 


; (25) 


(26) 


We see, the expectation value is well behaved regular function in the domain of 
parameters that ensure the Hermiticity. Again for large |r| i.e. 7? >> A?, we recover 
the classical expression for the Ricci scalar irrespective of the operator ordering 
chosen, 

4 
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For the limit q >> j,k there is no signature of the operator ordering parameters 7 
and k in the expectation value of the Ricci scalar. 


-  . — 16(3|q? + 4lal(2lq] — 3)7? 
& =f, = (3|q|A? + 4la|(2]q] ir 3 
3la|(21g| — 3) (A? + 47?) 


(28) 


The Ricci scalar in this regime has local minima at 7 = 0 and global maxima at 
T = +i/2. Surprisingly in the large q regime, the Ricci scalar has maxima at the 
dust proper time, where the Hubble parameter has extrema. 


À=1,q=2 
Ao A=1,g=100 
AD 


— je-10 
— jo 
— je0 


[s 


Fig. 2. Expectation value of the Ricci scalar Ri for different operator orderings. 


— je-10 


— jeto 


Fig. 3. Expectation value of Ricci scalar with Weyl ordering Ro for different operator ordering 
parameters. 


We have plotted the Ricci scalar for normal operator ordering in Fig. 2 and 
for the Weyl ordering in Fig 3. We see that the signature of the operator ordering 
parameters is most pronounced at the point of classical singularity i.e. at 7 = 0. 
Moreover, as we keep on increasing parameter q, the expectation value of the Ricci 
scalar for different operator ordering keeps on merging and for very large q, there 
is no signature of the operator ordering parameters. For the case of Weyl ordered 
Ricci scalar, the expectation value of the operator has negative values for certain 
parameter range. 
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4.3. Riemann and Kretschmann Scalar 


Since the Kretschmann scalar is proportional to the Riemann scalar, we will write 
the Hermitian extensions of one of them, say, Kretschmann scalar and find the 
expectation value of the operator with given wave packet (16). 


F.O.A > K, = 15a ^f Aa ^, (29) 

PF.O.2— e = 15p2a7*p?, (30) 
N 15 

F.0.3 > Ks = = (fia * + a*a) (31) 
A 15 

FO4> K, = 2 (a 254a 64 aq 651a 2) . (32) 


'The boundary term which needs to vanish for the Hermiticity of these operators is, 


aE (px — *x" ux —wv *x — 6a x" 
"nae = * ue En 9 
—V *x) 30a T (9*x' — p 3) 0 lal (33) 
0 


The expectation value of the Kretschamann scalar for various operator orderings is, 


=, 128002 +. 472) * " Lon E 
Ral) = spear ey y (Il - 9al - 207? -9lg| 405 

+ 16|d 2g] — 9)(2lal — 9). (34) 
ER 1280 (A? + 47?) * P F 
OO = aea- Neal l3) (stata +29) +50) P 


(21a| — 9)(9la| + 28)A?7? + 16(|g] — 3)lal(2lq] — 9) (2lal — sj“), (35) 


SORN 1280 (A? + 47?) * 
KO = gras — aylal@lal = Dea 3 


(21a| — 9)(9ļq| — 116)A?7? + 16(la] — 3)lal(2lq] — 9)(2lal — »). (36) 


(stato — 259) + 1272) + &(lq] — 3) 


"E 1280 (A2 + 47?) * 
al) = rag — ya lal - 9)2lal = 3 


(21a| — 9)(9|a] — 44)? 7? + 16(|g] — 3)lal(2lq] — 9)(21al — 37). (37) 


;(3ta 8)(9|g| — 43) + 8(lql — 3) 


Again, the expectation value of these observables is a well behaved regular func- 
tion in the domain of parameters that ensures the Hermiticity of this observable. 
Classical expression is recovered irrespective of the operator ordering chosen i.e., 
when 7? >> 7, K = 80/2774. 
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Fig. 4. Expectation value of Kretschmann scalar for various operator orderings. 


We have plotted the expectation value of the Kretschmann scalar for different 
operator orderings. Here as well, we can see the signature of operator ordering is 
most pronounced at the point of classical singularity and Weyl ordered operator 
attains negative values for certain parameter range. Thus, the Kretschmann scalar 
also shows the features that are observed in the case of the Ricci scalar. 


5. Discussion and Conclusion 


We have studied the operator ordering ambiguity in the observables of a quantum 
model of cosmology with Brown-Kuchaf dust as the matter source. The quantum 
model is singularity-free following DeWitt's criteria and it is shown that the ex- 
pectation value of the scale factor is regular function with non-zero minima at the 
point of classical singularity and it follows classical trajectory, far away from the 
singularity. Thus, the quantum model represents a bouncing cosmological model 
which mimics classical behavior away from singularity. 

We have studied the dynamics of the quantum FLRW model via the observables 
of the theory, Hubble parameter and curvature invariants. After writing the phase 
space functions for these observables, we have constructed the Hermitian exten- 
sion of these observables. As these functions exhibit operator ordering ambiguity, 
there exists infinite many Hermitian extensions. For unitarily evolving wave packet, 
we have computed the expectation value of these observables. Very early in the 
collapsing phase and late in the expanding phase, these expectation values mimic 
the classical behavior irrespective of the operator ordering chosen. At the point of 
classical singularity, expectation value of the Hubble parameter vanishes and the 
Ricci scalar attains an extremum for all operator orderings, thus showing a robust 
singularity resolution. 

This extremum value of the Ricci scalar is sensitive to the operator ordering 
parameters and the signature of these parameters is most pronounced at the point of 
singularity. The expectation value of the Ricci scalar is insensitive to this parameter 
away from singularity. Furthermore, in the large q regime, there is no signature of 
operator ordering parameter and the two maxima of Ricci scalar are at the time 
where the extrema of the Hubble parameter are located. For certain parameter 
range, the expectation value of the Weyl ordered Ricci scalar attains negative values. 
These features are present for the case of other curvature invariants as well. 
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In this paper, we generate an anisotropic solution for a static sphere filled with quark 
matter in the framework of self-interacting Brans-Dicke theory. For this purpose, we add 
an anisotropic source in the seed distribution and decouple the field equations through de- 
formation in the radial metric function. As a result of this transformation, the field equa- 
tions are disintegrated into two systems which separately include the effects of isotropic 
and anisotropic sources. The system related to the additional source is solved via the 
MIT bag model equation of state. We consider Tolman V spacetime to formulate a solu- 
tion for the isotropic sector which is extended to the anisotropic domain via decoupling 
technique. The junction conditions at the boundary determine the unknown parame- 
ters in terms of mass and radius of the spherical object. We investigate the viability 
and stability of the constructed strange star model in the presence of massive scalar 
field corresponding to the strange star candidate PSR J1614-2230. It is concluded that 
the anisotropic extension is well-behaved as it fulfills the necessary requirements of a 
physically acceptable model. 


Keywords: Brans-Dicke theory; Quark star; Gravitational decoupling. 


1. Introduction 


Astronomical systems (such as stellar structures, galaxies and planets) are scattered 
throughout the universe in the form of a cosmic web. These self-gravitating objects 
contain significant clues regarding the history and structure of the vast universe. 
Strange quark stars intriguing cosmic objects that are smaller than neutron stars 
and possess extremely dense cores. Researchers believe that the enormous release of 
radiation and energy in extremely luminous supernovae can be explained through 
quark stars.! A model that adequately describes the interactions of quarks at high 
density levels is still under investigation. However, in the absence of the best fit, 
researchers have used MIT bag model equation of state (EoS) to examine different 
properties of strange quark stars.? The statistical data obtained from GW170817? 
and GW1904254 was used to predict the compactness and mass of quark stars. These 
predictions match the estimates made via the MIT bag model which strengthens 
the choice of this EoS. Bhar? used the MIT bag model to compute a solution 
representing strange stars in the background of Krori and Barua spacetime. The bag 
model has also been used to investigate the stability of quark stars by introducing 
radial perturbations. Deb et al.” adopted the EoS to construct a charged stellar 
structure. 
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The task of obtaining well-behaved spacetimes corresponding to realistic models 
is difficult due to the non-linearity of field equations. Recently, Ovalle simplified 
the extraction of solutions by proposing the gravitational decoupling approach via 
minimal geometric deformation (MGD).? In this scheme, an extra source is succes- 
sively added to a seed distribution (vacuum or isotropic) to incorporate intricate 
features of physical systems. The degree of freedom in the field equations is reduced 
by splitting the field equations into two arrays via a linear transformation in the ra- 
dial metric function. These sets exclusively include the effects of seed and additional 
gravitational sources. Moreover, no energy is transferred between the two matter 
distributions as they are individually conserved. The respective solutions of these 
systems are combined to formulate a new solution. An extension of this technique 
has also been proposed which induces transformations in temporal as well as radial 
metric functions.? 

The efficient technique of gravitational decoupling has successfully been em- 
ployed to generate anisotropic solutions from well-known ansatz. The anisotropic 
extensions of Tolman IV have been obtained in braneworld!? as well as general rela- 
tivity (GR)!! via MGD scheme. Isotropic configurations corresponding to Durgapal- 
Fuloria,!? Krori-Barua,!? Heintzmann™ and Schwarzschild!? interior solutions have 
been decoupled to evaluate their corresponding anisotropic versions. Contreras! 17 
deformed the metric component of (2+1)- dimensional spacetime to decouple the 
field equations with a cosmological constant. Singh et al.!? derived an anisotropic 
spacetime by incorporating the embedding class-one condition in the decoupling 
approach. Hensh and Stuchlik!? constructed an anisotropic counterpart of Tolman 
VII by the method of gravitational decoupling. Sharif and Ama-Tul-Mughani?? im- 
plemented the MGD scheme to extend charged solutions to anisotropic domain in 
a cloud of strings. Anisotropic cosmological solutions have also been obtained by 
applying the MGD technique to FLRW as well as Kantowski-Sachs spacetimes.?! 
Recently, Contreras et al.?? studied axially symmetric black holes and showed that 
gravitational decoupling can be adopted beyond spherical symmetry. 

'The general theory of relativity is modified to incorporate the effects of cosmic 
expansion. In this regard, the family of scalar-tensor theories has gained attention. 
Brans-Dicke (BD) theory (a prototype of scalar-tensor theories) includes a spacetime 
varying scalar field à = 3. (G is Newton's gravitational constant) along with the 
metric tensor to describe the effects of gravitational field.?? A BD coupling param- 
eter (pp) couples the matter distribution and the massless scalar field. Different 
values of the tunable coupling parameter explain different cosmological scenarios. 
However, a conflict occurs when large values of wep in the weak-field limit? do 
not coincide with the small values required to describe the inflationary era.?? In 
order to remove the discrepancy, a potential function V (c) is introduced which al- 
lots a mass to the scalar field (ç). This modification leads to self-interacting BD 
(SBD) theory?® which admits all values of the coupling parameter greater than 
—3/2 for m, > 2 x 10-?*GeV (m, denotes mass of the scalar field).?” Recently, 
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MIT bag model was employed to examine the behavior of strange quark stars in 
the presence of a massive scalar field.?* Some well-behaved solutions in SBD gravity 
as well as modified theories have been computed through gravitational decoupling 
technique.?? 

In this paper, we formulate two anisotropic strange star models by implementing 
MGD scheme on isotropic distributions in the context of SBD gravity. For this 
purpose, we adopt Tolman V ansatz and use the MIT bag model to investigate the 
viability and stability of the constructed structures. We evaluate the field equations 
under the effect of the additional source in section 2. In section 3, we deform 
the radial metric function to split the field equations. The anisotropic extension is 
checked for viability and stability in section 4. In section 5, the main results are 
discussed. 


2. Self-interacting Brans-Dicke Theory 
The SBD gravity is described by the action 


g= ] ne = SEPND s — V(c) + Im + eLo)d'z, (1) 


where relativistic units have been used. Here, R and L,, denote the Ricci scalar and 
matter lagrangian whereas g = |g45]. The contribution of the anisotropic source (0) 
via the lagrangian Le is controlled by the decoupling parameter c. The additional 
gravitational source can be categorized as a scalar, vector or tensor field. The field 
and wave equations derived from the action (1) are written as 


eff 1 m 
Gs = ) = an ) + oO45 + TS5), (2) 
T™ +O 1 dV 
E ZO yy, (3) 


= 3F2wgp sb Doan” dç 


where Uç = 79954). TVA) ger and © = gO. We consider an 
isotropic seed source whose energy-momentum tensor has the form 


quM = puyus + p(usus — Jy), (4) 


where p, u and p represent pressure, four-velocity and energy density, respectively. 
The influence of massive scalar field on the physical aspects of static sphere are 
governed by the following energy-momentum tensor 


WBD 
T^ = 6:6 — Jya HS + Fx ($46,5 


_ ISa — V(s) 946 
2-3 23 (5) 


'The anisotropic extension is obtained by describing the internal geometry of the 
static sphere as 


ds? = e$ dt? — e* dr? — 298? — r? sin? Ody”. (6) 
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The field equations, formulated in the presence of the anisotropic source, are ex- 


pressed as 
1 1 y 1 
xU ngu ESL o Wie 0 Oc 
" (= -) Voas To ) (7) 
1 1 j 1 
eet (4+ 2) =20-00}-28, (8) 
T T G 
e? n 12 LA p — y 1 2 2s 
= (26 +1- Yo sa 5) = lp- ced - TP) (9) 
where 


— € 
r 2 2 2 
gie-uH E g J- WBD 12 pV) ; 
2 2c 
- 1 wv g WBD V(s) 
T3 =e |" + (--D +) +c? -e? —}]. 
ae k € E34 


Here differentiation with respect to the radial coordinate is denoted by '. Moreover, 
the wave equation (3), containing information about the evolution of the massive 
scalar field, takes the form 


s=-e? (5-24) eee 
1 dV (s) 
= (m) = 
= eae [r +0+ (s T 2v(s)) | . (10) 


The system of field equations (7)-(9) correspond to an anisotropic fluid distribution 
for 01 z 82. 


3. Gravitational Decoupling 


Currently, the system (7)-(9) involves unknown metric potentials, state determi- 
nants, massive scalar field and anisotropic source. Thus, we require additional con- 
straints to reduce the degrees of freedom and close the system. In this regard, the 
MGD technique is an efficient method for decoupling the complex field equations 
into simpler sets by transforming the radial metric component as 


eO c, X(r) + av(r), (11) 


where v(r) is the deformation function that governs the translation in the radial 
metric component. The temporal metric potential is not transformed and remains 
unchanged. It must be noted that the linear mapping does not affect the spherical 
geometry of the structure. Plugging the transformation in Eqs. (7)-(9) and setting 
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c = 0 yields the first set as 


E [wA] — r6(r)V (s) + rr) (n (r) (r) + 20X(n)e" (r) 


* AX(r)e (7)) + 2&*(r)(r (7) + A(r) = 1]; (12) 


p= 


tere t= 4 (13) 


1 
Arc(r) 


x ((ré'(r) + 2) + 2rc" (r)) +.7(r) 2rd" (r) + ré? (r) + 29'(r)) 
+ 2rwpp«" (r)) — 2rc(r)V («)]. (14) 


(rA (r)(s()(re' (r) + 2)  2r«'(0)) + Ar) «(rs (r) 


'The above system corresponds to the perfect fluid configuration exclusively as the 
anisotropic effects are excluded. The isotropic source observes the following conser- 
vation equation 


viet) P(r) oleg 1(eff 
a eU -Til j=. (15) 


The second set, encompassing the terms related to the additional source, is expressed 
as 

0 _ -1 

0 2r2¢(r) 


x (rs"(r) + 2«'(r)) + 267(r))], (16) 


[re(r)v/ (r)(re' (r) + 2«(r)) + U(r) (r?weps?(r) + 2rc(r) 


3: m lr) Cor en ps (r)? + rs(r)(r9 (r) +4)s' (r) + 262(r) 


+P (rro (n) + 2) + vlr) rg" (n) + ré? (n) + 28 (n) 
+ 2rwgpv(r)c" (r)]. (18) 


The energy and momentum of the anisotropic source is conserved as 


!(e. d r e e 2 e 9 
orem _ 22 (ep. oes. - (039 — ej*?) — 0, (19) 
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where 
o? = E (08+ vinto) e virer) + PRI A) 
0) = 1 (of + svo) — SPR), BO) 
07 — 2 (O84 S(O) + vele) e ver 
wgpr(r)s? (r) , v(r)e'(r) 
+ Hemet) O), 


The MGD scheme restricts the exchange of matter or energy between the two 
sources (seed and additional) by conserving them individually. As a consequence of 
disintegrating the field equations via MGD, the two systems can be solved sepa- 
rately. A well-behaved isotropic spacetime can specify the system (12)-(14) which 
minimizes the degrees of freedom as the second system contains the deformation 
function and components of O,5 as undetermined variables only. In the next sec- 
tion, we attain a solution for the anisotropic setup by assuming a well-known ansatz 
along with an additional constraint. 


4. Anisotropic Solution 


Tolman V ansatz (one of the eight solutions proposed by Tolman) describes a spher- 
ical structure with infinite density and pressure at the center.?? Zubair and Azmat?! 
evaluated the anisotropic counterpart of Tolman V via the MGD method. Recently, 
Jasim et al.?? employed this spherical solution to study charged strange stars. Tol- 
man V spacetime is defined as 


1+2n—n? 


ds? = Bhj?g — | —_-7 =" r 
1— (14-2n - n2) (5) 


dr? — r?d0? — r?sin?8dq?, (20) 


2 
where n, F and B are unknown constants with W — 2032n-") We set À = 


l+n 
2 . . . . . 
Lr2n-n- . and determine the isotropic sector via the above spacetime. For 
1—-(14-2n-n2)( $) 


this purpose, we evaluate the unknown parameters through the continuity of first 
and second fundamental forms at the junction (3) of interior and exterior geome- 
tries. The exterior of a static uncharged celestial object is defined via Schwarzschild 
metric given as 

r— 2M d — r 
r r—2M 
where M is the total mass of the compact structure. The boundary conditions at 
r = R (R is the radius of compact object) 


ds? = dr? = r?d9? = r? sin? Ody’, (21) 


(g53)2 = (955)9m (Pr)s =0, 


(i)a = (s+) (e)s = Gn). 


554 


are utilized to determine the constants as 


E v M Rxw-3R | 22) 
M 
2M—R 
M 
n= —_., 23) 
R—2M 
2(M? +2MR— R? 
W= AU SAM 24) 
2M? -3MR4 R? 
1 
M?(R — 2M) -w 
F= R| —— ~~ __ 25 
e m ) 
WwW 
2M - R R 
= ——— ——À— | -((n - 2)n - 1)(2M — R) | = R 
eo» = ym sec (-(-2n-0eu- R (F) m. 
x (2M — R) — 4) — 4m,M?R + 4m; M R? — m, R? + 8Mn3 
— 24M? + 8Mn + 16M — 8n? R + 12n?R+ ien). (26) 


Here, the corresponding scalar field has been calculated by following the technique 
in.?? 

'The energy density and pressure of the anisotropic analogue of Tolman V are 
expressed as 


p= cde (rs (rs (ovr + &) + 2ev(r) (rc" + 2«^) + 262 (rs” 


2r?c T 

+ 2€) + 2€? (erv/(r) + ov(r) + + — 1) + r^wap«" (ov(r) 

To = r’sV(s)), (27) 
pr = S (v(r)(s + 20n) + Gn + 1) — 1) + Cs A wens) 

x (av(r) 4-62) — ra (28) 
pı = zs (on 1)rv'(r) + 2on?v(r) 4 gn 2)n — 1) (2n n? +1) 

x (2n? — (n -- 1)W) (3) — 2n? ) + (ov(r) + 2) ( 

ov (r) + & n w 2 
«(Spe eRe) weet) o 
where G = CR YS, e, = ant yantt and G = ((n? —2n—1) (9) 


+1) with anisotropy A = p, — pr. The matter variables are completely specified if 
the deformation function is known. For this purpose, a constraint on the deformation 
function or appropriate EoS is applied to the anisotropic structure. 

In this work, we develop an anisotropic model for strange quark stars by im- 
plementing the MIT bag model. It is hypothesized that the core of a quark star is 


555 


composed of three flavors of quarks: up (u), strange (s), and down (d). We assume 
that the quarks are massless and non-interacting in nature. According to the bag 
model, the pressure and density of quark matter read 


pr= p -B, p=) pi B, fous d,s, (30) 
f f 
where pf and p/ correspond to the pressure and density of each flavor, respectively. 
Kapusta** formulated the EoS for strange quark matter through the relation pf = 
3p/ as 
3p, — p — AB. (31) 
Utilizing Eqs.(27) and (28) in the bag model, we obtain the following differential 


equation 


(orv' (r)c' + ev(r) (2(3n + 8)! + 2rc") + Ware” + Gs + bns’ 


- 1662«' — 4rV (c) + 8rB) + - (erv'(r) + o(6n + 4)v(r) + & 
(6n + 4)& — 4) — 2r?upp«" (av(r) + (2) = 0, (32) 


which is numerically solved along with the wave equation subject to central condi- 
tions (c(0) = 0.2, &'(0) = 0 and v(0) = ve) for V(s) = $m2c?. 

In SBD gravity, the values of coupling parameter greater than —3/2 are allowed 
for m, > 1074 (in dimensionless units). Therefore, the wave equation is solved 
numerically for m, = 0.001. Furthermore, the constants B, F,n remain unchanged 
for the anisotropic sphere whereas wgp is an undetermined free parameter. Thus, 
we choose the value of wep as given in Eq.(26). The constants are computed by 
utilizing the observed mass and radii of three quark star candidates (PSR J1614- 
2230, Her X1 and 4U 1608-52) for c = 0.2, 0.9 and B = 60M eV/ fm?. The values 
of wep and ve for the considered stars are given in Table 1. It is noted that wep 
attains values greater than —3/2 for all stellar candidates. The physical properties 
of the anisotropic stellar model are examined in the next section. 


Table 1. "Values of different parameters corresponding for 
me = 0.001 and B = 60MeV/ fm?. 


PSR J1614-2230 Her X-1 4U 1608-52 


M (Mo) 1.97 0.88 1.74 
R (km) 13 7.7 9.3 

WBD 9.750 15.353 6.593 

Ve (c = 0.2) -5.1 -3.6 -6.8 


4.0.1. Physical Features of Anisotropic Model 


The metric potentials of a well-behaved solution are positive and increase monoton- 
ically.?? The state parameters must observe a monotonically decreasing behavior 
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away from the center. The graphical representations of Eqs.(27)-(29) in Figure 1 
reveals that the strange star model has maximum density and radial/tangential 
pressures in the core. Furthermore, radial pressure is zero at the surface for the 
considered stellar objects. It is observed from the plots of anisotropy that p, > pr 
for 4U 1608-52 whereas anisotropy related to the remaining stars is negative, i.e., 
pı < pr. It is worthwhile to mention here that the GR analog exhibits similar 
behavior.?! 
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Fig. 1. Plots of (a) p, (b) pr, (c) p1 (in km-?) and (d) A of anisotropic Tolman V solution for 
g = 0.2. 
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Fig. 2. (a), (b) DEC for extended Tolman V solution for ø = 0.2. 


As the interior of compact stellar structures consists of normal matter, therefore 
the energy-momentum tensor describing the internal configuration must obey the 
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four energy bounds? 


null energy condition: p+p,>0, p+pı 20, 

weak energy condition: p>0, p+pr>0, p+pi >), 
strong energy condition: p+p,+2p, > 0, 

dominant energy condition: p—p,>0, p—p. => 0. 


The first three conditions require that energy density and pressure components 
remain positive throughout the setup. As the matter variables presented in Figure 
1 fulfil this criterion, the anisotropic Tolman V is consistent with null, weak and 
strong energy constraints. Figure 2 indicates that the decoupled model obeys the 
fourth condition as well. Thus, the constructed model represents a viable quark 
star. 


0.320 


0.315 F 


0310$ 


Fig. 3. Plots of (a)radial/(b) tangential velocities, (c) |v? —v2| and (d) adiabatic index of extended 
Tolman V solution for ø = 0.2. 


The extended version of Tolman V solution is stable if it complies with the 
causality condition which states that velocity of light always exceeds the rate at 
which sound travels, i.e., 0 < v? < 1 and 0 < v2 < 1 (v2 = a. and v2 = r3 
represent transverse and radial components of sound, respectively). It must be noted 
that the propagation of sound waves changes with a change in the medium. Figure 3 
depicts that the extended solution is consistent with the causality criterion for higher 
as well as lower values of decoupling parameter. In order to inspect the anisotropic 


system for potential stability, we implement Herrera’s cracking criterion. According 
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to this approach, if a disturbance in the equilibrium of the system leads to radial 
forces of different signs, the configuration cracks. The condition 0 < |v? — v2| < 1 
ensures that no cracking appears within the compact sphere. This condition holds 
true for the current setup as shown in Figure 3. 

If a stellar model obeys a stiff EoS, it is compact and difficult to compress as 
pressure increases greatly in response to a small change in density. Adiabatic index 
measures the stiffness of the EoS as 
Pr+pdpr — prp.» 

= Up. 
p. dp Pr 
The value of adiabatic index greater than 4/3 corresponds to a stiff matter distri- 
bution.?" The adiabatic index for ø = 0.2 is displayed in Figure 3. The generated 
extension of Tolman V observes the required restraint under the influence of massive 
scalar field. 


T= 


5. Conclusions 


In this work, we have extended a known isotropic solution to the anisotropic do- 
main through the method of gravitational decoupling. Anisotropy has been induced 
in the isotropic matter configuration by means of an additional source. The two 
sources (seed and additional) have been decoupled through a linear transformation 
of the radial metric component. As a consequence, we have obtained two systems 
of differential equations. The first system includes the effects of the seed distribu- 
tion only while the influence of the additional source is restricted to the second 
set. We have considered Tolman V spacetime to represent the first array. The sys- 
tem related to the anisotropic source has been solved by imposing MIT bag model 
on state variables of the anisotropic solution. We have numerically evaluated the 
wave equation for V(s) = 4m2c?, m, = 0.001 and ø = 0.2. Finally, the physical 
behavior of the extended model has been examined for B = 60MeV/fm? through 
energy constraints as well as causality and cracking approaches for the star PSR 
J1614-2230. 

The graphical analysis has shown that the state parameters observe a monoton- 
ically decreasing trend towards the surface and attain the maximum value at r = 0. 
Moreover, the anisotropy corresponding to PSR J1614-2230 is negative. Thus, radial 
pressure is more than the transverse component indicating a presence of attractive 
force within the spherical object. The extended model is composed of viable nor- 
mal matter as it is consistent with the energy conditions. We have established that 
the constructed setup is stable as radial/tangential components of speed agree with 
causality and cracking criteria. The adiabatic parameter is greater than 4/3 which 
indicates that the static model holds itself against inward gravitational pull for the 
considered values of the parameters. Thus, the strange star structure formulated 
via decoupling is physically realistic and stable in the presence of a massive scalar 
field. It is interesting to mention here that all the obtained results reduce to GR for 
ç = constant and wap — oo. 
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The Bianchi I case 


Flavio Bombacigno 


Departament de Física Teórica and IFIC, Centro Mixto Universitat de Valéncia - CSIC, 
Universitat de Valéncia, Burjassot 46100, Valéncia, Spain 
E-mail: flavio.bombacigno @ext.uv.es 


Simon Boudet 


Dipartimento di Fisica, Università di Trento, 
Via Sommarive 14, 1-388123 Povo (TN), Italy 
and 
Trento Institute for Fundamental Physics and Applications (TIFPA)-INFN, 
Via Sommarive 14, I-38123 Povo (TN), Italy 
E-mail: simon. boudet@unitn. it 


Gonzalo J. Olmo 


Departament de Física Teórica and IFIC, Centro Mixto Universitat de Valéncia - CSIC, 
Universitat de Valéncia, Burjassot 46100, Valéncia, Spain 
E-mail:gonzalo.olmo Quv. es 


Giovanni Montani 


Physics Department, "Sapienza" University of Rome, 
P.le Aldo Moro 5, 00185 (Roma), Italy 
and 
ENEA, Fusion and Nuclear Safety Department, 
C. R. Frascati, Via E. Fermi 45, 00044 Frascati (Roma), Italy 
E-mail: giovanni.montani@enea. it 


We show that the Nieh-Yan topological invariant breaks projective symmetry and loses 
its topological character in presence of non vanishing nonmetricity. The notion of the 
Nieh-Yan topological invariant is then extended to the generic metric-affine case, defin- 
ing a generalized Nieh-Yan term, which allows to recover topologicity and projective 
invariance, independently. As a concrete example a class of modified theories of gravity 
is considered and its dynamical properties are investigated in a cosmological setting. 
In particular, bouncing cosmological solutions in Bianchi I models are derived. Finite 
time singularities affecting these solutions are analysed, showing that the geodesic com- 
pleteness and the regular behavior of scalar perturbations in these space-times are not 
spoiled. 


Keywords: Nieh-Yan, metric-affine, Bianchi I, big-bounce 


1. Introduction 


The theory of General Relativity (GR)'? relies on the geometric interpretation of 
the gravitational field, described in terms of a metric tensor and a connection on 
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a pseudo-Riemannian manifold. Both GR and many alternative theories of gravity 
are based on a metric formulation, in which the connection is given by the symmet- 
ric and metric compatible Levi-Civita connection, which is completely determined 
by the metric and its derivatives. An alternative formulation for geometric theories 
of gravity consists in adopting the metric-affine paradigm, in which the metric ten- 
sor and the connection are considered as independent variables. In this approach, 
symmetry and metric compatibility of the connection are not imposed a priori, 
resulting in the presence of torsion and nonmetricity, respectively. Well known ex- 
amples of metric-affine theories are Ricci based gravity,^^ Palatini f(R) theory,’ 
quadratic gravity, Born-Infeld-type models," general teleparallel models,* general- 
ized hybrid metric-Palatini gravity? 1? and metric-affine extension of higher order 
theories.!4 17 

The metric-affine approach plays a crucial role also in one of the current attempts 
15.19 where GR is reformulated 
in terms of a gauge SU(2) connection (Ashtekar-Barbero-Immirzi connection) and 


to quantize gravity, i.e. loop quantum gravity (LQG), 


its conjugate momentum, the densitized triad.?9 7? This formulation, indeed, can be 
derived” by including an additional contribution to the first order (Palatini) action 
of GR, namely the Nieh-Yan (NY) topological invariant??:?6 (the Holst term?" can 
be used as well). The NY term was discovered in the context of Riemann-Cartan 
theory (where nonmetricity is set to zero) and its main property is topologicity: it 
reduces to a boundary term without affecting the field equations at all. This addi- 
tional term is driven by the so called Immirzi parameter 6,2829 
the definition of the Ashtekar variables and is related to a quantization ambiguity.?? 
Attempts to address this issue led to the proposal of considering the Immirzi param- 
eter as a new fundamental field,?! ?? an idea that has been later developed within 
several different contexts.?1: 39,33-40.40-46 The promotion of such constant parame- 
ter to a dynamical field is usually pursued “by hand”, substituting  — f(x) in the 
Lagrangian and possibly adding a potential term V (8). 

More recently, beside LQG the NY term has been studied in the context of 
teleparallel gravity?" and in condensed matter physics.?5 >! 

Another important property we will focus on, is projective invariance,??:5? which 


which concurs in 


has recently been shown to be of crucial importance in metric-affine theories since 
the breaking of this symmetry can give rise to dynamical instabilities.” In this 
regard, we want to stress that the NY term breaks this symmetry. This feature has 
always been neglected in literature and a revision of previous formulations seems 
necessary. Moreover, as will be shown in the following, the topological character of 
the NY term is also lost when nonmetricity is included. 

The approach followed in this note is grounded on the choice of recovering these 
features from the very beginning in the action, without imposing any restriction on 
the affine connection. After a formal discussion, we will implement the gravitational 
model in a cosmological setting. In particular, we investigate Bianchi I models,55-57 
focusing our attention on the emergence of a classical bouncing cosmology.??: 55-64 
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2. The role of nonmetricity in the Nieh-Yan term 


In Einstein-Cartan theory the NY term?*:?Ó is explicitly defined as 
1 1 
NY = 3e” (sr. Too — Pus) l (1) 
where 
HP ov E 3T’ a — 3T” i + [5 sb iy — pr uo (2) 


is the Riemann tensor built with the independent connection and 
S = T DE Dp (3) 


is the torsion tensor. The starting point of our discussion is the observation that for 
a non-vanishing nonmetricity tensor Q,,;, = —V „gvo, the NY term (1) is spoilt of its 
topological character. Indeed, extracting the nonriemmanian part of the Riemann 
tensor leads to9? 


l= 1 vpo 
MSS VeA on T^ w Qox (4) 
where V, is built with the Levi-Civita connection Ty and 
Sp =E Epvp is (5) 


Therefore, when Q,,, 4 0, the Nieh-Yan term does not simply reduce to the di- 
vergence of a vector, and the appearance of nonmetricity spoils the topologicity. 
Let us now consider the behavior of (1) under projective transformations of the 
connection, namely 


I^, = I^, + OPE, (6) 
It can easily be shown that (1) is also not invariant under projective transformations, 
since 
1 nvporpA T 1 pV parm = m 
7E T uv Tapo = a T uv Dy po a ue . (7) 


Now, by looking at (4), we point out that a newly topological Nieh-Yan term can 
be recovered by simply setting 


" 1 
NY* = NY + 5E" "T^, Quos. (8) 
We note that projective invariance is now enclosed as well, since 
1 ~ A 1 
5 Th (d og KC 55 "T^, Qoor = Hone (9) 


which exactly cancels out (7). We stress, however, that projective invariance is 
not strictly related to topologicity, and suitable generalizations of (2) breaking up 
only with the latter can be actually formulated. Let us consider, for instance, the 
following modified Nieh-Yan term 


At 


NYoen = EM. (2m, Typo +2 D Q poa .* Lm) , (10) 


N| = 
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where we introduced the real parameters A, A». In this case the term (10) trans- 
forms under a projective transformation as 


NY gen ze NY gen im (Ai o Aa)£" Sy; (11) 


so that by setting A; = As we can recover again projective invariance, despite 
topologicity being in general violated if A; = A» Æ 1, since 


(Ai =1) 


d Ac 
NYgen =—5V- S+ cue EUIS, Typo + Uu ae, Q (12) 


poA- 


In the following, we will consider the general form (10), which by a suitable choice 
of the parameters A1,» can reproduce all known actions usually studied in literature, 
as the Holst (Ay = A2 = 0) or the standard Nieh-Yan (4) (A1 = 1, Az = 0) terms. 


3. Generalized Nieh-Yan models 


As a specific gravitational model featuring the generalized NY term we consider 
an action defined by a general function of two arguments, the Ricci scalar and the 
generalized NY term (10): 

1 


epe 


no F(R, NI. (13) 
Now, performing the transformation to the Jordan frame leads to the scalar tensor 
representation 

1 


Sy 2K 


J teV=G(6R + BNY yen - W(0,8), (14) 


with $= $F, 8 = ayy and W = $R(¢, 8) + BNYs«. (6, 8) — F(¢, B). 

The scalar field 8 can be identified with the Immirzi field, which acquires in this 
way a dynamical character without the need of introducing this feature by hand 
in the action. Moreover, this formulation offers a viable mechanism to produce an 
interaction term W (¢, 8) as well. Now, the field equation for the connection are 
obtained varying (14) with respect to I". For the full set of equations the reader 
may cosnult,9? while here we are interest in the following contraction 
a 98, 


oy 
op^,,, 


=0 (15) 


which leads to 
(Ay — A3)S" = 0. (16) 


This implies that the features of the solutions depend on the parameters A; and A», 
and when projective invariance is broken (A; # Az) one is compelled to set S,, = 0. 
In this case, (10) can be re-expressed as 


(1— 1) (1— A3) 
3 


HOP 
2 oe 


uii AE (17) 


np? 


T 
NY, = -37:5 
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implying that the generalized Nieh-Yan term (10) is identically vanishing on half- 
shell. In other words, terms violating projective invariance are harmless along the 
dynamics. This can be further appreciated deriving the effective scalar tensor action 
stemming from (14), when the solutions of the full set of connection field equations 
are plugged in it. Explicit calculations (see? for details) lead to 


-g f eva (ote $9,906- (6,5), (18) 


where R is the Ricci scalar of the Levi-Clvita connection. This resembles the form 
of a Palatini f(R) theory, with a potential depending on the Immirzi field as well. 
'The equation for the latter, i.e. 


9W (9, B) 
op 
fixes its form in terms of the remaining scalar field: 8 = G(¢). Then, using the trace 


of the metric field equations, variation of (18) with respect to $ results in the usual 
5 


=0, (19) 


structural equation featuring Palatini f(R) theories,’ i.e. 
OW (9, B 
20 (0,8) -oA =ar, (20) 
B=B() 


where T is the trace of the stress energy tensor of matter. This implies that the 
dynamics of the scalaron ¢ is frozen as well, and completely determined by T. Con- 
ditions (19) and (20) then guarantee that the scalar fields ¢, 8 are not propagating 
degrees of freedom, and reduce to constants in vacuum, where the theory is stable 
and the breaking of projective invariance does not lead to ghost instabilities, in 
contrast to.°4 

If Ay = A2 = A, instead, the projective invariance of the model can be used to get 
rid of one vector degree of freedom, which can be set to zero properly choosing the 
vector €,,. A convenient choice consists in setting é, = — ZQ’ up» Which allows to deal 
only with torsion in the connection field equations. The effective action stemming 
from J ) then reads p 


3ó 1 SDN 
4 /—g a2 vii Ha]; — 

(21) 
where we used the transformation y = f4$^-! and redefined the potential as 


V(ġ, p) = W(ó,vó!-^). In general, the Immirzi field is expected to be a well- 
behaved dynamical degree of freedom, since in the Einstein frame action, defined 
by the conformal rescaling Juv = $ guv, the kinetic term for the Immirzi field takes 
the form 

3. g""V,wV Ly 

2 pr + (1 EE A242 


Since à?^ + (1— A)?y? > 0 for every value of ¢, w and A, (22) has always the correct 
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(22) 


sign and no ghost instability arise. 
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Let us end this section with a remark on how previous results with vanishing 
nonmetricity can properly be recovered. In particular, the Riemann-Cartan struc- 
ture of?2,33,36,37,46,67.69 can be replicated by inserting in (13) the condition of 
vanishing nonmetricity with a Lagrange multiplier, i.e. adding to the Lagrangian 
a term [^""Q,,,, with [^"" = (Pe, Then, results of?2:33:36,37,46,67 69 are simply 
obtained by setting A; = 1. The fact that the usual Einstein-Cartan NY invari- 
ant and related models are recovered in this way, supports the correctness of our 
generalization of the NY term, with respect to other possible generalizations. 


4. Big bounce in Bianchi I cosmology 


In this section we consider dynamical models, i.e. those described by (21), which 
are characterized by a dynamical Immirzi field and look for cosmological solutions 
in Bianchi I spacetimes. In particular, we will be interested in obtaining solutions 
characterized by a bouncing behavior for the universe volume, thanks to which the 
big bang singularity is regularized in favour of a big bounce scenario. 

Let us start from the equations of motion for the metric and scalar fields which 
are given by 


Gu = Tu S (VR — Gurl) b- gos Va s Eu 2 
+ 2» ee on ae ni 2) ; (23) 
2V ($, W) sae 9) GR De (Vv)? = «T, (24) 
ania a OW rar) e = Tae 
(25) 


As will be shown, cosmological solutions can be found for projective invariant models 
(A = 1), and restricting to potentials of the form V (¢, Y) = V(¢). To this end, we 
consider the metric for a Bianchi I flat spacetime, i.e. 


ds? = —dt? + a(t)’ dz? + b(t)?dy? + c(t)?d7?, (26) 


which represents a homogeneous but anisotropic spacetime, with three different 
scale factors a(t), b(t), c(t). We include matter in the form of a perfect fluid with 
stress energy tensor 


Tw = diag(p, a?p, b^ p, c? p), (27) 


where p is the energy density and p the pressure. Assuming the equation of state 
p — wp, conservation of the stress energy tensor implies 
2 


p(t) = oem (28) 
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where u? is a constant. Now, considering a Starobinsky quadratic potential” 


Ves Cor (29) 


a 2 
it can be shown that the equations for the scalar fields yield? 
; _ kod v? f(v) 
LEE = E 30 
v v $ 6okg + v?" (30) 


in terms of the volume-like variable v = abc and the function f(v) = 1 — 2aK(3w — 
1)p(v), while ko is an integration constant. Regarding the metric field equations, 
lengthy computations" allow to rewrite the tt component in the form of a modified 
Friedmann equation: 


na s (H+ 2+ nay) + HA 
2. vU 3 \ v2 ! 6 $?v2 ' 66 
oe (3 ) B 3v d 2 i PU 
p (1 +5 Br $) 
where yu, and u? are constants, representing the anisotropy density parameter and 
the energy density parameter of the Immirzi field, respectively. We note that the 
r.h.s is a rational function of the volume alone. 

In the following we will take into account dust and radiation as matter contri- 
butions, specified by the choices w = 0, u = up and w = 1/3, u = ug in (28), 
respectively. Then, bouncing solutions can be derived for a « 0 integrating Eq. (31) 
for v(t), which then yields the scalar fields behavior via (30). 


4.1. Vacuum case 


It is convenient to first focus on the vacuum case, where f(v) = 1 and up = ur = 0. 
In this case we found the big bounce in the volume variable depicted in Fig. 1, where 
also the behavior of each scale factor is shown. We note that the volume is affected 
71,72 where the Hubble function diverges, while 
the scale factors are always finite and nonvanishing. Such singular points will be 


by a future finite-time singularity 


carefully investigated in the next section studying the geodesic completeness and 
scalar perturbations across them. Here we just note that, in general, quantum effects 
of particle creation"? 76 can produce additional effective terms in the Friedman 
equation, able to regularize singularities of the Hubble function. 

Finally, the scalar fields behaviour is shown in Fig. 2 where the field ¢ asymptot- 
ically reaches unity as t + oo, while the Immirzi field relaxes to a constant Immirzi 
parameter. 


4.2. Radiation and dust 


'The above analysis can be extended to the non vacuum case, including the energy 
density of radiation and dust. A first difference concerns the late time region, since 


aA dot denotes derivatives with respect to time. 
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al — a(t/tpi) 
— b(t/trr) 
— e(t/trr) 


t/tpi t/tpi 


(a) (b) 


Fig. 1. Numerical solutions for a = —5/3, ur; = V3, uA = 0.2ur as a function of t/t pı. Dotted and 
dashed lines represent where bounce and future time singularity happen, respectively. The bounce 


is centered at the origin of time for convenience, and the values of the parameters are chosen in 
order to yield graphs that display features in a clear fashion. (a) Universe volume normalised to 
vp. (b) Scale factors. 
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Fig. 2. Scalaron ¢ and Immirzi field derivative wp for a = —5/3, wr = V3, wa = 0.2ur as a 
function of t/t py. 


both radiation and dust are able to provide an isotropization mechanism for the 
universe, as is apparent studying the anisotropy degree 
(H3 + H? + H2) 

A(t) — zH? 1, (32) 
whose behavior is shown in Fig. 3. Regarding the universe in its early phase, instead, 
two different scenarios may occur, depending on the value of the parameter o. If 
à <a « 0, where à = —27/4,, the solutions are qualitatively equivalent to the 
vacuum case. If à > a, instead, we still obtain a bouncing behavior for the volume 
(See Fig. 4), which however is now devoid of singularities. However, now the scale 
factors either diverge or vanish at some critical time te. 


5. Physical implications of curvature divergences 


As described in the previous section there are two classes of solutions, characterized 
by a singularity in the Hubble function and non vanishing and finite scale factors 


569 


Hp =0 


, up-0 


0 200 400 600 800 1000 
tftpi 


Fig. 3. Asymptotic behavior of the anisotropy degree A as a function of t/tp; after the finite 


time singularity for various values of ug, up and a = —5/3, ur = V3, wa = 0.247. 
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Fig. 4. Numerical solutions as a function of t/tp, for wy = 0.057, ua = 2.4, up = 0.365, 


LR = 1.56 and a = —8.42 < a. The dashed lines represent where the scalaron vanishes. (a) 
Volume normalised to vg, ¢ and derivative of the Immirzi field. (b) Scale factors. 


(Fig. 1) or with regular Hubble function but vanishing or divergent scale factors 
(Fig. 4). In this section we will analyse such singularities studying the behavior of 
null geodesics and of scalar perturbations near the critical time te, at which the 
singularity is located. 

Regarding null geodesics with tangent vector u“ = dx*/ds, it can be shown that 


they admit a first integral of the form?” 
k ky k ko ko kN 
po ~a uu LEN Cc I a | b | e | 
Tt = 22 y = p z = "D t= (3 T p2 T e T Co, (33) 


where prime denotes derivative with respect to the affine parameter s and kg, kp, ke 
and Cp are integration constants. It follows that if a(t), b(t), and c(t) are continuous 
and non-vanishing, as in Fig. 1, the tangent vector to the geodesics will be unique 
and well defined. Therefore, such cases are geodesically complete, a result that holds 
both in the anisotropic and in the isotropic case.” 

In the other class of solutions (Fig. 4), instead, we see that the volume remains 
finite despite the vanishing/divergence of some scale factors. The divergence of 
individual scale factors does not affect the geodesics, but the vanishing of some of 
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them may spoil the continuity and lead to the impossibility of a unique extension 
across te. Indeed, let us consider the case in which one scale factor vanishes at some 
affine parameter s,. In particular, suppose that 


a(s) = ao(s — sc)", (34) 


with y > 0. Then, integrating the relevant equations yields 


ols) =e ; 35 
(s) ag (1 — 27) (5) 
kals — s.) 
t(s) = te + Co(s — sc ; 36 
( ) o( ) ao(1 = x) ( ) 
which are smooth if 0 < y < 1/2 and 0 < y < 1, respectively. Note that if 1/2 < y < 


1, then z(s) ==**, +00, which would imply reaching infinity in finite coordinate 


time. Conversely, if 0 < y < 1/2, then the geodesic path will span the range {t,x} € 
(—oo, oo), and the geodesics would be complete, despite the vanishing of some scale 
factors. However, this result is dependent on how rapidly the zero is reached, i.e. 
we have to determine the value of y relative to the solutions in question. The 
results are shown in Fig. 5 and prove that the solution approaches zero too rapidly, 
corresponding to a value of y larger than 1/2. We are thus forced to conclude that 
the example shown in Fig. 4 does represent a geodesically incomplete space-time. 
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Fig. 5. Outcomes of null geodesics test for a < à. Scale factor a(s(t)) for different values of y. 
The dashed-black line represent the numerical solution a(t) reported in Fig. 4. 


We now turn the attention to the behavior of scalar field perturbations. For a 


scalar mode given by o;(t,Z) = O(t)e'*, one finds® an equation of the form 
, D. k2 2 k2 
Ö +h) o+ +248 | e — 0, (37) 
v @ P c 


where h(v) represents some regular function of the volume v and k = (ke, ky, kz) 
represents a set of constants. From this expression, we see that scalar modes are 
sensible to the presence of the individual scale factors a,b, and c, and of the Hubble 
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function H = ù/3v. If the scalar factors do not vanish anywhere, then any potential 
problems should come only from the term involving the Hubble function, which di- 
verges in te. In particular, in vacuum one finds® the following approximate solution 
near the singularity 


o(t) py 6: T: L e F2helt- t]? (1 ie 2À.|t — m ; (38) 


c 


with Oe, Òa, he constants, from which we see that scalar field perturbations remain 
bounded around t, despite the divergence in the Hubble function. A similar result 
holds in presence of dust and radiation, since 


Owe. mere (3 4 12h. |t — t |^ 


+24h2|t — t; | + 3252|t — s, [/4) ; (39) 


which is easy to see to be again bounded. On the other hand, for a regular Hubble 
function but vanishing scale factors, equation (37) describes a harmonic oscillator 
with a time dependent frequency, 


O(t) + s Olt) 0, (40) 


which diverges as a(t) — 0. Therefore, for the values of a(t) obtained numerically 
in the previous section neither geodesics nor scalar perturbations are well behaved. 


6. Conclusion 


We proposed a generalization of the Nieh-Yan term to metric-affine gravity, by in- 
cluding an additional term featuring nonmetricity and inserting two parameters (A1, 
A23), which allow to recover the projective invariance and the topological character, 
otherwise lost in presence of nonmetricity. In particular, projective invariance can 
be independently obtained by setting A; = Ag = A, whereas topologicity is only 
guaranteed for À = 1. 

As an explicit example, we considered a model with Lagrangian F(R, NYgen), 
which re-expressed in the Jordan frame features two scalar fields. We identified these 
scalar degrees as the f(R)-like scalaron ¢ and the Immirzi field 6 and showed that 
the latter acquires dynamical character and a potential term in a more natural way 
than in previous treatments, where these features are introduced by hand in the 
action. Depending on the values of A; and A», we found two different scalar tensor 
theories. Models with A; Æ A5, are non-dynamical, and the scalar fields are frozen 
to constant values in vacuum. In the projective invariant case (A; = A3), instead, 
the theory is endowed with one additional dynamical degree of freedom, the Immirzi 
field, while the field ¢ is algebraically related to the latter via a modified structural 
equation. 
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Then, we considered in more detail the dynamical models, looking for cosmo- 
logical solutions in Bianchi I spacetimes. We found numerical solutions in which 
the big bang singularity is replaced by a big bounce scenario, in which the universe 
volume undergoes a contraction up to a minimum value and then bounces back, re- 
expanding in another branch. The scalaron and the Immirzi field reach a maximum 
during the bounce and relax to constant values at later times, where the standard 
LQG picture, with ¢ = 1 and a constant Immirzi parameter 8 = fo, is recovered. 
Moreover, the inclusion of dust and radiation turns out to provide an isotropization 
mechanism at late times, a feature that is absent in the vacuum case. 

Such solutions are characterized by future finite time singularities after the 
bounce, either in the Hubble function or in the individual scale factors. In the 
former case, we showed that null geodesics are still well behaved and scalar per- 
turbations bounded, which allows us to conclude that the solution is physically 
acceptable. In the latter case, instead, the study of null geodesics shows that they 
cannot be extended across the singular point, where also scalar perturbations grow 
in time, leading us to regard such solutions as unphysical. 
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Late time cosmology with derivatives of matter Lagrangian 
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A class of modified gravity theories with higher order derivative terms of a function of 
the matter Lagrangian f(Lm) is considered. We will consider the Newtonian limit of the 
theory and show that the model predicts the standard Poisson equation for a massive test 
particle due to the higher order nature of the derivative matter coupling. Generally the 
energy momentum tensor is not conserved, leading to the fifth force similar to f(R,T) 
theories. We will however show that in the FRW background the energy-momentum 
tensor is conserved. Cosmological implications of this model with different functions of 
the matter Lagrangian f will be investigated in details and we will show that current 
observational data can be satisfied. Evolution of the matter density perturbation in the 
longitudinal gauge is also considered for dust matter sources and we will show that the 
observational data can be satisfied in this model. 


Keywords: Modified gravity, Late time cosmology. 


1. Introduction 


'The accelerated expansion of the universe is one of the most interesting findings 
of modern cosmology which is confirmed by observations.! Our first and standard 
treatment to explain this expansion is to introduce a cosmological constant A to the 
standard Einstein Hilbert action so that the Lagrangian of the gravitational theory 
becomes 


L = Sui-2k4 Lm), (1) 


where R is the Ricci scalar and Lm is the matter Lagrangian. Together with cold 
dark matter which takes care of local celestial motions, this theory could explain 
almost all of current observations and is well-known as the ACDM model for cos- 
mology. However, the standard ACDM model suffers from some phenomenological 
and also observational issues such as the cosmological constant problem,? the Hub- 


ble and og tensions,’ etc. In fact there are many attempts to explain these problems 
in the context of ACDM model. For example in,* the authors have tried to explain 
why the og tension is not a problem at all. 

One of the solutions to all of the aforementioned problems is to dismiss the 
cosmological constant in the Lagrangian and search for a new method to describe 
the dynamics of accelerated universe at late times. This can be done by introduc- 
ing extra degrees of freedom to the theory such as scalar-tensor? or vector-tensor 
theories,? or by generalizing the gravitational action itself, such as f(R) gravity the- 


ories’ or massive gravity theories. Another interesting idea among these modified 
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gravity theories, is to introduce some non-standard couplings between gravity and 
matter fields. These theories include minimal couplings such as energy-momentum 
powered gravity? or non-minimal couplings such as f (R,T) theories and their gen- 
eralizations.!? In figure (1) we have summarized the most important generalizations 
of gravitational action. The general property in non standard matter coupling the- 
ories is that the energy-momentum tensor is no longer conserved. This implies that 
we have a fraction of matter creation from geometry in these classes of theories 
which could be tested by observations. 


higher order: /(R). f(G).. 


changing the gravitational EM 
intractions: dRGT, Weyl/Cartan non- die: matter interactions: f(T, Tyu T^") 


= [dz /-g(&? Ry 2A) + Td 


= 


non-minimal matter-geometry couplings: f (R, T, R""T,,) 


higher dimensions: DGP, RS.... adding extra dof: Galileon, Generaliized Proca,... 


Fig. 1. Summary of modified gravity theories from the Einstein-Hilbert action. 


2. The model 


In this paper we introduce a new method to generalize the coupling between matter 
and geometry. Let us consider the evolution of the non-relativistic matter energy 
density with respect to the redshift z which is plotted in figure (2). One can see from 
this figure that the matter density is nearly flat around z z 0. This implies that the 
derivatives of matter density is nearly constant around present time which can mimic 
the cosmological constant (CC). This brings the idea that maybe derivatives of the 
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Fig. 2. The evolution of the pressure-less energy density as a function of redshift z. 
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matter density or matter Lagrangian could play the role of CC and be responsible 
for late time accelerated expansion of the universe. To explore this possibility, let 
us consider the action functional! 


S= f d'ay oa - 29) +a Vf VS + Sm, (2) 


where f = f(Lm) is an arbitrary function of the matter Lagrangian with mass 
dimension 1 and a is a dimensionless constant. It should be noted that the function 
f is a scalar field. As a result, one can consider the a-term in the action, as a 
canonical kinetic term for f. So, the theory (2) is a scalar tensor theory (or a 
simplest class of Galileon theory) where the scalar field is substituted by an energy- 
density valued scalar field. As we will see in the following, this rich structure allows 
us to explain the late time accelerated expansion of the universe. We should also note 
that the theory (2) is different from the so-called f(R, Lm) gravity theories,!? since 
in f(R, Lm) theories, we have non-minimal couplings between matter and geometry 
but here we have a minimal derivative interaction of the matter Lagrangian. 

In order to obtain the equation of motion of this model, note that the definition 
of the energy-momentum tensor is given by 


2 0(V=gLm) 
ag ogee cT 


T, = (3) 


which implies that 


1 
dLm = 3 (Lm9uv — Tus )óg"". (4) 


As a result, one can obtain the equation of motion of the derivative matter coupling 
(DMC) model (2) as 


K (Guy T: Aguv) orf Ly Vm E Juv Lm) 


+a (v. Love qn goo) = a (5) 


Here, prime denotes derivative with respect to the argument. As we mentioned 
above, the term proportional to the coupling constant a@ is the second Galileon 
equation of motion for the scalar field f. 

'The general behavior of the coupled matter-geometry theories is that the energy- 
momentum tensor is no longer conserved. In our model, one can easily obtain 


V"T,, = 2(Tu, — Lmgpv)V"Log|1—of'Of]. (6) 


One can see that in the case a = 0, the energy-momentum tensor becomes con- 
served. Here, we have to note an important property of the model. Let us assume 
that the matter content of the universe could be explained by a perfect fluid with 
Lagrangian Lm = —p and energy-momentum tensor 


Tw = (p + p)UpUr + PI pv: (7) 
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In this case, the non-conservation of the energy-momentum tensor becomes 


V"T,, = —2(p + p) hy, V"Log|1—af' Of]. (8) 


where huv = UpUy + gu, is the projection tensor. On top of FRW space-time, 
the right hand side of the conservation equation (8) vanishes and we recover the 
conservation of the energy-momentum tensor in our model. This is however a new 
feature in the context of matter-geometry coupling theories. 


3. Newtonian limit 


Let us first consider the geodesics of the DMC model. We assume that the cosmo- 
logical constant could be ignored in the low energy limit. One can easily prove that 
the conservation of the energy-momentum tensor (8) for a perfect fluid results in 
the geodesic equation of the form 


d?g^ - 
ja *Dww" =f, (9) 
where 
h^ , 
f^ = -2h Vlog [1 - af f| E. (10) 
pp 


where the new vector field f" represents an extra force inserted to the particles 
moving in the geodesic lines. This will imply that a test particle move along a non- 
geodesic path. This is actually a general behavior of theories with matter-geometry 
coupling. In the low energy limit of the theory the metric takes the form 


ds? = —(1-- 26(Z))dt? + (1 — 29(z))dz?, (11) 


where ® is the Newtonian potential. In this limit, only the (00) component of 
the energy-momentum tensor, namely p, is non-vanishing. If we assume that the 
function f in the Lagrangian is a smooth funciton and could be expanded as a 
power series in p, one obtains 


f = 5 aip. 
i=0 


As one can see from the field equation (5), f appears with at least two derivatives. 
As a result the derivative matter coupling terms could not contribute in the linear 
Newtonian approximation. We then recover the standard Poisson equation as 


V?0(Z) = 40Gp(2). (12) 


One should note that this result is in contrast to the general discussion on the form 
of Poisson equation in matter-geometry coupling theories,!? since in that work the 
coupling is assumed to have a linear contribution to the field equations. 
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4. Cosmology 


In this section, we consider the cosmological implications of the DMC model. Let 
us assume that the universe can be explained by a spatially flat FRW space-time 
with line element 


ds? = a? (t)(—dt? + da? + dy? + dz”), (13) 
where we have chosen the conformal time t with scale factor a. From the field 
equation (5), one can obtain the Friedmann and Raychaudhuri equations as 

6k? H? = a?p — a f? p? + 2&?a? A, (14) 
and 

—Ak? H — 2k? H? = pa? — 22a? A 

+ 2af'(p + p)(f" 9? — FP) 
— 4aH(p * p)f^ — 2af? p?. (15) 


In this paper, we will consider a power-law case for the function f as f — 
*(—La/ pc)". Defining the following dimensionless parameters as 


= Pm = Pr A 
H = Hoh, Pm =-= Pr =Z —, OA0 = = 
fc Pe SH 
2 
EAE ya 
T=—Pm+Pr, pe = 6&5 Hg, b = R’ (16) 


where Ho is the current value of the Hubble parameter and pe is the critical density, 
the Friedmann equation reduces to 


1 
h? = a?(r + Q10) + E (17) 


We note that the matter sources on top of FRW universe is conserved. As a result, 
we obtain 


Transforming to the redshift coordinate, defined as 
1 
LZ; 
a 


and using the above equations, one obtains the dimensionless Hubble parameter as 


14+ z) 5o + 4o 

14 2g = í ; 18 
VR 11642)" 0, 2" d 
We should note that the dimensionless Hubble parameter h has a property h(z = 
0) = 1. In the following, we will consider two different cases, corresponding to the 
vanishing CC and non-vanishing CC. In the case of vanishing CC, one obtains from 
the constraint h(0) = 1 
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In the case of non-vanishing CC, one obtains 
Qao = 1 — mo + 60,2. 


In order to obtain the best estimate on the model parameters, Ho, Qmo, n and 
8, we will obtain the best fit values of these parameters by confronting the model 
with observational data on the Hubble parameter in the redshift range (0, 2).? In 
order to do this, we use the maximum likelihood analysis of the model based on the 
data on Ho. The likelihood function in the case of n independent data points can 
be defined as 


L= Loe X, (19) 
where Lo is the normalization constant, and x? is 


v= cay (20) 


i 


where i indicates the number of data, O; are the observational values, T; are the 
theoretical values and o; are the observational errors associated with the ith data. 
In the present model we have 


1 O; — HoT; \? 
b=toesn| pal o ) 


i 


(21) 


By maximizing the likelihood function, one can find the best fit values of the pa- 
rameters. In the presence of the CC, one obtains 


Ho = 65.91 +323, 
Omo SOA IE. 


B = 0.0041 ops, (22) 


where the + values are the lo confidence intervals. In this case, the CC parameter 
O40 could be obtained as 


Qo = 0.59. (23) 


In figure (3), we have plotted the triangle diagram for this case. It should be noted 
that the parameter values for the Hubble parameter Hp is in agreement with the 
ACDM model, indicating that the present model could not make the Hubble ten- 
sion any better. We can see from the estimate (22) that the matter density Qo is 
more than the ACDM value by 10 percent. Also, the CC abundance of the universe 
reduces up to 10 percent in this model. This in fact shows that the CC could be par- 
tially substituted by a simple derivative matter coupling. In fact, more complicated 
couplings could alleviate the contribution of the CC to the accelerated expansion 


of the universe even more.!! 
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Fig. 3. The triangle diagram corresponding to lo intervals of the model paratmer in the case of 
non-vanishing CC. 


Let us now consider the case of vanishing CC. In this case, all the accelerated 
expansion of the universe should be fully addressed by derivatives of the matter 
Lagrangian. The maximum likelihood analysis in this case gives 


Ho = 69.321335, 
Omo = 0.29 Fao: 


me-021 E. (24) 


In this case on obtains 3 = —0.42. In figure (4), we have plotted the triangle diagram 
for this case. Also, in figure (5), we have depicted the evolution of the Hubble and 
deceleration parameters for the best fit values of the parameters. One can see from 
the figures that the DMC model satisfies the observational data. In fact the Hubble 
parameter is a little larger than the ACDM value for redshifts bigger that z ~ 0.5. 
This implies that the DMC model predicts smaller universe respect to the ACDM 
model. Also, the transition from deceleration to acceleration phase is occurred later 
than ACDM model, which indicates that the universe remains in dust dominated 
universe more than the ACDM model. However, the late time observations is fully 
addressed in this model, thanks to the presence of derivative of matter Lagrangian. 


5. Dynamical system analysis 


In order to see whether the DMC model could explain the cosmic history of the 
universe well or not, let us consider the dynamical system analysis of the model. 
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Fig. 4. The triangle diagram corresponding to lo intervals of the model paratmer in the case of 
vanishing CC. 


Fig. 5. The evolution of the Hubble (left) and deceleration (right) parameters as a function of 
redshift z for the best fit values of model parameters. The red solid line indicates the ACDM curve. 
Also, the error bars are the observational values together with their errors.!3 


We define the dynamical variables as 


ma? Qa? h? Noa? 
Om =a 3 0. — h2 , Qr = a2’ Qa = h2 x (25) 


In the case of vanishing CC, one obtains from the Friedmann equation 


šl- 


3 
(Om + Q,)"-1(30,, + AQ.) 
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In this case, we have two dynamical degrees of freedom. Also, in the case of non- 
vanishing CC, one obtains 


O4, —1— O4, Or 


1 
+ 52 (Am + OS) OU ae, (27) 


indicating that the model has three dynamical degrees of freedom. In figure (6), we 
have plotted the evolution of the dust and radiation abundances and dark energy 
abundance defined as (244,4, = 1 — Qm — Qr, as a function of N = Ina. The dashed 
lines represent the behavior of the abundances in ACDM model, the dotted lines 
indicating the DMC model with CC and the solid lines indicate the DMC model 
with vanishing CC. One can see from this figure, that both cases could fully describe 
the history of the universe as in the ACDM model. 


Fig. 6. The evolution of the dust (blue), radiation (red) and dark energy (black) abundances 
in ACDM model (dahsed), DMC model with CC (dotted) and DMC model with vanishing CC 
(solid). 


In the case of vanishing CC, we have two fixed points corresponding to the 
radiation and dust dominated universe. In table (1), we have summarized these two 
fixed points. The stream plot of the evolution of the dynamical system could be 
seen in figure (7). In this case, there is no stable fixed point corresponds to the 
de Sitter acceleration of the universe. However, we have a stable manifold passing 
through the origin. As we get closer to the origin, the effective parameter of state of 
the model takes negative and larger values we ff < 0 and we have more acceleration. 
In figure (7), we have plotted the wer, = —1 curve as a solid line, indicating the 


Table 1. The fixed points together with their properties 
for the DMC model without CC. 


(Am, Qr) Type Gef f Status 
R (0, 1) Radiation 1/3 unstable 
M (1,0) matter 0 saddle 
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Fig. 7. The phase portrait of the dynamical system of the DMC model in the case of vanishing 
CC. The fixed points can also be seen in the figure. The black solid line indicates the line of de 
Sitter expansion. 


de Sitter expansion. In figure (6), one can see that the dark energy abundance blows 
up at N z 0, indicating the aforementioned property of the model in this case. As a 
result, in this case, the universe could begin from an unstable radiation dominated 
fixed point, fall into the saddle dust dominated point and end at some accelerated 
expanding phase. 

In the case of non-vanishing CC, we have three fixed points as we have summa- 
rized in table (2). In this case, we have all the standard fixed points of the ACDM 
model. However, as one can see from the table, the stable de Sitter fixed point is in 
fact a fixed line, passing through the origin. We have plotted the Q, = 0 plane of 
the phase space in figure (8). In this case, the history of the universe is the same as 
the standard ACDM model. This can also be seen in figure (6). 


Table 2. The fixed points together with their properties for 
the DMC model with CC. 


l (Qm, Qr, Qn) Type ef f Status 
| R (0, 1,0) Radiation 1/3 unstable 
| M (1,0,0) matter 0 saddle 
| A (0,0, x) de Sitter —1 stable 


6. Conclusion 


In this paper, we have considered a new possibility in the class of matter-geometry 
coupled theories namely, adding derivative interactions of the matter Lagrangian. 
We have used an arbitrary function f of the matter Lagrangian Lm which is a scalar 
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Fig. 8. The phase portrait of the dynamical system of the DMC model in the case of non-vanishing 
CC. The fixed points can also be seen in the figure. 


field in nature, and add a canonical kinetic term of f to the action. In fact more 
general Galileon interactions could also be added to the theory which makes the 
late time behavior more reliable. 

The cosmological implications of the theory in the case of vanishing and non- 
vanishing CC was studied in detail and we have found that CC could in part or 
fully be substituted by derivatives of matter Lagrangian. In the case of vanishing 
CC however, the cosmic history of the universe does not have a stable de Sitter 
fixed point and we need some higher order Galileon invariants to make the theory 
reliable. This was done in.!! 

In summary, we have shown in this paper that derivatives of matter Lagrangian 
could be considered more seriously as a reliable modified gravity theory for late 
times. 
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We analyze the Bianchi I cosmology in the presence of a massless scalar field and describe 
its dynamics via a semiclassical and quantum polymer approach. We investigate the mor- 
phology of the emerging Big Bounce by adopting three different sets of configurational 
variables: the natural Ashtekar connections, the Universe volume plus two anisotropy 
coordinates and a set of anisotropic volume-like coordinates (the latter two sets of vari- 
ables would coincide in the case of an isotropic Universe). In the semiclassical analysis 
we demonstrate that the Big Bounce emerges in the dynamics for all the three sets of 
variables. Moreover, when the Universe volume itself is considered as a configurational 
variable, we have derived the polymer-modified Friedmann equation and demonstrated 
that the Big Bounce has a universal nature, i.e. the total critical energy density has a 
maximum value fixed by fundamental constants and the Immirzi parameter only. From 
a pure quantum point of view, we investigate the Bianchi I dynamics only in terms of 
the Ashtekar connections. In particular, we apply the Arnowitt-Deser-Misner (ADM) 
reduction of the variational principle and then we quantize the system. We study the 
resulting Schródinger dynamics, stressing that the wave packet peak behavior over time 
singles out common features with the semiclassical trajectories. 


Keywords: Polymer Quantum Mechanics; Polymer Cosmology; Bianchi I Universe; 
Ashtekar variables. 


1. INTRODUCTION 


'The emergence of a Big Bounce in the quantum dynamics of the isotropic Universe 
is one of the most relevant result achieved in Loop Quantum Cosmology (LQC) as a 
phenomenological implication of Loop Quantum Gravity (LQG)? when applied to 
the cosmological sector.? ? Although, many criticisms have been expressed towards 
the LQC framework, especially regarding the lack of a real quantum description of 
the Big Bounce properties, the unclear equivalence between the so-called improved 
scheme with the original LQC formulation in the Ashtekar variables and the process 
through which the symmetry reduction is performed in order to properly derive LQC 
as the cosmological sector of LQG.!? In this context, Polymer Quantum Mechanics 
(PQM)!!:!? represents a convenient mathematical instrument through which deeply 
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analyze bouncing cosmologies, since it is able to reproduce LQC results at least at 
an effective level and without entering the issues of LQG and LQC. In this work 
we apply PQM to the Bianchi I model in the presence of a massless scalar field 
and we explore both its semiclassical and quantum dynamics in different sets of 
configurational variables,!? in particular the natural Ashtekar connections and two 
different sets of volume-like variables (the anisotropic volume-like coordinates and 
the Universe volume itself plus two anisotropies), following the LQC formulation 
in,13)14 

The paper is structured as follows. In Sec. 2 the theory of PQM is introduced, 
while the original part of the paper is developed in Secs. 3-5. In particular, in Secs. 
3 and 4 it is solved the semiclassical polymer dynamics of the Bianchi I model 
in the Ashtekar variables and in the two sets of volume-like variables respectively, 
then in Sec. 5 a full quantum treatment in the Ashtekar variables is developed 
using a Scródinger-like formalism. Finally, in Sec. 6 some concluding remarks are 
commented. 


2. POLYMER QUANTUM MECHANICS 


PQM is a non-equivalent representation of quantum mechanics with respect to 
the standard Schrödinger one” and is based on the assumption that one or more 
variables of the phase space are discretized. 

Firstly, we consider a set of abstract kets |u) with u € IR. with the inner prod- 
uct (u| v) = uv, where ó,, is a Kronecker delta. This procedure defines the non- 
separable Hilbert space H, 1, where two fundamental operators can be introduced: 
the label operator €, whose action on the kets is given by €|u) = u |u), and the shift 
operator $(A) (A € IR), where (A) = |u + A). The action of $(A) is discontinuous 
since the kets are orthonormal VA. In this sense, the set of kets indexed by yu is said 
to be discrete. 

Now, we consider a one-dimensional system identified by the coordinates (q, p) 
and we suppose that the coordinate q has a discrete character. In the p-polarization 
the wave function writes as (A = 1) Yy, (p) = (p|p) = e'"", the action of the operator 
q is differential and in particular coincident with the label operator. Its eigenvalues 
are precisely the u parameters and constitute a discrete set. On the other hand, in 
this polarization the shift operator acts in a multiplicative way as 


8), (p) = PeP = v, Ly (p). (1) 


As already mentioned, its action is discontinuous; therefore, we must conclude that 
the operator p does not exist since it is not possible to obtain a discontinuous op- 
erator from the exponentiation of a Hermitian one. Similar conclusions are reached 
by analyzing the structure of the q-polarization. Indeed, defining the variable q as 
discrete implies the non-existence of the operator p, which must be regularized in 
order to deal with a well-defined dynamics. In order to overcome this issue, we 
introduce a regular graph Ypo = {q € IR|q = nuo, Vn € Z}, i.e. a numerable set of 


590 


equidistant points whose spacing is given by the scale 9, and we restrict the action 
of the shift operator e^? by imposing À = nuo in order to remain in the lattice. Its 
action is well-defined, so we use it to approximate any function of p in the following 
way: 


1 ; : 
pæ — sin (yop) = z—— (e^ — ete). (2) 
Ho 


2i 
We notice that this approximation is good for pop < 1. Under this hypothesis, the 
action of the regularized p operator is 
Puo lis) = —5— (nt) — Mtn -i))- (3) 
Ho 
In the original part of the paper we will apply this picture to the configurational 
variables describing the Bianchi I cosmology. The interest we have in using a repre- 
sentation of quantum mechanics characterized by a discrete configurational variable 
relies in investigating cut-off effects on geometrical quantities and hence on the cos- 
mological dynamics. 


3. SEMICLASSICAL POLYMER DYNAMICS OF THE 
BIANCHI I MODEL IN THE ASHTEKAR VARIABLES 


In this section we firstly investigate the semiclassical polymer dynamics of the 
Bianchi I model in terms of the Ashtekar variables. The phase space is six- 
dimensional and it is expressed through the canonical couple (ci,pj), which link 
with the scale factors a; and their velocities is 


Di = |egkajak|sign(a;), ^ c; = 'yài , (4) 


with i = 1,2,3 and (c; pj) = &yó;;. In order to implement the polymer paradigm, 
we proceed by imposing the polymer substitution for the Ashtekar connections 


Ie 
c; > —sin( uici), (5) 
li 
so the polymer Hamiltonian constraint with a massless scalar field takes the form 
1 sin(uic;)psin(ujc;)p; | P$ 
H = + =0, 6 
poly ky? V DD nm 2V ( ) 


izj 
where 7,7 = 1,2,3 and V = J/pipzps. This way, we have chosen to define the 
variables p; on three independent polymer lattices (with spacing ui respectively) 
due to their geometrical character. We also choose ¢ as the internal time, so N is 
fixed by the gauge N = Er so that the equations of motion in the polymer 
representation are: 


dp; _ pi cos(Lci) [^ 
dó Yo 

dci = sin(jc;) [E 
dó yHipe Hj 


sin(uc;) + - sin(uey) 
j Hk (7) 


$ Pk . 
sin(pje;) + 2 sin(usey)] 
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Fig. 1. Polymer trajectory of the Universe volume V = ,/pip2p3 in function of time $4: the Big 
Bounce replaces the initial singularity of the Bianchi I model. 


for i,j,k = 1,2,3, i Æ j # k. By identifying proper constants of motion, the 
equations in (7) can be decoupled and the system can be analytically solved. In 
particular, in Fig. 1 it is shown the behavior of the Universe volume V($) = 
pi(o)po(à)pa(Q) as function of ¢. The resulting trajectory highlights that a semi- 
classical Big Bounce replaces the classical Big Bang in the polymer framework. 


4. SEMICLASSICAL POLYMER DYNAMICS OF THE 
BIANCHI I MODEL IN THE VOLUME-LIKE VARIABLES 


In this section we study the dynamics of the Bianchi I Universe for a new choice of 
variables. In particular, the anisotropic character of the Bianchi I model leads to the 
possibility of considering two different sets of volume-like variables, that coincide in 
the case of the isotropic model. 


4.1. Analysis in the anisotropic volume-like variables: (Vi, V2, V3) 


Firstly, we consider three equivalent generalized coordinates which correspond to 
the proper Universe volume in the isotropic limit only:!4 
S CER 
i gn(pi)|pi|? , ni Iinl , 
where n; for i = 1,2,3 are the conjugate momenta and the new symplectic structure 
for the system is characterized by the Poisson brackets {n;,Vj;} = &óij. 
After that the canonical transformation has been performed, we obtain the poly- 
mer Hamiltonian constraint in the new variables by using the polymer substitution 


(8) 


for the momenta 7j, since the variables V; live on the corresponding polymer lattices. 
It reads as 


O Visin(um)Vjsin(ujm;) , P — 
T poly = mV » uii; T 2V = 0, (9) 
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where i, j = 1,2, 3 and V = (Vi V2V3) 8. Analogously, we impose N = + due to the 
choice of $ as relational time, so the Hamilton equations describing the dynamics 
are 


dV; | 9Vicos(uini) E 
dó AYypó 


Es Ve. 
? sin(ujnj) + — sin(iam)| 
Hj Hk 


. (10) 
dn;  9sin(uini) E : Ve. 
= sin(jjnj) + — sin(uknk) 
dó 4yuipé Hj 2 Hk 


for i Æ j # k. In analogy with the previous treatment, we can identify proper 
constants of motion that decouple the system (10) along the three directions. 


: $ 


Fig. 2. Semiclassical polymer trajectory of the Universe volume V — (V4 V2 Va3)1/3 as function 


of ¢. 


By taking general initial conditions according to (9), analytical solutions for the 
anisotropic volume coordinates can be gained. In particular, the Universe volume 
as function of ¢ reads as V (¢) = (Vi(¢)V2(¢)V3(¢))!/3 and its behavior is shown in 
Fig. 2. The Big Bounce clearly appears as a polymer regularization effect instead 
of the classical Big Bang. 


4.2. Analysis in the volume variables: (v, A1, A2) 


In the new set of volume variables (A; = sign(p;)4/|p;|, v = A1A2A3) the Universe 


volume itself v is considered and 71,2 = 2,/p1,2¢1,2, N3 = 24/ TF c3 are the conjugate 


momenta. The Poisson brackets are conserved ({7;,A;} = Ky6i; for i Æ j, i,j = 1,2 
and {73,v} = &y) and the semiclassical polymer Hamiltonian takes the form 


NE (X A; sin(p;m;)v sin(uari) , Àxsin(jam )2o Uo). Ms = 
deny" V Xue pipa pap 2V 


(11) 


Hpoly = 
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where the canonical transformation has been performed before the implementa- 
tion of the semiclassical polymer paradigm on the variables ņ;, as in the previous 
subsection. Analogously, we derive the Hamilton equations for the couple of vari- 
ables (v, 73) 


dv vcos(uarma) E 
u 


ME À2 
= Dm sin(uir) + dn sin(a) 


1 


, 12 
ans = siri (yaa) E sin(uji11) + Bs sinum) i 
do 4yuspo tpa H2 
and also for the conjugate variables (41,11), (A2, n2) 
di; ri COSI Hini dos Aj ; 
= ASN [E sin (uong) + Ži sin(ugn) 
dó tpe Ls My (13) 
dn _ sin(uini) 


U À; 
sin(u3n3) + — sin(x m| 
s Hj A 


do 4y LiPo 
where we have used N = + in order to derive the dynamics of the model in function 
of the relational time @. 

Once fixed the initial conditions on the variables (A1, 71), (A2, 72), (v, 73) accord- 
ing to (11), we can solve this system analytically since the 3D-motion is decoupled 
in three one-dimensional trajectories, thanks to the use of constants of motion anal- 
ogous to those ones of the previous cases. In particular, the analytical solution for 
the Universe volume v(¢) clearly resembles a bouncing behavior, as shown in Fig. 3. 
Also, by choosing a particular shape for these constants of motion, we find the fol- 
lowing convenient form for the polymer-modified Friedmann equation of the Bianchi 
I model in the proper volume variables: 


H’? = , (14) 


rad EE e K 


54 v? 3 2v? 2 


2KY 


where we have fixed pı = u2 = p3 = pu without loss of generality. In (14), 
the additional term K?/2v? reasonably mimics the energy-like contribution of the 


v4) 


-2 -1 0 1 2 


Fig. 3. Semiclassical polymer trajectory of the Universe volume v(4). 
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anisotropies to the total energy density (K is an arbitrary constant) and the total 
critical energy density results to be 
3 
tot 

Perit = Aa? (15) 
so it has universal features since it is independent from the initial conditions on 
the motion. By concluding, thanks to equation (14) we have inferred the physical 
properties of the critical point, showing that taking the Universe volume itself as a 
configurational variable makes the Big Bounce acquire universal physical properties. 


5. QUANTUM ANALYSIS 


The purpose of this section is studying the Bianchi I model in the Ashtekar variables 
at a quantum level by applying the Dirac quantization. Firstly, we perform an ADM 
reduction of the variational principle at a semiclassical level in order to deal with 
a Schródinger-like formalism. More specifically, after choosing the scalar field ¢ as 
the temporal parameter, we derive the ADM-Hamiltonian by solving the scalar 
constraint (6) with respect to the momentum associated to the scalar field: 


= 2 sin(uici)pi sin(p;c;)p; 
Po = HADM = Vo, o - : 5 (u )p (uj j)bj : (16) 
Ny pip 


where i,j — 1,2,3. We choose the positive root in order to guarantee the positive 
character of the lapse function (see Sec. 3). Now we promote the ADM-Hamiltonian 
to a quantum operator, obtaining the following Schródinger-like equation: 


-iost = VO", VO = 2, (0.0.33. 0.0.)] ^. (m 


[tan (Ex )] + zi. The associated prob- 


where we have used the substitution 2; 2: 


—]n 
ability density is P(z,$) = W*(x, 6) V(Z, ¢), where 


oo 3 
V(z, à) =| dis, dks dks T] exp |- M— 


2 
201. 


728 i=1 
x giga baa E kata AJ 2|ki ka - ki ka 4-k2 ka |o) . (18) 


Now we can analyze the quantum dynamics of (18) by following the peak of 
the probability density P over time, in order to verify the consistency between the 
information carried by the quantum wave packet of the Bianchi I model and the 
semiclassical solutions provided in Sec. 3 when the Ashtekar variables are consid- 
ered. In Fig. 4 some different sections of the probability density P at different values 
of à are shown. As we can see, their spreading behavior over time is evident, as well 
as their gaussian-like shape. Also, in Fig. 5 the position of the peaks of P are repre- 
sented by the red dots and have also been fitted by means of a linear interpolation. 
The resulting fitting functions are represented by the red dashed straight lines, 
while the semiclassical trajectories by the continuous straight ones. In particular, 
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Fig. 4. The normalized sections P(2;,¢) are shown in sequence for i = 1,2,3 respectively at 
different times (here We, = Hk = Mes = 0, Ok; = Ok, = Ok 1/2). Their spreading behavior 
over time is evident together with the gaussian-like shape. 


3 


ea 


Fig. 5. The three pictures show the position of the peaks of (z;, $) for i = 1, 2,3 respectively in 
function of time ¢ (red dots). The resulting fitting functions (red dashed straight lines) overlap the 
semiclassical trajectories (continuous lines) with a confidence level of three standard deviations. 


the slope of the fitting straight lines is consistent with the semiclassical one with a 
confidence level of three standard deviations for all the three coordinates. Therefore, 
we conclude that there is a good correspondence between the quantum behavior of 
the Universe wave function and the solutions of the semiclassical dynamics. 


6. CONCLUDING REMARKS 


In this paper we analyzed the polymer semiclassical and quantum dynamics of the 
Bianchi I model with a massless scalar field in the Ashtekar variables and in two 
sets of volume-like ones. In the polymer semiclassical analysis we obtained a bounc- 
ing behavior in all the three sets of variables. Also, a polymer-modified Friedmann 
equation of the Bianchi I model has been derived when the Universe volume itself 
is considered as a configurational variable. This way, the proper expression of the 
total critical energy density has been provided, giving a complete picture of the Big 
Bounce and showing its universal features, i.e. its dependence from fundamental 
constants and parameters only. Finally, by performing an ADM reduction of the 
variational problem, we passed to a Schródinger-like formalism and then we im- 
plemented the canonical quantization in the Ashtekar variables. In particular, the 
study of the probability density behavior has outlined a good correspondence be- 
tween the dynamics of the quantum Universe wave packet and the corresponding 
semiclassical trajectories. In conclusion, due to the role of the Bianchi I model in 
constructing the general cosmological solution, this study acquires a great relevance 
in order to understand the properties of the primordial Universe. 
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A quantum state in a Bianchi II model is studied as it approaches the cosmological 
singularity, by means of the evolution of its moments. Classically this system presents a 
transition between two Bianchi I models. This phenomenon is described by a very specific 
and well-known transition law, which is derived based on the conservation of certain 
physical quantities. In the quantum theory fluctuations, as well as higher-order quantum 
moments, of the different variables arise. Consequently, these constants of motion are 
modified and hence also the transition rule. We focus on the so-called locally rotationally 
symmetric and vacuum case, as a first step towards a more complete study. Indeed, the 
future goal of this research line is to generalize this analysis to the Bianchi IX spacetime, 
which can be seen as a succession of Bianchi II models. Ultimately, these results will 
shed light on the role played by quantum effects in the BKL conjecture. 


Keywords: Bianchi II; local rotational symmetry (LRS); quantum Bianchi spacetime; 
Bianchi transition. 


1. Introduction 


Close to a spacelike singularity, it is conjectured that the classical dynamics of any uni- 
verse follows a chaotic behavior, according to Belinski-Khalatnikov-Lifshitz (BKL).! 
In this scenario, the dynamics of each point is decoupled from the rest and can be 
described by a Bianchi IX spacetime, which can be understood as a succession of 
Bianchi II models.! This model is much easier to analyze than the full Bianchi IX 
dynamics, and therefore provides a good first step to study the full BKL scenario. 
More precisely, as it was described in Misner's seminal work;? in the Bianchi II model 
the system undergoes a single transition between two Bianchi I models. However, 
close to the singularity quantum effects are expected to become relevant, and thus, 
in the present work we will analyze how they modify this classical transition. 


2. Classical Model 


A Bianchi II model is a type of spatially homogeneous but anisotropic four- 
dimensional spacetime. If we follow the usual 3+1 decomposition in order to describe 
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the model canonically, the vacuum Hamiltonian constraint of this system is found 
to be 
pl 2 

pros be pn queue (1) 
where a describes the spatial volume and 34 are the shape parameters that encode 
the spatial anisotropy of the spacetime. These are the so-called Misner variables 
and p, and p+ are their corresponding conjugate momenta. If œ is chosen as the 
internal time, the physical Hamiltonian of the system takes the subsequent form: 


d (2) 


'This is the most general vacuum description but, in order to further simplify the 


H:= -po = (pip? + 26% **+) 


problem, we will remove one of the shape parameters by imposing G_ = 0 = p_, 
which is known as the locally rotationally symmetric (LRS) case. Consequently, the 
Hamiltonian (2) is reduced to: 
H = (p? + 26107885) 7. (3) 

where, for compactness, 8 :— G4 and p :— p, have been defined. 

This model presents a singularity, even in the particular LRS case, precisely 
when a — —oo. Hence, we will be interested in studying the evolution towards this 
limit. For this purpose, the first step is to obtain the equations of motion: 


EM d 
CES 8 4a —88 
p= H* , (5) 


where the dot represents the derivative with respect to the internal time o. From 
(4)-(5) we note that, when the exponential term e4278 is negligible, the equations 
of motion can easily be solved. Under such an assumption, p would be a constant 
of motion and, in this sense, the system would follow a free dynamics, whereas the 
shape-parameter 3 would be a linear function of a: 


B = sign(p)a + c, (6) 
with an integration constant c. During this period the system is equivalent to a 
LRS vacuum Bianchi I -or Kasner- solution. This Kasner regime is completely 
characterized by the values of the constants of motion p and c. As illustrated in 
Fig. 1 and Fig. 2, if we begin the evolution towards the singularity in one of these 
regimes, with p > 0 and at large values of a, the shape parameter f follows the linear 
behavior as given in (6) until the exponential term e**—5? ceases to be negligible. At 
that point, a transition happens and the system enters in another Kasner regime. 
In order to study this transition, a useful procedure is to exploit the conserved 
quantities of the system. The mentioned constants of motions are found to be the 
following: 


Ry, := 2H —P, (7) 
Rə := e? +8) (H — p). (8) 
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Fig. 1. Classical evolution of the variable 8 with respect to a, where p > 0 for large values of a 
and f. 
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Fig. 2. Classical evolution of the variable p with respect to a, where p > 0 for large values of a 
and B. 


If we evaluate these quantities in the initial and final states and equate them, we 
obtain a system of two equations, which relate the parameters of the first Kasner 
epoch (c, p) with those of the second one (c, p). Thus, after solving it we obtain the 
law that describes the transition between the two Kasner regimes, namely: 


1 
p——-75 9 
p 3P (9) 


1 2 
T= —3¢— = In| $$ ). 1 
€ C 1163 (10) 


3. Quantum Transition Rules 


Once that we have provided a canonical description of the classical model, we are 
ready to develop the quantum analysis. The quantum dynamics is governed by the 
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following Hamiltonian operator, which is defined from the classical one and chosen 
to be Weyl-ordered, that is, with a totally symmetric ordering of the basic operators: 


1/2 


(p, B) = (p? + 2635-99) (11) 


Weyl ` 


Then, instead of studying the evolution of the wave function itself, we follow a 
formalism developed for quantum cosmology and quantum mechanics in general, 
which is based on the moment decomposition of the wave function. Thus, according 
to this formalism, the system is fully described by the expectation values of the basic 
variables, 


6:= (8), p= (B) (12) 
as well as the following infinite set of quantum moments: 
A(B'p!) =((8 — BY (P — p) wey (ij €N). (13) 


The sum of the indices 7 + j will be referred as the order of the corresponding mo- 
ment. The evolution of these variables is ruled by a quantum effective Hamiltonian 
Hg, that is defined as the expectation value of Å. By performing a Taylor expansion 
around the expectation values of B and p, it can be written as the following infinite 
series: 


Ho = (A (ô, B)) (14) 
e. 1 87 H(B,p) a: 
= H(8,p) + "uw Sater AWP); 
5 2-, ij! Ofiüp 


where H(B,p) is the classical Hamiltonian (3). This effective Hamiltonian Hg en- 
codes the complete dynamical information of the system. Indeed, the equations of 
motion for the variables of the system —8, p and A(f*p/)—- are obtained by comput- 
ing their Poisson brackets with Ho: 


d OH, 
Z = (Ho) = e, (15) 
d OH, 
dac Hebe (16) 
dA(B*p) T 
AGP) — (A('p)), Ho) (17) 


{A(6*p’), A(8" p")), 


+00 m+n 
=> 1 O"""H(B,p) 
zit min!  Ofmàgpn 
where the Poisson brackets between expectation values are defined in the usual way 
in terms of the commutator, that is, {(A), (B)) := —i([A, B])/h. Let us emphasize 
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that this evolution of the variables is completely equivalent to that given by the 
Schródinger picture in terms of the wave function. 

We observe that the classical Hamiltonian H defined in (3) is not polynomial, 
which means that the series in (14) is indeed infinite and it is not truncated at certain 
order. Thus, the equations of motion (15)-(17) form an infinite system of coupled 
equations. Therefore, in order to study and compute the dynamics explicitly, a cut- 
off must be introduced. That is, we will consider all the moments of order higher 
than a certain value N to be vanishing: 


A(6'p’) +0 for i+j >N. (18) 


In fact, such a truncation corresponds to considering a semiclassical regime, where 
the quantum state is peaked on a classical trajectory and hence the high-order 
moments are negligible. 

However, even if we apply a cut-off, instead of solving the coupled system of 
equations for any value of a, we will focus on the so-called Kasner regimes, as we 
have done in the classical analysis. During these periods, the equations of motion 
take the form 


—— & sign(p), zn & 0, A & 0, (19) 
which are immediate to solve: 
B ~ sign(p)a + c, (20) 
p= const., (21) 
A(B p!) e const., (22) 


with an integration constant c. Comparing these results with the classical ones, we 
observe that the behavior of p and £ in these states remains identical in the quantum 
analysis. Moreover, the moments hold a constant value. In summary, the parameters 
that characterize each quantum Kasner epoch will be, as in the classical case, the 
constants c and p, along with the infinite constant set of moments A(6'p?). Then, 
in order to analyze the transition between two of these quantum Kasner regimes, 
we will once again exploit the constants of motion. In this quantum scenario, the 
conserved quantities are found to be the expectation values (R,) and (ft), where 
Ê; and Rs are the operator counterpart of the classical conserved quantities (7) 
and (8). In fact, any of the following combinations is also a constant of motion: 


(RP RT) = const., for m,n € N and i,j € {1,2}. (23) 


Nonetheless, as a technical subtlety, it must be mentioned that the choice of ordering 
of these operators is far from trivial: one must find the proper ordering so that they 
are conserved. Furthermore, at higher orders in moments, there may appear some 
terms that go with some explicit powers of A. A more detailed discussion about 
these issues can be found in.? 
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Based on the classical results, we will consider that we have an initial Kas- 
ner regime characterized by the parameters (c,p,A(8*pj)) and that, as we ap- 
proach 1 the s singularity, another such regime is reached described by the parameters 
(€, p, A(B*pJ)). Hence, if we evaluate the constants of motion in these two states 
and equate them, we obtain a system of algebraic equations that relate the different 
parameters. After solving this system, we get the quantum transition law, which 


takes the following form: 


1 
zig 24 
p 3P (24) 
" 1, (2p? N (1) 
= —3¢— ` ln | — A(p” 25 
ca D AP, (25) 
PME N—(m--n) m » 
mnkl 
A(Bmpn) = Ny ago pet E) (26) 
1=0 ko P 


LN/A4] 
+O YS SR Aw) AG rrr + Vo Sone ge, 


r=2 k=0 l=lmin D k-i P 


where N denotes the order of the truncation. On the one hand, as can be seen 
from (24), the transition law for p remains identical as the classical one. However, 
we do obtain some quantum corrections for the transition law of 6, as can be 
seen by comparing (10) with (25). Nevertheless, as expected, if all the moments 
are set to zero we recover the classical transition law. On the other hand, the 
transition law for the moments can be written in the compact form (26), with 
certain numerical coefficients amnkl, Omnkir ANd Cmnk- Up to fifth order in moments, 
we have obtained the explicit expression of these coefficients and we refer the reader 
to? for the detailed expressions. If we analyze this formula in detail, we observe that 
it is linear in all of the moments except for some quadratic terms that contain pure 
moments of p. Moreover, regardless of the order of the truncation, there is a strong 
dependence on the index m of the shape parameter 8 of the corresponding moment. 
In particular, this index determines which initial moments will directly affect the 


value of a given final moment. For instance, the value of A(p”) (which corresponds 


to m = 0) only depends on the initial pure p-moments A(p”). Nevertheless, the 


oN 


value of A(Bp"), that is m = 1, depends not only on pure p-moments, but also 


on A(Gp”). In general, the value of the final moment A(8™p”) will depend on the 
initial moments A(8Jp*) with j € m. 


4. Quantum Dynamics 


Once we have studied the asymptotic characteristics of this model in the Kasner 
regimes, we complete it by performing a numerical analysis to examine in detail its 
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dynamical evolution. For this purpose, we have chosen an initial Gaussian state, 
namely 
2m)Y(2n)! 


A (Bip) = 2720 en pemg- L (27) 


m!n! 
for Vm,n € N, and vanishing otherwise. As expected, the numerical study shows 
that starting from high values of a and evolving towards lower ones, the system 
follows the Kasner dynamics until it undergoes a transition, which happens near 
a = 0. This transition takes place in a very small period of time and then the system 
reaches its final equilibrium value -the final Kasner regime- very quickly. 

Regarding the evolution of the expectation values p and £8, we remark that they 
remain almost identical as in the classical case, that is, as depicted in Fig. 1 and 
Fig. 2. In fact, only in a very close zoom into the transition (near a = 0) we can 
appreciate a slight modification in their evolution: quantum effects slightly increase 
the value of p and 8 during the transition. 

Moreover, the evolution of the moments show that during the initial Kasner 
regime they hold a constant value, at certain point they begin to perform strong 
oscillations and then quickly relax to their final constant value, which characterizes 
the coherent state during the final Kasner regime. The precise dynamics of the 
moments are quite complicate but, if we look into the transition in more detail, 
some general features can be detected. For instance, we remark that the higher the 
index of p, the earlier the moments reach their final equilibrium value. Furthermore, 
we observe that the lower the order of a given moment, the sooner it starts to 
oscillate and with a larger amplitude, which is in agreement with the semiclassical 
hierarchy of moments we are assuming. More specifically, at each given order the 
pure fluctuations of p show the biggest amplitudes. In addition, moments with at 
least one odd index, i.e., the initially vanishing ones, present more oscillations. 

It is particularly interesting to observe that the moments that were vanishing in 
the initial Kasner epoch -due to the choice of the Gaussian state- are not vanishing 
in the final one, due to the mentioned oscillations. This is indeed an expected 
outcome according to the transition laws (26). However, it means that even when 
we choose an initial state where there are no correlations between f and p, the 
transition will generate correlations for the final state. In particular, all the initial 
vanishing moments are activated in a similar way: as they approach the transition 
they experience an excitation and start to grow exponentially, until they begin to 
oscillate. 


5. Conclusions 


In summary, we have described the quantum LRS Bianchi II model making use of a 
decomposition of the wave function into its infinite set of moments. For the classical 
case, we have obtained the explicit constants of motion for the full dynamics, and 
thus we have completely integrated the equations of motion. For the quantum case, 
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making use of the conserved quantities (23), we have been able to obtain the exact 
quantum transition law for every variable (24)-(26) up to fifth-order in moments. 
Furthermore, by performing a numerical analysis of the model, we have studied 
the dynamical part of the evolution. In particular we have focused on the region 
where the transition takes place, and we have derived some general features of the 
behavior of the different variables. The follow-up of this work is to remove the LRS 
symmetry and to study the most general Bianchi II model. Then, the next step will 
be to extend the analysis to the full Bianchi IX model, and ultimately, to obtain 
the quantum corrections to the BKL transitions. 
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Using the quaternion framework (Q-math), we show that the specific mathematical equa- 
tions born in “quaternion medium” in physical units become known physical laws. In 
particular, it is shown how one can discover immanently hidden “geometric physical 
laws”: Cartesian frames, equations of electrodynamics, Q-vector formulation of the rel- 
ativity theory. One can also find the linked logical chain between laws of quantum, 
classical, and relativistic mechanics. 
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1. Introduction: Hypercomplex Numbers 


We draw attention to the mathematics of hypercomplex (HC) numbers, which, by 
analogy with differential geometry so fruitful for modern physics, can serve as an 
exceptionally rich environment. The HC math set comprises, first of all, four “good” 
algebras of real, complex, quaternion (Q) and octonion numbers; the Frobenius- 
Hurwitz theorem states that these are the fundamental division algebras admitting 
the identities of squares (Table 1). 


Table 1. Classical “good” HC algebras 


Algebra of Symbol Number of units Coefficients Division, 
numbers (real, imaginary) at units Multiplication identity 
of squares 
Real R 2° =1 (1, 0) real commutative, associative + 
Complex C 21 — 2 (1,1) real commutative, associative + 
Quaternion Q,H 2? — 4 (1,3) real non-commut., associative + 
Octonion O 23 = 8 (1, 7) real non-commut., non-assoc. + 


“Close in spirit” algebras of “not good” HC numbers: double (perplex, split- 
complex), dual, biquaternion numbers (all having zero dividers) must be also men- 
tioned here because their units can be structured similarly to the units of “good” 
numbers. 

These sets of HC numbers, together with their adjacent domains (spinor ele- 
ments and related groups), deserve to be considered not only as suitable or helpful 
mathematical instruments but also as an environment in which physical laws (once 
discovered empirically or heuristically) turn out to be immanently contained. 
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Without loss of generality here we make an accent on the still associative but 
non-commutative algebra of quaternion (Q-) numbers. Nonetheless, under the term 
“Q-math set" we imply the Q-numbers, biquaternion (BQ) numbers, specific Q- 
spinor set, and relevant invariance groups. Due to Heaviside and Gibbs with their 
palliative vector algebra, the Q-math set was unfairly abandoned in XX century 
though rarely emerging just as an exotic math tool (see e.g. Ref. 1). However, 
firstly incidental findings and later systematic investigations demonstrated that the 
Q-set contains many geometric images and equations closely related to fundamental 
physics. Here is a brief review of the revealed Q-math — physical coincidences. 


2. First Physical Findings in Q-Math 


Discovered by W.R.Hamilton in 1843, Q-numbers are built on one real scalar unit 
1 (normally omitted in formulas), and three non-commuting imaginary vector units 
i, j, k = qn; coefficients at the units a, bn are real 


q =a + bii + boj + b3k = a + bnqn. (1) 
The multiplication law for the units has the form 
did» = —Skn + EknjAj, lida — dal, (2) 


Ókn; Eknj are 3D Kronecker and Levi-Civita tensors, index summation rule is implied. 
This algebra appeared to be near as “good” as that of complex numbers. With 
the definition of conjugation q = a — bnqn a Q-number may be endowed the norm 
lall = qq = qq = a? +bnbn, then the algebra admits division (q2/q1 )ieft = d142/ Ila | 
(right and left as multiplication) and comprises the identity of four squares ||qiq2|| = 
lull lal 


2.1. Cartesian frame 


Hamilton was the first to realize that Q-imaginary units automatically behave like 
three vectors initializing an orthogonal frame which was empirically postulated by 
Descartes two hundred years before; in fact, this observation appeared to be the 
first Q-math — Physics coincidence. However, the scalar unit until recently had no 
clear geometric image (see below). 


2.2. Electrodynamics 


The next finding occurs a century later. Nearly abandoned quaternions (due to 
the predominance of the “vector algebra”), nonetheless had their faithful support- 
ers. One of them Rudolf Fueter considered ways to build a theory of functions of 
quaternion variables. In 1937 he published a series of papers (e.g., Ref. 2) where a 
Cauchi-Riemann-type differentiability condition 


| f(i8 ð u 
ae = (25 ing) F=0 (3) 
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for a vector BQ-function F(u) = (Hy + iEt)qi of a BQ-variable u = —ict + tndn 
was postulated. It was a great surprise to reveal that Eq. (3) written in the form of 
“imaginary” and “real” parts (in the C-algebra sense) 

i OH; OE, | OE, 10E, OH; OH. 

c ot “Ox, Om, Dp aes Oan V 


“imaginary” part "real" part 


d,F = 


eventually (in the Q-algebra sense) decays into four real equations which exactly 
coincide with the vacuum Maxwell equations of electrodynamics. 


2.3. Pauli basis for Q-algebra 


Here we must recall one more event concerning Q-math non-directly, but very im- 
portant. In 1927 Pauli suggested his mechanical equation for a charged quantum 
particle in an exterior magnetic field. To describe spin-magnetic field interaction he 
heuristically introduced three traceless 2 x 2-matrices with determinants equal to 
-1. Later analysis showed that these matrices multiplied by — together with the 
unit 2 x 2-matrix form a set of Q-units identically obeying the product rule (2) 


10 .(01 .(0—3 . (1 0 
i (95) a= (fo @=-i (| ah =i h) (4) 


It is important to note that representation (4) is the simplest one but not unique. 


3. Form-Invariance of Q-Multiplication and Q-Spaces 


Within the last three decades, the interest in Q-math has grown greatly; in current 
databases, one finds hundreds of relevant pure math investigations as well as Q- 
number links with physics (see e.g. Ref. 3). The first natural aspect of this research 
concerns the stability of the multiplication law (Eq. (2)) under changers of the 
imaginary (vector) Q-units qn, i.e., under changes of the geometry of the Q-frames. 
A simple analysis shows* that Eq. (2) keeps its form under transformations of the 
vector Q-units by the vector group SO(3,C) or by 1 : 2 isomorphic to it the spinor 
(reflection) group SL(2,C) 


Gn’ = On'mam > 0€50(3,0; qn =UqnU™! > U € SL(2,C). (5) 


In general case each group has 6 independent parameters, implying natural iso- 
morphism with the Lorentz group. Three real parameters just rotate the frame in 
the 3D space; three imaginary parameters perform respective hyperbolic rotations 
(though specific since only the 3D frame’s vectors are involved). 

The Q-units derivatives by the parameters ®¢ can be defined as 


dq (92) = we kn An de, (6) 
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Fig. 1. Q-space of general type with full affine connection (Riemann + contortion + non- 
metricity) and full Q-connection (proper + Q-nonmetricity) generates at least 13 variants of dif- 
ferent Q-spaces. 


with wezn being some coefficients skew in vector indices. If the parameters are 
functions of space-time coordinates x“, then the Q-unit derivatives acquire the form 

x = Te u knQn = NQakndn; (7) 
Qakn can be associated with a connection of a specific vector space each point 
of which is an initial point of a Q-frame. This additional geometric property can 
be endowed to any space-time (e.g., already curved), thus making it a Q-enriched 
differential manifold with supplementary components of affine connection (therefore, 
curvature).? 

For instance, apart from “standard” Riemann, Cartan, and non-metricity terms, 
the Q-space geometry can include respective proper Q-connection (giving zero cur- 
vature), Q-torsion, and Q-non-metricity. This gives a greatly wider scheme of the 
space geometry classification, hence greater possibilities to formulate generalized 
versions of relativistic theories of gravity comprising models with distributed polar- 
ized sources (Fig. 1). 
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4. Equations of Mechanics in Quaternion Frames 


4.1. Representation of Newton's dynamic equation in rotating 
Q-frames 


For real parameters ®¢(t) of the subgroup SO(3, R) € SO(3,C) dependent only 
on time provide one gets a special type of the Q-connection components which 
in this case are physically equivalent to angular velocities of the Q-frame space 
rotations ()j, = Dewe kn. Together with the Q-vector form-invariance conditions 
r = rijq; = Tn Qn, f= fq; = fn da (specific force), this helps to rewrite “inertial” 
Newton’s dynamic equation 4 (rjq;) = faz in an arbitrarily rotating Q-frame 
q;(t) 


Pf (8) 


The Q-vector components of Eq. (8) are 
its form in the traditional vector notations is 


£4 2/2 x v] + [È x r] + [Q x [rx €] = f. 


Equation (8) fits for any arbitrarily complex rotations of the reference system; in 
particular, it describes very well the dynamics of bodies observed from the so-called 


chasing frames. 


4.2. BQ-vector version of the theory of relativity 


Full group SO(3, C) preserve form-invariance of the following “time + space" BQ- 
vector 


dz = (idtey + dtp) Qn, ekek =l, ekdzk = 0, (10) 


which can be regarded as a specific ^quaternion square root" from the space-time 
interval of special relativity dz? = dt? — dr?. This gives a chance to build a specific 
BQ-vector relativity theory (Fig. 2), with the basic correlation given by Eq. (10) 
and the generalized “rotational equation" 


XY'-OX, Y={aqe}, O€ SO(3,C); 


this “rotational relativity” gives all effects of Einstein’s Special Relativity, but a 
different model of the universe, which in this case is (3+3)D. However, the most 
suitable (and fruitful) theory is for solving problems with non-inertial frames, di- 
rectly giving solutions for the so-called hyperbolic motion, Thomas precession, linear 
relativistic oscillator, and relativistic shift of planets’ satellites.® 7 As well, this the- 
ory straightly admits a format of Newton-type dynamic equation for relativistic 
particles.® 
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Fig. 2. Minkowski diagram for relativistic harmonic oscillator (1 cycle). 


5. Q-Math Version of Pregeometry and a Matrix Image of the 
Complex Number 


In search for the nature of quantum physics, J. A. Wheeler heuristically sug- 
gested a concept of pregeometry which “breaks loose all mention of geometry and 


distance" .? 


5.1. Spectral theorem and fractal surface “under 3D Q-geometry” 


Within Q-math this concept of pregeometry can be in a way associated with a 
specific fractal surface (with dimensionality 1/2), being a type of subspace of 3D 
geometric space generated by Q-triad q, (Fig. 3). 

An area of the fractal surface (2D-cell) is formed by two vectors, a dyad, which 
originates as a bi-orthogonal basis of vectors {yt, ~~} and convectors {yt, p7} 
within the framework of the spectral theorem since vector Q-units can be repre- 
sented as simple non-degenerate matrices. In particular, the fractal dyad vectors 
may appear as right and left eigenvectors of one vector Q-unit. Unexpectedly it 
turned out that all four quaternion units are, in fact, structured, since they can be 
built from only one set of a Q-unit’s eigenvectors (and co-vectors) as bilinear tensor 
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Fig. 3. A fractal surface domain. 
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Fig. 4. Elements of a fractal surface generate volume of 3D space. 


The first three equalities of Eq. (11) state that a domain of the 3D space formed 
by axial vector Q-triad qn is a composed structure whose elements are vectors 
(v*, YT} and convectors {y*, p7} forming a local area of the fractal surface. 
Thus, the local volume of three-dimensional space associated with the triad of unit 
quaternionic axial vectors is, in fact, a derived geometric object, the true elements 
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of which are two vectors (co-vectors) of the fractal dyad. It is possible to say that an 
invisible 2D fractal space (a pre-geometric surface) generates a 3D geometric space 
(Fig. 4). 

In its turn, the last equality of Eq. (11) demonstrates that the scalar unit, in 
this case, the unit diagonal 2 x 2-matrix (in Cartesian components) 


ptt (gy +y U^ (py = 68 


(en (eo- G9 =) = 


is nothing but metric tensor of the fractal surface; thus, the scalar unit may be said 
to acquire its not geometric but pregeometric meaning. 

Another significant observation in this context is that it is precisely due to the 
structural decomposition of Q-units in Eq. (11) that the law of multiplication of the 
Q-algebra keeps its form under SL(2,C) transformations. In this case, each dyad 
vector (co-vector) is subject to a direct Y’ = Uy (inverse y’ = y U- 1) transforma- 
tion of this group or its subgroup. 


5.2. Conic-gearing model of the complex number 


One of the pure math consequences of the existence of the Q-unit's structure is the 
appearance of an original matrix model of the complex number previously imaged 
on the complex plane or the Riemann sphere.!? 


2D cell 


Fig. 5. C-number as a conic-gearing couple on a 2D-cell. 


Indeed, if only two units are in the game (e.g., 1, q3), then any complex number 
can be represented as z = x +iy = x:1--y:q3, a, b € R; this number belongs to the 
C-algebra commutative in multiplication. Applying to the units the decomposition 
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in Eq. (11) one gets 
z = (x + iyjytpt + (x — iy) v. 
This number can be rewritten in the polar coordinates 


La (ei Ct + e #C-) j (12) 


here C^ = v^ y= are the projectors, idempotent, and mutually orthogonal matrices. 
Equation (12) has a clear geometric image. It models a type of conic-gearing couple, 
one gear orthogonal to another touching in a point (Fig. 5). Each gear has the shaft 
equal to r; a rotation of one gear by angle f forces another one to rotate by the angle 
—f. This picture conformally changes with the change of the number’s modulus. 
Besides, its projectors C* and C^ determine the same orthogonal directions as 
the dyad vectors yt and v^, so, in a way this model can be used to visualize the 
behavior of a 2D-cell under variations of the phase angle. Below we use it in this 
sense. 


6. *General Theory of Particle Mechanics" 


6.1. Q-algebra stability under transformations of the fractal 
structure 


'The next question to answer is which transformations of a fractal surface leave the 
algebra validity. The simplest mapping is a multiplication of the initially constant 
dyad by an arbitrary complex number 
PE = Ayt, Wo =A; A=ce™ (13) 

thus, introducing the phase change a and the 2D-cell’s conformal stretching factor 
o (Fig. 6). Under mapping (13) new 3D vectors (and the scalar too) built according 
to the pattern (11) lose their property of unity, e.g., V^$* +070- = AA* (prot + 
vp )#l. 

To cure the algebra, we, first, assume that the mapping parameters are functions 
of a scalar 6 and coordinates £n of an abstract math phase a(0, £), o (0, £), then define 
a normalizing integral over a volume of the space 


f(0) is AN E= 1, (14) 


and finely, renormalize new vectors and the scalar, e.g., as 1° = f(0)(ytyt + 
^v) = 1. Further on, we demand that this normalization last “forever” (in the 
sense of parameter 0) 


Oo | AA*dVe = 0; (15) 

Ve 
this gives a differential condition of the algebra stability (a continuity-type equation) 
O9(AA*) + V(AA*k) = 0; (16) 


with k being a 3D vector. We can choose this vector arbitrarily. 
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Fig. 6. o-factor over an abstract space. 


6.2. Quantum mechanics 


If the free vector indicates the direction of the phase increase (behaves as a propa- 
gator) kn = Ona, then the algebra stability condition given by Eq. (16) fractalizes 
and acquires the form 


3 — 2 (8,8, — 2W)! A — 0, (17) 


where W is an arbitrary scalar function. All magnitudes and operators entering 
Eq. (17) are pure mathematical (abstract), hence, measured in no units. It is natural 
to introduce micro-world units’ standards, e.g., the Compton length £ = h/(mc) and 
respective time 7 = h/(mc?). Then the abstract coordinates and scalar parameter 
are transformed as Ên — z,4/e, 0 > t/r and the fractal algebra stability condition 
in Eq. (17) takes the precise form of the Schrodinger equation 


2 
(ina, + iy - U(ent)) A-0 (18) 
2m 


the free function acquiring the meaning of the potential energy U = mc?W. 

In a more complex case, the propagator can depend also on a vector field kn = 
Ona+ An, this requires the use of the matrix dyad (e.g., of positive parity y, Y) and 
the Clifford-type metric gmn = (PmPn + D,D,,)/2; Py = idx. Then the continuity- 
type stability condition takes the form ðs (py) + GmnOm[p (Ona + An)] = 0, while 
its fractal mathematical version is 


1 1 
109 T iO, 4 Ax)( iO, + Ax) — 3Pk Pr —W!v-20, Bn = EkmnôkAm; 


(19) 


written in physical units (on the base of the micro-world units’ standards) Eq. (19) 
becomes exactly the Pauli equation for quantum-mechanical charged particle in the 
exterior magnetic field.!! Thus, investigation of fractal pregeometry helps to deduce 
the basic quantum mechanical equations purely out of mathematical considerations. 


615 


6.3. Non-static solution for H-atom 


'The suggested approach hints to look for non-standard solutions to the quantum 
mechanical equation. As an example, we mention a non-static solution for the hy- 
drogen atom where instead of Schrodinger's static ansatz for the wave function 
A = a(r)e-*(0 a stationary function is assumed: A = o(r,t)e'*?-*9, with the 
same Coulomb potential U — q?/r. In this case, the quantization follows from the 
normalization condition (so that no special cutting of a series is needed), while 
the result of the quantization precisely gives formulas of the Bohr H-atom heuris- 
tic model m Q,r2 = nh, Qn = 2w/n = mq^/(2n?h?). In this stationary solution, 
the electron is not a point; its density is harmonically distributed along a circular 
orbit, and this configuration revolves around the nucleus with a constant angular 
velocity.!? 


6.4. From quantum to analytical mechanics 


Decomposition of the math Schrodinger equation (Eq. (17)) into real and imaginary 
parts leads to a couple of the Bohm-type equations,!? the first one providing con- 
servation of the conformal factor 0ga + Oc Oka + o kôpka = 0, the second (more 
complicated) dealing with the “phase dynamics” 


ga + : (On@) (Ona) + Wa + Wint — 5andno/o =0. (20) 


Separation functions of Eq. (20) into fast (c, Wing) and slow ones (a, W.x) gives a 
Helmholtz-type equation for the interior distribution of the o-factor “density” onto 
the 2D-cell surface, while the “slow” equation 


Opa + ; (Ona) (Ona) + Wex = 0 (21) 


in the physical units and under assumption S = af takes the exact form of the 
Hamilton-Jacobi equation of the analytical mechanics 


4,5. CO) 


TUS-—0, Uex = mc?Wex. (22) 
Thus, the classical action function can be shown directly linked to the fractal 2D- 
cell’s phase measured in values of Planck constant. Then, using evident math steps, 
we automatically arrive at the Lagrangian format (kinematic energy minus potential 
energy) heuristically handpicked for the Newtonian dynamics.!^ In this approach, 
an elementary object of mechanics, a particle, turns out to have two images (Fig. 7), 
a fractal one — a 2D-cell loaded with a fractal mass density and oscillating within 
its real and complex sectors, and a geometric one — a point-like massive particle 
rotating about one 3D-axis with the angular velocity twice greater in modulus than 
the angular frequency of the 2D-cell’s oscillation. 


616 


K 


Fig. 7. Particle's 2D and 3D models. 


6.5. From analytical to relativistic mechanics 


'The last model leads to an original derivation of the action function for the classi- 
cal relativistic particle. We consider a point-like object of the characteristic size € 
(length standard) moving in 3D space with velocity u and rotating about one axis 
with angular velocity Q (twice as great as its 2D-cell analog's oscillation frequency), 
see Fig. 8. 


( Extreme velocity ` 


> i 


Fig. 8. Derivation of the action function for a relativistic particle. 


A bordering point of this object, hence, depicts in the space a helix line; the 
only assumption for this model is that the velocity modulus of the bordering point 
is always equal to the fundamental velocity c. We compute a square of the helix’ 
line element 


di? = cd? = e?da? + u? dt? 


and find from here the phase change for the time interval [t,, tə] 


t2 2 

C u 
Qa = +- 1— — dt 23 
€ f V co! M3) 
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the signs indicate the right or left helicity. Choosing the sign minus (left helicity) 
and taking into account the correlation a = S/h we rewrite Eq. (23) in the physical 


units to obtain 
t2 u2 
S=aħ=-me f y1- dt, (24) 
ty [^ 


which precisely coincides with the mechanical action of the relativistic particle (pre- 
viously introduced heuristically). It can be shown that reduction of Eq. (24) (written 
in differential form) to the non-relativistic case automatically establishes relations 
between classical and quantum quantities, thus linking the free particle 2D model 
as a De Broglie wave, the particle's rest energy linked to the permanent oscillation 
of the 2D cell. 


6.6. The map of the general theory of particle mechanics 


'Thus, a profound investigation of the Q-math environment helps to distinguish in it 
a series of pure mathematical equations similar in the form to those merging from the 
physical experiment or found by great researchers "in a flash of a genius". Written 
in proper physical units these equations become the undisputed laws of quantum, 
classical and relativistic mechanics. The logical chain of this *general theory of 
particle mechanics" can be represented in the form of the following schematic map 
(see Fig. 9). 


Map of General Theory of Mechanics 
Quaternion 3D-space 2D-fractal 2D-surface 
algebra geometry space distortion 
MATH Propagation ] PES Stability | . | Normalizing 
vector choice | condition | integral | 
mechanics | Schrodinger Pauli PHYSICS 
equation equation 
l Relativistic 
1 mechanics 
Classical 5 f ——— 
mechanics Hamilton-Jacoby — Model of 3D pe | Relativistic 
equation particle particle 


Fig. 9. Map of general theory of mechanics. 


7. Conclusion and Perspectives 


We demonstrated that the specific mathematical equations born in “quaternion 
medium” in physical units become known physical laws; briefly we remind the re- 
sults. Q-math environment comprises 3D geometric and 2D pre-geometric (fractal) 
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domains. In the geometric domain, one discovers immanently hidden “geometric 
physical laws": Cartesian frames, equations of electrodynamics, Q-vector version of 
the relativity theory (“Rotational Relativity”) giving the same effects as the special 
relativity. In the fractal domain, one finds the linked logical chain laws of quantum 
mechanics, classical mechanics, and relativistic mechanics. These coincidences are 
hardly incidental; moreover, they suggest new ways to move the theory ahead. 

Among possible directions, one can pay attention to the following (at least three) 
aspects. (i) Coupling affine differential manifold with the rotational relativity gives 
a chance to build a new type of Q-vector gravity. (ii) Such a gravity model is known 
to be naturally split into spinor-type structures!? which can reconcile relativistic 
gravity with quantum physics. (iii) Gauge fields, in particular, electromagnetic and 
Yang-Mills potentials seem to be promising objects to investigate their geometric 
and fractal structures within Q-math medium approaches. 
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We discuss the existence of a static, spherically symmetric spacetime that is the solution 
of the Einstein field equations coupled with an electric field obeying the equations of 
electromagnetism of Maxwell-Bopp-Landé-Thomas-Podolsky for a static point charge. 
Contrary to what happens with the Reissner-Weyl-Nordstróm spacetime, the electric 
field energy is finite, just as for this same theory on a background flat spacetime. 


Keywords: Bopp-Podolsky, Field self-energy 


1. Introduction 


The problem of the self-force in electrodynamics consists of finding an expression 
for the force that the electromagnetic field generated by a charged point parti- 
cle exerts on the particle itself. The possibility to write well-posed classical sys- 
tems of equations for the joint evolution of electromagnetic (EM) fields and their 
sources, without resorting to ad hoc field averaging or bare mass renormalization 
at point charges, requires working with laws of electromagnetism such that the 
energy-momentum density of the electromagnetic field generated by charged par- 
ticles is locally integrable, which is not the case for the usual Maxwell equations. 
There are generalized EM theories that were proposed specifically to address this 
problem, one of them being the so-called Bopp-Podolsky theory, which we will call 
Bopp-Landé-Thomas-Podolsky or BLTP theory. Using this theory, Kiessling 
and Tahvildar-Zadeh! have recently shown how to formulate a well-posed system 
for the joint evolution of point particles and their EM fields in flat-space, that is, the 
Minkowski spacetime of Special Relativity. Local integrability of the field energy- 
momentum at the location of the particles is essential in their work, hence why it 
is important to work with generalizations of the usual Maxwell equations. But the 
non-linearities in the Einstein field equations pose serious obstacles to generalizing 
this study to the theory of General Relativity. 

The present work is a small first step towards extending this framework to 
General Relativity. It reports on a recent result by the author from his PhD thesis 
(Ref. 2) concerning the existence of a finite-energy solution to the Einstein equations 
for the spacetime of a single, static point charge whose electric field obeys the 
equations in Bopp-Podolsky theory. 
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2. Problem description 


The usual Maxwell equations or Maxwell-Maxwell system for the EM fields 
E,B,D,H of a static point particle of charge Q sitting at position x = 0 in flat- 
space consists of the pre-metric Maxwell equations 


V.B = V.D = 41Qóo 
10B ; 10D , (1) 
Vx E4+-—= VxH---——-2-0 
ó ToU a c Ot 


where óg is the Dirac Delta, together with the Maxwell vacuum law, which 
specifies D — E and H — B. Upon solving this system, one finds B — H — 0 and 


1 


for r = ||(x,y, z)|| = || rl| and e, = r^ !r, and where the electric potential q is the 


so-called Coulomb potential 
g(r) =—. 
a 
But plugging these fields into the standard integral formula for the electric field 
energy (set x7? = 0 in (4) and (5) ahead) produces an integral that diverges at the 
location x = 0 of the point charge. 

In the 1940’s, a modification of the above system was proposed. We call it 
the Maxwell-BLTP system, in honor of its original proponents Bopp,? Landé 
and Thomas,^ and Podolsky.? The pre-metric equations (1) remain the same, but 
the BLTP vacuum law stipulates a modified relation between the electric and 
magnetic fields: 


H=B-x OB (2) 


awe E 


where O = —c-?0, + A is the wave operator and x > 0 is a postulated large 
parameter of Nature with dimension of inverse length. Note that x = oo recovers 
the Maxwell-Maxwell system. The solution of (1) and (2) has B — H — 0 and 


D()- Ser, E(r)--e(v)e., 


for the electric potential being 
—xr 
em) =F (3) 
r 

We remark that q is continuous at r — 0 and everywhere bounded. The exponential 
term in it is a small correction to the Coulomb potential for large values of r, while 
also ensuring that y(r) remains bounded for small r. The field energy density, which 
in this static case works out to be 


EBLTP = B (s.D- j EP cv y») , (4) 
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yields a finite value for the total field energy € when integrated: 


2 
fS [» €BLTP dV — ee) 2x : (5) 


Now suppose we “switch on gravity,” that is, we seek solutions of the Einstein 
field equations of General Relativity for a static, spherically symmetric spacetime 
with a naked timelike singularity representing a single point charge at rest. The 
underlying manifold is R^ minus a line, with a global spherical coordinate system 
(ct, r, 0, à). This universe is devoid of matter away from the particle, but the latter 
generates electromagnetic fields that can be calculated at any point and contribute 
to the stress-energy tensor Tuy, which is the source term in the Einstein equations. 
In the case of EM theories arising from a Lagrangian, which is the case for both the 
Maxwell-Maxwell and Maxwell-BLTP theories, one calculates Tj, via the standard 
procedure of considering variations of the matter action with respect to the metric. 
A globally defined electric potential y(r) satisfying lim,_... y(r) = 0 enters this 
long calculation and must be considered an unknown of the system. We refer the 
reader to Ref. 2 for the details. The other two unknowns of the problem appear in 
the metric, which can be written in the general form 


ds? = -2 uy) 

G(r) 

where r is the area-radius coordinate and v(r), C(r) are unknown. In order for the 
spacetime to be asymptotically flat away from the singularity, we look for solutions 


dt? + C(r)dr? + 7? (a0? + sin? 689?) , 


satisfying 
lim v(r) = lim ¢(r) 21. (6) 
In place of o, we will consider as the third unknown of the problem the function 
rer) 
w(r) = +Q. 7 
(r) = TES (7) 


One can think of w as measuring how much the electric potential deviates from the 
Coulomb potential. Physically meaningful solutions should satisfy 


Jim w(r) =0 (8) 


so that the laws of EM away from the point charge become the usual Maxwell laws. 

Using the Lagrangian of the Maxwell-Maxwell theory in the above framework, 
it is well-known that the solution of the Einstein equations is the Reissner- Weyl- 
Nordstrom solution, which we abbreviate as RWN solution: 


2 —1 
QW) 1, CBW py = (: _2GM | GQ )  wRWN) (py = 0, 


cer ctr? 


with G being the gravitational constant and M a free parameter that turns out 
to be the ADM mass of the spacetime. However, just like in flat-space, it can be 
calculated from the stress-energy tensor that the electric field energy integral (set 
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x? = 0 in (11) ahead) diverges around the singularity. This means that the field 
self-energy of the particle is infinite. 

Using instead the Lagrangian of the Maxwell-BLTP theory, the Einstein equa- 
tions reduce to the Maxwell-BLTP-Einstein system. In units where c — Q — 
x = 1, it reads 


w” = (2254 3a- 5) w+ Cw. 
r r 

where the dimensionless parameter & takes the role of Newton’s G, that is, it stands 
for e :— GQ?x?/c*. Even if x is as large as physically reasonable — the inverse 
of the Planck length, — we find that & is of order 10~?° for Q being the charge 
of an electron. Therefore it makes sense to study the solutions of system (9) as a 
perturbation of those corresponding to the € = 0 case, which we call the flat-space 
solution: 


p(n) =1, COV (ry =1, wD) re, go 


where wat) was obtained from (7) and (3). The integral for the electric field energy, 


reinstating the constants c, Q, x, can be calculated to be 


ED. © ah 1 (w)? 
e- 5] 5 (e ce L) ar (11) 


(performed on any constant-time hypersurface). 

The goal of this work is to prove that a finite-energy solution to system (9) exists 
and to study the nature of its singularity at r = 0. For the lack of a better name, 
the ensuing spacetime will be referred to as the M-BLTP spacetime. 


Remark 2.1. For any value of x < oo, the RWN solution (2) also solves the version 
of system (9) with the constants c, G, x reintroduced, but it is an undesirable solu- 
tion because of the divergence of the energy integral. A recent result by Cuzinatto? 
et al. shows that RWN is in fact the only physically meaningful exterior solution of 
this system in case the spacetime contains a black hole — that is, if the coordinate 
system is only valid on a domain of the form r € (rg, oo) for rg > 0. So it is remark- 
able that another solution can exist if the domain is taken to be r € (0,00), as it is 
for us. 


3. Main result 


'The main theorem proved in Ref. 2 can be paraphrased as follows: 
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Theorem 3.1. There exists €, € (0,1) such that, for all € € [0,¢,], the Maxwell- 
BLTP-Einstein system (9) of a static point charge admits a solution (Ye, Çe, We) for 
r € (0,00) satisfying the asymptotic properties (6), (8) and the condition £ « oo, 
where £ is given in (11). Furthermore, the behavior of the solution for large r is 


pelr) 214 0(e77), G(r)- d (r) + Of"), we(r) = O(e7) , 
and that for small r is 
pelr) 20(eY*),  Ce(r) =X +O(r?), we(r) =14+ O(r?) , 


where the parameters M, X,Y are determined by e, with X € [1,1.1) and Y € 
(0.9, 1]. Additionally, pointwise at any r > 0, we have 


lim (Ye (r), C. (r), we (r)) = (WA? (r), CA” (r), w (r), (12) 
We give an outline of the proof: 


e First it is shown that, for any fixed rọ > 0, a family of solutions exists on 
[ro, oo) satisfying the asymptotic conditions (6), (8) as long as € > 0 is small 
enough. This family is parametrized by (and continuous in) two arbitrary 
real parameters u and a, the first one being related to the ADM mass. The 
method consists of writing the solution as a power series in € starting from 
the e = 0 flat-space solution, and then employing a novel technique for 
estimating the growth of the coefficients in order to get a lower bound for 
the radius of convergence. Also note that conditions (6), (8) already imply 
the finiteness of the energy integral (11) away from r — 0. 

e Next a suitable rewriting of the system is found that casts its study, for small 
r, as a first-order, 4-dimensional autonomous dynamical system around a 
hyperbolic equilibrium point P. The 2-dimensional unstable manifold W 
of P is analytic and consists of a continuous 1-parameter family (we call o 
the parameter) of solutions which, in the original variables, corresponds to 
solutions satisfying the condition 

an VOe- 


r—0 T 


R. (13) 


This is proven to imply € < oo. More than that, it also implies € = Qy(0)/2, 
as in flat-space. The estimation technique mentioned above, this time 
adapted for power series in two real variables, enables the computation 
of points in W to arbitrarily small error. 

e With the above work, we can construct, in a suitable 4-dimensional space 
[(z,y, z, r)), a3-dimensional hypersurface Z corresponding to solutions sat- 
isfying the desirable asymptotic conditions for large r, and a 2-dimensional 
surface YV corresponding to solutions satisfying sufficient asymptotic con- 
ditions for small r to guarantee a finite £. To complete the proof, one needs 
to show that W and Z intersect. To this end we consider the 3-dimensional 
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hypersurface r = rg of (x, y, z, r)-space. Intersected with it, W becomes a 
continuous curve Wop and Z becomes a continuous surface Zp. By looking 
at the x, y, z coordinates of points on Vy and Zo as continuous functions of 
their parameters o, u, œ, and by considering that a point intersection exists 
when € = 0, the Poincaré-Miranda theorem can be applied to ensure that 
this point intersection still exists for small € > 0. It corresponds to one 
solution over r € (0,00) for the chosen value of e. 


4. Properties of the solution 


We conclude by analyzing some important properties of the M-BLTP spacetime and 
reporting on current work in progress related to recent results in the same vein. 


4.1. Bare mass 


There is another well-known modification of the Maxwell-Maxwell equations which 
also deals with the problem of infinite field energy-momentum of a point particle in 
flat-space. Originally proposed by Born,” it is part of what nowadays is commonly 
called Born-Infeld electrodynamics. It was then first observed by Hoffmann? that, 
under this formulation of EM, the singularity of the static, spherically symmetric 
spacetime of a resting point charge is milder than that of the RWN spacetime, in 
the sense that the blowup of certain curvature scalars at r = 0 is less severe in it. 
In Ref. 9, a class of electrostatic, spherically symmetric spacetimes that generalize 
that of Hoffmann is studied in much the same way as we did here for the BLTP 
laws. We call these Hoffmann spacetimes. An important quantity considered in that 
work is the so-called mass-function m(r), which is defined by its relation to the 


second metric coefficient: 
2Gm(r)V | 
Cr) = (: — uL) . (14) 


The ADM mass is given by m(oo) :— limp. m(r), while the number m(0) :— 
lim;_,9 m(r) is called the bare mass of the spacetime. It is observed that m(0) € 
(—00,0) for the class of Hoffmann spacetimes, and that this finite, negative bare 
mass contributes to the electric field energy to provide the entire mass/energy con- 
tent of the spacetime: 


€ = c (m(oo) — m(0)) . 


But the methods of that work are fundamentally distinct from ours. The metric 
coefficients of the Hoffmann spacetimes can be explicitly solved by quadrature, 
partly due to the helpful fact that they satisfy gi:grr = —1. This is not the case for 
the M-BLTP spacetime, turning even the question of existence of a solution into a 
completely different and more challenging task for us. Nevertheless, one can prove 
that the curvature blowup of the M-BLTP spacetime is just as mild as that of the 
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Hoffmann spacetimes, but, contrary to the latter, the following relation holds in the 
former: 


€ > c'(m(oo) — m(0)) . 


This suggests that m(0) doesn't have a simple interpretation in the M-BLTP space- 
time as a bare mass located at the point charge. 


4.2. Equations of motion 


In Ref. 10, à weak form of the twice-contracted second Bianchi identity for static, 
spherically symmetric spacetimes with a “singularity worldline" is studied. Suffi- 
cient conditions for it to hold are found for when 7 = 1 and m(0) < 0. Considering 
how the classical Bianchi identities imply the local conservation laws V,,T"" = 0 
(equations of motion of the matter/fields), the importance of this work to the scope 
of our project is that it provides a rigorous formulation of an equation of motion 
for a spacetime singularity, such as a point charge in the way that it is modeled 
in our spacetime. However, we find that the M-BLTP spacetime satisfies y(r) > 1 
and m(0) — 0, which means that this work would not be directly applicable to 
study the motion of point-charge-singularities in GR. under the BLTP laws of elec- 
tromagnetism. More work in this topic will be needed when considering spacetimes 
containing two or more point charges that obey the BLTP laws. 


4.3. Further solutions 


Our existence proof obtains a solution whose ADM mass parameter M = mí(oo) 
is determined by the value of e. Physically it should be the case that M can be 
chosen a priori, independently from e, so that point charges of arbitrary mass can be 
modeled. So the question arises whether we are missing more solutions to system (9). 
One point where our existence proof has potentially missed other solutions is clear: 
we have imposed condition (13), which is sufficient but not necessary for a finite 
energy. It also turns out that this condition implies m(0) — 0, but, considering what 
happens in the Hoffmann spacetimes, it is not unreasonable to expect that other 
solutions with m(0) « 0 and a finite energy might exist. If this turns out to be true, 
then, in the proof outline above, the curve Wp corresponding to suitable solutions 
for small r could potentially be turned into a surface with parameters o and m(0), 
which would intersect the surface Zp in more than just one point. That is, one would 
expect a whole 1-parameter family of solutions over r € (0,00), allowing for a free 
parameter such as M. This is currently being studied by the author. 
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1. Relativistic fluids and heavy-ion collisions 


The study of the quark-gluon plasma is provides a window into fundamental physics 
1079 seconds after the big bang.! On Earth, this state of matter is produced in 
collisions between heavy nuclei at relativistic speeds, creating a strongly interacting 
mixture of quarks and gluons. Current state-of-the art modeling of the quark-gluon 
plasma! is based on relativistic fluid equations, showing that the plasma behaves 
very much like an expanding liquid drop. Dissipative effects"? have to be taken 
into account to make theoretical predictions match experimental data. Dissipative 
effects may also be relevant for the study of neutron star mergers.4 

In Einstein's theory of relativity, a Lorentzian manifold (M,g) is taken as a 
model for spacetime. M can be thought of as the set of all events in the universe, 
characterized by where and when they happen. For simplicity consider a flat space- 
time M = Rf = (x? := (x9,...,2?)), where z? = ct is the time coordinate and c 
the speed of light. The Minkowski metric g = diag(—1,1, 1, 1) describes distances 
of events between one another. We use standard tensor notation throughout (re- 
peated greek indices summed from 0 to 3, latin indices from 1 to 3). For a textbook 
introduction, see Refs. 5-7. 

The basic fields in a relativistic fluid description are (e,n,u%), where the to- 
tal energy density e, the particle number density n and the four-velocity u^ — 


1 Dj a = 1 3 i z 
VATWEJS (1, 2) all depend on z^. The four-velocity replaces the ordinary three 
dimensional velocity v of a fluid and is a time-like vector satisfying g,,u^u" = —1. 


We first review the perfect fluid equations: 
relativistic Euler/momentum equation: (e + p)ùf = —(g?* + uPu*)V4p 
conservation of energy: €+ (e+ p)Vqu® = 0 
conservation of particle number: Va(nu%) = 0 


equation of state/pressure equation: p = p(e,n) 
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where a dot f = u°V.f denotes the relativistic material derivative. The momentum 
equation is analogous to Newton’s second law m -a = F, as (e + p) corresponds to 
relativistic mass density, a? :— u°V,u? = ü? is the acceleration and the gradient 
of the pressure is a force. Additionally the projection operator h?* :— g?% + uPu* 
appears in the relativistic version. In the formal limit c — oo, the velocity field 
V will satisfy the non-relativistic Euler equation for perfect fluids with rest mass 
density p 


p (vv! + v) 8;v^) = —g? jp. (2) 


The usual way to derive the fluid equations (1) is to define the energy momentum 
tensor 


TY’ = (e+ p)u'"u" + pg"" (3) 


and to postulate the conservation of energy and momentum V,T"" = 0. This 
formulation goes back to the work of Einstein and Schwarzschild.*:? The first and 
second equation of (1) are equivalent to V,,T"" = 0. While the relativistic Euler 
equations are a rich source of mathematical problems, they constitute a highly 
idealized description of a fluid. A physically more complete description includes 
dissipative processes such as viscosity, diffusion and heat conduction. 

To model dissipative effects of viscosity and heat conduction, the energy- 
momentum tensor is extended to 


T"" = (e +p + Muu” + (p 4- ID)g"" + z"" + q"u" +q uf, (4) 


where q” is the heat-flux vector, II the bulk viscosity, and c^" the tensor of shear 
viscosity. These quantities satisfy the orthogonality and symmetry constraints 


gur — 0, m up = 0, nH” = mE T” guy = 0. (5) 


The equations of motion that result from conservation of energy, momentum and 
particle number are now 


momentum: (e+ p+ Mù, + hiVi(p +I) + hj; Vn; 
+ hung” + (Vrup + Vau hy) gd =0 
energy: è+ (e +p+I)Vp pu” + q,u" + V,q" + 1""o,, —0 (6) 
particles: V4(nu^) —0 
equation of state: p — p(e,n) 
To complete the system, additional dynamical equations for (II, q”, 7#”) have to be 


postulated. A large body of literature (see Ref. 7 and references therein) has been 
devoted to finding suitable dynamical equations for these quantities. 
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For a fluid with a single species of particles, i.e. excluding mixtures and chemical 
reactions, these evolution equations in the Israel-Stewart model take the form 


1 
Toll + 1+ (Vout? + |;crv. (3 B n zu 


un 
1 
hg, + q, = —KT (RAV, In T + aj) — [rv (uw) «| (T) 


1 
roh hb Tap comu = —299y4y — EZ (40) 2 


The appearance of the relaxation times To,T1,72 > 0 is crucial for the stability 
and well-posedness of the model. The physical meaning of variables and various 
transport coefficients is as follows: 


e II bulk viscous pressure (isotropic force from fluid element shrink- 
ing/expanding). 

e n” shear viscous stresses (anisotropic force from transverse fluid layer 

movement). 

p — p(e,n) hydrostatic pressure (isotropic gas pressure) 

e total energy density (rest energy density + internal energy density) 

n particle density (measures particles per volume) 

T absolute temperature 

¢ > 0,9 > 0 bulk/shear viscosity coefficient 

k > 0 heat conductivity coefficient 79,71, T2 > 0 characteristic relaxation 

times for II, q", 1^" 

* o, kinematic shear tensor oy, = ha hz (V gua + Vaug), distortion of fluid 
element 


I will refer to the set of equations (6), (7) as the full Israel-Stewart (IS) model. To 
see the mathematical structure of the equations (7) more clearly, the truncated IS 
model" (p. 302) is introduced. In (7) the divergence-type terms are dropped, leading 
to 
oll +I = —QVau?, 
Tinga + qv = —&T(h2 V Xln T + ay), (8) 
rhe hag + Tuv = —2N0 pv 
A formal non-relativistic limit c — oo, 7; — 0 of (6), (8) recovers the classical 
compressible Navier-Stokes equations.” The equations (7) can be derived using a 
systematic procedure starting from the second law to thermodynamics (entropy 
production) (see Ref. 7). The full IS model can also be motivated by considerations 
from kinetic theory, which aims to derive macroscopic fluid equations by a moment 
expansion process (see Refs. 10-14). 
'The first dissipative relativistic fluid theories were formulated by Eckart!? and 
Landau-Lifshitz.!6 These models are more direct covariant analogues of the non- 
relativistic Navier-Stokes equations. Consequently the equations of motion have a 
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parabolic character and information can propagate at infinite speed, violating the 
most basic requirement of relativity.!" In addition, the Eckart model can exhibit 
catastrophic instabilities.!9 7? As a reaction to these undesired properties, the IS 
model was developed in Refs. 21-25, with an initial contribution by Müller.?6 Par- 
tial differential operators with the property of finite speed of propagation are called 
hyperbolic?” and the IS model is conjectured to have the even stronger property of 
causality. Causality requires both finite speed of propagation and that changes in 
initial data propagate at sub-light speeds, i.e. that the values of (e, n, IL, u”, q”, x"") 
at any point (to, xo) depend only on the initial data given on the domain of depen- 
dence, i.e. inside the past-directed light cone. 

The following heuristic argument illustrates why (7) should lead to finite speed of 
propagation: Consider the following modification of Fourier’s law of heat conduction 


Toh + d — -KVT (9) 


with q(t,-) : R3 — R? being the three-dimensional heat flux. Assuming that the 
temperature T is proportional to the internal energy of the fluid and using conser- 
vation of energy leads to 


MOLT +T — KAT =0, (10) 


a generalized form of the heat equation, which is recovered upon setting To = 0. (10) 
for To > 0 is the telegraph equation?? which has finite speed of propagation. The 
idea is therefore that the presence of relaxation times 7; in (7) will have a similar 
effect and guarantee finite speed of propagation. 


2. Local-wellposedness 


The local well-posedness problems for the full and truncated systems (6),(7) (or 
(6), (8)) is still open. In Ref. 29, local-wellposedness and causality was shown for a 
related system used in heavy-ion collisions: 
u? Ve + (e+ P +III) Vou? + Ta Vou" — 0, 
(e + P -- II) uPVgus + che V ge + hS V gll + ha V ums = 0, 


11 
Tiu" V , I + IT = CV pu” ónnllIV pu” — Ans 7" guy, ( ) 
T, figu V yee? Ta" = —2g9o"" — bag TY Vau“ — Tanti) — Ag«rllo"", 
which introduces new relaxation times and system coefficients Tr, A771,--- etc. This 


system contains shear/bulk viscosity but no heat conduction. The equations for 
shear and bulk viscosity differ somewhat from the Israel-Stewart model, but follow 
the same general idea of introducing a relaxation mechanism. 


Theorem 2.1. Consider the Cauchy problem for equations (11) in Minkowski 
space, with initial data V = (è, à", II, &"") given on (t = 0}. There is an open set of 
inital data satisfying the constraints and that V € G?((t = 0)), where 1 < 6 < 20/19. 
Then, there exist a T > 0 and a unique V = (e, u", II, 7”) defined on [0, T) x IR? 
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such that V is a solution in [0, T) x R? and V = V on (t = 0). Moreover, the 
solution Y is causal (i.e. domain of influence of initial data is contained in forward 
light- cones). 


The set of admissible initial data is physically reasonable and can be described by a 
set of inequalities involving e, II and the eigenvalues of 7. The notation G?((t = 0}) 
refers to a Gevrey-type space, and we refer to Ref. 29 for more details. 


3. Breakdown of solutions 


Solutions to nonlinear partial differential equations may have a finite lifespan, the 
most elementary example being Burgers’ equation.?? For suitable C^? initial data, 
solutions develop a shock, i.e. a singularity in the first derivative after a finite 
time. A deeper question can also be asked: What precisely happens at breakdown 
time? Do derivatives or the fields themselves become infinite? For perfect relativistic 
fluids there exists a well-developed theory that proves shock formation?! ?? 
a detailed picture of the quantities that actually blow up. These results are very 
deep and rely on hidden geometric-analytic structures in the perfect fluid equations, 


giving 


which allow their formulation as quasilinear second-order covariant wave equations. 
It is a hard unsolved problem how to generalize these delicate hidden structures 
to dissipative fluids. Considering the available mathematical technology, asking for 
a detailed description of the singularity in the dissipative case seems to be out 
of reach for now. The investigation of these matters is clearly in its beginning 
stages, and in Ref.*4 
fluid with only bulk viscosity (no shear viscosity or heat conduction). The basic 
ideas are based on the work by Sideris?? and for relativistic fluids based on Guo- 
Tahvildar-Zadeh,?8 who developed a robust technique to show breakdown of smooth 
solutions for compressible fluids using the fundamental conservation V,,T"" = 0. 
Novel aspects of this method continue being discovered.?^?" At the core of this 
technique lies a type of virial identity involving the second moment of the energy 
density, from which differential inequalities are derived, leading to the blowup via 
a contradiction argument. 


we establish a first blowup result for a viscous dissipative 


Theorem 3.1. Consider the viscous equations with bulk viscosity (without shear 
viscosity) with given smooth constitutive functions p, C, o. Assume that 


ud 
C E — sup Clon) dn < oo 
o n p>0 To(p, n) 


and make further (mild) technical assumptions of the equation of state p = ple, n). 
There exists a smooth initial data (p, ñ, IL, à) with large velocities such that the local 
smooth solution breaks down in finite time. 


A detailed discussion of the model and the assumptions on equations of state and 
bulk viscosity can be found in Ref. 34. The viscous case requires novel estimates 
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for II. From its evolution, we have II ^ Vau“, but the quantity Vau“ is very hard 
to control in a non-constructive blowup proof. Instead, we use a hidden structure 
in the equations, namely an auxiliary transport equation in p,n,II allowing us to 
get estimates for II. 


4. Conclusion 


Including dissipation into models of relativistic fluids is necessary for a complete 
macroscopic description, as effects such as viscosity and heat conduction are ubiq- 
uitous in nature. Investigating dissipative effects in relativity has a long history, yet 
there is a gap in knowledge considering many fundamental questions about exis- 
tence, uniqueness, blowup and decay properties of solutions. First breakthroughs 
have been made but many important problems remain open, for example to show 
well-posedness and singularity formation for the Israel-Stewart model (6), (7). 
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We use Weinberg’s trick for adiabatic modes, in a Manton approximation for general 
relativity on manifolds with spatial boundary. This results in a description of the slow- 
time dependent solutions as null geodesics on the space of boundary diffeomorphisms, 
with respect to a metric we prove to be composed solely of the boundary data. We 
show how the solutions in the bulk space is determined with the constraints of general 
relativity. 

To give our description a larger perspective, we furthermore identify our resulting 
Lagrangian as a generalized version of the covariantized Lagrangian for continuum me- 
chanics. We study the cases of 3+1 and 2+1 dimensions and show for the solutions 
we propose, the Hamiltonian constraint becomes the real homogeneous Monge-Ampere 
equation in the special case of two spatial dimensions. 


Keywords: Adiabatic Solutions; Large Gauge Symmetries; Manton Approximation; Soft 
Modes; Moduli Space; Geometric Continuum Mechanics 


1. Introduction and Summary 


Asymptotic symmetries and soft theorems has been a topic that drew much at- 
tention in the last decade. Starting from 2013, Strominger have shown! ? that soft 
theorems arise as Ward identities of asymptotic space-time and/or gauge symme- 
tries. Since then many new versions of soft theorems have been suggested. 

Independently of this line of research, in quantum cosmology people have been 
studying similar Ward identities.^ ê These studies heavily relies on Weinberg’s ar- 
gument for the existence of adiabatic modes on a generic cosmological background." 

We use a similar argument for general relativity in a Manton approximation.:? 
Manton approximation tells one slow time trajectories on the space of static and 
minimum energy solutions, called the vacua, are good approximate solutions. In our 
approach we take the vacua to be gauge transformations of a reference metric; then 
introduce the time dependency in a way that the resulting trajectory is no longer a 
redundant gauge transformation-as was the case in Weinberg's argument. We study 
what becomes of the Lagrangian and the equations of motion for these trajectories, 
and see 


e Lagrangian solely depends on the quantities on the boundary of spatial slices, 
e constraints of general relativity serves to determine the bulk metric from its 
boundary values, 
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e solutions are geodesics on the space of vacua, which are further required to be 
null due to the Hamiltonian constraint. 


Trajectories on diffeomorphism groups were previously used to describe the mo- 
tion of ideal fluids!? (see also Ref. 11), where they are described as geodesics with 
respect to a metric. We covariantize this description,? and show that our aforemen- 
tioned solutions correspond to a specific choice of a generalized metric. 

As particular examples we study solutions produced from a flat metric on 
3-dimensional ball and also general two dimensional enclosed surface. We show how 
Hamiltonian constraint enforces coupling of two independent towers in the former 
and how it reduces down to homogeneous-real Monge Ampere equation in the latter 
case. 


2. A Manton Approximation for General Relativity 
2.1. Setup 


We start by reviewing the Manton approximation!? (see also Refs. 13, 14). Let us 
have a set of fields à! (t, x), on a spacetime described by the coordinates (t, x). Let 
us describe our system with a natural action 


s= f (Sars (0) 616% -vo ave (1 


where dV 4*1, with a slight abuse of notation, denotes the Riemannian volume form 
for a metric on the d+ 1 dimensional space-time manifold. Let us consider the 
configuration space, i.e. the space of static fields, called JF. 

Assume that the potential have a continuous set of minima called £; more specif- 
ically, in the configuration space let there be a submanifold such that 


(8ÓyV) (gl) 20 where el e£. (2) 


Note that these static fields are solutions to equations of motion for the type of 
theory we are considering, since the equation of motion is given by 


JIK (9! + Tiso g”) =-OKV. (3) 


Now the metric gr; will induce a metric on €. The Manton approximation tells us 
that a geodesic on € with respect to this metric, that is slow in time, is a good 
approximate solution and the motion off € can be ignored. 

Now we want to apply this procedure to general relativity. For this we need a 
Lagrangian for general relativity that is of the natural form. This can be achieved 
by considering a spacetime manifold in the form of IR x M with the ADM action, 
and then choosing Gaussian normal coordinates (GNC) where goo = —1, go; = 0. 
Then, renaming the spatial part of the metric as hj; = gi; the action we have is 


S= ; | s du una — f V [h] dt (4) 
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: Configuration Spagé 


Fig. l. Configuration space and the space of minima 


where 
gj (01h, 09h) = 5 f : (Ai^ n?! — hht) 5 hisóshia dV" , (5) 
V[h =- | R(h)dv?. (6) 
M 


Here dV“ is the Riemannian volume form and R(h) Ricci scalar for h.g», will be the 
metric on the configuration space. Note that since goo, goi, generally known as lapse 
and shift, are Lagrange multipliers which we have fixed; constraints of GR 


Vi (hi — hh) = 0, (7) 
loge. 5 
R(h) + hA hP hag han = 0, (8) 


needs to be imposed externally from now on. 

To implement the Manton approximation, we now need to identify the set of 
static solutions that extremize the theory. Note that the potential is not bounded 
from below, so there will be no minimal energy. However it will have an extrema: 


So the Ricci flat metrics h and their gauge transformations will compose the space 
of static set of extrema of the action. For our investigation we focus on a single 
reference metric and its gauge transformations, i.e. we define the static extrema € 
to be composed of metrics 


h=w-h, (10) 


638 


i.e. a Ricci flat metric and its gauge transformations. Remember we have chosen a 
gauge, thus the remaining gauge transformations are not full set of diffeomorphisms. 
'They turn out to be two sets that can be written as 


Wa = (ate), dace) f n't aa) (12) 


First of these are simply the spatial diffeomorphisms, whereas the second type are 
a form of local boost- they are the transformations that take a choice of “initial” 
hypersurface to another one when choosing GNC, see Ref. 14 for more details. 
Local boosts are field-dependent transformations, and thus they do not form a 
proper algebra- reflecting the fact that constraints of general relativity do not form 
a proper algebra.* Moreover they are not static as what a Manton description tells 
a vacuum ought to be. Because of these reasons we restrict our attention to spatial 
diffeomorphisms and define € as the space of metrics produced by spatial gauge 
transformations of the flat metric. 

So we take € to be the set of spatial metrics that are -spatial- gauge transfor- 
mations of a spatial reference metric, i.e. 


h=¢*h. (13) 
Written in a coordinate basis this reads as 
_ Od(z, z) OO™(a, z) 
BENE ðxİ 


where z parametrizes the gauge transformations. The dynamics is then described 
as a motion on this space: 


hi; (x) hkm (14) 


Mee EDU. (15) 


h(t) = oth. (16) 


Note here the “trickiness”: Once we introduce the time dependency this way, what 
we are doing is not a coordinate/gauge transformation in the full spacetime. 

Let us illustrate this with a simple example in 3+1 dimensions. Take reference 
spatial metric to be the flat metric hij = ójj. Consider the transformations 


$i = a(t)z* . (17) 
For these transformations our ansatz will produce the spacetime metric 


ds? = —dt? + a? (t) (da? + dy? + dz?) . (18) 


*Commutators of constraints of general relativity gives what is called an algebroid, see Ref. 15 
and Ref. 16 for further discussion. 
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'This illustrates very clearly that our ansatz gives us physically new solutions, for 
this case the spatially flat FRW spacetime.” 


2.2. Motion as a Geodesic on the Space of Boundary 
Diffeomorphisms 


In the last subsection we have proposed solutions to Einstein equations in GNC 
where 


h(t) = oth. (19) 


Now we would like to check whether these solve the Einstein equations or if they 
should satisfy further conditions. Note that our free variable is the diffeomorphism 
Q(t, x) here. We start by first checking the constraint equations that we have started 
imposing externally after we have eliminated the Lagrange multipliers. First we 
observe for our solutions Eq. (19) we have 


hig = Vi Vjl where £*:-— T 


so that Ki; = V aen . (20) 


Here V is the covariant derivative belonging to h. Using this and the fact R;;(h) = 
Rij(h) = 0, momentum constraint becomes 


Pi) = VV Gs =0, (21) 
whereas Hamiltonian constraint is 
HE) = (Vie)? — Vain V'& =0. (22) 


Furthermore the dynamics will be determined with the reduced Lagrangian, where 
one plugs Eq. (19) in Eq. (4). For our solutions the potential is zero whereas the 
kinetic term is the length of h with respect to the metric 


gj (01h, d2h) = 5S, (Veen Vig = (Viel (5) dV* . (23) 
This is the metric Eq. (5) on the configuration space pulled back to the space of 
vacua. As we have noted, solutions to the dynamical equation of the above action 
will be geodesics on the space of vacua with respect to this metric. Then we see 
Hamiltonian constraint restricts these geodesics to be null. 

Now note that each spatial slice is diffeomorphic to the reference slice, so ev- 
erything can be re-expressed in coordinates where the spatial metric is equal to 
reference metric i.e. defining 


o = Gtk (24) 


bThis will not solve vacuum Einstein equations, but this is not relevant for the point made here. 
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constraint equations and the metric on the vacua space can be rewritten as 


Pilo) = V'Vijog =0, (25) 
Hlo) = (Vi 


T = ee = UA A = 
gn (04h, doh) = 3 a (Veris Vol = (Visi) (Vict) dV" (h). (27) 


o)? - Vgoj V'o? =0, (26) 


We will use this coordinate frame for ease of calculation. Note that coordinate 
transformation to this frame will be different for each spatial slice. 

Now we proceed to showing that the metric on the space of vacua, Eq. (27), is 
composed of the boundary data. For this we would like to decompose things into 
parts tangent and normal to the boundary 0M, so we simply write everything in the 
basis (n, e^) where n is the unique normalized vector field orthogonal to OM and 
€* is a orthogonal basis tangent to 0M.° Now if one uses the momentum constraint 
Eq. (25) within Eq. (27), and assume vector field ø to be boundary preserving i.e. 


mia P =0, (28) 


one can see that 
galoa) o) = f x (et, Dio - Kasaat) ) dV ^^ (k) (29) 


where K is the extrinsic curvature of OM in M, c* is the part of o? that is tangential 
to OM, k is the induced metric on the boundary and we have defined a normal 
derivative 


Dix? = níOiy? --T?x* where T? = n'eb Viel , (30) 
Note that 


e D+ is k-compatible. 
e For a basis where |n, ea] = 0 one has TẸ} = Kg. 


Looking back at the metric Eq. (29) we see that it is completely composed of the 
boundary data, except the term with the normal derivative. Remember that o still 
need to satisfy the constraint equations Eq. (25) and Eq. (26) in the bulk. If we can 
show given a vector field on the boundary, there exist a solution to these equations 
with unique normal derivative D+o on the boundary, we can say we have reduced 
our action to boundary data. Let us examine these equations and their solutions. 

We will start with the momentum constraint: Using the theory of differential 
forms on manifolds with boundary, especially the Hodge-Morrey-Friedrichs decom- 


position following theorem can be proven.? 


*We take this to be true also slightly off the 0M. 
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Theorem 2.1. On a homologically trivial manifold with boundary, given a bound- 
ary vector field G^, there exists a vector field o such that 


P(o) — 0, nio scs = 0, g= (31) 


and unique up to the gradients of scalars that vanish on the boundary. More specif- 
ically o can be written as 


o= (da--*d«B)' where nB—0. (32) 


This is true in arbitrary dimensions, and in 3d it takes the form of the Helmholtz 
theorem. We conjecture that the arbitrariness in o will be fixed by the Hamiltonian 
constraint, though we were not able to prove this; please see Ref. 8 for more details. 

However to show that the metric on the space of vacua is solely determined by 
boundary data one will not need to show this. This is because for the exact part 
where arbitrariness lies, one can show 


D* ü;o|,,, = -Kta . (33) 


With this, we have shown that the metric on the space of vacua is solely com- 
posed of the data on the spatial boundary. 

Because of this conclusion, we can consider this metric as an inner product on 
the space of boundary vector fields now: 


gn (01,02) = (Ca) G2))h (34) 


~ $. (D^ ~ Saa) dv*"*(k) . (35) 


We conclude this section by noting that the space of vacua now can be described as 


y x DIOM) (36) 
biso(h) 
We quotient by boundary preserving isometries of the reference metric since these 
will disappear in ga, see the original expression Eq. (23). This quotient can be 
performed precisely because of our conjecture that for a given arbitrary bound- 
ary diffeomorphism there exists a unique solution to constraint equations implies 
Diff(OM) ~ BDiffc(M), boundary preserving diffeomorphisms of M that satisfies 
constraint equations. 

One can show that V is a (pseudo-)Riemannian homogeneous space: i.e. the 
metric g; we have defined is Diff(OM) invariant. This metric will have a mixed 


signature. Indeed one can see (,) is zero for boundary vector fields such that 


Dic — Kye? = DC = 0. (37) 


i.e. if Ç € ker D. One can show that isometries are necessarily in ker D. If the reverse 
is not also true the metric will be degenerate on the space of vacua. 
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3. Geometric Continuum Mechanics Interpretation 


The idea of describing motion as a trajectory on a diffeomorphism group is well- 
known in studies of “ideal continuum motion",!! which are generalizations of 
Arnold's work on putting motion of an incompressible-ideal fluid in the Lagrangian 
and Hamiltonian framework.!? In the following we summarize a covariantized gen- 
eralization of ideal continuum motion of Ref. 11, as presented in Ref. 9. Later on 
we will see how our formalism of previous section fits within this generalization. 

Consider a manifold M with a flow ¢(a,t) on it. Derivative with respect to t, at 
t — 0 of this flow is a vector field on M. What about at other times? At other times 
hardship arises since (a, t) := p(x, t) is the velocity at the point (x,t), not x. 
However one can define 


xt) = $t). (38) 


=¢6-1 (x;t) 
then y(a;t) will be a proper vector field. Now assume there exists a metric g on 
this manifold M, and consider the action 


1 
S= 5 ff 9% x)dV, dt (39) 


for some interval J of t, where dV, is the Riemannian volume form for the metric g 
and D : ¥(M) + X(M) is a self-adjoint, positive definite operator. We want to find 
the equation of motion for this action. Since the operator D is self-adjoint 


ôS = I g(dx, Dy) dV, dt. (40) 
IJM 
Now let us find dy in terms of 6¢. We see 
5x" (2:1) = 5° d(y;t) — 8jó(y; t) (073) 0 (a; t) 41) 
where we set y = $^! (z;t) and defined 
99 (5t) = o (@ Gityt). 42) 
With further modifications we get 
dx(x;t) = Gió (x; t) + C400 , 43) 
so that 
ôS = TI g (0:09 + C,09, Dy) dV,dt . (44) 


To get variational principle working we should integrate by parts to collect all the 
operators to one side. For this we note 


| g (Lyn, a) dV, = if ai (XIVa — n V 5x") dV, , (45) 
M M 


7 : oun xt -f n (Vjaix! + ai Vix + o5 Vix?) dV, , 
aM M 
(46) 
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where V is the unique metric compatible and torsion free connection for g. We will 
assume M to have no boundary so that the first term drops. Defining Li as 


f sem nav, f a (n Eka) avy (47) 
M M 
we see that 

nae —(V -Xa + Lya 4 aLlyg) ; (48) 


where Lygij = 2V(;xj; and (ow); :— o*w;j. Using this then, we see that the 
equation of motion becomes 


(3 - ci)Dx-0. (49) 


Writing down explicitly £t and expressing in a basis we get 
(8i + C" Vi)DC* + (V*G + 5 V.C) = 0. (50) 


One can retrieve some classic examples for certain choices of 


e D = id gives Euler's equation for the free motion of an incompressible fluid. 


e D = id - V? gives Camassa-Holm equation for shallow water waves. 


As it can be easily identified we get the system of previous subsection for the choice 
of D = D+ — KR. 


4. Some Results in 3+1 and 2+1 Dimensions 


Having described our solutions as null geodesics on the space of boundary diffeo- 
morphisms we now proceed to studying some specific examples. 


4.1. On Round Ball 


We start by considering the case where we take Euclidean 3d ball with round bound- 
ary as reference. Let us first look at the momentum constraint. Expressed in vector 
calculus form it turns out to be 


VxVxG=0. (51) 
Solution to this in spherical coordinates will be 
c= Gp ri T x VYem (0, p) + V (fem (r)Yem (0; q)) à (52) 


Note that this satisfies our theorem: ø is composed of parts that are exact and 
coexact with zero normal on the boundary. We conjectured that the exact part 
should be fixed by the Hamiltonian constraint. However we were not able to solve 
it even for this simple case. 

Plugging in the solution, we get for the metric on the space of vacua 


go, 0) = RB +) ((- Nala? - 25500051209) - 63) 
£m 
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Notice that even though we do not know fem(r) in the bulk, indeed its bulk value 
does not appear in the metric, as we have proposed. Moreover Hamiltonian equations 
forces g(o, o) = 0, thus we see that single towers of a;,, or fem cannot be solutions, 
there has to be mixing. 

On the boundary our solutions have the form 


o” = er EROS. (54) 


Note that this is basically the Hodge decomposition of a one form on S?, thus 
our solution space is set of all diffeomorphisms on $?. Except the isotropy group: 
boundary preserving isometries of hij = ójj, these will be rotations. For this case 
the isotropy group will be equal to ker D since 


ker D = {0° ag — 0 £ > 1, fes (R) = 0 Y£, m} = {0° = Y aim REX V¥im} - 
(55) 
Thus our physical vacua space is 


y = Diff(5?)/SO(3) (56) 


and our metric on this is non-degenerate. 


4.2. Case of 2 Dimensions 


Since we were not able to solve the Hamiltonian constraint to find solutions in the 
bulk, we now check if things simplify in 2 4- 1 dimensions. We will consider a flat 
reference metric with an arbitrary boundary, and then focus on some specific choices 
for the boundary. In two spatial bulk dimensions momentum equation gets solved 
when 


Ó = 
f= cL 57 
c= te, + Va (57) 
where c and a is arbitrary. Hamiltonian equation then becomes 
(0, Oya)? — Fadia =0, (58) 


the well-known homogeneous real Monge-Ampere equation (HRMA).!* Most gener- 
alized solution to this is known in a parametric form, together with some family of 
explicit solutions. However we find that these mostly do not survive the boundary 
preservingness condition we impose for simple choices of the boundary. 

Let us first consider some specific examples and start with the case of a round 
boundary, where r = R. The boundary preservingness condition become 


0,0, =0. (59) 


We find no solution that satisfy this condition. Indeed looking at the metric we see 


T 2 Í doa R, 0)ðpa(R, 0)dð . (60) 
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Remember that the metric is derived from the Hamiltonian condition, and thus 
since it cannot be made to be zero for a non trivial o, there exists no non-trivial 
solution to this problem. (Note that the coexact part is an isometry and will be 
quotiented out.) 

Next simplest example is the case of an elliptic boundary. We consider an ellipse 
that is written as 


r = 


i sinh(2Y) (61) 


y cosh” Y — cos? y í 


where Y and p are parameters of the ellipse. In this case the boundary preservingness 
condition is 


2 
dualan = = sin(2v) (62) 
where u,v are elliptic coordinates such that 


x = pcoshucosv , (63) 


y = psinhusinv . (64) 


For this case we find a solution to the HRMA equation 


2 


(x,y) =~ >> sen) y F (7) (65) 


where F is a hypergeometric function. However this solution has a singularity at the 
origin. We note here that the HRMA equation is pseudo-elliptic; its elliptic version 
where the right hand side is positive is more studied and results on existence exists, 
see e.g. Ref. 18. Because of this we think this type of singularity may not be a surprise 
in this case. We note that this singularity will be transferred to the resulting metric. 
We leave further investigation of whether a sensible solution can be obtained from 
this to the future. 


5. Conclusions 


In this note we summarized the results of Refs. 8,9 where using Manton approxi- 
mation we have proposed some adiabatic solutions of GR. produced from diffeomor- 
phisms. We have concluded that an adiabatic solution to GR can be described as a 
geodesic on the space of vacua 


Y ~ Diff(OM)/biso(h) (66) 


that are null with respect to the metric 


(1,@) = f GDG (67) 
OM 
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that is solely composed of the data on the boundary of spatial slices. We remind that 
along the way we have used the conjecture that the Hamiltonian constraint solves 
for the exact part uniquely. We argued Y is a * 
space with respect to this metric. The metric has mixed but constant signature, and 
is degenerate if ker D 4 biso(h). We showed our formulation is akin to examples in 
continuum mechanics in which choice of ID is different. 


‘pseudo”-Riemannian homogeneous 


For the specific example of 3 spatial dimensions with round boundary; we 
explicitly saw our theorems to be holding, we found our vector field only up to 
exact parts since Hamiltonian equation seems hard to solve. However we saw any 
non-trivial solution of it has to have both exact and coexact parts. We also have 


realized ker D = biso(h) for this case. In 2 spatial dimensions things got easier in 
solving the Hamiltonian constraint, since it becomes the Monge-Ampere equation 


whose solutions are known. For round boundary we found that there exists no non- 
trivial solution for the vector field in the bulk that is boundary preserving, and 
for elliptic boundary we were only able to find a solutions that is singular at the 
origin. 

We conclude with a quick overview of the remaining issues. First of all let us list 
some technical questions still to be worked out: 


(1) Does Hamiltonian equation completely fixes the exact part? 


(2) Is ker D = biso(h)? 
(3) For 2d case can HRMA be solved for some boundary? 


Note that only after we complete solve the bulk vector field, we can construct first 
o in the bulk of each spatial slice, then we can construct € by making the proper 
transformation for each slice, and only after that one can find h;;(z,t) and the full 
space-time metric for the adiabatic solutions we propose. 

Analysis thus far might be suggesting the set of solutions we propose do not sur- 
vive for vacuum Einstein equations, so next logical step is to perform the analysis 
for Einstein equations with matter, for example with a cosmological constant. Sim- 
ilarly one can also consider non-compact spatial slices with some fall-off conditions 
at infinities and study the infrared effects. This type of study would link our work 
to the studies in asymptotic symmetries and soft theorems and shed a different light 
to the subject. 
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The point spectrum of the Dirac Hamiltonian 
on the zero-gravity Kerr-Newman spacetime 


M. Kiessling, E. Ling, and A. S. Tahvildar-Zadeh 


Math Department, Rutgers University, 
New Brunswick, New Jersey 08854, USA 


In this short paper, we review the Dirac equation on the zero-gravity Kerr-Newman 
spacetime. Our main objective is to provide a correspondence between the classification 
of the bound states for the zGKN spectrum and the usual hydrogenic states 15; /5, 251/2, 
etc. of the Hydrogen atom. 


Keywords: Kerr-Newman, Dirac, Hamiltonian, Hydrogen, Point spectrum. 


1. The purpose of this paper 


The zero-gravity Kerr-Newman (zGKN) spacetime has been studied exten- 
sively.*5:?:1? In reference 9 it was shown that the discrete spectrum of the Dirac 
Hamiltonian on zGKN is nonempty. In an upcoming paper!? we classify the discrete 
spectrum and show that the spectrum is indexed by three integers. See Theorem 2.1 
below. It was conjectured?? that the discrete spectrum of the Dirac Hamiltonian 
on zGKN should converge to the Bohr-Sommerfeld spectrum of the usual Hydrogen 
problem on Minkowski spacetime with a Coulomb potential in the limit as the ring 
radius of zGKN approaches 0. This problem remains open but a first step in solving 
this problem is to determine which states in the zGKN spectrum should correspond 
to which states in the usual hydrogenic spectrum. For example, which states should 
correspond to 15; /5, 251/2, 2p1/2, etc.? The purpose of this paper is to provide this 
correspondence. 


2. The zGKN spacetime 
2.1. The zGKN spacetime and the Dirac equation 


The zero-gravity Kerr-Newman (zGKN) spacetime? is obtained by formally taking 

Newton's gravitational constant G — 0 in the Kerr-Newman spacetime. In Boyer- 

Lindquist coordinates, the resulting spacetime has line element 

r? + a? cos? 0 
re + a2 

The zGKN spacetime is static and its orthogonal slices have the topology of two 

copies of IR? glued along a disc in the z = 0 plane; this topology is known as the 


ds? = c?dt? — (r?° + a?) sin? 6d? (dr? + (r?  a?)d9?). (1) 
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Zipoy topology.!? Specifically the spacetime manifold is given by IR x X where 
x= {(r,0,9) |r ER, 0 € [0,7], p € [0,27)}\R (2) 


where R denotes the ring R = {r = 0,0 = 7/2, € [0, 27) }. 

The electromagnetic fields on the Kerr-Newman spacetime Fxn = dAxn do not 
depend on Newton's gravitational constant and so they survive the G — 0 limit. 
Hence the zGKN spacetime comes already decorated with the same electromagnetic 
fields. The four-potential reads 


r 


Axkn = 
: r? + a? cos? 0 


(Qat = sin? odo) . (3) 


The field F is thus singular on the same ring {r = 0,0 = 7/2, p € [0,27)) as the 
metric; for r very large and positive it exhibits an electric monopole of strength Q 
and a magnetic dipole moment of strength Qa, while for r very negative it exhibits 
an electric monopole of strength —Q and a magnetic dipole moment of strength 
—Qa. 

Equipped with the Kerr-Newman electromagnetic fields, one can interpret the 
ring bounding the disc as an elementary particle. With this interpretation, it is 
natural to consider the Dirac equation 


4^ (—ihV , + eA) V - mc? — 0, (4) 


on the zGKN spacetime and compare its spectral properties to that of the usual 
Hydrogen problem (i.e. the Dirac equation on Minkowski spacetime with a Coulomb 
potential centered at the origin in R3 within the Born-Oppenheimer approximation). 

In equation (4), m is the mass of an electron, —e is its fundamental charge, and 
A, is the 1-form electromagnetic potential for Fx related via Fy, = 0, A, — Op Ap. 
The Dirac matrices (7“)3_9 satisfy 5/4" + 4"4" = 2g"", with g"" the (inverse) 
metric coefficients of the zGKN metric. 

At this point, one should recognize that if one takes the limit a — 0, then (1) 
becomes the Minkowski metric, (3) becomes the usual Coulomb potential of a charge 
Q located at the origin, and (4) becomes the usual Dirac equation on Minkowski 
spacetime. T'hese statements hold only formally as there are issues with the domain 
of the Dirac Hamiltonian when trying to make these limits precise. In particular, 
note that the domain of the r coordinate is IR in zGKN while it’s just (0,00) for 
Minkowski spacetime. Nevertheless, the a — 0 limit approach of the usual Hydrogen 
problem suggests a tantalizing mathematical problem. 


2.2. Separation of variables 


Using Cartan's frame method! with a frame well-adapted to oblate spheroidal coor- 
dinates, Chandrasekhar,?^^ Page,! and Toop! transformed the Dirac equation (4) 
into an equation for a bispinor that allows a clear separation of the t, r, 0, and y 
derivatives. The same transformation works for zGKN as well? By introducing an 
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explicit diagonal matrix D = 9 (r, 0, p) and defining V = 9-! V, the Dirac equation 
becomes 


(R+ A) — 0, (5) 


where Ê and A are given by (with h = c = 1 units from now on) 


imr 0 Ice 0 
5. 0 imr 0 D4 — ieQZ 
Hm Dyc-deor 0 imr 0 i (6) 
0 D. —ieQz 0 imr 
—ma cos 0 0 0 —L- 
a 0 —macos@  —L, 0 
E 0 LL ma cos 0 0 ? (7) 
Ly 0 0 ma cos 0 
where 
Ds := +00, 4 (war pe $) , La = ð +i (asin 0ð, + csc0ðp), — (8) 
W 
and 


w := y r2 +a. 


Once a solution V to (5) is found, the bispinor V := DW solves the original Dirac 
equation (4). The explicit form of 9 can be found in reference 9, but it's not needed 
for this paper. 

Separation of variables is now achieved with the Ansatz that a solution V of (5) 
is of the form 


Ry Sı 


E RS 
v= —i(Et—Ke) 202 
i R35, |’ 


Rı S2 


(9) 


with E a yet to be found energy eigenvalue of the Dirac hamiltonian, & € Z + i, 
and with Rẹ being complex-valued functions of r alone, and S; being real-valued 
functions of 0 alone. Let 


(8) se. w 


Plugging the Chandrasekhar Ansatz (9) into (5) one easily finds that there must be 
À € C such that 


Tak ER, (11) 


TangS = AS, (12) 
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where 
d. m= —i2 
Tra = . g w 1 
8 We + ià —d, ) ( 3) 
ma cos 0 l> 
Tang = ( -l, Ec) V 


The operators d+} and l4. are ordinary differential operators in r and 0 respectively, 
with coefficients that depend on the unknown E, and parameters a, Kk, and eQ: 


"EE d | aK + eQr 
dj :— iq t =) (15) 
d ; 
= at (aE sin0 — K csc 0). (16) 


2.3. The coupled spectral problems for Traa and Tang 


The angular operator Tang in (12) is easily seen to be essentially self-adjoint on 
(C?*((0,7),sin6d0))? C (L?((0,7),sin0d0))?, and its self-adjoint extension (also 
denoted Tang) has a purely discrete spectrum A = A, (am, aE, K) € R, n € Z\0 (see 
references 2, 14). 

With A € R it then follows that the radial operator Traa is essentially self-adjoint 
on (CX (R, dr))? c (L?(R, dr))?; its self-adjoint extension will also be denoted T,ad- 
Moreover, we can take Rı = R3 without loss of generality.^ Thus, we can set 


1 . 1 ' 
Ri = vu iv), R = Uu oq (17) 


for real funcions u and v. This brings the radial system (11) into the following 
standard (Hamiltonian) form 


Ga - B)(“) = (6) (18) 


r+ak 
m } Ó, 4 


where 


A 
w 


mie 
and 
y:— —eQ <0. (20) 


Equation (19) should be compared with equation (7.105) in reference 15. Specifically, 
note that as a > 0, H,44 approaches the radial Hamiltonian of the usual Hydrogen 
problem on Minkowski spacetime with a Coulomb potential. 


“This follows by multiplying the rows of equation (11) by either Ri and R3 and adding the 
equations to conclude that |Ri| = |R2|. Therefore Ry = Re’?! and R2 = Re!?2. Again, by 
multiplying by conjugates, one can show that (Ri /R%) = 0 which implies 4L (fi + $2) — 0. 


dr T 


652 


Using techniques of Weidmann!” it is straightforward to show that the essential 
spectrum of H,44 consists of values E € (—oo, 1] U [1, oo), and its interior is purely 
absolutely continuous; see reference 9. The remaining task is to characterize the 
discrete spectrum in the gap, i.e. the eigenvalues E € (—1, 1). In reference 9 it was 
shown that the spectrum is symmetric about 0, hence it suffices to consider E > 0. 


2.4. The Prüfer transformed system 


Following reference 9, we transform the equations (18) and (12) for the four un- 
knowns (u, v) and (91, S2) by defining four new unknowns (R, Q) and (S, O) via the 
Prüfer transform 


Q Q 
u = V2Rcos 5, v = V2Rsin 5, Sı = Scos Ê, S, = Ssin S. (21) 
Thus 


1 -1Y -1 92 
R-5vw +, Q—2tan ^7, S = 4/82 + S2, 9-2tn zc. (22) 


1 


As a result, Ry = Re~*®/? and Ry = Re'*/?, Hence V can be re-expressed in terms 
of the Prüfer variables as 


cos(0(0)/2)e 90/2 
A D 0(8)/2)e/9 (0/2 
H(t,r,0,) = R(r)s(8)e- iE | 9t 2 
( TS €) (r) ( )e cos(O(0)/2)e iQ (r)/2 , ( 3) 
sin(0(0)/2)e 1900/2 
and we obtain the following equations for the new unknowns, first 
P ce vg cad arp Or TT cope (24) 
dr aw w w? 
d 
Uana rop ey (25) 
dr wW wW 
and second, 
1o = —2ma cos 0 cos O + 2 (aB sind — —) sin O + 2A, (26) 
dé sin 0 
d . K 
4g BS = —macos sin © - (aE sing = 3.5) cos ©. (27) 


Note that the Q-equation (24) is decoupled from R, and the O-equation (26) is 
decoupled from S. Thus the pair (24), (26) can be solved together independently 
of equations (25), (27), which in turn can be integrated subsequently by direct 
quadrature. 

We can further simplify the analysis of these systems and reduce the number of 
parameters involved by noting that by defining the constants a’ = ma, E' = E/m, 
and changing to the variable r' = mr, we eliminate m from the system. Henceforth 
we therefore set m — 1. 
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2.5. Transformation onto a coupled dynamical system on cylinders 


Equations (24) and (26) exhibit the independent and the dependent variables ex- 
plicitly. It is more convenient to transform them to a parametrically coupled pair of 
autonomous two-dimensional dynamical systems, by introducing a new independent 
variable 7, as follows. 

Equation (26) can be written as a smooth dynamical system in the (0, O) plane 
by introducing 7 such that æ = sin 0. Then, with dot representing differentiation 
in 7, we have, 


Ó — sin (28) 
Ò = —2a sin 0 cosÓ cos O + 2a E sin? 0 sin O — 2k sin O + 2A sinÓ 


Identifying the line O = a with © = —7, this becomes a dynamical system on a 
closed finite cylinder C; := [0,7] x St. The only equilibrium points of the flow are on 
the two circular boundaries: Two on the left boundary: S^ = (0,0), N^ = (0,7); 
two on the right: St = (r, —7) and N+ = (m,0). 

For & > 0, the linearization of the flow at the equilibrium points reveals that 
S- and S* are hyperbolic saddle points (with eigenvalues (1, —2«) and {—1, 2%} 
respectively), while N^ is a source node (with eigenvalues 1 and 2X) and NT is 
a sink node (with eigenvalues —1 and —2«). The situation with & < 0 is entirely 
analogous, with the two critical points on each boundary switching their roles. 

Similarly, the € equation (24) can be rewritten as a smooth dynamical system 
on a cylinder, in this case by setting 7T :— 7 as new independent variable, as well as 
introducing a new dependent variable 


€:= tan! T Z tanir (29) 
a 


Then, with dot again representing differentiation in 7, (24) is equivalent to 


£ = cos? € (30) 
Q = 2a sin € cos Q + 2A cos£ sin Q + 27 sin £ cos € + 2& cos? £ — 2a E 
Once again, identifying Q = —7 with Q = m turns this into a smooth flow on the 
closed finite cylinder C5 := [-5, 5] x S!. 'The only equilibrium points of the flow 


are on the two circular boundaries. For E € (0,1) there are two equilibria on each: 
Sg = (—-5,—7- cos! E) and Ng = (—3,7 — cos ! E) on the left boundary, and 
Si = ($,—cos ! E) and NE = (£,cos ! E) on the right boundary. S% are non- 
hyperbolic (degenerate) saddle-nodes, with eigenvalues 0 and +2av 1 - E?, while 
Ng is a degenerate source-node and Ni a degenerate sink-node (see Theorem 
2.19(iii) in reference 6). 

In reference 9, it was shown that E is an energy eigenvalue of the Dirac Hamilto- 
nian and the corresponding V is a bound state if and only if there exists a A € R such 
that each of the two dynamical systems above possesses a saddles connector, i.e. an 
orbit on Cı connecting the two saddle-nodes S^ and S* in the O-system (28) and 
an orbit on C» connecting the two saddle-nodes Sp and Sj in the Q-system (30). 
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Given a dynamical system on a cylinder, there corresponds an integer known 
as the winding number which describes how many times an orbit in the dynami- 
cal system winds around the cylinder before terminating at an equilibrium point. 
See reference 9 and the upcoming paper 10. For the Q system, saddles connectors 
with different winding numbers correspond to different energy values (with energy 
increasing as the winding number increases). In reference 9 it was shown that a 
bound state Y exists corresponding to winding number Ne = 0 for the O system 
and winding number No = 0 for the € system (and « = 4). In the upcoming paper 
10, we improve on this result by fully classifying the spectrum. Specifically, we prove 
the following theorem. 


Theorem 2.1. Set dmax = 1-25 and min = -i. Fiza € (0, amax), Y € (^min; 0); 
and k € Z+ i. Assume WV is of the form (23) constructed from solutions of 


(24)-(27). 


e Suppose Ne > 0 is an integer. For all integers No > 0, there is a bound 
state V such that the O system and Q system have winding numbers No 
and No, respectively. There are no bound states with No < —1. 

e Suppose Ne < —1 is an integer. For all integers No > 1, there is a bound 
state V such that the O system and Q system have winding numbers No 
and No, respectively. There are no bound states with No < 0. 


Our conditions on a and y are used to ensure that there are no bound states with 
No € —1 for Ne > 0 and no bound states with No < 0 for Ne € —1, which, as we 
will see in the next section, occurs in an analogous way for the familiar hydrogenic 
Dirac operator on a Minkowski background with a Coulomb potential. 


When restoring units and mass m, we have a&max = (1— 23) i- and Ymin = — she. 
If, with the hydrogenic problem in mind, we set y = —Ze?, then y € (^i, 0) 
Ze? 


ao i, that is, Z « 137.036, Now let’s compare these conditions with 
the conditions on Z for the familiar hydrogenic Dirac operator on a Minkowski 
background with a Coulomb potential, for which essential self-adjointness breaks 
down for Z > 118. For the Dirac operator on zGKN, there is no condition for 
essential self-adjointness.? So our conditions are probably not optimal. 


implies 


3. Relating the zZGKN bound states to the usual hydrogenic states 


In this section we relate the zGKN bound states found in Theorem 2.1 to the usual 
hydrogenic states of the Dirac problem on Minkowski spacetime with a Coulomb 
potential. The main objective is to relate the winding numbers which appear in 
Theorem 2.1 to the usual spectroscopic notation n£; of hydrogenic states. 
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3.1. The correspondence between winding numbers and the usual 
spectroscopic notation of hydrogenic states 


Based on the above results, for fixed a and y, the discrete spectrum of our Dirac 
Hamiltonian is indexed by three integers: No, No, and 2x. By contrast, the energy 
spectrum of special relativistic Hydrogen, i.e., the Dirac Hamiltonian for a point- 
like electron in ordinary Minkowski space interacting with a Coulomb point charge 
at the origin, is indexed by two integers only, namely the main (or Bohr's) quantum 
number, often denoted by n, and the spin-orbit quantum number”, i.e., the set of 
eigenvalues of the spin-orbit operator K = 8(2S - L + 1). 
In the limit a — 0, the angular Hamiltonian (14), takes the simple form 


K 
«i= lim Tong — 1 ——201. 1 
a lim Tang 10209 + angi (31) 


From reference 2, if A is an eigenvalue of Tang, then k := limao A is an eigenvalue 
of a,, also the limit defining k exists since A is analytic in a. Note that a, is 
independent of E unlike Tang. 

In the limit a — 0, the formal limit of the radial Hamiltonian (19) coincides with 
the radial Hamiltonian arising in the special relativistic Hydrogen problem (e.g. see 
reference 15, eq. (7.105)): 


"i ed: 
T 
Di. = lim Hrad md G (32) 


k 
3+2 —m4 3 
r r 


Therefore k can be identified with the spin-orbit coupling. 

The spectrum of a, is completely understood.? In particular, for all half-integers 
KEZ+ Z, the operator a, is essentially self-adjoint and has a discrete spectrum 
indexed by a nonzero integer which we call N: 


pasa) (IN s uis 5) | (33) 


as well as a complete set of eigenvectors S N,« that are explicitly known and can be 
expressed in terms of Jacobi polynomials. 
m nera ( 


cot gpr 


T cos 0) 


(34) 


sgn( N)4/tan $ ee 2 (cos 6) 


Note that the above holds for & > 0. To find the eigenvectors for k < 0, recognize 
that if S is an eigenvector of a,, then io2S i is an eigenvector of a_, 


bThe spin-orbit quantum number is called Kj in reference;!? it should not be confused with our 
K, which is the eigenvalue of the z-component of angular momentum, for which Thaller uses the 
notation m;. 
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From the above and the definition of O it follows that the saddles connectors of 
the O-system that correspond to the eigenvectors of the angular Hamiltonian are 
given explicitly by the formula 


pli 5.8173 (eos 0) 0 


1 ES Inte tan TXkco p. (35) 
PwiL1 (cos 8) 


On, (0) = —sgn(N) 4 2tan 


Here the branch of tan~! needs to be chosen in such a way that O y,,, is continuous 
on [0, 7]. 

'The above formula implies that we can fix the initial value of the saddles con- 
nectors to be 


0 kK > 0 
On, (0) = € k « 0. $96) 
and that for the final value of those connectors, we need 
| f-sgn(N)r &»0 
On (1) = { 0 song [mod27] (37) 


in agreement with what we have already observed about the boundary values of the 
saddles connectors for the O-system (28). 

Furthermore, from the properties of Jacobi polynomials, it follows that for O y 
to be a continuous function of 0 on [0, 1], we need 


—sgn(N)w &k»0 


0 K <0 (38) 


Oxy (7) = —2asgn(N)(|N| — 1) + { 
Thus we establish a correspondence between the integer N and the winding number 
Ne of the O-saddles connectors in the case a = 0. 


N-11 N>1 
Nol N N<, (a9) 


where ‘~’ simply means a correspondence. 

From the relationship (33) between the eigenvalue k and the number N it follows 
that instead of N we can equally well label the angular eigenstates by the integer 
k, in which case 


N = —sgn(k) G -= |«| + 3 ; (40) 


We now turn our attention to the radial Hamiltonian bọ = limano Hraa. This 
operator is closely related to the radial Hamiltonian h; of the special-relativistic 
Hydrogen problem, as formulated by Dirac:? 


k 
hy = 1090, f mo3 | 01 } P MES (41) 
T- T 


The only difference between hz and hy is their domains: Since H,44 is defined on 
the double-sheeted Sommerfeld space, this is inherited by its a > 0 limit hg, which 
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is still defined on two copies of Minkowski space glued together along a timelike line. 
In particular the r variable in h; has the range (—0o, oo). By contrast, the r variable 
in hy goes from 0 to oo. The eigenvalue problem for hy was shown to be exactly 
solvable by Gordon," who proved the discrete spectrum to coincide exactly with the 
Bohr-Sommerfeld spectrum, and found explicit formulas for the eigenfunctions in 
terms of generalized Laguerre polynomials. 

Consider first the restriction of f; to functions supported in the sheet r > 0. As 
described in detail in section 7.4 of Thaller’s book,’ this operator, for all k € Z\ {0}, 
is essentially self-adjoint on C?*((0,0c)), has a discrete spectrum in (0,1) and a 
complete set of eigenvectors, if —/3/2 < y < 0. The discrete spectrum is indexed 
by two integers, n > 1 and k = —n,...,—1, L,...,n— 1. Let M := n— |k|. Then we 
have 


m 
EM,k = (42) 


2 
y2 
i) * (= | 


Note that the case k > 0 and M = 0 is excluded. 
Gordon’ computed the corresponding eigenfunctions in terms of generalized La- 
guerre polynomials: Let ($1, $2) be defined by 


u = 1-4 Em pkl + $2), v = y1 -— Em, k(Q1 — $2) (43) 


where (u, v) is an eigenfunction of fy, with eigenvalue Ey; (and we have set m = 1). 
'Then, using the abbreviations 


pi Vk? - 7°, 7 :— V1- EN (44) 


we have that for all nonnegative integers M and real constants c1,cs such that 


C1 M 
cie me (45) 
we have 
di(r) = caer? F(—M + 1,2p + 1,2597) (46) 
$»(r) = cse ""r? F(—M,2p +1, 2nr) (47) 


where F denotes Gauss’s confluent hypergeometric function 


ELEC Gla by 3, 
F(o,f,x) = 14 ig” * 919(81.1)* FE... (48) 


Note that when a is a negative integer, the above series terminates, and F is a poly- 
nomial of degree —a, which (up to a numerical factor) is the generalized Laguerre 


polynomial LEY (a), 
Accordingly, since Q = 2tan7! 2, the corresponding solution to the a — 0 limit 
of the Q-equation (24) will be 


1— E uF(—M +1,2 1,2 F(—M,2p--1,2 
Q(r) = 2tan t H ( ;2p , nr) ( 4P , nr) (49) 
V1 E uF(—M +1,20+4+1,2nr) + F(—M, 2p +1, 2nr) 
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The values of Q at r = 0 and r = oo can thus be calculated (modulo 27): 


Q(0) = 2tan-' (a= E) = sin“) (50) 


1-E 
Q(oo) = -2tan ! | m) = —cos ! E (51) 
which is in agreement with the analysis of the equilibrium points of the correspond- 
ing dynamical system. We choose our principal branch of sin! depending on the 
sign of k: 
e —1/-7 ; 
sin (32%) if k <0. 
Q(0) = k 
(0) ic a ifk 0 
On the other hand, from the properties of Laguerre polynomials, it follows that the 
denominator of the rational function in (49) has M zeros in [0, oo) when k < 0 and 
M — 1 zeros when k > 0 (note that this explains why k < n — 1). Thus in order 
for Q to be a continuous function of r, the branch of tan~! needs to be chosen such 
that —2r gets added to the value every time r crosses one of those poles, which 
implies that 


(52) 


Qo) = —2rM — cos ! E (53) 


which holds for both k < 0 and k > 0 (this is why we chose Q(0) = =r — sin! (52) 
for k > 0). Thus we establish the following correspondence between the integer M 
and the winding number No for the Q-saddles connectors in the case a = 0. 


No ~ M. (54) 


Now consider the case a > 0 (i.e. the Dirac Hamiltonian on zGKN). The bound 
states are indexed by three integers No, No, and 2« appearing in Theorem 2.1. Using 
(54) and (39), we can define a correspondence between the integers No, No, 2« and 
the usual spectroscopic notation n£; of hydrogenic states. Given Ne and No, define 
N and M via 


Ne+1 No20 
= M := Ng. 
N { Nə AL CET and Q (55) 
Then n, £, and j appearing in nl; are given by 
1 
k := —N — sgn(N)(|«| — 2 (56) 
n :— M + |k| (57) 
1 
i := |k|— = 58 
j= |i 5 (58) 
1 
[a j + sgn(k); (59) 


mj :— K. (60) 
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This establishes the desired correspondence between the winding numbers ap- 
pearing in Theorem 2.1 and the usual spectroscopic notation n£; of hydrogenic 
states. For example, suppose we ask: which state in zGKN corresponds to 2p; 2 
—i? Well £ = 1 implies 1 = $ + sgn(k)j. Therefore k is positive 
implies k = 1. Therefore N = —1 implies No = —1. Lastly, n = 2 
implies M = 1 and so No = 1. Thus the state 2p,/2 with my/2 = -i corresponds 


to Ne = —1, No = 1, and Kk = -i. 


3.2. Breaking degeneracies 


It is well known that the energy levels of the special-relativistic Hydrogen Hamil- 
tonian are independent of m;, the eigenvalue of the z-component of total angular 
momentum, while the eigenstates of it do depend on m;. As a result, all energy 
levels are degenerate in that case, ie. have multiplicity at least two. In the case 
of our Hamiltonian Hpaa, this degeneracy is broken by the appearance of ax in 
equation (19). This yields a hyperfine-like splitting of the spectral lines, which in 
the standard setting is thought of as being a consequence of the nucleus having a 
magnetic dipole moment. In our setting, it can be thought of as following from the 
nonzero dq term in equation (3) which produces a magnetic dipole moment. 

In addition to the above symmetry-related degeneracy, Dirac's original model 
for special-relativistic Hydrogen also has accidental degeneracies; the energy eigen- 
values do not depend on the sign of the spin-orbit quantum number k, only on its 
magnitude, while the eigenstates do depend on the sign of k. The celebrated experi- 
ment of Lamb! showed that this degeneracy is only in Dirac’s model, not in nature, 
i.e., the measured energy levels of orbitals corresponding to k and —k are slightly 
different. This difference is known as the Lamb shift. In our model, these accidental 
degeneracies are also broken producing a small but observable Lamb shift-like effect. 

Recall that hyperfine splitting and the Lamb shift are calculated using pertur- 
bative techniques. It is important to note that our model does not use perturbation 
theory to calculate energy differences. 

In the upcoming paper, we will report on numerical results of the zGKN 
spectrum showing the breaking of these degeneracies for various values of a. 
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In this short review, we explain how and in which sense the causal action principle 
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to a positive mass theorem for static causal fermion systems, a connection between area 
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1. Introduction 


The theory of causal fermion systems is a recent approach to fundamental physics 
(see a few basics in Section 2, the reviews, !? the textbooks” 14 or the website!). In 
this approach, spacetime and all objects therein are described by a measure p on a 
set F of linear operators on a Hilbert space (K, (.|.)5c). The physical equations are 
formulated via the so-called causal action principle, a nonlinear variational principle 
where an action S is minimized under variations of the measure p. 

The purpose of this survey article is to report on the present status of the 
theory with regards to the gravitational interaction. It has been shown that, in a 
well-defined limiting case, the so-called continuum limit, the causal action principles 
gives classical gravity and the Einstein equations, with the gravitational coupling 
constant determined by the regularization scale. Without taking the continuum 
limit, the causal action principle describes a novel gravitational theory which is 
presently under investigation. We here give a survey on different approaches towards 
unraveling the structure and the properties of this gravitational theory. 

The paper is structured as follows. After giving the necessary background on 
causal fermion systems (Section 2), we explain how and in which sense classical 
gravity and the Einstein equations are obtained in the continuum limit (Section 3). 
In Section 4 we report on the approaches for going beyond classical gravity. After 
a few comments on the intrinsic geometric structures of a causal fermion system 
(Section 4.1), we introduce surface layer integrals as the main object for the subse- 
quent analysis (Section 4.2). We finally report on a positive mass theorem for static 
causal fermion systems (Section 4.3), a relation between area change and matter 
flux (Section 4.4) and the construction of a quantum state (Section 4.5). 
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2. A Brief Introduction to Causal Fermion Systems 


This section provides the necessary abstract background on causal fermion systems. 


2.1. Causal Fermion Systems and the Causal Action Principle 


We begin with the general definitions. 


Definition 2.1. (causal fermion systems) Given a separable complex Hilbert 
space H with scalar product (.|.)3c and a parameter n € N (the spin dimension), 
we let 3 C L(9€) be the set of all symmetric operators on H of finite rank, which 
(counting multiplicities) have at most n positive and at most n negative eigenvalues. 
On F we are given a positive measure p (defined on a a-algebra of subsets of F). 
We refer to (30, 3, p) as a causal fermion system. 


A causal fermion system describes a spacetime together with all structures and ob- 
jects therein. In order to single out the physically admissible causal fermion systems, 
one must formulate physical equations. To this end, we impose that the measure p 
should be a minimizer of the causal action principle, which we now introduce. For 
any x,y € F, the product zy is an operator of rank at most 2n. However, in gen- 
eral it is no longer symmetric because (ay)* = yz, and this is different from zy 
unless z and y commute. As a consequence, the eigenvalues of the operator xy are 
in general complex. We denote the non-trivial eigenvalues counting algebraic multi- 
plicities by A1?,..., A3% € C (more specifically, denoting the rank of zy by k < 2n, 
we choose Aj",..., Az" as all the non-zero eigenvalues and set A77 ,,..., A55 = 0). 
We introduce the Lagrangian and the causal action by 


2n 
: 1 c c 2 
Lagrangian: L(x, y) = zm 5 (In| — xl) (1) 
ij=1 
causal action: S(p) = i L(x, y) dp(x) dp(y) . (2) 
Sx 


The causal action principle is to minimize S by varying the measure p under the 
following constraints, 


volume constraint: p(F) = const (3) 
trace constraint: J tr(x) dp(r) = const (4) 
F 
boundedness constraint: n lzy|? do(x) dp(y) <C, (5) 
FXF 


where C is a given parameter, tr denotes the trace of a linear operator on H, and 
the absolute value of zy is the so-called spectral weight, 


2n 
|zy| = b3 |A2"] f 
j=1 
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This variational principle is mathematically well-posed if H is finite-dimensional. 
For the existence theory and the analysis of general properties of minimizing mea- 
sures we refer to?? or [14, Chapter 12]. In the existence theory one varies in the 
class of regular Borel measures (with respect to the topology on L(H) induced by 
the operator norm), and the minimizing measure is again in this class. With this in 
mind, here we always assume that 


p is a regular Borel measure . 


2.2. Spacetime and Causal Structure 
Let p be a minimizing measure. Spacetime is defined as the support of this measure, 
M :=suppp C F. 


Thus the spacetime points are symmetric linear operators on H. On M we consider 
the topology induced by F (generated by the operator norm on L(#)). Moreover, 
the measure p|m restricted to M gives a volume measure on spacetime. This gives 
spacetime the structure of a topological measure space. 

'The operators in M contain a lot of information which, if interpreted correctly, 
gives rise to spacetime structures like causal and metric structures, spinors and 
interacting fields (for details see [7, Chapter 1]). All the resulting objects are inherent 
in the sense that we only use information already encoded in the causal fermion 
system. Here we restrict attention to those structures needed in what follows. We 
begin with the following notion of causality: 


Definition 2.2. (causal structure) For any x,y € F, we again denote the non- 
trivial eigenvalues of the operator product xy (again counting algebraic multiplici- 
ties) by M",..., Azn- The points x and y are called spacelike separated if all the A5" 
have the same absolute value. They are said to be timelike separated if the A" are 
all real and do not all have the same absolute value. In all other cases (i.e. if the A" 
are not all real and do not all have the same absolute value), the points x and y are 
said to be lightlike separated. 


Restricting the causal structure of F to M, we get causal relations in spacetime. 

The Lagrangian (1) is compatible with the above notion of causality in the 
following sense. Suppose that two points x,y € M are spacelike separated. Then 
the eigenvalues A7" all have the same absolute value. As a consequence, the La- 
grangian (1) vanishes. Thus pairs of points with spacelike separation do not enter 
the action. This can be seen in analogy to the usual notion of causality where 
points with spacelike separation cannot influence each other. This is the reason for 
the notion “causal” in causal fermion system and causal action principle. 

Moreover, a causal fermion system distinguishes a direction of time. To this 
end, we let 7, be the orthogonal projection in H on the subspace z(J0) C H and 
introduce the functional 


C: MxM9R, €(z, y) := i tr (Yy £ my ms — LY Tg m). 
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Obviously, this functional is anti-symmetric in its two arguments, making it possible 
to introduce the notions 


y lies in the future of r if C(a,y) > 0 
y lies in the past of z if C(a,y) <0. 


2.3. The Euler-Lagrange Equations 


A minimizer of a causal variational principle satisfies the following Euler-Lagrange 
(EL) equations. For a suitable value of the parameter s > 0, the function £ : F > Rf 
defined by 


ee) = f Ealey) dp) - s (6) 
is minimal and vanishes on spacetime M :— supp p, 
llu = inf£ —0. (7) 
Here the «-Lagrangian Lp is defined by 
Le: FXF>R, — £(r,y):— £(r,y) + «K |zyl? (8) 


with a non-negative parameter &, which can be thought of as the Lagrange param- 
eter corresponding to the boundedness constraint. Likewise, the parameter s > 0 
in (6) is the Lagrange parameter corresponding to the volume constraint. For the 
derivation and further details we refer to [16, Section 2] or [14, Chapter 7]. 


2.4. Spinors and Physical Wave Functions 


A causal fermion system also gives rise to spinorial wave functions in spacetime, as 
we now explain. For every x € F we define the spin space S, by S, = z(90); it isa 
subspace of H of dimension at most 2n. It is endowed with the spin inner product 
<.|.> 2 defined by 


Au|v-, = —(u|zv)a (for all u,v € Sz). (9) 


A wave function w is defined as a function which to every x € M associates a vector 
of the corresponding spin space, 


wy: MoH with v(r)€ S,M forallre M. 


It is an important observation that every vector u € H of the Hilbert space 
gives rise to a unique wave function denoted by Y“. It is obtained by projecting the 
vector u to the corresponding spin spaces, 


we: MoH, v" (x) := Tzu E€ SM . (10) 


We refer to 1" as the physical wave function of the vector u € H. Choosing an or- 
thonormal basis (e;) of K, we obtain a whole family of physical wave functions (1/*:). 
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'This ensemble of wave functions is crucial for the understanding of what a causal 
fermion systems is about. In fact, all spacetime structures (like for example the 
causal structure in Definition 2.2) can be recovered from this ensemble. Moreover, 
one can construct concrete examples of causal fermion systems by choosing the phys- 
ical wave functions more specifically as the quantum mechanical wave functions in 
a classical Lorentzian spacetime. In the next section we explain this construction in 
more detail. 


3. The Limiting Case of Classical Gravity 


In this section we outline how and in which sense the causal action principle gives 
rise to classical gravity. For more details we refer to’ and the review article.? 


3.1. Describing a Lorentzian Spacetime by a Causal Fermion 
System 


We now explain how a classical curved spacetime is described by a causal fermion 
system. Our starting point is Lorentzian spin geometry. Thus we let (,g) be a 
smooth, globally hyperbolic, time-oriented Lorentzian spin manifold of dimension 
four. For the signature of the metric we use the convention (+,—,—,—). We denote 
the corresponding spinor bundle by S.M. Its fibers SM (with x € M) are endowed 
with an inner product ~<.|.>, of signature (2, 2). Clifford multiplication is described 
by a mapping y which satisfies the anti-commutation relations, 


Y : TeaM + L(S.46) with = y(u)vy(v) + Y(v) Y(u) = 29(u, v) 15, (4) - 


We also write Clifford multiplication in components with the Dirac matrices ^. 
'The metric connections on the tangent bundle and the spinor bundle are denoted 
by V. The sections of the spinor bundle are also referred to as wave functions. 

We denote the smooth sections of the spinor bundle by C** (M, SM). The Dirac 
operator D is defined by 


D := iV; : C? (4t, SM) — C9 (M, SM). 
Given a real parameter m € R (the mass), the Dirac equation reads 
(D—m)vy-0. 


We mainly consider solutions in the class CS°(.,S.M) of smooth sections with 
spatially compact support (i.e. wave functions whose restriction to any Cauchy 
surface is compact). On such solutions, one has the scalar product 


(ld) = 2r ib «b |) be diy (s) 


where N denotes any Cauchy surface and v its future-directed normal (due to 
current conservation, the scalar product is in fact independent of the choice 
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of N; for details see [20, Section 2]). Forming the completion gives the Hilbert 
space (Hm, (.|.)m)- 

Next, we choose a closed subspace H C Hm of the solution space of the Dirac 
equation. The induced scalar product on H is denoted by (.|.)3c. There is the tech- 
nical difficulty that the wave functions in H are in general not continuous, making 
it impossible to evaluate them pointwise. For this reason, we need to introduce an 
ultraviolet regularization on the length scale £, described mathematically by a linear 


regularization operator Re : H — C? (4L, SM). 


In the simplest case, the regularization can be realized by a convolution on a Cauchy 
surface or in spacetime (for details see [20, Section 4] or [7, Section 81.1.2]). For us, 
the regularization is not merely a technical tool, but it realizes the concept that we 
want to change the geometric structures on the microscopic scale. With this in mind, 
we always consider the regularized quantities as those having mathematical and 
physical significance. Different choices of regularization operators realize different 
microscopic spacetime structures. 

Evaluating the regularization operator at a spacetime point x € M gives the 
regularized wave evaluation operator W* (x), 


V*(r) = R(x) : H > S,At . (11) 


We also take its adjoint (with respect to the Hilbert space scalar product (.|.)3¢ and 
the spin inner product -.|.—;), 


(W= (a))" : SsrM >H. 
Multiplying ¥€(x) by its adjoint gives the operator 
F*(x):— -(V*(a))* Wir): H>H, (12) 


referred to as the local correlation operator at the spacetime point x. The local 
correlation operator is also characterized by the relation 


(Y| FY (a) p) = —(ev)(x)(Gt.o)(x)-. for ally, dE HK. (13) 


Taking into account that the inner product on the Dirac spinors at x has signa- 
ture (2,2), it is a symmetric operator on H of rank at most four, which (counting 
multiplicities) has at most two positive and at most two negative eigenvalues. Vary- 
ing the spacetime point, we obtain a mapping 


Fe: MoFCL(H), 
where 3 denotes all symmetric operators of rank at most four with at most two pos- 


itive and at most two negative eigenvalues. Finally, we introduce the measure p on F 
by taking the push-forward of the volume measure on M under the mapping F*, 


p= (F°)apa (14) 


(thus p(Q) := uu ((F*)-1 (Q))). The resulting structure (2€, F, p) is a causal fermion 
system of spin dimension two. 
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We conclude with a few comments on the significance of this construction. We 
first point out that the construction uses all the structures of Lorentzian spin geome- 
try as well as the properties of the Dirac wave functions in H. We thus obtain a very 
specific class of examples of causal fermion systems describing classical spacetimes. 
In general, the measure p defined by (14) will not be a minimizer of the causal action 
principle. But it is an approximate minimizer if the Einstein equations are satisfied. 
Before making this point precise in the next section (Section 3.2), we now explain 
the physical picture behind the Dirac wave functions in H. These wave functions 
have the interpretation as being those Dirac wave functions which are realized in 
the physical system under consideration. If we describe for example a system of 
one electron, then the wave function of the electron is contained in H. Moreover, 
3€ includes all the wave functions which form the so-called Dirac sea (for an expla- 
nation of this point see for example?). All the Dirac wave functions in H can be 
identified with the ensemble of physical wave functions of the causal fermion system 
as introduced in (10). This “identification” is made mathematically precise by also 
identifying the objects of Lorentzian spin geometry with corresponding inherent ob- 
jects of the causal fermion system (for details see [14, Section 1.2]). The name causal 
fermion system is motivated by the fact that Dirac particles are fermions. According 
to (13), the local correlation operator F*(p) describes densities and correlations of 
the physical wave functions at the spacetime point p. Working exclusively with the 
local correlation operators and the corresponding push-forward measure p means 
in particular that the geometric structures are encoded in and must be retrieved 
from the physical wave functions. Since the physical wave functions describe the 
distribution of matter in spacetime, one can summarize this concept by saying that 
matter encodes geometry. 


3.2. Classical Gravity in the Continuum Limit 


'The construction of the causal fermion system in the previous section involved 
the Lorentzian metric g. But this Lorentzian metric did not need to satisfy the 
Einstein equation. Instead of postulating the Einstein equations, our strategy is to 
derive these equations from the causal action principle. To this end, we need to 
evaluate the EL equations (6) for the causal fermion system (K, 3, p) constructed 
in the previous section in the limit € Ns 0 when the ultraviolet regularization is 
removed. This analysis, referred to as the continuum limit, is carried out in detail 
in [7, Chapter 4]. Before giving a brief outline of how this analysis works, we state 
the main result in the context of gravitational fields: The EL equations (6) are 
satisfied asymptotically for small € > 0 only if the Lorentzian metric satisfies the 
Einstein equations, up to possible higher order corrections in curvature (which scale 
in powers of (6? Riem), where 6 is the Planck length and Riem is the curvature 
tensor), i.e. (see [7, Theorems 4.9.3 and 5.4.4]) 


1 
Rix zy 2 R gjk + A gjk = G Tjk + o (5 Riem?) 4 (15) 
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Moreover, it is shown that the gravitational coupling constant G is determined by 
the length scale of the microscopic spacetime structures and has the scaling 


Ge. 


The cosmological constant A, however, is not determined by our method. In order 
to avoid confusion, we finally note that we carefully distinguish the Planck length ó 
from the regularization length e. The reason is that, although it seems natural to 
assume that these length scales coincide, this does not necessarily need to be the 
case. In fact, the are indications that £ should be chosen even much smaller than 6 
(for a detailed discussion of the length scales see for example [4, Appendix A]). 

We now briefly explain the general procedure in the analysis of the contin- 
uum limit. Given a causal fermion system (2€, F, p) describing a globally hyperbolic 
spacetime (M,g) (as constructed in Section 3.1), our task is to evaluate the EL 
equations (7). The first step is to compute the eigenvalues A1?,..., A5" of the oper- 
ator product F*(x) F*(y) for given x,y € M. Using (12) together with the fact that 
the non-zero eigenvalues of a matrix product as well as the corresponding algebraic 
multiplicities do not change when the matrices are cyclically commuted, one can 
just as well compute the eigenvalues of the closed chain Az, defined by 


Azry :— P*(v,y) PE (y, £) : Spt > S, , (16) 
where the regularized kernel of the fermionic projector P*(x,y) is defined by 
P*(z,y) = —V*(z)(V*(y))' : SyM 5 SaM . 


In this way, it suffices to compute the eigenvalues of a linear endomorphism of SM, 
which can be represented by a 4 x 4-matrix. Moreover, the regularized kernel of 
the fermionic projector can be analyzed explicitly using the regularized Hadamard 
expansion. In general terms, P*(xz, y) is a smooth function which in the limit € N 0 
converges to a distribution which has singularities on the lightcone (i.e. for lightlike 
separation of x and y). As a consequence, the pointwise product in (16) is ill- 
defined in this limit. In the continuum limit analysis, one deals with this issue by 
studying the Lagrangian and other composite expressions in P* (x, y) asymptotically 
for small € > 0. Evaluating the resulting expressions in the EL equations (7), one 
gets equations involving the gravitational field and the Dirac wave functions. In 
models containing neutrinos, these equations imply the Einstein equations (15). 

The detailed computations can be found in,’ where the continuum limit analy- 
sis is carried out in Minkowski space. In this context, the Hadamard expansion is 
referred to as the light cone expansion. The reader interested in the general con- 
struction of the regularized Hadamard expansion in curved spacetime is referred 
toy? 


4. Going Beyond Classical Gravity 


The above derivation of the Einstein equations in the continuum limit has two 
disadvantages. First, it is rather technical and thus does not give a good intuitive 
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understanding of the underlying mechanisms. Second and more importantly, the 
Einstein equations are obtained only for the special class of examples of causal 
fermion systems constructed in Section 3.1 and hold only in the continuum limit. 
But the methods do not give an insight into the geometric meaning of the EL 
equations (7) for general causal fermion systems describing more general *quantum" 
spacetimes. This raises the following question: 


Given a general causal fermion system (K, 3, p), how do the 


EL equations (7) relate matter to the geometry of spacetime? TO 


For a general causal fermion system, we cannot work with tensor fields, making it 
impossible to formulate the Einstein equations or modifications thereof. Therefore, 
we need to go beyond the mathematical setting of Lorentzian geometry. In the next 
sections, we explain step by step how this can be done and mention a few results. 


4.1. A Lorentzian Quantum Geometry 


In? it was shown that a causal fermion system gives rise to geometric structures 
in spacetime. The general strategy for obtaining these geometric structures is as 
follows. Given two spacetime points x,y € M, the corresponding spin space Sy 
and Sy (see Section 2.4) are subspaces of the underlying Hilbert space H. Denoting 
the orthogonal projection to the spin spaces S, again by 


Tz: H > Sz, 
the kernel of the fermionic projector is introduced by 
P(z,y) = "zy|s, : Sy > Sz - 


Being an operator from one spin space to another, it gives relations between the 
spacetime points. In other words, the kernel of the fermionic projector induces addi- 
tional structures in spacetime. One important structure is the spin connection Dz y, 
being a unitary mapping between the spin spaces, 


Dzy : SyM > SM unitary (18) 


(unitary with respect to the spin inner product (9)). A first idea for construc- 
tion D, , is to take a polar decomposition of P(x,y). This idea needs to be refined 
in order to also obtain a metric connection and to arrange that the different con- 
nections are compatible. Here for brevity we omit the details and refer to? or the 
review.? In general terms, it turns out that there is a canonical spin connection (18), 
provided that the operators x and y satisfy certain conditions, which are subsumed 
in the notion that the spacetime points be spin-connectable. Curvature Ñ can be 
defined as the holonomy of the spin connection. Thus, in the simplest case, for three 
points x,y,z € M which are mutually spin-connectable, one sets 


R(x, y; z) = Dey Dyz Dz x : Sz M — S M 5 
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In? also the correspondence to Lorentzian spin geometry is established, in the sense 
that for causal fermion systems describing a globally hyperbolic Lorentzian man- 
ifold (as constructed in Section 3.1) and taking a suitable limit € N 0, the spin 
connection (18) goes over to the spinorial Levi-Civita connection of the Lorentzian 
manifold. 

While these structures give a good understanding of the geometry of a causal 
fermion system, so far they have not been fruitful for unraveling the form of the 
gravitational interaction as described by the causal action principle. The basic prob- 
lem is that the EL equations (7) cannot be formulated in terms of these geometric 
structures. In other words, it does not seem possible to rewrite the causal action 
principle as a geometric variational principle involving D;,, and R. With this in 
mind, we now move on to other structures which again have a geometric meaning, 
but harmonize better with the EL equations (7). 


4.2. Surface Layer Integrals 


Coming back to our question (17), we follow another path for getting a connection 
between the geometric structures and the EL equations (7). This method is inspired 
by the fact that the effects of gravity can also be captured by considering the 
volume and area of surfaces in spacetime, and by analyzing how this area changes 
under flows of the surfaces. Typical examples for this connection are Huisken's 
isoperimetric mass (see for example??) and Jacobson's connection between area 
change and matter flux.4 Thinking along these lines, the first obvious question is 
how a surface integral can be defined in the setting of causal fermion systems. Once 
this question has been answered, one can analyze the area of families of surfaces 
and make the above analogies more precise. 

As a typical example, suppose we want to define the analog of an integral over 
a Cauchy surface M in a globally hyperbolic spacetime, i.e. symbolically 


f Cod). (19) 
N 


where duy is the induced volume measure on WV. Here one can think of (---) as a 
density like for example the inner product vjJ^ of a current vector field with the 
future-directed normal v. In the setting of causal fermion system, surface integrals 
like (19) are undefined. Instead, one considers so-called surface layer integrals. In 
general terms, a surface layer integral is a double integral of the form 


f f eo etm anon) ann. (20) 


where one variable is integrated over a subset Q C M, and the other variable is 
integrated over the complement of Q. Here (---) is the analog of the corresponding 
factor in (19), but now having the mathematical structure of being a differential 
operator acting on the Lagrangian. 
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In order to explain the basic concept, let us assume for a moment that the 
Lagrangian is of short range in the following sense. We let d € C°(M x M, RỌ) be 
a suitably chosen distance function on M. Then the assumption of short range can 
be quantified by demanding that £,, should vanish on distances larger than J, i.e. 


d(x,y) >l => L,(a,y)=0. (21) 


Under this assumption, the surface layer integral (20) only involves pairs (x, y) of 
distance at most l, where z lies in Q, whereas y lies in the complement M \ Q. As a 
consequence, the integral only involves points in a layer around the boundary of Q 
of width J, i.e. 


LYE By (dQ) , 


Therefore, a double integral of the form (20) can be regarded as an approximation 
of a surface integral on the length scale l, as shown in Figure 1. In most applications, 
the Lagrangian is not of short range in the strict sense (21). But it decays on the 
Compton scale | ~ 1/m (where m denotes again the mass of the Dirac particles), 
so that the qualitative picture in Figure 1 still applies. 


I 


9 


f dux nz TR dp(y) «+: Ly (x,y) 


Fig. l. A surface integral and a corresponding surface layer integral. 


Surface layer integrals were first introduce in!? in the context of Noether-like 
theorems. The analysis of this paper revealed that, in contrast to the geometric 
structures in Section 4.1, the structure of a surface layer integral does fit nicely 
to the EL equations (7), giving rise to very useful conservation laws. This connec- 
11 another 
variant of a surface layer integral was introduced, which will be importance for 


tion was analyzed further and more systematically in.!9:!7 Moreover, in 


what follows. This new surface layer integral can be regarded as a generalization or 
“nonlinear version" of (20), as can be understood as follows. The differential oper- 
ator (---) in the integrand can be regarded as describing first or second variations 
of the measure p. Instead of considering variations of p, we now consider an addi- 
tional measure p which can be thought of as a finite perturbation of the measure p. 
Consequently, we also have two spacetimes 


M := suppp and M :=suppp. 
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Fig. 2. The nonlinear surface layer integral. 


Choosing two compact subsets Q C M and Q C M of the corresponding spacetimes, 
we form the nonlinear surface layer integral by 


ČOS, p) = n dj(z) i na PO) esi) - [ do(a) = diy) Lely). (22) 


Note that one argument of the Lagrangian is in M, whereas the other is in M. 
Moreover, one argument lies inside the set €) respectively Q, whereas the other 
argument lies outside this set. In this way, the nonlinear surface layer integral 
“compares” the two spacetimes near the boundaries of Q and Q, as is illustrated in 


Figure 2. 


4.3. The Total Mass of a Static Causal Fermion System 


Combining the general structure of Huisken’s isoperimetric mass with the concept of 
a surface layer integral, the question arises whether notions like the total mass and 
total energy can be introduced for a class of causal fermion systems which generalize 
asymptotically flat Lorentzian manifolds. This question has been answered in the 
affirmative in!° in the static setting. We now outline a few constructions and results 
of this paper. 

Static causal fermion systems are introduced as usual by demanding a one- 
parameter group of symmetries: 


Definition 4.1. Let (U:)zeg be a strongly continuous one-parameter group of uni- 
tary transformations on the Hilbert space H (i.e. s-limp t Uv = Uy and U;Uy = 
Ur+41'). The causal fermion system (KH, F, p) is static with respect to (Ur)rer if 
it has the following properties: 

(i) Spacetime M :— supp p C F is a topological product, 

M-RxN. 
We write a spacetime point x € M as x = (t,x) with t € R and x € N. 
(ii) The one-parameter group (Ut)rer leaves the measure p invariant, i.e. 


p(U QU; *) = p(Q) for all p-measurable Q C F. 
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Moreover, 
Uy (t,x) Ug! = (t t',x). 
As a consequence of (ii), the measure p has the product form 
dp = dt dy , 


where ju is a measure on 9 := G = 3'*8/R. 

Restricting attention to static causal fermion systems and varying within the 
class of measures which are invariant under the action of a given one-parameter 
group (lL;)eg, one obtains a corresponding static causal action principle, where 
one minimizes the static action 


Sstatic( H) = f auo) f duty Lstatic(X, y) 


under variations of the measure u on 9, keeping the total volume u(9) fixed (volume 
constraint). The static Lagrangian is obtained by integrating one argument of the 
&-Lagrangian (8) over time, 


oo 


Éstatic(X, y) = if IE CUT x), (t, y)) dt . 


— oo 
The total mass SN of a static causal fermion system described by the measure f 
is defined by comparing ù asymptotically near infinity with a measure u describing 
the vacuum. To this end, one exhausts the supports N and N of these measures 
by sequences of compact subsets (Qn)nen and (Qn)nen, respectively, and takes the 
limit of a nonlinear surface layer integral of structure similar to (22), 


Mf, u) = -~ _ lim — 
Qn ZN, Qn AN with u(0,4)-—4à(0,)«oo 


x ( f atx) f. au) £s = f anon f. di) aote) - (m 
An N\Qn Qn N\On 

In order for this expression to be well-defined, one needs to assume that the space- 
times are asymptotically flat (for brevity, we do not give the precise definition, 
which can be found in [19, Definition 1.5]). As a consequence of the EL equations, 
the mass does not depend on the choice of the exhaustions, except that the volume 
condition p(Q,) = (Ñn) must hold. Moreover, a positive mass theorem is proved 
which states that the total mass IN(ji, p) is non-negative if a suitable local energy 
condition holds (for details see [19, Definition 1.8 and Theorem 1.9]). 

The correspondence to the classical positive mass theorem (see for example?) 
is established by showing that for a static causal fermion systems describing the 
Schwarzschild spacetime (constructed again as explained in Section 3.1), the to- 
tal mass M(ñ, u) coincides (up to an irrelevant prefactor) with the ADM mass? 
(see [19, Theorem 1.10]). For brevity, we cannot enter the proof and the detailed 
constructions. But we make one remark which will be important in connection 
with the construction of the quantum state in Section 4.5: When comparing causal 


674 


fermion systems describing the Schwarzschild spacetime and Minkowski space, one 
needs to take into account that the resulting causal fermion systems are defined on 
two different Hilbert spaces, namely a Hilbert space H formed of Dirac solutions in 
Schwarzschild and a Hilbert space H formed of Dirac solutions in Minkowski space. 
Before we can make sense of the nonlinear surface layer integral (23), these Hilbert 
spaces must be identified by a unitary transformation V, 


V:K> Ñ. (24) 


This identification is not canonical but leaves us with the freedom of choosing a 
unitary transformation. Therefore, in order to make sense of (23), one must prove 
that the total mass is independent of the choice of the unitary transformation V 
(for details see [19, Section 4.3]). 


4.4. Connection Between Area Change and Matter Flux 


In 1995, Ted Jacobson gave a derivation of the Einstein equations from thermody- 
namic principles.?! At the heart of his argument is the formula 


d 

dr 
which states that the area change of a family of two-surfaces S$, propagating along a 
null Killing direction is proportional to the matter flux F(S;) across these surfaces 
(with c a universal constant). In,^ this formula is derived in the setting of causal 
fermion systems from the EL equations (7) (without referring to thermodynamics). 
This result gives an alternative derivation of the Einstein equations from the causal 
action principle (again with an undetermined cosmological constant). Compared to 
the continuum limit analysis described in Section 3.2, this alternative derivation has 
the advantage that it is more conceptual and thus gives a more direct understanding 
of why and how the Einstein equations arise. Moreover, the procedure in^ has the 
benefit that it does not rely on tensor calculus. Therefore, it goes beyond Lorentzian 
geometry and applies to more general “quantum” spacetimes. 


A(S7) = c F(S-) (25) 


We now explain the general procedure and a few constructions from.^ The first 
question is how to define the area A of a two-dimensional surface S in the setting 
of causal fermion systems. It is most convenient to describe S C M as 


S —00n08V, 


where Q can be thought of as being the past of a Cauchy surface, and V describing 
a spacetime cylinder. This description has the advantage that the resulting surface 
layer integrals are well-defined even in situations when spacetime is singular or dis- 
crete, in which case the boundaries Q and OV are no longer a sensible concept. The 
most natural way of introducing a surface layer integral localized in a neighborhood 
of S is a double integral of the form 


f ( LC c) £x(m, y) 4t) dp(x) (26) 


675 


(where (---) stands again for a differential operator acting on the Lagrangian). If the 
Lagrangian has short range, we only get contributions to this surface layer integral 
if both x and y are close to the two-dimensional surface S (see the left of Figure 3). 


M\ (QUV) 
S 


Fig. 3. Two-dimensional surface layer integrals. 


'The disadvantage of this method is that, similar as explained in Section 4.1 
for the structures of the Lorentzian quantum geometry and the EL equations, the 
surface layer integral (26) does not fit together with the notion of matter flux. 
'Therefore, it is preferable to define the two-dimensional area as follows. We need 
to assume that M has a smooth manifold structure, and that the measure p is 
absolutely continuous and smooth with respect to the Lebesgue measure in every 
chart (z, U) of M, i.e. 


dp = h(z)d'z ^ with h € C (U, R*). (27) 
Also assuming that the boundaries of Q and V are smooth, we can choose a smooth 
vector field v which is transverse to the hypersurface 0€) and tangential to OV (see 
the right of Figure 3). Under these additional assumptions, one can introduce an 
integration measure du on the hypersurface 0€) by 
du(v,x) = h €ijki v! dz) da^ da. , 


where e;j;; is the totally anti-symmetric Levi-Civita symbol (normalized by €0123 = 
1). Now we can define the two-dimensional area by 


A:w [f duos) li dolo) £«(s, y) (28) 
aanv M\V 


We next describe a symmetry by a notion of a Killing field. This notion will also 
give rise to a notion of matter flux. 


Definition 4.2. A vector field u on M is called Killing field of the causal fermion 
system if the following conditions hold: 


(i) The divergence of u vanishes, i.e. 
1 


(where h is again the weight function in (27)). 
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(ii) The directional derivative of the Lagrangian is small in the sense that 
m 
e4 54 


(where again € is the regularization length, and 6 is the Planck length). 


(Diu + Dou) £« (2; y) S (29) 


The reason why the right side in (29) is non-zero is that the derivative of the La- 
grangian involves contributions from both the geometry and the matter fields. The 
condition (29) means that the geometric contributions vanish (which are typically 
much larger). The fact that the matter contribution remains makes it possible to 
define the matter flux by 


F(S):— n du(v, x) iz dp(y) (Diu + Dou) £i (v, y) , (30) 


where we assume that the Killing field u is tangential to Q (see Figure 4). In the 
limiting case of lightlike propagation, the vector fields u and v coincide, making it 
possible to recover the matter flux (30) as the derivative of the area (28) in the 
direction of the Killing field u. This gives the desired relation (25). 


Fig. 4. Matter flux through S. 


4.5. The Quantum State of a Causal Fermion System 


We finally give an outlook on quantum field theory and quantum gravity. So far, 
the connection to quantum field theory has been established only for causal fermion 
systems describing Minkowski space.!!:!? But most of the methods apply just as well 
to more general causal fermion systems describing curved spacetimes. Moreover, one 
should keep in mind that in a causal fermion system, all the bosonic interactions 
are described in a unified way with the same mathematical structures, giving hope 
that methods developed for the electromagnetic interaction in Minkowski space can 
be adapted to the gravitational field. But, as is usually the case in mathematics, 
the connections and analogies are rather subtle and need to be explored carefully 
and in depth. We plan to do so in the near future. 

Coming back to causal fermion systems describing Minkowski space, in!? a quan- 
tum state wt of a causal fermion system (K, F, p), which describes an interacting 
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spacetime, is constructed. Here by a “quantum state” we mean a positive linear 
functional on the *-algebra of observables s, i.e. 


wt : $$ — C complex linear and w (A*A) 20 forall Ae a. 


The observables are formed of linearized solutions of the EL equations. The general 
idea for constructing the quantum state is to compare (K, F, p) at time t with a 
causal fermion system (K, 7, p) describing the vacuum. Similar to the procedure for 
the total mass (23), the “comparison” is again performed with a nonlinear surface 
layer integral (22), but now with Q and © chosen as the past of the respective 
Cauchy surfaces (similar as shown in Figure 2). The unitary freedom in identifying 
the Hilbert spaces already mentioned in the connection of the positive mass theorem 
in (24) is now taken care of by integrating over a group § of unitary operators. This 
leads to a formula for the quantum state of the symbolic form 


rM vee) ef 7 (PUp) 
a= amps fe) dus) (31) 


where Z'(8, p) is the partition function defined by 
z'(9,5) = f XM) dus), 
g 


and ĝ is a real parameter. The factor (---) in (31) consists of a product of surface 
layer integrals formed of the linearized solutions contained in the observable A (for 
details see [12, Section 4]). 

The significance of this construction is that it becomes possible to describe 
the interacting causal fermion system in the familiar language of quantum field 
theory. Consequently, also the dynamics as described by the EL equations (7) can 
be rewritten as a time evolution of the state wt. The detailed form of the resulting 


quantum dynamics is presently under investigation.!? 
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Using Newman-Penrose formalism in tetrad and spinor forms, we perform separation 
of variables in the wave equations for massless fields of various spins s=1/2, 1, 3/2, 2 
on the background of exact plane-fronted gravitational wave metrics. Then, applying 
Wald’s method of conjugate operators, we derive equations for Debye potentials and we 
find the back-projection operators expressing multicomponent fields in terms of these 
potentials. For shock wave backgrounds, as a special case of the non-vacuum pp-waves, 
the exact solutions for Debye potentials are constructed explicitly. The possibilities of 
generalization to the case of massive fields are discussed, in particular, construction of 
exact solutions of the Dirac and Proca equations. These results can be used in various 
supergravity problems on the pp-wave backgrounds, including holographic applications. 


Keywords: PP-waves, Newman-Penrose formalism, Debye potentials, shock waves 


1. Introduction 


Wave equations for fields of different spins in curved space have been extensively 
studied since the early 1970s. Solutions describing propagation of fields on curved 
backgrounds are in demand in various contexts including the problem of radiation, 
supergravity and superstrings theories. Generically, considering fields of higher spins 
in curved space-time, difficulties arise with splitting the systems of coupled equa- 
tions into separate ones for certain combinations of the field components. Two 
efficient methods to do this are known. The first is the application of the Newman- 
Penrose (NP) formalism,! in which the intrinsic symmetries of the masseless field 
equations with respect to the Lorentz group are conveniently incorporated. The 
second efficient tool is the method of Debye potentials,” which allows to reconstruct 
the multicomponent fields in terms of solutions of some scalar equations. Debye 
potentials are complex functions which incorporate two degree of freedom of the 
massless field of any spin. 

Formalism of Debye potentials was suggested in gravity theory in the works by 
Cohen? and Kegeles* and then effectively used by Chrzanowksi? in Kerr spacetime 
of type D, according to the Petrov classification,? in combination with the Teukolsky 
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equation." In the Kerr metric Debye representations were found for electromagnetic 
field and gravitational perturbations. Later, formalism of Debye potentials was dis- 
cussed in detail for Rarita-Schwinger spin 3/2 field by Torres del Castilho.® 

In this work we apply the Newman-Penrose-Debye formalism to the case of 
metrics of type N. More specifically, we consider the case of pp-wave metrics, which 
have numerous applications both in astrophysics and in various theoretical aspects, 
including supergravity and holography. 


2. PP-waves 


These metrics were introduced by Brinkmann? in 1925 and later interpreted as rep- 
resenting the plane-fronted gravitational waves (pp-waves). They are exact solutions 
of Einstein's equations of the following form 


ds? = dudv — H (u, C, C)dudu — dC, (1) 


where Ç = x + iy is a complex transverse coordinate, H is arbitrary nonlinear real 
profile function of C, C, which specifies the nature of the wave. The determinant 
g = 1/16 is coordinate-independent. The scalar curvature turns out to be zero. For 
H — 0 the metric is Minkowski. These metrics describe plane waves with parallel 
rays belonging to the class of solutions that admits isotropic nonexpanding con- 
gruences without shear and twist, as well as the existence of an isotropic Killing 


vector. 
A natural choice of the null tetrad basis for them is 
l= V26,, n= V2(0, + HÓ,), m = V2%, m= V20¢. (2) 

We will also use the NP covariant derivatives along the null tetrad vectors: 

Dag. A -— n" V,, ô = m"V n, 6=m'V, (8) 
and satisfying, in the case of a plane wave metrics, the following commutation 
relations 

[A, D] =0, [ó, D] = 0, [6, A] = —7D, [0, 0] = 0. (4) 


The nonzero tetrad projections of the traceless part of the Ricci tensor, the Weyl 
scalar, and the only nonzero spin coefficient v are 


1 
$5, = grin? Rap = -H ee, y = —m"ón, = -H z, 
O OT 1 
V, = —n*m?n?m Capor = —H gc; A= 21* — 0, (5) 


where C564 is the Weyl tensor. In the vacuum case, the gravitational field equations 
955 = 0 reduce to the two-dimensional Laplace equation 


The d'Alembert operator for the massless scalar field O = V, V^ reads: 


1 
Jg ( |g 


|g"à,) = 2(DA — 55). (6) 
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3. Debye potentials 


Here we briefly recall the Wald's procedure!? for constructing a solution of the 
field equations of higher spins, which we then apply to the metrics of plane waves. 
Consider some multicomponent field f (tensor or spinor) satisfying the field equation 
€(f) — 0, where € is an appropriate matrix linear differential operator. This is 
generically a non-quadratic matrix n x m taking the m-component field into the 
column of n differential equation. To solve this system of equations one has to 
disentangle it, which in general is not possible in the closed form. However, it can be 
possible to decouple a separate equation (or several equations) for some combination 
p of the components of the initial field f by the action of another linear partial 
differential operator 7, defining a scalar y = 7 (f). Then one can define a pair of 
linear operators S and O such, that 


SE(f) = OT(f) = Oly). 


The problem of finding such operators is facilitated if one knows the source terms in 
the inhomogeneous equations both for an initial multicomponent field E(f) = J, and 
in the decoupled scalar equation O(y) = S(J). The number of decoupled equations 
depends on the number of principal null direction of the metric. 

The final step is the construction of the adjoint operator S! with respect to a 
suitably defined functional scalar product such that, in the matrix form, 


] mac a" = [asm 


where the indices An, Bm take n and m values respectively and the integration 
measure is supressed. Note that complex conjugation is not used. 

Now it can be verified that the solution of the homogeneous field equation 
E(f) — 0 will be guaranteed if 


f —S'y, Oly = 0. (7) 


The last equation is the Debye potential equation, the relevant operator is therefore 
the adjoint to one used in the equation for a decoupled scalar. It there are several 
such decoupled equations (e.g. two in type D metrics), one will have two different 
representations for the initial multicomponent field which are usually related by 
some tetrad transformation. In type N case the Debye potential is unique. 

The complex Debye representation for for real-valued massless fields reflects the 
existence of two independent polarizations, which can be obtained as the real and 
imaginary parts of the complex f in the Debye form. 

In what follows we apply this procedure to the pp-wave background with the only 
one nonzero spin coefficient v. Clearly, the adjoint to the product of two operators 
will be the product of the adjoints to each of them in reverse order. So to construct 
an adjoint of some polynomial product it will suffice to know the adjoint to basic 
operators. The adjoint NP differential operators will read 


Di = —D, At = —A, ô = —ó, ot = —ó. (8) 
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4. Maxwell field 


Maxwell’s equations in the Newman-Penrose formalism are written in terms of the 
projections of the electromagnetic field tensor onto the bivector constructed of null 
tetrad as follows: 


o = Fim; 20, = (Fin + Fim); $» = Fan. (9) 


A sourceless decoupled equation for the scalar $$ in the case of vacuum pp-waves 
was obtained in the Refs.!! and.!? According to above procedure, we have to con- 
struct the source term to this equation. For this, one should act with an appropriate 
NP differential operators on the first pair of the system of equations and exclude 
the variable ©; from them using the commutation relations. This gives 


Do = 27 Jo, Jo =2 [oJ = DJ) . (10) 


Since metrics of type N have only one principal null direction (contrary to the 
type D, where there are two), the NP component 9, will be the only one for which 
the decoupling can be made. Further, having written down both adjoint operators, 
one can easily construct a solution for vector A", satisfying the Lorentz gauge 
condition, in terms of the Debye potential: 


A" = [m^ D — 1^6] v, y =0. (11) 


It is easy to see that the contraction of the Ricci tensor with the expression for the 
vector potential gives zero; therefore, the solution is valid also for the non-vacuum 
pp-waves. 


5. Weyl field 


For the Weyl equations of spin 1/2, one uses the two-component spinor version of 
the NP formalism. In this case, we will no longer deal with a tetrad, but with a 
spinor dyad. The massless spin 1/2 equation has the following form: 


V^gp/XA =0. (12) 


Writing this in components and carrying out transformations similar those for the 
vector field, we obtain the decoupled equation with the source term: 


xo = No, No = 2 [Djv — jo], (13) 


where the spinor source is denoted as j4. Then performing the conjugation, we 
construct a solution in terms of the Debye potential, which, in turn, satisfies the 
d'Alembert equation: 


X0 = — DW, X1 = —dy, Vj =0. (14) 
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6. Rarita-Schwinger field 
The spin 3/2 field is described by the Rarita-Schwinger equation for the spinor- 
vector v, which satisfies the equations 


Y" (Vth = Vy) — 0, Ppp =0. (15) 


This system is consistent only in the case of the vacuum metrics, the non-vacuum 

case refers to the supergravity context. 
The field of an arbitrary spin s in the two-component spinor formalism is de- 
scribed by a totally symmetric spinor of valence 2s satisfying the equation of motion 
VAP' op... c =0. 


If s > 3/2 the Buchdahl consistency constraint? 


V^PCpógp Apo = 0 


must be satisfyed, where VsA4pc denotes the Weyl spinor. But there exists also 
an alternative approach, developed in the work,® where the consistency constraint 
is satisfied automatically. This method can be easily adapted to the case of the 
pp-wave backgrounds. 

In the spinor equivalent of the Eq. (15) 


Vast cp — Von“ ap — 0, (16) 


one has to pass from field i^c; to the symmetric rank three spinor arriving at 
the modified equations of motion 


1 


V4B' banc = Wo apotss?, ipo = Vert o" . 


We write down the complete system of equations with the sources for the symmetric 
spinor field óApc in the component form, applicable to the type N metrics: 


5000 — Doo = Jovo — D Jvoo; Aóooo — 9100 = ÓJorvio — DJvvo; 
5100 — Dero = [Avvo + bJoror1 — Jovo — DJvoi]; 

A100 — $110 — v$ooo = 5 [Aion +Join —0Jyyo — DJvia — VJoryo]: 
d¢110 — Dóiii = Varboow + AJoroi — SAU + Jorn) — vJororo; 


= 1 
Aó110— 09111 — 2V6100 = Vaoor —ÓJiri + 5A Vora + Jvoi)- DJyon — vVJvoo. 
(17) 


One can exclude the component $109 from the first pair of equations, obtaining the 
decoupled equation for $999 with the source term: 


$900 = Ko, Ko = 2[D6(Jorvo + Jvoro) — D? Jyrv0 — 9*Jorro]. (18) 
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Using this, one can further represent a spin-vector in terms of the Debye potential 


as follows: 
i — ly 62 m 


The resulting expression satisfies the system (15). Note that the equation for the 
Debye potential is the same for the vector field, the Weyl field and, as we will see 
in the next section, also for the tensor field. 


7. Gravitational perturbations 


Starting with the Einstein’s equations and expanding the metric on the background 


Juv = gY ) T hyv, 


one derives the Lichnerowitz equation for the spin 2 field in curved space-time:14 


V9? Viu, T 2R?,7, Otpor — 2R yO bye Vay” — 0, (20) 


where 
1 U v 
Puy = hy, — zImh, h = g" hw, Y= g” Viv. 


In the case of non-vacuum background, the additional gauge fixing condition v = 0 
should be imposed. 

To apply the NP formalism, similar splitting has to be performed in the null 
tetrad vectors, spin coefficients, Weyl scalars and Ricci tensor deviators, equipping 
the first order perturbations with an index one. The complete set of gravitational 
perturbation equations in the Newman-Penrose formalism is obtained by linearizing 
the Bianchi identities. We present here two equations from the resulting system, 
which are relevant for pp-waves: 


bu) — Du = an [oT —DT™)], — AW — 6 WM = 4a [ST - DTD]. (21) 


After some manipulations using the perturbed Ricci identities in the NP formalism, 
we obtain the decoupled equation for the perturbation of Yo with the corresponding 
source term: 


OO = Ag, TP sajni — D°TQ), - Pr]. e 


Then using the conjugate operator we can write down the solution in terms of the 
Debye potential: 


yey = [2m 5D — mem’ p? — d v, v -— Q0. (23) 


This expression satisfies the Lichnerowitz equation with the gauge condition (20). 
As in the case of the vector field, this construction will be also valid for the 
non-vacuum pp-waves. This can be easily verified by the direct substitution. 
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8. Shock wave backgrounds 


An important subclass of pp-waves is generated via boosting the black hole met- 
rics to an infinite-momentum frame. The line element of the resulting metrics 
(parametrized by the real transverse coordinates x; i = 1,2) reads 


ds? = ó(u)f (x)du? + dudv — dz2. (24) 


This is an exact solution of the Einstein equations representing the gravitational 
shock wave. When u Æ 0, the space-time is flat, but for u = 0 it has a delta-like 
singularity. But the field equations on such a background are still meaningful due 
to lack of singularities in the metric determinant. The function f(x) describes the 
gravitational wave profile. In particular, for the case of the boosted Schwarzschild 
solution (the Aichelburg-Sexl metric?) 


f(x) = —8pmlnp, p= 4/2} +a, 


where pm denotes the energy of shock wave. For the case of a boosted Einstein- 
Maxwell-dilaton solution!$ 

(3 — 4a?) «pe 

(1-9) p^ 

whetre a - the dilaton coupling constant, pe - the electric charge. For boosted Taub- 
NUT!’ 


f(x) = —8pm In p + 


f(x) = —8pn tan! =, 
T2 
where pn is the NUT charge. Also known in the literature are the boosted Kerr- New- 
man solution,!® the boosted Schwarzschild-anti-de Sitter!? space and some other 
metrics. 
Here we present the solution of the massive Klein-Gordon equation on the back- 
ground of the singular shock-wave metrics: 


(O+m?)¢ = 2(DA—65)p+mey = (49,8, + A õlu) f(x)02 — 0? +m?) d — 0. (25) 


In spite of presence of the singularity, there exists an exact solution of this equation 
containing the Heaviside function discontinuity only: 


o= [esl W] dg, dg = dx, 


(k—q)? +m? 


P re 
Dh, u+ke+q(x'— x), (26) 


k 
W = =z — k O(u) f (x^)] — 
where we have introduced the notation k = (kz,, kea), q = (dx1;4eo), £ = (21, 22) 
for the two-dimensional transverse vectors. If we put the mass equal to zero, then 
we obtain the solution of the equation for the Debye potential. 
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9. Massive field with spin Z 

Now consider other massive fields, starting from the spin 1/2. In the two-component 
notation, the Dirac bispinor equation i?" V, — uy = 0 with v = (EA, na), splits 
into two equations 


Vag£^ — inne — 0, VAP gg, — iu£^ — 0. (27) 


Their solution in the case of shock-wave backgrounds is a generalization of the 
previously obtained expression (14) for the massless field and can be written in the 
following form 


m =2f Uke Qa] + ilkza ~qr] — u) expli W] dG, mw = - fru expli w] dG, 


e = 2| (Is dea] — is 7] n) expli W] dg, € = fevexpli W] dg, (28) 


where W defined in (26). 


10. Proca equation 


For the massive spin-1 field the gauge invariance of Maxwell’s field is broken by 
the mass term. Instead of the gauge fixing condition, we deal with the Lorentz-like 
dynamical constraint, so we have two equations: 


V,E"" m? A" =0, V,A" — 0. (29) 


'The massive vector field is no longer transverse, possessing three physical degrees 
of freedom. The first two polarizations in the case of shock wave background are 
realized by modified expressions with Debye potentials (the real and imaginary parts 
of the solution): 


At a= [Kt epli W] do, KH, y [02s msi] 2i gra] kus —tky}. (30) 


For the third polarization we solve the dynamical constraint acting by the covariant 
derivative on the massive scalar field, obtaining 


Ats- [Kis eni W]dG + c.c, 


2 2 
= fr. Cr T esu) FŒ), ks ds, ks, dn}. (31) 
It can be seen that this expression satisfies the constraint indeed. But this expression 
gives us only one additional polarization, because of real multipliers in front of the 
exponent. Therefore the complete solution of the Proca equation in AS metric is a 
sum A" = A2) + Als): To write down the solution for massless electromagnetic 
field, it is sufficient to set the mass to zero. 
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11. Conclusions 


This work is devoted to some novel applications of the Newman-Penrose formalism 
and the method of Debye potentials. Previously this technique was successfully 
used to construct solutions of equations for massless fields of different spins on the 
background of vacuum black hole solutions of Petrov type D. Here it was applied 
to solutions of type N. Unlike the case D, where the metric has two principal null 
directions and, accordingly, two decoupled equations for NP projections can be 
derived, in the metrics of type N only one decoupled equation exists. Namely, one 
can decouple the xo-equation for the Weyl field, the $9oo-equation for the Rarita- 
Schwinger field, and the equations for perturbations of $$ and Yo of the vector and 
tensor fields respectively. It is still enough to construct the Debye representation for 
the solutions obtaining the universal equation for the Debye potential for all spins. 
We also managed to generalize our construction to the case of massive fields on the 
background of shock-wave metrics. Our formulas can be used for quantization in 
shock wave backgrounds and in some holographic applications. 
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We show that spinors propagating in curved gravitational background acquire an inter- 
action with spacetime curvature, which leads to a quantum mechanical geometric effect. 
This is similar to what happens in the case of magnetic fields, known as Pancharatnam- 
Berry phase. As the magnetic and gravitational fields have certain similar properties, 
e.g. both contribute to curvature, this result is not difficult to understand. Interestingly, 
while spacetime around a rotating black hole offers Aharonov-Bohm and Pancharatnam- 
Berry both kinds of geometric effect, a static spacetime offers only the latter. In the bath 
of primordial black holes, such gravity induced effects could easily be measured due to 
their smaller radius. 


Keywords: Geometric phase; Dirac equation; semi-classical theory; classical black holes; 
field theory; curved spacetime. 


1. Introduction 


In recent works,'? we showed that spinors propagating in a curved background 
acquire a geometric phase (GP) similar to the case of GP in electromagnetic field. 
The study of GP in electromagnetic field has been widely explored. Two most im- 
portant notions of GPs are: Aharonov-Bohm (AB) effect? and Pancharatnam-Berry 
(PB)^? phase. AB effect and PB phase occur in two different physical scenarios. In 
presence of a varying magnetic field, PB phase is acquired by a spinor, whereas AB 
effect can be acquired even without a varying field. In fact, AB effect is one of the 
signature properties of magnetic potential influencing a particle's quantum state. 
These effects/phases in case of electromagnetic fields originate from the effective 
curvature of magnetic potential and field in the (flat) Minkowski spacetime. We 
showed? that in a curved spacetime, a spinor in the vicinity of a gravitating body 
can acquire similar geometric phases which originate from the effective curvature of 
the spacetime itself. 
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Analogous effects for gravitational and magnetic fields are well known. Some of 
the examples are: curvature generated in both scenarios; electromagnetic radiation 
from accelerated charge and gravitational radiation from accelerated mass (only 
quadrupolar in nature), both propagating with the speed of light; energy splitting 
of spin-half particles in presence of both fields.®” With the continuation of these 
analogous results, it is expected that the quantum effects, which generate the GPs in 
case of magnetic field, similarly should be present in case of gravitational field. Some 
studies have already explored these effects in local coordinates.' ^? There are many 
astrophysical and cosmological phenomena like baryogenesis, neutrino emissions 
from supernovae and active galactic nuclei (AGNs), neutrino oscillation, neutrino 
dominated accretion disks, Fermi degenerate gas in compact objects, etc., where 
study of spinor propagation and evolution is crucial to understand the physical 
nature of these phenomena.’ !6 

When it comes to the study of gravity with quantum mechanics and understand 
various effects of quantum systems in curved spacetime, semi-classical formalism is a 
very effective tool to perform such study. In fact, there are plenty of available works 
in the literatures which have explored the dynamics of spinors in curved spacetime. 
These have been done with the Lagrangian” !" and Hamiltonian? 18 formalisms. It 
is also well known fact that in the Hamiltonian formalism, the Dirac Hamiltonian of 
a spinor in curved spacetime has a non-hermiticity and uniqueness problem. Differ- 
ent authors tried to implement different approaches to address these issues.® 18-22 
Non-hermitian biorthogonal quantum mechanics?? provides tool for solving the non- 
hermiticity issue of Dirac Hamiltonian. One approach is to define a relativistically 
invariant scalar product (Parker scalar product)? !? and use that scalar product 
to define the expectation values of all operators. In case of curved spacetime, this 
scalar product is different from the standard flat spacetime scalar product because 
of the presence of curved spacetime metric and vierbeins. The other approach is 
known as 7— representation or pseudo-Hermitian approach,?^?? where the Hamil- 
tonian and eigenstates of the particle are modified by the metric and vierbeins in 
such a way that effectively one can use the standard flat scalar product to define 
all the operators in the Hilbert space. In fact, these two approaches are shown to 
be equivalent.?^ 2? 

In this work, we explore the Dirac Hamiltonian in curved spacetime background, 
especially in Kerr and Schwarzschild geometries, using the pseudo-Hermitian ap- 
proach or the 7-representation and explore the possibilities of appearance of GPs in 
spinors traversing in curved spacetime. In section 2, we recapitulate the quantum 
mechanics in 7-representation. Then in section 3, we derive the Dirac Hamiltonian 
in the Kerr geometry and further derive its non-relativistic counterpart for slowly 
moving particles around a weakly rotating black hole and its analogy with that in 
electromagnetic fields in section 4. In section 5, we find GPs in curved spacetime. 
Finally, in section 6, we summarize our findings. 
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2. Quantum Mechanics in the 7-Representation 


We briefly discuss the quantum mechanics in 7-representation.?) 22. 24,25 


ator ņ satisfies the relation 


If an oper- 


p — un, (1) 
where p is an invertible operator which assures the relation to be satisfied as 
pHp = Ht, (2) 
then the Hamiltonian in 7-representation turns out to be 
H, = nHn = H}. (3) 


The relation between the wave functions in the 7-representation and in the 
standard representation is given by 


V = hh, (4) 
where these two wave functions satisfy the following wave equations: 
Ov 
i— =H 5 
iE Hy. (5) 
OV 
ip = Hn. (6) 


t, e 18 


As we mentioned above, the Parker scalar produc which is a modification 


of standard scalar product, in Hilbert space is defined as 


(4,4), = J d'a(9! py), (7) 


whereas in the pseudo-Hermitian approach, the scalar product takes the standard 
form of flat space scalar product since the Hamiltonian and the wave functions are 
already modified there, which is 


(6, Y) = ] e es. (8) 
We can easily verify that 


(6, v), = (9, v). (9) 


3. Dirac Hamiltonian in the Kerr and Schwarzschild Metrices 


We use the convention of natural unit system with A = G = c = 1 and metric 
signature of (+, —, —, —). 
We can start from the Dirac equation in curved spacetime which is, 


(i D, — myi(z) = 0. (10) 
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where the covariant derivative D, = 0, 4- I',. Here I, is the spinorial affine con- 
nection.® 18 m is the mass of the Dirac particle, w is the four-component column 
bispinor. y” are the Dirac matrices in curved spacetime which satisfies the relation 


Y? + Py = 29" PL, (11) 


where T4 is the 4 x 4 identity matrix and g^? is the contravariant metric tensor of 
curved spacetime. The adjoint spinor is defined as v» = t7°. 

'The gamma matrices in curved spacetime, also known as global gamma matrices 
(49), are related to the local flat spacetime gamma matrices (^?) by the relation 


Q 


3 = ea", (12) 
where e2-s are the tetrads defined by 


Juv = pev Tab: (13) 
We then derive the global Dirac Hamiltonian operator from equation (10), which is 


H = ir; — i(g*) y h" (0, + T.) 
+° (0s - To) +7 (85 -- T3)] + (g^) "tm. (14) 


This Hamiltonian is self-adjoint under the Parker scalar product given in equation 
(7). Nevertheless, our purpose is to find the Dirac Hamiltonian in r-representation 
which will be useful for working in standard flat Hilbert space. We choose astrophysi- 
cally important metrices to work with and hence we shall find the Dirac Hamiltonian 
in 7-representation for the Kerr metric, which reduces to the Schwarzschild metric 
when the Kerr parameter a = 0. 


3.1. Kerr metric 


The Kerr metric in the Boyer-Lindquist coordinates is 


2M AMra sin? 8 A 
ds? = (1— =" | ae? 4 =O dtd$ — dr? 
p? p? A 


2Mra? sin* 0 
— ple? — G + a?) sin? 0 + E 2 de?, (15) 
where p? = r? + a? cos? 0 , A = r? — 2Mr + a?, M is the mass of black hole and 
a is the Kerr parameter (angular momentum per unit mass of the black hole). We 


choose the Schwinger gauge of tetrad,?9 ?5 given by 


PM 2Mar 


1 
b 
e$ = ———, ef = ——. 
i sin 0 A4/ gt Š PAg" 


693 


The Dirac Hamiltonian in the 7-formalism in Kerr metric then turns out to be?? 
A 1 
git p /gtt Or r 
1 ð 1 1 o 

—i—À—À | £ +- cote | 4042 — im À— O8 

p g (> 2 Js z g* V A sin 0 "m E 

Mar ð DO VAY Wu l9 1 Ui 
—i———-—izi|— -i-— | —= 

gg? ^ 0d 20r \ p /gtt p 2 00 \ p /gtt TUE 
,,V 9 A Masing o r 3.1 
2p 

1 8 T 3.2 
+ ame (gaa) ") i 


We can write this Hamiltonian as 


H, = (v g")! ^m ay (p; — (A5) + iy y) Pk; + eins] (18) 
_ VA , vV 8 VA .. cot é g* 9 1 _ p 
where A4 = -pr + 2 Or PR ; A» — E + “2 88 plore and A3 = 0; 
"m à iE f 
ki = ig MAYA P (= x); ko = . ig Meno (= x and ka — 0. Here 
we use the fact that 4?4? and 4?4! can be respectively written as i944? and 
iPr, 


Now using the relations H} = i$ = p, and Op = e$0, + ef OK, we rearrange the 
equation (18) to 


[po — 9° (m +7 (pj — 145) + iy? ^ Ky }] V = 0, (19) 
where we use the tetrad transformation relation between global and local 4-momenta 
as 


Dj = € Du; (20) 


where Greek indices represent global coordinates (t, r,0, ó) and roman indices rep- 
resent flat coordinates (0, 1, 2, 3). 

Now we need to identify the terms in these equations with the analogy of mag- 
netic field scenario which we discussed in section 1. Ajs are analogous to the mag- 
netic vector potential and kjs are “pseudo-vector” potential, which in this case of 
Kerr metric appears due to the chirality in the system owing to the rotation of 
spacetime. 

If we put a — 0, the equations in the Kerr metric reduce to those in the 
Schwarzschild metric. The Hamiltonian then turns out to be 


A, = (9g) [Pm 4 4*y (p; — £A5)] , (21) 


where A? = i4/1— 2M. V97 2 (YLIT) | As = 28 and As = 


694 


We can also rearrange the Hamiltonian for a — 0 to write the Dirac equation in 
a compact form as 


[po — 3? (m + 4? (p; — £A5))] V = 0. (22) 


Here Afs are the “gravito-magnetic potential” in the Schwarzschild geometry similar 
to the Ajs in Kerr metric. 


4. Nonrelativistic Approximation of Dirac Hamiltonian 


In the standard Dirac representation, we write the Dirac equation in Kerr metric 
from equation (19) as 


[^ oo sea E - 0, (23) 
o- Il, —po tid: k—-—m 
where 
k = (kı, k2,0), 
Il4 2 p — iA. (24) 


Following the standard process of deriving the non-relativistic limit of the Hamil- 
tonian (see reference 30) we can write the coupled equations as 


(Z-Il4)ywp = (E — ið - k — m)V a, (25a) 
(G-Il4)VA = (E — id - K + m)Ug. (25b) 


where E is the energy eigenvalue, V 4 and Vg are the two components of wavefunc- 
tion V and we take into account the fact that A and k are time-independent. 

We now assume slowly rotating spacetime and non-relativistic particles such 
that the particle velocity v << c, hence 


E-m, |k|««m (26) 
and define the non-relativistic particle energy, 
EN"R-E-m. (27) 


It can easily be derived that by keeping only leading order terms by combining 
equations (25a) and (25b), we obtain 


1 E E E 
z (© Ta) -HA)WA = (EYF — id - k)UA, (28) 
which can be further written as 
IP > dB 
c Gp cs _ pNR 
p +o. (i AT Ya = E “Ya, (29) 
where B, = V x J is the effective “gravito-magnetic field” and A is “gravito- 


magnetic potential”. This implies that 


I? > pkerr 
HN? yy, = PEL | V 4, (30) 
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where Bert = (ik — x B,) which involves both field analogue term and potential 
analogue term. 
Similarly for a — 0 (Schwarzschild) case, we can find that 


Hey, = Ip 
2m 


ez Bp va (31) 


where Beek = -Bs where B: — V x As, 
Note importantly that Bkerr involves the field (B,) and potential (K) both, 
whereas gi involves only field. 


4.1. Analogy with electromagnetism 
In the presence of electromagnetic field, the Dirac equation is given by 

liq" (Ou — ieA,) — m] v = 0, (32) 
where e is the electric charge and A, is the electromagnetic covariant 4-vector 


potential. For the non-trivial solution for a, the energies/Hamiltonians of the spin- 
up and spin-down particles are given by 


(H + e40)? = (p — eA)? +m? + ed - B, (33) 


where Ao is the temporal component of A, which is basically the Coulomb potential 
and p is the quantum mechanical momentum operator —iV. In the non-relativistic 
limit, equation (33) reduces to! 


H =—eAp + | -— —— + m+ (34) 
m 

Clearly equation (34) is very similar to equation (31) and, hence, whatever effects 

have been proposed for electromagnetism, the same are expected to suffice for grav- 

itation. 

Apart from the split due to the positive and negative energy solutions, clearly 
there is an additional split in the respective energy levels in equations (31) and (34). 
This is basically the Zeeman-splitting (or Zeeman-like for gravitation) governed by 
the term with Pauli's spin matrix, in the up- and down-spinors for the positive 
and negative energy spinors induced by magnetic/gravitational fields, whether we 
choose relativistic or non-relativistic regimes. 


5. Geometric Phase 


To find the geometric effects, we construct Poincaré sphere by Brom, Essentially, 
the interaction between the spinor and the gravitational background comes from 
the interaction Hamiltonian of 


Hint = &- B, (35) 
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where B — IHESU We can write this Hamiltonian as 


v tog cos Ç sin ¢ exp(—i£) 
Hint = |B] ae —cos¢ ) í (36) 


where Ç and € are the latitude and azimuthal angles of spherical polar coordinates 
respectively of the parameter space constructed by the vector B. Here p is the radial 
coordinate in this system. 

Now, using the standard definition of phase ($5) and connection (Ag) (see 
reference 2 for details) we find that the connection is 


>» | (1—o0sQ); 
Ap = ~ 2Qpsind | , (37) 
and the phase is 
3 Q 
dr = S(1—cost) = Z, (38) 


where € is the total integrated azimuthal coordinate and €? is the integrated solid 
angle. 

Thus the GP in curved spacetime around Kerr (and Schwarzschild) geometry 
takes the similar form as revealed in the case of magnetic field but the angle coordi- 
nates and phases are fixed by the spacetime geometry. It is important to note that 
in the Kerr metric case, the GP is a combination of AB effect which appears due 
to the potential like term k and PB phase which appears due to the field like term 
V x A. In case of Schwarzschild metric however only PB contributes to the GP. 


5.1. Possible measurement 


Previous studies?^?? have proven the relevance of semi-classical effects in gravita- 
tional background for massive particles. In this paper, we have shown that origin 
of GPs in spinors traversing in curved spacetime is theoretically possible. However, 
the question remains that how effectively these effects can be measured. For that, 
we need to estimate some of the length scales of the systems. Usually, quantum 
effects become prominent when length scale (I) of the system becomes comparable 
to or less than the de-Broglie wavelength of the particle A = h/p, where p is the 
momentum. In the case of gravity, this l is typically the radius of the gravitational 
body. We find that although the appearance of GPs is theoretically possible in all 
conditions, it may be detected only in selective cases like, e.g. primordial black holes 
(see reference 2 for details). The qualitative reason is simple. Larger the size of the 
gravitating body, smaller the field B (or A or k ~ 1/r) is and thus smaller the 
geometric effects are. Hence, for smaller black holes these effects are prominent, but 
not for astrophysical black holes. 
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6. Summary 


It is found that the Dirac particles interacting with spacetime curvature give rise 
to effective spin-orbit coupling which eventually manifests geometric phases /effects: 
Aharonov-Bohm (AB) effect and Pancharatnam-Berry (PB) phase. AB term origi- 
nates from the spin of the background geometry which is responsible for the chirality 
in the system and this effect goes off when black hole spin becomes zero. PB phase 
appears in the Kerr metric as well as in spherically symmetric static spacetime like 
Schwarzschild geometry. Although theoretically these effects can appear in all cases, 
detection of such semi-classical effects is observationally possible, at least for non- 
relativistic particles, in a scenario where a nonrelativistic massive particle moves 
around a primordial black hole. Future mission by Fermi satellite can prove the 
existence of primordial black holes by detecting small interference pattern within 
gamma-ray bursts. Although the results of this work are outcome for a special case 
of nonrelativistic particles and weakly rotating black holes, it is expected that a co- 
variant formalism will provide similar results in a general gravitational background 
from the analogy of covariant formalism of study of GPs in magnetic fields.?? 
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Retarded potentials and radiation in odd dimensions 
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Free massless fields of any spin in flat D-dimensional spacetime propagate at the speed 
of light. But the retarded fields produced by the corresponding point-like moving sources 
share this property only for even D. Since the Green's functions of the d’Alembert equa- 
tion are localized on the light cone in even-dimensional spacetime, but not in odd dimen- 
sions, extraction of the emitted part of the retarded field in odd D requires some care. 
We consider the wave equations for spins 0, 1, and 2 in five-dimensional spacetime and 
analyze the fall-off conditions for the retarded fields at large distances. It is shown that 
the farthest part of the field contains a component propagating at the speed of light, 
while the non-derivative terms propagate with all velocities up to that of light. The gen- 
erated radiation will contain a radiation tail corresponding to the complete prehistory 
of the source's motion preceding the retarded moment of time. We also demonstrate 
that dividing the Green's function into a part localized on the light cone and another 
part that is not zero inside the light cone gives separately the divergent terms in the 
Coulomb field of a point source. Their sum, however, is finite and corresponds to the 
usual power-law behaviour. 


Keywords: Extra dimensions, radiation, scalar field, electromagnetic field, gravitational 
waves 


1. Introduction 


'The recent interest in the theory of radiation in spacetime dimensions other than 
four is mostly related to the development of the theories with extra dimensions of 
spacetime. While the superstring theory, pretending to the status of fundamental 
theory, predicts the existence of extra dimensions, there is a number of phenomeno- 
logical multi-dimensional gravity theories! ^ solving some problems of elementary 
particles physics and cosmology. However, the characteristics of extra dimensions, 
such as their number, geometry and size, vary widely from one theory to another. 

The actively developing gravitational-wave astronomy is the one of the most 
promising tools to probe the extra dimensions. So, the first constraints on 
the characteristics of extra dimensions have already been obtained by use of 
the GW170817/GRB170817A event data." The possibility of using the future 
gravitational-wave observatories, such as LISA, to constrain the extra dimensions 
on cosmological scales has also been discussed.?:? Also, it is worth to note the recent 
advances in the constraining extra dimensions by the photograph of the supermas- 
sive black hole M87* shadow.!?: 14 
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However, in most of the literature, only the radiation in even-dimensional space- 
times is considered,!? ! while the odd dimensions have been mainly discussed in the 
context of radiation reaction force.!" ?? It is mostly due to the Huygens principle 
violation in odd dimensions known since the classical works of Hadamard, Courant 
and Hilbert, Ivanenko and Sokolov.?! ?? In any dimensions, the signal from the in- 
stant flash of the source reaches an observer in the interval of time required for it to 
propagate at the speed of light. However, in odd dimensions, the endless tail signal 
decaying with time is observed after that, which is not the case in even dimen- 
sions. Mathematically, the Huygens principle violation consists in odd-dimensional 
retarded Green's functions being localised not only on the light cone, as they are 
in even dimensions, but also inside it. As a result, the retarded fields in odd di- 
mensions propagate in space with all velocities up to that of light. However, free 
massless fields propagate exactly at the speed of light in any dimensions. Therefore, 
there is the apparent mismatch as the radiation being the free field far from the 
source is determined by its retarded field. 

In this paper, we demonstrate that despite the Huygens principle violation in 
odd dimensions the radiation can be computed by the integration of the energy- 
momentum flux in the wave zone. We use the Rohrlich-Teitelboim radiation def- 
24-26 (see, a]go,27-29) 


on-shell energy-momentum tensor. Considering the radiation of spin-0, spin-1 and 


inition based on the Lorentz-invariant decomposition of the 
spin-2 fields in five spacetime dimensions we show that the emitted part of the 
field energy-momentum propagates in space exactly at the speed of light, while it 
depends on the entire history of the source motion preceding the retarded time, in 
contrast with the four-dimensional theory. 

The paper is organised as follows. In second section we consider the scalar radia- 
tion from the point charge in five spacetime dimensions. We briefly recall the recur- 
rent relation for the odd-dimensional retarded Green’s functions and the Rohrlich- 
Teitelboim approach to radiation. Based on the latter, we compute the emitted 
part of the on-shell energy-momentum tensor. In Sec. 3, we consider the analogous 
problem for the five-dimensional electromagnetic field. Section 4 is devoted to the 
calculation of the gravitational radiation from the point particle moving along an 
arbitrary world line in five dimensions. In the last section we briefly discuss our 
results. 


2. Scalar radiation in five dimensions 


Action of the massless scalar field y(x) interacting with the massive point parti- 
cle moving along an arbitrary world line z“(7r) in the five-dimensional Minkowski 
spacetime is written as 


1 _ dz" 


S= ga fate O" p(x)ð p(x) a fo z^z,(m-cge(z), = P (1) 


where m is the particles mass, g its scalar charge, and Minkowski metric is 
Tu, = diag(l,—1,—1,—1,—1). We assume that particle's motion is governed by 
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the external forces and is not affected by the radiation of scalar field, so here the 
world line variables are non-dynamical. 
The action (1) leads to the scalar field equation of motion in form 


p(x) = —2n7j(2), (2) 


jls) = g [ arri ats -= z), (3) 


where j(x) is the scalar current, and O = 0"O,, is the d'Alembert operator on the 
five-dimensional Minkowski space. To determine the radiation energy-momentum 
flux carried by the scalar field, we use its canonical energy-momentum tensor 


Tila) = 


1 1 
9-2 OnpOLP m a Nv O^ eO o E (4) 
27 2 


The retarded solution of the Eq. (2) is given as 
e) = -27° fata! eGR E 2), (5) 


where G2! (x) is the retarded Green's function of the five-dimensional d'Alembert 


equation. It is defined by the equation 


Gia (2) = 069 (a), (6) 
Git (a) = 0, 2° < 0. (7) 
In the odd-dimensional Minkowski spacetimes, retarded Green’s functions are de- 
termined by the following recurrent relation?? (see, also,?°) 


(-1)^! dq" e(t)e(? — r?) 


2v4-1 x)= 
d (e) (2m) (rdr)-! VE-r2 


ret 


N, (8) 


where t = x° and r = |x|. Considering the expression under derivatives in Eq. (8) as 
a product of separate distributions and taking into that d0(x)/dx = ó(x), we find 
the five-dimensional retarded Green's function as 

e(t) [ ó6(? —7)  10(?—7?) 


4+1 a 
Gret (x) ^ 942 (t2 = r2)1/2 2 (t? BE r2)3/2 a (9) 


As discussed above, it is localised not only on the light cone, but also inside it, 
leading to the propagation of the retarded field in space with all velocities up to 
that of light. Also, retarded field depends on the entire history of the source's motion 
preceding the retarded time and is given by the sum of separately divergent on the 
light cone t? — r? = 0 terms. However, one can show that the divergences contained 
in each of the terms in Eq. (9) mutually cancel out and the resulting field is finite. 
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2.1. Field of a static charge 


Let us consider the case of static particle, to demonstrate the absence of divergences 
in the retarded field. In our calculations, we will use the “finite lifetime” trick to 
show the cancellation of divergences between the two terms. 

We assume that the particle is at the origin and it is “switched on” for a finite 
interval of the proper time a < T < b, where a < 0 and b > 0 for concreteness. For 
this interval its world line has the form z^ = [7, 0,0,0,0]. Then, by use of Eqs. (5), 
(3) and (9) the scalar field is written as 


b 
g O(t —-rT —r—e) d(t -T-—r—e) 
=z] d 10 

OETA E era) 
where we introduced the regularising parameter e + +0 into the delta and Heaviside 


functions to shift the divergences from the light cone. Preforming the integration 
we obtain 


0, t<a+r, 
g n <t<b+ 
a+r T, 
e()—54 r[(t—a)? — r2}/2’ z (11) 
t—b t—a 


r2(t—b)?—r21/2  r2[(t— a)? — r2]t/2* t2b+r. 


In the limit of eternal particle, we arrive at the finite Coulomb-like field 


ur 
M plz) = 2r2 : (12) 


with the power-law behaviour corresponding to the increased dimensionality of 
space. Similar cancellation of divergences has been shown to take place, also, for 
the moving particle.?? 


2.2. The Rohrlich- Teitelboim radiation definition 


The structure of the odd-dimensional Green's functions (8) makes the extraction of 
the emitted part of the retarded field in a standard manner non-trivial and requires 
a more sophisticated approach. 

Such an approach was suggested by Rohrlich?^?5 and Teitelboim?® (see, 
also,?” 9). It is based on the use of certain covariantly defined quantities, so we 
briefly recall their definitions. Let us consider the point particle moving along the 
world line z^(7) with velocity v^ = dz"/dr in the D-dimensional spacetime. The 
observation point coordinates are denoted as z". Assume the observation point to 
be a top of the light cone in the past and denote the intersection point of this light 
cone with the particle's world line as z"(7) = 2#. The corresponding moment of 
proper time 7 is called the retarded proper time and is defined by equation 


(a 2h)? —0 x9 39. (13) 


Further, all the hatted quantities correspond to that moment. Then, we introduce 
three spacetime vectors: a lightlike vector X^ — z^ — £" directed from the retarded 
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point of the world line to the observation point, a spacelike vector à^ orthogonal to 
the particle’s velocity at the retarded moment of proper time, and a lightlike vector 
ch = 4" + 6" aligned with the vector X^. Introduced vectors have the following 
properties 


X?=0, (ü0)—0, #=-#=-1, @=0, (14) 


where (ti) = &^64. Using these vectors we, also, introduce the Lorentz-invariant 
distance p being the scalar product of two spacetime vectors 


p-(oX) X"c- je. (15) 


It is equal to the spatial distance in the Lorentz frame comoving with the particle at 
the retarded proper time. If the particle moves inside the compact region of space, 
then the Lorentz-invariant distance f is equivalent to the spatial distance 
BRE (16) 
In accordance with the Rohrlich-Teitelboim approach, it is the Lorentz-invariant 
distance p that is used in the long-range expansion of tensors and definition of the 
wave zone. 
In the Rohrlich-Teitelboim approach, the radiation is determined by the most 
long-range part of the on-shell energy-momentum tensor expansion in the inverse 
powers of the Lorentz-invariant distance p. In D dimensions, the retarded field's 


on-shell energy-momentum tensor is expanded as!? 16: 26729 
Tu = Teol T od puis t Trad (17) 
Any Bu cu Dm" 
m» m m» 
d e ul hi peP-4? mix ^" p2D-5 Ted ôP- Tead ii pP-? i (18) 


Here, the first term T5, is the energy-momentum tensor of the deformed Coulomb- 
like part of the retarded field. The second one is the mixed part, which consists of 
more than one term for D > 4 and is absent in D = 3. The most long-range part 
TL” of the on-shell energy-momentum tensor expansion has the properties allowing 
to associate it with the radiation energy-momentum: 


e It is separately conserved 0, T^^, = 0, corresponding to its dynamical inde- 
pendence from the other parts; 

e It is proportional to the direct product of two null vectors T^ ~ ee", 
corresponding to its propagation exactly with the speed of light ĉ T^^ = 0; 

e It falls down as TÉ% ~ 1/r?~? and gives positive definite energy-momentum 
flux through the distant (D — 2)-dimensional sphere of area ~ rP-?. 


Therefore, the radiation power in D-dimensions can be computed as the energy flux 
associated with T^ through the distant (D — 2)-dimensional sphere of radius r 


Wp = | T9, nirP?d0p.3; i=1,D—1, 19 
rad 
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where nê = z*/r is the unit spacelike vector in the direction of observation, and 
dX1p.3 is the angular element on the (D — 2)-dimensional sphere. This structure 
holds in both even and odd dimensions with the only difference that in odd di- 
mensions the emitted part of the energy-momentum tensor depends on the entire 
history of the particle's motion preceding the retarded proper time 7. 

Note that, usually, the energy-momentum tensor is just the bilinear form of the 
field derivatives, as, e.g., in Eq. (4). Then, one can define the emitted part of the 
retarded field derivative, by analogy with that of the energy-momentum tensor, 


(8,8)** ~ 1/9P/2-1, (20) 


This definition is valid in the cases of scalar and electromagnetic fields and linearised 
gravity considered below. 


2.3. Emitted part of the scalar field 


Now we turn to the calculation of the emitted part of the retarded scalar field deriva- 
tive. The computations below are similar to that in,?° where we have considered 
the scalar synchrotron radiation in three and five spacetime dimensions. 

Using the Eq. (5) together with Eqs. (9) and (3) we obtain the retarded scalar 
field of the moving particle as 


SQ) — 1 6C) I 55 


= —g | dre(x? 
e = =g f ar OO Ceres -OSA 
where we introduced the vector X"(r) = z" — z” (r). In what follows, we omit its 
dependence on the proper time for brevity. 

Its derivative is found to have the form 

3 0(X?) o (X?) ó(X?) 
S 0 | 
ð plx) = 2g f rox ) E (x8 * (x22 xs Xin (22) 

where ó'(z) = dó(x)/dx. Integrating by parts the term containing derivative of delta 
function by use of the relation 


dX? 
we obtain the scalar field derivative in form 
3 0(X?) ó(X?) 
Buela) = -s f dr(x*) [3 ete X — s 
ó(X?) 5(X?) 
(xy aea 0) 7 «7 uat 09 


where we introduced the acceleration vector a^ = d?z" /dr?. 
To obtain its emitted part, we extract the leading f-asymptotic of the Eq. (24). 

We transform the products of delta and Heaviside functions by use of the relation 

for the delta function of complex argument 

ó(r — °) 


e(X9)e(x?) = 25 


(25) 
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We, also, rewrite the vector X^ in terms of the Lorentz-invariant distance 
X" = Z" + pê, ZB = Zh Zh, (26) 
Then, by use of Eqs. (25) and (26) we arrive at the emitted part of the scalar field 


derivative in form 
"R27 * 3 1 ó(r—7) 2(aé)d(7 — 7) 

(uet o — uiuis [dr [aram ee eere]: OP 
where we have taken into account that up to the leading order X? ~ 20(Z6) and 
(vX) ~ (vê). Note that each integral in the Eq. (27) diverges on the upper integra- 
tion limit 7 > 7, as (Zê) > (6€)(? — T) = ( — T). However, one can show that the 
last two terms of the integrand do not carry physical information concerning the 
field in the wave zone and just eliminate the divergences contained in the first one. 
To do this, we introduce the regularising parameter e + +0 into the argument of 
delta function and perform integration by use of it, obtaining the divergent result 


d ó(r — f + e) 1 
i dr (Za = anm (28) 


which can be rewritten as 


bL 3. uk 
gea Ji GCT (29) 


oo 


By analogy, the second term with the delta function transforms to 


* | (aé)ó(r—$) 1 f E (aé) 
d = dr ——.. 30 
Lo wana 73]. eam a 
Then, omitting the regularising parameter in the upper integration limit we find 
the emitted part of the scalar field derivative as 
rad _ 96, d 3 1 3 1 (à€) 
Geta =~ a [b> asa - seem eoe pn| GU 
In practice, calculating the radiation from the particle moving along some trajectory 


one needs to make the convergence of the integral in Eq. (31) explicit. To achieve it, 
one has to reintroduce the regularising parameter e — 4-0 into the upper integration 


limit and perform some transformation of the first term in the integrand: usually, it 
is the integrations by parts, which extract the divergences from it and cancel them 
out by use of the remaining two integrals. The above structure of the emitted part 
of the field holds in any odd spacetime dimensions.?? 

Substituting the emitted part of the scalar field derivative into the Eq. (4) we 
find the radiated part of the energy-momentum tensor 


Toss cd 3 1 (a6) 
Aca) = f ar cz 2(f—7)/2 FTPA] d 
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In accordance with the Rohrlich-Teitelboim approach, it is proportional to the direct 
product of two null vectors 6,6, corresponding to the propagation of this part of 
field’s energy-momentum exactly with the speed of light. Also, as was discussed 
above, the emitted part of the energy-momentum tensor depends on the entire 
history of the source's motion preceding the retarded proper time 7, as well as the 
radiation power determined by it. 


3. Electromagnetic radiation in five dimensions 


Having found the emitted part of the five-dimensional scalar field and the corre- 
sponding radiation energy-momentum tensor, let us now briefly discuss the electro- 
magnetic and gravitational radiation in five dimensions. We start with the former. 


3.1. The setup 


Action of the electromagnetic field A, (x) interacting with the massive point particle 
moving along an arbitrary world line z^(7) in five dimensions is analogous to that 
of the scalar field (1) and has the form 
1 

| 802 
where e is particle's electric charge. Here, we omit the particle's kinetic term in 
the action, given that its motion is completely governed by the external forces and, 
thus, the world line variables are non-dynamical. 


The action (34) yields the standard equation of motion of the electromagnetic 
field 


S= pEr — e far tA (z2), Fur =O,A,—OAp, (34) 


A" (x) = 2575" (x), (35) 

judo) ese J dr 2^ 4*9 (a — z). (36) 

where we imposed on the field the Lorentz gauge condition to fix its gauge symmetry 
0, A” = 0. (37) 


Note that this condition requires the current to be conserved 
ð j” = 0, (38) 

and it is, when the observation point is off the world line, as can be easily seen from 
the Eq. (36). 

To determine the energy flux carried by the electromagnetic radiation we use 
symmetric energy-momentum tensor of the electromagnetic field 

1 1 

23 F Fav + jns Fog F^? (39) 
By analogy with that of the scalar field, it is the bilinear functional of the field 
derivatives © ~ 0 AOA and, thus, admits defining the emitted part of the electro- 
magnetic field derivative. 


Ow = 
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3.2. Emitted part of the electromagnetic field 


By use of the Eqs. (36) and (9) we obtain the retarded electromagnetic field of the 
point charge in form 


5(X2) 1 0(X3) Tm 


A, (x) = e far Zu (X?) p 2 (X2)3/2 


We calculate its derivative using the relation (23) 


3 e(x? ó(X? 
As) = e f iron sm apa 
6(X2) ó(X?) 
XPA (aX) — 1]v, X, + OXA [au Xy ol . (41) 


Using the relations (25) and (26), and transforming the terms with delta func- 
tions by analogy with the Eqs. (28-30) we obtain the emitted part of the retarded 
electromagnetic field as the long-range part of its derivative with respect to the 
Lorentz-invariant distance 


-—-— AN 3 Up 3 ô, (à6)0, — à, 
rue mum | wasn 2(f£—7)/2 9 (F#—7)8/2 J us 


— oo 
By analogy with the scalar field, in Eq. (42) all the physical information concerning 
the electromagnetic field in the wave zone is contained in the first term of the 
integrand, while the remaining ones just subtract the divergences contained in it at 
the upper integration limit. 

Substituting the Eq. (42) into the symmetric energy-momentum tensor (39) we 
arrive at the five-dimensional electromagnetic radiation energy-momentum tensor 


2^ ^ 
rado... € CuCy 42 
Ow = -garz An) "4 
Eu 3 va 3 ôa (âê)ða — Ga 
Bale) [ M E (Z652 2(F#—7)8/2  (F# — 78/2 | Š 


The obtained tensor structure of the radiated part of the energy-momentum tensor 
corresponds to the propagation of the associated energy flux exactly with the speed 
of light. Also, by analogy with the scalar field (32), it depends on the history of 
charge’s motion preceding the retarded proper time. 


4. Five-dimensional gravitational radiation 


Now we turn to the calculation of the gravitational radiation produced by the 
point particles. If interaction between them is also gravitational, the problem is not 
described by the linearized approximation, and the quadratic terms in expansion of 
the Einstein tensor are required to take into account the contribution of field stresses 
to radiation.?? If the dominant forces are non-gravitational, the corresponding field 
stresses are also required, making the calculation rather difficult. Here we calculate 
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only the local contribution of particles themselves, so the result is incomplete. We 
give it just to reveal difference with the scalar and electromagnetic cases and to 
show how to deal with polarisations. 


4.1. The setup 


We start with the generally covariant Einstein-Hilbert action for the five- 
dimensional gravity interacting with massive point particle and some external field 
governing its motion 


1 
$= 5 Javan - m | dry/gaal2)én2? + Sr, (45) 
5 


where «5 is the five-dimensional gravitational constant, g is the determinant of 
metric tensor, and Sr is the action for the external field moving point particle. 
We linearise the Einstein’s equation over the background Minkowski metric 


Juv (Z) = Nw + hys(z), [hu] <1. (46) 
Introducing the reduced metric perturbations 
3 1 
hys — hy = 5h, h= nP hap, (47) 
we arrive at the linearised Einstein equation 
hu, (a) = 285 (Ti, (2) + 15, (2) , (48) 


2 SpF 
v—9 g^" |, 
where Ti (z) is the energy-momentum of point particle moving on the flat 
Minkowski background and interacting with some external field, which energy- 


momentum tensor is given by TE (æ). To obtain the Eq. (48) we, also, imposed 
the Lorentz gauge condition on the metric perturbations 


huv =0, (50) 


(49) 


pv 


Ti (2) x m f ar £j 69(x—27), T(x) = 


to fix the gauge symmetry of the system. Such a condition requires the particle’s 
and external field’s energy momentum-tensors to be jointly conserved 


P F 
Ə" (Tiv es =0, (51) 
which is assumed to be valid on-shell. 
To determine the energy-momentum flux carried by the gravitational radiation 


we use the effective energy-momentum tensor of metric perturbations, by analogy 
with,?! 


1 - y B A 
tuv = Ta (G,RLTO,RLT), hE (£) = Agu(n)hu(z), (52) 
5 


1 Q0 
Aijjii(n) = Pig Pi — 3 Ps Pats Pj = ĝi — ninj n= pr (53) 
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where we assume the particle’s motion to be periodic, and (...) is the averaging over 
the period. Here, we turned into the transverse-traceless gauge by the contraction of 
metric perturbations (52) with the projector (53) defined by analogy with.?! Note 
that differentiation of the projector would increase the fall-off asymptotic of the 
field, so its derivative can be neglected when one computes the emitted part of the 
gravitational field in the transverse-traceless gauge. 


4.2. Emitted part of the gravitational field (incomplete) 


Using the Eqs. (9) and (49) we find the retarded gravitational field of the point 
particle as 


mKs o(X?) 1 OX?) | (54) 


DC NT me far yey 0(X°) pu 2 (X2)3/2 


We compute its derivative integrating by parts by use of the relation (23) arriving 
at 


-p Mks o T3 0X?) ó(X?) 
Osh,, = zd fe e(X ) E (X3)8/2 Un Up Xo = (rns He ha 


(X?) à(X?) 
(vX)?(X?)1/2 (vX)(X?)1/? 
where a^ = d?z" /dr? is the acceleration vector, and we define the symmetrisation 
over two indices as A, By) = (A,B, + A, B,)/2. 
Extracting the long-range part of the gravitational field derivative by use of the 
relations (25) and (26) and transforming the terms with delta functions by analogy 
with Eqs. (28-30) we obtain the emitted part of the gravitational field as 


(aX) l|v, Xa + [2a(, v) Xa iem itus] , (55) 


(8. hj) 


rad _ MK5Ca T P E Ut» 3 pê (à6)0,0, — 2à(,0,) 
25/24258/2 J 2(Z69// 2(&$—r)/2 (f — 7)3/2 
(56) 
By analogy with the scalar (31) and electromagnetic (42) fields, it consists of one 
integral determining the properties of the gravitational field in the wave zone and 
two integral being counter-terms eliminating the divergences from the first one. 
Substituting the obtained expression for the emitted part of the retarded gravi- 
tational field (56) into the Eq. (52) we find the energy-momentum tensor of gravi- 
tational radiation generated by the point particle 


rad m? kê, ey 
D) = nis AU OAG C), Ajj’ (x) = Aggi(m)Au(z), (57) 
aft 3 uy 3 6,0; (à6)0;0; — 2à(0; 
Anf eilIm-igljm- e a) 09 


As in the cases of scalar (32) and electromagnetic (43) radiation, the emitted part 
of the gravitational field energy-momentum tensor has the tensor structure corre- 
sponding to the propagation of the associated energy-momentum flux exactly at the 
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speed of light and depends on the entire history of the particle’s motion preceding 
the retarded proper time 7. 


5. Conclusions 


In this short article, we have demonstrated that despite the Huygens principle vio- 
lation in odd spacetime dimensions, radiation can be computed by the integration 
of the energy-momentum flux in the wave zone. However, it requires the Lorentz- 
invariant modification of the radiation and wave zone definitions, in accordance with 
the Rohrlich-Teitelboim approach. Also, due to the Huygens principle violation, the 
emitted part of the field depends on the history of the source's motion preceding 
the retarded proper time, in contrast with even dimensions, where properties of 
radiation at given moment of time are determined only by the state of the source at 
the retarded time. Another feature of the odd dimensions is that the retarded field 
is given by the sum of separately divergent integrals. Nevertheless, these divergence 
mutually cancel out and the resulting field is finite. 

Based on the Rohrlich-Teitelboim approach, we have considered the radiation of 
the scalar, electromagnetic and gravitational fields by point particle in five dimen- 
sions. We computed the emitted parts of the fields! energy-momentum tensors. The 
obtained expressions have the tensor structures corresponding to the propagation 
of the radiated energy-momentum in space exactly with the speed of light. Also, 
they are given by the sum of separately divergent integrals over the history of par- 
ticle's motion, one of which carries all the physical information concerning the field 
in the wave zone, while the remaining ones are just the counter-terms subtracting 
the divergences from the former. To make the convergence of the resulting tensor 
explicit, one has to integrate the first term by parts. 

In our previous work,?° we have considered the scalar synchrotron radiation in 
three and five dimensions. The results were checked by the calculation of the spectral 
decompositions of the radiation power, which are indifferent to the dimensionality 
of the spacetime. Based on this, we assume that the obtained similar expressions 
for the emitted parts of the electromagnetic and gravitational fields should, also, be 
valid. 
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In this work, we use the fact that kinematics of light propagation in a non-dispersive 
medium associated with a bi-metric spacetime is expressed by means of a 1-parameter 
family of contact transformations. We present a general technique to find such transfor- 
mations and explore some explicit examples for Minkowski and anti-deSitter spacetimes 
geometries. 
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1. Introduction 


Soon after the advent of general relativity, it was observed that the gravitational 
field bends the path followed by a light ray. This was confirmed by Eddington after 
noticing that the apparent position of the stars are shifted from their expected 
position in the sky when observed during a solar eclipse. This bending phenomenon is 
analogous to the deviation of light rays while traveling in a medium whose refractive 
index changes from one place to the other. In this sense, it was shown that a 
class of optical media can be modeled by means of a metric tensor encoding its 
electromagnetic properties (Refs. 1-3). Furthermore, this analogy has evolved into 
the very active field of transformation optics, where the techniques and tools of 
differential geometry — that have been insightful in gravitational physics — have 
found its way into the more applied area of material science (Refs. 4-7). In addition, 
this has also been used in modeling analogue gravitational spacetimes such as black 
holes and cosmological solutions (Refs. 8-11). 

Fermat's principle poses a well known problem in the calculus of variations. In 
the non-relativistic setting — where the notion of time is absolute and universal — 
it states that light travels between two given spatial locations following a path 
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minimizing a time functional. Such a perspective is clearly untenable in the context 
of General Relativity, where it is commonly replaced by the assumption that the 
path taken by light in traveling from one location to another corresponds to a null 
geodesic. However, albeit it remains a variational problem, its precise formulation 
is far more elaborate (see Theorem 7.3.1 in Ref. 12). 

Similarly (cf. Theorem 7.1.2 in Ref.12), Huygens’ principle is centered in the 
idea of light emissions being instantaneous for different observers at each instant 
in time (Ref. 13). In this way, light emission is described by well localized wave- 
fronts, as they travel through three dimensional space. In the relativistic setting, 
the electromagnetic field on a precise event on spacetime should depend only on 
initial conditions originated its past null cone (Ref. 14). This has led to explore 
different wave phenomena where Huygens’ principle is not fulfilled, most of which 
are due to dissipation processes where the wave distribution has not converging 
tails. As a consequence, the wavefronts cannot be located in exactly at a point of 
spacetime. With the Hadamard conjecture, this phenomenon has been related to 
the dimensions and curvature of spacetime (Refs. 15, 16). 

One of the simplest and of most interesting curved spacetimes for theoretical 
physicists, is the anti-deSitter spacetime (AdS). This spacetime model has a very 
deep relationship with hyperbolic geometry, where its boundary at spacelike infinity 
leads to have strange peculiar like closed timelike curves and achornal surfaces (Refs. 
17,18). Nevertheless, AdS has gained more interest in recent years, as it has showed 
its value in topics like the holographic principle, the ground state of gauged super- 
gravity theories and its central role in high energy physics in the correspondence 
with the Conformal Field Theory (AdS/CFT). 

In this work, we use the fact that an optical medium can be represented by a 
Riemannian manifold (B,g) where B is considered to be the physical space and g 
the optical spatial metric. The geodesic flow in its unitary tangent bundle can be 
represented by a contact transformation acting on its space of contact elements. 
This fact, allows us to describe the wavefront evolution in an optical medium solely 
in terms of the contact transformation and to reconstruct the geodesic flow from 
the Reeb vector field. This provides us with a way to construct wavefronts in optical 
media without directly solving the wave equation. Particularly, we use this powerful 
tool to reconstruct wave propagation, along with with its corresponding light rays 
in a (2+ 1)-dimensional AdS spacetime. 

This manuscript is structured as follows. In section 2 we give the mathematical 
formalism to construct the technique. In section 3 we use this technique to recon- 
struct wavefronts and ray lights in a (2 + 1)-dimensional anti-deSitter spacetime. 
We find explicitly the 1-parameter family of contact transformations and solve nu- 
merically to reconstruct the wave propagation in optical media with interfaces of 
different refractive index. 
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2. Mathematical background 


In this work, an optical medium will be a Riemannian manifold (B, g) submersed 
in a bi-metric Lorentzian spacetime (M, go, g). Where go is the spacetime metric, 
used to low and rise index, the metric g is the optical metric introduced by Gordon 
(Ref. 1), from which the effective speed of light in a medium can be read off.The 
manifold 6 along with his metric g, is called the material manifold, The metric g 
can be decomposed in terms of the material manifold Riemannian metric and an 
observer’s four velocity. 

The cotangent bundle of the material manifold carries a natural symplectic struc- 
ture, endowed by a non-degenerated closed 2-form w. In this sense, the Liouville’s 
vector filed, which preserves the symplectic 2-form in terms of its Lie derivative, de- 
fines a 1-form A € T*(T*B) which generates the symplectic structure. As defined by 
Perlick (see Definition 5.1.1 and Proposition 5.1.1 in Ref. 12) the punctured cotan- 
gent bundle PT*B, corresponds to a ray-optical structure N. Using the inclusion 
map from this ray-optical structure to the cotangent bundle, the 1-form induces 
a contact 1-form 7, where the pair (A, D) is a contact manifold, known as the space 
of contact elements or the contact bundle of B. 

Let us use the defintion of a wave front centered at the point b € B as the 
hypersurface (Ref. 19) 


Fy(t) = (b; € B|y(0) = b, y(t) = bi) (1) 


where ¥ is a geodesic on (B, g). For every point in the wave front, the contact element 
of B associated to that point is tangent to the wave front. If we consider a geodesic 
flow on the unitary tangent bundle of B, there exists a unique contact element, 
which is perpendicular to. So the Reeb vector filed, associated to the contact 1- 
form of the ray-optical structure is dual to the geodesic flow in the unitary tangent 
bundle of B. The Reeb vector field is also, the infinitesimal generator of a family 
of 1-parameter strict contact transformations œ+ : M — N, which preserves the 
contact form and thus the contact elements on B, which are tangent to the wave 
fronts. In this sense, the family of transformations $, can evolve the geodesic flow 
preserving the wave fronts in each point. 

The method is to solve the Reeb’s vector field flow, associated to contact 1-form 
in the ray-optical structure to reconstruct numerically from it, the wave fronts and 
the ray lights propagating in an optical medium. When interfaces are present be- 
tween media with different refractive index, no further adaptions are needed for the 
technique to reconstruct wave fronts and light rays while refracted. If this technique 
is used in a Minkowski spacetime geometry, Snell's law can be deduced and total 
inner reflection is obtained when the source of light is settle to refract to another 
medium with smaller refractive index. 
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3. Wave propagation in (2 + 1)-dimensional anti-deSitter spacetime 


If we consider now a (2+1)-dimensional anti-deSitter spacetime with spatial optical 
metric given by (Ref. 7) 


2 2 
g= (5) Y da @ da*. (2) 
Y/ Nen 


we find the associated 1-parameter family of strict contact transformations, gener- 
ated by the Reeb's flow, for which we obtained 


, 


ó (xsin + ycosy—a)en —xsiny — ycosq — xz (3) 
= |x 
; (sing — 1)e* — sing — 1 


E 
n 


2ye 


? 


(sing — 1)e* — sing — 1 


(—siny + 1)e* —sing—1 
Qen cos (p 


y = arctan | 


With this transformation, it is possible to observe that the projection of the flows 
corresponds to semi-circles centered in the x-axis, as expected by the hyperbolic ge- 
ometry associated to the anti-deSitter spacetime. For interfaces between media with 
different refractive index, refraction can be observed and no total inner reflection is 
observed when projected to the Poincaré disc. As it is known, the AdS spacetime 
is nos globally hyperbolic, so it admits closed timelike curves and achronal surfaces 
can be observed where light rays are closer to the infinity circle boundary of the 
disc. It is also observed that light rays can intersect more than one time the same 
wave front (figure 1 Ref. 20). 


4. Final remarks 


The fact that geodesic flows can be written in terms of a 1-parameter family of 
contact transformations, allows us to reconstruct trajectories and wavefronts of 
light while propagating through an optical medium, just from the Reeb flow. With 
this technique, we recreate the wave fronts as they propagate in an optical medium 
with interfaces of different refractive index in a (2 + 1)-dimensional Minkowski 
spacetime and (2 4- 1)-dimensional anti-deSitter spacetime. In the first example, we 
could reproduce Snell’s law of refraction and the total inner reflexion phenomenon. 
In the second example, we observe refraction when mapped to the Poincaré disc. No 
inner total reflection was observed when the light source is in a medium with larger 
refractive index. Achronal surfaces can be observed in this configuration, as light 
rays closer to the circle boundary intersects more than once the same wavefront. 
The formalism, is robust enough to deal with interfaces without further adapta- 
tions. This technique can be used to recreate wave propagation in analogue gravita- 
tional spacetimes, such as Schwarzschild's blackholes, or to study interface between 


717 


Fig. l. Light rays and wavefronts emitted by a source of light refracting through a horizontal 
interface mapped to the Poincaré disc. The refractive index in the darker layer (where the light 
source is settled) is larger than the one in the whiter space. 


vacuum and plasma. In recent years, this type of techniques can be important in 
the development of metamaterials, which can mimic some spacetime properties im- 
possible to find in nature. 
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Élie Cartan's invariant integral formalism is extended to gauge field theory, includ- 
ing general relativity. This constitutes an alternative procedure that is equivalent to 
the Rosenfeld, Bergmann, Dirac algorithm. Also a new derivation of the generator 
of diffeomorphism-induced canonical transformations is given that proceed's from the 
Poincaré-Cartan form. In addition, a Hamilton-Jacobi formalism is developed for con- 
structing explicit phase space functions in general relativity that are invariant under the 
full four-dimensional diffeomorphism group. These identify equivalence classes of classical 
solutions of Einstein's equations. Éach member is dependent on intrinsic spatial coordi- 
nates and also undergoes non-trivial evolution in intrinsic time. The intrinsic coordinates 
are determined by the spacetime geometry in terms of Weyl scalars. The implications of 
this analysis for an eventual quantum theory of gravity are profound. 


Keywords: General relativity; Hamilton-Jacobi formalism. 


1. Introduction 


We have found some new profound implications of Elie Cartan’s theory, as pre- 
sented in his 1922 work, Ref. 1. We show how his invariant integral program can be 
extended to gauge field theories, including general relativity. Our procedure in fact 
constitutes a new approach to constrained Hamiltonian dynamics that is equivalent 
to the Rosenfeld-Bergmann-Dirac procedure. Secondly, we show that the Poincaré- 
Cartan form that arises in this context can be utilized to deduce the generator of 
diffeomorphism-induced canonical transformations that have previously been de- 
rived using group theoretical arguments. We show how the required metric field 
dependence of the diffeomorphism-induced transformation group comes into play. 
Finally, employing the related symplectic form, we undertake canonical transforma- 
tions to intrinsic spacetime coordinates, thus isolating the true gravitational degrees 
of freedom in a formalism in which all objects are invariant under the action of the 
full four-dimensional diffeomorphism group. The following is a summary of some 
results. Full details will appear in Ref. 2. 
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2. Cartan invariant integral — extension to gauge field theory 


In 1922 Elie Cartan, Ref. 1, introduced an alternative approach to the classical dy- 
namics of a configuration variable qf (t) in which he demanded that a certain closed 
integral evaluated at a fixed time t be independent of the chosen time.* He proposed 
that one consider a tube of trajectories parameterized by s with the property that 
as s ranges varies over its full range one returns to the original trajectory. Thus he 
demanded that the integral J over s, employing the parameterized set q'(t(s); s), 
v) (t(s); s), t(s), be independent of t where 


" OL Od! OL , dt 
p fas E ðs |. (ze 2) z) 
OL ,, OL , 
= f E dq (ze 1) a) (1) 


We consider the free relativistic particle as a first example of an extension of 
this procedure to a gauge model. In this case the required invariant integral is 


qs f (va - ; (NC? + Nm?) at) : (2) 


We require that its variation vanish under independent ó variations. Integrating by 
parts over the closed interval we get 


ôl, = j (Chev, + N~"6v,) dq" + (jrone — N-lyóv" 
1 2 ls 2 -1 1 2 
j9Nm dt — aN dNvu* — N v, dv” — ,4Nm dt} =0. (3) 


dq" 


The required vanishing coefficient of dv“ yields v^ = ~f := q". Similarly, the van- 


ishing coefficient for 6N, gives N = m7! (—q?) /? The result for dt is redundant, 
yielding —m?N = N~!q- i. Finally, the coefficient of dq! yields the reparameteri- 
zation covariant equation of motion 4 (N-!g^) = 0. 

It is especially instructive to undertake a Legendre transformation, but with the 
understanding that the analogues of the velocities that we represent as v^ and Ny, 


represent independent functions. Thus 7 = ore = 0 is a primary constraint. The 


required invariant integral becomes 


I j pada + ran G (p? + m?) 4 TN, ) al, (4) 


aA translation into English by D. H. Delphenich, Ref. 3, is available. 
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resulting in 


1 
dl, — j |n, (dq" — Np”dt) — ôq" dp, + 8N (^u e a k D 


+ én (an Nat) + ôt (GP ' m?) dN + Np'óp, +ôTÑ + xX) 


ES éNredt] =p, (5) 


The required vanishing of the first and second coefficients result in dq = Np" 
and ap" = 0. The third term yields the secondary constraint p? + m? = 0, and the 
forth N, = aN The remaining terms are redundant. 

One can in fact carry out a similar variation with an analogous general relativis- 


tic invariant integral, namely 


lapm = j Ba [pdgay + P,dN" — Hapmdt — P,N'dt], (6) 
where the Arnowittt-Deser-Misner (ADM) Hamiltonian 
HADM = Jm; (pip pts Neg he 2N“p ajo) ; (7) 
is derived from the ADM Lagrangian 
LapM = (3)? N R+ KaK” — K?), (8) 
with Kab = sv (vas — Nap — Nola): Note that the vap are assumed to be indepen- 


dent spacetime functions. T'his Lagrangian is independent of the analogue velocity 
N# and there is therefore a primary constraint P, = 0. The independent variations 
of gab, Kab, N”, and NË. yields the correct secondary constraints and the correct 
Einstein Hamiltonian equations. Details are given in Ref. 2. These two systems are 
examples of a general new invariant integral approach to constrained Hamiltonian 
dynamics, equivalent to the Rosenfeld-Bergmann-Dirac prodedure. 


3. Derivation of diffeomorphism generator 


In the free relattivistic particle model take ds in the Poincaré-Cartan increment to 
correspond to the change in solutions that results from an infinitesimal reparame- 
terization t' = t — dse(t). Represent the change in the variables as dq" = dsq“e and 
dN = ds(éN + €N), recognizing that N transforms as a scalar density under the 
reparamterization. (These are actually the Lie derivatives with respect to e.) 

Now use the identity which is the statement that the particle Lagrangian trans- 
forms as a scalar density under reparameterizations to deduce the existence of a 
vanishing Noether charge Cp: 


dC, d [Ne 
dt dt| 2 


(p? +m?) 4 x (e+ Nè)! =0. (9) 
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But since this depends on N this is clearly not projectable under the Legen- 
dre transformation to the particle co-tangent space. We must assume a variable- 
dependent reparameterizations e(t) = N !£(t) to get Legendre-projectable repa- 
rameterizations. The general proof for the required dependence is given in.* In this 
case we have 


Cp = : (p? +m”) r (Ne | Ne) 
= (p +m?) +7 (Wnte —NNSÉNES. é) 
= È (P? +m?) enl. (10) 
'This is the phase space generator of the N-dependent reparameterizations. 


It is shown in Ref. 2 that the analogous substitution into the ADM 
vanishing Noether charge yields the Pons-Salisbury-Shepley generator Cpgs, 
Ref. 4, of diffeomorphism-induced general coordinate transformations e"(xy) = 
(N71£9(2), - N71 N*£* (2) + €%(2)), 

Cpss = Put + Hug" + Pole? — NE + Naf") 
+ P,(N,ae £6, — Nee + N. E" + NGE — NES). (11) 


4. Intrinsic coordinates and diffeomophism invariants 


'The non-vanishing contributions to the integrand in Cartan's invariant integral are 
of course now recognized as the symplectic potential one-form. Perhaps less fully 
appreciated is the fact that Cartan justified canonical transformations to new phase 
space coordinates through the recognition that exact differential generator did not 
contribute to the invariant integral. We examine first what we believe is novel new 
approach to the introduction of a proper time parameterization of the relativistic 
free particle. This is an example of a choice of intrinsic time. As proved in general 
in Ref. 5 the chosen intrinsic canonical coordinate must transform as a scalar under 
general coordinate transformations - in this case, reparamterizations. 

Thus we now choose as the intrinsic particle time evolution variable the scalar 


T = —mq? /po. This is the proper time. Then we perform a canonical transformation 
in the Poincaré-Cartan increment such that 
OG OG 
dq? = PdT + dq? + ——dT. 12 
Dodq ap^ + ar (12) 
The required non-trivial generator is 
G= oT (q*)? — mT - mT X(T), (13) 


with the resulting canonical conjugate 


0 2 
P= min ( uS) m (14) 
Do 2m 
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It is important to recognize that the system is still reparameterization covariant — 
and now with a new generator 


C,—£|-P- mln(T) + : (p"pa 4- m?) | + n£ (15) 


But we can now make a proper time gauge choice by setting the evolution 
parameter equal to the intrinsic variable T, i.e., set t = T. And given particle 
solutions in any parameterization the gauge generator can be employed to transform 
to solutions satisfying the gauge condition. The remaining canonical variables are 
invariants under reparameterizations. The general procedure is described in Ref. 5. 

We can indeed, in principle, carry out a similar procedure in general relativity. 
Choose appropriate spacetime scalars X^ (gab, p^^), constructed with the use of 
Weyl scalars, as intrinsic spacetime coordinates. An initial effort in this direction is 
described in Refs. 6 and 7. Fuller details with corrections and revisions will appear 
in Ref. 2. Perform canonical transformations in the non-vanishing portion of the 
Poincaré-Cartan increment so that the non-vanishing contribution becomes 


dlApM = [tev don 


óG óG 
= f a T dX" + p^dgA | dgab + 
Ógab QA 
Now make the gauge choices zx" = X^ (Jav, p**). The diffeomorphism generator 
Cpss can be employed to explicitly display the corresponding diffeomorphism in- 
variants, as shown in Ref. 5. 


ôG 
daa + axe). (16) 


5. Quantum outlook 


The results that we describe here were largely inspired by the work of Peter G. 
Bergmann and his associates. An extensive analysis of the work of his school and 
the conflicts that arose with the geometrical dynamical approach advocated by the 
John A. Wheeler can be found in Ref. 8. Of particular relevance is work performed 
by Bergmann in collaboration with Arthur Komar, analyzed in detail in Ref. 9. 
A revision and further elaboration is in preparation. The fundamental disagreement 
with the conventional geometrodynamical approach is in the treatment of the full 
four-dimensional diffeomorphism invariance. The classical approach we describe here 


3 invariant fundamental gravitational degrees of 


works exclusively with the 2 x oo 
freedom. It remains to be seen how these invariants may be employed in an eventual 
quantum theory of gravity. Work is now underway. A central challenge is to find a 
scheme that takes into account the abundance of physically distinct gauge choices, 


each of which leads to a distinct classical intrinsic time evolution. 
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Whether the 3—space where we live is a globally orientable manifold M3, and whether 
the local laws of physics require that M3 be equipped with a canonical orientation, 
are among the important unsettled questions in cosmology and quantum field theory. 
It is often assumed that a test for spatial orientability requires a global journey across 
the whole 3—space to check for orientation-reversing closed paths. Since such a global 
expedition is not feasible, physically motivated theoretical arguments are usually offered 
to support the choice of canonical time orientation for the 4—dimensional spacetime 
manifold, and space orientation for 3—space. One can certainly take advantage of such 
theoretical arguments to support these assumptions on orientability, but the ultimate 
answer should rely on cosmological observations or local experiments, or can come from 
a topological fundamental theory of physics. In a recent paper we have argued that it is 
potentially possible to locally access the the 3—space orientability of Minkowski empty 
spacetime through physical effects involving point-like ‘charged’ objects under vacuum 
quantum electromagnetic fluctuations. More specifically, we have studied the stochastic 
motions of a charged particle and an electric dipole subjected to these fluctuations in 
Minkowski spacetime, with either an orientable or a non-orientable 3—space topology, 
and derived analytical expressions for a statistical orientability indicator in these two 
flat topologically inequivalent manifolds. For the charged particle, we have shown that 
it is possible to distinguish the two topologies by contrasting the evolution of their 
respective indicators. For the point electric dipole we have found that a characteristic 
inversion pattern exhibited by the curves of the orientability indicator is a signature 
of non-orientability, making it possible to locally probe the orientability of Minkowski 
3—space in itself. Here to shed some additional light on the spatial orientability, we 
briefly review these results, and also discuss some of its features and consequences. The 
reviewed results might be seen as opening the way to a conceivable experiment involving 
quantum vacuum electromagnetic fluctuations to look into the spatial orientability of 
Minkowski empty spacetime. 


Keywords: Spatial topology of Minkowski spacetime; Orientability of Minkowsk space; 
Quantum fluctuations of electromagnetic field; Motion of changed particle and electric 
dipole under electromagnetic fluctuations 


1. Introduction 


In the framework of general relativity the Universe is described as a four-dimensional 
differentiable manifold locally endowed with a spatially homogeneous and isotropic 
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Friedmann—Lemaitre—Robertson—Walker (FLRW) metric. Geometry is a local at- 
tribute that brings about intrinsic curvature, whereas topology is a global feature 
of a manifold related, for example, to compactness and orientability. The FLRW 
spatial geometry constrains but does not specify the topology of the spatial sections, 
Ma, of the space-time manifold, which we assume to be of the form 4 = R x M3. 
In the FLRW description of the Universe, two diverse sets of fundamental questions 
are related to, first, the 3— geometry; second, to the topology of spatial sections M3. 
Regarding the latter, at the cosmological level it is expected that one should be 
able to detect the spatial topology through cosmic microwave background radiation 
(CMB) or (and) stochastic primordial gravitational waves.^? However, so far, direct 
searches for a nontrivial topology of M3, using CMB data from Wilkinson Microwave 
Anisotropy Probe (WMAP) and Planck collaborations, have found no convincing 
evidence of nontrivial topology below the radius of the last scattering surface.) ? 
'This absence of evidences does not exclude the possibility of a FLRW universe with 
a detectable nontrivial spatial topology.!9 !? 

It is well-known that the topological properties of a manifold antecede its ge- 
ometrical features and the differential tensor structure with which the physical 
theories are formulated. Thus, it is relevant to determine whether, how and to what 
extent physical results depend upon or are somehow affected by a nontrivial topol- 
ogy. Since the net role played by the spatial topology is more properly examined 
in static space-times, the dynamical degrees of freedom of which are frozen, here 
we focus on the static Minkowski space-time, whose spatial geometry is Euclidean. 
However, rather than the general topology of the spatial sections M3 of Minkowski 
space-time, in this work we investigate its topological property called orientability, 
which is related to the existence of orientation-reversing closed paths on the spatial 
section M3. Questions as to whether the 3—space of Minkowski space-time, which 
is the standard arena of quantum field theory, is necessarily an orientable manifold, 
or to what extent the known laws of physics require a canonical spatial orientation 
are among the underlying primary concerns of this work. 

To be more precise regarding the setting of the present work, let us first briefly 
provide some mathematical results. The spatial section M3 of the Minkowski space- 
time manifold .Z4 = R x Ms is usually taken to be the simply-connected Euclidean 
space E’, but it is known mathematical result that it can also be any one of the 
possible 17 topologically distinct quotient manifolds M3 = E3/T, where F is a dis- 


crete group of isometries or holonomies acting freely on the covering space E?.? The 
action of I tiles the covering manifold IE? into identical cells which are copies of 
what is known as fundamental domain (FD) fundamental cell or polyhedron (FC 
or FP). So, the multiple-connectedness gives rise to periodic conditions (repeated 
cells) in the simply-connected covering manifold E? that are defined by the action 


?For recent accounts on the classification of three-dimensional Euclidean spaces the reader is 
referred to Refs. 13 -18. 
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of the group F on IE?. Different groups I give rise to different periodicities on the 
covering manifold E’, which in turn define different Euclidean spatial topologies M3 
for Minkowski spacetime. These mathematical results make it explicit that besides 
the simply-connected E? there is a variety of topological possibilities (17 classes) for 


the spatial section of Minkowski spacetime. The potential consequences of multiple- 
connectedness for physics come about when, for example, one takes into account 
that in a manifold with periodic boundary conditions only certain modes of fields 
can exist. In this way, a nontrivial topology may leave its signature on the expecta- 
tion values of local physical quantities.!? So, for example, the energy density for a 
scalar field in Minkowski space-time with nontrivial spatial section is shifted from 
the corresponding result for the Minkowski space-time with trivial spatial topology. 
This is the Casimir effect of topological origin.?° ?* 

Regarding orientability, the central issue of this work, three important points 
should be emphasized. First, we mention that it is widely assumed, implicitly or 
explicitly, that a four-dimensional manifold 44 = R x M3 that models the physical 
world is spacetime orientable and, additionally, that it is separately time and space 
orientable. Second, eight out of the above-mentioned 17 quotient flat 3—manifolds 
are non-orientable.!? !5 A non-orientable 3—space is then a concrete mathematical 
possibility among the quotient manifolds M3 = IE? /T', and it comes about when the 


holonomy group [ contains at least a flip or reflexion as one of its elements. Finally, 
it is generally assumed that, being a global property, the 3—space orientability 
cannot be tested locally. In this way, to disclose the spatial orientability of our 
physical world one would have to make trips along some specific closed paths around 
3—space to check, for example, whether one returns with left- and right-hand sides 
exchanged. 

Since such a global journey across the whole 3—space is not feasible one might 
think that spatial orientability cannot be probed. In this way, one would have ei- 
ther to answer the orientability question through cosmological observations or local 
experiments. Hence, assuming that spatial orientability is a falsifiable property of 
3—space, a question that arises is whether spatial orientability can be subjected 
to local tests. Our main goal in this work is to present a way to tackle this ques- 
tion. To this end, we have investigated?? stochastic motions of a charge particle 
and an electric dipole under vacuum quantum fluctuations of the electromagnetic 
field in Minkowski spacetime with two inequivalent spatial topologies, namely the 
non-orientable slab with flip and the orientable slab, which are often denoted by the 
symbols Ej; and Eje, respectively.!^!5 Manifolds endowed with these topologies 
turned out to be appropriate to identify orientability or non-orientability signatures 
through the stochastic motions of point-like particles in Minkowski spacetime. In 
the next section, to shed some additional light on spatial orientability, we briefly 
review the most significant results of our article, Ref. 26, and discuss some of their 
consequences. 


728 


2. Main results and their interpretation 


The general idea underlying our work is to perform a comparative study of the 
time evolution of physical systems in Minkowski spacetime with orientable and 
non-orientable spatial sections. To this end, the physical systems chosen are a point 
charged particle and a point electric dipole under vacuum quantum electromagnetic 
fluctuations. We shall describe the results for the dipole only because they are more 
significant — see Ref. 26 for the point charge case. 


2.1. The setting and the physical system 


We begin by recalling that simply-connected spacetime manifolds are necessarily 
orientable. On the other hand, the product of two manifolds is simply-connected 
if and only if the factors are. Thus, the space-orientability of Minkowski spacetime 
manifold .4, = R x Ms reduces to orientability of the 3—space M3. In this paper, 
we shall consider the topologically nontrivial spaces Eig and E17. The slab space 
FE, is constructed by tessellating IE? by equidistant parallel planes, so it has only 


one compact dimension associated with a direction perpendicular to those planes. 
Taking the z-direction as compact, one has that, with n, € Z and a > 0, points 
(x,y,z) and (x + nza, y, z) are identified in the case of the slab space E16. The slab 
space with flip E; involves an additional inversion of a direction orthogonal to the 
compact direction, that is, one direction in the tessellating planes is flipped as one 
moves from one plane to the next. Letting the flip be in the y-direction, the iden- 
tification of points (x,y,z) and (x + nza, (—1)"*y, z) defines the E17 topology. The 
slab space Ej, is orientable whereas the slab space with flip E17 is non-orientable. 

We consider a nonrelativistic point electric dipole with mass m and electric 
dipole moment p which is locally subject to vacuum fluctuations of the electric 
field E(x,t) in a topologically nontrivial spacetime manifold equipped with the 
Minkowski metric ,,, = diag(--1, —1, —1, —1). The spatial section is usually taken 
to be E’, but here we take for Ms either Eig or Ej. 

Locally, the nonrelativistic motion of the dipole is determined by the equation 
of motion 

"md = p: VE(x,t), (1) 
dt 

where v is the dipole’s velocity and x its position at time t. We assume that on the 
time scales of interest the dipole practically does not move, that is, it has a negligible 
displacement, so we can ignore the time dependence of x. Thus, the dipole’s position 
x is taken as constant in what follows.?™?8 Assuming the dipole is initially at rest, 
integration of Eq. (1) yields 


t 
Weis Lp 0,E(x, t^) di! (2) 


with 0; = 0/0x; and summation over repeated indices implied. 
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The mean squared speed in each of the three independent directions i = x,y, z 
is given by 


(Av?) = nme [ [1 (8; E. (x, ^) (0E. Gx, t) Y dr'at" , (3) 


which can be conveniently rewritten as 


. t pt 
(Av?) = lim PAPE | n 0,0: ( Bil t') E (x t") dt! dt" (4) 
0 0 


x'—x m? 


where ô} = 0/0z', and there is no summation over i. Following Yu and Ford?" 
we assume that the electric field is a sum of classical E, and quantum E, parts. 
Because E, is not subject to quantum fluctuations and (E4) = 0, the two-point 
function (E;(x, t) E; (x',t')) in equation (4) involves only the quantum part of the 
electric field.?" 

In Minkowski spacetime with a topologically nontrivial spatial section, the spa- 
tial separation r? that enters the electric field correlation functions takes a different 
form that captures the periodic boundary conditions imposed on the covering space 


7? by the covering group I’, which characterize the spatial topology. In consonance 
with Ref. 22, the spatial separations for Eig and E; are 


Eg: r? = (2-2 — nga)? (y-yy + (2-2/7, (5) 
By: r= (x-2 nay + (y — (-1Y*y + (2 — zy. (6) 


2.2. Orientability indicator 


The orientability indicator that we will consider is defined by replacing the electric 
field correlation functions in Eq. (4) by their renormalized counterparts.?? For a 
dipole oriented along the y-axis the dipole moment is p = (0, p, 0) and we have 


i x/>x m? 


Ei 
PTEN (x,t) = = lim zl ôy y d s(x P2 dt! dt" , (7) 


where the left superscript within parentheses indicates the dipole’s orientation. 
The renormalized correlation functions are given by?® 


o oð o 


Ei t) Ej Ri = — —— Dren(X t; at EE TEST] 
( (x, ) (x 3 an Ox; Ox! ; (x i ) Ot Ot! 


Dren X tix t) (8) 


where 
oo / 1 
Dygs(x tt) = N oN 9 
61x 4) 2. Po) (9) 


in which 57 ' indicates that the Minkowski contribution term Nz = 0 is excluded 
from the summation, At = t — t', and the spatial separation for Ej; is given by 
Eq. (6). The Hadamard function D(x, t; x’, t’) for the multiply-connected space is 
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defined by including the term with n, = 0 in the summation (9). Thus, Dren = 
D — Do, where Do is the Hadamard function for the simply-connected space. 

Before presenting the results for some components of the orientability indica- 
tor (7), we point out that from equations (4) and (7)-(9) a general definition of the 
orientability indicator reads 


IMC = (Ny E (p). (10) 


where (Av2) is the mean square velocity dispersion, and the superscripts MC and 
SC stand for multiply- and simply-connected manifolds, respectively. T'he right- 
hand side of (10) is defined by first taking the difference of the two terms with 
x’ Æ x and then setting x’ = x. 


The components of the orientability indicator for the dipole in E47 are?? 
Mrd uS Y Grp fon +3(r? — r? + 6r2) Ip + 24(r? — 12) r2 5 \ 
72m? 
m (11) 
© Eir (x,t) 2 — 2p? » cate —5(-1yf 
vy o? 72m? 


Ng =— 0 


+ 6[r? + (7 — 6( 1)" YBa st? - Cera (12) 


and 
(y) Ap? ol 
L d t)=- 5 2 (—1)” Ton exe + 6r2)15 + 24r? r in]. (13) 


where, with At =t — t", 


dt'dt" t 4t 3, (r-t? 
I zZ ee ——————— —— : 
» S (At? — r2)3 —r?)3 16 — — r?) T r5 i (r 4-0)2]' ud) 


7 2 . 2 342 
js Lu um $a au T) 15, (r "ME (15) 


t-r?) 6r Or 96 | r$(t2 — r2)? T. (r +t)? 


dt! dt 1 Ol 
n= f |a um 
t [4t(57t4 — 136r?t? + 87r*) 105, (r-t)? 
-m PTEE tw TU 


In Eqs. (11) to (16) one must put 


(16) 


r= na? +2(1— (-1)")y?, 
r? = na’, i = 2(1 — (—1)"*)y’. (17) 


731 


For the slab space Eg the components of the dipole orientability indicator are 
obtained from those for Ei; by setting r? = r?,r, = 0, and replacing (—1)"* by 1 
everywhere. Therefore, we have 


Ur qu PE PS 18 
v2 (x, t) m "qm? om 1; ) 
(Ee _ 4p X : r 27 i 
v2 (x, t) n 22m L ( 1 +3r 2); 9) 
oo ! 
G) pE Ap? 2 
ES ,t) = ma . 2, en + 3r I5), 20) 


in which r = [n, |a. 


2.3. Analysis of the results 


Since equations (11)-(13) and (18)-(20) are too complicated to allow a straightfor- 
ward interpretation, we plot figures for the components of the orientability indicator. 
Figures 1 and 2 arise from Eqs. (11)-(13) as well as (18)-(20), with the topological 
length a = 1 and n, 4 0 ranging from —50 to 50. In both figures the solid lines 
stand for the orientability indicator curves for the dipole in Minkowski spacetime 


-2- 


Fig. 1. Time evolution of the z-component of the orientability indicator in units of p?/m? for a 
point electric dipole oriented in the flip y-direction in Minkowski spacetime with orientable E16 and 
non-orientable E17 spatial topologies, both with compact length a = 1. The solid and dashed lines 
stand, respectively, for the indicator curves for a dipole in 3—space with Eig and E17 topologies. 
For the globally inhomogeneous topology £17 the dipole is at Po = (x, 0, z), thus freezing out the 
topological inhomogeneity. Both orientability indicator curves show a periodicity, but the curve 
for E47 exhibits a different kind of periodicity characterized by a distinctive inversion pattern. 
Non-orientability is responsible for this pattern of successive inversions, which is absent in the 
indicator curve for the orientable Eig. 
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Fig. 2. Time evolution of the y-component of the orientability indicator for a point electric dipole 
oriented in the y-direction under the same conditions as those of Fig. 1. T'he orientability indicator 
curve for £7 also displays a characteristic inversion pattern but which is different from the one for 
the z-component shown in Fig. 1. For the y-component of the orientability indicator the signature 
of non-orientability can be recognized in the pattern of successive upward and downward “horns” 
formed by the dashed curve. 


with Eg orientable spatial topology, whereas the dashed lines represent orientabil- 
ity indicator curves for the dipole located at Py = (a,0,z) in a 3—space with Ei; 
non-orientable topology. 

In the case of the z-component, the time evolution curves of the orientability 
indicator for Eig and E17, shown in Fig. 1, present a common periodicity but with 
distinguishable patterns. The orientability indicator curve for Ej; displays a distinc- 
tive sort of periodicity characterized by an inversion pattern. Non-orientability gives 
rise to this pattern of consecutive inversions, which is not present for the orientable 
Eg. 

The differences become more striking when one considers the y-component of 
the orientability indicator, shown in Fig. 2. The non-orientability of E17 is disclosed 
by an inversion pattern whose structure is more striking than the one for the z- 
component. The orientability indicator curves for E47 form a pattern of alternating 
upward and downward “horns”, making the non-orientability of E17 unmistakably 
identifiable. The z-component of the indicator behaves the same way.?9 

The characteristic inversion pattern exhibited by the dipole indicator curves 
makes it possible to identify the non-orientability of E17 in itself, without having to 
make a comparison with the indicator curves for its orientable counterpart, which 
is necessary in the point charge case.76 

This discussion suggests that it may be possible to unveil a presumed spatial non- 
orientability by local means, namely by the stochastic motions of charged objects 
caused by quantum electromagnetic vacuum fluctuations. If the motion of a point 
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electric dipole is taken as probe, non-orientability can be intrinsically discerned by 
the inversion pattern of the dipole’s orientability indicator curves. 


3. Concluding remarks 


In general relativity and quantum field theory spacetime is modeled as a differen- 
tiable manifold, which is a topological space equipped with a differential structure. 
It is usually assumed that the spacetime manifold is orientable and, additionally, 
that it is separately time and space orientable. The theoretical arguments usu- 
ally offered to assume orientability combine the space-and-time universality of local 
physical experiments with physically well-defined (thermodynamically, for exam- 
ple) local arrow of time, violation of charge conjugation and parity (CP violation) 
and CPT invariance.?? ^^ One can certainly use such reasonings in support of the 
standard assumptions on the global structure of spacetime. Nevertheless, it is rea- 
sonable to expect that the ultimate answer to questions regarding the orientability 
of spacetime should rely on cosmological observations or local experiments, or might 
come from a fundamental theory of physics. 

In the physics at daily and even astrophysical length and time scales, we do 
not find any sign or hint of non-orientability. This being true, the remaining open 
question is whether the physically well-defined local orientations can be extended 
continuously to cosmological and/or microscopic scales. 

At the cosmological scale, one would think at first sight that to disclose spatial 
orientability one would have to make a trip around the whole 3—space to check 
for orientation-reversing paths. Since such a global journey across the Universe is 
not feasible one might think that spatial orientability cannot be probed globally. 
However, a determination of the spatial topology through the so-called circles in 
the sky,4’ for example, would bring out as a bonus an answer to the 3—space 
orientability problem at the cosmological scale. 

We have addressed the question as to whether electromagnetic quantum vacuum 
fluctuations can be used to bring out the spatial orientability of Minkowski space- 
time. We have found that there exists a characteristic inversion pattern exhibited 
by the orientability indicator curves for a dipole in the case of E17, signaling that 
the non-orientability of E17 might be identified per se. The inversion pattern of the 
orientability indicator curves for the dipole is a signature of the reflection holonomy, 
and ought to be present in the orientability indicator curves for the dipole in all 
remaining seven non-orientable topologies with flip, namely the four Klein spaces 
(Ez to E49) and those in the chimney-with-flip class (E13 to Ei). 

Observation of physical phenomena and controlled experiments are essential to 
our understanding of nature. Our results indicate that it might be possible to lo- 
cally unveil spatial non-orientability through stochastic motions of point-like objects 


bSee Ref. 45 for a dissenting point of view, and also the related Ref. 46. 
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under electromagnetic quantum vacuum fluctuations. The present paper may be 
seen as a hint of a possible way to locally probe the spatial orientability of Minkowski 
spacetime. 
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Physical reasoning gives expressions for the hamiltonian of a system of quantum- 
mechanical particles. These hamiltonians are often differential operators that are sym- 
metric in a densely-defined domain. However, to study the dynamics of the unitary 
group corresponding to a hamiltonian, it is required that the hamiltonian be self- 
adjoint or essentially self-adjoint. This study analyzes the effect of the static non-linear 
electromagnetic-vacuum spacetime of a point nucleus on the self-adjointness and the 
spectrum of the general-relativistic Dirac hamiltonian for a test electron. 


Keywords: Dirac hamiltonian, Reissner- Weyl-Nordstróm spacetime, self-adjointness 


1. Introduction 


In non-relativistic physics, whether Newtonian mechanics or quantum mechanics, 
the gravitational and the electrical attraction between a point electron and a point 
nucleus obey the same mathematical law and only their coupling strengths differ. 
Indeed, as the gravitational force is too small compared to the electrical force, it is 
common to ignore its effect in calculations of realistic hydrogenic spectra. 

By contrast, if one models gravity the Newtonian way in the special-relativistic 
setting, the situation is more subtle. While Coulomb and Newton potential still 
have the same mathematical form, differing only in their coupling constants, they 
appear paired up with different Dirac matrices in the Dirac hamiltonian, viz.? 
GmM ) B Qe 


T T 


H :— —ia- V4 (m 


aJn this note we take c = h= 1. 
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where the hermitian matrices a; satisfy ojo + o0; = 26j;~1c1,0 < j,k € 3, with 
ao = B. Here, (m,e) are the mass and charge of the electron and (M, Q) are the 
mass and charge of the nucleus. It is known, see [6], that H is essentially self-adjoint 
if and only if 
Q? — G^m? M? < - 

The self-adjoint extension has dess(H) = (—oo,—m] U [m,oc) with cacl H) = 
Cess( H) and os-(H) = Ø. One can conclude that Newtonian gravity interaction 
has no significant effect on realistic hydrogenic spectra also in otherwise relativis- 


tic settings, as G? M?m? is an exceedingly tiny number? compared to Q?e?. For 
G 
On the other hand, the relative contributions of gravitation and electricity to 


instance, one has x 4.5 : 10799, where Mp is the mass of the proton. 

the atomic spectra might be dramatically different, if one considers relativistic grav- 
ity. Einstein’s gravity refines Newton’s law of universal gravitation by providing a 
unified description of gravity as a geometric property of space and time, and it 
is formulated by Einstein’s field equations. Coupling Einstein’s field equations to 
Maxwell’s electromagnetic field equations, we obtain the Einstein-Maxwell system 
of PDE’s 


1 8rG 
R,, — 5 PB = a Tw (1) 
dF =0, dM — 0, (2) 


which describes the geometry of a spacetime endowed with an electromagnetic field. 
Here, R is the Ricci curvature tensor, R is the scalar curvature of the metric g, F 
is the Faraday tensor and M is the Maxwell tensor. Furthermore, T is the electro- 
magnetic energy-momentum-stress tensor associated to F. In order to measure the 
electrical and gravitational effects on the Dirac spectrum in the relativistic settings, 
one needs to analyze the relativistic Dirac equation 


eye post st eAu)v maj =0 (3) 


in a background that is a solution to (1), (2). Here, V,, is the covariant derivative 
and A, is the electromagnetic 4-potential. In a curved spacetime, 8 = 7°, Bak = 4 
are related to the metric tensor by ^4" + yy” = 2g””I4x4. Tahvildar-Zadeh? 
showed the following: spherically symmetric, static, asymptotically flat solutions to 
(1), (2) that are topologically identical to Rt? minus a timelike line, are covered by 
a single global chart and have a metric whose line element in spherical coordinates 
(t,r, 0,0) € R x R, x [0,7] x [0,27) reads 


ds? = — f?(r)dt? + f? (r)dr? + r?(d0? + sin? 0d?) (4) 
P(r) 1-399). m(r) 2 M — £(r). (5) 


bGravity could be significant for those nuclei satisfying GM? > Q?, with mass M and electric 
charge Q, however, this inequality is not reachable for known nuclei. 
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Here r is the so-called area radius of a spherical orbit? m(r) is the radial mass 
function, and £(r) is the electrostatic field energy outside a ball of surface area 
Arr”. Moreover, M is the ADM mass. 

There are well-known examples of such solutions. In particular, £(r) — 0 gives 
the Schwarzschild metric, and E(r) = g? gives the Reissner-Weyl-Nordström 
(RWN) metric. In [2], Cohen and Powers considered the relativistic Dirac equation 
in the RWN spacetime. Note that the structure of the RWN spacetimes depends on 


the ratio of Ka If d X 1, then f?(r) has zeros given by 


r+ = GM (: +4/1— ra : (6) 


Also, in this case, the RWN spacetime features a dynamical black hole region in 
r_<r<r,.4 Otherwise, f?(r) is always positive, and the manifold has a naked 
singularity at r = 0. In [2], it was obtained that in the naked singularity sector, the 
Dirac hamiltonian H associated with the relativistic Dirac equation is not essentially 
self-adjoint. 

The RWN spacetime of a nucleus has some undesirable features.’ It has a very 
strong curvature singularity at its center associated with a negative infinite bare 
mass, arising from £(r). In fact, the electrostatic energy density is not integrable 
about r — 0, whereas the system has finite ADM mass, interpreted as the total 
energy of the spacetime. In Section 2 we answer the question whether a more mildly 
singular f?(r), which is compatible with (4), suffices to guarantee an essentially self- 
adjoint H for a test electron. 

In RWN settings, we say that f?(r) yields a subertremal black hole if r_ < r4; 
and f?(r) yields an extremal black hole if r_ = r} =: ro . In [2], Cohen and Powers 
also investigated (3) in the static region outside the event horizon of a subextremal 
(and extremal) RWN black hole, i.e. when r > r}. They found that H is essentially 
self-adjoint, that its self-adjoint extension has essential spectrum equal to the real 
line, without a gap, and that it has no eigenvalues at all. Thus, the electron is 
expected to be swallowed by the black hole unless it escapes to oo. Therefore, the 
absence of bound states of an electron outside of the event horizon of a RWN 
black hole is not a surprising result. In Section 3 we complement this study by 
considering the static region inside the Cauchy horizon of the subextremal RWN 
black hole spacetime, i.e., when 0 € r € r_, respectively inside the event horizon 
of the extremal RWN black hole spacetime, i.e., when 0 € r € ro. 


*Every point in the stipulated spacetime is an element of a unique orbit under a Killing vector 
flow corresponding to the SO(3) symmetry, and this orbit is a scaled copy of S? with area 4rr?, 
defining r > 0. 

4Note that r = r} and r = r_ are the boundaries of the dynamical region and not themselves 
dynamical. In particular, in the extremal black hole case, there is no dynamical part of the space- 
time. 
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2. Electrostatic spacetimes with negative bare mass and no horizon 


Due to the spherical symmetry and static character of the spacetimes, the Dirac 
operator H of a test electron in the curved space whose line element ds? is given 
by (4) separates in the spherical coordinates and their default spin frame.? More 
precisely, we study the family of radial Dirac operators Hy, k € Z\{0}, with 


f(ry— edt) "$9 = Dr (T) 
zf(r) - f^(r)à. —f(r) - eé(r) 


acting on g(r) := (gi(r), go (r))’, with a weighted L? norm given by 


2 


Jal? = f^ es nt + 0) P)a (8) 


Recall that we want to consider f?(r) having singularity at zero that is milder 
than the RWN spacetime has. For this purpose, we make the following assumptions 
on m(r): 


(r) is continuous for r > 0; 

m(r)/r « Lee. 

m(r) ~ —Car-? as rN 0, where a > 0 and C, > 0; 
(r) > M »0asr oo. 


mr 


mr 


Our first two assumptions on m(r) are equivalent to ruling out black holes in 
spacetimes with the line element (4). So our spacetimes feature a charged naked 
singularity. By the third and fourth assumptions on m(r), the naked singularity has 
a negative bare mass (lim,,o m(r)), which is finite only for a = 0, in which case 


m(0) ami — Co. 
The function ó(r) is E Repos of the electrostatic field generated by the 
nucleus, and we have £(r) = 3 f. |d'(s)|2s?ds. We also assume 


e ó(r) is continuously differentiable; 
e d(r) ~ Ze/r as r — oo; 
e ó(r) ~ Cg+Cgr-? as r NO, with 8 < 1. 


Before we give the main theorem, we need to define the unitary operator U. Let 
r(x) be the solution to the differential equation 


go = (mr) (9) 
subject to the conditions that r(x) > 0* as x + 0*. We now define U as 
(Ugi)(z) = gi(r(x)) f (r(2))? (10) 


for (g1, g2) in the subspace induced by the norm (8). Let also Hy = U H,U-!. Then, 
we have the following theorem. Interested readers can find the details of the proof 
in [3]. 
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Theorem 2.1. Under the stated assumptions on m(r) and @(r) the operator Hy, 
and, therefore Hy, for k € Z\{0}, has uncountably many self-adjoint extensions. 
The extensions are given by Hyg = Hy|p, where 


Do = { (fis fe) € D(H); fi(0) = —fa(0)tan0, — 


Moreover, for each 0 


T 
re. 


(a) The essential spectrum ess Hy) = (—oo, =m] U [m, oo); 
(b) Hyg has purely absolutely continuous spectrum in (—oo, =m) U (m, oo); 
(c) the singular continuous spectrum Osc(Hp:9) = 0. 


Note that this theorem concludes that a milder singularity with strictly negative 
bare mass than that of RWN does not yield an essentially self-adjoint Hj. On the 
contrary, it appears that the self-adjointness might require a stronger singularity 
such as when 8 > a43, However, these values of a and 8 do not match with the 
asymptotics of the mass functions for the electrostatic spacetimes in (4). 

It turns out that there is a way to restore the essential self-adjointness of the 
Dirac operator, namely by including a sufficiently large anomalous magnetic mo- 
ment of the electron. This has been carried out in the naked RWN geometry in [1]. 

Assuming a nonzero anomalous magnetic moment, the radial partial-wave Dirac 
operator is given by 


0 —Had' (r)f(r) 
—pae (r)f(r) 0 


Regarding H ite aps WE have the following theorem: 


yk = Hy + 


(11) 


Theorem 2.2. Let m(r) be as in the Theorem 3.1 with a > 0 and g(r )= 
Cj C5r ? --Oi(r2-8) for B € 1, where f € Ox(g) indicates ES df= Os g) for 
j —0,1,..k. Then the operator H,,, k is essentially self-adjoint if either B > ip. or 
B = H2 and |Ha] > 249 /2GC, /|Cs|. On the other hand, if B < Hes then Us 
has multiple self- adone extension. 


An important consequence of this theorem is the fact that the Dirac operator 
in the Hoffmann spacetime is not self-adjoint unless m(0) — 0; in the negative bare 
mass case the anomalous magnetic moment cannot restore essential self-adjointness. 
Recall, the electric potential in the Hoffmann spacetime is given as 


n=of «( (4) 5. G(u) = V 1- 2p - 1. 


3. Point nucleus as singularity in static interior of black hole 
spacetime 


Recall that in the RWN spacetime, the line element f?(r) in (4) arises as 


Peis SN n aL (12) 


2 
r r2 r2 
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where r_ and r, are given as in (6). We consider the operators Hj given in (7) 
when 0 € r < r_. Note that, in the extremal case, we have r_ = r} = ro. 

As in the previous section, we define H. g = UH;,,U—', where U is defined as in 
(10). We use (12) in the change of variable (9), with « = 0 when r = 0, which for 
the subextremal sector yields 


2 2 
z—r4——— ln (: z ) “in (: £ J r<r3 (13) 
TL—T. Ex ror r_ 


in the extremal limit r_ 7 ro & r} N rg this becomes 


1 
s=r| m +2m(1 -) (: 3 r < TQ. (14) 
EE To To 


It is clear from (13) and (14), one has r—r_ ~ e~** as x > oo in the subextremal 
case, whereas r — ro ~ z-! as x — oo in the extremal case. This difference between 


the asymptotics result in differences in the spectrum of the corresponding Dirac 
operators, see [4] for more details. We have, 


Theorem 3.1. The operator Hy has uncountably many self-adjoint extensions for 
both the subextremal and the extremal black hole sector. The extensions are given 
by Hye = Hy|p, where 


Do = { (fu, fa) e DR: f(O) = —fa(0) tana, -3 50€ 5). 


Moreover for each 0, 


(a) The essential spectrum Cess (Hyg) = R in both subeztremal and the extremal 
case. 

(b) Hise has absolutely continuous spectrum in R in both subextremal and the 
extremal case. Moreover, Hye has no eigenvalue in the subextremal case. 

(c) The singular continuous spectrum D'sc (Hio) = () in both subextremal and 
the extremal case. 


In the extremal case the only possible eigenvalue is -2, and whether it is an 
eigenvalue or not is not determined in this study. However, we believe that the 
answer should depend on the values of Q and ro. 

Similar to our previous section, we also considered the effect of an anomalous 
magnetic moment. Consider (11) with ¢(r) = Q/r. We have 


Theorem 3.2. In both the subextremal and the extremal case, the operator H,,, x is 
essentially self-adjoint iff |ua| > 3VG. Moreover, in both subextremal and extremal 
cases, the self-adjoint operators have aess (Hy, x) = CaclH uak) = R, Osel Hua k) = 
0, and o5 (Hy, k) = 0. 
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We present the hypothesis that some of ring galaxies were formed by relic magnetic 
torus - shaped wormholes. In the primordial plasma before the recombination magnetic 
fields of wormholes trap baryons whose energy is smaller than a threshold energy. They 
work as the Maxwell's demons collecting baryons from the nearest (horizon size) region 
and thus forming clumps of baryonic matter which have the same torus-like shapes as 
wormhole throats. Such clumps may serve as seeds for the formation of ring galaxies 
and smaller objects having the ring form. Upon the recombination torus-like clumps 
may decay and merge. Unlike galaxies, such objects may contain less or even no dark 
matter in halos. However, the most stringent feature of such objects is the presence of a 
large - scale toroidal magnetic field. We show that there are threshold values of magnetic 
fields which give the upper and lower boundary values for the baryon clumps in such 
protogalaxies. 


Keywords: Wormholes; cosmic rays; ring galaxies; galactic magnetic fields. 


1. Introduction 


One of challenges of modern astrophysics is to finding possible traces of relic worm- 
holes. It is expected that relic cosmological wormholes were created from virtual 
wormholes on quantum stage, or during the inflationary period of evolution of the 
Universe. Virtual wormholes exist at Planckian scales and they represent the most 
natural objects to compose spacetime foam picture." ? Their existence is straightfor- 
wardly predicted by lattice quantum gravity models, e.g., see Refs.? © and references 
therein. 

Spherically symmetric relic wormholes are highly instable and collapse very 
rapidly. To be stable they require the presence of exotic matter at throats or an 
essential modification of general relativity.^? This means that all primordial spher- 
ical wormholes have collapsed long ago and at present they cannot probably be 
distinguished from black holes. However less symmetric configurations can be made 
stable without exotic matter or any modification of GR. First rigorous example 
was presented in Ref.? It was demonstrated that in the open Friedmann model a 
stable wormhole can be obtained simply by the factorization of space over a dis- 
crete subgroup of the group of motions of space. To illustrate such a factorization 
one may consider flat plane in which one of coordinates, say x, becomes periodic 
x = Ro/(2x) with the angle 0 < p < 27. Then the space becomes a cylinder with 
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the radius R. In the open model (on space of a constant negative curvature) any par- 
allel geodesics (p = 0 and y = 27) diverge and the distance between them changes 
R(£), where £ is a parameter along the geodesic line. Therefore, if we move along 
the geodesic line from the point where the distance is the shortest Rmin, the space 
opens out R — oo and becomes unrestricted. Here the wormhole configuration 
coincides with a cylinder on which the metric is specified to produce a constant neg- 
ative curvature. The simplest 3D wormhole obtained by the factorization has also 
the topology of a cylinder, while its throat has the topology of the 2D- torus.?: !? 
In flat space such a configuration corresponds to a wormhole whose throat has the 
shape of a doughnut. Such wormholes are not static but expand in agreement with 
the expansion rate of the Universe. It can be considered as having been frozen into 
space and, therefore, they are static in the co-moving coordinates. It is important 
that the factorization allows to get an arbitrary number of such wormholes in space. 

In flat space the torus - like wormholes become dynamical objects and evolve.? 
Whether they are static, expand, or collapse, depends on surrounding matter and 
peculiar motions of throats. The shape of throats of such wormholes resembles a 
doughnut and is characterized by two radii Ry and ry. In the limit Ry > ry it 
can be approximately described by the cylindrical (axial) configuration. It turns 
out that static and stationary cylindrical wormhole solutions do exist and it was 
found that asymptotically flat wormhole configurations do not require exotic matter 
violating the weak energy condition.!'!? This shows that such objects, as doughnut 
- shaped wormholes, have all chances to be observed in astrophysical systems. We 
point out that the investigation of the evolution of doughnut-shaped wormholes in 
flat space is a rather complex problem. 

The possibility to directly observe wormholes attracts the more increasing at- 
tention, e.g., see Refs.!? !? At first glance the most promising are collective effects 
produced by a distribution of wormholes in space. However, our previous investiga- 
tion have shown that observational effects of a distribution of wormholes are very 
well hidden under analogous effects produced by ordinary matter e.g., see Refs.16:!7 
The only exclusion may be the noise (stochastic background) produced by the scat- 
tering of emitted by binaries gravitational waves on wormholes.!? 

In general a single wormhole produces much less noticeable effects (lensing, 
cosmic ray scattering, etc.). However, wormholes may possess non-trivial magnetic 
fields as vacuum solutions. In this case possible imprints of wormholes in the present 
picture of the Universe may be rather considerable. In particular, when such a mag- 
netic wormhole gets close to a galaxy, it starts to work as an accelerator of charged 


10,19 which is capable of explaining the origin of high-energy cosmic-ray 


particles 
particles.?? The idea that the observed cosmic rays require magnetic fields for their 
creation was first suggested by Fermi.?! In voids a relic magnetic wormhole works 
simply as a generator of synchrotron radiation and can be detected via the magnetic 
field.?2:2? The primordial magnetic fields? in turn may form small-scale non-linear 


clumps of baryonic matter?^?6 and as it was recently discussed in Ref.?* they may 
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allow to solve the existing Hubble tension. In other words, magnetic wormholes 
should leave a clear imprint on the sky. In particular, relic magnetic wormholes 
may play also the key role in formation of ring type baryonic structures, analogous 
to the ring galaxies without involving dark matter.?? Moreover, such wormholes may 
also form ring - type structures even in the present epoch which may explain the 
origin of the recently found unexpected class of astronomical ring-type objects.” 


2. Vacuum magnetic fields of wormholes 


Nontrivial topology of space which contains a static wormhole allows us to get 
additional nontrivial solutions of static vacuum Maxwell equations.?? This means 
that already in the absence of real sources (charged particles, electric currents) 
space may possess nontrivial quasi-static magnetic and electric fields. The physical 
mechanism is rather clear, during the quantum period of the Universe when the 
wormhole forms, it may capture some portion of closed magnetic or electric lines. 
Such lines cannot simply leave the wormhole. Electric fields perform work and decay 
very rapidly in the primordial plasma. Magnetic fields do not perform work and may 
survive till the present days. For exact solutions which involve magnetic fields and 
wormholes see e.g.,31 32 

In this section for the sake of simplicity we assume that sufficiently far from the 
wormhole entrances the space is flat. Generalization to the curved spacetime and 
consideration of magnetic fields in the Friedmann model can be found, e.g., in.?? 
Consider first the simplest genus n — 0 wormhole. Then the space-time metric can 


be taken as 
di? = c?dt? — h?(r) (da? + dy? + dz’). (1) 


34,35 when the scale function is 


We shall use the Ellis-Bronnikov massless wormhole 
simply h = 1 + n. 'This model of a wormhole possesses two asymptotic Euclidean 
spaces E, as r >> Rand E. as r < R. In the region r < R the transformation 
T = R?/r reduces the above metric to the standard Euclidean form. The Maxwell 


equations for magnetic field take the standard form 
rotB — divB — 0, (2) 


where B; = Eijk F Jk. These equations possess a nontrivial solution in the form 


-Zn (3) 


with an arbitrary constant value Q, where n — r/r is the unit vector. Indeed, 
vacuum magnetic field can be expressed via the magnetic scalar potential B = —Vó 
which obeys the equation 


Ad = 0. (4) 
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In the spherically symmetric case this equation reduces to 
1 


2 Or? hü.ó = 0 (5) 
and has the solution as 
"Q 
= — d 6 
b= | yere (6) 
'This defines the magnetic field 
Q Q 


'This solution works for any spherically symmetric wormhole with an arbitrary scale 
function h(r) in (1). 

In the region E, (r >> R) it describes the field of the magnetic charge Q ho- 
mogeneously distributed over the sphere r = R (Coulomb law). In the region E_ 
(r < R) the transformation 7 = R?/r interchanges the inner and outer regions of 
the sphere r = R and we get the same field with the magnetic charge —Q. 

In the case when both entrances are in the same space this transforms to the 
dipole field. Let the positions of the two spheres are x; and x_ then the field can 
be taken as (ha = h(rz) ~ 1 as r4 = |x — x4| > R) 

B(x) = ae, _ oo. (8) 
hy [x — x4| h_ |x — x_| 


Consider now the genus n = 1 wormhole. In the flat space such a wormhole can 


be constructed by means of cutting two solid tori and gluing along their surfaces. In 
this case we have two different new kinds of solutions. First is obtained by placing 
an arbitrary magnetic charge density p(x) in the internal region of one torus and 
the opposite density — p(x) in the internal region of the second torus. Then we solve 
the system 


rotB — 0, divB = 4np. (9) 


Recall that internal regions of tori correspond to fictitious points, while p(x) = 0 as 
x lies outside the tori. Therefore, such a system coincides exactly with (2). In this 
case the exact form of the magnetic field is rather complicated. However averaging 
over orientations of the tori we restore the spherical symmetry of the wormhole 
and get exactly the same solution as (8). In this sense for the sake of simplicity we 
may always restrict to the spherically symmetric wormholes (i.e., consider n — 0 
wormhole as the first order approximation). 

Solutions of the second kind can be obtained by placing an arbitrary current 
density j(x) within the surface of torus/throat and solving the system 


4 
rotB = —j, divB — 0. (10) 
C 


Again here the non-vanishing current density corresponds only to fictitious points, 
while in physical regions of space such a system represents the same system (2). 
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The system (10) corresponds to the field generated by an electric loop which pro- 
duces the toroidal magnetic field. Such solutions cannot be reduced to the spher- 
ically symmetric case, since upon the averaging over orientations of the loop the 
field vanishes. 

In conclusion of this section we point out that the new two classes of vacuum 
solutions reflect the topological non-triviality of space. Indeed, according to the 
Stocks theorem the system (2) implies $ Bdl = 0 for any loop which can be pulled 
to a point. In the case of a non-trivial topology of space there appear new classes 
of loops Fa which cannot be contracted to a point and, therefore, to fix the unique 
solution we have to fix additional boundary data tr, Bdl = C4. In general Ca Æ 0. 
In the case of genus n = 0 wormhole there is only one such a non-trivial loop which 
goes through the wormhole throat. In the case of genus n = 1 wormhole we have 
already two such loops, one goes through the throat (it corresponds to the system 
(9)) and one additional crosses the torus (the system (10)). 


3. Wormhole as an accelerator 


In galaxies charged particles undergo an acceleration when interacting with galactic 
radiation. For definiteness we shall speak of electrons. Indeed, by means of the 
Compton scattering photons transmit part of their momentum to electrons. Upon 
the scattering the momentum obtained by the electron from the incident photon is 


/ v / 
Ap-p'-p-—[n-—n (11) 
C 


where n and n' are the direction of the photon before and after scattering and 


v E (1 = pn) (12) 
v è (1+¥(1-nn')- pn’) 


Upon averaging over possible orientations of n’ we get for the average momentum 
transmitted from the incident photon 


Ap = Ż8,(p)hvn. (13) 


Here the spectral coefficient 6, (p) = 1 — (Zm') is given by 


89) -1- zc f (Low) avr (14) 


4m V 


where E. is determined by (12). In the case when p — pn, it reduces to the form 
1 1 
8,—1-c-z2-[1--]ln(1-2z)|, 
2x x 


where x = (hv + cp) (E + cp) /m?c*. Now multiplying (13) on the number density 
of photons with the frequency v and on the cross section we get the spectral force 
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which accelerates the electron in the form 


or By (p) 
C 


A 1 
f; = — = cor N, 7 B,(p)hvn = P, (15) 


where P, is the spectral component of the Poynting vector P, =E, x B, and 
cT is the Thomson cross section. The total force is given by F = f f,dv. 

It is important that the force is determined by the Poynting's vector P,. In 
a quite (quasi-stationary or steady state) galaxy both the Poynting's vector and 
the force have the potential character, i.e., they can be presented as P, = —VW,. 
Non-stationary processes in active galactic nuclei may produce some additional 
acceleration, e.g., the stochastic Fermi acceleration, etc., which we do not discus 
here. For the quasi-stationary galaxy the Poynting's theorem gives the discontinuity 
equation 


divP, = £, (16) 


where £, (x) is the spectral density of sources of radiation (stars, hot gas, dust, etc.) 
or the radiative capability of a unite volume in the galaxy. If the topology is simple, 
then sufficiently far from the galaxy we get 


oM, 

"^ Arr?” 
where 1 = r/r, r is the distance from the center of the galaxy, and M, is the total 
spectral energy emitted by the galaxy in the unit time. Observations show that the 
intergalactic medium possesses a magnetic field.??:?? Therefore, the electron may 
have a closed trajectory. It is easy to verify that the total energy obtained by the 
electron from the galactic radiation during the cycle is exactly zero, i.e., $ f,dl = 0. 
This means that in the case when topology is simple, the only possible mechanism 


(17) 


of the electron acceleration relates to high-energy non-stationary processes (jets, 
shock waves, supernovae explosions, active galactic nuclei, etc.). 

The situation changes when the galaxy is accompanied with a wormhole. In 
the presence of the wormhole the Poynting's field also admits non-trivial solutions 
of (16). For the sake of simplicity we consider the spherically symmetric (genus 
n = 0) wormhole. For a more general wormhole the rough picture remains the 
same, at least from the qualitative standpoint. We point out that the genus n > 1 
wormholes are more preferred from the astrophysical standpoint, since they may 
work as accelerators even in the case when a wormhole is not traversable (e.g., 
when the length of the trajectories which go through the throat are too big). 

Indeed, the scattering of the radiation on the wormhole (e.g., seet® 17) 
an additional field in the dipole form 


_ 6M, ôM, 


= n_—-—> 
Arr? Arr? 


produces 


ôP, N+ (18) 


where n4 = r4/r4, r4 =r — X4, X4 are positions of the wormhole entrances (we 
v] 2 . . 
assume that r4. «& r_), 6M, ~ Murg is the portion of the spectral energy absorbed 
+ 
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by the closest entrance into the wormhole throat and R is the radius of the throat. 
If the wormhole possesses a magnetic field in the form (8), it forms a magnetic 
trap for the electron, while the Poynting’s vector field 6P, in form (18) forms the 
accelerating force which acts exactly along the magnetic lines. On every cycle the 
electron will gain the energy from radiation A = f A,dv > 0, where A, = f óf,dl, 
whose exact value depends on the length of the trajectory of the electron and on 
all the rest parameters of the wormhole (distance to the galaxy, throat size, etc.). 
Some part of this energy will be spent on the synchrotron radiation of electrons and, 
therefore, there is a competition between the acceleration produced by the galactic 
radiation and loss of energy on the reradiation. The reradiation can be accounted 
for by adding the standard force of the radiation friction. 


4. Magnetic wormholes as baryon traps 


Consider a single wormhole whose throat has the shape of a torus (the genus - 
1 wormhole by the classification suggested in Ref.!?). In the presence of such a 
wormhole Maxwell’s equations possess two additional classes of non-trivial vacuum 
solutions. Indeed, according to the Stocks theorem the system of vacuum Maxwell 
equations implies $ Bdl = 0 for any loop which can be pulled to a point (where B 
is the magnetic field). In the case of a non-trivial topology of space? there appear 
new classes of loops l'a which cannot be contracted to a point and, therefore, to 
fix the unique solution we have to fix additional boundary data fr. Bdl = i 
and in general Ia # 0. The constants J, depend only on time and they can be 
viewed as fictitious currents? which intersect the loops Ta. In the case of genus 
n — 0 (spherical) wormhole there is only one such a non-trivial loop which goes 
through the wormhole throat. In the case of genus n — 1 wormhole (doughnut - 
shaped throat) we have already two such loops, one goes through the throat and 
one additional goes through the hole in the center of the doughnut and surrounds 
the throat. 

'The first class produces the magnetic field of a wormhole which can be described 
by magnetic poles placed in two different entrances into the throat. The two en- 
trances have opposite magnetic poles. If the distance between the entrances is big 
enough the resulting field is very weak and when crossing such a field high-energy 
charged particles only slightly change the direction of propagation. The field can be 
strong only very close to the throat entrances. However, since charged particles can 


“The simplest scheme to get a general genus - n wormhole can be described as follows. We take a 
couple of equal spheres with n handles in space, remove the internal regions (insides of the spheres), 
and glue along their surfaces (the so-called Hegor diagrams). If we take two simple spheres without 
handles the resulting space corresponds to a spherical wormhole (throat is the sphere). The sphere 
with a handle is the torus. A couple of toruses corresponds to the doughnut shaped wormhole, etc. 
>We point out that the currents are fictitious, for from the point of view of the Hegor diagrams 
they take place in inner regions of spheres which are removed, i.e., in fictitious regions. 
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freely propagate along the field lines (which are roughly orthogonal to entrances), 
the particles captured by the field are distributed in the whole region between the 
entrances. Such fields have the long-range character and can be used to explain 
the origin of long-correlated magnetic fields in voids??:?? 
primordial magnetic fields.?* 

The situation changes when the wormhole possesses also the field of the second 
class. The second class corresponds to the field produced by a single loop of a 
current (the loop of the corresponding fictitious current goes inside of the surface of 
the doughnut). In this case the field lines of force repeat the shape of the entrance 
(the shape of a doughnut) which roughly corresponds to the fields observed in spiral 
galaxies.79 35 It is necessary to point out that the magnetic fields in the galaxies 


and, more generally, of 


cannot exactly repeat the shape of a doughnut. There are a number of well-known 
processes in galaxies which naturally lead to the generation of galactic magnetic 
fields?" and the actual field does not reduce to such a simple model. It is known 
that the pitch angle (between the toroidal field and radial one) is usually between 
4 and 17 degrees. 

'The most strong field is close to the entrance and particles captured by the field 
remain always near the entrance. In the primordial plasma before the recombination 
such a wormhole traps all baryons? propagating near it and thus forms a primeval 
structure of a galaxy (a protogalaxy). Such a scheme works only for wormholes 
which possess sufficiently strong magnetic fields, since high-energy baryons cannot 
be captured by the wormhole. The mean energy of baryons is determined by the 
temperature which depends on the redshift. The intensity of the magnetic field also 
depends on the redshift. While baryons are relativistic particles the threshold value 
of the fictitious (or equivalent) current does not depend on time. 

Indeed, only particles below the threshold energy are captured by the wormhole 
magnetic field!? which is given by 


E = 3kT < En = eBR,, 


where e is the electron charge and Rw is the biggest radius of the doughnut - shaped 
throat of the wormhole. The energy of relativistic baryons behaves with the redshift 
as T = T} (1 + z), where T, is the present day temperature of CMB radiation. The 
intensity of the magnetic field can be estimated by the value in the hole of the 
doughnut. We take it as 
KI 
B = —— 
cRy’ 
where « = 27 in the center of the doughnut hole, while close to the throat (surface 
of the doughnut), where the field reaches the maximum value, in the approximation 
rw/Rw « 1 we get the estimate x ~ 2R.,/rw. The field depends on the parameter I 


*We present here estimates for baryons only, since leptons are much lighter than baryons and in 
the primordial plasma leptons simply follow baryons (bounded by the Coulomb potential). 
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(which is the fictitious or equivalent current) and the big radius Ru of the doughnut 
which also depends on the redshift as Ru = Ro/(1 + z). 

The constant J behaves with the redshift as 7 = Io(1 + z). Indeed the invariant 
characteristics is the number of magnetic lines captured by the throat (which go 
through the internal hole of the doughnut). This gives f. g Bds = const = ©, where 
S an arbitrary surface whose boundary contour y (dual to I) lays on the surface of 
the throat and cannot be contracted to a point, so that all magnetic lines intersect 
S only once. Taking the minimal surface S we find ® ~ Am ul which gives the 
behavior I ~ 1/Rw ~ 1/a, where a = ao/(1 + z) is the scale factor of the Universe. 
We point out that the same dependence on the redshift z follows from the fact 
that the energy density of the magnetic field pp ~ B?/47 decreases with the scale 
factor as pp ~ 1/a*. This gives the threshold value for the equivalent current which 
defines the intensity of the magnetic field as 

Redes sou (19) 


KT. K 


wi ry = . It is convenient to express rą as follows = = rp(l1+zr), where rp = 


ER is the classical radius of the proton and 1+ z, = SET, 10!” is the redshift at 
which baryons become relativistic particles. It is curious that s threshold value Tin 


ETS 


is extremely small. It does not depend on the absolute size of the wormhole (which is 
given by the big radius Rw) but only on the ratio of the wormhole radii x = 2Ry/Tw.- 
All wormholes with the present day values Jo > In strongly interact with baryons. 
We may say that they are frozen into baryons and, therefore, peculiar motions 
of baryons repeat peculiar motions of such wormholes. Wormholes with smaller 
magnetic fields Jo < Ij, slightly interact with baryons and can be considered as free 
objects. They may participate in independent from baryons motions. As we shall see 
on the early stage of the evolution of the Universe, before the recombination, they 
cannot capture baryons and therefore do not form an enhancement in the baryon 
density. On latter stages upon reheating they may capture charged particles and 
form cosmic rays and compact sources of synchrotron radiation. The relativistic 
stage for baryons finishes at the redshift z, upon which (e.g., for z < zr) baryons 
become non-relativistic and the above consideration brakes. 

At redshifts z, > z > Zpee baryons are non-relativistic, while upon the re- 
combination z,«. baryons form neutral Hydrogen atoms and do not interact with 
magnetic fields of all wormholes. They again start to interact with wormholes only 
at the epoch of re-ionization when first stars have fired. 

On the stage zr > z > Zrec for every particular wormhole it is possible to define 
the critical redshift z; when it captures baryons (for z > zo). The critical value zo 
can be estimated as follows. The mean energy of baryons is m,V2/2 = 3kT/2 with 
3 T + z). Then the critical redshift can be found from the inequality rg = 

MpC 


L = —pg- < rq, Where rg and wg are Larmor radius and frequency respectively 


for protons, while rg denotes the width of the baryon cloud around the wormhole 
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throat. The width rg should be smaller, than the proton diffusion length and it 
defines the critical value of the magnetic field. This gives 


B= —— : 
cR era Mp 
or equivalently 
ae /[3kT (1 +z) 
Io(1 —,/— = alh + zr u| >=, 
allaa > Krp | Mp odas (1 zr) (1+ z,) 


where the ratio a = fe > 1. This defines the critical redshift zo at which the 
wormhole starts to trap baryons as 


(1+2) 2 (1+29) =o? (1 + zr). 


The relation between zo and Jp can be rewritten as 


R= Ee. (20) 
When zo = zp we get Io = alt, and if we take a = 1, this will give the absolute 
threshold of the field. We point out that the value a = 1 may have sense only for 
sufficiently small wormholes with the radius Ry S 10 as. e.g., see estimates 
in the next section. At redshifts z > z, we get into the epoch where baryons are 
relativistic particles and wormholes with Ip < In do not bound baryons at all. 
There is one more critical value Ipee which corresponds to zo = Zrec- 


(1 + 2.) 
(1 KS Zpec) 


All fields with Jp > Irec are strong enough to capture baryons during the whole 
evolution z > Zrec. 


T. — o? I2, > I. (21) 


5. The number of baryons in traps 


The efficiency of wormhole traps can be described by the number of baryons col- 
lected. The number of baryons collected around magnetic wormholes depends on 
the proton diffusion length (z), the big radius a wormhole throat R,(z), and the 
radius of the baryon cloud r,i(z) < Ry. For estimates one may use rea ~ Tw. This 
number can be estimated as the increase of the effective volume of the torus-shaped 
throat 


AN =< ny > (V(Ru +4 ra + O — V(Rura)), 


where < ny > is the mean density of baryons and V = 2z?R,r2, is the throat 
volume. We define the parameter 6, = AN/(V « ny >) which depends on the 
position in space. Close to wormhole throats 6, > 0, while sufficiently far from the 
wormhole ô, < 0 since baryons from those regions have captured by the wormhole. 
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The value < ir >= b, where brackets define the averaging over the space, relates to 
the baryon clumping factor b = (< n2 > — < ny »?)/ < np >?, e.g., ?6 
In the case /(z) «& ralz) we get 
(z) 2((z) 
Ru(z) talz) 
z)« Rul 
) 


z) 
(1 + =i >1. (23) 


And in the case £(z) > Ru(z) the estimate has the order 
£(z) 
Rul(z)rà (z) 

On the stage z > z, protons are relativistic particles, plasma is degenerate, and 
the length of the proton propagation can be estimated by the value of the horizon 
size ((z) ~ ln = c/ H(z). At the redshift z = z, it is extremely small and has the 
order /(z,) ~ (7 +8) x 10^ ?pc. Consider a wormhole throat with the big radius 
R(0) ~ 15kpc which corresponds to a galaxy size,*! while the radius of the baryon 
cloud has the order ra ~ 0.2Ry. Then we find Ry(z-) ~ 15 x 10^ ?pc > C(z,) and 
from (22) we get óy(z,.) ~ (0.5 + 0.6) x 1075. Such a value is too small to form a 
galaxy without additional means (e.g., a dark matter clump). 

At the recombination z,«, = 1100 the proton diffusion length has the co-moving 
value of the order (zrec) ~ 0.4 + 1pc, while Ry (Zrec) ~ 13.6pc and we still may 
consider /(z,..) K Ry and £ S ra. Therefore we again may use (22) and find 
(z) ~ 0.32 + 0.8. Such a big value shows that the respective protogalaxy forms 
immediately after the recombination and it is already in the non-linear regime. We 


« 1. (22) 


we find the estimate 


ra (z) 


Sl) ~ »1. (24) 


should expect that wormholes with such strong clumps of baryons depart the Hubble 
expansion very soon and form rather small objects. Smaller wormholes form too 
strong inhomogeneities before recombination and probably collapse to blackholes. 
We point out that this may give a new mechanism of blackhole formation with huge 
masses. 

Galaxies are observed up to z ~ 11 (e.g., the most distant GN-z11 is observed at 
z = 11.09??). Therefore, to be consistent with the present day size of a typical ring 
galaxy the wormhole radius should be at least two orders bigger R,,(0) S 1Mpc, 
which gives already R,(z,«.) € 900pc and 55(Zrec) ~ 4,8 x 1073. Such a clump 
departs the Hubble expansion already at z ~ 100 and gives a ring of the order 
R ~ 10K pc. 


6. Conclusions 


In conclusion we point out two important facts. First one is that the wormholes 
whose size R(zrec) exceeds the value (zrec) more than on the factor 10? do not 
form a sufficient enhancement in the baryon number density and, therefore, cannot 
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form ring galaxies. They however may form ring-type structures in the future, e.g. 
see the recently reported findings of unexpected class of astronomical ring-type 
objects in.?? 

The second fact is that upon the recombination z < Zee the doughnut-shaped 
wormholes do not interact with baryons and evolve. Therefore, they may leave the 
ring clump formed. They either expand or collapse forming a magnetized black hole 
in the middle. If the wormhole collapses, it should also draw some portion of the 
baryon clump and form a bulge in the center of the ring. In this case it may form 
the ideal symmetric structure similar to the Hoag's object. Additional rotational 
perturbations of clumps may however lead to irregular structures. If the wormhole 
expands further, the center part of the ring remains to be empty. We may expect 
that in such a case the mean value of the magnetic field within the ring retains. We 
recall that different active processes in galaxies generate magnetic fields which in 
general have a turbulent character. Therefore, by the measuring the mean flow of 
the magnetic field in a ring galaxy one may at least estimate the present day value 
of the big radius R = — of such a wormhole and estimate its present day position. 
'This may be used in the direct search for wormhole traces in the Universe. 

At first glance the most direct indication on the possible role of relic magnetic 
wormholes in the formation of some ring galaxies should be the discrepancy between 
the observed amount of dark matter in such galaxies and the predictions of the 
standard theory.4?:4?:45 However there exist some extensions of general relativity 
which are capable of reproducing dark matter effects in galaxies without dark matter 
particles, e.g., see^^4^ and references therein. Therefore, we think that the only 
rigorous indication on the presence of relic magnetic wormholes should be large- 
scale toroidal magnetic fields. 
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In this work, we explore wormhole geometries in a recently proposed modified gravity 
theory arising from a non-conservative gravitational theory, tentatively denoted action- 
dependent Lagrangian theories. The generalized gravitational field equation essentially 
depends on a background four-vector A^", that plays the role of a coupling parame- 
ter associated with the dependence of the gravitational Lagrangian upon the action, 
and may generically depend on the spacetime coordinates. Considering wormhole con- 
figurations, by using “Buchdahl coordinates", we find that the four-vector is given by 
Ay = (0,0, Ae, 0), and that the spacetime geometry is severely restricted by the condition 
gttQuu = —1, where u is the radial coordinate. We find a plethora of specific asymptoti- 
cally flat, symmetric and asymmetric, solutions with power law choices for the function 
A, by generalizing the Ellis-Bronnikov solutions and the recently proposed black bounce 
geometries, amongst others. We show that these compact objects possess a far richer 
geometrical structure than their general relativistic counterparts. 


Keywords: General relativity, alternative theories of gravity; wormhole; action-dependent 
Lagrangian theories; energy conditions. 


1. Introduction 


A key ingredient in traversable wormhole geometries is the flaring-out condition, ? 
which in General Relativity (GR) entails the violation of the null energy condi- 
tion (NEC). The latter is defined as Tj, k"k" > 0, for any null vector k”,®™4 and 
matter violating the NEC has been denoted as exotic matter. However, it has been 
shown that these violations may be minimized using several procedures, such as 
the cut-and-paste techniques in the thin-shell formalism, where the exotic mat- 
ter is concentrated at the junction interface." !^ In fact, the problem is improved 
with evolving traversable wormholes, where it has been demonstrated that these 
time-dependent geometries may satisfy the energy conditions in arbitrary finite in- 


15.16 and recently specific dynamical four-dimensional solutions were 


tervals of time, 
presented that satisfy the null and weak energy conditions everywhere and every- 
when.!”:!§ In fact, modified theories of gravity is an interesting avenue of research 
to explore traversable wormholes, where these compact objects possess a richer ge- 
ometrical structure than their general relativistic counterparts. In this context, it 


has been shown that the NEC can be satisfied for normal matter threading the 


757 


wormhole throat, where it is the higher order curvature terms that sustain the 
wormhole. 19-27 

In this work, we will be interested in studying wormhole geometries in a recently 
proposed modified gravity theory arising from a non-conservative gravitational the- 
ory, tentatively denoted action-dependent Lagrangian theories.?S The latter are ob- 
tained through an action principle for action-dependent Lagrangians by general- 
izing the Herglotz variational problem??:3? for several independent variables. The 
novel feature when comparing with previous implementations of dissipative effects 
in gravity is the possible arising of such phenomena from a least action principle, 
so they are of a purely geometric nature. Applications to this model have also been 
explored, namely, in cosmology,?! braneworld gravity,?? 
tions,?? the late-time cosmic accelerated expansion and large scale structure, 
static spherically symmetric stellar solutions,?? 

The complete set of field equations considered in this action-dependent La- 
grangian theory?? is based on the following total Lagrangian 


L=L5 +L, = (R— Aus”) + Lm, (1) 


cosmic string configura- 
34 and 


amongst others. 


where the Einstein-Hilbert Lagrangian is extended with the geometrical sector deal- 
ing with the additional dissipative term A,s" while £m is the Lagrangian of the 
matter fields. In general, the background four-vector A" depends on the spacetime 
coordinates, however it can be assumed to be constant. The field s" is an action- 
density field which disappears after the variation of the action such that the modifi- 
cation to the GR counterpart is given by the four-vector A” only. Note that A" may 
be considered a background four-vector, that plays the role of a coupling parameter 
associated with the dependence of the gravitational Lagrangian upon the action. 
In the majority of the works considered above it is assumed to be constant, how- 
ever, in a more general scenario, one may assume it to be a coordinate-dependent 
four-vector. 
'Thus, the field equations are given by 


Gu» T Ziv T Eu (2) 


where we have defined &? = 87, Guy is the Einstein tensor, and for notational 
simplicity, we have defined Z,, as 


1 
Zu» = Ky, — 9n K. (3) 
The symmetric geometric structure K, is defined as 


1 
Kuw = Ao, = 5 Aula Be ATga) (4) 


which is constructed from the particular combination of the four-vector A,, and the 
Christofell symbols 


aß 
a g 
Fiw x: ES (981.v + g8v,u — guv,8) . (5) 
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The quantity K,,, (and its trace K) represents the geometric structure behind the 
dissipative nature of the theory. Note that the limit of a vanishing A, restores the 
dissipationless feature of GR. 

Thus, motivated by the existence of static spherically-symmetric compact ob- 
jects analysed in,?? we extend this analysis to the context of wormhole physics. This 
work is outlined in the following manner: In Sec. 2, we present the most general 
restrictions on static and spherically symmetric wormhole geometries imposed by 
the geometrical structure of the action-dependent Lagrangian theory. In Sec. 3, we 
consider a plethora of specific solutions of action-dependent Lagrangian induced 
wormhole geometries. Finally, in Sec. 4, we summarize our results and conclude. 


2. General restrictions on wormhole geometries 


Consider the general static and spherically symmetric metric given by 
ds? = — f (u)d£? + g(u)du? + R?(u)d?, (6) 


where dQ? = d6? + sin? 0d$? is the linear element of the unit sphere, and the 
metric functions f(u), g(u) and R(u) are functions of the radial coordinate u. The 
coordinate choices used in metric (6) are often called *Buchdahl coordinates" 96 38 
Note that one possesses a freedom in choosing the radial coordinate, consequently 
allowing one to fix the form of one of the metric functions f(u), g(u) or R(u), which 
will be considered below. Here the radial coordinate lies in the range u € (—o0, +00), 
so that two asymptotically flat regions exist, i.e., u — +00, and are connected by 
the throat. The function R(u) possesses a global positive minimum at the wormhole 
throat u = uo, which one can set at ug = 0, without a loss of generality. Thus, the 
wormhole throat is defined as Ro = min{R(u)} = R(0). 

In order to avoid event horizons and singularities throughout the spacetime, one 


imposes that the metric functions f(u) and g(u) are positive and regular everywhere. 
Taking into account these restrictions, namely, the necessary conditions for the 
minimum of the function imposes the flaring-out conditions, which are given by 


Ri =0, Ri>0. (7) 


In this work, we consider an anisotropic distribution of matter threading the 
wormhole described by the following stress-energy tensor Tj, 


Tu» = (p + pQU, U, + pt Juv pig (pr = Pt)XuXv ; (8) 


where U" is the four-velocity, x^ is the unit spacelike vector in the radial direction, 
i.e., x” = g- 1? (u)ó; p(u) is the energy density, p,(u) is the radial pressure mea- 
sured in the direction of x^", and p,(u) is the transverse pressure measured in the 
orthogonal direction to x^. 

Now, rather than write out the full gravitational field equations (2) for the met- 
ric (6), we note that the only non-zero components of the Einstein and the stress- 
energy tensor are the diagonal terms, so that the non-diagonal part of the additional 
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tensor Z,,,, defined by Eq. (3), also provides additional information on the geomet- 
rical structure of the solutions of the theory, namely, that Z,, = 0 for u Æ v. 
More specifically, the non-diagonal components of the symmetric tensor Z,,, places 
restrictions on the form of the four-vector Ap- 


The independent components of the tensor ZË = K# — EK are given by 


Alfg R- g(f' R — AF R')| Xo 


Zi = IR , a= RZ cot 0, (9) 
Zh = x: — s: cot 0, Ze = Sateen (10) 
Zi = Z$ = MILL (11) 
Zs = 25 cot 0, Zi = É— cot 0, (12) 
Ze pu + x cot 0, Z,-0. (13) 


From Z? = Z? = 0, one readily extracts the restrictions àp = à = 0. Taking 
into account the assumption of the static and spherical symmetric character of the 
spacetime, the field equations should only depend on the radial coordinate, so that 
from the diagonal Z¥ component, one readily verifies that Ag œ (cot 0)^!, or more 
specifically Ag = A(u)/(cot 0) (one may consider the simple case A(u) = Ao = const). 
Note that if one were to consider Ag = 0, then the condition Z = 0 would impose 
that A, = 0, taking us trivially back to GR. Analogously, in order for Z£ to only 
depend on the radial coordinate, from Z = 0 this imposes that A, = 0 and 
consequently places a further constraint on the metric functions, namely, (fg)’ = 0. 

Thus, the additional information on the geometrical structure of the theory, 
which imposes that the non-diagonal components of the symmetric tensor Z,,, van- 
ish, imposes the following condition on the four-vector Ap: 


An = (0.0. er) à (14) 


and the additional geometric tensor Z# takes the diagonal form ZY’ = 
(A(u)/ R?) diag(1, 1,0, 0). Furthermore, from the constraint on the metric functions 
(fg) = 0, we can consider, without a loss of generality, the following choice: 


g(u) = f^! (u) = A(u). (15) 


3. Specific solutions of action-dependent Lagrangian induced 
wormhole geometries 


'The analysis outlined in the previous section imposes that the static and spherical 
symmetric configuration (6) in the theory (1), can be written as 


ds? = —A(u)dt? + A~ (u)du? + R?(u)dO?, (16) 
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where as before the wormhole throat is defined as Rọ = min{R(u)} = R(0), and 
in order to avoid event horizons and singularities throughout the spacetime, one 
imposes that the function A(u) is positive and regular everywhere. These restrictions 
imposes the flaring-out conditions, translated by Eq. (7). 

As the metric function A(u) is positive and regular for Vu, it is useful to analyse 
its derivatives at the throat u = 0. In particular, the sign of Aj determines the type 
of extrema of A(u), i.e., it is a minimum if Aj > 0 and a maximum if Aj < 0. 
This implies that the maximum (minimum) of A(u) corresponds to a maximum 
(minimum) of the gravitational potential, so that in the vicinity of a maximum 
(minimum) the gravitational force is repulsive (attractive). Thus, the wormhole 
throat possesses a repulsive or an attractive nature that depends on the sign of Aj. 

Now, taking into account the modified Einstein equation (2), the spacetime 
metric (16) and the stress-energy tensor (8), the gravitational field equations are 
finally given by: 


2ARR" + AR? +A'RR'—1 A(u) 


8p = TE REC (17) 
AR" - A'RR'—1 Xu 

Sup, = R2 H , (18) 
A"R--2AR" -2A'R' 


Adding Eqs. (17) and (18), yields the following relation 


4r R 
R"|n, = —4 (0 + Pr) |Ro , (20) 


and using the condition at the throat Rj > 0, one verifies that in these specific 
action-dependent Lagrangian theories the NEC is generically violated at the throat, 
i.e., (p+ Pr)|Ro < 0. 

Taking into account the field equations (17)-(19), one has three independent 
equations with six unknown functions of the radial coordinate u, namely, p(u), 
pr(u), pi(u), A(u), R(u) and A(u). There are several strategies that one may now 
follow. More specifically, one may consider specific choices for the components of 
the stress-energy tensor, and then solve the field equations to determine the metric 
functions and A(u); one may also take into account a plausible stress-energy tensor 
profile by imposing equations of state p, = p,(p) and p, = pi(p), and close the 
system by adequately choosing the energy density, or any of the metric functions. 
In alternative to this approach, one may use the reverse philosophy usually adopted 
in wormhole physics by simple choosing specific choices for the metric functions and 
A(u), and through the field equations determine the stress-energy profile responsible 
for sustaining the wormhole geometry. In the following section, we will adopt several 
strategies outlined above, and a mixture thereof, to obtain specific exact solutions 
of wormhole spacetimes induced by these action-dependent Lagrangian theories. 
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Fig. 1. The plots depict the specific case of the Ellis-Bronnikov wormhole configuration with 
a = 1, for convenience, and for different choices of the function A(u). Depending on the sign of A(u), 
one obtains a plethora of specific symmetric or asymmetric solutions. Note that for A(u) ~ +u, 
one obtains asymmetric solutions, where the energy density is negative at the throat and in the 
positive (negative) branch of u, but becomes positive in the negative (positive) branch; the radial 
pressure exhibits the inverse qualitative behavior. We refer the reader to the text for more details. 


3.1. Specific wormhole solutions: Ellis-Bronnikov solution 


Using an appropriate parametrization, we can present a solution by taking into 
account the reverse philosophy of solving the modified field equations, as follows?? 


R(u) = e 900 /u2 + a2, A(u) = eet), (21) 


with the factor a(u) defined as 
a(u) = (=) arctan (=) f (22) 
a a 


where m and a are two free parameters. Thus, the spacetime metric is given by 
ds? = —e?dt? + e^?* [du? + (u? + aà?)at?] . (23) 


Following the previous definition of the wormhole throat, which is situated at 
uo = 0, we readily obtain R’(0) = —m/a, so that the condition R’(0) = 0 imposes 
m = 0. Note that these conditions imply that the solution reduces to the well-known 
Ellis-Bronnikov wormhole spacetime.*?*? This does indeed simplify the analysis 
below, such that a(u) = 0, A(u) = 1, and 


Biol = a 0 (24) 
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In addition to this, Eqs. (17)-(19) yield the following stress-energy profile: 


(a? + u?) Alu) + a? 


d 87 (a2 + u2)* (25) 
7 (a? +u?) Alu) — a? 

ps Ts (26) 

pi(u) = m A) (27) 


8r (a2 + u2)? 


For the specific case of A = 0, where the four-vector A" vanishes, this solution 
simply reduces to the general relativistic Ellis-Bronnikov stress-energy components. 
However, for the general case, one still needs to impose one more condition to close 
the system, and in the following we consider specific choices for the function A(u). 
Equations (25)-(26) yield the following relation: 


plu) + p. (u) = EUN ; (28) 


which states that the NEC is violated throughout the entire spacetime, and is 
independent of the function A(u). 

We are only interested in asymptotically flat solutions, so that taking into ac- 
count the limit of Eq. (25), one finds 


lim p(u) ~ — lim AY) 


For instance, assuming a power law solution for A(u) ~ u*, the asymptotic flatness 
condition imposes that o < 2, and from the regularity of the stress-energy compo- 
nents we have a > 0, so that the parameter lies in the range 0 < a < 2. One may 
perform a similar analysis with the radial pressure p,(u), but with a change in the 
sign for the limit. Note that the tangential pressure, p,(u), is independent of A(u), 
possesses a maximum value at the throat, p,(u = 0) = (81a?) !, and tends to zero 
with increasing u. 

Several choices for the function A(u) are depicted in Fig. 1. Depending on the 
sign of A(u), one obtains a plethora of specific symmetric or asymmetric solutions. 
More specifically, for the case of A(u) ~ +u, one obtains asymmetric solutions where 
the energy density is negative at the throat and in the positive (negative) branch of 
u, but becomes positive in the negative (positive) branch, while the radial pressure 
possesses the inverse qualitative behavior, as is transparent from Fig. 1. Thus, it is 
possible to alleviate the negative energy densities needed to thread this wormhole 
configurations, relative to GR. The wormhole solutions obtained with A 4 0 possess 
a richer structure that their general relativistic counterparts. 
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Fig.2. Results for the specific stress-energy profile given by (30) and (31) with a? = —1/(4mpo(14- 
w)) and a = 2. The upper plots are for the case po = 1 (w < —1), and the lower plots for po = —1 
(w > —1). 


3.2. Specific stress-energy profile 


We now consider the strategy of specifying the profile of the energy density and 
radial pressure given by: 


p(u) = po (za) j (30) 
pw) m (ars). (31 


with a > 0, so that both components tend to zero at spatial infinity. In addition to 
this, we close the system by considering the specific choice for the metric function 


R(u) = ya? + u?. (32) 
Note that Eqs. (30) and (31) can be written as p. = wp, with w = po/po. Thus, this 
case is formally equivalent to choosing Eq. (32), one of Eqs. (30) or (31), and the 
equation of state p,(u) = wp(u). 
The gravitational field equations (17)-(19) provide the following solutions: 


a 


A(u) = —4na? po lw + 1) C ; (33) 


a? + u? 


Nu) = 1 + 4r po [2a°w — (2a — 5)u? (w + 1)] (zt) - : (34) 
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As before, we impose the asymptotic flatness condition, namely, 


lim A(u) > 1, (35) 


U—> CO 


and taking into account that A(u) should be positive and regular Vu, implies the 
following two stringent restrictions: 


a= 2, and 4na?po(1 +w) = —1, (36) 
where the second condition imposes: 
poll +w) « 0. (37) 


This implies two specific cases: (i) pọ > 0 and w < —1, so that taking into account 
the equation of state w = po/po, implies a negative radial pressure at the throat; 
or (ii) pg < 0 and w > —1, so that po > 0 for —1 < w < 0, and po < 0 for w > 0. 
Specific cases are depicted in Fig. 2. Relative to the analysis at the throat, note that 
the wormhole conditions are satisfied, namely, R'(ug) = 0 and R"(0) = 1/|a| > 0. 
In addition to this, for the imposition of the asymptotic flatness condition, namely, 
a = 2, we readily obtain A(u) = 1, so that A’ (uo) = A” (uo) = 0. 


3.3. Black bounce solutions 


Recently, a number of novel regular “black-bounce” spacetimes were explored.** 44 
These are specific geometries where the “area radius” always remains non-zero, 
thereby leading to a “throat” that is either timelike (corresponding to a traversable 
wormhole), spacelike (corresponding to a “bounce” into a future universe), or null 
(corresponding to a “one-way wormhole”). The regularity, the energy conditions, 
and the causal structure of these models were analysed in detail in Refs.**: ^^ The 
main results are several new geometries with two or more horizons, with the possi- 
bility of an extremal case. Motivated by these novel solutions, in this subsection we 
shall analyse specific generalized *black-bounce" wormhole geometries induced by 
action-dependent Lagrangian theories. 


3.3.1. Simpson- Visser black-bounce spacetime 


In this section, we consider a specific black bounce geometry, which we denote as 
the Simpson-Visser solution.!?:4?:44 Consider the following parameters, which were 
presented in Ref.2?: 


5 T TM 2m 
R(u) = Vu? 4 a2, A(u) =1 VETE (38) 


Note that the Schwarzschild solution is recovered, if we take the limit a > 0. 

This spacetime possesses several interesting properties.** First, for a > 0 the 
geometry is everywhere regular, which can verified as R(u) is never zero, and is 
regular, as is A(u). Now, one has several cases, for instance: (i) if 0 < a < 2m, 
two horizons exist, namely, uz = +,/(2m)? — a?, where ux is positive and u_ is 
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Fig. 3. The plots depict the Simpson-Visser black bounce solution, for the specific choices m = 1, 
a = 3. Note that one may obtain wormhole configurations with an entirely positive energy density 
throughout the spacetime, for negative values of the function A(u); and positive radial pressures 
in the negative branch of the u-axis. As before, it is transparent from the plots that these compact 
objects possess a richer geometrical structure than their general relativistic counterparts. See the 
text for more details. 


negative. This solution corresponds to a regular black hole spacetime, where the 
core consists of a bounce located at u = 0; (ii) if a = 2m, a wormhole exists with a 
throat located at u — 0. This is an extremal null throat, which can only be crossed 
from one region to another, so that the wormhole is only one-way traversable; (iii) 
finally, if a > 2m, a two-way traversable wormhole exists, that possesses a timelike 
throat located at u = 0. Thus, only the case (c) for a > 2m interests us here. We 
refer the reader to Refs.*?:^* for specific details. 

Taking into account the choices for the metric functions (38), the field equations 
(17)-(19) provide the following stress-energy profile: 


1 | a? (Va? + u? — 4m) A(u) 


— 39 
drm Pu (39) 


(a? +u?) A(u) - a? 


Pelt) sv = TT (40) 
a? (Va? +u? — m) 
pi(u)sv = Bala 4 "E d (41) 


respectively. The asymptotic limits of the energy density and the radial pressure 
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are given by: 


lim p(u)sv ^ — lim p,(u)jsv ~ — lim 20) (42) 


u—--:oo u—> Eoo u—-oo a2 + u2 i 


As before, if we assume a power law for A(u) ~ u®, the asymptotic flatness condition 
and the regularity of the stress-energy components, as before, imposes that 0 < 
a < 2; note that the tangential pressure p;(u) — 0 for u — +00, and possesses a 
maximum at the wormhole throat, i.e., pelu = 0) = (a — m) /(87a°), and is positive 


throughout the spacetime as we are only considering the condition a > 2m. 

Several choices for the function are depicted in Fig. 3. Depending on the sign 
of A(u), one obtains a plethora of specific symmetric or asymmetric solutions. Note 
that these compact objects possess a richer geometrical structure than their general 
relativistic counterparts. It is transparent from Fig. 3 that one may obtain wormhole 
configurations with an entirely positive energy density throughout the spacetime, 
for negative values of the function A(u); for instance, for the latter it is also possible 
to obtain positive radial pressures in the negative branch of the u-axis. However, 
the NEC is always violated at the wormhole throat. 


3.3.2. Black bounce II 


Another black bounce spacetime that exhibits interesting properties, is given by the 
following specific metric functions: 


2 


R(u)= Vu +a, — A(u) =1- ml um (43) 
Note that by solving for the roots of the function A(u) — 0, we have: i) for a « 
aext = 4m/(3V/3), there are four real solutions, which are symmetrical to each other, 
namely, (rJ, rc, —rc, —r4), (where u+ corresponds to the event horizon and uc to 
a Cauchy horizon); ii) for a = aext, we have two real solutions (u+, —u+); iii) and 
for a > dext, no real value exists. We refer the reader tott for more details. Thus, 
in order to have a traversable wormhole solution, where only the case of A(u) > 0 
is satisfied, only the specific case for a > dext interests us here. 
For this case, the gravitational field equations (17)-(19) yield the stress-energy 
profile, given by the following relations: 


1 |a? (a? + we? — 8ma?q? A(u) 
p) = - 3 EN (44) 
T (a2 + u?) a^ ru 
(u) 1 a? (a? + ty? + 4ma?u? _ o A(u) (45) 
NEC (a2 + u2)"? atul’ 


au? ( a? + u? + 5m) +a‘ (Va? +u? — 2m) 
pelu) = s 2 | (46) 
87 (a? + u?) 
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Fig. 4. The plots depict the stress-energy profile for the black bounce II solution, given by the 
metric function (43), where for numerical convenience we have assumed the following choices 
for the parameters: m — 1,a — 1. Recall that the parameters are restricted by the condition 
a > 4m/(3\/3). As before these wormhole configurations possess a far richer internal structure than 
their general relativistic counterparts, and depending on the sign of A(u), specific symmetric or 
asymmetric solutions are obtained. However, here the tangential pressure at the wormhole throat, 
pi(u = 0) = (a — 2m) /(81a?), takes negative values for the parameter range 4m/(3V3) < a < 2m, 
and positive values for a > 2m. We refer the reader to the text for more details. 


respectively, which are depicted in Fig. 4 for specific choices of the model 
parameters. 

Assume, once again, a power law for A(u) ~ u“, we have that 0 < a < 2 by 
the asymptotic flatness condition and the regularity of the stress-energy compo- 
nents, as before. As before these wormhole geometries induced by action-dependent 
Lagrangian theories possesses a far richer internal structure than their general rel- 
ativistic counterparts, and depending on the sign of A(u), specific symmetric or 
asymmetric solutions are obtained. We refer the reader to Fig. 4 for a qualitative 
behaviour of the stress-energy profile; recall that taking into account the parameter 
range, we consider the condition a > 4m/(3V/3). Here the tangential pressure at 
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the wormhole throat is given by p;(u = 0) = (a — 2m) /(81a?), and takes negative 
values for 4m/(3 /3) < a < 2m, possessing a minimum at the throat, and positive 
values for a > 2m; note that p;(u) — 0 for u — coc. 


3.3.3. Black bounce III 
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Fig. 5. The plots depict the stress-energy profile for the black bounce III solution, given by the 
functions (47) and (49), for the case n = 1, where a > aext, so that there are no event horizons. 
We have chosen the following values for the parameters: m — 1 and a — 2. Note that for these 
solutions, the negative energy densities are improved, and one may also obtain positive radial 
pressures for positive values of the function A(u). See the text for more details. 


Finally, we consider another black bounce solution explored in, ^4 that also ex- 
hibits interesting properties, given by 


R(u) = Vu? +a?. 


(47) 
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and the mass function: 


M(u) =m (=) (3) arctan" (5) (48) 


so that the metric function A(u) is given by 
2M (u) 2m (2\” n/u 
O aa (2) arctan (=) (49) 


In the limit (a, n) — 0 we regain the Schwarzschild solution. However, one can fix n 
and regulate the presence of horizons by adjusting a. For instance, consider n — 1, 


where the extreme case is given by dex¢ = 4m/n.*4 

The causal structure, for the specific case of n = 1, is given by: (i) for a > dext, 
this corresponds to the traditional two-way traversable wormhole; (ii) for a = ae, 
we have a one-way wormhole geometry with an extremal null throat; (iii) for a « 
Gext, We have one horizon located in each universe, where one may propagate through 
this event horizon, located at u = u + in order to reach the spacelike “bounce” 
hypersurface at u = 0, before “bouncing” into a future version of our own universe. 
We refer the interested reader to Ref.^* for more details. Thus, we are only interested 
in the case a > dext, for n = 1, where there are no event horizons. 

Taking into account the metric functions (47) and (49), the gravitational field 
equations (17)-(19) provide the following stress-energy components: 


ne) = — ef tmi im (E) (e (2)) m (2) + m2) 


ah. (50) 


a2 +u? 


ta = ae [cms (2) (eta (2) mm (2) - 


(a? + u?) Alu) — a? 
: (a2 + u2)2 | ? (51) 
piu) = aes u?)? E = (2) (arctan (0) 

x E (a? + 2au?) (arctan (=) ) ° 

— 2nu (a? + u?) arctan (5) - a(n — Di \ (52) 


respectively. Here, we will only consider, for simplicity, the specific case of n = 1 
and a > ext- 

If we consider, as before, a power law for A(u) ~ u*, the asymptotic flatness 
and regularity conditions impose 0 < o < 2. Once again, one obtains a wide variety 
of solutions, both symmetric and asymmetric, which are depicted in Fig. 5. The 
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advantage of these solutions consists essentially in that they ameliorate the negative 
energy densities for negative values of the function A(u). However, positive values 
of the function A(u) allow positive radial pressures as is transparent in Fig. 5. The 
tangential pressure tends to zero at spatial infinity, i.e., p,(u) — 0 for u — oo, 
and possesses a maximum at the throat, as depicted in Fig. 5. 


4. Conclusions 


In this work, we have explored wormhole geometries in the recently proposed action- 
dependent Lagrangian theories,?? that are obtained through an action principle for 
action-dependent Lagrangians by generalizing the Herglotz variational problem for 
several independent variables. An interesting feature of these theories as compared 
with previous implementations of dissipative effects in gravity is the possible arising 
of such phenomena from a least action principle, so they are of a purely geometric 
nature. It was shown that the generalized gravitational field equation essentially 
depends on a background four-vector A", that plays the role of a coupling parameter 
associated with the dependence of the gravitational Lagrangian upon the action, and 
may generically depend on the spacetime coordinates. In the context of wormhole 
configurations, we have used the “Buchdahl coordinates", and found that the four- 
vector is given generically by A, = (0,0, Ag(u, 0), 0). In addition to this restriction 
the spacetime geometry is also severely constrained by the condition guguu = —1, 
where u is the radial coordinate. 

More specifically, we have shown that the field equations (17)-(19), impose a 
system of three independent equations with six unknown functions of the radial 
coordinate u, namely, p(u), p.(u), pelu), A(u), R(u) and A(u). Thus, one possesses 
several strategies to solve the system of equations. For instance, one may consider 
a plausible stress-energy tensor profile by imposing equations of state pr = p,(p) 
and p, = p:(p), and close the system by adequately choosing the energy density, 
or a specific metric function. However, one may also adopt the reverse philoso- 
phy approach usually used in wormhole physics by simple choosing specific choices 
for the metric functions and A(u), and through the field equations determine the 
stress-energy profile responsible for sustaining the wormhole geometry. Here, we 
have found a plethora of specific asymptotically flat, symmetric and asymmetric, 
solutions with power law choices for the function A, for instance, by generalizing 
the Ellis-Bronnikov solutions and the recently proposed black bounce geometries, 
amongst other solutions. We have shown that these compact objects possess a far 
richer geometrical structure than their general relativistic counterparts. It would be 


17,18 


interesting to investigate time-dependent spacetimes as outlined in in order to 


explore the energy conditions, and work along these lines is presently underway. 
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Gravitational lensing by wormholes in binary systems 
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We investigate binary lenses with 1/r” potentials in the asymmetric case with two lenses 
with different indexes n and m. These kinds of potentials have been widely used in several 
contexts, ranging from galaxies with halos described by different power laws to lensing 
by wormholes or exotic matter. 


Keywords: Gravitational lensing; black holes; wormholes; galaxies 


1. Introduction 


Space-time is curved by the presence of massive bodies and this curvature influences 
the motion of the bodies themselves: this leads to a geometry in constant evolution. 
One of the consequences is that even light, supposed to be massless, bends its 
trajectory while passing close to a massive body.! 

Gravitational lensing is an important tool in astrophysics and in cosmology 
widely used to study both populations of compact objects (including exoplanets, 
black holes and other stellar remnants) , and extended objects, such as galaxies, 
clusters of galaxies and large-scale structures . Since most of the mysteries of our 
Universe do not show up in observations based on electromagnetic interactions, 
gravitational lensing is more and more employed to study the dark side of the 
Universe, including dark matter, dark energy, and any kind of exotic matter (such 
as wormholes) conjectured by theorists? 


2. Lensing by Wormholes 


The metric of the Ellis wormhole falls down asymptotically as 1/r? and its deflection 
angle goes as the inverse square of the impact parameter 1/u?. 

Metrics falling as 1/r" were investigated also by Kitamura et al.? who found out 
that the deflection angle falls down with the same exponent as the metric, à ~ 1/u” 
with n > 1, and that a demagnification of the total lensed images could appear at 
B oral (in units of 0g, the Einstein radius, and under a large-n approximation, 
B is the source position). This demagnification effect may be evidence of an Ellis 
wormhole and it might be used for hunting the search for exotic matter. Particular 
attention was posed on the study of caustics of 1/r” binary lenses by Bozza and 
Melchiorre in Ref.* 
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The implications for the energy-momentum tensor supporting this kind of met- 
rics falling as 1/r” were investigated by Bozza and Postiglione,? we remind that 
0 « n « 1 may describe galactic halos, n > 1 would be the signature of a violation 
of the weak energy condition and so the existence of exotic matter, n — 2 corre- 
spond to the Ellis wormhole; n is the ratio between tangential and radial pressure, 


n= —2p; / pr. 


3. The Lens Equation, Critical Curves and Caustics 


In a binary system composed by two lenses (binary lenses, A and B), the lens 
equation can be written as follows 


-øA ma 9-65 


B-8- ——. l, 
| — 04|” +t | — 0g| m+ 


(1) 


where y = 0g, B/0e,a is the “strength ratio". 

The lens equation allows us to find images, given the source position and a lens 
configuration. 

The number of images formed at a given source 3 depends on the source position 
and these regions with a different number of images are delimited by caustics. 

The condition J(z) — 0 (the Jacobian determinant of the lens map) defines the 
critical curves on the lens plane; and by applying the lens map on critical points we 
find the corresponding points on the source plane, which form the caustics. When a 
source crosses a caustic, a new pair of images is created on the corresponding point 
in the critical curve. 


4. Cases and Topology Regimes 


We investigated 3 cases: the equal-strength binary with y = 1, the unequal-strength 
binary with y = v0.1 (the bigger lens is the standard one with fixed n = 1), and the 
reversed unequal-strength binary with y = V0.1 (the standard lens is the smaller 
one). 

For the standard binary Schwarzschild lens in the equal-strength case, we know 
that three topologies exist: 


- close separation, for s < scr; 
- intermediate separation, for so; < s < spw; 
- wide separation, for s > srw; 


and the two transitions are so; = 1 and szw = 2V2 in our units. 

The three topologies exist for any value of m and n. 

Our model contains 4 parameters: the indexes of the two potentials n, m, the 
separation between the two lenses s, and the ratio of the two Einstein radii y. 
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5. Critical Curves and Caustics: Wide, Intermediate and 
Close Separations 


Here we show the equal-strength case with y = 1, the full research can be found in: 
Bozza V., Pietroni S., Melchiorre C., Universe 2020, 6(8), 106.9 

The red curve is for the standard Schwarzschild case n = m = 1, we keep n = 1 
for the first lens and we see what happens when m varies in the second lens 
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Fig. 1. Critical curves and caustics in the equal-strength binary, wide separation with fixed n = 1 
and variable m: m — 0 is the singular isothermal sphere already investigated by Shin and Evans, 
m = 0.5 is the galactic halo, m = 2 is the Ellis wormhole and m = 3 is for exotic matter. 
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Fig. 2. Critical curves and caustics in the equal-strength binary, intermediate separation with 
fixed n = 1 and variable m. The red curve is for the standard Schwarzschild case n = m = 1. 
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6. The Elliptic Umbilic and the Extremely Unequal-Strength 


Ratio Limit 


Critical curves and caustics in the equal-strength binary, close separation with fixed n — 1 
= 1. Dashed magenta 


In the range 0 € m < 1 an elliptic umbilic catastrophe exists in the close separation. 
'The value of s at which the catastrophe happens is 


1— mn 
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Fig. 4. The elliptic umbilic catastrophe for n 
catastrophe occurs is seuc = 0.774. 
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For any n, m, y we found the boundaries for scr, given only numerically, and 
the analytical expression for srw. 

The caustic evolution in the extreme limit 0g. p << 6,4, in the case of two 
Schwarzschild objects (n = m = 1), is the so-called “planetary” limit. For the 
caustics of the perturbing object in the wide case we have an extension of the 
caustics in the parallel and in the vertical direction: 

AG aside = 2(n F 1) m(n+1) ti (3) 


sg mFI (snl = Lea 


Y 
ACL wide = 2(n +1) moi) Lb (4) 
Sg m4i (snl +4 n) ™m+1 


7. Conclusions 


These mixed binary lenses are important from the astrophysical point of view in 
the investigation of pairs of galaxies with different halos (n,m « 1), in the opening 
of a new channel in the search for wormholes when they appear in a non-isolated 
environment (n = 1, m = 2), in the case in which one object is made up of exotic 
matter and the other one is a normal star (n > 2, m = 1). 
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Solitons in space-time capable of transporting time-like observers at superluminal speeds 
have long been tied to violations of the weak, strong, and dominant energy conditions 
of general relativity. This trend was recently broken by a new approach that identified 
soliton solutions capable of superluminal travel while being sourced by purely positive 
energy densities. This is the first example of hyper-fast solitons satisfying the weak energy 
condition, reopening the discussion of superluminal mechanisms rooted in conventional 
physics. This article summarizes the recent finding and its context in the literature. 
Remaining challenges to autonomous superluminal travel, such as the dominant energy 
condition, horizons, and the identification of a creation mechanism are also discussed. 


Keywords: Warp Drive; Energy Conditions; Weak Energy Condition; Superluminal 
Travel. 


1. Introduction 


One of the most prominent critiques of superluminal travel within Einstein’s gen- 
eral relativity (GR) is that any geometry that facilitates such travel must be largely 
sourced by a form of negative energy density.! !5 Other concerns include the im- 
mense (magnitude) energy requirements to create a soliton, the difficulty associated 
with constructing a soliton from a nearly flat spacetime up to the superluminal 
phase, where the transported central observers become surrounded by a horizon, 
and the equal difficulties of driving the superluminal phase back the nearly flat 
spacetime. 

There has been a recent uptick in interest regarding warp drives due to a set 
of papers made available in 2020 and 2021 claiming the construction of solutions 
that do not require sources with negative energy density,!? ?? obeying the weak 
energy condition (WEC). These increasingly physical warp drives were the focus 
of a mini-session at the 16°” Marcel Grossmann meeting that covered the history 
of warp drive research in academia, the recent positive energy warp drive research 
papers, and two articles regarding their reception.???4 This article will concern 
only the paper written by the author,!® summarizing its findings and discussing 
its standing in the literature. Mathematical notation will largely follow that of the 
original paper. 


2. Natário Class Spacetimes 


The class of relativistic spacetime metrics describing warp drive geometries in 
the literature are decomposed according to “3+1” Arnowitt-Deser-Misner (ADM) 
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formalism?? 


where the time coordinate t stratifies spacetime into space-like hypersurfaces, the 
space metric components h;; evaluated at t provide the intrinsic geometry of that 
hypersurface, and the similarly-evaluated shift vector components Nt at t provide 
the coordinate three-velocity of the hypersurface's normal. The time-like unit nor- 
mal one-form is therefore proportional to the coordinate time element n* = Ndt, 
and the unit normal vector n to the hypersurface has components 


ein, ió 


For simplicity, we will use natural units G — c — 1. 

The majority of previous warp drive papers including Lentz 2021 * set the lapse 
function N to unity and the hypersurface metric to be flat under Cartesian coordi- 
nates hij = 9;;. The non-flat geometry is therefore encoded in the three-component 
shift vector, N;. The class of spacetimes described in this way have been coined as 
*Natário spacetimes” 20; 23,24 

The projection of the Einstein equation onto the hypersurface normal gives the 
Hamiltonian constraint of a Natário spacetime 
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G""n,n, = 81 T""n,n,, (3) 
with the projected stress-energy being referred to as the Eulerian energy density 
T” nyny =T” =E. (4) 


The geometric side of this energy constraint equation can be expressed in terms of 
the extrinsic curvature's trace K = Kj and its quadratic hypersurface scalar KiK? 


8nE = : (- iki + K?) l (5) 


The combination of extrinsic curvatures expanded in terms of the shift vector com- 
ponents take the form 


K? — KİKİ = 20,N,0,N, + 23s N,0.N; +28; NO, Ny 
1 1 1 
— 5 (sN, + 3y Nz) — 5 (9s N. + DN) = 5 (@-Ny + ð N-)”. (6) 


The warp drive solution of Alcubierre! set the precedent for WEC violation by 
requiring negative Eulerian energy throughout. Specifically, utilizing only a single 
component of the shift vector in the direction of motion, here taken to be along the 
positive z-axis, produces the renowned toroid of negative energy density about the 
soliton bubble of N;, here displayed in Cartesian coordinates, 

—1 


Exi = =~ (05 + (8,84). (7) 
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The expansionless (K = —1/2(0,N,+0,N,+0,N-,) = 0) elliptic relation of Natário 
2002!! restricted the energy form to the negative definite square of the extrinsic 
curvature 


Eua = —— Ki Ki. (8) 
T 


Parabolic and hyperbolic relations remained to be explored at the start of 2020. 


3. Positive Energy Warp Drives 


The soliton geometry of Lentz 2021!° distinguishes itself from the previous literature 
in that it satisfies the WEC, even when moving at superluminal speeds. The WEC 
states that the energy of a spacetime is nowhere negative for any time-like observer. 
Mathematically, this means that for any time-like vector field X, the projection 
with the stress-energy tensor T must be non-negative 


X THEN: >20. (9) 


The positive-energy soliton was identified through the construction of a set of rules 
sufficient to define geometries with everywhere non-negative energy. A brief presen- 
tation of the rules is given below. 

Recall the expansion of the Hamiltonian constraint of Eqn. 6. Observe that the 
last three elements of the above expression are negative definite, while the first 
three are of indeterminant type. These first three terms provide opportunity for the 
Eulerian energy density function to be non-negative under particular configurations, 
so long as they are everywhere dominate over the first three terms. The next steps 
focus on such configurations. 

The first rule is to reduce the 3D shift vector field to a single potential function, 
a real-valued function $ with spatial gradient relating the shift vector components 


satisfying a linear wave equation over the spatial coordinates 
2 
0:6 + 056 — 5016 = p, (11) 
h 


where vy / V2 is the dimensionless wave front ‘speed’ on the hypersurface, and p is 
the wave equation source function, not to be confused with mass or energy density. 
'This step provides nearly all the structure needed to find the first example positive 
energy drives. 

Two more simplifications are used to set sufficient rules for positive Eulerian en- 
ergy. The energy functional is reduced to a two-coordinate form (z, x) by restricting 
p and ¢ to be parameterized in the (x, y) plane by the lı norm s = |z| + [y], 


= 1 2 2 
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which can be bounded from below by 


161 E > 2p x O26 
1 oo 
=X Quy, E da ors [3 + HT lee Aceh fans (13) 


where the Green’s expressions for the shift vector is used in the last expression. 
From the lower bound expression, the last rule is formed to ensure the Eulerian 
energy density is everywhere non-negative: the energy function will be non-negative 
for configurations such that the local source density and the z-component source 
density gradient integrated along the intersecting ‘past’ wave trajectories are of the 
same sign. In other words, the two factors in Expr. 13 must have the same sign. 

It is from this sequence of rules that the Eulerian energy can be constrained to be 
non-negative. Demonstrating the fullness of the WEC takes several additional steps 
to understand the contributions of the Eulerian momentum and stress components, 
and is covered in detail in the original publication,!® but are omitted here in the 
interest of space. The rules invoked are not strictly necessary to positive-energy 
warp drives. The solution space of physical warp drives is expected to be much 
larger and more diverse. 

The shift vector of the positive-energy soliton created in Lentz 20211? is given 
in Fig. 1. The soliton moves along the positive z axis at a speed set by the value 
of the shift vector at the origin of the co-moving coordinate coordinates in Fig. 1, 
which may be given arbitrary positive value. The transport logistics of the solitons 
are then similar to that of the Alcubierre solution. The solitons are constructed to 
contain a central region with minimal tidal forces, where proper time coincides with 
asymptotic coordinate time, and any Eulerian observer — which in this case is free 
falling and whose velocity matches the shift vector — within the central region would 
remain stationary with respect to the soliton. This is the region where a spacecraft 
would be placed. 

The total energy requirements of the positive-energy solitons closely follow that 
of Pfenning & Ford 1997? as applied to the Alcubierre solution 


Etot = J E./—gd* x. (14) 


For solitons where the radial extent of the central region R is much larger than 
the thickness of the energy-density laden boundary shell w (w < R), the energy is 
estimated to be 
2 
Exot e eue (15) 
w 
where C is a form factor typically of order unity. The required energy for a positive- 
energy soliton with central region mean radius R = 100 m and average source 
thickness along the z-axis w = 1 m approaches a mass equivalent of Etot ~ (few) x 
1071 Mov?, which is of the same magnitude as the estimate of an Alcubierre solution 
of the same dimensions. 
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Fig. 1. (a) Projection of the shift vector components Nz (left) and Nz (right) along (2,0, z). 
Propagation direction of the soliton is from left to right along the z-axis. The multi-compartment 
structure is a distinct departure from the single top-hat soliton found in Alcubierre 1994! and 
Natário 2002.1! Total integrated shift in each direction is 0. Note that the shift vector components 
are normalized with respect to the value of Nz a the co-moving origin. (b) Projection of the local 
energy density. The energy density is dominated by those regions containing hyperbolic source p, 
but also extends weakly to the boundaries of the wavefronts. The energy density is everywhere 
positive for Eulerian observers. (c) Projection of the local volume expansion factor 0. Positive 
and negative expansion factor are largely associated with negative and positive hyperbolic sources 
respectively. Non-zero expansion factor also exist in the spaces in-between hyperbolic sources along 
the hyperbolic wavefronts. Total integrated expansion factor is 0. These plots are taken from Lentz 
2021.19 


4. Addressing the Literature 


The findings of Lentz 2021!? run against the common wisdom of the warp drive 
literature to that point and the proofs set forth in Olum 19998 and Lobo & Crawford 
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2003!% stating that any superluminal spacetime must violate the WEC via violations 
of the null energy condition (NEC). The proofs are both based on an analysis of 
the Raychaudhuri equation for null geodesics, confined to spacetimes with only a 
single fastest (superluminal) causal path between two space-like 2-surfaces. The 
pre-conditions of these proofs are very local in nature and appear analogous to 
collapsing the interior of a warp drive soliton to a point in order to produce a single 
fastest causal path. The solitons of the early literature, such as Alcubierre 1994! 
and Natário 2002,!! have simple structures and can survive this limit. The example 


11? cannot undergo this limit without being 


positive energy warp drive of Lentz 202 
destroyed. This drive therefore does not meet the pre-conditions of the proofs and 
exists outside their scope, implying that the proofs are not applicable. 

Several warp drive papers have addressed the findings of Lentz 202 
early manuscript of it was made publicly available.?9:22.23,23,26 Of particular note, 
the papers of???4 have made several assertions claiming that the solution of Lentz 
20217? cannot satisfy the WEC. Follow-up correspondence with the authors as well 
as discussion captured at the recent Marcel Grossmann meeting have demonstrated 
that these papers did not adequately analyze the contents of Lentz 2021.!? To sum- 
marize the discussions, Santiago et al.?*?^ argue that the Eulerian energy density of 
a soliton in a Natário class spacetime can be written as the sum of a total divergence 
and a negative definite term 


1!? since an 


1 1 


where w; = €:;~04N; is the shift vector vorticity. The divergence term is then argued 
to produce zero net energy if the warp drive is finite in size due to an application of 
the divergence theorem on the hypersurface where the integral's volume boundary 
is extended towards infinity where the divergence kernel quickly vanishes, implying 
that the total Eulerian energy of a Natário spacetime is non-positive. This argu- 
ment does not hold in the case of Lentz 2021!? as the Eulerian energy density of the 
example positive energy soliton is smooth save for the boundaries x = 0 and y = 0 
where stress-energy sources are only continuous, while a requirement of the diver- 
gence theorem is that the total divergence be at least first order smooth everywhere. 
'The integral volume boundary therefore cannot be separated from the soliton and 
instead must be applied in a patchwork,?" with some boundaries running adjacent 
to the 2-surfaces x = 0 and y = 0, where the divergence kernel is non-vanishing. Ex- 
pansion beyond Natário class of spacetimes may smooth the geometry and sources 
of positive energy warp drives further. 


5. Further Challenges and Future Prospects 


There are still numerous challenges between the current state of physical warp 
drive research and a functioning prototype. I list here several of the more near- 
term challenges and give my perspective as to how research in these areas may be 
approached. 
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The most glaring challenge is the astronomical energy cost of even a modest 
warp drive, currently measured in solar masses where kilograms is closer to the 
threshold of human technology. Extreme energy savings is going to be necessary — 
tens of orders of magnitude — to bring the energy required for a warp drive down 
to a level that can be tested in a laboratory setting let alone be considered a viable 
transportation technology. 

There exist numerous techniques for reducing the energy requirements of the 
Alcubierre solution, several of which have been very successful in reducing the 
(magnitude) energy requirements of the system in excess of thirty orders of magni- 
tude.” 19 16.18.28 Unfortunately, each one of these methods in their presented forms 
require negative energies themselves. One possible approach to uncovering signifi- 
cant energy savings is to modify one of these existing techniques to obey the WEC. 

If the required energy can be sufficiently reduced, the next hurdle to approach is 
modeling the full life cycle of a physical warp drive (creation, acceleration, inertial 
motion, deceleration, and diffusion). Every previous publication in the field of warp 
drives has either assumed inertial motion (constant velocity) or has produced an 
accelerating/decelerating drive that violates the law of covariant conservation of 
stress-energy-momentum 


V-T=0, (17) 


that accompanies the Einstein equation. Deriving mechanisms for creation and ac- 
celeration is crucial to any experimental test. 

The last hurdle I will mention is the full characterization of the sourcing fields, 
whether it be a plasma or other state of matter and energy. As stated by Matt 
Visser in the Q&A of my talk, the specification of the drive geometry only is an 
incomplete description of the full solution. Stress-energy sources must be specified 
to close the system. In the hypothetical plasma of Lentz 2021,!? the stress-energy 
governing equations include the Maxwell equations for the electric and magnetic 
fields, the equations of motion for each species of matter, and various constituent 
equations governing the state of the Einstein-Maxwell-matter system. The total 
system is expected to be far too complex to provide analytical solutions, requiring 
numerical simulation as the primary means to specify each field of a soliton at any 
point in its life cycle. 
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From black-bounce to traversable wormhole, and beyond 


Alex Simpson 


School of Mathematics and Statistics, Victoria University of Wellington, PO Box 600, 
Wellington 6140, New Zealand 
E-mail: alex.simpson@sms.vuw.ac.nz 


Key results from the literature pertaining to a class of nonsingular black hole mimickers 
are explored. The family of candidate spacetimes is for now labelled the ‘black-bounce’ 
family, stemming from the original so-called ‘Simpson—Visser’ spacetime in static spher- 
ical symmetry. All model geometries are analysed through the lens of standard general 
relativity, are globally free from curvature singularities, pass all weak-field observational 
tests, and smoothly interpolate between regular black holes and traversable wormholes. 
The discourse is segregated along geometrical lines, with candidate spacetimes each be- 
longing to one of: static spherical symmetry, spherical symmetry with dynamics, and 
stationary axisymmetry. 


Keywords: Black-bounce, regular black hole, traversable wormhole, Simpson—Visser, 
Vaidya, thin-shell, black hole mimic. 


1. Introduction 


In classical general relativity (GR), solutions to the Einstein equations representing 
black holes typically contain curvature singularities at their cores. These singulari- 
ties occur at a distance scale that only a complete theory of quantum gravity could 
adequately describe. In the absence of such a theory, or at least in the absence of 
one that has any phenomenological verification, one desirable approach is to appeal 
to the recent advances made in observational and gravitational wave astronomy. 
In view of the propagation of gravitational waves emanating from an astrophysi- 
cal source being directly observed in the recent LIGO/VIRGO merger events, '? it 
is well-motivated to explore mathematically tractable candidate spacetimes, which 
are curvature-singularity-free alternatives to classical black holes, through the lens 
of standard GR. The community hopes that LIGO/VIRGO (or more likely LISA?) 
will eventually be able to provide phenomenological evidence that allows us to de- 
lineate between specific candidate spacetimes based on their astrophysical accuracy. 
'Theoretical physicists would then have experimentally informed clues as to which 
modifications to the Einstein equations are most desirable in working towards a so- 
called ‘theory of everything’ (or, indeed, whether an entirely different framework is 
required). Discussion regarding the extraction of astrophysical observables for non- 
singular sample spacetimes in several frameworks can be found in references 4-14. 

One such family of candidate geometries which models alternatives to classi- 
cal black holes is the family of ‘black-bounce’ spacetimes.!? 7° All of these black 
hole mimickers are globally free from curvature singularities, pass all weak-field 
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observational tests of standard GR, and belong either to the class of regular black 
holes or traversable wormholes. By ‘regular black hole’, one means in the sense of 
Bardeen,?! with regularity defined via enforcing global finiteness on nonzero curva- 
ture tensor components and Riemann curvature invariants. Regular black holes have 
a well-established lineage in the historical literature.?! 2’ By ‘traversable wormhole’, 
one means in the sense of Morris and Thorne;?? a horizon-free geometry with a cen- 
tralised throat connecting two asymptotically Minkowski regions of spacetime and 
satisfying the ‘flare-out’ condition for the area function: A” (rtproat) > 0. Various in- 
triguing wormhole spacetimes have been developed and explored in references 28-31. 
For exposition, it is prudent to separate the discourse surrounding the family of 
black-bounce spacetimes along geometrical lines. Broadly speaking, there are three 
relevant geometrical categories: static spherical symmetry, spherical symmetry with 
dynamics, and stationary axisymmetry (this also somewhat follows the chronological 
development of the literature). Unless otherwise stated, all candidate spacetimes 
discussed have metric signature (—, +, +, +) outside any would-be horizons. 


2. Static spherical symmetry 
2.1. Simpson- Visser 


The so-called 'Simpson- Visser! (SV) spacetime, initially presented in reference 15, 
is represented by the line element 


2m dr? 
ds? = (: dt? + + (r? + £) ao$. (1) 
T) G- —2m ) í 
Vr + 


It should be noted that the parameter ‘f’ was in fact labelled ‘a’ in the original 
article.15 This minor alteration is performed for consistency with the remainder of 
the discourse herein, as when in the axisymmetric environment of 8 4, it is prudent 
to use £ in order to avoid confusion with the spin parameter from Kerr spacetime, 
a. 

The original motivation for the construction of the metric specified by Eq. (1) 
was to minimally modify the Schwarzschild solution in common curvature coordi- 
nates such that the resulting candidate spacetime was globally nonsingular. It was 
considered that the most straightforward way to achieve this was to introduce a 
new scalar parameter to the line element in a tightly controlled manner; this is £ 
in Eq. (1). By minimally modifying Schwarzschild, it was hoped the result would 
have a high degree of mathematical tractability. When viewed as a modification of 
Schwarzschild, there are the following two alterations: 


e m ce mr) = URBE ; 
e The coefficient of dQ3 is modified from r? > r? + (? . 


Analysis of the nonzero curvature tensor components and Riemann curvature in- 
variants concludes that for |/| > 0, the resulting candidate spacetime is globally 
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regular. It was also noticed that Eq. (1) has very neat limiting behaviour. In the 
limit as m — 0, one obtains 


ds? = —dt? + dr? + (r? + £) a3 . (2) 


This is precisely the two-way traversable wormhole solution as presented in Morris 
and Thorne’s aforementioned seminal paper?’ (and arguably the most straightfor- 
ward of all traversable wormhole geometries). In the limit as £ — 0, Eq. (1) becomes 
the Schwarzschild solution in the usual curvature coordinates. The newly introduced 
scalar parameter / can hence be viewed as quantifying the extent of the deviation 
away from Schwarzschild, and it invokes a rich, /-dependent horizon structure. The 
causal structure is characterised by 


rg = V(2m? — 2 , (3) 


and the candidate spacetime neatly interpolates between the following qualitatively 
different geometries: 


£ = 0 corresponds to the Schwarzschild black hole; 

|£| € (0, 2mm) corresponds to a regular black hole in the sense of Bardeen; 
|£| = 2m corresponds to a one-way wormhole with an extremal null throat; 
|£| > 2m corresponds to a two-way traversable wormhole geometry in the 
canonical sense of Morris and Thorne. 


The Carter—Penrose diagrams for the two lesser known cases are worth closer ex- 
amination; this is when |/| € (0,2m) (see Fig. 1), and when |/| = 2m (see Fig. 2). 


"Bounce" 


Copy of Parallel Universe Copy of our Universe 


"Bounce" 


Parallel Universe Our Universe 


Fig. 1. Carter-Penrose diagram for the maximally extended spacetime when |é| € (0, 2m). In this 
example one ‘bounces’ through the r = 0 hypersurface in each black hole region into a future copy 
of the universe ad infinitum. 
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Copy of our universe 


Our Universe 


Fig. 2. Carter-Penrose diagram for the maximally extended spacetime in the case when |¢| = 2m. 
In this example one has a one-way wormhole geometry with an extremal null throat. 


Analysing the satisfaction/violation of the standard point-wise energy conditions 
of GR, one concludes that when |¢| > 0, the radial ‘null energy condition’ (NEC) 
is manifestly violated in the region vr? + 2 > 2m. This is outside any would-be 
horizons. In the context of static spherical symmetry, this is sufficient to conclude 
that all of the standard point-wise energy conditions shall be similarly violated. If 
horizons are present, then the geometry has surface gravity 


(2m) - & e 
mcg = Me. 4] 1 = 


(4) 


8m 


and hence associated Hawking temperature 


h/(2m)? E 2 


167 kp m? ES TH, sch. ] ————— (5) 


Tg = my 


SV spacetime is amenable to the extraction of astrophysical observables, and the 
coordinate locations of the photon sphere for null orbits and the ISCO for timelike 
orbits are straightforward, given by 


ry= /(8mP—2£;  rico-wV(6mP? —-2. (6) 


Further research analysing SV spacetime has been performed in a plethora of other 


papers; please see reference 32 for details. These analyses include discussion of the 


33,34 


quasi-normal modes and associated ringdown, calculations pertaining to shad- 


ows and gravitational lensing effects,*> *° as well as discourse surrounding precession 


phenomena.*! 
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2.2. Black-bounce Reissner—Nordstr6m 


'The extension of SV spacetime which represents the black-bounce analog to 
Reissner-Nordstróm (RN) spacetime was constructed and analysed in reference 20. 
There is a simple regularisation procedure which can be applied to any spheri- 
cally symmetric or axisymmetric geometry in possession of a curvature singularity 
at r = 0 in the standard (t,r,0, 9) curvature coordinates. The procedure outputs 
a candidate geometry which is globally nonsingular, and maintains the manifest 
symmetries. It is as follows: 


e Leave the object dr in the line element undisturbed; 

e Whenever the metric components g,, have an explicit r-dependence, re- 
place the r-coordinate with Vr? + £2, where £ is some length scale, per- 
forming the same holistic role as the / parameter in SV spacetime (such 
parameters are often identified with the Planck scale;  — mp). 


It should be emphasised that this procedure is not a coordinate transformation. 
Application of this procedure to the usual RN spacetime in standard curvature co- 
ordinates yields the following line element, the ‘black-bounce Reissner—Nordstr6m’ 
(bbRN) spacetime: 


2m Q? dr? 
Qe 2, L (o2 4 p2 2 
ds? — (: ata] dt Pa cone sae? F(r^4-£)d05. (T) 


Vre+e2 | r2+0? 


For |£| > 0, this spacetime neatly interpolates between nonsingular electrovac black 
holes and traversable wormholes in standard GR, depending on the value of the 
charge parameter Q and the ‘bounce’ parameter £. When compared with standard 
RN spacetime, the domain for the r coordinate is extended from r € [0, +00) to 
r € (—oo, +00). The presence of the additional charge term invokes a richer causal 
structure than that of SV spacetime. Horizons are characterised by 


rg = S1 (m+ Sj/m? — Q)? - e i (8) 


Here Sı = S2 = +1, with Sı fixing which universe one is in, and S2 determining 
whether it is an outer (S2 = +1) or inner ($5 = —1) horizon. There are several 


qualitatively different geometries: 


e |Q| > m: There are no horizons, and the geometry models a two-way 
traversable wormhole in the sense of Morris and Thorne; 

e |Q| € m but L| > m+ ym? — Q?: first the inner, and then the outer 
horizons vanish, leaving a traversable wormhole; 

e |Q| = m and |é| € m: one finds extremal horizons at ry = tvm? — £2; 

e |Q| € m and |é| < m — ym? — Q?: one observes the ‘standard’ causal 
structure of both an inner and outer horizon present in each universe. 
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If horizons are present, the surface gravity of the outer horizon is given by 


y (m Vm? - @)? - Pm? - ? T 
k= =z 9) 
(m+ Vm? Q dc 


'The following astrophysical observables are amenable to extraction; firstly the lo- 
cation of the photon sphere 


ry = "Ls + 3,/9m? — 8Q?) -2Q? — €? , (10) 
and also the location of the ISCO for timelike particles 


y 9m^Q* — 6m?Q? (A? + 2AM? + 4m4) + (A? + 2Am? + 4m4)? — A??? m? 
mA : 


TISCO — 


A= [2m? Q^ + m? (+B — 9m?)Q? + 8m] à , B= vV/4Q4 9m?Q? + 5m4 . 
(11) 


In standard GR, the stress-energy tensor takes the following form outside the outer 
horizon (or inside the inner horizon): 


1 T T T T . 

ge? = T" = [Tyw]" o + [To]" o = diag(—p, Pr, Pt, Pt) , (12) 
whilst in between the two horizons one has 

1 T T T T . 

s,» = TP = [Th] o + [To]" o = diag(pr, —p, Pt, Pt) , (13) 


where [Thb]? o is the gravitational stress-energy tensor (identical to that of SV 
spacetime), and [To] p is the charge-dependent contribution, corresponding to the 
electromagnetic stress-energy tensor. Isolating the charge-dependent components, 
it is straightforward to make the following decomposition 

Q?r? 2(2 


[To]? s = ae diag(—1,—1, 1,1) + diag(^7., 0,0,0) 


= [Pusssen]^ pc = VÊV; , (14) 
where Riesen] p is the usual stress-energy associated with standard Maxwell 
electromagnetism, and E V?V; is interpreted as the stress-energy of “charged dust”, 
with V^ being the normalised time-translation Killing vector. The density of the 
charged dust, =, is given by 

1 eg 
4m (r2 + 2)3 7 
while the electric field strength is determined via 


[1] 


(15) 


ies 
N 
[] 


t io. 
[TQ] i —pem = [TMaxwell| n a= 


__ Qr 


= S-u egg ara: 
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where Epy is the electric field strength for a usual RN black hole. The electromag- 
netic potential is readily obtained via integration of Eq. (16), 


Q 
pb 
which is simply the RN electromagnetic potential under the mapping r > vr? + £2. 
AII told, one has: 


Ay = (em (r), 0,0,0) = — =(1,0,0,0) , (17) 


1 " 1 1 qe? : 
Tg)" o = — |-FPaF^; — -6f F? | — — V?ys , 
[ Q] m An (r2 + )3 
with Fao = VpAs = Vo Ag . (18) 


Consequently, in standard GR the bbRN spacetime possesses stress-energy compo- 
nents which are interpreted as everywhere-SV in the gravitational sector, coupled 
to standard Maxwell's electromagnetism in the presence of charged dust in the 
electromagnetic sector. 


2.3. Generalised extensions to Sàmpson- Visser 


Further extensions to the SV line element in the context of static spherical sym- 
metry were explored in reference 16, with some useful general theorems also being 
presented. The first of these theorems is general to all static spacetimes, and is 
concerned with expediting the ‘usual’ test for curvature-regularity; examination of 
the finiteness of all nonzero components of the Riemann curvature tensor in an 
orthonormal basis. It is as follows, with the proof provided in reference 16: 


Theorem 2.1. For any static spacetime, in the strictly static region, the 
Kretschmann scalar is positive semi-definite, being a sum of squares which involves 
all of the nonzero components REY ap Then if this scalar is finite, all of the or- 
thonormal components of the Riemann curvature tensor must also be finite. Conse- 
quently, for static candidate spacetimes, confirmation of the global finiteness of the 
Kretschmann scalar is sufficient to conclude as to curvature-regularity in the sense 
of Bardeen. 


It is by now well-known that the most general static spherically symmetric line ele- 
ment can always locally be put into the following form, typically known as “Buch- 
dahl” coordinates*?*® (for 8 2.3 only, the metric signature (+,—,—,—) is adopted 
outside horizons for consistency with the discourse in reference 16) 

dr? 
f(r) 
Now constrained to Buchdahl coordinates, it is straightforward to establish the 
following list of sufficient conditions for curvature regularity in the sense of Bardeen 
(note these constraints exist as an independent result from Theorem 2.1; which of 
the techniques is preferable/applicable should be determined from context): 


ds? = f(r) dé? — — X? (r) dn? . (19) 
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e X(r) 4 0 globally; 
e Y'(r) and X"(r) must be globally finite; 
e f(r), f'(r), and f"(r) must be globally finite. 


With respect to Buchdahl coordinates, another theorem was presented in refer- 
ence 16. Concerning satisfaction/violation of the standard point-wise energy condi- 
tions of GR, it states: 


Theorem 2.2. For any static anisotropic fluid sphere with line element as in 
Eq. (19), all of the standard point-wise energy conditions are violated whenever 
f(r) 40, Dr) = 0, and X"(r) 50; 


In the same article,! further decomposition of Eq. (19) via f(r) = 1— 2M (r)/X(r) 
was performed to allow for a two-parameter extension of SV spacetime. One fixes 


mrH'4/r2 2 
XGA ER. we (20) 


(r2n + (2n) RE 
with the form for M(r) mathematically inspired by the Fan- Wang mass function for 
regular black holes.?" The resulting class of geometries has the following properties: 


e SV spacetime is recovered via fixing n = 1, k = 0; 

e VY n,k € Zt, Schwarzschild in the usual curvature coordinates is recovered 
as l > 0; 

e Enforcing |£| > 0, V n,k € Z* the candidate geometry is globally regular. 


Several models of interest possessing vibrant causal structures can be explored using 
Eq. (20), each corresponding to various fixed values of both n and k. All models 
in some fashion smoothly interpolate between regular black holes and traversable 
wormholes. Several other model geometries were also explored in reference 16, via 
certain modifications to the M(r) present in Eq. (20), all within the geometric 
context of static spherical symmetry in Buchdahl coordinates. 


3. Spherical symmetry with dynamics 
3.1. Vaidya black-bounce 


The SV metric was elevated to the regime of dynamical spherical symmetry in ref- 
erence 17. One first rewrites the line element from Eq. (1) in Eddington-Finkelstein 
coordinates, before playing a Vaidya-like ‘trick’ by allowing the mass parameter m 
to be a function of the null time coordinate w. The resulting candidate spacetime 
is given by the following line element 


2m(w) ) 
ds? = 1 dw? — (+2 dwdr) + (r? + £) aQ2 , 21 
(1 - FOE) w- Edur) t (+A, — n 
where w — (u,v) denotes the outgoing/ingoing null time coordinate, representing 
retarded/advanced time respectively. In the limit as m(w) — m, SV spacetime is 
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recovered (in Eddington-Finkelstein coordinates). Introducing dynamics in this spe- 
cific manner allows for one to discuss simple phenomenological models of an evolving 
regular black hole/traversable wormhole geometry, either via net accretion or net 
evaporation, whilst still keeping the discourse mathematically tractable. Analysis 
of the radial null curves yields a dynamical horizon location 


rg(w) = +1/[2m(w)?? — 2 . (22) 


While this permits analysis of numerous phenomenological models, the most quali- 
tatively interesting are: 


e Increasing m(v) crossing the 4/2 limit describing the conversion of a 
traversable wormhole into a regular black hole via the accretion of null 
dust. This qualitative scenario is depicted in Fig. 3; 

e Decreasing m(u) crossing the £/2 limit describes the evaporation of a regular 
black hole leaving a traversable wormhole remnant. The causal structure is 
depicted in Fig. 4. This phenomena is causally equivalent to a regular black 
hole transmuting into a traversable wormhole via the accretion of phantom 
energy (though mathematically this scenario would instead correspond to 
increasing m(v) crossing the ¢/2 limit). 


“Bounce” 


“Bounce” 


“Throat” 


Fig. 3. Carter-Penrose diagram for a wormhole to black-bounce transition via accretion of null 
dust. 
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“Throat” 


Fig. 4. Carter-Penrose diagram for a black-bounce to wormhole transition due to the emission of 
positive energy. This is essentially the back reaction of the Hawking evaporation for a semi-classical 
regular black hole; in this case leaving a wormhole remnant. 


General discussion concerning evaporation/accretion models involving both regular 
black holes and traversable wormholes can be found in references 47—54. It is worth 
emphasising that one is able to classically describe the transmutation of a wormhole 
into a regular black hole, or vice versa, only because the curvature-regularity of the 
black hole implies there is no topology change. 

In what has become a typical result for nonsingular black hole mimickers in 
standard GR, the candidate spacetime is found to be in global violation of the 
NEC. For the ‘Vaidya black-bounce' spacetime, the existence of the radial null 
vector k” = (0,1,0,0) implies that one has 


202 
—————À ] 2 
(2a ap <° (23) 


For a full analysis of the nonzero curvature tensor components and Riemann 


Tuuk” k" ox G, k” k” = — 


curvature invariants for the Vaidya black-bounce geometry, as well as a more 
detailed discussion surrounding energy condition satisfaction/violation and various 
phenomenological models, please see reference 17. 


3.2. Thin-shell black-bounce traversable wormhole 


A thin-shell traversable wormhole variant of SV spacetime was constructed and 
analysed in reference 18. The thin-shell surgery is performed via a ‘cut and paste’ 
procedure which has its mathematical roots in the Darmois-Israel formalism.?? 
Physically, the geometrodynamics are kept as close to standard GR as possible 
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via examination of the Lanczos equations (please see references 56-58 for details 
pertaining to thin-shell surgery). 

In the thin-shell construction,!? one analyses both the stability and the evolution 
of an SV thin-shell traversable wormhole under linearized radial perturbation of 
the throat. The ‘bounce’ parameter ¢ induces a nonzero flux term arising from 
the conservation identity due to the second contracted Gauss-Codazzi-Mainardi 
equation. Consequently, enforcing a nonzero @ leads to an additional constraint on 


8 


the stability analysis. Several qualitative examples from the parameter space are 
explored, and the viable stability regions in each case are readily extracted. 


4. Stationary axisymmetry 
4.1. Black-bounce Kerr-Newman 


The first entry from the family of ‘black-bounce’ spacetimes belonging to the 
geometrical regime of stationary axisymmetry was constructed and explored by 
Liberati e£ al. in reference 19. This spacetime was constructed via application of the 
Newman-Janis procedure to standard SV spacetime, and acts as the black-bounce 
analog to Kerr spacetime. Given that in any real, astrophysical setting, one shall 
have both rotation and the condition that |Q|/m « 1, this is the most astrophysi- 
cally relevant member of the family of black-bounce spacetimes. The black-bounce 
analog to Kerr-Newman spacetime was then discovered in reference 20; this was 
obtained via application of the regularisation procedure outlined in 8 2.2, applied 
to the Kerr-Newman geometry in standard Boyer-Lindquist (BL) coordinates. The 
line element is given by 


A 2 0 2 
ds? = -2 (asin? 6 dó—dt)? -- 5 [(r? +P ca?) do-a dt}? ^ dr?4-p? d0? , (24) 
p 
with the usual Kerr quantities modified to be 
P =r? E +a? cos? 0, A =r? +Ê 4a?  -2myr4-024Q?. (25) 


In the astrophysically relevant limit as Q — 0, the Kerr-analog explored in refer- 
ence 19 is recovered precisely. For specifics pertaining to ‘black-bounce Kerr’ (bbK), 
please consult reference 19. Generally speaking, if one takes the Q — 0 limit for the 
relevant results obtained for the ‘black-bounce Kerr-Newman’ (bbKN) spacetime 
(Eq. (24)), the analogous result for bbK is recovered precisely. In the limit as the 
spin parameter a — 0, bbKN reduces to the bbRN geometry from 8 2.2. 

One can see, somewhat trivially, that the natural domains for the angular and 
temporal coordinates are unaffected when comparing Eq. (24) with standard Kerr- 
Newman spacetime in BL coordinates. In contrast, the domain for the radial coordi- 
nate extends from r € [0, +00) to r € (—oo, +00), in exactly the same fashion as was 
seen for bbRN spacetime in § 2.2. Examination of the Riemann curvature invariants 
and orthonormal Riemann tensor components reveals that they are globally finite 
when |¢| > 0, hence the geometry is free from curvature singularities. Consequently, 
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bbKN qualitatively interpolates between charged rotating regular black holes and 
charged rotating traversable wormholes. Both the Ricci and Einstein tensors are 
diagonal in an orthonormal basis. 

The causal structure is nontrivial, with horizons characterised by the roots of 
A. This gives the following horizon location(s): 


rg = Si (m+ Som? — @? — a)? e, (26) 


As it was in § 2.2, $1 = Sg = +1, with Sı fixing which universe one is in, and 
S> determining whether it is an outer (S2 = +1) or inner ($5 = —1) horizon. 
The qualitatively different possible causal structures are the same as explored in 
§ 2.2, with the quantitative aspects slightly shifted due to the presence of the spin 
parameter a. Notably, in the standard Kerr-Newman geometry in BL coordinates 
one demands Q? + a? ? in order to avoid naked singularities. In the case 
for bbKN, arbitrary values of both spin and charge may be considered, as in the 
absence of any horizons one has a traversable wormhole geometry with a rotating 
throat. Therefore, if one uses bbKN to model astrophysical objects, the weak cosmic 
censorship conjecture is trivially satisfied. 


<m 


If horizons are present, their surface gravity is given by 


ld A 
K E 
9 ^ 2dri r2 2 x a? 


where S2 fixes whether one is describing the surface gravity of an outer or inner 


KN ri 
= Ke, AUS 6 (27) 
H 


TH 


horizon. The ergosurface is characterised by gi: = 0, giving 


rog = Sy (m Sy/mi — Q? — af cost 6 — €. (28) 


An informative result pertaining to circular orbits in the equatorial plane for the 
bbKN spacetime is as follows: if standard Kerr-Newman in BL coordinates has 
an equatorial circular orbit at rgw,o, then bbKN possesses an analogous equatorial 
circular orbit at coordinate location ro = A/rgw o — €^, provided that r&y o 2 £^. 

The candidate spacetime possesses a nontrivial Killing tensor; upon definition 
of the objects 


wa (cT a 


L2 42 
A 10,5 gU p a Nas (29) 


one finds that the following is a Killing tensor, i.e., K(,,;4) = 0: 


) , and n” = 


Kup not nay + (r? pau (30) 


In this context, the objects |^ and n^ are a pair of geodesic null vectors belonging 
to a generalised Kinnersley tetrad (see reference 19 for details). The Killing ten- 
sor from Eq. (30) has diagonal matrix representation. The existence of a nontrivial 
Killing tensor directly implies the existence of a generalised Carter constant C, and 
together with the conserved quantities arising from the temporal and azimuthal 
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Killing vectors (energy and angular momentum per unit mass), as well as the con- 
served quantity arising from the metric itself (which is a trivial Killing tensor), this 
gives four constants of the motion. This, in principle, means that the geodesics gov- 
erning the motion of test particles are integrable on the bbKN spacetime. It should 
be noted that the resulting integral formulae may or may not be analytic. 

In reference 59, a refinement was made to Proposition 1.3 from reference 60. It 
should also be noted that this result is implicitly present in reference 61. The result 
is best summarised by the following theorem: 


Theorem 4.1. Let (M,g,,) be a Lorentzian manifold in possession of a non- 
trivial Killing tensor K,,. Then upon definition of the Carter operator as: 
K = V,(K""V,o), and the D'Alembertian scalar wave operator as: O® = 


Vu (g"" V,9), there is the following result: 
2 
K,O] = 3 (V,[R, K]",) V" . (31) 


A sufficient condition for this operator commutator to vanish is therefore the com- 


mutativity of the Ricci and Killing tensors via matriz multiplication; R",K*,, = 
K"4,R?, => [R, K|", = 0. Hence for any candidate spacetime with a nontrivial 
Killing tensor, commutativity of the Ricci and Killing tensors via matriz multipli- 
cation is sufficient to conclude that the massive minimally coupled Klein-Gordon 
equation is separable on the candidate geometry. 


In view of Theorem 4.1, given that both the Ricci and nontrivial Killing tensors for 
the bbKN geometry have a diagonal matrix representation, one may conclude that 
the scalar wave equation is separable on bbKN spacetime. 

Given the existence of a nontrivial Killing tensor, it is natural to ponder the 
existence of the full ‘Killing tower’? in bbKN spacetime. One finds a ‘would-be’ 
Killing-Yano tensor, of the form 


0 —a cos 0 0 0 
"e a cos 0 0 0 —a?cosÓsin? 0 
Oe 0 0 0 0 
0  a?cos0sin?0 0 0 
0 0 a 0 
0 0 0 0 
2 Ls 
+r? + lsin BE. 0 CEN +42) (32) 
0 0 -(r?- 2? ra?) 0 


It is not difficult to verify that f, f^, = Kuv, and as such this is a genuine ‘square 
root’ of the Killing tensor, however it fails to be a genuine Killing-Yano tensor 
because f,(,;4) # 0. It is a known result that a candidate spacetime only possesses 
a closed conformal Killing-Yano tensor if the spacetime is of Petrov type D.9? 
However, it was proven by Liberati et al. in reference 19 that the bbK spacetime is 
Petrov type I, and it is a direct implication of this proof that the bbKN spacetime 
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is also not algebraically special. Consequently, it is an expected result that one can 
not find a genuine Killing-Yano tensor on bbKN spacetime. 

Now coupling the geometry to the Einstein equations of standard GR, the fact 
that the Einstein tensor is diagonal in an orthonormal basis proves that the stress- 
energy tensor for bbKN spacetime is Hawking-Ellis type 1.9999 The radial NEC is 
violated in view of 

PA 
E+ py = ~ Bnpó ; (33) 
where £ and p, are energy density and radial pressure respectively. 

'The stress-energy tensor can be decomposed into gravitational and electromag- 
netic contributions (similar to bbRN spacetime in § 2.2): 


1 " a " " 
aq? v = Tf, = [Tix] o + Lo)’ o , (34) 


2p 
diag (—1, —1,1,1) + 5 —,diag(1,0,0,0)| . — (35) 
p*—4 
When comparing Eq. (35) directly with the charge-dependent contribution to the 
stress-energy from bbRN spacetime, one simply makes the substitutions 
2.2 2 2 . £p? 2 2 2 2 
Qr +> L G ) and zs +> E RN 
(r2 + 23 pe Ey p-e 
Structurally, the first term in Eq. (35) is of the form of the Maxwell stress-energy 
tensor. The second term appears to be structurally of the form of charged dust. 
However, the interpretation of the stress-energy is far less straightforward than the 
somewhat similar picture present in bbRN spacetime (§ 2.2). If one performs the 
substitution r > vyr? + to the electromagnetic potential from Kerr-Newman 
spacetime, one finds 


(36) 


QV? 38 
v P?|A| 


giving the following for the electromagnetic field strength tensor F;;: 


An = (1,0,0,0) , (37) 


ee Cee AY LN iy E 38 

tne TU — pt r2 EE (2 (r | a COS ) , ( ) 
2aQ cos OV r? + C2 

Fag a = p (39) 


Immediately it is clear that Fiay.¢) = 0. For the inhomogeneous Maxwell equation, 
defining z = Vr? + ?, one has 


D. : QE | A (° + 2022? — 424) 


p EN 


,0,0, 2a sin 0 (p — 2) . (40) 
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Interpreting this as an effective electromagnetic source, one has E; = Fy, and 


Bp = Fg giving 
A E + B? 
[Tmaxwel]" pes T NE = diag ( 1, 1; 1, 1) , (41) 
with 
Q^ r 4Q? La? cos? 0 
EGB = : 42 
fS p r? +e p> (32) 


Comparison with Eq. (35) reveals that a more subtle interpretation of the electro- 
magnetic stress-energy than standard Maxwell's is required. Presented herein are 
two alternatives. 


Nonlinear electrodynamics One can decompose the electromagnetic stress- 


energy tensor as follows 
[To]^» =A [Tuaxwen]^ o +5 Vy, . (43) 


The € V?V, term is once again appropriate to interpret as charged dust. Comparing 
Eq’s. (41) and (43) allows one to solve for the multiplicative factor A: 


252 


= Q?(p? — 8L) cos? 6[4(r? + £7) — p?] 


~ 98 (BE + BR) T 


(44) 


pr? + 4a2(? cos? 0(r? + £2) ` 


It is clear that in both the limit as £ — 0 (Kerr-Newman), and the limit as a > 


0 (bbRN), A — 1, recovering standard Maxwell’s as expected. The fact that A 


is independent of the charge Q indicates it is ap 


propriate to interpret this term 


through the lens of nonlinear electrodynamics (NLED), where generally one has 

[Truep]" 2 x [axwen]" p. NLED in the context of regular black holes is prevalent 

throughout the literature.?? 67-73 In the large distance limit one has 

32a? cos? 0 
r4 


A=1= +0O(r-)., (45) 


indicating that standard Maxwell’s + charged dust is a safe approximation as r > 

+oo. Conversely, for small r one has 

L + a? cos 9? 
442 

which allows one to interpret a rescaling of the Maxwell stress-energy deep in the 

core of the black-bounce. This holistic picture is common in NLED. 


A= + O(r?) , (46) 


Anisotropic fluid One can instead ask that 


[Tal ao — [IMaxweu]g; = diag (€f, —pPr. pr. Ps), (47) 
which would imply that (recall z = Vr? + 42) 
id 4 2 2 A QE 4 2,2 4 
ef = ae (42* — Tz^ p? + p*), PI= S (424 —52z*p*+p*). (48) 
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Consequently, [To]^; can be interpreted as standard Maxwell’s in the presence of 
an anisotropic fluid. The anisotropic fluid can then be written as 


EF Va Vo + EI (gao + VaVe) + Tho , (49) 
with V^ = (1,0,0,0) being the velocity of the fluid, and 


2 
Tp = Tl diag (0, 2,1, 1) (50) 


being the (traceless) anisotropic shear.9? 


5. Discussion 


The family of black-bounce spacetimes contains many different candidate geometries 
which smoothly interpolate between regular black holes and traversable wormholes 
in standard GR, both with and without rotation, both with and without electrical 
charge, and both with and without dynamics. The high degree of mathematical 
tractability of the black-bounce spacetimes means that all models are amenable to 
the straightforward extraction of astrophysical observables, which may be falsifi- 
able/verifiable by the experimental community. 

Future research options abound. Given the knowledge of Klein-Gordon sepa- 
rability on bbKN spacetime, one should also test for Maxwell separability on the 
bbKN spacetime. The knowledge of Klein-Gordon separability already implies that 
bbKN is amenable to a standard spin zero quasi-normal modes analysis, and if 
Maxwell’s equations also separate then this would extend to a spin one analysis. 
Further investigation into the spin two axial and polar modes may eventually lead to 
a measurable ringdown signal able to be captured by LIGO/VIRGO (or LISA) and 
compared with the analogous signal from Kerr-like mergers. Alternative lines of in- 
quiry for future research could involve attempting to provide a physical mechanism 
for the bounce, or possibly discovering precisely which mathematical modifications 
to the Einstein equations would be required such that SV is the unique solution in 
static spherical symmetry in the new framework. 
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Both traversable wormholes and warp drives, concepts originally developed within the 
context of science fiction, have now (for some 30 odd years) been studied, debated, and 
carefully analyzed within the framework of general relativity. An overarching theme of 
the general relativistic analysis is unavoidable violations of the classical point-wise en- 
ergy conditions. Another science fiction trope, now over 80 years old, is the tractor beam 
and/or pressor beam. We shall discuss how to formulate both tractor beams and/or 
pressor beams, and a variant to be called a stressor beam, within the context of reverse 
engineering the spacetime metric. (While such reverse engineering is certainly well be- 
yond our civilization’s current capabilities, we shall be more interested in asking what an 
arbitrarily advanced civilization might be able to accomplish.) We shall see that tractor 
beams and/or pressor beams can be formulated by suitably modifying the notion of warp 
drives, and that, as for wormholes and warp drives, violations of the classical point-wise 
energy conditions are utterly unavoidable. 


Keywords: Traversable wormholes; warp drives; tractor/pressor/stressor beams 


1. Introduction 


Traversable wormholes have now been extensively studied for some 33 years.! 19 


The general theoretical framework has been to precisely define, and then reverse 
engineer, a physically interesting spacetime metric, using the Einstein equations to 
determine what matter sources some arbitrarily advanced civilization might need 
to employ in order to generate such interesting spacetime geometries. Perhaps the 
key feature of reverse engineering is that adopting this point of view reduces the 
problem of solving the Einstein equations to a relatively simple exercise in dif- 
ferentiation, instead of the much harder problem of integrating the underlying 
nonlinear PDEs. 

A key feature of traversable wormhole spacetimes, at least within the usual 
context of standard general relativity, is the utterly unavoidable violation of the 
classical energy conditions.! !? 
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Even if one moves beyond the framework of standard general relativity there are 
unavoidable purely geometric constraints, violations of both the null convergence 
condition and also violations of the timelike convergence condition, that place very 
strong constraints on any "effective" stress-energy tensor that one might use as a 
source to generate the spacetime.? 

Similarly “warp drives” have now been extensively studied for some 27 
years.207?! As is the case for traversable wormholes once one defines a suitable class 
of warp field spacetimes it is easy to see that reverse engineering the spacetime 
metric, at least within the context of standard general relativity, quite unavoidably 
leads to significant violations of the classical energy conditions. 3! Again, even 
when stepping outside the framework of standard general relativity there are still 
unavoidable but purely geometric constraints, violations of the null convergence con- 
dition and violations of the timelike convergence condition, that place very strong 
20731 (There have recently been 
several misguided counterclaims regarding these issues which we shall address more 
fully below, see references 32, 33, 34. For somewhat related but distinct analyses, 
with somewhat different flaws, see also the discussion in references 35, 36, 37, 38, 
and in reference 39.) 

Much more recently, the last 6 months have seen the current authors reformulate 
yet another science fiction trope, tractor beams, pressor beams, and stressor beams, 


constraints on any "effective" stress-energy tensor. 


within the framework of general relativity.4° Again we resort to reverse engineering, 
and again the classical energy conditions are violated.*° Even if one steps outside the 
framework of standard general relativity there are still purely geometric constraints, 
violations of the null convergence condition, and also violations of the timelike 
convergence condition, that make the underlying physics “exotic” in some purely 
technical sense.*° 

Of course, in all of these cases one must first precisely define what one means by 
a traversable wormhole, or a warp drive, or a tractor/pressor/stressor beam. One 
also needs to carefully assess the extent to which the energy conditions (or more 
geometrically, the null and timelike convergence conditions) are to be taken as truly 


fundamental physics.” 91: 40,41 


2. Energy conditions — generalities 


It should be emphasized that the energy conditions are not fundamental physics.^! 
The energy conditions are instead warning flags: They tell you “here be unusual 
physics". Violations of the energy conditions are not an absolute prohibition; but 
they are an indication that one should think very carefully about the underlying 
physics. 
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For instance: 


e Observational cosmology (either in the current epoch of the accelerating 
universe, or during the epoch of cosmological inflation) violates the strong 
energy condition (SEC).??. 43 

e Speculative theoretical cosmologies (asymptotically AdS spacetimes) with 
a negative cosmological constant violate the weak energy condition 
(WEC). 

e Gravitational vacuum polarization (in the test field limit) can violate all 
the energy conditions, null, weak, strong, and dominant (NEC, WEC, SEC, 
and DEC). 44-45 

e Hawking radiation violates all the energy conditions (NEC, WEC, SEC, 
and DEC).? 

e Quantum scale anomalies (trace anomalies) violate even the averaged null 
energy condition (ANEC).?? 


But these known energy condition violating scenarios do not necessarily imply that 
it is possible to concentrate energy condition violating physics in a sufficiently small 
region to enable “interesting” effects — such as wormholes, warp drives, and the 
tractor/pressor /stressor beams.?: 13-16 However, in view of these known energy con- 
dition violating scenarios, neither would the necessity of energy condition violations 
necessarily prohibit “interesting” physics.°° 69 

We emphasise that to verify that the energy conditions are satisfied: 


e One needs to check all relevant “observers” — both all physical timelike 
observers, and in the null limit, all null tangent vectors. 

e One needs at least some information concerning all of the stress-energy 
components. 


In contrast, to demonstrate the energy conditions are violated: 


e It is sufficient to check that one timelike observer, (or one null curve), 
violates the energy conditions. 

e It is sufficient to check that some combination of stress-energy components 
violates the energy conditions. 


3. Generic warp metric and tractor/pressor/stressor metric 


A sufficiently generic spacetime metric, (suitable for investigating both warp drives 


and tractor/pressor/stressor beams), is to consider:?9 3+ 


ds? = —dt? + ôi; (da* — v’ (t, 2) dt) (da? — v? (t, z) dt) . (1) 
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'This class of metrics has the properties that it is: 


e Spatially flat. 

e Unit lapse. 

e The gradients of the flow vector v'(t, i) must satisfy suitable asymptotic 
fall-off conditions. 


— (Otherwise you do not have a localized warp-field.) 
— (You do not want to accelerate the entire universe.) 


In particular, the spacetime must be asymptotically flat. 

e Three special cases are commonly considered: 

— Alcubierre: v(t, 3) = v(t, z) 2. 
— Zero-expansion: V - v(t, à?) = 0. 
— Zero-vorticity: V x v(t, Z) = 0. 

e For tractor/pressor/stressor beam spacetimes one will add extra conditions, 
such as cylindrical symmetry, and simplify the form of the flow vector v(t, x) 
by introducing suitable *envelope" and *profile" functions. 

e Further generalizations are in principle possible, but very quickly become 
calculationally intractable. 


To start specific computations it is convenient to first pick a co-tetrad:?. 49 
e Take the timelike leg to be: 
(€), = (1,0,0,0), =tio: (2) 
e Take the spatial co-triad to be: 
(el), = (—v,;1,0,0),, (e2), = (—9;0,1,0),,  (e9), = (—v,0,0,1),. (3) 


This choice serves to keep computations more-or-less tractable. 
The corresponding tetrad is then fixed:3) 40 


e The timelike leg is: 
(e6)? = (L; c", v”, v7) =n". (4) 

e The spatial triad is: 
(e4)* = (0:1,0,0)*,  (e5)* = (0:0,1,0)*, (eg)? = (0;0,0,1)*. — (S) 


With this choice of tetrad the orthonormal components of the extrinsic curvature 


are now particularly simple:?!: 40 
Ky = E : | (6) 


where 
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(Effectively one can just quietly drop the hats from covariant spatial components 
of any tensor in this tetrad basis.?.: 10) 
Brute force computation now yields two easy results, and one somewhat messier 


result. 31. 40 


e Easy (Gauss-Coddazzi): 


(K? -w(K7)), (8) 


Gni = E = K j. (9) 


e Somewhat messier (specialization of ADM formalism): 
1 1 
Gy = Ln Ky + KK - 0 — (LaK + 5K? + 5 tr(K2) ) by. (10) 


In order to claim that the energy conditions are satisfied (or claim that the null 
and timelike convergence conditions are satisfied) one would need to compute and 
analyze all the components of the Einstein tensor. (This is one specific place, there 
are others, at which the claims made in references 32, 33, 34 simply fail. See refer- 
ence 31 for an extensive discussion of these issues. The analyses of references 35, 36, 
37, 38, and reference 39 exhibit somewhat different pathologies; once the Einstein 
equations are fully solved, many of those specific examples are actually Riemann 
flat.) 

Standard general relativity (the Einstein equations) now yields the stress-energy: 


e Eulerian energy density: 


Gnn = 1 a = = 1 —— 
p= = = {VeK-@-v}-F@-a}. (11) 
Note: (comoving density) = (3-divergence) + (negative semidefinite term). 
e Eulerian flux: 
i= = —(Ki;,j; — Ky) = = 
f= ae gq Mand — Ba) = qe 
Note: curl of a curl. (So this can sometimes be set to zero.) 
e Eulerian spatial stresses 
Gy d " NP PS 
Ti — Sir = Bn Ln ki; + K Kj; = 2(K m = Lyk + g^ + 5 (kK ) Oi . 
(13) 


(V x(V X @)),. (12) 


The Eulerian density and Eulerian flux are easy, the Eulerian spatial stresses are 
more complicated. A key quantity of interest is the average pressure: 


T 1 3 
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'This can also be written as: 


1 A 1 3 3 
p= -T;69 = ——— | 2V,.(Kn*) - EK? + -tr(K?) ]. 15 
av xl Ma) iquat )) m) 
Equivalently: 
1 
mi a aj 1 
B= p — yz; Va (Km?) (16) 
Furthermore, consider the two combinations: 
1 
p+ 3p = -77 (LnK + tr(K*)), (17) 
1 
pope (-2£,K + K? — 3tr(K’)). (18) 
T 


These two quantities are relevant to investigating violations of the SEC and NEC, 
respectively.?! 


4. Forces: Tractor/pressor/stressor beams 


For tractor/pressor/stressor beam spacetimes we now make a specific, concrete 
choice for the form of the generic warp metric. Let us consider a beam pointed 
in the 2 direction, and specialize the flow vector to be of the form: 

vs (t, z, Y, z) = k(t, z) Tz h(a? T y^), 

vy(t, T, Y, z) = k(t, z) y h(z? E y^), 

vs (t, x,y,z) = v(t, z) f(z? -- y^). 


Note the introduction of two envelope functions, k(t, z) and v(t, z); and two profile 
functions, h(x? + y?) and f(x? + y?). Note that for simplicity we have also imposed 
cylindrical symmetry (in Cartesian coordinates). 

Now consider the forces such a tractor/pressor/stressor beam spacetime would 
exert on a target with cross-section S that is at time t placed at position z. 


F(t,z)= | Tile L,Y, z) dz dy. (19) 
S 


'There are two special cases to consider depending on whether the beam is wide or 
narrow compared to the cross-sectional area A(S) of the tatget. 


e Narrow beam: 


F(t,z)= En Tz z(t, x, y, z) dx dy. (20) 
R2 


e Wide beam: 


F(t, z) = +T.,(t,0,0, z) A(S). (21) 
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Let us now calculate, setting u = x? + y? for conciseness. 


e Narrow beam: 


Pj E 2)? | “ratie 


1 f* 1 
as sf u | z)f'(u) + 59:K(t, z)h(w) du. 


This is of indefinite sign, depending delicately on the envelope functions 
and profile functions, potentially allowing either tractor/pressor behaviour. 
e Wide beam: 


F(t,z) — — HO) {2f(0) v(t, z)Ozk(t, z) + 2 O,k(t, z) + 3h(0) k(t, z)?} A(S). 

(22) 
This is of indefinite sign, depending delicately on the envelope functions, 
potentially allowing either tractor/pressor behaviour. 


There are very many special cases to study, depending on one’s choice of envelope 
and profile functions. See reference 40 for extensive details and discussion. 


Modified Alcubierre Zero Vorticity 
evelpa] oo t o [| $9  ] 
envelope u(t 


[ prfleAu] | — —9 — — [^ [| ar —] 


One can easily tune the resulting forces in a wide variety of ways. In particular 
we can define a stressor beam to be one where the net force is zero, but forces 
alternate between attractive and repulsive as one moves across the cross section of 
the target, thereby stressing the target in a (in principle) controllable manner. 


5. Energy conditions — specifics 


In this context, all of the classical point-wise energy conditions are violated. The 
arguments are fully generic to tractor/pressor/stressor beam spacetimes, and, with 
suitable subsidiary conditions, apply also to warp drive configurations. (In the warp 
drive context, many special cases have been well known for over 20 years.) 

Generically for either tractor/pressor/stressor or warp drive configurations we 
have: 


il 
p = (3-divergence) — —— (à - à). (23) 
327 
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Then for all tractor/pressor/stressor beams (where by construction all fields fall off 
sufficiently rapidly at spatial infinity): 


1 
[^97 (à - ©) dz < 0. (24) 


This kills off the WEC for all tractor/pressor/stressor beams. For warp drives one 
must sometimes be more careful, see the Appendix, and to prove or disprove the 
WEC one must check both the Eulerian energy density p and the NEC (p+ p > 0). 

Generic to either tractor/pressor/stressor or warp drive configurations we have: 


1 

p= p — — Va(Kn^). 2 
p—p ion Vel n^) (25) 

1 
[5$2- f paz- z [aK dui (26) 

T 

Ji 1 

n (3-3) dz — | ak oe. (27) 


For any tractor/pressor/stressor/beam configuration (and for any suitably localized 
warp bubble): 


] o*94--u [Ea So qgzà | ka. (28) 


Furthermore, for any tractor/pressor/stressor/beam configuration (and for any 
suitably localized warp bubble) we also have: 


n d?r = 0. (29) 


Therefore, for any tractor/pressor/stressor/beam configuration (and for any 
suitably localized warp bubble) we conclude: 


[ior en amd (30) 
167 
This kills off the NEC. 

That is, all of the classical point-wise energy conditions are violated. This cer- 
tainly holds for any tractor/pressor/stressor/beam configuration, and for any suit- 
ably localized warp bubble, will also work for warp drive spacetimes. An example 
of a more delocalized warp bubble is considered in the Appendix. 


6. Conclusions 


e Traversable wormholes, warp drives, and tractor/pressor/stressor beams 
can all usefully be “reverse engineered”, debated, analyzed, and studied 
within the framework of standard general relativity. 

e Reverse engineering a specified interesting spacetime reduces the task of 
solving the Einstein equations to a relatively straightforward exercise of 
differentiation, rather than the more complicated task of integration. 
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e Traversable wormholes, warp drives, and tractor/pressor/stressor beams all 
violate all of the standard point-wise energy conditions. 

e Even in various modified theories of gravity, wormholes, warp drives, and 
tractor/pressor/stressor beams violate the null convergence condition and 
timelike convergence condition. 

e Violation of the classical energy conditions is not an absolute prohibition 
on "interesting" physics — it is merely an invitation to think very carefully 
about the underlying physics. 


Appendix A. Falloff conditions at spatial infinity 


For tractor/pressor/stressor beams suitable falloff conditions at spatial infinity are 
inherent to the definition, and utterly automatic. Similarly, for Alcubierre warp 
drives and zero-expansion warp drives suitable falloff conditions at spatial infinity 
are also inherent to the definition and utterly automatic. For zero vorticity warp 
drives one must be just a little more careful. 

As an example, consider the general framework 


ds? = —dt? + 6;; (dx — v’ (t, z) dt) (da? — v? (t, Z) dt) (A.1) 


Fl 


and for one’s warp field take the specific case 


vi(t,Z) = EE f+ vi (E. (A.2) 


This corresponds to a warp bubble, centred at the origin, in a coordinate system 
that is moving with the warp bubble. The presence of the warp velocity term, vi. (t), 
is essential, since otherwise the warp bubble is not moving with respect to spatial 
infinity, (the “fixed stars”), which would make the warp field trivial. 

For the specific warp field (A.2) it is easy to calculate 


3 y2m 


K-V.d--Styy. 


(A.3) 


and see that this is independent of the warp velocity v?. (t). 
Then for the Eulerian energy density and flux one has the particularly simple 
results: 


=> 


p=0; and f =0. (A.4) 


This does not mean that the WEC is satisfied since one still has to check p + p. 
Specifically, in this particular warp field we have 


EE 1 ae 1 es 
ptuepee Va(Kn ieri V. (Kv, 2)). (A.5) 
That is 
E 1 3 2m , E t 4 
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Finally 
- 3 vy2m , . 


But the factor Ua (t) f explictly changes sign depending on whether one is “in front 
of” or “behind” the warp bubble. Thus this warp bubble explicitly violates the 
NEC, and so violates the WEC as well — this is a specific and explicit example of 
why merely checking the non-negativity of the Eulerian density is simply insufficient 
for checking the WEC. 

More generally, note that an asymptotic version of this argument will still apply 
to any warp field that is asymptotically of the form (A.2): 


vi(t, i) = -2 (1+ o(1/r)) # ot (8). (A.8) 


This now applies to any warp bubble that asymptotes to Schwarzschild spacetime 
at large distances. 
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'The classical singularity theorems of General Relativity rely on energy conditions that 
are easily violated by quantum fields. Here, we provide motivation for an energy condition 
obeyed in semiclassical gravity: the smeared null energy condition (SNEC), a proposed 
bound on the weighted average of the null energy along a finite portion of a null geodesic. 
Using SNEC as an assumption we proceed to prove a singularity theorem. This theorem 
extends the Penrose singularity theorem to semiclassical gravity and has interesting 
applications to evaporating black holes. 


Keywords: Quantum fields, gravity, energy conditions, quantum inequalities, singularities 


1. Introduction 


The classical or pointwise energy conditions are bounds on components of the stress- 
energy tensor and were introduced early on in the history of general relativity. Their 
purpose is to encode properties of what is considered “reasonable” matter, and 
predict the evolution of gravitational systems in a model-independent way. 

The energy condition of interest in this work is the null energy condition (NEC). 
The NEC states that the stress-energy tensor contracted with two null vectors is 
non-negative everywhere. Using the Einstein Equation, we get the geometric form 
of the NEC or the null convergence condition. Using a perfect fluid stress-energy 
tensor, we can give a physical interpretation of the NEC: the sum of energy density 
and pressure cannot be negative. The three forms are summarized in Table 1. 


Table 1. The different forms of the NEC. Here 
£" is a null vector. 


Physical form Geometric form Perfect fluid 


Till >0 Ry >0 pt+P>0 


*Presenting author. 
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'The NEC is obeyed by minimally coupled scalar fields but as with all pointwise 
energy conditions, it is violated by quantum fields.! Ford? was the first to introduce 
quantum energy inequalities (QEIs), restrictions on the possible magnitude and 
duration of any negative energy densities within a quantum field theory. 

QEIs have since been derived for flat and curved spacetimes, bosonic and 
fermionic fields (see Ref. 3 and 4 for recent reviews). Those bounds are for averages 
over timelike curves or worldvolumes. As an example, the renormalized null energy 
of the quantum massless minimally coupled scalar field in Minkowski spacetime 
averaged over a smooth timelike curve y obeys the following QEI? 


[ etn > -E [are (1) 


for all Hadamard states w and any smooth, real-valued compactly supported func- 
tion f. Here v” is the timelike vector tangent to y. For f a normalized Gaussian 
with zero mean and to variance the right hand side of (1) becomes 


(vlu) 
64745 ` 


[Twee (2) 
'Then we can see the physical interpretation of the QEI: the longer the timescale to, 
the less negative null energy is allowed. 

Important classical relativity results such as the Penrose singularity theorem? 
have the NEC in their hypotheses. If one wants to apply such theorems in a semi- 
classical setting it is necessary to replace the pointwise energy condition with a 
condition obeyed by quantum fields, namely a QEI. As the Penrose theorem proves 
null geodesic incompleteness, the relevant QEI would be a null averaged one. 

The purpose of this contribution is to motivate a null QEI, the smeared null 
energy condition (SNEC) and use it to prove a semiclassical singularity theorem for 
null geodesic incompleteness. This theorem is applicable to the case of evaporating 
black holes. We begin with a description of the challenges to develop a null QET 
and motivation for SNEC in Sec. 2. In Sec. 3 we state the singularity theorem of 
Ref. 7 and show that SNEC can be used as an assumption. In Sec. 4 we apply the 
theorem to a toy model of evaporating black holes. We conclude in Sec. 5 with a 
summary and discussion of future work. 


2. Null quantum energy inequalities 
2.1. The Fewster-Roman counterexample 


In the expression of Eq. (1) the renormalized null energy is averaged over a timelike 
curve. À similar expression integrated over a null geodesic has been derived two- 
dimensions. In particular, Fewster and Hollands? showed that 


+00 +00 1\2 
J A Py 2 — [ G ; dà, (3) 
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holds for a class of interacting quantum fields, namely the unitary, positive energy 
conformal field theories (CFTs) with stress-energy tensor in Minkowski spacetime. 
Here c is the central charge of the theory. We recently generalized that result for a 
large class of curved backgrounds.? 

'The situation is different in more than two dimensions. Fewster and Roman? 
showed using an explicit construction, that the renormalized null energy averaged 
over a null geodesic is unbounded from below for the massless minimally coupled 
scalar field. So there are no null QEIs in four-dimensional Minkowski space. 

Their construction was a sequence of vacuum-plus-two-particle states. Then they 
allowed the three-momenta of excited modes to become increasingly parallel to the 
spatial part of the null vector £^. As the three momenta grows, the lower bound of 
the inequality diverges to negative infinity. 


2.2. The smeared null energy condition 


'To overcome the problem encountered by Fewster and Roman, Freivogel and Krom- 
mydas proposed the smeared null energy condition (SNEC).!? The main concept 
behind it is that in quantum filed theory there often exists an ultraviolet cutoff 
luv. It was shown?:!? that the existence of a cutoff restricts the three momenta of 
the excited modes in the Fewster-Roman counterexample, leading to a finite lower 
bound. 

The SNEC can be written as 


57 d P AB ft? ui 
dAg' (Ti (2^ 09) 2 8 dA (g A), (4) 
where z"(A) is a null geodesic, g(A) is a differentiable ‘smearing function’ that 
controls the region where the null energy is averaged, B is a constant and Gy is 
the Newton constant. In four-dimensional field theory we can write 


NGn & fy, (5) 


where N is the number of fields. This relationship means the SNEC provides a 
finite lower bound even for a large number of fields. This is particularly useful 
for applications where the negative energy arises from multiple fields with small 
negative energy fluctuations (see e.g. 11). 

To have B be an order one number, we need to saturate that inequality. This 
is the case for the induced gravity proof of 12 where they derived B = 1/32. 
However, it is reasonable to consider a B < 1 since (5) is typically not saturated in 
controlled constructions. 

SNEC has been proven to hold for free fields on Minkowski spacetime.?:!? The 
proof utilizes the fact that free field theory factorizes on the lightsheet in a collection 
of two-dimensional CFTs. For each of those CFTs the two-dimensional null QEI of 
Eq. (3) holds leading to a proof for the higher dimensional theory. 
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2.3. The double smeared null energy condition 


It is unclear if the proof of SNEC described in the previous subsection can be 
generalized to curved spacetimes and interacting fields. Additionally, the bound 
diverges fro yy — 0, with the ultraviolet cutoff depending on the theory. 

Those disadvantages of SNEC led to the proposal of a different bound, the double 
smeared null energy condition (DSNEC). The idea is to average the renormalized 
null energy density in both null directions, denote 4- and —. Schematically the 
DSNEC can be written as 

/ Patge, a7) GT idu > — Ae, (6) 
where M depends on the number of fields and the smearing function, and 6+ is the 
smearing length in each of the null directions. 

For a massless scalar in Minkowski the DSNEC can be explicitly written as 

3/4 


1 Patpat a XT uz -A|f eet [ ts o7 


where A is a number and we assumed that the smearing function factorizes as 
g? = g4 (x*'g-(x y. 

The DSNEC was motivated in 13 and its rigorous proof will appear in future 
work.!4^ The proof of DSNEC can straightforwardly generalized for curved space- 
times as it is derived from a general QEI valid in spacetimes with curvature.!? It 
includes no theory dependent cutoff and the smearing in each direction can be con- 
trolled. However, it is still unclear if the DSNEC can be used to prove singularity 
theorems. The main obstacle is that the usual proofs of those theorems require 
bounds on single geodesics. 


3. The singularity theorem 
3.1. The Penrose singularity theorem 


In general relativity a spacetime is singular if it possesses at least one incomplete 
and inextendible geodesic. This definition does not give us information about the 
nature of the singularity (e.g. if curvature scalars diverge) but it allowed for the first 
model-independent theorems, the singularity theorems of Penrose? and Hawking.!? 

Most singularity theorems have the same three types of hypotheses: the energy 
condition, the initial or boundary condition and the causality condition. In the case 
of the Penrose theorem the energy condition is the NEC or more accurately the 
geometric form of the NEC, the null convergence condition. The boundary condition 
is the existence of a trapped surface, a co-dimension two spacelike submanifold which 
has two null normals with negative expansions. Equivalently, a trapped surface 
has negative null normal curvature everywhere. Finally, the causality condition is 
the existence of a non-compact Cauchy hypersurface. The conclusion is that the 
spacetime is future null geodesically incomplete. 
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Schematically, singularity theorems work in the following way: the initial condi- 
tion establishes the convergence of a congruence of geodesics. The energy condition 
guarantees that the convergence will continue and a focal point will form. Finally, 
the causality condition does not allow the formation of focal points leading to a 
contradiction that proves the geodesic incompleteness. 


3.2. Singularity theorems with weaker conditions 


As quantum fields violate all pointwise energy conditions, a semiclassical singular- 
ity theorem is required to have a weaker energy condition. Examples of singularity 
theorems with such conditions include Refs. 17, 18 and 19 but none of them address 
the case of a condition obeyed by quantum fields. First Ref. 20 proved singular- 
ity theorems with energy conditions inspired by QEIs. Ref. 7 proved singularity 
theorems with similar conditions using index form methods. Utilizing these results 
Ref. 21 proved the first semiclassical singularity theorem for timelike geodesic in- 
completeness. Here we follow Ref. 21 theorem for null geodesic incompleteness. 

To state the theorem we first need to fix a parametrization of the affine param- 
eter of the null geodesic. For a manifold M let P be submanifold of co-dimension 2 
with mean normal curvature vector field H^ = HH" where H is a future-pointing 
timelike unit vector. Then let y be a future-directed null geodesic emanating nor- 
mally from P. Then H yu, is extended by parallel transporting along y. Now we can 
choose an affine parameter \ on y, such that H pdy"/dX = 1. Now we can state the 
energy condition from 7 


e 
i GA)?’ Ry lhl’ dr > —QQ)IIg"? lI? — QIN? , (8) 
0 
where Qm and Qo are unknown constants dependent on the choice of y and m a 
positive integer. The notation || - || denotes the L? norm. 


The bound required by the singularity theorem is a geometric assumption, while 
SNEC is an assumption on the renormalized stress-energy tensor. Classically, the 
Einstein equation connects curvature to the stress-energy tensor. Semiclassically, the 
semiclassical Einstein equation (SEE) equates the expectation value of the stress- 
energy tensor with the classical Einstein tensor 


8SnGy(Tuu)u. = Ga. (9) 
Using the SEE the bound of Eq. (4) can be written as 


[so Rad > -32B OP. (10) 
Then this is a bound of the form of Eq. (8) with m = 1, Q1 = 32x B and Qo = 0. 
Using the SEE assumes that we have a self-consistent solution, which includes a 
state w and a metric guv- 

In addition to the energy condition the theorem of Ref. 7 has an assumption on 
the pointwise null energy density for a finite affine parameter. In particular, there 


827 


are two scenarios to describe all possible initial conditions: in scenario 1, initially the 
NEC is satisfied for an affine length Zo, short compared to the one for the formation 
of a focal point £. In scenario 2 this requirement is dropped and instead conditions 
are imposed on the null contracted Ricci tensor for small negative values of the 
affine parameter. Here we focus on scenario 2. 

We first extend y to y : [—f0, 4] > M and assume that Eq. (10) holds on the 
extended geodesic. Then we define pmax = Max|_¢,,9] p and we can use Lemma 4.7 
of Ref. 7 with m = 1, Qo = 0, A1 = 1/3, Bı = Cı = 1. If we additionally assume 
that pmax < 0 we have 


Lemma 3.1. For p satisfying Eq. (10) on [—4£o, £] if 


Qi+2 Qi 1 
H + acl y 11 
7 m 3^ 0 (11) 


2H > 


then there is a focal point to P along y in (0, /]. 


Negative null energy in [—f,0] region leads to smaller required initial contraction 
because this negative energy must be over-compensated by positive energy. This 
effect has been studied and it is known as “quantum interest" .?? 


4. Application to evaporating black holes 


Penrose proved the first singularity theorem which applies to a classical black hole 
spacetime. However, this theorem cannot be applied in an evaporating black hole 
spacetime, where the NEC is violated. Here we apply Lemma 3.1 in a toy model of 
an evaporating black hole spacetime. 

First, we assume that the metric is approximated by Schwarzschild geometry 
near the classical horizon 


—1 
as? = (7 i) dt? (= 1) dr? + 7r7dQ?, (12) 
r 


T 


where R, is the Schwarzschild radius. We focus on spherically symmetric hypersur- 
faces P, so that the hypersurface is defined by Schwarzschild coordinates (tp, rp) 
where the mean normal curvature vector field is purely in the r direction. 

Inside the horizon, the mean normal curvature H of our surfaces P is given by?? 


H(rp) =-= yf 1. (13) 
(14) 


H depends on two parameters, the maximum affine parameter for the formation of 
the singularity £ and the length of the affine parameter that the NEC is violated £p. 
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We define the dimensionless parameter x 
R,-rp=chk,, O<a<l, (15) 


and y by demanding that the affine distance £ is a coordinate distance yR,. We can 
consider the case that y — oo meaning we have no information about the location 
of the singularity. 

The idea is that if the mean normal curvature of the hypersurfaces P is smaller 
than the one required by Lemma 3.1 we have a singularity. So we equate the expres- 
sions (13) and (14) to find the location of the first hypersurface inside the horizon 
for which we can apply the Lemma. We want P to be as close to the classical horizon 
as possible. The setup is shown in Fig. 1. 
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Fig. l. Schematic representation of a Schwarzschild black hole and the parameters. The dashed 
circle is constant r and t hypersurface P. Distance £o is from the point where the NEC starts being 
violated, and distance £ is from P to the singularity (pictured here at r — 0). 


A plot of x for different values of y is shown in Fig. 2 for two different values 
of Qı. The Ref. 12 value of B = 1/327 translates to Qı = 1. Using this value for 
Qi, we find that the minimum z is 1/3. As discussed earlier, there is also strong 
motivation to use a value of B « 1 and so Qı « 1. For small Qı, we have a 
singularity theorem for spheres P with 


Rs = rp Z Rs- for Qı <1. (16) 


5. Conclusions 


In this work we provided motivation for both the smeared null energy condition 
(SNEC) and the double smeared null energy condition (DSNEC). We proved a 
semiclassical singularity theorem using SNEC and applied this theorem to establish 
that spacetimes that approximate the Schwarzschild solution near the horizon must 
contain a singularity. 
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Fig. 2. Required value of x to have a singularity for different values y. For Qı = 0.1 the minimum 
value is much smaller compared to Q4 = 1. 


As the version of SNEC we use for the singularity theorem has only been proven 
for Minkowski spacetime, an important future direction is a theorem with a con- 
dition that incorporates curvature. There are different ways to approach that. One 
is to attempt to prove SNEC for spacetimes with curvature. Another is to use the 
new bound of DSNEC instead. This would require novel concepts as the current 
singularity theorem proofs are for bounds on single geodesics. 
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Circularly symmetric thin-shell wormholes in F(R) gravity 
with (2--1)-dimensions 
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Within the framework of F(R) theories of gravity with (2--1)-dimensions and constant 
scalar curvature R, we construct a family of thin-shell wormholes with circular symmetry 
and we analyze the stability of the static configurations under radial perturbations. 
We show an example of asymptotically anti-de Sitter thin-shell wormholes with charge, 
finding that stable configurations with normal matter are possible for a suitable range 
of the parameters. 


Keywords: Wormholes; F(R) gravity; Thin shells. 


1. Introduction 


One of the main goals of alternative theories of gravity is focused on dealing with 
some fundamental issues in the current cosmological picture, from the early-time 
inflation scenario to the late-time cosmic accelerated expansion. Basically, the inten- 
tion is to modify the geometrical side of the gravitational field equations without 
adding any unknown matter-energy content. Certainly, any alternative approach 
also intends to provide a geometrical explanation for the spacetime singularities as 
well as a cornerstone for a quantum version of gravity theory. There is a plethora of 
different modified gravity models. In particular, F(R) gravity’? is one of the most 
straightforward modifications to General Relativity (GR), since the Einstein-Hilbert 
action is replaced by 
S= 5 | dle Vig (F(R) + Lm), (1) 
with « = 8x and R the scalar curvature (we adopt units such that c = G = 1, with 
c the speed of light and G the gravitational constant). In the metric formalism, in 
which the metric tensor is the only dynamical variable to perform the variation of 
the action, the field equations read 
F'(R)R,, — SP F(R) - V, V,F'(R) + g,, V, V^ F'(R) = 8T, (2) 
where V is the covariant derivative and T),, is the energy-momentum tensor. 
The junction formalism* " in (3+1)-dimensions has been applied within F(R) 
gravity, for instance, to study thin layers of matter surrounding vacuum (namely, 
bubbles)*:? and black holes.?:1? Bubbles made of a pure double layer in quadratic 
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F(R) have been also studied a few years ago.!! Recently, thin-shell wormholes in 
F(R) gravity have been explored.!? !6 In this work, we present charged thin-shell 
wormholes in (2+1)-dimensional F(R) gravity with and we analyze the stability of 
the static solutions under radial perturbations. 


2. Junction conditions 


'The cut-and-paste formalism is commonly used to construct some wormhole geome- 
tries. It is based on the junction conditions of the corresponding theory, which allows 
to match different solutions across a hypersurface X. For convenience, we adopt the 
usual notation that the jump of any quantity Y across X is [T] = (Y? — T')|s. 


2.1. General relativity 


In GR, the junction conditions are expressed in the Darmois-Israel formalism, ^? 


which can be sketched as follows: 


e Two manifolds Mı and Mp are glued at a hypersurface X to obtain a 
geodesically complete manifold M = Mı U Mg. 
e The first fundamental form (the induced metric) at X is 


12 159X12 0Xt 
2] Juv ati Əti 


; (3) 


x 


where X L a are, respectively, the coordinates that describe M1,2, and é% are 
the intrinsic local coordinates at the hypersurface, hence X1; = Xf (E°). 
e The second fundamental form (the extrinsic curvature) at X is given by 


PET D T axe, 5) 


a US | geag C Op DU A 


with nl? the unit normal (nny = 1) pointing from M, to Mə. 
e The matching between Mı and Mg at X, should fulfill the so-called junction 
conditions: 


— The line element should be continuous across X: 
[huv] = 0. (5) 
— The field equations at © (Lanczos equations) reduce to 
KS,, = —|Ku,] - hi, K*,,  n"S,, = 0 (6) 
where S,,, is the energy-momentum tensor at the gluing hypersurface. 


The hypersurface X is called a boundary surface if S, = 0, or a thin shell of matter 
if $,, A 0. 
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2.2. F(R) gravity 


The formalism for the junction conditions in F(R) gravity was developed in recent 
years.®” In this theory, there are two separate cases to take into account: 


e General (non-quadratic) case: F” (R) 4 0 


— At the matching hypersurface X, the following continuity relations 
should be satisfied 


[hu] - 0, [K",]—0, [R] =0, (7) 
— The field equations at X result 
KS = —F'(R)IK,,] F F'E[nP V pA, n"S,, = 0. (8) 


e Quadratic case: F” (R) = 0 


— There is one less restriction in this case, so that the discontinuity of 
R at X is allowed 


hu] — 0, [KM] — 0. (9) 

— If we write F(R) = aR? + R — 2N, the field equations at X read 
Kuv = —|[,,] + 2o([m V, R]h,, — [RE], m"S,,—0. (10) 
— In order to guarantee a divergence-free energy-momentum tensor (lo- 


cally conservation) at X, it is necessary to add the following extra 


contributions!” 18 


* The external energy flux vector: 
KT, = —2aV,[R], m"T, — 0, 
* The external scalar pressure/tension: 
KT = 2a|R] K7}, 
* The double layer contribution: 
KT uo = V} (QolRhgun™d™) 


with ô> the Dirac delta on X (which is analogous to the dipole 
distributions in classical electrodynamics). It is easy to verify that 
all these contributions vanish if the scalar curvature is continuous 
at X. 


The constraint [K^,,] = 0 of F(R) gravity, which is not present in GR, has important 
consequences, as we shall see in the next sections. 
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3. Charged solutions with constant curvature 


F(R) gravity coupled to a nonlinear electromagnetic field is described in (2+1)- 
dimensions by the action!? 


S= g. | «Vra + onum») (11) 


where s is a positive parameter (s # 1/2) and Fuy = 0,A, — pA, is the elec- 
tromagnetic tensor. The corresponding energy-momentum tensor becomes traceless 
for s = 3/4, so this value is adopted in what follows. 

The dynamical equations given by Eq. (2) for the gravitational sector are com- 
pleted with the electromagnetic field part 


8, (VEIE (- Fs) 1) = o. (12) 

For constant R = Ro, the spherically symmetric geometry? 
ds? = —A(r)dt? + A(r) ! dr? + r?d8?, (13) 

with 
/A 
(207)°* mr 

A(r)-2 —M — — 14 
(r) ma. (14) 


is solution of the theory represented by the action (11), where Ro = 6Acry can be 
thought in terms of an effective cosmological constant, M is the mass and Q is the 
charge. Notice that this spacetime is asymptotically anti-de Sitter for Ro < 0. The 
vacuum static BTZ geometry of GR is obtained if O = 0, so it is also a solution 
in F(R) gravity. We can define an effective charge with its sign determined by the 
sign of F’(Ro) 


9929/4 
Z= cs MM (15) 
2F'(Ro) 
'The different values of Z establish the horizon structure of the geometry given by 


Eq. (14). 

In the next Section, we use this spacetime to construct thin-shell wormholes by 
applying the junction formalism in F(R) gravity, and we study the stability of the 
static configurations by following the standard potential approach.?? 


4. Wormhole geometry: Construction and stability 


We proceed to build a class of thin-shell wormholes by cutting the outer parts of 
the spherically symmetric spacetimes with metrics of the form 


ds} 5 = — A3 s(r)dt] > + Ai a(r) ‘dr? + r7d6?, (16) 


and glueing them on the circle € defined by G(r) = r — a = 0. In this way, we 
create the manifold M = Mı U Mg, where the regions at the sides of X are given 
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by M13 = {X° = (t12,7,0)/r > a} and with the metrics 41,5, respectively. The 
only angular coordinate is 0 < 0 < 27 and the circle length 27r is minimal at X, 
so M represents a wormhole connecting two regions with a throat of radius a, i.e. 
the flare-out condition is satisfied there. In order to obtain a traversable wormhole, 
the radius a is taken large enough to remove the presence of possible event horizons 
and singularities in both original manifolds. We take £^ — (7,0) as the coordinates 
on X, being 7 the proper time. The radius of X is taken as a function of time, i.e. 
a = a(r), in order to analyze the stability of the static shells. The proper time 
should coincide at both sides of X, so that df4,2/dr = 4/ A1, ,2(a) + à?/ A1,3(a), with 
the overdot representing da/dr (the free signs are fixed provided that the times t.» 
and 7 all run into the future). 

In the orthonormal basis (ez = e+, eġ = a^ teo}, at the hypersurface X, the first 
fundamental form results 


12 4: 
hi; = diag(—1, 1), (17) 


and the non-null components of the second fundamental form for static configura- 
tions are 


Ki?- E (18) 
2 A1.»(ao) 
1,2 1 
Kj = F— y A1,2(a0), (19) 
66 ao i 


where the prime represents derivative with respect to r. In our construction, the 
equation [h;;] = 0 is automatically satisfied, while the condition [K*;] = 0 gives the 
following relation 
Ah (ao) A’ (ao) 
A»(ao) Ay (ao) 
that should be always fulfilled by the throat radius ag. 

We can obtain the dynamics of the thin shell from the time dependent version 
of [K*;] = 0, which takes the form 
2a + A5(a) 24 + Ai ( 

A»(a) + à? Ai(a yt 
Then, we can Hn the stability of the configuration by rewriting this dynamical 
equation of the throat in terms of the potential 


à? = —V(a), (22) 


-( Ar lao) + EN. (a0)) =0, (20) 
:( Aila) + à? + 2(a) + 4?) =0. (21) 


where 


Vla) =< - © (Arla) = Aaa)” a (VA a Ar) 
403 ( A, (ao) + V/A ( cru 


4L Arla) + Ala) 


- (23) 
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Fig. 1. Wormholes in general F(R) gravity symmetric across the throat. Solid lines represent 
stable solutions while dashed ones unstable solutions. Meshed zones represent matter satisfying 
WEC. Grey zones have no physical meaning. Left plot: M = 0.5; right one: M = 1. 


It is straightforward to see that V (ao) = 0 and V'(ag) = 0. Then, the static solutions 
are stable under radial perturbations when V" (ag) > 0, otherwise they are unstable. 
In the following examples, we adopt for our construction the charged solution 
with constant scalar curvatue introduced in the previous section, so the metric 
functions read 
2Q Rr 


Av) MT RE 6^ 57 pu 


where R;, Mi, and Qj are the values of the different parameters in each region M;. 


4.1. Wormholes in general F(R) with [R] = 0 


In the first example, we adopt a symmetric construction across the throat, i.e. 
Ry = R3 = Ro, M, = M» = M, and Qi = Oo = Q so that Ai(r) = A»(r) = A(r). 
The throat radius ag should fulfill Eq. (20). Then, from Eq. (8), by using that in 
the orthonormal basis 5;; = diag(co; po), we get the surface energy density and the 
pressure for the static solutions 


dg = m NT (25) 
Po = T) A(ao). (26) 


If oo > 0 and oo + po = 0, we say that the matter at the throat is normal, because 
it satisfies the weak energy condition (WEC), otherwise it is exotic. By using Eq. 
(20), we can see that the matter should satisfy the equation of state oo — 2po = 0. 
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Fig. 2. Wormholes in quadratic F(R) gravity with R4 # Re at each side of the throat. Solid lines 
represent stable solutions while dashed ones unstable solutions. Meshed zones represent matter 
satisfying WEC. Grey zones have no physical meaning. For all plots: M = 1, RA = (Ri + R2)/2. 
Upper row: Ri = 0.9RA and R2 = 1.1R4; lower row: Ri = 0.8R,4 and R2 = 1.2R,4. Left column: 
aR, = —0.1 for Z > 0 and «RA = —0.9 for Z < 0; right column: aR4 = —0.2 for Z > 0 and 
aR, = —0.8 for Z < 0. 


From Fig. 1, we see that there are two solutions constituted of normal matter for 
a short range of ,/|Ro|Z with Z < 0. Hence it requires the presence of ghost fields, 
ie. F'(Ro) < 0. The solution with the largest radius is stable while the other one 
is unstable under radial perturbations. The qualitative behavior of the solutions is 
not affected by the different values of M which only represent a change of scale. 


4.2. Wormholes in quadratic F(R) with [R] Z0 


In the second example, we adopt Mı = Mz = M, and Qı = Qə = Q but R4 Z Ro, 
so we are restricted to quadratic F(R) gravity. The throat radius ao should satisfy 
Eq. (20). From Eq. (10) the energy density and pressure at the throat in the static 
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configuration are 


u 1 + 2aR2 Ab (ao) 1 + 2aR, Aj (ao) 
Wt B (; — um" (s m) Pn 


MERE ( L| BEP (se) | ai) 


K ao K ao 


In this case, there exists an external scalar pressure/tension 7o that satisfies the 
equation of state oo — po = Jo which results by using Eq. (20). The other extra 
contributions are: T7429 = 0 and TA) x (2a[R]/K) hy. 

From Fig. 2, we see that there are two solutions made of normal matter for a 
short range of J/|RA4|Z with Ra = (Ri + R2)/2; since Z < 0, ghost fields appear. 
The solution with the largest radius is stable; the other is unstable. The larger the 
difference between Rı and Rə, the smaller the range of \/|R4|Z where solutions 
exist. The same qualitative behaviour is obtained when a decreases. As in the 
previous example, the different values of M does not affect the qualitative behavior 
of the solutions and it only represents a change of scale. 


5. Summary 


We have constructed a family of circularly symmetric thin-shell wormholes in (2+1)- 
dimensional F(R) gravity with constant scalar curvature R at each side of the 
throat. We have studied their stability under perturbations preserving the symme- 
try. The junction conditions in F(R) gravity are more restrictive than in GR. In fact, 
the extra condition [K",,] = 0 forces the type of equation of state: for general F(R), 
it should be c; —2po = 0, while for quadratic F(R), it results oo —2po = To. We have 
analyzed two examples: (i) symmetric wormholes (HR; = Rə = Ro; Mi = M2 = M; 
Qı = Q2 = Q) across the throat in general F(R) and (ii) wormholes asymmetric 
in the scalar curvature (Ri # Hs; Mı = Mz = M and Qı = Qo = Q) only in 
quadratic F(R). In both cases, we have found two solutions made of normal matter 
(i.e., satisfying WEC) for a range of values with the effective charge Z < 0. However, 
for these solution the presence of ghost fields is always required since Z < 0 implies 
F'(Ro) < 0. We have found that the solution with the larger radius is stable while 
the other is unstable. The qualitative behavior of the solutions is not altered by M, 
resulting only in a change of scale. In particular, for quadratic F(R) as long as the 
difference between the constant (negative) scalar curvatures R; and Rə grows, the 
range of the squared charge Q? where stable solutions exist becomes smaller; similar 
behavior can be observed when a decreases. Another example and more references 
can be found in our recently published work.?? 
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Alcubierre proposed in 1994 that the well known special relativistic limitation that parti- 
cles cannot travel with velocities bigger than the light speed can be bypassed when such 
trips are considered globally within specific general relativistic frameworks. Although 
initial results indicated this scenario as being unphysical, since it would seem to require 
negative mass-energy density, recent theoretical analyses suggest that such an unphys- 
ical situation may not always be necessarily true. In this paper, we present solutions 
of the Einstein equations using the original Alcubierre warp drive metric endowed with 
various matter-energy sources, namely dust, perfect fluid, anisotropic fluid, and perfect 
fluid within a cosmological constant spacetime. A connection of some of these solutions 
featuring shock waves described by the Burgers equation is also shown. 


Keywords: Warp drive solutions, perfect fluid, anisotropic fluid, shock waves, electro- 
magnetic field, cosmological constant 


1. Introduction 


Alcubierre! advanced a model based on a specific general relativistic spacetime ge- 
ometry in which massive particles can travel at superluminal speeds if they are 
located inside a specially designed spacetime distortion. The physics of this possi- 
ble propulsion method, named as warp drive (WD) after science fiction literature, 
consists of a special spacetime metric forming a spacetime distortion, called warp 
bubble, such that it generates an expansion behind the distortion and a contrac- 
tion in front of it. That makes it possible for a massive particle to be in a local 
sub-luminal speed inside the bubble, as required by special relativity, whereas out- 
side the particle is propelled at superluminal speeds. Therefore, employing of this 
spacetime distortion a massive particle travels between two points in spacetime with 
apparent time less than the time a light particle with zero mass would require to 
travel between the same two points. 

The WD metric, as originally proposed by Alcubierre, is based on a general 
metric that uses the 34-1 formalism.?:? It consists of a boost in the direction of one 
of the spatial coordinates, described by the shift vector, a function of spacetime 
coordinates and the product of two functions, the velocity of the center of the warp 
bubble and the shape function that controls the shape of the bubble. Although 
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Alcubierre did not solve the Einstein equations with his proposed spacetime geom- 
etry, he gave an example of a shape function in the form of a hat function.! One 
of the main caveats of the Alcubierre WD spacetime is the requirement of negative 
mass-energy density and the violation of the dominant and weak energy conditions. 

Ford and Roman? derived quantum inequalities for free massless quantized 
scalar fields, electromagnetic fields, and massive scalar fields in four-dimensional 
Minkowski spacetime and concluded that these constraints have the form of an 
uncertainty principle limitation on the magnitude and duration of negative mass- 
energy densities and that the exotic solutions of Einstein equations such as worm- 
holes and WD would have significant limitations in their viability. Pfenning and 
Ford? followed this last work and calculated the upper bound limits necessary for 
the WD viability, concluding then that the energy required to create a warp bubble 
is ten orders of magnitude greater than the total mass of the entire visible universe, 
also negative. 

Krasnikov? approached the hyperfast interstellar travel problem in general rel- 
ativity by discussing the possibility of whether or not a mass particle can reach 
a remote point in spacetime and return sooner than a photon would. Krasnikov 
argued that it is not possible for a mass particle to win this race under reasonable 
assumptions for globally hyperbolic spacetimes. He discussed in detail the specific 
spacetime topologies, but with the constraint that tachyons would be a requirement 
for superluminal travel to occur. He conjectured a spacetime modification device 
that can be used to make superluminal travel possible without tachyons. Such space- 
time was named as Krasnikov tube by Everet and Roman," and they generalized 
the metric proposed by Krasnikov by hypothesizing a tube along the path of the 
particle connecting Earth to a distant star. 

'The Krasnikov metric cannot shorten the time for a one-way trip from Earth to 
a distant star, but it can make the time for a round trip arbitrarily short for clocks 
on Earth. However, the Everet and Roman’ extension of the Krasnikov metric 
has the property that inside the tube the spacetime is flat and the lightcones are 
opened in such a way that they allow the superluminal travel in one direction. 
'They also mentioned that even though the Krasnikov tube does not involve closed 
timelike curves it is possible to construct a time machine with a system of two non- 
overlapping tubes, and demonstrated that the Krasnikov tube also requires thin 
layers of negative energy density and large total negative energies. 

Lobo and Crawford? discussed the Krasnikov metric in detail, addressed the vi- 
olation of the weak energy condition and the viability of superluminal travel. These 
authors concluded that with the imposition of the weak energy condition the Olum 
theorem? prohibits superluminal travel and pointed out the necessity of further 
research on spacetimes with closed timelike curves and the need for a precise defini- 
tion of superluminal travel. They argued that one can construct metrics that allow 
superluminal travel but are flat Minkowski spacetimes. The quantum inequalities, 
brought from quantum field theory," were also discussed. Van de Broeck!? showed 
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how a minor modification of the Alcubierre WD geometry can reduce the total en- 
ergy required for the creation of a warp bubble. He presented a modification of the 
original WD metric where the total negative mass would be of the order of just a 
few solar masses. 

Natdrio!! proposed a new version of the WD theory with zero expansion and 
questioned the effects that occur in the WD in opposition to his newly proposed 
metric, namely, the zero expansion Natário WD metric. Natário discussed the nature 
of the WD spacetime symmetries with a series of propositions and corollaries such 
as the proof that the WD spacetime is flat whenever the tangent vector to the 
Cauchy surfaces is a Killing vector field for the Euclidean metric despite being 
time-dependent and as a particular case. In addition, it is also flat wherever the 
tangent vector is spatially constant. He also showed that nonflat WD spacetime 
violate both the weak energy condition (WEC) and the strong energy condition 
(SEC), as well as that the WD metric can be obtained from the Natário metric by a 
particular choice of coordinates. The spherical coordinates were the choice of charts 
for the zero expansion of the Natário WD spacetime. 

Lobo and Visser!? pointed out that the WD theory is an example of reverse 
engineering of the solutions of the Einstein equations where one defines a specific 
spacetime metric and then one finds the matter distribution responsible for the 
respective geometry. These authors verified that the class of WD spacetimes nec- 
essarily violate the classical energy conditions even for low warp bubble velocity. 
Hence, this is the case of a geometric choice and not of superluminal properties. 
They proposed a more realistic WD by applying linearized gravity to the weak WD 
with nonrelativistic warp bubble velocities and argued that for the Alcubierre WD 
and its version proposed by Natário!! the center of the bubble must be massless. 
'They found that even for low velocities the negative energy stored in the warp 
fields must be a significant fraction of the particle's mass at the center of the warp 
bubble. 

White!?:!^ described how a warp field interferometer could be implemented at 
the Advanced Propulsion Physics Laboratory with the help of the original’ WD 
ideias. He also pointed out that the expansion behind the warp bubble and contrac- 
tion in front of it is due to the nature of the WD functions, and that the distortion 
of spacetime may be interpreted as a kind of Doppler effect or stress and strain 
on spacetime. Lee and Cleaver! argued that external radiation might affect the 
WD, and that the warp field interferometer proposed by White!?:!4 could not de- 
tect spacetime distortions. Mattingly et al.16 discussed curvature invariants in the 
Natario WD. 

Bobrick and Martire!” proposed a general WD spacetime that encloses all WD 
definitions removing any alleged issues with the original Alcubierre WD. They pre- 
sented a general subluminal model with spherical symmetry and positive energy 
solutions that satisfies the quantum energy inequalities such that it reduces two 
orders of magnitude the WD requirement for negative energy density. They claimed 
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that any type of WD, including the original one, is a place of regular or exotic 
material moving in inertial form with a certain speed. 

Lentz!? claimed that the original warp bubble proposed by Alcubierre! can be 
physically interpreted as hyper-fast gravitational solitons and presented the first 
solution for superluminal solitons in general relativity satisfying the WEC and the 
momentum conditions for conventional sources of stress, like energy and momentum, 
that do not require large amounts of negative energy. The basis for his work is to 
assume that the shift vector components obey a kind of wave equation giving rise 
to a positive energy geometry. Fell and Heisenberg!? also addressed the WD as 
gravitational solitons and shed light on the Eulerian energies and their relation to 
the WEC, raising the possibility for superluminal spacetimes with viable amounts 
of energy density. 

Quarra?? established that within the scope of general relativity certain gravita- 
tional waveforms can result in geodesics that arrive at distant points earlier than 
light signals in flat spacetime, and presented an example waveform that can be used 
to manifest superluminal behavior. 

Santiago et al.?! 
ditions (NEC) and discussed how Eulerian observers are privileged, meaning that 
these observers may perceive positive energy densities causing the impression of 
viable WD. They also argue that for the WD to become a possibility it would re- 
quire that all timelike observers observe positive energy densities. They stated that 


claimed that generic WD metrics violate the null energy con- 


any WD spacetime will unavoidably violate the energy conditions. In a subsequent 
work?? they claimed that exotic spacetimes, such as the WD one will always violate 
energy conditions. T'hey also provided other examples of such spacetimes relating 
them to wormholes, tractor beams and stress beams. 

For a detailed discussion on the basics of WD theory, the reader is referred to 
Alcubierre and Lobo.?? For a nice exposition on WD theory one is referred to the 
lecture notes of the course given by Shoshany.?^ It is particularly noteworthy the 
recent results concerning the possibility of WD features in negative energy density 
distribution of an experimental Casimir cavity, results that open the striking 
possibility of ingenious experimental avenues on how to create the WD phenomena 
in a laboratory environment. 

In this work, we present a summary of the results we have recently obtained 
when solving the Einstein equations with the assumption of simple fluid distribu- 
tions embedded in the original Alcubierre WD spacetime geometry. New results such 
as the vacuum solutions connecting the WD to shock waves via the Burgers equa- 
tion are presented.?6 We used the perfect fluid energy-momentum tensor?” (EMT) 
which disclosed new exact solutions of the Einstein equations. We also demonstrated 
that starting with simple forms of mass and energy sources, vacuum solutions for 
the WD spacetime arise when we impose that the WEC is trivially satisfied by a 
choice of gauge on the shift vector and the spacetime coordinates.?" Further results 
of the Alcubierre WD metric endowed with a charged dust EMT that considers 
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an electromagnetic tensor in curved spacetime with the cosmological constant are 
mentioned.?5 Finally, adding the cosmological constant to the Einstein equations 
coupled with the Alcubierre WD spacetime having perfect fluid as a source has the 
effect of leading the energy density to possibly becoming positive depending on both 
the value and sign of the cosmological constant.?? 

'The paper is organized as follows. Section 2 reviews very brief the Alcubierre 
WD metric. Section 3 depicts the perfect and anisotropic fluid cases?" and Section 4 
discusses the relationship between the WD spacetime, vacuum solutions, and shock 
waves described by the Burgers equations.?6 Section 5 presents a discussion on the 
role of the cosmological constant in the Einstein equation solutions for the WD 
spacetime.?? Section 6 presents the conclusions. 


2. The Alcubierre Warp Drive Spacetime Metric 


Alcubierre originally used! the Arnowitt-Deser-Misner (ADM) approach of general 
relativity,^? a formalism where the spacetime is described by a foliation of space- 
like hypersurfaces of constant time coordinate. The general form of the WD metric 
in this formalism is described by the following equation, 


ds? = —dr? = gagda? da? 
a (o? E 6:8") dt? + 28; dz? dt + qij da da , (1) 


where dr is the lapse of proper time, a is the lapse function, 9^ is the space-like 
shift vector, and 7; is the spatial metric for the hypersurfaces. The Greek indices 
range from 0 to 3, whereas the Latin ones indicate the space-like hypersurfaces and 
range from 1 to 3. The lapse function a and the shift vector 6t are functions to be 
determined, 7; is a positive-definite metric on each of the space-like hypersurfaces, 
for all values of time, a feature that makes the spacetime globally hyperbolic. The 
lapse function dr is a measure of proper time between two adjacent hypersurfaces 
by observers moving along the normal direction to the hypersurfaces (Eulerian ob- 
servers). The shift vector is a tangent vector to the hypersurfaces that relates the 
spatial coordinate systems on different hypersurfaces. 

Alcubierre assumed the following ad hoc particular choices for the parameters 
of the general ADM metric,! 


a — 1, (2) 
B' = —vs(t)f [rs(¢)], (3) 
Pap =0, (4) 
Jij = 9; (5) 


Rewriting Eq. (1) with these definitions yields the Alcubierre WD spacetime metric 
below, 


ds? = — (1 — B?) dt? — B dz dt + dx? + dy? + dz’. (6) 
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3. Einstein Equations Solutions for Simple Fluids 


We to find solutions to the Einstein equations with the Alcubierre WD metric as 
the underlying geometry by coupling simple matter-energy distributions, namely 
the dust of particles, the perfect fluid and the anisotropic fluid with off-diagonal 
metric terms to see if those EMTs could lead to a viable WD bubble. 

Starting with incoherent fluid, or dust, vacuum solutions of the Einstein equa- 
tions for the WD metric (6) were recovered, which led to the connection of the WD 
with shock waves via Burgers equation. Vacuum solutions mean that all the en- 
ergy conditions are trivially satisfied, but the possibility of vacuum shock waves that 
could physically represent warp bubbles indicated that other known matter-energy 
distributions could result in more complex solutions of Einstein equations. Under 
this perception we proposed two other energy-momentum tensors, the perfect and 
^parametrized" fluids, where the latter is, in fact, an anisotropic fluid with heat 
flux.?" 

'The EMT for an anisotropic and dissipative fluid may be written by the following 
equation, 


TC = uu*u? + ph? + ug? + ubg + 0%, (7) 
where 
hag = Jap + Ua up (8) 
projects tensors onto hypersurfaces orthogonal to u^, u is the matter density, p is 
the fluid static pressure, q^ is the heat flux vector and 1%? is the viscous shear 
tensor. The world lines of the fluid elements are the integral curves of the four- 
velocity vector u“. The heat flux vector and the viscous shear tensor are transverse 
to the world lines, that is, 


qa u^ — 0, and Tap u^ — 0. (9) 


For simplicity we depicted the EMT of the anisotropic fluid in the following 
matrix form, 


u+8p -6D 0 0 
-6D A 0 0 

Tog A e m ols (10) 
0 0 0 œ 


where p, A, B and C are anisotropic static pressures, D is the momentum density 
parameter that represents the heat flux for this fluid, and p is the particles’ matter 
density. Notice that if we choose all pressures and momentum density as being 
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equal to the static pressure p we recover the perfect fluid form shown below, 


u+ Bp -6p 0 O0 


—Bp p 0 0 
Tas = 11 
0 0 p O0 d 
0 0 0 p 


'The EMT for a perfect fluid can be written in terms of the tensor notation as 
follows, 


Tog = (+p) uaug +P Iag , (12) 


where y is the matter density, p is the fluid static pressure, gag is the metric tensor 
and ua is the 4-velocity of an observer inside the fluid. Perfect fluids have no shear 
stress, rotation, heat conduction or viscosity. To recover the EMT for dust of par- 
ticles, we have to choose the static fluid pressure to be zero, and the matrix form 
for the dust is given by the following equation, 


which can be written in tensor notation as follows, 
Top = LUaue , (14) 


where u is the matter density represented by a scalar function of the spacetime 
coordinates, and u^ are the observers 4-velocity components. 

Table 1 lists the solutions of the Einstein equations for the anisotropic fluid 
defined by Eq. (10),?” where the two solutions subsets 1b and 2b are considered 
unphysical because the resulting EMT leads to the anisotropic static pressures A 
and D equal to zero, whereas B = C. The energy density in the Too component of 
the EMT is equal to zero, resulting in the following equation of state relating the 
matter density u, the shift vector @ and the static pressure p, 


u= fp. (15) 


We must point out that we made a notational change on the shift vector definition 
B! so that it has the negative sign of the original parameter defined by Alcubierre,! 
yielding the shift vector 8 used in here as being given as below, 


b = -B' -vw()[r.(t)]. (16) 


Finally, one should also notice that solutions 1b and 2b brought about the following 
Burgers equation in dissipative form, 

ð [08 10,4 
— |> +; = —64nB. 17 
5 [or 23:0) gan e) 
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Table 1. WD solutions of the Einstein equations with anisotropic fluid as source. 


A 
p= B(2D-A-p) +z 
B= p(t, y) 


2 
5) = 327C, 
y 


8 [908 18,45] _ 
Ox p aan 8 ] = —647B 


— solution dismissed as unphysical 
A 
B = p(t, z) 


B= -C = 


98M? _ 


in 1678(A — D) 


z2 


8 [908 18,45] _ 
Em E 35; 8 ] = —64r B 


— solution dismissed as unphysical 
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Perfect fluid solutions have equations of state given by the expression below,?? 


p-—p(u)-(v-Unu,; (18) 


where y = is a constant which for ordinary fluids can be approximated by 1 € y < 2. 
The incoherent matter, or dust, corresponds to y = 1, and radiation corresponds to 
y= 4. For solutions 1b and 2b in Table 1 it is clear that y is a function of the shift 
vector given by the following equation, 


1 


Notice that since the shift vector is a function of the warp velocity and it is also the 
regulating function, we are facing a problem with a discontinuity when £8 = 0 since 
outside the warp bubble the regulating function approaches to zero, but inside the 
warp bubble f(r,) = 1. So Eq. (19) takes the following form, 


1 


v2' 


y= (20) 
where vs = vs (t) is the warp bubble velocity. Solutions la and 2a shown in Table 1 
are very similar, except that for solution 1a the shift vector is a function of spacetime 
coordinates (t, y), whereas solution 2a is a function of (t, z) coordinates. However, 
in both of these cases, the shift vector may be a complex-valued function depending 
on the values of the static pressure C. For these solutions the equations of state 
relating the matter density u and the fluid pressures are identical and given by the 
following expression, 


n-£OD-A-p45. (21) 


The perfect fluid solutions listed in Table 2 are a special case of the anisotropic 
fluid if we chose all pressures to be equal to p. Table 3 presents the special dust case 
(p = 0), which leads to vacuum. 


4. Warp Drive and Shock Waves 


26,27 it was found an intrinsic relationship between the WD 


concept and shock waves via the Burgers equation arising from vacuum solutions of 


In previous studies 


Einstein equations for the Alcubierre WD metric. Such a result may mean that the 
warp bubble could be interpreted as shock waves in vacuum. In other words, the 
Burgers equation can be seen as a vacuum solution of Einstein equations connecting 
the Alcubierre WD metric to shock waves. 

In the case of the anisotropic fluid, we considered as unphysical the solution 
which led to a Burgers equation (17) because the parameter values resulted in 
an EMT with only two static pressures (diagonal terms) and no energy density. 
Nevertheless, for the perfect fluid and dust EMTs we found the Burgers equation 
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Table 2. WD solutions of the Einstein equations with perfect fluid as source. 


Table 3. WD solutions of the Einstein equations with dust source (leads to vacuum). 


in its viscous form describing a dissipative system with the right-hand side being a 


function of time coordinate only, according to the expression below, 


OB 10 


Bt + 25:07.) = h(t). (22) 
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Here h — h(t) is an arbitrary function to be determined by the boundary conditions. 
If h(t) = 0 Eq. (22) takes its homogeneous form describing a conservative system 
known as inviscid Burgers equation. 

'The Burgers or Bateman-Burgers, equation is a well-known partial differential 
equation that models several physical systems such as gas dynamics, traffic flows, 
and even stock market, since, for the latter application, it is connected to the sym- 
metries of the Black-Scholes equation. Its most notorious system description is, 
however, the phenomena arising from conservation laws and formation of shock 
waves, that is, discontinuities that appears after a finite time and then propagates 
in a regularly. The physics behind the field solutions of the Burgers equation can 
be seen as a current density. 

The WD is depicted by the shift vector 6 = vu,(t)f(rs), where vs is the bubble 
velocity, f(r.) is the regulating function of the warp bubble shape and the inviscid 
Burgers in Eq. (22) can be interpreted and representing a conservation law for this 
current density. Analyzing each term of Eq. (22), the first one on the L.h.s., 08/0t 
can be interpreted as a force per unit mass, i.e., the time derivative of momentum. 
'The second term on the l.h.s., 4 0(87)/dz, can be interpreted as the divergence of 
the total energy, which is entirely kinetic. Physically the result can be understood 
by considering the WD metric as conservation of both energy and momentum in the 
direction of the wave propagation. Calculating the divergence of the parametrized, 
or anisotropic, perfect fluid energy-momentum tensor, and demanding that it should 


be zero, one arrives at the following system,?" 
Tess 
re (224) =a 24) 
s+ OD A)=0, 25) 
oC 89 (D — 4) =0 26) 


'The perfect fluid zero divergence is recovered by letting 


p=A=B=C=D, (27) 
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hence, Eqs. (23) to (26) become, 


Ou Op OunY | 

aa ( Pe) <0, (28) 
Op Op Op - 
ra a (29) 


which means that the static pressure p of the perfect fluid does not depend on the 
spatial coordinates, and Eq. (28) reduces to the expression below, 


which is a continuity equation, p is the fluid density, and f is the flow velocity 
vector field. Notice that for constant density the fluid has an incompressible flow. 
Therefore, all partial derivatives of 8 in terms of the spatial coordinates vanish, 
and the flow velocity vector field has zero divergence, this being a classical fluid 
dynamics scenario. The local bubble volume expansion rate is zero, and the WD 
metric becomes the Minkowski metric in this scenario. 

If we want to find these results for the dust of particles as a particular case, we 
can see that the partial time derivative of the matter-density is zero and we have 


op 

"ac =0, (31) 
which is immediately satisfied since the matter density is zero for the dust EMT 
and the Einstein equations solution for the WD is the vacuum one. This is also true 
for the sets of solutions 1b and 2b found for the perfect fluid, as shown in Table 2. 
This result for the vacuum solutions of the Einstein equations with the WD metric 
as a background suggests that the necessary energy to create the associate shock 
wave is purely geometrical. It is interesting evidence that the WD metric can be 
understood as a spacetime motion equivalent to a shock wave moving in a fluid, 
where spacetime itself plays the role of the fluid. 

Considering all these results one can speculate about vacuum energy, quantum 
fluctuations and dark matter as fuel for the feasibility of the warp bubble, but one 
has to overcome possible difficulties caused by the event horizon of the bubble that 
would require particles with imaginary mass like tachyons.?! 


5. The Cosmological Constant 


Bearing in mind the results above led to the next step of adding the cosmological 
constant in the Einstein equation to seek solutions for Alcubierre WD spacetime 
geometry.?? The motivation came from Eq. (19) in the original Alcubierre work,! 
which was obtained by applying the WEC considering Eulerian observers, contract- 
ing the EMT and writing the final expression Guy = KTv in the Einstein equation, 
whose result reads as follows, 


T vip? ( df \” 
Ta uis = 0° T” = G” = = (+) . (32) 
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Here u^ and u, are respectively the contravariant and covariant components of the 
four-vector velocity of the Eulerian observers given by 


w^ = ia, 62, 6°) ? Up = —(a, 0,0,0), (33) 


where o is the lapse time between the constant hypersurfaces of the ADM-formalism 
and f are the three-components of the shift vector B. Using the original parameters 
from the 3+ 1-formalism, its general metric and the chosen chart of coordinates we 
can write Eq. (32) as below, 


noe - 4) « (2) | (34) 


'The above expression is clearly a non-positive term everywhere, violating the 
WEC in a nontrivial way. We then showed that if we begin with simple energy and 
momentum sources and impose Eq. (34) to be as identically zero we arrive at vac- 
uum solutions for the WD spacetime.?9:?" However, if we include the cosmological 
constant in the Einstein equations the expression (34) is changed, yielding, 


2 2 
(im) +(e) | os 
Oy Oz 

For positive and large enough values of the cosmological constant, it may be possible 
to construct a WD that does not violate the WEC, because the original negative 
mass-energy density necessary to create the warp bubble could become positive. 

The solutions for the WD metric which include the cosmological constant in the 
29 are presented in Table 4. Cases 1b and 2b are just the vacuum 
solutions connecting the WD spacetime to shock waves via the Burgers equations, 
and they also require a vanishing cosmological constant, since both the static fluid 
pressure (p) and the matter density (u) also vanish. The other two solutions subsets 
la and 2a are also similar to the equally labeled ones in Table 2, but now they include 
the cosmological constant and the solutions are no longer required to be complex if 
the following conditions are satisfied, 


1 
Tag u^uP = A-— = 
B uu A 


Einstein equations 


A—8rp>0, (36) 
A—8nzp 720. (37) 


Taking all these results into account imply that creating a warp bubble for 
superluminal travel of massive particles seem to require more complex forms of 
matter than the dust for stable solutions, and that the requirement of negative mass- 
energy may not be as strict as originally thought for superluminal spacetime travel 
with warp speeds. The shift vector in the direction of the warp bubble movement 
creates a coupling in Einstein equations that requires the off-diagonal source terms 
in the energy-momentum tensor that represent momentum densities. 
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Previous authors investigated the WD theory from the geometrical point of 


view? 10-12 and came up with other types of WD mechnics, but it now seems 
clear that it is also necessary to consider both the energy and momentum tensors 


to propose a superluminal propelling system in the WD theory. 


Table 4. WD solutions of the Einstein equations with A and perfect fluid. 


Null divergence is trivially satisfied 
This is the solution found in Ref.?° 


(8°) = h(t) 
Null divergence is trivially satisfied 
This is the solution found in Ref.?° 
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6. Conclusions 


In this work, we described new exact solutions of the Einstein equations endowed 
with the Alcubierre warp drive (WD) spacetime geometry having simple energy- 
momentum tensor (EMT) distributions of matter and energy. The incoherent mat- 
ter, or dust, the simplest fluid source EMT used with the WD metric, led to vacuum 
solutions and the weak energy condition being satisfied with null energy density. In 
addition, we showed that the dynamics of the vacuum WD spacetime are governed 
by the Burgers equation, which links the WD bubble to shock waves.?° Both the 
perfect fluid EMT and an anisotropic fluid recover the Burgers equation as vac- 
uum solutions, but some of these new sets of solutions were considered unphysical, 
and others showed that the shift vector can be a complex-valued function.?" The 
Einstein equations with the cosmological constant were used with the WD metric 
having the perfect fluid as the source, whose results showed that if the cosmological 
constant is big enough it would be possible to attain positive energy density for the 
WD spacetime.?? This result is in line with recent research activity in WD theory by 
other authors, who provide examples of different WD spacetimes geometries," 19 
which suggests that it may be possible to create warp bubbles with positive energy 
densities. 
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In this work the geometrical methods and symmetry principles in gravitation are explored 
motivating a new perspective into the spacetime paradigm. The effects of post-Riemann 
spacetime geometries with torsion are briefly studied in applications to fundamental 
fermionic and bosonic fields, cosmology and gravitational waves. The physical implica- 
tions and related phenomenological considerations are addressed, and the fundamental 
ideas related to spacetime physics, motivated by geometrical methods and symmetry 
principles, are also briefly discussed in the context of the possible routes towards a new 
spacetime paradigm in gravitation and unified field theories 
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1. Introduction 


The success of Einstein's General Theory of Relativity (GR) to describe the grav- 
itational interaction is quite remarkable. GR has passed all tests performed so far: 
Solar System observations and binary pulsars,! stellar orbits around the central 
galactic black hole,? gravitational waves (GWs) from coalescing compact objects 
(black holes and neutron stars),?? or the indirect observation of the black hole 
horizon with the Event Horizon Telescope," among others. At the same time, GR 
provides us with the observationally valid framework for the standard cosmolog- 
ical paradigm when supplemented with the (cold) dark matter and dark energy 
hypothesis.® 

Soon after GR theory, Weyl (1918) introduced the notion of gauge transforma- 
tions, in an attempt to unify gravity and electromagnetism.? By extending the Local 
Lorentz group to include scale transformations (dilatations) he was led to assume 
what we call a Riemann-Weyl spacetime geometry, a post-Riemann geometry with 
(the trace-vector part of) non-metricity beyond curvature. The theory was then 
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abandoned and Weyl (1929) clarified that the electromagnetic field is intimately 
related to local internal symmetries, under the U(1) group that act on the 4-spinor 
fields of charged matter.!? In the mid 1950's Yang (1954) and Mills (1954)!! fur- 
ther explored the notion of gauge symmetries in field theories going beyond the 
U (1) group to include non-abelian Lie groups (SU (2)), in order to address nuclear 
physics, while Utiyama (1956)!? extended the gauge principle to all semi-simple Lie 
groups including the Lorentz group. The gauge principle is based on the localization 
of the rigid, global symmetry group of a field theory, introducing a new interaction 
described by the gauge potential. The latter is a compensating field that makes it 
possible for the matter Lagrangian to be locally invariant under the symmetry group 
and is included in the covariant derivative of the theory. There is a clear geometrical 
interpretation of the gauge potential as the connection of the fiber bundle, which is 
the manifold obtained from the base spacetime manifold and the set of all fibers. 
These are attached at each spacetime point and are the (vector, tensor or spinor) 
spaces of representation of the local symmetries. In the geometrical interpretation, 
the imposition of local symmetries implies that the geometry of the fiber bundle is 
non-Euclidean, and the gauge field strengths are the curvatures of such a manifold. 

The gauge formulation of gravity was resumed through the works of Kibble 
(1961)!? and Sciama!^ (1964), who gauged the (rigid) Poincaré group of Minkowski 
spacetime symmetries. This can be viewed as the starting point of a self-consistent 
gauge theory of gravity. They arrived at what is now known as a Riemann-Cartan 
(RC) geometry, and to the corresponding Einstein-Cartan-Sciama-Kibble (ECSK) 
gravity, with non-vanishing torsion and curvature. This is a natural extension of 
GR, which is able to successfully incorporate the intrinsic spin of fermions as a 
source of gravity, while passing all weak-field limit tests. The theory has no free 
parameters but introduces a new scale given by Cartan's density, which yields many 
relevant applications in cosmology and astrophysics.!? ?? The ECSK is the simplest 
of all Poincaré gauge theories of gravity (PGTG) in RC spacetime. Beyond the 
Poincaré group we have, for instance, the Weyl and the conformal groups, which 
live on a subset of a general metric-affine geometry, with non-vanishing curvature, 
torsion and non-metricity (for a detailed analysis and reviews on several topics 
of the gauge approach to gravity see the remarkable works in?4^?6) 
the gauge symmetry group of gravity, one is naturally led to extend the spacetime 


. By extending 


geometry paradigm as well. 

Just as quantum field theories of the standard model are gauge theories with 
(local) internal symmetries, similarly, classical theories of gravity can indeed be 
formulated as gauge theories, leading to non-Euclidean geometries. Therefore, the 
gauge principle (with its geometrical methods) is a convenient formalism in order 
to address the possible avenues towards unified field theories of matter, gravity and 
spacetime geometry. The spacetime paradigm changes when we extend the gauge 
group of gravity and the history of Physics have shown that changing the funda- 
mental ideas about space and time is at the basis of major breakthroughs. Gauge 
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methods in gravity and post- Riemann geometries deserve further developments with 
potential applications in astrophysical and cosmological scenarios with very strong 
gravitational fields. Above all, they are a vital part of the effort to understand the 
nature of spacetime and gravitation. 

In this paper we review the fundamental geometrical objects and its relation 
to spacetime symmetries in the gauge formulation of gravity, and consider specific 
applications. We will consider the structure of gauge theories of gravity and have 
a special focus on PGTG, in particular we will consider some of its predictions 
and implications including interactions with fermions and bosons, cosmological and 
gravitational wave applications. 


2. The gauge approach to gravity 


'The gauge approach to the gravitational interaction is based on the localization 
of the global (rigid) spacetime symmetries of the matter field Lagrangian, under 
a certain group of spacetime coordinate transformations. In this procedure, the 
gauge potentials, the field strengths and the Noether currents are clearly identified. 
'The gauge potentials are then interpreted as the geometrical degrees of freedom 
representing the gravitational interaction, while the corresponding field strengths 
correspond to well identified objects from differential geometry such as curvature, 
torsion or non-metricity. The Noether currents associated to the spacetime sym- 
metries represent the sources of the gravitational field and provide also valuable 
information on the physical properties of matter that couple to gravity, clarifying 
the appropriate test matter for the probing of spacetime geometry. One of the main 
lessons from the gauge approach to gravity is the fact that the requirement of lo- 
cal, non-rigid symmetries in a matter field theory under spacetime transformations, 
leads naturally to non-rigid spacetime geometries, meaning general non-Euclidean 
geometries with curvature, torsion and non-metricity. 


2.1. From symmetries to spacetime geometry 


The gauge approach to gravity broadens our study of the deep relation between 
symmetry principles (group theory) and geometrical methods. In this framework, 
the Metric-Affine Gravity (MAG) formalism,?’ where the metric and the affine 
connection are both independent degrees of freedom, becomes clearly formulated. In 
fact, the MAG approach includes a general (metric-affine) geometry with curvature, 
torsion and non-metricity, that arises naturally from the localization (gauging) of the 
Affine group A(4,R) and taking into consideration also a metric structure (although 
the metric structure can be considered not to be “fundamental” in the so-called pre- 
metric approaches to field theories). 

The Affine group A(4j) is the (semi-direct) product of the group of 4- 
translations T(4) with the “General Linear group" GL(4,8). The gauge potentials 
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of T(4) are the vector valued 1-form tetrads (or covector frames) 
0* = 0° da", (1) 


where {dx°, dx! , dx?, dz?) is the holonomic co-vector frame basis, with the vector 
valued 2-form torsion as the field strength 


T" = D0* = de --T*, ^ 6, (2) 


while the gauge potentials of GL(4,9t) are the 2-tensor valued linear connection 
1-form fields 


m= I^, dz", (3) 


and the corresponding field strength is the curvature, 2-tensor valued 2-form, given 
by 


R^, = dl, + I ^ I*,. (4) 


In these expressions D is the (gauge) covariant exterior derivative, d is the exterior 
derivative, a kind of curl operator that raises the degree of any p-form, ^ is the 
wedge product. The torsion 2-form has 4 x 6 = 24 independent components 


om = 201,0", + 2" 8 2 (5) 
while the curvature 2-form has 16 x 6 — 96 independent components 


Bw = 2u olr] + 2I aut p] (6) 


'The presence of the linear connection, which is the gauge potential associated to 
curvature, in the last term of the expression for the torsion in (2) is of high impor- 
tance in the context of the Poincaré gauge gravity and MAG, as will be discussed. 
In MAG the Noether currents (the sources of gravity) are the canonical energy- 
momentum (related to T(4)) and the hyper-momentum (related to GL(4,&)) which 
includes a spin part Sab, a term related to dilatations and another connected to 
shear type of “deformations” Aap. The hypermomentum can then be decomposed 
according to 


1 z 
Aab = Sab + 1904. + Aab , (7) 


including the spin Sab = — Sba, the dilatation A^., and the shear Aab currents. The 
Noether currents are not only the fundamental sources of gravity in MAG, but 
also represent the physical properties of the appropriate test matter to probe the 
spacetime geometry. 

We can also introduce the Lorentzian metric as the (0,2) tensor g = gabh! c» 0^, 
where a,b — 0,1,2,3 are anholonomic indices, which is the metric (with constant 
components) of the tangent space, while the spacetime metric g,, gives the inner 
products g(u, v) = gogu*v? = uav? and is given by guy = 0* 0", gas. Therefore, the 
spacetime metric can be seen as the deformation of the Lorentzian (tangent space) 
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metric according to guy = Q% ,, gab, with Q% = 6",0^, being a deformation 
tensor. 

Besides the linear co-frame (tetrads) and the linear connection, the 0-form metric 
Jab can then be introduced as a kind of potential and the corresponding field strength 
is the tensor valued 1-form Qab = Qa, dx", given by 


Qab — Dgab = dgab + r^ ^ Geb RD r, ^ Jac = 20 (ab); (8) 


with 10 x 4 = 40 independent components Qabu. This field strength corresponds to 
the non-metricity tensor valued 1-form and one concludes that if the connection is 
non-Lorentzian (I^^ Æ —TI**), then the non-metricity is non-vanishing. The linear 
connection 1-form can be decomposed according to 


1 
Tap = Tap + Nab = Tap T Niab) =P 3 eat ; (9) 


where [s is the Levi-Civita part of the connection and AN", is the so-called distor- 
tion 1-form characterizing the post- Riemannian geometries. In particular, one finds 
that Qab = 2Nqp) and T^ = N% ^ 0^. In the most general case, the connection is 
non-Lorentzian (which implies the presence of non-metricity in the spacetime ge- 
ometry) and is linked to gauge symmetry groups that extend the Poincaré group, 
leading therefore to the breaking of Lorentz invariance and to the physics beyond 
the standard model. If one restricts the symmetry group to the case of PGTG, then 
the linear connection is Lorentzian (a spin connection) and the hypermomentum is 
restricted to the spin current. Therefore the presence of non-metricity is related to 
the breaking of Lorentz invariance, non-Lorentzian connections and hypermomen- 
tum with non-trivial currents beyond the spin part. 


2.2. Metric-Affine gravity revisited 


Let us now summarize the fundamental structures of spacetime and their relation to 
symmetry groups. We have the fundamental 1-forms, the linear co-frame 0^ and the 
linear connection I'",, which are the potentials for the 4-dimensional translations 
T(4) and the general linear GL(4, R) groups, respectively. The corresponding field 
strengths correspond to well known objects from differential geometry, namely, the 
torsion T^ = D6* = d0" -- T^, A0" and curvature R*, = dT^, +r? AT*, 2-forms, re- 
spectively. The metric is introduced as the 0-form potential with the corresponding 
field strength being the non-metricity 1-form Qab = Dga»v. The linear frame estab- 
lishes a link between the (symmetries on the) local tangent fibers and the spacetime 
manifold, while the linear connection can be viewed as a guidance field reflecting the 
inertial character for matter fields propagating on the spacetime manifold. Finally, 
the metric allows the determination of spatial and temporal distances and angles. 
'The spacetime geometry with all these structures is called a metric-affine geome- 
try, with non-vanishing torsion, curvature and non-metricity, and its fundamental 
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local group of spacetime symmetries is the affine group A(4, R) = T(4) x GL(A, R). 
As one can see from the expressions for the field strengths, torsion and curvature, 
in (2) and (4), respectively, the connection potential also enters in the expression 
for the field strength of the co-frame potential. This term is unavoidably present 
and is due to the semi-direct product? structure of the Poincaré group (or the affine 
group) and, therefore, curvature and torsion are somehow intertwined. 

In the self-consistent metric-affine formalism, the gravitational interaction is 
described as a gauge theory of the affine group A(4, R), together with the assumption 
of a metric, with the potentials (0^, 4^) coupled to the corresponding Noether 
currents (T^, A^,). The latter are the vector-valued canonical energy-momentum 
T° = dL mat/d0q and the tensor-valued hypermomentum A% = Lmat/ oL? 3-form 
currents, respectively, while the metric gap couples to the symmetric (Hilbert) 
energy momentum Tz = 26Lnat/dg”. 

A truly independent connection in MAG can be written as 


1 1 
re = piel 4 10 T5 4 (peo E Um.) (10) 


[ab], 


1 
including the Lorentzian piece T the trace part 19° T. and the shear part 


r) — L The Lorentzian connection couples to the spin current and the 
trace and shear parts couple to the dilatation and shear currents, respectively. As 
previously said it is the non-Lorentzian part of the connection that imply the non- 
vanishing of non-metricity, therefore, the dilatation and shear hypermomentum cur- 
rents are intimately related to the non-metricity of metric affine spacetime geometry. 

The variational principle is applied to the action of this theory (including the 
gravitational part and the matter Lagrangian) by varying it with respect to the 
gauge potentials of the affine group, (0*, ^^). This leads to two sets of dynamical 
equations, while a third set of equations is obtained by varying the action with 
respect to the metric potential ga». At the end, the dynamics is described only via 
two sets of equations, since the gravitational equation obtained by varying with 
respect to the metric potential or the one obtained by variation with respect to 
the translational potential can be dropped out, as long as the other gravitational 
equation derived from variation with respect to the linear connection is fulfilled (for 
details we recommend the reader to see??). This procedure and the fundamental 
quantities and relations here exposed summarizes the basics of the MAG formalism. 


“The semi direct product implies that the generators of T(4) and GL(4, R) (or SO(1,3)) do not 
commute. 

bThese currents can be represented as 1-forms or as 3-forms. In fact, in the gauge approach 
to gravity they emerge naturally from Noether equations as 3-forms, being natural objects for 
integration over volumes. As 1-forms one can write 7^ = rdx” and A^, = At dat. 
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2.3. Poincaré gauge theories and its extensions 


'The description of the gravitational interaction as a gauge theory opens the door 
for its inclusion in unifying gauge field theories. Indeed, the analogies with gauge 
Yang-Mills theories can be easily established, (see?5). Particularly relevant is of 
course the PGTG that constitutes a valid and quite promising class of models for 
an appropriate description of classical gravity including post-Einstein strong gravity 
predictions. The PGTG arises from restricting the symmetry group to the Poincaré 
group P(1,3) = T(4) x SO(1,3), and this leads directly to RC spacetime geometry. 
If only the translational part is taken as symmetry group, one gets the translational 
gauge theories (TGTG) that include non-vanishing torsion but zero curvature and 
non-metricity, while both Weyl(-Cartan) gauge gravity (WGTG) and conformal 
gauge gravity (CGTG) include curvature, torsion and non-metricity. For the 15- 
parametric conformal group C(1,3) a generalization of Kibble's gauge procedure 
is required, since although locally C(1,3) is isomorphic to SO(2, 4) its realization 
in M4 (Minkowski spacetime) is non-linear.?? The PGTG can further be extended 
into the de Sitter or anti-de Sitter (A)dS gauge theories of gravity by localizing 
the SO(1,4) or SO(2,3) groups, respectively. Another important class of exten- 
sions requires going beyond the Lie algebra (by considering also anticommutators), 
in order to arrive at the super-Poincaré group?" proper supersymmetry (SUSY) 
transformations between fermions and bosons. The gauging of these (and other) 
super-algebras lead directly supergravity (SUGRA), that need to take into account 
post-Riemannian spacetime geometries. 

In PGTG the tetrads and the spin connection 1-forms are the gauge potentials, 
associated with translations, T(4), and Lorentz rotations, SO(1,3), respectively. 
Torsion and the curvature 2-forms are the respective field strengths. There are 6 
generators in the Lorentz group with the corresponding potentials (T°? = —I°*) 
and 6 Noether (spin) currents (s^^ = —5*"*). Analogously, there are 4 generators 
in the group of spacetime translations, which entail 4 gauge potentials 0^ and 
4 conserved Noether (canonical energy-momentum) currents 7^. By constructing 
the gravitational Lagrangian with the curvature and torsion invariants, the po- 
tentials are coupled to the Noether currents via 24 + 16 = 40 second order field 
equations. Let us briefly summarize the PGTG formalism. We consider a physical 
system, represented by the matter fields Lagrangian Lm = Lim(gav, 0°, DV). The 
covariant derivative with respect to the Riemann-Cartan connection DW allows the 
Lagrangian to be invariant under local Poincaré spacetime transformations. The 
canonical energy-momentum tensor density (equivalent to the dynamical tetrad 
energy-momentum density Ta = 0£/60%) and the canonical spin density (equiv- 
alent to the dynamical spin density Sab = 6£m/6r'%) couple to the gravitational 
potentials, acting as sources of gravity and obey generalized conservation equations. 
The gravity sector in the action is constructed with the gauge-invariant gravitational 
field strengths in the kinetic part associated with the dynamics of the gravitational 
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degrees of freedom. The total Lagrangian density thus reads 
L = La (Jab, 0^, T^, R®) + £o (gap, 0*, DW) . (11) 


By varying this action with respect to the gauge fields of gravity (0%, Tè) and the 
matter fields V, we get the corresponding field equations. 


2.4. Applications in PGTG 


Without going into details we will briefly mention here some results from simple 
applications of PGTG, namely in the case of the ECSK theory with fermions and 
(s — 1) bosons and some of its extensions. The reader can find details in the 
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2.4.1. Einstein- Cartan- Dirac- Maxwell dynamics 


Considering in the ECSK action 


1 
SEC = 2d d*z/—gR(T) + | dva. (12) 
the matter Lagrangian 
Lm =Lp + £M FJ Am (13) 


where £p and £,, are the Lagrangians for a Dirac spinor field and a bosonic (s = 1) 
field minimaly coupled to the spacetime torsion, respectively, and the Ricci scalar 
is computed from the connection of RC spacetime geometry, the full dynamics for 
the matter and geometrical degrees of freedom can be derived. This results in the 
non-linear dynamics in the matter sector with both the non-linearities and non- 
minimal couplings between fermions and bosons induced by torsion, and in the 
generalized Einstein and Cartan equations for the metric and torsion/contorsion 
variables. For example, varying the Dirac Lagrangian minimally coupled to torsion? 
(in these expressions all tilde quantities correspond to the case of pseudo-Riemann 
geometry) 


. ih E 
Lpirac = Lpirac a T Kash y, (14) 
and the bosonic Lagrangian minimally coupled to torsion, 
LMax = É wes +X (OMA Ay s Rom) Ax, (15) 


with respect to the corresponding spinor and vector fields, and substituting the 
torsion as a function of the matter fields (Cartan equations), one obtains the gen- 
eralized Dirac and Maxwell dynamics 


iy" DV + (qy^ A, — m) v = FAG Pd) wre + o^ CA) (vy? Y) v 
+B(A, Fy , (16) 


A 


*We consider the torsion tensor as Tap = Tiag 


21(,5,) = Truv  2T(,)^. 


1 and the contortion given by K* uv = T^i — 
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and 
V, EP" — AG" +’), (17) 


where 


ore’ M orcerr 
J= M V s: M 1 
OA, |" aS) 


with Cw" the correction term to the usual Maxwell Lagrangian in (15), and we 
have defined 


367k? — Aka? 


A)= A? 
pas E 4, 
a?*(A) E —AKtR AS AF, 
~ Ak?h ~ 
B>(A, F) = — € Aafa] ^ (18) 


Due to the presence of the cubic terms, this Dirac equation changes under the 
actions of C (charge conjugation) transformations, resulting in a different dynamics 
for anti-fermions. This dynamics breaks the U(1) symmetry explicitly and might be 
relevant in the very early Universe. These non-linear dynamics in the matter fields 
can be simplified for cases where certain approximations are valid as in cosmological 
applications for homogeneous fields and random spin distributions. 


2.4.2. Cosmological applications 


The application of this theory, the Einstein-Cartan-Dirac model coupled to (s — 1) 
bosons with explicit U(1) symmetry breaking, to homogeneous and isotropic cos- 
mologies leads to the dynamics of the scale factor given by the generalized Einstein 
equations (assuming the FLRW metric and isotropic pressure) 


E == (orum È (19) 


-- E ppp) + (p+), (20) 


where dots over functions represent time derivatives. Effective densities can be de- 
fined p° = p+ p°, with the corrections to GR, p*?'* = p° + p*-^ + p^, corre- 
sponding to the spin-spin interaction energy, the non-minimal interactions between 
fermionic spin and the bosonic four-potential, and self-interactions in the bosonic 
sector, respectively and the same apply to the pressure contributions. Different fam- 
ilies of solutions can be derived for the dynamics of the scale factor including cyclic 
models with early bounce, early acceleration, deceleration and late-bounce, and also 
cases with early bounce, early acceleration, deceleration and late-time acceleration. 
Some of these are illustrated in the figures 1 and 2. 


ala: 
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Fig. 1. Evolution of the Hubble parameter H(a) with the scale factor a/ag for the ECDM model 
without (ECSK model, top) and with (bottom) the non-minimal couplings in the matter fields 
induced by torsion. These corrections to the effective energy density p574 ~ p?f (A) ~ a* give 


raise to late-time effects, whereas p? ~ —K?8? is the spin-spin interaction term that is responsible 


for the non-singular behaviour in the early Universe. The plot on the bottom shows a typical 
solution with a future bounce, a non-singular behaviour at the minimum of the scale factor, and 
a period of early accelerated expansion. 


2.4.3. Gravitational waves in Riemann-Cartan spacetime 


By considering the quadratic models in PGTG, where the Lagrangian is quadratic in 
the curvature and torsion, one obtains two sets of field equations for the metric and 
the contorsion, (or equivalently for the tetrads and the spin connection), where both 
fields are dynamically coupled and propagate in vacuum. Gravitational waves with 
torsion modes coupled to the metric modes are then expected and the possibility of 
measuring these effects with GW astronomy is a relevant open question. 

In cosmological backgrounds, one possible parametrization for GW, encompass- 
ing a wide class of metric theories of gravity, is provided in the following wave 
equation 


hi, + (2-- vyHh;; + (2k? + m2a?)hi; = fli. (21) 


In this equation the parameters (v, Cg, Mg) and the source term represent deviations 
from GR and the derivatives are taken with respect to conformal time. The param- 
eter v represents an additional “friction” term, affecting the decay induced by the 
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Fig. 2. On the top figure we can see the cyclic behaviour of ECDM model explicitly, with the 
two branches in H(a) = +y p°f (a) — k/a? smoothly joined together at the bounces. A period of 
early accelerated expansion is followed by decelerated expansion, bounce and accelerated contrac- 
tion, decelerated contraction and again the bounce at the minimum of the scale factor, with the 
repetition of the cosmological cycle. On the bottom we have the relevant case where a late-time 
accelerated phase is also present. 


cosmological expansion. The effect of a propagation speed different than the speed 
of light is represented by cg, while mg stands for an effective mass for the graviton 
(s = 2) field. In GR v = 0, cg = 1 and m, = 0 and the right-hand side of (21) is 
equal to zero. The tensor IL; represents an extra “source” term due to additional 
propagating tensor fields. 

In the PGTG, the situation is generalized to include in the dynamics another 
set of equations. Through the variational principle, the two sets of field equations 
corresponding to the dynamics of the two gravitational potentials (05. 4), can also 
be expressed in terms of the equivalent set of dynamical variables (go, 3, K$). Since 
in quadratic PGTG models the torsion in general propagates, the contorsion is an 
extra propagating tensor field with respect to GR and therefore, the wave equation 
for the metric in the first-order perturbation theory in cosmological backgrounds 
will have a term as IL; in (21) due to the propagating torsion (or contorsion) tensor 
degrees of freedom. 

One simple approach for the study of GW with torsion modes is to consider the 
linear perturbation theory in RC spacetime. The background spacetime in general 


o 


is assumed to have the following metric and connection (gj, Pg): The perturbed 
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quantities are 


guv = Gv + huv, I55 = I'55 + WB) (22) 


where the perturbations hy, = óg,, and 45 = Tg, are assumed to be small. 
The RC connection is given by I5, = Dee + K%,,, expression also valid at the 
background level. It can be shown that the perturbation in the connection includes 
a perturbation in contorsion and another part related to the background metric 
and metric perturbation. In summary, the relevant quantities in this perturbative 
approach can be chosen to be 


Juv = Juv huv, Kg = K35 + KB: (23) 


From this the generalized curvature tensor, Ricci tensor and Ricci scalar of the 
linearly perturbed RC spacetime geometry are given by 


= Pr OL = a Pra À "Oa À 
3 71V Kbi) + 2V [wh bj] + IC, — KiK by 


Bye 
o DEN 9X 
TÉ Au t? E pm T Kiu K Bv -— Ke Bas (24) 
Ra, = Rg, + 2Viok Be + Vo yt KS, R5, — KiK ha 
TÉ3 Aa Bv -— CURA Ba tK BO TZR B Kias (25) 
and 
R= R- ay & Xa uu OV + g?"( & does. -Rh aS) 
+9°"( Zaku E AR ge) T 99" (KSK? p Bo s (26) 
respectively. 


For a torsionless background and at first order in the metric and connection 
perturbations, we get 


Spy = = R% n 2V [pk Bly] (27) 
Rev = Rev + 2V aks (28) 

and 
R= R-2V«%,, (29) 


respectively. These quantities are useful to derive the GW equations for PGTG in 
the linear perturbation framework. As an example and without going into details, 
by choosing the quadratic model given by?9 


1 1 
S a v aß Av 
£m 2. (R - 2aT% T”) — ar suas tLm, (30) 
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where a and A are free parameters, one can derive the following coupled wave 
equations 


I5 = 7 
z ( Os hay + 20,0 V 1) + 37" " Kop] + Otay] = 0, (31) 
—Ohi = 2ATT, (32) 
with Kg = Kgg, O = ða, we choose a = 1 and define lo = &?/A, hij is the 


metric perturbation in the TT Lorentz gauge, 7” is the Minkowski metric, ô% is 
the Kronecker symbol and 


Apv = foku) — NuvOdk. (33) 
In principle one can apply Greens functions methods to get 


TT z 
hut) f ey tL m? 
Iz — gl 

'This reinforces the notion that metric and torsion perturbations can be intercon- 

vertible. Moreover, the equation (32) can be used to replace in (31) to obtain a 
second order partial diferential equation for the torsion modes 

2 

E (729. + 20,07, 1) + 3" kapr + B] = 0, (35) 


with all quantities calculated in the TT gauge. Now, taking into account the RC cur- 
vature tensor in (24) for a RC background and in (27) for a torsionless background 
(to first order), respectively, one expects generalizations to the geodesic deviation 
equations. This implies a generalization to the GR effects of the propagating GW in 
test-masses. For example, in Minkowski backgrounds, useful to compute the weak, 
linearised GW effects in detectors, we have 


(34) 


Rap = Rapu + 20 Kag|y]; (36) 


and using the TT gauge, the non-zero components of the Riemann part of the RC 
curvature are given by 


a Tis 
Riojo = -3hi (37) 


If we take the corresponig components in (36), 
d 
Ri piv = — 5 higd36, + 20; Kig|y], (38) 


where ôg are defined as Kronecker symbols, and we see explicit extra terms due to 
the presence of the propagating contorsion perturbation. 

The FRWL torsionless background geometry can be taken to illustrate the ef- 
fects of torsion GW modes propagating over cosmological distances. For simplicity 
the spatially flat FRWL metric background can be taken. In a more general ap- 
proach the perturbed versions of the field equations would be computed over a RC 
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backgroud geometry with a FRWL metric and a background contorion obeying the 
cosmological principle. Notice also that in curved backgrounds, terms such as R2, 
Rk and RV« would also apear in the field equations, therefore, a far more richer 
phenomenology is expected than the one derived from a flat, Minkowski, torsionless 
background. In principle, it should be possible to obtain a set of two wave equa- 
tions in cosmological backgrounds, similar to and generalizing the expression in 
(21). From such equations, the general beyond-GR effects can be recognized in the 
amplitudes, dispersion relation and due to the presence of extra degrees of freedom 
(for example contorsion d.o.f.). Then these direct consequences can be applied for 
the general expressions for the GW forms (in the weak source limit) due to binaries, 
in order to encompass the effects of a propagation over cosmological distances. We 
will not perform such procedure here, but emphasize the relevance of it in order to 
search for signatures of propagating torsion modes in the GW signals. 


3. Probing post-Riemann geometries 


It is known that torsion can give rise to precession effects in systems with intrinsic 
spin, for example, elementary particles such as the electron, or baryons such as the 
neutron.** 36 Moreover, as we will see, torsion effects on the dynamics and energy 
levels of spinors are expected. Also, the spin-spin contact interactions of the ECSK 
theory, or the propagating spin-spin interactions mediated by gravitational gauge 
(s = 0,1,2) bosons of quadratic PGTG might be tested/constrained in laboratory 
experiments and cosmological GW probes. 

Regarding non-metricity, the gauge approach to gravity clearly shows that the 
hypermomentum currents, such as the dilatations or the shear currents, couple to 
the trace and shear parts of the connection (10), respectively and therefore to non- 
metricity. If torsion can be measured by the spin precession of test matter with 
intrinsic spin, then the non-metricity of spacetime can be measured by pulsations 
(mass quadrupole excitations) of test matter with (non-trivial) hypermomentum 
currents. In order to be “sensitive” to non-Riemann geometries, test matter should 
carry dilatation, shear, or spin currents, whether macroscopic or at the level of 
fundamental fields/particles. From the gauge approach to gravity one conclusion is 
very clear: if matter has neither (intrinsic) spin, nor dilatation/shear currents, then 
it follows the Riemannian (extremal length) geodesics, regardless of the geometry 
of spacetime or of the form of the Lagrangian in metric-affine geometry. 


3.1. Effects on fundamental fermionic systems 


From the Dirac Lagrangian of a fermion minimally coupled to the background RC 
geometry, one can predict torsion effects on the energy levels of quantum systems.?” 
Similarly, if non-minimal couplings between the torsion trace vector and Dirac axial 
vector and/or between torsion axial vector and Dirac vector are present, then the 


parity symmetry is broken and the corresponding energy level corrections due to 
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torsion will contain the signatures of those parity breaking interactions. Therefore, 
tests with advanced spectrographs might be able to probe torsion effects on quantum 
systems. Without going into details, we present here some simple results concerning 
predicted effects on the energy levels of fermionic spinors coupled to background 
torsion quantities, for cases of minimal and non-minimal couplings (including parity 
breaking effects).?" 

For the minimal coupling case, which can be expressed by the Lagrangian 


Épirac = ĈDirac t 3T^ i, (39) 
where 
A Br a5 
v= Put yew (40) 
is the Dirac axial spin vector current and 
` 1 
A a 
T = 56 PTT as (41) 
is the axial vector part of torsion, we obtain the Dirac equation, 
l ~ 3h v 
iy" Dp — mp = —— T^yy y, (42) 


for spinors. From this, energy level corrections due to torsion can be derived, de- 
pending on the alignment or anti-alignment between the spin and the spacetime 
torsion. For a constant background torsion 7?, the two corresponding energy levels 
are 


SUO 
B= + (mp ZP), (43) 
for the spin down/up states, respectively. 

Let us denote by my the mass correction due to the spin-torsion interaction, 
and consider the two possible energy levels E, and E2, with Ey > E1. Then in the 
reference frame of the particle, the corresponding energy transition is given by 


1 hy 
y. 


hv = gt = | (44) 
Reinserting the speed of light in vacuum, we get 
3c y 
= —T. 4 
p (45) 


If we consider, for instance, T  10716m-!, then we end up with the prediction of 
a transition in the v ~nHz regime. In the case of a spherically symmetric torsion, 
using perturbation theory to first order, where 


E~ E(gy < (0) Ütorsion—spin (o) 2, (46) 


and toy are the eigen states of the unperturbed Hamiltonian associated to the eigen 
value Fo), we get a similar result with 


" - Fir), (47) 


V 
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where Fr) represents a geometrical term coming from the integration of the back- 
ground spherical torsion over some volume. 

To include parity breaking terms in the model we also consider the couplings 
T -a and T -j in the Lagrangian 


Ltermions ee Lpirac + (aT T BaT) -J + (a2T “bh iT) “a. (48) 


The terms 6,;T*a, and BT " ju break the parity invariance. Here j and a represent 
the Dirac vector and axial vectors, respectively, and T' is the trace torsion vector. 
'The corresponding extended Dirac equation is given by 


iy" D, — mp = — (al + 8, ^) yaw — (os T^ + aT) quy. (49) 
In this case, and considering constant torsion quantities, and using the definitions 
t" = oT" + Bye Tp. BT. (50) 


and taking t” = (0,t!,t?,t8), and 7" = (0,0,0,7), for simplicity, we obtain the 
following energy level corrections E2 = p24 + (m + 7)? and E? = p24 + (m — 7)?, 
corresponding to the energy transition 


4AmT 


hv = Ey — Ej; = ————, 51 
y-E-É-iE (51) 
which in the reference frame of the particle reads 
Amt 
hv = 1/2 1/2 , (52) 


[? + (m+7)?] °° + [? + (m — 7)y?] 


and pg = (pi + t)? + (pa + t°)? + (ps + t°)”. The parity symmetry breaking is 
one of the conditions usually considered in order to explain some early Universe 
particle physics that can provide a matter/anti-matter asymmetry. The torsion of 
the RC spacetime can induce parity breaking effects in the fermionic sector via 
the non-minimal couplings explored here. T'hese effects include the prediction of 
well-defined frequencies that a free fermion can absorb or emit in order to make 
transitions between the predicted two energy levels that arise depending on the 
spin orientation with respect to external torsion quantities. The signature of parity 
breaking (chirality) might also be present in the radiated field itself, in the form 
of polarized light, and these type of parity-breaking spin-torsion interactions might 
be probed in the very early Universe with GW astronomy, where the signatures of 
chirality in the GW signals in principle require non-planar detectors and analysis 
with 3-point correlation functions. 


4. Open questions and concluding remarks 


In special and general relativity theories the metric is fundamental, providing the 
relevant spacetime geometry. In special relativity the metric provides a fixed back- 
ground, while in GR it is described by a tensor field theory being one of the 
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fundamental dynamical fields together with the matter fields. In its essence GR 
is a background independent theory, where the metric (the local geometry) has to 
be derived by solving the Einstein field equations, for each particular physical/ 
astrophysical scenario. It is the fundamental geometrical field, solution to the 
Einstein gravity equations, from which all the aspects of pseudo-Riemannian ge- 
ometry can be derived. It is therefore natural that due to epistemological historical 
reasons the metric has gained a fundamental importance in gravity and in the de- 
scription of physical fields propagating in some spacetime geometry. 

In spite of this, developments of geometrical methods in field theories led to the 
notion that the spacetime metric is no longer to be considered as a fundamental field. 
One can say that both the pre-metric foundations of electrodynamics and the gauge 
approach to gravity point in the same direction. The pre-metric approach to electro- 
dynamics as expressed in differential forms give completely general, coordinate-free 
covariant inhomogeneous and homogeneous equations from charge conservation and 
magnetic flux conservation respectively. No metric is involved and therefore, electro- 
dynamics is not linked to Minkowski spacetime at a fundamental level. Moreover, 
the spacetime metric up to a conformal factor, and therefore, the conformal-causal 
spacetime structure, can be derived from local and linear electrodynamics.?? The 
resulting lightcone or causal-electromagnetic structure is a conformal geometry with 
local conformal symmetries associated to the lightcone at each spacetime point. The 
group of conformal transformations preserve the light-cone (causal) structure but 
the metric can change, with the set of all conformally related metrics associated to 
the local light-cone representing different equally valid metrics. There isn't a specific 
metric which is more fundamental or that can be considered to be more “physical” 
than the others. Moreover, in such geometry, under the assumption of locality, the 
parallel transport of a light cone from a given point to a neighbouring point gives 
rise to a deformation of the local causal/light-cone structure according to the non- 
metricity tensor. And since, as we saw, the tensor-valued non-metricity 1-form is 
linked to the existence of a non-Lorentzian linear connection, from a gauge point of 
view, this alone inevitably leads to Lorentz symmetry breaking. Therefore, on one 
hand, and in spite of the historical reasons relating Maxwell's theory with special 
relativity and Minkowski spacetime, electrodynamics is fundamentally connected to 
the conformal geometrical structure and the conformal group, and not to Minkowski 
spacetime, nor the Poincaré or Lorentz group. On the other hand, the notion of local 
symmetries, the basis of gauge theories, as applied to spacetime leads to gravita- 
tional theories with post-Riemann geometries, and non-metricity is directly related 
to non-Lorentzian connections, i.e, to Lorentz symmetry breaking. If both the gauge 
theories of gravity and the premetric formulation of electrodynamics (with its space- 
time constitutive relations) are jointly analysed, then we are led to consider that the 
conformal structure is more fundamental than the metric, post- Riemann geometries 
with non-metricity and to conformal gauge theories of gravity. Symmetry breaking 
mechanisms are plausible scenarios for bringing both gravity and electrodynamics 
into the phenomenological regime of Poincaré symmetries and related spacetime 
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paradigm. It should be mentioned that the analogies between Yang-Mills fields and 
gauge theories of gravity in the exterior calculus of forms, clearly show that gravita- 
tional dynamics can also be described in a pre-metric way, just as electrodynamics, 
and its the gravitational spacetime constitutive relations that bring the conformal 
causal structure. 

The exploration of the gauge theories of gravity, including its connection to 
spacetime symmetries and post-Riemann geometries, can lead to a vast number of 
predictions relevant for relativistic astrophysics, cosmology and GWs and also to 
interesting avenues towards unified gauge field theories. Moreover the connection 
between the gauge formalism, the Lagrangian and Hamiltonian formalisms, the pre- 
metric foundations, the constitutive relations (between the field strengths and its 
conjugate momenta, the excitations) and the causal structure of spacetime, might 
also contribute towards relevant non-perturbative, background-independent meth- 
ods for quantum field theory and quantum gravity. The gauge approach can clarify 
which gravitational geometrical degrees of freedom should be taken as canonical 
conjugate variables for quantization. In its turn, this can relax the traditional em- 
phasis that is usually put into the metric degrees of freedom, for historical reasons, 
within attempts at reconciling GR (or more general metric theories) with quantum 
theory. 

The gauge theories of gravity are built upon a self-consistent approach that 
clarifies the fundamental connection between spacetime symmetries and spacetime 
geometries. In this context, the metric-affine formalism is clearly formulated within 
general spacetime geometries with curvature, torsion and non-metricity. In this 
work, the geometrical methods and symmetry principles in gravitation were ex- 
plored motivating a new perspective into the spacetime paradigm. The effects of 
post-Riemann spacetime geometries with torsion were briefly exemplified in appli- 
cations to fundamental fermionic and bosonic fields, cosmology and gravitational 
waves. Besides the brief exposition on some phenomenological considerations within 
PGTG, the fundamental ideas related to spacetime physics, motivated by geomet- 
rical methods and symmetry principles, have been discussed in the context of the 
possible routes towards a new spacetime paradigm in gravitation and unified field 
theories. 
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We propose a new approach to the thermodynamics of scalar-tensor gravity and its pos- 
sible "diffusion" toward general relativity, previously regarded as an equilibrium state 
in spacetime thermodynamics. The main idea is describing scalar-tensor gravity as an 
effective dissipative fluid and applying Eckart’s first order thermodynamics to it. This 
gives explicit effective quantities: heat current density, “temperature of gravity", viscos- 
ity coefficients, entropy density, plus an equation describing the “diffusion” to Einstein 
gravity. These quantities, otherwise missing in spacetime thermodynamics, pop out with 
minimal assumptions. 
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relativity. 


1. Introduction 


'The thermodynamics of spacetime proposal became the subject of great interest 
when Jacobson derived the Einstein equation as an equilibrium equation of state 
1 and, later, the field equation of 
(metric) f(R) gravity was obtained in a non-equilibrium thermodynamical setting.? 
'These works have generated a large literature and suggest that general relativity 
(GR) could be a sort of lowest energy state of gravity, while alternative theories of 
gravity correspond to excited states. Indeed, modifying gravity with respect to GR. 
introduces extra degrees of freedom in addition to the usual massless spin two field 
of GR. Therefore, theories containing GR as a limit correspond to excitations of 
these extra degrees of freedom, which are quiescent or absent in GR. Ultimately, if 
modified gravity is an excited state of GR, one should quantify the distance of an 
excited state from the GR. "ground state" and identify some order parameter and 
equations describing the relaxation of gravity to GR. This order parameter, a sort of 
“temperature of gravity theories", is a crucial piece missing from this picture. Here 
we restrict ourselves to scalar-tensor^^ and f(R) gravity (the latter is a subclass of 
the former? ?) and we identify a possible “temperature of gravity” candidate. The 
identification should be made in some relativistic thermodynamical context. Here 
we start from a very simple fact: the field equations of scalar-tensor gravity can be 


from the thermodynamical properties of vacuum 


rewritten as effective Einstein equations by grouping the terms generated by the 
extra scalar field in the right hand side and noticing that they assume the form 
of the stress-energy tensor of an imperfect effective fluid. Next, we ask ourselveves 
what we know about dissipative fluids. The simplest description of dissipation and 
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heat flux in GR is given by Eckart’s first order thermodynamics.? This theory is 
notoriously plagued by non-causality and instabilities but is still widely used as an 
approximation. By describing scalar-tensor gravity as an effective imperfect fluid 
and using the constitutive equations of Eckart’s theory (which are minimal assump- 
tions and could be imposed in different models as well), we identify a “temperature 
of gravity" in the space of scalar-tensor theories,*^ which contain GR as the zero 
temperature limit.? 

Let us recall the basics of scalar-tensor gravity, the prototypical alternative to 
Einstein's GR. The Jordan frame action is?? 

Sgr = = dzy =g jor - Im VEV. — v) 4:50, (1) 
where à > 0 is the Brans-Dicke scalar (approximately equivalent to the inverse of 
the effective gravitational coupling strength), w(ó) is the “Brans-Dicke coupling", 
V (9) is a scalar field potential, and S? is the matter action. Varying (1) produces 
the field equations 


1 8T (mn 1 " 1 
Ra — 5 gavR = F gU 7 (Vaovao - 5 Jab V 2 + 5 (Va Veð = gas) 
V 
~ 26 Jab ; (2) 
(03 sug TU?) — dy dw e 
$= | 9 cR gg c VU. (3) 


where T is the matter stress-energy tensor. 


2. The temperature of scalar-tensor gravity 


An effective fluid description of the field equations (2) has been proposed in!! for 
non-minimally coupled scalar fields and in!? for general scalar-tensor gravity, and 
completed in Ref. 13. The fluid 4-velocity is 
Vo 
ut = ee (4) 
V-V°OVed 

when the gradient V°¢ is timelike. The 3+ 1 splitting of spacetime into the 3- 
space “seen” by the comoving observers of the fluid and their time direction u^ 
follows, with hay = gab + Uatty and hapu? = haput = 0, h^, h^, = hte. The fluid 
4-acceleration is 


tia = (—V°dVe9) V9 |(—-V°dV.-8) Vaid + VVV e Nae]. (5) 


?We follow the notation of Ref. 10, using units in which Newton’s constant and the speed of light 
are unity. 
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and the effective stress-energy tensor of the Brans-Dicke-like field 


w 1 1 V 
nT?) = — [ V4$Vió — = gavV°OV cb ) += (VaVaó — Gave) — = Jab — (6) 
Q 2 (o 29 
can be written as the imperfect fluid stress-energy tensor 
Tab = puaup + qaus + ua + Tap , (7) 
where!?: 13 
p= Taputu? , da = —Led uhat, Tap = Phab + Tab = Ted ha hit, (8) 
1 ab 1 ab 
P= ->g Ila = zh Tap » Tab = Ilan — Phan (9) 


3 3 


are, respectively, the effective energy density, heat flux density, stress tensor, 
isotropic pressure, and anisotropic stresses in the comoving frame, while q.u° = 


abu? = Tapu? = Mapu? = tapu® = 7%, = 0. These comoving frame fluid quantities 
d12:13 


rea 
OV ve mam. Ig 
snp) = cS Vv sse c (no- SE ae) (10) 
c d 
Sag = OPNS VaV eVa — VabVeVa) , 11 
mi = Toc aV eVa — Vade Vaó) (11) 
o $ V ds e 
srl) = (-umV V.6- T 5) hav + 5 a RI VeVad (12) 
(6)... ve V 1 DEM 
8x pP? = age V V. 26 "IC o4 Vedv.d ; (13) 
() tl 1 H V*9V0V aV co 
uc = ava [; 6v and evo $— — Ve$v.d ) 
n VaV oV "OV Vao 
+ V°% (vae suo — VobVaVab — VaóVaVió + VeoV.d | 
(14) 
The comparison of Eqs. (11) and (5) yields 
"2 = vV =V oV cod . (15) 


grg Ü” 


which brings us to our main point. The relation (15) has a physical consequence in 
Eckart’s first order thermodynamics, in which the heat flux density is related to 
the temperature 7 by the generalized Fourier law (a constitutive relation)? 


da = —K (ha V T + Tita) , (16) 
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where K is the thermal conductivity. Comparing Eqs. (15) and (16) leads to the 
result that, in the comoving frame, the spatial temperature gradient vanishes and 
the heat flow is caused solely by the inertia of energy (the acceleration term in (16)). 
The positive-definite temperature of the effective fluid is® 13 


V =V oV cQ ; 


Tee 8rKó 


(17) 
According to Eq. (17) GR, which is the limit ¢ = const. of scalar-tensor gravity,?* 
corresponds to zero temperature 7, while in scalar-tensor spacetimes the scalar 
degree of freedom ¢ is excited and T > 0.? The “temperature of gravity" is higher 
when the gravitational coupling Gep ~ $^! is larger. In the space of scalar-tensor 
theories, gravity (viewed as a dissipative system) left to itself can "diffuse" toward 
GR, as described in.? Let us confront this idea with examples from gravitational 
physics. 


3. Examples 
3.1. f(R) gravity 


Metric f(R) gravity (see? for reviews) is the most popular alternative to Einstein 
theory to explain the current acceleration of the universe without invoking an ad 
hoc dark energy. This theory is equivalent to an w = 0 Brans-Dicke theory with 
dynamical" scalar field ¢ = f'(R) and potential V(¢) = ¢R — f(R) " uu 
hence | 
| J'(R)./ - V-RV.R 
B 8r K f'(R) i 
In order for the graviton to carry positive energy, it must be f'(R) > 0, while 
f" (BR) > 0 is required for stability,!^ which guarantees that KT > 0. This inequality 
is saturated by GR which, with f(R) = R—2A, corresponds to T = 0. It is significant 
that the requirement 7 > 0 corresponds to local stability. 


T 


(18) 


3.2. Friedmann-Lemaitre-Robertson- Walker universes 


In Friedmann-Lemaitre-Robertson-Walker (FLRW) universes, spatial isotropy im- 
plies that the spatial heat flux of the effective fluid vanishes. For the same reason, 
the spatial temperature gradient hab V"T7 = 0, while à, 4 0 (in general, the ¢- 
fluid does not obey the dust equation of state). Then, Eq. (16) implies that FLRW 
universes have “gravity temperature" 7 = 0 in the comoving frame, whether they 
are solutions of scalar-tensor gravity or GR. Equivalently, in any FLRW space the 
imperfect effective fluid reduces to a perfect one for which heat flux and anisotropic 


PIn the Palatini version of f(R) gravity, instead, ¢ is not dynamical and this theory is not an 
excitation of GR (cf.?3). 
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stresses vanish identically (this property is valid also for Lovelock and f(R,G) the- 
ories, where G = R? — AR, R® + Rapca R9**4 is the Gauss-Bonnet term, in arbitrary 
dimension!?). This conclusion goes against the idea (see, e.g., Ref.16) that an at- 
tractor mechanism to GR operates in scalar-tensor cosmology. The situation of 
FLRW and Bianchi cosmologies with regard to the temperature of gravity is under 
examination and will be reported elsewhere. 


3.3. Vacuum, asymptotically flat, stationary black holes 


It is well known since an early theorem by Hawking that vacuum, asymptotically flat 
black holes in Brans-Dicke gravity are the same as in GR,!” a result later generalized 
to scalar-tensor theories!*:!? provided that V(#) has a minimum for the scalar ¢ to 
sit in stable equilibrium (the exceptions are maverick solutions with ¢ diverging on 
the horizon, e.g.,2°). The key ingredient of Hawking’s theorem consists of proving 
that $ is constant outside the horizon, in which case the theory reduces to GR 
in that region, corresponding to zero “theory temperature" 7. The interpretation is 
that these extreme objects "freeze" the extra dynamical degrees of freedom outside 
their horizons. Then, the no-hair theorems state that the GR black holes are the 
states of "lowest temperature" in the space of scalar-tensor black holes. 


3.4. Stealth scalar fields 


Clearly, Minkowski spacetime should correspond to zero temperature and, indeed, 
it is a constant $ solution of the field equations (2) and (3). However, Minkowski 
spaces with non-gravitating stealth scalar fields are also solutions of scalar-tensor 
gravity (e.g.,2^??). For example, the Ayon-Beato stealth solution gab = Nav, Ọ = 
aiz"z, + put + az (where a1,5 and p, are constants)?! 
temperature? 


correspond to “theory 


. va, ($ — a2) + pap? 

E 8rKo : 
This interpretation makes sense where @ > 0 and ai(¢ — a2) + p,p"/A > 0. Even 
though the stress-energy tensor of the effective imperfect fluid disappears, the scalar 


T (19) 


degree of freedom is excited and the temperature of gravity is non-zero. 
In another stealth solution due to Robinson,?? V = 0, w = const., the geometry 
is Minkowskian, and the scalar is the wave 


c1uc2 if Lm—1 
rnt NR a ee ee (20) 
$o (ciu t c1) *** if wA-1, 


where u is the retarded time and c,» are constants. In this case, a massless wave-like 
excitation of the scalar degree of freedom with V.dV°¢ = 0 gives 7 = 0. A $-wave 
as a dissipative system was regarded as a problem in?? because classical gravitational 
theories are time-reversal invariant, but this state cannot decay, therefore this is not 
a truly dissipative system. 
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4. Conclusions 


We have introduced a candidate to the role of ^temperature of gravity" 7 using the 
effective imperfect fluid description of scalar-tensor gravity and Eckart's thermody- 
namics.?:!? In this picture, the approach to GR is a diffusion-like process. Altough 
our proposal is intriguing at first sight, a deeper analysis is needed before it can 
be taken seriously. The specific examples discussed (plus those in?) corroborate the 
proposed Eq. (17), but our proposal remains preliminary. In any case, ultimately it 
will suffer from the same limitations of Eckart’s theory. Nevertheless, the explicit 
expression of the “temperature of gravity" in the wide class of scalar-tensor theories 
(the prototypical alternative to GR, containing the f(R) subclass extremely popular 
in cosmology) provides a working scheme to investigate the relaxation to GR. 
Alternative approaches are possible: one can trade temperature with chemi- 
cal potential, assigning to the effective ó-fluid zero temperature and entropy but 
nonzero chemical potential as done, e.g., in.?* These approaches and a more detailed 
analysis of our proposal for 7 are under study and will be reported elsewhere. 
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It is shown in this study that deviations from the Einstein-Hilbert action at the quadratic 
level using a proper analyses and suitable dynamical variables lead to a tiny modification 
to the post Newtonian equations of motion, and non-GR like behavior at very short length 
scales. 


Keywords: Modified gravity; two-body dynamics; post-Newtonism formalism. 


1. Introduction 


General theory of Relativity (GR) is a field theory, one of the first of its kind, that is 
classified under classical physics. The validity of the theory ranges from solar system 
length scales to cosmological length scales. It has passed most of its predictions with 
flying colors, starting from the extra perihelion precession of Mercury in the inner 
solar system,! to gravitational lensing,? to the generation of gravitational waves 
(GW),?? and finally to the existence of objects called black holes (BH).? 

One of the first calculations that tested the predictive power of GR was the 
perihelion precession of Mercury, which is to say that GR gave predictions of all the 
possible orbital dynamics that was possible to be observed in the early 20th century, 
and its predictive power remains the same to this date. GR predicted that the grav- 
itational force will not always be inverse squared of the distance from the source, 
and that at shorter length scales, the behavior changes. To be precise, a pertur- 
bative treatment of GR, also known as the post Newtonian (PN) formalism, 0 19 
reveals that a series of shorter (than inverse squared) ranged velocity dependent 
forces can have a prominent effect on the dynamics of two objects trapped in their 
mutual gravitational field (like the Sun and Mercury system). Hence, the universal- 
ity of Newtonian gravity stops being universal when one goes beyond the Newtonian 
bubble, broadly speaking. 

However, an uncomfortable question pops up when one considers the PN forces 
of GR, and keeps on continuing the PN series to shorter and shorter length scales. 
Or when one considers the collapse of a self-gravitating mass of fluid at the extreme 
scenario. At every point along the collapse, the gravitational force, including the 
PN forces, are attractive in nature. Hence, if the fermionic pressure, or the force 
that makes matter solid, is unable to balance the increasingly powerful (but shorter 
ranged) forces of gravity, a singularity may occur. This is because in the tug of war 
of all the forces present in one or multiple gravitating systems, gravity seems to win 
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in some extreme conditions. Such conditions can occur in ultra dense self gravitating 
systems like the end stages of a star collapsing under its own gravity. If there is no 
other force that can stop the unyielding pull of gravity, matter eventually collapses 
fully in on itself. But long before such a full collapse, or singularity, can happen, 
a special surface forms around the eventual singularity. Such a surface is known 
as the event horizon, or the surface the forms the termination of all events in the 
Universe that lies outside of the surface. Here event refers to the special relativistic 
notation of space-time events, which are, in the sense of mathematical modelling, 
points in a four dimensional object known as the manifold, which in turn refers to 
the complete past, present, and future of the Universe that is being modelled. 

However, the universality of attraction of gravity may not be the case when 
one goes beyond the Einstein-Hilbert (EH) action, referred to as GR in literature. 
In order to demonstrate that, a quadratic deviation to the EH action is consid- 
ered, which is a subclass of post-Einsteinian theories known as f (R) theories of 
gravity.!™ 18 Such theories are characterized by an extra massive scalar degree of 
freedom, !? ?! in addition to the two massless tensor degrees of freedom. 

A PN treatment of the densitized field equations of a quadratic extension to GR 
will be performed in this study that resembles the Landau-Lifshitz formulation of 
GR. It will be shown that the equations of motion have a rather good limit to GR 
(almost indistinguishable in fact), and only deviates from the predictions of GR at 
very high energy scales (where energy scales refer to really large velocities and very 
high spatial curvatures combined). 

Geometrized units, c = G = 1 will be used in this study unless explicitly 
mentioned otherwise. The notations of?? will be followed except a few changes in 
variable and index labeling. The mostly minus sign convention will be followed for 
the metric, that is (+, —, —, —). 


2. Layout 
2.1. The densitized formulation of GR 


The gothic metric/Landau-Lifshitz/densitized formulation of GR may be motivated 
from a particular observation regarding the structure of the second-most condensed 
form of the Einstein field equations in its covariant form (or the canonical form), 
that is 


1 
Ruv = 3 Inv R x Tw (1) 


where the first tensor quantity on the LHS of the above is the Ricci tensor, and 
the scalar multiplied to the metric tensor in the second term of the LHS is the 
contraction of the Ricci tensor with the metric, known as the Ricci scalar. The 
RHS is the classical matter energy-momentum-stress density tensor, which contains 
certain information (although non-exhaustive) about the content that is separate 
from the space-time. One notices that the net content of the RHS of (1) is essentially 
a trace reversed form of the Ricci tensor. Trace reversal implies that the trace of 
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the new tensor that was introduced in the beginning of the 20th century has a trace 
that is negative of the trace of the Ricci tensor, and is known as the Einstein tensor, 
which leads to the most condensed form of the field equations of GR, or 


Giu X Tuv (2) 


where all components of the tensor Gy has a one-to-one relationship with all of the 
corresponding components of the matter energy-momentum-stress density tensor. 
However, the cost of condensation is the loss of information and usability. As it 
is, Eq. (2) does not tell one about how planets and stars move and how GWs are 
radiated. To be able to predict such phenomenon mathematically, one needs to 
‘dirty their hands’. 

In classical GR, T,,, can contain fluids (serving as a model for stars, dust, etc.), 
or it can contain the energy-momentum-stress density equivalent of electromagnetic 
fields and charges. The Ricci tensor/scalar are obtained from geometric principles 
governing the nature of surfaces, volumes, and higher dimensional generalization; 
which are in turn obtained by contracting the tensor quantity that serves as the 
model for the space-time ‘fabric’, or the Riemann tensor Ryopy. The Riemann 
tensor in GR is a function of the metric and its derivatives (till second). It has 
certain symmetries that are given as follows 


3 
4 
5 
6 


Ruo(vp) = R(uo)vp = 9 
Rulovp| = 0 


(3) 

(4) 

Rupvo = Rvopp (5) 
Ruplvo;o] = 9. (6) 
The first, third of the identities, that is Eqs. (3) and (5), are called skew and inter- 
change symmetries respectively. Whereas Eqs. (4) and (6) are known as the first and 
second Bianchi identities respectively. The second Bianchi identity is particularly 


useful since it leads to the following identity on the Einstein tensor Gv 
V" Gy, = 0, (7) 


where V" = g"? V, is the index-raised covariant derivative associated with the 
metric gag. The above, combined with the proportionality condition (2), lead to 
the following 


V" Tuy, —0 (8) 


which is a covariant conservation law on the classical matter (or electromagnetic 
fields) energy-momentum-stress density tensor, and using which equation of motion 
of classical matter itself can be deduced. Hence the famous saying by J.A. Wheeler 


? Although the term fabric is used, it is put under quotation to differentiate from an actual material 
object, which is something that the physics community thought of as ‘Aether’ before the famous 
Michelson-Morley experiment. In conventional notion, material or fabric can be torn or broken; 
however, a similar ‘tearing’ of space-time is something that does not seem to happen. Hence one 
must take the concept of ‘fabric’ with a pinch of salt. 
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about Eq. (2): Spacetime tells matter how move; matter tells spacetime how to curve, 
is incomplete without throwing in Eq. (8) into the fold. 
With the above motivations one can define a new tensor given by? 


g” = yV=g g” (9) 


which utilizes the contravariant metric, or the ‘dual’ of the covariant metric, whose 


3-25 


components actually define the space-time structure. Now the point of taking the 
dual is to simplify the equations that need to be solved, by replacing the problem at 
hand with another problem which relates to the original problem via transformation 
and/or reparametrizations. One also notices the presence of the determinant of the 
metric tensor through ,/—g multiplying g^". Under the transformation (9), Eq. (1) 
or (2) can be framed as a slightly less condensed (but more useful) form given as 
follows 


1 QV V YV 
IS P— gartis, = 8r TË (10) 
HPP = gP gi” — g% gfu (11) 
167 (—g) 9 — ða g” 05g^? u 1g^?g,.go.g"" dag” Ogg 


+3 990.99”? 0, g^ Opg + tg g,:go.g"" 0. g^ Og g^ 


—Ig,9o,9" ^g"? 04g Ogg" — 0,g"^ Ogg"? + g^? gycOag" Ogg"* 
-39559/" 0, g^ 0; g^" — ga, g" ^O, g^ Og"? — ga, g" ^O. g^ deg”? 
(12) 
The definition of the Landau-Lifshitz pseudo-tensor t^ deviates slightly from the 
usual definition found in literature since all the metrics that are used to raise or 


lower the indices have been transformed into the gothic metric. The covariant gothic 
metric is defined as 
g Juv 

Wr Wes 
One notices that the rank 4 tensor H"?"? has the same symmetries as the Riemann 
tensor, and is proportional to the Riemann tensor corresponding to the maximally 
symmetric Riemann tensor. The maximally symmetric Riemann tensor is a solu- 
tion of the field equations of GR when the space-time is homogeneous and isotropic 
everywhere. Deviation from such a space-time with the maximum number of sym- 
metries is marked by the appearance of a coordinate or a gauge dependent tensor (or 
a pseudo-tensor) t^", also known as the Landau-Lifshitz energy-momentum-stress 
density pseudo-tensor. t^^; is a quantification of the energy, momentum, and stress 
that is inherent in the space-time, and leads to a solutions that are less symmetric 
than the completely homogeneous and isotropic space-time one started off with. 
Such solutions are perturbative in nature and formed the early basis for the Post- 
Newtonian formalism in GR.!9!6 The perturbation is defined about the Minkowski 
space-time as 


(13) 


gt qe (14) 
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The above tensor is projected on a Cartesian coordinate frame of a freely falling 
observer by choosing the following gauge condition 


8,5" =0 (15) 


which not only simplifies the field equations but also puts it in a form that offers a 
more intimate insight into the nature of space-time and its relationship to classical 
matter. They are given by the following 


p^" = —16 r AMY (16) 

A. = OH” qq. alee (17) 

o" = (-g) (T"* + thr — tg) (18) 
1 i 

x ecc QT por es gn) (19) 


where a proportionality constant of 16 m has now been used, which is the case when 
one uses geometrized units (G = c = 1). The rank 4 tensor x^^"? with Riemann 
symmetry, being a total derivative term, can be turned into a boundary term using 
Gauss's law, and can be discarded as the source of the wave equation (16) when a 
particular choice of the Green's function is made for the flat-space Laplacian/wave 
operator L]. One immediately notices that the dynamical variable now follows the 
well studied massless wave equation, which has standard solutions. It is also to be 
noted that if one chooses the effective energy-momentum-stress density tensor to 
be the sum of both the matter and the pseudo part, the dynamical variable has a 
one-to-one relationship with the matter density. T'he Landau-Lifshitz or the gothic 
metric formalism is hence often called as the densitized formalism, as it allows 
the introduction of a variable that can be taken as the space-time density itself, in 
contrast to the regular metric tensor which has a very complicated relationship with 
the energy-momentum-stress density tensor. The covariant conservation identity in 
Eq. (8) in this ‘reduced’ formalism, when added to the Landau-Lifshitz pseudo- 
tensor, along with the harmonic gauge condition (15), reduces to the following 


8, AM” — 0. (20) 


Now to come back to the motivation for mentioning trace-reversal at the begin- 
ning of the section; one may choose to study perturbative GR by simply linearizing 
the metric tensor about the Minkowski space-time itself, that is 


g^ = ah — he (21) 


At the linear order the gothic metric perturbation and the metric perturbation are 
related as follows (using Jacobi’s identity) 


1 
p" = M" — Sh (22) 


b--h (23) 
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where h and b are the trace of the metric perturbation and the gothic metric pertur- 
bation respectively. Eq. (22) is used as a standard textbook solution for modeling 
the propagation of gravitational waves in empty space-times. Multiplying ./—g to 
the dual of the metric tensor is also similar to the multiplication of the same factor 
to the Ricci scalar (other than making the volume element covariant) to make the 
Einstein-Hilbert Lagrangian density, which has the same dimensions as any other 
matter Lagrangian density which may appear at the action level along with the 
Einstein-Hilbert Lagrangian density, that is 


R 
S =| V =g dtz ( + V mattar + Lelectromagnetism + " (24) 
M 167 


2.2. The densitized formulation of f (R) theories of gravity 


Like any other field theory, the class of theories known as f (R) theories of gravity 
can be derived from the following action 
fR) 


S =| vV-—9 d'z Ge sir "Énatter T S elentromagnetism RE s) (25) 
M 167 


However, in the current study for simplicity, we will not be including electromagnetic 
fields or any other ‘exotic’ fields. The field equations can be derived by varying the 
action with respect to the metric, and its higher derivatives, and by enforcing all 
variations vanish at the boundaries of the integration, which is well suited to study 
the classical problem at hand. The field equations so obtained are as follows?! 


f Rw — 5 f (B) 9w — [Vu V» — gus O] f'(R)- 8TT,, (26) 
f'(R) = (27) 


where V,,, as usual, is the covariant derivative associated with the metric guv. The 
above field equations can be written in two different forms (if one intends to use 
the machinery of GR): one modifies the Newtonian constant (which has been put to 
unity in the current study), and the other preserves it. The former is written as?! 


Gw = F (Tav + TELP) (28) 
T4! = 3 f RS) ow + (Va Yo — gu D) f (29) 

where O = gee Va Vg. The latter version has the following form 
Gu = Ba Tus + TH (30) 


T= (1-7) Rw +5 (R= Naw t+ Tae a G) 
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In this study, only the former, that is Eqs. (28)-(29) will be considered because of 
convenience, and the extra terms are less in number. There is also another differ- 
ential equation that is satisfied by the scalar function f', which is independent of 
whatever form is chosen for the effective energy-momentum-stress density tensor, 
and is obtained by taking the trace of either Eqs. (28) or (30). It's given by 


39" V Vr f+ ' R-2f -8«T (32) 


and can be regarded as the dynamics of some effective scalar field. The transition 
of f' from an 'effective' to an actual scalar degree of freedom will be made clear in 
a few paragraphs. 

Before trying to obtain an equivalent of Eq. (10) one must be made aware of a 
particular conformal property of f (R) theories of gravity, that is under a general 
conformal transformation of the metric tensor 


Juv = Q? Juv (33) 


f (R) theories can be written as an Einstein + massive scalar system. The f (R) 


action without matter, for example transforms as?° °° 


ENSE - 
s- [teva (nein Pu Pov ve P 


_ [3 
$= z9 35) 
"DOW LS 
Mei (gy? 36) 
peg 37) 


Where R is the Ricci scalar of the conformally transformed metric gu». This confirms 
the presence of an extra massive scalar degree of freedom in f (R) theories of gravity. 
In the literature of f (R) and scalar-tensor theories of gravity, the ‘vanilla’ metric 
guv is known as the Jordan frame, whereas the conformally transformed metric gj, 
is called the Einstein frame. From this motivation, one can define a new gothic 
metric (in the Jordan frame) g"" given by 


g^" = f'(R) V-gg"" (38) 
which frames the field equations (28) in the following form 
Ba pH — 165 (—g) f (R) (TH + thf, + Ht), (39) 
pai 3 aU LU L. LO 
v-8 (f —Rf)g" + (y? (i "sc ai ) 
x af Oe f' (40) 


1 yp 
167 (-g) fi tery 
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where H?^/" and ti” has the same form as that of H^?" and tH% , respectively, 
but with g replaced by g. The newly appeared tensor (77, contains products of only 
quadratic forms of first derivatives of f’, as seen in Eq. (40). Owing to the conformal 
transformation, all the double derivatives of f’ in the tensor field equations cancel 
away, making tre a perfectly usable source for the perturbative post Newtonian 
expansion. Curiously, the definition Eq. (38) appears as an identity of Palatini 
formalism of f (R) theories of gravity as well, for example in Eq. (17) of.?! 

Now before a post Newtonian sequence of solutions can be found, one needs to 
choose a particular form of the function f (R), which consequently fixes the form 
of the function f’ (R) as well, and can be taken for simplicity as 


f(R)-1-f'(0R (42) 


where the coefficients of expansion /' (0) is taken to be unity to recover GR at the 
R = 0 limit, and f" (0) will be taken to be negative for the course of this article, 
following.??-3* One defines a tensor field 5", similar to Eq. (14), that propagates 
on the Minkowski background. One can define that as follows 


p^ = ny — gr. (43) 


In order to obtain wave like equations of motion where the coordinate variable 
functions comprising the coordinate 4-vectors follow the conditions 


z^ =0, (44) 


one must choose the following gauge/coordinate condition similar to Eq. (15) 
ð h” =0 (45) 


which will be called as the conformal harmonic gauge. Now similar to the confor- 
mally transformed new metric density ġ””, one must also define a scalar variable 
corresponding to a scalar density, say R, that follows a massive wave equation (to 
model the dynamics of the massive scalar degree of freedom), and maintains the 
(—g) relationship with the trace of the net energy-momentum-stress density tensor 
A" as well, as in Eq. (16). One may define that as follows 


R= TJR. (46) 


Substituting Eq. (43), (46), and (45) in the reduced field equations (39), one obtains 
the following 


p^" = —16 m AM (47) 


ime = co ne (i - £7 


) +t + ty + tere . (48) 
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tere is comprised of various products of b", R, and first derivatives of h“” and 98; 
whose truncated form till the quadratic order of f” (0) is given as follows 


J^ R2 3 (f”) | 
164 ee = ne” 2 p^? n"? T nt? qe 
Cae V 4 (=g) ( 


-n iP?) ROR a6 + (nios? — Enne?) (48,9059 + R? 0,605 
B 2 8 


f" 3 
Male) = 
b = Tuv p^" (50) 
with the following conservation law being satisfied by Avy 
8, A"" — 0, (51) 


whereas the new scalar dynamical variable % satisfies the following, as obtained by 
substituting Eq. (43), (46), and (45) in Eq. (32) 


R + VTJ R = —8m (-g) VPA (52) 
?-spgy a 
A= Tm + f” (0) aa * (= — 0,:R0"b — sma 5°? 0" hop 
-ina ho" — P» i)! + e (ur) (54) 

(55) 
Im = Tuv pb (56) 


Before moving on to finding the equations of motion of compact objects, and 
to conclude this section one may take the LHS of Eq. (28) to be some modified 
Einstein tensor 4,,, that is 


SSR) gw = [Va Vv = aw C] F(R), (87) 


it can be shown that?? the modified tensor 4, satisfies the same covariant conser- 
vation condition as the Einstein tensor G,,, that is 


Gu = f (R) Ruw m 


V4 Gi =0 (58) 
which further implies 
V" Tay = 0. (59) 


The above leads to the conclusion that the covariant conservation law holds for f (R) 


theories of gravity in general, and may help in finding a more generalized second 


Bianchi identity. However, from what is known in the literature (for example in??:?6) 
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about the consequence of the covariant conservation law is a peculiar identity on 
the function f’ (R), given by 


( Vy = Vy F =R V" (60) 


which is similar to the appearance of the Riemann curvature tensor due to covariant 
derivative of a vector field not commuting, implying curvature or non-flatness of the 
space-time. However, the above commuting relation is on a scalar field, implying 
that some unconventional geometry might be at large here. 


3. Equations of motion from the covariant conservation law 


References 22 and 37 showed that it is possible to obtain the post Newtonian se- 
quence of solutions for beyond the weak field scenario, that is when the post New- 
tonian parameter squared €? is proportional to the compactness (or equivalently, 
the potential at the surface of an ultra-compact object like Neutron stars and small 
black holes being proportional to the kinetic energy of either bodies). To be precise, 
in non-geometrized units when 


(61) 


where M and a are the total mass and radius of the compact object. In order that 
strong surface gravity (post Minkowskian) can be incorporated within the post 
Newtonian (relativistic) framework, a series of coordinate transformations can be 
made that requires the integration of wave equations like (16) or (47) and (52) to be 
performed in the so-called body-zone coordinate system, while not worrying about 
the effects of strong internal gravity. 

In order to maintain the compactness of the body to unity at all times, some 
temporal-spatial scalings are made, with the temporal scaling defining a proper 
time s (7 in?) given by 


s=et (62) 


where ¢ is the coordinate time of the inertial observer. Under the above transfor- 
mation, the Minkowski metric and the corresponding metric determinant scale as 
follows 


Nu = diag (e°, —1, —1, —1) (63) 
— det (nur) = €? (64) 


which is singular for e — 0. The spatial scalings that are going to be used for the 
integration in the body zone of Eq. (47) are given by 


z’ — 21 (8) 


x (65) 
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The scalings in Eq. (62) and (65) lead to any rank two tensor, or in our case, the 
energy-momentum-stress density tensor, transforming as 


Tj? = Tt ~ O (e?) (66) 
TET = 1T} ~ OE) (67) 
TEI se FT ~ O (e), (68) 


with the un-primed coordinates representing the unscaled coordinates. Now the 
above scalings, i.e. Eqs. (62)-(65), are made in a coordinate system that is stationary 
with respect to the origin or the center of mass of the L— th compact body, denoted 
by an external observer with the position 3-vector z% (s), and the 3-velocity vi 
defined as 


(69) 


Hence the next (and final) transformation requires the definition of a co-moving 
frame (but not co-rotating, since boost and rotation in the wrong order may lead 
to unnecessary Thomas precession), moving along an ultra compact object whose 
spin can be ignored. The energy-momentum-stress density tensor of just the matter 
content of the compact object transforms from an inertial frame to the near-zone 
or the co-moving frame as follows 


Te? = Tp (70) 
Tj = eTR” +, TP (71) 
p = er? + 2820 T? je + vi pU Tru (72) 


Then at the leading order the post Newtonian solutions for both GR and f (R) 
theories of gravity, as seen by the inertial observer, are given by 


2 Ps D* rk 

bg 4c V (Bre PHL) ole) 73) 
L=1,2 

. pi kik 

by =4e0 M (+e HU) 4 9 (€) 74) 
L-1,2 NL ri 

ij 2 ZR pk 

bo = 4e 5 (Zeat) soe) 75) 
L=1,2 


In the current formalism, the above components of the tensor potential are sufficient 
to obtain equations of motion of the two sources till the first PN order. The monopole 
and dipole moments, respectively, of various components of A"" (or A"") are defined 


894 


as follows 
Pre lim d? X y, A55 76) 
e>0 Br 
Pi = lim d Xr AS’ 77) 
e>0 Br 
ij 4: 3 ij 
Zi = lim " BX, A 78) 
1s 3 EES i 
Dj = lim A dix; Ae? Xt 79) 
ij . 3 siyd 
Jj = lim m Xr AS XI 80) 
Zii* — lim dX; AU XE 81) 
e>0 Br 


where Zr, implies the body zone/co-moving+scaled coordinate system of the L — th 
body zone. 

One defines a 4-momentum, by putting together the scalar in Eq. (76) and the 
3-vector in Eq. (77), as?? 37-39 


PP ec dX; AP (82) 
Br 


which along with the conservation law (20) or (51), leads to the following 4-force or 


the 4-momentum evolution formula?” 37:38 
dP 
ae =e j dS, A*" + e7* uF X dag A". (83) 
5 DOM, dB, 


When one defines the bare quasi-local mass of the body zone L to be Eq. (76), the 
3-momentum to 3-velocity relation is given at the leading order by 


Pi = Pi vi, +Q} +2 (e) (84) 
Q} = ed dS, (AS* — v AS*) Xj. (85) 
OBL 
By choosing the origin of the coordinate system to be the center of mass of the 
body zone L (which is a choice that has already been made), Q}, can be shown to 


vanish at the leading (Newtonian) order, that is @ (1). Therefore, one obtains the 
3-velocity evolution relation (or the 3-force on the body zone L) as 


dvi ; ; 
Ps our, = -t g dS, AF? Le dé dS, Ast + toi j dS, As 
ds 8 88, 825, 


d dS, we) + e(e). (86) 
OBL 
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All of the relations in this section (as mentioned along the way) holds both for GR 
and f (R) theories of gravity, and can be utilized to obtain the 2-body equations of 
motion of both theories, simply owing to the fact that the second Bianchi identity 
(or its generalization) holds for both theories of gravity. In GR for example, the 
equations of motion till 1 PN or @ (c?) of Eq. (86) for one of the bodies (say body 
zone 1) is given by 


dui M: Mə . Mı M: 3 
MA- y ei (t o2 + 5 (va)? 44 (+ ve) 
ds Ti» Tiz 2 
5M. 4 M: i i 
Pe ode. 3 ni  (4(& vi) -3(8 va)} (vi — 5) | - 6 (€). 
12 12 


(87) 


4. Post Newtonian sequence of solutions and equations of motion 
for the quadratic deviation to the Einstein-Hilbert action 


4.1. The curious case of the homogeneous solution 


One may be tempted to immediately go for the particular solution of the differential 
equation (52), that is by solving for the following inhomogeneous problem using the 


retarded Green's function G., (2*, a^) 


(D + v-3Y) Gy (ata) —ó (a — wt’) i (88) 


The support of the corresponding integral problem (that is the limit for z in the 
Green's function integral) of the above lies in the past light-cone of the event zx". 
However, one must remember that the homogeneous solution of GR leads to the 
BH solutions. Hence, one must also consider the homogeneous solution of the Klein- 
Gordon equation, which must be solved simultaneously along with the homogeneous 
solution of GR. 

The homogeneous Klein-Gordon equation of the current theory under study, 
under the transformation (62), has an € dependence given as follows 


y 
Rhom + — Rhom = 0. (89) 
€ 


While the radiative solutions of the above, under the choice of no-incoming scalar 
radiation from past null infinity, can be put to zero, the time independent part 
of the homogeneous solution cannot be ignored. The time independent differential 
equation is given by 


y 
V Rhon — p Rron = 0 (90) 


896 


where V is the Laplace operator in Minkowski space-time. In spherical symmetry, 
for example, the LHS of Eq. (90) is given by 


1 


T2 


I" (Rnom), | = uo =0 (91) 


sv 


which has a solution which is both regular at r = 0 and r = oo, and is given by 


Rhom —— (92) 


T 


where C is a real constant of integration yet to be fixed. It is to be noted that the 
homogeneous solution, which may be part of an extended homogeneous solution of 
the combined scalar+tensor theory under study (like the Schwarzschild and Kerr 
solutions of GR), for vanishing post Newtonian or post Minkowskian parameter e, 
leads to an infinite mass of the scalar field. Which also implies for low energies, the 
Ricci scalar or the Ricci scalar density considered here is practically un-excitable. 

However, it is interesting to look at the effect of R on the tensor wave equa- 
tion (39), and how it modifies the Newtonian order solution, or more specifically, 
the Newtonian potential. T'he time-time component of the conformally transformed 
metric density deviation satisfies the flat-space wave equation with a source, follow- 
ing Eq. (47) 


Htt = 16« (~g) TY (1 — ef" R) (93) 


where the leading order, or only the terms in Eq. (48) that are proportional to the 
classical or matter energy-momentum-stress density tensor were used, along with 
Eq. (64). The above can be solved by using the retarded Green's function for the 
massless wave operator, with h** given by the body zone integral 


j^? = 4c X a Xp ee a D e f^ m) (94) 


L=1,2 [Z eX, 


Eq. (64) and (66) was used to obtain the above from Eq. (93). The first integral, 
and its € expansion of the series is given in Eq. (73), and is the usual Newtonian 
potential. However, a more curious thing occurs when one considers the extra term 
coming due to the quadratic modification to the gravitational action 


T** 9t 

— H 3 om 

bu = -4 f 5 d d’ XL z- exi] (95) 
L=1,2 

Considering now the particular form of the homogeneous Ricci density (92), one 

obtains the following integral using the scaled coordinate (65) 


Tss y: 
525,4 = —4e€ f” 5 eif OX: ex |X| (96) 


L-1,2 
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which seems to preceed the order at which the gothic metric deviation first appears, 
that is at 0 (&) compared to @ (t). However, expanding the extra term about 
€ — 0 leads to the following 


isa = -4e f" f, PX, A (97) 

| xg ^ar 

- P N 

Bein —-48f" Y LL | (98) 
L-1,2 


which is a Newtonian potential like term with negative one multipole moment of 
the source, denoted by Nz. Therefore, the modified leading order metric deviation 
b*? can be written in the following form 


hee = e 5 e (e) (99) 
L=1,2 

5s " . : A " TSS 

Lac ur jg, Ta d 


where P? was defined in Eq. (76). It is important to note that while the integral 
in the second term of the square bracket of the above has a well defined limit for 
€ — 0, the coefficient multiplying it does not. In fact, due to the €^! nature of 
the coefficient, the modified mass-energy definition blows up at the e — O0 limit, 
leading to the following conclusion 


Cr. =0, (101) 


implying that the homogeneous Ricci scalar does not modify the tensor deviation 
density at all. 


4.2. Deviation from the general relativistic equations of motion 


The leading order Ricci scalar density deviation occurs at Ô (e*), and is given by 
the following 


(4) Apart = (at = -8T 7€ (102) 
whose form is the same as the now extinct homogeneous solution, but instead of the 
unknown constant, there is just the mass coming as a parameter, as in the definition 
of Eq. (76). The only unknown in the above equation is the inverse length scale y, 
which was related to the coefficient of the quadratic deviation of the GR action in 
Eq. (53). Derivation of the above has been given in Appendix A. 

In GR, the non-vanishing and body zone independent terms in the surface in- 
tegrals of Eq. (86) lead to the 3-force at different PN orders, and has been well 
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documented in PN literature, for example.*^^' However, in this study only the 
leading order modification to the general relativistic equations of motion due to 
the quadratic deviation to the GR action will be quoted. Such a modification can 
be found by using the modified conservation law (51) along with the definitions of 
(83) and (86) with A^" replaced by A^". In Eq. (86), various components of the 
modified net energy-momentum-stress density tensor A"" will appear as integrand 
of the surface integrals. However, the components that have a non-vanishing and 
body zone boundary radius independent contribution to the surface integrals of Eq. 
(86), was found to be coming from the space-space component of ter p> or 

BR IIS. 
eff 192-44 


"M Ve " 
$ (rtm! - jan) (4a. à + R? ahad) (103) 


[2 (Ent + af ni — nint) RAR AH 


where Eq. (64) was used to replace the metric determinant, or [emu multiplying 


the quadratic f" part of tr in Eq. (49), which appear as ef above. 

Eq. (103) has three different e orders worth of terms inside the square bracket. 
When one utilizes the scalings of the leading order deviation of either b or 91, one 
notices that h ~ €? and R ~ e*, following Eqs. (63), (73)-(75), and (102). From the 
number of times either b and Sf appear inside the square bracket in each product of 
fields, the first term scale as €!°, the second as eë, and the last one as €!?. Since the 
overall factor of et cancels away due to e~* multiplying each surface integral of Eq. 
(86), the three terms inside the square brackets of Eq. (103) are 5th, 4th, and 6th 
PN effects on the two body equations of motion. However, not all of them survive 
the surface integral. Only the last term in the square bracket survives and is a 6th 
PN effect with the modification to the 3-force on the L'" body given as follows 

i 3 ei: 
Mr a = FNipNGR — €^ pr a Mp, QUU pi (104) 
12 


where My, is the quasi-local mass enclosed by the L” body zone boundary, and 
Mr, is the quasi-local mass enclosed by the partner object’s body zone boundary 
in the two-body system. r1» is the distance between the origin of the two body 
zones, whereas n? is a unit vector pointing from the origin of body zone L to the 
origin of body zone L’. The negative sign on the modified/extra force imply that the 
direction of the force is antiparallel to n, which is then a repulsive modification to 
the usual attractive Newtonian and PN forces indicated by the first term in the RHS 
of the above, that is Fh, py Gg. Compared to other works in literature on f (R) 
theories that calculate the conserved potential (or the force) from modifications to 
the time-time component of the metric tensor, the above has an inverse quartic 
distance falloff (along with the Yukawa exponential falloff) at 6 PN order, which is 
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an extremely tiny modification to the general relativistic PN equations of motion 
at the very high energy scales of ultra-compact two-body interactions. 


5. Discussions and conclusion 


In the current study a particular redefinition of the standard gothic metric was 
utilized to drastically simplify the field equations of general f (R) theories of gravity. 
Once the identification was made that f’ (R) acts like a massive scalar field, a fourth 
order system was reduced to two second order system of differential equations. The 
field equations were framed in the densitized approach following the methods of 
Landau and Lifshitz, and their redefinition of the field equations of GR. The use of 
conformal densities to define Landau-Lifshitz like field equations were used in scalar- 
tensor theories, for example in.**’+° In this study, it is shown that the redefinition 
to a conformal density greatly suppresses the actual effect of an extra massive scalar 
degree of freedom on orbital dynamics. 

Following the definition of a tensor density, a scalar density 91, corresponding to 
the massive scalar degree of freedom was defined, which relates to the trace of the 
energy-momentum-stress density tensor in the same manner as the conformal metric 
tensor density relates to the energy-momentum-stress density tensor in the Landau- 
Lifshitz like tensor field equations of f (R) theories. The differential equation that 
is satisfied by 9 throws up a static solution that makes the mass-energy definition 
at the Newtonian/leading order diverge, leading to its removal from further usage. 
At the leading order, the particular/inhomogeneous $1 is seen to be static as well, 
and has the Yukawa potential form with a cutoff/inverse length scale that is related 
to the coefficient of the quadratic modification (with (length)? dimensions) to the 
Einstein-Hilbert action. 

However, just finding out the particular form of the leading order deviation 
of is quite useless, unless one finds its corresponding effect on the conformal 
tensor density field equations, and then, on the PN equations of motion. The lead- 
ing order 8 appears as an effective source tensor that drives the behavior of bv, 
as well as the evolutionary dynamics of the quasi-local four-momentum (83), and 
correspondingly, the velocity evolution equations (86) through surface integrals of 
various components of the energy-momentum-stress density tensor. It was found in 
Eq. (104) that the modification to the GR PN equations of motion, due to quadratic 
modification at the action level, appear at the sixth PN order. On top of that, the 
force has an inverse fourth powered dependence on the distance along with a Yukawa 
falloff, which is a very tiny modification to GR equations of motion. The modified 
force is dependent on the masses enclosed by the body zone boundaries, and the 
modification to the equations of motion of one of the objects is independent of the 
mass enclosed in that object's body zone boundary - implying that the equivalence 
principle (as far as it holds in the GR. PN scheme) is not affected by the quadratic 
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modification to GR. The modified force is also conservative, and hence will not be 
adding to any extra dissipation (other than GR) of the orbital energy of the binary 
system, although it might lead to very tiny modifications to the phase evolution of 
the binary, as encoded in the gravitational waves. More importantly, the force is re- 
pulsive, compared to the PN forces that appear on perturbing GR about Minkowski 
space-times. So in the course of the binary evolution, at length scales comparable 
to y7}, if the two objects have not merged into a single object already, they will feel 
a repulsive force that will compete with the attractive GR. PN forces coming out 
of the superpotentials of the PN expansion of GR, which are themselves progres- 
sively short ranged. Putting a constraint on the new length scale y~! is beyond the 
scope of this study, mostly because the author is not aware of sixth PN equations 
of motion appearing in the literature. 


Appendix A 


The net solution to the Klein-Gordon problem (52) with the boundary condition 
choice of no incoming scalar radiation from past null Minkowskian infinity is given 
as follows 


9 (a) = -8 rye? d'y Gx (z^, y") Tm (y^) (A.1) 

2 
eat (A.2) 

€ 
where the factor of e7? arises because the metric determinant (—g) multiplying the 
RHS of Eq. (52), under the transformation (62), scale as €7?, as seen after Eq. (63). 
G; (x", y^) is the retarded Green's function of the Klein-Gordon equation, as was 

given in?? with the (+, —, —, —) metric signature as 


—5,oo i4/ w2—42 |z! —y* 
-o 2T 4r |rt — y?| 
5 — JA22 agi i 
ee v 7 oT A 
+ e ——À (A.3) 
-4 20 4 |a? — y] 


The notation s involve two integrals, one from —oo to —5, and the other from 
^ to oo. It is to be noted that the three integrals whose domains encompass all 
of w space must be evaluated simultaneously in order for the solution to converge. 
Tm (q, y'), the trace of the classical matter energy-momentum tensor, which being 
a scalar, does not transform under any of the coordinate scalings. 

Due to the the coordinate scalings in Eq. (65), the infinitesimal 4-volume element 
d^y transform from the asymptotic observer's frame to either of the body zones Zr, 
in the following manner 


d^y = dt ^ dy (A.4) 
—e€lds^é BX, (A.5) 
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where ^ denotes the wedge product between 1-form dt and 3-form d?y. In the 
current operational context ^ is effectively scalar multiplication. 

Substituting Eq. (A.3) in Eq. (A.1), and transforming into the body zone coor- 
dinates by substituting Eq. (A.5) as the infinitesimal covariant volume element in 
Eq. (A.1), one obtains the following integral for the particular solution Ñpart for 
the inhomogeneous Klein-Gordon equation 


i — T5 dw iols 
Mart (t, 2") = =e 877? f ds’) | dX, / dw piw (t-s' Je) 
Br 20 


—oo —oo,¥ 


M yi 
Zp-€ Xr, 


gi Vea 
Am |Z. -exi| 


oo ^ i g 
— e 87? / ds' ËX, J dw -iw (t-s /c) 
Br 27 


—oo —5 


x G Ti (s'/e, Xi)] 


—/ 83-2 


io 12 yi 
Ze Xr 


€ 


"oam |Z, -e xil 


G Tm (s'/e, X})] - (A.6) 

In the body zones that surround each of the objects, the energy-momentum 

tensor of classical matter (Ta, = lim. et Ta) will be assumed to have a quasi- 
€ 

stationary/adiabatic initial condition for solving the relaxed system of equations, 


in the absence of any other time dependent driving force inside the compact object, 
and is given by 


Ta (X) um vo an (Xi 


Ty——oo 


y Bree (A.7) 


X (s/c, x?) = X = X$ —As/e + do (A.8) 


where an axial+time symmetry was assumed for the initial condition, such that the 
time dependence of the source body in the body zone coordinate system repeats 
after every T = 2, with a constant phase parameter ġo. The weighing factors n 
are coefficients in the series expansion of the trace Tm (or Tg.,) using stationary 
in X ‘and are functions of the radial and azimuthal coordinates. Eq. (A.7) 
physically implies that the variations in the energy-momentum tensor sourcing 9% 
in the body zone of the first object is purely generated by the effect of the motion of 
the second object around it. The body zone coordinates (Xi) were defined in Eq. 
(65), in which Ixi| is the distance from the center of mass of the body L to any 
point in the body zone coordinates, as viewed in the respective body zones. The 
choice in Eq. (A.7) has a simplifying effect on the subsequent calculations and is 
justified by the adiabatic and stationarity in the co-moving frame approximations, 


functions e 


as found in the literature on PN expansions. 
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Assuming quasi-periodicity for the source tensor, as in Eq. (A.7), one can sub- 
stitute it into Eq. (A.6), to obtain 


Part (t, d = e Lus 2 J dX; (/ 
Br 


—o0,3 


—¥, 00 


dw e i* ) e! n (X£+¢0) 


w?—42 


e! —e ? Xi| 


4m |Zi -eXj : 


E ES » I ËX, T eit (Xf+eo) 
Bri 


(|X; ,X$) / ds! ei (97 9) s' /e 


em 42—w? |Zi-—e ? xi| . " oo . — 
go em cba / ds! gi (6-9) sje. 
AT |zi — e Xi| - 
(A.9) 
Transforming 
Ses (A.10) 
and using the integral representation of the delta function, 
/ ek (s-7') dk = 2rô(s— zr), (A.11) 
one obtains 
, Vn? 02-32 |zi -e xi A 
n-—-—oo L 
x Tn ([xt| pi x Pr (A.12) 
3 42-n2 Q? |Z} —e? xi] 
—e* 8r d? X jr, ——— 
a EX S 2 E EIS 
ey (eee er), (A.13) 


The Green’s function (A.3) can be written as an infinite sum of spherical har- 
monic functions, that are weighed by functions of the radial coordinates Izi] and 
|X} |, in the following way for |Zi| > |X;| 


eik |X- zi i 
epee a LEP (pap va, Gets x) Yes (2% 2 
(A.14) 


Yim (X°, X*) Yom (Z°, Z?) 


Am|xi-z 2. VIX |Z" 


gio 8 SE). pek (A.15) 


e 
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The various functions appearing above are as follows 


je: Spherical Bessel function of first kind. 

h\Y: Spherical Bessel function of third kind. 

lega: Modified Bessel function of the first kind. 

Ke4: Modified Bessel function of the second kind. 

Yem, Y7,,: Spherical harmonic functions and their complex conjugates. 


After using Eqs. (A.14) and (A.15) in the above, one obtains for |Z? | > |X1| 


i» La] u 
Part (t; z’) = —<¢4 8miy? 5 4/ n2 Q2 — 2? n dX; ei^ (XE+b0-2 t) 
n, bl, m Br 
x &(eve =F? xi) P (vere F uz] 
x Yin (xt, x) Yam (Z°, 29) Ta (xi |, x) 
in Là] 
eue 8v? 5 | d? Xr, gin (X£-90-01) 
n,£,m Br 


da (e JR wq Ixi|) Ku (VP Tn? |z") 
IX; | Vit 


x Yin (x$, xf) Yom (29, 2*) x. (|XE 


one can substitute the following properties of spherical harmonic functions in Eq. 
(A.16) 


YA, = (-1)" Yom (A.17) 
Yem = Ne —m Pe —m (cos Xj) g-imx* (A.18) 


2m 
i dx? Yir px —2m (-1)" Ne-m Prom (xX?) Óm n 
0 


(A.19) 


(244-1) (£ — m)! 


Nem = CUP APTE Qm) 


(A.20) 
where Pem (X 2) are the associated Legendre polynomials and ôm n is the Kronecker 
delta distribution. Since m takes values between —? to £, application of the Kro- 
necker delta leads to the summation on £ in the first term of Eq. (4.16) going from 


the lower integral part of 3 or HH to oo, whereas the second terms’ summation 
eu 


above the cutoff energy scale ^ is highly suppressed (especially at lower PN orders) 
because of the properties of j; and n for asymptotically large values of £, and 


range takes £ from zero to | 'The contributions to the particular solution from 
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terms in $A series containing the same can be approximated to zero at the current 
orders of calculation. Hence one can safely set the first summation in RHS of Eq. 
(A.16) to zero and consider only the second summation. Hence it is to be noted that 
the factors that depend on e in the above are only in the arguments of the Bessel 
function I, , 1. 

Hence the only relevant factors that explicitly contain e in both the sums in Eq. 
(4.16), can be expanded about e — 0 as follows 


A " 
j |xz|^* 5. 


ha (PA Kal) S TU TS 


(A.21) 


The approximation of (A.21), when substituted in for the relevant factors of the 
RHS of Eq. (A.16), leads to the following polynomial series of e about € > 0 


20441 
m =F) a 

Roar "ES aera L n 

p ME TU ^y M. Tul 3) 

im (óo — Q1) i (V? - m |Z; ) 6 7o 

e S OH Va 26 zt) 

Zi 

x Mtr em (A.22) 


Mr em =27 (-1)" Ne-m f Poig sin (X?) 
BL 
x Pe_m (cos X7) Sm (|Xt], X$) a| X4] aXe. (A.23) 


From Eq. (A.22), one can immediately notice that the leading order deviation for 
the particular solution of the Ricci scalar for the L'^ body zone comes at @ (e+) for 
£ = 0 with S9troo = Mz being the mass monopole, and was found to be 


(A.24) 
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We present a comparative analysis of current observational constraints on three recently 
discussed alternative models for explaining the low-redshift acceleration of the universe: 
the so-called steady-state torsion model, the generalized coupling model, and the scale 
invariant model by Maeder (an example of a broader class which we also briefly study). 
These are compared to the traditional parameterization of Chevallier, Polarski and Lin- 
der. Each of the candidate models is studied under two different assumptions: as genuine 
alternatives to ACDM (where a new degree of freedom would be expected to explain the 
recent acceleration of the universe without any cosmological constant) and as parametric 
extensions of ACDM (where both a cosmological constant and the new mechanism can 
coexist, and the relative contributions of both are determined by the data). Our com- 
parative analysis suggests that, from a phenomenological point of view, all such models 
neatly divide into two classes, with different observational consequences. 


Keywords: Cosmology; Dark energy; Torsion; Generalized couplings; Scale invariance. 


1. Introduction 


The observational evidence for the acceleration of the universe shows that our canon- 
ical theories of cosmology and particle physics are at least incomplete, and possibly 
incorrect. Is dark energy a cosmological constant (i.e. vacuum energy)? If the answer 
is yes, it is ten to some large power times smaller than our Quantum Field Theory 
based expectations. If the answer is no, then the Einstein Equivalence Principle 
must be violated. Either way, new physics is out there, waiting to be discovered; we 
must search for, identify and characterize this new physics. The CosmoESPRESSO 
team uses the universe as a laboratory to characterize, with precision spectroscopy 
and other observational, computational and theoretical tools, the behaviour of the 
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gravitational interaction, with the goal of determining what makes the universe ac- 
celerate. In what follows we highlight recent contributions of the CosmoESPRESSO 
team to this fundamental quest. 

The search for the physical mechanism underlying the observed low-redshift 
acceleration of the universe is the most compelling goal of modern fundamental 
cosmology, and several theoretical possibilities beyond a cosmological constant can 
be envisaged in principle, each with its specific observational consequences. 

Our goal here is to present a comparative study of the observational constraints 
on three classes of alternative models: the so-called steady-state torsion model! of 
Kranas et al., the generalized coupling model? of Feng and Carloni, and the scale 
invariant model? of Maeder; the latter is an example of a broader class of models^? 
first proposed by Canuto et al., which we also briefly study. As a benchmark we 
use the traditional phenomenological parameterization of Chevallier, Polarski and 
Linder (henceforth CPL).®7 All models have common parameters (specifically, the 
matter density parameter, Qm) but also some specific ones, and a comparative 
analysis using a common data set is therefore interesting. 

We take three models at face value and phenomenologically constrain them 
through a standard likelihood analysis using low-redshift background cosmology 
data. Specifically, we use the recent Pantheon dataset, including its covariance 
matrix. We also use a compilation of 38 Hubble parameter measurements.? Occa- 
sionally we will also use a Planck prior!? on the matter density, Qm = 0.0315+0.007. 
The value of the he Hubble constant is always marginalized analytically, following 
the procedure detailed in Ref. 11. The analysis is done on a grid (since we are 
only dealing with background cosmology, there is no computational need for a full 
MCMC analysis), and we have explicitly verified that the grid sizes that have been 
used are sufficiently large for the results presented in the following sections not to be 
affected by these sizes. Moreover, the following section will also present an explicit 
validation test of our code for the supernova data.We will work in units where the 
speed of light is set to c = 1. 


2. Preamble: The CPL parameterization 


In the CPL parameterization the dark energy equation of state parameter is assumed 
to have the form: ? 


w(z) = €) = us ws (1) 
where wo is its present value while wa quantifies its possible evolution. This is 
manifestly phenomenological: it is not intended to mimic a particular dark energy 
model, but aims to describe generic departures from the ACDM behaviour (which 
corresponds to wo = —1 and wa = 0). In principle it allows for both canonical and 
phantom fields, since there is no restriction on the two model parameters, at least 
on purely mathematical grounds. 
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We assume a flat Friedmann-Lemaitre-Robertson- Walker model, in which case 
the Friedmann equation has the form 
H*(z) 
Hj 


= Um (1-2 2)? + (1— Qm) (1 + z)9 C no) exp (55) NEL 


where the matter parameter is Qm = &p9/3Hà and & = 87G. This can now be 
constrained using the aforementioned data. 

The case of a constant equation of state parameter (i.e. Wa = 0), for the case of 
the supernova dataset, have been used in Ref. 12 as a validation test of our analysis 
code, against the results of Ref. 8. In this case the one-sigma constraints on the two 
model parameters from the combined data sets are 


Qm = 0.27 + 0.02 (3) 
wo = —0.92 + 0.06, (4) 


which are compatible with ACDM. 
For the full three-parameter CPL model, the one-sigma constraints on the three 
model parameters from the combined data sets are 


Om = 0.26* 5.05 (5) 
wg = —0.92*5 08 (6) 
Wwa = 0.864031; (7) 


the reduced chi-square at the best fit is X2 ~ 0.9, so the model is slightly overfitting 
the data (a behaviour which is mainly driven by the Hubble parameter data). The 
first two of these constraints are compatible with the values for the woCDM analysis 
(with naturally larger uncertainties), but there is a clear preference for a positive 
slope wa > 0. However there are strong degeneracies between the parameters, and 
the constraints do depend on the choice of priors. In the above we used the uniform 
prior on the matter density Qm = [0.05,0.5], the choice being motivated by the 
aforementioned validation of our code. As an illustration of the sensitivity of our re- 
sults to this choice, if instead one uses the narrower uniform prior Qm = [0.15, 0.45], 
one find 


Gu 50:207 008 (8) 
wo = —0.92° 398 (9) 
wa sd E (10) 


in other words, there is no impact on the matter density and wo, but there is a 
significant impact on Wa. Breaking these degeneracies requires additional data, for 
example from cosmic microwave background observations. In any case, our purpose 
here is to set up a benchmark for the constraining power of these data sets, against 
which to compare the constraints on the alternative models to be discussed in what 
follows. 
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3. Steady-state torsion 


A possible extension of General Relativity consists in allowing for the presence of 
spacetime torsion. In such theories there is a further degree of freedom (in addition 
to the usual metric), which also gravitates. Mathematically, the torsion tensor is 
defined as the antisymmetric part of the affine connection; the symmetric part of 
the connection are the usual Christoffel symbols. Physically, this defines relation 
between the intrinsic angular momentum (i.e., the spin) of matter with the geomet- 
ric properties of the underlying spacetime. The only non-trivial contraction of the 
torsion tensor is a torsion vector, and the general field equations including torsion 
are known as the Einstein-Cartan equations. Nominally the Einstein equations re- 
tain the usual form, but the presence of torsion implies that the Ricci tensor and 
the energy-momentum tensor are not symmetric. The Cartan equations relate the 
torsion tensor to the spin tensor, and similarly for the torsion and spin vectors. 

'The form of the underlying torsion tensor can be chosen such that the homogene- 
ity and isotropy of FLRW universes is preserved,!? and in this case the remaining 
degree of freedom is a scalar function ¢ which must depend only on time (a spatial 
dependence would violate the homogeneity assumption), but is otherwise arbitrary. 
Making the standard assumption of treating the metric and the torsion as indepen- 
dent objects and furhter assuming a flat universe, one finds the following Friedmann, 
Raychaudhuri and continuity equations! 


H?- EkptA — 4d? — AH (11) 
ü K 1 ; 
z = —G(p + 3p) + 3A — 26 - 2Hó (12) 
p=-3H (1425) (o0) +40 (0+ 3) (13) 
H K 


Here the dot denotes a derivative with respect to physical time, H = à/a is the 
Hubble parameter, and p and p are the density and pressure. In what follows we 
will assume barotropic fluids with a constant equation of state p — wp. It has been 
recently suggested that such universes may undergo accelerating phases.! We can 
conveniently define a torsion contribution 


Qs — —4 (=) | + — . (14) 


In Ref. 14 these models were constrained under the so-called steady-state torsion 
assumption of a constant fractional contribution of torsion to the volume expansion, 
that is ¢/H = A = const.. 

It is easy to find, in agreement with other recent works, that models without a 
cosmological constant (where torsion itself would be expected to yield the current 
acceleration of the universe) are strongly disfavoured by the data. Indeed, in this 
case, for which the matter density would be given by Qm = (1 + 2A)?, the best fit 
parameters would have a reduced chi-square of at least 2.7 for the datasets under 
consideration. 
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Fig. 1. Constraints on the A-OQm parameter space for w = 0. The black lines represent the one, 
two and three sigma confidence levels, and the colormap depicts the reduced chi-square of the fit, 
with points with x2 > 3 shown in purple. Similar constraints can be found in Figure 2 of Ref. 14. 


However, one can also treat these models as one-parameter extensions of ACDM, 
whereby one can constrain the relative contributions of the cosmological constant 
and of torsion. In this case, if one assumes that that matter has the standard 
equation of state, w — 0. As in the previous subsection will separately consider 
the cases without and with the aforementioned Planck prior on the matter density. 
Without the Planck prior, we find the following one-sigma posterior likelihoods for 
the two free parameters 


Agee = 0.07700 (15) 
Om,w=0 = 0.1859 3 ; (16) 


there is a clear degeneracy between the two parameters, and the preferred value of 
the matter density is lower. The inclusion of the Planck prior breaks the degener- 
acy and significantly improves the constraints, as shown in Fig. 1; the one-sigma 
posterior likelihood for the torsion parameter becomes 


\(w=0,Planck) = 0.027995. (17) 


which is consistent with the null result at just over one sigma. 
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Allowing for a non-zero (but still constant) equation of state, there is a weak 
degeneracy between w and the other model parameters, so although the constraints 
become weaker (as they must), both parameters are still well constrained by the 
data, provided the Planck prior is included. In this case we have 


Aus Planck) = —0.01 + 0.02 (18) 
WPlanck = —0.05 + 0.03 ; (19) 


compared to the w = 0 case the best-fit value has changed sign, and the constraint 
is now consistent with the null result at one sigma. 

Overall, we find no statistically significant preference for the presence of torsion. 
By itself it can’t be responsible for the acceleration of the universe, and even if taken 
as an extension of the canonical ACDM paradigm the overall contribution to the 
Universe’s energy budget is constrained to be no larger than a few percent. We also 
note that our constraints should be seen as conservative: an analysis including a full 
treatment of the cosmic microwave background should lead to stronger constraints. 


4. Generalized couplings 


The precise nature of the coupling between matter and the metric in the Einstein 
equations is at questionable assumption of the theory. One may therefore explore 
the possibility that this coupling is nontrivial. On such example is the Feng and 
Carloni’s generalized coupling model,? which is equivalent to General Relativity in 
vacuum, but still allows for a different behaviour within a matter distribution. 

In this case the Friedmann and Raychaudhuri equations, assuming a flat uni- 
verse, can be written? 


256&(1 — pq)? (ap - 1)? 


= a _ 256K(1 — pg)? (go + 1)[2 — alp  3p)] -- 
6q(H + H^) = — —"ssp-apW o ———— c 2(qA — K), (21) 


where q is a model-specific parameter defined as q = «/A (where A, not to be 
confused with the analogous torsion parameter, is interpreted as being akin to the 
vacuum energy density generated by matter fields) and p is the pressure of a fluid 
that is assumed to be barotropic, with an equation of state p — wp, where w is a 
constant equation of state parameter. The corresponding continuity equation takes 
the form 


. . 3Hp(w + 1)[g? p^w(3w — 1)  ap(1 — Tw) + 4] (22) 
fo q?p?w(3w — 1) — qp(3w? + 13w +2)+4 ` 
Note the model is effectively a bimetric theory.? In what follows we take the model 
as a phenomenological one and treat q (or a dimensionless version thereof) as a free 
parameter to be constrained by the data. It is convenient to define the dimensionless 
parameter Q = qpo, where po is the present-day critical density. 
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Fig. 2. Two-dimensional constraints on the w — 0 generalized coupling model. The Ax? — 2.3, 
Ax? = 6.17 and Ax? = 11.8 confidence levels are shown in black lines, and the color map depicts 
the reduced chi-square at each point in the parameter space, with points with x2 > 3 shown in 
yellow. Similar constraints can be found in Figure 3 of Ref. 12. 


Since the model effectively has two types of vacuum energy, viz. the one gener- 
ated by matter fields as well as the usual cosmological constant, one may wonder 
if the former is sufficient to yield an accelerating universe without invoking the lat- 
ter. However, it is again simple to show that this can't be the case,!? since in that 
case the minimum density would be Om ~ 0.86; clearly such high matter density 
universes would be incompatible with observations. Thus in what follows we treat 
this model as a phenomenological extension of ACDM, with the vacuum energy 
density of matter fields, Q, being an additional model parameter which we now 
constrain. 

In the simpler case where the matter equation of state parameter has the stan- 
dard value, w = 0, and agnostically allowing both positive and negative values of 
the model parameter Q, we find that while non-zero values of Q are preferred, the 
standard value is not significantly excluded, as shown in Fig. 2. We note the exis- 
tence of two branches of the solution, one with Q > 0 and the other with Q « 0, 
with the former branch being slightly preferred. If we restrict the analysis to the 
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range Q < 0, the one-sigma constraints on the two model parameters are 


Ou 


0.31 + 0.02 (23) 


Q- = —0.010 + 0.006 ; (24) 
conversely, if we restrict the analysis to the range Q > 0 we find 


Q4. = 0.29 + 0.02 (25) 


Q4 = 0.023 + 0.003. (26) 


In all cases the reduced chi-square at the best fit is X2 ~ 0.6, so the model is clearly 
overfitting the data. All in all, there is no strong evidence for a non-zero Q. 

In the general case, allowing the dark energy equation of state parameter w to 
become a further free parameter, one obtains the following one-sigma constraints 
on the parameters 


Gm = 029709 (27) 
Q = -0.018*0005 (28) 
w = —0.06*017. (29) 


The constraints on the matter density are now significantly weaker, but the two 
Q branches of the solution are still manifest, as are the degeneracies between the 
model parameters, as can be seen in Ref. 12. In this case the negative branch is also 
the preferred one. However, we should also point out that the matter equation of 
state parameter is already more tightly constrained than this (and this comment 
also applies to the above constraints on the torsion model). Recent analyses? 16 
constrain it, conservatively, to |w| « 0.003. Using this as a Gaussian prior and 
repeating the analysis, we recover the constraints on Q and Qm reported above for 
the w = 0 case, while the posterior for w itself simply recovers the prior. 


5. Scale invariance: The specific Maeder model 


Maeder's proposed scale invariant model? is a specific case of the scale-covariant 
theory of Canuto et al.^? It is well known that the effects of scale invariance disap- 
pear upon the presence of matter; the assumption underlying scale invariant models 
is that at large (i.e., cosmological) scales empty space should still be scale invariant. 
This again leads to a bimetric theory, with a function A (not to be confused with the 
parameters introduced in previous sections) playing the role of a scale transforma- 
tion factor relating the ordinary matter frame to another frame which one assumes 
to still be scale invariant. 
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In this case, and with the further assumption of a flat homogeneous and isotropic 


universe, the Friedmann, Raychaudhuri, and continuity equations are^? 
XY OR 1 
a "E 9 
(i) + oy = glee + AX’) (30) 
ä À AB. X K 
-+-+--- n= — 24)? 1 
tataa X gt 3p A^) (31) 


; a À 
p+ 3(o+p)— = —(p +3p)5> (32) 
which match the standard equations if one chooses A = 1. Note that for a homoge- 
neous and isotropic model A depends only on time, as does the scale factor. 

'The recent work of Maeder further postulates that the Minkowski metric is 
a solution of these Einstein equations, which leads to the following consistency 


conditions? 


2 
33 = M? (33) 
T 
22 7 S - AX, (34) 


and further imply that 


Mt) = "E E (35) 


We are again using c — 1, and constant equations of state, p — wp. Together with 
the solution for A, the continuity equation yields 


p x (1 + g per ee. (36) 


For a cosmological constant equation of state (w = —1) this becomes p «x t~?; in 
other words, this is effectively a model with a time-dependent cosmological constant, 
but no parametric ACDM limit. The author claims,? from a simple qualitative 
comparison, that with the choice Qm = 0.3 the model is in good agreement with 
Hubble parameter data. In Ref. 12 this claim was assessed with a more thorough 
statistical analysis, and we summarize the results here. 

With the aforementioned assumptions, the Friedmann equation for the Maeder 
model can be written 


Q 
F? (2,2) = Ou (1 + 2h mg 4 — Ha: t) (37) 
x 
where we have defined an effective parameter 
2 
Qa = —, 38 
=o (38) 


which effectively quantifies the present age of the universe (in dimensionless units) 
and for convenience also introduced a dimensionless time x = t/to, with to being 
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Fig. 3. Two-dimensional constraints on the Maeder model, with w as a free parameter. The 
black lines represent the one, two and three sigma confidence levels, and the color map depicts 
the reduced chi-square at each point in the parameter space, with points with x2 > 3 shown in 
yellow. Similar constraints can be found in Figure 6 of Ref. 12. 


the current age of the universe. With these definitions the Friedmann equation can 
be re-written in the simpler form 


E(z,2) = a [i+ VTF MG) (39) 
4m 
OF 


M(z, x) = (1 4 gp reget) (40) 


with the relation between redshift and (dimensionless) time being given by 


dx x 1 


a 41 
dz ltz 1+4+,/1+M(z,z) A 


and the initial condition z = 1 at z = 0. 
In the w = 0 case we can write Qa = 1 — Qm. and the one-sigma posterior 
constraint in the matter density is 


Qm = 0.26 + 0.02, x? =1.3; (42) 


the inclusion of curvature as an additional parameter!? slightly increases the pre- 
ferred matter density but provides an equally poor fit. On the other hand, allowing 
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w as a further free parameter, one obtains the result shown in in Fig. 3. In this case 
the one sigma constraints are 


Om = 0.06 + 0.02 (43) 
w = 0.607238; (44) 


again the inclusion of curvature does not significantly change this.!? In both cases 
the reduced chi-square is now x2 = 0.8, so the model is now slightly overfitting 
the data. Clearly there is a strong degeneracy between the matter density and the 
equation of state parameter (which are anticorrelated), and the best fit values of 
both parameters are very far from the standard ACDM ones. 


6. Scale invariance: the general model 


'The previous section shows that the Maeder model is ruled out. One may therefore 
ask whether this conclusion extends to the more general model of Canute et al., 
also introduced in the previous section. Here we present a very preliminary analysis 
of this issue. We will assume a generic power-law behaviour, A(t) œ tP, choosing 
ào = 1, and further assuming flat models?. This choice of A also ensures that 
ACDM is recovered for p = 0. 

Note that in the Maeder model there is no explicit cosmological constant A. In 
the general case it is still there, so we may again expect two classes of solutions. 
One has the usual A providing the acceleration, with the A field providing a further 
contribution; in other words, this will be an extension of ACDM. The other has 
A = 0, meaning that the model will not have a ACDM limit, and the question is 
then whether the field À can provide an alternative to acceleration in that case. 

In this case the continuity equation gives 


p (1 + gyre BOR S (45) 
while the Friedmann equation gives 
2 
(ze, x) + Zo) = Qu (1 + 2t 700-3w) 4 Qar, (46) 
For p = —1 the Maeder model is recovered with the further assumption that 
1 1 
Q4, = FR? = ——. 4 
^ 4^ (too)? m 


In the general case the Friedmann equation can be re-written 


Q 
E(z,2) = z^ |-p+ /NGa)| (48) 
N(z,z) = 4 |. (1 + 2) 2-904699) at , (49) 


A 


?We will report on a more detailed analysis, relaxing some of these assumptions and exploring 
various scenarios, elsewhere. 
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and the relation between redshift and (dimensionless) time is now given by 


dr o a EEN (50) 
dz 1+z N(z,x) —p 
with the initial condition still being x = 1 at z = 0. One can easily check that the 
Maeder model equations are recovered in the appropriate limit. Note that Q) is a 
dimensionless measure of the current age of the universe, and it must therefore be 
a positive quantity. 
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Fig. 4. Two-dimensional constraints on the Canuto et al. model, with w = 0 and Qa = 0. The 
black lines represent the one, two and three sigma confidence levels, and the color map depicts the 
reduced chi-square at each point in the parameter space, with points with x2 > 3 shown in yellow. 


Several different scenarios can now be considered. In what follows we only con- 
sider the simplest one. If we assume that Qa = 0 and ordinary matter with an 
w = 0 equation of state we have two free parameters (Qm, p) and 


—pQ, = 2(1 — Vm); (51) 


thus p = 0 corresponds to an Nm = 1 universe, In this case we again find that this 
model does not provide a good fit to the data, cf. Fig. 4: while a matter density of 
around Nm ~ 0.28 is preferred, the reduced chi-square of the best fit is quite poor, 
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being always larger than x2 — 1.25. An exploration of the wider parameter space, 
allowing for a cosmological constant, a non-zero equation of state, and curvature, 
will be reported elsewhere. 


7. Outlook 


We have briefly presented a comparison of three classes of models for the low- 
redshift acceleration of the universe against background low-redshift cosmological 
observations, further using the traditional CPL phenomenological parameterization 
as a benchmark. Each of these models contains, in principle, an additional mech- 
anism, in addition to the cosmological constant, that could account for the recent 
acceleration of the universe. 

We find that the steady-state torsion and generalized couplings have similar be- 
haviours. The specific physical mechanism therein are ruled out as unique source 
of acceleration, but small (e.g. percent level) deviations from ACDM are still al- 
lowed by the data that we have considered. Constraints can of course be tightened 
by including further data. The scale invariant model provides an interesting con- 
trast. Assuming the standard equation of state parameter, w = 0, the best-fit value 
is similar to the CPL one. However, these fits have a poor (specifically, high) re- 
duced chi-square, indicating that the model does not provide a good fit to the data. 
An observationally viable model of this kind would require a highly non-standard 
‘matter’ density (including a non-standard equation of state), which would conflict 
with other cosmological datasets. In passing, we also mention that another interest- 
ing phenomenological class is that of energy-momentum-powered models recently 
constrained in Ref. 17 and also discussed elsewhere in these proceedings. 

Overall, we therefore conclude that ACDM is a remarkably robust paradigm. 
While it is clearly a phenomenological approximation to a still unknown more fun- 
damental model, it is clearly a good one, and any plausible alternative model must 
be able to closely reproduce its behaviour in a broad range of cosmological settings. 
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Model-independent test of scalar-tensor gravity theory 
by reconstructing scalar mode of GW170817 
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Einstein's general relativity predicts that a gravitational wave is allowed to have two 
polarizations called tensor-modes: plus and cross modes. On the other hand, the general 
metric theory of gravity predicts that a gravitational wave is allowed to have up to six 
polarizations: two scalar and two vector modes in addition to the tensor-modes. In case 
the number of laser-interferometric gravitational wave telescopes is larger than the one of 
the polarizations the gravitational waves have, all the polarizations can be reconstructed 
separately. Since it depends on theories of gravity which polarizations the gravitational 
waves have, the investigation of polarizations is important for the test of theories of 
gravity. In this paper, in order to test the scalar-tensor gravity theory, one of important 
alternative theories of gravity, we search for the scalar-mode of GW170817 observed 
by LIGO Livingstone, Hanford and Virgo without prior information about any tensor- 
scalar gravity theories. As a result, we found the maximum SNR of the scalar-mode of 
GW170817 was 2.77, the p-value was 0.01, and the band-limited root sum square of h was 
1.55 x 107?! [1// Hz] with the time window of 2[s] and frequency window of 60~120[Hz]. 


Keywords: Gravitational wave; polarization; scalar-mode; test of gravity theory; 
GW170817. 


1. Introduction 


Since the gravitational wave (GW) was observed in 2015, many gravitational waves 
have been detected.! The observation of GWs will provide an opportunity to unveil 
the mystery of the early universe,” black holes! and dark matter. Einstein's general 
relativity predicts that a GW is allowed to have two polarization modes, plus mode 
and cross mode, which are called tensor modes. On the other hand, the general 
metric theory of gravity predicts that a gravitational wave is allowed to have up 
to six polarizations, two scalar and two vector modes in addition to the tensor 
modes.?:4 This suggests, if either the scalar or the vector modes are found, it is 
necessary to modify the general relativity. 

E. Hubble observed that the universe was expanding,? and George Gamow pro- 
posed the big bang cosmology. However, the proposed theory could not explain 
the flatness problem and the horizon problem. Inflation universe theories were pro- 
posed to solve these problems." Direct evidence of inflation has not been found yet, 
but if inflation theories are correct, a scalar field may be necessary for inflation to 
occur. 
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Instead of the general relativity, the general metric theory of gravity has been 
proposed, and the theory of gravity has been tested using the GWs detected so 
far.*? Among the proposed theories of gravity, the scalar-tensor gravity theory pre- 
dicts the gravitation is given through not only the tensor field but also by the scalar 
field. It is possible to reconstruct the tensor and scalar modes from GW observations 
when the GW is observed by three or more laser-interferometric gravitational wave 
telescopes and the direction to the GW is known.!? In this paper, in order to test the 
scalar-tensor gravity theory, we search for a scalar mode of GW170817!! observed 
by LIGO-Livingston, LIGO-Hanford!? and Virgo.!? The direction to GW170817 
is known by the multi-messenger observation.!^ Normally, when exploring GWs, 
the correlation between the predicted waveform and the observed data is exam- 
ined, which is called the matched filter method. For this purpose, we must assume 
a specific theory model. In this paper, we take a different way to test the grav- 
ity theories. We reconstruct the polarizations without any prior information about 
waveform. Since our method of reconstruction does not rely on any specific gravity 
theory, it is possible to test theory of gravity with high generality. In Sec. 2, we 
describe how reconstruct each polarization. In Sec. 3, we show the analysis result. 
Section 4 is devoted to the summary of this paper. 


2. Reconstruction of polarization modes 
2.1. Polarization modes of a gravitational wave 


'The GW propagating in the z direction, the bases of the six polarizations are defined 
by following tensors in which time, x,y,z component from the left to the right or 
the top to the bottom, 


00 0 0 0000 
few. 01 0 0 «2010 
ij 00 -1 0’ $—lo1020]' 
00 0 0 0000 
0000 0000 
0100 0000 
e= loo10]: di=V21 9 9 0 of: (1) 
0000 0001 
0000 0000 
P 0001 ga 2 «0 
ij 000 0]? a~10 001)’ 
0100 0010 


where +, x,b,l, x and y denote plus, cross, breathing, longitudinal, vector-x, vector- 
y modes. Figure 1 shows that how each polarization affects test masses placed in 
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a circle. Using Eq. (1) and amplitude of each polarization hala = +, x,5,l, x, y), 
the GW hj; is given by 


sp x b l 
hig = h4e} + hxeji5 + hoez + heij + hei; + hye. (2) 
y X 
© — 
—X Z 
(a) plus mode (c) breathing mode (e) vector-x mode 
y xory y 
O — — 
X Z Z 
(b) cross mode (d) longitudinal mode (f) vector-y mode 


Fig. 1. Six gravitational wave polarizations in a general metric theory of gravity. 


2.2. Antenna pattern function 


Suppose that a normal orthogonal system (û, v, w) in which the unit vector û, V 
are directed to each detector arm. The coordination systems (1n, ñ, Q) are given by 
the rotation angle(@, ¢, Y) (Fig. 2). Q is unit vector directed the direction to the 


GW, and the angle w around the Q is an arbitrary angle. Using vector m, n, Ô, the 


15 


Fig. 2. Coordinate systems. 
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polarization tensors are given by 


é, in 8i —h Gf, é, = m@n+Aem 
& —mem+n@a, & = Vg (3) 
&, =m @2+N@ mh, éy= f£EN+N@A 


where the symbol & denotes a tensor product. The antenna pattern function Fala = 
+,x,b,l,x,y) of a detector is defined as 


Fy(Q) = D : e4(€1), (4) 


where the symbol : denotes contraction between tensors. D is a detector tensor and 
defined as 


lusu cxx 
D= 5[à8 à - $ & €]. (5) 
The antenna pattern function depends on the position of detectors and the direction 


to the GW. 


2.3. Coherent network analysis 


Data from ith detector are 
v = hi + m, (6) 


where h; are the ith detector response to the GW and 7; are the +th detector noise. 
hj is written as 


hi = Fh, Fix hx + Fishs, (7) 


where Fiala = +, x,5) is the antenna pattern function of ith detector. Here s 
denotes a scalar-mode. ha are the amplitude of each polarization. As the antenna 
pattern function of the breathing-mode and the longitudinal-mode are degenerated, 
we can’t decompose these scalar modes. In this paper, we suppose that the GW has 
two tensor modes and one scalar mode and the amplitude of vector modes is small 
enough to be ignored. If there are three detectors, from Eq. (6,7) 


Ti Fi, Fix Fu] [ht m 
T2 | = Fo, Fox Fos hy + 2) s (8) 
T3 F3} F3x F3s] [hs n3 


Equation (8) is written in a matrix as 


c —Fh4mq. (9) 
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F is not a square matrix and doesn't have its inverse matrix in general. But if 
we use Moore-Penrose pseudo-inverse matrix we can reconstruct each polarization. 
We consider the reconstruction without noise for simplicity. Multiplying Eq. (9) by 
transpose matrix FT, we get 


FTFh = Fre. (10) 
Since FTF is a square matrix, we can find the inverse matrix. We finally get 
h = M-iFTg, M := FTF, (11) 


where M -! FT is the Moore-Penrose pseudo-inverse matrix. 


3. Analysis method and results 


Figure 3 shows spectrograms of three modes(plus, cross and scalar) reconstructed 
from GW170817. 
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Fig. 3. Spectrograms of the reconstructed plus-mode (a), cross-mode (b) and scalar-mode (c). 
The horizontal axis is time[s] since GPS time 1187008874[s]. The vertical axis is frequency [Hz]. 


Y 
El 


8 


150 


frequency[Hz] 


926 


Next, we describe the statistical evaluation method. 


(1) Divide the data into 2, 3.5 or 5[s], and divide the frequency band of the data 
into 60[Hz] each from 60[Hz] to 300[Hz]. Figure 4 is the spectrogram on which 
red and black lines are drawn. The black lines are drawn at every 60[Hz] from 
60[Hz]. The red lines are drawn at every 2[s] from O[s]. 

(2) In each region, calculate the power of signal p, and create a histogram. 


p= Xu. (12) 


where hs is the reconstructed scalar mode. Figure 5 is a histogram of the re- 
constructed scalar mode. The data used is divided into 2[s] and the frequency 
band is limited in 60~120[Hz]. 

Assuming that the probability distribution of p follows a normal distribution, 
find the mean p and standard deviation c from the distribution. 


— 
[ovi 
— 


(4) Calculate the P-value and the signal-to-noise ratio(S N R). 
n 
P-value = — 1 
value = =, (13) 
SNR = PE, (14) 
c 


where paw is the p in the region where GW170817 is in, n is the number of the 
p larger than pew and N is the total number of the p. 

Calculate the band limited root sum square of hyss in the time-frequency domain 
with the highest SNR. The band limited root sum square of h, hPL, which we 
defined as follows 


— 
ol 
s 


BL .. 
LER m 


(15) 
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Fig. 4. Spectrogram of the reconstructed scalar-mode. The black lines are drawn at every 60[Hz] 
from 60[Hz]. The red lines are drawn at every 2[s] from O[s]. 
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Histogram of the reconstructed scalar-mode 


count 
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Fig. 5. Histogram of the reconstructed scalar-mode. The data used is divided into the 2[s] and 
the frequency band is limited in 60~120[Hz]. ys is the mean value and ø is standard deviation of 
the p. pgw is the p in the region where GW170817 is contained. n is the number of the p larger 
than paw. 


Table 1. SNRs and P-values. The data used is 
divided into 2[s] and the frequency band is lim- 
ited in 60--120[Hz], 120~180[Hz], 180~240[Hz] and 


240~300[Hz]. 
120~180 SSRs 055 L8 
1807240 Le a e oi 


Figures 6, 7, 8, 9 shows spectrograms of the reconstructed scalar modes, and 
Tables 1, 2, 3 shows the SNRs and the P-values. In the Figs. 6, 7, 8, 9, 
the black lines are drawn at every 60[Hz] from 60[Hz], and the red lines 
are starting GPS time 1187008878-.1187008880[s], 118700887 77-1187008880.5[s], 
1187008878-.1187008881.5[s], 1187008876~1187008881[s], respectively. 

The largest SNR was 2.77 with the time window of 2[s]. The P-value of the 
corresponding time-frequency region was 0.01. In the Fig. 6, the yellow frame is the 
region with the largest SNR. In case of the time window of 3.5[s], there are two 
regions where the SNR is larger than 2. The largest SNR. was 2.54 with the time 
window of 3.5[s]. The P-value of the corresponding time-frequency region was 0.01. 
In the Fig. 7, the yellow frame is the region with the largest SNR. Also, The second 
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Fig.6. Spectrogram of the reconstructed scalar-mode. The yellow frame is the region with highest 
SNR larger than 2. 
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Fig. 7. Spectrogram of the reconstructed scalar-mode. The yellow frame is the region with highest 
SNR larger than 2. 
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Fig.8. Spectrogram of the reconstructed scalar-mode. The orange frame is the region with second 
highest SNR larger than 2. 
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Table 2. SNRs and P-values. The data used is divided 
into 3.5[s] and the frequency band is limited in 60~120[Hz], 
120~180[Hz], 180~240[Hz] and, 240~300[Hz]. 


frequency[Hz] times] 265.5 366.5 4.7.5 58.5 


P-value 0.03 0.01 0.03 0.23 


60~120 “SNR 199 251 210 0509 
120—180 eee 
240~300 A ee AB AUTE 


Table 3. SNRs and P-values. The data 
used is divided into 5[s] and the frequency 
band is limited in 60~120[Hz], 120~180[Hz], 
180~240[Hz] and 240~300[Hz]. 
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Fig.9. Spectrogram of the reconstructed scalar-mode. The yellow frame is the region with highest 
SNR larger than 2. 
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largest SNR was 2.10. The P-value of the corresponding time-frequency region was 
0.03. In the Fig. 8, the orange frame is the region with the second largest SNR. 
In case of the time window of 5[s], there is one region where the SNR is larger 
than 2. The largest SNR was 2.38 with the time window of 5[s]. The P-value of the 
corresponding time-frequency region was 0.02. In the Fig. 9, the yellow frame is the 
region with the largest SNR. Additionally, the BL in the region with the maximum 
SNR was 1.55 x 107?! [1/// Hz]. 


4. Summary 


We performed the model-independent test of the scalar-tensor gravity theory using 
GW170817 by reconstructing the tensor and scalar modes without any informa- 
tion about the waveform. We found the maximum SNR was 2.77 with the time 
window of 2[s] and the frequency band of 60~120[Hz]. The P-value of the cor- 
responding time-frequency region was 0.01, and the APL of the same region was 
1.55 x 107?! [1/4/H z]. The SNR was small compared to threshold value of the GW 
detection by the matched filter analysis in recent years. In order to claim the de- 
tection of the scalar-mode, it is necessary to further increase the sensitivity of GW 
telescope and/or detect larger GWs. There are some future issues. First, we need 
evaluate the error that occurs in the process of the waveform reconstruction. Next, 
the method of reconstruction needs to be optimal for the scalar-mode. Our recent 
studies have shown that different locations have different amounts of leakage from 
the tensor mode. Therefore, by investigating it in detail, it will be possible to test 
the scalar-tensor gravity theory with high generality. 
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We apply cosmological reconstruction methods to the f(R,T) modified gravity, in its 
recently developed scalar-tensor representation. We do this analysis assuming a perfect 
fluid in a Friedmann-Lemaitre-Robsertson- Walker (FLRW) universe. In this contribution 
we show the equations of motion obtained and we present the solutions found for one 
of the particular cases we analysed: an exponential evolution of the cosmological scale 
factor. 


Keywords: Cosmology; modified gravity; scalar-tensor theories; accelerated expansion. 


1. Introduction 


The late-time universe is observed to be expanding in an accelerated way.^? This 
behaviour can be modelled by introducing a dark energy component, often iden- 
tified as a cosmological constant. However, we still lack the understanding for the 
dark energy mechanism at the fundamental level. Alternatively, it is possible to 
explain the accelerated expansion by modifying the theory of gravity. Many such 
modifications have been proposed to extend Einstein's General Relativity (GR) (e.g. 
see Refs. 3-9). For instance, one can modify the gravitational Lagrangian, which 
depends linearly on the Ricci curvature scalar R, to instead depend on a general 
function of R — thus, referred to as f (R) gravity.!? Resulting in modified Friedmann 
equations, f(R) gravity can allow for the accelerated expansion without the need 
for dark energy.!! 

It is natural, then, to explore further extensions, such as f (R,T) gravity? where 
the action depends on a general function of the curvature scalar R and of the 
trace of the stress-energy tensor T. Because of this explicit coupling between curva- 
ture and matter, the stress-energy tensor is not necessarily conserved, allowing the 
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appearance of a fifth force. Since its proposal, the f (FR, T) gravity has sparked a lot 
of interest leading, in some cases, to the study of its cosmological applications (e.g. 
see Refs. 13-19). 

Recently, the original geometrical representation of the f(R,T) gravity was re- 
formulated into an equivalent scalar-tensor representation," where the two extra 
degrees of freedom of the theory are expressed by means of two scalar fields. So far, 
this scalar-tensor theory was used to find thin shells’ junction conditions?? and thick 
brane solutions.?! Since in scalar-tensor theories it is often easier to find analytical 
solutions, it calls for further study also of cosmological models in this represen- 
tation of the f(R,T) gravity. This study is undertaken in our work, modelling a 
Friedmann-Lemaitre-Robsertson- Walker (FLRW) universe. We used reconstruction 
methods,!?-1?:2?:24 whereby the function f(R,T) is not defined a priori, and in- 
stead we start from known cosmological solutions such as the time evolution of the 
spatial scale factor which seem to model well the observations. Here we give simply 
a preview of this work and some of its preliminary results. A more complete analysis 
is being incorporated into a paper under preparation. 


2. The theory of the f(R, T) gravity 


We first introduce briefly the theory of f(R,T) gravity, showing the main equations 
without detailing all of the steps. For further details we point to the main refer- 
ences. In its original geometrical formulation (see Ref. 12), the action of the f(R, T) 
gravity is 


Sg | va für's | V25 esas (1) 


where K? = 81 G/c*, G is the gravitational constant and c is the speed of light, g 
is the determinant of the metric gav, f (R,T) is an arbitrary well-behaved function 
of the Ricci curvature scalar R and the trace of the stress-energy tensor T, and 
Lm is the matter Lagrangian. More explicitly, R = g"" Rav, where Ry, is the Ricci 
tensor, and T = g""T,,,, where the stress-energy tensor Ty is defined in terms of 
the variation of the matter Lagrangian Lm as 


RECS] b 
RE ôg” 
When reformulating into the dynamically equivalent scalar tensor representation 
(see Ref. 20 for further details), one defines two scalar fields 


p= USSR (3) 


with the associated potential 


V(o, v) 2 -f(, T) + oR + YT. (4) 


With these definitions, the action (1) can equivalently be written as 


S= =z | V-9[yR+¥T — V (v, v)] das | V 9E, d'a. (5) 
Q Q 
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The variation of this action with respect to the metric g,,, yields the modified 
field equations 


1 
pRuv Py: 59uv (YR T YT = V) 3d (VaVe = Juv )o = Eus mE QUI sc Ow), (6) 


2 
where V, is the covariant derivative and O = V° Vo is the D'Alembert operator, 
both defined in terms of the metric guv, and the tensor ©,,, is defined as 
ôT 
Ow = dio (7) 


On the other hand, the variation of the action (5) with respect to the scalar fields 
y and v gives, respectively, 


Vo =R, (8) 


V, — T, (9) 


where the subscripts in V, and Vy denote the partial derivatives of the potential 
V(y,w) with respect to the variables y and w, respectively. 
A general conservation equation can be found by taking the divergence of Eq. (6), 


(is? = W)VET = (Tav + On) View + VV" Ow P v [RV" o + VH (YT == Vj] è 
(10) 


Even though it is not a requirement of the theory, in this work we will impose the 
conservation of the stress-energy tensor, i.e. V"T,,, = 0, a condition that is auto- 
matically assured in GR. As detailed in the following section, for our cosmological 
model we use a FLRW metric and a perfect fluid approach in order to find the 
modified equations of motion. 

In the following, we adopt a system of geometrized units in such a way that 
G =c = 1, and thus k? = 8r. 


3. Cosmology in the scalar-tensor representation 
3.1. Assumptions and equations of motion 


Let us first state the assumptions of our cosmological model with which we derived 
the equations of motion that are the focus of our study. We take the metric to be 
of the FLRW form, i.e., in spherical coordinates (t, r, 0, 0), 


2 


2 210222 
ds^ = —dt^ + a*(t) 1- E23 


+r? (d? + sin? bdg?) | , (11) 


where a(t) is the scale factor and k is the curvature parameter which can take the 
values k = {—1,0,1} corresponding to a hyperbolic, spatially flat, or hyperspherical 
universe, respectively. 
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We assume the stress-energy tensor T),, to be well described by that of an 
isotropic perfect fluid, 


Tuy m (p + p)uyuy + PI» (12) 


where p is the energy density, p is the isotropic pressure, and u^ is the fluid 4-velocity 
satisfying the normalization condition upu” = —1. We take the matter Lagrangian 
to be Lm = p .?? Under these considerations, the tensor O takes the form 


Ow = —2T ww + Puv- (13) 


With these assumptions, and with all physical quantities depending only on the 
time coordinate t (which guarantees the homogeneity and isotropy of the solutions 
p(t), p (t), v (t), v (t), etc.), the following equations of motion were obtained. From 
the two independent components of Eq. (6), we obtained the modified Friedmann 
equation and the modified Raychaudhuri equation, 


a à? +k 8r 4% 1 1 
; ' = ' . 14 
26 e( 3 ) 3^ AG DER (14) 
" .fà 24 à? +k 1 
ec ) -e( | 5 )- 8rp 4 i 3p) + =V, (15) 
a a a 2 2 


respectively, where overdots denote derivatives with respect to time. From Eqs. (8) 
and (9) we obtained 


ä a@+k 
v -e( 5 E28), (16) 
Vy = 3p — p, (17) 


respectively. By our choice, we imposed V,,T"" = 0 that leads to the usual conti- 
nuity equation, 


p — -3^ (p p). (18) 
Consequently, from the general conservation equation (Eq. (10)) we obtained 
2d(p +p) = —(9 — 2). (19) 
Finally, we impose an equation of state of the form 
p = wp, (20) 


where w is a dimensionless parameter. 

These equations of motion are the framework with which we searched for cos- 
mological solutions in the f(R,T) gravity. There is a redundancy in the equations 
obtained, since they are not all linearly independent, and one can be discarded 
without loss of generality. We chose to work with Eqs. (14), (16), (17), (18), (19), 
and (20) which form a system of six independent equations. This system is still 
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underdetermined since we have nine degrees of freedom: a, k, w, p, p, o, Y and 
V which contributes with two degrees of freedom (because it is a function of two 
variables, y and «/). In a first instance, we solved as much as it was possible with- 
out further constraining the system, obtaining some general solutions for p(t), p(t), 
w(t), and the V (Y, v) dependence on v. Only subsequently, did we provide further 
constraints to close the system and analyse particular cases. 


3.2. General solutions 


Taking the system of equations we have derived, Eqs. (14), (16), (17), (18), (19), 
and (20), we first found some general results. Beginning in a similar way that we 
would in GR, we used the equation of state (20) in the continuity equation (18) to 
find the general forms of the energy density and pressure as a function of a, 


i —3(1+w) 
p= (=) (21) 
ao 


4 —3(1+w) 
p= uy (+) ; (22) 
ao 


respectively, where po and ao are arbitrary constants from integration, and usually 
the subscript 0 denotes the value of the quantity today, at t = to. These solutions 
are identical to those in GR. This is only so because we required VT" = 0 which, 
again, does not have to be generally true in modified gravity. Yet, it seems sensible 
to assume the validity of the continuity equation, at least on a first analysis. 

Equipped with the results in Eqs. (21) and (22), we then solved Eq. (19) by 
integration and obtained 


d 3(1-w) 
vzw) (23) 


where wo is an integration constant. At this point, we were able to make the follow- 
ing considerations. The partial derivative Vy in Eq. (17) depends on p and p. We 
have the forms of p(a) and p(a) in Eqs. (21) and (22), and we can find a function 
a(w) by inverting Eq. (23) (which we can do for w 4 1, so, in what follows we 
will not be considering stiff matter). Thus, we combined these results to write the 
partial derivative V,, in Eq. (17) as depending only on v. We integrated the partial 
derivative to obtain a separable potential V (y, Y) = Vo + Vi (o) + Vo (v), where Vo 
is an arbitrary constant, Vi (q) is an arbitrary function of y, and V5 (4)) is a function 
of Y given by 


1—3w)(1—w PtU) (1i3w) 
dus ba |y G4), (24) 


Vo(v) = 


which is undefined when w — (—1/3,1) and vanishes when w — 1/3 (corresponding 
to the case when the stress-energy tensor is traceless T' — 0, such as for radiation). 
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This is as far as we were able to go without imposing further constraints. Up to 
this point, from the system of equations we are considering we have already used 
Eqs. (17), (18), (19), and (20), so we have only Eqs. (14) and (16) remaining . In 
balance, there are still five degrees of freedom at the moment: a, k, w, p and Vi (vy). 
Hence, we have to impose three further constraints in order to fully determine the 
system. We note that, as it stands, making a choice of the curvature and equation 
of state parameters, k and w, is not sufficient to determine the evolution of the 
universe modelled by a(t). This is in contrast with GR where to each equation 
of state corresponds a unique evolution of the scale factor a(t). Therefore, in this 
work we took the approach of first specifying the form of the scale factor, and 
then explored the parameter space of k and w in each particular case. The forms 
of the scale factor we chose are those known to model well different epochs of the 
universe: a(t) given by an exponential or by a power law. By way of example, we 
present here only the particular case with an exponential scale factor, which can 
model the accelerated expansion observed in the present era. 


3.3. The particular case of an exponential expansion 


The universe is seen to be undergoing a phase of accelerated expansion. So, one of 
the particular cases we analysed was the de-Sitter solution that one obtains in GR, 
i.e., we impose in our system of equations an exponentially evolving scale factor of 
the form 

a(t) = age Y Mt-to), (25) 
where ao, to and A are constants. Once again, this particular choice does not require 
a unique value of w in f(R, T) gravity and the solutions for p and «» from Eqs. (21) 
and (23) become 


pape ewe, (26) 


w(t) = poe? V ^ t-t00—w). (27) 


respectively. The pressure is simply given by p (t) = wp (t). 

To make further progress in order to find analytical solutions for y(t) and Vi(y), 
we set k = 0 (flat geometry) and left w arbitrary. With this choice of the curvature 
parameter and with the scale factor given by Eq. (25) the computation of Eq. (16) 
yields simply V, = 12A. Given that this is equivalent to having dVi/dp = 12A, 
we integrated it to obtain Vi (o) = 12Ay. By doing so, we absorbed the arbitrary 
integration constant into Vp in the full expression of the potential, which in this 
case reads as 


1 — 3w)(1 — w PGW _ tw) 
| (1 D aus ao ese (28) 


V(o, V) = Vo + 124ọ 4 
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Having determined the form of the potential, we solved Eq. (14) to obtain y(t), 


(t) = qoe Att) Vo po [81e-30-w)v A(t-t0) P. (1 + w) ge 8 1-9) V Atto) 
as ae a 6A 3A (4+ 3w) (1 + 3w) (5 + 9w) 
(29) 


where yo is an integration constant. This solution y(t) is undefined at w = 
(—4/3, —5/9, —1/3), and, from before, we were already not considering the w = 1 
case. Apart from these discontinuities, the system does not pose further constraints 
to the equation of state. In the paper under preparation, we include a more com- 
plete analysis of this parameter space. However, here we show the solutions only for 
three particular choices of w. 

A natural choice was to take w = —1, which in GR is the equation of state of 
constant dark energy density that drives an exponential expansion, corresponding 
to a cosmological constant. Given that we have the freedom to do so, we also set 
w = 0, i.e. the case in which pressureless (or dust-like) matter dominates. Alter- 
natively, we also set w — 1/3 to model the case in which the energy density is 
dominated by radiation (remembering, for instance, that the stress-energy tensor 
of the electromagnetic field is traceless, i.e. T = 3p — p = 0 in the case of isotropic 
perfect fluid considered, corresponding to w — 1/3). That we tried different values 
for the equation of state, e.g. for matter and radiation, may be confusing at first 
given that we are considering an exponential growth of the universe, but we need 
only to remember that due to the extra degrees of freedom in f(R, T) gravity, this 
cases can still be consistent within the system of equations we derived. 

For each of these three values of the equation of state, w = {—1,0, 1/3}, the 
energy density as given by Eq. (26) is plotted in Fig. 1. When space expands expo- 
nentially, the energy density is constant for w = —1 (cosmological constant), and 
undergoes exponential decay for w — 0 (dust) and w — 1/3 (radiation) — the decay 
is faster for radiation than for dust (due to the redshift of radiation). For each of 
the same three values of w, the scalar field (t) as given by Eq. (27) is plotted in 
Fig. 2. In the three cases, the field grows exponentially with time — in descending 
order, it grows faster with the cosmological constant than with dust and than with 
radiation. Likewise, we plot the scalar field y(t) as given by Eq. (29) in Fig. 3. 
When t > to, all of the plotted y (t) solutions grow exponentially (in fact, they can 
all be approximated by y (t) ~ po exp(VAt) in this limit). On the other hand, when 
t < to the y(t) solutions show different behaviour between them. The two scalar 
fields do not have a straightforward physical interpretation; as a reminder, they 
were defined as the partial derivatives of the function f (R,T), i.e. o = Of /OR and 
w —Of/OT. Finally, to each value of the equation of state corresponds a different 
form of the potential V (v, y) as given by Eq. (28), 


w=-1: —V(o, V) — Vo 12Ao — 4por, (30) 
2 
w=0:  V(po,v) — Vo t 12Ay + pore, (31) 


w=1/3: V(y,v)=Vo4+ 12Ag. (32) 


Fig. 1. 


setting A — 1, with the equation of state forced to be each of these values w — (—1,0,1/3]. 


Fig. 2. 
setting A — 1, with the equation of state forced to be each of these values w — (—1,0,1/3]. 


t-to 
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Energy density p (t) /po from Eq. (26) in the particular case where a (t) is given by Eq. (25), 


Scalar field w(t) /Yo from Eq. (27) in the particular case where a (t) is given by Eq. (25), 


As exemplified here, we were able to find solutions for all the variables in our 
system: p (t), p (t), y(t), v (t) and V (y, w), for particular choices of a(t), k and w. 
The next question we addressed in our work was: what form(s) of the function 


f (R, T) generate these cosmologies? 


3.4. Reconstructing the function f (R,T) 


Given that we were able to obtain consistent solutions, one may hope that it is 
possible to reconstruct the explicit form of the function f (R,T) that can lead to 
those solutions. For instance, we have found the form of the potential V (t, y) and, 
by definition, the potential is related to the function f (R,T), as per Eq. (4) which 
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th 


Fig. 3. Scalar field y(t) /yo from Eq. (29), setting yo = po = Wo = 1, in the particular case 
where a(t) is given by Eq. (25), setting A = 1, with the equation of state forced to be each of 
these values w = {—1,0, 1/3}. 


can be rewritten as 


(R,T) = -V (fr, fr)+ fRR+ frT, (33) 


where we have changed the notation using y = fr and w = fr, with the subscripts 
R and T denoting the partial derivatives. Taking the partial derivatives of this 
equation with respect to R and T', we obtained a system of two PDEs which are 
satisfied for an arbitrary f (R,T) if V; = R and V, = T. These two conditions are 
the equations of motion we obtained for the fields y and 7, in Eqs. (8) and (9), and 
so are always satisfied. It can be seen, e.g. from Eq. (28), that 


W-T-Gw-DA(I) ^7. (34) 


which is not defined for w = 1. If w = (—1,1/3), this equation does not give 
a relation between fr and T. On the other hand, if w = 0, for instance, then 


T = —poyĝ/ f2. This relation can be inverted and integrated to give 
F(R, T) = g(R) € 2Uo V —poT, (35) 


where g( R) is an arbitrary function of R. In the case of a flat universe (k = 0) with 
an exponentially evolving scale factor as given by Eq. (25), V; = R = 12A which 
does not provide a direct relation between fg and R, and so it does constrain the 
form of g(R). Other particular cases are studied in our work and will be presented 
in the upcoming paper. 


4. Summary and concluding remarks 


Modified gravity has the potential to solve some of the remaining questions in 
cosmology, such as the current accelerated expansion. With this motivation, we 
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took the recently developed scalar-tensor representation of the f (R,T) gravity to 
explore allowed FLRW cosmologies. To keep our contribution short, we presented 
here only one particular case: that of an exponential expansion. As opposed to GR, 
in f (R, T) gravity there is not a one-to-one relation between the evolution of the 
scale factor and the equation of state. For instance, we were able to find a solution 
by choosing a flat, dust dominated, exponentially expanding universe, which would 
not have been possible in GR. The extra degrees of freedom in modified gravity 
may contribute to an effective dark energy, thus allowing an exponential expansion 
to occur even when the equation of state is that of matter or radiation. In the paper 
under preparation, we include other particular cases, such as power law evolution 
of the scale factor, non flat geometries, and other equations of state. We are also 
already working on testing whether finite time singularities can appear in f (R,T) 
gravity. 
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gravitational, and plasma related perturbations 
on LRS class II spacetimes 
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We consider first order perturbations on locally rotationally symmetric (LRS) class II 
spacetimes. In particular, we investigate the interactions between electromagnetic, grav- 
itational, and plasma related perturbations when allowing for a non-zero magnetic field 
on the background spacetime. In doing so we focus on mechanisms for generating and 
magnifying the magnetic fields, as these kinds of mechanisms may have some relevance 
when trying to explain the origin of the observed large scale cosmic magnetic fields. 
The equations governing the behavior of the perturbations are gathered from the Ricci 
identities for certain preferred vector fields, the Bianchi identities, Maxwell’s equations, 
and from relations describing energy-momentum conservation and particle conservation 
for the cosmological plasma. After employing a simplified cold magnetohydrodynamic 
(MHD) description, and harmonically decomposing the spatial dependencies, we arrive 
at a closed set of ordinary differential equations in time. On analyzing this system, which 
decouples into an even and an odd subsector, we indeed observe possible mechanisms for 
generating magnetic field perturbations to first order. 


Keywords: Cosmological perturbations; LRS Class II; plasma; MHD. 


1. Introduction 


Using the standard ACDM model of cosmology, assumed to be homogeneous and 
isotropic on average, most of our current observations can be explained. However, 
as the bounds on a possible anisotropy in our universe still remains quite unre- 
strictive, P? it is still interesting to study more general anisotropic models. These 
models have a special relevance when considering electromagnetic perturbations in 
a cosmological context. When using the standard models as background spacetimes 
in a perturbative approach, the isotropy of these models make it is essentially im- 
possible to have a non-zero magnetic field on the zeroth order level, since such a 
field would define a preferred spatial direction. Therefore, when considering electro- 
magnetic perturbations on a FLRW background, previous works have often found it 
necessary to employ a non-linear perturbation theory to maintain gauge invariance 
and to be able to see any interesting interactions between the electromagnetic fields 
and the variables related to gravitational effects.” However, using an anisotropic 
model as background spacetime, there is no fundamental problem of having a non- 
zero magnetic field to zeroth order. 

In this work, we take a first step towards a more general anisotropic model by 
using a 1 + 1 + 2 covariant split of spacetime to investigate linear perturbations 
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on homogenous and hypersurface orthogonal locally rotationally symmetric (LRS) 
class II spacetimes. Since these spacetimes have a preferred spatial direction around 
which they are locally rotationally symmetric, we are able to include a magnetic 
field to zeroth order in a perturbative approach. The aim is then to investigate if 
this allows for interesting interactions between the electromagnetic fields and the 
gravitational variables already to first order in the perturbations. 

As for linear perturbations on LRS class II cosmologies, these have been studied 
extensively before for perfect fluids, with and without vorticity.9 ? A study of more 
general and dissipative perturbations can be found in Ref. 9 and in a forthcoming 
paper. Regarding electromagnetic perturbations, these have also been considered 
before, but, as far as we know, only when treating these perturbations as test fields 
or in rather restrictive cases.1?: 11 This work therefore seeks to present a more general 
treatment of electromagnetic perturbations on LRS class II cosmologies when using 
a cold magnetohydrodynamic (MHD) approximation to describe the details of the 
cosmological plasma. However, in doing so, we will only outline the main steps and 
results. For more details, the reader is referred to Ref. 12 or a forthcoming paper 
to be published elsewhere. 


2. Governing Equations 


The studied LRS spacetimes are assumed to have two preferred directions, specified 
by a time-like vector field, u^, and a space-like vector field n^. These vector fields are 
assumed to be normalized as ufu, = —1 and n*n, = 1. The time-like direction could 
represent the 4-velocity of the cosmological fluid or some congruence of fundamental 
observers, whilst the spatial direction is the direction around which the spacetimes 
are locally rotationally symmetric. 


2.1. Spacetime Dynamics 


'The characteristic directions u^ and n^ play a crucial role when describing the 
spacetime dynamics, as we will get many of our equations from the Ricci identities 
for these vector fields, namely 


2V a V puc E Raval = 0, (1) 
2V ia Voj ne — Fossa? = 0. (2) 


In addition to these equations, we will also make use of the contracted Bianchi 
identities 
2V ean + VaF rae = 0, (3) 


V"°Gap a 0, (4) 


[e 


where Gap = Rab — Jap R/2 is the Einstein tensor. We will also implicitly enforce 
Einstein’s field equations 


Gab DS Tab — Agab; (5) 
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by using them to write the Ricci tensor and Ricci scalar in terms of the energy 
momentum tensor T;,, and the cosmological constant A. 

Although the relations stated above will give us many of the equations that we 
need, they will in general not result in a closed set. To get the remaning relations, 
we also need to specify the detailed properties of the energy-momentum tensor. 


2.2. Plasma Dynamics 


In our case, where we want to describe a cosmological plasma together with its 
associated electromagnetic fields, we can divide the energy-momentum tensor as 


T= Tir)” + Tiem)”, (6) 


where T( py is due to the fluid whilst T(z my” is due to the electromagnetic fields. 
The electromagnetic part can be written as 


a a c 1 a c 
T(gM) expe que 17 dan ONT (7) 
in terms of the Faraday tensor F,,, which in turn is assumed to satisfy Maxwell’s 
equations 
Vj Fia = 0 (8) 
VS ge (9) 


Here j^ is the 4-current density, which can be written as j^ = pu? + J* in terms of 
the charge density p and the 3-current density J^, where u° J, = 0. 

Following the formalism in Ref. 13, the behavior of the fluid contribution can 
be deduced by first treating the cosmological plasma as a charged multi-component 
fluid, where the ith component is assumed to have the 4-velocity 


ug" = ya (u + vq?) (10) 
with the properties 
1 


j— —M———c j^ = vq) v 
Vai) VE V(i) KOFO) 


The dynamics of the ith component is then determined by imposing the following 
equations, describing conservation of energy-momentum and particles 


a, (11) 


u^ vq), = 0, 


Vili” = F” ja, + Io", (12) 
Va Waua) = 0. (13) 
Here, No) is the number density for the ith component relative to its own rest 


frame, whilst Ta^ is the energy-momentum contribution from this component, so 
that 


Ta e To”. (14) 
© 
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As for the right hand side in Eq. (12), /(;^ includes interactions, such as colli- 
sions, between the fluid components, whilst jọ)“ is the 4-current density of the ith 
component, which satisfies the relations 


jay" = qe Na) ua), (15) 
Pa Fa: (16) 
(i) 


Here q;(;) is the charge of the ith species. Furthermore, we will also assume that the 
ith component is a perfect fluid, so that 

Ta” = (ug) + PH) MUG’ + POD: (17) 
where u(i) is the energy density and pq) is the isotropic pressure relative to the rest 
frame of the fluid component. After specifying some reasonable equations of state 
PG) = Pa lua Na), Eqs. (1)-(17) are enough to be able to get a closed system in 
the end. To simplify this system, we will in the following employ a cold MHD de- 
scription. Instead of working directly with the individual fluid components, we then 
want to rewrite the system in terms of some collective variables. For this purpose, 
we will first assume that the plasma is sufficiently cold, so that the components can 
be seen as dust-like fluids with negligible pressures p(;j. We will then, after having 
linearized the equations as described later on, rewrite the equations in terms of the 
following collective variables 

Hg) = 5 OE 
u 


HryV) = 25 Lay vay”, 


^ is an average plasma 


where u(r) is the total energy density of the fluid and v(rj 
3-velocity. In the following we will assume that the plasma consists of an electron 
component and a much more massive ion counterpart. Then, on following the usual 
approximations of the resistive MHD description, it is possible to derive an Ohm’s 
law of the form? 


1 
J? = " (E° + Eup 


B.), 

which will be used to describe the 3-current density. Here, 7 is the electrical re- 
sistivity whilst E^ and B® are the electric and magnetic fields as defined by the 
relation 


F, 


a 


b = Eabe D^ + 2uj Ey, 


where e,,, = Naapel’ = 41,/—g09,01,,02,0? gue is the 3-dimensional Levi-Civita 
volume element. As for the charge density, total charge neutrality is assumed on 


aA simplified derivation starting from the linearized and harmonically decomposed multi- 
component equations can be found in Ref. 12. 
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the background spacetime, where the plasma velocities u(;j^ are assumed to coincide 
with the fundamental observers u^. To first order, however, the charge density will 
be allowed to be non-zero, and is determined by the electromagnetic fields through 
Maxwell's equations in the MHD description. 

Before delving deeper into the perturbations, however, we first break the relevant 
equations down into smaller pieces by using covariant splits of spacetime. 


3. Covariant Splits of Spacetime 


Since the studied background spacetimes are equipped with two preferred directions, 
it is natural to decompose our variables with respect to the vector fields u^ and 
n^. We start by performing a 1+ 3 split with respect to u^, after which the 3- 
dimensional hypersurfaces orthogonal to u^ are decomposed with respect to n^, 
yielding a 1 + 1 + 2 covariant split of spacetime.!4 


3.1. 1+3 


Starting with the 1 4- 3 split, we first write the metric as 
Jab = Uab F hav» (18) 


where U p = —u,u; is a projection tensor along u^, whilst h,, projects onto the 3- 
dimensional hypersurfaces orthogonal to u^. Using Eq. (18) we may then decompose 
every other quantity with respect to u^. This has already been done for the elec- 
tromagnetic and plasma-related variables in the previous section, but we note the 
following new variables which emerge as projections of the total energy-momentum 
tensor and the Weyl tensor 


— med 
u = T” uu, 


da = Tay fie, 
1 
ecu. 
p 3 cd* 
C 1 Ci 
Tab = (ra hy — 3^ Ly Tea m Tay, 
E = C a unu, 
1 € 
Hab = 26a 7C, ga ut. 


Here u is the total energy density, q, is the total energy flow relative to u^, p is the 
total isotropic pressure, and 7, is the total anisotropic pressure, whilst E,, and 
H» are the electric and magnetic parts of the Weyl tensor C bca: When defining the 
anisotropic pressure, we have introduced a notation with angular brackets to denote 
the Projected Symmetric and Trace-Free (PSTF) part of a tensor with respect 


to hap- 
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To describe the spacetime dynamics, we also have to decompose the covariant 
derivatives. For this purpose we define a time derivative 
qoe = OOP TRE is , 
and a spatial derivative that is fully projected onto the 3-dimensional hypersurfaces 
b... = b hy i j en 
DEO y mh, he hg NOM s 


Using these definitions, we may write the covariant derivative of u^ as 
, 1 
Vap = —ugüy + 3 Oha + Wap + Fabs 


where O = D"u 
Dato is the shear. When dealing with the vorticity we will in the following use 
the vorticity 3-vector 


a is the expansion rate, w,, = Di ug is the vorticity, and o,, = 


rather than the vorticity tensor. 


3.2. 123-12 
Having decomposed the relevant quantities with respect to u^, we perform an ad- 
ditional decomposition with respect to n^. After writing the projection tensor h,, 
as 
hap = Nap + nsns, 

we may then write the relevant 3-vectors as 

gq’ =Qn*+Q°, BY = Bn? + $8^, 

q^ = On? + 0%, E? = €n? + €^, 

ü^ = An? + AY, J? = m? +3", 


n= Aur Fo", wg -—Yqgn* Yay, 


where the rightmost vectors in each relation are orthogonal to both u% and n^. As 


for PSTF 3-tensors ~,,, we decompose these as 


1 
Yar = V (rar T Za) t+ 2n(, Vy + Va, 


where n?^WV, = 0 and 


c 1 Ci 
Va = (Na Ny" = a Nas N i) Vea = Vtab) - 


Here we have introduced a notation with curly brackets to denote the PSTF part of 
a tensor with respect to N p- For the tensors relevant to us, we can therefore write 


1 
Tab = I (mam EE zNa ) t 2n Hy) ns IL; 
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1 
Eb = € (rar = zNa ) + 2n(s yy + Eb; 
1 
Hab = H NaN — 3 Nab + 2N ea Ho) + Hap, 
1 
Fab = x Nagy = zNa + 21 (qb) + Mab 
Finally, we also need to decompose the spatial derivatives. For this purpose we 
define a spatial derivative along n? 
TU dc = (ope Os TA a 49 


and a spatial derivative fully projected onto the 2-sheets orthogonal to both u^ and 


n2 


ó quss = N*,N*, p NN Ka NID TI pi 


With these definitions, we may write the spatial derivative of n^ as 


1 
Dany = Naap H 5 Nav H £€ap Caba 


where €, = Caboni, O = ôn, describes an expansion of the 2-sheets, Ee, = ôa g) de- 


scribes a twist of these sheets, Ca, = 9(,n,; is the distortion, and a, = fi, 


4. Background Spacetimes 


Having decomposed the equations using the 1 + 1+ 2 covariant split of spacetime, 
we move on to consider these equations perturbatively, starting with the zeroth 
order background spacetime. We will assume that this spacetime is a homogeneous 
and hypersurface orthogonal member of LRS class II, which is characterized by that 
Hy, Wap and € are all identically zero. To be able to use the same type of harmonics 


for all of the studied spacetimes, we will also assume that ¢ = 0. These spacetimes 
can be described with the line element 


ds? = —dt? + aj (t) dz? + a3 (t) (dv? + f, (Ode?) , 


where the scale factors a; and a» satisfy the relations 


Qn 3X? 20? 
= A 
R= a 2(u+A)+—> 3 
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When « = 1, the sheets are 2-spheres with fi(0) = sin? 9. If k = 0 the 2-sheets are 
flat and fo(0) = 1 (or 92). Lastly, if x = —1, the 2-sheets are pseudo-spheres with 
f-1(0) = sinh? 9. 

As previously mentioned, we will to zeroth order assume charge neutrality and 
that the plasma velocities coincide with the fundamental observers. We will also 
assume that interactions between the plasma components, as described by the last 
term in Eq. (12), vanish to zeroth order. With these assumptions, our choice of 
background spacetimes implies that the only relevant non-zero dynamical quantities 
to zeroth order are 


SO = {9, X, wr), 88, £, m p, T) , 


which are found to satisfy the equations 


©? 3»? 
O= 3 2 (u 1 3p) T A, 
. 2 Ba 20? 
X=- A xo + II, 
3 Ut qn 9 
Lr) = —H(F)O, 
$- (z-) B, 
3 
where 
20? II 
3E = -2(u - A) - 33? 4 ° + xo E ' 
2 
HL = pr) + 2^ 
$82 
p= 6” 
28? 
T= ——_. 
3 


5. Perturbations 


With the behavior of the background determined, we now move on to consider 
first order perturbations in the gravitational, electromagnetic and plasma-related 
variables. To ensure gauge invariance, we will use quantities which are zero on the 
background spacetime to describe the perturbations, as these are gauge invariant 
in accordance with the Stewart-Walker lemma.!? However, since there are some 
non-zero variables on the background, we have to define some new variables to 
describe the perturbations in these quantities. For this purpose we take advantage of 
the background homogeneity and let the perturbations of the non-zero background 
variables be described by spatial gradients of these variables. Therefore, we define 
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the following first order quantities? 
Xa m6, VB, Wy 30,0, py m6. p 
oa =ô I, be = Sats Pa = SP: B, = ô, B. 
Collecting these variables with those that are naturally zero on the background, the 
complete set of gauge invariant first order quantities are 


SO = {Xa Va ,W, s Has Das Ya , A, Aas Xa Yab eai: 


a 


H, Ha-Hab» Qa» Gas; Q, Gabi Q , Qas Q, Qa I a? 

HP) VED Van), €; Car Bar Bas p 3, 34]. 
To obtain the equations governing these variables to first order, we first rewrite the 
equations from Sec. 2 in terms of the variables in S! by using some commutation 
relations between the derivatives in the 1+ 1 + 2 formalism. After removing terms 
which are of second order or higher in the variables in S(U, we arrive at a large set of 
coupled linear partial differential equations. To simplify the analysis of this system, 
we now perform a harmonic decomposition, whereby the system can be reduced to 
a closed set of ordinary differential equations in time. 


6. Harmonic Decomposition 


When performing the aforementioned harmonic decomposition, we will follow Ref. 7 
and make use of the eigenfunctions P^! and Q^-, which are defined as functions 
satisfying 


Á k? i 
Aphi- SNL ô, Phi =0, P*l =0, 
ay 


k? ^ . 
Hoe = -—9", or = 0, Oe = 0, 
2 


where Â = n V n? V,, and 09? = 6,6^, whilst k and k, are comoving dimensionless 
wave numbers along n* and in the 2-sheets respectively. Using these harmonics, we 
may also define even and odd vector and tensor harmonics 


Qu a a30, Q^- , Qh ab — 036 6 5py Q", 
Os a3€,,0 Q+, p 


where the odd harmonics are denoted with bars. Equipped with these harmonics, 
we decompose scalars V, 2-vectors V,, and PSTF 2-tensors V ,, as 


v= 2 Vg PQ", 


ky ea 


ab T A364 45°05} QR, 


PInstead of using the 0, G gradients to describe perturbations of a variable G that is non-zero on 
the background, we could have defined our perturbations using the spatial G derivatives. However, 
after performing a harmonic decomposition, it can be shown that G can be written in terms of 
5,G and the vorticity.® 
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ky ka 
ki kı 3.9" 
Vy = » P Virg ab + Vek, @ ab)» 
Ry ha 


. LVWT : : 
where the coefficients (es V ki k, } now only depend on time. In the following 


we will omit the wave number indices on these coefficients when there is no risk of 
ambiguity. 


7. Final System 


After performing the harmonic decompositions described in the previous section, 
the first order linearized partial differential equations reduce to a set of constraints 
and ordinary differential equations in time for the harmonic coefficients. On using 
the constraints to solve for some of the coefficients in terms of the others, the 
system can be reduced significantly. In doing so, we also use the remaining freedom 
of specifying the dyad (u^, n?) to first order to set a, Aa, and A to zero. We are 
then left with two separate sectors, one so-called odd sector and one even sector, 
which decouple from each other. The odd sector consists of the coefficients 


(Q5, E", HT Yos V es eV, By, 
whilst the even sector contains the rin 
AV 
im nu aet s sr es Vay Be & 


These sectors form closed sets in the sense that we have evolution equations for 
all of the coefficients above. As for the remaining coefficients, these can be given 
algebraically in terms of the ones above. 


7.1. Odd Sector 
The coefficients in the odd sector are found to satisfy the equations 
Q5 = FOS, 
3 4 ik 
pue ; (Fe ED)E « "la - Dysu* 
a 


1 S V 
+ POP +— (14D) (uy Voy" + BEY), 


HT = UE (=+ >) s) Q* + BBY 
2 


m 3 
ia 9 KY Ug 5 v 
! ! H Ë 
azk B (( = (s a2 a (uY pp pe ) 
B | lc OB EE a) € (QE+F)H 
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7.2. Even Sector 


As for the even sector, its coefficients satisfy the equations 
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where we have introduced the additional auxiliary variables 
II o xy 
M= (s 5) (z^ 2) p (Ra$ — k2), 


D curi (R k?) 35 (s- t). 


955 


956 


8. Discussion and Outlook 


From Eqs. (19)-(23), which describe the evolution of the electromagnetic fields, we 
see that mechanisms for generating magnetic fields from perturbations in variables 
related to gravitational effects, such as the magnetic part of the Weyl tensor, indeed 
seem to exist. These mechanisms can be explicitly seen when solving the system 
numerically.!? However, the mechanisms depend fundamentally on B being non- 
zero, since the electromagnetic evolution equations decouple completely from the 
other first order equations when $8 = 0. Since a background anisotropy is needed to 
have a non-zero B-field, these mechanisms are therefore crucially dependent on the 
LRS nature of the zeroth order solution, at least to first order in the perturbations. 
As we were, in the end, able to observe mechanisms for generating magnetic field 
perturbations, an interesting question is whether or not these results can be used 
to shed some light on the origin of the observed large scale cosmic magnetic fields. 
However, determining the viability of these mechanisms as candidates for amplifying 
primordial magnetic seeds would require a deeper investigation regarding the initial 
conditions and the primordial seed spectra, and is therefore left for future work. 
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Quintessence fields, or scalar fields minimally coupled to gravity, are considered to be 
viable candidates for dark energy. It is well-known that some classes of modified theories 
of gravity can be recast as Einstein's general relativity with a minimally coupled scalar 
field, through conformal transformation. The ‘universe’ described by the initial and the 
final actions are referred to as the Jordan and Einstein frames, respectively. Although 
these conformally connected frames are mathematically equivalent, the equations of 
motion in these two frames may describe drastically different physical scenarios. 
Depending upon the choice of the Jordan frame action (or equivalently the scalar field 
potential in Einstein frame) it is possible that while the Einstein frame expands, the 
Jordan frame collapses. We classify quintessence models in the Einstein frame that are 
dual to f(R) gravity theories in the Jordan frame, based on whether they possess such 
expansion-collapse duality. We derive a general condition for expansion-collapse duality, 
applicable to quintessence models with arbitrary time-dependent equations of state. The 
condition also takes into account the presence of other components in the Einstein frame 
universe. Such expansion-collapse duality between these conformally connected frames 
can lead to an effective description of a collapsing universe in terms of an expanding one, 
which is a topic of further exploration. 


Keywords: f(R) theories; quintessence; dark energy; Einstein and Jordan frames 


1. Introduction 


'The quintessence model, or scalar fields minimally coupled to gravity, is a widely 
used implementation of dark energy in Einstein's gravity. ? As an alternative 
to the cosmological constant model, quintessence fields (y) can provide a simple 
dynamical description of the late-time acceleration of the universe. The equation of 
state of quintessence (w,) can violate the strong energy condition if the potential 
term (V(y)) is set to be sufficiently flat. In general, wp can vary with time. 
One can introduce the time-dependence in wy, by postulating a parameterization 
of the form wy(a; wo, w;,...),9 ? where a is the scale factor and wo, w1... are 
constant parameters of the model, usually constrained from different cosmological 
observations. 

It is also well-known that some classes of modified theories of gravity can 
provide a dual description of minimally coupled scalar fields in Einstein gravity, in a 
conformally connected frame.!! !4 f(R) theory is a simple modification of Einstein 
gravity, where the Ricci scalar (R) in the Einstein-Hilbert action is replaced with 
an arbitrary function of the Ricci scalar (f(R)) (for reviews, see [11, 12]). The 
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‘universe’ governed by the f(R) theory is referred to as the Jordan frame universe. 
A conformal transformation allows for the Jordan frame action to be written as the 
Einstein-Hilbert action with a quintessence field (for reviews, see [11, 14, 15]). The 
‘universe’ described by the latter action is referred to as the Einstein frame universe. 
'Thus, one may consider that dark energy, as implemented by a quintessence field 
in Einstein gravity, has an equivalent description in terms of a pure f(R) gravity 
theory in the conformally connected Jordan frame. 

Although Einstein and Jordan frames are mathematically equivalent, the field 
equations in these two frames may describe drastically different universes. In this 
paper, we are interested in quintessence—f(R) pairs for which, while the Einstein 
frame universe expands, the Jordan frame universe collapses. We derive a simple 
condition for such expansion-collapse duality for quintessence models with arbitrary, 
time-varying equation of state parameters. The condition is general enough to 
accommodate any other components in the Einstein frame, such as dust or radiation. 
As an example, we study the quintessence model with logarithmic equation of 
state: 10. 16 


collapse duality in the presence of non-relativistic matter and spatial curvature 


(w,(a) = wo — w'Ina) and discuss the possibility of the expansion- 


component. 

A quintessence model—f(R) theory pair with the expansion-collapse duality 
essentially provides a description of an expanding universe in terms of a collapsing 
one. T'his map between expanding and collapsing geometries may lead to potentially 
interesting results; for example, introducing perturbation in the background of 
FRW metric one can study how the evolution of perturbations in the expanding 
frame corresponds to the perturbations in the collapsing one. This will be pursued 
elsewhere. 

This paper is organized as follows. In Sec. 2 we start with a brief review of the 
Jordan frame-Einstein frame correspondence in the context of f(R) gravity. Our 
main result, the expansion-collapse duality condition is presented in Sec. 3. In Sec. 4 
we conclude with a summary and discussion. 


2. f(R) gravity and quintessence: Einstein and Jordan frames 


Let us consider that the Jordan frame universe is governed by the action of an f (R) 
theory, 

1 
= zz | Uev-sf(F), (1) 
where & = 87G, R is the Ricci scalar in Jordan frame, f(R) is an arbitrary function 
of R. The Jordan frame metric g,, is the spatially flat FRW metric, i.e., gu, = 
diag(—1, a?, a2, a?), and a(t) is the scale factor in the Jordan frame (see [11, 12] 
for general reviews on f(R) theories). One can then define a new metric using a 
conformal transformation, 


SJ 


Guv = o (©) uv. (2) 
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If the conformal parameter 9? is taken to be Q? = Of /OR = F(R), then the same 
Jordan frame action can be recast in terms of the new metric Gy, as, 


pm 1 rj ~ 1. v 
SE = | ts us R- f zv —g EZ 090,9 + V(o) , (3) 


where R is the Ricci scalar in Einstein frame!" and 


v6 
p=; PE (4a) 
1 FR-f 
"og qu^ b) 


The first part of the action in (3) is the Einstein-Hilbert action with respect to the 
metric Juv, the second part is the action of a minimally coupled scalar field y, with 
potential V. Equation (3) is the action in the Einstein frame universe. 

On the other hand, if we consider the Einstein frame to be the physical frame, 
then the scalar field action in (3) can play the role of the quintessence model of 
dark energy. The equation of state parameter of y can be computed as?? 

_ Py 8 -V 
wy = 2 -1 (5) 
Pe 39^ +V 
where P, and po, are the pressure and energy density associated with the 
quintessence field y. As we can see from (5), for sufficiently flat potential (V > d?) 
Wy can become wy « —1/3, allowing for the scalar field to drive the acceleration in 
the Einstein frame. 

As a simple example, let us consider a quintessence model with constant equation 

of state parameter wy. The quintessence potential in this case takes the form! 


V(o) = 5 — w)poexp (- V32 F wo) (5) 


One can then solve the differential equation (4b), using (4a) and (6), and reconstruct 
the correspond f(R) action in the Jordan frame as (see [18] for details) 


f(R) = C4R — AC? or (Ta) 
juice ue (7b) 
b( Aib) Ut 


where, Ay = &?pg(1— w), b= —JVl- wc 2: 

In general, the equation of state of the quintessence field can be a function of 
time. One usually starts with a parameterized time-dependent ansatz for w, and 
then constrains the parameters of the model from cosmological observations (for 
different parameterizations of equation of state see [6-10]). In this work, we consider 
the logarithmic parameterization as an example of time-dependent equation of state 
([6, 16]), given by 


Wy(a) = wo — w'1nà, (8) 
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where à is the scale factor in Einstein frame, (two, w') are two constant parameters 
of the model. The values of (wo, w’) are constrained from different cosmological 
observations in [10, 16]. The quintessence field ® for this model can be solved as a 


function of the scale factor as,!6 
as ed 2 1 3 1 23 
plà) = Dö) - bo = 7. [0 +w)? -+w wma], O 


where $$ is the value of the scalar field at current Einstein frame, i.e. at à = 1. 
We take w' « 0 to ensure that the field remains real valued in the late time limit 
of the Einstein frame à — oo. In the paper,!? we used analytical approximations 
to reconstruct F(R) corresponding to this quintessence model in two parts. First, 
we derived a perturbative solution in the small R limit, which is applicable in the 
near future of the Einstein frame. Second, we also obtained a non-perturbative, 
asymptotic form of F(R) in the late time limit of the Einstein frame. However, 
as we will see later, the condition for the expansion-collapse duality does not 
directly depend on the form of the f(R) function. We will hence not discuss the 
reconstruction of the Jordan frame action here. More details in this regard can be 
found in [18]. 

Having summarized the key features of the  Einstein-Jordan frame 
correspondence, we now discuss the main results in the following section. 


3. Expansion-collapse duality 


A pure f(R) action in the Jordan frame (1) gives rise to only a quintessence field in 
Einstein gravity in the Einstein frame (3). In order to incorporate the presence of any 
other matter components in the Einstein frame, the Jordan frame action (3) must be 
modified. Moreover, since we consider the Einstein frame to be the physical frame, 
we want the field equations in the Einstein frame to lead to the usual Friedmann 
equations. Essentially, we want the Einstein frame action to have the form 


1 z 1 
SE = | e Esh- | d 570.000 + Vo 
+ | és Ben va: iu), (10) 


where Lm(YmM; Juv) is the Lagrangian density of some matter field Ym, which is 
independent of the quintessence field y. In order to arrive at the Einstein frame 
action (10), we postulate the following Jordan frame action in the presence of 
matter, 


$;- E J dcs + | fs cg? Goes Gus FUR) qu) (11) 


It can be easily verified that the conformal transformation Juy = Fg,, gives back 
the desired Einstein frame action (10). It is to be noted that in the modified Jordan 
frame action (11), the matter field vy is now non-minimally coupled to gravity 
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through the term F(R). However, as we will see now, the exact form of the Jordan 
frame action is not required in order to predict the expansion-collapse duality. 
The Einstein frame action of the form (10) leads to the Friedmann equation 


i^ == (o+ Sor). (12) 


where H = (dà/df)/à is the Einstein frame Hubble parameter, £ is the coordinate 
time in the Einstein frame, $7 pz denotes the summation of energy densities of 
all the component in the Einstein frame apart from y. Noting that the Einstein 
frame metric is also a spatially flat FRW metric, g,, = diag(—1, à?, à?, à?), one can 
relate the scale factors in the Jordan frame (a) and Einstein frame (à) as (see, for 
example, [11]) 

à à 

07 VF (13) 


Using (12) in (13), we find derivative of a with respect to à to be (see [18] for 


details), 
E eo (i-em lc). (14) 


As it can be seen from above, the sign of da/daà is determined by the term inside the 
parenthesis. The condition for da/da@ < 0, or expansion-collapse duality becomes 


w(à) > C(a) (15a) 
p- SH? 
C(a) = AO 1. (15b) 


Thus, the condition of expansion-collapse duality between Einstein-Jordan frames 
can be written as a threshold imposed on the equation of state of the quintessence 
field y, even when there are other components in the Einstein frame. The Hubble 
parameter (H ) incorporates the contribution from all the other components present 
in the Einstein frame universe. Depending upon whether (15a) is satisfied, there 
might be a range of a, or possibly multiple ranges of à, during which the Jordan 
frame collapses while the Einstein frame expands. The possible ‘turn around’ of the 
Jordan frame (da/dà = 0) can be determined by setting 


we(4) = C(a), (16) 


provided such a solution does exist. Starting with the relation between Hubble 
parameters in the Jordan (H) and Einstein (H) frames (see [11]), 


- 1 dF 
2VF dt (17) 
one can explicitly show that at the ‘turn-around’ of the Jordan frame, the Jordan 
frame Hubble parameter indeed vanishes, Hturn-around = 0. 
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It is also to be noted that the condition for expansion-collapse duality has 
a significantly simple form. Given an equation of state parameter wy, one only 
requires the knowledge of the energy densities of the components in the Einstein 
frame in order to check whether the condition is satisfied. The form of the Jordan 
frame action, even the solution of the field w(à) or potential V(y) do not appear 
explicitly in the condition. Thus, as mentioned before, the reconstruction of Jordan 
frame action is not required in order to predict the expansion-collapse duality for a 
quintessence- f (R) pair. 

Let us now consider the example of quintessence model with logarithmic equation 
of state (8), where the Einstein frame universe also contains non-relativistic matter 
or dust. The condition (15) in this case becomes (see [18]) 


Wy(a) > C(à), where (18a) 
Wy(a) = wo — w'lnà, (18b) 
m Ono Po 3 / ~\2 
C(à) = 1+ 2—— exp | 3wo Ina — -w'(Ina)* | , (18c) 
Qoo 2 


Omo, Qyo are the density parameters of dust and y at à = 1. The evolution of 
the Jordan frame scale factor a(à) is plotted in Fig. 1(a). In the absence of dust 
(Qmo = 0), the Jordan frame initially expands with the Einstein frame. The ‘turn 
around’ in the Jordan frame occurs at à = exp ((wo — 1)/w’). In the late time limit 
of the Einstein frame (à — oo), the Jordan frame universe completely collapses 
(a — 0). However, as the fraction of dust in the Einstein frame increases, the 
Jordan frame collapse staggers. For a realistic value of dust to dark energy ratio 
(Qmo/Qye0 ~ 0.3/0.7), the Jordan frame does not collapse and the Jordan frame 
scale factor always increases monotonically with respect to that of the Einstein 
frame. In fact, it can be argued that in the presence of dust, quintessence model 
with observationally consistent logarithmic equation of state does not lead to the 
expansion-collapse duality (see [18]). 

Finally, let us consider the effect of spatial curvature in the Jordan frame collapse 
for the same quintessence model. In the presence of positive spatial curvature and 
dust, the condition (15) becomes (see [18]) 


w,(à) > C(a), where (19a) 


wyo(à) = wo — w'lnà, (19b) 


Qin 3 - 
C(à) 214 ae exp (sun Ina — wna?) 


yO 
Q 3 
39-5 ang (a +3w)ma- jua). (19c) 
On 2 
where Qg = —K/(aH)? = Qkoà-?, K is the spatial curvature parameter in the 


FRW metric. The expansion-collapse duality condition in this case is plotted in 
Fig. 2. We can see from (19c), the contribution from positive spatial curvature, ? 
or negative fgg, brings down the threshold C, allowing for ww to eventually 
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Fig. 1. The scale factor in the Jordan frame (a) is plotted as a function of the scale factor in 
the Einstein frame (à). The quintessence parameters are taken to be (wo, w’) = (—0.87, —0.48), 
from [16]. (a) Jordan frame collapse in the presence of dust, without spatial curvature. Q, = 
Qmo/Qy0 is the ratio of the density parameter of dust to that of the quintessence field, at current 
Einstein frame universe. In the absence of dust (Q, = 0), the Jordan frame scale factor a — 0 while 
the Einstein frame scale factor à — oo. However, in the presence of dust (Qr 4 0), the Jordan 
frame collapse eventually comes to a stop and the Jordan frame starts to expand again. For a 
realistic value of Qr = Qmo/Qy0 ~ 0.3/0.7, the Jordan frame does not go through a collapsing 
phase, it always expands monotonically with the Einstein frame. (b) Jordan frame collapse in 
the presence of dust and spatial curvature. In the presence of a small positive spatial curvature 
(Qro = —0.043, Qmo = 0.315, Qo = .728), the Jordan frame collapse can be recovered (blue 
curve). The Jordan frame universe goes through a turn-around at à ~ 20.52 (represented by the 
vertical dashed line) after which the Jordan frame scale factor starts to decrease. 


Threshold, Qyo--0.043 


-T---- Threshold, Qo-0 


Fig. 2. The equation of state parameter w, and the threshold C (as in (19c)) are plotted 
as functions of the Einstein frame scale factor. The choice of parameters are: (wo,w’) = 
(—0.87, —0.48) (from [16]), Qmo = 0.315, Q5o = .728, Qro = —.043 (from [19]). The ‘turn- 
around’ in the Jordan frame occurs at wy,(@) = C(à) (represented by the vertical dashed line), 
after which (wj > C) the Jordan frame collapses. The plots demonstrate that in the absence 
of spatial curvature CQ), wy (blue plot) never reaches C (black dashed plot), hence the Jordan 
frame collapse never begins. However, even a small positive spatial curvature (go = —.043) 
brings down the threshold C (black plot) enough for wọ to overcome it eventually. For this case 
the ‘turn-around’ (wj = C) occurs at à ~ 20.52, the Jordan frame starts to collapse afterwards. 
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overcome it. Therefore, the positive spatial curvature may recover the Jordan frame 
collapse in the presence of dust, at least for a finite duration. The evolution of the 
Jordan frame scale factor in this case is plotted in Fig. 1(b). 


4. Summary and discussion 


Dark energy, implemented by a quintessence field in the Einstein frame, can 
effectively be described by an f(R) gravity theory in the Jordan frame. In this 
paper we classify quintessence models based on whether they lead to expansion- 
collapse duality between Einstein and Jordan frames, i.e., while the Einstein frame 
expands, the Jordan frame collapses or vice versa. We show that in order for the 
quintessence—f(R) gravity pair to have such a feature, the equation of state of 
the quintessence must overcome a certain threshold. We derive a general condition 
for the expansion-collapse duality which is applicable to quintessence models with 
arbitrary, time-dependent equation of state parameters. The condition also holds 
true in the presence of any other components in the Einstein frame. 

As an example, we consider the quintessence model with logarithmic equation 
of state parameter. We show that if the quintessence field is the sole component 
in the Einstein frame, this model does lead to the expansion-collapse duality, in 
fact the Jordan frame universe completely collapses in the late time limit of the 
Einstein frame. However, even the subdominant presence of dust in the Einstein 
frame prevents the Jordan frame collapse. If we also consider a small positive spatial 
curvature in the universe, the Jordan frame collapse can be recovered for a finite 
duration. 

In general, the map between expanding and collapsing geometries at the field 
equation level may have potentially interesting implications on the cosmological 
perturbations in these frames. Further studies can reveal how perturbation in a 
collapsing universe corresponds to the perturbations in an expanding universe. 
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The Dark Energy became now a commonly-accepted paradigm of cosmology, but its 
physical essence remains absolutely unknown, and its numerical values are drastically 
different in the early and modern Universe. The Dark Energy is usually introduced in the 
contemporary literature either by postulating some additional terms in the Lagrangians 
or by employing the empirical equations of state. In the present work, we try to look 
at this problem from a more general point of view, namely, employing the quantum- 
mechanical uncertainty relation between the time and energy in the Mandelstam—Tamm 
form, which is appropriate for the long-term evolution of quantum systems. This leads us 
to the time-dependent effective Lambda-term, decaying as 1/t. The corresponding cosmo- 
logical model possesses a number of quite appealing features: (1) While in the standard 
cosmology there are a few very different expansion stages (governed by the Lambda-term, 
radiation, dust-like matter, and Lambda-term again), our model provides a universal de- 
scription of the entire evolution of the Universe by the same “quasi-exponential” function. 
(2) As follows from the analysis of causal structure, the present-day cosmological horizon 
comprises a single domain developing from the Big Bang. Therefore, the problems of ho- 
mogeneity and isotropy of the matter, the absence of topological defects, etc. should be 
naturally resolved. (3) At last, our model naturally explains the observed approximately 
flat 3D space, i.e., solution with zero curvature is formed “dynamically”, starting from 
the arbitrary initial conditions. 


Keywords: Dark Energy; Inflation; Uncertainty relation. 


1. Introduction 


The concept of Dark Energy (or the effective A-term in Einstein equations) rep- 
resents now a commonly-accepted paradigm both in the cosmology of early and 
present-day Universe. A crucial role of the effective A-term in the early Universe 
was recognized in the early 1980s, when it was introduced as a driving force of the 
inflationary stage of the cosmological evolution;! while its significance at the present 
time was recognized in the very end of 1990s, when the accelerated expansion of the 
Universe was observed.? However, despite an active involvement into a huge num- 
ber of theoretical works, a physical nature of the Dark Energy remains unknown. 
Besides, it is unclear why densities of the Dark Energy in the early and modern 
Universe are absolutely different. 
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In fact, the first inflationary models of the early Universe, discussed in the 1980s, 
were formulated on the quite solid physical basis steaming from the elementary- 
particle physics. Namely, it was assumed that the effective A-term was associated 
with a nonzero value of the potential energy of the Higgs field in its symmetry-broken 
state formed after a phase transition in the expanding and cooling Universe.? Un- 
fortunately, a further research in this direction failed to derive a reasonable value 
of the A-term from the existing models of elementary particles, such as the elec- 
troweak or Grand Unification theories. As a result, a subsequent development of 
the inflationary concept of the early Universe was based mostly on the empirical 
Lagrangians, where some additional terms with a scalar field (the so-called infla- 
ton) were added quite arbitrarily, without any attempts to associate them with the 
underlying theory of elementary particles. At last, when the accelerated expansion 
of the contemporary Universe was observed in the late 1990s, and it became nec- 
essary to introduce the A-term (or Dark Energy) into the "standard" cosmological 
model, this was done again only in terms of the empirical equations of state of the 
cosmological matter or, in a more elaborate theoretical approach, by means of the 
empirical Lagrangians similar to the inflationary ones. 

In view of the above circumstances, there is now a clear need for a more solid 
conceptual basis for explanation of the A-term, i.e., stemming from other well- 
established physical laws and theories. One such approach is well known: this is 
the so-called Sakharov induced gravity,’ going back to 1960s. The cornerstone of 
this concept is that the vacuum modes of the fundamental quantum fields (e.g., 
electroweak, chromodynamic, etc.) are perturbed if the space-time is curved. As 
a result, the effective Lagrangian acquires the additional terms, which are propor- 
tional to the various degrees of the curvature R.* Thereby, the first-order term will 
represent the standard Einstein-Hilbert part of the Lagrangian (apart from the 
A-term); the term of zero order will be just the effective (“induced”) A-term; and 
there should be also the higher-order terms of R. About a decade later, this idea 
was implemented in the inflationary model by Starobinsky? and later evolved into a 
wide range of the so-called f(R) theories. (However, it should be kept in mind that 
the ingredient responsible for the inflation in such theories is usually the quadratic 
rather than zero-order term of the curvature.) Unfortunately, since we do not have 
the ultimate theory of elementary particles, the exact form of the function f cannot 
be derived, and it is commonly specified “by hand”, so that the required cosmolog- 
ical predictions can be obtained. From this point of view, the most of f(R) theories 
are based on the same type of Lagrangians with arbitrary additional terms (but 
without the additional scalar fields); for a review, see Refs. 6 and 7. 

'The aim of the present paper is to discuss yet another conceivable universal 
approach to the emergence of the effective A-term, namely, based on the quantum- 
mechanical uncertainty relation between the time and energy. Let us mention that 


“Strictly speaking, the Lagrangian can contain also a number of other invariants composed of the 
curvature tensor. 
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some qualitative ideas about a probable role of the uncertainty relation in cosmol- 
ogy were put forward some time ago by Coe, but the corresponding quantitative 
treatment looked unreasonable. Here, we shall discuss another development of this 


idea, performed in our recent works.? |! 


2. Basic Equations 
2.1. Uncertainty Relations 


As is known, the uncertainty relations are one of cornerstones of quantum mechanics. 
In the case of canonically conjugate variables (e.g., the coordinate x and momen- 
tum p; ), they can be derived in the rigorous and universal way by averaging the cor- 
responding quantum commutators. This leads to the inequalities like Ap, Ax > h/2, 
and similarly for other pairs of conjugate quantities. The uncertainty relations are 
most widely employed in the problem of quantum measurements. However, they 
can be sometimes useful also in dealing with other properties of the quantum sys- 
tems: a well-known example—which is considered in many textbooks—is estimating 
parameters of the ground state of a hydrogen atom. 

Meanwhile, it should be kept in mind that the uncertainty relation between the 
time t and energy E is a quite exceptional case, because the time and energy are 
not the canonically conjugate operators in the non-relativistic quantum mechanics 
(instead, t is the independent variable in Schródinger equation). So, the time-energy 
uncertainty relation is commonly derived by various *Gedankenexperiments"; and 
the resulting coefficients in the right-hand side, in general, can be different: 


AEAt > Cunh/2, (1) 


where Cyr is the numerical coefficient on the order of unity (‘UR’ implies here the 
uncertainty relation). In the standard Heisenberg's case, pertinent to the problem of 
measurements, Cur = 1. On the other hand, the case of the long-term evolution of 
a quantum system was considered by Mandelstam and Tamm!” in 1945, and it was 
found that in this situation Cur = 7. It is interesting that this work remained almost 
unknown for a few decades and attracted considerable attention of the scientific 
community only in the recent time; for more details, see Ref. 13. So, it is widely used 
now in such branches of physics as quantum optics, quantum information processing, 
etc.; and it was the aim of our recent studies? !! to employ it in cosmology. 


2.2. The Modified Friedmann Equation 


The starting point of our consideration is the standard Robertson-Walker cosmo- 
logical metric: 


dr? 


ds? = edt? — R?(t)| ——~+ 
i (t) 1 — kr? 


+ r?(d&? + sin?0 do’) |, (2) 
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where t is time, r, 0, and y are the dimensionless spherical coordinates, R is the 
scale factor of the Universe, c is the speed of light, and the coefficient k equals 1, 0, 
and —1 for the closed, flat, and open Universe. 

Temporal evolution of this metric is governed by the well-known Friedmann 
equation (e.g., Ref. 14): 


RWV 87G 1 c? 
2 — En) — LI — 2 ^. = 
H -( ) 3d P kc gt 3^ (3) 


where H is the Hubble parameter, p is the energy density of matter in the Universe 
(both visible and dark), G and A are the gravitational and cosmological constants. 

It is well known that A-term in the right-hand side of Eq. (3) can be formally 
attributed to the vacuum energy density py: 


= 8TGp, 


A S ES (4) 


C 


and then it becomes reasonable to estimate the vacuum energy from the uncertainty 
relation (1) with the equality sign, assuming that At is the total period of the cos- 
mological evolution t. However, since the uncertainty relation should be applied to 
the energy rather than the energy density, it is necessary to specify the character- 
istic spatial volume; the most evident choice being the Planck volume l} (where 
lp = \/Gh/c? is the Planck length).^ 

Consequently, we arrive at the following effective A-term: 


u An Cun 1 . 
i clp p 


A(t) 


and its substitution into Eq. (3) leads to the modified Friedmann equation: 


DN 2 
1 
H? = (=) = 8rG i 2 1 ATOUR = (6) 


a" R? 3r t’ 


where 7 = lp/c = J/Gh/c? is the Planck time. 

A very unusual feature of this equation is the explicit dependence on time in the 
right-hand side. As far as we know, such situation was never considered in cosmology. 
However, as will be seen from the subsequent treatment, this time dependence does 
not result in any anomalous behavior. 

The numerical coefficient Cur remains essentially unknown. Since the uncer- 
tainty relation (1) was used with the equality sign, this coefficient can actually take 
the values from 7 up to infinity (but it cannot be less than 7). 


bAs was pointed out by Starobinsky (private communication), yet another conceivable choice for 
the characteristic spatial scale might be the size of the cosmological horizon. However, as will be 
discussed below in Sec. 5, this option looks less reasonable. 
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3. The Simplest Solution and Its Main Properties 


To get the simplest solution of Eq. (6), let us assume that the three-dimensional 
space is perfectly flat (i.e., k = 0), and the energy density of ordinary matter is 


negligible (i.e., p = 0). Then, the resulting equation is easily integrated, and the 
solution can be written as 


RO = Re exo] 6n f], (7) 


where R* — R(0) is the constant of integration; and we consider only the case of R(t) 
increasing with time, i.e., corresponding to the expanding Universe. (In principle, 
there may be also a contracting solution, with minus sign in the argument of the 
exponential function.) 

So, even the simplest solution (7) suggests us an interesting version of the cos- 
mological model, outlined in Fig. 1. Instead of the standard model, composed of the 
four very different stages (namely, the inflationary one with exponential expansion, 
then the stages dominated by radiation and non-relativistic matter with power-like 
expansion, and finally the modern exponential stage), the uncertainty-mediated 
model describes everything by the universal *quasi-exponential" function (7). The 
corresponding Hubble parameter gradually decays with time as 1/ Vt. 

The age of the Universe T (i.e., the period from t = 0 to the present time) can 
be easily found from Eq. (6), remembering that k = 0 and p = 0: 


x. (8) 


Next, taking into account that age of the Universe in the standard cosmological 
model T* is commonly estimated as 1/ Ho, we get: 


T ~ (T*/T)T*, (9) 


Fig. 1. Temporal variation of the scale factor of the Universe R(t) in the standard cosmological 
model (dashed blue curve) and in the proposed uncertainty-mediated model (solid red curve). 
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if the numerical coefficient Cur is assumed to be on the order of unity. Since T* ~ 
4-10!" s and 7 = 5-107“s, this age in the proposed model will be greater than in 
the standard cosmology by the huge factor (T*/7) ~% 1091. 

Nevertheless, this disagreement should not be a crucial failure of our model. 
Really, the “standard” age of the Universe T* is measured from the onset of the 
hot Big Bang. If its evolution is supplemented by the preceding inflationary stage, 
this age will formally tend to infinity (because the expansion function e"* starts 
at t — —oo). So, the huge age of the Universe in the uncertainty-mediated model, 
described by the “universal” function (7), is not surprising. 


4. The Model of Inflation 


As is known, emergence of the inflationary paradigm in the early 1980s was caused 
by the inability of the “old” cosmological model—governed by radiation and or- 
dinary matter—to resolve a few conceptual problems, such as a homogeneity and 
isotropy of the observed Universe, the absence of the topological defects, a surprising 
flatness of the three-dimensional space, etc. A presence of the early stage with very 
fast expansion (usually, the exponential one) was postulated as a universal remedy 
to treat all these issues.} So, it is interesting to check if the “quasi-exponential” 
expansion (7) can resolve the above-listed problems. 


4.1. Causal Structure of the Space- Time 


The problems of homogeneity and isotropy, as well as the absence of topological 
defects are closely related to the causal structure of the space-time under consid- 
eration. From our point of view, the most convenient way to analyze this issue is 
using the conformal diagrams.!? Namely, in terms of the conformal time 


"T J dt/R(t) (10) 


the light rays in the curved Universe will be presented by the straight lines inclined 
at 7/4; and the causality (light) cones will look like the regular triangles, as shown 
in Fig. 2. 


As distinct from the previous formulas, the null point of time was shifted here to 
the instant of observation; 7 = —no corresponds to the “birth” of the Universe; and 
7] = —1* is the instant at which the Universe is observed. Particularly, this may be 
the instant of plasma recombination—when the matter became transparent—if we 
speak about the observations in electromagnetic waves; or this may be the instant of 
symmetry-breaking phase transition of Higgs fields—when the ordinary matter was 
formed—if we speak about formation of the topological defects (such as the domain 
walls, cosmic strings, or monopoles, depending on the symmetry group involved). 
Accordingly, £p is the size of the domain observable at the present time, and zp is 
the size of the domain whose state can be *equilibrated" (causally connected) during 
the preceding cosmological evolution. 
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-No 


Fig. 2. Causal structure of space-time in the old “pre-inflationary” models (top panel) and in 
the inflationary models of the Universe (bottom panel). The lower (blue) triangles are the future 
causality cones developing from the birth of the Universe, and the upper (red) triangle is the past 
causality cone, representing the part of the Universe observed at the present time. 


As is seen in the top panel of Fig. 2, a crucial drawback of the old “pre- 
inflationary” cosmology was that the observable region of space zp (e.g., by the 
instant of recombination or by the instant of phase transition) comprised a large 
number of domains N developing independently from the birth of the Universe. 
This is because a difference between the conformal times no and 7* in the case of 
power-like expansion of the Universe is rater small. As follows from the detailed 


10 
T-N y3 
vs (hr (55) T B 


where w parameterizes the effective equation of state of the cosmological matter, 


calculations, 


p — wp (w = 0 for the non-relativistic matter, and w = 1/3 for the radiation); and 
T (no) is the age of the Universe. As a result, one should expect that, for example, 
the observed CMB radiation will be strongly anisotropic (if t* is associated with the 
instant of recombination), or a large number of topological defects will be formed 
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16719 (if ¢* is associated with the instant of 


at the boundaries between the domains 
phase transition). 
The situation changes radically if the inflationary stage with exponential expan- 


sion is present. Really, if R(t) x e"*, then 
n(t) x —e7 "t — —oo at t— —oo. (12) 


In other words, there will be a huge interval of conformal time before the instant 7*, 
corresponding to the observable structure. Consequently, the entire observable re- 
gion zy will be well within a single domain of causality zr or, more exactly, !? 


N e exp[- VBA c(T-t*)] <1, (13) 


as is seen in the bottom panel of Fig. 2. This is, in fact, the main reason why the 
inflationary model easily resolved the crucial problems of the “old” cosmology. 

At last, what should we expect in the uncertainty-mediated cosmological model? 
Will the quasi-exponential expansion law (7) be a reasonable alternative to the 
pure exponential expansion? A quite straightforward but cumbersome calculation!? 
results in 


3/2 3/2 *\1/2 
1 T-t T-t 
xs (ER ( - ) exp|-4 Con - ) EST (14) 


i.e., the corresponding conformal diagram will be qualitatively the same as in the 
bottom panel of Fig. 2. In other words, the problems of homogeneity and isotropy 
of matter distribution, the absence of topological defects, etc. can be resolved by 
the uncertainty-mediated approach as efficiently as by the standard inflationary 
scenario. 


4.2. The Problem of Singularity 


A presence of the initial singularity in the power-like solution of the Friedmann 
equation with ordinary matter was also considered for a long time as a serious 
drawback of the cosmological model, but a considerably less attention is usually 
paid to this issue nowadays. Anyway, the quasi-exponential solution (7) of the 
uncertainty-mediated model evidently avoids the problem of singularity. However, 
this is achieved in a different way than in the standard inflationary model: in our 
case, the function R(t) takes a finite value at t = 0 and becomes indefinite at t < 0; 
while in the standard exponential inflation the singularity is actually shifted to 
minus infinity. 

Besides, let us mention that the uncertainty-mediated solution (7), in principle, 
if favorable for constructing a bounce-type model of the Universe, when a contrac- 
tion at t < 0 is followed by the expansion at t > 0. Really, since the modified 
solution (7) with a minus sign in the argument of exponential function also satisfies 
the Friedmann equation, the decreasing and increasing branches can be fit to each 
other at t = 0. 
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4.3. Formation of the Flat Three-Dimensional Space 


Yet another important conceptual problem of the old “pre-inflationary” cosmology 
was why the observed three-dimensional space is approximately flat with a high 
degree of accuracy. If we do not assume a priori that k = 0 in the Friedmann 
equation (3), but the A-term is absent and the ordinary matter is described by the 
equation of state p = wp, then its energy density p will depend on the scale factor 
as 1/ R31) i.e., 1/ R? in the case of non-relativistic (dust-like) substance and 1/R4 
in the case of radiation.!^ On the other hand, the curvature term decays as 1/R? 
and, therefore, it will inevitably dominate after some time if the evolution begins 
from the arbitrary (generic) initial conditions. In other words, the approximately 
flat three-dimensional space cannot be formed “dynamically”, and it is necessary 
to impose the artificial constraint k = 0. 

This problem is naturally resolved in the framework of classical inflationary 
scenario: if A is non-zero and approximately constant, then the second (curvature) 
term in the right-hand side of Eq. (3) becomes negligible as compared to the third 
(vacuum energy) term in the course of time and, therefore, the approximately flat 
three-dimensional space will be formed starting from the generic initial conditions. 

Finally, what is the situation in the uncertainty-mediated cosmological model, 
described by the modified Friedmann equation (6)? In this case, it is not so easy 
to compare the magnitudes of the various terms in the right-hand side, because 
one of them depends immediately on t, while others depend on the function R(t). 
However, assuming in the first approximation that p — 0 and utilizing the simplest 
solution (7), we get: 

1/t WE ew 

-To e ren (15) 
as can be proved, for example, applying the L'Hópital's rule two times. Conse- 
quently, we should expect that the role of the curvature term will become negli- 
gible in the course of time. Strictly speaking, this argumentation is not a rigorous 
mathematical proof, because the above-mentioned solution (7) was obtained under 
assumption k = 0. However, a more accurate treatment in Ref. 11 leads to the same 
result. Therefore, the uncertainty-mediated model resolves the problem of flatness 
as efficiently as the standard inflationary scenario. 


5. Discussion and Conclusions 


1. As follows from the above consideration, the uncertainty-mediated cosmological 
model provides a unified description of the entire evolution of the Universe on the 
basis of the well-established physical principle—the quantum-mechanical uncer- 
tainty relation. Besides, it resolves all major problems of the early Universe and, 
therefore, can serve as a reasonable alternative to other inflationary scenarios. 


2. Unfortunately, a few conceptual issues still remain questionable. Firstly, this is 
the basic idea of estimating the vacuum energy density from the uncertainty 
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relation. Secondly, it is not sufficiently clear what is the physical scale at which 
the uncertainty relation should be applied. We assumed above that this is the 
Planck volume. However, as was pointed out by Starobinsky (private communi- 
cation), this might be also the cosmological horizon. In this case, the vacuum 
energy derived from the uncertainty relation would be extremely small and in- 
significant for the cosmological evolution. Nevertheless, from our point of view, 
the Planck volume is a more reasonable choice because the uncertainty relation 
should be applied to a fixed physical system, while the horizon is evidently an 
object changing with time. 


It is also unclear how the ordinary matter can be created in the framework of the 
uncertainty-mediated scenario, since it was completely ignored in the simplest 
solution (7). So, it might be necessary to introduce the additional field(s) whose 
decay will produce the ordinary substance, as it is commonly postulated in other 
inflationary models. On the other hand, if the presence of ordinary matter is 
assumed a priori, it is unclear if it will destroy the inflationary stage (i.e., if the 
scale factor R(t) will collapse into a singularity) under extrapolation backwards 
in time. To answer this question, it is necessary to obtain more general solutions 
of the modified Friedmann equation (6). 


At last, a number of the additional physical effects, such as leptogenesis, bar- 
iosynthesis, formation of the large-scale structure, the spectrum of CMB fluctu- 
ations, etc. should be considered in more detail to draw the ultimate conclusion 
on viability of the uncertainty-mediated cosmological model. 
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An exact time-dependent solution of a black hole is found in a conformally invariant 
gravity model on a warped Randall-Sundrum spacetime, by writing the metric gu, = 
4 


w-2G,,. Here gu» represents the “un-physical” spacetime and w the dilaton field, 
which will be treated on equal footing as any renormalizable scalar field. It is remarkable 
that the 5D and 4D effective field equations for the metric components and dilaton 
fields can be written in general dimension n = 4,5. The location of the horizon(s) are 
determined by a quintic polynomial. This polynomial is related to the symmetry group 
of the icosahedron, isomorphic with the Galois group As. We applied the antipodal 
mapping on the axially symmetric black hole spacetime and make some connection with 
the information and firewall paradoxes. The dilaton field can be used to describe the 
different notion the in-going and outside observers have of the Hawking radiation by 
using different conformal gauge freedom. The disagreement about the interior of the black 
hole is explained by the antipodal map of points on the horizon. The free parameters 
of the solution can be chosen in such a way that gy» is singular-free and topologically 
regular, even for w — 0. 


Keywords: Conformal Invariance; Dilaton Field; Black Holes; Brane World Models; 
Antipodal Map; Quintic Polynomial 


1. Introduction 


One of the greatest challenges of modern physics will be the construction of a 
quantum-gravity model. In the vicinity of a horizon of a black hole and in the very 
early universe, these quantum gravity effects will come into play. The quantum 
features of a black hole were investigated, decades ago, by Hawking in his epic 
work on radiation effects of a black hole! by vacuum polarization. This radiation 
would be thermal and would contain no information. The black hole will eventually 
evaporate, and one could say that information is lost, because the anti-particles 
will fall into the black hole. This would violate quantum mechanics (QM). Related 
to this issue, is the holographic principle,? which states that the interior volume 
of spacetime of a black hole containing the information of the in-going particles is 
dual to the surface of the horizon. Could it be that the information is still at the 
horizon? The idea was extended to the well-known Anti-de Sitter/Conformal Field 
Theory (AdS/CFT) correspondence: is some way, the information must be present 
in the Hawking radiation. This model relies heavily on string theory, but would 
solve the information paradox, by introduction the notion of complementarity of the 
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in- and outside of the black hole. The in-going and out-going particles are entangled 
and the information of the in-going particle is also reflected back. However, this 
viewpoint conflict causality. The previously emitted Hawking radiation and the 
corresponding in-going particles are independent systems and at the same time 
indirect entangled. Another solution for the information paradox, which don’t rely 
on string theory, is the introduction of a firewall.4 The entanglement between the 
in-going and out-going particles is broken by a high energetic shield. The freely 
in-falling observer encounters high-energy particles at the horizon. This viewpoint 
conflicts general relativity, i.e., violation of the equivalence principle. Free falling 
observers, when falling through the horizon, perceive spacetime as Minkowski, so 
will not notice the horizon at all. A fundamental issue which is omitted in all the 
treatments as described above, is the time-dependency of the spacetime structure 
near the horizon. The emitted Hawking particle will have a back-reaction effect on 
the spacetime.?^9 Could it be possible, that the topology of the black hole must be 
revised? It is well know, that quantum field theory on a curved spacetime opens the 
possibility that a field theory can have different vacuum states. It can have intrinsic 
statistical features from a change in topology and not from from a priori statistical 
description of the matter fields. A spacetime with a given local geometry admits 
in principle, different possible global topologies. One can consider the modification 
of the spacetime topology of the form M /T, where IP is a discrete subgroup of 
isometries of M,7!° without fixed points. M is non-singular and is obtained from 
its universal covering M by identifying points equivalent under F. A particular 
interesting case is obtained, when T is the antipodal transformation on M 


J: POOP), (1) 


where the light-cone of the antipode of P(X) intersects the light-cone of P(X) 
only in two point (at the boundary of the spacetime). This is the so-called "elliptic 


?1! of spacetime, where antipodal points represents in fact the same 


interpretation 
world-point or event. The future and past event horizon intersect each other as a 
projected cylinder Ri x $1/Z53.^ At the intersection one then identifies antipodal 
points. One must realize that the antipodal map is a boundary condition at the 
horizon, only observable by the outside observer. On a black hole spacetime, the 
inside is removed. So nothing can escape the interior, since there is no interior. 
The field theories formulated on M and M are globally different, while locally M 
and M are identically. The emitted radiation is only locally thermal. Antipodal 
identification, however, destroys the thermal features in the Fock space construc- 
tion. In the construction, one needs unitary evolution operators for the in-going and 
out-going particles.?:!? In order to avoid wormhole constellations or demanding “an 
other universe” in the construction of the Penrose diagram, it is essential that the 
asymptotic domain of M maps one-to-one onto the ordinary spacetime in order 


?We work here in polar coordinates, because the spinning black hole we will consider, has a 
preferred spin axis. The antipodal identification is then (U, V, z, o) > (—U,—V,—z,m + q). 
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to preserve the metric. In fact, one deals with one black hole. A consequence is 
that time-inversion take place in region II of the Penrose diagram, so interchange 
of the creation and annihilation operators and entangling positive energy particles 
at the horizon with positive energy antiparticles at the antipodes. So the antipo- 
dal identification is not in conflict with the general CPT invariance of our world. 
Further, for the outside observer, the thermodynamically mixed state is replaced 
by a pure state. So the Hawking particles at opposite sides of the black hole are 
entangled. The former representation that observers has no access to the inside of 
the black hole is no longer valid. One arrives by this new geometrical description 
at pure quantum states for the black hole. It will solve, moreover, the information 
paradox and firewall problem as well." The gravitational back-reaction as proposed 
by "t Hooft,! ^14 suggests a cut-off of high momenta, which avoids the firewall. The 
in-going particle has a back-reaction on the other particles, leading to an unitary 
S-matrix. The gravitational interaction between the in-going and out-going particles 
will be strong, because we are dealing here with a strongly curved spacetime near the 
horizon. Using a *cut-and-paste" procedure, one replaces the high-energy particles 
(“hard”), i.e., mass or momentum of the order of the Planck mass, by low-energy 
(“soft”) particles far away. These hard particles just caused the firewall problem. 
Hard particles will also influence the local spacetime (to become non-Schwarzschild) 
and causes the Shapiro effect. The interaction with the soft particles is described 
by the Shapiro delay. Effectively, all hard particles are quantum clones of all soft 
particles. By this “firewall-transformation”, we look only at the soft particle clones. 
They define the Hilbert space and leads to a unitary scattering matrix. The net re- 
sult is that the black hole is actually in a pure state, invalidating the entanglement 
arguments in the firewall paradox. The entanglement issue can be reformulated by 
considering the two regions I and II in the maximally extended Penrose diagram of 
the black hole, as representing two “hemispheres” of the same black hole. It turns 
out that the antipodal identification keeps the wave functions pure® and the central 
r = 0 singularity has disappeared. This gravitational deformation will cause tran- 
sitions from region I to II in the Penrose diagram. The fundamental construction 
then consist of the exchange of the position operator with the momentum operator 
of the in-going particles, which turn them into out-particles. Hereby, ’t Hooft ex- 
pands the moment distributions and position variables in partial waves in (0, y).° 
So the Hawking particles emerging from I are entangled with the particles emerging 
from II. An important new aspect is the way particles transmit the information they 
carry across the horizon. In the new model, the Hawking particles emerging from 
I are maximally entangled with the particles emerging from II. The particles form 
a pure state, which solves the information paradox. In order to describe the more 
realistic black holes, such as the axially symmetric Kerr black hole, it is not possible 


bThe technical aspects in constructing the unitary S-matrix can be found in the literature, as 
provided by the references. 
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to ignore the dynamics of the horizon. Moreover, one must incorporate gravitation 
waves. There is another reason to consider axially symmetry. A spherical symmetric 
system cannot emit gravitation waves.!° Astronomers conjecture that most of the 
black holes in the center of galaxies are of the Kerr type. A linear approximation 
is, of course, inadequate in high-curvature situations. In the linear approximation, 
the waves don't carry enough energy and momentum to affect their own propaga- 
tion. The notion of the “classical” Hartle-Hawking vacuum thermal state, with a 
temperature T ~ i ~ « and the luminosity aM ~ —dAm must also be revised when 
the mass reaches the order of the Planck mass. On the Kerr black hole spacetime 
no analog of the Hartle-Hawking vacuum state exists. The Killing field £^ generates 
a bifurcate Killing horizon (£"£, = —1 at infinity) and possesses spacelike orbits 
near infinity. Another aspect of the huge curvature in the vicinity of the horizon, 
will be the problem of constructing a renormalizable (and maintaining unitarity) 
quantum gravity model of the Standard Model fields, which must be incorporated 
in the Lagrangian. Up till now, no convincing theory of quantum gravity is avail- 
able. Many attempts were made in order to make a renormalizable and unitary 
quantum gravity model. One also can try to construct a renormalizable model, by 
adding fourth order derivative terms of the curvature tensor (Euler-term). However, 
one looses unitarity. Also the *old" effective field theory (EFT) has its problems. 
One ignores what is going on at high energy. In order to solve the anomalies one 
encounters in calculating the effective action, one can apply the so-called confor- 
mal dilaton gravity (CDG) model.59:!7 CDG is a promising route to tackle the 
problems arising in quantum gravity model, such as the loss of unitarity close to 
the horizon. One assumes local conformal symmetry, which is spontaneously broken 
(for example by a quartic self-coupling of the Higgs field). Changing the symmetry 
of the action was also successful in the past, i.e., in the SM of particle physics. 
A numerical investigation of a black hole solution of a non-vacuum CDG model, 
was recently performed.!? The key feature in CDG, is the splitting of the metric 
tensor gy, = w=? Gav, with w the dilaton field. Applying perturbation techniques 
(and renormalization/dimensional regularization), in order to find the effective ac- 
tion and its divergencies, one first integrate over w (shifted to the complex contour), 
considered as a conventional renormalizable scalar field and afterwards over Jy and 
matter fields. The dilaton field is locally unobservable. It is fixed when we choose 
the global spacetime and coordinate system. If one applies this principle to a black 
hole spacetime, then the energy-momentum tensor of w influences the Hawking 
radiation. When g,, is flat, then the handling of the anomalies simplifies consider- 
ably.!^ When gu» is non-flat, the problems are more deep-seated. It is well known, 
that the antipodal transformation, or inversion, is part of the conformal group.!? 
So conformal invariant gravity models could fit very well the models of antipodal 
mapping as described above. In this context, the modification of GRT by an addi- 
tional spacetime dimension could be an alternative compromise, because Einstein 
gravity on the brane will be modified by the very embedding itself and opens up 
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a possible new way to address the dark energy problem.??:* These models can be 
applied to the standard Friedmann-Lemaitre-Robertson- Walker (FLRW) spacetime 
and the modification on the Friedmann equations can be investigated.?! Recently, 
Maldacena, et al.,?? applies the RS model to two black hole spacetimes and could 
construct a traversable macroscopic wormhole solution by adding only a 5D U(1) 
gauge field (see also Maldacena??). However, an empty bulk would be preferable. 
In stead, one can investigate the contribution of the projected 5D Weyl tensor on 
the 4D brane. It carries information of the gravitational field outside the brane. If 
one writes the 5D Einstein equation in CDG setting, it could be possible that an 
effective theory can be constructed without an UV cutoff, because the fundamental 
scale Ms can be much less than the effective scale Mp; due to the warp factor. The 
physical scale is therefore not determined by Mp;. In this manuscript we will apply 
the antipodal map on a spinning black hole spacetime in conformal dilaton gravity 
applied to a warped 5D spacetime. 


2. Conformal Transformations and Antipodal Mapping 
2.1. The origin of the antipodal mapping 


The antipodal map originates from the so-called “elliptic” interpretation.!! If one 
considers the hyperboloid H, —t?+a?+y?+2?+w? = R?, then the space-like sections 
through the origin are ellipses and the time-like sections are hyperbola branches. 
Since the de Sitter spacetime can be isometrically embedded as a hyperboloid in 
RŽ, one can take R? = —3.. If one suppresses the coordinates (z, w), we have the IR? 
Minkowski metric. Lorentz transformations (LT's) around the origin transforms H 
into itself. Circles on H represent space at different epochs. The bottle-neck parallel 
is a spatial geodesic, while the others are not. Further, the circumferences contract 
from z = —oo to z = 0 and then expand. A LT of IR? turns the bottle-neck into 
an ellipse, cut out of H with an angle < 45° with the (x, y)-plane. See figure 1. All 
the ellipses are equivalent space-like geodesics since each of them is transferred by a 
suitable automorphism into the bottle-neck, which is one of them. One defines the 
antipodal map 


J: P(t,2,y) > P(—t, —2,—-y), (2) 


on H. The antipodicity is Lorentz invariant. When the angle approaches 45°, then 
the ellipses degenerate into a couple of parallel generators (gi, g2) (null geodesics). 
The other plane of 45° delivers the set (g3, g4). The sets (gi, g4) and (go, 93) form, 
for example, the light-cones at the points M and M. If one moves upwards along t, 
the inner angles of the light-cones decrease. Note that the light-cones at P and P 
has no point in common and the antipodes are joined by a space-like geodesic. Now 
Schrödinger proposed to identify P and P with the same physical world-point or 


There is another argument in favor of a (warped) 5D spacetime. It turns out, as we shall see, that 
a surface in 4D can be immersed to 5D, like a Klein bottle. 
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Fig. l. Hyperboloid H representing the IR? spacetime of the compactified de Sitter universe IR? 
((z,w) suppressed). Right: the Penrose diagram. The antipodal points P and J(P) are spacelike 
separated. An observer moving in de Sitter spacetime cannot meet both P and J(P). He cannot 
receive a message from P, J(P). Moreover, he cannot receive a message from P and send a message 


to J(P). 


event. One half of H, containing no antipodal points, represents the ^whole world". 
Thereafter, Schrodinger argues in a clever way that the total potential of experiences 
of any observer is complete and embraces the same events for any two observers, 
whatever their world lines be. But there is a price we have to pay for. The direction 
of the arrow of time is lost (or the distinction between the “fore-cone” and “after- 
cone" is lost). The allotment of past and future is undecidable. The elliptic model 
is time-reversible. This can open perspective to the general CPT invariance of our 
world. The real problems arise, when one considers thermodynamical systems, as 
is the case for the Hawking effect in the vicinity of the horizon of a black hole. 
Then the entropy comes into play. Note, quoting Schródinger, “the irreversible laws 
of thermodynamics can only be based on the statistical microscopically reversible 
systems on condition that statistical theory be autonomous in defining the arrow 
of time. If any other law of nature determines this arrow, the statistical theory 
collapses." 
In a pseudo-polar frame (x, 7,9, p) we can write the line element 


ds? = —R?dT? + R? cosh? Tla + sin? x (d6? + sin? 0d?) |, (3) 
where 0 < x « 27. The antipodal map becomes now 


J: (T,x,0,p) > (T, n+x, T — 0, p (4) 


dThis price is worth paying in the black hole situation, when the information paradox will be 
solved by the antipodal map. The antipodal half is not time orientable. There is a breakdown of 
the global distinction between past and future in the interior of the black hole. 
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We already mentioned that de Sitter can be embedded as a hyperboloid in 5D 
Minkowski. We then say that J : X" — — X" is an inversion.? There exist another 
coordinate system (introduced by de Sitter himself) in which the line element is 
written as 


2 
1 
ds? = — (1 — 2 dT? + ——_,~dp? + p*(d0” + sin? 6’dy’”), (5) 
E (1— $2) 
where we have taken the velocity of the LT tanhT = A This is the static de Sitter 
and the spaces of constant time are all equivalent. There are singularities for x = +R 


~ 


(x = 90°), i.e., the points (M, M). However, as also observed by Schrödinger, this 
static model is not adequate for applying the antipodal map. In order to apply the 
antipodal map on a black hole spacetime in a more general setting, one needs a 
time dependent spacetime. 


2.2. The “classical” Hawking effect and its problems 


The famous result of Hawking states, that a black hole will radiate at “sufficiently” 
late times like a black body at a temperature 


K hc? 


KT an 7 RGM” (6) 


with « the surface gravity and M the mass. The entropy should then be Sbn = Ek A, 
with A the area of the horizon. However, one runs into problems by the back- 
reaction effect of the particle creation, which will alter the area. It is questionable 
if the ordinary laws of thermodynamics can be applied to a black hole. It is clear 
that these laws must be constrained to form quantum states with orthonormality 
and unitarity conditions. Suppose that an isolated black hole completely evaporate 
within a finite time. Loss of quantum coherence should then occur i.e., an initially 
pure quantum state should evolve to a mixed state. In general, in the classical 
picture, a black hole cannot causally influence its exterior, so it is hard to understand 
the mechanism by which thermal equilibrium could be achieved. Observe that the 
state of the field at late times in the region I of the Penrose diagram (and so the 
particles flux reaching infinity) is described by a density matrix by the S-matrix 
analysis. The particles present in region I are strongly correlated with the particles 
which entered the black hole at earlier times. Consider now in figure 2 the evolution 
of two Cauchy surfaces (“time” X4 to “time” X2). When the black hole disappears 
from the spacetime, then at late times, the entire state of the field is mixed. If one 
takes the *out" Hilbert space to be the Fock space of the particles propagating out 
to infinity at late times, one cannot describe particle creation and scattering by 
an ordinary S-matrix. The initial pure state will evolve to a final density matrix. 


©The inversion X, > — žy (as well as the dilatations) is part of the conformal group.!? We shall 
see in the next sections that in general the conformal group is a projective group from 5D. The 
fifth *degree of freedom" is a sort of gauge space. 
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Fig.2. Left: formation and evaporation of the Schwarschild black hole. The contour M = 0 lies at 
the retarded time corresponding to the final evaporation. The geometry is flat above this contour. 
Right: Loss of quantum coherence: evolution from a pure state to a mixed state.!6 


So we have a breakdown of quantum theory. The antipodal model, however, could 
"repair" this breakdown. 


3. The Black Hole Solution on a 5D Warped Spacetime in 
Conformal Dilaton Gravity 


3.1. The 5D warped spacetime 
Let us consider the 5D spacetime warped spacetime?! 24 


Retr tdi er ee N* (v dry dy? ; (7) 
where y is the extra dimension and w a warp factor in the formulation of Randall- 
Sundrum's (RS) 5D warped spacetime with one large extra dimension and negative 
bulk tension A5. The Standard Model (SM) fields are confined to the 4D brane, while 
gravity acts also in the fifth dimension. Originally, the RS model was applied to a 
5-dimensional anti-de Sitter (AdS) spacetime with a positive brane tension. This is 
the so-called RS-1 model, with one brane. The RS-2 model treats two branes with 
Zz symmetry. However, the effective cosmological constant on the brane can be zero 
by fine tuning with the negative A5. In the RS model there is a bound state of the 
graviton confined to the wall as well as a continuum of Kaluza-Klein (KK) states. 
Four dimensional gravity is then recovered on the brane and the hierarchy problem 
seems to be solved. Since the pioneering publication of RS, many investigation 
were done in diverge domains. In particular, Shiromizu et.al.,?^?95 extended the RS 


ds? = w(t,r, y)? |-N(t, ry?dt? + 


model to a fully covariant curvature formalism. It this extended model, an effective 
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Einstein equation is found on the brane, with on the right-hand side a contribution 
from the 5D Weyl tensor which carries information of the gravitational field outside 
the brane. So the brane world observer may be subject to influences from the bulk. 
The field equations are (were we took an empty bulk)!* 


eu = -As guv, (8) 
Gv = — Ner P guv + REO Tyv + KESpw — Ew» (9) 

where we have written 
O guy = ous + nyny, (10) 


with n^ the unit normal to the brane. Here AU m is the energy-momentum tensor 
on the brane and 5$,, the quadratic contribution of the energy-momentum tensor 
DTi arising from the extrinsic curvature terms in the projected Einstein tensor. 
Further, 


Ew = OCF nan D gP gs (11) 


represents the projection of the bulk Weyl tensor orthogonal to n^. The effective 
gravitational filed equations on the brane are not closed. One must solve at the 
same time the 5D gravitation field in the bulk. 


3.2. The conformal dilaton gravity (CDG) model on a 
5D warped spacetime 


One can distinguish several possible “routes” to the unification of GR and QFT. 
One can start, for example, with a given classical theory and applies heuristic quan- 
tization rules. One then can make a division in canonical and covariant approaches, 
i.e., uses a Hamiltonial formalism or employs covariance at some stage. The CDG 
model we consider here, is part of the covariant approach to quantum gravity. The 
key feature in CDG, is the splitting of the metric tensor !” 


S 
gu» =W”? Juv, (12) 


with w the dilaton field and g,, the “un-physical” spacetime. At high energy, w 
will be treated as a (renormalizable) quantum field. One can prove that the action 
(without matter terms for the time being) 


1 ~ 1 n n 
S= Jeeva} R+ 59 wð + An E nuu ; (13) 


is conformal invariant under 


2 


ju» FOF, odo 773 w. (14) 
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The covariant derivative is taken with respect to g,,,. For details, see Slagter.!'? Now 
we implement the 5D warped spacetime Eq. (7). So 


ir — gg PEE Pd = NG i + nyny, (15) 
and write again 
uu = i9 gue (16) 
Variation of the action leads to the field equations 
Z PE, 2 ES n 
éwR — g” v, vw- mea i aa =0 (17) 
n— 
and 
2A e dio are PASS 4 ans 
w Gu = Tu = AGuv R72 6072072, (18) 
with 
wW 7 v 2 P vi EV. DLL a mo de 9? 9? 
Tiv a VAM yw a gu V w^ + zofosde = Suave) WO W. (19) 


From the 5D Einstein equations Eq. (8) one obtains w(t, r, y) = wi(t, r)we(y), with 
w2(y) = l=constant (the length scale of the extra dimension). The dilaton equations 
Eq. (17) is superfluous. Note that the effective Einstein equations Eq. (9) contains 
the £,,, while T,,, and $,, are taken zero in our case. The dilaton equation is again 
superfluous. 

It turns out that one can write the field equations for w and N in the form 
(n — 4,5) 


em —N* H n (v4 12 : 2 20 
w w + Gao) wi dw), (20) 

s. BN? 3N’ N? 

N-ZL.ONA (n" SENS. ) 

N 2 r : N 

n—1 w! n w? ; 
Aur iia G i e ENW N' -uN |. (21) 

(n — 3)w r 2-nw 


One can solve these equations exact (we took Aeff = 0): 


DIPL 
(r + a3)t + aar + a4 
1 10a3r? + 20a2r? + 15a?T* + 4r? + C1 


Ww = 


N? = ; 22 
5r2 Co(aa + t)4 + Cs ( ) 
with a; some constants. There is a constraint equation 
AT a WER. nt2 INTI 1 +5 EN 
nol 2n Alke E Dor WN) w 4 ù wN (23) 
~ T= 2 N? N 2r ' n—2@N4 N5’ 


which l the dimension of y. The solution for the two dilaton fields w and w differs 
only by the different exponent 3 and 1 respectively. The solution For the metric 
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component is the same (apart from the constants). The solution for the angular 
momentum component is 


1 
T9g)n-8 
The Ricci scalar for g,,, (A = 0) is given by 
= 12r. z 
= N2 le? ae Na? ; (25) 


with is consistent with the null condition for the two-dimensional (t, r) line element, 
when R = 0. One can easily check that the trace of the Einstein equations is zero. 
Note that N? can be written as 

4 f r(r + az)?dr 
r?[C»(as + t)* + C3] 
So the spacetime seems to have two poles. However, the r = 0 is questionable. The 
conservation equations become 


N?- 


(26) 


ug, = V" E (=A Agua + 97,60], (27) 


which yields differential equations for N' and N as boundary conditions at the 
brane. It can be described as the non-local conservation equation. In the high energy 
case close to the horizon, one must include the 5, term. So the divergence of €,,, is 
constrained. In the non-conformal case, Eq. (27) contains on the right hand side also 
the quadratic correction $,, of the matter fields on the brane. The effective field 
equations, Eq. (9), are then not a closed system. One needs the Bianchi equations. 
In fact, €,, encodes corrections from the 5D graviton effects and are for the brane 
observer non-local. In our model under consideration, we have only the TM term 
and no source terms (only the 5D As). But it still sources the KK modes. The dilaton 
w plays the role of a “scalar field”. But we don’t need the 5D equations themselves, 
because the solution for N is the same! It is only the w4/3 which represents the 
5D contribution. There is no exchange of energy-momentum between the bulk and 
brane. If one applies the model to a FLRW model,” then the evolution equations 
are very complicated. Inhomogeneous and anisotropic effects from the 4D matter 
radiation distribution on the brane are sources for the 5D Weyl tensor £,, and 
cause non-local back-reaction on the brane. One needs an approximation scheme in 
order to find the missing evolution equation for Ev. 


'The locations of the horizon's and ergo-spheres are found by solving N? — 0 and 


— Cs 
C5" 
However, g,,, can be made regular everywhere and singular free by suitable choices 


of the parameters b;, c; and C;. For C, = 0, Juv has one real zero rg =~ |1.60665| 
and two complex zero's ~ (0.178 + 0.6381)05. In figure 3 we plotted the possible 
graphs. If one ignores the contribution from the bulk, then N? has for C4 — 0 no real 
roots, so only naked singularities. The contribution from the bulk then generates at 
least one horizon. 


Gi = 0 respectively. N? becomes singular at coordinate time t = ty = —b3+ ¢ 
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Four possible plots of N? as function of r. 
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3.3. Penrose diagram 


If we define the coordinates, dr* — Ny dr and dt* = No(t)*dt, then our induced 
spacetime can be written as 


N2 N? 2 
ds? = ug? E ( dt*? i dr?) | dz? r2 c | a dt") |; (28) 
2 2 
with 
10b3r? + 20027? + 15bor* + Ar? + C 1 
N2 = gre + $r" + à or^ + 4r" + 1 y2 = ; (29) 
5r C2(t + bs) + C3 
and 


gels n " 1 S ecu (30) 
(FF + ba) 103 > (Fb 

The sum it taken over the roots of (10b3r? + 20b3r? + 15b2r* + 4r? + C1) and 
Co(t + b3)* + C3, i. e., r# and t¥. This polynomial in r defining the roots of N?, is 
a quintic equation, which has some interesting connection with Klein’s icosahedral 
solution (see appendix). Further, one can define the azimuthal angular coordinate 
dyp* = (dy+ neat"), which can be used when an incoming null geodesic falls into the 
event horizon. y* is the azimuthal angle in a coordinate system rotating about the 
z-axis relative to the Boyer-Lindquist coordinates. Next, we define the coordinates?? 
(in the case of C? = C3 = 0 and 1 horizon, for the time being) 


U, = gir V} = gh me) TTH 
U. =e) y loeo) r«TH, (31) 


? 


with & a constant. The spacetime becomes 
N? zx 
ds? = A? E log(UV) dUdV + dz? + r°dy*?]. (32) 
2 


In figure 4 we plotted the Penrose diagram (left). The antipodal points P(X) and 


P(X) are physically identified. If we compactify the coordinates, 


U = tanh U, V = tanh V, (33) 
then the spacetime can be written as 
ds? = wto? [HÙ, V)dUdV + dz? + r?de*?|, (34) 
with 
pM z (35) 


N3 &? arctanh U arctanh V (1 — Ŭ2)(1 — V2) 


We can write r and t as 


|- 
a 


mE arctanh V \ = 
; t= ta + (Z7) 


r=rH+ (arctanh U arctanh 2 f 
arctanh U 
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Fig. 4. Left: Kruskal diagram for gy» in (U, V)- coordinates. If one approaches the horizon from 
the outside and passes the horizon, one approaches from the “otherside” the horizon. Right: Kruskal 
diagram for gy, in (U, V)- coordinates. 


with 
TH 1 


Q = ———————À s B = 40a(ty + b3)? n b3)9 


A(rg + b2)?’ (37) 


Observe that N; and Nə can be expressed in (U ; V). The Penrose diagram is drawn 
in figure 4 (right). Note that ds? and H are invariant under U — —U and U > —U. 
gu» is regular everywhere and conformally flat. The “scale-term” H is consistent 
with the features of the Penrose diagram. Now we have still the y dependency. We 
assume no z-dependency. It is expected that the differential equation for w can be 
separated in a (U, V) part and a o part. The method of ’t Hooft can then be applied. 
In the next sections, we will briefly come back to this issue. 


4. Related Issues of the New Black Hole Solution 
4.1. Treatment of the quantum fields 


The physical identification in the de Sitter spacetime of P(X) and P(X) are consid- 
ered as different representations in Kruskal space of one and the same Schwarzschild 
event. There is only one world with one singularity and one exterior region. Fields 
which are symmetric under J are identified as 


TENE 5 [von +8). (38) 


One then builds these fields from fields with arguments specified in I.8 Each of 
these fields, positive or negative frequency in I, can be extended to global spacetime 
surfaces. However, due to the time reversal, the inner product on the full Hilbert 
space have zero norm for the symmetric fields. One then defines negative frequency 
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functions Vi (X) = Wi, (JX) and Ve X) = Wi (X), where the arrows stands 
for the solutions on the future/past singularity. The symmetric (anti-) solutions 
(e = +1) are then 


1 1 
w(x) = 5 [00 ev (x), v(x) = ; [vi 


Introducing then reflection and transmission coefficients, one can construct a 


2 S00 + evt, QX)|. (39) 


wave function regular at the singularities, wo) = [ee [ws + evo], with 
K =e™/* —1 /4M. Thereafter, one constructs hermitian field operators for the 
Fock space. Next, one needs the renormalized expectation value of the stress-energy 
tensor < Tuy > in the “semiclassical” equations of Einstein Guy = 81G < Ty, >. 
If one assumes that there is a r — 0 singularity, then back-reaction will be small in 
the vicinity of the horizon (at least for massless fields). The spacetime can then be 
approximated by Schwarzschild geometry. The mass will decrease slowly with time 
and evaporates. In a flat spacetime, this is easily done, because the vacuum is well 
defined. One can calculate the zero-energy state and can construct finite quantum 
operators. In curved spacetime, the vacuum state is dependent of the boundary con- 
dition for the propagators (positive frequency modes). In principle, we can follow 
the method of Sanchez (for the de Sitter spacetime) for the dilaton field and our 
“un-physical” spacetime g,, (A = 0), 


cu^ > Guu =< TO Gigi > — < D? > Env, (40) 
m n m m 


where quo) depends on the geometry and boundary conditions (see Eq. (19)). Fur- 
ther, < T) >= — < & > R, because Ex, is traceless. We have now contributions 
from the antipode: 


7 -2 -2 —3 
«TU s-eTU >+<TH >, eg'5—eg le. (41) 
In the simplified de Sitter space, one then easily construct Green functions? 


G,js( X, X!) = e? [GG x^) +G(X, x^) l 


G,jA(X, X’) = eo [axx - G(X, x^) (42) 


with «o labels the one parameter family of the de Sitter vacua. The expectation 
values for a scalar field and the energy momentum tensor can then be calculated. 
One obtain, for example,® 


poe 1 1 
p2 m 2 ——)R 4 
< PIs JA? 167 cos TY Im * (< 5) | i (3) 
with v = (9/4— M?/ H?)12. M? = m? +€R, m the mass of the field and H ~ A. In 
our case we have no scalar field, but instead w. The expression for T5; becomes”? 
eje 21 U 


TÉ = (cocsp? F(U) — cp? + a), (44) 


chch lep + c3)? 
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which can be used to evaluate the expectation value. In order to apply the full 
antipodal map, one includes the y-dependency in the dilaton equation. The relevant 
operator (d'Alembertian) can be separated in the used coordinate system. The 
relevant y contribution comes from periodic Mathieu functions (in variable 9). 
'They converge uniformly on all compact sets in the z-plane. Next, one applies the 


method of 't Hooft, by expanding the position variables u*(z,y) and momentum 
distributions p* (z, p) in the partial waves of Mathieu functions.! Further, one then 
calculates the gravitational shift 6U(z,y), in order to carry a particle over from I 
to II, or back, using the Shapiro delay. 


4.2. The surface gravity and the conformal gauge 


Since we have now the description of the antipodal map in our black hole spacetime, 
we will look more closely at the conformal invariance. First of all, one should rely 
in the dynamical situation on (conformal) Killing vectors in order to describe the 
spacetime symmetries. Our Lagrangian is conformal invariant under Eq. (14), so 
we can use the freedom of the conformal factor Q. Remember, different w means 
different notion of the vacuum state for the in-going and outside observer, so they 
will use different conformal gauge freedom. It is desirable that for the out-going 
observer, the surface gravity of the horizon is conformal invariant. Further, con- 
formal transformations must preserve affinely parameterized null geodesics. This 
will deliver 2 for the in-going observer. We can define out-going and in-going null 
normals!’ for Juv 


i^ = (1, N V N? — r2N*?,0,0), 


ET ( 1 N 0 0) 
m = ; mon i 
2N? —2N?' 9 /N2 — :2Nv2 


(45) 


with pu = mm, = 0, lm, = —]. The surface gravity then becomes 


n= 2N (8, (VN? = r2N99) + a (4) -3N(AG- 0. Vu). (40) 


This is consistent with the metric definition of k. 


4.3. The meaning of the warped spacetime 


Let us now return to gay = w*/36?g,,,. In the CDG setting, the evaporation of the 
black hole is also determined by the complementarity transformation of w between 
the in-going and outside observer. Our spacetime is now (b4 = b302) 


372 23 4 5 
ds? = w*/9a?[(Co(t + ba) + cx 0" + 20b5r n +4r” +C) 
r 


(-ar? + ar*?) +d? +r? (ae I: Au) | , (47) 
2 


fSo the spherical harmonics are replaced by the Mathieu harmonics 
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with 


1 
4/32 _ 48 
OS (reno esr b Ba) me 


We observe that wt/30? approaches zero for coordinate time t — 00, so guv shrinks 
to zero, so the distant observer sees a gradually shrinking black hole when the 
metric time runs to infinity. Further, the only contribution from the 5D spacetime 
is the w*/?, Remarkable, the projected Weyl component is necessary in order to 
obtain the same form of N? and to avoid naked singularities. So w4/? = [(r + 
c2)? (t + c3)?]! is the “scale” term from the 5D warped spacetime (the warpfactor 
in the RS model is the product of y-dependent part and w part). Suppose one wants 
combine the conformal transformation with an internal symmetry transformation, 
i.e., a spacetime transformation. In particular, the scale transformations. One can 
proof in that case, Olog Q = 0,1? which is consistent with our 2D null hypersurface 
of Eq. (32). Further, in dimension n Z 4 only the scale-invariant theories based upon 
scalar fields (so w from 5D) are conformally invariant. Conclusion: of our g,,, can 


be used in non-vacuum models. An additional advantage of the warped spacetime 
in connection with cosmology and hierarchy problem, was already mentioned in the 
introduction. A new aspect will be the embedding of the 5D in the 4D spacetime 
and the relation with the 3D BTZ blackhole solution. 


4.4. The relation with the 3D Bariados- Teitelboim-Zanelli 
black hole 


In the spacetime under consideration, the dz? term can be omitted. One obtains 
then the 3D Baiiados-Teitelboim-Zanelli (BTZ) black hole spacetime. It solves the 
Einstein equations with a negative cosmological constant.?? The BTZ solution is 
related to the AdS/CFT correspondence and intensively studies in connection with 
black hole entropy issues. However, we should like to take the cosmological con- 
stant zero. In a former study,?? an exact solution was found in a CDG setting 
in Eddington-Finkelstein retarded coordinates (U,p) (or advanced V) where the 
antipodal map (U, V, p) > (—U,—V,y + 7) is applicable: 


e72aU 


ds? = 
(cop + ca)? 


2 42 32 2 
[+ ai -r ) qu? — 2dUdp +d? +p (a£ - F(U)av) |: (49) 
203 

which is Ricci flat, while R® = Seen . The function F(U) will be fixed when matter 
terms are incorporated (i.e. for Sampie, a scalar gauge field). The metric Eq. (49) 
will then contain a term b(U, p)?d? and a relation like (N$)' = TX will be 
obtained. It has no curvature singularity. The location of the apparent horizon in U: 
c 

paH =+ ; (50) 

y exte + 2F(U)?) 
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with 
: ua DT po 
p 1 —2c1U 3F(U)?-c162 
nr DTE : C3 cic 1 
dU 5° m esp > (51) 
OF eissersenss p = PAH 


which is independent of w. Here C; are constants and F(U) a function determined 
by the non-diagonal contribution. Further, we have 
isi 


lim guu `> T eges elit! (52) 


So when the evaporation speeds up, it approaches zero. We are dealing here with 
null-radiation in the (p, z)-plane. One could compare this solution with that found 
by Chan?? in standard GR of a spinning black hole. They also find a solution for 
F(U) which is determined by an energy-momentum tensor of null spinning dust. It 
is again curious that the “uplifted” BTZ has the same solution, comparable with 
the “up-lifting” 5D°° 


5. Metric Fluctuation and Hawking Radiation 


In the original deviation of the Hawking radiation, one uses the propagation of a 
linear quantized field in a classical background metric. However, near the horizon, 
high-frequencies metric fluctuations can contribute to the vacuum polarization and 
the impact of gravitational back reactions can be large. These zero-point fluctuations 
result in a modification of the Hawking radiation by gravitational waves.?! One 
could question what the effect is of these waves in our CDG model, where we 
have instead the dilaton field. Of course, one should need a quantum gravitational 
approach, which is not available yet. So need some approximation. However, effect 
of the scattering of these quanta at the horizon can be investigated in the context 
of the antipodal mapping considered here. Without the contribution of the metric 
fluctuations, the mean number of quanta reaching J* takes the form 
1 


< na eps g2n Ec /8 — 1’ 


(53) 


with E, the energy measured at 7* for the out modes. This is the Planck distri- 
bution with temperature T = «/27 = (81M). !. The correction terms can then be 
calculated by using the s-modes of a quantum massless scalar field and by using 
the fact that the in-going and out-going modes decouple.?! One makes use of the 
mean energy flux, by calculating dE/dU = 4nr? <Tyu>ren, where the renormal- 
ized surface gravity is used. However, in this approximation, the reflection conditions 
are at r=0, with in our antipodal map must be revised (we have no inside). We can 


SA suitable approximation is the high-frequency approximation applied to a Vaidya spacetime, 
where the not-flat background spacetime is distorted by the gravitational waves.?? A recent ap- 
plication was provided by Slagter.24 35 
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use the (U, U) energy-momentum component of our model and can apply Eq. (41) 
for the antipodal contribution. 

Notice that the meaning of the local dilaton @, is twofold. First, it determines 
the metric fluctuations (one also must incorporate in the dilaton equation the y- 
dependency). Secondly, The in-going observer will use a different conformal gauge 
freedom Q on à to describe the vacuum. Further, œ is locally unobservable, unless 
we include metric fluctuations (gravitational waves. It will be necessary to compare 
this with the usual contribution using the Bunch-Davies method (and to taken into 
count the antipodal contribution). Note that the outside observer will use a different 
gauge and he/she experiences a mass ~ w? N? and Hawking radiation ~ Op (w? N?), 
while for the in-going observer it is part of his vacuum. On the other hand, the 
outside observer is not aware of the antipodal identification. One could also say 
that they disagree about the observed scales. Or differently stated, they disagree 
about the back reaction from the Hawking radiation. 


6. Conclusion and Outlook 


We find an exact time dependent solution in the conformal dilaton gravity model 
on a warped 5D spacetime. The spacetime is written as © guy = w*/99,,, and 
n = ig In our model, w can be seen as the contribution from the bulk, 
while œ is the brane component. It is conjectured that the different conformal 
gauge freedom, Q, the in-going and outside observers possess, can be calculated 
by demanding a conformal invariant surface gravity and the preservation of affinely 
parameterized null geodesics. This means that the complementarity is expressed 
by the different notion of the vacuum state. The solution guarantees regularity 
of the action when w — 0. We don't need a Weyl term in the action (generates 
negative metric states). In stead, we have a contribution from the bulk, i.e., the 
electric part of the 5D Weyl tensor. It is remarkable that the 5D field equations and 
the effective 4D equations can be written for general dimension n, with n — 4,5. 
'The energy-momentum tensor of the time-dependent dilaton, determining also the 
Hawking radiation, can be calculated exactly. By suitable choice of the parameters, 
the spacetime g,, can be regular and singular free. This exact solution, nonetheless 
without mass terms, can be used to tackle the deep-seated problem of the black hole 
complementarity: the infalling and outside observer experience different w by the 
choice of Q. The next task is to incorporate mass into our model and investigate the 
dilaton-scalar field interaction. The conformal invariance will then spontaneously be 
broken. 


Appendix: The Quintic Horizon Equation and Related Issues 
Our quintic polynomial, determining the horizons, 
5 Ci 


1 
f2r-4 Dar + 5b2r? + 5 bar Tore (54) 
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can be written by a, so-called Tschirnhaus transformation, in the form 


5 15b 12503 
T 
16 256 


By scaling, this form can be reduced to the Bring-Jerrard form r? + r — c, with 
c a function of by and C,.?' There is an interesting relation between the symme- 
try group of the icosahedron and our quintic equation. The symmetry group is 
isomorphic with the Galois group As (of an irreducible quintic polynomial). The 
icosahedron is dual to the dodecahedron, i.e., their symmetries are isomorphic. The 


1 
(Ci + b3)r? (Cy +b3)r — 1s €: +3)? =0 (55) 


As is interesting in physics, because it is a simple group having no invariant sub- 
groups. It has three orbits, which are invariant under the antipodal map. So the 
connection with the Móbius group is clear. For details, we refer to Toth.?" It is 
conjectured that our quintic polynomial (Eq. (54)) has a deep-seated relation with 
the 5D spacetime solution. Further, it is remarkable that the resulting quintic equa- 
tion is independent of the dimension of our manifold (n — 4,5). Moreover, the nice 
fitting of the antipodal map in our model cannot be a coincident. From Eq. (26) 
we observe that the derivative of f is 5r(r + bz). So it is expected that our quintic 
equation results from a immersion” of a closed surface S in IR? into R4. This is 
currently under investigation by the author. 
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From neutrino masses to the full size of the universe — Some 
intriguing aspects of the tetron model 
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The universe according to the tetron model consists of invisible tiny constituents, elas- 
tically bound with bond length about the Planck length and binding energy the Planck 
energy. A tetron transforms as the fundamental fermion(—octonion) representation 8 of 
SO(6,1). With respect to the decomposition SO(6,1) — SO(3,1) x SO(3) it possesses 
spin 1/2 and isospin 1/2, i.e. a tetron represents an isospin doublet of Dirac spinors. The 
24 known quarks and leptons arise as eigenmode excitations of a tetrahedral fiber struc- 
ture, which is made up from 4 tetrons (plus 4 antitetrons) and extends into 3 additional 
"internal dimensions. While the laws of gravity are due to the elastic properties of the 
tetron bonds, particle physics interactions take place within the internal fibers. I will 
concentrate on two of the most intriguing features of the model: 
- understanding small neutrino masses from the conservation of isospin, and, more in 
general, calculating the spectrum of quark and lepton masses. This is obtained from the 
tetron model's interpretation of the Higgs mechanism. 
- the possibility to determine the full size of the universe from future dark energy mea- 
surements. This is obtained from the tetron model's interpretation of the dark energy 
phenomenon. 

Finally, the dark energy equation of state, i.e. the equation of state of the tetron 
background will be derived. 


Keywords: Tetron model; quark and lepton masses and mixings; neutrino masses; full 
size of the universe; dark energy equation of state. 


1. Introduction 


and cosmology will be presented. 
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In the following sections some implications of the tetron model!‘ of particle physics 


In this model the universe itself is an elastic medium composed of invisible 


spacetime continuum as determined by the Einstein equations. 


Now in the following I want to explain some details of these statements. 


constituents which are bound at Planck energy. While the laws of gravity are due 
to the elastic properties of the medium, particle physics interactions take place 
within internal fibers, with the characteristic internal energy being the Fermi scale. 
All ordinary matter quarks and leptons are constructed as quasiparticle excitations 
of this internal fiber structure. Since the quasiparticles fulfill Lorentz covariant wave 
equations, they perceive the universe as a 3+1 dimensional spacetime continuum 
lacking a preferred rest system. Any type of mass/energy induces curvature on the 
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2. Quark and Lepton Masses from Excitations of 
Internal Tetrahedrons 


In the tetron model the ground state of our universe looks like illustrated in Figure 1. 
In this figure the large horizontal arrow stands for the 3 dimensions of physical space, 
while the tetrahedrons extend into 3 additional internal dimensions. The picture is à 
little misleading because in the tetron model physical space and internal dimensions 
are assumed to be completely orthogonal. This means the whole game is actually 
played within a large altogether 6 dimensional space, 3 physical dimensions and 3 
internal ones. 


Fig. 1. The global ground state of the tetron model after the electroweak symmetry breaking. 


If you ask: why this structure?, I can say at this point that the tetrahedral 
structure is introduced in order to explain the observed quark and lepton spectrum, 
which means to get exactly 24 excitation states with the correct multiplet structure. 

Before discussing the excitations, let us first consider the ground state Figure 1 
in some more detail. As you can see, each tetrahedron is made up from 4 constituents 
called ‘tetrons’, depicted as the white dots*. The white arrows denote the ‘isospins’, 
ie. internal spin vectors of the tetrons. This means the tetrons have a spin in 
physical space and in addition an internal spin in internal space. As turns out, the 
interactions of the internal spins play an important role for particle physics and for 
electroweak symmetry breaking. 

It is important to note, that the 4 isospin vectors in Figure 1 define tetrahedrons, 
too. Due to the pseudovector property of these vectors their tetrahedral symmetry 
group actually is a Shubnikov group.” This means, while the coordinate symme- 
try is S4, the arrangement of isospin vectors respects the tetrahedral Shubnikov 
symmetry 


Giss Ag + CPT (S4 — A4) (1) 


where A4(S4) is the (full) tetrahedral symmetry group and CPT the usual CPT 
operation except that P is the parity transformation in physical space only. Since 


a Actually, antitetrons are needed as well. For details see the review.? 
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the elements of $4 — A4 contain an implicit factor of internal parity, the symmetry 
(1) certifies CPT invariance of the local ground state in the full of R9*1, 


2.1. 


In the situation depicted in Figure 1 a symmetry breaking has already taken place, 
because the isospins are aligned between all the tetrahedrons. 

Before the symmetry breaking, which means above a certain temperature, 
isospins are distributed randomly, corresponding to a local SU(2) x Ui symme- 
try”, but when the universe cools down, there is a phase transition, and the isospins 
freeze into the aligned structure, breaking the symmetry from SU(2) x U, to the 
discrete ‘family group’ G4. And the important point to note is, this temperature 
can be identified with the Fermi scale.? 

How does this work out in detail? Mathematically, a tetron is assumed to trans- 
form as the fundamental spinor representation of SO(6,1). This representation is 
8-dimensional and sometimes called the octonion representation. 

With respect to the decomposition of SO(6,1) — SO(3,1) x SO(3) into the 
3-dimensional base space and the 3-dimensional internal space, a tetron possesses 
spin 1/2 and isospin 1/2. This means it can rotate both in physical space and in 
internal space, and corresponds to the fact that a tetron V decomposes into an 
isospin doublet Y = (U, D) of two ordinary SO(3,1) Dirac fields U and D. 


8 > (1,2,2) + (2, 1,2) = ((1, 2) + (2,1),2) (2) 


Using this, one can now rigorously define the isospin vectors used and drawn in 
Figure 1: 


Q = virzv (3) 


where 7 are the internal spin Pauli matrices. Actually one has to distinguish chiral 
isospin vectors 


~ 1 - = 1 N 
Q= vi — ys)rV QR= jV Toys) (4) 


and for tetrons and antitetrons, but this complication will not be discussed in the 
present talk.? 

A typical interaction Hamiltonian between such isospin vectors of 2 tetrons a 
and b looks like this 


Hg = -J QaQo (5) 


So it has the form of a Heisenberg interaction - but for isospins, not for spins. The 
coupling J is called the ‘isomagnetic exchange coupling’. 

The mathematical treatment of the excitations arising from (5) is similar to that 
of magnons in ordinary magnetism, but the physics here is much different. Since 


bWeak parity violation, i.e. the appearance of SU(2)z, is discussed in.? 
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the isospin vibrations take place in internal space, they are pointlike in physical 
space. Furthermore, they inherit their fermion nature from the fermion property of 
the vibrating tetron. 

In reality, the Hamiltonian is somewhat more complicated than (5) due to the 
appearance of antitetrons and of the fact that inner- and inter-tetrahedral interac- 
tions are present, the inner ones with ‘exchange coupling’ 7 = —O(1) GeV (strong 
interaction scale) and the inter ones with J — O(100) GeV (weak interaction scale). 
j and J have different sign, because j leads to the frustrated ‘antiferromagnetic’ 
ground state of a single tetrahedron, while J is responsible for the ‘ferromagnetic’® 
alignment of neighboring tetrahedrons.! 

This alignment can be shown to be the microscopic origin of the electroweak 
symmetry breaking, and furthermore it allows to calculate the quark and lepton 
masses. I refer here to references! and?. In these papers you can find all the details 
- how to construct the electroweak order parameter, the Higgs field and how to 
calculate the quark and lepton masses and mixings from the isospin couplings. 

At this point it must be enough to show that among the 24 isospin excitations 
which are the quarks and leptons, there are 3 almost massless modes which cor- 
respond to the neutrinos. This has to do with the conservation of total isospin. 
Namely, the masses of the neutrinos are particularly suppressed because the 3 neu- 
trino modes correspond to the vibrations of the 3 components of the total internal 
angular momentum vector in one tetrahedron 


Ec d. we, (6) 
Whenever this quantity is conserved 


dXi/dt — 0 (7) 


the neutrino masses will strictly vanish. In fact, the Heisenberg type of interactions 
(5) conserve total internal angular momentum. Therefore, they fulfill (7) and give 
no contribution to the neutrino masses. Further details can be found in.! 

So X is the total internal angular momentum (total isospin), and the conservation 
equation for the 3 components of ¥ leads to 3 of the 24 eigenmodes being massless. 
Contributions to the neutrino masses come from tiny torsional interactions which 
violate the conservation of isospin.! 


3. The Full Size of the Universe from a Simple Spring Model 


From this point on, I do not want to give more details on the particle physics im- 
plications, but want to concentrate on gravity and cosmological aspects. In order to 
include gravity in the tetron model, it is assumed that there is not only an interac- 
tion among the isospin vectors in internal space, but also a binding among tetrons 


CI am using the language of magnetism, although interactions of isospins and not of spins are 
considered here. 
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in physical space, and that this binding is elastic. In other words, our universe is 
a 3-dimensional elastic medium expanding within some larger 6-dimensional space, 
and it can acquire curvature both in space and time. 


Fig.2. Expansion of the empty universe consisting of tetrahedrons which look pointlike in physical 
space. 


In 3-dimensional physical space, the expansion looks as shown in Figure 2. Note 
that in physical space the tetrahedrons are pointlike because they extend only into 
the internal dimensions. This means, you do not see the tetrahedral structure, you 
only see points which are bound with bond length about the Planck length and 
binding energy the Planck energy. 

In the beginning, that means before the expansion started, the universe was 
created in a sudden so to say inflationary condensation process from an ultrahot 
tetron gas and afterwards was pushed to expansion by the condensation energy. 
Quark and matter particles were created as quasiparticle excitations of the tetrons 
gliding on the elastic medium. Since the quasiparticles fulfill Lorentz covariant wave 
equations, they perceive the universe as a 34-1 dimensional spacetime continuum 
lacking a preferred rest system. Any type of mass/energy induces curvature on the 
spacetime continuum as determined by the Einstein equations. 

Now in the next step I want to draw a connection between the smallest and 
the largest scales of the universe, namely between the tetron binding structure at 
Planck length and the size of the universe as a whole. For that purpose, let us 
consider the binding energy of 2 tetrahedrons as a function of the bond length L, so 
this means the binding energy of 2 dots in Figure 3 as a function of their distance. 
It is assumed, that this function has a minimum at some bond length L, and that 
at present we are at bond length Lo roughly equal to the Planck length. Then the 
function looks like in Figure 3. 

From this figure one concludes that the universe is expanding towards an equilib- 
rium corresponding to an average bond length Ls. So the whole universe is carrying 
out an extremely low frequency breathing vibration w « 107!°yrs~! around Ls, 
and all the tetron bonds on average are vibrating in accord with the universe. One 
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Eo(Lo) Lj 


Es(Ls) 


Fig. 3. Binding energy E of 2 neighboring tetrahedrons as a function of their distance L. 


can work out the details of this picture and indeed show that this effect accounts 
for the present accelerated expansion as given by the dark energy observations.* 

An important point to note is that in future more precise dark energy measure- 
ments may allow to extract the breathing frequency w of the universe, and from 
w one can determine the full size radius a of the universe according to the simple 
formula 


(8) 


Elo 


L 
a = — 
Ls 


where c is the speed of light. 


3.1. 


The remainder of this section is devoted to the proof of (8) within a simple spring 
type model, and to carry the idea of the universe as an extremely low frequency 
oscillatory system to the end. 

In addition, these considerations will allow to derive the dark energy equation 
of state,!! i.e. the equation of state of the invisible tetron background substrate. 
'The relation between tetron density and pressure is a characteristic property of the 
bound tetron system. Actually, the elastic tetron universe resembles a fluid with 
elastic bonds among its constituents rather than an ordered solid, and so the fluid 
equation seems an appropriate way of description?. 

By ‘full size’ is meant the diameter of the 3-dimensional elastic medium which 
according to the tetron model is our universe. As a measure of this size I shall take 
a(t) as appears in the standard FLRW line element 


ds? = —c*dt? + a(t)” E POM (9) 
Tm “ 1 — kr? 


a(t) is assumed to have dimension of length and dr? to be dimensionless. 


7 
dBut note, the stiffness ( = Raz z 10112 2, of the tetron bonds is large enough, that this fluid 
pours out into only 3 of the 6 dimensions. 
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Following reference* a harmonic oscillatory term ~ w?(a — as) appears in the 
8 y 


modified FLRW equations in addition to the cosmological constant A 
4 A 
a= — S Gpa — v (a — as) + zaa (10) 


The assumption of a breathing vibration with a(t) ~ L(t) then leads to an identical 
equation for L(t): 


" A 
L- -Topi - w(L- L,) + 36b (11) 


The interpretation of the cosmological constant term within the tetron model will 
be postponed to later sections. For the moment, let us simply forget about A. Then 
the empty universe behaves harmonic with frequency w, the reason being that its 
tetrahedral constituents follow a harmonic elastic interaction, i.e. the binding energy 
among the internal tetrahedrons in the neighborhood of the minimum at L, can be 
approximated by a parabola, see Figure 3. 

While characteristic frequencies w and Ho(=Hubble constant) of the universe 
are tiny, the frequency fs = f(t.) of a single tetron spring is extremely large and 
given by 

1 Ç 
f(t)- TH LO (12) 
where T(t) = L(t)/c is the time dependent Planck time. 

In accordance with reference^ I have introduced time dependent Planck quanti- 


ties 
me a TY me) M(t) = cT (13) 


with present day values at t—0: 


Lo = 1.6 x 10 ??m Mo = 2.2 x 10 3kg Ty = 5.44x10- ^s (14) 


Inverting (13), a time dependent Planck and Newton constant is induced 


h(t)c = E(t)L(t) (15) 
G(t) = c*L(t)/ E(t) (16) 
No time dependence of c is indicated, because in the present model there is none 


- at least if one uses the so-called cosmic coordinates t and r appearing in the line 
element (9). 


3.2. 


Coming to the details of the spring model, it is assumed that at each point of the 
elastic universe each direction can be approximated as a serial connection of N 
harmonic springs which connect N--1 constituents (— internal tetrahedrons). These 
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can be thought to lie approximately on a straight line running from one end of the 
universe to the other. The spatial extension of the universe is then given by 


a(t) = NL(t) (17) 


Clearly, this includes the additional very simplifying assumption that the expanding 
universe has the approximate form of a cube. 

The mass p of any one of the spring chains is given by the sum of all constituent 
rest masses Mprest in the chain, i.e. 


H= N Mrest (18) 


where Mrest is the rest mass of one internal tetrahedron. The value of Mpest is 
unknown but should be typically of the order of the Planck mass. 

Since in the neighborhood of L, the binding energy E(t) = E(L(t)) is assumed 
to be quadratic in L, it must have the form 


d 1 LA 
E(L) = Es + 3 = Ls)" = Mrest = Erbina + 5 Mest (1 E =) (19) 
i.e. E(L) is a sum of a constant energy Es plus a variable component, which vanishes 
at L(t,) = Ls. E, comprises the binding energy of 2 tetrahedrons at L, as well as 


their possible rest mass 
Bs = Eresi n Ebina = Mrest? — Evind (20) 


It is to be noted that (19) does not meet the condition E(L = oo) = Mresic?, 
so it holds only in the neighborhood of L = Ls. Note further that Mprest could in 
principle be any value, even much larger than Ebina. lo have a bound state one 
needs a local minimum of E(L) at L, but not necessarily a negative E(L;), i.e. the 
condition 


Ebina > Erest (21) 


is not compelling - although present dark energy data seem to give a hint this 
inequality is true and furthermore in the simple spring model it will be needed for 
consistency of energy conservation eq. (27). 


3.3. 


The spring constant of a single spring is d = Mrest f (ts)? with f(t) from eq. (12). 
The basic reason why the breathing frequency w of the universe is so small whereas 
the fundamental frequency f = 1/T of its tetron constituents is so large, arises 
from the following fact: Consider one chain of strings stretching from one end of 
the universe to the other, each spring with a constant d. Then the serial connection 
of N springs is itself a harmonic oscillator with a much smaller combined spring 
constant 


D —d/N (22) 
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Note that the springs connected in parallel belong to different chains and do not 
contribute to the effective overall chain constant D. 
Using D = uo? one can express the (extremely small) frequency w of the uni- 
verse in terms of the (extremely large) Planck frequency fs = f(ts): 
z D d/N l oo E 


Ww = = = — 


~ NMa NUS N (a) 


7 
Thus, the full extension (17) of the universe at equilibrium can be given as 
as = NL, = Å (24) 


in a similar way as the observable(=Hubble) radius is given as c/ Ho. 

The present size of the universe is somewhat smaller than a, and given by (8). 
'These equations show that a precise enough measurement of the dark energy effect 
(i.e. of w) can lead to an estimate for the full size of the universe. 


3.4. 


'The spring model is also of use to better understand the FLRW theory within 
the general elasticity ansatz. The essence of the FLRW model is contained in the 
following equations 

(i) the Friedmann equation for the Hubble parameter à/a and 

(ii) the ‘fluid equations’ for the densities pret and Pmat of tetrons and (ordinary and 
dark) matter, respectively. Both, the tetron substrate and the matter content of the 
universe are assumed to be separate uniformly distributed perfect fluids with mass 
energy densities pret(t) and Pmat(t) and pressure prett) and Pmat(t). 


3.4.1. 


In the present model one can write down an equation for the conservation of energy 
in a matter-free spacially flat tetron universe 

nya Mrest 42 q gy3 Mren (: x 2) E -N3E, (25) 

2 2 Qs 
the conserved energy being the kinetic plus potential energy of the system of N? 
masses M,est and 3N? springs which make up the empty universe. The system is 
furthermore assumed to be in a breathing mode. Then, the difference in neighboring 
spring positions x44 (t) — £n (t) within one of the spring chains is n-independent and 
given by L(t)—L, for each spring n, and the velocity difference by 44,41 — in = L(t). 
Comparing (25) to the corresponding matter-free FLRW equation 


NE. a^ 3 
Bes i — Acq? = 2 
gue deos ( z) ghca 0 (26) 
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one finds 3 differences: 
- There is no A-term in (25). Any cosmological constant contribution from tetrons 
has been removed in (25), because for the matter free elastic tetron substrate the 
binding forces do not drive the universe with Aa? to infinity, but with w?(a—a,)* to 
as. As will turn out later in section 3.4.3, in the presence of matter a cosmological 
constant reappears because the time dependent^ Newton constant (16) implies a 
time dependent matter contribution to the cosmological constant.5 1° 

- There is a nonvanishing constant contribution ~ E, on the rhs, where there is 
0 in FLRW. This has to do with the fact that the Friedmann equation only counts 
contributions to the spacetime curvature, where a constant binding energy of the 
tetron constituents does not matter. The FLRW model does not know about the 
cosmic constituents and uses the freedom to put their background binding energy to 
zero. In other words, a constant (like the binding energy E, — E(L;) at equilibrium 
a = as) does not contribute to any cosmic expansion. E, is the background tetron 
binding energy which leads to the flat elastic substrate being built from free tetrons, 
but does not at all contribute to its possible curvature or expansion. 

- In order to have consistency with aforegoing formulas, in (26) I have pulled 
out a factor of 3 from the definition of the cosmic frequency w. 


3.4.2. 


So far we have considered an empty universe built up from an elastic substrate of 

bound tetrons (or, more precisely, of bound internal tetrahedrons). If, in addition, 

matter is present in the universe, the modified Friedmann equation becomes 
1 Ar 2 Es 


3 1 
22 2 D es 2 2 
2" T 3* e i as) B 3c? GPmata id g amate vom Mrest 


where Pmat/ c? denotes the mass density of ordinary plus dark matter. As before in 
(25), the constant term ~ E, is not relevant when forming the time derivative of 
(27) in order to obtain the equation for the curvature/acceleration d. 

Equation (27) includes a cosmological constant contribution Amat due to ordi- 
nary and dark matter. T'his contribution derives from the time dependence of the 
Newton constant G — c*L(t)/ E(L(t)) and will now be proven to be time dependent, 
too. 


(27) 


3.4.3. 


In order to determine Amat and its time dependence, we turn to the cosmological 
fluid equations. Both the expanding tetron background and the matter distribution 
will be approximated as separate fluids distributed homogeneously over the universe 
with energy densities prett), Pmat(t) and pressure prer(t) and Pmat(t). 

For the tetronic fluid the appropriate form of the fluid equation is the ordinary 
one 


i a 
Ptet + 3(ptet + Peet) = =0 (28) 
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because the spring coupling d is constant and the time dependent Newton coupling 
not involved. In terms of a single tetrahedron with physical volume L? around it 
the density of the tetronic ‘dark energy’ fluid is 


E By Eres Tig 
e t = — = — — 
Piet) = y = T8 2L3 ( Ls 


(29) 


where E, = E(L;) is the Planck energy at equilibrium and Mrest = Erest/C? is the 
tetrahedral rest mass, cf. eq. (20). 
Similarly, the dark energy pressure is obtained to be 


OE Evest L 2 
TRE E lem Ln 
Ptet OV ^ 313 ( z) + O( ) (30) 


and it can be checked that (29) and (30) indeed fulfill eq. (28). 


'These equations correspond to an equation of state parameter 


Ptet Evest L 2 

3 = 1-— O(L — Ls 31 
a Ptet 3E, ( z) + ( ) ( ) 

To compare this with various other dark energy equations of state suggested in the 

t.11 


literature one may consul 


3.4.4. 


For matter and dark matter the suitable form of the fluid equation can be derived 
from the Bianchi identity 


15,70 (32) 
for the energy-momentum tensor in general relativity. In case of a time dependent 
Newton and cosmological constant one has? 19 


d ca 
ED Gpmat + Bn 


On the other hand, for the late time cosmology under consideration, matter can 
be approximated in the standard way as uniformly distributed dust. Ordinary and 
dark matter should then fulfill the ordinary fluid equation 


a 
Amat + 3G (Pmat + Pmat) = =0 (33) 


: a 
Pmat + 3(Pmai + Pmat)— =0 (34) 
by means of 
Pmat = 0 (35) 
a; 
Pmat(@) = Pmat (as) 73 (36) 


Comparing (33) and (34) one concludes, that any imbalance coming from the time 
dependency of G must be cancelled by a time dependence of Amat according to® 1? 


ca. 


Gus ate Amat =0 (37) 
8T 
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In the present approach all time dependencies arise only through a(t) = NL(t). 
Therefore using 


d .d .d 


one can calculate Amat from the scale dependence of G eq. (16) 


d L 


da EW] (99) 


as 
Amat (a) = Amat (as) + sx | da Pmat (a) 
a 
with L = a/N. In the quadratic approximation used throughout this paper, where 
one considers the neighborhood of a = as, one can carry out the integral in (39) to 
obtain the a(t) dependence of Amat: 


ET Pmat (as ) 


Amat (a) = Amat (as) T [Es | 


(Ls m L) T O(L <= Ly (40) 
Here, Pmat(as)L3/|Es| is the ratio of average energy of matter within a Planck 
volume L over one tetrahedral binding energy E,. Since there are much more 
bound tetrons than matter particles in the universe, the cosmological constant due 
to (40) is extremely small. This can be seen more explicitly by rewriting (40) as 


Prat aa) Ls —L Pmat(Q0) Lo =L 


Amat(a) — Amat (as) = 87 Rd 41 
iD l E a T pee MM 
and using approximate values Lo — L ~ — Lo and 
k 
Pmat(ao)/c2 = 2.6 1977-5 (42) 
Mo kg 
piei(a0)/ c) = T = 0.54 1075 (43) 


3.5. 


In the literature one often finds the argument that there should be enormous con- 
tributions to the cosmological constant from zero point fluctuations of the matter 
fields. This is ‘proven’ by summing up the zero point energies hw,,/2 of all existing 
fields over all modes with wave vectors k 


h dk 
uant — > Ta Vk 44 
Pq t 2 / (275^ * ( ) 


and using the Planck scale as UV cutoff. This leads to an enormous number of the 
order of pquant ~ Es/ L2 - actually the same order as pie; eqs. (29) and (43) which 
is no wonder, because both the claimed quantum effects and the tetron properties 
are derived from the Planck scale. 

If true, such a huge contribution pguant to the cosmological constant would imme- 
diately tear the universe into pieces. T'his then is usually considered a fundamental 
unsolved problem and runs under the name ‘cosmological constant problem’. The 
suggested solutions often lead to a cascade of fine tuning problems. 
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In the tetron model the situation is much simpler. As discussed before, the 
Planck energy Eo ~ E, contained in the neighborhood volume L8 of one bound 
constituent is the binding energy of tetrons in an empty flat spacetime and does 
not affect the curvature(—accelerated expansion), because it is a constant contribu- 
tion in the conservation of energy law (27). Furthermore, quantum fluctuations do 
not exist by themselves at any point in the universe, but are an artefact of the dis- 
creteness of the universe? and arise only in the process of detecting and measuring 
a matter field gliding as quasiparticle excitation on the discrete tetron background. 

For these reasons the cosmological constant does not get a contribution from 
quantum fluctuations. 


4. Remark on the Strong Interaction 


In the preceeding sections we have obtained an understanding of gravity as well 
as of the electroweak symmetry breaking. How does the strong interaction among 
quarks fit into the tetron picture? 

'The dominant features of the strong interaction are the linear attractive po- 
tential at low energies and asymptotic freedom at high energies. In the tetron 
model the strong interaction is related to disturbances by the triplet isospin ex- 
citations(=quarks) of the local frustrated ground state which is formed by a single 
tetrahedron of isospin vectors. As triplet states of G4, quarks disturb the ground 
state's isomagnetism, whereas leptons are G'4-singlets, i.e. ‘isomagnetically’ neutral. 
'They do not disturb the ground state and therefore do not take part in the strong 
interaction. As shown in,^? the isomagnetic ground state energy of a single tetra- 
hedron is roughly Egcp © 1 GeV corresponding to a characteristic length scale 
Locp © 10m 

The linear potential between two G4-triplets, vulgo a quark Q and an antiquark 
Q, arises as follows: Since the inner-tetrahedral exchange energy j — Egcp is rela- 
tively small, the ‘antiferromagnetic’ effects leading to the local frustrated tetrahedral 
state have a much longer range Loop than the weak interactions which are induced 
by the ‘ferromagnetic’ inter-tetrahedral exchange energies J = O(100) GeV. The 
triplet excitations corresponding to the two quarks are characterized by small vi- 
brations Aq and Aj of the isospin vectors S. When the distance between the two 
excitations becomes larger than Loop, an additional pair A; and As is excited 
on intermediate tetrahedrons in order to reduce the original ‘antiferromagnetic’ 
suspense between Ag and Ao. (I am using the language of magnetism, although 
interactions of isospins and not of spins are considered here.) The associated cost 
in energy is proportional to the number of qq pairs created, and the potential V 
between Q and Q therefore increases linearly with distance: 


V = Fix| F x —j < AgAg > [Lo (45) 


where < Ag Ao > is the isospin correlation between the sites, on which the isospins 
vibrate, and Loop the length where all this becomes relevant. The confinement 
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energy is hence proportional to the original ‘antiferromagnetic’ exchange energy j 
induced on the disturbances Q and Q. The ratio z/ Locp is the number of times, 
an additional pair of excitations has to be created from the ‘sea’. 

In summary, a single quark Q increases the energy of the system in its neigh- 
borhood Locp not only by its flavor-dependent mass(=excitation energy) but by 
an additional energy necessary to ‘pick up a qq pair from the sea’. This energy is 
flavor independent, because it does not depend on the flavor Q, which flavors q are 
excited. The flavors q correspond to an average of the light quarks u, d and s. So 
when a Q and a Q are torn apart, at some distance z c Locp a light qq pair is 
formed, because otherwise the single quark Q could not endure the disturbance of 
the ground state. In the end a sort of string appears obtained by Qqqd'...Q pairs. 
Any time a new qd pair is created, energy is to be taken from the environment, 
so the associated cost in energy is proportional to the number of qq pairs and the 
potential between quark and antiquark therefore increases linearly with distance as 
indicated in (45). 

Readers familiar with the quark model, will recognize that one is led directly 
to the classic ideas of the quark model. For example, using the linear potential 
(45) masses of mesons and baryons can be estimated just as in the quark model. 
Since mesons and baryons are G4-singlets, the ‘isomagnetic’ disturbances induced 
by quarks get neutralized in these bound states, i.e. mesons and baryons do not 
disturb the frustrated ‘antiferromagnetic’ ground state of a single tetrahedron. 

The role of the length Locp (and the energy Egon), below (above) which 
the creation of a light quark-antiquark is enforced, therefore is the same as in the 
Standard Model. At distances above Loc p one has confinement, while below Locp 
the strong force diminishes. Virtual bound quark-antiquark pairs are formed which 
as gluons mediate an interaction of the original QQ pair which effectively can be 
described by the QCD Lagrangian. As well known, this interaction dies out when 
the energies involved go to infinity, i.e. one has asymptotic freedom. 


5. Summary 


Introducing an additional level of matter, the tetron model offers a unified under- 
standing of particle physics and gravitation. While particle physics processes are 
induced by ‘isomagnetic’ interactions in internal fibers with a tetrahedral substruc- 
ture, gravity arises from elastic forces among the tetrons. 

The internal tetrahedral structure is introduced in order to explain the elemen- 
tary particle spectrum of quarks and leptons (6 singlets and 6 triplets after the 
spontaneous electroweak symmetry breaking). The 24 states of the 3 quark/lepton 
families are not truly fundamental particles but can be identified as quasi particle 
wave excitations of a tetrahedron formed by isospin vectors. 

Since the quasiparticles fulfill Lorentz covariant wave equations, they per- 
ceive the universe as a 3+1 dimensional spacetime continuum lacking a preferred 
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rest system. Any type of mass/energy induces curvature on this continuum as de- 
termined by the Einstein equations. 

The tetron model stands for a material understanding of the hitherto abstract 
particle symmetries SU(3) x SU(2)r x U(1) of the Standard Model of particle 
physics as well as of their breaking. In the tetron model the Higgs mechanism arises 
from the alignment of internal isospin vectors of neighboring tetrahedrons, and 
the Higgs field corresponds to a joint excitation of a neighboring tetron-antitetron 
pair. One may draw an analogy between particle physics and superconductivity. In 
this analogy the tetron model corresponds to the BCS theory of superconductivity, 
whereas the analog of the particle physics Standard Model in this comparison would 
be the Landau-Ginzberg approach. 
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Summary parallel session AT5 


Reinoud Jan Slagter 


Astronomisch Fysisch Onderzoek Nederland (ASFYON), 
University of Amsterdam (on leave) 
E-mail: info@asfyon.com 


Keywords: Conformal dilaton gravity. 


It is believed that the understanding of the quantum mechanical properties of grav- 
ity at very high energy is one of the major challenges of modern physics. This 
circumstance occurs, for example, close to the horizon of a black hole or just after 
the big bang at the Planck scale. There are many ways to attack the problems. One 
can modify General Relativity rigorously or moderately. One can try to construct a 
renormalizable model, by adding fourth order derivatives of the curvature tensor to 
the Lagrangian, try to construct an effective field theory, apply superstring models 
and many more. However, all these modifications cause problems, such as the ap- 
pearance of anomalies, loss of unitarity, loss of renormalizability, or one needs ghost 
fields and gauge-fixing terms. One could also use conformal dilaton gravity models. 
Conformal invariance is an exact symmetry and spontaneously broken, comparable 
with the Higgs mechanism. 

In the parallel session diverse alternative models pass the review. 

Beckwith uses information from a paper deriving a Lorentz-violating energy- 
momentum relation entailing an exact momentum cutoff as stated by G. Salesi. 
Salesi in his work allegedly defines Pre Planckian physics, whereas Beckwith restricts 
himself to an application to GW generation and DE formation in the first 1073°s to 
10—??s or so in the early universe. This procedure is inacted due to an earlier work 
whereas referees exhibited puzzlement as to the physical mechanism for release of 
Gravitons in the very early universe. The calculation is meant to be complementary 
to work done in the Book “Dark Energy” by M. Li, X-D. Li, and Y. Wang, and 
also a calculation for Black hole destruction as outlined by Karen Freeze, et. al. 
'The GW generation will be when there is sufficient early universe density so as to 
break apart Relic Black holes but he claims that this destruction is directly linked 
to a Lorentz violating energy-momentum G. Salesi derived, which he adopts, with 
a mass m added in the G. Salesi energy momentum results proportional to a tiny 
graviton mass, times the number of gravitons in the first 10743 seconds. 

Slagter presents an exact time-dependent solution of a black hole is found in a 
conformally invariant gravity model on a warped Randall-Sundrum spacetime, by 
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writing the metric guv = wE Guy. Here gy, represents the “un-physical” spacetime 
and w the dilaton field, which will be treated on equal footing as any renormalizable 
scalar field. In the case of a five-dimensional warped spacetime, he thereafter writes 
e = gg The dilaton field œ can be used to describe the different notion 
the in-going and outside observers have of the Hawking radiation by using different 
conformal gauge freedom. The disagreement about the interior of the black hole is 
explained by the antipodal map of points on the horizon. The free parameters of 
the solution can be chosen in such a way that g,,, is singular-free and topologically 
regular, even for w — 0. It is remarkable that the 5D and 4D effective field equations 
for the metric components and dilaton fields can be written in general dimension 
n = 4,5. From the exact energy-momentum tensor in Eddington-Finkelstein coor- 
dinates, he is able to determine the gravitational wave contribution in the process 
of evaporation of the black hole. It is conjectured that, in context of quantization 
procedures in the vicinity of the horizon, unitarity problems only occur in the bulk 
at large extra-dimension scale. 

Jain starts his presentation with the proposition that the zero modes can con- 
tribute towards divergence in the entanglement entropy and the nature of the di- 
vergent term can be either log or log(log). However, a clear understanding of what 
leads to these two different forms of zero mode divergence is still lacking. So, in 
order to throw some light along this direction, he investigates how these two differ- 
ent divergent behaviours can be seen as a signature of a crossover in the zero mode 
limit for the ground state entanglement. 

Hartmann investigates an old hypothesis that there exists an intimate connec- 
tion between weak interaction and gravity, symbolized by the relationship between 
the Fermi and Newton's constants. He analyzes the hypothesis that the effect of mat- 
ter upon the metric that represents gravitational interaction in General Relativity 
is an effective one. He concludes that this leads to consider gravitation to be the 
result of the interaction of two neutral spinorial fields (g-neutrinos) with all kinds 
of matter and energy. He presents three examples with only one g-neutrino: two 
static and spherically symmetric configurations and a cosmological framework for 
an isotropic dynamical universe. Without self-interaction, the associated effective 
geometry is precisely the Schwarzschild metric. On the other hand, a self-interacting 
g-neutrino generates a new gravitational black-hole. 

Lampe applies the tetron model of invisible tiny constituents in a cosmological 
model, elastically bound with bond length about the Planck length and binding en- 
ergy the Planck energy. A tetron transforms as the fundamental fermion(=octonion) 
representation 8 of SO(6,1). With respect to the decomposition SO(6,1) — 
SO(3,1) & SO(3) a tetron possesses spin 1/2 and isospin 1/2, i.e. it represents an 
isospin doublet of Dirac spinors. The 24 known quarks and leptons arise as eigen- 
mode excitations of a tetrahedral fiber structure, which is made up from 4 tetrons 
and extends into 3 additional ‘internal’ dimensions. While the laws of gravity are 
due to the elastic properties of the tetron bonds, particle physics interactions take 
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place within the internal fibers. He concentrates on two of the most intriguing fea- 
tures of the model: - understanding small neutrino masses from the conservation of 
isospin, and, more in general, calculating the spectrum of quark and lepton masses. 
This is obtained from the tetron model’s interpretation of the Higgs mechanism. 
The possibility to determine the full size of the universe from future dark energy 
measurements. This is obtained from the tetron model's interpretation of the dark 
energy phenomenon. 

Lapponi applies the model of a perfectly reflecting accelerating mirror to the 
null-shell of a collapsing black hole. He then investigates an extension of this model 
to mirror semi-transparency and derive a general expression for the corresponding 
Bogoliubov coefficients. He introduces the concept of “impulsive accelerated mir- 
rors” , corresponding to those mirrors that are accelerated via an impulsive force. He 
shows that this treatment guarantees analytic solutions of Bogolubov coefficients. In 
particular, he evaluates the corresponding particle production from the so-obtained 
Bogoliubov coefficients. Finally, he recognizes that the mirror, as a Gaussian quan- 
tum channel, acts between the spacetime regions of left-past and right-future. As a 
consequence he studies the loss/amplification properties of this quantum channel, 
alongside the noise it creates and evaluates its capacities in transmitting classical 
and quantum information. 
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Boundary conditions have physical consequences. On Lifshitz spacetimes, the Klein- 
Gordon equation gives rise to an initial-boundary value problem that admits a plethora 
of physically-sensible boundary conditions. Considering a free, scalar, massive quantum 
field theory on a four-dimensional Lifshitz spacetime with critical exponent z = 2, I 
layout how to construct two-point functions for ground and thermal states, of local 
Hadamard form, satisfying the canonical commutation relations, and compatible with 
Robin and mode-dependent boundary conditions. Each one relates to an inequivalent 
dynamics, but they are all equivalently physically-sensible—only an experiment could 
single one out. The results I present here are part of a joint work with C. Dappiaggi and 
D. Sina.! 


Keywords: Klein-Gordon equation; Robin boundary conditions; Lifshitz spacetime. 


Introduction 


In this paper I outline part of a joint work with C. Dappiaggi and D. Sina presented 
in Ref. 1, elaborating on the talk I have given on the Sixteenth Marcel Grossmann 
Meeting.? The goalis to bring awareness to the fact that on Lifshitz spacetimes there 
are infinitely many physically-sensible boundary conditions naturally arising within 
a free, scalar quantum field theoretical framework. In particular, I show how to 
construct two-point functions for ground and thermal states on a four-dimensional 
Lifshitz spacetime Lif with dynamical critical exponent z — 2 compatible with Robin 
and mode-dependent boundary conditions. 

Lif is a metric-solution of Horava-Lifshitz gravity.? This gravity theory provides 
an alternative to General Relativity by breaking Lorentz invariance with a Lifshitz 
scaling between time t and space x of the form: 


tre ôt and xe dx with zl. (1) 


Although the goal of introducing Lifshitz scaling in the theory was to allow its 
quantization, i.e. to be a theory of quantum gravity, such anisotropic scaling has 
manifold applications, from cosmology, through AdS/CFT correspondence, to con- 
densed matter physics. Since its initial proposition by Hořava in 2009,5 it has 
gone through several developments, and examples relating the dynamical criti- 
cal exponent z with “real world” quantum critical systems have been elaborated.’ 
Hotava-Lifshitz gravity itself lies beyong the scope of this work; here, the focus is 
on the quantization of a free scalar field on the background solution Lif. 


1018 


Let us endow Lif with polar coordinates (t,r,0,(), where t € R, r € (0,00), 
0 € [0, 7) and y € (0, 27); its line-element reads 


‘fa ap (2) 
--n = Q^, 


where L > 0 is a length scale. The time coordinate t identifies a global, timelike, 
irrotational, Killing vector field 0;, making Lif a static spacetime. The Lifshitz 
horizon at r — 0 corresponds to a singularity of coordinate type, since neither 
the Ricci scalar, given by 
A (3) 
nor the Kretschmann scalars diverges there. The Lifshitz boundary at r — oo can 
be seen as an anisotropic conformal infinity,? but it also admits other definitions, 
see e.g. Ref. 9. I avoid going into details in this regard since I take r — oo to be 
merely an asymptotic radial infinity for the bulk theory, as in Ref. 10. The crucial 
impact of this asymptotic behavior in the analysis performed here is that it results 
on Lif being non-globally hyperbolic. 

Next, let us consider a free, scalar field V : Lif — IR with mass mo and coupled 
to the scalar curvature R through a parameter € € IR. Its dynamics is governed by 
the Klein-Gordon equation: 


R= - 


(D — mg — £R)V = 0, (4) 


where O = g""V,, V, is the D'Alembertian operator, while g is the metric tensor 
associated to Equation (2). On Lif, the Klein-Gordon equation gives rise to an 
initial-boundary value problem. Given suitable initial data on a spacelike surface, 
corresponding solutions might not exist; if they exist, then each boundary condition 
selects a different solution, identifying an inequivalent dynamics. To guarantee such 
initial-boundary value problem is well-posed and physically meaningful, I follow 
the standard approach of looking for self-adjoint extensions of the radial part of 
the Klein- Gordon operator. This restriction guarantees the dynamics obtained are 
physically-sensible, as specified by the work of Ishibashi and Wald.!:!? 

For some boundary conditions, depending on the value of the effective mass, 
the two-point functions possess bound state contributions: bound states are poles of 
the two-point function. In our case, the set of bound states coincide with the set of 
poles of the Green function of the radial part of the Klein-Gordon equation. Since 
we impose self-adjointness on the radial part, they are, in fact, elements of the point 
spectrum of the radial Green function. Accordingly, they are a subset of the quasi- 
normal modes. Withall, since the physical meaning of bound state contributions is 
not well-understood, I rule them out by delineating the boundary conditions for 
which no bound states arise. Subsequently, by employing a prescription applicable 
on an static spacetime, as performed in Refs. 13-19, I obtain two-point functions 
that solve the Klein-Gordon equation in each entry, satisfy the canonical commuta- 
tion relations and are of local Hadamard form. The analysis I present is consistent 
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with previous works regarding the scalar field on Lifshitz spacetimes!? 20-23 and 


it generalizes them in different aspects: first, it takes into account more general 
boundary conditions; second, it specifies which of these boundary conditions yields 
physically sensible two-point functions; third, it provides explicit (though not in 
closed-form) expressions for the two-point functions. 

The layout of this paper mirrors my talk.? First, in Section 1, taking into account 
the symmetries of the spacetime, I show that the Klein-Gordon equation reduces to 
a radial equation, I find the radial solutions and I study their square-integrability. 
Second, in Section 2, I construct the radial Green function. Then, in Section 3, I show 
how we can rule out the bound states and focus on physically-sensible boundary 
conditions. With all these ingredients in hands, in Section 4, I turn to spectral 
theory of differential operators and to algebraic quantum field theory to write down 
well-defined, physically-sensible, explicitly expressions for the two-point functions 
for the ground and thermal states. 


1. Solving the Klein-Gordon equation 


Let Y?” (0, p) be the eigenfunctions of the Laplacian operator on IR? in polar coor- 
dinates, with eigenvalues A7'. Since Lif is a static spacetime, consider the following 
ansatz 


W(t, r,0, p) = ec REY (0, p). (5) 


Substituting Equation (5) in the Klein-Gordon equation (4) entails that R(r) is a 
solution of the radial equation: 


5 Doy D rm  uU* 
AR(r) := R” (r) + -R(r) + (zs + u^ = R(r) =0. (6) 
By applying transformations on both the independent and dependent variables, 
iL? $ Qv) 
re u= €i(0,00 and R(u)-e-"/? (: : ) w(u) (7) 
r? iL3o 


the radial equation (6) yields a confluent hypergeometric equation 


ag :— zu + i 
uw" (u) + (bo — u)w'(u) — agw(u) = 0, with 4 bo :— 14 v, (8) 


Therefore, the radial solutions are given in terms of the confluent hypergeometric 
functions M and U.?^ Numerically satisfactory bases of solutions of Equations (6) 
and (8), close to the point uo, are respectively given by {R1(uo) (U), Ro(u,)(u)) and 
[wi (uo) (U), W2(uo)(u)}, with w;(,,) as in Table 1 and 


u jos 


Bj) =e"? ( Witu) (U), for j € {1,2}. (9) 
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Table 1. Suitable bases of the confluent hypergeometric equation (8). 


Endpoint Suitable Basis 


- w1(o)(u) = M (ao; bo; u) 
u=0=r=oco 
w»(o)(u) = (&L3u)"u!-*o M (ao — bg + 1,2 — bo; u) 


u=ico=r=0 W1(00) (u) = U (ao, bo; u) 


W2(o0) (u) = e”U (bo — ao, bo; —u) 


To obtain self-adjoint extensions of the radial part of the Klein-Gordon opera- 
tor, we turn to Sturm-Liouville theory. Rewriting the radial equation as a Sturm- 
Liouville problem gives 


AR(r) =: (Lus — w?) R(r) = -1 (+ (=<) a (—p2r? + x) R(r) — 0. 
(10) 


Taking Equation (10) into account, we look for solutions R(r) in the space of square- 
integrable functions with respect to the measure r !dr. In addition, the radial 
operator A is positive and symmetric on the Hilbert space L?((0, oo), r^ !dr) when 
we take its domain to be C§°((0, oo)). 

Since the endpoints r — 0 and r — oo are singular, we perform an asymptotic 
analysis to check square-integrability of the radial solutions, as follows. As r > 0 
the radial solutions defined in Equation (9) together with Table 1 behave like 


Ray (r)I* ~ et FO), (11a) 
[Rao (r)? ~ e7 rmn, (115) 
As r — oo, we have instead 
fran oe, (11c) 
R2(c0) (r) ~ rate, (11d) 


According to Weyl’s endpoint classification,? it follows that r = 0 is limit point, 
and that, if v € (0,1)U (1,2), then r = œ is limit circle. That is, the unique solution 
Ro(r) that belongs to L?((0, ro), r^! dr) for all rg < oo is given by 


Ro(r) = O(— Im(w))Fio(r) + OUm(w)) Rao) (r). (12) 


Contrastingly, if v € (0,1) U (1,2), there is a one-parameter family of solutions 
R,(r), with y € [0, 7), belonging to L?((ro, oo), r^! dr) for all ro < oo, given by 


Ry(r) = cos(y) Fa (so (r) + sin(y) Ra(00) (r). (13) 
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Define the Wronskian W > differentiable functions fı(x) and fə(x) as 
Wz [fa (x), fo(a)] := fila ) dat) — LO p (a). The solutions of Equation (13) satisfy 
the (generalized) Robin boundary conditions parametrized by ^: 


Jim (cos(y)W, [Rs (7), Ba(ooy(r)] + sin(7) Wr [Ry (7), Rag (7)]) =0. (14) 


When v € (0,1)U(1, 2), r = oo is also limit point and the only square-integrable 
solution to be considered is given by the principal solution, which coincides with 
(13) for y = 0. This corresponds to imposing Dirichlet boundary condition and 
yields a unique dynamics. On this account, from now on let us focus on the more 
interesting scenario, where alternative boundary conditions give inequivalent dy- 
namics, and consider only effective masses such that v € (0, 1) U (1, 2). In the latter 
case, given that r = 0 is limit point and that r = oo is limit circle, from standard 
singular Sturm-Liouville theory?? follows that A admits a one-parameter family of 
self-adjoint extensions in one-to-one correspondence with the (generalized) Robin 
boundary conditions. 


2. Constructing the radial Green function 


For Ro, Ry and L,,2 as obtained in the previous section, let C, (r,r') be a Green 
function of the radial equation. It satisfies 


(Lua ~ 0) e 26,7) = (18 (Lue -e)lr = "2 as) 
and it can be written as?$ 
Gu(r, r") = — (O(r' — r) Ro(r) R(r') + O(r — r') Re(r')fs(r)). (16) 
For Imw < 0, the normalization M, reads: 
Ag z= Pst) 
N, = 4v{ Bo cos(y) — Ao sin(y)}, with Flug Recht (17) 


Bo := To- H (iw yr 


As shown in Ref. 1, the radial solutions defined above satisfy useful properties 
with respect to complex conjugation: 


Ro(r.w) = Ro(r,w) and R,(r,0) = R,(r,w). (18a) 
As a consequence, the radial Green function and its normalization are such that 
ROW, dud dei (19) 


In the next section, we study the poles of G, (rr^) in the w-complex plane. The 
properties above, in Equation (19), simplify our analysis since they imply that we 
can restrict our attention to either the upper or lower half of the w-complex plane, 
and by conjugation, understand the behavior on the other half. 
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3. Rulying out the poles 


The poles of the radial Green function are the frequencies w for which 
A. = 0. (20) 


As mentioned in the introduction, we refer to these frequencies as bound states; and 
in the scope of obtaining well-defined two-point functions, we exclude the boundary 
conditions for which they arise. Given the symmetry properties of the radial Green 
function with respect to complex conjugation, let us set Im(w) < 0. 

For Dirichlet and Neumann boundary conditions the analysis is straightforward. 
One just needs to take into account Equation (20) together with Equations (17) and 
the fact that the Euler Gamma function T(z) satisfy 1/T(z) = 0 4> z € Zg. 
We find that for Dirichlet boundary condition, y = 0, the frequencies for which 
Equation (20) holds all lie in the upper half of the complex plane. That is, no 
bound states occur. For Neumann boundary condition, ^ — 7/2, bound states are 
also absent if v € (0, 1); however, if v € (1,2), then for each Aj” there is a unique 
pole with negative imaginary part at 

sg P 


Wp = ara ay" (21) 


For Robin boundary conditions, y € (0,7/2)U(7/2, 7), the analysis is less direct. 
First, we view Equation (20) as the following transcendental equation 


x(w) := tan(y) — E(w) = 0, with E(w) :— ps 

Ao 
Then, by noting that Equation (22) admits a solution for all frequencies such that 
E(w) € R, and by studying the function =(w), one can show that there is a one-to- 
one correspondence between the the boundary conditions for which bound states 
arise and the image I C R of E(w) for w = —i|Im(w)|. As a result, the physically- 
sensible boundary conditions are given by y € IR « I. Details of this analysis can be 
found in Ref. 1, but the distilled results are collected in the following table. 


(22) 


Table 2. Boundary conditions for which no bound states arise. 


v mode-independent mode-dependent 


mra 
(0,1) Y € [0, 7/2] y € |0, arctan (= £ ) — 
(1,2) P 


4. Constructing the two-point functions 


Analogously to the ansatz for the solutions to the Klein-Gordon equation, as in 
Equation (5), consider the following ansatz for the integral kernel of a positive 
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bisolution of the Klein-Gordon equation G+ € D'(Lif?), for x = (t, r, 0, p) € Lif, 


G*t(e,2')= lim | dX(m) I due i967" 99 (r, r')Y7" (0, PYE (8^, e^), 
e 0+ 0 
o(A) 


(23) 


where Y7" (0, p) are the real-valued eigenfunctions of the Laplacian operator A with 
spectrum o(A) and associated measure dX(£, m), while i£ implements the standard 
regularization. 

To obtain an explicit expression for the radial component E (r, r^), in the follow- 
ing I employ the same steps as performed on other static spacetimes in Refs. 13-19. 
On one hand, imposing the canonical commutation relations on the antisymmetric 
part of Equation (23) entails that G,,(r,r’) is symmetric with respect to r 4 r’ and 
gives the following identity 

1 
n wdwG(r,r’) = aem (24) 
R 


r 
On the other hand, consider the radial Green function G,(r, r’) constructed in Sec- 
tion 2. Recalling that C, (r, r') is not defined when Im(w) = 0, let C° be the infinite 
radius limit of a two semi-disks centered on the w-complex plane and not touching 
the real axis, as illustrated in Ref. 1. For the boundary conditions for which the 


radial Green function has no poles, its spectral resolution??:?6 reads 


ó(r — r) 


a f. d(w?)G.(r,r’) = - S = (25) 


r 
By performing the contour integral of Equation (25) and comparing it with Equation 
(24) we find the radial component of ansatz given in Equation (23): 


A 1 Im (Bo Ao) 


Gu (r, r’) )|2 Ry (r)R, (nr): (26) 


~ Orv [Bo cos(y) — Ao sin(y 

Alltogether, with respect to the Killing field ô; and for Galr, r^) given by Equa- 
tion (26), a two-point function with integral kernel given by Equation (23) identifies 
the unique ground-state of a free, scalar, massive Klein-Gordon field on a Lifshitz 
spacetime. For a thermal-state at inverse-temperature D, its integral kernel reads 
instead 


E—0* 
o(A) 


Gi(na)- lim f dEl m) i: dus T(t, t) Ĝu lr, Y?" (9,9) Y7 (9, 0"), (27) 
0 


with 


—iw(t—t'—ie) +iw(t—t' +ie) 
T, (t, t) = |: - (28) 


Ieo + gil 
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Two-point functions with integral kernel given either by Equation (23) or Equation 
(27) identify Gaussian states of local Hadamard form?" that satisfy the canonical 
commutation relations—they are physically-sensible two-point functions. Last, but 
most importantly, note that each boundary condition identifies a different two-point 
function. 


5. Conclusions 


The results presented here are part of the work in Ref. 1, where also generalizations 
to a hyperbolic and to a spherical Lifshitz topological black hole were considered. We 
demonstrated that on a Lifshitz spacetime, a Klein-Gordon field with effective mass 
m? € (^i. - Ë) admits a one-parameter family of Robin boundary conditions at 
r — œ parametrized by y € [0, 7/2]. In turn, each y € [0,7/2] identifies a distinct 
two-point function. In addition, we found that for m? € (- 25, — 4) U(— d. — 72). 
A-mode dependent boundary conditions are also admissible. We call attention to 
the fact that, in the absence of a reason to justify selecting Dirichlet boundary 
condition over the others, all of these boundary conditions are of equal relevance— 
they all yield physically-sensible quantizations. Since these generalized quantizations 
arise naturally within the quantum field theoretical framework, we hope our results 
stimulates research in the direction of understanding their physical significance. 

The analysis outlined here applies straightforwardly to higher dimensional Lif- 
shitz spacetimes of critical exponent z = 2. That is not the case for z > 2, how- 
ever, given that the choice of critical value affects drastically the classification, and 
hence the solutions, of the radial part of the Klein-Gordon equation. In Ref. 1, we 
constructed two-point functions not only on this spacetime, but also on Lifshitz 
topological black holes.5 With this in mind, an interesting follow up work would 
be to perform a numerical analysis to understand how the topology and the choice 
of a boundary condition affects vacuum fluctuations, as performed for topological 
black holes of Einstein gravity in Ref. 29. Moreover, in this framework one can fur- 
ther directly obtain the transition rate of a static Unruh-DeWitt detector in the 
infinite interaction time limit, following the same prescription of Ref. 14, and study 
the effects of different boundary conditions and topologies in the perspective of a 
particle detector. 
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Based on our original work published in Ref.!, we investigate an autonomous system 
analysis in terms of new expansion-normalized variables for homogeneous and anisotropic 
Bianchi-I spacetimes in f(R) gravity in the presence of anisotropic matter. It is demon- 
strated that with a suitable choice of the evolution parameter, the Einstein’s equations 
are reduced to an autonomous 5-dimensional system of ordinary differential equations 
for the new variables. Furthermore, for a large class of functions f(R), which includes 
several cases commonly considered in the literature, all the fixed points are polynomial 
roots, and thus they can be determined with good accuracy and classified for stability. 
In addition, typically for these cases, any fixed point corresponding to isotropic solutions 
in the presence of anisotropic matter will be unstable. The assumption of a perfect fluid 
as source and or the vacuum cases imply some dimensional reductions and even more 
simplifications. In particular, it is found that the vacuum solutions of f(R) = RÓ*! 
with 6 a constant are governed by an effective bi-dimensional phase space which can be 
constructed analytically, leading to an exactly soluble dynamics. It is also shown that 
several results already reported in the literature can be re-obtained in a more direct and 
easy way by exploring our dynamical formulation. 


Keywords: Modified gravity theories; autonomous system analysis 


1. Introduction 


According to recent various cosmological observations including Type Ia Super- 
novae, cosmic microwave background (CMB) radiation and large scale structure, in 
addition to inflation? + in the early universe, the current expansion of the universe 
is also accelerating. This is the so-called dark energy problem. There are two rep- 
resentative approaches to study the issue of dark energy. One is to introduce some 
unknown matter called dark energy with the negative pressure in general relativity. 
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The other is to modify gravity at large scales (for reviews of dark energy and mod- 
ified gravity theories, see, e.g., Refs.> 1”). As one of the popular modified gravity 
theories, f(R) gravity has been proposed.!* ?0 

In this article, based on our original reference!, we extend the so-called 
expansion-normalized variables?! to write down the dynamical equations of f(R) 
gravity for a homogeneous and anisotropic Bianchi-I metric in the presence of an 
anisotropic fluid, as a 5-dimensional system of ordinary differential equations. We 
show that some further assumptions may lead to considerable simplifications in 
the equations, and for several examples we end up with analytically soluble sys- 
tems. For the sake of illustration, we consider explicitly the case of f(R) = Ri^?. 
We demonstrate that the formulation of???? is recovered in the isotropic matter 
limit. Moreover, in a simpler and more direct way, we re-derive some uniqueness 
and stability properties of the Starobinsky’s isotropic inflationary scenario in R? 
gravity,2* 6 which is consistent with the Planck 2018 results.?7 28 

The article is organized as follows. In section 2, we describe the dynamical equa- 
tions for a Bianchi-I cosmology in f(R) gravity in the presence of an anisotropic 
fluid. We discuss the isotropic fluid limit and introduce the new expansion- 
normalized variables for the system. In Section 3, we present cosmological appli- 
cations. Finally, we summarize our results in Section 4. 


2. Bianchi-I cosmology in f(R) gravity with anisotropic fluid 
The action describing f(R) gravity is expressed as 


m j| Bis. Ja FCRI d Sar, (1) 


where & = 87G, c = h = 1, and Sy stands for the usual matter contributions to 
the totalaction. 
We consider the homogeneous and anisotropic Bianchi-I metric, which can be 


conveniently cast for our purposes in the following form?9 31 


3 
ds? = —dt? + a? (t) V ^ e? 99 (qu)? (2) 
i=1 
where a(t) is the average scale factor and the three functions 8;, which characterize 


the anisotropies, are such that £4 + 62 + 63 = 0. It is more convenient to employ 
the variables 


Bx = Bi + Bo. (3) 
The total amount of anisotropy in the metric (2) is given by the quantity 
i f : 3. 1. 
c? = Bi + 63 + B3 = 584 + SL. (4) 


For c = 0, one can show that the spatial coordinates x’ can be suitably rescaled to 
recast the Bianchi-I metric in the standard Friedmann-Lemaitre-Robertson- Walker 
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(FLRW) form. The Ricci scalar for the metric (2) reads 
R —6H 4 12H? +0’, (5) 
where the average Hubble parameter H is given by the standard expression 


a 
H=-. (6) 
a 
We assume the presence of an anisotropic barotropic fluid with energy momentum 
tensor parametrized as?? 


T. x diag (—p, pi, p2, p3) = diag (—p, W1P, W2P, w3p) , (7) 


and we define the anisotropic equation of state as 


pi = (w + pa)p, (8) 


with i = 1,2,3, where w is the average barotropic parameter and w; = w + ji, with 
Hı + H2 + u3 = 0 by construction. We parameterize our fluid by the constants w 
and u+ = H1 x pa?! 

The dynamics of the Bianchi-I metric (2) under f(R) gravity action (1), in the 
presence of and anisotropic barotropic fluid with energy-momentum tensor (7), can 
be described by the following set of equations,?! 


Rf'-f 3Hf"h 2 
seot (or BELL HEE) , (9) 
K K 


. " RPA (2HR+ R) f" 
2H + 3H? = 7; wot — 


K 
Rf' Uv f c? (10) 
2k 27 

" RU. Kp 
ie 3H — — 11 
As + ( + £a. pb (11) 
p+ (88 1) - 8: B) p=0, (12) 

where ? = 1,2,3, and 
: ‘ : : 3 , 1 : 

à. B = m bı + p2b2 + 383 = g++ + 32-6- (13) 
Notice that in the presence of a perfect fluid, we have u} = w— = 0 and the two 

equations (11) for 6, and 8. can be substituted with 

R n 

ZICE iF) a= (14) 


In this case, there is no anisotropy in the matter sector and the single variable 
c is sufficient to describe the total amount of metric anisotropy in the system. 


1029 


In general, we have four functions of time H(t), p(t), 8. (t) governing the dynam- 
ics. The existence of the constraint equation (9) implies that only three of them 
are indeed independent. Without loss of generality, we can choose them to be, for 
instance, H(t) and B4 (t). Given some specific form of the function f(R), they can 
be determined by solving equations (10) and (11). The fluid energy density p(t) can 
then be found using the energy constraint (9). 

'The traditional expansion-normalized variables were initially introduced for a 
better dynamical analysis of the standard FLRW model, see, e.g., Ref.?!. Here, we 
expand the variables already introduced in??:?? to include the case of the anisotropic 
barotropic fluid (7). In this regard, let us introduce the monotonically increasing 
variable 


N = elna, (15) 


known as the logarithmic time, where e is defined to be +1 for expanding universe 
and —1 for a contracting one. Without loss of generality, we choose the scale factor 
at t = 0 to be ag = 1. Therefore, as time progresses in the forward (positive) 
direction, the logarithmic time N becomes positive and goes towards +oo in case 
of both expanding and contracting universes. One can notice that 


N — eH, (16) 
so that N is effectively always positive, justifying the use of N as the dimensionless 
evolution variable for both expanding and contracting universes. On the other hand, 
around a bounce or a turnaround point, this argument is not valid though and the 
expanding and contracting branches must be considered separately. 

The expansion-normalized dynamical variables suitable for the equations (9) - 
(12) are the following dimensionless combinations 


Rf” R f 
wS a = Ga YS = GRA 07) 
s . 2 
^ 4H?’ ^ 12H? ? 3PH? 
in terms of which the energy constraint (9) reads simply 
g =1 +u — u2 + u3 — uj —u4 — us = 0, (18) 


from where we have that one of the expansion-normalized variables can always be 
eliminated. Unless otherwise stated, we always choose the matter content variable 
us to be expressed in terms of the others dynamical variables. The variable 

2 


6H? 
is also relevant for our purposes. It is important to stress that the variables uf and 


us = uj tu, = (19) 


u, are both non-negative by construction. Now, let us introduce the quantity 


anie — (20) 
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which contains the information about the form of f(R). Knowing the form of f(R), 
y can be determined in terms of the dynamical variables ug, u3 by inverting the 
relation 
R / 

CRA (21) 

us of 
We return to the question of the invertibility of (21) in the last section. The 5- 
dimensional system of autonomous first order differential equations fully equivalent 
to (10) - (12) is given by 


IN = 1+ u2 — 3u3 — u4 — 3wus 
=i (u1 + uz — Ua) 5 22) 
du u 
CIN = wuy (=) — 2ug (ug — u4 — 2), 23) 
d 
p = wuy 22 ies ua (u1 + 2ug — 2u4 — 4), 24) 
dN U3 
duj + + 
€—— = —2u4 (1+ uy + u2 — u4) + 3p AJ u3 Us, 25) 
dN 
du; z = 
E = —2u4 (1+ u4 + u2 — u4) + u-4/ 3u4 us, 26) 
x = —us (z — 1 + u, + 2ug — 2u4 27) 


+3u+4/ u} + nns) : 


Notice that differentiating (18) with respect to N and using the equations (22)-(27), 
we have 


dg 


ETN = —(u4 + 2u2 — 2uj — 2u; — 1)g, (28) 


showing that the constraint g = 0 is indeed conserved along the solutions of our 
equations and the system (22) - (27) is effectively 5-dimensional. 

The case of f(R) = Ri*?, with 6 Æ 0, is particularly important in our next 
examples. For this choice of f(R), one has simply 


y=0t, (29) 


and the equations (23) and (24) can be considerably simplified. In this case, the 
right-handed side of the equations (22) - (27) involves only second degree polyno- 


mials in u1, u2, and us, and forth degree in 4/uj and uj. Hence, the task of 
finding the fixed points of our system reduce to finding polynomial roots, which 
may be performed in general with good accuracy. Notice that there are other rel- 
evant choices for f(R) leading to polynomial fixed points. Besides of the trivial 
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extension f(R) = oR'*? + A, with a and A constants, for which (29) also holds. 
For f(R) = R° + o.R^, with a Æ b constants, we have 


u2 


= (b+a—1)ug — abuz (30) 


Notice that, as in the exponential case, the function y does not depend on the 
parameter a. This, of course, does not mean that the dynamics in insensitive to the 
value of a, since the expansion-normalized variables (17) depend explicitly on a. 
The case a = 1 and b = 2 is the original Starobinsky inflationary scenario,* and for 


the vacuum case our approach reduces to that one considered recently in.?? 


3. Applications to cosmology 


In the following, we consider the expanding universes (c — 1). We investigate the 
case f(R) = Ri*?, whose main motivations from a cosmological perspective can be 
found in,22:29,34,35 for instance. The case with 6 = 0 is obviously pure GR, for which 
the corresponding system is lower-dimensional, and our approach simply does not 
apply. The case logarithmic case f(R) = In R must be treated separately. Hence, we 
start considering 6 Z 0 and ó Æ —1. Since we will deal with vacuum solutions, we 
set ug = 0 in the equations (18) and (22) - (27). In this case, notice that (25) and 
(26) can be combined in only one equation for u4. We can use (18) to write ua as 


ug = U2 — Uy + u4 — 1, (31) 
and we are left with only three dynamical variables u1, u2, and u4. Now, there is an 
interesting point to notice?9 about the specific choice f(R) = R'+°, with 6 A —1, 
namely that 


/ 
ce MM (32) 
ua 


J 
which combined with the constraint (31) implies 
duz = (1 + ô) (u1 — u4 + 1), (33) 


and we are left in fact with a two-dimensional phase space spanned by the variables 
uj and u4. The corresponding dynamical equations in this case are 


du, 


aN = 1 (u1, ua) (34) 
= —67!(1 + 28) (u1 — už) (u1 — u4 + 1), 
Tu = ġa (u1, Ua) 22) 
= —2671(1 + 26)u4 (u1 — ua + 1), 
where 


1+ 26 ` 
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The phase space (u1, u4) associated with the system (34) - (35) has some interesting 
features. For instance, it has an one-dimensional invariant subspace (a continuous 
line of fixed points) corresponding to the straight line u — u4 = —1. However, from 
(31) we have that u3 = u2 on this line, which implies from (17) and (32) that R = 0 
on u — u4 = —1. Besides of this invariant straight line, we find the isolated fixed 
(u1,0), for ô Æ —4. The case 6 = -4 is also discussed separately. 

The stability of the isolated fixed point can be inferred from the linearization of 
(34) - (35). The Jacobian matrix of (34) - (35) at the point (uï, 0) reads 


o "v 067» (o 2). (37) 


from where we see that such fixed point is stable for ô > + or for 6 < 0. For the 
stability of the invariant straight line, we can consider the divergence of the vector 
field (¢1, 62). One has 


Oo1 pas 4 _ 
Fee tee c 87 (L+ 28)ua + 45 — 1) (38) 


on the invariant line. Recalling that u4 > 0, we find that the invariant line is entirely 
repulsive (positive divergence) for 6 > 4 or for 6 < —4. For -4 < ô € i, 
obtain some attractive segments, depending on the value of u4. We return to the 
physical interpretation of this R = 0 invariant line in a following sub-section. The 


V-ġ= 


we can 


case ô = -4 is particularly curious, since the isolated fixed point is absent and we 
get a second one-dimensional invariant line, namely uı = 0, which is also entirely 
repulsive. On the other hand, the case f(R) = In R cannot be incorporated in the 
present analysis since (32) is not valid for ô — —1, and in fact we have a three- 
dimensional phase space for such case. 

The solutions of (34) and (35) are curves on the plane (ui, ua), and it turns out 
that such curves can be determined analytically. Notice that the solutions are such 
that 


r 
2 = (39) 
which can be integrated as 
ua = c(ui — ul)’, (40) 


with arbitrary c. Thus, the phase space trajectories of all solutions of (34) and (35) 
are simply parabolas centered in the isolated fixed point, irrespective of the value 
of 6, provided the fixed point exists. Since we know the trajectories graphs, one can 
infer the dynamics direction and, consequently, the dynamical properties of the fixed 
point and the invariant line, directly form the equations (34) and (35) as follows. 
Consider the phase space function L = u; — u4 + 1. It is clear that L = 0 is the 
invariant line. On the other hand, L = c constant is a parallel line located below the 
invariant line if c > 0, or above if c « 0. The invariant line is the boundary between 
two semiplanes with reverse dynamics direction, and the dynamical properties of the 
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Fig. l. Phase space for the system (34) - (35), for 6 = 1. The fixed point (0,0) is located in 
the semiplane below the critical line. T'he solutions are restricted to parabolas centered in the 
attractive fixed point. The region below the invariant line corresponds to the attraction basin of 
the fixed point. Any solution starting there tends to the fixed point asymptotically. All solutions 
starting in the region above the critical line will diverge to infinity. Notice that the critical line is 
entirely repulsive. Such phase space is rather generic, it is essentially the same for all theories of 
the type /(R) = RIT? such that the fixed point is attractive and is located below the invariant 
line. 


fixed point and of the invariant line depend on the relative position between then, 
see Figs 1 and 2, which correspond, respectively, to the cases 6 = 1 and 6 = i 
The former is the important case of the Starobinsky's inflationary scenario with 
f(R) = R. 

We note that the solutions are constrained to the parabolas (40), the exact 
solutions of (34) and (35) boils down to a simple quadrature of a rational function 


dūı 


= LN 41 
cuj — u? — (ui + 1)ui iere (41) 
with u; = u4 + uj. For the case ô = -i u4 is a constant and (34) also reduces to 


a simple rational quadrature. It has been shown that the vacuum solutions for the 
f(R) = R'*° case, for 6 4 —1, are exactly soluble. 

Since the stable fixed points of a cosmological model correspond to the cosmo- 
logical histories which dominate the asymptotic evolution of the system, it worth 
to look more closely on them. By using (31) and (32), we see that the isolated fixed 
points are given by 

46 —1 


u3 = S + 20)’ (42) 
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1.4 4 


424 4 


4.6 J 


4.4 m > > 


1.0 1.8 1.6 1.4 4.2 4.0 4.8 4.6 4.4 
Uy 


Fig. 2. Phase space for the system (34) - (35), for ô = i The fixed point (-3, 0) is now located 
in the semiplane above the critical line. The solutions are also restricted to parabolas centered in 


the attractive fixed point. However, the attraction basin of the fixed point is now in the region 
above the critical line. Notice that the invariant line in this case has an attractive and a repulsive 
segment located, respectively, above and below the depicted point (-5, i). The divergence (38) 
always vanishes in limit points between attractive and repulsive segments like this one. 


with 6 > + or 6 < 0. From the definition of us and (5), we have that (42) implies 
that 


H = AH’, (43) 
where 
6-1 


It is clear that for 6 = 1, the stable fixed point corresponds to de Sitter solution with 
a(t) = eP*, with constant H. (The case H = 0 corresponds to the flat Minkowski 
spacetime). This is namely the well known Starobinsky’s inflationary solution. For 
ô #1, the solutions are 


Ho 


4() = AE 8 


(45) 
where H(to) = Ho, which interpretation is straightforward. For A > 0, which 
corresponds to -$ « ó «O0 or ó » 1, we have a future finite time big rip singularity, 
while for A < 0 (6 < —5 or 0 < ô < 1), the Hubble parameter H decreases as t^! 
for large t, i.e., the solution asymptotically tends to a power law expansion. 
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The Starobinsky’s R? inflationary scenario is unique among the F(R) = R^? 
theories of gravity, since only for ó — 1 the stable de Sitter fixed point (0,0) is 
available, a result indeed known for a long time, see,24?° for example. We can, 
however, easily prove a stronger result for generic f(R) theories. The de Sitter 


solution a(t) = eP*, with constant and arbitrary H, implies u4 = u4 = 0, and also 

H-19H*, (46) 

which, on the other hand, determine that u> = 2 and u3 = — and, hence, the 
constraint (18) reads 

Rf'(R) = 2f(R). (47) 


Since we assume that de Sitter solution exists for arbitrary H, we have from (46) 
that it should exist for any R > 0, and hence equation (47) can be seen as a ordinary 
differential equation for f(R), which unique solution is f(R) = aR?, establishing in 
this way a stronger result: the case R? is unique among all vacuum f(R) theories 
with respect to the existence of a de Sitter solution with arbitrary H. The condi- 
tion (47) was first obtained by Barrow and Ottewill in?^ by using a more intricate 
approach, but here we see that it appears from a very simple analysis of fixed points. 

It is noted that in the case with anisotropic fluids, all isotropic fixed points are 
unstable (there is no asymptotically stable isotropic solutions in the presence of 
anisotropic matter). It is also mentioned that several known results as the existence 
of vacuum Kasner-like solutions for —4 < 5 < 1?^?5 are found. Moreover, for 
the case of exponential gravity," f(R) = e®”, all isotropic fixed points in the 
presence of an anisotropic barotropic fluid are unstable. 


4. Summary 


In this article, we have introduced a new set of expansion-normalized variables for 
homogeneous and anisotropic Bianchi-I spacetimes in f(R) gravity in the presence 
of anisotropic matter. In terms of these new dynamical variables, the full set of 
Einstein’s equations boils down to a 5-dimensional phase space. As applications of 
the proposed dynamical approach, we have explicitly explored the f(R) = Ri*? 
modified theory of gravity, and shown that its vacuum dynamics is exactly solv- 
able. Furthermore, in a easier and more direct way, we have re-obtained several 
well known results for this particular choice of f(R) such as Bleyer and Schmidt 
isotropic solutions.4! 4^? We have also extended a uniqueness result for Starobisnki 
inflationary scenario, namely that the case R? is unique among all vacuum f (R) the- 
ories with respect to the existence of a de Sitter solution with arbitrary H, a result 
obtained previously by Barrow and Ottewill by using a more intricate approach.?4 
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We imvestigate the cosmological implications for the Sharma-Mittal holographic dark 
energy such as some cosmological parameters and thermodynamic analysis. Taking into 
account the apparent horizon with interacting scenario of dark energy and dark mat- 
ter, the framework of deformed Hofava-Lifshitz gravity is considered. The cosmological 
parameters include the Hubble parameter, equation of state parameter for the accel- 
erating/deceleratng phases, deceleration parameter to explore the expansion rate and 
squared speed of sound for stability analysis. 
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1. Introduction 


Observational data reveals that the expansion of our cosmos is currently accelerat- 
ing.^? If Einstein's law of gravity is valid on cosmological scales, this acceleration 
indicates that our cosmos is governed by a mystery type of energy. This unknown 
energy component known as dark energy (DE) which has some peculiar character- 
istics, such as the fact that it is not concentrated on massive distances and that 
its pressure must be negative in order to cause the universe’s current acceleration. 
DE has appeared among the most major challenges in modern cosmology and in 
theoretical physics. Dark energy makes up 68 percent of the entire content of the 
universe, whereas mass energies in the form of dark matter (DM) and ordinary 
matter make up 27 percent and 5%, respectively, according to the standard model 
of cosmology. Cosmological investigations of thermodynamics in modified gravity 
theories have been executed in Refs.* 1° ( 
properties of modified gravity theories, see, e.g.,'). 

The accelerated expansion is currently under the limelight of modern research. 
One of the most challenging problems in modern physics is to find a physical 


for a recent review on thermodynamic 
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mechanism that may explain this accelerating universe. This acceleration can be 
easily accommodated within the scope of general relativity (GR) by adding DE. 
One of the most significant obstacles to achieving this goal is that GR is not a 
renormalizable theory in the high-energy limit, the ultraviolet (UV) limit and so 
there is no control over the theory along with its predictions.!? Horava-Lifshitz grav- 
ity is a new class of UV-complete gravity theories that attempts to solve this major 
issue. In the high-energy limit, the Hofava-Lifshitz theory of gravity is derived by 
rejecting the Lorentz symmetry using a Lifshitz-type re-scaling? 


tobt, sa —b (i21,2,8,...,d), (1) 


here z represents the exponent of dynamical scaling, d is a spacetime dimension that 
expresses a spatial dimension and b is any constant term. The Lorentz symmetry 
broken when z # 1 and recovered only when z = 1. Horava-Lifshitz gravity! is 
nonrelativistic at high energies and it's expected that in the low-energy limit, the 
four-dimensional general covariance may be reconstituted. A lot of research has been 
done in the literature on modified Hofrava-Lifshitz gravity. The deformed Hořava- 
Lifshitz!? gravity model has been studied to investigate black hole quasinormal 
modes. 

In this paper, we discuss some cosmological parameters in the framework of 
deformed Horava-Lifshitz gravity with Sharma-Mittal holographic DE (SMHDE) 
model. We discuss the basic equations of SMHDE and deformed Hořava-Lifshitz 
gravity in the section 2. In section 3, we evaluate the cosmological parameters such 
as Hubble parameter, EoS parameter, deceleration parameter and squared speed of 
sound parameter. In the last, we discuss the final results. 


2. The Deformed Horava-Lifshitz Modified Gravity and 
SMHDE Model 


The deformed Hofrava-Lifshitz theory is a power-counting, renormalizable and ul- 
traviolet total gravity theory. The total action of this gravity can be described as!? 


I= "n T Lı + Ly) dtda’*. (2) 


From the above expression Lm is a matter Lagrangian and £4, £o are given by 


k?u?(1 — 4A) 5 k? LE? ij pE? ij 
& = yan E e C- E -E e, o 
ku (AgR—3A2) 2 » 
= — EY FL(KSGKH — AK? 4 
co = van | EEE D) V yk” = ak®)], (4) 


where g and N are the determinant of metric tensor and Lapse function respec- 
tively, uj, Ag are mass dimension parameters whereas dimensionless parameters are 
E, A, K?. In aditios, R, Ri; are Ricci scalar and Ricci tensor respectively while the 
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extrinsic curvature K;; and the Cotton tensor C? are defined as 
1 ij Vk ikl 1 j j 
Ki = gw (Orsi — ViN; — VjN;),C — Vi — 109 + Ri : (5) 
here ¢’*! is the antisymmetric unit tensor. The total action of Horava-Liftshitz 
gravity takes the form!? 
k?u?(1 — 4A) E^ oe | NR 
I= ——————— —— 4 OE tik RVR} — RË Ri; 
f ES -SAARA ap VIR TE : 
k? 


ij 2 ij 
= agi CuC au o I Ki; — K») dtda?. (6) 


If c? = EN G= m and A — 1, the Einstein-Hilbert action in anti de Sitter 
form can be constructed from the aforementioned action. For the flat FRW universe 
model, the Friedmann equation of deformed Hotrava-Lifshitz gravity can be written 
as 


1 HE m Pm — Pi. o 
In the above equation, we can define = = "y, 3Mz = Q „ and 3Mz = 


Therefore, the above equation can be re-written as 
1+7=0,+2,,. (8) 
Also, p + 3H (p + p) = 0 is the equation of continuity where p and p represent the 
total energy density and pressure respectively. Interacting of DE and cold DM leads 
to the following conservation equation 
Dp +3Hpp(1 +wp) = —T, (9) 
Dn +3Hp„ =T. (10) 


The coupling parameter [ shows the mutual exchange rate between DM and DE. 
The energy exchange from DM to DE when I < 0 and corresponds to reverse 
scenario for T > 0. In the literature the various models have been proposed for 
parameter interaction to understand the universe's dynamics. We consider following 
expression for [I as 


T = Sfida. (11) 


here the coupling constant d exchange the energy between cold DM and DE. In- 
serting the value of I in Eq. (10), we get 


2 
Pm = p =D pmo, (12) 


where pmo is an integration constant. 

Now we will discuss the SMHDE model. SMHDE model is the new form of HDE 
model which is proposed due to the inspiration of holographic principle. The 
Renyi and Tsallis entropies are formulations in which probability distributions are 
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replaced with power-law distributions, yielding generalized entropies. T'sallis and 
Renyi entropies are combined in the Sharma-Mittal (SM) entropy. This entropy!” 
leads to useful conclusions in cosmological scenarios, such as a description of the 
present accelerating universe that makes use of vacuum energy. The energy density 
of SMHDE is given by 


3c2H* irk 
= ——]//14+ — —1 1 
EE ( 5) | (13) 


? is the unknown free parameter, R, 6 are constants which provide Renyi 


where c 
and Tsallis HDE models under appropriate limits and IR cutoff is taken as Hubble 
horizon. We attain the following expression by taking the derivative of Eq. (13) 
w.r.t to t as 


R-1 
. H 3 : ôn AS 
B» =i ga sonia + us) : (14) 


3. Cosmological Parameters 


In this section, we discuss the cosmological parameters in the frame work of SMHDE 
with apparent horizon, such that the Hubble, EoS, deceleration and squared speed 
of sound parameters. 


3.1. Hubble Parameter 
Taking into account Eqs. (7), (10), (11), (12) and (14), we obtain 


H- (se - 1H Hio Maa D » E) louis 4T) - E 


" 32H? Om "d | .3CH LE sp (15) 
R |V H2 4 Vig 


The Hubble parameter H versus redshift function (1 + z) trajectories are shown 
in Figure 1 for different values of d? — 0.4,0.6,0.8 and M 1, E = 80, 6 
0.5, c— 1, R — 0.1, Qmo = 0.5, Ho = 74. are the other constant parameters. The 


values of Hubble parameter lie within the range 74.0107 10 for all epochs. 


3.2. Equation of State Parameter 


For the identification of universe at different phases of acceleration and deceleration, 
we examine the EoS parameter. It is ratio of pressure to density i.e w = Ë. If we 
take w = 0, it is a non-relativistic matter while radiation period as decelerated 


phase of the universe corresponds to 0 < w < 4 and stiff fluid is for (w = 1). During 


acceleration phase, it represents the phantom epoch for (w < —1), quintessence 
1 


epoch for (—1 < w < +), and cosmological constant for (w = —1). For SMHDE 
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Apparent Horizon Sharma Mittal HDE 


74.020 - 4 
= &=0.4 


74.0155 d^-0.6 | 
= 74.010} 


74.005 - 


74.000 - 


Fig. 1. (Color online) Plot of Hubble parameter H versus 1+ z for Hubble horizon by choosing 
d? — 0.4 (solid red), 0.6 (dashed green), 0.8 (dotted blue). 


Apparent Horizon Sharma Mittal HDE 


Up 


Fig. 2. (Color online) Plot of wpp versus 1 + z for Hubble horizon by choosing d? = 0.4 (solid 
red), 0.6 (dashed green), 0.8 (dotted blue). 


model we check the behavior of EoS parameter by using Eqs. (9), (11), (12) and 
(14), we get 


—3d? Hà Mà, (ga? (4 —D TRE guq ie 
Wp = aeu 4 See — 1] 3H? 3c2 H2 rE 
RE E (ait -1 


x (se - DH IQ, Ma n) leurs qty 


38H? ÔT > 3c H / on poches 


In Figure 2, we plot w, versus 1+ z by taking same values of constants. The EoS 
parameter (w, ) trajectories lie in the phantom regime which follow the cosmological 
constant behavior at z = —1. 
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Apparent Horizon Sharma Mittal HDE 
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Fig. 3. Plot of q versus 1 + z for Hubble horizon by choosing d? = 0.4 (solid red), 0.6 (dashed 
green), 0.8 (dotted blue). 


3.3. Deceleration Parameter 


We can analyze the accelerating and decelerating rate in different phases of the 
universe by using deceleration parameter. In terms of Hubble parameter, it is given 
by 
———-—-—1--. T 

1= aH? H? En 
'The positive values of this parameter represent decelerated phase and expansion rate 
as constant when this parameter vanishes. The region described by q « (—1,0) is 
accelerating phase with power law expansion, q — —1 shows exponential expansion 
while and q « —1 describe super-exponential expansion of the accelerated phase of 
the expanding universe. In the underlying case, it takes the form 


gecdec. [C - 1)HHBMpoAZa" e) (suas TH?) 


Qt] e) m 


Considering same values of constants, we plot q versus redshift (1 + z) as shown in 
Figure 3. The plot shows the expansion rate at power law level of the accelerating 
universe for all values of redshift parameter as well as d?. 


3.4. Squared Speed of Sound Parameter 


In order to check the stability of model, we use squared speed of sound parameter 
for the underlying case. It is given by 


v? == 2, (19) 
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Fig. 4. Plot of v2 versus 1 + z for Hubble horizon by choosing d? = 0.4 (solid red), 0.6 (dashed 
green), 0.8 (dotted blue). 


If v2 is greater than zero then model is stable, otherwise unstable. For SMHDE 
model, v? becomes 


v = (sema, oai raton + H?)(Ad? M2, ERn + E? H 
# 
+ 4d? Ma,H? Rr) — c? (1 + =) H(-ERr +d’ Rr(1 + E) 


* 
+ 2E6n + 2) (2 ( -1+ (: + as) H^(—2(6n + H?) 


R 


d 
x (4M2,ERn + EH + 4M2,H?Rr) +2 (1 + 7) H 
M 
. (all 3H 
x (Rr + 2Eón + 2) T, (m HC 
Rjg =] 
on AS 


Figure 4 describes the plot of v? 


stant values as in previous cases. The plot expresses positive behavior for all the 
trajectories which lead to the stable behavior of the model. 


> 0 versus redshift parameter for same con- 


4. Conclusions 


In this paper, we have considered deformed Horava-Lifshitz gravity with interac- 
tion of dark sector constituents of the universe. The SMHDE model with Hubble 
horizon is taken into account in order to discuss some cosmological parameters. 
These parameters are Hubble, EoS, deceleration and squared speed of sound. For 
different values of interaction parameter, we have investigated the behavior of these 
parameters graphically for some arbitrary values of model constants. The Hubble 
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parameter represents consistent results as 74:010*30 for all trajectories while EoS 
parameter expresses phantom behavior of the universe. The deceleration parameter 


indicates the accelerating universe with power law expansion which leads to expo- 


nential expansion and squared speed of sound parameter gives the stable behavior 
of SMHDE models in the framework of deformed Horava-Lifshitz gravity for all 
values of interaction parameter. 
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In this work, we elaborate on the finite action for wormholes in higher derivative theories 
as well as for wormholes. Both non-traversable and traversable wormholes in theories with 
higher curvature invariants posses finite action. 


Keywords: Horava gravity; Wormholes; finite action 


1. Introduction 


The Finite Action Principle (FAP) proposes that the physical spacetimes are those 
for which the action is finite. This reasoning comes from the fact that in Euclidian 
path integral the weighting factor is e-?|?], Hence lesser the action the more it 
contributes to the path integral. On the other hand, in the Lorentztian signature 
the more varying actions contribute less. For an infinitely varying action, one expects 
a distructive interference with the neighboring fields in such a configuration, see.! 

This notion has recently received significant attention in the literature, see? ^ for 
the cosmological considerations and':^ for the investigation of the black holes. Since 
it is expected that the quantum gravity should resolve the black-hole singularity 
problem, one may ask which of the microscopic actions remain finite for non-singular 
black holes and conversely interfere destructively for the singular ones. This we 
shall call the finite action selection principle. Only after the inclusion of higher- 
curvature operators, beyond the Einstein-Hilbert term, such selection principle can 
be satisfied.! Furthermore, in asymptotic safety, the quantum corrections to the 
Newtonian potential eliminate the classical-singularity.? 

These findings suggest that by taking into account the higher curvatures one 
can resolve the singularities in black holes. Yet, an issue with the higher-curvature 
theory of quantum gravity is the existence of the particles with the negative mass- 
squared spectrum, known as ghosts, which makes the theory non-unitary. In this 
article, we explore possible resolution, namely, we investigate Horava-Lifshitz (H- 
L) gravity,9 where the Lorentz Invariance (LI) is broken at the fundamental level 
(see" for a comprehensive progress report on this subject). Kinetic terms are first 
order in the time derivatives, while higher spatial curvature scalars regulate the UV 
behavior of the gravity. In our investigation we follow Horava? and assume that Wick 
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rotation is well defined. This can be motivated by the lack of the higher time-like 
curvature invariants. In the usual higher derivative constructions the existence of 
massive poles in the propagator makes the Wick rotation troublesome.? Conversely 
to the latter, the new poles are massless and non-tachyonic for suitable choice of 
parameters.? Furthermore, the existence of the foliation supports that claim. For 
the discussion of Minkowski path integral and FAP, see.! 

In the previous article, we discussed the possibility that the Finite Action ar- 
guments applied to the projectable H-L gravity result in a flat, homogeneous, UV- 
complete, and ghost-free beginning of the universe. However there is no known 
regular black hole solutions in HL gravity. Here we discuss the wormholes solutions 
in the context of the Finite Action Principle in HL gravity, as well as in the f(R) 
theories. Interestingly the stable and traversable wormholes solutions are known 
only in the higher derivative gravities!? (without exotic matter), so there seems 
to be a wormhole/non-singular BH trade-off after taking into account the Finite 
Action Principle. 


2. Horava-Lifshitz gravity 


In the Horava-Lifshitz gravity, space and time are scaled in a non-equivalent way. 
Diffeomorphism invariance is broken by the foliation of the 4-dimensional spacetime 
into 3-dimensional hypersurfaces of constant time, called leaves, making the theory 
power-counting renormalizable (see also the renormalization group studies of the 
subject! 19). The remaining symmetry respects transformations: 


t> f(t), 2° + E(t, x"), (1) 


and is often referred to as the foliation-preserving diffeomorphism, denoted by 
Diff( M, F). The diffeomorphism invariance is still present on the leaves. The four- 
dimensional metric may be expressed in the Arnowitt-Deser-Misner (ADM)"* vari- 
ables: 


(N, N’, (3 gi4), (2) 


where N, N*, (3) gi; denote respectively the lapse function, shift vector, and 3- 
dimensional induced metric on the leaves. The theory is constructed from the fol- 
lowing quantities: 


Gg, Kij, da (yi, (3) 


where 3) Rij is the 3-dimensional Ricci curvature tensor, (3)V; is the covariant 
derivative constructed from the 3-dimensional metric (9) Jij, and aj :— m. Extrinsic 


curvature Kj; is the only object, invariant under general spatial diffeomorphisms 
containing exactly one time derivative of the metric tensor (3) Qij: 


1 9 gi; 
i i — (3w.N.. GWw.N. 
Kä aN ( on ViN; vx) i (4) 
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Quantities (2) are tensor/vectors with respect to Diff( M, F) possessing the following 
mass dimensions: 


[9 upe2, Des. men [®V]=1. (5) 


One may use (2) to construct, order by order, scalar terms appearing in the La- 
grangian of the theory. Following^!? the action of the Horava gravity takes the 
form: 


Ben? / dtda? NV (0g (K — V), (6) 


where K = Ki; K“ — AK? with K = K;; 9999, (9) denotes the determinant of the 
3-dimensional metric and ¢? = 1/167G. It may be expressed as the difference of the 
kinetic and potential part £ = K — V with K = (Ki; K — AK?). At the 6th order, 
the potential part of the lagrangian contains over 100 terms." The immense number 
of invariants is limited by imposing further symmetries. One possible restriction for 
the potential comes from the projectability condition N = N(t), then terms pro- 
portional to a; = 0 vanish. Up to the sixth order (compatible with power counting 
renormalizability), the potential V restricted by the projectability condition is given 
by: 


1 , 
V —2AC — O n4 a (v2 (3) R2 + g3 © R9 GR) 
1 aw . R : 
Hi (nm + g RORY OR, + go Ori OR OR), 
1 oe 
+a (p 9 RVOR + gs (V, Rjx)(ViO RM) l (7) 


where A is the cosmological constant and oj; are the coupling constants. For our 
purposes, we drop terms containing covariant derivatives (9) V;. One should also 
mention that this minimal theory! suffers from the existence of spin 0 graviton, 
which is unstable in the IR. Various solutions to this problem have been proposed. 
One can add the additional local U(1) symmetry.^!* Then by the introduction of 
new fields prevents the zero-mode from propagating. On the other hand, one can 
drop the projectability condition a; — 0 and include the terms containing a; in the 
potential term: 
6 
V —2AC — O R— fa; + V LY”, (8) 


n=3 


then for the spin-0 mode to be stable one requires 0 < f < 2.19.1? 


3. Wormholes and finite action principle 


Here, we take the first step in the direction of the investigations of the conse- 
quences of the Finite Action Principle in the context of wormholes (WH). The 
wormholes may be characterized in two classes: traversable and non-traversable. 
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The traversable WH, colloquially speaking, are such that one can go through it to 
the other side, see?? for specific conditions. The pioneering Einstein-Rosen bridge 
has been found originally as a non-static, non-traversable solution to GR. The 
traversable solutions are unstable, however, they might be stabilized by an exotic 
matter or inclusion of the higher curvature scalar gravity.!? This is important in 
the context of finite action since usually the divergences of black holes do appear in 
the curvature squared terms. Hence, due to the inclusion of the higher-order terms 
in the actions, the traversable wormholes are solutions to the equations of motions 
without the exotic matter. The exemplary wormhole spacetimes investigated here 
are the Einstein-Rosen bridge proposed in,?! the Morris- Thorne (MT) wormhole,?? 
the traversable exponential metric wormhole?? and the wormhole solution discussed 
in the H-L gravity.?? All of them have a finite action. Here, we shall discuss the ex- 
ponential metric WH. For the exponential metric WH, the line element is given 
by: 


2M 2M 


ds? = —e F dt? e (dr? e r?at?). (9) 


This spacetime consists two regions: “our universe" with r > M and the “other 
universe" with r « M. r — M corresponds to the wormhole’s throat. The spacial 
volume of the “other universe" is infinite when r — 0. Such volume divergence is 
irrelevant to our discussion since it describes large distances in the “other universe". 
Hence, we further consider only r > M. The resulting Ricci and Kretschmann 
scalars have been calculated in?? and the measure are non-singular everywhere: 


R E 2M? E -2M 
rt : 
4M?(12r?2 — 16M 7M? 
Rusos Rive = ee eee (10) 
T 


resulting in the finite action for the Stelle gravity. Similarly for the H-L gravity: 


OR=R, JieR Ug 
i 2M?*(M? —2Mr +3r?) _au 
©) RR, gi = -p-o e TU (11) 
Einstein-Rosen bridge The Einstein-Rosen (E-R) bridge smoothly glues together 
two copies of the Schwarzschild spacetime: the black hole and the white hole solu- 
tions corresponding to the positive and negative coordinate u. The metric tensor of 
the Einstein-Rosen wormhole proposed in?! and discussed in e.g.?^ is given by: 


2 
2. uU 2 2 2 1 2 2 
ds = aa + (u* + AM)du + Glu +4M)dQ’. (12) 


The E-R bridge is non-traversable and geodesically incomplete in u = 0. This fact, 
however, does not impact the regularity of the curvature scalars. The 4-dimensional 
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Ricci scalar is: 


. 2(64M? + 32Mu? + 4u* + u?) 


ne (4M + u2)? a 
The second order curvature scalar Ry R"" is: 
4 (48M? +8 (4M + u?)* + (32M — 1) (4M + w?)’) 
— üMeau 7 (14) 
Both of which integrated with the measure are non-singular: 
Jg ZuM + w?). (15) 


The wormhole solutions analyzed in this paper generally yield the finite action in 
both GR and H-L. The finite Action Principle suggests, that in the quantum UV 
regime, singular black-hole spacetimes may be replaced with the regular wormhole 
solutions. 


Morris-Thorne wormhole The MT wormhole is defined in the spherically sym- 
metric, Lorentzian spacetime by the line element: 


dr? 


b(r) 


T 


ds? = -e gi? + N + r?dQ? (16) 


where c (r) is known as the redshift and there are no horizons if it is finite. Function 
b(r) determines the wormhole’s shape. We choose ®(r), b(r) to be: 


$(r) 20, b(r) =2M (1— e7") + roe", (17) 


where ro is the radius of the throat of the wormhole, such that b(ro) = ro. 4- 
dimensional curvature scalars for this spacetime have been calculated in.?? The 
Ricci curvature scalar is singular at r — 0, however, the radial coordinate r varies 
between ro 7 0 and infinity: 


TOQ—T 


R-— -2(2M - ry) (18) 


r2 C 


The resulting S, = I. _,, VIR function is divergent as ryy — ro and cannot be 


expressed in terms of simple functions: 


TIR 7 
A= / $$ dr. 19 
OM 10) Jovan VT 2M ee) rr (19) 


However, this is only a coordinate singularity and one may get rid of it with a proper 
transformation. 
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Higher-order curvature scalars for Morris- Thorne wormhole are: 


(3) R E 2b' (r) 
m 
BROR — 3r?U' (r)? — 2rb(r)U (r) + 3b(r)? 
= 2r6 
©) gi) RIO) gk = Soe ae eee Xon) 


4r9 i 


and integrated give action that is finite. 


H-L wormhole Static spherically traversable symmetric wormholes have been con- 
structed in?? in the H-L theory through the modification of the Rosen-Einstein 
spacetime: 

1 
f(p) 
with additional Zo symmetry with respect to the wormhole’s throat. There are solu- 
tions with À = 1 asymptotically corresponding to the Minkowski vacuum. Explicitly 
we have: 


ds? = — N?(p)d? + —~dp? + (ro + p”)?d0?, (21) 


f=N* =1+u(r9 +p) 
— V(ro + p?) (w? (ro + p2)3 + 4wM). (22) 


The radius of the wormhole’s throat is given by ro. The parameters w, and M are 
connected to the coupling constants in H-L action. See?? for their explicit form. 
Ricci scalar of the H-L wormhole invariants are given by 


1 
3)g — —, |2(-1 2 2 4M 2s 
R (p? tro)? ( 0p w(p + ro)( T w(ro +w ) ) 
— 4roy/w(p? + ro)(4M + w(ro + w?)3) + 1698, + 8p? 
+ 36ptrow + 24p?rdu + Ard + Arg — ) 
E i 
3 3) pij — 2 / 
OR GOR? = (up {2(-7 w(p? + ro)(4M + w(ro + w?)?) 


—2roy w(p? + ro)(4M + w(ro + w?)3) 
+ 10p%w + 607 + 22p4*rqw + 14p*r2w + 2ràw + 2rg — 1)? -- AM 
w(4M + w(ro + w?)3) 


x Vw(p? + ro)(4M + w(ro + w?)3) + w(ro + wy» 


ehe CoA? + ro) 


—2y/w(p? + ro)(4M + w(ro + w?)3) 
x [- Vo Er) AM Euro 93 +(e? ro)? +1] 2} (23) 


The kinetic terms with ;; = 0 are vanishing, while the spacial Ricci scalar and 
higher curvature terms are finite. 
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From the point of view of the Finite Action Principle, all of the investigated 
wormhole spacetimes are included in the gravitational path integral. 


4. Conclusions and discussion 


The Finite Action Principle is a powerful tool to study quantum gravity theories and 
also QFTs in general. From the point of view of finite action selection principle! 4 
they are equally good theories, resolving the black holes singularities, assuming that 
ghost issue is resolved in the latter case. Yet none of the regular B-H solutions have 
been found in the context of H-L gravity? and the ones found for f(R) suffer from 
mass inflation issue.?" ?? Hence, it is a strong suggestion that wormholes may appear 
in the UV regime of H-L gravity and can serve as a “cure” for singularities.?0 3? 

Moreover, both the traversable and the non-traversable wormholes are on equal 
footing in the case of the Finite Action Principle, yet maybe the finite ampli- 
tude principle could distinguish between those,’ since the amplitude to cross non- 
traversable wormhole should be different than the traversable one. However, this 
principle suggests that there is a trade-off between the resolution of black-hole sin- 
gularities and the appearance of wormhole spacetimes due to higher curvature in- 
variants. T'he wormhole solutions will remain in both the LI and H-L path integrals. 
The higher-order curvature scalars, generically present in the quantum gravity, sta- 
bilise the wormhole solutions without the need for an exotic matter. 
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Non-rotating strange quark stars made of isotropic matter in Lorentz-violating theo- 
ries of gravity are studied. In particular, Hořava gravity and Einstein-aether theory are 
considered. For quark matter we adopt both linear and non-linear equations-of-state, cor- 
responding to the MIT bag model and color flavor locked phase, respectively. The new, 
modified structure equations generalize the usual Tolman-Oppenheimer-Volkoff equa- 
tions valid in Einstein's General Relativity. A dimensionless parameter v measures the 
deviation from the standard T'OV equations, which are recovered in the appropriate limit. 
We compute some properties, such as masses, radii as well as the factor of compactness 
of the stars, and we show pictorially the impact of the parameter v on the mass-to-radius 
relationships for several different equations-of-state. Other physical considerations, such 
as stability criteria, causality and energy conditions, are also considered, and they are 
all found to be fulfilled. 


Keywords: Relativistic stars; Composition of astronomical objects; Theories of gravity 
other than GR. 


1. Introduction 


Einstein's General Relativity (GR)! is a relativistic, geometric theory of gravita- 
tion, which not only is beautiful but also very successful.” The classical tests and 
solar system tests, and recently the direct detection of gravitational waves by the 
LIGO/VIRGO Collaborations? have confirmed a series of remarkable predictions 
of GR. 

Despite its success, however, it it believed that GR. must be somehow extended 
for several different reasons. One may mention, for example, the current cosmic ac- 
6:7 one of the most dramatic discoveries in Cosmology in the end of the 
90's. If a modified theory of gravity is assumed, correction terms to GR on cosmo- 
logical scales are expected to appear, and those terms of geometrical origin could 
play the role of dark energy,® the fluid component that dominates the expansion of 
the Universe at late time. In this class of models one finds for instance f(R) theories 
of gravity,? !? brane models? 1° 16-15 

Moreover, it has been known for a long time that GR is a classical, non- 
renormalizable theory of gravitation. A theory of gravity incorporating quantum 
mechanics in a consistent way is still one of the biggest challenges in Modern The- 
oretical Physics. In 2009 Hořava gravity!?:20 


celeration, 


and scalar-tensor theories of gravity. 


was proposed as a new candidate 
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theory for quantum gravity which explicitly breaks Lorentz invariance at any en- 
ergy scale by introducing a preferred foliation of spacetime. Since then a lot of work 
has been done to prove, very successfully, its renormalizability by means of both 
power-counting arguments?! ?6 and quantum field theory approaches.?" °° Besides, 
a lot of effort has been made in order to investigate its phenomenological impli- 
31,32 black hole physics,?? ?? binary 
systems, and interior solutions of anisotropic stars.?? 4^? In particular, after the 


multiple detections of gravitational waves by the LIGO-VIRGO Collaboration, and 
46 


cations, e.g. concerning late-time Cosmology, 
40-42 


in particular the first merger observed from a binary of neutron stars,^? a new era 
for gravitational astronomy get started. Very interestingly, Hořava gravity passes 
with flying colors all the theoretical and observational constraints which are avail- 
able to date.^" It is worth noticing that in the low-energy limit of Hořava gravity, its 
action written in a covariant form becomes equivalent to Einstein-eether theory*® 
once the ether vector is restricted to be hypersurface-orthogonal at the level of the 
action. In spherical symmetry it can be shown that the two theories share the 
same solutions.?? 

'Therefore, it has become even more urgent to investigate the astrophysical impli- 
cations and predictions of viable alternative theories of gravity, in order to explore 
non-standard scenarios and the possible signatures of deviations from GR to be ob- 
served in the forthcoming missions/space-based detectors. In this respect, compact 
objects,9. such as neutron stars and white dwarfs, are relativistic stars of astro- 
physical and astronomical interest, which are characterized by ultra dense matter 
content and strong gravitational fields. Thanks to their properties, naturally they 
serve as ideal cosmic laboratories to study, test and constrain non-standard physics 
as well as non-conventional theories of gravity. 

A new class of theoritized compact objects, that may be an alternative to neutron 
stars, are some as of today hypothetical objects which are supposed to be made of 
quark matter, and for that reason they are called strange quark stars.?^?? Quark 
60,61 and so it could be the true ground 


state of hadrons. That property provides us with a plausible explanation of some 
62,63 


matter is by assumption absolutely stable, 
puzzling super-luminous supernovae, which occur in about one out of every 
1000 supernovae explosions, and which are more than 100 times more luminous 
than regular supernovae. 

Our work is organized as follows. In Sec. 2 we briefly review the basics of Hořava 
gravity, and its connection to Einstein-zether theory, while in Sec. 3 we present the 
field equations as well as the structure equations describing hydrostatic equilibrium 
of static, spherically symmetric relativistic stars made of isotropic matter. In Sec. 4 
we obtain and discuss our numerical results for quark stars. Finally, we finish our 
work with some concluding remarks in Sec. 5. We adopt the mostly negative metric 
signature +,—,—,—, and we work in natural units where A = 1 = c. In those units 
all dimensionful quantities are measured in GeV — 10? MeV, and we make use of 
the conversion rules: 1 m = 5.068 x 10!° GeV-! and 1 kg = 5.610 x 1076 GeV. 
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2. Hořava gravity and Einstein-zether theory 


19,20 


The action of Hořava gravity can be written in the preferred foliation as 


1 " ce du: 
= dTd?z4/—g | Kj; K? — AK? 4 + najat 4 
l6nGy / TM ( j A SS rad na y in) 


+ Sm[gurs V] 4 (1) 


where Gy is the effective gravitational constant; g is the determinant of the metric 
guv; R is the Ricci scalar of the three-dimensional constant-T' hypersurfaces; Kij 
is the extrinsic curvature and K is its trace; and a; = OjInN, where N is the lapse 
function and Sm is the matter action where v collectively denotes the matter fields. 
The constant couplings (A, €, n} are dimensionless, and GR is identically recovered 
when they take the values (1, 1,0], respectively. Furthermore, L4 and Lg stand for 
the fourth-order and sixth-order operators respectively, which are suppressed by a 
characteristic mass scale M,. 

In the following, we consider the covariantized version of the low-energy limit of 
Hořava gravity, named the khronometric model, that is obtained by keeping only 
the operators up to second-order derivatives, which amounts to discarding L4 and 
Lg which instead contain the higher-order operators. 

In order to write the action covariantly, let us first take the action of Einstein- 
ether theory:*% 


SH 


I 


Se = 16rG æ 


J dis) RRES E Sda (2) 


where G4 is the “bare” gravitational constant; R is the four-dimensional Ricci 
scalar; u“ is a timelike vector field of unit norm, i.e., g,,u^u" = 1, from now on 
referred to as the "aether"; and 
Le = -MP Vau” Vau" , (3) 
with M^? „y defined as 
MP wy = eg? guv + 26268 + €35067 + cau? uP gue , (4) 


where c;’s are dimensionless coupling constants. 
Once the aether vector is taken to be hypersurface-orthogonal at the level of the 
action, that is 


OST 
V g” O,TO,T í 
where the preferred time T is a scalar field (the khronon) which defines the pre- 
ferred foliation, then the two actions in Eqs. (1) and (2) become equivalent if the 


(5) 


Ua = 


parameters of the two theories are mapped into each other as?? 
Gg 1 À 7] 
-f- ’ ~=lte, 1704; (6) 
Ga 1— C13 € € 
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where cij = c; + cj. Moreover Ga = Gy (1— n/2£), where Gy is the Newton's 
constant, which is needed to recover the Newtonian limit.?™65 In what follows, 
we will thus consider the covariant formulation of the low-energy limit of Hořava 
gravity. 

The variation of the action in Eq. (2) with respect to g^? and T yields, respec- 
tively, ?? 


Gag — TE = Ea GR TIS, (7) 
1 

0,| —= VE" | = 0 8 

(oer pim) = 0, (8) 


where Gag = Rag — Rgog/2 is the Einstein tensor, 

TEs = Vu (Jt, ug) — J" au) — Japu ) + cr (ute (V*^ug) — (Vau) (Vu!) 
+ [u (Vu J") — cqi?] usug + cattatig — Sedo + 2/E(, ug) (9) 

is the khronon stress-energy tensor, 


Jo M? N gu" , üyp-u Viu. Ee Vad — cuv" U") (Gap — Ugüs)- 


m 
(10) 
and T75 is the matter stress-energy tensor, defined as 
2 0S4 
ems e ; (11) 


3. Field equations 


The most general static, spherically symmetric geometry, in Schwarzschild-like co- 
ordinates, may be written down as follows 


ds? = eA) dt? — B(r)dr? — r? (d0? + sin? 649?) . (12) 


In addition, let us consider an interior spacetime filled by an isotropic fluid whose 
Stress-energy tensor is 


Tas = (P + p) Vavg — PIag , (13) 


where p is the density and p is the pressure of the fluid, and its 4-velocity v^ is 
given by 


v? = (e^ ,.0) (14) 


The aether vector field, which is by definition a unit timelike vector, in spherical 
symmetry is always hypersurface-orthogonal and takes the following general form: 


eAQ) F(r)? — 
u^ = (rto. 0) ] (15) 
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However, in the following we will consider the case of a static aether which is aligned 
with the interior matter fluid 4-velocity v^, i.e. when F(r) = e- 40/2, which leads 
to 


u“ = (e^. (16) 


'The field equations that we have to consider are the modified Einstein equations 
(0-0), (1-1) and (2-2) in Eq. (7), which can be written respectively as: 


—v |4r? A" (r) — ÁO tTr^A'(ryf- srao) + ON t B(r)-1 
= 81 Gr? B(r)p(r), (17) 
vr? A (r)? + rA'(r) — B(r) +1 = 81Ggr? B(r)p(r) , (18) 
l 2n r^ A'(r)B'(r) ganas ivan egi ong rB'(r) 
37 A" (r) AB(r) vr A' (r)* + a A'(r)* + 74 (r) 2B(r) 
= 81 Gr? B(r)p(r), (19) 


where v — ae Furthermore, Eq. (8) is identically satisfied. In the following we shall 
set 8T G4 = 1. Finally, the conservation equation for the energy-momentum tensor 
takes the form 


Dr) 5 AG) lor) +p) =0. (20) 


Notice that the standard Tolman-Oppenheimmer-Volkoff (TOV) equations,96 69 
which hold in GR,! are recovered setting v = 0 in the equations above. 

Despite the fact that there are four equations in total, it turns out that only three 
of them are independent. Furthermore, since spherically symmetric solutions in 
Hořava gravity are identical to those of Einstein-zether theory, all of our conclusions 
will hold for both theories.?? 

In order to derive the modified TOV equations that will be used for the numerical 
integration, one can obtain A'(r) from Eq. (18): 


r — rV/Avr? B(r)p(r) + AvB(r) - Av - 1 


2vr? : 


A'(r) = 


(21) 


which corresponds to the only branch which admits the proper GR limit when 
v — 0. Then, one has to substitute the latter in Eq. (17) and Eq. (20), that for 
brevity we do not show here. However, one can immediately notice the difference 
with respect to GR, since here the parameter v (which in GR is identically zero) 
enters non-linearly in the resulting equations. 


1059 


4. Properties of strange quark stars: Numerical treatment 


In this section we investigate the properties of strange quark stars within the 
Lorentz-violating theories of gravity at hand. We integrate numerically the gen- 
eralized structure equations, and after that we present and discuss the results. 


4.1. Vacuum solution 


In order to compute the radius and the mass of the objects, we need to match the 
solutions at the surface of the stars. For that we need to know the exterior (vacuum) 
solution first, and so we set the stress-energy tensor (i.e. both the pressure and the 
energy density of the matter content) to zero. 

In order to calculate the total gravitational mass M of the fluid star appearing 
in the Newtonian potential, we will make use of the general vacuum solution found 
in Ref. 70 and summarized below: 


PN = l (22) 


1- Y/Y} 
Bee -Y_)(Y =a: (23) 
m (vL) (x) (24) 


where Y = rA', Y4 = (—1 + V1 -— 4v)/(2v), and rmin is an integration constant 
which is related to the gravitational radius rọ = 2Gyn M by 


Tuin/rg = (-Yz)- (-1 — Y, 8 Y/G22) (25) 


The above solution agrees with the Schwarzschild solution"! of GR to leading order 
in 1/r. 


4.2. Equation-of-state 


Before we start integrating the structure equations, we must specify the matter 
content first, or in other words pick up a certain equation-of-state. Quark matter 
inside stars is commobly described by the MIT bag model.'"^7? In the simplest 
version there is a linear analytic function relating the energy density to the pressure 
of the fluid, which reads 


p — k(p — ps), (26) 
where Kk is a dimensionless numerical factor, while p, is the surface energy density. 
The MIT bag model is characterized by 3 parameters, namely i) the QCD coupling 
constant, o, ii) the mass of the strange (s) quark, ms, and iii) the bag constant, 
Bo. In this work we shall consider the following 3 models:"* 


e The extreme model SQSB40 where m, = 100 MeV, o, = 0.6 and Bo = 
40 MeV fm-?. In this model k = 0.324 and p, = 3.0563 x 10!4 g cm^?. 
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e The standard model SQSB56 where m, = 200 MeV, a, = 0.2 and Bo = 
56 MeV fm-?. In this model k = 0.301 and p, = 4.4997 x 1014 g cm-?. 

e The simplified model SQSB60 where m, = 0 = o, and Bg = 60 MeV fm^?. 
In this model k = 1/3 and p, = 4.2785 x 101^ g cm ^?. 


Furthermore, at asymptotically large densities color superconductivity ef- 
fects"^"6 become important. Quark matter is found to be in the so called color 
flavor locked (CFL) state, ^75 in which quarks form Cooper pairs of different color 
and flavor, and where all quarks have the same Fermi momentum and electrons 
cannot be present. That quark state is described by a slightly more complicated 
equation of state (EoS), although still an analytic function, and it is given by the 


following non-linear relation’? *! 
9 2 
p= 3p 4Bo — —7-, (27) 
T 
where y and pu? are given by 
2^? m2 
E a 28 
Bleeker 6° (28) 
and 
4 1/2 
p? = -37 + (9? + 37 (Bo z) (29) 


with A being the non-vanishing energy gap. 

In the CFL state there are 19 viable models, but here we shall consider two, 
namely CFL4 and CFL10, characterized by the following parameters (look at table 
I in Ref. 81): 


A = 100 MeV, (30) 
m; = 150 MeV, (31) 
Bo = 60 MeV fm ?, (32) 
for CFL4, and 
A = 150 MeV, (33) 
m; = 150 MeV, (34) 
Bo = 80 MeV fm ?, (35) 


for CFL10. 


4.3. Numerical solution of structure equations 


The radius of the stars, R, is determined from the requirement that p(r = R) = 0, 
while the mass of the stars, M, is computed numerically using the vacuum solution 
presented before, and requiring that B;,;(r = R) = Beat(r = R). Finally, the 
compactness of the object is computed by C = GyM/R. 
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Our main numerical results are summarized in the figures below. At this point 
it should be mentioned that the 3 observed super-massive pulsars J1614-2230 
((1.928 + 0.017) Ma), 5* J0348+0432 ((2.01 + 0.04) Mọ) and J0740+6620 
((2.14*028) Mo), with masses M ~ 2Mo have put stringent constraints on com- 
pact object modelling, since any EoS that does not cross the 2 solar mass strip must 


be ruled out. Furthermore, the recent observation of the highly massive pulsar in 
the binary J2215 + 5135 ((2.27*017) M;)89 has put an even more tight constraint 
to be satisfied. However, our results will also depend on the assumed EoS, as the 
predicted mass-to-radius profiles are affected. For that reason, our goal is not to 
show that the models discussed here are able to pass all current tests, but just to 
study the general features of quark stars in the framework of Hořava gravity and 
Einstein-zether theory, and the impact of the modifications that they induce on the 
resulting mass-radius relationships. Moreover, the reader should also keep in mind 
that electrically charged stars or compact objects with anisotropic matter can have 
higher masses compared to their isotropic neutral counterparts, see e.g. Refs. 87, 88 
and references therein. 

In Fig. 1 we show the mass-to-radius (Mg) relations (left panel) and the com- 
pactness (right panel) of the quark stars with a linear EoS. Similarly, Fig. 2 shows 
the same properties of the stars with a non-linear EoS. We see that the Mg profiles 
are shifted downwards as the parameter v increases. Therefore, if the highest star 
mass that a given EoS can support is lower than the 2 solar mass limit in GR, it 
will become even worse in Hořava gravity and Einstein-zther theory. 

The speed of sound, defined by c? = dp/dp, is shown in Fig. 3 for the models 
CFL4 and CFL10, while when the EoS is linear the sound speed is just a constant, 
c = k. We have considered the cases where v = 0.01,0.02, while for GR the 
speed of sound for the 19 CFL viable models can be seen in Fig. 2 (panel (b)) of 
Ref. 81. Clearly, throughout the object the speed of sound takes values in the range 
0 < c? < 1, as it should, and therefore causality is not violated. It should be stated 
that for each model the 2 curves corresponding to a different value of the parameter 
v are indistinguishable. 

'The solutions obtained here should be able to describe realistic astrophysical 
configurations. Therefore, as a final check we investigate i) stability criteria, and ii) 
if the energy conditions are fulfilled or not. For the latter, we require that^? 95 


p20, (36) 
p—3p 20. (38) 


In Fig. 4 we show the normalized pressure, p = p/ Bo, 3p, and normalized energy 
density, p = p/Bo (from bottom to top) versus the normalized radial coordinate 
r/R for v = 0.01,0.02 and pe(0) = 1.5 Bo for the models CFL4 and CFL10. Notice 
that the lower curves corresponding to p and 3p are indistinguishable for all four 
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Fig. 1. Properties of strange quark stars with linear EoS. We have considered 3 MIT bag models, 
SQSBAO (in black), SQSB56 (in blue) and SQSB60 (in red) (see text) and v = 0.01,0.02. The 
curves corresponding to GR (v = 0) are also shown for comparison reasons. TOP: Mp profiles 
(mass in solar masses and radius in km). BOTTOM: Compactness C = Gy M/R vs mass (in 
solar masses). 


cases, while the upper curves corresponding to the normalized energy density are 
clearly different for the two models. However, within each model the two curves 
corresponding to the two values of v cannot be told apart. Regarding the models 
with a linear EoS we have obtained qualitatively very similar curves, which we do 
not show here. Clearly, all energy conditions are fulfilled throughout the star, and 
therefore we conclude that the solutions obtained here are realistic one, capable of 
describing realistic astrophysical configurations. 

Regarding stability criteria, Bondi?^ suggested that for a stable Newtonian 
sphere the adiabatic index defined by 


je | A 4 (39) 


should be larger than 4/3. Moreover, the Harrison-Zeldovich-Novikov criterion re- 
quires that?5;96 


cg (40) 
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CFLA (in blue) and CFL10 (in black) (see text) and v = 0.01,0.02. The curves corresponding to 


GR (v = 0) are also shown for comparison reasons. TOP: Mg profiles (mass in solar masses and 
radius in km). BOTTOM: Compactness C = Gy M/R vs mass (in solar masses). 
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Fig. 3. Speed of sound, c2 = dp/dp, vs normalized radial coordinate r/R for v = 0.01,0.02 and 
for 2 color flavor locked states, CFL4 model (lower curves) and CFL10 model (upper curves) and 
for v — 0.01, 0.02. 
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Fig. 4. Normalized pressure p = p/Bo, 3p and energy density p = p/Bo vs normalized radial 
coordinate r/R for pe = 1.5 Bo, v = 0.01,0.02 and for 2 color flavor locked states, CFL4 model 
and CFL10 model. Shown are from bottom to top: i) Pressure (blue), ii) 3 times pressure (green), 
and iii) energy density (orange) for CFL 4 (upper) and for CFL10 (lower). 
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Fig. 5. Adiabatic index [ vs normalized radial coordinate r/R for the model SQSB56 (linear 
EoS) and v = 0.02. The dashed horizontal line represents the Newtonian bound corresponding to 
4/3. 


Fig. 5 shows that T > 4/3, as it should be. In Fig. 5 we have shown the adiabatic 
index only for one particular case, but we have checked that we have obtained 
almost identical figures for all the cases considered in the present work. 
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5. Conclusions 


In summary, we have investigated in detail the properties of non-rotating, isotropic 
strange quark stars in Lorentz-violating theories of gravity. To be more precise, we 
have studied quark stars both in Hořava gravity and Einstein-zether theory, where 
a single dimensionless parameter v measures the deviations from GR. As far as the 
EoS for the matter content is concerned, we adopted analytic functions, both linear 
and non-linear. The former corresponds to simple versions of the MIT bag model, 
while the latter corresponds to the CFL phase, where color superconductivity effects 
become important at very high densities. We numerically integrated the generalized 
structure equations, and we computed the factor of compactness, the radii and the 
masses of the objects upon matching the interior and the exterior solutions at the 
surface of the stars. We have presented graphically the mass-to-radius profiles for 
several different EoSs as well as for two distinct values of the parameter v. The case 
v = 0 corresponding to GR is shown as well for comparison reasons. Our results 
show that the M — R relationships are shifted downwards as v increases, which 
implies a lower highest mass supported by a given EoS in comparison with the one 
obtained in GR for the same EoS. Finally, we have checked that causality is not 
violated, stability criteria are met, and energy conditions are fulfilled. Therefore we 
conclude that within the framework of the gravitational theories considered here, 
we have obtained well behaved solutions capable of describing realistic astrophysical 
configurations. 
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The M87* black hole shadow observation by the Event Horizon Telescope (EHT) has 
enabled us to test the modified gravity theories in the extreme-field regime and esti- 
mating the black hole parameters. Having this assertion, we investigate the Kerr-like 
rotating black holes in 4D Einstein-Gauss-Bonnet (EGB) gravity and deduce their 
shadows. Considering the inclination angle 69 = 17°, we show that the EGB black 
hole shadows are smaller and more distorted than for the Kerr black holes. Mod- 
elling the M87* black hole as the EGB black hole, we predict the shadow angular size 
35.7888uas < 04 < 39.61921as. The M87* black hole shadow angular size 04 = 42+3yas, 
within the lo region, constrains the GB coupling parameter and the black hole spin pa- 
rameter. Interestingly, the circularity deviation of the EGB black hole shadows is smaller 
than the bounded deduced for the M87* black hole. 


Keywords: EGB gravity, Shadows, Astrophysical black holes, Parameter Estimation, 
EHT, M87* black hole shadow 


1. Introduction 


The uniqueness of the Einstein tensor to describe gravity in the four-dimensional 
(4D) spacetime is dictated by the Lovelock theorem.! However, if one or more condi- 
tions in the Lovelock theorem are relaxed, then modifications to the Einstein-Hilbert 
action exist that lead to covariant, conserved, and second-order field equations and 
propagate only gravitational degrees of freedom and thus are free from the ghost 
instabilities. One such Lagrangian-based theory of gravity is Einstein-Gauss-Bonnet 
(EGB) gravity that exists in the D > 5 and is motivated by the heterotic string 
theory.?^? EGB gravity supplements the Einstein-Hilbert action with quadratic cor- 
rections terms constructed from the curvature tensors invariants and reads as follows 


1 
T = —— |g — 1 
EGB uc] z /—g(Leu +a Can); (1) 
with 
Len =R, Lop = R” Ros — AR" Ruy + R?. (2) 
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Here, a is identified as the GB coupling constant and is related to the inverse string 
tension, making it positive-definite. The GB Lagrangian is a unique quadratic com- 
bination of the Riemann tensor that naturally emerges as a leading-order correction 
term in low-energy effective actions of heterotic string theory and 10D gauged super- 
gravity. Boulware and Deser, in their seminal paper,’ obtained the first spherically 
symmetric and static black hole solution for the EGB theory, afterward several in- 
triguing black hole solutions are obtained.® It is worth mentioning that for D < 5 
GB Lagrangian Lag turns into a total derivative, and thereby its contribution to 
the gravitational dynamics vanishes, rendering the theory indistinguishable from 
general relativity. However, in the presence of an additional non-minimally coupled 
scalar field dilaton with the canonical kinetic term, Lag leads to the non-trivial 
gravitational dynamics? !! and the resulting theory is Horndeski or Galilean. 

Ever since the formulation of the EGB gravity theory, its 4D regularization has 
been a topic of great interest. In this line of research, Tomozawa!? showed for the 
first time that the quantum corrections to gravity in a conformally flat metric in 
4D appears as GB quadratic curvature forms, and the 4D black hole solution shows 
repulsive nature at r — 0. In another attempt of regularization procedure, Cog- 
nolo et al.!? used an “entropic” dimensional reduction of EGB gravity to D — 4 
within the classical Lagrangian formulation. Lately, the interest in the 4D EGB 
gravity theory is re-surged due to the regularization approach proposed by Glavan 
and Lin;!4 the GB coupling is re-scaled as a + o/(D — 4) and the 4D EGB theory 
was obtained as the limit D — 4 at the level of field equations. The aim for intro- 
ducing this re-scaling is to generate a divergence that exactly cancels the vanishing 
contribution that the GB term makes to the field equations in 4D. The extension 
to higher-order Lovelock gravity is presented in Refs.'^!6 Likewise, EGB theory 
is obtained in lower dimensions.!^:!5 Interestingly, the Glavan and Lin's static and 
spherically symmetric black hole solution!^ matched with that obtained using the 
quantum correction by Tomozawa,!? and Cognolo et al.!? 

However, Glavan and Lin's claim! that the resulting theory is of pure graviton 
was later proven to be spurious on several grounds. The covariant approach pro- 
posed in Ref.!4 is largely speculated to be valid only for specific higher-dimensional 
spacetimes with high degrees of symmetries, particularly maximally symmetric or 
spherically symmetric spacetimes. Recently, some studies have called into question 
the Glavan and Lin™ regularization procedure for the less-symmetric spacetimes 
and also reported several other inconsistencies Refs.!^!9-?? Following that, the GB 
contribution arising in higher dimensions could be renormalized in such a way as 
to yield a non-trivial contribution also in 4D, even without re-scaling the GB cou- 
pling.1615,2226 Hennigar ef al!" proposed another well defined D — 4 limit of 
EGB gravity generalizing the previous work of Mann and Ross?’ in establishing 
the D — 2 limit of general relativity and this regularization is applicable not only 
in 4D but also to D « 4. These alternate regularization procedures of EGB the- 
ory, leading to a divergence-free 4D action, describe the scalar-tensor theory of 
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gravity of the Horndeski type. These scalar-tensor models propagate the supple- 
mentary scalar mode in addition to the gravitational degree of freedom. Thus these 
alternate regularized theories are in line with Lovelock's theorem, as they intro- 
duce another dynamical field. Nevertheless, the spherically symmetric 4D black 
hole solution obtained in Ref.!^ remains valid for these regularised scalar-tensor 
theories.1© 15.23.25 This means that 4D EGB gravity can be viewed as both a dimen- 
sionally reduced theory and as a gravitational theory that displays known quantum 
corrections. As a result, both the Glavan and Lin theory!^ and scalar-tensor regu- 
larizations have received remarkable attention and more then 100 papers have been 
reported on 4D EGB gravity and its various solutions including their charged exten- 
sion,?™30 rotating counterparts,?^?? Vaidya-like radiating black holes,??:?^ regular 
black holes.?9:36 The gravitational lensing of 4D EGB black holes have also been 
studied.? 40 

The black hole shadow observations by the Event Horizon Telescope (EHT) 
Collaboration have unprecedentedly opened up an exciting arena to make a precision 
test of the gravitational theory in the strong and relativistic field regimes (in the 
vicinity of the unstable bound orbits around black holes).4^4? The EHT analysis 
suggested that, based on a priori known estimates for the mass and distance from 
stellar dynamics, the M87* shadow size is consistent within 1796 for a 6896 confidence 
interval of the size predicted from the Kerr black hole general-relativistic-magneto- 
hydrodynamics (GRMHD) image.*? However, several other studies altogether have 
not entirely precluded the possibility of non-Kerr black holes.44 “6 Using the M87* 
shadow angular size, constraints are placed on the second post-Newtonian metric 
coefficients, which were inaccessible in the earlier weak-field tests at the Solar- 
scale.*? Therefore, it is both legitimate and timely to test the viability of the 4D 
EGB gravity theory using the M87* black hole shadow observations. This paper aims 
to present the detailed study of the rotating 4D EGB black hole shadow, parameter 
estimation of the black hole using the shadow observables, and constraining them 
using the M87* black hole shadow observed by the Event Horizon Telescope (EHT). 


2. Rotating 4D EGB black hole shadows 


Finding an exact analytic and rotating axially symmetric black hole solution of 
the EGB gravity is a notorious task due to the non-linearity involved in the field 
equations. However, there exists the rotating solution generating mechanisms such 
as the Newman-Janis algorithm?" and the gravitational-decoupling method,*® which 
have been widely used to construct rotating black hole solutions from their non- 
rotating counterparts. The Azreg-Ainou's non-complexification procedure^?:99 for 
the modified Newman-Janis algorithm generates a unique imperfect fluid rotating 
solution from the seed spherically symmetric static solution. It has been applied to 


generate rotating solutions in several modified gravity theories.??:51 56 The rotating 
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4D EGB black hole metric, in Boyer-Lindquist coordinates, reads? ?? 


A X in? 0 
ds? = —— (dt — asin? 0 do) + Z dr? + Sade? + -— ((r? +a?) dé — a dt)? 
(3) 
with 
E 12 M 
A=r +a a. 1- ja en , “=r? +a? cos? 0. (4) 
32ra r? 


Thus rotating 4D EGB black holes are characterized by three parameters, mass 
(M), spin (a), and GB coupling parameter a, which also gives potential deviation 
from the Kerr solution. In the limit a — 0 or large r, the metric Eq. (3) smoothly 
recovers the Kerr black hole." Because the static black hole solution of Ref.!^ is 
identical to that of regularized scalar-tensor theories and other quantum-corrected 
theories of gravity,!? 1758-59 the rotating black hole metric (3) also corresponds to 
these theories. The rotating black hole admits up to two distinct horizons whose 
radii r_ < r4 can be identified as real positive roots of the A = 0. The variation of 
both horizon radii with GB coupling is shown in Fig. 1, it is evident that the event 
horizon radius decreases and Cauchy horizon radius increase with a. For a given 
value of spin a, there exists a extremal value of GB coupling a = ag for which 
degenerate horizons r_ = r, exists, such that for o > ag horizons disappear and 
the central singularity becomes globally naked. Similarly, for a given value of a, 
one can find the extremal value of spin a — ag which leads to degenerate horizons 
r_ — r,. In this paper, we will only consider the black hole case viz., a € ag. 


2.0 


15r 


1.0F 


r,/M 


05; 


0.000 0.005 0.010 0.015 0.020 
al M? 


Fig. l. Event horizon (solid green) and Cauchy horizon (dashed red) radii variation with a for 
different values of a = 0,0.40M,0.60M (from outside to inside). 


The optical appearance of the black hole in the presence of a bright background 
or the illuminated matter accretion flow is known as the shadow. The light from 
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the source gets strongly lensed by the black hole in the vicinity of the horizon 
and receive by a faraway observer on the opposite side of the source. Synge,9? and 
Luminet?! led the study of black hole shadow and calculated the capturing angle 
of the Schwarzschild black hole. For the first time, the shadow of the Kerr black 
hole was reported by Bardeen® in his pioneering work in 1973. The rotating EGB 
metric (3) belongs to Petrov type-D spacetimes, and thus the geodesics equations 
are completely integrable. The metric (3) carries two Killing vectors 0; and 0g, 
associated with the time translational and rotational invariance of the spacetime 
geometry. The components of photon four-momentum p” projected along these 
Killing vectors are constant of motion, which in this case can be identified as the 
energy E and axial angular momentum magnitude L;. We follow the Hamilton- 
Jacobi formalism to determine the null geodesics equations of motion around the 


rotating black hole, which read as follows??: 63 
dt r? + a? 2 2 DEC") 
Y =N (E(r? +a”) — aL;) — a(aE sin? 0 — L+), (5) 
dr 
g 7 EVR), (6) 
dé 
X— =+ 0 
Z = +00), (7) 
do a 2 2 L, 
X— = — (E(r* 4 Li E--———), 
ace (E(r? + à?) — aL) (o du ;) (8) 
where 7 is the affine parameter along the null geodesics and 
R(r) = ((r? - a?) E - aL;)! — A((aE — L+)? + K), (9) 
Lj 
e(8) — K — — - eg) cos? . (10) 
sin 0 


The constant K is the separability constant related to the Carter constant Q 
through Q = K + (aE — L,)*. Carter constant appears as a conserved quantity 
associated with the hidden symmetry described by the second-rank Killing tensor. 
We introduce the impact parameters for the photons geodesics, which are constant 
along geodesics and defined in dimensionless form as follows?’ 


TERES (11) 
Photons may get scattered, captured, or follow bound orbits around the black hole 
depending on the values of (i, eta). Because of the black hole rotation, photons 
can either co-rotate or counter-rotate along with the black hole, whose radii vary 
differently with black hole spin. At 0 = 2/2, Carter’s constant vanishes, and the 
photons follow the circular orbits with radii rj, which can be determined by solving 
Y = 0. Whereas for 0 Z 7/2 the Carter constant is positive definite and the photons 
follow the non-planar orbits with radii rj < rp < Ji . The photons following the 
spherical orbits of constant coordinate radii rj around the black hole are character- 
ized by 7 = 0 and ? = 0. This results into the critical values of impact parameters 
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(Écrit, Nerit) for the unstable orbits?? 


a (a? + r?) A'(r) — 4rA(r) 
crit — aN(r) . , 
r? (8A(r) (2a? + rA'(r)) — r?A'(r)? — 16A (r)?) 


erit ——————————YAÁTLAg —Àá 12 
"Te a2 A! (r)2 et) 


where ’ stands for the derivative with the radial coordinate r. Furthermore, these 
spherical photons orbits are the non-planar orbits that periodically cross the equa- 
torial plane and construct a photon region around the black hole. As a result, the 
photons following the spherical orbits, beside having a motion along the ¢ direction 
also move along the 6-direction. For visualizing the black hole shadow, we consider 
a distant observer at position (ro, 09). The coordinates (X,Y) define the observer 
image plane, such that the stereographic projection of the shadow from the celestial 
sphere to the image plane is defined as follow 
X — lim (^: sino ) ] 


Toco 


Y = lim (5). (13) 
T 


Toco 
For an asymptotically far observer, Eq. (13) leads to 


X = — Ecrit CSCI, 


= x 4/ nerit + a? cos? ĝo — £2. cot? Oo . (14) 


X? +Y? = nci + Erit + a? cos? 0o. (15) 


and satisfy 


'The parametric curve Y vs X delineates the shadow's boundary of the rotating 
EGB black hole. It is clear that the non-rotating black hole (a — 0) cast a perfectly 
circular shadow silhouette. For 09 Z 0 or 7 the rotating black hole shadow shifts 
in the direction perpendicular to the black hole rotation and appears distorted, 
whereas for 09 = 0,7 shadows is centered at (0,0) and is perfectly circular for all 
values of a. The maximum off-center displacement of shadow appears for 05 = 7/2. 

In April 2019, the EHT collaboration using the VLBI technology unveiled the 
first-ever horizon-scaled image of the supermassive black hole M87*.*-:4? The M87* 
image shows powerful relativistic jets, which could be emerged from magnetohy- 
drodynamic interactions between the accretion disk and the rotating black hole. 
Considering the orientation of these jets in M87*, the inclination angle (angle be- 
tween the rotational axis and the line of sight) is estimated to be 179.94 Hereafter, 
for our analysis of EGB black hole shadows, we will consider the inclination angle 
o = 17°. The rotating EGB black holes shadows with varying a and a are depicted 
in Fig. 2. It is evident that the shadow size decreases with increasing a, such that 
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H a=0.10M a=0.10M i] 
i a=0.20M — —a=0.40M I 
1 --- q-0.30M --- a=0.60M I 
b. [eee a=0.50M 


Fig. 2. Plot showing the rotating EGB black holes shadows with varying parameters a and a. 
Solid black curves in the upper panel are for the Kerr black holes. 


the rotating EGB black hole shadows are smaller than the Kerr black hole shad- 
ows. Furthermore, the rotating black holes shadows are not perfectly circular. To 
characterize the shadow size and the deviation from the circularity, we introduce 
the shadow observables, namely, shadow area A and oblateness D as follows9?:96 


Je 2 | yax z 2 f (r=) dii (16) 


dry 
X, — Xj 
Dan — 1 
A (17) 


Jr 
Tp 


p 
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where the points on the right, left, top, and bottom of the shadow boundary are 
designated by subscripts r,l,t and b. The shadow boundary, defined by (X,Y), is 
a function of spherical photon orbits radii rj. Interestingly, photons with different 
orbit radii construct the different parts of the shadow boundary. Therefore, as one 
moves along the Y-axis in the shadow image, one sees deeper or far away from the 
black hole. The behavior of the shadow observables A and D with varying a and 
o is shown in Fig. 3. The shadow area monotonically decreases with a and a, and 
the oblateness increases with increasing a. To estimate the rotating EGB black hole 
parameters, we make a contour plot of observables A and D as functions of a and 
a in Fig. 4. Therein each solid red curve corresponds to constant values of A and 
dashed blue curve to D. The intersection point of observables A and D determines 
the unique and precise values of the black hole parameters a and a. Hence, from 
Fig. 4, it is clear that for a given set of 4D EGB black hole shadow observables, 
A and D, we can determine information about black hole spin and GB coupling 
parameter. 


80 


S s 
S Be Pee 
Pg EN 2 


70} ^M 1 


0.000 0.005 0.010 0.015 0.020 ; 0.005 0.010 0.015 
a/M? a/M? 


Fig. 3. Upper: The observables A and D vs a for a = 0.0M? (solid black curve), for a = 0.005M? 
(dashed blue curve), and for a = 0.01M? (dotted magenta curve). Bottom: The observables A and 
D vs o for a = 0.0M (dotted magenta curve), for a = 0.1M (dotted green curve), for a = 0.3M 
(dashed blue curve), for a = 0.6M (long-dashed brown curve), and for a = 0.8M (solid black 


curve). 
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Fig. 4. Contour plots of the observables A and D in the plane (a, o) for the rotating EGB black 
holes. Each curve is labeled with the corresponding values of A and D. Solid red curves correspond 
to the A, and dashed blue curves are for the oblateness parameter D. 


3. Constraints from the M87* shadow 


Although the M87* black hole shadow is found to be consistent with the Kerr 
black hole image as predicted in the general relativity, the non-Kerr black holes 
are also not ruled out. Very recently, the EHT collaboration team has set stringent 
constraints on the physical charges of a large variety of modified gravity black 
holes by using the M87* shadow.” The M87* shadow is of crescent shape with 
the circularity deviation AC < 0.10 (10%) in terms of root-mean-square deviation 
from average shadow radius, axis ratio < 4/3, whereas the angular diameter 04 is 
42 + 3uas.^^?? Here, we will model the M87* black hole as the rotating 4D EGB 
black hole and use the M87* shadow observables to place constraints on the black 
hole parameters. 

For this, we define the shadow boundary with polar coordinates (R(y), p) such 
that the origin is at the shadow center (Xo, Yo). Figure (2) infers that the rotating 
black hole shadow is always Zo symmetric around Y — 0. However, due to black 
hole rotation, the shadow center shifts from X — 0, and as a result, the shadow 
is asymmetric along the Y axis. It ascertains that the shadow center is (Xo — 
|X; - Xi|/2, Yo = 0), where X, and X; are the maximum and minimum abscissas of 
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the shadow boundary in the image plane. The radial coordinate of shadow boundary 
from its center reads as 


Rie) = V XE EU Yo}, em c (LÀ). 


whereas shadow average radius R is defined asf’ 


1 2n 


p2 + 2 
R= ond, R"(q)dg. (18) 


We describe the circularity deviation AC to quantifies the shadow deviation from 


a perfect circle as a measure of the root-mean-square deviation of R(y) from the 
68-70 


AC = zz "didam da. (19) 


clearly, for a circular shadow of spherically symmetric black hole AC — 0. Second 
observable is the shadow angular diameter 04, which for a far distant observer, at 
a distance ro from the black hole, is defined as 


yg. He V AJm, (20) 
To 


and the third observable is the axis ratio 


shadow average radius 


AY 
Ax 
which is just the inverse of oblateness observable D, = 1/D. We have calculated 
these three observable AC, 04, and D, for the rotating 4D EGB black hole with 
M = 6.5 x 10? Mc and ro = 16.8 Mpc and plotted them in Fig. 5. The EHT bound 
for the M87* black hole shadow angular diameter 0; = 39 uas within the lo region, 
shown as the black solid line, constrained the a and a. The shadow angular size 
for the non-rotating extremal EGB black hole with a = 0,a = 0.019894367 M? is 
04 = 35.7888uas and for extremal Kerr black hole with a = M,a = 0 is 04 = 
36.8632as. For comparison, at the inclination angle 0, = 90°, the extremal Kerr 
black hole shadow angular size is 37.3534yas. The relative difference in shadow 
angular diameter 004 = (OalKerr — 0a|gG B)/Oa| ker is shown in Fig. 6. Clearly, 
604 < 17% and thus it is consistent with the Psaltis et al.*° findings. Furthermore, 
the axis ratio and the circularity deviation for the M87* black hole shadow allow 
all parameter space of the EGB black hole. 


4. Conclusions 


The underlying theory of gravity in the extreme-field regime is currently unknown, 
and insights into it are likely to be gained through observations. In this paper, we 
have investigated the rotating 4D EGB black hole. The EGB gravity theory has 
been of great interest and importance due to second-order field equations and being 
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Fig. 5. Circularity deviation observable AC (top), the angular diameter 04 (middle), and axis 
ratio Dz (bottom) as a function of (a,a@) for the rotating EGB black holes. Black solid lines 
correspond to the M87* black hole shadow bounds 04 = 39pas within the 1e region, such that the 


region above the black line is excluded by the EHT bounds. 
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Fig. 6. Relative difference between the shadow angular diameter size of a rotating EGB black 
hole and a Kerr black hole with the same mass. 


free from ghost instabilities. The rotating black holes possess two distinct horizons 
that eventually merge to form the degenerate horizon for the extremal values of 
the GB coupling parameter œ = ag. The null geodesics equations of motion were 
obtained in the first-order differential form, and the analytical expressions of the 
critical impact parameters for unstable spherical photon orbits are derived. The 
shadow contours are drawn for the rotating black hole for 09 = 17? inclination angle 
and compared with those for the Kerr black hole. The rotating black hole shadows 
deviate from the circularity. The shadow observables A and D are calculated, and 
it is shown that the EGB black hole shadows are smaller and more distorted than 
those for the Kerr black hole. Furthermore, these observables are used to estimate 
the black hole parameters. We modeled the M87* black hole as the rotating 4D 
EGB black hole and used the deduced shadow observables AC, 05, and D, for the 
M87* to constrain the EGB black hole parameters. We have found that only 04 
within lo region placed stringent bound the EGB parameters. Whereas AC and 
D, allows all parameter space. The constraints deduced for 09 = 17° are weaker 
than those deduced for 09 = 90° in Ref.?? However, it is important to account for 
systematic uncertainty when identifying observable shadow characteristics like the 
emission ring and center brightness depression, especially when using low-resolution 
data, to gravitational qualities like the size and shape of the critical curve. Future 
observations utilizing an improved ground or space-based array might significantly 
reduce these systematic errors, and we anticipate better constraints on the GB 
coupling parameter. 
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A lattice regularization for the 2d projectable Horáva-Lifshitz (HL) quantum gravity is 
known to be the 2d causal dynamical triangulations (CDT), and the 2d CDT can be 
generalized so as to include all possible genus contributions non-perturbatively. We show 
that in the context of HL gravity, effects coming from such a non-perturbative sum over 
topologies can be successfully taken into account, if we quantize the 2d projectable HL 
gravity with a simple bi-local wormhole interaction. This conference paper is based on 
the article, Phys. Lett. B 816 (2021), 136205.! 
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1. Introduction 


Two-dimensional models of quantum gravity are useful for understanding some 
aspects of non-perturbative physics, since they can be examined beyond the frame- 
work of perturbation theory by analytic computations in many cases. One of such 
models is the two-dimensional causal dynamical triangulations (2d CDT),? which 
is a lattice toy model of quantum gravity with a global time foliation. Global hy- 
perbolicity imposed at the quantum level do not allow for any topology change in 
the CDT model, and the continuum limit can be described by quantum mechanics 
of a 1d universe.? 

Yet another toy model for quantum gravity that has a global time foliation is 2d 
Horáva-Lifshitz (HL) quantum gravity that was introduced first in higher dimen- 
sions to resolve the issue of perturbative renormalizability by breaking the diffeo- 
morphisms down to the foliation-preserving diffeomorphisms,? ^ and so the model 
has a preferred foliation structure. The projectable version of the 2d HL quantum 
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gravity was discussed in the articles," and in particular it was shown that the 
canonical quantization of the model yields exactly the same quantum Hamiltonian 
as the one obtained by the continuum limit of 2d CDT.? Therefore, one can interpret 
2d CDT as a lattice regularization for the 2d projectable HL quantum gravity. 

Although the creation of baby universes and wormholes (handles) is not allowed 
to occur in the original setup of CDT, one can generalize the 2d model to include 
such configurations in a manner consistent with the scaling limit," and such a gen- 
eralized model can be fully described by a string field theory for CD'T?^. Here the 
word "string" refers to the 1d spatial universe. Based on the string field theory, 
one can take into account all genera (handles) as well as all baby universes of the 
two-dimensional spacetime. In addition, as long as one only asks for the amplitude 
between the states describing connected spatial universes separated a proper time 
t, this sum over topologies and baby universes can effectively be described by a 
one-body Hamiltonian.! !? 

Having the equivalence between the continuum limit of 2d CDT and the 2d 
projectable HL quantum gravity, we discussed in the article! what kind of effec- 
tive interaction should be added to the classical Lagrangian of the 2d projectable 
HL gravity when canonically quantized, in order to obtain the above mentioned 
one-body quantum Hamiltonian that includes all wormholes and baby universes 
obtained in 2d CDT. The answer is that it is enough to include a simple bi-local 
and spatial wormhole interaction that is compatible with the foliation-preserving 
diffeomorphisms. 

This article is organized as follows. In Section 2, we give a brief introduction 
to 2d CDT and 2d HL quantum gravity, and explain the relation between the two. 
In Section 3 the string field theory for CDT is described and we introduce the 
one-body quantum Hamiltonian that includes all possible topologies. In Section 4, 
we introduce a simple wormhole interaction to the 2d projectable HL gravity and 
show that one can precisely recover the one-body Hamiltonian when canonically 
quantizing the model. Section 5 is devoted to discussions. 


2. CDT and Horáva-Lifshitz gravity in two dimensions 


In this Section, we review causal dynamical triangulations (CDT) and Horáva- 
Lifshitz gravity (HL) in two dimension, and explain the relation between the two. 


2.1. 2d CDT 


The starting point is a globally hyperbolic manifold equipped with a global time 
foliation: 


Mz[JZX, (1) 


tcR 


?'The time-independent amplitudes can be also computed by the matrix model for CDT? and by 
the new scaling limit of the Hermitian one-matrix model.!° 
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where each leaf X, is a Cauchy “surface”. 2d CDT is a model which quantizes 2d 
geometries with such a proper-time foliation. The geometries in the path integral 
are regularized by piecewise linear geometries constructed by gluing together special 
kinds of triangles.? Each triangle consists of one space-like edge and two time-like 
edges such that a square of the space-like edge is positive, a2 — &?, while it is 
negative for the time-like edge, a? = —ae? with positive a. 

If we prohibit a creation of baby universes, a reasonable choice of the action is 


the cosmological constant term that is regularized as follows: 


CNET / dx «/—det(oes) , 


VA 1 
> Spi{T;a] = -5 x = x tr) ; 


(2) 
where the bare cosmological constant Ao is replaced by the dimensionless cosmolog- 
ical constant u, and the quantity in the parentheses is the discretized area of the 
triangulation T, i.e. the area of each triangle times the number of triangles n(T). 
The lattice action Sg in eq. (2) is called the Regge action. 

For computational convenience we implement a rotation to the Euclidean sig- 
nature which can be done by replacing a with —a: 


V4a—1 


TOME) = -nun(T), (3) 


iSr|T;a] > S£? [-o; T] = -u 
where we have absorbed a numerical factor into the dimensionless cosmological con- 
stant. Note that this map is a bijection between individual Lorentzian and Euclidean 
geometries. 

In CDT, the integration over diffeomorphism equivalent classes of metric g keep- 
ing both initial and final geometries fixed can be regularized by the sum over “all” 
triangulations. Therefore, the 2d Euclidean path-integral regularized by CDT is 


Gi ice (lt; l2; T) = 5 e ENT) : (4) 


TET (li,lo;T) 


where 7 (l;,lo;T) is a set of triangulations such that the initial and final bound- 
aries whose lengths are kept fixed to lı and lọ are separated by 7 Euclidean time 
steps. 

One can compute the amplitude (4) analytically through the use of the generat- 
ing function for the numbers GO ell, l3; T).? As in the case of lattice QCD, tuning 
the UV relevant coupling constant u/&? to its critical value ./e? and taking £ > 0 
in a correlated manner, one can transmute the dimension of the lattice spacing to 
the renormalized coupling constant: 


A:— lim E ; (5) 
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where A is the renormalized cosmological constant. Introducing the renormalized 
quantities, boundary lengths and a proper time such that 


by = ely " by = ela , t i= ET E (6) 


one can obtain the renormalized amplitude G® (£1, (5;t) that is known to satisfy 
the differential equation:?? 


- Eoo (21, la; t) = HO (6) G9 (6, 05;t) , (7) 


where HO is the quantum Hamiltonian defined as 


HO) = 22 yu, HOW = "La M. HO(p- o, M. (8 
o (07 atur + ~1(f) = fa + 4 --3st* . (8) 


Here the label a in eq. (7) specifies the ordering of the Hamiltonian. If we define a 
quantum state of the one-dimensional universe whose length is £ as |£), the amplitude 
GO) (€;, (5: t) can be rewritten as 


GO (£4, £5; t) = (£e tH 6214) . (9) 


In fact, each ordering specifies the geometry of the quantum state |f), ie. if 
a = 0,—1, +1, then the geometry of the one-dimensional universe is open, closed 
with a mark, and closed, respectively.?^? Marking a point on a closed universe is 
analogous to introducing a coordinate. The Hamiltonian is hermitian with respect 
to the following inner product: 


(OHO |b) = | - (HO (OW) dua(l), with dpal) 2 tdt. (10) 


As a result, the physics of 2d CDT can be described by the quantum mechanics 
of a one-dimensional universe. 


2.2. 2d projectable HL gravity 


The starting point is the same as that of CDT, i.e. a globally hyperbolic manifold 
equipped with a global time foliation (1). A natural parametrization for the metric 
on such a geometry is given by the Arnowitt-Deser-Misner metric: 


g = —N?ds? + hii(dx + N'ds)(dx + N!ds) , (11) 


where hi; is the spatial metric on the leaf; N and N+ called lapse and shift func- 
tions, quantify the normal and tangential directions of the proper time to the leaf, 
respectively. 

The 2d HL gravity is introduced as a theory that keeps the foliation structure,’ 
or in other words, it is invariant under the foliation preserving diffeomorphisms 
(FPD): 


s3ostf%(s), coa+&(s,2). (12) 
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Under the FPD, the fields transform as 


dehy = El ohi + € Qiii + 2h30i€ , (13) 
beNy = EXO, Ni + N10,£" + hirot! , (14) 
SeN = E4O,N + NOE? , (15) 


where Ni = hy NH. 

Note that if the lapse function N is a function of time, N = N(t), it stays 
as a function of time under the FPD. The 2d projectable HL gravity satisfies this 
condition on N, and it is defined by the following action: 


yes JE NVa ((1—n)K? - 2) , (16) 


where n, À and & are a dimensionless parameter, the cosmological constant and the 
dimensionless gravitational coupling constant, respectively; h is the determinant of 
the metric h11, i.e. h = h11; K is the trace of the extrinsic curvature Ky, defined as 


1 
Ki = 2N (Oohi1 = 2V1N1) ; with VAN, = ON, = ieee . (17) 
Here Il, is the spatial Christoffel symbol: 
1 
Tj; = ghh . (18) 


In principle, one can add higher spatial derivative terms to the action (16), but they 
are not needed since 2d gravity is renormalizable without such terms and we will 
omit such terms. 

The quantization of 2d projectable HL gravity was discussed in,°’® and in par- 
ticular, it was shown that the quantum Hamiltonian coincides with the contin- 
uum Hamiltonian of 2d CDT when the following identification of the parameters is 
made:? 


À " 
E «1, A>O, k&-4(1-]). 19 
mo (1-9) (19) 


where A is the renormalized cosmological constant in 2d CDT (5)?. 

Let us briefly explain how to recover the quantum Hamiltonian (8) from the 
quantization of 2d HL gravity. Introducing the conjugate momentum of Vh as 7, 
we have in the canonical formalism the Poisson bracket 


{Va a) nsa) = de — a), (20) 


and corresponding to the Lagrangian (16) we have the Hamiltonian 
) ( K 2 2- ) 
H = | de || - — | +N | ——— rvh + —XVh)|. 21 
Je C) rati n 


bWe have set unimportant dimensionless gravitational constant as & = 4(1 — n). 
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If we solve the momentum constraint at the classical level, i.e. 
or 
Vh 

the system reduces to a one-dimensional model with the Hamiltonian 

2. 
H — N(s) — 5 _7?(s)6(s) + —AM(s)|, with (s dx /h(s, x) 
4(1 — m) K 

Hereafter choosing the correct sign for the kinetic term, ie. 7 < 1, we use the 


parametrization (19) with positive A in order to discuss the relation to 2d CDT. 
The classical 1d system with the Hamiltonian (23) can be alternatively described 


by the follow ing action: 


where Ê :— dé /ds. 'This system is invariant under the time reparametrization, s — 
s + ¿° (t), which is ensured by the lapse function. In fact, the proper time, 


=0, => m-m(s), (22) 


t =f ds N(s) , (25) 


and the length, ¢ = ¢(t), are invariant under the time reparametrization, and so it 
makes sense to discuss the probability amplitude for a 1d universe to propagate in 
the proper time t(> 0), starting from the state with the length /; and ending up in 
the one with length /5.? Such an amplitude can be computed based on the path- 
integral, and we evaluate it by a rotation to the Euclidean signature for convenience. 
In our foliated spacetime, for n < 1, we can implement this procedure by a formal 
rotation, s — is, which yields the amplitude: 


DN(s) =e 7 
(0, p, ty = Dll s)e— Sel (8).€(8)] 2 
GO 60 = [sr foa (s)e l (26) 


where Diff[0, 1] is the volume of the time reparametrization; Sp is the Euclidean 
action given by 


1 j2 
£ 
Sg = ds | —— + AN 27 
i f li (s 3 d 
where Ê :— dé/ds. 
We set N — 1 as a gauge choice. One can show that the corresponding Faddeev- 
Popov determinant only gives an overall constant, which we will omit in the follow- 
ing. The amplitude (26) then becomes 


£(t)—45 t ¿2 
GO) (£5, £1; t) = l DL(s) exp -f ds +Al 
£(0) = 0 m 


; (28) 
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which can be expressed in terms of the quantum Hamiltonian H that is unknown 
at the moment: 


GO (£5, £1; t) = (lale |) , (29) 
where |/) is a quantum state of the 1d universe with the length /. By standard 
methods (see e.g. the article?), one can determine the quantum Hamiltonian from 


eq. (28) and eq. (29). One obtains precisely the 2d CDT quantum Hamiltonians 
given by eq. (8) if the integral measures are chosen as 


DLs) = [| 4&9) , (30) 
s=0 


where a = 0, X1. The measures (30) are consistent with eq. (10) introduced in 2d 
CDT. 

Therefore, we can conclude that 2d CDT is a lattice regularization for the 2d 
projectable HL quantum gravity. 


3. Sum over all genera in 2d CDT 


One can generalize the 2d CDT model so as to include spatial topology changes 
(splitting and joining interactions of 1d universe) in keeping with the foliation struc- 
ture, and this is described by promoting the 1d quantum mechanics to a field theory 
of 1d universes, which is called the string field theory for CDT.5 Here the word 
"string" means a 1d closed spatial universe. 

We introduce an operator that creates a marked closed string with the length 
l, V (£), and an operator that annihilates a length £ closed string without a mark, 
V(£). They satisfy the commutation relation: 


(W), WL =L- L), [w(0,w(?)| = [w'(),w'(?)] = 0. (31) 


The vacuum |vac) is defined by 0 = W(£)|vac) = (vac|W! (4). 
The CDT amplitude (9) can be written in terms of the string field Hamiltonian 
obtained by sandwiching the one-body Hamiltonian: 


GO (£1. £5; t) = (vac|W(£2) eo ^ wi (£,)|vac) , (32) 
where 


HO = i T Tyi (om wo . (33) 
0 


In order to incorporate topology change, one has to include suitable interactions, 
and the full string field Hamiltonian is given by:? 


x 
I 


AO- f UOYD- f d [ ats hs) ots e toys t) 
0 0 0 


— ags J dh | d£ W'(£1 + 5), U (£142 W(£5) , (34) 
0 0 
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where the second, third and fourth terms mean a string vanishing into the vacuum, 
the splitting interaction with the string coupling gs, and the joining interaction with 
the coupling ag,, respectively; o is a constant introduced for counting handles. In 
general one can compute the following amplitude: 


A(L, lmi es Ut) = (vae W(£) (£e IP wi (A). WT ()|vac) . 
(35) 
From now on, we focus on the full propagator G(£1,£5;t)(:— A(£;£5;t)) that 
includes the sum over all genera (handles) and baby universes, and so we simply set 
a = 1. In this case, somewhat miraculously, the full propagator in the multi-body 


system can be described by an effective one-body system:! 12 
0? 
G(£,£5;t) = (£j]e * P114) , with H= B -TA—g,£. (36) 


All the contributions coming from the sum over all genera and baby universes can 
be effectively described by the last term —9,4?. Although the Hamiltonian (36) is 
not bounded from below, it belongs to a class of Hamiltonians which are called 
"classical incomplete", where the Hamiltonians have discrete energy spectra and 
square integrable eigenfunctions. 

The effective one-body system given by eq. (36) can be also described by the 


path-integral:! 14 


£(t)—£5 t j2 s 
G(4, £5; t) =f Dí(s) exp - f ds (aa +t) a0) . (3T) 


£(0)—44 


If we choose the integral measure such that 


Dt(s) = [| (9&9 , (38) 
sz) 


where a = 0, +1, all possible orderings of the full one-body Hamiltonian (36) can 
be realized. As explained in the article,!^ in order for the functional integral to be 
well defined, the boundary conditions on ¢(s) at infinity have to be chosen such that 
the kinetic term counteracts the unboundedness of the potential. As we will see, the 
information about the boundary conditions also appears in the classical Hamiltonian 
constraint (42) of 2d projectable HL gravity with a wormhole interaction. 

In the next section, we will show that the path-integral (37) can be obtained 
quantizing the 2d projectable HL gravity with a wormhole interaction. 


4. Wormhole interaction in 2d projectable HL gravity 


We consider 2d projectable HL gravity with a space-like wormhole interaction given 
by the action: 


Iw = = | dsavv(s) Vis.) (a — n)K? (s, £) — 23) 
+6 | dsN(s) | dees ic Ica (39) 
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where B is a dimensionfull coupling constant. One can show that the action (39) 
is invariant under the FPD (12) with the projectable lapse function, N = N(t). 
The bi-local interaction in eq. (39) relates two distinct points at an equal time. The 
action is a simplified version of the general bi-local action suggested in the article,!? 
made possible because HL gravity is invariant only under the FPD (12) and not the 
full set of diffeomorphisms. 

Following the same procedure explained in the section 2.2, we quantize the 
system with the action (39). Introducing a conjugate momentum of vh as m as 
before, we move on to the canonical formalism, and the Hamiltonian is 


me n [N;C! (s, v) + NC(s,a)] , (40) 

where 
Cl(s,z) = AR ! (41) 
C(s,a) = iicg vhi.) + Ayna) — BVM a) | dra heraa) : 
(42) 


If we solve the momentum constraint (41) at the classical level, the system again 
reduces to the 1d system with the Hamiltonian: 


K 


H = N(s) (Herons) tZ) - se) ! (43) 


where £(s) :— fda \/h(s,x). Hereafter choosing the correct sign for the kinetic 
term, i.e. 7 < 1, we use the parametrization (19) with positive A as before. 
The classical Hamiltonian constraint (42) can be solved as 


r? ——A-4 BL O0, (44) 


for V AL > 1/€ with € :— 8/A?/?, and otherwise, the classical Hamiltonian constraint 
(42) requires / = 0 on the constraint surface. As in the 3 = 0 case, when quantizing 
the system based on the path-integral, we don't have any problem with respect to 
the quantization around ¢(s) = 0. 

Simply repeating the procedure in the section 2.2, one can show that the am- 
plitude (37) can be precisely recovered by quantizing the 2d projectable HL gravity 
with the bi-local interaction based on the path-integral, if 8 = gs. 


5. Discussions 


We have canonically quantized the 2d projectable HL gravity with a simple space- 
like wormhole interaction, and shown that the quantum Hamiltonian is equivalent 
to the one-body quantum Hamiltonian that includes contributions coming from all 
wormholes and baby universes obtained in the string field theory for CDT, if gs = 6 
and A = \/(2(1—7)) where 8 > 0, A > 0 and y <1. 
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Let us consider the classical Hamiltonian constraint C (42) in the parameter 
region above. When VA > 1 /& where € is a dimensionless quantity defined by 
€ :— g,/ A97, the constraint surface is given by 3? = —\ + gsl > 0. However, when 
VA < 1/£, the only allowed solution is / = 0. In the case of the 2d projectable 
HL gravity (8 = gs = 0), with the parameter region corresponding to 2d CDT, i.e. 
A > 0, the only solution to the classical Hamiltonian constraint is £ = 0. Therefore, 
when V/A < 1/€, the classical solution of the 2d projectable HL with the wormhole 
interaction will be close to that of the 2d projectable HL gravity, if one sits in 
the parameter region above; they can be quite different when V/A > 1 /£. Such a 
relation also holds at the quantum level. As shown in the article,!^ when VAL < 1/€ 
the eigenfunctions of the one-body quantum Hamiltonian including all wormholes 
and baby universes, H_; (36), can be well approximated by the eigenfunctions of 
the quantum Hamiltonian of 2d CDT without wormholes and baby universes, H (0) 
(8). On the other hand, when V/A > 1/£, their behaviors are quite different, and 
in this case, in order for the theory to be well-defined, the unbounded nature of the 
potential in H_, will be counteracted by the kinetic term. This balance between the 
kinetic and potential terms is precisely what is reflected in the classical Hamiltonian 
constraint (42). This is also consistent with the boundary conditions on £ at infinity 
in the path-integral (38). 

The picture of creation and annihilation of baby universes and wormholes is 
conceptually straightforward in the string field theory for CDT.® Nevertheless it is 
somewhat surprising that one from this can derive an effective one-body Hamilto- 
nian which can describe propagation of a single spatial universe, i.e. the propagation 
where the spatial universe starts with the topology of a circle and at a later time 
t has the same topology, but where it in the intermediate times is allowed to split 
in two and either one part disappears in the vacuum (a baby universe), or the two 
parts join again at a later time (then changing the spacetime topology). This pro- 
cess of joining and splitting can be iterated at intermediate times and using string 
field theory we can perform the summation of all iterations and derive the effective 
one-body Hamiltonian (36). From the point of view of unitary evolution (or using 
Euclidean time, semigroup evolution, to be more precise), as given in eq. (29), it is 
difficult to understand how a complete set of intermediate states can both be given 
by the one spatial universe states |) and by the complete multi-universe Fock states 
of the string field theory (for a recent discussion of this issue see i.e.1°). However, 
this seems to be the case by explicit calculation, and we find it even more surprising 
that the simplest wormhole interaction term added to the classical action as in eq. 
(39) leads to precisely the same single universe quantum Hamiltonian as found in 
the string field theory for CDT. 
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The Vector-Tensor (VT) theories of gravity are a class of alternative theories to General 
Relativity (GR) that are characterized by the presence of a dynamical vector field besides 
the metric. They are studied in attempts to understand spontaneous Lorentz violation, 
to generate massive gravitons, and as models of dark matter and dark energy. In this 
article, I outline how the nature of singularities and horizons in VT theories differ greatly 
from GR even under the same ordinary conditions. This is illustrated with Einstein- 
aether theory where vacuum black hole solutions have naked singularities and vacuum 
cosmological solutions have new singularities that are otherwise absent in GR. It would 
be interesting to explore these deviations using gravitational waves. 


Keywords: Vector-tensor theories of gravity, Modified theories of gravity, Lorentz viola- 
tion, Spacetime singularities, Naked singularities, Event horizon, Universal horizon 


1. Introduction 


In the 1960s and early 1970s Roger Penrose, Stephen Hawking and Robert Geroch 
proved, independently and often in collaboration, a series of theorems on global fea- 
tures of spacetimes in GR. These theorems implied that singularities are inevitable 
in physically important situations of gravitational collapse and cosmology. The un- 
preventable existence of singularities for wide classes of rather general models in 
GR (and other classical theories of gravitation) marks the breakdown of the theory. 
'That is why understanding singularities is crucial for us to find a replacement of 
GR at very high energies. Even after decades of work, very little is known about 
the structure and properties of spacetime singularities. For the latest developments 
on these issues, I refer the reader to the recent reviews by Witten,! and Penrose,” 
and also an accessible introduction to the subject by Joshi.? 

In this paper, we are interested in studying how the presence of a dynamical 
vector field present in VT theories affects the nature of singularities in comparison to 
GR. There are many VT theories, but of them the Einstein-aether (EA) theory has 
the most general diffeomorphism-invariant action involving a spacetime metric and 
a vector field with the field equations being the second-order differential equations 
in terms of not only the metric but also the aether field. We study both timelike and 
spacelike singularities in EA theory. To this end, we consider both black hole and 
cosmological singularities. In both cases, by computing the Kretschmann scalar, we 
guarantee that we are dealing with curvature singularities, not conical or caustic 
singularities. 
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The paper is organized as follows. The Section 2 presents a quick overview of VT 
theories. Section 3, briefly outlines the EA theory. In Section 4 and 5, we present 
future and past singularities respectively. We end with a short summary in Section 6. 


2. Vector-Tensor Theories of Gravity 


One simple and straightforward extension of GR involves an introduction of a dy- 
namical, timelike four-vector field in addition to the dynamical metric. This class 
of theories is referred to as Vector- Tensor theories of gravity. In some models, the 
four-vector is unconstrained, while in others it is constrained to have unit norm. The 
examples of unconstrained theories are Will-Nordtvedt theory^? (1972), Hellings- 
Nordtvedt theory? (1973) and General vector-tensor theory’ (1981). The con- 
strained theories include Kostelecky-Samuel theory? (1989), Einstein-Aether the- 
ory? (2001) and Khronometric theory!? (2010). 

The most general action for such a theory which is Lagrangian-based and whose 
equations of motion involving the vector-field are linear and at most of second order 
is given by, 


1 
S= aol [m Jabu ut) R— K” mn Vau” Vou” 4-A(gapu ub --1) V-g d'z, (1) 
T 
where 
K” mn = eru Jmn + 26%, ób + 36262, — cau uP gmn, (2) 


the c; being dimensionless coupling constants, and A is a Lagrange multiplier enforc- 
ing the unit timelike constraint on the aether. The parameter w is taken to be zero 
in constrained theories, while \ is set to zero in unconstrained theories.!! Below, 
we give the conditions under which different VT theories can be obtained from the 
general action given above. 


e Will-Nordtvedt theory: A = 0, c = —1 and c2 = c3 = c4 = 0 
e Hellings-Nordtvedt theory: A = 0, «i 2, Co = 2w, c1 + c9 + c3 = 0 and 


CA = 0 
e General vector-tensor theory: A = 0, c1 —2e—7, C2 = —N, C1 +C2 +03 = —T 
and c4 = 0 


e Kostelecky-Samuel theory: w = 0 and u^ is not necessarily timelike. 

e Einstein-Aether theory: w = 0 and u® is always timelike unit vector. 

e Khronometric theory: w = 0, c1 = —€, c2 = AK, c3 = Pete and c4 = ag +e 
where the limit e — oo is to be taken. 


Although a lot of work is done on VT theories, there are few reviews on the 
subject.!? From the latest phenomenological studies,!? ? it is evident that EA 
theory is the most representative of the VT theories and observationally relevant. 
For this reason, we shall restrict our discussion to EA theory. 
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3. Einstein-Aether Theory 
'The general action? of the EA theory is given by 


i 
OTE ee / [z — K” mn Vu" Vou” + A(gayu*u* +1)| VZgd r + Smaner, (3) 
where 
Rn = e19 oras. + 26%, 6° + 36260, — c4u* uh gmn, (4) 


the c; being dimensionless coupling constants, and A is a Lagrange multiplier en- 
forcing the unit timelike constraint on the aether, and 02,05 = g°°gamg°’gan. In 
the weak-field, slow-motion limit EA theory reduces to Newtonian gravity with a 
value of Newton’s constant Gy related to the parameter G in the action (3) by, 
ë 
G=Gy (1-3). (5) 
Here, the constant c14 is defined as 


C14 = C1 + C4. (6) 


Note that if c14 = 0 the EA coupling constant G becomes the Newtonian coupling 
constant Gy, without necessarily imposing cı = c4 = 0. For c14 > 2 the coupling 
constant G becomes negative, implying that the gravity is repulsive. The coupling 
constant vanishes when c14 = 2 which renders the action undefined. Thus, physi- 
cally interesting region is 0 € c14 < 2. These free parameters have been severely 
constrained using many observational/experimental tests, including gravitational 
waves. 16 

The field equations are obtained by extremizing the action with respect to in- 
dependent variables of the system. The variation with respect to the Lagrange 
multiplier A imposes the condition that u^ is a unit timelike vector, thus 


gapu^u? = —1, (7) 
while the variation of the action with respect u^, leads to 
Va KEN mU” + cau" Vsus Vyu* + àw = 0, (8) 
the variation of the action with respect to the metric gmn gives the dynamical 
equations, 
Gace = acier ES mp mener, (9) 
where 
1 


Einstein 
Gab = Ra — PEL 


1 
pecker = Vald” (aU) + u* Sab) — J(a ^upj) = 59a Ja V out + Auqup 
+ e[VaucVyu* — V*us V cue] + c4u* V eus ud V qug, 


—2 ð (y —gLmatter) 
matter = 1 
ab /-9 Ógab ( o 
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with 
Jg REL OV uf. (11) 


In a more general situation, the Lagrangian of GR is recovered, if and only if, the 
coupling constants are identically zero, i.e., c4 = cg = c3 = c4 = 0. 


4. Naked Singularities in Einstein- Aether Theory 


In this section, I show that naked singularities appear in EA theory which are 
otherwise covered by event (Killing) horizons in GR. For this, we start with the 
most general spherically symmetric static metric, 


ds? = —e? AW) dt? + €? 3) dr? + 20? + r? sin? Odd”. (12) 


In accordance with equation (7), the aether vector is taken to be unitary and 
timelike, 


ut = (e74) 0, 0,0). (13) 


This choice is not the most general and is restricted to the scenario where aether is 
static. The aether must tip in a black hole solution as it cannot be timelike to be 
aligned with the null Killing vector on the horizon. As that is not the case with our 
choice, our solutions are valid only outside the Killing horizon. However, this is not 
going to be problematic for the solutions presented here. 

The timelike Killing vector of the metric (12) is giving by 


x° = (-1,0,0,0). 14) 
The Killing and the universal horizon!’ are obtained finding the largest root of 
X^ Xa = 0, 15) 
and 
x Ue = 0, 16) 
respectively, where x^ is the timelike Killing vector. Thus 
sum UR 17) 
X Ua = e^), 18) 


For the metric in Eq. (12), the tt, rr and 00 components of the vacuum field 
equations (10) are given by, 


2(A— B) 
-E [eu(-2r2 A B! 4 72 A? 4 272 A" 4 Ar A) — ArB! — 22? 4.2] — 0, (19 
2r? 
1 
=a (eir? A? + ArA! — 262? +2) — 0, (20) 
— rg QrA" — 2rA B' 24! - 2B! — (4 — 2)A?) — 0. (21) 


2e2B 
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The Kretschmann scalar for the metric (12), is given by 


K= (2B°r? EIE eB " 2e2B 3e 3 9A? rr? E r^ A'? 


TAgAB 


Ort A" A? = 2r* A" B' A' 4 r^ A I 2r* A’? p' ES rB? A”) : (22) 


It is not possible to solve these equations analytically for a general case. However, 
there exist closed form solutions for c14 = 16/9 and c14 = 48/25, both of which are 
within the permitted range. More details about the method employed to obtain 
these solutions are found in our papers.!*:!? 


For c14 = 16/9, the metric functions and Kretschmann scalar are given by, 


A- —SIn(r) e imn Ira vr 8r]. 


1 1 r r 
--—- = — + —— 24 
B sin(2) + gn (I RR). pa) 


768/78 [rir + 8)? + (384 + 104r + 7r?) / r F 3n 
me bra icd ee caufla ee ee (25) 


jp (res VEEST) | 


From the above equation, we can see that there exists a curvature singularity at 
r — 0. The Killing and universal horizons for this case are obtained by finding the 
roots of the following, 


X Xa = —r-3 (r +44 (r4 8r) 


njw 


“=0, (26) 


Xua =r- (r+4+ VFO) =O. pn 


We can see easily that these equations do not have any real root. Thus, there exists 
neither Killing horizon nor universal horizon. 

For c14 = 48/25, we see the same behavior as in the previous case, but the 
mathematical expressions are quite lengthy. So, instead of presenting them here, I 


refer the reader to our paper.!? 


5. Cosmological Singularities in Einstein- Aether Theory 


In this section, I show that initial singularities appear in EA theory which are oth- 
erwise absent in GR. For this, we start with the most general isotropic and homo- 
geneous universe is described by a Friedmann-Lemaitre-Robertson- Walker (FLRW) 
metric, 


dr? 


1 — kr? 


ds? = —dt? + B(t)? +r7d6? +r? sin? 0d9? | , (28) 
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where, B(t) is the scale factor and k is a Gaussian curvature of the spacial slice at 
a given time. The appropriate aether vector for this metric is given by, 


u“ = (1,0,0,0). (29) 


The standard definitions of the Hubble parameter H(t) and the deceleration pa- 
rameter q(t) are given by, 


no = ZH, (30) 
jo (31) 
Bit) 


where the symbol dot denotes the differentiation with respect to the time coordinate. 
The Friedmann-Lemaitre equations are given by, 


B\ [BOV A k 
(: * z) (32) =3 BO?’ p 
BN B(t) A 
E j 5) BOT 3 (33) 


where A is the cosmological constant. The Kretschmann scalar for FLRW metric is 
given by, 


K= = L2 + 2kB(t)? + B(t)* + B(t BHP. (34) 


We can solve the above equations for nine different combinations of A and k. How- 
ever, here I present only the three cases involving k = —1, because these solutions 
are non-singular in GR but are singular in EA theory. The theoretical consistency 
requires 8 = cy + 3c2 + c3 > —2. A detailed discussion on other cases can be found 
in our article.?° 

For A > 0, k = —1, the Friedmann-Lemaitre equations have two solutions that 
exist for 6 +2 > 0, 


A 
3eV mEt) — LR 3 V/A 


1 
Bı(t) = — | —- ——S +H —————— 35 
fe) 2VA | eVAT3- VA Vant- G3) 
xA (t—to) 
By(t) = 1 3e CREDI , VAF3+ VA (36) 
j 2V A ey A--34- X e V Baa (67 to) 
Both are singular at, 
O 3(8 +2), [2 2 
tsing(B1) = to = ^ 8A — ln E T 3* A(A T 3) + 1 > (37) 
u 3(8 + 2) 2 2 
tsing (Bo) = to + 8^ In E a 3° A(A Ir 3) + | . (38) 
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The metric is not singular for 6 = 0 as the curvature invariant being E. But, the 
metric is singular for 6 + 2 > 0 with 6 Æ 0. This means it exists only in EA theory 
but not in GR. 

For A = 0, k = —1, we have two solutions satisfying £8 + 2 > 0, 


Bit) 214 prego (39) 
2 
Ba(t) 214 245 — to) (40) 
Both are singular at 
tsing(B1) = to + = (41) 
tsing( Bo) = to — c (42) 


For 8 = 0 which corresponds to GR, the solution exists and is never singular with 
the curvature invariant being zero. But, the metric is singular for 6 + 2 > 0 such 
that 6 Z 0. This means it is a new singularity that exists only in EA theory but 
not GR. 

For A < 0, k = —1, there exists two solutions satisfying 6 + 2 > 0, 


soja Tet- to) + sin! 4) (43) 


Bz (t) = n sin | 3084.2 = t) + sin! 4) (44) 


Both are singular at 


tsing (By) = to — 


tsing (B3) = to E (46) 


For 8 — 0 the solution exists but is never singular with the curvature invariant 
2 
being SAL. But, the metric is singular for 8 + 2 > 0 with 6 Z 0. This means it is a 


new singularity that exists only in EA theory. 
'The above results are independently confirmed by studying the focusing of con- 
gruence of timelike geodesics using the Raychaudhuri equation.?? 
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6. Conclusions 


Many of the deep conceptual issues related to gravity are closely connected with 
the very existence spacetime singularities. The singularity theorems predict only 
the existence of spacetime singularities under a set of physically reasonable condi- 
tions, but not say much else about them. In principle, spacetime singularities and 
event horizons are two totally different and independent concepts in gravitational 
physics. However, the Cosmic Censorship Conjecture (CCC) suggests that when- 
ever a spacetime singularity occurs it always stays hidden within an event horizon. 
But, the mathematically rigorous formulation of the CCC, let alone its proof, is still 
an open problem. We have attempted to understand these issues in VT theories of 
gravity with the hope that we might look at GR from a fresh perspective. 

In this paper, we investigated how the presence of timelike vector field in EA 
theory affects the nature of singularities in comparison to GR theory. Firstly, I 
have illustrated with two analytical solutions (c14 = 16/9 and 48/25) that the 
Schwarzschild metric in EA theory is singular at r — 0 but it is not covered by 
neither Killing horizon nor universal horizon, whereas the corresponding case in 
GR has horizons. Thus we have naked singularities. Astrophysically, a naked singu- 
larity is distinguishable from a black hole of the same mass from the the luminosity 
of the accretion disk as it extends very close to the naked singularity.?! Secondly, I 
have shown that for three different cases with k = —1, the FLRW vacuum solutions 
in EA theory are singular, but non-singular in GR. All these solutions are within 
the experimentally allowed parameter space. Initial singularity is in principle visi- 
ble. However, from the data we know that our universe has k — 0, thus making this 
result observationally not viable. The important take away is that the new singular 
solutions show that GR. and EA theories have different global structures even for 
the simple situations. 
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Horava-Lifshitz and Einstein-/Ether gravity in the light of 
Event Horizon Telescope observations of M87* 
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We investigate Horava-Lifshitz and Einstein-/Ether gravity in light of the Event Hori- 
zon Telescope (EHT) observations of the M87*. We calculate the corresponding photon 
effective potential, the unstable photon sphere radius, and finally the induced angular 
size, which combined with the mass and the distance can lead to a single prediction that 
quantifies the black hole shadow, namely the diameter per unit mass d. Since dayg7x is 
observationally known from the EHT Probe, we extract the corresponding parameter 
regions in order to obtain consistency. We find that Einstein-/Ether black hole solutions 
agree with the shadow size of EHT M87*, if the involved Ether parameters are restricted 
within specific ranges, along with an upper bound on the dimensionless spin parameter 
a, which is verified by a full scan of the parameter space within lo-error. 


Keywords: M87* observations; Event Horizon Telescope; Einstein-/Ether gravity; Hořava- 
Lifshitz gravity. 


1. Introduction 


In the light of recording the first stunning new radio images of the supermassive 
black hole (BH) that exists at the center of nearby galaxy M87* by *Event Horizon 
Telescope” (EHT),^? the black-hole shadow has become one of the most exciting 
events in observational astronomy. Historically the concept of the black hole shadow 
comes from the 70's with the seminal works.? In these studies it was found that the 
non-rotating BH has a perfect circular shadow, while by taking the rotation into 
account the shape of shadow is elongated due to the dragging effect.* 

'The dark area over a brighter background in the center of the image is termed as 
“BH’s shadow”, and it is predicted by general relativity as the null geodesics in the 
strong gravity area.” In particular, photons with some critical angular momentum, 
will swirl around the BH one ring by one ring which makes the unstable boundary 
of the shadow, which is the same as the shining halo observed in EHT image. 
Nevertheless, given that the shape and size of the shadow contains traces of the 
geometry vicinity of the BH, and similarly to the quasinormal modes approach, one 
can consider the shadow as a potential probe to investigate the BH structure within 
different gravitational theories. 

Horava-Lifshitz’ !? and Einstein-/Ether (EA) theory! “4 are generally covariant 
theories of gravity, which violate the Lorentz invariance locally, and the latter pos- 
sesses a dynamical, unit-norm and timelike vector field, called “ether field”, which 
defines a preferred timelike direction at each spacetime point. EA gravity includes 
a number of coupling constants called ether parameters. In the present work we 
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are interested in investigating Horava-Lifshitz and Einstein-/Ether theory using the 
EHT observations of the M87*, based on.!? Throughout the manuscript we adopt 
natural units where A = kg = c-— 1. 


2. Rotating black-hole solutions in Einstein-/Ether gravity 
The action of the EA theory is!! 


1 
= = LLL. [dxy-g(R ; 1 
S = SeH + SAE ud x g(R Lar), (1) 


which includes the standard Einstein-Hilbert action Sgy plus the ether action 
Sag. In the above action, R, GgA4 and Lag refer respectively to the Ricci scalar, 
the /Ether gravitational constant and the Lagrangian of the ther field u^, which 
is defined as 


LAgp--— (eg gw + 025700 + 036908 — cau uP guv) (Vau")(V gu") + Ao(u? +1). 
(2) 


Here, Ao is a Lagrangian multiplier, ensuring that the /Ether four-velocity wu? is 
always timelike (i.e. u? = —1). All of four coupling constants (c1, c2, c3, c4) in the 
above expression are dimensionless, and thus G Ag is linked to the Newtonian con- 
stant Gy via two of them, namely Gag = 3252-5 As usual, variations of the 
total action with respect to guv, u^, Ao yield, respectively, the field equations.!? 
There exists a corresponding slowly rotating black hole solution, with a spheri- 


cally symmetric ether field configuration (A(r) = 0), namely!? 


dr? 4M 
ds? = —e(r)dt? + a5 +r? (dé? + sin? Odd”) — — sin? Odtdé, (3) 
with 
2M 27513 2M \* 
=1-—- ———__(— }.. 4 
em) r 256(1 — c13) ( r ) (4) 


Note that for convenience we have replaced the angular momentum J by introducing 


the rotation parameter!’ a through a = a. 


3. Black hole shadow 


As usual, in order to study the geodesics structure of the photon trajectories, we 
begin with the Hamilton-Jacobi equation 


Os 1, OS Os 

8X - 37 Bae Ba” * ©) 
where S and A denote respectively the Jacobi action of the particle (here photon) 
moving in the black hole spacetime, and the affine parameter of the null geodesic. 
Concerning the massless photon propagating on the null geodesics, the Jacobi action 


S can be separated as 


S — —Et 4t Jo 4- S, (r) + Se(0) , (6) 
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where E and J respectively address the energy and angular momentum of the 
photon in the direction of the rotation axis. Furthermore, the functions S,(r) and 
Se (0) have only r and 0 dependencies, respectively. 

By inserting the Jacobi action (6) into the Hamilton-Jacobi equation (5), using 
also the metric components (3), we find that the photon trajectories are expressed 


in terms of the radial geodesics and the effective potential U.rr(r) as: P? 
dr V? 
(X) «uin -o (7 
with 
e(r) 4M na 
Uate E a) (8) 


where € = Z, n = k. The above two impact parameters € and 7 are actually 
the principle quantities for determining the photon motion. We can extract the 
geometric shape of the shadow via the allowed values of & and 7 that satisfy the 
above conditions. Thus, we arrive at 


2(n + rer) - (n + E)r e(r) + 12MEa = 0. 9) 


By solving this equation one acquires the radius rps of the photon sphere, which 
since we have taken the rotation effect into account is expected to be between the 


two values rj,. 


For slowly rotating BHs we immediately find that for the spherical-orbit photon 
motion the two parameters £ and ņ have the form 
u r?[re'(r) — 2 e(r)] 
-~ AMaf[e(r) + re'(r)] ' 
7 —r®[—2e(r) + re'(r)? + 48M?a?r? [e(r) + re' (r)] 
16M?a? [e(r) + e'(r)] : 


&(r) (10) 
(11) 


As usual, to describe the shadow as seen by a distant observer, one introduces the 
following two celestial coordinates X and Y :9 


do 
= . ety 
X= jim (-" sin ne) , (12) 
dé 
; 2 1 
= lim Te (13) 


where rą and 69 are respectively the distance between the observer and the black 
hole, and the inclination angle between the line of sight of the observer and the 
rotational axis of the black hole. By applying the geodesics equations along with 


the expressions ae — — and g£ ES c we obtain 
X = —€(rps) csc 0o , (14) 


Y= tiros) d E? (Tps) cot? 0o , (15) 
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and therefore these two celestial coordinates fulfill 

x? t y*z E? (rps) RE Diss Pas) ) (16) 
where rps is the aforementioned radius of the unstable photon sphere. This is the 
expression of the EA BHs shadow in the slow rotation limit. As a self-consistency 


check, we can see that in the Schwarzschild limit, namely a — 0, the above equation 
becomes X? + Y? = 27M?, as expected. 


3.1. Einstein-/Ether black hole solution 


In order to draw the shadow of the BH solution we need to calculate two essential 
quantities, namely the event horizon radius re and the radius of the unstable photon 
sphere rps. In order to find the even horizon of metric (3) we have to solve 


27¢13 
4_ 2Mr? — — — _M*=0 17 
5 n 16(1 = c13) i ( ) 
where c13 = c4 + c3. This leads to 
3M? 1 M? 
Ter. = "up ES —4s? + 3M? — = (18) 
3M? 1 M? 
Tes, = “oe 2 —As? T 3M2 + P (19) 
where 
1/3 
= 3M?Q + Q? + Ao Q- Ay + yA? — 448 (20) 
M 12Q : B 2 
1 2 
Ao = so loe aga Aj zs 29c Ape (21) 
A(1 = C13) 2(1 = C13) 


Solutions r;,2 are imaginary and thus not physically interesting. Nevertheless, by set- 
ting c13 to zero the third solution becomes r3 — 2M, as expected from Schwarzschild 
background. Thus, we deduce that r3 addresses the event horizon radius re of the 
Einstein-/Ether BH solution. 
We proceed by setting 7 = 0, and inserting the £5, from Uess = 0 
4 
pir n E 1 q Dist rs) (22) 


(tue los 4M?a? |’ 

into (9). Then, using e(r) from Eq. (4) we finally result to the following equation 
a? (a1 — 8) (e13 — 1) E [8laici3 + 16 (a1 + 16) (c13 — 1) ipm 

—48 (a1 + 8) (c13 — 1) r5,] =0, (23) 


with 
64a? (c13 = 1) (Tps = 2m + 16 (c13 = 1) + 27¢13 


(c13 — 1)a? (24) 


ay = 


The solution of Eq. (23) will provide the radius of the photon sphere rps. 
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4. Confrontation with and M87* observations 


We can now proceed to the investigation of the constraints on the aether parameter 
c13 that arise from the EHT Observations of the shadow of M87*. In particular, the 
size of the resulting shadow is sensitive on the aether parameter c13, and hence the 
image of M87* is able to impose bounds on them. 

In light of the report released by EHT collaboration for the shadow of M87* 
in^? for the angular size of the shadow, the mass and the distance to M87* one 
respectively has the values 


ô = (42 + 3) parcsec, (25) 
M = (6.5 + 0.9) x 10? Mo, (26) 
D = 16.817, Mpc, (27) 


where Mo is the Sun mass. One can merge this information by introducing the 
single number dyaz., which quantifies the size of M87*'s shadow in unit mass, 
defined as!” 


Dó 


d c= z 11.0 1.5. 2 
M87 M 0 5 (28) 


'This combination can be used in order to confront with the theoretically predicted 
shadows (e.g. the above number is in agreement within lo-error with what we 
theoretically expect for the Schwarzschild BH, namely dgenw ~ 10.49). 


Fig. l. Left graph: The predicted diameter per unit mass d for the Einstein-/Ether black hole 
solution (3) with (4), as a function of the æther parameter c13, for several values of the rotational 
parameter: a — 0 (black - solid), a — 0.1 (blue - dashed), a — 0.2 (red - dotted), a — 0.3 (purple - 
dashed-dotted). Right graph: d as a function of the rotational parameter a, for c13 = —0.5 (blue 
- dashed), c13 = 0 (black- solid), c13 = 0.5 (red- dotted). In both graphs the shaded area mark 
the observationally determined diameter per unit mass of M87*'s shadow, namely djaz., within 
lo-error. 


In order to confront Einstein-/Ether solutions with the above observational num- 
ber, all we need is to calculate the angular size ó as a function of the Einstein-/Ether 
parameters. The angular size can be immediately extracted from the profile (16), 
as long as we know the radius of the unstable photon sphere rps (as a function of 
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the Einstein-/Ether parameter). Knowing 6 can then easily lead to the predicted 
diameter per unit mass d. Note that in agreement with EHT, from now on we fix 
the value 09 = 17 for the inclination angle. 

In Fig. 1 we depict the diameter of the predicted shadow d as a function of c13 and 
a, on top of the observed one from M87* within 1e. As we observe, the Æther BH 
solution is able to quantitatively describe the shadow size of M87*, provided that the 
dimensionless spin parameter a is constrained to specific values, dependent on c13. 
Note that since our whole analysis has been restricted to the slow rotation case, the 
extracted upper bounds on a are perfectly consistent and justify our approximation. 
The curves in Fig. 1 imply that within these ranges of c13 it is possible to distinguish 
a naked singularity (c13 < 0) from BH (cig > 0). Furthermore, in order to present 
the bounds on spin parameter a in a more transparent way, we perform a full scan 
of the two-dimensional parameter space and in Fig. 2 we depict the region which 
corresponds to a d in agreement with the observed value dyaz.. As it is clear from 
it as well as from the right panel in Fig. 1, by moving from negative to positive 
values of æther parameter c13, the upper bound on the a grows. This may be useful 
in distinguishing between BH and naked singularity. 


Fig. 2. The allowed parameter region (green) in the c13 — a plane, for fixed BH mass (M = 
6x 10? Mo), for the Einstein-/Ether black hole solution (3) with (4), that leads to diameter per 
unit mass d in agreement with the observationally determined one djrgz. within lo-error. 


We mention here that in order to create the allowed parameter space plots on 
the c13 — a plane, we have fixed the BH mass to M = 6x 10? M. Nevertheless, one 
can also perform a similar parameter scan for the case of non-fixed BH mass, namely 
within the two-dimensional parameter space (c13, M), for different fixed values of 
the rotation parameter a. In Fig. 3 we present such a graph. As we observe, for 
reasonable c13 values, the BH mass lies within the range we expect from EHT for 
M$87*, i.e. M = (6.5+0.9) x 10? Mo. Furthermore, Fig. 3 shows the role of rotation 
on the allowed region of the c13 — M plane, namely by increasing the rotation 
parameter we are led to larger region for the c13 parameter and still be consistent 
with EHT data within 1-c error. In summary, Einstein-/Ether BH solution is in 
agreement with M87* observation, and moreover we obtain a restriction to low 
rotational values. 
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Fig. 3. The allowed parameter region (green) in the c13 — M(10? Mg) plane, for fixed rotation 
parameter values a = 0 (left graph) and a = 0.2 (right graph), for the Einstein-/Ether black hole 
solution (3) with (4), that leads to diameter d in agreement with the observationally determined 
one dyaz« within 1o-error. 


5. Conclusions 


In the present work we investigated Horava-Lifshitz and Einstein-/Ether gravity 
in light of the recent Event Horizon Telescope (EHT) observations of the M87*. 
In particular, the EHT provided the first visual evidence indicating directly the 
existence of a compact object such as a supermassive black hole candidate at the 
center of the M87* galaxy. Since the shape and size of the observed BH shadow 
contains information of the geometry in the vicinity of the BH, one can consider 
the shadow as a potential probe to investigate the BH structure within different 
gravitational theories, due to the fact that in modified gravity one obtain black 
holes which deviate from those of general relativity.!? Hence, allowing for a modified 
gravity as the underlying theory enriches the calculation framework with different 
size-rotation features as well as with extra model parameters. 

We first extracted the black hole solutions for EA gravity, and we calculated the 
corresponding effective potential U. y ;(r) for the photons, the resulting event horizon 
radius re and the radius of the unstable photon sphere rps. Then we straightfor- 
wardly calculated the induced angular size 6, which combined with the mass and the 
distance can lead to a single prediction that quantifies the black hole shadow size, 
namely the diameter per unit mass d. Since daz. is observationally known from the 
EHT Probe, we extracted the corresponding parameter regions of Einstein-/Ether 
theory in order to obtain consistency. 

Apart from the restriction of the aether parameter c13 to specific ranges, we found 
some constraints on the dimensionless spin parameter a in slow rotation limit, de- 
pendent on the values of ether parameters, which was verified by a full scan of 
the parameter space. Furthermore, our analysis has indicated that in the Einstein- 
JEther theory is possible to distinguish a naked singularity from BH. This is indeed 
a verification of the fact that in modified gravity one obtains different size-rotation 
features, depending on the extra model parameters, and hence the M87* observa- 
tion can be in principle described in different ways comparing to general relativity, 


1111 


especially in theories which possess various corrections on the Kerr-metric solu- 


tions, such is the case in Horava-Lifshitz and Einstein-/Ether gravity. In summary, 
Einstein-/Ether black hole solutions are in agreement with EHT M87* observation. 
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This paper is a summary of a talk given in the proceedings of Sixteenth Marcel Gross- 
mann Meeting (MG16). We study a (3+1)-dimensional Hofava-Lifshitz (HL) gravity 
which coupling with an anisotropic electromagnetic (EM) field which is obtained from 
a (4+1)-dimensional HL gravity. The model has a noticeable feature that gravitational 
and electromagnetic waves have the same velocity in the Minkowski background and the 
Friedman-Robertson-Walker (FRW) background. Based on this characteristic we put for- 
ward a new way to restrict the parameter of the HL gravity by considering the possible 
Lorentz violation effect of the GRB 1708174. It turns out that in this way we can place 
a stringent constraint on the parameter of (44-1)-dimensional HL gravity. 


Keywords: Horava-Lifshitz gravity; Lorentz violation effect; GRB 1708174. 


1. Introduction 


The first gravitational wave (GW) event from a binary neutron star merger, 
GW170817, was detected by LIGO and Virgo Collaboration,! opened the era of 
multi-messenger astronomy, which create an opportunity to study gravity and cos- 
mology by multiple observations. At the same time, its EM counterpart —GRB 
170817A— was observed by Fermi-GBM with a time delay At = (1.74 + 0.05)s.? 
Analyzing the time delay between GW170817 and GRB 1708174, one can impose 
a stringent constraint on the speed deviation between GWs and the GRBs. This in 
turn may put restrictions on certain models of modified gravity. However, due to 
the lack of more similar GW events and the way of direct detection of the speed of 
GWs, it is necessary to develop new methods to restrict the GWs velocity. In view 
of this, we turn to consider the GW's counterpart: the gamma ray bursts (GRBs). It 
is of great interest to investigate whether we can limit the velocity of GWs from the 
GRB data. If this is possible, it may provide an independent approach in restricting 
the parameter of some modified models of gravity. 

On the other hand, Lorentz invariance has been confirmed rigorously in low en- 
ergy and the light speed is a constancy in General Relativity (GR). However, the 
viewpoint that the possible Lorentz violation (LV) will happen at energies compa- 
rable with the Planck scale (Ey; ~ 1.22 x 101? GeV) has been proposed in many 
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quantum gravity theories. This possible LV effect may have been observed in some 
high-energy astrophysical phenomena such as gamma-ray bursts, active galactic nu- 
clei (AGN) and Crab pulsars, etc., and the LV energy scale can be estimated by 
analyzing the observed time delay or spectra delay of the gamma rays.? Then we 
wonder if the possible LV is common in these high-energy astrophysical phenomena, 
the GRB 1708174 would have the similar LV behavior. It can be then used to study 
GWs and restrict the parameter of some modified theories of gravity. 

For this reason, in this work we consider a special modified model of grav- 
ity: a (3+1)-dimensional HL gravity couple with the electromagnetic field which 
is obtained from a (4 + 1)—dimensions HL gravity through a Kaluza-Klein (KK) 
reduction. The wave equations for gravitational and EM fields can be obtained by 
linear perturbations. One of the most significant characteristics of this model is 
that the speeds of gravitational and EM waves are the same, no matter it is in 
the Minkowski background or the Friedman-Robertson- Walker (FRW) background. 
Based on this feature, we can impose restrictions on the propagation velocity of 
GWs by considering the possible LV effect of the accompanied GRB, which in turn 
can be applied to limit the parameter of some gravity theories. 


2. The (4+1)-dimensional Hofava-Lifshitz gravity 


We begin with a (4+1)-dimensional HL gravity. The action of the non-projectable 
HL gravity in (44-1) dimensions is, 


S(guv, Np, N) EL K” AK? 4+ BM R+aa,a"+V(guv,N)}, (1) 


where u, v—1, 2, 3, 4. V(gu,, N) expresses the higher terms, we can ignore these 
terms because the most energetic particles of the GRB events are much less than 
the HL energy scale. 
The Hamiltonian density H can be expressed as 
A a 
1—4A g 


where 7" is the conjugate momentum to guy and we have added the the primary 


pv 
H= van oe + BO R—aa,a"| 22 " V,N, +0Py, (2) 


constraints by multiplying the Lagrange multipliers c and N,. 

In Eq.(2), we notice that À = 1/4 is a kinetic conformal point which will elim- 
inate a scalar mode, but it has no influence on gravity and electromagnetic modes 
which we are interest. In order to analyze the couplings between gravity modes 
and electromagnetic modes, we can perform a KK reduction and reduce the the- 
ory to (34-1) dimensions. The specific approach is to decompose the 4-dimensional 
Riemannian metric g,, in the following way? 


Jij $AÀiÁA; GA; 

Juv = ( g A; Nest 3 ; (3) 
pA; $ 

where 7; is a 3-dimensional Riemannian metric, Aj, A; are the anti-symmetric 

electromagnetism vectors, and $ is a scalar field. After a canonical transformation, 
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the Hamiltonian density (2) can be rewritten by *4;;, Ai, o and their conjugate 
momenta p;;,p; and p. Variations with respect to variables ?;;, Ai, ¢, p?, p’, p 
generate the equations of motion.* 

For the scalar field ¢ and its conjugate momenta p, we can get their solutions 
from the equations of motion and find they are constants, regardless of whether it 
is in the Minkowski background or in the FRW background. As a consequence, one 
can assume ¢ = 1 and p = 0 without loss of generality. Under this condition, for 


the Minkowski background we have 


Jij = fij, pij 20, N = 1, A; = p; = 0, N; = Ng = 0. (4) 


and for the FRW background it becomes 


Vig = alt)’ à, pij =0, P= -a(t àlt), N 21, A; p; 20, Ni - N4—50, = 1. 

(5) 

In order to get the wave equations of gravitational tensor and electromagnetic 

vectors, we can perform perturbations in both two backgrounds. The perturbations 
of the Minkowski background are 


^ij = Óij + ehij, pij = eQij, Ni = eni, Na = ena, 
N=1+en, A; = efi, Pi = Eki, P= ler, p= €x, (6) 
and for the FRW background we have 


^ij = a(t)? (dig + chij), pij = Nij, p = —a(t)?à + Ex, 
N; = eni, Ng = eng, N=1+en, Aj = £i, p; = eG, O= 1+ er. (7) 


where hij, Qij, nj, n4, n, €i, Gi, T, X are linear perturbations for each field. 

Inputting these perturbations into the equations of motion, the equations of 
motion at the linear order of e can be obtained. Imposing the transverse traceless 
(TT) gauge conditions of tensors and vectors, and combining the constraint con- 
ditions, the wave equations of the EM vectors and the gravitational tensors in the 
Minkowski background are 


& — PPAR = 0, (8) 
hy? — Be ARTT — 0. (9) 


Similarly, the wave equations in the FRW background can be obtained in the same 
way, they are 


& + HE. — 8C AST = 0, (10) 
TT LET 2ALTT _ 
hi -F3Hh;; — pc Ahi; =0, (11) 
where H = a(t)/a(t) is the Hubble parameter. 
From these wave equations, we can find that the propagation velocity of the EM 


waves and the GWs are the same, that is, //Üc, no matter whether it is in the 
Minkowski background or in the FRW spacetime. In other words, in this model the 


1115 


speed of GWs is exactly identified with the one of the EM waves. This remarkable 
feature allows us to examine possible LV of the model (and in turn place possible 
constraints on the parameter of the model) by detecting the deviation of the speed 
of the EM waves from the usual speed of light. In what follows we will present how 
can one get the deviation of the speed of the EM waves by analyzing the observed 
GRBs data. 


3. Lorentz violation from GRB photons 


Considering possible LV, the dispersion relation of a particle with energy E can be 
phenomenologically written as? 


E? =p??? + m?c* — Yes E*( 2 Ys (12) 
Erva 
where n is an integer, which corresponds to linear or higher-order dependence of 
the energy in question. s, = +1 is the sign factor of the LV correction, which 
indicates that the high-energy photons spread slower than the low-energy photons 
or vice versa. All GRB data we adopt in this paper have the sign s, = 1. Erv, 
is the nth-order LV energy scale which can be obtained from the time delay or the 
spectra lag of the high-energy particles generated from astrophysical sources such 
as the GRBs, the active galactic nuclei(AGN) and the Crab pulsars, etc. 
In this paper, the GRB 1708174 is a photon event which has the mass m = 0. 
Consider only the linear effect n = 1, Eq. (12) then becomes 


pe (13) 


P= (1 EM 
“Erva 


The propagation velocity will be modified by the relation v = 0E /OP. Comparing 
to the speed of EM waves in the previous section, the parameter 8 has the relation 


s= þi-a( 2] T 


Evi 


From the relation (14), we can find that the propagation velocity of the GRBs 
v/Bc depends on the energy of photons and LV energy scale Ery.i, that is to say, 
the LV effect will lead to 6 z 1. The expression of Erv, turns out to be 


1 En- E f (1+ z")dz' 
E 

UHo Atty 0 h(z') i 
where h(z) = /Q, +QK(1 +2)? +9m(1 +2) +OR(1+2)4 and Ho, z, Ep are 
the Hubble parameter, the redshift and the energy of the high-energy photons, 


respectively. E; is the energy of the low energy photon that the energy is low and 
we can neglect it. 


Ernyi-— (15) 


Removing the intrinsic emission time lag in the source, we can get the value of 
Erv, from the time delay or spectral lag of GRB 1708174 under ideal conditions. 
However, due to the lack of the data of high-energy photons (the GRB 170817A 
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was only observed by Fermi-GBM), the explicit time delay or spectral lag of the 
GRB 1708174 was not detected.? Our strategy is to assume that the possible LV 
observed from other GRBs is generic, that is to say, the GRB 170817A would 
have the similar LV behavior. We therefore take the value of Ey obtained from 
these GRB data. It turns out that Ery has the following characteristics: Firstly, 
using different GRB data will get different constraints on Er v.,. Secondly, different 
analysis methods, energy sections or cosmological models will effect the result even 
if the same event such as GRB 090510. The full list of the restrictions on Erv, 
can be found in our previous work," which indicates that Ery ranges from 10!7 
GeV to 102° GeV from the time lag of the GRBs (the newest GRB events,? where 
Ezy. ~ 101” GeV, is also in this range). 

As for the highest energy of the photon of the GRB 1708174, we estimate it by 
gamma-gamma absorption with the bulk Lorentz factors [ in the early phase. The 
specific method is presented in Ref.? 


I?(m,c?)? 


Ehigh,an(1 + z)? , (6) 


Ehigh = 
where z is the redshift of the GRBs, m. is the mass of electron, Enigh,an is the 
spectral break/cutoff energy and Enign is the corresponding highest energy of pho- 
tons. Generally speaking, one can assume Epighjan = Epeak (the peak energy of 
the Band fit of the GBM data), which implies those photons have the maximum 
probabilities to undergo the absorption with the highest-energy photons (Eig). 
As to the value of the Lorentz factor, we apply the estimated values (100 — 1025) 
as suggested in the literatures,!°:!! combining the observations data of the GRB 
170817A (Epeak = (185 + 62) keV and z œ 0.01 in?), we can have an estimation 
Ehigh ~~ (10 = 200) GeV. 

Based on these two estimations, we can find that the speed of the GRB 170817A 
has a tiny deviation with the light speed c due to the possible LV effect, and the 
deviation depends on the highest energy photons Enign and LV energy scale Ery.. 
In the most stringent constraint Ezy ~ 10° GeV,?? the deviation can be restricted 
in the range 


|Av/e| < (1071? — 10778). (17) 


4. Result 


With the constraint (17), now we can turn to discuss the constraint on the HL 
gravity. Recalling that the speed of electromagnetic and gravitational waves are the 
same as discussed in the previous sections. Therefore the speed of GW respects the 
same constraint as Eq. (17). This, in turn, puts a constraints on the parameter 8 
of the model 


[1-7 8| < (10719 — 10718). (18) 
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This is the main result of the paper. Some points should be addressed in what 
follows. Firstly, due to the lack of direct observation on the time delay of the GRB 
1708174, we do not have direct value of Er y, of this event. Instead, we estimate it 
by using values obtained from other GRB events. Therefore, the above result (18) 
depends on which GRB events we adopt. Secondly, up to date, the lack of more 
GW event companying EM counterpart makes it difficult to implement a statistic 
analysis. Hence, the system error of our result expect to be obvious. Moreover, 
this result has the limitation that it is only valid for the present HL gravity model 
which has the feature that the speed of EM waves and GWs are the same. In spite 
of these, our result is meaningful since it provide a new way to constraint the model 
parameter from the properties of matter (the LV effect of GRBs for example as what 
we did in this work). Meanwhile, with the development of detectors, the first two 
flaws will be wiped since we can expect with more events it is possible to directly 
observe the time lag of the EM counterpart. 


5. Conclusion 


In this talk we present a (3--1)-dimensional HL gravity couple to an anisotropic 
EM field, which can be obtained by a KK reduction from a (4+1)-dimensional HL 
gravity. The most remarkable feature of this model is that the electromagnetic and 
gravitational waves have the same speed, both in the Minkowski background and the 
FRW spacetime. Then we can use this feature to restrict the speed of gravitational 
wave and the parameter of model by analyzing the LV effect of the companying EM 
event, the GRB 1708174. We find, up to some estimations, the parameter 8 of the 
model can be received a more stringent constraint than the one obtained from GW 
analysis itself. 
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In this brief report, as the session convener of Hofava-Lifshitz (HL) Gravity (AT6), I 
summarize the main results of the 15 talks presented in the 16t” Marcel Grossmann 
Meeting, July 5-10, 2021. This session mainly focused on classical and quantum aspects 
of HL gravity and some related theories, such as Einstein-aether theory and khronometric 
gravity, as well as their applications to cosmology and astrophysics. 


Keywords: Anisotropic scaling; breaking Lorentz symmetry; quantizations; black holes; 
cosmology 


1. A Brief Introduction to Horava-Lifshitz gravity 


Horava-Lifshitz (HL) gravity is a theory proposed by Hořava in 2009.' To avoid 
Ostrogradsky's ghosts,?:? a problem that has been plaguing quantization of general 
relativity (GR) since the middle of 1970's,* Hořava chose to break the Lorentz in- 
variance (LI) by a Lifshitz-type of anisotropic scaling between space and time at the 
ultra-high energy, t — b~*t, zt > b-!a/*, (i = 1,2,...,d), where z denotes the 
dynamical critical exponent, and d the spatial dimension of the spacetime. LI re- 
quires z = 1, while power-counting renomalizibality requires z > d. With the above 
scalings, the time and space have, respectively, the dimensions, [t] = —z, [zt] =-]. 
Clearly, such a scaling breaks explicitly the LI and hence the diffeomorphism in- 
variance. Hořava assumed that it is broken only down to the level 


t—£o(t), z!— E (tz), (1) 


so the spatial diffeomorphism still remains. The above symmetry is often referred 
as to the foliation-preserving diffeomorphism, denoted by Diff(M, F). Introducing 
the Arnowitt-Deser-Misner (ADM) variables (N, N*, gij), where N, N? and gij, 
denote, respectively, the lapse function, shift vector, and d-dimensional metric of 
the leaves t = constant, it is found that they are scaling, respectively, as,! N — 
N, N* — V^ !N*, gij — gij, so that their dimensions are N = 0, [N*] = z — 
1, [gij] = 0. With the above symmetry, one can construct the basic operators of the 
fundamental ADM variables and their derivatives, which turn out to be, 


Riz, Kij, ai, Vi, (2) 
where a; = N;/N, and V; denotes the covariant derivative with respect to gij, while 


Rij and Kj; are the d-dimensional Ricci tensor, and the extrinsic curvature tensor 
of the leaves t= constant, respectively, constructed from the gi; and g' where 
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gi; g^ = oF, and Kij = (—Àij + ViNj + Vj;N;) /(2N), with gi; = Ogi; / Ot. These 
basic quantities are vectors/tensors under the coordinate transformations (1), and 
have the dimensions, [K;;] = z, [Rij] = 2, [ai] = 1, [Vi] = 1. With the basic blocks 
of Eq.(2), we can build scalar operators order by order, so the total Lagrangian will 


take the form, 


2z 
Ly = p» L (N, N*, gij), (3) 


n=0 


where ce denotes the part of the Lagrangian that contains operators of the nth- 
order only. Including all the terms that are allowed by the symmetry, it was found 
that there are about 100 terms appearing in the above action in the case d — z — 3. 

To reduce the number of independent coupling terms, Horava introduced the 
projectability condition,! which requires that the lapse function be a function of t 
only, N — N(t), so that all the terms proportional to a; and its derivatives will be 
dropped out. This will reduce the total number of the independent terms in Eq.(3) 
to 14 (including the cosmological constant and parity-violated terms). However, 
despite of various desired features, this condition leads to several problems, including 
that the Newtonian limit does not exist, and the six-order derivative operators are 
eliminated, so the theory is still not power-counting renormalizable. In addition, 
it is not clear if this symmetry is still respected by radiative corrections. Even 
more fundamentally, the foliation-preserving diffeomorphism (1) allows one more 
degree of freedom in the gravitational sector, in comparing with that of general 
diffeomorphism. As a result, a spin-0 mode of gravitons appears generically. This 
mode is potentially dangerous and may cause ghosts and instability problems, which 
lead the constraint algebra dynamically inconsistent. 

'To solve these problems, various modifications have been proposed.? In some of 
these models the Einstein-aether theory? and khronometric gravity!? are particular 
cases. For a recent review on these models, we refer readers to Ref. 8. 


2. Summary of the 15 Talks 


In this section, I summarize the main results of the 15 talks in a chronological order. 

e Sato presented a joint work with Ambjorn, Hiraga and Ito. In particular, 
they quantized the 2D projectable HL gravity with a bi-local as well as spacelike 
wormhole interaction, and found that the resulting quantum Hamiltonian coincides 
with the one obtained through summing over all genus in the string field theory 
for 2D causal dynamical triangulations. This implies that the wormhole interaction 
can be interpreted as a splitting or joining interaction of 1D strings. 

e Bellorin presented a joint work with Droguett, and showed that the Batalin- 
Fradkin-Vilkovisky (BFV) quantization scheme can be implemented in the nonpro- 
jectable 3D HL theory. The BFV quantization is based on the canonical formalism 
and suitable to incorporate the measure associated to the second-class constraints 
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that the theory has. They presented the Becchi-Rouet-Stora-Tyutin symmetry 
transformations in the canonical variables, and found that the theory is of rank 
one in the classification introduced by Fradkin and Fradkina. In particular, they 
found that the nonlocal gauge condition introduced in the projectable theory can 
be included among these gauges. 

e Satheeshkumar presented a talk on how the nature of singularities and horizons 
in vector-tensor theories differ significantly from GR. In particular, by considering 
Einstien-aether theory, based on a joint work with Chan and da Silva, he showed 
that, due to the presence of the aether field, vacuum black holes in GR are replaced 
by naked singularities, while new singularities appear in some cosmological models 
of GR. 

e Lappicy presented a joint work with Hell and Uggla on bifurcations and chaos 
in HL cosmology. In particular, they considered the initial singularity in spatially 
homogeneous Bianchi type VIII and IX vacuum models, where relativistic first prin- 
ciples are replaced with anisotropic scalings of Lifshitz type. Within this class of 
models, GR is shown to be a bifurcation where chaos becomes generic. To describe 
the chaotic features of generic singularities in HL cosmology, they introduced sym- 
bolic dynamics within Cantor sets and iterated function systems, and obtained the 
general properties of various cases. 

e Shu presented his joint work with Zhang, Tang and Du on constraining HL 
gravity from GRB 1708174 observations. In particular, they considered the HL 
gravity coupling with an anisotropic electromagnetic field, generated through a 
Kaluza-Klein reduction of a (4 + 1)-dimensional HL gravity, and found that the 
model has the same velocity for both gravitational and electromagnetic waves. By 
analyzing the possible Lorentz invariance violation effect of the GRB 1708174, 
they found a stringent constraint on a parameter f of the theory with |1 =B | < 
(10719 — 10718). 

e Saridakis presented his joint work with Khodadi on Einstein-aether gravity in 
the light of Event Horizon Telescope (EHT) observations of M87, and calculated 
the photon effective potential, the unstable photon sphere radius, and the induced 
angular size of two analytical black hole solutions in the theory. Since dms7» is 
observationally known from the EHT Probe, they extracted the corresponding pa- 
rameter regions in order to obtain consistency, and found that the Einstien-aether 
black hole solutions agree with the shadow size of EHT M87*, if the involved aether 
parameters are restricted within specific ranges, along with an upper bound on the 
dimensionless spin parameter a, which is verified by a full scan of the parameter 
space within lo-error. 

e Ajith presented a joint work with Yagi and Yunes on testing HL gravity with 
I-Love-Q. The authors studied how the I-Love-Q relations depend on the parameters 
of the theory, and found that the only un-constrained parameter disappears from 
the field equations in HL gravity. Therefore, the I-Love-Q relations are universal 
against not only the nuclear physics uncertainty but also the gravitational physics 
uncertainty within HL gravity. 
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e Ghosh presented a joint work with Kumar on the Einstein-Gauss-Bonnet 
(EGB) gravity under the limit D — 4, and studied rotating black holes in reg- 
ularized 4D EGB gravity and their horizon properties and shadows. In particular, 
they found that the 4D non-relativistic Horava-Lifshitz theory of gravity also ad- 
mits the identical black hole solution. The effects of the GB coupling parameter on 
the shape and size of shadows were investigated and analyzed in recent M87 ob- 
servations from EHT. They estimated the parameters associated with the 4D EGB 
gravity Kerr black holes using the shadow observables, and found that the inferred 
circularity deviation AC’ < 0.1 for the M87 black hole, whereas shadow angular 
diameter 0, = 42 + 3uas within the lo region on the GB parameter. Interestingly, 


the shadow axial ratio obeying undefined control sequence is in agreement with the 
EHT results and thus eventuates in the 4D EGB gravity black holes being suitable 
candidates for astrophysical black holes. 

e Bamba presented a joint work with Chakraborty and Saa on dynamical system 
analysis of the homogeneous and anisotropic Bianchi-I spacetimes in f(R) gravity 
coupled with an anisotropic matter. It was demonstrated that with a suitable choice 
of the evolution parameter, Einstein's equations are reduced to an autonomous 5D 
system of ordinary differential equations. Furthermore, for a large class of func- 
tions f(R), which includes several cases commonly considered in the literature, all 
the fixed points are polynomial roots, and thus they can be determined with a 
good accuracy and classified for stability. In addition, any fixed point correspond- 
ing to isotropic solutions in the presence of anisotropic matter will be unstable. 
'The assumption of a perfect fluid as source and or the vacuum cases imply some 
dimensional reductions and even more simplifications. In particular, it was found 
that the vacuum solutions of f(R) = R°+! (with ó = constant) are governed by 
an effective 2D phase space which can be constructed analytically, leading to an 
exactly solvable dynamics. 

e Jawad presented various solutions of Einstein-aether gravity through a recon- 
struction approach. In order to discuss the current cosmic acceleration correspond- 
ing to his reconstructed models, he evaluated different cosmological parameters, 
and discussed the consistency of his results of cosmological parameters with current 
observational data. 

e de Souza Campos presented her joint work with Dappiaggi and Sina on bound- 
ary conditions for the Klein-Gordon field in Lifshitz spacetimes. In particular, she 
considered a free, scalar, massive quantum field theory on a 4D Lifshitz spacetime 
with a critical exponent z — 2 and showed that there are two-point functions for 
ground and thermal states of the local Hadamard form and satisfying the canoni- 
cal commutation relations, compatible with Robin's boundary conditions and with 
mode-dependent boundary conditions, depending on the value of the effective mass. 
Each of these generalized boundary conditions determine an inequivalent dynamics, 
but they are all equivalently physically sensible. 

e Panotopoulos presented his recent work on non-rotating and isotropic strange 
quark stars in HL gravity and Einstein-eether theory. For quark matter he adopted 
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both linear and non-linear equations of state (EoS), corresponding to the MIT 
bag model and color flavor locked state, respectively. The new structure equations 
describe the generalization of the hydrostatic equilibrium of the usual Tolman- 
Oppenheimer-Volkoff (TOV) equations of GR, parameterized by a dimensionless 
deviation parameter v. He computed the mass, radius and compactness of the stars, 
and showed graphically the impact of v on the mass-to-radius profiles for different 
EoS describing quark matter. The energy conditions and stability criteria were also 
considered, and found that they are all fulfilled. 

e Lin presented a joint work with Wang, Zhang, Zhao and Zhu on testing 
Einstein-aether theory by gravitational wave (GW) observations. In particular, he 
presented their recent studies of GWs produced by massive and compact objects, 
including the GW waveforms, polarizations, response function, Fourier transform, 
and energy loss rate through three different channels of radiation - the scalar, vec- 
tor and tensor modes, and showed that combination of such theoretical predictions 
with future observations of GWs can bring severe constraints on the theory. 

e Kwapisz presented a joint work with Chojnacki on finite action principle and 
black holes in HL gravity, and showed that the finite action selection principle works 
well for HL gravity in the context of black holes. In addition, wormholes possess a 
finite action and hence contribute to the path-integral of quantum gravity. 

e Chojnacki presented a joint work with Kwapisz on their studies of the fi- 
nite action principle and the beginning of the universe in HL gravity, and showed 
that field configurations with finite classical action describe a flat universe with a 
homogeneous and isotropic beginning without the ghost particles. 


References 


P. Horava, Quantum gravity at a Lifshitz point, Phys. Rev. D79 (2009) 084008. 

M. Ostrogradsky, Mem. Ac. St. Petersbourg, V14 (1850) 385. 

R. P. Woodard, The Theorem of Ostrogradsky, Scholarpedia 10 (2015) 32243. 

K. S. Stelle, Renormalization of higher-derivative quantum gravity, Phys. Rev. D16 

(1977) 953. 

5. E. M. Lifshitz, On the theory of second-order phase transitions I, Zh. Eksp. Teor. Fiz. 
11 (1941) 255. 

6. E. M. Lifshitz, On the theory of second-order phase transitions II, Zh. Eksp. Teor. Fiz. 
11 (1941) 269. 

7. R. Arnowitt, S. Deser, and C. W. Misner, The Dynamics of General Relativity, Gen. 
Relativ. Gravit. 40, 1997 (2008). 

8. A. Wang, Hořava gravity at a Lifshitz point: A progress report, Inter. J. Mod. Phys. 
D26 (2017) 1730014. 

9. T. Jacobson, Extended Horava gravity and Einstein-aether theory, Phys. Rev. D81 
(2010) 101502; ibid., D82 (2010) 129901(E); Undoing the twist: the Hořava limit of 
Einstein-aether, ibid., D89 (2013) 081501. 

10. D. Blas, O. Pujolas, and S. Sibiryakov, Models of non-relativistic quantum gravity: 
The good, the bad and the healthy, JHEP 04 (2011). 


P» De Ro E 


1124 


Non-local R?-like inflation, gravitational waves and Non-Gaussianities 
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The emergence of R? (Starobinsky) inflation from the semi-classical modification of 
gravity due to matter quantum fields (trace anomaly) clearly points out the importance of 
fundamental physics and the first principles in the construction of successful cosmological 
models. Along with the observational success, R? gravity is also an important step beyond 
general relativity (GR) towards quantum gravity. Furthermore, several approaches of 
quantum gravity to date are strongly indicating the presence of non-locality at small 
time and length scales. In this regard, ultraviolet (UV) completion of R? inflation has 
been recently studied in a string theory-inspired ghost-free analytic non-local gravity. We 
discuss the promising theoretical predictions of non-local R?-like inflation with respect 
to the key observables such as tensor-to-scalar ratio, tensor tilt which tell us about the 
spectrum of primordial gravitational waves, and scalar Non-Gaussianities which tell us 
about the three-point correlations in the CMB fluctuations. Any signature of non-local 
physics in the early Universe will significantly improve our understanding of fundamental 
physics at UV energy scales and quantum gravity. 


Keywords: Quantum gravity, Inflation, CMB, Gravitational Waves 


1. Status of inflation and the quests for UV-completion 


Inflationary cosmology has become the most important field of study in theoretical 
higher energy physics (THEP) in the recent years not only because of its success with 
respect to the data of Cosmic Microwave Background (CMB)! ? but also it gives 
a best chance to test our approaches to build physics at the fundamental scales 
such as Planck energy or length scales. Recent detection of Gravitational Waves 
from binary black hole merger events further corroborated to build new hopes and 
strategies to probe the physics of early Universe.*° 

Inflationary cosmology is so far developed in two equivalent ways. One is by 
geometrical modification i.e., by extension of General Relativity (GR) by higher 
curvature terms (for example “R + R? gravity which is also known as Starobinsky 
theory® ?). Second way is by the addition of hypothetical (scalar) matter fields 
which result in modification of right hand side of Einstein equations.!?:!! This 
second way motivated in the view of particle physics beyond the standard model and 
several ultraviolet (UV) complete approaches such as string theory and supergravity 
(SUGRA).?? In this regard, inflationary cosmology is so far studied from the point 
of view of beyond the standard model of particle physics and as a low-energy limit of 
UV-complete approaches such as string theory/M-theory (see left panel of Fig. 1). 
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In the last decades plethora of inflationary models have been constructed with 
different scalar fields emerging from simplest set ups to all the way up to the most 
general scalar tensor theories!?:!^ (see left panel of Fig. 1). However the latest data 
from Planck satellite! has found out Starobinsky and Higgs inflation be the most 
compatible models with the following predictions of spectral index and the tensor 
to scalar ratio 
2 12 
n=l- gy, r= 7a (1) 
where N = 50 — 60 number of e-folds before the end of inflation. The recent Planck 
datat? has constrained n, = 0.9649 + 0.0042 at 6896CL, r < 0.036 at 95% CL. The 
success of Starobinsky and Higgs inflation has lead to the emergence of equivalent 
frameworks of inflation in string theory and SUGRA.” 


Complexity String theory/M-Theory ~ 10° GeV 
IY 


Generalized scalar-tensor 
(or) Horndeski theories 
A 


Calabi-Yau 


Low energy 
limit 


Non-minimal 
Non-canonical scalar - 105 GeV 
Non-minimal Minimal Non- 
canonical scalar canonical scalar aa »- Beyond SM 
Minimal canonical 
scalar (standard) Standard Model of -100 GeV 


Particle Physics 


Fig. 1. In the right panel, arrow of complexity shows how one can start with a simplest scalar field 
Lagrangian and generalized all the way up to most general scalar-tensor theories whose equations 
of motion are second order in field derivative. In the right panel we can see that inflationary 
cosmology can be understood well either from beyond the standard model of particle physics 
or from low-energy limit of a UV-complete approaches such as string theory (This Figure taken 
from!3). 


The challenging problem of the current status of inflationary cosmology is to 
break several degeneracies in the frameworks of inflation and find definitive clues 
towards achieving quantum gravity and UV-completion. For this purpose, from 
observational point of view, one must go beyond the two observables (ns, r). In this 
regard there are two more important observational parameters known as tensor tilt 
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(nz) which is the tilt of the tensor power-spectrum and non-Gaussianity parameter 
(fNr) which is related to the 3-point scalar correlations. If inflation is driven by 
single (canonical) scalar field with standard slow-roll then the tensor consistency 
relation! and the Maldacena consistency relation! given by 


s 5 
r = —8n, NES 10 7 n9 (2) 


serves as a crucial test. Here f^, is so-called squeezed shape of non-Gaussianity. 

If inflation is driven by multiple fields then the above consistency relations are 

understood to be violated.! If inflation is driven by non-canonical scalar fields and 

if non-standard quantum initial conditions are assumed we will find a strong signal 
ortho 


in the equilateral (fy) and orthogonal (.fs/;^?) shapes of non-Gaussianities. These 
shapes are constrained by the latest Planck data as 


lee —0.8+5.0, fq" ——4-43, fg —-—26-21, at 68%CL. (3) 


Violation of consistency relations (2) and any detection of f wr, ~ O(1) is definitely 
a new physics in the context of early Universe cosmology which will be crucial 
for further advancements in THEP. Moreover, in a quest to find signatures of new 
physics, recently a new program of research has gained significant attention known 


^!7 whose aim is to find signatures of higher energy 


as “cosmological collider physics 
particles interacting with primordial fields during inflation. 

Despite numerous phenomenological approaches in understanding inflation and 
find new observables to probe physics of inflation, it is very vital to focus on con- 
sistency of our theoretical endeavors. The success of Starobinsky and Higgs in- 
flationaris (which are almost identical during inflation) covey us a very crucial 
property that at the scale of inflation approximate “scale invariance” symmetry 
of the Lagrangian is important. The fact that various setups of SUGRA leading to 
Starobinsky-like or R?-like inflation!? indicate that R + R? is an important modifi- 
cation of GR. In the next section, we will discuss in detail about the foundations of 
Starobinsky inflation and how a very straightforward procedure from geoemertric 
modification of gravity lead us a UV-complete framework.!* ?! 


2. From Starobinsky inflation to Stelle gravity and the emergence 
of ghost-free UV-non-local gravity 


R + R? gravity should not be viewed as a toy model in the class of f(R) gravity. 
'The theory naturally emerges from generic considerations and important questions 
about UV-completion which dates back the discovery of trace anomaly.?? The trace 
anomaly comes from 1-loop quantum corrections to the graviton propagator due to 
matter conformal fields leading to an anomalous non-zero trace of energy momentum 
tensor which is proportional to curvature square term. 


MFR = g” (Ty) 2 aF +bG + OR, (4) 
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where F = W,,,,W""?? is the the Weyl tensor square and G = Ryypo R” — 
AR,, RF” + R? is the so-called Gauss-Bonnet term and Hippo, Ruy, R Riemann 
tensor, Ricci tensor and Ricci scalar respectively. Here a,b,c are dimensionless co- 
efficients quantified by the number of conformal fields. Trace anomaly has been 
widely studied and applied in various fundamental theories including anticipated 
UV complete theories such as string theory and supergravity (SUGRA).?? Neglect- 
ing the coefficients a, b the trace anomaly equation reduces to the trace equation of 
the R + R? given by the action® 73 


M2 M2 
Sio = [ d'a 5 Rd Dru ; (5) 


where M « Mp becomes the mass of a propagating scalar in this model, named 
scalaron. Independent of what is the right framework of UV-completion R? term is 
very natural term that appears as a classical addition to the GR and it naturally 
leads to a quasi-de Sitter evolution (which is *cosmic inflation") in the high curva- 
ture regime R > M?. Therefore it is a matter of fact that R + R? gravity indeed 
an unavoidable and very important extension of GR. Further more if we add Weyl 
square term to the action of R+ R? gravity (5) the resultant gravity theory becomes 
renormalizable (which is an important property to achieve quantum gravity) as it 
was proven by K. S. Stelle long ago?* 


M2 M2 M2 
g 


However, Stelle gravity unfortunately falls short in becoming a consistent theory 
of quantum gravity because of the presence of a massive tensor ghost in the spec- 
trum which spoils Unitarity. A natural question one can ask is that whether this 
ghost can be removed by any higher derivative extension of Stelle gravity. Due to 
Ostrogradsky theorem any finite derivative extension of Stelle gravity results in 
further introduction of ghosts in the spectrum and it becomes not a viable option. 
However, Krasnikov has shown that analytic infinite derivative extension of Stelle 
gravity (i.e., analytic non-local gravity) can give a ghost-free theory.?? 


S= | deyz (Ers 5 [7s s) R+ WuvpoFw ( wen) (7) 


where [], = MZ with O is being the d'Alembertian and Fr, Fw analytic infinite 
derivative operators or non-local form factors. This theory (7) has been studied 
over the years and understood to have good properties of UV-completion with re- 
spect to renormalizability and Unitarity (See?! and the references therein). In a 
nutshell, the action (7) is a very logical extension of Stelle gravity and we very 
much straightforwardly end up with introducing non-locality in the gravity sector. 
Note that *Non-locality" is a very important common concept that appears in sev- 


eral approaches to quantum gravity such as string theory, loop quantum gravity, 
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causal sets and non-commutative gravity. Therefore, (7) is a culmination of vari- 
ous approaches which allow us to give a consistent UV-completion for Starobinsky 
inflation^. Further note that (7) should not be understood as an effective theory 
but rather a consistent part of a UV-complete theory. We do not have any cut off 
scales in the theory and the scale M, represents the scale at which non-local na- 
ture of gravity is prominent. In the next section, we will discuss the cosmological 
application of (7) and identify the specific features of non-local gravity which can 
be probed in the future observations. 


3. Non-local R?-like inflation and future targets for CMB and 
gravitational wave observations 


In this section, we apply UV non-local quadratic curvature gravity in the context of 
inflationary cosmology. The first and foremost difficulty is associated with solving 
equations of motion of an infinite derivative theory which perhaps appears to be 
an impossible task. However, this was consistency achieved!? and it was also quite 
rigorously shown in!? that the theory contains an inflationary attractor solution 
exactly same as the local R + R? or Starobinsky theory. To see this explicitly let 
us write down the background equations of motion for (7) Friendmann-Lemaitre- 
Robertson-Walker background for which the Weyl tensor is zero 


Bienes |i E2AF (x) R Grp — ERF (x) Row 


" A op 
4 2(V^8, — ô! F (sq) R+RY 596 (Ke +K) =0, 


where 


It was showed int? that the only solution of the above equations is OR = M?R 
given the following Unique conditions on the form factor are satisfied. 


M? M? j 
Fh (355) = 0, ED = 3M?F,, where F1 = FR (5) (9) 


?Worth to metion that Starobinsky inflation has also been embedded in SUGRA which gives 
an interesting route for UV-completion.2° Here we focus on non-supersymmetric aspects of UV- 
completion. 
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M? H? M; 


Fig. 2. We depict here the hierarchy of mass scales in non-local R?-like inflation. 


where / denotes derivative with respect to argument. Note that OR = M?R is 
the trace equation of local R + R? which gives Starobinsky inflationary solutions. 
Here given the conditions (9) are met we can solve exactly the full non-local gravity 
equations of motion and also we have good inflationary solution. Now it is important 


to see how non-local effects of gravity appear through inflationary perturbations. 
Before we go this step we can draw a heuristic bound on the scale of non-locality 
shown in Fig. 2 based on the fact that we require near scale invariance at the scale 
of inflation. This can be seen heuristically by expanding the quadratic Ricci scalar 
part of the action as 


S= ] es 


M? M2 M?RUR 
R4 P_R?40 P 
2 12M? M?.A(Q 


In the high curvature regime R >> M? local quadratic curvature term is naturally 
dominant and it is known to be scale invariance. 


3.1. Scalar and tensor power spectrum 


'To study perturbations around quasi-de Sitter we take the perturbed metric of the 
form 


ds? = a? (n) |- (1 + 2€) di? + ((1 — 2W) 6;; + 2h;5) dada? ] , (10) 


where 9, V are Bardeen potentials and hij is tensor fluctuation. The study of non- 
local perturbed equations of motion!? has revealed that 6 + Y ~ 0 during inflation. 
Since dWhvpo c (9 + V) the Weyl tensor part in (7) does not contribute to the 
scalar perturbations during inflation. Following the computations in!?:?? the second 
order action of scalar degree of freedom in de Sitter approximation becomes 


2 1 I _ W (=) 2 
ô 4t dr d? x4/ g { M Y 11 


7a (&) 


where Y zz 2RW. In order not to have any more ghost degrees of freedom we choose 
the structure of form factor as 


3*2 (D, - M5) + (3 + 340) 


Fr( DESI , (12) 
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where R ~ constant and yg is an entire function. Therefore, the theory now has 
only one scalar(on) degree of freedom similar to local R + R? theory but however, 
the the scalar field here is non-local in nature. 

Computation of the power spectrum and the scalar spectral index of curvature 


: pe ôR _ 24H? ~~ 1 
perturbation R = V + AS =Ü + Cape ~ zY we get 


H? 1 


LH" 1 | = dln Pr 
^ 16:2 3AF R 


Pr , ns = 
heat dln k 


xi- >=. (13) 
k=aH N 


Similarly the computation of the second order action of tensor perturbations 
gives (with addition of the non-trivial contributions from the Weyl tensor part in 


(7)) 


8? Sq =} f asicpaenl xe) (c - 3 EN (14) 


where 


FRe™ i tr) a 
M? LR 0C 


Fw ( S) (15) 


which fixes the tensor degree of freedom to be just massless graviton. 
Computing the tensor power spectrum in the leading order in slow-roll we obtain 


H? -2yr | È; 
Prag = = 5E s(a) . (16) 


As a result the key inflationary parameter called tensor-to-scalar ratio becomes 


12 -2yr 
e (17) 
k=aH 
The tilt of the tensor power spectrum can be obtained as 
| dlnPr dln Py (: 1 ) 
n= A t 
dlink |. dN 2N J |, 
k—aH k=aH E (18) 


"E. dr. ow GHI Ius UR 
^ 2N? AN 2N?) 2M2 T N 2M2) Lag 


where ’ denotes derivative with respect to the argument. 


4. Primordial (scalar) non-Gaussianities 


Beyond two point correlations it is interesting to see if there will be non- 
Gaussianities in non-local R?-like inflation. As we discussed before the scalar(on) in 
the non-local R?-like inflation is non-local in nature. Therefore, we generally expect 
the non-local interactions to play a role in predicting inflationary 3-point correla- 
tions different from the local theories. The primordial (scalar) non-Gaussianities in 


1131 


ms CMB-S4 
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0.955 0.960 0.965 0.970 0.975 0.980 0.985 0.990 0.995 1.00 
ns 


Fig. 3. We depict the predictions of non-local R?-like inflation in the (ns,r) plane of the latest 
CMB S-4 science paper about future forecast of detecting B-modes.1?: 21,27 


the non-local R?-like inflation are computed in?? and here we briefly review the 
main results. The 3-point correlations and the parameter fyz are defined by 


(R (k1) R (k2) R (ks) = (27)? 9? (kı + k2 + ka) Br (ki, k2, k3) , 
and 


Br (ki, k2, k3) = (27) PX fnr (ki, ka, ks) , 


a l 
I 

where 

5 Ar (Ki, ko, ka) 

6. Duik? 


The interactions of the curvature perturbations in the non-local R?-like inflation 
can be schematically explained as in Fig. 5. 

To calculate bi-spectrum, first we expand our action to cubic order to the leading 
order in slow-roll parameter. Then we compute the correlations using the following 
definition 


(R (k1) R (k2) R (ks)) = -i f | adr (0|[&(T., k1)R(Te, ka)R (re, ka), Hint]|0) , 


— oo 


(19) 


fut = 


T, 


(20) 


where k; are wave vectors and H;,, is the interaction Hamiltonian. It is related to 
a perturbation of the Lagrangian (7) expanded up to the 3rd order in curvature 
perturbations (£3) as Hint ~% —£3. We consider the mode functions as 


Rx -v/e UR-M?R. (21) 
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Fig. 4. We note that the predictions of non-local R?-like inflation can be anywhere within the 
likelihood projected (n;,r) plane of latest Planck 2018.19: 21.28 


Cubic interactions in local R? inflation Cubic interactions in Non-local R?-like inflation 


Fig. 5. In the above plot R = {R, OR, D"O'R.) imply various tree level interactions of different 
modes of the curvature perturbation in the local R? and the non-local R?-like inflation. O (oz) 


is some analytic non-local operator. 


New Interactions arise via the commutation relation in de Sitter approximation 


AVR. (22) 


V,R = VLOR + 
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After numerous steps of computation the cubic order action in R of (7) in the 
leading order slow-roll approximation is obtained as?? 


5 Sig) —4eM? I ePi -VR + TRR? + THR? 
TTPHRARR + TH VR VRR + THR” 
+H ?R'VR. vw] 


where T;'s are dimensionless constants whose can be found in?? 
Computing different shapes of fyz parameter when k = aH we get?? 


" B 2 | sl zz 4R 4 *s( z Ez R 
ve] MN A A | (sz) 4 ums COM (xus) 
: 5 >| (cee 9R 4 vs| -5 R 
A " ie a | (z&) zm EET (zx), rave 
ario 5 1s( <2 22R, 3 vs( V R 
NL. Bas (1—n,) — 43€ | (te ) - J E ee COM (saz) 
k=aH s 5 
(23) 


'These characterize the non-local interactions of curvature perturbation. Clearly 
from the above expressions single field Maldacena consistency relation is violated 
in non-local theories and one can obtain detectable level of non-Gaussianities due 
to non-local nature of interactions (See Fig. 6). This is totally non-trivial effect in 
comparison with all the known mechanisms of producing large non-Gaussianities in 
the local theories. 


5. Concluding remarks 


We conclude here with highlighting the notable results of early Universe cosmology 
in the context of UV-non-local ghost-free theories of gravity. First of all we note 
that the UV non-local gravity action (7) is a consistent and necessary extension 
of Stelle gravity in order to achieve UV-completion based on the first principles. 
Another point to note here is ^non-locality" is an important concept that is needed 
for building a consistent theory of quantum gravity. We have discussed how one 
can have a successful realization of inflation with the action action (7) and how 
non-local nature of gravity can be seen through inflationary observables. These are 
the important conclusions we can draw here to probe non-local nature of gravity in 
the scope of future CMB and gravitational wave observations.” 16:27-29 


e In the non-local R?-like inflation the primordial scalar power spectrum re- 
mains same as in the case of local R + R? inflation. However the tensor 
power spectrum is modified and one can have any value of tensor-to-scalar 
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0.00006 0.00007 0.00008 0.00009 0.00010 
M;s/Mp 


Fig. 6. Inthe above plots, fyz versus the scale of non-locality Ms (in the units of Mp) is depicted 
for squeezed (blue), equilateral (red), and orthogonal (green) configurations for the polynomial 
entire functions yr given by eqs. (4.19) and (4.20) of arXiv:2003.00629 and represented by solid 
and dashed lines respectively. Here N = 55 of e-foldings is assumed. In the limit Ms — Mp the 
predictions of the local R? model are recovered. 


2,20.21 » < 0.036. As a result of modification of tensor power spectrum 


ratio 
the tensor tilt in this theory is modified and ultimately tensor consistency 
relation r = —8n; is violated. Note that the violation of consistency relation 
is purely a non-local effect, the sound speed of primordial fluctuations are 
unity in this theory. 

e The blue tensor tilt n; > 0 is possible with non-local R?-like inflation. 
Since not many frameworks of inflation can predict blue tilt any detection 
of it automatically favours non-local theory. Also n; « 0 can also equally 
possible too. 

e Non-local nature of gravity leads to detectable range of non-Gaussianities 
especial one can have squeezed limit of fy, ~ O(1) despite there is only 
one scalar degree of freedom and nature of inflation is standard-slow-roll. 
Further more, other shapes of fyz can also be large despite the sound speed 
of primordial scalar field is unity. 


In summary, non-local nature of gravity brings very unique predictions which 
are indeed very interesting in the view of future observations as well as further 
theoretical investigations. 
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Palatini kinetic scalar-tensor theory: Analytical and numerical solutions 
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We investigate static spherically symmetric solutions in the Palatini kinetically coupled 
scalar-tensor theory, which reduces to gravity minimally coupled to a scalar field in 
Einstein frame. Using the fact that the Jordan and Einstein frame are related by a 
reversible disformal transformation, which can be solved in closed form, we derive the 
general solution in the Jordan frame and show that it does not contain black holes. There 
is a wormhole branch and a naked singularity branch between which lies a non-singular 
asymptotically flat solution with kernel M1,1 x S?. This theory strongly violates the null 
energy condition. 


Keywords: Black holes, wormholes, Palatini scalar-tensor theories 


1. Introduction 


Recently! was discovered a particularly simple, albeit nontrivial, example of scalar- 
tensor theory with kinetic coupling, which strongly violates the null energy condi- 
tion. This theory is a Palatini version of the well-known model with a scalar field 
coupled to Ricci tensor and Ricci scalar through derivatives.? With a certain ratio 
of the two coupling constants, the metric version of this theory belongs to Horn- 
deski class,?? and has an attractive feature to generate inflationary cosmological 
solutions without scalar potentials.9-? 

The situation is different in the Palatini version of this theory, what is typical for 
scalar-tensor theories in general.!? 4 In this case, another ratio of the two coupling 
constants gives a theory admitting an Einstein frame in which the scalar coupling 
is minimally coupled. Moreover, the Einstein metric turns out to be the metric, the 
Levi-Civita connection of which is the Palatini connection of the original theory. 
The two metrics are related by an invertible disformal transformation." The 
reversibilty of the disformal transformations ensures classical equivalence of the 
theories in two frames,!5 2° which probably extends to the quantum level.?! It also 
opens a way to use disformal transformations as a generating tool to construct exact 
solutions of new theories.^?? Some examples of solutions of Palatini kinetic theory 
were presented in! demonstrating desingularization of solutions which are singular 
in the Einstein frame. For deeper discussion of singularities of general relativity in 
the context of modified gravity theories see.??: 24 

Further investigation of?° showed a connection between this theory and the 
metric conformally coupled theory, both of which demonstrate a strong violation 
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of the null energy condition. The natural question is whether our theory allows for 
wormhole solutions.?9:?7 Here we show that this is indeed the case. 


2. The setup 
We consider the action with two independent couplings of the derivatives of the 
scalar field ¢,, = ¢,,, to the Ricci tensor and the Ricci scalar? * 

= ftev [R — (Juv + Kigu R + &3 Ry) Q^ Q"] , (1) 
where à" = $,g"". In the metric formalism, an interesting case is kı = —k2/2 when 


the Ricci tensor and Ricci scalar are combined into the Einstein tensor, which has 
zero covariant divergence. This case belongs to the Horndeski ghost-free class. 
In the Palatini version, the action will read 


J S estis T OOA ge” > Ropbudbv (rig? P g” R5 kag^" g?")], (2) 


where Rag is the Ricci-tensor constructed with the Palatini connection P. The 
corresponding Einstein equations are 


AR, — Gudv(1 + 1 R) — 2ko Ralu prp — gu, L/2 = 0, (3) 
where the Lagrangian and the factor À are 
L= R,,Z"" — 9, dug", Z"" = Ag" — rotg”, X= (1— 1X), (4) 


and X — badbeg?? . Variation over @ gives rise to a scalar equation 


On [v= (o + Ky Ro" + a ft. sg Pd?) - 0, (5) 
and variation over an independent connection gives: 
Vi (v-gZ"") = 0, (6) 
where the covariant derivative refers to the connection. 
Direct solution of the Einstein-scalar equations (3,5) does not seem possible. But 


as was shown in,! the Palatini equation (6) can be solved giving the Levi-Civita 
connection 


Dj, = 9" (OpGav + Buur — Badur) /2 (7) 
of the second metric 
Op — V AA [day + K3À "by dv) ; A=1- (kı + k2) X. (8) 


This is a disformal transformation, which can be inverted (for details see’). It is clear 
that setting «44-2 = 0, will greatly simplify the above relation, and we assume that 
from now on. Then, remarkably, when expressed in the second metric, the action 
(2) is transformed into an Einstein-Hilbert action plus a minimally coupled scalar: 


Se= | VZS [Ru 9) - 6,0 nds (9) 
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This action gives (setting torsion to zero) the same equations in the Palatini version 
and in the metric version: 


Ruw = bup, Od=0. (10) 


So our strategy will be first to integrate the system (10) and then to use an inverse 
of the disformal transformation (8) to obtain the desired metric g,,. To be sure 
that we get the general solutions in the Jordan frame we need a general solution in 
the Einstein frame. 


3. Einstein frame: Complete integration 


Static solutions of the minimally coupled scalar-tensor gravity were investigated in 
the past in various contexts.?5 3! The most popular solution belongs to Fisher.?5 
'To make sure that it is unique in the class of static spherically symmetric solutions, 
we repeat the derivation here. 
It is convenient to present the metric ansatz as 
dr? 


ds? = Adt? 4 a R(d0? + sin? 0d9?), (11) 


where A and R are functions of r only, and it is assumed that R > 0 (note that we 
are using R and not R? in the angular part). The non-zero components of the Ricci 
tensor are 


A 
Ru = og 4 ^ (12) 
1 
Ror = -zga QARR" + ARR — AR" + A" RP), (13) 
uS 1 vu 1 AV 
Roo = sin? a foe = 5 (AR) E (14) 


where the prime denotes the radial derivative. The scalar field satisfies the simple 
divergence equation 


(ARGY — 0. (15) 


With our choice of the action, the Einstein equations read Ry, = yo ,, so the 
equations for (tt) and (00) components of the Ricci tensor are sourceless and can 
be integrated once, giving 


A'R—C const; AR'-—2(r-a), a= const. 
Similarly, integrating the scalar equation we get 


poss 
v=, 
where the integration constant q represents the scalar charge. 
From the (rr) component of the Einstein equation we obtain a constraint 


(2R — CR')A — 2(r +a)? +? — 0, 
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Finally, we derive a separate equation for R: 
2. 2(rra)" C 
R' R? R 


To solve it, we put R = e”, obtaining a non-linear equation for u: 
a p , g 


1 12 
"n L2 uU Cu 
u ru + = 0, 
x 2x 


where x = r +a. This equation can be integrated once, giving 


Koc 2x 
— a2? 4+ Cx - 204 
with some new integration constant C4. T'his constant, using the constraint equa- 
tion, is reduced to C, = —q?/4. Further integration gives 


2C ıı 2+C 
y+ tanh” ^ ——— + uo, 
vC? + 2g? y C? + 2g? 


where uo is a trivial integration constant which can be changed by angular coor- 


u = ln (2x? + 2Cz — q? 


dinates rescaling, so we put ug = — ln 2. Rewriting the quadratic function under 
logarithm as 


2 1 
z?-- Cx E —(z—zi)z—z.) T4 = E (c + yC? n) : 
To get the metric function R, one has to take the power that leads to: 


R-2e" 2(z—z )(z (25) =" CE (16) 


LL r 


where we have introduced two new parameters instead of C, q?: 
C 
y = —— b= VC? +28’, (17) 
/C? + 2q? 
and a new radial coordinate r = x —z... The metric function A in the new variables 
reads 


2(r +x) 
R C 


4-(-2). (18) 


Summarizing, we obtained the famous Fisher-Janis-Newman-Winicour (FJNW) so- 
lution, proving its uniqueness within the static spherically symmetric class: 


2 by. ua b\ a 38 b\'7 
ds* = 1 dt“ + (1 dr“ +r°(1——- dQ. (19) 
r r r 


A= 


Differentiating (16), we find 


1140 


The derivative of the scalar field in terms of b, y reads: 


po by1- 7? 
7-7 are) k 


Note that the range of the radial variable is chosen r € (b, co) to ensure positivity 
of the function R. The region r « b corresponds to cosmological solution.?? 


4. Disformal transformation 


To pass to the Jordan frame, it is necessary to carry out the inverse disformal 
transformation 


Suv = ney AT? — KÓuÓv, (21) 
where 


Xe tuf ds pare (: 2 :) (22) 


and grr obeys the following equation: 


2x A? 3/3xkq? (23) 
TT ^ — ER = w rT* de ay NO 
2 3v3 3 2r?(r — b)? 
A real solution of this equation reads 
2 1 f2 3 , Tu, 
per cdm wos (4 arccosm/w), æ< w (24) 
3/3 v3 |w? 3B + wV/3B-1, z >w, 
where 
1/3 
B= (z + Vr? — w?) : 
Two other Jordan frame metric components are 
9 = Ged”? 900 = Q = Gop ? = RA? (25) 


It is easy to see that the above transformation to the Jordan frame preserves 
asymptotic flatness. Indeed, when r — oo, the variables x — 0, w — 1, so that 


Orr ~ 1 - z/ V8 > A=14 O(1/r4), 


and we get as r — oo: 


b b 
gu S 71 T Gre 1-7 goo ~ r’. (26) 
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5. Wormholes 


Consider first an asymptotic behavior of the Jordan metric as r — b. Without 

loss of generality, let the dimensionless parameter &q?/0^ be equal to one. Then 

a careful analysis of the behavior of various terms for x — oo, w — 0 assuming 

arbitrary values 0 < y < 1 gives the following leading approximation for small 

u = (r/b — 1): 

b?du? 
Ue 


ds? 2 —y2(27-)/3 gy2 + + b2y(t-27)/3 aq. (27) 


As r — b, the metric component ggg = Q(r) explodes if y > 1/2, while it goes to 
zero for y < 1/2. One can suspect that in the first case the intrinsic volume of a 
region close to r = b, namely r € [b + ô, ro], such that ô < ro — b < b, will be 
infinite as 6 — 0. Indeed, 


és (1-23)/3 

o 12 

V;24n | Vhdr = ——_ p (3) 
b+6 2y = 1 b 


Thus, for y > 1/2 one has the second infinite region of three-space. This region is 
not flat, and not Ricci flat. It is not asymptotically flat as r — b either, moreover 
the scalar field diverges there. But one can suspect the existence of an asymmetric 
wormhole, connecting our AF-region with the second sheet to the left of the local 
minimum of Q(r) (a turning point) at some point r; > b, if exists: 
ae = 0, 220 0, (28) 

dr |p=r; dr? |nr; 
which could correspond to a wormhole throat. 

Numerical analysis shows that for y < 1/2, ggg does not have a local minimum 
for all positive values of the coupling constant «. For y > 1/2 a local minimum 
arises, with r; depending on y and x. 


5.1. Numerical solutions 


'Though we obtained solutions in the Jordan frame analytically, the algebraic func- 
tions involved are difficult for understanding the nature of the metric, so we under- 
take numerical plotting. On Fig. 1, 2 we plot the metric functions for various values 
of 1/2 < y < 1. In this case a local minimum of Q(r) arises at r = r;, whose posi- 
tion depends on y and &. This corresponds to the throat radius of an asymmetric 
wormhole. The values r; can be found numerically with any desired accuracy. For 
k = 2, the radii of the throat for some selected y are 


y | 3/5 | 3/4 | 0,95 | 0,99 
r,/b | 1.041 | 1.078 | 1.072 | 1.041 


With growing «, the throat radius increases, as can be seen from the left panel of 
Fig. 1. Left to the minimum, the radial function Q increases again and tends to 
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Qw) 


Fig. 1. Metric functions ggg and git for various values of y: y = 0.1 (purple), y = 0.5 (red), 
y = 0.6 (light blue), y = 0.75 (green), y = 0.95 (blue). 


gt phi 


Fig. 2. Metric function grr and the derivative of the scalar field (¢’) for various values of y : 
y = 0.1 (purple), y = 0.5 (red), y = 0.6 (light blue), y = 0.75 (green), y = 0.95 (blue). 


infinity as r — b for y > 1/2. From Fig. 2 (left panel) one can also see that gu > 0 
for all r > b, so the solutions do not have horizons. 

It can be shown that our wormhole is traversable: radial time-like and null 
geodesics freely pass through the throat. The tidal forces remain finite. 
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Qn [^0] 


Fig. 3. Metric function (ggg) for various values of «x: & = 0 (left figure), x = 0.01 (center), k = 10 
(right); and y: y = 0.1 (purple), y = 0.5 (red), y = 0.6 (light blue), y = 0.75 (green), y = 0.95 
(blue). 


5.2. Geometry of the second sheet 


To investigate the geometry of the second leaf of the wormhole r < r+, we first cal- 
culate the asymptotic behavior of the Ricci tensor and the Ricci scalar constructed 
from the Jordan metric (which is not the Palatini Ricci tensor): 


1—24)? 
Ry(g)dz" dz" = A + dQ, (29) 
u 
2u0Y-0/3 (1-27)? 
R(g) = —3 62 (30) 


The rr-component of the Ricci tensor diverges as u — 0, but the square of the Ricci 
tensor is finite for y > 1/2: 
2 2(25—1)/3 24 — 1? 
Ry, RM 2 Mu l -— (31) 
We then calculate the effective energy density and pressure by defining them in 
terms of the mixed components of the (diagonal) Einstein tensor, again constructed 
using the Jordan metric: 


Gg) = (—e€, Pr, Po, Da). (32) 


This is not the physical energy density and pressure in Palatini’s theory (see below), 
but only the effective ones used to illustrate geometry in terms of the notions of the 
Riemann geometry. The calculation gives for the energy density and radial pressure: 
= u(21-1)/3 (25 — 1)? na uQ»-0/3 (25 — 1)? (33) 

b? 1202” i b2 1202 ` 


Their sum is negative, demonstrating violation of NEC in our theory. The tangential 


pressure is positive and finite 


po = p, = (27 - 1)?/128. (34) 
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In the sense of the Palatini theory, the Ricci scalar must be computed by con- 
tracting the Ricci tensor built from the Palatini connection, which is the Levi-Civita 
connection of Einstein's frame (i.e. R,,,(9)), with the Jordan contravariant metric 
tensor. Near the boundary r — b the leading behavior of this quantity will be: 

7 (1-27) 1 
Rp = Rw (9) g^" = ^ 6592 y2-7’ (35) 


which diverges as u — 0 for any 0 < y < 1. The question arises whether an observer 


will see the second sheet as a regular or a singular space. In fact, with independent 
connection, the curves of minimum length do not coincide with the curves along 
which the tangent vector is parallel transported. More generally, the matter action 
can depend only on the metric, or on the metric and the connection. The point 
particle action belongs to the first type, so the particle will move along the curves 
of minimal length. Such an observer will not see singularities on the internal sheet 
of the wormhole. If the notion of geodesic completeness is attributed to curves of 
minimal length, then this spacetime should be regarded as nonsingular indeed. 


5.3. Isotropic coordinates 


'The asymptotic metric of the second sheet can be presented in isotropic coordinates 
t, p,0, $ changing the radial variable as 


p = bexp(v ^w"), v=(2y-1)/6. 


'The resulting metric reads 


4 
ds? — (vin 3 dt? + f2dl2, dli = dp? + p?dQ. (36) 


The conformal factor f = P (In p/b)~*, shown in Fig. 4 as a function of p, clearly 
demonstrates two asymptotic behavior of a wormhole: 


—— —— — 
01 02 03 04 05 06 07 08 09 
r 


Fig. 4. The radial scale factor in isotropic coordinates. 
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5.4. The soliton y = 1/2 
In the Einstein frame the FJNW solution for y = 1/2 satisfies the condition grr = 


1/|gi]: 
b dr? b 
ds? = —4/1— dt? + “2 4774/1 — aao. (37) 
Te 1— b T 


It has curvature invariants divergent as r — b. But its Jordan frame counterpart 


turns out to be non-singular, namely 
ds? = —dt? + & ?dr? + b? (d0? + sin? Ody’). (38) 


Passing to a new radial coordinate z = bln €, we transform the domain r € (b, co) 
into the complete real line —oo < z < oo 


ds? = —dt? + dz? + V (d? + sin? @dy”). (39) 


Therefore the manifold is isomorphic to the product of the two-dimensional 
Minkowski space and a sphere of radius b: M1, x S?. This manifold is geodesically 
complete in the Riemannian geometry sense. Thus, our solution can be regarded as 
a regular scalar-tensor soliton. Its striking feature is that, within the framework of 
our theory, it is supported by a singular scalar. The singularity now is transfered to 
the Palatini connection. 


5.5. Naked singularities 


The range of the power index 0 < y < 1/2 corresponds to Jordan metrics singular in 
the Riemannian sense. This can be seen already from inspection of the Ricci scalar 
constructed with the Jordan metric: 


2u00-0/5. (1 — 24)? 
p? 60 C 


(40) 


'The constant term is due to the two-sphere sector of the metris, while the first term 
originates from radial component of the Ricci tensor and it tends to infinity for 
y< 1/2. 

Also, one can see that the three-volume of the region between r — b — ó and 
r = b for y < 1/2 tends to zero when 6 —> 0: 


V; = 12rb? (8/0) 2/3 , (A1) 


The metric function ggg for various & and y is plotted in Fig. 3. From these plots one 
can see that in all three cases the metric has no horizons. More general numerical 
tests show that the static spherical sector of our theory does not contain black holes 
indeed. 
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5.6. Classification of solutions 


Since our solution in the Einstein frame is generic in its class, we conclude that 
the above three types of static spherically symmetric solutions in the Jordan frame 
exhaust all possibilities, namely: 


a)y 1/2 — asymmetric wormholes, 
b) y=1/2— regular soliton with the Mj, x S2 core, 
c)y «1/2 — asymptotically flat spacetime with a naked sigularity. 


No solutions contain horizons. 

Finally, we have two options for introducing the Kretschman scalar to in- 
vestigate non-Ricci singularities. The Riemannian type scalar is simply Kr = 
Ryvr(g) RY” (g). The Palatini-type Kretschmann scalar reads 


Kp = R'a (ĝ )R%G5(G ) Iua 9" egt. 


In the RE region of the second sheet (small u) the first one is: 


Hg = (36u 22y-0/3 _ 9(Qy — 12407073 + 1242 (4 — 1? + 6y(y — 1) + 3/4) 


(42) 


9b4 


It is finite in the cases a,b and singular in the case c as expected. The Palatini 
Kretschmann scalar always diverges as u — 0: 


(y = 1)? (57? — 27 + 2) 
Kp = Ty dens feu 


reflecting singular nature of the Palatini connection. 


6. Conclusion 


'To summarize: we have found that Palatini scalar-tensor theory with a scalar field 
kinetically coupled to the Ricci tensor and the Ricci scalar is an example of theory 
that does not admit solutions with an event horizon at least in the static case. 

The theory has Palatini connection which is the Levi-Civita connection of the 
Einstein frame metic. The general static spherically symmetric solution in the Ein- 
stein frame is given by the Fisher family of metrics, specified by the power index 
0 < y « 1. We have shown that for 1/2 < y < 1 the Jordan metric describes 
wormholes, interpolating between an asymptotically flat space and a Ricci non-flat 
second space of an infinite volume.The second sheet of the wormholes is not asymp- 
totically flat. Its spacetime metric is regular, and the Riemannian Einstein tensor 
corresponds to an effective matter violating the null energy condition. 

For y < 1/2 the Jordan solutions are one-sheeted and represent naked singu- 
larities in asymptotically flat space. In the intermediate case y = 1/2 the Jordan 
metric is non-singular, and have a core of cylindrical topology. 

The work is supported by the Russian Foundation for Basic Research on the 
project 20-52-18012Bulg-a, and the Scientific and Educational School of Moscow 
State University "Fundamental and Applied Space Research". 
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A. Pierelli. The original casting was presented to His Holiness Pope John Paul II 
on the first occasion of the Marcel Grossmann Awards. 
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15th Marcel Grossmann Meeting 
July 2018, Rome, Italy 


Institutional Awards 


PLANCK SCIENTIFIC COLLABORATION (ESA) 

“for obtaining important constraints on the models of inflationary stage of the 
Universe and level of primordial non-Gaussianity; measuring with unprecedented 
sensitivity gravitational lensing of Cosmic Microwave Background fluctuations by 
large-scale structure of the Universe and corresponding B-polarization of CMB, 
the imprint on the CMB of hot gas in galaxy clusters; getting unique information 
about the time of reionization of our Universe and distribution and properties of 
the dust and magnetic fields in our Galaxy" 


- presented to Jean-Loup Puget, the Principal Investigator of the High Frequency 
Instrument (HFT) 


HANSEN EXPERIMENTAL PHYSICS LABORATORY AT STANFORD UNI- 
VERSITY 

^to HEPL for having developed interdepartmental activities at Stanford University 
at the frontier of fundamental physics, astrophysics and technology" 


- presented to Research Professor Leo Hollberg, HEPL Assistant Director 


Individual Awards 


LYMAN PAGE 
“for his collaboration with David Wilkinson in realizing the NASA Explorer WMAP 
mission and as founding director of the Atacama Cosmology Telescope" 


RASHID ALIEVICH SUNYAEV 
"for the development of theoretical tools in the scrutinising, through the CMB, of 
the first observable electromagnetic appearance of our Universe" 


SHING-TUNG YAU 

"for the proof of the positivity of total mass in the theory of general relativity 
and perfecting as well the concept of quasi-local mass, for his proof of the Calabi 
conjecture, for his continuous inspiring role in the study of black holes physics" 


14th Marcel Grossmann Meeting 
July 2015, Rome, Italy 


Institutional Award 


EUROPEAN SPACE AGENCY (ESA) 

“for the tremendous success of its scientific space missions in astronomy, astro- 
physics, cosmology and fundamental physics which have revolutionized our knowl- 
edge of the Universe and hugely benefited science and mankind" 


- presented to its Director General Johann-Dietrich Woerner 


Individual Awards 


KEN'ICHI NOMOTO 
“for heralding the role of binary systems in the evolution of massive stars” 


MARTIN REES 
“for fostering Research in black holes, gravitational waves and cosmology” 


YAKOV G. SINAI 
“for applying the mathematics of chaotic systems to physics and cosmology” 


SACHIKO TSURUTA 
"for pioneering the physics of hot neutron stars and their cooling" 


FRANK C.N. YANG 
"for deepening Einstein's geometrical approach to physics in the best tradition of 
Paul Dirac and Hermann Weyl” 


T.D. LEE (award received by Yu-Qing Lou on behalf of Prof. T.D. Lee) 
“for his work on white dwarfs motivating Enrico Fermi’s return to astrophysics and 
guiding the basic understanding of neutron star matter and fields” 
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13th Marcel Grossmann Meeting 
July 2012, Stockholm, Sweden 


Institutional Award 


ALBANOVA 

for its innovative status as a joint institute established by Stockholm University and 
the Royal Institute of Technology and for fostering contributions to cosmology and 
astrophysics in the profound scientific tradition established by Oskar Klein. 


- presented to the Rector of Stockholm University, Prof. Kare Bremer. 


Individual Awards 


DAVID ARNETT 

for exploring the nuclear physics and yet unsolved problems of the endpoint of 
thermonuclear evolution of stars, leading to new avenues of research in physics and 
astrophysics. 


VLADIMIR BELINSKI and I.M. KHALATNIKOV 
for the discovery of a general solution of the Einstein equations with a cosmological 
singularity of an oscillatory chaotic character known as the BKL singularity. 


FILIPPO FRONTERA 

for guiding the Gamma-ray Burst Monitor Project on board the BeppoSAX satel- 
lite, which led to the discovery of GRB X-ray afterglows, and to their optical 
identification. 
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12th Marcel Grossmann Meeting 
July 2009, Paris, France 


Institutional Award 


INSTITUT DES HAUTES ÉSTUDES SCIENTIFIQUE (IHÉS) 

for its outstanding contributions to mathematics and theoretical physics, and 
notably for having renewed basic geometrical concepts, and having developed new 
mathematical and physical aspects of spacetime. 


- presented to Prof. Jean-Pierre Bourguignon 


Individual Awards 


JAAN EINASTO 
for pioneering contributions in the discovery of dark matter and cosmic web and 
fostering research in the historical Tartu Observatory. 


CHRISTINE JONES 

for her fundamental contributions to the X-ray studies of galaxies and clusters 
tracing their formation and evolution and for her role in collaborations using clusters 
to study dark matter and in analyzing the effects of outbursts from supermassive 
black holes on the intracluster gas. 


MICHAEL KRAMER 
for his fundamental contributions to pulsar astrophysics, and notably for having 
first confirmed the existence of spin-orbit precession in binary pulsars. 
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11th Marcel Grossmann Meeting 
July 2006, Berlin, Germany 


Institutional Award 


FREIE UNIVERSITAT BERLIN 

for the successful endeavor of re-establishing — in the spirit of the Humboldt tra- 
dition — freedom of thinking and teaching within a democratic society in a rapidly 
evolving cosmos 


- presented to Dr. Dieter Lenzen, President of FUB 


Individual Awards 


ROY KERR 
for his fundamental contribution to Einstein's theory of general relativity: "The 
gravitational field of a spinning mass as an example of algebraically special metrics." 


GEORGE COYNE 

for his committed support for the international development of relativistic astro- 
physics and for his dedication to fostering an enlightened relationship between sci- 
ence and religion. 


JOACHIM TRUMPER 

for his outstanding scientific contributions to the physics of compact astrophysi- 
cal objects and for leading the highly successful ROSAT mission which discovered 
more than 200,000 galactic and extragalactic X-ray sources: a major step in the 
observational capabilities of X-ray astronomy and in the knowledge of our universe. 
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10th Marcel Grossmann Meeting 
July 2003, Rio de Janeiro, Brazil 


Institutional Award 


CBPF (Brazilian Center for Research in Physics) 
for its role as a teaching and research institution and as a place originating funda- 
mental physics ideas in the exploration of the universe. 


- presented to its founders Cesar Lattes, José Leite Lopez and Jayme Tiomno 


Individual Awards 


YVONNE CHOQUET-BRUHAT AND JAMES W. YORK, JR. 

for separate as well as joint work in establishing the mathematical framework for 
proving the existence and uniqueness of solutions to Einstein's gravitational field 
equations. 


YUVAL NE'EMAN 
for his contributions to science, epistimology, mathematics and physics from sub- 
nuclear to space sciences. 


9th Marcel Grossmann Meeting 
July 2000, Rome, Italy 


Institutional Award 


SOLVAY INSTITUTES 
for identifying and recording in discussions by the protagonists the crucial develop- 
ments of physics and astrophysics in the twentieth century. 


- presented to Jacques Solvay 


Individual Awards 


CECILLE AND BRYCE DEWITT 
for promoting General Relativity and Mathematics research and inventing the “sum- 
mer school" concept. 


RICCARDO GIACCONI 
for opening, five successive times, new highways for exploring the Universe. 


ROGER PENROSE 
for extending the mathematical and geometrical foundations of General Relativity. 
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8th Marcel Grossmann Meeting 
June 1997, Jerusalem 


Institutional Award 


HEBREW UNIVERSITY 
for its role as a cradle of Science and Humanities and for hosting the manuscripts 
of Albert Einstein. 


- presented to M. Magidor, President of the Hebrew University of Jerusalem 


Individual Awards 


TULLIO REGGE 

for his contributions to the interface between mathematics and physics leading to 
new fields of research of paramount importance in relativistic astrophysics and par- 
ticle physics. 


FRANCIS EVERITT 
for leading the development of extremely precise space experiments utilizing super- 
conducting technology to test General Relativity and the Equivalence Principle. 
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7th Marcel Grossmann Meeting 
June 1994, Stanford, USA 


Institutional Award 


SPACE TELESCOPE SCIENCE INSTITUTE 

for its critical role in the direction and operation of the Hubble Space Telescope, 
a truly unique international laboratory for the investigation and testing of general 
relativity in the context of modern astrophysics and cosmology. 


- presented to Peter Stockman 


Individual Awards 


SUBRAHMANYAN CHANDRASEKHAR 

for his contributions to the analysis of gravitational phenomena from Newton to 
Einstein and especially for leading the way to relativistic astrophysics with the 
concept of critical mass for gravitational collapse. 


JIM WILSON 

for having built on his experience in nuclear physics, thermonuclear reactions, and 
extensive numerical simulation to create a new testing ground for the novel concepts 
of relativistic astrophysics. 
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6th Marcel Grossmann Meeting 
June 1991, Kyoto, Japan 


Institutional Award 


RITP 

for keeping alive first in Hiroshima and them in Kyoto research in relativity, cosmol- 
ogy, and relativistic field theory and the development of a school of international 
acclaim. 


- presented to Professor K. Tomita 


Individual Awards 


MINORU ODA 

for participating in the pioneering work of the early sixties in X-ray astronomy 
and for his subsequent molding of an agile and diversified Japanese scientific space 
program investigating the deepest aspects of relativistic astrophysics. 


STEPHEN HAWKING 
for his contributions to the understanding of spacetime singularities and of the large 
scale structure of the Universe and of its quantum origins. 
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5th Marcel Grossmann Meeting 
August 1988, Perth, Australia 


Institutional Award 


THE UNIVERSITY OF WESTERN AUSTRALIA 
for its contributions to relativistic astrophysics. 


- presented to the Vice Chancellor, Professor Robert Smith 


Individual Awards 


SATIO HAYAKAWA 
for his contributions to research in gamma, X-ray and infrared radiation as well as 
cosmic rays. 


JOHN ARCHIBALD WHEELER 
for his contributions to geometrodynamics and Einstein’s visions. 
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4th Marcel Grossmann Meeting 
July 1985, Rome, Italy 


Institutional Award 


THE VATICAN OBSERVATORY 
for its contributions to the origin and development of astrophysics. 


- presented to His Holiness Pope John Paul II 


Individual Awards 
WILLIAM FAIRBANK 


for his work in gravitation and low temperature physics. 


ABDUS SALAM 
for his work in unifying fundamental interactions. 
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Institutional Awards for the Spektrum-Roentgen-Gamma (SRG) mission 


"for the creation of the world's best X-ray map of the entire sky, for the discovery of 
millions of previously unknown accreting supermassive black holes at cosmological 
redshifts, for the detection of X-rays from tens of thousands of galaxy clusters, filled 
mainly with dark matter, and for permitting the detailed investigation of the growth 
of the large-scale structure of the universe during the era of dark energy dominance”. 


S.A. LAVOCHKIN ASSOCIATION 
- presented to its Designer General Alexander Shirshakov 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS 
(MPE) 
- presented to Professor Peter Predehl, Principal Investigator of eROSITA 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN 
ACADEMY OF SCIENCES 

- presented to Professor Rashid Sunyaev, Principal Investigator of SRG Obser- 
vatory in Russia 


On Tuesday June 29, 2021, the following 31 astro-ph appeared: 


1. https://arxiv.org/abs/2106.14517 17. https://arxiv.org/abs/2106.14533 
2. https://arxiv.org/abs/2106.14518 18. https://arxiv.org/abs/2106.14534 
3. https: //arxiv.org/abs/2106.14519 19. https://arxiv.org/abs/2106.14535 
4. https: //arxiv.org/abs/2106.14520 20. https://arxiv.org/abs/2106.14536 
5. https://arxiv.org/abs/2106.14521 21. https://arxiv.org/abs/2106.14537 
6. https: //arxiv.org/abs/2106.14522 22. https://arxiv.org/abs/2106.14541 
7. https://arxiv.org/abs/2106.14523 23. https://arxiv.org/abs/2106.14542 
8. https: //arxiv.org/abs/2106.14524 24. https://arxiv.org/abs/2106.14543 
9. https: //arxiv.org/abs/2106.14525 25. https://arxiv.org/abs/2106.14544 
10. https://arxiv.org/abs/2106.14526 26. https://arxiv.org/abs/2106.14545 
11. https://arxiv.org/abs/2106.14527 27. https://arxiv.org/abs/2106.14546 
12. https://arxiv.org/abs/2106.14528 28. https://arxiv.org/abs/2106.14547 
13. https://arxiv.org/abs/2106.14529 29. https://arxiv.org/abs/2106.14548 
14. https://arxiv.org/abs/2106.14530 30. https: //arxiv.org/abs/2106.14549 
15. https://arxiv.org/abs/2106.14531 31. https: //arxiv.org/abs/2106.14550 
16. https://arxiv.org/abs/2106.14532 
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S.A. LAVOCHKIN ASSOCIATION 
presented to its Designer General Alexander Shirshakov 


S.A. Lavochkin Association created the Navigator space platform 
carrying German eRosita and Russian ART-XC X-Ray Telescopes, 
organized the launch of SRG Orbital X-Ray Observatory to the second 
Lagrangian point of the Sun-Earth system at a distance of 1.5 million 
km from the Earth and managed the observatory flight and the daily 
reception of its scientific data on Earth for 23.5 months. 


Dr Alexander Shirshakov, Designer General of the S.A. Lavochkin 
Association, is specialized in design, manufacture, testing, launch and 
control of S/C for scientific purposes. Among those S/C launched, 
there are the «Radiostron» Astrophysical Observatory (2011) and the 
«Spektr-RG» space observatory (2019), while the planned S/C 
launches are «Luna-25» and «Exomars». 


Dr Shirshakov started his career in 1973, working as an engineer of 
the State Unitary Enterprise «NPO named by S.A. Lavochkin» in 
Khimki (Russian Federation). Starting from 1989 he has played 
multiple roles within the Lavochkin Association, been appointed head of the group, head of the sector, head 
of department, deputy head of the complex, head of the branch, director of the center, deputy head of the 
Design Bureau, deputy General Designer and deputy General Director. 


Dr Alexander Shirshakov 


Dr Shirshakov is an editorial board Member of the reviewed edition of «Vestnik of Lavochkin Association». 
Since 2017, he is also member of the General Designer council. He has been awarded Honored Mechanical 
engineer of the Russian Federation as well as Agency-level award of the Russian Federal Space Agency. 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS (MPE) 
presented to Professor Peter Predehl, Principal Investigator of eROSITA 


eROSITA is the soft X-ray telescope on-board the 
Russian-German Spektr-RG mission which was 
successfully launched from Baikonur on July 13, 2019 
and placed in a halo orbit around the L2 point. 30 years 
after ROSAT, eROSITA performs an all-sky survey 
with an unprecedented sensitivity, spectral and angular 
resolution. Clusters of galaxies are the largest collapsed 
objects in the Universe. Their formation and evolution is 
dominated by gravity, i.e. Dark Matter, while their large 
scale distribution and number density depends on the 
geometry of the Universe, ie. Dark Energy. X-ray 
observations of clusters of galaxies provide information 
| on the rate of expansion of the Universe, the fraction of 

mass in visible matter, and the amplitude of primordial 

fluctuations which are the origin of clusters of galaxies 

and the whole structure of the universe. eROSITA has 
been designed to detect at least 100.000 clusters of galaxies and to detect systematically more than 3 million 
obscured accreting Black Holes. eROSITA will also allow to study the physics of galactic X-ray source 


Professor Peter Predehl 
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populations, like pre-main sequence stars, supernova remnants and X-ray binaries. The eROSITA telescope 
consists of seven identical Wolter-1 mirror modules. A novel detector system has been developed by MPE 
on the basis of the successful XMM-Newton pn-CCD technology. MPE is the scientific lead institute of 
eROSITA, responsible for the development of the instrument, the operation, the analysis software and data 
archive. Peter Predehl led this development as Principal Investigator of eROSITA and German lead scientist 
of the SRG mission for more than 15 years until the completion of the first of eight surveys in 2020. At this 
time eROSITA has already discovered more than 1 million X-ray sources, more than all X-ray observatories 
of the last 50 years together. This demonstrates that the design goals of the mission will easily be fulfilled. 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN ACADEMY OF SCIENCES 
presented to Professor Rashid Sunyaev 


Space Research Institute (IKI) of the Russian Academy of 
Sciences was responsible for developing the overall concept 
and scientific program of the SRG Orbital observatory and 
played a leading role in developing the ART-XC telescope 
and the entire SRG observatory as part of the Russian space 
| Science program carried out by Roskosmos Corporation in 
| the interests of the Russian Academy of Sciences. 


During the flight to the L2 point of the Sun-Earth system, 
SRG with German (eRosita) and Russian (ART-XC named 
after Mikhail Pavlinsky) X-ray Telescopes aboard performed 
calibrations and long duration Performance Verification 
observations of a dozen of targets and deep fields. Starting in 
the middle of December 2019, the SRG scanned the whole 
sky three times. During these scans, SRG discovered two 
million point X-ray sources: mainly quasars, stars with hot 
and bright coronae, and more than 30 thousand clusters of 
galaxies. There is a competition and synergy in the search for 
clusters of galaxies between SRG and the ground-based Atacama Cosmology and South Pole Telescopes, 
which are searching for clusters of galaxies in microwave spectral band using Sunyaev-Zeldovich effect. 
SRG provided the X-Ray map of the whole sky in hard 
and soft bands, the last is now the best among existing. 
The huge samples of the X-ray selected quasars at the 
redshifts up to z — 6.2 and clusters of galaxies will be 
used for well-known cosmological tests and detailed 
study of the growth of the large scale structure of the 
Universe during and after reionization. SRG/eRosita is 


Professor Rashid Sunyaev 


discovering every day several extragalactic objects which 
increased or decreased their brightness more than 10 
times during half of the year after the previous scan of the 
same one-degree wide strip on the sky. A significant part 
of these objects has observational properties similar to the 
Events of Tidal Disruption of a star orbiting in the 
vicinity of the supermassive black hole. ART-XC 
discovered a lot of bright galactic and extragalactic 
transients. 
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Rashid Sunyaev is the Principal Investigator of SRG mission in Russia, director-emeritus of the Max-Planck 
Institute for Astrophysics and Maureen and John Hendricks distinguished visiting professor of the Institute 
for Advanced Study, Princeton. 


First SRG/eROSITA all-sky survey: 
A million of X-ray sources and the Milky Way. 
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Individual Awards 
LISEHHLHTEIDEMETRIOS CHRISTODOULOU 


"For his many lasting contributions to the foundation of mathematical physics including the dynamics of 
relativistic gravitational fields. Notably for: contributing in 1971, at the age of 19, to derive with Remo 
Ruffini the mass-energy formula of black holes as a function of their angular momentum, charge and irre- 
ducible mass. Christodoulou turned then to the study of partial differential equations and mathematical 
physics, to which he remained dedicated for the rest of his career. Highlights in this area include the theoret- 
ical discovery of the nonlinear memory effect of gravitational waves (Phys. Rev. Letters 1991), the mono- 
graph (1993) in collaboration with Sergiu Klainerman on the global nonlinear stability of the Minkowski 
spacetime, the monograph (2009) on the formation of black holes in pure general relativity by imploding 
gravitational waves, and the monographs (2007 and 2019) on the formation and further development of 
shocks in fluids. " 


Professor Demetrios Christodoulou 


sink of energy, were energy sources emitting "in principle" 5096 of their mass energy, being extractab! 


XXX 


Fig. 1 and Fig. 2: Demetrios during his thesis presentation with Eugene Wigner (Fig. 1) and David Wilkinson (Fig.2). Johnny 
and I were supervisors, ready to intervene in case of need, but no need of intervention was necessary! Wigner elaborated the 
aphorism of Niels Bohr "Interesting = wrong" in the most definite "very interesting if true = totally wrong". 
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A “long march” started on 12 December 1970 with the launch of 


A [ 7 2 ; 

Fig. 3: Prof. Remo Ruffini receiving the Cressy 
Morrison Award of the New York Academy of 
Sciences, 1972 for the discovery of the first 
Black Hole in our galaxy Cygnus X1. 


« É feci. à Ei 


Fig. 4: In the second row, from left to right, there are, among others: E. T. Newman, S. Chandrasekhar (Nobel 1983), R. Giacconi 
(Nobel 2002), R. Ruffini, A. Treves, A. Hewish (Nobel 1974), D. Arnett, J.H. Taylor (Nobel 1993), J. Wilson, R. Penrose (Nobel 
2020), as well as J. Bahcall, T. Damour, T. Piran et al. 


Today, after fifty years, this “long march" has reached a definite result: through the grandest observational 


are finally finding evidence that black holes are “alive” and their “extractable energy" in our mass formula 


. Their “inner engine", has three independent components: 1) a 


Remo Ruffini 
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GERARD "t HOOFT 


"for his persistent devotion to the study of the quantum field theory boundary conditions at the black hole 
horizon". 


F * Prof. Gerard ’t Hooft has been a full Professor at the Utrecht 
] [ 


1 
‘For elucidating the quantum 
physics” 


structure of electroweak interactions 


= 
E 


Prof. 't Hooft's 


Professor Gerard 't Hooft 


Prof. 't Hooft has been awarded the 
"n 


direct Gerard's attention to some specific 


Fig. 2: The signature of Gerard 't Hooft on the 
wall of ICRA Room 301 (April 4, 1999). 


Ruffini's 1971 paper w 


"i I "for his persistent devotion to the study of the quantum field theory 
boundary conditions at the black hole horizon" 


Remo Ruffini 
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CETTE TSVI PIRAN : 


"for extending relativistic astrophysics across international frontiers, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


LET 


research deals with numerous aspects of relativistic 
I 


| 
Piran's research work focuses mostly 
| TTE TIT] m T 


Professor Tsvi Piran Piran’s achiev 


N STEVEN WEINBERG 


"for unwavering support for the MG meetings since their inception, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


Academy of Sciences, Britain's Royal Society, and other acade 


he is “considered by many to be the preeminent theoretical physicist 


alive in the world today." His books for physicists incl 


Gravitation and Cosmology l COU The Quantum 
Theory of Fields\\Cosmology 


Foundations of Modern Physics MMU 


Professor Steven Weinberg. Photo 
courtesy of Matt Valentine. 
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ICRA Collection 


Fig. 1: Chuo Pei Yuan and Cheng Ning Yang at MG2 in Trieste, 


Italy (1979). 


| Bina [I Ei | [I] "motto " 


D [Friends from all over the world are welcomed” 


member of the present MG16 IOC: no MG meetings on Einstein's theory of general relativi 


ICRA Collection 


Fig. 2: From right to left: Chaim Weizmann, President of Israel; Yuval 
Ne'emann, Minister of Science of Israel; R. Ruffini. 


‘Scientists 
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I kept on meeting Tauber in the years which followed (see Fig. 3). Soon after, Yuval Ne'emann visited 


"for unwavering support for the MG 
meetings since their inception, a 
true companion in the search for the 
deeper meaning of Einstein's great 


theory” 


“for extending Relativistic 
astrophysics across international 
frontiers, a true companion in the 
search for the deeper meaning of 


Einstein’s great theory” 


Fig. 4: Albert Einstein, Hideki Yukawa and John. A. Wheeler with a hand- 
written dedication to Remo Ruffini “To Remo Ruffini, companion in the search 
for the deeper meaning of Einstein great theory. With warm regards, John 
Wheeler 5 April 1968”. 


words of John A. Wheeler’s photo 


Remo Ruffini 
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PREFACE 


Since 1975, the Marcel Grossmann Meetings on Recent Developments in Theoretical 
and Experimental General Relativity, Gravitation, and Relativistic Field Theories 
have been organized in order to provide opportunities for discussing recent advances 
in gravitation, general relativity and relativistic field theories, emphasizing mathe- 
matical foundations, physical predictions and experimental tests. The objective of 
these meetings is to elicit exchange among scientists that may deepen our under- 
standing of spacetime structures as well as to review the status of ongoing exper- 
iments aimed at testing Einstein's theory of gravitation either from the ground or 
from space. Previous meetings have been held in Trieste (MG1: 1975) and (MG2: 
1979), Shanghai (MG3: 1982), Rome (MG4: 1985, MG9: 2000), Perth (MG5: 1988), 
Kyoto (MG6: 1991), Stanford (MG7: 1994), Jerusalem (MG8: 1997), Rio (MG10: 
2003), Berlin (MG11: 2006), Paris (MG12: 2009), Stockholm (MG13: 2012), MG14 
in 2015 and MG15 in 2018 both in Rome. 

Due to the COVID-19 pandemic spreading in the last two years the decision 
was taken to organize the Sixteenth Marcel Grossmann meeting for the first time in 
history entirely online. Despite numerous challenges, related to the organization of 
large worldwide event, MG16 showed the strongest ever interest from the scientific 
community with a record-breaking number of almost 1200 registered participants 
and of more than 1000 speakers. 

The traditional six-day schedule has been modified to account for different time 
zones of the speakers and each day the program of the meeting was divided in three 
blocks with the reference to the Central European Summer Time. The first block 
was starting at 06:30 in the morning, allowing comfortable time for speakers from 
Asia and Oceania. The second block was held in the daytime in Europe and Africa. 
The third block was starting in the afternoon and ending at 19:30 allowing accom- 
modation of the speakers from the Americas. Each day the blocks of plenary sessions 
were interchanging with the blocks of about 30 parallel sessions each, making this 
one of the most intense MG meetings ever. All this was possible thanks to recent 
developments in communication technologies. The Indico open-source software was 
selected as a web platform for this meeting, while Zoom platform was adopted for 
the video-conferencing. The meeting was streamed on ICRANet YouTube channel. 

The meeting started on Monday July 5 with the Award ceremony. The individual 
awards went to Demetrios Christodoulou, Tsvi Piran, Gerard ’t Hooft and Steven 
Weinberg, while the Institutional Awards went to the S.A. Lavochkin Association, 
to the Max Planck Institute for Extraterrestrial Physics - MPE and to the Space 
Research Institute IKI of the Russian Academy of Sciences. Overall there were 54 
plenary talks, 4 public lectures and 5 roundtables and about 90 parallel sessions. 
The plenary session *Events in Relativistics Astrophysics" on Monday have seen 
the contributions from Rashid Sunyaev, Michael Kramer, James Miller-Jones, Felix 
Mirabel. The public lectures were delivered by Razmik Mirzoyan, Asghar Qadir 
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and Mohammad Bagheri. Plenary talks on Tuesday session “Black holes and the 
Quantum” by Juan Maldacena, Ahmed Almheiri, Gerard ’t Hooft, Mihalis Dafer- 
mos, Sergiu Klainerman, Abhay Ashtekar and Frank Wilczek were bracketed by two 
roundtables on “New results from SRG/eRosita” with the participation of Andrea 
Merloni, Prof. Rashid Sunyaev, Alexander Lutovinov, Chandreyee Maitra, Esra 
Bulbul and “Solar neutrinos and Borexino" with the participation of Gianpaolo 
Bellini and Wick Haxton. Plenary talks on Wednesday in the session “Lambda 
CDM tensions” by George Efstathiou, Scolnic Daniel, Marc Kamionkowski, Wendy 
Freedman, Priya Natarajan and Licia Verde were followed by the roundtable “Pre- 
cision cosmology” with the participation of Licia Verde, Marc Kamionkowski, Piero 
Rosati, and the public lecture by Francis Halzen. Two blocks of Thursday plenary 
sessions “Black holes in GRBs” and “Precision tests” included the talks by Roy 
Kerr, Yuan Ha, Lorenzo Amati, Elena Pian, Carlos Raúl Argiielles, Di Li, Jianglai 
Liu, Claus Lammerzahl, Gerhard Heinzel and Ignazio Ciufolini and were followed 
by the roundtable “GRB 170817A and GRB 190829A” with the participation of 
Eleonora Troja, Liang Li, Rahim Moradi, Jorge Armando Rueda Hernandez. Two 
plenary blocks on Friday “Massive stars” and “Physics behind stellar collapse” 
included the talks by Selma de Mink, Norbert Langer, Jiri Bicak and Tomas Led- 
vinka, Ivan De Mitri, Rahim Moradi and Giancarlo Cella. Finally, two plenary blocks 
on Saturday “Current and future missions” have seen the talks by Shuang-Nan 
Zhang, Weimin Yuan, Makoto Tashiro, Ruoyu Liu, Jean-Luc Atteia, Jim Hinton 
and Nicholas White and were followed by the roundtable “What is in our Galactic 
center" with the participation of Reinhard Genzel, Carlos Raúl Argüelles, Andreas 
Krut, Jorge Armando Rueda Hernandez, Eduar Becerra Vergara. The program of 
the meeting can be found at the official website http://www.icra.it/mg/mg16 and 
at ICRANet Indico website https:/ /indico.icranet.org/event/1/. 

These proceedings include about 400 papers containing the results presented at 
the Sixteenth Marcel Grossmann meeting. The plenary papers from the meeting have 
been published in International Journal of Modern Physics D as they were submitted. 
'The table of contents includes also the links to YouTube videos with talks given at 
the meeting and cover plenary talks, public lectures, roundtables and all parallel 
sessions. The general link to the videos from MG16 is: https:/ /www.youtube.com/ 
watch?v-QFellsSid-o&list -2PLr5RLbSWSonsaOnZukBDs0qsNIWMSAvRF. 

As the editors we would like to express our gratitude to all the chairpersons of 
the parallel sessions at MG16, who peer-reviewed the papers submitted for these 
proceedings, as well as to the ICRANet secretariat office and in particular to Cinzia 
di Niccolo, Elisabetta Natale and Yasmina Di Domizio, as well as to ICRANet 
system manager Gabriele Brandolini for their help in preparation of this publication. 


Remo Ruffini and Gregory Vereshchagin 
November 2021 
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Reconstruction of a star motion in the vicinity of black hole from the 
redshift of the electromagnetic spectrum 


S. O. Komarov* and A. K. Gorbatsievich 
Theoretical Physics and Astrophysics Department, Belarusian State University, 
Minsk, Belarus 
* E-mail: StasKomarov@tut. by 
www. KomarovS O. bsu. by 


The problem of calculating the redshift of electromagnetic spectrum of the star, moving 
in the vicinity of Schwarzschild black hole is solved within the framework of the Gen- 
eral Theory of Relativity. The inverse problem — determination the parameters of the 
motion of a star from observational data of redshift is considered. The approach that 
gives possibilities to solve the inverse problem is proposed. The approach is tested on 
the numerical model that gives possibilities to calculate redshift as function of time of 
observation for a star moving in the vicinity of Schwarzschild black hole. The parame- 
ters of the star in numerical model are close to parameters of the S-stars, moving in the 
vicinity of the Sgr A*. 


Keywords: Black hole; gravitational redshift. 


1. Introduction 


It is well-known from astrophysical observations that supermassive black hole with 
mass mgpg 7: 4: 109mo, ^? where mo is the mass of the Sun, exists in the Galactic 
Center.^? ? Apart from this, large amount of stars exists in this region. For example, 
S-cluster includes stars closest to supermassive black hole.? 678 

Astrophysical observations of such stars give possibility to study the structure of 
the Galactic Center and to test theories of gravity. The main source of information 
about the motion of these stars is their electromagnetic radiation. In the present 
work, we have performed theoretical investigation of the redshift of electromagnetic 
radiation of a star moving in the vicinity of a black hole. This problem includes 
two parts: the direct problem — calculation the redshift of the electromagnetic 
radiation of a star moving in external gravitational field and the inverse problem: — 
determination the motion of the star in external gravitational field if redshift as 
function of time of observation is known. 

The direct problem within the framework of the General Relativity is consid- 
ered in many papers see, e.g.,° !?. The mentioned studies consider different general 
relativistic effects such as Shapiro delay, gravitational redshift, and Doppler shift. 
'To solve the direct problem, one needs to solve the boundary value problem for the 
isotropic geodesic that connects the source and the observer. In the cited studies, 
if the corresponding general relativistic effects are taken into account, this prob- 
lem is solved using tables of impact parameters that make the accuracy of the 
solution limited by the step of the data in the tables. In our previous papers,!? !° 
we developed a covariant approach that allows one to obtain compact expressions 
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for redshift as a function of observation time. We have solved the boundary value 
problem by numerically solving a non-linear equation, which allows for much more 
accurate solutions than table-based methods. 

For the solution of inverse problem it is necessary to use statistical methods such 
us MCMC method.9:5 19:1? But mentioned studies do not contain any approach 
for constructing initial guess for the solution of the problem. The method that is 
presented in this paper gives possibility to obtain such guesses from graphics. 

As an example of solving the inverse problem, we consider a mathematical model 
of a star moving close to a supermassive black hole. For the demonstration purpose, 
we chose the parameters of motion corresponding to a star on a slightly closer orbit 
around the black hole than the orbits of known S-stars (see, e.g.,??). Such orbits 
allow us to test the approach in the strong-field regime apply to the cases when the 
sources are on very tight orbits near the Galactic Center. Sources with such orbits 
may be found with future observations. 

In this paper, we use a system of units where the speed of light in the vacuum 
is equal to unity (c = 1), and the metric has signature — + ++. 


2. Theoretical model 


In the present paper consider only the case of spherically symmetric non-charged 
black hole. In General Relativity such a black hole can be described by the 
Schwarzschild metric (see, e.g.,!6): 


dr? 


2 
ds = ou 


2M 
+ r?d8? + r? sin? 8d? — (1 - a) dt? . (1) 
r 
Here, xê = (t, r, 0, p} are Schwarzschild coordinates. Furthermore, M = GmsBH, 
where G is the gravitational constant. In our model, the mass of the black hole 
mgpu is much larger than the mass of the star m, ^ mo. Because of this, we 
model source stars as test particles moving in the external gravitational field of the 
supermassive black hole. One can obtain the 4-velocity components of the star from 
the geodesic equation. They have the following form (see, e.g.,!9): 
o dt E 


u = — = 


dr (1—2M/r)’ 


ui = T = e, y E? — (1 — 2M/r)(1 + L2/r2); 
i 


, d 


u =y M 
de L 
3 
OS or @) 


where we chose the orientation of the spatial part of the coordinate system in such 
a way that the trajectory of the star lies in the plane 0 = 7/2. Here L is the specific 
angular momentum of the star (in mass), E is its specific energy (in mass), and 7 is 
its proper time. Factor e, describes whether the considered part of the trajectory 
is receding or approaching. 
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From the system of equations (2), one can find the trajectory of the star in 
analytic form. In the case of finite motion, it has the following form (see, e.g.,!"): 


1 1 — — ô 4M 2M 
-— M P2 — Pı sn? E ) 1 «| (3) 


T rs(Y, ô, pı, p2) pi Pip2 


P2 — pı 
ks = | ——— 5 
V pıp2/(2M) — po — 2pı 


where sn[ọ, k] is the Jacobi sine of the first kind (see? for definition), ô is the longi- 
tude of pericenter, and pı and p» are pericenter and apocenter distances respectively. 
'They are uniquely related to E and L as follows: 


T T(P, ô, Pi, po) pi 2 P2 Pı 


Pıp2 


pipa 
1 = 2 
( ui. ) no: (pı + p2) 


L= 


(4) 


The proper time of the star 7 can be expressed as a function of its angular 
coordinate q by using the well-known analytic formula (see, e.g.,!^): 


T = Ts(9, pi, P2) + 70 - (5) 


Here, 7,(0, p1, p2) = 0. We will not write down this expression explicitly due to 
cumbersomeness. 

Astrophysical observations of stars in the vicinity of the Galactic Center use 
electromagnetic radiation in the wavelength range of 1m — 10m (including obser- 
vations of pulsars, see, e.g.,?). Such wavelengths are small compared to the typical 
orbit sizes of S-stars, which allows us to use the geometric optics approximation (see, 
e.g.,1?). In this approximation, electromagnetic radiation propagates along a null 
geodesic with tangent vector k; that satisfies the following relations: kjk? = 0 and 
kijk = 0. Here we chose the following coordinate frame K : (t, r, 0, 6}. Therefore, 
the observer resides on the axis 6 = 0,  — 0, we find that the trajectory of the 
light ray lies in the plane ¢ = const and obtain (see, e.g.,19): 

dt 1 


pU. Lene a 
dv (1—2M/r)’ 


k! = = = er4y/1 — (1—2M/r)D?fr?; 
V 


dé D 
| Se ee 
dv r2?’ 
dp 
k= = 
= =0, (6) 


where v is an affine parameter along the ray and D is the impact parameter. Factor 
es describes whether the considered light trajectory is receding or approaching. 
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The sign in the expression for Ó in equation (6) is chosen so that D > 0. We 
only consider zeroth-order trajectories, i.e. trajectories for which the increment of 
Ó from the source to observer is less then 7 (see, e.g.,2%2"). 

From equations (6) and by using the boundary condition r — oo for 0 — 0, we 
obtain the following analytic expression for the trajectory of the ray: 


1 1 1 QR ,|8 [Q 2M 
rn D P zPM^ [VP [ge po 


where ry = r is satisfied for the points on the world line of the ray, 


[Q-P+6M 
P2?+4PM—12M; k= L——— (7) 


cn[y, k] and F [y, k] are the Jacobi cosine and the elliptic integral of the first kind, 
respectively (see!? for definition). If real, P has a physical meaning of the closest 
approach distance (see, e.g.,!"). However, whether P is real or complex, it can be 
expressed through the impact parameter D as follows: 


Pac Han Pod 3V3M PE: f 
v3 3 D 3 


'The angular coordinates in both coordinate systems are connected by the fol- 
lowing relation (see Fig. 1): 


6 = arccos|cos(y) sin(ig)] , (8) 


where angle to is the inclination of the orbit of the star. 
Redshift of the spectrum of electromagnetic radiation can be calculated from 
the formula (see, e.g.,1°): 


J= 9A E (ui)s (K^). 2 
À (u)o(k?)o 
Here, A is the wavelength of emitted light, dX is the wavelength difference between 
received and emitted light. (k;); and (k;); denote the wave vector at the location of 
the observer and source, respectively. Likewise, (u;)o and (u;) denote the 4-velocity 
vector of the observer and the star, respectively. 
Consider the case of a stationary observer located at spatial infinity. Therefore, 


1. (9) 


the spacetime around the observer is described to good accuracy by the Minkowsky 
metric. Therefore, for the observer we have (u*), = (1, 0, 0, 0}. To calculate the 
components of the wave vector (k;)., it is necessary to solve the boundary value 
problem for the system of differential equations (6) (see Fig. 2). The zeroth-order 
trajectory corresponds to the maximal intensity, and one may find it almost in all 
cases for S-stars (see, e.g., ?™?!). Because of this, we will consider only light rays of 
zeroth order. Therefore, the solution is unique. For the chosen assumptions, solving 
the mentioned boundary value problem reduces to solving the following non-linear 
ordinary equation for the impact parameter D: 


rs(Y, pi; pa) = r, (0, D) g (10) 
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Pericenter 


Source 


ajectory of light 


To the observer 


Trajectory of the star 


Fig. 1. For the derivation of formula (8) 


Fig. 2. (k*), and (k*)s are tangent vectors to null geodesic that intersect both the worldline of 
the source and the worldline of the observer 


Taking into account the stationarity of the observer, the relation between the 
angles (8), and substituting expressions (2), (6) into (9), we obtain the redshift in 
the following form: 


E DL 1 L? D? 
z = —1 + — + —- b — eser- E? -q| 1+ 1—q—}. (11) 
q pe q m r2 


Here, we denote 1 — 2M/r = q and 8 = sin(io) sin(y)/sin(@). The presented equa- 
tions allow one to solve the direct problem: calculating the redshift of a star moving 
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in an external gravitational field of a supermassive black hole as a function of ob- 
servation time. We illustrate the method by using a numerical model as shown in 
Fig. 3. 


t 
500 1000 1500 2800 2500 3000 3500M 


—0.05 


—0.10 


Fig. 3. Redshift of electromagnetic spectrum of a star in an external Schwarzschild gravitational 
field as a function observation time t. The pericenter distance of the stellar orbit is py = 60M, 
its apocenter distance is p? = 90M, its inclination is i9 = 1.4rad, the longitude of pericenter is 
ô = 1 rad and the initial time of pericenter passage is 79 = 0M 


However, it is more interesting for astrophysical purposes to solve the inverse 
problem: determining the parameters of motion of a star in the external gravitational 
field of a supermassive black hole based on its redshift data. In the literature, the 


inverse problem is solved by minimizing the x? function (see, e.g.,™ 19): 


ss | Gi Zos)? 
v2 = y — (12) 
j=l 72 

where zj and Zobs,j are the theoretical and observed values of the redshift, respec- 
tively, for the times of observation t; (j € [1, N]). o2, is the dispersion of the redshift 
observation data. Since function Zops,;(t) has no explicit expression (at least, because 
D is the solution of non-linear equation 10), minimizing x? can only be performed 
numerically (for example, using the Metropolis-Hastings algorithm??). 

In this work, we present another approach based on deriving a system of equa- 
tions expressed explicitly using elementary or special functions of the parameters 
of motion of the star. To obtain such equations for the inverse problem, one has to 
find expressions not only for z but also for dz/dr. We describe this calculation in 
the following section. 


3. Derivative of the redshift function 


3.1. Newman-Penrose null tetrad and optical scalars 


In this section we will use the Newman-Penrose null tetrad (see, e.g.,?*:?4), deter- 
mined along the world line of the ray emitted by the star: 


k, nê, mê mi. (13) 
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Here k* is the wave vector of the ray. Symbol ~ denotes the complex conjugation. 
All vectors in (13) are null. All scalar products between vectors in (13) are equal to 
0 apart from 


kin’ = —1; mm! — 1. (14) 


Consider a congruence of isotropic geodesics that have tangent vectors k^ and inter- 
sect the world line of the observer at time to. Also, consider the Newman-Penrose 
tetrad (13) at all points of this congruence. Then the components of the vectors of 
the tetrad in the coordinate basis of K have the form (we chose the affine parameter 
v such that ko=-1): 


1— (1—2MJr)D?]r2 
k: = -— Se + 
j | le 1-3M7 ,—D,0»; 


1 €r 2/2 
nj = {-30 —2M/r), -7V1 —(1—2M/r)D?/r?, 


P —2M/n), o} ; 


D " 
fo, i—, iepry 1 — (1 — 2M /r)D?/r?, rsinð} ; 
T 


(15) 
For the considered congruence, one can obtain the following equations (see, 
eg 99 eee hg") 
ki.gm'm = —p; k;. m ^m? =a kijk = kijk’ =0. (16) 
Here, p and c are optical scalars. They are can be found numerically from well- 
known equations (see, e.g.,73 7°) 
(see, e.g.,7°): 


: Only the sum p+o admits an analytical expression 


rsin@ 
Slim tee code adi (17) 
r r r? r2 nh 


We now write down components of the vector of 4-velocity of the star in the basis 
of the null tetrad (15): 


(Am? + Am?) + Bki + Cn’. (18) 
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Here A, B, C — are coefficients of decomposition. We obtain —kju? = (1 +z) = C. 


Denoting the components of the Killing vector s as €/, we have 


"S 2M ; ; 
I= I= k 4. 1 
e-si- Een (19) 
Furthermore 
; 1 2M 


From the relation for the norm of u;, we obtain 
uu) = |A|? — 2(1 + z)B = -1. (21) 


From (20) and (21), it follows that 


p- LHA? |A|? = -14+ 2E(1-- z) - (1L- 2M/v)(1 +2). 
2(1 4 z)' 
Now, we express the time derivative of redshift, using the relation kp; = 0 


satisfied for the considered congruence in Schwarzschild spacetime (see, e.g.,!*): 


dz 
dr 
A kjimim — 2A(1 + z)kj.nim! — 2A(1 + z)kjan?m! = 


= kw! = -|A| kj, m? m! = A? k; m/m! = 


|A|? (p + o cos (2P4)) — 2V2 (1 + ZAI sin (P4) + 


(22) 


r r2 


: 2MN D? 
Aipa i- (1-2) al 
T 


Here we use A = |Ale’”4, where |A| and P4 are real. Numerical calculations show 
that optical scalar c have very small value comparing to other terms in 22. Due to 
this will neglect the value of o in calculations. 

From equations (22) and (17) for the time derivative of redshift, we obtain 


= = pea +2) - (1- 92) aes -i x 


er 2M\ D? D _. 
bed — + Scot 6] — 
T T T T 


E ic 6-2) (23) 
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'To obtain an analytical formula, it is convenient to exclude the impact parameter 
D from equations (11) and (23). We obtain: 


e (24) 


zB S55) E sn EAM) 
B2-14+24 4(62—-1)(1- 2) i 


Fil, 2, P1, P2, 10, 0); 
D d ~ 
and — = S»(r, Z, 2 Pı, P2; to, 0) = 
r dr 


rii (IAP cot 6 — EI) 


2 E 


q- a (ee - ap)? - rn amy] + (1a cota - 20828)" 
LEE NM ______.._ M" 
(1— 24) (242% — ap) + (lap cot - 2e uas) 


(== - Ar) ; (25) 


Here, S = sin Py. To find an exact expression for sin P4, one may use the law of 
angular momentum conservation: 


uÑ’ = L = const, (26) 
where V! is the Killing vector field associated with the symmetry of the 
Schwarzschild metric relative to spatial rotation around an arbitrary axis (we chose 
it to be orthogonal to the orbit plane). Components of V? in the coordinate basis 
of K are given by (see, e.g.,!?) 

Vi = {0, 0, (cosi + sini cot 4 cos), sin ising] . (27) 
Equation of the orbital plane has the following form 

— sinisinÓ cos 2 + cosi cosÓ = 0. (28) 

From equations (26), (27), (28), (18) and (15), it follows 

l 1- 8? P (1-8? 

Crp og t h- our B 
Bytes 

/1 — 6? 


1- (1-28) BF 


B sin P4 + e. cos P4, (29) 
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where ep is defined as 
2M \ D? 2M I? 
ezam efi (125) + enje- (129 CB]. 
T T 


The exact solution of (29) has the form 


in P4 = 1- ————. 
sin LA eP 72 VIE 


4. The inverse problem 
4.1. The surface of parameters of motion 


'The main purpose of the present subsection is to obtain the relation between the 
parameters of motion of the star from one hand and the redshift z and the derivative 
dz/dr for certain moments of proper time from another. From (25) and (25), we 
obtain: 
"- dz a 

Fi(r, z(to), Pi, P2, do, 0) = Fa(r, z(t), az (t9); pi, P2, io, 0). (32) 
For the known redshift data z(t.) and S£(t;) = (z(to) + 1)42(to) (to is a certain 
observation time), equation (32) allows one to implicitly express the constant pa- 
rameters of motion pi, p2 and io in the case, when the radial location of emission 
r and the angle Ó are known. Therefore, more equations are needed to solve the 
problem. For this purpose, one can use equations (25) and (10). We express ĝ from 
(10). The impact parameter D in equation (10) can be expressed using (25). This 
way, we obtain: 


6= f(r, Fi(r, z(t5), pi, po, do, 8)). (33) 


Here f is some known explicit function. This equation can be solved for 6 using the 
iteration method. Because the right-hand side of (33) depends on ĝ only through 
the small optical scalar p, it has little influence on the whole expression, and the 
solution of (33) converges quickly. For our numerical model, we have used only two 
iterations to obtain the solution in explicit form. Therefore, we obtain the following 
equation: 


r — rs(q(0(r, z(t5), p1, po, i), 3) — ô, pi, p2). (34) 
The system (32), (34 obtained for certain observation time to contains 2 equations 
and 5 unknown variables: pi, po, io, 6, r. Because of this, the solution is a 3-surface 
in a corresponding 5-dimensional space. Since we are only interested in the relations 
that connect the parameters of motion we must numerically calculate a projection 
of this space into a 4-dimensional space (with four coordinates: pi, po, io, 6). The 
calculation results for our numerical model of the radiation of the star are presented 
(see Fig. 4—7) for different points of redshift data. To uniquely visualise the solution, 
we present it graphically on 2-dimensional sections of the mentioned 4-dimensional 
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space. As seen from Fig. 4—5, the 3-surfaces obtained for each data point do not 
coincide. Therefore, the intersection point of the surfaces gives an exact value of the 
parameters of motion of the star. T'his point can be determined from the obtained 
figures with high accuracy. 


P/M 
400 à 
350 \ 
300 E 
250 N 
200 \ 
150 


M 
m ; 70.72 Pil 


Fig. 4. 2-sections of the solution of (32), (34) for io = 7/2 and 6 = 1 by plane pj, p2 for different 
points of data (dashed: t = 777M, dotted: t = 851M, black: t = 923M, gray: t = 992M, see also 
Fig. 3) 


Figures 4-7 also illustrate that in the case when the angular parameters are cho- 
sen to coincide with the exact solution, sections have a unique point of intersection 
(Fig. 6) that corresponds to the solution of the inverse problem. At the same time, 
if the angular parameters are not exact, a unique intersection point does not exist 
(Fig. 7). This is because the chosen 2-dimensional surface in the last case does not 
intersect with the solution in the whole 4-dimensional space of motion parameters. 
By using these figures, one may find if there exists a unique point of intersection 
in a certain region of the surface. T'herefore, an initial approximation to the exact 
solution of the inverse problem can be found from these figures with a fairly good 
accuracy. 


4.2. Solution of the inverse problem 


A further improvement of the results can be obtain using the least squares method. 
For this purpose, we use functions T;(y, pi, p2) and rs(p, pi, p2). From (32), obtain 
the following equation: 


Fi(rs(et+ Ô, E, L), z(Ts T To), Di, P2, d Ay, i)) = 


d z : 
3»(rs(u + Ô, E, L), z(Ts sp To), az ^ +70), pi; P2, l, Hy, i). (35) 


1162 


pM 


Fig. 5. 2-sections of solution of (32), (34) for io = 7/2 and 6 = 1,4 by plane pj, p2 for different 
points of data (dashed: t = 777M, dotted: t = 851M, black: t = 923M, gray: t = 992M, see also 
Fig. 3) 
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Fig. 6. Magnification of a part of figure (4) 


Here, function z(7) can be constructed based on the observational data for z(t) and 
from function 7(f) given as an implicit function from: 


t dt’ 
“=f z (36) 
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Fig. 7. Magnification of a part of figure (5) 


Table 1. Results 


Parameter Initial Reconstructed Exact 
approxima- value value 
tion 
Pericenter distance, p1/M 62.0 60.1 60.0 
Apocenter distance, p2/M 95.0 89.1 90.0 
Orbital inclination, 49, rad 1.5 1.48 1.4 
Initial phase, 6, rad 0.9 1.0 1.0 
Initial time of 
pericenter passage, 7T0/M = 0.0 0.0 


The left-hand side of (35) and the right-hand side of (35) are certain functions of 
y. As follows from (35), these functions must be equal for a certain set of unknown 
parameters E, L, ig, 6, To. Therefore, one may find these parameters by using the 
least-squares method. As an example, we choose 10 points for different values of q 
in the range [lrad, 1.4rad]. We obtain the initial approximation using the results 
from the previous subsection. We show the obtained results in Table 1. 


5. Conclusion 


The presented approach allows one to solve the inverse problem: reconstructing 
the motion of a star moving in the external gravitational field of a supermassive 
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black hole based on its redshift. The approach uses the properties of congruences 
of isotropic geodesics to account for the difference between trajectories of light that 
come to the observer from the different locations of the star during the observation 
time. 

As the main result of the paper, we have provided a method for obtaining good 
starting values for the parameters of motion of a star. These starting values al- 
low one to solve the inverse problem more accurately by using statistical methods. 
For this purpose, we used the graphs of the surfaces in the space of parameters 
of motion. However, the approach may also be formulated in terms of solving a 
system of equations. If one writes down equations (32) and (34) for four moments 
of time of observation (to1, to2, to3, toa), one may obtain a system of 8 equations 
for 8 unknown variables (pi, p2, ô, io and four values of the radius of radiation: 
T1, T2, T3, r4). Therefore, one will obtain a complete system of equations. Even nu- 
merically, it is not easy to solve a system of 8 non-linear equations. However, in 
future work, developed mathematical methods will allow one to efficiently solve this 
system of equations and analyse the conditions for obtaining non-unique solutions. 
'The problem of non-unique solutions can be solved, for instance, by adding more 
equations to the considered system. The last parameter of motion 7) can be deter- 
mined from the least-squares method. Therefore, in principle, equations (32) and 
(34) can be used to obtain a unique solution of the inverse problem, rather than the 
graphic solution presented in our paper. 

The obtained equations are exact equations in General Relativity (we only ne- 
glect the optical scalar 7). Therefore, one may use the presented approach for all 
possible sources moving at arbitrary distances from the black hole (if they can be 
approximated as test particles in an external gravitational field of the black hole). 

Furthermore, the approach can be directly applied to pulsar timing data for 
a pulsar moving in an external gravitational field. A large number of pulsars will 
likely be detected in the Galactic Center in the near future (see, e.g.,!?). Pulsars 
can move closer to the supermassive black hole than S-stars. This way, they may be 
even more interesting for testing theories of gravity. The arrival times of the radio 
pulses can be expressed through the redshift by using: 

(Kk*u;), 
(k*ui)o 


Here Tp — is the pulsar period in the reference frame of the pulsar, z is the redshift, 


N N-1 N-1 
OR = i + T(z +1) = ioa" tT, 


troa — is the time of arrival of the j-th the pulse. In the problem of reconstructing 
the pulsar motion in the neighbourhood of a supermassive black hole, there exists 
one more unknown parameter — Tọ. 

Another interesting application of the results of this paper is reconstructing the 
motion of a binary star in the vicinity of a black hole. Determining the motion of 
such objects is a very important problem in astrophysics and stellar mechanics (see, 
e.g.,27 31) 


motion of the binary components was presented in our previous paper.?? 


. An approach for solving the problem of determining only the relative 
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The approach can be applied directly to the redshift data for the stars, moving 
near the supermassive black hole in the Galactic Center (for example, the S62 star?) 
to test General Relativity. To do this, one may obtain the parameters of motion of 
a star by using the presented algorithm and calculate the redshift as a function of 
observation time for future observations. Then, comparing the obtained curve with 
the observational data will allow one to test the theory. 

One may use statistical methods (for example, Metropolis-Hastings algorithm, 
see??) to increase the accuracy of reconstructing the motion of the star. Such meth- 
ods allow one to calculate the likelihood probability distribution and optimise values 
of parameters of motion of the star according to the distribution. The approach can 
be generalised to reconstruct the motion of a star in the vicinity of a rotating black 
hole. We leave this problem for future work. 
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In the wake of the Event Horizon Telescope (EHT) observations of the supermassive 
black hole M87*, efforts are underway to distinguish the black holes in general relativity 
(GR) and modified theories of gravity (MoG). We study the rotating hairy Kerr black 
holes with a deviation a and primary hair lọ, apart from rotation parameter a and mass 
M. Interestingly, the hairy Kerr black holes possess smaller sizes but more distorted 
shadows than the Kerr black holes. We find that, within lo uncertainty of the EHT 
observations, the inferred circularity deviation AC < 0.1 for the M87* black hole is 
satisfied, whereas the shadow angular diameter 0, = 42 + 3yas, for a given choice of 


a, places bounds on the parameters a and lo. Thusfore, the hairy Kerr black holes are 
inferred to be suitable candidates for astrophysical black holes. 


Keywords: Black hole physics, gravitation, strong gravitational lensing, black hole 
shadow. 


1. Introduction 


The term “black hole shadow" has come to represent the interior of an “apparent 
boundary" as termed by Bardeen,! the inside of which is dark when the black hole 
is illuminated by distant, uniform, isotropic emission surrounding it. Indeed,the 
photons moving in unstable orbits around a black hole form a shadow silhouette that 
appears as a sharp boundary between bright and dark regions. The seminal work by 
Synge in 1966? gave the critical escape cone of photons from the surface of strong 
field stars. After that, Cunningham and Bardeen in 1973,? using geometrical optics, 
calculated the apparent position and energy flux of high-frequency radiation emitted 
by stars in a circular orbit around extremal Kerr black hole and also presented the 
first image of visible shapes for inner and outer circumferences of accretion disks (cf. 
Fig. 8°). Luminet in 1979* investigated the optical appearance of a thin accretion 
disk around spherically symmetric black holes and obtained the relative intrinsic 
intensity as well as the gravitational and Doppler spectral shifts of the relativistic 
photons. The shape and size of a shadow depend entirely upon the black hole 
parameters and spacetime geometry.” ® 8-24 However, it is expected that its shape 
and size will get influenced by the gravity governing a black hole and the matter 
around iț. 5-10; 12-18, 20,21, 25 

The first shadow image of the supermassive black hole M87* has been unveiled 
by the international Event Horizon Telescope (EHT) collaboration.?9 ?5 Using the 
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very long base interferometry (VLBI) technique, the shadow of the M87* — an 
asymmetric bright emission ring with a diameter of 42 + 3 jas has been found 
to harbour an angular gravitational radius 3.8 + 0.4 jas while also exhibiting a 
deviation from circularity AC < 0.1. It is consistent with the shadow of a Kerr 
black hole as predicted by general relativity (GR). With the detection of the M87* 
black hole's horizon-scale image?9 ?5 the black hole shadows have become a physical 
reality, thus allowing probes into the background theory of gravity as well. The 
quantitative features are not sufficient to distinguish between black holes in different 
theories of gravity but using the M87* black hole shadow; one can investigate the 
viability of black holes in modified theories of gravity (MoG) in explaining the 
observational data while placing constraints on the black hole parameters using 
the EHT observations.?? 

'The shadows cast by black holes in MoG have been found to be smaller and 
more distorted in comparison with the Kerr black hole shadow.” ^95 One of the 
motivations behind the multifarious works on black hole shadow is that by observing 
the size and deformation of shadow, the spin, mass parameter and possibly other 
global charges or hair-parameters of the black holes can be calculated.!9 22,2931 
The authors in,?* ?4 
pression of charge, investigated the connection with shadows. In addition, in the 
context of the Reissner-Nordstrom metric, a tidal charge has been constrained?? 
from estimates of shadow done by Doeleman et al.?? The shadow size in Reissner- 
Nordstrom spacetime is found to decrease with increasing charge (cf. Figs. 1,2 in,?? 
see also a discussion in??). Recently, Kocherlakota et al.?? 
black hole charge from observations of M87* in 2017. Moreover, the shadows also 
has a vibrant use in testing theories of gravity.??:?^?5 While the the M87* has been 
presently inferred to be a black hole via the EHT observations, ?? there is a pos- 
sibility that other exotic gravitationally intense objects cast a shadow. The hairy 
Kerr black holes under consideration are obtained using the gravitational decou- 
pling (GD) approach.?9 It has a source that satisfies the strong energy condition 
(SEC) thus giving an extended Kerr metric which was termed as Kerr black holes 
with primary hair by Contreras et. al.?9 Hairy black holes are termed as stationary 
black hole solutions with new global charges, which are not associated with Gauss 
law.5:3739 (See, Ref?" for a recent review). 

We investigate whether black hole shadow observations can constrain hairy Kerr 
black holes,?9 which has additional deviation parameter a and primary hair lọ from 
the Kerr black hole. Furthermore, the horizons, ergoregions and shadow cast by 
the hairy Kerr black holes? are studied. An investigation of the deviation parame- 
ter's effects shows that the hairy Kerr black holes cast smaller and more distorted 
shadows than the Kerr black hole. Furthermore, within lo confidence of the EHT 
observational data, the parameter space of the hairy Kerr black holes is constrained 
with the bounds on the shadow observables of M87*. 


considering the critical impact parameter as an analytical ex- 


presented constraints on 
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Fig. 1. Horizons of the hairy Kerr black holes are shown with varying a (left) and lo (right) and 
compared with the Kerr black holes (a = 0 or | > lẹ). 


a=0.9 a 21.8 
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Fig. 2. Event horizon (solid lines) and Cauchy horizon (dashed lines) of hairy Kerr black holes 
with varying spin a for different values of lo and a parameters. The outermost lines are for the 
Kerr black hole in the limit lo — lk. The extremal spin ag values are denoted by the colour coded 
points. 


2. Hairy Kerr back holes 


The GD approach, which is designed to obtain deformations of the known solu- 
tions of GR owing to the additional surrounding sources like dark matter or dark 
energy,? 40:41 leads to deformed or hairy Schwarzchild black holes.?6 It has a dimen- 
sionless deviation parameter o and primary hair lọ < 2M which also determines the 
asymptotic flatness. The surrounding matter is described by the conserved stress- 
energy tensor Spy that satisfies the SEC. Hence, we consider the rotating counter- 
part of the spherically symmetric solution described by parameters M, a, lo and a, 
which in the Boyer-Lindquist coordinates reads?? 


A^ — a? sin? 0 


ud uia 

a=- ] : | de — 2asin? |-5-m ribns 1 dtdó 
Ep rm 

+sin? 0 È + a? sin? 0 (2 = 3] do? + Adr? 


-Xd6?, (1) 
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Fig. 3. The cross-section of event horizon (outer red line), SLS (outer blue dotted line) and 
photon region (bounded within the outer and inner orange lines) of hairy Kerr black holes. The 
black dotted curves correspond to the event horizon of Kerr black hole (lo — li). 


with A =r? +a? -2Mr + arte "E 2) and Ð = r°? +a? cos? 9. 


Here a is related to lo via lo = al and the metric (1) goes to Kerr in the absence 
of surrounding fluid (a = 0). The metric (1) which is termed as hairy Kerr black 
holes,?9 is same as Kerr black hole with the Kerr mass M replaced by the mass 
function, 


m(r) = M -— Bg tiM qr 


Next, we shall investigate how the primary hair lo affects the horizons, photon region 
as well as shadow of the black hole. The horizons of the metric (1) correspond to 
spacetime points where X Æ 0 and g?PO,rOgr = g'" = A = 0 and is given by the 
zeros of 


r? +a? —2Mr + are ti D — 0. (2) 


The two roots of Eq. (2) are r} outer (event) horizon and r_ the inner (Cauchy) 
horizon. An analysis of Eq. (2) reveals that, depending on the values of M, a, a 
and /o, there can exist a maximum of two distinct real positive roots, or equal roots 
corresponding respectively to the black holes with Cauchy and event horizons or 
extremal black holes. 

From the horizon structure of the hairy Kerr black holes depicted in Fig. 1, we 
find that, lo > lg corresponds to hairy Kerr black holes with Cauchy and event 
horizons whereas lọ < lg implies existence of a naked singularity. 
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Fig. 4. Shadow geometry of non-rotating hairy black holes with varying lọ parameter (left) and 
Kerr black hole (a = 0) with varying spin a (right). 


Furthermore, the asymptotic time-translational Killing vector, becomes null at 
the static limit surface (SLS) which yields? 


T? +a? cos? 8 — 2Mr + ar?e7/ (4-3) = 0, (3) 


Thus, the real positive solutions (rg,,) of Eq. (3) correspond to the radii of the 
SLS, the larger of the which corresponds to the outer SLS, denoted by Tar s- Fig. 3 
depicts the ergoregion of the hairy Kerr black hole (1) whereby it can be seen that, 
the increase in parameter lọ has a diminishing effect on the ergoregion’s size and 
may thus have consequence in the Penrose energy extraction process.?? 


3. Analytic black hole shadow 


We use the Hamilton-Jacobi equation to obtain the geodesic equations in the first- 
order differential form,** which for the metric (1) read*4 


di r?+a? 


B X (E(r? + a?) — aL) — a(aE sin? 0 — L,), (4) 
n =+VJ/R(r), (5) 
s2 =+ JOO), (6) 
D SE (BO? a?) - aL.) - (aE - aera (7) 


where A is the affine parameter along the geodesics and the effective potentials R(r) 
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Fig. 5. Shadows of hairy Kerr black holes compared with Kerr black hole shadow (outermost 
solid curve corresponding to lo — lx). 


and O(0) for radial and polar motions are given by 


Rir) =((r? +0?) aL.) ~A(K+(@E-1,)), (8) 
0(0) =K — (4 — eg) cos? 0 . (9) 


The constant K is the separability constant related to the Carter constant Q through 
Q = K-- (aE— L;)?.** By introducing reduced quantities called impact parameters *4 
€= L,/E , n =K/E”’, the degrees of freedom of the photon motion reduces from 
three to two. We are interested in the spherical photon orbits** whose radius r = Tp 
are formed at the local extremum of the radial effective potential outside the horizon 
such that4^ 45 


R=R' 2 0 and R” <0. (10) 


Solving Eq. (10) we obtain the critical values of impact parameters (€¢rit, Merit) for 
the unstable orbits given by, 
(a? +r?) A'(r) — 4rA(r) 
&crit c —— BAT) ^7 
r? (8A(r) (2a? + rA'(r)) — r*A'(r — 16A(r)?) 
Nerit == Na (| — (11) 
where ' stands for the derivative with respect to the radial coordinate. The Eq. (11) 
in the limit a — 0 reduces to the critical impact parameter for the Kerr black 
holes.!? 
'The Carter constant is directly related to 0-velocity of the photons and the non- 
planar or 3D photon orbits only arise for Nerit > 0.46 The roots of ferit = 0 give 
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the radii of prograde (r;) and retrograde (r5 ) orbits. The exterior photon region, 
T4 X Ty <Tp< it , of the hairy Kerr black holes is depicted in Fig. 3 as the region 
enclosed between the inner prograde and the outer retrograde orbits (cf. Fig. 3). 
47-50 of the photon region appears as a dark 
region outlined by a bright ring to a distant observer is termed the black hole 
shadow.°!:°? The shadow has been utilized for the measurement of various black 
hole parameters like its mass, spin angular momentum as well as other hairs,??: 29.35 
whereby the black hole shadow is evidently a means to test Einstein's GR in the 
strong-field regime!? besides the no hair theorem.?% >? Assuming a distant observer 
(ro — oo) at an inclination angle 0) with the rotation axis of the black hole a 
stereographic projection of the black hole shadow to the celestial image plane gives 
the shadow outline in the celestial coordinates (X,Y) as,!? 


The gravitationally lensed image 


X=- Écrit CSC 05, 


Y =+ 4/ Merit + a? cos? 0; — £2. cot? 0, , (12) 


which further gets simplified to X = —€erit, Y = +\/Merit for an equatorial observer 
(0, = 1/2). The parametric contour of (X (r5),Y (r5)) traces the shadow of the hairy 
Kerr black holes with m(r) = M — re-r/O4 3), 

Interestingly, Zakharov et al.°* carried out an analysis of critical curve m(£) 
which separates scatter and capture of a photon in Kerr metric (cf. see Fig. 254 and 
discussion therein) and considering critical values corresponding to multiple roots of 
the polynomial describing a radial photon motion as functions of € (see also the crit- 
ical curve in Fig. 344+). Subsequently, it was shown?! that for an equatorial observer 
for any spin parameter 0 < a < 1, the maximum absolute value of Y corresponds 
to X — —2a and hence, in principle, it is possible to estimate a by measuring the 
position of the maximum value for Y?! Moreover, Bardeen? and Chadrasekhar* 
considered the apparent shape of a black hole for spin a — M, but they do not 
suggest using the apparent shape of a black hole as GR test perhaps because the 
dark region (shadow) is too small to be detectable for all known estimates of black 
hole masses and distances. 

We depict the shadows for the non-rotating hairy black hole (a — 0) and Kerr 
black holes (a = 0) (1) in Fig. 4 (cf. Fig. 231) . Further, a comparison of the hairy 
Kerr black hole shadows with that of the Kerr black hole is shown in Fig. 5. There is 
a decremental effect in the shadow size from that of the Kerr black hole (cf. Fig. 5) 
with the decrease in lọ from the Kerr limit lo = Ip. 


4. Constraints on hairy Kerr black hole parameters from EHT 
observation of M87* 


The EHT image of M87* is nearly circular and of crescent shape encompassing 


1;26-28 


a central depression in brightness with a flux ratio > 10 : in terms of 


root-mean-square deviation from the average shadow radius the circularity deviation 
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Qa, 0) 
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Fig. 6. The coordinates X; and X, indicate the most negative and most positive x-coordinates 
of the shadow while the Y;, Yp represent the top most and bottom most points. (Xe, Yc) is the 
centre of the shadow and R(ó) is the polar shadow radius.?? 
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Fig. 7. Circularity deviation observable AC for hairy Kerr black hole shadows as a function of 
parameters (a/M and lo/M) in agreement with the EHT observations of the M87* black hole, 
AC < 0.1, is satisfied for the entire parameter space (a/M and lo/M). The parameters of M87* 
used are M = 6.5 x 10? Mc and d = 16.8MPc. The inclination angle is 09 = 90? (left) and 17° 
(right). The white region is forbidden for (a/M and lo/M). 


AC < 0.10 (10%) and the angular size 04 of the bright emission region in the ob- 
26-28 


served image is 42 + 3pas. 

The shadow outline of an axially symmetric black hole is depicted in Fig. 6 with 
the boundary of the black hole shadow by the polar coordinates (R(q),q), with 
origin at the shadow centre (X.,Y.) such that Xe = (X, — Xj)/2 and Y; = 0 (cf. 
Fig. 6). The circularity deviation AC, which quantifies deviation from a perfect 
circle, is defined as?6 
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Fig. 8. Angular diameter observable 04 for hairy Kerr black hole shadows as a function of pa- 
rameters (a/M and lo/M). The black solid curve correspond to 04 = 39yas within lo region of 
the measured angular diameter, 0g = 42 + 3pas, of the M87* black hole reported by the EHT. 
The parameters of M87* used are M = 6.5 x 10? Mc and d = 16.8Mpc. The inclination angle is 
0o = 90? (left) and 17? (right). The white region is forbidden for (a/M and lo/M). 


with R - the average shadow radius.” The angular diameter of the shadow 041? is 
defined as 
94 = gm , Ra = VA/T, (14) 

Here, is the polar angle between the x-axis and the vector connecting the centre 
(X., Y.) with any point (X,Y) lying on the boundary of the shadow (cf. Fig. 6). 
where Ra is the areal radius of the shadow. The 04 together with the AC will be 
useful to perform a comparison between the theoretical predictions for hairy Kerr 
BH shadows and the EHT observations.?9 

Assuming M87* a hairy Kerr black hole, we can calculate AC for metric (1) 
and use the EHT observational result AC < 0.1 to put constraints on the hairy 
Kerr black hole parameters. The circularity deviation AC in the parameter space 
(a/M — lo/ M) of the hairy Kerr black hole is depicted in Fig. 7. The Fig. 7 clearly 
indicates that the hairy Kerr black hole shadows of M87* for a given o, satisfy 
AC < 0.10 for entire parameter space (a/M — lo/M) at both the inclination angles. 
The angular diameter of the shadow is calculated next, which apart from a, lo, a, 
0, depends on mass M and the distance d of the black hole and for the hairy Kerr 
black holes is depicted in Fig. 8 as function of a and lo o taking inclination angle 
05 = 90°,17°. The black curves denote the EHT bound of 39uas, the 1o bound 
of M87* on 0,4, and the region enclosed by it 39uas < 04 < 45pas serves as the 
parameter space (a/M — lo/M) consistent with the M87* observations. 


5. Conclusions 


A thorough analysis reveals that the lọ and a quantitatively influences the event 
horizon structure, the ergosphere area, and the spherical photon region around 
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hairy Kerr black holes. Further, both the œ and lọ parameters are found to alter 
the shadow shape and size when compared to the Kerr black holes, namely, the 
shadows are smaller and more distorted, besides, the shadow size decreases, whereas 
the distortion increases with the decreasing value of parameter lo. 

The circularity deviation AC < 0.1 is satisfied exhaustively for the entire (lg — a) 
parameter space at both 69 = 90? and 09 = 17° inclination angles. The angular 
diameter satisfies 0; = 42 + 3uas within the lo region over a limited (lo — a) 
space. However, the accordant parameter space for 09 = 17? is smaller and more 
constricted than that at 09 = 90°. Thus 04 puts a tighter bound on the conforming 
parameter space of the hairy Kerr black hole. 

Therefore, our results constrain the hairy Kerr black holes parameters to ensure 
that the M87* shadow observations do not entirely rule out hairy Kerr black holes 
whereby the Kerr black hole has been studied in a more general setting, thus shed- 
ding light on the effect of surrounding dark matter on the Kerr black holes. The 
current resolution of the M87* black hole shadow angular diameter is of O(as) 
makes the distinguishability of the hairy black holes from the Kerr black hole bleak, 
at least from the present resolution of the EHT and the next-generation EHT with 
higher resolution may pin down the exact constraint. Thus to summarize, with the 
first direct image of the supermassive black hole M87* EHT observation, we have 
been able to place constraints on the hairy Kerr black hole parameters. 
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This article reviews one of the most intriguing properties of black hole spacetimes known 
in the literature- gravitational memory effect, and its connection with asymptotic sym- 
metries, also termed as Bondi-van der Burg-Metzner-Sachs (BMS) symmetries, emerg- 
ing near the horizon of black holes. Gravitational memory is a non-oscillatory part of 
the gravitational wave amplitude which generates a permanent displacement for freely 
falling test particles or test detectors. We highlight a model scenario where asymptotic 
symmetries appear as a soldering freedom in the context of stitching of two black hole 
spacetimes, and examine the impact of the interaction between test detectors and horizon 
shells. Further, we provide a more realistic approach of computing displacement memory 
for near-horizon asymptotic symmetries which is analogous to the conventional memory 
originally obtained at asymptotic null infinity. 


Keywords: Memory, Gravitational waves, BMS symmetries (asymptotic symmetries) 


1. Introduction 


The observational facets of gravitational waves (GWs)^? have opened a new win- 
dow to look for various aspects of black hole spacetimes; gravitational memory? ? 
is one of such intriguing features that has not been detected yet. GW induces a 
permanent relative change in the position of test detectors by imparting a memory 
to the configuration. This permanent relative change is referred to as gravitational 
memory. The term memory implies the information or properties of spacetimes from 
where it is being generated and carried by gravitational waves. The first practical 
computation of memory’s evolution was done by Marc Favata using post-Newtonian 
formalism where he accounted for all stages of BBH coalescence.? !? In this direc- 
tion, recently, there have been several implications of detecting GW memory using 
advanced detectors.1? 2° 

On the other hand, it has been shown that the gravitational memory is closely 
related to the asymptotic symmetries of spacetimes originally discovered by Bondi- 
van der Burg-Metzner-Sachs (BMS) in the early sixties,?! and such symmetries can 
also be recovered near the horizon of black holes which motivated us to probe the 
near horizon properties of black holes. T'he recent findings in this direction have 
provided some strong grounds for the information loss puzzle. In the context of 
asymptotic symmetries, the existence of soft hair on black holes is necessary for 
charge conservation of supertranslation and superrotation.^?? ?^ As the conserva- 
tion principles are derived from the long-distance behaviour of fields close to spatial 
infinity, the presence of black holes should have no effect on them. We know that 
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the conserved charges can be expressed as bulk integrals over any Cauchy surface. 
A contribution from the future event horizon should be taken into account for con- 
served charges as future null infinity is no longer a Cauchy surface in the presence of 
a classical black hole. In this direction, Strominger and Hawking’s latest discovery 
uses the asymptotic symmetries of the BMS group to prove that information is not 
lost rather stored in something called as a soft particle. Therefore, soft hair or low- 
energy quantum excitations may be carried by a black hole and leak information 
when it evaporates. This brings a direct motivation for the emergence of asymptotic 
symmetries near the horizon of black holes from conservation perspectives. 

Let us understand how memory and BMS symmetries are inter-connected with 
each other. Classically, for a given spacetime geometry, BMS transformations pro- 
duce an infinite class of spacetime metrics that are physically unique or distinct. 
©, 2"), 
i.e., one time and three spatial coordinates. Such an action on the metric generates 


Assume that BMS transformations act on a given metric gau (z^) with z” = (x 


a completely different metric. 


Juv (xt) BMS transformation Juv (z^). 

The metric g,,(z^) and g,,(x^) are distinct and this relative change implies the 
generation of GW memory, and also motivates us to seek for a connection between 
memory and BMS symmetries. This change can be understood in the following 
way- GWs generated from a black hole spacetime carrying information or properties 
in terms of BMS parameters would interact with the detector setup placed at the 
asymptotic null infinity, this would induce a permanent relative change in the initial 
configuration of the setup. A similar setup can also be considered at a place near 
the horizon of a black hole. A persistent effect similar to that of null-infinity may 
again be observed. It provides a physical meaning to the inter-connection between 
GW memory and asymptotic symmetries emerging near the horizon of black holes. 
Technically, g,, (x^) can be thought of as a metric of a given asymptotically flat 
spacetime and g,,(x^) is the resultant metric appears as a consequence of the 
interaction between GWs and detectors which implies a net relative change in the 
configuration and gives a definition to the memory. Briefly, if we have two nearby 
timelike geodesics or inertial detectors described by the tangent vector T” together 
with a deviation vector s", and let us position them at the future null infinity. The 
evolution of the deviation vector before and after the interaction with gravitational 
waves will be captured in the geodesic deviation equation (GDE), written as 


D? st 
dr? 


The solution of the GDE will give us a permanent relative change in the displace- 


= —R5,,T°Ts’. (1) 


ment vector s" which can further be related to supertranslation and will implicate 
the achievement of BMS displacement memory effect. Our study provides an anal- 
ogous effect and its connection with asymptotic symmetries for near the horizon of 
black holes. 
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There are two methods to recover asymptotic symmetries near the horizon of 
a black hole. As a recent progress, Donnay et al. showed the first way of obtain- 
ing such symmetries near the horizon of a stationary black hole?? with asymptotic 
form of the Killing vectors preserving the boundary conditions. It turns out that 
the near-horizon region of a stationary black hole spacetime induces supertransla- 
tions including semi-direct sum with extended asymptotic symmetry superrotations 
which is being represented by Virasoro algebra. Hence, one can recover asymptotic 
symmetries that would mimic the ones originally obtained at asymptotic null in- 
finity?*:?6 by preserving the near-horizon asymptotic structure of black holes. The 
second method for recovering asymptotic symmetries deals with the soldering of 
two spacetimes across a common null hypersurface.?^?5 It has been shown that we 
can stitch them in infinite ways by demanding that the induced metric remains 
invariant under the translations generated by the null generators of the shell.?7:25 
'The freedom for the choice of the intrinsic coordinates on null hypersurface in the 
null-direction is termed as soldering freedom, and also known as BMS-like soldering 
freedom. Since these appear as a metric preserving transformations, hence, known 
as BMS-like symmetries or BMS-like transformations. We shall discuss the related 
details in section 2. 

'The article is organized as follows. In section 2, we discuss the intrinsic formula- 
tion of null shells placed at the horizon and how near-horizon asymptotic symmetries 
are recovered in the context of stitching of two black hole spacetimes. Further, in 
section 3.1, we show how horizon shells carrying memory affect the displacement 
between two nearby test detectors or test particles for Schwarzschild and Extreme 
Reissner Nordstróm (ERN) black holes. We have also studied the impact of in- 
teraction between null geodesics and horizon shells; since we shall be completely 
focusing on timelike geodesics in this article, we do not include the discussion on 
null geodesics crossing the horizon shells. However, the study can be found in.?^: ?? 
We further consider a more realistic approach in section 3.2 for determining the 
displacement memory effect and its connection with near-horizon asymptotic sym- 
metries. In the end, we conclude our findings in section 4 by providing some remarks 
on possible future outlooks to our studies which might be relevant from theoretical 
as well as observational perspectives. 


2. Horizon shell and asymptotic symmetries 


In general relativity, a shell is a geometric configuration that can be used to inves- 
tigate the propagation of thin distribution of null matter (e.g. neutrino) and im- 
pulsive gravitational waves (IGWs). The thin surface layer of null matter together 
with impulsive waves is precisely referred to as thin-shell or thin null shell.?9:30 
'The generated impulsive signals are usually produced during violent astrophysical 
phenomena like supernova explosions or coalescence of black holes. If we stitch two 
black hole spacetimes along a common null hypersurface which also happens to be 
the horizon of black holes, and stitching is consistent with junction conditions, we 
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Fig. 1. Null hypersurface X separating manifolds M1,— and M21 each with a different metric. 


obtain horizon shell. The soldering formalism shows that the stess-energy tensor 
of the stitched spacetime satisfying Einstein field equation carries a singular term 
proportional to the Dirac delta distribution function, given by 


Tuy = TEH(®) + T, H(—9) + 5,,0(9), (2) 


where H(®) is a Heaviside step function for a given null surface X = ® = 0. The 
last term of Eq. (2) corresponds to the stress-energy tensor of the null surface, and 
further investigation on the same shows the generation of impulsive gravitational 
wave or thin surface layer of null matter or a mixture of both. The null hypersurface, 
representing the history of impulsive lightlike signals, separates spacetime manifold 
into two parts (M1,M2) or (M_,M4) as depicted in the Fig. 1 each with a 
different metric. n” is a null-normal or a generator of the null hypersurface, and 
N” is a transverse or auxiliary normal which is not tangent to the null surface, 
satisfying n- N = —1. N” carries the transversal properties of X. One can study the 
intrinsic quantities of a horizon shell known as surface energy density (u), surface 
current (J“) and surface pressure (p) in terms of transverse curvature by analyzing 
the stress tensor on the null surface. The intrinsic quantities can be written in the 
following form 


1 1 


ilb LAB 2 GA AB "PNE 
pues [Kas] ; j^ = ed [Kvs] ; p= Sz [Kvv], (3) 
where ‘| |' denotes the difference between a quantity computed on the null surface 
X for both sides Mj,» separately. We notice that the null shell quantities depend 


AB and jump in the extrinsic curvature KAg?. The other 


27, 30-32 


on the induced metric c 
related details can be found in. 

An induced tensor field Yab on X is related to the jump of the induced metric 
Jab and transverse normal N^ which helps us to examine the intrinsic formulation 
of the horizon shell. The tensor field Yab can be written in terms of the jump in the 
derivative of the induced metric along the auxiliary normal N^ which can further 
be written in terms of transverse curvature, ie., Yab = N"“[O,gab] = 2[Kav]. The 
analysis for intrinsic expression of stress tensor ensures that there is a part of Yab 


?We have taken Kruskal-like coordinates. Also, Capital Latin letters denote spatial or spherical 
coordinates of the 2-sphere metric, and lower Latin letters denote hypersurface coordinates. 
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which does not contribute to stress-energy tensor. We denote this non-contributing 
part as 445. In general, one can write down Yap containing both null matter (Fab) 
and GW degree of freedom (fab) in the following way 


Yab = Yab + Yab, (4) 
with 


^ 1, 
Jab =Yab — 594° VedJab — 2n" yas Ny +V Na No (5) 


1 2 
Ani Sim (s. NaN, + di Na Na — 9:45 N.N, — 59 S" N.N), (6) 


where 4! = ^4n*?n?, and g^ is the pseudo-inverse of gap, i.c, gf^gy, = ôt — 
n*N,,gt^,, = g^P yap. The 4ap carries the pure impulsive gravitational wave 
degree of freedom whereas ^/4) contains the null matter part of the horizon shell. In 
general, a null shell is being considered the combination of both IGWs and null mat- 
ter. Further, using the expressions of intrinsic quantities of the null surface together 
with 4,5, and Fab, in Kruskal coordinates, one obtains, 


JVB = 16rggo SVE | ÑAB = —8n1SVV gap. (7) 


Now, we shall examine the interaction of such impulsive lightlike signals carrying 
BMS parameters on timelike geodesics. Let us first investigate the appearance of 
BMS symmetries in gluing formalism. 


2.1. Emergence of asymptotic symmetries 


Here, we investigate the emergence of near-horizon asymptotic symmetries in the 
context of soldering of two black hole spacetimes. This, in gluing formalism, can be 
achieved via obtaining the freedom in the choice of intrinsic coordinates along the 
null direction. The soldering freedom of stitching the two spacetimes along a com- 
mon null surface provides BMS-like transformation on the horizon shell. It emerges 
as a coordinate transformation which preserves the induced metric on the null hy- 
persurface X. This implies us to figuring out the Killing vectors of the hypersurface 
metric in a suitable coordinate system.?”?° Therefore, the analysis is based on the 
Lie derivative of the induced metric along the Killing direction (say 7°0, with com- 
ponents Z^). We consider Kruskal coordinates (U, V, z^) with coordinates (V, a“) 
on X. Further, we also consider the metric with gay = 0. Therefore, the Killing 
equation for spatial metric gAp is 


Logan =0 => Z'Ovygan + ZCOcgan + (04ZC)gon + (OgZC)gac —0. (8) 


Now, we may separately examine the emergence of near-horizon BMS symmetries- 
supertranslation and superrotation. 
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2.1.1. Supertranslation 


The first special case is when metric does not depend on V parameter, i.e., OVgAB = 
0. This induces a new type of translation which has angle dependent notion, termed 
as Supertranslation. It is similar to the one obtained at asymptotic null infinity 
for asymptotically flat spacetimes. Keeping in mind the impact of the Z-generated 
transformations on the null normal n! of X, as a result, Eq. (8) gives 


ZY 20 = V — V 4- T(z^) : BMS Supertranslation (9) 


This is instantly indentified as a supertranslation in the literature with T(z^) being 
a supertranslation parameter, where z^ = (0, $). It is interpreted as an angle de- 
pendent translation, hence named supertranslation. The soldering group that keeps 
this structure preserved is still infinite dimensional. Let us now turn our discussion 
to investigate the extended form of asymptotic symmetry. 


2.1.2. Superrotation 


A new type of symmetry labeled as superrotation has just been discovered in an 
extended form of BMS symmetries near the horizon of black holes which mimics 
25,27,28,33,34 Tt is a local conformal 
transformation of the spatial slice of the metric, or local conformal transformation of 
celestial sphere at null infinity.2?:?? Let us determine the extended BMS symmetry 
by considering the case when the spatial slice of the metric depends on the V 
parameter, i.e., Ovgap # 0. The analysis begins with the Eq. (8) in search of possible 
non-trivial soldering freedoms. If one performs the conformal transformation in 
spatial coordinates represented in complex coordinates via z —> f(z) and 7 — 


f(Z) such that the Eq. (8) can be written in the following way 
Z“ ðvgas + Q(z^)gap — 0, (10) 
A 


where z^ = (z,Z) and Q(r^) denotes the conformal factor. We have the equa- 
tion whose feasible solution can be written as, gap = r?(U, V)gAp (x^). It gives 
a suitable choice along V direction, i.e., ZY (= NICE which compensates the 
conformal transformation. This ensures that the metric remains preserved under 
such transformations. T'hus, the analysis gives rise metric preserving extended BMS 


transformations known as superrotation-like symmetries. 


the one obtained at asymptotic null infinity. 


3. Displacement memory and asymptotic symmetries 


As a first approach, we wish to examine the relative change in the displacement vec- 
tor between two nearby timelike geodesics which arises due to interaction with im- 
pulsive lightlike signals. We also discuss the appearance of near-horizon asymptotic 
symmetries in the context of soldering of two ERN and Schwarzschild spacetimes. 
Second, we would be considering a more realistic approach of computing displace- 
ment memory which is analogous to the one obtained at asymptotic null infinity. 
Let us first start with the case where horizon shell interacts with test detectors. 
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3.1. Memory & BMS symmetries due to impulsive lightlike signals 


Cataclysmic processes such as black hole mergers and supernovae explosions pro- 
duce shockwave type of gravitational radiations. We wish to estimate the finite 
difference in the displacement vector between two nearby timelike test particles 
or geodesics upon crossing the horizon shell>. It turns out that the asymptotic 
symmetries, associated with impulsive lightlike signals, leave footprints on test par- 
ticles upon passing through them. As a result, we studied the effects of horizon 
shell for Schwarzschild and extreme RN spacetimes on the separation vector of two 
nearby timelike geodesics. The displacement between the geodesics is identified by 
supertranslation parameter which gives us Supertranslation memory effect. Let us 
consider a congruence having T” to be a tangent vector with T-T = —1. A displace- 
ment or separation vector between two test particles is X" satisfying 7T'. X = 0. 
'Thus one can compute the relative change in the separation vector before and the 
passage of impulsive lightlike signals by analyzing the GDE Eq. (1). Riemann ten- 
sor is the memory generating factor for the given configuration. The solution of 
the GDE will generate a non-vanishing finite change in the deviation vector upon 
interacting with IGWs. Following the basic framework of the analyses from,??: 31.32 
we use the expressions written in section 2 and X^ = j^^ X, we obtain components 
of deviation vectors as 


Xy —81Ugnc 8" € XQ (11) 
U - 
Xa —XA(0) + 3 TAB X() + UV) a> (12) 
where Voja = te "RE and gab = gas (T(oyu 65) (Toy, €t) with eq defined as a triad 


on the null surface. The X (0) is some function evaluated on the null surface, and it is 
denoted by subscript (0). It is to note that when SY is nonzero, then we have Xy # 
0. This implies that the particle will be displaced off from the initial two dimensional 
surface. On the other hand, if SVC = 0, the component Xy vanishes which means 
that the particle will reside on the initial two dimensional surface but with a relative 
displacement. In this particular consideration, the nonzero displacement vector XA 
is written as 


Ui 
Xa =(1— 4nUSV Y (gan + 545) X. (13) 


The factor Ag is the one which carries the BMS memory part of the wave, and 
generates the distortion effect on the test particles. This sets our first goal to in- 
vestigate the memory signal arises in the context of soldering of two black hole 
spacetimes. Further, we show our studies for extreme RN and Schwarzschild black 
holes. Let us understand these two cases separately. 


bThe study (B-memory) of interaction between null congruence and horizon shell can be found in 
Bhattacharjee et al.3!:32 
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3.1.1. Extreme RN case (ERN) 


As we know that 7096 astrophysical black holes are near extremal and many super- 
massive black holes are also near extremal.?9 °° Further, Strominger and Vafa?? 
determined the Bekenstein-Hawking area-entropy relation for extreme black hole. 
So extreme black holes are important from experimental as well as theoretical per- 
spectives. Here, we investigate the asymptotic symmetries together with intrinsic 
properties of the shell and its interaction with test detectors in terms of BMS pa- 
rameters. It is known that Carter investigated the maximal analytic extension of RN 
black hole for e? = M?.4° As the Carter’s metric is not C1 i.e. the first derivative 
of the metric component is discontinuous. Secondly, he certainly did a conceptual 
analysis without providing the exact Kruskal analogue for the extreme case. For our 
purpose, it is important to have an exact form of the Kruskal metric which enables 
us to write U — 0 on the horizon. This helps us to perform off-shell extension of the 
soldering transformation without any obscurities. Therefore, we adopt a Kruskal 
extension that unambiguously places the shell at U — 0, and also better suited for 
memory effect. The ERN metric in Kruskal coordinates can be written as*! 

ds? — _2M wvyauav + r?(U) (d8? + sin? Odd”) (14) 

r? ; 
where, (V)' is a regular, defined as, v (V) = 4M (InV — A) Also U = —(r — M) 
where r — M is the horizon. 

Immediately, by looking at the spherical part of the metric, we observe that 
supertranslation-like symmetries can be recovered, written as: V — V + T(80, ¢). 
We also find that coordinate r is independent of V, thus interestingly, ERN con- 
sideration does not induce the superrotation-like symmetries whereas it is not the 
case with Schwarzschild discussed in section 3.1.2. For explicit details, we refer to 
Bhattacharjee et al.°? 

Further, we examine some measurable effects on timelike test particles due to 
interaction with horizon shell of ERN spacetime. In this process, we first extend 
the soldering transformation off the horizon shell to the linear order in U. The 
transformations are give by?! 


U, -UC(V,z^) ; V, = F(V,z^) -UA(V.z^) ; 22 — z^ -UB^(V, x^), 


(15) 
where x^ = (0, à), with 
Oywv(V) M? Fy ApB A l AB 
= VN» A= —cABBABP ; B^- Fp. 
(16) 


Here, o4p denotes the unit 2-sphere metric. One side of the spacetime M_ is 
completely ERN and the another side of the spacetime M, is off-shell extended 
with the transformations (15). The process of obtaining the intrinsic quantities is 
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known as off-shell extension of the soldering transformations. It is to note here 
that one can also obtain the intrinsic properties of the horizon shell using extrinsic 
curvature algorithm. Both the results would exactly match. The benefit of the later 
approach is that it makes the computational algebra significantly simplified. As a 
result, we find that the surface current (j^) together with surface energy density (u) 
and pressure (p) is nonvanishing, and can be expressed in terms of supertranslation 
parameter T(0,¢). For example, the surface current is given by 


P = no (nip) 7) 


The expressions for u and p can also be found in.?? The presence of nonzero surface 


current induces a finite change in the Xy component of the deviation vector, i.e., 
Xv #0; therefore, test particles get displaced off the initial 2-dimensional surface 
with a relative change in the displacement vector. The Xg component is given by 


U 
Xo = Xoo) + = (100X fo) + wX h) + UV Oyo» (18) 
where, 
T2y(T)!" M M 
von =20(0 (too EST sey + FOY) a9) 
qui. 
eee DAVY Cos Cr + Tog — T; cot 0). (20) 


This helps in determining GW degree of freedom Yap. One can determine X compo- 
nent in a similar way. We notice that the deviation is written in terms of supertrans- 
lation parameter T0, 9). The integration with respect to the geodesic parameters 
would give rise the displacement memory which would mimic the one obtained at 
null infinity. The Fig. 2 depicts the ultimate result of the test particles getting 
displaced off from the initial spatial slice with a comparison on Schwarzschild dis- 
cussed in the section below. This completes our analyses of examining the role of 
near-horizon asymptotic symmetries on test particles upon interacting with impul- 
sive lightlike signals together with the intrinsic properties of ERN horizon shell. 


1' 2! 


2D-surface 
2D-surface 2D-surface 


Before interacting with IGW Schwarzschild BH: Before and after interacting with IGW Extreme RN BH: Before and after interacting with IGW 


Fig. 2. Timelike geodesics 1 & 2 get displaced upon interacting with IGW, depicted as 1’ & 2’ 
with a new relative displacement vector. 
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3.1.2. Schwarzschild case 


Now, we start with the Schwarzschild spacetime in order to examine the intrinsic 
formulation of the horizon shell and study the interaction with test particles.?! Let 
us write down the metric in Kruskal coordinates, 


ds? = —2G(r)dUdV + r?(U, V)(d0? + sin? 0d’), (21) 


where, G(r) — UAR and UV — (si — 1) e"/2M. The horizon is defined as 
U = 0. One can clearly see the supertranslation-like transformation, written as 
V — V 4 T(0,Q). Further, we notice that spherical part of the metric can be 
written as Yg = direc and given the conformal transformations as discussed 
in (2.1.2), in contrast to ERN spacetime, we obtain superrotations for the null shell 
placed just outside the horizon U = e with a compensation along null direction V 
which makes sure that the soldering transformations also preserve the form of the 
metric. These transformations mimic the ones originally obtained at asymptotic null 
infinity. We also compute the intrinsic quantities of the horizon shell which contain 
supertranslation parameter T'(0, à), can be seen in Bhattacharjee et al.?! 

Next, we show the non-vanishing finite change in the components of the deviation 
or displacement vector between two nearby timelike geodesics upon passing through 
the horizon shell. We follow Blau et al.?" to extend the soldering transformations off 
the horizon shell in order to compute the induced tensor field yay. The computation 
of the deviation vectors further require the GW degree of freedom which can be 
expressed as 


1 


sin? 6 


joo = 2$ 06T(0,6) 3 Feo = 2( VP TO, 6) VPET), Q2) 


where T'(0, à) is a supertranslation parameter. Thus the framework of section 2 and 
section 3.1 generates the 0-component of the deviation vector, 


Xs =(1 £ soa (Tl. dis T, 6) ( (4m? +U(V aT (6, $) 
1 
ee 5 V6 OF (O, ¢))) xb) - UvOPa,T(0, 9X0) (23) 


The X, component can also be computed in the similar way which again carries 
supertranslation parameter. It turns out that the surface current vanishes, i.e., J^ = 
0, hence the test particles will remain on the spatial slice of the metric since Xy — 0, 
but with a relative change in the displacement as it can clearly be seen in Fig. 2, 
and opposes the result of ERN spacetime. Therefore, the nonvanishing displacement 
vector X4 depicts the BMS displacement memory in the context of soldering of 
two Schwarzschild spacetime geometries. One can further integrate Eq. (23) with 
respect to the parameter of the geodesics in order to have the explicit form of the 
displacement memory. Next, we shall discuss a more realistic approach of estimating 
the displacement memory which is analogous to the far region analysis. 
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3.2. Memory and BMS symmetries: Analogous to far region 


In this section, we adopt a more realistic approach of computing displacement mem- 
ory near the horizon of black holes and its possible connection with asymptotic 
symmetries. The analysis of this section is independent of section 2, i.e., it is not 
based on soldering of black hole spacetimes. We study displacement memory for 
non-extremal (fixed temperature) and extremal (zero temperature) black holes.*? 
'This shows an analogous effect of conventional GW-memory which was originally 
established at asymptotic null infinity (J+). The emergence of asymptotic symme- 
tries near the horizon of black holes (not in the context of null shell formalism) 
has been established by.?534 In this respect, we are interested in measuring the 
permanent relative change in the deviation or displacement of the test detectors in- 
duced due to the interaction with GW, and its connection with near-horizon BMS 
symmetries. In this realistic approach, as it can be seen in the schematic diagram 
below, the detectors are being placed near the horizon of a black hole (H+), and 
we estimate a relative change in the deviation vector of configuration before and 
after the passage of GWs. The displacement vector S" between the detector setup 
or geodesics evolves according to GDE Eq. (1). Let us consider the general form of 


the 4-dimensional near-horizon metric?® 43 


ds? =gy,dv7 + 2kdvdp + 29g, Advda^ + gApdz^dzP, (24) 
with following fall-off conditions for the horizon p — 0: 
gw ——2&ptO(p) ; k=1+O0(p’) 
gvA —p0A + O(p?) ; gap = Cyan + pAap + Ol’) 


where 04, € and A^ are functions of (v, z^). For computational purpose, we con- 
sider €) to be unity. Ap represents the 2-sphere metric. In stereographic coordinates, 
r^ = (¢,¢), the 2-sphere metric is yApgdr^dzP = axi dcc. The asymptotic 
Killing vectors preserving fall-off boundary conditions together with the charges 


u= WRN gravitational waves 


LE dy 


Fig. 3. Schematic diagrams depicting displacement memory effect for the detectors dj and d2. 
Separation L gets modified permanently before and after the passage of GWs depicted as L+ AL. 
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can be found in Donnay et al.?° It turns out that the variation of & along Killing 
direction, when fixed temperature configuration considered, generates a copy of su- 
pertranslation together with a superrotation.??:?6 We use this fact in section 3.2.1. 
Let us consider the fixed temperature configuration first in order to compute dis- 
placement memory. 


3.2.1. Memory: Fixed temperature configuration 


The fixed temperature configuration enables us to take «x non-zero but constant. 
With this consideation, the solution of the GDE for the given metric is?? 


AS? = a ((ArgeS% + Arce SS) — «(Av (HSE + 95*)) +0), (25) 


where S4 and S€ denote the ¢ and ¢ components of the deviation vector. Here, we 
have also used the vA-component of the Einstein field equation, the O(p°) term 
gives 0,04 =0 — 04 — C(x^). Using vv-component of the Einstein field equation, 
we replace changes AA Ag in Eq. (25) to obtain an explicit form of the memory which 
also ensures that Aag can be written in terms of 04. The resultant displacement 
memory is 


ASS = AE Se a ERE | BSS) Av — &(Av)* (HSE + G5) 


2 


tO(p'), 

(26) 
where Ĝ, Q, B,H and G are functions of (C, C), also H is written in terms of metric 
parameter 64. Thus the analyses suggest that the displacement memory is restored 
in terms of metric parameters. This completes our study of achieving the displace- 
ment memory near the horizon of non-extremal black holes. Further, we relate it 
with the asymptotic symmetries. 


Relation with BMS symmetry: We show the explicit relation between BMS 
symmetries and displacement memory. One can obtain the variation of the metric 
parameters apg, 04 and & along the Killing direction. Since the the memory (25) 
or (26) is independent of v coordinate, we only mention the relevant expression of 
AAp-variation,?Ó given by 


Ly AaB = fsan — aB f + £y Aap + O40Bf + OBO0af —2VAVpf. (27) 


On the other hand, the v component of the Killing vector for the fixed temperature 
configuration generates two sets of supertranslations T(¢) and X(@), i.e., 


f(v, z^) = T(z^) + e" X(z^). (28) 


Also, the Lie derivative of g,4 along Killing direction yields superrotation Y ^ (z4).26 
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Now, in order to make the variation of A4g along the killing direction indepen- 
dent of v, we set v coefficients to be zero. Using the general solutions of A45 from 
relevant component of Einstein field equations, and for computational simplification 
switching off the supertranslation parameter T, we obtain YS(¢) = àe^ [$46 as à 
solution. where, ù and f are functions of (C, C) and à appears as an integration con- 
stant; it would be a function of ¢ with respect to ¢ differential equation. Similarly, 
one can also find the solution for Y^(C). Therefore, we can find a solution for Y^ 
that will induce the desired shift in the displacement vector, and serves our purpose 
of establishing relation between displacement memory and asymptotic symmetries 
near the horizon of black holes. 


3.2.2. Memory: Zero temperature configuration & BMS symmetries 


We have also provided an explicit approach for zero-temperature configuration (ex- 
tremal consideration). For this, the metric coefficients remain same as appear in the 
non-extreme case except the gy, component which becomes N (C, C)p? + O(p?). The 
displacement memory with this consideration can be achieved by setting k = 0 in 
Eq. (25), and written as 


ASÍ, = ne + CC)? (ArgeSS + AreoS$) + O(p?), (29) 


where subscript E stands for the change in the displacement vector for extremal 
or zero temperature configuration. One can again take the variation of Aag along 
Killing direction and obtain set of differential equations similar to the fixed- 
temperature analyses. The related details can be found in Bhattacharjee et al.*? 


3.2.8. Memory €& BMS symmetries: for a less generic form of the metric 


In this section, we consider a less generic form of the full metric (24) by setting 
gu A = 0 which can be regarded as an asymptotic form of a metric near the horizon of 
a spherically symmetric black hole deformed in the spatial sector. The displacement 
memory for this setup can be computed in similar way as obtained for the full metric. 

We find that the fixed temperature configuration does not produce very inter- 
esting result. However, the displacement memory is written in terms of AA Ag, and 
further set of conditions can be obtained in order to have the connection with BMS 
symmetries. The interesting finding appears if we consider zero temperature config- 
uration. The change in the displacement vector is written in terms of AA Ap. Using 
the vv-component of Einstein field equation, the displacement memory is given by 


AS$ = ^ (1. CO? H(6 OASE + O(6"). (30) 


We notice that the displacement memory is proportional to p whereas in the far 
region case?? the memory is proportional to L, This implies that the displacement 
memory near the horizon of black holes is mimicking the one obtained null infinity. 
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One can further relate it with the BMS symmetries. It turns out that if we freeze 
off the superrotation, we have an exact solution: X(¢,¢) = X1(¢) + Xo(C). Hence, 
there is a supertranslation X(¢,¢) that can induce the same shift in the displace- 
ment memory. We have also considered the three dimensional analyses for extreme 
and non-extreme cases, and its connection with near-horizon BMS symmetries in 
Bhattacharjee et al.4? 


4. Discussion and outlook 


The primary motivation of this article is to provide a review study on the dis- 
placement memory effect near the horizon of black holes and its connection with 
asymptotic symmetries which is similar to the one established at null infinity 
for asymptotically flat spacetimes. In this respect, we started with a brief intro- 
duction of the intrinsic formulation of null shell. As a result, we show that the 
supertranslation-like transformations can be achieved in the context of soldering 
of two black hole spacetimes. We explicitly provided the results for Schwarzschild 
and ERN cases. However, interestingly, superrotation can not be recovered for ERN 
spacetime whereas it can be recovered for Schwarzschild. Further, as a result of in- 
teraction between horizon shell and test particles, we find that the particles remain 
on the initial 2-dimensional surface for Schwarzschild consideration as surface cur- 
rent is zero whereas for ERN spacetime, particles get displaced off from the initial 
2-dimensional surface. We compute the components of deviation vectors which carry 
the supertranslation parameter ensuring that the memory can be obtained in terms 
of BMS parameters. 

We have provided a detailed description of GW memory effect near the horizon 
of black holes as a more realistic approach which is analogous to the one obtained at 
null infinity. As a major distinguishing feature in order to establish a connection with 
asymptotic symmetries, we observed that there are two supertranslation parameters 
T (x^) and X (x^) and one superrotation Y4(a“) in near horizon analyses whereas 
there is only one supertranslation in the far region case. We also notice that AA Ap 
is the data available to be considered in the detection which mimics the data C;; 
present near the null infinity.?? The form of the GDE is also quite different with 
respect to the far region case. These are the brief and major distinguishing features 
between displacement memory obtained near the horizon of black holes and at 
asymptotic null infinity, together with its possible connection to BMS symmetries. 

The observational features of GW will be extremely useful in investigating the 
signatures of the asymptotic symmetries in displacement memory effect. As a result, 
we might be able to look into such symmetries in greater detail as a firm evidence in 
near future. The theoretical aspects of our study might help as a model framework 
in the detection prospects of the near-horizon BMS memory effect. It is expected 
that present-day detectors like LIGO might not be able to play a crucial role in the 
detection prospects. We hope that advanced detectors like aLIGO or LISA might 
be able to capture this effect as LISA is looking for a much longer wavelength 
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opening up the detection realm to a wider range of gravitational wave sources. 
In this direction, building up the theoretical framework of post-Newtonian (PN) 
formalism having relevance for asymptotic symmetries, it is interesting to investigate 
the contribution of supertranslation-like symmetries in non-oscillatory signals of the 
gravitational wave polarizations. This would surely provide a more direct approach 
to gravitational wave data analysts in order to search for asymptotic symmetries in 
GW memory signal. 

The alternative approach of detecting astrophysical signatures of asymptotic 
symmetries from gravitational lensing might not be an appropriate direction as su- 
pertranslated geometry of the spacetime will not lead to any deviations from stan- 
dard results in general relativity for static configurations.^^ The underlying reason 
to the problem is that given a supertranslated Schwarzschild black hole, one can 
always choose a coordinate patch in a finite solid angular range where the metric 
will be given by the Schwarzschild. Hence, the signatures of asymptotic symmetries 
seem to be difficult from gravitational lensing. However, we still have a hope to 
detect such symmetries in black hole shadows and lensing if we have a dynamically 
evolving spacetime, and in this consideration, it is not sure whether one can again 
have some coordinate transformations which would give rise to indistinguishable 
features. So this might set a stronger grounds for detecting the asymptotic sym- 
metries through deflection angle approach and black hole shadows. Interestingly, it 
is not difficult to understand that why gravitational memory is suitable for detect- 
ing such symmetries, because it appears as a physical effect where initial and final 
vacua differ by a BMS supertranslation. On another hand, the post-Newtonian tidal 
environment analysis especially in terms of BMS symmetries can also be explored 
from BMS-detection prospects. 

Furthermore, as we have been investigating the issues from classical perspectives, 
the quantum memory effect has also got considerable attention in very recent, and 
it is yet to be explored extensively. This would certainly give a new meaning to the 
quantum treatment of the memory to catch on to the hawking information paradox. 
We know that the displacement memory is induced by the radiative energy flux, 
and it has been shown that there exists a new kind of gravitational memory- spin 
memory effect which is sourced by angular momentum flux.?£?^ It is interesting to 
examine the signatures of asymptotic symmetries in the context of spin memory 
effect near the horizon of black holes from BMS-detection point of view. Further, 
the algebra of asymptotic symmetries on null surface situated at a finite location of 
the manifold might determine some fascinating role of symmetries on GW memory. 
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We derive and critically examine the consequences that follow from the formation of 
a regular black or white hole horizon in finite time of a distant observer. In spherical 
symmetry, only two distinct classes of solutions to the semiclassical Einstein equations 
are self-consistent. Both are required to describe the formation of physical black holes 
and violate the null energy condition in the vicinity of the outer apparent horizon. The 
near-horizon geometry differs considerably from that of classical solutions. If semiclassi- 
cal physics is valid, accretion into a black hole is no longer possible after the horizon has 
formed. In addition, the two principal generalizations of surface gravity to dynamical 
spacetimes are irreconcilable, and neither can describe the emission of nearly-thermal 
radiation. Comparison of the required energy and timescales with established semiclas- 
sical results suggests that if the observed astrophysical black holes indeed have horizons, 
their formation is associated with new physics. 


Keywords: Black holes; white holes; general relativity; semiclassical gravity; quantum 
aspects of black holes; energy conditions; surface gravity. 


1. Introduction 


Our current understanding of ultra-compact objects (UCOs) can be summarized as 
follows: the existence of astrophysical black holes (ABHs) — dark massive compact 
objects — is established beyond any reasonable doubt. However, it is unclear when, 
how, or if at all these UCOs develop the standard black hole attributes, such as hori- 
zons and singularities. A large number of models, often with deliberately designed 
features (or lack thereof), purport to describe ABHs. Translating the differences 
between these models into potentially observable differences between the signals 
received from the black hole candidates they describe is one of the most exciting 
topics in gravitational physics research.!:? 

There is no unanimously agreed upon definition of a black hole.? The salient 
feature of a mathematical black hole (MBH)^ is the event horizon that separates 
our outside world from an inaccessible interior. However, event horizons are global 


1197 


teleological entities that are — even in principle — unobservable,?^ and obser- 
vational, numerical, and theoretical studies focus on other characteristics of black 
holes. A trapped region is a spacetime domain where both ingoing and outgoing 
future-directed null geodesics emanating from a spacelike two-dimensional surface 
with spherical topology have negative expansion." ? Its evolving outer boundary 
is the apparent horizon. This definition captures the most fundamental feature of 
black holes as spacetime regions that nothing, not even light, can escape. It is also 
local, and thus physically observable: the escape is not possible now, but the notion 
of ^now" depends on the observer. Following the characterization scheme of Ref. 4, 
we refer to a trapped spacetime region that is bounded by an apparent horizon as 
a physical black hole (PBH).'° 

Although it cannot be observed, the event horizon is a useful asymptotic con- 
cept, and in many situations it is reasonable to assume that MBHs provide a good 
description of certain aspects of ABHs. Indeed, the predictions of various alterna- 
tives to black holes are most often compared with the standard Schwarzschild/Kerr 
paradigm.^? However, using this asymptotic concept at finite times is logically 
unsatisfactory, and in the situations we consider below cannot be sustained. 

Another question is whether the asymptotic picture is adequate to describe the 
relevant geometric and physical properties of black holes. We first formalize the 
minimal assumptions that underpin the widely used black hole notions presented 
in Fig. 1, namely regularity of the apparent horizon and its finite-time formation 
according to the clock of a distant observer. In spherical symmetry, these two as- 
sumptions uniquely determine the formation scenario for PBHs and suffice to pro- 
vide an exhaustive description of their near-horizon geometry. Its properties are the 
subject of this contribution. We now outline the motivation and justification for 
these requirements.!? 

In classical general relativity (GR) non-spacelike singularities destroy pre- 
dictability. According to the weak cosmic censorship conjecture,!® 1” 


singularities are concealed by event horizons. Quantum gravitational effects are ex- 
8,18 


spacetime 


pected to become important when the spacetime curvature is sufficiently strong, 
ie. when the Kretschmann scalar K :— Ryvpo R""?? reaches the Planck scale, that 
is KK = D The near-horizon geometry is believed to be well-described by semi- 
classical physics. Nontrivial quantum effects are obtained within the framework of 
quantum field theory in curved spacetime.!? One of its most spectacular predic- 
tions is Hawking radiation: it not only completed black hole thermodynamics,® !? 
but has given rise to the infamous information loss paradox.” Regular (singularity- 
free) black holes were introduced to altogether eliminate singularities in classical 
gravitational collapse or as a way to resolve the problem of information loss.*: 20-21 
Leaving aside the interior structure of black holes, we formulate the regularity cri- 
terion as the absence of curvature singularities at the apparent horizon. A precise 
mathematical formulation!? is provided in Sec. 2. 

To be considered a genuine physical object rather than merely a useful mathe- 
matical tool, the horizon must form in finite time of a distant observer, and there 
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Collapsing 
star 


(a) (b) 


Fig. l. Schematic Carter-Penrose diagram of the conventional formation and evaporation of (a) 
a black hole, and (b) a RBH. The outer apparent horizon rg(t) and the inner apparent horizon 
Tin(t) form the boundary of a PBH and are shown in blue and red, respectively. The equal time 
surface Ut, is drawn as a dashed orange line. It is null at (ts, rg(ts)) and spacelike everywhere 
else.!! The trajectory of a distant observer Bob is indicated in green and labeled “B”. Dashed 
grey lines correspond to outgoing radial null geodesics. (a) Diagrams of this type are elaborations 
of the original sketch by Hawking, see Fig. 5 of Ref. 12. Spacetime regions corresponding to PBH 
(MBH) solutions are indicated by blue (black) arrows. Light signals emitted from the quantum 
ergosphere!? (indicated by the light blue shading), i.e. from within the trapped region, but outside 
of the event horizon, reach ./^ and are detected by Bob in his finite proper time. The collapsing 
matter and its surface are shown as in conventional depictions of the collapse. However, the matter 
in the vicinity of the outer apparent horizon (t, rg(t)) violates the NEC for t 2 ts. Moreover, the 
energy density, pressure, and flux as seen by an infalling observer Alice vary continuously across 
it, and the equation of state dramatically differs from that of normal matter that may have been 
used to model the initial EMT of the collapse. (b) The asymptotic structure of a simple RBH 
spacetime! coincides with that of Minkowski spacetime. Conditions for the smooth joining of the 
inner and outer apparent horizon are described in Ref. 15. An unmarked green line represents a 
hypersurface r — const that passes through the RBH. 


should be some potentially (at least in principle) observable consequences of its 
formation. Moreover, if black holes do indeed emit Hawking radiation, and their 
evolution roughly resembles that of Fig. 1(a), then the apparent horizon forms in 
finite time tg of a distant observer. We note that, as illustrated in Fig. 1(a), the 
outer apparent horizon is located outside of the event horizon.?:!? Hence all signals 
that are emitted from the so-called quantum ergosphere!?:!? — part of the trapped 
region that lies outside of the event horizon — reach future null infinity 4+. In 
addition, models of transient (even if long-lived) regular black holes (RBHs) imply 
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the finite-time formation and disappearance of the trapped region, as depicted in 
Fig. 1(b). This leads to our second requirement: the finite-time formation of an 
apparent horizon according to a distant observer. 

Working in the framework of semiclassical gravity, we use classical notions 
(horizons, trajectories, etc.) and describe dynamics via the Einstein equations 
Gv = 81T,,,. We do not assume any specific matter content nor a specific quan- 
tum state w that produces the expectation values of the energy-momentum tensor 
(EMT) T,,, :— du )u. Note that this EMT describes the total matter content — 
both the original collapsing matter and the produced excitations. We do not as- 
sume the presence of Hawking-like radiation, an event horizon, or a singularity. To 
simplify the exposition we work in asymptotically flat spacetimes, even if it is not 
essential for the resulting near-horizon geometries. 


2. Spherically symmetric solutions 


It is convenient to use Schwarzschild coordinates to impose the two assumptions 
described above. Their coordinate singularities allow us to identify the admissible 
solutions. A general spherically symmetric metric in four spacetime dimensions is 
given by 

ds? = —eh (n f(t, r)dt? + f(t,r) dr? + r?405. (1) 


These coordinates provide geometrically preferred foliations with respect to Ko- 
dama time, a natural divergence-free preferred vector field.??? In asymptotically 
flat spacetimes the time t represents the proper time of a distant static observer. 
Using the advanced null coordinate v, the metric is written as 


ds? = —e7"+ (1 — =) dv? + 2e"* dvdr + r°dQ2. (2) 
T 
The Misner-Sharp (MS) mass C(t, r)/29:?? is invariantly defined via 
f(t,r):— 1 — Cfr: 0,70" r; (3) 
and thus C(t,r) = C4 (v(t, r), r). The functions h(t,r) and A, (v, r) play the role of 
integrating factors in coordinate transformations, such as 
dt = e ^ (e^*dv — fdr). (4) 
The apparent horizon is located at the Schwarzschild radius r(t) = r4 (v) that is 
the largest root of f(t,r) = 0.° 4 In (v, r) coordinates the tangents to ingoing and 
outgoing radial geodesics are given by 


iin = (0, —e7"+,0,0), — I = (1, ge" f, 0,0), (5) 
respectively. They are normalized to satisfy lin -lout = —1, and their corresponding 
expansions are 

2 eh Ay 
Vin — s , Vout = f (6) 
T r 


thus identifying the domain r € r4 = r as a PBH. 
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Using the retarded null coordinate u, the metric is written as 


NU 


T 


ds? = —e?”- (1 ) du? — 2e"- dudr + r?d9s. (7) 


In (u,r) coordinates the tangents to ingoing and outgoing radial geodesics are given 
by 


= (Lire 0,0,0), a= Ose "esi 0,0), (8) 


respectively. Again, the tangents are normalized by lin - lous = —1, and their respec- 
tive expansions are given by 


he 2 —h- 
Vin = E f Vout zZ = 4 (9) 
r T 
As a result, the domain r € r_ = rg is a white hole and the Schwarzschild radius is 


the location of the anti-trapping horizon. As in the case of the maximally extended 
Schwarzschild solution, these two scenarios describe different physical settings. 

The Schwarzschild coordinates become singular as r — rg. We extract informa- 
tion about the EMT and therefore about the near-horizon geometry by studying how 
various divergences cancel to produce finite curvature scalars. Singular points are 
identified through the presence of incomplete geodesics in their vicinity and are ex- 
cluded from manifolds representing the spacetime. These geodesics are inextendible 
in at least one direction, but the range of their generalized affine parameter (proper 
time for timelike geodesics) is bounded.” 17-25-26 We focus on curvature singulari- 
ties and formalize the regularity requirement as the demand that curvature scalars 
built from polynomials of Riemann tensor components are finite. This condition 
corresponds to the absence of essential scalar curvature singularities. More strin- 
gent conditions that involve higher covariant derivatives or regularity of individual 
components are not imposed. 

In a general four-dimensional spacetime, there are 14 algebraically indepen- 
dent scalar invariants that can be constructed from the Riemann tensor.?” We use 
two quantities that are expressed straightforwardly from components of the EMT, 
namely 


T:— T" esq Tm (10) 


The Einstein equations relate them to the curvature scalars as T — —R/87 and ī= 
R” hol 647°, where R,,, and R are the Ricci tensor and Ricci scalar, respectively. 
In spherical symmetry, if the two scalars of Eq. (10) are finite, then the rest are 
finite as well.?5 

It is convenient to introduce 


Ty = eTa, puc qu mmm. (11) 
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The three Einstein equations for G, G,", and G"* can then be written as 


0,C = 81r?r, | f, (12) 
BC = 8nr?e"r,", (13) 
Oph = Arr (T, +77) / F°. (14) 


Since T^, = TĦ, in spherical symmetry, the two scalars have the form 
y M 


T=T+2",, ©=5+2(7%)’, (15) 


where 


T:-(rt—-54)/f, | S: (TY! + (Y? -207y) /f?. (16) 


'The curvature scalars are finite even if the individual terms are divergent in one 
of the two possible cases. The three effective EMT components 7,, a € {,,;","}, 
may result in finite T and €, with T9, [G^,/8x with the metric functions that 
solve Eqs. (12)-(14)] being finite as well, or all four non-zero components T”, may 
diverge, but these divergences cancel to produce the finite scalars of Eq. (15). We 
first describe the former possibility and then explain why the latter possibility is 
not realized. 

A priori, to ensure that T and € remain finite as r — rz, the effective EMT 
components 7, must either diverge according to the same power law f^, k < 0, 
converge to finite limits (k — 0), slowly converge to zero (0 « k « 1), or converge 
to zero with a variety of possible exponents ka, ka > 1. It was shown that only 
two classes of dynamic solutions (with the leading terms in the functions 7, scaling 
as f^, k = 0,1) satisfy the regularity conditions.??:?? The component 7*, is either 
finite due to the Einstein equations (or, possibly, due to some additional constraints 
on the functions C and h), resulting in admissible solutions, or divergent, indicating 
the inadmissibility of the solution as T' o cannot have the same leading divergence 
as 7, / f.?? Moreover, a slow divergence (or a faster convergence of either 7, or 7") 
is incompatible with Eqs. (13) and (14). Hence finite values of the two functions of 
Eq. (16) are a necessary condition to ensure that the curvature scalars are finite. 
We now briefly summarize the properties of the admissible solutions. 


2.1. Generic solution (k — 0) 


In principle, the solutions with k = 0 allow for 7, —^ 7^ + x Y?, 7," — x Y? for 
some T(t) > 0, but only 


7, & 71^ =—-T’?+O(/z), (17) 
7," = FT? + O(/2), (18) 


where x := r — rg denotes the coordinate distance from the horizon, describe valid 
solutions: taking T, > 7^ > +Y? results in complex-valued solutions of Eqs. (12)- 
(14) (see Ref. 31 for details). 


1202 


The negative sign in the leading term of 7, and 7” leads to the violation of 
the null energy condition (NEC)^??:3? in the vicinity of the apparent horizon, i.e. 
a future-directed outward (inward) pointing radial null vector (^ does not satisfy 
Tvl’ > 0 for the contracting (expanding) Schwarzschild radius r4.?! An immedi- 
ate consequence of this result is that accreting Vaidya black hole solutions in (v, r) 
coordinates cannot describe PBHs as they satisfy the NEC.?! 

The metric functions that solve Eqs. (12) and (14) are 


C = rg — A//nrI/ P YVE + O(a), (19) 
h--ghz-O(3) (20) 


where €(t) is determined by the choice of time variable and the higher-order terms 
depend on the higher-order terms in the EMT expansion.** Eq. (13) must then hold 
identically. Both sides contain terms that diverge as 1/4/z, and their identification 
results in the consistency condition 


rL JE = Aes mg T, (21) 
which describes the expansion or contraction of the Schwarzschild sphere depending 
on the sign of £4. = +1. 

Useful information can be obtained by working with retarded and advanced null 
coordinates that result in regular metric functions.?! If r} > 0, this is achieved by 
using the retarded null coordinate u. For rz < 0, the advanced null coordinate v 
leads to 


C4 (v,r) 2 ro(v) + 5 wi(v)(r =r} (22) 
i21 
hr) = Yuto) r, (23) 
i21 


for some functions w;(v), xi(v), where wı < 1 due to the definition of r}. This 
is the general form of the metric functions in (v,r) coordinates that ensures finite 
curvature scalars at the apparent horizon if r4 < 0.7? The components of the EMT 
in (v,r) and (t,r) coordinates are related by 


Oy = e+ Oy, = Ti (24) 
Oor = go Our = (Te —T, ) H5 (25) 
0, = Orr = (T^ + 7% — 2n) IP, (26) 


where O,,, labels the EMT components in (v, r) coordinates, which are finite. Hence 
rg < 0 corresponds to an evaporating PBH. Similarly, (u, r) coordinates are regular 
at the anti-trapping horizon rg of an expanding white hole, r, > 0.10%! 


The limiting form of the (tr) block of the EMT as r — rg is 


CENA Ca Etro |. Y? (-les 
T Ge —Y?/f HE a 6 i l en 
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where the second expression is written in the orthonormal frame. It makes the 
violation of the NEC particularly transparent. 

In the test-field limit!® quantum fields propagate on a given gravitational back- 
ground, but the resulting EMT is not permitted to backreact on the geometry via 
the Einstein equations. It is instructive to compare the tensor of Eq. (27) with ex- 
plicit results obtained in the test-field limit. Out of the three popular choices for 


the vacuum state,® 18 


only the Unruh vacuum results in an EMT with nonzero T, 
components. The state itself corresponds to the requirement that no particles im- 
pinge on the collapsing object from infinity.?? In the context of a static maximally 
extended spacetime, its counterpart is a state with unpopulated modes at past null 
infinity and the white hole horizon.*:!5 Using various semi-analytical and numeri- 
cal methods that are based on conformally coupled fields*® and minimally coupled 
scalar field,?" the expectation values of the renormalized components Ta, T,", and 
T"* have been determined explicitly. They approach the same negative value as 
T— Tg. 

The experiences of observers in the vicinity of the apparent horizon depend on 
their trajectories. A static observer finds that the energy density p :— T,,, uu” = 
—T'*, , pressure p :— Typ nin” = T", , and flux 9 :— T,,,, u^n" diverge at the apparent 
horizon, where u^ denotes the four-velocity and n” the outward-pointing radial 
spacelike vector. The experience of a radially-infalling observer Alice moving on the 
trajectory z^ (T) = (ta,ra,0,0) is different, and also differs from the infall into a 
classical eternal black hole. 

First, crossing the apparent horizon of a PBH happens not only at some finite 
proper time To, but also at a finite time to(70), rg(to(ro)) = ra (To) according to 
the clock of a distant Bob. This is particularly easy to see for radial null geodesics, 
where 


t —h(t,r) 1 
d = TOS (28) 
dr f(tr) Irgl 


at r = rg, the rhs is obtained using Eqs. (19)-(21),?? and the upper (lower) signature 
corresponds to an outgoing (ingoing) null ray. We use this result in our estimate 
of the formation time in Sec. 4, and in showing that the simple generalizations of 
surface gravity to nonstationary spacetimes fail for PBHs (Sec. 3.2). 

It is possible to find explicit relations between (t, r) and (v, r) coordinates in the 


30 


vicinity of the apparent horizon," namely 


(ry yv) 9 re +Y- re(t(v r+ +y)) = —rzv^/Qr)- O(y*), — Q9) 
which relates the coordinates z :— r—r,(t) and y(r,v) := r — r, (v). Another useful 


relation?’ is 


Y 
w,; =1-2 amrglrel a” (30) 

g 
For an evaporating PBH (r, < 0) the energy density, pressure, and flux in Al- 
ice’s frame are finite. However, upon approaching the anti-trapping horizon of an 
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expanding white hole (ro > 0), Alice encounters a firewall, 
» 
TA 


mrX + O(1/VX), (31) 


= Ba — 
pa — T, Uaua = — 


where X :— ra(r)—ra(tA(7)) 75 which may be another indication of the instability? 
of such objects. 

Violations of the NEC are bounded by quantum energy inequalities.??:?? Outside 
of the singularities the lower bounds were shown to exist for the energy density 


(Tuv ),, uu" and its smeared averages. These are known to be state-independent for 
free fields. For spacetimes of small curvature, explicit bounds for a geodesic observer 
were derived in Ref. 40. A finite bound is violated by the 1/f? divergence of the 
energy density that results in the logarithmic divergence of its smeared time average 
provided that the radial velocity does not go to zero.1^?? However, this is not true 
for geodesics, and thus the inequality of Ref. 40 is inapplicable. 

Observers that have crossed the apparent horizon but change their mind before 
traversing the quantum ergosphere can exit the black hole before it evaporates. 
'Their experiences at the apparent horizon are more involved: for a geodesic observer 
that attempts to cross the apparent horizon from the inside, the energy density also 
diverges. However, it does so according to a weaker 1/ f law, and thus the integrated 
energy density remains finite. 


2.2. Extreme solution (k — 1) 


The static solution with k = 0 is impossible, as in this case € would diverge at the 
apparent horizon. Consequently EMT components that allow for static solutions 
must behave differently. Many models of static nonsingular black holes assume finite 
values of energy density and pressure at the horizon.*^?! With respect to the scaling 
behavior f^ of the effective EMT components of Eq. (11) this is the k = 1 solution, 
with 

7, > E(t)f, 7," > 9(t)f, T" — P(t)f, (32) 


where p — E and p — P at the apparent horizon. Any two functions can be expressed 
algebraically in terms of the third, and 8rr2E < 1 to ensure that C(t,r) — rg > 0 
for r > rg. 

Only the extreme value of E = (8577) ! corresponds to non-extreme dynamic 
black holes (i.e. those with rg # const whose trapped regions have nonzero vol- 
ume).?? As a result 

C(t,r) =r — eax(t)2?? + O(?) (33) 
for some coefficient c32(t) > 0, setting via Eq. (32) the scaling of other leading terms 
in the EMT. Consistency of Eqs. (13) and (14) implies P = —E = —1/(81r7) and 
® = 0. From the next-order expansion we obtain 
d 
z t O(viz), (34) 


3 
da ud 
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as well as the consistency relation 


r= £4 C328? f, (35) 
where the case c+ = —1 (e+ = +1) describes an evaporating PBH (an expanding 


white hole). The NEC violation is more subtle than in the k = 0 case. At r = r,(t) 
itself the NEC is marginally satisfied, as 


1 10 
Mc 8nr2 a B : (36) 


However, the NEC is violated for some x > 0, as for both incoming and outgoing 
directions lin, lout, we have 


aj _ _ 3032/1 
Tj P = — Bnr? + O(z). (37) 
Solutions with a time-independent apparent horizon or general static solutions do 
not require w; = 1 to satisfy Eqs. (24)-(26). Since r,(v) = r(t) = const, it is 
possible to have non-extreme solutions. Then Eq. (13) implies ® = 0 and the identity 
E = —P follows from Eq. (26), leading to a regular function h(t,r). However, in 
this case Eq. (4) indicates that the apparent horizon cannot be reached in finite 
time t. 

The curvature scalars of the solutions we have considered so far were rendered 
finite thanks to the constraint that Eq. (13) imposes on the dynamic behavior via 
Eqs. (21) and (35). For example, the Ricci scalar of the solution with C(t,r) given 
by Eq. (33) includes the potentially divergent term 


3 Tele C32 
Rai = £ 38 
g A/a ES Tg ( ) 
that vanishes upon substitution of Eq. (35). However, a metric with C(t, r) = r + 
cox? +... and the same h(t,r) of Eq. (34), while being a solution of the Einstein 


equations, has a finite value of the Ricci scalar only in the static case Fr. = 0, as in 
this case 


12 


3rgrz | (39) 


Raw = — 
div QET 


3. Implications 


The solutions described in Sec. 2 have many remarkable properties, and their near- 
horizon geometry differs considerably from that of Schwarzschild black hole space- 
times. First, we mention an immediate mathematical consequence of the firewall 
that we have described. The divergence of pa [see Eq. (31)] points to the presence 
of a matter singularity. As a result, we observe that if an apparent/anti-trapping 
horizon forms, it is a surface with an intermediate singularity. The appearance of 
a negative energy firewall is the counterpart to arbitrarily large tidal forces that 
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could tear apart an observer falling into such a singularity. In these cases the fate 
of an observer depends on the integrated tidal stress.® 41 

Consider observers attempting to enter an expanding white hole or exit an evap- 
orating PBH.!? In the former case, the radial velocity R < 0 on a geodesic trajectory 
reverses the sign at some finite R — rg due to the divergent radial acceleration, and 
in fact the energy density remains finite. On the other hand, a massive test particle 
exits a PBH with R = 0 and the energy density diverges, but its integrated smeared 
version remains finite.!! 


Since all curvature scalars remain finite, it is instructive to check the Ricci spinors 
oo =$Riu, O22= Rə, O11 = (Rio Rai). (40) 


Using the natural Newman-Penrose tetrad that is built from the two null vectors 
of Eq. (5) and a pair of complex-conjugate vectors m^ and m^ := m^*, 
un a 
Og + Q, 

/2r Vr sin 0 $ 
we find that the values of all nonzero spinors are finite at the apparent horizon. 
However, given the freedom of choice of these vectors I5, > Albur Uf — Ih /A, the 
values of the spinors $99 and 925 depend on this choice. By choosing A = f(v,r) 
(this form of the tangent vectors may appear more natural in (t,r) coordinates), 
we find 


m= m-m=t1 


(41) 


$99 « f, $55 x ft, (42) 


again demonstrating that the apparent/anti-trapping horizon is a surface of inter- 
mediate singularity.!! 


3.1. Black hole formation 


Consider now possibilities for horizon formation. The properties of the self- 
consistent solutions of the Einstein equations that we have described above lead 
to the identification of a unique scenario for black hole formation.??:?? We consider 
only evaporating PBHs (r; < 0) due to the implications of the results presented in 
Sec. 2.1. Working in (v, r) coordinates, we assume that the first marginally trapped 
surface appears at some vg at r4 (vs) that corresponds to a finite value of ts. For 
v X vs, the MS mass in its vicinity can be described by modifying Eq. (22) as 


C(v,r) = A(v) - r.(v) + 5 wi(v)(r — r.)', (43) 
izl 
where r,(v) corresponds to the maximum of A,(r) := C(v,r) — r, and the deficit 
function A(v) :2 C(v,r.) — r.(v) € 0. At the advanced time vs, the location of 
the maximum corresponds to the first marginally trapped surface, r.(vs) = r+(vs), 
and o(vg) = 0. For v > vs, the MS mass is described by Eq. (22). For v € vs, the 
(local) maximum of A,(r) is determined by A,(r)/dr = 0, hence wi(v) — 1 = 0. 
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There are no a priori restrictions on the evolution of r, before the PBH is 
formed. However, since an expanding Schwarzschild sphere describes white hole 
solutions r' (us) < 0. For v > vs, the maximum of C(v,r) does not coincide with 
r4(v) since the trapped region is of finite size. As a result, wi(v) < 1 for v > us. 

This means that at its formation a PBH is described by a k = 1 solution, which 
can be seen from Eq. (30), as wi = 1 implies Y = 0. It then immediately switches 
to the k = 0 solution, with matching decrease in w; (v) and increase in Y(t(v,r+)), 
and w; < 1 at all subsequent stages. The transition from f! to f? behavior is 
continuous as Y(ts) = 0 for the k = 1 solution and it increases thereafter.?? A 
detailed discussion can be found in Ref. 10. 


3.2. Surface gravity 


The surface gravity & plays an important role in GR and semiclassical grav- 
ity. ? However, it is unambiguously defined only in stationary spacetimes (for a 
Schwarzschild black hole & = (2rg) !), where it is proportional to the Hawking 
temperature. 

Generalizations of surface gravity to dynamical spacetimes are related to two 
(equivalent in stationary spacetimes) definitions of « that are based on the peeling 
off properties and the inaffinity of null geodesics at the horizon, respectively.® 42 For 
sufficiently slowly evolving horizons with properties sufficiently close to their clas- 
sical counterparts, these different generalizations of surface gravity are practically 
indistinguishable.*? This agreement is important. Emission of Hawking-like radia- 
tion does not require the formation of an event or even an apparent horizon.^? 46 
'The role of the Hawking temperature is captured in various derivations either by 
the peeling*” or the Kodama*® surface gravity. 

For PBHs, however, these quantities are very different. Here we consider only 
one version of the peeling surface gravity.?? In Schwarzschild coordinates Kpeel is 
defined from the near-horizon behavior of null geodesics® ^? as the linear coefficient 
in the Taylor expansion of 


— = +e" f (t, v) (44) 


in powers of x as x — 0 (i.e. r — rg). However, such an expansion is impossible for 
the metric functions of Eqs. (22)-(23). Alternatively, to be compatible with Eq. (28), 
Kpee Should be infinite, as we now demonstrate. 
For differentiable C and h, the result is 
er? (1 — C'(t,rg)) 


Kpeel = 2r . (45) 
g 


This quantity is undefined for k = 0 solutions as for a radial geodesic [Eq. (28)] it 
implies 


— = xr; + O(/2), (46) 


and Kpeel diverges (for both k = 0 and k = 1 solutions).°° 
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'The Kodama vector field has many useful properties of the Killing field to which, 
modulo possible rescaling, it reduces in the static case.?:??:4? Similar to the Killing 
vector, it is most conveniently expressed in (v,r) coordinates, 


K” = (e^ ^*,0,0,0). (47) 

It is covariantly conserved, and generates the conserved current 
V,K" — 0, (48) 
Vid! — 0, J" := G""KR,, (49) 


thereby giving a natural geometric meaning to the Schwarzschild coordinate time 
t. The MS mass is its Noether charge. 


Since K(,;,) Æ 0, the generalized Hayward-Kodama surface gravity is defined 
viat? 
1 
5 K"(V,K, - V,K,) = &kK, (50) 


evaluated on the apparent horizon. Hence 
l/C.(vr) 2O9.C,(v,r) (1— wu) 
KK ( 2r, ’ ( ) 


2 r2 r 


TEFA 
where Eq. (22) was used to obtain the final result. Thus at the formation of a black 
hole (i.e. of the first trapped surface) this version of surface gravity is zero. At the 
subsequent evolution stages that correspond to a k = 0 solution, kx is nonzero. 
However, it approaches the static value & = 1/(4M) only if the metric is close to 
the pure Vaidya metric with w; = 0. This in turn contradicts the semiclassical 
results.?5 


4. Discussion 


'The solutions we have described follow from commonly obtained or assumed, but not 
always sufficiently articulated requirements: the formation of a minimally regular 
horizon in finite time of a distant observer. The two classes of spherically symmetric 
solutions that satisfy these requirements must violate the NEC in the vicinity of the 
outer apparent horizon, and the matter content is dominated by a null fluid. Unless 
we accept that semiclassical physics breaks down at the horizon scale, accretion 
is no longer possible after the horizon has formed: the solutions describe either 
evaporating black holes or expanding white holes. 

It is still not clear how the collapsing matter actually behaves, and how the 
continuous transition from f! to f? behavior immediately after PBH formation 
(Sec. 3.1) can be realized in nature. A mechanism that converts the original matter 
into the exotic matter present in the vicinity of the forming apparent horizon is re- 
quired to violate the NEC. However, the emission of collapse-induced radiation ?? 4? 
is a nonviolent process that approaches at latter times the standard Hawking radi- 
ation and Page's evaporation law*9? r = —o/r2, a ~ 107? — 1074. 
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In addition, there is no obvious way to reconcile the two standard definitions 
of surface gravity that underpin different derivations of Hawking radiation to dy- 
namical spacetimes (Sec. 3.2): the peeling surface gravity &pej diverges, whereas 
the Kodama surface gravity KK is zero at the instant of PBH formation and in 
contradiction with established semiclassical results thereafter. This has interesting 
repercussions for the formulation of the information loss paradox?? and indicates 
that the Hawking radiation that is obtained on the Schwarzschild background is 
not an asymptotic form of the radiation that is emitted by a PBH. 

Our results indicate that the observed ABHs may be horizonless UCOs rather 
than genuine PBHs with a horizon — not due to some exotic supporting matter or 
dramatic variation in the laws of gravity, but simply because the conditions for the 
formation of a horizon have not been met at the present moment of t. Even if no 
new physics is required to produce the mandatory NEC violation, the process may 
be too slow to transform the UCOs that we observe into PBHs. Eq. (28) of Sec. 2.1 
sets the timescale of the last stages of infall according to Bob. Assuming that it is 
applicable through the radial interval of the order of rg, we find tin ~ rg/r;. For 
an evaporating macroscopic PBH, this is of the same order of magnitude as the 
Hawking process decay time teyp ~ 10?r2. Such behavior was found in thin shell 
collapse models, where the exterior geometry is modeled by a pure outgoing Vaidya 
metric.?^ For a solar mass black hole, this time is about 109"yr, indicating that it is 
simply too early for the horizon to form. It is also conceivable that the conditions 
are not met before evaporation is complete or before effects of quantum gravity 
become dominant.® Horizon avoidance may therefore occur due to the absence of 
new physics, and not because of it. 

A more detailed understanding of the near-horizon geometry as well as the 
behavior of matter during gravitational collapse and PBH formation is needed to 
resolve all of the remaining questions. Coming of age of multimessenger astronomy 
and controversies surrounding the direct observation of ABHs make it a particularly 
timely project. 
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In classical gravity, nothing can escape from a black hole, not even light. In particular, 
this happens for stationary black holes because their horizons are null. We show, on 
the other hand, that the apparent horizon and the region near r = 0 of an evaporating 
charged, rotating black hole are both timelike. This implies that there exists a channel, 
via which classical or quantum information can escape to the outside, as the black hole 
evaporates. Since astrophysical black holes have at least some rotation, our results apply 
to all black holes in nature. We discuss implications of our result. 


Keywords: Black hole information loss; Hawking radiation; evaporating black holes; ro- 
tating black holes; Vaidya metric. 


1. Introduction 


In classical general relativity, a black hole is a region of spacetime from which 
nothing escapes. This result underwent a change with the discovery of Hawking 
radiation. ^? Studying the evolution of a vacuum quantum state in curved spacetime 
with a horizon, Hawking showed that the ingoing vacuum state has a probability 
to yield a non-vacuum outgoing state when the former enters the horizon of a black 
hole. This means that a black hole can radiate energy to infinity via this quantum 
mechanism. 

Now, both classical and quantum information can enter the horizon of a black 
hole. However, as Hawking’s work showed, only thermal Hawking radiation carrying 
very little information emerges from it.? Therefore, when the black hole evaporates 
completely, all information carried by the matter that was used to create the black 
hole is apparently lost forever. This violates unitarity in quantum theory which 
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requires the information of a quantum system be conserved during its evolution. 
Further study of this apparent information loss paradox led to the idea of black 
hole complementarity,^ the firewall paradox^? etc. 

When discussing the above problem, people often overlook an implicit hypothesis 
that the causal structure of a black hole is not disturbed by Hawking radiation itself. 
Parikh and Wilczek were the first to examine this assumption and show that the 
singularity of an evaporating charged black [white] hole may be accessible for an 
observer outside when the metric is time-dependent.? However, the metric used in 
their paper in fact seems to represent a white hole, contrary to their claim that it is a 
black hole (see Appendix A for a detailed analysis). Recently, numerical simulation 
also shows that the horizon of a charged black hole may be timelike.!? We know on 
the other hand, that much like other astronomical objects, all black holes in nature 
are rotating and uncharged, and the probability of finding a black hole with zero 
rotation is practically nil. 

Motivated by the above, in this work,!! we show that for a rotating and charged 
black hole which is Hawking radiating, there is a classical channel through which 
information can escape, and following the above reasoning, it provides an extended 
window of information recovery from its interior. In the process, the black hole 
shrinks of course, but presumably at a faster rate than predicted by Hawking radi- 
ation, because of the additional outflow of information and associated matter. 

We demonstrate the above rigorously by constructing the Penrose diagram for 
the above process. In particular, we prove that the region immediately surrounding 
r = 0 is timelike, and the apparent horizon is timelike as well. These two results 
and the Penrose diagram all together imply null geodesics originating from anywhere 
near the centre of the black hole to the apparent horizon may emerge to the outside 
Universe. This in turn provides a route for classical or quantum information to 
escape from the black hole. This escape of potentially a large amount of information 
must be taken into account in any attempt to resolve the information loss problem. 
What is most significant is perhaps the fact that the escaping information need not 
be thermal. 


2. Coordinates for an evaporating rotating charged black hole 


Since we are interested in evaporating black holes, we will start with the following 
time-dependent metric, which represents a rotating and charged Vaidya-type black 
hole,!?:1? as shown in Appendix B 


2Mr — Q? 
ds? — (: = Q Jae | 2du dr + o?d6? — 2a sin? 6 dr do 
Oo 
| 2(2Mr — Q?)a (27 Q? 
c? 


5 sin? 0 du dó + 


a? sin? 0 +r? + a) sin? 0 dd’, 
(1) 


on 
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where o? = r? + a? cos? 0, and M = M(u), Q = Q(u) and a = a(u) denote smooth 
decreasing functions of the retarded time u. 

Next, to construct a two-dimensional Penrose diagram for the above metric, we 
restrict ourselves to the symmetry axis along 0 = 0.'4 Then one gets, from Eq. (1): 


2Mr- Q? 2_92Mr +a? +Q? 
d2=-(1 uml E PERI: dus oci ap NEN lg. 
r? + a? r? + a2 
(2) 


We also assume without loss of generality that M, a and Q are proportional to each 
other and linear functions of u 


M(u) = Mo (constant), u < uo (3) 
=pu+b=u, uo < u € —b/p,u < 0 (4) 

=0, —b/u<u (5) 

a(u) = 1M (u), 0<rA <1 (6) 

Q(u) = 2M (a), 0< tei. (7) 


This means that the black hole starts its process of evaporation at time u = ug, 
and undergoes a mass decrease at a constant rate u. Contrary to Ref. [13], where 
the angular momentum was held fixed, in this work we make it time-dependent. 
'This is because on the one hand, the form of the metric continues to hold with 
that generalization and moreover, the condition A1, A2 < 1 ensures that there are 
no naked singularities. 

The following points may be noted here. First, continuity of the functions 
M (u), a(u), Q(u) in Eqs. (3-7) guarantees that the various patches of the Penrose 
diagram that will smoothly join to each other.? Second, considering arbitrary decay 
rates (i.e. not constant over time) is also straightforward. In this case, one can sim- 
ply break down the non-linear decay function such as M (u) into a series of linear 
functions of the form M(u) = So (uu + bi) [O(ui + 3) — (ui + 2)] (uo € ui), 
and similarly for a(u) and Q(u), for N > 1. 

Now, following Ref. [9] and details presented in Ref. [11], we find a set of coor- 
dinates which are smooth across the horizon. To this end, we first write metric (2) 
in the so-called ‘double null’ form: 


dp sc 3 E M. (8) 
m 
where, 
1 2—2M 2 2)M?°\ di 
dv = — |( P i tou) ) i 2ar| f (9) 
g(ü,r) r? + A," M? m 
with the integrating factor 
2 . 2M 2 2 M? 7 
o(ü,r) = (7 ICD) ) ae. (10) 
r? + A,7 M? H 
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We may then read off 


Ov | rr (11) 
Ór  —r[r? + Xa] + zy [r? — 2ür + (AZ + X)ü?] 
" i(r?-2Mr- (A? + .3)a?) 


= - 12 
Ot — —r[r? + Ape?) + oF [r? — 2ür + (AZ + A2)ü7] P 


As one can see, the common denominators D(r) of the above expressions are cubic 
in r, which may be rewritten as 


D(r) = —r[? + X22] + » [r? — 2ür + (A? + AZ) a7] 


~ ~2 ~3 
3 2~2 u2 U Ww o2 2 
——p-—A AT HA 
r 1ü ME "km 1 3) 
~ ~2 ~3 
3 U 2 2-2 , U u 2 2 
T Ce a (X — —(A AS). 
icu VU Oeo ATE 2) 


(13) 


Since D(—oo) > 0, D(4-oo) < 0, and D(0) = £ (A? + A2) < 0 because of u < 0 and 
à > 0 (tu = 0 represents a flat spacetime and hence is ignored here), the scenarios 
with positive roots for the cubic equation D(r) — 0 are well described by Fig. 1. No 
other scenario has a positive root. 


Fig. 1. Scenarios caused singularities for Eqs. (11) and (12). 


For the case represented by the red line in Fig. 1, the denominators have three 
roots 71,172,173, (with r1 > ra > 0 > ra) where v has coordinate singularities, and 


3 
v= 2 A; ln(r —1;) , (14) 


with 
z2 z 
A = 1 +A’, Ay = 2 + Aiü?, 
t (rm =r? (rr) 7 ^ (mn-r3)rn-r) ^ 
2 
Az = 3 LA. (15) 


(rı = r3)(T2 = T3) 


1216 


'Then the complete set of singularity free coordinates for the two patches may be 
defined as: 


Va(v) = e*/^ 


Sata tae) eu r2 <r<œ (16) 
Vi (v) = ki - (Vat 
= ka + (rı — r)41/42 (rg — r)(r — rg) 49/42 , O<r<rg (17) 


The constants k; are determined by matching V2 with Vj in rg < r < rı. If the 
denominator D(r) of Eq. (11) is described by the gold line in Fig. 1, it has a negative 
root r3 and a positive double root rı such that it can be factored as (r—r3)(r—11)?. 
This is nothing but a special case that rı = r2 in the red-line scenario in Fig. 1. 


3. Timelike regions 


With the results in last section, it is easy to show that r = 0 and its immediate 
neighbourhood is timelike. For example, in the case of Eqs. (14-17) above, 


ü,r)A 
d 2 cx | g(ü,r) üd 1 
E CEST dü dV (18) 
2 2 
9 - (3232) a «o. (19) 
1 


It may be noted that the ‘ring singularity’ of the metric is at r = 0 and 0 = 7/2. 
It follows that except for that singular point, the region in the neighbourhood of 
r = 0 is regular and of finite curvature, except perhaps at the end of the evaporation 
process. 

We now consider the apparent horizon and show that it is timelike as well. We 
follow the procedure of Ref. [15], and define the function: 


f(wur)2r—-Rz, (20) 


where R+ represents the outer and inner apparent horizons of the evaporating 
rotating charged black hole. A rigorous calculations for R+ yields 


ar; (r2. zs a?) 2 
ENTE max er Cu ) (21) 


R} —r44d 


where 


ry = M+ (M? — Q? — a?)? (22) 


(see Appendix B for more details). 

We assume that the evaporating process is sufficiently slow and that |u| is suf- 
ficiently small. Therefore, we focus on the leading term in Eq. (21) for our future 
calculations. Thus, Eq. (20) reduces to 


f(ur) =r— M F (M -QR -a , (23) 


such that the apparent horizons are at 


f(ur)20, re = M (M? — Q? — a?)!/2 , (24) 
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Now since M, Q and a are functions of u the vector ng, normal to the surface 
f(u,r) = 0, will have components given by 


n, = f m .H (M — Aya — A2Q) 
" ju H (M? — Q? — a?)1/2 ! 


nof m. (25) 


and norm 


n? = g^n,ny = 2u[-1- (1 — 32 3297] > 0, (26) 


where we have used u < 0 from Eq. (4). Therefore, n, is spacelike and the apparent 
horizon is timelike. 


4. Penrose diagram 


'The information loss problem may be easily described using Penrose diagrams. The 
Penrose diagram in Fig. 2 depicts a static Schwarzschild (non-rotating, uncharged) 
black hole. In this case, the singularity is spacelike, and it is clear that informa- 
tion, from within the horizon, propagating along null or timelike geodesics cannot 
reach the outside Universe. The Penrose diagram in Fig. 3 describes an evaporating 


r= 0 


Fig. 2. Penrose diagram of a static Schwarzschild black hole. 


Fig. 3. Penrose diagram of an evaporating Schwarzschild black hole. 
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Fig. 4. Penrose diagram for stationary Kerr black hole. 


energy Hawking 
radiation 


r=0 surface 


Fig. 5. Penrose diagram for an evaporating rotating (charged) black hole. This Penrose diagram 
describes a rotating (charged) star first collapsing into a rotating (charged) black hole. Then the 
black hole begins to evaporate, and both its inner and outer horizons at 6 = 0 follow timelike 
trajectories. After the black hole completely evaporates away, the spacetime is connected with a 
flat spacetime. 


Schwarzschild black hole. The evaporating procedure of a Schwarzschild black hole 
does not change the fact that the horizon is along a null direction and hence does 
not improve the situation. 
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Similarly, Fig. 4 is the Penrose diagram of a maximally extended rotating black 
hole whose singularity is timelike. Although information propagating along null rays 
in such a Penrose diagram can exit a future horizon, it does so only by entering 
another Universe. Therefore, the information loss problem is not resolved in the 
present Universe. 

Based on the results of Eqs. (19), (21), and (26), we can draw the Penrose 
diagram for the evaporating charged, rotating black hole (Fig. 5). As one can see, 
there is a channel (outgoing null rays in red) which can carry classical as well as 
quantum information all the way from the interior to infinity, crossing the timelike 
horizon along the way. 

We assume 0 = 0 in Eq. (2) to simplify our calculations, it does not restrict 
our conclusion that there exists at least one such outgoing information channel. 
Even if future work shows that this channel is unique because its special azimuth, 
there is no limit in principle to the amount of information that can exit through 
this channel. Since our major calculations are carried out for a specific azimuth 
0 = 0, its generalization to black holes in higher-dimensional spacetimes should be 
straightforward. 


5. Discussion 


We have shown in this article that the apparent horizon and the region close to 
r — 0 of an evaporating charged rotating black hole follow timelike trajectories. 
'This implies that there exists a channel through which classical or quantum infor- 
mation can escape. Since proposals such as the fuzzball and firewall deal purely with 
quantum information, and in the context of Hawking radiation, there is no contra- 
diction between those and our results here.^9!? On the contrary, our approach 
complements the others. 

It is known that matter flowing into the dynamic charged and rotating black hole 
may cause instability due to mass-inflation, resulting in the nature of the singularity 
changing.?^?! However, we do not anticipate such a problem in our case since (a) 
our results pertain to the region of low curvature (not singularity), and (b) we have 
outgoing as opposed to infalling matter. That said a careful study of the effect for 
the spacetime under consideration is warranted and we hope to report on this in 
the future. 

Since the horizon of a stationary black hole is null and the evaporating procedure 
is a quantum effect, emergence of such a classical channel is not a pure classical 
phenomenon. If the evaporation process stops for any reason before the black hole 
evaporates completely, our Fig. 5 would change and revert back to Fig. 4. However, 
since the Hawking temperature remains non-zero throughout, we do not consider 
this possibility. 

Although our work does not completely resolve the problem of information loss, 
it complements other approaches in opening up a new information recovery channel. 
More work needs to be done to determine the extent of information that can be 
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extracted via this channel, and its interplay with the quantum resolution of the 
singularity. 


Appendix A. The metric in Parikh and Wilczek's paper represents 
a white hole 


To our knowledge, such an analysis was first done by in? for non-rotating black 
holes. However, contrary to their assuming the metric that they used to be that of 
an evaporating black hole, it is in fact that of a charged white hole. They study the 
metric? 


PEN 2 
dies (1 a Q ) 2du dr + 1? (d6? + sin? 6 d9?), (A.1) 
T 


where M — M(u) and Q — Q(u) denote smooth decreasing functions of the retarded 
time u. It is easy to see that Eq. (A.1) represents a white hole by taking Q = 0.?? To 
show that Eq. (A.1) is the metric of a white hole, we now calculate the expansion 
of the null normal vector of this metric. 

Since this metric is spherically symmetric, it is easy to figure out that the out- 
ward null normal vector // and the inward null normal vector n^ for this metric 


are 
I^—(0,1,0,0) and w^— (1, pue à S S 0) (A.2) 
It is easy to check that 
Il, =0, nën, =0 and ln, — —1. (A.3) 


Finally, we calculate the expansion for both I” and n^ by 99 = Ayu;,0"", where 

g^" = g"" + [^n" + nfl”, to obtain 

r? —2Mr + Q? 
r3 ` 


g 


= (A.4) 


2 and 60) = 
" 


From Eq. (A.4) we know that 0 > 0 and 00?) < 0 when r is larger than 
the apparent horizon. However, it is the vanishing of 6) that defines an apparent 
horizon. Thus, the Vaidya-type metric in Parikh and Wilczek's paper represents a 
white hole. 


Appendix B. The metric in our manuscript represents a black hole 


To show that our metric represents an evaporating black hole, we calculate the 
expansion of the null normal vectors for the rotating charged Vaidya-type black 
hole, see Eq. (1) in the manuscript. 

Suggested by the rotating charged stationary black hole,?? we may conjecture 
that the outward null vector |^ and the inward null vector n^ for the rotating 
charged Vaidya-type black hole are 


T rota? A a 
E c? '92g2' !g? 


) and n” = (0,—1,0,0). (B.1) 
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where o? = r°? + a? cos? 0 and A =r? + a? — 2Mr + Q?. It is easy to check that 
Ml, 20, n"n,-0 and ln, =-—1 (B.2) 


for the Vaidya-type metric in our manuscript. Then we calculate the expansion for 
both I” and n^" by 04) = Ayu;,0"", where o#” = g"" + len’ + n"l". Finally, we 
obtain 

rA --2aa'(u)(r? + a? cos?(0)) 


2r 
(r? + a? cos?(0))? aad r? + a? cos?(6) 


(B.3) 


From Eq. (B.3) we see that 0 > 0 and 6) < 0 when r is larger than the 
apparent horizon and 6“ = 0 defines the apparent horizon. Thus, the Vaidya-type 
metric in our manuscript represents a black hole. 

The apparent horizon for a stationary rotating charged black hole is defined 
by A = 0. Here, our calculations show that the time dependence of the angular 
momentum a(u) makes the apparent horizon shift slightly from the stationary case 
with the size of the shift depending on the rate of change of a(u) with respect to u. 

If we insert our linear functions for M, Q and a, Eqs. (3-6) in the manuscript, into 
the expansion of the outward null normal vector and suppose the rate of change 
is very slow (u is very small), we can obtain the corrected apparent horizon for 


0 — 0 as 
aA; (r3. +a”) 


ri (M e 2apr1)rt 


R} =r44 +O"). (B.4) 


Since we have proved r+ is timelike, the apparent horizon of a slowly evaporating 
rotating charged black hole should also be timelike. 
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Since its inception, the Bekenstein-Hawking area relation for black-hole entropy has 
been the primary testing ground for various theories of quantum gravity. However, a key 
challenge to such theories is identifying the microscopic structures and explaining the 
exponential growth of microstates, providing a fundamental understanding of thermody- 
namic quantities. Since entropy is a single number, we explore other quantities to provide 
complete information about the black-hole microstates. We establish a one-to-one cor- 
respondence between entanglement energy, entropy, and temperature (quantum entan- 
glement mechanics) and the Komar energy, Bekenstein-Hawking entropy, and Hawking 
temperature of the horizon (black-hole thermodynamics), respectively. We also show 
that this correspondence leads to the Komar relation and Smarr formula for generic 4-D 
spherically symmetric space-times. While offering an independent derivation of black- 
hole thermodynamics from field observables, the universality of results suggests that 
quantum entanglement is a fundamental building block of space-time. 


Keywords: Entanglement Entropy; Black Hole Thermodynamics; Field Theory in Curved 
Space-times. 


1. Introduction 


Black holes are fascinating entities that typically arise from gravitationally collaps- 
ing bodies, such as stars at the end of their life cycle or star collisions. Despite 
their violent origin, black holes relax to a stationary state, which can then be fully 
described by a mere handful of variables such as their mass, charge and angular 
momentum. This makes it easier to probe various quantum and gravitational phe- 
nomena that come with it, further making it an ideal testing ground for ongoing 
research on quantum gravity. 

Interestingly, like ordinary matter systems such as ideal gases, black holes also 
obey an equation of state. The physical parameters describing stationary black-holes 
satisfy what is known as the Komar relation! ?: 


Ekomar L2 Ty SBH, (1) 


where Exomar is related to the Hamiltonian of the Einstein-Hilbert action, Ty is 
the Hawking temperature? and Spy is the Bekenstein-Hawking entropy.® The above 
relation is a by-product of the Smarr formula^?: 


M = 2Ty Sgu + 20gJ - PHQ (2) 
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that relates the mass (M), angular momentum (J), entropy (Spy), electric charge 
(Q) of black-holes, angular velocity Qy, and ®y which is the potential difference 
between the horizon and infinity. It was shown that the Smarr formula, in its dif- 
ferential form and subject to certain assumptions, gives rise to the first law of black 
hole thermodynamics.? At the heart of this law is the analogy that connects ther- 
modynamic entropy to surface area, and temperature to surface gravity. 

Most of the effort in literature has been to understand the microscopic statisti- 
cal origin of black-hole entropy, ? and in extension, black hole thermodynamics. 
However, black-hole entropy has the problem of Universality!^— wherein up to the 
leading order, several approaches using completely different microscopic degrees of 
freedom lead to Bekenstein-Hawking entropy.!?:1*:1^ The inability to conclusively 
distinguish such approaches, along with the fact that entropy is a single number, 
suggests that it may be impossible to identify the true degrees of freedom that give 
rise to black hole entropy. Therefore, it requires us to also identify other physi- 
cal quantities corresponding to black hole thermodynamics, if we were to attempt 
resolving the universality problem. 

Over the last decade or so, one such approach that has grown increasingly crucial 
to understanding black-hole physics, and quantum gravity in general, is quantum 
entanglement.!? 1? A fundamental feature of entanglement is the Area law — the 
entanglement entropy of blocks of low energy states of local Hamiltonian is often 
proportional to the measure of the boundary separating the block from its set- 
ting.1?:20 2? The area law has not only established a direct link between entangle- 
ment entropy and black hole entropy, but also led to the conjecture that space-time 
fabric might itself be built upon entanglement.!* If entanglement is a necessity for 
the existence of space-time, then the litmus-test is to derive all the quantities of 
black-hole thermodynamics from entanglement. 

In this talk, we show that the quantum scalar fields in a (3 + 1)-dimensional 
black-hole space-times with one or more horizons, provide a way to obtain the 
physical quantities from entanglement aka entanglement mechanics. We relate these 
quantities to black-hole thermodynamics, and further show that these quantities 
satisfy Smarr formula (2).?% 


2. Modeling scalar field in a background space-time 


In this section, we recapitulate the procedure for probing entanglement mechanics of 
a minimally coupled scalar field against a static, spherically symmetric background 
space-time with one or more horizons. The line-element for such a space-time can 
in general be written as follows: 


1 
f(r) 
Depending on the form of f(r), there is usually a handful of coordinate settings 
that help us understand the system better. Suppose the space-time in question has 


ds? = —f(r)dt? + dr? + r7dQ?. (3) 
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a horizon (r), such as in the Schwarzschild case, it is useful to rewrite the metric 
in terms of proper-length coordinates?* 

dr 
f(r) 
Before modeling the scalar field in this setting, we have to address two fundamental 
aspects — i) Since entanglement entropy diverges in the continuum limit, the field 
has to be regularized. The regularisation provided by the more rigorous definition of 
quantum fields in terms of operator-valued distributions is difficult to calculate even 
for simple free theories.?? We therefore resort to regularisation by discretization,?1 2? 
i.e., we treat quantum fields on a lattice, with the lattice spacing a fixed in units of 
proper length as depicted in Fig 1. (ii) To capture entanglement of the field across 
a space-time horizon, the field must be treated as a bipartite system made up of 
subsystems on either sides of the horizon. However, the proper length co-ordinates 
only capture the region on that side of the horizon where f(r) > 0. The physics in 
the region f(r) « 0 will hence remain inaccessible. The bipartition will then have to 
be performed as close to the horizon as possible, i.e., by tracing out a single degree 
of freedom along proper length co-ordinate. This is in fact a valid approximation 
for large horizon radius and/or small lattice spacing of discretized field.?? 


ds? = —f(r)dt? + dp? + r?d(? ; p= if (4) 
Th 


Pout 


p=na 


Fig. 1. Discretization scheme for a scalar field in proper length co-ordinates. The field essentially 
is replaced by a network of coupled harmonic oscillators placed at every grid point. 


To set the model up, we begin with the action for a massive scalar field in an 


arbitrary space-time? 27: 


1 
S= ; | v7 [g"" 0,90, — mie" : (5) 


For the proper-length coordinate (4), we use the following spherical decomposition 
of the scalar field with appropriate scaling: 


=f) 


lm 
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1/4(p 
e(p,0,6) = I 


lm 


Substituting these in the action (5), leads to the following effective (1 + 1)-D 
Lagrangian: 


= pn ‘| aleine Roo (re) ELE te 


With the help of canonical conjugate momenta defined as tim = Yim, we can now 
write down the Hamiltonian of the system. To regularize this Hamiltonian, we in- 
troduce lattice spacing a in the proper length co-ordinate as p = ja. The IR cut-off 
here is on the proper length, which is fixed to be pr, = (N + 1)a. For each lattice 
point j, we obtain the corresponding lattice point in rescaled radial co-ordinate 
r’ = r/a, by inverting the following expression for rj: 


f Tj dr’ 
i- | (9) 
An f(r ) 
where we have introduced the dimensionless parameters Ap = r,/a and rj; = 


r/a|5—j«. For convenience, we further define fj; = f (r)|p=ja. It should be noted that 


the lattice points in radial co-ordinate {r;} are not equally spaced. On employing 
13 


the midpoint discretization scheme, ^ we obtain a fully regularized Hamiltonian: 


2 
1/2 1/4 Plm,j 1/4 Plm,j+1 
~ 2a n= gY pius DAT iU rj fiy j 


r 
lmj j+1 


(+1 
ZI m: Ju 
J 


where A = a?m%. Let us now factorize the Hamiltonian as H = H /a and consider 


, (10) 


the following scaling transformations: 
a—159a; mg—m mp rw, mn (11) 


Under these transformations, the parameters A and Ap, remain invariant. The 
Hamiltonian H has therefore been factorized into a scale-dependent part 1/a and a 
scale-independent part H. Since the relations between entanglement measures of H 
and H are well established, ?? it is sufficient to work with the scale-invariant part H. 
It can be seen that H = bat Him exactly resembles a network of coupled harmonic 
oscillators: 


" 1 j 
Him = 5 ys Timi + 2. Pim i hig Pim,j (12) 
i ij 
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Here, Kj; is the coupling matrix, which contains all the relevant information about 
the interactions, and in which all information about entanglement entropy is en- 
coded. To simplify further, we will focus on the massless case (A — 0), and also 
impose the Dirichlet boundary condition Yim,v+1 = 0 to obtain a non-divergent 
scaling behavior. The coupling matrix will therefore have the following non-zero 


ped) tar duos 
Ku =fi pr gee "WE 


elements: 


(+1) | V fj 5 
Kiji =li 3-3 LEN fja trija heat (13) 
J J. 
Por 5 1/4 
Kjj41 =Kj41,5 = -—— {fatit} 


TjTj41 

Having fully described the model, we now introduce quantities associated with 
entanglement mechanics, namely, the entanglement entropy and entanglement en- 
ergy, of a quantum field in a 4-D spherically symmetric space-time with at least one 


horizon??:?8: 


Sent = — Tr Pred log Pred 3 Eent =e Tr [p : Hin :] , (14) 


where : Hin : is the normal-ordered Hamiltonian corresponding to the reduced sub- 
system, p is the density matrix, and prea is the reduced density matrix obtained by 
tracing over the field outside the horizon. The constant prefactor e in the definition 
of entanglement energy accounts for the fact that it is not a unique measure;?? 
it may be obtained uniquely by comparing with physical quantities of black-holes. 
While entanglement entropy (Sent) essentially captures change in information con- 
tent in the presence of the horizon, we may define entanglement energy (Eent) as the 
disturbed vacuum energy or the correlation energy in the presence of the horizon. 
We further invoke the Komar relation(1) to define entanglement temperature as 
Tent = Eent /2Sent. > Having formulated the quantities that describe entanglement 
mechanics for a given field, we proceed to simulate them in various space-times to 
infer its fundamental structure. 


3. Entanglement mechanics of the field near space-time horizon 


In this section, we discuss results from numerical simulations of entanglement me- 
chanics in a variety of static, spherically symmetric space-times with one or more 
horizon(s). 


3.1. Schwarzschild Black Hole 
In the Schwarzschild space-time, f(r) = 1 — ra/r, and the proper length (4) takes 


the form: 
2 
fori 2. [zi 1 2 (15) 
T 2 Th T 
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where the horizon radius is rj, = 2M. On discretizing p = ja, we get a scale-invariant 
expression that connects lattice-points in the proper length and radial co-ordinates 
as follows: 


2 

5 An An T4 Ay 

edu f In | —- 414+,/1 16 
J Tj rj 2 n An , ( ) 
where A; = 2M/a and rj = r/a are dimensionless. We also see that f; = 1— 
Aj /r;. This confirms that the Hamiltonian in (10) is characterized by dimensionless 
parameters A and A}, and is therefore invariant under the transformations: 


a—17]a; mpon my; M —>nM (17) 


Now we focus on the scale-invariant Hamiltonian H, wherein we vary the rescaled 
horizon A}, and assume that the entanglement mechanics of the field at the horizon 
can be approximated by tracing out the closest oscillator near the horizon. This 
approximation is reasonable for large values of Ap, wherein the radial distance of 
the closest oscillator from horizon is negligible (rj ~ Ap). 

From Fig 2, we observe the following scaling relations: 


S=c,A?; E=ceAm, (18) 


where a linear fit fixes the values cs ~ 0.3 and ce ~ 0.06. For the original Hamilto- 
nian H, we then have: 


2 
S = 0,74; E-c = EE. (19) 


A4csTp, Cs 


a2' 
where Ty is the Hawking temperature. From the above relations, we see that (i) en- 
tanglement entropy exhibits an area law whereas entanglement energy scales linearly 
with horizon radius—the latter is fundamentally different from an area-law scaling 
observed in Minkowski space-time, (ii) entanglement temperature is independent of 
the UV cut-off a, and (iii) The entanglement mechanics follows the same laws of 
black-hole mechanics.!? In the following sections, we will see if these observations 
extend for other space-times as well. 


O 5000 10000 15000 20000 25000 30000 35000 40000 
A2 
h 


(a) (b) 
Fig. 2. Entanglement Mechanics for Schwarzschild Black Hole. 


20 40 60 80 100 
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3.2. Reissner-Nordstróm 


We will now probe entanglement mechanics of the field in an asymptotically flat 
space-time with multiple horizons. The line-element for Reissner-Nordstróm black 
hole is given by (4), where 


For Q < M, the roots are given by r+ = M+ yM? — Q? where r} corresponds 
to the event-horizon and r_ refers to the internal Cauchy horizon. Thus, f(r) is 
positive in two regions: 1. 0 < r « r.. and 2. r4 <r < oo. 


3.2.1. Cauchy horizon 
In terms of the dimensionless variable (x), the Cauchy horizon is 
r_=Q{x — / x? - 14 where x = M/Q € (1,00). 
'To ensure that the proper length is positive definite quantity, we reverse the limits 
of integration in Eq. (4), i.e., 
Th d /y2 —1 
p= | —— = -yV Q? +r(r — 2xQ) + xQIn ove 
r vyl) xQ afr + /Q2+r(r 2xQ)} 
(20) 


On discretizing p = ja, we convert the above expression into a dimensionless form: 


AeVx? —1 
XAQ 2 {rj t V/A» t rj(rj 2xAQ)) 
(21) 


j= -4/43 Trj(r; — 2xAg) + xAg ln 


where Ag = Q/a and r; = r/a are both dimensionless. We also see that 


A2 
feet tance Q (22) 


"d YE 

The resulting Hamiltonian H is factorized into a scale-dependent part 1/a and a 
scale-independent part H. The latter is completely characterized by dimensionless 
parameters A, Ag and x, all of which are invariant under the scaling transforma- 
tions: 


a — na; my > mm; MM; Q->7Q (23) 


'The IR cut-off on proper length is fixed at r — 0, leading to a certain discretization 


relation: 
1 
^o pas X45 i] mi (24) 
m 
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The above relation tells us that if we fix A,, then x is discretized and vice versa. 
Here, we will consider the scenario where horizon changes on account of varying Ag 
while keeping x fixed. Physically, this corresponds to varying both mass and charge 
of the black hole proportionately to account for particles with a fixed mass-charge 
ratio (x) that are entering the event horizon. As a result, both mass and charge 
have equally spaced discrete spectra: 

Qn = eis ; Mn =xQn; (25) 

(x In xt — 1) 


E- 
POM WwW à uv o 4 


© 1000 2000 3000 4000 5000 6000 7000 8000 10 20 30 40 50 60 
2 
2 21/2 
At (Aj — 43)! 


(a) (b) 
Fig. 3. Entanglement Mechanics at RN Cauchy horizon, when x = 1.1. 


3.2.2. Event horizon 


In terms of the dimensionless variable (x), the event horizon is 


re = Q(x+ Vx7-1). 


From Eq. (4), we obtain: 


r—xQ + /Q? +r(r — 2xQ) 
Qux -1 


On discretizing p — ja, we convert the above expression into a dimensionless form: 


p= VEREOR e| | (26) 


rj — XAQ + YEG T rj(rj -2xAq) 


Ag VX? —1 


j- V/A) Trj(r; - 2xAg) + xAg In 


(27) 


where Ag = Q/a and rj = r/a are both dimensionless. From Figs 3 and 4, we 
obtain the following scaling relations for scale-invariant system H: 


Š= cA}; Bs = cefa, AD d 
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where a linear fit fixes the values c, ~ 0.3 and c, ~ 0.12 for both horizons. It can 
also be seen from here that in the limit Ag — 0, we recover the values of ce and cs 
for Schwarzschild (18). As discussed above, $.. and E... have discrete spectra. Since 
the entanglement energy is identical for both the horizons, we may therefore write 
for the total Hamiltonian (H): 


rà M*- Q? + NCe- (Æ 
Sy a pee CER TC = i TOO (29) 


where TC and T ou are the Hawking temperatures of Cauchy and event horizon, 
respectively. 


El 
3 
Ei 
S 
Now a u 
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Fig. 4. Entanglement Mechanics at RN event horizon, when x — 1.1. 


3.3. Schwarzschild de-Sitter 


We now move on to a space-time with multiple horizons that is asymptotically non- 
flat. A Schwarzschild black hole (of mass M) in a de-Sitter space-time (of radius 1) 
is described by: 


2M r? 
he ad rene 


r 


This space-time also has two horizons — r, (event horizon) and re (cosmological 
horizon)??: 

2l 0 2l T 40 2l -T—60 

r_=——=cos=; ry —2cos > Te = —=cos 

go AB got us 3 

where r_ is the third negative root, 0 = cos! (3/3x) and x = M/l € [0,1/(3V/3)]. 

f(r) is positive in the region between the two horizons. Hence, in this region, we 

have two definitions for proper length — one w.r.t. the event horizon ry which we 

refer to as py and the second w.r.t. the cosmological horizon re which we refer to 

aS pe- 


(30) 
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3.3.1. Event horizon 


The proper length with respect to the event horizon r, is obtained as follows??: 
2ryl 


pb = —————M (ð, o?, k) , (31) 
where, 
V = sin”! relr — rb). ae o aa (ro — rc) (32) 


r(rc — Tp)? Te’ relra — r—) 
On discretizing proper length py = ja, we convert the above expression into a 


dimensionless form: 
2A,A, 


jo FO (0, o2, k). 33 
j^ aae rn E 

In terms of the dimensionless variables A; = l/a and r; = r/a, we have 

2AM r2 
j-l- - 4 4 
fi rj AZ (3 ) 
and, 
2A; 0 _ 2A) 74-0 | 2A) 7T—0 
A Jg 93! Ap yg 98 3^ Ac gg 3 

(ouod /Ac(r;- ^b) 2 A, „2_ 4-(^-— Ac) 

Ü = sin (Ae A) a =1 AS k Kia, Shey (35) 


As a result, the Hamiltonian H is fully characterized by dimensionless parameters 
A; and Ay, both of which are invariant under the scaling transformations: 


ana; m> my; M-mM; lol (36) 


In the case of SdS, the IR cut-off on proper length is automatically fixed as we 
restrict ourselves to the region ry X rj € fe: 


2ry A 

Vai esu See 1 (Z,a, k) (37) 
Telfa — T) 2 

This is a discretization relation similar to what was obtained for RNBH. We will 

consider the case where we fix Ay and vary A; by varying N. This is to ensure 

that y is always between [0, 1/(3/3]. From Fig 5, we obtain the following scaling 


relations for the scale-invariant Hamiltonian (H): 
S no PATE Bees Ce(83Am — Ad) (38) 


where, c, ~ 0.3 and c, ~ 0.12 are the best-fit numerical values. In the limit A; > 
oo, we recover the prefactors of the Schwarzschild black hole (18). For the total 
Hamiltonian (H), the scaling relations become: 


s 3M tee To, N 


Tle 
a? , 


iA 
Sb, N id EE Ey N ^Y Ce TO = c Tq? (39) 


where TẸ ) is the Hawking temperature of the event horizon in SdS.29:30 
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Fig. 5. Entanglement Mechanics at SdS event horizon, when A; = 25. 


3.3.2. Cosmological horizon 
To explore the scaling properties of cosmological horizon, we define proper distance 
re as follows?!: 
2l 
Pe = c [r_F(0,k) — (rc — r_) IL (0, 07, k)] , (40) 


relra — T_) 


where, 


sing = 3675. a? = be (41) 


(re — ra)(r— r)’ Ty — r’ 


and the definition of k is the same as Eq. (32). On discretizing proper length pe = ja, 
we convert the above expression into a dimensionless form: 


: 2A, 2 
j = ————————À IALF(0,k) — (A, — A. )IHI (0, o^, Kk)|, (42) 
V Ac(As — A_) | )] 
where in terms of dimensionless variables A; = l/a and r; = r/a, we can also 
rewrite: 
a s [z A-)(Ace— ri), 99 Ab- Ac 
sng = ce, diaper iy (43) 


Except for J and a given above, the parameters used here follow the same definition 
as in (35). Now we impose an IR cut-off on proper length to restrict ourselves in 
the region 7 € rj < fe: 
u 2A; 
V Ac(Às — A.) 
This expression relates the number of oscillators N, A; and x, and we only 
need to fix two of these to fix the third. We will fix Ajy here as we did for the 
event horizon, which leaves A; with a discrete spectrum. From Fig 6, we see that 


the spectra for A; obtained from py and pe coincide exactly, and therefore the two 
discretization relations (37) and (44) are identical. 


N+1 


[A K(k) — (Ac - A-)I (Z,a, k) | (44) 
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Fig. 6. Discretization of A; from the cutoffs on proper lengths pp and pe, for Am = 25. 


From Fig. 7, we obtain the following scaling relations for the scale-invariant 
system H: 


S, ~ c INS; E, ~ Ce [Ac — 3A] (45) 


where c, ~ 0.3 and c, ~ 0.12 are the best-fit numerical values. For the total Hamil- 
tonian H, the scaling relations become: 


2 
TON . 


an Ten — 3M. ae). Te ple) 


a? : e, HB 


SN N Cs Eon ^Y Ce (46) 


where qu ) is the Hawking temperature of the cosmological horizon in SdS. 
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Fig. 7. Entanglement Mechanics at SdS cosmological horizon, when Aj = 25. 


4. Black hole thermodynamics from entanglement mechanics 


On numerically simulating the quantum entanglement mechanics near the horizon 
rp, for a variety of such space-times, we observe some universal properties associated 
with their scaling relations. Before we proceed, we first invoke the definition of 
entanglement energy wherein the pre-factor e was introduced. Here, we may fix 
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this pre-factor as €e ~ 1.26 upon imposing the condition that the entanglement 
temperature is identical to Hawking temperature (Tent = Ty). While this rescales 
the proportionality constant c, obtained numerically, the simulations nevertheless 
capture a universal one-to-one correspondence?? between entanglement mechanics 
and black hole thermodynamics: 


Ce Cs 
Eent x — E'Komar; Sent = — z ÍBH; Tent = TH . (47) 
a Ta 


Note that Eent and Sent depend on the UV cut-off (a), where as the temperature 
does not. Moreover, even with the pre-factor e being assigned a new value, the 
constants of proportionality are found to be universal across all black-hole space- 
times, irrespective of whether they are asymptotically flat or non-flat: 


Ce ~ 0.0955; 0,703. (48) 


Let us put these results in perspective: We have related quantum scalar fields near 
the horizon with the thermodynamic observables that describe any black-hole space- 
time (cf. Table 1). The fact that this is true for all 4-D spherically symmetric 
space-time suggests that entanglement of the quantum fields near the horizon carries 
crucial information about the black-hole thermodynamics. The above relations (47) 
go further and lead to the following universal and cut-off independent (a) result: 


Eent = 2T ent Dent = EKomar = 2TH SBH (49) 


It is important to note that the above relation does not imply equality of their 
respective counterparts. On rearranging this relation further, we obtain the gener- 
alized Smarr formula of black hole thermodynamics, as summarized in Table 1. 


Table 1. Generalized Smarr formula. 


Space-time Entanglement Structure | Thermodynamic Structure | Smarr formula Pressure | Potential 
Schwarzschild Sent = (cs a)r SBH — mr; M = 2Ty SBH 
Eent = (ce/a?)M Exomar = M 
Reissner-Nordstróm | S4 = (cs/a’ i Spy — ar M = 2Ty SBH + Q?/ry Q/r+ 
By. = (cefa?) / M? - Q? Exomar = V M? - Q? 
Schwarzschild-AdS Sent = (cs Ja? SBH = mr] M = 2Ty Spy — 75/07 3/8717 
Eent = (ce /a?)[3M — r7] Ekomar = 3M — r? 
Schwarzschild-dS E (cs /a?)rz SBH — mr; M =2Ty SBH + r$ /l —3/8n17 
Ey = (ce/a?)[3M — rj] Ekomar = 3M -r 


5. Conclusion 


The Smarr formula for asymptotically flat and non-flat space-times is generally 
derived using Komar integral relations?” or via the first law of thermodynamics 
with the help of scaling relations,? both of which makes use of Killing potential. 
In this talk, we developed an independent approach towards the derivation of the 
generalized Smarr formula, which essentially describes the equation of state for 
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black holes. The intrinsically quantum phenomenon of entanglement pertaining to 
the field near a horizon, gives rise to not just the thermodynamic quantities asso- 
ciated with the space-time, but also the exact relation connecting the same. This 
in turn gives entanglement mechanics an upper hand in addressing the universality 
problem of black hole entropy. While a wealth of other approaches may explain 
black-hole entropy, entanglement mechanics alone expands the analogy to include 
other thermodynamic quantities as well. 

'The results further complements two earlier results: First, Jacobson argued that 
entanglement provides a link between the presence of matter and the space-time 
geometry.?^ Second, in quantum gravity, Perez conjectured that degrees of freedom 
hidden from the classical space-time description but correlated to matter fields are 
necessary to maintain unitarity in the global evolution and prevent the information 
loss.?? Our analysis here provides a crucial link to these results, placing entangle- 
ment at the center of a fundamental connection between space-time and matter, 
thereby holding the key to understanding black-hole horizons. 
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This paper investigates thermodynamics as well as thermal stability of the Reissner- 
Nordstróm black hole with the effects of non-linear electrodynamics. We first calculate the 
expressions for Hawking temperature, Helmholtz free energy, internal energy, enthalpy 
and Gibbs free energy of this black hole and then study their graphical behavior in 
the presence of non-linear electrodynamic effects. We also investigate thermal stability 
of the considered system with two different methods, i.e., through heat capacity and 
through Hessian matrix. It is found from both the methods that the considered system 
is thermodynamically stable in the presence of non-linear electrodynamic parameter (o). 
Finally, we analyze the phase transitions of Hawking temperature as well as heat capacity 
in terms of entropy for different values of charge (q), horizon radius (r+) and coupling 
parameter. We obtain that Hawking temperature changes its phase from positive to 
negative for increasing values of q and r+ while it shows opposite trend for higher values 
of a. The heat capacity changes its phase from negative to positive for large values of 
charge, horizon radius and coupling parameter. 


Keywords: Thermodynamics; Stability; Phase transitions. 


1. Introduction 


The study of final outcomes of self-gravitating objects is one of the most important 
subjects in general relativity. Black hole (BH) is a completely collapsed structure 
of massive stars which is defined as a thermodynamical object with very strong 
gravitational field such that anything even light cannot escape from it. Black hole 
thermodynamics has resemblance with classical thermodynamics in which mass is 
related to energy, surface area to entropy and surface gravity to temperature. This 
resemblance motivated Bekenstein! to find out the relation between entropy and 
area of the event horizon of BH. In this regard, he found that entropy is pro- 
portional to the area of event horizon of BH. Hawking’s discovery? of black body 
radiations further confirmed the validity of this relation. Consequently, it is impos- 
sible to obtain thermal equilibrium between BH and thermal radiations leading to 
the concept of holographic principle.’ 

Hawking^ evaluated the expressions of surface gravity, angular frequency and 
electric potential for any BH having mass, angular momentum and charge. He also 
discussed generalized second law of BH thermodynamics as well as thermal equi- 
librium condition for BHs. Motivated by the work of Hawking, Davies? discussed 
about the entropy, thermal stability, phase transition and third law of BH thermo- 
dynamics. He also discussed quantum effects of BHs as well as nature and origin of 
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BH thermal radiations. Wald reviewed the laws of BH thermodynamics, physical 
correspondence among laws of BH as well as classical thermodynamics, derivation 
of Hawking radiations, formula for entropy of BH and validity of generalized second 
law of thermodynamics. 

In literature, there is a wide discussion about thermodynamics of different BH 
geometries. Balart and Vagenas’ proposed the exact solutions of various regular 
charged BHs in the presence of non-linear electrodynamic effects and observed that 
the behavior of some BHs asymptotically coincide to RN BH. Tharanath et al? 
studied thermal quantities of four regular BHs and observed second order phase 
transition. Faizal and Khalil? found leading order corrections to the thermodynamic 
quantities of RN, Kerr as well as charged-AdS BHs and concluded that in all three 
cases, these BHs create remnants. Pradhan!? investigated local thermal stability 
as well as logarithmic corrections for entropy of charged accelerating BHs and ob- 
served that these BHs undergo second order phase transitions. Sharif and Zunaira!! 
investigated the effects of thermal fluctuations on thermodynamics of charged BH 
with Weyl corrections and concluded that in the presence of logarithmic corrections 
small BHs are unstable. Sinha!? discussed thermodynamics as well as stability of 
asymptotically flat RN BH and observed that this BH exhibits phase transition 
which is different from the phase transition of Schwarzschild BH. 

Davies!? developed thermodynamical theory of BHs and found that phase tran- 
sition occurs in the Kerr-Newman BH. Hawking and Page determined the presence 
of phase transition in the Schwarzschild-AdS BH. Biswas and Chakraborty! inves- 
tigated that whether phase transition is possible in Horava-Lifshitz gravity under 
the consideration of classical and topological choices of BH thermodynamics. They 
concluded that phase transition occurs in Horava-Lifshitz gravity from stable to 
unstable phase for increasing values of radius. Kubiznak and Mann! analyzed the 
first order small-large BHs phase transition in charged AdS BH which is analogous 
to liquid-gas phase transitions of fluids. 

Chaturvedi et al.!" investigated phase transition in the framework of thermody- 
namic geometry for charged AdS BH and found first order phase transition for fixed 
electric charge. Wei et al.!5 studied thermodynamics and found first order phase 
transition for charged AdS BHs in five-dimensions. Ovgun!? studied thermodynam- 
ics as well as phase transition of a specific charged AdS type BH in f(R) gravity 
coupled with Yang-Mills field by considering cosmological constant as thermal pres- 
sure. Wei and Liu?? discussed a relation between phase transition and null geodesics 
of charged AdS BH. Saleh et al.?! examined thermodynamics as well as phase tran- 
sition of Bardeen BH surrounded by quintessence and found that the presence of 
quintessence induces phase transition in the considered BH. Kuang et al.?? evalu- 
ated thermal quantities of AdS non-linear electrodynamic BH. Bhatacharya et al.?3 
provided a general criteria to get information and other various results with an 
extremal limit of BH spacetime. They also evaluated critical values of second order 
phase transition without considering any specific BH and showed that these values 
are in agreement with those of any specific BH cases. 
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Gonzalez et al.?^ studied thermodynamics and stability of charged BHs with 


non-linear electrodynamics and found that small BHs are stable locally. Dayyani?? 
explored thermodynamical properties and phase transition of dilaton BH with non- 
linear electrodynamics and observed zeroth order phase transition. Yu and Gao?8 
derived the exact solutions of RN BH with non-linear electrodynamics. Javed et al.?” 
observed the effect of non-linear electrodynamics on weak field deflection angle of 
RN BH. Recently, Fauzi and Ramadhan?? discussed thermodynamics of charged 
BHs with non-linear electrodynamics and verified the first law of BH thermody- 
namics. 

In this paper, we study thermodynamical quantities, thermal stability and phase 
transition for RN BH with non-linear electrodynamic effects. The paper is outlined 
as follows. In section 2, we discuss thermodynamic quantities and their graphical 
behavior for this BH. Section 3 is devoted to investigate thermal stable configuration 
and section 4 analyzes phase transitions in terms of entropy. In the last section, we 
conclude all the results. 


2. Thermodynamics 


In this section, we discuss thermodynamic quantities such as Hawking temperature, 
entropy, Helmholtz-Gibbs free energy, internal energy and enthalpy of RN BH with 


non-linear electrodynamic effects. The line element of this BH is given as? 
2 ; dr 2 (192 1 n2 2 
ds^ = f (r)dt = fir) =f (do + sin Odo ) ; (1) 
with 
2 28 
q 2M a'r 
=] +. = == 2 2 
i6) 21e - (20 877) ens (2) 


where q, M and o represent charge, mass of BH and coupling constant, respectively. 
The line element (1) reduces to the RN BH when a = 0, q # 0, Schwarzschild 
metric for a = 0, q = 0 and it becomes Schwarzschild BH with the effects of non- 
linear electrodynamics for a Z 0, q = 0. Figure 1 shows the graphical analysis 
of the metric function (2) indicating the appearance of naked singularities for the 
increasing values of the coupling parameter. Setting f(r+) = 0, the mass of BH in 
terms of r} can be obtained as 
M= 2 (30? + r$ (603 — a?r} + 3)), (3) 
6r. 
where r4 represents horizon radius of BH. To obtain the expression for Hawking 
temperature, we first evaluate surface gravity of the BH 


(q FTE = or?) (q — or? — r4) 
ar? 
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Consequently, the Hawking temperature (T = 3) is 


^ r4 — ar? —or? —r 
s T 4) (1 + +) (4) 
Anri 
The graphical sketch of Hawking temperature versus a is shown in Figure 2. It is 
found that Hawking temperature increases with the increasing values of coupling 
parameter throughout the considered domain. 


f(r) 


Fig. 1. Plot of the metric function versus r for M = 1 = q with a = 1(red), 2(blue) and 3(green). 
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Fig. 2. Plot of Hawking temperature versus a for r} = 0.5 with q = 0.3(red), 0.4(blue) and 
0.5(green). 


According to Bekenstein area-entropy relation, the entropy of BH can be evalu- 
ated as?? 


2m T 
S= n | J9009aed0dp = mre, (5) 
0 0 


Now we calculate other thermal quantities by using the expressions of entropy 
and Hawking temperature. The expression of Helmholtz free energy can be 
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calculated as 
1 
F= 16 (4d? log(r4.) + r2. (—4aq + a?r? —2)). 

Figure 3 shows the graphical representation of Helmholtz free energy for differ- 
ent values of the coupling parameter. It is noted that Helmholtz free energy is an 
increasing function of r} and for increasing values of the coupling constant, it in- 
creases more rapidly. The increasing trend of Helmholtz free energy depicts that 
the reactions occurring inside the considered system are non-spontaneous and work 
done is required to make the system thermodynamically stable. The internal energy 
(U = F + ST) of the considered system can be obtained as 


E Aq?r., log(r4) — Aq? — 4aq(r. — 2)r2. + o? (r4, — 4)r$ — 2(r4 —2)2 


B 16r, 


o 
= 
N 
w 
> 
n 


ry 


Fig. 3. Plot of Helmholtz free energy versus r+ for q = 1 with a = 1(red), 2(blue) and 3(green). 
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Fig. 4. (a) Plots of internal energy versus r+ for q = 1 with a = 1(red), 2(blue), 3(green). (b) 
Plot of pressure versus r+ for q = 1 with a = 0.1(red), 0.2(blue), 0.3(green). 


The graphical representation of internal energy in terms of horizon radius is 
shown in Figure 4(a). It is observed that internal energy of the system fluctuates 
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for increasing values of r} and becomes positive towards the boundary of event 
horizon. The negative behavior of internal energy shows that the considered system 


is releasing heat for small values of r}. The corresponding volume is given as?* 


m Amr? 
3 
The pressure for the above calculated volume can be obtained by the relation 
dF dF dr, 
dV | dr, dV’ 


which gives 


(q — ar? r4) (a rHlory 1) 


p--— 
l6zri 


Figure 4(b) shows the graphical structure of pressure versus r4. for different values 

of the coupling parameter. It is noted that pressure of the considered system firstly 

increases for certain values of horizon radius and then decreases monotonically for 

large radii. However, for increasing values of the coupling constant, the pressure of 

BHs with small radii increases slightly while shows opposite trend for large radii. 
The expression of enthalpy (H = V P + U) can be calculated as follows 


H = — (4q°(r4. +3) — 124? r4 log(r4) + 4oq(r4. — 6)r? +a? (r. + 12) 
+ 2(r4 — 6)r2) (484). . 


'The graphical analysis of enthalpy in terms of horizon radius is represented in 
Figure 5(a). It is observed that enthalpy of the considered system is an increasing 
function of horizon radius. The increasing values of the coupling parameter do not 
affect the enthalpy for BHs of both small as well as large radii. It is concluded 
that the considered system is absorbing heat from its surroundings. The Gibbs free 
energy (G — H — ST) of the considered system is obtained as 


1 
G= 18 (12€ log(r.) — (2q + ar)” — 2i) ; 


0.5 —4 2 Se 
— —Ü < 


0.0 
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Fig. 5. (a) Plot of enthalpy (left) versus ry for q = 1 with a = 0.01 (red), 0.02(blue), 0.03(green). 
(b) Plot of Gibbs free energy (right) versus r+ for q = 1 with a = 1(red), 2(blue), 3(green). 
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Figure 5(b) represents the graphical structure of Gibbs free energy in terms of r+ 
for different values of the coupling constant. It is noted that the Gibbs free energy 
of the system is inversely proportional to the horizon radius. The increasing values 
of the coupling parameter do not affect the Gibbs free energy of BHs with r} < 1 
while for r} > 1, the Gibbs free energy is affected significantly and decreases more 
rapidly. 


3. Thermal Stability 


In this section, we discuss thermal stable configuration of RN BH with non-linear 
electrodynamic effects through the following two different methods: 


e Heat Capacity; 
e Hessian Matrix. 


3.1. Through Heat Capacity 


In order to analyze thermal stability of the considered system, the expression of 
heat capacity (T 25) can be calculated as follows 


"rA (a Try— aor?) (a — or? — r4) 


C= 
rh —2 (9? — agri) 


(6) 


The graphical analysis of heat capacity represents that it diverges at r, = 0.56 
and this divergent point is known as Davies point (Figure 6). It is also noted that 
heat capacity changes its phase from negative to positive for increasing values of 
horizon radius which shows that the considered system is stable in the presence of 
non-linear electrodynamic effects. 


200 


r4 


Fig. 6. Plot of heat capacity versus r+ for q = 1 and a = 3. 
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3.2. Through Hessian Matrix 


We can also use Hessian matrix to investigate thermal stability of the considered 


system which contains second order partial derivatives of Helmholtz free energy and 
is defined as?? 


with m # n, and 
ger OF OF E 23 


Himm = Aq? Himn =< Hym = 5 Aam) Ann = G 
OT? OTOv OvoT Ov? 


It is noted that Hinm Ann = His Hi, which implies that one of the eigenvalues of 
the Hessian matrix is zero. Therefore, to determine the stability of the considered 
geometry, we use trace of the Hessian matrix as 


Tr(H) = Hym + Ann, 
where 


Hmm = — (4n?r$ (9q4 — 32oq?r? + 2g^r* (Ato — 8) + Aaqr^. (3 


=4 
— 2o r2) — 3o*r* — A4o?r$ + riy) (Ce? + 2aqr?. + ari + e ; 
Han = (rà (30 + (q — ari) ) +q (o (q — ar2) 7? — 1)) 
x (4(a-a2?)) ^, 
hence 
Tr(H) = (n (3a + (q — m) +q (25 (q — ar) 7 — 1)) 
x (4(a— qr) — (Av?r$ (9q* — 32oq? r^ + 20°r? (YTo?r2. — 8) 
+ Aoqri. (3 — 207r?) — 3a*r* — 4a?r$. + 3r1)) 
-1 

x ((-30 + 2oqr? t o?ri + =) ' 

A thermodynamical system is said to be stable if Tr(H) > 0.3! Figure 7 shows 
the graphical analysis of the Hessian trace in terms of r+ for different values of the 
coupling parameter. It is observed that the trace of Hessian matrix is not defined 
in the interval 0.5 < r} < 0.59. It is also observed that the Hessian trace shows 


similar behavior to heat capacity and hence shows that the considered system is 
stable in the presence of non-linear electrodynamic effects. 
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Fig. 7. Plot of Hessian trace versus r+ for q = 1 and a = 3. 


4. Phase Transitions 


Here we examine the phase transitions of Hawking temperature as well as heat 
capacity of RN BH with non-linear electrodynamic effects in terms of entropy. The 
Hawking temperature evaluated in Eq. (4) can be written in the form of entropy as 


(q — or? + r4) (q — r4 (or. + D) 


T-- 
4r} S 


Figure 8(a),(c),(e) represents the phase transitions of Hawking temperature in terms 
of S for different values of q, r} and a. It is noted that the Hawking temperature 
changes its phase from positive to negative for increasing values of q and r+, respec- 
tively (Plot (a) and (c)). However, for increasing values of non-linear electrodynamic 
parameter, the Hawking temperature changes its phase from negative to positive 
(plot (c)). The expression of heat capacity for RN BH with non-linear electrody- 
namic effects in terms of entropy can be obtained from Eq. (6) as 


Sig ars +r) (a v (or D) 
—2g? + 2oqr* + PA : 


C= 


The phase transitions of heat capacity versus entropy for different values of q, r+ 
and a is shown in Figure 8(b),(d),(f). It is noted that heat capacity of the considered 
BH changes its phase from negative to positive for the increasing values of q, r+ 
and a. It is also observed that the considered system is unstable for small values of 
the considered parameters while it shows stable behavior for large values of q, r+ 
and a. 


5. Concluding Remarks 


In this paper, we have derived thermodynamical quantities for RN BH with non- 
linear electrodynamic effects and observed their behavior graphically. We have also 
discussed thermal stable configuration of this BH using both heat capacity as well 
as Hessian matrix and compared the results graphically. Firstly, we have calculated 
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Fig. 8. Hawking temperature ((a), (c), (e)) versus S for a = 1, r+ = 1. We take q = 1.7(red), 
1.8(blue), 1.9(green), 2.1(orange), 2.2(purple), 2.3(black) for plot (a), a = 1, q — 1 with ry = 
0.4(red), 0.5(blue), 0.6(green), 0.7(orange), 0.8(purple), 0.9(black) for plot (e) and r4 = 3, q = 1 
with a = 0.2(red), 0.3(blue), 0.4(green), 0.5(orange), 0.6(purple), 0.7(black) plot (e). Heat capacity 
((b), (d), (£)) versus S with r+ = 1, a = 1. We take q = 1.1(red), 1.2(blue), 1.3(green), 1.4(orange), 
1.5(purple), 1.6(black) for plot (b), a = 2, q = 1 with r} = 0.7(red), 0.8(blue), 0.9(green), 
l.l(orange), 1.2(purple), 1.3(black) for plot (d) and ry = 3, q = 1, a = 0.2(red), 0.3(blue), 
0.4(green), 0.5(orange), 0.6(purple), 0.7(black) for plot (f). 


the expressions of Hawking temperature with the help of surface gravity (T = =) 
and then Helmholtz free energy for the considered BH. The graphical representation 
of Helmholtz free energy shows that it is an increasing function of r} and the pres- 
ence of non-linear electrodynamic effects only affect the Helmholtz free energy of 
BHs with large radii while BHs of small radii are unaffected. It is also noted that for 
increasing values of the coupling constant, it increases more rapidly. The increasing 
trend of Helmholtz free energy depicts that the reactions occurring inside the consid- 


ered system are non-spontaneous. The internal energy of the system fluctuates and 
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has negative values for small values of r} which shows that the considered system 
is releasing heat. It is also observed that larger values of the coupling parameter 
induces large fluctuations in the internal energy of the system and vice-versa. 

The enthalpy of the considered system is increasing continuously and showing 
that the considered system is absorbing heat while the increasing values of coupling 
parameter do not affect the enthalpy for BHs of both small as well as large radii 
(Figure 4(a)). Figure 5(a) shows that Gibbs free energy of the considered system 
is inversely proportional to the horizon radius. The increasing values of coupling 
parameter do not affect the Gibbs free energy of BHs with r} < 1 while for r4} > 1, 
this free energy is affected significantly and decreases more rapidly. 

Secondly, we have discussed thermal stability of the considered system with the 
help of heat capacity as well as Hessian matrix by observing their graphical behavior. 
It is noted that the heat capacity has Davies point at r} = 0.56 and changes its 
phase from negative to positive for increasing values of horizon radius which shows 
that the considered system is stable in the presence of coupling parameter (Figure 
6). It is observed from Figure 7 that the trace of Hessian matrix is not defined 
in the interval 0.5 < r} < 0.59 and shows similar behavior to heat capacity. It is 
concluded from both the methods that our system is thermodynamically stable in 
the presence of non-linear electrodynamic effects. 

Finally, we have investigated the phase transitions of Hawking temperature as 
well as heat capacity in terms of entropy for the considered BH. It is found that 
Hawking temperature changes its phase from positive to negative for increasing 
values of both charge and horizon radius. This shows that BHs with small charge 
and radii are more hotter than the BHs with large charge and radii while it shows 
opposite behavior for increasing values of the coupling parameter. The heat capacity 
changes its phase from negative to positive for increasing values of the considered 
parameters which shows that BHs with small values of q, r} and a are unstable 
while BHs with large values are stable throughout the considered domain. We would 
like to mention here that all our results reduce to the RN BH for a = 0.? 
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We investigate radial linear uniformly accelerated trajectories and their corresponding 
Rindler horizons in the black hole geometry. In a curved spacetime, a covariant defini- 
tion for Rindler trajectories is provided in the context of the generalised Letaw-Frenet 
equations for trajectories with constant curvature scalar and vanishing torsion and hyper- 
torsion. Interestingly, we arrive at a bound on magnitude of acceleration for Rindler tra- 
jectories such that, for acceleration greater than the bound value, the Rindler trajectory 
always falls into the black hole and the distance of closest approach for the trajectory to 
turn away is always greater than the Schwarzschild radius for all finite boundary data. 
We further investigate the past and future Rindler horizons using the analytical solution 
for the trajectories and discuss their features. 


Keywords: Rindler trajectory, Schwarzschild spacetime, Letaw-Frenet equations. 


1. Introduction 


In a flat spacetime, Rindler trajectories are a special class of hyperbolic trajec- 
tories, moving along orbits of the boost Killing vector and lying in the right or 
left Rindler quadrant constrained by the future and past null Rindler horizons.! 
'The investigation of quantum fields in this background leads to the Unruh effect, 
which states that the Minkowski vacuum appears as thermal to Rindler observer.? 
It has also been demonstrated that the Rindler observer in an inertial thermal bath 
with temperature Tg is unable to distinguish between the background thermal and 
quantum fluctuations as the corresponding reduced density matrix turns out to be 
symmetric in the two temperatures, the inertial bath temperature Tg and the ac- 
celeration temperature Tynrun-? An analogous case to be investigated would be in 
curved spacetime case of a black hole with Hawking radiation and an uniformly 
accelerated observer with arbitrary acceleration. 

In this talk, we obtain a solution for radial Rindler trajectories in the 
Schwarzschild spacetime. In a curved spacetime, the flat spacetime hyperbolic tra- 
jectories are replaced by linearly uniformly accelerated (LUA) trajectories which are 
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locally hyperbolic at every point along the trajectory. We use the covariant defini- 
tion in the context of the generalised Letaw-Frenet equations in curved spacetime for 
trajectories with constant curvature scalar and vanishing torsion and hyper-torsion. 
'The accompanying Rindler horizons and the Rindler quadrant is expected to get 
modified in this case due to the presence of background curvature. We determine 
the causal past and future of the intercepts of the LUA trajectory at future and 
past null infinity respectively to analyse the corresponding Rindler horizons in the 
Schwarzschild background for such trajectories. 


2. Rindler trajectories in Schwarzschild spacetime 


In a curved spacetime, a generalisation of the Rindler trajectory involves, in addition 
to the constancy condition on the magnitude of acceleration, a further constraint 
on the trajectory that it must be linear with vanishing torsion and hyper-torsion. 
Such a construction is based on the generalised Letaw-Frenet equations in curved 
spacetime and the corresponding geometrical scalar invariants which lead to a co- 
variant definition of the linear uniformly accelerated (LUA) trajectory.^? For the 
LUA trajectory, the Letaw-Frenet equations take the following form of a constraint 
equation 


uñ — |a| ut = 0 (1) 
where wê = u/ V ja with u* and a? being the velocity and acceleration vectors along 


the trajectory. 
For the Schwarzschild spacetime, 


ds? = (1 =) dt? (1 re) gr? — r? d£? — r?sin?0 dẹ? (2) 


we consider radial trajectories which start from the boundary r — oo, travel towards 
the black hole and then turn back to infinity. The equation for radial LUA trajectory 
consistent with the constraint equation is 


dt (a m (la| r +h) Jr 

dr B la| y(r — Tmin) (T — Tmaz)(r — rn) 
where |a| is the constant magnitude of acceleration, h specifies the initial data at 
spatial infinity which accounts for the nonlinear shift in the trajectory along the 


(3) 


radial direction, and Tmin, raa; and rn are the roots of the cubic polynomial, 
r (|a|r + hy —r+rs. The roots rmin and Tmax are the turning points of the LUA 
trajectories initially moving towards and away from the black hole respectively. The 
root rn being negative does not have any physical significance. 

These turning points are positive real only when the magnitude of acceleration 
satisfies the following bound |a], 


2 (-9n +h +4 (3+ ie) 
Q7rs f (4) 


la] S Jal, = 
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A LUA trajectory violating the acceleration bound always falls into the black hole. 
The turning point tmin corresponding to |a|, gives the lower bound on the distance 
of closest approach r, for the return trajectory, 


2 (a= 


= 5 
d 3|a], 2 ©) 
The bound |a|, has a positive real value only when h < 1. Hence, altogether, in the 
Schwarzschild spacetime for a radial LUA trajectory to turn back at fmin it should 
have initial data h < 1 and magnitude of acceleration |a| < |a|,. For all finite 
boundary data h < 1, the distance of closest approach ry is found to be greater 


than the Schwarzschild radius rs. 


3. Rindler horizons in Schwarzschild spacetime 


For a radially inward moving LUA trajectory satisfying all the conditions to escape 
back to infinity, the explicit solution t(r) is obtained by integrating Eq. (3) in 
terms of the elliptic integrals (For details, see). The constant of integration is 
fixed by choosing t = 0 when the trajectory is at its turning point r = rmin. The 
nature of trajectories is well explained by this solution in whole spacetime except 
at radial infinity where the elliptic integral of third kind, encountered in solution, 
is ill-defined. 

This problem is circumvented by re-deriving the solution t(r) as a series expan- 
sion. For a LUA trajectory starting from r; > r;,4, the relevant factors appearing 
in the denominator of Eq. (3) are expanded around r,,4, and r, to get 


s T 5x» » ar zz = (lal r +h) (6) 


i=0 j=0 — Tmin)(r — ra) 


where the notation " refers to binomial coefficients. Integrating this equation we 
get the solution t(r) in terms of the Appell Hypergeometric functions F4 as, 


ENT Tmin (T — Tmin) a ah 
to) = erre) 222; 062 


(ia ("min — Tn) F, E i j, "m T T (r T. ? 


2:293 r ? T (Tmin — Tn) 


+ (n+ lalra) Fs [! 5 1 3 Tmin alr ras) (n) 


300 re ONY We RS Dep 
where the coefficients G(i, j) are defined to be 


aC Gm e 


This solution satisfies the boundary condition t(rmin) = 0 and has a well defined 
asymptotic value denoted by C. Using the properties of Hypergeometric functions 
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the solution t(r) for r — oo is written in the form, t(r) = + (r + rs log (r/r,) +C), 
with C determined to be 


C r= h + Tmax 4 h (Tmaz T 21s) EI —Tn 
i |a| 2 |a| V — Tn Tmin m Tmin — Tn 
4T, Vn Tmin 
sl Sa + Ss 9 
a L (=) |a| Tmin — Tn ( s ) ( ) 


where Sq and Ss are double and single convergent summation series respectively 
expressed as, 


$5 Gl, i) [al (fmin — rn) HG +j) + (h+ lal rs) Ha: 4 3)]. (10) 


| 


a 


©. 
Il 
m 

ISI 


S, = M (G(k,0) + G(0,k)) [Jal (roin — rn) Hi(K) + (h + la| rs) Ho(k) ] (11) 


with the functions being defined as 


His TED JE p c 


. T(k— ) 2- 2^" 2 Rd 
|. T(K) 11 1 rn 
gE) Sect) Jd 


The LUA trajectory asymptotes to null trajectories near radial infinity as expected, 
since away from the black hole the scenario becomes asymptotically flat. The asymp- 
totic expansion of LUA trajectory t(r) matches to the form of the null trajectories 
representing the future and past Rindler horizons, 


r + r,log 


S 


Lojee-e 


where we then have the intercepts at radial infinity, C^ = C^ = C due to the 
symmetry about the t = 0 axis. 

The Rindler quadrant for the radial LUA trajectories in the Schwarzschild space- 
time is then the union of the past and future null infinity with the past and future 
horizons in the Penrose diagram. The intersection points of these are the spatial 
infinity i°, the past and future intercepts C7 and C* and the bifurcation point of 
the past and future horizons, which is found to be, 


Tnull — Ts (1 +W le ae =|) (12) 


where W[z] is the productlog function. Thus, unlike in the case of the Rindler 
quadrant in the flat spacetime, for the Schwarzschild case, the bifurcation point fnul 
is dependent on the asymptotic initial data h as well as the acceleration magnitude 
|a| and the Schwarzschild radius rs. 
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4. Discussion 


For the case of Schwarzschild black hole the following observations are made, in com- 
parison with flat spacetime, regarding the Rindler trajectories: In the flat spacetime, 
all the Rindler trajectories with the magnitude of acceleration in range 0 to oo lie 
in the same Rindler quadrant. This is due to the reason that the corresponding 
intercept C, the Rindler horizons and the bifurcation point are independent of |a| 
and just depend on h. In fact, for the limiting case |a| — oo, the turning point 
Tmin is the bifurcation point as the Rindler trajectory coincides with the past and 
future null horizons. However, in the Schwarzschild case, the intercepts C, the cor- 
responding Rindler horizons and the bifurcation points are all functions of |a| as 
well. Hence, increasing |a| decreases not just the turning point r;,;; but also the 
bifurcation point rnu. However, it turns out that the turning point does not catch 
up with the bifurcation point. These observations provide an alternate perspective 
to look at the acceleration bounds |a|,. The lowest possible value for rnu is limited 
by the black hole horizon to being the Schwarzschild radius rs, which in turn limits 
the lowest possible value of rmin to Tmin = rẹ and hence a maximum value for the 
acceleration |a|. 
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'The symmetric two-point function for a massless, minimally coupled scalar field in the 
Unruh state is examined for Schwarzschild-de Sitter spacetime in two dimensions. This 
function grows linearly in terms of a time coordinate that is well-defined on the future 
black hole and cosmological horizons, when the points are split in the space direction. 
This type of behavior also occurs in two dimensions for other static black hole spacetimes 
when the field is in the Unruh state, and at late times it occurs in spacetimes where 
a black hole forms from the collapse of a null shell. The generalization to the case 
of the symmetric two-point function in two dimensions for a massive scalar field in 
Schwarzschild-de Sitter spacetime is discussed. 


Keywords: Black hole, quantum field theory in curved space 


1. Introduction 


Hawking! predicted that black holes that form from collapse evaporate and at late 
times the particles are in a thermal distribution with a temperature that is propor- 
tional to the surface gravity of the black hole. In four dimensions (4D) it is very 
difficult to compute quantities such as the two-point function and the stress-energy 
tensor for a quantum field in the spacetime of a black hole that forms from col- 
lapse. Instead, it is significantly easier, although not easy, to do such computations 
in eternal black hole spacetimes which are either static or stationary. It is easier 
yet to work with a massless minimally coupled scalar field in spacetimes with two 
dimensions (2D) that have similar structures to the 4D black hole spacetimes. 

Unruh? showed that, for an isolated eternal black hole in an asymptotically 
flat spacetime, there is a particular state for a quantum field that has the same 
properties as the in state for that field has at late times in a spacetime where the 
black hole forms from collapse. In particular, this state, called the Unruh state, has 
the same flux of particles at infinity for an eternal black hole as occurs at late times 
for a black hole that forms from collapse. Thus computations of various quantities 
for a quantum field in the Unruh state can give insight into the late time behaviors 
of these quantities in spacetimes where a black hole forms from collapse. 
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The simplest 4D black hole spacetimes to compute quantum effects in are those 
which are static and spherically symmetric outside of the event horizon where the 
metric has the general form 


ds? = — f(rd£ + f^! (r)dr? + rao? . () 


These are easily changed to 2D spacetimes by dropping the last term on the right. 
All 2D spacetimes are conformally flat and the massless, minimally coupled scalar 
field is conformally invariant in such spacetimes making it possible to analytically 
solve the mode equation in coordinates for which the metric is conformally flat. 

In Ref. 3, the Hadamard Green’s function, which is the symmetric two-point 
function, was computed and studied for a massless, minimally coupled scalar field 
in the Unruh state in 2D for Schwarzschild-de Sitter(SdS) spacetime, Schwarzschild 
spacetime, de Sitter space, a class of Bose-Einstein condensate analog black hole 
spacetimes, and a spacetime in which a null shell collapses to form a black hole. 
It was shown that in all of these cases there is linear growth in terms of a time 
coordinate T that is regular on the future horizon(s) when the points are split in 
the spatial direction. 

In this proceeding we summarize some of the results of Ref. 3 for black holes. 
We also discuss the computation of the symmetric two-point function for a massive, 
minimally coupled scalar field in SdS. In this case, the mode functions and the 
two-point function must be computed numerically. 

In Sec. 2, some properties of 2D SdS are reviewed along with the Unruh state 
for a massless, minimally coupled scalar field. The Hadamard Green’s function for 
this field is displayed in Sec. 3 and its linear growth in time is discussed. Ongoing 
work related to the massive scalar field in 2D SdS is discussed in Sec. 4. In Sec. 5 
the computation of the symmetric two-point function for a massless, minimally 
coupled scalar field in a 2D collapsing null shell spacetime is reviewed. Our results 
are summarized in Sec. 6. Throughout, our units are A = c = G = 1. 


2. Massless, Minimally Coupled Scalar Field in SdS 
A Penrose diagram for SdS is given in Fig. 1. The 2D SdS metric is given by 


Beer egy ee dr? 
ds f(r)dt^ + Fa)’ (2a) 
fe) =1- "wp 2 “ (r — re)(r — ra)(r+re+ ro). (2b) 


Here re > ry are the locations of the cosmological and black hole horizons respec- 


tively, and ZA = H?. The two parameterizations are related by 
M= rere(To + Ta) H? = 1 (3) 


2(r? r2 ++ rore)” r2 r2 + Tore 


It is useful to define the tortoise coordinate 


dr 
r.(r) = F ; 
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Fig. 1. Penrose diagram for SdS. Region I is the static patch between the black hole horizons and 
cosmological horizons, Region II is the interior of the black hole, and Region III is the cosmological 
region. 


'The ingoing and outgoing radial null coordinates are 


u=t—-r,, v-—t-crn. (5) 


One can define two sets of Kruskal coordinates, one for each horizon. The ones we 
are concerned with are 


1 _ d 
Us = —e"", rcr, Uy-——e P", r> (6) 
Kb Kb 
V. = 1 —Kev y-d —Kev 
e = —— e y T<Te, c7 —e jy T>e- 
Kc Ke 


H? 
Kp = 25, e = Tra) hes 205) , 
H? 
Ke = 2r. (re — Tp) (2re + re), (7) 
where for a horizon at r = rp we set 2K, = |f'(r&)| so that each of the surface 


gravities is a positive quantity. 
A set of coordinates that are good across H} and ?47 was found in Refs. 4, 5. 
Let 


dh 
T=t+h(r), where —=2Z, jr) =r + 4, (8) 
dr f r2 
and 
+r? ridi, + re) 
on r3 p E B =, r3 = p? (9) 
Then the 2D SdS metric becomes 
2 2 ; Pay 4 
ds“ = —f(r)dT* --253(r)drdT + dr* . (10) 


f 
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Note that for these choices of the constants y and £, one finds that j(r,) = 1 and 
j(r.) = —1, which ensures that T interpolates between the ingoing null coordinate 
v at the future black hole horizon and the outgoing null coordinate u at the future 
cosmological horizon. These are ingoing and outgoing Eddington-Finklestein coor- 
dinates respectively. The metric (10) is well behaved in the static and cosmological 
regions and has the Eddington-Finklestein form on both the future black hole and 
future cosmological horizons. The coordinate T' stays timelike and r stays spacelike 
beyond the cosmological horizon. 

The definitions of rą and T each contain an arbitrary constant which can be 
chosen such that 


T=uon H}, and T=von H}. (11) 
The result is? 
T=t+h(r) (12) 
, 1 1 lr — rol] 1 1 lr—r.| | 1f re 1 iB T 4d- T6 d- Tp 
= O } oO H 
2Kp 8 Te — Tp 2Ke 8 Te — Tb 2\rokp KN 8 Te + 2rp 
Tele r? Te Te + 2rp 
log | , 
2(r. — ry) Tera AT OK We trp 
and 
1 lr — ra] 1 Ir — rel 1 lrtre+ro| 
A = l l l 13 
rr) 2Kp x Te — Tp 2kg 98 Te — Tp 23 2KN "m Te + 2rp (13) 
qs 2rc trp Tele lo Tb 
Arp Kp roc 2ry  2(re— ry) 8 Te” 
where 
H? 
KN = 2re + ro)(re 4-23) . 14 
N Ir Er). b)( b) (14) 


To relate the Kruskal coordinates to T and r, note that u = T — (h(r)+ rx) and 
v =T — h(r) + r.. Substitution gives 


1 - 1 z 
Ve = —e "TV, and U= zu US ; (15) 
b 


Ke 


where V, and Uy only depend on r and are given by 


/2re 
V, = emn) = T Te (zt Ay i E (16) 
Te — Tb Te + 2T T 
Uy, eather.) (ron) (rnt r V? (2 Qe 
=e * = — : 
, Te — Tb 2re trp T 


Note that these expressions work both inside and outside the black hole and cos- 
mological horizons. 
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The complete set of modes that comprise the Unruh state consist of modes that 


are positive frequency with respect to U, on the past black hole horizon and modes 


that are positive frequency with respect to V, on the past cosmological horizon.9 ® 


—iwU+, (u) —iwVe(v) 
p ceu and po = ance (17) 


Pak v Aw V4rw 


Expanding the massless minimally coupled scalar field in terms of these gives 
oo 
$= i dw [appo + agpo aps +adpo] , (18) 
0 


where a(^9 are the annihilation operators. 


3. Symmetric Two-Point Function in SdS 


For a massless, minimally coupled scalar field in 2D SdS in the Unruh state, the 
symmetric two-point function for an arbitrary splitting of the points is? 


GO (a, a^) = (U| (6(2)ó(2^) + ó(2")ó(2)) |U) 


= [ast ent iG) +e) 
= if e {coslw(Us — U,)] + cos[w(V. — Voll 


on J., 
1 2 1 . t 
= -g- {cifwolUs — Ui] + eifwolVe — Vell} l (19) 


Here ci is the cosine integral function which has the expansion ci(z) = yg + log z + 
O(2?), and wọ is a small infrared cutoff. 
Let x be on H? and z' on HẸ and take T" = T. Note that on HT Uy = 0, 
v — T and on H}, V, 20, u = T. Then 
U,— U, E =K, lg eT : y-— V = kee ; 
2n GU? (T, r; T,r') = (ky + Ke)T — log [(ofc) tw] — 2p. (20) 
Thus one sees an unexpected linear growth in the time coordinate T for this sepa- 
ration of the points. For a more general separation 


2 
2n GU (T, r; Tr) = T(K + Ke) — log (= AGAT.) —2yg, (21) 
bc 
where AU, and AV, are functions of r and r’, but not T. 
In Ref. 3 a similar linear growth in a time coordinate for G® (a, a^) in 2D for 
a massless minimally coupled scalar field was found in Schwarzschild spacetime for 
the Unruh state, de Sitter spacetime for the Bunch-Davies state, and a class of Bose- 
Einstein condensate analog black hole spacetimes for the Unruh state. A general 
argument was also given that linear growth should occur whenever there is a past 
horizon and no scattering for the Unruh state. 
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One may ask what these situations have in common. In each case the symmetric 
two-point function is computed for a massless minimally coupled scalar field in 2D 
in the Unruh state or its analog, the two-point function has an infrared divergence 
which requires an infrared cutoff, and each spacetime has a static patch and at least 
one past horizon. In the next two sections, two cases are discussed in which one or 
more of these conditions does not occur. 


4. Massive Scalar Field in 2D SdS 


One way to investigate the generality of the linear growth in time is to work with 
a massive scalar field. Work is in progress to compute the symmetric two-point 
function for this field. It is significantly more difficult than for the massless scalar 
field because the mode equation contains an effective potential term and does not 
have simple closed form solutions. Instead, when separation of variables is used, the 
radial part of the mode equation can be solved numerically. 

The mode equation cannot be separated in Kruskal coordinates but it can be 
separated in terms of the coordinates t and r in (2b). The mode equation in this 
case is 

Oh h 


“pe ui (22) 


The relevant solutions are of the form 


A(t,r) = Xw(r) , (23) 
Arw 
with 
2 
CX a dic PR 2G: (24) 
dr? 


A complete set of modes that specify the Boulware state can be obtained by com- 
bining modes which on the past black hole horizon have the form 


ne = f (25) 


"^ Am 


and those which on the past cosmological horizon have the form 


e iv 
ho = : 
VArw 
The modes that specify the Unruh state can be expanded in terms of these modes 
with the result 


(26) 


pO) =f des! [ap + Bep], (27) 


ww’ "uw 
0 


Since the mode equation reduces to its massless form on the past horizons, the initial 
conditions for the Unruh state are exactly the same as in the massless case (17). 
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Using the usual scalar product,? one finds!? 


, 1 " =i TG ) 
ÉL ag Os (28) 


(—iw) Fe 

Note that these are divergent in the limit w’ — 0 due to the poles in the Gamma 
functions. However, we have shown that because of scattering effects, these diver- 
gences are canceled in the integrand of Eq. (27). Also, it is important to note that 
the limit w’ — 0 needs to be taken before the limits r — ry and r > re. They 
cannot be interchanged. 

At present, work is in progress to compute pt, and pf, numerically. It is not 
yet known whether the divergence that exists for the massless case for these mode 
functions continues to be present in the massive case. 


5. Collapsing Null Shell Spacetime 


Fig. 2. Penrose diagram for a 2D spacetime in which a null shell collapses to form a black hole 
and there is a perfectly reflecting mirror at the origin. The trajectory of the shell is given by the 
dashed blue line and the event horizon is given by the dotted red line. 


Another calculation that was done in Ref. 3 was to compute the two-point 
function for a massless scalar field in a 2D spacetime in which a null shell collapses 
to form a Schwarzschild black hole. Inside the shell the metric is the flat space 
metric 


ds? = —dt? + dr? , (29) 


and outside it is Eq. (2b) with H = 0, which is the Schwarzschild metric. If one 
puts in a perfectly reflecting mirror and requires that the field vanish at the surface 
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of the mirror then one obtains the same conditions on the mode functions at r — 0 
as in the 4D case. The Penrose diagram for this spacetime is shown in Fig. 2. 
Inside the shell, the usual null coordinates are 


u-t-r, v=t+r, (30) 
and outside the shell they are 
Us = ts — Tx , v = ts + tx. (31) 


The coordinates r and v are continuous across the trajectory of the shell which is 


v = vo, for some vo. At the null shell surface one finds! !? 
UH — Us 
u(us) = vg — AMW lexp (e) ; (32) 


where vg = vo — 4M and W is the Lambert W function. On past null infinity both 
us and u are equal to —oo. On the future horizon of the black hole us = oo and 
u= "Ug. 

Because of the mirror, the mode functions must vanish at r = 0. For the in 
state, at past null infinity they have the form 


—iwv 
€ 


fra (33) 
ATW 
The solution that satisfies these two conditions is 
in 1 —iwv —iwu 
ji: ced es), (34) 


V4rw 


Since there is no scattering in 2D for the massless, minimally coupled scalar field, 
outside the shell the solution is 


p EX (ewe _ g uius . (35) 


Note that fi" = 0 at w = 0. Thus there is no infrared divergence in the two-point 
function for this state and no infrared cutoff is necessary. One finds that? 


|v — u(uj)||v" = u(us)] 


2n GU? (x, 2^) = log (36) 


|o — v'||u(us) — u(us)| 


Using v = T — h(r) +r. and u = T — h(r) — rą, one finds for T = T" and fixed 
values of r and r’, that at late times 


2n G(T,r;,T,r) > KT + log(K?T) + (r, dependent terms) . (37) 


Thus, there is not only a linear growth in T as there is for the Unruh state, but 
there is also a secondary logarithmic growth. 
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6. Conclusions 


In Ref. 3, the behavior of the two point function was investigated for a massless, 
minimally coupled scalar field in the Unruh state in certain 2D spacetimes. It was 
found that linear growth in time of the form 


2nGU (T, r; Ti) = X &j + (r,r' dependent terms) (38) 
J 
occurs, where the sum is over the surface gravities of the past horizons and T' is 
a time coordinate that is regular on the future horizons. Along with the existence 
of one or two past horizons, the Green's function for each spacetime is infrared 
divergent and thus requires an infrared cutoff to regularize this divergence. 

The two-point function for this field in a 2D spacetime in which a null shell 
collapses to form a black hole was also computed. In this case there is no past 
horizon and thus no Unruh state. Instead, since the spacetime is asymptotically 
flat, the state for the massless, minimally coupled scalar field was chosen to be 
the initial vacuum state. By putting a perfectly reflecting mirror at the origin and 
requiring that the mode functions vanish there, the same type of condition that one 
finds in the 4D collapsing null shell spacetime if the shell is spherically symmetric 
was imposed. As a result of this condition, the two-point function has no infrared 
divergences. 

It was found that at early times there is no linear growth in time of the form (38), 
however at late times there is growth of this form. There is also a subleading term 
that diverges logarithmically in time at late times. Thus, the linear growth in time 
found in the eternal black hole calculations also occurs, at least in 2D, for a black 
hole that forms from the collapse of a null shell. Perhaps this is not surprising 
since the Unruh state is supposed to give the leading order, late time behavior of 
quantities such as the two-point function and stress-energy tensor for the quantum 
field in the case of a black hole that forms from collapse. However, it does show that 
the linear growth in time does not depend on the existence of either a past horizon 
or an infrared divergence in the two-point function. 

To see whether the linear growth in time only occurs for the massless scalar field, 
the case of a massive scalar field in the Unruh state in 2D SdS is being investigated. 
It has been shown that, when the mode functions for the Unruh state are expanded 
in terms of those for the Boulware state, an infrared diverge that occurs in the 
massless case is not present in the massive one. Work is in progress to determine 
whether the linear growth in time of the two-point function also occurs for a massive 
scalar field. 
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A method is presented which allows for the numerical computation of the stress-energy 
tensor for a quantized massless minimally coupled scalar field in the region outside the 
event horizon of a 4D Schwarzschild black hole that forms from the collapse of a null shell. 
This method involves taking the difference between the stress-energy tensor for the in 
state in the collapsing null shell spacetime and that for the Unruh state in Schwarzschild 
spacetime. The construction of the modes for the in vacuum state and the Unruh state 
is discussed. Applying the method, the renormalized stress-energy tensor in the 2D case 
has been computed numerically and shown to be in agreement with the known analytic 
solution. In 4D, the presence of an effective potential in the mode equation causes scat- 
tering effects that make the the construction of the in modes more complicated. The 
numerical computation of the in modes in this case is given. 


Keywords: Black holes; Quantum field theory in curved space; Stress-energy tensor. 


1. Introduction 


'The expectation value of the renormalized stress-energy tensor operator for a quan- 
tized field is a useful way to study quantum effects curved space. It can also be used 
in the context of semiclassical gravity to compute the backreaction of the quantum 
field on the background geometry. In the case of four-dimensional, 4D, black holes, 
this quantity has to date only been computed for static black holes! 46715 and Kerr 
black holes.!6:17 However, to our knowledge, a full numerical computation of this 
quantity has not been done for a quantized field in a 4D spacetime in which a black 
hole forms from the collapse of a null shell, which is probably the simplest model 
for the formation of a black hole. 

In Ref. 18, we developed a method to numerically compute the full renormalized 
stress-energy tensor for a massless minimally coupled scalar field in the case of a 
spherically symmetric black hole in 4D that forms from the collapse of a null shell. 
'This method can be used in the region outside the null shell and future horizon, 
where by Birkhoff's theorem, the geometry is described by the Schwarzschild metric. 
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In this proceeding, we review this method with a focus on the computation 
of a complete set of in modes that can be used to construct the quantum field 
in the region outside the null shell. We also present new numerical results for a 
low frequency in mode on the future horizon and for a mode with relatively high 
frequency on the part of the future horizon close to the null shell trajectory. 

In Sec. 2, we review the null shell spacetime and the metrics describing the ge- 
ometry inside and outside of the null shell. In Sec. 3, we discuss the quantization 
of the massless minimally coupled scalar field in the null shell spacetime. In Sec. 
4, we present our method to expand the in modes in terms of a complete set of 
modes in pure Schwarzschild spacetime and present our numerical results for the 
high and low frequency modes on the future horizon. In Sec. 5, a proper method for 
the renormalization of the stress-energy tensor is given. In this section, we summa- 
rize the application of our method in Ref. 18 to the case of a collapsing null shell 
spacetime which has a perfectly reflecting mirror at the spatial origin. 


2. Collapsing null shell 


'The model we consider is a spherically symmetric null shell whose collapse results 
in the formation of a black hole. The Penrose diagram of the spacetime is depicted 
in Fig. 1 The spacetime inside the null shell is described by the flat metric 


ds? = —dt? + dr? + r7d0? , 


and from Birkhoff's theorem, the metric outside the shell is the Schwarzschild metric 


—1 
ds? = — (: - at) dt? + (: - Ut) dr? + r?d(? 
T: 


T 


with dQ? = d6? + sin? 6d$?. It is more convenient to use radial null coordinates to 
match the geometries inside and outside of the shell. In the interior, 


u-ci—-r, v-i-cr. 
and in the exterior region, 


Us =ts—Ts , V = ts Tx, 


where r, = r + 2M In (2 ) is the tortoise coordinate in Schwarzschild space- 
time. The null shell trajectory is v = vp. We match the two spacetimes so that 
the v coordinate and the angular coordinates are continuous across the null shell 
trajectory. Applying this condition gives the following relation between the u an u, 


coordinates!?: 20 


us = u — 4M log (= ; 


where vy = vo — 4M. 
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Fig. l. Penrose diagram for a spacetime in which a null shell collapses to form a spherically 
symmetric black hole. The vertical line on the left corresponds to the surface r — 0 which is also 
the surface where u = v. The dashed red line on v = vo is the trajectory of the null shell. The 
horizon, H+ is the dotted blue curve. Inside the shell trajectory H+ corresponds to the surface 
u = vg and outside the shell trajectory it corresponds to us = oo. A Cauchy surface is shown by 
the dashed line. It is the union of the surface v = vo with the part of .Z^ with v > vo. 


3. Massless minimally coupled scalar field 


We consider a massless minimally coupled scalar field in the null shell spacetime. In 
a general static spherically symmetric spacetime, it can be expanded in the following 
Way, 


o= »* 5 [| lQwemfutm dedu ris] 


£—0 m=—£ 


with O fem = 0. In the region inside the null shell, v < vo, separation of variables 


gives 


— Yem(9, 9) .—iwt 
ry ATW 


while in the region outside the null shell, v > vo, it gives 


Yom (0 ,Q) Yo (60, $) e wt 


futm = qudd — M uet ED jx n 


In the regions v < vp and v > vg respectively, the radial parts of the mode functions 
satisfy the differential equations 


d?x,, £(£4- 1 
TER ~ Z r? l ME S) 


Byt E ( 23 — | 2) a (4) 


dr2 r r3 T 


Xot(r); (1) 


* Xu). (2) 
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The in state is fixed by requiring that we = e-/^" on past null infinity and it 
vanishes at r — 0. The solution with these properties has the form 


in (r, t) = Crewr jelwr) (5) 


inside the null shell, where C; is fixed by the aforementioned condition on past null 
infinity. Here jz is a spherical bessel function of the first kind. It is not possible for 
this solution to have the form e !^**x,,,(r) outside the null shell. The solution in 
this region is more complicated. 


4. nee of 


ook 


We can compute ftm outside the null shell and the event horizon by expanding it 
in terms of a complete set of modes since the geometry here is the Schwarzschild 
geometry. This problem can be mapped to the shaded part of pure Schwarzschild 
spacetime shown in us 2. We choose a complete sets of modes that consists of the 
union of the modes HY 
future null infinity, and the modes Ja that are positive frequency on the future 


null infinity and zero on the future horizon, i.e., 


that are positive frequency on future horizon and zero on 


olm = 2 3 "n dee! | A asin po + By dise Goa 


=0 m/=— 
Ht * 
+ 2 maitim i F Brem (forem) : (6) 
gt 
The matching coefficients po crits Boom! lms a canens and Tr AR , can 


be found using the following scalar products on the Cauchy surface shown in 
Fig. 2. 


s Ht in It, At 

Ae = ( wlm? No » (7) 
I+ Ht 

B ee = - (f wem» oe a ys ). (8) 


r=0 


Fig. 2. Penrose diagram for Schwarzschild spacetime showing the Cauchy surface used for match- 
ing the in modes in the null shell spacetime to a complete set of modes in Schwarzschild spacetime 
in the region outside the past and future horizons. The Cauchy surface is denoted by the dashed 
red curve. 
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The reason one can expand the in modes in this way is that the same differential 
equations govern the evolution of the in modes in the shaded region in Fig. 1 and 
the shaded region in Fig. 2 because the metric is the same in both regions. However, 
one may notice that the union of the part of past null infinity with v > vo and the 
null shell surface does not form a Cauchy surface in pure Schwarzschild spacetime. 
We resolve this issue by adding the part of the future horizon with —oo < v < vo to 
the union of JT with v > vo and the null shell surface v = vo, as shown in Fig. 2. 
We also need to specifity Yt”, on the Cauchy surface to evaluate the scalar products 
in Eqs. 7 and 8. On the part of the Cauchy surface with v > vo on past null infinity, 
in = e !"" and on the part where v = vo , v? is given by Eq. 5. For the part 
with v < vo on the future horizon, we can specify Yt”, any way we like so long as it 
is continuous at v = vp. 
Before computing the matching coefficients, we introduce a different complete 
set of modes that are defined by two linearly independent solutions to the radial 
mode equation in Schwarzschild spacetime with the following properties 


IW 


XR €, Te 00, (9) 


ae Tx — OO. (10) 


Near the horizon, they have the behaviors?! 


XR > En(w)e'?"* 4 Fg(w)e **" : T, > —00, (11) 


x? > Erp(w)e'"t*--PFp(w)e "" , T, > —OO. (12) 
where Eg, Er, Fg, and Fy are scattering parameters that can be determined nu- 
merically. 


Evaluating the scalar products in Eqs. 7 and 8 gives the following results for the 
matching coefficients!® 


F P oth ‘ of i 
Ht i w! ei vo win on i i w! 1 ei w)vo 
1T —— $ T "n 
dad Om wal ie on 2n V w Fr(w',£) w' — w- ie 


aun |. n eoo] t (uslu), vo), (13) 


BH i [wl eie vo iñ ( ) i [uw 1 e iQrte!)vo 
1 = — a ae UH, Vo 
wer Ot Ne ww Hie n 2n V w Frw, 0) w +w- ie 


xung J | tu (viel, vo] o Gus). (14) 
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ue — Ot maa a 
P On FT (w', 0) w' —w + ie 
noe (Uy V UG u), vo), 15 
= opem) = e] ai uola), — Q5) 
pot i [E Fate.) ciet 
us T w Fr(w ee +w— ie 
(u,v e i"vo] 9, e us(u), vo). 16 
xum]. d« de) e m] BSE (usw), 0). Q6) 
In the case £ = 0, the in mode functions have the form fiy = 2 Pin where 


=e —e" for v < vo. Note that the terms with closed form in Eqs. 
13-16 (v- Sueno terms) are the only terms that contribute to the v-dependent 
part of fi^, and the integral terms contribute to the u-dependent part of f%o. 
We used ilie v-dependent terms in the matching coefficients to construct f?^, on 
H^. The numerical results are shown in Fig. 3 and Fig. 4. In Fig. 3, the real 
and imaginary parts of the v-dependent part of the in mode function have been 
numerically computed on H *. The results show that in mode function is continuous 
across the null shell as expected. For large values of w, the effective potential in the 
mode equation is always small compared to w? and one can ignore the scattering 
effects. Hence, one should expect to see the same behaviour as in the 2D case where 
there are no scattering effects. This is shown to be correct in Fig. 4. where the real 
and imaginary parts of f//, are plotted for Mw = 9. 


0.0F 


-0lr 


—0.2 F1 


` -03r * 
-05r b ] 


-04 x 


20 40 60 80 100 


Fig. 3. Real part (left) and imaginary part (right) of W% (v) on Ht for v > vo. 539 = 3 and 
Mw = 0.02. The dashed lines and solid lines correspond to the in modes in the 2D and the 4D 
cases respectively. 


5. Stress-energy tensor and renormalization 


One can renormalize the stress-energy tensor by subtracting from the unrenormal- 
ized expression for the stress-energy tensor for the in vacuum state, the unrenor- 
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0.2 0.2 


oip J] o 
0.0 HY d - - 0.0 
-0.1F i -0.1 
-0.2 -0.2 . 
5 10 15 20 5 10 15 20 
M M 
Fig. 4. Real part (left) and imaginary part (right) of i (v) on H* for v > vo. sf = 3 and 


Mw = 9. The dashed blue lines and solid yellow lines correspond to the in modes in the 2D and 
the 4D cases respectively. 


malized stress-energy tensor for the Unruh state. Since the renormalization coun- 
terterms are local and thus do not depend on the state of the quantum field, this 
quantity will be finite. Then one can add back the unrenormalized stress-energy 
tensor for the Unruh state and subtract from it the renormalization counter terms. 
Schematically one can write 


(in|Tas|in) ren = A (Tab) + (U|Tab|U) ren, (17) 


where A(Ty») = (in|Tuolin) unren — (U|Tas|U)unren. Note that the Unruh state is 
defined by a set of modes that are positive frequency on the past horizon with 
respect to the Kruskal time coordinate and the set of modes that have the form 
woe =e” on past null infinity. The quantity (U|Tu»|U) ren has been numerically 
computed for a massless minimally coupled scalar field in Schwarzschild space- 
time. Thus what remains is to compute the difference between the unrenormalized 
expressions. 

The unrenormalized stress-energy tensor can be computed by taking derivatives 
of the Hadamard Green's function as follows,?? 


1 + + 4 
Cfr unie = ri lim IG GO (m, a") c gb 8 r2) — Jab gJ’ Go. (z,2^)|, 


x! x 


where the quantity ge parallel transports a vector from 2’ to x and is called the 
bivector of parallel transport. 


5.1. Stress-energy tensor in 2D 


In this section, we show how our method can be applied to the case of a 2D null shell 
spacetime which has a perfectly reflecting mirror at r = 0. There is no scattering 
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that means Eg = Fr, = 1 and Er, = Fg = 0. The matching coefficients are,!? 
j 1 , T - i4Mu') 
AF TE 4M i4Mw o —i(w—w')un : 1 
MEC. zi ) [—i(w — w) + qi- aM" (19) 
EE IRE T'(1+i4Mw’) 
B^ m 4M iA4Mw' —i(wtw')uy ; ; 20 
ew 90 V w a d | [—i(w + w) + ici (20) 


The expression for f!” can be obtained by substituting Eqs. 19 and 20 into Eq. 6. 
Those for fU"""^ can be obtained using similar expressions. See Ref. 18 for more 
details. Next, we construct the Hadamard form of the Green's function which in 2D 
is 


GO (a, 2’) ef dus [fE (2) fi? * (a!) + fi? * (a) f° 2) (21) 
We subtract off the corresponding expression for the Unruh state to obtain 
AG(x, 2’) = GY (s, x’) — GP anla, a’), 


which gives 


2M 
A(T) = —(1 ) lim 1 (AG. thr + AG yp). (22) 
T "z'2c4 


Our method results in a complicated operation for A(T) which initially contains a 
triple integral. One of the integrals can be computed in closed form with the result!? 


A(Ti) = ^s y: ru dui rd dio g EE 


x 4 gini) (4Mw eir Mv D(1 — 4iMw E (1 + 44/Muw) 
€ s 5 - 
(4Muye air )4iMwz AM (w1 — w2 — ie) 


4 e tw2twi us (4Mw ea jocum (AMwae tht ye 


T(1— 44Mw1)T (1 — 4iMwə2) ) 
AM (w1 + we) l 


(23) 


This quantity has been computed numerically and the results are shown in Fig. 5. 
The stress-energy tensor for a massless minimally coupled scalar field in the 2D 
collapsing null shell spacetime has been previously computed analytically using a 
different method!’ 20:23-25 and the stress-energy tensor for the Unruh state has also 
19,20,23:30 Our results are shown with the dots in Fig. 5 
and the result found by using previous methods is shown with a solid curve. They 
agree to more than ten digits. It is worth mentioning that in 2D, once A(T) is 
numerically computed, A(T,r) and A(T;,) can be easily determined.'® 


been computed analytically. 
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Fig. 5. The quantity 104M?(Tiz) is plotted for the massless minimally coupled scalar field in the 
region exterior to the null shell and to the event horizon. The dots correspond to the results of 
the numerical computations. The solid curve represents the analytic results in (reference). 


6. Summary 


We have reviewed a method of computing the stress-energy tensor for a massless 
minimally-coupled scalar field in a spacetime in which a spherically symmetric black 
hole is formed by the collapse of a null shell. This method primarily involves two 
parts. One part is the expansion of the in mode functions in terms of a complete set 
of modes in the part of a Schwarzschild black hole that is outside the event horizon. 
'The matching coefficients of the expansion have been found in terms of the integrals 
of the mode functions and closed form terms. These matching coefficents have been 
used to numerically compute part of the in mode function on the future horizon of 
the black hoe. 

'The second part of the method is the renormalization of the stress-energy tensor 
which involves taking the difference between the stress-energy tensor for the “in” 
state in the collapsing null shell spacetime and that for the Unruh state in the 
Schwarzschild spacetime. Finally, we reviewed the computation of the stress-energy 
tensor in the corresponding 2D case using aformentioned method. 
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Einstein equations projected on black-hole horizons give rise to the equations of motion 
of a viscous fluid. This suggests a way to understand the microscopic degrees of freedom 
on the black-hole horizon by focusing on the physics of this fluid. In this talk, we shall 
approach this problem by building a crude microscopic model for the Horizon-fluid(HF) 
corresponding to asymptotically flat black-holes in 3+1 dimensions. The symmetry re- 
quirement for our model is that it should incorporate the $1 diffeo-symmetry on the 
black-hole horizon. The second constraint comes from the demand that the correct value 
of the Coefficient of the Bulk Viscosity of the HF can be deduced from the model. Both 
these requirements can be satisfied by an adoption of the eight vertex Baxter model on 
a S2 surface. We show that the adiabatic entropy quantisation proposed by Bekenstein 
also follows from this model. Finally, we argue the results obtained so far suggest that 
a perturbed black-hole can be described by a CFT perturbed by relevant operators and 
discuss the physical implications. 


Keywords: Black Hole; Horizon-fluid; Bulk Viscosity; deformed CFT. 


1. Introduction 


13 are related at some fundamen- 


Gravity, quantum theory, and thermodynamics 
tal level. The laws of black-hole mechanics are formally similar to the Laws of 
Thermodynamics and suggest that black-holes have entropy and temperature.* 8 
A satisfactory explanation of black-hole thermodynamics requires a statistical me- 
chanical origin of entropy. It has been argued that most of the black-hole degrees 
of freedom (DOF) reside on the horizon, as the black-hole entropy scales as area. ^? 
Also, black-hole thermodynamics deals only with equilibrium states. 

Gravity causes the non-stationary black-hole horizon to interact with external 
fields (perturbations) continually. These interactions lead to the transfer of energy 
from the external fields to black-hole degrees of freedom. If we compute observables 
involving black-hole, we observe dissipative effects corresponding to interaction with 
fields. In macroscopic black-hole physics, this can be explicitly seen by projecting 
the equations of motion of external fields and gravity theory on the black-hole 
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event horizon leading to dissipative equations. In these scenarios, fluid dynamics 
description is useful as only average quantities resulting from the interactions at the 
microscopic level are observed on macroscopic scales.!? Interestingly, it was shown 
black-hole horizon behaves like a viscous fluid and satisfies Damour-Navier-Stokes 
equation.!1-13 

Since we do not have a consistent model of quantum gravity, we explore here the 
viability of certain ideas in the context of a toy model for the non-stationary black- 
hole horizon that is slightly perturbed from stationarity. The toy model we construct 
takes into account two different aspects of the black-hole horizon. First, the model 
incorporates near-horizon symmetries of the stationary black-hole.‘* ?? Second, the 
model accounts for the physics of transport phenomena of horizon-fluid.?! 22 

The first aspect is the constraint of symmetry on the microscopic theory. Thus, 
for example, we demand that the model must incorporate near-horizon symmetries. 
The second aspect can be viewed as the expectation that the transport phenomena 
exhibited by the horizon-fluid corresponding to a black-hole in the hydrodynamic 
limit should follow from this model. 

A Conformal Field Theory (CFT) on the black-hole horizon can partly incor- 
porate the near-horizon symmetries and is a natural candidate for the microscopic 
theory of stationary black-holes. We extend the analysis and show that a perturbed 
CFT can also incorporate this symmetry. Thus in our model, a non-stationary 
black-hole can be viewed as interacting with external fields. For the microscopic 
description, this means adding interaction terms to the stationary black-hole de- 
scribed by CFT. We can see this process as a perturbed black-hole relaxing to a 
stationary black-hole by emitting QNMs.?? In practice, we shall deform the CFT 
by introducing only a mass term. However, it plays a vital role by determining the 
infra-red cutoff for the theory and, as a consequence, also determining the value of 
the coefficient of Bulk Viscosity, Ç. 

We focus only on the Bulk Viscosity here, which means we only consider homo- 
geneous processes, e.g., the increase of black-hole area in a spherically symmetric 
space-time due to infalling spherical mass shell. Modeling such processes is compar- 
atively easier. Stationary, non-extremal black-holes in 4-dimensional general relativ- 
ity exhibit an infinite-dimensional symmetry in the near-horizon region.14 20.24.25 
Thus, the near-horizon possess infinite-dimensional algebra such as S1 diffeomor- 
phism!?:29 or (near) BMS.???5 The CFT describing a stationary black-hole can 
incorporate the S1 diffeosymmetry!?:?? as it possesses a representation of the Vi- 
rasoro algebra.?0:29 

The perturbed CFT we choose possesses symmetries that lead to a represen- 
tation of the Virasoro algebra.?? These are Integrable field theories with an infi- 
nite number of conserved charges corresponding to an infinite number of symme- 
tries.?! The crucial point that allows us to model the black-hole horizon-fluid by 
such a perturbed CFT model is that one of the representations of the Virasoro 
algebra corresponding to the perturbed CFT is also a representation of the S1 
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diffeomorphism symmetry. Throughout what follows, we use natural units setting 
h=c=G=kp=l. 


2. The microscopic model 


We consider here the Eight-vertex Baxter mode?" for our purpose. We show 
that this model exhibits both the two aspects discussed above. The model has the 
following properties that form crucial ingredients for the microscopic model building 
of the horizon-fluid: First, it possesses lattice Virasoro algebra corresponding to 
S1 diffeomorphism symmetry.??:3? Second, it consists of two staggered 2D Ising 
lattices, and its free energy density is the same as that of the 2D Ising model. 
However, the two-sublattice symmetry is very different from that of the usual Ising 
model. Hence, the Baxter solution's critical indices are, in general, different from 
that of Ising.?? Third, it exhibits a second-order phase transition. In the continuum 
limit, it is an Integrable Field Theory near the critical point and is a CFT at the 
critical point.?941 


Fig. 1. The projection of the 8-vertex Baxter model from the two sub-lattices to S? surface of 
the horizon. 


The Baxter model can be adapted to the cross-section of a black-hole event- 
horizon, a S? surface. As shown in 1, this model can be adopted on the two hemi- 
spheres of the 5? surface through projection from two Baxter lattices. Let P, (Pz) 
denote the map corresponding to the projection A > H, (B — Ha). For the 
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consistency of the model, we need to impose the condition P;! o (T) = Py! o (T1 
where, P-! denotes the inverse map and I is equatorial plane of the S? surface. 

The above condition retains the periodic boundary condition of the Baxter 
model. The projection allows relating the Euclidean boost parameter of the Baxter 
model*! to the azimuthal angle in the spherical polar coordinate. We can then re- 
late the Virasoro algebra (corresponding to the S1 diffeomorphism) of the Euclidean 
boost parameter to the S1 diffeomorphism of the azimuthal angle in the horizon- 
fluid model. Thus, the projection retains the model’s main physical features*! and 
directly incorporates a representation of the $1 diffeosymmetry in the model. It is 
simply the diffeosymmetry of the azimuthal angle for the black-hole system. 


3. Eight-vertex model and deformed CFT 


'The Eight-vertex model has eight possible arrangements of arrows at a vertex with 
four distinct Boltzmann weights a, b, c, d. These satisfy two constraints:?" 
d 1-T bd 
cd . a? + c -A (1) 
ab 14r’ 2(ab 4- cd) 


For constant I and A, there exists a one-parameter family of Boltzmann weights 
(w) which satisfy the star-triangle relations and, hence, the eight-vertex model 
has a one-parameter family of commuting transfer matrices.?" This allows one to 
parameterize the Boltzmann weights explicitly in terms of spectral variable (u): 


a = snh(A — u) b = snhu (2) 
c— ksnhA, d=ksnh(A—- u) 


where, k is the elliptic modulus, and snh is the hyperbolic analogue of sn and is 
given by snh u — —i sn(iu). It has been shown that the transfer matrix of the 


eight-vertex model commutes with the XYZ Hamiltonian:?? 
ix 
Hxyz = —5 9 , Jog Of41 where o —z,y,z. (3) 
j=l 


The coupling constants are related to the weights by the relation: Jẹ : Jy : J, — 1: 
T : A. The spins o,,’s are related to the vertex weights by the vertex operator (Vp): 


1 
Vin Hs 


5 latet la - doses. + [b+ dononi + ohn] 


where, 


a = exp[K, + Ko + K"], 


[ 
b = exp[—K, + Ko + Kk"), 
[= 
[ 


Ki T Kə AS n 
d — exp Kı — K3— Kk". (4) 


c — exp 
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'The Hamiltonian of the Baxter model is: 


Hpaxter - MK 0103 + K2 0204+ K” 01050304] (5) 


o 


where 01,03 (02,04) are the lattice spins in one (second) Ising sublattice with 
coupling constant Kı (K2) as shown in 2, and K” refers to the four-spin coupling 
that connects the two sublattices. 


Fig. 2. A single face of the 8-Vertex Baxter model in the spin formulation. Kı and Kə are the 
horizontal and vertical spin-spin couplings of the two Ising sublattices. 


It is possible to obtain the statistical weight (partition function) in the row- 
to-row transfer matrix and corner transfer matrix formulations.?" In our case, it 
is convenient to use the corner transfer matrix (CTM) formulation as it directly 
connects the algebra with the conserved charges. 

CTM can be expressed conveniently in terms of Fermions described by the follow- 
ing XY Z spin-chain Hamiltonian.?^ 39-41 In this formulation, the partition function 
is evaluated by choosing a spin in the middle of the lattice and fixing the spins along 
the vertical and horizontal axes while summing over all spins in the interior of each 
quadrant.?" 
trace of a product of four corner transfer matrices. 

Thus we see that the eight vertex Baxter model is closely related to the XYZ 
spin chain. Now we can map it to a theory of Fermions by introducing the Corner 
Transfer Matrix(CTM). 


'The CTM operator can be viewed physically as connecting semi-infinite rows of 


'The final sum over the spins along the axes may be interpreted as the 


arrows with a semi-infinite column of arrows of one quadrant of the lattice. In the 
thermodynamic limit, the following relation holds:?" 


A(u) = exp | -Z £o] , (6) 
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where K is a complete elliptic integral associated with modulus k and 
2K «A | eis 
Lo = E JH xvz(.j + 1). (7) 


j=- 


Hxyz corresponds to the Hamiltonian of a spin chain with nearest neighbour (3) To 
keep the calculations transparent, we set I = 0, i.e., cd = ab in (1). This corresponds 
to the condition J, = 0 in the Hamiltonian (3) which is the well-known XY model.? 
Lo in Eq. (7) is diagonalized by the operators: 


W) - N / do etel 2 x(a) (8) 


where N; is the normalization constant, and x(a) = sna a? (a) +1Vk cnaa (a). 
The integration over a is over one complete real period of the elliptic functions 
from —2K -F4K'/2 to 2K +1K'/2. Itoyama and Thacker showed that £o could be 
expressed as 


£o = M 1: (S): +h, (9) 
l 


where, h is a constant. Lo is embedded into a Virasoro algebra as a central el- 
ement.??! The normal ordering is defined by the relations, W(/)|h) = 0(V l > 
1), w(D)|h) = 0,(V L € 1). Other Virasoro operators Ln can be constructed from 
these momentum space operators.*! From (8), it follows that, 


3 


[Ln, £m] = (n — mM)Lrtm + — n)ôn+m,0- (10) 


15 cn 
As noted in Ref.,!! the physical Hilbert space built from the state |h), forms the 
highest weight representation of the Virasoro algebra. Since the eigenvalues of £o 
are doubled due to the zero modes of the operator VW(0) and W(0), the highest 
weight vector forms a two-dimensional representation under parity conjugation. At 
the critical point, the central charge c — 1 and ^ — i. 

Using the following classical generators (ID*/f), 


d 1d 
d; 2d¢ 


we can obtain other Virasoro algebra, different from the one described above. The 
difference is that 1? iff are generators of diffeo-transformation of the spectral rapid- 
ity parameter or the Euclidean boost parameter (a).* 7^ We can then construct 
the corresponding Virasoro algebra by defining the following £2///: 


per (11) 


; 1 
[Diff es n+1 
DUS = c 


diff s dB 1 
—K 


25 ( * — J : POY + n) : +hbn0. (12) 
l 
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This demonstrates that the eight-vertex model possesses the Virasoro algebra given 
by (12), which holds the key to incorporating near-horizon $1 diffeo-symmetry in 
the model of the horizon-fluid. The 2-D Euclideanized space-time (7, q) can be iden- 
tified with the 2-D Euclidean space (#1, x2) on which the horizon-fluid resides. The 
rapidity or the boost parameter in a Euclideanized space-time corresponds to an 
angle of rotation. A closer look reveals that in our case, the rapidity is the azimuthal 
angle (See (1)). Thus, 1?‘/f diffeomorphism algebra of the spectral rapidity corre- 
sponds to the (Piff diffeomorphism symmetry on the black-hole horizon. Thus we 
see that the microscopic modelling of the horizon-fluid with a mass gap incorporates 
the 12‘/f diffeomorphism symmetry on the black-hole horizon. 


4. Continuum limit and modelling horizon-fluid 


Long-range effects dominate the critical properties of this model; hence, a continuum 
approximation will suffice for our purpose. The eight-vertex model's continuum limit 
is a theory of massive Dirac Fermions (V,, V5) 
e > c6 & 
1— /0 o 1— /0 o 
( Wo ( 


pet ae A ðr dq 


Sowa = | drag ) Wo — m a + o) 


(13) 
The above action possesses an infinite sequence of conserved densities. Physically, 
this implies that besides the total angular momentum, the entire momentum distri- 
bution is conserved.4! We can rewrite these operators as integrals of local densities 
in coordinate space: 


i= J dq JP (g), (14) 


where Jo is the zeroth component of a conserved current. i is the Hamilto- 
nian plus the momentum operator, and 2m (at r — 0) is the first moment of the 
Dirac Hamiltonian.*! Integrability ensures the operators are related to the infinite 
sequence of conserved charges, with one for each new £,,.*! 

The action (13) is useful to identify the infinite number of conserved charges. 
However, for our purpose here, starting from the action (13) it is cumbersome 
to look at the hydrodynamic or long-wavelength properties. Hence, to derive ¢, 
we will not make direct use of the action (13). Instead, to make contact with the 
macroscopic level, i.e., Damour's fluid description, we turn to the fact that the Free- 
energy density of the Baxter model is the same as that of a classical Ising model 
in 2-dimensions near the critical point.2” On the other hand, the theory of the 2- 
dimensional Ising model can be described by a theory of a free massive scalar field y 
in a two-dimensional Euclidean spacetime.^? The key is to identify the microscopic 
field with the phenomenological order parameter. 

The task of identifying the microscopic field with the phenomenological order 
parameter is non-trivial. For the transport theory, we need to describe the dynam- 
ics of the black-hole horizon, starting from a (2 + 1)—dimensional Hamiltonian. 


1282 


However, the microscopic model we have constructed is characterized by the 
2-D Euclidean space-time Hamiltonian. This means that the microscopic model 
suffices to describe the quantum states for a system in thermal equilibrium with the 
desired accuracy but is inadequate if we consider how the system evolves with time. 
In other words, such Hamiltonians do not contain information about the dynamics 
of the black-hole horizon. 

There are two ways to tackle this issue. Both approaches keep the thermal 
states the same but provide different inputs about the dynamics of the system. One 
way is to assume that a phenomenological Langevin equation gives the dynamics. 
From this, one can work out the transport theory and compute the correct coeffi- 
cient of Bulk Viscosity for the Horizon-fluid. The other approach is to construct a 
(2 + 1)—dimensional Hamiltonian with the same symmetries as the mass gap pos- 
sessed by the 2-D Euclidean space-time Hamiltonian. For a general process, this 
is a challenging problem. Fortunately, this difficulty is bypassed for the processes 
describing bulk viscosity of the fluid using the mean-field theory description. We 
should emphasize that in this case also, the thermal states remain the same. (The 
collection of the thermal states of the (2 -- 1)—dimensional theory is equivalent to 
collecting the quantum states of the 1+1 dimensional Euclideanized theory subject 
to appropriate boundary conditions.) We shall only discuss the second approach 
here as a Langevin-type equation can also be derived from the dynamical quantum 
theory under suitable approximation. 

'The mean-field description will not capture all the details of the symmetries of 
the quantum states of the model or can reproduce the correct scaling exponents; 
however, it works satisfactorily to describe horizon-fluid properties. T'hus, the 2-D 
mean-field theory Hamiltonian of the microscopic model can be extended to the 
following 2+ 1 dimensional space-time Hamiltonian: 

m2, 

Heg(g) = / |; o" + ;(vo* + t5 e dA, (15) 
where the integral is over the area of the event horizon. The above Hamiltonian 
satisfies the essential requirement of possessing Z2 symmetry. Still, it suffers from 
the weakness that there is very little guidance otherwise in terms of symmetry 
requirements. One can view the above Hamiltonian as a Mean-Field description of 
the horizon-fluid near a critical point. 

We are now in a position to identify the above Hamiltonian (15) with the horizon- 
fluid. As a first step, we write down the Landau-Ginzburg expression for the entropy 
functional corresponding to the horizon-fluid instead of using the Free Energy func- 
tional. This is because the black-hole (of horizon area A) constantly interacts 
with the environment, leading to energy flow. Thus, we need a framework in which 
the energy density and the order parameter appear in the formalism on the same 
footing. As shown in Ref.,6 the appropriate thermodynamic potential to consider 
in such a case, is the entropy functional and not free energy. The stationary state of 
the black-hole corresponds to the thermodynamic equilibrium state of the black-hole 
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with maximum entropy. The quasi-stationary state of a black-hole corresponds to 
the vacuum of the deformed CFT. 

Following,?! we assume that the entropy density of the horizon-fluid is homo- 
geneous. We focus on a macroscopically small but finite element of the black-hole 
horizon area, denoted as A. A satisfies the condition A/A < 1. The order parameter 
(7) is taken to be: 


n=CVA. 


We can fix the value of the constant C only by relating it to a macroscopic quantity. 
The entropy functional (S) of the horizon-fluid of this finite element about (T, A) 
is given by:*6 


S = S(T, A) — an? — bn, (16) 


where a,b are constants. Let the value of the entropy functional S in the quasi- 
stationary state by Sos and the stationary state by Ss, respectively. Note that Ss 
is the global maximum for entropy functional S. We assume that the process of 
going from Sgs to Sg is a slow physical process so that we can use equilibrium 
thermodynamics to describe the quasi-stationary state. For the microscopic model 
of the horizon-fluid, this means that the ground state of the deformed CFT evolves 
slowly into a state of CFT. The slow evolution implies that the deformed CFT vac- 
uum is likely to possess some of the symmetries of a CFT state. This is reminiscent 
of the adiabatic evolution of a quantum state. 
Rewriting (16) in terms of the horizon-area at equilibrium, we get, 


Amax 
4 


Smax = = So —a OPA s —b Ct A? 


max ? 


where a= — 


1 
—3; $o-bC* A? — 0. 17 
402’ 0 A (17) 
Denote the deviation of any variable from its equilibrium value by a prefix 6. The 
change in the entropy functional is related to the change in the energy density of 
the horizon-fluid: 


óA(óg) = -T ôS = — dn". (18) 
where we have kg = 1. [Expansion around the maximum implies that the terms 
proportional to 67 cancel out as the expansion is being done around a maximum 
value of the entropy function. This leads to the condition 2b72,,., = —a. Substituting 
this in the terms quadratic in ôn, i.e. (a+2bn2,az)ôn?) leads to the above expression. ] 

Using the above expression, we can relate the order parameter (7) with the scalar 
field (v) and the change in the energy density of the horizon fluid (65H(67)) with 
Hlp) (15), i.e. 


ôH = faa ÔH = ô Hen . (19) 
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For the homogeneous process, the spatial gradient terms in the Hamiltonian (15) 
can be ignored. Also, the field is taken to vary slowly so the kinetic term in the 
Hamiltonian (15) can be ignored. Using the universality near critical point, we 
have:37:41 
ôn 
(e —Ó UE 20 
«) TA (20) 
where, (y,) is the average value of the field y, in the area A. As seen from the 
above expression, p, is dimensionless, and is related to q as follows: o = VTy,. 
where Y has the dimensions of energy. The change in the energy of the horizon fluid 
is given by: 
Y 2.9 1 
ôH = J dAm p4, where mMm, = C and Y=T (21) 
'Thus, we have made the connection between the microscopic model with black- 
hole thermodynamics. m, has the dimensions of energy, i.e., m, = 1/(I5 C), lp 
being the Planck length. C is dimensionless. Note that we have set lp = 1. In 
the next section, we evaluate the correlations for this process (bulk viscosity). The 
thermal correlations considered here remain the same for Hamiltonian corresponding 
to action (13) and Heg. 


5. Bulk viscosity from the microscopic model 


We use the above mean-field theory description to calculate the viscosity coefficient 
of the horizon-fluid from the correlations of the energy-momentum tensor of the 
scalar field given by the Hamiltonian (15). Jeon has developed such a description.?? 
First, however, we need to make suitable changes to apply to the horizon-fluid. 
According to Jeon, the coefficient of bulk-viscosity (¢) of a viscous-fluid with 


stress-tensor is:42 


-P i ee 
C= gH EP (22) 
where, epp is given by 
1 °° d e = 
oppi q)- gg | Px | demat Pl xPO), (23) 


where A is the area normalization of the spatial part, 
T leas 
P(t, x) = P(t, x) — v3p(t,x) = 3T; a“) — v2 Too (a^). (24) 


and vs is the speed of sound of the field. 

To apply this formalism to horizon-fluid, we need to make suitable changes in 
the formulation. As mentioned earlier, the stress-tensor of the horizon-fluid van- 
ishes as the infalling matter-energy reaches the horizon and the horizon becomes 
quasi-stationary.!! !? In other words, when the matter reaches an equilibrium at 
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a given temperature, the stress-tensor of the horizon-fluid is zero. Thus, the field- 
theoretic description of the horizon-fluid corresponds to the deviation of the energy- 
momentum tensor of the field (TH) from its thermal average at the thermal state 
((T $) equilibrium )- In the case of normal-fluid, we use the stress-tensor (cf. 23). For 
the horizon-fluid on the other hand, the key quantity is the deviation of the energy- 
momentum tensor of the field, i.e., 
MD = n = UT Yequilibrium : 

Physically, this corresponds to the state when the expectation value of the stress- 
energy tensor of the perturbed CFT on the horizon is the thermal average. Thus, 


for the horizon-fluid, Eqs. (23) and (24) become: 


5P(E,x) = ne — Too (2") (25) 


aspapwra) = zig | Px f dte“**"(5P(,x)6PO))o. — Q5 


For the horizon-fluid, vg is equal to the speed of light (c = 1). For the Hamiltonian 
(15), we have: 


P= —3(6)? mde. (27) 


We can ignore contributions from the (V4) term for the homogeneous perturbations 
responsible for the bulk viscosity. We can determine óT,,, by systematically tracking 
the deviation of the field ¢ from its average value at equilibrium state, i.e., 


$ = (Po + 66 
where (o = ¢o denotes the ensemble average of the density matrix. 
For a field at a temperature T', the density matrix is the thermal density matrix 
at T. In the hydrodynamic limit, $o is given by: 


m2 
Xe?) [Dope S Hees 
E Me BH f Dée-8 | “Hota i 2m2’ 


po = (28) 


where star denotes that rescaled variables [see the discussion below Eq. (33)]. Writ- 
ing d = o + 00, (27) can be written as 


À "E 
P = -2m3 hodh = -2- 256 = V2m,56 = Y 8o. 29 
j mapodo = 2-706 = V2m,ó$ = -7 ô$ (29) 
The Coefficient of Bulk Viscosity is given by, 


C =27Im [za lim lim Bret" [SP(t x), 5P(0)])0(—t)]. (30) 


q—0 wm. 


Substituting (29) in (30), and keeping in mind that the perturbations are homoge- 
neous, one gets, 


¢=Im[ tim cf tea]; (31) 
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([dd(t, x), 89(0)])0(—t) corresponds to the advanced Green's function that appears 
because of the teleological nature of the event horizon [for detailed discussion, 
seel2:13,21]. and 


[5d(t), 66(0)] = [d(t), 6(0)] (32) 


To obtain the above commutation relation of the field operator, we write the Hamil- 
tonian (15) as 


T Ips 2 2 
Hur = zS [ a) + (Vou)? miei dA. (33) 
where ó = /T¢,, and ¢, is the rescaled (dimensionless) effective scalar field and 
T is taken to be a constant for convenience. Rewriting ¢, (also $) in terms of the 
creation and annihilation operators, i.e., 


palt, x) = M [âk te, (t,x) + âf uk, (5 x)], (34) 
kx 
where, 
1 1 ; 
Ux, (t,x) = = ges xit) 35 
k.( ) Van Qu. ( ) 


and k,., wx, x and t are dimensionless variables. Expressing the dimensionless part 
of the above Hamiltonian (33) in the frequency domain, we have: 


xd ut 1 
Herle) =T 5 (ài, x, + 5). (36) 
kx 


where the dispersion relation is given by: 
1 1 
We = ke’ + and C= ~~. 
In the hydrodynamic limit (ką — 0), the above expression reduces to w.g = 1/C. 


Substituting Eq. (32) in Eq. (31) and after a little algebraic manipulation in terms 
47 


(37) 


of dimensionless variables, we have: 


den] = Im pre S (00940 Oeo ael, (m 


where Eg(w.g) is the average energy of excitation in the mode with frequency 
wH at temperature T. The above integral exhibits a pole at w! = wxg, which is 
the well-known pole at the hydrodynamical limit. Using the fact that the process 
corresponding to bulk viscosity is homogeneous, we have 


1 1 MEE Cs 


In the hydrodynamic limit, we get: 
1 TWH 


1 1 
Cleat] = Dea E.) ^ 128828. à ac (40) 
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Demanding that the above expression matches with the expression derived by 


Damour!!: 


we have 
(41) 


Solving this equation numerically, we get, C = 6.2696 and hence, m, = 0.1595. The 
negative sign of a transport coefficient arises due to 0(—t) in the response function 
of the black-hole horizon.?! 


6. Discussion 


'The minimal microscopic model for the horizon-fluid discussed here incorporates 
three simple ideas. First, the model contains an infinite-dimensional symmetry al- 
gebra, namely the Virasaro algebra, corresponding to black-holes’ near-horizon $1 
diffeo-symmetry. Second, the model describes a perturbed CF'T that possesses a rep- 
resentation of the Virasoro algebra. The deformation is characterized by a mass term 
and is supposed to address the perturbed nature of the non-stationary black-hole 
horizon. Finally, the mass gap provides a simple derivation of ¢ and area quantiza- 
tion, thus demonstrating that in the long-wavelength limit, it can connect with the 
known semiclassical Physics of black-holes. Historically, Bekenstein was the first to 
derive the quantization of area using adiabatic quantization. We obtained quanti- 
zation of entropy by slowly evolving the black-hole horizon. Adiabatic quantization 
of a system is applicable when some of the parameters characterizing the system 
evolve slowly. 

In this talk, only the homogeneous perturbations of the stationary black-hole 
have been considered. We need to construct a microscopic model, including general 
perturbations, which can describe the horizon-fluid. This complete theory would, of 
course, be richer than the toy model we have put forward. So the Baxter model serves 
only as an illustration in this sense. Nonetheless, an improved model should also 
share the first three critical features of the current model mentioned above. Thus, 
we expect a more comprehensive microscopic future model of the horizon-fluid to 
describe a system close to the critical point. It should represent the near-horizon 
symmetry algebra and a mass gap with a fixed, known value. 

Our results also lead to an interesting suggestion. The twin requirements of the 
theory incorporating near-horizon symmetries($1 diffeomorphism) and possessing 
length scales due to external perturbations can be naturally satisfied if the theory 
on the non-stationary black-hole horizon is a deformed CFT. Similar types of ar- 
guments also lead to the expectation that the theory on the stationary black-hole 
horizon is a CFT.!? Since the non-stationary black-hole eventually becomes sta- 
tionary, it is reasonable to assume that the deformed CFT flows into a CFT as 
the black-hole horizon dynamically evolves. Note that the above argument does not 
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depend on any specific model. This leads us to conjecture that the low energy theory 


on the black-hole horizon flows towards a critical point as the perturbed black-hole 


ultimately becomes stationary. We think that this conjecture may be a good starting 
point to construct quantum theory models of the black-hole horizon. 
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Mass formulas are obtained for stationary axisymmetric solutions of the Einstein- 
Maxwell dilaton-axion theory, which have a regular rod structure on the axis of symmetry. 
Asymptotic mass, angular momentum and charge are expressed as the sums of masses, 
angular momenta and charges of rods dressed with field contributions. The calculation 
is based on a three-dimensional sigma model representation of the stationary EMDA 
system and the Tomimatsu approach proposed for the Einstein-Maxwell system. Our 
results provide an alternative interpretation of mass formulas and thermodynamics for 
black holes with Dirac and Misner strings. It is also applicable to aligned multiple black 
holes with struts. 


Keywords: Black hole mass formulas, Dirac string, Misner string, therodynamics of black 
holes with NUT 


1. Introduction 


Mass formulas for black holes and the concept of irreversible mass were proposed 
by Christodoulou,! Hawking,? Christodoulou and Ruffini,? and Smarr* in the early 
1970s, shortly before Hawking discovered the evaporation of a black hole.? They 
have played an important role in understanding the energy extraction from rotating 
black holes and the energy balance of merging black holes, which was brilliantly 
confirmed in the recent experiments of Ligo. The thermodynamics of black holes? ? 
then gave them a deep quantum interpretation. The mathematical foundations and 
detailed derivation of mass formulas in the Einstein-Maxwell theory were given 
by Carter.!° 

The original integral Smarr's mass formula^ relates the total values of mass, 
angular momentum and electric charge of black holes in Einstein-Maxwell theory 
with the horizon area. The area term in this formula was originally interpreted me- 
chanically as the work of stresses of the horizon. Further, this interpretation was 
forgotten in favor of the thermodynamic one. When interest turned to solutions 
with NUT, it was immediately found,!!!^ that the Misner string also contributes 
to the Smarr mass formula, and this contribution was included in the entropy term. 
'This interpretation was revived recently in slightly different terms in a series of pa- 
pers,? 1? based on the Bonnor interpretation of the Misner strings as mild physical 
singularities.?? 

In our opinion, the most natural description of solutions with Misner and Dirac 
strings as well as aligned multicenter solutions with struts can be given in terms of 
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the rod structure, introduced by Harmark,?! developing earlier ideas of Emparan 
and Reall.?? The main novelty of this approach is the derivation of separate formulas 
for the partial masses for each component of the entire system, represented by a set 
of rods. In this interpretation, Misner's strings appear as independent components 
on the same base and as black holes. 

Using the representation of vacuum stationary axisymmetric solutions in Weyl 
coordinates, we consider the solutions as generated by data on the polar axis, which 
look like distributional matter objects that are sources of the Poisson equation for 
the gravitational potential.?? Accordingly, the total gravitational field can be viewed 
as a nonlinear superposition of the components such as black holes, struts, Misner 
and Dirac strings. Despite the nonlinearity of Einstein's equations, the total mass, 
angular momentum (and electric charge in the case of an electrovacuum) can be 
represented as the sum of the individual contributions of the constituents. This 
simple additivity is associated with conservation laws for the Komar and Gauss 
integrals. The magnetic charge and magnetic mass (NUT) in this description are 
due to the Misner and Dirac strings, which correspond to the individual elements 
in the rod system, so these charges do not enter the black hole horizon mass. Their 
contribution enters the asymptotic Komar mass as the proper masses of the Dirac 
and Misner strings along with the black hole contribution. 

The difference between the horizon and the string rods is that the directions of 
the former are timelike, and the directions of the latter are spacelike. Both rods 
are Killing horizons and have an associated surface gravity. But the entropic inter- 
pretation of the surface contribution of spacelike rods (often encountered) does not 
seem convincing. An alternative interpretation may be similar to Smarr's original 
point of view. 

This programme was previously performed for the Einstein-Maxwell system, ?4^ 25 
and here it is extended to Einstein-Maxwell-dilaton-axion gravity (EMDA). We 


26,27 on cal- 


show that Tomimatsu’s proposal within the context of electrovacuum 
culating Komar integrals over rods in terms of the boundary values of Ernst’s po- 
tentials can be generalized to the sigma model representation of stationary dilaton- 
axion gravity. Surprisingly, the obtained mass formulas are very similar to the for- 


mulas obtained in the case of Einstein-Maxwell. 


2. Stationary EMDA gravity 


The EMDA gravity can be viewed as a consistent truncation of a toroidal reduction 
of the heterotic string,?? or as a truncation of N = 4 four-dimensional supergrav- 
ity.?™>30 Rotating electrically charged black hole solution of EMDA theory was ob- 
tained by Sen?? within the first approach and independently, with the inclusion of 
NUT and magnetic charge, by Gal’tsov and Kechkin?! in the second context. Re- 
cently, these solutions have attracted attention as an alternative to the Kerr metric 


in an effort to find astrophysical evidence for new physics.?? ?4 
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The mass formulas and thermodynamics of EMDA black holes have been dis- 
35,36 (a 
more complete list of references prior to 2008 can be found in?9). Our discussion 
here, based on generalization of,?° covers solutions with Misner and Dirac strings, 
and is also applicable to hitherto unknown solutions for double black holes with 
struts that are expected to exist. 

The EMDA action in our conventions reads: 


cussed frequently in the past, though not in full generality, see, for example 


1 1 ~ 
S EET L — 20,00" $ — 3€ urð" K =e% F FY — nF FY p ygd r, 
. (1) 
where F” = zEP""N p. ^. Dilaton $ and axion & parameterize a coset 


SL(2, R)/SO(2), and the SL(2, R) group is the symmetry of the full action. To 
see this, one can introduce the complex scalar 


C— &-4 de ?? (2) 


and the self-dual Maxwell field F = (F +iF ) /2. Then the action takes the form 


1 = v 
S= a | Ut-21066€ - O7 + FFM +e0)} V=gdte, (8) 
which is invariant under the S L(2, R) transformations 
ag t B 
> ——._, af — yó — 1, 
G "CS p= 
F > (yk +8)F +y” F, (4) 


which interchange the modified Maxwell equations and the Bianchi identity 
V,G"" =0, W,F"" =0, (5) 
GH” = 626 pov + env (6) 


The Einstein equations are 
1 1 
Ry» = 26,0. + 50 Kuk —e 29 (zar, + 5F ay) (7) 


For stationary and axisymmetric configurations the axion and dilaton kinetic term 
disappear from the Einstein equations in the t — y sector, and the dilaton enters 
only through the scale factor e~?? in front of the Maxwell energy-momentum tensor. 
'This is crucial for our derivation. 

Assuming the existence of the Killing vector k = ô+, the metric can be repre- 
sented as 
1 
f 


where three-dimensional metric h;;, three-dimensional rotation vector w;, (i,j = 


ds? = gy, dz" da" = —f (dt — wida*)? + c hijdzda?, (8) 


1,2, 3) and the scale factor f depend only on the space coordinates z^. The spatial 
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parts of the Bianchi identities and the modified Maxwell equations can be solved 
by introducing electric v and magnetic u potentials 


1 
V2 
Gu =- 


Fio = Oi, (9) 


T dia, (10) 


V2h 
The mixed Rj, Einstein equations are solved by introducing the twist potential x 
obtained by dualizing the rotation two-form: 
E RI 
f Mis uh = Ójx + vO;u — uð;v. (11) 
'The remaining equations reduce to those of three-dimensional gravitating sigma- 
model equations for six scalars X^ = f,y,v,u, o, &, A = 1,...,6, and the three- 
dimensional metric hij: 


S= n [R(h) — GAB(X) 8, X^ 8; XP h] Vida, (12) 
where the target space metric Gap can be presented as 
di? = ; flap? + (dx + vdu — udv)?] — f"! [e (du — kdvy! pe 
qd. setae’. (13) 


The isometry group of this metric is SO(3,2), as was identified in.?" Based on 
isomorphism SO(3,2) ~ Sp(4, R), a convenient 4 x 4 matrix representation of the 
coset Sp(4, R)/SO(1,2) was suggested,?? suitable for the generation technique. In 
terms of complex coordinates, one of which is (2) and two other are the following 
generalization of the Ernst potentials?? 


=u- v, E=if-x+vy, (14) 


the target space is a three-dimensional Kähler space. 


3. Rod structure 


Consider the spacetime metric, admitting two commuting Killing vectors k, m 
corresponding to stationarity and axial symmetry. Let t, be chosen so that 
k = Oj, m = Og with t € R and o € [0,7]. The remaining coordinates will be 
primarily assumed of the Boyer-Lindquist type, r, Ó with 0 < r < oo and 0 € [0,7]. 
We assume that the spacetime manifold has no strong naked curvature singular- 
ities, but can have visible line singularities along (a part of) the polar axis in 
the sense of Israel? These includes cosmic strings (conical singularities), struts 
in aligned multiple black hole solutions (conical singularities of both positive or 
negative tension) and Misner strings in spacetimes with NUTs, without time pe- 
riodicity being imposed. We also assume that spacetime is asymtotically flat, or 
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asymptotically locally flat. To such a spacetime one can ascribe a rod structure 
following Harmark.?! 

Let Yab, x^ = t, is the two-dimensional Lorentzian metric of the subspace 
spanned by the Killing vectors. Introduce the Weyl cordinates p, z such that p is 


p — v/| et^], (15) 


and z to ensure the metric form: 
ds? = Yab p, z)dx^ dz? + e?" (dp? + dz?) , (16) 


where v is a function of (p,z). To find the rod structure, one has to solve the 
equation 


p(r,0) — 0. (17) 


Generically, the solution splits the polar axis into a certain number of finite or semi- 
infinite intervals (—oo, zi], [z1, 22], . - - , [zv +00) called rods (we will label two semi- 
infinite rods by n = +, and the remaining finite ones by an index n corresponding 
to the left bound of the interval). Each rod can be equipped with a two-dimensional 
vector, called rod direction, via the following reasoning. At p = 0 the matrix Yab(0, z) 
is degenerate by virtue of the definition (15), so it must have zero eigenvalues. 
For quasiregular spacetimes, such that on the symmetry axis there are no strong 
curvature singularities these eigenvalues must be non-degenerate except, perhaps, 
for a discrete set of “turning” points zn which mark the ends of rods. The eigenvector 
un, satisfying the equation 


Yab(0, zju? =0 (18) 


on any segment z € [2n,2n+41], is called the n-s rod direction. By continuity, this 
vector can be extended to small p Z 0, and a more accurate analysis shows that, in 
the leading order in p, its 2D norm behaves as 


v2 = vhs ~ a(z), e” ~ ealz), (19) 


where c is some constant and the sign + corresponds to spacelike and timelike rod 
respectively. 

Normalization of directional vectors can be chosen in different ways. One possi- 
bility, Killing normalization, relates to preferred normalisation an associated Killing 
vector in spacetime: V = v°9k +v!m, namely, vp = 1 in the timelike case, and vı = 1 
in spacelike. In view of behavior near the axis (19), in both cases the rod itself (i.e. 
the submanifold p = 0) will be the Killing horizon for so defined Killing vector. 
Another possibility is to choose the scale factor in such a way as to ensure the 
finiteness of its norm at p — 0: 


a_i: —1,-—v, 
f = lim p e "v (20) 
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again with an option of further constant rescaling. An important property of so 
defined rod direction is its constancy (in view of (19) along the rod, i.e., 


8,12 — 0. (21) 


Timelike rods of finite length correspond to black hole horizons, infinite timelike 
rods describe acceleration horizons. The constant components of such a horizon rod 
are connected with its angular velocity Qy and the surface gravity xy of the Killing 
vector 


&£ — k-F Ogm. (22) 
The surface gravity 
za = (Ep 2) (23) 
can be expressed in the Weyl coordinates as 


2 


xy = lim (-p” e P yao v) um (24) 


p—0 
with v? = 1; v! = Og. It may be convenient to choose a canonical normalization of 
the directional vectors that corresponds to the unit surface gravity: 


lg = (1l xp, Opn/xg). (25) 


Spacelike rods correspond to line defects, such as cosmic strings, struts, Misner 
strings, which can be also Dirac strings associated with the corresponding vector 
potentials. These rods are Killing horizons for some spacelike Killing vectors. For 
them one also has constant angular velocities (),, and spacelike surface gravities 


Hp, = lim (e sve vb) HR (26) 
p0 


so that the normalized directional vectors will be 
In = (ln, On /%n) - (27) 


Here v1 = 1. With the normalized spacelike directional vector, the period (28) will 
be 27. If the coordinate 7 associated with the spacelike rod Killing vector | = 0,, 
conical singularity is absent with perdiocity of rj with 


- : 2. 2v ajzb\—1 1/2 
An = 27 E (p e” ur od ) : (28) 


'This is important in the situation when two spacelike rods meet at the turning point, 


where potentially a mismatch of periodicities may lead to orbifold singularities. This 


may happen for instantons.^! 
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4. Komar charges 
Following,?? we start with the Komar definition*® of the asymptotic mass and an- 
gular momentum: 
1 v 1 V 
Ma =— 4$ D'k'dX,, Jo =-— $ D'm'dX,. (29) 
4T UN 8m $i 


We also need a conserved electric charge as the surface integral. The definition of a 
conserved electric charge in EMDA follows from the modified Maxwell equations: 


1 
Qozi f Bu (30) 


Consider some stationary axisymmetric solution with an arbitrary rod structure 
Zn, l4. Each rod must be surrounded by a thin cylinder 3,4. Using Ostrogradski 
formula one can transform the asymptotic total mass to the sum of the local Komar 
masses M? of rods (“direct” masses) and the bulk contribution coming from the 
fields: M = 35, M2 + Mr, where 


1 1 
Mi- i f. D'k'dY,, Mp = i- / D, D"k"q8,,, (31) 


where X, are the spacelike surfaces bounding the various sources*, and the second 
integral is over the bulk. Similarly, the asymptotic angular momentum will read 
JY. Jd + Jp, where 


1 
Av» Jp = -E | DoD mds, (32) 
Using the well-known Killing lemma for k, 
D,D"k" = —[D,, D"|k" = — R",k", (33) 


and similarly for m, and an explicit form for the Ricci tensor in EMDA theory (7), 
one can express the bulk integrals as 


Mr = - n e-?? (Fi, FY — Fjo F^) /Ig|d?z, (34) 
Jp = J e 7? Fp F” g| dex. (35) 

Using the identities 
F,F* — FF? =0, BK F*=0 (36) 


?We use the metric signature (-+++) and the convention dX; = 1/2./|9]€yv,7de*dx™ with 
€tpzy = 1 in Weyl coordinates. We will label t,» by an index a, and the remaining coordinates 
p,z by i,j. The two-dimensional Levi-Civita symbol e;; is defined with eo; = 1 and éry = 1 
respectively. 
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one can rewrite (34) and (35) as 


Mp = -> / (FaG" — F,,G'*) J/|g|d?z, (37) 


1 . 
Jp= E | Pec" is (38) 


In view of the modified Maxwell equations, these expressions can be presented in 
the full divergence form 


Mr = ED [V-9 (AG — A;G'*)] dx, (39) 


1 i 
Jp= Efa (visiA c") dar, (40) 


suggesting the representation of the asymptotic mass and angular momentum as 
the surface integrals over the rods?: 


Mo= Mn, M= + (99/*8;9., + 2 (AG” — A,G’”)) dX; (41) 
n D 
1 " ! 


where we have also rewritten the direct Komar integrals in an explicit form. Thus 
we have succeeded in presenting the EMDA bulk contributions in the form of the 
integrals over the rods in the same was as it was done in?? for the Einstein-Maxwell 
system. This procedure can be regarded as rod's dressing by the bulk field. So the 
resulting Smarr formulas for the asymptotic mass and angular momentum were 
written as sums of the dressed rod's contributions. Note, that in the general case, 
this is the only representation for the global M, J that can be found, since different 
forms of rod's contribution do not allow one to write asymptotic quantities directly 
in terms of physical charges as was possible for a single black hole. 

From now on we assume the standard Weyl-Papaperou parametrization of the 
metric 


ds? = — f (dt — wd)? + f! |e?* (dg? + dz?) + p?di?], (43) 
and represent the four-potential as 
V2 A dz" = vdt + Ady, (44) 


(note that v, u, A in this paper differs from these in? by v2 to be consistent with 
the EMDA literature). Computation of the direct rod Komar integrals integrals was 
given in.^ It amounts to dualizing the rotation three-form 


Aix = —f?p leijOjw + (uOjv — vôu), (45) 
j€j 


bWe assume that the integrals over in infinite sphere vanish, otherwise they must be added too. 
This happens if the North and South Misner and Dirac strings are arranged non-symmetrically, by 
adding suitable constants to the asymptotic values of the rotation function w and the azimuthal 
component of the four-potential Ay. 
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and leads to 


1 
MË = = J w [Ozx + (vôzu — uðzv)] dzd (46) 
Similarly for the angular momentum 
1 
J? = E / w {2 — w [0.x + (vd,u — udzv)]} dzdy (47) 
T n 


Note the appearance of the electromagnetic potentials in the expressions for direct 
rod mass and angular momentum due to use of dualized twist potential, i.e., im- 
plicit use of Einstein equations. These terms will be exactly canceled by the field 
contributions to the same quantities. 

To continue, we show that, apart from constancy (i.e. z-independence) of the 
rod angular velocity Q = 1/w and the generalized surface gravity x, one can prove 
for any rod the following relations: 


lim (G* — wG??) y |g] = 0, (48) 
p—0 
lim (v + A/w) = —V26 = const, (49) 
p—0 


where ® can be interpreted as an electric potential of the rod. Together with con- 
stancy of w, the last relation gives also 


ð- A = —wÓ,v, (50) 


as p > 0. 
Using (48-50), and the EMDA dualization equation (10) one can rewrite the 
field contribution to the dressed rod mass (34) as 


1 
MF = E [w (vOzu — uðzv) — 0; (uA)] dzdy. (51) 
8T Da 
Combining this with the direct Komar mass (46) we obtain the dressed rod's mass 
1 
M, = — l [wð x + 0; (A u)] dzdg. (52) 
8m En 


It may seem surprising that this formula does not differ from that for Einstein- 
Maxwell system. No explicit scalar terms are seen. 

For the bulk contribution to the angular momentum, one also applies the Eq. 
(48) and then magnetic dualization equation (10). The subsequent transformations 
are the same as in? and lead to the same result 


1 
JE = =J [w?ud.v + wô- (Au)] dzdy. (53) 
8m H 
Combining with the direct Komar momentum, we obtain for the dressed rod: 
1 
Jn = — |] w |-2 + wd. + 0.(Au) — VZwðnðzu| dzdy, (54) 
167 H 
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this expression also does not contain the dilaton and axion. Now consider Komar 


electric charge of a rod (30). Explicitly, it is given by the flux 
1 
Qn = 7 | visie'racay. 
AT D 


Manipulating with indices and using dualization equation (10) 


pp : 
Gto = I Gy — egei Luo |Guy LI "ou 
Itt . á P 


9tt 
one finds that in the limit p — 0 only the second term contributes, so 
1 
= — wôzu dzdy. 
Qn Av2n L Z á 
After integration over y 
Wn |%nt1 1 Zn+1 
M, =— -(A 
iru ME M 


Similarly, for the angular momentum (54) one finds 


Un 


da rs 369a — Zn) + m (x — V20pu) + Aul 


Finally, the electric charge will be 


Zn 


'The angular velocity of a rod is defined as a limit 
Q, = lim w (p, z), Zu «E x adds 
p—0 
Combining the above formulas we obtain rod Smarr mass 


Ln 
M, = 3 + 2044, + OnQn, 


Zn41 
Zn 


(55) 


(56) 


(57) 


(58) 


(59) 


(60) 


(61) 


(62) 


where Ln = z441 — Zn is the n-s rod length (for infinite rods some length regular- 
ization is needed). Please note that this formula is identical; it is valid for any rod, 


regardless of the specific parameter values. 


5. Length versus entropy 


Although it looks like a one-dimensional object, any rod with finite surface gravity 


has a finite surrounding cylindrical area: 


Zn-4-1 Zn+1 
An = gas | 4/|9229py|dz = 2r | V le2*l |w|dz. 


The surface gravity (by definition, positive) in Weyl coordinates reads 


Kn = | ]|4/ |e-?* |. 


(63) 


(64) 
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Thus the integral (63) is simply proportional to the rod's length: 
Son drca: (65) 


This is true for both timelike rods (horizons) and spacelike ones (defects). In the 
first case, the surface gravity is proportional to the Hawking temperature, and the 
area of the horizon is proportional to the entropy. 


Ty = KH /27, Suy = An /4, (66) 
therefore 
KH Lg 
T. = —— = — 
HSH ET An 1^ (67) 
and the Smarr formula can be rewritten as* 


For spacelike rods such an identification does not seem justified, so we prefer to 
leave Smarr formua in its "length" form (62). 

For multicenter solutions this mass relation holds separately for each black hole 
constituent. As stated in,?®?5 this is also true when black holes have magnetic 
and/or NUT charges. In our interpretation, the contribution of these parameters to 
the total asymptotic mass comes from individual rods representing the Dirac and 
Misner strings. 


6. EMDA rotating dyon with NUT 
The metric of the EMDA dyon with the NUT parameter constructed in 1994?! can 


be represented in the Kerr form: 
A — a? sin? 6 


ds? = — 
i £ 


dr? ^ sin? 0 
dt — wdy)’ +X ( — + do? + —— À— ——d d 69 
-udo ex (S eme). (09 


with the modified coefficient functions: 


A=(r—r_)(r —2M) +07 -(N — N^, 

X-r(r—r )4 (acos0 +N}? —N?, 
—2w 

A — a? sin? 6’ 

Two new parameters r_, N.. depend on mass M, NUT parameter N, electric and 


magnetic charges Q, P as follows: 


M(Q? + P? N(Q? + P? 
M2 +N? 2(M2 + N?) 


w= w= NA cos +asin? 0 (M(r — r.) - N(N — N_)). 


and a is the rotation parameter. The electric and magnetic potentials and the 
complex axidilaton scalar (2) depend also on the asymptotic values of dilaton and 
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axion Cog = Koo + ie 26»: 


v= E. Re [Q(r — r- + i6)], = E. Re [OCss (r — r- + ió)] 
Goo kh + DG M*r. . 
G RID ` R=T 2M +76, ô= acos + ; 
where the complex mass, electromagnetic and axidilaton charges are introduced 
Q? 
M — M +iN, Q—Q-iP, He Dub e (71) 
'The explicit expressions for the axion and dilaton fields are 
2Im(RD*) x 
— — e 2hco —2(d-bo0) — 72 
= -ee E mi» 08 


where |R|? — |D|? = X. The dilaton asymptotics renormalizes the electric and mag- 
netic charges, and the axion determines their mixing. Indeed, for r — oo, the electric 
and magnetic potentials are read as follows: 


V3Qe%~ V (Pe-*» — Koo Qe*) 
v ~x ——————;, u ~x St 


r T 


(73) 
The axion and dilaton asymptotics r — oo read as follows: 
D A D 
C ~ Goo — 2ie 79» —, K ~ Koo + 2e 79 L, $ ~ Go + —. (74) 
r r r 


Combining electric and magnetic potentials, the complex potential V reads 


PUES 
M 
Applying the inverse dualization equations (10), we find the azimuthal compo- 
nent of the Maxwell four-potential For the four-potential one-form A = A dx” we 
obtain: 


v= [(¢ — Koo)Re[Q(r — r- + i0)] + e 2¢° Tm [Q(r =r- + iô)]] (75) 


$o 
A, da" = = (—Q(r — r_) + Pô) (dt + (2Ny — a(1 — y?)) de) — e?» Pydy. (76) 
Its norm diverges on the Misner strings cos0 = +1: 
— 26s. p2 
A,A" ~ ——, 77 
p lososi x sin? 0 ? ( ) 
thus, Misner rods are also Dirac string loci. 
Gravitational dualization equation (11) gives the metric twist potential 
Mó — N(r— r— 
X= pea Nr) (78) 


b» 
'The ergosphere boundary is given by 


rg = M t r./24 [MB (1—r_/2M)? — a? cos? 0, (79) 
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and the event horizon radius (the outermost root of A — 0) is equal to 


rg = M 4r /24- J|MB (1 —r_/2M) — a2, (80) 


so that the horizon two-surface touches the ergosphere at the polar axis. 
'The transformation to the Weyl coordinates p, z is given by 


p^ = Asin’ 6, 
z = (A'/2) cos = (r — M — r- /2) cos8. 
Solving the equation p = 0, we find that the rod system consists of three rods: 
e l, : northern Misner string r € (rg, oo), cos0 = 1; 


e ly the horizon rod r = rg, 0 € [0,7]; 
e J, southern Misner string r € (rg,oo), cos0 = —1. 


The normalized directional vectors are given by the formulas (25), (27) in terms of 
the corresponding surface gravities and angular velocities. 

It is also useful to represent the solution in terms of prolate spheroidal coordi- 
nates x, y definied as 


r=or+M-+r_/2, cos = y, (81) 
e? = |M}? - [DI - |Q? — a’, (82) 
One obtains: 
da? dy? 


ds? = — f (dt — wde)? + f oret? — 4°) (3 Ld + I =) + pag , (83) 


where the metric functions now read 
X = (ox + MY — [DP + (ay + Ny? 
fX 
o2(x2 — yy’ 


fXo = —2 [No?(a? — 1)y + a(1 — y?) (Mox + | Mf — |9p/2)] . 


Xf-2c(s-1)-s(-*?, e= 


The South segment of the Misner string is r > 1, y = —1, the horizon rod is 
x = 1,—1 € y € 1 and the North Misner string is x > 1, y = 1. As expected, 
the inverse rotation function on the rods is constant on them and represents their 
angular velocities. It is easy to find 


2a 1 
Og = > Q+ — cL. 84 
np? ~~ TON (4) 
where a new parameter is introduced 
v? =2Mo + 2,M(P? — |9p, (85) 


such that the boundary values of U(x, y) are 
3X4 = D(1,41) =v? + 2aN. (86) 
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The other ingredients of the mass formulas depend on the values of electric and 
magnetic potentials v4 and u+ of the defect rods l+. The magnetic potential in 
spheroidal coordinates is 


u = Letona Q(ar4d- M —r-/2)4 P6] e 7 [P(sa-- M -r-/2)- Qà]) (87) 


Using it, we obtain: 


V2e%~ ; 2 2 
vi = LN [Q(c + ia + M(1 — |Q|?/2|M|*))] , (88) 
V 20% ; 2 2 
For surface gravities it is convenient to use Eq. (64). One finds: 
c 1 
XH = VE Hn = TON’ (90) 


Note that the angular velocities and surface gravities of Misner strings coincide 
similarly to the case of Kerr-Newman-NUT.?? But they enter into the mass for- 
mula in a different way, so on should not consider this coincidence as a matter of 
interpretation. 

The electric charges of the rods are given by (57). One finds the Gauss charges 
of the horizon and strings as: 


cP 2? (20N? + Mv?) Im [ne MQ) 


WH 
Qu ma u_) |M]? (v4 = 4a2.N2) i (91) 
Nux 
E —t —. 92 
Q+ Ji (92) 
Combining them together, we obtain 
Qu +Q +Q- = Qe *?» + Pre’. (93) 


This coincides with the true asymptotic charge of the configuration, with account 
of axion mixing and dilaton renormalization. 
'The electric potential on the horizon and on the strings are 


2 
zi. P 
i I (QM — NP) + 20N(QN + MP) "— (94) 


By = 
j 22|M[ i * 2N 


Rod masses can be expressed in the form (58), using the corresponding values 
of the twist potential (78). One obtains 


, Mv?+20N? 1 


Vise E LE 
HCHCIICABNS Ug 


2N (vpu +v_u_) — V2e% P(u, --u-)), (95) 


+ 1 
M4 = N= + q2Nvs — V2Pe?»)u., (96) 
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where the boundary values of electric and magnetic potentials are given by (88), 
(89). One can distinguish Dirac string contributions to the masses of defects as 
the parts non-vanishing for N — 0. Other terms are due to Misner strings. Direct 
substitution of (88-89) leads to long expressions, but the one can show that the 
Maxwell contributions to the total mass cancel out, while the remaining part non- 
trivially leads to the identity 


Ms. = My + M4 4- M. — M. 


Now we turn to the angular momentum balance, using the rod's momenta the 
expression (59). The length of the horizon rod is Ly = 26e. Other rod lengths 
diverge. As it was shown in Ref.,?? to overcome this issue, one can regularize the 
angular momentum as follows: 
wWw4L 

4 


We then obtain the angular momenta of the three rods as 


Jt, = Ja + (97) 


~ XNo—M 
Ju = =H (-0 + Mn - Qua), J = N? (m : ) (98) 


We have explicitly checked that 
Joo = Jg + J} + J- = aM. 


Therefore, we have constructed horizon mass, angular momentum and charge in 
terms of the global parameters and checked their total balance. 


7. Conclusion 


We have shown that the derivation of mass formulas using the Tomimatsu approach 
for calculating Komar integrals around rods in electrovacuum can be generalized 
to the EMDA theory containing scalar fields coupled to the graviphoton. Using a 
three-dimensional reduction of the EMDA equations, we construct magnetic and 
twist potentials, which allow to express the integrals over the rods in the same 
way as in the Einstein-Maxwell theory, where Tomimatsu used for this purpose 
the Ernst potentials. It should be noted that the scalar dilaton and axion fields do 
not contribute to the resulting mass formulas, and their asymptotics only rotates 
electric and magnetic charges in the parameter space. For regular asymptotically 
flat configurations, the dilaton and axion charges are secondary and their variations 
do not enter the Smarr-type formulas. 

In this approach, the magnetic and NUT charges do not affect the mass and an- 
gular momentum of the black hole calculated as Komar's integrals over the horizon. 
'They contribute to the asymptotic mass and angular momentum via the respective 
individual rods representing the Dirac and Misner strings. As an illustration, we 
considered the case of a rotating EMDA dyon equipped with NUT. In this case, 
as in the case of dyonic Kerr-Neumann-NUT, the Dirac string contributes to the 
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asymptotic mass, but not to the asymptotic angular momentum, while the Misner 
string contributes to both. 
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We extend the black hole holography to the case of an asymptotically anti-de Sitter 
(AdS) rotating charged black holes in f(T) = T + aT? gravity, where a is a constant. 
We find that the scalar wave radial equation at the near-horizon region implies the 
existence of the 2D conformal symmetries. We show that choosing proper central charges 
for the dual CFT, we produce exactly the macroscopic Bekenstein-Hawking entropy 
from the microscopic Cardy entropy for the dual CFT. These observations suggest that 
the rotating charged AdS black hole in f(T gravity is dual to a 2D CFT at finite 
temperatures.* 


Keywords: f(T) gravity, Black holes, Holography 


1. Introduction 


The idea of AdS/CFT correspondence was extended to the case of extremal rotating 
black holes, namely, the Kerr/CFT correspondence which was proposed by Guica 
et al. The correspondence states that the physics of the extremal Kerr black holes, 
which are rotating with maximum angular velocity, can be described by a 2D CFT, 
living on the near-horizon region of the black holes. The correspondence was estab- 
lished by showing that one can microscopically reproduces the Bekenstein-Hawking 
entropy, using the CFT Cardy entropy formula. As one would expect, the Kerr/CFT 
correspondence is not only a peculiar property of extremal black holes but also non- 
extremal Kerr black holes. However, at the near-horizon region of the non-extremal 
Kerr black holes, one cannot indicate any conformal symmetries. In other words, 
the conformal symmetries are not the symmetries of the non-extremal Kerr black 
hole geometry (as they are for the case of the extremal Kerr black holes). However, 
it turns out that the “hidden” conformal symmetries can be revealed by looking at 
the solution space of the radial part of the Klein-Gordon equation, for a massless 
scalar probe in the near-horizon region of the Kerr black holes." In this case, the ra- 
dial equation, can be written as the S L(2, R)z x SL(2, R)r Casimir eigen-equation. 
Subsequently, the Kerr/CFT correspondence can be established by matching the 
microscopic CFT Cardy entropy to the macroscopic Bekenstein-Hawking entropy 


*'This presentation is entirely based on the published paper in Phys. Rev. D 101, 024020 (2020) 
by C. Bernard and M. Ghezelbash. 
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of the Kerr black holes with general angular momentum and mass parameters. The 
correspondence has been studied for several black holes solutions, for instance, in 
Refs 85-12 12-18 

The usual theory of gravity, based on the Riemannian geometry, has been ex- 
tended through several gravity theories. One of them is the teleparallel gravity 
(TG) theory, where the Ricci scalar R, is replaced by the teleparallel torsion scalar 
T. Moreover, the TG has been generalized to f(T) gravity by replacing the torsion 
scalar T, with an arbitrary function of T, such as f(T). In,!? Awad et al. find an 
asymptotically rotating charged AdS black hole solution, in quadratic f(T) gravity, 
where f(T) = T + aT?. A very natural question to be asked, is “Do we have any 
f (I)/Hidden CFT correspondence?" , that we address in this article. 

The outline of this presentation is organized as follows. In Sec. 2, we review 
the f (T)-Maxwell gravity theory as well as the rotating charged AdS black hole 
solutions, and its thermodynamics aspects. We also consider the massless Klein- 
Gordon wave equation, in the background of the rotating charged AdS black 
holes, in quadratic f(T) gravity. In Sec. 3, we study the radial wave equation 
in the near-horizon region of the black holes, and rewrite it as the SL(2, R)r x 
SL(2,R)g Casimir equation. We also find the central charges of the dual CFT 
by matching the Cardy entropy for the dual CFT to the macroscopic Bekenstein- 
Hawking entropy. Therefore, we present evidence that the rotating charged AdS 
black holes in quadratic f(T) gravity, can be considered holographically dual to the 
CFT. In the final section, we summarize our results and address some future works. 
We use the Planck units, in which c = G = A = kg = 1. 


2. f(T) Rotating Black Holes 


The basic variables in TG are tetrad fields e;^, where a = (0, 1,2, 3) is the index of 
internal space and pu = (0, 1,2, 3) is the index of spacetime. The tetrad fields satisfy 
eg" e^, = OF, aum oe. (1) 

The tetrad fields are related to the spacetime metric and its inverse 
Juv = Nabe €^ y, gt” = neater”, (2) 


respectively, where nab = diag (—, +, +, +) is the metric of 4D Minkowski spacetime. 
Also, it can be shown that e = det(éa,,) = /—g, where g is the determinant of the 
metric. In TG, we use the Weitzenbock connection 


W” pv = eg?0,e^,, = — el puea”, (3) 
to define the covariant derivative, by 

Vea” = Oe," +W" puea? =0. (4) 
The Weitzenbock connection is curvature-free, but it has a non vanishing torsion 


T* 55 Wye = Wg Se (Cue — Oe) (5) 
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We define the torsion scalar by 


TUS IS. (6) 
where the superpotential tensor is 
1 
Sal” = 5 (KM a + 0g TP"s — az Tp) . (7) 
We note that the Contortion tensor /€,,,, is given by 
1 
Kaw = 2 (Trop + Top — Tuov) : (8) 


We consider a four-dimensional rotating charged AdS black hole solution in 
f (T)-Maxwell theory with a negative cosmological constant where 


f(T) =T +a. (9) 


The dimensional negative parameter a is the coefficient of the quadratic term of the 
scalar torsion. The action of the f ()-Maxwell theory in 4D, for an asymptotically 
AdS spacetimes, is given by 


8- x | ale (f (T) -2A — FA*F), (10) 


where A = —3/I? is the 4D cosmological constant, | is the length scale of AdS space- 
time. The constant & in (10) is related to the 4D Newton's gravitational constant 
G4, by £ = 202G4, where Qo = 273/2 /T (3/2), is the volume of 2D unit sphere, and 
T(3/2) = $m. 
In the action (10), F = d, where ® = dz” is the gauge potential one-form. 
Varying action (10) with respect to the tetrad fields and the Maxwell potential 
$,,, one finds the field equations for gravity 


8a Ta [ee (ees 8a”) — T^, 8, "^] f (T) 


6 R 
= oe = | =—-—Tem” 11 
i (17) + 3) 5 Te "m (11) 
and the Maxwell's equations 


8, (V. —-gF"") — 0. (12) 
respectively. 

In equation (11), Tem” p = Fua F”® — 1/40," Fag F^, is the energy-momentum 
tensor of the electromagnetic field. The rotating charged AdS black hole solution, 
is given by!? 

dr? " r? ( 
Bir) 1^4 
where the range of coordinates are given by —oo « t,z « oo, 0 € r « oo and 
0 € $ « 2m. 


2 
ds? = —A(r)(Edt — Qdo)? + Qdt — gi?d$)" + d2, (13) 
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In metric (13), we have 


2 3 "m 
A(r) = hag — 4 Sg TI, (14) 
Bir) = AQ) Str). (15) 
B(r) = (1+ QV6lal/r?) (16) 
B=4/1+ 2s (17) 


where Aeff = Sea} and M, Q, and 2 are the mass parameter, the charge parameter, 
and the rotation parameter, respectively. The parameter o cannot be zero, since 
the effective cosmological constant Aeff, and the metric functions A(r) and B(r) 
become singular. The gauge potential one-form ® is given by 


(r) = —®(r) (Ndo — Edt) . (18) 


where ®(r) = 2 + oe, We note that the torsion scalar T', for the black hole 
solution (13), is given by 

A4A'(r)B(r) 2B(r) 
rA) |o 
where A(r) and B(r), in equations (14) and (15). 

We notice that setting the rotational parameter Q = 0, we find the static charged 
black hole configuration, as in Ref.??. Moreover, turning off the mass parameter M 
and Q, the metric (13) reduces to, the 4D AdS metric in an uncommon coordinate 
system. 

'The horizons of the black holes are the positive roots of A — 0, among which, 
the outer one is denoted by r+. The non-vanishing components of the contravariant 


T(r) = 


(19) 


metric tensor are given by 


tt __ i (A(r)Q? _ cu TT a B(r) Ez __ P 
= APEN. (ER m 92)?’ g =. , g = r2’ 
db A(r)g1* — £202 a ZQ? (A (A( ri — r? (20) 
A(r)r? (2212 — 92)?’ A(r)r? (£212 — 92)?’ 
and the determinant of the metric is 
En r) r? flu — 9?) (21) 


We find the area of the outer horizon A, by setting dt = dr = 0 in the metric (13), 
and find 
27 L 9 2 ZL 
"TAE 
A= [a fay —g|dt=dr=0 = —— (22) 
0 


0 
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We discuss now the first law of black hole thermodynamics in f (T) gravity. 
Generally, the first law of black hole thermodynamics 


óQ = rôs, (23) 


where Q and 95S are the heat flux and the entropy change, respectively, is violated 
in f (T) gravity. The Hawking temperature 7 = &/27 in f (T) gravity, where « is the 
surface gravity, is the same as one in the Einstein gravity, since it is independent of 
dynamics of gravity. The black hole solutions in f (T) gravity, violate the Clausius 
relation dS = dQ/r, which suggest that black hols in f (T) gravity, even in a 
static spacetime, are in non-equilibrium state and produce an intrinsic entropy 
production.?! 
The heat flux 6Q along a Killing vector £", is given by 


RI CGAY. 1 Poss 
so E (ERA DeL f[eoraess asus (28 
H 

where H is the black hole horizon, A is the affine parameter, k” = dz"/dA is 
the tangent vector to H, and & is the surface gravity of the surface H. The first 
term in the right-hand side of equation (24) provides the first law of black hole 
thermodynamics Ref.?!. However, the second term, in general, is not equal to zero. 
This term maybe regarded as a contribution to the intrinsic entropy production ó$;, 
where 


= J EA (€°S pup — Ov€,,) T A (25) 


The equation (25) suggests that the f(T) black holes are in non-equilibrium ther- 
modynamics, where 


6Q0=70S — 76S}. (26) 


Miao et al.?! showed that the first law of thermodynamics for the f (T)black 
holes can be recovered approximatively, if f" (T) < 1. In this approximation, the 
intrinsic entropy production term in equation (24) can be neglected, and the entropy 
of black holes in f (T) gravity becomes 


(27) 


We note that in the case of f’ (T) = 1, the entropy production 6S; vanishes, and the 
entropy (27) reduces to the Bekenstein-Hawking entropy in Einstein gravity. Using 
equations (9) and (22) in (27), we find the entropy of black holes in equation (13), 
as 


"EL Gs + 94/6 lo|Qr.,.* + 18M |o| r4? — 54Q? la| r4? — 42 m) 


oi (Q/6Ta] v2) 


S= 


(28) 
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We consider a massless scalar field v», in the background of the rotating charged 
AdS black holes (13), in quadratic f(T) gravity. The scalar wave equation is given 
by?? 


vag? (V—gg"" Ov) = 0. (29) 


ae 


We consider the following ansatz for the scalar field 
V (tir, 2,6) = eR (r), (30) 
where w is the frequency of the scalar field, m is the azimuthal harmonic index, 


and k is the wave number. Substituting equations (20), (21), and (30) into equation 
(29), we find the radial equation 


OE a) + (rni #2 + rA) ZD + 1A()B()) ane) +V(r)R(r) =0, 
(31) 


where the potential V(r), is given by 


v) r? (Elw — Qm)? — A(r)I? {k214E4 + k?0* + 12 [mE — 2mEQw + Q? (w? — 282&2)]) 
qp) — oor M M— M — — — ——— — —— — —— — — —————————. 
A(r)r2? (2212 — o2)? 


(32) 


In the near-horizon region, we expand the metric function A(r) as a quadratic 
polynomial in (r — r+), such as 


A(r) z K(r—ri)(r—m,), (33) 
where 
4 3Q? 
K = 15r, Aeg - 3Mr + -7> (34) 


2r, (2r4* Aeg; — Mrz +Q?) 


lOr Aer = 2Mr+ T Q? (33) 


Te =f. — 
We note that r. is not necessarily any of the black hole horizons. In the near- 
horizon region, we consider the low-energy limit for the scalar fields, where r} << 2. 
Moreover, we consider a limit where the outer horizon r+ is very close to rą, in which, 


Ir — ra| «& r4. Using these two approximations, we find that the radial equation 
(31) simplifies to 


Ho-ro- mni) |( FR") as (SEE 


r 


1314 


where the constants A, B and C are given by 


Dm? + Emw Fu 
A= 72. 6. 2, A, | oe, ee C1, 
K?r42r,3 (€212 — Q?) (rg —r.) B. Kr,?(£?2P? — 02)" (re — r) 8 
(37) 
2 T 2 
ee E EE E 
Ker or, (EP — Q2) (ri, — r4) 8B — Kr,?(£2P — Q?) (ry — r.)"8 
(38) 
A | 2mQ9 (Po = Qm/2)* (Cs + rir, + m^ (39) 


(EX — Q2)? K?r ,3r,38 


In equations (37)-(39), the constants C; and Co are given by Cy = C2 = 
k?1?/ K B(r4 — r,)^r,?, and 


D = Q? (r4?  2r4?r, + 3r,?r,) — ÅR? rK, 40) 
E = 20? (KÜr,? — 743 — 2rj?r, — Brags), 41) 
F = —I'0?, 42) 
G = KE lr, r, — 07 (3r,? 2r, r. tre?) , 43) 
T = PEN [3r,? — rir, (KP — 2) 4 7.7], 44) 
ges qum. 45) 


3. Holography for f(T) Rotating Black Holes 


To find the existence of the possible hidden symmetry, we introduce the following 
conformal coordinates wt, w^ and y, in terms of the black hole coordinates t, r 


and ó 


T—Ta 
+ _ gt Rue PEDE. (46) 
P= Tfi 


wo = re Py err tnerennt (47) 
V r-r 

y= T+ — Tx eT (Ti Tn)é-F(nz £g). (48) 
V r-r, 


where Tz, Tr, nr, and ng are constants. We also define the sets of local vector fields 


Hi = i04, (49) 


Hars i(wt? Oy + wt ydy = y^à..), (51) 
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as well as 
Ay = id, (52) 
Ho =i (a0 + 52h ) ; (53) 
Ha —d(w ?0. pw ydy — y?0,). (54) 


The vector fields (49)-(54) obey the sl(2, R)r, x sl(2, R)r algebra, as 
[Ho, Hài] = FiHs1, [H-1, Hi] = —2i Ho, (55) 


[Ho, H41] = FiHa1, [H-1, Hi] = —2i Ho. (56) 


The quadratic Casimir operators of si(2, R)r, x sl(2, R)g algebra, are given by 
_ 1 1 
H? = H? = -H9 + 5 (Hi H-1 + H-H) = 1U 9 —ydy)+y?0,0_. (57) 


We notice that the Casimir operators (57), can be rewritten in terms of (t,r, œ) 
coordinates, as 


dis scr de) pop 
= T— fa Jim EN T r+ Tx pm 


TL — lx np —"g Try — Tn * 
«(22z) (Matta, - cma) + C2 
(==) (zo Aaa) =a 

PS i 


G ^ — 4G 
where G = nr Tg — ngTr. 
The Casimir operator (58) reproduces the radial equation (36), by choosing the 
right and left temperatures, as 


r4 K (r4 — rx) (E = 9?) v Br T. 
Tg = i (59) 
4nó 
Ta ry K(E?P — Q?)[r,* + 2rj?r, + 6r4?ra? — 2r?r (KI? — 1) + rat] Bra r.ó 
mE Am (r4. 4- r,)?6 


E 
l 
3 

* 


; (58) 


(60) 
respectively, and 
nR = 0, (61) 


rer K (Q? — 2212) /Br4rsð (62) 


TL — 
i 20D E(r., +r)” 


The constant ó which appears in equations (59), (60), (61) and (62), is given by 
6 = 3Q7r,? — rir, (KE = 29°?) +?r,2. Moreover, we find two constraints for 
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the parameters of the black hole solutions (13), such as 


PEH- + rary (KP? -2) — n7 _ 140? (63) 
K2Brz3r.(r4— 1x) (E2402 rp KEL- 92)? (ry, — r.) B 


and 


Q224 HESS — fy — 2r.r4? — 3r,?2r,)? 
K?8r ,r,5(r, — re)? (Q2 — E212)? (KIAE2r,r, — 302r,2 — 202r, r, — Q2r,2) 
pO 
= or (64) 
r42K (Gl? — 07)" (ri, — r) 8 


We note that equations (63) and (64) restrict the black hole parameters, in ac- 
cord with existence of the real positive values for the outer horizon (and any other 
horizons), as the roots of the tri-quadratic algebraic equation 


A(r) = 0, (65) 


where A(r) is given in (14). 

We note that both right and left temperatures (59) and (60) are positive defi- 
nite.?? We emphasize that SL(2, R)r x SL(2, R)g is a local hidden symmetry, for 
the solution space of massless scalar field in the near region of the rotating charged 
AdS black holes (13), in quadratic f(T) gravity. The local hidden symmetry is 
generated by the vector fields (49)-(54), which are not periodic under the angu- 
lar identification o ~ ó$ + 2z. These symmetries can't be used to generate new 
global solutions from the old ones. This can be interpreted as a statement that the 
SL(2, R)z x SL(2, R)n symmetry is spontaneously broken down to U (1); x U (1) 
subgroup under the angular identification $ ~ @+ 27. As a result, we can iden- 
tify the left and right temperatures of the dual CFT. We recall the Cardy entropy 
formula for the dual 2D CFT with temperatures Tr, and TR 


12 


3 (cr Tr + CRTR) ; (66) 


Serr = 
where cy are cr are the corresponding central charges for the left and right sectors. 
The central charges can be derived from the asymptotic symmetry group of the 
near-horizon (near-)extremal black hole geometry. There is no derivation for the 
central charges of the CFT dual to the non-extremal black holes, that we consider 
in this article. Of course, we expect that the conformal symmetry of the extremal 
black holes connects smoothly to those of the non-extremal black holes, for which the 
central charges are the same. The near-horizon extremal geometry for the spacetime 
(13) is still unknown, and it is not a straightforward task to find that, due to the 
tri-quadratic behaviour of the metric function A(r). As a result, we turn the logic 
around and consider the favourite holographic situation, in which, the Cardy entropy 
(66) produces exactly the macroscopic entropy (27). Substituting equations (28) 


? 
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(59), and (60) into equation (66), we find the central charges 


cC = CL = CR 
12EóLo(r, + r,)? 


i Lr 2 (E21? — Q2) (r43 -2r,?r, +3r4rx? - IKmr,3)(Q4/6]o| + r2) Brans. 
(67) 


where w = r4? (reve lo|/2 + 7r44/18+ M |o| r4, — 3? lal) — TA 6|o|^ Q3/3. 
We note that we only consider CFTs, in which the left and right central charges are 
equal, c = cp = cR? t? 


4. Conclusions 


In this presentation which is based entirely on the published paper,?? we extend 
the concept of black hole holography to the non-extremal 4D rotating charged AdS 
black holes in f (T)-Maxwell theory with a negative cosmological constant. We 
explicitly construct the hidden conformal symmetry for the rotating black holes 
inf (T)-Maxwell theory with a negative cosmological constant. We mainly consider 
the near-horizon region, as the metric function which determines the event horizon, 
is a triple-quadratic equation. In this region, we show that the radial equation of the 
scalar wave function could be written as the SL(2, R)r x SL(2, R)n squared Casimir 
equation, indicating a local hidden conformal symmetry acting on the solution space. 
'The conformal symmetry is spontaneously broken under the angular identification 
o ~ $ 2m, which suggests the rotating charged AdS black holes in quadratic 
f (T) gravity, should be dual to the finite temperatures Tg and Tg mixed state, 
in the 2D CFT. Instead of calculating the central charges using the asymptotic 
symmetry group, we calculated the central charges by assuming the Cardy entropy 
for the dual CFT, matches the macroscopic Bekenstein-Hawking entropy. These 
results suggest that rotating charged AdS black holes in quadratic f (T) gravity 
with particular values of M, Q, Q, and |a|, are dual to a 2D CFT. 

It is an open question to find the near-horizon (near-)extremal geometry of the 
rotating charged AdS spacetime in quadratic f (T) gravity. We may calculate the 
central charges using the asymptotic symmetry group to confirm our results in this 
article. We can also study on various kinds of superradiant scattering off the near- 
extremal black hole as a further evidence to support the holographic picture for the 
non-extremal 4D rotating charged AdS black holes in f (T)-Maxwell theory with a 
negative cosmological constant. We leave addressing these open questions for future 
articles. 


Acknowledgments 


'The author would like to acknowledge the financial support by the Natural Sciences 
and Engineering Research Council of Canada. 


1318 


References 


1. G.'t Hooft, Conf. Proc. C930308, 284 (1993). 

2. L. Susskind, J. Math. Phys. 36, 6377 (1995). 

3. J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973). 

4. S. W. Hawking, Commun. Math. Phys. 43, 199 (1975). 

5. J. M. Maldacena, Int. J. Theor. Phys. 38, 1113 (1999), Adv. Theor. Math. Phys. 2, 
231(1998). 

6. M. Guica, T. Hartman, W. Song and A. Strominger, Phys. Rev. D 80, 124008 (2009). 

7. A. Castro, A. Maloney and A. Strominger, Phys. Rev. D 82, 024008 (2010). 

8. A. M. Ghezelbash, JHEP 08, 045 (2009). 

9. A. M. Ghezelbash, Mod. Phys. Lett. A 27, 1250046 (2012). 

0. B. Chen and J. Long JHEP 08, 065 (2010). 

1. B. Chen, A. M. Ghezelbash, V. Kamali and M. R. Setare, Nucl. Phys. B 848, 108 

(2011). 


12. A. M. Ghezelbash, V. Kamali and M. R. Setare, Phys. Rev. D 82, 124051(2010). 
13. A. M. Ghezelbash and H. M. Siahaan, Class. Quant. Grav. 30, 135005 (2013). 
14. Y.-Q. Wang and Y.-X, Liu, JHEP 08 087 (2010). 

15. B. Chen, J. Long, and J.-j. Zhang, Phys. Rev. D 82, 104017 (2010). 

16. A. M. Ghezelbash and H. M. Siahaan, Gen. Rel. Grav. 46, 1783 (2014). 

17. H. M. Siahaan, Class. Quant. Grav. 33, 155013 (2016). 

18. H. M. Siahaan, Class. Quant. Grav. 35, 155002 (2018). 

19. A. M. Awad, G. G. L. Nashed and W. El Hanafy, arXiv:1903.12471 [gr-qc]. 

20. A. M. Awad, S. Capozziello, and G. G. L. Nashed, JHEP 07, 136 (2017). 


21. R.-X. Miao, M. Li and Y.-G. Miao, JCAP 1111, 033 (2011). 

22. C. Bernard, Phys. Rev. D 96, 105025 (2017). 

23. C. Bernard and M. Ghezelbash, Phys. Rev. D 101, 024020 (2020). 
24. S. El-Showk and K. Papadodimas, JHEP 10, 106 (2012). 

25. G. Compére, Living Rev. Rel. 15, 11 (2012). 


1319 


Infinitely degenerate exact Ricci-flat solutions in f(R) gravity 


Semin Xavier 


Department of Physics, Indian Institute of Technology, Mumbai, Maharashtra 400076 
E-mail: seminzavier @iitb.ac.in 


Jose Mathew 


Department of Physics, The Cochin College, Kochi, Kerala, India 
E-mail: josecherukara@gmail.com 


S. Shankaranarayanan 


Department of Physics, Indian Institute of Technology, Mumbai, Maharashtra 400076 
E-mail: shankiQphy.iitb.ac.in 


The evidence is mounting that the universe is currently undergoing a phase of accelerated 
expansion. One possible alternative is the modification in gravity in the largest possi- 
ble scales. This leads to the many questions related to black-holes: violation of Birkhoff 
theorem and no-hair theorem. To confirm/infirm, we need to obtain exact black-hole 
solutions in these modified gravity theories. In this talk, we focus on the exact spheri- 
cally symmetric solutions in f(R) theories of gravity. We explicitly show that some f(R) 
models contain an infinite number of exact static, Ricci-flat spherically symmetric vac- 
uum solutions and, hence, violate Birkhoff’s theorem in f(R) theories. We analytically 
derive two exact vacuum black-hole solutions for the same class of f(R) theories. The 
two black-hole solutions have the event-horizon at the same point; however, their asymp- 
totic features are different. Our results suggest that the no-hair theorem may not hold 
for generic modified gravity theories. We discuss the implications to distinguish modified 
gravity theories from general relativity. 


Keywords: f(R) theory, no-hair theorem, based on the work! 


1. Introduction 


General Relativity (GR) is a successful description of gravity and is in excellent 
agreement with experiments and observations. However, paradoxically, the very 
success of GR suggests that GR might have classical and quantum corrections in 
the strong gravity regime.? © Recently, strong gravity diagnostic parameters have 
been proposed to distinguish GR and modified gravity theories." 

In GR, static black-hole solutions are the final stage of gravitationally collapsed 
objects. As a consequence of the no-hair theorem,? GR predicts that the Kerr metric 
represents the most general astrophysical black holes.? In the case of spherical sym- 
metry, Birkhoff's theorem ensures that the most general spherically symmetric, elec- 
trovac solution of the Einstein-Maxwell equations is the static Reissner-Nordstrom 
solution.'°:!! The absence of spin-0 modes in the linearized field equations leads 
to this result. However, there is no Birkhoff theorem for the Kerr metric. Outside 
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a rotating star, the metric is not described by Kerr. In comparison, the Schwarzschild 
solution describes the space-time outside a non-rotating star. 

In this talk, we show that the Schwarzschild solution is not an unique solution 
for f(R) theories of gravity. More specifically, we show that there exists an infinite 
number of spherically symmetric vacuum solutions in 4-D f(R) theories of gravity 
without transforming to a conformal frame. 

f(R) theories of gravity are the most straightforward modifications to GR. 
The higher-order Ricci scalar terms encapsulate modifications to GR. Although 
the equations of motion are higher-order, they do not suffer from Ostrógradsky 
instability.!? A deviation from general relativity may introduce changes in both the 
generation and the propagation of gravitational waves. Unlike GR, f(R) theories 
have an extra field equation and longitudinal mode." !? 

Although Schwarzschild black-hole is a solution to vacuum f(R) theories of grav- 
ity. The additional dynamical equation by the trace equation in f(R) theories may 
give rise to new solutions other than GR. The reason for such assumption is that, in 
f(R) gravity has 11 dynamical variables — 10 metric variables (g,,,) and the Ricci 
scalar (R). In other words, in f(R) theories, the scalar curvature R, plays a non- 
trivial role in determining the metric itself. Recently, the effects on the extra mode 
are used to obtain diagnostic parameters to distinguish GR. and modified gravity 
theories using the Quasi-normal mode spectrum of the identical black-hole solu- 
tions in the two theories." Here, the focus is to test the validity of this assumption. 
In other words, to verify whether the black-hole solutions in the two theories are 
indeed identical. We show that f(R) admits multiple space-time geometries with 
the horizon for the same stress-tensor configuration (vacuum in this case). 

We use (—, +, +, +) signature for the 4-D space-time metric,!^ Greek alphabets 
for the 4-D space-time, and &? — 81G/c^ where G is the Newton's constant. We 
shall denote the derivative of any function with r by an overprime, and overdot 
denotes the partial derivative w.r.t Ricci scalar (R). 


2. f(R) theory and the model 
The modified vacuum action for f(R) gravity is:° 


Slow) = zr | oca fn (1) 


where f(R) is arbitrary function of the Ricci scalar R. Using the metric formalism? 
the modified Einstein tensor (G,,,) is obtained, i.e., 


Gy = KR) Rav — V,V,f(R) + uv KR) ui Im, =0, (2) 


where f(R) = 0f /OR and O = V“V,,. For the above f(R) action (1), the trace of 
the field equation (2) is dynamical: 


R f(R) + 30f(R) — 2 f(R) = 0 (3) 
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In f(R), the scalar curvature R, plays a non-trivial role in determining the metric 
itself. In general, the field equations for f(R) gravity (2) are fourth-order partial 
differential equations, instead of second-order partial differential equations of GR. 
Hence, we expect more class of solutions in f(R) theories of gravity. 

One may still find the trivial solution where for which R = Ro = constant. In 
such a case, the field equations reduce to the Einstein field equations with an effec- 
tive cosmological constant and an effective gravitational constant.!? This includes 
the case where R = 0. However, our interest in this talk is to look for non-trivial 
solutions. 

In our model, we consider f(R) to be a polynomial in R, i.e., 


F(R) = Bot 4E c BR? +>, (4) 


where 8;'s (i = 0,1,2---) are constants having appropriate dimensions. The above 
form of f (R) can be written in a binomial form, i.e., 


F(R) = (ao +a R)”, (5) 


where, p is the power index, we are interested in the strong-gravity corrections to 
GR, we take p > 1. In principle, p need not be an integer. The ag and a, being 
positive constants related to the 8;'s in (4). For simplicity consider p = 1, the above 
from (3) reduces to: 


f(R) 2 os +R. (6) 


Thus, o acts like the cosmological constant and o is a dimensionless constant that 
modifies Newton’s constant. [Note that o; is dimensionless and o has dimensions 
of [L| ?.] 


3. A class of exact solutions for f(R) theory 
Consider the static, spherically symmetric metric of the form, 


dr? 
A(r) 


ds? = — A(r)e* o dt? 4 + r? (d0? + sin? 0d?) (7) 
where A(r) and ó(r) are arbitrary functions of the Schwarzschild radial coordinate 
r. Substituting the above metric in the modified Einstein's equations (2) for the 
model f(R) (5), leads to the following three field equations: 


Gi = T3[A(r), (r)] = 0 (8a) 
Gr = Ts[A(r), 6(r)] = 0 (8b) 
Gp = 95 = Ts|A(r), 6(r)] =0 (8c) 


where T3, T4 and Ts are functions of A(r) and ó(r), and their derivatives. More 
specifically, (i) T5 and Ts are non-linear, and contain up to 4th order derivatives of 
A(r) and ó(r), and (ii) T4 is non-linear and contain up to 3rd order derivatives of 
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A(r) and ó(r). (iii) Even in the special case of 6(r) = 0, Gf + G£. Hence, we do not 
expect to get identical solutions as in GR. 

The field equations (8) contain up to fourth-order derivatives in A(r) and ó(r). 
'Thus, an exact solution to these equations will contain up to four independent 
constants. 

Ref. 1 contains the details of the procedure used to reduce these highly non- 
trivial equations into a product of two second-order non-linear differentials in A(r) 
and ó(r). Interestingly, both the procedures lead to the following equation: 


2 (p- 3) TIAC), 9(7)] IAC), ôl) 
rp(p-1) (@(r)+4) (9()—2) 


where ®(r) =r Q (r) + [In A) and prime denotes derivative w.r.t r. 


=0 (9) 


At this point, we would like to stress the following points: First, we have obtained 
the Eq. (9) using two different approaches. This implies that Eq. (9) is a unique dif- 
ferential equation for this f (R) model with the metric (7). Second, Eq. (9) is a prod- 
uct of two second-order non-linear differentials of T1[A(r), 6(7)] and T2[A(r), o(r)].! 
It simplifies the procedure to obtain the exact black-hole solutions for any value of p 
using T1[A(r), 6(r)] or T2[A(r), ó(r)]. Third, the above equation imposes constrains 
on p, A(r) and ó(r). More specifically, if for a non-trival solution, 


p £0,515 Or) d -4or2. (10) 


Since p = 1 is not allowed. It means we are looking for non-trivial solutions valid for 
modified theories of gravity, where p = 1 will give solutions of GR. While p = 0 and 
1 will lead to divergence, p = 1/2 will lead to trivial solutions. Fourth, the above 
condition of ®(r) implies that 


ó(r) + 1n A(r) £ In(r?) or In(r~*) (11) 


If we assume ó(r) = constant, then A(r) Z cor? + cir ^^, where co, c1 are constants. 
Lastly, non-trivial solutions for the above equation (9) are possible if T1 or T» vanish, 
i.e., 


Ti[A(r),0(r)] = 0 Or T3[A(r),ó(r)] = 0 (12) 


In principle, from Eq. (12) we can identity that for a given A(r), we can have two 
functional forms of ó(r). Either Tı = 0 or T = 0 will give two choices of ó(r). While, 
the functional form of A(r) can be obtained from the condition (10) on ®(r), we 
get 

; -4 2 
ò (r) + UnfA(r)]) =u) utr) A —— e - (13) 


7 
Thus, for a given u(r), we have a functional relation between A(r) and ó(r). Substi- 
tuting this relation in the constraint relation (12), we obtain two set of differential 
equation in terms of A(r) or ó(r). 
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Thus, Eq. (12) give two branches of solutions for A(r) and ó(r) by setting T; = 0 
or Tə = 0. Using the arbitrary function u(r), we can obtain an infinite solutions for 
the spherically symmetric metric (7). 

At this point, it is important to validate whether any arbitrary function u(r) 
satisfying Tı = 0 or T5 = 0 is indeed a solution to the vacuum field equations (8)? 

To address this, for any p, we write a formal solution to the above equation 
Eq. (13) as 


A(r) =e (r) where 4(r) = exp ( J u(r)ar) ; (14) 


Substituting A(r) in-terms of ó(r) in T>[A(r),d(r)] = 0, we obtain a differential 
equation in ó"(r). Substituting these in Eq. (8), we get, 


Ts[&(r),*(r)] = 4e1p(p — 1)(p — 2) (r)e ?O? [8 (r)r — SP Ta[6(r), Gr)" 


= Ts[é(r), v(r)] (15a) 
T4[5(r),y(r)] = —2arp(p — 1)? (r)e 9? [6 (r)r — 8] (rInpy(r)]' + 4) T[6(r), »(r)] 
(15b) 


Since, we have obtained the above expressions using the condition T5 [A(r), ó(r)] = 0, 
we have Gi = Gr = G8 g$ 0. This implies that A(r) given by Eq. (14) satisfying 
T2[A(r), 6(r)] = 0 is an exact solution for the f(R) model (5). Since A(r) depends 
on the arbitrary function u(r), for the same observer with Schwarzschild time t, 


there are infinite mumber of exact static, spherically symmetric solutions for this 
model. 

This is the key result of this talk. The Birkhoff theorem in GR guarantees that 
static Schwarzschild solution! is the most general spherically symmetric vacuum 
solution. However, the trace equation (3) provides a non-trivial dynamical structure 
in f(R) theories. This provides an infinite set of static solutions for f (R) theories of 
gravity. To our knowledge, such an explicit calculation is new for any modified the- 
ories of gravity. All the earlier analyses, either restrictive or use a conformal frame 
to confirm/infirm Birkhoff theorem.!9!" Here, we have not made any approxima- 
tion or performed a conformal transformation. Our results point that the Birkhoff 
theorem is not valid for all modified gravity theories. 

As noted in Eq. (12), we can obtain non-trivial solutions if Tj or T5 vanish. 
Until now, we have shown that Tọ = 0 yields an infinitely many vacuum spherically 
symmetric solutions. Unlike 75, T, is not a common factor of the field equations 
(15); hence, Ti = 0 alone can not provide valid solutions. Thus, beside T1 = 0, we 
must use either of the three equations (8) to obtain a unique solution. 


4. Two vacuum black-hole solutions 


In the earlier section, we showed that there exists an infinite number of spherically 
symmetric vacuum solutions for the f(R) model (5). In this section, we obtain two 
black-hole solutions which satisfy the condition T5[A(r), ó(r)] = 0. 
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As we have mentioned earlier, d(r) = 0 is a trivial solution. Hence, setting 
ô(r) = 0, we obtain the following solution for A(r) 


A(r) 21-4 Cor? — Cs where C5 — = 
r2 12a, 


which satisfies the null-energy condition.!^ C3 is a constant of integration and can 


(16) 


take any real value. We like to list the following important points regarding the above 
solution: First, it is easy to verify that the above solution satisfies the modified 
Einstein's equations (8). Second, C2 is a positive constant, since, ao and a, are 
positive constants. Physically, C2 acts like an effective cosmological constant. For 
C3 > 0, the metric (7) has a horizon at 


vVl-44C5C3 — 1 


2; (17) 


Th = 
In the limit of ag — 0, C2 > 0, the metric (7) has a horizon at r = yC}. Thus, 
ag — 0 is a smooth limit. Third, the term c3/r? is a reminiscence of the charge 
in the Reissner-Nordstróm solution in GR.!4 In our case, the 1/r? term is present 
in the absence of the 1/r term. While in GR, C3/r? term can not exist without 
the mass term. This result is similar to the one obtained sometime back in the 
context of black-holes on the brane.!? Physically, C3 corresponds to the mass of the 
black-hole. Lastly, it is easy to verify that the above solution satisfies the modified 
Einstein's equations (8). The Kretschmann scalar for the above form of A(r) is 
od, 5603 
6o1 r8 


Thus, the metric has a singularity at r = 0 and is finite everywhere else. For finite 


RP p. aus = 


l (18) 


ao, the Kretschmann scalar is a positive constant at asymptotic infinity, which 
corresponds to asymptotic de Sitter space-times in GR.14 
To obtain second solution, assume A(r) in Eq. (16) and d(r) 4 0. Now A(r) in 
Eq. (16) in T5[A(r), 9(r)] = 0, this leads to the following differential equation for 
ó(r): 
1 (5Cor* + 2r? + C3) à (r) 
ô" zer peee aa mu) 19 
(r)+ 9 (ry + (Cort +r? = C8) r (19) 
This differential equation is highly non-linear; however, it has the following exact 
solution: 


c9 (0/2 E C4 u Cs (2C2r? + 1) 1 (20) 

2 2(12a,)3/2 (4C2C3 + 1) (Cart + r? — €3)172 
where Cy and Cs are arbitrary constants. [C4 is dimensionless while C5 has dimen- 
sion of [L].] The horizon for this new solution is given by (17). The Kretschmann 


scalar again can be evaluated, and near origin is singular, i.e. 
T(Cs, Cs, C4, Cs) 


ó 
Rey Rares ~ 8 


(21) 
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and is finite everywhere else. Thus, the constants C4 and Cs determine the behavior 
of the second black-hole solution. Thus, we have reconfirmed the results in the 
earlier section and shown that at least two black-hole solutions correspond to the 
same matter configuration (in this case, vacuum). To our knowledge, this is a novel 
result for any modified theories of gravity and confirms that Birkhoff's theorem is 
not valid for all modified gravity theories. 


5. Conclusions and Discussion 


In this talk, we obtained many exact static spherically symmetric vacuum solutions 
for f(R) gravity. We obtained two exact vacuum black-hole solutions to the f(R) 
model to emphasize this unique feature. We showed that two solutions have the 
event-horizon at the same point; however, their asymptotic features are different. 
Our results point that the Birkhoff theorem is not valid for all modified gravity 
theories. The two black-hole solutions have a space-time singularity at the origin. 

Unlike in the literature, we have obtained the exact solutions without trans- 
forming to a conformal frame. Our analysis shows the deficiency of finding solu- 
tions in the conformally transformed frame.! The conformal transformations are 
not well-defined near 75 — 0 and, hence, the conformal frame will not be able to 
pick off the solutions we have obtained. However, the solution corresponding to 
Ti [A(r), 6(r)] = 0 will be well-defined in the conformal frame. 

One of the prospects of gravitational wave observations is to find signatures for 
the modified gravity theories. We have shown that if the modified theories belong to 
one of the degenerate classes with 75 — 0, then our analysis shows that the prospect 
of detection needs different methodologies than the one that is currently used.!? 
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Universe in a black hole with spin and torsion 
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We consider gravitational collapse of a spherically symmetric sphere of a fluid with 
spin and torsion into a black hole. We use the Tolman metric and the Einstein—Cartan 
field equations with a relativistic spin fluid as a source. We show that gravitational 
repulsion of torsion prevents a singularity and replaces it with a nonsingular bounce. 
Quantum particle production during contraction strengthens torsion in opposing shear. 
Particle production during expansion can produce enormous amounts of matter and 
generate a finite period of inflation. The resulting closed universe on the other side of 
the event horizon may have several bounces. Such a universe is oscillatory, with each 
cycle larger in size then the previous cycle, until it reaches the cosmological size and 
expands indefinitely. Our universe might have therefore originated from a black hole 
existing in another universe. 


Keywords: Einstein-Cartan theory; torsion; gravitational collapse. 


1. Einstein—Cartan gravity and spin fluid 


In general relativity (GR), the affine connection T i is constrained to be symmetric. 
Einstein-Cartan-Sciama-Kibble (EC) gravity removes this constraint by regarding 
the antisymmetric part of the connection, the torsion tensor S"; = rj. as a 
variable.! The total Lagrangian density is -4 Ryg + Lm, where R is the Ricci 
scalar constructed from the connection and Lm is the Lagrangian density of matter, 
as in GR.? 

Varying the Lagrangian with respect to the contortion tensor Cijk = Sij + 
Sjki + Skji gives the Cartan equations: 


, , : 1 
S?^;, — Si, + S0] = -3f5k^ 


where S; = S*,, and sti: = 2(8Lm/ôCijk)/ /—g is the spin tensor. Varying the La- 
grangian with respect to the metric tensor gi; gives the Einstein equations with the 
Ricci tensor. They can be put into a GR form with the modified energy-momentum 
tensor: 


: : " ale s Y xus Ts ; ; 
k k 1,2 kl Lk li, k k l l 
G* = KT" +K (^us gj] 39 S jl + 1? Em + ao (—4s jim? y +s iaa) : 

Dirac spinors, representing fermions, couple to torsion through the covariant 


derivative in the Lagrangian and therefore are the source of torsion. At macroscopic 
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scales, Dirac fields can be averaged and described as a spin fluid:? 


3 ; 
Sij = siju", Siju? = 0. 
The terms in the effective energy-momentum tensor that are quadratic in the spin 


tensor do not vanish after averaging: 
T 1 one 1 7 D. 
G” = ZC — SLE — ZU — jn) (g9 — u'u’), 
where 


1 <3 
s = 3955" »0«n? 

is the averaged square of the spin density.4 The Einstein-Cartan equations for a spin 
fluid are therefore equivalent to the GR Einstein equations for a perfect fluid with: 


č= e— omi, p-—p-onj, 


where e and p are the thermodynamic energy density and pressure, n; is the number 
density of fermions, and a = &(fhic)?/32 with k = 81G/c*. 


2. Gravitational collapse of a fluid sphere 


A spherically symmetric gravitational field is given by the Tolman metric:? 
ds? = e (0 20,2 — gr gg — entr PO (dg? + sin?6 do”), 


where v, A, and u are functions of a time coordinate 7 and a radial coordinate R. 
Coordinate transformations r — 7(r) and R — R(R) do not change the form of the 
metric. T'he components of the Einstein tensor corresponding to this metric that do 
not vanish identically are: 


3 12 1N aa 2 
ogm ep ELE Eu) een 


II 


4 2 
—A 72 S2; 

1 =- (E / ') I P hv | 3h ) -u 
Gi 5 5 + wy Socr Sect. 
G@=Gi= x (Av + ip — Aju — 2 — M — 2 — k?) 

ee 2 2 

i (oy? Lv? 4 2u" i ul TEM v! X 4 uv), 

1 e^ Ae v.c. V4 ed 

Go = > (2H + hu — Àn — iv ), 


where a dot denotes differentiation with respect to cr and a prime denotes differ- 
entiation with respect to R. 

In the comoving frame of reference, the spatial components of the four-velocity 
u” vanish. The nonzero components of the energy-momentum tensor for a spin 
fluid, Tj, = (€+ p)uyu, — Pow, are: TQ = č, T} = T2 = T} = —p. The Einstein 
field equations GY = KT! in this frame of reference are: 


G= kë, Gl-G2-G$--xj, GL-0. 
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'The covariant conservation of the energy-momentum tensor gives 
2p 
erp 
where the constants of integration depend on the allowed transformations T — 7 
and R — R. 

If the pressure is homogeneous (no pressure gradients), then p' = 0, which 
gives v’ = 0. Therefore, v = v(r) and a transformation T — 7 can bring v to 
zero and goo — e" to 1. The system of coordinates becomes synchronous. Defining 
r(r, R) — e"/? turns the metric into? 


ds? = dr? — e qp? — p? (c, R)(d0? + sin?0 d^). 


À +2ù = em 


Every particle in a collapsing fluid sphere is represented by a value of R that ranges 
from 0 (at the center) to Ro (at the surface). The Einstein field equations reduce to 


—A 1 . 
Ke = - E rr" +7? — rr! X) + —(r£À 7? 4 1), 
r r 
1 
Kp = (eàr? Erf +7? +1), 
r 
X PÀ 1 ; 25 
2kp = E (2r" — r M) 4 E LA qe a 
r r 2 r 
27’ — Àr! = 0. 
Integrating the last equation gives 
À 17 
e=, 1 
1+ f(R) () 
where f is a function of R satisfying a condition 1+ f > 0.9 Substituting this relation 
into the second field equation gives 2r? + 7? — f = —Kpr?, which is integrated to 
F(R 
pug es fear. 
r r 


where F is a positive function of R. Substituting the last two equations into the 
first field equation gives a relation «(€ + p) = F’(R)/(r?r’), leading to 
R 
PARË f atum (2) 
0 


r 


If the mass of the sphere is M, then the Schwarzschild radius rg = 2GM/c? of 
the black hole that forms from the sphere is equal to 


Ro 
Tg — «f er?r'dR. 
0 


These two equations give ??(r, Ro) = f(Ro) + rg/r(r, Ro). If ro = r(0, Ro) is the 
initial radius of the sphere and the sphere is initially at rest, then r(0, Ro) = 0. 
Consequently, the value of Ro is determined by 

Tg 


f(Ho)———. 
To 
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Substituting r = e"/? and (1) into the first conservation law gives the first law of 
thermodynamics for the effective energy density and pressure: 


d BD A ~ d 2,/\ __ 
ae r) +C r^) — 0. (3) 


3. Collapse of a spin fluid sphere 


If we assume that the spin fluid is composed of an ultrarelativistic matter in kinetic 
equilibrium, then e = h, T^, p = €/3, and n; = h,4T?, where T is the temperature of 
the fluid, hy = (1?/30)(gy + (7/8)gr)k*/(hc)?, and hns = (C(3)/77) (3/4) ck? /(Re)?. 
For standard-model particles, gy, = 29 and gr = 90. The effective energy density and 
pressure are thus: 


1 
E= h,T^—ah2T9, p= 3T — oh, T9. 


Since the pressure has no gradient, the temperature only depends on 7, and so 
does the energy density. This scenario describes a homogeneous sphere. The first 
law of thermodynamics (3) gives 


r^rT* = g(R), (4) 
where g is a function of R. Putting this relation into (2) gives 
K R 
7 = f(R) + > (h T4 — ahasT’) n r^r'dR. (5) 
7 0 


Equations (4) and (5) give the function r(r, R), which with (1) gives A(r, R).” The 
integration of (5) also contains the initial value r9 ((R). The metric therefore depends 
on three arbitrary functions: f(R), g(R), and ro ( R). 

We seek a solution of (4) and (5) as 


F(R) = -—sin? R, r(r, R) — a(r) sin R, (6) 


where a(r) is a nonnegative function of 7. For this choice of functions, (4) gives 
a?T? sin? Rcos R = g(R), in which separation of the variables 7 and R leads to 


g(R) = const - sin? Rcos R, aT? = const. 
Consequently, 
du H 
aT — aolo, T += 0, (7) 


C 


where ag = a(t = 0) and To = T(r = 0) are the values at the initial time, and 
H = cá/a. Substituting (6) into (5) gives 


å? +1= ST — ah? ,T®)a?, (8) 
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which has a form of the Friedmann equation for the scale factor a as a function of 
the cosmic time 7 in a closed, homogeneous universe. The quantity H is the Hubble 
parameter of this universe. Using (7) in (8) yields? 


h T4 4 h2 T$ 6 
PER ie s( xt 00 T np 070, 
The relations (6) determine the constants: 


sin Ro = (2). «o = (2) 


(9) 


a? a 


Substituting the initial values a(0) and à(0) = 0 into (8), in which the second 
term on the right-hand side is negligible, gives Mc? = (47/3)rgh, Tg. This relation 
indicates the equivalence of mass and energy of a fluid sphere with radius ro and 
determines To. An event horizon for the entire sphere forms when r(r, Ro) = rg, 
which is equivalent to a = (rgro)!/?. Equation (9) has two turning points, à = 0, if 
rà | 9nGRh^ hi, 12 
Tg ETE ^Y *Planck: 
which is satisfied for astrophysical systems that form black holes.? 
Substituting (6) into (1) gives e^ (^79 = a?. Consequently, the square of an 
infinitesimal interval in the interior of a collapsing spin fluid is given by 


ds? = c?dr? — a? (r)dR? — a? (T) sin? R(d6? + sin?0 d¢?). 


This metric has a form of the closed Friedmann-Lemaitre-Robertson-Walker metric 
and describes a part of a closed universe with 0 € R < Ro (like dust). 


4. Nonsingular bounce 


Equation (9) can be solved analytically in terms of an elliptic integral of the second 
kind, giving the function a(7) and then r(r, R) = a(r)sin R. The value of a never 
reaches zero because as a decreases, the right-hand side of (9) becomes negative, 
contradicting the left-hand side. The change of the sign occurs when a « (rgro)!/ E^ 
that is, after the event horizon forms. Consequently, all particles with R > 0 fall 
within the event horizon but never reach r — 0 (the only particle at the center is 
the particle that is initially at the center, with R = 0). A singularity is replaced 
with a nonsingular bounce.’ Nonzero values of a give finite values of T and thus 
finite values of e, p, and ne. 

After the bounce, the matter expands on the other side of the event horizon as 
8 new universe. This universe has a closed geometry (constant positive curvature). 
The quantity a(r) is the scale factor. The universe is oscillatory: the value of a 
oscillates between the two turning points. The value of Ro does not change. A 
turning point at which à 0 is a bounce, and a turning point at which à < 0 is a 
crunch. This universe has an infinite number of identical cycles. 


1332 


The Raychaudhuri equation for a congruence of geodesics without four- 
acceleration and rotation is d0/ds = —0?/3 — 20? — R,,,u^u", where 6 is the expan- 
sion scalar, o? is the shear scalar, and Ry, is the Ricci tensor. For a spin fluid, the 
last term in this equation is equal to —K(€+ 3p)/2. Consequently, the necessary and 
sufficient condition for avoiding a singularity in a black hole is —&(€ + 3p)/2 > 207. 
For a relativistic spin fluid, p = €/3, this condition is equivalent to 


2kon?2 > 20? + Ke. (10) 


Without torsion, the left-hand side of (10) would be absent and this inequality 
could not be satisfied, resulting in a singularity. Torsion may provide a necessary 
condition for preventing a singularity.!? In the absence of shear, this condition would 
be also sufficient.!! 

'The presence of shear opposes the effects of torsion. 'The shear scalar o? grows 
with decreasing a like ~ a 9, which is the same power law as that for n?. Therefore, 
if the initial shear term dominates over the initial torsion term in (10), then it will 
dominate at later times during contraction and a singularity will form. To avoid a 
singularity if the shear is present, n? must grow faster than ~ a 9. Consequently, 
fermions must be produced in a black hole during contraction. 

The production rate of particles in a contracting or expanding universe!? can 
be phenomenologically given by 


1 d(y-gn)  BH* 

ey =g dt ci 

sin’ Rsin? 0 is the determinant of the metric tensor and Ó is a 

nondimensional production rate. With particle production, the second equation in 
(7) turns into? 


(11) 


where g = —a? 


T Hy BH 
- 1). 12 
T C oom ( ) 
Particle production changes the power law n¢(a): 
ng e iei 


where ô varies with 7. Putting this relation into (11) gives 
Ô m~ —a?à?. 
During contraction, å < 0 and thus 6 > 0. The term n?  a-9—?? grows faster 
than o? ~ a^ and a singularity is avoided. Particle production and torsion together 
reverse the effects of shear, generating a bounce." 


5. Closed universe in a black hole 


'The dynamics of the nonsingular, relativistic universe in a black hole is described by 
equations (8) and (12), where H = ca/a. These equations, with the initial conditions 
a(0) = (r3/rg)!/? and à(0) = 0, give the functions a(7) and T(r). 
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The shear would enter the right-hand side of the first equation as an additional 
positive term that is proportional to a~+. When the universe becomes nonrelativis- 
tic, the term h, T^ changes into a positive term proportional to a~!. The cosmolog- 
ical constant enters as a positive term proportional to a?. 

Particle production increases the maximum size of the scale factor that is reached 
at a crunch. Consequently, a new cycle is larger and lasts longer then the previous 
cycle. Ro is given by sin? Ro = r,/a(0), where a(0) is the maximum scale factor in 
the first cycle. Since the maximum scale factor in the next cycle is larger, the value 
of sin Ro decreases. As cycles proceed, Ro approaches 7 (the value for a completely 
closed universe). 

A parent black hole creating a new, baby universe becomes an Einstein-Rosen 
bridge (unidirectional wormhole) to that universe.!? If the universe is closed, it is 
analogous to the 2-dimensional surface of a 3-dimensional baloon (sphere). The uni- 
verse would be mathematically the 3-dimensional hypersurface of a 4-dimensional 
hypersphere. The 3-dimensional space in which the balloon expands is not analo- 
gous to any higher dimensional space. Points off the surface of the balloon are not 
in the universe in this analogy. The balloon radius represents the scale factor a. The 
universe expands, which can be described locally by the Hubble law. 

'This scenario occurs also if the fermionic matter is described by the Dirac La- 
grangian density instead of the spin fluid.!^ 


6. Inflation and oscillations 


During expansion (H > 0), if 6 is too big, then the right-hand side of (12) could 
become positive. In this case, the temperature would grow with increasing a, which 
would lead to eternal inflation. Consequently, there is an upper limit to the pro- 
duction rate: the maximum of the function (8H?)/(3c?h,;T?) must be lesser than 
1. 

If (8H*)/(3c3hyeT?) increases after a bounce to a value that is slightly lesser 
than 1, then T would become approximately constant. Accordingly, H would be 
also nearly constant and the scale factor a would grow exponentially, generating 
inflation.’ Since the energy density would be also nearly constant, the universe 
would produce enormous amounts of matter and entropy. Such an expansion would 
last until the right-hand side of drops below 1. Consequently, inflation would last a 
finite period of time. After this period, the effects of torsion weaken and the uni- 
verse smoothly enters the radiation-dominated expansion, followed by the matter- 
dominated expansion. 

Torsion and particle production can therefore generate finite inflation without 
scalar fields and reheating, which is consistent with the astronomical data.!? If quan- 
tum effects in the gravitational field near a bounce do not produce enough matter, 
then the closed Universe reaches the maximum size and then contracts to another 
bounce, beginning the new cycle. Because of matter production, a new cycle reaches 
larger size and last longer than the previous cycle. When the Universe reaches a 
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size at which the cosmological constant becomes dominant, it avoids another con- 
traction and expands to infinity.!" 


7. Our universe in a black hole 


'These results suggest that every black hole may create a new, closed, baby universe. 
Accordingly, our Universe may be closed and may have born in the interior of a 
black hole existing in a parent universe.!?:!* Its energy would be equal to zero mi- 
nus the energy of the wormhole connecting the Universe to the parent universe.!? 
'This hypothesis could solve the black hole information paradox: the information 
goes through the Einstein-Rosen bridge to the baby universe on the other side of 
the black hole's event horizon. The motion of matter through an event horizon is 
unidirectional: it defines the past and future. Time asymmetry at the event horizon 
may induce time asymmetry everywhere in the baby universe and could explain why 
time flows in one direction. Recent astronomical data seem to favor the closed geom- 
etry of the Universe,?? thus providing some support for the black-hole cosmology. 


8. Summary 


'The conservation law for total angular momentum in curved spacetime, consistent 
with Dirac equation, may require torsion.? The simplest theory with torsion, the 
Einstein-Cartan gravity, has the same Lagrangian as GR, but the affine connection 
contains the torsion tensor, generated by spin. Gravitational collapse of a sphere of 
a spin fluid creates an event horizon. The matter within the horizon collapses to 
extremely high densities, at which torsion acts like gravitational repulsion. Semi- 
classically and without shear, torsion prevents a singularity and replaces it with 
a nonsingular bounce. With shear, torsion prevents a singularity if the number of 
fermions increases during contraction through quantum particle production." Par- 
ticle production during expansion produces enormous amounts of matter and can 
generate a finite period of inflation. The resulting closed universe on the other side 
of the event horizon may have several bounces. Such a universe is oscillatory, with 
each cycle larger in size then the previous cycle, until it reaches a size at which the 
cosmological constant dominates, and then expands indefinitely. 

In addition to eliminating gravitational singularities, torsion may also remove 
loop divergences in Feynman diagrams in quantum electrodynamics, resulting in 
finite values of bare (before renormalization) quantities such as the mass and electric 
charge of the electron.?! Consequently, torsion may be a physical phenomenon that 
ensures physics is finite. 
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From time to time, different observations suggest that Einstein's theory of general rela- 
tivity (GR) may not be the ultimate theory of gravity. Various researchers have suggested 
that the f(R) theory of gravity is the best alternative to replace GR. Using f(R) grav- 
ity, one can elucidate the various unexplained physics of compact objects, such as black 
holes, neutron stars, and white dwarfs. Researchers have already put effort into finding 
the vacuum solution around a black hole in f (R) gravity. However, for a long time, they 
could not find an asymptotically flat vacuum solution. In this article, we show that the 
asymptotically flat vacuum solution of f(R) gravity is possible and thereby use it to 
explain the spherical accretion flow around the black hole. 


Keywords: Black hole, modified gravity, spherical accretion. 


1. Introduction 


Einstein's theory of general relativity (GR) is undoubtedly the most beautiful theory 
to explain gravity. It can easily explain a large number of phenomena where Newto- 
nian gravity falls short, such as the deflection of light in strong gravity, generation 
of the gravitational waves, perihelion precession of Mercury's orbit, gravitational 
redshift of light, to mention a few. However, following several recent observations 
in cosmology and the high-density regions in the universe, such as the vicinity of 
compact objects, it seems that GR. may not be the ultimate theory of gravity. 
Starobinsky first used one of the modified theories of gravity, namely R?-gravity,! 
to explain the cosmology of the very early universe. Eventually, researchers have 
proposed different modifications of GR, e.g., various models of f (R) gravity, to elab- 
orate on various unexplained physics related to compact objects. Capozziello and 
his collaborators used different forms of f (R) gravity to explain the massive neutron 
stars.? Similarly, Kalita & Mukhopadhyay used f(R) gravity to unify the physics 
of all white dwarfs, including those possessing sub- and super-Chandrasekhar limit- 
ing masses,? and show that they can be detected by various proposed gravitational 
wave detectors.* 

According to Birkhoff's theorem, the spherically symmetric vacuum solution in 
GR is static, which is the famous Schwarzschild solution. In the same context, the 
vacuum solution of f(R) gravity is also an interesting problem. Multamaki & Vilja 
first obtained the solutions for a static, spherically symmetric vacuum spacetime 
in f(R) gravity, and argued that for a large class model, Schwarzschild-de Sitter 
metric is an exact solution of the field equations. Eventually, many researchers have 
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obtained several solutions for different modified theories of gravity in various space- 
time geometries. Capozziello and his collaborators obtained spherically symmetric 
as well as axially symmetric vacuum solutions in f(R) gravity using Noether sym- 
metry.9:7 These new solutions alter the black hole’s event horizon, thereby various 
critical orbits, such as marginally stable, marginally bound, and photon orbits. In 
this way, modified theories of gravity change the dynamics of the particles moving 
around the black hole. 

The above-mentioned solutions, introduced in these literatures, always contain 
some diverging terms in the metric components. Hence these solutions never reduce 
to the Minkowski metric at the asymptotically flat limit. This asymptotic flatness 
is essential in the context of physical problems such as accretion disc, as a disc is 
expected to extend in a vast region around the compact object. Therefore, at the 
outermost portion of the disc, which is very far from the compact object, no physics 
should be violated as given by the Schwarzschild/Minkowski metric. Many of the 
models mentioned above assume scalar curvature, R 4 0 throughout the spacetime, 
which is again questionable as for the Schwarzschild metric, R = 0, which needs 
to be satisfied at the asymptotic flat limit. Kalita & Mukhopadhyay, for the first 
time, obtained the spherically symmetric asymptotically flat vacuum solution in the 
premise of f(R) gravity.’ In this article, we primarily discuss this solution and its 
applications in the spherical accretion flow around a black hole. 


2. Basic formalism 


The 4-dimensional action for f(R) gravity in vacuum is given by? 


c 
S= weg | V fads (1 


where c is the speed of light, G is Newton’s gravitational constant, R is the scalar 
curvature, and g = det(g,,) is the determinant of the metric g,,. Varying this 
action with respect to g,,, with appropriate boundary conditions, we obtain the 
modified Einstein equation for the f(R) gravity, given by 


f (RCo 5. (RFR) - AR) - (VA, - Gu) F(R) =0, (2) 


where L] is the d’Alembertian operator given by O = V"V , and V, is the covariant 
derivative. For f(R) — R, Equation (2) reduces to the well-known Einstein field 
equation in GR. 


3. Asymptotically flat vacuum solution in f(R) gravity 


'To obtain the spherically symmetric solution of the modified Einstein equation, we 
first assume guy = diag(s(r), —p(r), —r?, —r? sin? 0), where s, p are the functions 
of the radial coordinate r only. We know that far from the compact objects, the 
metric should reduce first to the Schwarzschild metric, and at very far from the 
compact object, it should reduce to the Minkowski metric as the effect of gravity is 
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negligible there. Using these conditions at the asymptotic limit, one can show that 
for f'(R) 2 1-- B /r with @ being a constant, in c = G = M = 1 unit, the temporal 
and radial components of the metric are given by? 


2 6(8—0)  8?(138 —66) — 5?(318 — 156) 
r 2r2 C 20r3 A8r4 sx: 


gu = s(r) =1 


16r 1 
(B + 2r)* s(r) 


It is, of course, obvious from the above expressions that as 8 — 0, it reduces to the 
Schwarzschild metric, and as r — oo, it reduces to the Minkowski metric, i.e., the 
flat spacetime. 


(a) temporal component (b) radial component 


Fig. l. Variation of temporal and radial metric elements as functions of distance r. All the 
quantities are in dimensionless units of c = G = M = 1. 


From Equations (3) and (4), it is observed that in f(R) gravity, the vacuum 
solution is different from the Schwarzschild metric. This deviation indicates the 
violation of Birkhoff's theorem, which states that any spherically symmetric vacuum 
solution is essentially the Schwarzschild solution. Figure 1 describes the variations 
of the metric elements gy and grr with respect to r for different 6. It is evident 
from the figure that as r — oo, the solutions reduce to the flat Minkowski metric, 
which, however, deviates near the black hole. 8 = 0 represents the Schwarzschild 
solution, with the radius of the event horizon ry = 2. In f(R) gravity, as B deviates 
from 0, the solution is no longer the Schwarzschild solution, and the physics related 
to these solutions alter. For example, one can easily obtain the event horizon from 
Equations (3) and (4) by solving grr — oo, which shows that ry shifts from 2 as 6 
deviates from 0. Not only the radius of the event horizon, but one can also obtain 
the various marginal orbits in f(R) gravity from Equations (3) and (4). Table 1 
shows the radii of various orbits and their critical angular momenta for different 5. 
We choose f to be negative because it guarantees that gravity is always attractive. 
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Table 1. Various characteristic parameters of space- 
time for different values of 8: rg is the event horizon, 
rump the marginally bound orbit, rms the marginally 
stable orbit, Lmg and Lms are their corresponding 
specific angular momenta, and rpn is the photon or- 
bit. All the values are in dimensionless unit considering 
c=G=Me=l1. 


B TH TMB TMS Tp | LuB Lms 


O(GR) 2.00 4.00 6.00 3.00 4.00 3.46 


-0.1 2.15 4.30 6.45 3.20 4.15 3.61 
-0.2 2.80 4.60 6.90 3.40 4.29 3.75 
-0.5 2.74 5.52 8.28 3.98 4.71 4.15 
-1.0 3.47 7.07 10.64 494 5.37 4.78 


-1.5 4.18 866 13.08 5.89 5.99 5.37 


4. Spherical accretion flow in f(R) gravity 


The vacuum solution for the f(R) gravity can be used to understand the physics of 
black hole accretion. Here we explore the simplest class of it, i.e., spherical accretion 
flow around a black hole. In the Newtonian framework, such a flow is known as the 
Bondi accretion flow.!? Since this flow is spherically symmetric, it does not possess 
any angular momentum, i.e., the flow is not rotating. The equations for conservation 
of energy and mass flux are respectively given by 


Ti, =9, and (pU"),, — 0, (5) 


where 77. is the stress-energy tensor, p is the density, and U^ is the four-velocity 
of the fluid. Using these equations, for a spherically symmetric metric, guv = 
diag(—e29(), e21), 92. r? gin? 0), the radial velocity (u) gradient equation for such 


flow is given by*: 1 
du [ya Uus - 2* oy? ey? — Vd" +’) 4 ENE SE) OG (6) 
T N t r J CEEA , 


where u = dr/dt, V? = 4T/3(1+4T) with T being the temperature of the fluid. The 
general idea of an accretion disc is that there is a Keplerian disc outside, where the 
matter has a minimal radial velocity. As the Keplerian disc terminates at a smaller 
distance from the black hole, the matter has a significant radial velocity, and it 
starts falling faster to the black hole. We assume that in this region, matter starts 
exhibiting spherical accretion flow. In other words, we assume that as the matter 
comes close enough to the black hole, it loses all its angular momentum, resulting 
in radial fall to the black hole (in reality, matter exhibits some angular momentum, 
even if sub-Keplerian). Figure 2 shows the accretion and wind flows for the spherical 
accretion flow in f(R) gravity, which are obtained by solving the Equation (6). It 
is evident from the figure that the velocity is highly dependent on the outside 
temperature (Tout), where matter starts behaving as a spherical accretion flow. The 
flow reaches the speed of light at the event horizon. As the event horizon shifts in 
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the presence of f (R) gravity, the flow reaches this maximum speed at different radii 
for different values of 8. However, since the solution is asymptotically flat, both the 
accretion and wind curves match the well-known case for the Schwarzschild solution 
far from the black hole. 


(a) Tout = 104K (b) Tout = 101 K 


Fig. 2. Spherical accretion flow in modified gravity: red solid line corresponds to the Schwarzschild 
spacetime and blue dashed line corresponds to the f(R) gravity with 8 = —1. 


5. Conclusions 


f(R) gravity is one of the best bets to replace GR, and researchers have already 
proposed different models to explain various exciting phenomena related to cosmol- 
ogy and compact objects. For more than a decade, various researchers have put 
effort into obtaining the vacuum solution of f(R) gravity. However, none of those 
solutions are asymptotically flat, which means they do not reduce to the Minkowski 
metric as one moves very far from any gravity source, and hence they may not be 
applicable to astrophysical phenomena. In this article, we have argued that asymp- 
totically flat vacuum spacetime is also possible in f(R) gravity. We have shown here 
that the vacuum solution in f(R) gravity is not the Schwarzschild solution, which 
indicates the violation of Birkhoff's theorem in the presence of the modified gravity. 
Since the solution is no longer the Schwarzschild solution, the quantities related to 
the event horizon and marginal orbits also alter, which further affects the spherical 
accretion flow around a black hole. 
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A certain type of matter with anisotropic pressures can add to the Reissner-Nordstróm 
metric a term proportional to a power of the radial coordinate. Using the standard 
method of separating variables for the Hamilton-Jacobi equation, we study the shadow 
of the corresponding rotating solution, obtained through the Newman-Janis algorithm. 
We define and calculate three observables in order to characterize the position, size and 
shape of the shadow. 


Keywords: Black hole shadow; anisotropic fluid; electromagnetic field. 


1. Introduction 


There has been a renewed interest in the study of black hole shadows since the 
release of the first reconstructed image of the surroundings of the supermassive 
black hole M87* by the Event Horizon Telescope (EHT) collaboration.^? While 
the shadow of a non-rotating black hole is a circle, a rotating black hole has an 
asymmetric shadow? whose shape depends on the black hole mass and spin, as well 
as the inclination angle of the observer. In alternative theories of gravity the shadow 
also presents characteristics that depend on the parameters of the specific model.4 

Anisotropic fluids in general relativity have been studied in the context of com- 
pact objects such as stars or black holes, and in particular spherically symmetric 
black holes surrounded by an anistropic fluid have recently been introduced.? The 
anisotropy allows the matter around the black hole to remain static by means of a 
negative radial pressure, and the resulting metric has a very general form, also being 
found in some alternative theories of gravity. In this work we study the shadows 
of the charged and rotating version" of these black holes. We adopt units such that 
G -—c-l. 


2. Black hole solution 


The energy-momentum tensor corresponding to the anisotropic fluid adopted by 
Cho & Kim? has the form 


T," = diag(—p, pi, po. p2) (1) 
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in spherical coordinates, with a radial pressure p; and an angular pressure po. A 
barotropic equation of state 


pi — wip (2) 


is assumed. It can be shown that in order to have a static black hole solution the 
value w; = —1 must be chosen, leaving wə as the only free parameter, which we 
will simply name w. It is also possible to add to the black hole an electric charge, 
leading to the solution 


ds? = —f(r)dt? + f(r) ! dr? + r?° (d? + sin? 6 d?), (3) 
with 
f(r) =1- 20, (4 
Q* K 
m(r) = M — 5- + gya (5) 


where M, Q, and K are integration constants. M and Q are the mass and the electric 
charge of the black hole, respectively, while K is related to the energy density of 
the anisotropic fluid. It can be seen that by changing the equation of state of the 
fluid—that is, by changing w—one arrives at a different power of r in the last term 
of f(r). The squared charge Q? is clearly positive; however, there is no impediment 
to continuing the solution to negative values, replacing Q? by a parameter q which 
may take either sign, and we will do so in the following. When q is negative the 
second term in m(r) can no longer be interpreted as arising from an electric charge, 
but it can be found for example in some braneworld models.? 

Applying the Newman-Janis algorithm to the spherically symmetric solution (3) 
leads to the corresponding axisymmetric metric 


2A X sin? 0 p? 
db elf d OQ dt)? + Ldr? + p26? 

s 3 + E (dy dt) A dr p do", (6) 

where 
p = r° +a? cos? 6, (7) 
A — r? — 2m(r)r 4- à?, (8) 
X = (r^ -- a? — a? A sin? 0, (9) 

2am(r)r 
Q = ——— 1 
weg (10) 
and 


q K 


as in the spherically symmetric case. When K = 0 the Kerr-Newman metric is 
recovered, with q replaced by Q?. It is important to keep in mind that outside of 
general relativity, the metric obtained through the Newman-Janis algorithm may 
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correspond to a different energy-momentum tensor than that of the original spheri- 
cally symmetric metric.!? We will assume throughout this work that w > 0 so that 
the spacetime is asymptotically flat. The weak, strong and dominant energy con- 
ditions impose various restrictions” ” on the allowed values of w and K, but since 
they do not affect the calculation of the shadow we will not take them into account. 
We require the presence of an event horizon, so that the spacetime does not 
contain a naked singularity. The event horizon is located at the largest solution 
of A(r) — 0, so that its disappearance corresponds to parameter values for which 
A(r) has a double root. The values of w and K for which this happens can be found 
parametrically as functions of the radius r of the double root,!! and are given by 


aè +q- Mr 
A (12) 
and 
A 
2 =N. (13) 


p2r(r—M)/Axn d 


where Akry = r? — 2Mr +a? +q is the functional form of A in a Kerr-Newman-like 
spacetime. Plotting these curves for various values of a? + q shows the regions in 
parameter space for which an event horizon exists, as seen in Figure 1, in which 
we have set M — 1 for simplicity. It can be seen from the figure that unlike for 
the Kerr-Newman spacetime, where a? + q < M? is a necessary condition for the 
existence of an event horizon, the presence of the fluid allows for black holes with 
a? +q > M?. 


3. The black hole shadow 


We will briefly review the standard method for finding the null geodesics for photons 
and the shadow, adapted to our selected spacetime.?:!* The metric (6) is indepen- 
dent of the t and ọ coordinates, leading to the conserved quantities E = —p, and 
L = pg; however, there is an additional hidden symmetry with an associated con- 
served quantity, the Carter constant Q. This constant can be found by assuming 
a separable solution for the Hamilton-Jacobi equation, leading to the first-order 
equations of motion 


pium P P(r) J- aL — a? sin? 0 E, (14) 
3.  aP(r) L 

= —aE 15 

[fies ha (15) 

(o^)? = R(r), (16) 
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a +q = 0.2 ał+q=0.5 a° +q=0.9 
p p —— 
e 
-1 pz -1 -1 
a^-Hgq-—1 a^ cc q-—15 a+q=18 


Fig. 1. Presence of an event horizon for our adopted metric. The shaded regions indicate the 
parameter values for which the spacetime contains a naked singularity, while in the white regions 
there is an event horizon. The solid curves separating them are described paremetrically by Eqs. 
(12) and (13). We have set M = 1, so that all parameters are dimensionless. 


where 
P(r) = E(r? +a”) - aL, (18) 
R(r) = P(r)? — A[(L — aEY + QJ, (19) 
O(0) = Q + cos? 0 (ec? - 4 ;) (20) 


For convenience, we define the impact parameters £ = L/E and n = Q/E?. The 
trajectories that make up the shadow contour have the same impact parameters as 
the spherical photon orbits—that is, the solutions of the equations of motion that 
stay at a constant value of r. These can be found by solving R(r) = 0 = R'(r), and 
the corresponding impact parameters are given parametrically by 


jar 4a?(m(r) — m'(r)r) — r(r — a +m'(r)r}? 
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A distant observer at an inclination angle 0 = 0, can use the celestial coordinates 
(a, B), which are given by 


$ 
77 Sin Bo. (23) 
£2 
B = +,/ + cos? 6, (« rrr aE (24) 


they correspond to horizontal and vertical displacement in the image plane, respec- 
tively. 

Figure 2 shows the shadows produced by a black hole with spin a/M = 0.9 as 
seen by a distant equatorial observer, for various values of the parameters w, K and 
q. We find the expected behaviors from the Kerr and Kerr-Newman spacetimes: 
the shadow is asymmetrical and displaced as a consequence of the spin of the black 
hole, and its size decreases as the charge increases. 

To better characterize the size and shape of the shadow, we define three ob- 
servables!:!? that can be calculated from a given shadow contour: the area of the 
shadow, its oblateness, and its horizontal displacement. The area is simply 


A=2 | Bdo, (25) 


where the plus sign in Eq. (24) has been chosen; the oblateness measures the devi- 
ation of the shadow from circularity and is defined as 


Aa 
D=— 26 
ma (26) 
where Aa and Af are the extent of the shadow in the horizontal and vertical direc- 
tions respectively; finally, the horizontal displacement is more properly described as 


the a-coordinate of the centroid, given by 


1 
Ac = = | 205 da. (27) 


Working with observables has the benefit of making it easier to explore larger 
areas of parameter space at once; this can be seen in Figs. 3, 4 and 5, showing the 
values of A, D and a, for a/M = 0.9 and various values of the other parameters. 
All plots are shown as functions of q, whose maximum value is determined by the 
requirement that there exist an event horizon. 

It is clear from Fig. 3 that the shadow becomes smaller as q increases or as K 
decreases. 'T'his is to be expected, since both parameters appear with opposite signs 
in the metric. The oblateness and horizontal displacement show more interesting 
features. For w « 1 we see that the shadow becomes more compressed and more 
displaced as the charge increases. For w = 2 and K > 0, though, the charge can 
become large enough to reach a region where the behavior reverses, with D be- 
coming greater than one and a, becoming greater than zero, reflecting a shadow 
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w = 0.25, K = —0.15 w=2, K =—0.15 


w = 0.25, K =0 w=2, K =0 


w= 0.25, K =1 w=2, K=1 


10 —10 0 10 


Fig. 2. The shadows of a black hole with a/M = 0.9 for an observer at 0, = 7/2, for various 
values of the parameters. All quantities have been adimensionalized by setting M — 1. 


a = 0.9, w = 0.25 a = 0.9, w = 0.75 a=09,w=2 


Fig. 3. The area of the black hole shadow for some values of the parameters. We set M = 1, so 
that all quantities are dimensionless. 
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a = 0.9, w = 0.25 a= 0.9, w — 0.75 a=0.9,w 22 


Fig. 4. The oblateness of the black hole shadow for some values of the parameters. We set M = 1. 


a = 0.9, w = 0.25 a = 0.9, w = 0.75 a=0.9,w=2 


Fig. 5. The horizontal position of the shadow centroid for some values of the parameters. We set 
M=1. 


that is wider than it is tall—unlike the Kerr shadow—and displaced in the opposite 
direction. However, the energy-momentum tensor of the fluid can have the physi- 


7,11 


cally undesirable property of having negative energy in this region of parameter 


space, so the corresponding shadows should be interpreted with care. 


4. Discussion 


In this work we have considered the effect of a fluid with anisotropic pressure on 
the shadow of a charged and rotating black hole. The fluid makes a contribution to 
the gravitational field of the black hole, and the resulting Hamilton-Jacobi equation 
for the geodesics is separable, so that a standard method for finding the shadow 
contour can be used. We have produced plots of the shadow for various values of 
the charge as well as the fluid anisotropy and density, and we have found that for 
many values of the parameters the shadow is qualitatively similar to the well known 
Kerr-Newman case, exhibiting the typical deviation from circularity due to the spin 
and shrinking as the charge increases or the energy density of the fluid decreases. 
However, in some regions of parameter space where the fluid has negative energy, 
the opposite behavior is seen, with the shadow becoming narrow and displaced in 
the opposite direction. 
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We review the constraints modified theories of gravity must satisfy to be compatible 
with the spherically symmetric black hole solutions of semiclassical gravity that describe 
the formation of an apparent horizon in finite time of a distant observer. The constraints 
are satisfied in generic modified gravity theories with up to fourth-order derivatives in 
the metric, indicating that the semiclassical solutions correspond to zeroth-order terms 
in perturbative solutions of these theories. As a result, it may not be possible to distin- 
guish between the semiclassical theory and modifications including up to fourth-order 
derivatives based on the observation of an apparent horizon alone. 


Keywords: Black holes; general relativity; modified gravity; alternative theories of grav- 
ity; quantum aspects of black holes. 


1. Introduction 


The predictions of general relativity (GR) have been confirmed in numerous ex- 
periments and are so far compatible with all currently available astrophysical and 
cosmological data. In particular, strong evidence for the existence of astrophysical 
black holes (ABHs) — massive dark compact objects — has accumulated over the 
last few decades. The precise nature of ABHs is still under debate, but contem- 
porary models describe them as ultra-compact objects (UCOs) with or without a 
horizon.! Due to their compactness, they provide excellent opportunities to probe 
strong gravity.? 

The development of alternative theories of gravity has received much attention 
in recent years in an attempt to alleviate some of the perceived shortcomings of 
GR (such as the presence of singularities) and incorporate quantum gravitational 
effects.^^ As a preliminary test, any modified theory of gravity (MTG) should be 
compatible with the observed ABHs candidates and provide a model to describe 
them. Present-day astrophysical observations such as the detection of gravitational 
waves from coalescing compact systems? and measurements of the M87 black hole 
shadow" probe the (dynamic) strong-field regime of gravity and limit the extent to 
which MTG can deviate from GR while still being compatible with observational 
data. 
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There is no single, unanimously agreed upon definition of what exactly consti- 
tutes a black hole as different lines of research focus on different aspects. Conse- 
quently, the most useful and/or practical definition of a black hole depends on the 
context and highlights the relevant features. Nevertheless, a widely accepted feature 
of black holes is the presence of a trapped spacetime region from which nothing can 
escape. We adapt the terminology of Ref. 9 and refer to a trapped region that is 
bounded by an apparent horizon as a physical black hole (PBH). The definition of 
an apparent horizon (see Sec. 2) is an observer-dependent notion that is, at least 
in principle, physically observable (in contrast to the global, observer-independent 
notion of an event horizon).!? It is therefore possible that GR and various MTG 
can be distinguished observationally based on distinct properties of PBHs and their 
horizons in these models. 


2. Mathematical preliminaries 


We work in units where h = c = G = 1, use the (— + ++) signature of the metric, 
and describe dynamics using the semiclassical Einstein equations G,,, = 87T),,, 


or modifications thereof, where T, = (Tpu )w on the rhs denotes the expectation 
value of the renormalized energy-momentum tensor (EMT) that describes both the 
collapsing matter and the produced excitations. No assumptions are made about 
the matter content or the quantum state w. 

The field equations of a generally covariant metric theory of gravity can be 
derived from its action.!! Here, we omit discussions of the matter Lagrangian and 


boundary conditions and focus on the gravitational action 
S= [v= £g dz (1) 


determined by the gravitational Lagrangian density £g(g"", R,,, ,, ). In classical GR 
and semiclassical gravity, it is strictly linear in the Ricci scalar, i.e. £g (g^", R,,,,,) = 
R. Modifications typically include higher-order curvature corrections, which we or- 
ganize according to powers of derivatives in the metric, i.e. 


Mp? 
Lev TE = —— (R4 Mg", Rss) 
167 BE, (2) 
Mp? 
= PL R+ aR? +a Rp RY + agRyypgR””? +..., 


where X sets the scale of the perturbative analysis, the cosmological constant term 
was omitted, Mp denotes the Planck mass, and the coefficients a1, a2, a3 are di- 
mensionless. 

We limit our exposition to spherical symmetry and work with a general spheri- 
cally symmetric metric in Schwarzschild coordinates given by 


ds? = —eMn F(t, r)dt? + f(tr) T dr? + do, (3) 
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where 
f (t, r) :2 O,rü"r = 1— C(t,r)/r (4) 


provides a coordinate-independent definition of the Misner-Sharp mass!? C(t, r)/2, 
r denotes the areal radius, and the function h(t,r) plays the role of an integrating 
factor in coordinate transformations, such as 


dt = e ^ (e^*dv — f^ !dr). (5) 
Explicit calculations can be simplified by introducing the effective EMT components 
T, := pop. T” a eer, T := T". (6) 


The apparent horizon plays a central role in our analysis. Its outer component 
is located at the Schwarzschild radius r,(t) that is defined as the largest root of 
f(t,r) = 0.13 Albeit an observer-dependent notion in general, it is unambiguously 
defined in spherical symmetry. To be of physical relevance, it must form in finite 
time according to the clock of a distant observer.!^!? Moreover, to maintain pre- 


dictability of the theory, it must be a regular surface, 6!" i.e. the curvature scalars 


$c E = v Se v 2 2 
T :— T^, = —R/8n + O(A), T= TT, = R""R,,/64n^ +O"), (7) 
must be finite at r = rg. Mathematically, this requirement is expressed as 


T-(7-5)/f > nO, (8) 
T= [m -267 e] P A exor. (9) 


for some functions gi,2(t) and kı,2 > 0. While there a infinitely many solutions in 
principle, only two distinct classes of dynamic solutions that satisfy the regularity 
requirement were found to be self-consistent.!?:!? With respect to the scaling be- 
havior T ~ f^ of the effective EMT components of Eq. (6), they correspond to the 
values k € {0,1}, where k = kı = k2. Both of them violate the null energy condition 
(NEC) in the vicinity of the outer apparent horizon. ^!9?:29 We briefly summarize 
their properties in what follows. 


3. Semiclassical PBH solutions in spherical symmetry 


In spherical symmetry, the relevant components G, G, G'" of the semiclassical 
Einstein equations can then be written as 


0,C = 8rr?7, | f, (10) 
BC = 8nr?e"r,", (11) 
Oph = Anr (r, + T") / FP, (12) 


respectively. 
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3.1. k — 0 solutions 


Close to the horizon (i.e. as r — rg), the limiting form of the effective EMT com- 
ponents is given by 


oo oo oo 
T= —Y? +X ejat, Tis =+” +X ġja, T" - -T° + M pjr! (13) 
G25 j2i j2i 


for some time-dependent function Y(t) > 0, where j € Z$ labels half-integer and 
integer coefficients and powers of the coordinate distance x :— r — r, from the 
apparent horizon, and the lower signature of 7," corresponds to evaporation (accre- 
tion). Taking t, — T” — +Y? + O(\/z) results in complex-valued solutions of the 
Einstein equations Eqs. (10)-(12).?? The leading terms of the metric functions that 
solve Eqs. (10) and (12) are given by 


C —rQ— Gat t M g, (14) 


j21 
1 z i 
h=- m2 +Y ha, (15) 
27t 
J22 


where the leading coefficient c12 = 4 frre! 2T, £ (t) is determined by the choice of 


time variable, and higher-order terms must be matched with those of the EMT 
expansion. Eq. (11) then necessitates that the dynamic behavior of the horizon is 
governed by 


ra= c12 VE/rg (16) 


where the lower (upper) sign corresponds to evaporation (accretion). 


3.2. k = 1 solution 


For k = 1, the limiting form of the effective EMT components close to the horizon 
(i.e. as r — rg) is given by 


oo oo oo 
RHEf+) ee) «9f. du. a'-PPel nw. (17) 
j22 j22 j22 


where E, ®, and P denote energy density, flux, and pressure at the horizon. The 
metric functions that solve Eqs. (10) and (12) are given by 


C =r — cg2x/? + O(x?), (18) 
h=-3 m£ OS) (19) 


where the leading coefficient c32 = Ar?/? /-rez/3, and e denotes the O(z?) 
coefficient of 7,, see Eq. (17). According to Eq. (11), the dynamic behavior of the 
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horizon is governed by 


T, +c39€9/? fr... (20) 


where the lower (upper) sign corresponds to evaporation (accretion). For k — 1, only 
one solution is self-consistent. It describes PBHs at the instant of their formation!? 
and is uniquely defined by the energy density E :— —T", and pressure P :— T", 
at the horizon, which take on their maximal possible values E = —P = 1/(8rr2). 
Hence, we refer to it as extreme-valued k = 1 solution. 


4. Modified Einstein equations in spherical symmetry 


'The modified Einstein equations are obtained through variation of the gravitational 
action!! [cf. Eqs. (1)-(2)], and can be represented schematically as 


G uv t AE po = 81T,, , (21) 


where the terms €,,,, denote deviations from the Einstein equations that result 
from the variation of J(g"", Raupo) lef. Eq. (2)]. The explicit form of the Einstein 
equations in MTG then immediately follows from Eqs. (10)-(12): 


fr ?e^^8,C + A£,, = 851, , (22) 
r ?70,C + rE," = 8aT,", (23) 
ofr Oh — fr 70-0 + AE = 8aT™. (24) 
The metric functions that solve the modified Einstein equations Eq. (21) are 
Cy =: C(t,r) + AX(t, v), (25) 
hy =: h(t,r) + AQ(t,r), (26) 


where X and Q denote the perturbative corrections, and the bar labels the semiclas- 
sical metric functions introduced in Sec. 3. Schematically, substitution of Eqs. (25)- 
(26) into the modified Einstein equations Eq. (21) yields an equation of the form 


Gy + Gy + Ey, = 8n (Ty, + AB.) (27) 


where objects labeled by the tilde correspond to first-order terms in the expansion 
of \ that involve the perturbative corrections © and Q, and terms of order O(A?) 
and higher have been omitted. The modified gravity contributions can be expressed 
solely in terms of unperturbed quantities, i.e. E = Eie sh): For a detailed 
account of the perturbative analysis, the reader is referred to Ref. 21. 


5. Constraints for modified gravity theories 


Any arbitrary MTG must satisfy several constraints?! to be compatible with the 
spherically symmetric PBH solutions of semiclassical gravity described in Sec. 3. 
The constraints are twofold: first, the terms € uv that encode deviations from the 
semiclassical theory must follow a particular structure when expanded in terms of 
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the coordinate distance x :— r — re from the apparent horizon. Second, several 
identities between their coefficients must hold. 
To be compatible with PBH solutions of the k — 0 type (Sec. 3.1), the MTG 


terms € uv Must conform to the expansion structures prescribed by 
æ; 8 = 
- i = , 
ee E æ+ >> æa, (28) 
j25 
Qe oo 
" - 
e, — Va + Co + 5 ce; x", (29) 
i24 
oo 
E = 65 + 5 ja, (30) 
j2i 


and the three identities 


æj = ien — Edo, Lp = 2. /£oeg = £012, (31) 


between their lowest-order coefficients must be satisfied. 
Similarly, to be compatible with the extreme-valued k — 1 solution (Sec. 3.2), 
the MTG terms must follow the expansion structures prescribed by 


GA = 235 Lj A LT 
e = 73/2 | ms | Va + xo d X ær ; (32) 
j2$ 
E = o 4 5 66229; (33) 
je 
err — 5 9;2), (34) 
j23 


and the two identities 
835 = 269/200 — Bd30, ae; = 2£?/? (ha50e9 + 0913) — E? (2h12Ø32 + 93). (35) 


between their lowest-order coefficients must hold. 

For both types of solutions k € {0,1}, no additional constraints can be obtained 
through the consideration of higher-order terms (> O(a?/?)) in the metric functions 
as in this case the modified Einstein equations contain too many additional inde- 
pendent variables. A comprehensive analysis of this result and a detailed derivation 
of Eqs. (28)-(35) is provided in Ref. 21. 

If a particular MTG does not satisfy the constraints for one or both classes of 
semiclassical PBHs, the theory in question may still possess solutions corresponding 
to PBHs, but their underlying mathematical description must then differ from that 
of Sec. 3.1 and/or Sec. 3.2, which may or may not lead to observable differences 
based on properties of the associated near-horizon geometry. 
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So far, the constraints imposed by Eqs. (28)-(35) have been investigated in 
MTG with up to fourth-order derivatives in the metric.?? In particular, it has been 
demonstrated that 


(1) generic f(R) theories, where £a = f(R), f(R) =: R+AF(R) [cf. Eq. (2), F(R) = 
BRI, and B,qc R 

(2) generic MTG with up to fourth-order derivatives in the metric, where the par- 
ticular choice of £g = (—oR,, R"" + BR? + y& ? R) in the action is motivated 
by the desire to avoid ghosts (massive states of negative norm that result in an 
apparent lack of unitarity),2^?^ and k? = 327 


satisfy all of the constrains identically (i.e. without requiring any additional con- 
ditions) and are thus compatible with the existence of spherically symmetric semi- 
classical PBHs. The procedure for obtaining explicit expressions for the MTG terms 
E uv Ìn terms of unperturbed quantities is outlined in Ref. 22, and explicit expres- 
sions for the relevant MTG coefficients of Eqs. (31) and (35) in these two theories 


are provided in the following linked Github repository. 


6. Discussion 


We have outlined a procedure to test the compatibility of arbitrary metric MTG 
with the PBH solutions of semiclassical gravity, which are characterized by the 
formation of a regular apparent horizon in finite time of a distant observer. We 
find that generic MTG with up to fourth-order derivatives in the metric identi- 
cally satisfy all of the constraints for both classes of solutions, indicating that the 
semiclassical PBHs correspond to zeroth-order terms in perturbative solutions of 
these models. As a result, the observation of an apparent horizon by itself is insuf- 
ficient to distinguish between the semiclassical theory and modifications including 
up to fourth-order derivatives in the metric. A detailed analysis of the response of 
the near-horizon geometry to perturbations is required, and may allow to identify 
potentially observable differences between PBHs of various theoretical frameworks. 
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What we are doing is three-fold. First, we examine the gist of the Penrose suggestion 
as to signals from a prior universe showing up in the CMBR. That is, this shows up 
as data in the CMBR. Second, we give a suggestion as to how super massive black 
holes could be broken up s of a prior universe cycle by pre-big-bang conditions, with say 
millions of pre-Planck black holes coming up out of a breakup of prior universe black 
holes. Three, we utilize a discussion as to Bose-Einstein condensates set as gravitons as 
to composing the early universe black holes. The BEC formulation gives a number N 
of gravitons, linked to entropy, per black hole, which could lead to contributions to the 
alleged CMBR perturbations, which were identified by Penrose et al. 


Keywords: Minimum scale factor, Cosmological constant, Space-time bubble, Penrose 
singularity, Prior universe black holes. 


1. First, What Does Penrose Suggest About the CMBR Data Set 
and Preuniverse Massive Black Holes? 


'The abstract has a clue, as part of Ref. 1 states as to what we want to explain in 
the CMBR, i.e., circular rings in the CMBR “data.” 

In Ref. 1 there is a well crafted suggestion by Gurzadyan and Penrose as to an 
initial quote: 


'The significance of individual low-variance circles in the true data has been 
disputed; yet a recent independent analysis has confirmed CCC’s expecta- 
tion that CMB circles have a non-Gaussian temperature distribution. Here 
we examine concentric sets of low-variance circular rings in the WMAP 
data, finding a highly nonisotropic distribution. 


Here is the nuts and bolts as to what Penrose cosmology is about Ref. 2. 


1.1. There is initial inflationary expansion of the universe, but the 
caveat is that matter—energy is sucked up in super-massive 
black holes 


'That is, rather than have a purported infinite expansion, and we see the following dy- 
namic. We connect a countable sequence of open Friedmann-Lemaitre-Robertson- 
Walker metric (FLRW) spacetimes, each representing a big bang followed by an 
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infinite future expansion. Penrose noticed that the past conformal boundary of one 
copy of FLRW spacetime can be “attached” to the future conformal boundary of 
another, after an appropriate conformal rescaling. result gap reset in a conformal 
reset with matter from black holes collected and reset to a new value of gab at the 
start of cosmological expansion with matter-energy from black holes being recycled 
conformally to a new expansion cycle.” 


1.2. Neat, let us view the Penrose suggestion as to black holes 
from a prior universe 


In order to see this, consider a suggestion as to black holes, being the template for a 
start to the present universe,? and also Ref. 3 which has the Penrose suggestion of an 
imprint of a prior universe black holes having an effect upon the CMBR spectrum. 
The CMBR spectrum is a real datum, but the worth of getting this information 
would be in terms of having what was said in Ref. 3 as to the “ghost” of prior 
universe black hole radiation. To get a glimpse of where this is going the author 
invites readers to look at Ref. 4 as to the cosmic maelstrom such “signals” would 
have to pass through. 


Figure 1 shows a conformal diagram representing the effect of a highly 
energetic event occurring at the space-time point H. In CCC, H is taken 
to be a Hawking point, where virtually the entire Hawking radiation of a 
previous-aeon supermassive black hole is concentrated at H by the confor- 
mal compression of the hole's radiating future. The horizontal line at the 
bottom stands for the crossover surface dividing the previous cosmic aeon 
from our own and describes our conformally stretched big bang. In conven- 
tional inflationary cosmology, X would represent the graceful exit turn-off 
of inflation. In each case, the future light cone of H represents the outer 
causal boundary of physical effects initiated at H, and such effects can reach 
D only within the roughly 0.08 radian spread indicated at the top of the 


diagram.? 


2. What Can We Expect from the Transition from a Prior 
Universe to the Planckian Regime of Micro Black Holes? 
A. Transition from Initially Gigantic Black Holes to 
Micro Black Holes 


2.1. In a word, we would likely have in the prior universe a 
massive black hole, which would be broken up into millions 
(billions?) of Planck-sized black holes 


In a word the GW radiation and thermal/photonic input would have to fight through 
a thicket of pairs of micro black holes which would be in binary configuration gen- 
erating their OWN GW background. 
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Fig. 1. Competing black hole radiation, and can we see this today in the CMBR? 


Hawking point 


We first will discuss this “binary black holes” signal background which the 
Planckian early universe stars would have to impinge upon, in order to come to 
our attention. 

Now for the discussion of the millions (more than that) of micro-sized black hole 
pairs which would create a generalized GW signature. 

To evaluate the above in terms of our model, we need to refer to a formula given 
in Ref. 4,18, on page 16 of that document which reads as a change in power from 
rotating Planck-sized black holes separated say by a Planck length. 


32(M1 M3)? (Mi + M3) , _ 64 
5R? MBianck Mi=M2=Mpianck pack 


E = GW — (A in energy) = 
= (A in power from rotating binary black holes). 


(1) 


For M about the size of a Planck-sized black hole, it likely would fade out almost 
too quickly to be very measurable. 
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2.2. We also can consider the following gravitons as a 
Bose- Einstein condensate in low mass black holes, and its 
relevance to signal propagation 


'This is a way to get measurable GW signals from a black hole, which have a chance 
of being detected. 

We will be looking at Ref. 5, specifically page 181, where we have the follow- 
ing scaling arguments to work through, if gravitons are Bose-Einstein condensates 
(BECs) for small black holes. The following are scaling value to consider, if we want 
BEC. 

Why we consider BECs and Eq. (2)—Eq. (6), i.e., if there is a break up of massive 
black holes into say Planck mass-sized black holes, as or about the Planck era, very 
likely will not have a surviving signal which has a chance of being measurable in 
the CMBR data. That is, the discussion of Eq. (2)-Eq. (6) below uses the device of 
having BEC condensation in gravitons for masses up to about 10 grams or so, and 
in doing so a dodge as to getting entropy counts per black hole. 

That is after the black hole masses, as given in Eq. (2)-Eq. (6) are likely built 
up by the consolidation of two mini black holes going through an inspiral collapse, 
as has been modeled in GW. 


M, 
menee (2) 


Moa ~ YN graviton * Mp (3) 
Raen VN oia le (4) 
Sou © kg Neraviton (5) 


T, 
Tan ecce, (6) 


V Neraviton 


Here, the first term, m, is in the effective mass of a graviton. This is my take as to 
how to make all this commensurate as to special relativity. 


Mg Mp 


ma a} A 10-19 g (7) 
vg A2 V N, raviton 
ip) ^ 
TES dana E (8) 


With this, if say one has a 1 gram black hole, about 10? times larger than a Planck 
mass, one would be having say an entropy generated this way of about 101°, assum- 
ing Planck normalization. 
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3. So, Then What are the Number of Gravitons Emitted via a 
Spinning Planck-Sized Black Holes Component Binary in Terms 
of Gravitons?® What Does This Say About an Optimal 
Black-Hole Size as to Perhaps See Measurable GW /Graviton 
Generation Effects 


Likely from the situation in Ref. 6 for items as of about a Planck length, and 
involving Planck-sized masses, we would see the following equation for a rotating 
rod, of mass M, and of velocity V, of its end, for graviton production. 
4 

"n 2e M2, (=) «7.5x1079M2, > N, > 1 if Ma >4x10°g. (9) 
If we have an equivalent situation with respect to two black holes in a binary state, 
we would likely need to have approximately black holes of masses 10? g to 109 g—i.e., 
10? to 10! times larger than Planck mass—to have a measurable GW /Graviton 
signal which would be commensurate with experimental data sets. If we had say 
10° to 109 g black holes, then the value of gravitons released per second, from a 
BEC condensate of gravitons for a mini black hole would me many times larger 
than Eq. (8) above. 

We don't know the exact values, but this leads to our next point, which is the 
stages of black holes, before the Planckian era, to at the point of time (and space) 
where 1 to 10? g black holes would be composed of gravitons by BEC condensation 
of gravitons, for a release in. 

Considering this, what can we say about the regimes of black-hole masses, just 
before the Planckian era, during the Planckian era, and right after the Planckian 
era? 

We are assuming the following. A moderately large number (109 or more) of 
super massive black holes which would be in the center of galaxies, and which would 
be broken up and recycled in the CCC cosmology regime, with masses dropping from 
about 104! g, down to about 1074 to 107? g, before recombination by Planck era 
recombination into a tier of black holes which would be at least 1 gram in mass, 
scaling up to 10? g in mass so as to allow for BEC generation of gravitons through 
entropy production as in Eq. (2)-Eq. (7) above. 

In doing so, we purport to use the datum given in Ref. 6 that masses of say much 
lower than 10? to 10° g for black holes likely do not have much chance of producing 
gravitons which would be detectable in the present era. Indeed, a minimum mass 
of about 1 to 10 grams for a black hole would be needed for a Bose-Einstein con- 
densation via gravitons for a "light, low-mass" black hole which would be able to 
by Eq. (2)-Eq. (6), Eq. (8), and Eq. (9) to have at least 101° gravitons per second 
generated (entropy for a BEC black hole). 

We then would to a round off approximation state this hierarchy of black-hole 
behavior and size to consider. 
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Table 1. Scaling of mass of black holes, and their purported number, If CCC cosmology (Penrose) 
assumed for GW radiation release (may affect the CMBR) 


End of prior universe time Super massive end-of-time 10 to 10? of black holes, usually from 
frame black hole 104! to 104^ g. centers of galaxies 

Planck era black hole for- Micro black holes 1075 to 1049 to 1045 black holes, assuming not 
mation assuming merging of 1074 g (approximately the too much destruction of matter-energy 


micro black-hole pairs Planck mass value). from pre-Planck to Planck conditions 
Post-Planck era black holes: Normal-sized black holes 107? to, at most, 10?° black holes with 
Can use Eq. (2)-Eq. (6) to 10g to 108 g repeated black-hole pairs forming a sin- 
have 1019 gravitons/second gle black hole multiple times. 


released per black hole 


4. Why We Would Have the Figures from Table 1 to Consider for 
Contributions to the CMBR and the Penrose Suggestion 


The formula which is for luminosity from a black hole and in page 16 of Ref. 4 the 
text states that the two black holes emit GW with a wave frequency 2 times the 
rotation frequency of the orbit of the two black holes to each other. 

If we assume that we are still using this approximation above,’ we can see 
support for our choice of Planck length as the minimum separation distance between 
the two black holes via using Planck units normalized to 1 as yielding 


M; + M2 
Mp 


+l= RPplanck: (10) 


R (separation) ~ ref = 
2 My, =M2=Mpianck=1 


lanck 
Going to Clifford Will," we see on page 252 a loss or shrinkage of the period for the 
rotating black hole pair defined by P 

P dP 1 3E 


P dt P 2E uM 


Whereas, with the mechanics version of P for a sphere to be defined by, where M 
is a mass of a star, and we assume a binary system with two masses of equal mass 
M, so that, if R is the separation between the two masses? on page 188 would be 


21?R 21? Rpianck 
P=R > Rptanck\| =————-- 12 
GM Mi=Me=Mpianck=1 ono G MPpianck ( 


For Planck-sized masses, this means that the period of the binary Planck mass black 
hole pair would be vanishingly small. 

The frequency of rotation would be half that of the GW emitted by these two 
Planck mass black holes which would collapse into each other. Note that the fre- 
quency we have stated for this last step, is given in Eq. (13). That is, could we have 


the following quantization contribution to initial frequency? 
Our final concluding point to this chapter is to review the physics of Fig. 1, and 
then to ask, can we ascertain the GW radiation of Planck era black hole stars in a 
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binary configuration contributing to a buildup of generating frequency getting. If 


1 T 
2 Y 2 I 
AEAt x h => hwAt x hw ( ) >Swrh? (=) . (13) 
Amin Qmin 


We claim that if we take the energy as consistent with a change in value as given by 
Eq. (1) that this will lead to a frequency which may, if amin © 10775-1077? (range 
from 10~?° to 10~?°) lead to 


i i 
"DE (3) "6107 x G) * .105 Hz. (14) 


Whereas note that the frequency is, say dependent upon the choice of y and that 
this could be very different from the Planck frequency 


Wp © 1.885 x 1043 Hz. (15) 


We have then that if one had a redshift, of z zz 10?*, that this would mean a present 
value of frequency as of about 1 Hz, whereas we can consider what would be gained 
by looking at the contribution near the CMBR, z œ~ 1,100 or so for the CMBR, 
whereas this would mean roughly that we would be looking in the regime of the 
CMBR: 


1 
SNF 
Wsignal from Planck to CMBR CC G) 107 x 107? Hz. (16) 


However, we have in doing this, that the duration of this frequency signal would be 
very minimal, due to the decay of the period, this would be going on for less than 
a nanosecond. 
If so then we would need to refer to Eq. (2)-Eq. (6) and the value of 
kplau ue kp x 10-5 x Tp 


É'sgo-Graviton © 7 x 7 


ES 38 c 38 
=> WpEc-Graviton © 107^ HZ > Wexc-craviton-to-cmpr © 107^ Hz. (17) 


Needless to state, that unlike the case of (12), one would likely have the dura- 
tion of the signal last long enough as to imprint directly on the CMBR. That is, 
look at Ref. 8. Also, for this I refer to the Zeldovich 4 conference Abhay Ashtekar 
presentation.” Ashtekar referred to a removal of bogus data points in the CMBR 
(Figure 1°). 

Now looking at what was discussed by Abhay Ashtekar in Zeldovich 4, on 
September 7, 2020.° 

In our Fig. 2, we copy what was done by Ashtekar, in Zeldovich 4 as to what was 
part of anisotropic fits to the E and B polarization, as given is made easier, if there 
is a nonsingular start to the universe which I discussed in detail in Ref. 10, and that 
further polarization states which may be analyzed in detail could be ascertained in 
Ref. 11. 

If one has a nonsingular start to the universe, modeled on a multiverse general- 
ization of Penrose CCC cosmology!? then the details of a break up of black holes 
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Fig. 2. Filling in the data points left out in terms of CMBR. cosmic microwave background? 


would not be so startling, i.e., these are the details from Ref. 10 as given by the 
following generalization of CCC cosmology.!? 


4.1. Looking now at the modification of the Penrose CCC 
(cosmology) 


We now outline the generalization for Penrose CCC (Cosmology) just before infla- 
tion which we state we are extending Penrose's suggestion of cyclic universes, black 
hole evaporation, and the embedding structure our universe is contained within. 
This multiverse has black holes and may resolve what appears to be an impossible 
dichotomy. The text following is largely from Ref. 10 and has serious relevance to 
the final part of the conclusion. That there are N universes undergoing Penrose 
”2 contained in a mega universe structure. Furthermore, each 
of the N universes has black hole evaporation, with Hawking radiation from de- 
caying black holes. If each of the N universes is defined by a partition function, 
called {0;}3=},, then there exist an information ensemble of mixed minimum infor- 
mation correlated about 107-10? bits of information per partition function in the 
set {O; HEN , so minimum information is conserved between a set of partition 
functions per universe.!? 


"infinite expansion 


before 


(GN = (GiN—N 
However, there is nonuniqueness of information put into partition function {O;}!=}. 


Also Hawking radiation from black holes is collated via a strange attractor collection 
in the mega universe structure to form a new inflationary regime for each of the N 


pb im (18) 


universes represented. 
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Our idea is to use what is known as CCC cosmology,!? which can be thought 
of as the following. First. Have a big bang (initial expansion) for the universe which 
is represented by {0;} Z4. Verification of this mega structure compression and 
expansion of information with stated nonuniqueness of information placed in each 
of the N universes favors ergodic mixing of initial values for each of N universes 
expanding from a singularity beginning. The m; stated value, will be Sentropy © 
nf. ^1? How to tie in this energy expression, as in Eq. (16) will be to look at the 
formation of a nontrivial gravitational measure as a new big bang for each of the N 


universes as by n(E;). The density of states at energy E; for partition function.!?: 14 
0 i=1 


Each E; identified with Eq. (13) above, are with the iteration for N universes.” 1? 
Then the following holds, by asserting the following claim to the universe, as a 
mixed state, with black holes playing a major part. 


4.1.1. Claim 1 


See the below representation!? of mixing for assorted N partition function per CCC 
cycle. 


: i fixed after nucleation regime (20) 
vacuum-nucleation transfer 


N 
1 Ə o 
N X ) jl; before nucleation regime > Ui 
j=l 


For N number of universes, with each 9|, before nucleation regime 10T J = 1 to N being 
the partition function of each universe just before the blend into the right-hand 
side of Eq. (20) above for our present universe. Also, each independent universes 
as given by 9|, before nucleation regime 1S Constructed by the absorption of one to ten 


million black holes taking in energy.? Furthermore, the main point is done in Ref. 10 
in terms of general ergodic mixing.!? 


4.1.2. Claim 2 


max 


9;|; before nucleation regime 2s 5 Ok 
k=1 


(21) 


black holes jth universe 


What is done in Claims 1 and 2!? is to come up as to how a multi dimensional 
representation of black hole physics enables continual mixing of spacetime largely 
as a way to avoid the anthropic principle,!? as to a preferred set of initial conditions. 


5. Conclusion 


If one has a nonsingular start of expansion of the universe and ergodic mixing of 
initial conditions of space-time from other universes, how does this relate to the 
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breaking up of black holes from Table 1? In Ref. 10 in order to do away with 
the anthropic principle, the following references in terms of ergodic mixing of the 
partition function of the universe was utilized, as far as a multiverse. But there is 
one final piece. Assume that we have 


Wrarth L DO cant (22) 


We will be of course assuming an equivalence between a graviton count and infor- 
mation, and we can in future work compare this with the Rosen? value of energy 
for a mini universe of (from a Schródinger equation) with ground state mass of 
m = /tTMpianck and an energy of 


—Gm? 
21h? 
Our preliminary supposition is that Eq. (23) could represent the initial energy of a 
pre-Planckian universe and that Eq. (24) would be thermally based energy dumped 
into the space-time bubble assumed in Ref. 10. That is, 
kpTsy kp x10? x T, 

ese 2 ) 


En = (23) 


Exniverse = 10%! X Eppc-craviton % 10^ x ( (24) 
is the thermal energy dumped in due to the use of cyclic conformal cosmology. Here 
we specify that initially it would have that the value of Eq. (24) would exactly 
counter balance the energy given in a negative form by Rosen as of Eq. (23). 

Now use the following approximation of the universe, initially having the entropy 
of a black hole. That is, we are using Ng infinite quantum statistics,!8 while area 
denotes the surface area of the regime of space-time: 
A oe, Ing x 


me P FS Neraviton* 


S universe X Sau ~ 


Alan cen) 
'This way of noting entropy and the signals of the prior universe black holes being 
generated secondarily is a surface area which is commensurate with the utilization 
of Eq. (2)-Eq. (6) for BEC condensation by gravitons for early-universe black holes. 
This is in tandem with the quantum fluctuations as seen in Figure 2 below. Also 
see Appendix A as well as the physics.?: 1718 

The bubble nucleation, plus the details of cosmology leading to black holes from 
a prior universe showing up: 


For thirty years Oxford mathematician Roger Penrose has challenged one 
of the key planks of cosmology, namely the concept of inflation, now over 40 
years old, according to which our universe expanded at an enormous rate 
immediately after the big bang. Instead, fifteen years ago, Penrose proposed 
a counterconcept of conformal cyclic cosmology by which inflation is moved 
to before the big bang and which introduces the idea of preceding eons. The 
concept has been disputed by most physicists, but Penrose and colleagues 
believe that new evidence has come to light which requires closer inspection 
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Quantum fluctuations 


Fig. 3. We here are examining how the universe has self replicating regimes of spacetime!® 14 


-æ -— 
Fig. 4. Mollweide view showing how the CMBR spectrum has "rings" in it from black holes from 
a prior universe 


Source: This from Ref. 19 with Ref. 3 having the data points used to construct this image in. 


and argument—the research is published today in the Monthly Notices of 
the Royal Astronomical Society.!? 


Recent analysis of the cosmic microwave background (CMB) by Penrose, An, 
Meissner, and Nurowski has revealed, both in the Planck and WMAP satellite data 
(at 99.9896 confidence), a powerful signal that had never been noticed previously, 
namely numerous circular spots ~ 8 times the diameter of the full moon. The 
brightest six (Figure 1) are ~ 30 times the average CMB temperature variations seen 
at precisely the same locations in the Planck and WMAP data. These spots were 
overlooked previously owing to a belief that the very early exponentially expanding 
inflationary phase of standard cosmology should have obliterated any such features. 

Judicious application of Eq. (2)-(6) plus Table 1 above leads to this phenomenon. 
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Appendix A. Examining How Many Gravitons Might Be 
Produced by Initially Planck-Sized Black Holes 


Alexander D. Dolgov and Damian Ejlli^ inform us that a mass of a primordial black 
hole is 


Moarty tack note A 4 x 109818. (26) 
S 


A Planck mass is of the value 107? g, i.e., almost, is then obtainable when 
p— 1075 s > Meany black hole © 107g. (27) 


Note that tromnation ^ 10743 sec > 5.39 x 107-448 leads to almost a Planck mass, 
2.176434(24) x 107? g = Mpianak- 

The mechanism of how Planck-sized black holes could generate GW comes from, 
initial friction in the early universe environment, leading to coupling of early pri- 
mordial binary black hole systems which in turn would collapse and form larger 
black holes—i.e., in fact the argument in Ref. 18 is stated on page 15 as follows. 


For PBH masses below a few grams dynamical friction would be an efficient 
mechanism of PBH cooling leading to frequent binary formation. Moreover, 
dynamical friction could result in the collapse of small PBHs into much 
larger black holes with the mass of the order of Mb (18). This process 
would be accompanied by a burst of GW emission 


What is called Mb in this situation is given in Ref. 4 on page 4. 


As we see in what follows, generation of gravitational waves would be espe- 
cially efficient from such high density clusters of primordial black holes. Let 
us assume that the spectrum of perturbations is the flat Harrison-Zeldovich 
one and that a perturbation with some wavelength A crossed horizon at mo- 
ment t;n. The mass inside horizon at this moment was 


Mb(t,,) = maPlt,,. (4) (28) 
It is the mass of the would-be high density cluster of PBHs. 


We then from here have the mechanism of black hole formation comes from 
binary pair formation of small black holes which collapse into a larger set of black 
holes. T'his chain of black-hole pair production and collapse would then lead to an 
accretion procedure along the lines of Eq. (25). Eventually these black hole clusters 
would form the mega black holes as seen in the center of spiral galaxies. 
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1. Introduction 


Black holes have received tremendous interest in recent years, originating on the 
one hand from the discovery of gravitational waves, generated in the merger of 
stellar black holes, by the LIGO collaboration,! and on the other hand from the 
observation of the shadow of the supermassive black hole at the center of M87 
by the EHT collaboration.? The analysis of observational data of black holes is 
typically based on the Kerr hypothesis, namely the assumption that rotating black 
holes are well described by the Kerr solution of General Relativity. Just like General 
Relativity itself, also the Kerr hypothesis is still consistent with all available data. 

However, there are a number of reasons suggesting that General Relativity will 
be superseded by a new theory of gravity, which would reduce to General Relativity 
in a limit. From a theoretical side these reasons include the problem of quantiza- 
tion of gravity and the presence of singularities in solutions of General Relativity, 
while from an observational side the need for Dark Matter and Dark Energy in a 
cosmological context seem most provoking. 

All these reasons have led to a large number of suggestions for alternative the- 
ories of gravity based on deep theoretical reasoning or simply phenomenological 
modelling, see e.g.,>© While alternative theories of gravity should be consistent 
with observations in the weak gravity regime, thus in particular, with observations 
in the solar system, the strong gravity regime is so far much less constrained. In the 
strong gravity regime there exist certainly high precision data from pulsar observa- 
tions (see, e.g.”), but the unknown equation of state of matter at extreme densities 
and pressures may lead to degeneracies with the unknown theory of gravity. There- 
fore black holes may present cleaner probes of the strong gravity regime. 
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In General Relativity black holes are remarkably simple objects in terms of the 
characterization of the space-times, as expressed by the no-hair theorem (see, e.g.?). 
Consequently, Kerr black holes are uniquely determined by their mass and their an- 
gular momentum, and all their higher multipole moments can be fully expressed by 
these two lowest moments. Moreover, when considering the fields of the Standard 
Model of Particle Physics, no astrophysical rotating black holes other than the bald 
Kerr black holes arise. Only microscopic black holes might carry fields of the Stan- 
dard Model as hair (see, e.g.9: 19) 
massive scalar field or Proca field, then General Relativity allows for rotating Kerr 
black holes with scalar or Proca hair that might be of astrophysical relevance.!:!? 

Alternative theories of gravity typically introduce further degrees of freedom, 
often in the form of gravitational scalar or vector fields.? ? Prominent theories with 
additional scalar fields are Horndeski and beyond Horndeski theories,!? !9 while 
their counterparts with vector fields are generalized Proca and beyond generalized 
Proca theories.! ^ 2° But further degrees of freedom may also be present when the 
tensorial part of gravity is modified, yielding, for instance, de Rham-Gabadadze- 
Tolley massive gravity?! and bigravity theories.2??? While General Relativity can 
be formulated in terms of curvature, torsion or non-metricity, as expressed by the 


. However, if one allows for a hypothetical complex 


geometrical trinity of gravity,?^ the associated generalizations of these formulations 
are no longer equivalent. 

Up to now most work on black holes in alternative theories of gravity has been 
done in metric theories. Here the recent years have witnessed the emergence of new 
types of black holes due to newly discovered phenomena. These are, for instance, 
curvature-induced spontaneously scalarized black holes that arise in certain Horn- 
deski models with higher curvature terms, when curvature is sufficiently strong to in- 
duce a tachyonic instability in the background of a Schwarzschild or Kerr black hole 
solution.?° 2° Similarly, spin-induced spontaneously scalarized black holes emerge 
in the presence of sufficient curvature and spin.?? ?? While these solutions satisfy 
circularity, this is not necessarily true for rotating black holes in beyond Horndeski 
theories, where also so-called disformed black holes with a non-circular geometry 
can arise (see, e.g.34 35), 

A very important aspect of black holes in alternative theories of gravity is of 
course their stability and their response to perturbations. In particular, the study of 
quasi-normal modes (QNMs) is very valuable here, since these are also of relevance 
for the analysis of the ringdown phase of black hole mergers. Whereas the QNMs 
of the Schwarzschild and Kerr black holes are known since quite some time (see, 
e.g.°6 49) | the study of the QNMs of black holes in alternative theories of gravity is 
still in its infancy. While some work has been done for static black holes (see, e.g.*), 
very little is known so far even for the case of slow rotation only. The presence of 
additional degrees of freedom in alternative theories of gravity, yields a much more 
intricate spectrum, though, since various modes forbidden in General Relativity will 
be present in alternative theories of gravity. 
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In the following we will summarize the progress on black holes in alternative 
theories of gravity reported in our session of the 16th Marcel Grossmann Meeting. 


2. Summary of the presentations 


'The 16th Marcel Grossmann Meeting was held online on July 5-10 2021. T'his was 
the first time that the meeting was held completely online, mainly because of the 
COVID-19 pandemic around the world. In the parallel session “Black Holes in Al- 
ternative Theories of Gravity” abbreviated as BH3, 16 physicists presented their 
recent research activities in two days, Tuesday 06 July 2021 09:30-12:30 and Thurs- 
day 08 July 2021 16:30-19:30 CEST. Here we recall the main points of the talks in 
BH3, and provide a summary of the presentations. 


2.1. Asymptotically flat hairy black holes in massive bigravity 


Presented by: Mikhail Volkov 
In collaboration with: Romain Gervalle 
Based on the Ref.. 

The ghost-free theories of bigravity were first introduced by Hassan and Rosen 
in Ref.*3. In these theories, there are two metrics denoted by g,, and f,,. Both of 
the metrics have the usual Einstein-Hilbert action, and there is an interaction term 
between the two metrics. The metric gy can be coupled to some matter, while fuv 
is not coupled to any matter. Analyzing the propagating degrees of freedom, there 
are two gravitons in such theories, one massive and one massless. These family of 
theories have been shown to be able to describe the accelerating expansion of the 
universe without a cosmological constant. 

Any black hole as a vacuum solution in general relativity is a solution to bigrav- 
ity theories by the choice of gy, = fuv. For example, the Schwarzschild metric is a 
solution to these theories if one chooses gy, = fuv be equal to the Schwarzschild 
metric. However, this solution is not a stable solution in these theories. An interest- 
ing question arises here: if one relaxes the constraint gav = fuv, is it possible to have 
spherically symmetric asymptotically flat solutions other than the Schwarzschild. 
The terminology “hairy black holes” has been used for such solutions in bigravity, 
and the “bald Schwarzschild” for the special case of guy = fuv to be Schwarzschild. 
It has been a debate to answer this question*+ 46 whether there are hairy black 
holes in ghost-free bigravity or not. Romain Gervalle and Mikhail Volkov in Ref.?? 
have tried to answer this interesting question by constructing spherically asymptot- 
ically flat black hole solutions numerically. They have found that there exist such 
black hole solutions (as pairs of solutions, one for g,, and one for f,,) with the 
same horizon and surface gravity. Free parameters of the Schwarzschild hairy black 
holes are constrained by studying the stability of the solution. To this end, the guv 
metric should be close to the Schwarzschild metric, the f,, metric should not be 
coupled to the matter, and the mass of the black hole should be between 0.2Mo 
and 0.3 x 109 M. 
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2.2. An overview of quasinormal modes in modified and 
extended gravity 


Presented by: Aurélien Barrau 
In collaboration with: Flora Moulin and Killian Martineau 
Based on the Ref.^. 

Quasi-normal modes (QNMs) are dissipative perturbations around a black hole 
background solution. They satisfy purely outgoing and ingoing boundary conditions 
at infinity and at the event horizon respectively. The oscillatory time dependence 
of these modes is described by 


m x eit = eon tior. (1) 


'The frequency wg characterizes the oscillatory behavior of the mode, while for the 
wy > 0 and wr; < 0 the mode grows or decays exponentially, respectively. The main 
question in the QNM analysis is to find the behavior of the complex function w. 

In this talk, Aurélien Barrau provided an overview on QNMs, and presented 
their results for perturbations around a spherically symmetric black hole in 
some alternative theories of gravity. Their analysis is based on Wentzel-Kramers- 
Brillouin (WKB) approximation method.*® °° The theories under consideration 
have been chosen to be the massive gravity,?! 2251,52 Modified Scalar-Tensor-Vector 
(STV) Gravity,” Horava-Lifshitz,?^ ?" A-correction (quantum correction)??? and 
loop quantum gravity (based on the model presented in Ref.??). For each one of 
these choices, the diagrams of wg and wy for some suitable multipole number £ and 
overtone number n were illustrated and compared qualitatively. 


2.3. Constraining modified gravity theories with 
physical black holes 


Presented by: Sebastian Murk 
In collaboration with: Daniel R. Terno 
Based on the Ref.89. 

In this work, the authors emphasize that a physical black hole is a celestial ob- 
ject which has a smooth apparent horizon and trapped surface.®! Requesting the 
smoothness of these surfaces constrains the gravitational models which govern the 
dynamics of such solutions. To be more accurate, the existence of semiclassical phys- 
ical black holes in modified theories of gravity induces some necessary conditions. 

In order to find such necessary conditions, Sebastian Murk as a PhD student 
and his colleague have focused on the spherically symmetric black hole solutions 
which are presented as expansions in the coordinate distance from the apparent 
horizon and do not require a General Relativity solution as the zeroth-order pertur- 
bative solution of the modified theory. The only condition which they impose is the 
regularity of apparent horizon for black hole solutions. They pick finiteness of TY; 
and T""T,,, as the regularity condition on the trapped horizon. By perturbing the 
Einstein equation with a new term Gy, + Ae, = 871T,,, and a generic ansatz for a 
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spherically symmetric black hole metric, the necessary conditions on the component 
of the €,,, are investigated. In the end, the results are studied more for a special 
modified gravity, the Starobinsky model.9? 


2.4. Black holes, stationary clouds and magnetic fields 


Presented by: Nuno Santos 
In collaboration with: Carlos A.R. Herdeiro 
Based on the Ref.9. 

Stationary bosonic clouds are stable configuration of scalar fields around a black 
hole resulting in a bound state. Suggested by many examples, in order to have such a 
bound state, two conditions are necessary: (1) the possibility for superradiance, (2) a 
confinement mechanism. The former is necessary to synchronize the bosonic cloud 
with the black hole rotation, and the latter is needed to make the configuration 
stable. Interestingly, stationary clouds are characterized by a discrete number of 
nodes in the radial direction, n, the orbital angular momentum, £, and the azimuthal 
harmonic index m. In this regard, they resemble orbital configurations in a Hydrogen 
atom. 11.12,64,65 

In this presentation, the bosonic clouds are studied around a Reissner-Nordstróm 
black hole immersed in a magnetic field. These family of black hole solutions are 
called Reissner-Nordstróm-Melvin black holes.99 They are solutions to Einstein- 
Maxwell theory, and their asymptotics resemble a magnetic Melvin universe. These 
black holes are stationary and axially symmetric. The presence of an external mag- 
netic field provides both of the conditions for the stability of a bosonic cloud, i.e., 
the ergoregion and the confinement mechanism. The scalar field in this analysis has 
been considered to be complex, massless and minimally coupled to gravity. So, the 
theory is described by the action: 


R P 


t= = | davali - E - Verv), (2) 


'The bosonic clouds in this model, and on the Reissner-Nordstróm-Melvin solution 
are studied, and it is shown that for specific mass to charge ratios, there exist stable 
bosonic clouds. 


2.5. Bardeen black hole from a self-dual radius in spacetime 


Presented by: Michael Florian Wondrak 
In collaboration with: Marcus Bleicher, Piero Nicolini, and Euro Spallucci 
Based on the Ref.97.8; 

String T-duality is an equivalence between two string theories on spacetimes 
with at least one compactified extra dimension — provided that the compactification 
radii are inversely related to each other, i.e. Ry = R and R$ = ig 'The special 
case of R = R* is called self-dual radius. Beginning from T-duality in bosonic 
string theory, Michael Florian Wondrak first gave an overview on how quantum 
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field propagators are deformed.9? The scalar propagator obtained via Schwinger's 
proper time formalism is read to be 


lo ky (lov k2 + m?) 
/k2 F m2 
In this relation, K, (x) is the Modified Bessel function of second kind, and é is the 


zero point length."? Studying the potential induced by this propagator, a spherically 
symmetric black hole solution was derived, 


G(k) — 


(3) 


dr? 2Mr? 
a hy td, Hedge me (4) 


ds“ = — f (r)dt tA TEES 


This metric resembles the Bardeen black hole with a new interpretation of the UV 
cut-off in terms of the zero point length Zo instead of a magnetic monopole charge. 
'Then, the thermodynamics of this black hole was studied and it was shown that at 
the end of evaporation process, the evaporation stops with a cold remnant instead 
of a final explosion. The remnants of these black holes were investigated regarding a 
possible fraction of dark matter. With a mass below 5 x 1075 Mo, they comply with 
recent constraints on primordial black holes." In the rest of the talk, observability of 
lo was discussed: From the hydrogen energy spectrum, an upper bound of 4 x 10719 
meter was deduced. 


2.6. Asymptotically flat black hole solution in modified gravity 


Presented by: Surajit Kalita 
In collaboration with: Banibrata Mukhopadhyay 
Based on the Ref.?. 

f(R) gravities are among alternative theories of gravity which have observational 
motivations to be studied. In these theories, one replaces the Ricci scalar R in the 
Lagrangian of General Relativity by a function of R, which is called f(R). 


T= / d'z/-gf(R). (5) 


Although the equations of motion are higher-order in derivatives, they do not suf- 
fer from Ostrogradsky instability. In this presentation, Surajit Kalita presented the 
construction of spherically symmetric asymptotic flat black hole solutions to a sub- 
set of f(R) theories. This subset is parametrized by a constant B in the relation 
aL = 1+ 4. The metric ansatz is chosen to be gu, = diag(gtt, grr, T°, r? sin? 0). 
By inserting this ansatz in the equations of motion of f(R) gravities, the unknown 
components (gtt, grr) are found as an expansion if powers of B and L, Then, some 
properties of these solutions are analyzed, including marginally stable and bound 
orbits, and spherical accretion flows. Moreover, from these solutions it is deduced 
that the Birkhoff theorem can be violated in f(R) gravities. 
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2.7. Infinitely degenerate exact Ricci-flat solutions in f(R) gravity 


Presented by: Semin Xavier 
In collaboration with: Jose Mathew and S. Shankaranarayanan 
Based on the Ref.^?. 
In this talk, Semin Xavier presented their results for an infinite number of solu- 
tions to a subset of f(R) gravities. The theory is described by the action 


T= x d‘x./—gf(R), f(R) = (ao 4- o4 R}, (6) 


for a real number p > 1, and constants oo and o4. The metric ansatz is chosen to 
be spherically symmetric: 


dr? 
ds? = — A(r)e?O dt? + — — 
E (r)e t+ AQ) 


Solving the equations of motion for the unknown functions A(r) and ó(r) it is shown 


+ r?(d6? + sin? Ody’). (7) 


that there are an infinite number of possibility for these functions. As a result, it is 
discussed that in f(r) gravities the Birkhoff theorem may be violated. In order to 
show this explicitly, two black hole solutions are constructed and studied. 


2.8. Does the Penrose suggestion as to black holes from a prior 
universe showing up in today’s universe have credibility? 
Examined from a singular, and nonsingular beginning of 
cosmological expansion 


Presented by: Andrew Walcott Beckwith 
Based on the Ref.™. 

Conformal Cyclic Cosmology (CCC) is a cosmological model in the framework of 
General Relativity, which is proposed by Roger Penrose.” In this model of cosmol- 
ogy, the universe iterates through infinite cycles, with the future timelike infinity of 
each previous iteration being identified with the past timelike infinity of the next 
universe. From the observational point of view, it has been suggested that the black 
holes in the previous universe can have implications in our universe, imprinted in 
the cosmic microwave background (CMB).79: 77 

In this talk, Andrew Walcott Beckwith discussed on the feasibility and credibility 
of the proposed methods for checking CCC using CMB data. He discussed the 
Penrose singularity theorem, and investigated the two cases of the CCC: cycling 
through singular or non-singular starting/ending points. 


2.9. Analytical computation of quasi-normal modes of 
slowly-rotating black-holes in dCS gravity 


Presented by: Manu Srivastava 
In collaboration with: Yanbei Chen and S. Shankaranarayanan 
Based on the Ref.5. 
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Gravitational waves have provided interesting data about the inspiral and ring- 
down phases of black hole mergers. The waves in the ring-down phase are quasi- 
normal modes of the black hole merger. Therefore, by studying the data in the 
ring-down phase we can investigate the quasi-normal modes of the system.?9: 37.40 
However, quasi-normal mode frequencies depend on the gravitational theory. So, 
they provide a new tool to distinguish and examine alternative theories of gravity. 

In this line of research, Manu Srivastava and his collaborators have focused 


on dynamical Chern-Simons gravity (dCS), which is described by the following 


action: 7? 
1 b 
Ter] R- / d'z /-g(V,0V^0 + V(9)) 
+ 1 fey —gÜ * RR + Lmatter; (8) 


in which is a pseudo-scalar field, and *RR is the Pontryagin density 
1 
«RR Pe R^, CRI, a (9) 


where «°°! is the Levi-Civita tensor. The background is chosen to be a slowly 
rotating black hole introduced in Ref.°°. The parameter of slow rotation is denoted 
by a. In the analysis, quasi-normal modes in the axial and polar sectors are studied 
up to linear order in a and quadratic order in a. The results of this study, along 
with the data from gravitational wave observations, can be used as a test for dCS 
gravity and to constrain coupling parameters. 


2.10. Scalar perturbations of Kerr black-holes in hybrid 
metric-Palatini gravity 


Presented by: Joao Luts Rosa 
In collaboration with: José P. S. Lemos and Francisco S. N. Lobo 
Based on the Ref.?!. 
In General Relativity, the connection D is assumed to be the metric connection, 
which is related to the metric by the relation 


1 o 
Ins = ao (Ougov E OvGop 22 Os gu» )- (10) 


However, in the Palatini formulation of gravity (see a review in Ref.??), the con- 
nection Tag is considered independent of the metric. If we denote the Ricci scalar 
which is built upon I by R, then the generalized hybrid metric-Palatini (GHMP) 


gravity?? 55 (see a review in Ref.59) is described by the following action: 


1 
t= ag | ov cata m) SS sen (11) 


By the equations of motion, it turns out that the R is the Ricci scalar calculated 
for a metric which is conformal to g,,. Motivated by this, Joao Luís Rosa and his 
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collaborators have shown that for any vacuum solution to GR, there is a non-trivial 
function f(R,R) such that it is a solution to the GHMP too. 

In this context, the Kerr black hole can also be considered as a solution to the 
GHMP. The stability of the Kerr constrains the f(R,R), and this is analyzed in 
this presentation by studying massive scalar perturbations around the Kerr black 
hole. In particular, it is shown that the Kerr black hole is stable for some specific 
f (R,'R) theories and masses for the scalar perturbation. 


2.11. Emergent magnetic monopoles in degenerate theory 


Presented by: Suvikranth Gera 
In collaboration with: Sandipan Sengupta 
Based on the Ref.*". 

Magnetic monopoles are theoretical counterparts for electric charges in electric- 
magnetic duality.55:5? Although they have been studied extensively, there is not yet 
observational evidence for their existence in nature. 

In this talk, Suvikranth Gera presented a non-invertible metric which resem- 
bles a magnetic monopole in the first-order formulation of gravity.°°°? Unlike the 
usual metric formulations, the non-invertible metric is well-defined in the tetrad 
formulations. In the presentation, he first presented the metric explicitly, and then 
followed by the calculation the spin-connection and its field strength in the first- 
order formulation. The magnetic charge is calculated, and the topological origin 
and its observability is discussed at the end, and it is mentioned that this solution 
has not any curvature singularity. Moreover, for the observers moving on timelike 
geodesics, this emergent magnetic charge is not accessible observationally, although 
it affects the curvature of the space-time. 


2.12. Black holes in metric-affine gravity: properties and 
observational discriminators 


Presented by: Diego Rubiera-Garcia 
Based on the Ref.9?. 

A generic connection D can be independent of the metric (see the review in 
Ref.5?). Such a generic connection is called affine connection. Accordingly, it can 
be regarded as an independent field in the Lagrangian. These models of gravity are 
called metric-affine gravities. In a subset of such models, which is called *Ricci based 
gravities," the connection I appears in the Lagrangian only through a symmetric 
Ricci tensor R,, 


1 
I- uq / EON ETT se Hs AD SU facea cd. E (12) 


In this talk, Diego Rubiera-Garcia presented an overview on recent results for the 
black holes in these models of gravity. It is shown that for spherically symmet- 
ric black holes, the curvature singularity can be smoothed out, and the geodesic 


1381 


completeness is restored. Moreover, for such solutions there exist “double critical 
curves." This feature makes the shadow of the black hole to appear as two or more 
bright rings. 


2.13. Holography for rotating black holes in f (T) gravity 


Presented by: Masoud Ghezelbash 
In collaboration with: Canisius Bernard 
Based on the Ref.9^. 

General relativity is based on the Riemann curvature, while the torsion and non- 
metricity are considered to vanish. However, it is equivalent to make gravitational 
theories solely based on torsion, or non-metricity. These equivalent formulations in 
the literature are referred as Teleparallel and Symmetric Teleparallel (or coincident) 
gravities respectively. Similar to the Ricci scalar R which is made from the Riemann 
tensor, one can appropriately define the torsion scalar T', or the non-metricity scalar 
Q. According to the equivalence alluded to above, one can have analogous theories 
for f(R), namely f(T) or f(Q). 

It is useful to study gravitational features in GR, in the Teleparallel gravity or 
Symmetric Teleparallel gravity. In this talk, Masoud Ghezelbash has focused on the 
Kerr/CFT correspondence in f(T) gravities. Kerr/CFT is a correspondence between 
the near horizon region of extremal black holes (originally Kerr black hole??) with 
a (chiral) two dimensional CFT. In this correspondence, the entropy of the black 
hole is calculated via the Cardy-formula for the entropy in a CFT:96:97 


2 


S= F(T +crTr), (13) 


in which the c’s are the central charge of the left and right sectors, and the T’s are 
Frolov-Thorne temperatures.°° The result of such analyses shows that the entropy 
is proportional to the angular momentum associated with the axial symmetry which 
eventually enhances to the Virasoro sectors in the CFT (a review on Kerr/CFT and 
its extensions can be found in Ref.9??). Besides, there are many works attempting to 
realize black hole microstates from the CFT using the Kerr/CFT correspondence 
(see e.g. 100-108). 


In this study, the model of gravity has been chosen to be 


1 


L£=— 
167 


d'zJ—-g (f(T) - 2A — F°), (14) 
in which A is the cosmological constant, and F?-term is the Maxwell theory. A 
rotating charged black hole as a solution to this theory (introduced in Ref.!??) is 
chosen to be studied, and the wave equation for a massless scalar field is approxi- 
mated in the near horizon geometry of this black hole. Instead of a chiral Virasoro, 
a full Virasoro algebra is reported in this near horizon, and the Cardy formula (13) 
is used to reproduce the black hole entropy. 
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2.14. Universe in a black hole with spin and torsion 


Presented by: Nikodem Poplawski 
Based on the Ref. 19, 

The Einstein-Cartan theory (EC) of gravity!!! !? is the simplest theory with 
torsion and curvature. In this theory, the Lagrangian is the same as the Einstein 
gravity 


1 
E = > ] v —g(R + Émáitet]; (15) 


but in addition to the metric, the torsion is considered as a dynamical field. In this 
talk, Nikodem Poplawski studies the collapse of spherically symmetric fermionic 
matter to form a black hole in EC. He explains that if a fermionic field is considered 
as a perfect fluid with energy density e and pressure p as the matter in this theory, 
the effect of the dynamics of torsion can be absorbed in the energy-momentum 
tensor!!® by 


Tav = ply — p(gu» — uyuy) > Thy = €uyu, — B(Gpv — Uptty), (16) 
in which 
ES 2 z 2 
E=6- ans, P=p- anp. (17) 


In this relation, u,, is the four-velocity, n; is the number density of fermions, and 
a = 35. Using T,,, the equation of motion can be written as the usual Einstein 
equation: 


EAM (18) 
In this setup, the collapse is studied by the Tolman ansatz!” for the metric: 
ds? = e" OP dr? — erg? — e! 0P) (qg? + sin? Ody’), (19) 


and solved for the unknown functions (v, jj, A). The results show that in this col- 
lapse, the singularity is prevented by the effects of the torsion. The geometry of 
the universe on the other side of the horizon is calculated, and it is shown that the 
geometry is an oscillating FLRW metric and it describes a closed universe. It is also 
calculated that due to the pair particle production, the frequency of the oscillation 
is reduced in time. 


2.15. Absorption by deformed black holes 


Presented by: Renan B. Magalhães 
In collaboration with: Luiz C.S. Leite and Luís C.B. Crispino 
Based on the Ref.!!5, 

The usual way to study alternative theories of gravity is to change the 
Lagrangian or the dynamical fields. Then, the equations of motion follow, and one 
can study the solutions to the new equations. However, in Ref.!?, Johannsen and 
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Psaltis introduced a parametric deviation approach, which is the reverse of the pro- 
cedure mentioned above. They deform black holes by some parameters such that the 
black holes remain smooth, free of pathology, and have some suitable properties. 
'Then, the equations of motion which could have such solutions are investigated. 
Following this method, Konoplya and Zhidenko in Ref.!?? have deformed the Kerr 
black hole by some parameters, while keeping its suitable features intact. 

In this talk, Renan B. Magalhaes presented the analysis of the absorption cross 
section of a massless scalar field for the static Konoplya-Zhidenko black hole. The 
metric of this black hole is similar to the Schwarzschild black hole with a deformed 
mass: 


di 2M js 
as? = fal + eta f-1i-7—, MoM+55°%, (20) 


with the special choice of 7; = 42. So, the f is chosen to be f = 1— IM +4 for some 
parameter 7. In order to have a horizon, rj, < N < 0 in which nmin = Xe On 
this specific background, Renan B. Magalhàes and his collaborators have studied 
the wave equation for a scalar field Nw = 0. He presented the result of the radial 
potential for different spherical harmonic modes, illustrating them from numerical 


calculations. Moreover, the absorption cross sections are derived numerically. 


2.16. Shadow of a charged black hole surrounded by an anisotropic 
matter field 


Presented by: Javier Badía 
In collaboration with: Ernesto F. Eiroa 
Based on the Ref.'*. 

Observation of the shadow of a supermassive black hole at the center of galaxy 
M87 has been one of the main progresses in black hole physics in recent years.!?? In 
parallel with this observation, theoretical studies of black hole shadows have been 
one of the active lines of research (see Ref.!?? for a review). Especially, the presence 
of matter fields surrounding black holes, and its effect on their shadows has been 
investigated (see e.g.124 1?7), 

In this talk, Javier Badía presents the results of the calculation of shadows for 
rotating charged black holes surrounded by an anisotropic matter field.!25:12?? In the 
spherical coordinates (t, r, 0, p) the anisotropic matter is considered to be a perfect 
fluid which is described by the energy-momentum tensor 


T,” = diag(—p, p1, psp), | pp—-—p, p2= Wp. (21) 


The rotating charged black hole surrounded by this matter is derived by the 

Newman-Janis algorithm to the following spherically symmetric spacetime: 

dr? > 2m(r) Q? K 

—— +r’ dR? = |—-——— = M—-—+———_.. 

f(r) tr ’ f(r) r ? m(r) 2r T2232 
(22) 


ds? = —f(r)dt?+ 
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'The M, Q, and K are integration constants, and w is restricted to be i <w<lby 
physical energy conditions. The resulting metric by the Newman-Janis algorithm is 
the Kerr metric in which M > m(r), i.e. 


2 
ds? =— (1— f)dt? + Adr? + p?d8? — 2fasin? 0 dtdy 


+ (r? +a? + fa? sin? 0) sin? Ody’, 


p? — r? +a cos? 0, A — r? - 2m(r)r +a", pn » 03) 


and m(r) = M — € + E. 

On this background, the Hamilton-Jacobi equation for the null geodesics is sep- 
arable, and reduces to ordinary differential equations with radial derivatives. The 
result of the shadow calculations for an asymptotic observer on the equator is pre- 
sented by illustrations. Moreover, three observables which characterize the shadows, 


named as the area, oblateness, and centroid of the shadows are discussed. !?.: 190 
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The detection of the merger of a neutron star binary in both gravitational waves and a 
broad spectrum of electromagnetic waves (GW170817) provided the most compelling ev- 
idence to date that such mergers produce heavy r-process elements. The inferred rate of 
these mergers coupled to the estimated r-process production suggests that these mergers 
could produce nearly all of the r-process elements in the universe. However, uncertainties 
in the merger rate and the amount of r-process production per merger means that scien- 
tists can not constrain the fraction of the merger r-process contribution to better than 
1-100% of the total amount in the universe. The total r-process mass synthesized is best 
constrained by the observations themselves and uncertainties in the inferred production 
quantity follows from the uncertainties in modeling the emission from the NSM ejecta. 
In this paper, we review these modeling uncertainties. 


Keywords: Neutron Stars; Gravitational Waves, r-Process 


1. Kilonovae, a Key to Understanding r-Process 


Many of the heaviest elements in the universe are produced through a process of 
rapid neutron capture (r-process), building isotopes far from stability that then 
decay to the long-lived heavy isotopes observed in the universe. This rapid neutron 
capture requires extreme conditions with high densities and large fractions of free 
neutrons. Scientists identified neutron star mergers (NSMs) as a potential source of 
these r-process elements over 40 years agot? and evidence has been growing steadily 
to argue that these mergers could dominate the r-process production. 

Although the evolution of the ejecta from these mergers reaches ideal conditions 
(high densities, temperatures and neutron fractions) for the production of r-process 
elements, observational validation of r-process production in NSMs has been much 
more difficult to obtain. Until recently, theoretical and observational evidence re- 
lied on galactic chemical evolution arguments and their associated uncertainties.® 4 
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This situation changed with the joint electromagnetic- and gravitational-wave obser- 
vations of NSM GW170817.° Between the gamma-, x-, optical, infra-red, and radio 
emission, it became clear that the NSM in GW170817 produced both a relativistic 
jet and a lower-velocity mass ejecta that argued for both neutron-rich dynamical 
ejecta and higher electron-fraction wind ejecta components. 

Although initial analyses argued strongly that GW170817 produced a large frac- 
tion of r-process (0.04M5), as more studies were completed, uncertainties in the in- 
ferred r-process production from GW170817 grew. Many of these differences arose 
from different assumptions about the properties of the outflow material and a dif- 
ference in which observations were used to constrain the data. But these are just 
some of the uncertainties in the analysis of the optical and infra-red emission from 
NSMs. In this paper, we review these uncertainties. In section 2, we review the 
uncertainties in the properties (distributions of the velocity, density, entropy and 
neutron fraction) of the outflow from these mergers. Section 3 reviews some of the 
microphysics uncertainties in these calculations. Section 4 details alternative power 
sources that can alter the mass inferred from observations. 


2. Uncertainties in the Outflows 


The emission from astrophysical transients depends upon the ejecta properties (e.g. 
composition, velocity and angular distributions). Unlike many transients that are 
produced by a single outburst, the ejecta from NSMs arises from multiple compo- 
nents including ejecta from the initial tidal tails produced in the dynamical merger 
and a outflow arising from a disk. The disk outflow is driven by viscous forces and 
neutrino emission from a post-disruption torus of material (Figure 1). We will refer 
to the former as dynamical ejecta and the latter as wind ejecta. The bulk of the dy- 
namical material is ejected along the orbital plane. This material has a high-neutron 
fraction, ideally suited for the production of the most massive elements (heavy r- 
process). In contrast, the wind ejecta is more isotropic and consists of material 
spanning a broad range of neutron fractions that depend on both the properties of 
the disk and the fate of the merged core. 

Many of the initial studies of GW170817 used spherically-symmetric models, 
varying the fraction of heavy r-process to lighter elements. Some of these initial 
models used two components to differentiate between the dynamical ejecta primarily 
flowing along the orbital plane and a more symmetric or axis-aligned wind outflow" 
shown in Figure 1. However, even these two-component models made simplifying 
assumptions using a single composition for each component and a fixed velocity 
distribution of the ejecta. These assumptions oversimplify the nature of the ejecta 
and can have order-of-magnitude effects on the inferred mass of r-process ejecta. 
Before we study how these two components fit together, we first review some of the 
outflow uncertainties in the individual dynamical and wind components. 

Although models of the dynamical ejecta have produced a range of ejecta masses, 
e.g. compare the results in,*:? these numerical differences are slowly diminishing as 
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disk / NS-driven wind 


dynamical 
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Fig. l. Anatomy of the NSM outflows. The material ejected in the merger phase flows predom- 
inantly along the orbital plane and is very neutron rich. The merged object produces a neutron 
star or black hole core surrounded by a torus of high angular-momentum material. Outflows driven 
by viscous forces in this disk, coupled with neutrino emission, produce the “wind” ejecta with its 
lower neutron fraction. These outflows produce the observed kilonova light-curve emission from 
the ultra-violet to the infra-red powered by radioactive decay. When material falls back on this 
merged core and/or if a magnetar forms, an additional power source can contribute additional 
energy to the observed transient. 


potential 
magnetar 


computational methods improve. Even with this convergence, the ejecta mass will 
vary with the individual masses of the merging compact objects.? The composition 
of this ejecta is much better constrained than the ejecta mass. At high neutron 
fractions (above 0.8), the final composition does not depend sensitively on the neu- 
tron fraction. Because of this, the small variation in the neutron fraction does not 
alter the Lanthanide composition considerably and the composition of this ejecta is 
fairly stable. In addition, the final composition is also less sensitive to the details of 
the outflow (density and temperature evolution). For this reason, the composition 
of this ejecta is well-understood with the dominant uncertainties depending on our 
lack of understanding of the nuclear physics (Sec. 3). Finally, due to the dense forest 
of absorption lines in the opacity produced by the heavy r-process lanthanides and 
actinides, the light curves do not depend sensitively on the exact relative abundance 
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of these elements.!? The primary uncertainties in models of the dynamical ejecta 
emission lie in our understanding of the total ejecta mass and outflow properties 
(velocity distribution). 

'The properties of the wind ejecta are much more uncertain. The mass, velocity 
distribution and composition of this ejecta varies considerably from model to model. 
Whereas the neutron fraction is high and exhibits only small variations for dynam- 
ical ejecta, the neutron fraction ranges across a broad range in the wind ejecta. 
Further, at the lower neutron fractions (between 0.5-0.8), the yields become much 
more sensitive to the exact value of the neutron fraction, so the composition of the 
wind ejecta can vary wildly. To further complicate these light-curve models, disk 
models of this wind predict a range of compositions that vary with angle and time.!! 
'This composition variation is not taken into account in most of the two-component 
models currently in the literature. In addition, current wind models typically only 
follow the wind out to, at most, 1 second and much of the ejecta is below the escape 
velocity (but still accelerating) at this time. Although models are being constructed 
to follow this outflow to later times, we still do not have accurate models of this 
ejecta's velocity distribution. 
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Fig. 2. Bolometric Light curves versus time for a broad range of models varying the morphology 
of the two components in a dynamical plus wind model.!? Varying the morphology alone can 
change the bolometric luminosity by over an order of magnitude. 
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Although we have mostly discussed the role of the composition, the morphol- 
ogy of the ejecta (velocity and angular distribution) may be even more important. 
Figure 2 shows a broad set of models with the same explosion energy and mass, 
but varying the angular morphology of the ejecta.!? In this study, two-component 
models were developed, each with a different morphology. In these models, although 
the energy of the ejecta is the same, the velocity distribution of the ejecta can vary. 
Changing the morphology alters both the peak luminosity and the time of that 
peak, varying both by an order of magnitude. 

At this time, a complete study of all the outflow uncertainties has not been done. 
We end this section with the discussion of a final study varying ejecta mass and 
velocity of a two-component model.’ This grid of models used a single dynamical 
ejecta composition and one of two wind compositions. It focused on a primary pair 
of morphologies for these two components, using a default r-process composition 
for the dynamical ejecta and two different compositions for the wind. But the com- 
positions were fixed for each component. Although the peak velocity was changed, 
the velocity distribution was unaltered. Depending on the relative velocities of the 
two components, the dynamical ejecta, with its high-opacity lanthanides, can ob- 
scure the wind ejecta. In these cases, the luminosity can depend sensitively on the 
viewing angle. In other cases, the wind ejecta is sufficiently fast that the light-curve 
is similar, regardless of viewing angle. Although more massive ejecta models are, 
on average, brighter, lower mass models can be brighter than higher mass models 
based on this viewing angle. 


3. Uncertainties in the Microphysics and its Implementation 


'The outflow models depend on detailed general-relativistic, magneto-hydrodynamic 
models including neutrino transport (and the related neutrino microphysics). We 
do not have enough space to discuss all of this microphysics in detail. Instead we 
focus on the uncertainties in the nuclear physics and atomic physics with a brief 
discussion on each. 

Unstable neutron-rich nuclei participating in the r-process have many unmea- 
sured properties that consequently influence kilonova signals.!^!5 Uncertainties in 
nuclear binding energies and reaction rates impact the flow of material to heav- 
ier mass regions as well as the subsequent flow back towards lighter mass regions 
in ejecta with low electron fraction.!Ó Properties that depend on excited nuclear 
states, including half-lives and branching ratios, additionally control the timescale 
over which energy is released as well as potentially stored.!7^!? The creation of the 
heaviest elements in merger events? may produce distinct observable signals, e.g. 
via the production of long-lived species like ?9^Cf or via unique electromagnetic 
signatures.20:2L212? Central to the reduction of large nuclear uncertainties that 
impact kilonovae are experimental studies undertaken at radioactive beam facilities 
around the world, see e.g.??:?4 
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A major uncertainty in the application of atomic physics to the modeling of 
kilonovae concerns the bound-bound (line absorption) contribution to the radiative 
opacity. While photons traveling through a plasma can be absorbed in a number of 
atomic processes, line absorption is the dominant mechanism in the dynamical ejecta 
due to the dense forest of lines associated with near-neutral lanthanide and actinide 
elements. Complete sets of lanthanide opacities have been recently produced for the 


purpose of kilonova modeling???" 


using different atomic physics methods, which is 
another potential source of uncertainty. In an effort to mitigate this issue, we have 
made available to the public our lanthanide opacites?? so that kilonova modelers 
can use a consistent set of opacities, thereby ruling out emission differences that 
could arise from atomic physics implementations. As a specific illustration of these 
concepts, we present in Figure 3 the opacity of Nd, calculated under the assumption 
of local thermodynamic equilibrium (LTE), at a temperature of T' = 0.5 eV and mass 
density p = 10^? g/cm?, using four different models (see? for details). Note that 
the line features enhance the opacity by six to eight orders of magnitude compared 
to what would occur if only free-electron processes were included. The Planck mean 
opacity, «P, is also displayed for each model, indicating a maximum discrepancy of 
about 4096 between the various models for this integrated quantity. Detailed light- 
curve and spectral comparisons were carried out with these four models.?6 Only 
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Fig. 3. The LTE line-binned opacity for neodymium at T = 0.5 eV and p = 10713 g/cm? using 


four different models described in:? a) FR, b) FR-SCNR, c) FR-SCR, and d) SR. The Planck 
mean opacity, obtained via integration of the line-binned opacity, is also listed in each panel. 
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modest differences were noted in the light-curves, i.e. differences of 10-2096 in the 
peak of the light curve and a maximum shift of half a day in the time of peak 
luminosity. Similar, modest differences were observed in the spectra produced with 
these models, i.e. certain spectral features are shifted redward are blueward, but 
the overall spectral characteristics are similar. 

From a more general perspective, we note that opacities are typically calcu- 
lated from first principles, rather than measured. The line contribution depends on 
quantities such as transition energies, line strengths (quantum mechanical matrix 
elements) and atomic level populations. While it is beyond the scope of this article 
to provide a detailed discussion of these concepts, we mention that recent work?? 3° 
has been performed to compare calculated energies with benchmark values in the 
NIST Atomic Spectra Database?! for a number of important, low-lying levels of the 
lanthanides. Also, most simulations employ the LTE approximation when calculat- 
ing the level populations. This assumption is expected to be valid up to about one 
week post merger. But, as with many astrophysical transients, the LTE conditions 
become less and less valid as the expansion continues and the density becomes so 
low that the thermalization timescale from collisions becomes long compared to 
evolutionary timescales of the ejecta. A recent study?? explores the possibility that 
non-thermal, 8-decay electrons, produced from the radioactive decay of r-process 
nuclei, are primarily responsible for the heating and collisional ionization in the 
ejecta. 

With the large number of atomic levels, the number of line features is enormous 
(in the 10s of millions). Implementing these opacities into a numerical calculation 
is intractable even from a computational memory standpoint. In addition, because 
of the high velocities in the ejecta, modeling radiation transport becomes even 
more difficult. For a single strong line, the Sobolev approximation can be used 
to determine the likelihood of a photon to both be absorbed as it expands out 
of a medium and its likelihood of escaping this line when re-emitted. Transient 
explosions exhibit homologous outflow conditions where the velocity of the ejecta 
is proportional to the radius. As a photon moves out through this ejecta, its energy 
spans a broad range with respect to the rest frame of the outflow. Even if the photon 
does not interact with a line feature at one radius, it may interact with this feature 
at a different radius. 

This treatment includes the fact that the velocity of the ejecta spans a range 
such that, even if a photon does not interact with an absorption feature in the rest 
frame of the outflowing material at one position, it may, as it transports outward, 
interact with other material. Hence, a single line feature can affect a larger energy 
band of photons. On the other hand, if most of the re-emitted photons arise from a 
direct de-excitation of the absorption feature, the photons remain trapped in a line 
feature in material moving at a constant velocity. For the homologous outflow of 
astrophysical transients, the photon can escape more quickly, effectively reducing 
the opacity. Implementing the Sobolev approximation is already difficult, but in 
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Fig. 4. A number of prescriptions have been proposed to model the expansion opacities. This 
figure shows the total optical depth using three different prescriptions for different numbers of 
dominant line features as a function of the optical depth of the line feature. There is some conver- 
gence with large number of lines, showing why a simple averaged opacity can work nearly as well 
as a more complicated expansion procedure. 


a medium where a forest of lines exists, producing an accurate model for spectra 
becomes increasingly difficult. The deficiencies of the Pinto & Eastman expansion 
opacity?? were outlined in its inception and a number of alternative approaches 
have been developed (for a review, seet). A number of methods have been devel- 
oped to calculate the optical depth and these different models produce a range of 
results based on these prescriptions (Figure 4). For a simplified model with pure 
neodymium, Figure 5 compares the bolometric luminosity for different approaches: 
Sobolev, expansion opacity and a simple binned treatment. Compared to many of 
our other uncertainties, the opacity implementation errors seem low. 
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Fig. 5. Bolometric light curves using three different implementations of the opacity. The quantity 
fc = 107? indicates the cut off value for retaining oscillator strengths in the atomic physics model. 


4. Alternative Energy Sources 


Most calculations assume that the power source behind the kilonova emission arises 
solely from radioactive decay. But, just as with core-collapse supernovae, the light- 
curves and spectra can be powered by a variety of sources. For kilonovae, a number 
of additional power sources have been proposed to drive the observed emission: 
magnetar emission, shock heating in the ejecta, and fallback accretion. In this sec- 
tion, we will discuss each of these energy sources in turn, reviewing both their basic 
physics and expected features. 

The black hole accretion disk engine paradigm argued that long-duration bursts 
are produced in stellar collapse, while short-duration GRBs are produced by the 
merger of compact remnants. Under this paradigm, scientists predicted that short- 
duration GRBs should be offset from their formation region due to the momentum 
imparted on compact binaries at birth.?9:?9 Although other power sources do not 
differentiate between short- and long-duration bursts in this manner, magnetar en- 
gines for short-duration bursts have remained a competitive model for these bursts. 
The basic idea behind this engine is that the merged core of a NSM is expected to 
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be rapidly rotating. If strong, dipole magnetic fields are generated in this merged 
core, then the rotational energy in the core can power the GRB. Whether or not the 
magnetar drives the initial burst of gamma-rays, magnetars do provide a natural 
explanation for the roughly hall of all short-duration bursts that exhibit a long-lived 
(“plateau”) phase in the X-ray that can last up to 10?s.?" The magnetar emission, if 
reprocessed by the expanding ejecta, can power the optical and even infra-red emis- 
38,39 and can dominate the observed emission, altering the inferred r-process 
yield in the merger. 

In supernovae, shock heating is believed to dominate the heating in type II 
supernovae, shock breakout events, and many superluminous supernovae. Shock 
heating may also play a role in kilonova emission. Shocks between the jet and 
the wind ejecta have been invoked to explain additional emission at early times 
(first day) in the kilonova emission.*° At later times (beyond a day), material falls 
back onto the compact remnant, likely forming a disk and further outflows. The 
potential energy released in this fallback can be tapped to provide an additional 
power source. Depending upon the timing of the fallback, this accretion emission 
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Fig. 6. Bolometric luminosity versus time for a 0.05 Mọ 1D spherical wind model (blue), a 


0.001 Mg 1D spherical model with a M = 0.003 M /s central fallback luminosity source (dashed 
orange), and the EM counterpart of GW170817, AT 2017gfo (dashed black, with error bars). 
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can play a major role in the emission after the first day (Figure 6). The accretion 
luminosity is proportional to the potential energy released: 


Lace x GM coreMtattback/TISCO (1) 


where G is the gravitational constant, Meore is the mass of the merged core, risco 
is its innermost stable circular orbit if the core is a black hole or the neutron star 
radius if it is a neutron star, and Mattback is the fallback accretion rate. Whether 
the merged core is a black hole or a neutron star, the fallback material is likely 
to have sufficient angular momentum to initially be centrifugally supported in an 
accretion disk, providing a mechanism by which a fraction of the potential energy 
released in the infall can be converted to both energy and mass ejection. 


5. Conclusions 


In addition to being the primary mechanism behind short-duration gamma-ray 
bursts, NSMs have the potential to be the dominant source of r-process elements in 
the universe. To validate this claim, scientists must be able to accurately infer the 
mass and abundances from observations of the ejecta-driven transient from these 
mergers (a.k.a. kilonovae). In this paper, we reviewed a broad set of uncertainties 
affecting the modeling of kilonova light-curves and the current status of our efforts 
to characterize and, hopefully constrain, them. Much more work must be done to 
infer accurate r-process masses from these observations. 

In this short paper, we focused mostly on broad-band light-curves. Spectra are 
key to constraining the different models and a number of studies have focused on 
trying to find line features in the kilonova observations e.g.4!. Gamma-ray decay 
lines, particularly in the remnants of the NSM ejecta, also have the potential to 
probe detailed yields.?!:4? So despite the difficulties that face astronomers in un- 
derstanding the yields from these mergers, the future is looking bright. 
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We review some recent results obtained at the sixth Post-Newtonian level of approxi- 
mation for the Hamiltonian description of a two-body system, by using several methods 
whose combination has led to the so-called “Tutti-Frutti” approach. 
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Scattering angle 


1. Introduction 


The two-body gravitational interaction is a fundamental physics problem whose de- 
scriptions necessitates a fully general relativistic treatment. The latter, in turn, is 
much difficult and over the years several approximation methods have been imple- 
mented for the mathematical treatment of this problem, ranging from weak-field and 
slow-motion (Post-Newtonian (PN) approximation!), weak-field but eventually rel- 
ativistic motions (Post-Minkowskian (PM) approximation? 3) 
limit (i.e., the condition in which the mass of one of the two bodies is much larger 
of the other, discussed in the framework of perturbation theory and gravitational 
self-force (GSF)*), Effective Field Theory (EFT),? numerical relativity (NR).9 

All these analytical (and semi-analytical) treatments have been used to build 
up a Hamiltonian description of the system. Since as soon as one raises the level 


, extreme-mass-ratio 


of approximation considered the number of terms entering this Hamiltonian raises 
as well, in 1999 A. Buonanno and T. Damour^? introduced the so-called Effective 
One-Body (EOB) approach aiming at a partial resummation of the Hamiltonian it- 
self. Indeed, the EOB is especially useful since it condensates in a few gravitational 
potentials the essential characteristics of the interaction, and can be also continu- 
ously (and easily) updated as soon as new results become available in the literature 
by using whatever approximation scheme. 

Let us recall also that 1) the gravitational interaction of two bodies is actually 
compatible with two basic scenarios: capture (the more massive of the two attracts 
and then swallows the other; the system in this case spirals undergoing ellipticlike 
motions) and scattering (the two bodies can be close enough but they have enough 
energy to resist the attraction; the system in this case undergoes hyperboliclike or 
paraboliclike motions). 2) Both cases are of particular importance in view of the 
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possibility to detect gravitational wave signals from Earth-based interferometers op- 
erating now (e.g., Ligo? and Virgo!?) and also (more likely) by future, forthcoming 
satellite missions involving space-based interferometers (Lisa!!). 3) The mathemat- 
ical description of the dynamics by any available approximation method has strong 
limitations when the gravitational field becomes too strong, as for example in the 
case of the capture. In this condition one is only left with NR. 

'To add fuel to fire one should also take into account that new difficulties arise 
when taking into account the emission of gravitational radiation (energy, angular 
momentum and linear momentum) by the system as soon as a purely conservative 
scenario is no more possible. Indeed, starting from the 2.5PN level of approximation 
the problem is no more conservative, so that one has to deal with radiation-reaction 
effects. Furthermore, starting from the 4PN order the Hamiltonian of the system 
also includes a nonlocal part, which accounts for the past history of the system. 

'This picture clearly explains the difficulties which one encounters when trying 
to reach the 5PN (and beyond) level of accuracy in the model. Luckily, the various 
concomitant effects can be still computed separately so one can decide to limit to 
the study of the conservative and local part of the Hamiltonian, and later includ- 
ing nonlocal effects and radiation-reaction induced effects. This is the spirit of the 
recently developed “Tutti-Frutti” (TF) method, which combines several theoretical 
formalisms: PN, PM, multipolar-post-Minkowskian (MPM), EFT, GSF, EOB, and 


Delaunay averaging.!? 19 


2. EOB Hamiltonian 


The EOB approach rewrites the (real, conservative) two-body Hamiltonian 
H(r,pr,p@) in terms of an effective Hamiltonian Heg(r, pr, po) (Q is an ignorable 
coordinate in the conservative case) 


H = My/1+2v(Heg — 1), (1) 


with 


mana mana 
M —mi-4mo», = ——, y= ——, 2 
1 2 H i4 ma (mi + m3)? (2) 


the total mass of the system (M), the reduced mass (u) and the symmetric mass 
ratio (v). The effective Hamiltonian (per unit of reduced mass, u) Heg written in 
the standard p,-gauge or DJS gauge!" involves several potentials: A, D, Q, etc., 


Hg = A(u,v)[1 + pou? + A(u, v) D(u, v)p + Q(u vi pr)], (3) 
where u — GM/r and 


Q(u, vip.) = paqa(u, v) + pêqe(u, v) + pbqa(u, v) +... . (4) 
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The various potentials 1) have a polynomial structure in terms of the symmetric 
mass-ratio rv, e.g., 
A(u,v) = 1 — 2u + va” (u) +a” (u) + va (u) 4 ..., 
D(u,v) 214 vd" (u) + dv (u) + Pav (uw) +..., 
1 2 3 
gi(u, v) — 1-- vqi (u) +v7ay (u) + vq (u) +... (5) 


etc., with the degree of the polynom increasing with PN approximation order; 2) 
have both a local part and a nonlocal part 


= Aioc(u, v) T s v) , 
v), 


Dioc(u, v) + D 
Q(u, V; pr) = Quwc(u, v; Pr) F 


the nonlocal part starting at 4PN. 


o: = 
T. 

x 

3 

3 

sS 


3. The Tutti-Frutti approach and the determination of the 
conservative dynamics at 6PN 


The starting point of the TF approach is to consider the total two-body conservative 
action, which at the GPN accuracy has both a local-in-time part and a nonlocal-in- 
time part (starting at 4PN) 


<6PN _ @<6PN <6PN 
tot D Sioc sr Pacing (7) 


The main steps are summarized below. 
(1) Fix completely the nonlocal part of the Hamiltonian by using Delaunay aver- 


aging along ellipticlike orbits. 
The nonlocal action is given by 


4+5+6PN _ 4+5+6PN 
S NAM -fu Hades (t), (8) 
with 
HA*546PN(, HE FO p 9 
nonloc ( )- Phono /e =a Fp ( Je ( ) 


Here, M denotes the total ADM conserved mass-energy of the binary sys- 
tem, ri? entering the timescale of the the partie finie (Pf) operation is the 
harmonic-coordinate radial distance, and posue (t, t^) is the time-split version of 


the fractionally 2PN-accurate gravitational-wave energy flux, i.e., 


FENE Typ (15) E) + OGP) > FENET) ox D) O (0) + OP). 
(10) 
with 7 = i. the superscript in parenthesis denoting repeated time-derivatives 
of the quadrupole moment Tab. Taking then the (Delaunay) time average of the 
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harmonic-coordinates Hamiltonian (9) gives a gauge-invariant function of two 
orbital parameters 


Atore N 15 a @: 
T, loc „h (4 dtp, = bu nonloc,h tn )dtp, à (11) 


Next, do the same computation in EOB coordinates. Comparison between the 
two results allows fixing the nonlocal parts of the EOB potentials. 

Use SF information about small-eccentricity ellipticlike motion to determine 
(part of) the local EOB Hamiltonian. 

Compute the averaged redshift factor, 21, i.e., a (first) gauge-invariant variable 
associated with the conservative dynamics of the two-body system, along ellipti- 
clike orbits by using first-order SF techniques in a small-eccentricity expansion 
limit, including but high powers of the eccentricity (up to the eighth order). 
21 ~ (m, H) incorporates both local and nonlocal contributions in the Hamil- 
tonian, but it is limited from the fact that analytic computations are possible 
only at first-order in the symmetric mass-ratio v. Combining this result with 
the information about the nonlocal part of the EOB Hamiltonian specified at 
the point 1 will allow one to determine all the linear-in-v local EOB potentials. 
The remaining (i.e., higher order in v) coefficients are still undetermined. 
Compute another gauge-invariant quantity, the scattering angle, x, along hy- 
perboliclike orbits to determine most of the remaining coefficients. 

The total scattering angle ytt = lee + ynonloc 
angular momentum (or equivalently large-eccentricity) expansion, with coeffi- 


can be expressed as a large- 


cients having a precise mass-structure (or r-structure) as recently shown by 
Damour.!? Therefore, one needs to separately compute both the local and the 
nonlocal contributions to the scattering angle. The latter is defined by 


pues J. v) 
OJ í 


where E and J are the total energy and angular momentum in the c.m. frame, 


ae J. y) = (12) 


respectively, and 
+00 
ener. J; v) E J dt praesen , (13) 
—oo 

is the integrated nonlocal action. In order to compute the local contribution xlec 
instead, it is convenient to convert the local EOB Hamiltonian into the so-called 
energy-gauge.!? Imposing then that x** satisfies the prescribed v-structure will 
fix most of the parametrizing coefficients of the EOB potentials. 


All the above steps used jointly have lead to the determination of most of the 


coefficients entering the conservative Hamiltonian of the two-body system. More 


precisely at 5PN there remain only 2 quantities to be determined (d¥ * and ab) 


and at. PN there remain only 4 more quantities to be determined Pa dk : aes 
and aZ D 
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Within the EFT approach, the conservative scattering angle can be decom- 
posed into a potential-graviton contribution, and a radiation-graviton one.? The 
O(G^) potential-graviton contribution to the radial action has been recently de- 
rived in Ref.,?? whereas Ref.?! has computed the potential-graviton contribution to 
the 5PN two-body Hamiltonian. Although the TF decomposition of the two-body 
dynamics into local-in-time and non-local-in-time parts is closely linked to the EFT 
decomposition, one cannot simply identify the TF time-symmetric local-in-time dy- 
namics to the EFT time-symmetric potential-graviton dynamics. However, one can 
compare the total conservative scattering angle derived within the two approaches. 
This allows one to complete the result of Ref.?? by providing the explicit expres- 
sion (at the 6PN accuracy) of the complementary radiation-graviton contributions 
to the scattering angle, or equivalently, to the radial action. Furthermore, adding 
the radiation-graviton contributions to the 5PN Hamiltonian obtained in Ref.?? 
yields explicit. expressions for the two 5PN undetermined O(G?) and O(G9) TF 
parameters de and an , involving either 7? terms and rational coefficients entering 
various (local-in-time) radiation-graviton contributions to the conservative effective 
5PN action.?? Our results are in agreement (for the 7? contributions) with those of 
Ref.?! A comparison with the results of Ref.?? is currently under consideration. 


4. Radiation-reaction effects 


'The presence of a radiation-reaction force implies a modification of Hamilton equa- 
tions as 


= —, =—-—+F,,. 14 

= a5 boa tte (14) 
The work done by this force on the system implies energy, angular momentum and 
linear momentum losses by the system itself, as well as to the fact that the four- 
velocity of the center-of-mass is no more conserved, leading to recoil effects. For 
instance, the scattering angle will be modified as 


x =X my. (15) 
where the radiation-reaction corrections to the conservative value can be written as 
ox 


ox = 1 pred 4. oxen 


rad 
2 OE OJ ENS it) 


in terms of the energy and angular momentum losses E'*9 and J'*4, The latter 
include instantaneous and tail (i.e. hereditary) contributions, and admit a double 
PM and PN expansion. At the fractional 2PN order they read 


ESSN = V? (Ex +17 Eye +n? Ej +n Esp) , 
Jap =? (Jn +n Jie +n? Jipu + m JPN) , (17) 
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where tails start at the 1.5PN order. For example, the Newtonian values are given 
by 
37 pi.  1568p2, . 122 p2% 


Ey = TLGPe 4 Po 4 Ey O 
N= 357 93 ap ft 5^ ge Cr 


16 p? 28 176 Poo 1 
jy = 1 Pom 4 28 Pow | 176 Peo o( 3 


18 
5 j 5. 5 j’ a8) 


where j = cJ/(GM u) is a dimensionless angular momentum parameter, and the 
linear momentum at infinity, pæ, is related to the binding energy by E = (E — 
Mc?)/(uc?) = $p2,, at the Newtonian level. At higher PN orders the coefficients of 
the above expansion become functions of v: linear functions of v at 1PN, quadratic 
at 2PN, etc., but the structure of the PM expansion is exactly the same. 

We have computed in Ref.?? the changes of 4-momentum during the scattering 
process (between the two asymptotic states of the two bodies labelled by a — 1,2) 
which are linear order in radiation-reaction, i.e., 


Ang = På, — Pap eA quA (19) 


where the radiation-reacted contribution Ap;,, is the sum of a relative-motion term 
and a recoil one, which are linear in the radiative losses of energy, linear-momentum, 
and angular momentum. We have also shown how the polynomial dependence of 
Apr, can be exploited to yield some identity relating the various radiative losses. 
Adding radiation-reaction effects at higher PN orders is an open issue for challenging 
future works. 
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Multi-channel astronomy is one of the most important and rapidly developing field of 
modern physics. The well known result of multi-channel observations is simultaneous de- 
tection of gravitational wave and gamma ray bursts associated with neutron star merger 
event. This observation open a new window to study the Universe, and actually trig- 
gered the broad scale study of astrophysical phenomena in hard X-Rays and gamma 
rays by orbital experiments together with ground based observations of gravitational 
waves, neutrino and ultra-high energy cosmic rays. From this perspective it appears that 
small satellites of CubeSat type are quite appropriate for multi-channel observations 
of astrophysical transients because it is the cheapest way to realize all-sky monitoring 
observations by orbital instruments. Presently at D.V. Skobeltsyn Institute of Nuclear 
Physics of the M.V. Lomonosov Moscow State University (SINP MSU) a new project 
named Universat-SOCRAT is under development which is intended for operational mon- 
itoring of near-Earth’s radiation environment and monitoring of electromagnetic tran- 
sients in the optical, UV, X-ray and gamma ranges. Here we discuss the first results of 
charged particles, gamma quanta fluxes and UV-emission measurements from the upper 
atmosphere in several CubeSat missions, which were successfully launched in 2019, 2020. 


Keywords: Multimessenger astronomy; Universat-SOCRAT project. 
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1. Introduction 


One of the most important and interesting fields of modern physics and astrophysics 
is the study of extreme processes and phenomena leading to the most powerful ex- 
plosions, acceleration of particles to the maximum possible energies, generation 
of superstrong gravitational and electromagnetic fields. Such phenomena include 
cosmic gamma-ray bursts (GRBs) associated with the collapse of massive stars (hy- 
pernovae), merging of relativistic compact objects (neutron stars and black holes), 
leading to the generation of gravitational waves and short-term increases in gamma- 
ray fluxes, nonstationary processes in neutron stars with a superstrong magnetic 
field (magnetars), dynamic processes in the nuclei of active galaxies, pulsars and 
close binary systems, which can be associated with the acceleration of particles to 
high and extremely high energies and the generation of high and ultrahigh energy 
neutrinos. 

Despite the fact that these extreme phenomena have been studied very inten- 
sively in recent years, there are still many unsolved problems. As for GRBs, this is, 
first of all, the definition of the mechanism of functioning of the “central engine", 
the formation of relativistic jets and the propagation of relativistic shock waves 
in them, the so-called shells. The related problems concern with the study of the 
possibility of particle acceleration on relativistic shock waves, and of the conditions 
for generation of polarized electromagnetic radiation. In this regard, especially im- 
portant information can be obtained as a result of multi-wavelength observations 
of the so-called intrinsic emission of a GRB, especially in the optical and gamma 
ranges. Among the observational tasks, it should be noted that it is necessary to 
observe GRBs with the maximum possible temporal and spectral resolution, as well 
as at a high level of sensitivity, which will make it possible to expand the range of 
observed burst sources up to the most distant objects in the Universe (z ~ 10— 12). 
The study of the fine temporal structure of GRB intrinsic emission, as well as of the 
so-called precursors, including their observations in the optical range, is very actual. 

An important task is studying of the so-called short hard GRBs, includes the 
need to discover their intrinsic optical emission. It is known, that such bursts are as- 
sociated with the processes of neutron stars merging in close binaries; therefore, their 
study is particularly relevant after recent discovery of gravitational-waves bursts 
generated during the merger of relativistic compact objects. 

Considering the relevance of studying extreme astrophysical phenomena, it 
should be emphasized that for further progress in understanding their nature, multi- 
wave (at least simultaneous in the optical, X-ray and gamma ranges), multi-channel 
and multi-satellite observations are required. Multi-channel observations mean the 
simultaneous detection of events by space-based and ground-based facilities, includ- 
ing ground-based optical, radio and gamma telescopes, gravitational-wave antennas, 
and facilities designed to detect neutrinos and ultra-high energy cosmic rays. Multi- 
satellite observations are necessary to ensure the detection of each GRB on several 
spacecraft in order to localize the GRB source using the triangulation technique. 
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2. Advantages of CubeSat constellation for GRB observations 


The main success of multi-channel astrophysical observations is connected with 
simultaneous detection of gravitation wave and gamma-ray burst in August 17, 2017 
from neutron star merging.! It seems that one of the cheapest and very effective 
ways of multi-channel and multi-satellite observations of such events and GRBs in 
general is use of small satellites grouping, in particular the CubeSat constellations. 
Due to the relatively low cost and ease of manufacture, it is possible to carry out 
more, or less regular launches of CubeSat satellites as a by-pass mission. Thus, a 
constellation of nano-satellites can be created, which will significantly increase the 
efficiency of space radiation and electromagnetic transient monitoring. 

'The solution for the localization problem can be achieved by applying the tri- 
angulation method for observations of the selected area with different satellites. 
For this purpose the number of CubeSats should be launched for the joint obser- 
vations of a given burst. To realize the triangulation technique in minimal variant 
3-4 CubeSats are necessary (see Fig. 1). Optimally they should be launched as by- 
pass mission together with the main spacecraft of multi-satellite group, i.e. on the 
near circular solar-synchronous orbits with altitude about 400 — 600 km, inclination 
about 98° and longitude deviation of the ascending node « 5°/year. The error box 
of GRB source localization is defined by time delay of signals detected on each satel- 
lite. The longer delay the more accurate will be localization. Delay itself depends on 
distance between satellites, i.e. the larger distance corresponds to the longer delay. 
In the case of near-Earth orbits the distance between satellites is limited by about 
10 000 — 15 000 km, because all satellites should be from one side of the Earth to 
avoid the screening of GRB source. By this the necessity of maintaining of given 
distance between satellites is a separate technical problem. It can be solved by the 
use of thrusters. Off cause CubeSat constellation can be used also for observations 
of transient events from the Earth atmosphere, including Terrestrial Gamma Ray 
Flashes (TGF) and monitoring of space radiation. However, there will be other re- 
quirements to the distance between satellites in the case of triangulation technique 
application for TGFs. In the last case the given area of Atmosphere should be ob- 
served by all satellites of grouping, thus the maximal distance should be no more 
than about 1000 km. For successive realization of multi-satellite mission for GRB 
observations certain conditions should be met: 


e presence of satellite Internet (global star/iridium) plus high frequency 
transmitter; 

e stabilization better than 1°/s, satellite orientation on the “Zenith—Nadir” 
axis and velocity vector with accuracy +/ — 10°, information on satellite 
axes orientation with accuracy 0.1?; 

e possibility of quasi-autonomous navigation, in particular with the use of 
millisecond pulsars as beacons; 
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Fig. 1. The CubeSat constellation in minimal configuration. 


e different data types, such as monitoring, event-by-event, telegrams about 
burst triggers (GCN); 

data daily volume no less 100 Mb; 

exact timing is needed; 

orientation accuracy ~ 1? is useful; 

fast telegrams are needed; 

necessity of charge particle variation control. 


The last demand is particularly actually if the satellites are launched to the polar 
orbit because of the problem of false triggering by electron precipitation rises. It 
can be solved by monitoring of electron flux with the use of special electron detec- 
tors or instruments which are able to select true gamma-quantum flux rises on the 
background of electron precipitation. The last is illustrated by Figs 2, 3, on which 
the examples of GRB imitations by electron precipitation and the map with such 
imitation distributions from the BDRG/Lomonosov data? are presented. 

For instruments, that can be used for GRB detection on-board CubeSats one of 
the main criteria is the detector area, that is sufficient for GRB registration, should 
be larger ~ 50cm? in the energy range of photons from ~ 20 keV up to several 
MeV. Such detector units can also be used to detect T'GFs and X-ray and gamma 
ray emission of solar flares. 

We note, that presently the space project of Moscow University Universat- 
SOCRAT is under realization. In the frame of this project the launches of a number 
of satellites including CubeSats, that can be used as the base of constellation for 
GRB study, is foreseen. 
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BDRG/Lomonosov near radiation belts. 
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2.1. Universat-SOCRAT space project 


Under the Universat-SOCRAT project it is planned to create a grouping of small 
satellites for real time monitoring in the near-Earth space of potentially dangerous 
hazards, i.e. the radiation environment; dangerous objects of the natural (asteroids, 
meteors) and technogenic origin (space debris), as well as electromagnetic transients 
(cosmic gamma-ray bursts, optical, ultraviolet and gamma ray flashes from the 
Earth's atmosphere.?:4) 

Within the framework of the Universat-SOCRAT project several small space- 
craft should be launched on specially selected orbits. In the minimal version, the 
group of satellites should consist of three spacecraft. One spacecraft of medium 
mass (small satellite) should be launched on a low solar-synchronous orbit with a 
height of about 500-650 km and an inclination of 97-98?. Two other satellites of 
lower mass (micro satellites) should be launched on an orbit close to circular with 
a height of about 1500 km and an inclination of ~ 80° and on an elliptical orbit 
with an apogee of about 8000 km, a perigee of 600-700 km, inclination 63.4? and 
argument of perigee ~ 310°. 

The small satellite payload should include instruments for monitoring of space 
radiation, a set of instruments for optical monitoring of hazardous objects, a set of 
instruments for studying of atmospheric phenomena in the optical range, a set of 
instruments for monitoring in gamma- range, and special unit for data collection. 
The payload should also include three-component magnetometer. The payload of 
each micro satellite should include instruments for space radiation monitoring, a 
compact gamma spectrometer, a wide field of view optical camera, an ultraviolet 
detector and an electronics unit for data collection. Payload of all three satellites 
also should include the special electronic unit for data collection from detector units, 
its transmission to the board systems and feeding too the instruments power supply 
and commands. 

The basic multi-satellite group can be supplemented with nano-satellites of the 
CubeSat type. Due to the relative cheapness and ease of manufacture, it is possible 
to carry out more or less regular launches of satellites as a by-pass mission. Thus, 
a constellation of nanosatellites can be created, which will significantly increase the 
efficiency of space radiation and electromagnetic transient monitoring. 

The use of several nano-satellites of CubeSat type equipped with several multi- 
directional spectrometers of energetic protons and electrons will provide a solution 
of the problem of elaboration of a three-dimensional dynamic model of radiation in 
near-Earth space. For this, the satellites should be launched onto specially selected 
orbits and provide measurements that will allow us to calculate the current distri- 
bution of particle fluxes in a large volume of near-Earth space, i.e. from low orbits 
to geostationary, and, as a result, determine the current levels of radiation doses for 
a wide range spacecraft orbits, and also give a forecast of the radiation situation at 
low altitudes. Simultaneous measurements of particle fluxes on several spacecraft 
located at different points in near-Earth space will also allow sufficiently reliable 
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separation of temporal and spatial effects in detected variations of the instrument 
output readings. 

The nano-satellite constellation also gives advantages for GRB and TGF study. 
As it was mentioned above, the crucial point from this view is necessity of good 
localization of the transient source. This can be achieved with the use of triangula- 
tion technique. In the case of GRB observations about 3-4 satellites will be enough. 
As for TGF study, optimally the spacecraft grouping should consist of 16 satellites 
pairwise launched in 8 double orbits, i.e. for each pair of orbits the angle between 
the planes of the orbits should be about For the all constellation spacecraft the 
main operational mode of the most instruments is on duty mode when the all in- 
struments are switched-on and operate continuously. Instrument switching between 
the operational modes is carried out by commands from the Earth or by the in- 
ternal programs. To optimize the payload energy consumption, the data exchange 
between instrument electronic and satellite board should be foreseen, including in- 
formation on changing the parameters of the spacecraft power system and payload 
switching into energy-saving modes (changes in the instrument operating modes or 
their partial switching-off). 


2.2. Instruments for gamma, transient monitoring 


Instruments for study of gamma transients in the Universat-SOCRAT project will 
include gamma-ray flash monitor (GFM), and a tracking gamma-ray spectrometer 
(TGS) of the high resolution and sensitivity, that will be sensitive also to neutrons 
with energies from about 1 MeV up to dozens of MeV.? The separate unit for data 
analysis and control of GFM and TGS should be also foreseen in the payload. This 
unit should contain digital electronics unit that will provide the record of data 
stream with a time resolution of ~ 10us, and generate the triggers enabling the 
detection of different type events, including GRB/TGF flux increases. The data 
record must be referenced to the UTC time with an accuracy of ~ 10us to allow 
the positioning of the burst, if observed simultaneously by several space missions, 
using triangulation, and for the comparison with the data of ground based lightning 
nets. 

To realize the triangulation technique sufficiently light X-ray and gamma-ray 
detectors aimed for the GRB/TGF detection only, without spectrometer capabil- 
ities, will be used on the CubeSats. The composition of each spacecraft of small 
satellite constellation of the cubesat type should include gamma-ray detectors in 
the amount of: 

— Cubesat 1U - 1 instrument; 

— Cubesat 3U - at least 1 instrument; 

— Cubesat 6U - at least 3 instruments. 

If one instrument is installed on the satellite, its axis should be directed along the 
nadir - zenith axis to nadir, and the field of view should not be obscured within 
+60° from the axis of the instrument in the nadir direction. If two instruments are 
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installed on the spacecraft, their axes should be normal to each other, while the axis 
of one detector should be directed along the nadir—zenith axis to nadir, and the 
axis of the other detector should be directed along the spacecraft velocity vector in 
the case of the orbital orientation of the spacecraft (along the line “zenith - nadir” 
and the velocity vector), while the field of view should not be obscured within 2-60? 
from the axis of the detector. If three instruments are installed on the spacecraft, 
their detector axes should be normal to each other, directed along mutually per- 
pendicular edges of the cube, as if forming a Cartesian coordinate system, while the 
axis of one detector should be directed to the nadir, the other along the velocity 
vector, the axis of the third should complement the three-axial coordinate system 
to complete. Each gamma detector should be placed in a cubesat-type spacecraft in 
such a way that the surface of its input window coincides with the surface of one of 
the side faces of the satellite. The instrument should consist of detector assemblies 
and electronics boards. Various options for the use of detector units are considered. 
In the simplest version there are considered 4 detector units each from scintilla- 
tion crystals with a size of 45 x 45 x 5 mm, viewed by a photo-sensor. There are 
considered as possible scintillators CsI(Tl) crystals (a cheap option) or Ce:GAGG 
(an optimal option). For signal pickup, photodetectors such as tube photomultiplier 
tubes (PMTs) or silicon PMT arrays (Si-PM) can be used. 

To provide identification of different types of space radiation (electrons, gamma- 
quanta), a variant with a fosphich detector can be used when a combination of a 
plastic scintillator/inorganic scintillator (CsI(TI) or Ce:GAGG), viewed by a single 
photodetector, is used while the separation of signals from different scintillators is 
carried out by analyzing the time profiles of the PMT output signals. 

A multi-pixel version of the detector can be also considered when it consists of 
individual crystals (pixels) of a relatively small size, each of which is viewed by its 
own photodetector. In this case, a variant can be considered both using standard 
arrays of silicon PMTs, and using original photodetectors and corresponding non- 
standard electronics. 


2.3. Instruments for electromagnetic transient monitoring in 
ultraviolet and optics 


Instruments for study transient luminous events (TLEs) in UV and optical bands 
should include position sensitive spectrometer, i.e. small lens telescope with high 
time resolution for spectral measurements of TLE and lightning and UV and infra- 
red (IR) detector-photometer, which is similar to that used in Tatiana-2 and Vernov 
missions. This instrument will be added by channels in far UV range. It allows com- 
parison with data of previous experiments on study UV flashes in the Atmosphere. 
Spectral measurements are necessary to determine the type and altitude of TLE 
generation as well as to reveal lightning discharges by typical 777 nm line and by 
the absence of signal in the range of oxygen absorption lines about 762 nm. Axes 
of both instruments should be directed toward Nadir with open angles about 90?. 
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For the TLE observations on the CubeSats will be used compact UV detec- 
tor with a wide field of view (AURA-2) or its improved version, i.e. telescope 
(AURA-2T).’ These instruments are the development of the AURA (Atmospheric 
Ultraviolet Radiation) detector already launched on board the VDNH-80 satellite. 
In this instrument SiPM MicroFC-60035-SMT silicon photomultipliers with a sensi- 
tive area of 6 x 6 mm, spectral sensitivity from 300 to 800 nm, a maximum spectral 
sensitivity at 420 nm, and a quantum efficiency of about 4196 at 420 nm are used 
as photodetectors. Silicon photomultiplier tubes, unlike traditional PMTs used for 
fast photometry, have a number of advantages that are significant for experiments 
on small spacecraft. It is compact (thickness about 1 mm), low voltage (25 — 70 V) 
and low weight. The main advantages of the new detector options are high temporal 
resolution (lus — 10ms) and spatial resolution, higher sensitivity due to an increase 
in the area of the optical system. 

'The operation of the detectors in the monitoring mode under the condition of si- 
multaneous operation on several spacecraft will make it possible to control transient 
activity in the Earth's atmosphere, both of thunderstorm and extra-thunderstorm 
nature with a large exposure. Cartography and monitoring of UV transients is an 
important task for understanding the interconnections of various energetic processes 
in the atmosphere. Also, the quasi-stationary UV glow of the atmosphere can be an 
additional indicator of the state of the geomagnetic situation and the effect of the 
solar wind on the atmosphere and magnetosphere of the Earth. 


3. First results of Moscow University CubeSat missions 


The first stage of the Universat-SOCRAT program began to be implemented on 
July 5, 2019 after a successful launch from the Vostochny cosmodrome of three nano- 
satellites of the cubesat type (SOCRAT, AmurSat, VDNH-80). These satellites are 
equipped with instruments DéCoR (Detector of Cosmic Radiation) for monitoring 
space radiation, as well as prototypes of instruments for observing transient phe- 
nomena in the Earth's atmosphere. In particular, scintillation fosphich detectors, 
which are prototype of the instrument intended for gamma transient observation 
on cubsats, are installed on two satellites (AmurSat, VDNH-80). These instruments 
detect charged particles and gamma rays in the energy release range of 0.1 - 2.0 
MeV. The geometric factor of these instruments is ~ 50cm?sr. One of the cubesats 
(VDNH-80) also contains an optical photometer AURA, consisting of four silicon 
photomultipliers, whose input windows are covered by different light filters. Thus, 
the instrument provides observations of the Earth's atmosphere in the range from 
ultraviolet to red. The satellites were launched into a sun-synchronous orbit with 
an altitude of ~ 800 km. This creates favorable conditions for monitoring space ra- 
diation in various areas of near-Earth space, including zones of captured radiation, 
areas of precipitation, etc. Such an orbit also allows observations of flash phenomena 
both in the near-equatorial atmosphere and at high latitudes. 
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The implementation of the Universat-SOCRAT program was continued by the 
successful launch on 28 September 2020 of three more spacecraft of the cubesat 
type, on which DeCoR and AURA-2 instruments are installed. One of them, the 
DECART 6U satellite, contains three identical DeCoR instruments installed in such 
a way that their axes are mutually normal to each other, which makes it possible 
to estimate the angular distributions of the detected fluxes. DeCoR devices are also 
installed on the Norbi 6U satellite, developed jointly with the Novosibirsk State 
University, as well as on the Yarilo-2 spacecraft of the 1.5U format, developed 
jointly with the N.E. Bauman Moscow State Technical University. The AURA-2 
instrument is operated on-board of DECART satellite. 


3.1. Parameters, structure and functioning principles of DeCoR 
payload 


'The DéCoR payload is an instrument for measuring the fluxes and spectra of charged 
particles and gamma rays in the energy release range of 0.1 - 2 MeV. The main 
scientific goals are the study of fast variations of electron fluxes in the areas of pre- 
cipitation and the slot between radiation belts, as well as the study of the dynamics 
of particle fluxes and gamma rays at low orbits in dependence on geomagnetic 
conditions. An important factor that allows more efficient scientific research is the 
installation of the instrument on two satellites, sequentially flying through the same 
region of near-Earth space. A photo of the instrument and sketch of detector unit 
are shown in Fig. 4. 

'The DeCoR instrument is adapted in order to be mounted in the cubesat satellite 
body. Its detector is a two-layer assembly of a plastic scintillator and a CsI (TI) 
crystal (see Fig. 4b). The detector has a sensitive area of ~ 18cm?. The assembly 
is viewed by two PMTs. Separate digitization of the initial and final parts of the 
PMT output pulse (“Fast component” and “Slow component") from each PMT 
allows determining the scintillator in which the interaction took place from the 
pulse shape analysis pulse and, thus allows separate measuring of electrons and 
gamma ray fluxes. Data and commands are exchanged with the satellite’s on-board 
systems by the instrumentmicrocontroller of the device using the UART protocol. 
For the accumulation and storage of scientific data non-volatile memory with a 
capacity of 16 MB is foreseen in the instrument. For transmission to the Earth, 
the DeCoR instrument generates both monitoring data (particle counting rates 1 
time per second) and detailed data about all interactions in the detector with a 
time resolution of 20s (so call event by event mode), which are accumulated in the 
instrument's memory by a command that determines the moment of interesting time 
from the view of the researcher . T'he main way to conduct a scientific experiment is 
to regularly collect and transmit monitoring data to the Earth, as well as activate 
from time to time the detailed recording mode on pre-calculated sections of the 
satellite trajectory passing through the zones of possible variations of the trapped 
and quasi-trapped particle fluxes. 
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Fig. 4. The photo (a) and general view (b) of DeCoR instrument. 
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After viewing data of the “Monitoring” type, the researcher identifies the time 
points at which the flow variations of interest actually occurred. For these moments, 
detailed data is requested for transmission to Earth. The used data transfer rate 
allows you to transmit detailed data about an interesting phenomenon, for exam- 
ple, about the precipitation of magnetosphere electrons lasting several minutes, for 
A magnetometer is also installed in the DeCoR instrument, which makes it possible 
to measure the magnitude of the magnetic field along three mutually perpendicular 
axes. Using the outputs of this magnetometer allows taking into account space- 
craft rotation in the study of trapped and precipitating electrons and even use it 
to estimate the pitch-angle distribution of particles. The magnetometer data are 
included directly in the monitoring information frames containing the parameters 
of the measured radiation. 


3.2. The results of observations with DeCoR instrument on-board 
AmurSat and VDNH-80 satellites 


Space missions with AmurSat and VDNH-80 satellites were the first Moscow Uni- 
versity experience of monitor observations on cubesats. Due to technical problems, 
first of all connected with necessity of solar battery charging and limited transmitter 
capabilities, during both missions data were obtained from DeCoR instrument for 
about hundred and a half orbits. Taking into account that background conditions 
appropriate for GRB observations were on about a half of orbit, real instrument 
field of view about 1 sr and GRB detection threshold about 5 - 107 "erg/cm?, the 
expected number of detecting GRBs was no more than one. Really there were 
no detected any significant gamma-quantum flux increasing, which can be dis- 
cussed as GRB candidates. Nevertheless sufficiently rich experience was obtained 
in view of radiation monitoring, especially of electron flux variation study by two 
spacecraft. 

As noted above, an important advantage of multi-satellite experiments is the 
possibility of simultaneous measurements at different points in the near-Earth space 
on the one hand and measurements in the same regions with sequential passage of 
satellites through them on the other. Such measurements are illustrated in Fig. 5, 6, 
which show the orbital projections of the AmurSat and VDNKh-80 satellites and the 
outputs of two DeCoR instruments installed on these satellites, which were recorded 
on March 18, 2020. The difference in the positions of the satellites was about half 
of the orbit, so at the same time one spacecraft was taking measurements in the 
North Polar Region, and the other in the South. 

Instruments on both satellites were switched on over Kaluga-city, when the satel- 
lites were moving in the direction of the northern polar region. At the moment of 
switching on the DeCoR instrument on the VDNH-80 satellite, the AmurSat cube- 
sat was in the southern hemisphere, so the DeCoR instrument on it was switched 
on after ~ 45 minutes. At the same time, the AmurSat satellite continued to move 
along a similar trajectory with the VDNH-80 spacecraft. 
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AMGU-1 


Fig. 5. Projection of VDNH-80 satellite orbit onto the Earth map when the DeCoR instrument 
was switched on March 18, 2020. 


The orbital projection of the VDNH-80 satellite during the switching on of the 
DeCoR instrument on March 18, 2020 is shown in Fig. 5. It also shows the position 
of the AmurSat satellite at the moment when the DeKoR instrument was switched 
on the VDNH-80 satellite. The DeCoR instrument on the AmurSat satellite was 
switched on in ~ 45 minutes above the communication point in Kaluga, thus, the 
data array transmitted from the AmurSat satellite corresponds to a trajectory close 
to that shown in the figure. 

The time variation of the counting rate of electrons with energy > 300 keV 
along the orbit of the VDNH-80 satellite, recorded in the monitor mode with a 
time resolution of 5 s are shown in Fig. 6a. The maxima are clearly visible at the 
moments when the satellite is in the outer radiation belt of the Earth, as well as 
some small increases in the polar region. Significant increases in the counting rate 
near the geomagnetic equator are also clearly visible. 

The counting rates in a similar channel of the DeCoR instrument installed on 
the AmurSat satellite are shown in Fig. 6b. Noteworthy is the repeatability of the 
features visible when two satellites pass the same polar region with an interval of 
^ 45 minutes. During the flight of the geomagnetic equator, a smooth increase in 
the electron counting rate is also seen. The moving average line shows modulation 
with a period of ~ 40 s associated with the rotation of the satellite. As noted above, 
the presence of such modulation indicates that the electron flux is non-isotropic in 
the near-equatorial regions. 
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Fig. 6. Time variation of the count rate for electrons with energy > 300 keV, recorded in the 
monitor mode of the DeCoR instrument operated on-board VDNH-80 satellite on March 18, 2020 
(a), similar readings of the DeCoR instrument on -board AmurSat satellite (b). 
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3.3. The first experience of observations with DéCoR instruments 
on-board Norbi and DEKART satellites 


Just now the stage of flight tests of Norbi and DEKART missions was completed 
and regular observations were begun. The example of DeCoR instrument data ob- 
tained from Norbi CubeSat on July 14, 2021 is presented in Fig. 7. There it can be 
seen the monitor time dependent (with 5 s time resolution) count rates in plastic 
detector (mainly electrons) and CsI(TI) (mainly gamma quanta) recorded for sev- 
eral consequent orbits. All typical variations caused by the near-Earth radiation flux 
distribution can be seen. There are seen peaks connected with the crossing of the 
outer belt regions and South-Atlantic Anomaly, as well, as in precipitation areas. 
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Fig. 7. Time variation of the count rate for electrons with energy > 300 keV (red curve) and 
for gamma-quanta (dark blue curve), recorded in the monitor mode of the DeCoR instrument 
operated on-board Norbi satellite on July 14, 2021. 


It is necessary to note that gamma quantum count rate dependence along the 
orbit contains the intervals of quasi-constant background that correspond near- 
equatorial and polar cup regions. These intervals are quite appropriate for GRB 
detection. Nevertheless on these intervals flux increasing caused by electron precip- 


1427 


itation can be observed. The example of such event detected on 04:49 September 
28, 2021 is presented in Fig. 8. 

The example of output data from one detector unit of DéCoR instrument 
on-board DEKART satellite is presented in Fig. 9. As it could be seen, time depen- 
dent gamma quantum and electron count rates, recorded with 0.5 s time resolution 
along the orbit, are quite similar to those obtained by Norbi satellite. Thus, it gives 
opportunity for multi-satellite measurements of time effects in near-Earth radiation 
fluxes and increase probability of GRB detection, including possibility of simulta- 
neous GRB observation on two satellites. 
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Fig. 8. Time variation of the count rate for electrons with energy > 300 keV (red curve), and 
gamma-quanta (dark blue curve), and L values (violet curve) recorded in the monitor mode of the 
DeCoR instrument operated on-board Norbi satellite on September 28, 2021. 
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Fig. 9. Time variation of the count rate for electrons with energy > 300 keV (red curve) and for 
gamma-quanta (dark blue curve) recorded in the monitor mode of the DeCoR detector on-board 
DEKART satellite on October 4, 2021. 
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4. Conclusion 


The successful realization of the CubeSat missions in frame of Universat-SOCRAT 
project make it possible for the first time to create a prototype of nano-satellite 
constellation a space system for monitoring of space radiation and electromagnetic 
transients including GRBs. 

'The first stage of this project was beginning from the launching of three Cube- 
Sats in July, 2019 and then three CubeSats in September, 2020. The prototypes of 
the instruments, which should be used in future Universat-SOCRAT missions were 
tested in these orbital experiments with CubeSats. Results of these tests confirmed 
that instruments operate well as in terms of command control as in terms of detector 
parameters. The particle flux measurements carried out during flight tests demon- 
strate the presence of variations corresponding to the expected changes in outputs 
at low polar orbit. During flight tests, both monitoring data with a time resolution 
of ~ 0.5, 1 and 5 s and event by event data with a time resolution of ~ 20us were 
successfully obtained from both DeCoR instruments installed on-board launched 
cubesats. Obtaining and processing of these data allows us to analyze both slow 
and fast particle flux variations. Thus, flight tests have confirmed the suitability of 
the instruments for the scientific research for which they were intended including 
principal possibility of GRB observation. 


References 


1. Abbott B. P., Abbott R., Abbott T. D., et al., *Multi-messenger Observations of a 
Binary Neutron Star Merger", The Astrophysical Journal Letters, V.848, Iss. 2, article 
id. L12, 59 pp., 2017. 

2. Svertilov S.L, Panasyuk M.I., Bogomolv V.V., et al, “Wide-Field Gamma- 
Spectrometer BDRG: GRB Monitor on-board the Lomonosov Mission", Space Science 
Review, article id. V.214, 8, 22 pp., 2018. 

3. Osedlo V.I., Sadovnichii V.A., Panasyuk M.I. et al., “Multi-satellite project “Universat- 
Socrat" for natural and artificial hazards monitoring", Advances in the Astronautical 
Sciences, V.163, pp. 45-52, 2018. 

4. Sadovnichiy V.A., Panasyuk M.I., Lipunov V.M., et al., “Project ^Universat-SOCRAT" 

of Multiple Small Satellites for Monitoring of Natural and Technogenic Space Hazards", 

Open Astronomy, V.27. Iss. 1, pp. 126-131, 2018. 

Panasyuk M.I., Klimov P.A., Svertilov S.L, et al., "Universat-SOCRAT multi-satellite 

project to study TLEs and TGFs", Progress in Earth and Planetary Science, V.6, pp. 

35-54, 2019. 

6. Panasyuk M.I., Svertilov S.I., Bogomolov V.V., et al., “RELEC mission: Relativistic 
electron precipitation and TLE study on-board small spacecraft”, Advances in Space 
Research, V.57, pp. 835-849, 2016. 

7. Svertilov S.L, Panasyuk M.I, Petrov V.L., et al, “Multi-Satellite Project 
UNIVERSAT-SOCRAT of Cubesat Grouping for Spacecraft and Aviation Radiation 
Hazard Warning System and First Experience of Moscow University Cubesat Missions", 
Advances in the Astronautical Sciences, V.173, pp. 171-188, 2018. 


ol 


1429 


Multiwavelength observations of GRB160625B by MASTER, 
Lomonosov, Konus-Wind and three stage collapse 


V. M. Lipunov'?:*, V. A. Sadovnichy?, M. I. Panasyuk'^^, I. V. Yashin?, S. I. Svertilov!, 
D. Svinkin?, E. Gorbovskoy?, S. G. Simakov?, G. V. Lipunova?, V. G. Kornilov'?, D. Frederiks?, 
V. Topolev!:?, R. Rebolo®, M. Serra? , N. Tiurina?, E. Minkina!:?, V. V. Bogomolov!*, 

A. V. Bogomolov?, A. F. Iyudin*, A. Chasovnikov'?, A. Gabovich?, N.M. Budnev’, 

O. A. Gress?/?, G. Antipov?, D. Vlasenko!:?, P. Balanutsa?, R. Podesta®, K. Zhirkov!:?, 

A. Kuznetsov?, V. Vladimirov?, F. Podesta?, C. Francile?, Yu. Sergienko?, A. Tlatov?, 

O. Ershova?, D. Cheryasov? and V. Yurkov® 


1 Lomonosov Moscow State University, Physics Department, Vorobievy Hills, 1, 
Moscow 119991, Russia 


? Lomonosov MSU, SAI, Universitetsky, 13, Moscow 119234, Russia 
? Lomonosov Moscow State Universit, GSP-1, Vorobievy Hills, 1, Moscow, 119991, Russia 


4Lomonosov Moscow State University, Skobeltsyn Institute of Nuclear Physics (SINP MSU), 
Vorobievy Hills, 1, Moscow, 119991, Russia 


5 Joffe Institute of theoretical physics, 26 Politekhnicheskaya, St Petersburg 194021, Russia 
8 Instituto de Astrofísica de Canarias, Lactea, E38205, LaLaguna, Tenerife, Spain 
‘Irkutsk State University, 20, Gagarin, Irkutsk 664003, Russia 


8 Blagoveschensk State Pedagogical University, Lenin, 104, Amur, Blagoveschensk 675000, 
Russia 


9 Kislovodsk Solar Station Pulkovo Observatory, Gagarina 100, Kislovodsk 357700, Russia 


*E-mail: lipunov@sai.msu.ru 


The detailed continuous fast optical photometry analysis obtained by MASTER Global 
Network for the GRB160625B optical counterpart MASTER OT J203423.51+065508.0 
is presented. There are also hard X-ray and gamma-ray emission obtained by the 
Lomonosov and Konus-Wind spacecrafts detectors. We detected quasiperiodic emission 
components in the intrinsic optical emission of GRB160625B and propose a three-stage 
collapse scenario for this long and bright GRB. We associate quasiperiodic fluctuations 
with forced precession of a Spinar, i.e. self-gravitating rapidly rotating super dense body, 
whose evolution is determined by a powerful magnetic field. The spinar’s mass lead it to 
collapse into a black hole at the end of an evolution. 
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1. Introduction 


Gamma-ray bursts (GRB) still remain a mysterious phenomenon. We proceed from 
the assumption believe that long gamma-ray burst occurs as a result of the collapse 
of the rapidly rotating core of a massive star. The fast rotation of the core slows 
down the collapse and extends time available to produce electromagnetic radia- 
tion. Two scenarios are possible here. In the first scenario (MacFadyen & Woosley, 
2000), a black hole first forms, and then the fallback of the supernova envelope, 
which has a supercritical torque, forms a heavy superdense disk. Due to the gen- 
eration of magnetic fields by this disk, axial jets with a large gamma factor are 
generated, which we observe. In another scenario, a rapidly rotating magnetized 
object, a Spinar, is first formed, which is slowly compressed due to the dissipation 
of the rotational moment (Lipunov & Gorbovskoy, 2007).? In this case, a jet with a 
Poynting-Umov energy flow is formed along the rotation axis. The operating time 
of the central gamma-ray burst engine changes depending on the dissipation rate. 
In general, both scenarios require a fairly large torque in the collapsing stellar core. 
And here the authors are impressed by a binary scenario in which fast rotation 
occurs due to the tidal influence of the second component in a very close binary 
system (Tutukov & Cherepashchuk, 2016). In this scenario, the centrifugal barrier 
is a consequence of the large torque acquired as a result of the natural evolution of 
the binary system. In the case of GRB160625B our attention was attracted by the 
quasiperiodic brightness fluctuations during the time of the central engine opera- 
tion, and below we try to interpret them as a consequence of a Spinar Paradigm 
at work (Lipunova & Lipunov, 1997; Lipunov & Gorbovskoy, 2007;2008; Lipunova 
et al., 2009)? 4 6 

In this paper, we present multiwavelength observations of GRB160625B, one of 
the brightest gamma-ray bursts in the history of their study. We have concentrated 
on the temporal behavior of itsintrinsic electromagnetic radiation. We present op- 
tical and gamma-ray data, recorded during the time of the operation of the central 
engine of GRB160625B. We made an attempt to find traces of the duality of the 
GRB system. We have suspected traces of the dual nature of long GRBs. Of course, 
we do not have one hundred percent proof of this scenario, but this study can serve 
as an example of searching for and finding the dual nature of long GRBs. 


2. Observations 


GRB160625B was observed by the large number of space and ground telescopes 
in a wide range of electromagnetic waves from gamma-ray to radio. For the first 
time in the GRB study history, the polarization of its own prompt optical emis- 
sion synchronous with the gamma one was discovered (Troja et al., 2017a)." Now 
we present the details of synchronous observations in the optical (MASTER OT 
J203423.514-065508.0) and gamma-ray ranges. 

GRB 160625B triggered Fermi observatory at 2016-06-25 22:40:16UT , firstly 
as a short pulse (Fermi-GBM trigger 488587220, Burns et al.2016),° then the 
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Fermi-LAT triggered (Dirirsa et al. 2016)? at 22:43:24.82UT, at 22:51:16.03 Fermi- 
GBM triggered again (trigger 488587880). The GBM light curve consists of multiple 
peaks over approximately 700 seconds, the first one being 1 second long soft peak. 
The main peak, corresponding to the LAT trigger, was very hard and about 25 
seconds long. The peak that triggered GBM for the second time was soft and about 
30 seconds long (Burns et al. 2016).5 Swift has initiated a series of observations and 
discovered uncatalogued X-ray sources at R.A.,Dec.(2000)=20:34:23.25 +06:55:10.5 
with an uncertainty of 3.8 arcsec (Melandri et al. 2016), publishied it at 2016-06-26 
06:54:13UT. 

This long, extremely bright GRB 160625B also triggered BDRG detectors on- 
board Lomonosov Space Observatory of Moscow State University (Sadovnichii et al. 
2017)'9 (Fig. 1) and Konus-Wind at 22:40:19.875UT (Svinkin et al. 2016)! (Fig. 1) 
as well as the CALET Gamma-ray Burst Monitor (CGBM) at 22:40:15.49 (Nakahira 
et al. 2016).1? 

The optical counterpart was discovered by RATIR (Troja et al. 2017b)!^ start- 
ing 8.53h after LAT trigger. MASTER started observation in polarization filters 
(Lipunov 2010, 2019, Kornilov 2012)!" !? 31 sec after GBM notice time (57 sec after 
GBM, i.e. 131 sec before LAT Trigger, Dirirsa et al.2016)° at 2016-06-25 22:41:13UT 
(Gorbovskoy et al. 2016),?? but published the circular in GCN (Barthelmy et al. 
1998ab)?!>?? at 16/06/28 14:05:38. The GCN publication was delayed by the instal- 
lation of the new MASTER telescope in Argentina at this time (MASTER-OAFA). 
MASTER measurements probed the structure of the magnetic field at an early de- 
velopment stage of the jet, closer to a central black hole, and show that the prompt 
emission phase is produced via fast-cooling synchrotron radiation in a large-scale 
magnetic field that was advected from the black hole and distorted by dissipa- 
tion processes within the jet (Troja et al. 2017a)." The optical data obtained by 
MASTER telescopes-robots (Lipunov et al. 2010,2019)!7:15 have the best temporal 
resolution with the minimum exposure time of 5 seconds. This resolution made it 
possible to suspect quasiperiodic variability in the optical range, which we try to 
associate with the dual nature of the long GRB. 

The detection of a substantial (8.3 + 0.8 per cent from our most conservative 
estimation) variable linear polarization of a prompt optical flash that accompanied 
the extremely energetic and long prompt ^-ray emission from GRB 160625B was 
discovered by MASTER (Gorbovskoy et al. 2016a, Lipunov et al. 2016a, Troja et 
al. 20172). 719,19 


2.1. MASTER 


MASTER Global Robotic Net of Lomonosov Moscow State University in 2016 
consisted of orbital MASTER-Shok detectors on-board Lomonosov spacecraft 
and of 8 ground observatories with identical scientific equipment distributed all 
over the Earth: MASTER-Amur, -Tunka, -Ural, -Kislovodsk, -Tavrida in Russia, 
-SAAO (South African Astronomical Observatory), -IAC (Tenerife, Spain, Teide 
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observatory of Institute of Astrophysics of the Canary Islands), -OAFA (Argentina, 
San Juan National University Astronomical Observatory named by Felix Aguilar), 
see Lipunov 2010, 20191” '8(Fig. 1). Identical equipment includes twin wide-field 
(MASTER-II, 4-8 square degrees up to 20m unfiltered limit at 180s exposition) 
and very wide field (MASTER-VWFC, 800 square degrees, up to 15m at sum- 
mary image) optical channels (Kornilov et al. 2012)? which allows us to follow a 
target 24h per day in one photometric channel. MASTER-VWFC are the ground- 
based analogue of the MASTER-SHOCK cameras, that were installed on board the 
Lomonosov space observatory (Sadovnichy et al. 2017,2018, Lipunov et al. 2018, 
Svertilov et al.2018, Park et al. 2018).19:25,25.37,38 Observations by MASTER- 
VWFC are unfiltered. 
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Fig. 1. MASTER Global Robotic Net. The upper left part shows Lomonosov satellite and the 
upper right part shows Konus-Wind. The flags indicate equipped sites of network stations. 


MASTER own developed photometer can observe simultaneously in 2 orthog- 
onally oriented polarization filters in both tubes of twin MASTER. telescope 
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(Kornilov et al. 2012)!? or in BVRI filters and unfiltered. Mount has fast posi- 
tioning with the speed up to 30 deg/s. 

MASTER key factors is own software for real-time reduction. It includes full 
robotization of all processes: hardware control, weather control, efemerides, cen- 
tral planner, automatic evening/morning calibration,and primary image reduction, 
astrometry and photometry, extraction of new optical sources and notification of 
the main station of them). Such features let us to discover significant and variable 
linear polarization during the prompt optical flash of GRB 160625B (Troja et al. 
2017a), to discover GRB optical counterparts (Lipunov et al. 2016, Gorbovskoy 
et al. 2016, Sadovnichy et al. 2018, Laskar et al. 2019),2°?4?" to discover Smooth 
Optical Self-similar Emission of GRB subclass (Lipunov et al. 2017),?° to make the 
most optical support to GW150914 event (Abbott et al. 2016ab, Lipunov et al. 
2017,2018),?° 3! to independently discover Kilonova GW170817(Abbott et al. 2017, 
Lipunov et al. 2017),??:33 to make the most optical support to the follow-up of a rare 
IceCube neutrino multiplet (Aartsen et al. 2017),°4 to discover VA04Cygni polariza- 
tion variability (Lipunov et al. 2017),?? to make optical observationsthat revealed 
a strong evidence for a high-energy neutrino progenitor - blazar TXS 05064-056 for 
1C170922A (Lipunov et al. 2020)?6 , to discover more than 2000 optical transients 
of 10 different types and other. 


2.2. MASTER GRB160625B observation 


MASTER-IAC robotic telescope pointed to the GRB 160625B at 2016-06-25 
22:41:13U T, and observed Swift X-ray error box (Melandri et al., 2016)? by 
MASTER-IAC wide field camera with a 5 second exposition time without filter 
and imaged several thousand frames. 

MASTER-Tavrida started first frame exposition 12 seconds after LAT notice 
time (66s after trigger time) at 22:44:30U T. 

MASTER-Tavrida and MASTER-IAC very wide field of view cameras (VWFC) 
observed GRB error-box when the Fermi-LAT detected the main impulse of GRB 
with a high coordinate accuracy of 0.5 degrees, 131 seconds after the first message. 

MASTER OT J203423.514-065508.0 optical counterpart was detected at 
22:43:30UT (+2.5 sec of exposition) UT with mor=8.60 and was getting brighter 
up to a maximum of 7.86m(see Fig. 2). The prompt optical emission strongly cor- 
related with Konus-Wind gamma ray light curve (Svinkin et al., 2016).!! 

MASTER-IAC robotic telescope started observation of the error box 43 sec 
after LAT notice time or 95 sec after trigger time at 2016-06-25 22:44:59UTby main 
MASTER-II telescope in two polarizations. The OT was 8.6m at the moment. 

As a result, MASTER not only registered the entire event of the GRB explosion 
in the optical range with the best time resolution (2.5 sec), but for the first time 
in the history of gamma-ray burst research, it detected the polarization of prompt 
optical emission from the gamma-ray burst while the flash was still going on (Troja 
et al. 2017a).” 
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Fig. 2. Red curve - observations of the very wide-field MASTER-IAC cameras, reduced to the 
proper time of the system (compression of the burst time scale relative to the observed one). 
'The purple dots corresponds to the MASTER-Tavrida measurements taken with a lower temporal 
resolution. The gray curve corresponds to the emission detected by Fermi-LAT (see Toja et al. 
2017a.7 


The gamma-ray burst GRB160625B turned out to be one of the most powerful 
cosmic explosions of this type, which appeared as a narrow jet of relativistic particles 
accelerated by the electromagnetic field of a rapidly rotating black hole at the other 
end of the Universe forming before our eyes. 

An analysis of the MASTER’s polarization observations made it possible for the 
first time to detect the polarization of GRB’s intrinsic optical radiation and directly 
showed that the muzzle of the most powerful space gun was formed by an ordered 
powerful magnetic field of a forming black hole (Troja et al., 2017)." 

This magnificent astrophysical experiment succeeded thanks to the interaction 
of scientists from several countries, who created unique robotic equipment to detect 
gamma rays, infrared radiation, and photons in the optical range born by the GRB 
event. 


2.3. LOMONOSOV Observations 


The GRB monitor (BDRG) aboard the Lomonosov (Sadovnichii et al. 2017)!? ob- 
servatory (hereafter BDRG/Lomonosov (Svertilov et al., 2018)?" was built for the 
early detection of GRBs in the gammas of 0.01-3.0 MeV energy range and for gener- 
ation of triggers for those events. The BDRG consisted of 3 identical detector units 
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connected to the electronic unit. The BDRG instrument detector units (blocks) 
were mounted on the spacecraft payload platform in such a way that their axes are 
oriented 90? to each other. Each detector has a cosine angular dependence for a 
sensitive area not shaded by satellite construction elements within ~ 60° of its axis. 
The monitor’s central axis, relative to which the detector axes are inclined, is di- 
rected toward to the local zenith. T'hus, the total field of view for all three detectors 
is about 27 sr; and one quarter of this field, i.e. 7/2 sr, is the value of a solid angle, 
within which limits the GRB position error can be estimated with sufficiently good 
accuracy through the comparison of all three detector outputs. 

BDRG operates in two main observational modes: the monitor or continuous 
mode, and the burst mode. In the monitor mode all instrument outputs were 
recorded and stored continuously with time resolutions adjustable by commands 
from Earth. On the other hand, the burst mode was activated by on-board instru- 
ment triggers to record detailed information of each photon during the before-burst, 
burst, and after-burst time intervals. The BDRG trigger initiated the estimation 
of GRB positions and relayed the trigger not only to other GRB observation in- 
struments onboard the Lomonosov spacecraft, i.e. SHOK optical cameras (Lipunov 
et al, 2018)?? and Ultrafast Flash Observatory (Park et al., 2018),°° but to the 
ground telescopes as well through the Gamma-ray Coordinates Network (GCN, 
Barthelmy et al. 1998ab)?! viathe Global Star transmitter. 

Each BDRG detector unit consisted of a thin layer (0.3 cm) of NaI(TI) crystals 
optically coupled to a considerably thicker layer (1.7 cm) of CsI(TI) crystals situated 
underneath. The diameter of the detectors is 13 cm, and both layers are read by a 
single photomultiplier tube (PMT). Thus, the overall detector area is about 130 cm2. 
The thickness of the NalI(TI) layer is optimized for the soft part of energy range, and 
the working ranges of the units are 0.01-0.5 MeV for the NalI(T1) layer and 0.05-3 
MeV for CsI(Tl). As such, the NalI(T1) layer serves as the main detector for hard 
X-ray timing, while the CsI(Tl) operates as an active shield against background 
gamma-rays. Additionally, the CsI(Tl) crystals can also detect gamma-rays with 
energies up to a few MeV. The difference in decay times for the Nal(T1) (~0.25 
ms) and CsI(Tl) (~2.0 ms) crystals permits the separation of light flashes in the 
scintillators through special electronic circuits that differentiate pulse shapes. 

'The information provided by the BDRG units consisted of a number of different 
categories for the data frames generated continuously (continuous mode) as well as 
irregularly by various triggers (burst mode). The continuous data stream included 
three types of frame corresponding to the instruments! monitoring, spectrum, and 
event. Monitoring frames provided count rates in 8 energy channels for the Nal(T1) 
and CsI(TI) scintillator crystals for each of the BDRG detector units, while spec- 
trum frames contain 724 channel spectra for NaI(TI) and CsI(T1), separately. Event 
frames gave the primary values for energy release within the Nal(Tl) and CsI(TI) 
crystals, combined with time data for a fixed number of detected gamma-quanta. 
Likewise, information about the main parameters for all GRB triggers was stored 
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and transferred in the form of "trigger logs". There are three trigger types catego- 
rized as “fast,” “slow” and “super-slow,” with characteristic times of 10 ms, 1 s, and 
20 s, respectively. Corresponding to each trigger type, three data frame sequences 
for the monitoring, spectrum, and event were generated continuously in a manner 
similar to the continuous mode discussed above. A portion of data collected before 
the trigger was always included for all trigger types. 

On 25 June 2016 near the GRB160625B trigger, the BDRG/Lomonosov operated 
in monitoring mode. The background environment at the time of event was very 
complicated. The Lomonosov satellite was flying through the radiation belts. 

The count rate variations in the BDRG/Lomonosov gamma-quanta channels 
are illustrated by the curves in the upper panel of Fig. 3, in which count-rates 
of three BDRG-1 Nal detector channels 10 — 35, 35 — 170, 170 — 650 keV 
shown with the time resolution of 0.1 s are plotted. Full data is available on the 
link(http://master.sai.msu.ru/static/ MG16MASTER/BDRG160625B.txt) 
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Fig. 3. GRB160626B ^-ray light curves.The BDRG-1(Nal detector) counts vs time in the 10- 
35keV (BDRGI1L), 35-170 keV (BDRG1M), 170-650 keV (BDRG1H) ranges. 


The clear count-rate increases in the time interval from about -150 to 350 sec- 
onds relative to the Swift trigger time (-300 to 200 seconds relative to the LAT 
trigger time) corresponds to the satellite crossing outskirts of the external radiation 
belt. After that the satellite flew into the region of the South polar cap, where the 
background is smaller, and after that it began to cross the outer belt again and 
the background began to increase. Thus, due to such background variations the 
main pulse (G2) as well as the precursor (G1) could not be observed on by the 
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Lomonosov satellite detectors. Only the "last tail" (G3) could be observed. How- 
ever, during the corresponding time interval (from about 350 to 550 seconds from 
LAT trigger time) count variations in the BDRG/Lomonosov were in reality com- 
bination of GRB counts plus variations caused by unstable electron fluxes in the 
polar cap. The last component can give the significant input in gamma ray channels 
of the instrument due to electron bremsstrahlung. Thus, to obtain the real GRB 
light curve it is necessary to clean the detector outputs from electron background 
variations. 

'To realize this procedure we used the outputs from different BDRG detectors. 
Because of different BDRG detector orientation the given GRB source was observed 
by separate detectors at different angles. In the case of GRB160625B only BDRG1 
detector unit was illuminated, the angle between the detector axis and direction 
toward the GRB source was about 56°, while for BDRG2 and BDGR3 these angles 
were about 136? and 116? respectively. It means that GRB source was out of field 
of view (FOV) of both latter detector units. On the other hand, since counting 
rate of the irregular variations observed in the polar cap regions are mainly due to 
the quasi-trapped electron fluxes having an anisotropic but rather wide pitch-angle 
distribution, they will exhibit similar temporal behavior in separate, although differ- 
ently oriented detectors. It allows us to use regression analysis of detector unit count 
rates obtained for two detectors during time interval of GRB observation to estimate 
regression coefficients, which then can be used for rejection of the part of counting 
rate variations caused by electron fluxes. Because during the time of GRB160625B 
observation BDRG2 unit was switched-off, for regression analysis only the BDRG1 
and BDRG3 unit outputs were used. To be exact, we selected time interval from 200 
to 450 seconds after LAT trigger (22:43:24U TC) to estimate regression coefficients, 
which corresponds to the time between G2 and G3 events, when expected input to 
detectors counting rates from GRB160625B was negligible. 


2.4. Konus- Wind observations 


GRB 160625B triggered Konus-Wind GRB spectrometer (KW, Aptekar et al. 
1995)*! at TO= 81619.875 s UT (22:40:19.875; Svinkin et al., 2016).!! The burst 
was detected by the $2 detector, which observes the Northern ecliptic hemisphere; 
the incident angle was 65.2 deg. The propagation delay from Earth to WIND is 
3.356 s for this GRB; correcting for this factor, the KW trigger time corresponds 
to the Earth-crossing time 81616.519 s UT (22:40:16.519). 


2.4.1. T'ime history 


Count rates for Konus-Wind are recorded in three energy bands in the triggered 
mode: 17-70 keV (B1), 70-300 keV (B2), and 300-1170 keV (B3). The record starts 
at TO - 0.512 s and continues to TO + 229.376 s with an accumulation time varying 
from 2 to 256 ms. Waiting-mode count rate data are available up to TO + 250 s 
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in the same energy bands with a coarse temporal resolution of 2.944 s. A source 
activity after time interval TO 4- 250 s may be traced in the housekeeping mode 
with temporal resolution of 3.68s for the 70-300 keV energy range. 

The prompt-emission light curve (Fig. 4) can be divided into three episodes. It 
starts, at ~ TO - 0.3 s, with a short, spectrally-soft initial pulse (precursor) which 
has duration of about 1 s. The precursor is followed, starting at ~ TO + 180s, by 
the main, extremely bright and spectrally-hard emission episode lasting for about 
40 s. The final episode observed by KW in the housekeeping mode starts at ~ TO 
+ 530 s and has duration of about 150 s. The total burst duration is about 680 s. 

The first episode was localized only by Fermi (GBM) with a position uncer- 
tainty of about 2 deg (statistical only). The difference in the arrival time of the 
gamma-ray signals at Fermi-GBM and Konus-Wind provides additional significant 
constraints on the gamma-ray localization of the episode (Zhang et al., 2018).*? The 
triangulation of the first episode is consistent with the source position determined 
by Swift-XRT in the main episode, supporting the association of the precursor and 
the burst. 
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Fig. 4. GRB 160625B light curve recorded in the KW waiting and housekeeping modes in the 
70-300 keV band (B2). 


Let us discuss the time-resolved spectral analysis. In the triggered mode, Konus- 
WIND measures 64 energy spectra in 128 channels of two overlapping energy bands: 
20-1170 keV (PHA1) and 244 keV-15 MeV (PHA2). The first four spectra have a 
fixed accumulation time of 64 ms; after that, the accumulation time varies over 
0.256-8.192 s, depending on the current intensity of the burst. Five initial energy 
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spectra covered the precursor (TO — T0--8.448 s) and 35 covered the main episode 
(T0--180.480 - TO + 237.824 s). 

The spectral analysis was performed with XSPEC version 12.9.01 (Arnaud 
1996)?? with the three model: Band GRB function (Band et al. 1993):44 f(E) ~ 
E^exp(—(2 + a)E/Epeak) for E < Epeak(a — 8)/(2 + o), and f(E) ~ E? for 
E > Epeak(o — B)/(2-- a), where a is the power law photon index at low energies, 
Epeak is the peak energy in the EF(E) spectrum, and f is the high-energy photon 
index; a cutoff power law model (CPL): f(E) ~ E*ezp(—(2 + a)E/Epeak); and 
a simple power law. The spectral models were normalized to the energy flux in 
the 20 keV — 10 MeV range, a standard band for the KW GRB spectral analysis. 
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Fig. 5. Spectral evolution of the gamma-ray emission during the prompt phase of the burst main 
episode. The Konus-WIND light curve in the combined B1+B2+B3 energy band (17-1170 keV) 
is shown with 256 ms resolution, along with the temporal behavior of the Band spectral model 
parameters Epeak, a, and 8 obtained from the time-resolved fits. 
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Typically, the spectral channels are rebinned to have at least 10 counts per energy 
bin to ensure Gaussian-distributed errors and the correctness of the X? statistic. 

For the precursor, constrained spectral parameters of the CPL model are avail- 
able only for the sum of the first four spectra, while for the main episode, a good 
count statistic is achieved for 35 individual spectra between T0+180.480 s and 
T0+237.824 s, the spectrum between T0+ 229.632 s and T0--237.824 s is well de- 
scribed by a simple power law. The good spectral coverage enables us to construct 
the temporal behavior of the model parameters (a, 3, Epeak) and to trace in detail 
the evolution of the spectral composition of radiation over the course of the main 
episode (Fig. 5). 

Spectrum 27 was measured at the onset of the very intense initial pulse of the 
main episode (Fig. 5). The emission at this moment is hard; Epeak reaches the 
highest value for the burst (~ 1.8 MeV). After the summit of the brightest pulse, 
Epeak starts to decrease gradually (spectra 28-38), down to ~ 300 keV in spectra 
(39-43), and then grows up to ~ 600 keV at the time of the second peak (spectra 44- 
56), staying at this level during the last peak (spectrum 57). Spectra 58-60 describe 
the decay of the main episode showing the typical decrease in Epeak. During the 
brightest part of the main episode the low-energy spectral index is approximately 
constant and is consistent with the synchrotron emission in the slow-cooling regime 
a = —2/3 (Preece et al., 1998).4° The high-energy index 8 shows no significant 
correlation with energy flux and is typical for long GRBs (6 ~ -2). 

Spectrum 1-4 (time —averaged), corresponding to the peak of the initial pulse 
is well fitted with a CPL model with a ~ -0.4, and Epeak ~ 70 keV (x?/dof = 
16.5/29). The fit with a single blackbody (BB) component yields kT= 17.3 (-1.6, 
+1.6) keV, energy flux 1.92 (-0.19,+0.19) 10^ 9erg/cm?/s, with x?/dof = 32.1/30; 
the fit underestimates count rate at energies below ~ 30 keV. Thus, despite the BB 
kT is consistent with the value found by Zhang et al., 2018,4? we argue that BB 
model cannot be favoured for the spectrum. 


3. Modeling 


Looking at the optical light curve starting from 20 seconds relative to the main 
pulse and up to 200 - 250 seconds, one can suspect quasiperiodic brightness oscilla- 
tions with an amplitude significantly exceeding the random brightness measurement 
error. Recall that a five-second exposure on ultra-wide field cameras is practically 
without delay. Such variability at times of the order of (T ~ 10-20 seconds) is caused 
by internal physical processes in the operation of the central engine. However, it 
would be tempting to associate this phenomenon with the interaction of a rela- 
tivistic jet with quasiperiodic inhomogeneous layers in the radial distribution of the 
progenitor's stellar wind. This type of inhomogeneity can be caused by the presence 
of a close second component in the collapsing star's binary system. Calculations 
carried out earlier (Lipunova et al. 2009)? show that in systems with an orbital 
period of less than 1 - 2 hours, tidal forces lead to a critical increase in the spin 
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moment of the collapsar. As a result, it is under these conditions that the formation 
of a massive accretion disk (Woosley 1993)*° or a spinar (Lipunov & Gorbovskoy, 
2007)? prolongs the magneto-rotational collapse, which leads to the phenomenon of 
a gamma-ray burst. 

First of all, we will discuss the possible reasons for the quasiperiodic optical 
emission, which is an intrinsic emission at the stage of the central engine oper- 
ation and must reflect some quasiperiodic oscillations of the central engine. This 
circumstance is supported by the fact that we detect oscillations after 30 seconds 
(in our own frame of reference) from the trigger, that is, at the same time when the 
optical and gamma spectra become one. Recently, Suvorov and Kokkotas (2021)*7 
discussed quasiperiodic pulsations of X-rays from some short GRBs in the magnetar 
model. Actually, the only property of the magnetars used here is the one inherent 
to all radio transmitters they loose energy approximately according to the magnetic 
dipole law (Pacini, 1967)*® and their total power changes over time L ~ t~?. In con- 
nection with the gamma-ray bursts, this circumstance was expressed by Lipunova 
& Lipunov (1998).4 The merit of the works of Suvorov and Kokkotas (2021)*” is 
the attraction of the idea that the observed quasiperiodic oscillations are associated 
with the free precession of a neutron star with an anomalously strong magnetic field. 
In fact, the magnetar model is only a special case of a more general model of the 
magnetorotational collapse - Spinar Paradigm (Lipunov & Lipunov, 1998; Lipunov 
& Gorbovskoy, 2007, 2008; Lipunova et al., 2009).?:49 In the framework of Spinar 
Paradigm, it is assumed that the initial rotational moment of the body is so great 
that centrifugal forces have a significant effect on the collapse process. In particu- 
lar, this model successfully explains not only the plateau phenomenon, but also a 
sharp (by several orders of magnitude) cliff at the end of the plateau (Lipunov & 
Gorbovskoy, 2007).? In fact, an approximate non-stationary model of gravitational- 
rotational collapse (Lipunov & Gorbovskoy, 2008)? includes all relativistic effects 
plus the contribution of the nuclear forces of the neutron liquid. The collapse char- 
acter depends on three main parameters: the core mass M of the collapsing star, the 
generalized Kerr parameter a9 = Iwoc/G M? and the ratio of magnetic and gravi- 
tational energy Qm = Um/Ugr << 1 which remains constant in the approximation 
of the conservation of the magnetic flux. A black hole or a neutron star can also be 
the end product of the collapse (Lipunova et al., 2009).9 In the process of formation 
of both types of objects, an intermediate object is formed - a spinar - which can 
experience not only free, but also forced precession. In addition, if a neutron star 
can only slow down, decreasing the overall luminosity, the spinar can accelerate as 
it evolves, and this will even be accompanied at certain stages by an increase in 
luminosity. It is precisely by the spinar precession that we propose to explain the 
suspected oscillations of the intrinsic optical emission of the GRB160625B gamma 
burst. Remarkably, the magneto-rotational collapse model naturally explains the 
existence of the precursor, with which we begin. 

In the spinar model, the precursor of the gamma-ray bursts occurs during the 
first abrupt stop of the collapse due to the increase in centrifugal force (Fig. 6). 
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Fig. 6. Scheme of the three-stage magneto-rotational collapse in the Spinar Paradigm. 


At this moment, half of the gravitational energy accumulated by the free-falling 
progenitor core is converted into heat. The second half of the work of gravitational 
forces turns into the energy of the spinar rotation. In other words, the centrifugal 
forces stop the collapse and a spinar is formed - which continues to slowly contract, 
losing its extreme moment and constantly increasing its radiation power (see Fig. 6). 
This is the formation of the precursor! Its maximum power Eprecursor ~ GM 2 /2 Rs 
is determined by the radius of the formed spinar (Lipunov & Gorbovskoy, 2007)? 
Rsp © at Rg/2, where Rg — Shwarcshild radius: 


Eprecursor © d GM?/2Rs, © (1/2a5)M (1) 


If the core torque is not too high ao < 5—10m~!(m = M/Mb), then this energy 
directed mainly along the spinar rotation axis will pierce the progenitor shell and 
we will see the precursor (Lipunov & Gorbovskoy, 2007).? However, immediately 
after the formation of the Spinar, the energy released by the spinar will already 
be determined by the magnitude of the magnetic energy Lsp = Umw £z AmUgrw. 
Accordingly, the energy released by the spinar in one spin period and the corre- 
sponding pressure impulse on the shell will be reduced by a factor of an, << 1, 
hence the jet breakdown will happen. But if the torque is lost, the luminosity of 
the spinar will grow Lsp = Umw £ EmUgrw and finally break through the shell. 
This will be the time close to the beginning of the gamma-ray burst terg. How- 
ever, the time elapsed from the precursor to the start of the gamma-ray burst 
will be determined by the rate of loss of the spinar torque at the moment of its 
formation:At ~ Iw/U;,. We can a the magnetic energy through the magnetic 
flux 6 = BR? = 9351075 Gs cm?, thus normalizing the flux to the characteristic of 
magnetars the does not change dune the collapse, according to our assumption. 
Then we get the precursor time: 


Atı © —800s Pz m3,a3 (2) 


Kerr Black Hole released energy can reach 44% (Kip Thorne, 1974),? we get an- 
other important ratio of precursor fluence to gamma-ray burst fluence Ej. / Ec np © 
o^. Usually there is a ratio Epre/Eare © 1 — 1096 (Troja, 2007),°° corresponding 
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to the generic Kerr parameter ao ^ 3-10 . For the masses of nuclei close to M ~ 
Mov, a larger Kerr parameter is required. However, in this case, it is necessary to 
include the contribution of nuclear forces (Lipunova et al., 2009).° 

After the formation of the spinar, the direction of the magnetic flux of course 
does not have to coincide with its axis of rotation. We recall that we are considering 
the case of the conservation of the magnetic flux without an accompanying genera- 
tion of the type of the dynamo mechanism. Therefore, a spinar can participate in a 
free precession, especially when it turns into a magnetar. However, a spinar is not 
a neutron star, whose surface is a hard boundary, beyond which there is a vacuum, 
or a highly discharged magnetosphere with a Julian-Goldreich density (Lipunov, 
1992).°! Spinar is an idealization of a superdense rotating body surrounded by a 
gas-dynamic plasma. Its evolution can be described by the equation: 


dIw/dt = Kj Ky (3) 


On the right is the moment of forces, the parallel component of which leads to 
a change in the spinar's rotational moment in magnitude, and the perpendicular 
component leads to forced precession. It is clear that the spinar is not a rigid body, 
but the experience of studying the precession of accretion disks under the action of 
the magnetic moments of the seat shows that even thin disks successfully precess, 
though in a differential way (Lipunov & Shakura, 1980).?? The maximum value of 
both moments of forces in equation 3 is determined as |K| ~ Um = EmUgr. The 
forced precession frequency turns out to be of the order of Q = |K, /Iw| © Emw. As 
the spinar radius approaches the event horizon R > R,/2 spinar frequency tends 
to the w > c/R, as R — Rg. So far as Um 2 EmMc? we get an estimate of the 
precession period: 


T = 2n/Q = (27 /w)em" © 5000s G5 mor”? (4) 


Here r = R/Rg. 

For the precursor GRB160725B in its own frame of reference Atpre ~% —70s (we 
took z = 1.406 (GCN circular N*19600), and the characteristic time of variations is 
T = 10 sec. From 2 and 4 we obtain the estimate a ~ 10 and z më. Accordingly, 
the magnetic flux turns out to be quite reasonable $52 ~ 140m3/?, 

After the main pulse (G2), the luminosity of the spinar begins to decrease. This is 
a sure sign that the role of nuclear forces is becoming important. The role of nuclear 
forces can become important only if the mass of the collapsing nucleus does not 
greatly exceed the Oppenheimer-Volkov limit. Let us recall that the Oppenheimer- 
Volkov limit essentially depends on the contribution of centrifugal forces to the 
equilibrium of the neutron star. So if the fraction of the rotational energy in the 
virial theorem is 10-2096, the Openhemer Volkov limit can increase by 2-3 times, 
depending on the equation of state of the neutron star (Lipunov, 1992).°! With 
a mass of 4-5 solar masses, the spinar will be supported by nuclear forces until it 
freezes. This will happen during the after 


Ats © Iw/Um © 6IwR/®? ~ 10s mpr’ 
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So far as r — 1/2 relativistic effects should be taken into account immediately. 

Next, we applied a dynamic model of gravimagnetic collapse, which allows us 
to describe the evolution of a collapsing spinar from the moment of the loss of sta- 
bility to the collapse into a black hole (Lipunov & Gorbovskoy, 2008; Lipunova et 
al., 2009).?: In this formulation, a simple non-stationary three-parameter model of 
collapse is obtained with the decisive role of the rotation and the magnetic field. 
The input parameters of the theory are the mass, angular momentum and magnetic 
field of the collapsar. The approximate model includes: centrifugal force, relativistic 
effects of the Kerr metric, pressure of nuclear matter, dissipation of angular momen- 
tum under the influence of a spinar magnetic field, decrease in the dipole magnetic 
moment as a result of compression and the effects of general relativity (a black hole 
has no hair), neutrino cooling, time dilation due to gravitational redshift. 

In Fig. 7 the results of calculating our approximate model are shown, the pa- 
rameters of which are given in Fig. 1. Obviously, the main time intervals between 
the events of the gamma-ray burst G1, G2, G3 are in good agreement with obser- 
vations. Of course, we do not pretend to describe a detailed light curve within the 
framework of our approximate model. We can only compare with observations the 
total energy release of the central engine at times G1, G2 and G3. 


Table 1. Core collapse with the mass M = 3.52Mo, Moy = 2.5Mo, effective Kerr 
parameter ao = 4.9 and magnetic parameter am = 10-4. 


Stage Time(obs),s  E(obs)/E90 Times  E/E90  R/Rg B,Gs ao 


G1 -180 0.02 -75 0.03 37 1013 4.9 
G2 0 0.88 0.93 2 3 2 x 1014 2.4 


G3 ~450 190 0.04 0.04 3 1.2 x 1015 1 


We associate a slight increase in the gamma flux in G3 with an increase in the 
power of the central engine at the moment when the spinar loses its stability and 
collapses into a black hole. Note that such a three-stage collapse occurs only when 
the mass of the collapsing nucleus exceeds but is comparable with the Oppenheimer 
— Volkov limit. 


4. Discussion 


We presented multi-wavelength observations of GRB160625B, one of the brightest 
gamma-ray bursts in the history of their study. The authors of the article have 
already published a paper, concerning the first in the history discovery of variable 
polarization of the intrinsic emission of gamma-ray bursts (Troja et al., 2017)." 
Here we have concentrated on the temporal behavior of itsintrinsic electromagnetic 
radiation and presented optical and gamma-ray data, recorded during the time of 
the operation of the central engine of GRB160625B. We made an attempt to find 
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Fig. 7. In the diagram of the GRB160625B event in the observer’s frame of reference is shown. 
In the top diagram, we have shown three principal G1 events - the position of the precursor 
(At — —200 s), the main peak of the G2 pulse (t — 0) and finally the last episode of increased G3 
activity (At — 400—500 s). 
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traces of the duality of the GRB system, suspected traces of the dual nature of long 
GRBs. This study can serve as an example of searching for and finding the dual 
nature of long GRBs. 

Long bright GRB160625B is rare, but not unique. GRB 080319B (Racusin et al., 
2008)°3 also had a significant gap between the optical flux and the flux obtained by 
extrapolating the standard spectrum to the low frequency range. For GRB 080319B 
Kumar and Narayan (Kumar, Narayan 2009)?* (see also Lazar et al 2009)?? pro- 
posed a relativistic turbulence model to explain the fine structure of the light curve 
observed in the gamma range. It is assumed that the matter of the dropped shell is 
divided into two phases: the turbulent cells and everything in between. In this case, 
gamma emission is generated in both phases (reverse Compton), and synchrotron 
radiation of electrons in the inter-cell space is responsible for the radiation flux in 
the optics. 

This explains a number of observed properties of gamma-ray bursts and, what is 
important in the context of this work, the huge excess of the flux in the optical range 
over what is dictated by the Band function. However, the natural consequence of 
this theory is a diminishing of the polarization over time, since the assumed turbu- 
lence entangles the magnetic field, leading to depolarization. In fact, the MASTER 
polarization observations (see Troja et al., 2017)" show an increase in polarization. 
'Thus, in the case of GBR 160625B, the relativistic turbulence model does not work. 

We interpret the features of the GRB160625B radiation within the framework of 
the model of a three-stage magnetorotational collapse of the core of a massive star 
whose mass exceeds but is comparable to the Oppenheimer-Volkov limit. In this 
model, the first G1 event in Spinar Paradigm will be explained by an abrupt stop 
of the nucleus collapse at the centrifugal barrier and the formation of a spinar. In 
this case, half of the accumulated gravitational energy is converted into rotational 
energy, and the second can be converted into jet energy along the spinar's axis 
of rotation. Further, as the rotational moment is lost, the spinar is compressing, 
gradually increasing its rotational energy, mainly emitted along the axis of rotation 
with a power of the proportional to the Umov-Poynting vector electromagnetic 
energy flow Eg, = Uw. Of course, the observer will not see a smooth curve, since 
the jet must accumulate enough energy to pierce the progenitor shell (Lipunov & 
Gorbovskoy, 2007).? Naturally, in a model based on the conservation laws with 
an approximate description of the torque dissipation, one should not rely on the 
exact repetition of the light curve at the moment of the mainpulse G2. Therefore, 
we only achieved the coincidence of the moment of the maximum energy release 
with observations and the interval preceding the collapse of a heavy spinar with a 
powerful magnetic field and a mass exceeding the Oppenheimer-Volkov limit for a 
non-rotating neutron star. 

MASTER and Lomonosov Space Observatory are supported by Lomonosov 
Moscow State University Development program (equipment). VL, PB are supported 
by RFBR grant 19-29-11011. NB is supported by FZZE-2020-0017). 
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Gamma-ray bursts (GRBs) are bright extragalactic flashes of gamma-ray radiation and 
briefly the most energetic explosions in the Universe. Their catastrophic origin —the 
merger of compact objects or the collapse of massive stars— drives the formation of a 
newborn compact remnant (black hole or magnetar) that powers two highly relativistic 
jets. As these jets continue to travel outwards, they collide with the external material 
surrounding the dying star, producing a long-lasting afterglow that can be seen across 
the entire electromagnetic spectrum, from the most energetic gamma-ray emission to 
radio wavelengths. But how can such material be accelerated and focused into narrow 
beams? The internal shock model proposes that repeated collisions between material 
blasted out during the explosion can produce the gamma-ray flash. The competing mag- 
netic model credits primordial large-scale ordered magnetic fields that collimate and 
accelerate the relativistic outflows. To distinguish between these models and ultimately 
determine the power source for these energetic explosions, our team studies the polar- 
ization of the light during the first minutes after the explosion (using novel instruments 
on fully autonomous telescopes around the globe) to directly probe the magnetic field 
properties in these extragalactic jets. This technology allowed the detection of highly 
polarized optical light in GRB 120308A1 and confirmed the presence of mildly magne- 
tized jets with large-scale primordial magnetic fields in a reduced sample of GRBs (e.g. 
GRB 090102,? GRB 110205A,? GRB 101112A,? GRB 160625B^). Here we discuss the 
observations of the most energetic and first GRB detected at very high TeV energies, 
GRB 190114C,? which opens a new frontier in GRB magnetic field studies suggesting 
that some jets can be launched highly magnetized and that the collapse and destruc- 
tion of these magnetic fields at very early times may have powered the explosion itself. 
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Additionally, our most recent polarimetric observations of the jet of GRB 141220A® 
indicate that, when the jetted ejected material is decelerated by the surrounding envi- 
ronment, the magnetic field amplification mechanisms at the front shock —needed to 
generate the observed synchrotron emission— produce small magnetic domains. These 
measurements validate theoretical expectations and contrast with previous observations 
that suggest large magnetic domains in collisionless shocks (i.e. GRB 091208B7). 


Keywords: High energy astrophysics; Gamma-ray bursts; Magnetic fields; Polarimetry; 
Shocks; Jets 


Gamma-ray bursts (GRBs) are briefly the most intense sources of gamma-ray pho- 
tons in the Universe to the extent that they outshine any other kind of gamma-ray 
emitter present in the sky map. The amount of energy released in a matter of mil- 
liseconds to hundreds of seconds provides a unique opportunity to study physics in 
extreme environments (e.g., GRB central engines, jet composition, energy dissipa- 
tion, acceleration, collimation, shock physics) and test the physical models regarding 
the nature of their progenitors.*:? Additionally, their brightness and cosmological 
distances make them useful for probing the composition of the early Universe.1?: 1 
GRBs with long duration (typically > 2s; see Ref. 12) are related to the death 
13,14 or in binary systems,!? and short GRBs 


(« 2s) to mergers from an old population of degenerate compact stars. Possible 
16,17 


of massive stars as single collapsars 
merger candidates include neutron star binaries or binaries containing a stellar 
black hole and a neutron star companion.!? ?? Due to their inspiral and coalescence, 
they are emitters of gravitational waves?! and they are also promising candidate 
sources of high-energy neutrinos.?? 

GRBs are produced when the central engine (a black hole or magnetar) drives 
out two bipolar relativistic jets that burrow through the stellar ejecta and emit the 
characteristic prompt gamma-ray emission via internal dissipation mechanisms?? 
—i.e. internal shocks?^ or reconnection.?? Later on, the relativistic ejecta are decel- 
erated by the circumburst medium by a pair of external shocks:?9:?" a short-lived 
k?5:2? and a forward shock (see Fig. 1). This lagging emission called the 
afterglow radiates via synchrotron emission and can be detected seconds to years 


reverse shoc 


after the burst at wavelengths across the electromagnetic spectrum.?93! In this 
context, a variety of afterglow light curves are expected depending on the relative 
contributions of the reverse and forward shock. 


1. Magnetic fields in GRBs 


Magnetic fields play an important role in the physics of GRBs by affecting how 
the jet is launched (formation, acceleration, collimation and composition of the 
jet) and in shaping the afterglow emission (particle acceleration by the shock). 
Depending on the driving mechanism of the relativistic outflow —if dominated by 
kinetic or magnetic energy— GRBs jets can be launched as baryonic (also named 


hydrodynamical jets?) or magnetized jets (i.e., Poynting-flux jets??:?^). The degree 
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Fig. 1. Schematic representation of a GRB outflow. The steps for the formation of a GRB are: 
(1) an extragalactic massive star collapses or two compact objects merge, (2) there is accretion 
onto a newborn black hole, and (3) the ejecta are collimated and accelerated to relativistic speeds 
along the narrow beam of a jet. Note that the emission we detect (prompt gamma-ray emission 
and afterglow) comes from sites at different distances from the central engine. Additionally, the 
afterglow (reverse and forward shock) is formed at the contact discontinuity between the outflow 
and the circumburst medium. 


of magnetization of an outflow is usually characterized by the parameter c, which 
is defined as the ratio of magnetic to kinetic energy flux.?? 

In a baryonic jet (c «& 1), neutrino annihilation at the polar region of a hyper- 
accreting system would launch a thermally-driven fireball that accelerates the ma- 
terial.!?:36 In this model, tangled magnetic fields are locally generated in shocks.?" 

In a magnetized jet (c > 1), large-scale magnetic fields extract rotational en- 
ergy from the black hole, accretion disk or magnetar (in a magnetohydrodynamic 
extraction??:35:39). which accelerates the material. The magnetization parameter 
c influences the dynamics of the jet and it is thought to decrease with increasing 
distance from the central engine.*? In this scenario, the magnetic field configura- 
tion is likely toroidal far from the black hole.*! The detection or non-detection of 
this large-scale magnetic field remnant is crucial to support or discard the magnetic 
jet model. Furthermore, a plausible scenario is that GRB outflows are launched 
with a combination of both hot-baryonic and cold-magnetic components, leading 
to a broad range of magnetization degrees c with consequences in the prompt and 


afterglow emission phase.?^ 35,42 


2. The polarization of GRBs 


GRBs are extragalactic collimated sources that are not possible to spatially resolve. 
Polarization offers a tool to study the magnetic field properties and the jet geom- 
etry on length scales orders of magnitude smaller than what imaging can probe. 
Additionally, it can give an extra dimension of information on the jet physics and 
underlying emission processes and provide complementary information that can 
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break degeneracies in the temporal and spectral evolution of the emission. Overall, 
the expected polarization signals in GRBs depend on the magnetic field topology 
(i.e. ordered or random depending on the jet model), the jet angular geometry,** 44 
and the emission mechanisms. While the emission mechanisms for the prompt emis- 
sion are still under debate,^? the afterglow emission is widely assumed to be syn- 
chrotron.?6 In the lab frame, synchrotron-emitted photons are linearly polarized," 
with P ~ 70%. However, the intrinsic polarization from synchrotron emission can 
be averaged out if the magnetic field topology is random. 

During the afterglow stage, the forward shock emission is produced by shocked 
ambient medium, with tangled magnetic fields locally produced and amplified by 
e.g., a two-stream magnetic instability (Weibel instability?” 48) 
forward shock emission is insensitive to the magnetic field structure of the original 
ejecta and it is expected to be unpolarized (see Section 2.2). In contrast, the prompt 
and reverse shock emission is still sensitive to the properties of the central engine 


. Consequently, the 


ejecta and measuring the polarization allows discriminating between competing jet 
models (see Section 2.1). 


2.1. The polarization of baryonic and magnetized jets 


Distinct polarization signatures are predicted for magnetized and baryonic jet mod- 
els. We expect unpolarized emission if the jet is baryonic?” and polarized emission in 
a magnetized jet? from large-scale ordered magnetic fields advected from the cen- 
tral engine (see Fig. 2). Even if the magnetic fields become slightly distorted during 
the internal shocks, a mildly magnetized jet is still expected to produce large po- 
larization levels, as only a small area of the jet is observed due to the relativistic 
beaming. However, note that the maximum synchrotron polarization is reduced to 
P = 50% due to relativistic aberration effects —i.e., the rotation of the polarization 
vectors.?? In the case of a highly magnetized jet (see Fig. 2), reconnection mech- 


25,51 


anisms are thought to power the prompt emission, which would in principle 


distort the order in the magnetic fields. 


2.1.1. Prompt gamma-ray emission 


Polarization studies of the prompt gamma-ray emission offer great prospects for 
the study of jet models.?? However, current studies have yielded a wide range of 
polarization results,°? °° i.e. P = 096 — 100%, with the discrepancy usually related 
to data with low signal-to-noise, instrumental bias or selection effects in the data 
analysis.5® 54 Furthermore, time-resolved analyses suggest that the polarization de- 
gree in time-integrated studies has been averaged out given that the polarization 
angle evolves through single pulses (see Refs. 60-62). More importantly, the inter- 
pretation of these results is complex given that the underlying physics of the prompt 


emission remain unknown.*° 
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Fig. 2. Summary of the magnetic field structures expected in each jet model (baryonic and 
magnetized) for the different shocks (internal and external) and assuming synchrotron as the 
emitting mechanism. The white P letter denotes those magnetic field structures that would give 
rise to significant polarization (large-scale ordered or locally tangled magnetic fields). Note that 
emission from different origins can be blended into the overall received; e.g. in a mildly magnetized 
jet, the polarization can be reduced from the maximum expected given a mix of reverse and 
unpolarized forward shock emission. 


2.1.2. The early optical afterglow 


At optical bands, the polarization measurements from the early afterglow are the 
domain of robotic telescopes with rapid follow-up capabilities? 7? (see Fig. 3). The 
first robust evidence of large-scale ordered magnetic fields in the fireball was the 
detection of P = 10%+1% polarization during the steep decay of GRB 090102 bright 
reverse shock.? This result suggested that primordial magnetic fields do play a role in 
GRBs outflows and that they can persist at great distances from the central source 
—up to the external shock radius. The GRB 120308A measurements further proved 
this idea with a time-resolved polarimetric light curve during a reverse-forward shock 
interplay! (see Fig 4); the polarization decayed steadily from P = 28%+4% to P = 
163% with constant polarization angle due to the increase of unpolarized forward 
shock photons. Additionally, polarization degrees of P = 137296 and P ~ 696 were 
also detected in GRB 110205A and GRB 101112A.3 

Overall, current observations of polarized reverse shocks and the modelling of 
the early GRB afterglow suggest mildly magnetized jets at the deceleration ra- 
dius,?^7? with magnetization degrees ¢ = 0.1 — 1. These intermediate values of 
magnetization allow the existence of bright reverse shocks and are also consistent 
with the measurements of polarized reverse shocks (see Fig. 2). However, we note 
that some observations suggest higher magnetization at different stages of the jet. 
The P < 8% constraint during the fireball deceleration of GRB 060418” implies 
that the reverse shock could have been suppressed due to high magnetization in the 
fireball at the external shock radius, with ø > 1. Additionally, the optical emission 
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Fig. 3. Schematic representation of the different types of GRB emission and relevant polariza- 
tion measurements. Note that, with the exception of the prompt gamma-ray emission, the rep- 
resented “canonical” light curve refers to optical wavelengths. References: GRB 0303299? GRB 
090102,? GRB 091018,°* GRB 091208B, GRB 120308A,! GRB 131030A,°° GRB 140430A,°° 
GRB 141220A° GRB 160625B,4 GRB 170817A,°" GRB 190114C,° late-time forward shocks®* 
and the AstroSat CZT/POLAR gamma-ray polarization catalogues.9?:59 


in between gamma-ray pulses of GRB 160625B^ was interpreted as reverse shock 
and presented a significant increase from P > 5.2%+0.6% to P > 8.3%+0.5% simul- 
taneous to a gamma-ray pulse —implying that polarized prompt emission photons 
contributed at optical wavelengths. The polarization lower limits were quite low 
through observations, which led to speculations regarding distorting mechanisms 
during the prompt gamma-ray emission, such as reconnection.??:5! 


2.1.3. The highly magnetized jet of GRB 190114C 


Both MASTER II from the Master Global robotic net and RINGOS3 instrument 
from the Liverpool Telescope observed GRB 190114C, the first GRB detected at 
very high energies (in the TeV domain”). Interestingly, the afterglow emission 
decay rate presented a steep to shallow transition, which suggested reverse shock 
contribution.? Our observations report remarkably low polarization just after the 
end of the gamma-ray flash (P — 7.796), a sharp drop of polarization one minute 
later (P — 296) and constant levels during the following half an hour. In Ref. 5, we 
suggest that the P ~ 2% constant polarization is due to differential dust absorption 
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Fig. 4. Rest-frame polarization measurements of GRBs at optical bands —adapted from Ref. 1. 
Overall, the polarization dependency with time indicates that the regime in which we can infer 
the jet physics corresponds to observations before ~ 5 min postburst. In contrast, the polarization 
at later times gives information about the jet geometry and dust. References: GRB 060418, 
GRB 090102,? GRB 091018,°* GRB 091208B," GRB 110205A,? GRB 100805A,? GRB 1203084A,! 
GRB 120327A,? GRB 131030A,° GRB 141220A,° GRB 160625B,* GRB 190114C,° and GRB 
191221B.75 


in the line of sight —mainly due to the highly obscured environment in which the 
GRB was formed— which means that the intrinsic polarization of the jet is very 
small for reverse shock emission. Our low optical polarization measurements are also 
consistent with P = 0.87% + 0.1396 measured 2.2h later at millimetre frequencies, 
during the reverse shock emission." 

The temporal and spectral modelling of GRB 190114C emission indicates a 
clear interplay between the reverse and forward shock and more magnetization in 
the reverse shock, which suggests the existence of a primordial large-scale magnetic 
field ejected from the rotating black hole. However, GRB 190114C polarimetric 
observations reveal that the magnetic field in the ejecta was mostly random oriented 
in space, which does not agree with what we expect from previous measurements 
of reverse shocks? (see Fig. 4). 

In Ref. 5, we propose that the polarization was low because the large-scale 
magnetic field catastrophically collapsed during the first tens of seconds of the 
gamma-ray flash via magnetic reconnection mechanisms and that the P — 7.796 
measurement is a relic from this emission.2?:?! As opposed to previous polarization 
measurements,'? these findings suggest that at least some energetic GRBs can be 
launched highly magnetized and that magnetic dissipation mechanisms can power 
a bright gamma-ray prompt. Additionally, it opens a debate about the nature of 
the bright early-time steep emission, which could be a reconnection tail instead of a 
reverse shock. That is because the reverse shock emission could have been suppressed 
if, at the deceleration radius, the outflow was still in the highly magnetized regime.^? 
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These results pin down timescales and distances for which large-scale magnetic fields 


survive in astrophysical jets and challenge the current models for the production of 
GRBs. 


2.2. The polarization from collisionless shocks 


Polarimetric studies of the late afterglow have measured low degrees of polarization 
at optical wavelengths during the decay of the long-lived forward shock9? and have 
provided information on the angular structure of jets? and the dust properties of 
GRB host galaxies/? (see Fig. 4). Additionally, these polarization levels agree with 
theoretical predictions and suggest that forward shocks are intrinsically unpolarized 
due to tangled magnetic fields locally generated in shocks.?" 


Polarization degree (96) 


Time (s) 


Polarization angle (?) 


Time (s) 


Fig. 5. Schematic representation of the evolution of the polarization degree and angle in the 
patches model."? 


However, Ref. 7 observations set a debate on the intrinsic polarization of forward 
shocks at early times given the detection of significant polarization in the GRB 
091208B forward shock (P = 10.4% + 2.596), which favoured the patches model."? 
Phenomenologically, the patches model implies that as the outflow decelerates and 
the visible emitting region increases, more patches with coherent magnetic fields 
(i.e., highly polarized; P ~ 50%) are visible. As the orientation of the magnetic field 
is random from one domain to another, the overall observed polarization decreases 
with time (see Fig. 5). Consequently, GRB 091208B measurement still agrees with 
the P z 196 — 3% polarization found in late-time forward shocks. Physically, the 
patches model proposes that the amplification mechanism of the magnetic field at 
the shock front —needed to increase the magnetic energy density from interstellar 
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to the observed levels— leads to the formation of large magnetic domains (i.e. large 
coherent length scales for the magnetic field). 

'The GRB 091208B measurement gives rise to new possible mechanisms for mag- 
netic field amplification, as well as adding a problematic degeneracy in early-time 
polarimetric studies. Note that the GRB 091208B polarization level is compara- 
ble to that measured in the reverse shock of GRB 090102.? If forward shocks are 
polarized at early times, it becomes difficult to disentangle the possible polarized 
components that probe the jet physics from the contribution of the shocked ambient 
material. Consequently, a good understanding of the typical polarization levels of 
early-time forward shocks is crucial. 


2.2.1. The polarization of the early-time classical forward shock of GRB 
141220A 


In Ref. 6, we report the early-time observations of GRB 1412204 forward shock. 
Interestingly, this afterglow presented temporal and spectral properties typical of 
late-time forward shocks but starting as soon as 1.4 min postburst. Furthermore, our 
polarimetric observations at 2.2-3.4 min postburst are earlier than GRB 091208B 
measurement (2.5-11.8 min), which allow us to probe smaller emitting regions. If 
the length scale of the magnetic field was the same as in GRB 091208B, we would 
expect P — 2096 polarization for GRB 141220A at the time of observations (as 
predicted by the patches model; see Fig 5). Instead, we measure P — 2.875 % 
in GRB 141220A, which we find is compatible with that induced by dust in the 
GRB environment and agrees with theoretical predictions of unpolarized forward 
shocks,?^99 ie, Pj, = 0% — 2% (but see Refs. 81, 82). 

The GRB 141220A and current early-time forward shock polarization measure- 
ments suggest that GRB 091208B is an outlier (see Fig. 4). We speculate that GRB 
091208B scenario could be similar to the reverse-forward shock interplay in GRB 
120308A.! As the polarization measurement was integrated over a large time win- 
dow, we suggest the presence of a more stable underlying polarized component and 
ordered large-scale magnetic fields in the fireball. 


3. Outlook 


After 15 years of progress in early-time polarization studies of GRBs afterglows, 
we can confidently confirm the presence of large-scale ordered magnetic fields in 
a subset of bright afterglows, suggesting that the magnetic field ejected from the 
central source does play a role in the jet launching. In general, we have not measured 
the maximum polarization allowed by theory in reverse shocks (P = 50%) and 
polarization observations indicate that highly polarized emission at P — 2896 level 
is not that common (GRB 120308A;' see Fig. 4). Therefore, mechanisms that can 
change the magnetic field topology might play an important role at the early stages 
of GRB jets. 
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Observations of reverse shocks remain rare, and a way to overcome the lack 
of reverse shocks in the optical is to look at millimetre and radio wavelengths. The 
predictions are that, if the forward shock peaks at optical bands, the reverse shock 
will peak at 1 — 100 GHz bands and ~ 0.01 — 0.1 days postburst with fluxes of 
0.01 — 0.1 mJy.9? However, if the magnetization is high at the external shock radius, 
the reverse shock would be suppressed.^? The lack of reverse shocks at optical and 
radio wavelengths would indirectly imply that jets are still highly magnetized at 
large distances from the central source. Consequently, the rate and the polarization 
of reverse shocks at opticall? 77 can greatly constrain the 
magnetization of GRB jets and further test the mildly and highly magnetized jet 


and lower frequencies 


regimes. 

Great advancement will be made on constraining GRB jet models with a faster 
target acquisition and the increase of the polarimeters’ sensitivity.5^ This will allow 
gathering a large polarimetric dataset of measurements at early times, sampling 
most of the GRB population at lower luminosities. Furthermore, other TeV GRBs 
have been discovered?* 55 —something we did not expect before the Cherenkov 
Telescope Array (CTA). With the start of the CTA era, we will be able to track the 
earliest stages of the magnetic field and its evolution in the most energetic systems. 
Consequently, we will need new polarization technology to optimize CTA follow- 
up as well as other multimessenger triggers from gravitational waves and possibly 
neutrinos. 
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We present MASTER Global Robotic Net (Lipunov et al. 2010) earliest optical alert 
observations of IceCube-170922A error box. We discovered fast variability of blazar TXS 
05064-056 27 sec after notice time (73s after the trigger time) at 2017-09-22 20:55:43 UT 
by MASTER-Tavrida robotic telescope. MASTER found the blazar TXS 0506+056 to 
be in the off-state after one minute and then switched to the on-state no later than two 
hours after the event. The effect is observed at a 50-sigma significance level. We also 
analysed own unique 16-years light curve of blazar TXS 0506--056 (518 data set). 


Keywords: Gamma-ray burst 


1. Introduction 


High energy cosmic neutrinos sources are still mysterious. MASTER Global Robotic 
Net (Lipunov et al. 2010)? starts Ice Cube alert and follow up observations a few 
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years ago. On 22 September 2017 the robotic telescope of the MASTER global net- 
work automatically imaged the error box of the high-energy neutrino event IceCube- 
170922A (Kopper et al. 2017). Observations were carried out 27 seconds after re- 
ceiving the alert, i.e., 73 seconds after the IceCube-170922A neutrino event was 
detected by the IceCube observatory at the South Pole (Lipunov et al. 2018a).?3 
Observations started at 84 degree zenith distance (MASTER has fully opened roof 
as alert telescope). 

We calibrated these images using the Gaia (Brown et al. 2018) catalog as the 
source of reference stars, and found the BL Lacertae type blazar TXS 0506--056 
(IceCube et al. 2017) to be in the off-state after one minute and then switched to 
the on-state no later than two hours after the event. The effect is observed at delta 
m =0.790+-0.016 (a 50-sigma significance level).?" 

IceCube registered events with error regions, whose sizes are currently compa- 
rable to one square degree. Therefore finding a blazar within the error box of a 
VHE neutrino event cannot be considered sufficient to prove that blazars are ac- 
tually progenitors of these particles. Detecting some non-standard event from the 
supposed source at a time close to the neutrino event is required. For example, a 
blazar emitting gamma and cosmic rays and showing a sharp flux variation near 
the neutrino detection time would provide compelling evidence of the association 
of the neutrino event with a known astrophysical object. The first candidate object 
for an astrophysical neutrino event was the blazar TXS 0506+056 (IceCube et al. 
2017)'4;'° found inside the error box of the IceCube-170922A neutrino event. This 
blazar turned out to be located at a distance of 3.7 billion light years (its redshift 
is z = 0.3365+/- 0.0010) (Paiano et al. 2018).?? 

TXS 0506+056 blazar was registered in the gamma-ray active state several 
months before the neutrino event. Detection of high-energy particles (175Gev) began 
one week after, and the optical, x-ray, and gamma-ray emission was observed with 
low temporal resolution and showed no appreciable variations near the detection 
time . Therefore although when combining the available data suggested that TXS 
0506+056 was a very promising high energy neutrino source optical candidate, the 
temporal resolution of multi-messenger data did not provide conclusive evidence at 
the time and the object remained just a likely, but still debatable, candidate. In this 
letter we report conclusive detection of light variation of the blazar TXS 0506+056 
just several minutes after the neutrino event, which ended no later than after two 
hours. For comparison, nearest ASAS-SN, Kiso/KWFC and Kanata/HONIR opti- 
cal observations do not show the same decrease in optical brightness (because they 
started 18 hours after MASTER observations when effect disappeared. Although the 
blazar was in the gamma-ray active state, this state started several months before 
the neutrino event. Detection of high-energy particles (175Gev) began one week af- 
ter, and the optical, x-ray, and gamma-ray emission was observed with low temporal 
resolution and showed no appreciable variations near the detection time. Therefore 
although when combining the available data suggested that TXS 0506+056 was a 
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very promising high energy neutrino source optical candidate, the temporal resolu- 
tion of multi-messenger data did not provide conclusive evidence at the time and 
the object remained just a likely, but still debatable, candidate . In this letter we re- 
port conclusive detection of light variation of the blazar TXS 05064-056 just several 
minutes after the neutrino event, which ended no later than after two hours. For 
comparison, nearest ASAS-SN, Kiso/KWFC and Kanata/HONIR optical observa- 
tions do not show the same decrease in optical brightness (because they started 
18 hours after MASTER observations when effect disappeared. 


2. MASTER alert optical observations of IceCube-170922A 
error box 


MASTER Global Robotic Net, as the leader of early gamma-ray burst observations 
(Troja et al. 2017; Ershova et al. 2020, Lipunov et al. 2016, Lipunov et al. 2017, 
Gorbvoskoy et al. 2016)! 11:15:20,232 has an almost 20-year long experience with 
real-time rapid pointings to GRB alerts within the first minute of the alert . In 2015 
MASTER started actively participation in the program of fast optical support of 
major physical and astrophysical experiments, such as detection of very high energy 
neutrinos (ANTARES (Dornic et al. 2015;? Gress et al. 20191?), IceCube (Aartsen 
et al. 2017)! , Baksan (Lipunov et al. 2019a),?° gravitational waves (LIGO/VIRGO 
collaboration (Abbott et al. 2016),? and Fast Radio Bursts (FRB (Lipunov et al. 
2018b)?4). The favorable arrangement of MASTER sites makes it possible to in- 
spect all gravitational-wave error boxes. MASTER made the crucial contribution 
to the optical support of the first gravitational-wave event GW 150914 by inspect- 
ing the most part of the error box (Abbott et al. 2016, Lipunov et al. 2017).?:?! 
On 17 August 2017 MASTER, together with 5 other telescopes, performed the first 
ever optical localization of a gravitational-wave source independently discovered 
Kilonova from GW 170817 (Abbot et al. 2017, Lipunov et al. 2017).?:?? 

At the 22nd of September, 2017, MASTER received an alert from IceCube event 
and MASTER-Tavrida telescope acquired the first three images, starting from 2017- 
09-22 20:55:43UT 27 sec after notice time (1.e.73s after the trigger time). The field 
of view of the MASTER telescope has a size of four square degrees (Lipunov et al. 
2010)!? and fully covers the final field of view of IceCube (Lipunov et al. 2020?"). 

MASTER limiting magnitude was 19.0m at 180-second frames, despite the large 
zenith distance (84 degrees). Hence the TXS 05064-056 blazar at the time of the alert 
was a 15.12 +- 0.01 magnitude object in all three frames acquired over 15 minutes 
(the light curve is shown in Fig. 2). There was the faintest blazar brightness over the 
full period of this alert. After 2 hours, at 2017-09-22 23:11:36 UT, the flux from the 
blazar increased in brightness by a factor of two and reached 14.33m-+-0.01m. We 
emphasize that here in the text we give the averaged values for the triples of frames 
in the first minutes and after two hours (compare?"). Hence our observations show 
at an extremely high confidence level of 50 sigma that within several minutes of the 
neutrino event, the blazar was in an anomalously extinguished state. This conclusion 
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Fig. 1. MASTER light curve of the TXS 0506+056 blazar for the 16 years. Archive light curve of 
the TXS 0506+056 blazar based on observations made by MASTER Global Net robotic telescope 
of from 2005 until now (red point). Below we see the photometry of 8 reference stars, to the pink 
and blue panels represent three very narrow episodes in time. The first of these is April 2015 when 
IceCube IC86b saw a 3.5 sigma excess of the neutrino flux over the background (IceCube 2017) . 
The second is the 22 September 2017 event (IceCube 2017). Logarithmic time is shown in seconds 
from the neutrino trigger. It is easy to easily see the rapid change in the luminosity of the blazar 
in 2 times. Finally, the third episode is a uniform blazar monitoring timeline in the first quarter of 
2020. With these new observations, the total number of observations submitted reached 518 (See 
the photometry table)?" 
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Fig. 2. MASTER optical variability rate history for blazar TXS0506+056. Flux deriviation the 
multiplied by the signal-to-noise ratio (blue). The orange curves schematically show the Gaussian 
analysis of the archive data of IceCube.?7 


was fully confirmed during the two days after the alert, when the MASTER-SAAO 
robotic telescope joined the blazar observation campaign (Lipunov et al. 2018)?5:24 

To undestand, was it a unique event for the TXS 0506+056 blazar or no, we 
analysed 518 2x2 square-degrees images in MASTER Global Robotic Net database, 
starting from 2005, when we had only one MASTER I telescope located near Moscow 
(Lipunov et al. 2010,? MASTERVostryakovo ).?” All MASTER telescopes has 
identical equipment, that gives us possibility to make photometry in one system 
(Lipunov et al. 2010, 2019b).19. 26 
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Fig. 1 shows our photometry of the blazar over the last 16 years. We chose 8 
Gaia catalog stars, having the brightness and color similar to those of the blazar, 
as photometric reference stars, and estimated the errors of individual photometric 
measurements from the scatter of the magnitudes of these reference stars. We also 
checked these stars for rapid and long-term variability and found them to be quite 
stable. We found three times when the brightness of the blazar varied 0.5m more 
than 1-3 significance level. The first such time was in 2006, when IceCube neutrino 
observatory was not yet operating. The second time was in April 2015 (substantial 
increase of neutrino signal IC86b). The MASTER observation date is in April but 
statistically close to Gaussian IceCube half year window 9/2014 to 3/2015. And 
the third time was in September 2017, when the IceCube-170922 (IC86C) event 
occurred.?7 

The event of September 22, 2017 has outstanding characteristics in terms of 
flux derivation and signalto- noise ratio. Recently, we conducted detailed blazar 
monitoring over several nights at the right end of Fig. 2. As we see in the usual 
state, the blazar is stable at times of several hours and even days with an accuracy of 
0.02 mag. This means that the instability we discovered on 22 September 2017, a few 
minutes after the neutrino alert, has a reliability of 50 sigma by this criterion(Fig. 2). 
This result shows the power of fast alert observations of sources of ultrahigh energy 
particles. 

The event of September 22, 2017 has outstanding characteristics in terms of 
flux derivation and signal-to- noise ratio. Recently, we conducted detailed blazar 
monitoring over several nights. In the usual state, the blazar is stable at times of 
several hours and even days with an accuracy of 0.02 mag. This means that the 
instability we discovered on 22 September 2017, a few minutes after the neutrino 
alert, has a reliability of about 40 sigma, and by this criterion. This result shows 
the power of fast alert observations of sources of ultrahigh energy particles. 


3. Discussion 


We find for the adopted set of Hubble cosmological parameters (Planck Collabora- 
tion et al. 2016)* HO = 67.8 km/s/Mpc (the Hubble constant), Omegam = 0.308, 
Qa = 0.692 (the matter and vacuum density) that several minutes after the neutrino 
event the optical isotropic luminosity of the blazar was Loy; 4.3* 107? erg/s and after 
two hours it returned to the typical level within several weeks of the neutrino event, 
9.7 x 10*° erg/s (we include galactic absorbtion AB=0.4 (Schlegel et al. 1998)??). 
The generally accepted picture (Schlegel et al. 1998)?! is that blazar radiation arises 
from relativistic jet directed toward us. The boosted jet gamma factor is moderate 
T 10. In the shock wave at the front of the jet there is an acceleration of protons to 
ultrahigh energies, which in turn collide with target photons and generate pion pro- 
duction. The decay of pions, in turn, gives rise to a muon neutrino which registers 
an IceCube detection and high gamma photons detected by the Fermi gamma-ray 
observatory. 
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During the period within 2 weeks around the neutrino event detection time the 
0.1 — 100 Gev gamma-ray luminosity was 1.3 x 107" erg/s (IceCube et al 2017). 
Note that the neutrino luminosity of the quasar was equal to about 4 * 104” erg/s, 
which is appreciably higher and, evidently, closer to the gamma-ray luminosity. 
However, this is not surprising because neutrinos and gamma-ray emission have the 
same source of energy — that of high-energy protons accelerated by the central 
supermassive black hole. 

'The event that we discovered, namely the decrease of the brightness of the T'XS 
0506+056 blazar near the neutrino detection time, provides complementary and 
very compelling evidence for the link between the blazar and the IceCube-170922 
neutrino event. We analyzed archival data (MASTER unique 518 photometry data 
for 16 years), which we found to be consistent with this fact. We also propose 
a hypothesis explaining the anti correlation of the optical and neutrino flux. An 
increase in neutrino flux means that up to half of the protons disappear. If we 
assume that these protons produce synchrotron optical radiation, then any increase 
in neutrino luminosity will lead to a decrease in the optical brightness of the blazar. 

MASTER and Lomonosov Space Observatory are supported by Lomonosov 
Moscow State University Development program (equipment). VL, PB are supported 
by RFBR grant 19-29-11011. NB is supported by FZZE-2020-0017). 
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In this proceedings contribution we summarize a series of results on nonlinear perturba- 
tion theory for modified gravity models, in which a scalar field changes the gravitational 
dynamics at cosmic scales. We discuss its effects on large scale structure, focusing on 
screenings and the power spectrum of matter fields and tracers. We also discuss a red- 
shift space distortions model for modified gravity and the departures from the LCDM 
model. 


Keywords: Perturbation theory; modified gravity. 


1. Introduction 


In recent years we have witnessed important developments on the understanding 
of large scale structure (LSS) formation. The experimental confirmation of baryon 
acoustic oscillation (BAO) feature and measurements of redshift space distortions 
(RSD) have boosted the search for an increasing accuracy in the determination 
of the cosmological parameters from the LSS side, apart from those of the cosmic 
microwave background (CMB) measurements, and other probes. 

On the other hand, there is a growing interest to test gravity at cosmological 
scales. One the one hand, because we do not really know the origin of dark energy 
(being this a constant or a field), so it can be due to some modified gravity (MG). On 
the other hand, because the level of understanding of the LSS phenomena mentioned 
in the previous paragraph opens the possibility to test gravity at cosmic scales at 
high precision. Due to these facts, a natural interest arose to develop perturbation 
theory (PT) for MG models. At the same time, MG simulations have been carried 
out, see for example Cautun et al! Both PT theory and simulations allow us to 
understand the role that gravity plays to form structure. 

Nonlinear PT for LSS in MG models have been developed in the last decade 
or so, beginning with approach proposed by Koyama et al? for standard pertur- 
bation theory (SPT) to one-loop. Later, we and other collaborators developed the 
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formalism for Lagrangian perturbation theory (LPT).? 9 Nonlinear PT is limited 
to weakly nonlinear scales, but it is nevertheless important because of the BAO 
and RSD effects are manifested in these scales. Non-linearities in MG show special 
features such as screening mechanisms due to the fifth force of the scalar degree of 
freedom present in these models." 

Since our goal is to test gravity at cosmic scales, one employs toy MG models, 
such as f(R) or Dvali-Gabadadze-Porrati (DGP) models to achieve a percent-level 
of precision in the power spectrum (PS) or two point correlation function, that will 
allow to describe the physics that new generation of stage IV experiments will be 
able to reach soon, such as DESI, EUCLID? and LSST,!° among others. Therefore, 
a whole machinery of tools are being developed, including precision theory, mocks, 
simulations, emulators, among other technical improvements, see for instance Alam 
et a].!! 

'There are a few pieces to be understood to study LSS in PT, and that we tackle 
in the present work: description of the dynamics of density fields composed of dark 
matter particles, and here one has LPT and SPT; then, one has to deal with biased 
tracers; to understand how the RSD description is modelled in MG; to add the 
small-scale effective field theory (EFT) corrections coming from UV-cutoffs of PT; 
and finally, to apply a IR-resummation of modes to cancel out unwanted features 
in the power spectrum. 

Our primer to P'T for MG is organized as follows: We first explain, in section 
2, how LPT is obtained and the role of growth functions is emphasized, and in 
section 3 we discuss their use to screen the fifth force. In section 4, we explain how 
LPT results can be used to obtain SPT ones, establishing a bridge between these 
two formalisms. In section 5, we present the power spectra for matter fields and 
in section 6 we introduce the bias parameter that contributes to power spectra for 
tracers. In section 7 we review recent results in which we modeled RSD for MG 
models. Finally, in section 8, EFT and IR-resummation explanations are shortly 
addressed, before we conclude in section 9. 


2. LPT for MG 


At the large scales we are working, baryons behave essentially as cold dark matter. 
So, from now on we consider the whole matter that follows trajectories with Eulerian 
comoving coordinates x. The Lagrangian displacement vector field W relates the 
initial (Lagrangian) q and Eulerian x positions of particles as W(q,t) = x(q, t) — q, 
chosen such that x(q, tini) = q, with tini an early time where the evolution of all 
scales of interest remains linear and the overdensities are quite small, ó(x,t;4;) = 
ó(q) « 1. We consider V a longitudinal field, since it is the only contribution to 
1-loop. Using matter conservation, 


(1 + ó(x, t))d?x = (1 + 6(q))d?q, (1) 
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one gets the known relation between density and Lagrangian fields 


s(x, E9904 1 (2) 


where Jj; = Óv;/0q? = 6;; + Vi j is the Jacobian matrix of the coordinate transfor- 
mation and J its determinant. Since V is a potential field, the Jacobian matrix is 
symmetric. 

The fundamental field in LPT is the displacement field, and its equation of 
motion is given by the geodesic equation, 


^ 


Pelat) =- Vd Darw: (3) 


where 7 = pa +2H 5.. We use Vx = ĝ/ðx to denote partial differentiation with 
respect to Eulerian coordinates, and V = 0/0q for differentiation with respect to 
Lagrangian coordinates. The two scalar gravitational potentials of the metric are 
related by ó — v = y/2, assuming Newtonian gauge, where ọ is the scalar field 
mediating the fifth force. 

The gravity model can be set out in the Einstein frame, where the Ricci scalar in 
the Lagrangian is not coupled to the scalar field, but the couplings are given by the 
scalar field and the matter Lagrangian, such as in Symmetron gravity.!? Another 
possibility is to lay out the theory in the Jordan frame, where explicit couplings 
exist between the Ricci and the scalar field, such as Brans-Dicke type of couplings, 
and in addition, couplings to matter may exist. For the sake of concreteness, we opt 
for the latter approach here, but we will show below some results for the former, as 
well. Then, the Poisson equation is 


1 1 
-aVV = Aoô(x, t) — 55 VA (4) 


clearly, the scalar field modifies the Newtonian potential (7), and then the force 
upon to test particles. The Klein-Gordon equation in the quasi-static limit takes 
the form? 


1 
(3 + 2wgp) ; Ve = —81Gpó + NL, (5) 
a 
where NL contains all nonlinear terms to be defined next that will encode the mode 
couplings. 
It is useful to consider PT in the Fourier space, in which modes are decoupled 
for LCDM and become simple for MG models at first order approximation. The full 


expansion for Klein-Gordon equation becomes 


— spe (k) = (AH) - AU + cere 
(3+ 2wpp)k?/a? 1 [(V2~ — V’~)](k), (6) 


3II(k) 2a? 
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where [(---) ](k) means Fourier transform of (---)(q) and we defined 


A(k) = Ay (: n = (7) 
II(k) = sca (G+ 2p)? + Mya?), (8) 
Aves AUR es dst) dn Gi. (9) 


A(k) is the gravitational strength in the MG cases, while Ao is for GR. In Brans- 
Dicke type theories we identify 3 + 2wgp = 1/287, allowing us to recognize the 8 
parameter as the strength of the matter to scalar field coupling. 

There are two nonlinear terms in eq. (6), the second and third terms of the right 
hand side (r.h.s.). The second term encodes the nonlinear gravity model, given by 


3 3 
sk) JE kid? ko 


2] (xp P(E ki- Mia Kee ve(ka) 


1 1 Bk, de kod? ka 
óp 
3 (21)6 


(k — kı — ky — ka) Ma(ki, ko, kz) (Ki) (ko) (ka). 
(10) 


'The M; functions carry the gravitational properties of particular MG models. It 
is convenient to insert eq. (6) into eq. (10) to obtain an equation in terms of ó 
expansions that is useful to find the final expression for the displacements. 

The third term accounts for the difference of the Laplacian in z- and q- coordi- 
nates, the so called frame-lagging term: 


(Vio — VP) (k) = [2V,,;o i — Piip y + 3Vi5U koi + 2Ui5 V List 
+ Vi iV; jos] (k), (11) 


computed up to third-order PT. This term contributes at different scales, but it is 
more important at large scales, especially if the theory is expected to reduce to GR 
in that limit. 

It is convenient to recast eq. (3) in terms of only Lagrangian coordinates, then 
by taking the x-divergence and transforming to Lagrangian coordinates with the 
aid of Vy; = (J-1)5;Vi, we get in Fourier space 


^ 282k? 1 m? 
= ——.~ 6I(k 
(Ie) + 2 k? + m?a? 


(Vie- V^o)](K), 
(12) 


ô(k) = if d>ge~*** (x) = E (k). (13) 
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Eq. (12) is solved perturbatively using (J^ 1);; = 0; — V; j - V; V, ; +--+. One 
obtains the following equation for the displacement at third order PT: 


A(k) 


(T — A(k)) [Y] k) = [Vi V. (k) — —9 is Ua al(k) LH)" ] 8) 
- [ra TH 10) + 2C teu ya 
F AD jV Wy ]06) + AD Wes) 
+ ssh) + gal- VON. (14 


One then can analyze solutions at different PT orders. To linear order one has 


(f — Alk, t)) [YE] = 0, (15) 


which is the same equation for the linear matter overdensity. Hence, the first order 
solution is 


Wy) (kt) = izz (k, t) = i55 D+ (k, t)ôz (k, to), (16) 


where we notice the normalization is fixed by eq. (1), and we choose the growth func- 
tion such that D. (k — 0, to) = 1, where to denotes present time. More generally, 
Lagrangian displacements are expanded as 


Wk)» 9-37 i LP (ki, Kn)6z(K1)**85(Kn)- — (17) 
n=0 n=1 ki sk 


Hereafter we make use of the shorthand notation 


[f 


d3 
(2n)? 
ki..4— 


(27)? dp(k — ky..n), (18) 


and k;.., = kı +---+k, denotes the sum of arbitrary number of momenta. 
The LPT kernels Le are obtained order by order using eq. (12). At first order, 
reading eq. (16) above, we have 


ki 


LP) =. (19) 

while to second order we obtain? 

2) 3 ki (kı - ky)? 
LP (ka, ko) = 355 (Ads In) = Beta) SS"), 20) 
with k = ki + ko, 
7D? (ki, ka) 7DO (ki, ky) 

Addc BiG ey cB bc en. 21 
(ke) = p D Punk) T sp D.) — D 
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and the second order growth functions are the solutions to equations 


(f — A(k)) DY = | A(k) + (A(R) AG) ge + (A(k) - AGO) 
2A0\ k?  Ma(kike) 
( =) a? 6II(k)TE(K; )HI(ka) D4 (ki) D4 (k2); (22) 
(f — AQ) D? = [Alk1) + Alka) — A(k)| Dy (I) D4 (ka), (23) 


with appropriate initial conditions. The second and third terms in the r.h.s. of 
eq. (22) stem from the frame-lagging contributions. The fourth term is the second 
order contribution of ôT, which in MG is responsible of the screening mechanism. 
Since A and B depend on k; and kg, the decomposition in eq. (20) is arbitrary and 
we adopt it because they take values of order unity and the connection to ACDM 
is direct. For this case we obtain 


DO (t) = DP (t) = (F — A)? EPA 
3p» B uec aca 2p2 [34 _ us 
= ZD? (t) + z(f — Ao) EX D? (: 23] o Qu) 


thus A = B are only time dependent. For f = Q}? we get AEdS = BE4S = 1 and 
the standard kernels in Einstein-de Sitter (EdS) are recovered. 

The third order kernel L® (ki, k2, k3) and many more details are provided in 
Aviles & Cervantes,’ therefore we do not reproduce them here. 


3. Screenings by the growth functions 


As explained above, MG models introduce a fifth force that changes the Newtonian 
collapse at cosmic scales. A known effect in nonlinear MG is that its spherical 
solutions show the screening of fifth force, to drive the solution to the Newtonian one. 
'This happens in large density regions that produce an effective weak coupling that 
effectively cancels the fifth force; there are other screening mechanisms stemming 
from different theoretical reasons; see, e.g., K. Koyama.!? Although screenings are 
more usually studied in the highly non-linear regime, they also leave imprints in 
quasi-linear scales that can be captured by cosmological PT. 


3.1. Einstein frame: Symmetron case 


The previous LPT formalism was done in the Jordan frame, but it can be equally 
well translated to the Einstein frame, for example to study PT within Symmetron 
fields. 

The Symmetron achieves its screening through the coupling of the scalar field 
to the matter Lagrangian, generating an effective potential with two parameters 
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(using ñ = ñ = 1/2): the scalar field mass (m) and the strength of the coupling 
(8), see details in reference.?? 

To convert theories posed in the Einstein frame to the Jordan frame, it is con- 
venient to define a rescaled field: 


2 
X(q, t) Le 


(25) 


hereafter we denote C = C(qg) unless otherwise is explicitly stated. And again, this 
new scalar field follows a similar Klein Gordon equation 


-Ex = - (A0) = An) dt) + FE az) 
so rs za Vx- Va), (26) 
and the contribution from screenings is given by 
iaz 2 ( x T [x"](k) 
| x Cr as eH beato (27) 


where 3 + 2wupp(a) = ae 
Solutions to first order are formally the same as eq. (16). To second order one 
can write the solutions as: 
ik’ 3 
ORE qood 
ki2=k 


wi) (Kk) = = (Df DË (ki, k2) — D2) (ks, kə) 5152, (28) 


where we denote 61,2 = ór(k1,2) and where we split the second order growth in non- 
screened (NS) and screening (S) pieces. These growth functions D? are solutions 
to the equations: 


P- At) Ds = [100 - tay ta = 4089) E” 
+(A(k) — A(kı)) vs + (A(k) — Alka) a D (ki) D, (kə) (29) 
(Facey DP aces) = (P) a ema S Cm 
and the normalized growth functions are defined as 
Pf, ko, t) = 7 Dite dent) (31) 


3 D4(k1)D4 (k2) ` 
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In an EdS universe one obtains the well known result De) -—1- (kı . Éy, while 
in ACDM one gets the same result multiplied by a function that varies slowly with 
time, such that nowadays DOM B9 LOUD As expected, the screening 
second order growth, De), is zero in both EdS and ACDM models. 

The function pe encodes the non-linearities of the effective potential of the 
scalar field and it yields the second order screening effects that drive the theory 
to GR at small scales. The total second-order growth function, as can be read 
from eq. (28), is given by DO = pO — pe, such that negative values of pe 
enhance the growth of perturbations (anti-screening effects), while positive values 
of it yield the standard suppression of the fifth force. In the Symmetron case there 
are configurations of interacting wave modes that instead of driving the theory 
towards GR, they drive the theory away from it. In fact, from eq. (30), all triangular 
configurations with 


ki k3 < kas(a), (32) 
where the anti-screening wavenumber is defined as 


Ka 9a? 


2 


k? s(a) = — 2m?a?, (33) 


will contribute with a negative source to the second order screening as long as the 
r.h.s. of the above equation is positive. 

Analogously, each higher perturbative order carries its own screening and it is 
efficient over a certain k interval. We emphasize that pe and pe with positive 
values will screen the fifth force, while negative values will anti-screen it instead. 
Given this, the M; MG functions of each model will determine their screening 
properties. We plot in Fig. 1 the normalized second and third order screening growth 
functions DO (ki, ke) and pe (ki, k2, k3) for the Symmetron, again for different 
triangle configurations. 

'The vertical lines correspond to the screening wavenumber 


km, — av Mi(a), (34) 


that characterizes the scale at which the screening is present; in fact it is close to the 
maximum screening growth of the largest triangular contribution (squeezed modes). 
This scale might serve to parametrize the nonlinear growth to eventually make (e.g. 
N-point statistics) computations more efficient. 


3.2. Jordan frame: the f(R) case 


As it is known, a f(R) Lagrangian can be transformed into the Jordan frame, and so 
we can use the formalism of section 2 and, in fact, also the screening/non-screened 
division of the previous subsection. Here we consider the HS n=1 model for different 
fro = —10-45, 10-5, —10-?? corresponding to F4, F8, and F12 models. In the 
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Fig. 1. We show the displacements at second and third order, for the Symmetron model with 
assb = 0.33, Bo = 1 and different values of mo, and considering different triangle configurations; 
results are shown for z = 0. The vertical lines are located at k = ay M1, showing the characteristic 


scale at which the screenings are present. In the upper plot we show the pe? functions. The plot 


below shows Dox, —p, p) for two values of cosine angle x = k. p. In both plots one observes 
regions of antiscreening behavior (Ds < 0). 


upper panel of Fig. 2 we show plots for the second order screening growth functions, 
DO, evaluated at redshift z = 0 and for different triangular configurations. 

Note that in f(R) the screening scale, eq. (34), goes as km, « 4/1/|fno|. The 
lower panel of Fig. 2 shows the growth pe (k, —p, p) for the double squeezed 
configuration with additionally |k| = |p| and for different values of the cosine angle 
r—k. p. 

In order to study the effects of the background evolution on the screening growth, 
in Fig. 3 we show it for the F4 model at different redshifts z = 0,3, and 10. The upper 
panel uses a ACDM background cosmology and the lower panel an EdS background 
evolution. In ACDM the screening curves are narrower and reach smaller maxima, 
this is expected because the cosmic acceleration attenuates the clustering of dark 
matter, and hence the nonlinear effects. Instead, in an EdS background the pattern 
of the growth is preserved. The vertical lines again denote the scale ky, which are 
in ACDM slightly shifted in comparison with the EdS results. 
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It is worthy to observe that in f(R) the nonlinearities of the Klein-Gordon equa- 
tion lead to screening for any configuration. This is manifested in Figs. 2 and 3 
because the screening growth functions always take positive values. 
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Fig. 2. The upper plot shows the pp? functions for F4, F8, and F12 models, considering different 
triangle configurations. The vertical lines are located at k = ay M1, showing the characteristic scale 


at which the screenings are present. The lower panel shows the third order growth pe for different 


angles x = k- p and with k = p. The f(R) n=1 shows no antiscreening. 


We have considered other models that show different screening mechanisms, 
such as DGP based on the Vainshtein mechanism. In this case, the second and 
third order screening growths always act to attenuate the fifth force that modifies 
Newtonian gravity: no antiscreening is found. We refer to further details on the 


screening treatment to reference." 


4. From Lagrangian to standard PT 


'The formalism presented above was developed for LPT. However, one can demon- 
strate that from the kernel solutions of LPT one can obtain the kernels in SPT, 
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Fig. 3. pe functions for the F4 for redshifts z — 0,3,10, and considering different triangle 
configurations. The vertical lines are located at k = aV Mi, showing the characteristic scale at 
which the screenings are present. The upper panel shows a ACDM background evolution while the 
bottom panel an EdS background evolution. 


so establishing a formal connection between these two formalisms. This was done 
for general cosmologies in reference,* where it is shown that the SPT power spec- 
trum computed from the LPT formalism coincides with the Eulerean, SPT power 
spectrum. Here omit details that can be found in the above reference, where it is 
shown that one can express the overdensities as 


" i kj ok 
He dur. Wed 


£—1 m+ +me=n 


x J DE (Ph, ao, Pra) LEO (rme idt eo Pme) 
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This expression provides the SPT FE, kernels out of the LPT kernels (L,): 


n kua We, 
Falk) = 9) D mud 


£—1 mi4--4-m-7n 


x LEY (ki, y kmi) LO (kme doles 6) 


ie 
with k = kı +--+ kn. 
As an example of these results here we show the n = 2 kernel: 


1 3 lo Xue kọkọ /1 1 
F5(ki,k5) = l t t . 
2(ki ka) 2 A G a5) ka EE. k? (37) 


and, analogously, for the velocity field kernels one finds a similar relation general 
relationship. For n — 2 we obtain: 


j B Y (ki: k2)? 
Ga(ki ka) = ŽA +f) | 3 | (455 iB - fa) us) : x 
TAR 
kitko (fo, fi 
oo ate) = 


where fi» = f(ki,2) are growth rates for two arbitrary modes. A and B are given 
by eq. (21). 

In Fig. 4 we plot the ratios of the SPT 1-loop to linear matter power spectra, for 
the ACDM model, as well as for HS n=1 F4, and the normal branch of DGP with 
crossover scale fixed by the Hubble constant, re = Ho !, We fixed the cosmological 
parameters to Qm = 0.281, Q, = 0.046, h = 0.697, n, = 0.971, and og = 0.82, 
corresponding to WMAP 9 years best fit to ACDM.!^ For F4 model, the background 
cosmology is indistinguishable to that in ACDM. This is not the case for DGP. 
However, as it is usual in the literature, for DGP we fix to a ACDM background. 
In such a way we can compare the differences in the growth of perturbations due to 
the fifth force and not to a different Hubble flow. Despite this, the power spectrum 
in DGP suffers a scale independent shift because A(k,t) = A(t) z Ao. We plot the 
the power spectra with and without screenings; the later are achieved by setting 
M» = Ma = 0 in eq. (10). 


5. Matter power spectra 


We now construct the power spectra for STP for general cosmologies. We follow 
the approach developed in Aviles et al.! As described in section 2, the Poisson 
equation is given by eq. (4), whereas the fluid equations are: 


Oo (x, t) + lala + 6)v'] = 0, (39) 


jt n 1 
ðw’ (x, t) + QUO; + Av’ + gat =0, (40) 
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Fig. 4. Ratio of 1-loop SPT to ACDM linear matter power spectra for ACDM, F4, and DGP 
models at redshift z = 0. The role of screening is self evident at nonlinear scales. We fix cosmological 
parameters to the best fit of the WMAP Nine-year results.!4 


where v'(t) = nr = ax'(t) is the CDM fluid’s element peculiar velocity; x is its 


comoving coordinate, t the cosmic time, and dr = idt the conformal time, such 
that the total velocity is v4, = aH z! + v*. 
We use the (dimensionless) velocity divergence 


(41) 


where fo(t) is an arbitrary function of time that will be fixed to be the logarithmic 
growth rate at a convenient scale. We assume the transverse piece of the velocity is 
negligible at large scales, hence it is a longitudinal field fully specified by 0. 

In Fourier space the continuity and Euler equations can be written as 


E — fob (k) = fo ri a(kı, k2)0(k1)ð(k2), (42) 
kı2=k 


EORR e (2 me fo9(k) — AG 544) — 509 — n J (kı, ke) (1) O(c), 


H? H? 
ki2=k 
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with 


kı ` kə kio (ki i kə) 
alki, ko) = 1 + B(ki. ko) = —2———— 
( 1; 2) k? , ( 1; 2) 2k?k2 


(44) 


where S(Kk) is related to eq. (10), see Aviles et al.!? One finds perturbative solutions 
at the different orders according to eqs. (42, 43) and the nonlinear expansion (10). 
The solutions are same those given in eqs. (37) and (38), and so for higher orders. 

Having found the kernels up to third order, we can now construct spectra and 
cross-spectra of the velocity and density fields. At 1-loop in PT, one can use the 
general expressions 


Palk) = PL) + PŽ (k) + Pib(k), (45) 

where a and b refer to 6 or 0 fields, and linear power spectra PL(k) 
PUR) = Put), PRE) =P), PRO) = (£) P), (46) 

0 0 
and leading nonlinear contributions 

PRO =2 | [Fu - XI PG) Pr — pl), (47) 
Po (k) = 2 | F(p.k — p)G2(p, k — p)Pr(p)Pr(|k — pl), (48) 
PRO =2 | [Gxtp. - P" PL) Pk - p), (49) 
P33 (k) = 6Pz(k) / Fy(k, p, p)Ps (v), (50) 
P38 (k) = 3PL(k) jj [Fs(k, —p, p)Gi(k) -Gs(k,—p,p)]Pr(p, —— (51) 
P33 (k) = 6P; (k) i: Gs(k, —p, p)Ca (k) Ps (p). (52) 


'The above expressions are valid for any cosmological model such as MG models, 
dark energy, or massive neutrinos—in general, for models that introduce a new 
degree of freedom to the dynamics. For the different models, these expressions for 
power spectra and kernels are the same, the difference being the corresponding 
growth solutions through A and B (see e.g. eq. 37) that are inside the kernels. 


6. Bias Expansion and tracer's power spectra 


We now turn to the description of dark matter halos and galaxies, instead of 
only matter fields. That is, we go into tracers, that are more closely related to 
observations. 

We expand the tracer densities in terms of a set of operators, including the 
leading curvature operators, labeled with “m” to make reference to matter fields, 
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in a manner similar to McDonald and Roy!?: 


1 1 
ó(x) = C50m + cy25V 76m + PS + PIE 


1 1 1 
+ gon + 36908 F Cy W + cscst 4 zes» (53) 
(x) = Om + cy29V2Om- (54) 


Since for MG models an additional scale shows up, the bias coefficients are re-scaled. 
The first order terms are: 


6) (k) = (es — eg2sk?)5 (k), and (55) 
A (k) = (1 — eg29k?) 0% (k). (56) 


The expansion goes to third order that can be found in Aviles et al.? 


One can now find the tracers’ power spectra, that will be given in terms of the 
above biases and matter power spectra of the previous section. We obtain: 


P35(k) = (bı — bassk?)? PL (k) + ULP EQ + 2b, ba Ps, ba (K) + 2b 5,2 Phib > (Kk) 
+ US Py (k) + 2b2b52 Py, , (k) + b22 Pye, (k) + 20103103 (K)Pr(k), — (57) 


Pso(k) = (b — by25k?)(1 — bank?) E P, (4) e by PoP (k) + b2 P», o(k) 


Lut 


+ bs2 Pp , ,0(k) + bani (k) ^y Po (k), (58) 
Pook) = (1 = bas? (£O) p) P9. (59) 
with 

Da) =f Fuss) Pr.) PL (k), (60) 

ki9—k 
Py a(k) = J Falka, ka) S2(ka, ka) Pr (ke) Pe) (61) 

kio—k 

1 

Pal) = 5 f Pollss)[Pi (kx) - PL). (62) 

ki2= 
Pas (E) = 5 if Pr (ki) Pca) SoCs ka) = $P, œn], (63) 

ki2= 
njü)- 3 f Polka) [Pudens i], (60 
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and 
Py, (k) = / Go(k1, kz) Pr (k1) Pr (kə), (65) 
ki2— 
Py.2,0(k) = / G»(ki, k2)S2(ki, ko) Pr (ki) Pr (ka), (66) 
ki2=k 


with renormalized bias parameters 


1 1 1 
5 C565 H 3 65s Cos? + B oala = M oatba o, (67) 


C52 C52 4 


31 
beek E 


with Co constants of order unity and they are required in cosmologies beyond EdS, 
as we have seen for C,» and Cst. At 1-loop in the PS the rest of biasing parameters 
remain equal after renormalization: b2 = cg» and b,» = c3. 


7. Redshift space distortions in MG 


We now introduce a model for RSD in alternative cosmologies. An object located 
at a comoving distance x is observed to be at an apparent position s, such that 
the map between real and redshift space positions is given by the non-relativistic, 
longitudinal Doppler effect, 


s=x+u, (68) 


where u is given in terms of the divergence field u(k) = i fon? 6(k). 


Clearly, the map to redshift coordinates conserves the number of tracers, [1 + 
(s)| ds = [1 + 6(x)] dx, yielding 


(2r)’ôp(k) + ôs(k) = / Ba (1 + 6(x))e 1 6969), (69) 


and the redshift-space PS becomes!” 18 


(27)?5p(k) + P,(k) = [eX n +M(J =k, x)| ` (70) 
with the velocity moments generating function 


1+ M(J,x) = ((1 + ô(x1)) (1 + 6(x2))e TAn, (71) 


where Au = u(x2) — u(x) and x = X — x4. Function M (or its Fourier transform) 
plays a central role in RSD. Different expansion procedures of eq. (71) yield different 
approaches to RSD modeling, grouped in Vlah et al!? as: direct Lagrangian, moment 
expansion, streaming model, and smoothing kernel. We will follow here the moment 
expansion (ME) approach, in which the exponential in the generating function is 
expanded and the moments are evaluated. 
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The m-th density weighted velocity field moment of the generating function is 


an m-rank tensor defined ast” t8 
=m m g™ 
SP) = Pa Of MO], = (18) +) Au Ani) 
(72) 
with ó1 = ó(x1) and 62 = d(x2). The PS in the moment expansion approach becomes 
oo pp "s 
(2x)*85() P.) = Y; Ck ig BP, (6). (73) 
m=0 


where the E". (k) are the Fourier moments of the generating function —the 


a i a FA 
Fourier transforms of their configuration space counterparts, Z7» .,; (x). 
Now, to compute the moments we make the following ansatz: 


(9 


P(e, p) s C k ER o Yo eU (TA 
` n=0 


such that the total PS in redshift coordinates (s) is 


PYE (k, u) = 5 P™(k, u), (75) 
m=0 


up to a Dirac delta function localized at k = 0. Whereas the first equality (definition) 
in eq. (74) depends on k, implicitly on k and p = k - ñ, the second equality is 
an ansatz with explicit angular dependence as even powers of u. This ansatz has 
been shown to work, at least for moments m = 0,...,4, in Aviles et al,'° where 
the functions JP (k) are given for the momenta necessary to compute the 1-loop 
expansion. 


8. Considering UV and IR modes 


There are still two important ingredients before we have a final model: EFT coun- 
terterms and infrared (IR) resummation of modes. 

e As it is known, UV modes need to be cut off in the integrals, since small scale 
modes are not properly captured in PT, so it will not otherwise render the correct 
dynamics. The EFT for large scale structure formalism, see for instance Baumann 
et all? and Hertzberg et al, cuts-off the loop integrals, by directly smoothing 
the overdensity fields by an arbitrary scale, and introduces counterterms necessary 
to remove the cut-off dependence on the final expressions. In redshift space, the 
situation is more complex, because the counterterms not only model small scales, 
non-perturbative physics, but also the non-linear mathematical map between real 
space and redshift space densities, see various authors.?! ?? In our case, the final 
expression turns to: 


PEFT (k, u) = PME (k, u) + (ao + eap? 4- +++ )k2Pr(k) + (ukfo) PE (k, u) + Panot 
(76) 


1491 


1500. | 


1000 - 


k P,(k) Mpc? n] 


[ FS [ F4 z-1.0, halos2 


1500- T 


1000 - 


kP, (k) IMpc? n7] 


l Ill ui 1 
0.05 0.10 0.15 0.20 025 0.05 0.10 0.15 0.20 0.25 
k [Mpe 4] k [Mpc^! 4] 


Fig.5. Redshift-space power spectrum multipoles for halo catalogue 2 (4.5x 1012 < Mp < 1x 101? 
Moh!) at redshift z = 1. 


where the o; stem from the nonlinear mathematical map between real space and 
redshift space densities and the č from nonlinearities from the Fingers of God (FoG) 
that couple velocities and density fields. Phot models the stochastic terms, uncor- 
related with long wave-length fluctuations. 

e Despite the success of SPT-EFT in modeling the broadband PS, the theory yet 
gives poor results in modeling the BAO since long-wavelength displacement fields, 
though being essentially linear, stream largely contributing to damp features in the 
PS in a manner that is non-perturbative under an SPT scheme. Then, in order to 
model the spread and degradation of the BAO oscillations due to large scale bulk 
flows, we employ IR-resummations?^ as implemented by Ivanov et al.?? 25 

The final result is a complete PS model for RSD that can be compared to 
dark matter halos or galaxies. In Fig. 5 we plot our analytical results against RSD 
multipoles for the HS n=1 model, extracted from ELEPHANT simulations,! with halo 
masses in the interval 4.5 x 101? < Mp < 1 x 10? Moh! evaluated at z = 1. 
'These results show that theory renders precise results for wave modes as big as 
k — 0.25 h/Mpc. 


9. Conclusions 


In the last few years the PT for LSS has been developed to a point that most 
problems have been tackled, and it seems now ready to be feasibly compared against 
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simulations and observations, to render consistent results and to be able to extract 
cosmological parameter information at the level that stage-IV galaxy surveys should 
provide, among other probes. 

The present contribution presents some PT developments for models that possess 
an extra degree of freedom, that is, models of MG, dynamical dark energy, or 
considering massive neutrinos within LCDM.?9:?7 We explained mainly our results, 
but, because of the limited space here, we did not provide a full list of references, 
however, this can be found in the our cited papers in the bibliography. 
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In the last two decades, Modified Gravity (MG) models have been proposed to explain 
the accelerated expansion of the Universe. However, one of the main difficulties these 
theories face is that they must reduce to General Relativity (GR) at sufficiently high 
energy densities, such as those found in the solar system. To achieve this, MG theories 
typically employ so-called screening mechanisms: nonlinear effects that bring them to GR 
at the appropriate limits. For this reason, low-energy regions where the screenings do not 
operate efficiently, such as cosmic voids, are identified as ideal laboratories for testing 
GR. Hence, the use of marked statistics that up-weight low energy densities have been 
proposed for being implemented with data from future galaxy surveys. In this proceeding 
note, we show how to construct theoretical templates for such statistics and test their 
accuracy with the use of N-body simulations. 


Keywords: Modified Gravity; Cosmic Large Scale Structure; Testing General Relativity. 


1. Modified gravity in Cosmology: a very brief introduction 


The standard model of Cosmology, the so-called ACDM, is the most successful the- 
ory to date for describing the large-scale behaviour of our Universe. The outstanding 
way this model fits the cosmic background radiation (CMB) anisotropies measure- 
ments from the Planck satellite!—and prior to that from the WMAP and COBE 
experiments—leaves small room for modifications of it. However, among other draw- 
backs in Cosmology, nowadays cosmic acceleration is still not well understood, and 
in models that modify the background history of the Universe at late times, the 
CMB differs mainly because the journey of photons from the last-scattering surface 
to us is affected. T'his is a secondary effect called the integrated Sachs-Wolfe effect 
and its influence over the CMB is mainly localized at small multipoles, where the 
error on measurements is nonetheless large because of the cosmic variance—the fact 
that we have only one universe and hence a small number of long wave-length modes 
to average over. Such a liberty has led to a lot of proposals (literally hundreds of 
them) as alternatives to the cosmological constant to explain the speeding up of the 
expansion of the Universe. Unfortunately, there is much more literature proposing 
new gravity models or that makes simple tests to them (the vast majority focusing 
only on the homogeneous and isotropic cosmology; I will come back to this in a mo- 
ment), than literature that explore methods to probe the clustering due to gravity 
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at cosmological scales. Of course, this is a highly unbalanced situation and obser- 
vational cosmologists cannot test each of the proposed models. These alternatives 
can be categorized into two big branches: dark energy (DE) and Modified Gravity 
(MG); though, one should be careful since there is not a well defined boundary 
between them. In this proceedings note, we will focus on the latter assuming well 
defined, and to the particular case of chameleon fields?? although the techniques 
described here have been applied to other kinds of theories. 

Perhaps the most difficult aspect of modifying gravity is the following. Observa- 
tions indicate that the true model of the universe should be close to ACDM, at least 
from the epoch of the primordial (^Big-Bang") Nucleosynthesis until now. In par- 
ticular the expansion history should be close to that of ACDM, perhaps with small 
differences with the aim of, for example, resolving the Hubble tension.4 However, 
as a rule of thumb, MG models that slightly depart from ACDM at the background 
level, become quite different at the perturbative level.^ That is, two models that 
have almost the same expansion history, typically predict a completely different 
clustering. This is because in MG the two scalar gravitational potentials of the met- 
ric, thinking of in Newtonian gauge, are different even in the absence of anisotropic 
stresses, which makes GR a very special theory and not easy to mimic. This would 
mean that the gravitational potential appearing in the geodesic potential is not 
the same to the gravitational potential sourced by the energy density fields in the 
Poisson equation; and what is particularly important to this discussion is that the 
homogeneous and isotropic expansion is completely insensitive to this. For exam- 
ple, take a look at figure 1, where we show the power spectrum of matter density 
fluctuations in GR and in the F5 gravitational model (we will define what is F5 
in appendix A). The F5 gravitational model is indistinguishable for any practical 
purpose from GR at the background level, but their predicted matter power spec- 
tra differ by a lot. This is the reason why it does not make too much sense to test 
MG models at the background level only, for example using supernovae data only. 
However, for the sake of fairness we must say there are exceptions to this rule, for 
example the recently proposed No-Slip gravity,” tailored with the specific purpose 
that the two scalar gravitational potentials become equal. 

When gravity is modified, in particular in the infrared, one should be careful to 
not spoil the well-tested regimes of validity of GR, as for example in the solar system 
or regions with much larger densities,? but at the same time provide the accelerated 
expansion of the Universe. In order to deal with this unquestionable observational 
constriction, MG models often invoke mechanisms that yield the theory to GR 
in the appropriate limits. These are generically called screening mechanisms: non- 
linear effects that drive MG theories to GR when either the environmental energy 


aIt is perhaps surprising to consider the solar system a high energy density region, but it is very 
large compared to the mean background energy density 3H2/87G ~ 10-7? g/cm?. The latter is 
the one that is important at the largest cosmological scales, and hence drives the background 
history of the Universe. 
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density is large, or there are large gravitational tidal fields, among other scenarios. 
The most popular is the chameleon mechanism,?? in which a scalar field mediates 
a universal fifth force, but its mass depends on the environmental density where it 
resides: as larger is the ambient density, the lighter is the mass of the scalar field and 
smaller the range of the force. For example, in successful theories, and for human- 
like densities (~ 1 gram per cubic centimeter) the range of the fifth-force becomes 
so ridiculously small that it becomes effectively invisible to any experiment. On the 
other hand, at extremely low ambient densities the range of the fifth-force becomes 
quite large, with cosmological scope. 

The most studied MG theory in Cosmology, one can affirm with high confi- 
dence, is the f(R) gravity, 1? and in particular the Hu-Sawicki model.!! Although, 
these theories were first understood as higher-order gravity theories, it was soon 
recognized that under a few assumptions they can be described as second order 
differential equations for the metric plus a scalar field!?:!? which propagates only 
an additional massive mode. In this proceeding note we will lead with the Hu- 
Sawicki model to exemplify our analytical results and to take advantage of the fact 
that we have good, state-of-the-part N-body simulations for them—the Extended 
LEnsing PHysics using ANalaytic ray Tracing Elephant cosmological suite of sim- 
ulations.!^!? Even though f(R) is not a representative model of the vast universe 
of MG models (or more narrowly of Hordenski theories), the techniques reviewed 
here can be applied to different models and can be beneficial to study MG that rely 
on screening mechanisms. The material presented in this note is extracted mainly 
from Refs. 16-19; we refer the reader to these works for further details. 
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Fig. l. Matter power spectrum in the models GR (blue line) and Hu-Sawicki F5 (red lines). 
The latter is further shown with and without screenings with solid and dashed lines, respectively. 
To generate this analytical results we use the Standard Perturbation Theory with effective field 
theory counterterms and infrared-resummations of Refs. 20,21. The mock data is extracted from 
the Elephant simulations. 
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2. The importance of up-weight low energy density regions 


In figure 1 we show the chameleon screening in action. The black line is the an- 
alytical power spectrum of the ACDM. The red coloured lines show the matter 
power spectrum in the Hu-Sawicki F5 model with screenings (solid line) and with- 
out screenings (dashed line), together with data from the Elephant simulations. 
We note the screening mechanism drives the theory to GR, more evident at small 
scales (high wave-numbers k), while without the screenings the differences between 
the two models are larger. This behaviour raises the question if the power spectrum, 
and its counterpart in configuration space, the correlation function, are the most 
clever way to test the gravitational theories from its cosmological clustering. After 
all, by construction these statistics give more weight to high density regions, since 
they sum over all tracers evenly (either particles, halos, galaxies...), and tracers 
tend to clump together by gravitational attraction. Meanwhile, cosmological voids 
are underrepresented by the power spectrum—as well as by the correlation function 
and their N-points generalizations—even though they are the largest regions in our 
universe, and as such, they contain a significant share of the total energy budget. 
But clumpy regions of space, being denser, behave very close to GR due to the 
screenings mechanism. Hence, the standard statistics used in Cosmology may not 
be the best option to test infrared modifications of GR. 

With the above ideas in mind, M. White proposed in Ref. 16 to use marked 
correlation functions? to test gravity at cosmological scales. The proposal consists 
in weighting the tracer field density fluctuations with a function (the mark) whose 
value depends on the environmental density, such that objects residing in low den- 
sity regions become up-weighted in 2-point statistics, while objects residing in high 
density become down-weighted. In this way, statistics of such marked density fields 
will probe low density regions where gravitational fifth-force screenings are ineffi- 
cient and the effects of hypothetical MG theories would be more pronounced. 

The construction of a marked density field ój(x,t) is a three step process, 
depicted in figure 2. It goes as follows, 


(1) One starts with the matter fluctuations field ó(x,t) and convolve it with a 
window function Wg(x) of width R (a Gaussian is used in this work) to obtain 
the smoothed density 


ón(x,0) = / d'y Wa(Ix — yio d. (1) 


The scale R is chosen from the beginning and it determines the size of the region 
which is used to define the environmental density of the tracers. In this sense, 


bMarked statistics have a long history;2? they have been used to assign properties to objects, 
such as the luminosity, color, and morphology of galaxies,?*?4 and to break degeneracies between 
Halo Occupation Distribution (HOD; a semi-analytical method to populate halos from N-body 
simulations with galaxies) and cosmologies.?5 
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Fig. 2. 1-dimensional cartoon for the construction of the marked density field. 


it is good to have sufficiently large values for R, typically comparable to, or a 
little bit smaller than, the size of cosmic voids. Here we use R = 10^! Mpc. 


Construct the mark function m(óg(x)). We choose a function that decays with 
the environmental (or smoothed) density, such that low density regions are 
up-weighted, as required. For example, a simple exponential m = exp[—a(1 + 
ón(x))] can do the job. However it is better to have more free parameters such 
that we have more liberty to find an optimal mark for a particular MG model. 
The most used weight is the White-mark!? 


1+, T 
mto. = (eus) (2) 
with p > 0 and 6, > 0 dimensional parameters. It was find with numerical 
simulations that the choices p = 10 and 6, = 4 maximize both the Fisher 
information and the signal-to-noise.?° However, these parameters are not good 
for perturbative analysis, so we will use the parameters p = 7 and 6, = 10, 
unless otherwise is stated. Other authors working with simulations have used 


different parameters and mark functions.!*: 2° 78 


Weight the density field of tracers 1+ ôx (x) with the mark function m(ó(x), R) 
to obtain the marked density field 


1 -óy (x, t) = (1+ ôx (x, t)) m[ón (x)]. (3) 
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'The density field can be that of any tracer of the underlying matter density, it 
can even be the matter density field itself. But we observe tracers, as galaxies 
for example, in the sky. These are related through a biasing function F to the 
dark matter as 


1 4-óx(x) = FX[ó(x), V?o(x), ...; x] (4) 


where the stochasticity of this relation is emphasized by writing x as an addi- 
tional argument. The dependence on the non-local curvature operator V76(x) is 
expected to be small in GR, but a well defined bias expansion within chameleon 


theories must contain higher-order derivative operators.??: 30 


3. Marked correlation function 


A marked correlation function (mCF)16:2225,3.3? is defined as the sum of pairs 


of objects (i, j) separated by a distance r, and weighted by the ratio of the mark 
function value to the mean mark m;/M at each point and divided by the number 
of pairs n(r), 


M(r)= M n (5) 
dj|rij-r 


so it quantifies the deviation of a pair of objects to have the mean mark m subjected 
to be located at a separation r. By construction it can be written as 


E 1+W(r) 


M(r) = IFE (6) 


where £(r) is the standard 2-point correlation function of tracers 


14+ £(r) = (1+ 6x (x - 7)) (10x (x))), (7) 


and W(r) is the 2-point correlation function of marked fields: 


1+ Wr) = zs (14 bux + r) (19369) (8) 
At large scales both € and W are small and one gets 
M(r) =14+ W(r) — &(r). (9) 


Now, one may show that £(r) € W(r),!* hence the mark function becomes a 2- 
point statistic of the clustering of marks with the clustering of objects effectively 
factorized out. The presence of the mean mark is not necessary to estimate the 
mCF, but it plays an important role in the analytical renormalization of the theory. 
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4. Perturbative treatment of the marked correlation function 


It is well known that a good modeling of N-point statistics of density fields in 
configuration space requires the use of Lagrangian Perturbation Theory (LPT),?? 
since the spread and degradation of the BAO oscillations is due to large scale bulk 
flows, long wave-length Lagrangian displacement fields that are well described in 
the Lagrangian framework, even at the linear order.?^ However the derivation of 
the marked correlation function within the Lagrangian framework is quite large 
and technical, so we prefer to omit it in this note; the interested reader can find it 
in Ref. 17, and later on we will display the main results. However, in this section 
we develop the Standard Perturbation Theory (SPT) approach to the marked cor- 
relation function, which is easier, but yet shows the main ingredients and insights 
of the theory. 
We start by expanding the mark in a power series of dz 


1 
m(Óg; Ci) = Co + Cor + zR fu... (10) 


with C; = m [0], the i-th derivative of m[dpz] evaluated at óg = 0. The fewer 
parameters are needed to model the mark, the better the convergence will be. We 
notice that C4 < 0 enhances low density regions. 

For the sake of simplicity we will assume a local relation between matter and 
tracer overdensities 


13x (x) = co ix) + ZP +o : (11) 


with c; = or? [ôr = 0|]/Oóg the bare bias parameters and Fẹ given by eq. (4). 
A Taylor expansion is an unnatural and restrictive assumption for biased tracers, 
but being pragmatic we note that it works at the level of precision required by our 
simulations. 

The mean mark is given by the mark weighted by the tracer density field 


m = (mlón(x)])(1 + ôx ())) 
C^» 2 C2 2 
= ((Co + ción) + <2 R(x) + +) (co + 615%) + 25%(x) ++ .)) 
il 1 
= CoCo + Clon + Pe + loco Tee 5 (12) 
with zero-lag correlators defined as 


a? = ((6(0))*), ar = (n(09(0), orr = ((5r(0))”). (13) 


We will use also the correlation and cross-correlation functions 


&(r) = (ó(x)ó(x + r)}, (14) 
&n(r) = (ón(x)ó(x + r)), (15) 
&nn(r) = (ón(x)ón(x + r)) (16) 
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We have to write eq. (12) in terms of renormalized bias parameters,?? 
g - [ze RO)", (17) 
T 


where F(A) is the Fourier transform of Fy with spectral parameter À (dual to 
ô). We are using the label “E” to distinguish Eulerian from Lagrangian biases. 
Equation (17) leads to the relation between bare bias cn and renormalized bias bË 


parameters:;?6:37 


oo 
c?* 


bP oe y Jk] etek: (18) 
k=0 


Analogously, we introduce the “resummed” expansion parameters D, as 
D; dA. 


—A?02 4/2 7 An 


where m(A) is the Fourier transform of m(ôg), and A is a spectral parameter, dual 
to dp. One easily finds!” the following relation between the expansion parameters 
B,, and the Taylor coefficients of the mark function Cn 


pw Cy Lok FN S (GELD 
YU Cayo P| QR (20) 


Inserting the b? and B,, parameters in eq. (12) we get 


Br(Cn, Chr) = 


m= Bo [1-4 bP Bion +]. (21) 
We compute now 
m?^(1-- W(r)) = (m[dr(x1)] (1 + 6x (x1)) m[ón (x2)](1 t x (x2))) 
= J dA1dA2dA1d A (eiA Una A202 A2ó1,2)y BY (1) FL (3 m (A1 )m(A) 


(21)* 


dA1dAsdA4d A5 ~ ~ - o —1()24A2)o2— L(A2 4L A292 
= | PRE EOS Oa (Ay d d ata) 


x [1 = Ohio) Apatir). Astgatr) — (A142 + Az ADEn(r)- 
= m? [1 + GP) + Blénn(r) + 298 Birl) + |; (22) 


where the ellipsis denotes second order terms in £ n, nn(r). In the second equality, 
we have shifted to Fourier space (6 > A, dg — A) and in the third equality we used 
the cumulant expansion theorem, 


iN 
(e) = exp be gom. | (23) 


N=1 
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Fig. 3. Smoothed correlation functions defined in defined in eqs. (14)-(16) and appearing in the 
Eulerian marked correlation function [Eq. (24)]. We use a Gaussian damping kernel Wg of width 
R = 10 -1Mpc to smooth the density fields. 


and expanded out of the exponential all terms but those containing c? and o}p, 


such that we can use Eqs. (17) and (19) to get biases from spectral parameters, as 
we did in the last equality. The mCF becomes 


Boa LEW(r) _ 1-(0PY'£(r) + Bi&nn(r) + 20 Bi£n(r) +-+: 
MOT iru LE OF PE) + dax 


In figure 3 we show the correlation functions defined in eqs. (14)-(16) and used to 
construct the above mCF. We use a Gaussian smoothing kernel Wr with width 
R = 10h-!Mpc. 

We notice that the zero-lag correlators o° and oĉ p do not appear in the mCF as 
is guaranteed because we are using renormalized b and B parameters. Meanwhile, 
the cross-covariance oF is canceled out by the mean mark squared appearing in the 
definition of the mCF in eq. (5). We remark that a process of renormalization of 
the Taylor expansion coefficients C is not strictly necessary because the scale R is 
physical, and chosen from the beginning by the observer to mark the tracers, so 
there is no impediment for oh r to appear in the final expressions. However, the use 
of parameters B instead of the Taylor coefficients leads to simpler final equations. 
Furthermore, in real applications, we have to use a mark computed by the number 
density of galaxies. Another advantage of using the renormalized B parameters is 
that the effect of this reassignment can be included simply by re-scaling the B 
parameters. For the application to dark matter halos and galaxies, one should treat 
them as free parameters and fit them with simulations. 
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5. Lagrangian space 


In Lagrangian space one considers regions of space, at an initial early time with 
spatial coordinates q. We relate matter and tracers overdensities, in an analogous 
way to eq. (4), by 


1+ Óx(q) = F[ê(a)], (25) 


with the difference that the overdensity fields are taken at an initial early time.* 
Assuming number conservation of tracers, (1 + óx (x))d?r = (1 + óx(q))d?q, one 
can relate the function Fx, introduced in eq. (4), and F through 


dk ik- (x— dà ~ i —ik- 
ro69] = f as ferea f Apoo, (28) 


with W(q) the Lagrangian displacement vector, that maps Lagrangian coordinates 
q to Eulerian coordinates x as x(q, t) = q + W(q,t). Equivalently to eq. (17), we 
introduce the renormalized Lagrangian local biases?” with 
dà ~ 
bn = | £e P PO). (27) 


2c 


The next step is to evolve initially biased tracers with overdensity óx(q) using 
Convolution Lagrangian perturbation theory??:3? and thereafter assign them a mark 
mlón(x)| at the moment of observation. The use of the Lagrangian approach has 
some advantages with respect to the Eulerian. In the first place it is well known that 
the two-point correlation function is poorly modeled within the Eulerian approach, 
particularly at the BAO peak position; second, the (renormalized) Lagrangian bias 
parameters are obtained through the peak background split prescription, 10 4? and 
hence are physically appealing. But the price to pay is that the mCF is cumbersome 


to compute, since it becomes a double Gaussian convolution:!” 


qe 28-9 A-Ur-4a) f q3Qe-3(R-Q C" (-Q) 
14- W(r (28) 
(22)3/2| A |U/2 (2v TW 
x E" +2°(r,4,R, Qib, Bj). (29) 


with Z° a function, whose expression is quite large and not very illuminating, and 
contains the information of the mark (through the expansion parameters B;) and of 
the tracers (through the bias parameters b;). It can be found in eq. (B.8) of Ref. 17. 
The matrices A and C are given by 


3 aq. 
As) =2 | cs 1 - en) EP) (30) 


*'lhis initial time is taken early enough that all scales of interest are still in the linear regime 
and one can safely take ó(q) < 1, but late enough that the background universe is already in the 
Einstein-de Sitter phase. 
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and 


1 1 
— Aij(q) + 6n2 


Cij(q) = E 


f "Pp ig: (31) 


with Pr (p) the linear matter power spectrum. We notice that if 1--Z is not a function 
of Q, it can be pulled out of the Q integral and due to that C;; depends only on 
q, the integration over Q gives 1. This is the case of the "standard" correlation 
function in Convolution Lagrangian Perturbation Theory (CLPT),’8 reducing the 
double Gaussian convolution in eq. (28), to a single three-dimensional convolution. 


120- J 


90 


80 


-20 -10 0 10 20 
TI; Ry [^| Mpc] 


Fig. 4. Gaussian kernels in eq. (28). GK-q is the kernel of the q-integral (black curves) and GK-Q 
the kernel of the Q-integral (red curves). Dashed and solid curves show the regions that enclose the 
68% and 95% of the volume respectively. A similar plot can be found in Ref. 44. Figure adapted 
from Ref. 17. 


In figure 4 we show level plots for the Gaussian kernels appearing in eq. (28). 
GK-q is the kernel of the q-integral and GK-Q the kernel of the Q-integral. These 
are shown as a function of rj (Ej) and rı (R1), the components of r (R) parallel 
and perpendicular to the Lagrangian coordinate q (Q) with Q = q = 100^! Mpc 
fixed. To have a sense of the meaning of this plot, consider that the kernel GK-q 
is the probability distribution of finding two dark matter particles separated by a 
distance r at the redshift of evaluation (z — 0.5 in the plot), given that they were 
separated by a distance q at the early initial time We notice that both kernels 
have their maximum value at Q = q = 100 h-! Mpc, but the GK-Q is more sharply 
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peaked because |C| < |Az|. This observation suggests to approximate 
e-3(R-Q) C "(R-Q) 
(21)3/2|C|V/2 
By doing so, one arrives at 


d?q —L(r-q)TAl!(r— 
Lew meg) = f IL E int Lg) AZ 9 (1+ J"(q, r; bi, B;)) (33) 


~ dp(R— Q). (32) 


which is the generalization of the Zeldovich approximation (ZA) result obtained in 
Ref. 16. The expression for J” (q, r; b;, Bi) is given by eq. (4.18) of Ref. 17. 
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Fig. 5. Marked correlation function modeling comparison. The left panel shows the mCF with 
parameters bı = 1.2, b2 = 0.2, Bı 0.7, B2 = B?, for the different methods: solid red curve is 
the HYBRID model presented in Ref. 17; dashed blue the method of Eq. (33), which is the method 
introduced in Ref. 16, plus 1-loop nonlinear contributions; in dotted gray, the ZA; and in dot- 
dashed green, the Eulerian linear model of eq. (24). The right panel shows the relative differences 
with respect to the ZA. The gray dot-dashed horizontal line denotes the 1% differences. The solid 
black curve in the right panel shows the relative differences between the CLPT 1-loop and ZA 
standard correlation functions. Figure adapted from Ref. 17. 


Figure 5 shows the mCF using different analytical methods for the MG Hu- 
Sawicki F5 model: solid red curve is the one presented above and developed in 
Ref. 17—called HYBRID from now on, because it evolves the tracers using LPT 
but marks the tracers using the Eulerian smoothed matter overdensity fields at the 
moment of observation. The dashed blue is the method of eq. (33), which is that 
introduced in Ref. 16 with the addition of leading non-linear (loop) corrections; 
in dotted gray, the Zeldovich Approximation, which in this work means the linear 
model of Ref. 16; and, in dotdashed green, the Eulerian linear model of eq. (24). 
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We are using Lagrangian local biases b = 1.2 and by = 0.2, and mark parameters 
B, = —0.7, Bə = B?. In the right panel we show the relative difference between the 
models and the ZA. The agreement between them is very good, even for the linear 
Eulerian theory, below 1% for scales above ~ 20 h`! Mpc. The relative differences 
between the CLPT standard correlation function with and without loop contribu- 
tions (£crpr and za, respectively) is shown in the right panel (black curve); by 
comparing it with the dashed blue curve (which shows the relative differences of 
the W16+1-loop and ZA mCFs) we confirm that mCFs which efficiently enhance 
low density regions in the sky are indeed more linear than the standard correlation 
function. 


6. Comparison to simulations 


We use the Elephant suite of simulations run with the ECOSMOG code.!^ This suite 
contains five realisations of the initial conditions and for each realisation we have one 
simulation of ACDM (GR) together with three simulations of the Hu-Sawicki f (R) 
model with parameters fro = —10~* (F4), fro = —10~° (F5) and fro = —107° 
(F6). It also contains galaxy mock catalogs that were made with a Halo Occupation 
Distribution (HOD) method. The HOD parameters for the ACDM model are the 
best-fit parameter values from the CMASS data.*° For the f(R) models, we tune 
the HOD parameters so that we reproduce the correlation function in the ACDM 
model. The simulations were ran in a box of size L = 1024 h-! Mpc with N = 1024? 
particles and the cosmological parameters used to make the initial conditions were 
Qy = 0.046, Qa = 0.719, Qm = 0.281, h = 0.697, og = 0.82 and n, = 0.971, and 
for our analysis we choose snapshots at redshift z — 0.5. To compute the mark for 
each of our tracers (dark matter particles, halos or mock galaxies) we binned the 
particles/halos/mock galaxies to a grid with gridsize of 20 h-! Mpc (corresponding 
to a N = 52? grid) using a Nearest Grid Point assignment scheme to get an estimate 
for the density for which the mark depends on. 

Both, the standard and weighted 2-point correlation functions were computed 
using the Correlation Utilities and Two-point Estimates (CUTE) code. From this 
the marked correlation function follows simply as M(r) = (1+ W(r))/(1 + &(r)). 

We consider the White-mark with o, — 10, p — 7, corresponding to coefficients 
Co = 1, C4 = —0.64, C5 = 0.46 in the Taylor expansion of the mark function in 
eq. (10). In our analytical models we smooth the matter fields that assign the mark 
with a top-hat filter Wp of radius R = 10h-! Mpc. 

We first confront different analytical methods against matter data, since in this 
case the mCF does not suffer from biasing-marking degeneracies and we can observe 
more neatly the effects of the weights. The expansion parameters B are obtained 
from eq. (20): BSP = —0.6495, BF = —0.6497, BF5 = —0.6505, Bf^ = —0.6522, 


dhttps://github.com/damonge/CUTE 
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Fig. 6. Ratios of different mCFs analytical models to the ZA mCF for the F5 gravity (we obtain 
similar results for F4, F6 and GR). We show the W16 model plus 1-loop corrections (dashed blue); 
the HYBRID model (solid red); and the linear Eulerian model of eq. (24) (dot-dashed green). Figure 
adapted from Ref. 17. 


BS® = 0.4628, BFS = 0.4502, B¥5 = 0.4495, BE^ = 0.4480; which are numerically 
very close to C1 and C2 values because Co = 1 and the variances c? r are small. 

In figure 6 we show the ratios of the different analytical methods to the ZA 
model. We do it for the Hu-Sawicki F5 gravity model, and we have checked also the 
gravity theories GR, F4 and F6, and obtained similar results. The dashed blue curve 
shows the analytical result with the W16 model plus 1-loop corrections; solid red, 
the HYBRID method; and dot-dashed green, the linear Eulerian model of eq. (24). 
The differences between the analytical methods are apparent but small, being lesser 
than the 1%. At scales r > 40 h^! Mpc, all analytic models are indistinguishable 
and they are within the errors of the simulation data. At smaller scales, the method 
HYBRID outperforms the other perturbative approaches and captures reasonably the 
trend of the data all the way up to the smoothing scale R = 10 ^! Mpc. 

Finally, in figure 7 we use the HYBRID model to fit the data for halos and 
galaxies (HOD), finding very good agreement between simulations and theory for 
r > 30h-! Mpc. In the left panel we show that the MG models are differentiated 
by the data and the analytical curves in the interval 30 < r < 50^! Mpc, with 
the exception of the F5 and F6 models, which become indistinguishable within the 
error bars. However, we notice that the HOD mCFs for the different MG models 
do not look differently enough to be distinguished by our data. We think that the 
use of different parameters 6, and p or different mark functions can help to discern 
between different gravitational patterns; see, for example, Ref. 18. 
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Fig. 7. Halos and galaxies mCFs. Left panel is for halo masses 12.5 < logy)[M/(Moh7!)] < 15 
and gravitational models F4, F5, F6 and GR. Right panel is for HOD and shows only the F4 and 
GR models. The linear local biases are fitted by using the ZA correlation function. Figure adapted 
from Ref. 17. 


7. Marked power spectrum 


Recently, it was discovered that the marked statistics can be very useful for the 
estimation of cosmological parameters, particularly the mass scale of the primor- 
dial neutrinos.” The reason is that given the large velocity dispersion of neutrinos, 
they do not contribute to the small scale clustering (see, e.g. Ref. 48). But in- 
stead, they free-stream over large distances, allowing them to populate the cosmic 
voids considerably. On the other hand, the influence of neutrinos on high density 
regions, for example halos, is quite marginal because their contribution to the total 
matter density is very small. Thus, statistics that up-weight low density regions 
can be very beneficial for parameter estimation. In fact, the Fisher formalism re- 
sults are quite impressive: the marked power spectrum of the matter field outper- 
forms the constraining power of the standard power spectrum by at least a factor 
of 2 on all cosmological parameters, and in particular of up to 80 times for the 
sum of the neutrino masses, when a combination of two different mark functions 
is used. 

The analytical description of the marked power spectrum has been studied in 
detail in a couple of recent works. First, for matter in real space? and later for 
tracers in redshift space.!? The main complication of such studies is that the mark 
parameters optimal for improving the cosmological parameter estimation are not 
able for a perturbative treatment, and the linear theory fails at all scales. The large- 
scale theory contains non-negligible contributions from all perturbative orders; in 
Ref. 19 a reorganization of the theory that contains all terms relevant on large- 
scales is proposed, with an explicit form at one-loop and the following structure at 
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infinite-loop: 
M(k, u) = [Co — CiWr(k)] [(Go + às?) Pr (k) + bo] + EFT + shot noise 


with ão, @ and bo free parameters of the theory. EFT refers to the standard 1-loop 
corrections to the linear power spectrum and the effective field theory terms, while 
the shot noise includes the stochastic contributions. 


8. Summary 


We have reviewed the analytical study of marked statistics that up-weight low den- 
sity regions in the Universe.!6 1? The idea behind marked statistics is to assign 
a value (the mark) to each entity in a catalogue and perform statistics over the 
resulting weighted objects. An efficient way to suppress non-linearities is by choos- 
ing a mark that gives more weight to objects that reside in low density regions, 
which become less important as one consider higher density regions. This marking 
process can be particularly useful for testing general relativity with cosmological 
probes, since modified gravity models that provide cosmic acceleration, often rely 
on screening mechanisms to hide its range and strength on high density environ- 
ments, and the screenings switch off in regions that are more depleted of matter, 
like cosmic voids. Therefore, the effects of an hypothetical MG are expected to be 
more pronounced in low density regions. It is then natural to search for such marked 
statistics, as proposed in Ref. 16. Further, these statistics can potentially improve 
the constraining power of all cosmological parameters, in particular the mass of the 
primordial neutrinos, as it was shown in Ref. 47. 
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Appendix A. Hu-Sawicki MG model 


The Hu-Sawicki model!! is a particular realisation of f(R) gravity that is able to 
evade the strong constraints coming from local test of gravity and still give rise to 
interesting observable signatures on cosmological scales. f(R) theories consist on 
replace the Einstein-Hilbert Lagrangian density /—gR by a general function of the 
Ricci scalar /—g(R + f(R)); see Ref. 50 for a review. The Hu-Sawicki model is 
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defined by the function 


C1 (R/M?)" 
co( R/M?)" +1 


f(R) =—M? (A.1) 
where the energy scale is chosen to be M? = Nm Hà. In this parametrized model, at 
high curvature (R < M?) the function f(R) approaches a constant, recovering GR. 
with cosmological constant, while at low curvature it goes to zero, recovering GR; 
the manner these two behaviors are interpolated is dictated by the free parameters. 
Given that d? f(R)/dR? > 0 for R > M?, the solutions are stable and the scalar 
tensor gravity description is possible.!? In order to be have a similar background 
evolution than the ACDM model it is also necessary that c1/co = 6O4/0,,, thus 
leaving two parameters to fix the model. One choose these parameters to be n 
and fro = df(R)/dR|ng-m,, with Ro = 3Hg(Q,, + 494) the Ricci scalar of the 
background cosmological metric evaluated nowadays. 

In this work we have considered a fixed value n = 1, and hence the model has 
only one free parameter fro. Taking this parameter to zero we recover GR. The 
three choices for the parameters we are considering in this paper (F4, F5 and F6) 
are such that they lie in the region around where the best constraints lie today. The 
F4 model corresponds to | fro] = 1074 (is in tension with local experiments), the F5 
model to |fro| = 107? (agrees with most experiments and observations, but are in 
tension with others) and the F6 model to | fro| = 107° (which is still allowed). All 
these models are completely compatible with observations of the expansion history 
of the Universe, but present large deviations from the ACDM in the clustering and 
formation of structures. 
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We analyze the properties of a generic bosonic cloud that we interpreted as a condensed 
phase of generic bosons or a Bose-Einstein condensate (BEC) type halo surrounding 
a Schwarzschild-type black hole. We model the halo as a condensed phase of generic 
bosons in terms of a massive scalar field that satisfies a self-interacting Klein-Gordon 
equation. To model the density of particles of the corresponding cloud, we apply the so— 
called Thomas-Fermi approximation that allows us to extract relevant properties of the 
system. By using galaxy data from a subsample of SPARC data base, we find the best fits 
of the BEC model by using the Thomas-Fermi approximation. We show that in the centre 
of galaxies we must have a supermassive compact central object, i.e., supermassive black 
hole, additionally the cloud or the halo behaves as a weakly interacting BEC composed 
of ultralight bosons. 


Keywords: Dark matter; Bose-Einstein condensate. 


1. Introduction 


Bose-Einstein condensates (BECs) play a fascinating role in modern physics, re- 
lating many models spreading from microscopic well proved behavior of ultracold 
quantum gases to galactic and cosmological scales. Nevertheless, there is an issue 
not well understood in this scenario that deserves more in-depth study, i.e., the 
non-trivial conditions in which scalar fields can form BECs. However, it seems to 
be that scalar fields in the form of a BEC formed by generic bosons can describe 
the basic properties of dark matter (DM) in the universe.! ? According to this line 
of thought, DM consists of a particular type of spin-zero bosons, such as ultra-light 
scalar field dark matter or fuzzy dark matter, weakly interacting massive particles, 
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axions, etc., (depending on the specific model under consideration) which have not 
yet been observed. The bosonic character of these particles, by using the theory of 
relativistic Bose gases,®” also opens the door for the existence of scalar field dark 
matter in the form of BECs.® 9 

The relation between scalar fields and (relativistic) condensates (BEC's) has 
already a long history, which is non trivial field of study even in flat space time, see 


6,7,10-14 and references therein. The aforementioned relation remains a 


for instance 
very important topic that must be still fully understood. 

Let us remark that in the core of the current astrophysics and cosmology, scalar 
fields seem to be a relevant candidate to describe dark matter (DM).! ^!? Nowa- 
days, the observations suggest that the amount of dark matter in the universe is 
around 2696 of the total energy density. In other words, the existence of dark mat- 
ter can be found in the following observations, for instance, from the kinematic of 
galaxies and clusters,!6 17 the physics of the cosmic microwave background radia- 
tion (CMBR) and baryon acoustic oscillations (BAO),!*?:1? as well as observations 
from Supernovae Type Ia (SNIa) and Gravitational Lensing (GL).?° 21 

Moreover, dark matter could consist of some type of generic scalar field(- 
particle) of spin-zero, for instance, Weakly Interacting Massive Particles (WIMPs), 
axions and others. Although these particles have been not yet observed, scalar fields 
interpreted as dark matter open up a very interesting model to confront observa- 
tions. On the other hand, the theory of relativistic bosonic gases and its transitions, 
under certain circumstances as BEC's open the door to the interpretation of dark 
matter in the form of a condensate of generic bosonic particles.® 9 2? 

At this point is important to mention that there are some models related to 
the above ideas in the literature, for instance, the so-called hairy wigs models.??: 74 
In the above mentioned approach it is shown that these systems can form stable 
structures for enough time, make them plausible candidates to describe dark matter 
galactic halos. Even more, since it is generally accepted that almost all the galaxies 
host a supermassive black hole at the center, and together with the assumption that 
dark matter is some kind of scalar field, this leads to the analysis of the existence of 
bound or quasi-bound scalar field configurations surrounding these compact objects. 
In fact, in the case of a Schwarzschild black hole and a massive scalar field without 
self-interactions, it was found that such quasi-bound states exist.?° 

Furthermore, when self-interactions are present for these scalar field configura- 
tions surrounding black holes and when quasi-bound states exist, the system can be 
also analyzed from the Bose-Einstein condensation point of view.>»?6 27 Tt is quite 
interesting that in the aforementioned scenario a Gross-Pitaevskii like-equation 
can be deduced from the corresponding Klein-Gordon equation. In other words, it 
is possible to study the system by using the formalism behind the Bose-Einstein 
condensation to extract relevant information. More precisely, in the formalism de- 


526,27 it was shown that for a spherically symmetric test-scalar 


veloped in refs. 
field configurations surrounding different types of black holes, the system can be 


interpreted as a trapped BEC. In other words, the corresponding Klein-Gordon 
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equation can be rewritten in a form of a Gross-Pitaevskii equation, which describes 
the dynamics of usual laboratory BEC's, under certain circumstances. Additionally, 
in the three quoted references, it was analyzed the limit of validity of the so-called 
'Thomas-Fermi approximation which is capable to give us an approximated solu- 
tion (in principle, by using a simple algebraic procedure) for the system under 
consideration. 

Here it is important to mention that in the standard theory of condensates 
(for instance, ref.?5) the Thomas-Fermi approximation is an algebraic procedure 
that is useful for exploring relevant properties associated with the system when in- 
teractions are present. Moreover, the Thomas-Fermi approximation is valid when 
the kinetic energy is negligible with respect to the potential and interaction ones. 
Then, the kinetic energy can be neglected from the very beginning in the corre- 
sponding Gross-Pitaevskii equation. As a consequence, the non-linear differential 
equation becomes an algebraic equation for the order parameter, which in principle, 
is easy to solve. Additionally, the Thomas—Fermi approximation is valid when the 
corresponding scattering length, which describes the interaction among the parti- 
cles within the system, is much smaller than the mean inter-particle spacing for 
sufficient large clouds. In other words, when the system is diluted enough and con- 
tains a large number of particles. Finally, we must add that the Thomas—Fermi 
approximation fails for trapped condensates near the edge of the cloud, due to the 
divergent behavior of the kinetic energy (i.e. the total kinetic energy per unit area 
diverges on the boundary of the system?°). The last assertion can be used to define 
the validity of the Thomas-Fermi approximation and sets the limit in which we 
can extract information from the system. Therefore, in the case of the scalar field 
configurations viewed as BEC's surrounding black holes, the divergent behavior of 
the kinetic energy on the predicted boundary of the system can be used to test 
the region in which the Thomas-Fermi approximation is valid. In other words, we 
are not able to extract information beyond the region in which the approximation 
is valid. Deeper research is needed to support the description of these systems as 
dark matter. In addition, according to the results obtained in refs. ,?:?6 observable 
features related to the scalar cloud within the Thomas-Fermi approximation, for 
discriminating between different types of black holes are tiny. 

'The main goal of the present manuscript is to identify the particle density distri- 
bution obtained from the Thomas-Fermi approximation (or the BEC density distri- 
bution) as a DM density profile surrounding galaxies (i.e., we restrict our analysis 
to the region in which the Thomas-Fermi approximation is valid). 

Galaxy rotation curves cannot be explained by luminous matter alone and we 
have to appeal to an extra matter component, i.e. DM or BEC-DM in our scenario, 
to explain the observations.??:?? Several DM density profiles have been proposed, we 
can categorize the profiles by its central behavior. Profiles whose densities grow with 
a power law of p ~ r-! are known as cuspy profiles, i.e. Navarro—-Frenk—White.*! 32 
Profiles whose density tends to a constant value at the center of the galaxy are 


know as core profiles, i.e. isothermal, Burket profiles.???^ Most cuspy profiles come 
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from numerical simulations while the later are phenomenological proven, but must 
of them do not offer a clear explanation for the DM fundamental nature. Moreover, 
there is a tension between cores and cusp profiles because, on one hand, cuspy 
profiles are the one predicted from numerical simulations, on the other hand, ob- 
servations seem to prefer cored profiles, the so called core-cusp problem.?? 

We are able to constrain the parameters of the BEC-DM model within the 
'Thomas-Fermi approximation by using a total of 20 high resolution, circular galax- 
ies, see reference.?" The mass density of the BEC is given in terms of the mass of the 
bosonic particles Ma, a frequency w, the coupling constant A (which describes the 
interparticle interaction within the system) and, the only astronomical parameter, 
the mass of the black hole M. Except for the mass of the black hole, the profile is 
only given by the underlying particle model, the BEC indeed, which we expect to 
be equal for all galaxies, leaving the mass of the black hole as the only astronomical 
parameter that may vary from one galaxy to other. 


2. Rotation Curves and Bose-Einstein Condensates 


In this section, we summarize some important results obtained in refs. ?26.27 In 


the aforementioned references a Gross-Pitaevskii like-equation is deduced from the 
corresponding Klein-Gordon equation in spherically symmetric and static black 
hole spacetimes. Also, a self-interacting scalar potential is assumed, allowing to 
link the system with the BEC's point of view. It is important to mention that both 
equations contain the same information related to the system. After the deduction 
of the Gross-Pitaevskii like-equation we apply the Thomas-Fermi approximation, 
which allows us to deduce with a very simple procedure, the corresponding density 
profile that we assume as a galactic dark matter halo. 

In order to deduce the density profile we consider a test scalar field(-particle) in 
a spherically symmetric and static spacetime where the metric which in standard 
spherical coordinates is given by 

1 

f(r) 

Thus, the Klein-Gordon equation for a complex test-scalar field ® with a scalar 
potential V(®) in a spacetime with metric g,,, can be written as follows: 

TEES 

where the star is complex conjugation and g is the determinant of the metric. If 
we want to link the system with a weakly interacting Bose-Einstein condensate of 
some generic bosonic particles, we assume a scalar potential of the form 


ds? = — f (r)c?dt? + dr? + r? (d? + sin? 6d¢”).. (1) 


= 0, (2) 


V(®®*) = p?Oo* + Zas), (3) 


where p is the scalar mass parameter which is related to the mass of the bosonic par- 
Mac 
h 


ticles Ma through the inverse of the Compton wavelength of the particles u = 
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Additionally, A is the self-interaction coupling constant which is interpreted as the 
scattering length of the particles. 
We can find solutions of the Klein-Gordon equation by using the following ansatz 
iot UT 
$(t,r) =e’! Hp ) (4) 
T 
where we assume that the frequency w is real. Notice that in general the function 
u(r) is a complex-valued classical function that can be interpreted as the macro- 
scopical wave function of the system or the order parameter as in standard theory 
of condensates. By using the ansatz (4) the corresponding Klein-Gordon equation 
reduces to a Gross-Pitaevskii-like equation of the form 


d lu(r)? w? 

(- Ly + Veslr) + dea (r) APE | u(r) = ulr), (5) 
where we have also introducing the rą coordinate defined as dr. = ie i.e., the 
so-called tortoise coordinate. 

Notice that in equation (5) we define the effective trapping potential as 


vat) = fe) (+ £22) (6) 


T 


where the prime indicates derivatives respect to the r coordinate, together with an 
effective self-interaction parameter with the following functional form 


Aen(r) =A f(r). (7) 


Here is important to mention that the effective potential in equation (6) is caused 
by the curvature of the spacetime itself, together with the contribution of the mass 
parameter u. In other words, the effective potential Ver allows the bosonic cloud 
to admit the existence of quasi-bound states. Additionally, is modulated by the 
influence of the spacetime geometry, i.e., the interactions show a position-dependent 
behavior as was shown in refs. ?6 Finally, we must mention that the term w?/c? 
can be also identified with effective chemical potential. 

As was mentioned in the introduction, the Thomas—Fermi approximation as- 
sumes that the kinetic energy is negligibly small in comparison to the potential 
energy and the self-interaction energy. Then, we can neglect the kinetic energy in 
equation (5) from the very beginning, with the result of an algebraic equation, from 


2 
which we can obtain the density of particles p(r) — Ir 
r 


The solution for the Gross—Pitaevskii-like equation (5) within the Thomas- 
Fermi approximation is then given by 


Jur)? Í 


OL S p = (5 - vat) 2 


eff (r) 


(8) 


Notice that the above equation is well defined as long as the right-hand side is 
positive. The value of p(r) is zero outside the region delimited by the equation 
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Vor (7) = w?/c?. Moreover, the equation Veg(r) = w?/c? sets the size of the cloud 
within de Thomas-Fermi approximation. The region in which the condensate lies is 
a spherical shell of inner radius r,,;, and outer radius Tmax, where Tmin and Tmax 
are precisely the solutions of the equation Veg(r) = w?/c?. Additionally, as was 
point it out in,?° the Thomas-Fermi approximation becomes arbitrarily good if A N 
(with N the total number of particles within the condensate) becomes sufficiently 
big. In the present case, AN increases if the w/c is chosen very close to the mass 
parameter u. Then we expect that the T'homas-Fermi approximation becomes quite 
good if the corresponding parameters are chosen properly. 

For simplicity, let us assume that the function f(r) in the metric (1) in ordinary 


units is given by: 
f(r) = (: - 3I (9) 


where a = 2GM/c? for the Schwarzschild metric, where G is the gravitational 
constant and M the mass of the black hole. 

Let us remark that the model under consideration comes from first principles 
in the sense that we only assume a scalar distribution in a form of some kind 
of Bose-Einstein condensate composed of generic bosonic particles surrounding a 
black hole. Then, we can obtain the density of particles or the density profile that 
we interpreted as a galactic dark matter halo by using the so-called Thomas-Fermi 
approximation. 

The SPARC catalog have an observing data sample of 175 galaxies from HI/Ha 
studies with large range of luminosities and Hubble types.?6 Our sample consist on 
galaxies with large number of observational data points, preferably with observa- 
tions close to the galactic center, their rotation curve is smooth, with no relevant 
wiggles and extended to large radii, have none or small bulge. The total rotational 
velocity is computed taken the values for the gas and the stars from the mass model 
of the SPARC catalog. The bulge and the stellar disk model is given by the catalog. 

The mass model include the four main components of a galaxy: the budge (when 
is present), Vp, the gas disk, V}, the stellar disk, V,, and the BEC halo, Viec. The 
total gravitational potential of the galaxy is the sum of each component of the 
galaxy, thus the observed rotation velocity is, 


Vist = V? T T.V? T TV? 3E iom ? (10) 


where Y, and Y, are the mass-to-light ratio of the star and bulge disk, respectively. 
We take the mass-to-light ratio of the star, Y,, as free parameter. We assume an 
heuristic relation between the bulge and the stellar disk so Ty = 1.4, is assumed.?$ 
Is well know that the value of Y, is model dependent which precise value rely 
on extinction, star formation history, IMF, among others. We ignore a priori any 
knowledge of the IMF and treat T, as an extra free parameter. 

'The halo model that we are proposing have four free parameters, the mass of 
the black hole, M, the mass parameter of the scalar field yz, the frequency of the 
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field, w and the self-interaction parameter, A. The mass of the black hole is the only 
galactic parameter that can change from one galaxy to another. 

We assume that galaxies with a central black hole could possibly create enough 
gravitational potential well in order to create a condensate cloud of almost non- 
interactive particles that could affect the dynamics of the galaxy. In the present 
work, we estimate the parameters of the scalar field(-particle) from rotation curves. 
It is worth pointing out that this in principle is an universal profile extracted from 
a particle model in which only the astronomical parameter is the mass of the black 
hole, other parameters are inherent of the particle which means should be the same 
for all galaxies. 

'The density profile is simple enough in order to compute the mass as function 
of the radius, the integral over the volume is given by 


1 1 
M(r) = n awr + jour e (u? — w*) r’? 
—alog(r) + o?w? log(r — a)] (11) 


This expression should be evaluated between rmin and Tmax. Dimensional anal- 
ysis of the expression for the mass let us conclude that the r? term is negligible 
because u ~ w, therefore the two most relevant terms are the ones proportional 
to logr and r?, that dominates at small and large radii, respectively. And because 
a > w we can approximate the mass as, 


M(r) x FE E z lest) l (12) 


from the last expression we clear see that fmin can be approximately computed when 
M(r) = 0, which gives r2. ~ —W(—w?)/w?, where W is the Lambert function. 
The value of rmax can also be approximated when the term proportional to r? gets 
bigger to the r? term in equation (11), which would lead to a negative values for the 
mass. Thus, Tmax ~ 30/2(1 — u? /w?), given the bound we fix for w, this would lead 
to Tmax ~ O(a10!*). Then, the region where the Thomas-Fermi approximation is 
valid is given by 

Bre ec >r> EWS (13) 
21—g?/w? w 
Notice that if we do not have observation for r ~ O(rmin) then the parameters p, 
w and A will be degenerate for the fitting, this is, we can find any combination of 
pw / = cte to valid for one galaxy. We can break the degeneracy with o because 
Tmax highly depends on its value. 

We assume circular rotation velocities of test particles in the plane of the galaxy 
and also spherical DM halos and BEC distributions. For this distribution of matter 
the circular velocity at radius r is given by V(r) = GM(r)/r. From this last 
expression and equation (12) we see that in the case of the BEC at large radii the 
velocity grows as v x r!/?, Our objective is to test the realization of the BEC model, 
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equation (11), through rotation curves of a sample of high-resolution galaxies. Form 
Fig. 1 notice that we may have no presence of BEC at the center of the galaxy (i.e. 
for r < Tmin), which make sense if we have a central super-massive object as a black 
hole. Thus, this profile is neither core or cuspy, we may call it null central profile. 
The extension of the condensate reaches up to rmax, Which is a finite value close to 
the observational limit of the galaxy. 

Let us now do an analysis of the equations in order to found bounds to the 
parameters. The frequency w is particularly important because the region where 
the Tomas-Fermi approximation is valid is given by the condition Vag(r) = w?/c?. 
The region rmax > r > fmin where the condensate could form is given by the roots 


^ — qu?r? — ar +a? = 0. The extreme case where 


of the polynomial (u? — w?)r 
w — p gives a region where Tmax — oo. The closer the value of w is to u the 
larger the potential well of the condensate. For instance, assuming a black hole of 
M = 10? Mg and u = pmax, if w is just 10% less than p then rmax ~ 4 pc, which will 
make the model not testable for currents observations. However, if the percentile 
difference is of the order O(107*) then rmax ~ 50 kpc, enough extension for a Milky 
Way galaxy size. If we assume that all galaxies are surrounded for a dark matter 
halo then the frequency parameter is the most constrained of all four parameters. 

'The maximum radius at which the approximation is valid, at least the maximum 
observed radius, also depends on the value of w, the smaller the value of w the smaller 
is the region. We find out that if 1— u/w < 10^? the maximum radius is of the order 
of Tmax ~ O(10) kpc. Therefore we fix the value of w such that 1 — p/w = 1077 in 
order to make sure that the maximum observed galaxy rotation curve is well inside 
the region where the Thomas-Fermi approximation is valid. 

A special case is to compute the maximum value of the mass parameter Hmax, 
which is defined when V;g(rA) = j2,,, at the radius ra, from this condition we 
obtain that uŽax = f(r4)/r2. Using the equation of the corresponding Vesp is quite 
to easy to compute that f(rA) = 1/3. Therefor ra = 3GM/c?. For instance, for a 
black hole of Mpn = 10? Mo, the radii where the potential is maximum is r4 ~ 1.4 
pc. Is important to notice that the maximum value of max is given only in terms 
of the mass of the black hole. 

We take the ansatz Ver (ry) = 0.95 u2,,, in order to compute min, which range 
(0.7 — 0.85) Umax. Taking Veg(rv) = (m makes no physical sense because there 
will be no potential well where the condensate could form. 

The scattering length (or the self-interacting parameter A) acts as a weight 
parameter, this should be or the order of O(107 7?) 1/m to fit current observational 
velocities. The smaller the value of A the higher velocities we can compute, this 
will also mean that the scalar field is behaving almost as an ideal condensate. 
Heuristically speaking, we found that the bounds should be the order of 107 ?? > 
A[m !] > 10799 , 

We use the observed rotation curve, stellar, and gas component as an input 
for the numerical code, in order to obtain the properties of the BEC. When fitting 
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Eq. (10) to the observed rotation curves, we apply a non-linear least-squares method 
to perform the fit, minimizing the residual sum of the y?-test. The y?-goodness-of- 
fit test, that tell us how close are the theoretical to the observed values. In general 
the y?-test statistics is of the form: 


i Vobs; — Vmodel; V, po; Ts, Tc A 
pues (ncs uA (14) 


E? 
i=1 * 


where c is the standard deviation, and n is the number of observations. Comparison 
of the fits derived can tell us which of the DM models is preferred. More impor- 
tant are the differences between the reduced x2,, = x?/(n — p — 1) values, where 
n is the number of observations and p is the number of fitted parameters. The un- 
certainties in the rotation velocity are reflected in the uncertainties in the model 
parameters. 


Table 1. Numerical fits for the BEC model by using the SPARC data base. For each Galaxy we 
reported the values of: T relation total mass-to-light ratio on luminosity, the reduced X? in terms 
of the degree of freedom for the BEC model x?/dof, which correspond to 3 and 4 dof, respectively. 
The small x? values are mainly due to the large data error bars. logig Mpu/Mo is the mass of 
the black hole given in solar units Mgy = 10* Mo. The free parameters for the BEC model are: 
A and u. The last column is the In B factor in comparison with the NFW model. 


BEC model in 
the Thomas-Fermi 


Galaxy ID approximation In B 
-—R—— C000 — ———— — — 2— ————À—  —Á— nnd 
X x'/dof ^ logio Mau /Mo logio A pc {pe 
CU UETZNOTERANRO —wOnacbEU |  cmeUuEER 0 O3 AA ies 00 0 SOT OY UU Ya PEQ om ANTAL E AAS uA PAGS 2 
IC2574 0.2159 5.37 2.00 + 0.73 —89.83--0.78 | 4.06 £0.97 4.44 
NGC2403 0.68+0.46 1414 10.64 + 0.51 —91.88 +0.96 4.12+0.30 4.42 
NGC2841  0.95+0.16 — 2.50 11.20 + 0.10 —91.43 +0.17 4.01+1.00 2.23 
NGC2903 0.444539 5.75 10.72 + 0.94 —92.77 +0.42 2.344097 1.47 
NGC3198 0.73+0.04 — 2.58 10.96 + 0.16 —91.30 +0.47 4.24+1.00 1.40 
NGC3521 0.545 0.10 0.21 11.71 + 1.35 —89.99 +1.49 7.8740.95 1.61 
NGC4559 0.527219 ^ 0.24 10.78 + 0.97 —91.03 +0.91 — 5.89 -- 1.64 1.24 
NGC6015 0.94+0.05 7.16 11.08 + 0.40 —91.35 +0.54 3.60: 1.00 1.35 
NGC6503  0.63+0.10 — 5.09 10.72 + 0.34 —91.58 +0.51 4.33+0.46 1.10 
NGC6946 0.50+0.06 1.91 0.77 + 0.61 —90.59 +0.98 — 9.70: 1.54 2.06 
NGCT7331 0.38+0.03 0.90 11.05 + 0.25 —90.36 +0.46 10.20+0.94 1.37 
NGC7793  Á0.1*]1* — 0.78 10.70 + 7.54 —90.79 + 42.99 7.54+4.65 1.39 
UGC02953 0.607105 14.86 11.12 + 1.00 —91.58 +1.59 4.014045 1.54 
UGC03205 0.25+0.16 5.10 10.78 + 0.47 —91.32 +0.19 3.744119 2.54 
UGCO03580 0.81+0.07 3.11 10.78 + 0.47 —91.57 +0.84 4.23+0.98 1.92 
UGC05253 0.527095 6.56 1.05 + 0.95 —91.54+ 1.62 430+1.01 1.47 
UGC07524  1.11*795 —— 0.59 10.54 + 1.05 —90.66 +1.86 — 8.42-- 1.02 1.96 
UGCO8699 0.56+0.01 — 144 10.73 + 0.25 —92.16 0.34 3.51+0.05 1.29 
UGC09133 0.58192" 23.93 11.35 + 2.36 —90.65 +2.61 — 5.21-E 1.60 1.57 
UGC11455 0.54+0.08 3.60 11.67 + 1.12 —89.78 +1.24 8.56+1.00 2.95 
UGC11914 0.64084 — 246 2.01 + 0.99 —90.83 +2.16 3.96 +0.95 0.92 
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Fig. 1. Up: Plot of the potential Vag, Eq. (6). Solid lines are two examples for different values of 
mass parameter u, the black lines is given fimax = Veg (ra )) and the red line is given Umin. The w 
parameter defines the the region where the Thomas-Fermi approximation is valid, rmax > r > Tmin 
and could take the value wmax(= max) > w > Wmin(= Veg(rv)). Down: Plot of the profile density 
of BEC (solid black), NFW (solid red), Burkert (solid yellow) and isothermal (dashed blue). 


3. Discussion 


According to the results summarized in the present work, it seems to be that the 
interpretation of dark matter as some kind of BEC is, in fact, a good model to 
describe the kinematics of the galaxy rotation curves. Even more, we have shown 
that the corresponding Thomas-Fermi approximation can give insights in a simple 
way that match with the observations of rotation curves in galaxies. From the 
simple analysis, we notice that density is proportional p « r^! for all radii, in 
contrast with most DM profiles that behave as p x r^? at large radii. The mass of 
the BEC behaves as mpec  r?, and therefore Upec X r!/?, this coincides with NFW 
in the limit r «& rmax where Untw X r1/2, with rmax ~ 2.163r,. 

We have obtained an average u = 5.43 + 2.24 pc^! which corresponds to an 
average boson mass of Ma = (3.47 + 1.43) x 1077? eV. Previous analysis has found 
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Fig. 2. The slope for different profiles. For BEC (blue line) notice that the density is bounded 
between some f'min and Tmax, in this region the slope is almost constant with value 8 = —1. For 
NFW (orange line) we notice its cuspy behavior close to the galactic centre and then dilutes as 


p x r7’, while core profiles as Burkert (green line) reach constant value in the centre 6 = 0 and 
p x r—? at large radii. 


masses for ultralight dark matter (see?? for a compilation of results), which constrain 
the mass of the boson in the order of 10-?? eV. Notice that the latter result agrees 
with the one obtained in the present work. For the self-interacting parameter we 
get the values log;9(A [pc !]) = —91.09 £0.74. In other words, the halo viewed as a 
Bose-Einstein condensate can be interpreted almost as an ideal condensate of some 
generic bosons, which also agree with the results reported in.?9:?7 

Thus, the corresponding mass of the black holes at the galaxy centre is given 
by log;g M/Mo = 11.08 X 0.43. This kind of scenarios, e.g Abell 85 and Holm 154A, 
has been reported in** 44 
109-10! Mo. Although recent observation of supermassive black holes in galaxies 
supports our fitting for the mass of the black hole, we could also think of the 
possibility that the black hole may not be the only option to trap the boson cloud. 
In future works, we could use a weak field approximation to also include the mass 


with a core that host supermassive black holes of mass 


of stars, bulge, and gas in the center of the galaxy, even more, the self-gravitating 
effect of the bosonic halo or the effects caused by the rotation of the halo as a 
contribution to the gravitational potential and therefore reduce the contribution of 
the black hole as the only source of the potential. Indeed, the BEC model on average 
fits quite well and is not a bad fitting at all given the simplicity of the model is 
something that must be taken into account. The above results are sumarized in 
Table (1). 

The BEC model in the Thomas-Fermi approximation is strong enough as the 
NFW model to describe galaxy rotation curves. More important, we cannot ignore 
that the BEC model comes from first principles and that makes use the Thomas- 
Fermi approximation and assume that is only a compact central object that conden- 
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sates the relativistic bosonic cloud. T'his model can be extended and generalized to 
include bulge and central stars contribution that may diminish the mass of the cen- 
tral black hole, or the-self gravitating nature of the halo and also with rotation (and 
maybe charged). The good fitting of the BEC model using galaxy rotation curves 
may be indicating that the nature of dark matter may be close to be unveiled. 
The fit in this model helps us to set physical bounds to the parameters of the 
Bose-Einstein dark matter approach. These bounds can be used to extend the 
analysis in bigger samples of galaxies. Finally, more general scenarios can be taken 
into account in order to study the corresponding rotation curves, for instance, in 
charged and rotating black holes spacetimes and perhaps as discrimination criteria 
of the nature of supermassive black holes. Even more, we are able to extend also 
the analysis reported in the present manuscript in order to study the eventual 
relation between dark matter and the so-called boson stars from the Bose-Einstein 


condensation point of view, in the relativistic and non-relativistic regime.?9 ^! 
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New Planck tSZ map and its cosmological analysis 
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We constructed a new all-sky Compton parameter map (y-map) of the thermal Sunyaev- 
Zel'dovich (tSZ) effect by applying the MILCA component separation algorithm to the 
100 to 857 GHz frequency channel maps from the Planck data release 4. The Planck 
team performed several improvements for the new channel maps in terms of noises and 
systematics, and it allowed us to produce a new y-map with reduced noises by ~7% 
and minimal survey strips compared to the previous version released in 2015. We com- 
puted the tSZ angular power spectrum of the new y-map and performed a cosmological 


analysis. The results showed Sg — 0.764 W005 (stat) Tie (sys), including systematic 


uncertainties from a hydrostatic mass bias and pressure profile model. The value is fully 
consistent with recent KiDS and DES weak-lensing observations. It is also consistent 
with the Planck CMB’s result within 20, while our result is slightly lower. 


Keywords: Clusters; intracluster medium; large-scale structure of Universe; cosmic back- 
ground radiation 


1. Sg tension 


The current standard cosmological model called the A cold dark matter (ACDM) 
model, mainly consisting of dark energy and dark matter, provides a wonderful fit 
to many cosmological data. However, a slight discrepancy was found in the latest 
data analyses between the CMB anisotropies (z ~ 1100) and other low-redshift 
(z ~ 0—1) cosmological probes for the Sg(= og(Qm/0.3)°°) cosmological parameter 
representing the amplitude of the structure growth in the Universe. For example, 
the Sg value was precisely measured to be Sg = 0.830+0.013 with the Planck CMB 
observation.! However, a lower value of Sg ~ 0.77 + 0.03 was measured using the 
population of galaxy clusters detected by Planck at low redshift (z < 0.6),?? thus 
called “Sg tension”. Furthermore, other low-redshift observations with gravitational 
lensing by the Kilo-Degree Survey? (KiDS) and the Dark Energy Survey? ? (DES) 
experiments also found lower Sg values. These results indicate that the cosmic 
structure growth is slower than the prediction based on the CMB measurement and 
may demand modifications to the standard cosmological model to explain all these 
measurements. 

We use the thermal Sunyaev Zel'dovish (tSZ) effect to investigate the value of 
the Sg parameter. The tSZ signals provide independent constraints on cosmolog- 
ical parameters. In particular, it is sensitive to the normalization of the matter 
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power spectrum, commonly parameterized by og, and to the total matter density, 
Om. It is also sensitive to other cosmological parameters, e.g., the baryon den- 
sity parameter 9), the Hubble constant Ho, and the primordial spectral index ns. 
However, these variations are small relative to those of Qm and og.” Thus, in our 
analysis, we varied only Qm and og, and other cosmological parameters were fixed 
to the fiducial values obtained from the Planck CMB measurements.! 


2. New all-sky tSZ map 


The tSZ signal is subdominant relative to the CMB and other foreground emissions 
in the Planck bands. Thus a tailored component separation algorithm is required 
to reconstruct the tSZ map. We adopted the MILCA (Modified Internal Linear 
Combination Algorithm)? used for the Planck y-map reconstruction in 2015 and 
applied it to the 100 to 857 GHz frequency channel maps from the Planck data 
release 4 (PRA). 

The Planck PR4 data implemented several improvements from the previous 
version: the usage of foreground polarization priors during the calibration stage to 
break scanning-induced degeneracies, the correction of bandpass mismatch at all 
frequencies, and the inclusion of 8% of data collected during repointing maneu- 
vers, etc. These improvements allowed us to produce a new y-map with reduced 
noises by ~7% and minimal survey strips than the previous version released in 2015 
(Fig. 1). 


tSZ map 2020 tSZ map 2015 


mE 1j 
5 y x 10° 5 


Fig. 1. MILCA all-sky Compton y parameter maps reconstructed in this work (left) and 2015? 
(right) in orthographic projections. The pixel resolution is changed from Nside — 2048 to Nside — 
128 for visualization purposes. 
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3. Cosmological analysis and result 


For our cosmological analyses, we also reconstructed two y-maps from the first and 
last halves of the data for a cosmological analysis. We considered a cross-angular 
power spectrum between these y-maps to avoid the bias induced by the noise in the 
auto-angular power spectrum. This tSZ cross-power spectrum is affected by residual 
foreground emissions from radio and IR point sources and CIB emission. Thus we 
fitted our measurement with the cosmology-dependent tSZ model, including the 
radio and IR point source models? and the CIB model!! (left panel in Fig. 2). 

The cosmological analysis of the tSZ cross-power spectrum allowed us to set 
constraints on cosmological parameters, mainly of the Sg parameter. We obtained 
Sg = 0.764 19:915. Our obtained Sg value is fully consistent with recent weak lensing 
results from KiDS and DES. It is also consistent with the Planck CMB’s result! 
within 2c, while it is slightly lower by —1.76 (right panel in Fig. 2). 


101, + s r 1.0 Planck 2018 TITEEE+lowE 
c M l KiDS-1000 3x2pt 
— radiosoure — SZ Y que aid 
— IR source $ $ Data p 0.9 DES Y1 3x2pt 
E 109 — i This work 
a 
a £08 
4 107} 
x 07 
i 
10?- 
0.6 
+ 
0.1 0.2 0.3 0.4 0.5 
3 
10 TH Qm 
1 
Fig. 2. Left: Cross-power spectrum (black) fitted with the tSZ (red), foreground models, and 
fiducial model of instrumental noise. The considered foregrounds are CIB (green), radio sources 


(blue), infrared sources (cyan) and noise (yellow). The sum of the tSZ and foreground models is 
shown in red dashed line. Right: Posterior distribution of the cosmological parameters, og and 
Qm, with 68% and 95% confidence interval contours obtained from our cosmological analysis. It 
is compared with the Planck CMB's (gray), KiDS-1000 3x2pt (blue), and DES Y1 3x2pt results 
(green). 


4. Systematic effects in the cosmological analysis 


Finally, we considered systematic uncertainties in our cosmological analysis intro- 
duced by the mass bias and the pressure profile model. First, we consider a system- 
atic uncertainty from the mass bias. To investigate its impact on our cosmological 
analysis, we replaced our fiducial mass bias (CCCP:!? 1 — b = 0.780 + 0.092) prior 
with two other mass bias models from WtG?? (1— b = 0.688 + 0.072) and BIFFI!4 
(1 — b = 0.877 + 0.015). The left panel in Fig. 3 shows their comparison in og 
and Om. The result shows that the Sg value increases as the mass bias increases 
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(or 1 — b decrease). This systematic uncertainty may cause a ~ lo shift in the Sg 
parameter from our fiducial value. 

In addition, the pressure profile model may affect the cosmological analysis with 
the tSZ power spectrum. To investigate its impact on our cosmological analysis, we 
replaced the pressure profile model (P13!°) with two other models from A10!9 and 
PACT21!" . The right panel in Fig. 3 shows their comparison in og and Nm. The 
PACT21 model reduces the Sg discrepancy between the Planck CMB and our tSZ 
results by ^ lo relative to our fiducial model. It may imply that the discrepancy 
can be further reconciled or amplified by a better understanding of baryonic physics 
in galaxy clusters. 

In conclusion, we included these systematic uncertainties and obtained Sg = 
0.764 +p 518 (stat) t0016 (sys). 


0.95 - 0.95 
Planck 2018 TTTEEE+lowE Planck 2018 TTTEEE+lowE 
0.90 SZ (WtG) 0.90) SZ (PACT21) 
SZ (BIFFI) SZ (A10) 
SZ (CCCP: fiducial) SZ (P13: fiducial) 
0.85} 0.85} 
oo o0 
6 6 
0.80} 0.80} 
0.75} 0.75} 
01956 0.25 0.30 0.35 0.40 0.45 01956 0.25 0.30 0.35 0.40 0.45 
Om 9, 


Fig. 3. Left: Posterior distribution of the cosmological parameters, cg and Qm, with 6896 confi- 
dence interval contours obtained from the Planck CMB analysis in gray and our tSZ analysis with 
three different mass bias priors. Our fiducial model of CCCP is shown in red. It is compared with 
the WtG model in blue and BIFFI model in green. Right: Posterior distribution of the cosmological 
parameters, og and Qm, with 68% confidence interval contours obtained from the Planck CMB 
analysis in gray and our tSZ analysis with three different pressure profile models. Our fiducial 
model of PA13 is shown in red. It is compared with the PACT21 model in blue and A10 model in 
green. 
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The largest temperature anisotropy in the cosmic microwave background (CMB) is the 
dipole. The simplest interpretation of the dipole is that it is due to our motion with 
respect to the rest frame of the CMB. As well as creating the /—1 mode of the CMB sky, 
this motion affects all astrophysical observations by modulating and aberrating sources 
across the sky. It can be seen in galaxy clustering, and in principle its time derivative 
through a dipole-shaped acceleration pattern in quasar positions. Additionally, the dipole 
modulates the CMB temperature anisotropies with the same frequency dependence as the 
thermal Sunyaev-Zeldovich (tSZ) effect and so these modulated CMB anisotropies can 
be extracted from the tSZ maps produced by Planck. Unfortunately this measurement 
cannot determine if the dipole is due to our motion, but it does provide an indepen- 
dent measure of the dipole and a validation of the y maps. This measurement, and a 
description of the first-order terms of the CMB dipole, are outlined here. 


Keywords: Cosmic Microwave Background; Cosmic Microwave Background dipole; Spe- 
cial relativity; Thermal Sunyaev-Zeldovich effect. 


1. The CMB Sky from Planck 


Planck? was a space-based telescope that measured the microwave sky in nine wave- 
bands, allowing it to capture not only the cosmic microwave background (CMB) but 
also several Galactic and extragalactic foreground components. This is most clearly 
seen in figure 51 from Ref. 1, which shows the various wavebands of the Planck 
satellite and the frequency spectra of the foreground signals across those bands. 
One signal of interest to this study is the thermal Sunyaev-Zeldovich (tSZ) effect, 
which produces so-called y-type distortion signals. This comes from CMB photons 
being inverse-Compton scattered, mostly through hot galaxy clusters, which makes 
holes (or lowers the flux) at low frequencies and up-scatters (or makes an excess 
flux) at high frequencies. This signal allows us to construct a novel and independent 
measure of the CMB dipole because temperature anisotropies stemming from the 
CMB dipole contaminate the y maps. It can also be used as a valuable test of the 
quality of the y maps. We will start in Sec. 2 by setting out relevant notation for 


? Planck (http://www.esa.int/Planck) is a project of the European Space Agency (ESA) with 
instruments provided by two scientific consortia funded by ESA member states and led by Principal 
Investigators from France and Italy, telescope reflectors provided through a collaboration between 
ESA and a scientific consortium led and funded by Denmark, and additional contributions from 


NASA (USA). 
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the unboosted CMB sky. Next, in Sec. 3 we will boost the CMB sky, and explore 
the relevant terms that arise from that boost in the subsections. Of particular rele- 
vance, in Sec. 3.3 we will discuss our measurement of the dipole modulation terms 
that mix with the tSZ effect. We will finish in Sec. 4 with a short discussion and 
conclusion regarding our work. 


2. The Unboosted CMB Sky 


'To derive the connection between the y map and the dipole we will begin by defining 
some useful terms regarding the unboosted CMB sky: 


hv 


L= kat’ (1) 
373 43 
xe” 
f(z) = ee]? (3) 
v4] 
Y(z) = —— E (4) 


These are the dimensionless frequency, the standard Planck blackbody intensity 
function, the frequency dependence of the CMB anisotropies and the relative fre- 
quency dependence of the tSZ effect or y type distortions, respectively. T'hus, to 
first order the anisotropies of intensity measured by Planck can be written as 


D mL tara, (5 


where f is the line of sight direction on the sky and we have only considered the 


temperature anisotropies and the y signals here. 


3. The Boosted CMB Sky 


If we apply a boost to Eq. 5, with a dimensionless velocity 8, we find 


or) , or (a’) 
Tila) ^ Bus Tous (1+ 38) 
Y (a) (a + 381) + pu?) 
Suri (Yt) 523) +0), (6) 


where u = cos(0), and 0 is the angle between the boost 8 and the line of sight ñ’. The 
first line has the same frequency dependence as thermal fluctuations and so appear 
in typical CMB temperature anisotropy maps. Crucially for our analysis, the middle 
line has the same frequency dependence as y-type distortions and thus describes the 
signals in the y map. The final line has more obscure frequency dependence and is 
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not discussed here. Additionally, the direction of the incoming photons will change 
from fi to fi’, where fi’ = à — V (ñ - 8); this deflection of the photons by V(&- 8) is 
due to aberration, an effect that is not unique to the microwave sky and occurs for 
all astronomical observations. We will now discuss each of these terms in turn. 


3.1. The CMB dipole: Bu 


In the first line of Eq. 6, the term Gy describes the pure CMB dipole, as discussed 
previously. This mainly (or perhaps entirely) comes from our local motion with 
respect to the CMB rest frame and it has been previously measured in Refs. 2, 3, 
and 4, and most recently in Refs. 5, 6, and 7. Taking the large dipole as being solely 
caused by our motion, the velocity is v = (369.82 + 0.11) kms^! in the direction 
(1,b) = (264°021 + 02011, 48°253 + 0°005)° and can be easily seen in the CMB 
frequency maps, such as in Fig. 1. 


Fig. 1. Planck 100-GHz channel map from the NPIPE (PRA) data release, showing the dominant 
£ — 1 mode or dipole across the sky. The temperature difference across the sky here is 3.36 mK. 


3.2. Aberration and modulation of the CMB anisotropies: 
(1 + 381)óT (8^) /Tcws 


'The second term in the first line of Eq. 6 is the dipole aberration and modulation of 
the temperature anisotropies of the CMB. The modulation causes the temperature 
anisotropies to be brighter in the forwards direction, and dimmer in the reverse 
direction. The aberration causes the anisotropies to be more condensed in the for- 
wards direction, and more stretched out in the reverse direction (effectively the 
same as £ = 1 lensing). These two effects can be seen in Fig. 2. This effect was first 
measured in Ref. 9 to about 4c. 
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(a) The unboosted CMB sky. 


(b) The modulated CMB sky. 


(c) The aberrated CMB sky. 


Fig. 2. Here the CMB sky is shown unboosted in (a), with a modulation from a boost of 90% 
the speed of light in (b), and with aberration from a boost of 9096 of the speed of light in (c). In 
the case of modulation, the anisotropies are more intense in the forward direction and less so in 
the reverse direction, whereas the aberration condenses the anisotropies in the forwards direction 
and causes them to be more spread out in the reverse direction. 


3.3. Temperature modulation and the tSZ effect: 
Y (x) Bu6T (&')/Tcws 


'The second line of Eq. 6 shows the dipole-generated signals in the y maps produced 
by Planck. The first half is the same modulation and aberration terms as were seen 
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in the temperature anisotropies; however, the final term is due to the second-order 
expansion of the intensity about Tcp and adds a contribution to the y maps from 
the temperature anisotropies. 

We can look for this signal by cross-correlating a template map, derived from 
the CMB temperature data, with a y map. To this end, we use the so-called 2D-ILC 
CMB temperature map which was produced by the *Constrained ILC" component- 
separation method designed by Ref. 10 to explicitly null out the contribution from 
the y-type spectral distortions in the CMB map. We also use the SMICA-NOSZ tem- 
perature map, similarly produced with the express intent of removing the y-type 
spectral distortions, and which was generated for the Planck 2018 data release.!! 
Likewise, we use the corresponding 2D-ILC y map, and the Planck MILCA y map, 
which explicitly null out the contributions from a (differential) blackbody spectral 
distribution in the y map.!?:!? If we multiply our CMB map with u and cross- 
correlate that with our tSZ map, then we can directly probe the dipole modulation. 

In Ref. 9 a quadratic estimator was used to determine the dipole aberration and 
modulation, in essence using the auto-correlation of the CMB fluctuation temper- 
ature maps. In this work we use the fact that we know the true CMB fluctuations 
with excellent precision and therefore know the signal that should be present in the 
y map. Thus, we fully exploit the angular dependence of the modulation signal and 
remove much of the cosmic variance that would be present in the auto-correlation. 
In order to implement this idea we define three templates, B; (with i = 1,2,3) as 


B;(à) = 88m; — (n), (7) 

To 
where 8 = v/c? is 1.23357 x 107? and mj, Mg, m3 are the CMB dipole direction, 
an orthogonal direction in the Galactic plane, and the third remaining orthogonal 
direction (see Fig. 3). Due to the presence of the CMB dipole, the signal B4 should 
be present in the y map and so we can directly cross-correlate Bı with our y map 
to pull out the signal. Likewise, the cross-correlation of Bz and Bs with our y map 
should give results consistent with noise. 

Our y simulations are generated by first computing the power spectra of our data 
y maps; specifically we apply the MASTER method using the NaMASTER routine! to 
account for the applied mask.!? Then we generate y maps using this power-spectrum 
with the HEALPix!Ó routine synfast. We finally apply a Gaussian smoothing of 5' 
to model the telescope beam. For each analysis method we estimate the amplitude 
of the dipole (B;) in each of the three orthogonal directions. We apply the same 
analysis procedure on a suite of 1000 y simulations, generated with and without the 
dipolar modulation term. 

We use two methods of cross-correlation: the first is performed directly in map- 
space; and the second is performed in harmonic space. For both methods we first 
apply our mask to the templates B; and the y map. 

In the map-space method we then locate all peaks (i.e., local maxima or minima) 
of the template map B; and select a patch of radius 2?0 around each peak. For every 
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Fig. 3. Map of the tSZ effect from the MILCA component-separation method in y-map units (top 
left) and the expected modulated CMB signal (top right) generated using the SMICA-NOSZ CMB 
map in units of Tg. The bottom left and right panels are the CMB anisotropies modulated in 
orthogonal directions to the CMB dipole. Note that the map of the tSZ effect (top left) has a 
different scale bar when compared to the other three (i.e., the modulation signal is about 50 times 
weaker). 


peak we obtain an estimate of f; through the simple operation 


Xren) Bir 


where D(p) is the collection of all unmasked pixels in a 2?0 radius centred on pixel 
p, and p is the position of a peak. Equation 8 is simply a cross-correlation in map 
space and by itself offers a highly noisy (and largely unbiased) estimate. We then 
combine all individual peak estimates with a set of weights (w,) to give our full 
estimate: 


Bip = B (8) 


Bi En 2s i.p Di p 
C= ER LLL — 
36 Ui 


We choose wp to be proportional to the square of the dipole, and use weights 
that are proportional to the square of the Laplacian at the peak;!/ this favours 
sharply defined peaks over shallow ones. Finally we account for the scan strategy 
of the Planck mission by weighting by the 217-GHz hits map, denoted H2". The 
weights are then explicitly 


(9) 


wip = |Â- rni? (viis) Hn. (10) 


We apply the method for each of our simulated y maps, in exactly the same way as 
for the data. 
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Under the assumption that the y map contains the template (B;), the y multi- 
poles are Gaussian random numbers with mean and variance given by 


. T 
= J dO f th, A M(QY?,. (11) 
o; = C} + NY, (12) 


respectively, where M (Q) is the mask over the sphere, Yem are the spherical harmon- 
ics, and the rh; are as defined in Eq. 7. We can obtain an estimate of 8; by taking 
the cross-correlation with inverse-variance weighting. Our estimator is therefore 
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Fig. 4. Histograms of Bi/B values (with 1, 2, and 3 corresponding to the CMB dipole direction, 
the Galactic plane, and a third orthogonal direction) using the map-space analysis for MILCA 
y maps, and for CMB template maps SMICA-NOSZ. Blue histograms are simulations with the dipolar 
modulation term, while orange histograms are simulations without modulation. Black vertical lines 
denote the values of the real data, demonstrating that they are much more consistent with the 
existence of the dipolar modulation term than without it. Dashed lines show the 68 % regions for 
a Gaussian fit to the histograms. To see the full results with all data analysis combinations see 
Ref. 19. 


First we compare the consistency of the data with our two sets of simulations 
(with and without the dipole term). This comparisons shown in Figs. 4 and 5 have 
blue histograms being the simulations with the dipole term and orange histograms 
being without. The data (black line) for 2D-ILC and MILCA can clearly be seen to be 
consistent with the simulations with the dipole term. Further details and analysis 
may be found in Ref. 19. 
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Fig. 5. As in Fig. 4, except now for the harmonic-space analysis. 


4. Conclusion: Distinguishing Intrinsic and Extrinsic CMB Dipoles 


The frequency-dependent part of the dipolar-modulation signal is agnostic to the 
source of the large CMB dipole. Therefore, its measurement is an independent 
determination of the CMB dipole. While it may be tempting to use this signal to 
distinguish an intrinsic dipole, it has been shown that an intrinsic dipole and a 
dipole induced by a velocity boost would in fact have the same dipolar-modulation 
signature on the sky.??:?! 

Due to the existence of the CMB dipole, a tSZ map necessarily contains a con- 
taminating signal that is simply the dipole modulation of the CMB anisotropies. 
This occurs because CMB experiments do not directly measure temperature 
anisotropies, but instead measure intensity variations that are conventionally con- 
verted to temperature variations. T'his contamination adds power to the tSZ map in 
a Yog pattern, with its axis parallel to the dipole direction. We have measured this 
effect and determined a statistically independent value of the CMB dipole, which is 
consistent with direct measurements of the dipole. Using a conservative multipole 
cut on the y map, the significance of the detection of the dipole modulation signal 
is around 5 or 60, depending on the precise choice of data set and analysis method. 

The question as to whether an intrinsic dipole could ever be observationally dis- 
tinguished from an extrinsic dipole (i.e. a Doppler boost) remains an open question. 
'The terms discussed in Eq. 6 are based on the assumption of a CMB blackbody 
spectrum and cannot be used to distinguish the two, as they would naturally arise 
whether the CMB dipole is caused by a boost, or if there is for some other reason 
a dipole on the sky with the same magnitude and direction. 
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The Millimeter Sardinia radio Telescope Receiver based on Array of Lumped elements 
kids, MISTRAL, is a millimetric (~ 90GH z) multipixel camera being built for the Sar- 
dinia Radio Telescope. It is going to be a facility instrument and will sample the sky 
with 12 arcsec angular resolution, 4 arcmin field of view, through 408 Kinetic Inductance 
Detectors (KIDs). The construction and the beginning of commissioning is planned to 
be in 2022. MISTRAL will allow the scientific community to propose a wide variety of 
scientific cases including protoplanetary discs study, star forming regions, galaxies radial 
profiles, and high angular resolution measurements of the Sunyaev Zel'dovich (SZ) effect 
with the investigation of the morphology of galaxy cluster and the search for the Cosmic 
Web. 


Keywords: Millimetric astronomy, large radio telescopes, Sunyaev Zel'dovich effect 


1. Introduction 


High angular resolution millimetric observation are key to understand a wide va- 
riety of scientific cases. Among others, the interaction of Cosmic Microwave Back- 
ground (CMB) photons with the hot electron gas in galaxy clusters and surrounding 
medium (the Sunyaev Zel'dovich, SZ effect) promises to study galaxy clusters and 
their deviation from relaxed behaviour. This include high angular resolution mea- 
surements of the SZ effect with the investigation of the morphology of galaxy cluster 
and the search for the Cosmic Web. Also, protoplanetary discs study, star forming 
regions, and galaxies radial profiles are among the important scientific cases one 
could achieve with high angular resolution millimetric observation. 

Only a handful of instruments are capable of measuring, for instance, galaxy clus- 
ters with high enough angular resolution to resolve them. Among them, we mention 
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MUSTANG2 at the Green Bank Telescope (GBT?) and NIKA2 at IRAM telescope. 
MUSTANG?! is a millimetric cryogenic camera installed at the 100m GBT. It is 
operating in the frequency range between 75GHz and 105GHz and samples 4 ar- 
cmin f.o.v. in the sky with 223 microstrip-coupled Transition Edge Sensors (TESs). 
The resulted diffraction limited angular resolution is of the order of 9 arcsec. A 
frequency domain multiplexing technique is used to read MUSTANG? detectors 
through flux-ramp modulation technique. 

Another receiver which addresses similar science goals, although it takes data at 
higher frequencies, is NIKA2.? 4 NIKA2 is a 2 channel millimetric camera measuring 
at 150GHz (one array) and 260GHz (two arrays). It observes from the 30m IRAM 
telescope with a field of view (f.o.v.) of 6.5 arcmin while the angular resolution 
is around 18 arcsec at 150GHz and around 10 arcsec at 260GHz. NIKA2 hosts 3 
arrays of Kinetic Inductance Detectors (KIDs), each of around 2000 pixels, cooled 
down at 100mK with a dilution refrigerator. Both MUSTANG2 and NIKA2 are very 
active in the field of millimetric astronomy especially for the high angular resolution 
detection of the SZ effect. 

A third instrument being prepared for such scientific cases is the MIllimeter Sar- 
dinia radio Telescope Receiver based on Array of Lumped elements kids, MISTRAL, 
to be fielded at the 64m Sardinia Radio Telescope (SRT*). MISTRAL will use an 
array of 408 KIDs with a f.o.v. of 4 arcmin and an angular resolution of around 12 
arcsec. It is a cryogenic instrument with detectors cooled down at 270mK and with 
frequency domain multiplexing, ROACH2 based read-out. 


2. Sardinia Radio Telescope and its upgrade 
2.1. Sardinia Radio Telescope 


The Sardinia Radio Telescope (SRT - Lat. 39.4930 N; -Long. 9.2451 E), is a Grego- 
rian configured fully steerable 64m primary mirror radio telescope which can work 
from 300MHz and 116GHz? (see Fig. 1). It is a multipurpose instrument operated 
in either single dish or Very Long Baseline Interferometer mode and managed by 
the Italian Astrophysics National Institute (INAF). The telescope manufacturing 
started in 2003 and was completed in August 2012 when the technical commission- 
ing started. The scientific exploitation of the SRT started on 2016 with an Early 
Science Program, while regular proposals started in 2018. 

SRT has a f/0.33 primary focus and f/2.34 secondary focus allowing to host the 
low frequency receivers (v « 2GHz) in the primary focus, and high frequency re- 
ceivers in the Gregorian room. The 64-m primary mirror (M1) is composed of 1008 
electromechanically controlled aluminum elements by actuators. T'he secondary mir- 
ror (M2) is a 7.9m mirror composed of 49 aluminum elements adjustable for focus 


“https: //greenbankobservatory.org/science/telescopes/gbt/ 
Phttps://www.iram-institute.org/EN/30-meter-telescope.php 
°http://www.srt.inaf.it/ 
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Fig. 1. The 64-m Sardinia Radio Telescope (image credits F. Guidi). 


operations. Both M1 and M2 are shaped to minimize spillover and the standing 
waves between the receiver and the subreflector.? 


2.2. Observational site 


The location of the SRT is in the island of Sardinia, ~50km north of Cagliari, 
at 600m a.s.l.. It is a region suited for radio-observations and the telescope was 
designed to be operating up to 116GHz. Estimation of sky opacity, based on recorded 
dedicated radiometer data, reports? an opacity T < 0.15Np (50th percentile) at 
93GHz during the winter nights. The average precipitable water vapour (PWV) in 
the same conditions is mainly 8mm. For comparison, the GBT reports 7 « 0.125 
(50th percentile) at 86GHz, and an average PWV < 9mm (50th percentile)*. The 
above estimation is confirmed by radiosondes profiles taken at Cagliari airport and 
scaled for the SRT site. This shown PWV « 11mm (50th precentile) and opacities 
< 0.2N p (50th percentile) at 100GHz.9 


2.3. PON upgrade 


In 2018, a National Operational Program (PON) grant was assigned to INAF with 
the aim to exploit to the full the SRT capability to reach mm wavelenghts up to 
116GHz." One of the Working Packages includes a metrological system to measure 


Thttp://hdl.handle.net/20.500.12386/28787 
?https://www.gb.nrao.edu/mustang/wx.shtml 
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with high precision deformations of the SRT due to gravitational and thermal effects; 
by means of the active surface it will be possible to correct the deformations of 
the main mirror allowing the surface roughness needed for observations up to 116 
GHz. Also, the metrological system will allow high precision pointing measuring 
and correcting the subreflector displacement from the optical axis together with the 
deformation of the whole structure. 

In addition an upgrade of the SRT receiver fleet is foreseen including an extension 
to higher frequencies up to 116 GHz, thus exploiting to the full its optical surface. 
'This grant was divided in 9 working packages which include new receivers like a 
19 feeds, double polarization Q-band heterodyne receiver, a triple band (K, Q, W) 
coherent receiver, a 16 double polarization W-band heterodyne receiver, and a W- 
band, total power, 408 pixels bolometric! receiver: MISTRAL. 


3. MISTRAL 
3.1. Introduction 


MISTRAL is a facility instrument to be installed at the SRT in 2022. It operates in 
an atmospheric window in the frequency range 78-103GHz, namely W-band, that 
is interesting for a number of scientific reasons, and most importantly it provides 
low optical depth and allows high efficiency observations. It will be installed in the 
Gregorian room of the SRT and as such, it needs to meet several requirements and 
limitations. These include: 


e 250kg maximum weight; 

e 700mm x 700mm x 2400mm (h) maximum occupation. In addition, the top 
part should not interfere with the Gregorian room structure; 

e adeguate Radio Frequency shielding; 

e ability to work from 30? elevation to 80? and the need not to be damaged 
in the range 0-90? elevation; 

e long (~100m) long helium lines for the Pulse Tube head-compressor con- 
nection; 

e remote operations; 

e MISTRAL will be installed on the Gregorian room turret (a rotating struc- 
ture which hosts MISTRAL an all other receivers) and needs to be agile 
enough to be inserted in the SRT focus or removed through rotation of the 
turret itself (see Fig. 2). 


f Actually MISTRAL will implement Kinetic Inductance Detectors which are not properly bolome- 
ters. 
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3.2. Cryostat 


MISTRAL consists of a cryostat, being constructed by QMC instruments, with a 
Pulse Tube cryocooler, an He-10 sorption refrigerator, custom optics and detectors. 
We use a Sumitomo^ RP-182B2S-F100H Pulse Tube (PT) cryocooler. From Sumit- 
omo user manuals, PT heads work properly in vertical position with inclination no 
larger than +/-20°. In order to have the PT heads as close as possible to vertical 
position during observations, we have positioned the head with an inclination of 
57.5? with respect to the focal plane. This allows a nominal observation elevation 
of 37.5-77.5°. Nevertheless, we have tested higher inclinations and there is no im- 
pact on the cryogenics with inclination of +/-25° (resulting in elevation range of 
32.5-82.5?) with no degradation of the thermal performance. MISTRAL has a 40€ 
shield, a 4.2K shield and a sub-Kelvin stage. The PT is used to cool down the 40€ 
and 4.2K shields and provides a cooling power of 36W for the 40K shield and 1.5W 
for the 4.2K shield. 


Optical window 


Turret 


40K IR/LP filters 
‘4K IR/LP filters 


MISTRAL 
Lyot stop _ - 


1K LP filter 
W-band filter 


MISTRAL 


support Focal plane 


He3/He4 
fridge 


Fig. 2. Left: SRT Turret. with MISTRAL installed. Right: a cut of MISTRAL cryostat highlight- 
ing the main parts. 


The PT head is controlled by a PT compressor which cannot be inclined with 
the telescope elevation angle. For this reason, MISTRAL compressor will not be 
located at the Gregorian room, but rather in a compressor room at the base of 
the radio telescope, that can rotate with the azimuth angle but does not change 
inclination with the elevation angle. This requires about 100m of flexible lines for the 


Shttp://www.terahertz.co.uk/qmc-instruments-l1td 
hnttps://www.shicryogenics.com/ 
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compressor-to-PT head connection. Sumitomo (as well as other companies) report 
20m maximum length for this operations so on-site tests were performed in order 
to verify if a PT can keep the 4.2K base temperature and with which dissipated 
power. We made these tests using a Sumitomo RP-082B2S cryocooler, which is 
similar to the one chosen for MISTRAL but with lower cooling power (i.e. 0.9W 
at 4.2K). It was shown that this cryocooler was able to hold a base temperature 
of 4.2K with a power load of 0.6W with 119m of flexible lines. Since the power 
dissipation requirement for MISTRAL is of the order of 0.6W, the 1.5W PT will be 
able to satisfy the requirement with some margin. In addition, a vibration dumper, 
and a remote P'T valve, will allow to reduce vibration into the detectors. 

Attached to the 40K and the 4.2K stages, it will be applied radiation shields 
as well as radiation filters allowing to block thermal input of the sub-K stages of 
MISTRAL. The sub-K fridge is a Chase! He? /He^ sorption refrigerator (Twin GL10 
sorption fridge) allowing a nominal cooling power as in the following table: 


Stage temperature no load | temperature loaded | Load applied 

Het 0.840K 0.913K 1504W 

He? 0.299 K 0.332 K 30uW 
Ultra cold He? 0.195.K 0.251K 20uW 


The total room to be cooled down is of the order of 1.5m? and the total weight 
of MISTRAL is around 250kg. The top part of the cryostat has been shaped in such 
a way it does not interfere with the Gregorian room walls while rotating in and out 
of the focus position (see Fig. 2). 


3.3. Optics and quasi-optics 


The optical design of MISTRAL includes a set of radiation quasi-optical filters, 
anchored at the different thermal stages of the cryostat, an Anti Reflection Coated 
(ARC) Ultra High Molecular Weight (UHMW) polyetilene window, and two ARC 
Silicon lenses able to image the Gregorian Focus on the array of detectors. Detectors 
are coupled to radiation through open space (filled array) so cryogenic cold stop, 
placed in between the two lenses, is needed. 

Quasi-optical filters are a combination of metal mesh filters, thin IR filters, sub- 
mm low pass filters (LPE), and a final 78-103GHz Band pass filter produced at QMC 
instruments). The final configuration still needs to be settled down as it depends on 
cryogenic tests and performance that still need to be carried on. Nevertheless, the 
filter chain will include: 


e 300K: ARC UHMW window of 190mm outer diameter, plus two blocking 
thermal filters; 


‘https: //www.chasecryogenics.com/ 
Jhttp://www.terahertz.co.uk/qmc-instruments-ltd 
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40K: two additional thermal filters plus a Low Pass Edge filter; 

AK: two more thermal filters (IR5 and IR6) and another Low Pass filter; 
1K: Low Pass filters; 

0.350 K: Low Pass filters; 

0.250 K: Band Pass Filter centered at 90GHz with a bandwidth either of 
30GHz or of 20GHz (to be defined). 


Some characteristics of the SRT optical configuration (which were adopted to 
make the SRT suitable for a wide range of applications) limit the Diffraction Lim- 
ited Field Of View (DLFOV) usable by the mm camera. As mentioned, we plan 
to implement a naked Kinetic Inductance Detectors (KIDs) array (a filled array) 
optically coupled to the antenna by a relay optics. This is the preferred solution for 
satisfying the following requirements: 


e to possibly rescale the Gregorian telescope focal plane; 

e to insert a cold aperture stop; 

e to provide a gaussian wavelength independent beam telescope configuration; 
e to provide a telecentric optics. 


The first requirement allow us to tune the size of the KID array preserving the 
telescope DLFOV. The second condition allows us to introduce an aperture conju- 
gated to the secondary mirror, reduces the spillover contribution due to subreflector 
and/or primary mirror, ensuring the highest edge taper in a cold aperture. The third 
condition enables a magnification of the relay optics and the output beam waist lo- 
cation wavelength-independent, at least inside the expected bandwidth, which is a 
considerable innovation point. The fourth requirement ensures a homogeneous il- 
lumination of the array, apart from a possible aberrations impact, suitable for the 
solution of a naked array maintaining an adequate Strehl Ratio. 

Silicon is a suitable material for lens fabrication at millimetri wavelenghts due 
to its high dielectric constant, low loss tangent, and high thermal conductivities. 
'The two Silicon lenses allow to report 4 arcmin of the SRT focus onto the array of 
408 KIDs. They are anti-reflection coated with Rogers RO3003. Their diameter is 
290mm and 240mm respectively while the aperture cold stop diameter of 125mm. All 
the lenses+cold stop system is kept at 4K. The in band average simulations report 
excellent values with a Strehl Ratio from 0.97 to 0.91 for on-axis and F. O. V. edge 
positions. Analogously, the FWHM is 12.2 arcsec on axis, and 12.7 arcsec at 45mm 
off axis. 


3.4. Detectors 


MISTRAL will take advantage of the high sensitivity and the capability of Fre- 
quency Domain Multiplexing of KIDs cryogenic detectors. KIDs are superconduc- 
tive detectors where millimetric radiation with higher energy with respect to the 
Cooper pair binding energy, can break Cooper pairs producing a change in the pop- 
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ulation densities and thus in the kinetic inductance. In fact, the inductance L of a 
thin superconductor is dominated by the kinetic inductance Lg, which depends on 
the Cooper pair density. 

If we integrate this inductance into a resonating RLC circuit, with a well defined 
resonant frequency, we will see a change in the impedance of the circuit when the 
inductance is illuminated. This change in impedance can be measured by exciting 
the circuit with an RF tone at the resonant frequency and monitoring both ampli- 
tude and phase of the outcoming tone. The amplitude, and similarly the phase, will 
change because of the variation in Lj. The general effect is that a decrease in the 
Cooper pair density increases Li, thus it lowers the resonant frequency. Further- 
more, the increase of the quasi-particle density increases the internal dissipations, 
thus reducing the quality factor of the resonator. KIDs are intrinsically easy to 
multiplex in the frequency domain because an array of resonators with different 
resonant frequencies can be simultaneously readout by sending a comb of Radio 
Frequency (RF) tones through a single feed-line. 

MISTRAL KIDs are Ti-Al bilayer 10 + 30 nm with critical temperature 
Tc=945mK and are fabricated at CNR-IEN*.?:1? They are front-illuminated 3rd 
order Hilbert crude absorber with backshort on the opposite side of the wafer. The 
detector array is composed of 408 KIDs detectors. They are 3mm x 3mm each and 
are arranged on an equilateral triangle every 4.2mm on a 4 inches silicon wafer (see 
Fig. 3). They sample the focal plane with a FWHM angular spacing of 10.6 arcsec 
lower the each pixel angular resolution. 

As mentioned, KIDs behave as high quality factor, Q, LC resonators. High values 
of Q allow to multiplex thousands of KIDs, with different frequencies, all coupled to 
the same feedline. KIDs are in fact intrinsically easy to multiplex in the frequency 
domain, because an array of resonators with different resonant frequencies can be 
simultaneously readout by sending a comb of RF tones through a single feed-line. 
We will use ROACH?2 based Frequency Domain Multiplexing which was originally 
developed for the OLIMPO experiment.!! 


3.5. Magnetic shield 


Another important part of MISTRAL is a 1-mm thick Cryoperm 10 ju-metal shield, 
characterized by an high magnetic permeability (u > 7000), that acts as a shielding 
from spurious magnetic fields such as the geomagnetic field. When a KID, usually 
composed of a thin wire, is exposed to an external magnetic field, a shielding cur- 
rent will be induced. Consequentially, its kinetic inductance changes. The external 
magnetic field will increase the kinetic inductance of the circuit, thus increasing the 
total inductance, eventually reducing the quality factor of the resonator. This effect 
was observed on the MISTRAL detector array!? and required a magnetic shield to 
be lower than the earth magnetic shield. 


Knttps://www.roma.ifn.cnr.it/ 
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Fig. 3. Left: a design of the focal plane of MISTRAL with its feedline.!? Right: KIDs holder with 
the surrounding components. 


4. Sensitivity forecast and scanning strategy 
4.1. Noise estimate 


A crucial step to predict the performance on the sky is estimating the expected 
noise which should affect our detectors. Electrical Noise Equivalent Power (NEP) 
should be compared with Photon noise NEP due to warm optics and atmosphere 
emission. The latter, should be considered in its emission part and turbulence part 
which will act as correlated noise. 

Electrical NEP of MISTRAL detectors was measured to be temperature depen- 
dent. If we assume a final detectors temperature of 270mK we have average values 
of our test-bed array of detectors of NEP,,, = 3.5 x 10716W/VHz with a max- 
imum and a minimum range of NEPmas = 7.4 x 10 19W/// Hz and NEP nin = 
1.6 x 10-15W/4/ Hz respectively. These numbers need to be compared with esti- 
mated photon noise and turbulence noise from atmosphere. The photon noise part 
was estimated to be, within the 30GHz bandwidth, of NE P,a = 0.09x10- 1^-W/V/Hz 
(which converts into a Noise Equivalent Flux Density of 0.30mJy /beam). To this, in 
order to estimate the real sensitivity of MISTRAL, we have to add the atmospheric 
effects due to turbulence. An a-priori calculation of this effect is quite complicated 
because it also depends on the kind of filtering and on the scanning strategy: the 
best option would be directly measuring the atmosphere with MISTRAL. This will 
happen during the commissioning phase, but it is possible to give an early estimate 
by using experimental data taken at different frequencies. We have SRT data in the 
K-band (at 22GHz) and we can assume that the ratio between atmospheric fluctu- 
ations is equal to the squared ratio of the opacities. In this way, we can infer the 
atmospheric fluctuation noise at 90GHz using atmospheric modelling softwares such 
as am. This increases the atmospheric noise estimation a factor 10 with respect to 


Inttps://www.cfa.harvard.edu/-spaine/am/ 
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the photon noise level even in the best 596 percentile resulting in a noise Noise 
Equivalent Flux Density of 3mJy/beam. The final result is that MISTRAL de- 
tectors will be dominated by atmospheric noise rather than by electric noise, as 
desired.!4 


4.2. Scanning strategy 


'The final noise level of our maps will depend on the detectors sensitivity, on the 
atmospheric contamination but also on the scanning strategy and the filtering of the 
data. We can clearly clean observations very aggressively at the cost of loosing large 
angular scales on sky. Among the many scientific goals of MISTRAL, the possibility 
of retrieving large angular scales at the level of its field of view (i.e. 4 arcmin) and 
even more would be crucial for the study of galaxy clusters and, for instance, for 
the search for the Cosmic Web in close-by clusters. Scanning strategy drives also 
the sensitivity as we can more or less efficiently remove atmosphere emission and 
its fluctuations 

At the SRT it is already in use an on-the-fly map scanning strategy which allows 
orthogonal scans in R.A./Dec or Azimuth/Elevation each composed by parallel sub- 
scans. In addition, we are working on the scanning strategy based on Lissajou daisy 
scanning already in use on different Telescopes such as, for instance, the GBT™ 
which has the advantage to reduce to the minimum the overhead due to Telescope 
inversion and optimize the integration time on the center of an observed field (see 
Fig. 4). This kind of scanning strategy can easily be analysed with Fourier space 
filtering of (typically) 0.1Hz (cut-on) and 7.5Hz (cut-off frequency). 


5. Science case 


MISTRAL will be a facility instrument. Thus, it will be open to the scientific com- 
munity to decide what kind of scientific output it can achieve and propose the 
observations to the Time Allocation Committee of the Sardinia Radio Telescope. 
Nevertheless, we will list in the following a few science cases including those that 
we think are the most interesting. 

Protoplanetary discs millimetric measurements in star forming regions allow to 
break the degeneracy present in InfraRed (IR) measurements due to the optically 
thick nature of the hot inner disc. Measuring the SED at mm wavelengths with high 
angular resolution (i.e. ~ 10 arcsec) can add information to planetary formation 
theories.!? Star formation in molecular clouds with high enough angular resolution 
allow to distinguish starless cores with respect to those hosting protostars. This is for 
instance what was attempted with the Large Millimeter Telescope.":!6 Continuum 
resolved galaxies observations can give information about morphology and radial 


™https://www.gb.nrao.edu/scienceDocs/GBTog. pdf 
http: //lmtgtm.org/ 
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Fig. 4. Left: on-the-fly map scanning strategy already implemented at the SRT. Right: simulation 
of 22 periods dasy scanning over a 10 arcmin sky area. 


profiles (gas column profiles, dust temperature profiles).!7 Spatially resolved high-z 
radio galaxies can provide info about cold dust re-emission.!? 

When the CMB photons scatter off a hot electron gas, for example in galaxy 
clusters, they undergo inverse Compton scattering which is visible in the frequency 


spectrum of the CMB. The resulting distorted spectrum is thus: 


Al(r) | xte” 
Ip B V ter —1 


(z coth 5 = 4) = yg(z) (1) 


3 
, TomB is the CMB temperature, x = 


kpTe 
mec? 


the integral along the line of sight dl of the electron density ne multiplied by the 
electron temperature T, (see Fig. 5). This is the Sunyaev Zel'dovich (SZ) effect!?:?9 
and can be used to study the physics of Galaxy clusters. In fact, galaxy clusters 
can experience a wide variety of situation including collisions, merging, and non- 


where: Jy = 22 (feug) 


c? keuz2 ÍS the 


is the Comptonization parameter, 


adimensional frequency, and y = [ neor 


relaxed situation. In addition, not only galaxy clusters can host relativistic electrons. 
Hydrodynamical simulations?^?? suggested that galaxy clusters occupy the knots 
of the so called Cosmic Web and Warm to Hot Intergalactic Medium (WHIM) is 
disposed connecting galaxy cluster forming filaments that could be seen through 
the SZ effect itself. 

What is probably one of the most impacting expected result of MISTRAL is in 
fact the possibility to observe and resolve the SZ effect through galaxy clusters and 
surrounding medium. With respect to moderate to low angular resolution observa- 
tions, high angular resolution (c 10 arcsec) detections can investigate non relaxed 
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Fig. 5. The SZ effect with different Comptonization parameters. 


clusters, study merging clusters, understanding the self similarities of galaxy cluster, 
study the pressure profiles and understand the AGN feedback expected in some en- 
vironments. 

Understanding the self similarities of galaxy clusters, their identical appearance 
or scaled properties regardless of their mass or distance is crucial. Self-similarity 
seems demonstrated but this is not always the case. Galaxy clusters in fact interact, 
collide, merge. This brings to important degeneracies and deviation from specific 
models. High angular resolution SZ effect measurements allow to solve the density 
vs temperature profile degeneracy together with X-ray information especially for 
high z clusters. In order to understand the physics in different environments, it is 
very important to study the Intra Cluster Medium (ICM) thermodynamics, includ- 
ing the impact of feedback, bulk and turbulent motions, substructures and cluster 
asphericity. 

Sometimes, clusters are assumed to follow the 6 profile??? the generalized 
Navarro Frank and Withe (gNFW)? profile, or the Universal model.?? High angular 
resolution SZ measurements allow to disentangle between models and to identify 
the most appropriate ones. Even relaxed clusters experience pressure fluctuations 
and compressions of the ICM. The study of pressure power spectrum allows to sepa- 
rate relaxed vs non-relaxed clusters where larger perturbations increase in the outer 
shells of the clusters (where SZ is more sensitive with respect to X-ray). Resolved 
SZ measurements allow to infer cluster masses from integrated Y mass (Y-M) re- 
lations. The Y-M relation is sensitive to the cluster astrophysics, radiative cooling, 
star formation, energy injection from stars and AGN feedback. In general, it allows 
to study of the pressure profiles and fluctuations of the ICM. This, again, can allow 
to understanding the self-similarity of galaxy clusters. 
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Fig.6. Planck PR2 MILCA Compton-y map of Abell 401 (north-east) and Abell 399 (south-west). 
Black contour level are from the LOFAR map? at 0.0035, 0.008 and 0.02 Jy. Magenta contour 
level at 0.00008, 0.0015 and 0.001 Counts/s refer to the XMM-Newton map of the system.?" The 
figure shows a good agreement between the radio and SZ signal both in the clusters and in the 
intracluster region, while the X-ray emission is appreciable only in correspondence with the two 
clusters. 


In addition, point sources can be a contamination and need to be correctly 
subtracted not to bias the estimate of the y-parameter in a galaxy cluster. This is 
for instance what was achieved with MUSTANG2 at the GBT.?5 

Galaxy clusters experience hierarchical growth through mergers. Pre-mergers 
clusters should be connected through the Cosmic Web and simulations endorse 
this?^?? (see, e.g. Figure 6). On the other hand, post mergers clusters dissipate an 
enormous quantity of energy with turbulence and shocks (pressure discontinuity up 
to mach number 3). The Bullet cluster or El Gordo are example of this unrelaxed 
occurrence. 

The wide majority of the SZ is in fact localized towards galaxy clusters but 
the baryons distribution is still an open issue for modern cosmology: half of the 
baryons are still missing. Magneto-hydrodynamical and hydrodynamical simulations 
predict that they are structured in the cosmic web, filaments, and voids in the 
form of Warm Hot Intergalactic Medium (WHIM).?^?? WHIM are expected to be 
distributed as over-desities in filamentary structures between galaxy clusters: high 
angular resolution SZ measurements can detect WHIM better than X-ray under low 
density circumstances. This is probably the most challenging and most rewarding 
of the achievements that an experiment like MISTRAL can achieve. 
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6. Conclusions 


High angular resolution millimetric observation are key to understand a wide va- 
riety of scientific cases including structure formation and missing baryons issue. 
MISTRAL is a facility millimetric camera that will study several scientific case and 
that will be installed and commissioned at the Sardinia Radio Telescope during 
2022. MISTRAL is going to be a unique camera: agile cryostat, 408 KIDs, optics al- 
lowing 12 arcsec resolution and a 4 arcmin f.o.v. at 90GHz. Sapienza University will 
do the technical commissioning, will participate to the astronomical commissioning, 
and will release MISTRAL to the scientific community. 
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The high-z submillimeter galaxies (SMGs) can be used as background sample for grav- 
itational lensing studies thanks to their magnification bias, which can manifest itself 
through a non-negligible measurement of the cross-correlation function between a back- 
ground and a foreground source sample with non-overlapping redshift distributions. In 
particular, the choice of SMGs as background sample enhances the cross-correlation sig- 
nal so as to provide an alternative and independent observable for cosmological studies 
regarding the probing of mass distribution. 

In particular the magnification bias can be exploited in order to constrain the free 
astrophysical parameters of a Halo Occupation Distribution model and some of the main 
cosmological parameters. Urged by the improvements obtained when adopting a pseudo- 
tomographic analysis, It has been adopted a tomographic set-up to explore not only a 
ACDM scenario, but also the possible time evolution of the dark energy density in the 
woCDM and wowgCDM frameworks. 


Keywords: Cosmology; Gravitational lensing; Sub-millimeter galaxies. 


1. Magnification bias 


Magnification bias is due to the gravitational lensing effect and consists in the 
apparent excess in the number of high redshift sources (the lensed sources) close to 
the position of low redshift galaxies (the lenses). In fact, the gravitational lensing 
deflects the light rays of high redshift sources causing the stretching of the apparent 
sky area in the region affected by the lensing. This also causes a boost in the flux 
density of the high redshift sources, making them more likely to be detected above 
a given instrument flux density limit (e.g. Ref. 1). This is sketched in Fig. 1(a). The 
red objects in the backward plane (source plane) are the sources with flux density 
limit above the instrument detection limit, and thus detectable while the orange 
ones are those with a flux density below the instrument detection limit, and thus 
not detectable unless boosted by the magnification bias. The blue objects in the 
lens plane are the possible lenses that might cause the magnification bias effect. 
Finally in the observer plane, the blue objects of the lens plane will be observable 
together with the red objects of the source plane and some of the orange objects 
whose flux have been boosted. The peculiarity of such magnified orange objects is 
that they will be found close to some of the blue objects (their lenses). 


1558 


high-z high-z 
observable # not-observable # 

* galaxy 

Unlensed 

Lensed 


| o low-z eliptical ey 


F 
A - 
2. i 2 " 
IS e r-o pd 8 |^* —— Dilution (No/y) 
[s] — ——— Magnification (4) 
| = o H 
Source Plane o J 2 E \ 
s z NC 5) = No/w(s/u)-® 
4 o z 
2 E] 
P E 
Lens Plane E 
= S 
Observer logs 
o Plane 


(a) 
Fig. 1. Scheme of magnification bias (a) and how it affect the integral number counts of the 
lensed sources (b). See text for details. 


On this respect, magnification bias main advantage relies on the steepness of 
background sources counts and on the fact that it does not require either ellip- 
ticity measurements or knowledge on the galaxies' orientation (as shear does). In 
particular, given that no are the unlensed integrated background source number 
counts (number of background sources per solid angle and redshift with observed 
flux density larger than S in the absence of gravitational lensing): 


? daN 
E — — — d 
nesa [ ana" (1) 


the background source number counts at an angular position 6 within an image are 
modified by dilution and magnification following Ref. 2: 


= 1 S 
pCO) (0) 

where MO is the magnification field at angular position 9. Assuming a power-law 

behaviour of the unlensed integrated number counts with 8 the source number count 

steepness, i.e. no(> S, z) = ASF, 


2 (3) 


Depending on the value of 8 the source counts might increase because of lensing: 
Fig. 1(b) sketched the increase or decrease of the source number counts for 8 > 1 
(in red) and 8 « 1 (in blue), respectively. 


2. Cross-correlation 


Magnification bias is usually observed by means of angular cross-correlation func- 
tion (CCF) measurements between two samples of sources: how many background 
sources fall ‘near’ the position of a lens, repeated for each object in the lens sample. 
Since the samples are at different redshifts, the detection of a non-zero signal would 
be exclusively due to the gravitational lensing induced by the lenses. 
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2.1. The estimator 


Thus, magnification bias can be measured through the cross-correlation between 
the low and high redshift objects. 

The CCF of two source populations (D, and D») is the fractional excess prob- 
ability, relative to a random distribution (Ry and Rp), of finding a Dy source sep- 
arated by an angle 0 from a Dy source within an infinitesimal solid angle d0. The 
CCF can be computed using a modified version of the Landy & Szalay (Ref. 3) 
estimator (see Ref. 4): 

Ry Ry(0) 

In particular, Dr Dy, Df Ry, DyRg and RyRy are the normalized foreground- 
background, foreground-Poisson, background-Poisson and Poisson-Poisson pair 
counts for a given angular separation 0. Given two source samples with non- 


overlapping redshift distributions, the excess signal when computing their cross- 
correlation with respect to the random case is due to the magnification bias. Being 
such signal related to lensing and thus to cosmological distances and the galaxy 
halo characteristics, it can be used to constrain cosmological and astrophysical pa- 
rameters. 


2.2. The halo model 


To achieve this, the adopted theoretical description of the cross-correlation is the 
one by Cooray & Sheth (Ref. 5): 


vni) = 2 — nf Tni) [155 Paan) — (5) 
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where / is the multipole, Ho is the Hubble constant, E(z) the quantity where the 
contribution to the energy density are included (see section 2.3 for details), np(z) 
(ng(z)) is the normalized background (foreground) redshift distribution, x(z) is 
the comoving distance, Jo is the zeroth-order Bessel function of the first kind, 
W'"s(z) is the lensing kernel and £ is the source number count steepness, commonly 
fixed to 3 for submillimeter galaxies (Ref. 6 and reference therein). Therefore, the 
cross-correlation signal can be interpreted under the halo model parametrization 
(Ref. 5) considering that both galaxy samples trace the same dark matter distribu- 
tion around redshift z ~ 0.4. This dark matter distribution is traced directly by the 
foreground galaxies while, in the case of the background sample, it is traced thanks 
to the weak lensing effect. According to this model, the galaxy distribution power 
spectrum is parametrized as the sum of a 2-halo term, related to the correlations 
between one halo traced by the foreground galaxies and another one traced by the 
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background sources and that therefore dominates at large scales, and a 1-halo term, 
that describes the correlation between sub-halos (traced by both samples) inside 
the same halo and therefore more important at small scales. Moreover, the halo 
model also suggests a simple parametrization of the cross-correlation between the 
galaxy and dark matter distributions (see Refs. 5,7,8). According to the halo model 
(Cooray & Sheth, Refs. 5): 


Pz-am(k, 2) = PU 2) + Pak, 2) (7) 


n(M, z) (Ng) 
p(z) mg(z) 
P% (k, 2) = Ping 2[ f am uS 


; b dM n(M, z)b4(M, z) 


Pih. (k,z) = i dM M Ius (E, z] M) ug (, 2] M7? 
0 


bi (M, z)Uam(k, 2|M)| ` 


(No) m 
ng(z) 


In these equations p is the background density, (Ng) az the mean number of galaxies 
within a halo of mass M, i,(z) the mean number density of galaxies at redshift z, p 
is set to 1 for central galaxies and to 2 for satellites (Ref. 5), k is the wave number, 
n(M,z) is the Sheth & Tormen halo mass function by Ref. 9, P'"(k,z) is the 
linear matter power spectrum, 54(M, z) is the linear large-scale bias (via the peak 
background split), and u,(k, z| M) is the normalized Fourier transform of the galaxy 
density distribution within a halo, which is assumed to equal the dark matter density 
profile, i.e. ug(k, z| M) = uar (k, z| M). Halos are defined as overdense regions whose 
mean density is 200 times the mean background density of the universe according 
to the spherical collapse model, and the halo density profiles p(r) adopted is the 
one by Ref. 10, hereafter NFW, with the concentration parameter in Ref. 11. 

The halo occupation distribution (HOD) assumed is the one by Zheng et al. in 
Ref. 12: 


ug(k, 4M) 


0 if Mj, < Mnin 
Neen(Mn) = í (8) 


1 otherwise 


My, x 
Neat (Mn) E Noe (Mi) ; (3E) (9) 
1 
In this model, the mean number of galaxies is represented by Ngay where, the 
distinction between central and satellite galaxies is made: Ngat = Neen + Neat = 
1+ Nsat. All halos above a minimum mass Mmin host a galaxy at their centre, while 
any remaining galaxies are classified as satellites and are distributed in proportion 
to the halo mass profile (see Ref. 12). Halos host satellites when their mass exceeds 
the M; mass, and the number of satellites is a power-law function of halo mass 
Na (Mj). These parameters define the adopted HOD. 


1561 


2.3. The barotropic index of the dark energy 


In the theoretical model, a possible redshift evolution of the dark energy (DE) can 
be introduced by allowing different values for the dark energy equation of state pa- 
rameter, w. For a flat cosmology, a redshift-dependent function f(z) in the quantity 


E(2) = /0,(1 + z)* + OQu(1 + z)? + O&(1-2- 2)? + Ope f(z) (10) 


takes into account the possible time evolution of the dark energy density, where €); 
is the present-day density parameters for radiation r, matter (M), curvature (k) 
and dark energy DE. In particular, by assuming that the barotropic index of dark 
energy 


zZ 


= a —— 11 
w(z) Win + War (11) 

the dark energy density has a redshift dependence given by p(z) = po f(z), where 
f(z) = (1 + z) twotwa) o7 39 Tiz (12) 


being po the dark energy density at z = 0. As for the dark energy density parameter, 
it can be written as 


Qpe f(z) 
Q = 13 
pE() EG? (13) 
In this framework, the ACDM is recovered when wọ = —1 and wa = 0. 


3. Background and foreground samples 


In order to achieve the cross-correlation measurement, a clear separation of the 
background and foreground sources is needed. For example, in the recent works 


1.04 — Background 


spec 


e e o 
ES o to 


Normalized number of Galaxies 


o 
N 


0.0 +4 
103 10° 
redshift 


Fig. 2. Redshift distribution of background (orange) and foreground objects (green). The different 
shades of green indicate the bins of redshift used in Ref. 13. Credit: Bonavera et al., A&A, in press, 
DOI 10.1051/0004-6361/202141521, 2021, reproduced with permission © ESO. 


1562 


by Bonavera et al. (Refs. 6, 13), the redshift distribution of the foreground and 
background galaxies sample is the one in Fig. 2 in green and orange respectively. 
The different shades of green indicate the bins of redshift used in Ref. 13. 

As for the foreground sample, different kind of sources at relatively low redshift 
can be used. For example, in their recent work (Ref. 14) Bonavera et al. adopt 
the same sample of quasi-stellar object (QSOs) with 0.2 « z « 1.0 as in Ref. 15. 
They are selected from the publicly available Sloan Digital Sky Survey (SDSS- 
II and SDSS-III) Baryon Oscillation Spectroscopic Survey (BOSS) catalogues. In 
Refs. 6,13,16-18 the galaxies in the Galaxy and Mass Assembly (GAMA, Ref. 19) 
survey with 0.2 « z « 0.8 have been used and in Ref. 13 those with 0.1 « z « 0.8 
(see Fig. 2). 

Currently the best way to measure the CCF is to choose as background samples 
the high-z sub-millimetre galaxies (SMGs). In fact they have steep number counts 
B ~ 3 (Refs. 20,21), shown by the Herschel Space Observatory (Herschel; Ref. 22) 
and the South Pole Telescope (SPT; Ref. 23) observations. Such property enhances 
their magnification, as explained in Sect. 1. Moreover, the SMGs are faint in the 
optical avoiding the possibility of being confused with the foreground lens sample, 
which is on its turn invisible at sub-millimetre (sub-mm) wavelength (Refs. 24,25). 
Finally, the redshifts of the SMGs are usually greater than z > 1 — 1.5, which 
guarantees no overlap with the foreground sample. This makes the SMGs the perfect 
background sample for magnification bias studies by means of CCF measurements 
and thus allowing the tracing of the mass density (baryonic and dark matter) and 
its evolution with time. 

Moreover, it has been confirmed when, due to their magnification bias, Dunne 
et al. in Ref. 26 made a serendipitous direct observation of high-redshift SMGs. 
They were performing a study of gas tracers with Atacama Large Millimeter Array 
(ALMA) observation of galaxies by targeting a statistically complete sample of 
twelve galaxies selected at 250m with z=0.35 and magnified SMGs appears around 
the position of half of them. 


4. Recent results with SMGs magnification bias 


The first attempt to measure the CCF was carried out in Ref. 27 with Her- 
schel/SPIRE galaxies and low-z galaxies as background and foreground samples, 
respectively. Their results were a strong confirmation of this lensing-induced effect. 

To study this possible bias, Ref. 28 relied on much better statistics and carried 
out a more detailed analysis by measuring the CCF with Herschel Astrophysical 
Terahertz Large Area Survey (H-ATLAS) high-z sources at z > 1.5 and two op- 
tical samples selected from SDSS (Sloan Digital Sky Survey, Ref. 27) and GAMA 
(Ref. 19) surveys, with redshifts 0.2 « z « 0.6. The resulting CCF was measured 
with high significance, > 10c and using realistic simulations, they concluded that 
the signal was entirely explained with the magnification bias produced by the weak 
lensing effect caused by galaxy groups/clusters whose halo masses are in the range 
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of 1013-2 — 101^5 M and that are signposted by the brightest galaxies in the op- 
tical samples. Later on, Gonazelz-Nuevo et al. in Ref. 16 and Bonavera et al. in 
Ref. 13 showed furthermore that the SMGs properties make them the perfect back- 
ground sample for constraining the free parameters of a halo occupation distribution 
(HOD) model. In particular, the results by Ref. 16 suggest that the lenses are mas- 
sive galaxies or clusters, with a minimum mass of Min = 1013 Mọ. They also 
carried out tomographic studies on the HOD parameters: they divided the fore- 
ground sample in four bins of redshift, 0.1 < z < 0.2, 0.2 < z < 0.3, 0.3 < z < 0.5 
and 0.5 < z < 0.8. They main findings were that while Mı is almost redshift 
independent, Mmin evolves: it increases with redshift, as predicted by theoretical 
estimations. Bonavera et al. in Ref. 14 study with the magnification bias the mass 
properties of a sample of QSOs whose position signpost the lenses at 0.2 < z < 1.0 
obtaining Mmin = 1018-6204 Mo. This again suggests that the lensing is actually 
produced by halos of the size of clusters placed close to the QSOs positions. 
Furthermore, magnification bias trough CCF measurements can be used to con- 
strain the halo mass function. In particular, Cueli et al. in Ref. 18 successfully test 
such possibility according to two common parametrisations: the Sheth & Tormen 
and Tinker fits. They find general agreement with traditional values for the involved 
parameters, with a slight difference in the Sheth & Tormen fit for intermediate and 
high masses, where the results suggest a hint at a somewhat higher number of halos. 


5. Cosmological studies with magnification bias 


Moreover, some of the main cosmological parameters can be also estimated using the 
magnification bias, as in Ref. 6. They use the CCF measured between a foreground 
sample of GAMA galaxies with spectroscopic redshifts in the range of 0.2 < z < 0.8 
and a background sample of H-ATLAS galaxies with photometric redshifts z > 1.2 
(as described in section 3) to constrain the astrophysical parameters (Mmin, Mi, 
and a) and the Qm, og, and Ho cosmological ones (the matter density parameter, 
the present root-mean-square matter fluctuation averaged over a sphere of radius 
8h !Mpc where h is the dimensionless Hubble constant, and the Hubble density 
parameters). These parameters are estimated through a Markov chain Monte Carlo 
analysis, using the Python package emcee (Ref. 29). They study various cases and 
in particular they perform a run by setting flat priors to those in Table 1. 


Table 1. Flat priors for the ACDM run in 
Ref. 6. 


log Mmin  U[116,13.6 Qw U[ 0.1, 0.8] 
log Mi U[ 13.0, 14.5] øs  U[0.6, 1.2] 
a W[0.5,1.37]] h  uļo.5, 1.0] 


Note: The HOD parameters names and flat pri- 
ors are listed in the first two columns. The cos- 
mological ones in the third and fourth columns. 
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They obtain a lower limit at 95% confidence level (CL) on Qu > 0.24, a slight 
trend towards Hy > 70 km s^! Mpc™! values and an upper limit at 9596 CL of 
og < 1. Such results are summarised in the Qw — og plane in Fig. 3 (a) with the 
dot-dashed blue line. 

Given the large number of studies that can be performed with magnification 
bias through CCF data, a systematic analysis of possible bias that might affect the 
estimation have been carried out. In particular, in Ref. 17 Gonzalez-Nuevo et al. 
take into account different biases at cosmological scales in the source samples to 
carefully measure unbiased CCF. More precisely, their background sample consists 
of H-ATLAS galaxies with z > 1.2 whereas they use two independent foreground 
samples with 0.2 < z « 0.8: GAMA galaxies with spectroscopic redshifts and SDSS 
galaxies with photometric redshifts. These independent samples allowed them to 
perform a pseudo-tomographic study that yields to constrain Qm = 0.502945 and 
0g = (tos. Such analysis also suggests that a tomographic approach might 
improve the results. 

Driven by the conclusions mentioned above, Bonavera et al. in Ref. 13 adopt the 
unbiased sample by Gonzalez-Nuevo et al. in Ref. 17 dividing the foreground sample 
into four redshift bins (0.1 — 0.2, 0.2 — 0.3, 0.3 — 0.5 and 0.5 — 0.8). The background 
objects are a sample of H-ATLAS galaxies with photometric redshifts z > 1.2. The 
redshift distribution are shown in Fig. 2 and the redshift bins of the foreground 
sample are highlighted with different shades of green. They use magnification bias 
in tomography to jointly constrain the astrophysical HOD parameters (Minin, Mi 
and o) in each one of the selected redshift bins together with the Qm, og, and 
Ho cosmological ones. In particular, the analysis is carried out both in the ACDM 
scenario and with the introduction of the dark energy density related wo and wa 
parameters in the wu9CDM and wow4,CDM frameworks. The parameters priors for 
the three described runs are listed in Table 2. 


Table 2. Flat priors for the ACDM, wo CDM and wowa CDM models 
in Ref. 13. 


log MminU[ai, bi] log Miei, di] Qu U 0.1, 0.8] 
a1, b1] = 4[10.0,13.0] [ex, d1] = U[12.0,15.5] og — U[0.6, 1.2] 
[22,52] = 4[11.0,13.0]  [c2, d2] = 4[12.0,15.5] h 0.5, 1.0] 
[23,53] = U[11.5, 13.5] — |es,da] = U[12.5, 15.5] wa — [-3.0, 3.0] 
[a4, ba] = U[13.0, 15.5] [cada] = U[13.0, 15.5] wo U[-2.0, 0.0] 


Note: For the four different bins of redshift, the Min flat priors are 
listed in the first column while the M ones in the second column. The 
o prior is a = U| 0.5, 1.37] in all bins. The cosmological parameters 
names and flat priors are in the third and fourth columns. 


As for the HOD parameters, Mmin shows a trend towards higher values at 
higher redshift confirming the findings in Ref. 16. For the ACDM model, they ob- 
tain a mean(maximum) posterior value [68% CL] of Qa, = 0.33(0.26) [0.17,0.41] 
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BON20 (CDM 
WoWaCDM 


(a) 
Fig. 3. Contour plot of the 2D posterior distributions with contours set to 0.393 and 0.865. (a) 
Qm and og for the non-tomographic case in Ref. 6 (dot-dashed blue line) and the tomographic 
runs in Ref. 13 within ACDM (in yellow), woCDM (in green) and wowaCDM (in purple). (b) 
wo and wa for the wowaCDM model. Credit: Bonavera et al., A&A, in press, DOI 10.1051/0004- 
6361/202141521, 2021, reproduced with permission © ESO. 


and of og= 0.87 [0.75,1], being Ho not yet constrained. For the woCDM model, they 
find similar results on Qm and og and a mean(maximum) posterior value [68% CL] 
of wo = —1(—0.97) [-1.56, —0.47]. For the wowaCDM model, wo = —1.09(—0.92) 
[-1.72, —0.66] and wa = —0.19(—0.20) [—1.88, 1.48]. These results are summarised 
in Tables 3 and 4, where the the mean, peak and 68%CL of the posterior distribu- 
tions for the estimated cosmological parameters are given. In particular, the first 
column gives the parameter name, the second and third columns in Table 3 are the 
results for the ACDM model in the non-tomographic and tomographic cases, and in 
Table 4 are those for the w9CDM and wow, CDM. models in the tomographic case. 

The Qm — og plane is shown in Fig. 3(a) for the ACDM (in yellow), woCDM 
(in green) and wow, CDM (in purple) models. The results in the wo — wa plane are 
shown in Fig. 3(b). The wo results are shown in Fig. 4 for the »9CDM (in green) 
and wow; CDM (in purple) cases, where they are compared with other results from 
literature. Moreover, the tomographic analysis presented in Ref. 13 confirms that 
magnification bias results do not show the degeneracy found with cosmic shear 
measurements and that, related to dark energy, do show a trend of higher wo values 
for lower Hy values. 


6. Conclusion 


In conclusion, all these works confirm that the SMGs are a perfect background sam- 
ple for magnification bias studies and serendipitous direct observation of magnified 
SMGs have been performed with ALMA (i.e. Ref. 26). It has been demonstrated 
in Ref. 28 and Ref. 16 for astrophysical studies and in Ref. 6 for cosmological ones. 
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Table 3. Cosmological results for the ACDM from 
Bonavera et al. in Refs. 6,13. 


ACDM nontomo ACDM 
i (Peak) 68%CL u(Peak) 6896C L 


Qu —0.54(0.67)  [0.46,0.80]  0.33(0.26) ([0.17,0.41] 
ca  0.78(0.74)  [0.63,0.85]  0.87(0.87)  [0.75,1.00] 
h 0.76(-)  [0.68,1.00]  0.72(0.72) «0.79 


Note: Mean(Peak) and 6896C L of the posterior distribu- 
tions for the cosmological parameters (listed in the first 
column) estimated according to the ACDM model in the 
non-tomographic case (second and third columns) and in 
the tomographic one (fourth and fifth columns) models 
in the tomographic case. With the exception of the esti- 
mated cosmological parameters, the cosmology is fixed to 
the Planck one. 


Table 4. Cosmological results for the »9CDM and wowa CDM 
models from Bonavera et al. in Ref. 13. 


woCDM wowa CDM 
(Peak) 68%C'L (Peak) 68%CL 


Qj.  0.38(0.26) ^ [0.13,0.47] — 0.34(0.21) —— [0.11,0.41] 
og  0.87(0.85) [0.73,0.98|] ^ 0.88(0.84) [0.72,1.01] 


h 0.70(-) «0.75 0.70(-) «0.76 
wo —-1.00(-0.97)  [1.56,-0.47]  -1.09(-0.92) —[-1.72,-0.66] 
wa - - -0.19(-0.20) — [-1.88,1.48] 


Note: Mean(Peak) and 68%CL of the posterior distributions 
for the cosmological parameters (listed in the first column) es- 
timated according to the w9CDM (second and third columns) 
and wowa CDM (fourth and fifth columns) models in the tomo- 
graphic case. With the exception of the estimated cosmological 
parameters, the cosmology is fixed to the Planck one. 


In particular magnification bias proves to be useful as an independent and additional 
cosmological probe for ACDM and beyond ACDM models, as done in Ref. 13. 

In these works, the performance of magnification bias through CCF measure- 
ments has been compared in non-tomographic and tomographic analysis. The con- 
clusion is that tomography improves non-tomographic studies despite the worsening 
in the statistics of the measured CCFs. 

Moreover, the CCF can be computed adopting different foreground samples, e.g. 
galaxies in Ref. 6 or QSOs in Ref. 14 and the measurements are improved by taking 
into account observational biases correction (i.e. Ref. 17). In addition, variation of 
the ingredients of the models, as the HMF, might be tested with magnification bias 
(e.g. Ref. 18). 

Up to now, the main conclusions are the fact that astrophysical results are 
robust for all models (ACDM and beyond ACDM) and that ACDM compatible 


Fig. 4. 
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Planck 2 [ 
Suzuki et al. (2012) 
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Results on wo within the wọCDM (green) and wowaCDM (purple) models compared 


with those by DES (blue), Planck1 (basewwaplikHMTTlowllowEBAO, salmon), Planck2 (basew- 
plikHMTTlowllowE, brown), Supernovae (red), x-ray measurements (yellow). Credit: Bonavera et 
al., A&A, in press, DOI 10.1051/0004-6361/202141521, 2021, reproduced with permission (C) ESO. 


results have been found with tomographic and non-tomographic approaches, i.e. 
Om ~ 0.33, og ~ 0.87, wo ~ —1 and wa ~ —0.19. 
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In the standard cosmological scenario, no circular polarization is predicted for Cosmic 
Microwave Background (CMB) radiation. However, in the frame of moving particle, 
Lorentz symmetry violation leads to circular polarization for CMB radiation. We esti- 


cO 


mate the circular polarization power spectrum Cy;' in CMB radiation due to Compton 
scattering in the presence of the Lorentz symmetry violation. We show that the V-mode 
power spectrum can be obtained in terms of linear polarization power spectrum at the 
last scattering surface. 


Keywords: Circular polarization, CMB, power spectrum 


1. Introduction 


Numerous valuable information could be obtained from temperature anisotropies 
and polarization of the CMB. In particular, tempreture anisotropy in CMB radiation 
could generate polarization for the CMB. The theoretical calculation predicts at the 
most 10% of linear polarization for the CMB known as E-mode and B-mode which 
is originated from Compton scattering of photons on the electron plasma at the 
recombination epoch. The E-mode and B-mode polarization are different polariza- 
tion pattern arisen from scalar and tensor temperature anisotropy, respectively. 3 
Besides, the standard model of cosmology peredict no circular polarization for the 
CMB due to Compton scattering, and circular polarization has not been measured 
yet. However, most recently the CLASS experiment has established tightest upper 
bound on angular power spectrum of the CMB at 95% confidence from 0.4K? to 
13.54 K? on (£ + 1)CY V /(2x)) at multipole moments 1 < ¢ < 120.4 The circu- 
lar polarization for the CMB is a rare process so that observation of any level of 
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circular polarization could be a hint for the existence of new physics. In particular, 
Faraday conversion could be a source of the CMB circular polarization in which 
linear polarized light propagates through a medium and lead to various indexes of 
refraction along the two transverse axes. Besides, Compton scattering of CMB from 
the electron in the presence of a trivial background field such as a magnetic field” ê 
or non-trivial background like Non-Commutative space-time^? and Lorentz sym- 
metry violation*:? will rise circular polarization for the CMB. Moreover, scattering 
of CMB photon from non-standard particles like vector or fermionic dark matter 
can lead to circular polarization of the CMB!°:!! and cosmic photons.!? 

In this study, we would like to explore the effects of Lorentz symmetry violation 
(LIV) as a non-trivial background on the angular power spectrum of the CMB. The 
energy scale for LIV is the Planck scale which is out of reach based on direct exper- 
iments. An alternative way to study such effects is the Standard Model Extension 
(SME) based on effective field theory approach.!? The Lorentz violation at the SME 
is induced by spontaneous symmetry breaking and result in new terms including 
LIV parameters and can behave such as constant backgrounds. The phenomenolog- 
ical aspects of LIV have been widely studied in the literature which total obtained 
constraints are gathered at Ref.!^. 

In this paper, we give a brief overview of the SME in section 2. Then the effect 
of LIV on the CMB polarization is given in section 3. Finally, in section 4 we give 
a conclusion and summary. 


2. The SME 


We assume the CMB photon scatter from cosmic electron while the Lorentz invari- 
ance is violated. The LIV effect is appliable by the SME. The minimal version of 
the SME contains all possible gauge invariant operators, made by all the SM fields 
and LIV is specified with new couplings.!? The QED part of SME including charged 
fermion interaction with photon is defined as follows: 


1 a A v M4 T 
QED = sey + chy) D íi — ome, (1) 


where w is the fermion field, D,, shows the covariant derivative with uD ,v = 
uD,v — vD,u,? the mass of electron is me, and ^, indicates the Dirac gamma ma- 
trices and the coefficient for Lorentz symmetry violation is c"" in fermion sector. We 
assume c" to be symmetric and traceless tensor. For convenience,the constraint on 
the SME parameters are expressed in a standard reference frame, i.e Sun-centered, 
celestial equatorial frame (SCCEF) with coordinates (T, X, Y, Z}, the coordinates 
of lab frame are denoted by {t, x,y,z}. Conversion to a lab frame at convenient 
time t is defined by!$ 


$ cosy cosQt cosxsinQOt — sinx x 
dl — sin Ot cos Qt 0 Y (2) 
2 sinxcosOt sinysinQt cosx Z 
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If we consider the lab frame on the earth 2 would be the earth sidereal rotation 
frequency equivalent to 27 /(23h 56 min) and 0 € x € s. Some experimental bounds 
on the components of c parameter in the SCCEF frame is given in Tab 1. Therefore, 


Cu Experimental bounds system 
“err 2x10 Collider physics!” - 

cyy 3 x 1071? Astrophysics!? 

CZZ 5 x 10-1? Astrophysics? 
C(XY) 3 x 1071? Astrophysics!? 

C(Y Z) 1.8 x 10715 Astrophysics!? 
C(XZ) 3 x 1071 Astrophysics!’ 
CTX) — 30 x 10714 Collider physics!’ 
C(TY) — 80 x 1071 Collider physics! * 
C(TZ) — 11 x 10-8 Collider physics!” 


we also use correlation between components of laboratory frame and SCCEF given 
in Ref!Ó to transfer the result to SCCEF frame. 


3. Effect of LIV on the CMB polarization 


The theoretical aspect of polarization of the CMB photon is characterized by four 
Stokes parameters: |I, Q, U, V]! which can be related to component of density matrix 


as: 
lf Teo va 
"-3(olw ih (3) 


where J indicates the total radiation intensity (temperature), Q and U indicates 
linear polarization and V is circular polarization of the CMB radiation which satisfy 
the inequality I? > Q? + U? + V?. Compton scattering cannot generate circular 
polarization V, so in the standard model of cosmology circular polarization is not 
anticipated for the CMB. For an ensemble of photon which are assumed free before 
as well as after scattering, the time evolution for Stokes parameters will be obtained 
by solving the following quantum Boltzmann equation, given as! 


(2n)85%(0)20° © pi; (0, p) = i(LH9(0), Bis (9)) (4) 
-g[ emo uno). DaN, 


where p? represents the energy of photon and the photon number operator is given 
with Di;(p) = al (p)à;(p) where â! (p) and à;(p) are rising and lowering operators, 
respectively. 
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In the Eq. (4), H? is an interacting Hamiltonian that includes all possible in- 
teractions at leading order. First term on the right-hand side of the above equation 
is known as ‘forward scattering’ where the incoming particles interact without ex- 
change the momenta and this term is linearly proportional to H?. The second term 
is called ‘Damping term’ and quadratically proportional to H?. In the case of Comp- 
ton scattering, the contribution of first term of Eq. (4) is equal to zero. Moreover, 
time evolution of the circular polarization is zero (V — 0) for both terms of right- 
hand side of Eq. (4). Therefore, contribution of any new physics in polarization of 
photon in forward scattering would be considerable. 

We obtain the Boltzmann equation for circular polarization of CMB radiation in 
the presence of LIV by using the Eq. (4), and reconstructing the Stokes parameters? 
as follows: 


d 
ae! +iKpA® + Ap) — iK uuo] = CI 


ey? 
d ,4+(s),. +(S) : (S) 
dn TiKuASLU = CR —ikpyAy, 
d A(S). S i -(s = E 
NY +iKuAY = CY, + $ et Ap? + may AE, (5) 


where 7 represents conformal time. Scalar perturbation corresponding to the po- 
tential of Newton and spacial curvature perturbation are shown with w and @. 
A = QU) + iU is a linear combination of Q(9 and U(9) polarization. The 
scalar product of wave vector K and the CMB propagating direction is given by 
LL. Ci; Cz, and Ge represents the contribution of the SM Compton scattering in 
AS” polarization and AG ) polarization,’ respectively. «jy indicates the involve- 
ment of Compton scattering by considering fermionic part of the SME Lagrangian 
at Boltzmann equations (Eq. (5)) which are obtained as follows: 


3 OT m2 Ne + aß . {a 
Auy c QUIE me Kijv = KLIv C(agy (05 kae ipt BY). (6) 
where pp and pie) are defined as: 
py = -je éd 5 ha 28.6. el 0. eló.6 gcc Ck bie 
f=e,p j 
~ f 2 2uym3 ,. ^5. 25. 2 ^ Ea. la. 2 
+ô- dhê et VT m. (6-¢-66-€b-€)+2u,k-é-kb-€ 0- €], 
fep D 
a 1 A 
pie = ES Be e^ 6-67) + Xo Tb (o di- ê- eti 0.6. €) 
f=e,p " 
Ub ^ ^ vim? 
+ 3 (0&8. 6. ek. 6. e) »» jo ôl- eló. e! 
f=e,p 9 
2 
nr e) ke ko. e 0.e eo. d9.6), (T) 
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here o, 8 = 0,2, j represent time-like and space-like LIV components of coefficient 
c. The direction of bulk velocity of electrons is shown by 6. It is convenient, to 
describe the statistical properties of CMB radiation via spherical harmonic. Then 
the Stokes parameter could be expanded over suitable multipole moment in spin 
weighted basis?:? 
oo 
Afv mK, u) = Y QUE 1) C0 AL pv, K) PG), (8) 
1=0 
with P;i(u) being the Legendre polynomial of rank J. In particular, the value of 
ADS at the present time 7 in direction ñ are achieved by integrating the Boltz- 
mann equations (Eq. (5)) along the line of sight and summation over all Fourier 
modes K as follows: 


AS ms / d K£(K)e*?i9» AZ? (K, p, n), 


APA) = [ Pea QC p,n), (9) 


where @x,n are characterized to rotate the ñ and K dependent basis to a fixed 
frame in the sky. The random variable €(K) is used to define the initial amplitude 
of the mode. Then AC and AZ ) are obtained as: 


tye l " D uel 
APK, 4,10) = z | dies el [3A + (FEY AT 4 SEY A ZO?) 
2 Jo Ney Ney 
pee. ums E . {a KLV 4(S 
as di] they e es [Bu AT + 2i pb Pore} — AC) + " 
0 Ney 
(10) 
XS) x . i£H—Te 3 2 
AEOQK wom) | dris cr [F0 - AIK, n) 
— i ERE ay] i (11) 


Ney 


where II = AG + AS) + AG, the differential and total optical depth caused 
by Thomson scattering (c) at the time of 7 are given by rj, = a(n)neor and 
hea: = Se Ney dr] with ne being electron number density, and x = K (no — 7). The 


AC is linear polarization defined as 
" D 4X [L— 3 
APK n) = f duis, cr [Fa - 0K]. (12) 
0 


The AO) arised from Compton scattering in presence of LIV (Eq. (10)) can be 


estimated in terms of linear polarization. The term Suv obi ) 
ey 


C{ap} represents the 
strength of LIV contribution at circular polarization. Therefore, we consider the 


dominant term in p (Eq. (7)). 
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The correlation function of circular polarization in the presence of LIV in terms 
of primordial power spectrum is obtained as: 


1 * 
C? = SRL NS Cam avm) 


1 3 


Q 


b 


and P,(K) is the velocity power spectrum which can be expressed as a function of 
primordial scalar spectrum: 


no . < 
[ exa. [ami em iogan EAD, as 
0 ey 


P,(K, 7)  PÍ?(K, 7). (14) 


Finally, we estimate the circular power spectrum cr regarding to linearly polarized 
two point function cP as follows: 


Ch = (KEV) Cr (15) 


where 


Zlss 
ALIV = Clap} pe SUV. kiv = —| dz Rirv(z) = 107°. (16) 
Tey Zlss JO 

here &pjy is the mean of &prv(z) over redshift from last scattering surface zs. ~ 
1100 up to today z = 1. Similar to Ref,!® we assume c^? tensor with symmetric 
component a = 6 = T, X,Y,Z at the order of 10715 and x = 7/4.14 Current 
experimental value for linearly polarized power spectrum for the CMB is at the 
order of CP = 0.1K? for | < 250.29 Applying the value of linearly polarized 
power spectrum, we estimate the V-mode power spectrum generated from Compton 
scattering in the presence of LIV as follows 

er a 
19-35) 
As we mentioned before, the tightest experimental bound on the circular polariza- 
tion is obtained by CLASS experiment which is 0.44? to 13.54,K? for 1 < l < 120. 
By improving the sensitivity of experiments in the future, we expect the obtained 
constraint in Eq. (17) would be comparable to experimental bounds. 


CY ~ 0.8 (nK)*( (17) 


4. Summary 


In this work we studied the circular polarization of CMB due to forward scattering 
with cosmic electron in the presence of LIV and scalar perturbations. We derived 
the Boltzmann equations describing the time evolution of CMB polarization. We 
also showed that the circular power spectrum of CMB in the presence of LIV can be 
expressed as linear power spectrum. Circular polarization of CMB might be origi- 
nated from different sources so that the possibility to separate the contribution of 
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different sources would be valuable. The dominant term of circular polarization for 
the CMB due to LIV is linearly proportional to wavelength A = (1/ko) (Eq. (7)) 
while the wavelength dependence for other effects could be different. T'his various 
dependency to wavelength leads to a different distribution of V-mode power spec- 
trum arising from different models and can help us to compare our result with other 


bounds on circular polarization. 


References 


1. 


2. 


10. 


11. 


12. 


13. 


14. 
15. 


A. Kosowsky, Cosmic microwave background polarization, Annals Phys. 246, 49 
(1996). 

U. Seljak and M. Zaldarriaga, A Line of sight integration approach to cosmic mi- 
crowave background anisotropies, Astrophys. J. 469, 437 (1996). 

M. Zaldarriaga and U. Seljak, An all sky analysis of polarization in the microwave 
background, Phys. Rev. D 55, 1830 (1997). 

I. L. Padilla, J. R. Eimer, Y. Li, G. E. Addison, A. Ali, J. W. Appel, C. L. Ben- 
nett, R. Bustos, M. K. Brewer, M. Chan, D. T. Chuss, J. Cleary, J. Couto, S. Dahal, 
K. Denis, R. Dünner, T. Essinger-Hileman, P. Fluxá, D. Gothe, S. K. Haridas, K. Har- 
rington, J. Iuliano, J. Karakla, T. A. Marriage, N. J. Miller, C. Núñez, L. Parker, 
M. A. Petroff, R. Reeves, K. Rostem, R. W. Stevens, D. A. N. Valle, D. J. Watts, 
J. L. Weiland, E. J. Wollack and Z. Xu, Two-year cosmology large angular scale sur- 
veyor (CLASS) observations: A measurement of circular polarization at 40 GHz, The 
Astrophysical Journal 889, p. 105 (jan 2020). 

A. Cooray, A. Melchiorri and J. Silk, Is the cosmic microwave background circularly 
polarized?, Phys. Lett. B 554, 1 (2003). 

E. Bavarsad, M. Haghighat, Z. Rezaei, R. Mohammadi, I. Motie and M. Zarei, Gen- 
eration of circular polarization of the CMB, Phys. Rev. D 81, p. 084035 (2010). 

S. Tizchang, S. Batebi, M. Haghighat and R. Mohammadi, The generation of B-mode 
and circular polarization of cosmic photons due to Non-Commutative space-Time 
background, PoS ICHEP2018, p. 142 (2019). 

S. Tizchang, S. Batebi, M. Haghighat and R. Mohammadi, Cosmic microwave back- 
ground polarization in non-commutative space-time, Eur. Phys. J. C76, p. 478 (2016). 
S. Alexander, E. McDonough, A. Pullen and B. Shapiro, Physics Beyond The Stan- 
dard Model with Circular Polarization in the CMB and CMB-21cm Cross-Correlation, 
JCAP 01, p. 032 (2020). 

S. Modares Vamegh, M. Haghighat, S. Mahmoudi and R. Mohammadi, Impact of the 
vector dark matter on polarization of the CMB photon, Phys. Rev. D 100, p. 103024 
(2019). 

M. Haghighat, S. Mahmoudi, R. Mohammadi, S. Tizchang and S. S. Xue, Circular 
polarization of cosmic photons due to their interactions with Sterile neutrino dark 
matter, Phys. Rev. D 101, p. 123016 (2020). 

M. Cermeño, C. Degrande and L. Mantani, Circular polarisation of gamma rays as a 
probe of dark matter interactions with cosmic ray electrons (3 2021). 

D. Colladay and V. A. Kostelecky, CPT violation and the standard model, Phys. Rev. 
D 55, 6760 (1997). 

V. A. Kostelecky and N. Russell, Data Tables for Lorentz and CPT Violation (1 2008). 
D. Colladay and V. A. Kostelecky, Lorentz violating extension of the standard model, 
Phys. Rev. D 58, p. 116002 (1998). 


1578 


16. V. A. Kostelecky and C. D. Lane, Constraints on Lorentz violation from clock com- 
parison experiments, Phys. Rev. D 60, p. 116010 (1999). 

17. B. Altschul, Laboratory Bounds on Electron Lorentz Violation, Phys. Rev. D 82, p. 
016002 (2010). 

18. B. Altschul, Synchrotron and inverse compton constraints on Lorentz violations for 
electrons, Phys. Rev. D 74, p. 083003 (2006). 

19. S. Tizchang, R. Mohammadi and S.-S. Xue, Probing Lorentz violation effects via a 
laser beam interacting with a high-energy charged lepton beam, Eur. Phys. J. C 79, 
p. 224 (2019). 

20. P. A. R. Ade et al., Planck 2015 results. XX. Constraints on inflation, Astron. Astro- 
phys. 594, p. A20 (2016). 


1579 


Cosmic backgrounds from the radio to the far-infrared: Recent results 
and perspectives from cosmological and astrophysical surveys* 


Carlo Burigana;'?:?* Elia Sefano Battistelli;^9?^ Laura Bonavera;9/^:€ 
Tirthankar Roy Choudhury;?:4 Marcos Lopez-Caniego;?:* Constantinos Skordis;!0-f 
Raelyn Marguerite Sullivan;!!:9 Hideki Tanimura;!?:^ Seddigheh Tizchang;!??? 
Matthieu Tristram;!^J Amanda Weltman!>>* 


1INAF-IRA, Via Piero Gobetti 101, 40129 Bologna, Italy! 
? Dipartimento di Fisica e Scienze della Terra, Università degli Studi di Ferrara, 
Via Giuseppe Saragat 1, 1-44122 Ferrara, Italy 
3INFN, Sezione di Bologna, Via Irnerio 46, 40126, Bologna, Italy 
^ Dipartimento di Fisica, Università di Roma “La Sapienza”, 

P.le Aldo Moro 2, 00185, Rome, Italy 

5INAF-IAPS Roma, Via del Fosso del Cavaliere 100, 00133 Roma, Italy 

6 Departamento de Física, Universidad de Oviedo, 
C. Federico García Lorca 18, 33007 Oviedo, Spain 
“Instituto Universitario de Ciencias y Tecnologias Espaciales de Asturias (ICTEA), 
C. Independencia 18, 33004 Oviedo, Spain 
8 National Centre for Radio Astrophysics, Tata Institute of Fundamental Research, 
Ganeshkhind, Pune 411007, India 
9 Aurora Technology B.V. for the European Space Agency, 
Villanueva de la Canada, Madrid, 28692, Spain 

10CEICO, FZU - Institute of Physics of the Czech Academy of Sciences, 
Na Slovance 1999/2, 182 21, Prague 

11 Department of Physics & Astronomy, University of British Columbia, 

6224 Agricultural Road, Vancouver, British Columbia, Canada 
12 Université Paris-Saclay, CNRS, Institut d’Astrophysique Spatiale, 
Bâtiment 121, 91405 Orsay, France 
13 School of Particles and Accelerators, Institute for Research in Fundamental Sciences (IPM), 
PO BOX19395-5531, Tehran, Iran 
14 Université Paris-Saclay, CNRS/IN2P3, IJCLab, 91405 Orsay, France 
15 High Energy Physics, Cosmology & Astrophysics Theory Group, University of Cape Town, 
Private Bag, Cape Town, South Africa, 7700 


a burigana@ira.inaf.it — Pelia. battistelli@romal.infn.it — ©bonaveralaura@uniovi.es 
4 tirth@ncra.tifr.res.in — ©marcos.lopez.caniego @sciops.esa.int — f skordis@fzu.cz 
Irsullivan@phas.ubc.ca — " hideki.tanimura@ias.u-psud.fr — *s.tizchang@ipm.ir 

J tristram@ijclab.in2p3.fr — ¥ amanda.weltman@uct.ac.za 


Cosmological and astrophysical surveys in various wavebands, in particular from the ra- 
dio to the far-infrared, offer a unique view of the universe’s properties and the formation 
and evolution of its structures. After a preamble on the so-called tension problem, which 
occurs when different types of data are used to determine cosmological parameters, we 
discuss the role of fast radio bursts in cosmology, in particular for the missing baryon 
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problem, and the perspectives from the analysis of the 21 cm redshifted line from neutral 
hydrogen. We then describe the Planck Legacy Archive, its wealth of scientific informa- 
tion and next developments, and the promising perspectives expected from higher resolu- 
tion observations, in particular for the analysis of the thermal Sunyaev-Zel’dovich effect. 
Three cosmological results of the Planck mission are presented next: the implications 
of the map of Comptonization fluctuations, the dipole analysis from cross-correlating 
cosmic microwave background anisotropy and Comptonization fluctuation maps, and 
the constraints on the primordial tensor-to-scalar perturbation ratio. Finally, we discuss 
some future perspectives and alternative scenarios in cosmology, such as the study of the 
Lorentz invariance violation with the cosmic microwave background polarization, the 
introduction of new gravitational degrees of freedom to solve the dark matter problem, 
and the exploitation of the magnification bias with high-redshift sub-millimeter galaxies 
to constrain cosmological parameters. 


Keywords: Cosmology; background radiations; observational cosmology; radio, mi- 
crowave; submillimeter; infrared emission; large-scale structure of the universe; galaxy 
clusters; radio sources; IR sources; gravitational lenses and luminous arcs; relativity and 
gravitation; modified theories of gravity; dark matter; special relativity; radiation mech- 
anisms, polarization. 


1. Introduction 


Over the last century or so, cosmology has progressed from a field that was essen- 
tially philosophy to a precision science. The current standard cosmological model 
is the A cold dark matter (ACDM) model, which mainly consists of a cosmological 
constant (A) or dark energy (DE) component and cold dark matter (CDM) com- 
ponent, with general relativity (GR) as the assumed theory of gravity. It makes 
predictions on the smallest and largest scales, that, despite some open questions, 
are largely verified by a host of observational cosmology experiments. 

Cosmological and astrophysical surveys in various wavebands, in particular from 
the radio to the far-infrared, are crucial to solve many problems in cosmology and 
to understand the origin and evolution of the cosmic structures at various scales 
through cosmic time. The accurate observations of the properties of the cosmic 
microwave background (CMB) began the era of precision cosmology, furthering 
our understanding of the early universe and its evolution up to the present time 
and beyond. Similarly, the information contained in the radio sky is of increasing 
relevance to unravel the complexity of cosmic evolution and to answer a wide range 
of open questions, thanks to the spectacular experimental improvement achieved in 
the past years and expected in the future. 

The structure of this paper is as follows. In Sect. 2, we begin with a preamble to 
the so-called tension problem, which occurs when different data are used to deter- 
mine cosmological parameters. We then discuss the role of fast radio bursts (FRBs) 
in cosmology to solve the missing baryons problem, followed by the perspectives 
represented by the analysis of the 21 cm redshifted line from neutral hydrogen (HI). 
Sect. 3 describes the wealth of scientific information and tools publicly available at 
the Planck Legacy Archive (PLA), with its current and future developments, and 
the perspectives expected from higher resolution observations at millimeter (mm) 
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and sub-mm wavelengths, in particular for the analysis of the thermal Sunyaev- 
Zel'dovich (SZ) effect towards galaxy clusters (GCs), focusing on a forthcoming 
well-defined facility instrument. In Sect. 4 we discuss three important cosmological 
results based on the data from the Planck mission: the implications of the analysis of 
the thermal SZ (tSZ) map, the dipole analysis based on the cross-correlation of CMB 
anisotropy and tSZ maps, and the constraints on the ratio between the primordial 
tensor and scalar perturbations. Finally, Sect. 5 is dedicated to future perspectives 
and alternative scenarios in cosmology. We consider three specific examples: the 
study of Lorentz invariance violation with the analysis of CMB polarization, the 
solution to the dark matter (DM) problem introducing new gravitational degrees of 
freedom, and the exploitation of the magnification bias with high-z sub-mm galaxies 
to constrain a set of cosmological parameters. 


2. Cosmology in the radio 
2.1. Cosmology with radio astrophysics and tensions in cosmology 


Amongst the successes of modern cosmology, is the remarkable precision in the 
estimation of the cosmological parameters that describe the contents, geometry and 
history of our universe. Herein also lies the current greatest tension in the data. 
Indeed, in spite of the increasing precision in observational cosmology, it is possible 
we have lost some accuracy: a number of tensions now appear within our data, 
tensions that more cosmology experiments do not appear to solve. These tensions 
may require a change in the underlying theory or they may be resolved with novel 
observational probes of the large scale picture of the universe. Here we will describe 
an example of the latter, namely, the FRBs, the novel discovery of our century, as 
potential instruments for cosmology. Indeed we will highlight more broadly the use 
of radio astrophysics - encompassing both the use of radio transients and intensity 
mapping tools, and the potential they hold for groundbreaking cosmology discovery. 

The Hubble constant, Ho, is anything but constant across observations at dif- 
ferent scales (see Ref. 1 for a recent review of most of the data). A brief summary 
however, is that historically there were two independent measures for Ho, very far 
apart in value with measurements of roughly 50 kms"! Mpc^! or 100kms^! Mpc^! 
from the early and late universe respectively. However, the error bars on each mea- 
surement was large enough, that each was within errors of the other and it was 
assumed that with improved observations, the error bars would get smaller and the 
values would get closer and converge. Indeed, this appeared to be the case early this 
century, but every new data set over the last several years has the values diverging 
with ever smaller error bars, that critically no longer allow for a simple conver- 
gence in the value of Ho. Measurements from the early universe, such as Planck, 
Dark Energy Survey”? (DES), and baryonic acoustic oscillations (BAO) and Big 
Bang nucleosynthesis (BBN) observations, all point to a smaller value of around 
Ho c 671 kms-! Mpc^! and measurements from the late universe, using Cepheids 
as distance ladders, or lensing for example, find Ho ~ 73kms~! Mpc^! with each 


1582 


measurement having error bars in the range 71-4 km s^! Mpc-!. Thus this tension 
is growing with data rather than resolving. 

There are longer standing issues with the standard cosmological model, of course, 
the lack of direct observational evidence for DM which makes up roughly 2596 of the 
total energy budget of the universe is of particular concern. No less resolved is the 
issue of DE, here making up ~ 70% of the energy budget of the universe and yet 
only observed in indirect cosmological experiments with no direct detection and 
also no compelling theoretical explanation for why it even exists or why it appears 
to be dominating the total energy budget of the universe at a cosmological time 
when we are both possible and here to observe it. Early universe inflation is a key 
component in the model, solving several open problems such as the flatness and 
horizon problems and yet we still have no theory of inflation that fits within an 
ultraviolet complete theory with a natural candidate for the inflaton lacking. One 
hopes that these three problems are resolved together with a leap in the theory 
space - yet the obligation remains to continue to search for observational data that 
may yet play a role. 

Other problems have lingered for very long, such as the missing baryon problem, 
where even the ~ 5% of the universe that we know exists is not entirely accounted 
for. Indeed adding up all of the observed contributions to the baryons accounts 
for only ~ 70% of the total expected. Roughly 30% are considered missing, and 
expected to be somewhere in the warm hot intergalactic medium (WHIM). Indeed, 
we should say were considered missing, as we discuss below how to find these missing 
baryons using the FRBs. 


2.1.1. Fast radio bursts and their role in cosmology 


As the name suggests, FRBs are very bright (~ Jy), brief (~us to ~ms scale) 
transients, observed in the broad spectrum of the radio. The first was discovered? 
in 2007 and ever since the search has been on to discover more and their properties, 
first through searches in archival data and more recently through purpose built 
radio telescopes and arrays to find thousands if not tens of thousands of bursts 
every year. Our understanding of the properties of FRBs is still evolving; it appears 
that many but not all repeat, it is not yet known if any of the repeaters repeat in 
a, periodic fashion, and indeed it is likely that ultimately FRBs will fall in several 
classes as has happened with transients historically. Their other properties such 
as polarisation, rotation measures etc are all still unknown as the observations 
do not all point to a single pattern and it is not always possible to disentangle 
host galaxy effects from propagation effects from intrinsic properties of the bursts. 
It does appear certain that they are found in host galaxies, and that they lie at 
cosmological distances,? thus making them excellent candidates for cosmology as 
their propagation will probe the intergalactic medium (IGM) and thus give us a 
number of novel ways to constrain cosmological parameters (see, e.g., Refs. 6-8 
and references therein). From a theoretical standpoint, the progenitor mechanism 
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driving FRBs is not yet known though there are strong hints that at least some 
are driven by magnetars through one of many physical possible mechanisms. A full 
database of theories,? once outnumbered the observations, but as the amount of 
data grows, the possibilities for theoretical explanations shrinks and so it is likely 
that in a few years we will have only a handful of possible contenders remaining, 
perhaps matching future classes of FRBs. 

There are a number of ways FRBs can be used as cosmological probes. Here we 
focus on a single application. After emission from the source, the photons from the 
burst travel to the observer through the IGM, and are slowed down differentially as a 
function of their wavelength, A, or frequency, v = c/A, c being the speed of light. The 
dispersion measure, Mp ~ f nedl, where ne is the electron number density and the 
integral along the line of sight runs from the source to the observer, thus contains 
cosmological information about the distribution of electrons. Indeed, this simple 
equation combined with precision cosmology constraints from the early universe 
allows us to make a prediction for the fraction of baryons in the IGM,’ which 
can then be experimentally verified. Indeed, the so-called missing baryon problem 
is not longer an outstanding problem as the results of Ref. 10 used a handful of 
well located FRBs with the observed dispersion measures to show that indeed the 
missing baryons are in the IGM as expected, and are playing the predicted role of 
dispersing the FRB signal. This longstanding open problem is thus resolved not due 
to any great technological or theoretical breakthrough, but simply through the use 
of a few transient observations and an understanding of the contributions to Mp 
from our own galaxy. This suggests that there is immense and untapped potential 
for great discovery with FRBs and that the future is very bright for this young field. 


2.2. High-redshift universe with redshifted 21 cm line 


The redshifted 21 cm line of HI is one of the most useful probes of the early uni- 
verse. Several experiments are ongoing and are being planned to detect the signal 
at high redshift, z. Detection of the signal will help in understanding the first stars 
in the universe, the formation and evolution of galaxies and also constraining cos- 
mological parameters. This section summarizes the status of observational efforts 
and theoretical understanding. 

The HI evolution can be used to study the thermal and ionization history of the 
universe and also the evolution of the galaxies.1!:!? The very first HI atoms formed 
during the so-called ‘recombination’ epoch. The hydrogen remains in the neutral 
form until the first stars form which can then start ionizing the HI in the IGM, 
a process known as reionization. This epoch is believed to end around redshifts 
z ~ 5.5 by when almost all the HI in the IGM gets ionized. In the post-reionization 
era, the only regions where HI can survive are the high-density regions, e.g., the 
interstellar medium (ISM) of the galaxies. 

The evolution of HI can be efficiently tracked by the redshifted 21 cm signal 
arising from hyperfine transition of the ground state of the atom. The signal is 
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observed, either in emission or absorption, in contrast to the CMB signal using low- 
frequency radio telescopes. Since the hyperfine transition is forbidden, the signal 
amplitude turns out to be extremely weak and hence is appreciable only when the 
HI density is significant. There are broadly three regimes where the detection of the 
21 cm radiation is being planned: (i) the cosmic dawn when the ultraviolet (UV) 
and X-ray radiation from the very early galaxies lead to a strong absorption signal 
around z ~ 20; (ii) the epoch of reionization when the heated and ionized IGM 
leads to an emission signal around z ~ 15 — 6; and (iii) the post-reionization signal 
when HI in galaxies can be detected either directly or through intensity mapping. 
Among the different ways to detect the 21 cm signal, perhaps the one that re- 
quires simplest of the instruments is the signal averaged over large regions of the 
Sky, i.e., the global signal. This signal is believed to be most prominent during the 
cosmic dawn corresponding to v ~ 50 — 100 MHz. The amplitude of the cosmo- 
logical signal is weak and is buried under other astrophysical signals few orders of 
magnitude stronger, which makes it extremely challenging to separate it out. 
Recently, there has been a claim of a detection of the 21 cm signal from cosmic 
dawn at z ~ 18 by the Experiment to Detect the Global EoR Signature?? (EDGES), 
although the recovered signal seems to be 3-4 times larger than that predicted by 
standard galaxy formation models. This lead to several theoretical interpretation 
beyond the standard calculations, e.g., exotic physics in the DM sector?" or strong 
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Fig. 1. Observational upper limits to the 21 cm PS, yk P2i(k)/27?, for three different comov- 
ing wavenumbers k; here h = Ho/ (100kms-! Mpc-!) and cMpc denotes comoving Mpc. Data 
from different telescopes, namely, the Giant Metrewave Radio Telescope!? (GMRT), the Low Fre- 
quency Array!^1!5 (LOFAR), the Murchison Widefield Array192? (MWA), the Precision Array 
for Probing the Epoch of Reionization?? (PAPER), the Hydrogen Epoch of Reionization?* Array 
(HERA), are shown in comparison with the signal predictions from the Semi-numerical Code for 
Relonization with PhoTon-conservation?> (SCRIPT). 
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radio background from the first galaxies.25 ?? There have also been concerns re- 
garding the foreground subtraction and other systematics in the data?! hence it is 
important to validate the signal through other low-frequency telescopes. 

An alternate way of detecting the 21 cm signal is through the spatial fluctu- 
ations. These can, in principle, be useful throughout the cosmic history starting 
from the cosmic dawn to the post-reionization universe. During the cosmic dawn, 
the fluctuations arise from those in the galactic radiation, while in the epoch reion- 
ization it is the patchiness in the ionization field that drives the 21 cm fluctuation 
signal. In the post-reionization era, the fluctuations in the 21 cm signal essentially 
trace the distribution of galaxies and hence the underlying matter fluctuations. 

At present, a number of low-frequency interferometers are attempting to de- 
tect the 21 cm power spectrum (PS) from the epoch of reionization at scales 
~ 10h-! cMpc. Fig. 1 shows the current upper limits (see Ref. 32 for a complete 
compilation of available data). These observational attempts are ably complemented 
by numerical and semi-numerical theoretical models to help interpret the data. The 
result from the one such semi-numerical simulation SCRIPT? is shown in Fig. 1 for a 
model of reionization consistent with all other available observations. Upcoming 
facilities like the Square Kilometre Array? (SKA) will be able to reach a noise level 
of ~ 1 mK (~ 0.3 mK) within ~ 100 (1000) hours of observations and hence should 
constrain reionization models with high statistical significance. 


3. Observational results and perspectives in the microwaves 
3.1. The Planck Legacy Archive, present and future 


Planck was an ESA space satellite that measured the microwave sky in nine wave- 
bands, allowing it to not only capture the CMB to incredible precision, but also to 
accurately study a number of astrophysical diffuse emissions and discrete sources 
(see fig. 51 in Ref. 33, which shows the various wavebands of the Planck satellite, 
as well as the foregrounds signals and their frequency spectra across those bands). 

The PLA hosts and serves over 150 TB of products from Planck that are publicly 
available via the PLA web interface* (Fig. 2). This interface provides direct access 
to the users to a wide variety of products of the Planck Collaboration? through the 
Low Frequency Instrument (LFI) Data Processing Centre (DPC) in Trieste, Italy, 
by the High Frequency Instrument (HFI) DPC in Paris, France, and, more recently, 
by the US Planck Data Center in Pasadena and Berkeley, California, USA. The 


?https://bitbucket.org/rctirthankar/script 

Phttps://www.skatelescope.org 

°https://pla.esac.esa.int 

dThe Planck Collaboration acknowledges the support of: ESA; CNES, and CNRS/INSU-IN2P3- 
INP (France); ASI, CNR, and INAF (Italy); NASA and DoE (USA); STFC and UKSA (UK); CSIC, 
MINECO, JA, and RES (Spain); Tekes, AoF, and CSC (Finland); DLR and MPG (Germany); 
CSA (Canada); DTU Space (Denmark); SER/SSO (Switzerland); RCN (Norway); SFI (Ireland); 
FCT/MCTES (Portugal); ERC and PRACE (EU). A description of the Planck Collaboration and 
a list of its members, indicating which technical or scientific activities they have been involved in, 
can be found at http://www.cosmos.esa.int/web/planck/planck- collaboration. 
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Fig. 2. Left: the Planck Legacy Archive home page. 


PLA is located at the European Space Astronomy Centre (ESAC) near Madrid, 
Spain, and is maintained by the Data Science and Archives Division personnel. 

In the last years, four major releases of Planck products have taken place, pro- 
viding users with the most complete cosmology data set to date. 

The Planck products can be divided into various categories. First, the time- 
ordered data, that comes in multiple flavors: raw, semi-calibrated and calibrated 
science ready timelines and compressed timelines (called HPRs). Second, the fre- 
quency maps produced by the DPCs, in most cases for each detector, detector pair 
and frequency, and for different combinations of the mission coverage (e.g., yearly 
maps, nominal mission, half-mission, half-ring, full mission, etc); third, the maps of 
the CMB; and, fourth, the so-called astrophysical component maps that contain the 
diffuse emission from our Galaxy as produced by the dust grains, synchrotron emis- 
sion from spiraling electrons moving along the magnetic field lines, cosmic infrared 
background (CIB), etc. See Fig. 3, left panel. These CMB and astrophysical maps are 
derived in the scheme offered by the Hierarchical Equal Area isoLatitude Pixeliza- 
tion of a sphere?^ (HEALPix) using different component separation methods, e.g., 
Commander, Spectral Matching Independent Component Analysis (SMICA), Spectral 
Estimation Via Expectation Maximisation (SEVEM) and Generalized Needlet Inter- 
nal Linear Combination (GNILC), the four official component separation methods 
used to extract the CMB maps in the third Planck Release (PR3). Fifth, source 
catalogues in various forms, from Galactic and extragalactic compact source cata- 
logues, available in the Planck Catalogue of Compact Sources (PCCS), to galactic 
cold cores, SZ GCs, high-z lensing candidates, etc (Fig. 3, right panel). Sixth, cos- 
mology products, e.g., the Planck likelihood code and associated files, the different 
flavors of the Planck CMB angular PS as a function of the multipole £ (e.g., low-£, 
high-Z, temperature-only, temperature and polarization, etc), lensing products and 
more (Fig. 4, left panel). 

Advance Search panels are available to extensively query the PLA database, in 
addition to embedded links to the Planck Explanatory Supplement documentation,? 
multiple data download options, and Helpdesk support. 


?https://wiki.cosmos.esa.int/planck-legacy-archive 
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Fig. 3. Left: the Planck maps area in the PLA, with emphasis to the astrophysical components, 
and in particular to the Galaxy dust emission. Right: the Planck source catalogues area in the 
PLA, with emphasis to the PCCS. 
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Fig. 4. Left: the Planck cosmology products area in the PLA, with emphasis to the CMB angular 
PS. Right: the Planck Sky Model simulation tool area in the PLA. 


Three major releases of Planck products took place in 2013, 2015, and 2018 
and a selection of products have been tagged as “Legacy” to identify the version 
of each product most appropriate for general scientific use. In 2021 a new release 
of products will take place with a joint reprocessing of LFI+HFI time-ordered data 
that includes additional information not used in previous releases. In addition, EU 
funded projects reprocessing Planck data, or combining it with other experiments, 
are expected to the deliver to the PLA higher level data products of interest. The 
PLA also offers specialized tools that facilitate the processing of Planck products. 
'These tools are mainly designed to help users who are not familiar with some of the 
particularities of the Planck products, and can be categorized into distinct groups: 
map operations including component subtraction, unit conversion, colour correction, 
bandpass transformation, and masking of map-cutouts/full-sky maps; component 
separation codes, map-making codes and effective beam-averaging. In addition, the 
PLA includes an interface to the latest version of the Planck Sky Model simulation 
tool (Fig. 4, right panel), with a simple user interface that allows users to simulate 
the microwave/sub-mm sky with Planck, as well as future CMB experiments and 
custom-defined instruments. 

In the coming years it is planned to continue releasing data products from im- 
proved reprocessing of Planck data and combining Planck with other experiments. 
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3.2. High angular resolution SZ observations with MISTRAL 


High angular resolution mm observations are key to understand a wide variety 
of scientific cases. Among the others, the interaction of CMB photons with the 
hot electron gas in GCs and surrounding medium promises to study GCs and their 
deviation from relaxed behaviour. When the CMB photons scatter off a hot electron 
gas, for example in GCs, in fact, they undergo inverse Compton scattering which is 
visible in the frequency spectrum of the CMB. The resulting distorted spectrum is 


Al (x) xte? 


Porph- w 


where Io = (2hp/c?)(keTome/hp)?, TCMB is the CMB temperature, tT = 
hpv/(kpTcomp) is the dimensionless frequency, and y = f neorkgT./(m_c*)dl is 
the Comptonization parameter, the integral along the line of sight of the electron 
density n, multiplied by the electron temperature Te; or is cross-section of Thom- 
son scattering, kg and hp are the Boltzmann and Planck constants. This is the 
tSZ effect??:36 and it can be used to study both relaxed and non-relaxed GCs. In 
fact, GCs can experience a wide variety of situation including collisions, merging, 
and non-relaxed situation. In addition, not only GCs can host relativistic electrons. 
Hydrodynamical simulations?^?? suggested that GCs occupy the knots of the so 
called cosmic web (CW) and WHIM is disposed connecting GCs forming filaments 
that could be seen through the SZ effect itself. 

An instrument being prepared for such scientific cases is the MIllimeter Sardinia 
radio Telescope Receiver based on Array of Lumped elements kids?? (MISTRAL), 
to be fielded at the 64m Sardinia Radio Telescope! (SRT). MISTRAL will use an 
array of 408 kinetic inductance detectors (KIDs) with a field of view of 4' and an 
angular resolution of ~ 12". It is a cryogenic instrument with detectors cooled down 
at 270mK and with frequency domain multiplexing (FDM), Reconfigurable Open 
Architecture Computing Hardware 2 (ROACH2) based read-out. 

MISTRAL is a facility instrument to be installed at the SRT in 2022. It operates 
in an atmospheric window in the frequency range 78-103 GHz, namely W-band, 
that is interesting for a number of scientific reasons, and most importantly it pro- 
vides low optical depth and allows high efficiency observations. It will be installed 
in the Gregorian room of the SRT (Fig. 5). 

MISTRAL consists of a cryostat, being constructed by Queen Mary College 
(QMC) Instruments,$ with a Pulse Tube (PT) cryocooler, an He-10 sorption re- 
frigerator, custom optics and detectors. In order to have the PT heads as close as 
possible to vertical position during observations, we have positioned the head with 
an inclination of 57.5° with respect to the focal plane. This allows observation eleva- 
tions in the range of 32.5°+82.5° with no degradation of the thermal performance. 


fhttp://www.srt.inaf.it 
Shttp://www.terahertz.co.uk/qmc-instruments-1td 
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Fig. 5. Left: SRT Turret with MISTRAL installed. Right: a cut of MISTRAL cryostat highlighting 
the main parts. Acknowledgement: MISTRAL Collaboration. 


The optical design of MISTRAL includes a set of radiation quasi-optical filters, 
anchored at the different thermal stages of the cryostat, an Anti Reflection Coated 
(ARC) Ultra High Molecular Weight (UHMW) polyetilene window, and two Silicon 
lenses able to image the Gregorian Focus on the array of detectors. Detectors are 
coupled to radiation through open space (filled array) so cryogenic cold stop, placed 
in between the two lenses, is needed. 

MISTRAL will take advantage of the high sensitivity and capability of FDM 
of KIDs cryogenic detectors. KIDs are superconductive detectors where mm radia- 
tion with higher energy with respect to the Cooper pair binding energy, can break 
Cooper pairs producing a change in the population densities and thus in the kinetic 
inductance. In fact, the inductance L of a thin superconductor is dominated by 
the kinetic inductance Lg, which depends on the Cooper pair density. The detec- 
tor array is composed of 408 KIDs detectors. They are 3mm x 3mm each and are 
arranged on an equilateral triangle every 4.2mm on a 4inches silicon wafer. They 
sample the focal plane with a full width half maximum (FWHM) angular spacing 
of 10.6” lower the each pixel angular resolution. The ROACH2 based FDM, orig- 
inally developed for the Osservatorio nel Lontano Infrarosso Montato su Pallone 
Orientabile" (OLIMPO) experiment,*°*! will be used. 

MISTRAL will be a facility instrument: it will be open to the scientific com- 
munity to decide what kind of scientific output it can achieve and propose the 
observations to the Time Allocation Committee of the SRT. Nevertheless, we will 
list some scientific cases below, including those we find most interesting. 

Protoplanetary discs mm measurements in star forming regions allow to break 
the degeneracy present in infrared (IR) measurements due to the optically thick 
nature of the hot inner disc.4? Observations of star formation in molecular clouds 
with high enough angular resolution allow to distinguish starless cores with respect 
to those hosting protostars.? Continuum resolved galaxies observations can give 


hFar Infrared Observatory Mounted on Orientable Balloon. See http://olimpo.romai.infn.it. 


1590 


information about morphology and radial profiles, e.g., gas column profiles, dust 
temperature profiles.^^ Spatially resolved high-z radio galaxies can provide infor- 
mation about cold dust re-emission.*° 

What is probably the most impacting expected result of MISTRAL is the pos- 
sibility to observe and resolve the SZ effect through GCs and surrounding medium. 
With respect to moderate to low angular resolution observations, high (~ 10") etec- 
tions can investigate non relaxed GCs, study merging GCs, understanding the self 
similarities of GCs, their identical appearance regardless of their mass or distance. 
Study the pressure profiles and understand the active galactic nuclei (AGN) feed- 
back expected in some environments. Often GCs are assumed to be spherical and 
isothermal. Nevertheless, they interact, collide and merge, bringing to important 
degeneracies and deviation from specific models. High angular resolution SZ mea- 
surements allow to disentangle between models and to identify the most appropriate 
ones. Even relaxed GCs experience pressure fluctuations and compressions of the 
intra cluster medium which would be interesting to study. 

GCs experience hierarchical growth through mergers. Pre-mergers GCs should 
be connected through the CW and simulations endorse this.?^?5 WHIM are ex- 
pected to be distributed as over-densities in filamentary structures between GCs: 
high angular resolution SZ measurements can detect WHIM better than X-ray un- 
der low density circumstances. This is probably the most challenging and most 
rewarding of the achievements that an experiment like MISTRAL can achieve. 


4. Planck cosmological implications 
4.1. New Planck thermal SZ map and its cosmological analysis 


The ACDM model provides a wonderful fit to many cosmological data. However, 
a slight discrepancy was found in the latest data analyses between the CMB 
anisotropies (z ~ 1100) and other cosmological probes at low (z ~ 0 + 1) red- 
shift, z, for the Sg(= og(Qy/0.3)°?) cosmological parameter representing the am- 
plitude of the structure growth in the universe; here (); and og are the usual 
non-relativistic matter density parameter and the density contrast on a scale of 8 
[Ho/ (100 km s^! Mpc~!)]~+ Mpc. 

For example, the Sg value was precisely measured to be Sg = 0.830 +0.013 with 
the Planck CMB observation.4° However, a lower value of Sg ~ 0.77 + 0.03 was 
measured using the population of GCs detected by Planck at low-2*^45 (z < 0.6), 
thus called “Sg tension”. Furthermore, other low-z observations with gravitational 
lensing by the Kilo-Degree Survey ?? (KiDS) and DES experiments also found lower 
Sg values. These results indicate that the cosmic structure growth is slower than 
the prediction based on the CMB measurement and may demand modifications to 
the standard cosmological model to explain all these measurements. 

One of the most interesting signals extensively studied with Planck is the tSZ 
effect, which produces what are known as y distortions, or y type signals. These 
primarily come from CMB photons being inverse-Compton scattered through hot 
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Fig. 6. Top: Orthographic projections of the all-sky Compton y parameter maps reconstructed 
with MILCA (left) and in 201559 (right), with appreciable differences in the striping features. Pixel 
resolution changed for visualization purposes from Ngige = 2048 to Nside = 128 (i.e. from c 1.72' 
to ~ 27.48’ pixel size), according to the sky pixelization in Ref. 34. Bottom: Cross-PS (black) fitted 
with the tSZ (red) and foreground models, namely the CIB (green), radio (blue) and IR (cyan) 
sources, plus noise (yellow), the sum of the tSZ, foreground models and noise being shown in red 
dashed line (left); posterior distribution of the cosmological parameters og and Qm, with 68% 
and 9596 confidence level (CL) interval contours obtained from our cosmological analysis (right), 
compared with the Planck CMB’s (gray), KiDS-1000 3x2pt (blue), and DES Y1 3x2pt results 
(green). Acknowledgements: H. Tanimura, M. Douspis, N. Aghanim (CNRS/Univ. Paris-Saclay). 


GCs (see Sect. 3.2), which makes holes, or lowers the flux of low frequency photons 
and up scatters, or makes an excess flux of high frequency photons. 

The tSZ signal is subdominant relative to the CMB and other foreground emis- 
sions in the Planck bands. Thus a tailored component separation algorithm is re- 
quired to reconstruct the tSZ map. We adopted the Modified Internal Linear Com- 
bination Algorithm?! (MILCA) used for the Planck y-map reconstruction in 2015 
and applied it to the 100 to 857 GHz frequency channel maps (see Sect. 3.1) from 
the fourth Planck Release (PRA). 

The Planck PR4 data implemented several improvements from the previous 
version: the usage of foreground polarization priors during the calibration stage to 
break scanning-induced degeneracies, the correction of bandpass mismatch at all 
frequencies, the inclusion of 896 of data collected during repointing maneuvers, etc. 
With these improvements we produced a new y-map with smaller noises (by ~7%) 
and reduced strips than the previous version released in 2015 (Fig. 6, top panels). 
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We also reconstructed two y-maps from the first and last halves of the data for 
a cosmological analysis and considered a cross-angular PS between these y-maps to 
avoid the bias induced by the noise in the auto-angular PS (see Ref. 52 for more 
details). This tSZ cross-PS is affected by residual foreground emissions from radio 
and IR point sources and CIB emission. Thus we fitted our measurement with the 
cosmology-dependent tSZ model, including the radio and IR point source models,?? 
the CIB model? and the noise (Fig. 6, left bottom panel). 

The cosmological analysis of the tSZ cross-PS allowed us to set constraints 
on cosmological parameters, mainly of the Sg parameter. We obtained Sg = 
0.764 18 p12 (statistical) "tois (systematic), in which the systematic uncertainty in- 
cludes the contributions from the mass bias and pressure profile model. Our obtained 
Sg value is fully consistent with recent weak lensing results from KiDS and DES. 
It is also consistent with the Planck CMB's result? within 2c, while it is slightly 
lower by ~1.7o (Fig. 6, right bottom panel). 


4.2. The CMB dipole and the thermal SZ effect: Eppur Si Muove 


The largest temperature anisotropy in the CMB is the dipole pattern at / = 1. The 
simplest interpretation of the dipole is that it is due to our motion with respect to the 
rest frame of the CMB (with debate over the possibility of alternative explanations), 
and is measured to be 8 = v/c = (1.23357 + 0.00036) x 107° in the direction of the 
constellation Crater, (1, 0) = (264.021? + 0.011?, 48.253? + 0.005°), see Ref. 55. As 
well as creating the (—1 mode of the CMB sky, this motion affects all astrophysical 
observations by modulating and aberrating sources across the sky, such as the CMB 
temperature anisotropies. These and other effects will be discussed. 


As discussed above, an accurate mapping of the tSZ signal on the sky has been 
achieved with the Planck satellite. This allows us to construct a novel and in- 
dependent measure of the CMB dipole because the y maps are contaminated by 
temperature anisotropies stemming from the CMB dipole. This is also valuable as 
a test of the quality of the y maps. 

To derive the connection between the y map and the dipole we will begin by 
defining some useful terms regarding the unboosted CMB sky, 


373 3 
_ 2keTouep = 


I(x) NES hc ex —1 (2) 
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Y(z) =H —4, (4) 


which are the standard Planck blackbody intensity function, the frequency depen- 
dence of CMB anisotropies, and the relative frequency dependence of the tSZ effect 
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or y type distortions, x being the dimensionless frequency (see Sect. 3.2). Thus, to 
first-order the anisotropies of intensity measured by Planck can be written as 
ól(à) TÂ) 
If(r) Tome 
where we have included just the temperature anisotropies and the y signals here. 
If we apply a boost to Eq. (5) with a dimensionless velocity 3, it becomes 


+ y()Y (a), (5) 


ol) ,  oT(W) 
If) = Bu Toug + 38) 
LY (a) (vana 38u) 4 pu) 
+ Sura (vs) - S23) +0); (6) 


here u = cos(0), and 0 is the angle from the direction of the boost 8 and the line 
of sight. Additionally, the aberration effect deflects the direction of the incoming 
photons from f — fi’ where fi’ = à — V(&- 8). The first line has the same frequency 
dependence as thermal fluctuations. The term £p simply describes the pure CMB 
dipole, as discussed previously. The second term represents the dipole aberration 
and modulation of the temperature anisotropies of the CMB. This was first mea- 
sured in Ref. 56 to 50. Crucially for our analysis, the middle line has the same 
frequency dependence as y type distortions, and so encompasses the signals in the 
y-map. The final line has more obscure frequency dependencies and so will not be 
discussed here. See Refs. 57, 58 for further details. 

The second line of Eq. (6) shows the signals in the y maps produced by Planck. 
'The first half is the same boost as was seen in the temperature anisotropies, how- 
ever, the final term is due to the second-order expansion of the intensity about 
Tome and adds a contribution to the y maps from the temperature anisotropies. 
We measured this signal in Ref. 57 to 60 by cross-correlating the expected mod- 
ulated temperature map with the y maps. We confirmed the dipole direction by 
cross-correlating the temperature maps modulated in two additional perpendicular 
directions. To test consistency and rule out different systematics, we used the Inter- 
nal Linear Combination (ILC) in two dimensions, 2D-ILC, and MILCA y-maps, the 
temperature anisotropies from both 2D-ILC and SMICA, and finally both a harmonic 
space analysis and a map space analysis. 

The question as to whether an intrinsic dipole could be observationally distin- 
guished from an extrinsic dipole remains an open question. The terms discussed in 
Eq. (6) are based on the assumption of a CMB blackbody spectrum! and cannot be 
used to distinguish the two, as they would naturally arise whether the CMB dipole 


‘See instead Ref. 59 for a study exploiting the relaxation of the blackbody assumption and refer- 
ences to other methods. 
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were caused by a boost, or if there were simply a dipole in the sky with the same 
magnitude and direction. 


4.3. Planck constraints on the primordial tensor-to-scalar ratio 


Discovering the stochastic field of gravitational waves generated during the early 
phases of the universe is one of the most ambitious goals of modern cosmology. Var- 
ious models of inflation predict cosmological perturbations from quantum fluctua- 


60-66 in terms of tensor component (gravitational waves) and scalar component 


tions 
(density variations). Inflationary gravitational waves entering the horizon since re- 
combination epoch generate a tensor component contributing to temperature (T), 
polarization (E and B modes) and cross-correlation TE angular PS, C% where 
X stands for a given mode), of CMB anisotropy,9" 9? 


scale (or at low multipoles, £ S; 150, where £ ~ 180? /0 approximately relates £ to the 


in particular at large angular 


angular scale 0). C?* is typically represented in terms of DX = (4 + 1)C$ /(2), 
which is nearly flat at low multipoles for X = T', although a power suppression 
at very large scales, first observed by the Cosmic Background Explorer (COBE) an 
then confirmed by the Wilkinson Microwave Anisotropy Probe (WMAP) and by the 
Planck satellite, is predicted in several inflationary models possibly in connection 
with universe geometry and topology. 

While the E and T'E modes contain both scalar and tensor signals mainly coming 
from the epochs of recombination and reionization, the model does not predict 
primordial scalar fluctuations in the B-mode. The detection of the primordial B- 
mode then constitutes a direct way to unravel tensor perturbations from the early 
universe, and the efforts to measure of the ratio, r, between the amplitudes of 
primordial tensor and scalar perturbations is the main scientific aim of many on- 
going and future CMB projects. When CMB photons pass through gravitational 
potentials produced by cosmic structures, part of the E-mode power is transformed 
to B-mode power, the so-called lensing B-mode. This signal, already detected by 
a number of ground-based observatories and by Planck, is particularly important 
at small angular scale”? ( Z 150), but it may mask the primordial B-mode also at 
intermediate angular scale and, for low r, even at large angular scale. 

Assuming the spectra of scalar and tensor perturbations are described by pure 
power-laws, Ps(k) = As;(k/ko)"*-!, Pi(k) = At(k/ko)™, they are fully defined by 
the two amplitude parameters As, A; and by the so-called (comoving wavenumber) 
pivot scale ko, the definition of r = A;,/A, being then related to the choice of ko. 
Among the various choices adopted in the literature, ko = 0.05 Mpc ! approxi- 
mately corresponds to the middle of the logarithmic range of k probed by Planck. 
For historical reasons, a scale-invariant spectrum corresponds to ns = 1 or to n, = 0 
for scalar or tensor perturbations, respectively. 


JFor simplicity, we use here two letters only for cross modes. 
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The multipole range 2 < £ < 150 is the most advantageous to directly extract 


r from B-mode analyses. According to theoretical predictions, the primordial D? 
is close to the maximum at 50 S £ S 150, the region of the so-called recombination 
bump (i); at large scale, £ £ 10, DP exhibits a pronounced bump generated at late 
epochs by the reionization process (ii); at 10 < Z £ 50, log(DP) increases almost 
linearly with log(@) (iii). Exploiting higher /'s is of particular relevance for a very 
accurate treatment (delensing) of lensing B-mode. CP increases almost linearly with 
r, the reionization bump features depending on r and on the details of the reion- 
ization process, which is parametrized to first approximation by the corresponding 
Thomson optical depth, 7. In general, the detection of primordial B-modes requires 
exquisite experimental sensitivity and accuracy as well as very precise treatment of 
the polarized foreground emissions (see, e.g., Ref. 71), particularly for low values of 
r, which is why a primordial B-mode tensor signal has not yet been detected. On 
the other hand, recent CMB projects set significant upper limits to r. The great 
sensitivity achievable by ground-based experiments on selected sky areas has been 
used to strongly constrain (i), the current tightest B-mode limits on r from these 
scales coming from the Background Imaging of Cosmic Extragalactic Polarization 
(BICEP)/Keck measurements"? (BK15), while the Planck all-sky survey allows to 
constrain (i), (ii) and (iii). In particular, Ref. 73 presents B-mode limits on r from 
Planck data at £ £ 30. 

A recent reanalysis of Planck data alone and in combination with BK15 (see 
Ref. 74 for a previous joint analysis) has been performed in Ref. 75 exploiting the 
whole multipole range 2 < ¢ < 150. In this study, the Planck PRA data (see Sect. 
3.1) were adopted, where the NPIPE” processing pipeline was used to create cal- 
ibrated frequency maps in temperature and polarization from LFI and HFI data, 
providing several improvements in noise and systematics levels in both frequency 
and component-separated maps. Various sky masks were considered in order to 
retain different sky fractions (from 3096 to 7096) and to test the impact of data 
treatment. In polarization, the CMB sky was separated from foregrounds apply- 
ing the Commander// code to a model with three components, namely the CMB, 
synchrotron, and thermal dust emission, starting from the PLA PR4 maps but 
downgraded from Nside = 2048 to Nae = 16 and to Ngiae = 1024 respectively for 
the analysis at 2 < £ < 35 and at 35 < £ < 150. An updated version of the LOw-Z 
LIkelihood on POlarised Power-spectra (LoLLiPoP) code previously employed by the 
Planck Collaboration in the reionization analysis’® was used to derive the likelihood 
from cross-power spectra for the CMB maps reprocessed as outlined above. Here, 
cross denotes that the angular PS is extracted analyzing different sets of detectors: 
indeed, for these cross-power spectra the bias is zero when the noise is uncorre- 
lated between maps. Unbiased estimates of the angular PS were derived using an 
extension of the quadratic maximum likelihood estimator and a classical pseudo-C; 
estimator at 2 < £ < 35 and at 35 < £ < 150, respectively. The C; covariance 
is deduced from end-to-end simulations and thus includes CMB sample variance, 
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statistical noise, residuals from systematics, uncertainties from foreground subtrac- 
tion, and correlations generated by masking. These uncertainties are propagated 
through the likelihood up to the level of cosmological parameters. 

Applying this analysis to the B-mode alone, fixing the other cosmological pa- 
rameters to the fiducial ACDM spectrum of Planck 2018 results, and considering 
the cleanest 5096 fraction of the sky, the values of r (for kọ = 0.05 Mpc 5) re- 
trieved from the posterior distribution analysis at 2 < £ < 35 (that includes the 
reionization bump) or at 35 < £ € 150 (that includes the recombination bump) 
are ro.o5 = —0.014*0-105 Or 70.05 = -0.069*0115. respectively. The two multipole 
windows contribute almost equally to the overall Planck sensitivity to r. Combining 
them gives ro.o5 = 0.033 +0.069, while setting also a positive value of r as a physical 
prior implies ro.o5 < 0.158 at 9596 CL. 

A tighter result, rg.o5 = —0.031 4 0.046, and a stronger constraint, 79.95 < 0.069 
at 9596 CL, slightly improving the BK15 95% CL limit ro.95 < 0.072, is derived 
applying the same method but jointly considering the three polarization modes B, 
E and EB.* 

These results on r do not depend significantly on the choice of other ACDM 
cosmological parameters. In particular, the constraints on r are unchanged when r is 
retrieved together with 7: considering all polarization modes ro.95 = —0.015 + 0.045 
and 7 = 0.0577 + 0.0056, while considering only the B-mode ro.o5 = 0.025 + 0.064 
and 7 is undetermined because of the noise. 

The Planck temperature data are crucial to determine the other ACDM pa- 
rameters and then, when combined with polarization data, to exhaustively verify 
if the limits on r depend on the other parameters. Furthermore, although Planck 
temperature data, when considered alone, are found to be about two times less sen- 


sitive than Planck polarization data in constraining r, the tensor contribution to 
temperature fluctuations allows to further tight the constraints on r derived from 
polarization data alone. In fact, including also Planck temperature data in the anal- 
ysis using the Planck public low-€ temperature-only likelihood based on the PR3 
CMB map recovered from the Commander and the High-/ Likelihood on Polarised 
Power-spectra (HiLLiPoP) at £ > 30, and marginalizing over the nuisance and the 
other ACDM cosmological parameters, from the posterior distribution for r the au- 
thors” derive the currently most stringent upper limit based on Planck data alone: 
ro.o5 < 0.056 at 9596 CL. 

Finally, in Ref. 75 the Planck temperature and polarization data analyzed as 
summarized above have been combined with the BK15 data, assuming their mutual 
independence, i.e. simply multiplying their likelihood distributions, as justified given 
their so different sky coverage, obtaining 79.95 < 0.044 at 95% CL which currently 
represents the most stringent upper limit. 


kThe primordial EB is expected to be null in the ACDM model. On the other hand, special 
rotation effects of the polarization field (such as birefringence) can produce some EB signal. 
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5. Future and alternative perspectives 
5.1. Lorentz invariance violation and CMB polarization 


The standard model of cosmology can explain the CMB radiation from the recombi- 
nation epoch till today. As discussed above, it predicts the existence of some degrees 
of linear polarization known as E-modes and B-modes (see also Refs. 79-81). The 
linear polarization can be induced to the CMB by means of Compton scattering 
of CMB photons and cosmic electrons in presence of cosmological perturbations. 
However, the circular polarization for the CMB is a rare process in the standard 
model of cosmology, so that observation of any level of circular polarization can be 
a hint for the existence of new physics. The circular polarization for the CMB can 
be generated through Faraday conversion in which linear polarized light propagates 
through a medium resulting in different indexes of refraction along the two trans- 
verse axes.5255 Moreover, the CMB photons scattering from vector or fermionic 
DM can lead to circular polarization of the CMB.9^55 Furthermore, circular po- 
larization for the CMB can be induced by electron-photon Compton scattering in 
presence of a background field such as a magnetic field?? or non-commutativity in 
space and time.®?:°6 

In this study, we would like to explore the effects of Lorentz invariance violation 
(LIV) as a new background in the generation of circular polarization (see Ref. 87 for 
details). To do that we assume the CMB photon and cosmic electron scatter while 
the particle Lorentz symmetry is violated. To evaluate the LIV effect in the Comp- 
ton scattering, we focus on an effective field theory approach known as standard 
model extension (SME). The minimal version of the SME contains every gauge in- 
variant and observer-covariant operator, made by all the standard model (SM) fields 
which violate Lorentz invariance specified with new couplings.®° In the SME, LIV 
is considered in a coordinate that the speed of light is constant c in all frames. The 
kinetic term in electron sector of electromagnetic quantum electrodynamics (QED) 
Lagrangian is modified with c“” tensor as*?? 


LIV 


1 - 
QED — gr + Hy) D yb — me, (7) 


where D, represents the covariant derivative with uD ^v =uD'v—vD"u, p is the 
fermion field, y, indicates the Dirac gamma matrices, and the mass of electron is 
Me. We assume c"" to be symmetric and traceless tensor. The c"" tensor depends 
on the frame and it is estimated in the standard reference frame, i.e. Sun-centered, 
celestial equatorial frame (SCCEF).?? All the available bounds on LIV parameters 
are given in SCCEF frame to be comparable with each other. Therefore, we also use 
correlation between components of laboratory frame and SCCEF given in Ref. 90 
to transfer the result to SCCEF frame. 

The polarization of the scattered CMB photon from cosmic electron in presence 
of LIV is characterized by four Stokes parameters:"? |I, Q, U, V]. I indicates the 
overall radiation intensity, Q and U represent linear polarization and V is circular 
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polarization of the CMB radiation satisfying the inequality I? > Q? + U? + V?. 
'The time evolution of Stokes parameters, defining the CMB polarization, can be 
expressed through the quantum Boltzmann equation, schematically as"? 


a =C[f], (8) 


where the left-hand side involves time derivative of Stokes parameters which includes 
the gravitational effects and space time structure; besides, all possible interactions 
appear at the right-hand side of Boltzmann equation. 

After expanding the intensity and polarization of the CMB radiation in terms 
of multipole moments in spin-weighted basis, the Boltzmann equations regarding to 
electron-photon Compton scattering in presence of LIV by considering only scalar 
perturbation in the metric, are obtained as 


d A(S); S RM. 
4; ^i 4 aK pAS E A[v — iK py] = i 


d 4 
L ALS) Lig u ATO) = o - inky AC 


dn e 
d A(S), S) «(S 
mov tikpa = CY, += se AL ALS (9) 


here 7 is the conformal time, w and ¢ are the scalar perturbation corresponding 
to the potential of Newton and the spatial curvature perturbation, u is the scalar 
product of the wave vector K and the CMB photon propagating direction, Az) = 


QS) iU) is a linear combination of linear polarizations, Con Ce, and ape indicate 


the involvement of the SM Compton scattering in Az) and AG ) parameters, 


respectively. In presence of LIV, the terms «gry and «fry in Eq. (9) are given by 


2 = 
3 ov mz Ne 


Q^ rip?) Q0 


kuiv = —a(n) » Krryv = KLIV C{ap} (PQ 


4a ko Me 
they define the Compton scattering contribution, kg being the momentum of the 
CMB photon. In general, the CMB polarization at the direction n and at the present 
time no is derived by integrating Eq. (9) along the line of sight and summing over 
all Fourier modes K. The circular polarization due to LIV Compton scattering can 
finally be estimated in terms of linear polarization as follows 


1 no i DO K 
AVK, um) © F diy Then, ee [pna + 2% off ap} can S AP 
0 ey 


+ 
+2 fuv Fav A(P h (11) 
Ney 


where 


d D ixu— 3 
APK n) = f dn Ney e? ey [Z0 = PIK, n) i (12) 
0 


1599 


- 2 (0 eke e co ee. eo), (13) 
S S S : A 

II = AS) + AS) + AG and hey = a(n)neor and ney = p Ney(n)dn are the 

differential optical depth and total optical depth. For a detail calculation of Eqs. 

(9)-(13) see Ref. 87. The angular PS, CY , arisen from CMB-cosmic electron forward 

scattering in presence of LIV is obtained as 


1 
V 3 
B L——— KBP,(K 
Ct za] ^ SESS 
no , ibas | fa m 
E, | f vi, [ dre cn sip eus SEV APP. Qu) 
0 ex 


here P,(K) indicates the velocity PS which can be estimated as a function of pri- 
mordial scalar spectrum P,(K, 7) ~ pr? (K, 7). Therefore, we can estimate the CY 
in terms of linearly polarized angular PS as follows: 


Cf ~ (Ry) CE , (15) 
with 
» - K m 1 Zlss x 
ŘLIV = C(og] p d kiv = >f dz Řkurv(z) & 1073, (16) 
ey lss JO 


where kiiy is average of &prv(z) over redshift from last scattering surface, 755 ~ 


1100, up to today, z — 0. Based on recent experimental astrophysics bounds on 
91 we assume all component of c^? tensor at the 
order of 10715. Considering the experimental value for the CMB linearly polarized 
angular PS of the order of? CP = 0.1K? for £ < 250, we can estimate the V-mode 


angular PS arisen from Compton scattering in presence of LIV as follows: 


different components of c^? tensor, 


coh 2 
CY = 08 nk?( 5) l (17) 


The current experimental bound on the circular polarization coming from the 
Cosmology Large Angular Scale Surveyor (CLASS) experiment with the 40 GHz 
polarimeter ranging from 0.4uK? to 13.5uK? for 1 < £ < 120. We expect that by 
improving the sensitivity of experiments in future, the constraint obtained in Eq. 
(17) would be comparable to experimental bounds. 


5.2. New gravitational degrees of freedom and the DM problem 


The nature of DM is the deepest problem of modern cosmology. Assuming GR, DM 
appears to be a necessary ingredient in theoretical models constructed for explaining 
astrophysical and cosmological observations on ~ kpc scales or larger. This essen- 
tially boils down to a mismatch between the observed dynamics of visible matter 
and its gravitational influence. Many theories of what is DM have been proposed.?? 
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'The DM microphysical nature, however, is not crucial to explain many cosmologi- 
cal observations. This leads to a simple description so that the DM dynamics are 
effectively governed by the collisionless Boltzmann equation, coupled to gravity. 

The less explored alternative is that DM is not the cause behind all these ob- 
served phenomena, but rather that GR (and also Newtonian gravity) breaks down 
at ultra-low curvatures and gravitational accelerations and a new description of 
gravity is necessary. Changing the law of gravity, however, is not as arbitrary as 
it may seem.?^ Lovelock’s theorem?? tells us that GR is the unique 4-dimensional 
theory based on a local and diffeomorphism-invariant action where the metric is 
the only dynamical degree of freedom. If à non-GR gravitational theory is then 
assumed to explain the DM phenomenon, it is inevitable that one or more of these 
assumptions must be broken, and this generically leads to new dynamical degrees 
of freedom, that is, new dynamical fields. 

Milgrom proposed?9?5 that DM is only an apparent phenomenon and that one 
can instead fit galactic rotation curves via a modification of the inertia/dynamics 
of baryons or of the gravitational law, when accelerations become smaller than 
ag ~ 1.2 x 1071? m/s?. Modifying the gravitational law was further explored by 
Bekenstein & Milgrom?? who proposed that when the gradients of the potential ® 
are smaller than ao, non-relativistic gravity is effectively governed by 


Ve (ES ve) = ATGNp, (18) 
ao 

where Gy is the Newtonian gravitational constant, and p the matter density. These 

type of models are referred to as Modified Newtonian Dynamics (MOND). 

MOND has enjoyed success in fitting galactic rotation curves and reproducing 
the baryonic Tully-Fisher relation, while on GC scales it is found that either ao 
must be larger by a factor of 4+5 or that some DM is still needed at GC cores; see 
Ref. 100 for a review. As MOND is inherently non-relativistic, it is difficult to test 
in cosmological settings, since systems such as the CMB require a relativistic treat- 
ment. Relativistic theories that yield MOND behavior have been proposed, the most 
well-known being the Tensor-Vector-Scalar (TeVeS) theory,!?t 1°? making clear pre- 
dictions regarding gravitational lensing and cosmology. In cases where the CMB and 
matter power spectra (MPS) have been computed, no theory has been shown to fit 
all of the cosmological data while preserving MOND phenomenology in galaxies. 
TeVeS in particular can be compatible with the MPS of large scale structure! 104 
but fails to fit the CMB. Moreover, it leads to a tensor mode gravitational wave 
(GW) speed different than the speed of light,!?? in contradiction with the Laser 
Interferometer Gravitational-Wave Observatory (LIGO)/Virgo observations of GW 
along with an electromagnetic counterpart. 

The non-relativistic equation (18) can only be an effective description, due to 
Lovelock’s theorem. To make it into a fully fledged relativistic theory, one can in- 
troduce additional fields. Building on TeVeS and later developments, 105 106 Skordis 
& Zlosnik!?" proposed a simple relativistic theory which in addition to the metric 
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Juv has a scalar field @ and unit time-like vector field A". Perturbing these fields 
on a Minkowski background, results in perturbations of ¢ and A,, which mix with 
the metric perturbation via gauge transformations, i.e. the metric potentials mix 
with the perturbations of ó and A,,. Thus, ¢ and A, are gravitational fields and not 
DM fields, because due to this mixing it is impossible to distinguish observationally 
which of the three is the cause behind the “DM phenomenon”, in analogy to the 
electric/magnetic field mixing resulting in the electromagnetic field. 

The theory contains a free function F(Y, Q) of two arguments: Q = A"V,ó 
and Y = q”V Vvo where qu, = gu» + Ay Ay is the 3-metric orthogonal to A^. 
It must obey certain conditions in order for the theory to serve its purpose and 
to be observationally viable. To recover MOND on galactic scales, it is necessary 
that the reduced function J (y) = (y,Qo)/(2 — Kg) where Qo is a non-zero 
constant, has the limit 7 — Y9/2/ag when Y ~ |Vy|? is small. Imposing that 
and considering virialized systems in the weak-field approximation, leads to linear 
equations involving the metric potential ® and a scalar perturbation y, sourced 
by the (baryonic) matter density. These contain an additional term which is not 
present in MOND, but looks like a mass term for the potential, 2, where here 
u? = 2K392/(2 — Kg). It is determined by the other parameters of the theory: Qo, 
appearing in as part of the free function, Kp, related to the coupling strength of 
the vector field and taking values in the range 0 < Kp < 2, and Ko, related to the 
coupling strength of the scalar field. In addition, the resulting equations depend 
on Milgrom's constant ao. Thus in the quasistatic weak-field situation, at least two 
parameter combinations are important: ag and u, although, depending on how the 
GR limit is attained, there may be further parameters as part of the free function. 
Due to the presence of the mass term p, the theory departs from MOND behaviour 
at ultra-low accelerations determined by p. 

Consider now setups involving the relativistic nature of the theory. The form of 
the action of the theory ensures that the right amount of gravitational lensing is 
ensured whenever ® correctly determines the dynamics and the tensor mode GW 
speed is equal to the speed of light in all situations. Meanwhile, on Friedmann- 
Lemaitre-Robertson-Walker (FLRW) ¢ = (t) while A^ aligns trivially with the 
time direction so that Y — 0 and Q > " and the action reduces to that of shift- 
symmetric K-essence!®® and the low-energy limit of the ghost-condensate theory. 0? 
Defining then the reduced function K(Q) = —F(0,Q)/2, we require that K ~ 
Ka (Q — Qo)? +..., with non-zero Qo (same constants as what appear above), the 
energy density of ¢ scales precisely as a^?, a = 1/(1-- z) being here the cosmic scale 
factor, i.e. like pressureless matter, plus small corrections. The equation of state and 
speed of sound of ¢ also scale as a^? and depend on the constants Kz and Qo of the 
action. In the late universe limit these tend to zero so that the linear perturbations 
of ¢ and A, can be re-casted by linear transformations into a density contrast 6 
and velocity divergence 0 of pressureless matter. In this limit, the field equations 
of $ and A, and their contribution to the Einstein equations, become identical to 
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pressureless-dust equations, i.e. as for CDM. This ensures that the CMB and MPS 
spectra calculated within this theory, become parametrically close to those from 
ACDM, leading to excellent fits to the CMB angular PS from Planck and the MPS 
obtained from galaxy clustering. 

To summarize, the theory is not a MOND extrapolation to cosmology. Rather, it 
recovers MOND in quasistatic situations on galactic scales, and it tends to ACDM 
behaviour on cosmological scales. It depends on a free function, which is, however, 
constrained so that these two limits are attained. Doing that, the theory depends on 
a minimum of 4 parameters, Kg, Oo, K2 and ao, while additional parameters could 
be part of the free function and be related to the GR limit or the early universe. 


5.3. Exploiting the magnification bias with high-z sub-mm galaxies 


Magnification bias is due to gravitational lensing and consists in the apparent excess 
in the number of high-z sources (the lenses sources) close to the position of low- 
z galaxies (the lenses). In fact, the gravitational lensing deflects the light rays of 
high-z sources causing the stretching of the apparent sky area in the region affected 
by the lensing. This also causes a boost in the flux density of the high-z sources, 
making them more likely to be detected above a given instrument flux density 
limit (see, e.g., Ref. 110). The magnification bias can be measured through the 
cross-correlation between the low and high-z objects. Given two source samples 
with non-overlapping redshift distributions, the excess signal when computing their 
cross-correlation with respect to the random case is due to the magnification bias. 
Being such signal related to lensing and thus to cosmological distances and the 
galaxy halo characteristics, it can be used to constrain cosmological parameters. 

In order to get the best cross-correlation measurements, at the moment the op- 
timal choice is to use as high-z sources (background samples) the high-z sub-mm 
galaxies (SMGs) first of all because of their steep number counts, shown with recent 
observations by the Herschel Space Observatory!!! and the South Pole Telescope!!? 
(SPT) strengthening their magnification. Moreover, the SMGs are faint in the op- 
tical which means that they do not get confused with the foreground lens sample, 
being such sample invisible at sub-mm wavelength. Lastly, the SMGs redshift are 
usually above z > 1 so that their selection as background sample ensures no overlap 
with the foreground objects. In fact, due to their extreme magnification bias, Dunne 
et al. (Ref. 113) make a serendipitous direct observation of high-z SMGs. While per- 
forming a study of gas tracers with Atacama Large Millimeter/submillimeter Array 
(ALMA) observation of galaxies targeting a statistically complete sample of twelve 
galaxies selected at 250 um with z = 0.35, magnified SMGs appears around the 
position of half of them. 

As shown in Refs. 114,115, these advantages make the SMGs the perfect back- 
ground sample for tracing the (baryonic and DM) mass density profiles of galaxies 
and GCs and their time-evolution and for constraining the free parameters of a 
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halo occupation distribution (HOD) model. In the adopted HOD model!’® all halos 
above a mass Mmin host a central galaxy and those above a mass M host satellites 
(galaxies in the halo) whose number is a power-law, (M/M1)?, of the halo mass M. 
In particular, the results in Ref. 114 suggests that the lenses are massive galaxies 
or GCs, with a minimum mass of 10? Mc. Later on, Bonavera et al. (Ref. 115) 
study with the magnification bias the mass properties of a sample of quasars whose 
position signpost the lens at 0.2 < z < 1.0 obtaining a Mmin = 1033555 Mo. This 
again suggests that the lensing is actually produced by halos of the size of GCs 
placed close to the quasar positions. 

Moreover, some of the main cosmological parameters can be also estimated using 
the magnification bias, as in Ref. 117. They use the cross-correlation data measured 
between a foreground sample of Galaxy And Mass Assembly (GAMA) galaxies 
with spectroscopic redshifts in the range 0.2 < z < 0.8 and a background sample of 
Herschel Astrophysical Terahertz Large Area Survey (H-ATLAS) galaxies with pho- 
tometric redshifts z > 1.2 to constrain the HOD astrophysical parameters (Mii, 
Mı, and a) and some of the cosmological ones (Qm, og, and Ho). These param- 
eters are estimated through a Markov chain Monte Carlo analysis. They obtain a 
lower limit at 95% CL on Qm > 0.24, a slight trend towards Ho > 70 values and a 
tentative peak around 0.75 with an upper limit at 95% CL of og < 1. Such results 
are summarized in the Qm — og plane in Fig. 7 (left panel). 

Furthermore, magnification bias trough cross-correlation measurements can be 
used to constrain the halo mass function. In particular, Ref. 118 successfully tests 
such possibility according to two common parametrizations, the Sheth & Tormen!!? 
and the Tinker et al.!?? fits. 
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Fig. 7. Left: Qm and og contour plot for the non-tomographic case in Ref. 117 (dot-dashed 
blue line) and the tomographic runs in Ref. 122 for ACDM (in yellow), woCDM (in green) 


and wowa CDM (in purple) models. Central: wo and wa contour plot for the wow; CDM model. 
In both panels, the contours of the 2-dimensional posterior distributions are set to 0.393 and 
0.865. Right: wo results for the wo9CDM (green) and wowaCDM (purple) models compared 
with those by DES (blue), Planck_1 (base-w_wa_plikHM_TT_lowl_lowE_BAO, salmon), Planck_2 
(base_w_plikHM_TT_lowl_lowE, brown), Supernovae (red), X-ray measurements (yellow). Adapted 
from Bonavera et al., A&A, in press, DOI 10.1051/0004-6361/202141521, 2021 (Ref. 122), repro- 
duced with permission from Astronomy & Astrophysics, (C) ESO. 
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They find general agreement with traditional values for the involved parameters, 
with a slight difference in the Sheth & Tormen fit for intermediate and high masses, 
where the results suggest a hint at a somewhat higher number of halos. Given the 
large number of studies that can be performed with magnification bias through 
cross-correlation data, a systematic analysis of possible bias that might affect the 
estimation is being carried out. In particular, González-Nuevo et al. (Ref. 121) take 
into account different biases at cosmological scales in the source samples to care- 
fully measure unbiased cross-correlation functions. More precisely, their background 
sample consists of H-ATLAS galaxies with z > 1.2 whereas they use two indepen- 
dent foreground samples with 0.2 « z « 0.8: GAMA galaxies with spectroscopic 
redshifts and Sloan Digital Sky Survey (SDSS) galaxies with photometric redshifts. 
'These independent samples allowed them to perform a pseudo-tomographic study 
that yields to constrain Qa = 0.507055 and og = 0.75*095. Such analysis also 
suggests that a tomographic approach might improve the results. 

Driven by the conclusions mentioned above, adopting the unbiased sample by 
Ref. 121, Bonavera et al.!?? use magnification bias in tomography to jointly con- 
strain the HOD astrophysical parameters in each selected redshift bin together with 
the Qm, og, and Ho cosmological ones in the ACDM scenario and for DE models in 
the w9CDM and wowa CDM frameworks characterized by the wo and wa parameters 
defining the DE barotropic index as w(a) = wo + wa(1 — a). The foreground sample 
has been divided into four redshift bins (0.1-0.2, 0.2-0.3, 0.3-0.5 and 0.5-0.8) and 
the sample of H-ATLAS galaxies has photometric redshifts z > 1.2. As for the HOD 
parameters, Mmin shows a trend towards higher values at higher z confirming the 
findings in Ref. 114. For the ACDM model, they obtain a maximum posterior value 
[68% CL] of Qm = 0.26 [0.17,0.41] and of og = 0.87 [0.75,1] (implying Ss ~ 0.81, in 
good agreement with the result in Sect. 4.1), being Ho not yet constrained. For the 
wg CDM model, they find similar results on Qum and og and a maximum posterior 
value [6896 CL] of wọ = —1 [—1.56, —0.47]. For the wow, CDM model, wo = —1.09 
[-1.72, —0.66] and wa = —0.19 [—1.88, 1.48]. Fig. 7 shows the results in the (4; — og 
plane for the ACDM, w59CDM and wowa CDM models (left panel) and in the wg — wa 
plane (central panel). The results on wo for the wu9CDM and wowa CDM cases are 
shown in Fig. 7 (right panel), together with a comparison with other results from 
literature. Moreover, the tomographic analysis presented in Ref. 122 confirms that 
magnification bias results do not show the degeneracy found with cosmic shear mea- 
surements and that, related to DE, do show a trend of higher wp values for lower 
Ho values (see Ref. 123 for details). 

In conclusion, SMGs turn out to be a perfect background sample for magnifi- 
cation bias analyses, useful in astrophysical studies and as a further independent 
cosmological probe for ACDM and beyond ACDM models and this can be imple- 
mented adopting different foreground samples. Up to now ACDM compatible results 
have been found with tomographic and non-tomographic approaches and serendip- 
itous direct observation of magnified SMGs have been performed with ALMA. 
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We initiate a new method for probing inflationary models that can produce primordial 
black hole populations, using only CMB physics at relatively large scales. In these sce- 
narios, profile of the primordial scalar power spectrum exhibit a universal dip feature 
that is followed by a rapid growth towards small scales, leading to a peak responsible for 
PBH formation. Focusing on scales around the dip that are well separated from the peak, 
we first analytically compute expressions for the curvature bispectrum. We then show 
that the amplitude of the bispectrum is enhanced for the squeezed configuration around 
the position of the dip, and it acquires a characteristic scale dependence that can be 
probed by cross correlations between CMB wp-distortions and temperature anisotropies. 
We quantitatively study the properties of such cross-correlations and how they depend on 
the underlying model, discussing how they can be tested by the next generation of CMB 
p-distortion experiments. This method allows one to experimentally probe inflationary 
PBH scenarios using well-understood CMB physics, without considering non-linearities 
associated with PBH formation and evolution. 


Keywords: Inflation, Primordial Black Holes, CMB distortions 


1. Introduction 


Gravitational waves from merging black holes, in conjunction with other probes, 
can be used for testing our understanding of cosmology. There is the intriguing 
possibility that part of black holes from merging events have primordial origin, 
arising from the collapse of overdense regions in the early stages of our universe 
evolution. ? The existence of such overdense regions might be attributed to the 
dynamics of inflationary cosmology. In this framework, it is well known that to 
produce primordial black holes (PBHs) (see e.g. reviews^) with astrophysically 
relevant masses, the primordial scalar power spectrum should increase by several 
orders of magnitude with respect to its values at large CMB scales. Within the 
context of single-field inflation, such an amplification can be realized during a short 
slow-roll violating non-attractor period during which the would-be decaying mode 
grows to influence evolution of super-horizon fluctuations. In this set-up, a peak in 
the curvature perturbation spectrum can be produced, and the non-linear process 
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of PBH production and subsequent evolution depends on the details of the peak, 
as first explicitly discussed in.5 

The possible existence of primordial black hole (PBH) populations in our uni- 
verse demands a detailed understanding of inflationary mechanisms that can give 
rise to them. Intriguingly, in inflationary scenarios capable of producing PBHs, 
the profile of the spectrum shows universal features such as the existence of pro- 
nounced dip, followed by a rapid growth with a well defined slope® towards its peak. 
The position of the dip is not random, but depends on other global properties of 
the spectrum, as well as on details of the non-attractor inflationary evolution.!? 
It typically occurs at scales much larger than the peak, kaip/kpeak = 1072. Since 
the occurrence of dip seems to be a rather universal feature of power spectrum in 
single-field models of PBH formation, probing the physics associated with it offers 
an indirect way of testing these models, independently of the details of non-linear 
PBH formation and evolution mechanisms. 

In this work, we ask whether we can probe the PBH formation mechanism by 
identifying large scale observables away from the scales associated with the peak 
of the spectrum.!! For this purpose, we focus on scales around the dip feature to 
compute bispectrum of curvature perturbation analytically using the gradient ex- 
pansion formalism!?: ? and show that it is generically amplified around the dip scale 
for squeezed configurations, exhibiting a characteristic scale dependence. We then 
show the influence of such a scale dependent squeezed bispectrum on the properties 
of cross-correlations between p distortions and temperature T anisotropies and dis- 
cuss the prospects of detectability of the (wT) signal with future spectral distortion 
experiments. 


2. Curvature perturbation at super-horizon scales 


Models of primordial black hole (PBH) formation based on single field inflation 
often include a short phase of non-attractor evolution, characterized by a transient 
growth of would be the decaying mode which influences the super-horizon evolution 
of cosmological scalar perturbations?^. In this section, we review and utilize the 
gradient expansion formalism? — first introduced in!? — to study the statistics of 
curvature fluctuations in scenarios including a transient non-attractor phase. In this 
framework, iterative solutions of the comoving curvature perturbation are generated 
at any desired order in a small-k expansion, in terms of analytic functions controlled 
by the background evolution. For example, the amplitude of curvature fluctuations 
at a fiducial late time 7 = 7, (e.g. at the reheating surface) is mapped to its value at 
an initial time around horizon exit 7 = 7, in terms of a complex-valued k-dependent 


Direct enhancement of tensor perturbations on super-horizon scales can be also achieved by 
devising an analogue non-attractor phase within the generalized scalar-tensor theories of single 
field inflation.14 15 

PFor a detailed account on the spectral profile of the scalar power spectrum that leads to PBH 
formation and its applications in the context of induced gravitational waves, we refer the reader 
tol? where further developments of the gradient expansion formalism is discussed. 
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coefficient: 
Ri(Tx) = AkRg (Tk) = (af + iot) Re(Tr) ; (1) 
where in the last equality we split the enhancement factor into its real and imaginary 
parts: 
ak = ak +ial. (2) 
Once expanded up to second, k?-order in the gradient expansion, the real and 
imaginary parts of o, are given by 
ak — 1-4 D(ry) vE — F(r,) k?, (3) 
aj, = D(Tk) vg . (4) 
The quantity ue and vl, denote the real and imaginary part of the k-dependent 
fractional velocity of the curvature perturbation, which is defined as 
0 RE 
0 BHERE 


(5) 


UR (Tk) 


T=Tk 

The full k dependence of the expressions (3) and (4) on super-horizon scales is 
encoded in the quantities vZ, v5 and in the functions D(Tk), F(T.) (see Appendix 
A and B), given by the following nested integrals of the pump field appearing in 
Eq. (15) 0:59 


D(r) = 334 n "as n) (6) 


Fi) = ri a f T arai). (7) 


k 

Expressions (6) and (7) indicate that if the pump field increases with time — as in 
standard slow-roll inflation, where z « a(7) — the functions D, F rapidly decrease 
to zero after horizon crossing (i.e. a, — 1). Hence the curvature perturbation in (1) 
settles to a constant shortly after horizon exit (R(T) ~ Rg(Tk)). On the contrary, 
in inflationary models containing phases of non-attractor evolution, z(r) transiently 
decreases and the functions D, F can grow, amplifying the spectrum of curvature 
perturbation with |a| >> 1 at super-horizon scales: see Appendix B. 


The curvature perturbation power spectrum. We define the late-time power 
spectrum evaluated at T — T, as 


(Gr )Re (T4)) = (27)? Pr(tesk) 8 (K+ F’). (8) 


Using Eq. (1), we can then relate the power spectrum at late times to the power 
spectrum evaluated at horizon crossing via 
Qn? Qn? 


qa PRs E) = 73 [Jo]? Pr (7) ] = lox? Pr (x), (9) 


where Pg (ri) = k’ Pr(tk, k)/21?, and |ox|? = (af)? + (al). 


Pr(tTx,k) = 
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A non-linear expression for R. We assume that Rp(Tk) is a Gaussian ran- 
dom variable: nevertheless, the super-horizon evolution typically introduces non- 
linearities. In fact, we can go beyond the linear theory used for Eq. (1) to compute 
the bispectrum of the late time curvature perturbation 7(r,). For the purpose 
of deriving an analytic expression for the bispectrum, we will use the following 
non-linear expression for the curvature perturbation, first derived in!® 


Ti 3k! DUE DEED: 
Ra (T«) = Qu Ra (74) f a M |a? k' (Kk k^) Re (rog gig) 
(10) 


where the last term represents the non-linear contribution parametrized by the 
convolution of the Gaussian variable A, (7j). 


Bispectrum. We define the late-time bispectrum of curvature perturbations as 
(s (Te) Ra («Ras (T+)) = Q8) Br (kı, ka, ks) ô (Ko hs), — (Q1) 
and using (10), at leading order in the non-linear term, the bispectrum is given 
by16:17 
(27°)? 


Br = sy Reo aka] F (Tks) {5 (k + k2) — k3} k3 Pr(Tk )Pr(Tka) (12) 
2(kikoka) 


+ perms | , 


where the permutations are cyclic among the three external momenta (Ki, ko, ka). 
Correspondingly, we define the scale-dependent non-linearity parameter fwr, as 


5 Br (ki, ko, k3) 
6 [Pg (Tx, k1) Pg (Ta, k2) + perms ] ' 


Using (9) and (12) in (13), we then obtain the scale-dependent fynu as 


5 (Re[oz, Ok. |F (Ths) {5 (k? + k2) — k3) k3 Pr (Tki )PR (Tka) + perms ) 
12 i 


fyi (ki, ko, k3) = (13) 


fnt = 3 
[lar ar PR (Tk) PR (Tka) k3 + perms 


(14) 


Eq. (14) inform us that the size and the scale-dependence of the fyg parameter 
depend on the function F(7;) and the enhancement factor a, whose behavior is 
tightly related with the background dynamics during inflation. We now turn to study 
the scale dependence of the power spectrum and bispectrum on a representative set- 
up capable of producing a large PBH population during inflation. 


2.1. Characteristics of the scalar power and bispectrum 


In order to study the spectral shape and enhancement in the power spectrum and 
bispectrum, we consider a representative scenario that instantly connects at T = To 
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AN = 2.6&n. = -6&c, — 0.5 
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Party) 


A, 100 
kaip | = f Mk/Ho) = 100! = 1 Keak 
0.1 1 
i 
i 
i 
4 0.001 bess i i a 
10^ 0.001 0.010 0.100 1 10 104 0.001 0.010 0.100 1 10 
kl Ho k/Ho 
Fig. 1. Scale dependence of the power spectrum for an example ultra slow-roll model (rc = —6) 


(Left) and constant-roll model (n. = —6.8)(Right) as function of k/Ho. The vertical gray-dotted 
lines separate the interval of wave-numbers leaving the horizon during the initial slow-roll era (left 
side) and the non-attractor era (right side). We define A; = H? / (81265: M2). 


an initial slow-roll era, with Ns: = 0, to a slow-roll violating, non-attractor phase 
with constant n, < —6 lasting until rT = ry. Here 5 denotes the second slow-roll 
parameter, Hy = dlne/dt and the first slow-roll parameter is given by He = 
—dln H/dt. The pump field z(r) appearing in the eqs. (6) and (7) is assumed to 
have a profile (we take 7 « 0): 


ates Zo (r/vo) | T/m > 1l, 


15 
E (T/m) (272 Tj/To € T/T <1, (15) 


describing collectively the initial slow-roll and the slow-roll violating phases, the 
latter being controlled by the negative O(1) “slow-roll” parameter ne. The dura- 
tion of the non-attractor phase can be parametrized as AN = In (ro/7;) in e-fold 
numbers. We relate the quantity zo with a constant slow-roll parameter ej, via 
Zo = —a(ro)v/2&,, My. For simplicity we parameterize the scale factor as in de Sit- 
ter space: a = —1/(HT) with a constant Hubble rate H during inflation. We also 
indicate with Ho the size of the comoving horizon at the time of the transition to 
the non-attractor era. 

Spectral profile of the power spectrum: We proceed with determining the cor- 
responding growth rate of the power spectrum. For this purpose, we first re-write 


the dimensionless power spectrum as (see e.g. Eq. (9)), 
Pg (rr, k) = lax P (rx) = (o) + (a%)"] Pr(te) (16) 


and we evaluate this quantity at the end of the non-attractor era Tą = Ty, to 
characterize the shape of the power spectrum using af (3), af (4) and Pa (Tk) with 
the help of formulas we derived in Appendix A and B. In this way, we represent 
our results in Figure 1 for two different sets of parameters associated with the two- 
phase model of PBH formation characterized by the pump field profile of (15). 
For understanding the physical implications of our findings within the gradient 


expansion formalism, it is convenient to introduce a fixed quantity 


Ck = —kTy < 1, (17) 
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which determines the size of a mode k with respect to the horizon (aH)^! at time 
T = Tk, corresponding to the horizon crossing epoch. We stress that by virtue of 
the relation (17) and the super-horizon gradient formalism, all modes we consider 
in Figure 1 (and in general in this work) are outside the horizon at the initial time 
Tk. We then distinguish modes whose momenta lie in the following ranges: 


i) modes that become super-horizon during the initial slow-roll era, i.e. modes 
satisfying Tk/To > 1 or equivalently k/Ho < ck € 1, and 

ii) modes that leave the horizon during the non-attractor y. < —6 phase, 
Ck < k/Ho. 


Focusing on these regimes separately, we discuss below the spectral behavior of Pr 
and some of its global features. 

The behaviour of late time Pr shown in Figure 1 reflects the accuracy of the 
gradient expansion formalism in capturing characteristic features of the power spec- 
trum in inflationary backgrounds that transiently violates slow-roll conditions which 
is required to generate PBHs.!? In particular, we notice a pronounced dip feature 
occurring at relatively large scales, associated with modes that still leave the horizon 
in the initial slow-roll era (i.e. kaip < Ho) far away from the peak, which occurs at 
kpeak ~ 3249.1? The presence of such a pronounced dip in the spectrum is a univer- 
sal feature, being virtually present in all single field models based on non-attractor 
evolution that are aiming to generate a sizeable peak in the power spectrum for 
producing PBH, say of order 107 (see e.g.?9-?9). 

The dip and its properties. It is worth mentioning that such dip feature 
arise due to competing contributions that appear in the power spectrum that are 
weighted by opposite signs.?? The properties of the dip feature turn out to be 
related with global features of the spectrum profile. As shown in a recent work,!? 
the location of the dip position kqip in momentum space can be related with a 
characteristic pivot scale k, associated with the duration of non-attractor evolution 
by the expression kaip/k, ~ O(1) x (APR IPR)" ^. For the scenarios we consider 
with a pronounced peak in the power spectrum, we expect k, to be related with 
kpeax, and (APR/Pr) 5 ~ Aone c 10~?. A close examination of Figure 1 
confirms these arguments and shows that 


kaip ~ 107? kpeak (18) 


is a robust relation, valid in all single field inflationary scenarios that can produce a 
pronounced peak in the power spectrum. In light of these considerations, we assume 
(18) for the rest of this work. 


Spectral profile of the bispectrum: Let us concentrate on modes that exit dur- 
ing the initial slow-roll era, k/Ho < cp, to investigate the scale-dependence of the 
bispectrum. We expect the bispectrum to have features and be amplified around 
the scale kai; corresponding to the position of the dip in the power spectrum: in 
fact, non-linearities are usually enhanced at the location of rapid changes in the 
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20r 5 AN =2.5&n. =-6.2&c%=04] ] 
fx = pË -nj) n fs 


k/Ho 


Fig. 2. Scale dependence of the non-linearity parameter fyr around kqip for the squeezed con- 
figuration for a transient constant-roll model that can generate a 107 enhancement in the power 
spectrum: (AN = 2.5, nc = —6.2, ck = 0.4}. In the right panel, we represent the accuracy of the 
consistency relation fynu = 5(1 — ns)/12 in capturing the behavior of the fwr, in the squeezed 
limit, using (16) and ns — 1 = dln Pr (Tf, k)/dln k. 


power spectrum.?? In what follows, we confirm this expectation for the system un- 
der consideration. 

We now analyze the squeezed limit of the scale dependent non-linearity parame- 
ter*. For scales that exit the horizon during the initial slow-roll era, noting the scale 
invariance of Pr (Tk) factors, we take the squeezed limit ka — 0 (kı ~ k2 = q) of 
(14) which yields ast! 16 


(19) 


NL 
12 [o0 l^ 


fui(q,q, ka — 0) = fd = j (4 Relay ts] | f 
Focusing on a representative choice of parameters that can generate an enhancement 
of order 10" in the power spectrum, in Figure 2 we plot the profile of fyi in the 
squeezed configuration ks « kı = k» around the dip scale kaj, using (19) and with 
the help of formulas derived in Appendix B. We observe that the squeezed limit 
fynu initially grows positive, to then rapidly decrease to negative values around 
kaip, and to finally increase again from negative values, almost in a symmetrical 
fashion. Intriguingly, as can be seen from the overlap of orange dotted curve with 
the black solid one in the right panel of Figure 2, the scale dependence of fyi in the 
squeezed limit agrees very well with the one inferred from Maldacena's consistency 
condition: fye = 5(1—ns)/12. The typical magnitude for the squeezed limit of | fnul 
around kaip results of order O(10), compatible with the large value for the spectral 
tilt around the dip region.? 
It is worth stressing that the findings we present here agree well with previous 
literature?^?6 that numerically studied non-Gaussianity in inflationary setups that 


CA scale-dependent fng arises in a variety of other inflationary contexts, see e.g. the early 
works.31-33 
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include a transient non-attractor era. However, the main advantage of our formu- 
las (16) and (19) is the analytic control they provide us to study features in the 
power and bispectrum in a model independent way without restoring to numerical 
techniques. In particular, these formulas are flexible enough to ensure an accurate 
description of the power and bispectrum in various inflationary backgrounds that 
exhibit a transient, slow-roll violating phase(s) characterized by two essential pa- 
rameters: the duration AN of the non-attractor phase and the value of the slow-roll 
parameter ne < 0 in this phase. 


3. uT correlations as a probe of the PBH generation mechanism 


In the previous section we studied scale dependence of the squeezed bispectrum 
around the scales corresponding to the dip scale of the power spectrum. If the 
dip feature occurs at relatively large scales, say 10 Mpc ^! < kaip < 10* Mpc, 
the properties of the resulting curvature spectrum can be probed through CMB 
jL— distortions, using well controlled CMB physics in the linear regime.?" °° Building 
on the ideas first introduced by Pajer&Zaldarriaga,? this possibility was suggested 
in our recent work.!! We stress that the range of scales we identified for kai above is 
well motivated for PBH populations with astrophysical masses. For example, given 
that kaip/kpeak c 107? with a dip scale located around kai, ~ 103—104 Mpc™! cor- 
responds to a peak scale kpeak ~ 10? — 109 Mpc^! that correspond to the formation 
of PBH in the mass range? 4! Mypn œ 1 — 100 Mo. 

We now discuss how to use the cross-correlation among CMB spectral u distor- 
tions and temperature anisotropies for probing the statistics of curvature perturba- 
tion in inflationary scenarios capable of generating PBHs. The method we propose 
allows one to indirectly probe the inflationary PBH formation mechanism at rel- 
atively large scales, away from the scales where the curvature spectrum grow and 
has a peak. For a detailed discussion on the formulas we will introduce below, we 
refer the reader to the works.!! 40. 42, 43 

We begin by relating the initial curvature perturbation Rk to the spherical 
harmonic coefficients of the CMB temperature anisotropies O(f) = Yim af, Yim (ft) 
and jz distortion anisotropies (A) = >>), a, Yim(f) which are are given by4® 4? 


T 3 " 
o, = C9! f os Re Ault) Vil (20) 


m 
Alm 


R 


d?k, dk, (+ kN. 
18.4z( y f (2x ^ Ys. (ha) Ry, Ry, W (s) Jl (ki Xx) 


x (cos (cskiT) cos (csk2T)),, [en 61/6 AT 
zy 


(21) 


where p denotes time averaging over the period acoustic oscillations; k} =k + ko: 
cs is the sound speed of the radiation perturbations; y. = To — T. ~ 14Gpc 
is the comoving distance between the last scattering surface and today; and 
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Ai(k) is the transfer function during radiation domination. Furthermore, in (21), 
W(k) = 3k-?[sin(k) — kcos(k)] is a top-hat filter function in Fourier space that 
smears the dissipated energy over a volume of radius k;! = kp(zy) ! where kp de- 
notes the diffusion damping scale during a radiation dominated universe. It depends 
on redshift as kp(z) c [(1 + z)/105]9/? 130 Mpc ^! where the range of redshifts as- 
sociated with the u distortions are given by 


zgmb5x10* «z«2x108 = z. (22) 


We then define angular correlators involving anisotropies labeled by {i,j} as 


(hai abus) = St Smm Cr, Eau (23) 

In the following discussion, we make use of the definition (23) to study angular 
correlations (uT) and to relate them to scale dependent bispectrum present around 
the dip scale of the PBH forming inflationary scenarios. 

Using the definition (11) of the bispectrum together with (20) and (21), the cross 
correlations Ci" T for a squeezed bispectrum (K, = kı + Ky — 0) can be expressed 
as, 40.42 
" 27.6 
~~ 2073 


oF am k4 Ar(k4) ji (k+Xx«) (24) 


Zi 


x fama lia Bs (q,q,k4 > o| [e727] , 


zf 
where we take the filter function W — 1 in the squeezed limit k} < ks ~ kp(zf), 
and relabel |kı| ~ | — kəl = q. Using the general definition (13) of the non-linearity 
parameter, the squeezed limit bispectrum inside the dlnq integral in (24) can be 
expressed as 


TD M 
Br (0.0, > 0) = > fit (losa. Pra) Pr) Q3) 
le mm 
=fsi(@) 


In (25), we defined the bispectrum in terms of the two copies of the power spectrum 
evaluated at around horizon crossing 7; in the initial slow-roll era. Notice that with 
this parametrization, (25) represent the scale dependent generalization of the purely 
local bispectrum through the scale dependent f$ (q). 

Noticing that Pg(r;) = 20?PR(T»)/p? and Pr(Tp) ~ 2.1 x 107° for mode exit 
during the initial slow-roll era (see e.g. (A.3)), we insert (25) in (24) to express the 
angular cross correlation as 


T 2T 
pu c 2/1 x 10717 TUBE bípbn) (L), (26) 
where we define 
6I(I 4-1 : eff (g) [726/8502] ^ 
boi) (I) = any | duke Ai(k+) Jl (kx) f ding AS (a) le "s [Kol J zy 
n (255) 


(27) 
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as the key quantity that determines the multipole dependence and the size of the 
(uT) correlator of Eq. (26). Notice that this quantity depends on the transfer func- 
tion Aj(k) which we decompose ast? 


Ai(k) = p(D) AP (k). (28) 
ASW) (gy is the transfer function in the large-scale Sachs-Wolfe (SW) limit | — 0, 
S t 
A ges 3Jx«), (29) 
and 
p(l) = 1.08 [1 — 0.0221 — 1.72 x 10741? + 2 x 10761? — 4.56 x 107914], — (30) 


is an analytic fit that includes high-l corrections to the SW approximation.?? Using 
(28) and (29), we can then simply take the integral over the long momenta Kk, in 
(27) and factorize the outcome as 


SW 
best) (2) = p) bio: (31) 
with 


(SW) . —2¢? /k2, (z) | * 
n= fn (ie os j| famasi q) fe e [Kb N (32) 


Notice that for a purely local spectrum with constant non-linearity parameter, 


ie. fEl) 2 fO, we get bbh) = jo and hence reproduce the standard re- 


sults derived for C#7 in the SW limit.494? However, bison Can not influence the / 


dependence of the angular correlator C7 T (96) but it can significantly influence its 
overall amplitude through a non-trivial scale dependence of FE, We will concretely 
see an example of this fact in the PBH forming inflationary scenarios below. 
Using the analytic formulas we provide in Appendix A, B, we derive an analytic 
expression for the scale dependence of the effective non-linearity parameter ott (25) 
in Appendix C. In this way, we compute the expression (32) analytically to obtain 


(SW) "IE? 
Gb) yy ES ey F(n/2) (ko) (33) 
(p -. l ( kp(zi) ) CNL 2(n4-2)/2 Ho 1 
NE P (Epler) ) "=? 2 


where the dependence of the coefficients c? on the background parameters in the 


non-attractor era, i.e. (mc, AN} can be obtained from the formulas we provide in 
Appendix C, B and A. Armed with (33), we can quantify the extent of which the 
scale dependence in the bispectrum can influence the uT angular correlator Ci" = 
For this purpose, we use (33) to compute bn in terms of the location of the dip 
in momentum space kaip by noting the relationship Ho c 100kaip/3 = 33 kaip we 
derived in Section 2.1. The resulting dependence of b on the location of the 
dip feature kaip is shown in Figure 3 for two different choices of parameter set that 
describes an inflationary model including a transient non-attractor era. We observe 


—2000 


—6000 } 


1x 10^ 2x 10^ 


5x10* 1x 105 


1000 5000 +x 104 
kaip  [Mpc™'] 
] (SW) 
Fig. 3. Parameter boh) (33) for f, 


(p. 
NL = 


5x10* 1x105 
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kap [Mpc'] 


5x10* 1x105 


1 as a function of the location of the dip feature kaip ~ 


3H /100 in an inflationary model that contains a transient non-attractor phase parametrized by 


the parameter sets (AN 
(Right). 


2.6, Nc 


6, cy = 0.5} (Left) and (AN = 2.5, = 


carp 


fe - 10-16 


-2L 


6.2, ch = 0.4} 


Fig. 4. Multipole dependence of of for a purely local type bispectrum (Left) and for a PBH 
forming inflationary scenario that contains a transient constant-roll era (rc = —6.2) that has a 
duration of AN = 2.5 e-folds and with a dip feature that is located at kaip = 10? Mpc~! (Right). 


that for phenomenologically interesting values of kaip, p obtains large negative 


values and hence can alter the overall amplitude and sign of the (uT) correlator 


significantly, in particular compared to a inflationary scenario endowed with a purely 
local type bispectrum where b(SW) — f(P) 40 

To further illustrate these points, in Figure 4 we present the multipole depen- 
dence of C^ d (26) for a purely local bispectrum and for an inflationary model that 
contains an intermediate non-attractor phase where we show the resulting angular 
correlator for both within the Sachs-Wolfe approximation (dot-dashed line), and 
by taking into account full transfer effects (solid line). We observe that compared 
to the scale independent local bispectrum case (left panel in Figure 4), the over- 
all amplitude of the angular correlator is enhanced significantly and its behavior 


from large to small scales is inverted due to the large negative D! 


SW) 
pbh) 


acquires for 


the kaip = 10? Mpc !. In other words, for a PBH forming inflationary scenario, 
p distortions become anti-correlated with temperature anisotropies at large scales 
contrary to the case arise for a scale independent local bispectrum. It is worth 
stressing that this behavior arise because in PBH forming inflationary scenarios, 
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Fig. 5. Scale dependence of the effective non-linearity parameter ns (25) in the squeezed limit 
k3/q — 0 for an inflationary model that exhibit an intermediate constant-roll phase rc = —6.8 
that lasts AN = 2.1 e-folds. 


the effective scale dependent bispectrum changes sign around the dip feature and 
grows large in the negative direction as we show in the right panel of Figure 5. 
This result is interesting on its own as one can in principle distinguish between 
these scenarios by just looking at the sign of the C% T at large scales at small l. In 
summary, our results imply that phases of non-attractor inflation can qualitatively 
and quantitatively change the properties of the cross-correlations between CMB 
temperature anisotropies and p-type distortions. 


3.1. Prospects of detectability for (uT) 


To assess the prospects of detectability for the uT correlator, we now estimate the 
cumulative signal-to-noise ratio, S/N using?? 


sy Ww (ct^y 
(x) SL E (34) 


where CFT is the CMB temperature anisotropy power spectrum and Ci" N is the 
noise level for u distortions. For an experiment as PIXIE^^ the noise is given by 


CHEN 17/84? 40 
l 


c 4m u2 € where Hmin denotes the minimum detectable u distortion 


signal. Using (20), we denote the T'T' correlator in (34) as 


C= Se f ainkPR(R AP). (35) 


Therefore to estimate the S/N, we require the full knowledge the of the transfer 
function A, in (35). Taking these effects into account, it was found that the signal to 
noise ratio can be estimated as 4096 of the result that one would obtain by adopting 
the SW limit, adopting pj > 1, C7 TSW = arp? /(251(1 + 1)) 4. Following the 


4Note that the smallest scales we are interested corresponds to Imax = 200, so we can safely 
assume the scale indepedent part of the power spectrum in (35) although it has non-trivial scale 
dependence (enhancement) at much smaller scales for inflationary scenarios we are interested in 
this work. 
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discussion above, we carry the sum in (34) up to Imax = 200 using (26) and (31) to 


obtain 
x SIIN e ( ) 


This result implies that |f. I le =, 2892 should be observable for a PIXIE like 
experiment. On the other hand, for a spectrometer comparable to PRISM^? with 


par = 107°, |f A > 290 is required for the detectability. At this point, it is 


worth mentioning that for a local type jo ~ 107? at CMB scales as predicted by 
standard slow-roll backgrounds, such a signal would be challenging to detect. 

On the other hand, considering the 2c limits on the local type bispectrum by 
Planck‘ at CMB m —111 < f® < 9.3 (f® = —0.9 5.1, 68%CL) and the 
(pbh) i ~ a few (10? — 10?) that can be obtained in inflationary 
scenarios that can generate PBH populations (See figure 3), we conclude that the 
impact of the scale dependent non-Gaussianity on the (uT) correlator should be 
observable by PIXIE or PRISM for an interesting range of kaip values relevant for 
the formation of PBHs within the mass range Mppn œ 1 — 100 Mo. 


typical values of ond 


4. Discussion 


We presented a method for probing inflationary scenarios of PBH formation, us- 
ing only CMB physics at relatively large scales. We based our arguments on the 
characteristic properties of the spectrum of curvature perturbation in single-field 
inflationary models that can generate a large population of PBHs. In these models, 
the curvature perturbation spectrum is characterized by a pronounced dip followed 
by a rapid growth towards a peak responsible for PBH formation. By making use 
of the gradient expansion formalism,!* we analytically computed the properties of 
the power spectrum and for the first time of the bispectrum around the dip posi- 
tion, which occurs at scales well larger than the peak. Focussing our attention to 
the squeezed configuration, we found that the bispectrum can be enhanced around 
the position of the dip; it also acquires a characteristic momentum dependence 
that is controlled by the underlying inflationary mechanism. Here, we propose to 
probe such an enhanced squeezed bispectrum through the correlations it induces 
between CMB p-distortions and CMB temperature fluctuations. For this purpose, 
we extended the methods first explored in*° to include the case of scale-dependent 
non-Gaussianity from PBH formation mechanisms, finding analytical expression for 
quantities controlling uT correlations, and discussing how future CMB wp-distortion 
experiments can test this observable. Interestingly, the method we propose would 
allow one to experimentally probe inflationary PBH scenarios using well-understood 
CMB physics at scales much larger than the peak of the spectrum, without consid- 
ering non-linearities associated with PBH formation and evolution. In particular, 
owing the relation between relevant scales associated with u distortions and the 
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features present in the PBH forming inflationary scenarios, our findings are rele- 
vant for PBH masses within the Mppn ~ 1 — 100Mo. These finding suggest that 
LT correlations can be used as a useful tool to distinguish between astrophysical vs 
primordial origin of BHs. 
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Appendix A. The power spectrum Pr (Tk) and fractional velocity vr 


For the initial slow-roll phase, the solution for the curvature perturbation that 
reduces to the standard Bunch Davies vacuum can be written as!? 
iH e tkr 


RF = 14 ikr), 1, Al 
k My Viega k? ( 1 T) Tk To > ( ) 


where ej, < 1 is the slow-roll parameter in the initial slow-roll stage which we 
assume to be constant. Using the solution (A.1) in the definition, the real and 
imaginary part of the fractional velocity (evaluated at T = 74) can be obtained as 


2 3 
Ck 


vR (Ck) = ~3(1+e)’ vL, (cp) = "30 +2)’ Tk / TO > 1, (A.2) 


where cp is defined in (17). It is clear from (A.2) that the imaginary part of vg 
includes an extra factor of cj, compared to the real part. We note that unless ck = 1, 
this translates into an extra suppression for the imaginary part of the fractional 
velocity. 

On the other hand, using (A.1), the power spectrum evaluated at around horizon 
crossing is given by 


k? H? 
Pr(Tk) = P3 IR (n)? = PME 
sr p 


(1 H ch) ; Tk / TO 1. (A.3) 


Next, we need to develop an expression for (7i) and the fractional velocity contin- 
uous through the transition at 7 = Tọ. This was done using a matching procedure 
for Rx and its derivative in!! which gives 


iH (1/t9)%/? 


R = 
i Mpi V Aes. k3 


( kr? e HP (-kr) + c HO) (—kr) À Tk/To < 1. 
(A.4) 
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where v = (3 + 7.)/2. The scale dependent coefficients are given by 


Vo (n? (yo) + iH (yo)) — HQ. (yo) 


= 3/2 iyo 
c1 =y e ; (A.5) 
H™ (yo) HS (yo) — HS? (yo) HL, (yo) 
aja. y, (U0) (HES (uo) + iH: (yo)) — Hs (yo) 
co = yg evo (A.6) 


HS? (yo) HP (yo) — HP (yo) HA (yo) 


where we defined y = —kr. Then for Tk/To < 1, the real and the imaginary part of 
the fractional velocity can be obtained as 


I ree ifs — yo (fifa + fafa) + và CBAR 

ve) = 3 | f2 — 2yofsfa + va (F2 + f2) n 
D igi es y yo (fifa — fofs) | 

ewe) 3 E — 2yofafa + va (F3 + FDL” ee) 


where we define the functions fn = fr(y,yo,v), for n = 1,2,3,4 in terms of the 
Bessel function of the first and second kind as 


fi (y, Yo, v) - Jv—1(yo) ¥v—1(y) m Y, 4(go)J, -1(y); 
fo(y, yo: v) = Jo (yo) Yv-1 (y) — Yv(vo)Jv-i (y). (A.9) 


Furthermore, we note the following relations f4 = fi(y, yo, v +1), fs = — fa(yo, y. v). 
'The continuity of the real and the imaginary part of the fractional velocity can be 
confirmed explicitly from the eqs in (A.7) and (A.8) as they reduce to their slow-roll 
counterparts provided in (A.2) at the transition point Tk = To. Using the relations 
we noted earlier, power spectrum evaluated at T = Tk for modes that leave the 
horizon during the non-attractor phase (7/7) < 1) can be obtained as 


Palm) =e LET (Y p oxesuesutem] e 
Tk) — i ; 
RATE Bre M A Ho 3 Yol3J4 T Yo J3 4 ede: 
Similarly, the continuity of the power spectrum can be confirmed explicitly by 
evaluating (A.10) at the transition point 7 = 79 at which it reduced to (A.3). 


Appendix B. The functions D(t;,), Fk(Tk) 


For the two phase background model parametrized by the pump field profile in 
Eq. (15), scale dependent functions D(t,), F(T) (see Eqs. (6) and (7)) are calcu- 
lated in! for modes that exit during the initial slow-roll era (k/Ho < cp) and in! 
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for mode exit during the non-attractor era (e^ > k/Ho > ck). Below, we present 
the explicit formulas for these functions for both stages of inflationary evolution. 


ES 
D(n.) 2 Cy C$ (=) (B.1) 
PURA. sm ON ence ER k 
=C = ^C +C "EE a < Ck, 
TÒ 7? \Ho TOU Mo Wo 
where the coefficients are given by 
3e- CI *3)AN 2 
cP =1, puAR I = 
(Ne + 3)c; 6 
CE Ne eg (Ne +3) AN F e- (Nc +3) AN (B 2) 
: (Me + 3) (nc +1)’ Xn cx (ne + 3) 


where Tf/To = £f = e-^N with AN denoting the duration of the slow-roll violating 
(ne € —6) era. On the other hand, for modes that leave the horizon during the non- 
attractor era, we have 


5D k Ne+3 25 
D(r&) = Cy ia (zz) TG (B.3) 
F(rx) ZF DE UE ZF pa 3F k AN 
zc Mi 
Td Tcl Ho C o Ho t Co , Ck < Ho <e 
where 
sD 3 e7 (nc +3) AN TRA 3 GF - e 24N 
E OU CLE C NEUE ET 
~ 2 z — (rc -3)AN 
QR os Gba BA 
2 2(n. + 3) "eH (ne + Ite +30 B 


Appendix C. fs in the squeezed limit 


Using the definition (25) with (19), for mode exit during the initial slow-roll era, 
the squeezed limit effective non-linearity parameter is given by 


Wd - 3 (Relojars Fin). (C.1) 


From (C.1), one can show that in the large scale var st the squeezed limit, i.e. q > m 
as q > 0, fet obtains an “initial” value (O= = 5c) (cq)/3 where DUET ~(1+v8 

CF,)?CF,. Since, we send q — 0 to reach this initial value, we do not expect that 
FO can reflect an accurate initial value for the squeezed configuration of (C.1). 
To keep our discussion on the observability of (wT) (see Section 3.1) as general 
as possible, we therefore replace this initial value with a fiducial primordial fw, (p) 
to characterize the effective non-linearity parameter at large scales, i.e. at CMB 


scales. Using the formulas we derived for the functions D(75), F (Tk) above and the 
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definitions of the enhancement factor a, in eqs.(3) and (4), at leading order in 
the k,/q « 1 expansion, we can then express fe in terms of simple power law 
expansion as!! 


ef s ESSE (ne, AN, cq) (x) | o(*). (C.2) 


The coefficients c of this expansion can be expressed in terms of the coefficients C 


of the F, D functions of Appendix B and the fractional velocities ub vl Up we defined 


in (A.2) as 
cr cr 
a= (tug CEC, NL a RLS oe (C.3) 
—2 —2 
4 (Cf)? 5 
cb = Fs VE EFF: cQ ~ (1+8 — CE) [vR OD -2CF] cE, (C4) 
o = (1+ v — C5) [vk C? - C1] cf, (C.5) 


where we neglected terms proportional to vh for ck «& 1 because in this regime 
vE > v1, as can be realized from (A.2). 
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Compton scattering of photons with thermal electrons is one of the most ubiquitous 
phenomenon in nature. Numerical approaches to solve the evolution of photons in such 
situations typically assume the energy exchange to be much smaller compared to the 
temperature of electrons. In this work, we solve the photon evolution in its full generality, 
without the diffusion approximation, and show the differences between the exact solution 
and approximate solutions. We point out the importance of solving exact kinematics 
of Compton scattering for the computation of Cosmic Microwave Background (CMB) 
spectral distortions at redshifts (z) < 3 x 104. 


Keywords: Cosmology; Cosmic Microwave background; CMB spectral distortions. 


1. Photon evolution equation 


The Boltzmann equation for the evolution of photon spectrum in contact with a 
thermal electron bath can be written as,! 


A Jj P (us — w) [e^ n(1 + no) = no( + n)| de, (1) 
: 


where no and n are the photon occupation number at frequency wo and w respec- 


tively, 9. (— m ) is the non-dimensional electron temperature, dr(— cN-ordt) is 
the optical depth of Compton scattering of photons with the electrons. The exact 
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kinematics of Compton scattering is stored in the kernel P*'(uo — w) which can 
be computed using CSpack? .? The kernel satisfies the detailed balance relation, 


2 Q2 — 09i 
P(w > wo) = xL Fe Pho > w), (2) 


which ensures that the Planck spectrum is the equilibrium solution of photon evo- 
lution equation. 

In literature, one often uses the diffusion approximation! which assumes that 
the energy exchange between photons and the electrons is much smaller than the 


electron temperature. Then one can do a Taylor series expansion in #7 in Eq. 1. 
Further assuming Compton scattering to be non-relativistic, we obtain Kompaneets 
equation,®:+ 
dno Oe o 4 o 
= x no 4- no(14- no)! , 3 
dr 35 xo 9 Oxo o of 0) ( ) 
where zo(— $°) is the dimensionless frequency. The photon equilibrium solution is 
given by, 
: t no(1+ no) = 0 (4) 
——n +n no) = 
Iro 0 0 
We can obtain a relativistically exact equation within diffusion approximation 
by using the Ansatz (without stimulated scattering terms),5 6 
dno 1 
"dec =, "i [D(wo) wo Amo T A(wo) Ano] E (5) 


where A(wo) and D(wo) are tuned to match the relativistically exact first and second 
moment of photon evolution equation. We call this the improved Fokker-Planck 
(FP) approximation. Note that the zeroth moment which is the photon number 
conservation equation is automatically satisfied by Eq. 5. Since the coefficients of 
Eq. 5 are a function of photon energy wo, the equilibrium solution will not be unique 
and will be a function of photon energy which is unphysical. Therefore, we expect 
that Eq. 5 can not bea reliable substitute of Eq. 1. We will confirm it with numerical 
test problems in the next section. 


2. Numerical solutions for test problems 


As a test problem, we consider monochromatic photon injection at frequency Tinj- 
In Fig. 1, we plot the first and second moment of the evolving photon spectrum as 
a function of y = f 0.dr, which can be thought of as a time variable. With time, 
the photon spectrum spreads out. Therefore, the absolute value of the moments in- 
creases until equilibrium is reached at which point there is no more evolution. Since 
the injected photon energy is higher than the electron temperature (2 = w/6.), 


?CSpack is available at www.chluba.de/CSpack 
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Fig. 1. Evolution of first (left panel) and second (right panel) moments of photon field for injection 


at Zinj = 10. Stimulated terms were neglected. The e 


ectrons are kept at a constant temperature 


Oe = 0.1. We compare the solutions of the Kompaneets equation and the improved FP approach 
(Eq. 5) with the solution for the exact scattering kernel (Eq. 1). The Kompaneets solutions are 
independent of the temperature. The temperature dependence is captured well by the improved 
FP approach at low value of the y parameter. However, this approach fails as expected once 


equilibrium is reached. 
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Fig. 2. Snapshots of solution for photon field as a function of frequency for different y parameters 


and numerical approaches as annotated. On the y-axis, we plot the dimensionless intensity, Is = 


x? n. Photon were injected at rij; = 50 at y = 0. 
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Comparison of solutions with different approximations and the exact solution with ĝe = 
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photons lose energy to the electrons on average. This makes the first moment neg- 
ative for this particular choice of initial photon energy. The second moment which 
captures the dispersion of the photon spectrum is always positive. The improved 
FP solution captures the evolution of moments much better than the Kompaneets 
equation but they do not approach the equilibrium solution for reasons as already 
explained before. 

In Fig. 2, we plot the snapshots of photon evolution and compare the improved 
FP and the exact solution for a few values of y. The different solutions look signif- 
icantly different from each other even if the moments of the spectrum are similar. 
The improved FP solution is much smoother due to the diffusion approximation 
while in case of the exact solution, we still see a signature of photon injection at 
Zinj = 50 at y ~ 10. In Fig. 3, we compare Kompaneets, improved FP and the 
exact solution for few different cases to further illustrate the differences of different 
approximations. 


3. Implications for CMB spectral distortions 


'The CMB spectrum is accurately described by the Planck spectrum up to a level of 
1075.7 Injection of non-thermal photons at z < 2 x 109 gives rise to CMB spectral 
distortions as the CMB can not relax to the Planck spectrum as photon number 
changing processes become inefficient." As opposed to the test problems considered 
in the previous section in which electrons were at a constant temperature, in the 
expanding universe, both the CMB photons and the background electrons evolve 
together. Therefore, in this scenario, we solve two equations which are the photon 
evolution equation (Eq. 1) and the temperature of the electrons.? We evolve the 
photon spectrum from the redshift of photon injection up to today when the CMB 
photons reach us. Here, we consider photon injection at a single redshift. 

In Fig. 4, we plot the CMB spectral distortion solutions for photons with 
energy and redshifts as shown and compare the exact solution with the Kompaneets 


5.0x10" 3.0x10" 


— — Exact Exact x -200 
------ Kompaneets X,70.1 ------ Kompaneets inj 


I — — z-3x10* 20x10 


Z 10x10" 


0.0 


o -1 MN 
Fig. 4. Spectral distortion solution for energy injection at different redshifts with frequency of 
injection as denoted. The Kompaneets solution generally overestimates the broadening and mean 
shifts in the photon distribution. For injection at z — 200, the exact solution falls back with respect 
to the Kompaneets treatment, which overestimates the energy exchange with electrons. 
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approximation. The electron temperature at these redshifts are of the order of few 
eV, therefore, relativistic corrections are not important, and the improved FP ap- 
proximation is identical to Kompaneets approximation. The Kompaneets approxi- 
mation overestimates the broadening of photon spectrum. At higher frequencies, the 
Klein-Nishina corrections reduce the energy exchange from the energetic photons to 
the background electrons which is not captured by the Kompaneets solution. The 
energy gain by the electrons shows up as y-distortion* which, consequently, is not 
predicted correctly in Kompaneets approximation. 


4. Conclusions 


In this work, we solve the evolution of photons in contact with a thermal bath 
of electrons via Compton scattering and compare the exact solutions with various 
approximations found in literature. We point out and explain the differences between 
these solutions and show that the various approximations do not capture the physics 
correctly for the whole photon evolution history. We study CMB spectral distortions 
from photon injections and show that the exact solution differs significantly from 
Kompaneets solution and will be important for determining CMB spectral distortion 
constraints for photon injection scenarios. 
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The BISOU (Balloon Interferometer for Spectral Observations of the Universe) project 
aims to study the viability and prospects of a balloon-borne spectrometer, pathfinder of a 
future space mission dedicated to the measurements of the CMB spectral distortions. We 
present here a preliminary concept based on previous space mission proposals, together 
with some sensitivity calculation results for the observation goals, showing that a 5-0 
measurement of the y-distortions is achievable. 
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1. Introduction 


With the success of the ESA Planck mission, the concordance cosmological model is 
established as the reference framework. However, outstanding questions about this 
model are still unanswered. In particular the simplest inflationary model proposed 
as the origin of the initial matter perturbations is favoured by Planck measurement 
of the spectral index and low non-Gaussianity. Nevertheless, it still needs to be con- 
firmed through the measurement of its smoking gun signature: the relic background 
of primordial gravitational waves. The latter can only be observed through the 
Cosmic Microwave Background (CMB) polarisation: namely B-modes. The CMB 
frequency spectrum is another key observable to probe the cosmological model. Its 
intensity was precisely measured by COBE/FIRAS almost three decades ago,!:? 
with deviations limited to AI/I ~ 1075. Since then, not much progress has been 
achieved in measuring its deviation from a true blackbody. However, while the space 
mission proposals PIXIE? and PRISTINE (to ESA F-mission call) have not been 
successful, following two white papers,^? the ESA Voyage 2050 programme has 
selected this topic amongst its three themes. 

The BISOU (Balloon Interferometer for Spectral Observations of the Universe) 
project aims to study the viability and prospects of a balloon-borne spectrometer, 
pathfinder of a future space mission dedicated to the absolute measurement of the 
CMB spectrum. While PIXIE and PRISTINE were targeting both the measurement 
of the CMB polarisation, namely a first detection of the CMB B-mode polarisation, 
and the absolute measurement of the CMB spectral distortions, BISOU's main goal 
is to perform a first measurement of the later. However, secondary science will 
also include measurement of the Cosmic Infrared Background (CIB) emission, and 
potentially the polarisation of the dust up to 2 THz together with Galactic emission 
lines such as CI, CII, NII and OI. 

Taking into account the specificity of a balloon flight in term of requirements and 
conditions (i.e. residual atmosphere, observation strategy for instance), this CNES 
Phase 0 study will evaluate if such a spectrometer is sensitive enough to measure 
at least the Compton y-distortion while consolidating the instrument concept and 
improving the readiness of some of its key sub-systems. 


2. Science goals 


While the CMB has a nearly perfect blackbody emission spectrum, deviations from 
it, referred to as spectral distortions, are expected. These distortions encode in- 
formation about the full thermal history of the Universe from the early stages 
(primordial distortions from inflation and cosmological recombination lines) until 
today (star formation and galaxy clusters). Many of these processes are part of our 
standard cosmological model and are detailed in several publications. ^9 

Spectral distortions result from processes that affect the thermal equilibrium be- 
tween matter and radiation. One of the standard distortions, known as the Comp- 
ton y-distortion, is created in the regime of inefficient energy transfer (optically 
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thin scattering) between electrons and photons, relevant at redshifts z < 5 x 104. 
Processes creating this type of distortion are dominated by the inverse-Compton 
scattering of CMB photons off hot electrons during the epoch of reionization and 
structure formation, also known as the thermal Sunyaev-Zeldovich (tSZ) effect. 

Chemical potential or p-type distortions, on the other hand, are generated by 
energy release at earlier stages (z > 5 x 104), when interactions are still extremely 
efficient (optically thick scattering) and able to establish kinetic equilibrium between 
electrons and photons under repeated Compton scattering and photon emission 
processes. 

The COBE-FIRAS limit, |y| < 1.5 x 107? (95% C.L.), is roughly one order 
of magnitude larger than the expected signal,” y z 2 x 1079. Signal from p-type 
distortions will be even fainter. It is therefore crucial to have reliable models of all 
the emissions that will be much stronger than these signals in order to properly 
subtract them. 


2.1. Modeling the signals 
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Fig. 1. Foreground emission contributions with respect to the CMB blackbody emission, together 
with the sum of all astrophysical signals (CMB + foregrounds). 


Several astrophysical foregrounds contribute meaningfully to the sky signal at 
frequencies relevant to CMB spectral distortions. In addition to the ones already 
modeled® from Planck data, additional components from the zodiacal dust have 
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been included. Figure 1 shows the individual contributions together with the sum of 
all sky signals, including the CMB. At low frequencies (below 70 GHz), the brightest 
foregrounds are from the synchrotron, the free-free and the so-called anomalous mi- 
crowave emissions. High frequencies foregrounds (above 100 GHz) are mainly due to 
the emission of the Galactic thermal dust, the cumulative redshifted emission from 
thermal dust in distant galaxies, called the cosmic infrared background (CIB), and 
the zodiacal thermal dust emission. Additional foregrounds contributing to the to- 
tal sky signal are the cumulative CO emission from distant galaxies at intermediate 
frequencies and the zodiacal scattering at high frequencies. 


2.2. CMB spectral distortions modeling 
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Fig. 2. Models of the spectral distortions: Black body distortion ATcmpBg (orange), non- 
relativistic y-distortion (blue), relativistic y-distortion (purple) and p-distortion (green). This is 
compared to the total foreground signal (dashed black) and the total sky signal - Foregrounds + 
CMB (dashed red). 


Following the same assumptions and processes as the ones presented in Abitbol 
et al.,° figure 2 shows the signals associated with the various distortions of the 
spectrum, with respect to the total emission of the foregrounds and the total sky 
signal (including the CMB emission). 

Four contributions are considered and modeled. First a blackbody distortion that 
represents a first order temperature deviation ATo;g to the true CMB blackbody 


1637 


spectrum. Then a cumulative thermal SZ y-distortion, including both standard non- 
relativistic and relativistic contributions (from Hill et al.”). The intracluster medium 
(ICM), the intergalactic medium and reionization contributions are included in the 
Compton-y signal. A relativistic correction to thermal SZ distortion" is modeled 
using the moment-based approach. Finally the chemical potential u-distortion is 
generated assuming only signals from acoustic damping and adiabatic cooling. The 
r-type distortion, sometimes called “residual” distortion, is expected to have a con- 
tribution smaller than the p-type distortion and is not represented in figure 2. 


3. Instrument concept 


'The initial concept is based on a similar one that had been proposed by the PIXIE 
team? (shown in figure 3 left) and also used for the PRISTINE F-class ESA mission 
proposal. The instrument is a Fourier Transform Spectrometer (FTS) with two 
inputs and two outputs. Both inputs are going through a separate telescope, both 
sets of optics being identical in order to minimise the systematics. Because PIXIE 
has several observation modes, an external calibrator (cooled blackbody) could be 
located in front of one of the apertures at any one time. In the "spectral distortion" 
mode, for which the absolute spectrum needs to be measured, one input is directed 
towards the sky, the second towards a blackbody whose temperature is set to the 
CMB one, 2.726 K, so that a differential measurement can be achieved. This process 
can be alternated in order to cancel any asymmetry in both optical systems. After 
going through a set of polarisers, each of the two outputs is focused on a dual- 
polarisation multimoded bolometric detector, so that each of the four detectors 
measures an interference fringe pattern between orthogonal linear polarizations from 
the two input beams. In order to limit the photon noise, the whole instrument is 
cooled to about 3 K, the detectors being at sub-K temperature. 


3.1. Balloon specificity 


'The previous studies for the instrument concept were performed on the basis of 
a space mission. For the case of a balloon project, the conditions, the require- 
ments and therefore the instrument concept will be different. Stratospheric balloon 
projects might be considered to be in near-space conditions, but there are still many 
differences, some of these being the potential flight time, access to the sky, thermal 
environment, etc... 

A few will have strong impacts on the payload concept. First the residual at- 
mosphere at an altitude of about 40 km will be of the order of 3 mbar with a 
temperature of the order of 270 K. This will not only lead to an additional photon 
noise contribution, but also to the necessity of hosting the overall instrument inside 
a dewar in order to keep it at a temperature of the order of 3 K under vacuum. 
Even with a small pressure difference, the dewar will then need to have a window 
through which the telescope will point towards the sky (see figure 3 right). The 
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Fig.3. Left: Original instrument concept from the PIXIE space mission proposal.? Right: BISOU 
instrument scheme. 


outside dewar shell being at ambient temperature, intermediate thermal stages will 
be necessary with thermal filters in order to limit the thermal background load and 
potential straylight. 

This is also preventing the calibrator to be outside the dewar and will then have 
to be located inside in order to keep it at a very steady temperature of about 3 K. 

Due to the mass, power and dimensions constraints of a typical balloon payload, 
it is unlikely that two sets of optics can be used with a telescope primary diameter 
of 35 to 40 cm allowing for a multi-moded beam FWHM of about 1.5 deg. 


3.2. Gondola, dewar and cooling chain 


Assuming that the balloon flight will be provided by CNES, our study is based on 
the use of the CARMEN gondola? design that has been used lately for the PILOT 
balloon project!? for instance, allowing for a maximum all-included payload mass of 
750 kg (including ballast). While CNES has so far flown these types of payload for a 
typical 35-hour flight duration, it is planned that a first 5-day test-flight will happen 
in 2022. We will therefore base our sensitivity calculations on the assumption that 
this type of flight will be available in the future. 

The whole instrument needs to be cooled to about 3 K, where the detectors 
only will be cooled to a sub-K temperature. A trade-off is being made in order to 
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define the optimum one, but it is highly likely that 300 mK will be low enough 
(section 4.1) for the focal plane, allowing for the use of a ?He sorption cooler. 
Due to mass and power limitations, mechanical coolers for balloon platforms are 
not yet mature enough, even if some developments are being investigated, most 
notably by NASA. We chose a proven cooling solution using liquid helium to cool 
the overall instrument, between 4 and 2 K depending on the bath pressure, using 
the natural low pressure at high altitude. Several intermediate thermal stages and 
shields cooled with the helium vapour retrieved from the bath will allow for heat load 
reduction on the 3 K stage. Typical intermediate temperature stages are 150 K, 80 K 
and 20 K. 


3.3. Atmosphere 


As already mentioned, the residual atmosphere at 40 km altitude will still create a 
large photon noise contribution with respect to the extremely faint signal that we 
are trying to observe. For instance, atmospheric effects at ground level and even 
at balloon altitudes are shown in Masi et al.!! with respect to spectral distortion 
signals. The signal level due to the atmosphere is still 2 to 3 orders of magnitude 
higher that the non-relativistic y-distortion signal depending on the frequency. In 
theory, assuming a reliable model, this contribution could be removed. 

More important, will be the variations of the atmosphere with altitude, ob- 
servation elevation and time. This cannot be modelled and will therefore need 
an atmosphere modulation strategy at a high enough frequency to be compati- 
ble with the variation timescale. Such a modulator is already used for COSMO,!! 
but for BISOU, another modulator, such as a cold internal beam stirrer is also being 
considered. 

For the time being, at that stage of the study, the atmosphere is not yet consid- 
ered in our sensitivity and systematic effects calculations. 


3.4. The instrument 


Following the conditions of a balloon project (section 3.1), several points had to 
be adapted and trade-offs have already been made. With emphasis on the spectral 
distortions, these measurements will always be performed against the calibrator. 
Due to the fact that we are using only one telescope to save mass (with therefore 
an unbalanced optical system), the calibrator will be kept fixed in front of one of 
the FTS inputs for simplicity and risk mitigation. 

With the help of an instrument model being developed, and assuming some 
initial parameters such as telescope diameter, flight duration and observation effi- 
ciency, or again spectral resolution, calculations presented in section 4 are showing 
that the sensitivity is strongly dependant on three key parameters: the temperature 
and emissivity of the window, and the maximum frequency of observation as the 
photon noise is increasing with frequency. The implications of these issues will be 
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discussed in the following sections. However, we see straight away that the dewar 
window, the warmest optical element, needs to have a very low emissivity, a tem- 
perature as low as possible and be as thin as possible to minimise the systematics. 

In order to use a very thin window, a valve at the entrance of the dewar, opening 
only when the pressure difference is small (at a certain altitude), could be used. Such 
a technique was used for the Archeops!? balloon project for instance. 

The emissivity of the window could be reduced by the application of a cop- 
per/gold grid as was done on the ArTéMiS!'® ground based camera. 

Finally while the dewar will be at a temperature ranging from 300 to 270 K, 
the window could have a mount thermally isolated from the structure and actively 
cooled with the vapour coming from the helium bath. Such a development will be 
studied with a dedicated R&D programme. This should bring the window temper- 
ature below 200 K. 


4. Preliminary sensitivity estimates 
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Fig. 4. Estimated instrument sensitivity for different concepts, compared to various spectral 
distortion signals. All calculations are assuming a 5-day flight. The highest sensitivity assumes a 
space mission, while the lowest sensitivity is for a balloon flight for which the noise is limited by 
the emission of the dewar window with pessimistic characteristics. 


4.1. Photometric model 


A preliminary photometric model has been developed, taking into account only the 
dewar window and a minimum of two spectral filters on the lowest temperature 
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stages (supposed to be at 20 and 3 K and with a top-hat transmission profile) 
for the optical input. The emission of all the components in the optical path is 
modeled as blackbody emission (at the temperature of the component) multiplied 
by the emissivity of that component at the specified temperature. The load on the 
detector is estimated by adding the power contributions of the optical components 
as well as the contribution from the sky, using for each: 


Vmax 

P(v,T) = ] ef f (v) AG(v)e(v, T) B(v, T)dv 
Vmin 

where AQ is the throughput of the multi-moded optics, eff the transmis- 

sion/efficiency of the optical system, B the blackbody function, and for this first 

version of our model, the emissivity e is taken as a constant for each component. 

We integrate the power received by the detector over the full range of frequencies. 
In order to assume the worst case scenario for the detector load, when the optical 
path difference of the Fourier Transform Spectrometer is null, the power is integrated 
over the full frequency range that we will observe. 

The total Noise Equivalent Power (NEP) is then calculated by adding in quadra- 
ture the photon NEP from the signal arriving on the detector and the detector NEP 
which is assumed to be about four times lower than the photon NEP. For the time 
being, we assume that the other contributions to the total NEP are small in compar- 
ison to the photon one. Depending on the assumptions made, for the temperature 
and emissivity of the optical components for instance, the total NEP is of the order 
of a few 10-16 W Hz-!/? for a space mission to about 10714 W Hz-/? for a bal- 
loon configuration, high enough to allow for the use of detectors at a temperature 
of about 300 mK. 


4.2. Results 
Following classic calculations,? from the total NEP, the detected noise for a fixed 
integration time T is given by: 
c N E Pita 
7/2 


ôP 


where 7 is taken to be 90 hours, corresponding to a flight duration of 5 days with 
1596 observation efficiency. From this, the noise at the detector may in turn be 
referred to the specific intensity, leading to an equivalent instrumental sensitivity 
that can be compared to spectral emissions. These results are shown on figure 4 
for different instrument configurations. For all these configurations, a FTS spectral 
resolution of 15 GHz, a lowest frequency Vmin=60 GHz, and a linear tapered filter 
to limit the high frequency contribution above 600 GHz have been used. 

Figure 4 shows the impact of the window on the sensitivity as it will be the 
warmest element on the optical chain. Starting from a “space configuration" where 


1642 


the warmest element might be around 3 K (filter at 3 K and 300/100 mK with 
0.196 emissivity each), which will be the most sensitive configuration, followed by 
a configuration with an added filter at T=20 K, then the same configuration with 
the window at T=270 K added, this with 2 emissivity assumptions for the window, 
one with e=0.1% like all other filters, and a lower one with e = 3 x 1074 (in blue), 
something that we hope to achieve. 

We then conclude that in order to have a first detection of the y-parameter 
with a decent signal-to-noise ratio, the window will need to be cooled further as 
previously discussed. 

Another parameter which is also crucial, is the maximum observation frequency 
Vmax. All the photon contributions being higher with increasing frequency, the over- 
all sensitivity will drop with increasing Vmax. On the other hand, in order to retrieve 
the “easy” science goals, such as the y-parameter spectral distortions, ATc pg and 
Tore for the measurement of the Cosmic Infrared Background, measurements have 
to go to high frequencies. Therefore a trade-off needs to be reached in order to 
optimise the S/N for each parameter. 

This work has started and will be presented in future publications. However, we 
can already say that, not taking into account the atmosphere, S/N ratios of 5 for 
the y-distortions, about 30 for ATo p and about 10 for Tcrg, can be reached if 
Umax Were to be 1200 GHz. 

Obviously a more detailed study will need to take place for a better optimisation, 
including more sophisticated models and better parameter knowledge. 


5. On-going and future work 


Aside from more detailed model of the instrument and sensitivity calculations, sev- 
eral points need to be addressed by the end of the Phase 0 study. 

The next important hurdle to cross is understanding how to deal with the atmo- 
sphere. More accurate models and data for high altitude are being gathered within 
the consortium but as already stated, a modulator seems inevitable. Concept work 
and the study of the associated effects of this modulator will be paramount. 

Other points to be developed (not exhaustive) can be listed as: 


e Observation plan and scanning strategy; 

e Calibration strategy, together with the accurate characterisation and con- 
trol of the calibrator; 

e Study on how to increase the sensitivity, by increasing the number of de- 
tectors for instance, or having two channels; 

e A first cut to the study of the systematic effects, in order to answer at 
least if the unbalanced optical system between the two inputs will not be a 
limiting factor; 

e Updated science case. 


1643 


6. Conclusion 


So far, assuming that the atmospheric problem can be solved, it seems that accord- 
ing to our preliminary estimates, such a balloon borne instrument will be able to 
have valid scientific outputs, and not be limited to a technological demonstrator for 
future space missions. Namely, a measurement of the CIB, a better constraint on 
AToyp, and more importantly a first 5-o measurement of the y-distortions if not 
better. 

If these results are confirmed by the end of Phase 0, a proposal to CNES and 
other funding bodies will be submitted to start a more detailed Phase A study, for 
a first test-flight on the horizon 2026. 
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We present new cosmic microwave background (CMB) spectral distortions constraints on 
low mass (10— 19-104 eV) dark matter particles that decay into photons. The constraints 
are first presented in a model-independent manner and then applied to axions and de- 
caying excited states. For the first time, we place constraints using the full distortion 
spectra compared to the COBE/FIRAS and EDGES measurements. This proceeding 
summarizes results obtained with Jens Chluba and Richard Battye, and published in 
MNRAS 507 (2021)?. 
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1. Introduction 


Spectral distortions are a powerful probe of the thermal history of the universe.! 
They can constrain dark matter candidates with coupling to the electro-magnetic 
sector, since these typically inject energy into the photon-baryon plasma, gen- 
erating departure of the CMB spectrum from the black body law. In the past 
decade, a number of studies have derived constraints on the dark matter cross- 
section, the mass lifetime and abundance of the decaying or annihilating dark 
matter particles®%.2-° Spectral distortions are often characterized by the chemi- 
cal potential u and the Compton-y parameter, which are directly proportional to 
the injected energy and compared with the COBE/FIRAS bounds, u < 9 x 107° 
and y < 1.5 x 107? (95%CL). However, the u and y distortions are generally not 
sufficient to characterize the full distortions. This is the case when the injected pho- 
tons do not have time to undergo many scatterings, i.e., comptonize. For instance, 
for distortions from decaying particles with a lifetime comparable to the age of the 
universe, there may be a y distortion but also a peak in intensity located at the rest 
mass energy of the decaying particle. Here, we present the first constraints that use 
such features in the distortion spectra. 

'This is a challenging task: it requires to solve the Boltzmann equation for pho- 
tons, simultaneously with the time evolution of the electron temperature and the 
ionisation history. To do so, we use the code Cosmotherm as well as packages recently 


?https://arxiv.org/abs/2012.07292 
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developed at the University of Manchester, namely CSpack for computing energy 
exchange from Compton scattering? and BRpack to compute Bremsstrahlung emis- 
sion coefficients." We use a standard reionization modeling? and a refined treatment 
of helium and hydrogen recombination initially based on Recfast.9:!? To run these 
codes we developed a python package, named specdist?, so that we could compute 
in parallel many distortion spectra and the corresponding ionisation histories. 


2. Photon injection from decaying particles 


We focused on a dark matter particle that decays into two photons, each carrying 
half of the rest mass energy of the decaying particle. We also considered dark matter 
excited states where one photon carries the energy difference between the excited 
and ground state of the decaying particle. The time evolution of the dark matter 
particle population is described by the exponential decay law with a decay rate T 
that is the inverse of the lifetime. The decay rate determines the time of energy 
injection and consequently the type of distortion. For short lifetimes we expect a u- 
distortion until redshift z ~ 5 x 107, and a y-distortion at lower redshift. For photon 
injection happening after recombination, we expect a more complicated shape due 
to photons that do not have time to scatter and instead simply redshift as the 
universe expands. 

For the spectrum of the injected photons we used a narrow gaussian that approx- 
imates a delta function centered at the rest-mass energy of the decaying particle. 
'The normalization of the spectrum is directly proportional to the abundance of 
decaying particles which we can write in term of the dark matter fraction fam, 
that we constrain. To do this, once the distortion is computed we proceed with the 
exercise of comparing it with CMB frequency spectra measurements such as the 
measurements from COBE/FIRAS!! and the EDGES brightness temperature at 
78 MHz.'? 


3. Complementary constraints from ionization histories 


We also use complementary constraints from the perturbed ionisation histories that 
affect the CMB temperature and polarization anisotropy power spectra. The left 
panel of figure 1 shows several ionisation histories for a particle that decays during 
the end of recombination, with different masses labelled in dimensionless unit. For 
some of these we found an interesting time evolution with periodic spikes when we 
switched on collisional ionisation. 

In principle these ionisation histories can be fed to Boltzmann codes such as 


16 or camb!” to compute the CMB anisotropy power spectra and extract con- 


class 
straints using, e.g., the Planck likelihood.!* A faster method is to use the projection 


methods developed by Luke Hart and Jens Chluba:!? the ionisation histories are 


bhttps://github.com/CMBSPEC/specdist 
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Fig. l. Left: Non-linear responses in the ionization history around critical injection frequencies 
for T = 10714^s-! and Ap,/p, = 3 x 1075. For 107? Z finjo = hui, o/kpBTcwn S 1.53 x 107? 
the free electron fraction shows intermittent bursts due to photon injection, free-free absorption 
and collisional processes. Right: Derived 95% CL dark matter fraction limit, ft. = ¢fam, for a 
range of lifetimes and zinj.o S 10-8. The CMB anisotropy limits were obtained with the projection 
method,!? while the other two are derived assuming 4y € 6 x 1075 (9596 CL) from COBE/FIRAS. 
The dotted curve corresponds to soft photon heating, and the solid dashed line to the total energy 
integral with the y-era visibility function. For the CMB anisotropy constraints we considered a 
case where collisional ionisations are not included (blue region) and a case where these are included 
(red region). As can be seen, atomic collisions are driving post-recombination decay constraints 
(P € 10714s-1). We emphasize that these constraints are for very low mass decaying particles 
(m «& 1eV) where all the injected energy in the form of photons is converted into heat, in contrast 
with scenario where the energy is deposited and leads to direct ionisation. 15 


projected onto eigenmodes obtained from a principal component analysis, allowing 
to derive constraints with a simple root-finding routine. 

As shown in the right panel of figure 1, benefiting from the exquisite measure- 
ments of Planck and WMAP, constraints from CMB anisotropy are the strongest 
for dark matter candidates that decay near recombination, when the CMB is emit- 
ted. Nonetheless, COBE/FIRAS spectrometer measurements actually beat imager 
constraints for particles that decay far from recombination, since spectral distor- 
tions probe nearly the entire thermal history. Note that the figure illustrates this 
point with the y-distortion constraints only, while we can now make use of the full 
distortion spectra. 


4. Constraints from the full distortion spectra 


In a forthcoming work we will be using machine learning methods in order to build 
an optimal spectral distortion emulator. For this work, we computed a vast library 
of distortions so that at any point in the parameter space spanned by the lifetime, 
mass and abundance of the decaying particle we can interpolate the precomputed 
spectra and compute the likelihood values given the COBE/FIRAS and EDGES 
measurements. A subset of the distortion spectra is shown in figure 2. Our model 
independent constraints are shown on figure 3. On the left panel, we see the max- 
imally allowed dark matter fraction as a function of the injection energy in eV. 
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Spectral Distortion at z= 0, with LyC and Reionization 
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Fig. 2. Solutions for the spectral distortion created by photon injection from decaying particles 
for several masses, m, and lifetimes, T, including simple modelling for reionization in addition to 
HI, Hel and Hell photo-ionization (LyC stands for Lyman continuum absorption). All spectra 
are normalized such that Ap/p|is; = 3 x 1075. Negative parts of the signal are shown as dashed 
lines. 


'The thick line correspond to a a short lifetime, for a particle that decays at early 
time, towards the end of the p-era. It is essentially the constraints that one would 
obtain with a simple p-estimate calculation by integrating the injected energy over 
time. There are two differences though: a region near 0.1-10 eV where the chemical 
potential is actually negative, and a small bump near 1meV associated with photons 
that have redshifted down to 78MHz where we impose that the CMB brightness 
temperature should not exceed the EDGES measurements. For longer lifetimes, 
the straight horizontal line constraints corresponding to u or y estimates is nearly 
absent: the constraints are driven by the extra redshifted photons that do not scat- 
ter efficiently and end up in the COBE/FIRAS or EDGES frequency range. For 
decays happening near or after recombination (dotted and dashed-dotted lines re- 
spectively), we see strong constraints on the dark matter fraction for energy higher 
than the ionisation threshold of Hydrogen and Helium (the vertical dashed line on 
the figure). These constraints are driven by the y-distortion caused by heating from 
Lyman continuum absorption, and analogous processes for Helium. On the right 
panel of figure 3, we show the full constraints in the lifetime, injection energy plane 
with darker colors corresponding to more excluded regions. One piece of modeling 
that is absent in the constraints of figure 3 are quantum effects associated with the 
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Fig.3. Left: Constraints on the effective DM fraction for decaying particle scenarios (9596 CL) for 
various combinations of data from COBE/FIRAS, EDGES and Planck. The upper panels show the 
constraints for lifetimes T < 10-1! s! and various combinations of datasets when assuming decay 
to occur in vacuum. The lower panels show several examples when including stimulated decay. 
See main text for discussion. Right: Constraints (9596 CL) on decaying particle models when 
subsequently including data from COBE/FIRAS, EDGES and Planck. 'The addition of EDGES 
affects the constraints at Ejyj c 3 x 1077 — 3 x 107 * eV, while the addition of Planck has the 
largest effect at high energies above Ej; ~ 13.6eV. 


bosonic or fermionic nature of the decaying particle. We treated the case of bosons, 
for which the emission is stimulated by the ambient CMB photon bath.!? The effect 
of stimulated decay is relatively simple: the decay rate becomes frequency depen- 
dent with a term that includes the photon occupation number, evaluated at the 
injection frequency. One has 


I'stim RÍ [1 T 2N (Tinj )] T (1) 


where Istim is the decay rate in the stimulated case and I the would be decay 
rate without stimulated emission, and where we use the Planck black body law to 
compute n(xinj) with Zinj = hvinj/kpTomp. For large injection frequencies vinj, both 
the stimulated decay rate and standard decay rate are equal because n(ainj) ~ 0, but 
for low injection frequencies the difference between Tstim and I is proportional to 
1/vi,; and is larger at higher redshifts. For instance, for a decay with lifetime roughly 
the age of the universe today, we expect a small y-distortion and an emission peak 
centered around the injection frequency. With stimulated decay accounted for, such 
decaying particle would already have completely decayed a long time ago, in the 
p-era, generating a standard p-distortion. This also implies that with stimulated 
decay, in the case of low 1j, one needs much more particles to yield the same 
amount of energy injection for a fixed lifetime. With this extra piece of modelling 
we can revisit the constraints of figure 3. 

Constraints with stimulated decay accounted for are presented in figure 4 and 
are the main model independent results of our work. By model independent, we 
mean that at this stage we have not chosen a specific type of particles (other than 
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Stimulated Decay with EDGES and Xe 
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Fig. 4. Same as in figure 3 but with stimulated decay accounted for. The dominant effect of 
simulated decay is to shift and compress the limits along the Tx axis for low injection ener- 
gies/frequencies. We also mark the lifetime corresponding to the age of the Universe (Tx = tHo c 
4.4 x 1017 s). For comparison, we have added the current level of constraints of sterile neutrino 
decay in the X-ray frequency range, namely the lifetime has to be longer than 10?? s for masses 
between 5 — 50keV (green area labeled 'NuSTAR/ X-ray"), see Fig 5 of Roach et al.?° 


being bosons). At high injection frequency, namely above 10 eV, the contours are 
unaffected by the stimulated decay, as expected. But at lower frequency we see an 
upward tilt of the constraint regions compared to the vacuum decay case of figure 3, 
towards longer lifetimes, consistent with the discussion above. For comparison, on 
the top right corner of figure 4 we have added a green exclusion region which 
comes from the non-detection of X-ray lines expected in radiative decay of sterile 


neutrinos.?9 


5. Constraints on axion-like particles 


We translated our constraints to axion-like particles (ALPs) models. ALPs are 
pseudo Nambu-Goldston bosons proposed as dark matter candidates and motivated 
by solutions to the strong CP problem.?! For these types of particles there is a fun- 
damental relationship between the mass and the decay rate, parameterized the cou- 
pling constant gay.” Then, we can replace the x-axis of figure 4 by the ALPs mass, 
and map the y-axis, which was the lifetime, to the coupling constant. Constraints 
on ALPs are shown in figure 5. The top right corner of the plot is not constrained 
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Fig. 5. Left: Cumulative COBE/FIRAS, EDGES and Planck constraints (9596 CL) on ALPs 
models and fam = 1. These constraints include blackbody-induced stimulated decay. For reference, 
we also show that constraint from CAST?? and the physically-motivated region valid for the KSVZ 
axion model over a range of anomaly coefficients E/N (yellow region). Spectral distortions provide 
competitive constraints at axion masses of mac? > 27 eV. Right: Same as left panel but zoomed 
in on the high-mass end and for various values of fam. Stimulated decay is unimportant in this 
domain. Axions with masses mac? > 27eV are heavily constrained even if they only constitute a 
small fraction of the DM. For comparison we have added constraints from Horizontal Branch Stars 
(green dashed line labeled ‘HB’) and optical telescopes searches focused on Abell clusters (green 
shaded area).24:25 We refer to Fig 91.1 of PDG18?6 for further details on these optical constraints 
and to Regis et al?’ for the most recent updates. 


because it corresponds to very short lifetimes, and all injected energy and photons 
are thermalized thanks to efficient double Compton and Bremsstrahlung scatter- 
ings. The upper part of the pink band is constrained by the u and y-distortion 
limits, and the lower part with the peaks correspond to constraints driven by the 
full spectra. The thick line shows the constraints using COBE/FIRAS residuals and 
the dashed line is the extended constraints when we add the 78 MHz EDGES data. 
The dotted lines are the constraints when we add CMB anisotropy from perturbed 
recombination. On the right we show a zoomed in region of the plot and we also 
show the constraints assuming ALPs make up only a fraction of the dark matter. 
Most of this part of the constraint plot is determined by the y-distortion due to 
heating from Lyman continuum absorption and it shows that spectral distortion 
constraints are competitive against other astrophysical constraints on axions, e.g., 
constraints from Horizontal Branch (HB) stars (the green dashed line) and optical 
telescopes (the green area). 


6. Conclusion 


Here we have presented the first constraints on photon injection processes using the 
full distortion spectra and ionisation histories. Our work shows that we are still har- 
vesting insights into dark matter from the 30 years old COBE/FIRAS spectrometer 
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data. There is little doubt that the next spectrometer mission will be game changing 
for dark matter models. Our next steps will be to build a spectral distortion emula- 
tor to alleviate the computationally expensive calculations of distortion spectra and 
ionisation histories, and provide a forecast analysis for a next spectrometer mission 
such as Voyage 2050.78 
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The COSmic Monopole Observer (COSMO) is an experiment to measure low-level spec- 
tral distortions in the isotropic component of the Cosmic Microwave Background (CMB). 
Deviations from a pure blackbody spectrum are expected at low level (< 1 ppm) due 
to several astrophysical and cosmological phenomena, and promise to provide important 
independent information on the early and late phases of the universe. They have not 
been detected yet, due to the extreme accuracy required, the best upper limits being 
still those from the COBE-FIRAS mission. COSMO is based on a cryogenic differential 
Fourier Transform Spectrometer, measuring the spectral brightness difference between 
the sky and an accurate cryogenic blackbody. The first implementation of COSMO, 
funded by the Italian PRIN and PNRA programs, will operate from the Concordia sta- 
tion at Dome-C, in Antarctica, and will take advantage of a fast sky-dip technique to 
get rid of atmospheric emission and its fluctuations, separating them from the monopole 
component of the sky brightness. Here we describe the instrument design, its capabili- 
ties, the current status. We also discuss its subsequent implementation in a balloon-flight, 
which has been studied within the COSMOS program of the Italian Space Agency. 


Keywords: Cosmic Microwave Background; Spectral Distortions; Fourier Transform 
Spectrometer. 
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1. Introduction 


Spectral distortions of the CMB represent a research path orthogonal and synergic 
to CMB polarization studies. Their detection can shed light on cosmic reionization, 
on the physics of recombination, on dark matter and in general on any energy release 
in the primeval fireball, and even on the very early universe and cosmic inflation. 
See! and references therein for a comprehensive review. The expected deviations 
are very small, « 1 ppm, but have characteristic spectral signatures, allowing, in 
principle, their separation from overwhelming foreground emission and the CMB 
monopole itself. In figure 1 we compare the largest spectral distortions of the CMB 
in the mm-wave region to the most important foregrounds. 

Current upper limits for spectral distortions are at a level of 0.0196 of the peak 
brightness of the CMB, and were obtained more than 20 years ago by COBE — 
FIRAS.?:? Current technologies promise to achieve much higher sensitivity, the lim- 
iting factor remaining the control of instrumental systematic effects and the emission 
of astrophysical foregrounds. In order to avoid the very large background produced 
by the earth atmosphere at CMB frequencies, the final measurement must be car- 
ried out from space. To this purpose, several proposals for space-based experiments 
have been submitted, like the PIXIE,! CORE? and PRISTINE missions. Meanwhile, 


Brightness (MJy/sr) 


100 200 300 400 
frequency (GHz) 


Fig. 1. Plot of isotropic brightness from (top to bottom, continuous lines): Antarctic atmosphere 
in Dome-C (zenith), CMB, interstellar dust (Galactic average), far infrared background (FIRB) 
from unresolved galaxies, absolute value of the y-distortion (y = 1.77 x 10-9, negative branch 
dashed), absolute value of the p-distortion (u = 2 x 10-8, 8 — 2.19, negative branch dashed). 
The two dashed lines represent the emission of the window of the receiver, for the ground based 
(upper) and the balloon-borne (lower) implementations of COSMO. The dotted line represents 
atmospheric emission at stratospheric balloon altitude (zenith). The two couples of vertical lines 
define the observation bands of COSMO in its ground-based implementation. 
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ground-based and near-space efforts are necessary to test and refine methods, and 
possibly to detect the largest spectral distortions. Here we focus on the COSMO 
project, a pathfinder, staged effort to be carried out in Dome-C (Antarctica) first, 
and then on a stratospheric balloon. 

The problem of spectral distortions of the CMB monopole, as evident from figure 
1, is that they are very small with respect to other isotropic backgrounds, including 
instrument emission, atmospheric emission (if present), astrophysical foregrounds 
from the interstellar medium and the other galaxies along the line of sight, and the 
CMB monopole itself. Moreover the instrument has to be cryogenic to reduce its 
own emission, and operate where atmospheric emission is very small and/or can be 
measured and subtracted. For sure, advanced strategies for components separation 
are in order (see e.g.°). 

In the following section we focus on the COSMO experiment, attempting sub- 
orbital measurements of spectral distortions. 


2. The COSMO experiment 
2.1. Measurement method and general design 


COSMO is a cryogenic differential Fourier Transform Spectrometer (FTS) in Martin 
Puplett Interferometer (MPI) configuration: a two input ports differential instru- 
ment comparing the brightness of the sky (port A) to the brightness of an accurate 
internal blackbody (port B), exactly like in COBE-FIRAS.? A simplified instrument 
model is described by equation 1: 


I shey(& BR AQ(a)[Bsky(o) — Bres (Tref, o)lelo)[1 + cos(4ror)jdo (1) 


where 7,1, (x) is the signal measured by the detector as a function of the optical path 
difference x between the two arms of the interferometer, which is scanned by means 
of a moving roof-mirror; ø is the wavenumber, AQ (c) is the optical throughput of 
the detector, B,,,,(c) is the sky brightness present at input port A, Bres (Tref, o) is 
the brightness of the reference blackbody at temperature 7T;,; present at input port 
B, e(c) is the spectral efficiency of the instrument, the constant R is the responsivity 
of the instrument. During the calibration phase, an external blackbody at a known 
temperature Tert fills input port A: in these conditions the measured signal is 


La =R f AQO(o)[Best(Tezt, 0) — Breg(Treg,0)]e(o)|1 + cos(4rox)]do. (2) 


Antitransforming equation 2 one gets the quantity RAQ(c)e(c), which can then be 
used in the antitransform of equation 1 to estimate Bspy(c). 

Both Bref and Bert should be at cryogenic temperatures, close to Top, in 
order to avoid saturation or non-linearity effects in the detectors, and extreme re- 
quirements on the knowledge of Tye, Text and the blackbody emissivities. 
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Since the COSMO instrument operates in environments (Dome-C or the strato- 
sphere) where atmospheric emission is present, special care must be taken to 
measure the emission from the atmosphere, and the emission of the vacuum win- 
dow separating the cryogenic instrument from the external environment. Both these 
emissions are not present in a space-based instrument, while they contribute very 
significantly to the measured Bsky in the case of a suborbital experiment like 
COSMO. Moreover, the cryogenic external blackbody will necessarily have a vac- 
uum window, adding its emission to Bex. 


2.2. Coping with atmospheric emission 


In the ground-based implementation, COSMO will operate from the French-Italian 
Concordia base, in Dome-C (Antarctica). This is likely to be one of the best sites on 
Earth for mm-wave astronomical observations, being extremely cold and dry. But 
still atmospheric emission is present. The first defense against atmospheric emis- 
sion is the selection of the frequency interval. In its ground-based implementation, 
COSMO uses two frequency channels matching mm-wave atmospheric windows, 
covering the frequency bands 110-170 GHz and 200-300 GHz. Each frequency chan- 
nel is detected by an independent focal plane array. In this way radiation from the 
high frequency band does not overload the low-frequency detectors, so that higher 
sensitivity can be achieved in the low frequency channel. 


Fig. 2. Geometry of the sky scan for the COSMO experiment. Left: The COSMO instrument 
with the external spinning wedged flat mirror, steering the instrument beam in the sky while 
spinning. The arrow identifies the spin axis, while the mirror is sketched in two positions (red and 
blue) corresponding to maximum and minimum elevation of the beams, respectively. The central 
and marginal beams are also shown in the same colors. Right: Resulting scan of the beam (in red) 
over the celestial sphere. The two spots mark the maximum and minimum elevations explored by 
the beam. The circular scans, combined with Earth rotation, result in the coverage of several sky 
patches at different Galactic latitudes. 
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COSMO uses fast Kinetic Inductance Detectors (KID) and fast elevation scans 
to separate atmospheric emission and its long-term fluctuations from the monopole 
of the sky brightness. A fast spinning, wedged flat mirror (71000 rpm) steers the 
boresight direction on a circle, 20? in diameter, scanning a range of elevations (and 
the corresponding optical depths of the atmosphere) while the cryogenic interfer- 
ometer scans the optical path difference (see figure 2). 

In this way the recorded interferogram (equation 1) will be the one due to 
the sky monopole (constant during the sky scan) plus the one due to atmospheric 
emission, which is modulated by the beam elevation variations during the sky scan. 
A sample expected interferogram is reported in figure 3 for the low-frequency band 
of COSMO. 

By properly sampling the measured interferograms, the interferograms corre- 
sponding to the different elevations e scanned by the instrument can be retrieved. 
'These can be antitrasformed to estimate the measured brightness spectra for the 
different elevations. For each frequency, a cosec(e) law can be used to estrapolate 
to zero air-mass, thus estimating the isotropic component of the sky brightness (see 
figure 4). 
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Fig. 3. Example of expected interferogram obtained while the flat wedged mirror is spinning. For 
each position x of the roof mirror in the MPI (corresponding to a different time on the abscissa), 
the signal changes due to the fast variation of the observed elevation. Fast (KID) detectors are used 
to follow these variations. In this example one full scan of the roof mirror is shown (at a mechanical 
speed of ~ 0.25 cm/s, from -1.27 cm to +1.27 cm of optical path difference). The zoomed inset 
shows how the interferograms corresponding to the maximum and minimum elevations can be 
obtained by properly resampling the measured interferogram. Millions of interferograms like this 
one will be measured during an observation campaign. 
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Fig. 4. Extrapolation to zero air-mass to estimate the isotropic component of the sky brightness 
for each frequency. 


Since the instrument measures one interferogram every few seconds, slower at- 
mospheric fluctuations are removed in the process, mitigating the effects of 1/f 
noise, which is characteristic of atmospheric fluctuations. 

This measurement method is allowed by the use of fast (7 ~ 60us) KIDs, sim- 
ilar to the ones developed for the OLIMPO experiment.? In table 1 we report a 
possible scanning configuration of the COSMO instrument in its first ground-based 
implementation. 


2.3. Coping with window emission 


Both the cryogenic reference blackbody and the FTS of COSMO are enclosed in a 
vacuum shell, necessary for the cryogenic operations. External radiation enters the 
vacuum jacket through a vacuum window, made from a transparent material for 
mm waves. The best solution is to use a slab of polypropylene, which has to be ^ 1 
cm thick in the ground based implementation, to withstand atmospheric pressure. 
This can be significantly thinner at balloon altitude: we assume a 25 um thick 
window for that implementation. As visible in figure 1, the emission of the receiver 
window is very important in both cases. The way we cope with it is to measure 
spectra keeping the internal reference and the external calibrator at the two input 
ports and steady, for different, well controlled temperatures of the window. This 
procedure will produce a calibration of the contribution from window emission in 
the measured spectra as a function of the temperature of the window. This will 
be monitored during the sky measurements, so that will be possible to subtract 
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Table 1. Scanning characteristics of the COSMO instrument? 


circle radius 5 deg 
beam FWHM 0.5 deg 
wedged mirror spin 600 rpm 
time per beam 200 HS 
time for one forward plus one reverse sky dip 0.1 S 
maximum wavenumber 20 cm! 
sampling step 125 pm 
resolution 5-15 GHz 
time to complete one interferogram 25.6 S 
sky dips per interferogram element 2 


Note: *Example of certainly feasible combination of wedge and roof 
mirror scans; faster scans are currently under consideration. 


window emission using the calibration. The expected accuracy of this process has 
been investigated: preliminary results show that the residuals after subtraction are 
subdominant when targeting at the measurement of the y distortion. 


3. Implementation of the ground-based COSMO experiment 
3.1. Selection of the site and installation 


Due to the high altitude, extremely low temperatures in the winter, and absence 
of solar illumination for several months in a row, the Dome-C (Antarctica) site of- 
fers unmatched excellent conditions for astronomical observations in the mm-wave 
atmospheric windows (see e.g.1?:1!). Its latitude (75°S) allows for crosslinked sky 
scans at constant elevation (which are not possible from the South Pole), simi- 
lar to those obtained in circumpolar stratospheric balloon flights (see e.g.!?). The 
presence of the French-Italian Concordia station provides high quality logistics sup- 
port (power, communications, resident personnel) for the operations of a modern 
CMB experiment. The instrument will be hosted in a thermally insulated ISO20 
shipping container, with retractable roof, and mounted on a palafitte on top of a 
hardened snow berm, following a consolidated tradition for medium-size astronom- 
ical instruments in Antarctica. The container and the instrument will be oriented 
so that the elevation movement steers the boresight along the local meridian. As 
described below (see §4), this simple sky scan strategy allows to observe both high 
and intermediate Galactic latitudes, totalizing a coverage of ~ 5% of the sky. 


3.2. The optical system 
3.2.1. Generalities 


Angular resolution is not the main driver of this experiment, which is aimed at mea- 
surements of the isotropic monopole component of the CMB brightness. We designed 
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the instrument with and optical aperture of 22 cm in diameter, producing a diffrac- 
tion limited beam at the longest wavelength (2.4 mm) of — 0.7? FWHM. This 
is the result of a tradeoff between the size of the optical aperture and the need 
of monitoring the effect of anisotropic foregrounds. The telescope and the Fourier 
'Iransform Spectrometer are located inside the cryostat to minimize their radiative 
background. A sketch of the optical setup, based on polyethylene lenses, is shown 
in the left panel of figure 5, while the main data are reported in table 2. 


B — 


Forebaffle 


. Room for spinnin 


A odulator 


shield 


Fig. 5. Left: Ray tracing and optical design of COSMO. L1 is the light collector lens, L2 pro- 
duces a nearly parallel beam for the FTS, L3 focuses radiation of the focal planes FP1 and 
FP2. The Differential Fourier Transform Spectrometer is costituted by the input polarizer IP, the 
beam-splitter polarizer BSP, the roof mirrors RF1 and RF2, the output polarizer OP. The in- 
put polarizer transmits radiation from the sky and reflects radiation from the cryogenic reference 
blackbody. Right: rendering of the accommodation of the COSMO instrument inside its cryogenic 
system. 


Table 2. Optical parameters of the COSMO instrument. 


optical aperture diameter 220 mm 


effective focal length 726 mm 
multimode pixel antenna aperture diameter 20 mm 
focal planes 2 
number of detectors per focal plane 9 
projected pixel to pixel distance (x and y) 0.75 deg 


beam FWHM 0.75 deg 
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3.2.2. The cryogenic Fourier Transform Spectrometer 


'The cryogenic FTS is a MPI, with two delay lines terminated with roof-mirrors. 
'The interferogram is obtained introducing a variable difference in the lengths of 
the two delay lines. This is obtained with the linear movement of one of the two 
roof-mirrors (RF1 in figure 5). The maximum optical path difference introduced 
by the motion of the moving roof mirror is +/- 2 cm, corresponding to a coarse 
spectral resolution of ~10 GHz. Since the FTS operates at cryogenic temperature, 
we have to minimize the friction produced by the motion of the roof-mirror. We 
have designed a cryomechanism based on harmonic steel flexure blades, operating 
in the elastic regime. The actuator is a coil moving in the radial magnetic field of a 
strong permanent magnet (figure 6). The position is sensed by a LVDT. Preliminary 
room-temperature tests confirm the frictionless operation of the device. 


3.2.3. The detectors 


The output beam from the FTS is naturally split in two exit ports by the output 
polarizer. In each output port we place a focal plane array, consisting of multimode 
horn antennas feeding multimode lumped elements kinetic inductance detectors 
(LEKIDs), on a 4 inch Si wafer. The reflected beam serves the high frequency band 
array, while the transmitted one serves the low frequency band array. 

The design of the COSMO LEKIDs was optimized starting from the experience 
gained with the LEKID arrays realized for the OLIMPO experiment.??:26 COSMO 
detectors are 30 nm thick Aluminum LEKIDs, each of which has a front-illuminated 
V order Hilbert curve absorber/inductor. The large absorber area, ~ 8mm x 8mm 
for both channels, serves to guarantee the efficient absorption of all the modes 


roof 
mirror 
(front) 


F mmt" 


Ms 


mount ya 
roof mirror (back) 


Fig. 6. Left: photo of the cryogenic roof-mirror scanner for the MPI FTS. Right: the roof mirror. 
Its projected size is 200 x 200 mm. 
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Fig. 7. Left: photo of the low-frequency array, made of seven antenna plates and a bottom plate 
with circular waveguides. Right: photo of the high-frequency array, which is made as one piece, 
with a separate bottom plate of circular waveguides. 


which propagate through the multimode waveguides. In particular, the size of the 
waveguide diameter, 4.5 mm for the 150 GHz channel and 4mm for the 255 GHz 
channel, allows the propagation of 10 to 19 modes in the 120-180 GHz range and 
of 23 to 42 modes in the 210-300 GHz range. Because of the size of the focal planes 
and the horn apertures, each detector array hosts 9 pixels. 

The forecast performance for such detectors, in terms of detector noise equivalent 
power (NEP) is NEP act ~ 3.8x 107!” W/VHz, with a response time 7 ~ 60 ps, when 
operated at about 300 mK. These estimations take into account the absorber vol- 
ume, the superconductor critical temperature, and the simulated absorber efficiency. 
'This performance is more than adequate for the ground-based implementation of 
COSMO, which is likely to be dominated by atmospheric noise and systematic ef- 
fects rather than by detector sensitivity. 


3.2.4. The detector feedhorns 


The radiation coming from the FTS is coupled to the detectors by two arrays of 
nine multimoded feed-horns working in the 120 — 180 GHz and 210 — 300 GHz 
range, respectively. Since COSMO will perform only total intensity measurements, 
we chose a smooth-walled profile which is easier to manufacture than a corrugated 
one. 

The low-frequency array consists of Winston cone antennas while the high- 
frequency array hosts linear profiled antennas. The antenna design is the result 
of a trade-off between the multimode requirement on the antenna waveguide, the 
mechanical constraint on the antenna aperture and the optimization of the antenna 
directivity within the cryostat aperture window. The forecasted FWHM of the main 
beam is around 20°, the first side-lobe level is below -15 dB and the far side-lobe 
level is below -30 dB. 
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The arrays are machined with CNC milling by Pasquali SRL in Milan, and are 
obtained by superimposing metal plates through dowel-pins and tightening them 
with screws, as shown in figure 7. The arrays are cylindrical with a diameter of 
101 mm to minimize the mass to be cooled as much as possible; the feed-horns are 
arranged on a square footprint with a 26 mm center-to-center distance. 

Both the arrays are made in ergal (A17075) to conform to the focal plane and 
avoid differential thermal contractions during the cryogenic cooling of the experi- 
ment. They are mechanically coupled to a band-pass filter on the front (aperture) 
side and to an interface to the focal plane wafer holder on the back. To this pur- 
pose, we used the experience gained with the LSPE-SWIPE experiment? to design 
a flared waveguide interface to directly illuminate the KIDs detectors. 


3.2.5. The reference blackbody 


One of the two inputs of FTS looks at a cryogenic reference blackbody. This is a 
cavity with the inner surface covered by a microwave absorber. The cavity structure 
is in copper, to achieve a very uniform temperature. We have optimized the shape 
of the cavity both through geometrical ray tracing (maximizing the number of 
internal reflections) and via finite elements electromagnetic simulations (minimizing 
the $1; parameter). The performance in the ray-tracing approximation is assessed 
assuming a reflectance of the coating as a function of the wavenumber r as in 
ref.,16 r(p) = 0.08 + DEO t The number of internal reflections is always N > 6, 
corresponding to the cavity reflectance R = r < 1078 over the band 100-300 GHz. 
This indirectly provides the cavity emissivity as (1 — R). 

Due to the size of the calibrator, much larger than the wavelengths of interest, 
we used HFSS electromagnetic analysis only to simulate the performance of a thin 
cut section of the cavity. This is a few wavelengths thick, and is representative in 
terms of the absorbing properties of the cavity. However it is not representative 
of the direction of the damped outgoing radiation. The simulations have been run 
for the lowest frequencies of the 150 GHz band, and the corresponding dielectric 
properties of the absorbing coating (relative permittivity e, — 3.50 and dielectric 
loss tangent tg(6) = 0.032 at 100 GHz at 4K) have been taken from.!’ The input 
radiation is set as an Incident Gaussian Beam, determined by the lens L1 feeding 
the blackbody cavity. The reflectance, computed as the ratio of the Poynting vector 
fluxes of the scattered and incident radiation, is R(120 GHz) = 3.2-10 9. Diffractive 
effects and reflection coefficients at non-normal incidence, not included in the ray 
tracing approach, produce discrepancies between the two models. 

Finite elements thermal simulations have been performed, considering a perfect 
thermal contact between the copper external structure and the internal absorbing 
coating, and including an irradiating internal surface of the cavity to a 4K back- 
ground. The external structure temperature was set to 2.725 K, from a starting 
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Fig. 8. Left: Results of an HFSS simulation of the total electric field propagating within the 
blackbody cavity, demonstrating its gradual attenuation (colors correspond to a logarithmic scale 
for field amplitudes. Right: Results of a finite elements thermal simulation displaying the tem- 
perature at the surface of the internal absorbing coating 700s after cool-down. The temperature 
gradients are «0.1 mK. 


point of 4K. The thermal properties of the coating are taken from.!? Preliminary 
results show a maximum thermal gradient «0.1 mK (see fig.8). 


3.2.6. The atmospheric modulator 


The other input of the FTS looks at the sky through an optical window and a beam- 
steering mirror, which is used to modulate atmospheric emission and measure it as 
described in 82.2. The atmospheric scan has to be very fast (up to 2800 rpm) to 
measure atmospheric emission and subtract it in real time, so that 1/f noise from 
atmospheric emission is efficiently removed. A light-weighted, all 6061 Aluminum 
design for the mirror has been optimized to minimize the inertia. The off-axis inertia 
moments are null using optimized counterweights, allowing us to use simple and 
reliable electrical motors and shaft bearings. 

One of the most dangerous problems in this kind of measurements is the pickup 
of ground radiation. A custom forebaffle has been designed as the first defense 
against ground spillover. This forebaffle moves together with the receiver, and will 
be complemented by much larger steady ground shields. The internal surface will 
be fully covered with eccosorb absorber. The forebaffle is largely oversized, and has 
been shaped so that the spillover from its inner surface is not modulated by the 
spin of the wedge mirror. Heaters and temperature sensors will allow to test any 
residual spillover contribution to the measured signal by means of custom calibration 
measurements. 


3.3. The cryogenic system 


A large cryogenic system, based on pulse-tubes and a ?He evaporation cooler is used 
to cool the optical system and the detector arrays. The system is similar to the one 
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developed for the QUBIC experiment (see!?), adapted for operation in the harsh 
Antarctic environment. To this purpose, we used the experience gained with the 
BRAIN refrigerator, successfully operated in Dome-C more than 10 years ago.!^ In 
the right panel of figure 5 we show the implementation of the COSMO instrument 
inside its cryogenic system. Using pulse tube refrigerators, the cryogenic system can 
operate continuously and does not rely on the delivery of cryogenic liquids, which 
would be very difficult in dome-C. Of course, continuous power is required, which 
amounts to about 10 kW, most of which are used for the pulse tube compressors 
and to warm-up the environment inside the experiment shelter to above 0 Celsius. 


3.4. Readout electronics 


The arrays of KIDs are read applying a comb of frequencies tuned to the resonances 
of the different pixels, and reading the $21 parameter for each pixel. A FPGA-based 
electronic system generates a set of tones corresponding to the KIDs’ resonances. 
The combination of tones is sent to the detectors; the return signal is acquired 
and analyzed by means of a transceiver which detects the change in amplitude and 
phase of the tones. The system is based on a commercial architecture (Xilinx Virtex- 
5 NI7966R). The Virtex5 architecture was selected because it is the most powerful of 
the family being available as a rad-hard component. This specification not necessary 
for Antarctica, but is strategic in the perspective of the implementation of COSMO 
on a stratospheric balloon . We have prepared a state machine which, in the first 
state, performs a sweep to find the resonance tones of the KIDs. In the second 
state, a lookup table is generated with the values of the resonances found. With a 
CORDIC algorithm these tones are generated to compose a comb, which the third 
state of the machine transmits to the KIDs and acquires in amplitude and phase to 
measure the variation of the working point of the detectors. We have already tested 
the functionality of the state machine in the lab by means of Nb kids, fit for a 4 K 
cryostat. We are currently working to move the entire process of modulation and 
demodulation on board of the FPGAs, to reach the target rate of acquisition, fit 
for the operation with the FTS. 


4. Performance forecast for the the ground-based COSMO 
experiment 


The performance of the instrument is assessed via ILC!? (Internal Linear Combina- 
tion) based simulations. Absolutely-calibrated maps are used as input, containing 
the superposition of the PySM?? maps of CMB anisotropies and thermal dust, as the 
main galactic foreground. The isotropic distortion maps are added as a y-distortion 
map with y = 1.77-10~° and a p-distortion map with u = 2.0- 1075. The in- 
put multi-frequency maps, with a spectral resolution Av = 15 GHz, are smoothed 
with a FWHM=1°. The noise realization, added as Gaussian noise, is dominated by 
the photon noise from the cryostat window, whose emission is modeled as a 240 K 
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Fig. 9. Top: Sky coverage map divided in 11 patches, overlapped to the 270GHz PySM map 
which includes thermal dust emission and CMB anisotropy. Middle: Simulated measured maps 
for the y distortion sky component, extracted using the ILC method, in two sample sky patches 
at high Galctic latitude. Bottom: Histograms of the simulated estimates for the y values, for the 


two sky patches 


above. 


grey-body with 196 emissivity, and by the atmospheric emission (modeled based on 


the a.m. software with PWV=0.15mm). 


The ILC machinery allows to extract the y-distortion map from the dominant 
components. Different orders of the thermal dust emission are subtracted from the 
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Fig. 10. Left: Simulated measurement of the spectral distortion of the CMB after one year of 
integration in Dome-C, assuming photon noise limited performance dominated by the emissions 
of the cryostat window and the atmosphere and assuming 15 GHz resolution. Right: Simulated 
measurement of the spectral distortion of the CMB after 15 days of integration on a stratospheric 
balloon, assuming photon noise limited performance dominated by the CMB, residual atmosphere 
and warm mirror, and assuming 15 GHz resolution. 


solution as in.?! Histograms of the output Compton-y maps, reported in Fig.9, show 
that the best ILC solution is provided by subtracting the 0*^ order of the thermal 
dust, in combination with the CMB anisotropy. 

Assuming a scanning strategy at fixed central elevation, combined with the 
spinning wedge mirror modulation, 596 of the sky is observed every day, which can 
be divided for the analysis in 11 sky-patches at different Galactic latitudes (see 
fig.9). The ILC is independently applied to the patches and the weighted average 
of the output Compton-y maps provides the estimate of the isotropic y distortion 
as y = (1.70 0.28) - 10-6. 

In figure 10 (left panel) we show the expected spectrum of the spectral distortion 
we expect to measure after 1 year of integration in Dome-C. 


5. Implementation of the balloon-borne COSMO experiment 


'The spectrum of the CMB at mm wavelengths has been measured from stratospheric 
balloon platforms in the past (see e.g.??). Here we plan to exploit the recent advaces 
in detector sensitivity and speed, and the atmospheric modulation technique vali- 
dated with the ground based implementation of COSMO, to take advantage of the 
very low residual atmospheric emission present at stratospheric altitude (see fig.1). 
With an atmospheric emission ~300 times dimmer than in the ground based case, 
we expect that possible atmospheric residuals, which in the ground based imple- 
mentation might escape the removal method described in 82.2, will be negligible. In 
these conditions we expect that the limiting factor will become the emission of the 
warm components of the instrument, i.e. the room temperature sky scan mirror and 
the cryostat window. Due to the reduced atmospheric pressure at balloon altitude, 
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the latter can be made very thin (order of 25 jum), implying a factor ~100 reduc- 
tion of its thermal emission. We have a long-term plan to reuse the LSPE-SWIPE 
gondola and cryostat (7?) to fly a modified COSMO instrument in the stratosphere 
in a time-scale of 4 years. This activity is synergic to the development of the BISOU 
experiment.?4 Due to the reduced atmospheric load, we can extend our spectral cov- 
erage to significantly higher frequencies, in order to easy the separation of spectral 
distortions from local foreground emission. We rerun our simple simulation (84) for 
the case of an observation in a 15-days flight, with photon-noise limited detectors 
(here the radiative background is dominated by the CMB, the thin window and the 
sky modulator mirror) obtaining the performance forecast shown in figure 10 (right 
panel). The S/N ratio for the extraction of the largest spectral distortion is quite 
high (>10). 


6. Conclusions 


'The measurement of spectral distortions in the CMB poses hard experimental chal- 
lenges, but represents a fundamental cosmology tool, able to test a variety of cos- 
mological phenomena. In particular, this kind of measurement seems to be the best, 
among very few, to shed light on the pre-recombination evolution of the universe. 
COSMO represents a pioneering sub-orbital approach to investigate spectral distor- 
tions at mm wavelengths. It copes with atmospheric emission and its fluctuations 
using fast detectors and a fast atmospheric emission modulation technique, able to 
separate its spectral brightness from the isotropic cosmological component. The in- 
strument is in an advanced stage of development, and promises to detect the largest 
spectral distortion (the y distortion due to ionized matter in the universe) in 2 years 
of integration from the French-Italian station of Concordia (Antarctica). A further 
implementation on a stratospheric balloon platform is under study, and promises 
significant advantages and a necessary validation step in view of the final space 
mission devoted to spectral distortions. 
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Measuring the Hubble constant Ho from gravitational lensing 
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First proposed in 1964 by Sjur Refsdal, gravitational lensing provides a straightforward 
and elegant geometrical way of estimating the Hubble constant from cosmologically dis- 
tant variable sources. The method relies on observationally determined time delays be- 
tween light arriving through different multiple images, and the mass models of the lens, 
which are constrained by observed image properties and other information. While the 
time delays are obtained with increasing precision, the mass models, which are subject to 
lensing degeneracies, remain the main source of systematic uncertainty. Various modeling 
groups have adopted different strategies for dealing with degeneracies. In this talk I will 
describe the basics of extracting Ho from lensing, the observational successes, modeling 
challenges, current results, and future prospects. 


Keywords: Cosmological parameters — gravitational lensing 


1. Introduction 


The idea of measuring Ho from multiple image (i.e., strong) gravitational lensing 
is due to the Norwegian astronomer, Sjur Refsdal.! Because Ho is the property of 
global cosmology, with units of inverse time, and because light travel from lensed 
sources spans cosmological distances, light travel time will depend on Ho. Therefore 
there should be a way to extract Ho from gravitational lensing. 

Light travel time along null geodesics, from the source, passing the lens and 
arriving at the observer consists of two contributions: geometrical and gravitational, 
which are added linearly, since lensing almost always is in the weak field regime of 
General Relativity: 


e geometrical — path length, related to the angular location of the image 
on the sky 

e gravitational — integrated Newtonian potential along the line of sight, 
a.k.a. the Shapiro delay 


Figure 1 illustrates the basic geometry. The observer on the left sees images at 
angular locations on the sky, 6;, 6;. The unlensed source position, B. , is also indicated. 
The light travel time, or the arrival time of the image seen at 6 is given by t(0), and 
consists of the two aforementioned terms. The gravitational time delay is calculated 
as an integral over the observer sky of the sky-projected normalized (dimensionless) 
surface mass density in the lens, «(8), with a logarithmic kernel. The prefactor in 
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front of the square brackets is important because it involves cosmological angular 
diameter distances, each of which scales inversely with Hg. This is where the depence 
on the Hubble constant comes from in multple image gravitational lensing. 


Lensing time delays S image i 
theory Ps 


FM Stt im em oe: P 
7t image j 

normalized surface density 

distribution in the lens 


E nus 
sione £ (8) = CRD De rg 29-1. a6” alë) AlB- 


not observed cC D 
angular geometrical gravitational 
distances 
= 
D- 5 fen (asu) lens mass model T8) 
o 


"M AE 
observed time delay between images i and j AL-t(8)-t(8;] => Ate H 


Fig. 1. A sketch of a multiple image (i.e., strong lensing) geometry. The light rays paths for 
two images are shown, di. j, as well as the direction towards the unobservable source, B. Hubble 
constant, Ho enters through the angular diameter distance in the equation for the arrival time, 
t(8). See $1 for details. 


E 


The expression in the square brackets is the model arrival time, 7(0), because 
it is calculated from a lens model, which recovers the mass distribution in the lens, 
K(0), as well as the unobservable 6. The total light travel time, sometimes called 


the arrival time, t(@) is not an observable. What we can observe is the difference 
between the arrival times of two images, At, related to Ar through Ho: 


At x AT / Ho. (1) 


This is the essence of the method. Basically, to extract Ho from lensing, one needs 
to measure time delays, and to construct a good model of the mass distribution 
in the lens. Thus, the basic principle of the method is simple, and very appealing 
because it is a one-step determination of Ho, and works on cosmological distances, 
bypassing all the rungs of the traditional astronomical distance ladder method, 


1674 


which uses overlaping distance determination methods to reach the Hubble flow. 
The complications in the lensing measurement of Hg come from uncertainties in 
the determination of observational values, as well as lens mass model building. 


2. Overview of uncertainties 
There are 4 main sources of uncertainties. 


e Line-of-sight (LoS) structures. The Universe contains not just the source, 
the lens, and the observer, but also a wide range of other mass structures; in 
fact, a whole spectrum of mass density fluctuations. The main lens is usually 
by far the most massive object in the direction of the source, but other, 
smaller mass clumps also exist. Their influence on the lensing has been 
recently studied by a number of authors, including Ref. 2, who concluded 
that the corresponding uncertainty in the determination of Ho for one lens 
contributes ~ 0.6 — 2.4% of scatter, with little bias. If a handful of lenses 
are used, which is usually the case, the scatter goes down to ~ 0.5%, and 
at this level it is subdominant to other sources of uncertainty. 

e Uncertainties in cosmological parameters, like energy densities 2’s, con- 
tribute very little to the uncertainties in Ho, typically « 0.196, if one uses 
cosmological parameter values that are broadly consistent with the concor- 
dance cosmological model ACDM. 

e T'ime delays between images; see 83. 

e Mass modeling of the lens; see 84. 


3. Time delays between lensed images 


To measure Ho one generally uses lens systems that have quasars are sources. Fluxes 
of most quasars vary in time on scales from seconds to years. The variability is 
stochastic, its origin being the variations in the conditions of the inner accretion 
disk around supermassive black holes, residing at the centers of source galaxies. 
The upper left panel in Figure 2 shows an example of lightcurves (flux vs. time) 
of images of one particular lens system over about 14 years,? and the zoomed in 
portion below it concentrates on a much narrower time scale, and also resolves time 
variations of two close images, called A; and A» (see the sky-plot of the lens on the 
very left). Observing lightcurves require a lot of effort and dedication. The main 
group envolved in this is COSMOGRAIL, based at the EPFL in Switzerland. 

The lightcurves show features that are common to all images, but displaced in the 
time direction. (There are also offsets in flux, since images are magnified by different 
amount by the lens.) These displacements can be measured and are the lensing- 
induced time delays. There are many algorithms that recover time delays from 
lightcurves: six examples are shown on the right, for one particular pair of images 
in this lens system. The two bottom values are two different ways of “averaging” over 
these individual determinations. In this case, the best estimate is about 36 days, 
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Quasar image flux vs. time 
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Fig. 2. 


An example of image lightcurves in one particular quad lens system (left). The results 


of time delay estimation using different methods are shown in the panel on the right. See 83 for 


details. 


with an error of 2.1%. In galaxy-scale lens systems, time delays of the order of 
few days to few weeks are common. Precision ranges from 1 — 1096, and can be 
improved upon with longer base-line, and possible improvements in the cadence of 


observations. 


4. Mass modeling of lens systems 


4.1. Data constraints 


We start with assembling observational data that will help in constraining the mass 
distribution in the lensing galaxy. These are 


quasar image positions 
quasar time delays 


LÀ 
LÀ 
e quasar image flux ratios 
LÀ 


of the host galaxy of the source quasar 


Einstein ring, formed by the extended and usually merging multiple images 


While the first two are always used in deriving Ho, the last two have caveats. 
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Ratios of quasar image fluxes do constrain mass distribution in the lens, but not 
necessarily the aspects of the mass distribution that affect Hp. Specifically, image 
fluxes, and hence flux ratios can be affected by stars, or ACDM subhalos in the 
lensing galaxy that have relatively little mass, but happen to lie very close to the 
light path of the images. Interpreting these flux ratios as being due to the mass 
distribution on galaxy scales will lead to wrong conclusions. Because of this image 
flux ratios are usually not used. 

The extended Einstein rings are spread over many pixels, so in principle can pro- 
vide a lot of additional information. However, because the Hubble Space Telescopes 
camera pixels are about a factor of 10 larger in linear dimension than the positional 
accuracy for quasar point images, the positional information from extended rings is 
not as constraining. Furthermore, the rings are often faint, with low signal-to-noise 
ratio. Finally, the shape of the (unlensed) source is unknown. 


Modeling constraints 


3 quasar 1mage positions 

‘a : 
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Fig. 3. Lens mass modeling constraints (top), and an illustration of models connected by Mass 
Sheet Degeneracy (MSD, bottom). See § 4.2 for details. 
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4.2. Lensing degeneracies 


All the lensing observables are subject to lensing degeneracies. This means that 
a given set of observables can be reproduced by more than one lens mass distri- 
bution. The most famous degeneracy, the Mass Sheet Degeneracy (MSD) is an 
exact mathematical degeneracy, which was first recognized and described by Ref. 4. 
The bottom half of Figure 3 illustrates MSD. If the model arrival time surface 7 
is stretched or shrunk uniformly, i.e., T — Ar, where A is a constant, then the 
derived Ho will be affected similarly, since observed At values have to stay the 
same (see eq. 1). In terms of the lens mass distribution this amounts to (approxi- 
mately) changing the slope of the density profile, so MSD is sometimes referred to 
as the steepness degeneracy.? Steeper density profiles result in larger derived values 
of Ho. 

The mathematically exact MSD is not the main problem; because of the limited 
precision of observations, it is actually the approximate version of MSD which we 
must try to limit in order to obtain good accuracy in derived Ho. This breaking of 
(approximate) MSD can be achieved if we use an independent method (not lensing) 
to measure the steepness of the lens density profile. The method usually used is 
the stellar kinematics: the motion of stars near the center of the lensing galaxy, as 
measured by the velocity dispersion, depends on the mass distribution.® ” The sense 
of the relation is as follows: If stellar kinematics indicate a lot of mass at the very 
center, that means the density profile is steep. 

However, there are caveats which have been pointed out in the recent papers. 
Ref. 8 shows that the kinematic priors used in the analysis can have a significant 
effect on the results. Ref. 9 demonstrate that using kinematics can result in a bias in 
derived Ho of a few percent or more. And Ref. 10 conclude that unresolved stellar 
kinematics—which is what being used today—have limited power to constrain the 
mass profile. Fortunately, spatially resolved kinematics—which will be possible with 
the James Webb Space Telescope—where stellar velocity dispersion is measured as 
a function of 2D projected position within the lensing galaxy, will be very helpful 
in breaking MSD.H 

Other degeneracies exist as well, most of which affect the shape, or the morphol- 
ogy of the mass distribution in the lens. Known examples are the Source-Position 
Transformation (SPT), which is a generalization of the MSD,!? monopole degen- 
5:16 and a whole range of other shape degeneracies,!” which we are yet to 
classify and fully understand. An example is presented in Figure 4; it shows three 
different mass models of the same lens system, from Ref. 12 (left panel; parametric 
with one mass component), 13 (middle panel; parametric with two offset mass com- 


eracy, 


ponents), and 14 (right panel; free-form method). There are many common features 
in the three mass maps, but the differences in the shape of the mass distributions 
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Example of shape degeneracies 
WFI 2033-4723 


Parametric model Parametric model with 2 Free-form pixellated model 
with 1 mass component offset mass components 


Rusu-*2020 Barrera+2021 Denzel+2021 


Fig. 4. Three different mass models of the same quad lens system: Ref. 12 (left panel; one mass 
component), 13 (middle panel; two offset mass components), and 14 (right panel; free-form). These 
illustrate shape degeneracies in lens mass modeling. See § 4.2 for details. 


are also apparent. (Note that the HOLiCOW reconstruction [left panel; Ref. 12)] 
does not reproduce quasar image positions to even ~ 50, while the the other two 
[middle & right panels] reproduce these to ~ 1c.) 

Lensing degeneracies are the largest source of uncertainty in any lensing recon- 
struction, and hence in the determination of Ho. 


4.3. Constructing lens mass models 


Because lensing data is limited, and because of the existance of lensing degenera- 
cies, lens mass models are not unique. Therefore, we need to appeal to data to 
constrain our models, based on our existing knowledge about galaxies. Different 
modeling groups have varying philosophies as to how much of the prior knowledge 
to incorporate into their models, and how exactly to parametrize this information. 

One way to classify different modeling methods is by the number of models pa- 
rameters they use. This is the horizontal axis in Figure 5. Please keep in mind that 
these numbers are approximate. The simplest models represent the lens mass distri- 
bution by one mass component, with some density profile slope, ellipticity, position 
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angle, and a tidal term (lensing external shear), which captures the contribution 
from the external mass. These add up to ~ 5 — 6 parameters. Somewhat more de- 
tailed lens mass models use two superimposed mass components, where the two are 
co-centered, and usually represent baryons (stars), and dark matter, respectively. 
These result in ~ 9— 15 parameters. These two types of models are the ones used by 
the HOLiCOW Collaboration,'® whose results for Hp are reported in many papers. 

However, there is evidence that these models are not sufficient to describe lenses 
accurately. For example, as already noted above, one and two co-centered mass 
component models struggle to reproduce quasar image positions to observational 
precision.!? It appears that mass models need more freedom in order to reproduce 
lens systems more accurately. For example, Ref. 19-22 have shown that offsetting 
the 2 mass components, which results in deviations from purely elliptical mass 
distributions, allows better fits for many quad lens systems. The models with the 
most parameters are the free-form models, which allow each mass pixel in the lens to 
vary almost independently from others. These models—PixeLens and Glass—have 
also been used to estimate Ho.1^ 1723 I will present the results in § 5. 


Lens mass modeling 
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Fig. 5. A few lens mass modeling approaches exist in the literature. One way to classify them 
is by the number of models parameters they use, represented (approximately) on the horizontal 
axis. See § 4.3 for details. 
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Models with fewer parameters and restrictive priors represent a more optimistic 
view of our knowledge about the galaxies acting as lenses. They suppress lensing 
degeneracies through the strong assumptions they use, and as a result may underes- 
timate uncertainties in Ho. On the other hand, models with many parameters have 
fewer priors, and are cautious about how much knowledge we can assume about 
galaxies. These allow a wider range of degenerate models to be present, and could 
overestimate the uncertainties. In the face of limited observational data, the best 
compromise is to have results from different modeling methods act as cross-checks. 


Results for Hy 
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Fig. 6. Summary of the current results of Ho estimation for strong lensing. See 85 for details. 


5. Results 


Figure 6 summaries the results for Hy determination from multiple image lensing 
from two groups with very different modeling approaches: parameteric models from 
the HOLiCOW Oollaboration,!*:?^ and free-form models.1^?9 (I am a part of the 
latter group.) 

The top portion of Figure 6 presents the most recent HOLiCOW results, which 
used lens models with one and two co-centered mass components (TDCOSMO is 
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a continuation of that group's effort). The HOLiCOW’s derived value of Hp = 73.3 
km/s/Mpc with 2.496 error?! is probably the most widely quoted Hubble constant 
result from gravitational lensing. It is in tension with the Planck result,?9 and the 
other “early Universe" measurement." About a year ago, the TDCOSMO Col- 
laboration revisited the measurement, relaxing their earlier assumptions.!° They 
dropped the assumption on the lens mass density profile, and instead added kine- 
matic data from a larger sample galaxies that do not act as lenses. This recovers 
the same Hg value as before, but increases the erorrs to about 7.9%. If one also as- 
sumes self-similarity in the galaxy mass distribution, then the central derived value 
becomes Ho = 67.4, with uncertainty of 5.4%, which is now completely consistent 
with the early Universe Planck value. (Note that these 3 papers used nearly the 
same set of lens systems, namely, 5-6 quads and 1 double lens. Quads provide 3 
times as many lensing data constrains compared to doubles.) 

The middle portion of Figure 6 summarizes the results fro the free-form method. 
The two earlier papers,!^?? used 3 quads and 7-8 doubles, and derived Ho with 
rather large uncertainties, 10 — 1396, which easily encompassed the Planck result. 
In the past year, the number of quads in the sample was increased to 8, and the 
uncertainties shunk to 596. (Most of these quads are in common with those in 
HOLiCOW and TDCOSMO samples.) The cenral value of Ho remained nearly the 
same in all 3 papers. The latest value is ~ 1.lo away from that of the Planck 
Collaboration. There is no tension between the free-form model results and those 
from the early Universe probes. 

In the estimation of Ho, systematics are the main source of concern. The best 
way to check on systematics is to use different modeling philosophies and compare 
their results. The parametric and the free-form methods discussed above have no 
common modeling assumptions, and yet their most recent results differ by at most 
~ lo, and show no significant tension with the Planck early Universe value. 


6. Future directions 


Many exciting developments in the field of lensing determination of Ho are just 
around the corner! In addition to multiply imaged quasars, we will use multiply 
imaged Supernova Type Ia, Gamma-Ray Bursts, and Fast Radio Bursts.?5?^ Mea- 
surements of image time delays from these will be much more precise. Furthermore, 
since the light from these sources will fade with time (in contrast to that of quasars), 
it will make it easier to characterize the light from the lensing galaxy, which will 
help with its mass modeling. Type Ia Superova, whose instrinsic flux is known, will 
also aide in breaking the mass sheet degeneracy. 

In this talk I discussed lensing systems with galaxies as the main lens, but galaxy 


d,?5:36 especially if the number of lensed images is in the 


clusters can also be use 
few hundreds. While the mass distribution in galaxy clusters is more complicated 


than in individual galaxies, clusters lense tens or even hundred(s) of background 
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sources, resulting in 1-few hundred of lensed images, which can constrain the mass 
distribution suffiently well to yield 1-few percent level accuracy on Hg?" 

In the next several years, these improvements should be able to deliver ~ 1% 
accurary and precision determination of Ho from gravitational lensing. 
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The standard ACDM cosmological model now seems to face some puzzles. One of the 
most serious problems is the so-called Hubble tension; the values of the Hubble constant 
Ho obtained by local measurements look inconsistent with that inferred from Cosmic 
Microwave Background (CMB). Although introducing extra energy components such as 
the extra radiation or Early Dark Energy appears to be promising, such extra compo- 
nents could alter the abundance of light elements synthesized by Big Bang Nucleosyn- 
thesis (BBN). We perform a Monte Carlo simulation to evaluate the effect of those extra 
component scenarios to solve the Hubble tension on the BBN prediction. 


Keywords: Cosmology; Big Bang Nucleosynthesis; Dark energy; Radiation; Hubble 
constant 


1. Introduction 


The ACDM model has been successful in explaining the evolution of our Universe. 
However, the tension of the Hubble constant is now apparent between the mea- 
surement of the local universe and the distant universe. Assuming ACDM model, 
Planck measurements of Cosmic Microwave Background (CMB) anisotropy infers 
the Hubble constant Ho = 67.4 + 0.5 km/s/Mpc.! Other distant observations such 
as the Atacama Cosmology Telescope,? Baryon Acoustic Oscillation(BAO),? and 
the combined analysis of BAOand Big Bang Nucleosynthesis (BBN) (independent 
of CMB)? all infer Ho ~ 67 km/s/Mpc. On the other hand, local measurements 
of Ho by the SHOES collaboration with Cepheids and type Ia supernovae (SNe Ia) 
in Ref? and Ref. and by the HOLiCOW collaboration with lensed quasars’ have 
reported as Ho ~ 73 km/s/Mpc. Another local measurement using the Tip of the 
Red Giant Branch (TRGB) as distance ladders has obtained a value between Planck 
and the SHOES, Ho ~ 70 km/s/Mpc.? It appears that the discrepancy is more than 
3c significance. 
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Several ideas have been proposed to extend ACDM model to resolve this ten- 
sion. Among such ideas, we would like to consider the extra radiation and Early 
Dark Energy? solutions to the Hubble tension and the consistency with BBN. 
These extra components are promising solutions. However, the theoretical abun- 
dance of light elements synthesized by BBN should be different from the values 
of the standard scenario. Through the consideration, we confirm that extra radi- 
ation and Early Dark Energy are promising solutions. However, two scenarios are 
constrained by BBN measurements. Extra radiation is constrained by the helium 
abundance and Early Dark Energy is constrained by the deuterium abundance.!? 


2. Ho from CMB 


First, we explain how the Hubble constant is derived from the distant observation, 
especially the CMB anisotropy. The measured anisotropy includes the information 
of the angular size 6, = 7r./Dys., where rą is the comoving sound horizon at the 
recombination and Dy. is the comoving angular diameter distance. Planck team 
directly and strictly measured 0, = 1.041 x 10~?. A simple calculation according to 
the definition shows that 0, x Ho/ Pearly: where pearly is the energy density in the 
early universe. Therefore, in order for the Hubble constant from CMB to approach 
the local value, we need to increase p in the early universe. Then, we will consider 
two promising ways to increase p; Extra radiation and Early Dark Energy. 


3. Modeling 
3.1. Extra radiation 


One simple “solution” to the Hubble tension is increasing the effective number of 
neutrinos Neg, which is expressed as 


qas. 
Q= (: +5 (=) Xa) Q. (1) 


Here, 


u Pi 


G= = , 2 
3M2H? 2 


t=to 


with Mp being the reduced Planck mass, are the present values of density param- 
eters for 7 spices. y and r stand for CMB photon and total radiation, respectively. 


3.2. Early Dark Energy 


Another solution to the Hubble tension is introducing Early Dark Energy. In the 
Early Dark Energy scenario, the dark energy density in the early universe was much 
larger than today and after the critical point, the energy density decreases faster 
than the background energy densities do. In our analysis, we consider a model where 
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Fig. l. Energy density evolution of Early Dark Energy 


the energy density of Early Dark Energy ppg decreases as the kination of scalar 
field after the critical point at z = 3000 around the matter-radiation equality. This 
setup is according to a preferred parameter set in Ref.?. The typical evolution of 
Dark Energy density opg(a) normalized by pa is shown in Fig. 1. 


4. Data and Analysis 


We perform a Markov-Chain Monte Carlo (MCMC) analysis on a Neg model and 
the Early Dark Energy model described in the previous section. We use the pub- 
lic MCMC code CosmoMC-planck2018?? with implementing the above Early Dark 
Energy scenarios by modifying its equation file in camb. For estimation of light 


elements, we have used PArthENoPE.marcucci.?.?? 


4.1. Data sets 


We analyze models with referring to the following cosmological observation data 
sets. We include both temperature and polarization likelihoods for high 1 (l = 30 to 
2508 in TT and | = 30 to 1997 in EE and TE) and lowl Commander and lowE SimA11 
(L = 2 to 29) of Planck (2018) measurement of the CMB temperature anisotropy.! 
We also include Planck lensing.?? For constraints on low redshift cosmology, we 
include data of BAO from 6dF,?4 DR7?° and DR12.?6 We also include Pantheon?" 
of the local measurement of light curves and luminosity distance of supernovae as 
well as SHOES (R19) of the local measurement of the Hubble constant from the 
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Hubble Space Telescope observation of Supernovae and Cepheid variables. Finally, 
we include the data sets of helium mass fraction Yp measurement?? and deuterium 
abundance D/H measurement?? to impose the constraints from BBN. 


5. Result and Discussion 


As is well known, an increase of Neg affects the fit with the observation of light 
elements, because it contributes to the cosmic expansion at BBN epoch and alters 
the proton to neutron p/n ratio. This leads to increasing both the helium mass 
fraction Yp and the deuterium abundance D/H. Thus, larger relativistic degrees 
are disfavored by the helium mass fraction measurement, while a little favored by 
deuterium measurement. This can be seen in Fig. 2. 

On the other hand, in the Early Dark Energy scenarios, the Early Dark Energy 
increases the helium mass fraction little because the cosmic expansion rate in the 
BBN epoch increase little. Therefore, the Early Dark Energy scenario is consistent 
with the helium fraction measurement. However, increasing Qh? to adjust the CMB 
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Fig. 2. The posterior and the constraints on the Neg model 
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Fig. 3. The posterior and the constraints on the Early Dark Energy model 


fit reduces the D/H abundance significantly. Thus, Early Dark Energy is disfavored 
from the deuterium measurement. This can be seen in Fig. 3. 


6. Conclusion 


The shorten sound horizon scale at the recombination epoch by introducing ex- 
tra energy components such as the extra radiation or the Early Dark Energy is 
a promising solution to the Hubble tension. However, the compatibility with suc- 
cessful BBN would be another concern, because the extra radiation contribute the 
cosmic expansion or the inferred baryon asymmetry would differ from that in the 
ACDM. 

We have performed analyses on the Early Dark Energy models and Neg model 
with paying attention to the fit to BBN. Not only Neg model but also the Early Dark 
Energy model is subject to the BBN constraints (as shown in Fig. 4.). Extra radia- 
tion is constrained by the helium abundance, while Early Dark Energy is constrained 
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Fig. 4. Comparison of constraints based on data sets with and without BBN for the Early Dark 
Energy (left) model and the Neg model (right) 


by the deuterium abundance. Therefore, when we introduce extra components for 
the Hubble tension resolution, we should pay attention to the BBN as well. 
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I review a string-inspired cosmological model with gravitational anomalies in its early 
epochs, which is based on fields from the (bosonic) massless gravitational multiplet of 
strings, in particular gravitons and Kalb Ramond (KR), string-model independent, ax- 
ions (the dilaton is assumed constant). I show how condensation of primordial gravita- 
tional waves, which are generared at the very early eras immediately after the big bang, 
can lead to inflation of the so called running vacuum model (RVM) type, without ex- 
ternal inflatons. The role of the slow-roll field is played by the KR axion, but it does 
not drive inflation. The non-linearities in the anomaly terms do. Chiral fermionic matter 
excitations appear at the end of this RVM inflation, as a result of the decay of the RVM 
vacuum, and are held responsible for the cancellation of the primordial gravitational 
anomalies. Chiral anomalies, however, survive in the post-inflationary epochs, and can 
lead to the generation of a non perturbative mass for the KR axion, which could thus 
play the role of dark matter in this Universe. As a result of the condensed gravitational 
anomaly, there is a Lorentz-invariance violating KR. axion background, which remains 
undiluted during the RVM inflation, and can lead to baryogenesis through leptogenesis 
in the radiation era, in models with sterile right-handed neutrinos. I also discuss the 
phenomenology of the model in the modern era, paying particular attention to linking 
it with a version of RVM, called type II RVM, which arguably can alleviate observed 
tensions in the current-epoch cosmological data. 


Keywords: String Cosmology; Running Vacuum; Inflation, Axions; Dark Matter. 


1. Introduction 


Although the plethora of the available cosmological data today! agree very well with 
the standard concordance model of Cosmology,” also known as ACDM, nonetheless 
there are compelling reasons for seeking alternative models, that go beyond it. The- 
oretically, given that the ACDM model is a global (de Sitter) solution of Einstein's 
general relativity (GR) theory, with a positive cosmological constant A > 0 added 
without explanation, one needs to seek microscopic frameworks of quantum grav- 
ity, which the GR can be embedded to, that could provide a detailed origin of the 
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observed dark energy component in the current-Universe energy budget.^ Moreover, 
one of the most important drawbacks of GR per se is that it is a non-renormalizable 
theory, and as such, it cannot provide by itself a framework for quantising gravity 
along with the rest of the fundamental interactions in nature (assuming of course 
that gravity can admit conventional quantization; for alternative views, treating 
gravity as an entropic force, associated with changes of information pertaining to 
the positions of material bodies, see Ref. 4). On the observational side, there ap- 
pear to exist discrepancies ( *tensions"?:9) between the results of data analyses from 
Planck Collaboration, based on ACDM,! and local direct measurements of the Hub- 
ble parameter today, the so called Ho tension," ? but also tensions in the growth-of- 
galaxies data, the so-called og tension.!? Thus, although such tensions could admit 


11-14 or even disappear in future data, 


more mundane astrophysical explanations, 
being due to statistical uncertainties, nonetheless, several theoretical attempts are 
currently on the way in order to provide an explanation for them or alleviate them. 

One phenomenological framework, which deals successfully with such an allevia- 
tion of both the Ho and the og tensions, is a mildly modified version of the running 
vacuum model of cosmology (RVM),!* ?? the so-called type II RVM.?! In this talk, 
I will review a microscopic framework for obtaining the RVM, actually a version 
of RVM somewhat analogous to the aforementioned type II RVM, which pertains 
to a string-inspired?? cosmological model with gravitational anomalies in the early 
Universe.?3-28 

The structure of the talk is as follows: in the next section 2, I describe briefly 
the RVM framework, and then the string-inspired gravitational theory, with grav- 
itational anomalies coupled to massless string-model independent (Kalb-Ramond 
(KR)) axions fields, which can give rise to an RVM inflation, without external infla- 
tons. Only bosonic fields from the massless gravitational string multiplet enter the 
early-Universe era string-effective action as external fields. Primordial gravitational 
waves can lead to condensation of the gravitational anomalies, which in turn induces 
the RVM inflation. In section 3, I describe briefly the post inflationary epochs, plac- 
ing the emphasis on how a gravitational-anomaly-induced Lorentz-violating (LV) 
KR axion background, which remans undiluted at the end of the RVM inflationary 
era, can lead to leptogenesis in models with right-handed sterile neutrinos (RHN) 
in their spectra. I also explain how the stringy KR axion field can play the rôle of 
Dark matter, by acquiring a non-perturbative mass during the Quantum Chromo- 
Dynamics (QCD) epoch of the Universe. In section 4, I speculate on potential links 
of this stringy RVM effective theory to a modified version of RVM, somewhat analo- 
gous (but with crucial differences) to the aforementioned type-I] RVM. The crucial 


?See, however, the arguments of Ref. 3 claiming that the “observed” dark energy might be an 
artefact of supernova data interpretation based on the assumption of homogeneity and isotropy 
of the universe at large (cosmological) scales, in the context of the Friedman-Lemaitre-Robertson- 
Walker (FLRW) framework. In our approach here, the large-scale isotropy and homogeneity of the 
Universe is assumed. 
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modifications are due to quantum-graviton-mode integration in the respective path 
integral of the string-inspired theory, and could lead to observable departures from 
ACDM and potential alleviation of tensions in the current-era data. Finally, section 
5 contains our conclusions and outlook. 


2. Running Vacuum Model (RVM) Framework, its String- Theory 
Embedding and Inflation from Gravitational Anomalies 


I commence the discussion by first summarising briefly the basic features of the 
RVM framework. This is a phenomenologically successful effective cosmological 
framework, which leads to observable, in principle, deviations from ACDM,!?:20 
and alleviation of the current cosmological tensions.?! It describes a smooth evolu- 


tion of the Universe from a dynamical inflationary phase till the present era.1* 


2.1. Features of RVM cosmology 


The basic feature of the RVM cosmology is that the vacuum energy density is a 
function of even powers of the Hubble parameter at a given era of the Universe, 
H(t) (with t the cosmic time), due to general covariance. To describe the entire 
evolution of the Universe from inflation till the present epoch, it is sufficient to 


truncate this series to quartic powers of H(t), thus writing::!° 1? 
AH) 3 H’ 
A = 2 
piv (H) = p - (oun vogue >0, (1) 


with « the four-dimensional gravitational constant k = / 8r G = Mg, with Mp; = 
2.43 x 1018 GeV (we work in natural units A = c = 1 throughout this work), Hy ~ 
107? Mp), the inflationary scale, as inferred from the latest Planck-Collaboration 
data,! and co > 0, v and o constants, throughout the Universe evolution. In the 
conventional RVM, v > 0 and a > 0, while co > 0 is the current-epoch cosmological 
constant.^? The ... in (1) denote terms of higher orders in H?(t). In general there is 
also dependence on H (with the overdot denoting cosmic-time-t derivative), but for 
a given era of the Universe, one can express H in terms of the cosmic deceleration 
of that era (assumed approximately constant) and of H?, hence the expression (1) 
suffices for our purposes here. The defining feature of the RVM is its de-Sitter type 
equation of state,!° 


PRvM (H (0)) = —eivu (H(t)) < 0, (2) 


despite the fact that the pressure pym and energy opm densities are time- 


dependent functions of H (t). We note for completeness that a similar feature char- 
acterises the super-critical (Liouville) string cosmologies, where the cosmic time is 
identified with (the zero mode of) a world-sheet renormalization-group scale.?? 
From the conservation of the total stress tensor of the vacuum plus radiation and 
matter excitations, the latter being characterised by an equation of state wm, one 
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can easily arrive at the following evolution equation for the Hubble parameter:!? 


. 3 2 Co H? 

H+ 5 (1+ wm) H (1 y- = ag) =o: (3) 
At early stages of the Universe, one may ignore the co term, thus arriving at a 
solution for H (a) as a function of the scale factor a (in units of the present-era scale 


factor):15:1? 


1/2 
8) = (—*) E (4) 
VD a8G-")Atwm) + 1 
where D > 0 is an integration constant. For the early Universe, one may assume 
without loss of generality that D a9(0—)(1*9») < 1, which from (4) leads to an 
(unstable) dynamical early de Sitter phase, characterised by an approximately con- 
stant Hae sitter ^ (iE) 1/2 Hr. This inflationary era is due to the non-linear terms 
H* in (1), and is not characterised by external inflaton fields. 
After inflation, the RVM evolution (3) is characterised by radiation-dominance 
(Wm = 1/3) and, subsequently, by a matter-dominated (wm = 0) era, both occur- 
ring for considerably larger values of the scale factor than the RVM inflation. In such 


cases, the corresponding quantities D a9 (1) (1*«») ss 1. One can therefore deter- 
18,30 


a 


mine the RVM vacuum energy density (1) during radiation as Dip er ee 


3H? 1 3H? Dat 
&? a (14+Da*)?? K? a (1+Da*)?? 


ering the familiar a^^ scaling for Da^ >> 1. As the evolution continues, matter 


and the radiation energy density oraa(a) ~ thus recov- 


starts to dominate (wm = 0), and at that point the cosmological constant term co 
can no longer be ingored, leading eventually to a modern-era scaling of the Hubble 
parameter H « Hy, (obtained as the solution of the evolution equation (3) at this 


2 
era):!8:30 H2 (a) > 2 [a — 8) a730) + O8 — v|, with Ho the present-day 


n 1—v 
cod-Hàv 
H2 


Hubble parameter, and Q9 = . Notice that the presence of the parameter 
v > 0 implies observable deviations from the ACDM concordance model of cosmol- 
ogy!?:?0 ( 
present-era cosmological constant (in units of the current-era critical density)). 
We remark at this stage that the non-linearities-induced inflation (4) is differ- 
ent19?:26.30 from Starobinsky's model of inflation,?! which is also due to conformal- 


which is recovered in the limit v = 0, in which case Q5 coincides with the 


(*trace")-anomaly-induced non-linear curvature corrections to Einstein's GR the- 
ory. Starobinsky’s model does not have in its energy density the crucial H4 term 
of the RVM (cf. (1)). As discussed in Refs. 19, 26, it is an inflation characterised 
mainly by H ~ constant rather than H ~ constant, which is the case of RVM. The 
crucial for inflation H^ term of the RVM energy density (1) is also missing in the 
case of a quantum field theory of a scalar field non-minimally coupled to a gravity 
background.?? As we shall discuss below, a direct (geometric in origin) induction 
of an RVM H* term in the corresponding energy density can be achieved through 
condensates of gravitational anomalies, induced by primordial gravity waves,?? in 
the string-inspired model for cosmology discussed in Refs. 23, 24, 25, 26, 27, 28, 
which we now come to describe briefly. 
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2.2. String-inspired RVM, gravitational anomalies and inflation 


The basic assumption?^ towards the construction of the string-inspired cosmology 
model that will lead to RVM, is that at early stages of the Universe, only fields 
from the bosonic massless gravitational multiplet of strings?? appear as external 
fields. Assuming constant dilatons, this assumption implies that the effective action 
in the four dimensional space time, after string compactification, will consist only 
of gravitons and antisymmetric tensor fields Buy = —B,,, u,v = 0,...3. As a 
result of an appropriate U(1) gauge symmetry in the closed string sector:?? B, — 
B,,4-0,0, (X) — 0,0, (X), where 6,,(X) are gauge parameters, the field B,,, appears 
in the effective four space-time dimensional action only through its field strength. 
Due to the Green-Schwarz anomaly cancellation mechanism,?? the latter is modified 
by appropriate gauge and gravitational Chern-Simons terms. In our model, only the 
latter are present in the early Universe,?^ and as such the modified field strength 
Hyvp of the field B,, reads (in differential form language): H = dB + = Or, 
with a’ = M;? the Regge slope, Ms the string mass scale, and the gravitational 
Chern Simons term is defined as Q3, = w%, ^ dw% + EA ^ w*, ^ wt, where A 
denotes the exterior product among forms, d is the exterior derivative one form. 
and cw; , is the spin connection, with Latin indices a,b = 0,...3 denoting tangent 
space indices. The field strength satisfies a Bianchi identity: 


aoc al DAvpc 
EDS 5 iu T 32k v —9 Ruvpo R" 5 (5) 


where the semicolon denotes covariant derivative with respect to the standard 
Christoffel connection, £,,54 is the gravitationally covariant Levi-Civita tensor den- 
sity, totally antisymmetric in its indices, and Rae = SE pw NEAL po ÍS the dual Rie- 
mann curvature tensor (we follow the conventions of Ref. 24). To lowest (quadratic) 
order in derivatives, the target-space effective action (for constant dilatons) reads: 


1 1 
Se= | davo, zal R- EHH +...), (6) 


with the ... representing higher-derivative terms. We mention at this stage the rôle 
of Havo as a totally antisymmetric component of torsion in string-inspired effective 
gravitational theories,?? 34 in the sense that the action (6) can be expressed in terms 
of a generalised curvature scalar with respect to such a torsion. As we shall describe 
below, the torsion is associated with an axion field.*4 

Indeed, on implementing (5) as a constraint in the respective path-integral of the 
action (7) by means of a pseudoscalar Lagrange mutl[plier field b(x), and integrating 
out H, one obtains the effective action?^ 35 


4 ~ 


- 1 1 2a Sig 
c= ftev] is R+ 10,094 yf 2) nu, Ben +...] 


SE EE R+ abaro- 2 © Kw) 0,0) + 0o 
Dee or ve 3 96 & j ER 
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where we took into account that the gravitational anomaly is a to- 
tal derivative yg Ru, f = y-gK"Q), = On(V=9KMw)) = 
—20, [vV =g eno waè (2 WBab + 2 waa? waco) |. One observes from (7) that the 
Lagrange multiplier field b(x) became a fully dynamical axion-like field, the so 
called Kalb-Ramond (KR) or string-model-independent axion.?^?^ Classically, as 
follows from the saddle-point of the path integral over H, one has the relation:?4 
3/20,b = =) SG hubs a e where the bar denotes classical fields. Hence the as- 
sociation of the torsion with the axion field b(x). 

The effective action (7) forms the basis of our cosmological model.?4 In a FLRW 
space-time background the gravitational anomaly terms vanish.?? This is not true, 
however, in the presence of primordial gravity waves (GW) perturbations, which 
violate CP symmetry: 


ds? = dt? — a(t) [a — ho (t, 2)) da? + (1 + hu (t, 2)) dy? + 2hx (t, z) dz dy + dz? 
(8) 


using standard notation for the graviton polarizations of the GW. In the metric (8), 
the gravitational anomaly term is non zero.?? In fact, on assuming an inflationary 
space time with constant Hubble parameter H ~ constant, one can compute the 
anomaly condensate in the presence of GW CP-violating perturbations:?? 


Duvpo 16 ek GA 1, H52 
(Ruvpo RUP?) = ef Me=—(—) IS 


at 21)? 2 k3 Mpi 

2 1 H 3, u \4 
E M K? (t 9 
37? 96 x 12 Ge Gn) pix K (t), (9) 


to leading order in the slow-roll parameter 


with the overdot denoting derivative with respect to the cosmic time t. The quantity 
u is an UltraViolet (UV) cutoff in the momenta of the graviton modes. 

Assuming isotropy and homogeneity in the Universe, the condensate (9) implies 
the following solution of the Euler-Lagrange equation of the KR axion b(t):?4 


b= : L K? ~ constant, (11) 


1/2 
provided u/M, ~ 15 (Mri/H) . Combining the slow-roll condition (10), with 
the transplanckian conjecture, i.e. the absence of transplanckian graviton modes 


(u < Mp), one can show that for the inflationary Hubble parameter H = Hr = 
107? Mp), as dictated by data,! the string mass scale is restricted to the range:2” 28 


2.6 x 1075 Mp; € M, € 107* Mp). (12) 


^4 
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Eq. (11) admits a spontaneous-Lorentz-violating (LV) KR axion background 


solution, parametrised as:24 26 


b(t) — b(0) 4- V2eH Mpit, H c constant, (13) 


with b(0) a boundary condition for the field b(x) at the onset of inflation at t = 0. 
For phenomenological reasons! we may take?^ e = O(10~7). Thus, the KR axion is 
a slow-roll field, but, as we shall discuss next, it does not drive inflation. 

To this end, we remark that the condensate (9) implies a condensate of the 
quantity:24 (b(t) Ryspo Reve, which remains approximately constant during the 
entire duration of inflation, thus corresponding to a de-Sitter-type (cosmological- 
constant) contribution to the effective target-space action (7), provided that 


PO. V2eN = O(10), b(0) <0, (14) 
Mpi 
where the end of inflation?" has been set to tint H c M, with M the number of 
e-foldings of the inflationary era, which phenomenologically! lies in the range M = 
60 — 70. 

Expanding the effective action (7) about such de-Sitter background configu- 
rations, one can show that the equation of state of the total energy protai = 
p" + pecs + peondensate and pressure Protal = p + pes + prondensate densities of 
this fluid, consisting of contributions from the KR axion (superscript b), fluctua- 
tions of the gravitational anomaly (Chern-Simons) term (superscript gCS) and the 


condensate term (superscript *condensate"), assumes an RVM form:?? 


Ptotal = —ftotal < 0, (15) 


with the total energy density being dominated by the H^ term during the inflation- 
ary era 


2 2. 
0 < prota t 3K74 |- 1.65 x 107 (<H) + Z [b(0)| & x 5.86 x 10° (« H)4 


(16) 


under the condition (14). The reader should notice that the coefficient of the H? 
term is negative, due to the contribution of the anomalous gravitational Chern- 
Simons terms, and this is a difference from the conventional RVM form (1). We 
stress that it is the dominance of the condensate term that makes the total energy 
density (16) positive, and thus leads to a proper RVM fluid. Without the formation 
of this condensate, the equation of state of the remaining terms curiously acquire 


the form of an RVM-like (i.e. de Sitter-type) *phantom-matter" :27 35.39 


p^ +p = —(p? + °) » 0, (17) 
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violating the weak energy conditions." Such exotic matter can be used for the sta- 
bilisation of traversable wormholes, ^? so in this respect our anomalous gravitational 
theory, in conditions in which the condensate (b(r) Ryvpo R""?*) is not formed, 
might find applications to this problem as well. 

The dominance of the non-linear H^ term in (16) at early eras of this string- 
inspired Universe, will lead to an RVM type inflation (4), as we discussed in the 
previous subsection 2.1. It is in this sense that an inflationary phase arises dynam- 
ically in a self consistent way in our approach, so our assumption of a constant H 
in the computation of (9) is justified a posteriori. 


2.3. Potential origin of GW: the dynamically-broken supergravity 
example 


So far, we have assumed the existence of primordial GW perturbations (8), with- 
out examining in detail their microscopic origin. In Refs. 26, 27, we have discussed 
several scenarios which lead to the creation of GW in a pre-RVM-inflationary era 
of our string-inspired cosmology. One of the most relevant ones to our model, con- 
sistent with the basic assumption that only fields from the massless gravitational 
string multiplet appear as external fields at the very early stages of the Universe, is 
the scenario considering an underlying superstring theory, whose low energy limit 
will result in a supergravity model. Although the precise supergravity model de- 
pends crucially on the microscopic higher-dimensional string theory considered, for 
our qualitative purposes here, we may consider a simplified but highly non-trivial 
example for our (3+1)-dimensional gravitational theory at the very early stages of 
our cosmology, that of N = 1 (3+1)-dimensional supergravity.*! 

The model contains massless spin-2 gravitons, g,,(x), u,v = 0,...3, and their 
spin-3/2 supersymmetric partners, the gravitinos, v,,(x). The supergravity can be 
broken dynamically in this model as a consequence of gravitino condensation.??: ^? 
The corresponding effective potential Vic) of the gravitino-condensate scalar field 


bThe computation leading to (17) is based on the fact that the graviton variations of the anomalous 


gravitational Chern-Simons terms in (7) yield the Cotton tensor Cyp:°° 


e[ [ate V=9 Ruvpo fever] =4 f és y-ge guv = -4 f dtas =5Cu óg"", 


where 
ea Me (rr emnt) ne (RHO inn 


with vo = sb = bic, Vor = Vr;o = b;7:0. This implies that the Einstein's equations stemming 
from (7) read: RU” — 1 gt” R— CHY = g2 THY, where TË” is the KR axion stress tensor. Taking into 
account conservation properties of the Cotton tensor,?9 Cre = gv" RBI? Rapys we observe 
that there is an exchange of energy between the KR axion and the gravitational anomaly, when 
Cu» is non trivial, as is the case of GW perturbations of the metric (cf. (8)). We note that 
classically the Cotton tensor is traceless g""C,,, = 0. However, the formation of the condensate 
(b(t) Ruvpo Reve?) as a result of (9), introduces in a sense a quantum-gravity-induced trace of 
(ci), which leads to the addition of a de Sitter type cosmological-constant term in the effective 
action (7).?4 
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Fig. 1. The biased double-well gravitino potential V(o) for dynamical supergravity breaking that 
could characgterise the early epochs of the string-inspired RTVM Cosmology.?® The bias between 
the two (+) vacua is assumed to be due to percolation effects in the early Universe,*5:4® and leads 
to the formation of unstable domain walls, whose collapse or collisions lead to GW. There is also 
a first hill-top inflation near the origin o = 0. 


c = (i, U^), evaluated at one loop in a local de Sitter space-time background, af- 
ter graviton and gravitino Euclidean path-integration, assumes a double-well shape 
(see fig. 1), defining two local minima, at each of which the potential takes on 
non-negative values, compatible with the breaking of global and local supersymme- 
try. There could be a statistical bias, in the sense of unequal occupation numbers 
of these two local minima/ vacua", as a result of percolation effects.^5 46 Such a 
situation leads to the formation of *biased" domain walls in the theory, whose non- 
spherical collapse or collision, leads to GW. The N = 1 supergravity model is also 
characterised by a very early hill-top inflationary phase,4’ which is not necessarily 
slow roll, and has no observable consequences. 

This first inflationary phase is consistent with the study of the theory in a local de 
Sitter (LDS) background, in the absence of a mass parameter, ^4 given the existence 
of an appropriate general coordinate transformation? that maps the LDS space- 
time without a mass parameter to a cosmological (global) de Sitter one (GDS), and 
leaves the effective action invariant.° 


*'The local de Sitter-Schwarzschild metric with a mass parameter M is described by the following 
invariant element 


M A M A5! - -— 
ds? — ( EO r) c?dT? — ( xe P) di? — r? (d8? + sin? dg?) (18) 


in de Sitter-Schwarzschild coordinates. In the case M = 0, as required by the isotropy and homo- 
geneity of space, the following transformation*® 


xz" = (cT,v,0, 9) > z'" = (ct,r,0, 0) (comoving frame) : 


1 F A 
t=T+— In(1- H?7?), r= e HT = re" Ht H?=L p. 19 
2H V1— H? r2 3 (19) 
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This hill-top inflation is a different phase from our RVM inflation. In fact, it 
ensures that any spatial inhomogeneities or isotropies are washed out well before 
entrance into the RVM inflationary phase, so the assumptions and calculations of 
Refs. 24, 26 are formally justified. The RVM inflation occurs? at the phase where 
the gravitino has settled in its lowest minimum (see fig. 1), is massive and the 
supergravity is dynamically broken. This phase coincides with the exit phase from 
the hill-top inflation.^" This exit phase is characterised by the creation of the biased 
domain walls and GW, as a consequence of wall collisions. The massive gravitino 
can be integrated out of the path integral. 


Hill-top 
(first) 
Inflation. 
Stiff-matter 
Era 
RVMrinflation 
Radiation, 
Matter Current 
De Sitter 
Era 


0 EO 


Fig. 2. Schematic evolution of the Hubblle parameter (H) as a function of the scale factor a(t) 
in the string-inspired RVM universe,?” from the Big-Bang (a=0) till the current epoch (a=1, in 
units of today’s scale factor). 


Embedding this simple supergravity model into our string framework im- 
plies?9:25 that the exit from the hill-top inflation may be succeeded by dominance 
of the KR axion matter,?9 which, due to the lack of a potential, constitutes a stiff 
matter fluid (with equation of state w = +1).4%°° This era interpolates between 
the first-hill-top inflation and the GW-induced RVM inflation (see fig. 2). Indeed, the 
presence of GW as a consequence of domain-wall collapse or collisions, implies the 
appearance of CP-violating anomalous gravitational Chern Simons terms coupled 


where t and r denote co-moving frame time and radial space coordinates, respectively, maps the 
metric (18) to a standard cosmological de Sitter space-time: 


ds? = c? dt? — a(t)? [dr? + r2dQ?], dQ? = dé? + sin? de? , (20) 


where a(t) V: = eĦ t (H = constant), is the exponentially expanding scale factor of the de- 
Sitter/FLRW (inflationary) Universe. The above result is exact, valid for every non-negative value 
of the cosmological constant A > 0. Notice that in this form of the metric there is no preferred 
origin of space, as appropriate for a space-time generated by a uniform homogeneous and isotropic 
fluid. The apparent existence of an origin at zero for the radial coordinate in the local form of the 
pure de-Sitter metric (18) with M — 0 is thus an artefact of an inappropriate choice of coordinates, 
much like the internal observer de Sitter horizon at 4/ ^/3. 
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to the KR axions in the effective action (7). As the cosmic time elapses, conditions 
for the condensation of GW can develop, leading to the anomaly condensate (9), 
and the eventual RVM inflationary era, driven by the H^ term in (16). 

Before closing this subsection, we would like to discuss some formal properties of 
the one-loop corrected effective action of supergravity in the de-Sitter background, 
which we shall make use of in section 4. As discussed in Ref. 43 (see also Ref. 30), 
the Euclidean (E) one-loop effective action of the dynamically-broken N = 1 super- 
gravity model, in a given gauge, evaluated in a de Sitter background, with (one-loop 
corrected) cosmological constant 1 >> A > 0 reads: 


240? 
A2 
where the superscripts B(F) denote terms arising from integration of massless 
(quantum) gravitons (B) (and gravitinos (F)), f is the scale of supergravity (and 
global suprsymmetry) breaking, c, < f,® is the value of the gravitino condensate 
field at the minimum of its effective potential (see fig. 1) and S denotes the classical 

supergravity action with tree-level (bare) cosmological constant Ao « 0 


ug re (22) 


which is necessarily negative for reasons of incompatibility of (unbroken) supergrav- 
ity with de Sitter vacua.** 4? The one-loop renormalised cosmological constant A, 
though, is positive, due to quantum corrections (cf. (25)), compatible with dynami- 
cally broken supergravity. Taking into account that the Euclidean de Sitter volume 
is^ 2412 /A? — f d'zx4/gg, we may express the effective action (21) in a generally 
covariant form (using the notation :.. for quantities evaluated in the background 
de Sitter space-time): 


re) = Sa 


(ag tag (of +aP)At (az tay) A? +...), CD 


7 1 ae A " 
r® ~~ wa | deva [(R- 241) to; Ros R|, (23) 
where we have replaced A by the curvature scalar, 
Ri — AA. (24) 
The various quantities entering (23) are given by??:4? 
Ao 
Ay = k? ( R2 + af l af) : (25) 
where 
F 44 K? oz 
ag = &* o4 (0.100 »( 7 ) + 0.126) l 
3k? (f2 — o2 
og = «* (f? — 02)? (007 — 0.0181n (0-9) l (26) 
and 
bs Ke (of +a? cd irae 27 
DS oi top), az = y (o2 t o2) ; (27) 
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with 


A 2 
af = 0.067 Ka? — 0.021 202 In (4) + 0.073 &?o? In (* t) ; 
I H 


2,2 N 
af = 0.029 + 0.0141n (: z) — 0.029 In (4) l 
u u 


A 3A 
oP = —0.083Ao + 0.018 Ag In [ — | + 0.049 Ag In | -°= | , 
312 u? 
A A 
a = 0.020 + 0.021 1n ( —; | — 0.0141n E (28) 
312 u? 


with the replacement (24) understood in all the above expressions. 

The scale u? is a proper-time ultraviolet cutoff, used to regularise UV diver- 
gences.4%44 Supergravity breaks dynamically for u? close to Planck scale.4? We 
then set from now on 


je Mg, =K’. (29) 


It can be arranged that the masses of the gravitino condensate and the gravitino 
become very large compared to the low-energy mass scales. They can be taken to be 
above the grand-unification scale, even close to Planck scale, for our purposes,?* 28 
provided the scale f is chosen appropriately. Since the effective action (23) is evalu- 
ated after one-loop integration of (weak) graviton perturbations about the de Sitter 
background, it is actually a quantum-gravity effective action. 

In the broken supergravity RVM phase, where the hypermassive gravitino and 
gravitino-condensate fields, with masses of order of the Planck mass, are integrated 
out from the low-energy effective action, leading to Planck-mass suppressed terms, 
the only leading quantum corrections are those due to massless graviton integration. 
As can be seen from the expressions (25),(26),(27),(28), such corrections involve 
Re In(«2 f), n = 1,2 terms (cf. coefficients with superscript B). Passing onto a 
slowly-varying global de Sitter background (via the coordinate transformations? 
(19)), we may approximately replace R > 12H ?, where H is the approximately 
constant inflationary Hubble parameter. 

In the framework of our cosmology, this RVM phase will also involve the KR 
axion and gravitational anomaly terms, in addition to the aforementioned quantum- 
gravity corrections of the effective action (23) contributing terms of the form 
H?” ]n(k? H?), n' = 1,2. From the pertinent expressions (25),(26),(27),(28), it be- 
comes clear that, on assuming &?|Ao| « 1, for the scale of the bare cosmological 
constant (22), and taking into account (14), these quantum-gravity-induced correc- 
tions are subdominant compared to the gravitational-anomaly-condensate-induced 
H* term in (16). Thus, our discussion and conclusions on the róle of anomalies in 
inducing an RVM inflation are not affected.?” 28 

As we speculated though in Refs. 27, 28, quantum-gravity corrections of the form 
H?ln(&? H?) could lead to observable deviations from the ACDM in the modern era 
(which again is characterised by an approximately de Sitter cosmological space-time 
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background, with H ~ Ho). In particular, they could lead to a modified version 
of RVM, somewhat analogous to the type-II RVM considered in Ref. 21 for the 
simultaneous alleviation of the Ho and og tensions. We shall briefly discuss these 
issues in section 4. 


3. After RVM Inflation: KR-Axion Dark Matter and Leptogenesis 


In this section we review briefly the situation charactrerising the exit from the RVM 
inflation and post inflationary eras of the model. For details we refer the reader to 
Refs. 25, 24, 27, 26. 

At the exit from RVM inflation, gauge fields and chiral fermionic matter, includ- 
ing massive sterile right-handed neutrinos (RHN) of interest to us here, are assumed 
to be generated from the decay of the RVM vacuum.?? Chiral fermions have their 
own gravitational and chiral anomalies. The former are assumed?^?6 to cancel the 
primordial gravitational anomalies due to the Green-Schwarz counterterms. The 


chiral anomalies, however, remain in the radiation and matter eras:?? 


o, |v-s (yat rm - € 2 e) 


3o fa n Qs do 
- "E (S yz re Fy + 3$ V-9 Gi G^ Js (30) 


8 K 
where J9" = Y^, ual fermions Ui? Y" Vi, Fu, denotes the electromagnetic (EM) 
Maxwell tensor, Gil, is the gluon field strength, with a = 1,...8 an adjoint SU(3) 
colour index, apy the electromagnetic fine structure constant, and a, the strong- 
interactions fine structure constant. The gluon terms in (30) may lead, through non- 
perturbative instanton effects in the post-inflationary QCD era, to the generation 
of a potential and a mass m term, for the KR axion, which, due to (12), is within 


phenomenologically acceptable ranges,?* 78 


1.17 x 1078 S m)/(eV) < 1.17 x 1075. (31) 


In this way, the KR axion field can play the róle of a dominant component of dark 
matter.?? In view of the association of the KR axion with torsion, then, one obtains 
a geometric origin of the dark matter sector of this Universe. 

Moreover, the spontaneous-LV KR axion background (13), which remains undi- 
luted at the exit phase from RVM inflation, can trigger the generation of Leptoge- 
nesis in models involving RHN, according to the mechanism discussed in Refs. 51, 
52. The pertinent lagrangian of the RHN and their interactions with the standard 
model (SM) sector is: 


L= Lsm +iN 4^0, N — — (NEN + NN°) - Ny" B PN — V yjL;94 N + hee. 
f 

(32) 

where h.c. denotes hermitian conjugate, Lsm denotes the SM Lagrangian, N is 

the RHN field, of (Majorana) mass my, $ is the SU(2) adjoint of the Higgs field 
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O (9d = £ij@j , i,j = 1,2, SU(2) indices), Ly is a SM lepton doublet, with f 
a generation index, f = e,u,T, yf is a Yukawa coupling of the “Higgs portal" 
interactions between the SM sector and RHN, which can lead to the generation 
of SM light neutrino masses, via, e.g., the seesaw mechanism. The quantity B, is 
associated with the KR axion background (13) induced by the anomaly condensates 
during the RVM inflation: 


B, = My bó,o. (33) 


As discussed in Ref. 24, during the radiation era, B,, is slowly varying with the cos- 
mic temperature T (Bo « T*), so the Lagrangian (32) resembles that of a Standard 
Model Extension (SME) Lagrangian in a LV and CPT Violating (CPTV) (approx- 
imately constant) background.53:54 A lepton asymmetry is then generated due to 
asymmetric tree-level decays of the RHN N into SM leptons and anti-leptons in the 
background (33) between the channels I and IE?^?? Channel 2: N — 17 h* , vhe, 
and Channel II: N — Ith , v h9, where ¢* are charged leptons, h* are the 
charged Higgs fields, which, at the high temperatures, above the electroweak sym- 
metry breaking, at which this leptogenesis takes place,°!°? do not decouple from 
the physical spectrum, v (7) are the light SM neutrinos (antineutrinos), and A? is 
the neutral Higgs field. The lepton asymmetry reads (assuming that the dominant 
lepton asymmetry is generated by one sterile neitrino, although extension to more 
RHN species, as required by the seesaw mechanism, is straightforward):?? 


ALTOT(T =T Bo(T ? 2 
S Th Mp, 


where s x 7? is the entropy density of the Universe, Tp ^ my denotes the freeze-out 
temperature, and 0 < q = O(10) is a numerical factor expressing theoretical uncer- 
tainties in the approximate analytic (Padé) methods used.?? The lepton asymmetry 
(34) can then be communicated to the baryon sector via Baryon-minus-Lepton- 
number (B — L) conserving sphaleron processes in the SM sector. 


4. Modern Era Phenomenology: Links of the Stringy RVM to a 
Modified Type-II RVM and Potential Data Tension Alleviation 


In the modern era, the energy density of this stringy Universe also assumes an RVM 
form, 


po = EC + vo Hj) A (35) 


where now vo > 0, due to contributions from cosmic electromagnetic background 
fields?^ (we ignore terms of order Hj, as they are negligible in the current era). 
Comparison with the data!?:?? indicates vo = O(10^?). The present-day cosmologi- 
cal constant co > 0 cannot be uniquely determined in our string-inspired cosmology, 


given that there might be various contributions to it,?9 some associated with details 
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of the extra dimensional geometry of the underlying microscopic string/brane the- 
ory. For comparison with data, we therefore should treat cg as a phenomenological 
parameter at this stage. 

What is important to realise is that, as discussed in subsection 2.3, integrating 
out massless quantum graviton fluctuations in the path integral of the current-era 
gravitational theory, which is also characterised by a de Sitter background, generates 
terms in the one-loop effective action of the form (taking into account (29)): 


BLAM” eae, V -8 [o + R(a + mz? 8)] +... (36) 


30, 42,43 


From the supergravity example we have that the constant coefficients c; c 
K?Eo, orc; x &K?£oIn(&^|£o|), i = 1,2, (cf. (28)) with £y a bare (constant) vacuum 
energy density scale (the ellipses ... denote terms of quadratic and higher order in 
R = 12H?, which are subdominant in the current epoch (H = Ho)). The structures 
(36) appear generic for weak quantum gravity corrections about de Sitter back- 
grounds, ^^ and we may therefore conjecture that they can play a rôle in the current 
era phenomenology. 

From the graviton equations of the one-loop corrected effective Lagrangian, it 
can be readily seen that the terms (36) will imply corrections to the effective stress- 


energy tensor in the current era of the form,?5 
oy = ts n 2 2] 2772 
pov = 540 + 3(c1 — c2) H5 + 3c2H6 ln(K A) , (37) 
which should be added to (35). Moreover, the supergravity prototype?” 4243 indi- 


cates that the one-loop correction (dark-energy-type) term 5 do is constant, inde- 
pendent of InH? terms. This will lead to some crucial differences from the standard 
type II RVM used in Ref. 21 to alleviate the Hp and og tensions, which is char- 
acterised only by a mild cosmic-time t dependence of an effective gravitational 
constant, &24(t) = &?/q(t), with y(t) a phenomenological non-dynamical function. 
Another issue to be clarified is the sign of the bare cosmological constant 
Ao « £o Kk? which, as in the supergravity example of subsection 2.3, enters the 
computation of the effective action about de Sitter backgrounds in generic quan- 
tum gravity (QG) models that could describe the current-era. Such a sign depends 
on the details of the underlying QG theory. In the supergravity example this is 
negative (22) (Anti de Sitter type (AdS)), due to fundamental reasons of compati- 
bility with supersymmetry.*” ^? One may also use such negative bare cosmological 
constant scales as formal regulators in the quantization procedure, as, e.g., has been 
considered in the context of black hole physics?? motivated by the AdS/conformal- 
field-theory correspondence.?9 We stress though that the one-loop corrected cosmo- 
logical constant is always positive in such constructions, compatible with the current 
phenomenology (and also with the broken supergravity scenario??:42:43), We plan 
to study such issues, and their modern-era phenomenology, in future works. 
Before closing the section, we mention that in string theory there might be a 
mixing of the KR axion with the other, string-model dependent, axions that exist 
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as a result of the compactification procedure.?? In Ref. 24, we have argued that, 
depending on details of this mixing, one might obtain KR axion backgrounds that 
may be characterised by an approximately constant b even in the current era of the 
string Universe. Such backgrounds can therefore be parametrised by 


bo ~ V2e€ Ho Mpi. (38) 


Phenomenological considerations, associated with the róle of the KR. axion back- 
ground as dark matter, imply then that e’ ~ 1072, in order to reproduce a dark 
matter energy density due to the KR axion in the phenomenologically right ball- 
park.'? This, in turn, leads to a curious coincidence in the order of magnitude of 
the slow-roll parameters entering the expressions for b in the RVM-inflationary (13) 
(ce) and modern (38) eras (e’), 


&»ec107?, (39) 


which needs to be understood further, in the context of the underlying microscopic 
string theory models. We do note though??:?5 that the background (38), under the 
assumption (39), is compatible with the stringent current experimental bounds of 
LV and CPTV discussed in ref. 54. 


5. Conclusions and Outlook 


In this talk, I reviewed a string-inspired model of a running vacuum (RVM) cosmol- 
ogy, which seems consistent with the current phenomenology, but also provides a 
geometrical origin of both, RVM inflation and dark matter. Crucial róles are played 
by the gravitational anomalies that characterise the model at early eras, and the 
KR axion fields from the fundamental massless multiplet of the underlying string 
theory. The KR axion field is associated with a totally antisymmetric torsion in the 
underlying string theory. The RVM inflation arises from the non-linear H^ term in 
the vacuum energy density (16), which is exclusively due to primordial GW that 
induce non trivial condensates of the gravitational Chern-Simons terms that are 
present in the very early stages of this string-inspired cosmology. Such terms do not 
arise in the context of anomaly-free quantum field theories, or Starobinsky infla- 
tion, and, as such, are rather exclusive to our string-inspired RVM. The anomaly 
condensates also imply LV KR axion backgrounds that induce baryogenesis through 
leptogenesis. In this sense, we may dare state that our very existence, that is the 
dominance of matter over antimatter in the Cosmos, is due to cosmic anomalies. 
We are anomalously made of star stuff, to paraphrase the famous quote by Carl 
Sagan.75?4 

There are several open issues that we need to understand, and explore further, 
such as: (i) potential hints in the cosmic-microwave-background data! about the 
LV KR axion backgrounds, (ii) prospects of getting some phenomenological indi- 
cations in early-Universe data about the negative, anomaly-induced, coefficient of 
the H? term in the RVM-like cosmic energy density (16) during the RVM inflation. 
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'This, however, is a difficult task, in view of the phase transition occurring in our 
model at the exit from the RVM inflation, (iii) the rich phenomenology of both, 


the string-model-independent KR axion and the other, string-model dependent, ax- 


35.97 (iv) the precise róle of quantum-gravity-induced 


ions, that exist in string theory, 
H? In(&? H?) corrections in the vacuum energy density of the current era, comparing 
the model with the type-II RVM,?! in an attempt to discuss potential alleviation 
of the observed tensions in the cosmological data, and (v) last but not least: in 
view of the association of the KR axion with (totally antisymmetric) torsion, the 


phenomenological comparison of the stringy RVM with other cosmologies with tor- 


sion5® 59 (in which the torsion has more components than the totally antisymmetric 


one characterising our model) or other teleparallel-gravity models9? (where torsion 
mimics gravity, in contrast to our case, which contains also graviton fields). We 
hope to be able to report on these important issues in the near future. 
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Early and not so early dark energy. What do cosmological observations 
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Cosmological data still allow for the presence of a non-negligible amount of dark energy 
at very high redshifts, namely during the matter- and radiation-dominated epochs. This 
is the so-called early dark energy (EDE), which could help to mitigate the tensions that 
affect the standard model of cosmology since (i) it reduces the sound horizon at the 
baryon-drag epoch, hence giving room to higher values of Ho than those found in the 
ACDM; and (ii) it could potentially decrease the number of large-scale structures in the 
Universe due its negative pressure and its inability to cluster efficiently for large enough 
values of its sound speed. Here we put constraints on the fraction of EDE using two 
methods: first, we use a perfect fluid parameterization that produces plateaux in Qege(z) 
during the relativistic and non-relativistic matter-dominated eras. Second, we apply a 
tomographic approach to constrain the EDE density in redshift bins, which allows us 
to reconstruct the evolution of the EDE fraction before and after the decoupling of the 
Cosmic Microwave Background (CMB) photons. We have employed Planck data 2018, 
the Pantheon compilation of supernovae of Type Ia (SNIa), data on galaxy clustering, 
the prior on the absolute magnitude of SNIa by SHOES, and weak lensing data from 
KiDS+VIKING-450 and DES-Y1. Using our minimal parameterization we find that EDE 
is not able to loosen the cosmological tensions, and show that the constraints on the EDE 
fraction weaken considerably when its sound speed takes lower values. Thanks to our 
binned analysis we are able to put tight constraints on the EDE fraction around the CMB 
decoupling time, < 0.4% at 2c c.l. We confirm previous results that a significant EDE 
fraction in the radiation-dominated epoch loosens the Ho tension, but tends to worsen 
the tension for ag. A subsequent presence of EDE in the matter-dominated era helps to 
alleviate this problem. When both the SHOES prior and weak lensing data are considered 
in the fitting analysis in combination with data from CMB, SNIa and baryon acoustic 
oscillations, the EDE fractions are constrained to be < 2.6% in the radiation-dominated 
epoch and < 1.5% in the redshift range z € (100, 1000) at 20 c.l. The two tensions remain 
with a statistical significance of ~ 2 — 3e c.l. This contribution to the proceedings of the 
CM3 parallel session of the MG16 Marcel Grossmann virtual Conference: "Status of the 
Ho and og tensions: theoretical models and model-independent constraints" is based on 
the paper arXiv:2107.11065,! which appeared in the arXiv shortly after my talk of July 
6th 2021. 


Keywords: Cosmology: observations — Cosmology: theory — cosmological parameters — 
dark energy — dark matter. 


* Speaker. E-mail: gomez-valent@thphys.uni-heidelberg.de 
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1. Introduction 


The cosmological constant, A, is (together with other assumptions as the Cosmolog- 
ical Principle, the existence of cold dark matter (CDM) and an inflationary period 
prior to the radiation-dominated era) a key building block of the standard model 
of Cosmology. By adding this very simple term in Einstein's field equations it is 
possible to produce the late-time acceleration of the Universe?? and help to ex- 
plain a large variety of cosmological observations* © without increasing excessively 
the mathematical complexity of the equations. However, the model is not free from 
extremely intricate theoretical conundrums, as the famous old cosmological con- 
stant"? and coincidence problems, see e.g.!? The former might be strongly inter- 
twined with the latter, which should not be considered as a “why now" problem,!! 
but as a matter of why the energy density associated to A, i.e. pa = A/87G, takes 
the value pa ~ O(10-^7) GeV* in natural units, hence being of the same order of 
magnitude of the non-relativistic matter energy density pm(z) when z < 1. This is 
pivotal for the model to exhibit an excellent phenomenological performance. We can 
soften the coincidence problem if we depart from the ACDM by allowing some sort 
of dynamical dark energy (DE) density instead of considering a rigid p4.!? 14 This 
is a more appealing framework, since it is actually hard to believe in an immutable 
entity like the cosmological constant. Why should the component in charge of the 
current acceleration of the Cosmos be insensitive e.g. to the Universe's evolution 
and energy content? Such dynamics could lead to the presence of a non-negligible 
fraction of early dark energy (EDE) in the Universe during the radiation-dominated 
epoch (RDE) and/or the matter-dominated era (MDE). Of particular relevance con- 
cerning the coincidence problem are the quintessence models with scaling solutions, 
as the one with an exponential potential originally proposed by C. Wetterich in 
the late 80's,!^ in which the EDE fraction follows the dominant component in the 
Universe in both, the RDE and MDE,!? making more natural the scenario with 
Pde ~ O(pm) at low redshifts. 

Apart from the aforementioned theoretical problems there are also some observa- 
tional tensions affecting the ACDM, making the concordance model less concordant 
than it was thought to be ten years ago. At least, if these tensions are not induced by 
systematic errors in the data. The cosmic microwave background (CMB) tempera- 
ture, polarization and lensing data from Planck 2018 leads to a value of the Hubble 
parameter Ho = (67.36 + 0.54) km/s/Mpc when analyzed under the assumption 
of the ACDM,? and a similar result is obtained from measurements of the baryon 
acoustic oscillations (BAO) and the deuterium abundance, again in the standard 
model.'® These values are at odds with the one measured by the SHOES team, 
Ho = (73.2 + 1.3) km/s/Mpc,!* which is obtained with the cosmic distance ladder 
method and does not rely on the assumption of any cosmological model. There exists 
a ~ 4.lo tension between them, which has been persistently and consistently in- 
creasing in the last years,!® 1° see also the reviews.? 2! On the other hand, galaxy 
clustering (through redshift-space distortions, RSD), direct peculiar velocity and 
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weak lensing (WL) measurements suggest that the Universe is less clumpy than 
preferred by the CMB data under the ACDM, see e.g.?? ?? The tension is usually 
formulated in terms of the root-mean-square (rms) of mass fluctuations at scales of 
8h-! Mpc, og, and related composite quantities like Sg = ag (2 /0.3)°5, with 2 
the current matter energy fraction in the Universe. The first indication of its exis- 
tence appeared already almost a decade ago”® and it is still there.?” ?? The tension 
is in this case less significant from a statistical point of view than the aforesaid one 
of Ho, of about 2 — 3e depending on the data source and the large-scale structure 
(LSS) estimator employed to quantify the tension. For instance, by combining the 
KiDS-1000 WL results with BOSS and 2dFLenS data the authors of?° have shown 
that it is possible to reduce by a factor ~ 2 the uncertainty on Sg, and also to write 
the tension only in terms of og, since BOSS puts tight constraints on o and the 
degeneracy in the og — o plane can be broken. They find Sg = 0.766*00:4 and 
0g — (0.7800 025. which are in 3.1c and 2.20 tension with Planck, respectively. 
Whether the Ho and Sg/og tensions are to some degree physical or not is still 
unclear and under intense debate.2° 3? Hopefully this question will be resolved in 
the near future. In the meanwhile, theoreticians have worked very hard to find 
ways of loosening the tensions, taking for granted that they are real, see the re- 
views?! 33,34 and the complete lists of references therein. It is important to remark, 
though, that it is very difficult to find models in the literature capable of relieving 
both tensions at a time in a significant way. There are only some few exceptions 
that offer better perspectives, as e.g. the running vacuum model of type-II studied 
in?’ or the Brans-Dicke ACDM model explored in. 36 The latter, though, might 
encounter some problems when trying to match the cosmological and local values 
of the gravitational coupling through an appropriate screening mechanism,?" and 
the effect of the Planck 2018 CMB polarization data might also hinder its overall 
fitting performance. Other models are only able to loosen one of the tensions, while 
worsening the other. This is the case e.g. of the class of new EDE models based on 
38-40 ultra-light axions ^? or alike.4? In practice, all these 
models fight against the Ho tension in a very similar way. There is a new component 
in the energy budget of the Universe that acts as a cosmological constant deep in 
the RDE and has an associated (constant) density which is of about 5 — 1096 the 
radiation energy density around the matter-radiation equality time, when the EDE 
fraction reaches its maximum. This excess of energy with respect to the standard 
model decreases the sound horizon at the baryon-drag epoch, and this forces the 
Hubble parameter to be larger in order to decrease the angular diameter distance 
to the last-scattering surface and keep in this way intact the location of the first 
peak of the temperature CMB anisotropies. The latter is very well constrained by 
Planck. After that moment, the energy density dilutes typically faster than radi- 
ation, leaving no imprint in the late-time universe, where a cosmological constant 
is still assumed to produce the current positive acceleration, as in the standard 
ACDM. Although it is possible to obtain posterior values of the Hubble parameter 


early phase transitions, 
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much closer to the SHOES measurement!" in the context of these new EDE models, 
they require larger values of the current matter energy density in order to com- 
pensate the early Sachs-Wolfe effect introduced by EDE in the pre-recombination 
epoch, and this enhances the LSS formation processes in the late-time Universe, 
which in turn exacerbates the Sg/og tension. ^^ 46 

Here we first explore EDE models with scaling solutions in the MDE and RDE, 
or just in the MDE. As already discussed above, they can alleviate in some sense the 
coincidence problem. They could in principle have an impact on the cosmological 
tensions as well, depending on how strong are the constraints on the EDE fraction 
imposed by the the cosmological data. In these models, EDE might not be negligible 
after the recombination era, and this could lead to a softening of the Sg/og tension. 
Moreover, the shape of Qeae(z) = peae(z)/pe(z), with pe(z) = 3H?(z)/81G the 
critical energy density in the Universe, is very different from the one encountered 
in the new EDE models mentioned in the previous paragraph, since in this case the 
EDE fraction is constant during the epochs at which the scaling behavior comes 
into play. Hence, it is clearly worth to study these EDE models and to determine 
to what extent they can alleviate the tensions, if they do at all. In view of the 
existing tensions, there is a clear interest of revisiting these models, whose seeds 
where already present more than thirty years ago.!^ In addition, we also perform a 
more model-independent analysis, applying a tomographic method to reconstruct 
the shape of Qeqe(z) that is preferred by different combinations of cosmological data 
sets. We will see that this is very useful to extract more general information about 
how is EDE constrained in the various epochs of the cosmic expansion. 


2. Early dark energy 


EDE affects observables in several ways. The presence of EDE at decoupling can 
change the position and height of the peaks in the CMB^7 ^? 
it through the early integrated Sachs-Wolfe effect. Furthermore, EDE suppresses 
the growth of structure:?0 92 
the ACDM?? because of the negative pressure of EDE and also because of its large 
sound speed, which does not allow it to cluster; the lensing potential is also weaker, 
with an impact on weak lensing and the CMB peaks at large multipoles. Thus, EDE 
can potentially have a direct impact on the cosmological tensions. In the following 


and can also impact 


a smaller number of clusters can form with respect to 


we first design a general parameterization able to mimic the background dominant 
component, and then proceed with a tomographic analysis in different redshift bins. 


2.1. Parametric EDE 


We build now a simple parameterization of the DE density that allows us to re- 
produce the behavior of uncoupled quintessence models with scaling solutions. For 
this reason, we want our parameterization to be able to generate two plateaux in 
Que(z). The first plateau occurs in the RDE, and the second one in the MDE, 
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Fig. 1. Functions Qge(z) (left plot) and wge(z) = pae(z)/pae(z) (right plot) obtained using the 
parametrizations described in Sec. 2.1, for some illustrative values of the parameters. 


and can have different heights in principle. T'his is what happens for instance in 
quintessence models with a single exponential potential V(ó) = Voe- VTA, where 
the fractions of EDE in the RDE and MDE depend only on one parameter, \.!41° 
By introducing a second exponential potential it is possible to control the height of 
the two plateaux independently.?4 

With this aim in mind, we generalize the parameterizations proposed earlier 
in^?:49 and we consider here a DE density with the following form, 


pae(2) = p1(1 + z)* + pa(1 + z)3 + pa (1 + z)9 (tt, (1) 


parameterized by the constant energy densities p1, p2 and pa and by a constant 
equation of state parameter (EoS) w. We call this parameterization EDEp, where 
the “p” reminds us of the ‘plateaux’ that characterise it. The last term of (1) is 
able to mimic the behavior of a late-time dynamical DE with the wCDM form,?? 
whereas the first two terms produce the plateaux in the RDE and MDE. It is useful 
to write the constants pı and p2 in terms of dimensionless parameters, as follows 


pr =x; pa = x20%.0 , (2) 
where o9 and Q9, are the current density parameters of radiation and matter, 
respectively, computed considering three massless neutrinos, and oO = p-(z = 0). 
We consider standard General Relativity and a flat Friedmann-Lemaitre-Robertson- 
Walker universe. x1, X2, p3 > 0 in order the DE density to be positive during the 
expansion. Deep in the RDE and MDE the EDE fractions are constant, 


QRD Xl , MD. X2 (3) 


we qur ede Tya 


'The present dark energy density, oy, can be directly computed from the Hubble 


parameter, Ho = 100h km/s/Mpc, and the reduced CDM and baryon density pa- 
rameters, Wedm = QO h? and wp = Q9 82. Thus, one of the three p;'s appearing 
in (1) can be expressed in terms of the other two, e.g. p3 — D» — pı — po, so in 
this EDE parametrization we deal with three additional parameters with respect 


to the ACDM. We have nine cosmological parameters in total, namely the spectral 
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index n, and amplitude A, of the primordial power spectrum, Ho, wy, Weam, the 


optical depth to reionization, 7, together with w, x1 and x2 (or, equivalently, QD 
and QMP). We consider a massive neutrino of 0.06 eV and two massless neutrinos. 


'The DE fluid is covariantly conserved so its associated pressure reads, 
pae +3H (pae + pae) = 0 — pae(2) = ^ +2) -wps(1-z) 009, (4) 


where the dot refers to a derivative with respect to the cosmic time. The corre- 
sponding equation of state parameter can be obtained from the ratio of (4) and 
(1), ie. wae(z) = pae(z)/pae(z). It is clear that wae = 1/3 and wae = 0 in the 
RDE and MDE, respectively, and wae ~ w at present for low values of x». For the 
perturbations, in our main analyses we take the sound speed of the DE fluid to be 
equal to the speed of light in the DE rest frame,°® i.e. 6, = 1, so in our model the 
DE does not cluster efficiently. We will study also what happens when 6, < 1. 

If we set pı = 0 (QBP = 0) in (1) EDE is completely negligible during the RDE, 


ede 
Pae(z) = pa(1 + 2)? + p(l + 2) 0-9 , (5) 


We denote this particular case of EDEp as EDEpMP, to remind us that the plateau 
is in this case following the matter component. If we turn the first term on in (5) 
at a particular ‘threshold’ redshift z;4,, in the MDE we obtain, 


pac(z) = pa(1 + zP E (znr — 2) + (1 209, (6) 


with 0 the Heaviside step function. This is what we call EDEpMP't^r, For zi, — oo 
we recover the pure EDEpMP parametrization (5). We show typical shapes of the 
functions Qge(z) and wae(z) obtained with EDEp, EDEpMP and EDEpMP:'^r in 
Fig. 1. 


2.2. Tomographic EDE 


We further consider the possibility of binning the amount of Qae(z) in 11 bins to 
perform a tomographic analysis using the data sets described in Sec. 3. Here, again, 
D», can be directly determined from Ho, wy and weam; the other constant densities 
pi, with i = A,...,J (see Table 1 in! for details), are left free in our Monte Carlo 
(MC) runs, together with w and the six usual ACDM parameters. We keep 6, = 1. 
Our main aim is to see how much EDE we can have in each bin, and therefore 
which shape of Qqae(z) is preferred by the data, regardless of its complexity. The 
corresponding fitting results and reconstructed shapes of Qae(z) are shown and 
discussed in Sec. 4.2. 


3. Methodology and data 


We have implemented the various parametrizations of Sec. 2.1 and also the binned 
pae(z) described in Sec. 2.2 in our own modified version of the Einstein-Boltzmann 
code CLASS.?" We have constrained the parameters of our models through a Bayesian 
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exploration of the parameter space, employing the MC sampler MontePython.?? We 
have used flat priors for the cosmological parameters in common with the ACDM 
model, with widths that fully respect the Planck 2018 uncertainties. Regarding the 
priors on the EDE fractions, previous studies in the literature showed that they are 
always lower than ~ 1096,45:4? so we have used 0 < x; < 0.12 in the MC analyses of 
the parametrizations of Sec. 2.1, and similar priors for each bin of the tomographic 
study of Sec. 2.2. 
Now we list the various data sets used in this study: 


e CMB: We consider the full Planck 2018 TTTEEE+lowE and TT- 
TEEE--lowE--lensing likelihoods.^ We denote these data sets as CMBpol 
and CMBpolens, respectively. 

e Supernovae of Type Ia (SNIa): We use the observed SNIa apparent magni- 
tude and redshifts of the Pantheon compilation.? The absolute magnitude 
of these SNIa, M, is left free in the fitting analysis, and we impose a prior 
on it. See the next item of the list for details. 

e Prior on M: We use in some of our fitting analyses the SHOES effective 
calibration prior on the absolute magnitude of the SNIa as provided in,?? 
Msyors = —19.2191 + 0.0405. It is obtained from the calibration of nearby 
SNIa (at z < 0.01) with Cepheids.9? It is better to use this prior rather than 
the one on Ho,!^9! especially when it is combined with data from SNIa 
compilations that include the same SNIa in the Hubble flow considered by 
the SHOES team (as in the Pantheon compilation?) because in this way 
we avoid double-counting issues. In some of our Tables we also provide 
the best-fit values of M. This allows us to quantity the ‘M tension’, i.e. 
the tension between the latter and Msyors. We show in Sec. 4.2 that the 
statistical level of the SHOES- Planck tension can be in some cases quite 
different when formulated in terms of Hp and M. 

e BAO: We have employed the data reported in.9:22:62-65 

e WL: In some of our fitting analyses we employ the KiDS +VIKING- 
450+DESY1 prior Sg = 0.762*002,.99 The author of?" has raised some 
concerns about the use of og and derived quantities as Sg. He suggests the 
use of 215, defined as the rms linear theory variance at the fixed scale of 12 
Mpc, and S12 = 21»(w,,/0.14)0-^. We provide the values of these parameters 
in some of our Tables, together with the usual og and Sg. 

e RSD: Data on anisotropic clustering of galaxies in redshift space, and from 
the direct measurement of peculiar velocities.9: 22-68-75 We call this data set 
RSD in short because most of these points are obtained from the analysis 
of redshift-space distortions. 


The corresponding fitting results are presented and discussed in Sec. 4. In order 
to quantify the impact of the SHOES prior on the fitting results and on the ability of 
the models to loosen the Ho/ M tension we study and compare the constraints on our 
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Table 1. The mean fit values and 68.3% confidence limits for the ACDM, the wCDM, EDEp (1) 
and EDEpMP (5), using the CMBpol--SNIa and CMBpolens--SNIa4-M data sets (cf. Sec. 3). For 
QRD and QMD we also show the 2c limits inside the parentheses. Constraints on 7 are provided 
in.! See the comments in Sec. 4.1. 


CMBpol4-SNIa 
Parameter ACDM wCDM EDEp EDEp™? 
Wp 0.02239+9:00014 | 0.02237+9:90016 | 0 92238+0:00017 ERAT a peer. 
Wedm 0.1199+9:0015 | 0.1204 + 0.0014| 10:1218* 0 00:8. | 0120870 00 8 
ns 0.9659 + 0.0044 | 0.90646* 00043 | 0.9642*00042 | 0,9642+9:0053 
Ho [km/s/Mpc] ||  67.60+9:59 68.551112 68.71 + 1.16 68.61* 1-08 
cs 0.8043*0007 | 0.823-E0.014 | 0.817'0 013 UBER UD 
ra [Mpc] 147.02*025 | 146.92+0.30 | 146.18*006 146.75+0:30 
w -1 —1.0389*0025 | —1.050*004. | —1.05345-038 
QRD (%) 0 0 « 0.91 (« 2.08) 0 
QMD (%) 0 0 < 0.27 (< 0.69) | < 0.29 (< 0.69) 
CMBpolens4-SNIa4-M 
Parameter ACDM wCDM EDEp EDEp™? 
Wp 0.02257. 0.00015 |0:02241 1 000015 | 0.02245+0:00015 | 0.02239 + 0.00015 
Wedm 0.1179 + 0.0012 | 0.1200 + 0.0015 | 0.1212 + 0.0016 | 0.1206 + 0.0012 
ns 0.9709 + 0.0044 | 0.96580 0047 | 0.90059*0 0045 | 0.9656" 0 0041 
Ho [km/s/Mpc] || | 68.56*025 70.555038 70.63+9:$6 70.20+9:52 
og 0.811*0007 | 0.838 +0.014 | 0.830+9:915 0.835 + 0.010 
ra [Mpc] 147.36") 56 146.98* 0-25 46:21 95-45 146.79 + 0.29 
w -1 —1.09819:035 | —1.099+9:933 | —1.099+9:030 
QRD (%) 0 0 < 1.14 (2.44) 0 
QMD (%) 0 0 « 0.22 (0.52) « 0.22 (0.54) 


EDE models obtained: (i) with a minimal data set composed by CMBpol--SNIa; and 
(ii) adding on top of the latter the SHOES prior on M, i.e. using CMBpol4-SNIa4- M. 
The SNIa data help to break the strong degeneracies found in the w-Hp plane when 
only CMB data are used in the analysis." 

The properties and limitations of the EDEp and EDEpMP parametrizations 
are already grasped with the aforementioned minimal data sets (cf. Table 1). For 
EDEpMP'^ we study also the effect of the CMB lensing and BAO+RSD data 
when combined with CMBpol--SNIa. We provide the corresponding constraints in 
figures 2 and 3. For the analyses of the binned pac(z) described in Sec. 2.2 we report 
our results in Table 2, where we explicitly test the impact of BAO and the weak 
lensing data, by considering not only the minimal data sets described in the previous 
paragraph, but also adding the information on BAO and BAO--WL. In addition, 
we redo the fitting analyses considering also the CMB lensing in order to quantify 
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its impact. For further explanations on the data we refer the reader to our work! 
and the original data sources. 


4. Results and discussion 


We present and discuss now the results obtained from the fitting analyses of the 
EDE parametrizations and the tomographic EDE described in Secs. 2.1 and 2.2, 
respectively, using the methodology and data sets of the previous section. 


4.1. Results for the parametric analysis 


'The mean fit values and corresponding uncertainties for the various cosmological 
parameters in the EDEp and EDEpMP parametrizations obtained with the baseline 
CMBpol+SNla dataset are reported in Table 1. The constraints on the fraction 
of early dark energy in the EDEp parametrization in the radiation- and matter- 
dominated epochs, Q2P and QMP, are very strong. They lie below ~ 2% and ~ 0.7%, 
respectively, at the 2c c.l. It is interesting to observe that the upper limit of Qu in 
the EDEpMP parametrization coincides with the one obtained in the more general 
EDEp. The constraints on QMD and QD in EDEp are quite independent. Actually, 
we have checked that the correlation coefficient between these two parameters is 
pretty small, ~ 5.6%. As already noticed in,4* the low upper limits on Qna and 
QMP are due to the very tight constraint on the fraction of EDE around the CMB 
decoupling time. The latter acts as an anchor for QRP and even more for QMP, 
in the last scattering surface the matter energy density is already ~ 3 times larger 
than the radiation one. 

Another result from Table 1 to remark is that EDEp cannot alleviate significantly 
the Ho and og tensions. The shape of the early dark energy density seems to be too 
restricted in these parametrization. There is a slight increase of Hp in EDEp and 
EDEpMP with respect to the ACDM, but it is mainly due to the dynamics of the 
late-time DE, and this is why the major part of the effect is already found with the 
wCDM parametrization.?? 

When we include the SHOES prior in our fitting analysis we increase, of course, 
the value of the Hubble parameter, see Table 1. The tension with the distance 
ladder determination is now only of ~ 1.70, but this is again mainly thanks to 
the lowering of w, which now lies more in the phantom region (30 away below 
w = —1). The values of w and Hp are almost identical to those found in the wCDM 
parametrization, and EDE does not have any important impact on the Ho tension 
in the context of the EDEp parametrization. The loosening of the Ho tension is 
accompanied by a slight worsening of the og one due to the positive correlation 
between Ho and og. Phantom dark energy leads to lower values of the DE density in 
the past and this produces, in turn, an increase of the structure formation processes 
in the Universe. It seems that the EDE density has a too restricted form in the 
parameterizations under study here. They allow for plateaux and generalize previous 


since 
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Fig. 2. Constraints on OMe at 95% c.l. obtained from the fitting analyses of the EDEpMD.thr 
parametrization (6), and under the data sets shown in the legend. 


studies, but still seem to be quite constrained and unable to resolve the tensions. In 
the next section we then investigate the binned tomographic approach described in 
Sec. 2.2. Before moving on, however, we discuss briefly two options to weaken the 
constraints on the fraction of EDE. 

Much weaker constraints on the fraction of EDE can be obtained by allowing 
for values of &? < 1. The only difference between our EDE and cold dark matter 
during the MDE is found at the perturbations level. Both are pressureless fluids at 
the background level, but have different ¢,. The latter is equal to 1 for EDE and 
0 for the dark matter. Hence, we expect the constraints on OMP 
decrease the value of 6, of EDE, and even obtain a full degeneracy between the 
fraction of EDE and CDM during the MDE in the limit 6, — 0. This is actually 
what happens, as we explicitly show in Fig. 2 of.! We have to say, though, that 
the change in the sound speed does not help to alleviate the cosmological tensions, 
neither. For instance, under the CMBPol--SNIa data set the Hubble parameter 
remains close to ~ 67.5 km/s/Mpc, and the lo uncertainty is lower than ~ 0.8 
km/s/Mpc regardless of the value of ĉ under consideration when the late-time DE 
dynamics is switched off. 

One can also get weaker constraints on EDE in the MDE by activating EDE at 
lower redshifts. In order to study this effect we explore the EDEpMP' ^^" parametriza- 
tion (6). In Fig. 2 we provide the 26 c.l. bounds on QMP obtained with the baseline 
data set CMBpol--SNIa with and without late-time dark energy dynamics, and also 
adding the CMB lensing and the BAO+RSD data sets. When zthy — oo we recover 
the constraints obtained in the EDEpM? model, of course, but when we allow for 
lower values of the threshold redshift (below the CMB decoupling one) we get larger 
upper bounds on o which depend on the concrete data set under consideration 
and also on zyiy;. We report the results obtained with zip, = 10, 50, 200, 500, oo. The 
addition of the Planck 2018 CMB lensing to the CMBpol--SNIa baseline data set 
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Fig. 3. Constraints for Ho, og and w at lo and 2e c.l. obtained with the EDEpMD.t^r 
parametrization (6) for different values of the threshold redshift zy; and using the same com- 
bined data sets as in Fig. 2. 


we also include the BAO+RSD data the decrease is even bigger, ~ 75%. If we turn 
off the late-time dynamics of DE we also obtain tighter bounds on QMP, just be- 
cause in this case we remove the degeneracy between this parameter and w. Our 
Fig. 2 can be compared with Figs. 6-7 ofS and Fig. 11 of,*9 which were obviously 
obtained with older data sets. In^? the authors employed CMB data from WMAP9 
combined with small scale measurements from the South Pole Telescope (SPT), 
whereas inf? the authors employed the Planck 2015 CMB likelihood and studied 
the impact of some other background and weak lensing data sets, as described in 
Sec. 4 in that reference. The results presented in this section constitute a signifi- 
cant update obtained with the Planck 2018 likelihood and also other more recent 
background and LSS data (cf. Sec. 3 for details). 

In Fig. 3 we provide the corresponding constraints on Ho, og and w at lo and 
20 c.l. in the EDEpMP'*^h* parameterization for the same scenarios explored in Fig. 
2. They support some of the comments made in the previous paragraphs of this 
section, e.g. (i) the values of og and Ho remain close to those found in the ACDM 
model. In other words, the tensions are not significantly alleviated in this class of 
scaling early dark energy models; (ii) phantom values of w « —1 allow us to decrease 
the Ho tension very slightly; and (iii) larger values of w lead to lower values of og 
due to the presence of a larger fraction of dark energy at low redshifts. This is why 
we get w ~ —1 when we include the BAO+RSD data set. 

The dedicated analysis presented in this section updated and generalized previ- 
ous constraints on this class of early dark energy models, and motivated the study of 
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Table 2. The mean fit values and 68.3% confidence limits for the most important cosmological 
(main+derived) parameters, obtained under different data sets (with and without CMB lens- 
ing) for the binned pge(z) described in Sec. 2.2. See Fig. 4 for the constraints on Qae(z), and 
Sec. 4.2 for a thorough discussion on these results. Here we have employed the following notation: 
BasezCMBpol4-SNIa and BaseLzCMBpolens4-SNIa. 


Parameter Base Base+M Base+M+BAO | Base+M+BAO+WL 
Ub 0.02257*0-00022 10.022770 00028 | 0.022827 0-00024 | — 0.02259 + 0.00021 
+0.0020 +0.0020 +0.0013 
Ucdm (.1222*00020 (0,1921 + 0.0022 | 0.1223+9:9020 0.1200+9:0013 
+0.0072 +0.0067 +0.0070 +0.0061 
Ns 0.9727" 9.0073 0.9752 9/0069 0.9760 90971 0.9740 9.9067 
Ho [km/s/Mpc] || _ 68.297 136 70.860 100 70.38 50.54 69.857 0-76 
M 19.405 + 0.032] —19.342*0-023 | —19.350*0 010 —19.365* 0-018 
7s 08541092 | oso him | 0877100 0.8330 018 
Ss 0.860*0025 | 0.863 + 0.029 0.866 0-026 0.819* 0.014 
012 0.840*0019 | 0.843 + 0.022 (843 0-025 0:806 0 ers 
+0.022 +0.024 +0.023 +0.014 
512 0.8517 9.025 0.8547 9.027 0.8557 9.026 08105 0.016 
ra [Mpc] 145.66 090 145.22 * 0-90 145.06 0 97 146.51* 081 
w —1.03775 04° | —1.070 + 0.038 | —1.048*0 027 —1.037* 0-022 
Parameter BaseL BaseL+M BaseL+M+BAO | BaseL+M+BAO+WL 
+0.00021 +0.00023 +0.00022 +0.00021 
We 0.02257" 9 00023 | 0-02274 0.00025 | 9-02277 ^ 9.00024 0.02266 y 99050 
Wedm 0.1215 + 0.0016 | 0.1211 + 0.0017 | 0.1214 + 0.0016 0.1193+0:0014 
+0.0063 +0.0067 +0.0068 +0.0061 
Ns 0.972110.0071 | 0-9748_0.0071 | _9-9746 9.0069 0.9727 20.0068 
Ho [km/s/Mpc] | 68.254124 70.841103 TUTTO 70.00* 0-26 
M —19.40770-634 | —19.343*0 024 | —19.355 + 0.018 —19.362 + 0.016 
+0.017 +0.019 +0.019 +0.013 
28 0.845 9920 0.868 10.021 0.864 0.021 0.839 y 915 
+0.019 +0.020 +0.019 +0.012 
Ss 0.8587 9951 0.848 10.022 0.853 10.020 0.824 0.013 
ze oases | oasitoo1s | 0.833120: O07 oE 
Sis 0.841* 0 016 0.840 * 0-017 0.843 + 0.018 0.815* 0 011 
ra [Mpc] 145.94 0-02 145.65 * 022 145.5110 22 146.46 * 020 
m —1.085*0-020 | —1.067*0 026 | —1.050*0 022 —1.045 + 0.032 


the next section, in which we will reconstruct the shape of Qae(z) without sticking 
to a restricted family of parametrizations. 


4.2. Results for tomographic dark energy 


Now we provide the results obtained in the tomographic model described in Sec. 
2.2 in order to see whether more general shapes of Q4,(z) can loosen the cosmo- 
logical tensions. This is in fact suggested by previous analyses in the literature, see 
e.g. 28-43, 77 

Our results are presented in Table 2 and Fig. 4. They confirm that a significant 
(and non-constant) fraction of EDE in the RDE can alleviate the Ho tension if 
it can be kept below ~ 0.6% at 2c c.l. around the CMB decoupling time, i.e. at 
z ~ 1000 — 2000. For instance, from the analysis of the CMBpolens+SNla and 


CMBpolens+SNla+M+BAO data sets we obtain Ho = (68.25*127) km/s/Mpc 
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and Ho = (70.217030) km/s/Mpc, respectively. They are 2.770 and 1.950 below the 
SHOES measurement, and the central value is significantly lower when the SHOES 
prior is not considered. The authors of^* reported similar results in the context of 
the ultra-light axion model. Nevertheless, if we compare the values of M obtained 
from these data sets with Msyors we still obtain a tension of 3.800 and 3.070, 
respectively. T'his means that in terms of M, the tension is bigger than when it is 
formulated in terms of Ho, and the capability of EDE of alleviating the tension is 
much lower, at least in the EDE framework we are considering here. 

We also see that the large fraction of Qae(z) required in the RDE to loosen the 
Ho tension, which can be of about ~ 4 — 5% at 20 c.l. according to some data sets 
that include the SHOES prior on M but no LSS information, leads to higher values of 
Weam and, to a lesser extent, also of ns, which in turn exacerbates the og /Sg tension. 
The former is needed to reduce the early integrated Sachs-Wolfe effect introduced 
by the EDE. This is aligned with previous works that also consider EDE in the pre- 
recombination epoch, see e.g.44 16.75.79 Table 2 shows that the tension decreases 
^ lo when it is analyzed through the LSS estimators c12 and 515.97 Nevertheless, 
it does not disappear. Under the CMBpolens4-SNIa4-M data set the og tension is 
of 3.630, whereas for the c1» parameter it is of 2.64c, and a similar decrease is 
observed when other data combinations are employed in the fitting analysis. 

When the SHOES prior on M is taken into account in absence of LSS data, we get 
a ~ 2c evidence for the presence of a non-null EDE fraction during the RDE, similar 
to.H. Nevertheless, the inclusion of the weak lensing data from KiDS-- VIKING-450 
and DES-Y1 (cf. Sec. 3) forces the EDE fraction in the RDE to be again compatible 
at lo with 0 in order to allow weam to take values closer to the ACDM ones and 
not to worsen the og/Sg tension. Notice that, as expected, the upper bound on 
the fraction of EDE in the MDE that we obtain in our binned analysis is larger 
than the one found with EDEp and its variants, even when the prior on Sg is not 
included (see Table 1 and Fig. 4). Indeed, higher fractions of EDE in the MDE (see 
again Fig. 4) also allow to keep the amount of LSS more under control. With the 
CMBpolens+SNla+M+BAO+WL we obtain Ho = (70.00*079) km/s/Mpc and 
M = —19.362 + 0.016. They are in 2.130 and 3.280 tension with the SHOES values, 
respectively. Again, the tension in M is larger than in Ho by ~ 1c. Regarding the 
LSS estimators, we obtain Sg = 0.824*0012 and a1» = 0.81070 01$. The former is 
in 2.250 tension with the KiDS+VIKING-450+DESY1 value, whereas the latter is 
compatible at lo with the value obtained in the ACDM. The tensions in Hy and 
Sg can be kept at ~ 2c c.l. under this concrete data set, as advocated in.” 

'The effect of the CMB lensing from Planck 2018 on the EDE fraction can be 
appreciated by direct comparison of the plots in the left and right columns of Fig. 4. 
When the CMB lensing is included, the upper bound on Q4,(z) is reduced by ~ 1% 
for z Z 5000, by a ~ 0.5% for 3000 S z < 5000 and by a smaller fraction at lower 
redshifts. Some differences are found, though, depending on the other data sets 
employed in the fitting analyses. The preferred matter densities decrease, although 
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Fig. 4. Left plots: Reconstructed shapes of Qge(z) obtained from the fitting analyses without the 
Planck 2018 CMB lensing data (cf. Sec. 3). In the first and second rows we show the constraints 
in the region z € [0, 2- 104] at lo and 2ø c.l., respectively. In the last row we zoom in the redshift 
range z € [0,3000] to better appreciate the details in the MDE. The tightest upper bound on 
Qae(z) is obtained around the CMB decoupling time, i.e. at z ~ 1000 — 2000, where the data force 
Qae(z) S 0.696 at 20 c.l; Right plots: The same, but including the CMB lensing data. See the 
comments in Sec. 4.2. 


they are still compatible at 1o with the ones inferred without including the CMB 
lensing. This leads also to a slight decrease on the LSS estimators when the weak 
lensing prior is not considered. When the latter is included, the values of c12 and 
$1» (and also og and Sg) remain stable under the addition of the CMB lensing 
likelihood. 

We would like to remark the very low upper bounds that we obtain for the EDE 
fraction in the redshift range z € (1000, 2000), cf. Fig. 4. The exact value for these 
upper bounds depend on the specific data set, e.g. the constraints are a little bit 
weaker when the WL prior is used in the fitting analysis, but the EDE fraction when 
€, = lis, in any case, very strongly constrained in that epoch and lies always below 
~ 0.6% regardless of the data set under consideration. Under the full data set, the 
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EDE fractions are constrained to be below 2.696 in the RDE and S 1 — 1.596 in the 
redshift range z € (100, 1000) at 2c c.l. This limits strongly the possible impact of 
EDE on the value of the Hubble parameter or the present amount of structure. 


5. Conclusions 


In this work we have studied the phenomenological performance of a family of 
flexible parametrizations for the dark energy density that are able to mimic the 
scaling behavior that is encountered in a wide variety of quintessence models. DE 
has been treated as a perfect fluid with two plateaus in Qae(z), one in the matter- 
dominated epoch and another one in the radiation-dominated era. We have put very 
tight constraints on the fraction of EDE in the radiation- and matter-dominated 
epochs in the context of these models. The CMBpol--SNIa data set already forces 
these two quantities to lie below 2.4496 and 0.5296 at 2c c.l., respectively. These 
strong constraints are necessary to respect the upper bound on the amount of EDE 
at the last scattering surface, as we have explicitly checked in our tomographic 
analysis. We have found that this class of scaling EDE models does not lead to a 
significant alleviation of the Ho and og tensions. Larger EDE fractions are allowed 
by the data if: (i) the sound speed for DE is fixed at values 62 < 1, since in this 
limit dark energy behaves as dark matter during the matter-dominated epoch at 
the background and perturbations levels and, hence, there is a huge degeneracy 
between these two components. If we would assume a vanishing sound speed for 
dark energy there would be no way to distinguish it from dark matter. We find 
indeed no bounds on the dark energy fraction in this case. This changes drastically 
already for a rather small sound speed of EDE of the order 1074; and (ii) if EDE is 
switched on at later times, already in the matter-dominated era. Nevertheless, the 
cosmological tensions remain also in these cases. 

EDE can only have a larger impact on the cosmological tensions if Qae(z) takes 
more flexible shapes that allow to respect the very strict constraints found around 
the CMB decoupling time (Que(Zaec) SS 0.4% at 20 c.l.), while still leading to a 
significant EDE fraction in other epochs of the cosmic expansion. The strong bound 
on EDE for redshift 200 < z < 1000 (Qae(z) S 1% at 20 c.l.) is rather impressive 
since it is entirely based on the different clustering properties of dark energy and 
dark matter. 

In general, when the SHOES prior is not included in the fitting analysis there 
is no significant shift in the value of the Hubble parameter when compared to the 
ACDM, although the uncertainties clearly grow by a factor 2 — 3. This allows to 
decrease the Ho tension to the 2.660 c.l. under the minimal CMBpol+SNlIa data 
set. The addition of the CMB lensing has a very mild effect, increasing the tension 
up to the 2.73c level. 

When the BAO data and the SHOES prior are also considered, the Ho tension is 
reduced to the ~ 2c level by increasing the EDE fraction at the radiation-dominated 
epoch. A 2c preference for a non-null EDE density in that epoch is obtained, 
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Qae(z) S 496 at 9596 c.l. Our reconstructed Q4,(z) allows for non-peaked shapes, 
in contrast to what one finds e.g. in models based on ultra-light axions.*!:8° The 
model needs, though, values of the current dark matter density much larger than 
the ones typically encountered in the concordance model. This is to lower the early 
integrated Sachs-Wolfe effect down, which is enhanced by the presence of EDE in 
the pre-recombination epoch. This automatically leads to an increase of og and Sg 
that worsens the LSS tension, which lies now at the 3 — 3.50 c.l. In terms of 215, 
the tension is somewhat lower, but still remains at the ~ 2.7c level, as when the M 
prior is not used in the analysis. It is also to be noted that the Ho tension still stays 
at the 3c level when formulated in terms of the absolute magnitude of SNIa M. 

Finally, when we use the most complete data set, taking also the weak lensing 
data into account, we find that the model can keep the Hp and Sg tensions at 
the ~ 20 c.l., thanks also to a slight increase of the EDE fraction in the matter- 
dominated epoch, although, again, the M tension remains at > 3c. 

In view of our results, it seems unlikely that EDE alone can provide a satis- 
factory resolution of the cosmological tensions. Whether the latter have or not a 
physical origin, or whether their statistical significance is as high as claimed by 
some sectors of the cosmological community, is still a matter of discussion and is 
certainly not a closed subject. Here we conclude that, in any case, if the data sets 
employed in this study do not suffer from any important systematic errors, uncou- 
pled EDE is not able to relieve completely the tensions. Under our full data set 
CMBpolens+SNla+M+BAO+WL they remain at 2 — 30 c.l. 

Nothing prevents, though, the solution to the cosmological tensions to be multi- 
sided, rather than due to a single new physics component. EDE could still play a 
significant role in this story. Some interesting directions to explore in the future are: 
(i) a possible coupling of EDE to dark matter, (ii) the impact of more complicated 
behavior of the EDE sound speed, parameterizing its time dependence, or perform- 
ing a tomographic analysis similar to the one we have carried out in this work 
for the EDE density; and (iii) the potential degeneracy between EDE and other 
cosmological parameters, as the neutrino masses, which could in principle help to 
soften the Sg tension while keeping the needed amount of non-relativistic matter 
at the CMB decoupling time. The latter would be needed, together with a higher 
EDE fraction in the radiation-dominated epoch, in order to increase the value of 
the Hubble parameter. We leave these investigations for a future work. 
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The cosmological constant (CC) term, A, in Einstein's equations has been for about three 
decades a fundamental building block of the concordance or standard ACDM model 
of cosmology. Although the latter is not free of fundamental problems, it provides a 
good phenomenological description of the overall cosmological observations. However, 
an interesting improvement in such a phenomenological description and also a change 
in the theoretical status of the A-term occurs upon realizing that the vacuum energy 
is actually a “running quantity" in quantum field theory in curved spacetime. Several 
works have shown that this option can compete with the ACDM with a rigid A term. 
The so-called, “running vacuum models” (RVM) are characterized indeed by a vacuum 
energy density, pvac, which is evolving with time as a series of even powers of the Hubble 
parameter and its time derivatives. This form has been motivated by semi-qualitative 
renormalization group arguments in previous works. Here we review a recent detailed 
computation by the authors of the renormalized energy-momentum tensor of a non- 
minimally coupled scalar field with the help of adiabatic regularization procedure. The 
final result is noteworthy: pvac(H) takes the precise structure of the RVM, namely a 
constant term plus a dynamical component ~ H? (which should be detectable in the 
present universe) including also higher order effects O(H*) which can be of interest 
during the early stages of the cosmological evolution. Besides, it is most remarkable that 
such renormalized form of the vacuum energy density does not carry dangerous terms 
proportional to m^, the quartic powers of the masses of the fields, which are a well-known 
source of exceedingly large contributions to the vacuum energy density and are directly 
responsible for extreme fine tuning in the context of the cosmological constant problem. 


Keywords: Cosmology, Dark Energy, Quantum Field Theory. 


1. Introduction 


Since the mid nineties, the cosmological constant (CC) term, A, in Einstein's equa- 
tions has been a crucial ingredient of the ‘concordance’ or standard ACDM model 
of cosmology.! From the phenomenological point of view it was favored only as of 
the time A became a physically measured quantity some twenty years ago.? Nowa- 
days, precision cosmology? is able to do better measurements of A, or more pre- 
cisely of the associated parameter Q9. = o0. ./p9, established by observations to be 


Vi 


0°... ~ 0.7. Here, the vacuum energy density (VED) is associated to A and defined 
as oO... = A/(81Gy), where Gy is Newton's constant and o = 3H2/(81Gy) is the 
critical density in our times. However, there is a lot of uncertainty with the CC with 


respect its nature and origin at a fundamental level. For instance it is commonly 


*Speaker 
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assumed that A may be related with the Zero-Point Energy (ZPE) of the quantum 
matter fields and with the Higgs potential of the Standard Model (SM). However, 
if ones compares the observational value yac with the ZPE of a typical SM par- 
ticle such as the electron we are left with a tiny value of p9P5/pzpg ~ 10-94. If 
compared with the ground state energy of the effective Higgs potential, Vg, we 
find p9P$/(V.g) ~ 10796. This issue is generically called the cosmological constant 
problem^? and affects all forms of dark energy (DE).9 1? Another aspect of this 
intriguing topic is the fact that, at the present time, o9 * and popm, the energy 
density associated to Cold Dark Matter (CDM), are observed to be of the same 
order of magnitude, despite the fact that pcpm is assumed to decrease with the 
expansion as a^ ?, being a the scale factor, whereas Pyac maintains constant. 

The astonishing theoretical problems, though, are not the only ones concerning 
the concordance model. Currently, some important measurements seems to be in 
tension with the ACDM, emphasizing the discrepant values of the Hubble parameter 
at the present time, Ho, obtained from independent measurements of the early and 
the local universe.!! It is still unknown if these tensions are the result of systematic 
errors, but the chance that a deviation from the ACDM model could provide an 
explanation for such discrepancies!? is totally open. 

As it has been shown in the literature, models mimicking a time-evolving pyac, 
which are allowed by the cosmological principle, could help in alleviating the men- 
13-18 and.1%25 In this work, we review recent work?? on the 
possibility of having dynamical vacuum energy density (VED), pyac, in the context of 
quantum field theory (QFT) in curved spacetime with a spatially flat Friedmann- 
Lemaitre-Robertson-Walker (FLRW) metric. We want to focus on the dynamics 
associated to the running vacuum model (RVM);?7 ?° for a review, see?" ?? and 
references therein. Related studies are e.g.?^?^ and,35 36 but also others extending 
the subject to the context of supersymmetric theories3™ 38 
Recently, some works in the framework of the effective action of string theories 
have been dealed with the topic. 

In the calculations reviewed here, the renormalization of the energy-momentum 
tensor is done using the adiabatic regularization procedure (ARP).*6 4? The renor- 
malization process is a WKB approximation of the field modes in an expanding 
FLRW background. Once the VED is renormalized, obtained upon inclusion of the 
renormalized value of p4 (associated to A) at a given scale, it does not include 
the dangerous contributions depending on the fourth power of the particle masses 
(~ m^) and therefore it is free from huge induced corrections to the VED.?9 Addi- 
tionally, we find a RVM-like form for the VED in the current times, co + vH?, with 
co related to the usual constant term and |v| < 1. This last parameter represents 
only a small (dynamical) correction to the constant term and, depending on the 


tioned problems, see e.g. 


and to supergravity.?? 
40-45 


sign of rv, it can mimic quintessence or phantom DE. 

First, in Sec. 2 our framework is defined, consisting of a real scalar field non- 
minimally coupled to gravity, and we present the classical energy-momentum tensor 
(EMT). Later on, in Sections 3 and 4, we present the quantum fluctuations in the 
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adiabatic vacuum by means of a WKB expansion of the field modes in the FLRW 
background and we discuss the adiabatic regularization of the EMT. In Sec. 5 we 
start with the renormalization of the EMT in the FLRW context through the ARP, 
which is then needed in Sec. 6 to derive the precise result of pyac from the renor- 
malized ZPE up to terms of adiabatic order 4. In our case that means up to O(H*). 
We also demonstrate that the values of the VED at different scales are related by 
an expression which does not contain quartic powers of the masses. 'To continue, in 
Sec. 7, we connect the computed VED in this work with the well-known running 
vacuum model (RVM), which originally was justified from renormalization group 
arguments in curved spacetime in previous works. À summary of the conclusions 
and discussion appear in Sec. 8. At the end, we define our conventions and collect 
some useful formulas in Appendix. 


2. Energy-Momentum Tensor for non-minimally coupled 
scalar field 


Einstein’s equations read? 


1 matter 
Ry, — g PIu + AGuy = STG NTv Mero (1) 
where Tz''** is the EMT of matter. They can also be written as 
T 
G " v= matter j 2 
8STGwN uv t PAGn m» ( ) 


where Guy = Ry, — Z Rgp and pa = A/(87Gy) is the VED associated to A. 
The associated contribution of A to Ti = 
contributions to the total VED, associated to the quantum fluctuations of the fields, 
and also to their classical ground state energy. In this work, for practical reasons, 
we will assume that there is only one (matter) field in the form of a real scalar 
field, ¢, and we will denote by T$, the piece of the EMT associated to it. Thus 
Tt = T^, + T$. We neglect other incoherent matter contributions such as dust 
and radiation because they can be added without altering the QFT considerations 
developed here. 

A non-minimal coupling between the scalar field and gravity is assumed, without 
any classical potential for  . The part of the action associated to ¢ is 


sig =- [ tovc (30060,0 5m? cen , (3) 


where £ is the non-minimal coupling between $ and gravity. In the special case 


—PAGuv- But, in general, there are more 


€ = 1/6, the massless (m = 0) action has conformal symmetry, i.e. symmetric 
under simultaneous rescalings of the g,,, and ¢ with a local function a(x): gy, — 
e2e(z) gu, and ¢ > e-9 006. However, we will keep £ general as it enables a richer 
phenomenology. 


?Some useful geometrical quantities can be seen in the Appendix. 


1736 


The Klein-Gordon (KG) equation is satisfied by the field 9, 
(D — m? - ER) = 0. (4) 


Here Od = g""V,V,9 = (-9)- 1/20, (Vg g""0,Q). On the other hand, the EMT 
takes this form : 


2 S, 1 
T = =(1 2 v 26 — — v £ [24 
lé) gs = 0 - 202,00, (2t - 5) gird" 00 
1 
260V u Vuo F 2EGurP o+ EG ur? ES 3" gu". (5) 
In this work we consider a spatially flat FLRW metric in the conformal frame. 
Being 7 the conformal time we have ds? = a?(n)n,,da"da", with nv = 


diag(—1, --1, -1,--1) the Minkowski metric. Differentiation with respect the con- 
formal time is denoted by ()' = d () /dn. It is convinient to define H(n) = a’/a and, 
since dt = adn, it is related with the usual Hubble rate H(t) = à/a as H(n) = aH(t). 
Despite the fact we will do intermediate calculations in conformal time, at the end 
it will be useful to express the VED in terms of the usual Hubble rate H(t), because 
it is the easiest way to compare with other RVM results in the literature. 


3. Quantum fluctuations and WKB ansatz 


Now, we can take into account the quantum fluctuations of the field o as an expan- 
sion around the background field (or classical mean field), do: 


The vacuum expectation value (VEV) of the field is (0|4(7, z)|0) = @(7), whereas 
we assume that the VEV of the fluctuations vanishes: (0|5¢|0) = 0. The vacuum 
state to which we are referring to is the so-called adiabatic vacuum, we will make 
some comments about this below. 

The corresponding EMT decomposes itself as (T$) = (Tie) + ITRS), where 
(T 15) = T$: is the contribution from the background part and (T 2 is related with 
the quantum fluctuations. In particular, the (7, d ) is associated to the ZPE density 
of the scalar field in the FLRW background. Thus, the total vacuum contribution 
to the EMT reads 


Uu) = Tay + (Tas) = —Pvgue + (Tas) - (7) 
This means that the total vacuum EMT receives contributions from the cosmological 
constant term and from the quantum fluctuations. A renormalized version of this 
equation will lead us to a renormalized VED, as we will see later. 
The KG equation (4) is satisfied independently by the classical field and the 
quantum part (6). Let us concentrate on the fluctuation 6¢. Its Fourier decomposi- 
tion in frequency modes A; (1) is 


66(n,x) = —— 


as; | as | Axe" hi (uj) + Al eT hx (n) i (8) 
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Ay and At are the (time-independent) annihilation and creation operators, with 
commutation relations 


[A Awt] = ô(k- k’), — [Ai Aw] = 0. (9) 


Introducing the Fourier expansion (8) in (L1 — m? — ER) 6¢ = 0 we find that the 
frequency modes of the fluctuations satisfy 


k +Okhk =0, Ngn) = wi(m) + a? (E — 1/6)R, (10) 


with w2 (m) = k?--a?m?. As we can see, hy depends uniquely on the modulus k = |k| 
of the momentum. Since €); (r) is a nontrivial function of the conformal time, there is 
no closed form of the solution of (10). Instead of looking to an analytical solution, 
we will generate an approximate solution from a recursive method based on the 
phase integral ansatz 


hy (n) ~ awe? ( J ' wi pai) | (11) 


Therefore, the function Wy (1) satisfies the following differential equation: 


1W! 3/WiW? 
f= OF E} E), 12 


This non-linear differential equation can be solved using the WKB approximation. 
The solution is valid for large k (i.e. for short wave lengths) and the function €); is 
slowly varying for weak fields. The notion of vacuum we work with it is called the 
adiabatic vacuum,°° °? and can be defined as the quantum state annihilated by all 
the operators A; of the Fourier expansion of the scalar field, see!6 4? for details. The 
physical interpretation of the modes (10) with frequencies dependending on time, 
must be understood in terms of field observables rather than in particle language. 
Therefore, for a more physical interpretation of the vacuum effects of the expanding 
background, we must compute the renormalized EMT in the FLRW spacetime, but 
first we need to regularize it. 


4. Adiabatic regularization of the EMT 


The adiabatic (slowly varying) Q), is susceptible to be computed using Eq. (12) 
to generate an (asymptotic) series solution. In this context, the series is obtained 
through the adiabatic regularization procedure (ARP)? and it is organized in what 
we call adiabatic orders. First, the quantites considered of adiabatic order 0 are: k? 
and a. Of adiabatic order 1 are: a’ and H. Then a", a?,?1' and H? are quantities 


bThis method was introduced for minimally coupled massive scalar fields in.9:5? In,99 it is gen- 
eralized for other couplings. A review can be found in the classic books.29:47 The ARP has been 
used in the context of QFT in curved backgrounds??:36 and also it has been extended to other 
fields, such as the spin one-half fields in.59:54 
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of adiabatic order 2. We can sum up by saying that each extra derivative in con- 
formal time increases the adiabatic order one unit. As a consequence, the "effective 
frequency" W; can be written as an asymptotic expansion: 


Wy = + ug 4 us, (13) 


where each m ) is an adiabatic correction of order j. This leads to an expansion of 
the mode function hy, in even order adiabatic terms. This is justified by arguments 
of general covariance, since only terms of even adiabatic order (an even number of 


time derivatives) are allowed in the field equations. 


4.1. Introducing the renormalization parameter 


We start by defining the Oth order terms 
uw) = wk = V k? + a2? M2. (14) 


In this approach the WKB expansion is performed off-shell, at an arbitrary mass 
scale M replacing the scalar field mass m in (14). In consequence, ARP can be 
formulated in such a way that we can relate the adiabatically renormalized theory 
at two different scales.?9 If M = m we obtain the renormalized theory on-shell. In 
the computation of the EMT, the parameter A? = m? — M? will appear in the 
correction terms and it has to be considered of adiabatic order 2 since it appears 
in the WKB expansion together with other terms of the same adiabatic order.?9 If 
A — 0, then M = m and corresponds to the usual on-shell ARP, see.46:47 With the 
help of this formalism one can explore the evolution of the VED throughout the 
cosmological history as it has been done for the first time in.?° As we shall see, it will 
be convenient to consider m to be of the order of magnitude as the masses of Grand 
Unified Theory (GUT) fields in order to explore the dynamics of the VED in the 
low energy domain M? < m? (corresponding to the late universe). For simplicity, 
we model here all particles in terms of real scalar fields as in.?6 For a generalization 
to fermion fields, see.?? 


4.2. Regularized ZPE 


Our starting point is the initial solution Wp ~ oO indicated in Eq. (14). For a = 1, 
it corresponds to the standard Minkowski space modes. Since a = a(n) we have to 
find a better approximation. We use the initial solution wo) in (12) and expand 
the RHS in powers of uy, then collect the new terms up to adiabatic order 2 to 
find ma Now, we repeat the process with Wp ez oO + w on the RHS of the 
same equation, expand again in oe collect contributions of adiabatic order 4... 
After some steps, the expansion seems to be organized in powers of vw; ~ 1/k (i.e. 
a short wavelength expansion). The UV divergent terms of the ARP are precisely 
the first lowest powers of ws which are present in the first adiabatic orders of the 
expansion. Higher adiabatic orders come later in the iteration, and represent finite 
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50-52 since they decay quickly at large k and the associated integrals 


are manifestly convergent. In our case, the divergent terms of the EMT are present 
up to 4th adiabatic order so that, at least, we have to compute all the terms up to 
this order (more detail below in Eq. (16)). After renormalization, we will obtain a 
finite expression for the EMT and then compute the vacuum energy density. But 
first, we need to consider the EMT associated to the fluctuations, using Eq. (5) and 
(6). For the 00-component, 


(Tee) = (5 Gy + G Š 26) Deane 


contributions 


+ GEHESSG! — LEHT G + 3EH?5G? + 7. (60)? Yo 
where V? = XU , OF and (89/)? = (6059)? = (8969)^. We may now substitute the 
Fourier expansion of 6¢, as given in (8), into Eq. (15) and apply the commutation 
relations (9). After symmetrizing the operator field product 6¢6¢’ with respect to 
the annihilation and creation operators, we end up with 


1 a^M^9? atM‘ 
T$ = kk2 |9 i " 12 24 4344 
(Too ) san | 4 2 D. 15,7 CHH- H’? + 8H'H? + 4H") 


105a8 M*31* 
8w? 64w11 
Z ( 6H? 6a? MPH? a? M? 


3—— + — (611 — 34^ + 12H'H?) 
wr, Qwy 


Wk 


4144 105 6 M6 4 
— "(12021 H? + 210H*) + ~~) 
SH Au. 
E 4 £s 
E e uj0nem- 3624? — 108H*) + Hee —— (H/H? + H*) 
ET k 
1 i. " E atA? a HPM"AT* "Ba HP M*A* 
812a? 4w? | 2,9 8 mu 
M 2A2442 4 M2 A242 
z 3a A | 9a : H 2 (16) 
Wk Wk 


where we have defined £ = € — 1/6 and we have integrated f ds C) over solid 
angles and expressed the final integration in terms of k — |k|. Let us note the 
presence of the A-dependent terms in the last two rows, which contribute at 2th 
(A?) and 4th (A*) adiabatic order. 


5. Renormalization of the ZPE in curved spacetime 
The ZPE part of the EMT, as given by Eq.(16) can be split into two parts as 


follows: 


(TSG) (M) = (TEE) pi (M) + (TEP) Non- Di (M), (17) 
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where 
1 aA atAt 
Tse) piv(M) = — 5 | dk? 2 - 
(Too ) oi (M) gag | ^ WEE Wh Aw? 
7 1 2M2 2A2 z2 
-ee( pe ee ) 95. on" - H? — 32), 
Wk we 2w; Wy 


(18) 
which containts the powers 1/w; up to n = 3, manifestly UV-divergent. 

On the other hand, the non-divergent part of (17) involves the integrals with 
powers of 1/w, higher than 3 which are perfectly finite. Computing these convergent 
integrals (see Eq. (45) in Appendix), the result reads 
mH? 1 
96x?  9607r?a? 
€ (2274 — H? — 3117) 4 


= A? 2 
(2/11 — H? — 2H*) 4 p de 
82? 


9 12,5142 4 

16n2a2 15325 (WH? +H") Lue (19) 
where the dots in the last expression correspond to higher adiabatic orders. Let us 
now focus on the divergent part of the ZPE, Eq. (18). The adiabatic series is an 
asymptotic series representation of Eq. (15). Thefore, such series is not convergent 
but it provides an approximation, which is obtained once the series is cut at a par- 


ô 
(ToS) Non-Div( M) = 


+ 


ticular order.3 As a consequence there is some arbitrariness in the way of choosing 
the leading adiabatic order, which we can use in our favour. There is, nonetheless, 
some previous steps to do before obtaining a meaningful result. First, we are going 
to set the arbitrary scale at the mass of the scalar field. That is, M — m and hence 
A — 0 (cf. Sec. 4.1). The divergent part (18) is reduced in this case to 


2,542 
(Too) piv (m) = E pout — £621? (= 4 —— ) 


wx(m) — ey(m) 


2 9 
-E 


wy (m) 


(221441 — H? — sn (20) 


What we are going to do next, in order to renormalize the ZPE and the EMT, is 
to subtract the terms that appear up to 4th adiabatic order at the arbitrary mass 
scale M. This procedure is enough to cancel the divergent terms through the ARP, 
as it is discussed in the literature.46-45 


5.1. Renormalized ZPE for generic M 


As said before, our proposal for the renormalized ZPE in curved spacetime at the 
scale M is?6: 


(T )Ren (M) = (Tod) (m) — (199) 9-9 (M) 


AU D 
= (Too) pis (m) — (Taj) pi (M) - ES 
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here (0 — 4) means that the expansion is up to fourth adiabatic order and the dots 
in (21) denote perfectly finite terms of higher adiabatic order. Using now Eq. (20), 
we arrive to 


1 A? aA’ 

bb = 2 , 
(Too Res (M) = 812a? [ave [m wk(M) ` 4w3(M) (M) 

~ 6H? 5 1 a? M? a? A? 1 a?m? a? A? 
ee [an c + ACM) wM) urm) Sen] 2 

429 (2474 — 4? — 3H") 1 1 

dkk? — X a re 92 
: 872a? / Eo aan] 2 (22) 


In this equation we have introduced new notation in order to distinguish between 
the off-shell energy mode w,(M) = vk? +a?M? (formerly denoted just as wp) 
and the on-shell one wi (m) = Vk? + a?m?. The involved computations of these 
convergent integrals are not so straightforward but, after some algebra and the help 
of Mathematica,?9 we find 


~ 12872 M2 
2 1 12 4 2 
5 ree ORE 229 (2H"H — H? — 34*) m 
(v TU NUM iz) +e 16129? UE 


T$? M a? M? 2472 4 4] m? 
(Too ) Ren ( ) = + 4m*M* — 3m* + 2m* In — 


234? 
TE 


(23) 


The obtained expression vanishes for M — m as expected from Eq. (21). However, let 
us remind the reader that this only happens because we have computed the on-shell 
value (129) nas (m) up to adiabatic order 4 in Eq. (23). Nevertheless, (29 Ren(m) 
can be computed up to an arbitrary, but finite, adiabatic order. Beyond 4th order 
one always obtains subleading and perfectly finite corrections. We expect that these 
effects become suppressed when the physical mass m of the quantum field is large, 
so that they satisfy the Appelquist- Carazzone decoupling theorem.°” 

So far, we have obtained a renormalized ZPE in curved spacetime (23) which, 
despite the fact it is finite, it includes the quartic powers of the masses corresponding 
to undesired contributions to the vacuum energy. 


6. Renormalized vacuum energy density 


The renormalization in the context of QFT in curved spacetime implies the con- 
sideration of the higher derivative (HD) terms in the classical effective action, 6 
beyond the usual Einstein-Hilbert (EH) term with a cosmological constant, A. In 
particular, in the FLRW background in four dimensions, the only surviving HD 
term is H, 9, as suggested by the geometric structure of (23). H, 9 is obtained by 
functionally differentiating R? with respect the metric (see Appendix). So, the full 
action contains the EH+HD terms and also the matter part which, in our simpli- 


fied case, only consists of a scalar field ¢ non-minimally coupled to gravity, Eq. (3). 
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As usual, the modified Einstein's equations are obtained through the variation of 
the new action with respect to g,,, extending (2) as follows: 


1 


where the dependence in M indicates we are considering renormalized quantities. 
In particular, the classical part of the matter EMT does not depend on it. Our goal 
is to relate the theory at different renormalization points, and with this purpose in 
mind let us subtract Einstein's equations as written in (24) at two different scales, 
M and Mo. We find 


(TÈS) nen (M) = (73?) Ren (Mo) x: faz Gw dr Fox Gpv + fo (25) 


here fx(m,M,Mo) = X(M) — X(Mo) for the various couplings involved X = 
Gy, DA;Q1. Since we know the expression of the renormalized EMT within the 
ARP, namely Eq (23), we can obtain the renormalization shift of the couplings 
Gy', pa and a, in (25) between the two scales M and Mo. This is possible by 


G up + prA(M) dur ay ai(M)HQ) = i d (29) ges (M) ) (24) 


taking the value of the components Gog and HQ (from Appendix) and comparing 
with (23). Notice that the first term of (23), in the r.h.s, is of Oth adiabatic order 
and is associated to fp, (m, M, Mo) and, therefore, to the running of pa. By doing 
this comparision we find that the functions are 


fo(m, M, Mo) = S M? — M — m? ln M 
CUN een 1672 9 Mè |’ 
1 M? 
fon (m, M, Mo) = (ar Mê 4m? (M? — Mj) + 2m! 35). 26 
E 1287? 0 0 M2 (26) 
=2 
£ M? 
a (M, Mo) = — lu a 
fa (M, Mo) = ^35 "Mg 


6.1. Running Vacuum Energy Density. Absence of ~ m^ terms 


At this point we can come back to the definition of vacuum energy (7) which was 
used in this work. Considering (755^) = Pvacguv + (Dvac + Pvac) uy, With up = 
(a, 0,0, 0), and equating with Eq. (7), and taking the 00-component of the equality 
(keeping also in mind that goo = —a?(n) in the conformal frame), we obtain 


(To) nen (M). 


Pvac(M) = pa(M) + E (27) 


We write the explicit dependence in the renormalization point M since we are 
talking about the renormalized quantity at that scale. Equation (27) means that 


*We do not pretend to compute the renormalized couplings from first principles, in particular 
the VED. Renormalization program allows us to compare the theory at different renormalization 
points but, at the end, an input from the experiment is needed to predict its value at another 
scale. 
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the total VED at an arbitrary scale M is not only receiving contributions from the 
renormalized cosmological term but also from the quantum fluctuations of fields (i.e. 
from the renormalized ZPE of the scalar field, in our simplified model). Subtracting 
the renormalized result at two scales, M and Mo, and using (25), we find: 

(Tad) Ren (M) = (Te) Ren (Mo) 

Pvac(M) E Pvac(Mo) = pa(M) E PA (Mo) H 2 a2 co 

faz (m, M, Mo)Goo + for (m, M, Mo)goo t fai (M, Mo) Hà) 
2 


= fox (m, M, Mo) + 


a 
_ fop (M M, Mo) , fax M, Mo) yo) 
E a? oo! az 00 
3H? 18 12 n 4 
= a legs M, Mo) - | (H? — 2H"H + 34*) fa, (M, Mo). (28) 


As we see the term fj, (m, M, Mo) has disappeared. Finally, from (26) we obtain?? 


9 iE M? 
Pvac (M) -— Pvac(Mo) + 1672 EH? D Mg m? In M 
9 2 9 js T M? 
Era (H° - 2HË — 6H? H) D (29) 


In addition, we have used Eq. (44) from Appendix to write the final result in terms 
of the Hubble function in cosmic time (H = H/a). The result (29) is the value 
of the VED at a particular energy scale M, related with the value of the VED at 
another renormalization scale Mo, i.e. it expresses the ‘running’ of the VED. Notice 
that if £ — 1/6 (£ — 0), then the VED is independent of the renormalization scale. 
However, this is not likely to happen since one also has to consider the contribution 
from fermions and vector boson fields. It is also important to notice that the running 
is slow for small H, as it depends as O(H?) times a mass scale squared and on 
O(H*) contributions. Finally, we remark that there is no contributions of quartic 
mass scales. 


7. Running vacuum connection 


As explained in a footnote in previous sections, the result we were seeking (repre- 
sented now by Eq. (29)) was not the calculated value of the VED at a given scale, 
e.g. it says nothing on the actual value of p,4,(Mg) and hence it has nothing to 
do with the cosmological constant problem mentioned in the Introduction. In other 
words, we have not provided the calculation of the value itself of the vacuum energy 
at particular point of the cosmic history. T'his result can nevertheless be useful to 
study the ‘running’ of the VED from one scale to another. We can rephrase this 
by saying that if pyac is known at some scale Mo, Eq. (29) can be used to obtain 
the value of pyac at another scale M. Such connection was suggested long ago from 


27-29 30,31 


renormalization group arguments in curved spacetime — see and references 


therein for a review of the running vacuum model (RVM). What is more, it can even 
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set a framework for the possible variation of the so-called fundamental constants 
of nature?? with the evolution of the universe. In the next subsection we are going 
to suggest a possible interpretation of Eq. (29) in the context of the RVM. For this 
purpose, let us assume that we set one arbitrary scale to the renormalized VED at 
some Grand Unified Theory (GUT) scale (i.e., set Mo = Mx, where Mx ~ 10!6 
GeV). This value is associated also with the inflationary scale. It is natural to as- 
sume that fundamental parameters, such as e.g. Pyac, are defined at that primeval 
scale, related with the very beginning in the cosmological history. Additionally, a 
large scale such as the GUT scale insures that all particle masses can be active 
degrees of freedom to some extent. 


7.1. RVM in the currect universe 


Equation (29) can, in principle, be used to explore the value of the VED throughout 
the cosmological history. However, for the study of the very early universe (in par- 
ticular, inflation) other contributions can appear, which will not be addressed here 
since in the present work we are just going to study the current universe dynamics 
in order to compare with the late time RVM phenomenology. For related studies 
in different contexts, cf.?9-92, See also? 45 for a stringy version of the RVM with 
implications on the mechanism of inflation. 

Consider pyac (Mx), the value of the VED at Mo = Mx. The value of this energy 
density is unknown, but our aim is to relate it with the current value of the VED, 
Pac = Pvac(Ho), by fixing the numerical value of the second scale at M = Ho, 
where Ho today's value of the Hubble function- it can be considered an estimation 
for the energy scale associated to the the present FLRW universe. This association 
is commonly made in the aforementioned references on the RVM.?? So, (29) applied 
to the present universe is 


uu H2 
0 ow 2 2 2 0 
Pyac Y Dvac Mx) P 15,25 Ho Mx +m In MZ . (30) 
Here we ignore all terms of order O(H^) (including H?,HH and H?H) for the 
present universe (H = Ho). We can use this relation to find the value of pyac(Mx), 
and the result is 


Vert 
Pvac(Mx) = Pac NE Hj Mp ’ (31) 
where we have defined veg, the ‘running parameter’ for the VED: 
€ M mi. Hà 
eff = 14 l ; 2 
vet 2n M2 Mi M2 (32) 


Notice that for € = 1/6 (or € = 0), it vanishes and there is no running, as men- 
tioned previously. In the case £ = 0 (or € = —1/6) and m?/M? « 1 we obtain 


M? : ; : ae 

Veg & x a <1. More in general, the structure obtained for veg is very simi- 
P 

0 


lar to that one obtained previously in other works with the RVM approach, see.? 
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In these contexts, the parameter is related with the one-loop f-function for the 
renormalization group equation of p,4.. Although, in our case, there is and addi- 
tional logarithmic contribution In H2 / M$., coming from the direct QFT calculation 
developed here. At the end of the day it does not make significant differences in 
practice since Veg is a constant parameter which is fitted directly to cosmological 
data as an effective coefficient. It is natural to expect a small veg, i.e. |veg| < 1, 
because of the ratio MẸ} /M2 ~ 10~°, but notice that veg depends on € and also on 
contributions from other fields (fermions and bosons) and their multiplicities. Heavy 
fields of the order of the GUT scale can contribute in a significant way (m ~ Mx). 
As mentioned, reg needs to be fitted the RVM to tbe cosmological data, and this 
has been done in detail e.g. in,!5 16 the results indicate that veg ~ 107%. 

Now, we can us Eq. (29) and (31) to study the late universe. By ignoring O(H*), 
we may estimate the current VED by taking M — H around the present times: 


3v, 3v.g(H) 
— 0  9"eff rr2 4 72 eff 2 4/2 
Pvac(H) = Pac 8n Hj Mp + m H Mp, (33) 
where 
€ M3% m? HE 
oft (H) = 14 l ! 4 
bau) =a Mz Me M2 e 


Notice that the last expression is not constant as a difference from (32). However, 
since the dynamical behaviour of veg (H) is logarithmic, and considering a value of 
H close to Ho, we can approximate veg(H) by (32). Then, equation (33) may be 
written as?? 


3veg 3veg 
vac CH ) ~ s 
p ( ) Pvac T 8T 87Gy 


This is exactly the canonical form of the RVM formula.?? Such approximation holds 
fine even if we study the CMB epoch, since the difference between veg (H) from vef 
can be estimated to be less than 8% (for m ~ Mx) or much less when m < Mx. 
'This is the typical parametrization that has been used in the literature about the 


(H? — Hj) Mp = Pac + 


(H? — Hj). (35) 


RVM.!*?:16 As a matter of fact, this parametrization can be promoted to a more 
general form, by considering also a term proportional to H in the running equation 
for the VED. In the following subsection we are going to give grounds for the 
appearence of these kind of factors, not yet present in (35). 


7.2. More geometric structures for vacuum in curved spacetime 


Using the definition of the EMT associated to vacuum given in (7) we have derived 
the expression of the vacuum energy density in equation (27). However, we expect 
that the definition (7) can be generalized as follows: 


(Tyee) = TA, + (152) + oa Rg,, + oo Ry, + O(R?). (36) 


O(R?) represents tensors of adiabatic order 4, that is R?, Ry, R"",... and a; are 
parameters of dimension +2 in natural units. This new form for the vacuum EMT 
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can be justified from the phenomenological point of view, but we also remind the 
reader that in a more realistic picture, contributions from other fields (bosons and 
fermions) are also expected, and general covariance leads to a generic form as rep- 
resented in (36). Generation of new terms is also possible by considering string- 
inspired mechanisms as it has been shown recently in.20-43 

Let us work with the more general form for the vacuum EMT, (36). It is useful 
to redefine the coefficients of that expression as o;(M) = T M?. We can check in 
Appendix the expression of R and Roo in flat FLRW spacetime, we obtain after a 
straightforward calculation: 


3 
vac (H) = Pac + m (ion H? +7) 
p ( ) Paet 8SrGw Veff tv , (37) 
where 
_ 1M (: )( m? i) 
Veg = € 14 In + 4A; + Aa (38) 
2T M 6 Mz M3 
and 
A 2A1 + A2 Me 
p= 97 MAC (39) 


As done before, the logarithmic part of Z,g(H) can be neglected and we may ap- 
proximate Veg (Ho) ~ Pg. The parameter 7 is treated as constant here, but we can 
not discard also a possible running of A;, acquiring a dependence in M. Although, if 
this were the case, it is reasonable to expect a logarithmic evolution of the renormal- 
ization effects. The above formula is a generalization of Eq. (35) incorporating the 
additional coefficient 7, accompanying ~ H. Finally, let us comment that several 
generalized forms of the RVM beyond the usual one containing the H? term has 
been studied before in the literature, see for instance.!?:!4 


8. Discussion and conclusions 


In this presentation we have investigated the possible dynamics of vacuum in the 
context of QFT in FLRW spacetime. Specifically, we have revisited the calcula- 
tion of the renormalized energy-momentum tensor (EMT) of a real quantum scalar 
field non-minimally coupled to the FLRW background.?9 The approach is based on 
adiabatic regularization and renormalization of the EMT, starting from the WKB 
approximation of the field modes in curved spacetime. The renormalized EMT is 
defined as the difference of its on-shell value and its value at an arbitrary renormal- 
ization point M up to 4th adiabatic order. It is sufficient with this subtraction since 
the divergent terms are present up to 4th adiabatic order. The renormalized EMT 
is perfectly finite and acquires a dependence on M. We can use this fact to compare 
the renormalized result at different times of the history of the universe characterized 
by different energy scales. At this point we can identify the VED from the renor- 
malized EMT. Such VED depends on pA(M) but also in the ZPE part involving 
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the quantum fluctuations of the scalar field. An interesting implication is that the 
combination of both quantities is free from terms ^ m^, well-known sources of large 
contributions to the VED. 

This QFT calculation leads us to a renormalized VED which has the usual form 
of the running vacuum models (RVM's),?? in which pyac = Pvac(H) consists of 
an additive constant plus a series of powers of H (the Hubble rate) and its time 
derivatives. In previous works, the RVM was motivated from general renormalization 
group arguments in QFT in curved spacetime (cf.?? and references therein). But, in 
this work, we have reviewed proof that the RVM form of the VED for the current 
universe emerges also from this calculation of QFT in the FLRW spacetime involving 
adiabatic regularization. It is found that the powers of H (and its time derivatives) 
in the EMT carry an even number of time derivatives of the scale factor, which is 
mandatory if we impose the general covariance of the action. In particular, the lowest 
order dynamical component of the VED is ~ v H?. The dimensionless coefficient v 
is expected to be small (|v| < 1). However, at the end, the model has to be fitted 
with the help of a complet set of cosmological data. This lower order term ~ H? 
has the main role in the study of the dynamics of the vacuum in the late universe, 
whereas the higher order terms may play a major role in the very early universe, 
for example to describe inflation (despite the fact that we have not exploited this 
idea in this work). In previous works, the RVM has been succesfully confronted to a 
large number of cosmological data and the effective parameter v has been fitted. The 
encountered results say that v is positive and around ~ 1073, see!?-16 . To conclude, 
let us remark that our QFT calculation has some limitations, for instance it has 
been simplified by the use of just one single field in the form of a real quantum scalar 
field. For this reason, further investigations have to be done in order to generalize 
these results for multiple fields involving scalar, fermionic and vectorial degrees of 
freedom. However, we do not expect major changes beyond computational details 
and the main results presented here are likely to be maintained.?? 
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Appendix: Conventions, geometrical quantities and useful formulas 


Through this work we have used natural units. This means that the gravitational 
constant is written as Gy = 1/Mp, being Mp is the Planck mass and h = c = 1. 

Conventions regarding the geometrical quantities can be summarized as follows: 
the metric has the signature (—, +, +, +); the Riemann tensor is R^,,, = 0, T^, + 
T^, I. — (v + o); the Ricci tensor is Ruy = RA sess and finally, Ricci scalar 
reads R = g"”R,,,. These elections correspond to (+, +, +) in the Misner- Thorne- 
Wheeler®* conventions. 

On the other hand, the Einstein tensor is defined as Guy = Ry, — z Row and 
the field equations are Guu + Agy, = 81G«w T v. The (non-vanishing) Christoffel 
symbols, with a line element in terms of the conformal time ds? = a?(n)ny,, da^ da" 
and Nuy = diag(—1, +1, 4-1, 4-1), are: 


IQ, Ty, = Hoy, Mp = Hd}. (40) 
The Ricci scalar and the 00-components of the curvature tensors are: 


-2 m 
nag? = 2 axanag(2 3 eF (41) 
a3 a? a? a 


and 
Roo = —34' = —3aà?(H? +H), Goo = 3H? = 3a? H? . (42) 


Primes are indicating differentiation with respect to conformal time, meanwhile we 
use dots to represent derivatives with respect cosmic time. The process of renormal- 
ization introduces the need for the higher order curvature tensor H, D, obtained by 
the variation of R? with respect the metric in the higher derivative vacuum action: 


a). 1 ô 

Y =g ôg" 
In particular, the 00-component is related with the vacuum energy density and in 
the conformally flat metric is 


(1) - —18 
Hop m a2 


1 
J d'z—-gR? = —2V, V, R--2g,,LIR— gd R’ + 2RRy (43) 


(H? — 2H"H + 34*) =—180? (H*-2Hh-em*H). — (a4) 


Computing integrals with powers of 1/wk 


The following expression is useful to compute all the finite (n > N) and UV- 
divergent (n < N) integrals involved in the EMT computation: 


_ [ak fs a 
I(n,Q) =f (23)N RFE (m T4) (Q?) , (45) 


where k = |k| and Q is an arbitrary scale. We have corrected typos in this formula 
as compared to that of Appendix B of,?9 with no consequences in the calculation. 
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We present an analysis of the Brans-Dicke cosmological model with a cosmological con- 
stant and cold dark matter (BD-ACDM). We find that the BD-ACDM is favored by the 
overall cosmological data (SNIla+BAO+A(z)+LSS+CMB) when it is compared with 
the standard model of cosmology. The BD-ACDM model can be viewed from the GR 
perspective as a Running Vacuum Model (RVM) with a time evolving vacuum energy 


density. Due to this fact and also to its time evolving effective gravitational coupling, the 
model can alleviate the og and the Ho tensions at a time. We also present the results 
for different types of RVM’s when they are tested in the light of the cosmological data 
and we show that a mild dynamics for the vacuum energy density can help to smooth 
out the aforementioned tensions, thus improving the performance of ACDM model. 


Keywords: Cosmology, Dark Energy, General Relativity. 


1. Introduction 


The high quality observations performed during the last two decades, have allowed 
to demonstrate, with a high confidence range, that the Universe is in expansion and 
to be more precise in accelerated expansion.'? The standard model of cosmology, 
the so-called ACDM, is based on the assumption that the observed accelerated ex- 
pansion is due to the existence of a repulsive force, exerted by the A term, which 
counteracts the attractive gravitational force and pushes the clusters of galaxies at 
a speed that increases with the cosmic expansion. This term, which is called the 
cosmological constant (CC), is associated with a mysterious form of energy, usually 
called dark energy (DE) presumably permeating all corners of the Universe as a 
whole. The cosmological constant is not the only element beyond the conventional 
matter, namely: baryons, photons and neutrinos, demanded by the observations 
since it is also essential the presence of large amounts of what is commonly call, 
cold dark matter (CDM). It is important to remark that the concordance model is 


*Speaker 
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defined in the framework of General Relativity (GR), whose field equations were 
found by Einstein in 1915.? The fact that the ACDM model, with so few ingredi- 
ents (encoded in 6 degrees of freedom), has remained robust and unbeaten for a 
long time turns out to be pretty impressive. It is consistent with a large body of 
very accurate cosmological data, like the cosmic microwave background (CMB), the 
baryonic acoustic oscillations (BAO) or the large scale structure (LSS) data. 

However, this does not mean at all that we really understand the primary (dy- 
namical) cause for such an acceleration or that we are in position to propose a 
cosmological model explaining the speeding up of the cosmos at the level of fun- 
damental physics, say quantum field theory (QFT) in curved spacetime, quantum 
gravity or string theory. For instance, if we try to explain the origin of the cosmolog- 
ical constant in the context of QFT we will immediately realize that we have to face 
the well-known old cosmological constant problem. This problem was formulated 
by Zel’dovich*+® (see also? 9) and basically consists in the tremendous mismatch 
between the computed value of the vacuum energy density, considering different 
contributions from QFT, and the experimental measure, being the discrepancy be- 
tween both values in natural units of at least 55 orders of magnitude. 

Thus, in spite of the many virtues of the ACDM model, the lack of an explanation 
for the presence of the CC, leads inevitably to an unsatisfactory theoretical picture 
which has motivated the search of a wide range of alternatives beyond the standard 
model. What is more, aside from the theoretical problems some persisting tensions 
with the cosmological data (being the most important ones, the tension on the local 
value of the Ho parameter!?:!! and the one affecting the LSS data!?) point out that 
the ACDM model might be performing insufficiently at the observational level. 

Here we study two alternatives where the aforementioned tension could be al- 
leviated. It has been suggested that it would help to alleviate the tensions if DE 
would be a dynamical quantity (see for instance the possibility of an early dark en- 
ergy?: 14), i.e. slowly evolving with the cosmic expansion. This could be achieved, 
for example, through scalar field models!? 7° (see?! for an updated analysis), where 
the energy density associated to the A term is replaced by the energy density of the 
scalar field, which varies throughout the cosmic history. In this paper, instead of 
considering a scalar field model we focus on another promising possibility, namely 
that vacuum energy density Pyac = A/8-Gy might be a time evolving quantity 
whose dynamics is triggered by the quantum effects coming from the matter fields. 
We call these types of models Running Vacuum Models (RVM's). Phenomenolog- 
ically, these models, have recently been carefully confronted against the wealth of 
the cosmological data, obtaining a significant success.?? 27 

On the other hand there exists the possibility to consider a completely different 
approach, where a theoretical framework, different from GR, is assumed. In this 
regard, Brans & Dicke?? proposed the first historical attempt to extend Einstein's 
GR by promoting the Newtonian coupling G y into a variable one in the cosmic time 
G(t). Gravity is then not only mediated by the metric but also by an scalar field 
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denoted by v. The theory contains an extra d.o.f. encoded in v and a dimensionless 
parameter wpp. In order to recover GR a necessary (though not sufficient) condition 
is to demand large values of wep. We consider the presence of the CC and all the 
species considered in the standard model, so we call the model studied in the context 
of Brans-Dicke (BD) gravity, BD-ACDM. 

In this work we present a summary of the main results recently obtained by 
confronting the overall cosmological observations with the BD-ACDM model and 
related RVM's and we show how they deal with the aforementioned tensions. See 
the original references?:27:29:39 for more details. 


2. Background equations for the BD-ACDM model 


We will consider the original BD-action extended with a cosmological constant 
density term as it is essential to mimic the conventional ACDM model based on 
GR and reproduce its main successes. We call this the ‘BD-ACDM model’, i.e. the 
version of the ACDM within the BD paradigm. The BD action reads, written in 
the Jordan frame, as follows ?: 


Spp — Ev E (ne E E) = A + Sm - (1) 
For the sake of convenience we denote the constant vacuum energy density as p% c. 
The (dimensionless) factor in front of the kinetic term of v, i.e. pp, will be referred 
to as the BD-parameter and we consider the canonical option, wap =const. The 
last term of (1) stands for the matter action Sm, which is constructed from the 
Lagrangian density of the matter fields. There is no potential for the BD-field v» in 
the original BD-theory, but we admit the presence of a CC term associated to p,e. 

The modified field equations (with respect to GR) can be obtained after per- 
forming variation of the action (1) with respect to both the metric and the scalar 
field v. While the first variation yields 


Y Guy + ( np + ar or) Juv — VuV vo — T Val = 8r (Tyv — Juv Pac) 4 
(2) 


the second variation gives the wave equation for v 
87 
=e = (T-4). 3 
Y Dan + 3 ( Prac) ( ) 
We have used the definition (Vw)? = g^" V, Vv. In the first equation, G,, = 
Ry, — (1/2) gy, is the Einstein tensor, and on its r.h.s. Tav = —(2//—g)0Sm/dgh” 
is the energy-momentum tensor of matter, being T = TẸ its trace. The total energy- 
momentum tensor is the sum of the matter and vacuum contributions and it takes 


?We use natural units, A = c = 1 and Gy = 1/m2,,, where mp; c 1.22 x 10!? GeV is the 
Planck mass. As for the geometrical quantities, we adopt the (+, +, +) convention of the popular 
classification by Misner, Thorn and Wheeler .?! 
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the perfect fluid form: 

Tuv = Tw = i eodav = pguv + (p + p)uyuy ; (4) 
with p = Pm+Py+Pnedmt Pac and p = pm+py+Pneam +p e- The matter part pm = 
pv +Pcam, Contains the pressureless contribution from baryons and cold dark matter 
and photons are of course relativistic, so py = py /3. The functions Pacam and Pnedm 
(‘ncdm’ means non-CDM) include the effect of massive and massless neutrinos, 
and therefore must be computed numerically. As in GR, we have considered a 
constant vacuum energy density, p? e, in the BD-action (1), being its equation of 
state p? e = —p,. the usual one. 

Let us write down the field equations in the flat (to know more about the nonflat 
models see the references? ^^) FLRW metric, ds? = —dt? + a?0;;dx'dz?. Using the 
previous definitions for the total energy density p and pressure p we get the two 
independent equations: 


2 
2 a7 "BDb[V| _ 8r 
3H? + 3H (g) 5, (5) 
and 
X : IN 
zi sra aus əy% m/Y) _ 8r 
oh eat eS ead e (3) - pe (6) 
whereas from (3) we obtain 
X ; 8n 
cram eme RU (7) 


Here dots stand for derivatives with respect to the cosmic time and H = à/a is 
the Hubble rate. In the limit  — 1/Gy and wgp — oo we recover the standard 
equations. The connection between GR and the wgp — oo limit is sometimes not 
as straightforward as one might naively think 59:46 

Matter and the BD-field are not in interaction, as a result, the local conservation 
law adopts the usual form: 


p+3H(o +p) = >) [hx +3H(pn + px)] — 0, (8) 
N 
where the sum is over all components, i.e. baryons, dark matter, neutrinos, photons 
and vacuum. We assume that all of the components are separately conserved in the 
main periods of the cosmic evolution. For convenience, we will use a dimensionless 
BD-field, o, and the inverse of the BD-parameter, according to : 
eva Geile: prend (9) 
WBD 
As stated before Gy gives the local value of the gravitational coupling. Note that a 
nonvanishing value of egp entails a deviation from GR. Being y(t) a dimensionless 
quantity, we can recover GR by enforcing the simultaneous limits egp — 0 and 
yl. 
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Baseline 
Parameter ACDM type I RRVM type I RRVMinr type II RRVM BD-ACDM 
Ho(km/s/Mpc) 68.373025 68.1730 20 67.6370 42 69.02* 1-15 69.30* 1-38 
wp 0.02230* 000019 | 0.02239*0 00024 | 0.022317) 00019 0.02245" 0 00025 0.02248 + 0.00025 
weam | 0117254990094 | o-731:9,99092 | 0.124614900201 | 01653509059 | 0.116291900145 
Vett 7 0.000247? 20039 | 0.023697) 30822, | 0.00029 + 0.00047 - 
€BD 7 - - - —0.0010943-* 0-001359 
Pini 5 = - 0.980* 0 021 0.972* 0-030 
eo - - - 0.973 9-086 0.963:0-086 
Tieió 0.049 0-008 0:051:50:009 0:058* 0-007 0.051 + 0.008 0.051 + 0.008 
ns 0.9698*0-0039 0.9716* 00042 0.9703 + 0.038 0.9762 0-0081 
os 0.796 + 0.007 0.789* 0 013 0.768* 0 Boo 0:791 0 013 0.790* 0-013 
Ss 0.796 + 0.011 079153 O55 0.79150 012 0.781* 0 020 0.771 0-021 
rs (Mpc) 147.9076-30 147.99* 0-35 147.81 + 0.30 146.3073 3° 1457243 40 
pane 2290.20 2289.72 2272.44 2288.74 2289.40 
ADIC - -2.70 413.82 -4.59 -3.53 
Note: The mean values and 68.3% confidence limits for the models under study using our Baseline 
dataset, which is comporsed by: the full Pantheon likelihood," 13 BAO data points, 49-9? 31 data points 


on H(z), at different redshifts,?^ 9! 14 points on the observable f(z;)o8(z;)?9:?7:92796 and finally the 
full Planck likelihood for the CMB data.!? We display the fitting values for the usual parameters, to 
wit: Ho, the reduced density parameter for baryons (w = Qn?) and also for CDM (weam = [ox h?), 


cdm 


being Q9 = 8rGw po /3Hà and h the reduced Hubble constant, the reionization optical depth Treio, the 
spectral index n, and the current matter density rms fluctuations within spheres of radius 8n-! Mpc, 
i.e. ag. We include also a couple of derived parameters, namely: the sound horizon at the baryon drag 
epoch r, and Sg = ag /99, /0.3. For the RRVM’s we provide the value of vere, and for the type II and 
BD-ACDM?’ we also report the initial and current values of y, Yini and qo, respectively. The parameter 
€pp = 1/wpp (inverse of the Brans-Dicke parameter?) controls the dynamics of the scalar field.?9: 3° 
We finally provide the corresponding values of x2 in and ADIC. 


3. Connection of the BD-ACDM model with the Running 
Vacuum Model 


So far, no analytical solutions to the system (5)-(7) have been found, for this rea- 
son our actual analysis proceeds numerically. However, it is possible to search for 
approximate solutions valid in the different epochs of cosmic history, which can pro- 
vide a qualitative understanding of the numerical results obtained. Actually, a first 
attempt in this direction trying to show that BD-ACDM can mimic the Running 
Vacuum Model (RVM) was done in,9^95 we refer the reader to these references 
for details. See also.99:7? We are interested in looking for solutions in the Matter 
Dominated Epoch (MDE) in the form of a power-law ansatz in which the BD-field 
y evolves very slowly: 


pla) = eoa * (le] < 1). (10) 


The € parameter must be a very small parameter in absolute value since G(a) = 
G(y(a)) cannot depart too much from Gy and qo = (z = 0). For e > 0, the 
effective coupling increases with the expansion and hence is asymptotically free 
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since G(a) is smaller in the past, which is the epoch when the Hubble rate (with 
natural dimension of energy) is bigger. For e < 0, is the other way around and G(a) 
decreases with the expansion. 

Plugging the power-law ansatz into the cosmological equations we end up with 


the following pair of Friedmann-like equations to O (e):6768 
8rG EIN 
H* = — (pra ?** + pog(H)) (11) 
and for the acceleration equation 
a AnG E 
uc pur (pra 9** + ppg(H) + 3p],.) > (12) 


with G = Gy/qgo. The first of the above equations can be understood as an effec- 
tive Friedmann's equation with time-evolving cosmological term, in which the DE 
appears as if it were a dynamical quantity: 

3 Deff 


SO H?. (13) 


ppE(H) = Pac + 
Here 
z 1 
Dor =E( 1+ 6 WBDE (14) 


is the coefficient controlling the dynamical character of the effective dark energy 
(13). The structure of this dynamical dark energy (DDE) is reminiscent of the 
Running Vacuum Model (RVM), see’! 7? and references therein. Notice from (11) 
that, to O(e): 


Om +04 =1- Def , (15) 


so, due to the presence of Deg, we find a slight deviation from the usual sum rule of 
GR. Only in the case e = 0, we have Deg = 0 and then we recover the usual cosmic 
sum rule. As stated, the parameter Der becomes associated to the dynamics of the 
dark energy. We shall see more about the most important features of the RVM in 
the next section. All in all, it turns out that the BD-RVM (we may call it in this 
way for convenience) can cure the Ho-tension due to the evolution of the effective 
gravitational Gog and, additionally, by mimicking the RVM it can also alleviate the 
well-known og-tension thanks to the role played by Dep. Going a little further in 
this effective picture from (12) we can define the EoS parameter for the effective 
DDE: 
[m aS 3veg 2 E V 
Mec c eee N 
where use has been made of (13). As it is clear from the above equation the BD- 
RVM, unlike the original RVM, does not describe a dark energy of pure vacuum 
form but a DE whose EoS departs, in a mild way, from the pure vacuum. Actually, 
for e > 0 (e < 0) we have ig > 0 (v.g < 0) and the effective DDE behaves 
quintessence (phantom)-like. 


(16) 
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Baseline + Ho 


Parameter ACDM type I RRVM type I RRVMtnr. type II RRVM BD-ACDM 
Ho (km/s/Mpc) 68.7510 36 68.7719 48 68.1440 1 70.9310 39 71.2347 95 
" 0.02240+0:00019 | coz2ss 2:002 | 0.0224319:90018 | 0.0226010:00023 | 0.02267 +e 00055 
mm o.11658+0,00080 | o.1166149,00084 | 0.122997000107 | o11602*590193 | 011601700010; 
m - —0.00005+8-00049 | o.02080*0.0052 | o.00038*0.00011 - 
€BD = - = = —0.00130470 00120 
Pini = : 0.938* 0 024 0.92870 O56 
0 - - - 0.930*0.022 0.01930 025 
Treio 0.05076-008 0.049 0-009 0.058* 0-008 0.052 + 0.008 0.052 + 0.008 
ns 0.9718* 0 boss 0.9714 + 0.0046 0.97239 boss 0.986879 0074 0.9859* 00075 
os 0.794 + 0.007 0.795 + 0.013 0.770 + 0.010 0.79470 012 0.792* 0-013 
Ss 0.788* 0 015 0.789 + 0.013 0.789 + 0.011 0.761* 0 017 0.75870 018 
rs (Mpc) 147.977 9-39 147.941 0-38 147.881939 143.0011 36 142.247 99 
Xain 2302.14 2301.90 2288.82 2296.38 2295.36 
ADIC - -2.36 +10.88 +5.52 +6.25 


Note: Same as in Table 1, but also considering the prior on Ho = (73.5 1.4) km/s/Mpc from SHOES. +! 


4. Background equations for the RVM's 


In the following we are going to present the theoretical framework where the pre- 
viously mentioned RVM’s are placed?! 7? and references therein. We consider two 
types of dynamical vacuum energy (DVE) scenarios. In type I scenario the vacuum 
is in interaction with matter, in contrast, in type II matter is conserved at the 
expense of an exchange between the vacuum and a slowly evolving gravitational 
coupling G(H). In both cases, the combined cosmological ‘running’ of these quanti- 
ties insures the accomplishment of the Bianchi identity (and the local conservation 
law). Let us therefore consider a generic cosmological framework described by the 
spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. The vacuum 


energy density in the RVM can be expressed as :/^ 7? 


post (co 4+ vH? + PH) + OH). (17) 


| 3 

v 8rGw 
The O(H^) terms play no role in the post-inflationary epoch so they can be ne- 
glected. The expression (17) can be motivated from the explicit QFT calculations 
on a FLRW background.” The value of the additive constant co is fixed by the 
boundary condition Pyac(Ho) = plae. The two dynamical components H? and H 
are dimensionally homogeneous and in principle independent. The dimensionless 
coefficients v and v encode the dynamics of the vacuum at low energy and we nat- 
urally expect for both of them |v, 7| < 1. An estimate of v in QFT indicates that 
it is of order 107? at most.” In the calculations performed in™ these coefficients 
are expected to be of order ~ M% /m, < 1, being Mx of order of a typical Grand 
Unified Theory (GUT) scale. Taking into account the multiplicity of particles in a 
GUT, the theoretical estimate on v could be much larger but still subject to a value 
below 1. 
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We are interested in a particular form for the vacuum energy density obtained 
by imposing 7 — v/2. Consequently 


Pac H) = 3/(8nGy) fev d (m + T) (18) 


We will call this form of the vacuum energy density the ‘RRVM” since it realizes 
the generic RVM density (17) through the Ricci scalar R = 12H? + 6H, namely 


3 V = 
^ 82Gy (co 1) = Prac(R) - (19) 


Due to the fact that the condition R/H? « 1 is fulfilled in the early epochs of 
the cosmological evolution we do not generate any conflict with the BBN nor with 


any other feature of the modern universe. Of course, early on the RVM has its own 
71, 72,76,77 for more details. 


Pvac (H ) 


mechanism for inflation see 


4.1. Type I RRVM 


Taking into account, the dynamical character presented for the vacuum energy den- 
sity, the Friedmann and the acceleration equations for the different species involved, 
read 


3H? = 8TG N (Pm + Pncdm + Py + Pvac (H)) , (20) 
3H? + 2H = —81GN (Pacam + Dy + Pvac( H)) . (21) 


As for the BD-model, we define the total nonrelativistic matter density as the sum 
of the CDM component and the baryonic one: pm = Pcam + pp. Therefore the 
total (relativistic and nonrelativistic) matter density is p; = Pm + Py + Pneam- In a 
similar way, the total matter pressure reads py = Pucam + p, (with p, = (1/3)py). 
Making use of the functions employed by the system solver CLASS 7? 
between the contributions of the nonrelativistic neutrinos pp = Pncdm — 3Pncdm 


we distinguish 


and the one from the relativistic neutrinos p, = 3Pnedm. This separation allows to 
compute R/12 = H? + (1/2)H appearing in (19) in terms of the energy densities 
and pressures using (20) and (21): 


R = 81 Guy (Pm + 4Pvac + pn) - (22) 


We can safely neglect the contribution of neutrinos from (22) since it remains well 
below the contribution of CDM and baryons throughout the whole cosmic history. 
This fact allows us to solve for the vacuum density as a function of the scale factor 
a as follows: 


Pvac(@) = Pua + ) (Pm(a) Pm) , (23) 


where ‘ 0’ (used as subscript or superscript) always refers to current quantities. For 
a = 1 we confirm the correct normalization: pyac(a = 1) = pl e Matter does not 
follow the standard dilution law, remember that it is in interaction with vacuum, 
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therefore o, (a) is not just ~ a^?. The local conservation law for CDM and vacuum 
can be expressed as follows: 


cdm + 3H pcam = — Pvac . (24) 


We assume that baryons are self conserved, which implies ġ + 3H p = 0, and as a 
consequence the total matter contribution (pm ) satisfies the same local conservation 
law (24) as CDM: bm + 3H pm = —pyac. Using it together with (23) we find 


Dm + 83HEpm = 0 (25) 
where, for convenience, we have defined 
l1—v 
= i 26 
e= (26) 


We encode the deviations with respect to the standard model in terms of the effective 
parameter Veg = v/4: 


£—1- ve +O (vig) - (27) 


Having reached this point it is straightforward to find the expression for the matter 
energy densities: 


3€ 


Pm(a) = ph a7 , Pcdm (a) R pha? T 


pian: (28) 


As expected, by setting € = 1 (veg = 0) we recover the ACDM expressions. The 
small departure is precisely what gives allowance for a mild dynamical vacuum 
evolution: 


a) = o? 1 0 (q-36 — 
w A. ( 1) 0 ( 1). (29) 


The vacuum becomes rigid if € = 1 (veg = 0). 


4.2. Type II RRVM 


Unlike the first kind of models presented, for type II models matter is conserved. 
However, vacuum can still evolve provided the gravitational coupling also evolves 
with the expansion: G = G(H). Let us define an auxiliary variable e = Gy /G — 
in the manner of a Brans-Dicke, without being really so. Notice that y Æ 1 in the 
cosmological domain, but remains very close to it, see Tables 1 and 2. The modified 
Friedmann's equation for type-II model can be written as 


8TGyw 3v 
B pet Co deny 


with Co = 3co/(81 Gy). The link between the dynamics of y and that of pyac is 
given by the Bianchi identity: 


3H? (2H? + H)| , (30) 


d (31) 
p Pt + Pvac 
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where p, is as before the total matter energy density and py4, adopts exactly the 
same form as in (19). In the absence of an analytical expression for the vacuum 
energy density, we can show its approximate behaviour close to the present time by 
keeping only the terms linear in veg (recall that |veg| << 1): 


fvac(à) = Co(1 + 4veg) + veg p.a ^ + O(vÀ) : (32) 


Again, for veg — 0 the vacuum energy density is constant, but otherwise it shows 
a moderate dynamics of O (veg) as in the type I case (29). One can also show that 
Pvac(a) « pr(a) = plat for a « 1 and therefore the pyac for the type II model 
does not perturb the normal thermal history (as in the type I model). Regarding the 
auxiliary variable y, in the current epoch it exhibits a very mild evolution, almost 
logarithmic. 


4.3. Threshold redshift scenario for type I models 


One possibility that has been explored in the literature is to consider that vacuum 
is a dynamical quantity only close to the present time and that remains constant for 
the rest of the cosmic history (see e.g. 9:99). So, in this scenario, we keep deactivated 
the interaction between the vacuum energy density and the CDM until the late 
universe when dark energy becomes apparent. We denote the threshold value of the 
scale factor when the activation takes places by a,. According to this scenario the 
vacuum energy density was constant prior to a — a, and it just started to evolve 
for a > a,. It is important to remark that while Pyvac is a continuous function, 
its derivative is not. We mimic such situation through a Heaviside step function 
O(a — a,). Therefore, we assume that in the range a < a, (hence for z > z,) we 
have 


Ax 


-3 
Dcam (a) = Dcdm (a) (=) , 
Pvac(@) = Pvac(@s) = const. (a < ax), (33) 


where pedm(ax) and Pyac(a.) are computed from (28) and (29), respectively. In the 
complementary range, instead, i.e. for a > a, (0 < z < z,) near our time, the 
original equations (28) and (29) are the ones considered. 

The threshold procedure is only applied within type I models with the main 
purpose of preserving the standard evolution law for the matter energy density 
when the redshift is sufficiently high. In fact, the threshold redshift value does 
not need to be very high and when it is fixed by optimization it turns out to be 
of order z, ~ 1. An important consequence of such threshold is that the cosmo- 
logical physics during the CMB epoch is exactly as in the ACDM. On the con- 
trary for type II models there is still some evolution (very mild though) of pyac at 
the CMB epoch, but the matter density follows the same law as in the standard 
model. 
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5. Cosmological perturbations 


In order to perform a complete analysis of the different models under study we 
need to consider the evolution of the perturbed cosmological quantities throughout 
the cosmic history. We refer the reader to the references?* 7:39:81 to know for the 
details of the perturbation equations since here we just display some basic equations. 
We consider the perturbed, spatially flat, FLRW metric ds? = a?(y)[- dr + (ôi; + 
hij)da!dz?], in which hi; represents the metric fluctuations which are coupled to the 
matter density perturbations ôm = óp,,/p,, and drj = dt/a is the conformal time. 
In the case of the BD model, at deep subhorizon scales, the differential equation for 
the matter density contrast is: 


0" + HO, —4nGer(G)a7fmoim = 0, (34) 


where here ( = d()/dy and H = aH. In this section when we add a bar over 
a quantity we indicate that it is a background quantity. We have employed the 


definition: 
4+2 
Gu Gn (==) ; (35) 


p 3 + 2"€wBp 


which represents the effective coupling that modifies the Poisson term of the per- 
turbed equation with respect to the standard model. 

In the case of the type I RRVM since baryons do not interact with the time 
evolving vacuum energy density their perturbed conservation equations are not 
directly affected. On the other hand the equation for the CDM takes the following 
form: 


NEUE 
E 2 Pcdm 


dcdm = 0, (36) 


which is obviously affected by the dynamics of the vacuum in a nontrivial way. 
We will present the details of the perturbation equations for the type II RRVM 
elsewhere. 


6. Data and methodology 


We fit the BD-ACDM, the different RVM's together with the standard model to the 
wealth of the cosmological data compiled from distant type Ia supernovae (SNIa), 
baryonic acoustic oscillations (BAO), different values of the Hubble function H(z;), 
the large scale structure (LSS) formation data embodied in the f(z;)og(zi) observ- 
able and the CMB data from the Planck satellite, see the references in the caption 
of Table 1. In order to compare the theoretical predictions with the available cos- 
mological data we define the total x? function as: 


2 2 2 2 2 2 

Xtot = XSNIa + XBAO + XH + Xfos + XCMB- (37) 

The above terms are defined in the standard way from the data including the cor- 
responding covariance matrices. In particular, the X2, part may contain or not the 
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Ho value measured by!! depending on the setup indicated in the tables. To obtain 
the posterior distributions and the corresponding constraints for the dataset de- 
scribed above we have run the Monte Carlo sampler MontePython?? together with 
the Einstein-Boltzmann system solver CLASS.7? The latter has been properly mod- 
ified in order to implement the background and the linear perturbation equations 
for the different models. 


7. Discussions and conclusions 


The main fitting results of our analysis are displayed in Tables 1 and 2 and in 
Figure 1. In the tables we compare, for two different datasets denoted as “Baseline” 
and ^Baseline-- Ho" (see the corresponding captions for more details), the concor- 
dance ACDM model with different RRVM's and with the BD-ACDM model. 

In order to make a fair comparison between models with a different numbers of 
free parameters we employ the Deviance Information Criterion (DIC): ADIC = 
DICacpm — DICx, representing X one of the nonstandard models under study. The 
DIC is defined as 


DIC = x?(0) + 2pp . (38) 


Here pp = x? — x?(0) is the effective number of parameters of the model, and 
X? and @ the mean of the overall x? distribution and the parameters, respectively. 
As it can be seen from the definition of ADIC, if ADIC « 0, means that the 
ACDM fits better the cosmological data, whereas for ADIC > 0 is the other way 
around. 

Taking a look at the first table, it can be appreciated that a mild dynamics of the 
vacuum is very much welcome, specially in the case where the time evolution of pyac 
is activated close to the moment when the contribution of this quantity becomes 
relevant, namely at z œ 1. It is in this particular scenario where the impact on the 
description of the cosmological data string SNIa+BAO+ H(z)+LSS+CMB becomes 
extraordinary significant on statistical terms, since AAIC > +10 which means that 
a very strong evidence, in favor of this model, is found, when it is compared with the 
ACDM model. At very high redshift the physics of the type I RRVM with a thresh- 
old remain basically unaltered with respect to the ACDM, however, the activation of 
the dynamics of the vacuum at z, ^ 1 allows to suppress an exceedingly amount of 
structure in the universe, thus leading to a better description of the f(z)og(z) data 
set. On the contrary, non of the other models beyond the standard one is preferred 
by the cosmological data, and the DIC indicates moderate evidence against them 
(—5 « DIC « —2). We would like to remark that even if the RRVM's under study 
are not favoured by the data, in all cases the values of Sg = og(0)\/°,/0.3 (or 
the analogous observable Sg = Sg/ Po for the type II RRVM and the BD-ACDM 
models) remain compatible with recent weak lensing and galaxy clustering mea- 


surements,5^ hence smoothing out the ca-tension. Just by including the Ho prior in 
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Fig. 1. The contour plots at lo and 2c confidence level in the Ho-o8, Sa, Sg planes and the 
corresponding one-dimensional posteriors for the GR- and BD-ACDM and the RRVM's obtained 
from the fitting analyses with our Baseline4- Ho data set. The type II model manifestly alleviates 
the Ho tension without spoiling the og one, whereas the type I model with threshold redshift 
Zx œ 1 can fully solve the latter but cannot address the former. 


the data set the results change in a very significant way as it can be observed from 
Table 2. The ACDM model, as well as, the two versions of the type I RRVM model 
are not able to accommodate high values of the Ho parameter, hence, all of them 
show their inability to alleviate the Ho-tension. However, the DIC still decides very 
strongly in the case of the type I RRVM with threshold. On the other hand, the 
type II RRVM and the BD-ACDM model seem to have no problem to fit the Ho 
prior since in both cases the fitting value for this parameter is  71km/s/Mpc. To 
fully appreciate how the cosmological models deal with the Ho and the og tensions 
simultaneously, we have included Figure 1, where we have depicted the contour 
plots for the different models in the Ho-oa, Ss, Ss planes of the parameter space. 
As mentioned before, the RRVM’s are able to keep the values of the different pa- 
rameters related with the structure formation (cg, Sg, Sg) at an intermediate value 
between Planck measurements! and cosmic shear data.5^ Remarkably enough, in 
the case of the type II RRVM and the BD-ACDM models, the contour lines in 
Figure 1 show a preference for relatively high values of Hp (the tension is lowered 
at ~ 1.60) while keeping og = og(0) in the low value range (the tension remains at 
~ 0.40), thus smoothing out both tensions at a time. We conclude that the models 
studied in this paper provide very interesting alternatives, either considering a time- 
evolving vacuum energy density or by extending the paradigm of General Relativity, 
to alleviate the Ho and the og tensions. The better performance of the aforemen- 
tioned models is reconfirmed by the Deviance Information Criterion, which points 
out that in some cases a very strong evidence in favor of a nonstandard model is 
found. 
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The Cosmic Microwave Background (CMB) temperature and polarization anisotropy 
measurements have provided strong confirmation of the ACDM model of structure for- 
mation. Even if this model can explain incredibly well the observations in a vast range 
of scales and epochs, with the improvement of the experimental sensitivity, a few inter- 
esting tensions between the cosmological probes, and anomalies in the CMB data, have 
emerged with different statistical significance. While some portion of these discrepancies 
may be due to systematic errors, their persistence across probes strongly hints at cracks 
in the standard ACDM cosmological scenario. The most statistically significant is the 
Hubble constant puzzle and I will show a couple of interesting extended cosmological 
scenarios that can alleviate it. 


Keywords: CMB; cosmology; Ho tension. 


1. Introduction 


The aphorism “All the models are wrong, but some are useful” it is particularly 
true for the standard model adopted in cosmology. Actually, the model that has 
now practically been selected as the “standard” cosmological model is the Lambda 
Cold Dark Matter (ACDM) scenario, where A is the cosmological constant, that 
provides a remarkable fit to the bulk of available cosmological data. 

However, despite its incredible success, ACDM harbours large areas of phe- 
nomenology and ignorance. For example, it still cannot explain key concepts in our 
understanding of the structure and evolution of the Universe, at the moment based 
on unknown quantities, that are also its largest components. In addition, their phys- 
ical evidence comes from cosmological and astrophysical observations only, without 
strong theoretical motivations. In particular, the ACDM models is based on three 
unknown pillars: 


e Inflation: an early stage of accelerated expansion which produces the initial, 
tiny, density perturbations, needed for structure formation, 

e Dark Matter: a clustering matter component to facilitate structure forma- 
tion, 

e Dark Energy: an energy component to explain the current stage of acceler- 
ated expansion. 


Furthermore, the ACDM model is based on the simplest form for these unknown 
quantities, mostly motivated by the computational simplicity, i.e. the theoretical 
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predictions under CDM for several observables are, in general, easier to compute 
and include fewer free parameters than most other solutions. These specific solutions 
for ACDM are: 


e Inflation is given by a single, minimally coupled, slow-rolling scalar field; 

e Dark Matter (DM) is a pressureless fluid made of cold, i.e., with low mo- 
mentum, and collisionless particles; 

e Dark Energy (DE) is a cosmological constant term. 


Therefore, the 6 parameter ACDM model lacks the deep underpinnings a model re- 
quires to approach fundamental physics laws. It can be rightly considered, at best, 
as an effective theory of an underlying physical theory, yet to be discovered. In 
this situation, we must be careful not to cling to the model too tightly or to risk 
missing the appearance of departures from the paradigm. With the improvement of 
the number and the accuracy of the observations, deviations from ACDM may be 
expected. And, actually, discrepancies among key cosmological parameters of the 
models have emerged with different statistical significance. While some proportion 
of these discrepancies may have a systematic origin, their persistence across probes 
should require multiple and unrelated errors, strongly hinting at cracks in the stan- 
dard cosmological scenario and the necessity of new physics. These tensions can 
indicate a failure of the canonical ACDM model. 


2. The Ho tension 


'The most statistically significant, long-lasting and widely persisting tension is the 
Ho disagreement between the Planck estimate obtained assuming a “vanilla” ACDM 
cosmological model, i.e. Ho = 67.27 + 0.60 km/s/Mpc at 68% CL,! and the local 
measurements obtained by the SHOES collaboration, the so called R19? (Ho = 
74.03 + 1.42 km/s/Mpc at 68% CL) or R20? using the parallax measurements of 
Gaia EDR3 (Ho = 73.2 + 1.3 km/s/Mpc at 68% CL). 

However there are other many important measurements of the Hp parameter. 
On the same side of Planck, i.e. preferring smaller values of Ho we have the ground 
based CMB telescope, South Pole Telescope (SPT-3G)* that gives Hg = 68.8 + 
1.5 km/s/Mpc at 68% CL in ACDM, or Atacama Cosmology Telescope (ACT- 
DR4) + Wilkinson Microwave Anisotropy Probe (WMAP)? finding Hg = 67.6 + 
1.1 km/s/Mpc at 68% CL in ACDM. Moreover, there are the Baryon Acoustic 
Oscillations (BAO) + Big Bang Nucleosynthesis (BBN) from BOSS and eBOSS 
estimates, that provide Hp = 67.35 + 0.97 km/s/Mpc at 68% CL. These estimates 
are CMB independent but still ACDM dependent. 

Moreover, we have many other direct late time measurements on the same side of 
SHOES, i.e. preferring higher values of Ho (see for example the compilation in Ref." 
and references therein). For example, we have the measurements obtained from the 
Supernovae calibrated with the Cepheids,?^9 1? or with the Tip of the Red Giant 
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Branch (TRGB),*: 1^4 where we find the well discussed Freedman et al. 2020 mea- 
surement!? or the more updated Freedman 202115 that is completely in the middle 
between early and late measurements, so it can't really say anything about the ten- 
sions. Moreover, this TRGB-SNla measurement has been reanalysed independently 
by Ref. and we can see a shift towards higher values, more in agreement with 
SHOES. Then we have the measurements obtained from the Supernovae calibrated 
with MIRAS,!* variable red giant stars from older stellar populations, or the Mega- 
maser Cosmology Project,!® that measures Ho avoiding any distance ladder and 
by providing the geometric distance directly into the Hubble flow. We have also 
measurements of the Hubble constant based on the Tully-Fisher Relation,!?:?? that 
are using as calibrators Cepheids and TRGB, or on the Surface Brightness Fluctua- 
tion,?^ 7? that are substitutive distance ladder for long range indicator, and can be 
calibrated by both Cepheids and TRGB giving the same result?! or on Type II Su- 
pernovae?? used as standardisable candles and calibrated again with both Cepheids 
and TRGB. Finally we have the strong lensing results, and, while the previous 
HOLiCOW?^ and STRIDES?? results were more in agreement with SHOES, the 
latest TDCOSMO--SLAC"? constraints are shifted towards lower values, but with 
error bars much more weak, so they are not able to discriminate between SHOES 
and Planck. This happens because the previous analyses were assuming a specific 
form for the mass density profile of the lens, and while this assumption is relaxed 
in a more agnostic approach, the constraints change significantly. This means that 
these kinds of measurements, even if cosmological model independent, are instead 
astrophysical model dependent. 

The robustness of the Ho disagreement can be proven considering several com- 
binations of the late time measurements, as it has been done in Ref.," where it is 
shown that also removing some of the most precise and strong measurements the 
discordance ranges between ~ 3 — 60, making it very difficult to be explained by 
systematic errors. Actually, we see a high precision and consistency of the data at 
both ends, the indirect ones preferring a lower value and the direct ones a higher 
value. Therefore, a possible solution should have enough rigor to explain multiple 
observations. A recent Review!? seems to suggest that the situation is improving 
during the last 4 decades, with the Hp measurement converging towards the same 
value. However, while in the past the tension was within the same types of mea- 
surements and at the same redshifts and thus pointing directly to systematics, now 
there are no late universe measurements below the early ones and vice versa, as 
expected in case of a scatter around the true value. Therefore, since it is hard to 
believe that a single type of systematic error could effectively resolve the Hubble 
constant tension, and because the discordance is robust under the removal of the 
measurements of any single type of object, mode or calibration, it is difficult to 
believe that unrelated systematic errors could coherently bias the measurements in 
the same direction and solve the Ho puzzle. 
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3. Solutions 


An alternative possibility for solving the Hubble tension is instead to change the 
assumptions about the cosmological model considered to derive the indirect con- 
straints, modifying directly the three unknown pillars on which the standard vanilla 
ACDM is based. 


3.1. First pillar: Dark matter 


For example, we can consider modifications in the dark matter sector. 

A classical extension is the effective number of relativistic degrees of freedom 
Neg,” i.e. additional relativistic matter at recombination, corresponding to a mod- 
ification of the expansion history of the universe at early times, before the re- 
combination epoch. The radiation density p, can be recast as a function of the 
photon density py, where we it is assumed the ratio T,/T, = (4/11)!/? between 
the background temperatures of neutrinos and photons under the approximation of 


Ave 4/3 
1+-|— Negl. 1 
E (4) (| (1) 
The expected value is Nog = 3.046,25?? if we assume standard electroweak inter- 


actions and three active massless neutrinos, but can be larger in presence of extra 
33-37 
or 


instantaneous neutrino decoupling: 


Pr = Py 


relativistic particles at recombination, such as, for example, sterile neutrinos 
thermal axions,?* ^? or decaying dark matter.*° ^? Additional relativistic degrees of 
freedom other than the three standard model neutrinos will produce more radiation, 
smearing and shifting of the acoustic peaks in the damping tail of the CMB tem- 
perature power spectrum, and delaying the matter to radiation equivalence,*? °° 
with a corresponding increase of the early Integrated Sachs-Wolfe (eISW) effect, 
and therefore of the amplitude of the peak around multipoles @ ~ 200. This param- 
eter was often considered to increase the Hp estimate because of the strong positive 
correlation present between these two quantities. However, Neg should be around 
Neg ~ 3.95 in order to obtain a value of Ho from Planck 2018 + BAO + Pan- 
theon in perfect agreement with SHOES,?! and this value is significantly excluded 
by the latest Planck 2018 data. In particular, even when Neg can vary freely, the 
Ho tension is still above 3.60, and therefore this is no longer a suitable solution. 


3.2. Second pillar: Dark energy 


For example, we can consider modifications in the dark energy sector. 
A classical extension is a varying dark energy equation of state, that is a modifi- 
cation of the expansion history of the universe at late times, after the recombination 


1774 


epoch. In this case we replace the cosmological constant A in the expansion rate of 
the Universe with a Dark Energy with an equation of state w free to vary. A dark 
energy component with a time-varying equation of state w = ppg/ppg modifies the 
Hubble rate through the first Friedmann equation: 


H?(z) = Hà [oq t 2)! + O1 2)? + Qpp(1 + 2209 c O,0-2)?| (2) 


where Qr, Qm, QDE and € are the density parameters, evaluated at present time, 
for radiation, matter, dark energy and curvature for, and for the case w — —1 the 
dark energy component acts as a cosmological constant of density parameter Npp. 
Changing the dark energy equation of state w, we are introducing a geometrical 
degeneracy with the Hubble constant that will be unconstrained using the CMB 
data only, resulting in agreement with SHOES within 2c at the price of a phantom 
dark energy with w < —1. Actually, a likelihood analysis of Planck 2018 gives 
w = —1.58*019 at 68% CL and Ho > 69.9 kms-! Mpc-! at 95% CL.! A phantom 
Dark energy implies that the energy density of this component increases with time 
in an expanding universe that wil end in a Big Rip.?? Moreover, it has many 
theoretical problems, but there exist models that expect an effective energy density 
with a phantom equation of state that can avoid them. 


3.3. Third pillar: Inflation 


For example, we can consider modifications in the inflationary sector. 

Actually, a strong correlation is present between the scalar spectral index n, 
of the primordial density fluctuations and the Hubble constant Ho. Therefore it is 
natural to ask if the simple Harrison-Zel'dovich model is able to solve the Hubble 
tension, or if there is support for a more complicated perturbation spectrum. 

The inflationary theory predicts that the primordial spectrum should be a power 
law with a value of the spectral index to be nearly one, n, ^ 1, reflecting the 
constancy of the Hubble horizon during inflation, but at the same time not exactly 
one, due to the dynamics of the inflaton field. An exact value of n, — 1 is indeed not 
expected in inflation and would coincide with the phenomenological model proposed 
by Harrison,?? Zel'dovich,?^ and Peebles and Yu,?? known as Harrison - Zel’dovich 
(HZ) spectrum, proposed well before the formulation of inflation, and corresponding 
to perfect scale-invariance of the fluctuations. This model has one parameter fewer 
than standard vanilla ACDM model, and it is therefore less complicated (from 
the point of view of the number of parameters). While it is still possible to have 
inflationary models with spectral index nearly identical to HZ, a measurement of n, 
close to, but different from, one should be considered as a further corroboration of 
inflation. The presence of the Hubble tension in current cosmological data does not 
rule out a HZ spectrum at high statistical significance because it predicts a Hubble 
constant value in agreement with SHOES.?9 See also Ref.?" for an updated analysis 
of the available CMB data in light of the different inflationary scenarios. 
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3.4. Examples of formally successful models in solving Ho 


It is possible to classify the formally successful models in solving H looking at the 
Hubble constant that a model predicts once the Planck 2018 data are analysed (see 
Table B1 of Ref.?5). In this case, without any consideration about the goodness of 
the fit, excellent solutions in solving the Ho tensions are late time solutions, i.e. 
mostly Dark Energy and Modified gravity models. 

In these class of models we can find for example the Parker Vacuum Meta- 
morphosis (VM),?? ©! which has a phase transition in the nature of the vacuum, is 
physically motivated by quantum gravitational effects and can mimic a phantom DE 
behaviour at low redshifts. This model can solve the Hubble tension in an excellent 
way.62-64 
for a flat universe is for z > zi: 


For this model the expansion rate above and below the phase transition 


H? 
Hj 


4 -1 
= Os(12-2) H1, 2-2) — M41 He: ) MM =a) 8) 


and for z < zy: 


H? d 
m MU +M, (4) 


where M = m?/(12H@) and the redshift of the phase transition is 


30, 
=-14 ; 
Y 41— M - £5) (5) 


Therefore, above the phase transition, the universe behaves as one with matter and 
radiation plus a constant, and after the phase transition it effectively has a dark 
radiation component that rapidly redshifts away leaving a de Sitter phase. The 
original model did not include an explicit high redshift cosmological constant and 
therefore we have: 


Qn = : [M(1— M - 6,3] ^ , (6) 
i.e. the parameter M is fixed and depends on the matter density, and this model has 
the same number of degrees of freedom as ACDM. For this model, the DE equation of 
state behaviour is phantom today, and more deeply phantom in the past. In the case 
without the cosmological constant, instead, there is no DE above the phase transi- 
tion. If we now fit the current cosmological data with this model, we obtain Hy ex- 
actly in agreement with SHOES even if BAO and Pantheon Snla data are included.9? 
However, this considerably worsened the fit of the full Planck2018+BAO+Pantheon 
data combination because the model fails to recover the shape of H(z) at low red- 
shifts. 
Additionally, we can also consider an extended VM where M is an independent 
parameter. In this case, the massive scalar field has a vacuum expectation value 
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that manifests as a cosmological constant, and the conditions that the transition 
happens in the past plus the Opp is always positive are assumed: 


This more ad hoc VM model that includes a cosmological constant, i.e. allowing 
the vacuum criticality parameter M to float, is even better in fitting the CMB 
cosmological data alone,®* but still can't recover the shape of H(z) at low redshifts 
preferred by BAO+Pantheon. 

The problem is that BAO+Pantheon measurements constrain the product of 
Ho and the sound horizon r,. Therefore, in order to have a higher Ho value in 
agreement with SHOES, we need r, near 137 Mpc. However, Planck, by assuming 
ACDM, prefers r, near 147 Mpc. Therefore, a cosmological solution that can increase 
Ho and at the same time can lower the sound horizon inferred from CMB data is 
promising to put in agreement all the measurements.9? Therefore, the late time 
solutions, as wCDM, are disfavored by the full dataset combination because they 
increase Ho but leave r, unaltered. On the contrary, the early time solutions, as 
Neg or Early Dark Energy,99 95 move in the right direction both the parameters, 
but can't solve completely the Ho tension with SHOES, as we can see in Fig. 3 of 
Ref.®° 

At this point, it is possible to classify the formally successful models in solving 
Ho looking at the Hubble constant that a model predicts once the Planck 2018 data 
combined with additional probes are analysed (see Table B2 of Ref.?*). In this case, 
again without any consideration about the goodness of the fit, excellent solutions 
in solving the Ho tensions are mostly early time solutions. 

However, we should be careful in ruling out all the late time solutions because 
of the disagreement with the BAO data. Let's consider for example an Interacting 
model IDE, where DM and DE share interactions other than gravitational. Actually, 
dark matter and dark energy are described as separate fluids not sharing interactions 
beyond gravitational ones, even if from a microphysical perspective it is hard to 
imagine how non-gravitational DM-DE interactions can be avoided, if not forbidden 
by a fundamental symmetry. At the background level, the conservation equations 
for the pressureless DM and DE components can be decoupled into two separate 
equations with an inclusion of an arbitrary function, Q, known as the coupling or 
interacting function: 


Dc + 3p, = Q, (8) 
pe +3H(1+w)ppe=—Q. (9) 

We assume the phenomenological form for the interaction rate: 
Q = H€ppe (10) 


proportional to the dark energy density ppg and the conformal Hubble rate H, via 
a negative dimensionless parameter € quantifying the strength of the coupling, to 
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avoid early-time instabilities. In this scenario of IDE the tension on Hp between the 
Planck satellite and SHOES is completely solved. The coupling could affect the value 
of the present matter energy density Nm. Therefore, if within an interacting model 
Om is smaller (because for negative € the dark matter density will decay into the 
dark energy one), a higher value of Hp would be required in order to satisfy the peaks 
structure of CMB observations, which accurately determine the value of TE (see 
Table 1 of Ref."?). Therefore, we can safely combine the two datasets together, and 
we obtain a non-zero dark matter-dark energy coupling € at more than 5 standard 
deviations, i.e. £ — —0.66* 0-02 at 6896 CL. For this model we have only an upper 
limit for the matter density Qm, however the IDE scenario is still in agreement with 
the local structures. Actually, within interacting cosmologies the growth of dark 
matter perturbations is larger than in uncoupled models."! This feature is general 
for models with negative coupling and in which the energy exchange among the 
dark sectors is proportional to ppg, due to a suppression of the friction term and 
an enhancement of the source term in the differential growth equation. 

For this model, the addition of low-redshift measurements, as BAO data, is ex- 
tremely important, because it breaks the correlation between the parameters that 
can produce a fake detection for the coupling (see Ref."?). And Planck 2018 + BAO 
still hints at the presence of a coupling, albeit at a lower statistical significance. 
Also for these datasets the Hubble constant value is larger than that obtained in 
the case of a pure ACDM scenario, enough to bring the Ho tension at 2.40.7? This 
residual tension is however of difficult interpretation. In fact, BAO are formed in 
the early universe, when baryons are strongly coupled to photons, and the grav- 
itational collapse due to the CDM is counterbalanced by the radiation pressure. 
Sound waves that propagate in the early universe imprint a characteristic scale on 
the CMB. Since the scale of these oscillations can be measured at recombination, 
BAO is considered a "standard ruler". These fluctuations have evolved and we can 
observe BAO at low redshifts in the distribution of galaxies. Since the data reduc- 
tion process leading to these measurements requires assumptions about the fiducial 
cosmology, BAO is model dependent, and the model assumed to extrapolate the 
data is the standard ACDM scenario. In other words, the tension between Planck 
+ BAO and SHOES could be due to a statistical fluctuation in this case because the 
modified scenario of interacting dark energy could affect the BAO measurements. 
In fact, the full procedure which leads to the BAO constraints carried out by the 
different collaborations might be not necessarily valid in extended DE models. For 
instance, the BOSS collaboration advises caution when using their BAO measure- 
ments (both the pre- and post- reconstruction measurements) in more exotic dark 
energy cosmologies, because their reliability has been assessed only for modifica- 
tions of the expansion history before recombination, and late modifications that 
can be parametrized by wowa. Therefore, BAO constraints themselves might need 
to be revised in a non-trivial manner when applied to constrain extended dark en- 
ergy cosmologies, such as the IDE model that is showing a coupling different from 
ACDM at more than 5c. 
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The IDE model can also solve the Mg tension. It has been pointed out in Ref.”4 


that the SHOES Collaboration, combining together anchors, cepheids and calibra- 
tors, produces a constraint on the SN absolute magnitude Mpg, that depends on the 
astrophysical properties of the sources and is independent of cosmology. After that, 
in order to obtain the Hp measurement, it uses the Hubble-ow supernovae in the 
redshift range 0.023 < z < 0.15 to probe the luminosity distance-redshift relation, 
and it adopts a cosmography with go = 0.55 and jo = 1. Therefore, the use of a 
prior on the Hubble constant could bias the conclusions about hockey-stick dark 
energy scenarios, i.e. models that have a transition at very-low redshift (z « 0.1), 
that can solve the Hubble tension producing a disagreement with Mpg at more than 
50. Therefore, rather than explaining the Ho tension, one should instead focus on 
the supernova absolute magnitude tension Mpg, because the SHOES team does not 
directly measure Ho. The Mg approach allows to skip the cosmography part, and 
to avoid the double counting of SN in the redshift range 0.023 € z < 0.15 when 
combined with the Pantheon sample. Actually, imposing a Ho prior, the whole in- 
formation on the shape of the SN magnitude-redshift relation is lost, as also noticed 
by Ref."? If we consider the Mg parameter, instead, we have that the Planck con- 
straint on the the SN absolute magnitude using the parametric-free inverse distance 
ladder predicts Mp = —19.401 + 0.027 mag, while the the SN measurements from 
SHOES corresponds to Mg = —19.244: 0.037 mag, corresponding to a 3.40 tension. 
A classification of the models that can solve the Mg tension has been performed in 
Ref.," finding that the best model is a closed universe with the electron mass free 
to vary.7? 

When an IDE model is considered, instead, the Mpg tension is always at 2.4c 
considering a combination of Pantheon + BAO + BBN, and is completely solved 
below lo when a gaussian prior on Mg is included, with an indication for a coupling 
different from zero at more than 95% CL.’ Therefore, an IDE model can alleviate 
the Mg tension, as well as the Hp disagreement, and as it is shown in Ref.” it is 
not disfavoured by the Pantheon magnitude-redshift relation. 


4. Conclusions 


To summarize the state-of-the-arte we have a long-standing Hubble tension that is 
presenting a serious limitation to precision cosmology. A solution to this problem is 
mandatory at this point. 

On one side early time modifications of the standard models seem most promis- 
ing for putting in agreement CMB and SHOES, and agree also with BAO+Pantheon 
data, but unfortunately they don’t completely solve the Hp tension. On the other 
hand, late time modifications are instead more powerful in solving the Ho ten- 
sion, but are producing a disagreement with the additional BAO+Pantheon data. 
However, we can have working models, such as the simple IDE scenario, that can 
relieve the Ho tension hinting to an interaction different from zero at more than 5c. 
However, when BAO data are added in the analysis the Hubble constant tension is 
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restored at about 2.4c, and this residual tension is difficult to interpret because of 
the reliability of the BAO data for this model. Alternative solutions can involve the 
inflationary paradigm, and in this context we saw that a HZ spectrum can solve 
the Ho tension without new physics and with fewer parameters free to vary, but is 
disfavoured by a model comparison with the standard ACDM model. 

Concluding, more than 300 models have been proposed (see Ref.?5) to solve the 
Hubble tension, but at the moment no specific proposal makes a strong case for 
being highly likely or far better than all others. We therefore need new observations 
and the investigation of alternative theoretical models and solutions. 
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We report how to alleviate both the Ho and og tensions simultaneously within f(T) 
gravity. In particular, we consider the parametrization f(T) = —T — 2A/M3 + aT, 
where two out of the three parameters are independent. This model can efficiently fit 
observations solving the two tensions. To our knowledge, this is the first time where a 
modified gravity theory can alleviate both Ho and og tensions simultaneously, hence, 
offering an additional argument in favor of gravitational modification. 


Keywords: Ho tension; og tension; f(T) gravity; MG16 Proceedings. 


1. Introduction 


It is now well established that the Universe at late times experienced the transition 
from the matter era to the accelerated expansion phase. Although the simplest ex- 
planation would be the consideration of the cosmological constant, the correspond- 
ing problem related to the quantum-field-theoretical calculation of its value, as well 
as the possibility of a dynamical nature, led to two main paths of constructing ex- 
tended scenarios. The first is to maintain general relativity as the underlying theory 
of gravity, and consider new, exotic forms of matter that constitute the concept of 
dark energy.'? The second is to construct extended or modified theories of gravity, 
that posses general relativity as a low-energy limit, but which in general provide 
the extra degrees of freedom that can drive the dynamical universe acceleration.?:4 

With the accumulation of cosmological data, experimental tensions may arise 
within ACDM cosmology. If they were to remain under the increasing precision of 
experimental observations, they would constitute, in a statistical sense, clear indi- 
cations of new physics beyond ACDM. One recently well-debated tension relates 
the value of the Hubble parameter at present time Hp measured from the cosmic 
microwave background (CMB) temperature and polarization data by the Planck 
Collaboration? to be Ho = 67.37 + 0.54 kms^! Mpc ^! , to the one from local mea- 
surements of the Hubble Space Telescope? yielding Ho = 74.034:1.42 km s^! Mpc ^ !. 
Recent analyses with the combination of gravitational lensing and time-delay effects 
data reported a significant deviation" at 5.30. Another potential tension concerns 
the measurements of the parameter og, which quantifies the gravitational clustering 
of matter from the amplitude of the linearly evolved power spectrum at the scale 
of 8h-! Mpc. Specifically, a possible deviation was noticed between measurements 
of CMB and LSS surveys, namely, between Planck? and SDSS/BOSS.*:? Although 
these two tensions could in principle arise from unknown systematics, the possibility 


1784 


of physical origin puts the standard lore of cosmology into additional investigations, 
by pointing to various extensions beyond ACDM. 

In this work we consider systematically the Hp!° and og! tensions, and report 
how to alleviate both simultaneously within f(T) gravity, based on the analysis of. ? 
We exploit the effective field theory (EFT) of torsional gravity, a formalism that 
allows for a systematic investigation of the background and perturbations separately. 
This approach was first developed early for curvature gravity,!? and recently it was 
extended to torsional gravity.!^!? In order to address cosmological tensions, we 
identify the effects of gravitational modifications within the EFT on the dynamics 
of the background and of linear perturbation levels. This will allow us to construct 
specific models of f(T) gravity providing adequate deviation from ACDM that can 
alleviate Ho and og tensions. 


2. Effective field theory approach 


We start our analysis by the question of whether both tensions can be alleviated si- 
multaneously via gravitational modifications in a much general framework. Indeed, 
the Ho tension reveals a universe that is expanding faster at late times than that 
from a cosmological constant preferred by CMB data, while a lower value of og than 
the one of CMB most likely ACDM would imply that matter clusters either later on 
or less efficiently. Hence, these two observations seem to indicate that there might 
be “less gravitational power" at intermediate scales, which phenomenologically ad- 
vocates a possible modification of gravitation. Accordingly, in this work we address 
the aforementioned question within the EFT framework for torsional gravity. 

For a general curvature-based gravity, the action following the EFT approach 
in the unitary gauge, invariant by space diffeomorphisms, which expanded around 
a flat FRW metric ds? = —dt? + n (t) ó;j dada? , is given by 


ps nz d'af Yag] EVER — A(t) - b(t)” 

+ M3 et 7 de M3jóK? — MZ5KY SKE 

+ m2h^"9,99 9,999 + AOR? + AQ RvR” + u26g96R 

PO Oe aad Ou OF 

vea [I gy — m3(ag 25K +---]} () 


where Mp = (8rGyw)-!/? is the reduced Planck mass with Gy the Newtonian 
constant. R is the Ricci scalar corresponding to the Levi-Civita connection, C^"?^ 
is the Weyl tensor, 05 is the perturbation of the extrinsic curvature, and the 
functions Y(t), A(t), b(t) are determined by the background evolution. 


When the underlying theory also includes torsion,!* one can generalize the EFT 
14,15 


action as 


S= / dava [ wn — A(t) — b(t)g9? + MP ar gy (2) 
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To compare with the effective action for curvature-based gravity (1), one reads that 
at background level there is additionally the zeroth part 7? of the contracted torsion 
tensor que with its time-dependent coefficient d(t). Furthermore, the perturbation 
part S$) contains all operators of the perturbation part of (1), plus pure torsion 
terms including 6T?, 5T°5T®, and 6T?#”5T,,,,, and extra terms that mix curvature 
and torsion, namely, STR, 0909 dT, 69996T?, and óKóT?, where T = ITT n + 
ITP” Tup — Pul is the torsion scalar. Adding the matter action Sm to the 
effective action of torsional-based gravity (2) and then performing variation, one 
obtains the Friedmann equations to be:14 


ji 

H? = E eff 

3M2 (o E PDE) , (3) 
: 1 eff eff 
H = -zmz (Pm + ppm t Pm + pfp) ; 
and where 

. dH 

pie =b+ ^ - 3Mg Hr 4 = + Pw 1|, (4) 


Š . d . 
pig = b- A+ MV -2HV + 5 + (H? 4 2H) — 1)| 
are, respectively, the effective DE density and pressure in the general torsional 
gravity. Moreover, we treat the matter sector as dust that satisfies the conser- 
vation equation pm + 3H(pm + pm) = 0, which in terms of redshift leads to 
Pm = 3M2 HE Nmo(1 +2)’, with Qmo the value of Qm = 87Gnpm/(3H7) at present. 


3. Model independent analysis 


In general, to avoid the H tension one needs a positive correction to the first 
Friedmann equation at late times that could yield an increase in H9 compared to 
the ACDM scenario. As for the ca tension, we recall that in any cosmological model, 
at sub-Hubble scales and through the matter epoch, the equation that governs the 


evolution of matter perturbations in the linear regime is! 


6 +2H6 = 4nGerpmé , (5) 


where Gog is the effective gravitational coupling given by a generalized Poisson 
equation. In general, Geg differs from the Newtonian constant Gy, and thus con- 
tains information from gravitational modifications (note that Geg = Gy in ACDM 
cosmology). Solving for ó(a) provides the observable quantity fog(a), following the 
definitions f(a) = dln ô(a)/dlna and o(a) = os9(1)/ó(a = 1). Hence, alleviation of 
the og tension may be obtained if Geg becomes smaller than Gy during the growth 
of matter perturbations and/or if the “friction” term in (5) increases. 

To grasp the physical picture, we start with a simple case: b(t) = 0 and 
A(t) = A = const [b and A are highly degenerate as shown in (4)], while V(t) = 1. 
Hence, from (2), with the above coefficient choices, the only deviation from ACDM 


1786 


at the background level comes from the term d(t)T°, and we remind that in FRW 
geometry T? — H when evaluated on the background. In this case, the first Fried- 
mann equation in (3), using for convenience the redshift z = —1 + ao/a as the 
dimensionless variable and setting ao = 1, yields 


W e TO + mcos) (6) 


where Hacpm(z) = Ho./Qm(1 + z)? + Qa is the Hubble rate in ACDM, with Q,, = 
P /(3MZ H?) the matter density parameter and primes denote derivatives with 
respect to z. Accordingly, if d « 0 and is suitably chosen, one can have H(z — 
ZcMB) © Hacpm(z > zcmp) but H(z > 0) > Hacpm(z > 0); i.e., the Ho tension 
is solved [one should choose |d(z)| < H(z), and thus, since H(z) decreases for smaller 
z, the deviation from ACDM will be significant only at low redshift]. Additionally, 
since the friction term in (5) increases, the growth of structure gets damped, and 
therefore, the og tension is also solved [note that since we have imposed V = 1, 
then Geg = Gy as one can verify from (2) and (3); namely, the contributions from 
T? vanish at first order in perturbations]. 

Furthermore, for typical values that lie well within the lo intervals of the H(z) 
redshift surveys, it is expected that CMB measurements will be sensitive to such 
a deviation from the ACDM scenario for nonvanishing T° at early times. Actually, 
the T° operator acts in a similar way as a conventional cosmological constant. Thus, 
it adds yet another new functional form to parametrize the background and leads 
to more flexibility in fitting redshift and clustering measurements. 


H(z) =- 


4. f(T) gravity and cosmology 


In this section we propose concrete models of torsional modified gravity that can be 

applied to alleviate the two cosmological tensions based on the torsional EFT dic- 

tionary. In particular, we focus on the well-known class of torsional gravity, namely, 
2 

the f(T) gravity,!" which is characterized by the action S = D. f d*zef (T), with 

e= det(e4) = ,/—g and et the vierbein, and thus by the Friedmann equations 


H? Pm T 14m 
342 6 6 3 


| 2M 


with fr = Of /OT, fry = 0° f/OT?, where we have applied T = 6H? in flat FRW 
geometry (we follow the convention of!4). Therefore, f(T) gravity can arise from the 
general EFT approach to torsional gravity by choosing V = — fr, A = Mit fr— f), 
b = 0, d = 2fr,'4 and can restore GR by choosing f(T) = —T — 2A/M3. 

The above EFT approach holds for every f(T) gravity by making a suitable 
identification of the involved time-dependent functions. For instance, we consider 


the following ansatz: f(T) = —[T + 6H2(1 — mo) + F(T)], where F(T) describes 
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the deviation from GR [note, however, that in FRW geometry, apart from the 
regular choice F — 0, the ACDM scenario can also be obtained for the special case 
F(T) = c T!? too, with c a constant]. Under these assumptions, the first Friedmann 
equation becomes 

P 

TG) - 22 a2) - F(z) = 6Repal2) . (8) 

(z) 
In order to solve the Ho tension, we need T(0) = 6H2 ~ 6(H9C)?, with H£? = 
74.03 kms^! Mpc^! following the local measurements,? while in the early era of 
z 2 1100 we require the Universe expansion to evolve as in ACDM, namely H(z Z 
1100) ~ Hacpm(z Z 1100). This requirement follows from the fact that we are 
considering modifications kicking in only at late times, and therefore, the results 
in tension from CMB analysis performed within ACDM remain unaffected. This 
implies F(z)|.»1109 ~ cT"? (z) (the value c = 0 corresponds to standard GR, while 
for c Z 0 we obtain ACDM too). Note that, in this case the effective gravitational 
coupling is given by! 


Gn 
ef = ———. 9 
Ger 1+ Fr ( ) 
Therefore, the perturbation equation at linear order (5) becomes 
Pa T') 1 » _ _ 9HGQ%mo(1 + 2) (10) 
2T(z) 1+z [1 + F’(z)/T'(z)|T(z) 
where 6 = ôpm/Pm is the matter overdensity. Since around the last scatter- 


ing moment z = 1100 the Universe should be matter-dominated, we impose 
6'(z)|z>1100 S -z 8(2), while at late times we look for ó(z) that leads to an 
fog in agreement with redshift survey observations. 

By solving (8) and (10) with initial and boundary conditions at z ~ 0 and 
z ~ 1100, we can find the functional forms for the free functions of the f(T) gravity 
that we consider, namely, T(z) and F(z), that can alleviate both Ho and øs tensions. 
We find two such forms for F(T). Both models approach the ACDM scenario at 
z 2 1100, with Model-1 approaching F = 0 and hence restoring GR, while Model-2 
approaches F c T!/?, and thus it reproduces ACDM. In particular, we find that we 
can well fit the numerical solutions of Model-1 by 


T \ 1.65 
F(T) & 375.47 ( — , (11) 
(amz) 
and of Model-2 by 
T s-1.65 
F(T) ~ 375.47 ( 5 apr? (12) 
(saz) 


Note that, the first term of Model-2, which coincides with Model-1, provides a small 
deviation to ACDM at late times, while it decreases rapidly to become negligible 
in the early Universe. In addition, we examine Geg given by (9) for the two models 
(11) and (12), which are displayed in Fig. 1. As expected, at high redshifts in both 
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models, Ge becomes G y, recovering the ACDM paradigm. At very low redshifts, 
Ges becomes slightly higher than G y, increasing slightly the gravitational strength. 
This gravitational modification is in competition at late times with the accelerat- 
ing expansion. It turns out that the effect of an increased cosmic acceleration with 
respect to ACDM in our f(T) gravity models dominates over the stronger gravita- 
tional strength in the clustering of matter. We check that both models can easily 
pass the BBN constraints (which demand!? |Geg/Gy — 1| < 0.2), as well as the 
ones from the Solar System [which demand?? |G'«(z = 0)/Gn| < 10 3h! and 
IG" (« = 0)/Gy| < 105h-2]. 


1.08 —— Modal-4 


Model- 2 
1.06 


--- GR 


1.04 


1.02 


Gar/Gw 


1.00 


0.98 - 


0.96 + 


0.001 0.010 0.100 1 10 100 1000 
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Fig. 1. Redshift evolution of Gef /G n in Model-1 (brown solid line) and Model-2 (blue solid line) 
and their comparison to the GR case (black dashed line). 


Now we show how Model-1 and Model-2 can alleviate the Hy and og tension 
by solving the background and perturbation equations. In Fig. 2 we present the 
evolution of H(z), while in Fig. 3 the evolution of fog, for two f(T) models, and 
we compare them with ACDM. We stress that the Ho tension can be alleviated 
as H(z) remains statistically consistent for all CMB and CC measurements at all 
redshifts. We remind the reader that the two f(T) models differing merely by a term 
x T'/?, which does not affect the background as explained before, are degenerate 
at the background level. However, at the perturbation level, the two models behave 
differently as their gravitational coupling Geg differs. 

We further stress that both models can alleviate the og tension, and fit ef- 
ficiently to BAO and LSS measurements. Note that at high redshifts (z > 2), 
Model-2 approaches ACDM slower than Model-1, but in a way that is statistically 
indistinguishable for present-day data. Nevertheless, future high-redshift surveys 
such as eBOSS for quasars and Euclid?4 for galaxies have the potential to discrimi- 
nate among the predictions of f(T) gravity and the ACDM scenario. Moreover, the 
clusters and CMB measurements on gg are in good agreement in our models, as the 
CMB preferred values in ACDM get further lowered than local ones from rescaling 
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Fig. 2. Evolution of the Hubble parameter H(z) in the two f(T) models (purple solid line) and in 


ACDM cosmology (black dashed line). The red point represents the latest data from extragalactic 
Cepheid-based local measurement of Ho provided in.® 


@ Euclid forecast 

@ = SDSS- III 

@ SDSS-IV 
Model- 1 


Model- 2 


==- ACDM 


fo,(2) 


Fig. 3. Evolution of fog in Model-1 (brown solid line) and Model-2 (blue solid line) of f(T) gravity 
and in ACDM cosmology (black dashed line). The green data points are from BAO observations 
in SDSS-III DR12,?! the gray data points at higher redshift are from SDSS-IV DR14,?? while the 
red point around ~ 1.8 is the forecast from Euclid.?? The subgraph in the left bottom displays 
fos at high redshift z = 3 ~ 5, which shows that the curve of Model-2 is above the one of Model-1 
and ACDM scenario and hence approaches ACDM slower than Model-1. 


og by the ratio of the growth factors in f(T) gravity and ACDM. More explicitly, 


DfO(z—0) D^(zg) 
D4A(z=0) DFM) (zee) 


where D(z) is the growth factor, f(T) and A denote our models and ACDM respec- 
tively, and ze is the effective redshift of the measurements (zeg ~ 0.1 for clusters 
experiments and zeg ~ 1100 for CMB temperature fluctuations observations). It 
turns out that, as at high redshift, zog ~ 1100, the growth factor is the same in 
either our f(Z')-models or in ACDM, but at low redshift, zeg ~ 0.1, the growth 
factor is approximately 1.03 bigger in the later compared to the formers, cluster 


af (2 =0) = eg (4. 0), (13) 
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dg-measurements get bigger by about such an amount reducing the gap with CMB 
preferred value in this modified gravity scenario. 

In short summary, we conclude that the class of f(T) gravity: f(T) = -T — 
2A/M2 + oT?, where only two out of the three parameters A, a, and fj are in- 
dependent (the third one is eliminated using Qmo), can alleviate both Ho and og 
tensions with suitable parameter choices. Moreover, such kinds of models in f(T) 
gravity could also be examined through galaxy-galaxy lensing effects,?? strong lens- 
ing effects around black holes?? and gravitational wave experiments.!? 


5. Conclusions 


In this work we reported how f(T) gravity can alleviate both Ho and es tensions 
simultaneously. Working within the EFT framework, torsional gravity theories can 
be identified as the EFT operators that allow us to extract the evolution equations 
of the background and of the perturbations in a model-independent manner. This 
allows us to address in a systematic way how tensions amongst the observational 
measurements, such as the ones on Hg and og, can be relaxed. Following these 
considerations, we constructed concrete models from specific Lagrangians in f(T) 
gravity, describing cosmological scenarios where these tensions fade away. Imposing 
initial conditions at the last scattering that reproduce the ACDM scenario, and 
imposing the late-time values preferred by local measurements, we reconstructed two 
particular forms of f(T). These models are well described by the parametrization: 
f(T) = —T — 2A/M2, + oT?. To our knowledge, this is the first time where both 
Ho and og tensions are simultaneously alleviated by a modified gravity theory. 
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We present a fully relativistic framework to evaluate the impact of stochastic inhomo- 
geneities on the prediction of the Hubble-Lemaitre diagram. In this regard, we relate 
the fluctuations of the luminosity distance-redshift relation in the Cosmic Concordance 
model to the intrinsic uncertainty associated to the estimation of cosmological parame- 
ters from high-redshift surveys (up to z — 4). Within this framework and according to 
the specific of forthcoming surveys as Euclid Deep Survey and LSST, we show that the 
cosmic variance associated with the measurement of the Hubble constant will not exceed 
0.1 96. Thanks to our results, we infer that deep surveys will provide an estimation of 
the the Hubble constant Ho which will be more precise than the one obtained from local 
sources, at least in regard of the intrinsic uncertainty related to a stochastic distribution 
of inhomogeneities. 


Keywords: Cosmology; Large Scale Structure; Inhomogeneous Universe; Hubble tension 


1. Introduction 


Along this work, we will summarize the results obtained in Fanizza et al. (2021)! 
and presented at the parallel session “Status of the Ho and og Tensions: Theoretical 
Models and Model-Independent Constraints” of the 16th Marcel Grossmann meet- 
ing. In particular, we will quantify the cosmic variance concerning the estimation 
of Ho from forthcoming high redshift survey with limited sky coverage. 

Indeed, the best-fit of the CMB data? allows us to infer the value of few cosmo- 
logical parameters with the highest precision achievable so far in cosmology. Among 
these parameters, the estimation of Ho, namely the current expansion rate of the 
Universe, has gained great interest for the cosmologists because of an increasing 
tension emerging against the value of Ho itself as estimated from local measure- 
ments.? 

This tension is almost of 5c, since CMB measurements provide? a value for 
Ho = 67.36 + 0.54 km s^! Mpc7!, whereas late time estimations based on local 
probes, such as Supernovae Ia (SnIa), return? Ho = 73.2 + 1.3 km s^! Mpc 1. 

Given this tension and working within the conservative framework of ACDM 
model, our main interest is to understand whether, in view of the forthcoming 
Large Scale Structure (LSS) surveys, there could be any theoretical bias increasing 
the standard deviation in order to alleviate the above-mentioned tension. A first 
attempt to address this point has been provided in Ben-Dayan et al. (2014),* where 
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the effect of velocity dispersion of local SnIa (at redshift lower than 0.1) has been 
studied and it has been shown that it can introduce a further intrinsic error in 
the local estimation of Ho of ~ 1%. This result is in agreement with subsequent 
analysis,? leading to an effect which is large but unfortunately not enough to resolve 
the tension. Our goal here is to extend the analysis to higher redshifts (z < 3.85), 
including then also lensing effects to the analysis, in order to forecast the estimated 
precision for forthcoming surveys, just like Euclid Deep Survey (EDS) and LSST. 
To this aim, we will assume that the new generation of standard candles known as 
Superluminous Supernovae (SLSNe) will provide a suitable dataset, following what 
has been recently claimed in Inserra et al. (2021).° 

In Sect. 2 we present the estimator for the cosmic variance in realistic high red- 
shift surveys. In Sect. 3, we recall and discuss the analytic tool, such as the 2-point 
correlation function of the luminosity distance-redshift relation and its monopole, 
needed for our estimation. In Sect. 4, we generate a survey according to the specific 
of forthcoming surveys and forecast the expected cosmic variance. In Sect. 5 our 
results are summarized and discussed. 


2. Local measurements 


In order to extend the analysis of Ben-Dayan et al. (2014)* to higher redshift, we 
first need to go beyond the linear relation between luminosity distance and redshift 
dr, = z/ Ho. To this aim, we then refer to the luminosity distance-redshift relation 
dr(z) in the homogenous and isotropic ACDM model 


"m j= dz! (1) 
a D JQmo(1 + 2’) 3 FI = Ona 


where Hy is indeed the Hubble constant and Qmo is the energy density of the matter 
today. Eq. (1) then provides an estimator for Ho at higher redshifts as 
/ 
ae ; Tz al dz (2) 
VQom(1 + 27)3 -1— Rom 

By assuming then a priori the value of Qmo and given that dr, and z can be indepen- 
dently observed, a measurement of Ho can be directly inferred from the high-redshift 
surveys thanks to Eq. (2). 

Eq. (2) provides also the starting point to estimate the intrinsic uncertainty 
associated to Ho given by the presence of inhomogeneities all around our observed 
Universe. This is the lowest theoretical uncertainty we can reach, according to the 
sample of sources we have access to and is usually named cosmic variance. We 
hence have that, if we take into account also inhomogeneities in the Universe, the 
luminosity distance-redshift relation is modified accordingly as 


d; (z,n) = dz(z) [1 +64 (z, n) +52(z,n)] , (3) 


where n is the observed direction of the given source and 6“) and 6() are linear 
and second order corrections to the luminosity distance-redshift relation. 
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At this point, the inhomogeneous value of the Hubble constant Ho can be eval- 
uated as 
~  l1-z i A dz' 
~ dr(z) Jo /Mom(1 + 2/8 -1— Nom 


= Ho i rs — 8) + CON (z,n). (4) 


We notice that Ho is now a function of z and n. This is in line with the fact 
that inhomogeneities may render the estimation of Ho biased by local structures. 
In principle, these inhomogeneities may affect not only the precision but also the 
accuracy of Ho and then shift its averaged value within the sample. Here we neglect 
this effect since the correction to the Hubble diagram due to the non-linearities has 
been shown to be small in the regime of redshift of our interest." ? 

Because of these fluctuations, it is possibile to define an estimator for the vari- 
ance associated to the background value of Ho inferred from a finite survey of N 
sources observed at positions (z;, n;), where i = 1,...,N runs over the number of 
the sources. Indeed, the variance associated to the average value of Ho inferred from 
a finite survey of N sources will be then 


No No Cm 
Ho(zi,ni) Ho(2;,n;) 
oh, = (ZG - 1) ae cud 


i=1 j=l 
(ee ee see = mo 
= N2 5 (Hola, n;)Ho(zj, nj) = Hj) = N2 5 5D (z, n;) óQ0) (25 nj) . 
i,j=1 ijl 
(5) 
where = represents the ensemble average over all the possibile configurations of 


perturbations. Last equality of Eq. (5) states that our estimator for the cosmic 
variance of Ho precisely corresponds to the sum of the 2-point correlation function 
of the luminosity distance-redshift relation over all the possible pairs of sources in 
the survey. It then links the details of the surveys, such as angular and redshift 
distributions of the sources, to the theoretical expressions of the inhomogeneities. 
We also notice that nonlinear terms in Eq. (5) exactly cancel. 

In the next section, these general preliminaries will be applied to the case of 
linear perturbations of the luminosity distance. This will provide the explicit ex- 
pression for 07, due to all the linear relativistic corrections. 


3. Analytical expressions for leading order effects 


Eq. (5) explicitly shows that the cosmic variance ofr, is sourced at the leading 


order only by linear perturbations. It is then enough to take into account the linear 
relativistic corrections involved in the 6“). By restricting our analysis to scalar 
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perturbations as given in the Longitudinal Gauge without anisotropic stress*, the 


relativistic effects occurring at linear level are well-known:!? !? 


we have lensing 
of the photon geodesics along the line-of-sight due to cosmic structures, peculiar 
velocity (also known as Doppler) due to the free falling motion of the sources within 
local inhomogeneities and then fluctuations of the gravitational potential around 
the source position and along the photon geodesics, leading to local and integrated 
Sachs-Wolfe effects and time delay. However, effects due to gravitational potentials 
are negligible with respect to lensing and peculiar velocity. We then focus the rest 
of our discussion only to the lensing and peculiar velocity. 


The impact of the these effects on ion is then given by 


2 
mc DDD EWri p (6) 


ij E,E’ 


where i,j = 1,...,N and E and F’ label the leading relativistic effects such as 
Lensing (E, E' = L) or Peculiar Velocity (E, E' = PV). P,(k) in Eq. (6) is the 
so-called dimensionless power spectrum of gravitational perturbations in Fourier 
space 


k3 
Py(k) = lx. (7) 


We remark that kernels Wg; p; are functions of the (times) redshifts of the i-th 
and j-th sources (7;) z; and (nj) z; and their angular separation v = nj: nj. In this 
way, the only terms involved in our analysis are the auto-correlations of lensing and 
peculiar velocity 


An; Aj; (1— v?) , 
Wpvipv; = EigjGiG;k (Sot un) 
Vi. ; 
+= [io (ER) — 25a (KR) (ni njs v) (8) 


1 d 1 [^ n — nj gg Gr) 
Wri xx d def T 99180 ^ [k^ pr^, (ER 
M15 Ani Any no — 7 - Tho — n gno) | ARR) 


— SK? H? L j3(kR) + k? (8L? — 6H?) jo(kR) + 4k L ji(kR)] (n.m',v) , 
and their cross-correlation 


=) No 2 
=; n= n gm) { 342 (An; — vAn) (An — vAn:) 
W»viLj = —-Gi / d RBA 

PYOEI Am In; Mo =n glo) 1 R? 


ja(k R) 


An —Í A 
+ PA (3A 772? — 2) sl 
_kA 
= [E An(Ani — vAn) — 2v] hem) (ni, m. v) , (9) 


?'lhis assumption is in line with the fact that we take into account sources located after the 
decoupling. General expressions in presence of anisotropic stress can be found in Marozzi et al. 
(2014)!° for the non-linear luminosity distance-redshift relation and in Fanizza et al. (2018)!! for 
the non-linear redshift. 
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where j,(x) are the spherical Bessel functions of n-th order and we define 


Fries Ny v) = An? + Anz 2A),Àgyv 


Atte Ary? Ane Any VI- 
LNs, my Y) = A (He, Ny, V) = y 
o us R (ne, Ny, V) (n y ) R (ng, my, v) 
™ a(n) gi) ( 1 ) 
Picus ad p. Ba (d= 10 
nin ana) gCo) FLAN (10) 


with Ar, = No — r,. In Eqs. (10), R is the Euclidean distance between two sources 
and L and H are respectively the normalized scalar and (modulo of the) vector 
products between the two directions of the sources. Moreover, G; is the growth 
factor for the velocity potential of the i-th source, g(7) is the growth factor of the 
gravitational potential, a(7) is the scale factor, H#(7) = a'()/a(1) and no is the value 
of the conformal time today. The detailed analytic derivation for all the different 
contributions Wi, gj is reported in Fanizza et al. (2021).! We just remark that the 
kernel Wpv; py; is in agreement with the one found in Ben-Dayan et al. (2014).4 
The values of the 2-point correlation function 


En, gp (2i, žj V) = Pak Weir (11) 
for the kernels in Eqs. (8) and (9) are then shown in Fig. 1 for the particular cases 
of aligned (v = 1) and anti-aligned (v = —1) sources. In the regime of interest for 
us (0.15 < z < 3.85), it is clear from these plots that lensing is always leading with 
respect to the other terms when the sources are aligned, whereas peculiar velocity 
turns out to be the leading effect for the anti-aligned sources at redshift smaller 
than 1. 

Another interesting feature emerging from Eqs. (8) and (9) regards the angular 
average of £g, 7. It turns out that 


1 
[tima =0 (12) 


where E may label all the relativistic effects such as lensing itself, peculiar velocity, 
time delay and (integrated) Sachs-Wolfe effect. This means that, in the limit of full 
sky coverage surveys and large number of sources”, lensing does not affects at all 
the estimation e. Hence, it follows that in this ideal case the leading contribution 
to the cosmic variance is entirely addressed to the monopole of £py, py. This can 
be easily evaluated from the angular integration of the Wpv; pv; in Eq. (8) and 
results are shown in Fig. 2. In this ideal case, oy, is entirely given by the doppler 
2-point correlation function. 


bSee Yoo (2020)!6 for a detailed discussion of this ideal case. 
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Fig. l. 2-point correlation functions of Lensing (top panels), Peculiar Velocities (middle panels) 
and cross-correlation between Lensing and Peculiar Velocity (bottom panels). Left panels refer to 
anti-aligned sources (v — —1) wheres right ones consider aligned sources (v — 1). These plots are 
obtained by using linear power spectrum for the gravitational potential, following the cosmological 
parameters provided in Fanizza et al. (2021).! 


However, realistic surveys deal with finite sky-coverages which can be also very 
narrow. In this case, monopole of the 2-point correlation functions of dz (z,n) is no 
longer enough and higher multipoles must be taken into account for the evaluation 
of DH. We redirect the reader interested in the detailed multipoles analysis of £g, g 
to Fanizza et al. (2021).! In the next section, we will apply the numerical results 
shown in Fig. 1 to the estimator for oh, in Eq. (6). 
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Fig. 2. Monopole of the doppler 2-point correlation function. Thick black lines indicate where 
function is 0. Dashed lines stand for negative values whereas continues lines refer to positive values. 


4. Cosmic variance for next generation surveys 


In this section, we apply the analytical and numerical results previously obtained 
to the case of Superluminous Supernovae (SLSNe). Following the specifics of forth- 
coming surveys like EDS!" and LSST,!? we consider the expected detection rate 
of SLSNe claimed in Inserra et al. (2021)° and reported in our Fig. 3. With these 
histograms in mind, we have generated two random surveys for the distribution of 
SLSNe with the following properties 


e EDS: 135 sources in 7 redshift bins with 0.5 < z < 3.5 and redshift 
bin width Az = 0.5. For this survey, the angular distribution covers two 


40 


30 
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20 


tt of SLSNe 


2 3 


o 


z 


Fig. 3. Simulated SLSNe distributions for Euclid Deep Survey and LSST. From Inserra et al. 
(2021).® 
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line-of-sights at North and South Poles, with angular opening of 20 deg? per 
line-of-sight, 

e LSST: 929 sources in 38 redshift bins with 0.15 < z < 3.85 and redshift 
bin width Az — 0.1. For this survey, the angular distribution spans a broad 
solid angle of 9000 deg?. 


Results are summarized in Table 1. Here we see that the dispersion associated to 
the measure of Ho, namely oy, = "a is of ~ 0.2% for EDS but its value drops 
of almost 1 order of magnitude for LSST, where it contributes with a dispersion of 
~ 0.03%. This difference is mainly addressed to the fact that, for larger sky coverage 
and large number of sources, the total effect due to lensing must tend to 0. The 
specific of LSST are indeed in line with regime: first of all, the number of sources 
adopted in our forecast of LSST is almost 1 order of magnitude higher than the one 
of EDS. Secondly, also the sky coverage is larger. 


Table 1. Forecasts for the variance of Ho in EDS and LSST. In the first line, lensing 
2-point correlation function is considered. In the second line, the contributions from 2-point 
correlation function of peculiar velocities are shown. Values are reported for linear power 
spectrum truncated at kyy = 0.1h Mpc-! and Non-Linear HaloFit model truncated at 
kyy = 10h Mpc-!. 


City /Hà EDS (Linear)  LSST (Linear) EDS (Non-Linear) | LSST (Non-Linear) 


Lensing 5.1 x 10-6 7.6 x 10-8 1.1 x 1075 7.8 x 1077 
Doppler 2.1 x 10-? 2.9 x 10-19 - - 


Another fact that we underline is that doppler effect is always subdominant. 
Hence we have that the total cosmic variance due to lensing and doppler is 


2 
lO Py (4 e) 
OH, SOH L |1d + O J i (13) 
° : | 2 ch, CHL 


Again from Table 1, we then get that the doppler effect corrects the total cosmic 
variance associated to Ho by 0.2% for LSST and by 0.02% for EDS. 

This analytical estimation can be naturally extended to kyy = 10h Mpc7! 
where the HaloFit model!?:?? is taken into account to model the non-linear scales. 
Results for the lensing are reported again in Table 1 and show that oh, NL = 
1.1 x 107? Hg for EDS and oh, Ng = 7.8 x 1077 HF for LSST. 

It follows then, for EDS, even if non-linear scales are expected to enhance the 


lensing correction by almost one order of magnitude, the intrinsic error associated 
to the measurement of H is almost insensitive to the non-linear scales, since it 
becomes cg, x r,/ Ho = 0.003. On the contrary, non-linear scales increase by roughly 
a factor 3 the dispersion of Ho within the specific of LSST, raising oy, to the value 
0 Ho NL/ Ho — 0.0009. 

Our analysis, provides also a test for the claim done in Ben-Dayan et al. (2014)4 
about small redshift surveys: it has been stated there that the analysis is insensitive 
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to smaller scales fluctuations due to the incoherence of such contributions. According 
to our investigation, we conclude that this is a reasonable expectation only for EDS. 
We address this feature to the fact that EDS covers smaller regions in the sky with 
higher angular density of sources. 


5. Summary and conclusions 


In this work, we have studied the impact of cosmological inhomogeneities on the 
estimation of Ho from the high redshift Hubble diagram. Our analysis considers the 
possibility, discussed in Inserra et al. (2021), that EDS!" and LSST!? will have 
access to a statistically relevant number of Superluminous Supernovae in the next 
decade. In this regards, less conservative studies about the Hubble diagram at high 
redshifts (z < 1.5) have been also investigated by exploiting exact inhomogeneous 


21-24 or by considering strongly inhomogeneous dynam- 


models in general relativity 
ical dark energy models.?? These attempts look interesting especially in light of 
recent analysis done in Krishnan et al. (2020)?° and Krishnan et al. (2021)?” about 
HOLiCOW?5 and TDCOSMO?? data and in Dainotti et al. (2021)°° for the SNe 
Ia Pantheon sample, suggesting that Ho could be a decreasing function of redshift 
already at late time. 

However, our approach is more conservative, since it is based on linear per- 
turbations within the Cosmic Concordance model. In this framework, the 2-point 
correlation function of luminosity distance-redshift relation has been analytically 
derived and investigated numerically. It turns out that lensing is the leading effect 
at the considered redshift, as one may expect. 

Our first analytical estimations of the cosmic variance for limited-sky-coverage 
surveys indicate then that forthcoming high-redshift surveys are well-suited to pro- 
vide a precise determination of cosmological parameters, such as Ho. Moreover, 
these forecasted errors for LSST and EDS are stable enough to be quite insensitive 
to the role of non-linearities in the matter power spectrum. Despite our analysis has 
been performed entirely within the ACDM model, from the geometrical structure 
of the light-cone 2 general features emerge: 


e Lensing 2-point correlation function has vanishing monopole, hence in the 
limit of large sky coverage and huge number of sources, the cosmic variance 
must be dominated by Doppler effect also on high redshift surveys. 

e As a consequence of line-of-sight integration and statistic isotropy, non- 
linear scales play an important role only when two sources are almost 
aligned. 


However, realistic surveys deal with limited sky coverage and this makes lensing 
contribution no longer vanishing. In fact, according to the specific of EDS and LSST 
and to what has been claimed in Inserra et al. (2021),° we forecast that the intrinsic 
error from cosmic variance associated to Ho is of ~ 0.03 96 for LSST and 0.3% for 
EDS for the linear power spectrum. Non-linear scales contribute marginally to this 
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estimation within the specific of EDS. For what regard the specific of LSST, the 
situation is a way worse. Indeed, in this case, we get that non-linear scales enhance 
our forecast by almost a factor 3. T'his is a direct consequence of the fact that 
lensing 2-point correlation function strongly depends on small scales fluctuations 
for the diagonal entries of the covariance matrix. 

Our analysis extends the one performed in Ben-Dayan et al. (2014),* where only 
close Supernovae (up to z — 0.1) have been considered. Indeed, we took into account 
also lensing corrections on top of the peculiar motion of the sources. In fact, the 
former is the leading relativistic effect expected at those redshifts. Interestingly, 
our analysis points out that surveys have an intrinsic error for Ho which tends to 
decrease when higher redshift sources are considered, whereas low redshift surveys 
discussed in Ben-Dayan et al. (2014)* admits a quite high dispersion for Ho of ~ 1%. 

On one hand, our results are not able to alleviate the tension between local 
and distant measurements of the Hubble constant. However, they indicate that the 
analysis of fainter sources does not increase the theoretical uncertainty on Ho. The 
price to pay stands in the fact that the Hubble diagram at higher redshift is no 
longer model independent. 
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Primordial black holes arise when the inflaton falls 
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Primordial black holes (PBHs) can be produced when large density perturbations enter 
the horizon in the early universe. They can be dark matter (DM) and the black holes 
detected by the LIGO-Virgo collaborations. In this proceeding, we show that the large 
enhancement of the perturbations, required for the DM PBHs and LIGO/Virgo PBHs, 
can be realized in inflation models with a downward step. This enhancement mechanism 
is related to the particle production associated with the non-adiabatic evolution of the 
inflaton. This proceeding is based on our original paper.! 


Keywords: Primordial black holes; inflaton; dark matter. 


1. Introduction 


Primordial black holes (PBHs) are one of the hottest topics in Cosmology because 
they are one of the candidates of dark matter (DM) and the black holes (BHs) de- 
tected by LIGO-Virgo collaborations." " PBHs are produced when the large density 
perturbations enter the horizon during a radiation- or matter-dominated era. The 
power spectrum of the density perturbations sensitively depends on the inflaton 
potential. 

Throughout this proceeding, we focus on single-field inflation models. In the 
previous works, the large perturbations for the PBH scenarios are realized by the 
flat region in the inflaton potential. ?? When the inflaton rolls on the flat region, it 
gets decelerated due to the Hubble friction, which is called the ultra-slow-roll (USR) 
period. Once the inflaton gets decelerated, the perturbations are enhanced. This 
can be seen from the form of the power spectrum in the slow-roll approximation, 
Pr c H?/(8x*eM3,), where H is the Hubble parameter and e is the slow-roll 
parameter, related to the inflaton velocity through e = —H/H? = à?/(2H? Mà). 

On the other hand, in this proceeding, we show that a downward step in the 
inflaton potential can also realize the large enhancement of the perturbations. 
Although the perturbation enhancement with the step-like feature is discussed in 
previous works,?9:27 the O(107") enhancement of Pr, required for the PBH sce- 
narios, has never been realized. One example of the inflaton potential with the 
downward step is shown in Fig. 1, whose concrete parameterization will be given 
in Sec. 3. In the following, we explain why the downward step can enhance the 
perturbations. 
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Fig. l. The inflaton potential of Eq. (10) that realizes the large enhancement of perturbations, 
with the downward step at $1 < $ < ¢2 highlighted and an inset for the full range. The parameters 
are ns = 0.97, eq = 7.43 x 10-19, e2 = 0.01, e3 = 10-?, and A Nstep = 0.5. dena denotes the end of 
inflation (red vertical dotted line) and corresponds to 50 e-folds from ¢cmp. This figure is taken 
from our original paper. 


2. A toy model 


In this section, we explain the reason why the downward step causes the large 
enhancement by using a toy model. In canonical single-field inflation, the curvature 


perturbation Rẹ obeys the following equation:?9: 25.29 


RI + (2 -- NHR, +k’ Rk — 0, (1) 
where 7 = e'/(*1e), H is the comoving Hubble parameter, and the prime denotes 


the derivative with respect to the conformal time, dr = dt/a with T = 0 at the end 
of inflation. We can rewrite this equation as 


WR, 2+ndRy 


Ry c0 2 
dz? x dx TERME : (2) 
where x = —kr and we have used the relation H ~ —1/r. Then, we obtain the 
general solution for the curvature perturbation: 

R4 ~ CG (—kr) + CoG?) (kr), (3) 


where v = 3/2+ 7/2, C1 and C5 are constant in time, and GP and GY are defined 
with the Hankel functions of the first (H w) and the second kind (H, (2 as 
GP) (-kr) = (-kr) HP (-kr), (4) 


with j € (1,2). 

As a toy model, we consider the case where e changes from ei(« 1) to €2(> &) 
with constant positive 7 and, after that, e decreases with 7 = —6, which corresponds 
to a USR phase. Specifically, we parameterize 7 as 


N = n. O(r — 71)O(T2 — 7) — 6O(T — 72). (5) 
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Once & /ea is fixed, we have 72/7; = (e1/e2)!/"* and T/T2 = (e(T)/e2)/9 for T > To 
with e(7) being the value at 7. Substituting this into Eq. (2), we obtain the solution 
of the curvature perturbation, 


D:G$},(—kr) (T< T) 
Rk = E,G? (kr) + E GË (—kr) (TITI T), 
F GC} (kr) + FGP} (-kr) (ri <7) 


where ve = 3/2 + n./2. Imposing the Bunch-Davies vacuum condition as Dı = 
—/n/2H/(V/Ak3e; Mpi) and the continuity of R and R’ at 7; and T2, we determine 
the other coefficients. Hereafter, as the simplest case, let us consider the large limit 
of ne, which corresponds to the step-function like downward step. In this limit, 
Eq. (1) in 71 < 7 < 7» can be approximated as 


1 
E ER, x0. (6) 


From this relation, we can obtain Ri (T2) = (ei/ea) Ri, (71). We can see that Rj, 
undergoes a jump down at the transition, by a relative factor of (e1/e5), while R 
itself is continuous, Rz(71) = (72), for any finite e. From the relation between 
the curvature perturbation and the inflaton fluctuation ó$ during the inflation, 
R c óó/(V/2eMpi), we can see that, while the curvature perturbations remain 
constant, the inflaton fluctuations get amplified during the increase of e (the rolling 
down of the step). This amplification of the inflaton fluctuations can be regarded as 
the particle production. Note that the amplification of the curvature perturbations 
occurs after the rolling down phase (T > 72) because the curvature perturbation 
evolves as Ry «x l/4/e in T > Te. 

In the limit of ne — oo, the coefficients Fı and F> approach the following values: 


3e2 + (2e2 + ey) ^k? + i(eo + e) -kri)? 
2€ , 
(3€2 as 3ies(—kmri) + (ei Sh e)(—kn)?) 
2€» 


Fi lim =D 


Fz lim =. D,e #71 (1. i( kni)) , (7) 


where note 7, = T» in this limit. Using these expressions, we derive the analytic 
form of the final power spectrum after the perturbations exit the horizon. Here, we 
define 73 as the time at the end of the USR phase so that e3 = e(73). After the USR 
phase, the inflation continues with e = e3. In this case, the power spectrum in the 
large-scale limit, k < 1/|r1| becomes 


H? 2 €2 1 E2 
k)c 1 kr)? + ——(-kn) 
P(t) sane [-zjaCeszzemy E 
PI 
up to O((—kri)*), and where we have also assumed €3/¢€2 < 1. On the other hand, 


for modes that were inside the horizon at the transition (k 2 1/|r1|), the power 
spectrum finally becomes 


1 — cos(—2k7) H? e 


k)c A Rr REALI 
Pr ( ) 2 , 822 M26 €3 E (9) 
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where we have assumed e /e3 « 1. From this expression, we can see that the power 
spectrum is enhanced by a factor of O(es/ea). 


3. A concrete model 


Next, we discuss a concrete inflaton potential with a downward step, which re- 
alizes the large perturbation enhancement. Specifically, we consider the following 
potential: 


V(9) = Vi(O)F ($; $1, 2, h) , (10) 


where V, is the base potential and F induces the downward step. We take the 
following form of Vp: 

= Bb? /Mp, ) (11) 

1+ ¢/¢cmpB J’ 

where we determine the parameters to make the power spectrum on large scales 
consistent with CMB observation, Pr ~ 2 x 107° and n, = 0.97. Note that the 
inflaton potential changes from this form around the end of the inflation, which is 
irrelevant to the enhancement mechanism. The concrete expression of the function 


Vild) = Vo (: 


F is given by 


1 ($ < $1) 
Flói dah) = {1-9 ($235). (P10), (12) 
1—h ($ > $2) 


where S(x) = z?(3 — 2x) and it changes from 0 to 1 with the change of x from 0 
to 1. The parameter h determines the step height, normalized by Vo, and ¢2 — $i 
determines the e-folds for the inflaton to pass through the step, which is denoted by 
ANgtep. With this concrete inflaton potential, we numerically calculate the power 
spectrum and get the results in Fig. 2. The peak height of the power spectrum in 
Fig. 2 is Pr ~ O(10~7), which is large enough for the scenarios of the DM PBHs 
and the LIGO-Virgo PBHs.?? From this figure, we can see that the power spectrum 
is enhanced by a factor of O(e3/e€2), which is consistent with the analytical estimate 
in the previous section. We can also see that the perturbation enhancement does 
not occur on the very small scales, where Eq. (6) is invalid. This is because Eq. (6) is 
valid only when the transition timescale, T2 — T1, is much smaller than the timescale 
of the perturbation oscillation, 1/k. 


4. Conclusion 


In this proceeding, we have proposed a new type of single-field inflation model for 
the PBH scenarios. We have shown that a downward step feature in the inflaton 
potential can enhance the power spectrum by a factor of O(107), required for the 
PBH scenarios. This perturbation enhancement can be interpreted as the particle 
production that occurs during the inflaton rolling down of the step. 
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Fig. 2. The power spectrum in the inflaton potential of Eq. (10) with different A Nstep. Except 
for ANstep, the parameters are the same as in Fig. 1. The black dotted and dashed lines are the 
approximate forms of the power spectrum. See our original paper! for details. This figure is taken 
from our original paper. 
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The enhancement of the spectrum of primordial comoving curvature perturbation R can 
induce the production of primordial black holes (PBH) which could account for part of 
present day dark matter. As an example of the effects of the modification of gravity on 
the production of PBHs, we investigate the effects on the spectrum of R produced by 
the modification of gravity in the case of G-inflation, deriving the relation between the 
unitary gauge curvature perturbation ¢ and the comoving curvature perturbation R, 
and identifying a background dependent enhancement function € which can induce large 
differences between the two gauge invariant variables. 

When ¢ is not constant in time it is different from R, for example on sub-horizon 
scales, or in models exhibiting an anomalous super-horizon growth of ¢, but since this 
growth cannot last indefinitely, eventually they will coincide. We derive the general 
condition for super-horizon growth of C, showing that slow-roll violation is not necessary. 
Since the abundance of PBHs depends on the statistics of the peaks of the comoving 
density contrast, which is related to the spectrum of R, it is important to take into 
account these effects on the PBHs abundance in modified gravity theories. 


Keywords: Modified gravity, primordial curvature perturbations, primordial black holes. 


1. Introduction 


'The study of primordial perturbations is fundamental in any cosmological model, 
since it allows to make predictions of the conditions which provided the seeds for the 
anisotropies of the cosmic microwave background (CMB) radiation or for the process 
of structure formation. Among the different theoretical scenarios proposed to explain 
the accelerated expansion of the Universe, Horndeski's theory! has received a lot of 
attention, both in the context of inflation and dark energy. 

The calculation of the equation for cosmological perturbations for these the- 
ories have been so far performed in the so called unitary gauge, also known as 
uniform field gauge. While the unitary gauge has some computational convenience 
in general relativity when only a scalar field is present, in general it is not directly 
related to observations, which depend on the comoving curvature perturbations 
R. The production of PBHs? is an example of phenomenon depending on ^ 
and not on the unitary gauge curvature perturbations ¢. Another example are the 
numerical codes developed for the solution of the Boltzman's equations in a per- 
turbed Friedman-Lemaitre-Robertson-Walker (FLRW) Universe, which are using 
equations in the synchronous gauge,? which for adiabatic perturbations coincides 
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approximately with the comoving gauge,? justifying the use of the comoving slices 
gauge for early Universe calculations. 

The comoving gauge can differ from the unitary gauge in modified gravity theo- 
ries because the effective energy momentum tensor arising from the modification of 
gravity can produce some effective entropy terms, which are absent in K(X) theo- 
ries, but are present in any more complicated Hordenski's theory. In this letter we 
compute the general relation between R and ¢ in G-Inflation.!?!! As an application 
we use this relation to investigate the effects of the modification of gravity on the 
power spectrum of R, and its implications on the production of PBHs. 


2. G-inflation 


In G-inflation the scalar field 9 is minimally coupled to gravity according to the 


action! 12 


s- fenya (Msc) 


where X = —9""0,00,0/2, R is the Ricci scalar and we use a system of units in 
which c = h = 1. The Lagrangian density of the scalar field corresponds to 


L(®, X) = K(6, X) + G(9, X), (1) 


where K and G are arbitrary functions. The corresponding effective stress-energy- 
momentum tensor (EST) is given by 


Tw = L xV ®V ð + Pag, + V VG + V,SV,G, (2) 


where 


Lx =0xL = Kx(®,X)+Gx(®,X)06, (3 
Ps =L-V,,(GV4“®) = K — g""V,6V,G. 


ee 


— 
A 
— 


3. The perturbed effective energy-stress-momentum tensor 


The most general scalar perturbations with respect to a flat FLRW background can 
be written as 


ds? = ul — (1 + 24)d7? + 28; Bda*dr + [6;;(1 — 2C) + 20;0; E] dude’ } f. (5) 


For the decomposition of the scalar field and the EST into their background and 
perturbation parts we use the notation 


$(z^) = ó(T) + p(z"), (6) 
T", =T", E 6T", . (7) 
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The background components of the EST are 


"g 12 
T'o =— B= K(x) + 95 6,6) - Sa KON tO, — (8 
T^; Ty =0, (9) 
T; =0';P, 
"a 12 H 
P = K(6.) - “avs, 0*5 [eso 9 + PG). (20) 


where the primes stand for derivatives with respect to 7, x is given by x = 2 and 
the subscripts ¢ and x denote partial derivatives with respect to these quantities, i.e. 
Gol, X) = 05G(ó, x) and G,(ó, x) = 0,G(ó, x). In order to define the comoving 


slices gauge we need this component of the perturbed EST 


ne == (rcs S Genie, mm 


where H = a'/a. The remaining components of the perturbed EST are not rele- 
vant to the computations done in this letter, and we will give them in a future 
work. Under a gauge transformation of the form (7,2*) > (T + ôr, a? + xj) the 
perturbations 6¢, A, B, C, and E transform according tol? 


09 > âp — $'67, (12) 
A—A-Hór — ÂT, (13) 
B+ B+6r—- 62’, (14) 
C — C Hór, (15) 
E> E-éz. (16) 


4. Evolution of curvature perturbations in the unitary gauge 


In single scalar field models the unitary gauge is defined by the condition 6¢, = 0. 
From the gauge transformation in eq.(12) we can see that the time translation ôr, 
necessary to go to the unitary gauge is given by 


õp 
Using eq.(15) we can compute the curvature perturbation in the unitary gauge Ç 
= op 
Cn Og ae aene ete (18) 


which is by construction gauge invariant. We can also define other gauge invariant 
quantities such as the unitary gauge lapse function 
õp 


Au paca meon ASH e (=) . (19) 
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The second order action for ¢ in Horndeski's theories was computed in! 
rm i dtd? xa? lese = 7s (0;¢)7 (20) 


where Gg and Fg are functions of K(¢,x) and G(¢, x) and their derivatives. The 
Lagrange equations for this action give the equation of motion of ¢ 


e (mg) e- dAGC-O, (21) 


where c2(T) = Fs/Gs. 
For the Fourier transform of the above equation we use the notation 


i+ (mm + Z| CG, + dk = 0. (22) 


5. Comoving slices gauge in G-inflation 


The comoving slices gauge is defined by the condition T°; = 0. In G-inflation, 
combing eqs.(12-13) with eq.(11) we have that under an infinitesimal time transla- 
tion 


o? 
ôT’; + ôT”; -a (2 Dôr) ; (23) 
where 
D =a? (2G, + K,) + G,(-4H¢' + Q9"), (24) 


from which we get the time translation 67. required to go to the comoving slices 
gauge 


— d^ G, (369 + ¢'A — 69) + a° (2G4 + Ky) 60 . (25) 


1 
OT. = WD | 

Note that in the particular case in which G does not depend explicitly on x, i.e. 
G(¢, x) = G(¢) the above transformation reduces to 
0 
d , 
and the comoving gauge coincides with the unitary gauge, since in this case the 
system is equivalent to a K(X) theory.1^:!6 

The comoving curvature perturbation R is then defined as 


R = — Ce = —C -"Hón. (27) 


OTe = 


(26) 


Our goal is to derive the relation between ¢ and R, and we can achieve this by per- 
forming the gauge transformation between the unitary and comoving slices gauge. 

Using the general gauge transformation defined in eq.(25), when 6¢ = 0 and 
A= A,, we get 


OTue = — 


Ay, (28) 
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from which we obtain 


/ 
G 
Rae HH EXA, (29) 
The gauge invariant variable A,, can be expressed in terms of ¢ using the perturbed 
Einstein's equation 0G?; = 6T°;/M?, in the unitary gauge, which using eq.(11) 
gives 


P IX M (30) 


We can then combine eq.(29) and eq.(30) to obtain the relation between R and ¢ 
only 


1 13 
poceni Gy 


= 
Bi (saath) mc 4 etry (31) 


where we have defined the enhancement factor £(7), a quantity depending only on 
the background, which can induce a significant difference between the curvature 
perturbations on comoving and uniform field slices. T'he relation between the power 
spectrum of ¢ and R. is then given by 


Bo, k? 
Pr = za Pal = P; +544, (32) 
where 
A = [ecc HECHE]. (33) 


Note that the above relations are valid on any scale, since they are just based 
on gauge transformations, without assuming any sub or super horizon limit. This 
implies that the spectra of R and ¢ could be different due to a change in the evolution 
of both sub-horizon and super-horizon modes during the time interval when £() is 
large. On sub-horizon scales the effect is always present, since ¢ is oscillating and 
C Æ 0, while for super-horizon scales the effect could be suppressed if ¢ ~ 0, but 
even for models conserving ¢ there could be an effect, since the freezing does not 
happen immediately after horizon crossing. We will discuss later the implication on 
the production of PBHs. 


6. Conservation of R and ¢ 


From eq.(31) we can reach the important conclusion that 


C = const > C = R = const; (34) 
however the opposite is not true, i.e. 
R = const # C = const, (35) 


which can have important implications for conservation laws of R and non- 
Gaussianity consistency conditions.!" As explained previously, R is the quantity 
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related to observations, so it would be inconsistent to infer constraints on ¢ from 
CMB observations for example, since the latter depend on R. From a theoretical 
point of view the models approximately conserving ¢ on super-horizon scales may 
be incompatible with observations for large enhancement functions £(T), because 
'R. could be not conserved, implying for example a violation of the non-Gaussianity 
consistency condition or a miss-estimation of PBHs abundance. 

Nevertheless it should be noted that the super-horizon growth of perturbations 
cannot last indefinitely, or the entire perturbative treatment of the problem would 
breakdown, leading to inhomogeneities much larger than those imprinted in the 
CMB for example. For this reason it is expected that for any model compatible 
with observations the super-horizon growth of ¢ should be only temporary, and 
according to eq.(34), at some time after horizon crossing C ~ R. This simplifies the 
calculation of R, whose evolution can be then traced during and after reheating, 
too, contrary to QC. 

The only exception to this argument could be very small scales ¢ modes which 
leave the horizon very late, and whose super-horizon growth could continue until 
horizon re-enter, without affecting the validity of the perturbative treatment of the 
problem. For these small scale modes the difference between R and ¢ could be 
important, but it would still be computationally convenient to solve the equation 
for ¢ and then obtain R using the gauge transformation given in eq.(31). 


7. Enhancement of curvature perturbations 


As already observed for comoving curvature perturbation R in general relativity 
for standard kinetic term single field models,!® a temporary violation of slow-roll 
conditions can lead to the anomalous growth of what would normally be a decaying 
mode. A similar mechanism can induce the growth of Ç, as we will show in this 
section. We can re-write eq.(22) in the form 
2 
= (engs) + aF sorts zu (36) 


da a 
from which it is possible to find a super-horizon scale solution of the form 


1 
a2HGs ' 
where A and B are constants. For standard slow-roll models the function f decreases 
as the scale factor increases, implying that ¢ tend to a constant value, i.e. the second 
term in eq.(37) is a decaying mode. If the function f is a growing function of a then 
the second term in eq.(37) becomes a growing mode, and there can be a super- 
horizon growth. It follows that the general condition for super-horizon growth of Çk 
is then 


a=4+B| 2f, j= (37) 


(38) 
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or equivalently 
df idf 1 
da  a'dr aH 


During inflation aH > 0 and this condition reduces to 


T0. (39) 


Fat (40) 


In the case of a minimally coupled single scalar field the unitary gauge and the 
comoving gauge coincide, and the general condition given above takes the form! 


3—e+7 <0, (41) 


where the slow-roll parameters are defined according to 


— a (HN. &@t+P) "HE". 
e — a (=) = 2M2,H? ’ n= H (42) 
In G-Inflation the condition given in eq.(40) implies that 
d 1 3—e-- G6. /HGs ey 
à = = S I « 4 
f dr E a? Gs ó 9 (43) 


which gives the general condition for super-horizon growth in an expanding Uni- 
verse. For a contracting Universe the inequality would be inverted. 

As can be seen from the above equation the super-horizon growth can be 
achieved in different cases, corresponding to y and 6 having opposite signs, con- 
trary to what happened for the standard kinetic term single field scenario, in which 
ô sign is fixed. Note also that contrary to standard kinetic term single field mod- 
els, the super-horizon growth does not depend only on the slow-roll parameters, 
implying that it can occur also during slow-roll. 

The anomalous super-horizon growth of ¢, and consequently of R, can increase 
the abundance of PBHs, since it affects the statistics of the density perturbations 
peaks which can seed the PBHs. 


8. Production of primordial black holes 


The super-horizon growth of Rk could produce primordial black holes which could 
possibly account for part of dark matter? ^ ^1926 and produce gravitational waves 
(GW) detectable with future GW detectors such as LISA.?'" In this session we will 
show how to obtain some approximate estimation of the effetcs of the modification 
of gravity on the PBH production, without considering any specific model, leaving 
this to a future work. 

The mass M of PBHs produced by the mode R, re-entering the horizon during 
the radiation domination can be approoximated as" 


M= "Mg P’ (44) 
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where y * 0.2 is a correction factor, and Mu| is the horizon mass My = 
F 


(41/3)p(a?1) ? at the time of PBH formation, corresponding to the horizon crossing 
time 


k- n). (45) 


Note the above is just a rough estimation, and a more accurate treatment would 
involve the use of a scaling relation.?™ 28 
The present time fraction fps of PBHs of mass M against the total dark 


matter component can then be approximated as" 


paar aot (a) (ike) (ur) ^ 


where g. pr is the number of relativistic degrees of freedom at formation, the quantity 
B is the energy density fraction of PBHs at formation time 


p = PPBH (46) 
p IF 


which can be written in terms of the probability of the density contrast P(ó) as?:?9 


B(M) — v : (0)d6, (47) 


where 6; is the threshold for PBH formation. Assuming the density perturbations 
follow a Gaussian distribution B is given by 


B(M) 


2 (48) 


y 
N ex 
v2nv(M) P | 2 
where v(M) = 6,/o0(M), and o(M) is an estimation of the standard deviation of 
the density contrast on scale R from the variance 


a?(M) = / dln kW?(kR)Ps(k) = Í dln kW? (kR) (=) (kR)*Pr(k), (49) 


where W(kR) is a window function smoothing over the comoving scale R(M) = 
(@ H)! l. = 2GM/ary—', and the relation between 6 and R has been used in the 


second equality. It should be mentioned that eq.(48) can be used as a guideline, 
but more accurate calculations would involve the use of the results of numerical 
simulations.??:?! The choice of the window function could also affect? 33 the results 
of the calculation. 

Our aim here is not make an accurate estimation of the PBHs abundance for a 
specific model, but to show why in general it can be impacted by the modification 
of gravity, and the approximations adopted so far are enough to serve this general 
purpose. According to the equations above, the PBH fraction £ is affected by the 
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power spectrum of R since this can increase the standard deviation of the density 
field o(M). Note that the above approximations to estimate the PBHs abundance 
can receive important corrections depending on the shape of power spectrum, on 
non- gaussianity, and non-linear statistics.?^?6 Due to the importance of all these 
different effects it is difficult to find a general model independent analytical for- 
mula to estimate the PBHs abundance for a generic G-inflation theory, but any 
enhancement of the power spectrum is expected, according to eq.(32), to affect the 
probability of production of PBHs. Beside this, numerical relativity simulations of 
the PBHs formation are based on general relativity, so the effects of the modifica- 
tion of gravity on the process of gravitational collapse are at the moment not fully 
understood and would require investigations beyond the scope of this paper.?" 

At the end of its anomalous super-horizon growth, ¢ will coincide with R, and the 
consequent enhancement of the spectrum will lead to an increased PBH abundance. 
Contrary to what happens for standard kinetic term single field models in general 
relativity,'® in the case of G-inflation this power spectrum enhancement can be 
achieved also during slow-roll, as long as the condition in eq.(43) is satisfied, which 
can be attained by an appropriate choice of the function Gs. We expect a similar 
behavior for more complex modified gravity theories as well. 


9. Conclusions 


We have computed the effective energy-stress-tensor for G-inflation theories in the 
comoving slices gauge and have used it to derive a general relation between the 
unitary gauge curvature ¢ and the comoving curvature perturbation R, involving 
an enhancement function which depends on the evolution of the background, and 
which can cause a large difference between the two gauge invariant quantities. 

When ¢ is not constant in time it differs from R, for example on sub-horizon 
scales, or in models exhibiting an anomalous super-horizon growth of C, but since 
this growth cannot last indefinitely, eventually they will coincide. We have derived 
the general condition for super-horizon growth of Ç, showing that slow-roll violation 
is not necessary, and discussed how the the enhancement of the spectrum of R can 
affect the PBH abundance. 

We expect similar results to hold for other modified gravity theories such as other 
Horndeski's theories,! since also for these theories there can be effective entropy or 
anisotropy terms which can modify the evolution of curvature perturbations. In the 
future it will be interesting to extend this study to other modified gravity theories or 
to multi-fields systems, and to use observations to constraints the different types of 
theories. It would also be important to perform numerical simulations of the PBHs 
formation taking into account the non perturbative effects of the modification of 
gravity on the process of black hole formation. 
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In this work we will explore U(1) local cosmic string solutions in the context of the 
generalized hybrid metric-Palatini theory of gravity in its scalar-tensor representation. 
Using a general static cillindrically symmetric metric to find the dynamical equations for 
this particular case, we will simplify the equations by imposing boost invariance along 
t and z directions. The physical and geometrical properties of the cosmic strings are 
determined by the two scalar fields, as well by an effective field potential, functionally 
dependent on both scalar fields. While for some forms of the potential, the dynamical 
equations can be solved exactly, for more general formas of the potential the solutions are 
found numerically. In this way, we obtain a large class of stable stringlike astrophysical 
configurations, whose basic parameters (string tension and radius) depend essentially on 
the effective field potential, and on the boundary conditions. 


Keywords: Cosmic Strings, Modified Gravity, hybrid metric-Palatini theory 


1. Introduction 


The main motivation to investigate hybrid metric-Palatini theories resides on the 
fact that these theories are able to overcome flaws of both the metric and the Pala- 
tini approaches to f (R) gravity. For example, in both the metric and the Palatini 
formalisms of f (R) gravity, one is able to model the late-time cosmic accelera- 
tion period without invoking dark energy sources,! but both approaches present 
unavoidable disadvantages: the metric f (R) was shown to be inconsistent with 
solar-system constraints unless chameleon mechanisms are considered,^? whereas 
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the Palatini f (R) gravity induces microscopic instabilities, surface singularities in 
polytropic star models, and is unable to describe the evolution of cosmological 
perturbations.^? The HMPG successfully unifies the late-time cosmic acceleration 
period with the weak-field solar system dynamics without the need for chameleon 
mechanisms, thus being a viable and relevant modification to GR. We refer the 
reader to Refs." ? for recent reviews on the topic. 

Inspired by the success of electroweak theory, which unifies the weak and 
electromagnetic interaction under the gauge group SU (2) x U(1) at a scale of around 
10?GeV, Grand Unified Theories (GUT) propose the unification of electroweak and 
strong interactions under a more general symmetry that takes place at higher energy 
scales, around 10!°GeV, the Grand Unification Scale. GUT theories are supported 
by the observation that the coupling “constants” of the Standard Model for Particle 
Physics seem to slowly vary with the energy scale, converging to a common value 
at the Grand Unification Scale.!? 

These symmetries presented at higher energies are spontaneously broken as the 


10-12 


system lowers its energy state. In several GUT scenarios proposed, a universal cov- 
ering group G, which would be effective above the GUT scale, would spontaneously 
break into the Standard Model SU(3) x SU(2) x U(1), where SU(3) is the sym- 
metry group of quantum chromodynamics, describing the strong interaction, and 
SU(2) x U(1) is the aforementioned electroweak group. 

These phase transitions may have left behind some relics that can help shed 
some light into earlier times of our Universe.!^ These relics are known as topological 
defects and are a well known, and studied, phenomena in physics, particularly in 
the context of condensed matter (namely metal crystallization,!? liquid crystals,!9 
superfluid helium-3 and helium-4,!7 and superconductivity!5). 

'The underlying idea behind topological defect formation is the one of Sponta- 
neous symmetry breaking, which is the principle behind the Higgs-Englert mecha- 
nism.!9 

Cosmic strings are one of the possible topological defects formed after spon- 
taneous symmetry breaking (SSB) during phase transitions in the history of the 
Universe. 

The type of strings to be considered in this work are local U(1) cosmic strings, 
which are an extension of the global U(1) strings to include gauge fields. Lo- 
cal strings differ from the global cosmic strings in what concerns the symme- 
try that is effective above the spontaneous breaking scale; in the case of local 
strings, the lagrangian remains invariant under local transformations of the type 
glz) — ei) o(z). 

The study of the properties and dynamics of cosmic strings in the context of 
modified theories of gravity is crucial in the advent of powerful observatories, such 
as LISA, as it may allow us to constrain both Modified Gravity theories and Grand 
Unified theories. 
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2. Generalized Hybrid Metric-Palatini Gravity 
The generalized HMPG theory is described by an action S of the form 


S= ga | Vaart (RR) dn | V= Ln d^z, (1) 
where &? = 81G/c^, G is the gravitational constant and c the speed of light, Q is the 
spacetime manifold described by a system of coordinates x^, g is the determinant 
of the spacetime metric gay, where Latin indices run from 0 to 3, R = 99 Rab is the 
Ricci scalar of the metric gap and where Ray is the Ricci tensor, R = RO Jab is the 
Palatini Ricci scalar, where the Palatini Ricci tensor Ra» is defined in terms of an 
independent connection pe. in the usual form as Rab = A — Os, + req. — 
Nm where 0, denotes partial derivatives with respect to the coordinates r^, 
f (R,R) is a well-behaved function of R and R, and Lm is the matter Lagrangian 
density considered to be minimally coupled to the metric gay. Equation (1) depends 
on two independent variables, namely the metric gap and the independent connection 
15. and thus two equations of motion can be obtained. 
Taking a variation of Eq. (1) with respect to the metric gap leads to the modified 
field equations 
Of Of 


Of 
oR + OR OR 


where V, denotes covariant derivatives and O = V*V,, the d'Alembert operator, 
both with respect to gap, and Tab is the energy-momentum tensor defined as usual: 


2 ô ige Lm 
T 2 IV-I Lm) Vg Lm) , (3) 
v-g ôg) 
On the other hand, taking a variation of Eq. (1) with respect to the independent 
connection p^ yields 


1 
= Rab m 5 abf (R,R) Em (Va Vy — Jab ) = KL (2) 


v. (vako) - o. (4) 


where V, is the covariant derivative written in terms of the independent connection 
[¢,. Since yg is a scalar density of weight 1, then V../—g = 0 and Eq. (4) can be 
rewritten in the form V. (39) = 0. This result implies the existence of a new 
metric, hab, conformally related to the metric gay via 


-q 1 
= Jabap , (5) 


in such a way that the independent connection is the Levi-Civita connection of the 
metric hap, i.e., T'S, can be written as 


hab 


^ 1 
D a (bhac + Ochoa — Oahoe) . (6) 
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2.1. Scalar-tensor representation of generalized HMPG 
with matter 


It is sometimes useful to represent the generalized HMPG theory in a dinamically 
equivalent scalar-tensor representation in which the two extra scalar degrees of 
freedom of the theory are explicitly carried by two scalar fields. To obtain this 
representation, we introduce two auxiliary fields a and 6 into Eq. (1) and rewrite 
it in the form 


5- gs [vals Vea aru a) + AR - 8) da | VG Ludi 
(7) 


At this point one verifies that if a = R and 6 = R one recovers Eq. (1). This 
equivalence between the two representations is only guaranteed if the determinant 
of the Hessian matrix of the function f (a, 8) is non-zero, i.e., if fas fag — fap z 
0, where the subscripts œ and 6 denote partial derivatives with respect to these 
variables. Defining two scalar fields as y = Of(o, 8)/ða and v = —Of(o, B)/OB, 
where the negative sign in v is imposed to avoid the presence of ghosts, Eq. (7) 
takes the form 


= ga | v=aleR-uR-Vig der | V=Gemits, (8) 
Q Q 


where the function V (y,wv) plays the role of an interaction potential between the 
two scalar fields and it is defined as 


V (p, v) ^ —f (o, 8) + va — vB. (9) 
Recalling the conformal relation between hab and gay in Eq. (5), which can now be 
written in the form hay = —W gay by taking into consideration the definition of v, 


one can derive a relationship between R and R as 


R- R+ Syd" vOn) - < V, (10) 


which can be used to eliminate R from Eq. (8) and gives the final form of the action 


=z | Vaal G 9 R- Zya- Y (e) fne f VG cds. (1) 


Equation (11) is now a function of three independent variables, namely, the 
metric gap and the two scalar fields and wv. Taking a variation of Eq. (11) with 
respect to the metric gap yields the modified field equations in the scalar-tensor 
representation. Varying the action (11) with respect to the metric gay provides the 
following gravitational equation 


~ 2k 


(p — v) Gab = K? Tan + VaVwp — Va Nw zs PLI NU, 


= ( g= pre iv + owo) Jab - (12) 
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Note that Eq. (12) could be obtained directly from Eq. (2) via the introduction 
of the definitions of o, y and V (i, wv), which further emphasizes the equivalence 
between the two representations. 

Finally, the equations of motion for the scalar fields p and v can be obtained 
via a variation of Eq. (11) with respect to these fields, respectively, which after 
algebraic manipulations can be written in the forms 


1 
+5 QV - V, — Vo) = (13) 


p- 50 boa - © (Vp Wy) =0, (14) 


respectively. 

Notice from Eq.(11) that the coupling between the scalar fields and the Ricci 
scalar is the combination y — wv. Since y and w are arbitrary functions, it is not 
guaranteed that this combination preserves the positivity of the coupling. We thus 
introduce a redefinition of the scalar field y as £? =  — v. With this redefinition, 
any solution obtained for which £ is a real function preserves the positivity of the 
coupling (y — Y) R. Equations (12) to (14) thus become 


€ Gab = 5 Tu T Va Vot? F Ero = ( E sp iy F žava) Jab, (15) 


2 Ay 

2 à KT 
EEEE W- EV) = EL (16) 
b— Oya (= Wy) =0 (17) 

Qu : 2E ? 


where V (£,«») is the potential written in terms of the scalar fields £ and w and 
the subscript £ denotes a partial derivative with respect to this scalar field. In the 
next section, we will use the equations of motion (15)-(17) to find cosmic string 
solutions. Finally, one can also obtain a relationship between the potential V and 
the function f (R,R) from Eq.(9) as 


V (EY) 2 -f (LR) c € Rx 9 (R - R), (18) 


where we have used the fact that the scalar-tensor representation is only defined if 
a = R and 8 = R. This equation becomes a PDE for f (R, R) by replacing Y = fr 


and £? = fg * fr. 
Hence Eq. (18) becomes 


«( OF (RR) | OF RR) 8f (R,R) 


9f (RR) | 2 Af (RR) 
OR OR OR OR l 


OR. 
(19) 


J- —~f(R,R)+R 
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3. Dynamical equations of local strings in hybrid metric-palatini 
using Vilenkin's approximation 


In this work, we consider a straight infinite Abelian-Higgs cosmic string, using 
Vilenkin's approximation?? 


Ty = Tj =—o(r), (20) 


where c is the string tension. We further assume cylindrical symmetry with a general 
metric of the form: 


ds? = —eXK Ug? + edr? + eU Wde? + e2Uqz2. (21) 


where t, r, 0 and z denote the time, radial, angular and axial cylindrical coordinates, 
respectively, and K, U and W are functions of r alone. This metric is invariant under 


0 —. £? +c, z? — a? +c, à? — —r and 


a set of transformations of the type: x 
x? — —z?, where cı and ca are constants, which renders this metric static and 
cylindrically symmetric. 

Since in this model the matter field couples minimally with curvature, it is 


possible to show that the energy conservation equation still holds, i.e., 
Val» = 0, (22) 


which provides K'o = 0 and, apart from the trivial vacuum solution ø = 0, this 
implies that K’ = 0, where the prime represents a differentiation w.r.t. r. Thus, we 
consider from now on that e* = 1. 

Note that local gauge strings preserve boost invariance along t and z,?? so that 
this requires U — 0. Hence the only surviving non-trivial metric tensor component is 
goo = W?(r). From a geometric point of view W (r) is the radius of the coordinate 
circles r — constant, z — constant, parameterized by the angle 0. Since in this 
geometry the perimeter of a circle equals 27W, in the following we will call the only 
remaining metric tensor component W?(r) a circular radius. On the other hand 
W?(r) also has the geometric meaning of a length that may be counted from any 
zero point, with its value at r — 0 not distinguished geometrically. Hence the metric 
of the cosmic string reduces to the form 


ds? = —dt? + dr? + W?(r)d&? + dz’. (23) 


Applying this symmetry, the gravitational field equations simplify considerably. 
Equation (15) provides three independent field equations, which are 


2 w” ,W' 3? 12 1 V — 2 
E wer IU 4j - 2 (€ TÉ de cet, 24) 
QW' 3497 Vv — 
ME m qoc 25) 
12, [7 2 12 [7 
2 (£? + gg") + 39 EL gg p equ 26) 


4p 2 dr? 4p 2 
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whereas the scalar field a for € and v, iii by Eqs. (16) and (17), give 


2 2 
("e&t") 268 4 ea (Veh) = e (27) 
Hoy W' , y? Y- l- = 
Y 4 Ww" 2j 3 (v. + =") =0. (28) 


The system of Eqs. (24)-(28) is a system of five equations from which only four 
are linearly independent. This statement can be proven by taking a radial derivative 
of Eq. (25), using Eq. (24) to cancel the factors W", using Eq. (27) to cancel c, and 
finally using Eqs. (26) and (28) to cancel the second-order derivatives of the scalar 
fields £" and v", respectively. As a result, one recovers Eq. (25), thus proving that 
the system of equations is linearly dependent. Thus, one only needs to consider four 
of these equations to completely determine the solution in the sections that follow. 
Given its complexity, we chose to discard Eq. (24) from the analysis. 

Furthermore, an equation for the potential V can be obtained by summing the 
field equations in Eqs. (25) and (26), yielding 

[7 12 n t W' 

V = -2 (E? + &") - 268 
This equation is particularly useful to obtain an equation for W' in terms of the 
scalar fields £ and w and their derivatives after setting an explicit form of the 
potential V. 


(29) 


The system of basic equations describing the structure of a cosmic string can 
thus be reformulated in the form of a first-order dynamical system. By defining 
a = €, and by introducing two extra dynamical variables as u = o/ and v = «vj, 
the dynamical system takes the form 


RT # n, 30) 
wE Yu : 
CR Nn 32) 
dr 4w 2 
sE Die) « 


where Eq. (30) is the explicit definition of u and v, and Eqs. (31)-(33) are reformula- 
tions of Eqs. (25), (27), and (28), respectively. Once the functional form of the poten- 
tial V(£, v) is specified, the system of Eqs. (30)-(33) represents a system of ordinary, 
strongly nonlinear, differential equations for the variables (a = £?, , W, u,v). To 
solve this system, one has to impose a set of boundary conditions at some radius 
r = ro, i.e., a (ro) = ao, Y (ro) = vo, W (rg) = Wo, u (ro) = uo, and v (ro) = vo, 
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respectively, which specify the boundary values of the variables on, or nearby the 
string axis. Moreover, we will also impose the condition u (ro) Z v (ro). Once the 
system is solved, the string tension can be obtained from Eq. (27), and it is given 
by 


a NE HN DN ER (34) 


An important physical characteristic of the string-like objects is their mass per 
unit length m,, defined as 


27 Rs Hs 
ms (Rs) = n ao | o(r)W(r)dr = an f a(r)W(r)dr, (35) 


where R, is the radius of the string, defined as the distance from the center where 
the string tension vanishes, ø (Rs) = 0, and o(r) = 0,Vr > Rs. Note that, in 
general, the solutions obtained for ø do not satisfy the property o(r) =0,Vr > Rs, 
and this condition must be imposed manually by performing a matching between 
the string spacetime and an exterior cosmological spacetime. This matching must 
be performed via the use of the junction conditions of the theory, previously used 
in.? However, we do not pursue this analysis here as it is out of the scope of this 
paper. Using Eqs. (26) and Eq. (24) the mass per unit length of the string can be 
expressed as 


Rg v2 E 
Kms (Rs) edm f I : (V — VaV a) War. (36) 


EC. 
4. Solutions to the dynamical equations with specific potentials 


In this section we will investigate the application of the set of equations deduced on 
the previous section to different potential configurations, for a more complete set of 
possible potential configurations, we refer the reader to the original article Ref. 22. 


4.1. Constant potential 


We consider the case when the potential V is a constant, so that V — A — constant. 
In this case Eq. (19) takes the form 


Of (R, R) of (RR) _ 
—f(R, R) + RT + RS = A, (37) 
and it has the general solution 
R R 
= = h{—)-A 
FRR) = Ra (FE) em () -4 (38) 


where g and h are arbitrary functions. 
For a constant potential Eq. (28) simplifies to 
Ww’ n 1 1 
— = E + A (39) 
W Y 2a 
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which allows us to write Eq. (25) in the form 

307/45 — A/2.— 3U7/Ay — A/2 
Ww =p" hi! + 0/2) fv. 

To facilitate the analysis, we introduce now a new function h = w’?/y. The radial 

derivative of this function can be written in terms of v and its derivatives as 


d 
be (40) 


n 1 f: 
Neat om y. (41) 
v 2w 
This definition allows us to rewrite Eq. (40) in terms of h as 
d (3/4)h — A/2 
es = A A 42 
ar? huh ~* or 


which can then be differentiated with respect to r and inserted into Eq. (26) to 
cancel the dependency in d?£?/dr? and y”. As a result, we obtain an equation 
depending solely in h of the form 
(2A — 3h) (39? — 2hh"") 
AA 


This equation is undefined for h’ = 0, as the denominator vanishes in this case. 


=0. (43) 


Thus, in the following we ignore the solution corresponding to h = 24/3 = constant, 
giving h’ = 0, and W = constant. The general solution of Eq. (43) is given by 
C2 

iG" (44) 
(r + 201)” 

where cı and c9 are arbitrary integration constants. Recalling that h’ = w/?/w, 
Eq. (44) becomes a separable ODE for v» which can be directly integrated and 


provides the general solution 


2 
W(r) = Jeg + vO ln (r +2cı)| , (45) 
where c3 is an arbitrary integration constant. Inserting Eq. (45) into Eq. (42) and 
integrating gives for £? the expression 
1 
&(r) = & + 1 [3c2 In (r 4-264) — Ar (r + 4c1)], (46) 


where £2 is an integration constant. Inserting Eq. (45) into Eq. (39) we obtain the 
solution for W 


W(r) = Wo (r + 2e); (47) 


where Wo is a constant of integration. Hence the cosmic string metric tensor com- 
ponent W (r) is the same in both V = 0 and V = A cases. Finally, the string tension 
can be computed via Eq. (27), leading to 


Ko ————————. (48) 
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On the string axis r = 0 we obtain for the string tension the value 


A 3C2 
2 2 
= 0)=—- —>. 
Koo = K^c(0) 2 162 


The condition of the positivity of the string tension imposes the condition c2/c? < 
8A/3 on the integration constants. 

For A = 0 we reobtain the expression corresponding to the case V = 0. However, 
by an appropriate choice of the integration constants, and by assuming A > 0, 
the string tension can be made positive in this model for all r > 0. Moreover, 
lim, a(r) = A/2k?, and hence at infinity the string tension becomes equal to 
the cosmological constant. However, in this case one can obtain a finite radius 
string configuration, with the radius R, determined by the condition c (Rs) = 0, 
and given by 


(49) 


a Se, (50) 


For a positive string tension at the origin r = 0, the string radius is also positive. 
As for the mass of the string we obtain 


27Wo J 1 3c2 W; 
ms (Rs) = —5 i fja |r, + ca (AW + 2) — — J 
2 6c1C2 (51) 
8c, [Rs + Cy (AWo + 2)] = 3c2 Wo ` 


By an appropriate choice of the integration constants, giving the boundary con- 
ditions of the fields y and w for r = 0, one can always satisfy the condition 
Ms (Rs) > 0,YRs. In the limit Rs — oo, we obtain m, (R.) e (xWoA/&?) Rs, 
that is, for large distances the mass of the string linearly increases with its radius. 


4.2. V (E, v) = VEY? 

Next we will consider string type solutions in the Generalized Hybrid Metric Palatini 
Gravity under the assumption that the potential V is given by V = VEY? = 
Voaw, with Vo constant. Equation (19) then becomes 


OR | oR TOTOR OR ^ OR 


(92) 


—f(R,R)+R 


and a particular solution for the function f (R, R) is 


pæn = Je am. (53) 


For this potential the field equations describing the string-like structure take the 
form 


da dp — 


ae u, p v, (54) 
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dW b 39 = 2 
"eras (ap) w id 
du _ (3v B hay? 56) 
dr Aw a * 
dv ví(3? va v?  2Vs ə wo 
aed Cad Ree EE 29 
For this model the string tension is given by 
2K? T - v? 
37 = goo? s 29 (58) 


The metric function W? and the string tension c are depicted in Fig. 1, for 
a varying initial condition v/(0) = wo, while all the other initial conditions are 
fixed. In this case the radial metric function is an increasing function of the radial 
coordinate r, and its rate of increase is strongly dependent on the variations in 
the numerical values of qo. Similarly to the previous cases, the string tension is a 
monotonically decreasing function of r, and it vanishes at a finite value of r, r = Rs, 
which uniquely defines the string radius. The string radius is weakly dependent on 
the variation of o, however, significant variations in c do appear for small values 
of r. 

The variations of the potential and of the function v» are represented in Fig. 2. 
V is aslowly decreasing positive function of r, strongly dependent on the initial con- 
dition for 7)’. The function 1» takes negative values, and show a strong dependence 
on Wo. 

The behavior of the function £?(r) is depicted in Fig. 3. £? is positive for 
r € [0, Rs], and thus the physical nature of the gravitational coupling in the present 
model is guaranteed. £? is a monotonically decreasing function of r, and its variation 
depends significantly on the numerical values of the initial conditions for w'(0). 


5. Conclusions 


In this work we studied the existence and physical properties of local U(1) cosmic 
strings in the context of the generalized hybrid metric-Palatini gravity. The theory is 
an extension to General Relativity, combining both metric and Palatini formalism. 
A main success of the theory is the possibility to generate long-range forces that 
pass the classical local tests of gravity at the Solar System level, thus avoiding some 
problematic features of the standard f(R) theories. Another interesting advantage 
of the theory is that it admits an equivalent scalar-tensor representation, simplifying 
greatly the dynamical equations. The type of strings studied in this work are local 
gauge strings, using an approximation to the Vilenkin-prescribed energy-momentum 
tensor and different potential configurations. 
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Fig. 1. Variations of the metric function W?(r) (top panel), and of the string tension o(r) (bottom 
panel) as a function of r (with all quantities in arbitrary units) for the V(€, Y) = Vo£?w? potential, 
for Wo = —0.025 (solid curve), wo = —0.020 (dotted curve), v9 = —0.015 (short dashed curve), 
wo = —0.01 (dashed curve), and yo = —0.005 (long dashed curve), respectively. For Vo we have 
adopted the value Vo = 10, while the boundary conditions used to numerically integrate the field 
equations are uo = —0.01, ao = 0.025, W (0) = 0.10, and vo = 0.10, respectively. 


'The field equations determine the string tension c. These equations must be 
solved by choosing a functional form for the potential, and by imposing some ap- 
propriate boundary conditions at r = 0 on the two scalar fields (£?, v), on their 
derivatives, and for W?(0). Since in the present approach these boundary condi- 
tions are arbitrary, and since the second order, strongly nonlinear system of the 
gravitational field equations is extremely sensitive to the variation of the boundary 
conditions, many types of cosmic string structures can be obtained by adopting 
some specific forms of V, and different sets of initial conditions. 

'The gravitational field equations describing cosmic string structures in general- 
ized HMPG can be solved exactly in the simple cases of the vanishing and constant 
potentials. 
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Fig. 2. Variations of the potential V (£, 7) = Vot? y? (top panel), and of the function y (bottom 
panel) as a function of r (with all quantities in arbitrary units) for the V (£) = Vo? y? potential, 
for po = —0.025 (solid curve), 9 = —0.020 (dotted curve), Yo = —0.015 (short dashed curve), 
wo = —0.01 (dashed curve), and wo = —0.005 (long dashed curve), respectively. For Vo we have 
adopted the value Vo = 10, while the boundary conditions used to numerically integrate the field 
equations are uo = —0.01, ao = 0.025, W(0) = 0.10, and vo = 0.10, respectively. 


In the case of the constant, nonzero potential, the field equations can be solved 
exactly, and some simple expressions for the geometrical and physical parameters 
can be obtained. In this case, the string tension can be made positive by an appro- 
priate choice of the potential. A solution with a constant string tension K2a0 = A/2 
can also be constructed, as well as a solution having W(r) = Wor, which can de- 
scribe the standard general relativistic string if W = 1 — 81Gp. The string radius 
R, can be uniquely defined, and it is given in terms of the constant potential, as 
well as two integration constants. Under the assumption that the string tension is 
positive in r — 0, the string radius is also positive. 

For other, more complicated forms of the potential it seems very difficult, if not 
impossible, to obtain exact analytical solutions of the field equations, and hence 
they must be solved numerically. 
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Fig. 3. Variation of £? as a function of r (with all quantities in arbitrary units) for the V (€, Y) = 
Vo£?w? potential, for Yo = —0.025 (solid curve), po = —0.020 (dotted curve), Yo = —0.015 (short 
dashed curve), o = —0.01 (dashed curve), and wo = —0.005 (long dashed curve), respectively. 
For Vo we have adopted the value Vo — 10, while the boundary conditions used to numerically 
integrate the field equations are ug = —0.01, ag = 0.025, W (0) = 0.10, and vo = 0.10, respectively. 


Since the potentials depend on at least one extra constant parameter, together 
with the five boundary conditions we obtain a very large boundary parameter space, 
containing from six to nine arbitrary parameters. The large number of parameters 
allows the construction of a large number of different numerical cosmic string mod- 
els. However, we have restricted the set of parameters, as well as the physical nature 
of the solutions, by imposing three physical constraints, namely, that the string ten- 
sion is positive inside the string, and it vanishes at the vacuum boundary, that the 
string must have a well defined and unique radius R,, obtained from the condition 
o (Rs) = 0, and that €? > 0, Vr € [0, Rs]. Even after imposing this set of restrictions, 
a large variety of string models in generalized HMPG theory can be obtained. 

In conclusion, in the present work we have considered specific cosmic string 
models that are solutions of the field equations of the generalized HMPG theory. 
Modified gravity theories may have profound implications on the formation, prop- 
erties and structure of cosmic strings, interesting and important topological objects 
that may have been generated in the early Universe. Hence, the theoretical investi- 
gations of strings in modified gravity models may therefore be a worthwhile pathway 
for future research. 
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New evidence of the azimuthal alignment of quasars spin vector in 
Large Quasar Groups and cosmic strings 


R. J. Slagter 


ASFYON, Astronomisch Fysisch Onderzoek Nederland, 
former: University of Amsterdam, Dept. Theor. Phys., The Netherlands 
E-mail: info@asfyon.com 


There has been observational evidence about spin axes of quasars in large quasar groups 
correlated over hundreds of Mpc. This is seen in the radio spectrum as well as in the 
optical range. There is not yet a satisfactory explanation of this “spooky” alignment. 
This alignment cannot be explained by mutual interaction at the time that quasars 
manifest themselves optically. A cosmological explanation could be possible in the for- 
mation of superconducting vortices (cosmic strings) in the early universe, just after the 
symmetry-breaking phase of the universe. We gathered from the NASA/IPAC and SIM- 
BAD extragalactic databases the right ascension, declination, inclination, position angle 
and eccentricity of the host galaxies of 3 large quasar groups to obtain the azimuthal 
and polar angle of the spin vectors. The alignment of the azimuthal angle of the spin 
vectors of quasars in their host galaxy is confirmed in the large quasar group U1.27 and 
compared with two other groups in the vicinity, i.e., U1.11 and U1.28, investigated by 
Clowes (2013). It is well possible that the azimuthal angle alignment fits the predicted 
azimuthal angle dependency in the theoretical model of the formation of general rela- 
tivistic superconducting vortices, where the initial axially symmetry is broken just after 
the symmetry breaking of the scalar-gauge field. 


Keywords: Quasar groups; alignment spin vectors; host galaxy; cosmic strings; scalar- 
gauge field. 


1. Introduction 


A large quasar group (LQG) is a cluster of quasars that makes the largest as- 
tronomical structures in the current universe. Their sizes can be of the order of 
hundreds of Mpc. Astronomers believe that a quasar is an active galactic nuclei 
(AGN) with a vibrant eruption of radiation both optical and in radio range orig- 
inated by a spinning (Kerr-) black hole, surrounded by an accretion disk. A LQG 
has an internal non-uniform distribution of spin vectors seen in the radio spectrum! 
and the optical spectrum as observed by Hutsemekers et al.^? This coherence is 
mysterious and cannot be explained by mutual interaction at the time scale of pri- 
mordial galaxies formation but rather by use of a more advanced method? In a 
recent study, Slagter” found that the azimuthal angle of the spin vector of quasars 
in their host galaxies in six quasar groups, show preferred directions. This is demon- 
strated through an emergent azimuthal angle dependency of the general relativistic 
Nielsen-Olesen (NO) vortices at the point after the symmetry breaking at grand 
unified theory (GUT)-scale. This review focuses on three more LQG, studied by 
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Clowes.*:? In section 2 we outline the theoretical model and in section 3 we present 
a theoretical proof of the breaking of the axial symmetry and in section 4 we present 
the data analysis. 


2. The model 
2.1. The U(1) scalar-gauge field 


Superconductivity can be described by the famous Ginsburg-Landau model.!? It is 
a beautiful example of a quantum field model, where a scalar field acts as an order 
parameter. This construction was made before the introduction of the scalar Higgs 
field of the Standard Model of particle physics! For the type II superconductivity of 
the Ginzburg-Landau (GL) theory, !? the electro-magnetic (EM) gauge invariance 
is broken and the well-known Meissner effect occurs.!^ One says that the phase 
symmetry is spontaneously broken and the EM field acquires a length scale, which 
introduces a penetration depth of the gauge field A,, in the superconductor and a 
coherence length of ®. In the relativistic case one says that the photon acquires 
mass. Because we have three space dimensions, these solutions of the GL theory 
behave like magnetic flux vortices (or Nielsen-Olesen (NO) strings!) extended to 
tubes and carry a quantized magnetic flux 2zn, with n an integer, the topological 
charge or winding number of the field. It was discovered by Abrikosov!* that these 
vortices can form a lattice. These localized vortices (or solitons) in the GL-theory 
are observed in experiments. The phenomenon of magnetic flux quantization in the 
theory of superconductivity is characteristic for so-called ordered media. After the 
discovery of the electroweak unification, one could formulate the relativistic vortex 
solution, nicely expressed by Nielsen and Olesen. We write the scalar field and gauge 
field as 


© 
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— 
St 
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= [PE r) - Vue. (1) 


Fig. 1. Mapping the degenerated minima of the potential to position space. 
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The model is invariant under the group U(1) of local gauge transformations (of the 
second kind) 


; 1 
B(x) > (B(x), ^ Aa(x) > A«(z) + =Oax(x). (2) 
e 
The scalar potential is the well-known “mexican hat" potential (see figure 1) V(®) = 
2 
1a (oo a n?) with 7 the vacuum expectation value. Further, m. = :: is the ratio 


of the scalar to gauge masses. This potential leads to a nonzero 7 and spontaneously 
breaking of the U(1) symmetry (note that the parameters are in general temperature 
dependent^. We say that the "false" vacuum for 9 = 0 is broken and the true 
vacuum is then at the lowest points of the potential. The points of the false vacuum 
form one or more continuous curves or filaments in space. Such a filament of non- 
zero Higgs field energy is called a (cosmic-) string (CS) and first proposed by Kibble 
(1976). The mass and dimensions of the CS are largely determined by the energy 
scale at which the relevant phase transition occurs. The mass in the GUT scale can 
be of the order 10?!gcm^! and there is no restriction for the length. The forces 
existing between the vortices are the electromagnetic- and scalar force. When the 
vortices get close together, the problem becomes non-linear and the resulting forces 
depends on the ratio &. For details, see, for example, the text book of Felsager.!? 

The vortex solution possesses mass, so it will couple to gravity. The resulting 
self-gravitating cosmic strings (CS) still show all the features of superconductivity, 
but the stability conditions complicate considerably. The stability of the formed 
lattices depends critically on the parameters of the model, certainly when gravity 
comes into play. The force between the gauged vortices depends on the the strength 
of the self-interaction potential of the Higgs field, the gauge-coupling constant, the 
energy scale at which the phase transition takes place and the spacetime structure. 
When the mass of the Higgs field is greater than the mass of the gauge field, vortices 
will repel each other. So gravity could balance the vortices. The energy of the vortex 


Fig. 2. Formation of the cosmic string. When the temperature drops, not all the “points” in the 
configuration can follow the dictated new symmetry. 


“The string structure is cylindrical symmetric, so one uses the polar coordinates (t, r, z,q). This 
choice is very convenient, when one considers rotating compact objects, such as a Kerr spacetime. 
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grows by increasing multiplicity n, so configurations with n > 1 can be seen as 
multi-soliton states and it is energetically favourable for these to decay into n well 
separated n — 1 solitons. Vortices with high multiplicity can be formed during the 
symmetry breaking. The total vortex number n is the sum of multiplicities n1, n2, .. 
of isolated points (zero's of ®).1? 


2.2. The high-frequency approximation 


A linear approximation of wavelike solutions of the Einstein equations is not ad- 
equate when one is dealing with high curvature (or high energy scale), i.e., close 
to the horizons of black holes or in the early stage of the universe at the time of 
mass formation by the Higgs mechanism. There will be a *back-reaction" on the 
background spacetime. There is a powerful approximation method which can deal 
with these non linearities: the multiple-scale method. Pioneer work was done by 
ChoquetBruhat.!6 One expands the relevant fields!” 


o». FO (x, £), (3) 


where w represents a dimensionless parameter (“frequency”), which will be large. 
Further, £ = wO(x), with © a scalar (phase) function on the manifold. The small 
parameter » can also be the ratio of the characteristic wavelength of the pertur- 
bation to the characteristic dimension of the background. On warped spacetimes it 
could also be the ratio of the extra dimension to the background dimension. In the 


vacuum case, we expand the metric 


_ 1 1 
Suv = guv + zu §) + za uw (x, 8) + -o (4) 
where we defined 
dg, Og Og 
v= [A lo DE vo cR p=, 5 
dx Guvio + We Gy Juv, p» Gu 8€ ( ) 


with l, = 29 . One then says that 
V. 3 ; 1 po? 
i= —— ^ 4 6 


is an approximate wavelike solution of order n of the field equation, if F (n) = 0, Vn. 
One can substitute the expansion into the field equations. The Ricci tensor then 
expands as 


= 1 
-1 0 1 
By equating the subsequent orders to zero, we obtain 


RÇ” =0= 59 (lu, + llghyx — lalghy, — l/lyhga), (8) 
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RO + Ru =0, RQ=0 as (9) 
Here we used l,l” = 0. The rapid variation is observed in the direction of l„. In the 
radiative outgoing Eddington-Finkelstein coordinates, we have z! = u = O(x) = 
t — r and l, = (1,0,0,0), while the bar stands for the background. 


We now expand the scalar and gauge field 


Ay = Ay(x) + = Bul, E) + 25 Cu 6E) H (10) 
= 1 1_ 
$ = B(x) + —W(x,6) + GEE) +. (11) 


where we write the subsequent orders of the scalar field as 
9$ -n5X(tr)'"*, W=V(tr, jem’, B= Z(t, r, $)’, (12) 


with n; the winding numbers. So we suppose that the winding numbers of the 
subsequent orders of the scalar field expansion coefficients are different. This can 
happen by the quantum fluctuations just after the symmetry breaking scale. 


2.3. The exitation and decay of the vortices 

The energy of the string in flat spacetime is given by 

1 PeX% | 
n?n? —— + =Bn*(X?-1)?. (13) 

2 r 8 

The energy is proportional with n?, so there can be no exact ground state for the 

string carrying multiple flux quanta (the expression changes when gravity comes 


2 
E = 57 0.P) ze (0: 4 
T 


into play and new features will emerge). So the configuration will dissociate into n 
well separated n — 1 vortices. 

It turns out, when one evaluates the field equations, that an imprint will be left 
over of the azimuthal dependency of the orientation of the clustering of Abrikosov 
vortices. See figure 3. The azimuthal angle y does not reach of course, the partial 
differential equations (PDE) in the unperturbed case. So the axial symmetry is 
dynamically broken. The azimuthal dependency emerges already to first order in 
the approximation. For example, 

T = e?r? Y (0, X — 0.X)cos((n — n1)g] + em LP —OP). (14) 

1 


However, in TA) there appears terms like cos(na — nı) and cos(n3 — n1)g. The 


perturbative appearance of a nonzero energy-momentum component Tj, can be 
compared with the phenomenon of bifurcation along the Maclaurin-Jacobi sequence 
of equilibrium ellipsoids of self-gravitating compact objects, signalling the onset of 
secular instabilities.!? This shows a similarity with the Goldstone-boson modes of 
spontaneously broken symmetries of continuous groups. The recovery of the SO(2) 
symmetry from the equatorial eccentricity takes place at a time comparable to the 
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Fig. 3. Excitation and decay of a high multiplicity vortex into correlated vortices of unit flux 
n — 1. Top: the Abrikosov lattice in Euclidean space. Bottom: correlated vortices with preferred 
azimuthal angle i in curved spacetime after the symmetry breaking. 


emission of gravitational waves. The particular ellipsoid orientation in the frame 
(r, p, z) expressed as qo = v(to), is at t > to and determined by the transformation 
p > qo-— Jt, where J is the rotation frequency (circulation or “angular momentum") 
of the coordinate system. The angle yo is fixed arbitrarily at the onset of symmetry 
breaking. 


2.4. Contribution from the bulk 


It is conjectured that the imprint of the azimuthal dependency will be to faint to 
contribute to observational evidence, after the expansion of the universe. However, 
let us consider the warped 5D spacetime 


ds? = W(t, r, y)? | een- vem cag + dr?) + ettn) dz? 
tr2e 7290650) dio?! + dy?, (15) 
with W = Wi(t,r)We(y) is the warp factor. All standard model fields reside on 
the brane, while gravity can propagate into the bulk. An extended treatment of the 
warped five-dimensional spacetime and the effective gravitational equations can be 


found in Shiromizu et al.!? and Slagter.?? The warpfactor can be solved exactly in 
the case of the spacetime Eq.(15) from the 5D Einstein equations 


j " " e2V — &As(y—wo) 
W* = Woly) WA (t; r) = —————— 


TT 
(met — dae 20) (ase — er OO"), (16) 
If we inspect, for example, the several orders of the (t, p) components of the energy 
momentum tensor 


Ta =0, TO = XPYsin{(no—m)y] (17) 
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apo = [XY (m — no — P) + X (PY + eBÝ) sin|[(n2 — n1)g] 


ics oa e29-25 : = = 
Gg X PZsin[(na n1)q] H = Y hi4 (0X E O, X )cos|(n2 = n1)g] 


zur 1 m 
+ X?PeBy — gU — n?) hi 


e29-25 ev 

2W? hy | r2W?e 2 

then it is observed that the warpfactor enters in the denominator for some terms. 

So the v terms can dominate at late times (see also Eq.(14)). It will evident that 

an emergent imprint of a preferred azimuthal angle qo is left over on the lattice of 

vortices when the ground state is reached (n = 1). The configuration will become 
again axially symmetric. 


2 D2 
(&P — 3P)? + OpX* — OX? c7 —7,—t, (18) 


3. A fundamental proof of the breaking of axially symmetry: 
The pure gravitational wave case 


So far, we found that temporarily off-diagonal terms occurred in the perturbative 
approach of the Einstein scalar gauge field. What remains unclear is if the breaking 
of the axially symmetry already appears in the vacuum case like in the vicinity of 
the black hole spacetime. It is conjectured that the formation of primordial (Kerr- 
) black holes (and so quasars) happened in the early stages of the evolution of 
the universe before the stars were formed. Therefore, consider the radiative Vaidya 
spacetime in Eddington-Finkelstein coordinates ^ 


ds? = (1 e ON au? 2dudr + r?(d6” + sin? 0d), (19) 


which is the Schwarzschild black hole spacetime with u = t — r — 2M log(55; — 1). 
Here we used l,l” = 0. In the radiative coordinates, we have x1 = u = O(x) and 
l„ = (1,0,0,0). From Eq.(8) we obtain 


hrr = hro = hry =0, yy = — sin? Ohoo. (20) 
From the zero-order equations Eq.(9) we obtain 
krr =0, hoo =rðrhoo, hop = Tr hey. (21) 
So one writes 
hoo = ra(u,0,p,£), hop = rp(u,0,9,£), hyp = —ra sin? 6. (22) 
Further, we have 
bo = + (2a 250»). (23) 


bThis spacetime is also applied to describe the evaporation of a black hole by hawking radiation 
in a quantum mechanical way. 
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s Ts : 
ling = =(B cot 0 — Ape + 008), (24) 
r 
dM — kgg+sin? Oke 1 ; PEE: - lf, B 
E huu 2 . (25 
du Asin? 0 2” 4 (s sin? z) ta (s sin? a) oe 


Not all the components of h,,, and kuy are physical, so one needs some extra gauge 
conditions. Suitable choice of œ and 8 (Choquet-Bruhat uses, for example, a = 
0,8 = g(u)h(£)sin0), leads to a solution to second order which is in general not 
axially symmetric. We can integrate these zero order equations with respect to £. 
One obtains then some conditions on the background fields, because terms like 
J 94€ disappear. From Eq. (25), we obtain 


dM Lf fie. m ) 

— ——— d 26 

du 4T Jo (4 cy $, (26) 
which is the back-reaction of the high-frequency disturbances on the mass M. 7 is 
the period of hav. This expression can be substituted back into Eq.(25). However, 
in the non-vacuum case, the right-hand side will also contain contributions from the 


matter fields. In order to obtain propagation equations for h,,, and kuv, one proceeds 
with the next order equation Rn = 0. First of all, Eq.(23) and (24) are consistent 
with RY = 0 and RY = 0. Further, one obtains propagation equations for œ 
and f and for some second order perturbations, such as kyy. Moreover, the (y, 6)- 
dependent part of the PDE’s for a and 8 (say A(@,y), B(0,«)) can be separated 
(for the case ko, # 0): 


0,B + 2sin 6 cos 0A + sin? 009A = 0, (27) 
sin? 0099A + 7 sin 0 cos 005 A + 4 cot 00,B + 2(5 cos? 0 —1)A+20,B = 0. (28) 
A non-trivial simple solution is 


cos 0(sinq + cos p) sinq — cos o 


A= B= 


+ G(0), (29) 


sin30 i sin? 0 
with G(0) arbitrary. So the breaking of the spherically and axially symmetry is 


evident. 


4. Data analysis on quasar groups 


In our model it is conjectured that the azimuthal dependency expresses itself in the 
y alignment of quasar spin vectors in LQG.’ From the NASA/IPAC extragalactic 
database and SIMBAD we extract for the three LQG U1.11, U1.27 and U.28 the 
right ascension, declination, inclination, position angle and eccentricity of the host 
galaxies. The 3D orientation of the spin vectors can then be calculated by?! 2° by 


cos? = C — fo (30) 


sin @ = — cos į sin ó + sin i sin p cos ô, (31) 
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Fig. 4. The two polar coordinates (y, 0) 


0.07 


0.06 


-20 0 20 40 


azimuthal angle ọ (deg) 


Fig. 5. Plot of the azimuthal angle y in degrees. This shows the distribution of the azimuthal 
angle of the spin vectors in the LQG U1.27 (N=71) with a best-fit of two trigonometric functions 
with a phase shift range of 45°. 
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Fig. 6. Plot showing the distribution of the azimuthal angle y for the LQG U1.28 (N = 34) and 
U1.11 (N = 38). 


— cos i cos Ô sin a + sini(+ sin psin ô sin a F cos pcos a 


sing = (32) 


cos 0 
We used for the intrinsic flatness (€o) the value 0.2, which is the standard value when 
we have no information about the morphological types of the analyzed galaxies. In 
figure 5 and 6 we plotted the azimuthal angle. Without statistical analysis one can 
conclude that the preferred orientations are evident. In the case of LQG U1.27 (see 
Table 1 for the data), we fitted two trigonometric functions on the distribution, 
which can theoretically be explained. 


5. Conclusion 


We find in a nonlinear approximation, an emergent azimuthal-angle dependency 
of Nielsen-Olesen vortices just after the symmetry breaking at GUT scale. Us- 
ing a approximation scheme, the azimuthal-angle dependency appears in the first 
and second order field equations as trigonometrical functions sin(n; — nj) and 
sin(n; — nj)p(i > j), with n; the multiplicities of subsequent perturbation terms of 
the scalar field. Vortices with high multiplicity decay into a lattice with entangled 
Abrikosov vortices. The stability of this lattice of correlated flux n = 1 vortices with 
preferred azimuthal-angle is guaranteed by the contribution from the bulk space- 
time by means of the warp factor: the cosmic string becomes super-massive for some 
time during the evolution. These so-called super-massive cosmic strings arise in a 
natural way in string theory or M-theory., i.e., brane-world models and are pro- 
duced when the universe underwent phase transitions at energies much higher than 
the GUT scale, Gu > 1. The imprint on the effective 4D brane spacetime can be 
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Table 1. Data for the LQG U1.27 (N=71) from NASA/IPAC and SIMBAD. The suc- 
cessive columns represent: right ascension, declination, redshift, inclination, eccentricity, 
position angle, azimuthal angle and polar angle. We omitted the other two values m — 0 in 
the last column, belonging to the minus sign of q. 


RA Dec Zz inc ecc  PA(deg) y(rad) 0(rad) 
160.413150 14.591740 1.221  .830  .69 87 .298 /+.427  .575 / 1.083 
160.840103 14.600057 1.271  .606  .83 113 .571 / .013 .305 / .796 
161.128848 16.045854 .233 .526 .87 45 .034 / .782 .619 / .102 
161.187666 15.317133 1.237 .741 .75 68 .049 / .763 .421 / .925 
161.335962 14.290068 1.270 .586  .84 63 .063 / .678 £751 / .275 
161.516893 14.044789 1.290 .547  .86 6 .227 / .889 -.155 / .263 
161.567993 16.753510 1.282  .772 .73 48 .186 / 1.04 .779 / .294 
161.601093 14.502540 .372 .660  .80 60 .007 / .775 .322 / .792 
162.056815 16.480304 1.290  .506  .88 170 .82 / .215 .336 / -.167 
162.248981 12.889527 1.368  .677  .79 99 .419 / .156 .434 / .890 
162.344193 15.726700 .263 .772  .73 42 .257 / 1.05 .258 / .699 
162.351272 15.698897 1.301 4.435  .91 8 .129 / .762 -.190 / .306 
162.409269 21.808144 1.235  .526  .87 33 .127 / .849 -.067 / .612 
162.423677 15.306867 1.341  .676  .79 3 .379 / 1.00 -.175 / .240 
162.449082 16.371282 1.300  .566  .85 142 .445 / .225 .080 / .589 
162.505093 15.565017 255  .357  .94 17 .038 / .671 -.154 / .357 
162.676146 16.015594 1.269  .771  .73 125 744 / .340 843 / .359 
162.767371 16.316926 1.253 .287 .96 170 .592 / .004 322 / -.224 
162.820881 . 13.193341 .937  .483  .89 102 .400 / .175 .700 / .243 
162.831696 14.436524 1.315  .659  .80 54 .084 / .812 .743 / .287 
162.845783 11.981222 1.309  .437  .91 159 .707 / .132 .344 / -.039 
162.857213 12.796204 1.283  .641  .81 139 779 / .275 595 / .207 
162.884258 14.937553 1.367 .756  .74 94 .354 / .211 1.014 / .494 
162.918357 . 20.655882 74  .567  .85 49 .062 / .799 .743 / .082 
162.937035 12.974699 1.316  .461  .90 110 .455 / .107 .654 / .207 
163.041780 16.928818 1.339  .436 .91 59 .077 / .576 .656 / .083 
163.092251 12.515036 1.316  .355  .94 21 .035 / .647 -.082 / .331 
163.098712 14.090468 1.256  .622  .82 101 .415 / .127 .365 / .852 
163.100377 20.776172 1.203  .504  .88 25 .160 / .827 -.120 / .525 
163.190868 13.682636 1.356  .482  .89 60 .057 / .590 .181 / .643 
163.238226 10.992647 1.266  .483  .89 89 .285 / .305 .291 / .674 
163.242363 20.284854 1.253  .356  .94 41 .026 / .611 -.111 / .569 
163.552829 14.959790 1.231  .678 .79 120 .625 / .184 .330 / .812 
163.591268 21.358676 1.257  .606  .83 120 .579 / .164 .161 / .862 
163.648532 10.304548 1.260  .385  .93 16 .084 / .671 -.064 / .271 
163.677979 10.722398 1.335  .725 .76 144 .872 / .393 .247 / .550 
163.694730 19.952953 .220 .566  .85 20 .246 / .889 -.116 / .478 
163.845984 13.102997 1.358  .588  .84 11 .295 / .889 .296 / -.085 
163.854942 19.298998 1.201  .773  .73 146 .906 / .531 .651 / .133 
163.857047 11.617507 .293  .527  .8T 119 .538 / .027 .650 / .260 
163.924334 11.298387 1.331  .845  .68 88 .249 / .335 .648 / 1.042 
163.984288 18.788475 1.277  .355  .94 87 .262 / .305 .027 / .683 
164.046989 17.140997 1.344  .845  .68 72 .012 / .780 .505 / 1.066 
164.091276 14.566966 1.243  .207  .98 129 .409 / .138 .412 / -.091 
164.156218 15.013202 971  .787  .72 109 .541 / .147 979 / .483 
164.158278 10.052025 1.273  .435  .91 128 .544 / .023 .507 / .170 
164.230688 14.829509 1.229  .625  .82 133 .696 / .257 .208 / .671 


164.308435 18.798158 285  .382  .91 152 .614 / .106 -.133 / .484 
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Table 1. (Continued) 

RA Dec Zz inc ecc PA(deg) y(rad) (rad) 
164.521231 20.061417 1.273 .587  .94 72 .095 / .549 .211 / .895 
164.633396 17.082247 1.286  .462  .90 17 .175 / .750 — -.139 / .398 
164.668752 17.904320 1.269  .527  .87 50 .062 / .700 — .101/ .684 
164.730550 8.230752 1.246  .677 .79 8 .401/.953  -.025 / .199 
164.869078 16.782794 1.300  .623  .82 116 .533/ 122  .272 / .829 
165.025092 9.444098 1.252  .567  .85 65 .019 / .556 — .348 / .666 
165.070384 19.606880 1.240 .832  .69 114 .597 / .372. .423 / 1.040 
165.166670 16.952878 1.300  .802  .71 127 .739 / .454  .354 / .851 
165.452792 8.368669 1.196  .413  .92 9 .153 / .671 — -.071 / .197 
165.676652 8.655867 1.240 .411 .92 60 .046 / .481  .205 / .500 
166.268588 8.759810 1.241  .566  .85 5T .072/.606 .322 / .610 
166.589189 8.686458 1.244 .548  .86 53 .098 / .618 | .286 / .571 
166.902560 9.020778 1.228 1.02  .55 8T .161/.347  .860 / 1.175 
166.935900 9.924171 1.225  .383  .93 14 143 / .613 -.071 / .251 
167.532914 10.802888 1.211  .248  .97 129 .974 / .052  .006 / .378 
167.539961 7.868564 1.208 .740  .75 10 .508 / .967 .015 / .219 
168.567405 10.390996 1.210 .693  .78 151 .803 / .472  .168 / .460 
168.938775 8.249943 1.194  .547  .86 106 .949 / .012 .381 / .665 
169.508801 10.550690 1.215  .526  .87 134 .548 / .234 — .196 / .540 
169.596744 9.084715 1.197 .787 .72 98 .303 / .018  .620 / .934 
170.081761 8.984773 1.229  .641 .81 56 .193 / 613  .373 / .662 
170.246993 10.185907 1.208 .384 .93 77 .085 / .271 .196 / .551 
170.290711 7.999635 1.141  .461  .90 93 .195 / .143  .320 / .599 
169.508801 10.550690 1.215  .526  .87 134 .548 / .234 — .196 / .540 
169.596744 9.084715 1.197 .787 .72 98 .303 / .018 — .620 / .934 
170.081761 8.984773 1.229  .641  .81 56 .193 / 613  .373 / .662 
170.246993 10.185907 1.208 .384 .93 77 .085 / .271 = .196 / .551 
170.290711 7.999635 1.141  .461  .90 93 .195 / .143  .320 / .599 


caused by wavelike disturbances triggered by the huge mass of the cosmic strings in 
the bulk. One conjectures that these disturbances could act as an effective dark en- 
ergy field. Another possible effect can be the formation of massive KK-modes as the 
imprint of the 5D gravitational field on the 4D brane. We used the azimuthal-angle 
correlation for the explanation of the recently observed alignment of polarization 
axes of quasars in large quasar groups. The detailed behavior of this alignment 
can be explained with our model. The two different orientations perpendicular to 
each other in quasars groups of less richness could be a second order effect in our 


model. 


More data of high-redshift quasars will be needed in order to test the second 


order effect predicted in our model. 


6. The Data 


The data of LQG U1.27 underlying this article are gathered in Table 1. 
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Cosmic strings (CS’s) are topological defects formed at the GUT symmetry breaking 
scale in the Einstein-U(1) scalar- gauge field model. This model shows a surprising 
resemblance with superconductivity and the relativistic Nielsen-Olesen quantized 
magnetic flux vortex solution. In the standard model of particle physics this scalar- 
gauge field is responsible for the spontaneously broken symmetry (Higgs mecha- 
nism). So one could say that this quantum field with the Mexican hat potential has 
lived up to its reputation. In cosmological context, the confined regions of the false 
vacuum of the scalar field form a locus of trapped energy, i.e., a CS. The mass and 
dimension of a CS is largely determined by the energy scale at which the phase 
transition takes place. It is believed that in the FLRW model a scale-invariant cos- 
mic string-network is formed. Observational bounds, however, predict a negligible 
contribution of CS’s to large-scale inhomogeneities such as the angular distribution 
in the CMB radiation. A renewed interest occurred when it was realized that CS’s 
could be produced within the framework of superstring theory inspired cosmologi- 
cal models, i.e., brane-world models. Supersymmetric GUT’s can even demand the 
existence of CS. These super-massive CS’s could be produced when the universe 
underwent phase transitions at energies much higher than the GUT scale, so their 
gravitational impact increases. Although evidence of CS are not yet found, new 
observational windows are opened by these super-massive CS's. 

In this CS1 parallel session one could present cosmic string-related subjects, 
such as observational results on CS, gravitational waves and CS, vortex solutions 
and GRT, cosmic strings and higher dimensional models. 

Silva evaluates the possibility of the existence of gravitationally bound string- 
like objects in the framework of the general hybrid metric-Palatini gravity theory, 
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in which the gravitational action is represented by functions in terms of the Ricci 
and Palatini scalars, respectively. This theory recognizes equivalent scalar-tensor 
representations in two independent scalar fields. Assuming cylindrical symmetry 
and metric invariance, he obtains a gravitational field equation that theoretically 
describes the structure of the cosmic string. The physical and geometric properties 
of the cosmic string are determined by two scalar fields, as well as the effective field 
potential, which functionally depends on two scalar fields. The field equation can be 
solved exactly for constant and zero potential, respectively, with the corresponding 
string tensions taking negative and positive values. In addition, for a more general 
class of potential, which has an additive algebraic structure and multiplication in 
two scalar fields, the equations of the gravitational field are solved numerically. 
For each potential, he investigated the effect of changing the parameters of the 
potential and boundary conditions on the structure of the cosmic string. Thus, he 
obtains a large class of stable string configurations, the main parameters of which 
(string tension and radius) substantially depend on the effective field potential and 
boundary conditions. 

Rosa studied 5-dimensional braneworld scenarios in the scalar-tensor represen- 
tation of the generalized hybrid metric-Palatini gravitational theory. He starts by 
considering a model for a brane supported purely by the gravitational scalar fields 
of the theory and then considers other distinct cases where the models are also 
supported by an additional matter scalar field. He investigates the stability of the 
gravity sector and shows that the models are all robust against small fluctuations 
of the metric. In particular, in the presence of the additional scalar field, he finds 
that the profile of the gravitational zero mode may be controlled by the parameters 
of the model, being also capable of developing internal structure. 

Slagter tried to explain the observational evidence of the correlation of the spin 
axes of quasars in large quasar groups over hundreds of Mpc. This is seen in the radio 
spectrum as well as in the optical range. There is not yet a satisfactory explanation of 
this “spooky” alignment. This alignment cannot be explained by mutual interaction 
at the time that quasars manifest themselves optically. A cosmological explanation 
could be possible in the formation of superconducting vortices (cosmic strings) in the 
early universe, just after the symmetry-breaking phase of the universe. He gathers 
from the NASA/IPAC and SIMBAD extragalactic databases the right ascension, 
declination, inclination, position angle and eccentricity of the host galaxies of 3 
large quasar groups to obtain the azimuthal and polar angle of the spin vectors. 
The alignment of the azimuthal angle of the spin vectors of quasars in their host 
galaxy is confirmed in the large quasar group U1.27 and compared with two other 
groups in the vicinity, i.e., U1.11 and U1.28, investigated by Clowes (2013). It 
is well possible that the azimuthal angle alignment fits the predicted azimuthal 
angle dependency in the theoretical model of the formation of general relativistic 
superconducting vortices, where the initial axially symmetry is broken just after the 
symmetry breaking of the scalar-gauge field. 
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Blasi presented research in gravitational wave astronomy which could open 
a new window of exploration in fundamental physics. The recent analysis by the 
NANOGrav collaboration based on the 12.5-year pulsar-timing data set has shown 
evidence for a common red process which is compatible with a stochastic background 
of gravitational waves. He discusses the interpretation of this signal in terms of 
physics beyond the Standard Model with focus on cosmic strings, highly energetic 
topological defects arising as a consequence of cosmological phase transitions in the 
early Universe. 
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Cosmic string networks form during cosmological phase transitions as a consequence of 
the Kibble mechanism. The evolution of the simplest networks is accurately described 
by the canonical Velocity Dependent One-Scale (VOS) model. However, numerical sim- 
ulations have demonstrated the existence of significant quantities of short-wavelength 
propagation modes on the strings, known as wiggles, which motivated the recent de- 
velopment of a wiggly string extension of the VOS. Here we summarize recent progress 
in the physical interpretation of this model through a systematic study of the allowed 
asymptotic scaling solutions of the model. The modeling mainly relies on three mecha- 
nisms: the universe’s expansion rate, energy transfer mechanisms (e.g., the production 
of loops and wiggles), and the choice of the scale in which wiggles are coarse-grained. We 
consider the various limits in which each mechanism dominates and compare the scaling 
solutions for each case, in order to gain insight into the role of each mechanism in the 
overall behavior of the network. Our results show that there are three scaling regimes 
for the wiggliness, consisting of the well-known Nambu-Goto solution, and non-trivial 
regimes where the amount of wiggliness can grow as the network evolves or, for specific 
expansion rates, become a constant. We also demonstrate that full scaling of the network 
is more likely in the matter era than in the radiation epoch, in agreement with numerical 
simulations. 


Keywords: Cosmology; Topological Defects; Cosmic Strings; Wiggly Strings. 


1. Introduction 


Cosmic string networks arise in many theories of unification beyond the standard 
model. In the context of cosmology, they are predicted to have been formed in the 
early universe as a consequence of the Kibble mechanism.! Due to the non-linearity 
and non-trivial interactions intrinsic to these networks, a complete quantitative 
description of their evolution, as well as of their observational consequences, proves 
to be a difficult task.? 

An accurate description of cosmic strings is accomplished through two comple- 
mentary approaches: numerical simulations (Nambu-Goto or Abelian-Higgs) and 
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analytic models. The analytic modeling of string networks relies on the statisti- 
cal physics of the network so as to derive a description of its thermodynamics. The 
analytic framework for the simplest Nambu-Goto string networks is the Velocity De- 
pendent One-Scale (VOS) model.?:4 As the direct comparisons with Nambu-Goto 
and Abelian-Higgs numerical simulations? ? demonstrate, the VOS is able to cap- 
ture the key large-scales properties of the network extremely well. The VOS is built 
upon the one-scale assumption embodied in the original model developed by Kib- 
ble,? which expresses the evolution of the network in terms of a single length scale. 
'This length scale can be the inter-string distance, the correlation length £, or the 
average curvature radius R (note these length scales are expected to be identical in 
this formalism). Various frameworks attempting to describe the dynamics of string 
defects have been developed, like the three-scale approach,!° but it was only with 
the advent of the VOS that a model capable of making robust predictions in various 
cosmological epochs emerged. The key difference in the VOS framework lies in an 
additional macroscopic quantity, a root-mean-square (RMS) velocity, whose evolu- 
tion is described by an extension of the Newton's Second Law. The equations of the 
standard Nambu-Goto VOS model are rigorously deduced from the Nambu-Goto 
effective action. 

In spite of the successes of the VOS, the model fails to give an accurate de- 
scription of realistic networks of strings, whose worldsheets are expected to have 
additional degrees of freedom. In particular, the aforementioned numerical simu- 
lations of cosmic strings in expanding universes have demonstrated the existence 
of great amounts of short-wavelength propagation modes on the strings, known as 
wiggles, on scales orders of magnitude below the correlation length. The presence 
of small-scale structure is simply a byproduct of the energy loss phenomena of the 
network, and thus, if one aims to have an accurate analytic framework of string 
networks, it is imperative that these small-scale wiggles are accounted for. This 
motivated the development of a wiggly extension of the VOS that describes the 
evolution of both large-scale and small-scale properties of string networks. !? 

Here we continue the work recently reported in Ref. 13 studying the properties 
of wiggly cosmic strings, through an improvement of its physical interpretation and 
modeling. We carry out a systematic study of the asymptotic scaling solutions of 
the wiggly generalization of the VOS, so as to explore the allowed scaling regimes, 
other than the trivial Nambu-Goto solution, where wiggliness grows, disappears, or 
evolves towards a constant value. One of the open questions in the wiggly model is 
whether the wiggliness reaches scaling, and if so, under what physical conditions. 
Numerical studies? hint at scaling being reached at least in the matter-dominated 
era. 

Another aim of this mathematical exploration is to determine the role that each 
mechanism has in the overall behavior of the network, as we know the nature of 
the scaling solutions is highly dependent on the dominant physical mechanism.!? 
We consider the various limits in which each mechanism dominates and compare 
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the scaling solutions for each case. Finally, this study also aims to pave the way for 
a future calibration of the wiggly model. Having determined the various possible 
scaling regimes, and particularly the behavior of the small-scale structure, we can 
plan future field theory and Nambu-Goto simulations that are optimized for this 
calibration and able to test the consistency relations of the solutions, as well as to 
make numerical predictions of the wiggliness on the strings. 

'This paper is organized as follows. Section 2 gives a brief overview of the wiggly 
extension of the VOS. In Section 3, we discuss the asymptotic scaling solutions 
without and with cosmological expansion, followed by a discussion of their physical 
implications. Finally we present some conclusions and an outlook in Section 4. 


2. Wiggly Strings Dynamics 


A wiggly extension of the VOS is accomplished by noting that, in direct contrast 
with Nambu-Goto strings, wiggly strings have their local string tension T differ from 
the energy density in the string's local rest frame U. In particular, we can define 
a parameter w that ranges from 0 to 1 (unity being the value of a Nambu-Goto 
string), such that 


— =W, mE TA. (1) 
Ho Ho W 


where Ho is the string mass per unit length. The total energy of a piece of string is 
given by 


E= a | Udo = poa | do, (2) 
w 


which can be decomposed into two contributions: one for the bare string segments 
Eo, 


Eo = poa f edo, (3) 
and another due to the small-scale wiggles Ew: 


1— 
Ew = noa f 7 edo. (4) 
w 


Wiggly strings can be conceived as containing a mass current that renormalizes 
the bare energy per unit length.!^ We define the renormalization factor 


E 


which is a measure of the energy due to the wiggles of the network, known as the 
renormalized string mass per unit length. u is a scale-dependent quantity, that is, it 
depends on the renormalization scale £ at which the wiggliness is being measured. 
Each energy contribution yields a characteristic length scale 


5 (6) 


p 
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which are related by 


uet. (8) 
(i) 


'This procedure makes it clear that a quantitative description of small-scale structure 
implies that the one-scale assumption implicit to the VOS no longer holds. Instead, 
we have two distinct length scales L and £, which will have different dynamics as 
it will become apparent in their evolution equations. Thus, an averaged model for 
wiggly cosmic string evolution implies three evolution equations, instead of two, 
with this additional equation accounting for the evolution of the network's small- 
scale structure. We note the assumption of £ ~ R still holds in the wiggly formalism, 
but it can be tested numerically.9 It should also be noted that while € measures 
a physical length, L is the length that a Nambu-Goto string with the same total 
energy would have, and thus should not be interpreted as a physical length. 

The equations for the evolution of the network’s dynamical quantities are ob- 
tained from averaging the microscopic string equations of motion, and so one needs 
to define the averaging procedure. There are two natural approaches to this. The 
first consists of averaging over the total energy, so as to give more weight to string 
segments with larger mass currents. For a generic quantity Q, this is defined as: 


[ Q£de 
Q) = TT (9) 
An alternative approach consists of averaging over the bare string energy 
| Qedo 
= 10 
(Qs = TET (10) 


The two procedures are related by: 


(U)o Boc dU 
In the wiggly formalism!':!? the first averaging method is the one adopted (and is 
the one we adopt in what follows). 

The various interactions by which the network loses energy still need to be dis- 
cussed and included in the evolution equations. In particular, we need to define 
the phenomenological terms that account for the energy transfers between the bare 
string and the wiggles. While in the standard VOS model, long string intercommut- 
ings had no effect on the evolution of the network, in wiggly strings, they lead to 
the formation of kinks that increase the energy due to wiggles, and thus, need to be 
taken into consideration. The energy transfer from the bare string to the wiggles is 
modeled by: 


1 T) U 
——— = —cs(p)-,, 12 
e dt wiggles l lg l ) 
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in which s approaches 0 in the Nambu-Goto limit. Besides accounting for the gain in 
small-scale structure, s should also include the effects of kink decay by gravitational 
radiation. 

Another mechanism by which the network loses energy is the production of 
loops. In the VOS model, this is encoded in a phenomenological parameter c, the 
loop chopping efficiency. The loop chopping parameters of the wiggly model are 
defined in analogy with the VOS definition, but now the energy transferred to the 
loops may come from the bare string or from the wiggles 


1 dpo v 
(2e) = esaw, (13) 
Po dt loops E 
1 dpy U 
(+) = ere. (14) 
Pw dt loops g 
such that 
ld ld 1 dp, 
(=) a (=) " (=<) . (15) 
p dt loops p dt loops p dt loops 
For simplicity, one can define an overall energy loss parameter 
1 2) v 
— TE = —cf(u)z, (16) 
E dt loops E 


which using equations (13-15) can be shown to yield: 


— folu) 4 
ru) = 2 4 (0-2) n. (17) 


Note that f has an explicit dependence on p so as to account for the fact that loop 
production is favored in regions of the long string network with more small-scale 
structure than average.® 15-16 In what follows we adopt the assumptions introduced 
in Ref. 12 


fw) =1+0 (1 = =) T 
su) =D (1-5). 


where two additional phenomenological parameters 7 and D were introduced, 
which should be interpreted as probabilities for small-scale structure loss and gain, 
respectively. 

Finally, we emphasize that the renormalized string mass per unit length is de- 
fined at a renormalization scale @ that need not be fixed but can be time dependent 
(e.g., the correlation length). In fact, the choice of scale is equivalent to altering 
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what defines a wiggle, and consequently, must have a direct influence on the en- 
ergy distribution between the bare string and the wiggles. One accounts for this by 
introducing the following scale-drift terms 


1dude dm —1deé 


põld 1 dt’ 


(19) 


Ov2 dé 1—v? ð (w°) dt 20 
Ol dt Tew?) Ol at” Q0) 
where d;,(£) is the multifractal dimension of a string segment at scale Z. It should 
be emphasized that while (19) is a mere geometric identity, (20) is a consequence 
of ensuring energy conservation at all scales. We will also assume the following 
phenomenological relation 


dm{u) =2— 3, (21) 


where b is a free parameter that imposes the transition limit between two regimes 
(dm = 2 for Brownian networks, dm = 1 for small scales). 

We are now ready to derive the system of equations that compose the wiggly 
model!!: 12 


T- nrto- A) A (22) 
of = ne p+ (1+ i)e] esL) tel +9)] + n 0- ia 


where H = à/a is the Hubble parameter (which we will assume to be of the form 
a x t^) and k the momentum parameter already introduced in the VOS formalism. k 
essentially quantifies the local curvature of strings. It should be noted that equations 
(22), (23) and (25) are not independent, being related by Eq. (8). 


3. Scaling Solutions 


We carry out a mathematical exploration of the landscape of scaling solutions of the 
wiggly model, so as to characterize the behavior of the wiggliness of the network. One 
important yet unanswered question in the wiggly model is whether the wiggliness is 
able to scale, i.e, evolve towards a constant value, and if so, what are the underlying 
physical conditions of the network that lead to this behavior. In spite of current 
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numerical simulations not giving a definitive answer to this question, they hint at 
scaling being reached in the matter-dominated era (A = 2/3), with the behavior in 
the radiation era being more complex. This may be indicative of an absence of a 
scaling solution or of a slower scaling regime (since there is less Hubble damping). 

As shown by the system of equations (22)-(25), the evolution of the network 
is driven by three main mechanisms: the universe's expansion, energy loss by in- 
tercommutation, and the choice of the scale in which wiggles are coarse-grained. 
In what follows, we study the effects of each of them on the possible asymptotic 
scaling solutions by considering the case where each mechanism dominates and by 
doing a subsequent comparison of the obtained scaling solutions in each case. This 
allows us to gain insight into the role that each mechanism has on the evolution of 
the network. 

From a physical point of view, we expect three types of scaling solution regimes. 
Firstly, we evidently expect the Nambu-Goto solution p = 1, as the wiggly model 
reduces to the VOS in the appropriate limit. Secondly, we also expect a regime 
where the wiggliness scales, y = mo. Finally, a regime where small-scale structure 
grows p x t? as the network evolves is also expected. In general we will assume 


b= Let 
v = vot? (26) 
n — Mot", 
or alternatively, using Eq. (8): 
E = Lom} tte, (27) 


It should also be noted that we will discard ultra-relativistic v = 1 solutions in 
our analysis, as well as other branches of solutions that are mathematically allowed 
but have no physical meaning. This includes solutions in Minkowski space H = 
0 (expanding universes H # 0) that hold for non-null values of the momentum 
parameter k # 0 (null values of momentum parameter k = 0). The reason behind 
this is we expect the VOS to hold for k = 0 in Minkowski space,® ^ 14 17 
analogous manner, we expect k 4 0 when H 4 0.8 


and in an 


3.1. Scaling Solutions Without Expansion 


First, we consider the allowed scaling solutions in Minkowski space. We note that 
linear scaling has been observed in numerical simulations in Minkowski space.® 18 
We also note that a more detailed analysis of some of these solutions has already 


been published in Ref. 13. 


3.1.1. No dynamical mechanism 


We start by considering the simplest case where no dynamical mechanisms act on 
the network. In this case we find a trivial solution that depicts a network where all 
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four dynamical quantities remain constant but undetermined 


L= Lo 
U — ts 

(28) 
H = Mo 


£ = VitcLo. 


The values of these quantities could be determined by measurement in numerical 
simulations. The physical interpretation of this solution is clear: the network is in 
equilibrium due to the absence of energy loss mechanisms, and thus its dynamical 
quantities have no time evolution. 


3.1.2. With running averaging scale 


In this case we assume the fractal dimension introduced in Eq. (21) with the specific 
choice b = 2, as numerical simulations suggest this value is reasonable. We also 
assume a generic power-law shaped averaging scale 


1-1), 0«ó«1. (29) 


In the absence of energy loss mechanisms, we expect that the characteristic length 
scale of the network remains constant. We find two distinct scaling solutions, the 
first being the Nambu-Goto limit 


bad 
m (30) 
€ = Lo, 


which is analogous to that of Eq.(28), with the difference that u is no longer arbitrary 
but restricted to the Nambu-Goto value. This solution gives a clear depiction of 
how, when there is no small-scale structure, a variation in the coarse-graining scale 
makes no difference. In other words, this solution exists for any value of 6 and has 
no explicit dependence on its choice. 

The second solution yields growing wiggliness 


L=L, 
v= vt? 
— (31) 
E = ymsL,t P, 
subject to the following constraint: 
vem =1. (32) 


We note that in the fixed scale limit 6 — 0 we recover the scaling exponents of Eq. 
(29). In addition, note that choosing our renormalization scale to be the correlation 
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length | c £, yields 6 = 6/2 = 0, implying y = 0, or in other words, the only possible 
solution in this case is the Nambu-Goto one. The physical interpretation of this 
solution is clear. The presence of small-scale structure made this solution explicitly 
dependent on ô. In particular, we are always able to find small-scale structure for all 
choices of scale, and a variation in the scale simply modifies the way energy migrates 
from the bare string to the wiggles, with the total energy of the network staying 
constant. Moreover, the growth of the wiggliness is compensated by a decrease in 
the velocity, which suggests that not only is u scale-dependent, but v also depends 
on 6. This agrees with the mesoscopic velocity interpretation of the wiggly model, 
instead of the traditional interpretation of a microscopic RMS one embodied in the 
VOS.!i 12 


3.1.3. With energy losses 


We now consider the case where the network is losing energy due the various energy 
loss mechanisms inherent to the network, as previously described. In particular, we 
assume the energy loss terms are modeled after Eq. (18). It is clear that the presence 
of energy losses must lead to a different behavior for the network's characteristic 
length scales L and £, as they are now forced to scale in time. We find two solution 
regimes. The first solution implies non-trivial wiggliness: 


L= Lot 
U — Uo 
en (33) 
€ = V MoLot, 
such that 
wl 12 
L.-— evo ( + m d (34) 


1 1 
D P =n darn ; n 2 D. (35) 


This allows for a wide range of values of the wiggliness mo, depending on the values 
of the small-scale structure parameters D and 7. In particular, one retrieves the 
Nambu-Goto case m, = 1 under the condition D = 7. For realistic values of D 
and 7, Eq. (35) has two real solutions and a pair of complex conjugate solutions. 
Having in mind that realistic values of the wiggliness imply mo > 1, it follows that 
for values of the parameters such that D/r < 1/4 the only physically meaningful 
solution consists of m, = 1, while in the range D/n € ]1/4,1|, we find solutions with 
mo > 1. From a physical point of view, this should be interpreted as: if the amount 
of wiggliness generated by the network is a small fraction of the amount that is lost, 
as in the case of D/n < 1/4, then no wiggliness can asymptotically survive on the 
string network, resulting in the Nambu-Goto solution. On the other hand, if this 
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ratio takes up large enough values, then the small-scale structure of the network is 
able to survive. 

In the second regime, we find a solution where small-scale structure builds-up 
in the network: 


Lb = Lat" 
— (36) 
p= mot? 2% 
E = /moL,st 
with the following constraints and conditions 
| Cc ldtmn 
i mi? (37) 
lcm 
= «1 38 
1+D pn 
DF 
=2 D 39 
eg ee eec ey) 


which yields Eq. (33) in the limit where the two small-scale structure parameters 
balance each other D —> n. 

The set of solutions (33) (36) allows us to infer the exact physical conditions 
that dictate the nature of the scaling regime. As seen in Eq. (33), when the amount 
of small-scale structure removed (e.g., loop production) is greater than its gain 
(e.g., kink formation upon intercommutation), 7 > D, the wiggliness of the network 
remains constant. On the other hand, as illustrated by Eq. (36), when there is more 
generation of small-scale structure on the network than loss, D > 7, we find that the 
long string wiggliness must grow. Moreover, another interesting difference between 
these two solutions lies in the behavior of js and L (or equivalently, the total energy 
density of the network), with £ scaling linearly (£ œ t) in both solutions. The fact 
that £ maintains its linear scaling independently of the scaling of L just further 
emphasizes the two scale feature of the wiggly VOS extension. 


3.1.4. With energy losses and a running averaging scale 


If one allows for both energy losses and a varying renormalization scale 6 Z 0, one 
finds two possible solutions. The first yields constant wiggliness such that: 


L- c(14- 1)vo, 

2 
U= Vo (40) 
H = 
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which is analogous to that of Eq.(33) with the caveat that m, is no longer arbitrary 
but restricted to the Nambu-Goto case. This solution depicts, yet again, that if 
the network is devoid of small-scale structure a change in the coarse-graining scale 
makes no difference. 

In the second solution, we find that the small-scale structure of the network 
grows as the network evolves 


L= Let? 
v = vot T 
edi (41) 
E = /msL,t$*f^, 
subject to 
1 o 
L= c( am (42) 
2omi/? 
a= .(G-5ürm «1, D>n 43) 
a0 0)-2(D--) ^" 
2 2 2(D — 9) + 6(1 +7) 
= = — -¢g = St AA 
TUS 3° BSD-w RUE 
2 
ô = ym € les 45) 


Note that if we consider the fixed scale limit 6 — 0, we recover Eq. (36) y — 0, 
a —> 1. We can also take the limit of no energy losses D,7 —+ 0 on (41) where 
we partially recover the previous solution of Eq. (31), namely the dynamics for 
the velocity and wiggliness y = —/8 = 6, but with different behavior of both length 
scales. Unlike the other solutions so far, ô is restricted because Eq. (45) must always 
hold. Specifically, the averaging scale is now bounded from above, which can be 
attributed to the energy losses of the network. In other words, if the scale does 
not evolve slowly enough, we are unable to find small-scale structure. Furthermore, 
we note that the total energy of the network, more specifically the exponent a, 
explicitly depends on 6, hinting at an apparent scale dependence of the total energy 
of the network. However, one would expect this quantity to be scale-invariant, that 
is, the way the network loses energy should not depend on the choice of averaging 
scale choice. Having said this, it is clear that the physics behind this behavior needs 
to be explored in future studies. 


3.2. Scaling Solutions With Expansion 


We are now concerned with solutions in expanding universes, where we expect 
k z- 0.8 
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3.2.1. No dynamical mechanisms 


We start with the case of no energy losses and a fixed scale. In this case, we find the 
three expansion regimes. Firstly, we find the canonical Nambu-Goto VOS solution 


eO (46) 


w=l 


icm) * 


The range of expansion rates of this solution depends on the physical interpretation 
of the velocity. Interpreted as a microscopic velocity, we require v2 < 1 and we 
find that the radiation epoch is the limiting case A > 1/2. This implies that scal- 
ing can be achieved in the matter-dominated era, but not in the radiation epoch, 
since in the latter the network does not lose enough energy by Hubble damping. 
Alternatively, one can also interpret this velocity as an average one, with now the 
physical constraint being v? < 1/2 (corresponding to the average velocity of loops 
in Minkowski space), leading to the matter era becoming the limiting case \ > 2/3. 

Secondly, we find a solution of non-trivial constant wiggliness, only viable in the 


matter era 

L= Lot 

UV = Ug 

H = mo (47) 

& — /msL 
2 

A2 
3 

k 1 
ig = TEE DN Ug = ——— s (48) 


Bmpr) "7 gap 


which in principle holds for any value of the wiggliness m,. We note that by choosing 
Mo = 1, we retrieve the previous solution (46). This solution also demonstrates 
that scaling is more easily reached in the matter era than in the radiation era, 
in agreement with Nambu-Goto numerical simulations.Ó In addition, the behavior 
depicted by this solution is analogous to the one previously identified for chiral 
superconducting strings.!? 

Thirdly, a regime of growing wiggliness is also allowed, which implies decreasing 
velocities 8 < 0, and a = 3/24, as well as the consistency relations 3/24 4-y/2— 8 = 
1, and 8 +y 7 0. This narrows the range of allowed expansion rates to slower rates 
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than the matter era one A < 2/3. There are two solution regimes, depending on the 
value of the expansion rate. For very slow expansion rates we have 


Ear 
v= di^ 
u = mot? 5A (49) 
Vok X 
= t 
£ 2— 4A : 


m= (raus) i 


1 
À € =. 51 
si (51) 
Conversely, in the intermediate expansion rate regime, we find 
L = Lot? ™ 
U= wt T] 
p = Mot” (52) 
E = ymoLott? 
2 
= = — À, 
emg 
with the following constraints: 
2 ( Lo ) 2/3 ( k ) 2/3 
vo = =| = , Mm = | —— (53) 
3\ (GA — S)AK ($4 — $) AL, 
12 
AE |=, =]. 54 
ssl (54) 


We note that in the limit A —> 1/3 this solution matches the scaling solution 
obtained in the slow regime. In addition, we also recover the full scaling solution 
(47) in the limit A — 2/3, apart from differences in the coefficients for the velocity. 

It is instructive to consider the particular case of the radiation epoch (A = 1/2) 
where we find 


? 


Latt, eot V9 poat’ £x. ms, (55) 


'These relations provide an opportunity for testing with Nambu-Goto simulations 
where energy loss terms can be switched off on demand. 
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3.2.2. With a running averaging scale 


We consider the averaging scale previously introduced in Eq. (29). In this case we 
still find the Nambu-Goto solution 


L= Lot 
U = Vo 
H= (56) 
€ —sgLbst 
1 
à>- 
PE 


We observe that the introduction of a running averaging scale neither affected the 
scaling behavior of the previous obtained solution (46) nor did it impose any re- 
striction on 6. 

We also find a full scaling solution 


L= Lot 
U — Ug 
p= me (58) 
E = /msLot 
2 
A = 
=a 
Lb? OX eg us 
"ues i (59) 
3 2 2 
—-[1- ^ m.(1-4- m;). (60) 


'This solution demonstrates how the inclusion of a renormalization scale decreased 
the value of the expansion rate for which full scaling can occur: this is now achieved 
for expansion rates lower than the matter era one. 

Lastly, we find two possible solutions with growing wiggliness, which entail the 
same dynamics for the characteristic length scale and velocity as found for the 
expansion case, namely a = 3/2, B < 0, 3/2A+ y/2 — 8 = 1, and 8 + y 7 0. For 
very slow expansion rates we have 


Lab" 
v= Vet > 

2—5A 
H= Mot 61 
E = mobot A 
A< : 
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where the scaling coefficients are related by: 


kv z 
o = He o , 62 
n ——— (52) 
while in the intermediate expansion regime we determine: 
Lega 
UV = vot] 
p = mot? (63) 
£ = ms Lot!/3tA 
1 2 
a S 
3 <A< 3” 
such that 
1/2 2 
1 kvo 
g= ; o 64 
w= (ama) + "7 (ae) S 
2 
=--x. 65 
qus (65) 


Note that the two regimes match for an expansion rate À = $. 


3.2.3. With energy losses 


We finally consider the most realistic case, where the network is losing energy in the 
context of an expanding universe. Firstly, we recover the canonical VOS Nambu- 
Goto solution 


[M 
unis (66) 
H = 
E = Lot, 
k(kte)\/? O ka -A 
a o rea) s E 


We note that Eq. (46) is a particular case of Eq. (66) for which c = 0, which can 
be physically interpreted as the network’s intrinsic energy losses being unnecessary 
for the network to reach linear scaling because Hubble damping is enough to ensure 
this. 

Secondly, there is also a non-trivial wiggliness solution 


L= Lot 

U-— v 

H = nto (68) 
k 

E= 
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subject to the following constraints: 


picos k + c(1 + g)m2 — enm?” (69) 
°  Ame(1-4- m2)(A + (2 — 3A)m?) 
u 2 
Ge k A + (2 — 3A)ms 2: (70) 
X (+ mB) (6 + (1 + a) — amd) 


E T m2(2-— 3) (( + cD) (1 =) cn (1 -)) 


1 

= a(1- 23 (i n - mz! two). (71) 
Th? 

We note that the previous solution (47) is recovered by direct substitution of 

A = 2/3, and c = 0 on this solution. So as to understand more about its physi- 

cal implications, we consider the case study of large amounts of wiggliness. Before 


proceeding to this analysis, we define new parameters 
kepp m k-cc(D-— 
H (D-n) (72) 
Ceff = c(1 + n). 


This is not only convenient, but also makes sense from a physical point of view: 
it is known that the presence of small-scale structure on the long strings modifies 
its typical curvature, as well as enhances energy losses.!? The large wiggliness limit 
Mo > 1 yields: 


L — kceff 1/2 
? 5 (Amë (2 — 3A) 


2keff 
Ceff + 3keff 


This solution clearly illustrates that when there are great amounts of wiggliness on 
the network, the overall energy density increases while the velocity decreases, as 
expected. In addition, it is interesting to note that in the radiation era, the effective 
parameters balance one another 


keff = Ceff- (74) 


This relation constitutes an opportunity for testing with Nambu-Goto numerical 
simulations. 

Thirdly, there also exists a growing wiggliness regime. This has the same im- 
plications as found for the expanding case, namely a decreasing velocity 6 < 0, 
although a = 3/2 no longer holds, and instead we have o > 3/2. Physically, this 
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makes sense as the energy loss terms enable faster energy loss. We again distinguish 
two regimes according to their expansion rates. For slow expansion rates, 


L= Lt? 
=v,t 
v v, (75) 
L= Mot" 
E= mias. 
12e, keff — Ce 
a a Leets + MBkerg — cess) (76) 
2 keff + Ceff 
2ke mE e ke 
jen 2d ges Petr A terr SPDRERD (TT) 
keff + Ceff 
4 €]0,2 — 5A[ (78) 
ke 
ygn M (79) 


^ Bkeff + Ceff 


It is worthy of note that one recovers the previous slow expansion solution (49) in 
the limit c — 0. 
As far as the intermediate expansion rate regime is concerned, we find 


L= Lot? 
v =vt 7 
NE (80) 
E = Jm, Lat $^ 
ke 
= —___—s —— 81 
^ (2a - 3d)(A + $a — 2)m3 (81) 
d= n= a (82) 
Cop fl(A+ 5a- 5)m? 
2 e À 3k. e 
m: n (3keff + Ceff) (83) 
$€eff + 2keff 
2 2 2keff — A(3ke g 
ge o 2 PM A(Sker y + cept) (84) 
3 3 Ceff t 3keff 
ke Ne 
XE ff i (85) 


3kegg + Cepp 3keff + Copp | 
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where one is also able to retrieve the previous solution Eq. (52) in the limit c — 0. 
It should be emphasized that the domain of the expansion rate is now broader, 
when in comparison to Eq. (52), which is due to the two energy loss mechanisms 
acting on the network (not just Hubble damping). 

Note that the two regimes match for the expansion rate 


keff 
A- ; 86 
ker + Ceff 80) 
which is half of the expansion rate of Eq. (73). We also note that in the no energy 
losses limit c —> 0, the expansion rate approaches A = 1/3. 
Finally, it is also instructive to consider a particular case study where the two 
effective parameter balance each other keff = Ceff which yields in the slow regime 


1+. 1 
slow — =R slow = 1 = , SS m 
O'sl 5) Ysl 3A À 4 (87) 
while in the intermediate regime we find: 
il, 3 1 11 
int = 7 tar Yint = 5 — As TI (88) 


This solution leads to full scaling in the radiation epoch and growing wiggliness 
regimes for slower expansion rates than the radiation one. The transition between 
slow and intermediate regimes takes place at À — 1/4. 


4. Conclusions and Further Work 


We have improved the physical interpretation of the wiggly generalization of the 
VOS model,!!:!? building upon a mathematical exploration of the landscape of 
possible scaling solutions. Not only did we successfully characterize the behavior of 
the wiggliness in various regimes, but we also have managed to determine the effect 
that each dynamical mechanism has on the scaling solutions. 

In Minkowski space, we find that the network is in a trivial equilibrium solution 
in the absence of energy loss mechanisms. Allowing the network to lose energy, 
we find that the network's correlation length always maintains its linear scaling, 
while the behavior of the characteristic length scale depends on the dynamics of 
the wiggliness. If the wiggliness is constant, L scales linearly, while if the wiggliness 
grows in time, L exhibits slower growth specified by the energy loss parameters. 
These results agree with linear scaling observed in Minkowski space simulations.® 15 
Moreover, the inclusion of a renormalization scale led to a possible regime where 
small-scale structure grows in time, but is compensated by a decreasing velocity, 
with the network's total energy density remaining constant and the domain of the 
scale remaining unrestricted due to energy conservation. Lastly, when the network 
is subject to both mechanisms, we determined that the averaging scale becomes 
bounded from above, as a consequence of the network losing energy. 
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In power-law expanding universes, we determined that the three scaling regimes 
were possible, primarily depending on the expansion rate. For slow and intermediate 
expansion rates one has growing wiggliness solutions, while in fast expansion regimes 
one has the Nambu-Goto regime. For a specific value of expansion rate, one finds a 
full scaling solution. In the absence of energy losses, this expansion rate coincides 
with the matter era one, whereas the inclusion of energy loss mechanisms decreases 
this value, possibly reaching the radiation era for an appropriate value of the energy 
losses. Our results also demonstrate that scaling is more easily achieved in the matter 
era rather than the radiation epoch, in agreement with numerical simulations9!6.15 
It is also interesting to note that the three scaling behaviors here determined have 
also been found for the case of chiral superconducting strings? and other current- 
carrying strings.?? 'The case where all three mechanisms act on the network was not 
included in this work for reasons of space. Lastly, one aspect that remains unclear 
and should be subject to future studies, is the role of the coarse-graining scale, and 
in particular, the apparent scale dependence of the total energy of the network. 

These analytic results pave the way for a future calibration of the wiggly model. 
While our results show qualitative agreement with previous Nambu-Goto numerical 
simulations, the current available data does not allow for a detailed comparison. 
Our work therefore motivates additional, higher resolution simulations that cover 
a broad range of expansion rates and that are able to extract accurate numerical 
diagnostics for the wiggliness. 


Acknowledgements 


This work was financed by FEDER—Fundo Europeu de Desenvolvimento Regional 
funds through the COM-PETE 2020—Operational Programme for Competitiveness 
and Internationalisation (POCI), and by Portuguese funds through FCT - Fundação 
para a Ciência e a Tecnologia in the framework of the project POCI-01-0145-FEDER- 
028987 and PTDC/FIS-AST/28987/2017. 


References 


1. T. W. Kibble, Topology of cosmic domains and strings, Journal of Physics A: Math- 
ematical and General 9, p. 1387 (1976). 

2. A. Vilenkin and E. P. S. Shellard, Cosmic Strings and other Topological Defects 
(Cambridge University Press, Cambridge, U.K., 1994). 

3. C. J. A. P. Martins and E. P. S. Shellard, Quantitative string evolution, Phys. Rev. 
D 54, 2535 (1996). 

4. C. J. A. P. Martins and E. P. S. Shellard, Scale-invariant string evolution with friction, 
Phys. Rev. D 53, R575 (Jan 1996). 

5. J. N. Moore, E. P. S. Shellard and C. J. A. P. Martins, Evolution of abelian-higgs 
string networks, Physical Review D 65, p. 023503 (2001). 

6. C. J. A. P. Martins and E. P. S. Shellard, Fractal properties and small-scale structure 
of cosmic string networks, Physical Review D 73, p. 043515 (2006). 


1870 


T. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


J. R. C. C. C. Correia and C. J. A. P. Martins, Extending and Calibrating the Velocity 
dependent One-Scale model for Cosmic Strings with One Thousand Field Theory 
Simulations, Phys. Rev. D 100, p. 103517 (2019). 

J. R. C. C. C. Correia and C. J. A. P. Martins, Quantifying the effect of cooled initial 
conditions on cosmic string network evolution, Phys. Rev. D 102, p. 043503 (2020). 
'T. W. B. Kibble, Evolution of a system of cosmic strings, Nuclear Physics B 252, 227 
(1985). 


. D. Austin, E. J. Copeland and T. W. B. Kibble, Evolution of cosmic string configu- 


rations, Physical Review D A8, p. 5594 (1993). 


. C. J. A. P. Martins, E. P. S. Shellard and J. P. P. Vieira, Models for small-scale 


structure of cosmic strings: Mathematical formalism, Phys. Rev. D 90, p. 043518 
(Aug 2014). 

J. P. P. Vieira, C. J. A. P. Martins and E. P. S. Shellard, Models for small-scale 
structure on cosmic strings. II. Scaling and its stability, Phys. Rev. D 94, p. 096005 
(2016), [Erratum: Phys.Rev.D 94, 099907 (2016)]. 

A. R. R. Almeida and C. J. A. P. Martins, Scaling solutions of wiggly cosmic strings, 
Phys. Rev. D 104, p. 043524 (2021). 

C. J. A. P. Martins, Defect evolution in cosmology and condensed matter: Quantitative 
analysis with the velocity-dependent one-scale model (Springer, 2016). 

B. Allen and E. P. S. Shellard, Cosmic-string evolution: A numerical simulation, Phys- 
ical review letters 64, p. 119 (1990). 

D. P. Bennett and F. R. Bouchet, High-resolution simulations of cosmic-string evolu- 
tion. i. network evolution, Physical Review D 41, p. 2408 (1990). 

C. J. A. P. Martins, J. N. Moore and E. P. S. Shellard, Unified model for vortex-string 
network evolution, Physical review letters 92, p. 251601 (2004). 

M. Sakellariadou and A. Vilenkin, Cosmic-string evolution in flat spacetime, Physical 
Review D 42, p. 349 (1990). 

M. F. Oliveira, A. Avgoustidis and C. J. A. P. Martins, Cosmic string evolution with 
a conserved charge, Physical Review D 85, p. 083515 (2012). 

C. J. A. P. Martins, P. Peter, I. Y. Rybak and E. P. S. Shellard, Charge-velocity- 
dependent one-scale linear model, arXiv:2108.03147 (2021). 


1871 


High resolution calibration of string network evolution 


J. R. C. C. C. Correia 


Centro de Astrofísica da Universidade do Porto, and 
Instituto de Astrofísica e Ciéncias do Espaco, Universidade do Porto, 
Rua das Estrelas, 4150-762 Porto, Portugal, and 
Faculdade de Ciéncias da Universidade do Porto 
Rua do Campo Alegre 687, 4169-007 Porto, Portugal 
E-mail: jose.correia@astro.up.pt 


C. J. A. P. Martins 


Centro de Astrofísica da Universidade do Porto, and 
Instituto de Astrofísica e Ciéncias do Espaco, Universidade do Porto, 
Rua das Estrelas, 4150-762 Porto, Portugal 
E-mail: Carlos. Martins @astro.up.pt 


The canonical velocity-dependent one-scale (VOS) model for cosmic string evolution 
contains a number of free parameters which cannot be obtained ab initio. Therefore it 
must be calibrated using high resolution numerical simulations. We exploit our state of 
the art graphically accelerated implementation of the evolution of local Abelian-Higgs 
string networks to provide a statistically robust calibration of this model. In order to 
do so, we will make use of the largest set of high resolution simulations carried out to 
date, for a variety of cosmological expansion rates, and explore the impact of key numer- 
ical choices on model calibration, including the dynamic range, lattice spacing, and the 
choice of numerical estimators for the mean string velocity. This sensitivity exploration 
shows that certain numerical choices will indeed have consequences for observationally 
crucial parameters, such as the loop chopping parameter. To conclude, we will also briefly 
illustrate how our results impact observational constraints on cosmic strings. 


Keywords: Cosmic strings; Velocity-dependent One-Scale model; Abelian-Higgs string 
simulations; Observational consequences 


1. Introduction 


Topological defects are expected consequences of phase transitions in the early 
Universe, formed via means of the Kibble mechanism.! Depending on the symme- 
try broken different defects, with different dimension, can appear. The most studied 
defects are the filament-like cosmic strings. These are generically predicted in many 
candidates of Grand Unified Theories? and superstring theory,? and are cosmologi- 
cally safe, in the sense that they are not expected to overclose the Universe. 

Due to their ubiquitous nature they have become a primary target for observa- 
tional facilities, both current^? and forthcoming.®’ Analytical and observational 
studies of defect networks (strings included) often rely on a combination of semi- 
analytical modelling and simulations. 

Here we present an up-to-date model calibration using high-resolution simula- 
tions, that ran in one of Europe's largest supercomputers, Piz Daint, using up to 
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4096 GPUs. In order to ensure robustness, we will also explore how sensitive the 
model calibration is to certain numerical choices. We will also discuss our recently 
developed visualization strategy and avenues it might open in the study of defects. 
Some of this work has been published in Ref. 8. 


2. Simulation Setup 


We begin with a brief description of our simulations. Take a Lagrangian density 
which, while originally invariant under U(1); transformations, is already in the 
broken symmetry phase, 

£=|D, 9? — ^(f — 1? - FF, (1) 

n 4 4e? mn 

where ¢ is a complex scalar field, D,,ó = 09 — ie A, are the covariant derivatives, A, 
is a gauge field, Fy = 0, A, —0, A, is a gauge field strength and the scalar and gauge 
couplings are A and e, respectively. The defect network that will form corresponds 
to homotopically stable solutions of the equations of motion of this Lagrangian. In 
fact a cosmic a string is the result of a specific solution of the equations of motion, 
which maps ¢ to the symmetry breaking scale (here set to u; minima of potential) 
infinitely away from the string, and to zero at its core (maxima of potential). The 
equations of motion in Friedmann-Lemaitre-Robertson- Walker Universes and under 
the assumption of the temporal gauge (Ao — 0) are 


E A . . 2 
à +284 = DiDo- (of - 1) (2) 
Fo; = 0; Fi; = 2a?e? Im|¢* Dj] . (3) 


Abelian-Higgs field theory simulations of cosmic strings? !? 


cretization procedure of lattice gauge theory’—which places scalar fields on lattice 
points distanced by A — 0.5, and gauge fields on lattice links—to provide a dis- 
cretized set of equations to update fields every conformal timestep. Due to the 
existence of Hubble damping and due to the topological nature of the potential, 
the initial conditions eventually relax into a configuration with multiple string net- 
works. For simplicity, and to mimic what the fields are post-phase-transition, the 
initial conditions are set as follows: null on every field, except ¢ which is set to have 
a random phase and unit magnitude. 

We will additionally set scalar and gauge couplings to A = 2 and e = 1, respec- 
tively, which sets the Bogmolnyi ratio to E = 1 (a usual choice in the literature) 
and force the gauge and scalar core to have the same width. Given that the string 


radius varies as r x Ju and this could cause strings to “slip” through the lattice, 


merely use the dis- 


we will make each coupling vary as 
A = Aga? 0-8) e = egeat) (4) 


where f is set to zero. This unphysical constant comoving width trick was first 
proposed in Ref. 11 and has been used throughout the literature to avoid resolution 
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problems. We note that while previous work has suggested that 6 = 0 and 6 = 1 
dynamics seem to agree, it is unknown presently if changing the value of 8 would 
somehow pose a systematic error source in model calibration. This particular effect 
will be studied in a future publication and is beyond the scope of the present work. 
In order to characterize the defect network that forms and its evolution through- 
out cosmic time, we also need to characterize the mean comoving distance between 
strings, £, and the mean squared velocity, (v?). For velocity estimators we will use 
two different forms, one first proposed in Ref. 12 and the other in Ref. 10. The first 
one is based on a boosted static string (detailed derivation in Ref. 10) and will be 
referred to as the scalar field velocity estimator. It has the following form 
2yy443 
mui E. po IHPwar? | (5) 
lpk S(O; ID? ol) Wdr’ 
where W is weight function, chosen to localize the estimator on strings. We will use 
the Lagrangian density £ to this end. Additionally, we will use the equation of state 
based velocity estimator, 


1 Wdzr’ 
«v» (o EA). (6) 
We remark that the work of Reef. 10 showed the second estimator to perform better 
in Minkowski space than the scalar based estimator, i.e. it is in better agreement 
with the analytical expectation for the velocity of an oscillating string in flat space. 
Such disagreement is lattice space dependent, and indeed an exploration of this 
feature in the opposite low velocity limit is published in Ref. 13. 

One way to characterize the typical distance between strings is by counting the 
total amount of string in the box, L, 


ty or. (7) 


where Y is box volume, and L as mentioned the total amount of string. L can be 
counted in multiple ways, but we will use an integer called winding. To explain 
it, remember one can think of a string as a magnetic flux tube, where the flux is 
quantized around the string, 


$- j duds ST (8) 
€ 


and the integer n is the winding. If a cell face is pierced by a string, then the 
lattice version of the winding!^ will be non-zero (1 for the choices of \ and e made 
above), and therefore we can say that a segment of length Ax pierced the plaquette. 
Summing all the segments (taking care not to double-count) we then obtain the total 
length of string in the box, L. 

Note that output of cells pierced by windings forms the basis of our visualiza- 
tion strategy. Given that this novel aspect of our simulation has thus far not been 
described elsewhere, we will now describe the strategy itself and what avenues it 
opens for the study of defect networks. 
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2.1. Visualization strategy I — In-situ windings 


One of the most stringent and common bottlenecks for many High-Performance 
Computing simulations is related to Input/Output. Not only does computational 
throughput grow much faster than the typical read/write speeds of most storage 
solutions, but also, very often, the amount of data required to do science exceeds 
the amount of storage available. It is thus no surprise that in recent years there 
has been a push towards techniques of in-situ visualization, where the output data 
is heavily reduced beforehand and a smaller subset is used afterwards. T'here are 
many literature examples of successful application of such techniques.!? !? In this 
section we will detail how this technique is applied in our multiGPU cosmic string 
simulations?? and the resulting performance gains. 

In order to use an in-situ approach to outputting string positions in the lattice, 
we use ParaView Catalyst version 5.8.0. T'here are then two relevant components: 
the Adaptor code (written in C++) and a Python script which applies three filters 
to the data and then outputs an Unstructured grid (in *.pvtu format). 

In the case of the Adaptor, it begins (if necessary) by creating a vtkMultiBlock- 
Dataset, where each rank contains then a vtkImageData with the correct informa- 
tion about block extent (in number of points), lattice spacing and origin of each 
block or sub-domain of the grid. Afterwards a series of vtkFloatArray are either cre- 
ated or updated by copying the contents of 7 different arrays pinned host memory 
buffers updated by GPUs before-hand. Six of these arrays (one for each cell face) 
contain only +1 in case a string pierces a cell face and 0 otherwise. The last array 
is merely an OR of the previous six, and will be used to determine which cells are 
pierced by strings and should therefore be outputted. 

This determination is done in the Python script, which applies a Threshold filter 
to the data, selecting only cells wherein the last array is non-zero. In other words, 
from this point on we already have a reduced dataset. The Merge Block filter is 
then applied to collect pieces of strings spread throughout several sub-domain. To 
finalize the Parallel Unstructured Grid writer is used to output data in the *.pvtu 
format (alongside multiple block files *.vtu). 


Table 1. A summary of typical output sizes for a timestep either with Raw output of all cells 
(HDF5) or using only the unstructured grid outputs from our in-situ approach. 


Lattice size Output data size (MB) Time taken (s) 

HDF5 estimated In-situ measured HDF5 estimated In-situ measured 
5123 5296 [8.7, 25.0] 0.9 (2.6, 3.5] 
10243 42368 (11.0, 126.0] 0.9 (2.7, 3.2] 
2048? 338944 (33.0, 199.0] 3.0 (2.9, 5.6] 
4096? 2711552 (99.0, 144.0] 23.9 (4.1, 8.2] 


Note: Given that the in-situ approach size depends on the number of cells that are part of a 
string, we indicate the range of sizes obtained over the conformal time ranges where we output. 
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Fig. 1. Top: Size of raw HDF5 data output (windings for six cell faces, dashed lines) and of that 
for the In-Situ approach, where Unstructured grids are output (full lines), for lattice sizes: 4096? 
(blue), 2048? (purple), 1024? (orange) and 512? (green). Bottom: corresponding output times. 
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Note that no rendering is done so far: the in-situ aspect outputs heavily reduced 
data, but it does not produce a string centerline. The next section will describe 
how to create such a centerline by connecting each cell of each individual string and 
applying an averaging to string positions, such that the effect of taxicab geometry 
is greatly reduced. 

Before we move on, we must detail the gains obtained from using this particular 
approach to data output, by comparing to the previous method of output of the 
simulation, which was to output all cells throughout the domain in HDF5 files 
(file-per-process approach). All benchmarks were conducted at Piz Daint, the Swiss 
National Supercomputer, the 4th most powerful supercomputer in Europe at the 
time of writing.?! This machine features 5704 nodes, each equipped with an Nvidia 
'Tesla P100, together with a scratch partition which is a Cray Sonexion 3000 Lustre 
filesystem with 8.8PB capacity. The system contains 40 object storage targets, and 
can handle a file per process approach well as long as there are not thousands of 
files in a single folder (this can be circumvented by grouping files according to rank 
for instance). 

'The first, more obvious consequence is how this results in less data being output. 
The smallest size of single HDF5 file with 7 single precision floating point datasets 
of dimension (256, 256, 256) is around 662 MB in our test set. In order to determine 
the total typical output size for the benchmarks we are about to describe, we need 
to multiply the number by the number of ranks used. Keeping the problem size per 
process fixed. We will then run the benchmarks for in-situ with the following lattice 
sizes 5123, 10243, 2048? and 4096? with domain decomposition of (2, 2, 2), (4,4, 4), 
(8, 8,8) and (16,16, 16). In all benchmarks we output data every five timesteps. The 
obtained total timestep output sizes are shown in Table 1 and in Figure 1. We note 
that as the networks evolve, and the strings interact, the energy density of strings 
decreases which has an immediate and obvious effect on the number of cells output: 
they decrease with conformal time. This is translated in the total timestep size, 
which decreases with conformal time for every lattice size. The other important 
conclusion is that there is a vast reduction in total storage space required, at worst 
two orders of magnitude, at best four. This not only allows us to output data at 
a larger temporal rate (more timesteps), but also allows the possibility of adding 
more data to the outputs, if necessary. 

We must also ask if there a performance (wall-clock time) speed-up or a perfor- 
mance penalty, or if, even including a costly filter like Merge Blocks, we can output 
data at similar rates as in the previous case. In order to do so, we will use the maxi- 
mum measured writing bandwidth of our file per process approach with HDF5 files 
with 8, 64 and 512 writers for 512?, 1024? and for both 2048? and 4096?. The three 
maximum bandwidth are, respectively 5712, 45640 and 113300 MB/s. Note that we 
will use the maximum measured bandwidth of 512 writers for 4096 as it is already 
very close to the estimated peak bandwidth of the Lustre filesystem on Piz Daint. 
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Using these maximum bandwidths and the estimated storage needed for each file 
allows us to calculate a typical time taken. For in-situ we measure the time taken 
to output each timestep where data is written out. Our results, shown in table 1 
and in figure 1, indicate that in-situ is definitely worth it if the file size becomes 
extremely large and the bandwidth is already saturated (close to the theoretical 
maximum bandwidth of the filesystem). This is evident when comparing the 2048? 
and 4096? cases where the amount of time taken is roughly comparable for 2048? but 
in the 4096? the amount of time taken for in-situ is roughly an order of magnitude 
below. 

In conclusion, the technique described herein makes studying small-scale struc- 
ture of strings possible with large lattices, not only reducing the amount of storage 
required by the simulation towards feasible amounts, but also permitting a signifi- 
cant speed-up, circumventing the limitation imposed by the maximum bandwidth 
of the filesystem. 


2.2. Visualization of string networks II — post-processing 


After the simulation runs, we can use the Unstructured grid output to construct 
string centerlines. The first step is to group neighboring cells via the Connectivity 
filter, and then use the PassArrays filter to pass all the data arrays to the input 
of the custom filter. The centerline script loops over each region identified by the 
connectivity filter and by each cell. The problem of trying to connect cells based on 
the order of the cellId in the Unstructured grid is that they are ordered by index 
(i,j,k) and not by the order they should be in a string. 

'The way to solve this issue is to begin in a cell in the string, ask for the neighbors 
according to the connectivity filter and then use the information contained in each 
of the winding arrays to understand if the connectivity established via cell faces 
is physically valid, i.e. if magnetic flux passes through that cell face. Note that we 
choose the positive, +1 direction for the magnetic flux but the script would work 
if working in the opposite direction too. Once a valid neighbor is identified, the 
vortexBounds for the specific cell and the next one are used to find cell center 
coordinates. These coordinates used to trace a vtkLine connecting one cell to the 
next, passing in the middle of a cell face. Cell by cell and segment by segment, the 
string centerline begins taking shape, as a collection of vtkLines (hence the output 
is of vtkPolyDataCollection type). 

'There are however some special cases to be mentioned as they can cause issues 
in the correct visualization and analysis.These are merely a consequence of the 
phenomenology of a string network. When two strings meet at one point (forming 
an X-shaped region), they can exchange ends, i.e. intercommute, and two new strings 
emerge immediately afterwards. On the other hand, if strings are to either meet in 
two points or to self-intersect, it is very likely that a closed loop forms. Loops are 
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Fig.2. String cells colored by region in two close-up screenshots of 2048? radiation era simulation. 
We show in addition the output of the centerlines custom filter with smoothing via a Hanning 
window. A Loop (in blue) is shown at the center of the top panel screenshot. An intercomutation 
event (in red) is shown on the left-hand side of the bottom panel. 


extremely important for observational consequences, as they shrink and dissipate 
energy? therefore generating some observational fingerprints. 

Intercommutation events (or X-regions) can cause the string centerline to stop at 
the boundary of the box but not go through all the cells of the entire region. In effect 
the initial version of the custom filter would draw a single string (corresponding to 
two legs of the X-region, so to say). This can be avoided by comparing the number 
of cells used for the creation of the centerline so far and the total number of cells in 
the region. If one is much smaller, then the centerline drawing must restart at a cell 
not used previously and create the other two legs. Loops require us to close the path 
of the centerline, in other words, to connect the last cell and the first. Identifying 


? Here lies a disagreement between two types of cosmic string simulation in the literature: in what 
type of energy do loops decay? Gravitational waves, massive radiation? This can alter the overall 
energy loss of the network, subsequent evolution of the network, and observational imprints. The 
scientific goal of the numerical techniques developed in the present work is to address this issue. 
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whether a loop is present can be done using the number of points and the number 
of cells. Should they differ by one, it is necessary to close this path. 

After dealing with these two problematic cases we now have the string positions 
along every stair-case-like segment.This staircase behavior is no more, no less a 
consequence of the discrete nature of the lattice and of not having complete infor- 
mation about where exactly in each cell face a string lies (one assumes perfectly in 
the middle but this is not entirely realistic either). There is therefore some small- 
scale structure on the resulting strings in a scale roughly of the lattice size. Given 
that this is not a physical effect, we wish to remove it. In Ref. 12 the smoothed string 
was obtained by averaging string positions along the string path. Here we convolve 
each string with a window function in order to remove such artificial structure. The 
specific window function and the window size can be chosen in the filter. Given that 
numpy and scipy are used for this procedure, possible window functions by default 
include Hanning, Haming, Bartlett, Blackman. Figure 2 shows a collection of cells 
in two long strings and one loop either in cells as the resulting output of the Con- 
nectivity filter or as string centerlines (in white) smoothed over with the Hanning 
window function. Qualitatively this is more representative of a natural string. An 
example of the completed centerlines for a 4096? lattice simulation, with Az — 0.5 
aand An = 0.1 in radiation epoch is shown in Fig. 3. 


3. Extended Velocity-dependent One-Scale model 


The canonical semi-analytic model for string network evolution is the so-called 
Velocity dependent One-Scale model of Refs. 22, 23. It can be thought of as ther- 
modynamic model in the sense that it describes the time evolution of two network 
averaged quantities, the mean string separation L, and the root mean squared veloc- 
ity v. The cosmological history of these quantities is described in terms of relevant 
physical effects. For instance, the expansion of the Universe tends to act as a friction 
force on the strings (thereby affecting velocities) and also acts to dilute the network 
(affecting the mean separation). The model takes the following form, in comoving 
coordinates, 


a fn + F(v) (9) 
dv _ E" k(v) 7 2muv 
à «5 "XE Gam qn) 


where € = La is the comoving mean string separation, 7 is the conformal time, 
related to t by means of dr = adt, H is the conformal Hubble parameter, m is 
an expansion rate such that the scale factor a « t™, and k(v) and F(v) are two 
phenomenological functions, related to the curvature of strings and to energy loss 
processes, respectively. In the original VOS, k(v) can be analytically determined by 
comparison with the helicoidal string ansatz. However, for the present work, we will 
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Fig. 3. Comparison of the mean rate of change of correlation length £/7 (top left) and the mean 
velocity (v) (top right) with the solid lines corresponding to the calibration and the shaded regions 
to the uncertainty of the measurements of each estimator for three different box sizes. The bottom 
plots show how these differences impact the momentum parameter k(v) (bottom left) and in the 
energy loss parameter F(v) (bottom right). 
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allow a more general form, 
1- (qv? B 
0 el i (11) 
1+ (qv?) 


where q, ko andf are free parameters, which in the case of q and ko have a clear 


k(v) = 


physical meaning. The former corresponds to the inverse of the maximum defect 
velocity squared q ~ 1/v? and the latter to the maximal value of k(v), obtained in 
the low velocity limit. Note that the helicoidal ansatz corresponds to setting q — 2, 
ko — van and 6 = 3. Letting these parameters free allows us to verify if small- 
scale structure on strings deviates from the Nambu-Goto expectation significantly, 
as this would be reflected on parameters q, ko and 8 taking different values from 
the analytical expectation. 

The energy loss function F(v) was originally devised to only include a term lin- 
early proportional to the velocity to model energy loss via loop chopping. However, 
recent work on radiation on Abelian-Higgs strings,!? then prompted the authors of 
Ref. 24 to introduce a radiative loss term when studying domain wall evolution. 
Such a term is described by a power law of curvature, 


F(v) = cv + diko — K^, (12) 


where c, d and r are free parameters which express the loop chopping parameter 
and the energy loss normalization and exponent, respectively. Although the original 
VOS, with the helicoidal ansatz and no explicit energy loss, had only one parameter, 
the extended version has 6. This is not a problem per se, as long as one can extract 
the correct velocity dependencies of each function k(v) and F(v). It is for this reason 
we will simulate string networks in Universes where with a power law scale factor, 
a x m and with expansion rates m in the range m € [0.5, 0.95] (i.e. not only matter 
and radiation epoch are simulated). 

We note that since string networks, under any Universe with a power law scale 
factor (a ox t™ x q"'/ 17"). are expected to evolve according to the so-called linear 
scaling regime where, 


Exnxdy v = const , (13) 


we can easily use the measured é ~ £ and v to extract the proper velocity dependen- 
cies of k(v) and F (v), and also calibrate model parameters. To this end, we will use 
the same Markov Chain Monte Carlo pipeline of Ref. 25 to assess posterior distri- 
butions on all model parameters, and thus unveil possible correlations, and predict 
likelihood maxima and uncertainties. All model parameters are sampled from uni- 
form distributions, with the range of these distributions adapted to each dataset as 
necessary. The logarithm of the likelihood is to be given by the x? statistic. We will 
use 32 walkers and a minimum of 10000 steps. 


4. Dynamic range and lattice size 


String simulations have a problem of separation of scales, as it is often necessary to 
resolve scales all the way from the size of the horizon, down to scales comparable to 
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the radius of the strings. When it comes to better resolving small-scale structure, 
there are two possible ways to do so, either by decreasing lattice spacing or by 
increasing lattice size, which in turn increases dynamic range. The latter follows 
because the lattice size directly determines the final simulation time: half-a-light 
crossing time or when the horizon size is half the box size. If a larger horizon can 
be reached by the end of the simulation, then for the same lattice spacing we can 
better resolve scales of a fraction of the horizon. 

We now explore the effects of increasing lattice size, while keeping spacing con- 
stant throughout (Ax = 0.5). To this end, we calibrate the VOS with 10243, 2048? 
and 4096? lattices, with expansion rates m € [0.45,0.95], 10 simulation runs each. 
For now we will use the equation of state velocity estimator. The resulting calibra- 
tions are summarized in table 2 and the corresponding posterior plots are found in 
figure 3 of Ref. 13, remade in Fig. 4. 


Table 2. Calibrated VOS model parameters for our three different lattice sizes, 1024?, 2048? and 
4096?, all with the same lattice spacing Ax = 0.5, and two different choices of velocity estimators, 
(v2) and (v2) (in the top and bottom parts of the table, respectively), 


w 


Lattice Velocity 


size T estimator 5 p ko a e 

3 +0.04 +0.48 +0.34 +0.08 +0.13 +0.05 
024? , 032 0 0 LSITQS, 8293 L2T te 241 ad 01579 
2049 — d — duis 037202 dar X00 121100 xor 040977 
4096? ° 0.39508 1.365015 2.354030 1.187003 25970.08 0.00201 
10243 0.357539 239 94 279 56 M MI 0.4475 05 
2048? 0.5 (v3) 033^ 0°04 186705 2.65 (35 1.05.08 2.84 9.08 0317503 

3 +0.04 +0. +0. +0. +0. +0. 
4096 ggB" br 055029 A807 4 dab o0 28900 338 004 


Note: Displayed values correspond to 16th, 50th, 84th percentiles of the posterior distributions. 


We see that most parameters remain relatively unchanged by increasing the 
lattice size, being subject only to a reduction of uncertainties (smaller contours in 
Fig. 4). The only exceptions are parameters c and (to a lesser extent) d. We remark 
as well that these differences are qualitatively larger when comparing 1024? with 
2048?, than if comparing 2048? to 4096?, which might hint that there is a minimum 
lattice size/dynamic range for model calibration. Gradually, c is even reduced to zero 
at 4096? which seems to suggest that as lattice resolution increases, loop-chopping 
is eventually replaced by radiative losses, bu this is at odds with information from 
visually seeing the network evolve—as loops are formed at various instants and at 
various sizes—as can be inferred from Fig. 3. 

In Ref.!8 we found, by comparing asymptotic quantities at all expansion rates, 
that the main culprit for the changes we discussed in the previous paragraph was 
the behavior of £/5. In fact, while the velocities remain mostly unchanged, £/r is 
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Fig. 4. Corner plots for the MCMC calibration of the VOS model, obtained with the velocity 


estimator (vw), lattice spacing Ax = 0.5, box sizes 40963, 2048? and 10243. Remake of figure 3 of 
Ref. 13. 


decreases (this is present in the literature too? 1?) with lattice size, as does it uncer- 


tainty. The reduction of the uncertainties is responsible for the narrower posterior 
distributions, and the lower mean value translates itself in change in a downwards 
shift of F(v). This is reflected in the parameters that control the normalization of 
F'(v), i.e. in c and (to a lesser extent), via anti-correlation d. Again the differences 
are larger when going from 1024? to 2048? than from 2048? to 4096?. 

Going back to our previous discussion of c, it appears the calibration suggested 
the loop-chopping parameter would eventually go to zero, however the visualization 
strategy showed loops being produced at different sizes and different size. Perhaps, 
as a cross-check, we should also repeat this analysis using the scalar field velocity 
estimator. The resulting parameters are summarized in the bottom half of Table 2 
and in figure 4 of Ref. 13. This now leads to a surprisingly different calibration, with 
very different model parameters, namely c is statistically non-zero. This prompts 
an investigation on the biases of each velocity estimator and on possible solutions. 
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5. Lattice spacing and velocity estimators 


Here we investigate why both velocity estimators give vastly different calibrations 
and suggest one possible solution. From the point-of-view of the extended VOS, 
the high expansion rates can be some of the most important (statistically) for two 
reasons. First, in the low-velocity limit, both velocity functions are reduced to one 
parameter each, 

lim F(v) = cv lim k(v) = ko, (14) 


v—0 v0 


and this means that overall the model becomes reduced to only two parameters. Un- 
certainties on observed asymptotic quantities also decrease with decreasing velocity 
(increasing expansion rate). Statistically this will mean that the high expansion rate 
limit will be important in determining c and ko, which will in turn affect all vari- 
ables correlated with them, and that the lower uncertainties give a larger statistical 
weight to higher expansion rates. This leads us to suspect that the high expan- 
sion rate behavior of both velocity estimators might be the cause, as the difference 
between them increases with expansion rate.!? 

If we compare velocity estimators in the range m € [0.5,0.95] (see figure 3 of 
Ref. 26) the difference is maximal at m = 0.95, and of about ~ 10%. For even 
larger expansion rates, in the range m € [0.95,0.997] (left panel of figure 5 of Ref. 
13), the velocity estimators can disagree up to 6096 in the worst case scenario for 
lattice spacing Az = 0.5, In the work of Ref. 10, which explored the differences 
between the two estimators in Minkowski space (the opposite limit), it was shown 
that lattice spacing could reduce this disagreement. But even at high expansion rate 
this remains true: the disagreement is heavily reduced when we halve lattice spacing 
Az = 0.25 as can be seen on the right panel of the aforementioned Figure 5. There 
is however one interesting difference between two opposite limits of high expansion 
rate and Minkowski: in the first the equation of state estimator approximates the 
scalar field, in the latter the opposite occurs. There is no a priori reason as to why 
both should behave the same way under lattice spacing reductions, therefore this is 
not in contradiction with previous results. 

As expected, the differences and their reduction under lattice spacing, are also 
reflected in the velocity functions k(v) and F(v). This as can be seen in Figure 6 of 
Ref. 13, where two conclusions can be drawn. First, the equation of state velocity 
estimator yields unphysical F(v) at lattice spacing Az — 0.5, leading one to ques- 
tion its validity at the low velocity limit. Second, as the lattice is made finer, this 
brings both estimators in better agreement, namely by approximating F(v) and 
k(v) obtained via the equation of state estimator to the scalar field estimator. Note 
that this doesn't solve the problem of unphysical F(v) completely, although for our 
intents and purposes it brings agreement for expansion rates m € [0.93, 0.95]. 

Now we compare the resulting model parameters for the two choices of lattice 
spacing. The results are summarized in Table 3 and in the corresponding posterior 
contours of figures Figures 7 and 8 of Ref. 13. We also showcase the contours of the 
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Fig. 5. Corner plots for the MCMC calibration of the VOS model, obtained with the velocity 
estimator (vg), lattice spacing Ax = 0.25, box size 4096?. 


4096?, Ax = 0.25, (vj) calibration in Fig. 5. Since the equation of state velocity 
estimator is highly sensitive to lattice spacing at large expansion rate, it is no 
surprise that the calibration drastically changes for all model parameters under a 
reduction of spacing, as can be seen both in the table and in the first aforementioned 
figure of Ref.!? With the finer calibration, it is also obvious the value of c is no 
longer consistent with zero, that indeed loop-chopping is still a viable energy loss 
mechanism. 

'The calibrations performed with the scalar field velocity estimator mostly re- 
duce uncertainties (with one exception) as the lattice spacing is reduced, as can 
be inferred from the lower half of Table 3 and from the contours of Figure 8 from 
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Fig. 6. A showcase of the VOS predictions for the mean rate of change of correlation length €/7 
(top left) and the mean velocity (v) (top right) with the solid blue lines corresponding to the 
calibration and the green points to the measured quantities with statistical 1 — ø uncertainties. 
The bottom plots show the functions F(v) and k(v) with green points showing measured values 
and the blue lines showing the standard VOS prediction with the extended VOS prediction in 
orange. 


Ref. 13. The only exception to this is the parameter q which is again expected, as 
it is related to the maximal defect velocity and the estimator changes mostly in the 
high velocity limit. 

'Thus lowering lattice spacing brings both calibrations, with different velocity 
estimators, into better agreement with the only different parameter being c. Overall 
this means one of the most important parameters from an observational point of 
view, c, is the most sensitive in the model, being somewhat affected by resolution 
effects and choice of velocity estimator. 

'To conclude we present the VOS predictions of the best-case scenario calibration, 
with lattice 40963, spacing, Az = 0.25 and velocity estimator (v3) in Fig. 6. The 
VOS model predicts reasonably well, for all expansion rates, the values of €/7 and 
v. We can see the measured value of k(v) and F(v) seem to be well described by 
the generalized forms, while the standard forms fail to predict the proper velocity 
dependency. 
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Table 3. Calibrated VOS model parameters for our two choices of lattice spacing Ax and corre- 
sponding lattice sizes, for the two different choices of velocity estimators, (v2) and (v3). further 


described in the main text. 


Lattice " Velocity 


size estimator a 3 B ko a s 
2018" 05- d. QT DS LIUDI Ss pos Delage 251000 Me OS 
4096? — 0.25 nolo: Sai) SUL WOO age XT 0254702 
20485 0.5 — (v2) — 033*504 186'032 2.05*528 105t003 284'508 031^ 0:02 
4096? 0.25 O56 oe, 2,58 ge, BOO, 1.047003 murus Op LL 


Note: Displayed values correspond to 16th, 50th, 84th percentiles of the posterior distributions. 


6. Observational Impact 


We will now a highlight the impact of different calibrations on observational foot- 
prints of cosmic string networks. Note that a detailed study is beyond the scope 
of this manuscript, and this is merely illustrative of the need for an accurate 
calibration.!? 

We can use the CMBACTA code?^?? to compute the Cosmic Microwave Back- 
ground anisotropies generated by a string network, assuming different VOS calibra- 
tions. This code assumes the Unconnected Segment Model,?” 


straight, randomly oriented segments with separations and velocities given by the 


where ensembles of 


VOS model are used to compute power spectra. 

We cancompare four different calibrations: standard VOS compatible with 
Nambu-Goto, standard VOS calibrated for Abelian-Higgs and two extended VOS 
calibrations present in the previous section, a worst (1024?, Ax = 0.5, (v2)) and 
best (4096, Aa = 0.25, (v2)) case scenario. The resulting TT, TE, EE and BB can 
be found in figure 9 of Ref. 13, all normalized to a string tension Gu = 1.0 x 1077. It 
is clear that the Abelian-Higgs spectra are in better agreement between each other, 
than the Nambu-Goto one, which is expected.?? 4 

However, there are still some noticeable differences between Abelian-Higgs cali- 
brations. The most discrepant overall is the 1024? calibration—the worst-case sce- 
nario. The 4096? calibration and the standard VOS one are in better agreement, 
although it should be noted there still exist some scale-dependent differences. To 
exemplify, at | = 10, the relative difference between the two TT spectra is around 
1696, 30% and 11% for scalar, vector, tensor C4, respectively. 

The exact quantifying of how much of these differences are uniquely due to 
the calibrations or due to the USM requires a more in-depth, detailed study. 
Nevertheless, this illustrative comparison highlights the need for accurate VOS 
calibrations. 
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7. Conclusion 


In this work we used our recently developed multiGPU Abelian-Higgs code and 
high-end computational resources of Piz Daint to obtain a robust calibration of the 
canonical semi-analytical model of string evolution. Using high-resolution simula- 
tions from lattice sizes ranging from 1024? to 4096? and various choices of expansion 
rate. We explored the impact of two different numerical choices on the obtained cal- 
ibrations. This allowed us to not only reduce statistical uncertainties but also to 
correct for systematic error sources. Since we tested the sensitivity of model pa- 
rameters to each of these choices we uncovered that the loop-chopping parameter is 
highly sensitive to both resolution effects and also to choice of velocity estimator. 
We showed that a minimum dynamic range of about 512.0 conformal time units 
and a minimum lattice spacing of Az — 0.25 are necessary to minimize the impacts 
of these systematic error sources. 

We then illustrated one of the main motivations to pursue an accurate, high- 
resolution calibration of the VOS: observational consequences. We specifically 
showed that different calibrations can give rise to scale-dependent differences on 
the computed CMB anisotropy power spectra. Although one cannot (at least with- 
out a more in-depth study) exclude that these differences are caused by the various 
approximations of the Unconnected Segment Model, it is still clear that precise and 
accurate calibrations are necessary to for both current and future constraints. 
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We present results from adaptive mesh refinement (AMR) simulations of global cosmic 
strings. Using the public code, GRChombo, we perform a quantitative investigation of the 
dynamics of single sinusoidally displaced string configurations. We study a wide range of 
string energy densities u « In A, defined by the string width parameter A over two orders 
of magnitude. We investigate the resulting massless (Goldstone boson or axion) and 
massive (Higgs) radiation signals, using quantitative diagnostic tools to determine the 
eigenmode decomposition. Given analytic radiation predictions for global Nambu-Goto 
strings, we compare the oscillating string decay with a backreaction model accounting for 
radiation energy losses, finding excellent agreement. We establish that backreaction decay 
is accurately characterised by the inverse square of the amplitude being proportional to 
the inverse tension u for 3 S A < 100. The investigation of massive radiation at small 
to intermediate amplitudes finds evidence that it is suppressed exponentially relative 
to the preferred massless channel with a VX dependence in the exponent. We conclude 
that analytic radiation modelling in the thin-string (Nambu-Goto) limit provides the 
appropriate cosmological limit for global strings. 


Keywords: Cosmic strings; adaptive mesh refinement. 


1. Introduction 


Cosmic strings are a fundamental prediction of many physically motivated field 
theories with symmetry-breaking phase transitions. They are a potential source of 
dark matter axions,! as well as gravitational waves.? However, their complex non- 
linear evolution means that significant uncertainties in their observational signatures 
and other properties persist in the literature. 

The simplest example of cosmic string defects are ‘global strings’ formed from 
the breaking of a U(1) symmetry with a single complex scalar field y, given by 


£ = (89)("9) - ÈE - PY. (1) 


'The symmetry breaking scale with this potential is set by the constant A, which 
also determines the width of the string core 6 zz (V/A) !, where 7 is also a con- 
stant. Massive ¢ and massless (Goldstone) 0 radiative modes are generated when 
these global strings oscillate, which can be analysed respectively using the following 
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diagnostics: 
ES 161 = Dib = $1Vidi evi, 
its bide - pobi D0 = oi Vidor - P2ViPr (2) 


Despite their apparent simplicity, the study of cosmic strings using large-scale 
numerical simulations poses a very significant computational challenge. T'his is due 
to the vast difference in scale between the typical string width ó and the string 
curvature scale (set by the Hubble radius R < H^, where H is the Hubble scale). 
This is characterised by the ratios In R/ ~ 70 and In R/ó ~ 100 for QCD axion and 
GUT scale strings respectively. This challenge is typically addressed by using the 
Nambu-Goto action (e.g. Ref. 3), or field theory simulations with a fixed (comoving) 
core width (e.g. Ref. 4). This work addresses some of the uncertainties introduced 
by these methods by implementing field theory simulations of individual string 
configurations using adaptive mesh refinement. 


2. Simulations 


In this work, we perform adaptive mesh simulations of single, sinusoidally displaced 
strings with 0.3 < A < 100 and spatial periodicity (wavelength) L = 32. After an 
initial period of dissipative damping, strings are subsequently evolved from a desired 
initial amplitude Ao, with both linear and nonlinear evolution regimes investigated. 
The oscillation amplitude is measured by calculating the position of the string core 
ie. where there is non-zero winding, and the massive and massless diagnostics II; 
and Dj) are extracted on a cylinder far from the string core. Our simulations are 
performed using the adaptive mesh refinement code, GRChombo.? 

In this study, we measure the string radiation damping rate for a range of 1 < 
A < 100, and investigate the massless radiation spectrum for A = 1 and A = 10 
at linear and nonlinear oscillation amplitudes. We also investigate the massive 
radiation in detail for strings with À < 2.5.7 


3. Results 


It has been previously shown? that for a sinusoidally displaced string, the massless 
quadrupole radiation rate can be described using a simple analytic backreaction 
model, derived from the Kalb-Ramond string action. The effect of radiation energy 
losses on the string oscillation amplitude A is given by 


—1/2 
1 1 Bt Best 
Se seh T = 14 —— 3 
D T-—T > € cy (1+ 4 (3) 


Here, € = 27 A/T is the amplitude relative to the oscillation time period T of the 
string, where £9 is measured at time t = 0. The normalised energy per unit length 
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Fig. l. Radiative damping rate measured using the inverse square model, plotted as a function 
of inverse string density u—!. We apply a finite size correction (fwc) to the data and exclude the 
result at A = 1 from the best fit, due to string width effects which limit radiative damping at small 
à. The analytic prediction in red uses an effective string radius cutoff R = 3.5. The dashed black 
lines show the error in the extrapolated slope. We observe that the damping rate tends to zero as 
b> oo (A> oo). 


ji = u/n? ~ 22 ln(V/ Am R), where the cutoff R is related to the radius of curvature 
of the string, 8 = 1?/4 ~ 7.75 is a constant and L is the spatial period of the string. 

Figure 1 shows the main result of the work: the damping rate of a string measured 
using the inverse square model (3) depends linearly on the inverse of the string 
tension. We find that the model provides a good fit to the decay rate using the 
parameters 8 = 7.6 + 1.6 and In R = 1.3 + 0.3 (R ~ 3.6) (after applying a modest 
finite width correction of ~ 8% to account for internal oscillations within the string 
core). These values are consistent with the analytic damping coefficient 6, and 
indicate an effective radial cutoff R ~ L/8, about half the string radius of curvature 
L/4. Hence, the inverse square radiation model provides an accurate picture of 
an oscillating and radiating global string, predicting both the correct power law 
dependence &7? x yz! and magnitude of the radiation damping. 

We also investigate the spectrum of the massless eigenmodes emitted by oscillat- 
ing strings for A = 1 and A = 10. Figure 2 gives an example of the massless radiation 
emitted from a A = 1 string with intermediate initial amplitude Ag = 4, showing 
an apparent dominant quadrupole signal. Figure 3 shows the dominant massless 
radiative modes for a A = 1 string with initial amplitude Ag = 1. We observe the 
{mn} = {20} quadrupole mode is dominant (where m and n denote the 0 and z 
eigenvalues respectively), with a {11} self-field mode present from the start of the 
simulation and higher modes present at < 100x magnitude. We observe similar 
results for higher initial amplitudes in the nonlinear regime, Ag = 4 and Ao = 8, 
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Fig.2. Volume rendering in 3D space (x,y,z) of the massless radiation Dô -f from a A = 1 string 
with initial amplitude Ao = 4. The radiation is emitted from a string at the centre of the grid, 
with the quadrupole mode {mn} = {20} clearly dominant. 


but with higher total magnitude and higher relative amplitude of the subdominant 
modes as Ag increases. The amplitudes and spectra are similar for the more massive 
À = 10 with some subtle differences discernible, including a higher initial radiation 
amplitude and a slightly slower amplitude decay rate. The former arises because, for 
A = 1, finite size effects become important as the string core ¢ < 1 extends into the 
radiation zone, causing some suppression of the quadrupole amplitude. The latter 
is a consequence of the A = 1 string being lighter, so there is a larger relative effect 
from radiation backreaction. 

Finally, we briefly present results from an investigation into the massive radiation 
from light strings with À S; 3. Overall, radiation via massive modes is subdominant; 
even for quasinonlinear intermediate amplitude regimes with Ao = 4 (e ~ 0.7), 
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Fig. 3. Dominant 2D Fourier modes of the massless radiation DY - f from a A = 1 string with an 
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Fig. 4. Log-linear plot of the massive radiation diagnostic IyD@ integrated over a diagnostic 
cylinder S at R = 64 from 90 < t < 228 for € = 0.5 and a range of 0.3 < A < 2.5. The black line 
indicates an exponential fit to the data for 0.5 < A < 1.2. 
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the magnitude of the massive signal is ~ 10?x smaller than the massless emission. 
We propose a simple phenomenological model adapted from Ref. 9 to obtain an 
expression for the energy loss per period via massive radiation, 


Ñ 
E(L, Asa, A) = VLA rel exp EV | (4) 
rel 


where Are = 4A/L and y is a constant to be determined. Figure 4 shows the 
extracted massive signal IL; D$ for Ao = 4 (Are) = 0.5), integrated over time from 
90 < t < 228 to give a quantitative estimate for the energy loss through this 
channel. We observe a clear exponential decay from 0.7 € VX € 1.1 (0.5 € A € 1.2), 
consistent with the prediction in (4). We measure 


^y = 0.193 (+ 0.007) (5) 
and the intercept In VLA re] = 9.80 (+ 0.41). The first two points are excluded due 
to finite width effects that appear to suppress radiation, as are VA > 1.1 (A > 1.3) 
where numerical resonance effects become significant. The latter appears to be due 


to limited grid resolution (despite the use of AMR simulations), but we note that in 
the small and intermediate amplitude regimes studied the massive radiation always 


remains subdominant relative to massless modes for all A. 


4. Conclusions 


We have presented results from adaptive mesh refinement simulations of global cos- 
mic strings with a range of widths given by 0.3 < A < 100. By accurately fitting the 
oscillation amplitude to an inverse square decay model, we have demonstrated that 
dual radiation predictions from the Kalb-Ramond action are accurate as we asymp- 
totically approach the small width regime. This lends weight to the Nambu-Goto 
approach as an accurate method to approximate strings in a cosmological context. 
We further conclude that the primary radiation channel for sinusoidal string config- 
urations is the massless quadrupole eigenmode {mn} = {20}, strongly dominating 
other radiation modes even at high amplitude. Finally, we conclude that massive 
radiation is subdominant in quasilinear regimes and decays exponentially with VA 
as expected. 
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Analysing the scaling density of axion strings 
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In the QCD axion dark matter scenario with post-inflationary Peccei-Quinn symmetry 
breaking, the number density of axions, and hence the dark matter density, depends on 
the length of string per unit volume at cosmic time t, by convention written ¢/t?. The 
expectation has been that the dimensionless parameter ¢ tends to a constant Co, a feature 
of a string network known as scaling. It has recently been claimed that in larger numerical 
simulations ¢ shows a logarithmic increase with time. This case would result in a large 
enhancement of the string density at the QCD transition, and a substantial revision to 
the axion mass required for the axion to constitute all of the dark matter. With a set of 
new simulations of global strings we compare the standard scaling (constant-¢) model to 
the logarithmic growth. We also study the approach to scaling, through measuring the 
root-mean-square velocity v as well as the scaled mean string separation x. We find good 
evidence for a fixed point in the phase-space analysis in the variables (a, v), providing 
a strong indication that standard scaling is taking place. We show that the approach to 
scaling can be well described by a two parameter velocity-one-scale (VOS) model, and 
show that the values of the parameters are insensitive to the initial state of the network. 
We conclude that the apparent corrections to ¢ are artifacts of the initial conditions, 
rather than a property of the scaling network. 


Keywords: Axionic Dark Matter, Topological Defects, Strings, Field Theory Simulations 


1. Introduction 


L2 were proposed to solve the strong-CP problem, a puzzling question of 


Axions 
why QCD does not seem to break Charge Parity (CP) symmetry in strong inter- 
actions, but these models also inevitably produce dark matter by releasing their 
initial potential energy density. However, the analysis of the axions would not only 
provide us with the information about the dark matter nature or the solution to the 
strong-CP problem; axion dark matter searches and cosmic microwave background 
experiments would provide complementary evidences of inflation, a measurement of 
the axion mass would also immediately determine or constrain the energy scale of 
cosmic inflation and recent phenomenological analysis has also indicated a possible 
rich interplay between QCD axions and the electroweak hierarchy problem. There- 
fore, the analysis of the QCD axions will provide important information about 
unsolved problems in physics. 

The axion particles can be produced in two different scenarios in the non-thermal 
case. One of these scenarios is described by the so-called misalignment mechanism.? 
In this scenario, the nonperturbative effects at the QCD phase transition generate 


a mass and the axion field relaxes to its minimum, oscillating around it. The axions 
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created in this process have zero momentum. The other scenario is based on the 
formation of topological strings after the spontaneous symmetry breaking of the 
Peccei-Quinn symmetry.^ These strings show scaling behaviour and therefore emit 
axion particles in order to reduce their energy. After the QCD phase transition, the 
network of strings vanishes due to the presence of domain walls. The misalignment 
mechanism produces a dominant axion contribution when the axions are created 
before the end of inflation, otherwise axionic string radiation would produce the 
bulk of the axion population. 

As we have mentioned, the axion'? is a particle, the angular excitation of the 
“Peccei-Quinn” (PQ) field,?:9 proposed to solve the strong-CP problem. The axion 
model has one undetermined parameter, the vacuum value of the field, fa. The 
mass of the axion, ma, can be written by using this parameter: ma = (y(T)/fa)!/?. 
In this expression x(T) is the temperature-dependent topological susceptibility of 
QCD. The value of fa also determines the amount of axion dark matter that would 
have been produced in the early Universe, which means that it should be possible 
to predict the axion mass using the dark matter densities measured by the recent 
experiments such as Planck." But to do so, we need to understand the efficiency of 
axion production in cosmology. 

Thus, the vacuum value of the axion field, fa, is an important energy scale to 
determine the axion mass. However, there is also another important energy scale 
to analyse the cosmological behaviour of the axion field. This energy scale is the 
QCD symmetry breaking scale. In the cosmological evolution of the axion field 
the first important event is the PQ phase transition, which is broken at a high 
temperature T ~ f, > 109 GeV. In this phase transition a network of axionic 
strings are formed. These strings decay gradually emitting axion particles. At lower 
temperatures, temperatures similar to the QCD symmetry breaking, domain walls 
are formed between strings and the complex hybrid network annihilates into axions 
in about one Hubble time. 

As we have shown the axion production analysis is complicated because topolog- 
ical defect, axionic strings, appear in the axionic field? and because the only reliable 
way to analyse their dynamics is through field simulations. However, numerical sim- 
ulations cannot cover the whole string evolution and they must be extrapolated. The 
prediction of the axion density depends on having an accurate description of axion 
string evolution. 

A physical basis is very important for the extrapolation of the simulation results. 
In the case of strings, the one-scale model? and its velocity-dependent improve- 
t10-1? can give the appropriate basis. These models predict that the system will 
acquire a scaling regime, where the mean string separation grows in proportion to 
cosmic time t, and the RMS velocity of the strings is constant. By scaling we mean 
that at distances much larger than the string width, network length-scales such as 
the mean string separation are proportional to the cosmic time t. 

In the following, we will analyse if the axionic strings follow the standard scaling 
13-15 where the dynamical evolution of the network is independent of the 


men 


picture, 
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string width and tension. Or on the contrary, the system follows the model recently 
put forward,!9 ?! which suggest a logarithmic correction to scaling based on the 
logarithmic growth in the effective string tension of a global string with their mean 
separation. 


2. Model and Network Parameters 
2.1. Field dynamics 


The simplest axion model can be constructed using a singlet scalar field with a U(1) 
symmetry, 9, with action 


c= [dev=a( 50.00" = DP -»y). (1) 


where we have written the field as a two-component vector, and the U(1) symmetry 
is realised as a rotation on the vector. 

In a FLRW metric, and when the field is coupled to a thermal bath of weakly- 
coupled particles, the equations of motion take the form 


y 
Qu 27.9' — V?9 = -a? (à? — y! (T))8, (2) 


where a is the scale factor, a prime denotes differentiation with respect to conformal 
time 7, and in the radiation era a x 7. The free energy of the system is minimised at 
the field magnitude 7(T), where n? (T) = d(T? — T?), T. ~ is the critical temper- 
ature of the PQ phase transition, and d is a constant computable in perturbation 
theory. For T >> T, it is energetically favourable for the field to fluctuate around 
® = 0. Well below the critical temperature it is energetically favourable for the 
magnitude of the field to take the value 7, with a massless pseudoscalar fluctuation 
mode (the axion) and a scalar mode of mass Mgca = V2An. During the phase tran- 
sition, the direction in field space is chosen at random in uncorrelated regions of 
the universe, with the result that the field is forced to stay zero along lines.?? T'hese 
lines form the cores of the axion strings.? The size of the core is approximately 


—1 


Wo = Es 


2.2. Network parameters from field averages 


'The evolution of the network of strings produced after the symmetry breaking can 
be analysed using the string length / and the RMS velocity v of the strings. 

In order to compute the string length we can use a couple of estimators. On the 
one hand we can use the number of plaquettes pierced by strings. This estimator is 
known as the winding length £w. The length of the strings is obtained by multiplying 
the number of plaquettes pierced by strings by the physical lattice spacing aóz and 
then correcting the value by factor of 2/3 to compensate for the Manhattan effect.?? 
The plaquettes pierced by strings are identified by working out the “winding” phase 
of the field around each plaquette of the lattice.?^ This is an estimate of the length 
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of string measured in the “universe frame”, that is, observers comoving with the 
expansion of the universe. 

One can obtain other measures of length taking into account that the energy 
of a string configuration is proportional to its length. In this case the estimators 
are constructed using local functions of the fields. Neglecting the expansion of the 
universe and considering the energy components to be weighted, we can write the 
rest-frame length £, and the mean square velocity as 


E+fvL 


^T Wf) 9: 
E+L 
TW RI (4) 


where the subscript L denotes the use of the Lagrangian to obtain the estimate. 
The energy, E, and the lagrangian, L, are defined as: 


E = Er + Ep + Ev, (5) 
L= E, — Ep — Ey, (6) 


where Ep is the weighted kinetic energy, Ep is the weighted gradient energy and Ey 
is the weighted potential energy. Likewise, u is the weighted mass per unit length 
of a static string and fy is the fraction contributed by the potential energy density. 
In this case their values are u = 0.8925? and fy = 0.368. For more information 
about the weighting procedure and computation of the values of u and fy we refer 
the reader to.!? 

An alternative way of estimating the string velocity comes from the pressure, 


1 
pV = Er — 3E» — Ev, (7) 


giving another mean square velocity estimator 
Be 14+ 3w + 2fy 
"^ 24 fv(1+3w)’ 


where w = pV/ E is the equation of state parameter of the strings. A third estimate 
for the string velocity can be constructed from the ratio of the kinetic to gradient 


v 


(8) 


energies, ?? 
Er 
R; = ——, 9 
Ep (9) 
which can be rearranged to give 
2R 
2 s 
= : 10 
LT (10) 


Following the analysis performed in,!? the estimators that we are going to use 
in this paper will be the rest frame length, /,, and the velocity estimator derived 
from the kinetic and gradient energies, vs. 
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In a cosmological simulations one can express the string length in terms of 
Hubble lengths per Hubble volume, or 


Bm 


G = oy 


(11) 


When investigating scaling in string networks, it is more transparent to parametrise 
the string density by the mean string separation, which is obtained from measures 
of the string length via 


(12) 


Ap 


The above estimators were derived for a Minkowski space-time. In an expand- 
ing background, one can view the space-time coordinates as representing comoving 
position and conformal time, from which physical lengths follow by multiplication 
by the scale factor a. 


3. Simulations 


In order to perform simulations of axionic string we discretise the equations of 
motion (2) and evolve them on a cubic lattice with periodic boundary conditions. 
'The system is evolved in conformal time 7. The simulations analysed in this paper 
are the same set of simulations used in,!^!? where we analyzed lattices with 1024, 
2048 and 4096 sites per dimension with spatial resolution of óxrj = 0.5 and conformal 
time steps of 677 = 0.1. We will give a short summary of the procedure and we 
refer the reader interested in more details to.!^!* 

The field configuration is initiated at conformal time Tstart by setting the canon- 
ical momentum to zero and the scalar field to be a Gaussian random field with 
power spectrum Ps (Kk) = A [1 + (Kkl4)?] T} were A is chosen so that (2) = 7? and 
ly is the field correlation length in comoving coordinates. We use different values 
of lẹ in order to cover a range of string separations in the initial conditions. The 
values used are lẹ = 5,10, 20, 40, where lẹ = 40 case have been used only for s = 1 
case. In order to allow the strings to form, and to remove the energy excess in the 
field fluctuations around the string configurations, we evolve this configuration with 
a diffusion equation with unit diffusion constant until conformal time Taig. We then 
apply the second-order time evolution equation (2). 

Similarly to our previous paper, we extract data from simulations with both 
fixed comoving string width and fixed physical string width. We promote the scalar 
self-coupling constant to be a time dependent parameter A = Ao/a?(—*) following 
the PRS method.?? This makes the comoving string width decrease with conformal 
time as: 


w(r) = . (13) 
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'The physical equation of motion, where the physical string width remains constant 
at wo = 1/./2Xon, and the comoving width decreases with time, corresponds to 
s = 1. With s = 0 the comoving width is constant at wo and the physical string 
width increases in time. 

For the s — 1 case, it is difficult to avoid the string width being larger than 
the Hubble length at early times, which also means that the relaxation of the field 
to its equilibrium value is longer than a Hubble time. In order to speed up the 
string formation, we arrange the time-dependence of the coupling so that strings are 
formed and diffused with a constant comoving width, equal to their final comoving 
width. At the end of the diffusion period, the string width is much smaller than 
its physical value wo. The string width is then allowed to grow by setting s — —1 
until Teg, which is when the string core has expanded to its correct physical width 
wo. After conformal time Teg, the physical evolution with s = 1 starts. We call this 
procedure core growth. Simulations end at conformal time Tena. 

Table 1 contains all simulation parameter choices that have been considered in 
the procedures described above. Four simulations with different random number 
seeds were carried out at each parameter choice. The data are analysed in cosmic 
time t = (T/Tasa)^Tana/2. 


Table 1. Run parameters used in 
simulations. See text for explanation. 


Model s=1 s=0 
lon (5,10,20,40) (5,10,20) 
Tstart?] 50 50 
Tait 70 70 
Scg -1 - 
Tegn 271.11 z 
Tend 1050 1050 


4. Results 


In Fig. 1 we show the evolution of the mean string separation (12) and the RMS 
velocities for all the simulations performed with size 4096. In these figures the solid 
line represents the mean obtained by averaging over realisations and the shaded 
regions the lo standard deviations. In both estimators the uncertainties are worked 
out by propagating the fluctuations in the weighted energies E,, Ep and Ey.The 
color code is as follows: black for 157; = 5, red for 147 = 10, blue for 1g7 = 20, and 
green for [41] = 40. Note that we only have 147 = 40 simulations in the s = 1 case. 
'The end of the core growth period is shown as a vertical green dashed line. 

Figure 1 show that, independently of the initial field correlation length, all sim- 
ulations are compatible, i.e. all of them give separation and velocity data which 
are within lo of each other. Moreover, the behaviour of both estimators (£ and v) 
qualitatively agrees with the standard scaling, showing a tendency towards linear 
growth in £ and a constant RMS velocity. 
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Fig. 1. Mean string separation r and velocity vs evolution for s = 1 (right) and s = 0 (left). 


Now we are going to analyse more in detail the scaling behavior of the system. 
First we will analyse the Length estimator and compare the different behaviors 
proposed in the literature for the scaling regime. Afterwards using the both length 
and velocity estimators we will analyse the approach to the scaling phase. 


4.1. Length Estimator 


As we have previously mentioned after a relatively short period of relaxation, the 
mean string separation € tends to a line that can be well fitted with 


E = 2f(t — to). (14) 


where 8 and to are parameters to be fitted. 6 is predicted to be a universal parame- 
ter, while tg is a phenomenological fit parameter to reduce the effect on estimates of 
6 of the initial conditions and evolution of the RMS velocity. This model is known 
as the standard scaling and in this case the scaling value of the string length in 
terms of Hubble lengths per Hubble volume, C, is (y = 1/482. 

We measure the parameters 8 and to for each one of the individual runs we per- 
formed with a linear fit over the ranges in conformal time defined by the boundary 
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times 7, = [6, 10]7,, and 7,7 = [25, 50, 100] for N = [1k, 2k, 4k]. That is, in the 1k 
case the fitting range is 7, = [150,250]. The times are chosen in the last half of the 
conformal time range to minimise the biases coming from the initial conditions. 

'The values obtained are shown in Fig 2. The color code in this figure is the same 
as in Fig. 1 and the style of each point represent the size of the simulation box, circles 
represent 1k simulations, triangles pointing downwards represent 2k simulations and 
triangles pointing upwards represent 4k simulations. The parameter t; is taken to 
be as the end of the fitting period. 
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Fig. 2. Parameters 8 and to for each one of the individual runs. 


In Fig. 2 we have also added the mean value for 8 and its 1e standard deviation 
obtained in.!? As we can see all the points agree with the average value within 2c 
and there is no correlation between the value of ty and 8, showing that the initial 
conditions are not affecting the value obtained for 5. 

We now turn to the alternative model recently put forward: logarithmic 
correction to scaling 


16-19,21 


C(t) = G + a” log(nt) (15) 


where G5 and a®* are the fitting parameters. We performed fits over the ranges used 
previously and we show the values in Fig. 3, where we use the value of tọ computed 
previously. 

In Fig. 3 we have also added the mean value for 8 and its 1e standard deviation 
obtained in,! but in this case translated to (9. One can see that there is a clear 
correlation between the values of Qj and o* with respect to to, showing that the 
initial conditions are affecting the values. Moreover, in the case that t9 = 0 the 
value of a* is zero and Ç% agrees with the value obtained in.!° 
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Fig. 3. Parameters ¢j and a* for each one of the individual runs. 


4.2. Length and Velocity Estimators 


As we have seen in the previous section, there is a small departure from standard 
scaling in the earlier phases of the simulations. It is necessary to understand this 
departure to improve the estimates of the asymptotic behavior of v and £, or more 
precisely the asymptotic values of the scaled mean string separation, 


g £ft. (16) 


In the previous Section, we have studied scaling using € only. Now we will also 
use the RMS velocity data, which gives extra information about the approach to 
scaling, and we will avoid the use of tọ. We will see that in doing so we will improve 
the accuracy of the estimate of 8, while remaining consistent with our previous 
estimate. The analysis of this Section will be performed in simulations with size 
4096. 
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In Fig. 4 we show the evolution of the network in the phase space (x, v). The 
phase space representation shows clearly the different regimes in which the network 
evolves. A rapid increase in the RMS velocity, while the inter-string distance re- 
mains nearly constant, happens after the end of the diffusion period, when strings 
are accelerated under their curvature. In the case of s — 1, after the diffusion period 
we impose a core growth period as part of the preparation of the initial conditions, 
where the velocities remain approximately constant but the scaled mean string 
separation changes. This change is different for different initial conditions. For cor- 
relation lengths [55] = 5, 10, the scaled mean string separation grows, whereas for 
correlation lengths [gn = 20, 40 it decreases. Finally, when the physical equations 
of motion (2) are being solved, the system starts to spiral towards an apparent 
common fixed point for all simulations. 

The evolution of the scaled mean string separation and the RMS velocity can be 
modeled by the velocity-dependent one-scale (VOS) model? !? Assuming that the 
statistical distribution of string configurations and velocities has a universal form 
the model parametrised it by the string separation € and the RMS velocity v. 

'The model uses the following equations to describe the dynamical system, 


P = Hé(1+v?)+ jen (17) 
dv k 
aa (1 — v?) (5 um) ; (18) 


where H is the Hubble parameter. There are two phenomenological parameters, 
k and c. The parameter c describes the efficiency of the energy loss mechanism, 
while the parameter k describes the correlation between the string curvature and 
the velocity. 

Using the dimensionless mean string separation variable x (16), and H = 1/2t 
since we are considerning a radiation-dominated universe, we have, 


th = x W -1) +50 (19) 
to = (1— v?) E — o) (20) 


This dynamical system has a fixed point in the relevant region 0 < x, 0 € v « 1, 


Ly = Vk(c+k) EIER (21) 


The fixed point is a stable spiral. We plot flows in the phase diagram predicted 
by the VOS model in Fig. 5 for the global best fit (£4, Vx) (computed from a x? 
analysis; for more details see’), along with the mean values of selected (x, v) from 
the simulations. The stable spiral form is clearly visible in the streamlines. 

To show in a more quantitative way how well the VOS model describe the evolu- 
tion of the system, we show in Fig. 6 the relative difference between the simulation 
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Fig. 5. The evolution of the network in the phase space (x, v) with stream lines. 


time series data and the VOS best-fit model for each (s, lẹ), where the VOS model 
is initialized at tg,, which is the same as in the previous Section. Shaded regions 
correspond to the uncertainties propagated from simulation estimators. It can be 
observed that the mean relative difference always lies below 5% level of deviation, 
with zero deviation always within the errors. 


(tvos — x)/tvos 


tn 


Fig. 6. Relative errors. 


To understand better how the network evolves it is fundamental to analyse it in 
terms of the length density parameter ¢ (11). In Fig. 7 we show ¢ plottted against 
the logarithm of time, in order to emphasise the earlier times when the network 
is further away from scaling. The case that we are showing is this plot is s — 1, 
where we have also added the best-fit VOS models for each correlation length, and 
their extrapolation to larger values of time. The asymptotic values obtained in! 
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(Ġ&,« = 1.50 + 0.11) is also shown in the figure. The solid line represents the central 
value and the shaded region represents the 1c error. In the figure we can see that 
the simulations approach the asymptotic value of ¢ from below and that at the end 
of the simulations they are still slowly increasing, but within 20% of its asymptotic 
value. This increase is more visible in the simulations that start very underdense 
and therefore have much more to evolve until they reach scaling. The extrapolated 
values of the VOS model show that the system will reach the asymptotic value and 
become constant. 
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Fig. 7. Ç evolution. 


5. Conclusions 


In this paper we have analysed the evolution of the mean string separation € and 
the RMS velocity for an axion string network in the radiation era. The axion model 
has been constructed using a singlet scalar field with a U(1) symmetry, where the 
field has been considered as a two-component vector and the U(1) symmetry has 
been realised as a rotation on the vector. 

Firstly, we have fitted the mean string separation (12) from the simulations we 
have performed with two two-parameter models: the standard scaling model with 
the usual time offset tọ to account for the initial string evolution and a constant 
parameter 3, and a model with a logarithmically increasing ¢ (11). Using linear fits 
to obtain the values for 6 we have seen that the value does not depend on the initial 
conditions, or on the value of tg. The coefficients of the logarithmically increasing 
model can be understood in terms of the dependence of ¢ on the initial string evolu- 
tion parameter £o, and describe a disguised approach to scaling for non-zero values 
of tg. We find that the value of the parameter describing the logarithmic increase is 
consistent with zero when to/t; — 0, where ty is the final fitting time. In this case 
the constant term of the model is consistent with the standard scaling values. 
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Secondly, we have fitted the results of our set of numerical simulations to a 
two-parameter VOS model (18). We find that the evolution of the network is well 
described, qualitatively and quantitatively, by the VOS model. Qualitatively, we 
see that after the effects of the initial conditions are gone the systems turns into 
a curved approach to the fixed point in the (x,v) plane. A deeper analysis of the 
spiral behavior of the system showed that the apparent logarithmic growth in ¢ is a 
transient epoch of the system, and that the length of this transient epoch depends 
on how far the initial conditions are from the fix point. After the transient epoch 
the system tends to a constant ¢ evolution. 
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We study axion strings with the electroweak gauge flux in the DFSZ axion model and 
show that these strings, called electroweak axions, exhibit superconductivity without 
fermionic zero modes. We also show that the primordial magnetic field in the early 
universe can induce a large electric current along the string. A pair of the strings carrying 
such a large current feels a net attractive force between them and can form a Y-shaped 
junction in the early universe, whose formation probability is roughly estimated to be 1/2. 


Keywords: Axion; Cosmic string; Soliton; Higgs 


1. Introduction 


The strong CP problem is one of the mysteries in the Standard Model (SM) of par- 
ticle physics. The problem can be naturally solved by the Peccei-Quinn mechanism, 
in which a global symmetry denoted by U(1)pq is assumed to be spontaneously 
broken and provides a (pseudo) Nambu-Goldstone particle, the axion.! ^ The axion 
can also play a role of cold dark matter. 

The DFSZ model?? is a popular model providing the axion as well as the KSVZ 
model.^* In the DFSZ model, the scalar sector of the SM is extended to have 
two Higgs doublets and one SM-singlet complex scalar. The scalar fields and the 
SM fermions are assumed to be charged under the U(1)pQ symmetry, which is 
spontaneously broken by a vacuum expectation value (VEV) of the complex scalar. 
The axion is a linear combination of imaginary components of the doublets and the 
complex scalar. 

It is known that if the U(1)pa symmetry is broken after the cosmological infla- 
tion, the axion strings, which are global cosmic strings, are created by the Kibble- 
Zurek mechanism.?:!? To avoid dominating the energy of the universe, the strings 
should lose their energy by reconnection. When the probability of the reconnection 
is sufficiently close to unity, the number density of the strings approach O(1) values 
per Hubble length, called the scaling regime. 
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Table 1. Quantum charges of scalar fields. 


Hə | S 

2 2 |1 

U(1)y 1 1 0 

| U(1)pQ 1 -1 | 1 


It has been believed that axion strings almost always reconnect when they col- 
lide. This is because the interaction between the strings is thought to be dominated 
by exchange of the (massless) axion as a long-range force. This is analogous to 
the case of the magnetic flux tube in the type-II superconductor. However, when 
there is a strong attractive force between them, they can form a bound state called 
Y-junction.!^!? When the Y-junction is formed, the reconnection does not work 
successfully, making the evolution of the string network non-trivial. Is such an at- 
tractive force realized for axion strings? 

Sometimes, cosmic strings can be superconducting when U (1)gw is broken inside 
them. This is called the superconducting string.!? Electric current flows along the 
string without dissipation and can induce magnetic attractive interaction between 
the strings. This enables them to form Y-junctions! 

In this work,!^ we show that the axion string in the DFSZ model can become 
a superconducting string after the breaking of the electroweak (EW) symmetry.? 
'This is because the charged fields, the charged Higgs and W bosons, acquire non- 
zero values inside the string and the U(1)gm symmetry is spontaneously broken 
there. This is a similar situation to superconductivity of non-Abelian vortices?! ?? 
and of the U(1) x U(1) model considered by Witten. Remarkably, the amount 
of the supercurrent can be of order of the U(1)pq breaking scale resulting in large 
magnetic energy. As a consequence, the strings feel a large magnetic interaction, 
which can overcome the one from the axion exchange. The formation probability of 
the Y-junctions is roughly estimated to be 1/2. 


2. DFSZ axion model 


Throughout this article, we concentrate on the bosonic sector of the DFSZ model. 
'The particle contents and the charge assignments under the SM gauge group and the 
U(1)pq are shown in Tab. 1. We introduce a SM-singlet complex scalar S and two 
SU (2)w doublets, Hı and H2, both with the hypercharge Y = 1. The Lagrangian 
which describes the EW and scalar sectors is written as 


1 
fcc e. (Wa) + M ID,H4^-|o,S —V(Hi,Ha,S). (1) 


i—1,2 


aOur mechanism of superconductivity is different from one using fermionic zeromodes.19-29 In the 
DFSZ model, the fermionic zeromodes should be irrelevant for the dynamics of the strings because 
the mass scale of the SM fermions are much lighter than the U(1)pq breaking scale. 
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Here, Y,,, and W;., describe field strength tensors of the hypercharge and weak gauge 
interactions, respectively, with u (v) and a being Lorentz and weak iso-spin indices, 
respectively. D,, represents the covariant derivative acting on the Higgs fields, and 
the index 4 runs i = 1,2. The scalar potential V (Hı, H2, S) being invariant under 
the charge assignments of Tab. 1 is 


V(Hi, H2, $) = Va + Vs + Vmix, (2) 


where each part is given by 


2 2 
Vg = m? HÌ H, + m2, Hi H + E (nim) + E (nius) 
+ 63 (nri n) (nino) + 64 (HÌ H2) (nin). (3) 
Vs = — m3|S|? + As|S]*, (4) 
Va (ss? ni ns T h.c.) + kas|S|?|H1|? + kos|S[?| Ha[?, (5) 


with m2 > 0 which admits S to acquire a non-zero VEV: (S) = vs. From astrophys- 
ical constraints, v, is supposed to be O(105-12) GeV. Without loss of generality, we 
can suppose that the Higgs fields develop VEVs as (H1) = (0,v1). , (H3) = (0, v2)” 
with vi,v9 € R. For simplicity, we take vı = v2 = v in this article. Then the elec- 
troweak scale, vew (c 246 GeV), can be expressed by these VEVs as vw = 4v?. 


3. Electroweak axion strings 


Similarly to other axion models, the DFSZ axion model provides a vortex string 
solution known as the axion string corresponding to the breaking of U(1)po. On 
the other hand, after the electroweak phase transition, the axion string can contain 
flux tubes of the SU(2)w x U(1)y gauge fields like the Abrikosov-Nielsen-Olesen 
vortex??:?4 since the two Higgs doublets also acquire the VEVs. We call such vortex 
strings the EW axion strings. 


3.1. Axion string in DFSZ model 


We first review the conventional axion string in this subsection. Let us consider a 
case that the U(1)paq symmetry is spontaneously broken by (S) 4 0 but the EW 
symmetry remains unbroken, (Hi) = (H3) = (0,0)T. This situation is realized in 
the early universe when the temperature of the thermal bath Tin satisfies vew < 
Tin « vs. In this case, as is well-known, a vortex-string configuration associated 
with the global U(1)pq symmetry exists as a solution to the equation of motion 
(EOM), which is called the axion string in the literature. The configuration located 
on the z-axis is described by the following ansatz 


S—u,e*o(r) Hy, =H = (5) (6) 
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where r and 0 are the distance from the z-axis and the rotational angle, respectively, 
i.e., x 4- iy = re'?. The profile function ¢(r) satisfies the boundary conditions 


$(0)—0, | d(co) = 1. (7) 


The detailed form of ó(r) is determined by solving the EOM. This string has a 
winding number associated with the U(1)paq symmetry, and hence is topologically 
stable. The U(1)pQ symmetry is restored at the string core because of ¢(0) = 0. 

After these axion strings are produced in the early universe, their string network 
evolves to the scaling regime. This is because the interaction between the strings 
is dominated by exchange of massless axion particles, resulting in the long-range 
repulsive force for two parallel axion strings with the same topological charge. The 
potential of the interaction Vac is approximately given as Va, ~ —v? log R with R 
being the distance between the pair. 


3.2. Electroweak axion string with W -flux 


Next, we discuss the EW axion strings. Let us consider a string configuration after 
the EW phase transition Tin S vew. The two doublets also acquire the VEVs and 
can have winding phases.!^ There are three patterns of the winding phases, only 
one of which (called type-C EW axion string in Ref. 14) is studied in the following. 
We consider a configuration that has winding phases in U(1)pq and in the 
U(1)w: subgroup of the SU(2)w gauge group. Its asymptotic form is given as 


S ^ v,e%, (8) 


1 10 1001 0 1 —i0 1001 0 
Hi gue € OF Hz ~ zve e i}? (9) 


at r — oo. The exponential factor with c4 means a rotation in the direction of 
U(1)w:. Since these configuration are singular at r = 0, they must be smeared by 
introducing profile functions as follows: 


S = vse d(r) 


Hy, = tv ec” f(r)e'? — h(r)e-*? 

2 (rje? + h(r)e-*? as 
Ay = lyje- i8 NE o > 

i h(r)e? + f(r)e 


The profile functions f(r), h(r) and ¢(r) satisfy the following boundary conditions, 
f(0)— 6(0) 20, O.h|,-o — 0, f(oo) = h(oo) = (%0) = 1. (11) 


Note that h(r) does not necessarily vanish at the center of the string. Due to the 
non-zero value of h(0), the EW symmetry is not restored inside the string. 
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Fig. l. Numerical solution for the EW axion string. Also we adopt a length unit as v; | = 0.5. 
(left): Plots of profile functions. The profile function of the W! field, w(r), approaches to zero as 
r — oo starting from unity at r = 0. (right): Plots of energy density divided by v2/r? and the 
W1}-flux density multiplied by 10. The tension integrated over 0 < r < 120 vs is 140.604. The 
total value of the W1-flux is calculated to 19.3208, which is consistent with Eq. (14). 


To cancel the gradient energy from the windings for U(1) yw: at infinity, the W! 
gauge field is induced as 
—9 em; 
We = 8 — w(r), (12) 
g r 


and A; = Z; = 0. The profile function w(r) satisfies 
w(0)=1, w(œ)=0. (13) 


This string has the confined W!-flux 
4 
diia =$ dz; Wi = Z, (14) 
T-—OO g 


This feature is similar to the electroweak strings? ?6 in the SM and its extended 
models. The detailed behavior of the profile functions, ¢, f, h, and w are obtained 
by solving the EOMs numerically. The obtained numerical solutions are shown in 
Fig. 1. 

The most important feature of this string is that the U(1)gy symmetry is sponta- 
neously broken inside the string core because the W! boson acquires a non-zero value 
Eqs. (12) and (14). (The charged component of the Higgs doublets also acquires a 
non-zero value, see Ref. 14). Actually, that is generally inevitable for a configuration 
with a non-vanishing winding number for charged components,” i.e., a configu- 
ration whose asymptotic form is exp[iT (0)|H;(0 = 0) with a non-Abelian generator 
T(0) satisfying [f (0), Ô] Z 0, where Q is the generator of U(1)gy. (T = 00 in our 
case.) Due to this breaking of U(1)gw, the string is a superconducting string. We 
discuss its consequence in the next section. 

In Ref. 14, other two types of the EW axion strings are studied. Since they do 
not break U(1)gw inside it and are not superconducting ones, we do not consider 
them in this article. 
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Fig. 2. Reconnection process and formation of a Y-junction. 


4. Superconductivity and Y-junction formation 


In the EW axion string presented above, the W!-flux is confined, and the U(1)gw 
symmetry is broken by the charged Higgs components and the W! gauge field, 
which means that there exists a zero mode (massless excitation) propagating on the 
string with the speed of light. It can carry an electric current without resistance, 
resulting in a superconducting current. We will show that such a current changes 
the interaction between the strings and can lead to formations of the Y-junctions 
in the early universe. 

Firstly, let us assume the presence of a primordial magnetic field (PMF) in the 
universe after the electroweak phase transition. There are the observational lower 
and upper bounds on the present strength of intergalactic magnetic fields for a 
coherent length \ > 0.1 Mpc as 3 x 10716 G < By € 1071! G, given by Refs. 27,28. 
For simplicity, we further assume that the power spectrum of PMF is scale invariant 
and almost coherent over the entire Hubble horizon. 

We then show that PMF can induce large superconducting currents on the 
strings. Such large currents are sufficient to form the Y-junctions. The scale invariant 
PMF evolves as 


B(t) c a(t)~?, (15) 


where B(t) and a(t) are the magnetic field strength and the scale factor at the 
cosmological time t, respectively. It is convenient to define a ratio of the energy 
density of PMF (pg) to that of photon (py), 
= P p(y?aya, (16) 
Py 
with Gy being the Newton constant. The ratio € is a constant as the universe 
expands. If we take the upper limit on By, we have e ~ 10-!!. 
In the early universe, the superconducting strings move with velocity vsu (~ 
O(1)) in the presence of PMF, and hence feel the electric fields E ~ B(t)ustr, which 
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Fig. 3. Two strings (red and blue lines) collide with the crossing angle o. The black arrows 
indicate the directions of the topological winding number of U(1)pg. The red and blue arrows 
indicate the directions of the flowing electric currents, which are parallel for a = 0. The green and 
purple planes are orthogonal and include the collision point. 


induce the superconducting current, 
JPMF ed e? B(t)EUstr ; (17) 


with € being a string typical length. Since there are no superconducting strings 
before the electroweak phase transition, we can assume that the scaling property 
€ ~ t holds at least just after the phase transition, and obtain 


Jer ~ 10" a GeV ~ 10! (m) GeV. (18) 
Note that this is independent of t. For the upper limit of Bo, yielding e ~ 1071, 
the induced current Eq. (18) is ~ 101? GeV. On the other hand, it is shown!^ that 
the EW axion string can carry an electric current at most Jmax c Us/e with e 
the U(1)gm coupling constant. Thus the current saturates at this value for v, ~ 
10°71? GeV. In the following argument, we use this maximum current as those the 
strings carry in the early universe. 

Let us discuss the formation of Y-junctions. They can be formed by collisions of 
two superconducting strings when they feel an attractive force and are trapped in 
the potential. We suppose that the two strings collide with the crossing angle a and 
that they are identical and parallel for a = 0. The superconducting currents are 
assumed to flow in the same direction for a = 0 (the opposite case will be considered 
later). The three-dimensional dynamics of the collision event is rather complicated 
and difficult to analyze. However a qualitative picture can be understood by reducing 
it on two orthogonal planes including the colliding point?9? ?! (see Fig. 3). On one 
of them (purple plane in Fig. 3), the situation is regarded as a collision (scattering) 
event of two point-like vortices in two dimensions while, on the other plane (green 
plane in Fig. 3), as a vortex-antivortex collision resulting in the annihilation in two 
dimensions. Note that this picture reproduces the reconnection process shown in 
the upper-right picture in Fig. 2 when the strings have no superconducting current; 
two scattered vortices on the purple plane and nothing on the green one. 
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We concentrate on the two-dimensional analysis of the superconducting vortex- 
vortex collision since the current does not change the annihilation. Unlike the non- 
superconducting case leading to the 90? scattering, the long-range magnetic inter- 
action plays a crucial role in our case. On the reduced plane, the vortex-vortex pair 
feel a net interaction potential, 


v a 
V~ z2 COS 5 logr, (19) 


where r is the distance between the two vortices and we have ignored the axion- 
mediated repulsive interaction, which should be subleading by a factor e? compared 
to Eq. (19). If the vortices do not have sufficient kinetic energy to escape to infinity, 
they become trapped by the potential. Thus we obtain a condition to form a bound 
state, 


a L 
2 cos log > (y~ a (20) 


where y and p are the Lorentz factor and the tension of the colliding vortices. L and 
ô are the IR and UV cutoff for the potential, which we take as the Hubble radius 
and the width of the strings, respectively. As considering just after the electroweak 
phase transition, the logarithmic factor gives log(10!* x v,/vgw) ~ 50. In addition, 
we take a mildly relativistic velocity ~ 0.6 for the vortices, yielding y ~ 1.25, and 
thus Eq. (20) gives 


cos $ > 1078, (21) 


which means that they almost always form the bound state except for a ~ 7. 

On the other hand, they cannot form such a bound state in the case that the 
currents flow in the opposite directions (anti-parallel) on the vortex-vortex plane 
because they always feel a repulsive force. Therefore, we obtain a rough estimation 
for the formation probability of the bound state, 


ae formed for current in the same directions 


not formed for current in the opposite directions 
1 
— probability ~ 5° (22) 


Note that this is based on the two-dimensional analysis focusing on the collision 
point. This picture may break down for the case that the dynamics after colliding is 
dominated by other parts of the strings than the collision point. Furthermore, the 
formed Y-junction could be peeled off, depending on the velocities and the crossing 
angle of the strings. For a more detailed study including these effects, it is necessary 
to perform a three-dimensional simulation, which is beyond the scope of the present 
paper. 

Finally, we discuss a consequence of the formation of Y-junctions. When a super- 
conducting string intersects with itself, it forms the Y-junction with probability 1/2, 
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Fig. 4. Selfintersection of a superconducting string. The Y-junction (green doubled line) is 
formed with probability i. Otherwise, it reconnects producing a small loop (blue line) or passes 
through. The reconnection probability is p ~ 1. 


produces a small loop with probability p/2, or passes through with probability 
(1 — p)/2 (see Fig. 4), where p is the reconnection probability without the current 
(p ~ 1). If such a Y-junction-connected loop (upper one in Fig. 4) is produced, it 
is not obvious whether the strings sufficiently loose their energy, and the scaling 
behavior of the energy density of strings is not ensured. Once the energy density of 
the universe is dominated by such superconducting strings, it causes large impacts 
on cosmology, and hence some parameter region in the DFSZ axion model may be 
constrained. 


5. Conclusion 


We have studied the axion strings with the electroweak gauge flux, and their super- 
conductivity in the DFSZ model. The superconducting current is induced by PMF 
in the early universe, and a large electric current can flow along the string. This 
large current may realize a net attractive force between the axion strings, which 
could form the so-called Y-junctions in the early universe. By considering the string 
collision reduced onto two-dimensional planes, the probability of the formation of 
the Y-junctions is estimated to be ~ 1/2. 

Once such Y-junctions are formed, they can affect the evolution of the string 
network and make non-trivial whether the network evolves to the scaling solution. If 
no obeying the scaling behavior, the string network could dominate the energy den- 
sity of the the universe and the model is severely constrained. To conclude whether 
this is true or not, we need detailed numerical simulations on the time evolution of 
the network taking into account both the axionic and magnetic interactions. 
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Baryon Acoustic Oscillations (BAO) datasets use very precise measurements of the 
spatial distribution of large-scale structures as a distance ladder to help constrain 
cosmological parameters. In a recent article,! we combined 17 uncorrelated BAO mea- 
surements in the effective redshift range 0.106 < z < 2.36 with the Cosmic Chronometers 
data, the Pantheon Type Ia supernova and the Hubble Diagram of Gamma Ray Bursts 
and Quasars to obtain that the ACDM model fit infers for the Hubble constant: 
69.85 + 1.27km/sec/Mpc and for the sound horizon distance: 146.1 + 2.15M pc. Beyond 
the ACDM model we test Q,CDM and wCDM and we get Q, = —0.076 + 0.012, 
w = —0.989 + 0.049 accordingly. In this proceeding we present elaborate on our findings 
and we compare them to other recent results in the literature. 


Keywords: Baryon Acoustic Oscillations, Dark Energy, Dark Matter, Large Scale Struc- 
ture, Hubble Tension 


1. Introduction 


The ~ 4o tension between the Hubble parameter measured by late universe ob- 
servations by the SHOES collaboration? and the one measured from the cosmic 
microwave background (CMB) by the Planck Collaboration? is one of the major 
stumbling block in front of modern cosmology and the theories aiming to explain 
the evolution of the Universe.^?? The default ACDM model which uses a combina- 
tion between cold dark matter and dark energy components has been shown to fit 
remarkably well current astronomical observations yet it fails to explain not only 
the beginning of the universe (the inflationary epoch) but also the Hubble tension 
and the related og tension. 

In a recent article! we selected 17 uncorrelated BAO points from the largest 
collection of BAO data points (333 points). We then combined them with the Cos- 
mic Chronometers data, the Pantheon Type Ia supernova, and the Hubble Diagram 
of Gamma-Ray Bursts and Quasars. From this combination of datasets, referred 
in the article sometimes as the full dataset, we found: the Hubble constant yields 
69.85 + 1.27km/sec/M pc, the sound horizon distance is 146.1 + 2.15M pc and the 
matter energy density — Qm = 0.271 + 0.016. If one uses the so called Riess prior 
(denoted here as R19) to constrain Ho by the model-independent local universe mea- 
surement,” one gets: Hy = 71.40 + 0.89, ra = 143.5 + 2.0 and Qm = 0.267 + 0.017. 
Beyond the ACDM model we test (kg CDM and wCDM. The spatial curvature is 
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Qg = —0.076 + 0.012 and the dark energy equation of states is w = —0.989 + 0.049. 
In this proceeding we discuss how our results are situated regarding other published 


results by emphasizing on the need to consider the Hg-tension in the context of the 
Ho — rq plane or even of the Ho — rg — Qm plane. 


2. Overview of the used datasets 


The Baryon acoustic oscillations (BAO) are fluctuations in the photon-baryonic 
plasma that froze at recombination at the so called drag sound horizon. Because 
the sound horizon can be calculated rather simply from basic assumptions of the 
pre-recombination plasma, they provide a standard ruler which can be seen in the 
clustering of large scale structures. This provides an independent way to probe 
cosmological parameters, complimentary to this of the Supernova and the CMB 
surveys, see.?? 75 The BAO peak can be measured from objects with different na- 
ture and using different methods. For example: the BOSS experiment measures the 
clustering of different galaxies: emission-line galaxies (ELGs), luminous red galaxies 
(LRGs), and quasars, and also from the correlation function of the Lyman-alpha 
(Lya) absorption lines in the spectra of distant quasars etc. The peak can be seen 
on different redshifts, providing us with a standard ruler evolving with the Universe 
since the recombination epoch.?9:?7 

The final dataset we use is a set of uncorrelated data points from different 
BAO measurements: the Sloan Digital Sky Survey (SDSS), the WiggleZ Dark En- 
ergy Survey, Dark Energy Camera Legacy Survey (DECaLS), the Dark Energy 
Survey (DES), the 6dF Galaxy Survey (6dFGS).?°4 To this dataset, we add cos- 
mic chronometers (CCs) (30 uncorrelated CC measurements of H(z)** 4"), and 
standard candles (SCs) (the Pantheon Type Ia supernova dataset**°!), and 


quasars?? and gamma-ray bursts?? (186 points). 


3. Theoretical background 


We use the following theoretical setup. If one assumes a Friedmann-Lemaitre- 
Robertson-Walker metric with the scale parameter a = 1/(1 + z), where z is the 
redshift, one gets for the Friedmann equation for the ACDM model: 


E(z)? =0,(1 + z)* + Qu (1-- z)? 4- O4 + z)? - Q4, (1) 


where Q,, Qm, Qa, and €) are respectively the fractional densities of radiation, 
matter, dark energy, and the spatial curvature at redshift z — 0. Here E(z) — 
H(z)/ Ho, and H(z) = à/a is the Hubble parameter at z, while Ho is the Hubble 
parameter today. The radiation density can be computed as Q, = 1 — O4, — O4 — Ox. 
For wCDM the Friedmann equation is generalized to Q4 > Q9, 5(1 + z)~30+™), 
while Qg = 0 represents a flat universe. 

Since in cosmology one deals with the measurements of angles and redshifts, 
it is needed to connect the different cosmological distances with the observational 
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quantities. The comoving angular diameter distance:5^ 55 


ow (fi) : 


where one accounts for non-zero spatial curvature with: 
Ju sinh (v Oir) if 0,20 
— sin (/—Oxz) if QO, <0 


—S4k 


The other distances we use are the Hubble distance Dy(z) = c/H(z), the an- 
gular diameter distance D4 = Dy /(1 + z) and the volume averaged distance: 


Dv(z) = [zD (2) D2,(2)| 3. (4) 
As said before the BAO use as a standard ruler depends only on the sound 
horizon rq at the drag epoch (za œ% 1060) when photons and baryons decouple: 


?? es(z) 


H(z) 


Tq — 
Zd 


dz, (5) 


where c, e c(3 + 9py/(4p4)) °° is the speed of sound in the baryon-photon fluid 
with the baryon p(z) and the photon o4(z) densities, respectively.°° One needs 
to acknowledge that since the actual measured quantities are the projections Az — 
ra H/c and A0 = rq/(1--z) DA(z), where Az and A0 are the redshift and the angular 
separation, from BAO one can get information only about the quantity rq x H. 
'Thus in order to decouple these quantities, one needs some kind of independent 
measurement of Hg or an assumption for rg. Here we take rg as an independent 
parameter but use the additional datasets (CC+SC) to decouple the two variables. 
In a recent paper,°” we instead use the combination rg x Ho as a parameter to break 
the degeneracy. 


4. Numerical methods 


To deal with the possible correlations in the BAO dataset, we perform a covariance 
analysis based on the one proposed in Ref.?5. We transform the standard covariance 
matrix for uncorrelated points Ci; into Ci; as follows: 


Cj = o? —À Cij = o2 + 0.5040; (6) 


by adding randomly certain number of nondiagonal elements while keeping it sym- 
metric. Here ojoj are the published lo errors of the data points 7,7. With this 
approach we show that the effect of up to 2596 random correlations with this mag- 
nitude results in less than 1096 deviation in the final results, thus it is minimal and 
the points can be considered uncorrelated. 

We use a nested sampler as implemented within the open-source package 
Polychord®® with the Get Dist package9? to present the results. The priors we use 
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to obtain the results and the averaged mean values across the 3 models (ACDM, 
wCDM, 0, CDM) can be found in Table A1. 


5. Comparison with other results 


The complete numerical results for the three models and the three datasets 
(BAO+R19, BAO+SC+CC, BAO+SC+CC+R19) can be found in Table 3 in.! In 
this article we will focus on comparing our results with other works, by using only 
the full datasets with and without the R19 prior, referred to as BAO+SC+CC+R19 
and BAO4-SC4-CC. 

Specifically, on Fig. 1, we use some known measurements in the Ho — rg and 
Ho — Qm plane. It has been discussed in a number of papers, more notably,9! that 
the Ho-tension is actually extended to a tension with respect to the main parameters 
Ho, rq and Nm, since increasing Qm to reduce rg leads to the opposite to the desired 
effect on Ho. To demonstrate this, we have plotted the following points: TDCosmo 
IV,°? HOLiCOW XIII,’ LMC Cepheids,? Planck 2018,? eBOSS SDSS-IV,°* BAO 
+BBN+HOLiCOW and BAO +BBN+CC,® all listed for convenience in Table A2. 
Note, some references do not measure rg, others omit mentioning Qm. 


130 135 140 145 150 155 0.24 0.26 0.28 0.30 0.32 
Ta om 
* BAO + BAO + +BBN+HOLicOW + BAO + Planck 2018. + ACT 
+ Planck 2018 + BAO+CC+SC + BAO +BBN+HOLICOW + BAO+SC+CC 


(a) (b) 


Fig. 1. (a) Ho — rq plane comparison of different results. (b) Ho — Qm plane comparision. Our 
points are with green, for legend see the text. 


On Fig. 1(a) we consider only Ho — rg and we see that our results (in green) 
fit nicely between the results of the pure BAO points by eBOSS (in red) and the 
Planck 2018 points (in blue). 

On this plot, the points we obtain with the R19 prior (top green point) are very 
close to the local universe measurements (LMC), while the points we obtain with 
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a uniform prior (the lower green point) are close to the early universe (i.e. Planck 
2018 with bue). The numbers we obtain are surprisingly close to a measurement of 
the Tip of the Red Giants Branch Ho = 69.8-- 1.9(km/s)/ M pc99? — an independent 
measurement based on the distances to nearby galaxies (in this case based on TRGB 
stars in the Large Magellanic Cloud, grounded on detached eclipsing binaries). 

As for rq, we see that our points without the R19 prior are again close to the 
Planck measurement (Planck 2018 rg = 147.09 + 0.26 M pc, ours: ra = 146.1 + 
2.2M pc). The final measurements from the completed SDSS lineage of experiments 
in large-scale structure provide rg = 149.34-2.8M pc." Using BAO, SNea, the ages of 
early-type galaxies, and local determinations of the Hubble constant, Ref.95 reports 


rq = 143.9+3.1 Mpc. Thus, one can see clearly the tension between different results 
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from the early and late universe confirming the “tensions in the rg — Ho plane. 
The model with the R19 prior gives rg = 143.5: 2.0M pc. Importantly, the choice of 
a prior for r4 has a critical effect on Ho decreasing or increasing the inferred value 
to a large extend independently of the prior on Ho. 

Another part of the Ho — ra puzzle is the effect of the matter energy density 
Om. A comparison of different results for Qm can be seen on Fig. 1(b), where we 
have plotted the Hp —Q,, plane. Note that the eBOSS points used here are different 
from the ones used in Table 2, as we use different set of published points (Table 
4 in Ref.®). Also, we add the points by ACT which can be found in Table 4 in 
Ref.8?. Our points are once again in green and as we can see they fit very close to 
Plancks's results in blue which come with very small error on Ho but rather large 
on Q,, (APlanck — 289,0 + 0.03). In our case, the matter density is lower than 
the expected. One can also note that removing the top right point (belonging to 
BAO +BBN+HOLiCOW, see Table 2) will make the points along with the error 
bars to lie on approximately one plane, similar to the one in the Ho — rg plane 
and thus hinting at possible degeneracy (in orange and yellow respectively). This 
has been commented already in®! and is related to the fact we do not know how 
exactly the phase space of all parameters looks like. The tension for Hg — rg — Nm 
appears in different measurements (Planck, BAO, ACT etc), some from the early 
Universe, others from the late one and the independent local measurements. This 
once again poses the question whether we need to consider the full parameter space 


when discussing the tension. 

Finally, we would like to discuss the results we obtained about the spacial cur- 
vature energy density. As already mentioned we get Q, = —0.076 + 0.012 which 
excludes flat universe at 68% CL and points to a closed Universe (k = 1). Due to 
the rather small prior used to obtain this number, we now repeat the inference with 
a larger prior Q, € [—0.3, 0.3]. The results can be seen on Fig. 2. Once again, when 
calculating for the full dataset with or without the R19 prior, we obtain values 
excluding flat universe. This has been reported already, for example by the Planck 
2018 collaboration? for CMB alone which found a preference for a closed universe 
at 3.4c. Also,” using the CC, Pantheon, and BAO measurements concluded that 
negative Qy also relieves the Ho tension. 
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EEN BAO 

NEN BAO + R19 
EH CC + SC + BAO 
Mmm CC + SC + BAO + R19, 


60 65 70 75 80 
Ho(kms~*Mpc~1) 


Fig. 2. 2d contour plot of Q, vs Ho for the datasets BAO, BAO + R19, CC+SC+BAO and 
CC+SC+BAO+R19. 


The issue of a possibility for a deviation from a flat Universe is extremely im- 
portant and has been discussed in a number of works. On Fig. 3, we plot some 
of the published in the literature results with respect to Q,. The reference for the 
results are accordingly (N = 1..12) data from: Planckl8Plk, Planck18CamSpec, 
ACT+WMAP, ACT+Planck, CC+Quasars,CC+SN, BAO+BBN-+HOLiCOW, 
BAO--BBN4-CC, taken from"! to which we add the values we measured with the 
following dataset: BAO--R19, BAO+CC+SC (same as BAO+CC+SC+R19) and 
the extended prior points: BAO+CC+SCl, BAO+CC+SC+R191. One can see that 
our results seem to add to a mounting evidence that maybe we observe an effect 


related to a non-flat universe. 

The results for the full dataset for the extended prior can be seen in Table A3. 
We see now that the reported earlier in Ref.! lower matter energy density is no 
longer an issue as we get Qm ~ 0.326, also we see that now Hy is a bit larger, thus 
pointing to further alleviation of the Ho-tension due to a non-zero spatial curvature. 
Critically, we see that again 2; = 0 is excluded from the 68% CL for both models. 
Thus we can claim this effect persists with the increase of the prior and it is a 
feature of the dataset. 

On a side note, we mention the result we obtained in Ref.! with respect to the 
wCDM model. For BAO + R19 we get w < —1 for (w = —1.067 + 0.065), while 
the full datasets seem to tend to w > —1 (w = —0.989 + 0.049). Since w = —1 
is included in the error, the results are essentially consistent with a cosmological 
constant. 

To compare the extended models to ACDM we used well known statistical mea- 
sures, ie. the Akaike information criteria (AIC)’? 7^, We find that the ACDM 


aThe definition of AIC we use is AIC = x2,,, + 2p, where p is the number of parameters of the 
Xmin p 
model. 
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-0.24 


N 


Fig. 3. Comparison of different measurements of Qg, see legend in text. Our points are N = 9—12, 
where points with N = 11,12 are with larger prior for Qg. 


model remains the best fit to the data with difference of 2.3 and 7.6 AIC units for 
the wCDM and the CDM respectively. One can see that wCDM has a little bit 
more support than OQ; CDM but also as we mentioned, w = —1 enters into the the 
6896 CL of w for the full dataset which may explain its closeness to ACDM in terms 
of AIC. Our results are consistent with the eBoss collaboration official results.” 
Interestingly, we see that in our case w > —1 for the full dataset, which differs from 
the estimations in some of the different cases considered in.9^ Our dataset differs 
from theirs by the inclusion of the quasars and the GRB data and the exclusion of 
Planck points, so this may point to a local universe effect. 


6. Conclusion 


We use a set of 17 uncorrelated BAO points to infer the cosmological parameters 
for 3 different models: ACDM, Q,CDM and wCDM. We find that by choosing 
the sound horizon at drag epoch as an independent parameter and adding addi- 
tional datasets such as SNe, GRB and quasars, we are able to break the degeneracy 
between Ho and rg and to constrain the cosmological parameters for the differ- 
ent models. The Hubble parameter obtained from the full dataset is very close 
to the TGRB measurement, while the one with a R19 prior is close to the local 
universe measurement. We show that we are able to alleviate the Ho-tension to 
certain degree but not entirely. Another interesting result is the prediction of a non- 
flat but closed Universe at 68 % CL, which has been confirmed with an increased 
prior and seems to add to the mounting evidences there may be a deviation from 
flatness. 
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Appendix A. 


Table Al. The priors used to obtain each cosmological parameter. 
Parameter Prior Average Value! Average Value R19 ? 
Om, [0.; 1.] 0.26 + 0.017 0.26 + 0.016 
QA [0.; 1 — Qm] 0.749 + 0.013 0.751 + 0.013 

Ho [50; 100] 70.19 + 1.11 - 
Hg} 74.03 + 1.42 - 71.68 + 0.9 
ra/Vd,fid (0.9, 1.1] 0.996 + 0.019 0.97 + 0.013 
Ta [100; 200] 145.8 + 2.37 143.3 + 1.9 
w [—1.25; —0.75] 0.989 + 0.049 —0.989 + 0.049 
Qk [—0.1; 0.1] —0.076 + 0.017 —0.076 + 0.012 


Note: ‘average value for the parameter under the flat prior for Ho, 


2 


Ho is in (km/s)/Mpc, ra in Mpc. 


average value for the parameter under the Gaussian R19 prior for Ho. 
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Table A2. Numbers used to draw Fig 1. 


Mission Reference Ho (in km/s/Mpc) rq (in Mpc) Om 
TDCosmo IV $2 Tto - - 
TDCOSMO--SLACS 62 67.4435 - - 
HOLiCOW XIII 63 73.3117 - - 
LMC DEBs 7 74.22 + 1.82 - - 
LMC DEBs and NGC 4258 
and Milky Way: 2 74.03 + 1.42 - - 
Planck 2018 
TT+lowE 3 66.88 +0.92 147.21+0.48 0.321 + 0.013 
TE+lowE d 68.44+0.91 147.59 0.49 — 0.301 + 0.012 
EE+lowE 2 69.9 + 2.7, 146.46 +0.70 — 0.289*0 026 
TT,TE,EE--lowE 3 67.27 +0.60 147.05 + 0.30 0.3166 + 0.0084 
TT,TE,EE+lowE+lensing 3 67.36 +0.54 147.09 +0.26 0.3153 + 0.0073 
TT,TE,EE+lowE+lensing+BAO 3 67.66 +0.42 147.21 +0.23 0.3111 + 0.0056 
eBOSS 
BAO+BBN 54 67.35 + 0.97 149.342.8 — 0.314 X 0.008 
BAO and distance ladder 64 73.7 1.1 135.9 + 3.2 - 
BAO + SDSS (BAO) + BBN 65 68.3219-98 151.943 4 0.27+0:015 
BAO +BBN+HOLiCOW gs 74.88 X 1.95.1 144.13: 5.3. 0.2763 + 0.027 
BAO +BBN+CC oy 79/065 150.1*27 0.2515 + 0.016 


Table A3. The results for the Q,CDM model with the 
increased prior on €); € [—0.3,0.3]. 


Dataset Parameter Value 


CC+SC+BAO Ho(kms-! Mpc-!) 70.48 + 1.23 
Ok —0.086 + 0.042 

m 0.326 + 0.027 

Qa 0.766 + 0.029 
ra(Mpe) 145.961 + 2.676 

rat 0.984 + 0.016 

CC+SC+BAO+R19 Ho(kms- Mpc!) 71.91 0.87 
Ok —0.096 + 0.039 

Qm 0.327 + 0.026 

Qa 0.776 + 0.024 
ra (Mpc) 143.452 + 1.948 


rat 0.967 + 0.013 
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We present a phenomenological analysis of current observational constraints on classes 
of FLRW cosmological models in which the matter side of Einstein's equations includes, 
in addition to the canonical term, a term proportional to some function of the energy- 
momentum tensor (T? — up To? = p? +3p?), or of its trace (T = p — 3p). Qualitatively, 
one may think of these models as extensions of general relativity with a nonlinear matter 
Lagrangian. As such they are somewhat different from the usual dynamical dark energy or 
modified gravity models: in the former class of models one adds further dynamical degrees 
of freedom to the Lagrangian (often in the form of scalar fields), while in the latter the 
gravitational part of the Lagrangian is changed. We study both of these models under two 
different scenarios: (1) as phenomenological two-parameter or three-parameter extensions 
of the standard ACDM, in which case the model still has a cosmological constant but 
the nonlinear matter Lagrangian leads to additional terms in Einstein’s equations, which 
cosmological observations tightly constrain, and (2) as alternatives to ACDM, where 
there is no cosmological constant, and the nonlinear matter term would have to provide 
the acceleration (which would be somewhat closer in spirit to the usual modified gravity 
models). A comparative analysis of the observational constraints obtained in the various 
cases provides some insight on the level of robustness of the A model and on the parameter 
space still available for phenomenological alternatives. 


Keywords: Cosmology; Dark energy; Modified gravity; Observational constraints. 


1. Introduction 


The observational evidence for the acceleration of the universe shows that our canon- 
ical theories of cosmology and particle physics are at least incomplete, and possibly 
incorrect. Mapping the dark side of the universe, in order to ascertain the physical 
mechanism behind this acceleration, in a compelling observational task for current 
and future facilities. The CosmoESPRESSO team uses the universe as a laboratory 
to address, with precision spectroscopy and other observational, computational and 
theoretical tools, this and other grand-challenge questions. In what follows we high- 
light recent contributions of the CosmoESPRESSO team to this fundamental quest, 
pertaining to dark energy phenomenology. 
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'There has been some recent interest in the so-called energy-momentum-squared 
gravity models,! where the matter part of Einstein's equations is modified by the 
addition of a term proportional to T? = T,,, T"", where T,,, is the energy-momentum 
tensor. This we later extended”? to the more generic form (7?)", dubbed energy- 
momentum-powered gravity. Reference 4 provided low redshift constraints on these 
models, using in particular the Pantheon Type Ia supernova compilation? and a 
compilation of 38 Hubble parameter measurements.? 

In practical terms, we may think of these models as extensions to the canonical 
ACDM, in which case the model still has a cosmological constant but the nonlin- 
ear matter Lagrangian leads to additional terms in Einstein's equations, and cos- 
mological observations can constrain these additional model parameters. Typically 
there are two such additional parameters: the power n of the nonlinear part of the 
Lagrangian and a further parameter (to be defined below) quantifying the contri- 
bution of this term to the energy budget of the universe. 

Alternatively, we may ask whether a suitably chosen nonlinear Lagrangian can 
reproduce the low redshift acceleration of the universe in a model which at low 
redshift only contains matter (plus a subdominant amount of radiation) but no 
true cosmological constant. In principle such a scenario is conceivable.! It is also 
somewhat closer in spirit to the usual modified gravity models—with the caveat 
that, as previously mentioned, in the latter models the modification occurs in the 
gravitational part of the Lagrangian and not in the matter part. 

'The analysis of Ref. 4 found that these models do not solve the cosmological con- 
stant problem per se, but they can phenomenologically lead to a recent accelerating 
universe without a cosmological constant at the cost of having preferred values of 
the cosmological parameters that are somewhat different from the standard ACDM 
ones. Here we revisit and update these constraints, and also provide new constraints 
on models where the new terms depend on the trace of the energy-momentum ten- 
sor, T' = p — 3p. As before, we can consider both the scenario with a cosmological 
constant (in which case the model is an extension of ACDM) and the scenario with- 
out a cosmological constant (in which case we can check whether such models can 
accelerate at all). These have been qualitatively studied in the literature,^? and in 
what follows we provided quantitative constraints on them. We note that in all the 
analysis that follows the Hubble constant is analytically marginalized as discussed 
in Ref. 9. 


2. Energy-momentum-powered models 


The general action for these models is? 


1 
S= = | [R + n(T?)” = 2A] dr + S matter ; (1) 
K 
where & = 87G, and ņ is a constant quantifying the contribution of the T?- 


dependent term. In a flat Friedmann-Lemaitre-Robertson- Walker universe and as- 
suming a perfect fluid we have T? = p? + 3p? and the generalized Friedmann and 


1937 


Raychaudhuri equations and the corresponding continuity equation can be written 


3 Gi =A + kp n(p? + 3p?)"7* [C = >) (p? + 3p?) + 4npp (2) 


o = 2A — &(p + 3p) — n(p* + 3p)" [(n + 1) (9? + 3p?) + 4npp] (3) 


. a Kp +n + 3p)(p? + 3p?)"-1 
E p + nnplp + 3p) (p ) 


aS EEE Ee. dii 
a Kp + 2nn(p? + 3p?)"-! [(n — 5) (o? + 3p?) + 4npp| e 


As usual, the Bianchi identity implies that only two of these equations are indepen- 
dent. 

If we consider the low redshift limit of these models, further assuming that the 
universe is composed of matter and possibly also a cosmological constant, we can 
simplify the Einstein equations to 


r 2 
1 
3 (ż) =A+Kp+ (» = 5) np” (5) 
a 2 


62 = 2A — Kp — (n + 1)np^" (6) 
. a k + nnp?! 

E ee M E 7 

" ru + (2n — 1)ngg?n—! (7) 


Broadly speaking, we inspection of the equations leads to the expectation that 
n < 1/2 may be interesting at late times. In general these equations need to be 
solved numerically. However, there are three particular cases for which analytic 
solutions can be found (at least approximate, low redshift solutions), corresponding 
to the values n = 1, n = 1/2 and n = 0 (the latter actually corresponds to the 
ACDM case). These have been studied in the literature, in a general mathematical 
t, 7:10 and also observationally constrained in Ref. 4. 

Generically we can treat n as a further model parameter, to be constrained by 


contex 


observations. In order to do this we define a dimensionless cosmological density r, 
via p — rpo, where po is the present day density, as well as a generic parameter 


= 7] 2n—1 
Q= m : (8) 


With these assumptions, and keeping for the time being the matter assumption, the 
continuity equation expressed in terms of redshift has the form 


dr | 33r " 1-4 nQr?n-1 . (9) 
dz 1+z° 1-(2n-l1)nQr?-!' 
H? 1 
Ey» AOE) = 05 etur + (n= 5) Qu. (10) 
He 2 
where, since we must have E(0) = 1, the model parameters are related by the 
requirement that Qa = 1 — Oy [14- (n — 1/2)Q], and therefore the Friedmann can be 
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recast in the two alternative forms 
E?(z) =O, T Qyr + (1 -Qm — Q4 )r?^ (11) 
1 
E?*(z) 214 Qy(r - 1) (v m 5) QU (r^^ — 1), (12) 


the first one is generic, while the second applies only if Qa Æ 0. On the other hand, 
if Q4 = 0 we can also use the flatness assumption to eliminate Q in the continuity 
equation, writing it as 

dr 3r (2n — 1)Qu + 2n(1 — Qy)r?n7! 


dz lxz" Qn—1)[Qu +n- Qr]: aa) 


This shows that in a phenomenological sense these models could explain the recent 
acceleration of the universe without invoking a cosmological constant but relying 
instead on the nonlinearities of the matter Lagrangian in a matter-only universe 
with n = 0. However, we note that even if these models can lead to accelerating 
universes without a cosmological constant, this is not per se sufficient to solve 
the ‘old’ cosmological constant problem of why it should be zero. For n close to 
but not equal two zero, two things happen: the (formerly) constant term in the 
Friedmann equation becomes slowly varying, and the continuity equation implies 
that the matter density does not behave exactly as r œ (1+ z)’. In what follows 
we discuss the extent to which deviations from the n — 0 case are observationally 
allowed, and also the most general parameter space where a standard cosmological 
constant is also allowed. 

We can also consider a generalization: instead of considering a universe with 
a matter fluid, we can assume that this fluid has a constant equation of state 
w — p/p — const. (with the matter case corresponding to w — 0). In this case the 
continuity equation becomes 


dr 3r 1 4 nQfi(n,w)r?n^1 


T ET "tan aem (14) 
where for convenience we defined 
fi(n, w) = (1+ 3w)(1 + 3w7)"™ (15) 
faln, w) = (1+ 3w?)""} |( - 5) (1 +3w°) + 4nw | . (16) 
In this case the Friedmann equation can be written 
E?(z) = Q4 + Our fo(n,w)QQur*", (17) 


together with the consistency relation O4 = 1 — Qy(1 + f2Q]. It follows that we 
can also re-write it as 
E? (2) = On + Oyr + (1 — Oy — a)r?” (18) 
E?(z) — 14 Oy(r —1) 4 fo(n, w)QOy (r?" —1), (19) 
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where again the first is generic—and indeed identical to Eq. (11), although the 
redshift dependence of r will now be different—while the second holds for Qa 4 0. 
Here, if O4 — 0 the continuity equation can also be written in a way that eliminates 
the parameter Q 


dr 3r Om fe + n(1 = Qu) fir?” 


= —(l+w) x FaiQar + 2n — Ong] Fond = Oy) (20) 


dz 1+z 


Table 1. One sigma posterior likelihoods on the power n, the matter den- 
sity Qa; and the constant equation of state w (when applicable) for various 
flat energy-momentum-powered models containing matter, with or without a 
cosmological constant. The last column lists the reduced chi-square for each 
best-fit model. 


Model assumptions Ow n w x2 
Qn =0,w=0 0.39 + 0.08 0.04 + 0.04 N/A 0.64 
Q4 40, w=0 Q.0g tons Unconstrained N/A 0.64 
Q4 =0, w= const. 0.287916 —0.08*009 0.11797 0.62 


Note: The specific assumptions for each case are described in the main text. 
The constraints come from the combination of the Pantheon supernova data 
and Hubble parameter measurements. 


3. Constraints on energy-momentum-powered models 


In what follows we briefly summarize constraints on the generic energy-momentum- 
powered models, revising and updating the analysis in Ref. 4. We carry out a stan- 
dard likelihood analysis, using the datasets already mentioned in the introduction, 
and separately considering three different theoretical scenarios within this class of 
models. An overview of the results can be found in Table 1. 

The constraints for the Qa = 0 matter case are summarized in the top panel 
pf Fig. 1 and also in the first row of Table 1. As expected given the form of the 
Friedmann and continuity equations, there is a clear degeneracy between the two 
parameters. The best-fit values are about one standard deviation away from the 
canonical values n = 0 and Qy ~ 0.3, and a non-zero n ~ 0.04 and a slightly 
higher matter density are preferred. However, at the two sigma level the results are 
consistent with ACDM; one should also bear in mind that the n — 0 does correspond 
to the ACDM case. 

Constraints on the Q, 4 0 matter case are shown in the bottom panel of Fig. 
1 and also in the second row of Table 1. Here there is a strong degeneracy between 
Q and n, both of which are unconstrained. On the other hand, the matter density 
is still well constrained (indeed, the constraint is tighter than in the case without a 
cosmological constant) and fully consistent with the canonical ACDM value. 

Finally, constraints on the Qa = 0 case while allowing for a constant equation 
of state, w — const are in Fig. 2 and also in the final row of Table 1. In this case 
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Fig. 1. Constraints on the n-Q4; parameter space for flat universes with w = 0. Top and bottom 
panels correspond to the €4 = 0 and Qa Z 0 cases, respectively. The black solid curves show the 
one, two, and three sigma confidence levels, while the color map depicts the reduced chi-square. 
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Fig. 2. Constraints on the n-Q—w parameter space for flat universes with Q4 = 0. The black 
solid curves show the one, two, and three sigma confidence levels, while the color maps depict the 
reduced chi-square. 
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one can constrain the three model parameters. The preferred value of the matter 
density is again consistent with the canonical ACDM value, while there is a mild 
preference (less than two standard deviations) for negative values on the exponent 
n and the equation of state parameter w. 

Overall, we note that the best-fit value for the matter density is compatible, 
within the uncertainties, with the standard one, and there is no significant evidence 
for deviations from ACDM. On the other hand, it is worthy of note that the values 
of the reduced chi-square for all the best-fit models is significantly below unity, so 
the models clearly overfit the low redshift data that we are considering. 


4. A simple f(R, T) model 


We will now explore the modified gravity model recently discussed in Ref. 7. This 
is actually one case of a larger set of f(R,T) models, to be discussed elsewhere. 
A class of modified gravity models now dubbed f(R) gravity, R being the scalar 
curvature, was first considered in Ref. 11, but these models are subject to tight 
cosmological constraints.!? A phenomenologically broader (if physically less well 
motivated) class is that of the so-called f (R, T) models, where T is the trace of the 
stress energy tensor. A particular subclass of these models has separable function, 
f(R,T) = R+ f2(T),. These models have been the subject of several mathematical 
studies but so far they have not been put through a detailed comparison with 
cosmological observations, with the exception of the recent qualitative analysis of 
Ref. 8. 

Qualitatively, the main difference is that here the new terms depend on the trace 
of the energy-momentum tensor 7' — p — 3p, while in the model considered in the 
previous sections they depended on T? = T,,T"" = p? + 3p?. The procedure for 
studying the two models should otherwise be similar. 

This model,’ also previously considered in Ref. 8, has the action 


1 
S= a J [R+T -24 d X + ater: (21) 


In a flat FLRW universe the Friedmann and Raychaudhuri equations now have the 
following form? 


2n " (p — ») 
1) Had a P 
a E (p — 7p) 


As a simple comparison, in the p = 0 case this model leads to a Friedmann equation 
of the form 


3H? = A+ kp EVP, (24) 


aWe note that there is a minus sign typo in the last term of Eq. (10) in Ref. 7. 
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while in the energy-momentum-powered model, choosing n — 1/4, one has 
— A sp - Typ. (25) 


We note that the two Friedmann equations coincide (if one identifies € = —7/4), 
but the corresponding continuity equations differ in the two cases. 

We will again assume constant equations of state (p — wp), use the standard 
definitions of Qw and Qa together with p = rpo and additionally define 


£ 


= . 26 

C^ xU (26) 
We can then rewrite the Friedmann equation as follows 

E*(4) = Oa + Our + 2: — Qr. (27) 


VIUA 


In principle there are therefore 3 free parameters, since the E(0) — 1 condition 
requires that the model parameters are related by O4 = 1 — Oyf[1 + 2¢(1 
w)/4/1-— 3w]. We can also rewrite it as 


E?(z )294 FE Oyr 4 (1 Ow QA) /r (28) 


P?) = 14 Qut = 1) +S Ou (ve 1): (29) 
the first of these is generic, while the second is only valid if Q, 4 0. However, note 
that in general the parameters (C, w) still affect the continuity equation, which can 
be written as 


dr 3r o yy LY Lc Su t C v7 
dz l1+z vV1-3w - (Y — w)G/Vr 


We note that the usual behaviour, r œ (1+ z)?, is recovered for Ç = 0 and that (less 
trivially) this also occurs for the matter case (w — 0) for any value of the parameter 
C. As an illustration of the role of this parameter we can solve the continuity in the 
¢ — 0 limit. One finds 


which again has the appropriate limits. 


(30) 


(31) 


5. Observational constraints on the VT model 


The model can now be constrained, and in particular we can again consider both 
the scenario with a cosmological constant (in which case the model is an extension 
of ACDM) and the scenario without a cosmological constant (in which case we can 
check whether such models can account for the recent acceleration of the universe 
at all). An overview of the results can be found in Table 2. 
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Fig. 3. Constraints on flat VT models. The top panel shows constraints for Q4 Æ 0 and w = 0, 
and the bottom panel shows constraints for Q4 = 0 and w = const. The black solid curves show 
the one, two, and three sigma confidence levels, and the color maps depict the reduced chi-square. 
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Table 2. One sigma posterior likelihoods on the matter density Qm, the 
coupling ¢ and the constant equation of state w (when applicable) for various 
flat energy-momentum-powered models containing matter, with or without a 
cosmological constant. The last column lists the reduced chi-square for each 
best-fit model. 


Model assumptions Ow Ç w x2 
Qn =0,w=0 0.15 + 0.02 2.78 + 1.72 N/A 1.80 
QA Z0, w —0 005 0s gyros N/A 0.63 
Qa = 0, w = const. oar Unconstrained —0.081 0-08 1.80 


Note: The specific assumptions for each case are described in the main text. 
The constraints come from the combination of the Pantheon supernova data 
and Hubble parameter measurements. 


Starting with the case of O4 = 0 and w = 0, we effectively have only one 
independent parameter, since the matter density and coupling parameter are related 
through (1 + 2¢)Qi = 1. The obtained constraints are listed in the first row of 
Table 2. It is clear from the very large value of the reduced chi-square that this 
model, containing only matter but no cosmological constant, does not fit the data. 
In other words, this model can not be a true alternative to ACDM. 

'The top panel of Fig. 3 and the second row of Table 2 summarize the constraints 
for the case of O4 Æ 0 and w = 0. In this case we have two independent parameters, 
and the model is effectively a one parameter extension of ACDM. Here, as in the 
previously discussed case of energy-momentum-powered models, the model slightly 
overfits the data, and there is no statistically significant preference for a non-zero 
coupling parameter ¢, The best fit value of the matter density is not significantly 
changed with respect to its value, for the same datasets, in the ACDM model.'? 

Finally, the bottom panel of Fig. 3 and the third row of Table 2 show the con- 
straints for O4 = 0 and w Æ 0, where we have three independent parameters. There 
are now additional degeneracies between the parameters, but the main conclusion 
remains the same as for the w — 0 case: without a cosmological constant this model 
severely underfits the data, and therefore it is not viable as an alternative to ACDM. 


6. Outlook 


We have discussed observational current low redshift background constraints on 
classes of FLRW cosmological models in which the matter side of Einstein's equa- 
tions includes, in addition to the canonical term, either a term proportional to a 
function of the energy-momentum tensor (T? = p?--3p?), or of its trace (T = p—3p). 
Both of these can be phenomenologically thought of as extensions of general rela- 
tivity with a nonlinear matter Lagrangian. 

We considered both models under two different scenarios: (1) as phenomenolog- 
ical two-parameter or three-parameter extensions of the standard ACDM, in which 
case the model still has a cosmological constant but the nonlinear matter Lagrangian 
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leads to additional terms in Einstein's equations, which cosmological observations 
tightly constrain, and (2) as alternatives to ACDM, where there is no cosmological 
constant, and the nonlinear matter term would have to provide the acceleration 
(which would be somewhat closer in spirit to the usual modified gravity models). 

Overall, our analysis suggests that the ACDM paradigm is fairly robust or, prag- 
matically, it is a good phenomenological approximation to a still unknown more 
fundamental model. In other words, if there is no true cosmological constant, the 
alternative mechanism must effectively be like one, at least at low redshifts. On the 
other hand, for parametric extensions of ACDM, subdominant (ca. 1096 level) con- 
tributions are allowed by the low redshift background cosmology data that we have 
considered. These constraints can of course be tightened by including additional 
datasets, such as that from cosmic microwave background observations. Our work 
can be extended to broader classes of f(R, T models, a discussion of which is left 
for a subsequent publication. 
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Various observations have shown that dark energy accounts for nearly two-thirds of the 
energy density of the Universe. The simplest model to explain the nature of dark energy 
is the cosmological constant (ACDM) model. Although Planck observations supports 
using ACDM model as the base cosmological model, there exist some inconsistencies in 
parameter estimates when compared with independent observations. The most important 
is the inconsistency in the Ho estimates from the Planck collaboration which reports 
Ho = ons km s—! Mpc-!, a considerably lower value when compared with the direct 
local distance ladder measurements. This value shows a discrepancy at the level greater 
than 4e with the constraints reported by SHOES collaboration in 2019, Ho = Ta gti 
km s-! Mpc-!. These disagreements, called the Hubble tension, point towards a new 
physics that deviates from the standard ACDM model and to resolve this various methods 
have been proposed. In this work, a quintessence scalar field with an inverse power 
potential (V(¢)~ $^") is assumed as a description of dark energy and we focus on 
an interacting dark energy dark matter model where the interacting term is taken to 
be linear in the field (9). We study in detail the evolution of the model and provide 
constraints on the model parameters using low redshift cosmological observations of 
Type Ia Supernovae (SN), baryon acoustic oscillations (BAO), direct measurements of 
Hubble parameter (Hz) and high redshift HII galaxy measurements (HIIG). We find 
that the model agrees with the existing values of the nonrelativistic matter density 
parameter, Qm and dark energy equation of state parameter, wo. The analysis shows 
that the observations prefer a negative value of coupling constant and gives the best fit 
value of Ho = 69.9+9:56 km s-! Mpc-! and thereby can be used to alleviates the Ho 
tension between Planck measurements and the observations considered. 


Keywords: Cosmological parameter, observations, dark energy - dark matter interaction, 
based on the work [arXiv:2102.12367].! 


1. Introduction 


Many cosmological observations suggest that, at the present epoch, the energy con- 
tent of the universe is dominated by dark energy, and to explain the observed accel- 
erated expansion of the universe, this dark energy component must have a negative 
pressure.? ? However, the nature of dark energy is still a mystery, and many models 
are proposed in the literature to explain what dark energy might be. The simplest 
model is the ACDM model, which is also the most consistent model for cosmological 
observations. The latest results from the Planck mission provide good support to the 
ACDM model as the base cosmological model and also improve upon the uncertain- 
ties in parameter estimation.^" With more accurate and precise measurements, the 
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uncertainties from various experiments have been studied and are in disagreement 
with each other. The most glaring tension is found in the estimation of the Hubble 
parameter reported by the Planck collaboration and the low redshift cosmological 
probes.® !° In some cases, the tension stands at level greater than 4c, e.g., Planck 
2018 results, which assume standard ACDM model as the base cosmological model, 
report Hubble parameter to be Hg = 67.440.5 km s^! Mpc7!,” whereas SHOES 
collaboration estimates Ho = 73.5 1.4 km s^! Mpc™t1.!! Another discrepancy, 
although not as severe, is found in the estimation of og reported by Planck 2018 
and low redshift observation with stands at a level of 20-30 level.!?!" The high 
precision of the data from Planck collaboration and low redshift probes insinuate 
that the Ho tension between these experiments cannot result from the systematics 
and hence, points towards a new physics that deviates from the standard ACDM 
model. 

Many models have been proposed and studied to resolve these disagreements in 
literature. One such proposal is to consider a non-zero interaction between dark en- 
ergy and dark matter which could alleviate these disagreements.!* ?! In this work, 
we focus on an interacting dark sector model, which is introduced in.?? In most cases, 
this interaction term is introduced in fluid equations by hand, which might not be 
consistent with the classical field theory action. In the Ref.,?? instead of putting it 
by hand, the authors derive the interaction term, which is consistent with both fluid 
descriptions and classical field theory description. We use this interaction term in 
our work and study whether the interaction model is consistent with low redshift 
observations such as direct measurement of Hubble parameter (Hz),?? 25 measure- 
ments of HII galaxy (HIIG),?% °° baryon acoustic oscillations (BAO),?! °° and type 
Ia supernovae (SN).?* We constrain the model parameters, and after analyzing, find 
that using only the background observations, we cannot distinguish between inter- 


acting and noninteracting scenarios. Two see a clear distinction between the two 
cases; we have to study the evolution of perturbed quantities. 


2. Dark Energy Dark Matter Interaction Model 


The interacting model is described by the action 


s= / d'zy-g (za zR- TA - U($)- eO gt Nux - Jy (x) 
(1) 
where dark energy is denoted by the scalar field ¢, U (¢) is the scalar field potential, 
dark matter is represented by the scalar fieldy, and a(¢) denotes the dark energy 
dark matter interaction (For more details, sec??). 
The Einstein equation in terms of the scalar field (¢) and dark matter fluid, 
specified by four-velocity bun density and pressure, is given by?? 


Gy = 162G VoVo $ — sow? QV. — Juv V(9) + Pm9uv sis (Pm + Pm)upuy , 
(2) 
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and the energy-momentum tensor for the dark matter fluid is given by 
qup = PmIpv + (Pm + Pm) Up Uy . (3) 


The interaction term is described by V ndo = QU? and by demanding that the 
interaction term Q, must have a field theory description, they obtained a unique 
form of interaction term, given by?? 


QP = T™ Valo). (4) 


We study the evolution of cosmological equations in the presence of the interaction 
and obtain constraints on the model parameters by assuming a specific form of scalar 
field potential and the interaction term. In this work, we assume a quintessence 
scalar field described by the inverse power law potential and an interaction term 
that is linear in the field (¢), 


Ulo) ~ — n = 1,2, (5) 
a(d) ~ $, o($) = Có (6) 


where C is the interaction strength. The evolution of the scalar field is described 
by the Klein-Gordon equation given by 


(ó - 3Hó -U,4)ó - Q, 


where Q — QP. The scalar field potential in terms of dimensionless parameter ó is 
0 


U(9) = 5 mié" (7) 


where & is a constant and mp, is the Planck mass. The evolution of non-relativistic 
matter density in the presence of interaction is given by 


bm +3Hpm = —Q. 


For interaction term, Q — —Q.6ÓPm; on solving the above equation we get, pm = 
Pinger (90-8. 

We use these equations to study the universe's evolution in the presence of 
nonzero interaction and establish the consistency of the model with the latest 
low redshift observations. The observations used in the analysis are: a) the di- 
rect measurements of Hubble parameter (Hz) with observations in the redshift 
range of 0.070 < z < 1.965, b) the baryon acoustic oscillations (BAO) data 
(0.106 < z < 2.36), c) High-redshift HII Galaxy measurements (HIIG) which spans 
in a range 0.0088 < z < 2.42935, and d) type Ia Supernovae (SN) observations 
with data points between range 0.05 < z < 1.4. To obtain the constraints on model 
parameters, we use the chi-squared minimization technique, which tells about the 
goodness of the fit by comparing the observed values of an observable with the the- 
oretically expected values for a specific model (dark energy dark matter interaction 
model in our case). 
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1,2,3-0 confidence regions for Hz data (I row), BAO+Hz data (II row), HIIG data (III 


row), SN+Hz data (IV row) and all four data sets (V row). 


Fig. 1. 
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3. Observational Constraints 


In the analysis, the parameter describing the model are: the Hubble parameter at 
present (Ho), nonrelativistic matter density parameter (Nm), dark energy equation 
of state parameter at present (wo), and the interaction strength (C). The priors 
used in the analysis are given in table below. 


Parameter | Lower Limit | Upper Limit 
Ho 60.0 80.0 
Om 0.1 0.6 
wo -1.0 1.0 
C -1.0 1.0 


We perform the chi-squared minimization technique to obtain the 1,2,3 — o 
confidence regions for the four observations we considered in the analysis and pro- 
vide the results in two-dimensional planes in Fig. 1. We assume n = 1 in the 
analysis and have marginalized over the other parameters to obtain the results in 
the two-dimensional plane. The results from Hz observation are shown in the first 
row. The allowed range from Hz data for Qm and Ho parameters are fairly large 
as compared to the allowed uncertainties obtained from BAO measurements (sec- 
ond row) and SN data (fourth row). On the other hand, the interaction strength 
parameter C is not constrained by Hz observations, and the entire range is allowed 
by the observations. BAO+Hz data (second row) provides the tightest constraints 
on the cosmological parameters, and these observations also obtain the upper limit 
on interaction strength. 

Constraints from HIIG data are presented in the third row (where we have 
not included the systematic error in the analysis for HIIG data); the HIIG data 
is unable to constrain the Ho parameter and provides the largest allowed range 
for Qm among the data sets considered in the analysis. In the fourth row, results 
from SN--Hz are presented. SN--Hz data also provides narrow constraints on Ho 
and Qm parameters and gives an upper limit on the interaction strength. Finally, 
the results from combining the data sets (Hz+BAO+HIIG+SN) are given in row 
fifth. We find that by performing combined analysis, we get a very narrow range 
of uncertainties in parameter estimation, and the best fit values of parameters are 
given by Hp = 69.9 km s^! Mpc-!, Qm = 0.29, and C = —0.47. From the 
analysis, we find that all the observations are consistent with negative values of C, 
and the upper on C is given by SN+Hz and BAO+Hz observations which drive the 
combined results. 

We show the results in 2, —wo plane obtained from Hz (first row, left), BAO+Hz 
(first row, right), HIIG (the second row, left), and SN--Hz (second row right) ob- 
servations in Fig. 2. For all the observations, we find that the model is consistent 
with the cosmological constant model, and BAO--Hz data provides the narrowest 
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Fig. 2. 1,2,3-e confidence regions in ‘wo-Nm’ plane. The first row shows constraints from Hz data 
(left) and BAO+Hz observations (right). The second row shows constraints from HIIG measure- 
ments (left) and SN--Hz observations (right). 
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Fig. 3. 1,2,3-0 confidence regions for combined analysis of all four data sets. 
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constraints on Nm and wo parameters followed by Sn+Hz measurements. However, 
Hz data also allows for non-accelerating universe scenarios. 

We have also performed the chi-squared analysis for the n — 2 case. And we 
find that the key conclusions from n — 1 remain the same that all the observations 
constrain Hp to be close to 70 km s^! Mpc™! and the narrowest constraints are 
obtained from BAO--Hz and SN--Hz, followed by Hz and HIIG observation. The 
change in results from individual observations is not significant as we move from 
n = 1 ton = 2 case. The only difference worth mentioning is that as n changes from 
1 to 2, the contours show a slight shift value of C towards -1, and the model seems 
to prefer negative values of interaction strength. This preference is more notable in 
the results from the combined analysis of all the previously mentioned observations. 
In Fig. 3, we show the 1,2,3-o confidence regions for combined analysis from all the 
four data sets considered in the analysis. The effect on Qm and Ho constraints is 
not significant as we go from n = 1 to n = 2 case, and the constraints obtained 
from each dataset are consistent with each other. 

Examining the constraints obtained through the evolution of background cos- 
mological equations and using low redshift observations, it is evident that we can- 
not distinguish between interacting and noninteracting scenarios. Therefore, in the 
next section, we study the evolution of first-order perturbations in the presence of 
a nonzero interacting term. 


4. Evolution of Perturbations 


In this section, we study the evolution of quantities that depends upon the evo- 
lution of first-order cosmological perturbations and are related to the observations 
in current cosmological experiments. The cosmological quantities we discuss are re- 
lated to structure formation, gravitational lensing and integrated Sachs-Wolfe effect, 
denoted by ôm, ® + V, and 9' + V' respectively. 


— k/Ho = 1, Qm; = 0.1 
— k/Ho = 1, Qm, = 0.1, full 
— k/ Ho = 1, Qm; = 0.6 
— k/ Ho = 1, Qm; = 0.6, full 
— k/Ho =1,2%m, = 0.9 
, 2 0.9, full 


Fig. 4. Evolution of q (left panel) and Aó,, (right panel) as a function of N with C — —0.6. 


Structure formation: To study the effect of interaction between dark energy and 
dark matter on structure formation, we study the evolution of matter density per- 
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turbation denoted by ôm, for various length scales. The parameter ôm is defined as 
Om(t, 2, y, 2) = Pee) where Pm(t) is the mean matter density at time t. 
In Fig. 4, the left plot shows the evolution of the scaled interaction term given 


by q = WME, as a function of N for different initial values of matter density 


parameter Qm, where N = In(a) is the number of e-foldings. We see that for a 
larger value of initial matter density, the contribution of the interaction term is 
greater and becomes significant at an earlier time than for smaller initial matter 
density values. The right plot shows the evolution of Adm = ôm; — dm,; aS a 
function of N. The plot shows the difference in the evolution of matter density 
perturbations in the interacting and noninteracting models denoted by parameters 
dm; and ó,,,, respectively. The dotted lines are for the case when the perturbed 
interaction term is neglected, and the solid line is when we consider the perturbed 
interaction term. The different colors correspond to the different initial values of the 
matter density parameter. We see that at around N ~ 2, the curves deviate from 
one another, showing that considering the interaction term changes the evolution 
of matter perturbations, and the maximum change is observed in smaller Qm, case. 
'This demonstrates that its possible to detect the signature of dark energy and dark 


matter interactions in future large scale structure observations.?5 40 


Weak gravitational lensing: The quantity ® + 4 contributes to the weak gravi- 
tational lensing effect that is the result of deviation in photon trajectory because 
of the mass distribution in space. This section discusses the evolution of ® as in 
standard cosmology, ® = WV. The evolution of ® as a function of N is shown in 
Fig. 5. The plot on the left is for dark energy dark matter interaction scenario with 
interaction strength C — —0.6, and the right plot is for noninteracting scenarios. 
'The different curves correspond to different length scales represented by different 
values of k. The curves are obtained by evolving the system of equations with the 
same initial conditions starting at a redshift of z; — 1500. We find that the effect of 
interaction is clear on the smallest scale considered in the analysis, i.e., at k/ Ho = 1. 
Therefore, we can use the evolution of scalar perturbations to distinguish between 
the interacting and noninteracting dark energy dark matter scenarios by the future 
observations of weak gravitational lensing.*! 
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Fig. 5. Evolution of ® as a function of N. Left: C = —0.6, Right: C = 0. 
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Fig. 6. Evolution of ®’ as a function of N. Left: C = —0.6, Right: C = 0. 


Integrated Sachs- Wolfe effect: This effect manifests in cosmic microwave background 
radiation anisotropies because of the change in gravitational potential in the path 
of photons as the photons travel after decoupling from the last scattering surface 
towards the observer. This effect is given by ®’ + Y’, where / denotes the rate 
of change with respect to conformal time. The change in the evolution of 4" as a 
function of N for interacting case with interaction strength C — —0.6 (left plot) and 
noninteracting (right plot) scenarios is given Fig. 6. The different curves correspond 
to different length scales. The change in the evolution of ®’ because of interaction is 
observed at N ~ 3 where the ®’ is suppressed as compared to the noninteracting 
scenario. And the maximum change is observed on the smaller scales, and hence, 
this effect could be observed in the CMB anisotropies. Therefore, using the ISW 
observations, we can distinguish between interacting and noninteracting scenarios. 


5. Conclusion 


In this work, we consider a dark energy dark matter interaction model and check the 
consistency of the model with low redshift observations. In this model, the interac- 
tion term is obtained by assuming a one-to-one mapping between the classical field 
description and the fluid description of the interacting model. We perform the chi- 
squared minimization technique and obtain the constraints on model parameters. 
'The observations we use in the analysis are direct measurements of Hubble param- 
eter (Hz), baryon acoustic oscillation (BAO) data, measurements of HII galaxies 
(HIIG), and type Ia supernovae data (SN). We obtain narrow constraints on Hub- 
ble parameter Ho, non-relativistic matter density parameter Qm, and dark energy 
equation of state parameter at present wo. The BAO+Hz and SN+Hz observations 
provide an upper limit on interaction parameter C. The constraints from these 
observations are consistent with one another, and the best fit value from all the 
observations are close to Hp ~ 70 km s-! Mpc-1. So there is no tension in the 
estimated value of Ho from these observations for the interaction model considered. 
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'The Interaction model is consistent with the abovementioned low redshift observa- 
tions used in the analysis. 

From background analysis, we also observed that it is difficult to distinguish 
between the interacting and noninteracting models, and therefore we must look at 
the evolution of perturbations. Therefore, we studied the evolution of first order 
perturbation quantities such as ôm, 6, and ®’ in the interacting and noninteracting 
case. We find that the evolution of these quantities is modified in the presence of 
dark energy dark matter interaction terms. Therefore, using the observations of 
structure formation, weak gravitational lensing, and integrated Sach-Wolfe effect, 
which depends upon the evolution perturbed quantities mentioned above and carries 
the signature of the interaction, we can distinguish between the interacting and 
noninteracting scenarios. 
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We focus on weak inhomogeneous models of the Universe at low redshifts, described by 
the Lemaitre-Tolman-Bondi (LTB) metric. The principal aim of this work is to com- 
pare the evolution of inhomogeneous perturbations in the ACDM cosmological model 
and f(R) modified gravity theories, considering a flat Friedmann-Lemaitre-Robertson- 
Walker (FLRW) metric for the background. More specifically, we adopt the equivalent 
scalar-tensor formalism in the Jordan frame, in which the extra degree of freedom of 
the f(R) function is converted into a non-minimally coupled scalar field. We investigate 
the evolution of local inhomogeneities in time and space separately, following a linear 
perturbation approach. Then, we obtain spherically symmetric solutions in both cosmo- 
logical models. Our results allow us to distinguish between the presence of a cosmological 
constant and modified gravity scenarios, since a peculiar Yukawa-like solution for radial 
perturbations occurs in the Jordan frame. Furthermore, the radial profile of perturba- 
tions does not depend on a particular choice of the f(R) function, hence our results are 
valid for any f(R) model. 


Keywords: Cosmology, Modified gravity, Inhomogeneous Universe, Late Universe, Large 
Scale Structure 


Introduction 


The well-known ACDM model,^? which includes a cosmological constant A and a 
cold dark matter (CDM) component, is based on General Relativity (GR), and it 
provides a robust and accurate description of our Universe, supported by cosmo- 
logical data. Moreover, the Universe appears homogeneous and isotropic at very 
large scales? (cosmological principle), and this kind of geometry is described by the 
FLRW line element. In this work, based on a paper in preparation, we investigate 
possible deviations from two pillars of the standard ACDM model, focusing on a 
local inhomogeneous description of the Universe and modified gravity models. 
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Here, we adopt the LTB metric,” a spherically symmetric solution of the Einstein 
field equations, to account for local deviations of the Universe from the homogeneity. 
Hence, we regard the weakly inhomogeneous LTB solution as the standard FLRW 
geometry plus small spherically symmetric perturbations. 

Furthermore, in recent years increasing interest raised to provide features able 
to distinguish between GR and modified gravity approaches. Some open problems 
in cosmology, such as the Hubble constant tension,? 6 
The aim of the present work is to compare the evolution of linear inhomogeneous 
perturbations in the ACDM and f (R) modified gravity models.”* More in detail, 
we used the equivalent formalism in the Jordan frame," ? and we adopt the f (R) 
Hu-Sawicki model,!° which is a promising theoretical framework to reproduce the 
cosmic acceleration in the late Universe via the dynamics of a non-minimally coupled 
scalar field without a cosmological constant. 

Then, we investigate the dynamics of inhomogeneous perturbations in the two 
cosmological models abovementioned. Moreover, the separable variables method is 
implemented in the analysis at the first-order of perturbation, and our approach 
is the same used in Ref. 11. We obtain an analytic expression only for the radial 
dependence of the linear perturbations, while their time evolution must be numeri- 


may require new physics. 


cally evaluated. The most relevant issue, emerging from our analysis, is the different 
morphology of the radial dependence of the LTB solution in the ACDM formula- 
tion and Hu-Sawicki dynamics. Indeed, a distinctive Yukawa-like behavior occurs in 
the Jordan frame gravity regardless of the choice of a specific f (R) model. Hence, 
we have found a peculiar feature to distinguish a modified gravity model from a 
cosmological constant scenario. 

This work is organized as follows: in Sec. 1 we introduce the framework of the 
f (R) extended gravity models; in Sec. 2 we adopt the LTB metric; then, in Sec. 3 
we implement a perturbation approach to deal with local inhomogeneities. Finally, 
we summarize our work in Sec. 4. We adopt the metric signature (—, +, +, +), and 
we set c — 1. 


1. f (R) models in the Jordan frame 


A generalization of the Einstein-Hilbert theory is provided by the so-called f (R) 
modified gravity models.^? In this context, the gravitational Lagrangian density 
is expressed as a free function f of the Ricci scalar R, namely an extra degree of 
freedom compared to GR. The extended field equations in f (R) gravity are fourth- 
order partial differential equations in the metric tensor components. In particular, 
if f (R) = R, the gravitational field equations end up in the Einstein equations in 
GR, trivially. 

It is often convenient to reformulate f (R) gravity in the scalar-tensor represen- 
tation in the Jordan frame." ? In doing so, the extra degree of freedom of the f (R) 
function is converted into a non-minimally coupled scalar field. It can be checked 
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that the following action 


pee Í dx /-g [é R — V (9)] + Su (guv ¥) (1) 
2x Jo 


is dynamically equivalent to the action in the f (R) metric formalism, if f” (R) 4 0, 
where we have defined a scalar field ¢ = f’ (R) = df /dR, and a scalar field potential 
V (6) = o R(9) — f (R(9)). In Eq. (1), x = 81 G is the Einstein constant, G is the 
Newton constant, g is the determinant of the metric tensor gav, while Sm is the 
matter action, and w denotes matter fields. The advantage of the Jordan frame is 
that the corresponding field equations? are now second-order differential equations, 
but one has to deal with the non-minimally coupling. 

The increasing attention to these extended gravity models is motivated by the 
consideration that the actual cosmic acceleration of the Universe might be obtained 
by geometry rather than a cosmological constant. A geometrical modification, in- 
deed, could be regarded as an effective matter source. 

Among several suggested f (AR) models,^9?:1?:1? we focus on the Hu-Sawicki 
proposal, which is largely studied in the late Universe. The deviation F (R) = 
f (R) — R with respect to the GR scenario for the Hu-Sawicki (HS) model with 
n = ] assumes the following form 

C1 R/m? 


FD "nom , (2) 


where m? = gees is related to the present matter density pmo, while cı and c2 
are dimensionless parameters. It can be checked!? that an effective cosmological 
constant is obtained for R >> m?. Furthermore, c; and c» can be constrained!? 
specifying Fro = dF / dR (z = 0) at the present cosmic time (redshift z = 0). 

Finally, we write the scalar field potential V (9) in the Jordan frame for the HS 
model with n — 1: 


v) - [a e1-6-2/a da. (3) 


It can be shown!^ that the potential (3) ends in an asymptotically stable de Sitter 
Universe. 


2. Inhomogeneous solutions in GR and in the Jordan frame 


An inhomogeneous Universe can be described by using the LTB line element,? which 
is a spherically symmetric solution of the Einstein equations. The Universe in the 
LTB geometry appears inhomogeneous, but isotropic, from a single preferred point 
located at the center of the spherical symmetry. For instance, a cosmological dust 
or a spherical overdensity mass are well described by such a metric. 

In the synchronous gauge, the LTB line element may be regarded as a general- 
ization of the FLRW one, and it is given by 


ds? = —dt? + “dr? + e”? (d0? + sin? do?) , (4) 
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where r is the radial distance from the preferred point, while a = a(t, r) and 
B — B (t, r) are two metric functions. 

Considering a pressure-less dust (p = 0) and a cosmological constant A in GR, we 
can write the Einstein equations in the LTB metric. For instance, the 01 component 
of field equations is written as 

1 
- —à-4t45-20 (5) 
where Ô and ()’ denote derivatives with respect to time t and radial coordinate r, 
respectively. The other non-zero equations are the 00 and 11 components,* while 
different components vanish due to spherical symmetry. 

It is possible to simplify the LTB metric within the framework of GR, using 
Eq. (5), which allows us to find a relation between the metric functions o and £. 
Following the approach in Ref. 2, the LTB line element (4) becomes 


ds? = —dt^ + JUD a + (ar)? (d0? + sin?0 dg?) (6) 
1-r?K? i 

where a = a (t,r) = e? /r is a generalized scale factor in a inhomogeneous geometry, 
and K = K (r). Note that if a (t,r) and K (r) are independent of r, the metric (6) 
coincides with the FLRW line element, describing an isotropic and homogeneous 
geometry. Moreover, the 00 and 11 components of the Einstein equations in the 
LTB metric provides a generalization of the Friedmann equations in the ACDM 
model. 

Concerning the f (R) modified gravity scenario in the equivalent Jordan frame, 
the 01 component of the gravitational field equations in the LTB metric is written 
as 


a E (dae). (7) 
p' 24 B' 

Furthermore, we can compute* also the 00 and 11 of field equations, as well as 

the scalar field equation in the Jordan frame. Observe that ¢, p, a, and f are all 

functions of t and r in a inhomogeneous scenario. 

Comparing Eq. (7) with the respective equation (5) obtained in GR, an extra 
term occurs in the Jordan frame due to non-minimal coupling between o and the 
metric functions a, f. As a consequence, we can not relate a and 8 to rewrite 
the LTB metric as in the GR scenario. Moreover, the scalar field potential V (¢) 
does not affect Eq. (7), but it is included in the remaining field equations. V (4) 
represents an extra degree of freedom with respect to GR, and the dynamics in the 
Jordan frame deviates from that of the Einstein theory. 


3. Perturbation approach in GR and in the Jordan frame 


In this Section, we investigate the different evolution of local inhomogeneities 
within the framework of GR and modified gravity. Here, we stress one important 
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difference: we can not adopt the LTB metric in the form (6) in the Jordan frame, 
but we have to refer to the line element in Eq. (4), as motivated in Sec. 2. 

Then, we consider the LTB metric to describe local inhomogeneities as small 
linear perturbations with respect to a flat FLRW metric as background. Hence, we 
can write all the physical quantities as a background term, denoted with (), plus 
a linear perturbation, which depends on t and r, and it is denoted with 6. For 
instance, the energy density is written as p(t,r) = p(t) + óp(t,r) . Similarly, we 
rewrite the scale factor a (t,r) in GR, the scalar field à (t,r), the metric functions 
a (t,r), and 8 (t,r) in the Jordan frame. We also assume that perturbation terms 
are small corrections if compared with respective background quantities, i.e. óp «& p. 
Furthermore, we consider K? (r) in the LTB metric (6) as a linear term, since it is 
related to inhomogeneities. It should be noted that, comparing the LTB line element 
(4) and a flat FLRW metric, we have to require two constraints: a (t) = In (a (t)) 
and B (t,r) = In (a (t) r). 

Concerning the scalar-tensor formalism in the Jordan frame, we expand the 
scalar field potential V (à) to the first order in 6¢. It can be easily checked that the 
zeroth order term V (o (t)) depends only on the background scalar field.* 

Once we have split background and linear contributions, we focus on the dynam- 
ics in the ACDM cosmological model and in the Jordan frame gravity. Hence, we 
rewrite the field equations in GR and in the Jordan frame, separating background 
and perturbation terms. 


3.1. Comparing background solutions 


To study the time evolution, we define a dimensionless variable 7 = t/to, where to is 
the actual time in the synchronous gauge. Note that to is approximately to ~ 1/ Ho 
in terms of the Hubble constant. 

In GR, the 00 component of the Einstein equation in the LTB geometry be- 
comes the Friedmann equation in the FLRW metric at background level. We set 
āo = G(r = 1) today, and we neglect relativistic componenents in the late Universe. 
Hence, we obtain an analytical solution:? the evolution of the background scale 
factor in terms 7T is written as 


1/3 2/3 
a(t) = (2) [on E V Oo (7 — 1) + arcsinh | rae | . (8) 


We used the cosmological density parameters Qmo = Pmo/Pco, and Nao = A/ (x Peo) 
for matter and cosmological constant components, respectively, where peo = 3Hà /x 
is the actual critical energy density of the Universe. We recall also that f(r) œ 
à(r) ? for a matter component. 

In Fig. 1 we plot the deceleration parameter q (T) = —à/ (a Ae), fixing Qmo = 
0.3111 and Qjo = 1 — Qmo from Ref. 3. Here, the dot denotes the derivative with 
respect to T. The scale factor a (7) increases for growing values of 7, and note that 
q — —1 in the future. 
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We point out that the solution (8) in the ACDM cosmological model is viable 
only at late times (r >> 10-9) in the Universe, otherwise we have to include rela- 
tivistic components, and solve numerically the Friedmann equation. 
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Fig. 1. Background deceleration parameter g(7) in the FLRW geometry in terms of a dimension- 
less variable 7. The background scenario in the ACDM model are graphically the same comparing 
it with the one in the f(R) Hu-Sawicki model in the Jordan frame. 


Now, we focus on the background field equations in the Jordan frame gravity. 
Starting from the 01, 00, 11 components of the gravitational field equations in the 
LTB metric and the scalar field equation, if we do not include local inhomogeneities, 
we get the respective equation system in the Jordan frame for the background FLRW 
metric (see the field equations in Ref. 8). We use the Hu-Sawicki model in the Jordan 
frame, which is characterized by the scalar field potential in Eq. (3). 

To solve numerically the equation system, we fix Qmo at the same value used in 
the previous study for the ACDM model, and we choose!? |Fgo| = 1077 to obtain 
c4 = 2.0- 10° and co = 1.5- 10°. We set the free parameters in a way that the 
Hu-Sawicki model in the Jordan frame is very close to the ACDM scenario for the 
background level. In Fig. 2 note that the scalar field potential (3) exhibits a slow-roll 
mimicking a cosmological constant. 

Finally, we solve numerically the equation system in the Jordan frame,* imposing 
the conditions at r = 1 : 9(1) = 1 — |Fgo| and dé/dr (1) = 0. The resulting 
plot of the deceleration parameter q (7) are graphically undistinguishable from the 
respective ones in the ACDM model (see Fig. 1). Concerning the evolution of the 
scalar field, we plot in Fig. 2 the deviation |1 -ó (7)| from the GR limit (¢ = 1) 
with a scale 1077. Note that the dynamics of the Jordan frame is very close to the 
one in ACDM model at the background order for any T. Now, we can move on to 
the linearized solutions to highlight the differences between the two cosmological 
models. 


3.2. Comparing linear solutions 


To examine separately the time and radial evolution of local inhomogeneities, we 
use the separable variables method at the first-order perturbation theory. So, we 


1967 


13.286 12 
13.284 910 
aL 13.282 £0.8 
= ec 
pi loe 
S 13.278 S04 
13.276 & 
$ 0.2 
13.274 
0.0 
0.5 0.6 0.7 0.8 0.9 1.0 1 2 3 4 5 
Scalar field $ T 


Fig. 2. Plots referred to the Hu-Sawicki model in the Jordan frame, adopting the FLRW metric 
(background solution). Left panel: scalar field potential of the Hu-Sawicki model in the Jordan 
frame. Right panel: deviation |1 — ¢ (7) | from the GR scenario. 


factorize all the linear perturbations into time and radial functions. More specifi- 
cally, we rewrite the perturbations of the scale factor ĝa (r,r) = ða (r) da(r), the 
metric functions óa(r,r) = A(T) 8A (r) and óB(r,r) = B (T) ôB (r), the en- 
ergy density óp(r,r) = OP (T) ão (r), and the scalar field 6¢ (r, r) = 96 (T) dy (r). 
The factorization is assumed at the linear level to find analytical solutions, but the 
separation of variables is not a general method, if we also include non-linear terms. 

Then, we investigate the effect of inhomogeneities in the dynamics, according 
to the cosmological model considered. We focus on the linearized equations in the 
LTB metric within the framework of the ACDM cosmological model. 

Using the factorization abovementioned, it is easy to show that the 11 component 
of the linearized Einstein equations in the LTB metric can be separated in two 
parts.* The radial behavior is da (r) = K? (r) ,while we have an ordinary differential 
equation in terms of 7 for the time evolution: 


BUA oes dues Es * (2) | - 0. (9 


— 


a(r)  \a(r) 


This equation is solved numerically, once you specify the background solution (8). 
We impose the following conditions at rT = 1 today: da(1) = 10^? and 6a(1) = 
0. In Fig. 3 we plot the numerical solution, after we have defined the ratio 7 (T 

between the perturbed scale factor and the background respective quantity, namely 
n(T) = |óa (T) / a(7)|. Note that the perturbations of the scale factor remain stable, 
since the background scale factor a (T) dominates for any 7 in the late Universe, i.e. 
1) « 1. 

After that, we consider the 00 component of the linearized Einstein equations 
in the LTB metric, and we combine it with the continuity equation. After long but 
straightforward calculations,* we obtain ĝa x 1/r? in GR. According to the cos- 
mological principle, inhomogeneities decay for increasing values of r. Furthermore, 
we also obtain that the perturbation of the energy density for a matter component 
follows the same dependence of the respective background quantity in the FLRW 
metric, namely ôP (7) x 1/a? (T). However, we can provide ôP (7) < p(T) at any 
times, setting the constant of integration. 
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Fig. 3. Left panel: time evolution of the linear perturbation of the scale factor ĝa (T). Right panel: 


the ratio between the linear deviation and background scale factor. 


Now, we repeat the same approach in the modified gravity dynamics in the 
Jordan frame, considering the corresponding linearized field equations in the LTB 
metric. Expanding the scalar field potential and its derivative around the back- 
ground scalar field, as mentioned at the beginning of Sec. 3, it can be proved that 
the potential V (9) is involved only in the time evolution of the linearized field 
equations. As a result, we expect that the radial evolution of local inhomogeneities 
is completely independent of the choice of a particular f (R) model, since V (4) is 
directly related to f (R). 

In what follows, we do not focus on the time evolution of perturbations, but we 
just mention that we find a numerical solution using again the Hu-Sawicki model 
(Sec. 1), and we have checked that inhomogeneous perturbations remain smaller 
than respective background contribution for any time 7. 

To obtain an analytical solution for the radial part with the separable variables 
method, we assume two simplifying conditions: 6A (T) = 6B (7) and 6o (r) x dy (r). 
After long but straightforward calculations, combining the linearized field equa- 
tions, we obtain a Yukawa-like solution for the radial part of the linear perturbation 
of the scalar field 


y(r) = - exp (-z) (10) 


Te 


where C and re are constants. We also have a similar behavior for 6A (r) and 6B (r). 
It should be emphasized that modified gravity introduces a typical spatial scale, re, 
such that for r >> re the inhomogeneities decay faster than ones in GR. We stress 
again that this kind of solutions applies to any f (R) model, and the radial evolution 
is different from the one in GR. 


4. Summary and conclusions 


We have investigated local inhomogeneities in the LTB metric regarded as small 
deviations from a flat FLRW background metric. To date, there are no modified 
gravity models that predict significant deviations from GR, reconciling all possi- 
ble cosmological data. Hence, to try to discriminate between several cosmological 
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models, it is crucial to test gravity in different regimes or by using other techniques. 
Here, we have suggested one possible method, studying the different dynamics of 
inhomogeneous perturbations. Our results have pointed out a distinctive element 
in the evolution of local inhomogeneities of the Universe from a theoretical point 
of view, allowing to distinguish between the ACDM cosmological model and f (R) 
modified gravity theories. We have shown that the radial evolution of inhomoge- 
neous perturbations within the framework of the Jordan frame gravity is indepen- 
dent of the scalar field potential V (¢): the distinctive radial solution is a feature 
of any f(R) model, and the radial behavior is completely different from the one 
in GR. This work may be an interesting arena to account for the effects of local 
inhomogeneities in cosmological observables,!? when forthcoming missions such as 
Euclid Deep Survey,'® will be able to test the large-scale properties of the Universe. 
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We present "soft cosmology", namely we investigate small deviations from the usual 
framework due to the effective appearance of soft-matter properties in the Universe 
sectors. One effect of such a case would be the dark energy to exhibit a different equation- 
of-state parameter at large scales (which determine the universe expansion) and at inter- 
mediate scales (which determine the sub-horizon clustering and the large scale structure 
formation). Concerning soft dark matter, we show that it can effectively arise due to the 
dark-energy clustering, even if dark energy is not soft. We propose a novel parametriza- 
tion introducing the “softness parameters" of the dark sectors. As we see, although the 
background evolution remains unaffected, due to the extreme sensitivity and significant 
effects on the global properties even a slightly non-trivial softness parameter can improve 
the clustering behavior and alleviate e.g. the fog tension. 


Keywords: Dark energy; Dark matter; Cosmological perturbations; Growth rate; og ten- 
sion; MG16 Proceedings. 


1. Introduction 


Standard cosmology has been proven very efficient, qualitatively and quantitatively, 
in describing the Universe evolution and properties at early and late times, as well 
as at large and small scales. Nevertheless, since cosmology has now become an 
accurate science, with the appearance of a huge amount of data of progressively 
increasing precision, slight disagreements, deviations and tensions between theory 
and observations lead to a large variety of extensions and modifications of the 
concordance paradigm (a procedure that might be assisted by purely theoretical 
investigation). 

Although in the usual ways of extensions one may add various novel fields, fluids, 
sectors and their mutual interactions, ^? or alter the underlying gravitational the- 
ory,? ? there is a rather strong assumption that is maintained in all of them, namely 
that the sectors that constitute the Universe are simple, or equivalently that one can 
apply the physics, the hydrodynamics and thermodynamics of usual, “hard” mat- 
ter. Nevertheless, in condensed matter physics it is well known that there is a large 
variety of “soft” matter forms, which are characterized by complexity, simultane- 
ous co-existence of phases, entropy dominance, extreme sensitivity, viscoelasticity, 
etc, properties that arise effectively at intermediate scales due to scale-dependent 
effective interactions that are not present at the fundamental scales.® " 

In this work, based on,? we examine the possibility of “soft cosmology” , namely 
small deviations from the usual framework due to the effective appearance of 


1971 


soft-matter properties in the Universe sectors. We mention that due to the extreme 
sensitivity and significant effects of softness on the global properties, one does not 
need to consider a large deviation from standard considerations, since even a very 
slight departure would be adequate to improve the observed cosmological behavior 
at the required level. Finally, we stress that new fundamental physics is not directly 
needed, since the dark energy dynamical evolution and clustering, which is a widely 
accepted possibility in many scenarios beyond ACDM paradigm, is adequate to 
effectively induce the soft behavior. 


2. Standard Cosmology 


Let us briefly present the basics of cosmology.? The cosmological principle (the 
universe is homogeneous and isotropic at large scales) allows to consider the 
Friedmann-Robertson-Walker (FRW) metric ds? = dt? — a?(t) ó;;da'da?. Concern- 
ing the universe content, one considers the usual baryonic matter and radiation (i.e. 
all Standard Model particles), the dark matter sector, as well as the dark energy 
sector. The microphysics of dark matter is unknown, and its source may be most 
probably some particle(s), however it may arise from black holes, from modified 
gravity, or even from a combination of the above, i.e. a multi-component dark mat- 
ter.!? The microphysics of dark energy is unknown too, and it may arise from new 
fields or matter forms in the framework of general relativity, or it may have an 
effective nature of gravitational origin due to modifications of gravity. 

The next step is to consider that (at least after a particular stage of the universe 
evolution) cosmological scales are suitably large in order to allow one to neglect 
the microphysics of the universe ingredients and describe them effectively through 
fluid dynamics and continuum flow (at earlier stages one should use the Boltzmann 
equation). Hence, one can ignore the microscopic Lagrangian of the various sectors, 
and write their energy momentum tensors as TÉ) = (pi + pi)uyUuy + piguv, with pi 
and p; the energy density and pressure of the fluid corresponding to the i-th sector, 
u, the 4-velocity vector field and g,, the metric. Note that one can extend the 
above expression by including viscosity or/and heat flux. 

Under the above considerations, any cosmological scenario will be determined 
by the two Friedmann equations 
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KR 
H? = g (Po + Pr + Pam + pde), (1) 
2H + 3H? = —K? (py + pr + Dam + Pae), (2) 


with K? = 81G, and where H = à/a is the Hubble parameter. We mention that the 
above equations are of general validity, holding for every model of dark matter and 
dark energy. Additionally, the conservation equation VETE” = V" [5 Ti | =0 
in the case of FRW geometry and for non-interacting fluids gives rise to the sepa- 
rate conservation equations p; +3H(p; + pi) = 0, while the extension to interacting 
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cosmology can be realized through phenomenological descriptors Q; of the interac- 
tion with *^; Q: = 0 and with p; + 3H (pi + pi) = Qi. 

In order for the equations to close we need to impose the equation of state 
for each sector. The usual consideration is to assume barotropic fluids, in which 
the pressure is a function of the energy density only, with the simplest case being 
pi = wip; with w; the equation-of-state parameter. Lastly, note that the above 
framework provides ACDM cosmology for pae = —pae = A/k?, with A the cosmo- 
logical constant. 

The above formulation of cosmological evolution allows one to proceed to a more 
subtle investigation, and study small perturbations around the FRW background. 
Focusing without loss of generality to the linear theory of scalar isentropic perturba- 
tions in the Newtonian gauge, imposing ds? = —(1+2W)dt?+a?(t)(1-2)y;;dx'dz!, 
then in a general non-interacting scenario which includes the aforementioned sectors 
the scalar perturbations are determined by the equations!) 12 


bd cras) & - sù) + 3H [k — wi]é; =0, 9) 


i; Rg, kao a ? 
—— i Fwa a ^ (4) 
assuming zero anisotropic stress and with k the wavenumber of Fourier modes (in 
the case of ACDM paradigm the corresponding dark-energy perturbation equations 
are not considered). In the above equations 6; = 6p;/p; are the density perturba- 
tions and 6; is the divergence of the fluid velocity. Furthermore, c? = Ópi/Ópi is 
the effective sound speed square of the i-th sector (it determines the amount of clus- 
tering). Note that the above equations can be simplified through the consideration 


6; + nfi-3wi+ 


of the Poisson equation, which at sub-horizon scales can be written as:! 12 
us 3g? y 14 3c) 0:6; 5 
Ki gh Dalam © 


Finally, we note here that in general the above formulation can be applied also in 
the cases where the dark energy sector is an effective one arising from gravitational 
modifications. 

We close this section by mentioning that one can find a big variety and many 
versions of the above formalism. However, there is a rather strong assumption that 
is maintained in all of them, namely that the sectors that constitute the Universe 
are simple, or equivalently that one can apply the physics of usual matter. In par- 
ticular, the underlying assumption is that the laws that determine the Universe 
behavior at large scales can be induced by the laws that determine the interactions 
between its individual constituents. Focusing on the hydrodynamic description, the 
use of fluid energy densities and pressures arises from the assumption that we can 
define fundamental “particles” of the corresponding sector, the collective flow of 
which gives rise to p; and p;, while all physics below the particle scale has been 
integrated out. 
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3. Soft Cosmology 


The above formulation of standard cosmology is definitely correct and can provide 
a quite successful quantitative description of the Universe evolution. However, the 
question is: could it miss something on the details? 

One source of possible information loss is the assumption that the Universe 
sectors and interactions are simple and more or less scale-independent. For in- 
stance, two regions of the dark-matter fluid will mutual interact in the same way 
in the intermediate- and late-time universe, or the interaction of two big clus- 
ters of dark matter can arise by the superposition of all individual interactions of 
their sub-clusters, etc. In other words, in the concordance cosmological formulation 
one assumes that the sectors that constitute the Universe behave as usual, ^hard" 
matter. 

"Soft" matter is a research field that has attracted a large amount of interest 
of the condensed matter community?" since it has very interesting and peculiar 
properties far different than those of hard matter. The problem is that there is 
not a definition of what is soft matter. In particular, the best definition we have 
is that soft matter is the one that has the properties of soft materials. Examples 
of soft materials are the polymers (plastic, rubber, polystyrene, lubricants etc), 
the colloids (paints, milk, ice-cream etc), the surfactants, granular materials, liquid 
crystals, gels, biological matter (proteins, RNA, DNA, viruses, etc), etc. Although 
these examples of soft matter are very different from each other, they have some 
common properties and features that distinguish them from usual, hard, matter. 
Amongst others these include complexity (new qualitative properties arise at inter- 
mediate scales due to interactions that are not present at the fundamental scales), 
co-existence of phases (they have different phase properties depending on the scale 
at one examines them, e.g at the same time they can be fluid at small scales and 
solid at large scales), entropy dominance instead of energy dominance, flexibility, 
extreme sensitivity to reactions, viscoelasticity (they exhibit viscous and elastic 
properties simultaneously) etc. 

In the following we examine the possibility that the dark sectors of the universe 
may exhibit (intrinsically or effectively) slight soft properties, which could then lead 
to small corrections to the corcodance model. We mention here that the discussion 
below holds independently of the underlying gravitational theory, i.e it is valid both 
in the framework of general relativity as well as in modified gravity, nevertheless in 
the latter case we have richer possibilities to obtain scale-dependent interactions. 


3.1. A. Soft Dark Energy 


The nature and underlying physics of dark energy is unknown. The basic framework 
that has been studied in extensive detail is that the dark energy fluid has the same 
fluid properties at all scales at a given moment/redshift. However, as we saw, in 
soft matter the complexity that arises at intermediate scales may lead the material 
to have a different equation of state (EoS) at different scales simultaneously. 
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As a simple phenomenological model of soft dark energy we may consider the 
case where dark energy has the usual EoS at large scales, namely at scales entering 
the Friedmann equations, but having a different value at intermediate scales, namely 
at scales entering the perturbation equations. In this case the Universe's expansion 
history will remain identical to standard cosmology, nevertheless the large-scale 
structure evolution can deviate from the standard one and can be brought closer to 
observations. In summary one can obtain richer behavior. We mention that in the 
following we focus on sub-horizon scales k >> aH and thus to perturbation modes 
affected only by the intermediate-scale dark-energy EoS. The full analysis, in which 
different perturbation modes are affected by different EoS according to their scale, 
will be presented elsewhere. 

A first approach on the subject would be to introduce the effective “softness 
parameter" Sqe of the dark energy sector. This implies that while at cosmological, 
large scales (ls) dark energy has the usual EoS, namely Wae—1s, at intermediate 
scales (is) we have? 


Wde—is = Sde * Ude-—ls; (6) 


and standard cosmology is recovered for sae = 1. 

For instance let us assume that the large-scale dark energy EoS wae_js is a con- 
stant one Wde—is = Wo or e.g. the CPL one Wde—is = Wo + wa(1-— a). According to 
(6) at intermediate scales the dark energy EoS wae_is is different, either constant 
Wde—is = W2 or time-varying. Hence, the background Universe evolution will remain 
the same, however since at) will change, through the Poisson equation and (3),(4) 
we will acquire a different evolution for the matter overdensity ôm. Hence, the result- 
ing fog = f(a)o(a) value, with f(a) = dln ôm(a)/dlna and o(a) = os, (a)/ó,, (1), 
will be different than the corresponding one of standard cosmology with the above 
dark energy EoS (note that since the background behavior remains unaffected we 
do not need to worry about incorporating fiducial cosmology.'? As we observe, we 
have a straightforward way to alleviate the og tension since we can suitably adjust 
Wde—is in order to obtain slightly lower fog. As a specific example in Fig. 1 we 
depict the fog as a function of z. The dashed curve is for ACDM. The solid curve is 
for soft dark energy with sqm = 1.1, i.e. with Wde—is = —1.1, and cao — 0.1, while 
dark matter is the standard one (i.e. not soft) with Wam = 0. Note that in principle 
Sde can be varying too and one could introduce its parametrization, or one could 
additionally have more complicated situations in which wge_is and wae_is have dif- 
ferent parametrizations. In this first approach on soft dark energy we consider the 
simplest case of (6). 

Finally, note that soft materials may exhibit different EoS properties not only at 
different scales, but at different directions too. In this case, one may think of a dark 
energy sector that has a different EoS at different directions, namely an anisotropic 
dark energy. However, such an analysis would require to deviate from FRW and 
consider explicitly anisotropic geometries such as the Bianchi ones. We will study 
this possibility in a separate work. 
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Fig. 1. The fos as a function of z. The dashed curve is for ACDM. The solid curve is for soft 


dark energy with sg, = 1.1, i.e. with wge..;4, = —1 and Wqde—is = —1.1, and co — 0.1, while dark 


matter is standard (i.e. not soft) with wam = 0. 


3.2. B. Soft Dark Matter 


In this subsection we examine the possibility that the dark matter sector exhibits 
soft properties. In the framework of general relativity the gravitational interaction 
of dark matter with itself or with baryonic matter cannot produce internal com- 
plexity (unless the unknown microphysics of dark matter does impose an intrinsic 
soft structure). However, even if it is not intrinsic, soft behavior in the dark mat- 
ter sector can still arise in an effective way due to the presence of non-trivial dark 
energy. Specifically, if the dark energy is clustering then, even if dark energy is not 
intrinsically soft, it will induce scale-dependent, qualitatively different intermedi- 
ate structures in the dark matter clustering, at scales similar to the dark energy 
clusters. In particular, the interaction between two dark-matter clusters below the 
dark-energy clustering scale (i.e. two dark-matter clusters with sparse dark energy 
between them) will be different from the interaction between two dark-matter clus- 
ters with a dark-energy cluster between them. Hence, one will have the effective 
appearance of screening effects at intermediate scales, and thus of complexity (this 
is the standard way that complexity appears in the colloids, namely due to the 
non-trivial, scale-dependent structure of the bulk between them). In summary, one 
could have a dark matter sector which at large scales, namely at scales entering 
the Friedmann equations, behaves in the usual dust way, but which at intermediate 
scales, namely at scales entering the (sub-horizon) perturbation equations, it could 
slightly deviate from that. 

We can introduce the dark matter softness parameter Sqm (standard cosmology 
is recovered for Sam = 1) as: 


Wdm—is + 1- Sdm * (Uam —1s F 1); (7) 
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(mind the difference in the parametrization comparing to soft dark energy, in order 
to handle the fact that the dark matter EoS at large scales Wam_—is is 0). Similarly 
to the example of the previous subsection, the background evolution will remain 
identical with that of standard cosmology, but the perturbation behavior (at sub- 
horizon scales) and the large-scale structure can be improved. In order to provide 
a specific example, in Fig. 2 we depict the fog as a function of z, in the case of 
soft dark matter with wam—is = 0.05, i.e for dark matter with softness parameter 
Sam = 1:05: 
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Fig. 2. The fog as a function of z. The dashed curve is for ACDM. The solid curve is for soft 
dark matter with softness parameter Sqm = 1.05, ie. for dark matter with wg4, ;, = 0 and 
Wdm-—is = 0.05 (note that dark energy is not soft). 


In the above analysis we did not consider the dark energy sector to be soft. 
Definitely, proceeding to such a possibility would make the induced soft bahavior 
for dark matter easier. Moreover, this would be the case if one considers a mutual 
interaction between dark matter and dark energy too, since a different than usual 
dark-energy clustering behavior would be transferred to a different than usual dark- 
matter clustering behavior, due to the interaction. Finally, deviating from general 
relativity would provide additional possibilities to induce effective soft properties 
to the dark matter sector, since dark matter will implicitly interact in a scale- 
dependent way (one would have the additional screening behavior due to the extra 
(scalar) graviton degrees of freedom that dress the dark matter in a scale-dependent 
way, altering its self-interaction!9). 

Let us make a comment here on the clustering features. The clustering behav- 
ior of soft matter has been extensively studied, and indeed it has been shown that 
the resulting spectrum, factorial moments, fractal dimension, etc, depend on the 
specific intermediate-scale features. For instance the fractal dimension has been 
experimentally found to cover all the range from 1 to 3 according to different ma- 
terials (e.g. colloids of gold nanoparticle in aqueous media give d; = 1.75 + 0.05 for 
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diffusion-limited kinetics and dy = 2.01 + 0.10 for reaction-limited kinetics)” 1%). 
On the other hand, the large scale structure and the galaxy distribution in the 
Universe has a fractal dimension dy = 1.63 + 0.20.1?:?? The fact that soft mat- 
ter clustering exhibits naturally non-trivial dynamics due to its intermediate-scale 
complexity, could be useful in describing the details of the observed large-scale 
structure. We mention here that the non-trivial clustering of soft matter changes 


at scales below the intermediate ones, and hence soft dark matter could alleviate 
the cuspy halo problem,?! the dwarf galaxy problem,?? and other clustering-related 
problems that seem to puzzle the standard collisionless dark matter. 


4. Conclusions 


We examined the possibility of “soft cosmology”, namely small deviations from 
the usual framework due to the effective appearance of soft properties in the Uni- 
verse sectors. We started by considering the possibility of soft dark energy due to 
intermediate-scale features that could arise from its unknown microphysics. One 
effect of such a case would be the dark energy to exhibit a different EoS at large 
and intermediate scales. As we saw, although the background evolution remains 
unaffected, even a slight softness at intermediate scales can improve the clustering 
behavior and alleviate e.g. the fog tension. 

We proceeded to the examination of soft dark matter, which can effectively arise 
just due to the dark-energy clustering even if dark energy is not soft. By considering 
a slightly different equation of state at large and intermediate scales we were able 
to improve the clustering behavior. Furthermore, in the additional incorporation 
of soft dark energy, and/or modified gravity, the effective soft properties of dark 
matter could be richer, due to the extra screening mechanisms. 

We mention that in this work we incorporated softness by phenomenologically 
introducing a slightly different EoS at different scales. Clearly, in order to incorpo- 
rate complexity and estimate the scale-dependent behavior of the equation of states 
from first principles one should revise and extend the cosmological perturbation 
theory and perform a detailed mesoscopic statistical mechanical analysis. Such a 
full investigation is necessary and would provide a robust argumentation in favour 
of soft cosmology. 


References 


1. E. J. Copeland, M. Sami and S. Tsujikawa, Dynamics of dark energy, Int. J. Mod. 
Phys. D 15, 1753-1936 (2006). 

2. Y.F. Cai, E. N. Saridakis, M. R. Setare and J. Q. Xia, Quintom Cosmology: Theoretical 
implications and observations, Phys. Rept. 493, 1-60 (2010) 

3. E. N. Saridakis et al. [CANTATA], Modified Gravity and Cosmology: An Update by 
the CANTATA Network, [arXiv:2105.12582 [gr-qc]]. 

4. S. Capozziello and M. De Laurentis, Extended Theories of Gravity, Phys. Rept. 509, 
167-321 (2011). 


1978 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Y. F. Cai, S. Capozziello, M. De Laurentis and E. N. Saridakis, f(T) teleparallel gravity 
and cosmology, Rept. Prog. Phys. 79, no.10, 106901 (2016). 

R. A. L. Jones, Soft Condensed Matter, Oxford University Press, Oxford (2002). 

L. M. C. Sagis, Dynamic properties of interfaces in soft matter: Experiments and 
theory, Rev. Mod. Phys. 83, 1367-1403 (2011). 

E. N. Saridakis, Do we need soft cosmology?, Phys. Lett. B 822, 136649 (2021). 

P. J. E. Peebles, Principles of physical cosmology, Princeton University Press, Prince- 
ton (1993). 


. G. Bertone, D. Hooper and J. Silk, Particle dark matter: Evidence, candidates and 


constraints, Phys. Rept. 405, 279-390 (2005). 


. V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Theory of cosmological per- 


turbations. Part 1. Classical perturbations. Part 2. Quantum theory of perturbations. 
Part 3. Extensions, Phys. Rept. 215, 203-333 (1992). 


. C. P. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous 


and conformal Newtonian gauges, Astrophys. J. 455, 7-25 (1995). 


. N. Aghanim et al. [Planck], Planck 2018 results. VI. Cosmological parameters, Astron. 


Astrophys. 641, A6 (2020). 


. W. J. Percival and M. White, Testing cosmological structure formation using redshift- 


space distortions, Mon. Not. Roy. Astron. Soc. 393, 297 (2009). 


. A. P. Deshpande, J. M. Krishnan, S. Kumar, Rheology of Complex Fluids, Springer, 


Heidelberg (2010). 


. A. Joyce, B. Jain, J. Khoury and M. Trodden, Beyond the Cosmological Standard 


Model, Phys. Rept. 568, 1-98 (2015). 

D. A. Weitz, J. S. Huang, M. Y. Lin, and J. Sung, Limits of the Fractal Dimension 
for Irreversible Kinetic Aggregation of Gold Colloids, Phys. Rev. Lett. 54 (1985) 1416- 
1419. 

S. Lazzari, L. Nicoud, B. Jaquet, M. Lattuada, M. Morbidelli, Fractal-like structures 
in colloid science, Advances in colloid and interface science 235, 1. 

P. H. Coleman and L. Pietronero, The fractal structure of the universe, Phys. Rept. 
213, 311-389 (1992). 

S. Teles, A. R. Lopes and M. B. Ribeiro, Fractal Analysis of the UltraVISTA Galaxy 
Survey, Phys. Lett. B 813, 136034 (2021). 

R. Teyssier, A. Pontzen, Y. Dubois and J. Read, Cusp-core transformations in dwarf 
galaxies: observational predictions, Mon. Not. Roy. Astron. Soc. 429, 3068 (2013). 

J. S. Bullock and M. Boylan-Kolchin, Small-Scale Challenges to the XCDM Paradigm, 
Ann. Rev. Astron. Astrophys. 55, 343-387 (2017). 

M.-a. Watanabe, S. Kanno and J. Soda, The Nature of Primordial Fluctuations from 
Anisotropic Inflation, Prog. Theor. Phys. 123, 1041-1068 (2010). 

M. C. Marchetti, J. F. Joanny, S. Ramaswamy, T. B. Liverpool, J. Prost, Madan Rao, 
and R. Aditi Simha, Hydrodynamics of soft active matter, Rev. Mod. Phys. 82 (2013) 
1143-1189. 


1979 


A simple parametrisation for coupled dark energy 


Vitor da Fonseca* and Nelson J. Nunes 


Instituto de Astrofísica e Ciências do Espaço, 
Faculdade de Ciéncias da Universidade de Lisboa, 
Campo Grande, PT1749-016 Lisboa, Portugal 
* E-mail: fc52156@alunos.fe.ul.pt 


Tiago Barreiro 


Instituto de Astrofísica e Ciências do Espaço, 
ECEO, Universidade Lusófona de Humanidades e Tecnologias, 
Campo Grande, 3'76, 1749-024 Lisboa, Portugal 


We proposes a phenomenological generalisation of the standard model with only one 
extra degree of freedom that parametrises the evolution of a scalar field responsible for 
the cosmic acceleration. The model also foresees an additional parameter in the form of 
a coupling between dark energy and dark matter. This model captures a large diversity 
of dark energy evolutions at low redshift and could usefully complement common CPL 
parametrisations widely used. In this context, we have been constraining the parametri- 
sation with data from Planck and KiDS, bringing different results between the early and 
late universe observations. 


Keywords: Quintessence, dark matter, observational cosmology. 


1. Introduction 


The discovery in 1998 that the Universe is accelerating? was really stunning at 
the time. While the source of the cosmic acceleration is yet to be unveiled, the 
existence of a dark energy component has been postulated to explain it.^^ In the 
standard model, dark energy takes the form of a cosmological constant A which 
by definition possesses a constant energy density and negative pressure that fights 
the attractive pull of matter.” That model is, at the moment, compatible with 
all observations and it is the simplest one,? at least from a parametrisation point 
of view. One of the outstanding issue in the concordance model is the so-called 
coincidence problem." Given how the energy densities dilute with the expansion, 
the fact that the cosmological constant is catching up with matter at the present 
time necessitates initial conditions at the origin that are dramatically precise. T'his 
issue has been paving the way to study varying dark energy? in order to reproduce 
more dynamically the current abundances. 

The simplest and model independent approach is phenomenological. It consists 
in parametrising the dark energy equation of state, being the pressure over the 
energy density that equals —1 for a cosmological constant. The detection of a 
time dependence would exclude a cosmological constant. Introducing the fewest 
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possible parameters is ideal to limit degeneracies between them. A simple and pop- 
ular parametrisation? is a Taylor expansion at first order which has a very limited 
domain of validity. Various improvements have been introduced, like the Chevallier- 
Polarski-Linder (CPL) parametrisation.!?:! Also, to account for the possibility of 
early dark energy, a parametrisation stepwise in redshift!? has been proposed with 
a larger number of additional parameters. 

Here, we explore an alternative way to parametrise dark energy by proposing 
to parametrise a scalar field @ called quintessence that would be responsible for 
dark energy both in the early and late Universe.!? Instead of setting an equation 
of state parameter evolution, or a scalar potential, this method parametrises the 
dark energy scalar field itself. We argue that with a single parameter we recover the 
generic behaviour of the previous parametrisations. We test this approach with data 
from Planck and KiDS to constrain its specific parameters, identifying contrasting 
results between the early and late universe observations. This is a comprehensive 
work going from the analytical solutions to parameter constraints. 


2. Scalar field parametrisation 


We consider that the cosmological fluid is composed of matter (m), i.e. baryons 
(b) and cold dark matter (c), as well as the scalar field itself in a flat Friedmann- 
Lemaitre-Robertson- Walker background. The scalar field is supposed to be canoni- 
cal and homogeneous at large scale,!^!? approximated by a perfect fluid. We choose 
to work with the number of e-folds, N = Ina, as the time variable. In the following, 
the prime stands for the derivative with respect to the number of e-foldings, and 
the dot the derivative with respect to cosmic time. 
By combining the Friedmann equation, 


K2 


HS 


Po + pe + po), (1) 
with the continuity equation of the scalar field, 

py + 3H?9? =0, (2) 
and the continuity equation of matter, 


po + 3pc = 0, (3) 


one obtains!Ó a differential equation for the dark energy density (where we conven- 
tionnally set & = 1), 


P ?[,-a, Pé 
CE (4) 
Pmo 
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whose general solution is our starting point, 


N 
Pe e- SN ang” X le -f aNg” e 3NHV* dno” |. (5) 


Pmo mo 0 


Among possible parametrisations enabling us to solve the former equation analyti- 
cally, 


$' —eó, (6) 
g =o", (7) 
p =A, (8) 


where e, c and A are given constants, we explore the simplest one in Eq. (8).19 

The advantage of this parametrisation is three folds. Firstly, it is very simple, 
as we only add one single parameter to extend the standard model. It allows to 
reconstruct analytically the form of the potential,!® 


V(9) = Ae >? + Be^M, (9) 
with the following mass scales, 
3 2? 
E mv Hà Om, e°”, (10) 
37-6 A? 
B=53- xz Ho ( s 2 e^o, (11) 


where Ho is today's Hubble expansion rate and Q;, = p;,/3Hgà today's abundance 
parameter of species i. Having a simple form of the potential allows a straightfor- 
ward implementation of the model within the existing Boltzmann code CLASS!” 18 
that can be validated by comparing the numerical results with the expected asymp- 
totic behaviour of the analytic expressions. Given the small number of parameters 
involved and thanks to its simplicity, our analysis permits to effectively constrain 
the model parameters with current data as in the next section. 

Secondly, this scalar potential, being the sum of two exponential terms, does 
alleviate the severe fine-tuning of the initial conditions as illustrated in Fig. 1. For 
small values of the parameter A, when the first exponential term in the potential 
is steep enough, the scalar field energy density is attracted and temporarily scales 
with the background as the universe expands, be it dominated by radiation and 
then matter. Later, thanks to the second shallow exponential, whose slope is the 
inverse of the first one, the scalar field energy density eventually freezes, mimicking 
a cosmological constant. By freezing, dark energy overcomes matter at late time, 
enabling the acceleration of the universe that we are currently experiencing. This 
1? ensures that one can start from a large domain 
of initial conditions for the scalar field, to reach unavoidably the tracking solution 


well-known attractor mechanism 


and end up with the correct order of magnitude both during matter and dark energy 
domination. 
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Fig. 1. Energy density dilution of a cosmological constant, as well as quintessence, matter and 
radiation for the scalar field parametrisation (A = 0.01). 
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Fig. 2. Dynamics of the dark energy equation of state for given values of the parameter A. 


Last but not least, despite just one extra parameter, the model covers a wide 
range of possible dark energy evolution at low redshift as displayed in Fig 2. The 
parametrisation is thus able to capture a large variety of possible dynamics for dark 
energy. The observational data might even become precise enough in the future for 
discriminating between these different evolutions. 

As a step further, we decide to complement our parametrisation by assum- 
ing a non-minimally coupling between dark energy and cold dark matter.?? Again 
for the sake of simplicity, we consider a conformal and constant coupling 8 that 
parametrises the interaction between dark matter and the scalar field. The stress- 
energy tensor is jointly conserved within the dark sector in order to ensure the 
covariance of the theory, 


v. (7 wy TO 2 =0, (12) 
Vit # = Bp, VO, (13) 
V,TÓ # = - Bg, V, Ó. (14) 
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Assuming that dark energy does not interact with baryons, the latter are separately 
conserved contrary to dark matter and quintessence, 


Po = Pos e°”, (15) 
ps = pa, e PENEUS, (16 
p, + 3H?97 = — d! pe. (17) 


The sign of the product $¢’, i.e. GA in our parametrisation, determines whether 
energy is being pumped from the scalar field or from dark matter. Similarly to 
Ref. 16, we use the Friedmann equation (1) with the solution we find for the scalar 
field energy density, 


= aan Br À X -X° N 
po E Peo A2 + BA 3 co T M = 3 pho |] € 
A? + BA = A? m 
ht A2 + BA-3 Pco e(0^ 3N — A2—3 Pbo € mE (18) 


to reconstruct, for the first time, the corresponding potential with similar properties 
of the dynamical system as in the minimally coupled case, 


V(¢) = Ae $4805 + Be Log à : (19) 

where the mass scales are now the following, 
p=5-* He (: | grade) gs (21) 
=? d H2 Qy, e$, (22) 


We modify the CLASS code to accommodate that potential as well as the cou- 
pled equations (16) and (17) to simulate the model with the two additional parame- 
ters à and 8. The numerical results plotted in Fig. 3 are in line with the asymptotic 
solution for the dark energy equation of state during matter domination when bary- 
onic matter is neglected, 


w eap. 
$ Ee 


One can note that today’s equation of state, wo, does not depend on the coupling, 


(23) 


and drops close to —1 during the scalar field dominated epoch for small values of A, 
» 


mp. — 
B 305, 


Wo (24) 
Furthermore, in order to numerically predict observables that we use to constrain 
the parameters with observational datasets at the perturbative level, we again mod- 


ify CLASS to implement the coupled evolution of the scalar fluctuations at linear 


1984 


1.00 


0.75 | 
0.50 | 
0.25 | 
$ 0.00 
—0.25 
—0.50 


-0.75 


—-1.00 


141312111098 76543210 
log(1 + z) 


Fig. 3. Dark energy evolution in the coupled parametrisation. Beta negative corresponds to the 
transfer of energy from the dark matter component to the scalar field. 


level in the synchronous gauge adopting usual conventions.?! We modify the ex- 
isting perturbed Klein-Gordon equation, as well as the equation of motion for the 
dark matter density contrast ĝe and velocity perturbations ĝe to account for the 
coupling, by adding the relevant sources term in the right-hand side, 


2 

P+ 2HE + (K? + aV go) p+ E = — Bap (25) 
: h 

Åe + 40, = B (ro 2 0.) (27) 


where the overbar denotes the background quantities. Additionally, we adapt the 
transformation from the synchronous gauge into the comoving gauge to maintain 
the matter density source function ôm gauge-invariant, 


Ópy, Bo Pe H 
üt = + (s Om: 28 
Pm Dc + Pb k? ( ) 


In parallel, to provide for the code validation, we derive the analytic equation of 
motion of the dark matter fluctuations in the Newtonian limit during the domination 
of matter, precisely when the coupling makes a difference, 


at A AB 


ES : (1 + 3A8) of 


2 


Te ) (14-28?) à, — 0. (29) 


In the left panel of Fig 4, we note that the scalar field slows the growth of per- 
turbations against the standard model, by decreasing the dynamical term in the 
equation of motion. On the other hand, the existence of the coupling brings com- 
petitive effects that further slow the fluctuation or, on the contrary, accelerate them, 
depending on whether energy is being transferred from the scalar field or into it. 
We are also able to get an analytic expression of the growth rate m4- under the 
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Newtonian approximation, 


m=i i-e fn (-2-3) (1+ 26?) + (1+3A8)? |. — (30) 


One can see in the right panel of Fig. 4 that the numerical results in the matter era 


on a small scale are very much in line with it. The standard growth, which equals 1, 
is obviously recovered for vanishing values of the parameters A and f. 


2.0 


log(1 + 2) log(1 + z) 
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Fig. 4. A =0.3 on scale k = 0.1 h/Mpc. (a) Dark matter fluctuations. (b) Growth rate function. 


3. Observational constraints 


We turn now our attention to the observations in order to constrain the value of 
the posteriors \ and 6 through Bayesian inference with MontePython???" and Get- 
Dist.?5 Given that it affects the growth of dark matter perturbations, our parametri- 
sation leaves observational signatures, both on the CMB anisotropies and matter 
power spectrum that we can numerically predict with our adapted version of CLASS 
and compare with observations. 

As for the CMB anisotropies, early dark energy as well as the coupling affect 
the amplitude and position of the acoustic peaks as illustrated on the left panel of 
Fig. 5. We use the data from the Planck 2018 likelihood?? on the temperature and 
polarisation of the CMB in the MCMC analysis. As regards today's linear matter 
power spectrum, the delay or the acceleration in the growth of dark matter pertur- 
bations has consequences too (right panel of Fig. 5). We use the gravitational weak 
lensing measurements, cosmic shear, from the KiDS-450 survey?? in the Bayesian 
fitting. 

The probability contours and posterior distribution we obtain in the parameter 
space are displayed on Fig. 6 for the two specific degrees of freedom of the model. 
On the one hand, the parameter estimation done with Planck provides an upper 
bound for the posterior A which is compatible with a cosmological constant, that 
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Fig. 5. Observables predictions for A = 0.3 (a) CMB dimensionless angular power spectrum. (b) 
Linear matter power spectrum at redshift z — 0. 
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Fig. 6. Constraints on the (4,8) posterior plane. Contours with 68% and 95% probability. 


cannot be discarded. The coupling posterior corresponds to the energy injection 
from dark energy to dark matter. However, on the other hand, weak lensing data 
brings a different constraint on the posterior A, not favouring a vanishing value. It 
also slightly detects energy transfer from dark matter to dark energy. 

We also undertake the same likelihood analysis with the standard model as a 
benchmark to compare the goodness-of-fit of the parametrisation (Table 1). In light 
of the reduced chi-square, the two models look more or less equivalent. Nonetheless, 
according to the Akaike Information Criterion (AIC),?! 
model complexity, the favourite cosmology for both probes is ACDM, this is par- 
ticularly true for KiDS. 


since it further penalises 
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Table 1. Standard ACDM model vs scalar field 


parametrisation 
Planck KiDS 
ACDM  $ param. ACDM 4$ param. 
x? 602.6 599.7 321.5 321.7 
xàa 1.0 1.0 2.6 2.7 
AIC 616.6 617.7 335.5 339.7 
AAIC 0 1.1 0 4.2 


4. Concluding remarks 


Despite its simplicity, the parametrisation we propose is able to cover a large span 
of dark energy evolution with a limited number of parameters. Constraints on more 
complex parametrisations are usually limited by the degeneracies between the var- 
ious degrees of freedom. T'he model preserves the fact that dark matter and dark 
energy are in comparable ratios today, while relaxing the initial conditions thanks 
to the existence of tracking solutions. It is thus capable of reproducing the evolu- 
tion of the background, as well as the CMB anisotropies and the formation of Large 
Scale Structures. Since the parametrisation has a ACDM limit for small A and van- 
ishing coupling f, it allows a direct test of departures from the standard model. 
We therefore argue that the parametrisation does help constrain the evolution of 
the equation of state and the departure from ACDM, even though the approach 
is purely phenomenological. Finally, the MCMC analysis carried out at perturba- 
tion level identifies tensions on the posteriors between early and late time probes. 
Background data is not expected to provide stronger constraints but the upcoming 
Euclid data will certainly improve the situation. 
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For a flat ACDM (standard) cosmology, a small sample of gravitationally lensed quasars 
with measured time delays has recently provided a value of the Hubble constant Ho in 
tension with the Planck flat ACDM result. Trying to check if this tension is real or not, we 
used basic observational constraints for two double quasars of the GLENDAMA sample 
(SBS 0909+532 and SDSS J1339--1310) to discuss the underlying value of Ho in a stan- 
dard cosmology. For SBS 0909+532, we were not able to obtain a reliable measurement 
of Ho. However, the current data of SDSS J1339--1310 are consistent with Ho around 
67.8 km s~! Mpc-! and e(Ho)/ Ho ~ 1096. Although the formal uncertainty is still large 
and mainly due to the lack of details on the mass density profile of the main lens galaxy, 
the central value of Ho coincides with that of the TDCOSMO+SLACS collaboration 
(using gravitational lens systems) and is within the 1c interval from Planck cosmic mi- 
crowave background data. After getting these preliminary encouraging results through 
only one double quasar, we are currently planning to use several GLENDAMA systems 
to accurately measure the Hubble constant and put constraints on other cosmological 
parameters. 


Keywords: Gravitational lensing: strong; quasars: individual (SBS 0909+532, SDSS 
J1339+1310); cosmological parameters. 


1. Introduction 


Optical photometric monitoring of gravitationally lensed quasars (GLQs) brings 
plenty of astrophysical information.! For example, time delays between correlated 
brightness variations of their multiple images are used to estimate the current ex- 
pansion rate of the Universe (the so-called Hubble constant Ho), provided lensing 
mass distributions can be constrained by observational data.?:? Throughout this pa- 


1 so units only are explicitly 


per, Ho is expressed in standard units of km s^! Mpc^ 
given in tables and figures. 

Very recently, the HOLiCOW collaboration performed a joint analysis of six 
GLQs with measured time delays.^ For a flat ACDM standard cosmology, they ob- 


tained Hy = 73915. in good agreement with Ho = 74.03 + 1.42 from SNe data by 
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the SHOES collaboration,? but in apparent tension with Cosmic Microwave Back- 
ground (CMB) data. Planck observations of the CMB suggested a narrow 1o inter- 
val ranging from 66.9 to 67.9, which is clearly inconsistent with HOLIiCOW /SHOES 
results. It is also worth noting that Freedman et al." obtained an intermediate value 
of Ho = 69.8 + 1.9. 

The big question is whether the tension between early and late-Universe probes 
is due to systematic errors or has a physical origin. Possible systematic errors in 
some methods may fix this issue, avoiding hasty rejection of the standard cos- 
mological model. Thus, we use two doubly imaged quasars of the Gravitational 
LENses and DArk MAtter (GLENDAMA) sample? to discuss the influence of ob- 
servational constraints, and hypotheses and priors on the mass model in the estima- 
tion of the Hubble constant in a standard cosmology. Section 2 briefly presents the 
GLENDAMA project and the framework of time-delay cosmography through dou- 
ble quasars, while Sec. 3 and Sec. 4 include preliminary results for the GLQs SBS 
0909+532 and SDSS J1339+1310, respectively. A discussion of results and future 
prospects appear in Sec. 5. 


2. GLENDAMA project and Ho from doubles 


The GLENDAMA project? is aimed to accurately study a sample of ten GLQs in 
the Northern Hemisphere over a period of about 25 years, basically covering the 
first quarter of this century.? The sample includes seven double quasars with two 
images (A and B) each, and three quads having four images (A, B, C and D) each. 
Figure 1 shows the distribution on the sky of the selected, optically bright GLQs. 
The Gran Telescopio CANARIAS (GTC) is being used to obtain deep spectroscopy 
of the lens systems, while the optical variability of quasar images is traced from 
light curves mainly based on observations with the Liverpool Telescope (LT). These 
optical light curves are allowing us to measure the time delay Atag in doubles, and 
three independent delays Atag, Atac and Atap in quads (see results in Table 1). 
Current GLENDAMA delays have been estimated to a typical accuracy of about 
5%, with only two exceptions: the relative error in the delay of QSO 0957+561 is 
well below 596, and the three delays of the quad HE 1413+117 have larger relative 
uncertainties. 

The time delay between the two images of a double quasar can be expressed in 
terms of the so-called time-delay distance Daz, the speed of light c and a dimen- 
sionless factor A®ap, so that? Atag = (Da:/c)AO9Ap. Here, Da; depends on the 
source (quasar) and deflector (main lens galaxy) redshifts, as well as cosmological 
parameters. Measuring the redshifts, and assuming a flat ACDM cosmological model 
with Qm = 0.3 (matter density) and Qa = 0.7 (dark energy density), DA:/c is given 
as a known constant divided by Ho”. Additionally, Aap depends on the position 


“https://gravlens.unican.es/. 
>The time-delay distance does not appreciably change when matter and dark energy densities are 
slightly different to 0.3 and 0.7, respectively. 
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GLQs in the Northern Hemisphere 
RA=0h 

PS J0147--4630 
SBS 0909+532 
FBQ 095142635 
QSO 0957+561 
SDSS J1001--5027 
SDSS J1339+1310 
HE 1413+117 
SDSS J1442+4055 
SDSS J15154-1511 
QSO 2237--0305 


> e ee > 
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Fig. 1. GLENDAMA GLQs in the Northern Hemisphere. Triangles and circles represent quadru- 
ply and doubly imaged quasars, respectively. Larger symbols mean brighter quasars. 


Table 1. GLENDAMA time delays from light curves in the SDSS 


r band. 

Atap Atac Atap 
GLQ (days) (days) (days) Reference 
PS J0147--4630 pm pm pm = 
SBS 0909+532 50t? Ref. 9 
FBQ 0951+2635 pm 
QSO 0957+561 420.6 + 1.9 Ref. 10 
SDSS J1339+1310 48 + 2 Ref. 11 
HE 14134117 17+3 20+4 23:4 = Ref. 12 
SDSS J1442+4055 25.0 + 1.5 Ref. 13 
SDSS J1515+1511 21145 Ref. 14 
Note: pm = preliminary measure. 


of both images and the source, and the lens potential at the image positions.?^;? 
Hence, the lensing mass distribution determines the value of the multiplicative fac- 
tor A® ap. 

We used a lens model to describe the primary lensing mass in SBS 09094-532 
and SDSS J1339+1310. For each of these two double quasars, our lens model con- 
sisted of an elliptical surface mass density to account for the main lens galaxy G 
and an external shear y due to the gravitational action of other galaxies around the 
lens system. The surface mass density of G was modeled as a singular power-law 
distribution since a composite model (treating baryons and dark matter individu- 
ally) leads to similar results.!5 16 In this preliminar study, instead of using high- 
resolution imaging to put constraints on the power-law index of G, we focused on an 
isothermal distribution, i.e., a singular isothermal ellipsoid (SIE). Such distribution 
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is consistent with stellar and gas motions in the Milky Way, as well as observations 
of many spiral and elliptical galaxies. We also did not use the stellar kinematics 
of G.!7 

We considered constraints on the time delay, the relative astrometry and the flux 
ratio between images, along with some observationally-motivated priors on SIE+y 
lens model parameters. These constraints/priors and the LENSMODEL software!? 
allowed us to simultaneously fit lens model parameters, position and flux of the 
source quasar, and Toner with dof — 0, where *dof" means degrees of freedom. In 
addition to the mass that is explicitly included in the lens model (main deflector plus 
external shear), we must take the mass along the line of sight to G into account. This 
additional effect can be approximated as an external convergence in the lens plane 
Kext, Which may be positive or negative depending on the mass distribution along 
the sightline. The true time-delay distance D't7* relates to that derived from the 
lens model and measured delay Dede! py tue = pymedel /(1 — kext) (e.g., see Eq. 
(4) of Ref. 4), which leads to H&'° = H™°4!(1— kext). Therefore, when accounting 
for an external convergence, the Hubble constant decreases/increases in a factor 
1 — kext- The two next sections deal with estimates of pese from observations of 
SBS 09094-532 and SDSS J13394-1310. 


3. SBS 0909+532 


SBS 0909--532 is a doubly imaged quasar in which the background source (quasar) 
and the foreground early-type lens galaxy (main deflector) have redshifts z, = 1.377 
and za = 0.830, respectively.!° ?! Our first set of observational constraints consisted 
of the SBS 0909+532 time delay in Table 1 taking a symmetric uncertainty (50 + 
3 days)°, the relative astrometry of B and G (their positions with respect to A at 
the origin of coordinates) and the flux of B in units such that the flux of A is equal 
to one. These last astro-photometric constraints were taken from the HST near-IR 
data in Table 3 of Ref. 22. We also considered priors on the ellipticity e and external 
shear of the SIE+y lens model described in Sec. 2: e < 0.5 (see Table 3 of Ref. 23) 
and y < 0.1 (see Table 4 of Ref. 22). 

Although the data fit yielded a best solution for Hee! of 68.4 (see Table 2), 
unfortunately, the HST relative astrometry of Lehár et al.?? is not so good as 
would be desirable. For instance, the relative position of the faint lens galaxy G 
was determined with a large uncertainty of about 100 mas (1 mas — 0."001). The 
insufficiently accurate astrometric measures were responsible for a broad valley in 
the x? curve (see the black solid line in Fig. 2), so the 1o confidence interval for 
H, podel included values below 55 and above 80. If we were able to improve the Lehár 
et al.’s astrometry, e.g., reducing errors in relative positions of B and G in factors 3 
and 10, respectively, the best solution of H™°¢*! would be practically the same, but 


“Despite 49 + 3 days is fully consistent with the measurement in Table 1, initially we have preferred 
to keep its central value and divide the error bar into two identical halves. 


Table 2. Results for Himodel using a SIE+7 lens model (see main text). 


Observational constraints Priors on model parameters Hegel 
GLQ AtApB^ Arap” Avan? Azac? Ayaa” Fp/Fa° et 9,2 y? best? lof 
SBS 0909+532 ^ 50+3 —0.987 + 0.003 —0.498 + 0.003 —0.415 + 0.100 —0.004 + 0.100 0.89 £0.10 <0.5 — < 0.1 684 = 
—0.987 + 0.001 —0.498 + 0.001 0.415 + 0.010 0.004 + 0.010 68.3 68.5 + 7.58 
—0.9868 + 0.0006 —0.4973 + 0.0006 0.464 + 0.003 0.055 + 0.003 0.88 + 0.10 0.11 + 0.08 —48.1 + 16.9  — 38.1 38.2 + 3.3” 
< 0.5 — < 0.1 47.5 = 
SDSS J13394+1310 47.0 + 5.5 +41.419 + 0.001 +0.939 + 0.001 +0.981 + 0.010 +0.485 + 0.010 0.175 + 0.015 0.18 + 0.05 32 + 10 mE 69.1 69 10i 


48 + 2 


Note: 
*Time delay between bot 


bRelative positions of B and G with respect to A at the origin of coordinates. Here, Ax and Ay are given in 
and north, respectively. For SBS 0909+532, some errors have been conveniently approximated. 


h images in days. Some errors have been made symmetric. 


*?Flux ratio. For SBS 0909+532, errors are enlarged to 10% to account for moderate microlensing effects. 
dEllipticity and position angle of the SIE. The position angle (9e) is measured east of north. 


*External shear strength. 


fBest solution and 1e confidence interval for Hodel, We use standard units of km s^! Mpc-!. 
5Plausible but not real measurement. Astrometric errors have been reduced to “achievable” values (see next row). 
!Real measurement, but based on a biased astrometry or an inappropriate (strongly affected by microlensing) flux ratio. 


i Measurement relying on 


an old, innacurate time delay. 


arc seconds, and their positive directions are defined by west 
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Fig. 2. Estimation of Heel from the SBS 0909--532 time delay and the astro-photometric 
constraints of Lehár et al.?? We also used observationally-motivated priors on the ellipticity of the 
lens galaxy and the external shear. We show the x? curve (black solid line) along with its lo and 
2e maximum thresholds (horizontal dashed lines). The black dashed-dotted line corresponds to an 
“improved” astrometry (see main text), with blue, green and red dashed-dotted lines describing 
some contributions to the total y?. 
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Fig. 3. Estimation of Hpedel from the SBS 09094-532 time delay and the astro-photometric 
constraints of Sluse et al.?? The solid lines are related to priors on the shape of the lens galaxy 
(ellipticity and position angle; the black solid line represents the total x?), while the black dot 
and vertical arrow indicate the best solution when using priors on the ellipticity and the external 
shear. 
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its uncertainty would be dramatically decreased to about 10%. Using “achievable” 
uncertainties of 1 mas in B and 10 mas in G, we obtained the black dashed-dotted 
line in Fig. 2 and Hmode! = 68.5 + 7.5. 

In addition to new observations of the lens system, a reanalysis of the available 
HST frames of SBS 0909+532 might produce a better astrometry for the system, 
and thus provide an accurate measure of the Hubble constant. This is a promising 
task that we and other astronomers are exploring. Sluse et al.?? have reanalysed 
the available HST near-IR frames, obtaining a formally improved astrometry and 
even details on the structure of G. The error in the relative position of G was only 
3 mas; about 30—40 times smaller than the uncertainty derived by Lehár et al. We 
also considered these new constraints to measure H@°del, Using the SBS 0909+532 
time delay with symmetric error (see above) and the astro-photometric solutions in 
Table 4 of Sluse et al., along with the ellipticity and position angle of G in Table 3 
of Sluse et al. (priors on the SIE-— lens model), we found Hed! = 38.2 + 3.3 
(see Table 2 and the black solid line in Fig. 3). Even the 2c confidence interval 
only includes values below 45. Although a moderate increase in the best solution 
of Hodel is found when taking the previous priors e < 0.5 and y < 0.1 (see the 
black dot and vertical arrow in Fig. 3), the Sluse et al.’s relative astrometry leads 
to best solutions below 50. Hence, either such astrometry is biased or the near-IR 
fluxes of the quasar images (optical emission) are strongly affected by microlensing 
in the lens galaxy.?4 


4. SDSS J1339+1310 


The gravitational lens system SDSS J1339+1310 was discovered by Inada et al.?° It 
consists of two quasar images (A and B) at z, = 2.231 and an early-type galaxy G 
at za = 0.607 acting as main deflector.?° The first set of observational constraints 
included the relative astrometry of B and G in the last column of Table 1 of Ref. 27, 
the macrolens magnification ratio from narrow-line/line-core flux ratios and a stan- 
dard extinction law (based on emission lines in GTC spectra),?° and an old time 
delay from LT light curves.?9 We note that the first time delay we used (47.0 + 
5.5 days) is more inaccurate than the updated delay in Table 1. Additionally, we 
have taken the ellipticity and position angle of G in the last column of Table 1 of 
Shalyapin et al?" as priors on the SIE-- lens model. The data fit led to an lo 
confidence interval Hide! = 69*1? (accuracy of ~13%; see Table 2 and the black 
line in Fig. 4). The observational constraint on the time delay is the primary con- 
tribution to the x? curve (see the red line in Fig. 4), while other constraints/priors 
(e.g., the position of G; see the green line in Fig. 4) play a secondary role. 

Results in Fig. 4 suggest that a tighter constraint on the time delay would pro- 
duce a more accurate determination of the Hubble constant. Therefore, in a second 
approach, we used the updated time delay with a 496 error that appears in Table 1 
to more accurate estimate Hm°¢!. The new x? curve in Fig. 5(a) indicates that 
Hodel — 67.8 + 4.4 (see also Table 2). This is a quite robust measurement of 
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Fig. 4. Estimation of p eae from an old time delay of SDSS J1339+1310 with an accuracy of 
~12% and constraints/priors from results in Refs. 26 and 27. The black line represents the total 
x2, while the blue, green and red lines describe three different contributions to the total curve. 
The 1e and 2e maximum thresholds are also depicted (horizontal dashed lines). 
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Fig. 5. Estimation of P from the updated time delay of SDSS J1339+1310 with an accuracy 
of ~4% and constraints/priors from results in Refs. 26 and 27. (a) SIE+7 lens model. (b) DV+y 
lens model. To obtain the x? curve in this bottom panel, we have assumed that light traces mass 
of the main lens galaxy (see main text). 
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Het! because its relative error is small (only 6.5%), and the priors on e and be 
do not play a relevant role (see the blue dashed line in Fig. 5(a)). In addition, 
the macrolens magnification ratio is not affected by microlensing/extinction effects, 
and only one major issue must be addressed: the hypothesis about an isothermal 
mass distribution for G. Using 58 gravitational lens systems from the SLACS Sur- 
vey, Koopmans et al.?? concluded that massive early-type galaxies have close to 
isothermal total density profiles, with a scatter between their logarithmic density 
slopes below 1096. For a particular lens galaxy, a small deviation from the isothermal 
power-law index is plausible, and this potential deviation can be taken into account 
by increasing the error in Hi"°**! (see a more complete discussion in Sec. 5). 

It is easy to demonstrate the need for dark matter (e.g., a power-law mass 
distribution) and the fact that a model in which light traces mass produces biased 
results. To this end, we again considered the updated time delay in Table 1 and 
added a new prior, i.e., we worked with three priors instead two. Assuming that 
light traces mass of G, i.e, a de Vaucouleurs (DV) mass distribution instead a 
singular isothermal one, in a self-consistent way, the optical structure of G in the 
last column of Table 1 of Ref. 27 (effective radius, ellipticity and position angle) 
was used to describe the structure of its mass. This scheme led to a biased Hide! 
value of about 100 (97.7 + 6.4; see Fig. 5(b)). Even the 2c lower limit is above 85. 


5. Discussion and future prospects 


Using two double quasars of the GLENDAMA sample (see Fig. 1), we focused on the 
role that some observational constraints and hypotheses/priors on the mass model 
play in estimating H7?°¢*! in a standard cosmology. The main lens galaxies in SBS 
0909--532 and SDSS J13394-1310 were modelled with a singular isothermal ellipsoid, 
in agreement with observations in the Milky Way and SLACS Survey results for 
massive early-type galaxies acting as gravitational lenses." Adding the external 
shear y that is caused by galaxies around a lens system, we initially considered a 
SIE--» lens (mass) model. 

For SBS 0909--532, there are two different astrometric solutions based on the 
same HST near-IR data. While the Lehár et al.’s solution?? led to a best value of 
Hmedel equal to 68.4 and a broad 1c interval for this parameter, the Sluse et al.’s 
solution?’ provided an 8.6% measurement of H™°¢! around a central value of 38.2 
(we derived biased results making different choices of priors). Assuming that the 
time delay and flux ratio between quasar images that we used are right, the last 
astrometry would be biased. However, the observed near-IR fluxes correspond to 
optical emission from the quasar accretion disk, so they could be strongly affected 
by microlenses (stars) in the main lens galaxy.?4 Hence, an accurate and reliable 
astrometric solution along with a detailed analysis of the macrolens magnification 
ratio (flux ratio free from extinction and microlensing effects) is required before 
robustly measuring H7"°¢! for a SIE+y scenario. 
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Results for SDSS J1339+1310 are really encouraging because its current astrom- 
etry, updated time delay and macrolens magnification ratio through GT'C spectra 
allowed us to accurately measure Hi@°4*! (67.8 + 4.4), with priors on the ellipticity 
and position angle of the SIE not playing a relevant role. It is also noteworthy that 
our lo interval is not in tension with other recent estimates from GLQs* and the 
CMB (see also Ref. 7), and the central value practically coincides with the upper 
limit of the Planck collaboration. Accounting for a potential microlensing effect on 
the time delay?? (~1 day) would only modify H77°4*! by ~2%. Additionally, the 
use of a main galaxy mass model with an unrealistic density profile may have a 


significant impact on H7@°¢*! and be responsible for an error of about 1096.20 32 At 


present, we do not know details about the mass density profile of the main deflector 
in SDSS J1339+1310, and thus we should adopt an uncertainty in Hi?9**! greater 
than that obtained with a SIE. Very recently, assuming that the deflectors of the 
HOLiCOW GLQs and the SLACS lenses share the same mass density properties, 
Birrer et al.33 have obtained Ho = 67.4735. This new GLQ-based result is in ex- 
cellent agreement with ours and the CMB-based estimation of Ho, notably reduces 
tension between early and late-Universe probes, and illustrates the importance of 
assumptions on mass distributions. 

Future time-domain observations of large collections of GLQs will lead to robust 
constraints on Ho, and the matter and dark energy components of the Universe.? 
The GLENDAMA project includes the first initiative to robotically monitor a small 
sample of 10 GLQs for about 20 years.® This project and the associated robotic mon- 
itoring with the LT will end in 2025, after providing accurate time delays for sev- 
eral GLQs and discussing their cosmological implications. In next few years, other 
ongoing monitoring projects will also measure accurate delays for small/medium 
samples of GLQs (see the paper by Geoff Chih-Fan Chen in these proceedings), 
which will contribute to a rich database of tens of measured delays. Despite this 
optimistic perspective about time-domain results, some issues must be fixed be- 
fore sheding light on unbiased values of cosmological parameters from such delay 
database. Deep spectroscopy, high-resolution imaging and other complementary ob- 
servations will be required. For example, unaccounted mass along GLQ sightlines 
may produce overestimated/underestimated values of Ho (see the end of Sec. 2), 
so accurate Ho estimates cannot ignore external convergences. Here, although we 
ignored the external convergence for SDSS J13394-1310, the unaccounted mass is 
expected to translate to a few percent relative uncertainty in Ho,?^?^ noticeably 
less than that related to the mass density profile of G (see above). 
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A unification of dark matter and dark energy based on a dynamical space time the- 
ory is suggested. By introducing a dynamical space time vector field x,, as a Lagrange 
multiplier, a conservation of an energy momentum tensor T is implemented. This La- 


grangian generalizes the Unified dark energy and dark matter from a scalar field different 
from quintessence which did not consider a Lagrangian formulation. This generalization 
allows the solutions which were found previously, but in addition to that also non singu- 
lar bouncing solutions that rapidly approach to the ACDM model. The BBN constraint 
is also studied. 


Keywords: Dark Matter; Dark Energy 


1. Introduction 


Dark energy and Dark matter constitute most of the observable Universe. Yet the 
true nature of these two phenomena is still a mystery. One fundamental question 
with respect to those phenomena is the coincidence problem which is trying to 
explain the relation between dark energy and dark matter densities. In order to 
solve this problem, one approach claims that the dark energy is a dynamical entity 
and hope to exploit solutions of scaling or tracking type to remove dependence on 
initial conditions. Others left this principle and tried to model the dark energy as a 
phenomenological fluid which exhibits a particular relation with the scale factor,! 
Hubble constant? or even even the cosmic time itself.? 

Unifications between dark energy and dark matter from an action principle 
were obtained from K-essence type actions, or by introducing a complex scalar 
field.” Beyond those approaches, a unified description of Dark Energy and Dark 
Matter using a new measure of integration has been formulated.9:" Also a diffusive 
interacting of dark energy and dark matter models was introduced in*:? and it has 
been found that diffusive interacting dark energy — dark matter models can be 
formulated in the context of an action principle based on a generalization of those 
Two Measures Theories in the context of quintessential scalar fields,!?:!! although 
these models are not equivalent to the previous diffusive interacting dark energy — 
dark matter models.5:? 

A model for a unification of dark energy and dark matter from a single scalar 
field $, was suggested by Gao, Kunz, Liddle and Parkinson.!? Their model is close 
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to traditional quintessence, and gives dynamical dark energy and dark matter, but 
introduces a modification of the equations of motion of the scalar field that appar- 
ently are impossible to formulate in the framework of an action principle. The basic 
stress energy tensor which was considered in addition to Einstein equation was: 


THY = Soto" + U(9)g"" (1 


where ¢ is a scalar field and U(9) is the potential for that scalar. Assuming ho- 
mogeneous and isotropic behavior the scalar field should be only time dependent 
$ = (t). Then the kinetic term — ijo" is parameterzing the dark matter because 
it contains only energy density with no pressure and U(¢)g"” is parameterzing the 
dark energy. The basic requirement for this stress energy tensor is it's conserva- 
tion law V,,T"" = 0. By assuming a constant potential U(¢) = Const the model 
provides from the potential the traditional cosmological constant and the kinetic 
term of the scalar field is shown to provide, from the conservation law of the energy 
momentum tensor, that the kinetic term dependence has a dust like behavior. 


1 E 
-3Vu(9 à )20 > du (2) 


This simple case refers to the classical ACDM model. The special advantage of this 
model is a unification of dark energy and dark matter from one scalar field and has 
an interesting possibility for exploring the coincidence problem. 

The lack of an action principle for this model brought us to reformulate the 
unification between dark energy and dark matter idea put forward by Gao, Kunz, 
Liddle and Parkinson!? in the framework of a Dynamical Space Time Theory!?:!4 
which forces a conservation of energy momentum tensor in addition to the covari- 
ant conservation of the stress energy momentum tensor that appears in Einstein 
equation. In the next chapter we explore the equations of motion for these theories. 
In the third chapter we solve analytically the theory for constant potentials which 
reproduce the ACDM model with a bounce, which gives a possibility to solve the 
initial big bang singularity. In the last chapter we solve the theory for an exponential 
potential which gives a good possibility for solving the coincidence problem. 


2. Dynamical Space Time Theory 
2.1. A basic formulation 


One from the basic fatures in the standard approach to theories of gravity is the local 
conservation of an energy momentum tensor. In the field theory case it's derived as 
a result rather than a starting point. For example, the conservation of energy can 
be derived from the time translation invariance principle. The local conservation of 
an energy momentum tensor can be a starting point rather than a derived result. 
Let's consider a 4 dimensional case where a conservation of a symmetric energy 
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momentum tensor T ) is imposed by introducing the term in the action: 


Sw = / d'z/-gxuv Tos, (3) 


where Xp: = OXp — In rM The vector field x,, called a dynamical space time 
vector, because of the energy density of I X is a canonically conjugated variable to 
Xo, which is what we expected from a dynamical time: 


OL 
T% = Boo = To (x) (4) 


If T, He ) is being independent of x,, and having p being defined as the Christoffel 
connection coefficients (the second order Formalism), then the variation with respect 
to x, gives a covariant conservation law: 

VTi ) =0 (5) 
From the variation of the action with respect to the metric, we get a conserved 
stress energy tensor G"" (in appropriate units), which is well known from Einstein 
equation: 


2 df= 
GPU tN lc. AV aes 6 (6) 
Vcg ign 
where GĦ” is Einstein tensor, C, is the Lagrangian in (3) and £m is an optional 
action that involve other contributions. 
Some basic symmetries that holds for the dynamical space time theory are two 
independent shift symmetries: 

Xu — Xp + kp, TO > Thy + Ag” (7) 
where A is some arbitrary constant and k, is a Killing vector of the solution. This 
transformation will not change the equations of motions, which means also that the 
process of redefinition of the energy momentum tensor in the action (3) will not 
change the equations of motion. Of course such type of redefinition of the energy 
momentum tensor is exactly what is done in the process of normal ordering in 
Quantum Field Theory for instance. 


2.2. A connection to modified measures 


A particular case of the stress energy tensor with the form T a 5 = £19"" corresponds 
to a modified measure theory. By substituting this stress energy tensor into the 
action itself, the determinant of the metric is canceled: 


v -gxl, £1 = O.(V/.-gx")£1 = L (8) 


where ® = 0,,(.,/—gx") is like a “modified measure". A variation with respect to 
the dynamical time vector field will give a constraint on £; to be a constant: 


alı —0 Lı = M = Const (9) 
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This situation corresponds to the “Two Measures Theory"!*?:!6 where in addition 


to the regular measure of integration in the action ,/—g includes another measure 
of integration which is also a density and a total derivative. Notable effects that can 
be obtained in this way are the spontaneous breaking of the scale invariance, the see 
saw cosmological effects,!? the resolution of the 5th force problem in quintessential 
cosmology!” and a unified picture of both inflation and of slowly accelerated expan- 
sion of the present universe.!?:!? As we mentioned before in the introduction Two 
Measure Theory can serve to build unified models of dark energy and dark matter. 
Usually the construction of this measure is from 4 scalar fields ya, where a = 

1,2, 3,4. 
b= Fe eid 9500, 9 Ag g (10) 


and then we can rewrite an action that uses both of these densities: 
S= | tzot + | davat. (11) 


As a consequence of the variation with respect to the scalar fields ya, assuming 
that Lı and £2 are independent of the scalar fields Ya, we obtain that for  Z 0 it 
implies that £1 = M = const as in the dynamical time theory with the case of (9). 


3. DE-DM Unified Theory from Dynamical Space-Time 


A suggestion of an action which can produce DE-DM unification takes the form: 


1 1 
NOUS HV 07 ap = 
L= j^ s Xmv Tto 59 ORONG V(9) (12) 


Consisting of an Einstein Hilbert action (87G = 1), quintessence and Dynamical 
space-time action, when the original stress energy tensor T| i ) is the same as the 
stress energy tensor (1) Gao and colleagues used: 


v 1 v v 
TUS = - 26" + U(9)g" (13) 
The action depends on three different variables: the scalar field ¢, the dynamical 
space time vector x, and the metric g,,. Therefore there are 3 sets in for the 


equation of motions. For the solution we assume homogeneity and isotropy, therefore 
we solve our theory with a FLRW metric: 


dr? 
ds? = —dt? t? | —— + rar 14 
s tat)? (atr (14) 
According to this ansatz, the scalar field is just a function of time ọ(t) and the 
dynamical vector field will be taken only with a time component x,, = (xo, 0, 0,0), 
where xo is also just a function of time. A variation with respect to the dynamical 
space time vector field x, will force a conservation of the original stress energy 


tensor, which in FRWM gives the relation: 


b+ 229 + U'(4) =0 (15) 
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Compared with the equivalent equation which comes from quintessence model, this 
model gives a different and smaller friction term, as compared to the canonical 
scalar field. Therefore for increasing redshift, the densities for the scalar field will 
increase slower than in the standard quintessence. 

The second variation with respect to the scalar field gives a non-conserved 
current: 


xàU'(9) — V'(9) = Vj" (16a) 


PEE: dies ct 
j” = 59» (x^ qon) apt (16b) 


and the derivatives of the potentials are the source of this current. For constant 
potentials the source becomes zero, and we get a covariant conservation of this 
current. In a FLRW metric this equation of motion takes the form: 


$(Xo — 1) + ó[Xo + 3H (Xo — 1)] = U’ (4) (Xo + 3xo) — V'(9) (17) 


Substituting the term of the potential derivative U'($) from equation (15): 


[1 — 249 = BH old — [o - 3H + 5'4Go + xoMI}S+V'(6)=0 — (18) 


'The last variation, with respect to the metric, gives the stress energy tensor that is 
defined by the value of the Einstein’s tensor. For a spatially homogeneous, cosmo- 
logical case, the energy density and the pressure of the scalar field are: 


p = é Go 24) - 5)  V(9) - éi(U"(9) + 8) (194) 
p = 5d'Go - 1) - V (Ø) - xoóU' (9) (19b) 


Substituting the potential derivative U'(¢) from Eq. (15) into the energy density 
term, makes the equation simpler: 


p= Go - 29? + V(9) (20) 


which has no longer dependence on the potential U(¢) or it’s derivatives. Those 
three variations are sufficient for building a complete solution for the theory. Let's 
see a few simple cases. 


4. The Evolution of the Homogeneous Solutions 
4.1. A bouncing ACDM solution 


In order to compute the evolution of the scalar field and to check whether it is 
compatible with observable universe, we have to specify a form for the potentials. 
Let’s take a simplified case of constant potentials: 


U(d)=C, Vig) =O (21) 
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Overall, in the equations of motions only the derivative the potential U($) appears, 
not the potential itself. Therefore a constant part of the potential U(é) does not 
contribute to the solution. However V (4), as we shall see below, gives the cosmo- 
logical constant. The conservation of the stress energy tensor from equation (15) 
gives: 


(22) 


where Qm is an integration constant which appears from the solution. From the 
second variation, with respect to the scalar field ¢, a conserved current is obtained, 
which from equation (18) gives the exact solution of the dynamical time vector field: 


Xo =1- ka!’ (23) 


where « is another integration of constant. Eventually, the densities and the pressure 
for this potentials are given by (20). By substituting the solutions for the scalar ó 


and the vector xo (in units with pe = ane = 1) we get: 
Qr. 2 Ae, 
pena a r (24a) 
10, 


where Q; = KQm. Notice that Om, 0, are integration constants the solution contains 
and Qa is parameter from the action of the theory. We can separate the result into 
three different “dark fluids": dark energy (w = —1), dark matter (w = 0) and an 
exotic part (w = 4), which is the responsible for the bounce (for x > 0). From 
Eq. (22) the solution produces a positive Qm since it's proportional to 9?. For Qa 
the measurements for the late universe forces the choice of this parameter to be 
positive. However for another solutions (in the context of Anti de-Sitter space, for 
instance) this parameter could be negative from the beginning. 

In addition to those solutions, there is a strong correspondence between the 
zero component of the dynamical space time vector field and the cosmic time. For 
ACDM there is no bouncing solution « = 0 and therefore from equation (23) we get 
Xo — t that implies that the dynamical time is exactly the cosmic time. For bouncing 
ACDM we obtain a relation between the dynamical and the cosmic time with some 
delay between the dynamical time and the cosmic time for the early universe (in the 
bouncing region). For the late universe the dynamical time returns back to run as 
fast as the cosmic time again. This relation between the dynamical and the cosmic 
time may have interesting application in the solution to “the problem of time" in 
quantum cosmology which will discussed elsewhere. Notice that the dynamical time 
is a field variable while the cosmic time is a coordinate. 

In order to constrain our model, we use the Big Bang Nucleosynthesis (BBN) 
speed-up factor, defined as the ratio of the expansion rate predicted in a given model 
versus that of the ACDM model at the BBN epoch (zggn ~ 10°). This amounts 
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to the limit? with (AH/Hacpm}) < 1096, where Hacpm is the Hubble rate for 
the ACDM model and the AH is the difference between the Dynamical Spacetime 
Hubble rate and the ACDM Hubble rate, AH = H — Hyacpm. The bounds gives: 


Qe «6:10 19, (25) 


With this bound the model is consistent with the cosmological observations.?! 


5. Discussion and Future Work 


In this paper the “unified dark energy and dark matter from a scalar field different 
from quintessence" is formulated through an action principle. Introducing the cou- 
pling of a dynamical space time vector field to an energy momentum tensor that 
appears in the action, determines the equation of motion of the scalar field from 
the variation of the dynamical space time vector field or effectively from the conser- 
vation law of an energy momentum tensor, as in.!? The energy momentum tensor 
that is introduced in the action is related but not in general the same as the one 
that appears in the right hand side of the gravitational equations, as opposed to the 
non Lagrangian approach of,!? so our approach and that of!? are not equivalent. 
1? can be also obtained here, 


but there are other solutions, in special non singular bounce solutions which are not 
12 


However in many situations the solutions studied in 


present in. 

In those simple solutions, the dynamical time behaves very close to the cosmic 
time. In particular in solutions which are exactly ACDM, the cosmic time and the 
dynamical time exactly coincide with each other. If there is a bounce, the deviation 
of the dynamical time with respect to the cosmic time takes place only very close 
to the bounce region. The use of this dynamical time as the time in the Wheeler 
de-Witt equation should also a subject of interest. 

In principle we can introduce two different scalar potentials: one coupled directly 
to J/—g and the other appearing in the original stress energy tensor TA " So far, 
for the purposes of starting the study of the theory, we have only introduced a 
scalar potential coupled directly to ./—g and shown that this already leads to an 
interacting Dark Energy — Dark Matter model, although the full possibilities of 
the theory will be revealed when the two independent potentials will be introduced. 

Finally, another direction for research has been started by studying models of 
this type in the context of higher dimensional theories, where they can provide a 
useful framework to study the "inflation compactication" epoch and an exit from 
this era to the present LCDM epoch could be further explored.?? 
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General Relativity is a priori a theory invariant under time reversal. Its integration with 
the laws of thermodynamics allows for a formulation of non-equilibrium phenomena in 
gravity and the introduction of an arrow of time, i.e. the the breaking of such invariance. 
Even though most of the evolution of the universe takes place in local thermal equilib- 
rium, the effects of irreversible processes on the expansion via entropic forces may be 
phenomenologically relevant. We review our previous work on the covariant formulation 
of non-equilibrium thermodynamics in General Relativity and the proposal to explain 
the recent cosmic acceleration from it. 


Keywords: General Relativity, thermodynamics, non-equilibrium phenomena, entropic 
forces, cosmic acceleration. 


1. Introduction 


General Relativity is an extremely successful physical theory. More than a century 
after its formulation, its predictions continue to be valid at all probed scales, albeit 
an extension at short scales will be required in order to obtain a UV-complete 
quantum theory of gravity and resolve space-time singularities. 

'Thermodynamics is an even older discipline. Its fundamental laws seem to resist 
the pass of time and are still of great relevance today. On the one hand, thermo- 
dynamics may help in building the bridge between classical and quantum gravity, 
as the laws of black hole thermodynamics points towards the existence of a micro- 
physical description of gravity yet to be understood. 

On the other hand, the second law of thermodynamics, i.e. the growth of entropy, 
dictates the sign of the arrow of time. Physical laws are usually invariant under time 
inversion. The increase in entropy with time in out-of-equilibrium phenomena, how- 
ever, allows one to distinguish the future-directed from the past directed description 
of a physical process. 

There lacks a consistent and rigorous integration between General Relativity 
and the laws of thermodynamics. Understanding the very notion of the arrow of 
time is of particular interest for cosmology. In section 2 we argue for the need of 
going beyond reversible cosmology. This can be achieved for any space-time metric 
using variational techniques.! We review our main results in this new approach to 
non-equilibrium thermodynamics in General Relativity and present them in sections 
3 to 6. 
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The growth of entropy associated to the causal horizon in open inflation sce- 
narios may explain the current accelerated expansion of the universe within the 
general relativistic entropic acceleration (GREA) theory.? We briefly describe how 
this mechanism works in section 7 and finish with our conclusions. 


2. Reversible cosmology 


Let us begin the study of the problem of reversibility in gravity and cosmology 
by reviewing a prototypic case of reversible gravitational system: a homogeneous 
and isotropic universe. It is described by the Friedmann-Lemaitre-Robertson- Walker 
(FLRW) metric 


d 2 
ds? = —dt? + a(t)? (~~ + ran?) , (1) 
1 — kr? 
where a(t) is the scale factor, k = —1,0,1 is the curvature parameter corresponding 


to, respectively, an open, flat and closed universe; and d3 is the solid angle element. 
'This space-time is filled with a perfect fluid, described by the stress-energy tensor 


Ty - (p + p)uyu, + Pguv ’ (2) 
where p and p are, respectively, the density and pressure of the fluid. The Einstein 
field equations for this metric and matter content deliver the dynamics for the scale 
factor, the well-known Friedmann equations 

k 8rG à 4nG 

W+ = = + 3p) , 3 
Qc er 3 (P+ 3p) (3) 
where H = à/a is the Hubble parameter. There is a constraint on the stress- 
energy tensor due to the Einstein field equations and the Bianchi identities, namely 
its covariant conservation D,,T"" = 0. From this constraint one can derive the 
continuity equation 


p+3H(p+p)=0. (4) 
However, one can also derive this equation from the second law of thermodynamics. 
Indeed, changes in entropy are related to changes in internal energy and work TdS = 
ôU + ôW. If we apply this to a region of fixed comoving volume a(t)? we get 

dS d d 
qu 3) 4 on 5 

If the expansion of the universe is reversible, we can set the LHS to 0 and recover the 
continuity equation. However, this is only true in thermodynamical equilibrium and, 


in general, entropy is a monotonically increasing function of time. Most of the ex- 
pansion history of the universe is indeed adiabatic. However, it is out-of-equilibrium 
at certain key points such as (p)reheating, phase transitions or gravitational col- 
lapse. Allowing for a time-varying entropy implies the addition of a term in the 
continuity equation 


TS 
p+ 3H(p+p) =~. (6) 
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Combining this with the first Friedmann equation we obtain a modified, non- 
equilibrium second Friedmann equation 


ü An G TS 
à 3 ( ee, aa e) 


In principle, this evolution equation does not seem to be compatible with the Ein- 
stein field equations. In order to achieve that, the laws of thermodynamics need to 
be rigorously incorporated into the computation of the equations of motion. This 
can be achieved by applying the variational formalism of non-equilibrium thermody- 
namics, developed in another context by Gay-Balmaz and Yoshimura,* ^ to General 
Relativity. 


3. Entropic forces in mechanics and field theory 


Entropic forces emerge naturally in any physical system out of equilibrium. They 
are a consequence of the coarse-graining of physical degrees of freedom and the 
laws of thermodynamics, which impose entropy to be a monotonically increasing 
function of time. This breaks time reversibility. 

The dynamics of the coarse-grained degrees of freedom is unknown or ignored 
and so they do not appear in the action of the physical system. It would seem that a 
variational treatment of an out-of-equilibrium system is not possible. However, both 
the extremal-action principle and the second law of thermodynamics can be merged 
consistently by imposing the latter as a constrain on the variational problem defined 
by the action.* 4 On the other hand, the first law of thermodynamics is obtained 
from the symmetries of the problem. 


3.1. Entropic forces in mechanics 


Let us start by reviewing the emergence of entropic forces in a mechanical system. 
Consider the action 


S= J urais), (8) 


where the Lagrangian depends on the generalized coordinate q(t), its time derivative 
q(t) and the entropy S(t). The variation of the action gives 


gs [ «(os +5588) . (9) 


Setting dS = 0 defines the variational problem. In order to enforce the second law 
of thermodynamics, we need to impose the variational constraint 
ob 0S = fóq (10) 
Os i 
which simply states the relationship between variations of the entropy and the 
generalized coordinate. If we plug this in the variation of the action, then we can 
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readily obtain the equations of motion 
ôL OL d(OL 
— = 11 
me = ea (SZ) =- (11) 


which is the Euler-Lagrange equation modified by the addition of the entropic force 
f. In order to know its precise form, we need to impose as well the phenomeno- 


logical constraint, which is obtained by formally replacing the variations with time 


derivatives 
OL . 
—S= fq. 12 
5g? = fd (12) 
Note that usually temperature can be introduced as 
OL 
T=-—>0 13 
E (13) 


providing a clearer meaning to the variational and phenomenological constraint. 

The imposition of the constraints and the emergence of an entropic force break 
the symmetry under time inversion. First, note that formally the Euler-Lagrange 
equation is invariant under the t — —t transformation, even with a non-vanishing 
entropic force. Next, the positiveness of the temperature and the change of entropy 
imposes fq < 0. The entropic force has qualities of a generalized friction, as it 
opposes the coordinate velocity. Now, if one performs time inversion, this sign con- 
straint becomes fq > 0, as the temperature remains positive but entropy decreases 
with time. Before solving the equations of motion, q is still a degree of freedom and, 
thus, one must conclude a flip in the sign of f, which flips the overall sign of the 
Euler-Lagrange equation. Hence, one concludes that the emergence of an entropic 
force breaks symmetry under time reversion. The evolution of the system becomes 
irreversible. 


3.2. Entropic forces in classical field theory 


'The extension of the variational formalism of non-equilibrium thermodynamics to 
the continuum is a bit involved. We present a short-cut derivation that relies on the 
introduction of an additional constraint. We refer the reader to the appendix of! to 
check its equivalence with the full variational derivation originally presented in.* 

The action of a scalar field on Minkowski space-time contains now a dependency 
on a scalar function s(t, 2) that encodes information related to coarse-grained de- 
grees of freedom 


S= / d'z£ ($, uQ, s) . (14) 


In a similar fashion as before, the extremal-action principle needs to be supple- 
mented by a variational constraint 


B ues (15) 
Os 


2017 


so that the equation of motion becomes 
ôL ƏL 8 OL — 
óó Oo "9O,Ó — 
which is nothing but the Euler-Lagrange equation of a scalar field with a new term 
of entropic origin. As before, one can usually introduce a temperature as 


Í, (16) 


and we would like to interpret s as the entropy density. However, due to spatial fluxes 
entropy need not necessarily increase locally and, thus, the constraint would not 
have a fixed sign. Before proceeding, we inspect the corresponding phenomenological 
constraint 
s 

Instead, we interpret 6s and os as local entropy production and introduce a new 
function Stot which is the actual entropy density and whose changes stot and Oo Stot 
are indeed total local changes of the entropy density. Both are related as 


oos = OO Stot = aij? , (19) 


where jt is the entropy flux. This latter equation is an additional constraint we im- 
pose for the variational formalism to be consistent. Now one can check that foo < 0 
and time reversibility is broken by the same argument used in the mechanics exam- 
ple. 


3.3. Entropic forces in presence of additional symmetries 


The generalization of the above formalism to higher order tensors or to represen- 
tations of some internal symmetry group is straightforward. Let us consider a field 
tensor z of contravariant rank r, which is also in some representation of an internal 
symmetry labelled by an index A. Then one builds the variational constraint as 


OL 
a (20) 
which delivers the equation of motion 
ôL 
EN = — fA; tir (21) 


4. Entropic forces in General Relativity 


The previous discussion makes us ready to study entropic forces in General Rela- 
tivity. However, with the introduction of a dynamical space-time the very notion of 
time evolution becomes non-trivial. As we will see shortly, it is possible to obtain 
a modification of entropic origin to Einstein’s field equation in the Lagrangian for- 
mulation of General Relativity. Its proper interpretation will require, nevertheless, 
the use of the Hamiltonian formalism. 
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4.1. Lagrangian formulation 


Let us consider the Einstein-Hilbert action plus a matter term 


1 
S= z | «van | às). (22) 


where k = 8-G is the gravitational coupling and we allow for the dependence of 
the matter Lagrangian on a function s(t,Z), which will have a similar interpreta- 
tion to the one presented in the previous section. The extremal-action principle is 
supplemented by the variational constraint. 


Lm 1 
—— = -\/- Hr 2 
ac = 5V- Shug (23) 
From the extremal-action principle and the variational constraint we obtain the 
modified Einstein’s field equations 
1 
Rw — 5 Iu E = k (Ty — fur) ; (24) 


where there is an additional term f,, of entropic origin. In order to obtain an 
expression for this term and to check the breaking of symmetry under time inversion 
we need to work in the Hamiltonian formulation of General Relativity. 


4.2. Hamiltonian formulation 


General Relativity admits a Hamiltonian formulation in the Arnowitt-Deser-Misner 
(ADM) formalism. Space-time is foliated in constant time hypersurfaces with normal 
unit vector n", being the its 4-metric split as 


Juv = huv — MpNy , (25) 


where hy, is the 3-metric induced on the hypersurfaces. Analogously, one can 
parametrize the 4-metric in terms of the 3-metric hij and the lapse and shift func- 
tions N and N* 


ds? = —(Ndt)? + hij(d* + N*dt)(da? + N?dt). (26) 


Greek indices run from 0 to 3, while Latin ones do from 1 to 3 and are raised and 
lowered by hi;. The normal vector can be written as 


ny = (—N,0,0,0). (27) 


Note that hij is the purely spatial part of h,, and is also the pull-back of guv onto 
the hypersurface. 

The Einstein-Hilbert action for this parametrization of the metric is given by 
the following gravitational Lagrangian: 


1 " 
£a = V=gR = ;-NVR (OR KK — K?) , (28) 
K 
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where K;; is the extrinsic curvature of the 3-hypersurface X and is given by the Lie 
derivative along the normal vector n: 


1 1 
Ki; = ge nhij = ON (Ophi; ViN; V;Ni) (29) 


where V denotes the covariant derivative on X with respect to the 3-metric h;;. Its 
trace and traceless part are: 


K =hiK,; = Y (a In Vh - Vin) 
; 1 


Kij = Kij = 3 É^a- 


(30) 


Unlike the intrinsic curvature, described by the Riemann tensor Riva and its con- 
tractions, the extrinsic curvature is a quantity that depends on the embedding of a 
surface in a larger manifold. 

We are now ready to introduce the Hamiltonian formulation of the theory. Note 
that the only quantity whose time derivative appears in the gravitational Lagrangian 
is the 3-spatial metric h;; and, thus, it is the only dynamical or propagating d.o.f. 
Correspondingly, one defines its conjugate momentum as: 


gee eae (K4 — Kh”) . (31) 
hij 


With this, the gravitational Lagrangian can be rewritten as: 


3 N sa d A 
Peat pe = (n.a: - si) — 2II9 VN; 


Vh (32) 
= Thy; — NH — NH — 2V; (I? N;) , 
where II = h;;II? and we introduced the functions: 
1 xw T] 
gcc RE. (n.a: E m) 
Vh : (33) 


Hi = -2v; (n?n) . 


Since N and N; are not dynamical variables, they merely enter the gravitational 
Lagrangian as Lagrange multipliers. One defines the gravitational Hamiltonian as: 


He = W hij — La 


i " (34) 
= NH + Nj) + V; (I9 N;) , 
with the Hamiltonian and momentum constraints: 
ó 
SHG (35) 
=H'=0. 


ON; 
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'The Hamiltonian evolution equations are obtained from the variations of the action 
with respect to the metric and conjugate momentum 


ôS = Í d'z (2i £O CLONE F9 a 2) hij + (is E ug amt] , 


Ohi; Ohi; DI 
(36) 
where the variational constraint 
a -lyVRfSR,, (37) 
Os 2 E 
was already implemented. Note that the minus sign arises from 
d = (hikhji + hühjk) (38) 


and that fü is the pull-back of f,» onto the hypersurfaces. By setting the variation 
to 0 we obtain the two Hamilton equations 


Ha _ h 


which completes the derivation of the entropic modification to the gravitational 
equations of motion in the Hamiltonian formulation. 

The tensor fü can be obtained from the phenomenological constraint, which 
can now be stated rigorously. In the ADM formalism, a well-defined notion of time 
evolution is given by the flow along the normal vector n^. Hence, the time derivative 
is generalized to the Lie derivative along n^. Then the phenomenological constraint 
is given by 

OL 


1 " os 
ast = zN vh fij£nh” (40) 


where growth in entropy by local processes is related to total entropy density growth 
by 

Ens = Lad = Viji (41) 
Entropy produced locally is expected to grow over time, i.e. with the flow along 


the hypersurfaces, in compliance with the second law of thermodynamics. This 
completes the variational formulation of entropic forces in General Relativity. 


4.3. The Raychauduri equation 


Let us explore an immediate dynamical consequence of the inclusion of entropic 
forces, namely its effect on a congruence of worldlines with tangent vector n”. The 
congruence is then characterized by the tensor: 


1 
Ow = Dyn, = 39^w + Ou d Wuv — Quy (42) 
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where 0 is the expansion rate of the congruence, c,,, is its shear or symmetric trace- 
less part and wy, is its vorticity or antisymmetric part. If the worldline is not a 
geodesic, then the congruence suffers an acceleration given by: 


a, = n” Dony. (43) 


One can compute the Lie derivative of the expansion of the congruence along its 
tangent vector and find the Raychauduri equation:? 


1 
£,0= E Or — Oppo” + wur" — Rypn’n’ + Dia’. (44) 


Let us perform the standard analysis of the sign of this equation. It is clear that 
Oyyor” > 0 and ©? > 0. On the other hand, if the congruence is chosen to be 
orthogonal to the spatial hypersurfaces, as we have been considering, then the vor- 
ticity vanishes wy, = 0. Lastly, it is left to consider the term R,,n"n", which we 
can rewrite with the help of the field equations: 


Ryn^n" = 815G (Tunën + zi — funn” — 5!) ; (45) 
If the strong energy condition is satisfied, then: 
Taun” n” > =i (46) 
and, in the absence of intrinsic acceleration, a, = 0, we can establish the bound: 
£40 + To? < 8TG ( fun^n" + : f) . (47) 
For a vanishing entropic force f,, = 0, this means that an expanding congru- 


ence cannot indefinitely sustain its divergence and will eventually recollapse. On 
the contrary, a positive and sufficiently large entropic contribution can avoid such 
recollapse. This may become relevant for an expanding universe, but also to generic 


gravitational collapse and the singularity theorems.6-8 


5. Sources of entropy 


A main ingredient in the variational formulation of non-equilibrium thermodynam- 
ics in General Relativity is the inclusion of entropy at the Lagrangian level and the 
derivation of a notion of temperature from it. In this section we present two relevant 
examples: hydrodynamical matter, which is a prototypical case, and horizons. 


5.1. Entropy from hydrodynamical matter 


A classical fluid is the simplest matter content that can be considered in General 
Relativity and it is of particular relevance in Cosmology. Without paying attention 
to microphysical details, the Lagrangian of hydrodynamical matter can be written 
as 


Lm = —V/—90( Gur; s) E (48) 
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being then the temperature simply given by 
LOL ge Op 
Vg 0s Gs" 


This is analogous to the case of a mechanical system, where the Lagrangian is 


T= 


(49) 


generically given by a kinetic and a potential energy 


and temperature can be defined as 


aL | au 
T= 55> 359° (51) 


Thus, the energy density of a fluid can be readily interpreted as the thermodynamic 
internal energy. 


5.2. Entropy from gravity and horizons 


Gravity itself has thermodynamical features. It is known since the discovery of the 
laws of black hole mechanics and their promotion to laws of black hole thermody- 
namics, allowed by the introduction of Bekenstein entropy and Hawking tempera- 
ture. We propose to include the entropy associated with a horizon H by extending 
the Einstein-Hilbert actions with surface terms of Gibbons-Hawking- York (GHY) 
type 


1 = 
Sany = za]. d*yV/hK , (52) 
H 


where h is the determinant of the induced 3-metric on the horizon and K is the 
trace of its extrinsic curvature. Definitions are analogous to the ones used in the 
ADM formalism, but we stress that here the hypersurface of interest is a horizon 
and not constant-time hypersurfaces. 

From the thermodynamic point of view, the GHY term contributes to the inter- 
nal energy of the system. Hence, it can be rewritten as a function of the temperature 
and entropy of the horizon 


[E f dtN()TS. (53) 


We have kept the lapse function N(t), to indicate that the variation of the total 
action with respect to it will generate a Hamiltonian constraint with an entropy 
term together with the ordinary matter/energy terms. In order to illustrate this, let 
us now compute the GHY for the event horizon of a Schwarzschild black hole. 
The space-time of a Schwarzschild black hole of mass M is described by the 


static metric 
2GM 2GM M1 
ds? — (1 e ) ae | (1 G ) dr? + r?d02. (54) 


r T 
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We foliate it with spherical hypersurfaces, i.e. their intersection with constant time 
hypersurfaces is a 2-sphere around the origin of coordinates. The corresponding 


ELM (55) 
T 


With this, the trace of the extrinsic curvature for such a sphere scaled by the metric 
determinant is 


normal vector is 


VK = (3GM — 2r)sin6. (56) 


Integrating over the angular coordinates and setting the 2-sphere at the event hori- 
zon, i.e. r = 2G M, and restoring for a moment A and c, the GHY becomes 


1 
SGHY = -3 fae = - | arsusun (57) 


where Tpg is the Hawking temperature and Spg is the Bekenstein entropy of the 
Schwarzschild black hole: 
flic? Ac? An GM? 
T: = ——— = —— = —————————. 
BH gr SBH = IGR hc 


'This favors the interpretation of the GHY term of a horizon as a contribution to 
the internal energy in the thermodynamic sense. 


(58) 


6. Irreversible cosmology 


We derived in section 4 a powerful, generic tool to describe non-equilibrium ther- 
modynamic effects in gravity. In the Hamiltonian formulation of General Relativity 
it is possible to obtain the modified equations of motion and rigorously impose the 
time-evolution of the entropy as dictated by the second law of thermodynamics. 
In section 2 we motivated the study of these phenomena by our interest in 
understanding the dynamics of irreversible cosmology and justifying its equations 
of motion. One can obtain them using the Hamilton equations.! Here, however, we 
present a slightly different approach. Due to the symmetries of the FLRW universe, 
homogeneity and isotropy, there is a preferred slicing and time evolution is well- 
defined even at the Lagrangian level. Therefore, we can obtain the equations of 
non-equilibrium cosmology by imposing these symmetries, i.e. making an ansatz for 
the metric 
2 


2 21,2 2 


+ rd ) (59) 


where the lapse function N(t) accounts for the freedom in choosing the time coor- 
dinate, i.e. the symmetry under t > f(t). The Ricci scalar associated to this metric 


1S 
6 (aa à? 
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Let us stress that this result is imposed by symmetry, not dynamics. Without loss 
of generality, we can restrict the action to a region of comoving volume 1 and write 
it as 


s= f a= 3 fan BE. R + fan 3Lm(N,a, S). (61) 
— = Bn a N2 N2 a m 0, $ 


Effectively, this action describes a mechanical system, for the scale factor a(t) has 
no spatial dependency and we got rid of the integral over spatial coordinates. The 
first term can be rewritten using integration by parts in order to get only terms 
with at most the first derivative of a 


3 å? 3 
EE S — Dra m 9%) $ 2 
S sc [ ^"«( sath) + f avec (N, a, S) (62) 
The variational constraint is here given by the usual expression for a mechanical 
system 
OL 
— ôS = fóa. 63 
SÒS = fia (63) 
The Hamiltonian of the system is 
OL 3 à?a 
H =ù L= kaN | - N £5. 64 
" Bà 8rG ( No o ) " (Pa) 


For an arbitrary lapse function N (t) this can be rewritten as 


OL 
H=N?e = 65 
oe, (65) 
which gives the Hamiltonian constraint of the system. On the other hand, the dy- 
namics is obtained from the equation of motion for a 
OL — 
ða — 


Let us now consider the matter Lagrangian to be that of a perfect fluid, i.e. 


x (66) 


Its stress-energy tensor is given in terms of the density p and pressure p by 
TH” = (p + pjut” + pg" (68) 


and u™u = (N,0,0,0) is the unit vector tangent to a comoving observer. Pressure 


is then obtained as 
d rus 1 Oa?p 
= L TiS; = — ; 69 
ETS J 2a* Oa (69) 


Using the expressions for p and p and rearranging the terms in the Hamiltonian 


constraint and the equation of motion for a(t) we arrive at the modified Friedmann 
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equations 


(70) 


a 
ü 4nG dances 
a 3 VTPT aay 


The expression for the entropic force F is obtained from the phenomenological 
constraint 


(55) $- -r$- fà «o. (71) 


which determines the sign f < 0 whenever dealing with an expanding universe 
à > 0. We express finally the second Friedmann equation as 


ü AnG TS 


a*à 


From this equation we can conclude that entropic forces generally drive an accel- 
eration of the expansion of the universe. Whether this can dominate the dynamics 
of the scale factor will depend on the particular thermodynamic process. Most of 
the expansion history of the universe takes place in equilibrium. Out of equilib- 
rium processes, such as (p)reheating, phase transitions or gravitational collapse are 
short-lived. Should their associated entropic force dominate, we still only expect a 
short period of accelerated expansion. 

Symmetry under time inversion is broken by the same arguments presented 
in section 3. Hence, the Friedmann equations together with the phenomenologi- 
cal constraint, i.e. the second law of thermodynamics, describe cosmic irreversible 
dynamics. 

We currently live in a universe that is undergoing an accelerated expansion. The 
possibility of explaining this by means of an entropic force is fascinating. In the next 
section we review our proposal to achieve this by means of the sustained growth of 
the entropy associated to a causal horizon. 


7. Cosmic acceleration as an entropic force 


'The growth of entropy associated to the cosmic horizon may be responsible for the 
current observed accelerated expansion of the universe. The choice of horizon is in 
principle not unique. T'he only available one which can be defined locally in time is 
the cosmic apparent horizon, but it fails to significantly affect the expansion.? 
There is another option in the framework of eternal inflation, according to which 
we live in an open universe nucleated by quantum tunneling from a false to a true 
vacuum. After nucleation the bubble universe undergoes its own inflationary era, 
which renders the local metric almost flat. However, due to the presence of the 
bubble walls, the true causal horizon is located at a finite distance. It induces an 
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entropic fluid via GHY term with energy density 


TuS 1-90 mE 
pH a = 7 H | E sinh(2a9Hon), xo = x x — e 2N (=) (1+ Zeq) ; 
(73) 


where 7) is the conformal time, Qo is the density parameter, 7T;, is the reheating 
temperature, Teq and z,4 are, respectively, the temperature and redshift at matter- 
radiation equality. Introducing T = agHo7 one can write the second Friedmann 
equation in conformal time as 


a’ M? a a\? 4m a M? 
(=) = Ow (=) + OK ( ) + Ox ( ) sinh(27) , (74) 
ao ao ao 3 ao 


where Qm is the matter density paremeter and Qg is the curvature parameter. We 
call this the general relatvistic entropic acceleration (GREA) theory. 

By solving this equation with cosmological parameters consistent with the CMB 
values (Planck 2018: Qj œ 0.31, Qg œ 0.0006, ho ~ 0.68) and initial conditions 
deep in the matter era, a;(7) = ao QmT?/4, we find generic accelerating behaviour 
beyond the scale factor a ~ 1/2 (i.e. z ~ 1), see Fig. 1. This is consistent with 
the current observed acceleration of the universe and may even resolve the Hubble 
tension,? providing a way to obtain from the CMB a present value of Ho that is 
consistent with late-universe observations, see Fig. 2. 


H(a) [100 km/s/Mpc] 


Fig. 1. The left plot shows the evolution of the inverse comoving horizon with the coasting point 
for each model, at z ~ 0.65 for ACDM (in green) and z ~ 0.83 for GREA (in red). The right 
plot shows the evolution of the rate of expansion. For GREA the present rate of expansion is 
approximately 74 km/s/Mpc, compared with the value of 68 km/s/Mpc predicted by ACDM, in 
agreement with the asymptotic value at the CMB. 


8. Conclusions 


'The consistent inclusion of non-equilibrium phenomena in General Relativity leads 
to the modification of the Einstein field equations, as can be checked both in the 
Lagrangian and Hamiltonian formulations of the theory. This breaks symmetry 
under time inversion and allows for the introduction of an arrow of time. 
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In cosmology this implies the appearance of a term of entropic origin in the 
second Friedmann equation, which tends to accelerate the expansion of the universe 
as a result of the increase in entropy. Some physical processes such as (p)reheating, 
phase transitions or gravitational collapse may lead to phenomenologically relevant 
applications of this formalism. We look forward to further developments. 

The sustained entropy growth associated to a causal horizon in the open universe 
scenario leads to an acceleration consistent with current observations and it may 
even solve the H tension. Further research will be required to establish the full 
viability of the GREA theory. 


1.0 .————— oot 
| wo = —0.941, we = —0.345 w(a) = wo + wa(1 — a) 


1 * w(a) 
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Fig. 2. The effective equation of state of the non-matter component of the GREA theory, as 
a function of thee sale factor. Note that the predicted effective PCL parameters (wo, Wa) agree 
remarkably well with present observations. 
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Dark matter scenarios are being tested at the LHC in the general-purpose experiments 
through promptly decaying states. In parallel, new dedicated detectors have been pro- 
posed for the LHC to probe dark matter portal theories predicting long-lived particles 
that decay away from the interaction point: MoEDAL-MAPP, MoEDAL-MALL, FASER, 
SND@LHC, CODEX-b, MATHUSLA, AL3X, ANUBIS, FACET, milliQan, FORMOSA. 
In addition, the SHiP beam-dump experiment is planned to operate with the SPS beam 
to extend the discovery reach for such particles. T'he detector design and expected physics 
sensitivity of these experiments is presented with emphasis on scenarios explaining the 
nature of dark matter. 


Keywords: Dark matter; Portal models; Long-lived particles; Displaced vertices; LHC. 


1. Introduction 


In collider physics, and in particular at the Large Hadron Collider (LHC),! there 
is a growing experimental interest in long-lived particles (LLPs),?? which travel a 
macroscopic distance before either decaying within the detector or giving rise to 
anomalous ionisation. In theory, long lifetimes may be due to a symmetry (leading 
to stable particles), narrow mass splittings, small couplings, or a heavy mediator. In 
this arena, a class of LLPs called Feebly interacting Particles (FIPs)^ is characterised 
by indirect interactions of FIPs with Standard Model (SM) particles through low- 
dimensional operators. These interactions, commonly referred to as portals, may 
predict dark photons (vector portal), a light dark Higgs boson (scalar portal), axion- 
like particles (pseudoscalar portal), or heavy neutral leptons (fermion portal). 

Scenarios beyond-the-SM (BSM) that introduce a hidden sector in addition to 
the visible SM sector are required to explain a number of observed phenomena in 
particle physics, astrophysics and cosmology such as the non-zero neutrino masses, 
the dark matter (DM), the baryon asymmetry of the Universe and the cosmological 
inflation. The mystery of DM, in particular, is quite intriguing with around 25% 
of our Universe invisible (dark) that only interacts through gravity and remains 
unaccounted for in the SM. This review focuses on the possibility to explore DM 
with LLPs, as a complementary way to searches performed by the main experiments. 
ATLAS? and CMS look for DM in mono-X final states, in associated production 
and in resonances via mediators,’ while LHCb? has good prospects for probing 
DM-portal LLPs after its Phase-I upgrade.? 
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This review is organised as follows. After a brief introduction in Sec. 1, the 
specially designed LHC experiments to tackle LLPs are concisely presented in Sec. 2. 
'The dark-scalar and dark-vector portals, proposing neutral LLPs that decay in the 
detector volumes to known particles, are reviewed in Sec. 3 and Sec. 4, respectively. 
Dark photons at the limit of zero mass, leading to fractionally charged particles, are 
discussed in Sec. 5. In Sec. 6, other BSM scenarios pertinent to LLPs are highlighted. 
Finally, possible measurements of new particle properties are outlined in Sec. 7, 
before summarising and giving an outlook in Sec. 8. 


2. Dedicated LLP Experiments at the LHC 


There is a constantly growing list of experiments planned for the LHC optimised 
for the detection of feebly interacting particles. Their projected added value stems 
mostly from their different operation and geometry parameters: angle w.r.t. the 
beam axis, the detector volume and distance from IP — probing different ranges 
of lifetime, couplings to SM and boost (mass) —, their time scale and the detector 
design. 

Besides the detectors highlighted below, there are other, operating or future, 
non-LHC experiments with sensitivity to DM and other portal models. Such cases 
include BaBar,!° existing CERN beam-dump experiments, like the NA48/2,H 
NA62!? and NA64,!° the Fermilab SeaQuest!4 and the reactor experiment SoLid.!? 
Proposed experiments include the Search for Hidden Particles (SHiP)!? at the 
CERN Beam Dump Facility, SHADOWS!” at the CERN North Area, LUXE- 
NPOD?? at DESY, HECATE?? for the FCC-ee or CEPC, GAZELLE”? in Bell II at 
SuperKEKB, SUBMET?! at J-PARC and FerMINI?? at Fermilab, among others. 


2.1. MAPP - MoEDAL Apparatus for Penetrating Particles 


The MoEDAL (Monopole and Exotics Detector at the LHC)?? experiment is mainly 
dedicated to searches for manifestations of new physics through highly ionising par- 
ticles in a manner complementary?^ to ATLAS and CMS. It is the first dedicated 
search LHC experiment. The principal motivation for MoEDAL is the quest for 
magnetic monopoles?? and dyons, as well as for any massive, stable or long-lived, 
slow-moving particle?? with single or multiple electric charge arising in various ex- 
tensions of the SM.?/ The MoEDAL detector?? is deployed around the region at 
interaction point 8 (IP8) of the LHC in the LHCb® vertex locator cavern. 

It is a unique and, to a large extend, passive detector based on three different 
detection techniques: nuclear track detectors (NTDs), magnetic monopole trackers 
(MMTs) and TimePix pixel devices. MoEDAL has pioneered the quest for magnetic 
charges, by being the only contender in the high-charge regime?? ?? and by being 
33 in colliders and in investigating the Schwinger thermal 
production of monopoles.?^ More analyses, also on electric charges,?? are ongoing.?Ó 

The last few years, MoEDAL proposes to deploy MAPP?7?? in a gallery near 
IP8 shielded by an overburden of approximately 100 m of limestone from cosmic 


first in constraining dyons 
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rays to extent its reach to the low ionisation regime. It is envisaged that the first- 
stage detector, MAPP-1 will be installed during LHC Long Shutdown 2 (LS2) and 
Run 3.36 The purpose of the innermost detector, the MAPP-mQP, shown in Fig. 1, 
is to search for particles with fractional charge as small as 0.001e, the so called 
millicharged particles (mCP), using plastic scintillation bars. A prototype of the 
mQP detector (1096 of the original system) is already in place since 2017 and the 
data analysis is ongoing.?? The Phase-1 MAPP-mQP is going to be deployed in the 
UA82 gallery in a distance 100 m from IP8. 


From ip 


Fig. 1. Diagram of the MAPP-1 de- 
tector components: mQP at the centre 


7m x 3m x 8m (3 layers) : 
and three layers of LLP around it. 


Another part of the detector, the MAPP-LLP, is deployed as three nested boxes 
of scintillator hodoscope detectors, in a ^Russian doll? configuration, following as 
far as possible the contours of the cavern as depicted in Fig. 1. It is designed to 
be sensitive to long-lived neutral particles from new physics scenarios via their 
interaction or decay in flight in a decay zone of size approximately 5 m (wide) x 
10 m (deep) x 3 m (high). The MAPP detector can be deployed in a number of 
positions in the forward direction, at a distance of O(100 m) from IP8. An upgrade 
plan for the MAPP-1 detector is envisaged for the High-Luminosity LHC (HL- 
LHC),*° called MAPP-2, with considerably larger volume than MAPP-1. 

Furthermore, the MoEDAL Apparatus for very Long Lived particles (MALL)?? 
is intended to push the search for decays of new electrically charged, massive and 
extremely long-lived particles, with lifetimes well in excess of a year, by monitoring 
the exposed MMTs for decay products of trapped BSM particles.?^:?? Quite recently, 
an independent proposal has been presented to install such absorber volumes near 
the CMS IP.*4 


2.2. FASER - ForwArd Search ExpeRiment 


FASER^ is an approved small and inexpensive experiment designed to search for 
new particles produced in decays of light mesons copiously present at zero angle at 
the LHC in Run-3 and beyond. Such particles may be produced in large numbers and 
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travel for hundreds of meters without interacting, and then decay to SM particles. 
To search for such events, FASER will be located 480 m downstream of the ATLAS? 
IP in the unused service tunnel TI12 (cf. Fig. 12). It is planned to be constructed 
and installed in LS2 and collect data during Run 3.43 


An overview of the different detector components is shown in Fig. 2.44 


The mag- 
nets are 0.55 T permanent dipole magnets based on the Halbach array design with a 
radius of 10 cm. There are three scintillator stations for timing, trigger and vetoing 
incoming charged particles. The electromagnetic calorimeter consists of four spare 
outer ECAL modules from LHCb. The tracker consists of three tracking stations, 
each containing three layers instrumented with spare ATLAS semiconductor-tracker 
barrel modules. 
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Fig. 2. Annotated schematic view of the FASER detector components. 


Moreover, FASERv*® is designed to directly detect collider neutrinos and study 
their cross sections at TeV energies. In 2018, a pilot detector employing emulsion 
films was installed in the far-forward region of ATLAS, also visible in Fig. 2, and 
collected 12.2 fb~! of pp collision data at a ys = 13 TeV. The first candidate 
vertices consistent with neutrino interactions at the LHC were observed, an example 
of which is presented in Fig. 3, with a measured 2.70 excess of neutrino-like signal 
above muon-induced backgrounds.46 


2000 um 


100 um 


Fig. 3. FASERv event displays of a neutral vertex in the y — z projection longitudinal to the 
beam direction (left) and in the view transverse to the beam direction (right).46 
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For the HL-LHC, FASER2,?? a larger successor with roughly R ~ 1 m and 
L ~ 5 m is planned to be constructed during LS3 and installed in the LHC For- 
ward Physics Facility (FPF) (cf. Fig. 12). Possible options for FPF locations are 
an expanded UJ12 cavern or a new cavern ~ 600 m downstream from IP1. Other 
experiments proposed to be housed in FPF include FASERv?2,,*” a detector with 
roughly ten times the mass of FASERv, as well as the Forward Liquid Argon Exper- 
iment (FLArE), 5 composed of a 10- or 100-tonne-scale liquid argon time projection 
chamber (LArTPC). 


2.3. SND@LHC - Scattering and Neutrino Detector at the LHC 


SND@LHC” is a recently approved, compact and stand-alone experiment designed 
to measure neutrinos produced at the LHC and search for FIPs in the unexplored 
range of 7.2 < 7 < 8.7, where neutrinos are mostly produced from charm decay. It is 
a small-scale prototype of the SHiP?? experiment Scattering and Neutrino Detector 
(SND). The proposed detector is hybrid, combining the nuclear emulsion technology 
and electronic detector; a schematic view is provided in Fig. 4. It will be installed 
in the TI18 tunnel, in a location off-axis with respect to the ATLAS? IPI. 
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Fig. 4. Annotated schematic view of the Fig. 5. Diagrams of the detector components 
SND@LHC detector components.4? of the FACET spectrometer. 


2.4. FACET — Forward-Aperture CMS ExTension 


FACET?! is a multi-particle spectrometer to be located at z ~ +100 m from the 
CMS? IP5. The detector will have a radius of ~ 50 cm and coverage 6 < 7 < 8, 
therefore it will be much closer to the IP and feature much larger decay volume than 
FASER. It is shielded by about 30 — 50 m of steel in front of it, which corresponds 
to 190 — 300 interaction lengths, Aint. FACET will be fully integrated in CMS and 
can be used either a forward part of CMS or a standalone detector. Some GEANT4 
modelling drawings of the FACET detector components are shown in Fig. 5. If 
approved, FACET will operate during HL-LHC. 
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2.5. CODEX-b — COmpact Detector for EXotics at LHCb 


CODEX-b?2:53 is proposed as a cubic detector with a nominal fiducial volume of 
10 mx 10 m x 10 m to be situated in a transverse location ~ 25 m from the LHCb® 
IP8, as depicted in Fig. 6, corresponding to the pseudorapidity range 0.2 < 7 « 0.6. 
It will be composed of six Resistive Plate Chamber (RPC) layers — being fast, 
precise and cheap for a large-area tracker — at 4 cm intervals on each box face with 
1 cm granularity. An additional passive Pb shielding of 25A4,4 with embedded active 
scintillator veto will reduce IP and secondary backgrounds. It is reminded that IP8 
runs at a factor of ~ 10 less luminosity than IP1, IP2 and IP5. 
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Fig. 6. Layout of the LHCb cavern UX85 at IP8, overlaid with the CODEX-b volume.53 


CODEX-b will be interfaced with LHCb data acquisition, therefore there will 
have a unique trigger. Further additions to CODEX-b include calorimetry, which 
would significantly enhance the physics reach, e.g. photon signatures. Moreover, 
absorber or pre-shower layers can also perform particle identification, e.g. e/y 
separation. 

The CODEX-8 demonstrator, with a volume of 2 x 2 x 2 m?, is proposed to 
be operated during Run 3 to provide proof of concept. Its primary goal is to be 
integrate with LHCb online, reconstruct K? and measure background rates. It will 
provide competitive sensitivity to b > sx(— hadrons), as well. 
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2.6. MATHUSLA - MAsive Timing Hodoscope for Ultra Stable 
neutraL pArticles 


MATHUSLA?^?5 is a proposed surface detector of a large footprint (area 100 x 
100 m?) and large decay volume (height 25 m) to be located above CMS, as 
depicted in Fig. 7. The ~ 90 m of rock between the IP5 and the detector decay 
volume provides enough shielding for MATHUSLA to work in a clean environment. 
'The air-filled decay volume will be occupied by several detector layers for tracking 
in a modular way. RPCs and plastic scintillators are proven technologies that meet 
the specifications. Being a background-free experiment increases the sensitivity to 
LLPs up to decay lengths of 107 m and extends the sensitivity of the main detectors 
by orders of magnitude. 
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Fig. 7. The MATHUSLA detector layout positioned relative to Fig. 8. The MATHUSLA test 
CMS IP5.55 stand.°6 


A test stand following the concept of the full detector was installed in the surface 
area above the ATLAS? IP, taking data with different beam conditions during 
2018.96 The 2.5 x 2.5 x 6.5 m? unit detector is composed of one external layer 
of scintillators in the upper part and one in the lower part with six layers of RPCs 
between them, as shown in Fig. 8. The obtained results confirmed the background 
assumptions in the MATHUSLA proposal. 

Moreover, MATHUSLA could act as a cosmic-ray (CR) telescope performing 
very precise measurements up to the PeV scale.5™ 58 By integrating a device with the 
possibility to measure arrival times and particle densities of extensive air showers, 
such as an RPC, MATHUSLA can be employed as a CR detector and monitor a 
big portion of the sky above (0 < 80°), without limitation to inclined events. 


2.7. ANUBIS — AN Underground Belayed In-Shaft 


ANUBIS?? is an off-axis detector designed for neutral LLPs with cr > 5 m, proposed 
to occupy the PX14 installation shaft of the ATLAS? experiment (cf. Fig. 9(left)), 


2036 


which is not used during regular LHC operation. It will comprise four evenly 
spaced tracking stations (TS) with a cross-sectional area of 230 m? each, shown 
in Fig. 9(right). The tracking stations will use the same RPC technology as the new 
ATLAS layers and ATLAS can be used as an active veto of SM activity. The pro- 
jective decay volume optimises the acceptance for different lifetimes. Two smaller 
TS prototypes are planned to be installed for Run 3 as a demonstrator. 


SS 
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Fig. 9. Left: Location of the ANUBIS detector in 
the PX14 installation shaft of the ATLAS exper- 
iment. Above: One of the four ANUBIS tracking 
stations in the (x, z) plane. The shaft walls and the 
ATLAS cavern pipework are shown in gray, the TS 
in blue and the TS support structure in orange.°? 


2.8. AL3X - A Laboratory for Long-Lived eXotics 


In the event that ALICE® finishes its physics program before the end of HL-LHC, it 
has been proposed! to reuse the L3 magnet at IP2 and the ALICE Time Projection 
Chamber (TPC) for LLP searches. This proposal requires to move the IP by 11.25 m 
outside the magnet, as shown in Fig. 10, to allow LLPs to travel before decaying. An 
additional thick shield and an active veto (D; and D3) will reduce the background. 
The detector geometry corresponds to a pseudorapidity acceptance 0.9 < 7 < 3.7. 
The AL3X configuration is in essence a tracking detector behind a heavy shield, 
which can be thought of as analogous to a calorimeter that is solely absorber. This 
permits AL3X to search for much rarer signals in a very low background environment 
compared to ATLAS and CMS, and in this sense AL3X would be complementary 
to the existing (and proposed upgraded) multi-purpose detectors. 
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Fig. 10. Schematic view of the AL3X detector layout: the cylindrical TPC (dark green) and 
the veto and trigger layers D; (light green). The current L3 magnet is shown (dashed red) for 
reference.9! 


2.9. miliQan 


Just like MAPP-mQP, the milliQan detector,9?9? to be installed near the CMS 
IP5, will search for stable millicharged particles, unlike the majority of the afore- 
mentioned detectors which are sensitive to visible SM particles originating from 
neutral DM decays. The milliQan is located in an underground tunnel at a distance 
of 33 m from the CMS IP, with 17 m of rock between the IP and the detector that 
provides shielding from most particles produced in LHC collisions. In order to be 
sensitive to particles with charges as low as 0.001e, a large active area of scintillator 
is required. For Run 3, two detector designs are planned for deployment. The bar 
detector is made of 0.2 m x 0.2 m x 3 m plastic scintillator bars surrounded by an 
active u veto shield. The slab detector will increase the reach for heavier mCPs 
through 40 cm x 60 cm x 5 cm scintillator slabs.9* 

A small fraction of 196 of the full detector, the milliQan demonstrator, shown 
in Fig. 11 was installed and operated to measure backgrounds and provide proof of 
principle. It allowed the first search for millicharged particles at a collider.9? A data 
sample of 37.5 fb^! pp collisions at \/s = 13 TeV has been analysed and no excess 
over the background prediction observed. The results interpretation in terms dark 
photons is discussed later in Sec. 5. 


2.10. FORMOSA - FORward MicrOcharge SeArch 


FORMOSA is also designed to discover millicharged particles, yet in the far- 
forward direction, close to the beam collision axis, where it can benefit from an 
enhanced mCP production cross section compared to the transverse direction. It is 
a scintillator-based detector to be hosted in the FPF, shown in Fig. 12. FORMOSA 
is proposed to start in Run 3 by moving the milliQan demonstrator to UJ12, as a 
phase called FORMOSA-I, with the full milliQan-type detector, FORMOSA-II, to 
be deployed at a later stage. The expected physics potential is discussed in Sec. 5. 
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3. The Higgs Portal 


The so-called scalar portal involves a new dark scalar S, which mixes slightly with 
the SM-like Higgs, and provides a simple target for new physics searches.®’ The dark 
Higgs mixing portal admits exotic inclusive B — X $ decays,? where ¢ is a light 
CP-even scalar that mixes with the SM Higgs, with a mixing angle of 0 «& 1. The 
particle lifetime depends on the degree of mixing. One possible, simple Lagrangian 
which includes this new dark Higgs mixing is given by® 


L = Lsm + Los u$? s S* — eS? H' H, (1) 


where S is a real scalar field, H is a SM-like Higgs field, € is the portal coupling, and 
As is a free parameter. The quartic term contains the mixing between the SM Higgs 
and the new scalar, with the resulting physical fields: the SM Higgs h and the dark 
Higgs ¢. Both fields acquire a non-zero VEV and the coupling between these two 
particles induces new Yukawa-like couplings between the dark Higgs and the SM 
fermions. In addition, there can appear a non-negligible trilinear interaction term 
between @ and h with the corresponding coupling denoted by A, i.e. x AAó9. Thus, 
the signal sought after in LLP experiments is two charged lepton tracks originating 
from dark Higgs decays ¢ > £* £^, in their fiducial volume. 

Currently the best experimental limits on dark Higgs production at colliders 
come from CHARM*? and LHCb,"??! shown in Fig. 13 in the sin? 6-versus-mg 
plane. If no trilinear coupling is assumed and the background is considered negli- 
gible, we derive the exclusion curves for MATHUSLA, SHiP, CODEX-b, MAPP-1 


*D mesons and kaons have much smaller branching ratios into a Higgs-mixed scalar and are 
neglected. 


2039 


and MAPP-2 that are shown in the same figure. MAPP-1 during Run 3 (30 fb^!) 
is expected to provide considerable coverage, when the other experiments will be 
under construction; from the CODEX-b side, the CODEX-8 demonstrator will be 
in operation. MAPP-2 extents significantly MAPP-1 sensitivity making it compet- 
itive with SHiP. As expected, MATHUSLA has better sensitivity in lower mixing 
angles, thus longer lifetimes, due to its large distance from the IP. 
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Fig. 13. 95% CL exclusion bounds Pro- 
jected sensitivity of MoEDAL-MAPP 
and other experiments for dark Higgs 


bosons produced in rare B decays at 
V/s = 14 TeV. Adopted from Ref. 61. 
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Assuming now a non-vanishing trilinear coupling A, the expected sensitivity 
from the experiments presented in Sec. 2 is shown in Fig. 14. This time, a larger 
fraction of the parameters space is covered due to the contributions arising from a 
Higgs in the decay cascade, either virtual, e.g. the B — KSS mode, or real, e.g. 
the h > SS. The branching fraction BR(h — SS) ~ 10^? is considered to remain 
compatible with the LHC searches for the Higgs to invisible channels. The larger 
impact is provided by the bigger experiments, MATHUSLA,” SHiP,”? FASER2° 
and CODEX-b,™ which can explore the region well above the GeV mass scale in a 
fully uncharted range of couplings. 

Dark scalar portals may have cosmological implications, contributing to the 
observed DM abundance. Dark Higgs bosons may mediate interactions with hid- 
den dark matter that has the correct thermal relic density or resolves small-scale- 
structure discrepancies. Indeed, there are models with a dark Higgs inflaton strongly 
favoured by cosmological Planck"? and BICEP/Keck Array’® data that constrain 
the energy scale of inflation. One of these is expected to leave imprints on LHC 
experiments, such as FASER, and MAPP-1.77 


4. Dark Photons: Neutral Metastable States 


A large class of BSM models includes interactions with light new vector particles. 
Such particles can result from additional gauge symmetries of BSM physics. New 
vector states can mediate interactions between the SM fields and extra dark-sector 
fields that may eventually play the role of the DM states. 
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Fig. 14. Prospects on 10-15 year timescale for dark-scalar mixing with Higgs in the (mg, sin? 0) 
plane with trilinear coupling A 4 0 and assuming BR(h > SS) = 10-2. The NA62** and 
KLEVER curves correspond to À = 0, so they are conservative. "4 


'The most minimal vector portal interaction can be written as 


€ 
2 cos Ow 


Lvector = Lsm H Lps POE, (2) 
where Lsm is the SM Lagrangian, By and F;,, are the field stengths of hypercharge 
and new U'(1) gauge groups, e is the so-called kinetic mixing parameter,"? and Lps 
stands for the dark sector Lagrangian that may include new matter fields x charged 
under U'(1), 
ET 1 / [LV 1 2 ! Aly ; 1 2 

Los = FFP + sma A,A" + |(O, + igpA xl + --- (3) 
If x is (meta)stable, it may constitute a fraction or entirety of dark matter. At 
low energy this theory contains a new massive vector particle, a dark photon state, 
coupled to the electromagnetic current with e-proportional strength, eA) Jem: 

In the minimal dark photon model, DM is assumed to be either heavy or con- 
tained in a different sector. The dark photon, ya, decays into SM states (visible 
decays). The physics potential of the proposed LLP experiments as a function of 
the dark photon mass ma and the coupling of dark photon with the SM photon e 
is shown in Fig. 15, compared with existing bounds from several beam-dump data, 
e.g. Refs. 79,80. The sensitivity for dark photons decaying into visible final states 
is expected to be dominated by SHiP,"? while FASER2,°° LDMX?! and AWAKE’? 
will be directly competing with SeaQuest, LHCb, Heavy Photon Search (HPS)5? 
experiment, and others. MATHUSLA in this scenario is however not competitive, 
mostly due to the fact that the dark photon is produced in the forward direction. 
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Fig. 15. Future upper limits at 90% CL for a minimal dark-photon model with visible decays in 
the plane mixing strength e versus mass m4; for various projects on a ~10-15 year timescale.” 


In a different scenario, light (sub-GeV) DM, x, may be coupled to a dark pho- 
ton, constituting a minimally coupled weakly interacting massive particle (WIMP) 
model. The preferred values of the coupling gp are such that A’ > xx, with x po- 
tentially scattering further on electrons and nuclei, while m /m,, = 3 is assumed 
for the masses. Recent studies on DM scattering off electrons*® and off nuclei?* in 
an emulsion detector (FASERv2) and a LArTPC (FLArE) in the FPF showed very 
interesting sensitivity, probing the thermal-relic region. Neutrino background may 
be separated from DM signal using energy and angle selection criteria. Such forward 
detectors open the possibility for performing a direct-detection-type DM search at 
the LHC. 

In inelastic DM, which constitutes a viable and compelling paradigm for light 
thermal DM, DM couples to the SM only by interacting with a nearly degenerate 
dark-photon mediator heavier than ~ 10 GeV. For relative mass-splittings larger 
than O(10-9), DM-nucleon/electron scattering at direct detection experiments is 
kinematically suppressed. However, at the LHC, where the DM and excited state 
can be directly produced, for mass-splittings above a few MeV, the excited state 
can decay back to DM and a pair of SM fermions, often on collider timescales. 
giving rise to visible displaced vertices. ATLAS, CMS, LHCb, CODEX-b, FASER, 
and MATHUSLA can detect such DM signals in the cosmologically motivated mass 
range of ~ 1 — 100 GeV.55 


5. Dark Photons: Stable Millicharged Particles 


Millicharged particles have been discussed in connection with the mechanism of elec- 
tric charge quantisation and possible non-conservation of electric charge.8 There 
are three experiments planned to run at the LHC that are sensitive to the detection 
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of the low ionisation coming from an mCP: milliQan (Sec. 2.9), the MAPP-mQP 
sub-detector (Sec. 2.1) and, the recently proposed, FORMOSA (Sec. 2.10). 

A well-motivated mechanism that predicts mCPs is the introduction of a new 
massless U'(1) gauge field, the dark photon, A;,,, which is coupled to the SM photon 
field, B"". A new massive dark fermion v» (dark QED) of mass Mcp, is predicted, 
which is charged under the new U'(1) field A’ with charge e’. The Lagrangian for 
the model is given byf? 


VLA iv(d ie! A’ i iMmcp)W S a B". (4) 


1 
L= Lsm — 7A, ~ z/w 


4 HY 
The last term contains the kinetic mixing, which one can eliminate by expressing 
the new gauge boson as, A’, > Aj, + KB. Applying this field redefinition reveals a 
coupling between the charged matter field Y% to the SM hypercharge. The Lagrangian 
(4) then becomes: 


1 a 
L = Lsm — A'A” + ipl + ie A’ 


{Aw ike' B+iMmcp)d. (5) 


It is now apparent that the field Y% acts as a field charged under hypercharge 
with a millicharge Ke’, which couples to the photon and Z° boson with a charge 
Ke’ cos yy and —Ke’ sin 0w, respectively. Expressing the fractional charge in terms 
of electric charge thus gives e = Ke'cos0w /e. 
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Fig. 17. Sensitivity reaches of FORMOSA 


Fig. 16. 9596 CL exclusion limits for dark in the millicharged SIDM window in terms 


fermion mCPs in the mass vs. charge plane 
obtained by the milliQan demonstator® 
pared to previous constraints and to the 
MAPP-mQP sensitivity for various integrated 
luminosity assumptions.57 


com- 


of the reference cross-section Geyer. In addi- 
tion to accelerator constraints, constraints from 
direct-detection experiments (assuming 0.496 
DM abundance for the direct-detection experi- 
ments) are drawn.96 


The milliQan 1% scale demonstrator discussed in Sec. 2.9 and shown in Fig. 11 


provided the first constraints on mCPs at LHC, as shown in Fig. 16. Pair-production 
of millicharged particles at 13 TeV is considered through the Drell-Yan process, as 
well as from Y, J/w, (2S), à, p, and w decays into mCP pairs, and from Dalitz 
decays of 1°, n, 7’, and w. This search excluded mCP masses of 20 — 4700 MeV 
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for charges varying between 0.006e and 0.3e depending on mass. MAPP-mQP, 
on the other hand, can extend these limits especially towards higher masses, while 
the reach in terms of low charges depends on the integrated luminosity; charges as 
low as 107?e will need the HL-LHC,*" as evident from Fig. 16. Similar sensitivity 
is expected by the full milliQan detector during the HL-LHC run.94 

When considering DM abundance, mCPs can account for a fraction of it that 
cannot be detected by direct-detection experiments due to attenuation effects, when 
the ambient DM has substantial cross section with SM particles making it to lose 
most of its kinetic energy. For some model parameters,5*:5? the DM particles cannot 
be detected by ground-based direct detection experiments after interacting with the 
atmospheric particles and the crust. These DM particles are generally referred to as 
strongly interacting DM (SIDM). In general, mCP-hunting experiments constrain 
the larger cross sections, leaving a gap, that can be filled by FORMOSA.96 This 
is shown in Fig. 17, where the accessible reference cross section versus mCP mass 
is drawn for accelerator and for direct-detection experiments, together with the 
FORMOSA expected reach. 

In addition to DM, apparent fractionally charged particles may arise as heavy 
neutrinos with a large enough electric dipole moment (EDM) to yield ionisation in 
mCP-sensitive detectors. It has been demonstrated that milliQan and MAPP-mQP 
have very good sensitivity in a scenario where the heavy neutrino is considered to 
be a member of a fourth generation lepton doublet with the EDM introduced within 


a dimension-five operator.9?:?! 


6. More Portals and Beyond 


As highlighted in the introduction in Sec. 1, besides the hidden sectors directly 
related to DM, namely the dark Higgs and dark photons, there are other portals, 
such as those predicting heavy neutral leptons and axion-like particles (ALPs). The 
quest for these objects is of equal interest to Particle Physics open questions, they 
are often related to dark matter and are similarly relevant to the above mentioned 
LLP experiments, as those discussed in Secs. 3, 4 and 5. Besides the portal connec- 
tion to DM, LLPs can probe specific DM models, such as the case of MATHUSLA 
and dynamical dark matter.?? 


6.1. Extended neutrino sector 


In the so-called fermion portal, new heavy neutral leptons (HNLs) are added to the 
SM to provide an elegant way to generate non-zero neutrino masses via the seesaw 
mechanism.®? °° In type-I seesaw models, one extends the SM by adding neutral 
right-handed fermions (identified with HNLs) that couple to the SM neutrinos sim- 
ilarly to the coupling between left- and right-handed components of the charged 
leptons. In a considerable class of these models, the HNLs become long lived and 
the LLP experiments have good prospects to detect them.”4: 96-100 
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To highlight an example, in the case of right-handed neutrinos being produced 
in the decay of an additional Z' boson in the gauged B — L model, which also 
contains a singlet Higgs that spontaneously breaks the extra U(1)p. ry, gauge sym- 
metry, MAPP-2 will fill the gap left by CMS, LHCb, MATHUSLA, FASER2 and 
CODEX-b.1° 


Light sterile neutrinos can account for dark matter,10?-104 


while sterile neutrinos 
with a broad range of masses can account for the baryon asymmetry of the Universe 
through leptogenesis.!° Sterile neutrinos may be long-lived in simplified models 
where the SM is extended with one sterile neutrino!?9 or in neutrino-extended SM 
Effective Field Theories, vSMEFT. Intermediate-mass can be produced in leptonic 
and semi-leptonic decays of charmed and bottomed mesons, decaying to leptons 
via neutral and charged weak currents, thus becoming detectable in LHC LLP 


experiments.107 


6.2. Axions & axion-like particles 


Axions, or more generally ALPs, are pseudoscalar pseudo-Nambu-Goldstone bosons 
arising from approximate Abelian global symmetries beyond the SM which are bro- 
ken spontaneously at a scale much greater than the electroweak scale. Axions, in 
particular, were postulated by the Peccei-Quinn theory to resolve the strong CP 
problem in quantum chromodynamics. ALPs also provide an interesting connection 
to the puzzle of dark matter, because they can mediate the interactions between 
the DM particle and SM states and allow for additional annihilation channels rel- 
evant for the thermal freeze-out of DM. Prospects for searches for ALPs in LLP 
experiments are reviewed in Refs. 2,4, 43, 53,57, 73, 74, 108. 


6.3. Supersymmetry 


Going even further, supersymmetry (SUSY), a theoretical framework that provides 
a natural DM candidate, predicts the existence of LLPs. For instance, sleptons, 
charginos and R-hadrons (namely gluinos, top- or bottom-squarks) with unit electric 
charge may be detected in the MoEDAL NTDs, in the case they are sufficiently long 
lived to reach the detector.!09-111 

R-parity violating SUSY also predicts LLPs, such as light long-lived neutralinos 
ik 
either charm or bottom mesons decaying into X9 have been considered, in similar 


X9 decaying via A, couplings to charged particles. Benchmark scenarios related to 


fashion as in sterile neutrinos, showing that these experiments can cover various 
meson production and decay modes and X? lifetimes.??: 9% 112. 113 


7. Post-Discovery Matters 


'The variety of BSM scenarios predicting LLPs and the sensitivity to those by dedi- 
cated LLP experiments — and main detectors equally — begs the question regarding 
the power to provide qualitative and even quantitative information about the nature 
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of these LLPs in the post-discovery phase. The definition of LLP simplified models? 
serves as a bridge between specific theoretical models and particular experimental 
signatures. 

The geometry of two-body yq/¢ decays to massless final states can provide infor- 
mation about their velocity and the ability to discriminate between different ya/¢ 
masses. CODEX-b can reconstruct the yq/¢ velocity to better than 1% using spacial 
tracking information. If RPC timing information is used in a complementary way 
to discriminate between slow-moving new states, it is possible to separate between 
@ masses of 0.5 GeV and 2.0 GeV.°? 

If the LLP is pair-produced in Higgs boson decays, it is possible to measure 
the mass of this particle and determine the dominant decay mode with less than 
100 observed events in MATHUSLA. In more general cases, the latter should be 
able to distinguish the production mode of the LLP and to determine its mass and 
spin based on the decay products of the long-lived particle.!!4 

Moreover, if information from the LLP and the main experiment of the same 
IP, e.g. MATHUSLA and CMS, is combined, the LLP production mode topology 
could be determined with as few as ~ 100 observed LLP decays. Underlying theory 
parameters, like the LLP and parent particle masses, can also be measured with 
S 10% precision.!!° 


8. Summary and Outlook 


There is an ever increasing interest in long-lived particle searches at the LHC (and 
not only) to exlore the dark sector besides other unanswered questions in Particle 
Physics today. Besides the efforts in the main experiments ATLAS, CMS and LHCb, 
additional complementary experiments have been approved (MoEDAL, FASER, 
SND@LHC), aiming at data taking in Run 3, or have been proposed (MATHUSLA, 
CODEX-b, milliQan, ANUBIS, AL3X and others). In addition to these LHC de- 
tectors, the SHiP experiment at the SPS is also planned to explore hidden (dark) 
sectors. Several of these experiments have constructed, operated and analysed the 
data from small-scale demonstrators that proved the detector concept and provided 
the first encouraging (physics) results. Others plan to install such prototype for 
(part of) Run 3, before preparing a complete detector for the HL-LHC operation. 
The enigma of dark matter is challenged in a different perspective — the lifetime 
frontier — at the LHC Run 3 and beyond. 
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Constraining the interactions in the dark sector with cosmological data 
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We provide constraints on coupled dark energy (CDE) cosmology with Peebles-Ratra 
(PR) potential, V(¢) = Vo9- *, and constant coupling strength 8. This modified gravity 
scenario introduces a fifth force between dark matter particles, mediated by a scalar 
field that plays the role of dark energy. The mass of the dark matter particles does 
not remain constant, but changes with time as a function of the scalar field. Here we 
assess the ability of the model to describe updated cosmological data sets that include 
the Planck 2018 cosmic microwave background (CMB) temperature, polarization and 
lensing, baryon acoustic oscillations, the Pantheon compilation of supernovae of Type 
Ia, data on H(z) from cosmic chronometers, and redshift-space distortions. We also 
study the impact of the local measurement of Ho from SHOES and the strong-lensing 
time delay data from the HOLICOW collaboration on 8. We find a peak corresponding 
to a coupling 8 > 0 and to a potential parameter o > 0, more or less evident depending 
on the data set combination. We show separately the impact of each data set and remark 
that it is especially CMB lensing the one data set that shifts the peak the most towards 
ACDM. When a model selection criterion based on the full Bayesian evidence is applied, 
however, ACDM is still preferred in all cases, due to the additional parameters introduced 
in the CDE model. The model is not able to loosen significantly the Ho tension. This 
contribution to the proceedings of the DM1 parallel session of the 16th Marcel Grossmann 
virtual Conference: “Interacting dark matter" is based on the paper 2004.00610.! 


Keywords: Cosmology: observations; Cosmology: theory; cosmological parameters; dark 
energy; dark matter. 


1. Introduction 


Important observational hints in favor of the positive acceleration of the Universe 
appeared already more than twenty years ago, thanks to the detection of standard- 
izable high-redshift supernovae of Type Ia (SNIa) and the measurement of their 
light-curves and redshifts.?:? Since then, many other probes have contributed to in- 
crease the evidence in favor of the late-time accelerated phase. They range e.g. from 
the detection of the baryon acoustic peak in the two-point correlation function of 
matter density fluctuations^? to the very accurate measurement of the cosmic mi- 
crowave background (CMB) temperature anisotropies by WMAP® and Planck." ? 


* Speaker. E-mail: gomez-valentGthphys.uni-heidelberg.de 
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At the phenomenological level, the easiest explanation for such acceleration is given 
by the presence of a very tiny cosmological constant in Einstein's field equations, 
with an associated energy density which is orders of magnitude lower than the quan- 
tum field theoretical estimates made for the vacuum energy density. Protecting such 
low value from radiative corrections is extremely difficult and constitutes the core of 
the so-called “old” cosmological constant problem, cf. e.g.!9^!? In addition, explain- 
ing why the current value of this energy density is of the same order of magnitude as 
the matter energy density, the so-called “coincidence problem", is considered by part 
of the cosmological community as another problem that needs to be addressed. The 
cosmological constant is a pivotal ingredient of the standard cosmological model, 
also known as ACDM or concordance model (cf. e.g. the reviews!*: 14) 
explain most of the cosmological observations with high proficiency. Nevertheless, 
the aforementioned theoretical conundrums, together with few persistent tensions 
in some relevant parameters of the model as the Hubble parameter Ho? !? and 
the root-mean-square (rms) of mass fluctuations at scales of 8h ^! Mpc,!? og (or 
Sg = cs (QD /0.3)°5 ^17). with h being the reduced Hubble parameter, motivate 
theoretical cosmologists to look for alternative scenarios in which these problems 
can be solved or, at least, alleviated, see!*:1? and references therein. Wherever the 
solution comes from, i.e. a departure from General Relativity or some sort of new 
field describing dark energy (DE), it must mimic very well the behavior of a cosmo- 
logical constant at low redshifts, meaning that the corresponding effective equation 
of state (EoS) parameter must be very close to -1, and that the new component 
must not be able to cluster efficiently at low scales. 

In this paper we consider a scenario in which dark matter (DM) particles interact 
via a force mediated by a scalar field, which in turn drives cosmic acceleration. This 


scenario is referred to as coupled dark energy (CDE). It was originally proposed as a 
20,21 


, which can 


means of alleviating the coincidence problem, considering not only a potential 
energy density for quintessence to generate its dynamics, but also allowing an in- 
teraction with other sectors of the theory. These interactions extended the original 
quintessence models.???5 They cannot be ruled out a priori and, hence, they must 
be duly constrained by experiments and observations. 

Some works already set constraints on this model, but using older cosmological 
data sets, for instance CMB data from the WMAP satellite and the South Pole 
Telescope,”° or considering past (2013, 2015) releases of Planck CMB data in com- 
bination with other data sets, as e.g. from baryon acoustic oscillations (BAO) and 
SNIa,?^?5 Intriguingly, these works detected a likelihood peak at a non-vanishing 
value of the coupling constant. One of our main goals is then to critically revisit and 
update these results in the light of the recent strengthening of the Ho tension and of 
the rich amount of currently available data at our disposal, in particular the Planck 
2018 CMB temperature, polarization and lensing data, but also other new cosmo- 
logical data, for instance Refs.??:9?, For constraints on other models with DM-DE 


?'The superscripts (0) will denote from now on quantities evaluated at present, i.e. at a = 1. 
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Fig. 1. Left plot: Normalized densities Qam (z) + Q(z) and Qg (z) for four alternative values of 6 
and considering a constant potential. The other parameters (including the current energy densities) 
have been set to the best-fit ACDM values from the TTTEEE+lowE Planck 2018 analysis.? Right 
plot: Here we zoom in the range z = [2, 200] of the Qam + Q curves in order to better visualize 
their evolution during the matter-dominated epoch, when the system is near the MDE fixed 
point. See the text for details. 


31-44 and when the interaction is motivated in the context of 


40, 41, 45-48 


interactions see e.g., 
the running vacuum models. 


2. Coupled dark energy 


We consider a CDE scenario, as studied in,2^ 49:99 to which we refer for a detailed 
description. We here briefly recall the main equations. This CDE model is formu- 
lated in the so-called Einstein or observational frame.?! Apart from the Standard 
Model of Particle Physics and a potential extension accounting for the origin of the 
neutrino masses, we consider a dark sector described by the following Lagrangian 
density: 


Laark = ppo" o = V(¢) _ m(d)ow + Lyin[Y] ’ (1) 


where ¢ is the scalar field that plays the role of DE, with potential V(¢), and w is the 
DM field, considered here to be of fermionic nature, just for illustrative purposes. 
The DM particles interact with the DE due to the ¢-dependent mass term appearing 
in (1). Such interaction introduces a fifth force that alters the trajectory in space- 
time of the DM with respect to the one found in the uncoupled case. As we do not 
couple ¢ to the standard model sector we avoid the stringent local (Solar System) 
constraints on the violation of the weak equivalence principle,?? and also on screened 
fifth forces that couple ¢ to non-dark matter, e.g. from Casimir experiments, ?? 
precision measurements of the electron magnetic moment,?^ or measurements of 
the Eötvös parameter.?? They have no impact on the CDE model under study. 

The variation of the total action with respect to the metric leads as usual to Ein- 
stein's equations, and the covariant energy of the joint system DM-DE is conserved. 
Hence, V^T£, = +Q, and VTI? = —Q,, with Q, defined as 


Q= Bare Ọ, (2) 
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Fig.2. Theoretical curves of the current matter power spectrum (left plot) and CMB temperature 
anisotropies (right plot) for the ACDM, two CDE models with 6 = 0.1, 0.15 and flat potential, 
and also for the uncoupled Peebles-Ratra model with a = 0.4. We set the other parameters as in 
Fig. 1. In the right plot we also include the observational data from? (in red). These figures show: 
(i) the enhancement of the growth of matter perturbations caused by 8 > 0, and the opposite 
effect produced by a > 0; and (ii) the shift to larger multipoles and the amplitude suppression of 
the acoustic peaks induced by increasing values of 6. See the text for further details. 


where & = V 84G, T" is the trace of the DM energy-momentum tensor, and 8 
controls the strength of the interaction and is in general a function of $. If set to 
zero, we recover the equations of uncoupled quintessence. In this work we consider 
DB to be a positive constant. 

We assume that the Universe is spatially flat, as supported by CMB information 
from Planck 2018 when combined with BAO? and/or SNIa,°° with the curvature 
parameter oO constrained to be lower than ~ 2% at 6896 c.l. in ACDM. Thus, we 
can make use of the Friedmann-Lemaitre-Robertson-Walker metric, which at the 
background level reads ds? = a?(r) [—dr? + ó;jdada?], with a being the scale fac- 
tor, T the conformal time, and x’ for i = 1,2,3 the spatial comoving coordinates. In 
addition, we treat DM as a pressureless perfect fluid, so the conservation equations 
for DE and DM can be written, respectively, 


OV 
Bra? pam = d + 2H! + dis , (3) 
nw A 3Hpam a — BRpam d E (4) 


with pam the DM energy density, H = a'/a, and the primes denoting derivatives 
w.r.t. the conformal time. All the functions entering these equations are background 
quantities. If we assume the conservation of the number density of DM particles then 
their mass evolves as m(@) = m(0e85(9? 9). 

A feature of the model is that for 8? < 3/2 it has an unstable (saddle) fixed 
point at (Qam, Qg) = (1 — 28?/3,28?/3), where Q; = pi/pe, with pe the critical 
energy density. This fixed point (dubbed 9MDE in?!) cannot be reached exactly, 
since there is also a non-null fraction of baryons, but the system can be quite close 
to it, since the DM energy density is much larger than the baryonic one (cf. Fig. 1). 
During this phase the effective EoS parameter, i.e. the ratio of the total pressure 
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and the critical energy density in the Universe, is given by weg = (?,, and hence the 
deceleration parameter reads q — $(1+3 Weg) = ic. 'Thus, the coupling between 
DM and DE makes the Universe more decelerated with respect to the uncoupled 
quintessence case during the matter-dominated epoch (MDE). This fact together 
with the fifth force that enters now as a new source term in the Poisson equation 
help matter inhomogeneities to grow faster for larger values of 8. We also remark 
that for fixed values of the present energy densities, matter becomes dominant over 
radiation earlier in time when 8 > 0, with respect to the uncoupled case. In the 
CDE scenario, the equation for the DM density contrast dam = Óópam/ pam at deep 
subhorizon scales (k >> H) and when non-linear processes are unimportant, reads, 


dm + (H— Bid! )0,, — 4nGa? [pob + PamSam(1 + 287)] = 0. (5) 


If we neglect the contribution of baryons, ó,, (a) ~ a1^27^, Hence, larger values of 8 
enhance the matter power spectrum (see the left plot of Fig. 2) and leave an imprint 
on the CMB temperature anisotropies. First, the integrated Sachs-Wolfe effect?" is 
enhanced during the MDE earlier than in the uncoupled scenario, in which such 
effect is only relevant after matter-domination; second, the coupling affects lensing of 
CMB by large scale structure; the interaction also shifts the position of the acoustic 
peaks to larger multipoles due to the decrease of the sound horizon at the baryon- 
drag epoch, which is caused by the increase of the mass of the DM particles. Finally, 
the amplitude is suppressed, because of the decrease of pp/Pam at recombination. 
These two effects explain why the coupling strength is degenerate with the Hubble 
parameter today,?” whose value is related to the position and overall amplitude 
of the first peak. These and other aspects of the structure formation were already 
discussed in.99:58-60 See therein for further details, and also the plots in Fig. 2. 

The quintessence potential only rules the dynamics of ¢ in the late-time uni- 
verse, after the MDE, when the interaction term appearing in the Lh.s. of (3) 
becomes subdominant. It helps to slow down structure formation processes w.r.t. 
the flat-potential scenario (for a fixed value of the current DE density). Hence, it 
can compensate in lesser or greater extent (depending on its steepness) the enhance- 
ment of power generated by the fifth force during the MDE (cf. the left plot of Fig. 
2 and its caption). 

We employ the Peebles-Ratra (PR) potential,?*?° 


Vig) = Voo ^, (6) 


with Vo and a > 0 being constants, and the former having dimensions of mass ^*^ 


in natural units, since ¢ has dimensions of mass. We want to update the constraints 
on the parameters of the CDE model with PR potential that were obtained in some 
past works using older CMB data, from WMAP and/or past releases of Planck 
(cf.26 78:61) | so it is natural to stick to (6) here. Also because it has proved to be 
capable of improving the description of some cosmological data sets with respect to 
the ACDM model in the non-interactive case.9? 94 
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The CDE model we are considering (i.e. CDE with PR potential) has three 
nested models, namely the ACDM, the PR model, and the CDE model with flat 
potential. They are obtained from the full CDE model with (6) in the limits (o, 8) > 
(0,0), 8 — 0 and a — 0, respectively. For constraints on these scenarios cf. appendix 
B of Ref.!. 

For recent studies on CDE with an exponential potential, see and 
appendix C of Ref.!. The results are very similar to the ones obtained with the PR 
potential. 


31, 33,34, 43 


3. Methodology and data 


We have implemented the CDE model described in Sec. 2 in our own modified 
version of the Einstein-Boltzmann system solver CLASS.9? The Bayesian exploration 
of the parameter space of the model in the light of the various data sets has been 
carried out with the Monte Carlo sampler Montepython.99 We have also used the 
Python package GetDistÓ" to process the chains and obtain the mean values and 
uncertainties of the parameters reported in Table 1, as well as the contours of Figs. 
3-4. Finally, we have computed the full Bayesian evidences for all the models and 
under the various data sets, by processing the corresponding Markov chains with the 
code MCEvidence.®® This has allowed us to carry out a rigorous model comparison 
analysis, which we present in Sec. 4. 

Our data set is very similar to the one used by the Planck collaboration in 
their 2018 analysis of the ACDM and minimal extensions of it.? There are some 
differences, though, e.g. we analyze here the effect of cosmic chronometers and the 
HOLICOW data, something that was not done there. We refer the reader to Sec. 3 
and reference? for details. 

'This is the list of individual data sets that we employ in this work to constrain 
the CDE model presented in Sec. 2: 


e CMB: The main results of this paper are derived making use of the full 
TTTEEE+lowE CMB likelihood from Planck 2018.? We also study what 
is the impact of also including the CMB lensing likelihood.9? 

e BAO: We use the data points reported in30 70-75 

e SNIa: We consider 6 effective points on the Hubble rate, ie. E(z) = 
H(z)/Ho, and the associated covariance matrix. They compress the in- 
formation of 1048 SNIa contained in the Pantheon compilation"? and the 
15 SNIa at z > 1 from the Hubble Space Telescope Multi-Cycle Treasury 

programs."7 

e Cosmic chronometers (CCH): We have employed the 31 data points on 
H(z;) at various redshifts provided in.”* 5? More concretely, we make use 
of the processed sample provided in Table 2 of,59 which is more conser- 


vative, since it introduces corrections accounting for the systematic errors 
mentioned above. 
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Table 1. Constraints obtained using the data set combinations described in Sec. 3 on the following 
parameters of the CDE model: the reduced DM and baryon energy densities, o p2 and Q2; 
the reionization optical depth, 7; the Hubble parameter, Ho (in units of km/s/Mpc); the power 
of the primordial power spectrum, ns; the current amplitude of mass fluctuations at 8h-! Mpc, 
og; the coupling strength 8; and the power of the PR potential (6). We provide the mean values 
and 6896 confidence intervals for each of them. We also show the differences w.r.t. the ACDM of 
the minimum values of the x?-function, and the natural logarithm of the Bayes ratio DBGDE,A, as 
defined in (9)-(10). The (small) negative values of x2... cpm — Ak tell us that CDE is able to 


a thorough discussion. 


fit slightly better the data than the ACDM; if we use as an alternative estimator the Bayes factor, 
we find negative values of In 


Bopg,A); indicating a preference for the ACDM model. See Sec. 4 for 


Parameter /Info. criteria P18 P18+BSC 
(0), 2 0.0014 Ea 
Q0 n 0.1207. 0-0072 0.1192 + 0.0008 
(0),2 PINGERE +0.00010 
Wh 0.02237 + 0.00015 0.022427 0-00010 
T 0.0538 + 0.0070 0.0532 10-0075 
y +0.57 " P 
Ho 67.741 0 97 68.41 + 0.38 
ns 0.96547 0- 0035 0.9690 £ 0.0038 
os 0.8164 + 0.0076 0.8104 € 0.0076 
a < 0.50 220.17 
+0.0067 ;T0.0070 
: 8 ; 0.01587 0 0097 0.0206 — 00095 
Xmin,CDE ^ Xmin A — 9.02 —0.28 
In BCDE,A —8.05 —9.95 
Parameter P1I8+SHOES+HOLICOW PI8+BSC+RSD 
(0),2 54-0.0012 m 
D onu todas 0.1187 + 0.0008 
0 2 545954 0.00016 a+0.00010 
Wn 0.02262 70 00016 0.02253 70 00010 
T 0.0594 + 0.0074 0.0501 £ 0.0052 
470.72 +0.30 
Ho 69.431072 68.641038, 
p p 0.0029 
ns 0.9731 + 0.0042 0.97017 0-0029 
og 0:812179:0065 0.8048 + 0.0052 
a 1.32 + 0.18 0.677 01T 
+0.0120 +0.0073 
B 0.0294+ 0.0076 0.0151 00083 
Xmin, CDE T Xmnin,A —0.58 —1.56 
In BcpE,A —T7.57 —8.33 
Parameter Pi8lens+BSC+RSD P18+BSC+SHO0ES+HOLICOW 
QO) 42 0.1191 + 0.0007 0.1185 + 0.0008 
0 2 59131 0.00013 9+0.00011 
Wh 0.02253" 9 oo011 02022534 000071 
+0.00 +0.0069 
T 0.0525 * 0-057 0.0579 0-0089 
Ho 68.45 + 0.34 68.791 0-95 
ns 0.9685 + 0.0034 0.9705 £ 0.0034 
z +0.004 e 
og 0.807370 D078 0.8120 £ 0.0074 
0.09 40.11 
a 0.25 0-09 0.73 0.27 
-F0.0030 > +0.0076 
B 0.0095 * 0-030 0.0206 1 0-0078 
X5in,ODE — Xmin,A —0.90 —1.34 
In BopE,A —7.83 —7.95 
Parameter P18lens+SHOES+HOLICOW - 
(0),2 5 +0.0011 
Q0 n 0.1182 0-0011 T 
An? 0.022597? 00018 2 
T 0.0637 70-0068 - 
Ho 68.99 + 0.51 7 
ns 0.9713 £ 0.0037 " 
og 0.8160 Æ 0.0068 - 
a Ep - 
B 0.01977 00091 - 
2 2 
Xmin,CDE ^ Xmin,A —1.46 2 
In BCDE,A —8.75 - 
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e Redshift-spcae distortions (RSD): We also use large-scale structure mea- 
surements from the anisotropic clustering of galaxies in redshift space. 
Galaxy redshift surveys provide constraints on the product of the growth 
rate of structure, f(z) — EN and the rms of mass fluctuations at scales 
of 8h-! Mpc, og(z). The data points employed in this work are found in 
Refs.90.71,8795. The internal correlations between the BAO and RSD data 
from"! and?? have been duly taken into account through the corresponding 
covariance matrices provided in these two references. 

e SHOES: In some of our data set combinations we include the prior on the 
Hubble parameter, Ho,suogs = (74.03 + 1.42) km/s/Mpc obtained by the 
SHOES Team with the cosmic distance ladder method.!? This value of the 
Hubble parameter is in 4.40 tension with the TTTEEE+lowE-+ lensing best- 
fit ACDM model of Planck 2018,? Ho = 67.36 + 0.54 km/s/Mpc. 

e HOLICOW: In combination with the prior on Ho from SHOES we also use 
the angular diameter distances reported by the HOLICOW collaboration. 
They analyze six gravitationally lensed quasars of variable luminosity. After 
measuring the time delay between the deflected light rays and modeling the 
lenses they are able to measure the so-called time-delay distances DA; (ere? 
and references therein). We use their reported six time-delay distances (one 
for each lensed system), and one distance to the deflector B1608+656, which 
according to the authors of?? 
The relevant information for building the likelihood can be found in Tables 
1 and 2 of,?° and their captions. Assuming the concordance model, these 
distances lead to a value of Ho = (73.3 F1) km/s/Mpc, which is in 3.20 
tension with the one obtained from the TTTEEE+lowE-+lensing analysis 
by Planck.? 


is uncorrelated with the corresponding Daz. 


For more detailed information about these data sets see Ref.! and the original 
observational works. 

We proceed now to describe the data set combinations under which we have 
obtained the main results of this work. They are discussed in detail in Sec. 4. We 
put constraints using the following combinations: (i) TTTEEE+lowE CMB data 
from Planck 2018,? in order to see the constraining power of the CMB when used 
alone, and also to check whether these data lead to a higher value of Ho than in the 
ACDM. For simplicity, we will refer to this data set as P18 throughout the paper; 
(ii) P18+BSC, with BSC denoting the background data set BAO+SNIa+CCH; 
(iii) We add on top of the latter the linear structure formation information con- 
tained in the RSD data, P18+BSC+RSD; (iv) We study the impact of the CMB 
lensing by also adding the corresponding likelihood, P18lens+BSC+RSD; (v) Fi- 
nally, we analyze the impact of the prior on Ho from SHOES! and the HOLICOW 
angular diameter distances”? by using the data sets P18+SHOES+HOLICOW, 
P18lens+SHOES+HOLICOW and P18+BSC+SHOES+HOLICOW. The distance 
ladder and strong-lensing time delay measurements of the Hubble constant are 
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completely independent (see e.g. the reviews?6:97), When combined, they lead to 
Ho comb = (73.74 1.10) km/s/Mpc, (7) 


in 5.20 tension with the best-fit ACDM value reported by Planck 2018.? Hence, it 
is interesting to check what is the response of the CDE model under these concrete 
data sets, and to compare the results with those obtained using only the CMB 
likelihood. 


4. Results 


Our main results are presented in Table 1 and Figs. 3-4. When we only employ the 
CMB temperature and polarization data from Planck 2018? (i.e. the P18 data set) 
to constrain the CDE model, the fitting values obtained for a and 8 are compatible 
at lo c.l. with 0, i.e. with a cosmological constant and no interaction in the dark 
sector (cf. the first row, first column in Table 1). The value of Ho remains low, 
roughly 4.10 below the cosmic distance ladder measurement of.!? Similarly, when 
we combine Planck with BSC background data or with BSC+RSD, we get a value 
of Ho which is 3.80 and 3.70 away from the SHOES value, respectively. 

As we have explained in Sec. 2, there is a degeneracy between the strength of 
the fifth force, i.e. the parameter 5, and the Hubble parameter. CDE is in principle 
able to lower the value of the sound horizon at the decoupling time, r,, and the 
amplitude of the first peak of the DIT’s. The CMB data fix with high precision the 
angle 0, = rs/ D (z4,.), with DO (zaec) the comoving angular diameter distance 
to the CMB last scattering surface. This means that in order to keep this ratio 
constant, Ho will tend to grow for increasing values of the coupling strength, so that 
po (Zqec) decreases and compensates in this way the lowering of rs, while keeping 
the height of the first peak compatible with data. This positive correlation between 
Ho and f can be appreciated in the left-most contour plot of Fig. 3. The latter 
shows 1 and 2c posterior probabilities for a selection of cosmological parameters. 
As discussed, we confirm from the first plot a mild degeneracy between Ho and f. 
The strength of the fifth force does not seem to be very degenerate with og nor with 
the potential parameter a. 

The impact of adding background data on top of P18 can be grasped by looking 
at the one-dimensional posterior distributions of Fig. 3 (in blue), and also at the 
numbers of the first row/second column of Table 1. Using the P18+BSC combined 
data set we find that 8 and a are now ~ 2.5 and ~ 3.1e away from 0, respectively. 
The values of Hp and og, are however compatible at 1e with the ones obtained using 
only the P18 data set. They are also fully compatible with those obtained with the 
ACDM under the same data set, which read: Ho = (68.29 + 0.37) km/s/Mpc, 
0g = 8124 one. The peaks in 6 and a may indicate a mild preference of low- 
redshift data, when combined with the CMB, for a non-null interaction in the dark 
sector and a running quintessence potential. As noted already in,?? we remark that 


this preference does not seem to correspond to a large improvement in the minimum 
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Fig. 3. 1 and 2e confidence contours obtained using some of the combined data sets described in 
Sec. 3 in the (Ho, 8), (ca, 8), and (a, 8) planes, together with the marginalized one-dimensional 
posterior distributions for these parameters. See the discussion of these results in Sec. 4. 


value of x? with respect to the ACDM: under the P18+BSC data set, X7, cpg — 
Xnin,A IS negative, but very close to 0, which means that the CDE model only is 
able to improve the description of the data in a very marginal way. 

The addition of the RSD data to the P184-BSC combined data set doesn't 
change much the result: there is a very small shift in the peak of the one-dimensional 
posterior distribution for a to larger values and the one for f to lower ones (see 
the yellow curves in Fig. 3). These two facts reduce a little bit the value of øs. 
The aforesaid peaks are now ~ 5 and ~ 2c away from 0, respectively, with a 
reduction of x2,,, w.r.t. the ACDM of 1.56 units (cf. Table 1, second row/second 
column), i.e. pointing to a very small preference for CDE. The value of Ho is almost 
unchanged. 

We find important to highlight the specific impact of CMB lensing data with 
respect to the P18+BSC+RSD data set. If we include also the CMB lensing in- 
formation, i.e. if we consider the P18lens+BSC+RSD combined data set, posterior 
probabilities squeeze, as expected, towards the ACDM values. This can be seen in 
Fig. 4, and also in the third row/first column of Table 1. 

In order to further evaluate the level at which the degeneracy observed in the 
(Ho,8)-plane can alleviate the tension in the Hubble parameter between Planck and 
(SHOES, HOLICOW} data, we perform a Monte Carlo analysis combining those data 
within the CDE model: results are shown in the second row/first column in Table 1 
and correspond to red contours in Fig. 3. In this case, the best fit corresponds to a 
value of 8 = 0.0294*0 0120. i.e. at 3c from zero coupling, a value of a = 1.32 +0.18, 
with a > 0 at ~ 7o c.l., and Ho = (69.43*012) km/s/Mpc. The raise of Ho is 
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Fig. 4. land 2c confidence contours obtained with the P18+BSC+RSD and P18lens+BSC+RSD 
data sets in the most relevant two-dimensional planes of the CDE model parameter space. They 
allow us to see what is the impact of the CMB lensing on our results. We also show the cor- 
responding marginalized one-dimensional posterior distributions for all the parameters. See the 
related comments in Sec. 4. 


possible thanks to the increase of 8, which in turn needs also larger values of a. 
The tension with the SHOES--HOLICOW measurement (7) is slightly reduced from 
4.80 (when only P18 is used to constrain the model, cf. the first row/first column 
of Table 1) to 3.50 (when also the SHOES--HOLICOW data are considered). This 
shifts the Ho value 1.9c higher than the best fit using the P18 data set alone, within 
CDE. Combining also with background data, such as BSC, can partially break 
degeneracies and leads to a = 0.73* 025, with a > 0 at 3.80 and Ho = (68.70* 025) 
km/s/Mpc at 4.30 from the SHOES+HOLICOW value (7), reducing the chance 
of CDE to alleviate the tension, as shown in the third row/second column of the 
table. Finally, the impact of adding CMB lensing is shown in the last row, where 
now 8 = 0.0197* 0.0094 and a = 0.33*019, with 8 > 0 and a > 0 at 2.20 and 1.60, 
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respectively, i.e. shifting back towards ACDM. In this case Hg = (68.99 + 0.51) 
km/s/Mpc, 3.90 away from the SHOES+HOLICOW value (7) and even more had 
we included also BSC. 

Finally, we can further quantify the relative ability of the CDE model to de- 
scribe the various data sets w.r.t. the ACDM cosmology using the Bayes ratio, in 
alternative to the more approximate x? estimate we mentioned so far. Given a data 
set D, the probability of a certain model M; to be the best one among a given set 
of models ( M) reads, 


P(D) 
where P(M;) is the prior probability of the model M; and P(D) the probability of 
having the data set D. Obviously, the normalization condition 5 jc (4j, P(Mj) = 
1 must be fulfilled. The quantity £(D|M;) is the so-called marginal likelihood or 
evidence. If the model M; has n parameters oh, pa, ..., pM, the evidence takes 
the following form, 


P(M;|D) = 


EDIM) = | LDI", Ms gap (9) 


with L(D|p™, M;) being the likelihood and 7(p™‘) the prior of the parameters 
entering the model M;. The evidence is larger for those models that have more 
overlapping volume between the likelihood and the prior distributions, but penalizes 
the use of additional parameters having a non-null impact on the likelihood. Hence, 
the evidence constitutes a good way of quantifying the performance of the model by 
implementing in practice the Occam razor principle. If we compare the CDE and 
ACDM models by assuming equal prior probability for both of them, i.e. P(CDE) = 
P(ACDM), then we find that the ratio of their associated probabilities is directly 
given by the ratio of their corresponding evidences, i.e. 

P(CDE|D) | £(D|CDE) _ B (10) 

P(ACDM|D) £(D|ACDM) «DPA: 

This is known as Bayes ratio and is the quantity we are interested in. For more 
details we refer the reader to.!5:95.99 Notice that the computation of (10) is not 
an easy task in general, since we usually work with models with a high number of 
(mostly nuisance) parameters, so the integrals under consideration becomes quite 
involved. We have computed the evidences numerically using the Markov chains 
obtained from the Monte Carlo analyses and with the aid of the numerical code 
MCEvidence,°® which is publicly available (cf. Sec. 3). We report the values obtained 
for the natural logarithm of the Bayes ratio (10) in the last row of Table 1. For all 
the data sets under study we find values of In(Becpg,A) < —5, which point to a 
preference of the ACDM over the CDE model according to Jeffreys’ scale.!5:95:99 
Although the CDE model we are studying here is able to reduce slightly the value of 
X2,;,, w.r.t. the ACDM, it has two additional parameters, namely a and 8. Moreover, 
the initial value of the scalar field, $;,;, is also left free in the Monte Carlo analysis, 


2062 


cf. Appendix A of Ref.! for detailsP. It turns out that the decrease in x2, is 
insufficient to compensate the penalization introduced by the use of these extra 
parameters. If instead of using the evidences (9) and the Bayes ratio (10) to perform 
the model comparison we make use of e.g. the Akaike,!9? Bayesian!?! 92 
information criteria, we reach similar conclusions®. We want to note, though, that 


or Deviance! 


all these information criteria are approximations of the exact Bayesian approach. 
Although they allow to skip the demanding computation of the evidence (9), they 
are only reliable when the posterior distribution is close to a multivariate Gaussian 
(which is not the case under study), and the Akaike and Bayesian criteria do not 
take into account the impact of priors nor the existing correlations between the 
parameters. 

Similar results and conclusions are reached using an exponential potential for 
the scalar field, instead of (6). See appendix C of Ref.!. 

Finally, it is worth to mention that our results are compatible with the ones 
obtained in the context of the Ricci running vacuum models (RVMs) of type I 
recently studied in Ref.?£?, in which there is also an interaction in the dark sector 
between dark matter and a dynamical vacuum component with pyac = —Pvac and 
Pvac(R) = ax (co + GR), where R = 12H? + 6H is the Ricci scalar. These 
models can be motivated using renormalization group arguments in QFT in curved 
space-time, see Refs.!?:103 and references therein. In Ref.48 the authors show that 
these RVMs are also unable to alleviate the cosmological tensions significantly when 
the interaction is active around the CMB decoupling time. Allowing for a late-time 
activation of the interaction around z ^ 1, with an energy transfer from the vacuum 
to the matter sectors, it is possible to mitigate the og tension due to the increase 
of the relative amount of vacuum energy with respect to dark matter in the past. 
Nevertheless, the Ho tension persists. Other Ricci RVMs (those of Type II) are able 
to soften both tensions at a time, see*® for further details. 


5. Conclusions 


Cosmological observations help to test the dark sector, and in particular interactions 
between dark matter particles, mediated by a dark energy scalar field, as in CDE 
cosmologies. Up to a conformal transformation, this is another way of testing gravity 
at large scales. In this paper we carried out this task in one of the simplest and 
most studied models, namely, a dark energy-dark matter conformal coupling with a 


bIn the computation of the evidence (9) for the CDE model we have employed the following flat 
priors for the extra parameters: 0 < 8 < 0.1, 0 < a < 2, and 0 < Kk@Ọini < 50. Slightly broader or 
tighter priors can be considered, but In(Bcpg,a) only changes logarithmically, so our conclusions 
are not very sensitive to them. 

*For instance, Akaike criterion is given by AIC — XL +2n, where n is the number of param- 
eters in the model (the degree of correlation between them is not taken into account). Considering 
that CDE with PR potential has an effective number of parameters between 2 and 3 we find 
2.5 < AlCcpr — AIC, < 6 for the scenarios explored in Table 1, which leads to a positive 
preference for ACDM, again using Jeffreys’ scale.19:98,99 
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Peebles-Ratra potential. CDE might probe helpful to explain the well-known tension 
between local and cosmological values of Ho. Any detection of a varying dark energy 
potential or interaction would clearly constitute a major result and it is therefore 
important to monitor the constraints that newer data impose. This is particularly 
true in view of earlier results that detected a non-zero value of the coupling 6.2% 7° 

We confirm the existence of a peak in the marginalized posterior distribution for 
6 and a, more or less evident depending on the data set combination. While for P18 
+ SHOES + HOLICOW f > 0 at 3c and a > 0 at nearly 7c, inclusion of background 
data reduces the evidence to 8 > 0 at 2.30 and a > 0 at nearly 3.8c. Inclusion of 
CMB lensing shifts both values to be compatible with ACDM within 20. We find 
it important to stress that specifically CMB lensing prefers ACDM. In all cases, we 
find that, overall, the peak does not correspond to a better Bayes ratio and ACDM 
remains the favored model when employing Bayesian model comparison, given the 
extra parameters introduced within the model. With regard to Ho, we find that 
under the P18+SHOES+HOLICOW combined data set the simple coupled model 
with constant coupling investigated in this work leads to a value in 3.50 tension 
with (7), or in 4.30 tension when including further background data. The values 
of og are also similar to those found in the ACDM (i.e. og ~ 0.80 — 0.82), even 
when RSD data are considered together with CMB and background data. In this 
case we find 6 = 0.010*000 and 8 = 0.015*0 007. with and without CMB lensing, 
respectively. For the values of the coupling strength preferred by the data we find the 
typical increase of the mass of the DM particles to be m(@ini)/m — 1 € O(1)%. 

The question that naturally arises is then, which modification of CDE can help 
alleviating the tensions? One can immediately suppose that a varying 6 can go some 
way towards this. Or, it could be that a model with both energy- and momentum- 
couplings (see e.g.194) 
These issues will be investigated in future publications. 


, which can introduce a weaker gravity, helps with the tensions. 
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The cosmological term, A, in Einstein’s equations is an essential ingredient of the ‘con- 
cordance’ ACDM model of cosmology. In this mini-review presentation, we assess the 
possibility that A can be a dynamical quantity, more specifically a ‘running quantity’ 
in quantum field theory in curved spacetime. A great deal of phenomenological works 
have shown in the last few years that this option (sometimes accompanied with a run- 
ning gravitational coupling) may cure some of the tensions afflicting the ACDM. The 
‘running vacuum models’ (RVM’s) are characterized by the vacuum energy density, pyac, 
being a series of (even) powers of the Hubble rate and its time derivatives. Here we 
describe the technical quantum field theoretical origin of the RVM structure in FLRW 
spacetime, which goes well-beyond the original semi-qualitative renormalization group 
arguments. In particular, we compute the renormalized energy-momentum tensor us- 
ing the adiabatic regularization procedure and show that it leads to the RVM form. In 
other words, we find that the renormalized vacuum energy density, pvac(H) evolves as 
a (constant) additive term plus leading dynamical components O(H?). There are also 
O(H*) contributions, which can be relevant for the early universe. Remarkably enough, 
the renormalized pyac(H) does not exhibit dangerous terms proportional to the quartic 
power of the masses (~ m?) of the fields. It is well-known that these terms have been the 
main source of trouble since they are responsible for the extreme fine tuning and ulti- 
mately for the cosmological constant problem. In its canonical form, the current pvac(H) 
is dominated by a constant term, as it should be, but it acquires a mild dynamical 
component ~ vH? (0 « v <1) which makes the RVM to mimic quintessence. 


Keywords: Running Vacuum, Dynamical Dark Energy, Inflation, Dark Matter 


1. Introduction 


'The standard or concordance model of cosmology, the so-called ACDM, is a very 
successful theoretical framework for the description of the Universe.! Crucial ingre- 
dients of it are left, though, without direct observational evidence and/or a proper 
theoretical interpretation based on fundamental principles. Such is the situation 
with dark matter, but also with the cosmological term, A, which has been tradi- 
tionally associated with the vacuum energy density (VED) of the Universe, pyac. In 
fact, the notion of VED in cosmology is a most subtle concept, which is challenging 
theoretical physicists and cosmologists for many decades, specially with the advent 
of Quantum Theory in general and the more sophisticated machinery of Quantum 
Field Theory (QFT). The roots of the problem reside in the interpretation of the 
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cosmological constant (CC) term, A, in Einstein's equations as a quantity being 
connected with the VED, which is also a fundamental concept in QFT. The pro- 
posed connection is Pyac = A/(8*rGy), where Gy is Newton’s constant. Accurate 
measurements of Pyac in the last decades from distant type Ia supernovae (Snla) 
and the cosmic microwave background (CMB),? ^ have put the foundations of the 
concordance ACDM model of cosmology.! 

The concordance model is formulated in the context of the Friedman-Lemaitre- 
Robertson- Walker (FLRW) framework and is deeply ingrained in the General Rel- 
ativity (GR) paradigm. However, one of the most important drawbacks of GR is 
that it is a non-renormalizable theory. This can be considered a serious theoretical 
obstruction for GR to be considered a fundamental theory of gravity. This fact ad- 
versely impacts on the ACDM too. GR cannot properly describe the short distance 
effects of gravity, i.e. the ultraviolet regime (UV), only the large distance effects 
(or infrared regime). As a consequence, GR cannot provide by itself a framework 
for quantizing gravity (the spacetime metric field) along with the rest of the fun- 
damental interactions (assuming of course that gravity is amenable to be quantized 
on conventional grounds). In this sense, a first (rougher but effective) approach is 
to treat gravity as a classical (external or background) field and quantize only the 
matter fields of the fundamental interactions (electroweak and strong interactions). 
'This is the main program of the semiclassical approach, namely the point of view of 
QFT in curved spacetime, see? ? for a review. This will be our pursue here as well. 
We shall nevertheless still be able to compute the quantum effects from matter and 
their contribution to the VED. Not only so, it will allow us to renormalize these 
(originally UV-divergent) quantum effects and obtain a finite quantity that can be 
better compared with observations. The renormalized VED found in the present 
framework is free from the traditional ~ m? effects (proportional to the quartic 
powers of the masses of the matter fields). This was first shown in the literature 
in the work? and further extended in.!? It was demonstrated that p,4, appears (in 
the current universe) as a constant (dominant) term plus a dynamical component 
which varies as v H?m2,, with v a small (dimensionless) and QFT-computable 
coefficient, mp; being the usual Planck mass (mp) = Gu S Quite obviously, such 
a result is highly compatible with the ACDM since it involves only a small de- 
parture from the rigid vacuum term enforced in it. Notwithstanding, it makes a 
significant qualitative (and quantitative) prediction: the quantum vacuum does not 
remain static throughout the cosmic evolution but is mildly dynamical, and such 
dynamics can be effectively evaluated from first principles, for v (as mentioned) 
can be accounted for using QFT in curved spacetime. As long as the vacuum turns 
out to be free from the weird ~ m4 effects obtained in simplified renormalization 
treatments, the finite result which is proposed here appears theoretically distinct 
and very tantalizing. It suggests to reassess if the Cosmological Constant Problem 
(CCP)!1-16 is still in force in the current theoretical framework. Remember that 
the CCP is one of the hardest and longstanding mysteries of theoretical physics, 
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and proves to be a serious impediment to reconcile cosmology with particle physics 
and quantum field theory in general.!” 

The smoother formulation of the quantum vacuum as put forward here is not 
only convenient from the theoretical point of view, but also from the observational 
side. It has long been known that, observationally, there appear to be some dis- 
crepancies or “tensions” between the results of data analyses from the Planck Col- 
laboration, based on the ACDM,^ and the local (distance ladder) measurements 
of the Hubble parameter today, the so called Ho tension, 5: !? 
reviews.?? 23 Not only so, there exist also tensions in the large scale structure (LSS) 
growth data, the so-called og tension.?L??.?^ Although such discordances in the 


arena of the ‘concordance’ model might admit a variety of more mundane astro- 
25-27 


see e.g. the various 


physical explanations, or even disappear into thin air when more data will be 
available in the near future, it has been conceded already that they may well be 
passing the point of being attributable to a fluke.!? 

As it turns out, the smooth quantum vacuum phenomenological framework de- 
scribed here has the capacity to deal successfully with the H and the og tensions. 
Such a framework represents the running vacuum model of cosmology (RVM) - 
see!” for a detailed review and references therein. The latter was originally moti- 
vated by semi-qualitative renormalization group arguments,?? which were later on 
formulated in some cases from an action functional viewpoint ?? — and was finally 
substantiated from full-fledged QFT calculations in.?:!? For related studies of vac- 
uum energy in QFT, see e.g.?? 3° In this summarized account I will mainly review 
the emergence of the RVM from the mentioned QFT calculations in curved space- 
time, specifically in the context of the FLRW background as well as the most recent 
phenomenological applications. It is remarkable that it is also possible to derive a 
string-inspired version of the RVM cosmological model with gravitational anomalies 
in the early Universe, see? for a detailed exposition and?" 4? for more details and 
spin-off possibilities. 

'The structure of our presentation is as follows. In sections 2 and 3 we define our 
basic QFT framework in curved spacetime and the adiabatic expansion procedure. 
In section 4 we renormalize the energy-momentum tensor in the FLRW context and 
make contact with the RVM. In section 5 we apply the RVM to tackle the og and 


Ho tensions. Finally, section 6 contains our conclusions and outlook. 


2. Non-minimally coupled scalar field in FLRW background 


We consider the semiclassical calculation of the energy density of the vacuum fluc- 
tuations of a quantized scalar field in FLRW spacetime. It serves as a representative 
case of study for the kind of results and difficulties we expect to encounter when 
dealing with generic quantized fields in a curved background. Such QFT calcu- 
lation implies to perform renormalization since we meet UV-divergent integrals. 
Conventional approaches such as e.g. the minimal subtraction scheme lead to quar- 
tic dependence on the mass of the field (~ m*) enforcing a serious fine tuning among 
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the parameters, see e.g.!^ and references therein. Here we avoid using such an un- 
successful method and adopt the adiabatic renormalization procedure (ARP). 7 
However, we follow the specific approach presented in,? which is related to that 


of.?^ For a full-fledged exposition and calculation details, see.!? 


2.1. Action and classical energy-momentum tensor 


We start from the Einstein-Hilbert (EH) action for gravity plus matter?: 


1 
SEH = ay | VaR- | dava pn + Sm. (1) 
167Gn 


The matter action S,, is generic at this point, but will be specified shortly. The 
(constant) term o4 has dimension of energy density. Because it is unrelated to the 
matter part (fully contained in Sm), oa is usually called the vacuum energy density 
(VED). However, we will not call it that way here since it is not yet the physical 
VED, Pvac, as we shall see. For us the term pa, is just a bare parameter of the 
EH action, as the gravitational coupling Gy itself. The physical values can only be 
identified after renormalizing the bare theory. T'he corresponding gravitational field 
equations emerging from the variation of the action (1) can be put in the convenient 
form 


Mb Guy = —pNguv + T , (2) 


where Mp; = mpi/vV 8r = 1/A/8nGy is the reduced Planck mass, the expression 
Gv = Ry, — (1/2)gu, R is the usual Einstein tensor and T7, is the stress-energy- 
momentum tensor, or just energy-momentum tensor (EMT for short) of matter: 
T" = RCM Sm 
w= Egg 
For simplicity we will assume that there is only one (matter) field contribution to 
the EMT on the right hand side of (2) in the form of a real scalar field, ¢. Such 
contribution will be denoted qs We neglect for the moment the incoherent matter 


(3) 


contributions from dust and radiation. They can be added a posteriori without 
altering the pure QFT aspects on which we wish to focus at this point. We assume 
that ¢ is non-minimally coupled to gravity. Thus, the part of the action involving 
@ reads 


1 1 
S[o| = [2s (1o00 + Piu + 2) (4) 
The non-minimal coupling of ¢ to gravity is €. For € = 1/6, the massless (m = 0) 


action is conformally invariant. We will keep € general to explore its influence. We 
assume also that ¢ does not couple to itself and hence we shall not consider a 


aOur conventions and other useful formulae are those of,?:!? see the appendices of these references. 


2073 


possible contribution from a classical potential for ¢ in our analysis. In this study, 
we wish to target mainly the zero-point energy (ZPE) of 9. 
The classical EMT can be derived from the action (4) and reads as follows: 
2 dS] 1 
T? = =(1-2 , 2€ — 7 | GuvO° G05 
HvV Vg óg^" ( £)0,90, o+ E 2 Gu o ġo (o) 
1 
m 260V Vuo js 26gu, h $ slc EG uo? — 3" Inve 
Varying the action (4) with respect to o we find the Klein-Gordon (KG) equation 
in curved spacetime: 


(5) 


(O— m? — £R)ó =0, (6) 
where Od = g"" V, Vro = (—g)- 1/70, (Vg g""8,9). The FLRW line element for 
spatially flat three-dimensional geometry can be written in conformal coordinates as 
ds? = a?(r)n,, dz" dz", where nuy = diag(—1, +1, +1, +1) is the Minkowski metric 
in our conventions. The derivative with respect to the conformal time, 7, will be 
denoted ' = d/dr and thus the Hubble rate in conformal time reads H(T) = a’/a. 
Since dt = adr, the relation between the Hubble rate in cosmic and conformal times 
is simply H(T) = aH(t), with H(t) = à/a (`= d/dt) the usual Hubble rate. 
The KG equation (6) in conformally flat coordinates becomes 


$9" + Z9! — V^ó +a’ (m? c ER)ó — 0, (7) 


where we used the curvature scalar of spacetime: R = 6a"/a? . The separation 
of variables in these coordinates, namely ó(r,x) ~ f d?k Aywxk(x)óx(r) + cc, can 
be achieved with y(x) = e!**. However, in contrast to the Minkowski case we 
cannot take p(T) = e*'^*7 since the mode frequencies are not constant anymore. 
The form of the modes (T) in the curved spacetime case are determined by the 
KG equation. Starting from the Fourier expansion with separated space and time 
variables 


3 
é(r,x) = f Ges [Axe "o, (r) + Age "di (7)] (8) 


(in which A, and their complex conjugates Aj are the classical Fourier coefficients) 
and substituting it into (7) the mode functions ¢,(7T) are determined by solving the 
nontrivial differential equation 


i + 2405, + (wM) + a°ER) r = 0, (9) 


where w2(m) = k? + a?m?. The mode functions depend only on the modulus 
k = |k| of the (co-moving) momenta. In the absence of gravitation (R = 0) the 
physical frequencies are à = Vk2+m?, with k = k/a the physical momenta. 
However, for R # 0 and € Z 0 the frequencies become a function of the gra- 
vitational field as well, which makes the particle interpretation hard. If we per- 
form the change of field mode variable 6, = y,/a the above equation simplifies to 
pi + (wz(m) + a? (€ — 1/6) R)) ei = 0. For conformally invariant matter (m = 0 
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and € = 1/6), such equation boils down to the form y% + k?xj, = 0, whose positive- 
*ikT. respectively. On the other 
hand, in the massless case with minimal coupling (£ — 0) the previous equation 
further simplifies to o + (k? — a? R/6)px = 0. In the radiation epoch (a œ 7, thus 
R = 6a" /a? = 0) we find once more the trivial modes p(T) = e*^*7. Both in the de 
Sitter (a = —1/(HT), H —const.) and matter-dominated (a x 7?) epochs we have 
a? R = 12/7?, which leads to y} + (k? 2/7?)q; = 0. This equation admits an exact 
(positive-energy) solution in terms of Hankel functions of half integer order, hence 
in close analytic form. In the de Sitter case (r « 0) one may impose the Bunch- 
Davies vacuum limit ~ e-/*l7! in the far remote past (r — —oo) and one finds 
y(t) e (1 — i/(k|r|))e-?*l7l. The same solution is valid for the matter-dominated 
era (for which 7 > 0). If, however, m 4 0 and/or € 4 1/6 no analytic solution of 
(9) is available, and this leads us to perform a WKB (Wentzel-Kramers-Brillouin) 
expansion of the solution. But before tackling that method, let us consider the 
quantization of the scalar field $. 


and negative-energy solutions are just e^" and e 


2.2. Quantum fluctuations 


To account for the quantum fluctuations of the scalar field ó we must address the 
expansion of the field around its background value @y: 


(7, x) = dw(T) + óo(r, x). (10) 


One starts defining an appropriate vacuum state, called adiabatic vacuum.*! The 
vacuum expectation value (VEV) of ¢ is identified with the background value, 
(0|@(7, x)|0) = d(T), whereas the VEV of the fluctuation is zero: (09) = (0|6¢|0) = 
0. This is not the case for the VEV of the bilinear products of fluctuations, e.g. 
(69?) # 0. It is convenient to decompose (T$) = (Te) + (122), where (Tes) = Tee 
is the contribution from the classical background part, whereas quo = (077220) 
is the genuine vacuum contribution from the field fluctuations. Taking into account 
that p4 is also part of the vacuum action (1), the full vacuum contribution is the 
sum 


(TV?) = —paguy + (TEP). (11) 


Thus, the total vacuum part receives contributions from both the cosmological term 
in the action as well as from the quantum fluctuations of the field (the ZPE). How- 
ever, since these quantities are formally UV-divergent, the physical vacuum can only 
be identified a posteriori, namely upon suitable regularization and renormalization. 
For this we adopt the adiabatic method along the lines of.?: 1? 

Obviously the classical and quantum parts of the field (10) obey the curved 
spacetime KG equation (9) separately. Similarly for o = oy + dy (where à = v/a). 
Denoting the frequency modes of the fluctuating part dy by hg(T), we can write 


dk ik-x —ik: xp * 
ind = [as [Axe hy(7) + Ale Ex nr) (12) 
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Here Ay and At are now the (time-independent) annihilation and creation opera- 
tors, which satisfy the commutation relations 


[Ae Ag] = 9(k - k), — [Ai At] = 0. (13) 
The frequency modes of the fluctuations, hi (r), satisfy the differential equation 
T Oz(r)hi =0 B(T) = wg(m) + à? (£ — 1/6)R. (14) 


Except in the simple cases mentioned above, the solution of that equation requires 
a recursive self-consistent iteration, the WKB expansion. One start from 


Mey Jm ee ( J i wine) (15) 


where the normalization factor 1/,\/2W;,(7) insures that the Wronskian condition 
hh; — hyhy = i is satisfied. It warrants the standard equal-time commutation 
relations. Functions W; in the above ansatz obey the (non-linear) equation 


1W! 3 (Wh? 
WRC) = O87) — 5 +3 (TE) (16) 


which is amenable to be solved using the WKB expansion. The latter is applica- 


ble only for large k, therefore short wave lengths (as e.g. in geometrical Optics), 
and weak gravitational fields. The mode functions h;(7) are no longer of the form 


Pk(T) = e*'"*7, hence particles with definite frequencies cannot be strictly defined 
in acurved background. Notwithstanding, an approximate Fock space interpretation 
is still feasible if the vacuum is defined as the quantum state which is annihilated 
by all the operators Ay of the above Fourier expansion. This defines in a precise 


way the notion of the adiabatic vacuum.> * 4 


2.3. WKB expansion of the mode functions 


In the gravitational context, the WKB expansion leads to the adiabatic regulariza- 
tion procedure (ARP). For a review, see e.g. the classic books.* The regulariza- 
tion involved in the ARP amounts to subtracted integrals which become UV-finite 
and hence one obtains direct renormalization of the physical quantities. In the two 
successives works? !? the WKB expansion was performed first up to 4th and sub- 
sequently up to 6th adiabatic order. In the latter case the calculational details are 
rather cumbersome, but are necessary in order to study the on-shell renormalized 
theory. Here, however, we will limit ourselves to describe the results up to 4th order, 
which is enough to reormalize the theory off-shell. The counting of adiabatic orders 
in the WKB expansion follows the number of time derivatives. Thus: k? and a are 
of adiabatic order 0; a’ and H of adiabatic order 1; a", a2, H’ and H? as well as R 
are of adiabatic order 2. Each additional derivative increases the adiabatic order by 
one unit. The expansion collects the different adiabatic orders: 


Wi = we? +0? +a + uf... , (17) 
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General covariance precludes the odd adiabatic orders. The ve ) can be expressed 
in terms of Q(T) and its time derivatives. Following? !? we consider an off-shell 
procedure in which the frequency wy, of a given mode is defined not at the mass m 


of the particle but at an arbitrary mass scale M: 
wk = wy(r, M) = y k? + a?(r)M?. (18) 


At the moment we will use just the notation wx to indicate such off-shell value, and 
when necessary we will distinguish it from the on-shell one using the forms wi (M) 
and wi(m), both being of course functions of r (which we will omit to simplify 
notation). Working out the second and fourth order terms of (17) one finds? 


Wk — Ck; 
2 2 1 12 
2) aA af R Wy Bw 
= 1/6 | . 
Vk 2wWk 2wk eats) 4w? Bw? (19) 
PaL (apy? sak "BaP sa 
k 7 k 3 2 4 3 
2wWk Awy. Ati. 4w 4w? 


The quadratic mass differences A? = m?— M? must be counted as being of adiabatic 
order 2 since they appear in the WKB expansion along with other terms of the same 
adiabatic order”. The on-shell result is recovered for M = m, for which A = 0 and 
corresponds to the usual ARP procedure.?:? One could extend the expansion up to 
the next nonvanishing adiabatic order, which is order 6th, although we refrain from 
quoting the result here.!? It is easy to see that the adiabatic expansion becomes 
an expansion in powers of H and its time derivatives. For example, the first two 
derivatives of w; read 


M? M? M? M4 
wh, = aH ——, wi = 2a7H? + a?91' aH? 3^ (20) 
Wk Wk Wk Wk 


where we recall that H is the Hubble function in conformal time. From these elemen- 
tary differentiations one can then compute the more laborious derivatives appearing 
in the above expressions, such as we), we etc. Therefore, the final result appears 


as an expansion in powers of H and multiple derivatives of it. 


3. Adiabatic expansion of the ZPE 


We have now all the necessary ingredients to compute the zero-point energy (ZPE) 
associated to the quantum vacuum fluctuations in curved spacetime with FLRW 
metric. We closely follow the presentation of.? Inserting the decomposition (10) of 
the quantum field ¢ in the EMT as given in Eq. (5) and selecting only the fluctuating 


bIn the context of the effective action, it can be justified more formally on replacing m by M in 
the heat kernel expansion of the propagator, but we shall not take this path here, seet? for details. 
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parts 6¢, the ZPE (which is ssociated to the 00-component) reads 


(TiS) = (5 64? + (5 - 2€) (v6 + oe Hoos! 
am? (21) 
—2£60 V’ p + 3EH75¢? + a Ger) i 


Notice that 6¢’, the fluctuation of the differentiated field (with respect to conformal 
time), is given by ó9' = 0099 = 0509 = (6o). Next we substitute the Fourier 
expansion of 09 = dy/a, as given in (12), into Eq. (21) and use the commutation 
relations (13). At the same time we symmetrize the operator field products foô’ 
with respect to the creation and annihilation operators. We present the final result 


in Fourier space, and hence we integrate f S (...) over solid angles:? 


4744/2 4,74 
óó(0—4, 1 f 2 a MA a M " 12 14,2 4 
m - dkk? |2 2 8 4 
um ys wp + De. mur M 4" + 8H'H? + 4) 
| TaM (HH? + 2H’) 105a? M*4* 
8j 64411 
1 6 2 6 2M? 2 2M? 
(: ) Lape ae +} E (6H"H — 347 + 1244?) 
6 Wk wy 2wy 
Anr 6767/4 
-EM _AWH'H? + 044) + M H 
Bw}. 4w? 
1\? 1 4, 54a M? Hint ta 
(: ) z (12174 — 364? — 108H*) 4 z— QUI +H") 
6 4w? wr, 
"E / p2 ZA? _ aA | aH? M?A? 5 aH? M*A? 
81702 Wk 43 20? 8 wi 
1 3a? APH?  9atM? APH? 
gus € 3 r 5 4 (22) 
6 wy wp, 


As expected, only even powers of H remain in the final result. The Minkowskian 
spacetime result for the on-shell ZPE (M = m) is obtained as a very particular case 
of the above expression for a = 1 (H = 0): 


1 dk 1 
TE = — | dkk*ux%, = J — {-h 23 
(Too) Minkowski s TE (27)3 \2 d (23) 


where fi has been restored only in the last expression for better cognizance. The 
result is quartically UV-divergent. Usual attempts (e.g. through the minimal sub- 
traction scheme) to regularize and renormalize this quantity by e.g. cancelling the 
corresponding UV-divergence against the bare pa term in the action (1) ends up 
with the well-known fine-tuning problem, which is considered to be the weirdest and 
toughest aspect of the CCP — see e.g.! ^4? and references therein. We will certainly 
not proceed in this way here. We seek (and will find) an alternative way. 
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4. Renormalization of the VED in curved spacetime: the RVM 


The vacuum energy density in the expanding universe can be compared with a 
Casimir device in which the parallel plates slowly move apart (“expand”).!7 Al- 
though the total VED cannot be measured, the distinctive effect associated to the 
presence of the plates, and then also to their increasing separation with time, it 
can. In a similar fashion, in the cosmological spacetime there is a distinctive non- 
vanishing spacetime curvature R as compared to Minkowskian spacetime that is 
changing with the expansion. We expect that the measurable VED must be that 
one which is associated to purely geometric contributions proportional to R, R?, 
RY” Ruy etc., hence to H? and H (including higher powers of these quantities in the 
early Universe). 

Following,® 1° a subtraction of the VEV of the EMT is carried out at an arbitrary 
mass scale M, playing the role of renormalization point. Taking into account that 
the only adiabatic orders that are divergent in the case of the EMT are the first four 
ones, the subtraction at the scale M is performed only up to the fourth adiabatic 
order. The on-shell value of the EMT can be computed of course at any order. 
'The terms beyond the 4th order are finite. The renormalized EMT in this context 
therefore reads 


(Tio) Ren(M) = (Toi) (m) — (TEO (M). (24) 


Let us apply this procedure to the ZPE part of the EMT, as given by Eq. (22). To 
ease the presentation of the explicit result, it proves convenient to recover at least 
in part the more explicit notation (18) so as to distinguish explicitly between the 
off-shell energy mode wi(M) = Vk? + a? M? (formerly denoted just as wg) and the 
on-shell one wi (m) = Vk? + a?m?. With this notation, lengthy but straightforward 
calculations from equations (22) and (24) lead to the following compact result:? 


od a? 4 4 A m? 1 
(Too )Ren(M) (^u + Am? M? — 3m* + 2m* In s) z (s = =) 


~ 12872 M? 
SM d. pec reet mA Ns 17 9(2474 — H? 343) | m? 
x 1673 (v M* — mln am] € 6 16:232 In Mi GU 


where dots stand just for higher adiabatic orders. The renormalized expression 
for the vacuum fluctuations, (TË$) nen (M ), is not yet the final one to extract the 
renormalized VED. As indicated in (11), the latter is obtained from including the 
contribution from the pa-term in the Einstein-Hilbert action (1). Therefore, the 
renormalized vacuum EMT at the scale M is given by 


(T )Ren (M) = —pa(M)guv + (oe) nen (M). (26) 


We distinguish between VED and ZPE: the latter is caused by the vacuum fluctu- 
ations of the fields, whereas the former combines the ZPE and the parameter pA 
in the action. The renormalized VED is precisely the 00th component of the above 
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expression: 
(TOSS) Ren (M) (TS) Ren (M) 
Prac (M) = SET o (M) + ORLE | (27) 
where we have used the fact that goo = —a? in the conformal metric. Explicitly, the 


VED comes out to be 


1 m? 
Pvac(M) = pA (M) 12872 ( M^ | Am? M? — mi + 2m In | 


1\ 3H? 2 2 z m? 

(< 5) 167?a? (m MN M? 

1V? 9 (22131 — H°? — 331^ 2 
-(£€ ( ag eos: (28) 

6 167204 M? 
The (very) interesting aspect about this form of renormalized VED is that the first 
two terms of this expression (i.e. those not depending on H) exactly cancel when 

we compute the difference of p,4, values at two scales, say M and Mo: 


1 32? M? 
Pvac(M) = Pvac( Mo) = (s ) (a Me m? In ) 
6 / 16720? o Mg 


6/ 1672a4 ( 


To verify the cancellation of the mentioned terms, we rewrite Einstein's equations (2) 
using the renormalized parameters and including the higher derivative tensor H i. 
which is necessary for renormalization purposes.” We need to write only the vac- 
uum part of the EMT since in doing the mentioned subtraction the background 
contribution of the field ¢ (and any other contribution, indicated below by ...) will 
cancel, except the (M-dependent) change of the vacuum EMT at the two scales: 


M(M)G,, + o(M)HU) = (T) ns (M) +... (30) 


1\? M? 
i (s ) 9 (H? 2H"H + 3H") In F7 (29) 
0 


On the r.h.s. we have used Eq. (26), which can be made more explicit using Eq. (25). 
We may now subtract side by side (30) at the scales M and Mg and project the 00th 
component. Using the explicit form of Goo and HQ in the FLRW metric we can 
perform the identifications on both sides of the subtracted equation. In particular, 
this renders specific expressions for the shifts M2 (M) — M2,(Mo) and a(M) — 
a( Mo), which we need not quote here?:1? . After performing these identifications, 
what is left of (157^) Ren(M) — (I5 )Ren(Mo) must be zero. This is how we can 
prove that oA(M) — pA(Mo) exactly cancels against the difference of the second 
term of (29) at the two scales (see Refs.?:1? for more details): 


1 m? \ |" 

M 

PA(M) s, 3553 (^r + Am? M? — 3m* + 2m*In in) l. 
0 


1 4 4 2( r2 2 aq M^ 
= pA(M) — pa (Mo) + 1553 (-u + Mg + 4m*(M* — Mj) - 2m B =0. 
(31) 
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'This important equality, enforced by the renormalized form of Einstein's equations, 
demonstrates that the renormalized EMT, and in particular the renormalized VED, 
is free from quartic contributions associated to mass scales. That is why the relation 
(29) between the VED at the two renormalization points M and Mo is a smooth 
function ~ M?H?. With no quartic mass term surviving in this renormalization 
procedure, there is no need of fine tuning. This is, of course, an extremely wel- 
come feature, which obviously impinges on a possible solution of the CCP. Another 
appealing (and novel) feature of our renormalization framework is the following: 
Eq. (30) says that in Minkowski spacetime (To )nen(M) = 0, and as a result the 
renormalized VED in flat spacetime is also zero in this context, pMink = 0. 

Let us now assume that we define the renormalized VED in the context of some 
Grand Unified Theory (GUT) scale Mo = Mx, where typically Mx ~ 1016 GeV 
is associated with the inflationary scale. We denote by pvac( Mx) the value of the 
VED at Mx. We can relate pyac(Mx) with the current value of the VED, phic, 
assuming that pyac(M = Ho) = p,e, where we choose the second scale at today's 
value of the Hubble parameter, Ho. T'his quantity can be used as an estimate for the 
energy scale of the background gravitational field associated to the FLRW universe 
at present. We neglect the ~ H^ terms in the current universe. Then, according to 
Eq. (29), the connection between the two values of the VED is 


3 1 Hà 
Pvac = Pvac(Mx) + Tez? (s on e) Hj [ug +m? In xe ; (32) 
or swapping terms on both sides: 
3v 
Pvac(Mx) = ss ^ 8n Hj m ; (33) 


Here we have defined the ‘running parameter’ for the VED: 


2 2 2 
"P (; £) we (1 ae nae) (34) 
27 \6 Mp} My; Mx 

We naturally expect |v| < 1, owing to the ratio M3} /m2, « 1. The vanishing of v 

and hence of the dynamical ~ H? part of (32) is obtained only for conformal cou- 

pling: € = 1/6. There are, however, fermionic contributions to v as well. They do 

not depend on €, of course, but shall not be addressed here.*? The accurate deter- 

mination of v can only be obtained by fitting the RVM to the overall cosmological 

data, as it has been done e.g. in.44-°° These analyses show that v is positive and of 

order 1073. From (33) and (29) we can approximately estimate the VED near our 

time by taking M of order of the energy scale defined by the numerical value of H 
around the current epoch:? 


3v 
8m 


3v 
87Gn 


Pvac(H) = ac + (H? — Hj) mà = Pac + (H? - Hj). (35) 
This expression reproduces the canonical form of the RVM.!" A generalized form of 


the RVM is possible in which an additional term proportional to H (of order H?) 
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can be included on the r-h.s. of (35) with another small coefficient 7, sec?:1? for de- 
tails. As noted, we have neglected the O(H*) terms to derive the previous formulas. 
'These terms can have an impact only for the early universe and produce inflation, 
but we refer once more the reader to?:!? for an expanded discussion. 


5. Phenomenological applications: Ho and og tensions 


We are now ready to produce some phenomenological output using the low-energy 
RVM form (35), or even the generalized one containing the ~ H term. In fact, we 
can use the following extended RVM structure for the VED:?:19 


Pvac( H) (co + vH? + PH) + OU). (36) 


_ 8 
v 8rGw 
The additive constant co is fixed by the boundary condition pyac(Ho) = oO... For 
recent expositions of the RVM and its many phenomenological applications making 
use of the above form of VED, see?^?? and references therein®. In what follows I 
will summarize the findings of the recent study,?? which involves the most complete 
set of cosmological data. Since the parameters v and 7 are ultimately to be fitted 
to observations, we shall simplify our analysis here assuming one single parameter 
with the choice 7 — v/2. This does not change anything fundamental. As a result, 
if we neglect the higher order terms, Eq. (36) takes on the suggestive form 


(co + SR) = PraclR), (37) 


3 
Pvac(H) = 87Gn 
where R = 12H?+6H is the curvature scalar. For this reason we may call this form 
of the VED the ‘RRVM’. Such a RRVM implementation has the double advantage 
of using one single parameter and provides a safe path to the early epochs of the 
cosmological evolution since when we approach the radiation dominated era we 
have R ~ 0, or to be more precise: R/H? « 1. This fact insures that no conflict 
is generated with the BBN constraints. Early on the RVM has its own mechanism 
for inflation (as we have already mentioned), but we have no room to address these 
aspects here, see.?^?" With one and the same VED given by Eq. (37) we may 
consider two types of RRVM scenarios, to wit: type I scenario, in which the vacuum 
interacts with matter; and type II, where matter is conserved at the expense of an 
exchange between the vacuum and a mildly evolving gravitational coupling G(H). 
For type I models we assume that the vacuum exchanges energy with cold dark 
matter (CDM) only, as follows: 


Pam an 3H pam = —Pyac : (38) 


*]t is interesting to mention that at the pure cosmographic/cosmokinetic level (hence in a more 
model-independent way) the RVM appears also as a favoured model. For example, the form (36) 
has been used in?? to study the different types of DE models in the framework of the cosmographic 
approach. Using the Hubble diagrams for Snla, quasars, gamma-ray bursts as well as the data on 
baryonic acoustic oscillations in different combinations, it is found that the RVM fits better the 
cosmographic data than other DE models, including the concordance ACDM. 
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Fig. 1. Theoretically predicted curves of f(z)og(z) for the various models (type I and type II), 
testing the possible existence of a threshold redshift in the case of type I. T'he data points employed 
in our analysis are described in.9? We present the results in two different redshift windows. It can 
be seen that the type I RRVM with threshold redshift z. ~ 1 has a most visible and favorable 
impact on solving the og tension. 


Solving for the matter densities one finds”? 


Pm (a) E pha s , Pam (a) = pha os = pya ^ ; (39) 


where £ = Pu They recover the ACDM form for £ = 1 (v = 0). The small 
departure of v from zero (or € from one) is what permits a mild dynamical vacuum 
evolution: 

Dvac() Pac + € E 1) D». (ae m 1) $ (40) 
For type I models we admit also the possibility that the dynamics of vacuum is 
relatively recent (see e.g.58). For instance, one may assume that the vacuum became 
dynamical in the form (40) at a threshold redshift z, c 1 (so pyac(z) = pea, for 
z > z,). We shall compare this option with the situation when there is no such 
threshold. As for type II models, matter is conserved (hence no exchange with 
vacuum), but the vacuum can still evolve as long as the effective gravitational 
coupling also evolves (very mildly) with the expansion Gef = Geg(H), starting 
from an initial value (which enters our fit). In this case, we do not consider the 
effect of the threshold because it proves to be much smaller. One can show that the 
approximate behavior of the VED in the present time is (recall that |v| < 1):°° 


= 300 
B 8TGN 
Once more, for v = 0 the VED remains constant at the value pyac = 3c0/ (87G N) = 
A/(87Gy), but otherwise it shows a moderate dynamics as in the type I case. One 
can also show that the effective gravitational coupling evolves approximately as 
Geg(a) ~ Gy(1 + eln a) in the current epoch (with 0 < e « 1 of order v), thus 
confirming the very mild (logarithmic) evolution of G. Since e > 0 the gravitational 
strength exhibits an asymptotically free behavior (i.e. being smaller in the past). 
For an accurate comparison of the theoretical predictions and the observations, 
the LSS formation data are also of paramount importance, all the more if we take 
into account that one of the aforementioned ACDM tensions (the og one) stems 


Pvac(@) (1+4v) +up,,a-° OQ). (41) 
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Fig. 2. The 1c and 2ø c.l. contours in the Ho-c8, S8, Šg planes and the corresponding one- 
dimensional posteriors for the RRVM’s obtained from the Baseline+Ho data set (meaning that 
the local value of Ho is included along with the remaining data, see??). It is apparent that the 
type II model alleviates the Ho tension without spoiling the og one, whereas the type I model with 
threshold redshift z, ~ 1 can fully fix the latter (see also Fig. 1) but cannot reduce the former. 


from it. As we shall see, allowing for some evolution of the vacuum can be the 
clue to alleviate the og tension since such dynamics affects significantly the cos- 
mological perturbations.9?? We consider the perturbed, spatially flat, FLRW metric 
ds? = —dt? + (ij + hij)dada?, in which h;; stands for the metric fluctuations. 
These fluctuations are nontrivially coupled to the matter density perturbations 
Ôm = Ópm/pm. We have implemented the full perturbations analysis in the con- 
text of the Einstein-Boltzmann code CLASSÓ? (in the synchronous gauge).?? Since 
baryons do not interact with the time-evolving VED the perturbed conservation 
equations are not directly affected. However, the corresponding equation for CDM 
is modified in the following way: 
LN uc h _ Dvac 
2 Pam 
with h = hj; denoting the trace of h;;. We remark that the term py; is nonvanishing 
for these models. Thus, it affects the fluctuations of CDM in a way which produces a 
departure from the ACDM. The above equation is, of course, coupled with the metric 
fluctuations and the combined system must be solved numerically. The analysis of 
the linear LSS regime is performed with the help of the weighted linear growth 
f(z)og(z), where f(z) is the growth factor and og(z) is the rms mass fluctuation 
amplitude on scales of Rg = 8^! Mpc at redshift z. The quantity og(z) is directly 
provided by CLASS. Similarly, we can extract the (observationally measured) linear 
growth function f(a) directly from the matter power spectrum P,,(a, k), which is 
computed numerically by CLASS under adiabatic initial conditions. The results can 
be seen in Figures 1 and 2 for the various models. 


am = 0, (42) 
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To compare the RRVM's (types I and IT) with the ACDM, we have defined a 
joint likelihood function £. The overall fitting results are reported in Tables 1 and 2. 
The total x? to be minimized in our case is given by 


2 2 2 2 2 2 
Xtot = XSnta + XBAO + XH + Xfos T XCMB- (43) 


The above x? terms are defined in the standard way from the data including the 
covariance matrices.!? In particular, the x7; part may contain or not the local Ho 
value measured by Riess, see.?? The local determination of Ho (which is around 4c 
away from the corresponding Planck 2018 value based on the CMB) is the origin of 
the so-called Ho tension.?" ?? Taking into account that the RRVM's of type I and II 
have one and two more parameters, respectively, as compared to the ACDM, a fairer 
model comparison is achieved by computing the numerical differences between the 
Deviance Information Criterion (DIC) of the ACDM model against the RRVM’s: 
ADIC = DICacpm — DICRRvn. These differences will be (and in fact are) positive 
if the RRVM’s fit better the overall data than the ACDM. The DIC is defined by®! 
DIC = x?(0) + 2pp. Here pp = x? — x?(0) is the effective number of parameters 
of the model, and x? and 0 the mean of the overall X? distribution and of the 
parameters, respectively. The posterior distributions and corresponding constraints 
for the various dataset combinations have been obtained with Montepython?? in 
combination with CLASS.9? 

The DIC value can be obtained from the Markov chains generated with 
MontePython. If +5 « ADIC < +10 one should conclude strong evidence favor- 
ing the RRVM’s over the ACDM. For ADIC > +10 it is said that the evidence 
is very strong. Such is the case when we use a threshold redshift z, ~ 1 in type 
I RRVM. In stark contrast, when the threshold is removed we find only moderate 
evidence against it (viz. —3 < ADIC < —2), although the fitting performance is 
still slightly better (smaller x2.) than the ACDM. The effect of the threshold can 
be very important and suggests that a mild dynamics of the vacuum is welcome, 
especially if it gets activated at around the epoch when the vacuum dominance 
appears, namely at z ~ 1. Unfortunately, type I models with fixed Geg = Gy do 
not help an inch to solve the Ho tension since the value of Hp remains stuck around 
the CMB value.?? In stark contrast, type II models can alleviate the two tensions 
at a time. The overall ADIC value of the fit is quite significant (+5.5), still in the 
strong evidence region, providing values of Hg markedly higher as compared to type 
I models (specifically Ho = 70.93*022 Km/s/Mpc??) along with og and Sg values in 
the needed moderate range (og = 0.794*0013 and Sg = 0.761+9:918).50 The values 
of Sg in all RRVM’s are perfectly compatible with recent weak lensing and galaxy 
clustering measurements.?? For type II models a related observable analogous to 
(but different from) Sg is Š; = Sg./Ger(0)/Gn . We show the corresponding con- 
tours in Fig. 2. The net outcome of this analysis is that the only model capable of 
alleviating the two tensions (Ho and og) is RRVM of type II, whereas the type I 
model can (fully) solve the og tension but has no bearing on the Ho one. 
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6. Conclusions and outlook 


In this short review presentation I have described the renormalization of the energy- 
momentum tensor (EMT) of a real quantum scalar field non-minimally coupled to 
classical gravity in the cosmological context. The main aim was to show that, out 
of the very quantum effects of matter, there emerges the running vacuum model 
(RVM) structure, which is the effective form of the renormalized vacuum energy 
density (VED). The method is based on an off-shell extension of the adiabatic 
regularization and renormalization procedure, which we have used in the recent 
9,10 and where for the first time we provided a calculation of the zero point 
energy (ZPE) of a quantum scalar field that is free from the need of extreme fine 
tuning. The latter is well-known to be one of the most striking and bizarre aspects of 
the cosmological constant problem.!! The absence of need for fine-tuning is related 
to the non appearance in our framework of the terms which are proportional to the 
quartic mass of the fields, i.e. ~ m^. In the standard model of particle physics, these 
terms are usually responsible for the exceedingly large contributions to the VED 
and requires preposterous fine-tuning with the renormalized vacuum parameter pA 
in the action .!" The calculational procedure in our approach is based on the WKB 
expansion of the field modes in the FLRW spacetime and the use of an appropriately 
renormalized EMT. The latter is obtained by performing a substraction of its on- 
shell value (i.e. the value defined on the mass shell m of the quantized field) at 
an arbitrary renormalization point M. The resulting EMT becomes finite because 
we subtract the first four adiabatic orders (the only ones that can be divergent). 
Since the off-shell renormalized EMT is a function of the arbitrary renormalization 
point M, we can compare the renormalized result at different epochs of the cosmic 
history. The introduction of such ‘sliding’ scale leads to the renormalization group 
(RG) flow, which in the case of FLRW cosmology we may associate in a natural 
way with Hubble's expansion rate H. 

While the RG approach was actually the first qualitative idea behind the 
RVM!" with the present QFT calculations in curved spacetime we provide for 
the first time? !? a solid foundation of the RVM, in which the dynamical structure 
of the VED is seen to emerge from the quantum effects associated with the adiabatic 
renormalization of the EMT. Let us mention that even though our QFT calculation 
has been simplified by the use of a single (real) quantum scalar field, further inves- 
tigations show that the generalization of these results for multiple fields, involving 
scalar as well as vector and fermionic components, lead as well to the generic RVM 
structure mentioned here up to (nontrivial) computation details.?? 

At the end of the day, we have been able to show that the genuine form of the 
VED for the current universe can be achieved from direct calculations of QFT in the 
FLRW spacetime. In such structure, the powers of H (and its time derivatives) are of 
even adiabatic order. This means that all of the allowed powers effectively carry an 
even number of time derivatives of the scale factor, which is essential to preserve the 
general covariance of the action. Linear terms (cubic, or in general of odd order) 


works 
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in H are incompatible with such a covariance and in fact do not appear in the 
final result. To be more precise, all terms with an odd number of time derivatives 
of the scale factor are ruled out. The form of pyac(H) predicted by the RVM at 
low energies is remarkably simple but it certainly goes beyond a rigid cosmological 
constant term. It consists of an additive constant (to be identified basically with the 
cosmological term) together with a small dynamical component ~ v H?, in which the 
dimensionless parameter v can be computed from the underlying QFT framework 
and is predicted to be small (|v| < 1). Ultimately, its value can only be known 
upon fitting the RVM to the overall cosmological data. The physical outcome is 
that today's cosmic vacuum is mildly dynamical. In fact, in previous works the 
model has been phenomenologically fitted to a large wealth of cosmological data 
and the running parameter v has been found to be positive and in the ballpark of 
AU 1073 cf. 44-47 

Recent phenomenological analyses involving a large set of updated cosmological 
data on Snla+H(z)+BAO+LSS+CMB ?9:9* and analyzed with the Boltzmann code 
CLASS9? confirm to a large extent the results reported in the aforementioned works, 
which were carried out within an approximate treatment of the CMB. The basic 
result is still the same, they point to substantial evidence that a mild dynamics of 
the cosmic vacuum is helpful to describe the overall cosmological observations as 
compared to the standard cosmological model with a rigid A-term. From our analysis 
of two variants of the RVM, we have found that for type I models the og tension 
can be fully overcome (< 0.40 c.l.) provided there exists a threshold redshift z, ^ 1 
where the vacuum dynamics is triggered. Solving the Ho tension, however, proves 


more demanding as it requires the combination of vacuum dynamics with running 
G, which is the characteristic of the type II models. Interestingly enough, the two 
tensions can actually be dealt with at a time, the Hp remaining at ~ 1.60 and the og 
one at ~ 1.30 (or at only ~ 0.4c if stated in terms of S4).9? The successful cutback 
of the two tensions is highly remarkable and is strongly supported by standard 
information criteria, such as the deviance information criterion (DIC). More work 
will be needed, of course, to confirm if the RVM can fully solve the og and Ho 
tensions.?^ It will depend also on the upcoming data in the next few years. 
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Dark matter properties from the Fornax globular cluster timing: 
Dynamical friction and cored profiles 
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I summarize our recent results to use the orbits of globular clusters (GCs) in the Fornax 
dwarf spheroidal (dSph) galaxy to learn more about dark matter (DM) properties. Our 
focus is on clarifying how dynamical friction (DF) from the DM halo is modified from 
the different microscopic properties of DM, which may alter both the scattering processes 
responsible of DF and the DM profiles (in particular generating a core), which also 
modifies DF. We consider: (i) fermionic degenerate dark matter (DDM), where Pauli 
blocking should be taken into account in the dynamical friction computation; (ii) self- 
interacting dark matter (SIDM) and (iii) ultralight dark matter (ULDM), for which 
this problem has been addressed by a variety of methods in recent literature. We derive 
DF with a Fokker-Planck formalism, reproducing previous results for ULDM and cold 
DM, while providing new results for DDM. Furthermore, ULDM, DDM and SIDM may 
generate cores in dSphs, which suppress dynamical friction and prolong GC orbits. We 
conclude that in all these cases the modifications in the DM modelling does not easily 
solve the so-called timing ‘problem’ of Fornax GCs. We finally study this ‘problem’ in 
terms of the initial conditions, demonstrating that the observed orbits of Fornax GCs 
are consistent with this expectation of a cuspy DM profile with a mild ‘fine-tuning’ at 
the level of ~ 25%. 


Keywords: Dark matter; globular clusters; dynamical friction. 


1. Introduction and motivation 


The presence of dark matter (DM) in the universe is probed by several different 
methods. In particular, the rotation curves of tracers of the gravitational potential 
in galaxies has long been considered as one of the most pressing motivations for 
the existence of a halo of DM extending beyond the volume occupied by visible 
matter. When tracers move in this medium, their dynamics may also be altered by 
direct momemtum exchange with the DM, which may lead to further dynamical 
consequences beyond rotation curves, as for instance tidal disruptions, dynamical 
heating or dynamical friction. The latter is the focus of this contribution, and in 
particular using it to learn about properties of DM. 

Dynamical friction is generated by the relative motion between the tracer (probe) 
and the DM medium. Indeed, as the probe moves in the DM halo, its gravitational 
interaction with the latter leaves behind an overdensity of DM particles (wake) that 
pulls back gravitationally from it. The net result is a friction force, first calculated 
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by Chandrasekhar,! and that can be parameterized as (for a probe of mass m, )? 


dV 4n G?m, p 

ET V3 CV, (1) 
where V is the relative velocity, G is Newton's constant, p is the energy density 
of the DM medium and C is a parameter depending on the way momentum is 
exchanged between the probe and the DM medium. For a classical gas of particles 
with mass m, and with a cold distribution in velocities Um given by f(vm), the later 


reads 


V 
Class = 4T ma f dos v2, fv (vs). (2) 
0 


In this formula, In A represents the so-called Coulomb logarithm, and is a factor 
of O(1). We can already understand that different models of DM may alter the 
previous formula through modifications of the microscopic scattering (for instance 
if DM is not a simple collection of free classical particles, but has some coherent or 
quantum properties), different DM energy densities p or distribution functions f,. 

The question we want to address is if these features can lead to observable 
consequences. For this, let us consider a system where DF is supposed to have 
played a relevant role in current observations: the globular clusters (GCs) of the 
Milky Way dwarf spheroidal (dSph) satellite galaxies. The latter are believed to be 
DM dominated ‘compact’ galaxies. 4 One intriguing puzzle about the dSph galaxies 
related to DF concerns the GCs of the Fornax dSph.? Fornax is a very luminous 
nearby (kpc away) dwarf satellite, with a stellar mass or around ~ 4 x 107 Mọ and 
of ~ kpc scale. It contains six known GCs,^9 with masses around m, ~ 10? Mo, 
which we consider as our ‘probes’ moving in the DM halo. The puzzle arises because 
2 of the most innermost GCs should have lost enough momentum due to DF to make 
them fall to the center of Fornax, while they live relatively far away from this point. 
In other words, from the expression (1), one can naively estimate the typical time 
scale to fall to center for GCs, 


3 7M 
p= ML 3 (—Y_)* (m Mey 240 gn, 
-~ |dV /dt| ^ X12 km/s ma l 


When applied to the six GCs of Fornax assuming the usual CDM cusp density 
profile (see, e.g.”), this time scale for the six GCs is presented in Table 28 (see 
also?). On the other hand, the stellar content of the GCs (and most of the stellar 
content of Fornax) is old, with life estimates > 10 Gyr!9 11,1213 Hence these GCs 
had enough time to fall to the center since their ‘birth’. 

This puzzle (in particular the time scales for GC3 and GC4) has been highlighted 
as a possible tension of the standard DM paradigm that may be solved by changing 
the properties of DM, see e.g.? A first important observation is that the Jeans 
analysis based on kinematic information of Fornax (the velocity dispersion along 
the line of sight of ~ 2500 stars as a function of radius) is compatible with the energy 
density profiles M19 NFW and M19 ISO expected from standard CDM,’ but also 
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Table 1. Some details of Fornax GCs: mass, pro- 
jected radius and CDM instantaneous DF time 
(Eq. (3)). See Ref.® for more details about how these 
number are obtained and the origin of the discrepan- 
cies with previous literature. 


m. [105 Mc] v | [kpc] TCDM [Gyr] 
GC1 0.42 + 0.10 1.73 + 0.05 119 
GC2 1.54 + 0.28 0.98 + 0.03 14.7 
GC3 4.98 + 0.84 0.64 + 0.02 2.63 
GCA 0.76 + 0.15 0.154 + 0.014 0.91 
GC5 1.86 + 0.24 1.68 + 0.05 32.2 
GC6 ~ 0.29 0.254 + 0.015 5.45 


with the presence of a cored distribution arising in different interesting DM models. 
'The latter include fermionic DM of masses where quantum degeneracy may be 
relevant (DDM) in the dynamics of Fornax,!^!? ultra-light DM with de Broglie 
wavelength large enough to affect the dynamics of Fornax? or self-interacting DM 
(SIDM) within the parameter space allowed by other observables, e.g.?™?1 A key 
motivation for our work is exploring whether DF may distinguish among these 
options, and hint towards new properties of DM. 


2. Derivation of DF for different DM models with a Fokker-Planck 
approach 


In order to include non-trivial properties of the DM microphysics into the expression 
(1), we followed a Fokker-Planck (FP) approach in,® where the probe particle (a GC 
in our case) correspond to species 1 traveling through a gas of spectator particles 
(species 2) with a certain distribution f (DM particles in our case). We consider 
the following elastic scattering process of two particle species, 


1(p) + 2(k) > 1(p’) + 2(k’). 


The phase space distribution function for the particle species 1 (the GC) evolves 
according to the Boltzmann equation, 


dfi 
a = Chil (4) 


The collision integral C[fi] contains information about the elastic scattering pro- 
cesses, and is written as 


(27)* (4) / NIKA 
P 


AQ) folk) — fP) E AA E fa(k^))|, 
(5) 


where |M|? is a squared matrix element averaged over initial and final spins, and 


dil, = Z5. hs is the Lorentz invariant phase element with the number of internal 


x | falp") folk’) (12 
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degrees of freedom g. The sign in 1+ f; refers to bosons (+) or fermions (—), 
respectively. The Boltzmann equation can be greatly simplified if the momentum 
exchange 


q—p-p (6) 
is smaller than the typical momentum in the distribution function fı. This is the 
adequate limit to compute DF.? In such cases, the Boltzmann equation reduces to 
the nonlinear Fokker-Planck equation, 


Gin 0 s dietus. | S A pe 
di Opt [Ai (1 mr fi)Dil + 2 Op | Api (Dij fi) E fig Pu ? (7) 


where the diffusion coefficients are defined in.?^? Furthermore, the gravitational 

scattering of a probe particle of mass m, and a particle in the medium with mass 
m is described by the spin-averaged matrix element 

Mp = 1 (16xG)?m*mi 

Is+1 [Pa] | 


(8) 


where s is the spin of the particle in the medium, and (q°,q) is the transferred 
4—momentum. In the nonrelativistic limit, we can neglect q? and maintain only q 
in Eq. (8). 

Of particular importance for our analysis is the diffusion coefficient Dj, corre- 
sponding to the diffusion in momentum parallel to the probe object’s instantaneous 
velocity. Indeed, the DF deceleration on a probe of mass m, moving with velocity 
V w.r.t. the medium is? 


dV | Dy 
—=—V. 
dt My (9) 
From (1), we see that the dimensionless coefficient C of the DF reads, 
C=- 10 
4rG?m2p qa) 


When computed for a gas of classical particles (where f corresponds to a classi- 
cal distribution), one reproduces the known results of the Chandrasekhar! formula, 
with C given by (2). This limit is also the relevant one for the SIDM case of interest 
here, since the corresponding cross-sections always correspond to large mean-free 
paths, where the approximation of the Chandrasekhar calculation holds. 

Regarding DDM, when one assumes that fə is given by a Fermi-Dirac distribu- 
tion close to the degeneracy limit? one finds 

1 V vf 


C — nA ; 
pou et P V «vp 


v 


(11) 


F 


? Note that it is not known what is the momentum distribution for degenerate fermions interacting 
only gravitationally. Still, one normally assumes an equilibrium configuration as a first approxi- 
mation. 'This assumption may also be used to constrain the mass of fermionic DM from virialized 
DM objects.19: 22 
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where vp is the Fermi velocity, related to the DM energy density by 
= IMbMVr (12) 
672 ^" 

where g represents the number of degrees of freedom of the species (see also??). We 
used mpy for the DM mass. This modification of the DF formula changes the falling 
time 7, though not parametrically. Furthermore, the DDM case also generates a core 
due to the quantum degeneracy pressure. Both effects are useful to reduce DF and 
hence prolong 7. 

A similar calculation can be done for the bosonic case with large occupation 
numbers. In this case, the collision term is also modified and allows our formal- 
ism to capture the most relevant phenomena for DF in the ULDM case described 
in.?:2^?6 Indeed, these Bose-enhancement terms in (7) generate large-scale density 
fluctuations, causing additional velocity drift that can be characterised by an extra 
term to C > C+ AC as 


e 2X op _ 
AC =InA (= 3 (ton — fe xe), (13) 
My vm 
where meg = m«?"?p/(mpwo)? is the ULDM mass enclosed in an effective de 


Broglie volume and Xoş = v/V2e,g with oog = o/V2. Numerically, meg ~ 
1.2 x 10° (107% eV/mpm)” [o/(3 x 107” Mo /kpc?)][(10 km/s)/o]? Mo. With these 
numbers and keeping in mind a typical GC mass m, ~ 10? Mo, the AC effect 
becomes quantitatively important in Fornax for m < 3 x 107% eV. This value 
starts to be in tension with other constraints of ULDM, see e.g.?^?5 Notice that 
the previous calculation is correct in the limit r > Aap, where Aap is the de Broglie 
wavelength of DM. In the opposite regime, one can have effects coming from the 
coherent nature of the DM waves which affect the scattering cross-section,? or even 


resonant processes that our formalism does not capture, see e.g. 79:7? 


3. Timing of Fornax GCs for different DM models 


From the previous calculation, one can estimate the falling time of the GCs in Fornax 
once the profile of DM energy density is known. For the latter, one can use a Jeans 
method consistent with the line-of-sight velocity (LOSV) observed for Fornax.? 
However, as already stressed, the latter is equally well fitted by a M19 NFW, M19 
ISO CDM profiles, as long as DDM of mass mpm ~ 135 eV (which should generate 
a degenerate core of kpc) or a SIDM model with velocity averaged cross section 
(ov) /mpy ~ 25 cm? g^! km s^! (also generating a isothermal cored profile of kpe 
size, this time due the SIDM scatterings??). These cases are shown, together with 
the relevant data of the dispersion in the LOSV, oros, as a function of radius in 
the left panel of Fig. 1. It should be clear from this panel that this data agrees well 
with the models just described. The right panel shows the different energy density 
profiles for these cases also as a function of radius. For completeness we have also 
shown the energy density of the star content of Fornax, to show explicitly that 
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DM is needed in this system. Another CDM model (coreNFW) is also shown. This 
models aims at describing a DM dominated halo where the baryonic feedback is 
somehow taken into account. 


5x 108 
20 Fornax: data (2018) and models, B=const. 
_ — 1x108E 
g Y 5x107} 
E £" E 
Ò 

o 
5 = 1x107 

5. M19 NFW ----- M19 ISO ------ DDM | 5x108} 

Ue SIDM  ----- CoreNFW 
0 l 1x10$ l : ac 
0 500 1000 1500 100 200 500 1000 2000 
r [pc] r [pc] 


Fig. 1. Left panel: LOSVD data and fits for the M19 NFW and M19 ISO of," DDM with 
mass m % 135eV and SIDM models with cores of order kpc. Right panel: Density profiles 
corresponding to these cases. The the energy density of the star content of Fornax is also shown. 


Now that we have all the ingredients to compute the DF, we proceed to find the 
orbital motion of the different GCs of Fornax by solving the equation 
dV GM (r) 4nG?m,p 
= P V 14 
dt " ys 4) 
for the relevant cases. This is a ‘semi-analytical’ approach that yields good agree- 
ment with simulations.) The results are only mildly dependent on the Coulomb 


logarithm In A, which we calibrate to numerical work in.? As an example, we show 
in Fig. 2 the evolution of the radius as a function of time, as compared to two 
profiles studied numerically in.” 


Semi-Analytic 


1 : : 
E Simulation 

0.50 Meadows+(2019) 
g — NFW 
=~ 
= == |SO 

| [2 
0.10! 
0.05 — — —— HÀ E 
0 10 20 30 40 


t[Gyr] 


Fig. 2. Radius of an infalling orbit of a GC with mass m, — 3 x 10? Mo. n dotted blue (thick 
dotted red) we plot the simulation result in" for the NFW (ISO) halo. In solid lines, we plot 
our semi- analytic integration. Horizontal dot-dashed lines show the radii where the semi-analytic 
treatment breaks down. 
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From the previous analysis, we are now in the position to find the time 7 that it 
takes to a GC to fall to the center of Fornax for different DM models. We will address 
the initial conditions momentarily. For now, let us compare the ‘instantaneous’ time 
in the DF formulae for the different GCs in CDM, DDM of mass mpm ~% 135 eV and 
SIDM generating a kpc core. This is shown in Table 2 and Fig. 3. The conclusion 
is clear: both models beyond CDM prolong the plunging time of the problematic 
GCs, and hence alleviate the timing problem. 


Table 2. Instantaneous DF times for the GCs of 
Fornax in the DDM and SIDM models described in 
the main text. 


TCDM [Gyr] 035) [Gyr] tsrpm [Gyr] 
GC1 119 122 79.3 
GC2 14.7 7.12 8.82 
GC3 2.63 1.48 2.21 
GCA 0.91 10.7 14.8 
GC5 32.2 30.1 20 
GC6 5.45 16.1 22 


This conclusion is confirmed by a numerical study of the orbits, where the differ- 
ent DM profiles and dispersion properties are taking into account for the different 
models. The latter analysis is vital to find the real dynamics of the GCs, since the 
timescales can vary by O(1) factors. We will skip the details of this study in this 
short contribution, and the interested reader is invited to check our work? for details. 
Let us simply mention that beyond the numerical integration of Eq. (14), in? we 
also considered different projection effects that alter the radius of the different GCs 
and their velocities. The main lesson we learned is that the conclusions extracted 
from the estimates in Table 2 and Fig. 3 are robust against these uncertainties. 

The main lesson from Fig. 3 is that cores (including those in coreNFW) increase 
the time 7, but to make GC4’s settling time substantially different, one requires a 


M19 NFW ----- M191SO ----- - DDM 
50r M19-Meadowss(2019) 1 
siiis SIDM ----- CoreNFW em 


Read+(2018) ae 


t [Gyr] 


M = 3«10° Msolar 
ia * 500 * 1000 Boo 


r [pc] 


Fig. 3. Instantaneous DF time, evaluated for different DM models for m, = 3 x 10? Mg as a 
function of distance to the center of Fornax. The stars represent the positions of the different GCs. 
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large (kpc-size) core. Note that the microscopic properties in the DF formula are 
not particularly relevant in our calculations. 

Before closing this section, let us notice that in Table 2 and Fig. 3 we have focused 
on DM models which help prolonging the orbits of GCs in Fornax. However, for the 
DDM case this requires models with masses already in strong tension with Ly-a 
30 (and light tension with Jeans analysis of other systems!?). In fact, 
regarding the Ly-o constraints, the interesting reader may also find in our work? a 
rather model independent bound from these observations 


gm$y > 2 x (1.4 keV)*, (15) 


observations 


confirmed in the recent detailed work.?! On the contrary, the SIDM model we used 
for the existence of a core at kpc distances can be read from the relation 
MDM 


105 M /kpc? 1 cm?/gr 
Tor = 48 
po p c /mpM 
related to the isothermal profile generated by scattering of DM particles with cross- 
section c. The ballpark used in the previous formulae corresponds to viable models 


of DM,??:?! which puts our analysis on a solid phenomenological basis. Indeed, one 
is tempted to conclude that the Fornax GCs favour the SIDM model. 


kpc, (16) 


4. Brief discussion on the late-time distribution of GCs 


Our discussion has so far focused on the falling time of the innermost GCs of Fornax. 
The ‘puzzle’ we are trying to address relies on this time being smaller than what one 
would naively expect for arbitrary GCs that have lived in the dSph DM halo for long 
enough. However, given a collection of GCs, one expects some of them to be form 
currently at distances that could seem fine tuned for the average GC. Hence, the 
best-posed question to learn about the DM effects in the dynamics of GCs in Fornax 
(given that we observe 6 of them) is which is the long-term distribution function of 
these objects as a function of radius and for different initial conditions. Note first, 
that the problem of initial conditions has already been identified as a candidate 


^3? Here we will summaryze the 


to explain the phenomenology we are discussing. 
analytical treatment developed in.® For this, the key analytical tool is the time it 
takes an object to move from radius ro to ry. In the case of nearly-circular orbits, 
this time can be estimated as 


70 dr ( dln M 
1+ 


Arno f (14 T 
EF 


) 7 (r, Veire (r)) . (17) 
Quite remarkably, one can show that for objects that today at at small radii r « 
Toi, With ret parametrizing the radius such that any object that started its life 
at r < Terit as already fallen into the center, the conditional distribution function 


(CDF) of GCs as a function of radius in a NFW profile satisfies 


Fr) 2 ATO. (18) 
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independently on initial conditions. T'his prediction is modified in the case of cored 
profiles. To have a better picture of this effect, we show in Fig. 4 the number of 
GCs expected to be enclosed at projected radius r}, when numerically integrating 
the orbital motion with our semianalytical model (no need of N-body simulations). 
The initial conditions we used for these plots are discussed in.? They are not very 
particularly relevant for this discussion since we found that the main features of 
Fig. 4 are reproduced by all reasonable initial conditions we considered. 


ISO ct 
6 * Nac < rp. 6 
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5 me uu e dif Nocl € 
Gc2 Tr 
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NFW / cc! 
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w 
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Fig. 4. 
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from Fig. 3. Left: Cored ISO halo. Right: NFW halo. The solid blue line shows the CDF after 
projection effects are taken into account. The dashed green line shows the result before projection. 
For the NFW case, the small-r prediction of Eq. (18) is shown by the red dashed line. Observed 
Fornax GCs are also shown. The initial radial GC PDFs used to make the plot are explained in.8 


A visual comparison of the left panel in Fig. 4 (performed with an isothermal 
cored for the model of SIDM described above) and the right panel (performed with 
NFW) shows that GC4, GC6 and GC3 tend to align better over the CDF of the 
second one, in particular after projection effects are taken into account (blue-solid 
line). As we just mentioned, these figures were produced for one of many possible 
initial conditions that reproduce reasonably well the distribution of final GCs, and 
we could not find any other reasonable initial data which could account for the 
position of GC4 today without destroying the agreement of the rest of GCs. Still, 
these figures also show that the level of ‘fine-tuning’ to explain GC4, GC6 and 
GC3 within the standard NFW profile is not very problematic, which implies that 
a solid conclusion about the role of DF in the final distribution of GCs requires 
the observation of (several) other similar systems. Another interesting observation 
is that any reasonable distribution agreeing with current data should have included 
several inner GCs which should have fallen to the center of Fornax and generated 
a nuclear cluster of O(109 Mo). The absence of this nuclear cluster in Fornax may 
also have something to say about DM properties, though this is a different story. 

We are fully aware that the dynamics of GCs is more complex than what we 
presented in.5 Still, we believe that our simple analytical model captures some 
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interesting (even intriguing) part of the dynamics, that we hope to study in the 
future with more realistic methods. 


5. Conclusions and outlook 


In this presentation, we revisited the timing ‘problem’ of the GCs in the Fornax 
dSph, and use it to learn about new properties of DM. The latter are manifested 
in either a modification of the microscopic origin of dynamical friction (DF) or the 
halo morphologies, also influencing DF. Some of the 6 GCs of Fornax are placed 
too close to the center of this galaxy, which may pose a tuning problem in terms 
of typical time-scales to plunge to the center of this object. Indeed, the last part of 
the work described in? (and briefly reviewed in Sec. 4) was devoted to quantifying 
this degree of tuning for the standard CDM paradigm yielding NFW profiles. The 
observations presented in Table 2 can be accounted for as a moderate fluctuation 
with a Poisson probability of about around 25%. 

Still, it is quite interesting that the calculation of DF in different DM models 
allows us to reduce this tension and find better accuracy with data. This is why 
a large part of this short presentation has consisted in a succinct explanation of 
how to derived DF from a Fokker-Planck formalism (which allows the introduction 
of fermionic and baryonic effects in the collision term). As summarized in Fig. 3, 
the presence of a small core due to baryonic feedback may slightly alleviate this 
tension, but not at an interesting level. Once one considers other DM models (as 
DDM, ULDM and SIDM) a large core (of kpc size) may be formed, which predicts 
enough reduction of dynamical friction to better reproduce the observed positions 
of the GCs in Fornax. Still, in these cases, the GC distribution depends strongly on 
initial conditions. From these models, it seems that SIDM with ¢/mpm ~ 1 cm?/gr 
seems favoured, since it does not contradict any other observation, but more data 
is required to confirm this claim. 

The way forward is clear: applying our methods to more extensive data, aiming 
at enough statistical significance to generate robust conclusions about DM proper- 
ties. The hint about SIDM we just discussed makes this project particularly exciting, 
since future data from GCs may finally start closing up on the fundamental nature 
of DM. 
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The Lambda-Cold Dark Matter (ACDM) model agrees with most of the cosmological 
observations, but has some hindrances from observed data at smaller scales such as 
galaxies. Recently, Berezhiani and Khoury proposed a new theory involving interacting 
superfluid dark matter with three model parameters in,! which explains galactic dynam- 
ics with great accuracy. In the present work, we study the cosmological behaviour of this 
model in the linear regime of cosmological perturbations. In particular, we compute both 
analytically and numerically the matter linear growth factor and obtain new bounds for 
the model parameters which are significantly stronger than previously found. These new 
constraints come from the fact that structures within the superfluid dark matter frame- 
work grow quicker than in ACDM, and quite rapidly when the DM-baryon interactions 
are strong. 


Keywords: Dark matter, cosmological perturbations 


1. Introduction 


With the advent of precision cosmology and satellites like Planck and WMAP, we 
have gained new insights about the evolution of the universe. Till date, Lambda- 
Cold Dark Matter (ACDM) provides the best fit to these available data and has 
been widely accepted as the standard model of cosmology.” The hypothesis of CDM, 
which are assumed to be collisionless non-relativistic particles, along with bary- 
onic matter explains the CMB temperature anisotropy, matter power spectra, large 
scale galaxy distributions and lensing data remarkably well. In fact, the abundance 
of galaxy clusters and observed large scale structure formation history strongly 
supports the collisionless CDM scenario as opposed to any alternative theories to 
ACDM.*° However, at smaller scales, CDM faces a number of challenges that 
need to be addressed. For example, the Baryonic Tully-Fisher relation and the 
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corresponding tight correlation between the mass and dispersion velocity at the 
high-mass end can not satisfactorily be explained by CDM halo which predicts a 
larger scatter due to feedback processes in the galaxy./ Apart from this, there is 
another issue with the standard CDM picture in the galactic scale, known as the 
cusp-core problem.® The simulations of galactic halos with CDM produce a kink 
(cusp) at the center of the galaxy, whereas observations of various galactic density 
profile suggest a flat core. With improved observations of the faint dwarf galaxies 
and substructures within the galaxies like Milky Way and Andromeda, new set of 
discrepancies arise. While the missing satellite problem in dwarf galaxies? has been 
addressed to some extent, the Too Big To Fail Problem, arising from the predic- 
tion of satellites that are too massive and too dense by ACDM, compared to those 
observed, still remains unresolved. !! 

Due to the above unresolved issues, scientists have looked into other alternative 
explanations through modifications of General Relativity (GR). Several models have 
been proposed so far with the aim to explain existing data to the same degree of 
accuracy as ACDM as well as overcome its drawbacks. Many of them have already 
been ruled out or are highly constrained by the ongoing observations of gravitational 
waves, but some theories like f(R), f(T), f(G), Scalar-tensor-vector theories of 
gravity etc. are still consistent with the data, and new observations are required to 
falsify these theories.!? 18 These theories are relativistic corrections of GR which 
modify the dynamics of spacetime through the modified field equations. The theory 
of Modified Newtonian Dynamics (MOND), on the other hand, is a modification 
to the Newtonian force law that changes the dynamics of interaction between two 
massive bodies in the non-relativistic limit.!?:2? MOND was first proposed in 1983 
by Milgrom to account for the flattened galaxy rotation curves near the edge of the 
spiral galaxies like Milky Way. There is a universal acceleration scale ag in MOND, 
whose value is obtained as 10~°cm/s?. For accelerations much lower than this scale, 
the Newtonian law is modified, and this explains the flat galaxy rotation curve data 
for a large number of galaxies.?! Interestingly, the Baryonic Tully-Fisher relation 
in galaxies can exactly be derived from MOND where M œ v4. MOND can also 
explain several other galactic observations like the planar structure of galaxies, low 
merger rate etc.?? Thus, we see that MOND, with just one free parameter, is a very 
well-behaved theory at the galactic scale. However, despite these successes, MOND 
faces several challenges in extragalactic and cosmological scales. Proper relativistic 
extension of MOND is not available.?? Hence it cannot be applied at cosmological 
scales. 

The effectiveness of MOND at small scales and success of ACDM at cosmological 
scales are the main motivations for scientists to look for models which are CDM- 
MOND hybrids i.e., theories that include usual cold dark matter as collisionless 
particles at cosmological scales, but give rise to a MOND-like modified force law 
at galactic scales such that they satisfy both sets of observations. This class of 
models take into consideration the interacting dark matter-baryon picture where 
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a MOND-like force is mediated through this new interaction term. Based on this 
idea, many models have been proposed which can reproduce both CDM features as 
well as MOND in their respective regime of validity. 124-27 

In this paper we shall focus on one such model proposed recently by Berezhi- 
ani and Khoury,! where CDM can form condensates at galactic scales depending 
upon the surrounding temperature and can behave as superfluid. It has already 
been shown by the authors that such model can explain a number of galactic scale 
observations due to their MONDian behaviour, which normal CDM fails to ex- 
plain.^25 39 Although there are recent studies which suggest that the superfluid 
DM model is disfavoured compared to a spherically symmetric CDM halo at galac- 
tic scales as the superfluid DM overestimates the vertical acceleration which has 
to be counterbalanced to match the observations.?.:?? 
eters in the theory which are assumed to be temperature dependent. It has been 


There are two free param- 


argued that at cosmological scales, the theory behaves as usual CDM and thus the 
background evolution and other cosmic histories remain unchanged as compared to 
ACDM. Here, we study the cosmological evolution of the background as well as the 
matter perturbations. We check whether the present model remains well-behaved 
at cosmological scales as has been claimed by the authors and compare our results 
with ACDM. 


2. Dark Matter Superfluid-Overview 


The central idea of this model is that CDM is made up of particles which undergo 
phase transition below a particular critical temperature and becomes a superfluid. 
This requires that the particle CDM needs to be strongly interacting below a partic- 
ular temperature. The superfluid behaviour depends on the strength of interaction 
and the mass of the particle. It has been shown in! that in order to form a Bose- 
Einstein Condensate (BEC) the following condition must be satisfied 


1/4 
^s (5) o 
where m and v corresponds to the mass and velocity of the particle respectively 
and p is the density of the condensate. Assuming virialization of dark matter halo 
at galactic scales, this gives an upper bound on the mass of the particle forming the 
halo 


M -1/4 
miiXbew (uper) Y A 


Further assuming thermalization of CDM particles, one obtains the bound on in- 
teraction cross section as 


7/2( m : M ag 2.—1 
Z 52(1 + Zvir) (5) (xo rag ) em 8g (3) 


3|" 
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Using equipartition law, the critical temperature T, of the CDM condensate can be 
obtained as 


5/3 
T, = 6.5 (i) (1+ Zvir) mK (4) 
m 


It has been argued in! that the temperature of CDM at cosmological scales is 
much below the critical temperature (O(10~28) for m ~ eV) which implies that the 
condensate behaves as a T ~ 0 superfluid at cosmological scales. 

The description of superfluid dark matter is given in terms of a low energy 
effective theory with the Lagrangian of the form: 


p 2AQmy? (i =i a 


3 2m (5) 


Let us now understand the motivation of choosing such a Lagrangian. Here, 0 is 
the phase of the wavefunction describing the superfluid phonon modes and ® is the 
gravitational potential in which the DM particle sits and is given by the standard 
Newtonian potential in the usual non-relativistic case. This Lagrangian has a free 
parameter A which defines the strength of the superfluid (i.e. defined by the number 
of particles in the condensate state). The power of the Lagrangian is defined by the 
choice of the equation of state (EoS), and a fractional power of 5/2 is indeed obtained 
in superfluids formed by ultra cold atoms. In the case of CDM superfluid, the choice 
of the power 3/2 in the Lagrangian is somewhat arbitrary, but motivated by the 
fact that the superfluid DM should give rise to MOND-like dynamics at galactic 
scales when baryons are also included. This also corresponds to an equation of state 
P ~ p? which is suggestive of a dominant three-body interaction process. What 
kind of particles can lead to such a superfluid with this particular EoS and the 
physics of its formation has not been discussed earlier and is beyond the scope of 
this paper. For our purpose, we shall assume the form of this Lagrangian to study 
the characteristic features of the resultant superfluid DM model. 

In the effective field theory formalism, the superfluid is described in terms of 
interacting phonon modes. The phonon modes can be described by the scalar field 
0, which, at a constant chemical potential u, can be expanded as, 


0 — ut 4$ 


where ¢ denotes the excitation of the phonon modes. 
The DM superfluid couples to the baryons through the phonon modes via an 
interaction given by the Lagrangian: 


A 
Lint = rm (6) 


This kind of interaction ensures a MOND force. Here « is a dimensionless free 
parameter, which sets the interaction strength of the interaction, and py is the 
baryonic mass density. 
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'Thus, the complete Lagrangian for an interacting superfluid DM is given by, 


L= 


m)3/2 /. 2\ 3/2 
2A(2m)? ( | " A Opn (7) 


0 — mo 
3 
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It has been shown in! that the MONDian acceleration arises as a special case of the 
dynamics of the above Lagrangian. The validity of this model in solar system and 
Bullet cluster has also been discussed there. 

In the cosmological context, although the authors in! discuss some general points 
regarding the background behaviour and the equation of state of this new superfluid 
dark matter, they do not shed much light on other important points such as growth 
of perturbations and structure formation. In the next sections, we solely focus on 
the cosmological aspects of this new theory. 


3. Cosmological Solutions 


In this section, we will study this theory in cosmological context. This is of particular 
interest since the theory also needs to be consistent with the present cosmological 
data. 


3.1. Background Solutions 


For the background cosmology, we have 0 — 0(t). In the FLRW background with a 
scale factor a, the equation of motion for 0 can be derived from the action as, 


d ; a 
E [DAE zs EL (8) 


Assuming the evolution of baryons i.e. pp x 1/a? as in standard ACDM, we get, 


ah ne mAC (9) 
Men ^3 


Pm = 


Here C is an integration constant which has to be determined from the present 
DM density. The second term (pqu4;) corresponds to the dust like evolution. The 
form of the density is similar to those obtained in dynamical space-time theories as 
discussed in.99 35 For the second term to dominate (such that pm behaves as dust), 
it can be shown that one needs to satisfy the following constraint: 


oA pr 


mto <1 10 
M pipdust e (10) 


where to is the present age of the universe. 
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Bounds on the model parameters: 


e From the EoS- Equation of state for the DM superfluid (assuming negli- 
gible interaction) is given by, 


02 
m ust 
W = 12A2mó ap 


For DM to behave as dust at the background level, A should be bounded 
from below, 


A» 0.1 (S) ev (12) 


e From coupling to baryons- From (10) and (12), and assuming a constant 
baryon-to-DM ratio (paust/ps = 6), we get, 


a « 2.4 x 10-4 i. (13) 


'These bounds are different from the bounds obtained for galaxies, as discussed 
+. 1,28 
in.^ 


3.2. Perturbations 


Study of linear perturbation theory in the context of ACDM has been an important 
step towards understanding the evolution of the universe. CMB spectra carries 
information about the inhomogeneities present in the early universe. Hence, any 
cosmological model needs to satisfy the CMB data to a high degree of accuracy. 
This requires analysing the matter power spectrum resulting from the initial density 
perturbations. In this section, we examine the growth of cosmological perturbations 
in DM superfluid model at linear order. 

The Lagrangian of the theory in an FLRW matter dominated universe is given 
as, 


. (V6)? ids 
L=c (i — we) — mè) — C20 (14) 
where c1, C2 are constants expressed as, 
2A(2m)3/? 
C1 = 
3 
A 
Co = *Mpi (15) 


Here, O(a, t) = 0(t) + 0 (x,t) is a scalar field which is a fucntion of both space and 
time. 
We can find the Euler-Lagrange equation from the above equation as: 


d (OL OL 
n (5) -2 =0 (16) 
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This gives us the background equation of motion as shown in the previous subsection 
as well as the first order perturbation equation of the dark matter density. But this 
single governing equation is inadequate to obtain the complete numerical solution 
which requires a complete set of differential equations. 

In order to get the full set of perturbation equations, we start with the fluid 
equations that govern the dynamics of the dark matter superfluid. The fluid equa- 
tions, namely the continuity equation and the Navier-Stokes equation can be derived 
using the Hamiltonian formalism, as described in.?9 In,°° the authors work out the 
fluid equations for an interacting two-component BEC dark matter. Here in this 
work, we follow the same prescription for a superfluid dark matter which interacts 
with the baryonic matter. The corresponding Lagrangian is given by (14). 

From the Lagrangian, we get the conjugate momentum as, 


und. 
00 
. v6)? 1/2 
= A(2m)?? |6— mo — | 1 
(2m) m 37 (17) 
The Hamiltonian H describing the superfluid can be obtained as, 
H — 110 — £ (18) 
Since, 0 = m 4 ve Fx e s from (17), we get the Hamiltonian H as follows, 
i (V0)? aA 
H = — ® IIo 4 19 
3M Qm) * (n Yee) AE E 19) 
3.2.1. Hamilton’s equation of motion 
The Hamilton’s equations of motion are : 
> OH 
0 = — 20 
Dll, (20) 
and 
. OH 
Ilg = —-—— 21 
^ 80 VU 
For this model, the two equations become, respectively, 
. II? (V0)? 
0- : $ 4 22 
A? (2m)? aus 2m (22) 
and 
ah 
Ig = —V - (V8) — Mr, P (23) 
pl 
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3.2.2. Fluid equations 


In order to get the fluid equations from the above Hamilton's equations of motion, we 
identify the terms as corresponding hydrodynamical variables. We define the mass 
density term (as the co-efficient of ® in the Hamiltonian) and the four-velocity of 
the fluid, 4i as 


Pm = Mlo, d -— ———. (24) 


Using the above definitions, we get the fluid equations from equation (23) and (22) 
as follow, 


Om, j mù A 25 

Dm + V+ (Pmt) uH. Po (25) 
Ls t PmV Pm 

+E Vja > Ve (26) 


These are the two fluid equations: Continuity equation and Navier-Stokes equa- 
tion. 
Now, the Poisson’s equation can be written as 


V?o = 4nG(p+ óp) (27) 


Integrating twice and substituting the background density using Friedmann equa- 
tions, we get the potential as: 


ð= T - H)P+¢ (28) 


where | is the proper distance defined as / = a(t)i and ¢ is the potential due to 
inhomogeneities. 

Similarly, the four-velocity w can be split into two parts, Hubble flow and a 
peculiar velocity V as follows: 


ü-Hl44 (29) 
Expressing everything in comoving co-ordinates i and using V; = ay V: we 
get, 
r 1 3 oa Am 
Pm + 3H pm + -V (pU) = — Pb (30) 
a Myi 
and 
boue legens mpm VP 
v+ H+ gz V= JaAn ^ (31) 


These are the two fluid equations of motion that we shall use for the rest of our 
calculations. 
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3.2.3. Evolution of perturbations 
The total DM density pm and the baryonic density pp can be split into two parts: 
background and perturbation: 
Pm = Pm +ôPm, Pv = Po + po 
respectively. 
We define, the relative density perturbations for these two components as, 
Ù ô 
gpn LE and peen, 
Pm + Pb Pm + Po 

In the linear perturbation regime, we treat óp,,, ópy and 9 to be small, and hence, 


neglect the higher orders of these terms. Perturbing the two fluid equations in the 
linear regime gives: 


2 A 
tt OS (32) 
ap pl 
and 
+ pe PmVOPm 1 
v+ HU = TPE av? (33) 


By using the above equations along with the Poisson’s equation and assuming p, ~ 
p, we get the evolution equation for ôm as follows: 
; Bu nod o. Amy oAmóy |— py 


2M2  4a2A2m® My Ma ^ 2M2, (34) 


This is a second order differential equation. The coefficient of the spatial derivative 
V? gives the square of the sound speed c,. Thus, we get, 


(LEE. (35) 


Below in Fig. 1, we show the plot for c2 vs the redshift z for m = 1 eV and A = 500 
eV. We take the time evolution of the background density p,, as 


| 0.4(1 + z)? 


Pm = Ty 10007 p 


where the value of fm, at equality (z = 1000) is set as 0.4 eV* (°°). As evident from 
the plot, the sound speed is very small (compared to the speed of light c — 1). 


3.3. Analytical Solution 


We now have the perturbation equations (32) and (33) supplemented by the Poisson 
equation. In the absence of baryons, we recover the usual evolution of CDM as a 
non-relativistic fluid. This can be seen as follows. 
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Fig. 1. Plot for c2 vs z. As can be seen, the sound speed is very small compared to the speed of 
light (c — 1 in this case) at all times. 


Without baryons: 
In the absence of baryons, i.e. by setting py = 0 and ópy = 0 in equations (32) and 
(33), we obtain a set of equations as follows: 


cold 
bm c -V. 8-0 (37) 
and 
DaVópm 1 
ibdgc-DevOw, Toy (38) 


For A > 1, i.e, when the sound speed c, is taken to be very small, the above set 
of equations reduce to the usual perturbation evolution equations ina ACDM model 
in the matter-dominated regime.?" Thus, in the absence of baryons, usual CDM like 
evolution is recovered at the background level as well as for the perturbations. This 
can also be seen from the second order differential equation governing the evolution. 
From equation (34), in the absence of baryons, we obtain, 


Dui. hys. 


P up " 
bm + 2HÀ 2M ~ Ac gni 0 (39) 


As expected, the above equation is the usual evolution equation for CDM in a 
flat ACDM universe, with a small sound speed given by (35). Since the sound speed 
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is very small, for all practical purposes, this term can be neglected and we end up 
with the following second order differential equation: 


" , Dmm. 
Ôm + 2HÓq, 
2M3 


=0 (40) 


This is the evolution equation of non-relativistic CDM in the ACDM model.’8 The 
growing solution of this equation is the usual CDM like evolution, which is 6 « a 
for a matter dominated universe.?^? In the absence of baryons, the superfluid dark 
matter thus behaves exactly like CDM and the growth of perturbations follow the 
ACDM-like evolution. 


With baryons: 

We now investigate how the perturbations evolve when both baryons and baryonic 
interactions with superfluid dark matter is present. A complete solution is to be 
found numerically for different values of the model parameters. This will be pur- 
sued in the next section. For now, we try to find the generic nature of the DM 
perturbations growth with some basic assumptions regarding the baryonic density 
evolution and the interaction strength between baryons and the superfluid. We as- 
sume that the baryon perturbation 6, follows the same rate of growth as in ACDM 
i.e. at late times 6, « a as obtained from the observed power spectrum. We now 
consider equation (34) which is the single second order evolution equation. We are 
only interested in the temporal behaviour of ôm. With the assumption that c? < 1, 
equation (34) can be analytically solved for two limiting cases. For the first case 
when the interaction strength is negligible, one can set a = 0. With this condition, 
the only remaining term in the RHS of (34) is the last term. The resulting equation 
has a power law solution of the form ô œ t?/? œ a in the matter dominated era. 
This is the usual CDM-like behaviour as expected when the interaction strength 
is negligible. The other limiting case solution can be obtained by setting a very 
strong interaction strength i.e. by taking a large enough a such that the first two 
terms in the RHS of (34) become dominant. In this case, the solution for the matter 
dominated universe comes out to be of the form 


bm ox t9/3 ox ab/? (41) 


The time evolution of The DM perturbation growth in the two cases is thus 
captured by the following form: 


dm X a for no interaction (42) 


3/2 for strong interaction (43) 


Ôm ca 
Important distinct features arise when we look at the time evolution of ôm for 
each mode. During the matter dominated era, ôm grows as a in ACDM whereas 


in this model, it grows as a?/? i.e. at a much faster rate compared to ACDM. 
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Fig. 2. Growth of dm with respect to z. The red solid line represents the growth for ACDM and 
the black dashed line corresponds to the growth for superfluid for a = 10-9. The growth in case of 
superfluid DM is dominated by the term proportional to a9/? and is higher compared to ACDM. 
The higher the value of a, i.e. the stronger the superfluid DM-baryonic interaction, the steeper is 
the growth rate (as will be discussed in the next section). 


For convenience, we write the evolution of ôm in terms of the redshift: 


1 


TFA E 


Ôm X 

Fig. 2 shows the nature of growth in both the models (red solid curve represent- 
ing ACDM, black dashed curve representing superfluid DM). 

A proper way to find the full solution for the perturbed quantities is to solve 

coupled differential equations using a numerical approach. In the next section we 


solve the perturbation equations numerically in the linear regime and look for any 
possible deviations from ACDM. 


4. Numerical Solution 


In order to obtain the solutions for Ôm, we rewrite equations (32) and (33) in the 
Fourier domain in physical co-ordinate as, 


: Pm ,. am 
Om + — ikv) = — 
(ku) e - ou 


db (45) 
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and 
k? p, pom a? 3iaH pv 
iko + ikHv = dpm +ô 46 
ikó + ikHv = ^r + ona (n pe + —, ) (46) 
To solve the above equations, we write them in terms of redshift, 
dós “Pin ps o. Am 
H (14 kv) = — ô 47 
a Go) = - (47) 
and 
dv k? mand p 3iHv 
—ikH(1 — +ikHv = Ôm + Ôb 4 48 
HUE p He Un 2M2 (1+ z)? tr ae) 


Parameters and initial conditions: 


The model parameters involved are m, A and a. We take m = 1 eV and A = 500 
eV while keeping the parameter a as free parameter which is varied to check where 
the model deviates from flat ACDM. 

We integrate the perturbation equations using the following initial conditions at 
the epoch of equality z = 1000: We set 64(z = 1000) = bm(z = 1000) = 10^? and 
H(z = 1000) 2 m = 1 eV. 

Since Øm > py, we assume p = Pm + py ~ Pm as given in (36). 

The initial value of v at z = 1000 is chosen to be around 1. For the time evolution 
of the background density and Hubble parameter, we take the usual ACDM evolu- 
tion of these quantities in matter-dominated era, i.e. m « 1/a? and H « 1/a?/?, 
Furthermore, we take 6, c a. We keep the wavenumber k fixed at 0.0001 eV, al- 
though the nature remains same for larger values of k. 

Figure 3 shows the evolution of the DM density perturbation ôm with respect 
to the redshift z for different values of a = 1078, 1077, 1079, 1074 and also for 
ACDM corresponding to a = 0, A — oo. As expected, the smaller the value of a, 
the closer the resemblance with ACDM-like evolution. As we see in Fig. 3, the plot 
for a = 1078 coincides with ACDM. When a is large enough, the growth is very 
steep. This is because a large enough a implies large interaction strength between 


the superfluid phonons and baryons, ensuring that structure formation takes place 
at an earlier epoch as compared to ACDM. 

In Figure 4, we plot the relative differences between the perturbation growth 
in ACDM model and superfluid DM model for different values of a in terms of 
Ósuperfuid/ÓA CDM. As expected, the ratio is very high at a lower redshift. As we 
go to higher redshifts, the ratio tends to 1 i.e., they eventually agree with ACDM 
at very high redshifts and matches exactly at z — 1000 where we set our initial 
conditions. The ACDM model corresponds to a = 0. For a = 1078, the deviation 
from ACDM at low redshift goes up to 0.1396 at z — 0.01. The larger the value of 
a, the higher is the ratio, implying a stronger deviation from ACDM at low enough 
redshifts. As a is increased to 1077, the deviation from ACDM becomes much larger 


(~ 62%). 
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Fig. 3. Plot for dm vs z for different values of œ as obtained numerically. The different curves 
correspond to different œ as shown in the figure. The curve corresponding to a = 1078 coincides 
with ACDM. For higher values of o, the deviation from ACDM increases gradually. The growth 
rate at a given redshift is maximum for a = 1074 for the cases considered here. 


Osuperfluid(Z)/OLCDM 
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Fig. 4. Plot for dsuperfiuid/SAcDM VS 2 for different values of a. For an exact coincidence with 
ACDM, this ratio should be 1. Values > 1 signify larger deviation from ACDM. For a = 1078, 
the ratio is almost nearly 1 showing a deviation only up to 0.13% at z = 0. For a = 1077, the 
deviation increases up to 62% at the same redshift. 
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Fig. 5. Plot for DAK vs k at z = 0. This is the matter power spectrum up to a constant factor. 
The plot reaffirms our previous results. In general the power increase approximately linearly with 
k. However, for large enough a, it becomes relatively flatter. 


We can also plot the matter power spectrum P(k) as a function of k at z = 0. 
The matter power spectrum P(k) œ |ôm(k)|?. In Fig. 5, we plot |ó;, (k)|? vs. k which 
shows how the power varies for different values of a. As shown in the figure, the 
power spectrum for a = 1078 matches with the ACDM prediction. As can be seen, 
the power increases for larger values of a at a given value of k. This is because the 
perturbation growth is stronger for large o as discussed earlier. 


5. Results and Discussions 


'The superfluid dark matter model is a very promising and newly emerging model of 
cosmology combining together the rich physics of condensed matter, particle physics 
and cosmology. In view of its success in explaining a number of observations within 
the galaxies where ACDM fails to provide a satisfactory explanation, this model 
can be said to offer a greater understanding of the universe. In their earlier works, 
Khoury and his collaborators have investigated the implications of this model at 
galactic scales. However, a complete study of cosmological implications have not 
been performed earlier. In this paper, we have tried to investigate, both analytically 
and numerically, whether the predicted cosmology of the model tallies well with the 
observations and how different the predictions are from that of ACDM. In the 
realm of non-relativistic low energy effective theory of superfluid, the background 
cosmology agrees with the predictions of ACDM, and this gives a constraint on the 
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two model parameters a and A which turn out to be different than their galactic 
scale constraints. This result has also been discussed in.' At the level of first order 
perturbation, we find that the above constraints lead to a cosmology which differ 
significantly from ACDM. In particular, our analytical results suggests that the 
growth of density perturbations of dark matter superfluid roughly goes as a?/?, 
which is much higher compared to the ACDM picture (ôm « a). This might be due 
to the strong interaction between superfluid phonons and baryonic matter. This 
behaviour has also been verified from the numerical solutions. For the numerical 
calculations, in particular, we have kept two of the model parameters m and A fixed 
at 1 eV and 500 eV respectively. This gives an upper bound on the third parameter: 
a < 1078 corresponding to just 0.13% deviation from ACDM. This is different 
from the value quoted in.! The bound obtained in,! for m = 1 eV, is a < 1074, 
which, even though predicts the correct background evolution, strongly deviates 
from ACDM in the context of perturbation growth in the present epoch. This can 
be seen in Figs. 3, 4 and 5. In our analysis, we have assumed the baryonic component 
to follow standard dust evolution (c Æ). In the absence of baryons, however, this 
model successfully reproduces the usual non-relativistic CDM evolution as obtained 
in case of a flat matter dominated ACDM universe, both at the background as well 
as first order perturbation level. 

A more complete analysis of the perturbation growth should rely on the proper 
relativistic extension of the theory, which has not been attempted in this paper. 
Some relativistic models have been discussed in the original paper,! however a 
rigorous analysis is still lacking. We hope to address the same in a future work. Our 
work looks into the solution in the linear regime where perturbations are taken to be 
small. In future, we plan to extend our analysis to the non-linear regime and study 
the structure formation through spherical collapse. It would also be interesting to 
see how well this model predicts the CMB or the halo mass function. 
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Interacting dark sector in the late Universe: Mapping fields and fluids, 
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In this work, we discuss a cosmological model with dark energy — dark matter interac- 
tion. Demanding that the interaction strength Q, in the dark sector must have a field 
theory description, a unique form of interaction strength can be obtained. We show the 
equivalence between the fields and fluids for the f(R, x) model where f is an arbitrary, 
smooth function of R and classical scalar field x, which represents dark matter. Up to 
first order in perturbations, there is a one-to-one mapping between the classical field 
theory description and the phenomenological fluid description of interacting dark en- 
ergy and dark matter, which exists only for this unique form of interaction. Different 
formulations of interacting dark energy models in the literature can be classified into 
two categories based on the field-theoretic description. Then we discuss the quantifying 
tools to distinguish between the interacting and non-interacting dark sector scenarios. 
We focus on the variation of the scalar metric perturbed quantities as a function of 
redshift related to structure formation, weak gravitational lensing, and the integrated 
Sachs-Wolfe effect and show that the difference in the evolution becomes significant for 
lower redshifts (z « 20), for all length scales. 


Keywords: Dark matter - dark energy interaction, based on the work Ref. 1 


1. Introduction 


Dark matter dominates the galaxy mass, and dark energy forms the majority of 
our Universe's energy density.^? However, we have little information about the 
properties of these two components that dominate the energy content of the Universe 
today.^ The only information we have about the two components is that (i) Dark 
energy contributes negative pressure to the energy budget, and (ii) Dark matter has 
negligible, possibly zero, pressure. The above properties are based on gravitational 
interactions. More importantly, we do not know how they interact with each other 
and Baryons/Photons. 

It has been shown that the dark matter-dark energy interaction can reconcile 
the tensions in the Hubble constant Ho.^9 In most interacting dark sector models, 
phenomenologically, the interaction is proposed between the fluid terms in the dark 
sector (Cf. Ref.!). More specifically, individually, dark matter (DM) and dark en- 


ergy (DE) do not satisfy the conservation equations; however, the combined sector 
7 


satisfies the energy conservation equation, i. e., 
VET(DEDM) = Q(PEDM) QPP) jd QPM 2% (1) 
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where Q determines the interaction strength between dark matter and dark en- 
ergy. Since the gravitational effects on dark matter and dark energy are opposite, 
even a small interaction can impact the cosmological evolution.® Since we have lit- 
tle information about the dark sector, in many of these models, the interaction 
strength Q, is put in by hand. However, it is unclear whether these broad classes 
of phenomenological models can be obtained from a field theory action. 

In this work, we show that under conformal transformations, f(R, x) is equiv- 
alent to a model with two coupled scalar fields. The dark energy - dark matter 
interaction, represented by the coupling between the classical scalar fields, can also 
be represented by the evolution equations of the dark energy (represented by a scalar 
field) and dark matter (represented by a fluid). We show that a one-to-one mapping 
exists between the field theory and fluid description for a unique interaction term. 

To detect the signatures of the interacting dark sector from the observations, 
one needs to construct theoretical tools to distinguish interacting dark sector mod- 
els from non-interacting ones. We focus on the three cosmological phenomena: (i) 
structure formation, (ii) weak gravitational lensing (iii) integrated Sachs Wolfe ef- 
fect. We study the evolution of the relevant perturbed quantities in the redshift 
range 0 < z < 1500 at different length scales. We see that there is a clear difference 
in the perturbed evolution in the interacting dark sector model as compared to 
non-interacting ones. This difference becomes significant for z < 20, especially at 
smaller length scales. 


2. Dark sector interaction: Field and fluid description 


Consider the following action in Jordan frame: 
= 1 D ~ 1 ~u ~y ~ e 
Sy = n -ĵ PET: SS Vex Vex c WOO (2) 


where f (R, X) is an arbitrary, smooth function of Ricci scalar, and scalar field y, 
and V (x) is the self-interaction potential of the scalar field y. Under the conformal 
transformation: 
5 OF(R,X 
Iw = PG, where Q? = F(R, x) = S (3) 
and a field redefinition, the action in the Einstein frame takes the following form 


S= | dav =a (iR F9 Vudro- UO - FM MT ux ey). 
(4) 
where 
|. FR- f 
DK? F2 ` 
and a(¢) denotes the interaction between dark energy and dark matter. 
Defining the dark matter fluid by specifying the four velocity energy density and 
pressure 


X 
up = —[-g?? VaxVgax] * Vax (5) 
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1 1 
Pm = —5€^ [s VuxVux c e" Vo)] | om — —5€ [9 VuxVvx - e^ V 00] 
(6) 


'Then the interaction function in the field theory and fluid descriptions are given by 


QP = e^ a. 6(4) Vio [V7xVox + 46° V(x)] = -a,ll Pm — 3p) 
(7) 
A one-to-one mapping between the field theory description and fluid description of 
the interacting dark sector described above exist only for this form of interaction 
function. A classification of interacting dark sector models based on the existence 
of this mapping is given below. 


Interacting DE-DM DE-DM Interaction Is 
model vi T (DEM) ER Q(DE.DM) Qu x Q®)? 
Amendola - 19999 pm + 3H py, = —Cpmó Yes 
Amendola - 199910 pm + 3H py = —Cpmó Yes 
Billyard & Coley -199911 l$ 4-3Hà c kV) = nón Yes 
EE 
Olivares.etal - 20051? dpe + 3Hpe = 3Hc? (pe + px) No 
Amendola.etal - 200613 PpM +3Hppm — 6(a)Hppm =0 No 
Olivares.etal - 200714 Pe + 3H pe = 3Hc? (px + pc) No 
5 pe + 3H pe = —v\/2/3KB pce Yes 
Boehmer.etal - 2008*? pepe cae. No 
6 pc = —3Hpc + 3H (Opa + Acc) No 
Caldera-Cabral.etal - 2008 pe = aHa + 3 (Taps + Pepe) No 
7 ppm +3Hppm — 6Hppm —0 No 
Ae Sp ne RUNE ppm +3Hppm — ôH (ppm + ppE) =0 No 
Pettorino & Baccigalupi - 200818 6” +2Hd' + a2U. 4 = a? Cepe Yes 
Quartin.etal - 200819 d + 3pc = 3Àz pz + ^cpc No 
pc = —3H pe — M; Pe No 
Boehmer.etal - 200920 be = —3H pe — ree No 
pc = —3Hpe — My Pee No 
Beyer.etal - 2010?! $T3Ho-— aM3e-oe/M — Ax Yes 
Lopez Honorez.etal - 20102? Pam + 9H pam = B(o)pamó Yes 
Avelino & Silva - 2012?3 Pm + 3H pm, = aHaP pw No 
Pan.etal - 2012?4 Pm + 3H py, = 3AmHpm + 3Aq H pa No 
Salvatelli.etal - 201325 Pam + 34 pam, = £Hpae No 
Chimento.etal - 201328 Pm t YmPm = —ap'p No 
Amendola.etal - 201427 Do + 3H po = —K YD; Cia bipa Yes 
Marra - 201578 Dm + 3Hpm = V8" pPmo/Mpi No 
Bernardi & Landim - 201629 Pm + 3H pm = @ (po + pm) $ No 
fm +3Hpm = Qpaó No 
Pan & Sharov - 201630 Pam + 9 pam, = 3Àm H pam + 3A4H pa No 
Bruck & Mifsud - 201791 VT er Wd Yes 
Q= Se S Tp + 33 SETH VudVud if D=0 
EZIELTAZ73 
Gonzalez & Trodden - 201853 px + 3Hpy = o px Yes 
Barros.etal - 201834 pc + 3H pc = —KB Op. Yes 
Landim - 201935 $ +3H¢ + V'(ó) = —Qpm Yes 


@Violates causality condition (D(¢) > 0) for the disformal transformations?? 
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3. Cosmological evolution with dark energy — dark matter 
interaction 


Consider the perturbed FRW metric in the Newtonian gauge 
goo — —(1--29), go —0, gij—a^*(1-29)ó;, (8) 


For the FRW Universe, the background evolution of the scalar fields in the field 
theory description is given by 


X + 3Hx + eV (X) + 2a, (9)óx = 


$ + 3H} +U, oP) + 4e'^o.4(3)V(X) — a OX — 0. 


In the fluid description, the dark energy scalar field ¢ and the dark matter fluid 
energy density Jm evolve as 


$4816 PUxGSQU. E DSH( Spec 


where the interaction term QO is given by 


Q = -a Plm — Pm) = o. (9)6e 9 x aevo). O 


Then the dark matter fluid energy density evolves as 


Bo, = Dy, a Ste) ele($)- ao) (1739) (10) 
m mo ? 


The perturbed evolution in the Newtonian gauge is given by 


2 s 
bpm + 3H (BD + SPm) + Pm + Pm) |e - 39 | =- (11) 
à (do - 377 — 205 + as G)06) +86 (6 + 0178 + Uu) 
+2 
-2 (3t cà cone) =Q, (12) 
where 


5Q®) = —(öpm — 3õpm)a PS — (Pm — 35.) [0,40(8) 650 +a] — (3) 


The metric perturbations ® and W satisfy the equations 


Vy—o-0 (14) 
. k2 CN 
b+ H9 = 7 [656 — (Pm + Pm) 5u® (15) 
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` v2p 2 xd a A 
dy. + 3H?6 = E (5m + doo — &¢? 4 MC) (16) 
2 
3l + LT + 60 Us + i) -3H (29 + $) 
2 H n = 
=" (5pm + 35pm + 4666 — 485? — 2U,4(5)66) (17) 


4. Observable signatures of interacting dark sector 


To detect the signatures of dark energy — dark matter interaction in cosmological 
observation, one needs to study the evolution of perturbed quantities related to 
cosmological observations. For this purpose, we consider the following cosmological 
phenomena and the relevant perturbed quantities 


pm (t,a,y,2) 


(1) Structure formation: 6,,(t,2,y,z) = Pratt) 


(2) Weak lensing : ® + V 
(3) Integrated Sachs-Wolfe (ISW) effect: 6’ + Y’ 


where prime denoted derivative with respect to N = Ina. 

To illustrate the difference between the evolution of perturbations in the inter- 
acting and non-interacting scenarios, we consider the following dark energy scalar 
field potential and interaction function 


U(d)~ =, alp) ~o (18) 


We then study the evolution of the flowing quantities in the redshift range 0 € z < 
1500 at different length scales 


Abm = Ôm; — mni, AP = Pi- Pn, Ab’ = P,- P (19) 


i ni 


Evolution these quantities are given in Figs. 1 and 2. 


c= —0.6 


— k/ Hg = 0.2 
— k/Hy — 0.4 


2.x107 E  — k/Ho = 0.6 
— k/ Hy — 0.8 
e uc -6 9 
tw 15x10 —k/Hy —1 


Fig. 1. Evolution of óq(left panel) and Adm (right panel) as a function of N for different values 
of k. 
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-8.x107 


p — k/ Ho — 0.2 e — k/Hs — 0.2 
-l.x1079p  —k/Ho = 0.4 4 -5.x107} 7 E/Ho — 04 
— k/ Ho = 0.6 — k/ Hs — 0.6 
| ^ R/ Ho = 0.8 o| K/ Ho = 0.8 
-LSx109b k/m = 1.0 SLAE nci 
“7-6-5 -4 -3 -3 -1 O0 Z -6 -5 -4 -38 -3 -1 O0 
N N 


Fig. 2. Evolution of A®(left panel) and A®’(right panel) as a function of N for different values 
of k. 


where ôq is the scaled interaction function given by 


6Q 


ôq = r 
1= EM}, 


(20) 
Here we see that the evolution of perturbed quantities in the interacting dark sector 
models shows significant differences for z < 20, especially at lower length scale 
(larger values of k). This trend is consistent with the evolution of scaled interaction 
function ôq. 


5. Conclusion 


In this work, we consider an interacting dark sector model. We demand that the 
energy-momentum of individual components of dark sector is conserved, but that 
of the individual components is not. This model is implemented through a field 
theory action where dark energy and dark matter are represented by classical scalar 
fields. This field theory description can be derived from a f (R, chi) by means of 
a conformal transformation and field redefinition. We show that there is a one-to- 
one mapping between the classical field theory description of the dark energy — 
dark matter interaction and the fluid description of the interacting dark sector. 
'This mapping exist only for a unique interaction term QP . We then classified the 
popular interacting dark sector models found in literature based on whether or not 
this mapping is applicable to those models. 

We then look at the evolution of first-order scalar perturbations in the interacting 
dark sector in the redshift range of 0 < z < 1500. We consider an inverse power- 
law dark energy scalar field potential and a linear interaction function. To detect 
the potential signatures of dark energy - dark matter interaction from cosmological 
observations, we focus on three cosmological phenomena and related perturbed 
quantities: (i) structure formation (ôm) (ii) weak gravitational lensing (® + V)(iii) 
integrated Sachs Wolfe effect (®’ + V^). We see that the density perturbation ôm 
grows at a faster rate in the interacting scenario, especially at the smaller length 
scales. The effect of the interaction becomes significant for redshift z « 20. This is 
consistent with the evolution of perturbed interaction function óq. We see a similar 
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trend in the case of ® and 9", which indicates that the future observations of weak 
gravitational lensing and integrated Sachs Wolfe effect can be used to distinguish 
between the interacting and non-interacting models of dark sector. 
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In this work we present a summary of recent studies on the effects of elastic self inter- 
actions in the evolution of Warm Dark Matter models (WDM), focusing on structure 
formation and the evolution of cosmological perturbations. We pay special attention to 
a particular class of sterile neutrino WDM known as vMSM and provide examples for 
the case of vector field self interactions. We calculate the effects of assuming self inter- 
acting dark matter in X-Ray astrophysical observations, in the formation of fermionic 
DM halos in (quasi) equilibrium states and in the evolution of DM perturbations in the 
early universe, assuming particle masses between O(1 — 100) keV. In the latter topic, 
we perform simulations using a modification to the public Boltzmann solver CLASS and 
compare our results with observations. We find self interactions to be an interesting 
addition to WDM models, which can alleviate tensions both present in standard CDM 
cosmology and regarding WDM itself, as well as provide an interesting avenue for DM 
halo formation. 


Keywords: Dark Matter, Self Interactions, Cosmology 


1. Introduction 


Several observations at large and small scales, such as the distribution of large- 
scale structure, CMB anisotropies and the internal structure of DM halos has lead 
to a standard model of cosmology: ACDM.':? DM in this model is assumed to 
be “Cold”: a distribution of colissionless, non relativistic particles with negligible 
velocity dispersion, which forms structure in a “bottom-up” fashion. However, recent 
observations have challenged this paradigm?; namely, the so called missing satellites 
problem* ©; the too big to fail problem’; and the core-cusp problem,?:?:? among 
others. While these by no means rule out the standard model, it has sparked interest 
in the community in other families of DM models. 
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In one of these families of models, known as Warm Dark Matter (WDM),!° 
the DM particles are produced while relativistic, but become non relativistic before 
the energy budget of the universe is dominated by matter. These particles would 
have a significant amount of velocity dispersion today, which causes a significant 
reduction of small scale structure population and an alleviation to some of the 
tensions we mentioned above. While traditionally these models were also expected 
to aid the core-cusp problem, it was shown!? that the particle mass requirement 
for this to happen was inconsistent with existing bounds, in what was known as 
the “catch-22” problem in WDM. However, in recent years it has been shown that 
WDM halos with a core-halo distribution can exist!^ (and are indeed stable!) as 
end results of the process of violent relaxation, which fit observations from both 
Milky Way and dwarf galaxies. While these collisionless relaxation processes are 
thought to result in the formation and thermalization of these halos,!9!7 it has 
been argued in!? that the process of Self Interactions can contribute to this end. 

A particularly interesting particle candidate that can belong in the family of 
WDM models can be found in vMSM (Neutrino Minimal Standard model)!? 19 
which assumes a light sterile neutrino to be the sole DM component, produced out 
of equilibrium via neutrino oscillations in the plasma, and requiring only a minimal 
extension to the Standard Model Lagrangian. Several observations heavily constrain 
the parameter space of this model, such as X-Ray constraints from astrophysi- 
cal objects,?0-?? 23,24 production bounds??), among 
others. In recent years, Lyman-a observations have been particularly important, al- 
most entirely ruling out the non-thermal production of WDM sterile neutrinos.?4 26 
These tight constraints may be alleviated by performing simple extensions to this 
model: in particular, we focus here on the inclusion of DM Self Interactions, in what 
we name Self Interacting Warm Dark Matter (SIWDM).?* As we will summarize 
in this work, these may not only contribute in the aforementioned challenges, but 
also allow us to potentially address tensions in ACDM previously unaccounted by 
WDM models alone. 


structure formation constraints, 


2. Self Interactions and WDM 


'The addition of DM Self Interactions is a well studied problem, with many real- 
izations mostly based on CDM models.25:2? Its main assumption is the existence 
of non gravitational interaction terms between DM particles through a Standard 
Model or a Dark mediator. Typically, in the realm of structure formation the inter- 
actions considered are elastic, and therefore do not change the number or identity 
of particles. We focus here on interaction channels of these kinds in WDM and 
characterize their possible effects across cosmological history. 

Self Interactions have been invoked in N-body simulations of structure formation, 
where it has been realized that the inclusion of these interactions can “flatten” 
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the inner cores of dwarf galaxies (as indicated by observations) via a process of 
thermalization in the inner regions of these halos.??:3! Thus, a combined model of 
WDM with the addition of Self Interactions may overcome both structure formation 
(“missing satellites" and “too big to fail") as well as inner halo dynamics (“core- 
cusp") challenges at the same time, preserving the benefits of both WDM and 
Self Interacting models. While there can be many particle physics models that 
reflect these interactions, we focus here instead on maintaining a certain model 
independence: some examples of particular model realizations can be found in the 
literature.?2-35 

Since the first introduction of Self Interactions in WDM,”*® it was realized that a 
combined model could provide interesting modifications in their dynamics. Indeed, 
Self Interactions do not only have an effect during structure formation, but also in 
perturbation evolution?^?85 and DM production.!?:?? This last point was studied in 
the past in the context of vMSM and, in particular, as mentioned in reference, ?? the 
phenomenon of mediator decay can significantly relax the parameter space of the 
model. There it was considered the case of a WDM model with vector field interac- 
tions, previously suggested in the literature to provide interesting consequences for 
DM halos.*! These studies focus on WDM core-halo distributions, known in the 
literature as RAR profiles, extended it via a Self Interacting model and calculated 
its potential effects on vy MSM bounds coming from X-Ray observations. Interest- 
ingly, although bounds of the same order of magnitude as previous studies (that use 
N-body simulation-borne DM distributions) were obtained when considering obser- 
vations of the MW galactic center, it was shown that these core-halo distributions 
are only compatible with v MSM bounds with the inclusion of additional production 
channels, such as Self Interactions. We present these results here in figure 1, where 
we plot the parameter space for v MSM, together with the bounds obtained from 
X-Ray observations of the MW Galactic Center. 

While it was shown in reference?? that the DM distribution of these halos is not 
affected by Self Interactions, it is an interesting open question if the formation of 
these systems may be affected by the inclusion of DM scattering. Indeed, these pro- 
files are constructed assuming (General Relativistic) thermal equilibrium between 
DM particles. While coarse-grained equilibrium can be achieved by a collisionaless 
fluid, as was shown in previous works,!^!^ 4? Self Interactions can thermalize the 
inner regions of these systems?? and, potentially, lead to the formation of a fermionic 
core. 


3. SIWDM and Linear Cosmology 


Self Interactions have already been found to have significant effects in the evo- 
36-38 In particular, the effects of these 
interactions can be realized in the power spectrum and, in the realm of WDM, it 


lution of linear cosmological perturbations. 
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Fig. 1. Sterile neutrino parameter space limits obtained for MW GC observations using 
RAR+SIDM profiles (continuous red line), when assuming DM production due to self interactions 
and interaction strength according to Bullet Cluster constraints. The light Red shaded region 
above the continuous red line corresponds to RAR+SIDM limits given by X-ray bounds (i.e. in- 
direct detection analysis), while the vertical shaded region below 48 keV labels the smallest DM 
mass compatible with S-cluster stars’ rotation curve data that can provide a BH alternative. The 
upper shaded region corresponds to production mechanism bounds, while other dotted lines refer 
to several X-ray bounds corresponding to different observations/DM profiles.2° Reproduced from 
reference.40 


can lead to interesting scenarios such as non relativistic self decoupling (a.k.a. late 
kinetic decoupling). Particularly, the first challenge consists in implementing cor- 
rectly a collision term in the first order Boltzmann equation for massive species. 7? 
While many implementations involve performing fluid approximations for the DM 
component,***° it was realized that this approach is inaccurate in the case of light 
relics, such as SM interacting neutrinos.??:4^6 Based on this realization, some of us 
obtained a reduced, kernel-based form for the Boltzmann collision term,?’ based 
on an ansatz for the interaction amplitude that encompasses most tree-level mas- 
sive mediator models in an exact way. We refer the reader to reference?" for a full 
expression of these terms. 

The system of equations derived in^' allows us to study the evolution of DM 
perturbations under the Relaxation Time Approximation (RTA),*” shown to be very 
precise for the case of massive mediator interactions. We can express the Legendre 


27 
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expansion of the first order Boltzmann equation in the synchronous gauge as 


. k h 8 
Fo(k, Eq, T) ~ -p US Ear) M ian. 
: k 2qk 
Fi (k, Eq, T) © gg; Pe Ens 7) = gp, PO En. 7) 
; k a 1; 2. Folk, Eq, 
Fo(k, Eq, T) ~ Big Fi (s Eu 7) = 3Ps (k, En, 7) E EU z ) 
re 
. qk 
Fi(k, Eq, 7) S G DE, [Faw Eq,7) — (b+ 1) Fou Eg, 7) 
Su EG Eas 7) 1> 3, (1) 


Trel 


where f(k, d,T)-— F(k, d, T) + fo(q, T) is the DM distribution, F(K, 7,7) is the first 
order perturbation and we have defined the Legendre moments and the gravitational 
potentials h,7 as in reference.*® The collision rate l'(7) is defined as 


P T g; [ 4E; dE, ds Je En) Jes En T) x(s) 
rel" 32(27)3 f dEg à Eq fe (E, 7) i 


(2) 


where this expression is defined according to the notation in references.!*?:?7 In the 
same references particular expressions for the collision kernel x for various interac- 
tion models can be found. 

'These equations involve the background DM distribution fo. While in the stan- 
dard approach, this function remains in a relativistic form reminiscent of WDM, a 
few circumstances can alter this assumption. In particular, if the Self Interactions 
maintain the DM fluid in kinetic equilibrium all the way until the fluid becomes 
non relativistic, the background at that moment will switch into a non relativis- 
tic form, constituting the scenario known as Non Relativistic Self Decoupling. The 
consequences of this scenario were explored by some of us in reference.!? There, it 
was found that, if one imposes continuity of the limiting expressions for the energy 
density, the non relativistic distribution function becomes 


fo(T < m) ~ 4.534Cnr exp [-1.0754? /T.] , (3) 


where Cyr, To,r are the normalization and temperature of the species in the rela- 
tivistic limit. 


4. SIWDM Cosmology: Simulations and Observation 


In reference! 


some of us developed a numerical implementation of these Self 
Interacting WDM models using a modified CLASS code, a publicly avail- 
able Boltzmann solver./? This modification is available at the following link 
github.com/yunis121/siwdm-class. We show there a few examples of the resulting 


power spectra for the Self Interacting models in figure 2. 
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Fig. 2. Power Spectrum (top panel) and Transfer Functions with respect to standard WDM 


(bottom panels) for a vector field SI-WDM model, simulated using a modification to CLASS. 
We assume the relaxation time approximation (1), and consider two values of the DM particle 
mass: 1 and 10 keV. Also plotted are the power spectra of a CDM model and of WDM mod- 
els with DM mass of 1 and 10 keV. All WDM and SI-WDM models consider a nonresonant 


production scenario (Dodelson-Widrow mechanism,99) with T ~ (4/11)!/3T,. Reproduced from 


reference!8 


There, we see some of the particular features of the models. We see that the inclu- 
sion of Self Interactions, while modifying slightly the high k behavior of the power 
spectra, remain small elsewhere in the power spectrum for all models that do not 
undergo Non Relativistic Self Decoupling. However, for models with Non Relativis- 
tic Self Decoupling, the resulting power spectra may differ significantly from its 
relativistic counterpart. Indeed, we find that in this regime the models are “colder” 
(i. e. as if they correspond to a higher particle mass), and show even at smaller k 
values a distinctive oscillatory pattern. This indeed has the effect of increasing the 
amount of small structure formed for these models. 

Most of the tensions inherent to vMSM WDM models come from structure for- 
mation, namely MW satellite counts and Lyman-a observations. These are related 
to the fact that the preferred parameter ranges may underproduce small structure 
and almost rule out the available parameter space. So, the inclusion of Self Interac- 
tions can significantly relax the existing bounds on this family of models. 

Reference!® provides an evaluation of the predictions of these models for the 
number of MW satellites?? as well for the observations of the Lyman-a forest. We 
have found that a maximally interacting model (as allowed by the observations of 
the Bullet Cluster?!) can readmit a significant portion of the vy MSM parameter 
space, and we illustrate this in figure 3. 


2133 


EEH Ly-o (This work) 
10-8 EE Halo Counts (This work) 
---. vMSM Ly-a (Viel13) 


107? 


10-10 


sin?20 


10711 4 


10-2 4 


10-3 4 


4 5 6 7 8 9 10 20 


Particle Mass (keV) 


Fig. 3. Parameter space constraints for vy MSM, where MW satellite halo counts and Lyman-a 
forest bounds are analyzed under a self interacting model as outlined above. We consider a 
self interacting model under a vector field mediator, with its interaction constant given by 
o/m ~ 0.144C2/m? = 0.1cm?/g, the upper limit given by Bullet Cluster constraints.?! For 
comparison, we plot the Lyman-alpha bounds for the non interacting case for a comparable anal- 
ysis, according to the results in.2® We also plot other bounds to the vMSM parameter space for 
informative purposes. 2123.25 Also for informative purposes, we plot a model compatible with a 
tentative 3.5 keV DM signal as a purple triangle?!-53 for informative purposes. Reproduced from 
reference!8 


5. Conclusions 


We have studied in detail the evolution of Warm Dark Matter in the presence of Self 
Interactions. With the aim of contributing to a detailed study of this subject from 
both a cosmological and astrophysical perspective we provide here an overview of 
the results obtained so far. 

Reference?? presents and exploration of the consequences of considering WDM 
core halo RAR distributions! in the parameter space of sterile neutrino WDM. 
'There it is suggested that the inclusion of Self Interactions can at the same time 
relax the WDM sterile neutrino parameter space via additional production channels, 
readmit RAR core-halo distributions into these models and assist with relaxation 
and thermalization of these systems. 

Reference?" provides a theoretical framework for the treatment of cosmological 
perturbations in WDM that allows to quantify the effects of these extended models 
in the cosmological perturbations. There, we developed a kernel-based expression 
for the collision terms based on an ansatz for the interaction amplitude, as well as 
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considered a few approximations to the resulting Boltzmann hierarchies such as the 
Relaxation Time Approximation. Reference!® presents a numerical application to 
these models in CLASS and a comparison of the resulting spectra with MW subhalo 
and Lyman-a observables, both in the standard decoupling scenario as well as in 
the non relativistic case. 

We have reached conclusions that indicate the Self Interacting models may pro- 
vide an interesting extension of the sterile neutrino WDM models. In the future, 
we hope to contribute further in the development of a more accurate treatment of 
these Self Interactions at a Cosmological level, as well as complementary models for 
early universe histories and, possibly, a deeper insight into the formation of these 
core-halo models. While further research is needed if this model is to be considered 
a viable alternative to standard DM approaches, we believe the work summarized 
here may be an important stepping stone in the study of these extensions. 
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In the scalar theory of gravitation with a preferred reference frame, a consistent formu- 
ation of electrodynamics in the presence of gravitation needs to introduce an additional 
energy tensor: the interaction energy tensor. This energy is gravitationally active and 
might contribute to the dark matter, because it has an exotic character and it is not 
ocalized inside matter. In order to check if that energy might form representative dark 
halos, one has to model the interstellar radiation field in a galaxy as a complete electro- 
magnetic field obeying the Maxwell equations. A model has been built for this purpose, 
based on assuming axial symmetry and on recent results about axisymmetric Maxwell 
fields. Its predictions for the variation of the spectral energy density inside our Galaxy 
are relatively close to those of a recent radiation transfer model, except on the symmetry 
axis of the Galaxy, where the present model predicts extremely high values of the energy 
density. 


Keywords: Dark matter; interstellar radiation field; Maxwell equations; Milky Way. 


1. Introduction 


Our initial motivation for the present work was independent of the problem of dark 
matter. It was to develop a consistent electrodynamics in an alternative theory of 
gravity: “the scalar ether theory”, or SET. This is a preferred-frame theory based 
on a scalar field only,^? that reduces to special relativity (SR) when the gravita- 
tional field vanishes. In general relativity (GR), the modification of the equations 
of electrodynamics in the presence of a gravitational field consists simply in rewrit- 
ing the equations that are valid in SR, by using the “comma goes to semicolon” 
rule: ,, — ;y,,ie.: partial derivatives are replaced by covariant derivatives based 
on the metric connection. (See Ref. 3 for an interesting discussion.) In particular, 
the dynamical equation for the energy(-momentum-stress) tensor T' that is valid 
in SR is: gue — 0. Using the rule mentioned above, that equation is modified to: 
T = 0, which is indeed the dynamical equation in GR and in many of its exten- 
sions or modifications. However, in the general situation, the latter equation is not 
equivalent to the dynamical equation of SET,! hence the foregoing rule cannot be 
used in SET. 

Therefore, in that alternative theory, a different and less obvious path has to be 
taken for the purpose of adaptating classical electrodynamics in the presence of a 
gravitational field. It turns out that this leads to introduce an exotic form of energy, 
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and that this new form is a possible candidate for dark matter. In this conference 
paper, we quickly follow that path. We then summarize the Maxwell model of the 
interstellar radiation field, that we built to prepare the test of this candidate. 


2. Necessity of an interaction tensor in SET 


In SET, we assume classically that the electromagnetic field tensor F derives from 
a 4-potential A,,: 


Fv = App — Án, = Ay — Ay. (1) 


This is (locally) equivalent to assuming that (i) F is antisymmetric (F,, = —F,,) 
and (ii) the first group of the Maxwell equations is satisfied: 


Pw T Bac PIX fecu (2) 


(The first equality in (2) is indeed an identity due to the antisymmetry of the 
field tensor and to the symmetry of the metric connection.) Therefore, in SET, 
the first group of the Maxwell equations is left unchanged. In a first version of 
electrodynamics in the presence of a gravitational field in SET, the second group 
of the Maxwell equations was got by applying the dynamical equation of SET to a 
charged medium in the presence of the Lorentz force, assuming that the following 
holds for the energy tensors, as is the case in SR and still in GR: 


(A) Total energy tensor T = T charged medium + T fiia- (3) 


(The total energy tensor T' is the source of the gravitational field — more precisely, 
in SET, that source is the component 7? in the preferred reference frame of the 
theory; see Ref. 1 for details.) The additivity (3) leads to a form of Maxwell’s 
second group of equations in SET.* But that form of Maxwell's second group in 
SET predicts charge production/destruction at untenable rates, therefore it has to 
be discarded.? 'The additivity assumption (3) is contingent and may be abandoned. 
This means introducing an “interaction” energy tensor Tinter, such that 


TS T charged medium + T' aca TTier : (4) 


One then has to constrain the form of T'i4,, and to derive equations for it. 


3. Form of the interaction tensor 


In SR, the additivity (3) of the energy tensors does apply, thus Tinter = 0. In SET 
we may impose that T'inter should be Lorentz-invariant in the situation of SR, i.e. 
when the metric y is Minkowski's metric ^? (7), = Nu in Cartesian coordinates). 
This is true if and, one can prove? only if we have: 


Tiber up = PY (situation of SR), (5) 
with some scalar field p. This is equivalent to: 


TE = por (situation of SR). (6) 


inter v 
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'The definition 


Tos y ‘= poy, or (Tinter) yx = P Yav, (7) 


thus got in a Minkowski spacetime, is in fact generally-covariant. Hence, we adopt 
(7) for the general case. With a general metric y, the tensor (7) is still pointwise 
Lorentz-invariant — in the sense that we have (Tiue)u, (X) = p(X) Mv in any 
coordinates that are Cartesian at a given event X, and this form remains invariant 
after any coordinate transformation that is Lorentz at X, i.e., such that the matrix 
(x (x) belongs to the Lorentz group. 


Oa 


4. SET electrodynamics with the interaction tensor 


With the additivity assumption (3) of the energy tensors, i.e., Tinter = 0, the system 
of equations of electrodynamics of SET is closed, but violates charge conservation. 
With the interaction energy tensor (7) we have just one unknown more: the scalar 
field p. So we need just one scalar equation more. It turns out to be consistent to 
add charge conservation as the new scalar equation." Then the system of equations 
of electrodynamics of SET is again closed, and now it satisfies charge conservation. 

Based on that closed system, equations were derived that determine the field p 
in a given general electromagnetic (EM) field (E, B) and in a given weak gravita- 
tional field with Newtonian potential U:" the scalar field p (or more exactly, its first 
approximation pı) obeys an advection equation: 


Or pı t u/O;pi = S. (8) 


That equation has given source S and given characteristic curves, the latter being 
the integral curves C(To, xo) of the spatial vector field u in Eq. (8). Here, “given” 
means that the source field 5, as also the vector field u and hence the characteristic 
curves C(To, xo), do not depend on the unknown field pı. It follows that pı can be 
obtained by integrating the source field S along those curves." 

The “medium” defined by the corresponding interaction energy tensor field 
Tinter = py can be counted as “dark matter", for 


e it is not localized inside (usual) matter: indeed, the equations for the field 
pı show that its source S is, in general, non-zero as soon as there is a general 
EM field: E 4 0, B # 0, E.B Z 0, and a variable gravitational field with 
OrU # 0, where the time derivative OrU of the Newtonian potential is 
taken in the preferred frame;” 

e it is gravitationally active, since, from its definition (4), it contributes to 
the source of the gravitational field in SET, that is the component T°° in 
the preferred frame; 

e it is "exotic", i.e., it is not usual matter — as shown by the form (7) of 
its energy tensor, which is very different from the possible energy tensors 
of any fluid, solid, or EM field. The fact that it is Lorentz-invariant means 
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that no velocity can be defined for that medium. The energy tensor (7) 
depends only on one scalar field (p), hence no equation of state is needed. 


'The foregoing considerations are at the classical level, hence do not tell if the 
“matter” with the energy tensor (7) is made of quantum particles. 


5. Maxwell model of the ISRF 


In order to check if the interaction energy Ei, might be distributed in the form 
of dark halos and contribute significantly to the dark matter distribution, we have 
to compute the field p for a model of a galaxy. This needs that we have a model 
of the Interstellar Radiation Field in a galaxy (ISRF) that provides that field as a 
solution of the Maxwell equations. However, the existing models of the ISRF (e.g. 
Refs. 8-13) focus on the radiation transfer (mainly via absorption, reemission or 
scattering by dust particles). They follow the paths of light rays or photons. To the 
best of our knowledge, no previous model of the ISRF did consider the full EM field 
with its six interacting components subjected to the Maxwell equations. Therefore, 
we had to build a model entirely from scratch, which involved both theoretical and 
numerical difficulties." 


5.1. Mazwell model of the ISRF: Main assumptions 


i) Axial symmetry is a relevant approximation for many galaxies, and is in fact often 
used in the existing models of the ISRF (see e.g. Refs. 13-16). We adopt cylindrical 
coordinates (p, $, z) whose the z axis is the symmetry axis. 

The primary source of the ISRF is made of the stars or other bright astrophys- 
ical objects. We want to describe the ISRF as a smoothed-out field at the galactic 
scale, not the field in the stars or in their neighborhood. Therefore: 


ii) we consider the source-free Maxwell equations. 
We proved the following result:18 
Theorem. Any time-harmonic axisymmetric source-free Maxwell field is the sum 


of two simple fields of that same kind: 


e 1) one deriving from a vector potential A having just A. 4 0, with A, a 
time-harmonic axisymmetric solution of the scalar wave equation; 
e 2) one deduced from a field of the form (1) by EM duality, i.e. 


E —cB, B’=—E/c. (9) 


5.2. Maxwell model of the ISRF: Form of the model 


We consider an EM field having a finite set of frequencies (w;) (j = 1,..., Nu). That 
EM field is thus the sum of N, time-harmonic EM fields. Using the Theorem above, 
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each of them is generated by potentials A;;, Aas The scalar potential A;;, for the 
field of the form (1) above with frequency w;, can be a priori any time-harmonic 
axisymmetric solution of the scalar wave equation having frequency w;.!? However, 
in the relevant “totally propagating” case, such a solution can be written explicitly 
in terms of a spectrum function $; = S;(k) (-K; <k< Kj, Kj:—- 2) Aj = 
Wu; Sj: with!? 


Kj * 
Buy s; (Lp. z) cad B Jo (py/K? = k?) ÀS) dk, ^ (0) 


where Jo is the Bessel function of the first kind and of order 0. The “dual” potential 
Ai,,, for the field of the form (2) above with frequency wj, has just the same form 
(10), with, in the general case, another spectrum function, say $5. 


5.3. Mazwell model of the ISRF: Model of a galaxy 


We model an axisymmetric galaxy as a finite set {x;} of point-like “stars”, the 
azimuthal distribution of which is uniform. That set of points is obtained by pseudo- 
random generation of their cylindrical coordinates p, $,z with specific probability 


laws, ensuring that!" 


e the distribution of p and z is approximately that valid for the star distri- 
bution in the galaxy considered (in the numerical application, we took our 
Galaxy); 


e the set (xi) is approximately invariant under azimuthal rotations of any 
angle ¢. 


5.4. Maxwell model of the ISRF: Determining the potentials 


To determine the potentials Aj, and A^, (j = 1, ..., Nu) that generate the model 
ISRF (Subsect. 5.2), we are fitting to the form (10) a sum of spherical potentials 
emanating from the “stars” at points x;, thus determining the unknown spectrum 
functions S; and 57.!" For the purpose of this fitting, every point-like “star” is in- 
deed assumed to contribute spherical scalar waves v; w; having the same frequencies 
wj as has the model ISRF, and whose emission center is the spatial position x; of 
the star: 
eii Ti—wjt) 


ico. Cahe ee 11 
bio (Lx) im du, (Go x) = o (11) 
Here r; := |x — xi], Kj := =, and the function 


eii T—Uwjt) 


Vu, (t,x) = mp r i= |x| (12) 
j 


is (up to an amplitude factor) the unique time-harmonic solution of the scalar wave 
equation, with frequency wj, that has spherical symmetry around x = 0 and that 
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is an outgoing wave. Spherical symmetry is assumed in order to ensure that all 
of the directions starting from the star are equivalent, of course. Of course also, 
the uniqueness of the solution (12) means the uniqueness of the solution translated 
from x = 0 to x = x;: the function ~x,., given by Eq. (11). This implies that 
we cannot define different contributions of the “star” at x; to the A; potential 
and to the *dual" potential Ay x) other than through multiplying Yx;w; by two 
different amplitude factors — for which there is no apparent reason. Therefore, 
we actually must assume that Aj; = A5,, thus Sj = 55, and our fitting problem 
writes 


Tmax 


N 7 EE S5 on G (j= Loes Ne): (13) 
i=l 


p 


Here the symbol & indicates that the equality is in the sense of the least-squares, the 
two sides being evaluated on some spatio-temporal grid G. The unknown spectrum 
function S; is defined (approximately) by its values $,; := S;(k,;) at a regular dis- 
cretization knj = —K;--n ane (n = 0,...,.N) of the integration interval [-K ;, 4-K ;] 
for k in the integral (10).!7 With this discretization, (13) becomes the explicit least- 
squares system 


Tmax 


N 
5 Vx; o; = 3 Fri S5 on G (j = L se Na (14) 
i=l 


n=0 


with fnj(t,p,z) = exp(—iw;t) gn;(p, z) a specific time-harmonic function.?? The 
complex numbers Sn; (n = 0,..., N; j = 1,..., Nu) are the solved-for parameters. 
Note that (14) defines N, fitting problems. Previously, a unique “grouped fitting" 
was done: solving the least-squares system obtained by summing on the frequency 
index j on both sides of (14).!" The “separate fitting" (14) is more precise — and 
also less time-consuming, since actually the common harmonic time dependence 
can be removed from both sides of (14), thus eliminating the time variable, and 
hence considering only a spatial grid G” instead of a spatio-temporal grid G.?? The 
computer time is indeed an important point to be considered, because a precision 
better than quadruple must be implemented." 


5.5. Application to the spatial variation of the spectral energy 
density in the Galaxy 


Because we consider an EM field with a finite frequency spectrum (w;) (j = 
1,..., Nu), each among its six components has the following form: 


FO (t, x) = Re | V Ci? (9e (q =1,...,6). (15) 
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It follows that the time-averaged volumic energy density of the field is given by:?! 


= Nau 6 2 
To= oE wue we=7 rales), ^ as) 


where o4 = eo for an electric field component, whereas o4 = €oc? for a magnetic 
field component (here eo is the vacuum permittivity, with co = 1/(4- x 9 x 10°) in 
SI units). Thus, the spectral energy density (SED) has a discrete form. 

Specializing to the present axisymmetric model, we thus have p = Ge (p, z) 
and uj = uj(p,z). The potentials Aj; = Aj, = ws; are determined by the 
spectrum functions $; in Eq. (10), which are given in the numerical model by the 
values $5; :— S;(k,;), that are the output of the fitting. These potentials generate 
the EM field, hence the p (p,z) coefficients in Eq. (15) are expressed uniquely 
in terms of the S,; 's.?! Hewes. in the least-squares problem (14), the scalar 
radiations emitted by every point-like “star” are taken to be exactly Yx; ;;. Clearly, 
we may multiply the 1.h.s. of (14) by some number £; > 0, thus obtaining now new 
values $5; = €jSnj (n = 0,..., N) as the solution of (14). We determine the numbers 
£j > 0 so that the SED measured at our local position xj; in the Galaxy coincides 
with the calculated values u;(xio-). This allows us then to make predictions: in 
particular, ones of the spatial variation of the SED in the Galaxy, which we may 
compare with the predictions of the existing models of the ISRF. Figures 1-2 show 
this comparison for the four positions in the Galaxy for which the predicted SED 
is shown in Ref. 13. The predictions of the two models are quite reasonably close, 
although the SED predicted by the present model has rather marked oscillations as 
function of the wavelength. Note that the different wavelengths are fully uncoupled 
due to the “separate fitting” defined by the Ny least-square problems (14). 

A surprising prediction of this model is that for the values of the maximum of 
the energy density, 


Ujmax = Max([uj(pm, Zp); m = 1,..., No, p — 1,..., Ne}, 17) 


Predicted energy density at p = 1 kpc, z = 0 kpe Predicted energy density at p = 1 kpc, z = 1 kpe 
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Fig. 1. SEDs at (p = 1kpc, z = 0) and at (p = 1kpc, z = 1kpc). 
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Predicted energy density at p = 8 kpc, z = 0 kpc Predicted energy density at p = 8 kpc, z = 1 kpe 
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Fig. 2. SEDs at (p = 8kpc, z = 0) and at (p = 8kpc, z = 1 kpc). 
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Fig. 3. Maximum of energy density; comparison between two spatial grids. 


found for the different spatial grids (N, x Nz) investigated, all having p varying 
regularly from pọ = 0 to pmax c 10kpc and z varying regularly from zo = 0 or 
Zo = —Zmax tO Zmax < lkpc. Figure 3 compares the curves Ujmax = f(A;) found 
with two spatial grids. It is seen that the two curves are quite close to one another, 
and both show extremely high levels of ujmax, from 10?7eV /cm? to 10?!eV /cm?. 
'This is confirmed by a rather detailed investigation of the effects of the settings of 


the calculation (the spatial grid, and also the fineness of the frequency mesh: Nw, 
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and that of the discretization: N).?? The values of the maximum of wu; are always 
found on the axis of the Galaxy (p = 0), moreover the level of u; decreases very 
rapidly when one departs from the axis. This prediction of the model may be 
described as a kind of self-focusing effect of the ISRF in an axisymmetric galaxy. 


6. Conclusion 


In the “scalar ether theory" of gravity (SET), a consistent electrodynamics in a 
gravitational field needs the introduction of an additional energy tensor: Tiinter, 
with TË 


Puer v = pov. Thus, this energy tensor was not designed to build missing 


mass. However, it turns out that the corresponding *medium" could contribute to 
dark matter, for it is not localized inside matter, it is gravitationally active, and it 
is “exotic”. Moreover, the scalar field p, that determines T'inter, can be in principle 
calculated from the data of the EM field and the gravitational field, through explicit 
equations. This however demands to be able to model the EM field in a galaxy, which 
is essentially in the form of the interstellar radiation field (ISRF). 

Therefore, we built a Maxwell model of the ISRF. This was motivated by the 
foregoing, but it is also interesting independently of that, as the ISRF is a very 
important physical characteristic of a galaxy and interacts strongly with the cos- 
mic rays. In any case, this model in itself is totally independent of the theory of 
gravitation and the assumption about the interaction tensor. It is based on an ex- 
plicit representation of any time-harmonic axisymmetric source-free Maxwell field 
through a pair of scalar potentials, and on determining these potentials by fitting 
contributions emanating from a set of point-like “stars” schematizing a galaxy. The 
predictions of the model for the variation of the spectral energy distribution in the 
Galaxy are currently being checked. They are relatively close to the predictions of 
a recent radiation transfer model — except for the fact that the Maxwell model of 
the ISRF predicts extremely high values of the energy density on the axis of the 
Galaxy, that however decrease very rapidly when departing from that axis. We hope 
to be able in a future work to apply the model to calculate the interaction energy 
and to check if its distribution resembles a dark halo. 
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The maximum mass of dilute axion stars 
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We consider the possibility that dark matter is made of bosons in the form of Bose- 
Einstein condensates. We establish the mass-radius relation M (R) of nonrelativistic self- 
gravitating Bose-Einstein condensates with repulsive or attractive self-interaction. If the 
self-interaction is repulsive there exists an equilibrium state for any value of the mass 
but if the self-interaction is attractive, as in the case of axions, equilibrium states exist 
only below a maximum mass MNR, = 5.073 Mp/4/]|A| [P.H. Chavanis, Phys. Rev. D 84, 
043531 (2011)). This is the maximum mass of dilute axion stars. Above that mass, the 
star collapses leading to a bosenova, a black hole, a dense axion star or axion drops. 
We consider how the maximum mass changes with the dimension of space, the presence 
of a central black hole, a cosmological constant, and relativistic effects. We apply these 
results to dark matter halos. We establish the general expression of the core mass — halo 
mass relation Me(Mp). For a repulsive self-interaction, we show that the core mass Me 
is always much below the maximum mass MSR set by general relativity so the core 
cannot collapse towards a black hole. For an attractive self-interaction, we show that 
the core mass Me can reach in principle the maximum mass MNR in sufficiently large 
dark matter halos, leading to core collapse, and we discuss if this situation can happen 
in practice. 


Keywords: Self-gravitating Bose-Einstein condensates; axion stars; maximum mass 


1. Introduction 


The concept of boson stars was introduced by Kaup! and Ruffini and Bonazzola? 
in the 1960s. They considered the T = 0 limit in which bosons form Bose-Einstein 
condensates (BECs). In that case, all the bosons are in the same quantum state 
described by a unique complex wave function y(x”) satisfying the Klein-Gordon- 
Einstein (KGE) equations. Boson stars can be regarded as macroscopic quantum 
states that are only prevented from collapsing gravitationally by the Heisenberg 
uncertainty principle. Kaup! and Ruffini and Bonazzola? showed that equilibrium 
states can exist only below a maximum mass MGR. = 0.633M2/m, where Mp = 
(hc/G)'/? is the Planck mass, set by general relativity. Above that mass, boson 
stars are expected to collapse and form a black hole. These results are remarkably 
similar to those obtained for neutron stars which also display a maximum mass 
MSR = 0.384 M2/m? as found by Oppenheimer and Volkoff? However, there 
also exist crucial differences between boson and fermion stars. In particular, boson 
stars are stopped from collapsing by the Heisenberg uncertainty principle while 
gravitational collapse in fermion stars is avoided by the Pauli exclusion principle. 
'This difference is reflected in the scaling with m of the maximum mass of stable 


configurations. The maximum mass of boson stars scales as MSR ~ M2/m instead 
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of MGR ~ M3/m? for fermions. They differ by a factor m/Mp « 1. This leads 
to the concept of “mini-boson stars" or “mini-soliton stars" with extremely high 
densities. 

Colpi et al.4 considered the case of bosons stars with a repulsive z-|e|^ (A > 0) 
self-interaction and found that the resulting configurations differ markedly from the 
noninteracting case. In the Thomas-Fermi (TF) limit, the maximum mass set by 
general relativity is MGR. = 0.06/AM/m? (see Refs.^5). For A ~ 1 it exhibits 
the same scaling as the maximum mass of fermion stars. This leads to much bigger 
structures than in the noninteracting case, making them much more astrophysically 
interesting. They are called “massive boson stars". In a sense, the repulsive self- 
interaction for bosons plays a role similar to the quantum pressure arising from the 
Pauli exclusion principle for fermions. 

The case of bosons with an attractive 32-|o|^ (A < 0) self-interaction, like the 
QCD axion with a mass m ~ 107^ eV/c? and a negative self-interaction constant 
A ~ —7.39 x 10749, was considered by Kolb and Tkachev® in a cosmological con- 
text. In the early Universe, self-gravity can be neglected. Because of the attractive 
self-interaction, axions can form miniclusters of mass Maxiton ~ 1071? Mo and size 
Raxiton ~ 10? m called axitons. Tkachev’ took self-gravity into account and consid- 
ered the possibility to form axion stars by Jeans instability. However, he assumed 
a repulsive self-interaction (A > 0). When the self-interaction between bosons is 
attractive, there exists a maximum mass MN® = 5.073 Mp/ V/A which was first 
identified by Chavanis.? This is the maximum mass of dilute axion stars. This is a 
purely nonrelativistic result, contrary to the maximum mass of boson and fermion 
stars discussed above which is due to general relativity. For QCD axion stars, one 
finds MNR = 6.46 x 1074 Mo and a corresponding radius (R55) = 227 km which 
are of the order of the mass and size of asteroids. This leads to the notion of *ax- 
teroids". For M > MNR there is no equilibrium state and the axion star collapses.? 
This leads to a bosenova!? or a black hole! 1? 


into account, or to the formation of a dense axion star!’ if we take into account 


if we take special or general relativity 


higher order terms in the expansion of the self-interaction potential, e.g., a repulsive 
|ó|9 self-interaction!^!* that can stabilize the star against gravitational collapse.? 
The axion star can also fragment into several stable pieces (axion *drops") of mass 
M' < Mmax, thereby preventing its complete collapse. !?: 20 

If bosons are ultralight,?! with a mass m ~ 10-7? eV /c?, they can form compact 
objects of galactic size.P Therefore, ultralight axions have been invoked in models 


@Visinelli et al.16 and Eby et aL!7 argue that relativistic effects are crucial on the branch of 
dense axion stars while self-gravity is negligible. As a result, dense axion stars correspond to 
“pseudobreathers” or “oscillons” which are described by the sine-Gordon equation. For a real 
scalar field (SF), these objects are known to be unstable and to decay via emission of relativistic 
axions on a timescale much shorter than any cosmological timescale. This conclusion is, however, 
contested by Braaten and Zhang.!8 

PMore massive bosons with a mass 10727? eV/c? < m < 107% eV /c? can also form compact objects 
of galactic size provided that they are self-interacting (with A < 10715).22 
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of dark matter (DM) halos. Boson stars or BECDM halos can be formed from a dis- 
sipationless relaxation process called gravitational cooling?’ or violent relaxation.?4 
By this process, large DM halos acquire a “core-halo” structure with a quantum 
core (soliton) in its ground state surrounded an extended halo which results from 
the quantum interferences of the excited states. This “core-halo” structure has been 
evidenced in numerical simulations of the Schródinger-Poisson equations.?9 33 The 
quantum core may solve the core-cusp problem of the cold dark matter (CDM) 
model and the halo (similar to an isothermal of NFW profile) accounts for the flat 
rotation curves of the galaxies. A general expression of the core mass-halo mass re- 
lation Me( Mp) in BECDM halos with no, repulsive or attractive self-interaction has 
been obtained in Refs.?? 3436, For an attractive self-interaction, and in sufficiently 
large DM halos, the core mass can overcome the maximum mass MNR and collapse. 
'The conditions for this collapse require, however, slightly stronger self-interactions 
that those commonly allowed by particle physics and cosmology. 

In these Proceedings, we review some aspects of our work on self-gravitating 
BECs. In Sec. 2, we discuss self-gravitating BECs in the nonrelativistic regime 
described by the Gross-Pitaevskii-Poisson (GPP) equations. In Sec. 3, we discuss 
the exact mass-radius relation of self-gravitating BECs. In Sec. 4, we obtain an 
approximation analytical expression of the mass-radius relation of self-gravitating 
BECs based on a Gaussian ansatz. In Sec. 5, we discuss the maximum mass of 
dilute axion stars (self-gravitating BECs with attractive self-interaction) and some 
of its generalizations. In Sec. 6, we apply our results to DM halos and discuss the 
core mass — halo mass relation and the possibilty or not to have core collapse. In 
Appendices A and B, we consider general relativistic BECs described by the KGE 
equations for a complex and a real SF. 


2. Self-gravitating BECs 


2.1. Gross-Pitaevskii- Poisson equations 


We assume that DM is made of bosons (like the axion) in the form of BECs at T = 0. 
We use a nonrelativistic approach based on Newtonian gravity. The evolution of the 


wave function y(r, t) of a self-gravitating BEC is governed by the GPP equations??? 
8 E dV 

i ptm etme a (1) 

A® = AnG|UP", (2) 


where m is the mass of the bosons, ®(r, t) is the gravitational potential and p(r,t) = 
|x|? is the mass density of the BEC. The first term in Eq. (1) is the kinetic term 
which accounts for the Heisenberg uncertainty principle. The second term accounts 
for the self-gravity of the BEC. The third term takes into account the self-interaction 
of the bosons. We shall consider a standard |v|* potential of the form 


v(i?) = 


zal 


ale (3) 
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where a, is the scattering length of the bosons. The interaction between the bosons 
is repulsive when a, > 0 and attractive when a, < 0. 
The GPP equations conserve the mass M = f |v|? dr and the energy 


h? 1 
Ba gos | Vod t f wede | viw) dr, (4) 


which is the sum of the kinetic energy O, the gravitational energy W, and the 
internal energy U (i.e. Erot = O +W +U). 


2.2. Madelung transformation 


Writing the wave function as 


plr, t) = Vole, te E, (5) 


where p(r, t) is the mass density and S(r, t) is the action, and making the Madelung 
transformation 
omi) =p and u, (5) 
m 
where u(r,t) is the velocity field, the GPP equations (1) and (2) can be written 
under the form of hydrodynamic equations 


Op 
Os... (VSP / m 
a T 4 m 4- mV'(p) 4- Q —0, (8) 
Ou 1 1 
2 4 (u.V)ju-2-—VQ- -VP- VÖ, (9) 
Ot m p 
A® = 4x Gp, (10) 


where 


— 11 
2m \/p 4n|p 2 p ut) 


is the quantum potential taking into account the Heisenberg uncertainty principle, 
and P(p) is the pressure arising from the self-interaction of the bosons given by 


P(p) = pV" (p) — V (p). (12) 


For the standard self-interaction potential (3) we get 


RAP m E LO 


pt. (13) 


This is the equation of state of a polytrope of index n = 1. The squared speed of 
sound is c? = P'(p) = pV" (p) = 4rash?p/m3. The hydrodynamic equations (7)-(10) 
are called the quantum Euler-Poisson equations. Equation (7), corresponding to the 
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imaginary part of the GP equation, is the continuity equation. Equation (8), cor- 
responding to the real part of the GP equation, is the quantum Hamilton-Jacobi 
(or Bernoulli) equation. Equation (9), obtained by taking the gradient of Eq. (8), 
is the momentum equation. Equation (10) is the Poisson equation. In the TF limit 
where the quantum potential can be neglected (formally A — 0 with 4ra,h?/m? 
finite), they become equivalent to the classical Euler-Poisson equations for a 
barotropic gas. 
The quantum Euler equations conserve the mass M = f pdr and the energy 


E 1 1 
Eo = [oat [Qat | pode | Viar, (14) 


which is the sum of the classical kinetic energy O., the quantum kinetic energy Og, 
the gravitational energy W, and the internal energy U. 


2.3. Equilibrium states 


The condition of quantum hydrostatic equilibrium, corresponding to a steady state 
of the quantum Euler equation (9), writes 


PUQ+VP + pV - 0. (15) 
m 


Combining Eq. (15) with the Poisson equation (10), and considering a standard BEC 
described by the potential (3), we obtain the fundamental differential equation of 


quantum hydrostatic equilibrium??? 


h? AVP Arash? 


This equation describes the balance between the quantum potential taking into 
account the Heisenberg uncertainty principle, the pressure due to the self-interaction 
of the bosons, and the self-gravity. It corresponds to a stationary state of the GPP 
equations.® 37 This equation can also be obtained from an energy principle. Indeed, 
one can show (see Appendix B of Ref.??) that an equilibrium state of the GPP 
equations is an extremum of energy Frot at fixed mass M and that an equilibrium 


state is dynamically stable if, and only if, it is a minimum of energy at fixed mass. 


3. Exact mass-radius relation of self-gravitating BECs 


The fundamental equation of hydrostatic equilibrium of self-gravitating BECs, Eq. 
(16), has been solved numerically (exactly) in Ref.?? for an arbitrary self-interaction 
(repulsive or attractive). The nodeless solution describes a compact gravitational 
quantum object (soliton/BEC) in its ground state. From this solution we have 
determined the exact mass-radius relation of self-gravitating BECs. 
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3.1. Noninteracting bosons 


For noninteracting bosons (as = 0), the mass-radius relation is given by®® 39 
h? 
M —9.95—————, 17 
Gm? Ho : ( ) 


where Rog represents the radius containing 99% of the mass (the density profile has 
not a compact support). The mass decreases as the radius increases. The equilibrium 
states are all stable. 


3.2. Bosons with a repulsive self-interaction 


For bosons with a repulsive self-interaction (as > 0), the exact mass-radius relation 
is represented in Fig. 1. The mass decreases as the radius increases. In the TF limit 
M > h/A/Gma; where the quantum potential can be neglected, the density profile 
can be obtained analytically since the system is equivalent to a polytrope of index 
n — 1. We get 


poRrr . ( Tr 
= . 18 
pir) = BER sin (E) (18) 
The equilibrium states have a unique radius given by” 840-44 
a, IN 2 
Rrr =T (=) (19) 


which is independent of their mass M. This is the minimum radius of self-gravitating 
BECs with a repulsive self-interaction. In the noninteracting limit M «< h/./Gma, 
and R >> Rrr, we recover Eq. (17). 


TF limit a, »0 
100r 4 
e 
50r 4 
R. Noninteracting limit 
min 
0 | I 
0 1 2 3 4 5 6 7 8 9 10 
Rog 


Fig. 1. Mass-radius relation of self-gravitating BECs with as > 0 (full line: exact;38 dotted 
line: Gaussian ansatz?). The mass is normalized by Ma = h///Gmas; and the radius by Ra = 
(ash? /Gm3)1/2, 
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3.3. Bosons with an attractive self-interaction 


For bosons with an attractive self-interaction (as < 0), the exact mass-radius rela- 


tion is represented in Fig. 2. It displays a maximum mass??? 
h las] h2 1? 
MAR = 1.012 ———= at Rj =5.5 ; 20 
max v/Gm]a;] a 99 ( Gm3 ( ) 


There is no equilibrium state with M > MNR . In that case, the BEC is expected 
to collapse.? The outcome of the collapse (dense axion star, black hole, bosenova, 
axion drops...) is discussed in Refs.???, For M < Minax there are two possible 
equilibrium states with the same mass. The equilibrium states with R > Rg are 
stable and the equilibrium states with R < R$ are unstable. This can be shown 
by using the Poincaré criterion, the Wheeler theorem, or by computing the squared 
pulsation.® 915-38 In the nongravitational limit M « MNR and R « Rý, the 
mass-radius relation is given by?* 


m Rigo 

las| ` 
These equilibrium states are unstable. In the noninteracting limit M « MN. and 
R > Rý, we recover Eq. (17). These equilibrium states are stable. 


M — 0.275 (21) 


1.2 a «0 J 

LEA Ma 1 
08k + 

z 
0.6E J 
0.4 ff gl 
f Noninteracting limit 

0.2 J 


Fig. 2. Mass-radius relation of self-gravitating BECs with as < 0 (full line: exact;?? dotted 
line: Gaussian ansatz®). The mass is normalized by Ma = h/,/Gmlas| and the radius by Ra = 
(las |h2/Gm3)1/2, 


4. Approximate mass-radius relation of self-gravitating BECs from 
a Gaussian ansatz 


Stable BEC stars correspond to minima of energy Etot at fixed mass M. We can 
obtain an approximate analytical expression of the mass-radius relation of self- 
gravitating BECs by making a Gaussian ansatz for the wave function leading to the 
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density profile? 


ACE s 
pt) = gs 3734 PPS (22) 


The radius containing 99% of the mass is Rog = 2.38167 R. With this ansatz the 


total energy can be written as® 37 


h?M GM? 2ra,h? M? 
ype ae oa 


with o = 3/4, v = 1/V2n and ¢ = 1/(2x)?/2. At equilibrium, the condition 


Erot (R) = (23) 


E! in(P) = 0 (extremum of energy) gives the mass-radius relation? 
2c n 
- Gm7R 
M= e US) ; (24) 
o Gm3R2 


A more general expression of the mass-radius relation is given in Eq. (292) of Ref.?". 
The BEC is stable provided that Ej (R) > 0 which corresponds to the requirement 
that the equilibrium state is a minimum of energy at fixed mass or, equivalently, 
that the squared pulsation is positive (w? > 0). 

For noninteracting bosons (as = 0), the mass-radius relation from Eq. (24) 
reduces to 


2e R 

v Gm?R. 
For bosons with a repulsive self-interaction (a; > 0), in the TF limit (A > 0 

with fixed g = 47a,h?/m*), the mass-radius relation from Eq. (24) reduces to 


1/2 1/2 
(E g^ ^ 


For bosons with an attractive self-interaction (a, < 0), the approximate values 
of the maximum mass and of the corresponding radius obtained from Eq. (24) are 


2 1/2 1/2 2 1/2 
Meise = (zz) EP HEN R, = (=) (SE) . (27) 
6nGv v Gmla;| V Gm 


In the nongravitational limit, the mass-radius relation from Eq. (24) reduces to 


M- (25) 


c mR 


Bag asl 


(28) 
5. Generalizations of the maximum mass of axion stars 
In this section, we discuss some generalizations of the maximum mass of axion stars. 


*Here, we restrict ourselves to the equilibrium state, so we just need to make an ansatz for the 
density profile. See Sec. 8 of Ref.?? for a more general study. 
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5.1. Dimension of space 


'The previous results are valid for spherically symmetric systems in d — 3 dimensions. 
It is possible to generalize them in a space of arbitrary dimension d.t For an 
attractive self-interaction, there is a maximum mass when 2 < d < 4.4 Using a 
Gaussian ansatz we find that 

4-2 o hi2 
2 


L a e e a n 29 
VEU auper Un 


d—2\"? (dev? f2gla IN 12 
pes posee ub 2r|a,|h" (30) 
4—d v Gm? 
with o = d/4, v = 1/[P(d/2)2%/?] and ¢ = 1/(27)%/?. These equations define 


Mmax(d) and R,(d). In d = 2 dimensions, we obtain 
R = 0, (31) 


Max = (4 Hm d)'7 (d ui 2) 


c m 
256 las!’ 
which corresponds to the nongravitational limit (G — 0). The prefactor is equal 
to 1/2. This expression can be compared with the exact solution Mex@ct = 
0.465638... associated with the Townes“? soliton obtained by solving the or- 


Jas 


dinary GP equation in d = 2. In d = 4 dimensions, we obtain 
20 h? 
v Gm?’ 


which corresponds to the noninteracting limit (as = 0). 


Mm ax — 


Minax = R, — +00, (32) 


5.2. Central black hole 


The effect of a central black hole, creating an external potential ®gy = —G Mpng/r, 
on the value of the maximum mass has been investigated in Ref.*8. It is found that 
M max Ry H 1 2 
Dmax = Se 4 33 
MO RO aa tS » 
where 
A Mi 
=“ (34) 
Y Mimáx 


is the normalized mass of the black hole. These equations define Miax(Mpu) and 


R,.(Mpu). In these expressions, MẸ, and R® denote the maximum mass and the 


corresponding radius in the absence of a central black hole [see Eq. (27)| and 


d= 2/ m. 


dWhen d < 2 there is a stable equilibrium state for any mass M. When d > 4 there is an equilibrium 
state for any mass M but it is unstable. When 2 < d < 4 there is a maximum mass. The equilibrium 
states with R < R+ are unstable and the equilibrium states with R > R+ are stable. For a repulsive 
self-interaction there is a minimum mass when d > 4 given by an expression similar to Eq. (29). 
The equilibrium states are stable if R < Rẹ and unstable if R > Rẹ. Noninteracting bosons stars 
are unstable when d > 4. These results show that the dimension d = 3 of our universe is very 
special (see also Ref.4? for fermion stars). 
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5.3. Harmonic potential 

2 
mum mass has been investigated in Ref./6. When w? > 0 the potential is confining 
and can take into account tidal effects from neighboring systems. When wi < 0 
the potential mimics a solid rotation Q = 4/ —wg or the effect of the cosmological 
constant A = —3wg (dark energy). It is found that 


The effect of an external harmonic potential Py = wêr? on the value of the maxi- 


8R. 
3R2 +5’ 


2(1 — R?) 
Ri3R2 +5)’ 
(0) 


where Mmax is normalized by MP, R, is normalized by RO, and wo is normalized 
by the inverse of the dynamical time tp = (6z6/v)(a/a)!"?|a,|h/(Gm?). These 
equations define Minax(wo) and R. (wo) in parametric form. In the nongravitational 
case (G = 0) and w? > 0 we find that 


NG 4c (20V ( mh V1? NG gg 4 ie 
M rax = E , Ry = ae < (36) 
15x6 \ 5a woa? 5a mug 
with a = 3/2. The prefactor of the maximum mass is equal to 0.6705.... This 


result can be compared with the exact solution MNG:°x@ct — 0.573...(mh/woa2)!/? 


obtained by numerically solving the ordinary GP equation with a confining harmonic 
1.49 


Mmax = we = (35) 


potentia 


5.4. Relativistic corrections 


For boson stars with an attractive self-interaction (a, < 0), the relativistic correc- 
tions to the maximum mass and the corresponding radius are*® 


h 
Max = 1.012 ————————————, (37) 


Gmla,| (1 d 2.56 (tt) 


1/2 
la, |? (1 p 2.568.) 


as 
Gm? 


* 

II 
a 
[91 


(38) 


These formulae interpolate between the exact expressions from Eq. (20) when |as| > 
+oo and the exact expression of the maximum mass MGR = 0.633 fic/ Gm set by 
general relativity when as = 0. We see that relativistic corrections tend to reduce 
the maximum mass and increase the minimum radius of axion stars with respect to 
the nonrelativistic limit. Relativistic corrections become important when |as| ~ rs, 
where rg = Gm/c? is the effective Schwarzschild radius of the bosons. Relativistic 
corrections are negligible when |as| >> rs. The transition scale rg ~ Gm/c? can be 
obtained by equating MNR ~ h/\/Gmlas| and MGR ~ he/Gm. 


max max 
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6. Application to DM halos 


We now apply the results of the previous sections to DM halos. DM halos typically 
have a “core-halo” structure made of a quantum core (soliton) in its ground state 
surrounded by an approximately isothermal atmosphere arising from quantum in- 
terferences of excited states.9^?" This “core-halo” structure results from a process 
of gravitational cooling?’ and violent relaxation?^ as evidenced in numerical simu- 
lations of the Schródinger-Poisson equations.”° ?? The results of Secs. 2-5 describe 
the ground state of a self-gravitating BEC,? so they apply to the quantum core of 
DM halos. The “minimum halo" of mass (Mj) min (the smallest halo observed in 
the universe), which is a purely condensed object without atmosphere, corresponds 
to the condition Me = Mp. For bigger halos of mass Mj, > (Mz) min, the mass Me 
of the quantum core increases with the halo mass Mp. For noninteracting bosons 
and for bosons with a repulsive self-interaction, we may wonder if the core mass Me 
can reach the maximum mass MGE. set by general relativity and collapse towards a 
supermassive black hole (SMBH). For bosons with an attractive self-interaction, we 
may wonder if the core mass M, can reach the maximum mass MN. of Ref.5 and 
collapse. The outcome of the collapse in that case would be a dense axion "star", a 
black hole, a bosenova, or axion drops.? 7° 


6.1. Core mass-halo mass relation 


In Refs.223436, we have derived the core mass-halo mass relation of DM halos 
(without or with the presence of a central black hole) from a thermodynamic 
approach. We have obtained a general relation Me(Mp) valid for noninteracting 
bosons as well as for bosons with a repusive or an attractive self-interaction (and 
for fermions not considered here). To obtain this relation, we have proceeded as 
follows: 

(i) Using some approximations, we have calculated the Lynden-Bell entropy 
S(M.) as a function of the core mass Me. The equilibrium core mass is then ob- 
tained by maximizing the Lynden-Bell entropy at fixed total mass and total energy. 
We have shown?^?5 that this maximization problem is equivalent to the “veloc- 
ity dispersion tracing" relation according to which the velocity dispersion in the 
core v2 ~ GM./ R. is of the same order as the velocity dispersion in the halo 
v? ~ GMn/rn. This relation can be written as 


Me Mp 
LT. 39 
n (39) 
(ii) To relate the core radius Re to the core mass Me, we have used the analytical 
expression of the mass-radius relation Me(Re) of self-gravitating BECs obtained 


from the Gaussian ansatz [see Eq. (24)] yielding? 


Uc ^ Un => 


oe 
M, = Gm? Re (40) 


ash? 
b Sera 
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or, equivalently, 


n? M2 
Re = 1.87 ——— (= 1+0.849 em). (41) 


Gm? M, h2 
(iii) Assuming that the atmosphere is isothermal, we have shown that the halo 
mass-radius relation M),(r;,) is given by?* 
Mp = 1.76 Xior?, (42) 


where Xo = 141 Mc/pc? is the universal surface density of DM halos infered from 
the observations.* 
Combining Eqs. (39)-(42), we obtain the general expression of the core mass- 


halo mass relation Me( Mp) under the form?? 35 
nxV^M^ " um 
M. = 2.23 — (1 + 1.06 yy? My") (43) 


Writing Me = My, for the minimum halo, we obtain 
hM e 
Mn)? = 4.99 
( bd m 


This equation determines the mass (M;,) min of the minimum halo as a function of 


min 


(1 + 1.06 “2 A Y^ Mn) ) (44) 


m and as. Inversely, for given (My )uin, it determines a consistency relation between 
m and as (see the universal curve plotted in Fig. 19 of Ref.??). 


6.2. Noninteracting bosons 


For noninteracting bosons (a, = 0), the core mass — halo mass relation (43) reduces 
to??: 35 


I YyuM, NA 
— (45) 


G?m4 
On the other hand, according to Eq. (44), the mass of the boson is given by m = 
2.23 (h^X:9/G? (Mj 3, )!/^ = 2.25 x 107? eV/c? [in the numerical applications we 
assume that (Mp)min = 105 Mo]. For a DM halo of mass Mj, = 10!? Mo similar to 
the one that surrounds our Galaxy, we obtain a core mass M, = 10? Mo and a core 


M, = 2.23 ( 


radius Re = 63.5 pc. The quantum core represents a bulge or a nucleus. It cannot 
mimic a SMBH because it is too much extended (Rc?/GM ~ 10° > 1). 

'The maximum mass and the minimum radius of a noninteracting boson star at 
T = 0 set by general relativity are’? 


h GM, max 
MESE = 0.633 a RGR = 9,53 2 max (46) 


max 
c? 


*We note that the halo mass Mp, used in our papers??: 3496 is related to the virial halo mass My, 
used in Ref.?6 by Mj,/ Mc = 6.01 x 1079 (M, /Mo)*/3 [see Eq. (146) of Ref.?5]. As a result, the 
scalings of the core mass — halo mass relations Mc(Mgj) and Me(My) are different. 
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These scalings can be qualitatively obtained as explained in Appendix B.2 of Ref.?. 
For a boson of mass m = 2.25 x 1072 eV/c?, we obtain MGR = 3.76 x 10!! Mo 
and RGR — 0.171 pc. The maximum mass is much larger than the typical quantum 
core mass of a DM halo. According to Eq. (45), the mass of the soliton would be 
equal to the maximum mass (M. = MGE) in a DM halo of mass Mj; = 6.49 x 
107?c*/(G?X9) = 2.01 x 10?? Mo (remarkably, this expression is independent of 
the boson mass and is of the order of the mass of the Universe??). Such a large 
halo mass is clearly unrealistic (the biggest DM halos observed in the Universe 
have a mass Mp, ~ 10!* M). Therefore, the soliton present at the center of a 
noninteracting BECDM halo can never collapse towards a SMBH. This conclusion 
was first reached in Appendix C of Ref.?9, Since M. « MGE in all realistic DM 
halos, a nonrelativistic approach is justified. 


6.3. Repulsive self-interaction in the TF limit 


For bosons with a repulsive self-interaction in the TF limit, the core mass-halo mass 
relation (43) reduces to?? 35 


E2YXga, Ms, V? 
DM (47) 


Me = 2.30 
( Gm? 


On the other hand, according to Eq. (44), the ratio a,/m? is given by a,/m? = 
0.189 G(Mp) min/h?Xo = 4.35 x 10? fm/(eV/c?)?. For a DM halo of mass Mp = 
10!? Mọ similar to the one that surrounds our Galaxy, we obtain a core mass Me = 
10!? Mo and a core radius Re = 635 pc. The quantum core represents a bulge or 
a nucleus. It cannot mimic a SMBH because it is too much extended (Rc?/GM ~ 
109 » 1). 

'The maximum mass and the minimum radius of a self-interacting boson star at 


T = 0 in the TF limit set by general relativity are^? 
lic? fa GM, 
MEER = 0.307 ———7 7 RSR = 6.25 ——™. 48 
max (Gm)3/? ? min ce ( ) 


These scalings can be qualitatively obtained as explained in Appendix B.3 of Ref.?. 


For a ratio a, /m? = 4.35 x 10? fm/(eV /c?)?, we obtain MGR. = 2.35 x 101? Mo and 
Rain 

mass of a DM halo. According to Eq. (48), the mass of the soliton would be equal to 
the maximum mass (Me = MSE) in a DM halo of mass Mp = 0.0178c4/(G°£o) = 


max 
5.51 x 10?? Mo (remarkably, this expression is independent of the ratio a,/m° and 
is of the order of the mass of the Universe??). Such a large halo mass is clearly 
unrealistic (the biggest DM halos observed in the Universe have a mass Mp ~ 
104^ Mo). Therefore, the quantum core present at the center of a BECDM halo with 
repulsive self-interactions can never collapse towards a SMBH. This conclusion was 


first reached in Appendix C of Ref.?9. Since M, « MSF. in all realistic DM halos, 


max 


= 703 pc. The maximum mass is much larger than the typical quantum core 


a nonrelativistic approach is justified. 
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6.4. Attractive self-interaction 


For bosons with an attractive self-interaction, the core mass-halo mass relation 
(see Fig. 3) presents a maximum when the core mass reaches the critical value [see 
Eq. (27)] 


h P 1/2 
Me max — 4. ———— — . -3 957 
(Me) 1.085 VEA 10.9 (5) (49) 


at which it becomes unstable and collapses.*:? The collapse of the core, leading to a 


dense axion “star” (soliton), a black hole, a bosenova or to axion drops,? ?? occurs 
in a DM halo of mass?? 33 
m? f* 
Mh) max = 0.223 = 2255 —_—. 
( h) a2 Xo h2c®Do (50) 


We have expressed these results in terms of the decay constant f (see Appendix B) 
which is related to the mass m and the scattering length a, by Eq. (B.13). We note 
that the maximum halo mass (Mj )max depends only on f while the maximum core 
mass (M.)max depends on f and m. 

The maximum mass of a self-gravitating BEC made of ultralight axions with 
mass Mth = 2.92 x 1077? eV/c? and scattering length (a;)u, = —3.18 x 10768 fm 
(corresponding to fi, = 1.34 x 10!" GeV and Aq = —1.18 x 10799) is Mmax = 
5.10 x 10'° Mo and the corresponding radius is Rọ = 1.09 pc. The minimum halo 
((Mh)min = 105 Mo, (rh)min = 1 kpc) has a mass much smaller than the maximum 
mass, so it is stable ((Mn)min < (Mc)max). The halo mass at which the core mass 
would become unstable (Me = (Me)max) and collapse is (Mp)max = 1.01 x 107° Mo. 
Since the largest DM halos observed in the Universe have a much smaller mass, of 
the order of Mp ~ 10^ Mo « (Mh)max, we conclude that the quantum cores of 
BECDM halos with an attractive self-interaction are always stable (Me < (M.)max). 
Furthermore, since M; < (M),)max, the attractive self-interaction is negligible. This 
corroborates our claims??:39:36 that the attractive self-interaction of the bosons can 
be neglected for what concerns the structure of DM halos in the nonlinear regime: 
Everything happens as if the bosons were noninteracting. 

Remark: We recall that the theoretical value fi, = 1.34 x 10!7 GeV of the decay 
constant used above comes from the constraints from particle physics and cos- 
mology.? It may be interesting to relax these constraints and consider arbitrary 
values of f. In that case, we find that an attractive self-interaction would be im- 
portant in realistic DM halos of mass M; < 10!* Mọ, and lead to the collapse 
of their quantum core when Mp = (Mpi)max [corresponding to Me = (M.)max], if 
f < 4.22 x 1015 GeV [the bound corresponds to (Mj,)max = 10!^ Mo in Eq. (50)]. 
For example, for f = 1.34 x 101? GeV and m = 10-7%eV/c?, we find that the 
quantum core of a DM halo of mass (M),)max ~ 101? Mo reaches its critical mass 
(Mc)max ~ 10° Mo [with R29 ~ 300 pc] and collapses. The collapse of the quantum 
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Fig. 3. Core mass Me as a function of the halo mass Mp for different values of as and m such 
that the minimum halo mass (Mp) min is fixed [see Eq. (44)]. The mass is normalized by (Mp )min 
(typically (My )min ~ 105 Ma). We have indicated the position of the minimum halo mass (Mp )min 
(common origin) and the position of the maximum halo mass (M;,)max (bullet) above which the 
quantum core becomes unstable and collapses (when as « 0) [see Eqs. (49) and (50)]. We have 
highlighted the curve corresponding to the noninteracting case as = 0 [see Eq. (45)] and the curve 
corresponding to the TF limit a5/a/, >> 1 [see Eq. (47)]. 


core leads to a dense axion "star",!?!? a bosenova, 


ever, we recall that values of f smaller than 4.22 x 10!? GeV are outside of the range 
1016 GeV < f < 1015 GeV predicted by particle physics and cosmology (101° GeV 
is the Grand Unified Theory scale and 101? GeV is the Planck scale)?! so that, 
according to these constraints, we do not expect the collapse of the core to occur in 
realistic DM halos of mass Mj, < 1014 Mg (as discussed above and in Refs.?? 35.36), 


10 19, 20f 


or axion drops. How- 


7. Conclusion 


In these Proceedings, we have emphasized the importance of the maximum mass of 
dilute axion stars (i.e. nonrelativistic self-gravitating BECs with an attractive self- 
interaction) first identified in Ref.5. Above this maximum mass the star collapses 
leading to a dense axion “star”, a black hole, a bosenova, or axion drops.? 2° We 
have discussed some applications of these results in relation to DM halos.?2 3536 


Other applications have been discussed in Refs.59755, 


Appendix A. Relativistic complex scalar field 


In this Appendix, we discuss the main properties of a relativistic complex self- 
interacting SF, establish its hydrodynamic representation, consider the TF approx- 
imation, and determine its equation of state P(e) for an arbitrary self-interaction 


fIt does not lead to a SMBH which would be obtained for much larger values of f (above the 
reduced Planck mass 1018 GeV)!!:12 for which our previous assumptions do not apply. 
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potential V(|y|?). For a |y|* self-interaction, we justify the equation of state intro- 
duced by Colpi et al.* (see also Refs.5® 57). We also justify the GPP equations (1) 
and (2) in the nonrelativistic limit. 


Appendix A.1. Klein-Gordon- Einstein equations 


We consider a relativistic complex SF y(x”) = y(a,y,z,t) which is a continu- 
ous function of space and time. It can represent the wavefunction of a relativistic 
BEC.?9:58 The total action of the system, which is the sum of the Einstein-Hilbert 
action of general relativity + the action of the SF, can be written as 


s= J (xn c) V~g x, (A.1) 


where R is the Ricci scalar curvature, L = L(y, 9*,0,,0,0*) is the Lagrangian 
density of the SF, and g = det(g,,) is the determinant of the metric tensor. We 
consider a canonical Lagrangian density of the form 


1 v * 
L = 59" dup" Op — Veos(|o[?), (4.2) 


where the first term is the kinetic energy and the second term is minus the potential 

energy. The potential energy can be decomposed into a rest-mass energy term and 

a self-interaction energy term: 

m?c? 

2n? 
The least action principle 6.5 = 0 with respect to variations 6¢ (or 6¢*), which 

is equivalent to the Euler-Lagrange equation 


Vio (lel) = lol? + V (lef). (A.3) 


OL | OL 
D, |——~—| - — =0, A.A 
i Eo J Op* i 
yields the KG equation 
dViot 
+ 2— yp = 0, A.5 
P dep n 


where O = D,0" = v9 -8s 9""0,) is the d'Alembertian operator. For a free 
massless SF (Vict = 0), the KG equation reduces to Oy = 0. 

The least action principle 6S = 0 with respect to variations óg"" yields the 
Einstein field equations 


1 8"TG 
Ry — Ju R = —Tw, (A.6) 


4 
[e 

where R,,, is the Ricci tensor and T,,, is the energy-momentum (stress) tensor of 

the SF given by 


-2L a, 2L 3 
"= Ia "^ O "* 


V * 


eg (A.7) 
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For the Lagrangian (A.2), we get 
1 * * 
T,, = 5 (Ou vp + Ov" up) — gus. (A.8) 
Equations (A.5) and (A.6) with Eq. (A.8) form the KGE equations. The conserva- 
tion of the energy-momentum tensor D, T"" = 0 is automatically included in the 
Einstein equations through the contracted Bianchi identities. 


Appendix A.2. Hydrodynamic representation 


We can write the KG equation (A.5) under the form of hydrodynamic equations 
by using the de Broglie transformation (see, e.g., Refs.56 58) 
write the SF as 


. To that purpose, we 


h im6/Ri 
= wm A.9 
Q— pen", (A.9) 
where p is the pseudo rest-mass density® and 0 = Stot/mM is the action by unit of 
mass (~ phase). They satisfy 
2 h 
p=]? = Zle]? and 65 .—1n(-). (A.10) 
h? 2mi (p* 
Substituting Eq. (A.9) into the Lagrangian density (A.2), we obtain 


1 V V 
L= 59" p0,00,0 + mr Op pO, p — Vix (p) (A.11) 
with 
1 
Vior(p) = spc? +V (p). (A.12) 
The Euler-Lagrange equations for 0 and p, resulting from the least action principle, 
are 
OL OL OL OL 
^ E ag 7 P. bo j ap ~" Vi) 
They yield the equations of motion?9:55 
D,, (pO" 0) = 0, (A.14) 
1 n? Dp 
= Bp... TE SNE yt - 
50,00 0 2m? Jp Wap) = 0. (A.15) 


The same equations are obtained by substituting the de Broglie transformation 
from Eq. (A.9) into the KG equation (A.5), and separating the real and the imagi- 
nary parts. Equation (A.14) can be interpreted as a continuity equation D,, J“ = 0 
accounting for the conservation of the charge (or boson number) and Eq. (A.15) 


5 We stress that p is not the rest-mass density. It is only in the nonrelativistic regime c — +00 
that p coincides with the rest-mass density. 
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can be interpreted as a quantum relativistic Hamilton-Jacobi (or Bernoulli) equa- 
tion with a relativistic covariant quantum potential 
h2 

VP (A.16) 


Qan = 2m p 


Appendix A.3. TF approximation 


In the classical limit or in TF approximation (A — 0), the Lagrangian from Eq. 
(A.11) reduces to 


1 
L = 59" p0,00,0 — Vior (p). (A.17) 
The Euler-Lagrange equations (A.13) yield the equations of motion 
D,, (pO"0) = 0, (A.18) 
1 
50400" 8 — Wap) = 0. (A.19) 


The same equations are obtained by making the TF approximation in Eq. (A.15), 
i.e., by neglecting the quantum potential. Equation (A.18) can be interpreted as 
a continuity equation and Eq. (4.19) can be interpreted as a classical relativistic 
Hamilton-Jacobi (or Bernoulli) equation. 

Assuming V/,, > 0, and using Eq. (A.19), we introduce the fluid quadrivelocity 


puedes ee (A.20) 


[9171 Gs 

2Viot (p ) 
which satisfies the identity upu” = c?. The energy-momentum tensor is given in the 
hydrodynamic representation, by 


OL OL 
ITE gaa ges 
^ WS t wg t 
For the Lagrangian (A.17) we get 


T,, = p0,08,0 — gu, L. (A.22) 


Wn (A.21) 


This expression can also be obtained from Eq. (A.8) by using the de Broglie repre- 
sentation (A.9) and making the TF approximation. Using Eq. (A.20), we get 


Ug 
Tu, = 29V (0) —5— — 9uL- (A.23) 

The energy-momentum tensor (A.23) can be written under the perfect fluid form 
Ty = (e+ P) 2 — Pow, (A.24) 


2 
c 
where e is the energy density and P is the pressure, provided that we make the 
identifications 


P=; e+ P = 2pV/ (Cp). (A.25) 
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Therefore, the Lagrangian plays the role of the pressure of the fluid. Combining Eq. 
(A.17) with the Bernoulli equation (A.19), we get 


L = pVax (o) — Viot (o). (A.26) 
Therefore, according to Eqs. (4.25) and (A.26), the energy density and the pressure 


derived from the Lagrangian (A.17) are given by°® 5? 
e = PVios (P) + Vx (p) = pc? + pV'(p) + V (p), (A.27) 
P = pVe(p) — Viot() = pV'(p) — V (p), (A.28) 


where we have used Eq. (A.12) to get the second equalities. Eliminating p between 
Eqs. (A.27) and (A.28), we obtain the equation of state P(e). On the other hand, 
Eq. (A.28) can be integrated into?9 


)- ef TU ap (A.29) 


Equation (A.28) determines P(p) as a function of V (p) while Eq. (4.29) determines 
V(p) as a function of P(p). 


Appendix A.4. Nonrelativistic limit 


In the weak-field gravity limit of general relativity ®/c? < 1, using the simplest 
form of the Newtonian gauge, the line element is given by 


ds? — efi T2— =) dt? — (1 - 22 ó;; da da? , (A.30) 
C 


where ®(r,t) is the Newtonian potential. Making the Klein transformation (see, 
e.g., Ref.?3) 


ho 2,3 
ple, t) = Seim t Ie, t) (A.31) 


in the KGE equations (A.5) and (A.6), where ¢ is the pseudo wave function satisfy- 
ing p = |\w|?, we obtain after simplification the general relativistic GP equation®® © 


h? 1 he? dV 
ihe 99) — 2m wt 3e (g^ — 1v + i; ty — karma —0, (A32) 


coupled to the Einstein equations expressed in terms of w. We note that Ot can 
be written as Ot = —ig""T?,, where rZ, are the Christoffel symbols.?* Taking 
the nonrelativistic limit c — +00 of these equations with the Newtonian gauge 
(A.30), we obtain the GPP equations (1) and (2) [see Refs.55:91.62? for the details 
of the derivation]. For a complex SF, the potential V (||?) which occurs in the GP 
equation (1) coincides with the potential V (|p|?) which occurs in the KG equation 
(A.5) with Eq. (A.3) up to the change of function from Eq. (A.31) leading to 


h? 
le? = Ip. (A.33) 
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Appendix A.5. |y|* potential 
We consider a |p| (quartic) potential of the form 


À 
2|. Ayia 
V(lef?) = lel, (A.34) 


where A is the dimensionless self-interaction constant. For nonrelativistic BECs, 
the potential that occurs in the GP equation (1) is usually written as in Eq. (3). 
Substituting Eq. (A.33) into Eq. (3), we get 


V(leP) = 


Comparing Eqs. (A.34) and (A.35), we obtain? 


2745 m E 


(A.35) 


AÀ asme Qs 
e he Se A. 
8c h Ac! (AaB) 


where Ac = hi/mc is the Compton wavelength of the bosons. For the |y|* model the 
KG and GP equations can be written as 


m?c? m 
p+r P+ lee = 0, (A.37) 
Arash 
TA E aya nopi ds ipn (A.38) 


In terms of the pseudo rest-mass density [see i (A.9) and (A.10)], the poten- 
tial (A.35) reads 
2r1a,h? 
V(p) — p (A.39) 


m3 


Substituting Eq. (A.39) into Eqs. (A.27) and (A.28) we obtain 


rash? 
— i a P) (A.40) 
rash? 2 
p.p. (A.41) 


Eliminating p between these two equations, we get 


2 
z 247a, h? 
p= ee ( IE (A.42) 


mct 


This relativistic equation of state P(e) was introduced by Colpi et al.^ in the context 
of boson stars. It was studied in detail by Chavanis and Harko? in connection 
with general relativistic BEC stars and by Li et al. and Suárez and Chavanis?? 
in a BECDM cosmological context. This equation of state reduces to that of an 
n = 1 polytrope [see Eq. (A.41) with €  pc?] at low densities p « m3c?/|as|h? 
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(nonrelativistic limit) and to the linear law P ~ €/3 similar to the equation of state 
of the radiation at high densities (ultrarelativistic limit). 
Remark: Sometimes, a |y|* self-interaction potential is written as 
2 m? 
Vile?) = 25 
where A, is the dimensional self-interaction constant. Comparing Eq. (A.43) with 
Eqs. (A.34) and (A.35) we get 


As|el*, (A.43) 


TE Arash? AR? 


(A.44) 


m 2m?c 


Appendix B. Relativistic real scalar field 

In this Appendix, we discuss the main properties of a relativistic real SF, consider 
the instantonic potential of axions, take the nonrelativistic limit, and justify the 
GPP equations (1)-(3) with a, < 0. 

Appendix B.1. Klein-Gordon- Einstein equations 


For a real SF described by a canonical Lagrangian, the KGE equations write 


mc? dV 
i E e= B.1 
Pip e ew (B.1) 
1 8rG 
Buy — gImR = — a Tw, (B.2) 
where the energy-momentum tensor is given by 
b x m?c? 
Tyv = upe — uv | 59 ppp- av’ — V(¢)] - (B.3) 


Appendix B.2. Nonrelativistic limit 


In the nonrelativistic limit c — +00 where the SF displays rapid oscillations, the 
KGE equations can be simplified by averaging over the oscillations. To that purpose, 
we write 


e.t) = 7 [vtr tem + u(r. gem, (B.4) 
where the complex wave function v(r,t) is a slowly varying function of time (the 
fast oscillations e/"*''/^ of the SF have been factored out). This transformation 
allows us to separate the fast oscillations of the SF with pulsation w = mc?/h 
caused by its rest mass from the slow evolution of w(r,t). Using the simplest form 
of the Newtonian gauge [see Eq. (A.30)], substituting Eq. (B.4) into the KGE equa- 
tions (B.1)-(B.3), averaging over the oscillations and taking the nonrelativistic limit 
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c — +00, we obtain the GPP equations (1) and (2) [see Secs. II and III of Ref.!? 
and Appendix A of Ref.®* for the details of the derivation]. For a real SF, the (ef- 
fective) potential V (||?) that occurs in the GP equation (1) is obtained from the 
potential V (i) that occurs in the KG equation (B.1) by first substituting Eq. (B.4) 
into V(o), then averaging over the oscillations. It is different from the potential 
obtained by directly replacing y? by (R/m)?|v|? in the potential V(y). 

Remark: General relativistic boson stars decribed by a real SF have a naked 
singularity at the origin and are always unstable.9?^ Tt is possible to construct reg- 
ular solutions which are periodic in time99:97 when M < MGR. = 0.606 M2/m but, 
on a long timescale (which can exceed the age of the universe), these “oscillatons” 
are unstable and disperse to infinity or form a black hole. Their instability is basi- 
cally due to the fact that the charge (boson number) is not conserved for a real SF. 
However, in the nonrelativistic limit, particle number conservation is approximately 
restored and Newtonian boson stars (like axion stars) can be stable (see Sec. 3). 


Appendix B.3. Instantonic potential of axions 


Axions are hypothetical pseudo-Nambu-Goldstone bosons of the Peccei-Quinn phase 
transition associated with a U(1) symmetry that solves the strong charge parity 
(CP) problem of quantum chromodynamics (QCD). The axion is a spin-0 particle 
with a very small mass m = 10~*eV/c? and an extremely weak self-interaction 
(with a decay constant f — 5.82 x 101? GeV) arising from nonperturbative effects 
in QCD. Axions have huge occupation numbers so they can be described by a 
classical relativistic quantum field theory with a real SF y(r,t) whose evolution is 
governed by the Klein-Gordon-Einstein (KGE) equations. The instantonic potential 


of axions is 
mcf? Al/2el/2y me, 


where m is the mass of the axion and f is the axion decay constant. For this 
potential, the KG equation (B.1) takes the form 


m/f (pM 
gee MBL a, (POP s T 
This is the general relativistic sine-Gordon equation. Considering the dilute regime 


p « f/WVhe (which is valid in particular in the nonrelativistic limit c + --oo)! and 
expanding the cosine term of Eq. (B.5) in Taylor series, we obtain at leading order 


the y* potential 


I E. A 


V(y) = MP (B.7) 


h'This result is in agreement with the cosmic censorship conjecture which excludes spacetimes with 
naked singularities. 
‘According to Eq. (B.10), the axion decay constant f scales as c3/2, 
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In that case, the KG equation (B.1) takes the form 


m?c? m3 


pug a OFRI =0. (B.8) 


In the nonrelativistic limit, the effective potential V(|v|?) appearing in the GP 
equation (1) is given by!* 15 


2,,2 3 304/12 
2, __ mcf hc 2 2h clw| 
Vv") = 73 E ara, zl — Jo | E ax (B.9) 
where Jo is the Bessel function of zeroth order. If we keep only the first term in the 
expansion of Eq. (B.9), we obtain the |/|* potential 
Ree 
— 16f2m? 


Vill?) = wl? (B.10) 
This approximation is valid for dilute axion stars satisfying |v|? « f?m?/hc. We 
note that V(|#|?) = V(w) is different from the expression that one would have 
naively obtained by directly substituting y? = (h/m)?|w|? into Eq. (B.5). The 
difference is already apparent in the first term of the expansion of the potential 
which involves a coefficient —1/16 [see Eq. (B.10)] instead of —1/24 [see Eq. (B.7)]. 
They differ by a factor 2/3. This is because y is a real SF. Therefore, substituting 
ọ (exact) from Eq. (B.4) into V(q), then averaging over the oscillations, is different 
from substituting y? = (h/m)?||? (already averaged over the oscillations) into 


V (o). 
In general, a quartic potential is written as 
À 4 
Vio) = — B.11 
(v) the’ ^ ( ) 


where A is the dimensionless self-interaction constant. Comparing Eqs. (B.7) and 
(B.11), we find that 


-— 
A————. B.12 
6p (B.12) 
On the other hand, comparing Eq. (B.10) with Eq. (3), we obtain 
hem 
s=-— a: B.13 
7s 390 f2 (Baa) 
Equations (B.12) and (B.13) then yield 
À 2as mc 
— = B.14 
87 3h ( ) 


We note that the relation between A and a, is different for a real SF and for a 
complex SF (see Appendix A). They differ by a factor 2/3 for the reason indicated 
previously. 

We note that the self-interaction constant or the scattering length a, is neg- 
ative, so that the q^ self-interaction term for axions is attractive. This attraction 
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is responsible for the collapse of dilute axion stars above the maximum mass from 
Eq. (20).5:? The next order y® term in the expansion of the potential (B.5) has been 
considered in Refs.!^!* 
at high densities and which has a relativistic origin, may stop the collapse of dilute 
axion stars and lead to the formation of dense axion stars!’ (see, however, footnote 
a concerning their possible instability with respect to relativistic decay). 


and turns out to be repulsive. This repulsion, that occurs 
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The excess of the 511 keV line from the Milky Way galactic bulge, confirmed by the 
INTEGRAL detector, is a longstanding mystery. The morphology of the line appears to 
be proportional to the square of the dark matter density, hinting towards a dark matter 
origin. On the other hand, in 2020, XENONIT has reported an excess of electrons with 
a recoil energy of 2 — 4 keV. We present a model based on a dark matter of a few MeV 
mass that decays into a pair of pico-charged particles with a lifetime much larger than 
the age of the Universe. The magnetic field of the galaxy accumulates these relativistic 
pico-charged particles whose scattering on the electrons can explain the signal reported 
by XENONIT. The annihilation of the pico-charged particles in the galactic bulge leads 
to e-e* production and therefore to an excess of the 511 keV line. We review the present 
observational bounds and the strategies to test the model. 


Keywords: Dark matter, pico-charged particles, XENONIT electron excess, 511 keV line, 
galactic bulge 


1. Introduction 


Various observations such as galactic rotation curves, structure formation, dynam- 
ics of the galaxy clusters, collision of bullet clusters and anisotropies of Cosmic 
Mircrowave Background (CMB) point towards existence of a new form of matter 
all over the universe known as Dark Matter (DM). The constituent particles of 
DM should be either electrically neutral or their electric charge should be much 
smaller than the electron electric charge. Otherwise, they will emit photons and 
will not remain dark. The dark matter lifetime should be much longer than the 
age of the Universe. The observation of bullet clusters constrain the self-interaction 
of the dark matter particles indicating that they cannot have strong interactions. 
Last but not least, at the onset of structure formation, the dark matter should be 
non-relativistic. None of the Standard Model (SM) elementary particles satisfies 
these conditions. As a result, the observational hints for dark matter opens a win- 
dow towards new physics beyond the standard model by introducing a new neutral 
(meta)stable massive particle that can play the role of dark matter.* 


?'l'he primordial blackholes as dark matter candidates have received popularity after observation 
of gravitational waves by LIGO and VIRGO. We will not however pursue this idea in this letter. 
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'The models for dark matter candidates are quite diverse. Depending on the de- 
tails of the model, different strategies for dark matter detection have been developed. 
In a wide class of models known as WIMP, where dark matter has a mass in the 
wide range of MeV to 100 TeV and it weakly interacts with the Standard Model 
(SM) particles^, there are three approaches to dark matter detection: (1) direct dark 
matter detection, (2) indirect dark matter detection and (3) dark matter produc- 
tion in colliders. No conclusive evidence for dark matter detection has been reported 
from any of these experiments so far but every now and then, a signal is reported 
by indirect search experiments which may be interpreted as dark matter. Some of 
these signals disappear by collecting more data or are eventually proved to be arti- 
facts. There are however signals that pass the test of time but after some period of 
time simply go out of fashion because the simplistic dark matter models developed 
to explain them become ruled out by independent observations. However, the dark 
sector does not need to be simplistic. Indeed, judging from the rich and dazzling 
structure of the SM, simplicity and minimalism is not the taste of the physics of 
the elementary particles. Going beyond simplistic dark matter models, it may be 
possible to resurrect dark matter explanation for the signal. 

One example of the signals that has survived the test of time is the 511 keV line 
observed from galactic center which must come from the positronium (the e^ et 
atom) decay: e^ + et — y + y. The intensity of the line indicates an excess of et 
in the galactic center. Although the excess may come from the SM sources such as 
pulsars but entertaining a DM origin is too tantalizing to dismiss, especially that the 
morphology of the intensity of the line follows a pẹ y distribution, further pointing 
towards DM pair annihilation as the origin of the excess. In Ref.!, it had been 
shown that dark matter with mass of a few MeV can explain the excess of the 511 
keV line observed from the galactic center by pair annihilation into pairs of electron 
positron with a cross section of (c(DM + DM — e^e*)v) ~ O(107°8) cm? . This 
model implies huge energy pump into the plasma at the era of recombination when 
the DM density is high, through annihilation into e^ e*. Such entropy pump can 
distort the CMB fluctuation pattern. The Planck data therefore rules this solution 


out.? Moreover, this model is disfavored by the lack of observation of the 511 keV 
3 


line from dwarf galaxies. 

Ref.^ proposes a dark matter model for the 511 keV line from the center of the 
Milky Way (MW) that can avoid the bounds from CMB and explain the lack of the 
511 keV line from satellite dwarf galaxies. In this model, dark matter is composed 
of a scalar particle, X, with a mass of a few MeV which can be identified with 
the SLIM particle.*9 X decays into a pair of pico-charged particle (C + C) with a 
lifetime much longer than the age of Universe: P(X — C + C)to « 1 in which to 
is the age of the Universe. The magnetic field of the MW accumulates the C and 


bHere, by weak interactions, we do not necessarily mean nuclear weak interaction, characterized 
by the SM W and Z gauge boson exchange. 
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C particles. The CC pairs eventually annihilate with each other producing e~ et 
pairs. At the recombination and during the dark ages, the density of CC would 
be too small to pump energy to the plasma so the CMB bound can be avoided. 
Moreover, the magnetic field in the dwarf galaxies may be too weak to accumulate 
CC so the lack of the 511 keV line from them can be explained. 

Ref.^ predicted a signal at direct dark matter search experiments with low en- 
ergy threshold. The relativistic C particles wandering around can impart a recoil 
energy of a few keV via Coulomb interaction to the electrons. In 2020, XENONIT 
reported an excess of electrons with recoil energy of 2-4 keV.’ In Ref, we dis- 
cussed the parameter space where the model can explain both signals. Refs.? have 
also attempted to explain the XENONIT signal via DM. 

This paper is organized as follows. In Sect. 2, we describe the model and the 
bounds that constrain its parameter space. In Sect. 6, we show how the model can 
explain the 511 keV line from the galactic bulge. In Sect. 4, we describe how the 
model can explain the XENONIT data. We show that the XENONIT electron 
recoil spectrum can also set the strongest upper bound on f = r(X — CC)to. A 
summary is given in Sect. 5. In Sect. 5, we also discuss how the model can be tested 
with further collection of the 511 keV data from satellite galaxies and studying 
the correlation of the intensity with the magnetic field of the host [dwarf] galaxy. 
We also discuss the signatures in diffuse gamma ray background from the inflight 
annihilation of positron. We also comment on the positron flux to be detected by 
Voyager. 


2. The model and its constraints 


As mentioned in the introduction, the model is based on a scalar dark matter, X 
with a mass of a few MeV which decays into a pair of pico-charged particles, CC. 
The X particle can be identified with the SLIM particle introduced in Ref.?. In 
the SLIM scenario, the DM is thermally produced via interaction with neutrinos 
and its abundance is set a la freeze-out scenario through lepton number violating 
annihilation into neutrino or antineutrino pair, (o(.X +X > v+v)v) = (o(X+X > 
D+V)v) ~ pb. Within the SLIM scenario, the annihilation to neutrino or antineutrino 
pair takes place via the t-channel exchange of a new Majorana neutrino which has 
a Yukawa coupling with the SM neutrino and X. A Z symmetry, under which 
only the new Majorana neutrino and X are odd, guarantees the stability of X 
which is the lightest among the Zə odd particles. The same Z symmetry forbids 
Yukawa coupling between the leptons, the Higgs and the new Majorana fermions 
and as a result, neutrinos cannot obtain a Dirac mass at the tree level. The SM 
neutrinos obtain a Majorana mass at one loop level within the SLIM scenario. 
The smallness of the neutrino mass is explained, thanks to the loop suppression 
despite a relatively large Yukawa coupling between, X and neutrinos of order of 
10-?. The model is testable by searching for the three body decay of Kaon and 
pion where along with the charged leptons, these new particles are emitted and 
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appear as missing energy.!° Ref.? shows how the SLIM scenario can be embedded 
within a UV complete model. Combining the condition (o(X 4- X)v) ~ pb (to obtain 
the required DM relic abundance via the freeze-out mechanism) with the one-loop 
contribution to the neutrino mass to be equal to ~ ,/Am2,,,, sets an upper bound 
of ~ 10 MeV on the dark matter mass. On the other hand, X, being in thermal 
equilibrium with neutrinos at the time of the neutrino decoupling, cannot be lighter 
than a few MeV;!! otherwise, it will lead to too many extra relativistic degrees of 
freedom. If X is not the SLIM and its production is not thermal, these lower and 
upper bounds on its mass can be relaxed. 

Taking the pico-charged particles C and C to be scalars, the decay X > CC 
can take place via a soft Zo symmetry breaking trilinear term of form AXCC with 
a very small A making X metastable. Let us now discuss how C and C acquire their 
minuscule electric charge. For this purpose, we need a new Abelian gauge symmetry 
such that the C and C are charged under the new Ux (1) gauge symmetry. We denote 
the new gauge boson with A,. The kinetic and mass mixings between A, and the 
SM hypercharge gauge boson B,, lead to a small electric charge for the C and C 
particles. We follow the notation of Ref.!? and write 


AgAY Bu B” ô 4u BMY 1 

4 4 2 2 

where ó,c < 1. In the kinetic and mass basis, the three neutral gauge bosons are 

the SM y, Z bosons and a new gauge boson A’, which we shall call dark photon. 

To the first approximation in e and 6, the mass of A’ is decoupled from mz and 

is equal to Mi. Up to O(e?, 67), the coupling between the SM charged fermions, f 
and A' can be written as the following: 


qÍy"fA, where  q'—ecosOw(e— 5)Qr, (2) 


in which Ow is the weak (Weinberg) mixing angle. The coupling of CC to A’ is 
given by gx Je Aj, where JG is the current of the C particles. Then, the C particle 
obtains an electric charge of 


(Ó,1c -- MiA,--eM;B,P , — (1) 


dc = —9xe€cos Ow. 


From Eq. (2), we observe that in the limit € > 6, the SM fermions do not couple 
to A’. In this limit, if A’ is lighter than the CC pair with a mass of order of a few 
keV, it will become metastable with a lifetime much greater than the age of the 
Universe.^ This means the A’ particles produced in the early universe remain as 
relics today and contribute as a subdominant DM component. In Ref?, we do not 
however consider this limit and allow for a faster decay of A’. As shown in Ref£.?, the 
Ux (1) symmetry can be identified with the L,, — L, symmetry with a gauge coupling 
of g;-, which opens up the possibility of fast decay A’ > v,v,,v.v.. The decay 
can relax the bound from supernova cooling, opening up the window ma ~ 100 
keV, q' ~ 1071? — 107? and g,_,, ~ 107° . Such values of coupling are too small to 
produce A’ with significant abundance in the early universe so the bounds on the 
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extra relativistic degrees of freedom from CMB and BBN can be relaxed. On the 
other hand, the A' particles produced in the supernova core decay into neutrino and 
antineutrino pairs in the outer layers of supernova. This process can severely change 
the supernova evolution. It can even facilitate the shock revival. Thus, in future with 
better observation of supernovae and more advanced simulations, this part of the 
parameter range of the model can be tested. For the time being, however, this 
range of the parameter space is accepted within the uncertainties. The A' particles 
escaping the core decay into vv pairs so similarly to the standard picture, the 
binding energy of the star will be emitted in the form of neutrinos to be observed 
by detectors on the Earth such as Super-Kamiokande. 

The C particles produced by the X decay will be relativistic at the production 
with a velocity far exceeding the escape velocity from the galaxy. They are kept in 
the galactic disc by the magnetic field. To accumulate the C and C particles, their 
Larmour radius, 


3x10 mx 1 pGauss 


EC MD) qc  10MeV B 


should be smaller than the thickness of the galactic disc. This requirement sets a 
lower bound on qc: qo > 10-!!, see Refs.*?. The strongest upper bound on qc in 
this mass range comes from supernova cooling consideration and is qc < 107°, see 
Ref.!?. 

As shown in Re 
charged particles, enhancing their Larmor radius and expelling them from the galac- 
tic disc with a rate of (100 Myr)~! unless there is an efficient mechanism for energy 
loss for the charged particles. As discussed in Ref.*, in the limit 6 — e where A’ 
is (meta)stable, the relic background of A' can behave as a coolant. That is the 
C and C particles can scatter off the background A', losing energy. As discussed 
in Ref.?, in general case 6 Æ € where there is no A’ background, another coolant 
should be introduced. Following Ref, we denote the coolant with Y and take 
10 eV « my « 10 keV, ny |tocal = (PpM |locat/(Ppm)) (ny) with a coupling of gy 
to the C particles leading to the scattering cross section of as ~ gf /(4rE&). The 
energy loss at each collision can be written as AEc = myv?(Ec/mc)?. 

The energy of the C particle at the production from X — CC is equal to mx /2. 
In the absence of energy pump from supernova, the time scale for the energy loss 
from mx /2 to mo(1 + v7 /2) is 


mx /2 dE 1 Arm? i. 1d 
r= | ame. (2-2). (3) 


mo (1+v;/2) AEc asvny gynymy Uf Vi 


f.'4, expanding supernova remnants can pump energy to the 


Equating Tg with the time scale of the energy gain from expanding supernova 
remnants (i.e., 100 Myr), we find 


025) ( Mc y 0.1 x PDM|tocal 


4 
gy 3MeV (4) 


vj = 0.08 ( 


ny my 
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Let us now discuss the bounds on Fy = T(X — CC) or equivalently on f = 
T xto. A rather strong bound comes from the requirement that annihilation CC > 
A'A' does not deplete the C abundance of the galactic disc: That is c(CC — 
A' Ancvrto < 1 which leads to 


4 
oy mx (0.15\47 me 42 0.06 
DID OMN ( "m ) is Mew) T 


A stronger bound comes from the requirement that the process of cooling during 
the history of the galaxy does not repel all the coolants. We should bear in mind 
that the coolant is a subdominant DM component which contributes less than 10 
% to the whole dark matter content. Ref. shows that this requirement implies 


mx my 10py 
10 MeV 10 keV PDM : 
As we shall see in Sect. 4, the bound from XENONIT detector on f is much stronger. 


In order to produce e~e+ from CC annihilation yet another interaction is re- 
quired. We will discuss this coupling in Sect. 6. 


f <10 


3. Explaining the 511 keV line 


The 511 keV photon line has been detected from the galactic bulge of the MW 
for more than 40 years.?! The INTErnational Gamma-Ray Astrophysics Labora- 
tory (INTEGRAL) is a space telescope launched in 2002. The data from the SPI 
spectrometer at INTEGRAL over the years has confirmed the 511 keV signal at 
56 o C.L. The narrow photon line peaked at 511 keV, whose energy coincides with 
the rest mass of electron or positron, should come from the annihilation of the 
electron positron pairs at rest which form positronium atoms. The source of such 
large positron abundance in the bulge of MW is subject to debate. An intriguing 
possibility can be annihilation of DM leading to the e~e* production. Astrophys- 
ical sources such as pulsars or X-ray binaries may also contribute to the positron 
flux but their characteristic spectral shapes do not fit the observations. Moreover, 
the morphology of the observed 511 keV line is better compatible with the p3 m 
ditribution than what is predicted from these point sources, hinting further toward 
a DM annihilation origin.!9 

Ref.! proposes DM with mass of few MeV annihilating to e~ e+ as a solution to 
the 511 keV line. With an annihilation (c(DM + DM — e~ +e*)v) ~ 107? pb, 
MeVish DM can account for the intensity of the 511 keV line. However, if the anni- 
hilation to e~e* is a S-wave process, the reioinzing energy dump at recombination 
will cause delayed recombination which is in tension with the CMB data.? If the an- 
nihilation is P-wave, at the freeze-out temperatures, the annihilation cross section 
will be ^10 pb, washing out the relic density of DM. Thus, we should go beyond 
this minimal scenario. In the following, we show that the model described in Sect. 2 
can provide a reliable explanation. 
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The X DM particles in the galaxy decay into CC with a rate of x. If these 
C particles are accumulated close to their production point, their number density 
after t? will be 
nc -— PX f with f=Txt° (5) 
mx 
in which f is the fraction of X particles that have decayed. According to the IN- 
TEGRAL findings,?! the intensity of 511 keV line from galactic center is $51; = 
(0.96 + 0.07) x 107?ph cm? sec-!. If each CC annihilation produces Npair pairs of 
e e* and subsequently Npair pairs of photons, the flux from the galaxy bulge will 
be 


Jo? (nx (0)? f?(o ev) 4nr?dr 


$511 S 2Npair rem: 
TT sol 


(6) 


where fso ^ 8 kpc is the distance between us and the center of MW, ry œ 1 
kpc is the galactic bulge radius and nx — px(r)/mx. In the minimalistic dark 
matter scenario in which the dark matter pair annihilates directly into e^ €^, the 
flux is given by the formula in Eq. (6), replacing Npair f? with 1 and ogg with 
c (DM -- DM — eet). In this scenario, the cross section should be of order of 
10-?? — 10-38 cm? to account for the 511 keV line intensity which implies that in 
our model: 


1.5 x 1074\?/ my \2 1 
cb 
TOI ( f ) (s uv) Nc (7) 


Let us now discuss the couplings that leads to the e^ €^ production from the 
CC annihilation. Taking effective coupling (€e)(CC)/A, the cross section of 2 nb 
implies A « 100 GeV which would be within the reach of the LEP collider and 
other accelerator experiments. We therefore invoke the possibility of intermediate 
light neutral particles, ¢, to avoid the bounds from the LEP. Then, the production 
of e~ e+ takes place in two steps: First, CC > $$ and subsequently ¢ — e~ et. As 
a result, N54; = 2. Theo — e^ e* decay can take place through 


Id ee. (8) 
As long as gg < 1071}, the ¢ production in the supernova core will be negligible. We 
need gy > 10-1? in order for the ¢ decay length to be shorter than 10 pc. If ¢ travels 
less than ~100 pc in the bulge (i.e., of order of the resolution of the INTEGRAL 
observatory) before decay, the n3 p dependence of the 511 keV line morphology 
will be maintained, as favored by observation. Thus, 0.3 x 10715 < gg < 1071. à 
is mainly an electroweak singlet mixed with the SM Higgs via 


ase|H|? 
'Then, 


QqU 
Js = Vane Ye (9) 
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in which Y, is the Yukawa coupling of the SM Higgs to the electron. Fortunately, 

the hierarchy between the H and $ masses does not require unnatural fine tuned 
; < y 

cancellation at tree level because ag ~ mg. In the early universe, ó can be pro- 


duced via e~et 


— oy with a number density ng ~ (o4v)n2H~'|r=m, where 
aop = e'g;/8mm;. Thus, during the period between T = mg and Tt, we can 
write no/n., = 8 x 10 5(gs/10-11)?. As a result, ng at T ~ 1 MeV would be small 
enough to satisfy the BBN bounds. In the range of gg in which we are interested, 
the decay of the ¢ particles takes place long before the recombination. For more 


details, see Ref.^. 


4. Direct detection of the C particles in the galaxy 


'The C particles, having a tiny electric charge, can have Coulomb interaction with 
the electrons and protons. It can also interact with matter fields by the t-channel 
exchange of dark photon, A’. The velocity of C arriving at the detector is larger 
than the typical velocity of the DM particles (i.e., velocity of C > 1073). As a 
result, the recoil energy imparted by the C collision can be much larger than that 
expected from the collision of a DM particle of mass of MeV. This rises the hope to 
search for C particles by the direct dark matter search experiments, despite C being 
light. In this section, we shall show how the electron excess with recoil energy of 
2— 4 keV at XENONIT can be explained within our model. We will then show that 
XENONIT sets strongest upper bound on the fraction of the X particle decaying 
into CC, f. 

According to Eq. (4), the velocity of C particles around us is v; ~ 0.08. The 
Larmor radius in the Earth magnetic field is 5 x 108 km(10^H /qc) (mc /3 MeV). 
Since the Larmor radius is much larger than the Earth radius, the Earth magnetic 
field cannot accumulate the C particles so their density around the Earth will be 
similar to anywhere in the solar system (i.e., anywhere in a distance of 8 kpc from 
the MW galactic center): (opa |tocal/Mx)f in which ppm|tocal ~ 0.4 GeV /cm?. 

Consider a C particle with a velocity of vy scattering off a non-relativistic par- 
ticle of mass, m. Up to corrections of O(vf), the maximum recoil energy, which 
corresponds to the backward scattering, can be written as 

me 
(m+ mo)? 
For mc ~ 1—5 MeV, v; = 0.08 and m = me, Emax = 3 — 5.5 keV which is 
tantalizingly within the range of electron recoil excess observed by XENONIT.? 
Taking m equal to the mass of Xenon or of Argon, Emax turns out to be much 
below the detection energy threshold of the experiments such as XENONIT,!” 
DarkSide!? and even the CRESST detector.!? 

The spectrum of recoiled electrons per detector mass will be 


dN Zout PX do 
dE, my ( £2) feo 7 


BE 2mv$ (10) 
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where my is the mass of the nuclei inside the detector; i.e., my = 131 GeV for 
the Xenon. Zout denotes the number of the electrons in the outer orbitals of the 
detector atoms whose binding energies are smaller than E,. Ref.?? shows that to a 
reasonable approximation, the binding energy can be treated with a step function in 
computing the scattering cross section. For Xenon, Zout = 44 which is the number of 
the electrons in the n — 3,4,5 orbitals. These outer electrons have velocities smaller 
than vy so we neglect their velocity in our analysis. The velocity distributions of 
the C and C particles are given by fc(v). In our computation, we take fo(v) = 
ó(v — vy) for simplicity. As far as |e|/2m& Er > |e—9|/ (2m Er -- m?,.), the t-channel 
photon exchange gives the dominant contribution to the C particles scattering off 
the electrons. The differential cross section can be written as?4 


do — eq 1 T 2m, E, je (11) 
dE,  8-m,v? E2 i 2MeEr+ my € 


2 
where E, < Emax = 2Mev? ( me ) . The first (second) term in the parenthesis 


mo-Tme 
comes from the contribution from ¢ channel photon (dark photon, A’) exchange. 
Analyzing the XENONIT data, we take v; = 0.08, qc = 10 !! and mx = 
10 MeV and use the data presented in Fig. 4 of Ref.". Let us define x? as follows 


2 
9j 


Nees bes NPred 2 
gap ke mT (12) 


bins 


where N"5 is the observed number of events at bin i and N?"“ is the prediction for 
the sum of the background and the signal from the C scattering in the ith bin. The 
values of the uncertainty (o;), the background and Nf* are obtained from Fig. 4 
of Ref.". We only focus on the first seven bins because the excess appears only at 
E, < 8 keV. The variation of x? with mo seems to be only mild. 

In Sect. 2, we discussed that for 100 keV < m4; «few MeV, identifying the Ux (1) 
with the L,,—L, gauge symmetry, the bounds on q’ x (6— €) from supernova cooling 
can be relaxed because A’ can decay into neutrino pairs relatively fast. For m4: ~few 
MeV, 2m, E, K m?,, and we can treat (6 — €)/(em,) and f as two free parameters 
to be fitted with the data. Taking mo = 5 MeV, we find that the minimum of x? 
lies at f = 1077 and (6 — €)/e = —2 x 10? (m,;//MeV)?. For e = —qo/(gx cos Ow) ~ 
107 /(gx cosy), this corresponds to q’ ~ (10 5/gx)(m,;/MeV)?. At this point, 
x? = 4.7 with 5 = 7 — 2 degrees of freedom which corresponds to a one-sided 
goodness of fit of 45 96. 'The results are shown in Fig. 1 with a red curve. In the 
first bin, contribution from the dark photon and the SM photon cancel each other. 
In case of the green curve shown in Fig. 1, we have taken 2m. E, (0/e — 1)/m2, + 0 
so there is no cancellation between dark and SM photons. As seen in the figure, in 
this case the spectrum diverges for small Æp. 

For ma ~ 100 keV, 2m, Er is comparable to Th and we should use the whole 
formula to fit the data. Taking mc = 5 MeV and my = 100 keV (ma: = 200 keV), 
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Fig. 1. XENONIT datapoints superimposed on our predictions. We have set mco = 5 MeV 
corresponding to Emax = 5.3 keV. The red curve shows the prediction for m 4; > 1 MeV, f = 1077 
and (6 — ce)/e = —2 x 10? (m 4; /MeV)?. The black curve depicts the prediction for m4; = 0.1 MeV, 
(5 — e)/e = —13.9 and f = 6.6 x 1077. The blue curve illustrates the prediction for m4; = 0.2 
MeV, (6 — e)/e = —76 and f = 2x 1077. The green curve shows the SM photon dominant regime 
with f = 5 x 10-9. The SM background is shown by the cyan dashed curve. 


the best fit will correspond to (6—€)/e = —13.9 and f = 6.6 x 1077 ((6—€)/e = —76 
and f = 2 x 1077) and to the minimum x? = 4.11 (x? = 4.5). From Fig. 1, we 
observe that both fits result in very close prediction. At this fit, q’ is right above 
the supernova bound (q' ~ 10-!? — 107?) which can be ruled in by opening the 
possibility of decay of A' into neutrino pairs in the outer layers of the supernova 
as discussed in Sect. 2. The effects of such couplings can be tested by studying the 
flavor composition, the neutrino energy spectrum and the duration of the neutrino 
emission. The gq’ coupling can lead to the production of the A’ particles in the early 
universe, contributing to the extra relativistic degrees of freedom, Neff < 1. More 
accurate Nesp determination by future CMB and BBN studies can test this model 
with q' ~ 1071? — 107°. 

Let us now discuss the bound that can be derived on f from the XENONIT 
data. 'To do so, we consider the bins with energy less than 8 keV. Fig. 2 shows x? as 
a, function of f. Since the first bin is close to the detection threshold and it suffers 
from large uncertainty in the evaluation of the background from ?!4Pb, we present 
results both including and excluding the first bin. We have taken mc = 4 MeV, 
but the results are rather insensitive to the value of mo. To draw the blue and 
green lines, we have set 6 = € which means the dark photon decouples and does not 
contribute to the scattering. Drawing the orange line, we have chosen the value of 
2m.(0 — e)/(m?,e) such that the contributions from SM photon and dark photon 
cancel each other at E, = 1.5 keV. From the figure we find an upper bound of 
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Fig. 2. x? vs. f. We have taken vy = 0.08, qc = 10-11, mx = 10 MeV and mg = 4 MeV. The 
blue and orange curves (the green curve) show x? for the seven (six) bins between 1 keV< E, < 
8 keV (2 keV< E, « 8 keV). To draw the blue and green curves, we have assumed that the photon 
exchange gives the dominant contribution to the scattering, (me Ey / m2, ,)((ó —e)/e] <1. To draw 
the orange curve we have set (2me/m%,,)[(6 — e)/e] = —1/(1.5 keV). 


1.5 x 1078 on f at 3 c, taking all the bins with E, « 8 keV: 
f<15x10-° at 3o. 


Excluding the first energy bin relaxes the bound to 10~°. Notice that these bounds 
are much stronger than the constraints discussed in Sect. 2. Since f = I xto, the 
upper bound on f is equivalent to a lower bound on the dark matter lifetime. The 
lifetime of X should be larger than 1015 — 101° years. 

Let us revisit the explanation for the 511 keV line taking into account this 
very stringent upper bound on f. To explain the intensity of the 511 keV line 
from the galactic bulge, the annihilation cross section of CC — 44$ should be 
mb(1077/ f)? (mx /5 MeV)?. Taking a quartic coupling between these scalars of form 
Aec|ol?|C|?, we need Asc ~ 0.02 to obtain an annihilation cross section of mb. 


5. Conclusion and discussion 


We have presented a dark matter model that can simultaneously explain the 511 keV 
line from the galactic bulge and the electron excess with recoil energy of 2 — 4 keV 
reported by XENONIT. The model is based on introducing a dark matter particle 
with a mass of O(1— 10) MeV that decays into a pair of pico-charged particles. 
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Although the velocities of the C and C particles are much larger than the escape 
velocity from the galaxy, the galactic magnetic field can accumulate them inside the 
galactic disk. The C particles with velocities of order of 0.08c can scatter off the 
electrons of the direct dark matter search experiments, imparting a recoil energy 
of a few keV which can explain the electron excess at the low energy bins reported 
by XENONIT. Moreover, the CC accumulated in the galactic bulge can annihilate 
with each other, giving rise to the excess of the 511 keV line. We have shown that 
the XENONIT data also sets strong upper bound of 107° on the fraction of X 
particles that have decayed into CC since early universe until today, f < 1079. The 
density of CC at the time of recombination and during the dark ages would be too 
low to pump any significant energy and ionize the atoms so the bounds from the 
CMB on the minimalistic DM explanation for the 511 keV line do not apply here. 

The model enjoys a rich phenomenology and can be tested by a myriad of 
methods. Most obvious test is further data from upcoming direct dark matter search 
experiments, especially the XENONnT detector which is an upgrade of XENONIT. 
The XENONnT detector is in the construction phase. 

The C particles obtain their electric charge through the mixing of the photon 
and the dark photon, A' which is the gauge boson of a new Ux (1) symmetry under 
which C and C are charged. Simultaneous explanation for the excess of events with 
recoil energy between 2 — 4 keV and for the absence of an excess at the 1 keV bin 
requires a cancellation between the contributions from the t-channel exchanges of 
the photon and A'. Such a cancellation is possible with a light A' with a mass of 
100 keV-1 MeV. We have shown that by identifying the Ux (1) symmetry with the 
L,— L, symmetry and therefore allowing for A’ > v, v, v.v, it is possible to avoid 
the present bounds from the supernova cooling consideration. The A' decaying to 
vv in the outer layers of supernova can however alter the evolution of supernova, 
leaving its imprint on the duration of neutrino emission, flavor composition, energy 
spectrum and shock revival. All these signatures provide alternative methods to test 
the model. 

The intensity of the 511 keV line from dwarf galaxies is proportional to the 
product of the number of C and C particles. As a result, there should be a correlation 
between the magnitude of the magnetic field in dwarf galaxies and the intensity of 
the 511 keV photon line emitted from them which can be tested in the future. 

The positrons from the CC annihilation at the production are relativistic. A frac- 
tion of these positrons may annihilate in flight giving rise to a continuous ^y ray 
spectrum on which there is a bound, implying that the C particles should be lighter 
than 6 — 15 MeV depending on the models for ionization fraction in the galaxy.?! ?3 
In future with more data, lighter C can be probed by this consideration. Moreover, 
there will be an excess cosmic positron at few MeV range. At these energies, the 
solar wind renders measurements of cosmic positron flux in the MeV range obso- 
lete within the solar system. Fortunately, there are detectors on board the Voyager 
spacecraft that have set an upper bound on the cosmic positrons outside the solar 
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system. The bound can be interpreted as mc < 20 MeV. Further data from Voyager 
can test smaller values of mc or hopefully detect a positron excess which will be a 
hint in favor of the present model. 
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Preliminary results of the investigation of the properties of 13 clusters of galaxies from 
CfA2 redshift survey are discussed in the presented article. The distributions on absolute 
magnitude and luminosity represent two areas for clusters 7:288, 1101, 1046, 142, 933, 
1242, 1652, 107, 150, 316, 317, 961, 977. Redshifts of these clusters are in the region 
0.002 — 0.032. The distributions on groups members position, absolute magnitude and 
luminosity represent two areas for these clusters. Galaxies from these areas are paired 
accordingly its spectral characteristics and position. Also several anomalies of spatial 
dynamic of galaxies in these clusters were separated. Such structure could be caused 
by dark matter presence inside cluster in configuration similar to Zeldovich pancake or 
gravitational lensing on compact object or dark matter blob located between galaxy 
cluster and observer. Several peculiarities have found on the spatial distributions of 
galaxies in clusters ##933, 142, 1046, and 1652. Moreover, these groups reveals asso- 
ciations with high-energy gamma-emission sources on Fermi/LAT 10-Year Point Source 
Catalog 4FGL DR2 data (4FGLJ1144.9+1937, 4FGLJ0152.2+3714, 4FGLJ1230.8+1223 
and 4FGLJ1653.8+3945 correspondingly).These sources are active galaxies 3C 264, B2 
0149+37, M87 and MRC 501. Furthermore, 3C 264 and M87 observed in subTeV en- 
ergy band by VERITAS data. Joint observations of such clusters by orbital gamma-ray 
observatories with high angular resolution and ground-based Cherenkov air-shower ex- 
periments could possibly clarify the type of gravitational lensing and processes of par- 
ticle acceleration in these objects especially highest energy of emitted gammas. Thus 
we propose including these and similar clusters in the programs of observations of the 
planned experiment GAMMA-400 (Gamma Astronomical Multifunctional Modular Ap- 
paratus) with angular resolution ~ 0.01? at Ey = 100 GeV and several TeV upper energy 
band. Also now it is discussed coordination of multiwavelength observations program of 
Cherenkov Telescope Array (CTA) and GAMMA-400 objects list for observations. 


Keywords: Clusters of galaxies; CfA2 redshift survey. 
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1. Introduction 


? reveal an inde- 


Galaxy clusters are the biggest gravitationally bound systems! 
pendent approach to the problems related to the distribution of matter at various 
redshift ranges — particulars given in Ref. 4 and Ref. 5. It possible to use the results 
of its characteristics investigation to understand processes of formation of such sys- 
tems and galaxies contained its possibly connecting dark matter halos (DMH) and 
to constrain cosmological models — see, for example Ref. 6 and Ref. 5. The differences 
of galaxies were identified by their luminosity, morphology, colour, etc. Moreover, 
following to Ref. 3 and Ref. 2, it allowed studying the relation between the topol- 
ogy and properties of galaxies at the large-scaling structure and concluding both 
cosmological parameters and galaxy formation mechanisms. Also the investigation 
of galaxies clusters relates to the dependence of the characteristics of galaxies on 
the surrounding medium properties, and the large-scale structure formation. Thus 
the cluster system dynamic investigation also should estimate possible DM presence 
due to analysis of several catalogues — for instance, CfA2 Redshift Survey.® 1^ !7 
Therefore, the large-scale distribution of matter in the Metagalaxy will be described 
by analysing quantities of galaxies to various limiting magnitudes and the redshift 
surveys — see, for example Ref. 5 and Ref. 16. 


2. The Second CfA Redshift Survey data analysis 


Preliminary results of the investigation of the properties of clusters of galaxies from 
'The Second CfA Redshift Survey are discussed in the presented article. 

'The second CfA redshift survey was started between 1985 and 1995 due mea- 
surements of relative distances via redshifts for about 18000 bright galaxies in the 
northern sky. It contain data of 1971 galaxies groups (totally 6787 members) at 
galactic latitudes b > 20? — see Ref. 17. 

Early data from this catalogue were analysed in Ref. 15 and Ref. 14 and it 
were found several peculiarities for clusters #7933, 1242, 88, 142, 1046, 1101 in 
distributions of group members on absolute magnitude, angular velocity, etc. 

The results of additional analysis of these clusters characteristics are discussed 
in the presented article. The mean values of it’s characteristics are listed in the 
Table 1 (rows 1 — 5). Several additional peculiarities have found on the distributions 
of galaxies inside these clusters on magnitude and absolute magnitude on CfA2 
data. The examples of such distributions for clusters of galaxies #142 and #88 are 
presented at figures Fig. 1(a), Fig. 1(b) and Fig. 2(a), Fig. 2(b) correspondingly. 
Dual structure was separated at distributions of galaxies inside cluster on magnitude 
and absolute magnitude for these two clusters. Bifurcation points are m4» = 14.54 
0.2 and M14» = 19.5+0.2 for group #142, also mag = 14.5-£0.2 and Msg = 19.0-£0.2 
for one #88. 

Than we have separate clusters of galaxies contain more than 20 members for 


subsequent analysis. The mean values of characteristics for other 8 clusters from 
this subsample are listed in the Table 1 (rows 6 — 13). Fig. 3(a), Fig. 4(a) and 
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Fig. 1. Several peculiarities on the distributions of galaxies inside cluster #142 on CfA2 data. (a) 
Graph for distribution of galaxies on magnitude. (b) Graph for distribution of galaxies on absolute 
magnitude. 
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Fig. 2. Several peculiarities on the distributions of galaxies inside cluster #88 on CfA2 data. (a) 
Graph for distribution of galaxies on magnitude. (b) Graph for distribution of galaxies on absolute 
magnitude. 


Fig. 6(a) shows the other examples of distributions of galaxies inside cluster with 
members numbers both than 50 and 20 on magnitude for groups #1046, #933 and 
#1652 correspondingly. Graphs Fig. 3(b), Fig. 4(b) and Fig. 6(b) represents the 
distributions of galaxies in these clusters on absolute magnitude. Dual structure 
also was separated at distributions of galaxies inside cluster on magnitude and ab- 
solute magnitude for all investigated clusters without any correlation with members 
numbers. The obtained bifurcation points in the distributions of galaxies in these 
clusters on magnitude are M1046 = 13.8 + 0.2, ™933 = 14.3 + 0.2, T1652 = 14.9 —- 0.2 
and ones on absolute magnitude are Mioa = —17.9 + 0.2, Mo33 = —19.8 + 0.2, 
Mi652 = —20.0 + 0.2. 
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Table 1. The mean values of characteristics for several clusters of galaxies on CfA2 data. 


Cluster Amount of RQF - Relative Heliocentric Mean distance of member 
number galaxies quantities false (76) ^ velocity (km/s) of group from its centre (Mpc) 
1046 337 2.328 1847 + 519 1.423 
1101 118 0.784 7433 + 751 1.006 
88 92 1.426 5040 + 440 1.357 
933 63 0.372 6656+ 703 0.497 
142 63 0.721 4868+ 496 0.667 
1242 26 0.406 2750 + 190 0.384 
1652 28 1.561 9324 + 427 1.394 
107 34 0.303 1530 + 395 0.354 
150 20 1.629 4964 + 323 0.821 
316 21 0.294 6068 + 269 0.450 
317 23 0.504 6152 + 288 0.564 
961 27 2.422 1264 + 167 0.481 
977 20 0.485 6288 + 402 0.407 


#1046, 337 galaxies #1046, 337 galaxies 
100 
100 
80 V 
g E 7 
Ej Ej 
s E 60 
3 
= - 
E E 40 
5 40 E 
z z 
20 W 20 
3 y ho 
0 SSIS ~ 0 
10 11 12 13 14 15 16 -22 -21 -20 -19  -18 -17 -1416  -15 
Magnitude, m Absolute Magnitude, M 
(a) (b) 


Fig. 3. Several peculiarities on the distributions of galaxies inside cluster #1046 on CfA2 data. 


(a) Graph for distribution of galaxies on magnitude. (b) Graph for distribution of galaxies on 
absolute magnitude. 


Moreover several peculiarities have found on the distributions on angular veloc- 
ity and absolute magnitude together with distributions on velocity and distance 
to cluster centre. Such distributions for clusters of galaxies #142 and #88 are 
presented at Fig. 7(a), Fig. 7(b) and Fig. 8(a), Fig. 8(b) correspondingly. Dual 
structure was separated on the distributions of galaxies inside cluster on angular 
velocity and absolute magnitude for these two clusters with bifurcation points sim- 
ilar to results of analysis of Fig. 1(b) and Fig. 2(b). Also dual structure appear on 
the distributions on velocity and distance to cluster centre with bifurcation points 
Rcı42 = 0.70 £0.05 and Regg = 1.00 + 0.05 for clusters #142 and #88. 
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Fig. 4. Several peculiarities on the distributions of galaxies inside cluster #933 on CfA2 data. (a) 
Graph for distribution of galaxies on magnitude. (b) Graph for distribution of galaxies on absolute 
magnitude. 
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Fig. 5. Several peculiarities on the distributions of galaxies inside cluster #142 on CfA2 data. 
(a) Graph for distribution of galaxies on angular velocity and absolute magnitude. (b) Graph for 
distribution of galaxies on velocity and distance to cluster centre. 


The distributions on angular velocity and absolute magnitude groups #1046, 
#933 and #1652 are presented at Fig. 9(a), Fig. 10(a) and Fig. 6(a) correspondingly. 
Dual structure reveals on these figures with bifurcation points similar to results of 
analysis of Fig. 3(a), Fig. 4(a) and Fig. 6(a) look like clusters #142 and #88. 
Moreover dual structure appear on the distributions on velocity and distance to 
cluster centre with bifurcation points Rc4946 = 1.7 + 0.1, Rcg33 = 0.52 + 0.05 and 
Rc1652 = 1.5 + 0.1 for clusters #1046, #933 and #1652 correspondingly. 

The spatial distribution of galaxies in listed in the Table 1 clusters were anal- 
ysed. Figure 12(a) represents such distribution for cluster 441046. Dual structure 
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Fig. 6. Several peculiarities on the distributions of galaxies inside cluster #1652 on CfA2 data. 
(a) Graph for distribution of galaxies on magnitude. (b) Graph for distribution of galaxies on 
absolute magnitude. 
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Fig. 7. Several peculiarities on the distributions of galaxies inside cluster #142 on CfA2 data. 
(a) Graph for distribution of galaxies on angular velocity and absolute magnitude. (b) Graph for 
distribution of galaxies on velocity and distance to cluster centre. Shaded regions correspond areas 
from right side of bifurcation points on Fig. 1. 


were separated inside this cluster accordingly to preliminary analysis rezults — see 
Fig. 12(b). Similar peculiarities have found on the spatial distributions for other 
clusters. The examples are presented at Fig. 13, Fig. 14 and Fig. 15. 

The results of preliminary data analysis have shown that the distributions on 
groups members position, magnitude, absolute magnitude, angular velocity and 
absolute magnitude also with ones on velocity and distance to cluster centre and 
represent two areas for clusters #788, 1101, 1046, 142, 933, 1242, 1652, 107, 150, 
316, 317, 961 and 977. Redshifts of these clusters are in the region 0.002 — 0.032. 
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Several peculiarities on the distributions of galaxies inside cluster #88 on CfA2 data. 


(a) Graph for distribution of galaxies on angular velocity and absolute magnitude. (b) Graph for 
distribution of galaxies on velocity and distance to cluster centre. Shaded regions correspond areas 
from right side of bifurcation points on Fig. 2. 
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Several peculiarities on the distributions of galaxies inside cluster #1046 on CfA2 data. 


(a) Graph for distribution of galaxies on angular velocity and absolute magnitude. (b) Graph for 
distribution of galaxies on velocity and distance to cluster centre. Shaded regions correspond areas 
from right side of bifurcation points on Fig. 3. 


Galaxies from these areas are paired accordingly its spectral characteristics and 
position. Unfortunately direct data analysis not allow understanding of reality of 
such dual structure because it could be caused by several selection effects. 

Let’s try to investigate dynamic of these systems using Nonlinear Time Series 
Analysis methods — see, for instance, Ref. 9. Unfortunately real time variables 
are absent in the analysed systems. But dynamic behavior of cluster's members 
strongly depend of its velocities and distances to cluster centre.!? We have construct 
phase space cluster of galaxies #88 using values of redshift, coordinates, magnitude, 
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Fig. 10. Several peculiarities on the distributions of galaxies inside cluster #933 on CfA2 data. 
(a) Graph for distribution of galaxies on angular velocity and absolute magnitude. (b) Graph for 
distribution of galaxies on velocity and distance to cluster centre. Shaded regions correspond areas 
from right side of bifurcation points on Fig. 4. 
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Fig. 11. Several peculiarities on the distributions of galaxies inside cluster #1652 on CfA2 data. 
(a) Graph for distribution of galaxies on angular velocity and absolute magnitude. (b) Graph for 
distribution of galaxies on velocity and distance to cluster centre. Shaded regions correspond areas 
from right side of bifurcation points on Fig. 6. 
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absolute magnitude and distance to centre. We have use ratio between distance to 
centre and tangential velocity as time similar variable in the presented article and 
constructed simple attractors in this phase space for first attempt of investigation 
of dynamic of system. Let's separate basins of attractors correspondingly to bifur- 
cation points on the analysable distributions. Accordingly to preliminary results of 
analysis we have obtained two attractors in the phase space of cluster #88 which 
concludes real dual structure of this system. Figure 16 represents three dimension 
projection of obtained attractors. 
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Fig. 12. The spatial distributions of galaxies for cluster #1046 on CfA2 data (a) and dual struc- 
ture appearance on this distribution (b). 
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Fig. 13. The spatial distributions of galaxies for cluster #142 on CfA2 data (a) and dual structure 


appearance on this distribution (b). 
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Fig. 14. The spatial distributions of galaxies for cluster #142 on CfA2 data (a) and dual structure 
appearance on this distribution (b). 
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Fig. 15. The spatial distributions of galaxies for several clusters on CfA2 data. (a) Graph for 
cluster #933. (b) Graph for cluster #1652. 
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Fig. 16. The projections of six-dimensional system of attractors for cluster #88. (a) Projection 
in three-dimension space with axes corresponds to coordinates and redshift. (b) Two dimension 
projection with axes corresponds to RA and redshift. 


3. Conclusions 


Preliminary results of the properties of 13 clusters of galaxies from CfA2 redshift 
survey (#788, 1101, 1046, 142, 933, 1242, 1652, 107, 150, 316, 317, 961, 977) are 
presented. Redshifts of these clusters are in the region 0.002 — 0.032. The distri- 
butions on magnitude, absolute magnitude and angular velocity, etc represent two 
areas for these clusters. Galaxies from these areas are paired accordingly its spectral 
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characteristics and position. Also several anomalies of spatial dynamic of galaxies 
in these clusters were separated. 

'The presence of such structure allows conclude two alternatives. In the first one 
dark matter presence inside cluster in configuration similar to Zeldovich pancake. 
Second case is gravitational lensing on compact object or dark matter blob located 
between galaxy cluster and observer. 

Also several peculiarities have found on the spatial distributions of galaxies 
in clusters7:7:933, 142, 1046, and 1652. Moreover, groups #7933, 142, 1046, and 
1652 reveals associations with high-energy gamma-emission sources on Fermi/LAT 
10-Year Point Source Catalog 4AFGL DR2 data (4FGLJ1144.94-1937, AFGLJ0152.24- 
3714, 4FGLJ1230.84-1223 and 4FGLJ1653.84-3945 correspondingly). 

Furthermore, 4FGLJ1144.94-1937 and 4FGLJ1230.8+1223 observed in sub TeV 
energy band by VERITAS data. 

Joint observations of such clusters by orbital gamma-ray observatories with high 
angular resolution and ground-based Cherenkov air-shower experiments could pos- 
sibly clarify the type of influence to groups characteristics (gravitational lensing or 
object inside cluster) and processes of particle acceleration in these objects espe- 
cially highest energy of emitted gammas. Thus we propose including these and simi- 
lar clusters in the programs of observations of the planned experiment GAMMA-400 
(Gamma Astronomical Multifunctional Modular Apparatus) with angular resolu- 
tion ~ 0.01? at E, = 100 GeV and upper energy band boundary about several TeV. 
Also now the coordination of multiwavelength observations program of Cherenkov 
Telescope Array (CTA) and GAMMA-400 is discussed. 
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Probing the nature of dark matter with Milky Way subhaloes 
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The nature of dark matter is one of the most pressing questions in modern physics. 
Efforts to answer this question have centred on observations that determine its impact 
on the properties of galaxies plus attempts to detect rare events in which the dark 
matter indirectly generates photons. In this talk I presented work on using the proper- 
ties of Milky Way satellite galaxies to constrain models of self-interacting dark matter 
(SIDM) and warm dark matter (WDM). First I used N-body simulations of an SIDM 
model with a very large self-interaction at low relative velocities (o > 100 cm?gr- 1) to 
demonstrate that subhaloes in such models undergo gravothermal collapse and increase 
the diversity of satellite matter distributions in line with inferences from observations. 
Second, I considered the radial distribution of subhaloes in WDM simulations from the 
point-of-view of stellar stream gap constraints. I showed that the subhalo population 
within 50 kpc of the host halo centre is comprised of massive satellites that have sunk 
under dynamical friction. Given that the abundance and structure of massive satellites 
in WDM is very similar to the fiducial cold dark matter (CDM) model, the differences 
between the subhalo populations in the two models in the inner halo are much smaller 
than for the halo as a whole, and therefore the stellar stream gaps statistics, which are 
only available out to 30 kpc, are not as powerful at discriminating between the models as 
previously anticipated. I ended with a brief presentation of estimates for the production 
rate of X-ray photons in dark matter decay, and predicted that the velocity dispersion 
of X-ray decay lines to be probed in nearby galaxy clusters will have values in the range 
[500,800] kms~?. 


Keywords: Dark matter 


1. Introduction 


Observations of a wide variety of astrophysical objects have returned evidence for 
the existence of an invisible substance that constitutes ~ 82% of the mass of the 
Universe. T'hese observations include the anisotropies of the cosmic microwave back- 
ground radiation (CMB)! and the rotation curves of galaxies (e.g. Ref 2). All of these 
observations are consistent with the presence of matter that is dynamically cold, at 
least on the scales of massive galaxies and larger, and does not interact with light; 
this material is therefore dubbed cold dark matter (CDM). 

'The CMB and rotation curves studies probe the properties of dark matter on 
scales typically larger than 10 kpc. However, on scales of dwarf galaxies, the close 
match between observations on the one hand and predictions for gwalaxy abundance 
and structure from CDM N-body simulations start to break down.? In part, such 
discrepancies can be explained by astrophysical processes that change the properties 
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6,7 and supernova feedback.*:? However, 


10-12 


of dark matter haloes, through reionisation 
it is not clear that astrophysics alone provides the best match to observations. 
In the context of the non-detection of CDM-type dark matter candidates with either 
direct detection!?: 14 15,16 
consider dark matter candidates that behave somewhat differently, both in their 
astrophysical impact on structure formation and in their detection abilities. 

In this talk I covered three topics: two in the properties of Milky Way (MW) 
satellites and a third on the potential for detection of dark matter decay in X-rays. 
The two MW subhaloes topics concern very different dark matter models: first, 
an extreme velocity dependent self-interacting dark matter (SIDM) model in the 
context of MW satellite densities, and second, the effect of the warm dark matter 
(WDM) model consequences on the spatial distribution of both satellites and non- 
luminous subhaloes. The dark matter decay results are applicable to any model 
in which dark matter undergoes two-body decay that does not affect the galaxy 
kinematics significantly. 

These proceedings are organised into three sections. I describe the SIDM work 
in Section. 2, the WDM work in Section. 3, and the dark matter decay results in 
Section. 4. The papers from which these three sections were derived are Ref. 17, 
Ref. 18 and Ref. 19 respectively. 


or y-ray indirect detection experiments, it is important to 


2. Gravothermal collapse in SIDM and the densities of Milky Way 
satellites 


'The masses of MW satellites have been a popular probe of dark matter and as- 
trophysics models for at least 10 years. Refs. 5, 20 showed that, at least at a first 
glance, CDM simulations predicted the existence of satellites more massive and 
dense than any of the observed MW satellites at the same time that other studies 
reported evidence for cored dark matter density profiles.?! A successful dark mat- 
ter model will have to explain both of these observations simultaneously. Ref. 22 
argued that cored SIDM dark matter profiles were insufficiently dense to explain 
the very high reported masses of the MW's ultrafaint dwarf galaxies, and therefore 
in order for these models to be viable a fraction of SIDM subhaloes below a given 
mass scale would need to undergo the process of gravothermal collapse, by which 
material starts rapidly flowing towards the halo centre and creates a density profile 
much steeper than in CDM.?? 

For Ref. 22 we had run an extreme model of SIDM that would cause gravother- 
mal collapse to occur in MW satellites within a Hubble time. It featured a strong 
cross section-velocity dependence: a cross section c ~ 100 cm?g~! at interactions 
velocities < 30 kms~!. This cross-section was chosen in order to induce gravother- 
mal collapse without relying on stripping of the satellite outskirts?* and to avoid 
violating published bounds on high velocity interaction cross-sections from cluster 
mergers;?? we do not attempt to match the reported measurements of ~ 1 cm?g7! 
cross-sections at ~1500-2000 kms~! by Refs. 26, 27. Our goal in Ref. 17 was to 
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Fig. 1. Self-interaction cross section as a function of particle relative velocity for five SIDM 
models. The primary model of interest in our study was vd100, which is shown in red. We also 


show two further velocity-dependent SIDM models, labelled vdA (grey) and vdB (cyan), plus two 


velocity independent models with cross-sections ~ 1 cm?g~! (SIDM1, green) and ~ 10 cm?g7! 


(SIDM10, blue). Reproduced from Ref. 17. 


investigate the abundance and density of subhaloes in this model, which we dubbed 
‘vd100’. We present the velocity dependence of the cross section for this model and 
other SIDM models in Fig. 1. 

We explored the properties of the vd100 model using the same simulation that 
we ran for Ref. 22. This was zoomed resimulation of the Aquarius Aq-A3 MW halo- 
analogue?? using the same initial conditions as for the original CDM simulation but 
with the inclusion of vd100 model self-interactions. The simulation was run with 
the Arepo code.?? The host halo virial mass Moo = 1.9 x 101? Mo, the simulation 
particle mass was 4.9 x 104 Mo, and the gravitational softening length e = 120.5 pc. 
The cosmological parameters were consistent with the WMAP first year results.?? 
The same code, simulation parameters and cosmological parameters were used in 
the other four SIDM simulations. 

We looked for evidence of gravothermal collapse through the following method- 
ology. We computed circular velocity curves for subhaloes within each of these 
simulations that were located within 300 kpc of the centre of the host halo, and 
parametrised the structure of velocity curves with two numbers: the maximum value 
of the circular velocity, Vmax , and the radius rmax at which Vmax is attained. 
Vmax is often interpreted as a proxy for the subhalo mass, and rmax as a measure of 
concentration at fixed Vmax , with larger rmax corresponding to a less concentrated 
halo. We present contour plots for the Vmax —Tmax distributions of haloes in the 
CDM, SIDM10, vdB, and vd100 simulation subhaloes in Fig. 2. 
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Fig. 2. Contour plots of Vmax -Tmax values for subhaloes in four models: CDM (top left panel), 
SIDMIO (top right), vdB (bottom left) and vd100 (bottom right). Diagonal lines denote param- 
eter space along which the mass enclosed with rmax is constant. The horizontal lines denote the 
radius corresponding to 2.8x the softening length of the simulation and therefore marks the hard 
resolution limit. Reproduced from Ref. 17. 


The vdB subhaloes follow the same relation in Vinax -Tmax as their CDM equiv- 
alents despite their very high cross-sections at low velocities, > 20 cm?gr !. By 
contrast, a large population of vd100 subhaloes have ryax well below the CDM re- 
lation: the subhaloes are therefore denser than CDM and have undergone gravother- 
mal collapse. We explore this trend further for a sample of subhalo circular velocity 
curves that have Vmax values in the range Vmax = [25,35] kms^! from the CDM 
and vd100 runs, which we present in Fig. 3. 

The number of vd100 subhaloes with rmax > 1 kpc is approximately the same as 
the number of CDM subhaloes in the same Vmax bin, since the implementation of 
velocity-dependent SIDM has only a minor impact on the halo mass function?. From 
radii < 2 kpc these vd100 subhaloes’ circular velocity profiles decline much faster 
than their CDM counterparts as a consequence of their cored profiles. However, 
there also exists a population of approximately twice as many vd100 subhaloes 
with Tmax < 1 kpc. The accurate values of Tmax and Vmax for these subhaloes 


“In models for which the cross-section is large at high velocities, as is common for velocity indepen- 
dent models, interactions between subhaloes and the host can evaporate subhaloes and suppress 
the mass function.!!:17 
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Fig. 3. Circular velocity curves for subhaloes in the CDM and vd100 simulations that have 
Vmax —[25,35] kms~!. CDM subhaloes are shown in black. vd100 subhaloes that have rmax > 
1 kpc are shown in red, and vd100 subhaloes with rmax < 1 kpc are shown in pink. Reproduced 
from Ref. 17. 


are unknown because the circular velocity curves are still rising at the softening 
resolution limit; we therefore just state that these haloes have indeed undergone 
collapse and are concentrated enough to explain the ultrafaint dwarf masses at the 
same time that the uncollapsed cored haloes can fit the brighter satellites.?? We also 
show in Ref. 17 that the density profiles of these objects is a power law of slope —3. 


3. The WDM subhalo distribution and implications for gaps in 
Streams studies 


For the second part of the talk I switched to MW satellites in the WDM cosmol- 
ogy. The motivation for this model arises from clues that it might, under some 
circumstances, be a better match to observations than CDM"? and also that its pri- 
mary particle physics candidate, the sterile neutrino?^?? may have been detected 
in X-ray decay.??:?^ This model suppresses the number of dwarf mass haloes?? and 
lowers their concentrations!? relative to CDM. The WDM model can therefore be 
constrained by observations that measure the number and concentration of dwarf 
haloes, especially dark matter haloes so small that they never form stars. 

One such method is to attempt to detect gaps in stellar streams. Globular clus- 
ters and satellite galaxies experience stripping of their outer layers as they orbit 
within the gravitational field of their host galaxies, leaving behind a smooth stream 
of stars. The structure of the stream will be disturbed by interactions with other 
structures, such as dark matter subhaloes. The effect of dark matter physics on the 
abundance and density of subhaloes can therefore be inferred from the presence of 


the gaps in streams.?9 ?5 
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Several studies have claimed strong limits on WDM in particular from the ap- 
37,38 although the nature of dark matter 
substructures as a cause is disputed. For the paper from which this talk section was 


parent detection of such gaps in streams, 


derived, I examined the subhaloes that populate the region where streams can be 
probed for gaps given current observational constraints, i.e. S30 kpc from the MW 
centre, in CDM and in WDM and analysed the difference between these inner-host 
subhaloes on the one hand and subhaloes at all radii on the other. 

For this project, we estimated the subhalo population properties using two N- 
body simulations, one of CDM and one of a WDM . Our two companion simulations 
were CDM and WDM variations of the COCO volume;??: 4 a zoomed simulation 
of a spherical region ^28 Mpc in radius with a dark matter simulation particle 
mass of ~ 2 x 10° Mo. The WDM model was a 3.3 keV thermal relic; this was 
chosen to be consistent with a set of Lyman-a forest constraints?! and is also a 
reasonable approximation to the matter power spectrum of the sterile neutrino that 
could explain the reported 3.55 keV line.!? We identified 26 MW-halo analogues: 
these we selected to be in the mass range [1.0, 1.5] x 10? Mo, and also to be isolated 
in that the distance to any larger halo was > 1 Mpe. 

We first considered the abundance of subhaloes in two mass bins: [107,105] Mo 
and [105, 10?] Mo. We computed the number of subhaloes in these mass bins for 
CDM and WDM in two radius bins: « 40 kpc from the halo centre to represent 
stream gap-generating subhaloes and « 300 kpc for the subhalo population at large. 
Any changes in these quantities will be driven by two factors: the larger number of 
haloes generated in CDM plus the additional stripping of subhaloes in WDM due to 
their lower concentrations. In order to ascertain the contribution of these two factors 
we therefore performed a 'hybrid' calculation, in which for each CDM subhalo we 
selected a WDM subhalo with the same infall mass and infall time and assigned 
this WDM subhalo final time mass to the CDM subhalo. This was equivalent to the 
mass that the CDM subhalo may have had if it had experienced a WDM stripping 
rate. Our hybrid calculation therefore factors out the contribution to CDM-WDM 
differences from the change in infall mass function and retains the differences from 
stripping. 

With these results we compute the ratio of WDM-to-CDM subhalo abundances 
in the two mass bins plus the ratios of the hybrid measurements and present the 
results in the left-hand set of panels in Fig. 4. Beginning with the [107, 105] Mo bin, 
we find strong differences in the relative properties of the models between radius 
bins. Within the full 300 kpc distance from the host halo centre the number of WDM 
subhaloes is suppressed to 1096 of the CDM value on average, whereas for the 40 kpc 
bin it is instead 3096 in the median, with a much larger scatter. We argue in the 
paper that this result is due to the inner halo being dominated by the remnants of 


bThe MW is located only 750 kpc from the more massive Andromeda galaxy; we expect that this 
will not affect the results. 
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massive haloes that have sunk under dynamical friction; the abundance of massive 
haloes is much more similar between the two models than the mass function down 
to 10’ Mo, therefore the value of this ratio is much closer to 1. A similar result is 
found for the more massive bin, where the suppression is a median 4096 of CDM 
for the « 300 kpc bin but 6096 of CDM. 

One possible complication to this picture is the issue of extra stripping in WDM 
subhaloes as discussed above, and we can tease out the contributions of changes 
in stripping and changes in the mass function by comparing the hybrid calculation 
results to the full WDM results: if the hybrid results are the same as the full WDM 
then the change between WDM and CDM is entirely due to extra stripping, whereas 
if the hybrid results instead straddle the ratio — 1 line then the change was entirely 
due to the input mass function. In the lower mass bin the « 300 kpc hybrid ratio is 
much closer to a ratio of 1 than to 0.1, therefore the change in mass function drives 
the difference, whereas in the « 40 kpc radius the hybrid suppression ratio is lower 
than at « 300 kpc as per the switch from unstripped low-infall mass subhaloes to 
high-mass stripped ones. 

The difference in subhalo infall mass at different radii will also have an impact 
on the concentration-mass relations at these radii, with the subhaloes in the central 
region more likely to be the dense cores of massive progenitors. The concentration 
of these objects will also have an effect on the gaps in streams measurements. Ob- 
taining an accurate concentration-mass relation for subhaloes close to the host halo 
centre with N-body simulations is challenging for a number of reasons, including 
the possibility that mass from the subhalo is inaccurately ascribed to the host halo 
and that the mass distribution of the host will be strongly impacted by the presence 
of the stellar disc, both from the disc itself and from the contraction of the halo. 
We therefore developed an estimate for the mass and size of subhaloes in the centre 
using the infall mass / structure plus a measurement of the observed MW mass 
profile. We used the measured MW mass profile of Ref 42 to calculate the tidal 
radius of a subhalo at a distance of 20 kpc from the halo centre based on its infall 
mass and infall density profile, then assumed that the halo layers outside the tidal 
radius were removed while the mass inside the tidal radius was not affected. We 
thus calculated a new mass based on the mass interior to the tidal radius, and a 
new size as the half-mass radius of the remaining (unstripped) material. We com- 
puted median mass-radius relations for subhaloes within 50 kpc of the host centre 
using these estimates of stripped mass and size, and also median relations across 
the subhalo using the infall mass and infall size. We present these results in the 
right hand panel of Fig. 4. 

Beginning with the whole subhalo population, the CDM and WDM sizes are 
identical at 6 x 10? Mo but quickly diverge towards lower masses, with WDM sub- 
haloes of mass 6 x 10" Mo on average 50% larger than CDM subhaloes of the same 
mass. The subhaloes in the inner halo instead show much smaller sizes, such that 
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Fig. 4. Left-hand panels: ratio of quantities between WDM and CDM versions of the 24 volumes. 
In the top panel we show the ratio of the mass in WDM and CDM; in the middle panel the fraction 
of the number of subhaloes in the mass bin [105, 109] Mọ, and in the bottom panel the ratio of 
[107,105] Mc subhalo number. Ratios for subhaloes within 40 kpc of the host centre are shown 
in orange and within 300 kpc in blue. Filled dots denote median ratios, boxes 6896 of the data 
and error bars 9596 of the data. Solid lines are used for the measured WDM subhalo fractions and 
dashed lines for the hybrid calculation as described in the text; the hybrid calculation is omitted 
for the mass= [108, 10°] Mo, distance< 30 kpc bin due to poor statistics. Right-hand panel: the 
mass-radius relation for subhaloes in two radius bins. Data for subhaloes within 300 kpc are shown 
using infall masses and sizes in grey (CDM) and pink (WDM); data for subhaloes in the < 50 kpc 
bin are calculated using estimates for the stripping radius at 20 kpc as discussed in the text, and 
are shown in black (CDM) and red (WDM). Error bars on the WDM relations denote 58% of the 
data; error bars are omitted for CDM on clarity grounds, and are of the same size as for WDM. 
Reproduced from Ref. 18. 


the WDM subhaloes within 50 kpc are more concentrated the CDM subhalo pop- 
ulation. The difference in ratio between the stripped estimates for these inner-host 
subhaloes is approximately 20% at 10° Mo, and the majority of such WDM sub- 
haloes are less than 2 kpc in size. We therefore argue that the subhaloes likely to 
generate stream gaps would have to have stream impact parameters less than 2 kpc 
in order for the difference in concentrations to be imprinted on the gap properties. 

In conclusion, I showed in this part of the talk that the properties of the sub- 
haloes that generate gaps are very different to the properties of subhaloes generally, 
in that they are the stripped, concentrated remnants of massive haloes. Therefore 
the ability of stream-gap analyses to discern between CDM and WDM is weaker 
than one would infer from the subhalo population at large. 
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4. Predictions for the X-ray emission signal from decaying dark 
matter in galaxy clusters 


For the final part of the talk I shifted to indirect detection opportunities for dark 
matter decay, and presented a prediction for the decay to be measured in nearby 
galaxy clusters by the XRISM X-ray experiment. 

Decay is possible for dark matter particles that have a lifetime much longer 
than the age of the Universe but are never the less not completely stable. Such 
particles are typically light and therefore decay in the X-ray band. The prime dark 
matter particle candidate that has a mass in this range is the resonantly produced 
sterile neutrino, which in addition to dark matter explains baryogenesis and the 
oscillations of standard model neutrinos;?! 32-43 it also behaves as WDM,*^4? and 
is thus accessible to the constraints from the previous section. The decay of this 
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Fig. 5. Predictions for the properties of a putative dark matter X-ray decay line in the Perseus 
cluster to be measured by the XRISM experiment. We use simulations of two Perseus-mass clusters, 
and each cluster is represented in one panel and is subject to 500 sightlines. We show contours 
of the one dimensional velocity dispersion versus the total line flux: the velocity dispersion is 
independent of the particle physics properties, and the flux assumes 7 = 1028 s and m = 7.1 keV. 
''he blue circles denote on-centre sightlines for which the velocity dispersion of the cluster member 
galaxies is the measured velocity dispersion of Perseus cluster members, and the attached blue 
squares offset 1 arcminute from the centre. Reproduced from Ref. 19. 
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particle takes the form of a monochromatic X-ray line at an energy half the sterile 
neutrino rest mass energy. The width of the line is determined by the macroscopic 
dark matter one dimensional velocity dispersion, and is therefore independent of 
the particle physics parameters. 

The XRISM experiment, to be launched in 2023, will have sufficient spectral 
resolution to measure the width of the claimed dark matter decay line in nearby 
clusters of galaxies. I therefore used the C-EAGLE simulations 6^7 of galaxy clus- 
ters to perform mock observations with the XRISM field-of-view of dark matter 
decay lines in Perseus-mass clusters.!? The flux calculation assumed a particle life- 
time r = 1078 s and mass m = 7.1 keV, as inferred from the claimed detections 
of the 3.55 keV line.3®34 We identified two of the 30 C-EAGLE clusters as having 
same mass as Perseus within some tolerance, and computed 500 sightlines through 
the halo centre from randomized viewing angles. The results are shown in Fig. 5. 

The flux of the line can vary by a factor of 50%, with most of the sightlines 
bunching up towards lower fluxes in the allowed range. T'he velocity dispersion is 
concentrated in the [500,800] kms"! range, and exceptionally at [400,1000] kms !. 
'This velocity dispersion is significantly narrower than the measured velocity disper- 
sion of the member stars, which is typically 1300 kms~!, and is still much broader 
than astrophysical emission lines (< 200 kms^!). Given that the velocity dispersion 
is also independent of the particle physics parameters for the sterile neutrino model, 
the XRISM observatory offers arguably the best opportunity to detect dark matter 
within the next five years. 


5. Conclusions 


In this talk I summarised three leads for constraining and identifying the dark 
matter: the density of the Milky Way (MW) ultrafaint satellites, the properties of 
subhaloes that carve gaps in stellar streams, and the parameters of X-ray decay 
lines in galaxy clusters. 

First, I investigated how the distribution of ultrafaint satellite densities could 
be explained by a velocity-dependent self-interacting dark matter model (SIDM) 
in which the self-interaction cross-section is of order 100 cm?gr-! for relative ve- 
locities below 20 kms~!. I showed that this model induces gravothermal collapse 
in a fraction of the dark matter subhaloes. The density profiles of these collapsed 
subhaloes exhibit a power law of index —3. The combination of collapsed and cored 
SIDM subhaloes can potentially explain the diversity of MW satellites masses, in 
which bright satellites could be hosted in massive, cored satellites whereas ultrafaint 
dwarfs are hosted in less massive, gravothermally collapsed subhaloes.!" 

For the second part of the talk I switched to comparing the subhaloes that 
carve gaps in stellar streams between cold dark matter (CDM) and warm dark 
matter (WDM), for which I extracted subhaloes from the COCO simulations that 
are located within the same region of configuration space that stream gaps can 
be detected (< 30 kpc from the host centre). I showed that these central-region 
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subhaloes are the remnants of massive progenitors that have sunk to the halo centre 
under dynamical friction. I therefore argued that, since the differences between CDM 
and WDM massive subhaloes are small, the discriminating power of stream gaps as 
a dark matter probe is weaker than one would infer from comparing all subhaloes 
associated with each host.!* 

I ended the talk with a brief presentation of work on dark matter indirect de- 
tection. I showed calculations for the expected width of putative lines from dark 
matter decay in a series of nearby galaxy clusters. Given the uncertainty between 
viewing angles, I showed that the line velocity dispersion would have a value in 
the range [500, 800] kms^!, which is narrower than the velocity dispersion of the 
member galaxies but crucially still significantly broader than X-ray emission lines 
from hot gas.? The upcoming XRISM observatory will therefore have an excellent 
opportunity to determine whether the line detected at 3.55 keV in galaxies and 


clusters??:?^ is from an astrophysical source or is indeed from dark matter decay. 
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Addressing classical cosmological back-reaction with multiple scales 


Yonadav Barry Ginat 


Faculty of Physics, Technion — Israel Institute of Technology, 
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This is a summary of my talk at the 16th Marcel Grossmann conference, given on-line 
in July 2021. Various aspects of the averaging problem — the problem of finding an 
effective large-scale cosmological solution of the Einstein field equations, when small- 
scale perturbations are present — are discussed, and treated with the multiple-scales 
technique of singular perturbation theory. This allows one to show that a split between a 
background metric that varies only on large scales, and perturbations to it, is consistent, 
provided certain conditions are met. I finish by giving an explicit example of the back- 
reaction of a perturbation consisting of a single small-scale mode, and point at possible 
future directions. 


Keywords: Cosmological perturbation theory; gravity. 


1. Introduction 


The Universe is usually described, on large scales, by a Friedmann-Lemaitre- 
Robertson-Walker (FLRW) metric! 


ds? = a? (n) (-dr? + ij dada) ; (1) 


which is a solution of the Einstein equations 


2 


for a homogeneous and isotropic energy-momentum tensor Tab. However, in reality, 


1 
Rav(Gav) E Agab = 8n Gpap =81G (Ta = um) , (2) 


the matter distribution is inhomogeneous on small scales, and becomes homogeneous 
and isotropic only on scales of about? ~ 100 Mpc so an averaging procedure is 
required, to find a homogeneous p,p. Such averaging does not, for a general metric, 
commute with the non-linear operation of computing the Ricci tensor from the 
metric, so Ray Z Rab(Jap). Hence, the equation, whose solution is the FLRW metric, 
does not, strictly speaking, correspond to a realistic universe. An averaged equation 
should rather be 


Rav — Aga = 81Gp,,. (3) 


This discrepancy is a consequence of the averaging, or back-reaction problem.? 9 


Another instance of the same problem arises in the context of splitting the space- 
time metric gay into an FLRW ‘background’ piece, gy and a perturbation, hap, 


vaz. 


Jab = gm 25 hab, (4) 
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where in standard cosmological perturbation theory, ha, is taken to be small. How- 
ever, its magnitude depends on scale and, in general, on the co-ordinate system one 
uses; this calls into question the very validity of such a background-perturbation 
split, which rests on the consistency of even defining a large-scale background. 

Several proposals were put forward in the past to address this problem, including 
special averaging techniques? or special perturbative expansions,? and here I wish 
to describe another proposal, laid down in Ginat (2021),!? which can address some 
of the problems with less assumptions than the other techniques. 

Below I choose units such that c = 87G = 1. The entire discussion here is 
classical, and quantum aspects of back-reaction are not discussed at all. 


2. Multiple-Scales Treatment of the Einstein Equations 
2.1. The Multiple-Scales Method 


'The multiple-scales technique consists in treating small scales and large scales as 
separate variables, interacting via the non-linearity in the dynamical equations that 
one wishes to study.!! If e denotes a certain small parameter involved in the equa- 
tions, and x denotes the independent variable, then one defines X = a/c, and 
changes 


a ð i ð 
dnt” are ^ c OXa (5) 


in the dynamical equations; then, one treats x and X as independent variables. 


This split is done in conjunction with an asymptotic expansion of the dependent 
variable, the metric gap(x, X,€), in our case, in €, as gay(z, X) ~ g9, + Egl, +... 
and a similar one for the energy-momentum tensor (with the convention that any 
X-independent terms enter into 99,). This expansion is consistent, of course, only 
if the condition e" |g”,| > &"*! |g7*! | is satisfied. 

The addition of an independent variable, without changing the dynamics, implies 
that there aren't enough equations to determine the solution fully, leaving certain 
integration constants, or solutions of homogeneous equations, free. However, in the 
general case, small-scale resonances yield diverging large-scale behaviour, which 
potentially violates the above-mentioned consistency requirement. To ensure that 
it is not, one imposes additional consistency conditions, which determine the un- 
determined functions or integration constants, in precisely such a manner as to 
remove the resonances, and ensure the asymptoticity of the expansion. This adds 
exactly enough equations to fix the solution fully. 


2.2. Application to The Einstein Equations 


Working in harmonic co-ordinates renders the Einstein equations hyperbolic,!? viz. 


1 cae 
Ra = RỌ = = 59°" 058a + PETS GO: gerOngans (6) 
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where Pt «9^ (9) is some function of the metric g, and not of its derivatives. Let us 
now set x as the cosmological scale and X as some small scale, e.g. a galactic scale; 
then & is the ratio between these two scales, and indeed & < 1. 

The Einstein equations are second order, so, upon expanding them in e, the 
leading order is ¢~?, i.e., in harmonic co-ordinates, 


l ea defgh 
—390 Ox .xagop + pun ( 


go)Ox«goOxagpn = Pap - (7) 
Here we can already address the question of the existence of a consistent 
background-perturbation split for the metric: if "Na Æ 0, ie. if there are small- 
scale, relativistic sources, like black holes, then necessarily g9, is X dependent, and 
therefore any good definition of a large-scale background is impossible. On the other 
hand, if one only considers small-scale, ‘Newtonian’ sources, for which the gravita- 
tional potential is < 1, then poe does vanish, and the solution to equation (7) is 
an X-independent g®,, a true background. 


2.3. Consistency Conditions 


To establish the background-perturbation split, all that’s left to do is to establish 
the consistency condition for €g}, that is, to show that it remains small relative to 
g°,,- The order £^! equation is 


1 
—1 —1 d 
Prel,ab s Pnr,ab — —590 a exaab» (8) 


where the subscript ‘rel’ (‘nr’) is there, to remind one that this is a relativistic (New- 
tonian) contribution to the energy-momentum tensor, one which arises, upon Fourier 
transforming in X, from matter modes which have a relativistic (non-relativistic) 
dispersion relation. In fact, because 0x g° = 0, in-so-far-as the X-co-ordinates are 
concerned, the space-time over which gl, is defined qua a tensor-valued function, 
is flat: equation (8) is a wave equation for gl,, with an X-independent metric 
go dX^dX b. so its solutions are waves in flat space-time, parameterised by the 
large-scale co-ordinate x. This also means that a Fourier transform in X is unam- 
biguous. 

Since wee is in resonance with the wave-equation operator, the consistency 
of the asymptotic expansion requires that, in fact, it vanish. If it does, then eg}, 
remains smaller than g9,.!? So far there have been two non-trivial consistency con- 
ditions, which limit the applicability to Newtonian sources. Relativistic ones are 
allowed, though, at all orders, from ¢° and above. One can generalise this to con- 
clude that whenever pri ap # 0, one needs an X-dependent g7;- 1 that will precisely 
cancel the resonances that arise. For example, at n = 2, this is the case, and after 
a few manipulations, one finds, for k? = 0 (where k is the Fourier conjugate of X) 
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the following consistency condition: 
^ def gh x 4 
KOs ton aps k) + P RR (90) (keĝiom,ef s k)0;gon + kaĝhom,gh (x, k)Oxe ge p) 


. ik. d. n 
ci fatxe®* [natanocnoxn - sai'R an) = sni). O) 


where a circumflex denotes a Fourier transform in X, a subscript ‘osc’ means that 
one removes the X average of the term in the curly brackets from it, and Jlom,ab is 
the homogeneous part of the solution of equation (8). 

This is the key element of the multiple-scales expansion: the additional degrees 
of freedom, that are created by treating x and X separately, are fixed by requiring 
the asymptoticity of the expansion in € — by removing resonances order-by-order. 
Indeed, as there is an un-fixed homogeneous part in gl;, relativistic sources in p9, 
are not a problem. 

The X-independent part of the Einstein equation at order &? also gives an ef- 


fective Einstein equation, governing the large-scale dependence of g°,:1° 


1 
—390 07 ,ap + Pav(G0)Ax909290 — Agap — Bay = 8TG (pb) X- (10) 


When computed in a co-ordinate system of a freely-falling observer in the x-space- 
time, the back-reaction tensor Bab corresponds, roughly, to the X-averaged Newto- 
nian gravitational potential energy of the sources in VERA The averaged equation 
agrees with the one derived by Green & Wald (2011)? under different assumptions. 


2.4. Single Short Mode 


Let me also give a simple example of a situation where B,, 0. Consider a cosmo- 
logical setting, where, in addition to the uniform matter density uo(1), the matter 
distribution has a component u(n, x) = 2euo(1)po cos(k-x/&), where k is a constant 
of order one, and pou is much smaller than the critical density of the Universe.* 
Here, 7, x are conformal, co-moving co-ordinates. The back-reaction tensor, in this 
case, is given by!? 


TET IR 
B? = "p C tk ôi), (11) 


with all other components equal to zero, to leading order in po. This back-reaction, 
albeit small, introduces, unsurprisingly, anisotropic stress perturbations. 


3. Conclusions 


In conclusion, the multiple-scales technique enables one to show that there is a 
well-defined background metric that depends only on the large-scale, as well as 
to derive an effective Einstein equation where small-scale gravitational potential 


?'l'his latter assumption is not strictly necessary, but simplifies matters considerably, in that it 
allows one to expand in poj10/ perit; Which is an expansion in large-scale cosmological perturbations, 
and then proceed as one would do for standard cosmological perturbation theory. 
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energy acts as a source of gravity on the large scale. Additionally, one can determine 
the consistency conditions under which these conclusions obtain, and, in particular, 
that they do obtain when small-scale over-densities are chiefly due to non-relativistic 
matter, to leading order in e. 

In the future it would be worthwhile to try to expand this technique from asymp- 
toticity to a convergence property, e.g. two-scale convergence,!? and also, perhaps 
more importantly for practical applications, to attempt to include small-scale rel- 
ativistic objects, such as neutron stars or black holes, perhaps by utilising some 
extension of Birkhoff's theorem.!^ It is plausible that this theorem would allow 
one to include isolated black holes in the multiple-scales framework, by relaxing 
the requirement € | as] « | 99,|, and allowing gl, to take extremely large values in 
some very restricted areas of space-time. This should enable one to conclude from 


Birkhoff's theorem or something similar that an observer far from any isolated black 
holes will not observe any more back-reaction than if these black holes were normal 
stars with the same masses. 
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The imaging formation process in halos for some dark matter profiles is studied. 
Approaching these models on a small scale, we analyze the images generated on the 
lens plane by obtaining the analytical surface mass densities X(r) and their correspond- 
ing deflection angles a(x). We identify the presence of Einstein rings, by mapping fringes 
that represent possible sources (such as other galaxies), placed on the source plane. We 
approach the simplest case, where lines parallel to the x axis are mapped onto the lens 
plane, to find out how are the solutions of the X vector field, which is in this case, the 
geometrical equivalent to the usual lens mapping. 


Keywords: Dark Matter, Gravitational Lensing 


1. Introduction 


'The dynamics of galaxies is a topic of great interest in cosmology. In recent years, 
this dynamic has been studied with the observation and analysis of the rotation 
curves of several samples of galaxies. From these observations an acceleration has 
been measured, and the presence of Dark Matter (DM) is necessary to explain their 
dynamics. ? 

The restrictions belonging to the central surface density of the halo, determine 
the value of the quantity ppm which is always a constant, that it seems to be an 
universal invariant, and there are evidences of this restriction in spiral, dwarf irreg- 
ulars and ellipticals galaxies to name some types.® © It is important to observe that 
lpm is constructed as the product of the characteristic length rs and the central 
density value p, of each galaxy, and this is related with the soliton region (the core 
of the galaxy). This is an important zone, because the extra galactic components 
do not alter this region and the invariant objects present there, are very helpful to 
understand the complete behavior of the galaxy." In fact, certain models for Scalar 
Field Dark Matter (SFDM) have predicted that the total mass of these systems is 
Mpy (300pc) ~ 10" Mc with a characteristic size rs = 300pc; that is, the soliton re- 
gion is perfectly delimited for its analysis, and it is very important for eventual tests 
that improves the physics interpretation of the data. Therefore, to study the dynam- 
ical process for translating this information to the imaging information, this soliton 
zone must be analyzed, with the corresponding considerations for that region. 

In fact, the universal DM profile (the Navarro-Frenk-White profile NFW) has 
been exhaustively studied, because it fits properly with observational data*:?; 
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however, it presents problems on a small scale, which implicates that there must be 
another models, that explain the core zone. 

For the above reasons, a complete optical analysis of this region is in order, 
using the proper data that comprehends all the physical information encoded in 
each model, but at the same time with a simplification of the studied equations. 
Hence, we use the usual gravitational lensing formalism," that contains all the 
mathematical restrictions to fully understand such optical processes. Hence, we 
compute the images on the lens plane, as functions of the positions of the sources, the 
source plane and the redshift, which is encoded into the critical surface mass density 
Ser, that appears in the volumetric density p(r) (and thus, into the deflection angle 
a(r) generated in each physical situation). Therefore, the principal goal for using 
this approach, is to describe the images generated for recent models of DM, and 
test which of them behave like the observed data. In this stage of the work, we only 
study the images generated by objects (fringes) very near to the observation axis, 
by finding the roots of the equation that represents the mapping in that zone (see 
Eq. 13 below). This eventually means to translate the optical information obtained 
from the corresponding images, and link it with the information of the galactic 
dynamics. 

This work is organized as follows. In section 2 we set the basic equations for 
gravitational lensing, and we obtain the surface mass density and the deflection 
angle analytically for each profile. In section 3, we establish the X vector field that 
describes the ray tracing of the optical process; later we use the method provided 
in,!! to study the images that will appear on the lens plane. Finally in section 4, 
we present the conclusions of this work. 


2. Basics equations for gravitational lensing 


1? , where the source plane, 


'The configuration for gravitational lensing is as usua 
the lens plane and the observer are shown. Ds, D; and Dj, are the distances between 
observer and source, observer and lens and between lens and source planes, respec- 
tively.!? Now, assume that the DM density profile is given in the form p(x) = ps f (x), 
with ps, rs and x = r/r, are the characteristic density, the characteristic radius and 
the scale radius, respectively; f(x) is any given function of its argument.? Hence, 
it is necessary to find the deflection angle in each case, and because the systems 
considered here are axially symmetric, the surface mass density and the deflection 
angle are given by? 
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Name f(x) 
(1) (2) 
Burkert i 
(1+2)(1+ 2?) 
= 9 
sin* x 
M-SFDM 72 
1 
PI 
14-22 
Spano i 
p (1 + z2)3/2 
Wave DM : 
(1 + 22)8 
NEW 1 
z(1-4 x)? 


where the radial coordinate r is related to cylindrical polar coordinates by r 


d(x) a(x) = m(x)/x 
(3) (4) 
8pF(z)n TE 9(x)p 
" 
Bust F(x)Mst 7 MsT |a) + =| 
BPI OPI P] 
=i — 2 +1-1 
rS "E 
Bsp O Sp 2 
i+? ee 
— Êw ow (i. 1 
(x2 4 1)15/2 T (x2 di 1)33/2 
“ADM F(x) y pw Ae (m zl T arctanh EJ 


yE? + 2? and m(x) is the dimensionless mass defined by 


'The shear of the system is 


ate) 2 f OE 


k(t) = X(x)/X.. 


(3) 


and X. = ° D, /(4rGD,Dıs) is the critical surface mass density. 

Using Eqs. (1) and (2), it is obtained the above table, by using the Burkert, 
Multistate-SFDM, PI, Spano, Wave DM and NFW dark matter profiles given in,? * 
where 8 and c are constants that determine the scaling of such core, and they 
depend on the values of upm and Ks. 

For the Burkert profile the F(x)p function for the surface mass density is given 


by 
F(a) -— E + arctanh 
x — = T n. 
* vV142?:2 
1 ict l-z 
Jia an bs (a < 
=E 1 ea 1 
Um "ERI (a > 
1 m 1 
= 75 |2 + arctanh 7a) | ~ 1 (x 


=) 


1), 


1), 
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and the gg(x) function for the deflection angle is 


1 
g(zx)gp— |? G + arctanh 


[^ Grm o) 
+ VTF] «mz 


1— 
vy 1 — x? arctanh D (x « 1), (5) 
+2 a 
—1 
—y x? — l arctan ona (x > 1), 
rcl 
T 


1 1 1 
= — + — + =arctanh— — (y — 1). 


4 y2 2 v2 
For the Multi-State profile, the Fyys5; function for the surface mass density is given 
by 


F(x) mst = Jo(2x) + 5 [Ji (20) Ho (22) — Jo(2x)H. (2x)], (6) 


where J, are the Bessel functions of the first kind of v-th order and H,, the Struve 
functions of j-th order!?: 9; the Fyrw function and the corresponding deflection 
angle for the NFW profile are given in.*:? 


3. Imaging formation 


Knowing the deflection angle for each case, it is possible to develop the imaging 
formation process. It will be helpful to express the quantities for describing the 
optical process, in a cylindrical coordinate basis {9, d, 2}. From this information, 
the imaging mapping is given by the vector field 


X=r+ IRG, (7) 
where Rg is the gravitational refraction ray given by!! 
Rg = coso£ — sina, (8) 


and / is the length from the lens plane z = 0, to a point on a given deflected light 
ray. 
Using Eq. (7) the deflected light rays are 


X = (p—lsino)à + l cos aż. (9) 


Consider now a family of one dimensional sources in the region z > 0, locally 
described by!! 


X = X(n, n), (10) 


where n denotes the source and 77 labels the points on that source. From Eqs. (9) 
and (10), the images that the observer sees on the lens plane z — 0, given by all the 
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Fig. 1. Plots of the mapping y = x — zoa for zo = 1,2, 3, 4 and n = 0. The solutions for x = 0 in 
each profile denote the possible Einstein rings produced in each case. Notice that because in the 
Burkert and the multistate profiles, the curves does not intersect the horizontal axis, these profiles 
don't have Einstein rings. 


points (x cos $, x sin o, 0), where x and ó are solutions to! 
X5(n,n) = [x — Zs(n, n)o(z)] cos 9, 


Ys (n,n) = [v — Z.(n, n)a()] sin 9. 


(11) 


Taking the simplest case for line sources that coincide with the x axis, the equations 
for obtaining the image for each fringe is determined by all the points in the lens 
plane such that!! 


X; = |x — zoa(x)] cos ¢, (12) 
n = [x — zoa(x)] sin ¢, (13) 


with —L < X, < L. 

Now, Eq. (7) encodes the information related with the imaging formation process 
of the optical system, because describes how is the mapping of points from the lens 
plane to the source plane; the X is related with the usual lens mapping. 

Because of the axial symmetry of the optical system, the caustic generated by 
the vector field (7), has a central branch (along the observation axis z). If this 
branch has contact with the source plane, the observed image is a ring; these are 
the Einstein rings. 

In fact, for n — 0 (a source aligned exactly with the observation axis), these rings 
correspond to the roots of Eq. (13), and this is illustrated in Figs. 1. For example, 
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Burkert Multistate SFDM PI 


Wave DM NFW 


Fig. 2. Schematic of the surfaces representing the solutions of Eq. (13) for each profile on zo = 1 
and n = 1. The pink plane intersecting each surface is the P = 0 plane. Observe that although 
the profiles present similar behaviour, the imaging formation process does not begin in the same 
values of x (neither the values of ¢ are the same). 


observe that for the Burkert and Multistate profiles, this function have no roots, 
hence, they have no presence of Einstein rings for that positions of the source plane. 

However, it is important to notice that these rings, are not the only images that 
could appear in this process. There is another branch of the caustic: a surface of 
revolution wrapped along the observation axis,!! that also contributes to the images 
present on the lens plane, because a change to the source position does not lead to 
the change of the number of images unless a source moves along a caustic branch, !? 
and this situation will appear, if the source and the lens plane are close enough, or 
in a position where this branch has contact with the source. 

In this stage, we are only studying the simplest case, where we are not assuming 
that the source and the lens are close. 

On the other hand, for n 4 0, notice that in general, the deflection angle a is 
not an invertible function, therefore, it is necessary to find the solutions of Eq. (13) 
numerically. The above means to analyze Eq. (13) as a family of surfaces labeled 
by the n index, that are functions of x and ¢ (see Figs. 2). 

By analyzing the intersections of these surfaces with the P — 0 plane, the image 
multiplicity according to the deflection angle a (see Fig. 2) can be found. The above 
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means to be able of identifying the differences on the values of z where the profile 
begins to generate images, or for the values of ¢ on each quadrant, where the images 
appear. 

An important observation is that it has been shown that the DM central surface 
density upm for all these profiles, is a constant (its values lie in the range upm = 
(575 — 648) M pc-?)?" and this fact will be very useful for eventual calculations 
on imaging formation, because this means that the r; and p, parameters are not 
independent from each other, and hence by fixing the conditions for one of them, 
we can establish the correct values for the 8 and e parameters. 

In fact, because the Navarro-Frenk- White (NFW) profile has been studied in 
several works,*:? it will be important to compare it with the other profiles, and 
these results must fit with the description of the physical behaviour in DM halos, 
for later comparing such information with that obtained in the NFW case based on 
experimental data, but only in the moment where all the profiles can be expressed 
in a comparable scale. 


4. Conclusions 


In this work, the analysis for the imaging formation process for dark matter halos 
has been performed. The goal is to understand if the optical information provided 
by the lens mapping, gives information about the physical processes that lies in the 
core of some types of galaxies. 

'The motivation behind this analysis, was to obtain the analytic equation for the 
optical mapping from the source plane to the lens plane, and translate directly such 
information into the images generated on the lens plane. 

So far, we have find out that the formation of Einstein rings, depend on the 
solutions of Eq. (13), that is a projection of the X vector field (the equivalent 
of the usual lens mapping) on the lens plane. These calculations are helpful to 
differentiate the behavior of each profile, and this was carried out by obtaining the 
deflection angle, encoded in the X mapping, and later by analyzing the behavior of 
this function. 

'This was achieved by plotting the n surfaces that represent the solutions of Eq. 
(13) to identify the values that correspond to the zones where the imaging formation 
process begin. 

An important observation is that, the ultimate goal for studying such process 
is to eventually address the problems of the ACDM on a small scale, because the 
NFW profile has problems in this region, and alternative models must be tested 
there. This means to have at hand an observational tool for testing the possible 
wave nature of the DM or the species diversity, basing the calculations in the soliton 
region, because it seems to be that this zone is established by means of an universal 
invariant upm (with the correct values of rs and ps, that in turn determine our 8 
and c constants). 
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Finally, as a future goal based in this work, we consider that we will be able to 


“draw” the corresponding images mapped from sources (in this case lines) on the 
lens plane, that represent galaxies or other kind of cosmological objects, by making 
use of the X field. In fact, we already have used this process in the description of 
a Schwarzschild lens, and the plots allowed us to explicitly identify the positions of 
the images on the lens plane,!! that is, by generating images to later compare them 
with visual data. We believe that the above, can be used as an efficient geometrical 
way to identify optical configurations, for later interpret the physical data encoded 


in such images in a nimbly way. 
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We review the history of the self-gravitating Fermi gas in Newtonian gravity and gen- 
eral relativity. We mention applications to white dwarfs, neutron stars and dark matter 
halos. We describe the nature of instabilities and phase transitions in the self-gravitating 
Fermi gas as energy (microcanonical ensemble) or temperature (canonical ensemble) 
is reduced. When N < Noy, where Noy is the Oppenheimer-Volkoff critical particle 
number, the self-gravitating Fermi gas experiences a gravothermal catastrophe at Ee 
stopped by quantum mechanics (Pauli's exclusion principle). The equilibrium state has 
a core-halo structure made of a quantum core (degenerate fermion ball) surrounded by 
a classical isothermal halo. When N > Noy, a new turning point appears at an energy 
E/ below which the system experiences a gravitational collapse towards a black hole 
[P.H. Chavanis, G. Alberti, Phys. Lett. B 801, 135155 (2020). When Novy < N < Ni, 
the self-gravitating Fermi gas experiences a gravothermal catastrophe at E. leading to a 
fermion ball, then a gravitational collapse at E// leading to a black hole. When N > N/, 
the condensed branch disappears and the instability at Ec directly leads to a black hole. 
We discuss implications of these results for dark matter halos made of massive neutrinos. 


Keywords: Fermi-Dirac statistics; White dwarfs; Neutron stars; Dark matter halos; Black 
holes 


1. Introduction 


The self-gravitating Fermi gas can have applications in different astrophysical sys- 
tems ranging from white dwarfs and neutron stars to dark matter halos, where 
the fermions are electrons, neutrons and massive neutrinos respectively. The study 
of the self-gravitating Fermi gas is also of fundamental conceptual importance as 
it combines quantum mechanics and general relativity. Initially, fermionic models 
were developed at zero temperature (T' = 0) but they have been later generalized at 
nonzero temperature, especially in the case of dark matter halos. In these Proceed- 
ings, we provide a brief history of the self-gravitating Fermi gas. A more detailed his- 
torical account of the statistical mechanics and thermodynamics of self-gravitating 
systems (classical and quantum) in Newtonian gravity and general relativity can be 
found in Refs.! 4. 

The statistical equilibrium state of a system of self-gravitating fermions can be 
determined from a maximum entropy principle. For systems with long-range interac- 
tions the mean field approximation becomes exact in an appropriate thermodynamic 
limit.^? The most probable distribution of an isolated system of self-gravitating 
fermions at statistical equilibrium is obtained by maximizing the Fermi-Dirac 
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entropy S at fixed mass-energy € — Mc? and particle number N: 
max{S | £— Mc, N fixed}. (1) 
'The variational problem for the first variations reads 
óS/kp — BodE +adN = 0, (2) 


where Bæ = 1/kgTæ and a = uo; / kp Ts, are Lagrange multipliers associated with 
the conservation of mass-energy and particle number. Here, Too and Hoo represent 
the temperature and the chemical potential measured by an observer at infinity. The 
maximization problem (1) is associated with the microcanonical ensemble. If the 
system is in contact with a thermal bath fixing the temperature T4, the statistical 
equilibrium state is obtained by minimizing the free energy F = E — TS at fixed 
particle number N: 


min[F —-£— T5,S | N fixed}. (3) 


This minimization problem is associated with the canonical ensemble. At T = 0 
the equilibrium state is obtained by minimizing the mass-energy € — Mc? at fixed 
particle number N. The equilibrium states in the microcanonical and canonical 
ensembles are the same. They are determined by the variational principle (2). How- 
ever, their stability may differ in the two ensembles. This is the notion of ensemble 
inequivalence for systems with long-range interactions.^? Microcanonical stability 
implies canonical stability but the converse is wrong. 

The equilibrium state of a gas of self-gravitating fermions results from the bal- 
ance between the repulsion due to the quantum pressure (Pauli's exclusion prin- 
ciple) and the gravitational attraction. The variational principle (2) yields all the 
equations that we need to determine the equilibrium state of the self-gravitating 
Fermi gas: (i) the Fermi-Dirac distribution function; (ii) the ideal equation of state 
of fermions; (iii) the Oppenheimer-Volkoff equations determining the condition of 
hydrostatic equilibrium in general relativity; (iv) the Tolman-Klein relations ex- 
pressing how the local temperature T(r) and the local chemical potential u(r) are 
affected by the metric. We can solve these equations numerically and plot the caloric 
curve T4, (£) relating the temperature to the energy. When T > 0 we need to enclose 
the system within a spherical box of radius R in order to prevent its evaporation 
and have equilibrium states with a finite mass. In the general case, the caloric curve 
depends on N and R. For convenience, instead of T4,(£), we shall plot &,,(— E) 
where E = (M — Nm)c? is the binding energy which reduces to the usual energy 
E = K +W (kinetic + potential) in the nonrelativistic limit c — +oo. At T = 0, 
the system is self-confined (without the need of a box) and we shall plot the mass- 
radius relation M (R) where R denotes here the radius where the density vanishes. 
The maximum entropy formalism for classical and quantum self-gravitating sys- 
tems in Newtonian gravity and general relativity is reviewed in Refs.^^ where all 
the equations are derived and an exhaustive list of references is given. 
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2. Self-gravitating fermions at T' — 0 


The study of a self-gravitating gas of fermions started in the context of white dwarf 
stars when Fowler? first realized that these compact objects owe their stability to 
the quantum pressure of the degenerate electron gas. Indeed, the quantum pressure 
arising from the Pauli exclusion principle is able to counteract the gravitational 
attraction and explain the very high densities of white dwarf stars. Early studies 
were devoted to determining the ground state (T = 0) of the system. Nonrelativis- 
tic white dwarf stars are equivalent to a polytropic gas of index n — 3/2. Their 
density profile can be obtained by solving the Lane-Emden equation numerically. 
The density profile of white dwarf stars at T = 0 has a compact support, i.e., 
the density vanishes at a finite radius. The mass-radius relation of nonrelativistic 
white dwarf stars was first obtained by Stoner,’ Milne? and Chandrasekhar.?^ They 
showed that the radius of the star decreases as the mass increases according to the 
law M = 91.9 h9/(G?m5 R?) (see Fig. 1-a).!! All the configurations of the series of 
equilibria are stable. 


6L 4 
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Fig. 1. Mass-radius relation of self-gravitating fermions at T = 0 in Newtonian gravity 


(the mass is normalized by M. = (37/4)!/2h3/2c3/2/(G3/2m?) and the radius by Rx = 
(37/4) /2 3/2 /(c1/2G1/2m2)). (a) Nonrelativistic white dwarf stars. (b) Special relativistic white 
dwarf stars. 


The fact that relativistic effects become important in white dwarf stars whose 
mass is of the order of the solar mass was first reported by Frenkel!? 
well-known paper. However, he did not consider the implications of this result. Spe- 
cial relativistic effects in white dwarf stars were studied in detail by Anderson, !? 
Stoner,'4 Chandrasekhar,? and Landau.!6 They found that no equilibrium state is 
possible above a maximum mass, now known as the Chandrasekhar limit." These 
authors considered the equation of state of a relativistic Fermi gas at T = 0 and 


in a not 


aStoner” developed an analytical approach based on a uniform density approximation for the star 
while Milne® and Chandrasekhar? developed a numerical approach based on the Lane-Emden 
theory of polytropes.!9 

>See the introduction of Ref.!? for a short history of the discovery of the maximum mass of white 
dwarf stars. 


2233 


used Newtonian gravity appropriate to white dwarf stars.* An ultrarelativistic Fermi 
gas at T' — 0 is equivalent to a polytrope of index n — 3. Its density profile is ob- 
tained by solving the corresponding Lane-Emden equation and it has a compact 
support. For a polytrope n — 3, the mass-radius relation degenerates and indicates 
that different configurations with an arbitrary radius can exist at the same mass 
Mchandra = 3.1 MZ /m? = 1.5 Mo, where Mp = (fic/G)'/? is the Planck mass and 
m is the proton mass. This argument immediately implies the existence of a critical 
mass.!° In a more detailed study, Chandrasekhar?? considered partially relativistic 
configurations and numerically obtained the complete mass-radius relation of white 
dwarf stars, valid for arbitrary densities, joining the nonrelativistic limit to the ul- 
trarelativistic one (see Fig. 1-b).¢ As M approaches Mchanara the radius of the star 
tends to zero while its density tends to infinity, leading to a Dirac peak. This study 
unambiguously shows the absence of equilibrium state above a maximum mass. 
Therefore, the quantum pressure arising from the Pauli exclusion principle cannot 
balance the gravitational attraction anymore when the star becomes sufficiently 
relativistic (or when its mass is too large). This is a striking effect of relativity com- 
bined with quantum mechanics and gravity. However, the result of Chandrasekhar?” 
was severely criticized by Eddington”? who argued that the absence of equilibrium 
states above a maximum mass leads to a reductio ad absurdum of the formula of rela- 
tivistic degeneracy. Although the arguments of Eddington were entirely unfounded, 
his enormous prestige led to an early rejection of Chandrasekhar's work by many 
in the astronomical community. This pushed Chandrasekhar to abandon the sub- 
ject, and delayed the discovery of the phenomenon of gravitational collapse and the 
concept of black hole. 

In the following years, similar results were found by Oppenheimer and Volkoff?4 
in connection to neutron stars. They solved the equations of general relativity with 
the relativistic equation of state for fermions at T = 0 and found that the mass- 
radius relation of neutron stars presents a turning point of mass (see Fig. 2).° As a 
result, no equilibrium state exists above a maximum mass Moy = 0.384 Mà /m? = 
0.710 Mo, where m is the neutron mass, called the Oppenheimer- Volkoff limit (note 
that the density profile with the maximum mass Moy is not singular contrary to 
the Newtonian density profile at the maximum mass Mcnanara). They argued that, 
above that mass, the star undergoes gravitational collapse. This problem was specif- 
ically studied by Oppenheimer and Snyder?? who obtained an analytical solution 
of the Einstein equations describing the collapse of a pressureless gas up to its 


*[n principle, general relativistic effects become important close to the Chandrasekhar maximum 
mass!?:1? but other phenomena like Coulomb corrections to the electron pressure and the forma- 
tion of neutrons by inverse beta decay destabilize the star before general relativistic effects come 
into play.20:?1 

dA similar mass-radius relation was obtained earlier by Stoner!4 from an approximate analytical 
model based on uniform density stars. 

“It was shown later that the mass-radius relation of neutron stars forms a spiral and that a mode 
of stability is lost at each turning point of mass.?! 
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Schwarzschild radius. Strangely enough, these important results did not receive 
much attention until the 1960’s. At that epoch, detailed models of compact objects 
with more realistic equations of state taking into account the repulsive effect of nu- 
clear forces and connecting white dwarfs to neutron stars were constructed and the 
fundamental discoveries of Chandrasekhar, Landau and Oppenheimer and Volkoff 
were confirmed (unfortunately, the early contributions of Anderson and Stoner were 
forgotten).?! Pulsars were discovered by Hewish et al? in 1968. The same year, 
Gold?^?5 proposed that pulsars are rotating neutron stars, and this is generally 
accepted today. It is also at that moment that the name “black hole” was used by 
Wheeler?? to designate the object resulting from gravitational collapse, and became 
popular. 
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Fig. 2. Mass-radius relation of self-gravitating fermions at T = 0 in general relativity (neutron 
stars). 


3. Nonrelativistic classical particles at T > 0 and self-gravitating 
radiation 


The thermodynamics of self-gravitating systems is a fascinating subject.?9 ?? Its 
study started with the pioneering work of Antonov?? who considered an isolated 
system of nonrelativistic classical particles in gravitational interaction. He used 
a microcanonical ensemble description in which the mass and the energy are con- 
served. This situation applies approximately to stellar systems like globular clusters. 
Their equilibrium state (most probable state) can be obtained by maximizing the 
Boltzmann entropy S at fixed mass M and energy E.?^ This leads to the mean 
field Boltzmann distribution which is self-consistently coupled to the Poisson equa- 
tion. The Boltzmann-Poisson equation was previously introduced and studied in 
the context of isothermal stars.!? !! It can be reduced to the Emden equation that 
has to be solved numerically. Antonov?? observed that no maximum entropy state 
exists in an infinite domain (the solution of the Emden equation has an infinite 
mass), so he proposed to confine the particles within a spherical box of radius R. 
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This artifice prevents the evaporation of the system and leads to a well-defined 
mathematical problem. By computing the second variations of entropy, Antonov?? 
showed that equilibrium states with a density contrast R = po/p(R) « 709, where 
po is the central density and p(R) the density on the edge of the box, are thermody- 
namically stable (entropy maxima) while equilibrium states with a density contrast 
R > 709 are thermodynamically unstable (saddle points of entropy). Lynden-Bell 
and Wood?? rediscussed the results of Antonov?? 
ted the series of equilibria E(R) and showed that it displays damped oscillations. 
As a result, there is no equilibrium state with an energy E < E, = —0.335 GM?/R, 
where Ee corresponds to the first turning point of energy (with a density contrast 
Re = 709). Invoking the Poincaré turning point criterion,’ they concluded that the 
series of equilibria becomes unstable at the minimum energy Ee. In this manner, 
they recovered the critical density contrast Re = 709 found by Antonov.?? They 
also interpreted the Antonov instability in terms of a “gravothermal catastrophe" 
caused by the negative specific heat of the system in its densest parts. When this 
instability occurs, the system undergoes core collapse. This ultimately leads to a 
binary star surrounded by a hot halo. Lynden-Bell and Wood?? considered other 
statistical ensembles, notably the canonical ensemble in which the temperature and 
the mass are fixed. In that case, the equilibrium state is obtained by minimizing 
the Boltzmann free energy F = E — T'S at fixed mass M. The series of equilibria 
T(R) displays damped oscillations. No equilibrium state exists with a temperature 
T < T, = 0.397 GMm/(kpgR), where T. corresponds to the first turning point of 
temperature (with a density contrast R’, = 32.1). Using the Poincaré turning point 
criterion,? they concluded that equilibrium states with a density contrast R « 32.1 
are thermodynamically stable (free energy minima) while equilibrium states with 
a density contrast R > 32.1 are thermodynamically unstable (saddle points of free 
energy). Below Te the system undergoes an “isothermal collapse” leading to a Dirac 
peak containing all the particles. Since the stability limits in the microcanonical 
and canonical ensembles differ, Lynden-Bell and Wood?? encountered for the first 
time in statistical mechanics a situation of ensemble inequivalence. This is a pecu- 


in more physical terms. They plot- 


liarity of systems with long-range interactions.? In the present context, it is related 
to the fact that negative specific heats are allowed in the microcanonical ensemble 
while they are forbidden in the canonical ensemble.?? Similar results were obtained 
independently by Thirring.?" Katz?? plotted the caloric curve (FE) of isothermal 
self-gravitating spheres and exhibited its spiral behavior (see Fig. 3-a).5 He also 
extended the Poincaré theory on linear series of equilibria?? to the case where there 
are several turning points and developed a general method to determine the ther- 
modynamical stability of the equilibrium states from the topology of the caloric 


fThese results were first found by Emden.!° 

£'This spiral behavior was previously observed for self-gravitating isothermal stars in other repre- 
sentations.!!:39-44 In the present case, it is associated with the damped oscillations of energy and 
temperature as a function of the density contrast. 
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curve 3(E). A change of stability can only occur at a turning point of energy in 
the microcanonical ensemble or at a turning point of temperature in the canonical 
ensemble. A mode of stability is lost if the curve &(— E) turns clockwise and gained 
if it turns anticlockwise. In this manner, one can determine the thermodynamical 
stability of the system by simply plotting the caloric curve (series of equilibria). The 
seminal works of Antonov,?? Lynden-Bell and Wood,?? and Katz?? were followed 


by many other studies (see, e.g., Refs.4>°?). 
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Fig. 3. (a) Caloric curve of nonrelativistic classical self-gravitating particles (cold spiral).?? 
We have plotted the normalized inverse temperature 7 = 8GMm/R as a function of minus 
the normalized binding energy A — —ER/GM?. (b) Caloric curve of the self-gravitating radi- 
ation in general relativity (hot spiral)^ We have plotted the normalized inverse temperature 
h/4c7/^ (kg T4,GV/^ RV/?) as a function of minus the normalized energy -GM/ Rc?. 


The statistical mechanics of the self-gravitating black-body radiation (photon 
star) confined within a cavity in general relativity was investigated by Sorkin et 
al.’ and, more recently, by Chavanis.?* They showed that the caloric curve P4, (£) 
forms a spiral (see Fig. 3-b). There is no equilibrium state above a maximum mass- 
energy Mmaxc? = 0.246 Rc*/G (corresponding to a density contrast 22.4) or above 
a maximum temperature (Ts>)max = 0.445 h9/4c7/* / (kg G1/* R12) (corresponding 
to a density contrast 1.91). In that case, the system is expected to collapse towards 
a black hole. We note that the “hot spiral” (see Fig. 3-b) of the self-gravitating 
radiation in general relativity (ultrarelativistic limit) is inverted with respect to the 
“cold spiral" of the nonrelativistic classical self-gravitating gas (see Fig. 3-a). 


4. Classical particles at T' » 0 in general relativity 


'The statistical mechanis of classical particles in general relativity has been consid- 
ered by Roupas?? and, independently, by Alberti and Chavanis.! The caloric curve 
depends on one parameter, the particle number N (more precisely N/R). Gener- 
ically, the caloric curve 3..(£) has the form of a double spiral (see Fig. 4) which 
combines the aspects of the *cold spiral" corresponding to a nonrelativistic gas and 
the aspects of the “hot spiral" corresponding to an ultrarelativistic gas discussed 
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in Sec. 3." There is no equilibrium state below a minimum energy (resp. mini- 
mum temperature) and above a maximum energy (resp. maximum temperature) 
in the microcanonical (resp. canonical) ensemble. When the number of particles N 
increases, the two spirals approach each other, merge, form a loop, and finally dis- 
appear (by reducing to a point) at Nmax = 0.1764 Rc?/Gm. For N > Nmax, there 
is no equilibrium state whatever the value of mass-energy and temperature. 
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Fig. 4. Caloric curve of classical particles in general relativity. We have plotted the normalized 
inverse temperature n = BooGNm?/R as a function of minus the normalized binding energy A = 
—ER/GN?m? for different values of the normalized particle number v = GNm/Rc?. (a) Double 
spiral (b) Merging (c) Loop (d) Point. 


5. Nonrelativistic fermions at T > 0 


The statistical mechanics of self-gravitating fermions at nonzero temperature was 
first studied by Hertel and Thirring?9?" as a simple (nonrelativistic) model of neu- 
tron stars. In that case, the density profile decreases with the distance as r^? and 
we need to confine the system within a box in order to have an equilibrium state 
with a finite mass. Hertel and Thirring?? rigorously proved that the mean field ap- 
proximation (which amounts to neglecting correlations among the particles) and the 
Thomas-Fermi approximation (which amounts to neglecting the quantum potential) 


hThe hot spiral of ultrarelativistic classical particles in general relativity is similar, but not iden- 
tical, to the hot spiral of the self-gravitating radiation.! 3» 54 
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become exact in a proper thermodynamic limit where N — +co. This leads to the 
Fermi-Dirac-Poisson equations, also known as the temperature-dependent Thomas- 
Fermi equations. Hertel and Thirring?" solved these equations numerically and 
plotted the caloric curve. The caloric curve depends on one parameter, the box 
radius R (more precisely N R?). They found that, for sufficiently large systems 
(R > Roce = 12.8 À?/(N1/3 Gm?)), a negative specific heat region occurs in the 
microcanonical ensemble (see Fig. 5). Since negative specific heats are forbidden in 
the canonical ensemble, this implies that the statistical ensembles are inequivalent. 
'The region of negative specific heats which is allowed in the microcanonical en- 
semble is replaced by a first order phase transition in the canonical ensemble. This 
phase transition is expected to take place at a transition temperature 7; connecting 
the gaseous phase to the condensed phase through a horizontal Maxwell plateau 
in the caloric curve T(E). This is accompanied by a discontinuity of energy. There 
is also a lower critical temperature Te (spinodal point) at which the metastable 
gaseous phase disappears and the system collapses (zeroth order phase transition). 
This collapse is associated with the isothermal collapse of classical self-gravitating 
systems.!?: 49 However, for self-gravitating fermions, the collapse stops when quan- 
tum degeneracy comes into play. In that case, the system achieves a “core-halo” 
configuration made of a quantum core (fermion ball) containing almost all the mass 
surrounded by a tenuous isothermal atmosphere. There is also a higher critical tem- 
perature T, (spinodal point) at which the metastable condensed phase disappears 
and the system explodes. These results were exported by Bilic and Viollier?? to the 
context of dark matter. 
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Fig.5. Caloric curve of nonrelativistic self-gravitating fermions.?? We have plotted the normalized 
inverse temperature n = 8GMm/R as a function of minus the normalized energy A = —ER/GM? 
for different values of the normalized radius, or degeneracy parameter u = mov 512r4G3 M R3, 
where no = 2m*/h? is the maximum possible value of the distribution function fixed by the Pauli 
exclusion principle. (a) Dependence of the series of equilibria on the size of the system. (b) For 
small systems, the caloric curve has an N-shape structure. 


An exhaustive study of phase transitions in the self-gravitating Fermi gas 


was made by Chavanis?^5? in both canonical and microcanonical ensembles. 
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Fig. 6. Caloric curve of nonrelativistic self-gravitating fermions.?? (a) For large systems, the 
caloric curve has a Z-shape structure resembling a dinosaur’s neck. (b) Illustration of the micro- 
canonical first order phase transition on the S(E) curve. 
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Fig. 7. (a) Density profiles corresponding to the gaseous and core-halo solutions.?? (b) The 
classical limit jj + +00 (very large systems).?? According to the Poincaré-Katz criterion,?® 38 the 
equilibrium states are unstable in the microcanonical (resp. canonical) ensemble between the first 
and the last turning points of energy (resp. temperature). 


He confirmed the phase transition in the canonical ensemble previously found by 
Hertel and Thirring®’ and evidenced, for sufficiently large systems (R > Rucp = 
130 A? / (N1/3 Gmm?)), a first order phase transition in the microcanonical ensemble 
(see Fig. 6). This phase transition is expected to take place at a transition energy 
E connecting the gaseous phase to the condensed phase through a vertical Maxwell 
plateau in the caloric curve T(E). This is accompanied by a discontinuity of tem- 
perature. There is also a lower critical energy E. (spinodal point) at which the 
metastable gaseous phase disappears and the system collapses (zeroth order phase 
transition). This collapse is associated with the gravothermal catastrophe of classi- 


cal self-gravitating systems.??: 3° 


However, for self-gravitating fermions, the collapse 
stops when quantum degeneracy comes into play. In that case, the system achieves a 
core-halo configuration? made of a quantum core (fermion ball) containing a mod- 


erate fraction of the total mass surrounded by a massive isothermal atmosphere 
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(see Fig. 7-a). There is also a higher critical energy E. (spinodal point) at which 
the metastable condensed phase disappears and the system explodes. As a result, 
there exist two distinct critical points in the self-gravitating Fermi gas, one in each 
ensemble, above which phase transitions occur. For small systems (R < Rocp), 
there is no phase transition, for intermediate size systems (Rccp < R < Rucp) a 
phase transition takes place in the canonical ensemble but not in the microcanoncal 
ensemble, and for large systems (R > Rmcp) a phase transition takes place in both 
ensembles. When R — +00, the series of equilibria rotates several times before un- 
winding (see Fig. 7-b) and we recover the classical spiral from Fig. 3-a. Chavanis?? 
determined the phase diagram of the nonrelativistic self-gravitating Fermi gas. He 
also argued that the lifetime of metastable states is extremely long, scaling as e* 
where N is the number of particles, so that the first order phase transitions do not 
take place in practice.®! Only zeroth order phase transitions associated with the 
spinodal points are physically meaningful. 


6. General relativistic fermions at T' > 0 


The statistical mechanics of self-gravitating fermions at nonzero temperature in 
general relativity was first considered by Bilic and Viollier.°? As before, the system 
has to be confined within a spherical box of radius R in order to prevent its evap- 
oration. The caloric curve depends on two parameters, the box radius R and the 
particle number N. Bilic and Viollier®? studied the case where R is relatively small 
and N « Noy. In that case, the results are qualitatively similar to those obtained 
for nonrelativistic fermions (see Sec. 5). There is a first order phase transition in 
the canonical ensemble which replaces the region of negative specific heat present in 
the microcanonical ensemble. An equilibrium state, which is either “gaseous” (cor- 
responding to the classical isothermal sphere) or *condensed" (made of a fermion 
ball surrounded by a classical isothermal envelope), exists for any value of temper- 
ature Ta and binding energy E. General relativistic effects only introduce a small 
correction to the Newtonian results. 

A more general study was performed by Alberti, Chavanis and Roupas 
who considered arbitrary values of R and N. When N > Noy, they identified the 
existence of a new turning point of temperature in the canonical ensemble and a 
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new turning point of binding energy in the microcanonical ensemble below which 
the system collapses and forms a black hole of mass Moy (see Fig. 8). This is the 
finite temperature generalization of the result originally found by Oppenheimer and 
Volkoff?* at T = 0. These results lead to the following scenario (we restrict our- 
selves to the microcanonical ensemble which is the most relevant). At high energies, 
the system is in the gaseous phase. Below a critical energy E. it becomes thermo- 
dynamically unstable and experiences a gravothermal catastrophe. However, core 
collapse stops when quantum mechanics (Pauli's exclusion principle) comes into 
play. This leads to the formation of a fermion ball surrounded by a hot halo. Below 
E/, the condensed phase becomes thermodynamically and dynamically unstable 
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Fig. 8. Caloric curve of self-gravitating fermions in general relativity when N > Noy.? We 
have plotted the normalized inverse temperature 7 = BoGNm? /R as a function of minus the 
normalized binding energy A = —ER/GN?m? for different values of the normalized radius R/ Roy 
and normalized particle number N/Novy. (a) Small systems: As T decreases the system experiences 
an isothermal collapse at Te leading to a fermion ball, then a gravitational collapse at T} leading to 
a black hole. (b) Large systems: As E decreases the system experiences a gravothermal catastrophe 
at E. leading to a fermion ball surrounded by a hot halo, then a gravitational collapse at E/! leading 
to a black hole. 


Fig. 9. Caloric curve of self-gravitating fermions in general relativity.2 When N > N! the con- 
densed branch disappears completely so that only the collapse at Ec towards a black hole is 
possible. 


(in a general relativistic sense) and collapses towards a black hole. Alberti and 
Chavanis? also evidenced a critical particle number N/ above which the condensed 
phase completely disappears (see Fig. 9). In that case, there is no possibility to form 
a fermion ball. The gravothermal catastrophe at Ee directly leads to a black hole. In 
conclusion, for N < Noy the system forms a fermion ball; for Noy < N < N! the 
system generically forms a fermion ball, then (possibly) a black hole; for N > N; the 
system directly forms a black hole. Alberti and Chavanis? emphasized the core-halo 
structure of the equilibrium states in the microcanonical ensemble and mentioned 
the relation to red-giants (leading to white dwarfs) and supernovae (leading to neu- 
tron stars and black holes) suggested in Refs.94^ ©”. They also provided the complete 
phase diagram of the general relativistic Fermi gas. 
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7. Truncated models 


The study of phase transitions in the self-gravitating Fermi gas can be extended to 
the fermionic King model described by the distribution function 


—B(e—€m) pem 
fag eh, eed, (4) 


1 + Ae-Bleem) 
no 
The fermionic King model was introduced heuristically by Ruffini and Stella® as a 
generalization of the classical King model’ 


f =A Exam —1 (e < Gin) (5) 


The fermionic King model was also introduced independently by Chavanis"? who de- 
rived it from a kinetic theory based on the fermionic Landau equation. The fermionic 
King model is more realistic than the usual fermionic model because it avoids the 
need of an artificial box to confine the system. The nonrelativistic fermionic King 
model was studied by Chavanis et al^"? who showed that the density profiles 
generically have a core-halo structure with a quantum core (fermion ball) and a 
tidally truncated isothermal halo leading to flat rotation curves.! They also studied 
the caloric curves, the thermodynamical stability of the equilibrium states, and the 
phase transitions between gaseous and condensed states (see Figs. 10 and 11). They 
showed that the phenomenology of phase transitions in the fermionic King model is 
the same as in the case of box-confined systems obtained in Refs.??:9?, The results 
of Chavanis et al.’? have been generalized by Argüelles et al.” to the fermionic 
King model in general relativity. They also found that the phenomenology of phase 
transitions in the general relativistic fermionic King model is the same as in the 
case of box-confined systems obtained in Refs.” 63-64, 
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Fig. 10. (a) Caloric curve of the nonrelativistic classical King model."! (b) Density profiles along 
the series of equilibria."! The marginal (critical) King profile at the point of gravothermal instabil- 
ity is relatively close to the Burkert” profile (dashed line) which provides a good fit of the density 
profile of dark matter halos. 


"The name “fermionic King model” was introduced in Ref.7?. 
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Fig. 11. (a) Caloric curve of the nonrelativistic fermionic King model for large systems."? (b) 
Density profiles corresponding to the stable gaseous phase (A), the stable condensed phase (C), 
and the unstable intermediate solution (B).7? 


8. Application to dark matter halos 


In addition to white dwarfs and neutron stars,” the self-gravitating Fermi gas 
model has been applied in the context of dark matter halos made of massive neu- 
trinos. The suggestion that dark matter is made of massive neutrinos was originally 
proposed by Markov” and Cowsik and McClelland."^75 This suggestion has been 
developed by numerous authors (see the introduction of Ref? for an exhaustive 
list of references). The first models decribed dark matter halos at T' — 0 using 
the equation of state of a completely degenerate fermion gas either in the nonrel- 
ativistic limit or in general relativity. Subsequent models considered dark matter 
halos at nonzero temperature showing that they have a core-halo structure consist- 
ing of a dense core (fermion ball) solving the core-cusp problem of classical cold 
dark matter surrounded by a dilute isothermal atmosphere leading to flat rotation 
curves. Most models were based on the ordinary Fermi-Dirac distribution in New- 
tonian gravity or general relativity. Some models were based on the more realistic 
fermionic King model (describing tidally truncated fermionic dark matter halos). 
The self-gravitating Fermi gas was also studied in relation to the violent relaxation 
of collisionless self-gravitating systems described by the Lynden-Bell” distribution 
which is formally similar to the Fermi-Dirac distribution. As argued in Refs." 72, 
the theory of violent relaxation may justify how a collisionless gas of self-gravitating 
fermions, such as a dark matter halo, can reach a statistical equilibrium state de- 
scribed by the Fermi-Dirac distribution on a timescale smaller than the age of the 
universe. 

The detailed study of the motion of S-stars near the Galactic center has revealed 
the presence of a very massive central object, Sagittarius A* (Sgr A*). This cen- 
tral object is usually associated with a supermassive black hole (SMBH) of mass 


JThe relaxation time due to close gravitational encounters exceeds the age of the universe by 
many orders of magnitude. The collisional relaxation time may be shorter if the fermions are 
self-interacting.50 
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M = 4.2 x 105 Mo and Schwarzschild radius Rg = 4.02 x 1077 pc. Whatever the 
object may be, its radius must be smaller than Rp = 6 x 1074 pc (Rp = 1492 Rs), 
the S2 star pericenter. Similar objects are expected to reside at the center of most 
spiral and elliptical galaxies, in active galactic nuclei (AGN). Although it is com- 
monly believed that these objects are SMBHs, this is not yet established on a firm 
observational basis in all cases. Some authors have proposed that such objects could 
be fermion balls or boson stars that could mimic a SMBH. Let us consider this pos- 
sibility in the framework of the fermionic dark matter model. More precisely, let us 
investigate if a fermion ball can mimic a SMBH at the center of the Galaxy. 

Bilic et al.8t developed a general relativistic model of fermionic dark matter halos 
at nonzero temperature with a fermion mass m — 15keV/c? that describes both 
the center and the halo of the Milky Way in a unified manner. The density profile 
has a core-halo structure made of a quantum core (fermion ball) surrounded by a 
classical isothermal atmosphere. The core and the halo are separated by an extended 
plateau. By using the usual Fermi-Dirac distribution and choosing parameters so as 
to fit observational data at large distances, they found a fermion ball of mass M. = 
2.27 x 109 Mc and radius Re = 18 mpc and argued that this fermion ball can mimic 
a SMBH like Sgr A*. Unfortunately, its radius is larger by a factor 100 than the 
bound Rp = 6 x 10~* pc set by later observations. This is why Bilic and coworkers 
abandoned this fermion ball scenario (R. Viollier, private communication). The same 
problem was encountered later by Ruffini et al.8? who developed a similar model 
with a fermion mass m ~ 10 keV /c?. 

More recently, Argüelles et aL5? 
King model accounting for a tidal confinement. They applied this model to the 
Milky Way and determined the parameters by fitting the core-halo profile to the 
observations. For a fermion mass m — 48keV/c? they obtained a fermion ball of 
mass Me = 4.2 x 10° Mo and radius Re = Rp = 6 x 1074 pc which, this time, is 
consistent with the observational constraints of Sgr A*. Therefore, in order to obtain 
accurate results, it is important to use the fermionic King model’:*? instead of the 
usual fermionic model.?2:5L5? Argüelles et al.5? managed to fit the entire density 
profile and the entire rotation curve of the Milky Way with the fermionic King 
distribution and argued that a fermion ball can mimic the effect of a SMBH like 
Ser A*. This scenario is very attractive because it can explain the whole structure 
of the galaxy, the supermassive central object and the isothermal halo, by a single 
distribution (the fermionic King model®*:”°), 

Developing the theory of phase transitions in the self-gravitating Fermi gas, 
Chavanis et al"? argued that the core-halo solution considered by Bilic et al.,84 
Ruffini et al.,°? and Argüelles et al.8° with a small fermion ball mimicking a SMBH 
surrounded by a classical isothermal atmosphere, which was claimed to reproduce 
the structure of the Milky Way, is thermodynamically unstable because it lies in 
the intermediate branch of the caloric curve between the first and the last turning 
points of energy (see Fig. 7-b). As a result, it is a saddle point of entropy, not an 
1.”? concluded that this type of solution 


considered the general relativistic fermionic 


entropy maximum. Therefore, Chavanis et a 
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is not likely to result from a natural evolution and, consequently, they questioned 
the possibility that a fermion ball could mimic a central SMBH. 

Following this study, Argüelles et al." computed the caloric curve of the 
fermionic King model in general relativity (see Fig. 12). They showed that the 
core-halo solution of Ref. which provides a good agreement with the structure of 
the Milky Way lies just after the turning point (b) of energy (see the inset of Fig. 
12), so that it is thermodynamically stable in the microcanonical ensemble which 
is the correct ensemble to consider.* This is a very interesting result because it 
shows that this core-halo structure maj arise from a natural evolution in the sense 
of Lynden-Bell. This gives further support to the scenario according to which a 
fermion ball could mimic a SMBH at the center of the galaxies. 
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[2] 
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[8 
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Fig. 12. Caloric curve of the general relativistic fermionic King model (from Ref.7?). 


However, it does not prove that this core-halo structure with a very high central 
density will necessarily arise from a natural evolution. The reason is that violent 
relaxation is in general incomplete."? The fluctuations of the gravitational potential 
that are the engine of the collisionless relaxation can die out before the system has 
reached statistical equilibrium. Therefore, it is not clear if violent relaxation can 
produce this type of structures.! In order to vindicate this scenario, the next step 
would be to perform direct numerical simulations of collisionless fermionic matter to 


*Chavanis et al"? did not focus on the stable branch of condensed states located after point (b) 
because they argued that these solutions are not astrophysically relevant. Indeed, by considering 
particular solutions of the condensed branch, they observed that these solutions have a too ex- 
tended envelope that is not consistent with the structure of dark matter halos (see solution C in 
Fig. 11-b and Figs. 38-45 of Ref.7?). Although this claim is correct for most of the solutions on the 
condensed branch, it turns out that the solutions located just after point (b) are astrophysically 
relevant and correspond to the core-halo solutions studied by Argüelles et al.83 

It may be easier to form core-halo configurations with a very high central density if the fermions 
are self-interacting and if the Fermi-Dirac equilibrium state results from a collisional relaxation of 
nongravitational origin instead of a collisionless relaxation as suggested in Ref.8°. 
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see if they spontaneously generate fermion balls with the characteristics of SMBHs. 
A purely gaseous solution without quantum core, which is also a maximum entropy 
state, may be easier to reach through a violent relaxation process and is consistent 
with the observations. However, it does not account for a massive central object at 
the center of the galaxies. In that case, we either have to introduce a primordial 
SMBH “by hand" or advocate a scenario of gravitational collapse such as the one 
described below.5? 

For a fermion mass m = 48 keV /c?, the mass Mj, = 10!! Mo of the Milky Way 
is larger than the OV mass Moy = 2.71 x 108 Mo, so we have to take into account 
general relativity in the caloric curve. As first shown by Alberti and Chavanis? 64 
for box-confined fermionic systems, and recovered by Argüelles et al."? for tidally 
truncated models, relativistic effects create a new turning point of energy in the 
caloric curve at which the condensed branch terminates (see Figs. 8, 9 and point 
(c) in Fig. 12). Below E/ the system collapses towards a black hole. 

Suppose that violent relaxation selects the gaseous solution. On a secular 
timescale, because of collisions, the system follows the upper branch of the series of 
equilibria (gaseous states) up to the point of minimum energy Ee. At that point, it 
becomes thermodynamically unstable and undergoes a gravothermal catastrophe. 
However, core collapse is stopped by quantum mechanics, leading to the formation 
of a fermion ball. Then, if the energy keeps decreasing, the system follows the lower 
branch of the series of equilibria up to the point of minimum energy E/ where 
it becomes thermodynamically and dynamically unstable (in a general relativistic 
sense) and collapses towards a SMBH of mass Moy. A similar outcome arises if 
violent relaxation selects the core-halo solution where the fermion ball mimics a 
SMBH. On a secular timescale, the system follows the lower branch of the series 
of equilibria up to the point of minimum energy E” at which it collapses towards 
a SMBH. In the two cases, the ultimate fate of the system is to form a SMBH of 
mass Moy surrounded by an envelope. However, the formation of a SMBH may 
take time (more than the age of the universe) so that the two objects (fermion ball 
or SMBH) are possible in practice. 

For a fermion mass m = 48 keV /c?, the OV mass Moy = 2.71 x 105 Mo is too 
large to account for the mass of a SMBH like Sgr A* at the center of the Milky 
Way. This suggests that the object at the center of the Galaxy (Sgr A*) is a fermion 
ball instead of a SMBH as argued by Argüelles et al"? However, for very large 
halos (N > N/), it is shown by Alberti and Chavanis? that the condensed branch 
disappears (see panel (b) of Fig. 9). In that case, there is no stable solution with 
a fermion ball and the system necessarily collapses towards a SMBH. Therefore, 
medium size galaxies like the Milky Way should harbor a fermion ball of mass 
M, = 4.2 x 10° Mo while very large galaxies like ellipticals should harbor a SMBH 
of mass Moy = 2.71 x 108 Mọ that could even grow by accretion. This scenario?? 
could account for the mass of SMBHs in AGNS like the one recently photographed 
in M87 (My ~ 101? Mo and Mgg ~ 10!? Mo). 
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On the other hand, for a much larger fermion mass m = 386 keV/c?, the OV 
mass Moy = 4.2 x 10° Mo is comparable to the mass of Sgr A*. Furthermore, when 
applied to the Milky Way, the caloric curve corresponding to m = 386 keV /c? is 
similar to the one reported in panel (b) of Fig. 9 so there is no possibility to form 
a fermion ball. In that case, the Milky Way could have undergone a gravitational 
collapse at E, leading to a SMBH of mass Moy = 4.2 x 10° Mọ. In this process, 
the halo surrounding the SMBH is left undisturbed and could correspond to a 
marginal classical King profile, which is known". 7? to give a good agreement with 
t’4 profile of observed dark matter halos (see Fig. 10-b). 

Different scenarios are possible depending on the value of the fermion mass m. 
Argüelles et al.*55 determined the mass of the fermionic dark matter particle in 
such a way that the fermion ball that would be at the center of a large fermionic 
dark matter halo, like the one that surrounds the Milky Way, mimics the effect of 
a SMBH of mass M, = 4.2 x 109 Mo and radius Re = 6 x 1074 pc like Sgr A*. This 
leads to a fermion mass m = 48 keV/c?.™ Alternatively, Chavanis?^56 determined 
the mass of the fermionic dark matter particle by arguing that the smallest halos 
observed in the universe (dSphs like Fornax) with a typical mass M ~ 108 Mo and 
a typical radius R ~ 1 kpc represent the ground state of the self-gravitating Fermi 
gas at T = 0. This yields a much smaller fermion mass m = 165eV/c?. When 
this model is applied to the Milky Way,°° it leads to a large fermion ball of mass 
M, = 9.45 x 10? Mo and radius Re = 240 pc. Therefore, it predicts the existence of 
a large dark matter bulge at the center of the Galaxy instead of a compact fermion 
ball mimicking a SMBH." A large dark matter bulge is not inconsistent with the 
observations and may even solve some issues. For example, De Martino et al.5" 
have argued that the presence of a bosonic dark matter bulge (soliton) of mass 
M. ~ 10? Mo and radius Re ~ 100 pc at the center of the Galaxy may account for 
the dispersion velocity peak observed in the Milky Way. A large dark matter bulge 
made of fermions should have the same effect.9? 

Finally, we mention potential difficulties or, alternatively, potentially important 
predictions associated with the model of Argüelles et al.7?:5? If the fermion mass is 
m = 48 keV /c?, dark matter halos of mass M, = 105 Mo such as dSphs like Fornax 
should have a very pronounced core-halo structure since they do not correspond to 
the ground state of the self-gravitating Fermi gas (unlike the model of Ref.8° with 
m = 165 eV /c?). More precisely, the fermionic dark matter model with a fermion 
mass m = 48keV/c? predicts that dSphs of mass Mj, = 10° Mo should contain 
a fermion ball of mass Me = 1.57 x 10* Mo and radius Re = 5.42 mpc possibly 


the empirical Burker 


™In very recent works, Becerra-Vergara et al.8485 showed that the gravitational potential of a 


fermion ball (with a particle mass m = 56 keV /c?) leads to a better fit of the orbits of all the 17 
best resolved S-stars orbiting Sgr A* (including the $2 and G3 objects) with respect to the one 
obtained by the central SMBH model. 

"In that case, a primordial SMBH has to be introduced “by hand" at the center of the Galaxy in 
order to account for the presence of Sgr A*. 
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mimicking an intermediate mass black hole.9? This result is consistent with the 
detailed work of Argüelles et al. who obtained dense cores of mass between Me = 
10? Mc and Me = 10° Mo depending on the central effective temperature of the 
fermions. This is either a very important prediction (if confirmed by observations) 
or the evidence that this model is incorrect (if invalidated by observations). It would 
be extremely important to clarify this issue by confronting the model of Argüelles 
et al./?:53 to ultracompact halos in order to determine which of the two models 
(the model of Argüelles et al. 5? with m = 48keV/c? or the one developed by 
Chavanis?? with m = 165eV/c? or m ~ 1keV/c?) is the most relevant for dark 
matter halos. 


9. Conclusion 


In these Proceedings, we have provided a brief history of the self-gravitating Fermi 
gas in Newtonian gravity and general relativity. We have focused exclusively on 
papers that discuss the caloric curves and the mass-radius relations of the self- 
gravitating Fermi gas. We have shown how these curves become more and more 
complex, displaying various types of phase transitions and instabilities, when grav- 
ity effects, thermal effects, quantum effects, relativity effects and tidal effects are 
progressively taken into account. Of course, there are many more interesting papers 
on self-gravitating fermions that are not reviewed here. A detailed bibliography on 
the subject can be found in Refs.? 9? and in standard textbooks of astrophysics. 
We have applied the self-gravitating Fermi gas model to dark matter halos. 
'The Fermi-Dirac distribution may be justified either from the theory of collisionless 


violent relaxation”? 79 


or from a collisional relaxation of nongravitational origin if 
the fermions are self-interacting.®° If the fermions have a small mass (m € 1 keV /c?), 
the caloric curve applied to the Milky Way has an N-shape structure (see Fig. 5-b) 
and the equilibrium states display a large quantum bulge of mass Me ~ 101° Mo and 
radius Re ~ 100 pc surrounded by an isothermal atmosphere similar to the Burkert 
profile.9? If the fermions have a large mass (m ~ 50 keV/c?), the caloric curve has 
a Z-shape structure (see Fig. 6-a). It displays a nonrelativistic turning point of 
energy at E. triggering the gravothermal catastrophe. For nonrelativistic fermions, 
the gravothermal catastrophe is stopped by quantum degeneracy (Pauli's exclusion 
principle).99 This may lead to a compact fermion ball of mass Me ~ 4.2 x 10° Mo 
and radius Re ~ 6 x 107^ pc mimicking a SMBH surrounded by an isothermal 
atmosphere. When N > Noy, which is the case for the Milky Way, a new turning 
point of energy appears at E/ due to general relativity (see Figs. 8-b and 12). It 
triggers a gravitational collapse towards a SMBH. This new turning point of energy 
was first evidenced in Refs.” 63-64 for box-confined fermions and confirmed in Ref.’ 
for the fermionic King model. The possibility to form either a fermion ball or a 
SMBH at the center of the galaxies depends on the size of the galaxy. In medium 
size galaxies like the Milky Way (when N < N7) we expect to form a fermion ball of 
mass M. ~ 4.2x 10° Mo but in large galaxies (when N > N!) the condensed branch 
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Fig. 13. Dinosaur (artistic view) similar to Fig. 6-a. 


disappears (see Fig. 9-b) and the gravothermal catastrophe necessarily results in the 
formation of a SMBH of mass Moy ~ 108 Mo. 

It is interesting to study the effect of the dimension of space d on phase transi- 
tions in the self-gravitating Fermi gas. This is done in Refs.!^9? ?!, In particular, 
it is shown that fermion stars are unstable in a universe with d > 4 dimensions. In 
that case, quantum mechanics cannot stabilize matter against gravitational collapse 
even in the nonrelativistic regime. 1% 59:9? This is similar to a result found by Ehren- 
fest?? who considered the effect of the dimension of space on the laws of physics and 
showed that planetary motion and the Bohr atom would not be stable in a space of 
dimension d > 4. Therefore, the dimension d = 3 of our Universe is very particular 
with possible implications regarding the Anthropic Principle. 

Finally, it is interesting to compare the results obtained for fermion stars 
with those obtained for boson stars and self-gravitating Bose-Einstein condensates 
(BECs) (see our contribution?? in these Proceedings). Similarly to fermionic dark 
matter halos, BEC dark matter halos also have a core-halo structure in which the 
“fermion ball” is replaced by a “soliton”. The analogy between fermionic and bosonic 
dark matter halos is discussed in Refs.8°: 86 94, 
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Experimental observations and theoretical arguments point out that Dark Matter (DM) 
particles are one of the most prominent component of the Universe. This motivated the 
pioneer DAMA experiment to investigate the presence of these particles in the galactic 
halo, by exploiting the model independent signature of the DM annual modulation of 
the rate and very highly radio-pure apparatus in underground site. In this paper the 
results obtained by other two annual cycles of DAMA/LIBRA-phase2 are presented 
and the long-standing model-independent annual modulation effect measured by DAMA 
deep underground at the Gran Sasso National Laboratory (LNGS) of the LN.F.N. with 
different experimental configurations is summarized. In particular, the DAMA/LIBRA- 
phase2 apparatus, c 250 kg highly radio-pure Nal(Tl), profits from a second genera- 
tion high quantum efficiency photomultipliers and of new electronics with respect to 
DAMA/LIBRA-phasel. The improved experimental configuration has also allowed to 
lower the software energy threshold. Including the results of these other two annual cycles 
presented here, the total exposure of DAMA/LIBRA-phase2 over 8 annual cycles is 1.53 
ton x yr. DAMA/LIBRA-phase2 confirms the evidence of a signal that meets all the re- 
quirements of the model independent Dark Matter annual modulation signature, at 11.8 
c C.L. in the energy region (1-6) keV. In the energy region between 2 and 6 keV, where 
data are also available from DAMA/Nal and DAMA/LIBRA-phasel (14 additional an- 
nual cycles), the achieved C.L. for the full exposure (2.86 ton x yr) is 13.7 o; the modu- 
lation amplitude of the single-hit scintillation events is: (0.01014 0.00074) cpd/kg/keV, 
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the measured phase is (142.4 + 4.2) days and the measured period is (0.99834 + 0.00067) 
yr, all these values are well in agreement with those expected for DM particles. No sys- 
tematics or side reaction able to mimic the exploited DM signature (i.e. to account for 
the whole measured modulation amplitude and to simultaneously satisfy all the require- 
ments of the signature), has been found or suggested by anyone throughout some decades 
thus far. 


Keywords: Scintillation detectors; elementary particle processes; Dark Matter; annual 
modulation. 


1. Introduction 


The DAMA/LIBRA 2? experiment, as the pioneer DAMA /Nal,?® 51 has the main 
aim to investigate the presence of DM particles in the galactic halo by exploiting 
the DM annual modulation signature (originally suggested in Ref.°?:°3). In addition, 
the developed highly radio-pure Nal(TIl) target-detectors 9:954 
to a wide range of DM candidates, interaction types and astrophysical scenarios 
(see e.g. Refs.? 14 16-18, 25-32, 35-42 

The origin of the DM annual modulation signature and of its peculiar features is 
due to the Earth motion with respect to the DM particles constituting the Galactic 
Dark Halo. In fact, as a consequence of the Earth’s revolution around the Sun, which 
is moving in the Galaxy with respect to the Local Standard of Rest towards the 
star Vega near the constellation of Hercules, the Earth should be crossed by a larger 
flux of DM particles around ~ 2 June and by a smaller one around ~ 2 December. 
In the former case the Earth orbital velocity is summed to that of the solar system 
with respect to the Galaxy, while in the latter the two velocities are subtracted. 
'The DM annual modulation signature is very distinctive since the effect induced by 


ensure sensitivity 


, and in literature). 


DM particles must simultaneously satisfy all the following requirements: the rate 
must contain a component modulated according to a cosine function (1) with one 
year period (2) and a phase that peaks roughly ~ 2 June (3); this modulation must 
only be found in a well-defined low energy range, where DM particle induced events 
can be present (4); it must apply only to those events in which just one detector 
of many actually “fires” (single-hit events), since the DM particle multi-interaction 
probability is negligible (5); the modulation amplitude in the region of maximal 
sensitivity must be < 7% of the constant part of the signal for usually adopted halo 
distributions (6), but it can be larger in case of some proposed scenarios such as e.g. 
those in Ref.?9? 5? (even up to 3096). Thus this signature has many peculiarities 
and, in addition, it allows to test a wide range of parameters in many possible 
astrophysical, nuclear and particle physics scenarios. 

'This DM signature might be mimicked only by systematic effects or side reac- 
tions able to account for the whole observed modulation amplitude and to simulta- 
neously satisfy all the requirements given above. 

The full description of the DAMA/LIBRA set-up and the adopted procedures 
during the phasel and phase2 and other related arguments have been discussed in 
details e.g. in Refs. 9:19 21,23, 
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At the end of 2010 all the photomultipliers (PMTs) were replaced by a second 
generation PMTs Hamamatsu R6233MOD, with higher quantum efficiency (Q.E.) 
and with lower background with respect to those used in phasel; they were produced 
after a dedicated R&D in the company, and tests and selections.® 54 The new PMTs 
have Q.E. in the range 33-39% at 420 nm, wavelength of Nal(Tl) emission, and 
in the range 36-44% at peak. The commissioning of the DAMA/LIBRA-phase2 
experiment was successfully performed in 2011, allowing the achievement of the 
software energy threshold at 1 keV, and the improvement of some detector's features 
such as energy resolution and acceptance efficiency near software energy threshold.® 

'The adopted procedure for noise rejection near software energy threshold and the 
acceptance windows are the same unchanged along all the DAMA/LIBRA-phase2 
data taking, throughout the months and the annual cycles. The typical behaviour 
of the overall efficiency for single-hit events as a function of the energy is also shown 
in Ref.?; the percentage variations of the efficiency follow a gaussian distribution 
with ø = 0.3% and do not show any modulation with period and phase as expected 
for the DM signal (for a partial data release see Ref.?! ). 

At the end of 2012 new preamplifiers and special developed trigger modules 
were installed and the apparatus was equipped with more compact electronic mod- 
ules.9? Here we just remind that the sensitive part of DAMA/LIBRA-phase2 set-up 
is made of 25 highly radio-pure Nal(T1) crystal scintillators (5-rows by 5-columns 
matrix) having 9.70 kg mass each one; quantitative analyses of residual contami- 
nants are given in Ref.!. In each detector two 10 cm long UV light guides (made of 
Suprasil B quartz) act also as optical windows on the two end faces of the crystal, 
and are coupled to two low background PMTs working in coincidence at single pho- 
toelectron level. The detectors are housed in a sealed low-radioactive copper box 
installed in the center of a low-radioactive Cu/Pb/Cd-foils/polyethylene/paraffin 
shield; moreover, about 1 m concrete (made from the Gran Sasso rock material) 
almost fully surrounds (mostly outside the barrack) this passive shield, acting as a 
further neutron moderator. The shield is decoupled from the ground by a metallic 
structure mounted above a concrete basement; a neoprene layer separates the con- 
crete basement and the floor of the laboratory. The space between this basement 
and the metallic structure is filled by paraffin for several tens cm in height. 

A threefold-level sealing system prevents the detectors from contact with the 
environmental air of the underground laboratory and continuously maintains them 
in HP (high-purity) Nitrogen atmosphere. The whole installation is under air condi- 
tioning to ensure a suitable and stable working temperature. The huge heat capacity 
of the multi-tons passive shield (~ 109 cal/°C) guarantees further relevant stability 
of the detectors’ operating temperature. In particular, two independent systems of 
air conditioning are available for redundancy: one cooled by water refrigerated by 
a dedicated chiller and the other operating with cooling gas. A hardware/software 
monitoring system provides data on the operating conditions. In particular, sev- 
eral probes are read out and the results are stored with the production data. 
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Moreover, self-controlled computer based processes automatically monitor several 
parameters, including those from DAQ, and manage the alarms system. All these 
procedures, already experienced during DAMA/LIBRA-phasel,' ? allow us to con- 
trol and to maintain the running conditions stable at a level better than 196 also in 
DAMA/LIBRA-phase2 (see e.g. Ref.?^: ?3). 

The light response of the detectors during phase2 typically ranges from 6 to 10 
photoelectrons/keV, depending on the detector. Energy calibration with X-rays/7 
sources are regularly carried out in the same running condition down to few keV (for 
details see e.g. Ref.!; in particular, double coincidences due to internal X-rays from 
40K (which is at ppt levels in the crystals) provide (when summing the data over 
long periods) a calibration point at 3.2 keV close to the software energy threshold. 
The DAQ system records both single-hit events (where just one of the detectors 
fires) and multiple-hit events (where more than one detector fires) up to the MeV 
region despite the optimization is performed for the lowest energy. 

The radio-purity and details are discussed e.g. in Refs.! ?^* 
therein. The adopted procedures provide sensitivity to large and low mass DM 
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candidates inducing nuclear recoils and/or electromagnetic signals. 

The data of the former DAMA/Nal setup and, later, those of the 
DAMA/LIBRA-phasel have already given (with high confidence level) positive evi- 
dence for the presence of a signal that satisfies all the requirements of the exploited 
DM annual modulation signature.? 9:35.36 

In this paper the model independent result of eight annual cycles of 
DAMA/LIBRA-phase2 is presented. The total exposure of DAMA/LIBRA-phase2 
is: 1.53 ton x yr with an energy threshold at 1 keV; when including also that of 
the first generation DAMA/Nal experiment and DAMA/LIBRA-phasel the cumu- 
lative exposure is 2.86 ton x yr, corresponding to twenty-two independent annual 
cycles. 


2. The DAMA/LIBRA-phase2 annual cycles 


The details of the annual cycles of DAMA/LIBRA-phase2 are reported in Table 1. 
The first annual cycle was dedicated to the commissioning and to the optimizations 
towards the achievement of the 1 keV software energy threshold.Ó This period has: 
i) no data before/near Dec. 2, 2010 (the expected minimum of the DM signal); 
ii) data sets with some set-up modifications; iii) (œ — 6?) = 0.355 well different 
from 0.5 (i.e. the detectors were not being operational evenly throughout the year). 
'Thus, this period cannot be used for the annual modulation studies; however, it 
has been used for other purposes.9: !? Therefore, as shown in Table 1 the considered 
annual cycles of DAMA/LIBRA-phase2 are eight (exposure of 1.53 tonxyr). The 
cumulative exposure, also considering the former DAMA/Nal and DAMA/LIBRA- 
phasel, is 2.86 tonxyr. 

The total number of events collected for the energy calibrations during the 
eight annual cycles of DAMA/LIBRA-phase2 is about 1.6 x 105, while about 
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Table 1. Details about the annual cycles of DAMA/LIBRA~phase2. The mean value of the squared 
cosine is a = (cos?w(t — to)) and the mean value of the cosine is 8 = (cosw(t — to)) (the averages 
are taken over the live time of the data taking and to = 152.5 day, i.e. June 2?4); thus, the variance 
of the cosine, (a — 82), is ~ 0.5 for a detector being operational evenly throughout the year. 


DAMA/LIBRA-phase2 Mass Exposure 
annual cycle Period (kg) (kgx day) (a — 82) 

at Dec. 23, 2010 — Sept. 9, 2011 commissioning of phase2 

2 Nov. 2, 2011 — Sept. 11, 2012 242.5 62917 0.519 
3 Oct. 8, 2012 — Sept. 2, 2013 242.5 60586 0.534 
4 Sept. 8, 2013 — Sept. 1, 2014 242.5 73792 0.479 
5 Sept. 1, 2014 — Sept. 9, 2015 242.5 71180 0.486 
6 Sept. 10, 2015 — Aug. 24, 2016 242.5 67527 0.522 
7 Sept. 7, 2016 — Sept. 25, 2017 242.5 75135 0.480 
8 Sept. 25, 2017 — Aug. 20, 2018 242.5 68759 0.557 
9 Aug. 24, 2018 — Oct. 3, 2019 242.5 77213 0.446 


DAMA/LIBRA-phase2 Nov. 2, 2011 — Oct. 3, 2019 557109 kgxday ~ 1.53 tonxyr 0.501 


DAMA/Nal + DAMA/LIBRA-phasel + DAMA/LIBRA-phase2: 2.86 tonx yr 


1.7 x 10? events/keV have been collected for the evaluation of the acceptance win- 
dow efficiency for noise rejection near the software energy threshold.!® 

As it can be inferred from Table 1, the duty cycle of the experiment is high, 
ranging between 7696 and 8696. The routine calibrations and, in particular, the 
data collection for the acceptance windows efficiency mainly affect it. 


3. The annual modulation of the residual rate 


Fig. 1 shows the time behaviour of the experimental residual rates of the single-hit 
scintillation events in the (1-3), and (1-6) keV energy intervals for DAMA/LIBRA- 
phase2. The residual rates are calculated from the measured rate of the single-hit 
events after subtracting the constant part, as described in Refs.? 5:35-36. The null 
modulation hypothesis is rejected at very high C.L. by x? test: X? = 176 and 202, 
respectively, over 69 d.o.f.. The P-values are P = 2.6 x 10-!!, and P = 5.6 x 
10-5, respectively. The residuals of the DAMA/Nal data (0.29 ton x yr) are given 
in Ref.?:5:35.36. while those of DAMA/LIBRA-phasel (1.04 ton x yr) in Ref.? 5. 

The former DAMA/LIBRA-phasel and the new DAMA/LIBRA-phase2 resid- 
ual rates of the single-hit scintillation events are reported in Fig. 2. The energy 
interval is from 2 keV, the software energy threshold of DAMA/LIBRA-phasel, up 
to 6 keV. The null modulation hypothesis is rejected at very high C.L. by x? test: 
x? /d.o.f. = 240/119, corresponding to P-value = 3.5 x 107!°. 

The single-hit residual rates of the DAMA/LIBRA-phase2 (Fig. 1) have been 
fitted with the function: A cosw(t — to), considering a period T = = =lyranda 
phase to = 152.5 day (June 2"4) as expected by the DM annual modulation signa- 
ture; this can be repeated for the only case of (2-6) keV energy interval also including 
the former DAMA/Nal and DAMA/LIBRA-phasel data. The goodness of the fits 
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Fig. 1. Experimental residual rate of the  single-hit scintillation events measured by 
DAMA/LIBRA-phase2 over eight annual cycles in the (1-3), and (1-6) keV energy intervals as 
a function of the time. The time scale is maintained the same of the previous DAMA papers for 
consistency. The data points present the experimental errors as vertical bars and the associated 
time bin width as horizontal bars. The superimposed curves are the cosinusoidal functional forms 
Acosw(t — to) with a period T = 2m = 1 yr, a phase tọ = 152.5 day (June 2”¢) and modulation 
amplitudes, A, equal to the central values obtained by best fit on the data points of the entire 
DAMA/LIBRA-phase2. The dashed vertical lines correspond to the maximum expected for the 
DM signal (June 2?4), while the dotted vertical lines correspond to the minimum. 
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Fig. 2. Experimental residual rate of the  single-hit scintillation events measured by 
DAMA/LIBRA-phasel and DAMA/LIBRA-phase2 in the (2-6) keV energy intervals as a func- 


tion of the time. The superimposed curve is the cosinusoidal functional forms A cos w(t — to) with 
2T 


a period T = = = 1 yr, a phase to = 152.5 day (June 2nd) and modulation amplitude, A, 
equal to the central value obtained by best fit on the data points of DAMA/LIBRA-phasel and 
DAMA/LIBRA-phase2. For details see Fig. 1. 


is well supported by the x? test; for example, x?/d.o. f. = 81.6/68, 66.2/68, 130/155 
are obtained for the (1-3) keV and (1-6) keV cases of DAMA/LIBRA-phase2, and 
for the (2-6) keV case of DAMA/Nal, DAMA/LIBRA-phasel and DAMA/LIBRA- 
phase2, respectively. The results of the best fits in the different cases are summarized 
in Table 2. Table 2 also reports the cases when the period and the phase are kept free 
in the fitting procedure. The period and the phase are well compatible with expecta- 
tions for a DM annual modulation signal. In particular, the phase is consistent with 
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Table 2. Modulation amplitude, A, obtained by fitting the single-hit residual rate of 
DAMA/LIBRA-phase2, as reported in Fig. 1, and also including the residual rates of the 
former DAMA/Nal and DAMA/LIBRA-phasel. It was obtained by fitting the data with 
the formula: Acosw(t — to). The period T = on and the phase to are kept fixed at 1 
yr and at 152.5 day (June 2^4), respectively, as expected by the DM annual modulation 
signature, and alternatively kept free. The results are well compatible with expectations 


for a signal in the DM annual modulation signature. 


A (cpd/kg/keV) T = 27 (yr) to (days) GL: 
DAMA/LIBRA-phase2: 
1-3 keV — (0.01914-0.0020) 1.0 152.5 970 
1-6 keV — (0.010484-0.00090) 1.0 152.5 11.6 o 
2-6 keV (0.00933+0.00094) 1.0 152.5 9.90 


1-3 keV (0.0191+0.0020) 0.99952+0.00080)  149.6£5.9 9.60 
1-6 keV 0.01058+0.00090) 0.99882+0.00065)  144.5t5.1 11860 
2-6 keV 0.00954+0.00076) 0.99836:-0.00075) 141.145.9 1260 


DAMA/LIBRA-phasel + phase2: 
2-6 keV 0.00941+0.00076) 1.0 152.5 12.40 
2-6 keV 0.00959+0.00076) 0.99835+0.00069) 142.0445 1260 


DAMA/Nal + DAMA/LIBRA-phasel + phase2: 
2-6 keV 0.00996+0.00074) 1.0 152.5 13.4 o 
2-6 keV 0.01014+0.00074) 0.99834+0.00067)  142.4+4.2 13.70 


about June 2”¢ and is fully consistent with the value independently determined by 
Maximum Likelihood analysis (see later). For completeness, we recall that a slight 
energy dependence of the phase could be expected (see e.g. Refs.?5:55:59,61763). pro- 
viding intriguing information on the nature of Dark Matter candidate and related 
aspects. 


4. Absence of modulation of the background 


As done in previous data releases, absence of any significant background modulation 
in the energy spectrum has also been verified in the present data taking for energy 
regions not of interest for DM. In fact, the background in the lowest energy region 
is essentially due to “Compton” electrons, X-rays and/or Auger electrons, muon 
induced events, etc., which are strictly correlated with the events in the higher 
energy region of the spectrum. Thus, if a modulation detected in the lowest energy 
region were due to a modulation of the background (rather than to a signal), an 
equal or larger modulation in the higher energy regions should be present. 

For example, the measured rate integrated above 90 keV, Roo, as a function of the 
time has been analysed. Fig. 3 shows the distribution of the percentage variations of 
Roo with respect to the mean values for all the detectors in DAMA/LIBRA-phase2. 
It shows a cumulative gaussian behaviour with o ~ 1%, well accounted for by the 
statistical spread expected from the used sampling time. 

Moreover, fitting the time behaviour of Roo including a term with phase and 
period as for DM particles, a modulation amplitude ARs compatible with zero has 
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Fig. 3. Distribution of the percentage variations of R99 with respect to the mean values for all 
the detectors in the DAMA/LIBRA-phase2 (histogram); the superimposed curve is a gaussian fit. 


been found for all the annual cycles (see Table 3). This also excludes the presence of 
any background modulation in the whole energy spectrum at a level much lower than 
the effect found in the lowest energy region for the single-hit scintillation events. 
In fact, otherwise — considering the Rogo mean values — a modulation amplitude of 
order of tens cpd/kg would be present for each annual cycle, that is ~ 100 o far 
away from the measured values. 


Table 3. Modulation amplitudes, Ag,,, obtained by fitting the time behaviour 
of Roo in DAMA/LIBRA-phase2, including a term with a cosine function having 
phase and period as expected for a DM signal. The obtained amplitudes are 
compatible with zero, and incompatible (~ 100 ce) with modulation amplitudes 
of tens cpd/kg. Modulation amplitudes, A(c—14), obtained by fitting the time 
behaviour of the residual rates of the single-hit scintillation events in the (6-14) 
keV energy interval. In the fit the phase and the period are at the values expected 
for a DM signal. The obtained amplitudes are compatible with zero. 


DAMA/LIBRA-phase2 annual cycle — Any; (cpd/kg) — A(g—14) (cpd/kg/keV) 


2 (0.12+0.14 (0.0032+0.0017) 
3 -(0.08+0.14 (0.0016+0.0017) 
4 (0.074£0.15 (0.0024+0.0015) 
5 -(0.05+0.14 -(0.0004+0.0015) 
6 (0.0340.13 (0.0001+0.0015) 
7 -(0.092-0.14 (0.00152-0.0014) 
8 -(0.18+0.13 -(0.0005+0.0013) 
9 (0.08::0.14 -(0.0003+0.0014) 
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Fig. 4. Experimental single-hit residuals in the (1-6) keV and in the (10-20) keV energy regions 
for DAMA/LIBRA-phase2 as if they were collected in a single annual cycle (i.e. binning in the 
variable time from the January 1st of each annual cycle). The data points present the experimental 
errors as vertical bars and the associated time bin width as horizontal bars. T'he initial time of 
the figures is taken at August 7*^. A clear modulation satisfying all the peculiarities of the DM 
annual modulation signature is present in the lowest energy interval with A=(0.00956 + 0.00090) 
cpd/kg/keV, while it is absent just above: A=(0.0007 + 0.0005) cpd/kg/keV. 


Similar results are obtained when comparing the single-hit residuals in the 
(1-6) keV with those in other energy intervals; for example Fig. 4 shows the 
single-hit residuals in the (1-6) keV and in the (10-20) keV energy regions for 
DAMA/LIBRA-phase2 as if they were collected in a single annual cycle (i.e. bin- 
ning in the variable time from the January 1st of each annual cycle). 

Moreover, Table 3 shows the modulation amplitudes obtained by fitting the time 
behaviour of the residual rates of the single-hit scintillation events in the (6-14) keV 
energy interval for the DAMA/LIBRA-phase2 annual cycles. In the fit the phase 
and the period are at the values expected for a DM signal. The obtained amplitudes 
are compatible with zero. 

A further relevant investigation on DAMA/LIBRA-phase2 data has been per- 
formed by applying the same hardware and software procedures, used to acquire 
and to analyse the single-hit residual rate, to the multiple-hit one. Since the prob- 
ability that a DM particle interacts in more than one detector is negligible, a DM 
signal can be present just in the single-hit residual rate. Thus, the comparison of 
the results of the single-hit events with those of the multiple-hit ones corresponds 
to compare the cases of DM particles beam-on and beam-off. This procedure also 
allows an additional test of the background behaviour in the same energy interval 
where the positive effect is observed. 

In particular, in Fig. 5 the residual rates of the single-hit scintillation events 
collected during DAMA/LIBRA-phase2 are reported, as collected in a single cy- 
cle, together with the residual rates of the multiple-hit events, in the considered 
energy intervals. While, as already observed, a clear modulation, satisfying all the 
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Fig. 5. Experimental residual rates of DAMA/LIBRA-phase2 single-hit events (filled red on-line 
circles), class of events to which DM events belong, and for multiple-hit events (filled green on- 
line triangles), class of events to which DM events do not belong. They have been obtained by 
considering for each class of events the data as collected in a single annual cycle and by using in 
both cases the same identical hardware and the same identical software procedures. The initial 
time of the figure is taken on August 7°”. The experimental points present the errors as vertical 
bars and the associated time bin width as horizontal bars. Analogous results were obtained for 
DAMA/Nal (two last annual cycles) and DAMA/LIBRA-phasel.?-5:36 


peculiarities of the DM annual modulation signature, is present in the single-hit 
events, the fitted modulation amplitude for the multiple-hit residual rate is well 
compatible with zero: (0.00030 + 0.00032) cpd/kg/keV in the (1-6) keV energy re- 
gion. Thus, again evidence of annual modulation with proper features as required by 


the DM annual modulation signature is present in the single-hit residuals (events 
class to which the DM particle induced events belong), while it is absent in the 
multiple-hit residual rate (event class to which only background events belong). 
Similar results were also obtained for the two last annual cycles of DAMA/Nal®° 
and for DAMA/LIBRA-phasel.? ? Since the same identical hardware and the same 
identical software procedures have been used to analyse the two classes of events, 
the obtained result offers an additional strong support for the presence of a DM 
particle component in the galactic halo. 

In conclusion, no background process able to mimic the DM annual modulation 
signature (that is, able to simultaneously satisfy all the peculiarities of the signa- 
ture and to account for the measured modulation amplitude) has been found or 


suggested by anyone throughout some decades thus far (see also discussions e.g. in 
Ref,1 57,8, 19-21, 23, 34-36, 


5. The analysis in frequency 


To perform the Fourier analysis of the DAMA/LIBRA-phasel and phase2 data 
in a wider region of considered frequency, the single-hit events have been grouped 
in 1 day bins. Due to the low statistics in each time bin, a procedure detailed in 
Ref.9^ has been followed. The whole power spectra up to the Nyquist frequency and 
the zoomed ones are reported in Fig. 6. A clear peak corresponding to a period of 
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Fig. 6. Power spectra of the time sequence of the measured single-hit events for DAMA/LIBRA- 
phasel and DAMA/LIBRA-phase2 grouped in 1 day bins. From top to bottom: spectra up to the 
Nyquist frequency for (2-6) keV and (6-14) keV energy intervals and their zoom around the 1 
y-! peak, for (2-6) keV (solid line) and (6-14) keV (dotted line) energy intervals. The main mode 
present at the lowest energy interval corresponds to a frequency of 2.74 x 107? d^! (vertical line, 
purple on-line). It corresponds to a period of ~ 1 year. A similar peak is not present in the (6-14) 
keV energy interval. The shaded (green on-line) area in the bottom figure — calculated by Monte 
Carlo procedure — represents the 90% C.L. region where all the peaks are expected to fall for the 
(2-6) keV energy interval. In the frequency range far from the signal for the (2-6) keV energy 
region and for the whole (6-14) keV spectrum, the upper limit of the shaded region (90% C.L.) 
can be calculated to be 10.8 (continuous lines, green on-line). 


1 year is evident for the lowest energy interval; the same analysis in the (6-14) keV 
energy region shows only aliasing peaks instead. Neither other structure at different 
frequencies has been observed. 

As to the significance of the peaks present in the periodogram, we remind 
that the periodogram ordinate, z, at each frequency follows a simple exponential 


2263 


distribution e~* in the case of the null hypothesis or white noise.9? Therefore, if M 
independent frequencies are scanned, the probability to obtain values larger than z 
is: P(> 2) 21— (1— e77)”. 

In general M depends on the number of sampled frequencies, the number of data 
points N, and their detailed spacing. It turns out that M is very nearly equal to 
N when the data points are approximately equally spaced, and when the sampled 
frequencies cover the frequency range from 0 to the Nyquist frequency.96:67 

The number of data points used to obtain the spectra in Fig. 6 is N = 5047 (days 
measured over the 5479 days of the 15 DAMA/LIBRA-phasel and phase2 annual 
cycles) and the full frequencies region up to Nyquist frequency has been scanned. 
Therefore, assuming M = N, the significance levels P = 0.10, 0.05 and 0.01, cor- 
respond to peaks with heights larger than z — 10.8, 11.5 and 13.1, respectively, in 
the spectra of Fig 6. 
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Fig. 7. Power spectrum of the time sequence of the measured single-hit events in the (1-6) keV 
energy interval for DAMA/LIBRA-phase2 grouped in 1 day bin. The main mode present at the 
lowest energy interval corresponds to a frequency of 2.77 x 1073 d-! (vertical line, purple on-line). 
It corresponds to a period of ~ 1 year. The shaded (green on-line) area — calculated by Monte 
Carlo procedure — represents the 9096 C.L. region where all the peaks are expected to fall for the 
(1-6) keV energy interval. 


In the case below 6 keV, a signal is present; thus, to properly evaluate the 
C.L. the signal must be included. This has been done by a dedicated Monte Carlo 
procedure where a large number of similar experiments has been simulated. The 
9096 C.L. region (shaded, green on-line) where all the peaks are expected to fall for 
the (2-6) keV energy interval is reported in Fig 6. Several peaks, satellite of the one 
year period frequency, are present. 

In conclusion, apart from the peak corresponding to a 1 year period, no other 
peak is statistically significant either in the low and high energy regions. 
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Moreover, for each annual cycle of DAMA/LIBRA-phasel and phase2, the an- 
nual baseline counting rates have been calculated for the (2-6) keV energy interval. 
Their power spectrum in the frequency range 0.00013 — 0.0019 d^! (correspond- 
ing to a period range 1.4-21.1 year) has been calculated according to Ref.?. No 
statistically-significant peak is present at frequencies lower than 1 y !. This implies 
that no evidence for a long term modulation in the counting rate is present. 

Finally, the case of the (1-6) keV energy interval of the DAMA/LIBRA-phase2 
data is reported in Fig. 7. As previously the only significant peak is the one corre- 
sponding to one year period. No other peak is statistically significant being below 
the shaded (green on-line) area obtained by Monte Carlo procedure. 


6. The modulation amplitudes by the maximum likelihood 
approach 


The annual modulation present at low energy can also be pointed out by depicting 
the energy dependence of the modulation amplitude, S,, (E), obtained by maximum 
likelihood method considering fixed period and phase: T =1 yr and to = 152.5 day. 
For such purpose the likelihood function of the single-hit experimental data in the 
ijk 
k—th energy bin is defined as: Ly = II;je "'* Ms , where Njj; is the number of 
events collected in the i-th time interval (hereafter 1 day), by the j-th detector and 
in the k-th energy bin. Nijk follows a Poisson's distribution with expectation value 
Lijk = [bjk + Si(Ex)| Mj At; AEej;,. The bj; are the background contributions, Mj 
is the mass of the j—th detector, At; is the detector running time during the i-th 
time interval, AE is the chosen energy bin, ej; is the overall efficiency. The signal 


can be written as: 


S;(E) = So(E) + S, (E) t cos w(t; = to), 


where So(E) is the constant part of the signal and S,,(E) is the modulation ampli- 
tude. The usual procedure is to minimize the function y; = —2ln(Ly) — const for 
each energy bin; the free parameters of the fit are the (bj, + So) contributions and 
the Sm parameter. 

The modulation amplitudes for the whole data sets: DAMA/Nal, DAMA/ 
LIBRA-phasel and DAMA/LIBRA-phase2 (total exposure 2.86 tonx yr) are plot- 
ted in Fig. 8; the data below 2 keV refer only to the DAMA/LIBRA-phase2 exposure 
(1.53 tonx yr). It can be inferred that positive signal is present in the (1-6) keV en- 
ergy interval, while Sm values compatible with zero are present just above. All this 
confirms the previous analyses. The test of the hypothesis that the Sm values in the 
(6-14) keV energy interval have random fluctuations around zero yields xX?/d.o.f. 
equal to 20.3/16 (P-value = 21%). 

For the case of (6-20) keV energy interval x?/d.o.f. = 42.2/28 (P-value = 4%). 
The obtained x? value is rather large due mainly to two data points, whose centroids 
are at 16.75 and 18.25 keV, far away from the (1-6) keV energy interval. The P- 
values obtained by excluding only the first and either the points are 14% and 23%. 
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Fig. 8. Modulation amplitudes, Sm, for the whole data sets: DAMA/Nal, DAMA/LIBRA-phasel 
and DAMA/LIBRA-phase2 (total exposure 2.86 tonxyr) above 2 keV; below 2 keV only the 
DAMA/LIBRA-phase2 exposure (1.53 ton x yr) is available and used. The energy bin AE is 0.5 
keV. A clear modulation is present in the lowest energy region, while Sm values compatible with 
zero are present just above. In fact, the Sm values in the (6-20) keV energy interval have random 
fluctuations around zero with x?/d.o.f. equal to 42.2/28 (P-value is 4%). 


6.1. The Sm distributions 


The method also allows the extraction of the Sm values for each detector. In partic- 
ular, the modulation amplitudes Sm integrated in the range (2-6) keV for each of 
the 25 detectors for the DAMA/LIBRA-phasel and DAMA/LIBRA-phase2 peri- 
ods can be produced. They have random fluctuations around the weighted averaged 
value confirmed by the xy? analysis. Thus, the hypothesis that the signal is well 
distributed over all the 25 detectors is accepted. 

As previously done for the other data releases,? 5 19-2123 the Sm values for each 
detector for each annual cycle and for each energy bin have been obtained. The Sm 
are expected to follow a normal distribution in absence of any systematic effects. 
Therefore, the variable x = Sn n) has been considered to verify that the Sm are 
statistically well distributed in the 16 energy bins (AE = 0.25 keV) in the (2-6) 
keV energy interval of the seven DAMA/LIBRA-phasel annual cycles and in the 
20 energy bins in the (1-6) keV energy interval of the eight DAMA/LIBRA-phase2 
annual cycles and in each detector. Here, o are the errors associated to Sm and 
(Sm) are the mean values of the Sm averaged over the detectors and the annual 
cycles for each considered energy bin. 

Defining x? = Xz?, where the sum is extended over all the 272 (192 for the 16^^ 
detector^) x values, x? /d.o. f. values ranging from 0.8 to 2.0 are obtained, depending 
on the detector. 

The mean value of the 25 y?/d.o.f. is 1.092, slightly larger than 1. Although 
this can be still ascribed to statistical fluctuations, let us ascribe it to a possible 
systematics. In this case, one would derive an additional error to the modulation am- 
plitude measured below 6 keV: < 2.4 x 107* cpd/kg/keV, if combining quadratically 
the errors, or < 3.6 x 107? cpd/kg/keV, if linearly combining them. This possible 
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additional error: € 2.4% or < 0.4%, respectively, on the DAMA/LIBRA-phasel 
and DAMA/LIBRA-phase2 modulation amplitudes is an upper limit of possible 
systematic effects coming from the detector to detector differences. 
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Fig. 9. Modulation amplitudes of each single annual cycle of DAMA/LIBRA-phasel and 
DAMA/LIBRA-phase2. The error bars are the 1e errors. The dashed horizontal lines show the 
central values obtained by best fit over the whole data set. The x? test and the run test accept 
the hypothesis at 9596 C.L. that the modulation amplitudes are normally fluctuating around the 
best fit values. 


Among further additional tests, the analysis of the modulation amplitudes as 
a function of the energy separately for the nine inner detectors and the remaining 
external ones has been carried out for DAMA/LIBRA-phasel and DAMA/LIBRA- 
phase2, as already done for the other data sets.” ?:19 2.25 The obtained values are 
fully in agreement; in fact, the hypothesis that the two sets of modulation amplitudes 
belong to same distribution has been verified by x? test, obtaining e.g.: y?/d.o.f. = 
1.9/6 and 36.1/38 for the energy intervals (1-4) and (1-20) keV, respectively (AE 
= 0.5 keV). This shows that the effect is also well shared between inner and outer 
detectors. 

Fig. 9 shows the modulation amplitudes singularly calculated for each annual 
cycle of DAMA/LIBRA-phasel and DAMA/LIBRA-phase2. To test the hypothesis 
that the amplitudes are compatible and normally fluctuating around their mean 
values, the x? test has been performed. The x?/d.o.f. values and the P-values are 
also shown in Fig. 9. In addition to the x? test, another independent statistical test 
has been applied: the run test (see e.g. Ref.99); it verifies the hypothesis that the 
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positive (above the mean value) and negative (under the mean value) data points are 
randomly distributed. The lower (upper) tail probabilities obtained by the run test 
are: 89(37)%, 87(30)%, 17(94)%, 17(94)% and 30(85)%, respectively. This analysis 
confirms that the data collected in all the annual cycles with DAMA/LIBRA-phasel 
and phase2 are statistically compatible and can be considered together. 


7. Investigation of the annual modulation phase 


Let us, finally, release the assumption of the phase tọ = 152.5 day in the procedure 
to evaluate the modulation amplitudes. In this case the signal can be alternatively 
written as: 


S;(E) = So( E) "T Sa (E) COS w(t; = to) + Zm(E) sin w(t; = to) (1) 
= So(E) + Ym(E) cosw(t; — t*). 


For signals induced by DM particles one should expect: i) Zm ~ 0 (because of 
the orthogonality between the cosine and the sine functions); ii) Sm c Ym; iii) 
t* ~ to = 152.5 day. In fact, these conditions hold for most of the dark halo models; 
however, as mentioned above, slight differences can be expected in case of possible 
contributions from non-thermalized DM components (see e.g. Refs.38 58,59, 61-63), 

Considering cumulatively the data of DAMA/Nal, DAMA/LIBRA-phasel and 
DAMA/LIBRA-phase2 the obtained 2e contours in the plane (Sm, Zm) for the 
(2-6) keV and (6-14) keV energy intervals are shown in Fig. 10-/eft while in Fig. 10- 
right the obtained 2e contours in the plane (Ym, t*) are depicted. Moreover, Fig. 10 
also shows only for DAMA/LIBRA-phase2 the 2c contours in the (1-6) keV energy 
interval. 
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Fig. 10. 2e contours in the plane (Sm,Zm) (left) and in the plane (Ym,t*) (right) for: i) 
DAMA/Nal, DAMA/LIBRA-phasel and DAMA/LIBRA-phase2 in the (2-6) keV and (6-14) 
keV energy intervals (light areas, green on-line); ii) only DAMA/LIBRA-phase2 in the (1-6) keV 
energy interval (dark areas, blue on-line). The contours have been obtained by the maximum like- 
lihood method. A modulation amplitude is present in the lower energy intervals and the phase 
agrees with that expected for DM induced signals. 
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The best fit values in the considered cases (1o errors) for Sm versus Zm and Ym 
versus t* are reported in Table 4. 


Table 4. Best fit values (1o errors) for Sm versus Zm and Ym versus t*, considering: i) 
DAMA/Nal, DAMA/LIBRA-phasel and DAMA/LIBRA-phase2 in the (2-6) keV and 
(6-14) keV energy intervals; ii) only DAMA/LIBRA-phase2 in the (1-6) keV energy 
interval. See also Fig. 10. 


E (keV) Sm Zm Ym t* (day) 
(cpd/kg/keV) (cpd/kg/keV) (cpd/kg/keV) 


DAMA/NaIÁ-DAMA/LIBRA-phasel4-DAMA/LIBRA-phase2: 
2-6 (0.0097 + 0.0007)  -(0.0003 + 0.0007) (0.0097 + 0.0007) — (150.5 + 4.0) 
6-14 (0.0003 + 0.0005)  -(0.0006 + 0.0005) (0.0007 + 0.0010) undefined 


DAMA/LIBRA-phase2: 
1-6 (0.0104 + 0.0007) (0.0002 + 0.0007) (0.0104 + 0.0007) (153.5 + 4.0) 


Finally, setting Sm in eq. (1) to zero, the Zm values as function of the energy have 
also been determined by using the same procedure. The Zm values as a function of 
the energy for DAMA/Nal, DAMA/LIBRA-phasel, and DAMA/LIBRA-phase2 
data sets are expected to be zero. The x? test applied to the data supports the 
hypothesis that the Zm values are simply fluctuating around zero; in fact, in the 
(1-20) keV energy region the x?/d.o.f. is equal to 40.6/38 corresponding to a P- 
value — 3696. 

The energy behaviors of the Ym and of the phase t* are produced for the cumula- 
tive exposure of DAMA/Nal, DAMA/LIBRA-phasel, and DAMA/LIBRA-phase2. 
As in the previous analyses, an annual modulation effect is present in the lower en- 
ergy intervals and the phase agrees with that expected for DM induced signals. No 
modulation is present above 6 keV and the phase is undetermined. 


8. Perspectives 


To further increase the experimental sensitivity of DAMA/LIBRA and to disentan- 
gle some of the many possible astrophysical, nuclear and particle physics scenarios 
in the investigation on the DM candidate particle(s), an increase of the exposure 
in the lowest energy bin and a further decreasing of the software energy threshold 
are needed. This is pursued by running DAMA/LIBRA-phase2 and upgrading the 
experimental set-up to lower the software energy threshold below 1 keV with high 
acceptance efficiency. 

Firstly, particular efforts for lowering the software energy threshold have been 
done in the already-acquired data of DAMA/LIBRA-phase2 by using the same 
technique as before with dedicated studies on the efficiency. As consequence, a new 
data point has been added in the modulation amplitude as function of energy down 
to 0.75 keV, see Fig. 11. A modulation is also present below 1 keV, from 0.75 keV. 
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Fig. 11. As Fig. 8; the new data point below 1 keV, with software energy threshold at 0.75 keV, 
shows that an annual modulation is also present below 1 keV. This preliminary result confirms 
the necessity to lower the software energy threshold by a hardware upgrade and to improve the 
experimental error on the first energy bin. 


This preliminary result confirms the necessity to lower the software energy threshold 
by a hardware upgrade and an improved statistics in the first energy bin. 

This dedicated hardware upgrade of DAMA/LIBRA-phase2 is underway. It con- 
sists in equipping all the PMTs with miniaturized low background new concept 
preamplifier and HV divider mounted on the same socket, and related improve- 
ments of the electronic chain, mainly the use of higher vertical resolution 14-bit 
digitizers. 


9. Conclusions 


DAMA/LIBRA-phase2 confirms a peculiar annual modulation of the single-hit scin- 
tillation events in the (1-6) keV energy region satisfying all the many requirements 
of the DM annual modulation signature; the cumulative exposure by the former 
DAMA/Nal, DAMA/LIBRA-phasel and DAMA/LIBRA-phase2 is 2.86 ton x yr. 

As required by the exploited DM annual modulation signature: 1) the single-hit 
events show a clear cosine-like modulation as expected for the DM signal; 2) the 
measured period is well compatible with the 1 yr period as expected for the DM 
signal; 3) the measured phase is compatible with the roughly ~ 152.5 days expected 
for the DM signal; 4) the modulation is present only in the low energy (1-6) keV 
interval and not in other higher energy regions, consistently with expectation for 
the DM signal; 5) the modulation is present only in the single-hit events, while it 
is absent in the multiple-hit ones as expected for the DM signal; 6) the measured 
modulation amplitude in NaI(TI) target of the single-hit scintillation events in the 
(2-6) keV energy interval, for which data are also available by DAMA/Nal and 
DAMA/LIBRA-phasel, is: (0.01014 + 0.00074) cpd/kg/keV (13.7 o C.L.). No sys- 
tematic or side processes able to mimic the signature, i.e. able to simultaneously 
satisfy all the many peculiarities of the signature and to account for the whole 
measured modulation amplitude, has been found or suggested by anyone through- 
out some decades thus far. In particular, arguments related to any possible role of 
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some natural periodical phenomena have been discussed and quantitatively demon- 
strated to be unable to mimic the signature (see references; e.g. Refs.^*). Thus, on 
the basis of the exploited signature, the model independent DAMA results give evi- 
dence at 13.70 C.L. (over 22 independent annual cycles and in various experimental 
configurations) for the presence of DM particles in the galactic halo. 

'The new data, released in this Conference, determine the modulation parame- 
ters with increasing precision and allow us to disentangle with larger C.L. among 
different DM candidates, DM models and astrophysical, nuclear and particle physics 
scenarios. 

'The DAMA model independent evidence is compatible with a wide set of astro- 
physical, nuclear and particle physics scenarios for high and low mass candidates 
inducing nuclear recoil and/or electromagnetic radiation, as also shown in various 
literature. Moreover, both the negative results and all the possible positive hints, 
achieved so-far in the field, can be compatible with the DAMA model independent 
DM annual modulation results in many scenarios considering also the existing ex- 
perimental and theoretical uncertainties; the same holds for indirect approaches. 
For a discussion see e.g. Ref.? and references therein. 

Finally, we stress that to efficiently disentangle among at least some of the many 
possible candidates and scenarios an increase of exposure in the new lowest energy 
bin and the decrease of the software energy threshold below the present 1 keV is 
important. The experiment is collecting data and the hardware efforts towards the 
lowering of the software energy threshold is in progress. 
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Dark Matter candidate particles able to induce nuclear recoils can also be studied using 
the so-called directionality approach. In this case the correlation between the nuclear 
recoils direction and the Earth motion in the galactic frame is studied. Several exper- 
imental techniques to explore the directionality approach have been proposed. In this 
talk, a review of such experimental techniques will be addressed. 


Keywords: Dark Matter; Directionality; Nuclear Recoil. 


1. Introduction 


Astrophysical observations have pointed out the presence of Dark Matter (DM) 
on all astrophysical scales and many arguments have been suggested that a large 
fraction of it should be in form of relic DM particles. 

Currently, several approaches are exploited to investigate DM particles in the 
galactic halo; here, we will focus our attention on a particular direct strategy: the 
directionality approach. 

In direct detection experiments, a model-independent signature is a powerful tool 
to provide a DM signal identification with respect to the background. In fact, as 
originally pointed out in Refs. 1, 2 and discussed in Refs. 3, 4, independently of the 
considered DM scenario, the events induced by a physical reaction in a target detec- 
tor depend on the product between the cross-section of the process and the relative 
velocity between the incident DM particle (DMp) and the target. Such a product is 
expected to have a characteristic time behaviour in case of DM annual modulation: 
annual variation of the interaction rate due to Earth motion around the Sun which 
is moving in the Galaxy, successfully exploited by DAMA collaboration.? ? 
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Besides this main one, other possible signatures are expected: a diurnal mod- 
ulation, due to the Earth revolution around its axis;!? a daily variation of the 
interaction rate due to the different Earth depth crossed by the DMp!! and the di- 
rectionality signature, due to the correlation of DM impinging direction with Earth's 
galactic motion, in case of DMp able to induce nuclear recoils.!? In fact, the dynam- 
ics of the rotation of the Milky Way galactic disc through the halo of DM causes 
the Earth to experience a wind of DM particles seemingly flowing along a direction 
opposite to that of the solar motion relative to the DM halo. 

Therefore, the observation of an anisotropy in the distribution of nuclear recoil 
directions could give further evidence and information for such DM candidate par- 
ticles and the related astrophysics scenario. Thus, a direction-sensitive detector is 
needed. 


2. Dark matter signal in case of elastic DMp-nucleus scattering 


Direct detection experiments, using the directionality approach, look for the signal 
of DMp via their elastic scattering interactions with detector nuclei. Therefore, 
due to kinematic consideration, the recoil nucleus direction is correlated with the 
direction of the impinging DMp (see Fig. 1). Assuming an elastic DMp-nucleus 
scattering (see Fig. 1), the nucleus kinetic energy after the interaction with the 
impinging DM particle is: 


4MAMpnM 


Er = ——————— 
R (Mpm + Ma) 


cos? (0) Epm (1) 
where, Ma is the mass of target nucleus, Mpm and Epm are the incoming DMp 
mass and kinetic energy (laboratory system), respectively, Ej is the recoil nucleus 
kinetic energy (laboratory frame) and 0 is the scattering angle of the recoil nucleus in 
the lab frame. According to the equation (1), depending on the value of M4 ~ 1—200 
GeV, considering a very simple isothermal halo model with v ~ 300 km/s & 1078c, 
thus with Epy ~ 0.5 x 107° Mpm, the maximum Eg can be < 200 keV up to 
~ 200 keV (without considering the quenching effect in the direct detection of 


Scattered DMp 
Incoming DMp (Epm) 


Target nucleus A Recoil nucleus 
(at rest) (Eg) 


Fig. 1. DMp-nucleus elastic scattering diagrams for the laboratory coordinate systems. 
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the nuclear recoiling energy). Considering this information, the maximum range of 
nuclear recoiling is of the order of mm in low pressure gas medium, um in liquid 
and less in solid medium.!? !* 

Thus, Low-Pressure Time Projection Chamber looks advantaged, but some 
drawbacks are present and will be discussed later. 

To evaluate the direction of DMp in the laboratory frame, we can determine the 
detector velocity in the galactic rest frame, ¥j(t), which varies with time. To study 
vi(t) it is possible to consider various coordinate frames; in particular, following the 
formalism in,!? we consider the horizontal coordinate frame located at the North 
pole, described by the *polar-zenith", O,(t), and by the “polar—azimuth”, ¢,(t). 
In this frame the area described in the sky by the direction of 0j(t) is shown in 
Fig. 2 (green band). Considering an experiment performed at a latitude similar 
to, e.g., the latitude of the Gran Sasso National Laboratory (LNGS) of LN.F.N. 
(42227 12" N latitude and 13?34'26" E longitude), we can assume that ©, is always 
near 40°. In fact, at a certain time of the day (~ 21:00 h LST) the DMp come 
mainly from the top, while 12 h later they come near the horizon and from North 
(see Fig. 2). Thus, assuming Y to be the velocity of the DMp in the laboratory 
frame, the DMp velocity in the galactic rest frame is v + vj(t); finally we can 
indicate with fv + 03(t)) the DM velocity distribution in the galactic rest frame 
(having assumed a specific DM halo model) and ue vf(% + vi(t)) is the flux 
of the considered DMp candidate, where £ is the fraction of the local DM halo 
density (po) of the considered candidate; Mpm is the mass of the DM candidate 
particle. 


DMp mean direction 
attimet 


DMp mean direction/ — 
attimet 
and after ~12h 


Fig. 2. Schematic representation of the experimental approach mentioned in the text. The detec- 
tor is considered as placed at the Gran Sasso National Laboratory (LNGS) with the axis in the 
vertical direction and another axis is pointing to the North. The area in the sky from which the 
DM particles are preferentially expected is highlighted. 
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The expected counting rate of the signal, in the window (E4,E3) of the detected 
energy spectrum, as a function of the time t is: 


R(E1, Ez,t) = [e f Ren op? RO) OA 


j 1 qA (Qout)Er — Ei 1 GA(Qout) ER — E2 
| nF ( VIA iet VIA 


where N4 is the number of target-nuclei of the A-th species per mass unit; Qem is 
the nuclear recoil direction in the center of mass (c.m.) frame; an is the differential 
cross section in the c.m. frame, which is assumed to be isotropic; ga(Qout) is the 
quenching factor (Q.F.) which can depend on the direction of the nuclear recoil in 


the laboratory frame; and A is the detector energy resolution. 


3. Detectors attempts 


Current directional detectors are at the research and development stage. The ex- 
perimental strategies are classifiable in two main groups: tracking detectors and 
detectors using anisotropic features. The first one bases the detection principle on 
the possibility of evaluating the direction of the nuclear recoils; the second one, 
instead, uses an anisotropic response of the detector with respect to the direction 
of the nuclear recoil strongly correlated with the impinging direction of the DMp. 

Experiments based on Low-Pressure TPC aims to develop a TPC for directional 
DM searches and solar neutrino spectroscopy. Some of big drawbacks are the energy 
threshold, angular and spatial resolutions. Moreover, the total mass is often modest 
(in the literature are present liquid TPCs very big as ICARUS, DUNE, etc., but 
they are not applicable to DM sector). Another of the most critical issues is the 
low angular resolution at very low energy. Other important drawbacks are: low 
background techniques are not mature; some systematic effects with respect to the 
direction of the electric field are present in case of high charge gain; the data analysis 
is based on a strong software gamma rejection, introducing systematics. 

'The NEWSdm collaboration uses a nuclear emulsion-based detector acting both 
as a target and as a solid tracking device,!? declaring a spatial threshold of (1204-5) 
nm. The radioactive contaminants of nuclear emulsion are mainly dominated by 
contamination of !4C and U/Th chains. The main drawback is to reach enough 
spatial and angle resolution to be sensible to a range of nuclear recoiling, that at 


maximum is a few 100 nm, without compromising the emulsion path and minimizing 
the systematics during the data analysis and with a reasonable duty cycle. 

We also mention two other ideas. A proposed method consists in identifying 
the direction of an incident DMp using the spectroscopy of quantum defects in 
macroscopic solid-state crystals as diamonds.!" Instead, in Ref. 18 an odd type of 
DM detector made of DNA (or RNA) is proposed. 
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The second main group of detectors is based on the anisotropic response, show- 
ing a signal that varies with the direction of impinging particles. In particular, in 
literature, there are attempts to use (i) carbon nanotubes, (ii) columnar recombi- 
nation in a TPC dual-phase, (iii) a realistic and very promising technique using 
anisotropic crystal scintillators. 

The first one is an idea based on the use of a large number of carbon nano- 
tubes vertically aligned (VA-CNT). There are weak indications that an electron 
is extracted from this VA-CNT forrest with a higher probability if the impinging 
direction of a particle is parallel to the VA-CNT, as compared to the impinging 
direction perpendicular to the VA-CNT. This possible effect could be implemented 
to develop an anisotropic sensor. !? 

The second case exploits a dual-phase time projection chamber (TPC) is filled 
with a liquid noble gas. In those devices, the scintillation light (S1) in the liquid 
phase and the ionization charge signals (generated in the liquid phase), which is 
drifted to the gas phase and there converted into a proportional scintillation signal 
(S2), are measured. Along the drift path, the electrons, due to several reasons, 
are partially recombined with the medium. It is expected that in case the initial 
electrons are generated along a direction perpendicular to the electric field (due to 
the direction of the nuclear recoil scattered from the impinging DMp), the columnar 
recombination could be less than in case the electrons are generated along the 
direction of the electron field. If detectable, the $2 signal, in the first case, is expected 
higher than in the second case as supposed in Ref. 20. The only study, using a 
very small LAr- TPC (SCENE detector), is published in Ref. 21, with a very poor 
indication of this phenomenon (see Fig. 21 of Ref. 21). For more information, a 
synoptic survey on liquid noble gases for DM searches is reported in Ref. 22, where 
the very low energy application of double phase noble gas detectors is analysed and 
compared; the main technical aspects of the existing experimental applications have 
been discussed and some implications have been outlined. 

All these practical limitations and problems about these ideas can be overcome 
using the third approach, i.e. anisotropic scintillation detectors in a suitable low 
background experimental set-up located deep underground. 


4. Anisotropic crystal scintillator 


In anisotropic scintillators, the detector response to heavy particles depends on their 
impinging direction with respect to crystal axes. T'herefore, in the case of nuclear 
recoils induced by DMp, the measured energy spectrum at low energy is expected to 
change its shape during the sidereal day as a consequence of the changing orientation 
of the crystal axes with respect to the DM wind. This effect can be pointed out as a 
peculiar variation of the counting rate measured in a given low energy window and 
offers the possibility to highlight the DM signal with respect to the electromagnetic 
background (for details, see, e.g., in Refs. 3, 4, 12). 


2277 


The use of anisotropic scintillators to study the directionality signature was 
proposed for the first time in Ref. 3 and revisited in Ref. 4, where the case of 
anthracene detector was preliminarily analysed and several practical difficulties in 
the feasibility of such an experiment were underlined. Nevertheless, the authors 
suggested that competitive sensitivities could be reached with new devoted R&D’s 
of anisotropic scintillators having significantly larger size, higher light response, 
better stiffness, higher atomic weights and anisotropic features similar as — or even 
better than — those of the anthracene scintillator. 


4.1. Zn WO, anisotropic scintillator 


The potential offered by the anisotropic properties of ZnWO, crystal scintillator 
in the search for DM with the directionality approach was indicated for the first 
time in Ref. 23. Recent measurements and R&D show that the ZnWO, detector can 
offer suitable features for the purpose.!?: 2^?" In the light of this, the Anisotropic 
detectors for DArk Matter Observation (ADAMO) project!?:?5 was considered and 
R&Ds have been progressed. 

In particular, in the last years various ZnWO, detectors have been developed 
in the framework of the collaboration between the DAMA group of INFN (Istituto 
Nazionale di Fisica Nucleare) and the INR-Kyiv group.?9 °° Formerly, some crystals 
were produced by the Institute for Scintillation Materials (ISMA, Kharkiv, Ukraine) 
and, later on, a collaboration with the Nikolaev Institute of Inorganic Chemistry 
(Novosibirsk, Russia) has started and an R&D to produce ultra-radiopure ZnWO, 
by using the low-thermal gradient Czochralski technique in a platinum crucible is on- 
going.” The produced crystals have been put in measurement in the DAMA/R&D 
underground facility at the Gran Sasso laboratory (LNGS) of INEN.26:27,35.36 Mea- 
surements and R&D works have shown the competitiveness of ZnWO, scintillators 
for a DM experiment based on the directionality. In fact, the light output and the 
time profile of the scintillation pulse for heavy particles (p, a, nuclear recoils) de- 
pends on the direction of such particles with respect to the crystal axes while no 
difference is observed for y/ radiation.?? The shape of the scintillation pulse is 
also different for y(8) radiation and heavy particles (a). This pulse shape discrim- 
ination capability can potentially be of interest not only for a DM experiment but 
also for double beta decay searches. The ZnWO, also offers a high atomic weight 
and the possibility to realize single crystals with masses of a few kg.?" Moreover, 
the presence of three target nuclei with very different masses (Zn, W and O) makes 
these scintillators sensitive to both small and large mass DM candidates, as also the 
Nal(Tl) is. The recently developed ZnWO, scintillators have a very high level of 
radiopurity. The upper limits for ??*'Th are < 0.17 uBq/kg — < 1.3 uBq/kg, for *°K 
are < 20 uBq/kg and for ?9Ra are < 2 pBq/kg.2+?° A further radio-purification 
of ZnWO, crystal scintillators is feasible. The R&D is still ongoing? 38-39 
good results have also been obtained in improving the light transmission. The next 
step will be to suitably increase the size of crystals. 


and very 
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As confirmed by the measurements performed at LNGS, the crystals have rel- 
atively high light output at room temperature, being about 20% of the Nal(TI) 
scintillator. It appears feasible to further improve the light output of the crystal 
considering that it can increase when working at low temperature.*° To study this 
feature a small cryostat is currently under test at LNGS to realize and optimize 
the cooling system; this system will allow to reach a stable working temperature 
around -50°C. 

In order to employ the ZnWO, for DM investigation with the directionality 
approach it is crucial to measure and quantify the anisotropy of the scintillator 
for nuclear recoils. For this purpose a campaign of measurements was performed 
by using a 7.99 g mass ZnWO, crystal scintillator of (10 x 10 x 10.4) mm, in 
the framework of the ADAMO project. The crystal has been obtained by a second 
crystallization procedure using the low-thermal gradient Czochralski technique from 
zinc tungstate crystals made from tungsten oxide additionally purified by double 
sublimation of tungsten chlorides.4! The crystallographic axes were identified by 
the producer and experimentally verified. 

Before measuring the response of the ZnWO, crystal with a monochromatic 
neutron source at ENEA-CASACCIA, the crystal was irradiated with o particles 
at LNGS. In the following the obtained results are briefly reported. 


4.2. Measurements with a particles 


The small ZnWO, crystal was coupled to a HAMAMATSU H11934-200 PMT (UI- 
tra Bialkali photocathode with an effective area of (23 x 23) mm? and quantum 
efficiency ~ 43% at 400 nm and ~ 25% at 500 nm). The scintillation pulses com- 
ing from the detector were recorded by a LeCroy WaveSurf24X-sA oscilloscope (4 
chn, 2.5 GSamples/s, 200 MHz) in a time window of 100 us. The measurements 
were performed by using an ?*! Am source and various sets of thin mylar films as 
absorbers to decrease the a energy. The beam of o particles was collimated before 
reaching the crystal face. The energies of a particles were measured with a CAN- 
BERRA Alpha Spectrometer (model 7401VR). The energy scale of the crystal for 
each measurement was calibrated by using !?"Cs and ??Na y sources. 

The typical energy distributions of the a particles impinging along the three 
axes of the crystal are shown in Fig. 3-left. The ZnWO, crystal was irradiated in 
the directions perpendicular to the (100), (001) and (010) crystal planes: hereafter 
crystal axes I (blue on-line), II (green on-line) and III (red on-line), respectively in 
Fig. 3. 

In the Fig. 3-right the dependence of the a/ ratio as a function of the energy for 
the three different directions of the o beam relatively to the crystal axes is shown. 
In particular, the quenching factor for a particles measured along the crystal axis 
III is about 1.2 times larger than that measured along the crystal axes I and II. 
Instead, the quenching factors measured along the crystal axes I and II are quite 
similar. The error bars are mainly due to the uncertainty of the alpha energy which 
is slightly degraded in air. 
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Fig. 3. Left: energy spectra of 4.63 MeV a particles impinging along the three axes of the crystal. 
Right: dependence of the a/6 ratio on the energy of the o particles measured with a ZnWOa 
scintillator in Ref. 23 (black points) compared with those reported in Ref. 25 (colored points). The 
anisotropic behavior of the crystal is evident. The models for each crystal axis, obtained as global 
fits on all the data (from a’s and from recoils; see also later) of Ref. 25 following the prescription 
of Ref. 42, is also reported. 


The quenching factors and the anisotropic effect reported in Ref. 25 are in rea- 
sonable agreement with those of Ref. 23, as shown in Fig. 3-right; in the figure the 
behavior of the o//f ratio as expected for each crystal axis in the model of Ref. 42 
are also reported. 

Therefore, the data confirm the anisotropic features of ZnWO, crystal scintilla- 
tor in case of o particles. 


4.3. Measurements with neutrons 


Monochromatic neutrons were generated by the Thermo Scientific portable genera- 
tor MP 320. Neutrons are produced in the d(t, a)n reaction with energy around 14.7 
MeV by accelerating deuterons toward a tritium target in electric potential. For the 
requirements of the experiment a configuration with beam acceleration voltage of 60 
kV and a beam current of 40 uA was adopted in order to optimize the neutron yield 
and the stability of the beam operation; the production rate was around 10" n/s. 
In the experimental setup, neutrons leaving the target at 90 degrees to the forward 
direction were used; at this angle, simple kinematics predicts a value E, = 14.05 
MeV for a beam acceleration voltage of 60 kV. 

The scattered neutron in the crystal is detected by two neutron detectors placed 
at a given scattering angle. In such a configuration the energy and the direction 
of the recoiling nucleus are fixed and, by measuring the energy released in the 
ZnWO, detector — in keV electron equivalent (keVee) — it is possible to determine 
the quenching factor. By changing the crystal axes orientation the quenching factor 
for the different axes can be measured. 

A scheme of the set-up is shown in Fig. 4. The ZnWOy, detector is placed in 
front of the neutron channel on a revolving platform around a vertical axis (O axis), 
which allows us to fix the direction of the crystal axis with respect to the impinging 
neutrons: the a angle as depicted in Fig. 4. The ZnWO, crystal is centered on 
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Fig. 4. Schematic view from the top of the experimental set-up. The two neutron detectors are 
one above the other. 


the O axis and is optically coupled to two HAMAMATSU H11934-200 PMTs on 
opposite faces. In the set-up, the PMTs are on the faces perpendicular to the crystal 
axis III; thus, a identifies the angle between the crystal axis III and the impinging 
neutrons direction. The crystal axis I is also on the horizontal plane, while the 
axis II is vertical. The neutrons scattered off the ZnWOy, crystal are tagged by 
two neutron detectors by Scionix employing EJ-309 liquid scintillator. The EJ-309 
scintillator has a very high capability to discriminate neutrons interactions from the 
gamma background by Pulse Shape Discrimination (PSD). The neutron detectors 
are placed 82 cm far from O axis, one above the other to maintain the same neutron 
scattering angle 0 (see Fig. 4) and to improve the solid angle acceptance. They are 
held by an arm and free to rotate around the O axis. 

The signals from the two PMTs coupled to the ZnWO, detector are summed 
and recorded by a CAEN DT5720 transient digitizer with 250 MSamples/s. The 
trigger is obtained by the coincidence between a signal in the ZnWO, detector and 
in the EJ-309 detectors within +500 ns. 

The energy detected in the ZnWO, detector is evaluated from the digitized pulse 
area. ?Ba and !?"Cs sources were used to calibrate the detector energy scale. The 
typical energy resolution was o/ E = 4.496 at the 662 keV y peak of "Cs. The 
energy calibration was performed before and after the neutrons irradiation. 

Neutron events in the EJ-309 detectors were selected by a PSD data analysis 
based on: i) head/tail analysis; ii) analysis of the mean time, 7, of the time profile 
of the pulse. A typical example of the separation between gamma and neutrons ex- 
ploiting the two techniques is reported in Fig. 5-left and in Fig. 5-right, respectively. 

'To select the nuclear recoils induced by the elastic scattering of neutrons over 
the background an important quantity is the TOF between the ZnWO, detector 
and the neutron detectors EJ-309. The expectation value of TOF due to the typical 
velocity of the scattered neutrons is around 15 ns. It can be defined the variable 
At = 77 — tZ@W°, where të? (t2W°) is the starting time of the EJ-309 (ZnWO,) 
pulse. The transit time of the neutron detectors PMT is = 40 ns while it is ~ 6 ns 
for the HAMAMATSU H11934-200. The At variable is shifted with respect to TOF 
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Fig. 5. Example of gamma/neutron separation by PSD in EJ-309 liquid scintillator. Left: 
head/tail analysis. Right: distribution of the mean time, 7, variable. 


and it has been calibrated considering the coincidences between high energy events 
in the ZnWO, detector and gamma events in the neutron detectors. A At e 34 
ns has been obtained from the data in agreement with the expectation. This TOF 
calibration has been taken into account in the analysis. 

For a fixed scattering angle 0 and crystal axis, the event pattern searched for 
was represented by a scintillation pulse in the ZnWO, detector in coincidence with 
a neutron in the EJ-309 detectors. 

In Fig. 6-left the T'OF distribution is depicted for the case of 0 — 70? and 
crystal axis I, while in Fig. 6-right the bi-dimensional plot TOF vs ZnWO, energy 
is presented (Ezwo is in keVee). These plots show a continuum due to random 
coincidences, a clear excess of events with energy around 80 keVee and T'OF in 
agreement with the expectation for scattered neutrons on target nuclei. The peak 
in the T'OF variable shows a tail on the left due to the first photoelectron delay in 
ZnWO, (effective average scintillation decay time ~ 24 us?3). The observed excess 
can be ascribed to the O recoils in the ZnWO, detector and its position provides 
the quenching factor of this nucleus for the used scattering angle and crystal axis. 
'The Zn and W recoils are expected to be well below the energy threshold that has 
been used in the present experimental conditions. 

The behavior of the T'OF distribution can be explained by considering that 
events belong to the sum of two main contributions: 1) a peak due to the coinci- 
dences caused by the elastic scatterings of neutrons off the ZnWO, nuclei, and 2) 
the random flat coincidences (fyna). To build a model for the TOF behavior some 
assumptions can be considered: i) the signal of the neutron detectors is “prompt” 
(that is the time delay between the neutron interaction and the starting time of the 
EJ-309 pulse is mostly equal to the PMT transit time); ii) the ZaWO, time delay 
between the neutron interaction and the starting time of the pulse is given by the 
PMT transit time plus the delay of the first photoelectron in ZnWO, detector; iii) 
the probability to have the first photoelectron in ZnWO, at the time t is le-t e 
where 7 is the characteristic time decay of the process; iv) the fluctuations of the 
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Fig. 6. TOF distribution and bi-dimensional plot TOF vs ZnWO,A energy for coincidences ob- 
tained after selecting neutrons in the neutron detectors, for the case of scattering angle 0 = 70° 
and axis I. Left: The T'OF distribution shows a continuum due to random coincidences and a clear 
peak, that is in agreement with the expected T'OF for neutrons after elastic scattering off the 
nuclei of ZnWO,A detector. The peak shows a tail on the left part due to the first photoelectron 
delay in ZnWO,. The fit with the function of eq. 3 is superimposed (See text). Right: A clear 
peak is present at the proper value of T'OF and at the given energy. The peak position in the 
Ezwo distribution provides the quenching factor of the O nucleus for the used scattering angle 
and crystal axis. 


transit times of the PMTs of the ZnWO, and of the EJ-309 detectors, and the time 
resolution of the used digitizer (2 ns bin size for the neutron detectors and 4 ns for 
the ZnWO, detector) are taken into account by making a convolution of the time 
distribution with a Gaussian function having a characteristic spread c. Thus, the 
model function of T'OF can be written as: 


(w+TOF-TOFo)? 


{TOF Isa A, T, e, TOF) = frnd T af e T/Te 20? dx (2) 
0 


where TOF represents the expectation value of the neutrons time of flight and A 
is a normalization factor. By solving the integral one gets: 


V20 ^ V2r 


orerar ter | crf ( DU ) (3) 


where B includes only constant factors: B — A\/Eoe®. The result of the fit of 
the TOF distribution with the function given in eq. 3 is plotted in Fig. 6-left; it 
gives: frna © 5.5 counts/ 5 ns, B ~ 21.6 counts/ 5 ns, 7 ~ 16.9 ns, o © 5.8 ns and 
TOF) ~ 15.4 ns. The model reproduce well the experimental data and is in a good 
agreement with the expectations. A Monte Carlo simulation gives similar results. 
For the estimation of the quenching factors three scattering angles were consid- 
ered. Since the responses of the crystal axes I and II are rather similar, only the 
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Fig. 7. Energy distributions of the detected energy, Ezyw o, in the ZnWO,A detector, measured in 
keV electron equivalent (keVee) for the case of 0 — 70? and axes III and I. Only events identified 
as recoils due to neutrons scattering, with subsequent registration of the scattered neutron in 
the neutrons detectors, are selected. Light (red on-line) histogram: events selected in the proper 
window of the TOF variable (—20 ns < TOF < 30 ns). Dashed (blue on-line) histogram: events 
selected in the off-window (60 ns « TOF « 110 ns). 


case of axis I was considered. Figure 7 shows an example of the energy distributions 
of the detected energy, Ezwo, in the ZnWO, detector, measured in keV electron 
equivalent (0 = 70° and axes III and I). Two distributions are reported for each plot: 
one is obtained by selecting events in the time window expected for the T'OF of neu- 
trons elastically scattered off the nuclei of ZaAWO, detector, —20 ns < TOF < 30 ns 
(light red histogram); the other is presented by selecting off-window events (random 
coincidences), 60 ns « T'OF « 110 ns (blue histogram). The off-window events are 
related to random coincidences and, therefore, their distribution is the background 
distribution in the histogram of the in-window events. The peaks are evident and 
can be ascribed to the oxygen nuclear recoils. The positions of the peaks are ob- 
tained by fitting them with a Gaussian curve plus an exponential function that 
simulates the background of the random coincidences. The energy resolutions, c, of 
the peaks are between 8 and 12 keVee; the values are well in agreement with the 
energy dependence: o x WE. 

In Table 1 the summary of the peak positions measured for the three considered 
angles is reported. The expected recoil energies for the oxygen nucleus, Epo, are 
also given. The obtained quenching factors are calculated as the ratio Ezwo/En,o 
and the last column reports the degree of anisotropy for each scattering-angle/recoil 
energy. 

In Fig. 8 the obtained values for the quenching factors are plotted together with 
the models for the considered crystal axes derived from Ref. 42 for a single kB 
parameter. This parameter has been estimated, for each axis, taking into account 
both the response of ZnWO, to a particles and to oxygen recoils (kB = 12.06 mg 
MeV-! cm~? for axis I, kB = 11.80 mg MeV-! cm"? for axis II — only a data are 
considered — and kB = 9.98 mg MeV~! cm? for axis III, respectively). 
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Table 1. Summary table of the peak position due to oxygen nuclear recoils. For each scattering 
angle, 0, and for the different axes of the ZnW0Osg crystal, the peak position, Ezwo, the energy 
resolution, c, the expected recoil energies for the oxygen nucleus, Ego, the quenching factors, 
Q, and the anisotropy, Qrrr7/Qr ratio, are reported. 
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Fig. 8S. Quenching factors for oxygen nuclear recoils in ZnWOs, for the crystal axes I and III 
as function of the expected recoil energies Epo. In the plot the expected behavior of quenching 
factor for the considered crystal axes is also shown; it has been obtained by the global fits on the 
a and oxygen recoil data, following the prescription of Ref. 42 (for more details see Ref. 25). 


5. Conclusion 


'The directionality investigates the correlation between the direction of the nuclear 
recoils induced by DMp and the motion of the Earth in the galactic rest frame. In 
fact, due to the solar motion in the DM halo, a wind of DMp is expected on the 
Earth with an seemingly opposite direction with respect to the Earth velocity in 
the galactic rest frame. As a consequence of the Earth's rotation, an observer on 
the Earth's surface experiences a change in the DM average arrival direction during 
a sidereal day. The induced nuclear recoils’ directions are expected to be strongly 
correlated with that of the DM particles. Thus, the study of the nuclear recoils 
directions can also be pursued to investigate the class of DM candidate particles 
interacting via elastic-scattering on target nuclei. 
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A brief review of the R&Ds present in the literature has been addressed. In 
particular, we have briefly discussed the case of Low-Pressure TPC, the emulsion- 
based detector, columnar recombination, and some other ideas like the use of DNA 
based detector, diamonds or VA-CNT. However, such techniques suffer of several big 
problems, such as the short range of nuclear recoil, high radioactivity level, stability 
during the running condition, mass limitation etc., making this measurement really 
difficult. On the other hand, the anisotropic crystal scintillators offer a unique possi- 
bility of overcoming all these problems and giving a realistic technique to exploit the 
directionality approach (see Refs. 12, 25 for details). In fact, the results confirm the 
anisotropic response of the ZnWO, crystal scintillator to o particles and to oxygen 
nuclear recoils. The presence of a good anisotropic response also in the lower energy 
region is supported by the trend of the measured quenching factors at lower energy. 
In particular, for nuclear recoils induced by neutrons, the anisotropic response of 
the ZnWO, crystal scintillator has been determined at 5.4 standard deviations. This 
opens a possibility to realize a pioneer experiment to investigate the mentioned DM 
candidates by means of the directionality with the help of ZnWO, anisotropic scin- 
tillators. The features and the potentiality of these detectors can achieve — in some 
of the many possible scenarios and for some DM candidates able to induce a nuclear 
recoil — sensitivities not far from that of the DAMA/LIBRA positive result:? 748 
a low background pioneer experiment named ADAMO (Anisotropic detectors for 
DArk Matter Observation) located deep underground.!?:?5 

For the near future, the DAMA, INR-Kyiv and ENEA/Casaccia collaboration 
plans to further investigate the light response of ZnWOy, concerning the operation 
temperature (to increase the light-yield eventually), the light response at very low 
energy in case of the electromagnetic excitation and the Q.F. for nuclear recoils of 
W and Zn and other scattered angles of oxygen nucleus. 
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The article reviews our recent experimental results on the Continuous Spontaneous Lo- 
calization (CSL) model and on the gravity related collapse model developed by Diósi 
and Penrose (DP). These models of dynamical reduction of the wave function consist 
in non-linear and stochastic modifications of the Schróedinger equation, which lead to a 
progressive breakdown of the superposition principle, as the size of the system increases. 
We performed a high sensitivity survey of the spontaneous radiation phenomenon, pre- 
dicted by the collapse models, in a dedicated experiment operated in the extremely 
low background of the Gran Sasso underground National Laboratory of INFN in Italy. 
Our studies set the strongest bounds on the CSL parameters, in a broad region of the 
parameters space, and rule out the DP in its present formulation. 


Keywords: Collapse Models; Spontaneous Radiation; Germanium Detectors. 


1. Dynamical collapse models and spontaneous radiation 


Quantum Theory (QT) is the basis of our understanding of the physical world. Since 
its inception QT successfully described plenty of puzzling experimental phenomena, 
it explained the spectrum of the black body radiation and the atomic structure, it 
was the cornerstone of the development of modern chemistry, of nuclear physics 
and of quantum field theory, just to give some examples, and presently fuels the 
growth of vanguard technologies. Despite its success and the outstanding precision 
of the experimental validations, QT still contains a conundrum in its grounding 
pillars. Why the superposition principle, characterizing the evolution of microscopic 
systems, does not carry over to macroscopic objects? Why in the act of measuring 
the deterministic dynamics is replaced by a probabilistic behaviour governed by the 
Born rule? 

Models of dynamical reduction of the wave function represent phenomenologi- 
cal, and testable, concrete solutions to the problem (see e.g.,' ? for a review and 
references see also?). They consist in non-linear and stochastic modifications of the 
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Schróedinger equation, which preserve the QT predictions in the microscopic regime, 
and go over to classical mechanics in the macroscopic limit, by breaking down the 
quantum linear evolution proportionally to the growing size of the system. 


10°14) which aim to measure the 


Besides interferometric experiments (see e.g. 
interference pattern of the spatial superposition which is created in an interferome- 
ter, collapse models can be also probed with indirect tests (see e.g.1? 2”) 


denominator of this second class of experiments is to exploit the random motion 


. Common 


associated to the collapse mechanism, which allows to test the effect of the mod- 
els predictions on macroscopic objects. Clear advantage is the magnification effect, 
which leads to the stronger constraints on the collapse models, this is the case of 


28,29 and X/a-ray measure- 


micrometer cantilever,!ó gravitational wave detectors 
ments,?9?" the latter being the subject of this paper. 

We will review in this paper our latest experimental results on the Continuous 
Spontaneous Localization (CSL) and on the Diósi-Penrose (DP) models. In the CSL 
model* © the non-linear and stochastic terms are characterized by the interaction 
with a continuous set of independent noises, with zero average, Gaussian correla- 
tion in space and, in the simplest version, white correlation in time. The model is 
defined in terms of two phenomenological parameters, denoted by A and rc. A has 
the dimensions of a rate and sets the strength of the collapse. rc is a correlation 
length which determines the spatial resolution of the collapse, the collapse is weak 
if the superposition size is much smaller than rc, while becomes effective for delo- 
calizations which are much larger than rc. Different theoretical considerations lead 
to alternative choices for the parameters: Ghirardi, Rimini and Weber? proposed 
A — 10717s-! and rc = 1077m, Adler?? proposed A = 10782571 for ro = 1077m, 
and A = 1076+257! for ro = 109m. 

Roger Penrose argued^? that when a system is found in a spatial quantum su- 
perposition, a corresponding superposition of two different space-times is generated. 
'The superposition is unstable and decays in time. The more massive the system in 
the superposition, the larger the difference in the two space-times and the faster 
the wave-function collapse. The average collapse time T would then be given by the 


expression T © h/E,, where h is the reduced Planck's constant and E, is the gravi- 
tational self-energy of the difference between two (stationary) mass distributions of 
the superposition. Lajos Diósi developed a dynamical theory of gravity-related wave 
function collapse? which predicts the same form for the collapse time. Considered 
that the gravitational self-interaction energy diverges for point-like constituents, 
Diósi introduced?! a minimum length Ro, which limits the spatial resolution of the 
mass density. E, is then a function of Ro, the smaller Ro the faster the collapse. 
An unavoidable consequence of the dynamics of both the CSL and the gravity 
related collapse developed by Diósi, is that the non-linear interaction with the noise- 
filed induces a Brownian-like diffusion motion for the particles which, if charged, 
emits radiation. This phenomenon, which is not predicted in the context of QT, 
is usually called spontaneous radiation, and represents the observable which was 
investigated in our experimental surveys. The spontaneous radiation rate, due to 
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the emission of protons in the atomic nuclei, was calculated in Refs.?9?7 and is 
given by: 

dU he? A1 

——| = Natoms: Nz : ; 1 

dE |, : a Anrep me r2 E " 
for the CSL model, and by: 

dI 2 Ge 1 

txEX| 4 Na oms ` Na ( ` : 2 

dE |, i ^ 373/263 RE (2) 


for the DP model. Natoms is the number of atoms in the system with atomic number 
Na, cis the speed of light, e; is the vacuum permittivity, mo is the nucleon mass, G is 
the universal gravitational constant, E and t are the energy and the time. Electrons 
are relativistic in the energy range which was considered in our analyses, hence their 
contribution to the spontaneous radiation emission can not be considered. 

The paper is organized as follows: in Section 2 the experimental apparatus is 
described, in Section 3 is given a brief description of the statistical analysis and 
the constraints on the characteristic parameters of the CSL and DP models are 
summarized, while concluding remarks and the future developments of our studies 
are outlined in Section 4. 


2. The experimental setup 


The experimental apparatus was based on a coaxial p-type High Purity Germanium 
detector (HPEGe) surrounded by multiple shielding layers: the inner shielding con- 
sisting of 5cm thick electrolytic copper, the external part of lead (30 cm from the 
bottom and 25 cm from the sides). Both the shielding and the cryogenic system 
were enclosed in an air tight steel housing, flushed with boil-off nitrogen, in order 
to suppress radon contamination (see Fig. 2 in Ref.?° for a schematic representa- 
tion of the setup, further details on the setup structure can be found in Ref.?8 and 
therein references). The experiment was operated in the extremely low background 
environment of the Gran Sasso underground National Laboratory of INFN in Italy. 

'The goal of the measurement was to disentangle a faint contribution of the spon- 
taneous radiation emission process, to the measured spectrum, from environmental 
background. To this aim an accurate characterization of the whole apparatus was 
performed with a validated Monte Carlo (MC) code?? based on the GEANTA soft- 
ware library.?? 

The measured spectrum (corresponding to an exposure of 124 kg - day) is shown 
in black in Fig. 1, in the range AE = (1000—-3800)keV (this is a reproduction of the 
original Fig. 1 in Ref.?7). The energy range fulfills the theoretical requirements for 
the validity of the calculated rates (Eqs. (1) and (2)). In AE the main contribution 
to the background was found to be originated by residual radionuclides, present 


2291 


Counts / (10 keV) 


1000 1500 2000 2500 3000 3500 
E (keV) 


Fig. 1. The measured X-ray spectrum is shown in black in the selected energy range AE = 
(1000 — 3800) keV. The simulated background distribution is also shown in magenta. 


in the materials of the setup, whose measured activities represented the inputs of 
the MC simulations. The magenta distribution in Fig. 1 represents the simulated 
background, 8896 of the measured spectrum can be described in terms of known 
emission processes. 

The simulation also allowed to compute the efficiencies, as a function of the 
energy, for the detection of spontaneously emitted photons in each component of the 
setup. To this end 108 photons, with uniform spatial distribution, were generated 
in each material in steps of 200 keV (ie. 15 points in the AE). The efficiency 
functions e;(E) (i labelling the material of the detector) were then estimated by 
means of polynomial fits of the corresponding distributions, for each component of 
the detector which gives an appreciable contribution. The results of this analysis 
are summarized in Fig. 2 and Table 1 of Ref.?". 


3. Summary of the data analyses and results 


'The strategy of the Bayesian statistical analysis was to perform a comparison of the 
theoretically predicted spontaneous emission rate, generated by each component of 
the apparatus and weighted by the experimental efficiency and acceptance, with the 
measured distribution, accounting for the estimated background. 

Given the calculated efficiency functions, and the theoretical rate (Eqs. (1) and 
(2)), the expected number of measured events, due to the spontaneous emission by 
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protons belonging to the i-th material, during the acquisition time T is: 


T e;(E) dE. (3) 


t 


Summation over i yields the total expected signal contribution, which is a function of 
the phenomenological parameters (A, rc) or Ro, depending on the selected collapse 
model. The measured counts were assumed to fluctuate according to a Poissonian 
distribution and the probability density functions for the expected number of counts 
were derived, from which the following constraints on the models parameters were 
calculated, corresponding to a probability of 0.95: 


E < 52s im ?; Ro > 0.54 - 10710m, (4) 
C 
see Refs.29:?" for more details concerning the data analysis. 

The first limit in Eq. (4) represents the stronger existing bound on the CSL 
model for values of the correlation length rc < 10~°m. The limit on Ro (right side 
in Eq. (4)) is about three orders of magnitude stronger than previous bounds in the 
literature.?? If Ro is chosen as the size of the nucleus's wave function (as suggested 
by Penrose), our result is to be compared with the square-root of the mean square 
displacement of a nucleus in the lattice. For the Germanium crystal, cooled down 
at the liquid Nitrogen temperature, this would amount to an Ro value of about 
0.05 - 107 1?m, which is more than one order of magnitude less than the lower limit 
set by our experiment. 


4. Conclusions and perspectives 


We summarized the results of a dedicated measurement, performed at the Gran 
Sasso underground National Laboratory of INFN. The study was devoted to the 
search of spontaneous radiation emission, predicted by the CSL and the DP models 
of wave function collapse. We set the strongest bounds on the CSL phenomenolog- 
ical parameters in the region rc < 10^ 9m. Penrose's proposal for a gravity-related 
collapse of the wave function, in the present formulation, is ruled out. Our result 
indicates that the idea of gravity-related wave function collapse, which remains very 
appealing, will probably require a new approach. Indeed new theoretical develop- 
ments are seeking for non-Markovian and/or dissipative versions of the collapse 
models, predicting a lower rate of spontanoeus radiation depending on the photon 
frequency. Both Penrose and Diósi are also pursuing the idea of a radiation free 
gravity-related collapse. 

This pushes our efforts through further refinements our experimental techniques 
and data analyses methods. We are presently expanding our sensitive energy region 
from the MeV to few keV, with experimental setups based on Broad Energy Germa- 
nium detectors and ultra-radio pure targets. We are investigating the application of 
Machine Learning algorithms to identify the faint signal of the dynamical collapse, 
towards a deeper understanding of the foundations of Quantum Mechanics. 
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Leptophilic dark matter (LDM) could naturally arise in many beyond the Standard 
Model scenarios and could address certain experimental anomalies. We discuss some 
model-independent collider constraints on the LDM effective couplings with the Standard 
Model sector, considering its production at a future electron-positron linear collider (with 
polarized and unpolarized beam options) in both mono-photon and mono-Z channels.! 


Keywords: Dark Matter, Effective Field Theory, Lepton Collider 


1. Introduction 


Many of the existing experimental constraints on dark matter (DM) crucially rely 
on the DM interactions with nucleons, and therefore, can be largely weakened if 
the DM predominantly interacts with the Standard Model (SM) leptons, but not 
quarks at tree-level. Such leptophilic DM (LDM) could arise naturally in many be- 
yond the Standard Model (BSM) scenarios,” ?? some of which could even explain 
various experimental anomalies, such as the muon anomalous magnetic moment, ?4 
DAMA/LIBRA annual modulation,?° anomalous cosmic ray positron excess,?6 ?9 
the galactic center gamma-ray excess, and XENONIT electron excess.?! Dedi- 
cated searches for LDM in direct detection?? ?4 25596 
have also been discussed. 

In this proceedings based on Ref.!, we focus on the LDM searches at lepton 
colliders, which are complementary to the direct and indirect detection searches. 
We adopt an effective field theory (EFT) approach, which has been widely used in 
the context of collider searches for DM following the early works of Refs.?" 4° The 
same interactions responsible for DM pair-annihilation in the early universe leading 
to their thermal freeze-out guarantee their direct production at colliders, as long 
as kinematically allowed. This will give a characteristic mono-X signature, where 
the large missing transverse momentum carried away by the DM pair is balanced 
by a visible sector particle X (which can be either a photon, jet, W, Z, or Higgs, 
depending on the model) emitted from an initial, intermediate or final state (see 
Refs.*° 47 for reviews). Specifically, the mono-jet signature has become emblematic 
for LHC DM searches.*® ?! However, for an LDM with loop-suppressed interactions 
to the SM quarks, the hadron colliders like the LHC are not expected to provide 
a better limit than the existing constraints from indirect searches, such as from 
AMS-02,?2:53 at least within the EFT framework with contact interactions. 


and beam dump experiments 
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On the other hand, lepton colliders provide an ideal testing ground for the direct 
production of LDM and its subsequent detection via either mono-photon ^? 45: 54-63 
or mono-Z9^-67 signatures. We go beyond the existing literature and perform a com- 
prehensive and comparative study of both mono-photon and mono-Z signatures of 
LDM at future e*e- colliders in a model-independent, EFT approach.! Our analy- 
sis is generically applicable to all future ete~ colliders, such as the ILC,9* CLIC, 
CEPC"? and FCC-ee,"! but for concreteness, we have taken the ys = 1 TeV ILC as 
our case study for numerical simulations. We also assume the DM to be fermionic 
and limit ourselves to the dimension-6 operators, but taking into consideration 
all possible dimension-6 operators of scalar-pseudoscalar (S-P), vector-axialvector 
(V-A) and tensor-axialtensor (T-AT) type as applicable for the most general DM- 
electron coupling. Within the minimal EFT approach, the only relevant degrees of 
freedom in our analysis are the DM mass and an effective cut-off scale A which de- 
termines the strength of the four-Fermi operators. This enables us to derive model- 
independent ILC sensitivities on LDM in the (m,, A) plane in both mono-photon 
and mono-Z (leptonic and hadronic) channels, after taking into account all relevant 
backgrounds and systematic uncertainties. We consider both unpolarized and po- 
larized beam options,ĉ® 72 and find that with the proper choice of polarizations for 
the e^ and et beams (which depends on the operator type), the DM sensitivities 
could be significantly enhanced. 


2. Effective operators 


Our primary assumptions are (i) the DM particle x couples directly only to the SM 
leptons but not to the quarks (hence leptophilic), and (ii) the energy scale of the 
associated new physics is large compared to the collider energies under consider- 
ation, thus allowing us to integrate out the heavy mediators and parametrize the 
DM-SM interactions using effective higher-dimensional operators. For concreteness, 
we assume that the DM particles are Dirac fermions, and therefore, the leading 
order DM-SM interactions are the dimension-six four-Fermi interactions, with the 
most-general effective Lagrangian given by?" 


Lor = 53 Gio) (id) (1) 


where A is the cut-off scale for the EFT description and the index j corresponds 
to different Lorentz structures, as shown below. Since our main focus is on e*e^ 
colliders, we will just set £ = e in Eq. (1) and assume this to be the only leading- 
order coupling, but our discussion below could be easily extended to other cases, 
e.g. future muon colliders’ by setting l = p. 

A complete set of Lorentz-invariant operators consists of scalar (S), pseudo- 


scalar (P), vector (V), axial-vector (A), tensor (T) and axial-tensor (AT) currents. 
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We classify them as follows: 


S-P type: Ty = c% + ich, Te = c$ + ichys , 
V-A type: DT = (ej + chos) Y" Peu = (cy + c5) Yn» 
T-AT type: TE” = (c + ich rs) gu Peu» = Ow; (2) 


where oH” = 4[y",7"] is the spin tensor and cj '^ are dimensionless, real couplings. 
For simplicity, in Eq. (1) we have used a common cut-off scale A for all Lorentz 
structures. Furthermore, in our subsequent numerical analysis, we will consider one 
type of operator at a time, by setting the corresponding couplings c}*" = 1 without 
loss of generality and all other couplings equal to zero, unless otherwise specified. 


For instance, setting c% = c = cg = cp = 1 and all other couplings equal to zero 
gives us the (S+P)-type operator, which we will simply refer to as the SP-type in 
the following discussion. Similarly, we will denote the c% = cà = ce = cy = 1 
case simply as the VA-type, and c = c\., = 1 as the TAT-type for presenting 
our numerical results in the (my, A) plane. For other choices of the couplings, our 
results for the sensitivity on A can be easily scaled accordingly. 

We will impose a theoretical limit of A > ys for the EFT validity. For rela- 
tively larger DM mass, we must also have A > 2m, in order to describe DM pair 
annihilation by the EFT. In fact, using A = 2m, induces 100% error in the EFT 
prediction for s-channel UV completions. Therefore, we will use A > max{,/s, 3m, } 
as a conservative lower bound™ to ensure the validity of our EFT approach. 


3. Mono-photon channel 


For the mono-photon signal e*e^ — xx", the y’s will contribute to the missing 
transverse energy at the detector. The dominant irreducible SM background to 
this process comes from neutrino pair production with an associated ISR photon, 


ie. et 


€ — vv^. Since neutrinos are practically indistinguishable from DMs on 
an event-by-event basis, the majority of this background survives the event selec- 
tion cuts. However, as we will show later, this background is highly polarization- 
dependent, and therefore, can be significantly reduced by the proper choice of po- 
larized beams, without affecting the signal much. 

Apart from the neutrino background, any SM process with a single photon in the 
final state can contribute to the total background if all other visible particles escape 
detected. The SM processes containing either jets or charged particles are relatively 
easy to distinguish from a DM event, so their contribution to the total background 
is negligible.?5 The only exception is the Bhabha scattering process associated with 
an extra photon (either from initial or final state radiation), i.e., ete — e*e ^, 
which has a large cross section, is polarization-independent, and can significantly 
contribute to the total background whenever the final-state electrons and positrons 
go undetected, e.g. along beam pipes. In our following analysis, we consider both 
neutrino and radiative Bhabha backgrounds. 
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Fig. 1. Variation of mono-photon signal cross-section with the DM mass (left) and the cut-off 
scale (right) at ys = 1 TeV ILC. The solid, dashed and dotted lines are for the SP, VA and 
TAT-type operators respectively. In the left panel, the red, green and blue curves respectively 
correspond to different values of the cut-off scale A — 1 TeV, 3 TeV and 5 TeV, while in the right 
panel, they correspond to different values of the DM mass my = 100 GeV, 250 GeV and 450 GeV. 


3.1. Cross-sections 


The cross-sections for the mono-photon signal e* e^ + yyy and the radiative neu- 
trino background ete~ — vi^ at \/s = 1 TeV ILC are estimated using CalcHEP/? 
with proper implementation of ISR and beamsstrahlung effects, which significantly 
affect the width and position of the neutrino Z-resonance. For this purpose, the 
EFT Lagrangian (1) is implemented in FeynRules/? to generate the CHO library 
required for Cal cHEP. To avoid collinear and infrared divergences, we limit the phase 
space in the event generation with the following cuts on the outgoing photon energy 
E., and its polar angle 04: 


8 GeV < E, < 500 GeV,  |cos0,| < 0.995. (3) 


The radiative Bhabha scattering events are generated using WHIZARD/' (to better 
handle the singularities) with the same set of cuts as in Eq. (3) to the matrix element 
photon (i.e., excluding the ISR and beamsstrahlung photons). Also, some additional 
cuts are implemented for the Bhabha process to take care of the soft and collinear 
divergences: 


Mis «2m., M 


Cin»Cout € 


« 5 GeV, P} >1 GeV, ARez,y > 0.2, ARet et > 0.4. 
(4) 


After generating the signal and background events, we perform a fast detector 
simulation of the SiD detector of ILC"? using Delphes3” with the configuration 
card validated in Ref.9?. The variations of the unpolarized signal cross section as a 
function of the DM mass and the cut-off scale are shown in Figure 1 left and right 
panels respectively for all three operator types, namely, SP (solid), VA (dashed) 
and TAT (dotted)-type. We find that the cross-section is the smallest (largest) for 
the SP (TAT)-type operator at any given DM mass. In the left panel, the sudden 
drop in the cross-section as my approaches 45/2 is due to phase-space suppression. 
Otherwise, for smaller DM masses, the cross-section for a given operator type and 


out'Éout 
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Table 1. Comparison of the SM backgrounds and signal cross sections for the mono-photon 
channel with different choices of beam polarization at ys = 1 TeV. For the signal, we have 
chosen benchmark values of m, = 100 GeV and A = 3 TeV. The numbers in bold highlight 
the optimal polarization choice for a given operator type. 


Process Unpolarized Polarization Polarized cross-section (fb) 
type cross-section (fb) P(e-,et) (4,4) (4,-) =+ (©,-) 
80,0 1106 1106 8506 8506 
vvy 4782 (80, 20 1268 963 10160 6793 
(80, 30 1393 860 10993 5931 
80,0 67920 67920 68867 68867 
e-ety 68439 (80, 20 67909 68386 69285 68297 
(80, 30 67809 68566 69502 68181 
80,0 25.5 25.5 25.5 25.5 
SP-type 25.5 (80, 20 29.6 21.4 21.4 29.6 
(80, 30 31.6 19.4 19.4 31.6 
80,0 61.7 61.7 6.9 6.9 
VA-type 34.3 (80, 20 49.4 74.1 5.5 8.2 
(80, 30 43.2 80.3 4.8 8.9 
80,0 36.5 36.5 36.5 36.5 
TAT-type 36.5 (80, 20 42.3 30.6 30.6 42.3 
(80, 30 45.2 27.7 27.7 45.2 


a given cut-off scale is almost independent of the DM mass. In the right panel, we 
see that for a given DM mass the cross-section drops as A74, as expected. 

As for the background, we find that the neutrino background cross section at 
ys = 1 TeV is 4.8 pb, while the radiative Bhabha background is 68.4 pb (though 
it is substantially reduced after the baseline selection). On the other hand, the DM 
signal cross section is found to be much smaller, as shown in Table 1 for a benchmark 
DM mass of my = 100 GeV and the cut-off scale A = 3 TeV. 


3.2. Effect of polarization 


One important advantage of lepton colliders is that the incoming beams can be 
polarized. This helps to reduce the neutrino background considerably, as shown 
in Table 1. To utilize the full advantage of the beam polarization, we investigate 
the effect of different choices of polarization on the signal and background. At 
the ILC, the baseline design foresees at least 80% electron beam polarization at 
the interaction point, whereas the positron beam can be polarized up to 30% for 
the undulator positron source (up to 60% may be possible with the addition of 
a photon collimator).95 For comparison, we show our results for three different 
nominal absolute values of polarization: |P(e~,e*)| = (80,0), (80,20) and (80,30). 
In each case, we can also have four different polarization configurations, namely, 
sign(P(e~ ), P(e*)) = (+, +), (+,—), (—, +) and (—, —), where + and — denote the 
right- and left-handed helicities respectively. 

In Table 1, we show the effect of different schemes of polarizations and helicity 
orientations on the mono-photon signal and background cross-sections. It is clear 
that the radiative Bhabha background remains almost unchanged. On the other 
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hand, electron beam polarization is very effective in reducing the neutrino back- 
ground, as a 8096 right-handed electron beam can reduce the neutrino background 
to 2396 of the unpolarized case, even without any polarization on the positron 
beam. The effect is further enhanced by a left-handed positron beam. We see that 
for 20% and 30% left-handed positron beam polarization, the neutrino background 
is reduced to 20% and 18% of its unpolarized value, respectively. 

The signals are also affected to some extent by beam polarization and the op- 
timal helicity configuration depends on the operator type. For SP- and TAT-type 
operators we see no effect of electron-beam polarization, but a 20% (30%) right- 
handed positron beam can enhance the signal by 16% (24%). The VA-type signal, 
on the other hand, prefers the (+,—) helicity configuration — the same choice for 
which the neutrino background is minimized. With the (+80%, —3096) configura- 
tion, the VA-type signal is enhanced by a factor of 2.3, whereas the (--8096, 4-309) 
configuration enhances it by a modest 2696. 

Overall, although the (+80%, —3096) configuration minimizes the background 
the most, looking at the different signal to background ratio, we find that the 
(+80%, 24-3096) configuration is the best for the SP- and TAT-type operators. For 
direct comparison between the results for different operators, we choose to work 
with the (+80%,+30%) configuration democratically for all the operator types, 
unless otherwise specified. 


3.3. Cut-based analysis 


Now we analyze various kinematic distributions and perform a cut-based analysis to 
optimize the signal-to-background ratio. This of course depends on the DM mass, 
so in Table 2, we list three benchmark points (BPs) with my = 100 GeV, 250 GeV 
and 350 GeV respectively, and present the corresponding selection cuts optimized 
for each case. Here we fix A = 3 TeV for illustration, but in the next subsection, 
we will vary both m,, and A to obtain the 3c sensitivity limits. As for the choice of 
the DM mass values, since it was seen from Figure 1 that the signal cross-sections 
are barely sensitive to the DM mass up to around 100 GeV, our BP1 essentially 
captures the light DM scenario. Similarly, our BP3 is chosen moderately close to 
the kinematic limit of /s/2 (going too close to 4/s/2 will result in cross-section 
values too low too low to give sizable event counts after all the selection cuts). The 
BP2 is chosen for an intermediate mass DM in between BP1 and BP2. 

We define our mono-photon signals by those events that pass through the base- 
line selection criteria as defined below, in addition to the cuts given in Eq. (3): 


E, > 10 GeV, |m,| « 2.45 and PE > 10 GeV, (5) 


where the hardest photon in an event is considered as the signal photon. For the ra- 
diative Bhabha background, we define the selection criteria for electrons as Pre > 
10 GeV, |ne] < 2.5, and have kept only those events which contain no electrons 
(and positrons) passing these criteria, which means they have escaped detection. 
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Table 2. Mono-photon selection cuts for different BPs across all operator types. 


BP1 BP2 BP3 
"T my = 100 GeV, my = 250 GeV, my = 350 GeV, 
Rennon "A — 3 TeV "A — 3 TeV "A — 3 TeV 
Baseline selection Ey > 10 GeV, |ny| < 2.45, pans > 10 GeV 
SP-type 
Cut-1 E, < 450 GeV E, « 340 GeV E, < 250 GeV 
Cut-2 Im] < 1.6 
Cut-3 PRs < 450 GeV | PROSS < 340 GeV | Pp? < 240 GeV 
Cut-4 PR. «13 
Cut-5 1.1 < AR, MET < 4.5 
VA-type 
Cut-1 E, < 440 GeV E, « 350 GeV E, < 250 GeV 
Cut-2 Im] < 1.7 
Cut-3 PRs < 400 GeV | PROSS < 340 GeV | Pp? < 250 GeV 
Cut-4 PRE < 1.2 
Cut-5 1.1 < AR, MET < 4.5 
TAT-type 
Cut-1 E. < 460 GeV By < 360 GeV E, < 230 GeV 
Cut-2 Inm] < 1.7 
Cut-3 PRs < 450 GeV | PRS < 350 GeV | PRS. < 230 GeV 
Cut-4 PHC 12 
Cut-5 T 12 AR, MET « 4.4 


After implementing these baseline selection cuts, we find that the signal and the 
neutrino background are reduced to about 6096 of their original values in Table 1. 
Similarly, the actual Bhabha-induced background relevant for our signal is found to 
be only about 1396 of its original value quoted in Table 1 after the baseline selec- 
tion cuts, taking into account only the missed electron events. To further enhance 
our signal-to-background ratio, we then examine the signal versus background dis- 
tributions of some relevant kinematic variables and devise further cuts, which are 
dynamic with respect to different BPs, as summarized in Table 2. See Ref.! for 
details. 

Even after implementing the baseline and analysis cuts 1 through 5, the neutrino 
background can only be reduced to about 4096 of its original value in Table 1. Sim- 
ilarly, the radiative Bhabha background, although substantially reduced to about 
496 of its original value in Table 1 after the baseline selection and analysis cuts, still 
remains sizable and comparable to the neutrino background. However, an electro- 
magnetic calorimeter in the very forward direction of the beamline (BeamCal)*! can 
further suppress the Bhabha background to the per mille level. To properly incor- 
porate the effect of BeamCal, we have used the selection efficiencies obtained from a 
full detector simulation performed in Ref.®! by modeling the complete instrumented 
region in a realistic way. According to this analysis, the selection efficiency of the 
Bhabha background after the BeamCal veto only is 2.796, while that of the neutrino 
background is between 9896 and 99.696. As for the DM signal, we expect it to be 
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Table 3. Signal significance in the mono-photon channel for the three BPs at ys = 1 
TeV with Lint = 1000 fb! integrated luminosity. The values in the parenthesis denote 
the significances with a 1% background systematic uncertainty. 


Signal significance for Lins = 1000 fp-1 
ise Unpolarized beams Polarized beams 
BP-1 BP-2 BP-3 BP-1 BP-2 BP-3 
SP-type 8.1 (0.6) 5.8 (0.4) 3.5 (0.3) 18.1 (2.4) 13.0 (1.7) 7.8 (1.0) 
VA-type 10.9 (0.8) 8.5 (0.6) 5.6 (0.4) 24.9 (3.2) 19.4 (2.5) 12.9 (1.7) 
TAT-type | 11.8 (0.8) 10.8 (0.8) 8.5 (0.6) 26.2 (3.5) 24.1 (3.2) 19.2 (2.6) 


Operator 


basically unaffected (just like the neutrino background) by the BealCal veto, as it 
does not contain highly energetic charged particles in the longitudinal direction. 

For the polarized case, after the baseline selection cuts, the Bhabha background 
remains almost same as in the unpolarized case. The neutrino background, on the 
other hand, is significantly reduced in the polarized case to about 28% of its un- 
polarized value. The other cut efficiencies are also slightly better for the neutrino 
background in the polarized case. 

As for the signals, from Table 1, we see that the TAT-type operator has the 
largest cross section to start with, both for the unpolarized as well as for the 
(+80%, +30%) polarized cases. Even after the baseline selection and the special- 
ized cuts discussed above, the TAT-type signal retains the largest efficiency among 
the three types. This will be reflected in our signal significance results below. 


3.4. Signal significance 


After implementing all the cuts mentioned above, we calculate the final signal sig- 
nificance for our benchmark scenarios using the definition 


Sig = B ; (6) 
VS +B + (cB)? 

where S and B are the number of signal and total background events respectively 
for a given integrated luminosity, and e is the background systematic uncertainty. 
Our results are given in Table 3 for the three BPs. We show the numbers for an ideal 
case with zero systematics and also for a more realistic case with 196 systematics, 
ie. with e — 0.01 (in parentheses). The results are significantly weakened in the 

latter case because of the relatively large background compared to the signal. 
From Table 3, we see that the significance enhances as we go to lower DM mass 
regions, as expected because of kinematic reasons. Operator-wise we see that TAT 
and VA-type operators perform better than the SP-type. We also find substantial 
(around 5096) increase in significance on application of optimal beam polarization. 
Going beyond the three BPs, we now vary the DM mass and calculate the signal 
significance following the same cut-based analysis procedure outlined above. Our re- 


sults for the 3c sensitivity contours in the (my, A) plane are shown in Figure 2 for all 
the operator types. The solid (dashed) contours are for the unpolarized (optimally 
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Fig. 2. 3e sensitivity contours in the mono-photon channel for the SP (left), VA (middle) and 
TAT (right)-type operators with unpolarized (solid lines) and polarized (dashed lines) ete~ beams 
at \/s = 1 TeV center-of-mass energy and with Lin, = 1000 fb-! integrated luminosity. The 
blue (green) contours are assuming zero (1%) background systematics. The various shaded re- 
gions are excluded by direct detection (XENONI1T, PANDAX-4T), indirect detection (Fermi-LAT, 
AMS), astrophysics (SN1987A) and cosmology (CMB) constraints. In the shaded region below 
A = max{,/s/2,3m,}, our EFT framework is not valid. Along the dot-dashed line, the ob- 
served DM relic density is reproduced for a thermal DM assuming only DM-electron effective 
coupling. 


polarized) case, and the blue (green) contours are assuming zero (1%) background 
systematics. The shaded regions are excluded by various constraints. First of all, 
for A < max{,/s/2,3m,}, our EFT framework is not valid (cf. Section 2). This is 
shown by the navy blue-shaded regions in Figure 2. For ys = 1 TeV as considered 
here, this EFT validity limit supersedes the previous LEP limit.?? 

The same effective operator given in Eq. (1) also gives rise to DM scattering 
with electrons xe" — xe. The exact analytic expressions for these cross sections 
in our EFT framework can be found in Appendix C of Ref.?? for all the operator 
types. Comparing these with the experimental upper limits on oye from dedicated 
direct detection experiments,??:3? we can derive a lower limit on the cut-off scale 
A as a function of the DM mass m,. However, the current best limit on oye from 
XENONIT is at the level of O(10??) cm?,33 which translates into a very weak 
bound on A and is not relevant for our study. Even the future ambitious proposals 
like DARKSPHERE can only reach up to O(10~*)cm?,®® still 5 orders of magnitude 
weaker than that needed to probe a TeV-scale A value. 

However, more stringent limits can be derived from DM-nucleon scattering 
searches. Even for an LDM as in our case, DM-nucleon couplings are necessarily 
induced at loop level from photon exchange between virtual leptons and the quarks. 
In fact, as shown in Ref.°”, the loop-induced DM-nucleon scattering almost always 
dominates over the DM-electron scattering. The analytic expressions for the one 
and two-loop DM-nucleon scattering cross sections can be found in Ref.?". We have 
translated the experimental upper limits from XENON1T** and PANDAX-4T®° 
onto the (my, A) plane, as shown by the yellow and grey-shaded regions respec- 
tively in Figure 2. Note that these limits are only applicable for the vector and 
tensor lepton currents, i.e. Ty = Yu, Cuv in Eq. (1). For the scalar lepton current, 
T; = 1, the one-loop DM-nucleon coupling vanishes, and one has to go to two loops 
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which is suppressed by o2, for the S-S type coupling and a2,,v? (where v ~ 1073 
is the DM velocity) for the P-S type coupling. In contrast, for pseudo-scalar and 
axial-vector lepton currents, i.e. Te = %5, Yys, the DM-nucleon coupling vanishes 
to all orders. Therefore, we have not shown the XENONIT and PANDAX-4T limits 
for the SP-type operator on the top left panel of Figure 2. 

The same effective operator given in Eq. (1) also enables DM annihilation into 


te`. The exact analytic expressions for these cross sections in our 


electrons XX > e 
EFT framework can be found in Appendix C of Ref.®? for all the operator types. 
Using these, we calculate the thermal-averaged cross section times relative velocity 
(ov) which goes as m2 /A* and compare it with the existing indirect detection upper 
limits on (cv) in the e*e~ channel to put a lower bound on A as a function of the DM 
mass. This is shown in Figure 2 by the red and brown-shaded regions respectively 
for the Fermi-LAT®® and AMS-02°% constraints on (cv). Similar constraints on 
(cv) can be derived using CMB anisotropies,®° which is shown by the cyan-shaded 
region in Figure 2, assuming an s-wave annihilation (for p-wave annihilation, the 
CMB bound will be much weaker). 

Along the dot-dashed line in Figure 2, the observed relic density can be re- 
produced for a DM. In principle, the region to the left and above of this line is 
disfavored for a thermal DM, because in this region (cv) is smaller than the ob- 
served value of ~ (2 — 5) x 10-?6em?sec^! (depending on the DM mass"), which 
leads to an overabundance of DM, since Q h? œ 1/(ov). However, this problem can 
be circumvented by either opening up additional leptonic annihilation channels (like 
utp, rt 
the freeze-in mechanism.99 This will not affect our main results, since the collider 
phenomenology discussed here only depends on the DM coupling to electrons. 

Also shown in Figure 2 is the supernova constraint, which excludes the magenta- 
shaded region from consideration of energy-loss and optical depth criteria from the 
observation of SN1987A.52 Here we have used an average supernova core temper- 
ature of 30 MeV. Note that the supernova bound is only applicable for DM mass 
below ~ 200 MeV or so, and for a certain range of A values, above which the DM 
particles cannot be efficiently produced in the supernova core, and below which they 
will no longer free-stream. 

From Figure 2, we find that in spite of a large irreducible background, the 
accessible range of the cut-off scale A at \/s = 1 TeV ILC looks quite promising in 
the mono-photon channel, especially for low mass DM, where the collider sensitivity 
is almost flat, whereas the existing direct and indirect detection constraints are much 
weaker. This complementarity makes the collider searches for DM very promising. 
With unpolarized beams, the 30-reach for the SP-type operator can be up to 3.9 
TeV, while for the VA and TAT-type operators, it can be up to 4.2 TeV. With 
optimally polarized beams, i.e. with (+80%, +30%) for the SP and TAT-types and 
(+80%, —30%) for the VA type, the sensitivity reaches can be extended to 4.8 TeV 
(SP), 6.5 TeV (VA) and 5.3 TeV (TAT), as shown in Figure 2. 


T- and vi) or even going beyond the DM paradigm and invoking e.g., 
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4. Mono-Z channel 


In addition to the mono-photon channel discussed in the previous section, another 
useful channel for LDM search at lepton colliders is the mono-Z channel, where the 
Z-boson is emitted from one of the initial states. Depending on the subsequent decay 
of the Z-boson to either leptonic or hadronic final states, we perform a dedicated 
cut-based signal and background analysis, as discussed below. 


4.1. Leptonic mode 


For the leptonic decay of the Z-boson, we examine the process e*e^ > xxZ(— 
£-£*). We will only consider £ = e, u for simplicity and use the lepton pair as the 
visible particles for tagging. The main SM background for this channel is e*e^ > 
vv £*0-, and it is polarization-dependent. 


4.1.1. Unpolarized and polarized cross-sections 


For the signal and background simulation, we generated the UFO library for our 
EFT framework using FeynRules” and then generated events for both signal and 
background using MadGraph 58° with the following basic baseline cuts: 


Pr(é) > 10 GeV, Inel < 2.5, AR > 0.4. (7) 


For the signal, the Z-bosons are decayed into the charged lepton pairs via the 
MadSpin??:?! package which is implemented in MadGraph 5, to take care of the spin- 
correlation effects of the lepton pairs. A fast detector simulation to these events is 
done using Delphes 37? with the same configuration card®° as in Section 3.1. 

With unpolarized beams, we find that the neutrino background cross section 
at \/s = 1 TeV is 420.5 fb, whereas the DM signal cross section is much smaller, 
as shown in Table 4 for a benchmark DM mass of mẹ = 100 GeV and the cut-off 
scale A = 3 TeV. Similar to the mono-photon case, we also examine the effect of 
polarization on the signal and background cross-sections, as shown in Table 4. The 
neutrino background can be reduced to 2896 of its original value by making the 
electron beam +80% polarized, and further reduced to 21% of its original value by 
additionally making the positron beam —30% polarized. The (24-8096, —30%) polar- 
ization configuration also enhances the VA-type signal by a factor of 2.4. However, 
the (4-8096,--3096) configuration is better for the SP and TAT-type signals. For 
ease of comparison between different operator types, we choose to work with the 
(+80%, +30%) configuration democratically for all operator types, as well as for the 
background, unless otherwise specified. 


4.1.2. Cut-based analysis 


We define our signals by those events that pass through the baseline selection criteria 
as defined below: Pr e > 20 GeV, |ne] < 2.45, where the Z-boson is reconstructed 
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Table 4. Comparison of the leptonic mono-Z background and signal cross-sections for different 
choices of beam polarization for my = 100 GeV and A = 3 TeV at ys = 1 TeV ILC. The 
numbers in bold highlight the optimal polarization choice for a given operator type. 


Process Unpolarized Polarization Polarized cross-section (fb) 
type cross-section (fb) P(e-,et) C) (4,.-) =+) (,-) 
(80,0) 116 116 723 723 
vvt- et 420 (80, 20 135 98 856 590 
(80, 30 145 88 926 523 
(80, 0) 0.26 0.26 0.25 0.25 
SP-Type 0.28 (80,20 0.29 0.22 0.21 0.29 
(80, 30 0.32 0.19 0.19 0.32 
(80, 0) 0.15 0.15 0.02 0.02 
VA-Type 0.08 (80,20 0.12 0.18 0.01 0.02 
(80, 30 0.11 0.19 0.01 0.02 
(80, 0) 0.62 0.62 0.62 0.62 
TAT-Type 0.68 (80,20 0.72 0.52 0.52 0.72 
(80, 30 0.77 0.47 0.47 0.77 


by the condition that all final state lepton-pairs are oppositely charged and of same 
flavor (OSSF). Other selection criteria are dynamic with respect to different BPs. 
We have taken the same three BPs as in the mono-photon case to probe different 
regions of the parameter space, namely, BP1 essentially represents all light DM 
region, BP3 represents the region close to the kinematic limit of ,/s/2—mz, whereas 
BP2 captures the intermediate DM mass region. 

After implementing the baseline selection cuts, we find that the background is 
reduced to about 4096 of its original value in Table 4 for the unpolarized (polarized) 
case, whereas the signals are reduced to about 6096-7096 of their original values. We 
then consider various kinematic distributions for the signal and background, and 
devise some specialized selection cuts.! We find that after applying all these cuts, 
we can still retain about 3596-4596 of the signal, whereas the background is reduced 
to below percent level of the original values given in Table 4. 


4.1.3. Results 


After implementing all these cuts, we calculate the final signal significance for the 
three BPs using Eq. (6). Our results are given in Table 5 for an integrated luminosity 
of Lint = 1000 fb^!. We see that as we go higher up in the DM mass the signal 
significance drops. We also find that the best-performing operator type is the TAT- 
type, for which more than 9796 of the background events are removed after all the 
selection cuts. For the signal we retain 5896 — 61% of the events, although for BP3 
only 4896 remains. The SP-type operator also gives good results, where we retain 
5096 — 6696 of the signal across BPs and polarization choices, while removing more 
than 9696 of the background events. Even for VA-type we retain more than 5096 
of the signal events and are able to cut down the background event yields to 11%. 
We also notice the positive effect of the beam polarization by which we achieve an 
enhancement of signal significance by more than 2 times compared to the ones with 
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Table 5. Signal significance in the mono-Z leptonic channel at ys = 1 TeV and Lint = 1000 fb-l. 
The values in the parenthesis correspond to 1% background systematic uncertainty. 


Signal significance for Lint = 1000 fb-1 
—€— Unpolarized beams Polarized beams 
YP BP-1 BP-2 BP-3 BP-1 BP-2 BP-3 
SP-type 1.7 (1.3) 0.7 (0.5) 0.1 (0.1) 3.8 (3.6) 1.7 (1.5) 0.3 (0.3) 
VA-type 0.2 (0.1) 0.1 (0.1) 0.1 (0.1) 0.5 (0.4) 0.4 (0.3) 0.2 (0.2) 
TAT-type 4.5 (3.9) 2.4 (1.9) 0.6 (0.5) 9.4 (9.1) 5.4 (5.1) 1.3 (1.3) 


TeV, Lne= 1000 fb-?. (TAT-Type) 


A (TeV) 
A (TeV) 
A (TeV) 


EFT Not Valid 


w i 
my (GeV) my (GeV) 


Fig. 3. 3e sensitivity contours in the mono-Z leptonic channel. Labels are same as in Figure 2. 


unpolarized beams. For VA-type though the significance can be further increased for 
the polarized beam case by choosing the left-handed positron beams as is evident 
from Table 4. 

Going beyond the three BPs, we now vary the DM mass and present the 3o 
sensitivity reach for this channel in Figure 3 for all the operators. The labels and 
shaded regions are the same as in the mono-photon case (cf. Figure 2). We see that 
the accessible range of the cut-off scale A for the unpolarized beams can reach up 
to 3.2 TeV for the TAT-type operator, whereas for the SP and VA-type, it can 
reach up to 2.6 TeV and 1.6 TeV respectively. But with the application of optimally 
polarized beams as discussed earlier, we see an increase by about 25% of the 30 
reach on the A scale, up to 3.2 TeV, 2.5 TeV and 4 TeV for the for SP, VA and 
'TAT-type operators, respectively. 


4.2. Hadronic mode 


Next we study e*e^ > xXZ(— jj), where j = u,d,c, s,b quarks. The relevant SM 
background processes for this channel are e*e^ — vrjj and e*e^ > jjtv (with 
one charged lepton escaping the detector) where the jets and leptons in the final 
state can come from any possible source (not necessarily from an on-shell Z). 


4.2.1. Unpolarized and polarized cross-sections 


We use the same UFO library as before which is implemented using FeynRules”® 
and simulate the events for the signal and backgrounds via MadGraph 58° with the 
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Table 6. Comparison of the hadronic mono-Z background and signal cross-sections for dif- 
ferent choices of beam polarization with my = 100 GeV and A = 3 TeV at ys = 1 TeV ILC. 


The numbers in bold highlight the optimal polarization choice for a given operator type. 
Process Unpolarized Pol. Polarized cross-section (fb) 
type cross-section (fb) | P(e-,et) +, 4 (+, —) (—, +) (-,-) 
80, 0) 178 178 1415 1415 
Vvjj 798 80, 20) 206 151 1689 1134 
80,30) 219 136 1833 989 
80,0) 302 302 2061 2061 
jjtv 1186 80, 20) 359 246 2446 1685 
80,30) 386 216 2635 1492 
80,0) 2.57 2.57 2.58 2.58 
SP-Type 2.78 80, 20) 2.98 2.15 2.15 2.97 
80,30) 3.17 1.95 1.95 3.17 
80,0) 1.35 1.35 0.15 0.15 
VA-Type 0.83 80, 20) 1.07 1.61 0.12 0.18 
80,30) 0.94 1.76 0.10 0.19 
(80, 0) 6.22 6.22 6.21 6.21 
TAT-Type 6.77 80, 20) 7.23 5.23 5.24 7.21 
80, 30) 7.72 4.73 4.73 7.69 


following basic cuts to the parameter space: 
Pr(j, £) > 10 GeV, |nj € 3.0, |n| < 2.5, AR; > 04. (8) 


For the signals, as in the leptonic case, the on-shell Z-bosons are decayed into the 
pairs of jets using the MadSpin package,^?! implemented in MadGraph 5. Both 
the signal and background samples are hadronized using Pythia8.29? and then the 
final state jets are reconstructed with with anti-kT?? clustering algorithm with a 
minimum Pr of 10 GeV and a cone radius (R) of 0.4 using the FastJet?^ package. 
The fast detector simulation to these events are done using Delphes 37? with the 
same configuration card®° as discussed in Section 3.1. 

With unpolarized beams, we find the neutrino-pair background is 798 fb, whereas 
the j34v background is 1186 fb. On the other hand, the DM signal is only at a few 
fb level, as shown in Table 6 for a benchmark DM mass of my = 100 GeV and the 
cut-off scale A = 3 TeV. We then examine different choices of beam-polarization 
on both the event samples for this channel, as shown in Table 6. We find that 
both backgrounds are polarization-dependent and fall off significantly for right- 
handed electron beam and with increasing degree of polarization. We choose the 
polarization configuration P(e^,e*) = (4-8096, --3096) democratically over all the 
operator types. 


4.2.2. Cut-based analysis 


After obtaining the signal and background cross-sections as reported in Table 6, we 
proceed with our cut-based analysis to optimize the signal significance. We select 
the events that contain at least two jets with the following transverse momentum 
and pseudorapidity requirements: Pr; > 20 GeV, |n;| < 2.45. The hardest two jets 
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Table 7. Signal significances of the mono-Z hadronic channel at ys = 1 TeV and 
Lint = 1000 fb^^. The values in the parenthesis denote the significance with a 1% background 
systematic uncertainty. 


Operator Signal significance for Lins = 1000 fb—! 
Unpolarized beams Polarized Beam 
types BP-1 BP-2 BP-3 BP-1 BP-2 BP-3 
SP-type 4.7 (3.3) 1.5 (1.0) 0.3 (0.2) 10.3 (9.1) 3.6 (3.1) 0.8 (0.6) 
VA-type 0.4 (0.2)  0.3(01 01(01) | 0.2 (0.1) 0.1 (0.1) — 0.1 (0.04) 
TAT-type 14.2 (10.4)  5.8(3.7  12(0.7) | 27.7 (25.6) 12.9 (11.1) 2.8 (23) 


A (TeV) 
A (TeV) 


EFT Not Valid 


x 189695; 


m 
my (GeV) 


Fig. 4. 3o sensitivity contours in the mono-Z hadronic channel. Labels are same as in Figure 2. 


are required to reconstruct the Z-boson. Further selection cuts are applied some of 
which depend on the DM mass. So, as in the leptonic channel, we have taken the 
same three BPs with varying DM mass and impose dynamic cuts.! 


4.2.3. Results 


The signal significances calculated using Eq. (6) are tabulated in Table 7. We see 
similar behavior for the different BPs as in the previously discussed channels, i.e. 
enhanced signal significance with decreasing mass of the DM. The selection cuts are 
most efficient for SP- and TAT-type operators. For BP-1 we remove more than 98% 
of the background events while keeping at least 2196 of the signal events for the 
two operator types, yielding a large signal significance especially for the TAT-type 
operator with polarized beams. 

Varying the DM mass, we display the 3c sensitivity contours for all three op- 
erators in Figure 4. It is clear that the TAT-type operator has the best sensitivity, 
which reaches up to 4.2 TeV with unpolarized beams and 5.2 TeV with optimally 
polarized beams. The SP-type operator also has a sensitivity comparable to the 
mono-photon channel, and can reach up to 3.4 (4.2) TeV with unpolarized (polar- 
ized) beams. The VA-type operator has a modest sensitivity in this channel, only 
up to 1.7 (2.7) TeV with unpolarized (polarized) beams. 


5. Conclusion 


We have explored the physics potential of the future ete colliders in probing such 
leptophilic DM in a model-independent way. As a case study, we have taken the 
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Table 8. Summary of our results for the 3c sensitivity reach of the cut-off scale A 
in the three different channels discussed in the text. Here we have fixed the DM mass 
at 1 GeV. The numbers in parentheses are with 1% background systematics. The 


numbers in bold show the highest A value that can be probed for a given operator. 
Process Beam 3e sensitivity reach of A (TeV) 
type configuration | SP VA TAT 
SCA Unpolarized | 3.91 (1.99) 4.19 (2.14) 4.25 (2.17) 

x Polarized 4.84 (2.81) 6.49 (3.94) 5.28 (3.08) 
Mono-Z Unpolarized 2.62 (2.42) 1.57 (1.36) 3.22 (3.00) 
leptonic Polarized 3.24 (3.16) 2.47 (2.39) 4.02 (3.93) 
Mono-Z Unpolarized 3.38 (2.79) 1.74 (1.39) 4.22 (3.38) 
hadronic Polarized 4.21 (3.87) 2.75 (2.57) 5.25 (4.71) 


Vs — 1 TeV ILC with an integrated luminosity of 1000 fb^! and have analyzed 
the pair-production of fermionic DM using leptophilic dimension-6 operators of 
all possible bilinear structures, namely, scalar-pseudoscalar, vector-axialvector and 
tensor-axialtensor. We have performed a detailed cut-based analysis for each of 
these operators in three different channels based on the tagged particle, namely, 
mono-photon, mono-Z leptonic and hadronic. 

We have taken into account one of the most important and powerful features of 
lepton colliders, i.e., the possibility of beam-polarization with different degrees of 
polarization and helicity orientations. We find that the sign(P(e~), P(e*)) = (+, +) 
beam configuration is optimal for the SP and TAT-type operators, while the (+, —) 
configuration is better for probing the VA-type operators. The maximum value of 
the cut-off scale A that can be probed in each channel at 3c is given in Table 8. 
We find that without any systematics, the mono-photon channel provides the best 
sensitivity across all operator types, while in presence of background systematic 
effects, the mono-Z hadronic channel provides better sensitivity for the SP and 
'TAT-type operators. 

We also demonstrate the complementarity of our lepton collider study with 
other existing direct and indirect detection searches for LDM (cf. Figures 2, 3 and 
4). In particular, we show that lepton colliders will be able to provide the best-ever 
sensitivity in the still unexplored light DM regime. 
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This session has been dedicated to several topics of Dark Matter (DM) and Rare 
Processes (RP) field. Some talks have review character while others present some 
specific experimental results and developments. Mainly the contributions refer to 
Dark Matter (DM) topics while the last contribution discusses a specific rare 
process. 

The first talk presented by M. Ricci (INFN-LNF) discusses the indirect signa- 
tures of DM from Space Satellite missions. Among the indirect searches for DM 
(complementary to the direct ones), the speaker has reviewed the possibilities of 
observing the DM signatures in the Cosmic Rays and in the gamma-ray sector, 
considering space missions like PAMELA, AMS, FERMI, DAMPE and the planned 
projects like GAPS (on stratospheric balloon) and HERD. An exhaustive overview 
on the current status and on the perspective of this field has been given. 

The second talk presented by P. Belli (INFN-Roma Tor Vergata) is instead 
related to a direct detection on DM present at galactic scale. In fact, P. Belli has 
presented a detailed overview of the results of DAMA/LIBRA experiment and new 
results of two additional annual cycles, which further confirm the evidence of a signal 
that meets all the requirements of the model-independent DM annual modulation 
signature, at very high C.L. 

A. Messina (INFN-Roma La Sapienza) in his talk discussed in details the known 
impact of the Migdal effect on the DM detection, mainly for candidates with GeV 
range masses, and pointed to some new ideas how one could measure such an effect 
with detectors based on Time Projection Chamber exposed to high neutron flux. 

Talk by V. Caracciolo, (INFN-Roma Tor Vergata) was focused on the direction- 
ality approach which holds for DM candidates inducing just nuclear recoils. This ap- 
proach is based on the study of the correlation between the nuclear recoils direction 
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and the Earth motion in the galactic rest frame. Several experimental techniques 
to explore the directionality approach have been proposed. In this talk, a review 
of such experimental approaches have been addressed with particular regard to the 
ADAMO project based on the use of anisotropic scintillators. 

Talk of A. D'Angelo (INFN-Roma Tor Vergata) described the Heavy Photon 
Search (HPS) experiment which searches for an electro-produced dark photon using 
an electron beam provided by the CEBAF accelerator at the Thomas Jefferson 
National Accelerator Facility. It has been shown in some details that HPS looks for 
dark photons through two distinct methods, a resonance search in the e+e- invariant 
mass distribution above the large QED background (large dark photon-SM particles 
coupling region) and a displaced vertex search for long-lived dark photons (small 
coupling region). HPS employs a compact spectrometer, matched to the forward 
kinematic characteristics of A’ electro- production. Three data taking periods took 
place in 2015, 2016 and 2019, while a fourth run has been scheduled in summer 2021. 
Results from the available data have been presented together with future projects. 

The talk by A. Addazi (Sichuan University) has been focused in some details on 
the investigation in the laboratory and in the sky of the Mirror Dark Matter can- 
didates. In particular, he discussed prospectives of laboratory search of the neutron 
to mirror neutron oscillations and its astrophysical implications, in particular for 
the neutron stars. 

A. Zhitnitsky (University of British Columbia) discussed the Axion Quark 
Nugget Dark Matter Model, suggesting possible explanation of Telescope Array 
anomaly and for the positive dark matter signal of DAMA/LIBRA via the neu- 
trons produced by quark nuggets in the rock. P. Belli has commented that already 
existing results disfavour such a hypothesis. It seems that other efforts will be pur- 
sued on that model. 

B. Dev (Washington University in St. Louis) presented a detailed discussion on 
the possibilities to detect Leptophillic Dark Matter (LDM) at Linear Colliders. Such 
candidates could naturally arise in many beyond the Standard Model scenarios and 
might address certain experimental anomalies. Thus, some collider constraints on 
the LDM effective couplings with the Standard Model sector, considering its pro- 
duction at a future electron-positron linear collider (with polarized and unpolarized 
beam options) in the mono-photon and mono-Z channels. 

Finally, C Curceanu (INFN-LNF) discussed experiment testing quantum me- 
chanics in the Gran Sasso National Laboratories (LNGS): collapse models and 
spin-statistics. She has reported that they are experimentally investigating possible 
departures from the standard quantum mechanics’ predictions, and - in particular - 
with radiation detectors they are searching signals predicted by the collapse models 
(spontaneous emission of radiation) which were proposed to solve the “measure- 
ment problem” in quantum physics and signals coming from a possible violation of 
the Pauli Exclusion Principle. Recent results published in Nature Physics under the 
title “Underground test of gravity-related wave function collapse", where they ruled 
out the parameter-free version of the gravity-related collapse model. More generic 
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results on testing Continuous Spontaneous Localization collapse models have been 
mentioned and future perspectives discussed. Finally, the VIP experiment looking 
for possible violations of the Pauli Exclusion Principle by searching for forbidden 
atomic transitions has been discussed. 

This session was held in two subsequent afternoons and in both days the talks 
have been very interesting, the discussions were constructive and proceeded in ex- 
citing and serene atmosphere. The merit goes to the speakers and listeners and we 
give an account here. Finally, we remind that all the presentations are available on 
Youtube and that in most cases they refer to previously existing publications. Only 
some of the participants have sent the written contribution; we thank them. 
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Gravitational microlensing is a powerful method to constrain the abundance of massive 
dark objects in the Milky Way halo. We calculate the optical depth and the microlensing 
rate for events caused by Primordial Black Holes (PBHs) eventually distributed in the 
Milky Way halo, towards some selected directions of observation, as the Galactic bulge, 
the Large and the Small Magellanic Clouds and the M31 galaxy. The capability of the 
Euclid space telescope to constraint the abundance of PBHs with mass > 1077 Mo in 
observation towards the Galactic bulge is also discussed. 


Keywords: Primordial black holes; Gravitational microlensing; Galactic halo. 


1. Introduction 


Primordial black holes (PBHs) are a hypothetical type of black holes that formed 
soon after the Big Bang. Their existence was proposed in 1966 by Zel’dovich and 
Novikov! and by Stephen Hawking? in 1971 who studied in depth their origins. 
In the early universe, high densities and heterogeneous conditions could have led 
sufficiently dense regions to undergo gravitational collapse, forming black holes. 
There are several mechanisms able to produce such inhomogeneities. For all of 
these, the increased cosmological energy density at early times plays a major role, 
yielding a rough connection between the PBH mass and the formation time t (see 
Ref. 3): 


M uf ai — _)gn~108° (2) u (1) 
Ee 10-3 5) 9^ 1g] O 


Hence PBHs could span an enormous mass range: those formed at the Planck time 
(107255) would have the Planck mass 107? g, whereas those formed at 1 s would 
be as large as 10° Mo, comparable to the mass of the holes thought to reside in 
galactic nuclei. By contrast, black holes forming at the present epoch (e.g. in the 
final stages of stellar evolution) could never be smaller than about 1Mo. 

'Then, depending on the PBH formation epoch, black holes of different masses 
can form in the early universe. 
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However, primordial black holes originally having mass below about 10718 Mo 
would not have survived to the present due to Hawking radiation, which causes 
complete evaporation in a time shorter than the age of the Universe.? Hawking 
thought that PBHs would have formed before the electroweak phase transition, 
which occurred at t ~ 1071? s. In this case one finds Mpyp < 1077 Mo. However, 
there is no reason in principle which forbids the formation of PBHs later on. In this 
case, the PBH mass can rise of orders of magnitude, even up to ~ 10? Mo or so. 
Certainly, only observations might be able to settle this open issue. 

PBHs might lead to various interesting astrophysical consequences, such as pro- 
viding seeds for supermassive black holes in galactic nuclei,^? influence the gen- 
eration of large-scale structure through Poisson fluctuations? and cause important 
effects on the thermal and ionization history of the Universe./ But, perhaps, the 
most exciting possibility is that they could provide a non-negligible fraction of the 
dark matter, which is known to constitute about 2596 of the critical density of the 
Universe.® 

There are some observational conundra that may be explained by PBHs. They 
are associated with lensing,’ accretion,!? dynamical!! and gravitational wave (GW) 
effects.!? Various constraints on their abundance allowed to conclude that PBHs in 
three ranges of masses could provide the dark matter:? the asteroid mass range 
(10717 — 10716 Mọ), the sublunar mass range (101? — 107° Mo) and what is 
sometimes called the intermediate-mass black hole (IMBH) range (10— 10? Mo). In 
general, constraints from these observables have been computed under the assump- 
tion that all PBHs have the same mass, assuming a single Dirac delta function. 
However, an extended (non-monochromatic) mass function, which will correctly 
combine constraints across all masses, is necessary. 

Concerning the mass-fraction f of PBHs in the Galactic halo, the currently 
available limits are summarized in Fig. 1 of Carr & Kuhnel.!^ The main constraints 
are derived from PBH evaporation, different gravitational-lensing experiments, nu- 
merous dynamical effects and PBH accretion. Even if many different methods have 
been proposed in the literature for detecting and constraining PBHs (see, e.g. Refs. 
[8, 15] and references therein)*, gravitational microlensing offers the most pow- 
erful and robust method of constraining PBHs. By the Kepler microlensing ob- 
servations of Galactic sources!" a limit in the planetary mass range: f < 0.3 for 
2x 107 ?Mc < M < 107" Mc was found, while the MACHO project established 
that f ~ 0.1 in the [0.1, 11Mc mass range.'? 

Recently, Niikura et al,? using the largest sample of microlensing events for 
stars in the Galactic bulge (2622 microlensing data) obtained from the 5-years 
OGLE observation, provided that PBHs constitute about 196 of the DM in the MW. 
Moreover, from a seven hour lasting observation with the Subaru Hyper Suprime- 
Cam (HSC) towards the M31 galaxy, a single candidate event was identified, which 


*In addition to the methods discussed in that paper we also mention that lensing by fast radio 
bursts (FRBs) can allow constraining PBHs with mass larger than about 2 Mo.16 


2321 


translates into a rather stringent upper bounds on the abundance of PBHs in the 
mass range? [1071 + 1079] Mo. 

Gravitational microlensing is the best method to detect objects that do not emit 
light since this phenomenon may occur when a compact object (lens) passes close 
enough to the line of sight toward a source star. 

In the simplest case, when both the lens and the source are considered as the 
point-object^, individual images cannot be resolved (the image separation is the 
order of uarcsec), but the total brightness of the images increases with respect to 
that of the unlensed source, leading to a specific time-dependent amplification of 
the source star brightness, that is 

FEM (2) 
uv/A 4 u? 
Here, u(t) is the distance, in units of the Einstein radius, between the source star 
and the lens at an observation epoch f£, and is given by 


u(t) = Aid + (2), (3) 


where to is the peak time of the event (at the time of closest approach) and uo 


is the impact parameter, whereas tg = Rg/vr is the Einstein timescale, which is 
defined as the time required for the lens to transit the Einstein radius. The Einstein 
radius is the radius of the ring image formed when the observer, lens and source are 
perfectly aligned. It is given by, Rg = 4/ CMDs x(1 — x), where M is the mass of the 
lens and z = Dr/Dsg is the normalized lens distance, whereas Dg and Dy are the 
source-observer and lens-observer distances, respectively. We also note that ur is the 
relative transverse velocity between the lens and the source. During a microlensing 
event, when the source position projected in the lens plane encounters the Einstein 
ring, the projected separation is ur = 1 and the source threshold amplification 
is Ar — 1.34 (a microlensing event occurs when the source trajectory crosses the 
Einstein ring). The event amplification takes the maximum value for the smallest 
separation between the source and lens, u — uo. By photometric measurements 
of the event lightcurve, three parameters can be defined: to, tg and uo. However, 
among these parameters, only tg contains information about the lens and this gives 
rise to the so-called parameter degeneracy problem, which does not allow to infer 
the lens parameters uniquely. To break this degeneracy, second-order effects, as the 
finite source effects?! and the parallax effect,?? can be considered. Also, it is well 
known that a gravitational microlensing event gives rise to an astrometric shift of the 
source,?? which may be extremely useful to break, at least partially, the parameter 


degeneracy problem in microlensing observations.?* 


>In our analysis we also assume that the relative motion among the observer, lens, and source is 
uniform (with constant velocity) and linear (on a straight line). See the discussion on this issue in 
Ref. 20 and references therein. 
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The goal of this work is to trace the PBHs in Galactic halo (if PBHs contribute to 
the Galactic halo DM) via microlensing observations. For this purpose we selected 
four directions (Galactic bulge, LM C, SMC and M31) and calculate the optical 
depth and microlensing rate towards them considering a wide range of possible 
masses for the PBHs. Moreover, we forecast the number of events caused by PBHs 
and observable by the Euclid telescope. It is à Medium Class mission of the ESA 
(European Space Agency), scheduled to be launched in 2022 at the L2 Lagrangian 
point. For it an additional survey is planned towards Galactic bulge, although not 
definitely approved as yet.?? The photometric error of Euclid is expected to be less 
then?® ~ 0.1%, so the threshold amplification turns out to be Ar ~ 1.001 and from 
Eq. (2) one can find up œ 6.54. 

Until now, several microlensing surveys have been undertaken towards the 
Galactic bulge (in particular MOA and OGLE), M31 (MEGA,?" AGAPE,’ 
WeCAPP;? PLAN??) and the Large and the Small Magellanic Clouds (in particu- 
lar MACHO, EROS’! Super M ACHO??). However, due to the way these surveys 
were designed, they were not able to give reliable constraints on PBHs with mass 
< 1079 Mo in the Galactic halo. 

'The plan of the paper is as follows: in Section 2, we review the models used in 
our analysis, for PBHs in Galactic halo and for the source stars in the MW bulge, 
LMC, SMC and M31. In Section 3 we give some basics for microlensing quantities. 
In Section 4 we present and discuss the results obtained for the optical depth and 
microlening rate towards four selected targets and Euclid field of view. Finally, our 
conclusions are drawn in Section 5. 


2. MODEL 


The microlensing quantities, the optical depth, the microlensing rate and Einstein 
timescale depend on the underlying astrophysical model. Below we provide some 
details for the mass density of the halo dark matter in our Galaxy? and the dis- 
tribution of the stellar components in some favorable directions as the MW bulge, 
LMC, SMC and the M31 galaxy. 


2.1. Distribution of dark matter in Galactic halo 


For the DM in the MW halo region we assume the standard halo model (S), which 
consists of a cored isothermal sphere with dark matter density given by: 


2 | pd 
r2 r$ 

= 4 

ppm (Tr) = po ri (4) 


*Since we are interested in microlensing observations with sources in our Galaxy we neglect?? the 
presence of dark matter associated to the targets. In the case of the M31 galaxy this choice, of 
course, will results in a lower limit of the optical depth, microlensing rate and expected number 
of events. 
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where r is the galactocentric radius, po ~ 0.0079 Mo pc? is the local dark matter 


density, re ~ 5.6 kpc is the halo dark matter core radius and rg œ 8.5 kpc is 
the galactocentric distance of the Sun.?? Considering a scenario in which PBHs 
constitute some mass-fraction f of the DM, the PBH mass density distribution is 


pePuB(r) = fppM(r). 


2.2. Source star distributions 


To trace the microlensing events caused by PBHs in Galactic halo we selected some 
favorable directions for such observations, as the MW bulge, LMC, SMC and the 
M31 galaxy. 


2.2.1. Sources in Galactic bulge 


For the mass density distribution of the stellar population in the Galactic bulge we 
use the triaxial bulge model given by 


My s? 
Huc Brabo P (-5) : (5) 


Here st = (a? /a? +y? /02)? 4- z^ /c*, the scale length values are a = 1.49 kpc, b = 0.58 
kpc and c = 0.40 kpc (we remind that the coordinates x and y span the galactic disk 
plane, whereas z is perpendicular to it) and the bulge mass is My ~ 2 x 1019 Mo.34 


2.2.2. Sources in the LMC 


The source star distribution in the LMC is generally described as a luminous disk 
and a bar.?? The distance between the center of the LMC and the observer is 
Dr wo £ 50 kpc and the stellar disk is modeled with a double exponential profile: 


Pdisk = exp( — R/ Ra — |z|/2a), (6) 


ua 
Anza Rz 
where R = yx? +y?. Ra ~ 1.6 kpc is the radial scale length, zg ~ 0.3 kpc is 
the vertical scale height and Ma = [2.4, 4.8] x 10? Mo is the LMC disk mass. The 
galactic coordinates for the center of the LMC disk are | = 297.7?, b = —33.5°. The 
LMC disk is inclined by an angle 7 = 30° with respect to our line of sight and its 
position angle is ø = 170°. In addition to the disk, the LMC possess a stellar bar 
described by a triaxial Gaussian density profile: 

; (7) 


p = Moar exp 1 ka ? + I i + cS i 
bar (21)9/2 yp zi, 2 Xp Yb Zb 


where x, y, z are coordinates along the principal axes of the bar. Here, x, = 1.0 
kpc, yp = 0.3 kpc, z = 0.3 kpc are the scale lengths along the three axes and 
Mya, = [0.6,1.2] x 10? Ma is the total mass of the bar. The bar is inclined by an 
angle i = 30° and has a position angle ¢ = 120°. The galactic coordinates for the 
center of the LMC stellar bar are | = 280.5°, b = —32.8°. 
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2.2.3. Sources in the SMC 


Accordingly to the star formation history of the SMC, two stellar components can 
be distinguished: an old star (OS) and a young star (YS) population (see Ref. 36). 
For the YS mass distribution, we adopt a spheroidal model with a fully Gaussian 


profile: 
(vs) | (YS) Lee ESAE SES 
ae S (3 E) » (4) i (a) l ®) 


As far as the OS mass distribution is concerned, we keep the Gaussian profile along 
the line of sight, and a smoother exponential profile in the orthogonal plane: 


= 42 2 2 
(OS) (OS) a Y ) ;( Z ) 
= exp |— — + | =— exp |—= | 2— 9 
EL ER d (e) (vs j | 2 \ Zos (9) 
'The central density values for the YS and OS population are A» = 8.5x 
108 Mo kpc-? and pos) = 3.9 x 10° Mo kpe~3, respectively. The value of the posi- 


tion angle, with respect to the north direction, is fixed at dys = 66° and dag = 83? 
for the YS and OS populations, respectively. The reference frames (€,7,¢) and 
(S, Y, Z) are directed along the principal axes of the YS and OS spheroid, respec- 
tively. For the YS population, we fix (£vs,t]vs,Gvs) = (0.8,3.5, 1.8) kpc and for 
the OS population, Zos = 2.1 kpc, (Eos, Yos) = (0.8, 2.1) kpc. The galactic coor- 
dinates for the SMC are l = 307°, b = —46°. The YS population is inclined by the 
angle i = 74°, while the OS population is not inclined. The OS and YS populations 
have a relative distance shift between them, since the centre of the YS population 
is at a distance of about 2 kpc behind that of the OS component, which is at a 
distance of ~ 63.5 kpc from the Earth. 


2.2.4. Sources in the M31 galaxy 


'The morphology of M31 is similar to that of the Milky Way, with a central bulge and 
a disc. The distance between the center of the M31 and the observer is Da, ~ 778 
kpc. The M31 bulge is parameterized by a flattened power law of the form 


TE Gy] B (10) 


where the coordinates x and y span the M31 disk plane (z is perpendicular to it), 
pp(0) ~ 4.5 x 109 Mc kpc^?, q ~ 0.6 is the ratio of the minor to major axes, a ~ 1.0 
kpc is the core radius and s = 3.8 is the power-law index.?’ The mass density of 
the M31 disk stars adopting the parameters of the Reference model in Ref. 38 is 
described by a sech-squared profile as follows: 


pp(R,z) = pp(0) exp(—R/h) sech*(z/H), (11) 


pE(R, z) = pp(0) 
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where R is the distance to the center of the M31 disk, H ~ 0.3 kpc and h ~ 6.4 
kpc are, respectively, the scale height and scale lengths of the disk and pp(0) ~ 
3.5 x 10° Mokpe~3 is the central mass density. The M31 disk is inclined by the 
angle i = 77? to our line of sight and has position angle ¢ = 38.6°. 


3. Microlensing events by PBHs 


The microlensing events are unpredictable phenomena, and to quantify their rarity 
we present the optical depth and the microlensing rate. 


3.1. The optical depth 


The microlensing optical depth 7 is the probability that any given star is being 
significantly lensed at any given time by a foreground compact object. For a star 
and a given model of the lens density distribution one can calculate r through the 
equation 


Ds 
T= f n(Di rus READ, (12) 
0 


which is just the probability that a lens object is inside the microlensing tube (see, 
e.g., Refs. 39 and 40). Here, n — p/M is the number density of the lenses (p is their 
mass density) and M is the lens mass. Since R? x M, it turns out that the optical 
depth is simply a geometrical quantity and does not depend on the lens mass. 

'The sources are not all at the same distance Ds, but are distributed along the 
line of sight, so we define the average optical depth as:4! 


Ds maz Ds,maz 
<T>= Į dDsn(Ds) Dè] D dDsn(Ds)D$T(Ds) (13) 


Ds,min Ds,min 


where Dg min and Dg maz are the minimum and maximum distances (up to the 

boundary of the observation region) from the observer’s position and n(Dg) is 

the number density distribution of source stars. Considering the above mentioned 

scenario, that PBHs constitutes some mass fraction f of the halo DM in the MW 
PPHB 


halo region, where f = 2222 = , the optical depth due to the PBHs can be 


. i QDM PDM 
written in the form < T >PBH= f «T >pDM. 


3.2. The microlensing rate 


The event rate is the rate at which a given background star undergoes a microlensing 
event due to a foreground lensing object. The microlensing event rate for any given 
source is extremely small, but it can be maximized toward regions with a high 
surface density of sources, as the Galactic bulge, LMC, SMC and the M31 galaxy. 

In order to define the microlensing rate, we consider the geometry and variables 
defined in Fig. 4 of Griest,?? which gives the differential event rate (dI) of a lensing 
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object entering a volume element along the line-of-sight, where the lens causes a 
microlensing with magnification above a certain threshold value. Integrating it along 
the line of sight to the source, the microlensing rate per background star is defined 


as 
Dj) f(T) d xd? 
r= far= {ae AIA (14) 
dt 

where n(D_) is the number density of the lenses, f (V) is the lens velocity distribution, 
dx = v,cos(0)dtRgurdod(D;) is the volume element and d?v = d?v,dv, the 
velocity element (see the Ref. 35 for details). The perpendicular component of the 
velocity element in cylindrical coordinates can be then written as v, — v, dv, dô. 
Therefore, Eq. (14) can be rewritten as: 


dr- rur Redd, f (v1, vy)d?v, dv, d0 cos(0)dadv,. (15) 


We note that the parameters 0,o,v, in the equation above vary in the range 
[-7/2,-/2], [0,27] and [0, co), respectively. Considering the velocity distribution 
of the lenses and source to be a Maxwellian distribution with dispersion velocity oy 


and c, and including the transverse velocity of the microlensing tube v;, one gets 


2urDs [! © vs v? 
I(Ds) = = : dzp(z)Re() x | = exp(— SL dus, 


To? c2 
9 2 v? +0? 2i 2v | v; 1 cosb em 
xf AL esp(— 24) xf erp Eag f dé. 
o To 9; 0 9; 0 
(16) 


Using the variables y = v/o, n = v1 /o; and z = vs, /os, the microlensing 
rate is 


B [AGMD, oy f’ ——á /” a 
I'(Ds) = 4ur Ds zw, dzp(x)v/z(1— x) x i) zexp(—z^)dz 
oo 27 
x J y^exp(—y? — n’ )dy x a ezp(—2yncosB)dB. (17) 
0 0 


Finally, the average microlensing rate per star can be rewritten as (see, e.g.,* for 
further details) 


-1 
Ds,min Ds,min 
<T >= | iDsv(DS)DA | dDgn(Ds)D3 (Ds), (18) 
Ds,min Ds,min 


In the same way, the microlensing rate due to the PBHs can be written in the form 
<T >pgg= f <T >pm. 

The median microlensing timescale is related to the optical depth and the mi- 
crolensing rate?? through the relation 


ty = <2. (19) 
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Since 7 does not depend on the lens mass and T scales with the PBH mass as 
M 172, the microlensing timescale tg turns out to be proportional to the square 
root of the PBHs mass. 


4. Model results 


Let us now consider that a mass-fraction f of the Galactic halo DM is in the form 
of PBHs, assumed to have a mass density distribution exactly as that of the halo 
DM. 

First, we consider a monochromatic mass distribution for the PBHs, so we as- 
sume that all PBHs have the same mass. We calculate the optical depth and the mi- 
crolensing rate for this model, varying masses in the range 10714 Mo < M < 10? Mo 
(see, e.g. Ref. 42 and references therein). Using the Galactic celestial coordinate vari- 
ables (I, b), an object at the distance d from the observer (Sun’s position) is at a 
distance r = \/r§ — 2rod cosl cosb + d? from the Galactic center, where ro œ 8.5 
kpc is the distance between the Sun and Galactic center, d = 4/z? + y? + 2/2 and 
x’ = dcosbcosl, y' = dcosbsinl, z' = dsinb. In the Cartesian coordinate system 
(2, y’, z^), the observer is at the coordinate origin. Since we are interested in esti- 
mating the optical depth and microlensing rate due to the PBHs in the Galactic 
halo towards three nearby galaxies, i.e. LM C, SMC and M31, we introduce the 
coordinate system (20, yo, zo), which has the origin in the center of these galaxies 
at (lo, bo, Do) and has the zo — axis directed toward the observer: the zo — axis 
is assumed to be anti parallel to the galactic longitude axis and the yo — acis 
parallel to the galactic latitude axis. For an object at distance D from the ob- 
server, a point with galactic coordinates (1, b) can be defined through the coordinates 


(£0, Uo, Zo) as: 


zo = —D cos bsin(l — lo) 
yo = D sin bcos bo — D cosbsin bo cos(l — lo) (20) 


zo = Do — D cosb cos bo cos(I — lo) — D sin b sin bo 


Therefore, in order to find the coordinates (x,y,z) according to the selected sys- 
tems, in the case of LMC and M31 they are obtained by rotating around zo — axis 
with position angle @ counterclockwise and around the new x — axis with the in- 
clination angle i clockwise. In the case of SMC, the coordinates (=, Y, Z) for the 
OS population and (€,7,¢) for the YS population are obtained by rotating around 
zo — axis with the position angle ¢ counterclockwise and around the new x — axis 
with the inclination angle 7 counterclockwise. 

In particular, the optical depth depends uniquely on the lens (and source) pop- 
ulation spatial density, whereas the microlensing rate depends also on the lens mass 
function and the lens-source relative velocity. 
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4.1. Optical depth 


Based on Eq. (13) we estimate the average optical depth due to the PBHs to- 
wards the Galactic bulge, LMC, SMC and the M31 galaxy. In Table 1 are given 
the values of the optical depth towards the Galactic bulge, LMC, SMC and M31 
galaxy. The galactic coordinate are: (19,09) = (0°,0°) for the Galactic bulge, 
(lo, bo) = (280.5?, —32.8?) for LMC, (lo, bo) = (307°, —46°) for SMC and (lo, bo) = 
(121.17°, —21.57°) for M31. For definiteness, the values are given for fppg = 1 and 
ur = 1. In case of other values, the rescaling is obviously a multiplication by fppr 
and by u2.. 

As one can see from Table 1, the largest values of the optical depth are found 
towards M31 (T ~ 1079), with a factor about 20 times larger than those towards 
the Galactic bulge. This can be certainly attributed to the enormous volume and 
large mass content between the Earth and M31. 


Table 1. The average optical depth, microlensing rate (per source per year) and the Einstein 
timescale due to PBHs in Galactic halo. From top to bottom, the values are given towards the 
MW bulge, LMC disk and bar, SMC young and old stellar populations and M31 bulge and disk. 
For the microlening rate and microlensing timescale tg are selected two values of the PBH mass 
M, i.e. M = 10-14 Mo and M = 10? Mo. 


<T> <T > (10714 Mọ) <T> (10? Mọ) tg(10-1^ Mọ)  tg(10? Mọ) 


(x1077) (x108) (s) (year) 
MWouige 1.30 8.14 8.14 0.32 1.02 
LM Caisk 4.84 9.96 9.96 0.98 3.10 
LMCbar 4.84 9.97 9.97 0.98 3.09 
SMCys 7.26 15.7 15.7 0.93 2.95 
SMCos 7.11 16.4 16.4 0.87 2.76 
M3lbuige 14.25 20.64 20.64 1.39 4.40 
M31qisk 14.25 20.35 20.35 1.41 4.46 


One can also remark that the optical depth towards SMC is significantly larger 
than that towards LMC. This has to be attributed mainly to the larger value of the 
SMC center longitude with respect to the corresponding value of LMC, but also to 
its larger distance. The ratio of the optical depth towards SM C and LMC turns 
out to be < T »syc œ 1.4 < T >zmc, consistent with the results to Ref. 43. 
The LMC optical depth is about 5 x 1077, in agreement to the result in Ref. 39, in 
which the adopted values of the model parameters are slightly different. 

We also remark that the optical depth towards the Galactic bulge is compatible 
with the results obtained in Ref. 9 (see e.g., Table I). 

Concerning SMC, there is a more visible difference between the role of the two 
star populations, mainly due to the fact that their centers are shifted by about 2 
kpc one with respect to the other. 
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4.2. Microlensing rate 


Based on Eq. (18), we estimate the average microlensing rate varying the PBH 
masses in the range 10714 Mo < M < 10? Mo considering the same conditions as 
in the previous section. Concerning the transverse velocity dispersion, we keep the 
value o; = 210 km/s as it is considered for the lenses in the MW halo.?? For the 
source star populations in the MW bulge, the velocity dispersion is assumed to be 
c = 156 km/s, whereas in the case of the M31 galaxy, we consider?" opuige = 100 
km/s and ogisk = 30 km/s. For LMC, we have c4;,, = 20.2 km/s and Obar = 24.7 
km/s, while for SMC,^ oys = 20 km/s and cos = 30 km/s. 


—— MW_bulge 
— — LMC disk 
---- LMC bar 
— — SMC YS 
---- SMC OS 
— — M31. bulge 
---- M31 disk 


Microlensing rate/year/star 


14 42  -10  .8 -6 -4 -2 0 2 
log(Mpg/Mo) 


Fig. 1. The microlensing rate caused by our Galactic halo PBHs to the stars in MW bulge (black 
line), LMC (red line), SMC (blue line), and M31 (green line) is plotted as a function of the PBH 


mass. 


In Fig. 1 we plot the PBH microlensing rate per star per year towards the 
MW bulge, LMC, SMC and M31 as a function of the PBH mass. We also remind 
that the plots are given for fpg = 1 and ur = 1. In case of other values, the 
rescaling is obviously obtained with a multiplication by fpgy and ur. As one can 
see, the value of the microlensing rate vary from 1077 for M c 10? Mọ up to 
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10! for M ~ 10714 Mo. The highest value of the microlensing rate is obtained in 
the case of observations towards the M31 galaxy, this has to be attributed to the 
dark matter distribution function as a cored isothermal sphere. Indeed, microlensing 
observations towards M31 are able to allow a full map of the Galactic halo, whereas 
the other considered targets are immersed within the Galactic halo. 

Based on the Eq. (19) we define the microlensing timescale of the events caused 
by the PBHs in Galactic halo towards four selected targets. In Table 1 we present the 
Einstein timescale for events caused by PBHs towards the center of the MW bulge, 
LMC, SMC and M31 for two extremal cases of M = 10714 Mc and M = 10? Mo 
of the PBH mass. As expected, due to the wide mass interval in consideration, the 
tg values vary by several orders of magnitude, from a fraction of a second up to 
several years. For that reason, since a sufficiently high image sampling is requested 
in order to recognize a microlensing event (let's say at least 5-10 images within tg 
are necessary for that aim), different observing strategies and facilities are needed 
in order to probe the full PBH mass range. 


4.3. PBHs by Euclid 


Since an additional survey of the Euclid telescope, although not definitely approved 
as yet, is to observe for a few months the Galactic bulge, we devote a special atten- 
tion to its survey towards the Galactic bulge.?° Based on the galactic coordinates of 
the line of sight (1, 0) = (1.1?, — 1.7?) and the distributions of the PBHs and bulge 
stars we find the optical depth to be < 7 >~ 1.30 x 1077 and the microlensing rate 
per stars per year to be < IT >= 8.12 x 1077 for the PBH mass, M = 1 Mọ. Based 
on the magnitude limit of the Euclid telescope, which is foreseen to be m — 24, the 
mass-luminosity relation I = (m)? and considering the middle point 8.5 kpc 
away from us, we find the lowest value Mmin = 0.31 Mo of the star's mass to be 
detected by this telescope. Using a Salpeter mass function — œ M -?4., for stars 
in the Galactic bulge, we calculate their mean mass value < M >= 0.97 Mo. Con- 
sidering the distance of the bulge stars to be within the range [7, 10] kpc with mass 
density distribution given by Eq. (5) and since the Euclid's field of view is 0.54 square 
degree we obtain that the number Np of detectable source stars in the Euclid mi- 
crolensing observations is Ngp = 6.45 x 10’. By multiplying < T > Ngptobs, where 
tops is the observation timescale in years, we find about 340 microlensing events per 
year (for fppg = 1 and ur = 6.54), with a microlensing timescale tg ~ 8 months 
in the case of a PBH mass of 1 Mo. In Fig. 2 we plot the PBH microlensing rate 
and microlensing timescale towards the Euclid field of view as a function of the 
PHB mass. We remind that the plot of the microlensing rate is given for fppg = 1, 
ur = 6.54 and the microlensing timescale for ur = 6.54, the last one is independent 
of fPBH. 

Considering a cadence of 20 minutes?? and no less than 5 points within tz, we 
find that Euclid could detect PBHs down to M = 107" Ms. 
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Microlensing rate /star/ year 
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Fig. 2. The microlensing rate (black line) and the microlensing timescale (blue line) caused by 
our Galactic halo PBHs to the stars in Euclid field view as a function of the PBH mass. The 
vertical line at Mppg = 1077 Mo represents the lower mass limit for observations towards the 
Galactic bulge by the Euclid telescope. 


5. Conclusions 


'To obtain valuable information about the mass function and the spatial distribution 
of PBHs, if they contribute to a high enough fraction of the Galactic halo dark 
matter, the gravitational microlensing is the best method. We use this method to 
investigate the traces of MW halo's PBHs towards four selected targets: the MW 
bulge, Large and Small Magellanic Clouds and the M31 galaxy. 

We estimate the optical depth and the microlensing rate towards these targets, 
assuming for PBHs a standard halo model and for the target sources, their mass den- 
sity distributions. The largest values of both the optical depth and the microlensing 
rate are found for observations towards the M31 galaxy, due to its larger 
distance. 

We calculate and discuss the microlensing timescale, which changes by many 
orders of magnitude, for the reason of the high mass range [10-!4, 107] Mz of 
PBHs, taken into consideration. It varies from less than 1 seconds up to about 4.5 
years. Therefore, completely different observation strategies are necessary in order to 
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detect PBHs in different bins of masses. We also mention that the present paper is 
a summary of a more detailed work.*° 

As far as the Euclid observations towards the Galactic bulge is concerned, and 
based on its features, we define that it will observe and will detect about 340 mi- 
crolensing events per year (for mass-fraction fppgg = 1 and ur = 6.54), with a 
microlensing timescale tg ~ 8 months in the case of a PBH mass of 1 Mo. Also, 
we find that it could detect PBHs with mass down to M = 107" M. Below this 
mass limit, the expected number of points in the lightcurve is insufficient to perform 
a reliable analysis. For PBH masses around this value we estimated a number of 
about 109 events per year, since the microlensing rate varies as 1/ VM. 

Since a confusing element in the observed stars is the stellar intrisic variability, it 
needs a special attention. In fact, this can be avoided by carefully looking at different 
bands: gravitational microlensing is an achromatic effect, while stellar variability 
appears different in different spectral bands. 
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Recently, a diffuse y-rays emission in the energy range 1-100 GeV has been detected 
around M31, that extends up to 120-200 kpc from its center. Such extended emission is 
difficult to be explained in the typical scenario of cosmic rays produced in the galactic 
disk or in the galactic center (GC) and diffusing in the galactic halo. We show that a 
cosmic ray origin, either hadronic or leptonic, of the emission is viable if non-standard 
cosmic ray transport scenarios are considered, or if particles are accelerated directly in 
the galactic halo (in situ acceleration). The cosmic ray halo can be powered by the 
accretion of intergalactic gas or by the activity of galaxy’s central black hole. If giant 
cosmic ray halos are common around galaxies, the interactions of cosmic ray protons and 
nuclei with the circumgalactic gas surrounding Milky Way could explain the isotropic 
diffuse flux of neutrinos observed by Icecube. 


Keywords: Galaxies: halos; cosmic rays; gamma rays; neutrinos. 


1. Introduction 


The Andromeda Galaxy (M31) and the Milky Way (MW) present many similarities. 
Both have a bulge, a disk, an extended gaseous halo, a central supermassive black 
hole and a dark matter halo with a radial extension of 200 — 300 kpc and a total 
mass of ~ 10!?Mọo.! The integrated y—ray luminosity of the Andromeda galaxy, 


2336 


as reported by Fermi-LAT,?? above 100 MeV is of ~ 6.6 x 104! erg s-!, less than 
a factor ~ 2 that of the MW.? Fermi Bubbles-like structure emanating from the 
central region of M31 may also exist, as recently reported. However, while in the 
MW the y-ray emission correlates spatially with the gaseous disk, in M31 it appears 
to be concentrated within the inner 5 kpc region.? 

Recently the Fermi-LAT data have been analyzed in detail in Ref. 1, from a 
region that corresponds to a projected radius of ~ 200 kpc from the center of M31 
and found an excess that extends up to ~ 120 — 200 kpc. The analysis was per- 
formed with an accurate modeling of the MW foreground emission and considering 
a spherically symmetric template, centered on M31 and including three regions: 


e the inner galaxy (IG) 
a ~ 5.5 kpc radius region that contains the emission from the inner galaxy? 


e the spherical halo (SH) 
a ring of ~ 5.5 — 120 kpc 


e the outer halo (OH) 
a ring of ~ 120 — 200 kpc. 


For each region the authors provide the y—ray spectra. Moreover, given the con- 
tamination from the MW disk emission, especially relevant for the northern part of 
the OH, the spectra for the southern and northern part of the SH and OH are also 
reported. The north/south regions' spectra are quite similar for the SH, while they 
exhibit relevant differences for the OH, where the spectrum of the northern part 
shows a bumpy profile likely associated to a contamination from the MW. Thus, 
the authors concluded that, while the excess from the SH region is likely associated 
to the halo of M31, the origin of the emission from the OH is much less clear and 
may be rather related to the MW, or to something else. Here we focus on the SH 
region. 

Two possible spectral fits for the SH region are reported by Ref. 1, one with a 
power-law plus exponential cut-off parametrization given by 


Isy ~ 9.8 x 101! Egk? e^ Eosv 16 Mfg V 71 em 72g 1 gp 1 (1) 


and one with pure power-law, as shown in Fig. 1. Here Ecey is the photon energy 
in GeV. The total y-ray luminosity (northern plus southern part) of SH is: 


Ly ~ 1.7 — 1.9 x 10*%erg/s . (2) 


where the lower(upper) value corresponds to the power law plus cutoff(pure power 
law) fit to data. Based on the large extension of y—ray halo, on the intensity and 
spectrum of the various components, the authors of Ref. 1 suggest a dark matter 
interpretation for such emission? and, based on typical CR propagation scenarios, 
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conclude that it is unlikely that a major fraction of the emission is due to cosmic 
rays (CR) in the halo of M31. 

Instead, we illustrate that the ~ 100 — 200 kpc extended emission from An- 
dromeda could be naturally explained as the result of CR interactions in the halo 
provided that: i) a non-standard mechanism of CR transport into galactic halos, 
by means of buoyant bubbles, is considered; ii) particles are directly accelerated in 
the galaxy’s halo. In what follows we summarize our results reported in Ref. 6 and 
we refer the reader to that paper for more details. 

Interestingly, if the MW is surrounded by a halo similar to that reported for 
M31, it could be possible to explain the diffuse Icecube neutrino flux, as previously 
proposed by Ref. 7. Moreover, such large halo around M31 was previously pro- 
posed by Ref. 8, which showed that it could contribute to the isotropic gamma-ray 
background. 


2. Hadronic and leptonic origin of the M31 y-ray halo: Energetics 
2.1. Leptonic scenario 


In this scenario the y-ray emission from the SH is the result of inverse Compton 
scattering (ICS) of relativistic electrons off the interstellar radiation field (IRF). 
At the distances from the disk of the SH region, the IRF is dominated by CMB 
photons and the galactic magnetic field is likely below ~ 1 wG, so that synchrotron 
losses are probably negligible compared to ICS losses. Thus, y—rays in the range 
^ 1 — 100 GeV would be produced by electrons of energy ^ 0.6 — 6 TeV, and the 
cutoff at E, = 11.6 GeV would correspond to electrons of energy Emaz,e © 1.9 TeV. 
The lepton energy loss time in the CMB field is given by (see Ref. 6 and references 
therein) 


TomB ~ 1.3 x 10° E, yr, (3) 


where Erev is the particle energy in TeV. 

Such short timescale implies that, for any realistic interstellar CR diffusion, elec- 
trons coming from the disk/GC would lose all their energy before reaching traveling 
a few kpc in the halo. Thus, if the SH emission of M31 is produced by electrons 
they have to be directly accelerated in that region. The minimal energy require- 
ment is obtained in the assumption that the y—ray production takes place in a 
calorimetric regime (namely the ICS timescale is shorter than any other relevant 
dynamical scale). In this regime the observed y-ray luminosity (Eq. 2) equals the 
electron luminosity: 


Le = Ly ~ 1.7 — 1.9 x 10??erg/s. (4) 


Notice that this luminosity refers only to electrons in the energy band « 0.6 — 6 
'TeV, and is of the same order than the total estimated power of CR electrons in 
the disk of the MW.? 
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2.2. Hadronic scenario 


In this scenario y—rays are produced in proton-proton interactions between CRs 
and the ambient gas, where photons of energy E are generated by CR protons of 
Ep ~ 10 E^. In order to account for the observed y-ray luminosity L4, the required 
CR proton luminosity reads:° 7 


Ly = 3L,/f, f =1- eee (5) 


where Tres is the residence time of CRs in the halo and 75, is the timescale for pp 
interactions. The latter depends on the density of the ambient medium and is given 
by 


Tpp ^v 7.1 X 10 Ps yr (6) 


where ny,-3 is the halo hydrogen density in units of 107? cm ?. At a distance of 
~ 100 kpc from the Galactic disk, the gas density of the MW halo is probably of 
the order ~ 1074 — 107?cm-? (see Ref. 6 and references therein), for which the loss 
time is larger than the age of the Universe. Given the similarities with M31, we 
may expect that a similar gaseous halo is also present around Andromeda. Taking 
a reference value of Tres = 1095.55 yr for the CR residence time, the CR proton 
luminosity reads: 


Ly © 1.8 x 104" dg ng. serg/s. (7) 


Notice that for Tres 2 1 and ny,-3 ~ 1, such luminosity is of the same order of 
that invoked to explain the population of CR protons observed in the disk of the 
MW.? 


3. Origin of the radiating particles 


'The most popular hypothesis for the origin of Galactic CRs is that particles are 
accelerated in sources located in the disk (e.g. supernova remnants, pulsars, stel- 
lar winds, the GC) and escape form the Galaxy undergoing a diffusive-advective 
transport, the former due to the scattering of CRs on magnetic inhomogeneities 
and the latter to the possible presence of a galactic wind.? A similar situation is 
likely present also in M31 and one may wonder whether the emission from the SH 
results from the transport of particles from the disk/GC of Andromeda. However 
this hypothesis is very problematic. Indeed, for typical values of the interstellar CR 
diffusion coefficient, TeV electrons would lose energy due to ICS and sychrotron 
emission before reaching distances of few kpc from the disk. As for protons, typical 
models of diffusive-advective propagation from the disk/GC predict a substantial 
decrease of the CR density with the distance from the disk. Moreover, also the halo 
gas density decreases moving away from the disk, with a density of ~ 1 cm? in the 
disk and z 1074 — 107? cm? at a distance of ~ 100 kpc. This imply that, in order 
to fit the y-ray flux observed from the SH, the CR proton intensity in the disk of 
M31 should be large, which would result in a bright y-ray emission from the disk, 
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which is not observed. In particular, the observed ratio between the average y—ray 
emissivity of the IG and SH regions is 


(esu) 
(era) 


while in standard CR. propagation scenarios would be (see Ref. 6 for a detailed 
discussion) 


~ 1073, (8) 


(€sH) «10-5 NSH,—3 (9) 


(era) IG, ” 


where we assumed a typical gas density of nra ~ 1 cm^? and ngg ~ 107? cm? for 
the IG and SH region respectively. 


3.1. Cosmic ray transport by means of buoyant bubbles 


The Fermi Bubbles!? in the MW are probably the result of past nuclear activity of 
the GC, and similar structures are possibly present also in the M31.* Motivated by 
these observations, we envisage a scenario in which CR protons produced in periodic 
episodes of nuclear activity are transported into the SH within buoyant bubbles. 

Buoyant bubbles are often observed in the central regions of galaxy clusters, ! ^ !? 
but also in galaxies.? Such bubbles are generally found to rise at a speed of the 
order of a fraction of the sound speed (~ 100 km/s in the hot diffuse circumgalactic 
gas!*), before being disrupted due to plasma instabilities. Their lifetime could reach 
order of ~ 10? yrs if the possible stabilizing action of a magnetic field (see Ref. 14 
and references therein). 

Let us assume that bubbles are generated at a rate of vp = 10 ?vp, 3Myr- !. 
The effective rate at which CR protons may be injected into the halo is Lp = 
nEpvp ~ 3.2 x 10*! nEp szvp, 2erg/s, where EB 57 = Epg/1057 erg!® 16 
CR conversion efficiency that also accounts for possible adiabatic energy losses due 
to the bubble expansion during its rise in the halo. Comparing this expression with 


and 7 isa 


the energy requirement in Eq. 7 one finds 


n ~ 0.56 Tesolin a EB rV BL 2 (10) 


CRs can be transported into the galactic halo within such bubbles before the bub- 
ble is disrupted. When the bubble is disrupted CRs are released in the SH and 
spread diffusively to fill a region of ~ 100 kpc radius. If the contributions of several 
bubbles overlap in the SH, a quasi-stationary CR population can be established in 
this region, while in the IG, an intermittent Fermi Bubble like structure could be 
observed. In this way, it is possible to populate the SH with CRs without having 
a large CR density in the IG and in the disk, contrary to the case in which CRs 
diffuse/advect directly from the galactic disk or the GC. 

If the CR diffusion coefficient in the SH increases with the particle energy, 
similarly to what happens in the near-disk region of the MW, a quasi-stationary 
CR population can be maintained in the SH for energies such that the diffusion 
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time Tres ~ R27 /(6 D) over a region of size Rgy ~ 100 kpc is shorter than 
the typical time between episodes of nuclear activity l/vpg. At large enough en- 
ergy, this condition is no longer valid and protons will populate the halo intermit- 
tently, which would result in a spectral cut-off at the particle energy, Ee, such that 
D(E.) = 5 x 10% R2o9vpB,-2 cm?/s. This would explain the power law plus cut-off 
fit to y—ray data (black points in Fig. 1), provided that Ee œ~ 100 GeV (see Ref. 6 
and references therein). 

Instead, the pure power law fit to the data (see Fig. 1) could be explained in the 
case in which the diffusion coefficient is rather flat in energy, and/or if CRs injected 
during the entire lifetime of M31 are confined in the SH remain confined in the SH. 


3.2. In situ acceleration 


In the case of a leptonic origin, the acceleration of CRs have to take place directly 
in the SH. Thus, let us assume that a giant spherical shock of radius R, (whose 
possible origin is discussed below) is present in the SH. The maximum energy Emaz,e 
of accelerated electrons can be estimated: i) by assuming that the energy losses 
due to ICS are the most relevant limitation to the acceleration; $$) the particle 
acceleration at shocks is accompanied by an amplification of the magnetic field. 
Under such assumptions, he maximum energy reads (see Ref. 6 for the details) 


1/4 
Emaz,e e 24 dinis. 6:3 TeV, (11) 
where no = 10~4n9,_4 cm? is the number density of the intergalactic gas, us = 
10?u, 3 km/s is the velocity at which matter flows into the shock, £p ~ 3.5% of the 
shock ram pressure is converted into magnetic field energy. 

Given that the observed 4-ray spectrum extends up to at least a photon en- 
ergy E, & 10 GeV, the electron spectrum should extend at least up to an energy 
Emaz,e © 2 TeV, which requires a shock speed 


-1/12 [f ÊB SIS 
Us.3 Z 0.43 Do 4 dE . (12) 


'The possible origin of such a shock can be envisaged by noticing that the radius 
of the SH, Rsu = 100RsH,2 kpc, is of the same order of the virial radius of the 
galaxy. Moreover, the shock velocity inferred above is close to the free fall velocity 
at the edge of the SH vy ~ 0.29 x 109 M] R32 km/s, where M = 101? Mi5 Mc, is 
the total mass of M31. Thus, it is possible to speculate that particles are accelerated 
at a spherical accretion shock. However it is important to remark that the existence 
of accretion shocks around galaxies is matter of debate. The energy flow across the 
shock would be approximately: 


3 
U?;, 
Ls © (An Rèy) T ~ 3.4 x 10? Ree ng, AM" erg/s (13) 


which could accommodate the energy requirement given by Eq. 4. 
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A giant spherical shock may also be formed as a result of the GC nuclear activity. 
In this case an estimate of the shock velocity v, for a shock radius Rs ~ Rsg and 
a overall duration of the nuclear activity of rac = 10?rG6c.9 is given by (see Ref. 6 
and references therein) 


Us £ 0.2 x 10? Lie eitis a roc ony, (14) 


where Lec = 10 Lacs erg/s is the time averaged rate of energy injection due 
043 erg/s for the en- 
ergy injection rate is much smaller than the Eddington luminosity of the central 


to galactic nuclear activity. Interestingly, a typical value of 1 


supermassive black hole of mass Mgr, Lgaa ~ 1.3 x 1048 (dez) erg/s. 

In both scenarios for the origin of the shock, the CR electron luminosity needed 
to explain observations (Eq. 4) can be explained with an acceleration efficiency of 
the order of 7 z 1074. 

From the study of Galactic CRs? it emerges that interstellar shocks, together 
with electrons, also accelerate protons, likely with a much larger efficiency. In this 
case, the maximum energy Emaz,p is most likely limited either by the age of the 
system, Ts = 10?7, 9 yr, since in the dilute medium that form the SH the proton- 
proton loss time is typically larger than the age of the Universe (see Eq. 6), either 
by the particle confinement time in the accelerator, namely the diffusion length at 
energy Emaz,p should be smaller than the size of the accelerator (~ Rs). The two 
conditions provides similar values of Emaz,p, so we consider here the former, which 


0.035 
protons can proceed well beyond the ~ 10-100 TeV needed to explain the y-ray 


observations. The latter can be accounted for by an acceleration efficiency at the 
level of ~ 1%. 


1/2 
gives Emar, p © 4.6 x 102 ul ars oni 4 ( EB ) PeV. Thus, the acceleration of CR 


4. A giant CR halo around the MW and the origin of Icecube 
neutrinos 


The possible existence of a ~ 100 — 200 kpc CR halo surrounding the MW was 
proposed by Ref. 7 for explaining the diffuse flux of multi-TeV neutrinos detected 
by Icecube. The differential isotropic flux of astrophysical neutrinos (all flavors, 
neutrinos plus antineutrinos) measured at Earth can be fitted with a power law!” 


E —2.87 
PIO (Ep) ~ 6.37 x10 18| — 7 — whem mu EE 1 
v (Ey) x 100 TeV GeV "cm ^s “sr (15) 
'The integrated isotropic flux is 
F,(» 100 TeV) ~ 1.2 x 107! erg/cm? /s/sr. (16) 


Let us assume that such neutrino flux is produced in the MW halo due proton- 
proton interactions at a typical distance of Ry = 10? Ry» kpc. The corresponding 
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Fig. 1. left: Expected y-ray emission from M31 (shaded cyan region) obtained re-scaling the 
predictions for the halo of the Milky Way. The black data points and the shaded gray region show 
Fermi-LAT observations of M31! right: Isotropic diffuse neutrino and y-ray emission observed by 
Icecube!” (black) and Fermi-LAT!? (blue data points). Solid lines are predictions for the neutrino 
(green) and y-ray (pink) resulting from the interactions of CR protons with ambient gas in a ~ 100 
kpc halo surrounding the MW. 


differential neutrino emissivity from the entire MW would be 
Q7 (E,) = (4n) 97 (EL) Ri. (17) 


Then, a neutrino luminosity LW (> 100 TeV) ~ 1.8 x 109? H2, ,erg/s is expected, 
together with an isotropic diffuse y-ray emission above ~ 100 TeV with a similar 
luminosity. 

The isotropic diffuse fluxes of y-rays and neutrinos measured by Fermi-LAT! 
and Icecube,!" respectively, are shown in Fig. 1, together with the predictions from 
the y-ray and neutrino emission from CR proton-proton interactions in the MW 
halo, estimated assuming a proton spectrum x E;? exp(—E,/20 PeV) normalized 
in such a way to contain a total energy equal to Wp ~ 4.6 x 1097 Ri, ony 3 erg. 
A cutoff in the y-ray spectrum appears due to the absorption of very high energy 
photons by pair production in the CMB. 

Since the MW and M31 are quite similar galaxies, and the gas density in their 
halos are inferred from observations to be comparable (see e.g. Refs. 19, 20), it 
appears natural to compare the MW halo origin proposed for the Icecube neutrino 
flux and the M31 y-ray SH emission. In the proposed scenarios the CR proton 
density in the halo would scale linearly with the central SMBH mass (if CR protons 
are powered by the galactic nuclear activity) or with the total mass of the galaxy to 
the power 3/2 (if CRs are accelerated at an accretion shock). The ratio between the 
mass of M31 and of the MW is — 2, while the ratio between the SMBH masses is 
~ 33 (see Ref. 6 and references therein), which means that, if the CR confinement 
time in the halo is similar for the two galaxies (order of Gyr), one may suppose that 
the y-ray and neutrino luminosities of M31 are a factor of ~ 2.8 — 33 than those of 
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the MW. In Fig. 1 we show the rescaled MW neutrino flux together with the y—ray 
spectrum of M31 observed by Fermi-LAT for a power law plus exponential cutoff 
modeling of data (black points and shaded gray region) and for a power law model 
(blue line and shaded region).! 

Remarkably, in the absence of a cutoff/steepening in the y-ray spectrum of M31, 
we find a good agreement of our predictions and Fermi-LAT data, that suggests a 
possible common origin of the GeV ^-ray emission from the halo of M31 and the 
neutrino emission from the halo of the MW. 


5. Conclusions 


Recently, Fermi-LAT discovered a giant y-ray halo of size ~ 100-200 kpc around 
M31. We investigated a possible CR origin of the emission and we concluded that it 
could be explained by CR protons interacting with the circumgalactic gas. Particles 
can be accelerated directly in the SH of M31, or may be produced in the GC of M31 
and then transported into the halo by means of buoyant bubbles. The morphology of 
the emission is expected to be spherically symmetric in the former case and similar 
to that of Fermi Bubbles, but much more extended, in the latter case. If CR protons 
can be confined for long times in the SH of M31 (order of gigayears), the emission 
measured by Fermi-LAT could be explained with a time averaged luminosity of 
CRs injected in the halo of the order of = 1040 — 104! erg/s, comparable to the 
estimated luminosity of CR sources in the Galactic disk. Such luminosity can be 
accounted for by the galaxy nuclear activity or by an accretion shock. 

Moreover, if a similar giant CR halo is present also around the MW, which 
appears plausible given the similarities between the MW and M31 and the ob- 
servational evidence of similar extended gaseous halos around both galaxies, also 
the isotropic diffuse neutrino emission observed by Icecube could be explained as 
originating from the halo of our own Galaxy (as proposed by Ref. 7). 

If gaseous halos are a common feature of MW and M31-like galaxies they might 
all emit both y-rays and neutrinos, which however are beyond the capabilities of 
current instruments for distances significantly larger than M31 (see Ref. 6 for a 
discussion). 

Alternatively, the M31 y—ray emission could be of leptonic origin, namely the 
result of ICS of electrons on the CMB. In this case the particles have to be acceler- 
ated directly in the SH and no neutrinos would be expected from M31. 
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A complete census of baryons in the late universe is a long-standing challenge due to 
the intermediate temperate and rarefied character of the majority of cosmic gas. To gain 
insight into this problem, we extract measurements of the kinematic Sunyaev-Zel’dovich 
(kSZ) effect from the cross-correlation of angular redshift fluctuations maps, which con- 
tain precise information about the cosmic density and velocity fields, and CMB maps 
high-pass filtered using aperture photometry; we refer to this technique as ARF-kSZ 
tomography. Remarkably, we detect significant cross-correlation for a wide range of red- 
shifts and filter apertures using 6dF galaxies, BOSS galaxies, and SDSS quasars as trac- 
ers, yielding a 11 sigma detection of the kSZ effect. We then leverage these measurements 
to set constraints on the location, density, and abundance of gas inducing the kSZ ef- 
fect, finding that this gas resides outside dark matter haloes, presents densities ranging 
from 10 to 250 times the cosmic average, and comprises half of cosmic baryons. Taken 
together, these findings indicate that ARF-kSZ tomography provides a nearly complete 
census of intergalactic gas from z = 0 to 5. This contribution is a summary of the work 
already published in Ref. 1. 


Keywords: Diffuse radiation; cosmic background radiation; large-scale structure of Uni- 
verse; cosmology: observations; cosmology: theory 


1. Introduction 


Over the last decades, precise observations of primordial CMB anisotropies? and 
Big Bang nucleosynthesis studies? have set strict constraints on the abundance and 
distribution of baryons in the early universe. However, a complete census of baryons 
at late times remains elusive; this is principally due to the intermediate tempera- 
ture and rarefied character of nearly all cosmic gas, which hinders the detection of 
baryons outside high-density regions and leaves invisible the majority of cosmolog- 
ical volume. Such is the case that until recently, low redshift studies only detected 
70% of the expected amount of baryons.* © 

Nonetheless, recent studies have successfully detected baryons outside high- 
density areas conducting kinematic Sunyaev-Zel’dovich (kSZ) effect observations, ^? 
thermal Sunyaev-Zel'dovich (tSZ) studies,?:1? low-redshift Lyman-a surveys,'! and 
deep X-ray campaigns.!?:!? Despite their success, these works only set constraints 
on the distribution of baryons at either a few specific redshifts or across a reduced 
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number of line-of-sights, failing to provide a complete picture of cosmic gas in the 
late universe. 

Of the different strategies listed above, throughout this work we set constraints 
on the properties of intergalactic gas using measurements of the kSZ effect, which 
refers to the Doppler boosting of CMB photons as these scatter off free electrons 
moving relative to the CMB rest frame.!^!*? The motivation of using these mea- 
surements is that the kSZ effect is sensitive to free electrons independently of the 
temperature and density of the medium in which these reside, and thus it is uniquely 
suited to study the large-scale distribution of baryons at low redshift. 

Even though the kSZ effect presents significant advantages to observe cosmic 
gas, it is challenging to extract this signal from observations because the amplitude 
of kSZ fluctuations is approximately two orders of magnitude smaller than that of 
primordial CMB fluctuations and the spectral shape of both signals is practically 
the same. Furthermore, most extraction methods require estimating the peculiar 
velocity field of intervening matter,!® 17 which is also challenging and adds notable 
uncertainties. Other approaches circumvent such estimation but require either us- 
ing cosmological simulations for calibration or modelling and subtracting other ef- 
fects,*: 18-20 which also introduces substantial uncertainties. 

In this scenario, the cross-correlation of angular redshift fluctuations (ARF),?! 
which encode precise information about the cosmic density and velocity fields, and 
CMB observations provides a clean window towards a tomographic detection of 
the kSZ effect given that systematic uncertainties affecting either of these observ- 
ables do not present significant correlation. This approach, which we refer to as 
ARF-kSZ tomography, requires redshift information from either spectroscopic or 
spectro-photometric surveys as well as theoretical predictions for the large-scale 
cross-correlation between ARF and the kSZ effect. 


2. Results 


To extract measurements of the kSZ effect, we start by generating ARF using 
galaxies from the 6dF Galaxy Survey (6dF),?? galaxies from the Baryon Oscil- 
lation Spectroscopic Survey (BOSS),?*:?4 and quasars from the extended Baryon 
Oscillation Spectroscopic survey (eBOSS)?? selected at 16 different redshift shells 
between z — 0 and 5. Then, we high-pass filter foreground-reduced Planck maps by 
applying aperture photometry filters of different sizes on the positions given by the 
aforementioned galaxies and quasars, thereby extracting kSZ signal induced by gas 
surrounding these sources. This technique also reduces contamination from primor- 
dial CMB anisotropies as aperture photometry removes signals that are constant 
over the size of the aperture. Then, we cross-correlate these maps, finding significant 
correlation for a wide range of redshifts and filter apertures. After accounting for 
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Fig. 1. Fraction of kSZ gas to within dark matter haloes (top panel) and average density of kSZ 
gas outside these structures (bottom panel). The horizontal bar and size of the shaded regions 
indicate the average and scatter of results computed using different Planck foreground-reduced 
maps, respectively; green, blue, and orange colours indicate the results for shells containing 6dF 
galaxies, BOSS galaxies, and SDSS quasars; grey colours denote shells with no significant detection 
of the kSZ effect; and error bars show lo uncertainties for Planck COMMANDER map. We find that 
more than 9996 of kSZ gas resides outside haloes and that the density of this gas ranges from 10 
to 250 times the cosmic baryon density, which is in agreement with the density of the intergalactic 
medium according to hydrodynamical simulations. 


correlations between different measurements, we find that our measurements yield 
an llo detection of the kSZ effect, which is the highest significance detection of the 
kSZ effect up to date. 

We leverage these measurements to set constraints on the location, density, and 
abundance of kSZ gas from redshift z — 0 to 5. In Fig. 1, we show that more 
than 9996 of kSZ gas resides outside haloes and that the density of this gas ranges 
from 10 to 250 times the cosmic average, which is in agreement with the density of 
the gas in filaments and sheets according to hydrodynamical simulations. Then, in 
Fig. 2 we show that our kSZ measurements are compatible with detecting 5096 of 
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Fig. 2. Fraction of the total abundance of cosmic baryons detected at different redshifts. We use 
the same coding as Fig. 1. Remarkably, ARF-kSZ tomography is sensitive to approximately 5096 
of cosmic baryons, which highlights the efficiency of this technique detecting intergalactic gas. The 
results are well below 50% for the first and last two shells because the number density of sources 
at these redshifts is very low; in fact, forecasts for fẹ when considering an infinite number density 
of sources (triangles) are compatible among all shells. 


cosmic baryons. Taken together, these findings indicate that ARF-kSZ tomography 
provides a nearly complete census of intergalactic gas from z = 0 to 5. 
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Intermediate Mass Black Holes (IMBHs) are a class of black holes with masses in the 
range 10?+10° Mo, which cannot directly derive from stellar evolution. Looking for these 
objects and estimating their abundance is important not only for a deeper understanding 
of their origin but also for unveiling the nature and distribution of the dark matter in 
the galactic halo. Since February 2018 to January 2020, the Large and Small Magellanic 
Cloud have been intensively monitored by the DECAM instrument, installed on the 4m 
V. Blanco Telescope (CTIO, Chile) with the main objective to discover microlensing 
events possibly due to IMBHs. 

Here we outline the developed data analysis pipeline. We have tested it versus known 
variable sources finding many not previously known variables objects. A few sources show 
a light curve similar to that expected for a microlensing event, but further analysis is 
required to confirm the microlensing nature of these events. 

For these sources, and in particular for the uncatalogued variable stars, we try to 
determine if they are periodic or not via a periodogram analysis. 


Keywords: Intermediate Mass Black Holes, ISIS Subtraction package, Large Magellanic 
Cloud, Small Magellanic Cloud, DECAM, Microlensing, Variable stars. 


1. Introduction 


During the last years of XVIII century, the English pastor John Michell and the 
mathematician Pierre Simon de Laplace imagined the existence of some dark ob- 
jects, which were called dark stars.! The given name derived from the fact that if 
the radius of an object with mass M turns out to be R = 2GM/c? (where G is 
Newton's gravitational constant and c is the light speed), it cannot be visible from 
outside and therefore it would “appear” as dark. 

The first actual mathematical description was provided in 1916 by Karl 
Schwarzschild with his solution of Einstein's field equations, representing the grav- 
itational field around a non-rotating, spherical, and electrically neutral mass. 

Half a century later, in 1967, John Wheeler coined the term black hole (BH) 
to indicate an object whose gravitational field is so large that does not let any- 
thing, even light, escape from its gravitational attraction. Unlike the classical for- 
malization, General Relativity predicts the existence of an event horizon located at 
r — rg =2GM/c?, which is called the Schwarzschild radius. 
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2. Black Holes Classification 


'There are three main kinds of black holes: stellar, intermediate, and supermassive 
BHs. The most common ones are stellar and supermassive BHs: the first one, with 
a mass less than 30 Mo, are produced by stellar death, when very massive stars 
with M > 25 — 30 Mo reach the and of their lives. 

Supermassive BHs, with M œ 10? —- 10!? Mo, are located at the center of almost 
every galaxy in the Universe and are also responsible for the AGN activity. 

The most unknown and mysterious intermediate-mass black holes (IMBHs) have 
a hypothetical mass in the range 30-10? Mo and might provide the Galactic Halo's 
dark matter contribution. Their formation and evolution are not well known as 
we are not able to observe many of these objects. There are four main possible 
mechanisms for IMBHs? formation!!: 


e Evolution of Population III stars 
e Stellar collisions in dense star clusters 
e Primordial Black Holes!? 1” 


3. Gravitational Microlensing 


Gravitational microlensing may offer an efficient way to detect BHs if they populate 
the Galactic Halo. This phenomenon shows up when an object (the lens) stands in 
the way between the observer and a faraway source. Photons coming from the 
source are deflected by the gravitational field of the lens (see Ref. 18 for a review). 
Depending on the phenomenon geometry, we might observe virtual images of the 
source. If the images are separated by large enough angles, as happens in the case 
of lensed quasars, one can detect double or multiple images of the same source. In 
the case of unresolved images, we have a microlensing event. It might be possible 
to observe the luminosity variation of the source, that is called amplification, which 
follows the Paczyński law’: 


u(t)? +2 
u(t)/u(t)? + 4 
where u(t) = 8(t)/0g is the Lens-Source angular separation (G(t)) in Einstein’s 
angle (05) unit. 


u(t) = (1) 


4. Searching for Intermediate Mass Black Holes with DECAM 


Searching for IMBHs might be important to obtain significant information regard- 
ing the evolution of black holes and constrain their contribution to the halo dark 


?Searches for IMBHs have been attempted recently in dwarf spheroidal galaxies (dSph) where 
these objects are expected to form (see, e.g., Ref. 2-9). In fact, extrapolating the fundamental 
Mpu - MBulge relation (see, e.g., Ref. 10, for the supermassive BHs case) down to typical dSph 
masses, black holes in the typical IMBH mass range arise. 
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matter. This study could give major contributions about PBHs as dark matter can- 
didates.??:?! This study can be carried out using the microlensing phenomenon and 
monitoring some regions in the sky with a very high stellar density, such as the 
Magellanic Clouds. 
The microlensing rate toward the Large Magellanic Cloud (LMC in the follow- 
ing) is estimated to be??: 
_ 1.66 x 1079 


~ OIJMS y event /year (2) 


and, given No ~ 107 the number of LMC stars, the number of expected microlensing 
events for solar mass lenses is: 


Nev = No T (M) texp €(M) z 50 events (3) 


where terp ~ 2 years is the duration of the survey and £ ~ 0.1 is the detection 
efficiency. Taking into account microlensing events with a duration up to two years, 
is possible to estimate the detectable mass limit that is S 300 Mo: we can therefore 
observe lenses in the IMBH mass range. 


4.1. DECAM instrument 


DECAM?? (Dark Energy CAMera) is a high-performance, wide-field CCD imager 
mounted at the prime focus of the Victor M. Blanco 4m Telescope (CTIO, Chile). 
This camera consists of a grid of 62 CCDs (2048x4096 Pixels) which cover a field of 
view of ~ 3 deg” (~ 2.2 degree wide) with 0.263 arcsecond/pixel resolution. It uses 
a set of filters similar to those employed in the Sloan Digital Sky Survey (g,r,i,z,Y 
filters). It is active since September 2012 on behalf of the Dark Energy Survey 
(DES), finished in January 2019. 


4.2. Blanco/DECAM survey 


The proposal considered for this work, whose Principal Investigator is William Daw- 
son, is related to the current rate of LIGO events that favors such a large abundance 
that IMBHs would make up the majority of dark matter. A Blanco/DECAM mi- 
crolensing survey is useful to search for similar IMBHs in our Milky Way.?^ The 
survey was designed to intensively observe the Magellanic Clouds for two years, from 
February 2018 to January 2020, acquiring several images toward 23 LMC fields and 
6 SMC fields. In particular, the LMC survey, currently under study, has continu- 
ously monitored a portion of sky with 4h 40m « o « 6h20m and —73° < 6 « —65°. 
'The images have been acquired with a sampling of 7-10 days between each observa- 
tion night, and a sub-sampling of few hours, acquiring 3-4 images during the same 
night. The final result is about 40 images acquired for each field and for each filter 
used (mainly in g and r bands, with just few images obtained in the i band). 

In particular, for our aim, we have used 36 resampled images (bias, flat and dark 
subtracted) in the g band acquired toward the Large Magellanic Cloud. 
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4.3. Detection method 


Fig. l. (a) Small frame within the observed field of view toward LMC. The red dot indicates an 
identified microlensing candidate at coordinates a = 84.126 738°, 6 = —68.797 069°. (b) Differen- 
tial luminosity over time for the microlensing candidate event. 


In order to search for microlensing events, it is essential the detection of variable 
sources in the images. This goal can be achieved using the ISIS 2.2 subtraction 
package.?9:?6 The ISIS software, developed by Christophe Alard since the last years 
of the 90s, allows to perform the photometry of different objects through images 
difference, especially in very crowded field like LMC and SMC. The software works 
in multiple steps: 


Interpolation: images alignment; 


Creation of a reference image (from N selected *good" images from the hole 
sample) to compute the subtraction process; 

Subtraction between the reference image and each image of the sample, 
highlighting the brightness difference for variables; 

Detection of variable sources; 

Execution of the photometry for these objects. 
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Once a variable and potentially interesting source is identified, we use the 
Schwarzenberg-Czerny algorithm,?’ providing the phased light curve, and attempt- 
ing an estimate of the period of the source. This algorithm gives more reliable results, 
in particular for high signal/noise ratio values, where the Lomb-Scargle algorithm 
is not efficient enough.?* 


4.4. Microlensing candidate analysis 
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Fig. 2. The upper box shows the magnitude of the variable sources over two years of data (red 
dots) and the fitted Paczyński curve. The bottom box shows the residuals. 


One of the most interesting variable sources detected so far is a microlensing 
like curve that seems to be associated with an object in the direction of LMC 
(a = 84.126 738°, = —68.797 069°). The field of view containing this source is 
shown in Fig. 1(a). 

Using the ISIS software it appears that this source is clearly variable, as shown in 
Fig. 1(b). The corresponding light curve is shown in Fig. 2 from which it is apparent 
a Paczynski-like behavior, typical of a microlensing event. The fit and the residuals 
are shown in the upper and lower panels of Fig. 2, respectively. 

The fit returns an estimate of the event Einstein time tg = (246.4 + 31.7) days 
and the baseline magnitude mo = 15.66 + 0.01. We note that the indicated magni- 
tude represents the instrumental magnitude of the camera, without any photometric 
correction. In addition, it is important to understand the geometry of the phe- 
nomenon in order to estimate the lens mass. For these reasons new images toward 
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(c) 
Fig. 3. The MJD light curves (upper panel) and phased light curve (lower panel) for three different 
variable sources. (a) Non-periodic variable and (b), (c) eclipsing binary candidates. 


the particularly interesting fields will be acquired in the next future in order to 
provide a better and complete results, that will be published after completion of 
the work. 


4.5. Periodic variable sources candidate analysis 


ISIS 2.2 and the Schwarzenberg-Czerny algorithm enable the recognition of a few 
periodic variables and allow to obtain an estimate of their period. This can be 
used both to confirm previously observed sources and to detect new ones. The ob- 
served data for three variable sources toward the LMC are shown in Fig. 3. Panel 
(a) shows the light curve for non-periodic variable source, at coordinates aq = 
84.530 329°, 6, = —68.791 993°, displaying the increasing flux over time and high- 
lighting the absence of a particular periodicity in the phased light curve. Panels (b) 
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and (c) show two sources, at coordinates oy = 84.486 772°, ô = —68.799 780° and 
Qe = 84.303 917°, 6. = —68.741 760°, displaying the variation of the flux with re- 
spect to the time (upper) and over two phases (bottom), enabling the estimate of 
the period that is P, ~ 1.69 days and P, ~ 0.31 days. 


5. Conclusions 


The detection of periodic and non-periodic variable sources has allowed confirming 
the goodness of the developed pipeline. In particular, the two years time window, the 
sampling and the efficiency of the DECAM instrument have shown the possibility to 
detect microlensing events. So far, many known variable sources have been identified 
in four DECAM fields of view - toward LMC - and some unknown variables are 
waiting to be studied more deeply. A few possible microlensing event candidates 
(e.g. that shown in Fig. 2), which wait for confirmation, have been also found in the 
data. 

The contents presented in this paper will be discussed in more details in the the 
paper “Searching for galactic halo Intermediate Mass Black Holes through gravita- 
tional microlensing”, by A. Franco et al., currently under preparation. 
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The asymmetry in the cosmic microwave background (CMB) towards several nearby 
galaxies detected by Planck data is probably due to the rotation of “cold gas” clouds 
present in the galactic halos. In 1995 it had been proposed that galactic halos are popu- 
lated by pure molecular hydrogen clouds which are in equillibrium with the CMB. More 
recently, it was shown that the equillibrium could be stable. Nevertheless, the cloud 
chemical composition is still a matter to be studied. To investigate this issue we need to 
trace the evolution of these virial cloud from the time of their formation to the present, 
and to confront the model with the observational data. The present paper is a short sum- 
mary of a paper.! Here we only concentrate on the evolution of these clouds from the last 
scattering surface (LSS) up to the formation of first generation of stars (population-II1 
stars). 


Keywords: Dark matter; cosmic microwave background radiations; spiral galaxies; molec- 
ular clouds; galactic halos. 


1. Introduction 


The study of the nature of galactic halos and their dynamics is a task that is difficult 
to address. Here we present a summary of a more detailed analysis addressing this 
issue.! 

The A cold dark matter (ACDM) model entails that ^ 596 of our Universe 
is made of baryonic matter,? of which ~ 60% is detected," " but ~ 40% is still 
undetected at present. This is the so-called “missing baryon problem". 

In 1995 it was proposed that a fraction, f, of these missing baryons is present 
in the galactic halos in the form of pure molecular hydrogen (H5) clouds which 
are in equillibrium with the CMB.? The difficutly was on the observation of such 
“chameleons” megerd with the background. One of the suggestions was, to look for 
a Doppler shift effect due to the rotation of galaxies, assuming that the rotation 
of these clouds is synchronized with the rotation of galactic halos, and hence they 
should be Doppler shifted, those clouds roatating towards us should give a blue-shift 
effect while those rotating away from us would give a red-shifted contribution. 
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In 2011 WMAP data was analyzed for M31. The analysis revelaed a temperature 
asymmetry in the CMB which was almost frequency independent,!? which was a 
strong indication of the Doppler shift effect due to the galactic halo rotation. This 
opens up a window to observe these clouds and to study the baryonic content of the 
galactic halos.!! Soon after WMAP, in 2014 Planck data towards M31 was analyzed 
and the asymmetry was seen at a more precise level.!? A temperature asymmetry 
was also detected towards several nearby spiral galaxies.!? !6 

There was more than one item of evidence of the predicted Doppler shift effect, 
but observing that there is a Doppler shift due to the halo rotation does not reveal 
the true nature of the effect, i.e. if it is partially or fully due to the molecular clouds 
in the halos, or, if is there anything else that could give a masking or mimiking 
effect in the asymmetry. Another unanswered question is the chemical composition 
of these clouds: are they pure Hə clouds, or there is some contamination of dust 
or heavier molecules in them? It is quite obvious that galactic halos contain a 
significant fraction of dust that should contaminate these clouds,!? so one needs to 
model the clouds. 

As these clouds should survive on acount of the virial theorem, they were called 
“virial clouds". These clouds were modeled and it was seen that at the current CMB 
temperature the centeral density of pure H» clouds was z 1.60 x 10^ !5kg m^?, 
similarly the mass and radius were ~ 1.93 x 107-4Mo, and e 0.032 pc.!® The 
change in their physical parameters with the contamination of heavier molecules 
and dust were also estimated. It was seen that as the contamination of dust and 
hevier molecules were increased in the clouds, they became denser, and their mass 
and radius decreased.!? ?! An objection was raised on the stability of these clouds, 
as it was believed that molecular clouds can not be stable at this, very low, CMB 
temperature, as there would be no mode that could be excited by the photons 
and the cloud might collapse to form stars or other planetary objects,?? but it was 
demonstrated that this equilibrium does arise on account of the translational mode, 
despite its extremely small probability, because of the size of the virial clouds and 
the time scales available for thermal equilibrium to be reached, so that the time 
required for thermalization is much less than that required for collapse.!? 

Modeling the virial clouds and estimating the change in physical parameters 
with the contamination of heavier molecules and dust, and observing the CMB 
temperature asymmetry by Planck data still does not answer the question on the 
nature of virial clouds and the exact cause of the observed asymmetry in the CMB. 
One has to run the clock back and trace the evolution of virial clouds when they 
were formed at the LSS to the present. This task needs to be done in two phases: 
(i) from LSS up to the formation of population-III stars; and (ii) from the forma- 
tion and explosion of population-III stars to the present. Here we discuss the first 
part of evolution, as various qualitative changes took place during the formation 
of population-III stars.?? Hence there will be significant changes during the second 
step, which will be studied more clearly and in more detail later. 
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2. First epoch of virial clouds evolution 


Virial clouds would have formed at z — 1100, the last scattering time (LSS) and 
they evolved in their chemical composition and physical parameters, but in order to 
maintain their stability they survived the collapse and stayed in quasi-static equi- 
librium with the CMB since then. It is quite obvious that when they formed they 
should have had the primordial chemical composition, i.e. ~ 75% atomic hydrogen 
and ~ 25% helium. In addition to H and He there were other atoms and molecules 
like deuterium, helium-3, lithium and molecular hydrogen, which could have con- 
tributed to the virial clouds, but their fraction was negligilble as compared to H 
and He. Hence these molecules and atoms could not have any significant effect on 
the virial cloud physical parameters. As a result the ratio of atomic hydrogen and 
helium would remain the same and these would be the main component to form the 
virial clouds during the period, but there should be a fast change in their chemical 
composition after the formation and explosion of population-III stars. 


2.1. Hydrogen-Helium virial clouds 


Since virial clouds must be considered to be in thermal equilibrium because they are 
embedded in the heat bath of the CMB, we need to use the canonical distribution 
function for a fixed temperature and use the cooling of the heat bath to provide 
a quasi-equilibrium. Moreover, these clouds should start to form in the potential 
well of cold dark matter (CDM). As the clouds are thermalized the potential well 
will not cause them to collapse to form population-III stars,?4 but will modify the 
physical parameters of virial clouds. 

To obtain a general expressions we consider a virial cloud composed of an arbi- 
trary mixture of H and He, with mass fractions a and 3. Then, we use the primordial 
cosmological fractions of H and He for the final computation. The total mass of the 
cloud is, obviously, Ma(r) = aMy(r) + 8Mge(r), with the condition a+ 6 = 1. 
The density distribution for two fluids is given by? 


= 64 (Gpen Pene )3/? 
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and the corresponding differential equation can be written as!? 
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where, T = (8/3V/3)|(Gpe,, Peu.) / (kg T)9?][|mgr m ge]9/?, pey is the central den- 
sity of H cloud, pey. is the central density of He cloud, mg, the mass of single atom 
of hydrogen, and mye, the mass of single atom of helium. 
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We use eq. (2) to estimate the central density of the clouds. We estimated the 
central density, Jeans mass and radius of the two-fluid virial clouds with primordial 
fraction of H, and He, i.e. a = 0.75, and 8 = 0.25. In order to solve eq. (1) numer- 
ically, we assumed a guess value of p., at a fixed temperature, and estimate where 
the density becomes exactly zero at the boundary. We then compare the Jeans ra- 
dius with that central density with the value available to us. We adjust the central 
density so that the density becomes zero exactly at the Jeans radius. In this way 
we get a self-consistent solution of the differential equation subject to the given 
boundary conditions. Next, we decrease the temperature and repeat the process. 

It was seen that with the decrease in temperature and redshift, the density of 
virial clouds increased, at z = 1100 these clouds were ~ 8.53 x 10722 kgm? and at 
z = 50 the density of the clouds was ~ 6.05 x 107 !?kg m~’. On the other hand the 
mass decreased with the decrease in temperature and so as the radius of the clouds. 
These clouds were massive ~ 50 pc, with a mass zz 3.05 x 105 Mc at z = 1100, then 
at z = 50 the clouds were ~ 3.54 pc with a mass of ~ 7.54 x 10? M. 


3. Results and discussion 


'The first stage of the virial cloud evolution turns out to be quite simple. We have 
seen that virial clouds became denser with time, and they lost mass and shrunk 
in size. The physics of the second stage of evolution will not be that simple since 
there will be cooling due to the formation of molecular hydrogen, turbulence and 
the angular momentum effects in the virial cloud after the formation and explosion 
of population-III stars. We need to consider all these things while tracing the second 
epoch of evolution, and this will be done in the later paper. 

One could expect molecular hydrogen to be formed in the first epoch, but during 
the era of study in the current summarized paper any Hə molecules formed in the 
clouds will be unstable and dissociate due to the radiation pressure at that time, 
since Hə needs dust particles to remain stable. The molecular cooling of such clouds 
played a vital role after the recombination and thir cooling rate has been analyzed 
from T ~ 120 — 3 K.” Hence, we do not need to consider the effect of cooling from 
molecular hydrogen till population-III stars exploded. It may also be expected that 
the electronic transition mode in hydrogen and helium atoms by the CMB photons. 
One can check that most of the CMB photons at 3000 K do not have enough energy 
to excite the electrons of a hydrogen atom from its ground state, but the higher 
energy tail does have sufficient energy to do so. The percentage of such photons is 
0.016, which is quite low. Hence, there will be a negligible effect of this mode, but 
these effects will be more significant in the later stage of evolution. 
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Lee and Qadir,! on the basis of various arguments, suggested using a gravitational La- 
grangian with a coupling between the Weyl tensor and two copies of the stress-energy 
tensor, without testing the suggestion for any actual galaxy. As a first step, they used 
a constant density in their analysis. However unrealistic the constant density approx- 
imation is, here we follow up their first step by using their calculations to obtain the 
coupling constant for the extra term that fits for M31 and the Milky Way, to check if 
they are consistent within the crude approximation of the model. 


Keywords: Dark matter; flat rotation curves; Weyl-induced gravity. 


1. Introduction 


While the cosmological constant explains the so-called “dark energy problem” ,? 
providing the A of the standard model of cosmology (SMC), the ACDM model, 
The standard model of particle physics (SMPP) ceased to explain the dark matter 
required to explain the observed dynamics of galaxies. Various suggestions to mod- 
ify the law of gravity had emerged since the observations of Vera Rubin,’ but all 
needed many parameters to solve a single problem, which is no use. Qadir, Lee and 
Kim‘ had suggested a modification of the Einstein-Hilbert Lagrangian to include an 
explicit interaction term, RT, on the grounds that it might also solve the problem 
of quantum gravity. However, the gravitational field is given by the Weyl tensor, 
C^, and not the Ricci scalar, which gives the mass-energy. 

Lee and Qadir! suggested a modification of the Lagrangian by including the 
interaction term, AC, 54 1"^T"7. They obtained the rotational velocity of particles 
at arbitrary distances from the centre if the density is known as a function of 
the radial distance. They went on to approximate it as a constant function as a 
first step, to simplify the calculation. The idea had been that the same interaction 
coupling must explain the dark matter for all galaxies and systems, or clusters, 
of galaxies, and manage to avoid the problem of a non-renormalizable theory of 
quantum gravity. There had been no basis for the latter, just a pious hope. For the 
former, on the other hand, it should reasonably work out. The calculations were 
not applied to any specific galaxy. In this brief note, we compare the results for the 
value of A required to obtain the rotational curves for M31 and the Milky Way. 
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The model takes the Schwarzschild interior metric 
ds? = ~e O Pdt? + cl) dr? + r?dO? , (1) 


where dQ? = d0? + sin? 6d¢?. Since the rotation curves are obtained by seeing stars 
in the outer reaches of the galaxies, the relevant radius is the radius of the visible 
part of the galaxy, the mass is the total mass contained within that radius and the 
test particle mass, m, is the mass of a typical star. For definiteness, we take it to 
be a solar mass. 

Using the field equations obtained from the modified Lagrangian! we get 


«nrw Pr nme]. e 


DE i, 4+ Arct (rg?v? — 2rpp'v! — 2rp? — 2rpp — 8v' pp’) 
r (1 — Arctpp’) 


dr (3) 


and 


1+ y/1+ 229203 (ent) — 1) 


/ 
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'The square of the rotational velocity is 


1+ y1 + 2Ag2c* (er) — 1) 
= 2Ap?c? , 9) 


v*(r) 
and hence, 


iy ceno ca 
2p2u4 


A= 


Following! we assume a constant density. Thus 


Feonst(r 
eo EUR Wm) 
" (J ceon dp — &pc? f eFeonst()dr) 


where, 


rc? Ap?c* 2 
F, = 21 í 
const(r) n (sam) B fe dr , (8) 


where, M(r) is the mass interior to the radius r. It is worth mentioning that in! an 
r is missing inside the integral which has been corrected here. The square of the 
rotational velocity is determined numerically, taking r to be the radius of the visible 
galaxy and thus M(r) to be the mass of the visible galaxy. As required, for positive 
À, the "gravitational force" is effectively enhanced. 


2367 


For M31, the Andromeda galaxy,? the radius of the visible halo is ~ 34.7 kpc, 
and the mass ~ 3.43 x 10! Mo. The constant density comes out to be 1.97 x 107? 
Mg /pc?. For the Milky Way? the radius of the visible halo is ~ 31.5 kpc and the mass 
~ 6.06 x 101? Mo, yielding a density ~ 4.66 x 107^ Mo /pc?. The rotational velocity 
of the visible halo of M31 is ~ 226 km/s and of the Milky Way is ~ 220 km/s. 

The rotational velocity curve does not come out flat for either galaxies, see Fig. 1. 
'This is due to the crude assumption of a constant density. However the curves for 
both galaxies match for \ = 1.14 x 1016 km? s* /kg?, thus verifying that both require 
the same interaction coupling. 


Predicted M31 and MW Rotational Velocity Curves 


Velocity (km/s) 


7 14 21 28 35 
Distance From Galactic Center (kpc) 


Fig. 1. The black line gives the predicted rotation curve for M31, and the red dotted line the 
predicted rotation curve for the Milky Way, for \ = 1.14 x 1016 km?s*/kg?, having taken the 
rotational velocity at the edge of M31 and the Milky Way as 226 km/s, 220 km/s respectively. 


For the purpose of checking that the proposal of the Weyl-interaction modifi- 
cation of gravity is viable, it would be necessary to check the proposal for a more 
realistic model (variable density) for a number of different galaxies, taking into 
account the baryonic dark matter in that region and distinguishing between the 
density for the disc matter and the bulge matter. 
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fostering research in the historical Tartu Observatory. 


CHRISTINE JONES 

for her fundamental contributions to the X-ray studies of galaxies and clusters 
tracing their formation and evolution and for her role in collaborations using clusters 
to study dark matter and in analyzing the effects of outbursts from supermassive 
black holes on the intracluster gas. 


MICHAEL KRAMER 
for his fundamental contributions to pulsar astrophysics, and notably for having 
first confirmed the existence of spin-orbit precession in binary pulsars. 


xvii 


11th Marcel Grossmann Meeting 
July 2006, Berlin, Germany 


Institutional Award 


FREIE UNIVERSITAT BERLIN 

for the successful endeavor of re-establishing — in the spirit of the Humboldt tra- 
dition — freedom of thinking and teaching within a democratic society in a rapidly 
evolving cosmos 


- presented to Dr. Dieter Lenzen, President of FUB 


Individual Awards 


ROY KERR 
for his fundamental contribution to Einstein's theory of general relativity: "The 
gravitational field of a spinning mass as an example of algebraically special metrics." 


GEORGE COYNE 

for his committed support for the international development of relativistic astro- 
physics and for his dedication to fostering an enlightened relationship between sci- 
ence and religion. 


JOACHIM TRUMPER 

for his outstanding scientific contributions to the physics of compact astrophysi- 
cal objects and for leading the highly successful ROSAT mission which discovered 
more than 200,000 galactic and extragalactic X-ray sources: a major step in the 
observational capabilities of X-ray astronomy and in the knowledge of our universe. 
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10th Marcel Grossmann Meeting 
July 2003, Rio de Janeiro, Brazil 


Institutional Award 


CBPF (Brazilian Center for Research in Physics) 
for its role as a teaching and research institution and as a place originating funda- 
mental physics ideas in the exploration of the universe. 


- presented to its founders Cesar Lattes, José Leite Lopez and Jayme Tiomno 


Individual Awards 


YVONNE CHOQUET-BRUHAT AND JAMES W. YORK, JR. 

for separate as well as joint work in establishing the mathematical framework for 
proving the existence and uniqueness of solutions to Einstein's gravitational field 
equations. 


YUVAL NE'EMAN 
for his contributions to science, epistimology, mathematics and physics from sub- 
nuclear to space sciences. 


9th Marcel Grossmann Meeting 
July 2000, Rome, Italy 


Institutional Award 


SOLVAY INSTITUTES 
for identifying and recording in discussions by the protagonists the crucial develop- 
ments of physics and astrophysics in the twentieth century. 


- presented to Jacques Solvay 


Individual Awards 


CECILLE AND BRYCE DEWITT 
for promoting General Relativity and Mathematics research and inventing the “sum- 
mer school" concept. 


RICCARDO GIACCONI 
for opening, five successive times, new highways for exploring the Universe. 


ROGER PENROSE 
for extending the mathematical and geometrical foundations of General Relativity. 
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8th Marcel Grossmann Meeting 
June 1997, Jerusalem 


Institutional Award 


HEBREW UNIVERSITY 
for its role as a cradle of Science and Humanities and for hosting the manuscripts 
of Albert Einstein. 


- presented to M. Magidor, President of the Hebrew University of Jerusalem 


Individual Awards 


TULLIO REGGE 

for his contributions to the interface between mathematics and physics leading to 
new fields of research of paramount importance in relativistic astrophysics and par- 
ticle physics. 


FRANCIS EVERITT 
for leading the development of extremely precise space experiments utilizing super- 
conducting technology to test General Relativity and the Equivalence Principle. 
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7th Marcel Grossmann Meeting 
June 1994, Stanford, USA 


Institutional Award 


SPACE TELESCOPE SCIENCE INSTITUTE 

for its critical role in the direction and operation of the Hubble Space Telescope, 
a truly unique international laboratory for the investigation and testing of general 
relativity in the context of modern astrophysics and cosmology. 


- presented to Peter Stockman 


Individual Awards 


SUBRAHMANYAN CHANDRASEKHAR 

for his contributions to the analysis of gravitational phenomena from Newton to 
Einstein and especially for leading the way to relativistic astrophysics with the 
concept of critical mass for gravitational collapse. 


JIM WILSON 

for having built on his experience in nuclear physics, thermonuclear reactions, and 
extensive numerical simulation to create a new testing ground for the novel concepts 
of relativistic astrophysics. 
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6th Marcel Grossmann Meeting 
June 1991, Kyoto, Japan 


Institutional Award 


RITP 

for keeping alive first in Hiroshima and them in Kyoto research in relativity, cosmol- 
ogy, and relativistic field theory and the development of a school of international 
acclaim. 


- presented to Professor K. Tomita 


Individual Awards 


MINORU ODA 

for participating in the pioneering work of the early sixties in X-ray astronomy 
and for his subsequent molding of an agile and diversified Japanese scientific space 
program investigating the deepest aspects of relativistic astrophysics. 


STEPHEN HAWKING 
for his contributions to the understanding of spacetime singularities and of the large 
scale structure of the Universe and of its quantum origins. 


xxiii 


5th Marcel Grossmann Meeting 
August 1988, Perth, Australia 


Institutional Award 


THE UNIVERSITY OF WESTERN AUSTRALIA 
for its contributions to relativistic astrophysics. 


- presented to the Vice Chancellor, Professor Robert Smith 


Individual Awards 


SATIO HAYAKAWA 
for his contributions to research in gamma, X-ray and infrared radiation as well as 
cosmic rays. 


JOHN ARCHIBALD WHEELER 
for his contributions to geometrodynamics and Einstein’s visions. 
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4th Marcel Grossmann Meeting 
July 1985, Rome, Italy 


Institutional Award 


THE VATICAN OBSERVATORY 
for its contributions to the origin and development of astrophysics. 


- presented to His Holiness Pope John Paul II 


Individual Awards 
WILLIAM FAIRBANK 


for his work in gravitation and low temperature physics. 


ABDUS SALAM 
for his work in unifying fundamental interactions. 
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Institutional Awards for the Spektrum-Roentgen-Gamma (SRG) mission 


"for the creation of the world's best X-ray map of the entire sky, for the discovery of 
millions of previously unknown accreting supermassive black holes at cosmological 
redshifts, for the detection of X-rays from tens of thousands of galaxy clusters, filled 
mainly with dark matter, and for permitting the detailed investigation of the growth 
of the large-scale structure of the universe during the era of dark energy dominance”. 


S.A. LAVOCHKIN ASSOCIATION 
- presented to its Designer General Alexander Shirshakov 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS 
(MPE) 
- presented to Professor Peter Predehl, Principal Investigator of eROSITA 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN 
ACADEMY OF SCIENCES 

- presented to Professor Rashid Sunyaev, Principal Investigator of SRG Obser- 
vatory in Russia 


On Tuesday June 29, 2021, the following 31 astro-ph appeared: 


1. https://arxiv.org/abs/2106.14517 17. https://arxiv.org/abs/2106.14533 
2. https://arxiv.org/abs/2106.14518 18. https://arxiv.org/abs/2106.14534 
3. https: //arxiv.org/abs/2106.14519 19. https://arxiv.org/abs/2106.14535 
4. https: //arxiv.org/abs/2106.14520 20. https://arxiv.org/abs/2106.14536 
5. https://arxiv.org/abs/2106.14521 21. https://arxiv.org/abs/2106.14537 
6. https: //arxiv.org/abs/2106.14522 22. https://arxiv.org/abs/2106.14541 
7. https://arxiv.org/abs/2106.14523 23. https://arxiv.org/abs/2106.14542 
8. https: //arxiv.org/abs/2106.14524 24. https://arxiv.org/abs/2106.14543 
9. https: //arxiv.org/abs/2106.14525 25. https://arxiv.org/abs/2106.14544 
10. https://arxiv.org/abs/2106.14526 26. https://arxiv.org/abs/2106.14545 
11. https://arxiv.org/abs/2106.14527 27. https://arxiv.org/abs/2106.14546 
12. https://arxiv.org/abs/2106.14528 28. https://arxiv.org/abs/2106.14547 
13. https://arxiv.org/abs/2106.14529 29. https://arxiv.org/abs/2106.14548 
14. https://arxiv.org/abs/2106.14530 30. https: //arxiv.org/abs/2106.14549 
15. https://arxiv.org/abs/2106.14531 31. https: //arxiv.org/abs/2106.14550 
16. https://arxiv.org/abs/2106.14532 
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S.A. LAVOCHKIN ASSOCIATION 
presented to its Designer General Alexander Shirshakov 


S.A. Lavochkin Association created the Navigator space platform 
carrying German eRosita and Russian ART-XC X-Ray Telescopes, 
organized the launch of SRG Orbital X-Ray Observatory to the second 
Lagrangian point of the Sun-Earth system at a distance of 1.5 million 
km from the Earth and managed the observatory flight and the daily 
reception of its scientific data on Earth for 23.5 months. 


Dr Alexander Shirshakov, Designer General of the S.A. Lavochkin 
Association, is specialized in design, manufacture, testing, launch and 
control of S/C for scientific purposes. Among those S/C launched, 
there are the «Radiostron» Astrophysical Observatory (2011) and the 
«Spektr-RG» space observatory (2019), while the planned S/C 
launches are «Luna-25» and «Exomars». 


Dr Shirshakov started his career in 1973, working as an engineer of 
the State Unitary Enterprise «NPO named by S.A. Lavochkin» in 
Khimki (Russian Federation). Starting from 1989 he has played 
multiple roles within the Lavochkin Association, been appointed head of the group, head of the sector, head 
of department, deputy head of the complex, head of the branch, director of the center, deputy head of the 
Design Bureau, deputy General Designer and deputy General Director. 


Dr Alexander Shirshakov 


Dr Shirshakov is an editorial board Member of the reviewed edition of «Vestnik of Lavochkin Association». 
Since 2017, he is also member of the General Designer council. He has been awarded Honored Mechanical 
engineer of the Russian Federation as well as Agency-level award of the Russian Federal Space Agency. 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS (MPE) 
presented to Professor Peter Predehl, Principal Investigator of eROSITA 


eROSITA is the soft X-ray telescope on-board the 
Russian-German Spektr-RG mission which was 
successfully launched from Baikonur on July 13, 2019 
and placed in a halo orbit around the L2 point. 30 years 
after ROSAT, eROSITA performs an all-sky survey 
with an unprecedented sensitivity, spectral and angular 
resolution. Clusters of galaxies are the largest collapsed 
objects in the Universe. Their formation and evolution is 
dominated by gravity, i.e. Dark Matter, while their large 
scale distribution and number density depends on the 
geometry of the Universe, ie. Dark Energy. X-ray 
observations of clusters of galaxies provide information 
| on the rate of expansion of the Universe, the fraction of 

mass in visible matter, and the amplitude of primordial 

fluctuations which are the origin of clusters of galaxies 

and the whole structure of the universe. eROSITA has 
been designed to detect at least 100.000 clusters of galaxies and to detect systematically more than 3 million 
obscured accreting Black Holes. eROSITA will also allow to study the physics of galactic X-ray source 


Professor Peter Predehl 
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populations, like pre-main sequence stars, supernova remnants and X-ray binaries. The eROSITA telescope 
consists of seven identical Wolter-1 mirror modules. A novel detector system has been developed by MPE 
on the basis of the successful XMM-Newton pn-CCD technology. MPE is the scientific lead institute of 
eROSITA, responsible for the development of the instrument, the operation, the analysis software and data 
archive. Peter Predehl led this development as Principal Investigator of eROSITA and German lead scientist 
of the SRG mission for more than 15 years until the completion of the first of eight surveys in 2020. At this 
time eROSITA has already discovered more than 1 million X-ray sources, more than all X-ray observatories 
of the last 50 years together. This demonstrates that the design goals of the mission will easily be fulfilled. 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN ACADEMY OF SCIENCES 
presented to Professor Rashid Sunyaev 


Space Research Institute (IKI) of the Russian Academy of 
Sciences was responsible for developing the overall concept 
and scientific program of the SRG Orbital observatory and 
played a leading role in developing the ART-XC telescope 
and the entire SRG observatory as part of the Russian space 
| Science program carried out by Roskosmos Corporation in 
| the interests of the Russian Academy of Sciences. 


During the flight to the L2 point of the Sun-Earth system, 
SRG with German (eRosita) and Russian (ART-XC named 
after Mikhail Pavlinsky) X-ray Telescopes aboard performed 
calibrations and long duration Performance Verification 
observations of a dozen of targets and deep fields. Starting in 
the middle of December 2019, the SRG scanned the whole 
sky three times. During these scans, SRG discovered two 
million point X-ray sources: mainly quasars, stars with hot 
and bright coronae, and more than 30 thousand clusters of 
galaxies. There is a competition and synergy in the search for 
clusters of galaxies between SRG and the ground-based Atacama Cosmology and South Pole Telescopes, 
which are searching for clusters of galaxies in microwave spectral band using Sunyaev-Zeldovich effect. 
SRG provided the X-Ray map of the whole sky in hard 
and soft bands, the last is now the best among existing. 
The huge samples of the X-ray selected quasars at the 
redshifts up to z — 6.2 and clusters of galaxies will be 
used for well-known cosmological tests and detailed 
study of the growth of the large scale structure of the 
Universe during and after reionization. SRG/eRosita is 


Professor Rashid Sunyaev 


discovering every day several extragalactic objects which 
increased or decreased their brightness more than 10 
times during half of the year after the previous scan of the 
same one-degree wide strip on the sky. A significant part 
of these objects has observational properties similar to the 
Events of Tidal Disruption of a star orbiting in the 
vicinity of the supermassive black hole. ART-XC 
discovered a lot of bright galactic and extragalactic 
transients. 
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Rashid Sunyaev is the Principal Investigator of SRG mission in Russia, director-emeritus of the Max-Planck 
Institute for Astrophysics and Maureen and John Hendricks distinguished visiting professor of the Institute 
for Advanced Study, Princeton. 


First SRG/eROSITA all-sky survey: 
A million of X-ray sources and the Milky Way. 
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Individual Awards 
LISEHHLHTEIDEMETRIOS CHRISTODOULOU 


"For his many lasting contributions to the foundation of mathematical physics including the dynamics of 
relativistic gravitational fields. Notably for: contributing in 1971, at the age of 19, to derive with Remo 
Ruffini the mass-energy formula of black holes as a function of their angular momentum, charge and irre- 
ducible mass. Christodoulou turned then to the study of partial differential equations and mathematical 
physics, to which he remained dedicated for the rest of his career. Highlights in this area include the theoret- 
ical discovery of the nonlinear memory effect of gravitational waves (Phys. Rev. Letters 1991), the mono- 
graph (1993) in collaboration with Sergiu Klainerman on the global nonlinear stability of the Minkowski 
spacetime, the monograph (2009) on the formation of black holes in pure general relativity by imploding 
gravitational waves, and the monographs (2007 and 2019) on the formation and further development of 
shocks in fluids. " 


Professor Demetrios Christodoulou 


sink of energy, were energy sources emitting "in principle" 5096 of their mass energy, being extractab! 


XXX 


Fig. 1 and Fig. 2: Demetrios during his thesis presentation with Eugene Wigner (Fig. 1) and David Wilkinson (Fig.2). Johnny 
and I were supervisors, ready to intervene in case of need, but no need of intervention was necessary! Wigner elaborated the 
aphorism of Niels Bohr "Interesting = wrong" in the most definite "very interesting if true = totally wrong". 


xxxi 


A “long march” started on 12 December 1970 with the launch of 


A [ 7 2 ; 

Fig. 3: Prof. Remo Ruffini receiving the Cressy 
Morrison Award of the New York Academy of 
Sciences, 1972 for the discovery of the first 
Black Hole in our galaxy Cygnus X1. 


« É feci. à Ei 


Fig. 4: In the second row, from left to right, there are, among others: E. T. Newman, S. Chandrasekhar (Nobel 1983), R. Giacconi 
(Nobel 2002), R. Ruffini, A. Treves, A. Hewish (Nobel 1974), D. Arnett, J.H. Taylor (Nobel 1993), J. Wilson, R. Penrose (Nobel 
2020), as well as J. Bahcall, T. Damour, T. Piran et al. 


Today, after fifty years, this “long march" has reached a definite result: through the grandest observational 


are finally finding evidence that black holes are “alive” and their “extractable energy" in our mass formula 


. Their “inner engine", has three independent components: 1) a 


Remo Ruffini 


xxxii 


GERARD "t HOOFT 


"for his persistent devotion to the study of the quantum field theory boundary conditions at the black hole 
horizon". 


F * Prof. Gerard ’t Hooft has been a full Professor at the Utrecht 
] [ 


1 
‘For elucidating the quantum 
physics” 


structure of electroweak interactions 


= 
E 


Prof. 't Hooft's 


Professor Gerard 't Hooft 


Prof. 't Hooft has been awarded the 
"n 


direct Gerard's attention to some specific 


Fig. 2: The signature of Gerard 't Hooft on the 
wall of ICRA Room 301 (April 4, 1999). 


Ruffini's 1971 paper w 


"i I "for his persistent devotion to the study of the quantum field theory 
boundary conditions at the black hole horizon" 


Remo Ruffini 
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CETTE TSVI PIRAN : 


"for extending relativistic astrophysics across international frontiers, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


LET 


research deals with numerous aspects of relativistic 
I 


| 
Piran's research work focuses mostly 
| TTE TIT] m T 


Professor Tsvi Piran Piran’s achiev 


N STEVEN WEINBERG 


"for unwavering support for the MG meetings since their inception, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


Academy of Sciences, Britain's Royal Society, and other acade 


he is “considered by many to be the preeminent theoretical physicist 


alive in the world today." His books for physicists incl 


Gravitation and Cosmology l COU The Quantum 
Theory of Fields\\Cosmology 


Foundations of Modern Physics MMU 


Professor Steven Weinberg. Photo 
courtesy of Matt Valentine. 
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ICRA Collection 


Fig. 1: Chuo Pei Yuan and Cheng Ning Yang at MG2 in Trieste, 


Italy (1979). 


| Bina [I Ei | [I] "motto " 


D [Friends from all over the world are welcomed” 


member of the present MG16 IOC: no MG meetings on Einstein's theory of general relativi 


ICRA Collection 


Fig. 2: From right to left: Chaim Weizmann, President of Israel; Yuval 
Ne'emann, Minister of Science of Israel; R. Ruffini. 


‘Scientists 
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I kept on meeting Tauber in the years which followed (see Fig. 3). Soon after, Yuval Ne'emann visited 


"for unwavering support for the MG 
meetings since their inception, a 
true companion in the search for the 
deeper meaning of Einstein's great 


theory” 


“for extending Relativistic 
astrophysics across international 
frontiers, a true companion in the 
search for the deeper meaning of 


Einstein’s great theory” 


Fig. 4: Albert Einstein, Hideki Yukawa and John. A. Wheeler with a hand- 
written dedication to Remo Ruffini “To Remo Ruffini, companion in the search 
for the deeper meaning of Einstein great theory. With warm regards, John 
Wheeler 5 April 1968”. 


words of John A. Wheeler’s photo 


Remo Ruffini 
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PREFACE 


Since 1975, the Marcel Grossmann Meetings on Recent Developments in Theoretical 
and Experimental General Relativity, Gravitation, and Relativistic Field Theories 
have been organized in order to provide opportunities for discussing recent advances 
in gravitation, general relativity and relativistic field theories, emphasizing mathe- 
matical foundations, physical predictions and experimental tests. The objective of 
these meetings is to elicit exchange among scientists that may deepen our under- 
standing of spacetime structures as well as to review the status of ongoing exper- 
iments aimed at testing Einstein's theory of gravitation either from the ground or 
from space. Previous meetings have been held in Trieste (MG1: 1975) and (MG2: 
1979), Shanghai (MG3: 1982), Rome (MG4: 1985, MG9: 2000), Perth (MG5: 1988), 
Kyoto (MG6: 1991), Stanford (MG7: 1994), Jerusalem (MG8: 1997), Rio (MG10: 
2003), Berlin (MG11: 2006), Paris (MG12: 2009), Stockholm (MG13: 2012), MG14 
in 2015 and MG15 in 2018 both in Rome. 

Due to the COVID-19 pandemic spreading in the last two years the decision 
was taken to organize the Sixteenth Marcel Grossmann meeting for the first time in 
history entirely online. Despite numerous challenges, related to the organization of 
large worldwide event, MG16 showed the strongest ever interest from the scientific 
community with a record-breaking number of almost 1200 registered participants 
and of more than 1000 speakers. 

The traditional six-day schedule has been modified to account for different time 
zones of the speakers and each day the program of the meeting was divided in three 
blocks with the reference to the Central European Summer Time. The first block 
was starting at 06:30 in the morning, allowing comfortable time for speakers from 
Asia and Oceania. The second block was held in the daytime in Europe and Africa. 
The third block was starting in the afternoon and ending at 19:30 allowing accom- 
modation of the speakers from the Americas. Each day the blocks of plenary sessions 
were interchanging with the blocks of about 30 parallel sessions each, making this 
one of the most intense MG meetings ever. All this was possible thanks to recent 
developments in communication technologies. The Indico open-source software was 
selected as a web platform for this meeting, while Zoom platform was adopted for 
the video-conferencing. The meeting was streamed on ICRANet YouTube channel. 

The meeting started on Monday July 5 with the Award ceremony. The individual 
awards went to Demetrios Christodoulou, Tsvi Piran, Gerard ’t Hooft and Steven 
Weinberg, while the Institutional Awards went to the S.A. Lavochkin Association, 
to the Max Planck Institute for Extraterrestrial Physics - MPE and to the Space 
Research Institute IKI of the Russian Academy of Sciences. Overall there were 54 
plenary talks, 4 public lectures and 5 roundtables and about 90 parallel sessions. 
The plenary session *Events in Relativistics Astrophysics" on Monday have seen 
the contributions from Rashid Sunyaev, Michael Kramer, James Miller-Jones, Felix 
Mirabel. The public lectures were delivered by Razmik Mirzoyan, Asghar Qadir 


xxxvii 


and Mohammad Bagheri. Plenary talks on Tuesday session “Black holes and the 
Quantum” by Juan Maldacena, Ahmed Almheiri, Gerard "t Hooft, Mihalis Dafer- 
mos, Sergiu Klainerman, Abhay Ashtekar and Frank Wilczek were bracketed by two 
roundtables on “New results from SRG/eRosita" with the participation of Andrea 
Merloni, Prof. Rashid Sunyaev, Alexander Lutovinov, Chandreyee Maitra, Esra 
Bulbul and “Solar neutrinos and Borexino" with the participation of Gianpaolo 
Bellini and Wick Haxton. Plenary talks on Wednesday in the session “Lambda 
CDM tensions” by George Efstathiou, Scolnic Daniel, Marc Kamionkowski, Wendy 
Freedman, Priya Natarajan and Licia Verde were followed by the roundtable “Pre- 
cision cosmology” with the participation of Licia Verde, Marc Kamionkowski, Piero 
Rosati, and the public lecture by Francis Halzen. Two blocks of Thursday plenary 
sessions “Black holes in GRBs” and “Precision tests” included the talks by Roy 
Kerr, Yuan Ha, Lorenzo Amati, Elena Pian, Carlos Raúl Argüelles, Di Li, Jianglai 
Liu, Claus Lammerzahl, Gerhard Heinzel and Ignazio Ciufolini and were followed 
by the roundtable “GRB 170817A and GRB 190829A” with the participation of 
Eleonora Troja, Liang Li, Rahim Moradi, Jorge Armando Rueda Hernandez. Two 
plenary blocks on Friday “Massive stars” and “Physics behind stellar collapse” 
included the talks by Selma de Mink, Norbert Langer, Jiri Bicak and Tomas Led- 
vinka, Ivan De Mitri, Rahim Moradi and Giancarlo Cella. Finally, two plenary blocks 
on Saturday “Current and future missions” have seen the talks by Shuang-Nan 
Zhang, Weimin Yuan, Makoto Tashiro, Ruoyu Liu, Jean-Luc Atteia, Jim Hinton 
and Nicholas White and were followed by the roundtable “What is in our Galactic 
center" with the participation of Reinhard Genzel, Carlos Raúl Argiielles, Andreas 
Krut, Jorge Armando Rueda Hernandez, Eduar Becerra Vergara. The program of 
the meeting can be found at the official website http://www.icra.it/mg/mg16 and 
at ICRANet Indico website https://indico.icranet.org/event/1/. 

These proceedings include about 400 papers containing the results presented at 
the Sixteenth Marcel Grossmann meeting. The plenary papers from the meeting have 
been published in International Journal of Modern Physics D as they were submitted. 
'The table of contents includes also the links to YouTube videos with talks given at 
the meeting and cover plenary talks, public lectures, roundtables and all parallel 
sessions. The general link to the videos from MG16 is: https:/ /www.youtube.com/ 
watch?v-QFellsSid-o&list 2PLr5RLbSWSonsaOnZukBDs0qsNIWMSAvRF. 

As the editors we would like to express our gratitude to all the chairpersons of 
the parallel sessions at MG16, who peer-reviewed the papers submitted for these 
proceedings, as well as to the ICRANet secretariat office and in particular to Cinzia 
di Niccolo, Elisabetta Natale and Yasmina Di Domizio, as well as to ICRANet 
system manager Gabriele Brandolini for their help in preparation of this publication. 


Remo Ruffini and Gregory Vereshchagin 
November 2021 
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Teaching relativity: A paradigm change 
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The teaching of relativity usually starts with kinematics: The invariance of the speed 
of light, clock synchronization, time dilatation and length contraction, the relativity of 
simultaneity, Lorentz transformation and the Minkowski diagram. The change of the 
reference frame is a central topic. Only afterwards problems of relativistic dynamics are 
discussed. Such an approach closely follows the historical development of the Special 
Theory of Relativity. 

We believe that this access to relativity is unnecessarily complicated, and unsuitable 
for beginners. We present the basics of a teaching approach in which the initial postulate 
of relativity is the identity of energy and relativistic mass. Reference frame changes are 
largely avoided. 


Keywords: Special relativity, additional postulate, reference frame change, relativistic 
dynamics. 


1. Introduction 


Relativity, and we mean for the moment only special relativity, is more than 100 
years old, but still has not found its place in school. Just compare: Faraday-Maxwell 
electromagnetism, which is certainly not simpler than special relativity, would still 
not be included in the curricula 120 years after its creation, i.e. in 1980. There 
are several reasons for this deficiency. Here we want to discuss only one of them: 
Relativity is still taught today as it has originated historically. One starts with 
a very special relativistic effect, and works through with great effort to the more 
important and useful general statements. It is as if one enters a splendid palace not 
by the beautiful main portal, but by some shabby servants’ entrance. 

We describe the basics of a course on special relativity. The concept has been 
tested and is used at numerous secondary schools: parts of it already in the lower 
secondary school, the complete program in the upper secondary school. The course 
is part of the Karlsruhe Physics Course.! It can be downloaded from the Internet 
in various languages. A bilingual English-Chinese version was published recently.? 

We do not describe the details of this course. We are merely presenting some 
ideas that underlie its development. Some of the topics we address are also discussed 
in articles of the column Historical burdens on physics? 

We justify our paradigm change in Section 2. We choose a different “entrance” 
to relativity. We substantiate our choice in section 2.1. In sections 2.2 and 2.3 we 
begin with a critical discussion of two popular topics: the reference frame change, 
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and the role of the observer. Section 2.4 is about naming. How is the word mass used 
and how do we want to use it. Section 2.5 deals with the way to write Einstein's 
famous equation E — mc?. We are thus prepared for our main topic, which will be 
treated in section 3: relativistic dynamics. 


2. Paradigm change 
2.1. Additional postulate of the special theory of relativity 


The laws of the special theory of relativity, or special relativity for short, are ob- 
tained from those of classical mechanics by adding one extra postulate. Traditionally 
and for historical reasons, the choice was made for the invariance of the speed of 
light upon a change of the reference frame. 

Once one has become aware that this choice as a starting point is only one of 
several possibilities, one discovers that completely new perspectives arise for the 
development of a teaching concept. We have decided to introduce the mass-energy 
equivalence as an additional postulate instead of the invariance of the speed of light. 

With this choice, we arrive more quickly at that part of special relativity that 
we consider being the most important one, namely relativistic dynamics. 

The traditional choice of the invariance of the speed of light has a rather in- 
cidental cause: when special relativity came into being, light was the only known 
system that behaved relativistically. Einstein's work — both his famous publication 
of 1905 Zur Elektrodynamik bewegter Kórper^ and his textbook Grundzüge der Rel- 
ativitütstheorie? — begins with a detailed, and one can say somewhat tiring part on 
relativistic kinematics. 

One might imagine what the course of history would have been if the first rela- 
tivistic observation had been that a cup of hot coffee is heavier than a cup of cold 
coffee (or that the corresponding observation had been made with particles in an 
accelerator). The presentation of the theory of relativity in our textbooks would 
certainly be very different from what it is actually. 

Of course, the mass-energy equivalence is not supported by our everyday expe- 
rience (neither is the invariance of the speed of light). But one can make it easily 
plausible and discuss its consequences even in beginners! classes. It leads to sur- 
prising and at first unbelievable statements; but it does not lead to the cognitive 
conflicts one has to deal with in the traditional approach to relativistic kinematics, 
which questions our basic convictions about space and time. 


2.2. Reference frames and reference frame changes 


In the traditional approach to special relativity, the following topics are dealt with 
before relativistic dynamics is addressed: 


The invariance of the speed of light 
Clock synchronization 
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The relativity of simultaneity 

Time dilatation and length contraction 
Velocity addition 

Lorentz transformation 

Minkowski diagram 


The problem with such an approach is that one begins with the most confusing 
part of the theory: the relationship between space and time. 

Certainly, students can learn a lot of physics by analyzing the same process 
in different reference frames. But we should not forget that we are dealing with 
beginners, and it is better to stick to the old rule: Choose a suitable reference 
frame right at the beginning, i.e. a reference frame in which the description of your 
problem becomes as simple as possible, and don't change it anymore. 

And above all, don't change the reference frame in the middle of dealing with 
your problem (as is usually done when discussing the twin paradox). By the way, in 
classical mechanics and electromagnetism, too, one can create the greatest confusion 
if one chooses the reference frame improperly or if one changes it in the middle of 
the discussion. 

This is why our decision was not to make reference frame changes the main 
topic of our lessons and to avoid them as far as possible. Above all, the impression 
should not be created that special relativity is essentially a theory of reference frame 
changes — an impression that some presentations certainly arouse. Even the name 
relativity gives that impression. 


2.3. The observer 


Closely related to the question of the choice of the reference frame is the problem 
of the so-called observer. The observer seems to be particularly important in two 
areas of physics: in quantum physics (where the observer always appears as the one 
making a *measurement") and in the theory of relativity. 

An observation is always made from a certain perspective. It thereby emphasizes 
something that does not play a particular role in the phenomenon to be described. 

We believe the observation should not be in the foreground as long as the un- 
derstanding of a process is the objective. This is especially true when teaching at 
school, i.e. beginners. 

It is true that we get all the information about the world by observing and 
measuring. But the idea we form of the world is quite different from what we 
observe. So, if we wanted to explain the shape of the earth to someone, we would 
certainly not start with the shadow of the obelisk in Alexandria, but simply say: 
The earth is a sphere. 

In our opinion when teaching physics we should primarily give a picture of what 
nature is like — not how it is perceived by an observer. 
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2.4. The use of the term mass 


Mass is a physical quantity that until not so long ago did not cause any problems. 
It was known for which properties it is a measure. 

With Einstein's special theory of relativity, this only changed insofar as the mass 
of a body became dependent on its velocity, temperature and other variables. It was 
no longer a quantity that had a characteristic value for a body or a particle. 

Thus, a body, a particle, a field, or any other structure, has a mass that depends, 
among other things, on its velocity. The value that the mass assumes when the centre 
of mass of the particle or body is at rest is called its rest mass (symbol mo). Even 
more appropriate would actually be the less common term proper mass, because 
when the centre of mass is at rest, this does not mean that the parts or particles of 
the system are at rest. 

It is that simple, or, unfortunately, one must say: it could be that simple. 

For there is an area of physics in which another use of the term mass has estab- 
lished itself: Particle physics. A particle has a well-defined rest mass. The rest mass 
is characteristic of the particle species. Among the various other parameters, such 
as electric charge, spin, lepton number, etc., it is considered the main characteris- 
tic. It seems to constitute the identity of the particle. For this property, a compact, 
plausible name was needed, and particle physicists simply called it mass. Thus, in 
particle physics, the term mass refers to only part of the quantity that describes 
the inertia of a particle. 

However, this custom also spread beyond particle physics, and this results in 
several misunderstandings and ambiguities. What is to be understood by the mass 
of a macroscopic body that is at rest? Is it the mass that would be measured with 
a (very accurate) scale, or is it the sum of the (rest) masses of the particles that 
constitute the body? This is a question that particle physicists probably don’t ask, 
but we teachers do. 

We have therefore decided to use the term mass (symbol m) exclusively for 
the quantity that measures gravity and inertia, no matter what kind of object is 
considered and in what state it is. Thus, a hot cup of coffee has a larger mass than 
the same coffee when it is cold. A photon has a mass and a magnetic field has a 
mass (a liter of magnetic field near a neutron star has a mass of some hundred 
grams). 

By the way, if one follows this use of the term mass, it makes no sense to say 
that mass is a “form of energy” or that mass can be converted into energy. 


2.5. The identity of mass and energy 


First, let us look at the term mass-energy equivalence. It is a pity that a simple fact 
is expressed so unclearly. The word equivalence is certainly not wrong, but why not 
say directly: Mass and energy are the same physical quantity. 
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If one were to ask someone who has never seen the equation E = mc? to express 
this fact in a formula, he would probably write something like this: 


E=k-m. (1) 


The factor k tells us how the units joule and kilogram are converted into each 
other. As the definitions of the units kilogram and joule are independent of the 
choice of the reference frame, k is a universal constant. 

Its value is obtained by a measurement. One finds 


k — 9-1019J/kg . (2) 
But what is wrong with writing 
E- mc? (3) 


Every student learns in mathematics that a linear relationship between the variables 
x and y is written as 


y-—a:z. (4) 


On the right side first the factor of proportionality a, and second the independent 
variable. The unbiased student might interpret the famous equation (3) this way: 
'The energy is proportional to the square of the speed of light — and not: energy and 
mass are the same physical quantity. One might object: T'his can easily be explained 
to the students. Of course it can. But doesn't the statement become clearer if one 
writes E = k- m? Would the iconic character of equation (3) survive if it were 
formulated in this way? 


3. The laws of dynamics 


In the Karlsruhe Physics Course', the extensive quantities energy, momentum, 
electric charge and entropy are introduced as basic quantities. Especially momentum 
and entropy have a very direct and vivid interpretation. Momentum is a measure 
of the “amount of motion", that is, what one would colloquially call “impetus” or 
"drive". Entropy measures almost perfectly what would colloquially be called the 
amount of heat (not to be confused with the rather difficult concept of heat that 
has established itself in physics). 

Therefore, in the context of relativity, it is natural to ask in the first place for the 
dependence of different quantities on momentum. Momentum is our independent 
variable. We give momentum to a body or particle and ask how it reacts to it: How 
does its mass (— energy) behave? What happens to its velocity? In other words: 
We ask for the functions E(p) and v(p). 


3.1. The energy momentum relationship 


To derive E(p), we take over as much as possible from non-relativistic physics. 
In addition, we only require the identity of mass and energy, ie. we assume the 
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validity of equation (1). We start with the change dE of the energy, that results 
from a change of the momentum dp. 


With p = m - v we obtain 


Replacing m with E/k, and reordering returns 


We thus obtain 


and 


dE = vdp. 
dE = Pap. 
m 
EdE = kpdp . 
dE? = kdp? 
E? =kp?+C, 


where C is the constant of integration. 
The value of C can easily be determined, because for p = 0 the energy E assumes 
the value of the rest energy Ey. Thus, C must be equal to Ep”. We therefore get 


E? = Ey" dp kp? 


and for the sought-after relationship between energy and momentum we get: 


E(p) = y Eo” + kp? . 


The red line in Figure 1 shows the graphic representation of relation (11). Two 


limiting cases are of particular interest. 


m (kg) 


| 


54 


E(p) = / kp? + E? 
2 
E(p) = Ey + 2— / 

2mo 

H4 

7 H2 

i TT T T r0 

0 5 10 15 p(108kg: m/s) 


|. E1071) 


(5) 


(6) 


(9) 


(10) 


(11) 


Fig. 1. Relationship between mass/energy and momentum (red line). For large values of the mo- 
mentum the curve approaches the asymptote (dashed line), for small values the classical quadratic 


relation (grey line). 
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For small momentum values, equation (11) changes to 
E(p) = Eo + 3p- = Eo t 5—. (12) 


We obtain the classical kinetic energy, increased by the rest energy (grey line in 
Figure 1). 

If the momentum is very large, so that Eo” can be neglected in comparison with 
kp?, equation (11) turns into 


E(p) = Vkp , (13) 


see the dashed line in Figure 1. For bodies whose rest mass is 0 kg, equation (13) 
applies for all values of the momentum, not only for large values (Figure 2). Thus, 
in the highly relativistic limiting case, energy and momentum are proportional to 
each other. This shows that there is a similarity between these quantities, which 
becomes even clearer when we solve equation (11) according to Ep? 


Eo = F? — kp? . (14) 


m (kg) E (1017) 


04 T == — Lo 


0 2 10 15  p(105kg: m/s) 


Fig. 2. Energy momentum relationship for four different rest masses. For photons (rest mass 
zero) the relation is linear. 


We thus have the rule: If the momentum of a body changes, its energy changes 
in such a way that the difference E? — kp? retains its value. This value is the square 
of the rest energy Eo. 
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3.2. The velocity momentum relationship 


Now our second question: How does the velocity of a body depend on its momentum? 
We solve p = mv for v, then apply equations (1) and (11) and obtain 


m E JB 4 kp? 
If we replace the rest energy with the rest mass we get 


kp 
v(p) = —————. 16 
O- TES (16) 
Figure 3 shows the dependence of the velocity on the momentum for different rest- 
masses. From equation (16) follows that the velocity of a body approaches a terminal 


value as the momentum increases. It is 


lim v(p) = lim TEC A = vk. (17) 


poo poo / k*mg? + kp? 


dp. E (15) 


v (108 m/s) 


p (105 kg « m/s) 


T T T T T T T 
10 12 14 


o4 
N 
EN 
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Fig. 3. Dependence of the velocity on the momentum for different rest masses. 


Up to now, k only played the role of a conversion factor, but now it gets a 
physical meaning. Its value is the square of the terminal speed. Since k is a universal 
constant, its square root, i.e. the terminal speed, is also a universal constant. The 
terminal speed is the same for all bodies and particles and is independent of the 
reference frame. 

'This can be seen in Figure 3. The diagram also shows: the smaller the rest mass 
of a body is, the "faster" it approaches the terminal speed. 

Let us come back to equation (16). We see: If one supplies momentum to a body, 
its velocity initially increases linearly with the momentum, while its mass almost 
does not change. This is the Newtonian limiting case. When its momentum has 
become very large, its velocity no longer changes, but its mass increases. 

But what is the value of k and thus the value of the terminal speed? So far, 
nothing has been said about it. The answer to this question can only be obtained 
by a measurement. There are several ways to do that: Either one increases the 
momentum of a particle until its velocity no longer changes (in a particle accelerator) 
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and then measures its velocity, or one measures the velocity of photons, i.e. particles 
of rest mass zero. Photons always move with the terminal speed. 

Because of the great importance of the terminal speed, one gives it its own 
symbol 


c:= vk. (18) 
The measurement results in 
c= 3- 105m/s (19) 
and therefore 
k = 9-1019J/kg . (20) 


The constant c is also called speed of light. But our derivation shows that light 
does not play a particular role in special relativity. That is why we prefer to call c 
terminal speed. 


3.3. Mass and inertia 


From classical physics we are used to consider mass as a measure of inertia. Let us 
first clarify what is meaningfully understood by inertia. 

To determine the inertia of an object, we supply a certain amount of momentum 
to the object and we look at the resulting change in velocity. The more momentum 
dp is needed to achieve a desired change in velocity dv, the greater the inertia. 

Therefore we can define the inertia as 

qu oP : 
dv 
We first consider a classical motion, i.e. a motion with v < c. We know the p — v 
relationship to be 


(21) 


p=mM-v. (22) 
This results in 
, (23) 


which is no surprise. 
If however the movement is relativistic, i.e. if no longer v < c, things become 
more complicated. From equation (15) we obtain 


p) = -== (24) 
T 
and 
pe e (25) 
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The inertia now depends on the velocity. It can no longer be described by a single 
number. By the way, it is also not identical with the so-called relativistic mass. 

We know a similar behavior from other contexts. The current-voltage relation- 
ship of an ohmic resistor can be characterized by a single number, its resistance. 
In general, however, the resistive behavior of an electrical component cannot be 
characterized by a single number. What we need is the U — J characteristic. The 
situation is like that of inertia. In general, one cannot say that the mass is a measure 
for the inertia of a body. Rather, the inertial behavior of a body is characterized by 
a characteristic curve, equation (25). Sometimes the quantity defined by equation 
(25) is called the longitudinal mass. We think this is rather clumsy. The simple facts 
are thereby somewhat obscured. 


4. Conclusion 


The development of a teaching concept for the school, in our case for the secondary 
school, is a balancing act. 

On one hand, teaching at school differs fundamentally from popular science 
presentations. The latter can limit themselves to showcasing the spectacular, the 
impressive and the surprising of the scientific results — one can almost say: to exhibit 
them like objects in a museum. 

School teaching has to meet other requirements. The statements must be logi- 
cally coherent. They have to fit into the previous teaching and form a foundation 
for the future teaching, for example, at the university. 

On the other hand, we must make sure that we do not treat high-school students 
like university students, that we do not overburden them. Let us not forget: One 
can calculate and prove without generating understanding. 

It should also be borne in mind that most high school students a priori have no 
particular interest in physics. 

We have tried to develop a course under these constraints. We would like to 
emphasize once again that the above remarks do not represent the content of our 
course. We have presented only what we believe is different in our approach from 
that of other textbooks. 
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Mathematical derivations alone do not necessarily lead to physical understanding. Tools 
that can replace the mathematical treatment of a physical process and at the same time 
increase the physical understanding are computer-aided modeling programs, also called 
system dynamics software. Examples of such software are Stella, Berkeley Madonna, 
Wensim, Dynasys, Powersim or COACH 7. They solve differential equations and sys- 
tems of differential equations with numerical methods. One works with a graphical user 
interface. We want to show how such a software can be used to get from a non-relativistic 
model to a relativistic model with only minimal modifications. Equating mass and en- 
ergy alone, ensures that the model provides essential statements of relativistic dynamics: 
the existence of a terminal velocity for all physical motions, the relativistic dependence 
of the velocity of a body on its momentum, the relativistic relation between momentum 
and energy of a body. 


Keywords: Teaching relativity, computer-aided modeling, system dynamic software, 
Coach 7. 


1. Introduction 


There are two reasons why learning relativity is difficult. First, there is a widespread 
belief that relativity is essentially a physics of reference frame changes. Second, 
mathematics, which seems to be indispensable for a first approach to relativity ac- 
cording to common usage, is a major, even often insurmountable, hurdle for many 
students. Therefore, the structure of our course follows two didactic recommenda- 
tions: 1. avoid reference frame changes 2. reduce the use of mathematics to the most 
necessary. We fulfill the first recommendation by teaching dynamics before kinemat- 
ics. Instead of postulating that the speed of light is invariant under reference frame 
changes, we declare from the very beginning that energy and mass are the same 
physical quantity. We call it energy when its value is measured in joules and mass 
when measured in kilograms. The second recommendation can be fulfilled if we use 
a suitable modeling software, a so-called system dynamics software (SDS). In a SDS, 
physical quantities and their relations are described by graphical symbols and are 
intuitively understandable. Since its usage is self-explanatory to a large extent, we 
do not need to go into details of the handling here. 
As a representative of such a software we use COACH 7.! 
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2. Teaching relativity using a system dynamics software 
2.1. Momentum fiow into a body 


We create a model for a body which is accelerated from rest. Its momentum, which 
is zero at the beginning, increases as a constant momentum current flows into it 
(as a force is exerted on it). In a first step we treat this model non-relativistically. 
In the second step, the model is transformed into a relativistic model by a small 
modification. 

In a SDS model, momentum p and other substance-like (extensive) quantities 
such as electric charge Q, energy E, or entropy S are represented by boxes. All 
these quantities change their values by an inflow or an outflow. (Entropy can also 
change its value by being produced). In the model, these currents are represented 
by thick arrows, Figure 1. Since in our lessons momentum is not introduced as a 
derived quantity, it gets its own unit of measurement, the Huygens, abbreviated Hy. 
The unit of its current is Huygens per second (Hy/s). The unit Hy is SI-compatible. 
We thus have 1Hy/s — 1 N. 


p E: 


F (N-Hy/s) 


Fig. 1. A temporally constant momentum current F leads to a linear increase of the momentum p. 


Since the body is accelerated from rest, its momentum at the beginning of its 
motion is 0 Hy. We assume the momentum current to be constant in time, we set 
e.g. F — 1 N. When the model is started, the simulation begins running and the 
actual momentum is calculated for previously defined time steps. 


F (N-Hy/s) 


v (m/s) 


Fig. 2. The velocity is calculated from momentum and mass. 


In order for our model to be able to tell us something about the velocity of the 
body, we must add the mass m of the body to the model, in Figure 2 represented 
by a circle. We choose m — 1 kg for a first simulation and m — 2 kg for the second 
one. The velocity is calculated using v = p/m. This relationship is stored in circular 
symbol for the velocity v. Thin, red arrows are pointing from the symbols for p and 
m to the symbol of v. This ensures that the actual values of p and m are available 
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for the calculation of v at any instant of time during the simulation. In concrete 
terms, this means that while the simulation is running, the momentum is divided 
by the mass at fixed time steps, and thus the actual velocity v is calculated. 


10,0 


p (Hy) 


ò 1 2 3 D 5 $ 7 8 
Fig. 3. v -— p diagrams or bodies of masses 1kg and 2 kg. 
'The dependencies of the various variables occurring in the model can be dis- 


played graphically in output windows. Figure 3 shows the v-p diagrams for two 
bodies of masses 1 kg and 2 kg. 


2.2. Together with momentum energy is flowing into the body 


We now add the kinetic energy of the body to our model, Figure 4. 


P (W-J/s) 


F (N-Hy/s) 


v (m/s) 


Fig. 4. The energy current P into the body is calculated from the velocity v of the body and the 
momentum current F (force). 


Also the energy E is represented by a box. Since the body is accelerated from 
rest, not only the momentum but also the kinetic energy must have the initial value 
Ein, = 0. Like the momentum current, the energy current (power) into the body 
is represented by a thick arrow. It can be calculated as P — vF. The software 
provides the energy-momentum diagrams for m = 1 kg and m = 2 kg, Figure 5. 
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These graphs could be described by the formula 
2 
p 
Exin = —. 1 
K 2m (1) 


However, this equation has not been used by the SDS. 


Fig. 5. E — p diagrams generated with the SDS for m = 1 kg and m = 2 kg. 


2.3. From the classical to the relativistic model 


'The two models described up to now serve as basic models for others, such as for 
“free fall in the gravitational field of the earth", for “falling with friction" and 
others. 

If momentum is replaced by other substance-like quantities such as electric 
charge or entropy, analogous models are obtained from electricity and thermody- 
namics, respectively. In this way, students learn to use the modeling software as 
a tool in other subfields of physics. So when they create relativistic models, they 
are already familiar with the tool. We now want to create a relativistic model by 
modifying our non-relativistic model appropriately, Figure 4. For this purpose, only 
a small modification has to be made. The mass, which was originally a constant, 


F (N-Hy/s) 


k (J/kg) v (m/s) 


Fig. 6. Relativistic model: The constant mass is replaced by the total energy of the body. 
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is now identified with the energy? according to 
E=k-m (2) 


Here, the energy is no longer the kinetic energy but the total energy of the body. 
Figure 6 shows the modified model. The initial value of the energy is no longer 0 
J, but it is equal to the value of the energy that the body has at rest. We choose 
Ex, = 10 J and for another simulation Eint = 5 J. To transform the unit kilograms 
into joules, we have to multiply the mass by k. We first set its value arbitrarily to 
k = 16 J/kg. The actual true value of k will be discussed later. The velocity of the 
body is now calculated according to 


v—L-—. (3) 


k= 16 J/kg 


uH a ata 
9,09 1 2 3 4 5 6 7 8 9 10 


Fig. Y. v -— p diagrams obtained with the relativistic model. 


As Figure 7 shows, the v-p diagrams are different from those in Figure 3. It can 
be seen that the velocities of both bodies approach a common terminal velocity of 
4 m/s. One “plays” with further, freely chosen values for the rest energy and always 
finds the same terminal velocity. Furthermore, the v-p diagrams show that light 
bodies reach the terminal velocity quicker than heavy ones. Finally, one recognizes 
that for sufficiently small momentum values the velocity of a body increases lin- 
early with momentum. This confirms what is already known from non-relativistic 
mechanics. 

'The diagrams are graphs of the relation 


p _ kp kp 

UP) = = eS (4) 
m A / Eo + kp? 

However, we don’t need to know this equation, or to derive it, in order to be able 

to read the important properties of this relationship from the diagrams. 
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The diagrams show that for relativistic motions the following rules hold: 


- small momentum values: v ~ p 
- large momentum values: v = Vk 


By choosing other initial values for the energy and other values for k, one easily 
gets convinced of the generality of these rules. For the diagrams in Figure 8, the 
values 9 J/kg, 16 J/kg and 25 J/kg were selected for k. The terminal velocity results 
to be 3 m/s, 4 m/s and 5 m/s, respectively. 


50 v (m/s) 


45E 


Fig. 8. v — p diagrams for different k values. 


We see that the value of the terminal velocity is just the square root of k. While 
k used to be merely a conversion factor between kilogram and joule, it now acquires 
a physical meaning. Moreover, from the fact that a conversion factor for units is 
universal, the terminal velocity also has a universal value. It must be a universal 
constant. For this reason, we give the square root of k, i.e. the terminal velocity, a 
symbol of its own, namely 


c:= Vk (5) 


Up to now, we had chosen the value of k and thus also that of c arbitrarily. But 
which value has nature given to k resp. c? Experiments show that k = 9-109 J/kg 
and therefore Vk = c = 3 - 108 m/s. 

Another relationship that our model provides in the form of a diagram is that 
between energy and momentum, Figure 9. The diagrams shown are graphs of the 


E(p) = y Eo? + kp? = y Eo? + cp? (6) 


For small momentum values we get the non-relativistic relation between kinetic 


equation: 


energy and momentum, shifted by the rest energy of the body: 


E(p) = 2. Ey (7) 


2m 
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_P (Hy) 


Fig. 9. E -— p relation in the relativistic model. The rest energy was set to 5 J and in the second 
run to 10 J. 


Moreover, we see that the ratio of energy and momentum is the same for large 
values of the momentum. 


E(p) =Vk-p=c:p (8) 


3. Conclusion 


A non-relativistic SDS model which describes the behavior of a body whose mo- 
mentum increases linearly, i.e. into which a constant momentum current is flowing, 
becomes a relativistic model by a small modification. The change consists in equat- 
ing the quantities mass and energy. The new model then provides diagrams that are 
well-known from relativistic physics. The software provides them without using the 
respective equations. From these diagrams, important results of relativity can be 
interpreted and understood. The use of computer-aided modeling in teaching has 
the advantage of getting rid of the mathematical ballast and that one can concen- 
trate on the physical content. Our experience shows that even younger students can 
easily learn a software like COACH 7 and use it to work out challenging results in 
relativistic dynamics. 
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The 1703 was the first year of full operation of the meridian line in the Basilica of St. 
Maria degli Angeli in Rome. The instants of solstices and equinoxes, the Anni Cardines, 
obtained by comparing transit timings of Sun and Sirius, also in daytime, are affected 
either by the East deviation of the meridian line of about 5’ Eastward (geometrical effect), 
either by the stellar aberration of Sirius (relativistic effect). Similarly the seasonal shifts 
of Sirius’ declination observed by Bianchini are here firstly recognized as depending 
on the stellar aberration in ecliptic latitude. The eccentricity of the Earth’s orbit and 
the orientation of its axis in the space can be measured, since Ptolemy, by knowing 
the exact timing of the solstices and the equinoxes. The dates of 1703 equinoxes and 
solstices have been published by Francesco Bianchini in local roman mean time, referred 
to the local (roman) mean noon, i.e. after the solar meridian mean transit time. By using 
the observations of the three lunar eclipses of 1703 we found the equation of time for 
that year, and the UTC corresponding timings of the beginning of the seasons. This 
operation lead to find the contribution of the Sirius aberration to the instant calculated 
by Bianchini with respect to the current celestial mechanical models of IMCCE. 


Keywords: St. Maria degli Angeli, Meridian Line, Stellar Aberration, Sirius, 1703, Sol- 
stices, Equinoxes, Ecliptic Longitude, UTC, UT1, TDT, TT, Roman mean time. 


1. Stellar aberration measures in 1701 before Bradley’s discovery 


The stellar aberration was discovered by James Bradley in 1727, and the same 
astronomer discovered the nutation of the Earth’s axis in 1737. At the meridian 
line of St. Maria degli Angeli, the giant Clementine Gnomon, built by astronomer 
Francesco Bianchini (1662-1729) and funded by the Cardinal Gianfrancesco Albani 
(1649-1721), elected pope on 23 November 1700 with the name of Clement XI. 

The effects of stellar aberration have been detected on the Polaris (2006), and 
on Sirius (2021, present work). 

The aberration of the Polaris influenced the measure of the latitude of the pin- 
hole, the gnomon of the meridian line, made by Bianchini on January 1-8, 1701. 
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'The aberration on Sirius affected the instant of the equinoxes and the solstices, 
calculated with the difference between solar and stellar meridian transit, the latter 
observed also in full daylight. To obtain such evidence of the first special relativistic 
effect observable, a complete calibration of the meridian line has been carried since 
2018. With the IGEA observational campaign, Informatized Geometric Ephemerides 
for Astrometry: all the reference points present of the 45 meters long meridian line 
have been calibrated, by comparing solar observations and ephemerides. 

At the Marcel Grossmann Meeting XI (Berlin, 2006) the evidences of Polaris' 
aberration were discovered in the latitude, from the measures by Bianchini at the 
Gnomon, and now at the Marcel Grossmann XVI edition we can afford the evidences 
on Sirius’ stellar aberration with the increased precision on the calibration of this 
giant instrument, the second Heliometer, or solar telescope, of its times, after the 
one of Cassini in St. Petronio, Bologna. 


2. Managing dates and timing of 1703, in local mean time 


'The equation of time shifts the instants of the meridian transit day by day with 
respect to an absolute time reference such as UTC. The eclipses’ ephemerides are 
based upon the terrestrial dynamical time TDT, while the terrestrial rotational time 
UT1 includes the slowing down effect of the Earth's rotation in act since 1700. To 
translate 1703 local time to modern UTC to the nearest second we exploited the 
observations of the three lunar eclipses occurred in 1703, all made by Bianchini. The 
equation of time of that year come out from the comparison between the observed 
instants of eclipse's beginning and end -in local mean time- and the corresponding 
instants in TDT computed by the NASA ephemerides. 


3. The dates and timing for 1703 lunar eclipses from NASA 
ephemerides 


'The three lunar eclipses of 1703 have been observed by Francesco Bianchini and 
published in the same book (Bianchini, 1703) where the great meridian line, the 
Clementine Gnomon was presented. The instants of beginning and end of lunar 
eclipses are independent of the position of the observers on the Earth, and they can 
be calculated with a suitable celestial mechanical model of the lunar orbit (provided 
by NASA). They occurred very close to the solstices, making the procedure of their 
absolute timing (expressed in TDT and then in UTC) particularly accurate. 

'The maximum phase of the eclipse is indicated in TD, terrestrial dynamical time 
to the nearest minute in the figures, and to second accuracy in the website. The 
maximum of the eclipse is recovered in local time after doing the average between 
starting time and ending time of the eclipse, to the nearest second. In the details of 
the Canon of five millennia of lunar eclipses, also the starting time and the ending 
time of the eclipses are provided. The eclipses have been observed by Bianchini at 
the telescope, improving the accuracy of the measurements. 
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Partial 1703 Jan 03 
Saros 110 06:58 TD 


Par. = 175m 


Gam. = 


Fig. 1. The lunar eclipse of January 3^4 1703 


4. Solstices and equinoxes and the equation of time in the 
ephemerides 


'The dynamical model for the Earth's orbit includes the perturbations of all planets, 
and they are implemented in the most advanced ephemerides. IMCCE provides an 
online service back to 4000 B. C. for the dates of the astronomical beginning of the 
seasons. The comparison with the corresponding instant of 1703 as calculated by 
Bianchini required a conversion into UTC of the local timings. It is available online 
a service, Planetcalc, with the equations of time, from 500 B. C. 

We need a self-consistent derivation of the UTC timing of the equinoxes and 
the solstices in 1703, being the Equation of Time itself depending on the Earth's 
orbit eccentricity, which is derived from the the observed beginning of the seasons, 
namely the equinoxes and solstices. 

The obliquity component goes to zero four times per year at the equinoxes and 
the solstices, while the eccentricity component vanishes twice per year at the apsides 
(aphelion and perihelion). This is well shown in Planetcalc website. 


5. Synchronization of the equation of time with lunar 
eclipses in 1703 


The dates of the apsides (as shown in Sigismondi and Pietroni, 2019) and the 
obliquity of the year are used to compute the equation of time for that year, 
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Total 1703 Jun 29 
Saros 115 01:13 TD 


Tot. 2 80m 
Par. = 203m U.Mag. = 1.3522 


Gam. = 0.2910 P.Mag. = 2.2953 


Fig. 2. The lunar eclipse of June 29*^ 1703 


but an independent synchronization with UTC is needed, to verify the IMCCE 
ephemerides, and the lunar eclipses were used exactly to assure that synchroniza- 
tion. On June 22?4 1703 the equation of time of Planetcalc is — 1.11 minutes, and in 
28'^ June, last solar transit before the lunar eclipse, it is —2.38 minutes. It means 
that this local noon should occur 2 m 22 s before a mean solar noon fixed (e.g. CET 
Central European Time ). For Rome the mean noon is at 12:10 CET, then 12:12:22 
the transit time for 28^ June, 1703. The eclipse was computed as maximum at 
1:13 TD on 29'^ June, so 2:13 CET. Bianchini's beginning of totality is at 13:18:15 
after solar meridian transit of 28^ June, and the end (emersion) is 14:38:15. The 
middle of totality (maximum phase) is at 13:28:15, obtained by averaging. The solar 
transit in the same publication occurred at 12:07:36 so that the eclipse's maximum 
was at 02:05:51. The terrestrial dynamical time for the eclipse has been computed 
(Espenak and Meeus, 2009) on 02:12:47 (1:13 TD in figure 1). The TD, is ahead 
with respect to Bianchini's roman mean time of 6 min 56 s. 


6. Including AUT! in the final timing 


The procedure shown in detail for June 29'^ has been applied to the other eclipses 
of 1703, that Bianchini observed also with Filippo Maraldi (January 3"4) and alone 
(December 23'4), recovering the Roman average time adopted by Bianchini for his 
observations, with respect to the Terrestrial Dynamical Time. The adopted value 
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Total + 1703 Dec 23 
Saros 120 06:30 TD 


Tot. 2 105m 
Par. = 235m 


Gam. = 0.0258 


Fig. 3. The lunar eclipse of December 23"4 1703 


1) Dates of the Anni Cardines A, B, C, D. 
2) Length of the seasons a, b, c, d --> 
3) --> eccentricity e and direction of the apsides 


4) e+e => Equation of Time 


Fig. 4. The connection between the beginning of seasons’ times and the eccentricity, and the 
equation of time. Aphelion « and perihelion 7, the apsides, are also sketched. 


1) Meridian transit (observed) = Mean Local Noon + Equation of Time (definition) 
2) Eclipse'sstart (observed) = Mean Local Noon + Time delay (measured) 


3) Eclipse'sstart (calculated) = Terrestrial Dynamical Time (calculated, NASA) 


Fig. 5. The relations existing between Mean Noon, Equation of time, solar transit time and 


terrestrial dynamical time TD. 
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— Equation of time 7 Eccentricity component — Obliquity component 


— Equation ef time 
— Eccentricity component 


‘= Obliquity component 


Fig. 6. The equation of time for 1703, as computed with Planetcalc. 


for AUT1, of 7-8 seconds for the 1703, and due to the de-rotation effect of the Earth 
upon continental uplift after the ice age, is added to TD to obtain the coordinate 
universal time UTC for these observations, and for the dates and timing of solstices 
and equinoxes in 1703. These instants of seasons’ beginning dates have been used for 
studying the aberration effect on the solstices and equinoxes in 1703 at the meridian 
line of St. Maria degli Angeli in Rome, demonstrating that Sirius’ aberration and 
the deviation from Celestial North of the meridian line have caused the departure 
from IMCCE calculated times for 1703 seasons’ starts (Sigismondi, 2021). 


7. The dates and timing for 1703 anni cardines 


Bianchini used the term Anni Cardines for the solstices and the equinoxes, because 
they are related to: 


e Inclination of the Earth’s axis on the ecliptic plane (the plane of the orbit), 
called obliquity; 

e Position of the apsides in the Earth’s orbit, which determines the eccen- 
tricity. 


They were published in the book De Nummo et Gnomone Clementino of 1703, 
as well as on a marble epigraph in the presbytherium. 

These instants are expressed in mean local time, after/before the mean meridian 
transit or midnight (anti-)transit. So to recover their instants as expressed in UTC 
it was necessary to recover three lunar eclipses observed in the same year and 
published by Bianchini in the same book (Bianchini, 1703): January 3, June 29 
and December 23 (see below). After this operation of synchronization, we made the 
comparison with the IMCCE ephemerides for 1703. 
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Fig. 7. The epigraph of 1703 Anni Cardines in the presbytherium of St. Maria degli Angeli in 
Rome. 
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Fig. 8. The epigraph's timings translated into UTC and compared with IMCCE ephemerides. 


8. Sirius’ aberration and the East deviation of the line 


Before the present analysis it was not clear that Bianchini used only Sirius for 
timing the solar meridian transits, also in daytime. The reason can be practical: 
Sirius is the brightest star in the sky and it can be seen in full daylight with a 
telescope through the open window 60 cm x 40 cm located over the pinhole. I made 
personally observations of meridian transits of Antares, Ras Alhague and Venus in 
daytime, outdoor at the meridian line of the Vatican obelisk, and the brightness of 
the star is crucial. Nevertheless on the meridian line of St. Maria degli Angeli there 
are reported 22 stars, with their ecliptic coordinates of 1701. T'his lead us to intend 
that all the 22 stars were used during the measurements (Bedinsky and Nastasi, 
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2007), while only Sirius was certainly used, after the examination of the documents 
of Bianchini. 

The Anni Cardines are with ecliptic longitude 0°, 90°, 180°, 270°. 

Sirius in 1701 had ecliptic longitude 97°57'53” (fig. 3), and it was supposed to 
change only for the precession, until James Bradley discovered the aberration in 
1727. 


9. Seasonal aberration in ecliptic latitude 


Francesco Bianchini (1703) considered also the meridian shift of Sirius, as of seasonal 
and of meteorological cause. Here I have demonstrated that it was due to the stellar 
aberration in ecliptic latitude (being Sirius not on the ecliptic plane but nearly 
at —40°). 


Fig. 9. The coordinates of Sirius in 1701 from the Stellar Atlas of Philippe de la Hire, as reported 
on the meridian line of St. Maria degli Angeli. 


10. Discussion 


The measurements reported by Bianchini on the epigraph are plotted in orange, 
and they are in very good agreement with the blue line which includes the effects 
of the line’s deviation (geometry in yellow) and of the stellar aberration in grey. 
The geometrical effect is much larger, nevertheless the aberration’s contribution 
matches exactly as needed, especially in the cases of opposition (Sun in Capricorn) 
and conjunction (Sun in Cancer) with the star. The accuracy of the method applied 
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Bianchini effect: meridian aberration of SIRIVS 1702-1703 
(De Nummo et Gnomone Clementino, p.45) 


184giu 07-ago 23-feb 23-lug 11-set 


—®— meridian position —— aberration 


Fig. 10. The meridian position of Sirius along the year. Bianchini thought it was a meteorological 
effect, while it is due to aberration in ecliptic latitude. 


at the Clementine meridian line is enough to recover the Anni Cardines within 10 
minutes, as Bianchini declared in his book. The departure from this value, up to 30 
minutes, is due to a systematic error (the deviation of the whole line toward East 
of 5.2’, or 70 mm at its Northern extreme, 45 meters from the pinhole’s vertical) 
combined with the special relativistic effect of the stellar aberration of Sirius, used 
in all measurements. 


11. Conclusions 


An important contribution of this paper is the verification that Sirius was the star 
always used in the meridian measurements, to compute the ecliptic coordinates of 
the Sun with respect to a fixed star. Finally the effect of meridian shift of Sirius 
along the year, was clearly recognized by Bianchini as seasonal, and it is, not because 
of seasonal humidity variations, but of special relativistic origin: due to the stellar 
aberration in ecliptic latitude, which is a rather big effect being Sirius of ecliptic 
latitude b = —40°. 

The operation of synchronizing the mean solar time of Rome in 1703 with the 
Terrestrial Dynamical Time and then with the Universal Time Coordinated, has 
made possible recovering the Equation of Time of 1703 and the comparison between 
modern ephemerides and these data, to distinguish clearly the stellar aberration’s 
contribution of Sirius, from the one due to the Eastward deviation of the line. 
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It is possible to make solar astrometry at arcsecond level using a meter, a watch and a 
smartphone at the Clementine Gnomon (1702, a giant pinhole-camera obscura). Similarly 
at the Vatican obelisk’s meridian line (1817) the transit timing’s accuracy is better than 
one second with the same instruments, and a small monocular. The differential positions 
with respect to the zodiacal marble disks allow to reach the arcsecond accuracy even 
outdoor. 


Keywords: Video-timing, Equation of time, Spherical Astronomy, St. Maria degli Angeli, 
Vatican Obelisk, Meridian Line, Solstices, Equinoxes, Zodiacal signs, UTC, Ephemerides, 
Altazimuthal coordinates. 


1. The giant pinhole camera obscura of the Clementine Gnomon 
(1702) 


Measures of solar astrometry at arcsecond level have been done with a pencil, a me- 
ter, a watch and a smartphone at the Clementine Gnomon (1702). The Clementine 
meridian line is 45 meter long. The new calibration tables of the reference points 
on the meridian line in the Basilica of St. Maria degli Angeli, have been recently 
published (2021). Each measure of the solar image position is referred to its nearby 
marker with known position with respect to the pinhole, within +0.5 mm. The solar 
images limbs can be located on the floor within +1 mm. 2 arcseconds of angular 
position accuracy is obtained for winter observations with focal length of nearly 50 
meters, while 5 arcsec is reached in summer with 21 m length involved. The pencil 
is used for signing the limbs’ positions on the meridian line, the meter is sufficient to 
measure the distances of these limbs from the nearest reference point (there are 42 
of them along the line), the watch synchronized with UTC is video recorded along 
with the solar transit to get the single frame accuracy on contact’s times. A timing 
accuracy down to 0.3 s is reached with the average air turbulence conditions. This 
result is observed by N parallel transits averaged. 
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Examples on application of Cassini's and Laplace's corrections for air refraction 
on the observed data to obtain the real celestial coordinates of the date are pre- 
sented (Sigismondi, 2019). This research was aimed to understand the Bianchini's 
effect, claimed in the book De Nummo et Gnomone Clementino (Bianchini, 1703). 
According to his observations Sirius changed its meridian position during the sea- 
sons because of some meteorological effect. We proved that the relativistic stellar 
aberration was the cause, thanks to this whole series of accurate observations of 
the Sun during all kind of weather conditions. This historical instrument gives the 
possibility to see the arcsecond, as half of a millimetre during winter, as no other 
instrument in the World, at the same time to many people. A set of more than 100 
transits video is also presented for remote observations during all year's seasons. 
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Fig. 1. The ellipses of the Sun on 20 August 1702 on the meridian line of St. Maria degli Angeli. 
They are an example of measurement of the solar image on the floor with respect to the references 
on the meridian line [e.g. the number 55's marker]. 


2. The outdoor Vatican obelisk's meridian line (1817) 


At the Vatican obelisk's meridian line solar positions as well as stellar and planetary 
transits have been measured. The obelisk of St. Peter's square has a meridian line 
since 1817. This line is two times longer than the Clementine line, and it allows 
potentially accurate measurements, despite the low contrast obtainable outdoor. 

A scheme of the correspondence between the features on the top of the obelisk 
and the marble zodiacal disks on the square is published in figure 2. 

The limit of the penumbra of the obelisk's shadow has been recovered with an 
accuracy of 2 mm during the Summer solstices of 2020 and 2021, repeatedly, by 
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Fig. 2. The zodiacal signs on the meridian line of St. Peter’s square as connected with the top of 
the obelisk. The distances from the axis of the obelisk are reported in meters from all the zodiacal 
marble disks. 


moving the smartphone used for the video making, up and down near the limit 
and observing its cast shadow. The shadow’s limits measured during 20 minutes 
of observations (fig. 3) on the Cancer and Leo’s disks showed the rotation of the 
obelisk with respect to the East-West direction of 24 mm around its axis. This is the 
first indication on the astronomical accuracy of the re-collocation of the obelisk in 
September 1586 (Sigismondi, 2016). Observing the shadow’s penumbra the massive 
presence of Sahara’s sand in the upper roman atmosphere has been detectable. The 
contrast of the shadow almost vanished at noon time during the most sandy days. 
These observations were confirmed by the aerobiological measurements made in Tor 
Vergata University in the same period, and by the following presence of dry sand 
all over the city (Travaglini, 2021). 

Moreover the projection of the image of the Sun when being occulted by the 
obelisk, obtained by a monocular 7 x 18, on the marble zodiacal disks (or on movable 
cardboard projection screen) has been video recorded during the meridian transits, 
attaining a timing accuracy of 1 second. The 18 mm-lens telescope projects on the 
marble a sharp image of the Sun, of about 30-45 mm of length, screened by the 
direct sunlight (fig. 4). 
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Time [minutes:seconds 
CEST after 13:00:00 ] 


14:24 16:48 18912 21:35 


Fig.3. The rotation of the obelisk with respect to East-West direction determines the variation of 
the shadow's length detected around the meridian time (24 July 2021) on the Leo disk, measured 
from the Cancer's black star. 


2.1. Parallax error 


The crucial problem of the all direct observations (with or without telescope) is the 
on-axis location of the lens or of the eye. It is a parallax error. 

A mm shift from the meridian axis, with 4 mm/s velocity of the shadow corre- 
sponds to 0.25 s of timing shift. From the summer to the winter solstice the ground 
velocity of the shadow ranges from 2 to 6 mm/s, making the corresponding accuracy 
on the timing ranging from 0.5 to 0.2 s per mm. 

To obtain a timing absolute accuracy ranging from 1 s to 3 s the parallax problem 
has to be solved. The solar shadow have not this problem, but their contrast makes 
the accuracy +3 s. Using a telescope to project the eclipses on the marble disks we 
improved the accuracy to +0.5s. The naked eye measurements of the stellar and 
planetary alignments while standing on the meridian line show an accuracy of +1, 
reduced to +0.5 s by using a ground mirror posed exactly in the middle of the 
meridian line and aiming at it. and the planetary/stellar transits observed with the 
mini-telescope standing on the meridian line. Stellar transits with the naked eye 
at the monocular are easier to be seen and audio-recorded because of the strong 
illumination of the square by night. 

The achievable accuracy on many measurements from the same point, as for 
Antares’ transits on the Capricorn disk, has been +10 arcsec on the central azimuth 
of the meridian transit behind the obelisk. The first video record of a full daytime 
transit (October 28, 2021 of Venus) confirms that result within a c, as well as the 
transit of Fomalhaut observed on November 4, 2021 from the same disk. 
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Fig. 4. The approach of the Sun to Scorpio black star in 2021 on the marble disk in S. Peter's 
square: the three dimensional star on top of the obelisk is projected next to the black star. That 
black star is 4 cm wide. 


3. Solstices, zodiacal signs and equinoxes 


In the solstices the solar altitude above the horizon reach a maximum (June) or 
a minimum (December) well represented by a parabola. In St. Maria degli Angeli 
the influence of the aphelion (4-6 July) and of the perihelion (2-4 January) on the 
measured altitude of the Sun is well visible as the minimum/maximum's shift of 
the fitting parabola on dates symmetrical to the solstice and more and more widely 
spaced. For St. Peter's meridian line the approach to Scorpio zodiacal sign shows 
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already well the change in solar meridian altitude day by day, projected on the 
marble disk (fig. 5). 


Fig. 5. The approach of the Sun to Scorpio from 16 to 23 October 2021, looking at the obelisk 
of St. Peter's from the Scorpio's black star on the marble disk. The solar profile is reported with 
light yellow circles. 


For a more precise measurement of the winter solstice a solid metal holder has 
been prepared for the mini-telescope. The principle is the same of the tripod with 
fixed angle, with a larger stability to guarantee high precision measurements, with 
the image shifting of 4 — 596 of its length of 40-50 mm during the solstice's days. 


4. Equinoxes and linear interpolation 


'The parabolae for the solstices and the linear interpolation for all zodiacal signs' 
ingresses are required to fit the observed data. This is a very good training for data 
analysis practice. 

The observations of the equinoxes require the accurate knowledge of the 
Gnomon's height and geographical coordinates, and two observations: one before 
and another after the equinox, are necessary to have the possibility of interpolation. 
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Fig. 6. The fixed-angle monocular-holder built as Winter solstice meter. 


These measurements confirmed the accuracy of +10 minutes claimed by Bianchini, 
provided the systematic deviation of the line from the Celestial North. Similar result 
is obtained at St. Peter's square meridian line. 


5. Level function of the mini-telescope at fixed angle 


'The mini-telescope with a fixed inclination can be used to test the horizontality 
of the seven disks. The Virgo's one shows a larger inclination because there the 
meridian line is reaching its minimum level in the square, before the equinox and 
toward the Scorpio's disk. The St. Peter's square is concave, allowing to convey the 
rainwater to the sewage system. 


6. Special measurements 


The meridian line of St. Maria degli Angeli allows to measure the position of the Sun 
with a great precision. The solstices can be measured also off-meridian as differential 
measures, always from the same reference point on the floor of the Basilica (e.g. 
the Summer solstice “royal” marker along the 173? azimut). The precision of 1 
mm yields an angular accuracy in the range of a few arcseconds. The zodiacal 
marble disk of St. Peter's square meridian line have been used as fixed references, 
to make differential measurements of meridian transits. These differential measures 
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Fig. 7. The measurements of the Fall equinox on September 23, 2019 in the Basilica of St. Maria 
degli Angeli. 


are used to recover their relative alignment with North and the obelisk's axis, and 
the alignment between the Sun entering the sign, the black star of the disk (see fig. 
4) and the ending top features of the obelisk. The accuracy here is within 2 mm, as 
the one attained with the penumbral limit measured directly (fig. 3). 

'The measures of planetary and stellar transits have been: 


Antares from July 21 to August 21 (before sunset), Capricorn 

Ras Alhague, August 21-September 6, Virgo 

Fomalhaut, November 4 2021, Capricorn 

Saturn, Sagittarius, October 2021 

Venus in full daytime, 19-28 October 2021, Capricorn 

Jupiter, October 2021, Scorpio 

ó Capricorni, October 2021, in Scorpio 

u and € Aquarii, respectively of magnitude 4.91 and 3.96 under an unusual 
clear sky for Rome on October 11, 2021. 
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Fig. 8. The measurements of the Fall equinox on September 23, 2021 in St. Peter's square, on 
the meridian line. The solar image is the ellipse on the intersection of the two meters-tapes. 


The lunar transits have been also recorded, and the lunar limb position precisely 
located. The planetary transits timing with a precision of a second allow to detect 
directly the nature of their motion (direct or retrograde) by comparing with the 
previous transit and the sidereal day length. The stellar and planetary transit par- 
alleled the solar ones to measure the local western deviations of the meridian line 
on all the zodiacal disks. In particular Antares, Venus and Fomalhaut were used for 
the last point in the Capricorn solstice. The stellar transits allow to measure the 
sidereal day and the stellar aberration with a 0.01 s precision obtained over sev- 
eral days, either with naked eye video recorded measures (Sigismondi, 2021, these 
Proceedings). 


6.1. Distances on the meridian line in St. Peter's square 


'The accuracy on the measures made on the floor of the square would require the use 
of metal meters at least 50 m long, or total stations, but due to security requirements 
in the square this is not possible. So we adopted a technique used in Athletics Track 
& Field to measure the long jump run-up length with the feet. The length of 10 
adjacent feet with shoes is accurately measured to find its own unit with a mm 
accuracy. Distances up to 300 feet are accurate within 196, as we could verify from 
the center of the colonnade of St. Peter's square, by measuring the distances of some 
columns from their centre. 
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Fig. 9. The mini-telescope and its tripode, used also as level-meter. The image of the Sun is 
evidenced inside the cloudlet. 


7. The marble zodiacal disks and the Gregorian cycle of four 
centuries 


There is a 4-years periodicity in the ingress’ dates into the zodiacal signs, due to the 
Julian leap year. The 29th of February resets almost completely the 5 h 49 m 11 s of 
average excess of the tropical year versus the civil one of 365 days. But only over 4 
centuries the Gregorian reformation of the calendar is complete. Then the sequence 
of the dates represented in figure 10 with the addition of 22 December, Solstice in 
Capricorn (fig. 6, logo), is the result of a rounding to the day of these instants. 
'The complete sequence corresponding to the dates represented on the marble disks 
happened in 1815. Here the procedure applied to the IMCCE calculated dates: 
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Spring in Aries 21 March 1815 11h31m UT become 21 March 
Summer in Cancer 22 June 1815 8h59m UT become 22 June 
Autumn in Libra 23 September 1815 à 22h43m UT become 23 September 
Winter in Capricorn 22 December 1815 à 15h44m UT become 22 December 


This sequence will be the same for all 12 zodiacal signs ingresses in the year 
2215. 


Fig. 10. Six of seven zodiacal disks: the Solstice in Capricorn 22 December is in the circular logo 
of figure 6. The dates of the zodiacal ingresses are the ones of 1815, and they will repeat in 2215. 
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Fig. 11. On the seven zodiacal disks the meridian line is always West of the axis of the obelisk. 
The cross above the obelisk is also West of its axis, and it was reliably the sighting scope for the 
alignment of the austral zodiacal disks. 
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8. Deviation of the meridian line of St. Peter from Celestial North 


The deviation of the meridian line has been measured from the obelisk's axis, and 
it is Westward. 

The cross does not cast its shadow on the black stars of Leo and Cancer's disks; 
while it does from the Virgo- Taurus disk on. 


Fig. 12. The top of the obelisk as seen from all zodiacal disks. 


9. Conclusions and perspectives 


'The positions of the celestial bodies is at the basis of Celestial Mechanics, and every 
gravitational theory: either Newtonian or Einstenian. To distinguish the latter are 
necessaries data with arcsecond level of accuracy. The measurements made at the 
historical meridian lines of St. Maria degli Angeli and St. Peter's square, with light 
equipment included: 


small meter tape 

radio synchronized watch 

a smartphone used for video and/or audio records 
"calibrated" feet 

a monocular 7 x 18 on small tripode 
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All these measurements on field allowed to know: 


the absolute calibration of the line's orientation 

the motion of the Sun, Moon and planets with respect to reference stars 
the stellar aberration with respect to the atomic time UTC 

Sun and planets! motion controlled with ephemerides (Stellarium 0.20.2) 
the variation of the Earth's rotation time AUT1 


Young students 14-15 years old understand better the season's rhythm as ruled 
by the solar rays! inclination at noon, as well as the astronomical observation con- 
sidered as a real physics experiment, requiring calibration and errorbar evaluations, 
and long time basis (like the whole month needed for measuring the Sidereal Day up 
to 0.01 s). Also the data analysis experience with linear and parabolic fits has been 
mentioned. Finally, last but not least, the relevance of astronomy in the cultural 
heritage, owing the importance of the historical places were they can experience it: 
St. Maria degli Angeli, Diocletian's baths transformed into church by Michelangelo, 
and St. Peter's square realized along the centuries by the contributions of several 
popes, cardinals artists and scientists, namely Sixtus V, Domenico Fontana, Eg- 
nazio Danti, Pietro Maccarani and Filippo Luigi Gigli for the meridian line and 
Gianlorenzo Bernini for the colonnade's astronomical orientation from solstices' 
sunrises and sunsets. 
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The shadow of a wall cast by the Sun on a soccer field has been used to measure the 
change of the altitude and azimuth of the Sun along the day and through the seasons. The 
change of curvature parameter of the daily hyperbola shadow’s path, has been recovered 
in the days around the spring equinox 2021. The study of the daily paths has been 
possible with chalk and meter during school days, on this field, and the data have been 
reported on a spreadsheet. The students were impressed by this whole-year experiment, 
while normally at school the experimental sessions are one-hour long. 


Keywords: Solstices, Equinoxes, Shadows, Altitude, Azimuth. 


1. Sun’s paths on a soccer field 


The shadow of a 10 meters wall (its vertex) cast on the soccer field of the Tech- 
nical Institute Galileo Ferraris in Rome, 41.878 415? N, 12.454 662° E, coordinates 
WGS84 of the gnomon (fig. 2), has been used to perform daily measures with an 
accuracy up to a few millimeters. The gnomon’s shadow, measured from the bottom 
and from the side of the field with a tape meter, in the best sets of measurements, 
presented rms below 1 mm. The hyperbolae drawn by the Sun through these shad- 
ows changed their aperture coefficient from Winter to Spring, passing to zero at the 
equinox. The students learned literally “on field” what means accuracy to the mil- 
limeter level, during several months. They learned how to do linear interpolations 
and extrapolations to predict the positions of the shadows in the next 10 minutes... 
or in the days without data (weekends and holidays). 

The curvature radius of the hyperbolae is also measurable with three points 
along 20 minutes, repeated 3 times in a hour lesson. 

All these achievements are possible during a single hour of lesson. The students 
remember well past situations, because they made practical actions. 

The experience presented here with 14 and 15 years old students, started in 
February through May 2021. 

The spring equinox was calculated by interpolation of aperture’s parameters 
these months, with good agreement with the actual date. 

The activity in open air and the use of the chalk on the field to mark the 
shadows’ limits, the use of the meter and the care for the zero positions, have been 
appreciated alternatives to the normal indoor teaching. 
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2. Procedure 


The positions of the shadow's cusp (e.g. fig. 3) are taken with respect the corner 
of the field as x and y. The curve connecting the daily positions (about ten each 
time) is plotted to see immediately its form. The meridian point (a, b) is measured 
and made center of a new coordinates system, with the appropriate translation. 
'The meridian axis has an equation computed in the first days of observations, by 
marking the position of the shadow at the very instant of the meridian transit. Its 
angle a with respect to the axis x and y of the soccer field is used to apply the 
following rotation. 


x’ = (x — a) cos(a) — (y — b)sin(a) + a 


y' = (x — a) sin(a) + (y — b)cos(a) +b 


Fig. 1. The equation of the roto-translation around the meridian point (a,b), to obtain a curve 
symmetric to the y’ axis, with its vertex on the new origin (0,0). 


A parabola fits with fair approximation the curve so obtained, by using a com- 
mon spreadsheet (e.g Excel, LibreOffice, OpenOffice). The hyperbolic fit requires 
more passages, not automatically implemented in the spreadsheets. 


Fig. 2. 'The school's soccer field as seen from satellite, with the meridian line scheme superim- 
posed. 
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Fig. 3. The hourly path of the shadow's limit from 10:46 to 12:06 of 9 April 2021: the progress 
of the gnomon's shadow is visible. 


Solar hyperbola 3 may 2021 
2500 


2000 E 
y --,78265E-05x? + 3,45979E-01x + 5,48254E402 
1500 QUE. R? - 9,89467E-01 


1000 


500 


0 2000 4000 6000 8000 10000 12000 


Fig. 4. The shadow on June 3rd 2021 and the plot of daily positions of May 3rd 2021, before the 
roto-translation. 


3. Conclusions 


The method presented is to fit the hyperbola of the shadow's positions of the wall’s 
cusp on the soccer field, with the equation of a parabola. The accuracy achieved 
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is within 20 arcseconds, or 2 mm for each position of the shadow on the field. The 
path of two consecutive days, even near the summer solstice (where the positions 
are very close one to another), are well distinguishable each day from the other one. 
This procedure has been adapted to Excel spreadsheet, and the hyperbolic fits have 
been realized with the parabolae. The results obtained in the soccer field allowed 
to check the curvature's change during the equinox, and they have been published 
in detail (2021). 

'This is a suitable introduction to the trigonometrical methods of Celestial Me- 
chanics, affordable by many schools and all students. These practical activities, 
made with increasing accuracy, may pave the way to understand the problems in 
experimental general relativity. 
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Teaching relativity at the AstroCamp 


C. J. A. P. Martins 


Centro de Astrofísica da Universidade do Porto, and 
Instituto de Astrofísica e Ciéncias do Espaco, Universidade do Porto, 
Rua das Estrelas, 4150-762 Porto, Portugal 
E-mail: Carlos. MartinsQastro.up.pt 


'The AstroCamp is an academic excellence program in the field of astronomy and physics 
for students in the last 3 years of pre-university education, which often includes a course 
(or a significant part thereof) on Relativity. After an introduction to the principles, goals 
and structure of the camp, I describe the approach followed by camp lecturers (myself 
and others) for teaching Special and General Relativity, and some lessons learned and 
feedback from the students. I also provide some thoughts on the differences between the 
physics and mathematics secondary school curricula in Portugal and in other countries, 
and on how these curricula could be modernized. 


Keywords: AstroCamp; Secondary education; Summer schools; Relativity. 


1. The AstroCamp vision 


The AstroCamp® is an academic excellence program in the field of astronomy and 
physics, organized by CAUP and the Paredes de Coura municipality (with the 
support of several national and international partners) for students in the last 3 
years of pre-university education, i.e. roughly 15-18 year old students. 

Our key goals are 


(a) Promote scientific knowledge, with high-quality training in a secluded and tran- 
quil setting 

(b) Stimulate student curiosity and skills of critical thinking, team work and group 
responsibility 

(c) Stimulate interactions between students with different backgrounds and life ex- 
periences but common interests 


The camp was created in 2012, and now accepts applications from 42 eligible 
countries. Participation is strictly by invitation, after an application period (in 
April) and a selection phase (in May) which includes an interview in English. The 
camp itself takes place in August, in the Corno de Bico Protected Landscape area of 
the Paredes de Coura municipality (in the northwest of Portugal) and lasts 15 days. 
One of our points of principle is that for students in Portuguese schools the camp 
has no costs. Some students from other countries will also have support, others 


?https://www.astro.up.pt/astrocamp/ 
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may need to pay part of the costs or find their own support locally. In any case, 
significant efforts are made to keep costs low, and the maximum cost for foreign 
students is 400 Euro. 

The main academic activity consists of two courses (each with 15h of lectures 
and a 2h written exam), given by currently active researchers with a PhD in a 
relevant area. Depending on the year, more than two courses are offered, but each 
student will only take two of them. In most of the 10 editions so far, one course or a 
significant part thereof was devoted to Relativity (both Special and General). This 
is to a large extent driven by the camp students themselves: one of the principles 
of the camp is that students are involved in the choice of the courses offered in the 
camp, and Relatively is clearly the prime example of a topic that the students feel 
is not satisfactorily covered in their school classes (if it is at all), and for which their 
school teachers are often unable to provide further information. 

Other camp activities include observational and/or computational projects, 
stargazing sessions and documentaries, community service projects and evening 
talks which in early editions were open to the local public, but are now webcast 
live. There are also several other recreational activities such as hiking (including an 
overnight hike coinciding with the peak of the Perseids meteor shower). Interested 
students can also engage in several post-camp projects at CAUP and elsewhere. 
Our guiding vision is to provide the students with unique opportunities beyond the 
standard school systems, also after the camp. The extent to which students make 
use of all of these is of course up to them. 

The camp is residential, with all students, teachers and camp monitors (uni- 
versity students, which most often are AstroCamp alumni) staying in the camp 
for the full 15 days. (Exceptionally, teachers may stay for reduced periods.) Due 
to COVID-19, the 2020 edition exceptionally had a hybrid format, with students 
living in Portugal in residence at the camp, and students living in other countries 
joining virtually in all activities where this was feasible. In the 2021 edition only one 
student had to participate remotely, and we naturally hope that the 2022 edition 
will be fully residential again. 


2. Some statistics and outcomes 


In the first four editions the camp only accepted applications from Portuguese stu- 
dents studying in Portuguese schools. Starting in 2016 the list of eligible countries 
has expanded, and currently the camp can accept applications from students ma- 
triculated in one of the last 3 years of pre-university education in any of 42 eligible 
countries’, provided they are national citizens from one of these countries. 


bThese are: Andorra, Argentina, Austria, Belgium, Brazil, Bulgaria, Canada, Chile, Croatia, 
Cyprus, Czechia, Denmark, Estonia, Finland, France, Germany, Greece, Hungary, Iceland, Ire- 
land, Italy, Latvia, Liechtenstein, Lithuania, Luxembourg, Malta, Monaco, Netherlands, Norway, 
Poland, Portugal, Romania, San Marino, Serbia, Slovakia, Slovenia, Spain, Sweden, Switzerland, 
United Kingdom, United States of America and Uruguay. 
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In the 10 editions so far the camp had a total of 133 accepted students with 15 
different nationalities. Some basic statistical information on the participants can be 
found in Table 1. It is worthy of note that the camp does not have quotas of any 
kind; the outcomes are therefore the result of the merit and academic potential of 
the candidates. 


Table 1. Basic statistical information on the 2012-2021 Astro- 
Camp students. 


Accepted Students 2012-2015 Editions 2016-2021 Editions 


Portuguese 100% 53% 
Foreign N/A 4T% 
Grade 10 24% 31% 
Grade 11 52% 47% 
Grade 12 24% 22% 
Boys 47% 40% 
Girls 53% 60% 


Note: Grades 10, 11 and 12 are the names of the last three years 
of secondary education in the Portuguese school system. The stu- 
dent ages corresponding to these grades are country-specific, but 
broadly speaking Grade 10 students are 15 or 16 years old, while 
Grade 12 students are 17 or 18 years old. 


One of the most rewarding deliverables of the AstroCamp is our Solar System 
Trail. This is the second scale model of the Solar System, in the Iberian Peninsula 
(and one of only sixteen in Europe, as far as we know), that is accurate both in 
terms of the sizes and of the distances of the objects. It was built during the first 
four AstroCamps, and a full hiking trail which follows the objects in the system— 
the Sun, the planets up to Neptune (including the Earth’s Moon), and Ceres—was 
officially opened on 13 August 2016. The trail has recently been included among 
the teaching resources for Grade 7 students, so for a new generation of Portuguese 
students this may well be providing their first contact with astronomy. The trail also 
has an accompanying website? which at the time of writing only has a Portuguese 
version but is due to be expanded and replicated in at least 10 different languages 
in early 2022. 

Most editions of the camp also included a computational project, lasting about 
20 hours, aiming to provide the students with an introduction to scientific pro- 
gramming and statistics and data analysis in astrophysics. In several cases, the 
students continued working on these projects after the camp, and contributed to 
peer-reviewed publications in top academic journals. '? At least one more such 
publication is expected soon. 


°https://www.astro.up.pt/trilhosistemasolar/ 
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3. Teaching special and general relativity 


As previously mentioned, One AstroCamp principle is that students are involved 
in the choices of the courses taught in the camp, as well as in the ones they actu- 
ally take. This is a multi-stage process, which we run in parallel with the student 
applications. A call for courses is issued at the beginning of each calendar year, 
and the submitted proposals undergo a scientific and pedagogical check, leading to 
a courses shortlist. The students shortlisted for the interviews are then asked to 
rank the shortlisted courses according to their preferences; this is done in a double- 
blind way—students don't know who would teach each course, and organizers don't 
know individual student preferences until after the student places are assigned. 
'The courses to be offered are then decided and assignment to students, and a final 
tweaking of course contents can be done if there are overlaps between them. As an 
example, in the 2021 edition the shortlist included 6 courses, of which 3 were taught 
in the camp (with each student taking 2 of them). 

So far, courses on Relativity/Cosmology (or containing at least ca. 5 hours of 
content on this) have always been selected by the students when offered. Various 
lecturers have been involved (in addition to the author), from Canada, Germany, 
Italy, The Netherlands, Portugal, Spain and the UK, some of them teaching twice. 

Topics are covered both at the conceptual and (at least for some of them) also at 
the more detailed mathematical level. In our experience, most students also enjoy 
learning about the relevant historical context and background. 

Galilean relativity topics covered include 


(a) Galilean mechanics and acceleration 

(b) Inertial frames and Galilean Transformations 

(c) Historical developments from Galileo to Newton (Gassendi, Huygens, Descartes, 
etc) 

(d) Newton's Laws and Equivalence Principle (inertial and gravitational masses) 

(e) The XIX Century background to Relativity: Mechanics versus Electromag- 
netism 


Special relativity topics covered include 


) Derivation and interpretation of the Lorentz-Fitzgerald transformations 
) Minkowski geometry and spacetime diagrams 

(c) Special Relativity and the Principle of Relativity 

(d) Invariance of the speed of light and its consequences 
) Time dilation and Lorentz contraction: Cosmic rays and Twin paradox 
) Physical meaning of inertial frames 


Finally, topics pertaining to applications of relativity covered include 


(a) Relativity and the GPS 
(b) The Schwarzschild solution and black hole properties 


2419 


(c) Derivation of the Friedmann and Raychaudhuri equations, and simple solutions 
thereof 

(d) Cosmology, including Hubble's law and simple FLRW universes 

(e) Gravitational waves, including their detection 


Examples of conceptual questions on these topics that have been previously used 
in AstroCamp course exams are listed in the Appendix. Student feedback clearly 
shows that the Newtonian physics curriculum is unattractive, and often containing 
significant misconceptions. Camp students usually follow conceptual aspects very 
well (even when finding some of them counter-intuitive); any difficulties usually 
pertain to their mathematical background, which is partially correlated with their 
age. 


4. Lessons learned, and the COVID-19 impact 


The experience of ten camp editions (of which six included foreign students) reveals 
significant differences between the secondary school curricula in different countries, 
and sometimes in different regions of the same country. There are also country- 
specific differences between public and private (or international) schools. In Portu- 
gal, it is clear that private schools (and even a few public schools) routinely apply 
grade inflation. T'his further reinforces the prior expectation that grades alone do 
not provide a fair selection process. This is why, from the first edition, the appli- 
cation procedure includes a student motivation letter, a teacher recommendation 
letter and, importantly, an interview to shortlisted candidates. 

Since the camp accepts students from the last three years of secondary education, 
one challenge for the camp teachers is that the mathematical background will be 
quite diverse. Specifically, derivatives introduced at different ages in different coun- 
tries, and integrals are not a given even for Grade 12 students, who have finished 
secondary education and are about to start university. However, in our experience 
this is not a problem for bright students: through direct interaction with teachers 
or camp monitors, they can quickly gain a working knowledge, e.g. of differentiation 
rules, which allows then the follow the course contents that rely on them. 

One rather surprising lesson is that schools can actually be a bottleneck in 
disseminating information on the AstroCamp to students. Specifically, from our 
experience less than 2096 of Portuguese schools that receive direct camp information 
from us (including, in some editions, A4 or A3 sized posters and leaflets) actually 
transmit it to their students, and the fraction of students that find out about the 
camp through a school teacher is small—while the number is not trivial to estimate, 
it is clearly below 50%. 

A recent challenge was provided by COVID-19. This led to a hybrid format 
edition in 2020, with foreign students interacting with camp teachers, monitors 
(including some online tutors) and students in residence at the camp through online 
collaboration tools such as Zoom, Discord and Colaboratory online collaboration. 
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This was was nevertheless very successful despite the fact that foreign students 
participating in this edition had a very limited experience of the camp, and clearly 
demonstrates that remote collaboration tools enable new teaching and mentoring 
opportunities, which we intend to pursue. 

A more surprising realization emerged in the 2021 edition, in that the COVID-19 
impact on students’ cognitive and social skills and emotional maturity was clearly 
visible. Inter alia, although the level of the courses and exams has been kept constant 
in recent editions (roughly at the level of a course from first year undergraduate 
physics degree at a top Portuguese university), the average grades of the students 
were lower and, in particular, for the first time in ten editions two students failed 
their exams. It is likely that this impact will be noticeable for several years to came. 
This is all the more scary since these are bright students—the impact on average 
ones may be much more serious. 

As the AstroCamp starts its second decade, this is a good time to revise and 
update its format, structure and rules, also taking into account the most recent 
challenges. There is clearly some room for growth—more in extension and scope 
than in numbers—making the camp an international reference for events of this 
kind. 


5. Epilogue: Improving Portuguese secondary scientific education 


The experience of 10 years of organizing the AstroCamp (together with teaching one 
course in each edition, and leading other scientific activities therein) also leads to the 
conclusion that the Portuguese secondary education system, in scientific areas, is 
clearly lagging behind those of other developed countries, and needs urgent revision 
and modernization. 

In an effort to contribute to an urgent and much needed debate, I may suggest 
four very specific measures 


(a) It is clear that Portuguese students are, on average, far less familiar with sci- 
entific programming that their foreign peers. (The Portuguese school system 
current offers a ‘Computational Applications’ subject, but this is a total waste 
of timet.) One must urgently introduce a compulsory scientific programming 
subject in Grades 10 to 12 grades, using languages such as Python, Octave or 
Julia, and connected to other subjects, especially Physics, Chemistry, Biology 
and Mathematics. 

(b) In the Portuguese school system, Physics and Chemistry are taught as a sin- 
gle subject in Grades 10 and 11, and are only separate subject in Grade 12. 


4 As well as an insult to the intelligence of most students, were it not for the fact that it allows an 
easy high grade to be obtained, which will count towards the students' university application. 
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Moreover, very few students take Grade 12 Physics, either because the school 
does not offer it or because the students consider it a hard subject (form the 
perspective of getting a good grade) and prefer softer subjects such as English, 
Psychology or the infamous Computational Applications. This is a crass mis- 
take. Physics and Chemistry should be separate subjects from Grade 10 (and, 
arguably, even earlier). 

(c) The Portuguese school system has national exams which, depending on the 
subject, are either at the end of Grade 11 or Grade 12. The former, which 
currently include the Physics exam, is a clear mistake. The Physics national 
exam (and indeed all national exams) should be cumulative and at the end of 
Grade 12. Moreover, Grade 12 Physics should be made compulsory for students 
intending to apply for university physics and engineering degrees 

(d) Last but not least, these is a vast disconnect between the secondary school 
environment and that of university (not to mention that of research, business, 
etc). A way to bridge the gap would be to reward students with top results 
in national exams with summer internships at research labs or tech companies 
(with the student matching done by the hosts). As a way to foster equal oppor- 
tunities, these internships should not be merely awarded to the students with 
the numerically highest grades but, for example, to the student with the highest 
grade in each district (or, more ambitiously, each municipality in Portugal—in 
the former case this kind of program would reach about 20 students, while in 
the latter it would reach about 300. 


All of these are, at least in principle, easy to implement and would have dramatic 
and comparatively rapid (as well as quantifiable) impacts. The main bottlenecks, 
other than political will are our blatant ‘teaching to the test approach’ (manifest in 
the blind acceptance of school rankings, but partially stemming from the university 
numerus clausus system), and the pathological reluctance of teacher unions to any 
kind of change. The latter can be, at least in part, ascribed to the fact that most 
secondary school science teachers are in their 50s or 60s. This is especially relevant 
in the context of the first of the above points, since these teachers and have little 
computing literacy, and none in coding and scientific programming. Nevertheless, 
delaying the modernization of the system, with these and other measures, simply 
increases the personal and financial costs for future generations. 
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Appendix A. Conceptual question examples 


'The following is a partial list of relevant conceptual questions that have been used 
in at least one AstroCamp exam. Except for the last one (with is a proposed essay 
topic) they are all multiple choice questions. 

Two inertial observers measure the speed of the same beam of light and obtain 
the same finite value. This would surprise Newton because 


(a) According to him the speed of anything should depend on the frame of reference. 
(b) He expected the speed of light to be infinite in inertial frames. 
(c) In inertial reference frames he believed light to be stationary. 
(d) He believed light should have an infinite speed in all frames. 


The Michelson-Morley experiments were an attempt to 


) Measure the speed of light. 
) Test the Lorentz-Fitzgerald transformations. 
(c) Measure the Earth's speed relative to the Sun. 
) Detect the Earth's movement relative to the aether. 


Relative to an object at rest, a moving object is 


Shorter and younger. 
Longer and older. 
Shorter and older. 


Special relativity (SR) and general relativity (GR) corrections must be taken 
into account for the GPS system to work. If these satellites were moved to LEO, 


(a) Both corrections would decrease. 
(b) The SR correction would decrease and the GR one would increase. 
(c) The SR correction would increase and the GR one would decrease. 
(d) Both corrections would increase. 


If an astronaut in a windowless rocket feels pressed against the back of her seat, 
she won't be able to tell 


(a) Whether the rocket is accelerating or moving at constant speed. 

(b) Whether she is accelerating or resting on the surface of some planet. 

(c) Whether the rocket it moving at constant speed in space or at rest in space. 
(d) Whether she is at rest in space or freely falling towards some planet. 


A green animal lives on an extremely dense planet. When observed from space, 


(a) It will look green. 
(b) It will look white. 
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(c) It will look blue. 
(d) It will look red. 


Which of these is not a direct test of the Einstein Equivalence Principle? 


(a 
(b 
(c 
(d 


Measurements of gravitational redshift. 

Tests of the stability of fundamental couplings. 
Measurements of the precession of Mercury's perihelion. 
Tests of the universality of free fall. 


oL We 


Essay topic: Describe the relation between physical reality and the mathematical 
models with which we describe it. In particular, comment on how this relation may 
differ in the contexts of the pure and applied physical sciences (e.g., theoretical 
physics and engineering). 
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Among the celestial bodies of the solar system, the ones passing closer to the solar mass 
are the sungrazing comets. The sungrazers can approach the Sun with a perihelion more 
than 60 times closer than Mercury, experiencing a local effect of perihelion relativistic 
precession 60 times larger. Mercury requires 15 years, or sixty orbits, to totalize the same 
effect. The sungrazers have generally no more than a single orbit, because they vanish at 
the perihelion passage. The observability of such phenomena with SOHO coronagraphs 
is discussed. 


Keywords: Sungrazing comets, perihelion relativistic precession 


1. Generalities on sungrazing comet 


The sungrazing comets are a class of comets whose known number significantly 
increased in the last 26 years, since the SOHO coronagraphes entered in function, 
at the rhythm of about hundred per year. The gravitational studies on such comets, 
starting from Newton are presented in the references.! ?! 

Their orbital parameters suggest their grouping as related to a few parent bodies, 
and we recall the statistical work on comets made by Enrico Fermi in 1922 as thesis 
for the Normal School of Pisa. 

'The sungrazing comets are the celestial bodies which approach more closely the 
mass of the Sun: then their orbital parameters are influenced by both General Rel- 
ativity and non-gravitational effects, like mass loss and outgassing. The General 
Relativity effects and the non-gravitational effects are compared to understand the 
observational accuracy required on Mercury's perihelion. The studies carried by Le 
Verrier and Newcomb in the second part of XIX century, were possible because the 
orbit of Mercury is rather eccentric e=0.2056. When some objects may graze the 
solar surface, a very high eccentricity e—0.99 is considered to produce some visible 
effect. The accuracy on the determination of the orbital parameters of sungraz- 
ing comets is also investigated, to enforce with observations all these theoretical 
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concepts. The identification of new sungrazing comets is possible online, at the 
SOHO website, and it has been realized by the high school students of Galileo Fer- 
raris Institute, Rome, as curricular activity, with great enthusiasm, especially with 
the real time discoveries of January 18, 2021 (fig. 3). 


2. Measurability of the relativistic precession 


ôb = 6r - GMaa/c?b? 


Planet a 
Planet [ES Perturbation [arcsec/cy] e- 00 [arcsec/cy] 
Mercury Mercury 0138709893 020563069. 43.03 8.847 
Venus — Venus — 072333199 000677223 8.63 0.059 
Earth Eam 100000011 001671002. 3.84 0.064 
Mars Mas 152366231 0.00341233 1.35 0.126 
Jupiter pier 520936301 001830266. 0.06 0.003 


Fig. 1. The relative observability from Mercury to Jupiter, as indicated by Dennis Sciama (1972). 


The eccentricity larger than 0.99, that the sungrazer can present, and a perihe- 
lion's advancement of 60 x 43" produces an effective visibility of 43’, larger than 
the apparent diameter of the Sun. 

The problem is that the comet is rarely visible after the perihelion, because it 
vanishes, and when it is visible the effect is small due to a less close encounter with 
the photosphere. 


3. Conclusions and perspectives 


The sungrazers are comets belonging to groups with similar geometrical parameters, 
originated by a close encounter of a big comet with the solar photosphere. They 
experienced the largest General Relativistic effect of perihelion precession possible 
in our solar system, even if for only one passage. The amplitude of such effect can 
be such as 0.75?, but its measurability with the SOHO coronagraph is very difficult 
due to the relative inclination angles with Earth's orbit; moreover the sungrazers 
vanish after the passage to the perihelion due to the closeness with the photosphere. 
The possibility to “discover” averagely a new sungrazer each week makes interesting 
the discussion of such effect in secondary school's physics class, where the students 
become protagonist of the discoveries through inspecting the SOHO movie theatre, 
in real time. The introduction to observational General Relativity can be effective 
through this approach, for the young students. 
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Fig. 2. One complete orbit of a sungrazer comet calculated with a computer code developed by 
Bozza and Pietroni (2021), distance given in parsecs; orbital parameters: semimajor axes a ~ 
52AU ~ 7.64 x 101? meters, eccentricity e = 0.98, inclination i = 160°, period P = 360 ys. The 
relativistic Lagrangian has been used to evaluate the perihelion advancement, and compared with 
the non-relativistic one. The interaction with the solar atmosphere is not taken into account, to 
close the orbit. 


2021/01/17 18:42 


Fig. 3. Two sungrazer comets at the same time on January 17, 2021, observed by SOHO C3 
coronagraphs, and "discovered" at school in real time. 
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The three Summer solstice's markers of 1721 unveiled 
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The solar image is projected through a pinhole inside a camera obscura in the great 
meridian line in the Basilica of Santa Maria degli Angeli in Rome: the daily path of 1721 
summer solstice has been recovered as passing through three markers on the floor of the 
Basilica, near the summer part of the meridian line. The function of these three markers 
was considered ornamental until now, because no written documents have been found 
on them. Moreover two of the three markers today are no longer illuminated by the Sun, 
after 1750. 

The same technique has been applied to the three solar markers in St. Maria degli 
Angeli, finding that they belong to the same 1721 solstice of three centuries ago, within 
a few millimeters of accuracy. 


Keywords: St. Maria degli Angeli, Meridian Line, 1721, Solstices, Equinoxes, Maria 
Clementyna Sobieska, James III Stuart. 


1. The 1721 Summer solstice perpetuated in St. Maria degli Angeli 


The Meridian Line of Santa Maria degli Angeli in Rome has been realized in 1700- 
1702 upon the will of Pope Clement XI, since when he was Cardinal, after the 
project of Francesco Bianchini (1662-1729) to measure with unprecedented accuracy 
the tropical year and the variation of the obliquity of the ecliptic. At this Great 
Gnomon the seasonal effects on the atmospheric refraction and the effects of stellar 
aberrations were measured, but while the first were recognized the latter become 
systematic effects included in the errors of measurements. 

At the Marcel Grossmann Meeting of Berlin (2006) this discovery was firstly 
presented; after other historical data were analyzed (2014), while in International 
Astronomical Union General Assembly of 2018 in Vienna the recognition of two 
brass markers as solstice markers was announced. 

The two markers belong to the summer solstice because they are on the same 
daily hyperbola of the solar center entering Cancer in 1721. One of the two brass 
markers, named after this paper the King’s marker, is no longer illuminated by the 
Sun since 1750 Vanvitelli’s renovations of the Basilica, which modified the pinhole’s 
visibility from all the floor. 

A third marble marker, considered as ornamental until now, it is on the same 
hyperbola and it is on the floor of the Basilica, about 7 meters far from the other. 
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'The different material of this third marker delayed our discovery of the strict cor- 
relation of the three markers. This marble was dedicated to the King James III 
Stuart in 1721; the well known inscription says: FELIX TEMPORVM REPARA- 
TIO meaning “Return to good times", very probably after his marriage in 1719 
1st of September (Francesca Ceci, 2021), with Maria Klementyna Sobieska and the 
birth of their son on 31 December 1720. 

These markers are offset with respect to the great meridian line, because on the 
Cancer's marble no more modifications were possible. This chronological sequence 
explains also why in his book of 1703, Bianchini did not mention these markers. 


Fig. l. Two markers: King James’ (Jacobus in Latin) III in marble and Klementyna Sobieska’s 
in brass, the one still illuminated by the Sun. 


2. Observations and inspections 


The three solstice's ellipses, two in brass (half ellipses, as the only one still illumi- 
nated by the Sun in the right-side of figure 1) and one in marble (whole ellipse, 
left-side figure 1) with the dedicational epigraph containing the date (adding to- 
gether the capital letters as Latin numbers) are no longer hit by the Sun's image, 
excepted the last one, before the meridian line. 

In 2018 the two brass decorations have been recognized as half ellipses of the 
Summer solstice's Sun. This year 2021, exactly three centuries after their realization, 
the all three markers have been recognized as belonging to the same “memorial 
addition" to the great meridian line. 


2430 


With this addition, made very reliably by Francesco Bianchini, the royal couple 
Maria Clementyna Sobieska (1701-1735) and James III Stuart (1688-1766), king 
without land, married since 1719 and living in Rome under the protection of the 
pope, has been celebrated by realizing three summer solstice markers. 


Fig. 2. The cenotaph of King James III in St. Peter's Basilica, were he is buried. 


Fig. 3. Maria Klementyna Sobieska: the same image used in her cenotaph, in St. Peter's Basilica, 
in front of James III (painter Martin van Meytens, according to Wikipedia 2021. 
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3. Fitting the three positions with one hyperbola 


The giant pinhole meridian line has been somewhat reproduced in a school environ- 
ment, with the possibility to mark the soil with chalk and to bring many measure- 
ments with the meter, that are impossible in the Basilica. The hyperbolic paths of 
the Sun's shadow on the floor showed clearly the change of curvature from North 
to South at the spring equinox. The same method developed to fit the equation of 
the hyperbola to the shadow's positions of the cusp of a wall on the soccer field 
(Sigismondi, 2021, these Proceedings) has been applied on these three positions, 
marked by the historical ellipses. 

These three ellipses have been considered as ancient observations, marked on 
the floor of the Basilica at their exact position. 

The hyperbolic fits has been realized either with a parabola, either with an 
hyperbola: a millimeter accuracy in the positions of the Sun on the 1721 Summer 
solstice's path has been found in Santa Maria degli Angeli. The equation of the 
hyperbola of the 1721 summer solstice has been recovered with respect to the current 
solstice (2021) at 33.38 centesimal parts on the meridian line (on the body of Cancer 
in fig. 4). The meridian line is the y- axis, the origin is the 33.38 point on it, and 
the x-axis is perpendicular to the meridian line. 


Fig. 4. The equation of the 1721 summer solstice’s path as derived from the three markers. The 
parameters in the equation are expressed in meters. 
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4. Obliquity variation in three centuries 


In 2021 the difference of Earth orbit's obliquity has been evident after 3 centuries, as 
a shift of 15 mm (fig. 5). The brass’ profile is the 1721 one, while the luminous disk 
is the 2021 solar position. The new pinhole installed for the 2018 IGEA? campaign? 
has the same position along the meridian axis of 1702. 


Fig.5. Obliquity meter: differential measure of June 20, 2020 compared with 1721 at the Summer 
solstice. The image of the Sun is formed over the Queen's marker, the second in the sequence. 


?[GEA standing for Informatized Geometric Ephemerides for Astrometry, started on October 27, 
2018 and was named in honor of Igea Contessa (1918 Oct 27-2009 Dec 11) 
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Fig. 6. The marble marker with the inscription. A pencil shows its dimension. 


5. Conclusions: High science in Roman Settecento 


It is natural that the policy of the popes during the life of James III Stuart was 
oriented toward the restauration of the catholic dinasty at the throne, and Francesco 
Bianchini as close friend of Clement XI collaborated to this policy. The title of the 
new work of J. L. Heilbron (to appear in 2022) dedicated to Bianchini seems not 
to depart significantly from his approach in The Sun in the Church of 1999, with 
tranchant sentences on the papal policy of 1700. This paper along with the other 
one concerning the aberration of Sirius and the Equation of time in 1703 complete 
a 20 years’ cycle of measurements and studies on the meridian line of St. Maria 
degli Angeli, inspired by Heilbron's book (1999), but in the direction of showing 
the prestige and the accuracy of roman astronomy, on the cutting edge of celestial 
mechanics of the eigtheenth century, instead of an easy bavardage on the court's 
intrigues as the forthcoming new title suggests. 
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Fig. 7. Location on the map of the Basilica of the three markers. 
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Fig.8. The Sun between the two brass markers, and the boreal line with the ellipses of the Jubilee 
years.'The great meridian line starts on the left of this photo, taken on 4th July 2021 at 13:01. The 
Sun moves left in this photo, from the King's to the Queen's marker. 


Fig. 9. The Sun's image appeared just after the King's marker on July 3rd 2021 at 12:58. It is 
the King's one because it was hit first by the Sun. Nowadays the Sun does not illuminates parts 
of the floor of the Basilica from the pinhole, after the intervents of Luigi Vanvitelli in 1750, which 
obscurated with a decorative arch the pinhole. Roger J. Boscovich cut the arch in correspondence 
of the meridian line, and the above image of the Sun is appearing from this cut. 
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'The Einstein-First project is designed to resolve a conflict between modern science and 
the science taught at school, which is a significant cause of students’ negative attitudes to 
STEM. Our program resolves these contradictions by teaching our best understanding 
of the universe, dubbed Einsteinian Physics, from an early age. We use models and 
group activities in a carefully crafted 8-year learning progression, to give students a basic 
understanding of the language and concepts describing our physical universe, from quarks 
to the big bang. Einstein-First works with teachers to develop courses, lesson plans and 
training workshops. These components all contribute to curriculum trials where student 
learning and attitude outcomes can be assessed. Every trial of curriculum modules or 
short intervention programs has yielded exciting, positive outcomes including surprising 
gender equalising effects and benefits for less academic and disadvantaged students. 
There are multiple classroom trials in place in local partner schools. In this paper we 
present an overview of the Einstein-First program and give examples of the ability of 
students from age 8 to 12 to comprehend modern scientific concepts. 


Keywords: Einsteinian Physics; Science Education 


1. Introduction 


The experimental educational project called Einstein-First is a collaboration of sci- 
entists and educators who are concerned about the current school science curriculum 
which: a) includes misconceptions b) is irrelevant c) does not meet needs of people in 
the modern world. The existing science curriculum completely ignores the modern, 
awesome discoveries of relativistic astrophysics and makes teaching of modern con- 
cepts impossible.! For example, the first direct observation of gravitational waves 
in 2015 and the rapid development of gravitational wave astronomy, have provided 
a new spectrum for understanding the Universe as well as providing evidence to 
support the theory of relativity predicted by Einstein a century ago.? The discovery 
of gravitational waves has inspired new developments in areas such as optomechan- 
ics, the quantum mechanics of gravitational wave detectors, as well as observational 
investigations of black holes, neutron stars and heavy element nucleosynthesis.? 
Also, in the last century, science has given us knowledge of the tiniest things in 
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the universe and vast distances to the edge of the visible universe, and with it, the 
modern technologies on which our lives depend. Recently, in 2021, the Nobel prize 
in physics was awarded for modelling of complex systems related to climate change 
and the discovery of the interplay of disorder and fluctuations in physical systems 
from atomic to planetary scales.^ These are all examples of modern discoveries that 
are not included in the current Australian science curriculum. 

Primary and secondary school science curricula still rely on outdated scientific 
paradigms of traditional Newtonian physics based on classical concepts, research 
methods, postulates, and standards. Thus, the revelations of modern science and 
even the vocabulary of modern physics is denied to early and middle school students. 
'The consequences of this situation may be that students are not able to digest the 
core concepts related to new discoveries during higher level of schooling with the 
subsequent loss of students' interest in the science presented as being irrelevant to 
real life events across the world.? Einsteinian physics, encompassing both general 
relativity and quantum mechanics provides a better understanding of modern real- 
ity and is relevant to students’ everyday life. Unfortunately, general relativity and 
quantum mechanics have typically been reserved for specialist high school physics 
subjects and mainly taught at the tertiary level. For the overwhelming majority of 
students, modern physics may be inaccessible. Year 10 is the last year of compul- 
sory science in Australian schools and can be the last opportunity for the education 
system to foster scientific literacy on our school population. 

One reason for keeping children away from Einsteinian physics is because these 
concepts are considered to be difficult to comprehend at an early age. In 2004 
Kathleen E. Metz stated "Science frameworks have frequently limited the content 
targeted for the early grades to such simple and concrete ideas that they offer 
little explanatory power. Even pre-schoolers seek explanation". Einstein-First has 
demonstrated, through numerous studies and peer reviewed published results that 
Einsteinian physics can be successfully integrated into a curriculum at all levels of 
schooling from Year 3 to Year 10" 1! when taught at the appropriate level. These 
results concur with the statement of the distinguished Harvard and Oxford educator 
Jerome Bruner that: *Any subject can be taught effectively in some intellectually 
honest form to any child at any stage of development”.!? In a spirit of Bruner, 
this project is designed to test the introduction of general relativity and quantum 
mechanics to children in a manner that will be powerful, fun and mind-expanding. 

Another reason for the opposition to the teaching of Einsteinian physics in pri- 
mary and lower secondary school is the false belief that advanced mathematics is a 
prerequisite for understanding modern physics. While advanced mathematics is not 
required, new mathematical skills are important. To allow children to understand 
the scales of the universe from atoms to galaxies, we need to also rethink mathemat- 
ics education. Understanding the main concepts of Einsteinian Physics requires the 
development of students' mathematical concepts in three important ways: a) under- 
standing the vast range of scales of the universe, which necessitates the development 
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of logarithmic thinking!? b) the development of probabilistic thinking,!^ and c) the 
development of vector understanding.!? These skills also have importance for under- 
standing the financial world, global issues such as environmental problems, gambling 
and risks, and skills such as drone navigation. 

Overall, education needs to remain relevant in order to impart knowledge of 
the modern world to the new generation. Furthermore, physics practitioners, who 
are at the forefront of modern investigations and discoveries, should be part of 
the educational partnership to ensure that contemporary scientific trends find their 
way into the school curriculum at every level. For that reason, “Sharing our best 
understanding of reality with kids" is the driving motivation of the Einstein -First 
project. 

Our vision is that every student, by Year 10, the last compulsory year of science 
in Australia, will have knowledge of our best understanding of the nature of space, 
time and gravity, the quantum world of atoms and photons, and the universe from 
quarks to the big bang. We want to give students the language of science so that no 
one need suffer from science illiteracy. We want students to know the epic stories 
of the struggle to understand the universe, which we teach through plays, songs 
and games. We want two common phrases to become obsolete: “I can’t understand 
science" and *You must be a genius to understand that stuff". 

In 2019 the Australian Research Council funded a five-year project to develop 
an integrated Einsteinian Physics-focused curriculum across primary and secondary 
schools. An early outcome has been the book Teaching Einsteinian Physics in 
Schools, published in August of 2021.16 To produce this book, we had to find 
out if young children could understand Einsteinian concepts. To do this we devel- 
oped activities that would make Einsteinian concepts intuitively understandable. 
'Then we conducted trials and gathered evidence, which showed that young children 
comprehended and enjoyed learning Einsteinian concepts.!/ The successes of the 
Einstein-First program has been demonstrated also through studies on; long-term 
impact,!? gender benefits,!® advantages for underachieving students"? and positive 
teacher response.?? Particularly with further trials we made three specific exciting 
discoveries: 


(1) the less-academic students developed knowledge and understanding on a par 
with the more-academic students” °, 

(2) students’ attitudes to science improved strongly!" and 

(3) girls entered programs with less knowledge than boys but on completion had 
performance on a par with boys when learning more difficult concepts.!? 


'The goal of Einstein-First is to modernize school science so that all students by 
Year 10, should have a basic understanding of the science behind modern technology, 
and the universe, from its tiniest components like atoms to vast structures like our 
Milky Way galaxy. 
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2. Einstein—First Overview 
2.1. Einsteinian physics 


In the early 1900’s, discoveries by Albert Einstein and others revolutionised our un- 
derstanding of physical reality. Evidence of the existence of photons led to quantum 
theory, and evidence that space is curved confirmed Einstein’s general theory of rela- 
tivity. Today, the theories we term Einsteinian Physics have been tested to exquisite 
precision, with the crowning glory being the recent detections of gravitational waves 
from colliding black holes and neutron stars, the 2017 Nobel Prize announcement 
and the three million dollar Breakthrough Prize shared by the gravitational waves 
discovery team, including four members of this project. The Einsteinian conceptions 
of space, time, gravity, light, energy and matter represent our deepest understand- 
ing of the Universe. Einsteinian Physics unleashed the technological revolution that 
underpins modern civilisation, forming the basis for computers, mobile phones, GPS 
and more. Gravitational wave detectors themselves harness concepts of space as a 
rippling, stretchable fabric, as well as the quantum properties of light and quantum 
uncertainty, which underpins their exquisite measurement technology. 

The Einstein-First project aims to introduce Einsteinian Physics starting with 
Year 3. For this age, we focus on Einsteinian concepts of understanding the atomic 
nature of matter (Brownian motion), Einstein's proof that light comes as photons, 
photons have momentum and that heat in solids fluctuates as phonons (1917). 


2.2. Educational contradictions 


Einstein and his collaborators revolutionized our understanding of space, time, light, 
matter and gravity. Einsteinian Physics, developed about 100 years ago, has extraor- 
dinary explanatory power, and has enabled the development of technologies that 
revolutionised our lives such as mobile phones, cameras, solar panels, and medical 
imaging. Despite the power and importance of Einsteinian physics, children from 
Primary to Year 10 are taught 19^ century physics concepts in school, sometimes 
implicitly and sometimes explicitly. Hence the modern understanding of physical re- 
ality is withheld from the majority of students. The few students who do specialise 
in physics in Year 11 and Year 12 have to learn a new paradigm. This situation is 
grossly inefficient and leads to the general view that science is a domain for experts 
alone. 


2.3. Children’s awareness 


Children pick up bits of modern science from media, the internet, and children’s 
books but at school almost all of this relevant, modern and exciting science is 
withheld. From an early age most have heard of time warps, black holes and E = 
mc’, but school learning contradicts all this. They currently teach that time is 
absolute, geometry is Euclidean, and mass does not change with energy. Children 
are aware that most of their school science is “old stuff” because there is more 
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modern science on The Simpsons than there is in the classroom. Hence students see 
school science as being boring and irrelevant. 

Many teachers and schools do wonderful things with robots, coding and more, to 
enhance STEM education but usually within the outdated curriculum. We realized 
that we needed to address the fundamentals and start at primary school when 
students are best able to assimilate the new language of Einsteinian physics. 


2.4. How the contradictions in science education arose 


New theories that change our way of thinking are always hard to get used to. When 
the new physics was discovered, people claimed that the new theories were much 
too complex for ordinary people to understand. Physicists did little to dispel these 
views and curriculum designers accepted them. This combined with early views 
of education theorists (now dispelled by recent research?^??) that children cannot 
learn abstract concepts. In the 1930s atoms, photons, electrons and curved space 
were all newly discovered concepts that were inferred but not directly observed. 

However, in the modern era all the things that were conceptual have changed 
their status: they are now observed, imaged and part of observational reality, and 
a few clicks away on the internet. Because physical science underpins everything 
from biology to plate tectonics, the lack of conceptual foundations means that the 
key motivational content of science — the ongoing stream of scientific discoveries — 
is not taught and hence students adopt a negative attitudes towards existing sci- 
ence curricula. Also, the few students who specialise must suffer an abrupt shift in 
paradigm from Newtonian to Einsteinian physics that makes their learning more 
difficult. 


2.5. International partnerships 


'There is widespread concern that school curricula do not meet the needs of modern 
children. The development of the Einsteinian Physics curriculum started with a col- 
laboration of Australian and multinational teams. Currently, there is a lot evidence 
from different groups around the world, including our partner researchers, that mid- 
dle school and even primary school children can understand concepts of mass and 
gravity,” theory of relativity,?^ theory of atoms??? and the connection between 
wavelength and momentum.?/ However there is no evidence in the literature that 
any school jurisdictions in the world are embracing the need for modernising the cur- 
riculum. This modernization includes both the physics concepts and the associated 
mathematical concepts needed to understand the Universe. 


2.6. A contradiction-free curriculum 


We are working to overcome the deep-seated conflict between children's learning in 
schools and the current science that underpins all modern technology. During the 
years of rapid childhood learning when minds are most fluid, children are learning 
obsolete 19t” century concepts that contradict modern science. Awesome discoveries 
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are withheld because both the concepts and language are inaccessible to young 
learners. Here are some examples: 


(1) In Year 3 students learn about heat without reference to atoms because atoms 
are considered too conceptual, and not to be taught until children are 12-14 
years old. 

(2) Children are taught that mass is always conserved in chemical reactions de- 
spite the fact that recent conceptually simple experiments are able to measure 
the mass loss of an atom when it emits a photon, a consequence of Einstein’s 
E — mc. 

(3) Students learn implicitly that time is absolute even though our GPS navigators 
must correct for the time warp between Earth and the satellites! orbits. 


The modernization of the school curriculum requires the integration of new 
knowledge with innovative approaches. To identify a new learning methods and 


activities, the Einstein-First project encompasses two key ideas: a) ^never underes- 
» 28 


, 


timate the child's abilities to absorb new information and cope with new ideas 
and b) the central concept of the theory of constructivism in education that is “com- 
plex ideas can be taught at a simplified level first, then re-visited at more complex 
levels later on".!? 


Our learning framework is divided into the three stages. 


1. Primary School: Opening minds to Einsteinian concepts and creating expecta- 
tions. We use qualitative and experiential activity-based learning to emphasise the 
language of Einsteinian Physics. 

2. Middle School: Basic understanding of Einsteinian concepts, using semi- 
quantitative activity-based learning, including the use of graphs and simple cal- 
culations. 

3. High School: Developing a quantitative understanding of Einsteinian concepts, 
as well as a quantitative understanding, that includes calculations. 


Einstein-First is creating a seamless learning progression that begins in early 
primary school and is designed to ensure that every student develops an intuitive 
understanding of physical reality. Currently, Einstein-First is developing curricula 
for every school level from Year 3 to Year 10 as well as introducing the language of 
modern science in Year 2. The modules of curriculum are presented below: 


Year 3 | Atom frenzy and Hot stuff 

Year 4 | May the forces be with you 

Year 5 | Fantastic photons and Our place in the universe 

Year 6 | Electric world 

Year 7 | Warp spacetime: Gravity from the Earth to black holes 
Year 8 | From mc? to renewable energy 

Year 9 Quantum world: quarks to photons 

Year 10 | Climate change to cosmology 
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2.7. How have we made Einsteinian physics accessible? Models, 
toys, analogies and drama 


Einsteinian physics is imagined by most primary and secondary school teachers to 
be impossibly difficult. This is because those who learnt the 19t” century paradigm 
cannot envisage ideas like space having a shape, and matter having properties of 
both waves and particles. Children, however, accept Einstenian concepts with ease 
when taught with appropriate models and activities. 

In order to make modern physics understandable we use multiple, interactive 
methods that are discussed in detail here. 


2.7.1. Activities and toys 


Most of the universe is beyond the reach of our normal senses it is either, too big, too 
small or invisible. We need to find creative analogies and models so that concepts 
and ideas can become tangible. We understand and remember things not just with 
abstract thought, but with our bodies, by doing things. Furthermore, for all children 
toys are critical means of learning. 

Our diversity of toys and models are simple, robust, and inexpensive. They allow 
students to learn complex concepts intuitively, mainly through group activities. For 
example, students roll steel balls around a central mass on a stretched lycra sheet 
(often called a space-time simulator). The 2D lycra sheet is our toy space-time. The 
balls orbit the central mass due to the curvature of the membrane caused by the 
central mass. These orbits resemble the orbit of planets around stars. The greater 
the central mass, the greater the curvature of space-time and the stronger the force 
of gravitation exerted on the orbiting bodies. 


2.7.2. Crossing boundaries, playing Einstein 


'The discovery of Einsteinian physics was the culmination of centuries of enquiry 
by scientists all over the world. There were intellectual battles between scientists, 
notably between holists and atomists in the 19th century. The holists who believed 
that matter was smooth and continuous forever, lost the battle when conclusive 
evidence was found for electrons (1897), photons (1905) and atoms (1911). Bringing 
these human stories to life helps students understand the progress and process of 
science and shows science as an epic human endeavour. In our reading plays, often 
performed in drama lessons, inquisitive students mix with scientists from across the 
ages, enacting the process of discoveries. Characters such as Einstein, sing songs and 
recite aphorisms that help cement the Einsteinian vocabulary with fun and humor. 


2.7.3. Mathematics for the modern world 


'To allow children to understand the scales of the universe from atoms and galaxies, 
we need to rethink mathematics education. Modern science understanding depends 
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on fundamental mathematical areas that go beyond primary school arithmetic. 
Einstein-First has introduced early activity-based learning in three crucial areas: 
huge and tiny (powers of ten), maths of arrows (graphical vectors), and maths of 
chance. In our use of mathematics we are creating seamless learning progressions 
that begins in early primary school, designed to ensure that everyone develops 
an intuitive understanding of concepts crucial for understanding, for example, the 
size of the whole observable universe, the electromagnetic spectrum and the quan- 
tum world. T'his mathematics also has social importance for understanding money, 
weather, risks and gambling. Starting at the youngest ages, we teach these topics 
with fun activities designed to open children's minds to ideas that mathematics is 
more than numbers, maths is easy, and maths is fun. 


3. Methods of Einstein-First 


In this section we present examples of four activities of Einstein-First methods to 
deliver concepts of modern science and associated mathematics concepts of proba- 
bility, big and small numbers, and vectors. 


3.1. Early learning of powers of 2 and powers of ten by cutting up 
tape measure 


Exponential notation is essential to our ability to comprehend the scale of the Uni- 
verse from the tiniest component to the Hubble volume. To introduce exponential 
notations we use a paper cutting activity. Students cut a one meter paper tape mea- 
sure into repeated halves. Then they cut another one meter paper tape measure into 
tenth to learnt that ten powers of two are approximately three powers of ten. Then 
this exercise is mentally extrapolated to find how many times this process needs to 
be continued to reach the size of the atom. 


3.2. The entire Universe in a single book 


'To introduce big and small numbers and the scale of the Universe we have developed 
a novel long-term activity consisting of the creation of a 130 page book called Powers 
of the Universe. All numbers describing the known Universe can be placed in this 
book. Each page is a power of ten. Line position on each page is designated for 
various quantities, all expressed in SI units. For example there are line bands for 
distances, masses, energy etc. Students use all possible methods (e.g., using Google) 
to discover numbers at all scales. For example, they start the book at the page 
labelled -37, while they indicate, that 10737 is the rest mass of the neutrino. Page 
4-90 shows the total number of photons in the Universe and page 4-2 is the mass of 
a human. 

Through this activity, students investigate the scale of our universe and expand 
their knowledge and their ability to envisage big and small numbers. 
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3.3. Children pushing a car to discover vector addition 


In order to introduce the concept of vectors at early age we use activity in which 
students push their teacher's car. Students in the class altogether push a car on a flat 
car park under the supervision of a class teacher. Teachers use creative questioning 
to encourage all students to contribute answers about what happened and why it 
happened. In this way, students represent the pushing forces by vectors and learn 
rules of head to tail adding vectors. Then we introduce the concept of the resultant. 
To reinforce the learning, students use magnetic arrows on magnetic boards to 
investigate the sum of the vectors from where they find out that the resultant is 
not dependent on an order of adding arrows. 


3.4. A boy and his atom. Feeling hidden atoms pattern 


The world's smallest movie A boy and his atom is used to introduce atoms and 
molecules, and how we are able to see and move them. Students watch a short video 
from IMB?? and discuss how the Atomic Force Microscopy works. Students work 
in pairs. One student makes the image using playdough and toy atoms in a form of 
marbles and covers it with a piece of cloth. Then the other student determines the 
hidden pattern by feeling in the same way that an atomic force microscope "feel" 
when it scans a surface. Finally, the student draws a picture of the pattern. 

All of these activities mentioned above along with others were included in recent 
short programs for students from Year 3 to 8. 


4. Four Recent Programs 


'The Einstein-First project has held short programs in schools over the previous six 
months to teach students about atoms and molecules, heat, forces, light and grav- 
ity. Group activities, hands-on learning and team competitions were all parts of the 
programs. Students’ attitudes and knowledge were assessed using pre- and post- 
questionnaires that students completed on the first and last day of the programs. 
Assessments of the attitudes and knowledge were administrated for 15 minutes be- 
fore and after the programs. Every lesson was delivered using the following method: 


a) The first 15 minutes were used to review what they had learnt in the previous 
lesson and to introduce the idea they would be learning that day; 

b) The main part of the lesson was dedicated to the associated activity and con- 
cepts; and 

c) The final 15 minutes were set out for discussion or completion of the worksheets. 


4.1. Discovering black holes 


'This four-week, eight-hour program was designed for motivated Year 7 and Year 8 
students from various schools. This program had a total of 20 students, including a 
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6-year-old gifted student). The program was presented by current PhD students in- 
volved in the Einstein-First project. Each two hour session consisted of Einsteinian 
physics concepts as well as the mathematics that accompanied them. By doing activ- 
ities on a space-time simulator (see section 2.7.1), students visualized the concept of 
gravity, black holes, and deflection of light. Students summarised their learning with 
the following phrase “Space-time tells matter how to move; matter tells space-time 
how to curve.” 

All of the above activities, as well as others in the program, require the devel- 
opment of mathematical skills to comprehend both big and small numbers. Under- 
standing big and small numbers aids in comprehending the nature of supermassive 
black holes and how little displacements in the interferometer arms are essential to 
detect gravitational waves. For example the activity described in Section 3.1 was 
used for understanding powers of ten for these numbers. 


4.2. How big is an atom? How small is a light year? 


Twenty six Year 5 and 6 students participated in a four-session program on big 
and small numbers. The lessons were delivered by a mathematics teacher in the 
presence of the PhD student who developed the program. Each session lasted 1 
hour, teaching mainly mathematics associated with Einsteinian physics. The main 
goal of the program was to teach students about the scale of the universe and 
how to use powers of ten to understand big and small numbers as described in 
Sections 3.1 and 3.2. Students also took part in a reading play called “Ten times 
Alice” in which the main character eats magic cookies or a magic liquid to grow ten 
times smaller or bigger than her companions. This play was created for students to 
practice proportional reasoning and multiplication by 10. 


4.3. Vectors and forces 


This short program was aimed at Year 4 students. The main goal of the program 
was to give an understanding of how vectors are used in physics and addition of 
vectors. There were 2.5 sessions that were presented to 27 students. The program 
was presented by the leader of the Einstein-First project with assistance of a current 
PhD student. Each session lasted 90 minutes and encompassed concepts of forces 
and geometry associated with them. We used the activity presented in Section 3.3 to 
practice vector addition and the concept of a resultant. After, children applied the 
ideas of vectors pulling wooden blocks with rubber bands in different direction to 
find the final movement (Fig. 1). The program also included activities with balance, 
for example, balancing a big wooden ruler horizontally on one finger to understand 
conception of the resultant. 


4.4, Atom frenzy 


Twenty-four Year 3 students participated in the 12-session atoms and molecules pro- 
gram delivered by the project’s senior member and Phd student. Each session was 
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Fig. l. Each coloured loop above represents a rubber band being pulled by an external force. 
Students are tasked with finding the resultant of four forces applied to wooden block with rubber 
bands as detailed in Section 4.3. 


90 minutes and delivered through engaging, hands-on activities. We used various 
methods of understanding of atoms from children acting as atoms to boxes of balls 
that represent atoms, states of matter and heat. Students learnt three molecules 
H30, CO2, O2, N2, using tennis and ping-pong balls with magnets inside repre- 
senting toy atoms. 


5. Results and Discussion 


'The section presents some outcomes of the programs described in Section 4. 


5.1. Results from the programs “Discovering Black Holes” and 
“How big is an atom? How small is a light year?” 


Students’ understanding of the exponential function, writing numbers in scientific 
notations, and calculations significantly improved. Fig. 2 presents the results from 
the programs described in the sections 4.1 and 4.2. We evaluated students’ choice 
to write big numbers such as a) one hundred b) one million c) one trillion and d) 
one billion before and after interventions. We discovered that just 26% of students 
chose powers of ten to write the numbers before the program. However, after the 
program, all students were able to write the numbers in powers of ten accurately. 
According to the research findings from program 4.2, 73% of participants chose to 
write numbers in powers of ten, compared to only 12 percent at the start. 

Overall, we found that primary school students were capable of using powers of 
ten in reasoning about big numbers. 


5.2. Results from the programs “Forces and vectors” 


Results from the program 4.3 is shown in Fig. 3. A question was asked about force 
vectors and resultant to evaluate what they had learnt from the car-pushing activ- 
ity (3.3). More than 80% of students accurately added vectors after the program. 
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Using powers often in writting numbers 
10096 


90% mPrepost mPos-test 


73% 


30% 26% 


Fig. 2. The percentage of students using powers of ten in writing numbers before and after 
programs 1) 4.1 and 2) 4.2. 
Q: Using powers of ten (or otherwise) write the numbers below: a)one hundred b) one million b) 
one billion c) one trillion. 


Addition of vectors 


81% m Correctanswer — & Detailed answer 
6396 


80% 
70% 
60% 
30% 33% 
30% 
20% 
10% 
0% 
Q3 Q6 


Fig.3. The percentage of students, giving correct answers on the questions about arrows addition 
after program Vectors and Forces. 

Q3: Eight children pushed the teacher's car, but seven children pushed in the opposite directions. 
Draw the resultant arrow? What was the total Force? 

(Orange light indicates that one answer is correct. Yellow indicates that both answers are correct 
and detailed picture is provided.) 

Q6: Four kids pull the wooden block in different direction using four rubber bands (the picture was 
provided) In what direction will the block move? Draw an arrow for the direction. 


Percentage of students 
un 
o 
x 


However, only 33% of students were able to determine the resultant of two opposing 
forces. 

Q6 is an extension of Q3, indicating that 63% of students can add four arbitrary 
vectors to determine a resultant applied to wooden block with rubber bands (Fig. 1) 
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and its final movement. The graph shows that the vast majority of student can grasp 
the notion of vectors and add them together. 


5.3. Results from the programs “Atom Frenzy” 


The results from the program 4.4 are shown in Fig. 4. Despite the fact that the 
Australian curriculum stipulated that atoms should not be introduced until the age 
of 14, 40% of students had a basic understanding of atoms prior to the program. 
Figure 3 indicates that 83% of students were able to answer what is an atom? after 
the program, compared to only 40% of students before the program. In addition, 
75% of students expanded their answers by referencing atom structure, naming 
subatomic particles, or thinking them to be a part of molecules. Also 87.5% of 
students correctly identified atom number six as a carbon atom, drew its structure, 
and presented it as a component of carbon dioxide. 


Atom Frenzy 


100.0% 


E Pre-test W Post-test 
87.5% 
90.096 83.396 


80.096 75.096 
70.096 
60.096 
50.0% 
40.0% 

40.0% 
30.0% 
20.0% 
10.0% 

0.0% 

Ql Q2 Q3 


Fig. 4. The percentage of students, giving corrected answers on the questions about atoms before 
and after program Atom Frenzy? 

Q1: Describe what you think an atom is. 

Q2: Write down three things you know about atoms and the things they are made of. 

Q3: Draw a picture of atom number 6. 


Percentage of students 


Overall, outcomes of programs show that, the students demonstrated a consider- 
able gain in their grasp of atoms, vectors, and the use of powers of ten as a technique 
of manipulating big and small numbers. 


6. Conclusion 


We have emphasized the vital necessity to rethink the science curriculum and math- 
ematics associated with it. It has become obvious to introduce ideas that students 
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find interesting and engaging especially because of the widespread decline of stu- 
dents’ attitude to science. Einstein-First is an innovative experimental education 
project rethinking the physical science curriculum by developing an innovative ap- 
proach for introducing Einsteinian Physics in school starting at an early age. We 
have given the general principle of our approach and examples of methods used to 
make the physics accessible to teachers and students alike. We have presented some 
results from recent short interventions, that have shown that students aged 11 to 
14 years have shown competency with power of ten notation. Secondly, we have 
demonstrated that students aged 10 obtain high scores in understanding the con- 
cept of vectors, including vectors addition. Within the larger Einstein-First project, 
learning progressions of curricula have been created, starting with Year 3 and going 
up to Year 10. Einstein-First also considers Year 2 to be the pre-learning stage for 
modern physics vocabulary. Models and analogies, drama plays, and mathemati- 
cal support modules are suggested to make concepts of modern physics digestible 
and fun to learn. It has been demonstrated that even short interventions can bring 
high outcomes in learning Einsteinian physics in both primary and early-secondary 
schools. 
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Based on our recent results we present the complete class of vacuum solutions in the 
Einstein-Gauss-Bonnet gravity which admit non-expanding, shear-free and twist-free 
null geodesic congruence and thus form the Kundt family of geometries. We explicitly 
derive the field equations and classify their solutions into three distinct subfamilies. 
Algebraic structure of the Weyl tensor is determined and using the corresponding scalars 
entering the invariant form of geodesic deviation equation we discuss the specific local 
physical properties of the gravitational field constrained by the EGB theory. Moreover, 
we analyze interesting subclasses of such vacuum solutions, namely all geometries with 
constant-curvature transverse space, and the class of pp-waves admitting a covariantly 
constant null vector field. 


Keywords: Einstein-Gauss Bonnet theory; Kundt spacetimes; exact solutions; pp-waves. 


1. Introduction 


The Einstein-Gauss-Bonnet (EGB) theory represents the first and simultaneously 
the simplest non-trivial contribution of the Lovelock gravities! extending the classic 
Einstein—Hilbert action into higher dimensions D > 5 and keeping the second order 
field equations. This theory also arises in various scenarios, e.g., as the heterotic 
string theory limit for low energies.?:? 

In particular, the EGB vacuum action in D-dimensions reads 


S= fI (249) +7 Len] eg (1) 
with the Gauss-Bonnet term defined as 
Lop = Redep RF — 4 Rea RE + RP. (2) 


Here R stands for the Ricci scalar, Redes and Req are Riemann and Ricci tensors, 
respectively, Ag, k and y are theory constants. Obviously, for y = 0 the standard 
Einstein—Hilbert action of the general relativity is restored. The least action prin- 
ciple, i.e., variation 6.5 = 0, leads to the field equations in the form 


Rab 5 R gap + Ao gab + 2k Hay = 0 where k=ky, (3) 


and 
Hap = R Ray — 2Racha RU + Racde Ry“ — 2Rac Re? — F Gav Lon. (4) 


The aim of this proceeding contribution is to briefly summarize main results of 
Ref. 4, where we explicitly derived and analyzed the second order field equations (3) 
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in the case of so-called Kundt geometries," see e.g. Ref. 7 for detail list of refer- 
ences, and compared properties of obtained EGB solutions with those extensively 
studied within general relativity.5 1+ 

The Kundt geometries are defined via geometric assumption on existence of a 
specific affinely parametrized null geodesic congruence. In general, transverse defor- 
mations of such null congruence, generated by null vector field k, are described by 
the optical scalars which characterize its twist, shear, and expansion, namely 


AP Tk, cm dua pk O= plus. © 


'Then, the Kundt spacetimes are those which admit the congruence with all above 
optical scalars vanishing, i.e., we deal with the non-twisting, shear-free, and non- 
expanding geometries. Simultaneously, presence of the non-twisting vector field k 
implies existence of the spacetime null foliation? with k being normal (tangent). In 
such a case, it is straightforward to introduce adapted set of coordinates {r, u, £? } 
in D dimensions, where u = const labels null hypersurfaces generated by k, r is 
an affine parameter along the non-twisting null congruence, i.e., k = O,, and the 
(D — 2)-dimensional transverse subspace with u = const and r = const is covered 
by spatial coordinates x? with p= 2,..., D — 1. Using these adapted coordinates 
the general non-twisting line element can be written as 


ds? = gpq(r, U, x) da? da? + 29,5 (r, u, x) dz" du — 2dudr + guu(r,u,x)du?, (6) 


where gp, represents metric of the transverse space. Moreover, the shear-free con- 
dition implies 


pg = P(T, U, £) Opq(u, x) with p exp (f et u, x) dr) ; (7) 


Finally, the non-expanding condition leads to the r-independent transverse space 
metric, ie., gpa = gpg(u, x). The most general Kundt line element can thus be ex- 
pressed as 


ds? = gj, (u, x) dz? dz? + 2g, (r, u, £) dz” du — 2dudr + g,, (r, u, £) du? . (8) 


Moreover, in our contribution we assume simplification corresponding to Jup = 9, 
i.e., our metric ansatz takes the form 


ds? = gy, (u, x) dx? dz* — 2dudr + guu(r, u, £) du? , (9) 


where the metric functions gpg and gy, have to be specified by the field equations (3). 

Finally, let us briefly mention the most important members of the Kundt family 
of spacetimes studied within Einstein's general relativity. Definitely, the prominent 
role is played by spacetimes admitting a covariantly constant null vector field, which 
can be associated with k, leading to all optical scalars vanishing. These pp-wave 


spacetimes were introduced by Brinkmann!” 


in the context of conformal mapping. 
On the level of Kundt line element (8) this corresponds to all metric functions being 


r-independent. The spacetimes providing vanishing scalar curvature invariants of all 
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orders (VSI spacetimes)!? also belong to the Kundt class and their metric functions 
have to be of the form 


pq = pq; Jup = €p(u, z)^-r fo(u, £), Guu = a(u, zx) r?--b(u, x) r--c(u, x). (10) 
Moreover, the Kundt geometries include also various direct product spacetimes 
such as Bertotti—Robinson, Nariai, and Plebanski—Hacyan backgrounds, see e.g. 


Chap. 7 in Ref. 9, or toy models for null particles with internal spin called gyratons 
independently discovered by Bonnor! and Frolov.!? 


2. EGB field equations in the Kundt case 


Let us analyze the specific constraints on the Kundt geometry (9) implied by the 
EGB field equations (3). These can be rewritten in alternative form 


2Ao 
ab = ——> ab — 2k Hay — 
Rav D 592 ( b 


Jab 
D-2 


n) with H=g H,. (11) 


Calculating all the curvature tensors we find that the rr and rp components of (11) 
are identically satisfied and the only conditions we have to discuss are 


A 
Rru == 255 — 2k (Hru + pH), Rup =—2k Hup, 


Rog =35 Ipq — 2k Um s fH) , Ruu =55 Juu — 2k (Hia - $55 ) : 


In particular, we obtain: 


e ru-component connects the transverse space geometry described by the 
metric g5g(u, x) with the theory constants Ag and k, namely 


SR — 2A; + k (R2, — A9R2,, + OR?) — 0, (12) 


klmn 
where the superscript ? denotes quantities calculated using the (D — 2)- 
dimensional metric g,,. Moreover, in the general relativity limit correspond- 
ing to k — 0 the transverse space Ricci scalar ?R has to be a constant, i.e., 
5R =. 2o. 
e pqg-component generically provides relation between the transverse space 
geometry and the r-dependence of the metric function guu via relation 
Qpa Juu,rr T m 
+ 2k( OR PR — 2 Reman Rn 
+4 SRpkim SR pm —29 SRpm SRo) = 0, (13) 
where Qpq is a fundamental quantity important for the further discussion 
defined as 
SA S S 
Qpa = —5 Ipa +K (2 Rog — R Ipa) : (14) 
To obtain a particular constraint we evaluate the trace of (13), namely 


-Q Juu,rr = 4No m 5R (15) 
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with 


Q = 9?" Qpa = — [} (D — 2) + k(D — 4)?R]. (16) 


Obviously, the further discussion has to be split into three distinct cases, 
namely Q 40, and Q = 0 with Qpq 4 0, or Qpa = 0. In Einstein’s theory 
we have Q Z 0 and the condition (15) can be simply integrated to obtain 
the specific r-dependence of guu- 

e up-component represents constraint on the spatial dependence of the metric 
function guu combined with the admitted u-dependence of the transverse 
space metric gpg, 


Qpn g^ (Juu,rm — 2g" gute ui]) 

+ 2k( —2 Bp on + PESE y necu = 0, (17) 

where the symbol |, denotes covariant derivative on the transverse space. 
e wu-component restricts the possible amplitudes of Kundt gravitational 
waves typically encoded in the second covariant derivative gy,))pq- The con- 

dition becomes 
qe (Suullpg + gpq,uu — a guu,r Üpq,u — 1g" gkp.u Gist) 

+ 2k (g™°g" 7 2 g^! g°*) ght 9k[p,u||] So[q,u|| s] = 0. (18) 
'The above equations represent a complete set of the constraints on the Kundt 
spacetime geometry implied by the EGB theory which have to be satisfied. In the 


following subsections we will discuss three particular cases defined with respect to 
the values of quantities Q, and Qpq, respectively. 


2.1. Case Q #0 — generic case 


In this non-degenerate case the pq-equation determines r-dependence of guu to be 
polynomial. Subsequently, the remaining equations are decoupled with respect to 
power in r. In particular, 


e pq-equation trace (15) can be integrated to obtain 
guu(r, u,v) = b(u, x) r? + c(u, z) r - d(u, £), (19) 
where 
4No — SR 
(D —2) -2k(D —4)5R' 
With guy in hand the pq-equation restrict the transverse space geometry, 
[(D — 2) + 4k(D — 4) (1 + k ^R) PR + 16kAo] Rpa 
— (1+ 2k?R) (4Ao — ?R)gy, 
2k|(D — 2) + 2k(D — 4) SR] (2?n,,,,,,, SR”? — 9n, 5n," 
+2°Rpm PR”) =0. (21) 


b= (20) 
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In general relativity (k = 0) this condition implies that the transverse space 
has to be the Einstein space, i.e., 
2No 
D2 94° 
e up-component has a non-trivial part which determines the spatial depen- 
dence of c(u, x) in (19) and couples it to the u-dependence of the spatial 
metric gm, 


UT - (22) 


Qon p (cm EX 2g" Ikrima) 
+ 2k (-2?n" 5 + ORY”) gus ug = 0. (23) 
Basically, in general relativity this equation plays very similar role. 


e uu-component gives two independent conditions implied by its parts linear 
in r, and r-independent, respectively, 


Q"* (Cilpa — b 9pq.u) — 0, (24) 
Q"* (duy, — $ C gpa.u + Gpauu — 39" Gkp,u Sig.) 
+ 2k Gg? —2 ge geo a aha] Jo[q,u||s] = 0. (25) 


These constraints can be understood as restrictions on the spatial depen- 
dence of guu. In particular, it gives a possible amplitudes dj, of the Kundt 
gravitational waves. 


2.2. Case Q = 0 with Qpa £ 0 


In principal, there may occur a peculiar situation in which Q,, 7 0 and simultane- 
ously Q — 0. In such a case the condition Q — 0 implies a strict constraint on the 
transverse-space scalar curvature, namely 


(26) 


which is a non-vanishing and constant. This case is clearly not allowed in the Ein- 
stein theory. Moreover, the trace of pq-equation gives 


SR = AA. (27) 


These two conditions combined together represent an interesting coupling of all 
theory parameters in the form 


8(D — 4)kAg = —(D — 2). (28) 


We can thus conclude that for any Gauss-Bonnet parameter y = k/& there is a 
unique value of Ag. Simultaneously, parameters k and Ag must have opposite signs 
and none of them can be vanishing. Finally, since Q,4 4 0, the pg-equation has to be 
satisfied for every pair p and q which again implies at most quadratic r-dependence 
of guu and thus all remaining equations are similar to those of the previous case. 
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2.3. Case Qpa = 0 implying Q = 0 

As in the previous case Q — 0 implies relation between the theory constants, 
8(D—4)kAo = —(D—2) and *R=4Ao. (29) 

However, the condition Qpa = 0 strongly constraints the transverse-space geometry, 


1 1 
S S 2 S 
Rp4 = Ak pq + 9 Rgp, ie “Rpg = 


4o NN 1 
D-2979"^-— 3k(D-4)?" 


(30) 


In this degenerate case the (D — 2)-dimensional transverse space has to be the Ein- 
stein space. Interestingly, this subclass of EGB vacuum solutions does not allowed 
a straightforward limit to the Einstein theory. The constraints implied by the field 
equations become: 


e pq-equation restricts the transverse-space Riemann tensor as 
S Sp kl -2 - 1 S 
Rprim "Rg" = 2[2k(D —4)| gs = “kDa Mea (31) 
and the ru-equation becomes identically satisfied. 
e up-equation significantly simplifies to the form 


(— $55 67 gh + 58,""') guo uj = 0. (32) 


e uu-component constraints only the transverse metric gp, and its u- 
dependence as 
(g^^g* — 2g" g?*) 9P? gut» ulti Jolavulls] = 9- (33) 


Interestingly, the metric component g,,(r,u,x) remains arbitrary function of all 
spacetime variables. Moreover, for the spatial metric gp, being u-independent the 
equations (32) and (33) are identically satisfied. 


3. Analysis of the solution 


In this section we summarize two methods employed in analysis of the general 
solution derived above. In particular, we discuss the structure of the Weyl tensor 
and describe relative motion of free test particles, respectively. 


3.1. Algebraic structure 


The higher-dimensional algebraic classification can be formulated in terms of the 
boost-weight irreducible components of any tensor with respect to a suitable null 
frame.” 16 Such a frame in the case of Kundt geometries (9) takes the form 


k=0,, l= $ QuuOr + Ou, Mi = m? O's (34) 
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The Weyl tensor components sorted by their boost weights with respect to the 
generic null frame {k, l, m;} are 


b d 
Voi; = Cabed ke Mm; ke Tm ; 


Vis Corea k* m? mj mi, Vis = Caved kt k* m2, 

V»ijki = Cabed me m? m; m ; Vos = Cabed Ke (ia 1° kd ; (35) 
Wois = Cabed k? 1° m; més ; Vor = Cabed ke m? is mi y 

Vs = Cabed [^ m? ms mi 5 Vni = abcd I2 k? 1° mz 5 


a, bjc,d 
V gis = Cabed l mil m; . 


Moreover, their irreducible components identifying specific algebraic subtypes are 
defined! as 


T 2 

Viu I Wiyiik = pa Sify Vira , 
T, 1 
Worcs = Voran — p-39i Yas , 


Dain = Vom — p^ (Oi Voroo + dj Vareo — duVerun — dj¢V2rcn) — (36) 


T 2 
Wijk x Wijk iag D3 Sify Varr . 


The above quantities evaluated for the Kundt geometry (9) without employing 
any particular theory constraints imply: 


e with respect to the natural null frame (34) the +2 and +1 boost-weight 
components V, and V, vanish identically and the analyzed spacetimes are 
at least of algebraic type II with k = 0, being a double degenerate Weyl 
aligned null direction (WAND), 

e since Voi; = 0, the geometry (9) is of the algebraic subtype II(d). 


Moreover, the specific EGB theory restrictions derived in the previous section 
enter the discussion and may affect the Weyl tensor structure. We observe: 


e in the generic case Q Æ 0 the type II(d) remains in general unchanged, 
e the case Q = 0 with Qpa 4 0 specializes to II(ad) = Vos = 0, i.e., 
SR 4No 1 


m =D 3) - (D-2 (D-3) 2k(D-3( D-4’ (37) 


e in the class Qpa = 0 both the highest and the lowest non-trivial boost 
weights Yə and V4 contain arbitrary metric function guu and are thus in 
general non-vanishing. However, since the transverse space has to be the 
Einstein space we get Vr; = 0 which leads to the subtype II(bd). 


Analogous discussion can be performed also for the Ricci tensor, see Ref. 4. 
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3.2. Geodesic deviation 


'To observe a physical nature of a given solution its useful to study relative motion of 
free test particles encoded in the geodesic deviation.!" This is described the Jacobi 
equation 


DEC EE = I bcd U But. (38) 


where Z^ are components of the separation vector of nearby geodesics, R^" is 
the Riemann curvature tensor, and u^ are components of the fiducial observer 4- 
velocity, i.e., u = t ô, + ù ô, + £?0,. To obtain coordinate-independent information 
it is natural to project (38) onto a suitable orthonormal frame {e€(0), eq), €) } 
associated with some particular observer where we assume ei) =u. This 
leads to Z(9 = R naw ZU with Zi qp Z’ and Z® = e(D Za. where 
a,b —0,1,..., D — 1, which gives Z(? — 0. Moreover, using decomposition of the 
Riemann tensor we obtain the invariant form of the geodesic deviation equation, 


R Oi 


(D — 1)(D— 2) 225. (9) 


e 1 
Z = 'Ciyoyoyi + p (Roo — 9s Roo) 


where i,j = 1,2,...,D — 1. 

To explicitly analyze the specific effects of the EGB theory we restrict ourselves 
to the transversally static observers, i.e., we set y2ù = 1, 4? = 0, which corre- 
sponds to the direct relation between observer's orthonormal frame {e€(0), eq), e(;) 
and the null frame (34), namely 


k = z(u + en); l= z(u- eq)), Mi -e(). (40) 


The straightforward evaluation of all projections in (39) and expression of the Ricci 
tensor components using the EGB field equations give the decomposed form of the 
geodesic deviation equation, 


2 (Ao + 2k H/D) 


ZO = ZY) + pos Z® eos ZO) 
(D-1\(D=2) et A T 
k l 
NR DP (2. ZO) 4 V2m? Hup zo) (41) 
sy 2(Ao + 2kH/D) 1 1 : 
go =? Ao LO — Pran GO) — — Var: Z® cg ZO 
(D - 1)(D -2) AR A2 T ps 
k 
+55 ( — 2m?mUMy, ZU) + VIM? Hup ZY 


H [duu + 2/95. + Huu] 2), (42) 


where the components of the traceless Gauss-Bonnet part Ha, = Hab — LH Jab 
satisfy 2Hru = g?1 Hpg- 
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4. Example: Solutions with a constant-curvature transverse space 


To explicitly demonstrate application of the above completely general constraints on 
the Kundt geometries within the EGB theory together with analysis of their prop- 
erties we present a particular important case of (9) with an additional assumption 
that (D — 2)-dimensional transverse space with the metric g54(u, x) is of a constant 
curvature. In such a case the Riemann tensor can be written as 
S 
Rann = 75 — 3 g (Comba — Gomer) (43) 


and the transverse metric becomes conformally flat, namely 


S 2 1\2 
Jpg = 423, where P-l*ip—3(—3 |a?) Beca? (44) 


The scalar curvature ?R is then determined via the ru-equation (12) by generic 
theory parameters k = ky and Ao, 


= ADS 2) 3) Tu (D-4(D-5) 
SR = KD- DDS) (sro (D 1) . (45) 


Immediately we can see that D = 5 and D = 4 are exceptional cases for which we 
have SR = 2Ao corresponding to the pure Einstein theory. Moreover, there are two 
branches of generic solutions in the EGB gravity where the “+” case has a GR 
limit while the “—” case is peculiar. 

For generic values of the theory parameters we have Qp, # 0 and the resulting 
line element becomes 


-2 
P das — 
T ôpq dx? dz? — 2dudr 


AAo — 5R 
eye ae 


T? + c(u) r - d(u, x) | dv? , (46) 


where the scalar curvature ?R is given by (45), c(u) is arbitrary function, and d(u, x) 
has to satisfy the Laplace equation, 


G4 d\\pq = 0. (47) 


The Weyl tensor algebraic type of such solution is II(bcd). However, for the flat 
transverse space, i.e., with ?R = 0, pq = Spq, We have Ag = 0 and all the Gauss- 
Bonnet corrections vanish which means that we effectively deal with the Einstein 
theory (subclass of VSI spacetimes of the Weyl-type N). These spacetimes can be 
interpreted as exact type II gravitational waves propagating on the type D(bcd) 
background corresponding to the direct-product (anti-)Nariai universe. 

This interpretation is simply supported by analysis of relative accelerations in 
terms of the geodesic deviation. For the transversally static observer associated with 
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the privileged null congruence we get a simple result, 


Zo = 4No Ez 5R 
(D — 2) 4-2k (D — 4) 5R 


I 1 f 
zn, z0- a Was Zo, (48) 


where the longitudinal spatial acceleration in the direction e(1 is determined by 
the direct-product background corresponding to the non-trivial coefficient of r? 
term in Juu, The transverse accelerations in D — 2 directions eq) are given by 
Wai = -im? ms djjpg and cause symmetric and traceless deformations representing 
the exact Kundt-EGB gravitational waves. 

Finally, as a special case of the above solution we can set ^R = 4A which 
makes the resulting metric r-independent and we are thus dealing with the pp-wave 
solution. Subsequently, the parameter Ag can be vanishing, which leads to the classic 


solution analogous to the general relativity one, or it has to become 


(D -2)(D -3) 
8k(D -4)D-5)' 


Ao = (49) 


This new non-trivial class is only allowed in the EGB theory with D > 5 and its 
metric takes the form 


Onna” 


ee (: 8k(D — A(D— 5 


-2 
Ong dx? da? — 2dudr + d(u, x) du? , (50) 
) Pq 


where the Laplace equation (47) for the metric function d(u, x) reflects the non- 
trivial transverse-space geometry corresponding to the Weyl-type II(bcd) solutions. 


5. Conclusions 


In this contribution we have summarized the main results of Ref. 4. In particular, we 
have described explicit class of the Kundt solutions to the Einstein-Gauss-Bonnet 
gravity. As the first step, the explicit form of the EGB field equations has been 
derived and geometrically distinct subclasses identified. We have also indicated dif- 
ferences in comparison with the classic solutions to the Einstein’s general relativity. 
As a suitable tool characterizing the solutions we have briefly discussed the algebraic 
structure of the Weyl tensor and geodesic deviation. Finally, we have presented a 
particular example of the Kundt solutions with the constant-curvature transverse 
space including the EGB pp-waves. 
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This paper explores the extended gravitational decoupling procedure for a static sphere 
in the context of f(IR, T) theory where R denotes the scalar curvature and T represents 
the trace of the energy-momentum tensor. This method extends the domain of a seed 
solution by including a new gravitational source. Deformations in radial and temporal 
metric potentials split the set of field equations into two subsystems associated with 
isotropic and additional matter sources. We utilize the Korkina-Orlyanskii spacetime as 
a solution for the system describing the seed source and use some physical constraints 
to extend it to anisotropic domain. A linear gravity model, f(R, T) = R + 2xT (where 
x couples geometry to matter) is employed to interpret the influence of the decoupling 
parameter on the developed solutions. It is found that physically acceptable solutions can 
be formulated in the background of f(R, T) gravity through the decoupling approach. 


Keywords: f(IR, T) gravity; Extended gravitational decoupling; Anisotropy. 


1. Introduction 


Numerous fascinating astronomical discoveries have opened the gateway to the mys- 
teries of cosmic origin and evolution. In this regard, one of the significant develop- 
ments is Hubble's discovery of an expanding universe.! Observations based upon 
redshifts of T'ype Ia supernovae provide evidence that the rate of this expansion 
is accelerating.? An unknown energy field (known as dark energy) possessing large 
negative pressure is assumed to be the source of this acceleration.? Einstein's general 
theory of relativity has successfully been employed to describe different astrophys- 
ical phenomena. However, this theory supports a universe experiencing a receding 
rate of expansion owing to gravitational attraction. Consequently, the cosmological 
constant was added in the field equations of general relativity (GR) to construct 
the ACDM model which has been used to justify the current cosmic behavior.4 
Nevertheless, this model is unable to solve the problems of fine-tuning? and cos- 
mic coincidence. The fine-tuning problem is concerned with the large discrepancy 
between the observed and predicted values of the cosmological constant whereas 
the cosmic coincidence problem questions the equal densities of dark matter (non- 
baryonic matter with strong gravitational field) and dark energy detected in the 
current era. 

Modifications of GR are proposed to find a suitable explanation of these cosmic 
issues. The simplest modification replaced the Ricci scalar in the Einstein-Hilbert 
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action by its generic function and was put forward by Buchdal’ as the f(IR) theory. 
Harko et al? introduced f(R,T) gravity by generalizing the f(IR) theory. The 
f(R,T) theory incorporates a non-zero covariant derivative of the trace of the 
energy-momentum tensor. This causes test particles to execute non-geodesic mo- 
tion and produces acceleration. Various models of f(R,T) gravity have been de- 
veloped to explore different cosmological events. The most widely used model is 
f(R,T) = fi(R)  f2(T) where fo(T) is often set equal to 2xT.5 Houndjo? in- 
spected the matter-dominated phase and late-time acceleration of the universe for 
this minimally coupled f(R,T) model. This theory also aids in understanding of 
gravitational effects at the quantum level.!? Das et al.!! used different equations of 
state to examine the properties of gravastar in the context of f (IR, T) theory. Effects 
of the trace on the state variables of a white dwarf were discussed by Carvalho 
et al.? Moreover, the viability of relativistic interiors has been analyzed in this 
theory.? 

Solutions of the Einstein field equations represent feasible stellar interiors. T'here- 
fore, they help in investigating the essential properties of compact objects. Mod- 
els portraying physically acceptable astrophysical structures with extremely dense 
matter have been suggested to exhibit anisotropy. Ruderman!^ studied the exis- 
tence of anisotropy in high density pure neutron matter. Canuto! reviewed the 
effects of deviations from local isotropy on various stellar characteristics. Impact of 
anisotropy generated during the phase transition from normal to pion-condensed 
matter was analyzed by Lovas et al.!6 Gleiser and Dev!” revealed a stability range 
for anisotropic stars that was wider in contrast to their isotropic counterparts. Paul 
and Deb!? constructed a class of viable relativistic models composed of anisotropic 
fluid in hydrostatic equilibrium. 

However, extraction of analytic anisotropic solutions of the non-linear field equa- 
tions is often difficult. Therefore, new methods to formulate viable solutions have 
been developed. In this respect, the decoupling approach allows us to extend known 
solutions of the field equations to more complex domains. This minimizes the re- 
quirement of additional constraints and simplifies the system of equations. Ovalle!? 
introduced decoupling through the minimal geometric deformation (MGD) ap- 
proach by addition of new matter sources. The MGD technique splits the original 
system of equations into two sets by deforming the radial metric coefficient. Both 
sets are solved individually and the complete solution is obtained by the principle 
of superposition. 

The MGD technique has been employed extensively for the derivation of 
anisotropic extensions of well-known solutions. Ovalle et al.?° utilized this tech- 
nique to devise stellar models from the isotropic Tolman IV metric. Sharif and 
Sadiq?! found well-behaved solutions for spherically symmetric matter configura- 
tions. Singh et al.?? considered the MGD approach in relation to the embedding 
class-one condition. Furthermore, Sharif and collaborators?? adopted this proce- 
dure to obtain realistic solutions in modified theories of gravity. T'he use of MGD 
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decoupling has yielded several solutions of the f(IR, T) field equations. Maurya and 
Tello-Ortiz?^ computed charged anisotropic extensions of the isotropic Durgapal- 
Fuloria model. Recently, Maurya et al.?° utilized a linear f (IR, T) model to develop a 
compact structure through the Korkina-Orlyanskii line element and ascertained its 
viability as well as stability through energy conditions and speed of sound criteria, 
respectively. 

Despite the effectiveness of the MGD method, the scheme deforms only one met- 
ric function leading to a purely gravitational interaction between matter sources. 
Thus, Ovalle?? proposed a technique incorporating transformations of both ra- 
dial and temporal metric components known as the extended geometric defor- 
mation (EGD) approach. The continuity equation obtained through this proce- 
dure holds regardless of the absence or presence of matter sources. Contreras and 
Bargueño?” developed a charged BTZ solution by implementing this technique in 
(1+2)-dimensional spacetime. Maurya et al?5 extended an embedding class-one 
solution through the EGD approach. Sharif and Ama-Tul-Mughani?? constructed 
viable solutions from the isotropic Krori-Barua metric under the influence of the 
electromagnetic field. Moreover, the EGD technique has also been employed with 
modified theories to produce feasible stellar interiors.?? 

In this work, we provide two anisotropic extensions of the Korkina-Orlyanskii 
spacetime using the EGD approach in connection to f(R, T) gravity. The salient 
features of the generated models are analyzed through energy conditions and sta- 
bility criteria. This paper has been arranged as follows. In section 2, we apply the 
EGD technique to decouple the field equations of f(IR, T) theory. An anisotropic 
solution corresponding to certain constraints on the extra source is evaluated in 
section 3. Physical relevance of the solution is also discussed in the same section. 
The last section summarizes the main results. 


2. Basic Formalism in f(R,T) Theory 


The action for f(R,T) theory incorporating the Lagrangian density (Ly) of an 
additional source (0) turns out to be? 


g= i Veg cae + Lm d oDo)d'z, (1) 


167 
where Lm, g and a indicate the matter Lagrangian, determinant of the metric ten- 
sor and dimensionless decoupling parameter, respectively. The energy-momentum 
tensors of the seed and additional sources are written as 


2 d(,/—-gLm OLm 
gp Oe yt esu (2) 


v-g dg? Ogee’ 


2 6(./—gLy) OL 
a = abs 8S. 
/—g bgvb Supe g^? (3) 
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while the field equations for f(IR, T) gravity are derived as 
81(Tug + aus) — fr(R, T)(Tug + 958) = (Rup — VoVg + gue) fr(R, T) 
1 
- Soup f (R.T) (4 


Here V,, symbolizes the covariant derivative operator while fg(IR, T) and fr(R,T) 
are derivatives of the generic function with respect to IR and T', respectively. More- 


over, O = g^ V, V5 and ug = gusLy, — Tup — 29"! 5 rg. 

Covariant differentiation of Eq.(4) yields 
Fr(R, T) 1 

VUTUB = —-———— |(To O,45)V"l R,T) + V^O,s — 29,8 V^T 

e= RD FEST) (158 + 9,55) V" Infr(R, T) + 8 — 59«p 
8ra 
— ——VU),g|, 5 

Fr(R,T) | " 


which shows the non-conserved energy-momentum tensor in f(IR,T) theory. The 
isotropic matter distribution is characterized by the following energy-momentum 
tensor 

Tg = (P + p)usug — PIwp, (6) 


with isotropic pressure (p), matter density (p), four-velocity (uw) and u,u^ = 1. 
Since the matter Lagrangian appears explicitly in the field equations, in order to 
obtain the corresponding dynamics we set Lm = —p corresponding to a perfect 
fluid.?! This further leads to Ou g = —2T..g—pguwg. We consider a minimally coupled 
f (R, T) model of the form 


fR, T) 2 R 4 2xT, (7) 
which provides 
Gup = 81(T,g + aap) + XTgug + 2x(Tug + pup) 
= 817, + 8100.8 = 8aT P, (8) 
where Tug = Tug(1-- 3&) + S(T + 2p) gue. 


To describe the interior configuration of the stellar object, we choose a line 
element given by 


ds? = e"dt? — e"dr? — r?(d6? + sin” 6d¢”), (9) 


where v and ņ are functions of the radial coordinate. The field equations can now 
be rewritten as 


1 efi y - 
E " (3 Z L) = 8T (p + awt), (10) 
1 =y 1 v! = r 

eet T) nm en. = 


en 


Pu n 
= (20" Ev? ny +2- - 2 ) 8n(p — a8). (12) 
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Here prime denotes derivative with respect to r while p and p are identified as 


follows 
= X 
P= p+ g-(3p- p), (13) 
T 
P=p- Šp- 9) (14) 
T 
The physical variables (total density and radial/tangential pressure) are defined as 
p () = p(r) + a, (15) 
ph (r) = p(r) — af, (16) 
pt” (r) = p(r) — ad}, (17) 


whereas the anisotropy generated from involvement of an extra source is obtained 
as 


A = pë” (r) — pt (y) = a(87 — 00). (18) 


Seven unknowns appear in the system of equations (10)-(12). Therefore, to reduce 
the degrees of freedom and close the undetermined system, we adopt the EGD 
scheme. 


2.1. The EGD Approach 


'The EGD approach disintegrates the field equations into two distinct sets through 
deformations in the temporal and radial metric potentials. To proceed with this 
technique, we consider a line element corresponding to perfect fluid 


dr? 
u(r) 
Taking non-zero values of the parameter o incorporates the effects of the source 
Vus in Tug. The metric components linked to (v,7)-frame are segregated as 


vy=€+ah/(r), (20) 
e — w+ af (r), (21) 


ds? = edt? — — r? (d0? + sin? 09? ). (19) 


where h(r) and f(r) represent temporal and radial deformation functions, respec- 
tively. Substitution of above transformations in the field equations decomposes the 
system into two sets. We acquire an array for the seed distribution given as 


/ 
1 
8ra = -E D 4 = 8p x(3p — p), (22) 
T T T 
an BE d 
8p = — + 5 — ya = Bap — x(p - 3p). (23) 


amp = E26" + (6)? +28) EE +2) = Bmp—x(o— 32). 20 
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'The isotropic density and pressure are evaluated from the above equations as 
xut r-Fp-1l)t(8r-t9xi-ur-u-1) 


25 
P r?(8z + 2x) (8r + 4x) f (25) 
po UUN e e A ETRA (26) 
r? (81 + 2x) (8r + Ax) l 
The second system, related to the source 0,5, is obtained as 
1 
8r = -f — tA (27) 
ro r 
P h/ E ak 1 
E — (8... 9... 7, (28) 
r r T r 
QO J 7 7 I2 2/12 "E g ah! 
f! 2 ; ; h" a(h’)? Eh! h! uh 
—(-4 | T —|- ; 2 
144 58 Og qp qeu. 4 (29) 


The energy-momentum tensor corresponding to the line element (19) satisfies 
the Bianchi identity as 
dp & X 


~ d 
(Em) qw =S c ne pS 


while the divergence Viale associated with the system (22)-(24) yields 


Tw Tw h' 
Vale = VT? + az (o + p)ó5. (31) 
Furthermore, conservation of the additional source ug is provided as 
dvr : a 2 r h' 
dr 2 r 2 


Consequently, the continuity equation for the effective energy-momentum tensor is 
constructed as follows 
dp g X d dor £& 


2 
| een A d S (9t T 3 0 T = 
dr 2 (p I p) | 2(4m E X) dr (p p) +a dr 2 (0; $5) "(90 07.) 0. 


(33) 


An exchange of energy between the two sources (To and 0,8) is evident from 
Eqs.(31) and (32) which allows successful implementation of the decoupling process. 
Meanwhile, decoupling in the case of MGD is possible only without a transfer of 
energy. Note that the system (22)-(24) consists of four unknowns (11, €, p, p) whereas 
the system (27)-(29) comprises seven unknowns (u, €, p, p, f, h, 01, 97, 06). The 
extraction of solutions can be simplified substantially by specifying a seed solution 
to the system of equations connected to the original energy-momentum tensor. As 
a result, the unknowns in the second array of equations decrease from seven to 
five. Hence, the EGD scheme facilitates the evaluation of anisotropic solutions by 
reducing the degrees of freedom. 
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3. Interior Anisotropic Solution 


In this section, we use the Korkina-Orlyanskii solution for the system of equations 
(22)-(24). The metric coefficients of the Korkina-Orlyanskii spacetime have been 
previously utilized for the development of spherically symmetric static solutions to 
the Einstein-Maxwell system.?? Moreover, this ansatz has helped examine the role 
of pressure anisotropy on charged stellar objects.?? The metric components and 
corresponding physical variables in the framework of f (IR, T) theory read 


1+ Ar? 
ner) = T gag v 
AX23AP 
e0) = C(1+ Ar?) | D4- VUA - y 21n (v l4 24r? 
r 
2 
2+2Ar?)| , (35) 
(r) A X (3x + 81) (2Ar? + 3) 
qup = —————————— SSS INNEN DOES RNC NN EE 
P 8x2 + 48ry + 64r? | 2Ar? +1 (2Ar? 4- 1) 
Ax (A?r^ + Ar? (VAr? +1+2) +1) (36) 
(2A2r4 + 34r? + 1)? (D + W(r)) 
A x(2Ar?+3) | 3x 8r 
PUY) = raed | amare AP] 
BOTY F OAT | (aA: +1) d 
A(3x + 81) (A?r4 + Ar? (VAr? 12-2) +1) (37) 
(242r + 34r? + 1)? (D+ W(r)) Í 


with y(r) = Se Lo. — V2In( V1 + 24r? + V2 4- 2Ar?). Here A, C and D are con- 
stants that are DEMNM by matching with the exterior Schwarzschild line element 
expressed as 


2M 1 
ds? = (: = a) dt? = aoa =F 2 (d8? + sin ? add”), (38) 


where M is the total mass of the exterior geometry. 

To ensure a smooth junction between the interior and exterior regions at r = R, 
the matching conditions were introduced by Darmois.?^ These conditions are given 
as 
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which provide 


2M 
us nE = a (41) 
q= 2M V2AR? «1|. 
2 2 Ed: 
(Samay |D- v2In(V2AR?+1+ VBAP +2) «LT. 
(42) 
| V2AR? + 1(Do(R)x + 4x D4(R)) + D3(R) (43) 


(AR? + 1)? (4AR2y + 80 AR? + 3x + 47) 


where 
D4(R) = AAA? R* — V1 + AR? + 2AR*(4 - V14 AR?), 
D3(R) = 6 +64? R^ — 3/1 + AR? + 2AR?(6 + /1-- AR2), 
D3(R) = (3x + 4r  AXAR? + 80 AR?)(1 + ARS /21n [vi + 2AR? 


24 2AR?| 


We now produce a solution of Eqs.(27)-(29) corresponding to the extra source Vw. 
Because the number of unknowns (f, h, 0, J", 09) is greater than the number 
of equations, two additional constraints need to be applied to close the system 
and extend the isotropic sector to anisotropic domain. The matching condition in 
Eq.(40) is fulfilled if 


r(r) = p(r). (44) 


Thus, the above equation is selected as the first constraint. Accordingly, the physical 
entities of the anisotropic configuration are acquired through Eqs.(15)-(17) as 


p ^99 (y) = p(r) + af E 1, (45) 
pi?) (r) = p(r)(1 — a), (46) 
pi? (r) = p(r) — = -f (e + 2ah" + (E)? +a? (I)? + 2£' o + T 


ah! f 2 ; ; h^ alh)? &h h! 


(47) 


In the subsequent discussion, the respective anisotropic extension is generated by 
means of a second constraint. 


3.1. Solution 


Along with the mimic constraint stated in Eq.(44), we impose a condition on the 
anisotropy of the system developed through the conservation equation by Bowers 
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and Liang.?? The Bowers-Liang constraint takes the following precise form 


1 
0 - of = irt (9n). (48) 


Here j is an arbitrary constant for which we have defined a value of 2. This constraint 
has been used extensively with gravitational decoupling in search of feasible star 
models.?9:37 The geometric deformations f(r) and h(r) are obtained from Eqs. (44) 
and (48), respectively as 


1 


OF BAIT d anf) tre ey OOOO 


pue 


+ arxp (r) — 67rxh(r)n(r) — 81?rh(r)u(r) — 3nrxp(r)£ (r) 


- 8rrp(r)£ (r) - 2nxp(r) - 81^ n(r) + Ix + 87?) , e) 


L (r (he) (r (f(r) +O) = 2869) (G — rE) +1) + FO) (er 


m 
— 2jr)£'(r) +2) + 2ru(r)h' (r) + orh(r)! u(r)) + f(r) (2a? h (r) 
— 2orh(r) ((j — L)r£'(r) + 1) + o?r^h(rY — 2jr?£' (r)? — 4jr£'(r) 
+ 2r?£" (r) + r?£' (r)? — 2r£'(r) — 4)) =0. (50) 
A numerical solution of the deformation function h(r) is revealed by applying the 


initial condition h(0) = 0 to Eq.(50). 
The deformed temporal and radial metric components are derived as 


M. 7 
VIHRA Sam (VIFA 


v(r) 2n (cu + Ar?) DIAS 


+ V2+24r") + D] i +ah(r), (51) 


— 1+ Ar? 1 
~ 14248 *? r (rx (r) 


- rx h(r)u(r) — 6aryh(r)u(r) — 8r°rh(r)u(r) — 3arxu(r)£ (r) 
— 8r" rg(r)£ (r) - 2rxulr) — 81?u(r) + 2x + 87°)], (52) 


while the matter variables are formulated through Eqs.(45)-(47). After the inclusion 
of anisotropy in the solution, matching of interior and exterior line elements yields 


the following expressions 


) — n (co + AR?) 


2 
VEU — V21n (vi + QAR? 
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(53) 


2 
+ 4/24 2AR? ) ai D| ) +ah(R), 


2M 


1+ AR? 


{= 


R IAR | 


1 


z +2r)(x + 4r) (aRh(R) + RE (R) + 1) 


x (n Rxyu'(R) — RX h(R)u(R) — 65 Rxh(R)u(R) — 87° u(R) 
— Sr Rh(R)u(R) — 3r Rxu(R)£' (R) — 817 RA(R)E (R) 
— 2nxy(R) + 21x + 87°)] . 


(94) 


which cannot determine the constants A and C. Hence, they are considered as free 
parameters and acquired from Eqs.(41) and (42). On the other hand, the condition 


(tot) . Í 
[p (r)lr=r = 0 provides the constant D as computed in Eq. (43). 
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Fig. 1. Behavior of (a) density, (b) 
factor relative to radial coordinate. 


radial pressure, (c) tangential pressure and (d) anisotropy 


'The physical entities of the constructed setup are analyzed graphically for the 
star 4U 1538-52 with a mass of 1.28325km and a radius 7.866km.?? The density 
and pressure components must be positive and decreasing from a maximum at the 
core. Figure 1 exhibits variations of these physical attributes relative to the radial 
coordinate. It is evident that the total energy density as well as both pressure 
components decrease continually from the center towards the surface. Moreover, 
the radial pressure vanishes at r = R while the anisotropy displays a null value at 
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Table 1. 


and R = 7.866 km). 


a x 
0.1 0.1 
0.1 0.5 
0.5 0.1 
0.5 0.5 


(tot) 
Pe 
(gm/cm?) 


2.3466 x 1015 
2.2355 x 1015 
2.1526 x 1015 
2.0268 x 1015 


(tot) 
Ps 
(gm/cm?) 


4.6142 x 1014 
4.3801 x 1014 
4.5165 x 1014 
4.2771 x 1014 


(tot) 
Pe 
(dyne/cm?) 


1.4790 x 1035 
1.5824 x 1035 
8.2173 x 1034 
8.8221 x 1034 


State determinants of the stellar model corresponding to 4U 1538-52 (M — 1.28325 km 


r — 0. The positive anisotropy factor suggests the presence of an outward-directed 
force. Higher values of x cause the radial/tangential pressure and anisotropy to 
increase. Furthermore, the energy density declines as œa and x increase. Table 1 
shows values of A, C and D along with the state determinants for different values 
of a and x. The subscripts C and S denote that the quantity has been evaluated at 
the center and surface of the star, respectively. 
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Plots of energy conditions ((a)-(e)) against radial coordinate. 
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To verify the viability of the constructed solution, we place some bounds on the 
physical parameters called the energy conditions. These conditions, classified as null 
(NEC), weak (WEC), strong (SEC) and dominant (DEC), are presented as 


NEC: pt? + plier) >0, p t9 +p” >0, 
WEC: p 99 zu. pitt) 3- pie >0, p (t9? + pli) >0, 

SEC: pt!) + p(teD > 0, plot) 4 pt) > 0, pD 4 pE +p > 0, 
DEC: pre = pit) > 0. pitt) u p^? >0. 


Figure 2 demonstrates positive behavior of above inequalities. Therefore, the solu- 
tion is viable for the considered values of o and x. 
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Fig. 3. Graphical representation of (a) v2, (b) v2, (c) |v? — v2| and (d) T. 


Another important feature of anisotropic stellar models is stability to fluctu- 

ations in the physical variables. The causality constraint is one of the stability 
(tot) (tot) 

criteria which limits the radial (v? — —— and tangential (v? = ae sound 


speeds inside the static configuration as follows 


0xvxe 0<ue<e, 


where c = 1 is the speed of light. Herrera?? devised another approach to examine 
stability known as cracking. Cracking is caused by a sudden change in the direction 
of the radial force within a stellar configuration as a result of perturbations in 
density and anisotropy. Later, Abreu et al^ defined the potentially stable and 
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unstable regions within a compact object through differences of sound speeds given 
as 


—1 xv? — v? < 0 => Potentially stable, 
0 «v? — v? < 1 > Potentially unstable. 


The above inequalities can be combined in to a single relation of the form 0 < 
h2 — v2] <1. 

In addition to the above constraints, an alternative tool to establish the stability 
of compact spheres is the adiabatic index which measures the resistance offered by 
a stellar configuration to perturbations in density. It is obtained as 


pE® 4 pltet) " 


T= Un: 
pte) 


An adiabatic index greater than 4/3 is proposed to indicate stable relativistic struc- 
tures.*! Figure 3 displays graphs of radial and temporal sound speeds as well as the 
adiabatic index for the developed solution. The sound speeds lie between 0 and 1 
whereas the adiabatic index remains greater than 4/3. Hence, we deduce that the 
resulting stellar model is stable. 


4. Conclusions 


In this paper, we have derived an anisotropic solution depicting the interior of a 
self-gravitating system in connection to f(IR, T) gravity. The set of field equations 
(10)-(12) has been decoupled into two sets through the EGD scheme. These arrays 
separately describe the seed and anisotropic distributions. The Bianchi identity has 
been employed to examine energy transfer between the matter sources. We have 
considered the Korkina-Orlyanskii metric as a solution to the array corresponding 
to the isotropic configuration. Matching conditions on the hypersurface have been 
used to calculate the constants appearing in the solution. In order to extend the 
seed solution to anisotropic domain, we require two additional constraints. Thus, 
we have implemented the mimic constraint on 07 along with the Bowers-Liang 
constraint. Physical relevance of the acquired solution has been investigated by 
employing the mass and radius of the star 4U 1538-53. For this purpose, we have 
performed graphical examination of the state determinants corresponding to a = 
0.1, 0.5 with x — 0.1, 0.5. 

Plots for effective energy density, radial and tangential pressures have been found 
to monotonically decrease from the core. The anisotropy increases steadily from the 
center where A — 0. The solution is viable and stable since all required quantities 
are in agreement with the energy bounds and speed of sound criteria. Furthermore, 
smaller values of the parameters o and x give rise to denser, more compact and 
stable stellar models. Maurya et al.?° 
tion corresponding to a mimic constraint on pressure through the MGD technique. 
When compared to the solution obtained via the MGD approach, the EGD scheme 


evaluated an anisotropic, stable interior solu- 
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has yielded a denser star model with higher anisotropy. Hence, we conclude that 
the construction of anisotropic and ultra-dense stellar interiors is attainable using 
the EGD approach in the framework of f(R, T) theory. 
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The TOV equation is usually interpreted as the relativistic counterpart of the classical 
condition for hydrostatic equilibrium, and characterises the static equilibrium of bound, 
spherical distributions of matter such as stars. In the present work we aim at showing 
that a generalised TOV equation also determines the equilibrium of models endowed 
with other symmetries besides spherical. We resort to the dual null formalism applied 
to spacetimes with two dimensional spherical, planar and hyperbolic symmetries, and 
consider a perfect fluid as the source. Static configurations assume the existence of a 
time-like Killing vector field orthogonal to the surfaces of symmetry, and homogeneous 
dynamical solutions arise when the Killing field is space-like. In order to treat equally 
all the aforementioned cases, we discuss the definition of a quasi-local energy for the 
spacetimes with planar and hyperbolic foliations, since the Hawking-Hayward definition 
only applies to compact foliations. This procedure enables us to translate our geometrical 
formalism to the fluid dynamics language in a unified way, to find the generalised TOV 
equation, for the three cases when the solution is static, and to obtain the evolution 
equation, for the homogeneous spacetime cases. Remarkably, we show that the static 
solutions which are not spherically symmetric violate the weak energy condition (WEC). 
We also show that the counterpart of the TOV equation p+ P = 0, defines a cosmological 
constant-type behaviour, both in the hyperbolic and spherical cases. This implies a viola- 
tion of the strong energy condition in both cases, added to the above mentioned violation 
of the weak energy condition in the hyperbolic case. We illustrate our unified treatment 
obtaining analogs of Schwarzschild interior solution, for an incompressible fluid p — po 
constant. 


Keywords: Gravitational collapse; hydrostatic equilibrium. 


1. Introduction 


The Tolman-Oppenheimer-Volkoff (TOV) equation’? characterises spherical ob- 
jects in equilibrium in the framework of General Relativity. It appears as the 
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relativistic counterpart of the classical condition for hydrostatic equilibrium. Given 
the relevance of the spherical configurations in astrophysics, many solutions were 


d,315 16-20 and solutions gen- 


investigate and more specifically, different formalisms 
erating techniques have been developed.?'?? Extensions of the TOV equation have 
also been investigated in the framework of modified gravity theories.?? ?? 

Yet a unified characterization of the underlying features of the TOV equation 
has attracted little attention, and this is what concerns us in the present work. 
There is a widespread perception of the TOV equation as being restricted to the 
spherically symmetric case, but this is a misled assumption. So, in the present work 
we derive a generalised TOV equation that also characterises the equilibrium of 
models endowed with other symmetries besides the spherical.* 

We adopt the dual null formalism? that offers a description of the spacetime 
based on the properties of the optical flow, and has the significant advantage of 
being a coordinate free formalism. In the literature it has been considered in con- 
nection with the behaviour of dynamical black holes,??:36 the definition of energy in 
more general geometries,?" the gravitational collapse of fluids,?? and even with the 
definition of generalized horizons in modified gravity.?? The dual null formalism has 
also been useful to explicit the “linear” behavior of gravity for sources that satisfy 
the hypotheses of the Birkhoff theorem.?! 

Here, we apply the dual null formalism to analyse, in a unified way, the space- 
times which admit a codimension-two foliation with constant curvature leaves.*° 
'This comprises the spherical, planar and hyperbolic symmetries, sourced by a per- 
fect fluid. Aside from the Killing vector fields that are tangent to those surfaces 
of symmetry, we assume the existence of an additional symmetry generated by a 
Killing vector field orthogonal to those surfaces at each event. A particular case 
of this setup, where the symmetry is spherical and the Killing vector is timelike, 
corresponds to the spherically symmetric perfect fluid in hydrostatic equilibrium, 
which leads us to the well-known TOV equation. As we will show this celebrated 
equation arises most naturally in the dual-null framework which, moreover, allows 
us to generalize it for the planar and hyperbolic cases. This generalisation of the 
geometry underlying the TOV equation, stepping beyond spherical symmetry, is 
novel and leads to consequences which are far from trivial.*° 

Since in planar and hyperbolic geometries the spatial hypersurfaces are open, 
this extension requires the novel introduction of a mass-energy “parameter”. In 
fact one needs to promote a generalization of the Misner-Sharp/Hawking-Hayward 
definitions of the mass-energy distribution, which overcomes the problem of the 
divergence of the latter quantities due to the natural threading with infinite 
surfaces. 


aA similar prejudice applying to the Birkhoff theorem, has been addressed with its generalization 
to more general geometries by C. Bona,?° and more recently by us in.?! 

bWe follow here the nomenclature coined by Sean A. Hayward?? ?^ although in some references 
this formalism is referred to as double-null. 
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Finally, our investigation of the planar and hyperbolic geometries reveals the 
violation of the weak energy condition in order to maintain hydrostatic equilib- 
rium. This takes the form of negative effective mass, physically translating repul- 
sive curvature effects, which suggest a link to repulsive source models, as those 
proposed to mimic dark energy, generate bouncing universes, or support classical 
wormholes.4! 42 

For completness, when the metric is characterised by a spacelike, rather than a 
timelike Killing vector, we have spatially homogeneous spacetimes that correspond 
to some of the Bianchi spacetimes, or Kantowski-Sachs, as expected. The hydrostatic 
equilibrium on those spacetimes is only possible when their source is a cosmological 
constant in the non flat cases, also implying the violation of energy conditions. 


2. The dual null formalism 


We consider metrics that have a codimension-two maximally symmetric foliation, 
and can be written as 


ds? = Napdx*dx? + Y? (x°) (d? + S249?) , (1) 
where 


sin0, for e= 1 
Se = 1, fore=0 , 
sinh 0, for € = —1 


and where we divide the tangent space 7 at each event in two orthogonal subspaces 
T =N eS. Here S is the subspace generated by the orbits of (0, 9) and M, the 
subspace of 7 orthogonal to S. The x^ coordinates are chosen orthogonal to S, 
which gives the metric in the warped sum form of Eq. (1). 

We denote sy = Yap the induced metric in each leaf of the foliation where 
Y (x°) is the warp factor. Evidently, yap := 626? + S288? has constant curvature 
and does not depend on the coordinates z^ which identify each leaf Uz-, defined as 
the locus spanned by the orbits of 0 and ¢ for fixed x^. We define an orthonormal 
two dimensional basis (n*,e*) for M, whose induced metric is Nap, according to 
Eq. (1). This basis satisfies 


=N Na = e"e,—]1, neg = N Sap = ef Sab = 0. (2) 


We may also define a dual null basis for the same subspace from n^ and e^ by 


a 1 a a gol a a 
Kea ln’ re), m= a(n’ —e*), 
n? =k +l", e=k* 1°, (3) 
which satisfies 
1 
k^k, =1%g =0, kg =n. (4) 


2 


2482 


The metric gap can be written as 


2 
Jab = gor, alb + Sap. (5) 
We associate the null expansion for each null vector as follows 
1 1 2 
Ok = 35 La Sab = 3Y Y" LEY an = yF Y. (6) 


We may extend the definition of null expansion to timelike and spacelike vectors in 
N, calling it the two-expansion, since it measures the rate of variation of area, as 
in the null case. We may define the mean curvature form Ka = ôa In Y?, such that, 
we obtain for the two-expansion O(, of any vector u* in A 


Ou) = w"K,. (7) 


We describe our spacetimes by means of the behaviour of the null expansion, 
casting the Einstein equations, Gab = 8774, in terms of expansions, i.e., by writing 


the Raychaudhuri equations and constraint equations?» 43-45 
e 
£490) = vu — a — 8n T. s k^ kb , (Ba) 
92 
£10) = 401) = EN = BP. (8b) 
Lr + £i = Ovi O (V1 
2k9l5 
2 On) Oq) xm yu + 167 Tap kl? ; (8c) 
where we included the inaffinities vi; and rj, defined as 
1 1 
ET a ak = DL pb alb. 
Vk kel, V b Vi EL LV ly (9) 


In the latter equations, for Tab, if we take the source to be a perfect fluid^, then 
the energy momentum tensor reduces to 


Tab = PNaty + P(eaey + Sab) . (10) 


where we adapt our vector basis to the fluid source, such that n^ gives its flow. In 
the latter decomposition p is the energy density, and P is the isotropic pressure, 
both measured by an observer moving with 4-velocity n^. By construction, the flow 
^ is always orthogonal to the surfaces of symmetry and will be characterized by 
two quantities 


T, 


A = e^, = en’ Viena, Bgm = e*e Vn, - (11) 


The scalar A gives us the acceleration of the flow, a positive sign meaning that 
the acceleration is outwards in the spherical, compact case. The scalar B gives the 


©The equations in the case of a general fluid are given by us in Ref.46. 
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change of direction of n^ as we travel along e^. It is the e — e component of the 
extrinsic curvature Ka» of the 3-space orthogonal to this flow, since 


1 
Kab = gj £nhab , (12) 
where hab = Jab + nay. We may also write 
hay = Cad + Y’ Yab , (13) 
which gives 
O(n 
Kay = B eaen + — Y yee (14) 


The trace of Eq. (14) gives us the flow volumetric expansion O3 = Van* = K? 
as 


03 =B+ O(n) : (15) 


In order to relate our quantities with the flow scalars, we compute the shear 
scalar c, by taking the symmetric traceless part of Kab. We obtain 


Om B 
= —— 16 
zr. (16) 
which implies 
93 — On) 
3 +o= "E (17) 


in agreement with the result obtained in Ref.?5. 


Using the inaffinities of the null basis vectors, A and B can be expressed as 


A-—vy—u, B = vk + n. (18) 
Contracting the conservation of the energy-momentum tensor with e, (Euler 
equation inf”) we get 
epVal® = (p + P)Pey + e"V,P =0 > 
"aP 
Aaa, (19) 
pt+P 


3. Orthogonal Killing vector 


We now assume that our metric has a Killing vector orthogonal to maximally sym- 
metric surfaces, as we are interested in static configurations. Our symmetry require- 
ments imply that it commutes with the symmetry generators on the foliation. We 
denote this hypersurface orthogonal Killing vector field x^. It satisfies the Killing 
equation, 


Ly gar = 0. (20) 


Proposition 1. If a spacetime is described by a metric of the form (1) and admits 
an orthogonal Killing vector x^ € NV, then O, = 0. 
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Proof. We may write, from Eq. (6), O4 = $8”Ly Sap = 2Y 7yV LY Y?» and 


gab = Nav + ¥? ab . (21) 
Then 
0 = Y7? Ls gap V4 Ly Nab + 20, 
= YN L Ya + 20,. (22) 
However 
y'a = 0, (23) 


since x^ does not admit components in S and Yap doesn't depend on coordinates 
along NV. Therefore, Eq. (22) implies that ©, = 0. oO 


Consequently, if there is an extra symmetry with orbits orthogonal to those of 
the maximally symmetric leaves of the foliation, the two-expansion of its generator 
vanishes. This also implies that if dY is spacelike, then Xa is timelike and vice-versa. 
If dY is null, the Killing vector will also be null. 


4. Extension of the mass-energy parameter to open geometries 


There is a widely known mass-energy definition suitable to the spherically symmet- 
ric case, namely the Misner-Sharp mass-energy,*** that is defined regardless of 
asymptotic assumptions. However, as we also intend to analyze nonspherical space- 
times in this work, we are led to consider a more general mass-energy definition, 
namely the Hawking-Hayward’s (hereafter HH).?^9?? The HH mass-energy gives the 
mass-energy content inside a closed compact surface in terms of an integral over that 
surface, in a manner similar to the Gauss law in Newtonian gravity. This quasilocal 
mass-energy has been explored in different contexts, such as seen in Refs.?! ??, 
Under our symmetry assumptions the Hawking-Hayward mass-energy enclosed 


by X is reduced to 
1 /A 1 
My = —4/ — I 
x 85 V Ion f IR Fay, 90990 dX (24) 


where œR is the two-dimensional Ricci scalar and A is the area of X. We have included 
a factor of cH in the optical scalars part of the mass-energy, compared with the 
a 


formula present in Ref.?" 


, in order to take account of our different normalization 
of the null normals. Our symmetry assumptions imply that the only non-vanishing 
optical scalar on X is the null expansion. 


2485 


2c 
Since we assume that X is maximally symmetric, we have R = yr We also 


have 


kl, 
O50 = kh aln VY? In Y? = > 99, mY’ mY? = 


1 242 2 2 OwO 2 2 
kle = kl. —.|av|? > 228 = lar], 2 
zellan ¥? |? = kf slav]? > 979. = 3a] (25) 


where we used Eq. (5) in the second step. 

For the spherical case € = 1 and A = 47Y?, we obtain the known interpreta- 
tion of ||dY || in terms of the Misner-Sharp mass-energy, which coincides with the 
Hawking-Hayward one 


Y 2Ms 
Ms = a (1- ||d¥||?) e ||d¥ |? = 1 — Y 


(26) 


In this work, we aim at treating all three symmetry types in the same manner. 
In the planar and hyperbolic cases (e = 0 and e = —1, respectively), the Hawking- 
Hayward mass is not conveniently defined for the integration domain set by our 
preferred foliation, as it requires a closed compact surface which is absent in the 
latter cases. Therefore, we need a mass-energy definition which might be equivalent 
to the HH mass-energy, but suitable to deal with (instead of adapted for) non 
compact domains in order to take advantage of the planar or hyperbolic symmetry. 

We can make such an extension of the HH mass-energy, as long as their boundary 
correspond to a pair of symmetric two-surfaces of symmetry X corresponding to the 
same warp factor Y . Of course, those domains are infinite and have an infinite mass- 
energy content in general. However, as they are homogeneous along the surfaces 
of symmetry, we can successfully adapt the HH mass-energy definition in order 
to obtain a finite mass-energy parameter with those cases. They then describe an 
infinite mass-energy distribution, homogeneous along the surfaces of symmetry, with 
a finite density. 

We proceed by first making the replacement 


1 A Y 

Br Vien” dew) (27) 
in order to keep its dimensionality, and eliminating the explicit dependence on the 
area of X. Evidently, by setting & = 4 we recover the Hawking-Hayward mass-energy 
in the spherical case. This step is justified by the fact that originally this factor was 
introduced to correct the dimensionality of the mass-energy, and to make it match 
the Arnowitt-Deser-Misner (ADM) mass,°** where both are well defined. Since our 
symmetric spacetimes allow an “areal scalar" as the warp factor Y, we can replace 
VA by Y as the quantity with dimension of length associated to each surface of 
symmetry. 
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We then define the quasi-local mass-energy parameter u(Y ) by 
Y 
Ms = HD n (28) 
T 


and we write 


Y OwO) Y ] 
ann | dd = — Qe — 2|dY ((G)dédo. (2 
AT IR kel. [ Irk [2c — 2]|dY || ifs (Q)déd¢ (29) 
Equating Eqs. (28) and (29) and eliminating the improper area integral on both 
sides we derive 


Sp). 


dY|? =e- 
IIaY ||" = e- -57 


(30) 


Equation (30) coincides with the known mass function [see Eq. (15.7a) inë] 
which appears as we integrate the Einstein equations of specific spacetimes with 
metrics of the form (1) for planar and hyperbolic symmetries. From now on, we will 
consider Eq. (30) with the choice « = 4 as the mass-energy definition. 

An alternative route to Eq. (30) can be obtained by computing the HH mass- 
energy in a finite domain, symmetric with respect to the central plane or wire, 
Y — 0, and taking the limit where the domain tends to be the whole surface. The 
finite integration domain consist of the union of 


(1) a subset of the Xy, that we denote I'., bounded by a circle yp of radius r 
on the (0, 9) coordinate plane and 

(2) a compact surface given by the surfaces A, defined by yr transported along 
Y orbits. 


It forms a closed surface, corresponding to a part of a cylinder bounded by Y — 
constant surfaces in the space of coordinates (Y,0,¢). Therefore, the HH mass- 
energy enclosed by those surfaces will by finite, and given by 


M, = = A (J Sao f (aa) (31) 


where (...) replaces the integrand of Eq. (24). In the limit r — oo, the first integral 
in Eq. (31) scales as r? while the second one scales as r. This means that, in the 
limit r — oo, and repeating the replacement in Eq. (27) we obtain 


M. . u(Y) 
A. 42” 


(32) 


'This relation is particularly adequate to obtain the extension of the TOV equa- 
tion for the open geometries, as it will become apparent in the following section. 
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5. Evolution equations 
5.1. Timelike Killing vector 


We assume y*Vq < 0. In this case, the spacetime is static, and n^ ~ x“. Therefore, 
from Proposition 1, O(n) = 0 everywhere, and dY is spacelike, since it is orthogonal 
to n^. If O(n) vanishes everywhere, this means that the fluid has no radial velocity, 
therefore we are dealing with a static fluid with a flow parallel to the Killing vector 
field. 

In order to characterize its static equilibrium, we realise the derivative of the 
flow 2-expansion along the flow itself is vanishing 


£59( — 0, (33) 


since O(n) = 0 everywhere. 
We may write LnO(n) in terms of the null expansions as 


LnrO in) = £yO(x) + £i + £i + £O. (34) 
Substituting the Eqs. (8a), (8b), and (8c), we obtain 


(Ow +O)? | 
2 
€ 
Owa) -7T 8nTabet e? + A(© (x) = Om) : (35) 


£nO(n) = — 


Recall that we are assuming O(n) = O) +O) = 0, and that O(h) — Oy) = Oe), 
using Eqs. (7) and (3). We identify here ©(;,)0() as the mass term, since it equals 


E E104 
yzlldY ll = 72 e Y 
Taking the source to be a perfect fluid, (10), and contracting the divergence of 


the energy-momentum tensor with e, (Euler equation in*”) we get 


ey Vo T9? = (p + P)i*ey + e"V,P =0 > 
eaP 


A= ; 36 
TUB (36) 
Since O(n) = 0, e* is proportional to Oy, and as e^ is normalized, we have 
1 
ea = maY , e*-|aY|(2v)", (37) 
IlaY || 
which gives us 
2 ðyP 
e = —||ldY|? = . 
46. = -larie 5 (38) 
Therefore, replacing ||dY ||? by its meaning in terms of mass, LnO©(n) = 0 corre- 
sponds to? 


c. 2uY)Y WP — 1g(Y) 
(ss- yY? )z--r yos (39) 
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that reveals that the generalization of the concept of mass-energy given by (32) is 
particularly suited to avoid the caveats of the divergence of that quantity if it were 
defined in accordance to the canon of the spherically symmetric models. 

Of course the latter equation (39) can alternatively be cast under a more familiar 


form as 
OyP — (eY) 2u(¥)\ 
M08 +4rPY [e— y 2 (40) 


which is what we denote as the unified TOV equation. It reduces to the well-know 
'TOV equation for spherically symmetric spacetimes when e — 1, and it corresponds 


to the equation of hydrostatic equilibrium for planar and hyperbolic geometries, in 
the cases where e = 0 and e = —1, respectively. This underlines the fact that the 
'TOV equation is a hydrostatic equilibrium equation, and not an equation of state, 
as it is sometimes erroneously stated. 

In order to determine (Y) we consider the LeO(e) Raychaudhuri equation 


Ofe) 1 2 2 
LeO) = BOn) - =" * 4 (Ca = a) 
+ = — 8n T,un^n? , (41) 


which, by using O(n) = 0, and Eq. (37) lead us to 


2 3 € 
av ay (Žiari) =~ sella? ga = Sao. (42) 
Substituting Eq. (30) into Eq. (42), we obtain 
Oyu = AnpY? , (43) 


which looks like the mass-energy equation of spherical symmetry. Here, it should be 
interpreted as the mass-energy equation in the spherical case, and as a mass-energy 
parameter equation in the planar and hyperbolic cases. Furthermore, Eqs. (43) and 
(30) imply that, if the weak energy condition (WEC)?9 holds, only the spherically 
symmetric case admits static regular solutions. Indeed, as those solutions require 
||aY ||? > 0, that implies  < 0 for e < 0 and, as in regular spacetimes, 


Y 
p(Y) — 4v ji p(y)v^dy, (44) 


this imposes p « 0. 
With Eq. (43), the last requirement to solve Eq. (40) is the equation of state of 
the fluid, f(p, P) = 0 which should come from specific physical considerations. 


5.2. Spacelike Killing vector: The cosmological cases 


In the case of a spacelike Killing vector, dY is timelike, the flow n, is orthogonal 
to the Killing vector, and the unitary base vector e^ is parallel to it. This imposes 
no constraint on the sign of u according to Eq. (30), and thus there is no need to 
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violate energy conditions in order to consider these solutions, thorougly studied in 
cosmology.?* 

Combining the dynamical equation given by £,9(,; = 0, and Proposition 1, we 
have ©.) = 0. Replacing Eq. (16) in Eq. (41), we derive 


3 € 
196 — 3e0(y + yz 87p, (45) 


and, using Eq. (17), we can express this Eq. (45) in terms of the volume expansion 
O; obtaining 
92 € 
a Bap I (46) 
which corresponds to the generalised Friedmann constraint equation for the evolu- 
tion of a homogeneous and anisotropic universe. In the case e = 0, we may identify 
©; = 3H, and we recover the usual Friedmann equation for the flat (e = 0) and 
open (ce = —1) spatially isotropic universes. Notice though that ø = 0 also yields 
anisotropic, cosmological solutions when the matter content is not a perfect fluid.?? 
The £,0(,) Raychaudhuri equation gives the evolution of O(n). Using Eq. (35) 
we obtain 
3 2 € a „b 
L£n9(n) = -70% -7T 8r Tae" e^, (47) 
so that subtracting Eq. (45) from Eq. (47), we further derive 
LnO(n) = —300(n) —8r(p+P), (48) 


which, together with an equation of state relating p and P closes our system. By 
adding half of the Eq. (48) with one third of Eq. (46), we obtain: 


03 93V 
($3) +(3) - 
-20 (240) - ops oon (49) 

Those homogeneous and anisotropic spacetimes belong to a subclass of Bianchi 
models,??:99 with the case e = 0 corresponding to Bianchi type I universes, e = —1 
corresponding to the Bianchi type III models, and e = 1 to the Kantowski-Sachs 
spacetimes.5! 

In this work we are mainly focused on the hydrostatic equilibrium situations. 
Thus, our interest will be directed to understanding whether it is possible to find a 
correspondence between the T'OV equation of static equilibrium, and some condition 
applying to the spatially homogeneous models. 

Imposing staticity amounts in the present case to have O3 — 0, £,03 — 0, and 
c = 0 in Eqs. (46) and (49). Reconciling the reduced equations simply requires 


p+P=0, (50) 
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in the e = +1 cases, and has no realisation when e = 0, as p = 0 from Eq.(46). 
Hence we conclude that the T'OV condition interpreted as a cornerstone of stability 
yields the well-known equation of state characterising a cosmological constant in the 
non flat cases. In hindsight, one could have anticipated this result which emerges 
here in a self-consistent way. Moreover we see that strong energy condition (SEC) 
is violated for both cases e = +1, whilst the WEC is additionally violated for the 
€ = —] case, as follows from Eq. (46). 


6. An illustration: Incompressible fluid solutions 

Using our unified TOV equation, Eq. (40), we may look for static perfect fluid 
solutions for all three symmetries considered here. By choosing a timelike coordinate 
T along the flow, making na = —a(Y)dT, and the warp factor Y, we obtain the 
following line element in the (7, Y) coordinates: 


2 
dg Sar area" up 08, (51) 
€ 


LX] 

Y 
where dQ. = (d0? + S2d9?) and the functions o and y will be given by solving 
Einstein equations, i.e., Eqs. (40) and (30). 

Here, we will apply our unified treatment to find the analogs of Schwarzschild 
interior solution, that is, we will use the equation of state of an incompressible fluid 
p — po constant. It is important to note that, as we have discussed in Sec. 5.1, the 
static solutions with e Z 1 violate the WEC, therefore we should take pp « 0 in 
those cases. 

Equation (36) implies 
Q P' Co 


— —— >a = —, 
a p+P po + 


(52) 


where co is an integration constant that can be set by rescaling the time coordinate 
and the prime denotes Y differentiation. 
Equation (43) gives us 


4m og Y ? 
uY) = d (53) 


which we replace in Eq. (40) to obtain 


2 le- 3» 
Bye cms. eeu (54) 
3Jle- Fl- le- XE 


where Y, is the analog of the radius of the object and is the least positive number 
8Tp0Y7 


that satisfy P(Y,) = 0, Y; = is the analog of the Schwarzschild radius, 
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although it can not be interpreted as a location since it will be a negative number. 


'This gives 
1 Y, YY? 
= = 3 — — — — 
a + y Y, "n Y? (55) 


which has a similar form to the interior Schwarzschild solution, where we only change 


the sign of the mass-energy parameter and change the value of e in the formula. 
Of course the physical properties are very distinct, since the solutions violate the 
WEC. 

In Fig. 1 we compare the pressure for the three cases. From the slope of the 
curves, we notice that only the hyperbolic case presents P' > 0, compensating 
the repulsive gravity force in this setup. This is the opposite of the more familiar 
situations presented in the spherical and planar cases, where gravity is attractive, 
with P' « 0 sustaining the weight of the configuration. We can also see that the 
planar case admits a positive pressure for 0 « Y « Y,. That means that, as long 
as mass-energy is negative, we may have static plane configurations over a finite Y 
interval. On the other hand, the hyperbolic solution only admits positive pressure 
for Y > Y}, so there is no analog of the Schwarzschild interior solution for this 
foliation, although it can be interpreted as an exterior fluid solution to an internal 
void. It can thus be matched to a hyperbolic vacuum solution for Y < Yj, found as 


a particular case in Ref.?! : 


2 
ast -- (7-1) aes 


where the parameter m = ||. The peculiarities of the hyperbolic solutions with 
regard to the energy conditions are also found in the work.?? 


y? 
mp Y?(d6? + sinh? 09?) , (56) 


Y 


P 
lol 


Fig. 1. Pressure as function of Y for Y; = 1 and |Y;| = 0.25 for e = 1 , € = 0 and e = -1. 


The equation of state consisting of a negative energy density with a positive pres- 
sure might be achieved by some kind of phantom field, but a Lagrangian description 
of the fluid is beyond the scope of this work. However, our simple incompressible 
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model, with constant energy density, but varying pressure, is reminiscent of a con- 
stant time surface of a McVittie or Shah-Vaidya spacetime, which admits a La- 
grangian scalar field as source.9?:6? This suggests the possibility that there exist 
field models in the literature which can source the solutions presented in this paper. 

We notice that the planar solutions may also represent a subclass of cylindrical 
solutions (see Refs.9*:65) if we select one coordinate along the plane to be periodic. 
'Thus, our planar solution may be interpreted as a static cylinder of fluid with 
boundary given by Y = Y,. At this surface, the solution must be matched with a 
vacuum solution. 

Actually, all fluid configurations found can be matched with the corresponding 
static solutions presented in Ref.?! which arise from applying Birkhoff theorem for 
external fluid sources that satisfy the hypotheses of the theorem. In those cases 
there is a matter content present outside, the most common examples being an 
electromagnetic field, and a cosmological constant. Therefore the matching surface 
will correspond to a surface where P(Y) matches the pressure of the exterior solu- 
tion, in a manner similar to the way in which an uncompressible charged sphere is 
matched to a Reissner-Nordstróm solution in Ref.96. 


7. Conclusion 


In this paper we analysed spacetimes with a two-dimensional maximally symmetric 
foliation sourced by a perfect fluid. We proved that in those cases, if there is a 
Killing vector orthogonal to the leaves, its two-expansion vanishes, which allows us 
to simplify our dynamical equations in terms of the two-expansion of a unit vector 
orthogonal to the Killing field. 

When the Killing vector x^ is timelike, we find that the flow lines must be 
tangent to x^, and as this is true at all times, the equations describe a hydrostatic 
equilibrium, governed by a (generalised) TOV equation. When the Killing vector 
is spacelike, we have instead a spatially homogeneous dynamical spacetime. The 
result is a subclass of Bianchi universes, with only one shear degree of freedom. The 
corresponding equation gives the evolution of expansion and shear scalars. 

Our approach relates the mass parameter to the geometrically defined quasi- 
local mass-energies of Misner-Sharp and Hawking-Hayward by slightly changing its 
definition in order to apply it to our infinite mass-energy distributions. This innova- 
tion is in itself a step towards addressing the open issue of defining mass/energy in 
gravitation and cosmology, c.f the recent works of,°’ and others®* 6° on this subject. 

Using these concepts we could recover the physical interpretation of the geomet- 
rical quantities appearing in the equilibrium/evolution equations, translate the dual 
null formalism to the more usual relativistic fluid dynamics framework, and show 
that the TOV equation arises as a particular case of those equations. Henceforth 
the generalizations of the TOV equation appear automatically by just setting e = 0 
or —1 accordingly. 
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From this treatment it emerges the fact that the only static fluid solutions that 
satisfy the WEC are the spherical ones, as the other two cases require a negative 
energy density. 

In what regards the spatially homogeneous spacetimes, the hydrostatic equilib- 
rium condition also implies a violation of the SEC"? 7t for the non planar solutions, 
constraining the equation of state for the perfect fluid to be that of a cosmological 
constant?. 

In order to illustrate the analogy between the planar, hyperbolic and spherical 
cases we studied the static solutions for an incompressible fluid. We found that, 
besides the known case of spherically symmetric spacetimes, we can obtain a static 
interior fluid configuration only in the case of planar symmetric spacetimes. In the 
hyperbolic case, the static configuration is an exterior solution that can surround 
an inner vacuum region. 

Our unified way to describe three classes of spacetimes foliated with 
codimension-two leaves of constant curvature leads the way to further generaliza- 
tions that we will address elsewhere. 
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We will report here a critical inspection of the Penrose conjecture according to which the 
gravitational entropy should be quantified via the Weyl curvature, with the Clifton-Ellis- 
Tavakol entropy being one specific realization of this proposal. In fact, we will show that 
in some exact inhomogeneous and anisotropic cosmological models which arise as exact 
solutions in general relativity with either closed and open topologies, the Clifton-Ellis- 
Tavakol gravitational entropy is increasing in time despite the decrease of the magnitude 
of the Weyl curvature: this is possible thanks to the growth of the spatial shearing effects. 
The matter content driving the dynamics of this class of models comes in the form of a 
stiffened fluid which can be relevant in the early universe. We choose the values of the free 
parameters entering the metric tensor consistently with the holographic principle and the 
second law of thermodynamics. Our study can be of interest in light of the modeling of 
the formation of some primordial structures, like the Large Quasar Groups, as suggested 
by the growth of gravitational entropy, and whose existence cannot be accounted for by 
standard perturbation methods over a homogeneous background. 


Keywords: Exact solution; stiff matter; gravitational entropy. 


1. Introduction 


Our Universe contains a plethora of different astrophysical structures with different 
sizes such as galaxies, clusters of galaxies, filaments, voids,... The formation process 
for cosmic structures of sizes smaller than 150 Mpc, which is the length scale above 
which the universe is considered to be homogeneous,! can be described with pertur- 
bation schemes applied to a homogeneous background as the Friedman-Lemaitre- 
Robertson-Walker one.?:? However, there is observational evidence of the existence 
of astrophysical structures like the one known as the “axis of evil" ^ which challenge 
the Copernican principle because they come with an alignment of matter along a 
preferred direction and their sizes are larger than 150 Mpc. Other examples are the 
Large Quasar Groups with sizes in the range of 70-350 Mpc.® ® Accounting for their 
existence by means of perturbation methods is problematic because the cosmic ma- 
terial would not cluster quickly enough for forming a bound system of this size: this 
is one among few other open questions affecting the standard model of cosmology.!? 
Inhomogeneous cosmology may offer an alternative route for developing theoretical 
frameworks which can describe the evolution of matter perturbations undergoing 
a local collapse which can lead to the formation of an astrophysical structure. For 
example, in a dust Szekeres spacetime the density contrast grows eight times quicker 
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than in the linear perturbation regime making the process of formation of astro- 
physical structures more efficient.!? There is also observational evidence of exotic 
astrophysical structures with non-standard size which should have formed in the 
early universe, as a supermassive black hole at redshift z ~ 10,>1° and the Huge 
Quasar Group at redshift z ~ 1.27,!! whose existence cannot be explained by invok- 
ing effects played by an inhomogeneous spacetime supported by dust (which can be 
interpreted as pressureless dark matter). Therefore, the issue becomes to provide an 
appropriate theoretical framework in which spatial shear effects and tidal effects can 
trigger a local collapse in an overall expanding background supported by a matter 
content consistent with the early stages of evolution of the universe. 

In the primordial universe shearing effects may play an important role, as com- 
pared to the one of the matter content, even though they are almost negligible at 
the present day.!^ Moreover, it has been argued that in early cosmic epochs the 
matter content may come in the form of a stiff fluid?^,!^ 1? which is the effective 
hydrodynamical realization of a massless scalar field according to the canonical for- 
malism.??:?! More in detail, in!?:!? it has been argued that the early universe should 
be filled with cold baryons which fulfill the equation of state p — p, and that if cos- 
mic matter is described as a relativistic self-gravitating Bose-Einstein condensate, 
then the cosmic evolution would experience a stiff-matter dominated era. Indeed 
the development of specific algorithms for integrating the Einstein field equations 
when the matter content is a stiff fluid has received attention in the literature;?? 7° 
then a number of exact and analytical solutions expressible in terms of elementary 
functions has been found obeying to a variety of symmetry groups,?? ?? just to 
mention a few examples. 

One specific solution to the Einstein equations that we have adopted in our own 
research,?? and which was found and investigated from the mathematical perspec- 


tive by a number of different authors,?^ °° reads as (see also page 261 in??): 
2 
fa 7) aP. RE 2 [$ + h(t)] (d0? + sin? oag? 1 
as = - (5 tag tU s h(O| (a6? + sin? ag’), (1) 


where the “generalized scale factor" can either be 


h(t) = Asin(t) + B cos(t) if e=-l, (2) 
ieu - (P) +24t+B É 228, (3) 
h(t) = Ae! + Be™* if e=1, (4) 


according to the topology of the spacetime. We can note that the model (1) depends 
on three free parameters A, B, and C, and that only its angular part, and not the 


aA stiff fluid is a perfect fluid, e.g. it is fully described by its adiabatic pressure p and energy 
density p, whose equation of state in natural units is p = p, and with matter-energy tensor 
T”, = diag[—p, p, p, p]. 
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radial one, is expanding. The spacetime is supported by a fluid obeying to a stiffened 
equation of state 
3C 

ppp (5) 
which reduces to the case of a stiff fluid, i.e. of a massless scalar field, in the limit 
of C — O0. Thus, this latter parameter, which does not affect directly the time 
evolution of the generalized scale factor h(t) as we can appreciate from (2)-(3)- 
(4), would instead make the cosmic fluid pressure to be non-zero but equal to a 
constant in an empty space for which p — 0; more in general th equation of state 
(5) can be written in the form p — w(p)p in which the density-dependent equation of 
state parameter can be interpreted as a chameleon field.*° 4! The Hubble function, 
invariant shear, cosmic energy density and Weyl curvature of the spacetime (1) are 
given by 


~ 3(c oye (6) 
dicc DD = n i (7) 
i Ca po ORO (8) 
ee TOET ' (9) 


where an overdot denotes a derivative with respect to the cosmic time. In the com- 
putation of the latter quantity we have applied the Newman-Penrose formalism, *? 
and the following notation has been introduced: 


& =44?° +B?) for e=-1, (10) 
R =4(44? +B) for e€=0, 
R 2 —16AB for e=1. 


Since we have a nonzero Weyl scalar V2, some tidal forces are present in the cos- 
mological model (1),*?? and they can trigger a local gravitational collapse whose 
evolution then experiences the non-standard spatial shearing effects described by 
c?, potentially taming the previously mentioned problems of accounting for the 
existence of some astrophysical structures observed in the early universe. For ex- 
ploring this topic, in our research?? we have computed the gravitational entropy 
for the cosmology (1) by following the Clifton-Ellis- Tavakol proposal,^* 
we have implemented some numerical values for the free parameters A, B, and C 
which are consistent with the thermodynamical requirements formulated through 
the cosmological holographic principle and the second law of thermodynamics. We 
have obtained that the gravitational entropy can be increasing even in the time 
intervals in which the strength of the Weyl curvature is decreasing, and therefore 
we have claimed that Thermodynamics of shearing massless scalar field spacetimes 


in which 
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is inconsistent with the Weyl curvature hypothesis according to which the confor- 
mal curvature can be adopted as a measure for the gravitational entropy. Our 
result is due to the effects played by the spatial shear which accounts for the spatial 
anisotropies. 

'This MG16 conference proceeding is organized as follows: in Sect. 2 we impose 
the holographic principle and the second law of thermodynamics to the spacetime 
(1) showing how they can set some constraints on the behavior of various relevant 
physical quantities. In Sect. 3 we introduce the Clifton-Ellis-Tavakol entropy, dis- 
cuss its importance in the modeling of the formation of astrophysical structures, 
and report on our specific results for the spacetime under investigation. In Sect. 4 
we formulate the two messages that according to us the reader should take at home 
regardless the technicalities involved in this project. Finally in Sect. 5 we put our 
research into the larger perspective of the studies of gravitational entropy in inho- 
mogeneous cosmology. 


2. Imposing the thermodynamical requirements 


According to the cosmological holographic principle, as formulated by Bousso, the 
matter entropy Sm inside a region bounded by a “horizon” should be smaller than 
the area Ag of the horizon itself, or more precisely Sm < Ay /4.4° We can see that 
the celebrated Bekenstein-Hawking entropy for static black holes*^49 constitutes 
the limiting case of this more general principle. For a dynamical spacetime we 
consider appropriate to work with the dynamical apparent horizon as the boundary 
of the region we are interested in; by introducing the areal radius 


the location fg of the dynamical apparent horizon is such that?? 
IVF lice = 0. (12) 
In a time-evolving configuration, the dynamical apparent horizon is not the unique 
choice for the boundary of the region to which the cosmological holographic princi- 
ple can be imposed; however in the homogeneous and isotropic Friedman universe 
assuming the space to be filled with some form of dark energy the first and sec- 
ond law of thermodynamics have been shown to hold for the dynamical apparent 
horizon, but not if one works with the cosmic horizon,?? providing a motivation for 
choosing our route.?^: 52 
Since the fluid energy density should be non-negative all along the time evolu- 
tion of the system, we found that C should be non-positive; under this restriction, 
equation (12) admits a solution only for the topology « = 1. Setting the parameters 
A and B to be positive guarantees both a well-defined cosmic energy density and the 
existence of a solution for the equation determining the location of the dynamical 
apparent horizon. Taking into account that Ay = 4772, and that Sm = af}, with 
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o an overall proportionality constant, it can be seen after some computations that 
the holographic principle is further constraining the value of C, i.e. of the deviations 
of the equation of state of the cosmic matter from a stiff fluid. The cosmological 
consequences of these restrictions on the values of the arbitrary model parameters 
are: 


e If we compute the deceleration parameter as in,?? it would be negative; 

e Since e + 2h(t) Z 0, there would be no initial singularity in this cosmology 
because there would not exist a time tg at which the energy density (8) 
would diverge. 


On the other hand, imposing the second law of thermodynamics to the matter 
content would require Sm > 0, which can be translated into the equivalent condition 
pr 

dt 
Be > 0; thus, the cosmological consequences within the model (1) of imposing 


the second law are: 


> 0. After some algebraic manipulations, we could recast this condition as Ae’— 


e The lower limit on the size of the universe h(t) > 2Be™ is established; 
e The lower limit on the age of universe t > i In 2 is established; 
e The Weyl curvature V» is a time-decreasing quantity. 


3. Computing the gravitational entropy 


^Entropy" can be naively regarded as a measure of the disorder within a system 
(as related to the existence of an arrow of time), or as a quantification of the 
number of different microscopic realizations compatible with the same macroscopic 
system (statistical entropy). Therefore, in cosmology, as astrophysical structures 
form in one specific spatial regions rather than in others with the whole universe 
remaining homogeneous on large enough length scales, the gravitational entropy 
should increase. Since when an observer looks at the universe from its location it may 
or may not detect an astrophysical structure, the growth of gravitational entropy 
should be accompanied by an increase of the spatial anisotropy. One specific way 
of computing the density sera, of gravitational entropy in Petrov type D spacetime, 
as for example (1), is due to Clifton-Ellis-Tavakol**: 
(p +p) 


Trav Sgrav — —dV Ow (nti alr (D pw) s (13) 
grav 


The ingredients of this formula are the following: 
e The temperature of the free gravitational field defined as 


|ua-pl?n?| r 
Toray = = 5 , 
T Sn Cr? +e 


where u^ is the matter-comoving observer four-velocity, and |^ and n^ are 


(14) 


part of the null coframe containing the dt and dr contributions. 
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e The volume element 
r? sin 6(c + 2h(t)) 
2/Cr? +e 


e The shear tensor oy which describes the rate of distortion of a given region 


dV = drd0dó . (15) 


with fixed volume during the cosmic evolution. 
e The gravitational energy defined in terms of the Weyl curvature as: 


Pgray := 167| Y2]. (16) 


e The gravitational anisotropic pressure also defined in terms of the Weyl 
curvature as: 
grav „_ [Vol 
EY © 16m 
in which Za, Ya, Za constitute the spacelike vectors in the orthonormal base 
for the metric (1). 
e The gravito-electric tensor E,, which accounts for tidal effects, which are 
indeed necessary for having a gravitational collapse. 


(—zazx5 + Yayo + Zaz + uut), (17) 


We have considered the approach (13) to be a sound proposal for computing the 
gravitational entropy because, as pointed out in,* it delivers a non-negative entropy, 
it is consistent with the Hawking-Bekenstein entropy of black holes, it provides a 
vanishing entropy in and only in conformally flat spacetimes (as for example in 
the homogeneous and isotropic Friedman-Lemaitre-Robertson-Walker universe in 
which astrophysical structures cannot form due to the lack of any matter density 
contrast), and it is related to the growth of anisotropies in the spacetime (as they 
indeed increase during the structure formation phase). 

Thus, it does not come as a surprise that the conjecture of a connection between 
gravitational entropy and Weyl curvature has been regarded as a useful tool for the 
description of the formation of astrophysical structures in various inhomogeneous 
models. For example, in?* a relationship between the growth of gravitational entropy 
and the amplitude of initial fluctuations of spatial curvature at the last scattering 
time has been found, while the possible saturation of its value at a certain time has 
been investigated in?? for the Lemaitre-Tolman-Bondi universe, in? more in gen- 
eral for the class of silent universes for which the gravitomagnetic part of the Weyl 
curvature vanishes, and in?" for a perturbed Friedman spacetime. Furthermore, a 
gravitational entropy quantified via the Weyl curvature is consistent with the gen- 
eralized second law in the void Lemaitre-Tolman-Bondi universe,?? and the specific 
Clifton-Ellis-Tavakol entropy has been shown to be a time increasing function in a 
number of cosmological models.°? 

Our explicit computations for the Clifton-Ellis-Tavakol gravitational entropy 
delivered the result 


64rh(t)(1 — 16AB) 
3(2h(t) + e?r? 


Terav Sgrav = dV (18) 
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Here we have restricted ourselves to the spacetime (4) because, as mentioned in 
Sect. 2, it is the only case within (1) for which a thermodynamical investigation 
based on the cosmological holographic principle was possible. Then, implementing 
the constraints on the free parameters obtained from such analysis and those arising 
from the second law of thermodynamics, we have found that a challenge to the 
Weyl curvature conjecture proposed by Penrose?? is posed. In fact, the gravitational 
entropy is increasing even when the gravito-electric curvature as measured by Y3 
in (9) is not, and thus the latter cannot be considered too naively as a measure of 
the former. 


4. Discussion 


Quantifying the effects that the interactions between small-scale inhomogeneities 
(e.g. galaxies, galaxy clusters, voids, filaments, etc...) have on the large-scale evo- 
lution of the Universe is not a trivial task, and the debate in the literature about 
their importance is still open.®! There exists in fact a range of completely different 
claims from that they have no effects at all to the one that they can bring an en- 
ergy budget which can be responsible for the observed accelerated expansion of the 
universe without the need of a cosmological constant; see? for a review of different 
approaches and their predictions. Once endowed with a cosmological model formu- 
lated in terms of a metric tensor solution of the field equations of the underlying 
gravitational theory, it is necessary to investigate its physical applicability. Some 
widely applied cosmological tests which can assess the suitability of a mathemati- 
cal solution of the Einstein equations as a cosmological model rely on supernovae 
data,°* 95 cosmic microwave background data,66:67 
data,95:69 and clearly require data-analysis skills. For example, the inhomogeneous 
dust Lemaitre- Tolman-Bondi model has been shown to be in tension with the kine- 
matic Sunyaev-Zel’dovich effect"? although it is not with observations related to the 
luminosity distance of supernovae, without the need of dark energy but assuming 
that the observer is located inside a giant void;”! more in general the development of 
^model independent" tests for inhomogeneous cosmology constitutes a line of cur- 
rent research."? 74 However, in Sect. 2 we have explained how “theoretical” require- 
ments can also be exploited for constraining the values of the free model parameters 


or baryon acoustic oscillations 


and for extracting cosmological information about the model under investigation. 
We had previously applied the same way of thinking to the Stephani cosmological 
model by estimating the strength of spatial inhomogeneities, the matter abundance 
and the size of the universe by imposing the cosmological holographic principle and 
the second law of thermodynamics” (however this latter spacetime is conformally 
flat and therefore it does not offer any viable possibility for an investigation of the 
gravitational entropy). Thus, the first take at home message from our research is: 


e By working with solely pen and paper, we can constrain a given cos- 
mological model known in terms of its metric tensor by imposing the 
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thermodynamical requirements which follow from the cosmological holo- 
graphic principle and the second law of thermodynamics. 


In Sect. 3 we have mentioned that the Clifton-Ellis- Tavakol gravitational entropy is 
increasing in time for the spacetime (1) although the Weyl curvature is not thanks 
to the presence of a term given by shear tensor which is inserted by hands in its 
formulation. The fact that spatial shearing effects are developing in the same time 
interval in which the gravitational entropy is increasing is a fundamental consis- 
tency check for the mathematical formula adopted for the latter. In fact, both these 
quantities are expected to increase during the structure formation phase because 
the universe is becoming anisotropic and inhomogeneous, with the former being 
measured by the shear tensor while the latter can be regarded as an increase of 
the level of *disorder" of the system which should be quantified via an appropriate 
entropy quantity. Thus, our second take at home message, whose consequences will 
be further explored in the next Sect. 5 is: 


e Implementing the Weyl curvature conjecture according to which the Weyl 
curvature should serve as a measure for the gravitational entropy is not as 
simple as it may look like at a first sight and other ingredients may be nec- 
essary in the construction of a mathematical formula for the gravitational 
entropy. 


5. Outlook 


'The search for an appropriate inhomogeneous cosmological model which can provide 
a, viable framework for addressing the issue of the formation of astrophysical struc- 
tures with sizes larger than 150 Mpc (and which is also in agreement with other 
datasets), and the formulation of an appropriate measure for the "gravitational 
entropy" in the spirit of the Weyl curvature conjecture are two related problems. 
'Therefore, we consider appropriate to investigate various notions of gravitational 
entropy as the following: 


Veo 
D usc MAP 


S = 
Ru REY 


(19) 


where C,,54, and Ry, are respectively the Weyl and Ricci tensor, and its 
spatially integrated version 


$= / dVS. (20) 


This formula has arisen in the context of cosmologies exhibiting an 
anisotropic singularity./? However this proposal cannot be applied to vac- 
uum spacetimes because of the vanishing of the Ricci tensor. 
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e Eq. (19) but multiplied by the square root of the determinant of the spatial 
metric h as suggested in": 


C ip po C "9? 
DEMQUE 21 
e (21) 
which would be something in between the two proposals of the previous 
step. 
e Applying a spatially averaging scheme and writing the entropy as/*: 79 
S 2 Vp (pin c£) (22) 
(p)p / p 
where angular brackets denote an average over the spatial domain of interest 
D. 
e The Clifton-Ellis-Tavakol entropy that we have already talked about in 
Sect. 3. 


These inequivalent ways of computing the gravitational entropy should be applied 
to the general line element describing a spherically symmetric dynamical spacetime 
(see page 251 in??) 


ds? = er) gg? + eM) qe? + y?(t, v) (d? + sin? Odd?) (23) 


in a set of future projects. Intuitively, we expect that demanding the simultaneous 
growth of shear, Weyl curvature and gravitational entropy would provide some in- 
formation on the increasing/decreasing and concavity properties of the functions 
v(t,r), A(t, r) and Y (t, r), which then will be implemented into the Einstein equa- 
tions for understanding which types of matter content permit to achieve this goal. 

All the previously mentioned proposals for computing the gravitational entropy 
are directly sensitive to the matter content of the spacetime. In fact in some of 
them the energy density (Hosoya-Buchert-Morita) and possibly also the pressure 
(Clifton-Ellis-Tavakol) appear explicitly; in other cases as in (19)-(20)-(21) they 
are inserted via the Ricci tensor, which is connected to the matter content of the 
universe as we can see from the Einstein equations written in the form 


1 
Rig 87 (s = jr) , (24) 


A more conservative proposal which has been formulated recently in the context of 
black hole physics argues that it is possible to write the density s of gravitational 
entropy just in terms of the frame component of the Weyl tensor W and of its 
Newman-Penrose derivative DW as®° 

DW 
Wr 
'The applicability of such formalism in inhomogeneous cosmology and in particular 
the investigation of its relationship to the spatial anisotropies quantified by the 
shear tensor would constitute a subject of future studies. 


(25) 


s-| 
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The null-surface formuation (NSF) of general relativity is equivalent to standard gen- 
eral relativity but uses families of null surfaces rather than the metric or connection. 
The NSF can be constructed in dimension 3+1, in any dimension higher, and also in 
dimension 2+1, which is a special case: In 24-1 dimensions, the main NSF field equation 
is equivalent to Cartan's metricity condition. The latter arose in differential equation 
theory to address the problem of classifying solutions of 4 third-order ordinary differen- 
tial equations. Solving the NSF/Cartan equation has proved challenging, and only three 
solutions are known to date. This talk presents a fourth solution, which depends upon 
three independent parameters. Two of the previously known solutions are included as 
special cases. Energy conditions and possible source terms are examined. The physical 
interpretation is discussed in detail. 


Keywords: Null-surface formulation; NSF; metricity condition; low dimensional gravity; 
imperfect fluid. 


1. Introduction 


The NSF'? uses families of null surfaces, rather than a metric, and can be presented 
in terms of a function Z that specifies the families. More commonly, the NSF is 
described in terms of a function A that is related to Z by differentiation. If required, 
a metric can be constructed up to a conformal factor from a knowledge of either Z or 
A and an auxiliary function Q. Forni, Iriondo, Kozameh and Parisi,^? Tanimoto,® 
and Silva-Ortigoza’ have constructed a (2+1)-dimensional version of the NSF. A 
brief summary of the 24-1 NSF is given in the remainder of this section. The sections 
that follow will present a new solution and list its properties. 

The equation u = Z(x*;) defines a surface, with z^ (a = 0,1,2) being space- 
time coordinates and y € S! being an angular variable. The role of y is to label 
the surfaces. For the surfaces to be null with respect to a spacetime metric gp-(x"), 
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the gradient of Z must satisfy 
g” (z*)Z (2; 9) Zc(z*; p) = 0, (1) 


where Za = aZ = 0Z/0x%. Equation (1) and its derivatives with respect to 
p lead to the metricity conditions, which ensure that the nullness requirement is 
satisfied. The metricity conditions are most easily expressed in terms of coordinates 
that are naturally adapted to the surfaces.* 9 Such coordinates are called intrinsic 
coordinates,? and are denoted 


u:= Z(x^;q), 
w := Ou = OZ(x*;q), 
p:=ôðw = u sao), 
where ô := 0/0 is the derivative with respect to p when the z* are held fixed. In 
principle, the above equations can be inverted to give 
xe — z^ (u, w, p, p). 


The third derivative of Z (i.e. of u) is denoted by A: 


A(u,w, p, q) := 0? Z(z^(u, w, p, p); p). 


If A is known, then Z can be determined by integration. The intrinsic coordinates 
u, w and p are -dependent and it can be shown that the action of the differential 
operator ô on a function f(u,w, p,p) is given by*® 


ð = 0' +wôu + pO, + AO,, 


where 0’ denotes the derivative with respect to y when u, w and p are held fixed. 
Equation (1) leads to the following form for the inverse metric g% ,®6 expressed 
in terms of the u, w, p coordinates, with the signature of g^^, and hence of g^, being 


chosen to be (— + +): 


0 0 ES 
[j]-€?[49]2 7 | O 1 10,A 
1 10,A 10(0,)— l(0,A)? — OA 


It follows that the components of the metric gi; are 
E , —30(0,A) + $(0,A)? + LA 30,A —1 
Lgi] = 27° [m5] = OF I0,A 1 ol, (2 
—1 0 0 


where *;; is called the unphysical metric. Equations (1) and (2) can be used to 
derive the following metricity conditions.^$ 
2[0(O,A) — 3A — 2(O,A)7]O,A — 0?(8,A) + 390(8, A) — 6 3 A = 0, (3) 


300 = 08,4. (4) 
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Equations (3) and (4) ensure that A will determine a null surface with respect 
to some spacetime metric gp-(a*). Equation (3) is the main metricity condition. 
Equation (4) is the secondary metricity condition. If the two metricity conditions 
are satisfied, then the Einstein equations, G;; = &T;;, will be satisfied if the following 
equation holds:* 


jo 


P = eT (5) 


Finding a solution in the NSF approach requires solving the coupled set of NSF 
field equations, Eqs (3), (4) and (5), for A and Q. In 2+1 dimensions, only three 
nontrivial solutions of the NSF equations have been found to date.9 1? The present 
paper introduces a new family of solutions. 


2. Solution 


The form of the differential operator 0 suggests looking for solutions that are addi- 
tively separable. Consider solutions that take the form 


A(u,w, p) = —aw + h(p + au) = —aw + h(a), (6) 


where a is a constant. Writing x := p+au, will convert the main metricity condition, 
Eq. (3), into an ordinary differential equation with x as the independent variable: 


Bh dhh 4 (dh\° dh 
h? h + 4 =0. 7 
qi ey a (=) ur (7) 
The solution of Eq. (7), together with Eq. (6), represents a solution of the main 
metricity condition. After introducing a new dependent variable y := A?/?, and 
replacing h by y3/?, Eq. (6) becomes 
A(u,w,p) = -aw + [yl + au)? = — aw [y(z)] ^, (8) 
and Eq. (7) becomes 
dy dy 
—7 4 4qy 3? 2 = 
dz? "s dx , 
which can be rewritten 
d dy -2 
di (4 y ) = 
and leads to 
dy -2 
du = 2ay = k, 


where k is a constant. A further integration can be achieved by multiplying by 
dy/dx to give 
dy dy 
dx dx? Ya da: 
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which leads to 


d 2 
(2) +4ay™' — 2ky = —A, 
dx 


where A is a constant. The minus sign in front of A has been inserted for later 
convenience. It follows that 
dy _ 


dz + (2ky —A-— 4ay- 1)? , 


and so 


" -f dy 
/2ky — A — 4ay-1' 


Fe y dy 
/ vy ky? — Ay — 4a) m 


Equation (9) expresses y as an implicit function of x and, together with Eq. (8), 
represents an exact solution of the main metricity condition, Eq. (3). Although the 
right side of Eq. (9) can be evaluated in terms of elliptic integrals of the first and 
second kinds, the result is too complicated for the equation to be inverted to give 
y as an explicit function of x. Simplifications arise when some of the constants, A, 
a, and k, are zero. For example, if A Æ 0, k Z 0, and a = 0, the solution becomes 
the perfect fluid, Petrov-type D, solution that the present authors reported in an 
earlier paper. The special case where k 4 0,a Æ 0, and A = 0 was also reported 
in an earlier paper, where the spacetime was determined to be of Petrov-type I and 
the source was represented by a minimally coupled scalar field.? 
Now consider the secondary metricity condition, Eq. (4), 


300 = 24,A. 


As with A, assume that Q depends upon u and p through the combination p + au, 
but assume that Q is independent of w. Thus Q = Q(p+au). Using A = —aw +h = 
—aw + y?/?, it follows that 


Q = h! = y2, 
The third NSF equation, Eq. (5), 
050 = KIM, 
then implies 
soe) 
2K y? dr? 2 \ dz 


It follows that 
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where W is defined by 
W := A+ 8ay |. (10) 


For any null vector V, the null energy condition requires R;; V/V > 0, which is 
equivalent to G;; V*VJ > 0. The vector V? = ð, = (0,0,1) is null and so T,, > 0, 
or equivalently W > 0, is a necessary condition for the null energy condition to 
hold. Henceforth, it will be assumed that W > 0. 


3. Metric and Curvature 


'The form of the solution given in Section 2 implies 
ey —2ay +k, (11) 
and 
(O,y)? = 2ky — A—4ay |. (12) 


Equations (11) and (12), together with the fact that 2 = y'/?, lead to the following 
expression for the metric gij: 


-(1s4-3ay7) 3y 70, -y" 


[gig] - € ?[m;]] - | | iv 17 8,y y^ o |. a3 
-— 0 0 
Hence g := det gi; = —y ^. The inverse metric is 
0 0 —y 
[99 ] =Q? [49] - 0 y iy? Opy 


—y iy? Oy zky? + 2ay 


Equations (11), (12), and (13) can be used to find the Christoffel symbols and the 
Ricci tensor Rij, which are listed in the appendix. The scalar curvature is constant: 


- 1 2 
R= <A’ ka. (14) 


If the constants A. a, and k, are all assumed to be positive (which is consistent with 
W > 0), then it is straightforward to show that the matrix | R;; | is positive definite. 
This implies that the null, weak, and strong energy conditions are all satisfied. 

Being a theory of null surfaces,the NSF does not distinguish between confor- 
mally related spacetimes. Thus NSF solutions that correspond to conformally flat 
spacetimes are considered to be trivial. In 2+1 dimensions, the Cotton-York tensor 
is defined by!! 
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and provides a test for conformal flatness: A (2+1)-dimensional spacetime is con- 
formally flat if and only if C = 0. For the solution considered in the present paper, 
C"; # 0 (except for the trivial case where the constants A, k, and a are all zero). 
Thus the spacetime is not conformally flat. The components C are listed in the 
appendix. 


4. Fluid Source: Kinematics 


Begin by assuming that the source is a fluid. Equation (10) and the discussion 
around the null-energy condition gave W :— A--8ay ! > 0. Make the further 
assumption that W + 4ay t > 0 so that 


1 
;4*3 ^ 0. 


It follows from Eq. (13) that guu < 0. The form of the Ricci tensor, Rij, given in 
the appendix then suggests the following convenient choice for the fluid velocity 
vector U, 


(U*, U^, UP) = a 1y!? (1, 0, -Wy), 
(Uu, Us, Up) = a 172y 1? (-1Wy — a, dy"? 8,y, —1), 
which, using the Ry; given in the appendix, leads to 
ipd z 
RijU'U) = gARa Ly. (15) 


Note that U*U; = —1, as required. The covariant derivative U;. j can be written as 
a sum?? (p. 85) 


1 . 
Uiig = wig + 01g + 5 O hag — Ui Uj, 


where the projection tensor hij, the acceleration vector Ù;, the vorticity tensor wij, 
the expansion 0, and the shear tensor c;; are defined by 


hij :— gij + UiU;, 


U; = Ui;j US, 


1 1 
ij = 5 (Ui; h^ cU; h) — z hi. 


2516 


The coefficient of 0, both in the expression for U;,; and in the expression for o;;, 
is 5 (instead of 1, as would be the case in 3+1 dimensions). This follows because 
the trace h’; of the projection tensor is 2 (instead of 3). The components of U;, ; 
and other kinematic quantities, including the acceleration vector Ùt, are listed in 


the appendix. The divergence of the acceleration vector, U " mc 


i 1 
Ut = g (4 — Aky) Ra ty. (16) 


'The expansion scalar, 0, measures the isotropic volume expansion of the fluid and 
is found to be zero: 


0 — 0. (17) 
The scalar vorticity w and the scalar shear c are given by 
lg 1 
w? i= "d Qj = Ka e (18) 
o? ;— lo gi = + A? Ra-hy? (19) 
"Qe CY SA28 


Raychaudhuri’s equation can be written!? (p. 5295) 


ĝ = -10 - R4U'U! — 2 (o? — w?) - U* 


Using Eqs (15) to (19), it is straightforward to verify that Raychaudhuri's equation 
holds. 


5. Fluid Source: Dynamics 


In analysing the Einstein field equations, Gj; = Rij — sR gij, the velocity U^ and 
the projection tensor hj; can be used to write the stress energy tensor as a sum of 
separate terms’? (p. 91) 


Ti; = LUQUj tphi + qiU; + Uiqj + nij, 


where q;U* = 0, 7;;U? = 0, and x’, = 0. The function u denotes the total mass- 
energy density, p the isotropic pressure (which may include a contribution from the 
bulk viscosity), qf the heat-flux vector, and mij the trace-free anisotropic pressure 
due to processes such as dynamic viscosity. It follows that 


T, = 2p — y, 
and 
T 
k (2p — u) = -3R 
Hence the Einstein field equations can be rewritten 


Rij = s [Tij — (2p — u)gi] 
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and then decomposed using U* and hj, to produce the following equivalent set of 
equations: 


Ri; U*U? = 2&p, 
Rij U'h n = —K qm, 


Rij hîn h, = k (u — p) hmn +K Tmn. 
It follows that the pressure p is given by 
1 1 
= ——aq yAR 
p 1 6K? y , 
and that the mass-energy density p is given by 


ME 1 
=—a yA — R. 
w= gay R+ on R 
The components q; of the heat-flux vector are given by 


— 1 _3/2 3/2 
w= eaa Y AWR, 


"ED UM 
a= -Iek yAR O,y, 


1 
q,— a0 y ^ AR. 


Heat flow is related to temperature and acceleration by the temperature gradient 
law!? (p. 96), 


d = -Ah (Tj+TÙ;), 


where A denotes the coefficient of thermal conductivity. It can be checked that this 
law is satisfied identically. However, the usual phenomenological equation of state 
relating anisotropic pressure to the shear is not satisfied: mi; A —2no,,; (n being the 
coefficient of shear viscosity). Situations where this equation of state may not hold 
have been considered by MacCallum, Stewart, and Schmidt. 4 


6. Summary and Conclusions 


A family of (2+1)-dimensional null-surface formulation solutions has been intro- 
duced and involves three parameters, A, a, and k. Since the solutions that make up 
the family all satisfy the NSF main metricity condition, they automatically satisfy 
Cartan's metricity condition? 17 The family of solutions led to a metric and to the 
Einstein equations being satisfied. An imperfect fluid was presented as a possible 
source. The mass-energy density and the pressure were shown to be positive. The 
scalar expansion was found to be zero. The scalar vorticity and scalar shear were 
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found to be nonzero, and simple formulas were derived. The temperature gradient 
law was satisfied. It was pointed out that the special choices {A 4 0, k 4 0,a = 0] 
and {k Æ 0,a Æ 0, A = 0} correspond to two solutions that were reported earlier by 
the present authors.5:? 
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Appendix 
'The Christoffel symbols are 


Mig = al 


WwW 


= -aT?,, = 27 ay yy, 


Diu = 8 1Ay 17? + ay 9/?, 


Pup = US, = Mop = D$, = 9: 


II 


Ww 
I 


2-1 Aay-1/? + 3a2y73/? — 271 kay!/?, 


Ww 
Ds 


II 


—(16 1A + ay!) pY, 


T4, = 87 Ay T"? + ay, 


II 


WwW 
Fow 


—471 Ay- V2 — gy-3/2 4 3714/2. 


p5 = 2 la( 41A-43ay l4 2 !ky) pY, 
r’? = —(167! Aky/? n 3/2 4 kay!/2), 
I^, = (1671A — ay") pY, 

Pow = (2 lay ! +47} ky) Opy, 


T? à = 8-ilAgy- 1? Ls ae Tee 


I^, —y—" Opy. 
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Using the abbreviation W := 


= A+8ay', the Ricci tensor can be written as a 
matrix, [R;j]: 


seg (A? +W?) + i Aka a; AW y 1/2 Ony 


4 W? yt 
[Ri] = — d; AW y 17 Oy -4 A?y 1 + $ Ak -liAy 8, 
d Ww? y! -i Ay 32 Ony iwy? 


The scalar curvature, R, is given in Eq. (14). 


The covariant derivatives of the velocity can be written as a matrix, [U;;; ]: 

a 1/2,-1/2 W Opy -ġa Ww? 

a-1/? (1ka — aW? + a2y7?) 
—aM2y-3/2 ayy 


ba Vy V2 W 8,y 
a7 yT"? AQ,y la-1/2y-l (ky = 14) 
—ta yl W —ła71/2y73/2 0,y 


'The acceleration vector, Ui, is defined by U; := U; .; UÍ, and its components are 
"ru 1 —1 
U" —[1— ig? y ] Oy, 
TE 1/2 1 = 1 -1,3/2 
U = 4Wy (1- Wa y -32a y 
—1,,3/2 1 2,,—2 
=a y -R+ ka d a*y : 


: 1 1 
Ù’ = -a|1— —Wa y] d,y — Ra y? 0,y. 
16 4 
The only nonzero components of the vorticity tensor, wij, are 
Wuw = —Wwu = s WRa-*/%y 
16 i 
1 
Wwp = —Wpw = 5 Ra 7. 


The components of the shear tensor, c;;, are 


1 
Cun = Te vs py, 


1 1 
uw — Owu = W?k -3/242 — —WR =3/2 
E E ELM dT LM 
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Cup 


Oww 


Cup 


1 
== Cup — n 1 RE py, 
1 —3/2, 3/2 
— 35 Aka y py, 


1 1 
=O p= T — 5 Ra 8, 


1 
C= sap ae py. 


The components of the Cotton-York tensor, C}, are 


Il 


1 1 
n —A 
W (r+ a w) , 


1 La zj 
| 2 
A (n 35 ) Ray, 


1 1 
mod Hm E 
y (R+ 32 ) eu 


» 1 P 
—Ry reas AW "i 


1 1 
-i2[- = 
= ay (st gam) pY, 


1 
= — AW + Ray |, 


128 


1 
pha? pY, 


1 1 
= — AW?a — 2Raà?y ! + jEWa, 


128 


1 1 
n —1/2ù +4 + 42 
ay EZ 354 ) py, 


1 1 
= j4«y ^ — 2ka?y^! + ,4R -3Ray |, 


1 1 
ul -1 + AR + Ray 
16 Way ~+ 1 + Ray 
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New exact stationary cylindrical anisotropic fluid solution of GR 
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In a previous paper, the properties of interior spacetimes sourced by stationary cylindrical 
anisotropic fluids have been analytically studied for both nonrigid and rigid rotation. 
The gravito-electromagnetic features of different classes of such GR solutions have been 
described. Their regularity conditions and those for their junction to a vacuum exterior 
have also been provided. A new class of rigidly rotating exact solutions to Einstein's 
field equations satisfying a physically consistent equation of state for anisotropic fluids 
is displayed here. Its physical properties are discussed. 


Keywords: General Relativity; exact solution; cylindrical symmetry; anisotropic fluids 


1. Introduction 


Cylindrically symmetric spacetimes have attracted much attention and have been 
extensively investigated in General Relativity (GR) for a number of purposes. ^? 
A recent review has been displayed in.? 

The results presented here have been obtained as a continuation of a couple 
of previous works. The rigid rotation of stationary spacetimes sourced by a cylin- 
drically symmetric anisotropic fluid has been considered in.^ This study has been 
subsequently extended to nonrigidly rotating fluids,? while the analysis of the rigid 
case proposed in* has been supplemented, with a focuss on its Weyl tensor gravito- 
electromagnetic properties. Both were matched to a stationary vacuum exterior of 
the Lewis type.? 

The new results displayed here consist of a class of exact interior solutions to 
the Einstein field equations for a rigidly rotating cylindrically symmetric anisotropic 
fluid bounded by a cylindrical hypersurface through which it is matched to an exte- 
rior Lewis vacuum of the Weyl class." The particular case of an axially directed prin- 
cipal stress is considered here as a first step towards the analysis of anisotropy in this 
framework.? The main physical properties of these spacetimes are also discussed. 

This contribution is organized as follows: in Section 2, the stress-energy tensor 
and the stationary cylindrically symmetric line element to be used in the following 
are set up. In Section 3, the new exact solution is constructed, from the field equa- 
tions first displayed, through its regularity and junction conditions, up to its final 
form. A number of mathematical and physical properties pertaining to this solution 
are analyzed in Section 4. The conclusions are displayed in Section 5. 
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2. Cylindrical spacetime inside the source 


A rigidly rotating stationary cylindrically symmetric anisotropic nondissipative fluid 
bounded by a cylindrical surface X whose principal stresses P,, P, and P, obey the 
equation of state P, = Py = 0 is considered. Its stress-energy tensor can be written 
as 


Top = pVaVe E PS. S5, (1) 


where p is the energy density of the fluid, Va is its timelike 4-velocity, and S, is a 
spacelike 4-vector, satisfying 


VeV,—-1, S “Sa=1, V?S,-—0. (2) 


It is assumed, for the inside X spacetime, that the spacelike 0, Killing vector is 
hypersurface orthogonal, such as to ease its subsequent matching to the exterior 
Lewis metric. Hence, its stationary cylindrically symmetric line element reads 


ds? = — fdt? + 2kdtdó + e" (dr? + dz?) + 1d, (3) 


where f, k, u and l are real functions of the radial coordinate r only. Owing to 
cylindrical symmetry, the coordinates satisfy the following ranges 


-—o<t<+o, O0<r, —ooXz€-roo 0xXó*X2m. (4) 
Now, still due to cylindrical symmetry, the two limits of the ¢ coordinate are topo- 
logically identified. These coordinates are numbered z? = t, r! = r, x? = z and 
3 
qz? = ©. 


3. Rigidly rotating new solution 
3.1. Equation of state and 4-velocity of the fluid 


Choosing a corotating frame for the stationary fluid source,^ 58 the fluid 4-velocity 
can be written as 


V? = vig, (5) 


where v is a function of r only. The timelike condition for V“, provided in (2), thus 
becomes 


f? =1. (6) 
The spacelike 4-vector verifying conditions (2) can be chosen as 
ge =e 2o. (7) 
and a function D(r), which will proved useful for the calculations, is defined as 


D? = fl+ k. (8) 
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3.2. Field equations 


With the above choices, and using (5)-(8) into (1), one obtains the stress-energy ten- 
sor components corresponding to the five non-vanishing Einstein tensor components 
and the five field equations for the inside X spacetime follow. 

A new function h(r) defined as h(r) = P;(r)/p(r), allows to write them as 


Gon =F [-nh-£ Teo rLneMUTIT) s O 
Gos — - D at. k" 4 p? a o| = —Kpk, (10) 
Gu = l ne =0, (11) 

Go = - j n = Kphe", (12) 

G33 = - lu" + i + = mE iE = mp (13) 


where the primes stand for differentiation with respect to r. 


3.3. Bianchi identity 
The stress-energy tensor conservation is analogous to the Bianchi identity that reads 
D s (14) 
From (1), we have 
TP = py*yP + p, Se 9P, (15) 


with V* given by (5), and the space-like vector S given by (7), inserted into (15). 
Using (3) and (6), the Bianchi identity (14) reduces to 
1 f 


1 
Tj, = 20, 73/46 7-19 (16) 


which, when the h(r) function defined above is inserted, becomes 


Fil / 
—— hu =0. 
F p =0 (17) 
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3.4. Solving the field equations 


Since only five independent differential equations are available for six unknowns, 
i.e., the four metric functions f, k, e" and l, the energy density p, and the pressure 
defined by h, the set of equations needs to be closed by an additional one. The 
particular assumption displayed in? as Eq. (111), and amounting to make a partic- 
ular choice of coordinates issued from an arbitrary constraint on the Weyl tensor 
components, is chosen for this purpose as 


(18) 
which can be integrated as 

h2 
(1 — h)?’ 


where c,, is an integration constant. Inserting (18) into the Bianchi identity (17), 
one obtains 


(19) 


fi _ oh! (20) 


which can be integrated as 
C 
J= (21) 


cf being another integration constant. 
Now, (9) combined with (10), gives 


(sf IY ca ox) 


which can be integrated as* 
kf’ — fk’ = 2cD, (23) 


where 2c is an integration constant, the factor 2 being chosen here for further 
convenience. Considered as a first order ordinary differential equation for k(r), (23) 
possesses as a general solution 


" D(v) 

k=f (s — 2c aw) ; (24) 
ro f (v)? 

where co and ro are new integration constants. With (21) inserted, it can be written 

as 


p G T l^ = fa h(v))* Doe ! (25) 


£5 Jro 
The last metric function | follows from (8) as 
(1 —h)? 
Cf 


l= 


D? (i Ty fe Ze fa h(v))* Doe . (26) 


CT 
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3.5. Interim results 


The field equations (9), (11) and (12), or, equivalently, (10), (11) and (12), give 
an expression for D'/D as a function of h and of its first and second derivatives. 
Then, inserting (19), (21), (25), (26) and the expression found for D'/D into (11) 
gives an expression for p depending on the same function h and its derivatives. 
Then inserting the same expressions into (9), or equivalently into (13), one obtains 
another expression for p still using h and derivatives 

Equalizing both expressions for o yields a second order ordinary differential 
equation for h whose general solution allows one to calculate both the first and 
second derivatives of this h function. They are thus inserted into the previously 
obtained expressions for p and D'/D which can be integrated as 


2 2 (72In h + Ah — k? + eg) 


pee 2 
AR ERFA) (a 
Now (27) inserted into (25) gives, after integration, 
Cf 2 
Page Ot a thon + cg)]. (28) 


Finally, the last metric function l emerges from inserting f, k and D into (8), 
which gives 


bh 
[= ep E C2 n hah h? +c) a ST [co + c (721n h + 4h — h? 4 cg)].. 
(29) 


3.6. Regularity conditions 


The regularity conditions on the symmetry axis for metric (3) have already been 
displayed in.^? However, since they will be needed in the following, their main 
outcomes are recalled briefly here. 

To impose elementary flatness in the rotation axis vicinity, the norm X of the 
Killing vector ôg must satisfy? 


oP X aX 
s g aB 
Bub ee (90) 
where X = go4. Eqs. (3) and (30) yield 

"E eTHU2 

Pura a 
The requirement that ggg vanishes on the axis implies 

120, (32) 


where 2. means that the values are taken at r = 0. 
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Since there cannot be singularities along the axis, spacetime is forced to tend 
there to flatness. The coordinates are thus scaled such that, for r — 0, the metric 
should be written as 


ds? = —dt? + 2wr?dtdo + dr? + dz? + r7d¢”, (33) 
implying 
fei 29, (34) 
giving 
D 9 Q, (35) 


and, from (31) and (33), 
20. (36) 


Then, the addition of the requirement that the Einstein tensor components in (9)- 
(13) do not diverge, implies 


pfÀg man gD wg (37) 

D , 

Inserting (19), (21) and (28) into (34) one obtains 
e; = (1— h), (38) 

0 € 

UM (39) 
co = 0, (40) 
cg S 2Inh — Ah +R. (41) 


All the other regularity conditions are verified provided (40) and (41) are satisfied. 


3.7. Junction conditions 


These conditions have also been displayed int? for metric (3). For completeness, 
and also since they will be partially needed further on, they are recalled here briefly. 

Since the system is stationary, the Lewis vacuum metric? is used to represent the 
exterior spacetime, and the Weyl class" is here chosen for real junction condition 
purpose. Its metric is 


ds? = — Fd? + 2Kdtdo + e" (dR? + dz?) + Ld?, (42) 
where 


F =aR!™” — að R!+”, (43) 


K = —(1 — abó)óR!** — abR'™, (44) 
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eM = g(i^-0/2 (45) 
1 — abd)? 
L= ( a ô) R!” ab? RI”, (46) 
a 
with 
j-— (47) 
an 


where a, b, c and n are the real constants determining the Weyl class of the metrics. 

In accordance with Darmois' junction conditions,? metric (3) and metric (42)'s 
coefficients and their derivatives must be continuous across the X surface. It has 
been shown in^ that, for the most general anisotropic fluid, these conditions imply 
P, E 0, which is in agreement with the equation of state of the here studied fluid 
which imposes P, = 0 everywhere. 

Hence the conditions for a smooth junction to a Lewis vacuum of the Weyl class 
are fulfilled by this solution. 


3.8. Final form of the solution 


The constraints (38)-(41) on the integration constants, imposed by the regularity 
conditions, and inserted into the metric functions as given in (21), (19), (28) and 
(29) lead to their final form which can be displayed as 


(1 —h)? i (50) 
1 = (1—ho)*c? E + A(h — hg) — (P? b 
p ^o | 2 2 

" [cs [21 ^; iG m (h2 — nj)] k (51) 


An implicit integral equation for h(r) reads 


= (1 g ho)? ý l+u 2 
u^ c T [ag — u)? [2n ^e + 4(u — ho) — (u? — A2] | du, (52) 
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where ho denotes the h value on the symmetry axis, i.e., hg = h(r = 0). And the 
expression for p follows as 
|. 28h)  (1-h) |h|2Im ho + A(h — ho) — (h? — hê) | E20 — Ay? 
PL — ho IR +A) (+h) | 
(53) 
Notice that the constant c; appearing in (50) and (51) can be absorbed by a rescaling 
of the ¢ coordinate. 


4. Physical properties of the solution 
4.1. Hydrodynamical scalars, vectors and tensors 


The timelike 4-vector V, can be invariantly decomposed through the genuine tensor 
Va;g into three independent parts such as 


Va,g = —VaVg + Wap + Gag; (54) 
where 
Va = Va; VË, (55) 
wap = Via;g] + Via Vg), (56) 
Tag = Vass) + Vea Vp). (57) 


These three quantities are, respectively, the acceleration vector, the rotation tensor, 
and the shear tensor. For the timelike 4-vector given by (5), their nonzero compo- 


nents? are 
" 1 "n 
V =-= 58 
1 2 f? ( ) 
which becomes, with (48) inserted, 
1 
, C (1— Rh) ho 2 2 2 
= h 2] FA(h — h h^—h 
vi (1— hg)? Ur | Hs ( o) - ( 0) (59) 
and 
2013 = — (2kv' + k'v). (60) 
From (58), the acceleration vector modulus is therefore 
XR 1 ids i 
V Va = 4 f2? p. (61) 


which becomes, with (48) and (49) inserted, and with (52) differentiated with respect 
tor 

252 _ p)3 
che (1—h) 2In ho 


dii E TENET: (1 +h) h 


+ A(h — ho) — (h? — h)| . (62) 


2530 


'The rotation scalar, w, defined by 


w= ze wap, (63) 
follows as 
1 f : 
2 
Inserting (23) into (64), one obtains 
2 
c 
^2 fioe (65) 


As already stressed in,^? the shear tensor vanishes for any rigidly rotating fluid. 


4.2. Singularities 


'The solution exhibits three possible singularities. 

One would occur for h = +1 where the whole metric function set diverges, 
which is not the case for the density p. Indeed, from its expression (53), the energy 
density is merely seen to vanish. Since a more complete analysis should be needed 
to conclude definitively, the question whether this locus is or not a mere coordinate 
singularity remains open. 

For h = —1, l is the only metric function which diverges. However, at this 
location, p also happens to diverge and would change sign if h was allowed to 
reach values below —1, which is not the case as it is shown elsewhere.? However, 
this behaviour would imply a curvature singularity if such a value of h should be 
reachable. 

A third singularity might occur for h = 0. Here, the density diverges and is 
no more defined if the ^ sign happens to become different from the ho sign, owing 
to the presence of Inho/h in its expression. We would be therefore confronted to 
another curvature singularity. However, as it is shown elsewhere,? such a singularity 
lies outside the domain of definition of these spacetimes 


4.3. Integration constants and metric signature 


Among the three integration constants, c, cj; and ho, one, cz, can be suppressed by 
a rescaling of the azimuthal coordinate @. 

Now, hg possesses an obvious physical interpretation from the consideration of 
the expression for h(r) given by (52). Since the integral in the right hand side 
vanishes for h = hg, such does r on the left hand side, and therefore, hg must be 
interpreted as the value of h on the axis. Notice that ho = 1, implying the vanishing 
of the whole set of metric functions, lies thus outside the domain of definition of the 
solution. 

The parameter c is shown elsewhere® to represent the amplitude of the rotation 
scalar of the fluid on the axis. 
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Finally, the signature of the metric (— + ++) implies sign constraints on the 
components of the metric tensor, which, in turn, impose restrictions on the validity 
ranges of h(r).® 


5. Conclusions 


Following the investigations of stationary cylindrical anisotropic gravitational fluids 
initiated in,*° the case of rigidly rotating fluids with particular equation of state 
P, = Ps = 0 has been considered here. A new exact solution of the field equations 
has thus been exhibited under the form of h(r) functions for the metric and the 
density, with h defined as h(r) = P.(r)/p(r), and of an integral expression for h as 
a r function. As usual, this solution is valid in a given coordinate system which has 
been chosen such as to ease a direct physical interpretation. To allow any future 
use for astrophysical purposes, this solution has been forced to satisfy the regularity 
conditions on the symmetry axis and it has been matched to the Weyl class of the 
Lewis vacuum solution through a cylindrical X hypersurface. 

A number of important physical properties have been analysed. The hydrody- 
namical scalars, vectors and tensors of the fluid have been computed such as to be 
used for further interpretation purpose. Three singularities have been identified and 
discussed. However, they will prove to be located outside the definition domain of 
the solution, which will thus appear as singularity-free. 

The solution depends on two independent parameters, ho, the value of the func- 
tion h(r) on the axis of symmetry, and c which represents the amplitude of the 
rotation scalar of the fluid on the axis.? It has been stressed that the signature of 
the metric implies constraints on the signs of the components of the metric tensor 
and this has been shown, in turn, to restrict the validity domain of the solution. 

In,® the properties of the constant parameters ho and c have been analysed and 
the different classes of solutions which might be associated to these properties have 
been identified. 

Now, the present display of this first particular class of solutions for a fluid 
with axially directed stress will be followed, in the future, by the study of other 
complementary cases which would hopefully provide us with a deeper understanding 
of stationary rotating cylinders of matter in GR. 
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Using a generalized Madelung transformation, we derive the hydrodynamic representa- 
tion of the Dirac equation in arbitrary curved space-times coupled to an electromagnetic 
field. We obtain Dirac-Euler equations for fermions involving a continuity equation and 
a first integral of the Bernoulli equation. Using the comparison of the Dirac and Klein- 
Gordon equations we obtain the balance equation for fermion particles. We also use the 
correspondence between fermions and bosons to derive the hydrodynamic representation 
of the Weyl equation which is a chiral form of the Dirac equation. 


Keywords: Dirac equation; Weyl equation; Fermions; Hydrodynamics 


1. Introduction 


'The Standard Model of elementary particles establishes that there exist two kinds of 
particles, fermions and bosons. In previous works,? the energy balance for bosons 
was derived starting from the general relativistic Klein-Gordon (KG) equation. In 
the present work, we study a system of fermions described by the Dirac equation in 
arbitrary curved space-times taking into account electromagnetic effects. We also 
use the Weyl equation which is a chiral form of the Dirac equation due to the 
relationship between the Lie algebras of the symmetry groups for both systems of 
particles. We give the hydrodynamic representation of the Dirac and Weyl equations 
for fermions using previous results obtained for boson particles. 

Many examples of fermion particles in strong gravitational fields can be found 
in nature. Indeed, the curvature of space-time plays an important role in a neutron 
star, in the early Universe, or in a fermion cloud (e.g. a dark matter halo) in the 
vicinity of a black hole. We need to develop a general framework to identify what 
are the different energy contributions in such systems. In this work we use the 
geometrical decomposition of the metric in 3+1 slices and the tetrad formalism to 
study the particle spin in an arbitrary space-time. We define the gamma matrices 
in curved space-times and derive the generalized Dirac and Weyl equations. Then, 
using the Madelung transformation, we introduce a hydrodynamic representation 
of the Dirac and Weyl spinors. This hydrodynamic representation can help us to 
describe the fermionic system in a general framework. 
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2. Field Equations 


We use the tetrad formalism for the space-time geometry, and the canonical expan- 
sion of the space-time in a 3+1 ADM decomposition,?? such that the coordinate t 
is the parameter of evolution. The 3--1 metric reads 


ds? = N*c?dt? — hij (da* + N*cdt) (da? + N?cdt), (1) 


where N represents the lapse function which measures the proper time of the ob- 
servers traveling along the world line, N* is the shift vector that measures the dis- 
placement of the observers between the spatial slices and h;; is the 3-dimensional 
slice-metric. In what follows i, j, k,l = 1,2,3; a,b,c = 0,1,2,3 are the internal 
indices and p,v,a = 0,1,2,3 the space-time indices. We write eq. (1) in the 
tetrad formalism as ds? — Nabet e, da" da", where nab = diag(1, —1, — 1, — 1). Here 
“ = e^,dz" is the set of one-forms base of the cotangent space at the space-time 
manifold given by 


€ 


— Ndt, 
e* = ê, (dxf + N'cdt), (2) 
with inverse 
1 o j o 
x cot Oxi jJ? 
.4. O 
€k = ee Oz (3) 
where é* = ek, dz? are the one-form od to the three-dimensional slice of the cotan- 


gent manifold, such that hij = = bp ê”, ie ;. We can also define the set of vectors base of 
the tangent-space to the space-time ie ea = e'n, such that e“e, = 6%. We will use 
the tetrad formalism? 9 !? to describe the space-time geometry lee the fermion 
particles are located. 

The action of a fermion system in curved space-time coupled to an electro- 
magnetic field A, is given by S[v,O0,v] = f £(v,O,v(z")) dv, where £ = 
L (v, ð b (x^)) is the Lagrangian density! !? 

—  ihic ane 


L= g5 |v By" (Dub) — (DP)! By + TET V BY] . (4) 


i 
Here D, = Vy + nr Ay is the total covariant derivative accounting for elec- 
c 


tromagnetic effects. The covariant derivative of a spinor Y% = (w;) is given by 
Valpo) = Oso) 4- To; (pa), where TÅ, is the spin connection.® "4 Using the least 
action principle it is possible to obtain from eq. (4) the corresponding Dirac equa- 


tion. This equation is given by 
[vy" ( V, + igAy )—me] y = 0, (5) 


where fh, c are the Planck constant and the speed of light respectively, while q, m 
are the charge and mass of the fermion particle and v is its spinor. Besides, the 
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gamma matrices ^y" are related to the spin and space-time geometry. They can be 
written as y” = e" 5". where ^^ are the gamma matrices in flat space-time, which 
are well-know from Quantum Field Theory (QFT).!> 1!” Therefore, 


y= NF, 
Y = A ENT) (6) 


In general, these matrices fulfill the following anti-commutation relation? 18 


yug pq H" = 2g", (7) 
where g,, represents the metric that describes the space-time geometry. Further- 
more, as we know, the gamma matrices in flat space-time are related to the Pauli 


matrices, which describe the spin of the fermion particles. In general, the gamma 
matrices obey the following relation!! P? 1? 


qu = BE (8) 


where B is a hermitian matrix, ie. D! — B, that is uniquely determined by the 
gamma matrices ^". As usual, we denote by B! the conjugate (or Hermitian) trans- 
pose of B. We note that in QFT the relation (8) is fulfilled when B = 4? and the 
gamma matrices are in flat space-time. From the action (4) of the fermion system 
we can find the equation for the transpose conjugated spinor by making an infinites- 
imal variation of this action with respect to i. Another way of getting this equation 
of motion is to take the transpose conjugate of the Dirac equation (5) and using 
(8). In this manner we find that the transpose conjugated Dirac equation in curved 
space-time is given by 


(Viv) 4^ — iv! V, (Ba) + iV iy" + A" + my = 0. (9) 


To simplify the notations, here and in the following we use mc/h; — m in natural 
units (c = h = 1). We consider that (V Y)! = V yt, and we denote the adjoint 
spinor as w = v! B. Using the gamma matrices in flat space-time and the fact that 
B = 5? we recover the definition of v in QFT and the transpose conjugated Dirac 
equation. However, in an arbitrary space-time V,,y" is distinct from zero, since 
"y" = e^ 5". so in general V,,e%, is non-zero. 

We can get the conserved charge from the Noether theorem.?? The Dirac current 
is 


J^ = pyy = pl Bar. (10) 
'To obtain the continuity equation 
Vid" 20 (11) 
for the Dirac current, we take the covariant derivative of eq. (10). This gives 


Vid! = (Vyb)y y to (Var) vt vo" Vu. (12) 
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If we multiply the Dirac equation (5) by w» and its transpose conjugate (9) by v 
and sum both equations, it follows that 


Vist = Jj! V, (By) v. (13) 


If we require that the continuity equation (11) is fulfilled, i.e., that the number of 
particles is conserved, then we need V,, (B^) = 0, or equivalently 


(V,B)y" = -BV py". (14) 


At this point, we want to emphasize the consistency conditions for the continuity 
equation (11). Some authors?! impose V," = 0 while others?? impose V,,B = 0. 
These conditions are independent of each other, i.e., in general the condition of 
Ref.?! is not fulfilled in Ref.?? and vice versa. In Refs.!?1? the authors conclude 
that the condition V,,(By”) = 0 is the most convenient because it is implied by 
V7" = 0 and V,B =0. 

In addition, we can note that the matrix B can be obtained for a general metric 
(1) by solving the differential equation 


(Vo(BN) + V4(B&N*)) 7° — V; (BE) — 0, (15) 


which follows from eq. (14). Using the condition (14), it is possible to rewrite the 
transpose conjugated Dirac equation (9) as 


i (Vu) Y" + ib V y" + VAL" + my — 0. (16) 


In order to find the conserved quantity resulting from the continuity equation, we 
take an arbitrary surface S enclosing the volume V which contains the whole system. 
Let kÍ be an orthonormal vector to S such that 


f Sarav = | vorav+ [ kj sas =o. (17) 
y y S 


We assume that far away from the source, J” is negligible. Then, the surface integral 
in eq. (17) vanishes, and we obtain 


He e ji VoJ9dV = 0, (18) 
dt y 


where Q = f J?dV is the conserved charge and dV is the curved volume element 
dV = J-—gd'z. In QFT this charge is identified with the number of fermions or 
with the electric charge of the system. In flat space-time we have B = ¥°, so that 
J? = wiv = n represents the number density of fermion particles. In curved space- 
time J? (which is determined by 4? and by the generalized gamma matrices) has a 
different interpretation. The form of B given by eqs. (8) and (14) for each metric is 
related to the gamma matrices and to the tetrad formalism. 
With the Maxwell four-potential we can define the Faraday tensor 


Fy = V4A, — VvAg- (19) 
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In the electromagnetic theory, the Faraday tensor F,, satisfies the Maxwell field 
equations 


V, F”! = yee, (20) 


where J" is the four-electromagnetic current. 

The problem of the Energy Balance for boson particles in a curved space-time 
is studied in Ref.!, where the conserved 4-current associated with the KG equation 
describing the evolution of a complex scalar field (z^) is defined. We can generalize 
this idea by defining a new 4-current J, Hs €, changing the scalar field by a spinor and 
the complex conjugate scalar field by the conjugate transpose of the spinor. Namely, 
the KG current is redefined as 


JEG 11 [o (V, — igAp) vt = ol (Vp + 0A, v]. (21) 


3. Dirac Hydrodynamic Representation 


Analogously to the hydrodynamic representation of the Schrédinger equation, which 
was introduced by Madelung,?? we derive the hydrodynamic representation of the 
Dirac equation. We carry out the following generalized Madelung transformation 
for each component of the spinor i) = y(x”) as follows 


i) = exp(i0) R, (22) 


where R is a spinor and 0 is a function. For the case where we consider a Dirac 
electron-like fermion, 0 = 0(x"), the spinor 7) reads 


Ri 
Rs : d 
y= R. exp(i0) = Rexp(i0), (23) 
3 
Rj 
where we use the notation ju, D, ...= 1,--- ,4 for the spinor indices such that 


Res res NET (24) 


In the appendix we show some exact solutions of the Dirac equation with this ansatz 
in flat space-time. Here the dot indices represent elements of each component and 
we do not use the sum convention when the indices are up and down. On the 
other hand, we assume this notation Ry = \/nj to (24), where nj, is the number 
density, represents the modulus of Y, and 0 is its phase (both are real variables). 
In general, n, is different for each component of the spinor. Note that the covariant 
derivative of the spinor v/ in terms of its decomposition (23) is V, (v;) = 0, (R;e?)-- 
D (Rae?) = (0,R;)e'? + i(0,0)R;e'? + T5, (Rae), implying that V,,0 = 0,6. 
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Using the transformation (23) in eq. (5), the Dirac equation in terms of the 
variables R and 0 reads 


exp(i0)7" (iv,.R - (V OR - gA,R — TR) =0. (25) 


To get the last term, we used the property of the gamma matrices that ypy” = 4I, 
where I is the 4x 4 identity matrix. This property results from the anti-commutation 
relation of the gamma matrices. Similarly, the continuity equation (11) with (10) 
can be written with these new variables as 


(V, RT) K*R+ RTK" (V,R) =0, (26) 
where RT denotes the transpose of R and K” = By". Observe that K" is hermitian 
(Ki = KP), 

In conclusion, we have introduced the hydrodynamic representation of the Dirac 


equation (25) and its conjugate transpose equation by making the change of vari- 
ables from eq. (22). 


4. Dirac-Euler Equation 


As for the Klein-Gordon equation,'* we define the 4-velocity v, by 
Mvp = VyuS + qÀ,. (27) 


Here, S(x”) is a phase with components Sa = 0,6", —w,6",t where wp are constants 
that can be related to the mass of the fermion particle by wy = mc? /h and 6, = 0. 
In this manner we can write 


V 965%, = (mvya — we 5°, )65; = GA i (28) 


V 


We interpret n; as the density number of fermions and vy; as its velocity. Actually, 
eq. (25) can be interpreted as the first integral of the Bernoulli equation for fermions 
in an arbitrary space-time. To see this, we apply the operator i" D,, = vy" V,, — 
qy"A,, to the Dirac equation (5) written under the form i^" V, = q“ A, v — my. 
This yields 


aya” (V4N Ab + iq(Vp Ave + iqA/ (Vu) + iqA (Vo) — FA, A) — 
my — Y" (Vy )(Vvt  igA v) = 0. (29) 
Using the relation (7) in eq. (29) we obtain 


BY + mp + Sara” Fuh Y(VuY") (Do) = 0, (30) 


where we have defined the D’Alambertian operator in the presence of an electro- 
magnetic field by Og = (V, + iqA,)(V" + iqA") and the anti-symmetric Faraday 
tensor by Fy, = V,AÀ, — V, Ap. Eq. (30) is similar to the Klein-Gordon equation 
with an electromagnetic source except that here w is a spinor instead of a complex 
SF. The last term of eq. (30) contains the covariant derivative of y” which vanishes 
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in a flat space-time. According to Refs.^? if we apply the transformation (22) to 
eq. (30), we could expect to obtain the continuity equation for the imaginary part 
and the Bernoulli equation for the real part. However, in the case of the Dirac equa- 
tion the four components are mixed by the presence of the four dimensional spinor 
v. Hence, we obtain the following expression 


i [2(mv" — wh )V R — qA, + qV,(A" R) + V, (mv" — wf — qA")R] + 


2 
C + 2mwu? + X + m?) R-OR+ 
Lg Fu R+ (V y" (mv, + wVyt)R + D,R) =0. (31) 


2 
Here, we have defined O = V"V,, and we have introduced the diagonal matrices 
Uy = LA and w = wy dX. For bosons, the real and imaginary parts separate 


into two independent equations, namely, the continuity equation and the Bernoulli 
equation.^? But in the spinor case, the last line of equation (31) mixes both the 
imaginary and real parts and there is no natural separation into real and imaginary 
parts. The system remains coupled. 


5. Weyl Representation 


The Dirac equation for 1/2-spin particles is associated with the SO(1, 3) symmetry 
group. Nevertheless, we can introduce a new representation as in standard QFT, 
since there exists a surjective homomorphism between the SO(1,3) and SU(2) & 
SU (2) Lie groups. 

In terms of the Pauli matrices the 4 x 4 gamma matrices ^" can be written as 
two 2 x 2 block matrices 


í 0 I 
qP SEN, J (32) 


unie dete 0 —é ,(8* — NT) 
jg (aip NIZO =e . i 2 33 
RA € i0 t Y ) [ad + NT) 0 , ( ) 
where 6* are the 2 x 2 Pauli matrices in flat space-time and I is the 2 x 2 identity 
matrix. The y” matrices satisfy CUM = y? and (43)! = =Í + 2NI49/N. 
As we know, the special unitary group SU(2) is formed by the set of 2 x 2 
complex matrices A, which satisfy det(A) = 1. Explicitly, we have 


a —b 
A= 4 
tare (34) 
with det(A) = |a|? + |b|? = 1, where a and b are complex parameters. Equivalently, 
we have the identity A! = A7!. 


The Lie algebra su(2) associated to the SU(2) Lie group is given by the expo- 
nential map 


exp(su(2)) —^ SU(2). (35) 
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For any element X of the Lie algebra, we have exp(X)exp(X)! = I, implying 
that X + X! = 0. In what follows, we will indistinctly use exp(X) and e* as the 
exponential map. 

In the Weyl representation we can write a Dirac fermion as a four-spinor Y made 
of two spinors each of which having two components, for instance 


b= Du. (36) 


where Yr and vr, are the right- and the left- handed Weyl spinors, respectively. If 
we write the adjoint spinor v and use the Weyl representation, it follows that 


b= B = (vb, ob) B, (37) 


where B is the matrix from eqs. (8) and (14). If we use the relation (8) it is straight- 
forward to see that the matrix B must have the following form 


(8) ^ 


where the 2 x 2 matrix DB, is a diagonal matrix, B; = bI, with b = b(x^). Therefore, 
we get B = b5? and eq. (15) transforms into 
Vo(Nb) + V;(& Nb) = 0, (39) 
V ;(é)b)a* = 0. (40) 
Using the definition of the spinor and its adjoint we can write the Dirac quadricur- 
rent J” from eq. (10) as 


I = (vk, wh) B7 Gal (41) 


where the gamma matrices are defined by eqs. (32) and (33) and, in general, B is 
given by the previously mentioned conditions. This yields 


J? = No(bhbr + vib) = Non, (42) 

Ji = bë (uL (6 + Ndr — yi (6 — NIY). (43) 
In order to simplify the notation, we now define the vectors of 2 x 2 matrices 
S^ = (I, 87 + NIT) and S* = (—I, 6’ — NII) in terms of the Pauli matrices. S^ and 
S^ are the (generalized) Pauli matrices in flat space-time. In terms of these new 
definitions, the density currents read 


J) = bé (LS vg — v 1S vr) 
= b(U o in — viov), (44) 


where we have defined the 2 x 2 Pauli matrices in a curved space-time by o” = e^, S^ 
and o = e" S^, With this definition, the matrices 7 read 


y= [5 r$ (45) 
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Furthermore, observe that the o? matrices follow the same commutation relations as 
the flat space-time Pauli matrices. This means that [o*, 87] = —6i&/ [6^, 6!]. For the 
Weyl representation we have to obtain two equations for each Dirac fermion. Thus, 
we need to redefine the covariant derivative V,, and the spinor affine connection 


1 
DL, ^?* which can be written as V, = 0, +T, and T, = 10 vin oy, where of, = 


po” + TK a. Nevertheless, in this representation we need to codes two other 
notations due to the presence of 8^. Let V , and D be the bar covariant derivative 
and the bar spinor affine connection, respectively, defined by Vi =ð, + E; where 
P=] 
curved space-time as the gamma and Pauli matrices). 

We can now apply the Weyl representation to rewrite the Dirac equation (5) for 
a spinor with four components as 

D (V, + iqA,) — 7 a) (46) 
io" (V, --igAu) Yr — min] N07 

'These are the Weyl equations for a spinor in a curved space-time coupled to an 
electromagnetic field. If we apply the Weyl representation to the transpose conju- 
gated Dirac equation (16), it is straightforward to obtain the Weyl equation for the 
adjoint spinor (37). However, we shall not write the adjoint spinor equation explic- 
itly because the results are analogous to the spinor equation as we have seen in the 
previous sections. 

If we set B = b5?, the current density now reads 


0,07, (we stress that we use the greek indices for denoting the objects in 


J“ =b (vhotur 2 via^vL) (47) 

Explicitly, we have 
= Nn, (48) 
Ji = be (whaivn - plod, + ae"): (49) 


On the other hand, the last line of eq. (31) can be obtained from the identities 


(2N N* Fox T ifj Lo" bg 


by? Bab = gcn 50 
IPSE Eu n 


and using definition (45), we find that 


m v e -S*S'(Voel)(Dvig) 
y" (Vuy (Divy) = -g^8 (V. e) (Dir) 
= [^ (N(VoN) — (VN ))(Dovr) + (N(Voc*) = 9" (V jo) Dion) 
(N rar o? (Vj N))(Dovr) — (N(Vo8*) — e? (Vj8*))(Divr) 


Y(Dovg) + (S"Voéi, — S"S'Viel)(Divg) 
(Doyr) — (S^Voej, — S"S'(Viél)) (Div), 
(51) 
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where €^; is the usual Levi-Civita tensor, Fi; = ĉl ên Fim is the directional Maxwell 
tensor Fy = (Vv; = ev) Ai, and Va = 62 V is the directional covariant deriva- 
tive which defines the Cartan connection Vê% = I'7.67. The Cartan connection 


n - 62 V ,ey determines the Cartan first fundamental form dé" + Tf A êl for the 
connections I'? — Te êt with the property that Tas + Ty, = 0, where Tas = Noal 2. 


6. Weyl Hydrodynamic Representation 


We now have all the ingredients to propose a hydrodynamic representation for 
the Weyl fermions, following the same procedure as the one developed for the 
Schrödinger and KG equations in Refs.'?. 

We start to propose our Madelung transformation in the Weyl spinor, using the 


exponential map, that is 
YR ) ( Rr ) io 
UI = == Co“ 52 
i Rr (02) 


Since wr and wy are two spinors, we observe that Rr and Rr are two two- 
dimensional vectors. The Weyl representation of the adjoint spinor V when B = b5? 
is 
=b (vk. vl) go (Rk. Hj) e”, (53) 
Since R is a real vector, the transposed conjugate is equal to the transposed, that 
is Rİ = RT. 
Using the Madelung transformation (52) in the Weyl equations (46) and applying 
the Lie algebra and the Lie group, we can get the following expression 
—gh (VOR) Rpr 4 ic" (V, Rn) — qo" A, Rm E mR 
—o" (VOL) Ry + ið” (V RL) - qo" A,Ry, ) \mRrRJ'` 
These are the Weyl equations in curved space-time with the Madelung transforma- 


tion. We can also apply the Madelung transformation (52) and (53) to the current 
density (47), thereby obtaining 


J" = b(Rho"Rg — RLo" Rz). (55) 


(54) 


Its components are 
J? = Nb(RLRg + RI RL) = Non, (56) 
Ji =b (alni n4 — na + na) + 261 (yning — man) +é]N'n) : (57) 


We note that the zero component, where n = XR ny is the density number of 
fermions in the system, gives the number of both right- and left-handed particles. 
We can write the following expressions |v|? = YhYR = RERR = ng and [vr]? = 
vi vr, = BER — nj, for the right- and left-handed spinors, as in the Dirac case. 
Thus, ng, nr are the right- and left- handed particle number and n = ng + nr, is 
the total density number. 
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Furthermore, eq. (31) becomes 


i [2(mvf, — wrôh)V RR — qA, + qV L(A" Rg) + V,(mv5 — wgót — qA") Rg] + 
2 

(nose 4 2mumvOo + x + m?) Rr- URg + 

(2N N* Fo, + ic? F6) Re + 

(N(VoN) — o? (V; N))((mvno — vn)Rg + DoRg) + 

(N(Voa*) — 9? (Vjo*))(imvg;Rg + D;Rg) = 0. 

(58) 


A similar equation is obtained for the left-handed spinor Ry, with the substitution 
R — L and S < + S in eq. (58). Simplifying the first line in this equation for 
ù = 1,2 corresponding to right-handed components, we get 


À Z Von; V, (nov) + E ] + 
Un; m?v Rue + 2mw; v8 } Wh rm? ville 
H Ù Ù N2 ms 
(2N N* Fop + ie), F6") Rg — 
(V462)S*S ^ ((mvna — w;ó9) Rg + D4Rg) = 0. (59) 


The equation for the left-handed components ù = 3,4 is obtained by changing 
Rr — Rz and S —— S. Here, we have introduced the two-dimensional vectors 
Uy = (Uny, Ur) and w = (wn,wr). Explicitly, they are given by 

Ri n4 


r= (5) * (ml Ls m 


P 0 
= URu 0 Lem. 0 Und 0 
TE s 0^ 0 vg 0f? en 
0 0 


0 
far ee eee ae 
w= (4 we 0 ol (62) 


We now write the last two lines of eq. (59) explicitly and separate them into 
imaginary and real parts, respectively. Using the Pauli representation of the 8 


matrices 
a OIN Ro NUN IET 
pee dee (63) 
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we obtain for ù = 1: 


m nr nr 
ü | — Von Valmiv)  — ] 
Pio nj + Fo3,/n ? — 222 (meu -wi 50) ni +Ô, vni) — 
2(U5, NT — T$N? +T 3o + T32) ((m$,5 — w3 D) /nà + D, ayni), 
w? Vni 
E 2 2p] 2 7450 1 i 2 1 E 
Uni m Vaiti + T vi N2 m "i 


2N(Fyi N! + Foo N? + Fog N3) Jm m Fig y/n - 
[rs (1 (NP) + T2501 — (N?)*) + P. — QN?)?) 4 


V3, N" + 2P$5N? — TG + 250] en Vai a i + Dam) 
(999, N? OTs N? + ope Ors rio a — w0?) yna + Dayna), 
for v = 2: 
m 


w3 w3 
| Von; i Valna) + — ] 


yn 
-Fiy na + Fas ris + VS, ((m,5 — w30) n3 + Da n3) + 
2(U5, NT — T$N? + 25 — D$) (m, — u4 0) n ni + Dn ni), 


2 
[nr Tis 
2 
VT m?v 45 --2musv9 t 2 H m? v = 
H^ 2 2 N2 fi 
2 


2N (For N! + FooN? + Fos N?) m + Fia nij 4 
[Ps (1 — (NT?) +r — (N?) + r$3(1 — (N9)?) 4 


—2T$, N! — 2P$,N? — PG — 20S] ((m,5 — w88) /m3 + Da y ma) 
(-275,N? a 2r3,.N° + 2D — 2131) ((m6,1 = woe) ym + Dias), 


for ù = 3: 


m W3 W3 
— |- von, + Vuí(nav?) + = ] = 


ALES 
Fiona + Fogyni — 209, ((m, à — wÔ 9) n3 +D, a/n 3) + 
2(T3 NT — T3 N? + T$, — T$5)((m8,4 — w40) /n n + D, n n4); 


VALE: à! N2 Jing 
2N(FoiN! + Foo N? + Fos N?) n3 m Fs /n3 


2 aH . 
m^v,3U. + 2mwsv 


[P5 (1 — (NT)?) e r£; — (N75) + T$ (1 — (N9)?) 4 
—2T$, N! — gN? — Tio — 215] (Mas — w309) /n3 + Da ms) 4 


(272, N? + 2$, N? — 2% + 2031) ((m,4 — DN ng + Dayna), 


2 7 
Siu. na ml. 


(64) 


(65) 


(66) 
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and for v = 4: 


Tn C4 
vi |- von, +v, (niv? y+ T t] = 
— Fia fri + Fog yng + 218, (mà bg — w469) n3 + Da m3) — 
2(T2, N! — T$ N? +13) -- T$) ((m8,4 — w30?) n3 + Da n), 
w? Vnà 
Vm | m^v,4v? + 2mwiv? 4 AE +m? mi^ 


2N(FoyiN! + Foo N? + Fog N?) m3 + Fia ria + 

[Ps (1. — (NT?) e T$5(1 — (N*)?) + P$3(1 — (N9?) + 

Ors N! + OTS Nea TS ores] (neg = ne). Mma + D, n3) + 
(272, N? + 213, N? — 2r% — 2P5;) ((m$,4 — w499) y/n + Dayna), (67) 


where we have used that [gp + Tba = 0 and defined the directional quantities 
Vai = VRave®, ô? = 0029 = N69 and D, = êl Da. 

The first line of eq. (59) represents the continuity equation of the fermionic fluid. 
The second line is the Bernoulli equation. In this respect, we note that eq. (25) is 
the first integral of this equation. Finally, the last three lines of eq. (59) are the 
source of the fermionic fluid, something that is not present in the case of bosons. 
This is because the Dirac equation was introduced in Ref.?? in order to eliminate the 
negative probability problem of the KG equation. As a result, the Dirac equation 
involves only first derivatives while the KG equation is a second order equation. 

Observe that the structure of equations (64)-(67) is 


m 
VJ Ni 
eio Fane + Fog /nij — 2e1 T8, (mbox — wô?) ns + Davni) — 
2(T$, Nt a rN? ar T20 F €2;1 33) ((Môav = wp?) yny T Da n), 


| SPON t Wii ye d = 
m m 


2 
2 wg 2 voj _ 
ny Im Ups + 2mw,v9 + N3 Em uz | = 


2N (Foi N! + Foo N? + Fog N?) Jn — evo Fia / i + 

[PaA — (N*)?) +r — (N?Y?) + P33(1 — (N9?) + 

2e5, (F5, N! | DT$N? T30) T] ((mbax — we) Mp + Dayn) T 
(—2ea; (F9, N? -- T$, N? — Tto) + 261131) ((Môav — wô) Vno + Davno), (68) 


where the coefficients e;; are +1 with ei; = (+, —,4-, —), eos = (+, —, ^, —) and 
eap = (+,+,—,—), and the sub-index P is the conjugate of the sub-index ù such 
that 1 =2,2=i1,3=4 and 4=3. 
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7. Energy Balance 


We can also write equation (30) as a Schródinger-like equation. If we perform the 
transformation v = Ve'°!, where V is a four spinor that depends on all the variables 
z^", equation (30) becomes 


1 m? 


VOW V+ vu (= 20A? + iDt) Y 
din ra he cd We E 3 
1 (2NN*F + iP;;c ,6* 0 7 
Quo 0 —2N N* Fop + ii; c põ" 
1 fS o ^ 
aae ( ó » TZ (Da + iwoNóQW) = 0. (69) 


Equation (69) is the generalization of the Schródinger equation for fermions with 
electromagnetic field interaction in an arbitrary space-time. 

Finally, from equation (59) we can identify the different energy contributions 
to the Fermi gas, and obtain an energy balance equation for fermions analogous to 
the one obtained for bosons in Refs.^?. In order to simplify the notations, we can 
re-write equation (59) in terms of the ù coefficients with the understanding that the 
subindex R refers to each component R = 1,2 individually. We get 


ay) 
i [Vo mno) j MN uino) piu r| 


Ny ny 


2m? C I | ‘uN v?) FE; + UF =0. (70) 
m 2 

This equation is valid for right handed fermions. The result is the same for left 
handed fermions changing Rr — Rz in the first line, and S <> S in the second 
line. 

The first line in eq. (70) describes the free density evolution of the fermions, 
while the contribution of the different energy terms appears in the second line. The 
first one is the kinetic energy K; defined as 


1 
Ky = PLZ (71) 


The lapse potential UÑ is given by 


2 
iy 
puce 41. (72) 
m 


It represents the energy contribution due to the chosen lapse function N. The quan- 
tum potential Ug is defined as 


1 Dm 
(A Vv 
Up= 2m? Jn; (9) 
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The contribution of the electromagnetic interaction E, is given by 


Ey = (2NN* Fox + ie, Fio )|;, 


[ij s | nij 
= 2N(Fy N! + Foo N? + Foa N°’) — ey; Fig nna (ePi + Fas 2 . 


(74) 


It depends on the Faraday tensor, shift vector and lapse function that are related 
to the Pauli matrices. This relationship is due to the interaction between the elec- 
tromagnetic field and the fermionic spin. Finally, the potential U? describes the 
interaction between the spin and the geometry of space-time. It is given by 


= (tins wyd4) H d TE S*S*|,, 
= [P (N) + 7250 — QN?Y) + T$. — QN?Y?) 


II 


yS 


a a a a o ^ D, n; 
+ 2eg; (T31 N + T$4N? + T5) — P6] (vss wy de) - Um 


E 4 ni Duns 
+ (-2ea; (T2, N? -- T2, N? — T) + 264554) (in — wy 2) PENSI ) 


+i 


"E EP o, DUE 
—2e4;T5, (vss = wð?) + eum) 


^ p D.ni 
— 2(T5, N! — T'$5N? -- Io + ea; T$) (vss — wida) c + ) 


(75) 


for ù = 1,2, and by making the substitution S <> S for ù = 3,4. In the foregoing 
equations, the notation |; means that we have to evaluate the quantity at the 
corresponding ù. Note that US disappears if we assume a flat space-time or if we 
consider particles without spin. Furthermore, U? is constructed with the generalized 
gamma matrices (45), which are related to the spin (the Pauli matrices) and to the 
space-time geometry (tetrads). 


8. Conclusions 


The main difference between the hydrodynamic representation of bosons!:? and 
fermions concerns the form of the Bernoulli equation. For bosons, after making the 
Madelung transformation, we can separate the KG equation into real and imaginary 
parts. By contrast, for fermion particles we have to work with the complete equations 
of motion because the real and imaginary parts cannot be separated easily. This is 
related to the fact that the gamma matrices are a representation of the SO(1,3) 
group. 
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'The spin is a fundamental outcome of the Dirac equation?? which combines both 
elements of special relativity and quantum mechanics and was introduced to solve 
the problem of negative probability present in the KG equation - first proposed 
as a relativistic generalization of the Schrödinger equation. Here, we observe that 
the general relativistic Dirac equation involves an additional contribution due to 
geometry and spin through the generalized gamma and Pauli matrices. These terms 
arise from endowing a quantum field with a curvature (geometry) given by a metric 
in General Relativity. Such a contribution is absent in a flat space-time and in a 
system without spin as for a scalar field. 

With this work we open the possibility of studying in detail the behavior of 
fermions in different situations (such as massive stars or dark matter halos harboring 
a central black hole) where general relativity effects may be important. We solved 
the problem of energy balance for both bosons and fermions. In this manner, we can 
compare the result of the hydrodynamic representation for classical and quantum 
fluids in the various geometries mentioned above. 
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Appendix A. Solutions to the Dirac equation in flat space-time 


Equation (5) in flat space-time, using the Pauli matrices (63), reads 


& Uy D Yz Hi 5 Yz x Vy ma, 
ð . 

Ot Yz 2 Vy —i 5 Vy 4: V. — mus 
[7] ð AC) [7] 

Dt V ET Vs lay We + EP Ut maby 


Ds out ijr $a myz 


=0, (A.1) 


where we have defined the spinor as Y = (Yp) = (We, y; Yz, Yt)”. In order to find 
an exact solution of the previous equation, we use the ansatz v; = Rop exp(i(xox + 
yoy + zoz + tot)), where zo:-- to and Rop are constants. Here we have the simplest 
solutions of the Dirac equation where the exponential is the same for all components. 
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We obtain four linear equations 


iRozGo + tRoyno + m Ri = 0, 
iRoyGo — tRoz€o + mos = 0, 

Rox6g + Roto + imRoy = 0, 

RotGo — Roxio + imRoz = 0, (A.2) 


where Ço = zo + iyo, No = zo — to, and £o = zo + to. The solution of these equations 
is 
1. f 
Rot = ~z Rovno + iRozCo), 

1,. ; 2 
7; GRos&o — io, Go), (A.3) 
where xå + y§ + 25 — ti = m^. 

Now we use the ansatz Y, = Ro, exp(i0), where 0 is an arbitrary function of 
the coordinates. Substituting this ansatz into (A.1) we obtain 


iRo, Zi + iRoy Eo + mRor = 0, 
iRoyZo — iRozFo + mRox = 0, 
Ho, Zi + RorFo + imRoy = 0, 
RorZo — Ros Eo + imRoz = 0, (A.4) 


where Zo = 0z +10 y, Eo = 0. —0,, and Fo = 0 z +0 +. The solution of the previous 
system of differential equations is 
6 = F(X) —it 
m 


| iC (Row — Roz) — ico (Ry — Ro A5 
Inot, ERR, (168 (Roa - Roz) iG, - Hà). — (5) 


where F(X) is an arbitrary function of 


ye Rot(—¢ Roy — ¢* Rox + ERoy Roz) (A.6) 
2 fiot Fio; 5 2 Roz Roy 
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Breakdown of the Equivalence Principle 
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We derive the semiclassical Hamiltonian for electron in a hydrogen atom in a weak 
gravitational field, which takes into account the quantum effects of electron motion in the 
atom. We show that this Hamiltonian predicts a breakdown of the equivalence between 
electron passive gravitational mass and its energy in the absence of the gravitational 
field. More strictly, we demonstrate that quantum measurement of electron mass, which 
initially is in a ground state and has energy Ei, can give the following quantized values: 
Mn = Me + =, where En is energy of electron orbit nS in a hydrogen atom. We 
correct some drawbacks of our early pioneering papers and discuss some difficulties in 
the possible observations of the above mentioned mass quantization phenomenon. 


Keywords: Equivalence Principle; Quantum gavity; Equivalence betweem mass and 
energy 


1. Introduction 


Einstein’s Equivalence Principle (EEP) between gravitational and inertial masses is 
known to be a keystone of the classical General Relativity. In the current scientific 
literature, there exists a wide discussion if it can survive in the possible quantum 
theory of gravity. Since the quantum gravitation theory has not been elaborated 
yet, the EEP is often studied in framework of the so-called semiclassical approach 
to quantum gravity, where gravitational field is not quantized, but the matter is 
quantized.! ? Note that gravitational mass of a composite body is not a trivial no- 
tion even in classical General Relativity.9 5 The reason for this is that gravitational 
field is not directly coupled to the total energy, E, but is coupled to combination, 
E -- V(r), where V(r) is the so-called virial term.9 In quantum case, as shown by 
us, 7:5? the existence of the virial term results in breakdown of the equivalence 
between active and passive gravitational masses and energy of a body with internal 
degrees of freedom. The goal of our current paper is to suggest new method which 
demonstrates that the virial term is responsible for inequivalence of passive gravita- 
tional mass and energy. Below, we demonstrate the above mentioned inequivalence 
for a hydrogen atom, which is the simplest quantum object with internal degrees 
of freedom. Of course our conclusions, obtained in the paper, are applied to any 
composite quantum body. 
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2. Quantization of Passive Electron Gravitational Mass 


2.1. Electron wave function with a definite energy in the absence 
of gravitational field 


Let us consider the case, where at t < 0 gravitational field is zero and electron 
occupies ground state in a hydrogen atom, characterizing by the wave function: 


V, (r,t) = exp (EE ( 9n. (1) 


Note that the wave function (1) corresponds to the 15 electron orbit and is known 
to be a ground state solution of the following Schródinger equation: 


Q0Wi(rt) | 2 AENEIS e? 
= Ge i [me Ime \ Ox?  0y? 02 T wart) (2) 


[Here E; is electron ground state energy, r is a distance between the electron with 
coordinates (x,y,z) and proton; Me is the bare electron mass, ñ is the Planck 
constant, and c is the velocity of light.] 


2.2. Electron wave function in the presence of gravitational field 


Let us consider the following Gedanken experiment: we turn on a weak (e.g., the 
Earth's) gravitational field at t = 0. As known,’ the interval, characterizing a curved 
spacetime in the so-called weak field approximation, can be written as 


GM 


ds? — -(1 +2 b ) (cdt)? + (1 — 25) (da? + dy? + dz”), $ = -R (3) 


z 
where M is mass of a source of gravity, G is the gravitational constant. Below we 


use the local Lorentz invariance property of a spacetime in general relativity.? To 
this end, it is convenient to introduce the proper local coordinates, 


i- (i $)si- 6-8) 9=(1-$)u 2=(1-$)s (4) 


where the interval (3) has the Minkowski's form, 
d3? = —(cdt)? + (da? + di? + dz). (5) 


Due to the local Lorentz invariance, if we disregard the tidal terms (i.e., if we 
don’t differentiate the gravitational potential $), the wave functions, written in the 
local proper coordinates (4), obeys the same Schródinger equation at t,t > 0: 


OV (, t h* f OF 0? o? ES Pierre 
nee) = Ime my (zz | DR + Z) joao. (6) 


Nevertheless, it is important that the wave function (1) is not a solution of the 
Schródinger equation (6) and, thus, is not anymore characterized by definite energy 
and weight in the gravitational field (3). To clarify this point, we rewrite Eq. (6) in 
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initial, (t, x,y,z), spacetime coordinates: 


5, 9 Wr. t) E UNE 4 in i 9? n 9? e? 
^ ok Te 2m,XVO0x? (Oy? Oz? 


$ R (2 AER, M e, 
«(&) me xs E77 x sa) = - Ve) ato. (7) 


where the virial operator!? is equal to 


^ he / o 9? o? e? 
ee) ocu aos + ape + oe) (8) 
From Eq. (8), it directly follows that the external gravitational field (3) is coupled 
not only to Hamiltonian (2) but also to the virial operator (8). Note that the 
Hamiltonian (7),(8) can be also obtained from the results,!! where some different 
physical problem is considered, if we disregard all tidal terms. 

It is important that the gravitational field (3) can be considered as a sudden 
perturbation, Hy (r,t), to Hamiltonian (2) in the absence of gravitational field: 


med = ($) v.e £s (& T $2) E HH). © 


2Me 


where O(t) is the step-like function. Then, a general solution of Eq. (7) can be 
written in the following way: 


—imect —iEit 
V(r, t) = ew ( Lutte ( " ) 


—im,c?tN = —iEnt 
eex( 1) mnn 5 i (10) 


n>1 


where the wave functions V, (r) are solutions for the nS orbits in a hydrogen atom 
and are normalized, 


[mor dra 1; [Ro r=1, nod (11) 


[It is easy to show that perturbation (9) can results only in non-zero quantum 
transitions between 15 and nS electron orbits, therefore, we keep in Eq. (10) only 
V.,(r) wave functions, which are real.) 


2.3. Matrix elements and probabilities 


According with the standard time-dependent perturbation theory,!? the corrected 
wave-function of ground state, Wl(r), as well as the corrections to mass and energy 
of ground state in Eq. (10) can be written as: 


Me = (1 + &)n« Ë = (1 + $)s5. (12) 
C C 
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where V,,; is matrix element of the virial operator (8): 


h? ? 82 82 e? 5 
Val = fso] 2 (zz By? + Z) E [noa r. (13) 


2m 


Note that the very last term in Eq. (12) corresponds to the so-called red shift in 
gravitational field. It is due to the expected contribution to passive gravitational 
mass from electron binding energy in the atom. As to the coefficients an with n Æ 1 
in Eq. (10), they can be also written in terms of the virial operator matrix elements, 


an = (5) (=x). (14) 


It is important that the wave function (10)-(14), which corresponds to electron 
energy levels in the presence of the gravitational field (3) at t > 0, is a series 
of eigenfunctions of electron energy operator, taken in the absence of the field. 
Therefore, if we measure energy, in electron quantum state (10)-(14), we obtain the 
following quantized values for electron gravitational mass: 


E, 
Mn = Me + PX (15) 


where we omit the red shift effect. From Eqs.(10)-(15), we can state that the ex- 
pected Einstein's equation, m, = m, + B, survives in our case with probability 
close to 1, whereas with the following small probabilities, 


2 2 
2 Q Ved 
P, = |anl = (5) (En EE n £1, (16) 


it is broken. The reason for this breakdown is that, the virial term (8) does not 
commute with the Hamiltonian in the absence of gravitational field (2). As a result, 
electron wave functions with definite passive gravitational masses are not charac- 
terized by definite energies in the absence of gravitational field. Let us calculate 
probability P5 near the Earth's surface, where 2 =~ 0.49 x 10715. From Eq. (16), 
we obtain the following probability for n — 2 in a hydrogen atom: 


P; = |a2|? = 1.5 x 10-5, (17) 
where 
V21 
Le = 0.56. 18 
E,— Ei (18) 


3. Experimental Aspects 


Here, let us describe another Gedanken experiment, where gravitational field is adi- 
abatically switched on. To this end, we consider wave function (1) to be valid at 
t — —oo and apply the following perturbation due to gravitation for the Hamilto- 
nian (2): 


2 2 2 2 2 
Ay(r,t) = (5) Ime - (ss + i | ? ) - eve) exp(At), A > 0. 
(19) 


2555 


Then, at t 0 (i.e., in the presence of the field), the electron wave function can be 
written as 


dno eub 
V(r,t) = e ( ES utn ew( ot) 


—ime,c?tN 2 —iEnt 
exp) ata) ew( P ) (20) 


n>1 


Application of the standard time-dependent perturbation theory! in the case of 
adiabatic switching on gravitational field gives: 


n>1 
Me = (1+ 3) me, Ey, = (1+S)a, (21) 
and 
Gn =0, P, =0. (22) 


Thus, in adiabatic limit, the phenomenon of quantization of passive gravitational 
mass (15),(16) disappears. This means that the possible experimental observations 
of the above mentioned phenomenon has to be done in quickly changing gravita- 
tional field. It is important that step-like function, O(t), which was used to derive 
Eqs.(15),(16) does not mean motion of an atom or a source of gravity with velocity 
higher than the speed of light. We can use step-like function if significant change 
of gravitational field happens quicker that the period of quasiclassical rotation of 
electron in a hydrogen atom. In the case under consideration, we need the time 
about ôt < to = E ~ 107 ^s, We hope that there exist much more convenient 
quantum systems with higher values of the parameter to, where discussed above 
phenomenon could be observed. We recall that all excited energy levels are qua- 
sistationary and, thus, decay with time by emitting photons. Therefore, it is much 
more efficient to detect emitted photons than to directly measure a weight. Here, we 
also stress that we did not calculate the gravitational mass and weight of the atom 
with an accuracy $?/c^ since we did not take in account terms of the order of à? /c* 
in the metric (3). As to the relatively small probability of the quantization (16), 
it is not too small and can be compensated by large value of Avogadro number, 
Na & 6 x 102. In other words, for macroscopic number of the atoms, we may have 
large number of emitted photons. For instance, the number of excited electrons (i.e., 
emitted photons) for 1000 moles of the atoms is estimated as 


Vasa 


Ny, = 2.95 x 108 LE 
x x (z =F, 


2 
) , No=0.9 x 108. (23) 
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4. Conclusion 


In the paper, we have shown that energy is not equivalent to passive gravitational 
mass of the such simplest composite body as a hydrogen atom. This happens due 
to the existence in the electron Hamiltonian in gravitational field of the so-called 
virial term, which does not commute with the Hamiltonian, taken in the absence of 
the field. It is easy to show that this is a general property of any quantum system 
with internal degrees of freedom in General Relativity. Therefore, we can conclude 
that application of the basic quantum laws to General Relativity results in the 
breakdown of the equivalence between passive gravitational mass and energy. It is 
important that the non-zero matrix elements (16),(18) of the virial operator (8) 
are also responsible, as shown by us, ^?:4 for breakdown of the equivalence between 
active gravitational mass and energy for a quantum body with internal degrees of 
freedom. Therefore, formulation of the EEP has to be significantly reinvestigated 
and changed in semiclassical gravity. 
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1. Introduction 


A standard result of quantum field theory is the existence of divergences when 
computing observables. This requires the construction of techniques, called regu- 
larization and renormalization schemes, to overcome these infinities and produce 
well defined physical observables. A standard example is the computation of vac- 
uum polarization effects in perturbative Quantum Electrodynamics (QED) which 
results in the well-known Lamb Shift an the anomalous magnetic momentum of the 
electron. As a byproduct of these methods, an arbitrary mass scale parameter pu 
present in the calculations implies à dependence under this scale of the different 
coupling constants of the theory.! Instead of becoming an obstacle it offers a very 
useful tool, the renormalization group equation,!:? to understand the behaviour of 
the theories at some particular ranges, without knowing the exact details of the 
theory. The relevant magnitudes that encode the information of this equation are 
the beta functions, fo = pss, where Op is any possible renormalized coupling 
constant of the theory. 

At the level of quantum field theory in curved spacetime, similar divergences 
arise. These appear even when computing observables in the vacuum state since the 
standard method of regularizing the vacuum divergences in Minkowski, known as 
normal ordering, is not available anymore since it strictly depends on the definition 
of the vacuum state, which is not unique in this context. Nevertheless, many regular- 
ization methods, including Dimensional Regularization and Pauli-Villars have been 
inherit from the Minkowski spacetime case, and have obtained finite renormalized 


*Talk given by A. Ferreiro at the Sixteenth Marcel Grossmann Meeting (2021). 
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quantities, e.g. the Feynman propagator G(x, x’) and the expectation value of the 
stress energy tensor Ta, for scalar, Dirac or gauge fields in curved spacetime.* ° 
Most methods rely on the convenient expression of the propagator in terms of 


an integral in the DeWitt-Schwinger proper time 


AM? (y, a! ge ds mas ec zl) . 
G(z,a') = (4x)? Ji cvi +" ais F(a, g'is). (1) 


The advantage of expression (1) is that it admits an expansion 


F(z, 2’ ,is) = Dale is)? (2) 


Note that the effective action and consequently the stress-energy tensor can be 
derived from G(x, x’) in the limit z’ — x where this expression becomes divergent. 
In the case of four dimensions d — 4, the divergences are encoded and isolated in 
the first two terms of the expansion (the first three terms in case of the effective 
action). There are several ways to regulate expression (1). For instance, it can be 
analytically extended to higher dimension d > 4, via dimensional regularization 
or it can be expanded in terms of point splitting parameter c. The infinities are 
recovered in the case of d + 4 and ø — 0 respectively. It can be shown? that all 
the divergent pieces of the one loop corrections of a free field can be consistently 
reabsorbed in the original action 


1 

Ss = | dev 7i A4 5 R+ aC? + a,R? +a3E +a4 R), (3) 
K 

where & = 87G. It is in principle possible to use the DeWitt-Schwinger decomposi- 

tion (1) to compute the exact one-loop contribution.*:° In this case, as a byproduct 

of the DeWitt-Schwinger decomposition we can construct a natural subtraction 

scheme without invoking any artificial regulator 


1 oo 
Goss (93) = jim G(x, 2’) — TS De se) f ao (4) 
j=0 
We can also construct subtraction schemes from dimensional regularization or point 
splitting. In any case the different regularization and subtraction schemes differ in 
terms that can always be reabsorbed in the action (3).* 

Note that the subtracted contribution of (4) needs to include an small imaginary 
m? — ie to avoid an infrared singularity. In the mass-less case this is an obstacle 
since the infrared divergence is present in the limit s — 0.* In order to overcome 
this problem we can insert an artificial parameter u? as a mass-scale instead of m? 
in (4) and then take the limit u? — 0. This has been done for instance to obtain 
the conformal anomaly.? However, another interesting approach is to maintain in 
all the potential calculations u? different to zero and to modify consistently the 
coefficients aj(x) of (4) in order to ensure that no extra divergences appear in the 
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case of u? Æ 0. In the most general case, without assuming m? = 0, the extended 
DeWitt-Schwinger subtraction scheme would be? 

A ; i 1 : » ? ds -i(m*--u2)s 

Gren (£, £) = jim G(z,z')— n Yao (s) G-5* . (5) 

j- 

Here the the new coefficients are @ = 1, à; = a, + i? and à; = ayu? + p4 ?. The 
introduction of this extra parameter is required for the massless limit. However, 
it also offers a possible running coupling interpretation analogue to the Minimal 
subtraction scheme in dimensional regularization. We will analyze this in the next 
section. 

An important property of the regularization and renormalization program is that 
it should not spoil the decoupling of heavy massive fields in the low energy limit. 
For instance, we should not have to compute the vacuum polarization of the quark 
top mass when performing a low energy (below the top mass) scattering process in 
QED. The decoupling of heavy field in renormalizable theories has been well stated 
by the Appelquist-Carazzone theorem.? In the case of QED, Minimal Subtraction 
is not compatible with decoupling? and a different subtraction scheme has to be 
taken in order to have a physical interpretation of the u parameter at low energy 
regime. A possible scheme is known as Momentum subtraction scheme,® which not 
only decouples the heavy fields, i.e., 89 — 0 when m? — oo but also recovers the 
Minimal Subtraction beta functions in the limit of u? — oo or m? > 0. 

In the case of quantum fields in curved spacetime an analog to the Momentum 
subtraction scheme has been elusive. A notable result of the subtraction scheme of 
(5) is that it is consistent with the decoupling of heavy massive fields,° as we will 
show in the next section. 


2. Running of the couplings and decoupling of massive fields 


In order to compute the running of the couplings with the parameter p it is useful 
to use the extended DeWitt-Schwinger subtraction scheme for the effective action, 
which can be constructed in a similar manner to (5)." It is also useful for pedagogical 
purposes to consider a complex scalar field interacting with an electromagnetic field 
obeying the Klein-Gordon equation 


(g^ DZD} +m? + ER) G(x, x) = —|g(a)|7/76(a! — 2), (6) 


where D, = V, + iqAy. In this case, the extended DeWitt-Schwinger subtraction 
scheme takes the form" 


r 2 
2i SR ds T2 
wo-2wo0. 3. fe g`a; / - ds a(m? +?) 2 
ren 2(4n)2 T en aj (x) o (is)8-5 ^ (7) 


?Note here that in terms of adiabatic order, the jj? in the exponential of (5) is of adiabatic 
order zero while the u? of the coefficients are of adiabatic order two. This is equivalent to the 
methodology taken in? for Parker-Fulling adiabatic regularization. 
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where W? is the divergent one-loop effective action constructed from (1) and the 
coefficients are 


Peale at) - (5-6) ni 


1 1 1/1 
a ME RA aBys | -— pap EUM cT 
a(z) = gg aso R i80 fe- G e) 
1 1X? q? 1 1 
i R? Fao F +(2-€) Rp? +p. 8 
12 (s 5) 124 * (a £) Bong (8) 


The subtraction terms of (7) can be absorbed into the original action 
| em. on A p 
S° = Sa + f e (iaut + (Dud)! Dó  m?|o + nier") (9) 


with D, = Vp + iqZ yf? A, where we have re-scaled the potential to introduce an 
extra coupling constant Z4. The complete effective action would be 


SQ) = WO (m, £, qZ1/?) + S*(m,&,q, Za, A, K, ai), (10) 


where we have made visible the explicit dependence of the bare couplings and fields. 
'The complete action in terms of the physical renormalized couplings Og is 


ren ren 


s = WO (mg, Er, qaZi/?) T Skon (ZR, Ar, KR, OR) (11) 


where SZ, is the original S° upgrading the bare divergent coupling constants to 
the corresponding renormalized finite ones.In the particular case of a free complex 
scalar field, it is not difficult to see that expression (7) does not involve any divergent 
piece that need to be reabsorbed neither in m?, nor € and the combination qZ!/? 


and therefore we can already write 
f=;  m-mn J — qnZi. (12) 


This is of course not a general result and indeed this couplings constants could be 
divergent in theories including other interactions.! We will from now on drop the 
subscript p from these terms. 

In order to compute the beta functions Go = ae we will impose the invariance 


of the renormalized action with respect to the arbitrary parameter pu 


3 ga) = 9, (13) 


H du ren 


From (7), it is easy to check 


za = | as 7 Ju 2) (2u? a2(z) = 2u^a (x) = pÊ) . (14) 
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Using (12), (13) and (14), we finally obtain the following beta functions 


1)\2 
Bor = te NB AR = E -%) u? 
al 9602? M? Fp? a2 16r? m?+p? 
6 4 3 
— EUM eLosg: ee — GR | H . 
Pa ~~ 162? m?+p? By ~~ 4r? m2+p2 Bg ^ 48272 m2+p? ^ (15) 


It can be easily checked that the running of dimensionless coupling constants coin- 
cides with the Minimal Subtraction beta functions,!! but with the advantage that 
the structure ato 12 
contribution when m? — oo thus making this renormalization scheme compatible 
with decoupling of heavy massive fields. The remarkable result is that also the run- 
ning of both the Newton constant and the cosmological constant also decouple in 
this limit, thus enforcing the fact that higher massive fields do not contribute to 
the low energy regime, even when the gravitational field is present. 


similar to the cutoff Wilsonian scheme ^ makes a vanishing 
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We consider the renormalization of the one-loop effective action for the Yukawa interac- 
tion. We compute the beta functions in the generalized DeWitt-Schwinger subtraction 
scheme. For the quantized scalar field we obtain that all the beta functions exhibit de- 
coupling for heavy fields as stated by the Appelquist-Carazzone theorem including also 
the gravitational couplings. For the quantized Dirac field, decoupling appears for almost 
all of them. We obtain the atypical result that the mass parameter of the background 
scalar field, does not decouple.? 


Keywords: Decoupling, renormalization, running couplings, beta functions, one-loop ef- 
fective Lagrangian, DeWitt-Schwinger expansion 


1. Introduction 


Regularization and renormalization of infinities of quantum fields in curved space- 
time is a subtle subject. Infinite quantities emerge at the vacuum level and can 
not be erased due to the non-trivial structure of the classical gravitational back- 
ground field. There are well established covariant and pragmatic methods to evalu- 
ate the vacuum expectation value of the stress-energy tensor in physically reasonable 
states.” 7 For a general spacetime, the DeWitt-Schwinger technique? !? allows us to 
evaluate and renormalize the stress-energy tensor as well as the one-loop effective 
action which constitute a practical tool that encodes all the relevant information 
about the quantum effects of fields. 

The regularization machinery usually incorporates an arbitrary, non physical, 
mass-scale parameter. Studying how the coupling constants depend on this scale, 
i.e., the running of the couplings, is very useful in physical situations where more 
formal computations are very involved. This is done by requiring that physical 
quantities should not depend on spurious parameters.!! 1? As a representative case, 
in dimensional regularization an arbitrary mass scale u is introduced to compen- 
sate the fictitious dimensions. In the case of the DeWitt-Schwinger proper-time 
expansion a mass scale u is usually introduced in the short distance logarithmic 
term log 20/2 to overcome an infrared divergence for massless fields. Changing the 


Expanded version of the talk given by S. Nadal-Gisbert in the Sixteenth Marcel Grossmann 
Meeting (2021). 
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mass scale u to u’ allows to obtain an effective running for the parameters of the 
Lagrangian. 

Another important feature of effective field theories is that massive fields should 
decouple at low energies!^!? as stated by the Appelquist-Carazzone theorem!6^, 
'This idea which lies at the heart of the effective field theories states that a field 
of mass m can not influence the physics at scales larger than m~!. In a physical 
renormalization scheme this idea should be manifested in the beta functions of the 
theory if they want to describe both infrared and ultraviolet regimes. Moreover, in 
gravitational physics decoupling is crucial to get a proper physical interpretation in 
the cosmic infrared regime. This can be particularly relevant for the cosmological 
constant problem and for the running of the Newton's gravitational constant. !? ?? 
A partial list of works dealing with this issue in a curved space are.?? ?5 

Recently, an arbitrary scale parameter u has been introduced in the DeWitt- 
Schwinger subtraction scheme in order to consistently construct the subtraction 
terms avoiding the infrared divergences”? (see also?9 ??). This was done for the 
free complex scalar field in the Einstein-Maxwell theory. This approach has the 
benefit of producing the decoupling of heavy fields. In this work we further ex- 
tend this approach by including Yukawa interactions with spinor fields and scalars 
also coupled to gravity. This model has been broadly studied in dimensional reg- 
ularization?^??5 also by including gauge fields.?9:?" We will concentrate in the 
simplest case of a scalar background coupled to a quantized dirac field and also to 
a scalar field. The aim of this work is to compute the beta functions in the general- 
ized DeWitt-Schwinger renormalization approach and observe whether decoupling 
explicitly appears. 


2. Interaction with a quantized scalar field and renormalization 


Consider a quantized real scalar field y coupled to a real scalar background ¢ via 
2 
the Yukawa interaction ^- 92? 


R 1 1 
s= | day ;| nu 16:G 3 V eVue - 5 (m^ + ER) e 
h? 1 
$98 ZVAT,- VO} , (1) 


where m? 


is the mass parameter for the quantized scalar, € is the coupling of y? 
to the Ricci scalar, and V(¢) is a general potential that can contain interactions 
between the background field and the curvature but is independent of the quantized 


scalar field y. The Feynman propagator G p for q satisfies 


(Dr +m? + ER + h?¢?) Ge (y, 2^) = —[g(x)|71/76(a — 2’). (2) 


bThere are some situations were decoupling is violated. This typically happens on theories with 
spontaneously broken gauge symmetries.!7 18 
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The effective action can be generated from this propagator by Sef = 
-ii Trlog(—Gp). The ultraviolet divergences of the one-loop effective Lagrangian 
can be explicitly manifested if one expresses the Feynman propagator as an integral 
in the proper time s, 


w 
— 


Gr(a, 2’) = a ds ei” (x, s|z',0) , ( 
0 


2 


? is understood to have an infinitesimal negative imaginary part (m? = 


where m 


m? — ie). The heat kernel (x, s|z', 0) can be expanded in powers of the proper time 


as follows 


AV? (x, x) a(x, x’) = hos 
(z,s|a'^,0) =i TETE exp TE y» (is) , (4) 


where A(x,z') is the Van Vleck-Morette determinant and o(x,2’) is the proper 
distance along the geodesic from z' to x. Therefore, the effective Lagrangian, defined 
as Sea = f d^z4/—gL.,g, has the following asymptotic expansion 


Lea = 5 PL TE ^ eim (is iMd , (5) 


The first coefficients a, (z, z') are given, in the coincidence limit z — z', by? 


1 
ag(z) —1 , ai(z) = gl Q 
ax (x) hs sR — + RP Rag SARDER 
180 ^^ 180 30 72 
xd etd 1 " 
T 59 gre 1 6 Q T 12 Ww W , (6) 


where for the case of a scalar field we have W,,, = V4, Vv] = 0 and Q = ER+h?¢?. 
Expansion (5) shows that the ultraviolet divergent terms of the effective Lagrangian 
are localized in the first three terms of the DeWitt-Schwinger expansion in the limit 
s — 0 of the integral. The renormalization procedure can be performed by directly 
subtracting these divergent terms to the total one-loop contribution. 


2 eism? 


oo —á4m*s 2 
e 
Ds =f ds = (x, |x, 0) — E 1 a; (x ccce (7) 
0 = 
j=0 


where the notation of Lren has to be understood as the finite one-loop correction 


to the background Lagrangian. One can notice that the massless case inherits an 
infrared divergence (s — oo limit). We avoid it by introducing a mass scale u? in the 
exponential term of the DeWitt-Schwinger expansion by writing > "n (z)e-ism* — 
32 à; (a)e is^ +”) in (5). As mentioned in,?? this is the unique way of introducing 
the u parameter if we want the exponential form to remain. The main point of 
the introduction of the arbitrary parameter u at the same level of the mass, is to 
obtain decoupling in the infrared behaviour of the beta functions, as we will see. 
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The DeWitt coefficients a; are redefined by consistency with the adiabatic orders, 
G(x) = 1, aj (x) = a4 (x) - u°, G(x) = ag(x) +a; (x)? +504, and renormalization is 
now performed by taking the difference Lyen (ww) = Leg — Lai (u), as for the standard 
situation with u = 0, (7) 


e—is(m? +u?) 


; 2 
(x, s|z, 0) — E ux à; (c eomm (8) 


j-0 


Lren y) =} ds 
0 


We note that the renormalized one-loop Lagrangian depends now on pu. This de- 
pendece in the arbitrary parameter u has to be compensated by a running of the 
couplings of the background Lagrangian, thus the physical one-loop renormalized 
Lagrangian Lynys = Lp(u) + Lren(u) is u-independent, where Lg(u) refers to the 
background Lagrangian. 


2.1. Running of the coupling constants and decoupling 


The background Lagrangian required for renormalization is given by 


1 m M? 2 be 2 A 244 2 
Lg = Lerav 5Z V^ óVu6 — 5-20 — 3 RZE- Bab’ noZ, (9) 
where 
1 
Lass = —A+ 5&R + o4 R? + o5 R,,R"" Eos R, 4g R” +as0R. (10) 


We have defined & = 1/8xG. The new terms are required to absorb the divergences 
of the one-loop correction. The coupling Z will not receive any contribution from 
the scalar quantum fluctuations, therefore we can canonically normalize it to 1. The 
remaining couplings A(t), &(u), o; (uU), M(u), etc will inherit a dependence on the 
mass scale p. 

'The beta functions and the running couplings are built from the renormalization 
process, therefore they get only contributions from the divergent terms. For this 
reason, it is enough to approximate (8) with the first three terms of the asymptotic 
expansion for the heat kernel. 


Lren( H) = im i 4 jee [1 + (is)ai(x) + (is)? a2(z)] 
=e ism?) [1 + (ás)as (a) + (is)*a2(x)] } . (1) 


This is a finite integral that can now be computed. Its result depends on the DeWitt 

coeficients ao (x), a1(x) and a2(x) and also with the arbitrary u parameter. Requiring 

that the physical one-loop renormalized Lagrangian Lpnys = Le(u) + Lren(u) has 

to be y-independent, leads to the running of the couplings and the beta functions. 
dLyhys OLren 


OLB 
di 0 > æ jg; MEE (12) 
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where q; refers to all the parameters of the Lagrangian and 8; = poe. A represen- 


tative of the beta functions that we obtain are 


pat PN 
^ 4m? m? ta ^ 3272 m? + u? 

E IŚ h? p 
Que eec LE 13 
B. 812 M? + pe Bue 812 M? + pe (13) 


where we have defined € = (£ 5 1). The rest of beta functions can be found in 
Appendix A. Several remarks are worth of mention in these results. For the dimen- 
sionless parameters, like A(x), we obtain a factor of the form j/?/(m? + u?), this 
factor also arises in the hierarchy of beta functions in the Wilsonian renormaliza- 
tion approach for a scalar field theory.?? Analyzing this factor it is easy to see that 
for m? > pu? the dimensionless beta functions decouple as expected in the infrared 
regime. Moreover for u? >> m? the ultraviolet regime is recovered as expected from 
dimensional regularization with MS (minimal subtraction).°? Another important 
feature concerns the dimensional couplings. For the Newton and cosmological con- 
stants we recover the same result as in the free field theory. Furthermore, all the 
dimensional couplings also decouple when m? > 42. 


3. Renormalization for Dirac fields 


In this section we consider a quantized Dirac field v coupled via Yukawa interaction 
gy ow with a classical scalar background $. The action is given by 


S= v ( A+ — F y (x^ V, — m) Y — gy oop + SV dV ð - vie) 
(14) 


where the covariant derivative V,, acting on the Dirac field is defined as the ordinary 
derivative plus the spin connection term. ^?" (x) are the curved space Dirac matrices 
y" (x) = e #79", defined in terms of the usual Dirac matrices in Minkowski space ^? 
and the vierbein e,". 

In order to build the DeWitt-Schwinger expansion one needs the Klein-Gordon 
equation for the Dirac field 


(Ds + m? + Q)Gg(z, 2") = —|g(x)|-1/25(@ — a^) . (15) 


Consequently, the one-loop effective action takes the form s = $i Trlog(—Gr). 
One can expand the heat kernel in the proper time asymptotic series as for the 
scalar field (4) and make use of the same coefficients (6). In this case Q is given by 


Qla) = 3 RG) + tov Vda) + gb Gn) 29v má) . (16) 
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It is important to stress the appearance of the last term in the above expression 
which is proportional to m. This contrast with the obtained expression for Q in the 
scalar case (Q = €R+h?¢?). Generically, all DeWitt coefficients a, (or à,,) are local 
geometrical quantities independent of the mass of the field. T'he Yukawa interaction 
for Dirac fermions introduces a mass-dependent term in the expression for Q(z). 
'This term will be the responsible of the violation of the decoupling characteristic 
for the background scalar mass parameter. 

As in the previous section one gets the expression for the subtraction terms with 
the asymptotic expansion 

Eg SN © om is(m?-+12) (isis 
Lai«(u) = ame n a) | e (is)! ?ds . (17) 

'The main difference with the scalar case is that one needs to take into account 
the trace of the spinor indices acting on the coefficients tra;(r). We still have 
the modified DeWitt coefficients üg(z) = 1, G(x) = aj(x) + u°, and G(x) = 
a(x) 4 (iR Q) we? 4 iut related to the DeWitt coefficients (6) but now with Q 
given by (16) and W,, = [V,, Vv] = —iH,vab [5,47]; 


3.1. Running of the coupling constant and decoupling 


'The background Lagrangian terms are required by renormalization in order to ab- 
sorb the divergent terms coming from the one-loop correction (17) 


Lp = Lgs + LEV" QV 0 — Mag? - Snag? — rap — M genas 
EUSEB EE. 2 : 3! 
A 
-q 7 9 - &RZ'P + nO + 20229 , (18) 


where Leray was given in (10). In the Dirac case, Z gets a contribution from the 
quantum fluctuations of the Dirac field. Therefore, it has a running that can be 
related to a running of the field ¢ by a reparametrization. We write Z = 1 + ÓZ as 
usual, to take into account canonical normalization and the one-loop correction. For 
simplicity, we introduce new primed couplings to absorb Z, except for the kinetic 
term, where we leave Z explicitly 


12 $ 1 1 


À 
9 - TR -r6- $4 - GO  - GRO +7400? +9409 . (19) 


1 

52V" 4.6 — 
As for the scalars, we just need to consider the divergent part of the one-loop 
effective action (11) to compute the running of the parameters. Again, we impose 
that the physical one-loop renormalized Lagrangian Lynys = Lg (u) + Lees (ui) must 
be independent of the value of u. Therefore considering (12) for this background 
Lagrangian we can obtain the beta functions for the primed parameters. By direct 
differentiation and keeping one-loop order ÓO(A), it is straightforward to obtain the 
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beta functions of the unprimed original couplings 
Bu? = Bun — M?Bz Be = Ber — &Bz 
1 T 
Be, = Ba — 36182 Br = Br — ghz 


Ba = By -nbz Bx = By — 2M 


1 
By, = By —^hBz Bro = Bay; EC 3 1282 . 


The result for all the beta functions can be seen in Appendix A. Let us analyze the 
different regimes of the scalar wave function Z as a representative of the dimension- 
less parameters. 


Bg =-25— o. (20) 


In the ultraviolet regime, y >> m we recover the result from dimensional regular- 
ization with MS.9??:34 


Bz = gy H gy (21) 


while for the infrared regime, u « m, we find decoupling 


2 2 2 2 
Bz = gy H gy H (22) 


> $ 
An? m2 + p2 “HS Arm? 


'The other beta functions for the dimensionless parameters exhibit the same be- 
haviour. Decoupling of massive fields is manifested in the infrared regime and the 
ultraviolet regime agrees with the results of dimensional regularization with MS.33:34 

Things are more involved for the dimensional constants. We observe different 
behaviours with the parameter u. For example for the couplings A(u), x(u) and 
M"? (u) we get 


1 mi 1 u^ 
BA =- 3x3. DeSean pud 
8n^ m? +u 24r? m^ + u 
gy p? 2 2 2 
Pue = ima y up (te — 8m? +2M°) . (23) 


A common feature is that decoupling appears when m? > p? for all the dimensional 
couplings except for the background mass parameter M?. In this case the beta 
function essentially reproduces the value obtained via dimensional regularization 
with MS times a factor of order u? /m?. The origin of the term proportional to —8m? 
can be retrieved from the term 2gy mó in Q. This can be linked to the fact that 
when building the DeWitt-Schwinger expansion all the mass dependence is assumed 
to be encoded in the exponential term?? in the form m? and this expansion does 
not work properly if Q inherits a mass dependence. The latter result shows that 
finding decoupling for all the coupling constants, of a given theory, although it is 
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crucial to define a cosmic infrared regime, it is indeed a nontrivial task, as already 
emphasized in.?° 

Finally it is worth showing the finite expression for the running of the Newton 
gravitational constant G, the cosmological constant A and the scalar mass term M"? 


coming from the Dirac field at two different scales u and po. 


AG Saya bsc adt cud eaten Tct e qoa 
07 32:2 ? " m? + uJ)’ 
Go 
Gly) = | (25) 
Decr (2 — uj — m? log (2) ) 
2 2 2 
g m? + 
a?) = ME + E (8 = i - 3m 10g (257755). (26) 


where Go, Ao and MẸ are the parameters at the scale ug. Note the appearance 
of u^ and u? terms. In more conventional approaches only the logarithmic terms 
are present. However these non-logarithmic terms can be traced to the non trivial 
quartic and quadratic divergences and are indeed responsible of the appearance of 
decoupling. Expanding A(u) and G(j) for u? >> m? one can check that the runnings 
are suppressed by a factor 49 /m? and u*/m?. However for M”? (u) we still get a 
non suppressed term proportional to p?. 


4. Conclusions and final comments 


We have considered the one-loop effective action for a quantized scalar field and 
Dirac field coupled to a background scalar field and gravity. Using the upgraded 
DeWitt-Schwinger subtraction scheme we have renormalized the theory and com- 
puted the beta functions for all the parameters. As a remarkable result, for the 
dimensionless couplings we obtain the beta functions that satisfy both ultraviolet 
and infrared regimes. In the ultraviolet regime we recover the beta function from 
MS scheme. In the infrared regime the beta functions explicitly exhibit the decou- 
pling property. For the dimensional parameters new p* and u? terms appear in the 
runnings. These terms signal the presence of quadratic and quartic divergences and 
are indeed the responsible for the decoupling in the running couplings. Therefore, 
the obtained beta functions of the dimensional parameters exhibit the property of 
decoupling in the low energy regime, including the Newton's and cosmological con- 
stant. The exception is for the contribution of the Dirac field to the scalar mass 
parameter. As stress before the reason is localized in the linear term 2gym4 in Q. 
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Appendix A 


The obtained beta functions for the scalar one-loop correction are 


2 


Be ne ad Bu = 2 Ut 
56^ 8a2 m? + " ar 3272? m? + u? 
PNE ee NES iene Ni s 
“4 962? m? + yu? 02 ' 98807? m? + u2 
Bas = 1 pe by = - h? go 
"S 28802? m? + u? 962? m? + u? 
TEE coget s durat. ue. 
^U dn? m? + m 322? m? + u? 
fife h? pê 
k = >= — ———.———5s. A.1 
p 8T? m? + pu? fm? 82? m? + u? ee) 
Dimensionless beta functions for the Dirac field are: 
E 
Z 4r? m2 + p? 
2 2 2 2 
E gy H _ _ JY H 2 
Be 247? m? + u? iu exc 821? m? + u? (24g. 4) 
dis es 1 u? dx 1 m 
Ot 115227? m? + u2 Na 7207? m? + u? 
B 7 m M 1 m 
Sa 57607? m? + u? “4 48002 m? + u? 
2 2 2 
Gy H 1 | gy H 2 o 
Boy = 422 m2 n (s +n) Ba; = 82? m? nm E 1 x) B (A.2) 
Dimensional beta functions for the Dirac field: 
1 pf gy e ( m ) 
PA Rn Be. = 872 m? + u? 3 + 981 
1 gy p 2 
e MAD a D E E OET 4 — 
B Sdn? Fe pg B Ba? m? + p? (4mp? — rgy) 
2 2 3 2 
_ Gy H 2 2 2 gy H 
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Trace anomaly and evaporation of spherical black holes 
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The evaporation of four-dimensional spherically symmetric black holes is presented in 
the framework of quantum field theory in curved spacetimes and semiclassical gravity. 
It is discussed how the evaporation process can be sourced by the presence of the trace 
anomaly of a massless, conformally coupled scalar field outside the apparent horizon of 
the black hole. 


Keywords: Evaporation; black hole; trace anomaly; semiclassical gravity; Vaidya 
spacetime 


1. Quantum fields in curved spacetimes 


From the time of the discovery made by Hawking that black holes can emit ra- 
diation,? black hole evaporation has become of great interest in analyzing the 
interplay between matter and gravity. A theoretical framework where modelling 
black hole evaporation is represented by quantum field theory in curved space- 
times,? which consists of describing the propagation of a quantum field over a 
classical curved background. On one side, the background is assumed to be a four- 
dimensional globally hyperbolic spacetime (M, g), where M is a smooth manifold 
and g a Lorentzian metric with signature (—, +, +, +). On the other side, the quan- 
tum field is the fundamental observable, which is viewed as an operator-valued 
distribution living in a *-algebra A(M). For a real, free Klein-Gordon field ¢ the x- 
algebra is generated by the set of linear smeared fields (9(f), f € D(M)} satisfying 
the following relations: 


é(Pf)-0, of)" -—e(f) BU) =i ACF, h). 


Here, P = —O, + m? + ¿R is the Klein-Gordon operator constructed from the 
d'Alambertian operator O, = g"" V, V, on (M, g), and A = Ag — A4 is the causal 
propagator of the spacetime, which is defined as the difference between the unique 
retarded and advanced fundamental solutions of P. A generic quantum state w is 
a linear, positive, normalized functional over A(M), and it is determined by the 
n-point functions 


wnh fis- -s fn) = (fi) ---$(fn)),, € DM"). 
Actually, for Gaussian pure states it is sufficient to known the kernel of the two-point 
function w»(z', x) = (ó(x')ó(x)),,. 
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Different from the flat case, where the Poincaré invariance selects a vacuum state 
uniquely as preferred reference state, in a curved spacetime there is not in principle a 
preferred notion of “vacuum” dictated by the symmetries of the spacetime. However, 
a guiding principle to select physically reasonable states in curved spacetimes is 
that Wick normal-ordered fields like :¢: and :T),,: should acquire finite expectation 
values when evaluated on w. In globally hyperbolic spacetimes, the set of Hadamard 
states represents the right class where computing normal-ordered fields, because 
they share the same ultraviolet singular structure of the Minkowski vacuum two- 
point function (0|o(z')ó(z)|0). Given ce(z',x) the one half of the signed geodesic 
distance between x’ and x, the two-point function of a Hadamard state is always 
locally of the form 


1 
w(x’, x) = (Ho (z', a) + w(2',x)). 
87? 
Here, 
/ : u(x’, x) / / n Oe 
Kor (a,x) = zum. E + 5 vn(z',z)c(r,r)'log (5) (1) 


n20 

is the universal singularity called Hadamard parametrix viewed in the distributional 
sense, where cz(x', x) = o(x', x) -- ie(t(a^) — t(z)), t is any time function and u > 0 
is a length scale. The coefficients u(z', x), v, (x', x) are real-valued bi-scalars fixed 
by the geometry and the equation of motion, while w(z', x) characterizes the state 
and must be chosen in such a way that we is a bi-solution of the Klein-Gordon 
equation. The Hadamard point-splitting regularization consists of subtracting the 
divergences contained in 265. (z',x) before computing the coinciding point limits: 
it generalizes the normal-ordering prescription in the flat spacetime, and it is also 
local and covariant, because only local geometry enters in the subtraction. This 
procedure, and more generally any prescription to obtain Wick observables, is always 
unique up to a fixed combination of local terms depending on the mass and on the 
curvature, whose coefficients represent the renormalization freedom of the quantum 
theory.^? 


1.1. Semiclassical gravity, the quantum stress-energy tensor, and 
the trace anomaly 


Strictly related to a formulation of quantum fields propagating in curved back- 
grounds is the semiclassical theory of gravity, which aims to analyze the back- 
reaction of quantum fields on the spacetime geometry using the semiclassical Ein- 
stein equations 


Gy, = 81 kT pvi) (2) 
in units convention G = c = h = 1. In this equations, the classical Einstein tensor 


is equated to the renormalized quantum stress-energy tensor evaluated in a certain 
quantum state w. Any pair formed by a spacetime and a quantum state satisfying 
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these equations constitutes a solution in semiclassical gravity: such a solution mod- 
els a curved spacetime which incorporates quantum effects due to the propagation 
of the matter field, and it is expected to describe physical phenomena where the 
interplay between quantum matter and curvature becomes significant, like in the 
early Universe or in the vicinity of black holes. On the other hand, any semiclassi- 
cal model represents an approximation of a more fundamental theory of quantum 
gravity, and thus it should be only valid in a regime where quantum gravity effects 
are negligible, and when fluctuations of the stress-energy tensor :7),,: are small. 

A conserved quantum stress-energy tensor which can enter Eqs. (2) can be con- 
structed in perturbative interacting quantum field theory in curved spacetimes ac- 
cording to the Hadamard point-splitting procedure." For the stress-energy tensor 
of a free Klein-Gordon field 


1 
Tuv z VuVu = 39uv (VeV? o En m?) t € (Gud? m Vivid? F gu» Vo V^ E?) , 
the Hadamard renormalization procedure yields the following expectation value: 
CT js) = hm Duwag’, £), 
z'—- 


where 


D,, «(1 — 28) gt! V/V, — 2£V Vs + EG uut 


iX a 1 1 
Du» {26 nde (x- 5) g? V, V^ — T + FIP 


is the bi-differential operator which realizes the point-splitting of T,,,, and w(z', x) 
is the smooth part of the Hadamard state w. In this expression, unprimed and 
primed indices denote covariant derivatives in the points x and 2’, respectively, 
while gu is the bitensor of parallel transport. The last term proportional to guv, 
which vanishes in the classical case, must be added to obtain V" (:7,,,:),, (£) = 0. 
However, any construction of a covariantly conserved expectation value of :Tj,: 
leads to the violation of the classical conformal invariance of T),,, and it gives rise 
to the so-called trace anomaly; namely, the trace of the quantum stress-energy 
tensor does not vanish for a massless, conformally coupled field, i.e., when m — 0 
and € = 1/6, different from its classical counterpart. This anomalous trace does not 
depend on the choice of the quantum state, but it is a local contribution depending 
on the geometry and on the linear equation of motion of the matter field. In the 
Hadamard point-splitting regularization scheme and for a free scalar field ¢, it is 
proportional to the Hadamard coefficient vı evaluated in the coinciding limit, and 
it reads in four dimensions as 


1 


1 
quem Queso + Ru RY — RF A-L— 3 
( p Ju ( Bys F H 3 , 288072’ ( ) 
where Capys is the Weyl tensor, R,, is the Ricci tensor and R is the Ricci scalar. 


The OR usually appearing in (:7,^:), was removed by a judicious choice of the 
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renormalization constants, according to the previous discussion about local and 
covariant Wick observables in curved spacetimes. In the case of (:T/,”:) ,, the renor- 


malization scalar freedom is? 


Q = Bim* + Bam? R + 63R? + BOR, 


where fi € IR are renormalization constants. Hence, in some special cases like the 
massless, conformally coupled field, the higher-order derivative term proportional to 


gR can be always cancelled by choosing properly Ba, thus meeting the requirement 
that curvature terms do not contain non-classical higher order derivatives of the 
metric.® 


2. Evaporation of spherically symmetric black holes 


A model of evaporation of black holes which incorporates the back-reaction of the 
matter fields on the geometry can be fully developed in the framework of four- 
dimensional spherically symmetric spacetimes. In this class of geometries, invariants 
like the mass of the black hole and the area of the horizon can be provided thanks 
to the spherical symmetry’: the area of each two-sphere is A = 4rr?, where r is the 
radius, while the mass 

"E. 
EP 
represents the Misner-Sharp energy enclosed inside the sphere. The metric of every 
spherically symmetric spacetime can be always represented in double-null coordi- 
nates with respect to the null normal directions Oy and Oy as 


m (1— V?rV,r) 


ds? = —2A(V, U)dVqU + r?(V, U)dQ, (4) 


where dQ = d6? --sin? Ody? denotes the line-element of the two-sphere of unit radius 
$?. The orientation of the spacetime can be fixed in such a way that A(V,U) > 0 
and at spatial infinity Oyr > 0, Oyr < 0. To study evaporation, another convenient 
choice of parametrization is the Bardeen-Vaidya metric!? 


ds? = —e?V Gr) (: - men) dv? + 2e* 6 dvdr + r7dQ, (5) 
r 
where v denotes the advanced time coordinate and parametrizes any ingoing radial 
null geodesic. 

The notion of horizon in spherically symmetric black holes is encoded in the 
idea that no light rays can escape from this hypersurface, whereas they can fall 
inside. Namely, it is a future outer local trapping horizon.!! To formulate this idea 
on mathematical grounds, one introduces a pair of null radial geodesic congruences 
with respect to the outgoing and ingoing directions Oy and Op, respectively, and 
the relative expansion parameters 

2 2 


04. = apo 0 = grr" 
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Each expansion parameter measures the rate of variation of the cross-sectional area 
of the geodesic congruence: 64 = A~'dy.y log(A), and it determines if the congru- 
ence is expanding or focusing along that null direction. Thus, the apparent horizon 
of a spherically symmetric black hole is defined as a three-manifold H foliated by 
closed surfaces such that 


0,50, 6. £0,  8y0, <0, (6) 


and it is located in H : r — 2m = 0 (the subscript H labels the evaluation on the 
apparent horizon). The third condition captures the property that this trapping 
horizon is outer and it is referred to a black hole. In coordinates (v, r), the hyper- 
surface H is a one-dimensional line rz,(v) in the plane (v, r), and hence the mass of 
an evaporating black hole is defined by the relation 

ra (v) 


M(v) = m (v,rq(v)) = 2x (7) 


On spherically symmetric black holes, the mechanism of evaporation can be 
described in terms of the variation of the mass 


AM = f ; dm, (8) 


along a small portion OH of the apparent horizon. In coordinates (v,r), OH cor- 
responds to the line enclosed between two points P = (vp,ry(vp)) and Q = 
(vg,ru(vg)) in the (v,r) plane, and the dynamics of M(v) is fully determined 
by the rate of evaporation M (v) = ô, M (v). If one considers a generic stress-energy 
tensor 7,,, then the evolution of M(v) is governed by the vv-component of the 
(semiclassical) Einstein equations evaluated on H, which reads 


M(v) = Am (v)Tus Gs ru )), (9) 


where M(v) and Ay = 4zr2, denote the rate of evaporation and the area of the 
horizon, respectively. Thus, 


UQ 
AM — anf U mT (10) 
k 


UP 


As T,, = Tyy, both M(v) and AM depend on the ingoing flux of matter which is 
falling inside the black hole from the horizon. Whenever quantum matter is involved 
in the back-reaction process, it may happen that the quantum stress-energy tensor 
(:‘Tuv:),, Violates the classical null energy condition on the horizon, and hence the 
ingoing quantum component (:Tyy:), may be negative on dH. In the end, the 
presence of a negative ingoing flux on the horizon makes the black hole mass to 
evaporate with a negative rate M(v) « 0. 
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2.1. The static black hole 


The vacuum spherically symmetric spacetime is the Schwarzschild solution of the 
Einstein equations according to Birkhoff’s theorem, and it describes a static spher- 
ical black hole of constant mass M.!? A double-null parametrization for arbitrary 
U,V > 0 is the maximally extension of the Schwarzschild eternal black hole in the 
so-called Kruskal-Szekeres coordinates 


32M 


3 
ds? = are d 2M aVdU + r?2(V,U)dQ, 


where r(V,U) is implicitly defined by 
* 
—(1- zi) r/2M. 
ns ( 2M) © 


On the other hand, the Bardeen-Vaidya metric corresponds to the advanced 
Eddington-Finkelstein coordinates, with U(v,r) = 0 and m(v,r) = M. 

The static symmetry of the Schwarzschild spacetime reflects the existence of a 
Killing vector field £ = 41; (Vy — Udv), which is unit timelike at infinity and it is 
hypersurface orthogonal. Due to the static symmetry, the apparent horizon coincides 
with the null event horizon of the black hole, which is located in the Schwarzschild 
radius r — 2M (see Figure 1?). The surface gravity of the black hole is defined by the 
equation V"£? = —2«€" and it constant along each null generator of £. Physically, 
the surface gravity represents the gravitational acceleration detected along the black 
hole horizon, and it is strictly positive on the event horizon. 


r=0 i 


Fig. 1. Penrose diagram of the maximally extended Schwarzschild spacetime. The bifurcated 
Killing horizon H = H+ U HT associated to € is composed by two null surfaces H* located in 
U = 0 and V = 0, respectively. The event horizon H+ corresponds to the future branch of H, 
and it separates the outer region (grey region) from the black hole region (dashed region); the null 
surfaces intersects each other in the sphere of bifurcation S? located in U — 0, V — 0. 


?Penrose diagrams were made in TikZ and are based on the Latex code posted in StackExchange.1? 
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According to Hawking's works, a static black hole can emits thermal radiation at 
infinity in form of a flux of quantum particles, if the back-reaction is not taken into 
account and after assuming a vacuum state in the asymptotic past. The temperature 
of the radiation is the so-called Hawking temperature and it is proportional to the 
surface gravity of the black hole: in the units convention adopted in this paper it 
reads 

Ro 1 

2r  8rkgM" 

with kg being the Boltzmann constant. The correspondence between the tempera- 
ture of the radiation and the surface gravity lets to interpret the first law of black 
hole mechanics 


Ty = 


K 
8r 
from a thermodynamic point of view, with M and .A/4 playing the role of energy 
and entropy of the black hole, respectively. More recently,'4 it was shown that in 
case of a static black hole formed in a gravitational collapse, the Hawking radiation 
with temperature Ty always appears at future infinity whenever the state w is a 


dM = —dA + OdJ 


Hadamard state approaching the ground state near spatial infinity; for instance, in 
the case of the Unruh state,!°:!® which is regular on the horizon and respects the 
spherical symmetries of the spacetime. 

'Thus, the power of the radiation emitted from the black hole at future infinity 
is regarded as describing the evaporation of the black hole, because it can be in- 
stantaneously equated to the rate of loss of mass in the adiabatic approximation, 
namely neglecting how the spacetime is dynamically changing during the evapora- 
tion. Starting from this assumption, the negative ingoing flux on the horizon, that 
is, To) = (:-Tvv:),,, can be related to the positive outgoing flux (:Tyu:),, de- 
tected at infinity, where u denotes the retarded Eddington-Finkelstein coordinate 
parametrizing outgoing null geodesics. In the Unruh state, it holds that 


= lim ((:Tyv:),, r?) — — lim Tout. r?) Sa (11) 


Ar T—TA r= oo An’ 


where Ly > 0 denotes the luminosity of the black hole, namely the radial flux of par- 
ticles measured by a static observer at large distance from the black hole.!? Indeed, 
Eq. (11) loses meaning outside the adiabatic approximation, since the rate M (v) al- 
ways vanishes in case of constant mass. It turns out, in fact, that the Schwarzschild 
spacetime is never a solution of the semiclassical Einstein equations, and hence an 
eternal black hole cannot be in equilibrium with the back-reaction of any quantum 
matter field in the semiclassical approach. 


2.2. Dynamical black holes 


The direct correspondence given in Eq. (11) between the ingoing negative flux and 
the positive outgoing flux holds in Schwarzschild spacetime thanks to the existence 
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Fig. 2. Penrose diagram of a Schwarzschild gravitational collapse followed by evaporation and 
leaving an empty space at the end of the evolution. The black dot represents the end of the evapo- 
ration, and the dashed line denotes the new regular centre of the spacetime after the evaporation.” 


of a global Killing field which is timelike outside the event horizon, but it is missing 
in arbitrary dynamical backgrounds. In this case, the mechanism of evaporation and 
the following emission of power radiated should be dealt separately as causally re- 
lated processes: from one hand, evaporation is a local effect induced by the negative 
ingoing flux and affecting the horizon; on the other hand, the expected Hawking ra- 
diation is associated to the positive outgoing flux emitted to infinity, and it depends 
globally on the entire history of spacetime. 

Moreover, the adiabatic approximation is unable to describe evaporations when 
the spacetime is treated with its full dynamics, since it does not give informations 
about the evolution of the apparent horizon. In this respect, the Penrose diagram 
shown in Figure 2 should be modified in case of dynamical backgrounds outside that 
approximation, because the dynamics of H depends sharply on the negative flux 
(:‘Tyv:),,, and the causal structure of the spacetime may be significantly modified in 
the back-reaction process. Conversely, a semiclassical model of evaporation should 
necessarily rely on the semiclassical Einstein equations (2) to study the variation 
of the mass M(v) induced by the back-reaction of the quantum matter content, 
without further assumptions. 

Contrary to Schwarzschild spacetimes modelling static black holes and event 
horizons, a general spherically symmetric spacetime describes a dynamical black 
hole, whose evolution is dictated by the dynamics of the apparent horizon (6). To 
define properties of spherically symmetric black holes like the surface gravity, there 
is a preferred choice of a vector field, which replaces the standard Killing vector 
field in stationary spacetimes. It is the Kodama vector!® K = g 1(«,dr), where *, 
denotes the Hodge operator in the two-dimensional spacetime normal to the two- 
sphere. This vector is timelike in the region outside the horizon, it becomes lightlike 
on H, and eventually it is spacelike in the interior of the black hole. It also reduces 
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to the Killing vector £ in stationary spacetimes. Furthermore, it is divergenceless: 
V,.K" = 0, and it can be used to define conserved currents T, K” given any 
symmetric tensor T y which respects the spherical symmetry. Finally, from the 
definition of K it holds that 


Pek p= K” (VK -Vu RE) S tak (12) 
where .Z denotes the Lie derivative along K, and 
1 
k= 5 aT (13) 


where the d'Alambertian operator is evaluated in the two-dimensional normal space- 
time. Namely, this quantity corresponds to the definition of the surface gravity for 
a dynamical black hole and it reduces to the standard one in the case of a Killing 
vector field. In particular, y0, < 0 implies that & > 0 on H. 

In analogy with the static case, Hayward showed? that the four laws of black 
hole mechanics can be generalized in presence of spherical symmetry to apparent 
horizons using the properties of the Kodama vector and the definition of the surface 
gravity given in Eq. (13). In this class of spacetimes, the first law reads 


F: K $ $ 
= ——A +wV 14 
m 3 A+uvV, (14) 


where the prime denotes the derivative along the horizon, i.e., f’ = £- Vf, and € 
is any tangent vector to H. Here, the second contribution in the right-hand side 
represents the variation of the work done by the matter on the horizon, where 
V = $n? and w = A7! Tpy. Furthermore, the same thermodynamic interpretation 
already seen in the static case can be given in terms of the Kodama surface gravity, 
with «/27 playing the role of dynamical local temperature of the apparent horizon 
with respect to the time parameter defined of the Kodama vector. This correspon- 
dence was shown in the dynamical case by studying the tunnelling probability of 
quantum matter across apparent horizons using the Hamilton-Jacobi method,!?:20 
and by analyzing the scaling limit of the Hadamard two-point function on such 
horizons.?! 

According the previous section, cf. Eqs. (9) and (10), evaporation of spherically 
symmetric black holes is fully determined by the ingoing flux located on the horizon. 
However, in the absence of further symmetries it is very challenging to evaluate the 
component (:Tyy:),,, and, more generally, the renormalized quantum stress-energy 
tensor (:T,,,:),,, in a state w which was a vacuum state in the past. On the other 
hand, the variation of the mass of the black hole can be constrained by the matter- 
geometry content in the causal past and outside the black hole horizon.?? This is 
accomplished by applying the divergence theorem (Stokes' theorem) to the currents 
J, and Jy obtained by contracting the stress-energy tensor with the gradient Vr 
and with the Kodama vector K, respectively. The domain over which the diver- 
gence theorem is spherically symmetric and it has the form D x 92, where D is a 
suitable region in the two-dimensional normal spacetime intersecting a portion of 
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(Vi, U2) 


(Vi, Uo) 


(Vo, Uo) 


Fig. 3. Picture of the domain D. For spacelike 6H, D x S? = Jt ((Vo, Uo) x $2) N JT (64 x S2), 
with U2 < U1. The points P = (Vo, U1) and Q = (Vi, U2) denote the extreme values of 6H in the 
(V,U) plane. In describing evaporation, the initial conditions are posed on So = ((V,U,0,9) € 
M | V = Vo, U = Uo} and on the curves po and 69 of the boundary OD.?? 


the apparent horizon. A representation of D for a spacelike portion of the horizon 
is pictured in Figure 3. 

If one considers a stress-energy tensor T,,, which respects the spherical symmetry 
and which satisfies vacuum-like initial condition at the boundary of J+ (So), namely 


Tuv (p) I 0, pe dJ* (So), (15) 


then applying the divergence theorem to J, yields 


AM — — (S -W), (16) 
where 
S= 2r | V-JpdVp, (17) 
D 
T, 2 
W = 4r | -EY  (-8yr)qU. (18) 
MER 


Here, dVp = Ar?dV A dU is the volume form on D in the (V,U) plane. Eq. (17) 
denotes the matter source inside the domain D which influences the variation of the 
mass, while Eq. (18) is related to the work done by the matter when evaluated on 
H, in view of Hayward's first law (14). Moreover, applying the divergence theorem 
to Jg in spacetimes where W = 0 yields 


AM 


4T 


T, 2 
— -f uui OyTdU. (19) 
W=0 Y A 
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Namely, in the quantum case the variation of the mass is related to the outgoing 
flux (:Tyy:),, across y, which can interpreted as Hawking radiation sourced by S 
and emitted from the evaporating black hole to infinity. In this view, the relation 
(19) generalizes Eq. (11) to more general non-static, spherically symmetric black 
holes outside the adiabatic approximation. 


2.3. The trace anomaly as source of evaporation 


It is well known that the evaporation of a black hole, viewed as emission of Hawking 
radiation at infinity, can be ascribed to the presence of an anomalous trace in the 
stress-energy tensor of a quantum matter field in the vicinity of the horizon.?? ?6 
However, such analysis are often provided after making some approximations on the 
spacetime, like the adiabatic one. On the contrary, a full semiclassical approach to 
study the evaporation sourced by the trace anomaly should only rely on the semi- 
classical Einstein equations in four dimensions, without making further assumptions 
or referring to asymptotic effects which need global informations about the space- 
time. 

Based on the results presented in the previous section, the variation of the black 
hole mass can be related to the source term S given in Eq. (17), and to the boundary 
term W given in Eq. (18). Thus, it was proved?? that the evaporation of a four- 
dimensional dynamical black hole can be induced by the trace anomaly (3) of a 
massless, conformally coupled scalar field affecting the horizon from the outside 
of the black hole, provided a weighted version of Eq. (16). This result is obtained 
using only the semiclassical Einstein equations (2), once the initial condition (15) 
is assumed on the state w and a quantum averaged energy condition on (:Tyv:),, is 
posed. Such a condition is of the form 


i Soe Ay, U)AdU > 0, (20) 


where y is one of the boundary hypersurface of the domain D x $? (see Figure 3), 
and f(V,U) is a certain strictly positive exponential function constructed from the 
geometry of the spacetime, whose role is to tame the contributions inside (:T/,?:) |, 
which do not contribute to a negative variation of the mass. The form of the function 
f is similar to the ones entering usual quantum averaged weak energy conditions, 
which were shown to be valid both in flat and curved spacetimes for several values 
of the coupling-to-curvature parameter.?" 

In principle, it is difficult to verify if such an energy condition can be fulfilled by 
the quantum collapsing matter during the evaporation process, because the lack of a 
quantum state in spherically symmetric spacetimes which was a vacuum in the past 


prevents to evaluate (:75,,:),, on and outside the horizon. However, one can expect 


Ww 
that this condition is satisfied in an approximate way by a background geometry 
which is not too different from the one obtained in a classical model of gravitational 


collapse. Indeed, classical solutions are approximately valid in semiclassical gravity, 
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because quantum corrections are usually small outside the horizon, and thus one can 
assume that solutions of the full semiclassical equations maintain their classical form 
outside the horizon. To provide a simple application, consider the Vaidya spacetime 


2M 
dg? = (1 ©) dv? + 2dvdr + r?d9, 
r 
which describes a null radiating spherically symmetric star with time-dependent 
mass M (v). If one supposes that the quantum state fulfils (:Tyv:), = 0, namely 
it makes the above metric a solution of Eqs. (2), then the negative ingoing flux on 
the horizon induced by the anomalous trace (3) can be evaluated explicitly, and it 
reads 


3A 
Tyy: 23 es nr is 
Uhr 40M (vy 
Hence, 
. B 37A dSy(v) ^ 127A 
M(v) = MaF dv —— 5M(v) 


where Sy = Az/4 denotes the Wald-Kodama entropy. 


3. Conclusions 


'The evaporation of four-dimensional spherically symmetric black holes in semiclas- 
sical gravity can be fully ascribed to the presence of a negative ingoing flux on 
the horizon, which determines the global behaviour of the decreasing mass of the 
black hole. Whereas the evaporation of any static black hole can be described di- 
rectly in terms of Hawking radiation and black hole luminosity, for dynamical black 
holes the variation of the mass can be constrained by the quantum matter content 
outside and in the causal past of the black hole, without directly referring to any 
expected radiation detected at infinity. When conformally coupled quantum scalar 
fields are involved, the evaporation can be sourced by the trace anomaly of the 
quantum stress-energy tensor, assuming vacuum-like initial conditions in the past, 
and an auxiliary quantum energy condition outside the horizon. It is, however, very 
challenging to extend these results to more generic quantum matter contents, due 
to the difficulties in evaluating the renormalized stress-energy tensor in a quantum 
state. In order to overcome this issue, a semiclassical analysis which takes advantage 
of some quantum energy conditions similar to the one presented in Eq. (20) might 
be viable in the future. 
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On decay of the false Unruh vacuum 
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We provide a method to calculate the rate of false vacuum decay induced by a black 
hole. The method uses complex tunneling solutions and consistently takes into account 
the structure of quantum vacuum in the black hole metric via boundary conditions. We 
illustrate the technique by computing the rate of decay of the Unruh vacuum in a toy 
two-dimensional model of a scalar field with inverted Liouville potential in a background 
of a dilaton black hole. 


Keywords: Black holes; false vacuum decay; Unruh vacuum; quantum fields and gravity 


1. Introduction and motivation 


There has been significant interest recently in the problem of black hole catalysis of 
vacuum decay.t!° A part of the motivation driving these studies comes from the 
fact that the Standard Model electroweak vacuum may not be absolutely stable.19?? 
Requiring the lifetime of the vacuum exceed the age of the Universe puts constraints 
on the parameters of the Standard Model, of its possible extensions, and of systems 
and environments which catalyze vacuum decay, including black holes.?? 

The catalyzing effect of a black hole (BH) is two-fold. First, it is a local spacetime 
inhomogeneity. Hence, as for any impurity, one expects for the BH to facilitate 
nucleation of bubbles of true vacuum in its vicinity. Second, associated with BHs 
is the quantum vacuum effect manifesting itself as Hawking radiation. As any field 
excitation, this radiation is expected to increase the decay rate. For small enough 
BHs, the catalyzing effects due to curved geometry and quantum vacuum may be 
equally important. 

In the semiclassical regime, the vacuum decay is described by a (complex) clas- 
sical solution of field equations. The solution — bounce — saturates the amplitude 
of transition from the false to the true vacuum regions. It is important to note that 
the vacuum is defined not only by classical field expectation values but also by the 
state of quantum fluctuations around these values. Different false vacuum states 
reveal themselves through different boundary conditions imposed on the bounce. 

It is well-known how to look for the bounce solution in equilibrium systems.?4 ?7 
Realistic BHs, however, are not in thermal equilibrium with their environment. In 
particular, this is true for hypothetical small primordial BHs that could exist in the 
early Universe but are completely evaporated by now.?? It is desirable to have an 
approach to vacuum decay that can handle such non-equilibrium systems as a hot 
isolated BH in a comparatively low energy background. This system is described 
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by the Unruh state.?? In the Unruh vacuum, the BH emits Hawking radiation but 
does not receive anything from asymptotic infinity. 

In this report, based on Ref. 30, we outline the recent progress made in the study 
of BH catalysis of false vacuum decay. In Sec. 2 we provide a general method to 
calculate the decay probability of a false vacuum state characterized by an arbitrary 
(Gaussian) density matrix. The method employs complex tunneling solutions and, 
when applied to a BH, allows one to discriminate between different vacuum states 
associated with the BH. In particular, it allows one to compute the rate of decay of 
the Unruh vacuum for which equilibrium methods are not applicable. In Sec. 3 we 
discuss the application of the method to a toy two-dimensional model of vacuum 
decay in the presence of a BH. Sec. 4 is dedicated to conclusions and outlook. 


2. The method 


To illustrate the method, we consider a real scalar field in the background of a 
dilaton BH in two dimensions.?! The only region that is relevant for vacuum decay 
is the external (physical) patch of the BH spacetime.?? It is convenient to introduce 
tortoise coordinates (t, x) covering this patch. Then the metric is read off from the 
line element 


ds? = Q(x)(—dt? + da?) , (1) 


where the conformal factor takes the form 
1 


Ae) Lee 


(2) 
The parameter A is related to the BH temperature Tgpy as A = 277 py. For the 
sake of brevity, we will refer to A itself as temperature. The horizon is located at 
x — —oo. Near the horizon, the conformal factor behaves as Q(x) ~ e?** and the 
metric (1) is approximately the Rindler one.?? The physical size of the near-horizon 
region is 


0 
uf davin >. (3) 


In the opposite limit, x — oo, the metric is asymptotically flat. The vacuum bound- 
ary conditions are imposed in the remote past, t — —oo, on both sides of the physical 
patch, x — too. 

Next, we take the following scalar field action 


2,42 


1 l 25 m 
S= a | 47 (-5" ppd- ~* 


-Va(g)) - (4) 


Here Vint (vy) is the interaction part of the tunneling potential chosen such that the 
false vacuum is located at y = 0, and Vint(0) = 0. For convenience, we factored 
out the small coupling constant g that controls the semiclassical expansion. In the 
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Fig. l. Contour C in the complex time plane for the calculation of the vacuum decay probability. 
Black lines denote the branch-point singularities of the bounce in a theory with scalar potential 
unbounded from below. 


background specified by eqs. (1) and (2), the action (4) becomes 


1 1 n 
S= a J tae (— 5a. ene - 32mg? — Malo) , (5) 


where 5^" = diag(—1,1) is the Minkowski metric. We see that the dependence on 
the background is contained entirely in the (position-dependent) potential of the 
field o. 

Let us study linear perturbations around the false vacuum y = 0. To this end, 
we neglect the self-interaction part of the potential Vint, and decompose q using a 
complete set of positive- and negative-frequency modes: 


wo du fett gz (t,£) Jte. 4.505 (6) 
The equation for fọ follows from the linearized field equation for y and reads 
E t Ues (x) fur = w fu , (7) 


where prime denotes derivative with respect to x. This is the Schródinger equation 
with the potential 


Next, we turn to the construction of the bounce solution. Bounce yy is a regular 
solution of fields equations that saturates the transition amplitude from the false 
vacuum initial state to the basin of attraction of true vacuum. In our case, the field 
equation of motion is 


p — Ver (x) — QV. (o) = 0. (9) 


The bounce lives on a contour C in the complex time plane. The contour runs from 
the initial moment of time in the asymptotic past, t = t7", as shown in Fig. 1, to 
the final moment t = ty and back to the asymptotic past, t = t^v, The contour 
must bypass singularities of the bounce. Assuming that the bounce is unique, its 
values on the upper and lower sides of the contour are complex conjugated, hence 
at t = ty it is real and can be analytically continued along the real time axis where 
it describes the evolution of the field after tunneling. 

In the limits t > t}? and t — tl?" the bounce must satisfy boundary conditions 
imposed by the false vacuum state. These boundary conditions turn out to be the 
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same as for the time-ordered Green's function in the corresponding vacuum X.?? 
'The latter is defined as a time-ordered average of the field operators in the state X, 


Gx (6 x; t,x) = x (T((t, 2) @(t', 7) x . (10) 


In turn, the field operator is composed out of the complete set of modes (6) in the 
standard way.?? 
A Green's function G satisfies the equation 


(O — Ueg (2)) G(t, 2; t, z^) = i(t — t')ó(x — 2’) . (11) 


Using eq. (11), the field equation (9) can be recast into the integral form. To select 
a particular solution—bounce—of the integral equation, one should, first, adopt 
the time-integration contour C in the complex time plane and, second, choose a 


particular Green's function Gx. Thus, we arrive at 


iE esos / di ‘i do! Gx(t,2;t, a (s )Vis(pw( Pa). — (12) 
C —oo 


'This form of the bounce equation will be useful in what follows. 

Finally, let us discuss the tunneling rate I. The latter is defined as the probability 
of tunneling per unit time. We are interested in the main exponential dependence 
and write 


Race? (13) 


Up to boundary terms, the coefficient B equals the imaginary part of the bounce 
action computed along the contour C. One can show that?? 


B= -4f at f dz | zy Vi (Pb) — Vint (P) ] - (14) 
8 Jc —oo 2 


3. The toy model 
3.1. Tunneling in flat spacetime 


In general, solving eq. (12) (or eq. (9) on the contour C with the vacuum boundary 
conditions) requires a numerical procedure. A big simplification of the problem 
happens in theories where the nonlinear core of the bounce, where it probes the 
true vacuum region, is much smaller in size than the Compton wavelength of the 
free field cx m^ 1. Then the source in the integral (12) is essentially point-like, and 
the solution outside the core is simply proportional to the Green's function Gx. 
On the other hand, the core itself can be found in neglecting the mass term in the 
field equation (9). The full solution is constructed by matching the long-distance 
asymptotics of the core with the short-distance asymptotics of the Green's function. 

To meet the above requirements, we consider the following interaction poten- 
tial®° 


Vint (9) = 2k (e? — 1) (15) 
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Fig. 2. The scalar field potential. 


with « > 0. In flat spacetime, the full scalar field potential V(y) = $m?y? + Vint (o) 
is shown in Fig. 2. To ensure the applicability of the split-and-match procedure, the 
following relation between the parameters is adopted 
In > 1. (16) 
K 


Ti 


Thanks to this hierarchy, the theory possesses two intrinsic energy scales: the mass 
scale m and the scale associated with the potential barrier m ln Tr Generally speak- 
ing, the first controls the width of the linear tail of the bounce, while the second 
determines the size of its core. The barrier separating the regions of false and true 
vacua has its maximum at 
m 
VR , 
where only the leading logarithmic term is taken into account. 
To illustrate the matching procedure outlined above, let us discuss bounce in 
the flat-space Minkowski vacuum. Assume that the only singularities of the bounce 
are located on the real-time axis. Then, the contour C can be deformed into the 
contour C" that runs along the Euclidean time axis, see Fig. 3(a) for illustration. 
'The vacuum boundary condition at C, which is provided by the Feynman Green's 
function, becomes the vanishing boundary condition at C’. Hence, the standard 
Euclidean approach is reproduced.?^ ?5 
To find the core of the bounce, we neglect the mass term in eq. (9) and, using 
eq. (15), obtain 


max ^: 21n 


(17) 


Pbleore + 2&e 9l = 0. (18) 


'This is the Liouville equation, and its general solution is known. Next, the linear 
tail of the bounce is proportional to the (massive scalar) Feynman Green's function 


1 
Gr(—ir, 2;0,0) = —Ko (my T) +r? + ie) ; (19) 
2m 


where T = it is the Euclidean time coordinate and Ko is the modified Bessel function 
of the second kind. The core and the tail are matched in the region where, on the 
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(a) 
Fig. 3. (a) Deformation of the contour C into the Euclidean time contour C" used for the cal- 
culation of the flat-space Minkowski bounce. Black lines denote singularities of the bounce. (b) 
Deformation of C into C" containing the Euclidean time segment which is used for the calculation 
of the Unruh bounce. 


one hand, the solution to the Liouville equation is linearized and, on the other hand, 
the Green's function is approximated by its short-distance asymptotics. We obtain 
(1+ &C2,(r? + z2)? 


Pb kore = In (20) 


Pbleail = 8nGg(—ir, T; 0, 0) , (21) 


where Cm = m?e?** /(2&) and yp is the Euler constant. The matching region is 
defined by (Cu /&) | « VT? +£? K m~t. Its existence is ensured by eq. (16). We 
see that the bounce is real for real 7, vanishes at infinity and has zero time derivative 
at T — 0. Hence, it is a valid tunneling solution. Moreover, it has no singularities 
apart from the ones on the real-time axis, which justifies the deformation of the 
contour C into C". 

The tunneling suppression is given by eq. (14) where one should substitute the 
core of the bounce (20). To the leading-log approximation, this gives 


Bu = —-1nn-—. 22 
3 (22) 


We observe that the suppression is enhanced by the large logarithm. 

In the BH background (2), the linearized field equation (7) is still exactly solv- 
able, and this allows us to compute explicitly the Green’s functions of interest. The 
solvability of the equation for the core of the bounce is lost, but can be recovered 
in the two regions: near the horizon where the metric is approximately the Rindler 
one, and far away from the BH where the spacetime is asymptotically flat. From 
eq. (2) we see that the two regions are defined by x < 0, |x| >> A^! and x > 0, 
|x| >> A71, respectively. Although we do not have the explicit bounce solution in 
the transition region |z| < A71, we will still be able to draw a qualitative picture of 
the evolution of the bounce across this region. 
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3.2. Decay of the Unruh vacuum near horizon 


As discussed in introduction, the Unruh vacuum corresponds to a flux of ther- 
mal radiation propagating from the BH, whose spectrum is regularized by the m?- 
asymptotics of the mode potential (8). In the absence of area growth in one spatial 
dimension, the flux enhances the vacuum decay rate at any distance from the BH. 
In the near-horizon region, the decay rate is additionally enhanced due to the accu- 
mulation of field excitations and curved geometry. Let us discuss the near-horizon 
case first. 

To find the Unruh bounce in the BH vicinity, we have to integrate eq. (9) with 
Q = e? along the contour C shown in Fig. 1 and satisfy the boundary condition 
imposed by the Unruh vacuum. The contour, in fact, can be deformed partially to 
the Euclidean time domain, as shown in Fig. 3(b). In the core region of the bounce 
the field equation reduces to 


Pblcore + 2«e? rt Prleore = 0, (23) 


This again admits a general solution. The tail of the bounce is determined by the 
time-ordered Unruh Green’s function Gy computed in the BH vicinity. Overall, we 


write 
AM by 
Ybleore = In z| —2Ar (24) 
K (-23tv — vı) sinh (å (u — u1)) + by et) J 
Qva = 87Gu (t, x; 0, £1). (25) 


Here we defined u = t — x, v = t + x, and ui = t — 1, v4 = t + xı. The parameter 
x, determines the position of the center of the bounce? and by; is found from 
matching the core and the tail. The expression for the Unruh Green's function at 
m|x — z4| « 1 is given by eq. (A.2) from the appendix. Using it, we get 


> K 32) _ _3 
bui = — er" SESE (26) 
m 


byi = bie T 
where we additionally assumed A > m. We obtain a one-parameter family of so- 
lutions parametrized by z;. This is an artefact of our approximation of the near- 
horizon geometry by the Rindler spacetime. Upon taking into account BH correc- 
tions to the Rindler metric, a unique tunneling solution is selected. 

The bounce (24), (25) is real on the real-time axis and describes the tun-away 
toward the true vacuum y — +00 at positive time. Hence, it is a valid tunneling 
solution. 

Investigating the applicability of the matching procedure, one arrives at the 
following condition?? 


bn Sp (27) 


?We used the time translational invariance of the theory to put the center of the bounce at t = 0. 
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This inequality translates into the upper bound on the BH temperature, À S Api, 
where to the leading-log accuracy 


At A > Aui, the bound (27) is violated and the matching procedure breaks down. 
This can be given a physical interpretation: at A ~ Ayı the nonlinear core of the 
bounce stops fitting the near-horizon region, as its physical size exceeds lp, see 
eq. (3). The subsequent evolution of the bounce happens outside the BH vicinity, 
and we will discuss it below. 

To compute the exponential suppression of the decay rate, we use the general 
expression (14) with the contour C" depicted in Fig. 3(b). The result is? 


167 | Am 8A 
In 
g2 


B = 
pA K 37m 


, À S Avi , (29) 


where for the sake of simplicity we omitted the order-one terms in the parenthe- 
ses. We see that the suppression decreases with the BH temperature and becomes 
approximately half of the vacuum suppression at A % Api. 


3.3. Decay of the Unruh vacuum away from the black hole 


Far from the BH, the vacuum decay proceeds in the flat spacetime, and the only 
difference between the Unruh and Minkowski vacua is the presence of out-of- 
equilibrium field excitations. The question of how such excitations catalyze vacuum 
decay is interesting by itself. 

Solving eq. (18) on the contour C" and matching with the Unruh Green's func- 
tion in the corresponding region, we arrive at the following solution 


Ad by 
X 2 
k (-2Xv — vo) sinh (3(u — up) + bored?) 


vla = 87Gu (t, T; 0, £2) , (31) 


where we denoted uo = t — £2, vo = t + £2, and the expression for Gy in the limit 
|z — x| « m^! and \ > m is given in eq. (A.3) from the appendix. The parameter 
by2 is found upon matching the core and the tail of the bounce and equals 


K LP NE 1 
buz = eem "Eta (32) 
m 


Phleore = In (30) 


Similarly to the case studied above, one can take 

bya! (33) 
as a conservative condition for the validity of the bounce solution (30), (31). The 
bound (33) translates into the condition A S Ay», where, to the leading-log accuracy, 


37m m 
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Finally, for the exponential suppression of the decay rate we get 


1 2 
=F (m a x) FENE (35) 


K 37m 


We see that the coefficient in the linear in A term is smaller than in eq. (29). 
Thus, the tunneling far from the horizon is more suppressed, as expected. Again, 
the suppression becomes half of the flat space one when the critical temperature is 
reached. 

What happens with the decay rate at A > Ay2? We could not find the relevant 
tunneling solution in this regime. Therefore, let us proceed with a different method. 
At A >> m, the dominant contribution to the Unruh Green's function comes from 
the modes with w ^ m. The occupation number of modes of the dominant frequency 
is large, being enhanced by A/m. Hence, the flux of particles in the Unruh state is 
essentially classical. It is these modes that are relevant for vacuum decay. Therefore, 
the vacuum decay probability can be estimated as the probability of the classical 
field fluctuation to reach beyond the maximum of the potential barrier at Y = qax; 
see eq. (17) and Fig. 2. To find the variance of classical fluctuations (0), we 
take the Unruh Green's function at coincident points, upon renormalizing it by 
subtraction of the Green's function in empty space, 


(&g)U = g lim. [Gu (t, a; 0,0) — Gr (t, 2:0,0)] . (36) 


Since the interaction quickly dies out at  « Ymax, one can take the field fluctuations 
to be Gaussian. Then we obtain the following estimation of the decay rate due to 
classical field fluctuations 


2 2 2 
Dinas 6r m m 
T igh—A ~ = ci EN . 
PATS exp ( oes) e ( gr (» z) ) Á 


As a consistency check, at A ~% Ap» the stochastic estimate coincides with the bounce 
suppression (35) in the leading-log approximation. 

Finally, let us go back to the near-horizon tunneling channel and see what hap- 
pens with the decay rate after the critical temperature (28) is reached. At this 
point we can use again the stochastic estimate. We use the expression for the Un- 
ruh Green's function (A.3) to the right side from the barrier but not far from it and 


obtain 
302m m V? 
I'ui;nigh-A ~ exp (m (1 x) g (38) 


We observe that in the leading-log approximation the suppression is continuous 


across the transition from the low- to high-temperature regime. 


4. Conclusions and outlook 


In this report we discussed the method to compute the rate of decay of the false 
Unruh vacuum. We applied the method to a toy model of a real scalar field in 
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Fig. 4. Suppression of the Unruh vacuum decay as a function of BH temperature. The solid line 
represents the decay channel in the BH vicinity, and the dotted line shows the decay channel far 
from the BH. By, Ay; and Aye are given in eqs. (22), (28) and (34), respectively. 


the background of a dilaton BH in two dimensions. The results are summarized in 
Fig. 4. We see, in particular, that the decay channel far from the BH is suppressed 
as compared to the one close to the BH. This is in agreement with expectations. 
We also see that at high BH temperature the decay becomes unsuppressed. 

Let us discuss to what extent our results are generalized to a realistic case such 
as a Schwarzschild BH in four dimensions. One should understand which features of 
the four-dimensional geometry are captured by the toy model in two dimensions, and 
which are not. For this, we can limit our discussion to the linear part of the theory. 
This is reasonable, since, as discussed above, properties of linear modes (or, more 
precisely, of Green's functions) are crucial for finding vacuum boundary conditions 
and, eventually, the decay rate. T'hen, one can readily compare the linear sector of 
the toy model with that of the spherical reduction of the free four-dimensional the- 
ory. More precisely, we can compare the greybody factors for linear perturbations. 
'The four-dimensional greybody factor includes the barrier whose height depends 
on the size of the BH (and on its temperature). There is no such barrier in two 
dimensions. Its presence in four dimensions can change the results concerning the 
Unruh vacuum decay at high temperatures. Indeed, the barrier reduces the flux of 
Hawking radiation far from the BH and promotes the accumulation of Hawking 
quanta in the near-horizon region. In principle, our method allows us to take this 
effect into account, and we leave this study for future work. 

Next, we found that the Unruh bounce does not exist above the certain tem- 
perature, both in the BH vicinity and in the asymptotically-flat region. Here, the 
situation is similar to the decay from a state in thermal equilibrium. It is known 
that a finite-temperature periodic instanton, which describes tunneling from such 
a state, yields to a static configuration—sphaleron—once the temperature exceeds 
a critical value.?^ The sphaleron corresponds to classical thermal jumps of the field 
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over the barrier separating the false and true vacua. One can expect that in the 
case of Unruh vacuum a similar transition happens. We could not find the analog of 
sphaleron in the Unruh state analytically. However, thanks to the properties of our 
model, we were able to use the simple stochastic estimate and compute the decay 
rate above the critical temperature. Let us reiterate that the validity of the esti- 
mate relies on the two facts. First, (almost) any relevant for decay field fluctuation 
is Gaussian, as it follows from the scalar field potential. Second, the field excitations 
of relevant frequency, w ~ m, have large occupation numbers and, hence, can be 
treated as classical. In more general situations, the stochastic approach to vacuum 
decay can still be applicable, but would require a full-fledged numerical simulation. 
We also leave this for future work. 
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Appendix A. Unruh Green's function 


Here we quote the expressions for the (massive scalar) Unruh Green's function in 
two dimensions. We focus on the two regions: the near-horizon one (“left”), defined 
by the condition x, x’ < 0, ||, |z'| >> A^, and the asymptotically-flat one (“right”), 
determined by zx, x’ > 0, |x|, |z'| >> A1. Given that the metric (1) is static, we can 
set t = 0 in the Green's function. Next, we consider the limit 


jz- r| Km, uem. (A.1) 


Under these assumptions, the Unruh Green's function reads as follows?? 


1 A 
Gu (t, x; 0,2’) | ote aa = In | sinh (36 — a! — n) m(x — z +t) + id 


Aleta) | 4A In2 — yg 3 


Ar 372m AT 167 


(A.2) 
and 


1 
Gu (t, z; Don ood S In E sinh Ge — a! — D) m(x — z +t) + id 


302m 
A In2—yg 1 fi al -1 
"dcum 1584 3 L+x m 


(A.3) 


A RP A 4A 1n2—xyg 3 1 — 
dx (t : a") : * 4m 167 ? Ere KM 
+ 
3 
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Ankit Dhanuka* and Kinjalk Lochant 


Department of Physical Sciences, 

Indian Institute of Science Education & Research (IISER) 
Mohali, Sector 81 SAS Nagar, Manauli PO 140306 Punjab India 
* E-mail: ph17006 @iisermohali.ac.in 
* E-mail: kinjalk@iisermohali.ac.in 


Validity of the results of semiclassical analysis relies upon the assumption that the 2nd 
order or higher order corrections are negligible compared to 1st order semiclassical results 
which are based only on expectation values of operators. However, if the quantum 
fluctuations are large, then one may need to supplement semiclassical analysis with 
corrections coming from second order calculations. In the stochastic gravity paradigm, 
these fluctuations are quantified by noise kernel which are then supposed to act as a 
source of geometric fluctuations. In this work, we study the behaviour of noise kernel for 
a scalar field in de Sitter spacetime. We also carry out a similar analysis for some other 
FRW spacetimes invoking an equivalence that exists between scalar fields in de Sitter 
and FRW spacetimes. 


Keywords: Stochastic gravity, Noise kernel etc. 


1. Introduction 


In semiclassical approach, we take matter fields to be quantum fields evolving over 
the classical geometry of a spacetime.! However, in this approach, we consider 
only the 1st order effects, for example, we replace classical stress energy tensor in 
Einstein’s equations by the expectation value of the corresponding operator w.r.t. 
some quantum state in which the matter field is supposed to be. Now, conclusions 
drawn on the basis of such an analysis always rely on the implicit assumption 
that the 2nd or higher order quantum effects are relatively small and will not 
significantly affect the 1st order results. Though, in situations where higher order 
effects are appreciable, one may need to revisit the conclusions made on the basis of 
these 1st order calculations and may have to supplement them with 2nd or higher 
order calculations. For these considerations, one may resort to stochastic gravity?:? 
paradigm where one tries to incorporate the effects of quantum fluctuations, 
inherent in quantum matter fields, on the dynamics of classical background. These 
quantum fluctuations are quantified by what is called noise kernel which is given as 
follows: 


Navea = {tabs fea}s= 5((latealt,2!)) + leaan(,2!))) (1) 
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where tab = Ts ET (Tab) 5 and 


I 
— 
~= 
S 
o 
— 
8 
SL 
œ> 
g 
a 
—- 
8 
- 
m» 
z= 


(Ease (s, a^) 


= (0|Tus(2)Tea(x")|0) — (012,5 ()]0) (0] f. (2^)0) . (2) 


Stress energy quantum operator, Tus is obtained by replacing classical fields by 
their quantum counterparts and the classical expression for stress energy tensor 
is obtained by taking the metric variation of the matter action, more precisely, 

In this work, we are interested in studying the behaviour of noise kernel for 
scalar fields in a wide class of FRW spacetimes.^? The line element for a general 


FRW spacetime is given by 
ds? = a?(n)(-dr? + di”), (3) 


where the scale factor, a(7), characterizes that spacetime. In particular, we are 
interested in de Sitter spacetime, with a(7) = "m de Sitter spacetime is a maximally 
symmetric spacetime and present day observations? suggest that the early universe 
went through a period of nearly de Sitter phase. Similarly, universe is also believed 
to have undergone through other FRW type periods/epochs. Therefore, studying 
these second order quantum effects in FRW settings is an important cosmological 
task and may be helpful in better understand the cosmological data. We make use 
of an equivalence that exists between scalar fields in de Sitter and FRW spacetimes, 
to study the noise kernel in FRW spacetimes in terms of the noise kernel in de Sitter 
spacetime. Equally important is the study of backreaction of the noise kernel on the 
classical geometry of spacetime, though in the present work, we largely ignore this 
aspect of the analysis. 


2. Point-Splitting technique and Bunch Davies vacuum 


Let's consider a minimally coupled massive scalar field in general space-time metric 
i.e., 
1 at fe eCo 
Slas o] = -3 | dna vg (9°? Vad Vad + me?) (4) 


We find that its stress energy operator is given by: 


1 
Tap(2) = VaV ab — 59a8(9” VV 5d + md"). (5) 
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One can write the above stress energy expression in the following point-split 
form" 


Ta(z) = lim Paz, y)e(2)6() , (6) 


where 


Ping | TE ae + wuld) (ze t gt) ) ) yzy” 


1 (gale) ron). 


Now substituting the above point split form in the formula for stress-energy two 
point correlator w.r.t the vacuum of the field, we find that 


(tabca (z, x’)) = lim: Paz, 9) Paz, y )(0|o(x)ó(y)o(x")ó(y)|0) 


yl a! 


~ lim Paz, y) Peal", y )010(2)6Q0)I0010(2)6(y)]0. (8) 


yl oa! 


After some manipulations, this becomes 


(tabea(@, #’)) = 2 lim Pa(z, y) Fea(^ y) GG, 2") G(y, y), (9) 


yl a! 


where G(zx,z') is the Wightman function for the scalar field in the considered 
vacuum, 


G(x, 2^) = (0| d(x) d(x") |0) . (10) 


For de Sitter spacetime, we determine the behaviour of noise kernel for Bunch Davies 
vacuum? which is given by 


G(Z) = (H?/162?)T (a)T (b) Fi (a2 +) : (11) 


where Z(a, 2’) = pam Gey and a,b = 344/23 — m2. We see that the Bunch 
Davies vacuum depends on the coordinates only through the invariant distance 


Z(x, x’) between them. 
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3. Noise Kernel in de Sitter universe 


Since for de Sitter spacetime, gay = Tiny Mab , we find that 
(tabea(2, x’) )ag = (wies tite + ViViG(a, 2')VaViG(a, x) 


os Nean”? VaV ,G(a, z')Vy V G(x, x’) 
1 
—. H?q 12 


— nao? VV, G(a, z )VsV4G(z, x") 


——5;m?^yaVaG(z, x )VyG(z, x!) 


1 
+ gi Neat? VV AG (a, z')JVaV. G(x, a) 


T JH "wtf NedV GG, z')VsG(z, x’) 


1 
= map MeV eG (a z')VA4G(z, 2’) 


+ oH, saa *nabnean”’ V^, G(x, x ) V, G(z, x") 


E giri Pana 46) : (12) 
In order to see whether the primordial fluctuations are significant or not in an 
expanding universe, we consider constant time sheets i.e., we take 7 = 7’ and look 
at the behaviour of noise kernel in the limit in which a(7) — oo i.e., n — 0 limit. 
Therefore, for Bunch Davies vacuum, the (a — b — c — d — 0) component of the 
stress energy correlator behaves in the following manner!?: 


HT? (VE? ($ a). |) gt d 
55 z(a * OQ |> 


(too (n, £)too(n, z Jas [iate time — 


— ,/9_ m 
where v = 4/1 — Fz- 


From the above expression, we see that the above considered component of stress 
energy correlator vanishes in the 7 — 0 limit when v lies perpen [0, 4) while 
it diverges in the same limit for v lying between (4, ł]. At v = 4, it becomes 
independent of v and is given by mo The range for v is decided by the 
requirement that the mass of the field, m, cannot take imaginary values. Since energy 
density at any spacetime point, z, is given by Tap (z)t^t^, where t^ is tangent vector to 
a comoving observer at that point, we find that the energy-energy density is given by: 


< Too(n, X) Toon, 3") as 
(a(n)a(n’))? 


Using the above formula and the fact that a(7) = ES , we find that the od 
3 


energy correlator vanishes for all values of v lying between [0,5] except at 3 for 


(14) 
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which it attains a constant value equal to au One can also extend the above 
results to include all other components of the stress energy correlator as well as the 
non-minimal coupling.!? 


4. Noise Kernel for Friedmann spaces 


As has already been stated, in order to study the behaviour of noise kernel in FRW 
spacetimes we make use of an equivalence between scalar fields in de Sitter and 
FRW spacetimes. So the idea is as follows!!: 

We consider a massless scalar field in a generic FRW universe i.e., Jag = a?(r)rag 
with a(n) = (H7)~4, with the action given by 


1 
S= -3 |" at (a^? n^ 8,0 se). (15) 
Under the transformation, ó(z) = (H7)~!*% y(x), the action becomes 
1 
exec n b (b? n" Oath Og — m2; gv?) , (16) 


where b(n) = (Hm) ! and m?,, = H?(1— q)(2 + q). Therefore, with the above 
transformation, one can map a massless scalar field in a Friedmann universe with 
scaling factor, a(7) = (H5) ?, to a massive scalar field in a de Sitter universe. 
From the relation, m2,; = H?(1 — q)(2 + q), we conclude that the range [0, $] of 
m gets mapped to q between the range [-2,1]. And since we are interested in 
the limit of 7 for which a(7) — oo, we find that, for q — [—2,0], the late time 
limit corresponds to 7 — oo while for q > [0, 1], the late time limit corresponds to 
7 — 0. From the above transformation between fields, we see that the Wightman 
functions in FRW spacetime and de Sitter spacetime are related by G^ W (x, z^) = 
(Hn)? 1 (Hy 1-1 G5: (x, x’). Using this relation between Wightman functions, we 
find that the stress energy correlator is given by: 


E 


(too(n, £)too(n, 2")) r.n.w. 
G2 


3. 7,2 u 232 | 12 

= (Hyyfa-9 Sa (q—1) 4 gaje Tq Ba 3)(Ar) (q " | 

nie 1)?(Az)* aa (qs 3 )(Az)® j (q — i) (Az) (Az)? 
HOO a tee | wu e " | 

sap 2 Lr dd UE. Qr — 6q + 3)(A7)* 
+ (G’) [a q nê i mz | 

at)8 a)? a) 

at (guy ) (A ) (A ) | ; (17) 


41710 3251? P 


where G(7, #,2’) is the Wightman function in de Sitter universe?. Again taking 
the Wightman function to be the one corresponding to Bunch Davies vacuum, the 


*We have suppressed the superscript d.S. in this expression. 


2605 


behaviour of noise kernel for different cases can be summarized as follows!?: 


e q = 1: This is just massless scalar field case in de Sitter spacetime for which 


results are already given in the last section. 


q € (0, 1): In this case, the late time universe correspond to 7 — 0 limit. And 
H^ (Ag)*«-? (a 


we find that, in this limit, (foo(1 Z)too(n, 2^) e.1.|, 49 = es 
129--4g? (T (2-3) (T (0-5--))?) i.e., it is time independent and it decreases 
with spatial distance. 

q € (-2,0: In this case, the late time universe corresponds to 
n — oo. For this case, we have (too(n, 3)too (m, 2^) r.n.w. hate a ~ 


. 4q—4 3H*n* eed co . à 
lim, o, (Hm) IAAF + lower powers of |. This implies that there 


are no late time correlations in this case. 

q — —2: This is a slightly interesting case as in this case massless field in 
FRW spacetime goes to a massless scalar field in de Sitter spacetime. And 
because of this the stress energy correlator shows the infrared divergence 
as is present in Wightman function for a massless scalar in de Sitter 
spacetime. 


Using the relation between the exponent, q, of the scale factor for a given FRW 
universe and the equation of state parameter, w, for the corresponding ideal fluid, i.e, 
q = —2/(1+3w), we see that, for Friedmann universes with q € (0, 1], the equation 
of state parameter w € (—oo, —1] whereas w € [0, o6) for q € [-2,0). Therefore, the 
results of the previous section with corresponding fluids can be summarized by the 


following diagram: 


w € [0, 1/3) U (-1/3, -1) 


Divergent 


Noise Kernel 


w €(-—oo,-1 
w € (0,00) Sag 
Constant 
zero q=0 
. (w.r.t. to 7) 
Noise Kernel : 
Noise Kernel 
Fig. 1. Relation between different types of fluid (and the corresponding Friedmann space-times) 


and the behaviour of stress energy correlator in these regions. 
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Results for different epochs of the universe can be summarized in the following 
table!?: 


Table 1. Behaviour of the (a = 0,b = 0,c = 0,d = 0) component of the stress-energy correlator 


and energy-energy correlator in the late time universe.!° 
Radiation dominated | Dust dominated de Sitter de Sitter 
q—-1 q—-2 q=1&ve(o,4)|q=1 & ve (4,3) 
< too(n, £)too(n, 2^) > 0 oo 0 EE 
«too (1,3) tgo (m2! )> 0 o 0 0 
(a(n)) 


In the light of above results, we conclude that the semiclassical analyses alone 
may not be sufficient to draw any robust predictions about physical observables 
and questions related to the stability of the spacetimes. For example, for universe 
with positive equation of state parameter, the semiclassical analysis can still be 
trusted, at least in this stochastic approach, however, one may need to seriously 
relook at first order results for fluids with negative equation of state parameter and 
need to supplement them with, at least, 2nd order calculations. Similarly, for very 
light scalar fields, stochastic calculations may render the semiclasical conclusions 
invalid. !? 


References 


1. L. E. Parker and D. Toms, Quantum Field Theory in Curved Spacetime: Quantized 
Field and Gravity, Cambridge Monographs on Mathematical Physics (Cambridge 
University Press, 8 2009). 

2. N. G. Phillips and B. L. Hu, Noise kernel in stochastic gravity and stress energy 
bitensor of quantum fields in curved spacetimes, Phys. Rev. D 63, p. 104001 (Apr 
2001). 

3. B. L. Hu and E. Verdaguer, Stochastic Gravity: Theory and Applications, Living Rev. 
Rel. 11, p. 3 (2008). 

4. G. Perez-Nadal, A. Roura and E. Verdaguer, Stress tensor fluctuations in de Sitter 
spacetime, JCAP 1005, p. 036 (2010). 

5. L. H. Ford and T. A. Roman, Minkowski vacuum stress tensor fluctuations, Phys. 
Rev. D 72, p. 105010 (2005). 

6. Y. Akrami et al., Planck 2018 results. X. Constraints on inflation, Astron. Astrophys. 
641, p. A10 (2020). 

7. M. B. Frób, Fully renormalized stress tensor correlator in flat space, Phys. Rev. D 88, 
p. 045011 (2013). 

8. B. Allen, Vacuum states in de sitter space, Phys. Rev. D 32, 3136 (Dec 1985). 

9. M. Spradlin, A. Strominger and A. Volovich, Les Houches lectures on de Sitter 
space, in Les Houches Summer School: Session 76: Euro Summer School on Unity 
of Fundamental Physics: Gravity, Gauge Theory and Strings, 10 2001. 


10. 


11. 


12. 


2607 


A. Dhanuka and K. Lochan, Stress energy correlator in de Sitter spacetime: Its 
conformal masking or growth in connected Friedmann universes, Phys. Rev. D 102, 
p. 085009 (2020). 

K. Lochan, K. Rajeev, A. Vikram and T. Padmanabhan, Quantum correlators in 
Friedmann spacetimes: The omnipresent de Sitter spacetime and the invariant vacuum 
noise, Phys. Rev. D 98, p. 105015 (2018). 

L. H. Ford, Quantum instability of de sitter spacetime, Phys. Rev. D 31, 710 (Feb 
1985). 


2608 
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The semiclassical approximation takes into account the gravitational contribution of 
zero-point energies. We model this contribution via the renormalized stress-energy ten- 
sor (RSET) of a massless scalar field, which we compute in a cutoff-regularized version of 
the Polyakov approximation. When the field is in the Boulware vacuum state (the nat- 
ural vacuum for stellar geometries), the RSET works in favor of violating the Buchdahl 
compactness limit. We review the family of classical constant-density stellar solutions, 
paying particular attention to the notion of criticality—the presence of offsets in the 
mass function—and use it as a warm up for the analysis of the semiclassical set of solu- 
tions. For stars that surpass Buchdahl limit by far, the critical solution has an irregular 
pressure. This divergence in pressure moves inward by introducing a negative offset in 
the mass. In the semiclassical theory we find something rather different, namely that 
the critical configuration already displays a pressure that diverges exactly at the center 
of the structure. This drastic difference between the classical and semiclassical space of 
solutions suggests that semiclassical gravity could potentially allow for the existence of 
ultracompact stellar objects. 


Keywords: Quantum fields in curved spacetimes, relativistic stars, semiclassical gravity 


1. Introduction 


In recent times, new windows have opened towards probing the nature of astrophysi- 
cal black holes through both gravitational wave! and electromagnetic? observations. 
As observations aspire to unveiling the nature of these dark and compact objects, 
the issue of guessing what lurks behind their event horizons, assuming these long- 
lived surfaces exist in the first place, becomes more pressing than ever?^. Among all 


? Expanded version of the contributed talk by J.A. for the Sixteenth Marcel Grossmann Meeting 
(2021). 
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the different theories that, in principle, manage to change our notion of theoreti- 
cal (Schwarzschild) black holes, semiclassical gravity stands out, mainly because it 
exhibits a conceptually well-stablished framework that has led to the discovery of 
effects such as cosmological particle creation? and Hawking evaporation.* 

The main idea behind semiclassical gravity is that an effective geometrical de- 
scription of the spacetime is retained, while the sources of this classical spacetime 
are of quantum origin. Therefore, this approximate scheme could be regarded as a 
conservative approach towards a theory of quantum gravity, in the sense that it cap- 
tures the first corrections to classical general relativity originated by the zero-point 
energies of quantum matter fields. The presence of spacetime curvature modifies 
these zero-point energies in a way that cannot be renormalized away, the subsequent 
contribution from these zero-point energies to spacetime curvature being captured 
by the semiclassical field equations 


Gy, = 8 (Tw + hf), (1) 


where (Tv) is the vacuum expectation value of the renormalized stress-energy ten- 
sor (RSET) of quantized fields. Obtaining analytical expressions for the RSET is 
an arduous task,? so it is typical to resort to highly symmetrical or dimensionally 
reduced models where the RSET can be computed explicitly.® " 


2. The Polyakov RSET: Boulware vs Buchdahl 


For simplicity, we restrict our analysis to static and spherically symmetric space- 
times with line element 


ds? = —e?* (gi? + [1 — C(r)| ! dr? + r7d0?, (2) 


where dQ? is the line element of 2-spheres and ¢, C are the redshift and compactness 
functions, respectively. The former measures the amount of redshift suffered by 
outgoing null rays and the latter is a measure of the amount of mass contained 
within concentrical spheres, namely C(r) = 2m(r)/r, with m(r) the Misner-Sharp 
mass. 

An appealing method for obtaining a particularly simple RSET is via the s- 
wave Polyakov approximation.? This approximation models the RSET as that of a 
massless scalar field propagating in a 1+ 1 dimensional spacetime [the t, r sector of 
(2)]. The resulting RSET is a function of the components of the metric!? and has 
the form 


ue = = E (SDT), (quo = (quae =0, 
(a) = p [2U' (1 — C) +4? (1 — C) — 9C] + (SDT), (3) 


where (SDT) stands for state dependent terms, lp = 1/127, w = ¢’ and the ’ 
denotes derivatives with respect to the r coordinate. These components are then 
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identified with those of a 3+ 1 dimensional tensor 
(£,,) = F(r)6261 (To), (4) 


where Latin indices take 0, 1 values and Greek indices take 0,3 values. 

The Polyakov RSET provides an appropriate balance between simplicity and 
accuracy (seel! for an extended discussion). There is an ambiguity in the 3 + 1- 
dimensional Polyakov RSET given by the radial function F(r). Typically, this func- 
tion is fixed to be F(r) = 1/r? to yield a covariantly conserved RSET with vanishing 
angular pressures. In turn, the resulting RSET is singular at r — 0, even computed 
over entirely regular stellar spacetimes. This poses a problem when backreaction is 
taken into account and it is the main motivation behind exploring other choices of 
regulator function. Following a conservative logic, we supplied the regulator with a 
cut-off of the form Fop(r) = 1/(r? + ol2), with a > 1. This distortion of the regu- 
lator function induces a non-conservation of the RSET, which can be compensated 


by the introduction of angular pressures.!? 


12.13 we explored the sets of semiclassical vacuum and elec- 


In previous works 
trovacuum solutions using the cut-off regulator Polyakov RSET. In what follows we 
will consider the Boulware vacuum state, obtained by taking (SDT) — 0, as it is the 
sole state compatible with staticity (absence of stationary fluxes) and asymptotic 
flatness. The Boulware state is singular at the Schwarzschild event horizon, hence 
backreaction will affect it in a non-perturbative manner. The semiclassical counter- 
part of the Schwarzschild black hole has its horizon replaced by the throat of an 
asymmetric wormhole. At finite affine distance inside this throat lives an undressed 
singularity. T'his result motivates the introduction of a classical matter fluid as the 
only semiclassically-consistent possibility of obtaining geometries devoid from sin- 
gularities. We will explore whether these geometries are potentially able to mimic 
astrophysical black holes. 

'This potentiality comes from realizing that semiclassical physics provides several 
ways of surpassing the Buchdahl compactness bound! that applies to relativistic 
stars in hydrostatic equilibrium. The conditions for deriving this limit involve that 
(i) the star has a Schwarzschild exterior, (ii) pressures in the angular directions that 
do not surpass the pressure in the radial direction, and (iii) a density profile that 
is non-increasing outwards. Semiclassical corrections modify the exterior (vacuum) 
geometry so that it is no longer Schwarzschild but an asymmetric wormhole. The 
RSETs are anisotropic by construction, although this anisotropy is underestimated 
in regularized Polyakov-like approximations. Lastly, the violations of energy con- 
ditions provided by the RSET generate regions inside the star where the energy 
density decreases inwards. 

In this contribution, we report on several results concerning the self-consistent 
solutions to (1). We will point out the remarkable differences that exist between 
constant-density stellar solutions in the classical and semiclassical theories. We will 
elaborate on the notion of criticality—a criteria for identifying stellar geometries 
that exhibit deficit or excess of mass that come from singular sources—and use 


2611 


it to obtain a family of quasi-regular semiclassical geometries. These quasi-regular 
geometries are characterized by a central (singular) core such that at its boundary 
the mass function is not trans-Planckian and pressures are finite. 


3. Criticality in classical stars 


First we give a brief summary of classical stellar equilibrium applied to the constant- 
density perfect fluid. In this simplified setting, the concept of criticality can be 
introduced in a clear fashion, paving the path toward the more involved analysis 
involving semiclassical corrections. The stress-energy tensor (SET) of the isotropic 
perfect fluid is 


Tu» = (p T p) Uyuy + POuv; (5) 


with p and p denoting the pressure and energy density measured by an observer 
comoving with the fluid with 4-velocity u”. In the following we will consider that 
the fluid obeys an equation of state of the form 


p — const. (6) 


'There are several reasons behind considering a constant-density fluid. First, this 
equation of state leaves the pressure of the fluid free to arrange itself in whichever 
form necessary to attain equilibrium. Second, the classical field equations admit 
(in some cases) analytical solutions. This characteristic is lost once we introduce 
semiclassical corrections. Finally, the constant-density assumption saturates one of 
the conditions necessary for the Buchdahl limit to hold.!? 

Covariant conservation of the classical SET yields 


p — —-(ptp)v. (7) 
The rr and tt components of the classical field equations (1) take the form 
—8nr?p + 2rd y C 
enr poe d C ui (8) 


Expressions (6, 7, 8) form a closed system. The differential equation for C can be 
directly integrated, yielding 
8 2mo 


C = mp : (9) 
3 r 


Here, mo is an arbitrary integration constant that accounts for a constant shift in 
the Misner-Sharp mass m(r). The following relation 


R 
MADM =| Arr’ p dr c mo, (10) 
0 


calls for interpreting mo as a term that compensates the disagreement between the 
mass generated by the whole fluid sphere and the ADM mass Mapm. Therefore, 
regularity in the compactness of a classical star enforces p = Perit = 3C(R)/8r R2, 
where perit stands for the critical density. We use this value to distinguish three 
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families of solutions 


e Sub-critical regime (p < perit): These solutions are characterized by a pos- 
itive mo and can be interpreted as a fluid sphere with a mass excess whose 
gravitational pull cannot be withstood by finite pressures. Sub-critical so- 
lutions have infinite pressure singularities at some r > 0. For a fixed C(R), 
the radius where this singularity appears nears the surface as p decreases. 

e Critical regime (p = pai): These solutions have a vanishing mass at r = 0 
(mo = 0) and can be regular or irregular depending on whether the Buch- 
dahl compactness bound is being surpassed. Critical solutions that surpass 
Buchdahl limit (C(R) = 8/9) display a pressure divergence at 


| 8 
Rav = 3RAI1— soc (11) 


e Super-critical regime (p > perit): Stellar geometries characterized by a neg- 
ative mo. The gravitational repulsion exherted by this negative mass tames 
the growing of the pressure of the fluid but at the cost of producing a cur- 
vature singularity at r — 0. As mo becomes more negative, the pressure at 
the core decreases, eventually becoming finite at r — 0 for some separatrix 
density. 


Despite its apparent simplicity, this space of solutions reveals an important char- 
acteristic: for stars that surpass the Buchdahl limit, C(R) = 8/9, the respective 
separatrices for the pressure and mass functions do not overlap in any region. Fig. 1 
shows integrations surrounding the critical solution, the only one with a regular 
compactness function". The associated pressure profiles all develop singularities 
significantly far from r — 0. On the other hand, Fig. 2 shows integrations surround- 
ing the solution separatrix in pressure, that is, the solution which is super-critical 
enough as to have a pressure that diverges exactly at r — 0. However, the price 
to pay for generating finite-pressure configurations is that the mass goes highly 
super-critical. At this point, enforcing the mass function to vanish at r — 0 would 
require introducing an additional positive mass contribution inside a small core. 
'This sort of regularization cannot come without additional pathologies as the den- 
sity of such sphere would necessarily be trans-Planckian. In what follows we will 
show that semiclassical corrections naturally provide this regularization mechanism 
for the mass, although they fail in achieving a strictly regular behavior at r — 0. 


4. Semiclassical corrections in stellar spacetimes 


The classical equations (8) guarantee the behavior of the compactness is indepen- 
dent from that of the pressure, although the converse is not true. The addition 


PRecall that C — 2m/r, so only a Misner-Sharp mass that vanishes at the origin returns a non- 
singular compactness. 


2613 


p à; ; 
020. | | 
\ 1 
\ 1 
Y 1 
0.15 : 1 
‘ \ 
[ Ex \ 
0.10 - \ H 
[ x 
| x Y 
| Xe X 
E "heh 
SID 
[ is 
ooo a WERTE et tee d 5 , , , , aT 
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 03 04 05 06 07 08 09 1.0 
Fig. 1. Pressure (left panel) and Misner-Sharp mass (right panel) profiles surrounding the critical 


solution of a star with C(R) — 0.92 and R — 1. The thick, continuous line denotes the critical 
solution, while thin lines are sub-critical and dashed lines are super-critical stars. The only solution 
regular in the mass (critical) has a highly irregular pressure. The mass curves have been analytically 
extended for pictorical purposes, but the associated pressure profiles are singular. From right to 
left (top to bottom) p/perit = {0.8, 0.9, 1.0, 1.1, 1.2}. 
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Fig. 2. Pressure (left panel) and Misner-Sharp mass (right panel) profiles surrounding the 
pressure-separatrix solution of a star with C(R) = 0.92 and R = 1. The thick, continuous line 
denotes the separatrix solution, while thin lines are infinite-pressure solutions and dashed lines 
are finite-pressure ones. Note that making the pressure everywhere finite enforces a negative cen- 
tral mass. All integrations are super-critical because mo « 0. From right to left (top to bottom) 
D/ Perit ~ (1.18, 1.21, 1.23, 1.25, 1.28]. 


of semiclassical corrections intertwines the behavior of both functions. As a conse- 
quence, when we analyze the semiclassical equations, the notion of criticality be- 
comes more involved. This is because the differential equation for the compactness 
cannot be integrated analytically, so we lack an explicit expression that informs 
about the value of perit. The most relevant departure of semiclassical stars with 
respect to their classical counterparts is that, in the semiclassical theory, the sepa- 
ratrix solutions in mass and pressure overlap in a narrow region of the parameter 
space. In the following we will catalogue the space of semiclassical constant-density 
solutions and elaborate on this aspect. 
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Introducing the cut-off regularized Polyakov RSET (4) as a curvature source in 
the field equations (1), they result in 
—8nr?p + 2r + Bry? / (r? + alb) 
1+ 2rp + r2p?/(r?+al2) "' 
&rr?p — C 4 ler? (9? + 2’) (1 — C)/ (r? + od?) 
= r + r?v/ (r? + al) : 


Semiclassical corrections to stellar spacetimes are typically negligible (they are pro- 


C= 


(12) 


C" 


(13) 


portional to ñ) unless the geometries under consideration are able to explore and 
stimulate the energetic contributions of the Boulware state as to compensate their 
suppression of order A. The scale that can potentially compensate this screening 
of semiclassical effects is the compactness of the star. In the following, we will be 
considering spheres of fluid whose surface is located very close and above the throat 
of the vacuum wormhole geometry [C(R) — 1]. Such a configuration is defined by 


the following boundary conditions 
T R? C(R) 1 
' R? ol 1— C(R) 


and a given value of p and C(R). Here, the parameter ¢g is obtained through a 


2 [2 
WR) =0, OR) = és, VR) = Fie 


numerical integration of the vacuum equations from the asymptotic region inwards. 

Plugging the boundary conditions (14) in the field equations (12, 13) we obtain 
expressions for ~’(R) and C’(R). Then, the semiclassical energy density and radial 
pressure at r = R are 


^ 1 
psc = — (1069 =-—— + p+ 0 (VIZO), 


8r R? 
vi, - (ir) = +, + 0(vI-0) 
sc r Sn R2 , 


2 
@ Po (P) alg j Z 
pse = (Tp) SE Tale) + o(v1-c). (15) 


'The RSET components are comparable in magnitude to the classical SET at the 
surface. In fact, as long as p € 1/81 R? the total RSET violates energy conditions at 
the surface. Additionally, for more realistic equations of state with a classical energy 
density that vanishes at the surface, the total RSET will violate all pointwise energy 
conditions there. 

Vacuum polarization provides an extra contribution to the Misner-Sharp mass 
of the spacetime. This contribution is negative in the vacuum region and permeates 
it entirely. In the interior of the star it can be overall positive or negative depending 
on the value of p. The equivalent to formula (10) in the semiclassical theory is 


MADM =| Anr? [O (R — r) p + psc] dr + mo, (16) 
0 


where O is the Heaviside step function. Since the total energy density is now inter- 
twined to the pressure and redshift of the geometry through Eq. (13), the critical 
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value of the classical density (recall, the value that corresponds to a vanishing mo) 
cannot be determined analytically. In turn, a numerical exploration of the space of 
solutions is needed. We dedicate the rest of this note to highlight the chief results 
from our exploration*. 

Concerning the Buchdahl limit, we have found that the classical Buchdahl bound 
of C(R) — 8/9 gets perturbatively modified by semiclassical corrections. These 
correction makes the most compact configuration which is regular in p and C have 
C(R) < 8/9. This result follows from ps. in (16) amounting to an overall positive 
contribution throughout the interior of the structure. In fact, the greatest positive 
contribution comes from the region r ~ yalp, precisely where the physics of the 
Polyakov RSET is driven by the regulator function. Using a local, more refined 
approximation to the RSET! the energetic contribution near the center of constant- 
density stars that are approaching Buchdahl limit turns out to be negative. The 
cutoff-Polyakov RSET could be incorrectly estimating the magnitude and sign of 
the energetic contribution from the vacuum near the center of compact fluid spheres. 

In our exploration of the semiclassical space of solutions (see Fig. 3 for a pictor- 
ical representation) we found the following regimes 


e Sub-critical regime (p < perit, regions I and III of the diagram in Fig. 3): 
These solutions are asymmetric wormholes with characteristics akin to the 
vacuum solution, but filled with a classical fluid of diverging pressures. As 
p is increased, the throat of the wormhole progressively shrinks. When the 
throat is very small compared to the overall size of the star, we identify a 
new regime not present in the classical theory. 

e Quasi-regular regime (p ~ Perit, narrow orange band in Fig. 3): This sub- 
family is comprised by super-critical solutions that lie below Buchdahl limit 
and sub-critical solutions of any compactness with an extremely tiny worm- 
hole throat. In this regime, we can always identify a central core of radius 
Tcore K R. At the boundary of this core the pressure remains finite and the 
Misner-Sharp mass can be made as small as desired. 

e Critical regime (p = Perit, black line in Fig. 3): Sub-Buchdahl stars amount 
to a perturbative correction over the classical geometries and are regular. 
Super-Buchdahl stars are irregular but extend all the way to r — 0, con- 
trary to their classical counterparts. These solutions have infinite positive 
pressure and infinite negative mass at r = 0. 

e Super-critical regime (p > perit, regions II and IV of the diagram in Fig. 3): 
'They correspond to perturbative corrections over the classical solutions, 
with the caveat that the Misner-Sharp mass is now infinite and negative 
at r — 0, which strengthens the central singularity. Pressure is finite every- 
where. 


*We refer the reader to!! for details. 
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Fig. 3. Pictorial representation of an R = const. >> lp slice of the semiclassical constant-density 
stellar space of solutions. The vertical and horizontal axes represent the energy density and surface 
compactness of stars. The black curve denotes critical configurations. Its intersection with the 
vertical, dotted line represents the Buchdahl limit, or the most compact structure regular in both 
p and C. We distinguish four regions: regions I and II for sub- and super-critical stars below 
Buchdahl limit and regions III and IV for sub- and super-critical stars above Buchdahl limit. The 
narrow orange band that surrounds the perit line denotes the quasi-regular regime which spans 
through regions I, II and III. 


Figure 4 shows the pressure and mass profiles for various configurations sur- 
rounding the critical solution of a star that surpasses the Buchdahl limit (rightmost 
portion of diagram 3). There are several crucial differences between these diagrams 
and those from Figures 1 and 2. Firstly, the critical solution (thick line), albeit 
singular, coincides with the separatrix solution for the pressure. In the classical 
case, the critical solution and the separatrix in the pressure were distant in the 
space of parameters. Here, because of the way quantum corrections operate, we find 
a coincidence between these two solutions. Secondly, quasi-regular configurations 
(thin lines) for which the Misner-Sharp mass vanishes near the center of spherical 
symmetry are very different from their classical counterparts. Enforcing the mass 
function to vanish at r = 0 no longer requires the introduction of arbitrarily high 
masses inside small cores: Semiclassical corrections already provides a significant 
part of this contribution. 


5. Conclusions 


In this work we have reviewed the classical stellar solutions of constant density under 
our particular scope, with the aim of understanding properly the solutions that in- 
corporate vacuum polarization contributions. We have not been able to find strictly 
regular configurations that surpass a Buchdahl limit (which receives perturbative 
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Fig. 4. Pressure (left panel) and Misner-Sharp mass (right panel) profiles surrounding the crit- 
ical solution of a semiclassical star with C(R) = 0.92,R = 1 and a = 1.01. The thick line 
denotes the critical solution (the separatrix between distinct compactness behaviors), while the 
thin lines are sub-critical and the dashed lines are super-critical. In the right panel the quasi- 
regular regime can be observed. Quasi-regular solutions are characterized by a mass function that 
vanishes in the innermost regions of the star. By a suitable choice of p, this vanishing can be 
achieved as close to r = 0 as desired. From right to left (top to bottom) the densities utilized 
are p/Pcrit = (0.9990, 0.9998, 0.9999, 1, 1.0001, 1.0010}, where the critical density perit ~ 0.1214 is 
determined numerically within a precision of 10-6. 


corrections). However, the study of singular solutions hints towards semiclassical 
gravity being able to regularize at the same time the pressure and mass of ultra- 
compact configurations. This notion is what we have attempted to capture in the 
notiont of quasi-regular configurations. 

We believe that the crudity of the approximations used here for the semiclassi- 
cal source could be preventing the quasi-regular solutions from appearing as regular 
in the first place. Ideally, these analyses should be revisited when more accurate 
approximations to the RSET are available. As an intermediate step in this direc- 
tion, it is possible to ask whether a deformation of the regulator function from its 
cutoff-regulator form Fcp just inside the central core of the structure is sufficient 
to generate entirely regular and ultracompact configurations. The results of this 
ongoing investigation will appear in a forthcoming publication. 
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in six dimensional curved space 
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By applying the covariant Taylor expansion method to the heat kernel, Einstein anomaly 
associated with the Weyl fermion of spin 1/2 interacting with tensor fields of 1 and 3 
order in six dimensional curved space are given. From the relation between Einstein 
and Lorentz anomalies, which are the gravitational anomalies, all terms of the Einstein 
anomaly should form total derivatives. 


Keywords: Einstein anomaly 


1. Introduction 


'The gravitational anomalies are the Lorentz anomaly that appears from the local 
Lorentz transformation and the general coordinate anomaly that appears from the 
covariant general coordinate transformation, in the model for the Weyl fermion in 
even dimensional curved space. The Lorentz anomaly can be canceled by appropri- 
ately replacing the expectation value of the energy-momentum tensor, and then the 
general coordinate anomaly, called the Einstein anomaly, remains. 

The Lagrangian in N — 1 supergravity coupled to supersymmetric Yang-Mills 
theory has some four-Fermi interactions, in addition to the minimal couplings of 
the fermion with the gravitational and gauge fields. The gravitino field with an 
irreducible element of spin 3 exists in the supergravity. The kinetic part of the 
gravitino is treated as that for a fermion of spin i. fixing the field by a suitable 
gauge, and the spacetime index of the gravitino may be regarded as that of the 
representation matrix elements of a gauge group in vector and odd order tensor 
type couplings. Then the tensor may not commute with the vector. 


2. Heat kernel 


In this article, in order to apply for the above model, we consider the covariant 


gravitational anomalies for a Weyl fermion with spin i. interacting with both the 


vector field V, and the totally antisymmetric tensor Cag, in even 2n-dimensional 
Riemannian space. The concrete form of the anomalies may directly be calculated 
by using the heat kernel KC™ (a, z^; t) for the fermion, which is defined as! 

o 
— — KO") (x, 2^; t) = D^ KO" (a, xf; t), 

a KOM (,2^5t) = DÀ Ks, aft) T 
KO? (x, 2;0) = 1AE) E |h(a!)] 389" (a — a^), 
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where 1 is the spinor unit matrix, 02"? (a — x’) denotes the delta function, and h(a) 
stand for the determinant det h™, of a vielbein h™,,. Note that the metric tensor 
is guy = h" Lh" ings, with Nmn = —dmn in flat tangent space. Moreover, the square 
of the Dirac operator P for fermion ~ is written as follows, 


1 
p = D,D" +X, D= 7" V, +Y, D, 2 V, E Qu, Qu = aU Y) 
1 mn 
X-—-Z-— V,Q" = Q,Q", Vy = On + 4 mn? uy, Yur tn = Vu ^77 Yun]? 


1 v 
Z = 3Y" [V V] c (VY) +Y’, [Dus Dj] = Ans, 


Y = "V, + Y" 4*9 Crap, V, S V?T^, Cpap = ChagT"^, 
(2) 
where w™”, is the spin connection. The interaction term Y of the boson in D 
is given by vector and tensor fields, and T° is the matrix representation of the 


nonabelian gauge group. The y-matrix valued Q,, X and A,, in (2) are rewritten 
in the following form, 


Qu = Va 439°" Cae Py = 8p V ceo V + [Va Vo], 


X 


II 


1 1 
EUN 120°" Copy + a Pua 18C),°" Crag) 
= 498 C. os + gram Ct Ca. (3) 


1 O Q Q 
Aw = ran Roope + Fuv — 18/499, Crag] — ¥°? (60551, + 2C st, C584) 


+ 187° Ciuja Clujs, anti = Py y, Y", 

where the semi-colon ‘;j’ denotes the covariant differentiation V „+V, for the vector 
gauge transformation in curved space, Rpouv is the Riemann curvature tensor, and 
R = g'"g?"R,,,,. The antisymmetric product 9839 and 4H"9PY) of X can be 
replaced by — Er"? Epoapy and i^; c""^?*? in 6 dimensions, respectively. 

It is difficult to obtain the exact form of the heat kernel. In order to perform 
the concrete calculation, the following ansatz by DeWitt is applied to the heat 
kernel.? 


A (m, x) a(z, z) Y — 
(2n) A P J $ 1 
KY" (x, x"; t) (ntn exp { m P» ya, (4) 
where c(x,z') is half of the square of the geodesic distance between x and vw’, 
A(z,z') = |h(x)| !|h(z')| !deto;,,;, and aq(z,z') is a bispinor. The coinci- 
dence limit of a, appears in formal expression of the anomaly, and is defined by 
lim; ,;a5(x,z') = [a,](x)3 The orthonormal bases |n) = |pi-:: Un) being the 
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eigenfunctions belonging to the eigenvalue n for o" D, consist of n products of 
op (= Vwa), and ag can be expanded by the bases, 


n! zc! 


oo oo (1) i N 
aq = 5 In)(nlag) = 5 o”1...o”n lim [Din +++ Dy) aq], is 
n=0 n=0 5 


(n|ag) = [aqm un] = lim [Diu +++ Du, ao], (Oleg) = [aq]; 


au! 


where the exclamation mark ‘lw’ means the covariant differentiation D, modified 
in (2). 


3. Einstein anomaly 


The formal forms of the general coordinate anomaly AP”) and the Lorentz anomaly 
AQ» are obtained from the path integral measure of left-handed Weyl fermion in 
2n dimensions, in Fujikawa’s method,* and are expressed by the heat kernel after 
regularized by the Gaussian cut-off differential operator. 


DY (Dyn) = A99, — (T), = 5 (Daw) - (74) = ABD 


ZR pv? 
1 
AC (x) = = lim lim Tr {rent (D, — Dy) KC" (a, 2'; 0) À (6) 
2 t>0 x’ >r 
1 
2n : : 2n . 
Are (a) = 4 lini dum. Tr osse KC (x, a )) D 


where ‘Tr’ runs over both indices of y-matrix and 7". These anomalies seem to 
break the general covariance and the local Lorentz symmetry simultaneously, but 
one of the symmetries is restored by using the relation 2D" AG? ) = AP”) and 
redefining the expectation value of the energy-momentum tensor.? Einstein anomaly 
GP”) is given by (The) = (Tw) — AGP, Thus, the local Lorentz symmetry is 
preserved. 


DEY }g = GPP = DEAS Am, (2) = 0; (7) 


where Tine is the symmetric part of UA From (7), it is expected that the 


concrete form of the Einstein anomaly becomes the total derivative of the Lorentz 
anomaly. Substituting (4) into (6), Gum is rewritten by the coincidence limit of an 


and its first order derivative in (5), 


Gen (x) = iu [22a [an] (c) im ^Y2n4A [a ]w (x) } E (8) 
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'The tensorial form of the anomaly in 6 dimensions is obtained from 


1 
G6 — 25673 Tr (55 (2 [aa] — [aa],,,) } 
1 1 1 CE 1 
= 25673 r L gam (5 x) | 45 Tip Xu E FM 

1 á 2 lo 1 1 7 

EN ig AX + 15 Aue X + 19A" X+ 180 [A oA. |x 
1 17 1 

+ — R’ An X + —— Ruivo AM? X + —Ap Apo M? 
180 [u^*v]p + 360 HYP: + 36 H P 
1 p o 1 P 1 !p " 

tau Ay Apo — 90 Ante = gg Arer , (9) 


where J, = A’ up. Since Try; X = Tr{y7A,,} = 0, terms containing X and A,, of 
one degree do not contribute to the anomaly. The concrete form of Gs) becomes 
some total derivatives before the trace operation of y-matrices. Substituting (3) into 
(9) and performing the trace operation, Gs) yields many terms in tensorial form. 
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In this talk, we discuss the effect of BMS symmetries on quantum entanglement and 
its implications in the context of the black hole information paradox. In particular, we 
illustrate the gravitational memory effect for linear uniformly accelerated observers in a 
physical process involving a BMS shock-wave without planar/spherical symmetry. This 
classical memory is accompanied by a quantum memory that modulates the quantum 
entanglement between the opposing Rindler wedges in quantum field theory. A cor- 
responding phenomenon across the Schwarzschild black hole horizon suggests that the 
Negativity measure of entanglement between infalling and outgoing Hawking pair should 
be degraded due to an infalling BMS shockwave while there should be linear order gener- 
ation of Negativity between two outgoing Hawking particles. Implications are discussed. 


Keywords: Gravitational memory effect, BMS, Negativity 


1. Introduction 


Bondi-Metzner-Sachs (BMS) showed that asymptotically flat spacetimes possess an 
infinite number of symmetries now known as the BMS supertranslations.! These 
diffeomorphisms extend the symmetry group of the standard four global transla- 
tions at the asymptotic boundary. The BMS supertranslations are related to the 
gravitational memory effect and also the Weinberg’s soft theorems via the so called 
Universal triad relations. Based on these relations Hawking et. al. conjectured 
that applying these relations to an asymptotically flat spacetime with a black hole 
in the interior would imply the existence of an infinite number of soft hairs?? for 
the black hole which can have possible implications in the context of the black hole 
information paradox. 

One can analyse the process of implanting soft hairs on a black hole through a 
physical process involving a BMS type shock wave without spherical symmetry in- 
falling into the horizon.? In this talk, we consider a simplified and analogous setting 
consisting of the Rindler horizon and the linearly uniformly accelerated (LUA) ob- 
servers, but, in the presence of a BMS type shock wave, having planar asymmetry, 
and impinging onto the Rindler horizon; so as to analyse the effect of Rindler BMS 
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type supertranslations on LUA observers and on the Unruh thermal bath. The for- 
mer constitutes the classical version of the gravitational memory effect on uniformly 
accelerated observers? while the effect on the latter is the quantum memory effect 
which modulates the quantum entanglement between the opposing Rindler wedges 
in quantum field theory.!° A corresponding phenomenon across the Schwarzschild 
black hole horizon suggests that the Negativity measure of entanglement between 
infalling and outgoing Hawking pair should be degraded due to an infalling BMS 
shockwave while there should be linear order generation of Negativity between two 
outgoing Hawking particles. Implications are discussed. 


2. Implanting supertranslational hair: Physical process 


We work with the advanced Bondi-type co-ordinates (v, r, x, y) and write the metric 
of the Rindler spacetime as 
ds? = —2krdv? + 2dvdr + ó4Apdz^dzP (1) 


where & > 0, —oo < v < oo and —oo < r < oo. The BMS-type supertranslation 


diffeomorphism vector for the Rindler horizon which preserves the Bondi-type gauge 


and also the structure of the Rindler horizon is given by! 1? 


z^ = [Gr ).0, 70^ FG.) (2) 


where f(x,y) depends only on the transverse co-ordinates. The Rindler spacetime 
with a BMS type null shock wave at v = vo having non-planar symmetry infalling 
on the Rindler horizon at r — 0 is then defined to be? 


ds? = —2krdv? + 2dvdr + Arh(v — vo)O4 f dvdz^ 


| (5o H 2h(v D (3) 


where h(v — vo) is the Heaviside step function. Essentially, the above metric is 
obtained by joining the Rindler supertranslated metric to the one described in 
Eq.(1) along the shock wave at v — vo. The stress energy tensor including a surface 
energy term satisfying the null energy conditions is non zero along the shockwave 
at v = vo while it vanishes elsewhere for v Æ vo. 


3. Gravitational memory for LUA observers 


The linearly uniformly accelerated (LUA) observers are the generalisation of the 
flat spacetime Rindler trajectories to the case of a curved background spacetime. 
As the name suggests, the LUA trajectories have constant magnitude of 4 vector ac- 
celeration and are also linear, in the sense of the Letaw-Frenet equations in a curved 
spacetime with vanishing torsion and hyper-torsion.? The linearity is essential since 
it guarantees that the LUA trajectory is locally hyperbolic in all local inertial frames 
at each point on the trajectory. Such trajectories satisfy the condition 


uPVya^ = w° = |a|?u* (4) 
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where u’ and a’ are the 4-velocity and the uniform magnitude 4-acceleration vectors 
respectively. The constraint in Eq.(4) guarantees that any change in the velocity 
and acceleration vectors lie in the same plane along the trajectory. 

To address the question of finding the LUA trajectories for the case of in- 
falling supertranslated BMS type shock wave on the Rindler horizon as described 
in section 2, we choose a representative family of orbits of the boost Killing vec- 
tor £^ = &-1(1,0,0,0) in the advanced Bondi-type co-ordinates for v < vg, the 
region before the wave. The worldline for such a family of trajectories is given by 
z^(r) = [r/A/2&r;, re, 22] where 7 is the proper time and re, xê are some fixed con- 
stants. These worldline can be extended over the BMS tyoe shock wave at v = vo by 
demanding that the constraint in Eq.(4) holds all along the trajectory. Working to 
linear order in the perturbation, the solution for the 4 velocity can be found to be 


ua = E 0, —h(v — vo) cosh[«(v — vo)] d (e 


while the trajectories are found by integrating with respect to 7 to be 


dele [ered E (So) 0^ f (2r. sinh (S) (6) 


where 79 is the proper time at v = vo. When the velocity vector in Eq.(5) is trans- 
formed to a set of standard Minkowski co-ordinates (T, X, Y ^), it takes the form 


KT log[&r..] ! KT log[«r..] 
a — h 
U E ( OEE 2 ) „sin ( 27 9 ; 


k(T —T0)NV A KT 
h| ———— cosh | —— — 7 
( V2KT¢ ) M ( 2T. 2 | o 
where a^ = va 0^ f (x4). Interestingly one can check that a trajectory with given 
A 
Tad 


is an integral curve of a boost Killing vector that is obtained by applying to 
Poy Ue 8 
E° the Lorentz boost 


1 0 aY cosh8 a7 cosh B 
dk 0 1 —oY sinh 8 —o^ sinh 8 (8) 
^ | aY cosh8 aY sinh 1 0 
a7 cosh 8. o sinh B 0 1 


where 6 = (1/2) log[kr,] — kvo. Note that the magnitude and direction of the boost 
(8) depend on r, and z4. Hence, we can conclude that even though, before the wave, 
we started with a family of solutions with the same boost killing vector £^, after the 
wave, each trajectory is an orbit of a different boost Killing vector as determined by 
the Lorentz boost in Eq.(8); thus implanting a supertranslational hair on the Rindler 
horizon by the non-planar BMS type matter shock wave and boosting a family of 
Rindler trajectories in a way that differs from trajectory to trajectory through their 
initial conditions. The trajectory-dependence essentially carries a memory of the 
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planar inhomogeneity of the wave and constitutes the gravitational memory effect 
for uniformly linearly accelerated observers. 


4. Quantum memory 


We consider a real massless Klein Gordon scalar field in the background of the 
shockwave metric of section 2. We only need to write down the solution of the 
perturbed Klein Gordon field upto the first order in the supertranslation field f. 
The Klein-Gordon field equation, V.V“¢ = 0 for the metric in Eq.(3), becomes 


0 = 2kr02 6 + 20,0, + 020 + 070 + 2&0, 
— Arh(9^ f)8,040 — 2&- rh(0^8P fJOA0pQ — 2h(0^ f)OAÓ 
— 2«- !rh(0^050P f)dad t+ & h(OpOP f)O,ó -- & rh'(OgOP fare. (9) 


'The solution before the wave can be written as a complete set for positive frequency 
with respect to £ as 


x iw/K 
a k = sinh (mw /k) e àv (=e) eas (=e) ikaz’ , (10) 
i An^K V 2K v 2K 


where w > 0 and k = (kz, ky) and the mode functions satisfying the usual Klein 
Gordon inner product rules. For the v > vo region, we exploit the fact that the 
the metric in Eq.(3) is obtained as a diffeomorphism generated by the Rindler 
supertranslation vector field = to obtain the solution in linear order of perturbation 
using the supertranslated vector as 


NET > (1 E. E^0,) dk 
=(1+ ik wf + ix rkA0^ f) oe ; (11) 
We can now expand the solution at v > vo in the basis { we to get 
bk for v < vo; 


Pu xi n 1 21,/ 1 1x (12) 
1 dw fa k (aw kw k Peo c + Bas kiwi x Poo! y) for v > V0; 
0 


where the as and £s are the Bogoliubov coefficients between the { gal basis and 


the { n basis. Imposing the proper the matching conditions at v — vo, one can 
evaluate the Bogoliubov coefficients in a perturbation series, the linear order form 
of which is presented in.'° The explicit form shall not be needed here except for 
one significant detail that both the Bogoliubov coefficients are non-vanishing. We 
can then quantise the field in the standard way which would then imply that the 
Rindler vacuum in the v « vo region before the wave is not same as the vacuum 
in the v > vo region, that is, the presence of the asymmetric supertranslated shock 
wave changes the background Rindler vacuum. We next address the question how 
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the non-zero Bogoliubov coefficients affect the entanglement between the modes in 
the left and right Rindler wedge. 

Before the shock wave we consider a two mode entangled state comprising of 
the left and right Rindler modes given by 


|) = |¢1) 8 |¢2) , (13) 


where 


I1) = (10)4 & |0) 5 - p) 8 |D 5) , (14a) 


1 
Vp 
1 
$2) = a m ( 


and p and q are real-valued parameters. We have labelled the two modes as 1 and 2 
and their corresponding left and right mode pairs as (A, B) and (C, D). The choice 
of such a particular state is motivated from the form of low frequency expansion of 
the entanglement between left and right Rindler modes in the Minkowski vacuum 
state and hence is also related to the low energy Hawking spectra in Black holes. 
We use the entanglement monotone of Negativity!9 ?? to quantify the entanglement 
between different pairs of modes. The initial nonvanishing negativities are 
p 
Nass = 1 3» (15a) 
TP 
q 
Ne = — . 15b 
CoD m g ( ) 
After the wave, One can compute the Negativity between the different pairs of 
particles using the Bogoliubov coefficients in terms of their perturbative orders to 
get 


l0 c & |0)p +ql1)c & [1)p) , (14b) 


Negativity | Before wave | After wave 


VU < vo U > Ug 
ASB EY 4 0?) 
BoD 0 tf O(A) 
Bec 0 t oa?) 


The complete expressions are provided in.!? One can observe from the above table 
that the negativity between the left and right modes A and B respectively is de- 
creased by O(A?) while there is linear order generation of Negativity between the 
right Rindler modes B and D. We have further checked that this is consistent with 
the quantum monogamy relation for Negativity. 


5. Discussion 


We have investigated the gravitational memory effect for the Rindler family of uni- 
formly linearly accelerated observers using the BMS-type symmetries of the Rindler 
horizon. We described a physical process analogous to that proposed by HPS? that 
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implants supertranslational hair on a Rindler horizon by a matter shock wave with- 
out planar symmetry. Before the wave, a family of observers are considered which 
are orbits of a single boost Killing vector. After the wave has passed, each observer 
satisfying the constraint of local hyperbolicity in Eq.(4) is found to be an orbit of 
a different boost Killing vector which differs from trajectory to trajectory. This is 
the classical memory effect for Rindler observers since the different boosts retains 
a memory of the planar inhomogeneity of the wave. The Classical memory is also 
accompanied by a supertranslation quantum memory which is found to modulate 
the entanglement between the opposing Rindler wedges in quantum field theory. A 
corresponding phenomenon across the Schwarzschild black hole horizon indicates 
that the Negativity measure of entanglement between infalling and outgoing Hawk- 
ing pair should be degraded due to an infalling soft hair implanting shockwave while 
there should be linear order generation of Negativity between two outgoing Hawking 
particles Fig. 1. 


r-0 .+ 


i7 i 


Fig. 1. The extended Schwarzschild spacetime with an infalling, supertranslation-implanting 
shock wave at v = vo. Two Hawking pairs are shown, A + B (red) and C + D (blue). 
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This note emphasizes the role of multi-scale wave structures and junction conditions in 
many fields of physics, from the dynamics of fluids with non-convex equations of state 
to the study of gravitational singularities and bouncing cosmologies in general relativity. 
Concerning the definition and construction of bouncing spacetimes, we review the recent 
proposal in collaboration with B. Le Floch and G. Veneziano based on the notion of 
singularity scattering maps. We also present recent numerical investigations of small- 
scale phenomena arising in compressible fluid flows on FRLW or Kasner geometries for 
which we developed structure-preserving algorithms. 


Keywords: Gravitational singularity; scattering map; small-scale phenomenon; structure- 
preserving algorithm. 


1. Introduction 


Recent advances on the mathematical modeling of complex fluid flows containing 
nonlinear waves and gravitational singularities lead to new challenges for numer- 
ical relativity. New ideas and techniques to analyze and compute the asymptotic 
behavior of multi-physics and multi-scale nonlinear waves have been introduced 
in the context of classical fluid dynamics but is relevant also for the dynamics of 
self-gravitating fluids. In this short note, we show some numerical results based 
on structure-preserving numerical algorithms for a few model problems describing 
multi-scale nonlinear waves on a fixed background. We also present a recent pro- 
posal for defining bouncing cosmologies, which is based on the notion of universal 
scattering maps for gravitational singularities. 

This presentation uses material from joint collaborations, especially with B. 
Le Floch and G. Veneziano (scattering maps) and with F. Beyer (Fuchsian algo- 
rithm). It is based on a lecture entitled “On the scattering laws of bouncing uni- 
verses” given at the Sixteenth Marcel Grossmann Meeting in July 2021. It is also 
based on a lecture entitled “Gravitational singularities, massive fields, and asymp- 
totic localization" given at the Workshop “Computational Challenges in Multi- 
Messenger Astrophysics", held at IPAM, University of California at Los Angeles, in 
October 2021. 

Only few references are included in this short note and, for our motivations to 
study bouncing cosmologies and relativistic fluids with complex equation of state, 
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we refer to the review papers by Ashtekar,? Blaschke,’ Font,!! as well as the recent 
papers by Ibánez et al.!^ and Wilson-Ewing.?? 

An outline is as follows. In Section 2 our standpoint concerning problems in- 
volving viscosity-capillarity waves and other multi-scale interfaces is discussed. In 
Section 3, numerical observations obtained with structure-preserving algorithms 
are overviewed for fluid problems in the vicinity of gravitational singularities. In 
Section 4, the scattering laws for gravitational singularities are presented and we 


distinguish between their universal and model-dependent properties. 


2. Structure of multi-physics and multi-scale waves 
2.1. Multi-scale wave phenomena 


Systems of balance laws. The models of interest are formulated from first prin- 
ciples of continuum physics (that is, conservation laws or more generally balance 
laws) when suitable physics features are taken into account. 


e Several parameters are often relevant in order to fully describe the fine 
dynamics of the fluid flows of interest: viscosity, surface tension, heat con- 
duction, Hall effect, friction, etc. Various competitive effects take place, due 
to the presence of several very different scales in, both, the fluid unknowns 
and the geometry unknowns of the problem. 

e These nonlinear systems of partial differential equations, in the course of 
the time evolution, exhibit a formation of interfaces, shocks, oscillating pat- 
terns, etc. Fluids, gases, plasmas, solid materials, etc. all exhibit fine struc- 
tures that form dynamically. This is the case of liquid-vapor flows, thin 
liquid films, combustion wave problems, bores in shallow water, astrophys- 
ical flows, neutron stars, phase transformations (austenite-martensite), etc. 

e Very often, a fine-scale structure (oscillations, turbulence) arises asymptot- 
ically (for instance in the vicinity of a singularity hypersurface) which is 
challenging to analyze mathematically and to compute numerically. 


Asymptotic analysis. The ideas and techniques developed in the context of fluid 
dynamics are relevant for the modeling of the global dynamics of massive fields 
(Klein-Gordon), complex fluids, as well as models of modified gravity beyond Ein- 
stein gravity. In addition to the shock waves observed in fluid dynamics one must 
also encompass impulsive gravitational waves and cosmological singularities. 

In order to understand the global dynamics of these scale-sensitive nonlinear 
waves, a novel perspective is required which is based on an asymptotic analysis of 
the physical models. 


e We restrict attention to the regime where we can extract variables with well- 
defined limits, even though persistent oscillations in some other variables 
may be observed as the singularity is approached. 
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e We seek junction laws or scattering laws, which in the case of fluid take 
the form of jump laws for (subsonic) liquid-gas boundaries, for combustion 
waves, etc. 

e The interfaces that require additional junction laws are typically under- 
compressive waves and turn out to enjoy (saddle) stability properties. 


2.2. Regime of small viscosity and capillarity 


Non-convex equation of state. One of the simplest partial differential equa- 
tion that exhibits small-scale dependent interfaces is the following model in plane- 
symmetry formulated as a hyperbolic conservation law with non-convex equation 
of state p(p) — p? 
o o 3 : o? 
=ë ; 1 
pP Toe oak” age (1) 


for a fluid density unknown p = p(t,x) (with t > 0 and x € R, say). This equa- 
tion describes certain phase transition phenomena, but also arises as a simplified 
model of magnetohydrodynamics. Here, a small viscosity coefficient € > 0 anda 
surface tension/capillarity coefficient x > 0 are given, the latter representing the 
intermolecular forces between a liquid and its surroundings. 


The Riemann problem consists of an initial value problem associated with a 
single initial discontinuity (also called the dam breaking problem). Interestingly, 
in the limit of arbitrarily small £, « — 0, the equation (1) exhibits complex wave 
patterns, which are more involved than the ones usually observed with (polytropic 
perfect, say) compressible fluids. See the illustration in Figure 1. Many scalar wave 
models exhibit the same features, for instance the so-called thin liquid film model 
and the so-called Benjamin-Bona-Mahony model. Let us for instance give here a 
class of fourth-order models (with €, &, A > 0): 

2 3 4 
n ere) =e ish | 2 Soo. (2) 


Three possible asymptotic regimes. In the limit € — 0 in (1), we should dis- 
tinguish between three behaviors depending upon the capillarity parameter &: 


e k << &) : the viscosity is then dominant, and no oscillations are observed 
while a single limit is reached. The solutions (sometimes referred to as 
classical weak solutions) are characterized by standard Rankine-Hugoniot 
relations and entropy criteria. 

e k — ac? : this is the balanced regime of main interest in the present dis- 
cussion. The numerical solutions converge in a strong sense, despite some 
mild oscillations in the limit. (See again Figure 1.) Interestingly, the limit 
(now sometimes referred to as a nonclassical weak solution) depends upon 
the ratio a = &/&? of the viscosity and capillarity parameters. (See also 
Figure 3 for van der Waals fluids.) 
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Fig. 1. The Riemann problem for a non-convex equation of state. 


e k >> &) : in this regime, the effect of the surface tension is dominant and 
wild oscillations arise as € — 0. There is no well-defined limit, unless weak 
convergence techniques or a suitable turbulence-like theory are introduced. 


Wave structure of van der Waals fluids. Let us provide a further illustration 
with the system of isothermal compressible fluids which is closest to the interest 
of the GR community. We consider a Van der Waals fluid, in a non-relativistic 
setup, whose dynamics is modeled by the following two conservation laws (continuity 
equation, conservation of momentum) : 


o o o o e? 9? 
50 7 d met a, P V) = * 5,2" - Kast (3) 
in which 7 — 1/p represents the specific volume and u denotes the velocity compo- 
nent for plane-symmetric solutions to the Euler equations. The viscosity parameter 
€ and the capillarity parameter « are taken to be small. We assume that the temper- 
ature T' remains constant (in a suitable approximation) and we model liquid-vapor 


phase transitions by the non-convex pressure law (after normalization) 


pr) = D - A. (4) 
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The equations (3)-(4) are nonlinear hyperbolic when T' is sufficiently large, but of 
mixed (hyperbolic-elliptic) type otherwise. The typical Riemann wave structure for 
van der Waal fluids is shown in Figure 2. 
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Fig. 2. Van der Waals fluids: velocity (left-hand) and specific volume (right-hand). 
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Fig. 3. Van der Waals fluids: specific volume for different ratios of the viscosity and capillarity. 


Proposed standpoint: hidden junction conditions. Small-scale dependent, 
shock waves enjoy a structure that is not properly captured by the standard 
Rankine-Hugoniot junction conditions of fluid dynamics, even when a suitable en- 
tropy condition is enforced. Further analytical work is required which shows that 
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the wave structure strongly depends upon varying the ratio surface tension/viscosity 
k = a? (in the balanced regime). (See again Figure 3 for van der Waals fluids.) 
Suitable rules for connecting left- and right-hand state values from both sides of 
the interface is necessary, beyond the standard Rankine-Hugoniot relations. These 
scattering laws take the form, in this context, of kinetic functions for interfaces. 
It is outside the scope of this short Note to explain this notion here, and we refer 
the reader to the textbook!? and the lecture notes!?:!^ and the historical references 
therein. Importantly, based on these scattering maps we need to design structure- 
preserving algorithms, which are typically of front tracking type, or of shock captur- 
ing type with well-controlled dissipation.!? The algorithms are designed in order to 
mimic analytical properties at the discrete level and this requirement may take very 
different flavors: divergence form, spacelike decay, timelike decay shock-capturing, 
energy balance laws, asymptotics on singularities, etc. 


3. Structure-preserving algorithms for fluids near gravitational 
singularities 


3.1. Preserving the asymptotic structure on a Kasner background: 
evolution from the singularity 


Evolution in the vicinity of a gravitational singularity. In a joint work with 
F. Beyer,® I have studied the evolution of a compressible fluid on a Kasner geometry, 
namely on a spatially homogeneous, anisotropic vacuum background described by 
the metric 


g — (K^ — dt? + da? + tE dy? +t+¥d2?), M=(0,t00)xT® (5) 


Here, we set t € (0,00) and z, y, z € (0,27) and we introduce the parameter K € R 
and the Kasner exponents 


K?—1 OC K) 2(1+K) 


qug Rp Se Sees (6) 


Di 
The free parameter K € R is sometimes referred to as the asymptotic velocity. 
Except for the three flat Kasner cases given by K = 1, K = —1, and (formally) 
| K| > oo, the Kasner metrics g have a curvature singularity in the limit t N 0. We 
treat a compressible fluid flow with pressure law 


p-(y-1)  with4e (1,2). (7) 


Fuchsian analysis for the Euler equations of compressible fluids. In? we 
discovered a characteristic fluid exponent defined as 


P= 7 (8y-2- K*(2 — 5) € (0,1), (8) 
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Fig. 4. Evolution of a compressible fluid from a gravitational singularity: Kasner background. 


which compares the geometry and fluid behaviors: 


e T »0:this is a sub-critical regime which is dynamically stable. 
e T < 0: this is a super-critical (or critical) regime which is dynamically 
unstable. 


This (positivity/negativity) condition arises by plugging an expansion in power of t 
for the fluid unknown variables of the Euler equations, and attempting to validate 
this expansion in £ via the Fuchsian method. 

The Fuschian method concerns the evolution problem from the cosmological 
singularity t = 0 (rather than towards it). We formulate a singular initial value 
problem of the form 


B'(U,t,2) .U + B'(U,t, 2) 2U = f(U,t, £) (9) 


with suitable “singular initial data” prescribed at t = 0. Fuchsian-type expansions 
are then derived from an ODE approximation near the cosmological singularity. 
In the present work, we focus on the sufficiently regular, shock-free regime for the 
Euler equations. 


Algorithm preserving the Fuchsian structure. We approximate the singular 
Cauchy problem of Fuchsian type by a sequence of regular Cauchy problems, which 
we next discretize by the pseudo-spectral method of lines, say U(t,z) ~ V(t) = 
(V;(¢)) with 


&V — AV = h(V,t). (10) 


A high-order Runge-Kutta discretization is used in time. Importantly, we introduce 
suitably rescaled variables and next careful study of the numerical error. To this 
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end, we take into account the Fuchsian expansion available near the singularity. 
We observe that there are two sources of approximation error, namely continuum 
and discrete. 

Our proposal in order to get an efficient algorithm is to keep the two error sources 
asymptotically in balance. With this numerical strategy, we can demonstrate the 
nonlinear stability of the flow near the cosmological singularity in the sub-critical 
regime. See Figure 4 for a numerical simulation on a Kasner background for a typical 
evolution from the singularity. The fluid density is shown in contour plot while the 
normalized velocity field is shown in flow lines. 

The density p unbounded as the time t > 0, and we carefully checked the 
numerical error in order to produce quantitative error control. In turn we arrive at 
reliable and accurate algorithm, despite the solutions being highly singular. 


3.2. Preserving the asymptotic structure on an inhomogeneous 
FLRW background 


Evolution of fluid with shock waves. In a joint work?'? with Y. Cao and M. 
Ghazizadeh, I have considered the evolution of a compressible fluid toward a cosmo- 
logical singularity. T'herein, we consider the Cauchy problem i isothermal, relativistic 
compressible flow with linear pressure law p(p) = k?p. The background geometry 
is taken to be a contracting (or expanding) inhomogeneous background with torus 
topology T?, corresponding to a FLRW-type cosmological background with small 
inhomogeneities. For isothermal fluids, the Euler equations take the form of a sys- 
tem of two nonlinear hyperbolic balance laws, which we treat in one and in two 
space dimensions under symmetry assumptions. Let us focus here on the future- 
contracting direction (t < 0 with t — 0) and we observe that the mass energy 
density p — +oo. The expanding direction is also treated in.®° The challenge is to 
design a scheme that preserves the structure of the solutions as the singularity is 
approached and the unknown variables become singular. 

We analyze the asymptotic behavior of the fluid variables toward the cosmolog- 
ical singularity, by rewriting first the equations as a nonlinear hyperbolic systems 
on a curved geometry, say 


'Two competitive effects take place in this problem which concern the contracting 
geometry and the shock propagation. The nonlinear wave interactions give rise to a 
small-scale structure, which in the present setup is simply driven by the background 
geometry. Yet, we can keep in mind the analogy with phase transition dynamics 
which involves multiple scales as explained in Section 2. Extensive numerical exper- 
iments were performed in one and in two space dimensions are performed in order 
to investigate the fine behavior of the solutions in the vicinity of the singularity. 
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Fig. 5. Evolution of a compressible fluid toward a gravitational singularity. Left-hand: velocity 
scalar. Right-hand: rescaled mass energy density. 


Structure-preserving methodology. We formulate a shock-capturing scheme 
in divergence form, based on the finite volume methodology. The shock-capturing 
property ensures that the shock waves will propagate with the correct speed given by 
the Rankine-Hugoniot condition. We require high accuracy and use a discretization 
which is 4th-order in time and 2nd-order in space, hence ensure that the numerical 
solution is oscillation-free. In order to guarantee the well-balanced property we 
proceed as follows: 


e We introduce suitably rescaled unknowns which are directly motivated by 
a Fuchsian analysis of the problem. 
e The discrete form of the balance laws is designed in order to enforce the 
correct asymptotic state equations at the discrete level. 
e In turn , we enforce the commutation property 
lim lim U — lim linU (12) 


t0 Arz—0 Az—0t—0 


relating the limits of the numerical solution UA, (t, x) 


'The typical behavior that we observed toward the cosmological singularity are sharp 
transitions with spikes, and these spikes turn out to be well capured by our numer- 
ical method in the asymptotic limit t — 0. See the plots of the rescaled velocity 
component u and rescaled density p. See Figure 5 for the evolution of a compressible 
fluid toward a gravitational singularity. 


4. On the scattering laws of bouncing universes 
4.1. Seeking a formulation of bouncing laws 


Bouncing cosmologies. In a joint work in collaboration with B. Le Floch (Paris) 
and G. Veneziano (Geneva) I considered gravitational singularities in the context of 
the Einstein equations coupled to a self-gravitating scalar field. More generally, our 
ideas apply to a stiff fluid or a compressible fluid. We are interested in analyzing 
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bouncing cosmologies involving a contracting phase and an expanding phase of 
evolution, connected across a singularity hypersurface. Our analysis takes place in 
the vicinity of such a singularity hypersurface, and we focus on the jump relations 
that should hold at that interface. Recall that in presence of strong fields or away 
from the near-Minkowski regime of evolution, Penrose and Hawking's singularity 
theorems (or incompleteness theorems) suggest that gravitational singularities (or 
other incompleteness phenomena) are expected to occur, although very little is 
known on the actual asymptotic behavior beyond the classical BKL conjecture. 


Physics literature on bouncing. We build upon a large literature on bouncing 
cosmologies by Penrose, Tod, Lübbe, Turok, Barrow, and many others. We em- 
phasize that existing proposals are based on the analysis of symmetric spacetimes 
and/or the formulation of special junctions. In order to define the bouncing, a large 
number of proposals are found in the literature, including the pre-Big Bang scenario 
(Gasperini, Veneziano, etc.), a variety of models of modified gravity-matter (Bran- 
denberger, Chamseddine, Cotsakis, Mukhanov, Peter, Steinhardt, Turok, etc.), and 
the theory of loop quantum cosmology (Asthekar, de Cesare, Gupt, Pawlowski, 
Singh, Wilson-Ewing, etc.). 


Proposed standpoint. Our aim is to propose a formulation of the problem of 
junction at singularities and to perform a systematic investigation of such junction 
conditions. This is motivated by the ideas discussed in Section 2. We expect to derive 
classes of physically meaningful junction conditions which depend upon certain 
(limited) degrees of freedom and constraints at the singularity. Interestingly, based 
on the scattering maps we propose we can also define and construct classes of cyclic 
spacetimes. Here, we only outline a selection of our results and refer the reader 
to!® 2° for the complete definitions and further material. 

We study the class of (past, future) singularity data denoted by (g^, K^, 65,91) 
and defined after a suitable rescaling (see below). We then introduce a singularity 
scattering map (g^, K 3,1) ^ (g^, K*, ¢¢,¢7) in order to cross the singu- 
larity hypersurface. Our main contribution is a full classification of the possible 
bouncing conditions. We are able to distinguish between universal scattering laws 
and model-dependent scattering maps. 

We thus provide a flexible framework and a classification which uncovers all 
possible classes of junctions that are geometrically and physically meaningful. We 


also exhibit several sub-classes of particular interest, namely the conformal/non- 
conformal maps, the spacelike/null/timelike maps, and we encompass different mod- 
els of matter (scalar field, stiff fluid, compressible fluid). In the course of establishing 
our classification, we also discover three universal laws that put constrains on the 
macroscopic aspects of spacetime bounces, regardless of their origin from different 
microscopic corrections. Our classification provides one with a guide in order to 
uncover relevant structures, described by scattering maps associated with specific 
theories. 
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4.2. Proposed formulation of the bouncing problem 


The field equations. We consider a local ADM formulation near a singularity 
hypersurface, based on a Gaussian foliation (local patch) M? = Uretim] Hr by 
spacelike hypersurfaces (diffeomorphic to Ho). We write 


A E 
$9 = (g9) == dr? esr) — sr) = gig r) dade’, (13) 
and we impose Einstein’s evolution equations for the unknown metric g and the 
unknown extrinsic curvature K 
0,gij = —2 Kij 0, Ki = Tr(K)K; + Ri — 8 Mj. (14) 
Here, M. i -j pg; + Ti — {Tr(T)gi is the matter contribution. These equations are 
supplemented with Einstein’s constraint equations 
R+|K|? — Tr(K?)=16rp V;Kj — V;(IrK) = 81J;, (15) 
which are nonlinear elliptic equations. Finally, we assume that the energy- 


momentum tensor is given by a massless scalar field ọ whose evolution is given 
by the wave equation 


vues (16) 


Near a singularity hypersurface, it is standard to rely on the Fuchsian method 
(Baouendi, Goulaouic, Rendall, Isenberg, Moncrief, etc.): 


— We solve locally from 7 = 0 toward the past (r < 0) or the future (7 > 0). 

— We apply the so-called “velocity dominated” Ansatz, which tells us that 
in the gauge under consideration all spatial derivatives (except for the mo- 
mentum equations) can be neglected. 

— In turn, we must solve a system of nonlinear coupled differential equations 
in the time variable with nonlinear source-terms (containing spatial deriva- 
tives) and by a suitable iteration scheme we generate solutions to the full 
Einstein equations. 


Singularity data and asymptotic profiles. A 3-manifold H is fixed throughout 
and represents the singularity hypersurface. 


1. An asymptotic profile associated with data (g7, K~,¢5,¢,) € I(H) is 


the flow on H 
7T € (-09,0) 5 (g*, K*,o*)(7), g(r) = |rPÉ g^, 
. zie: " E |. . (7) 
K'(r)-—K', $* (r) = ġo log|r| - 61; 


T 


in which |r|?“ is defined by exponentiation. 

2. A singularity initial data set (g , K ,¢ 9,4) ), consists of two tensor 
fields (rescaled metric and extrinsic curvature) and two scalar fields defined 
on H. 
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3. The asymptotic version of the Einstein constraints reads as follows: 


Riemannian metric g = (gg) on H. 

CMC symmetric (1,1)-tensor K- = (K;?) with Tr(K-) = 1 on H. 
Hamiltonian constraint 1 — |K}? = 8r (dg )? on H. 
momentum constraints Div,-(K )-—87ó5d$ó, on H. 


(18) 


We denote by I(71) the set of space of all singularity data. 


Junction conditions. The notion of a scattering map arises naturally from earlier 
considerations about fluid interfaces. We think of a singularity hypersurface as a 
fluid-like interface between two “phases”, across which the geometry and the matter 
field encounter a “jump”. Small-scale physics phenomena are not directly modeled 
at this stage. We are only interested in the “average” effect rather than the detailed 
physics that may take place “within” this interface. This is a standard strategy 
in fluid dynamics and material science in presence of phase transition phenomena, 
especially when some (micro-scale) parameters (viscosity, surface tension, heat con- 
duction, etc.,) can be neglected in the modeling. Macro-scale effects are captured 
by jump conditions such as Rankine-Hugoniot, kinetic relations, Dal Maso-LeFloch- 
Murat's paths, etc. For instance, kinetic relations in material science (martensite- 
austenite) and in two-phase liquid-vapor flows have been extensively studied. In 
this context, hypersurfaces are timelike; in the present discussion of gravitational 
singularities we focus our attention on spacelike hypersurfaces and refer the reader 
tol? for the treatment of timelike singularity hypersurfaces. 


Bounce based on a singularity scattering map. A (past-to-future) singular- 
ity scattering map on H is defined as a diffeomorphism-covariant map on I(71) 


S: I(H) > (9°, K~, 40,47) > (97, K*, 05.01) € I(H) (19) 
satisfying the ultra-locality property: for all x € H 
S(g .K 69,6; )(x) depends only on (g , K~, $9 , $y )(2) (20) 


Thanks to the locality condition, it is natural to identify singularity scattering 
maps S on all 3-manifolds and suppress the dependence on H. 

The map S is said to be a tame-preserving map if it preserves positivity, in 
the sense that 


if K~ » 0 then K* » 0, where K* is defined from the image of S. (21) 
It is said to be a rigidly-conformal map if 


g^ and g` only differ by a conformal factor. (22) 
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Observations. We emphasize that the asymptotic profiles with K^, K+ > 0 de- 
scribe a *bounce" at which 


— volume element decreases to zero as T > 07, and 
— then increases back to finite values for 7 > 0. 


For further notions and constructions of cyclic spacetimes containing many singu- 
larity hypersurfaces, we refer to!? and, in this short Note, we focus on the issue of 
defining a proper junction at the bouncing. 

The regime of quiescent singularities K > 0 is motivated by the absence of BKL 
oscillations in this case (named after Belinsky, Khalatnikov, and Lifshitz). This 
quiescent regime exhibits a monotone behavior which has received a lot of attention 
by mathematicians in recent years (Rendall, Andersson, Lott, Fournodavlos, Luk, 
Rodnianksi, Speck, etc.). 


4.3. Classification of bouncing laws 


Rigidly conformal maps. We discover that only two classes of ultra-local space- 
like and rigidly conformal, singularity scattering maps exist for self-gravitating 
scalar fields, namely: 


iso, conf, 


e The maps describing isotropic rigidly conformal bounces S, i 


g'-Xg, Kt=6/3,  dj-l/VUm, é-e, (23) 


parametrized by a conformal factor A = A(¢5,¢,;,detK~) > 0 and a 
constant g. 


e The maps describing non-isotropic rigidly conformal bounces 
geni conf, 


fic 
gi = PKg, K* —u ?(K- — 6/3) + 8/3, 
| 3 ; " u (24) 
bo =u "6o /F (6), 1 — F(ài) 
parametrized by a constant c > 0 and a function f: R — [0, +00): 
2 1/6 P —1/2 
Moo.) = (1+ 127 (69)*(60)) ^^, Fler) = [^ Qi Fl) do. (25) 


General classification. Only two classes of ultra-local spacelike singularity scat- 
tering maps exist for self-gravitating scalar fields, which we denote by S^, 
bounce) and Sg", (non-isotropic bounce). Now, À is a two-tensor, ® a “canonical 


transformation", c a constant. For the detailed expressions we refer the reader to.!? 


(isotropic 


Three universal laws of quiescent bouncing cosmology. Interestingly our 
conclusions can be restated in terms of universal laws obeyed by any ultra-local 
bounce, as follows. 
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e First law. Scaling of Kasner exponents: 


There exists a (dissipation) constant y € R such that 


. 26 
lgt "2? K* = —|g- |"? K- vn 


for the spatial metric g in synchronous gauge with volume factor |g|!/?, 


where K denotes the traceless part of the extrinsic curvature (as a (1,1) 
tensor). 

e Second law. Canonical transformation of matter: by denoting the 
conjugate matter momentum by mg ~ $o, 


there exists a nonlinear map 9: (19,0) — (Te, $)" 
preserving the volume form in the phase space dz; ^ do (27) 
and depending solely on the scalar invariant det(K..). 


e Third law. Directional metric scaling: 


des exp(co +o,K + c3 K?)g", 


28 
which is a nonlinear scaling in each proper direction of K. (3) 


We have either y = 0 in the isotropic scattering and no restriction 09, 01,02, 
or else y Æ 0 for non-isotropic scattering and explicit formulas are available 
in terms of o, y. 


4.4. Ongoing work 


Our next task will be the derivation of scattering maps associated with specific 
theories taking small-scale physical modeling into account. Mathematical investi- 
gations as well as numerical investigations are required. We emphasize that our 
methodology is based on a class of general spacetimes without symmetry restric- 
tions. Earlier approaches relied on classes of symmetric spacetimes or on special 
junction proposals, and therefore could not single out the three universal laws we 
have derived. The recent developments overviewed in the present Note suggest to 
perform numerical simulations of cyclic spacetimes with a bounce using some of the 
techniques discussed in Sections 2 and 3. We refer the reader to!® ?9 and to.” 
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We present recent results on the asymptotics of a brane-world that consists of a flat 3- 
brane embedded in a five-dimensional bulk. The bulk matter is modelled by a fluid that 
satisfies a nonlinear equation of state of the form p = yp, where p is the ‘pressure’ and p 
is the ‘density’ of the fluid. We show that for appropriate ranges of the parameters y and 
A, it is possible to construct a regular solution, compatible with energy conditions, that 
successfully localizes gravity on the brane. These results improve significantly previous 
findings of the study of a bulk fluid with a linear equation of state. 


Keywords: Brane-worlds, singularities 


1. Introduction 


In this paper, we review very recent work, presented in,! on the asymptotic behaviors 
of a class of brane-worlds. The models consist of a flat 3-brane embedded in a 
five-dimensional bulk filled with a fluid that satisfies a nonlinear equation of state 
p = yp*, where p is the ‘pressure’ and p is the ‘density’ of the fluid and y, A are 
constants. 

Such an equation of state, has been studied in cosmology for its contribution 
in avoiding big-rip singularities during late time asymptotics,? ^ in obtaining infla- 
tionary models with special properties,? in unifying models of dark energy and dark 
matter, as well as in studies of singularities.5 19 

Our goal in studying these brane-world models, is to find a solution that is 
regular and meets physical requirements set by energy conditions and localization 


of gravity on the brane. In our previous work in,!* 196 which extended work done 
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in brane-worlds with scalar fields,!7 1? we studied a 3-brane (flat or curved) and a 


fluid with a linear equation of state p = yp. We found that such a solution becomes 
possible only for the special value of y = —1 and only for a flat brane. These results 
gave us the motivation to explore whether the generalization of the linear equation 
of state to a nonlinear one, could have a decisive impact in finding a solution with all 
required properties and valid for a wide range of y and A. This exploration turned 
out to be very fruitful, and we were able to find in! such solutions for a flat brane 
and a fluid with y < 0 and A > 1. 

As the analysis of the nonlinear equation of state is quite complicated, for the 
most part of this paper, we will focus on the study of a specific value of A = 3/2, 
which is simpler for illustration and offers important insight on the behavior of 
solutions for general A > 1. 

The structure of this paper is the following: In Section 2, we set up our model 
and derive the field equations. In Section 3, we formulate the null energy condition 
which we embody in our solutions later in Section 4. In Section 5, we derive a 
matching solution for the specific value of A = 3/2 and based on this solution, we 
calculate, in Section 6, the four-dimensional Planck mass. Finally, in Section 7, we 
discuss briefly the asymptotic behaviors of solutions for general A. 


2. Setup of brane-world 


To set up our model, we start by considering a flat 3-brane embedded in a five- 
dimensional bulk with a metric of the form, 


gs — a^(Y)g, + dY?, (1) 

where a(Y) is the warp factor and g4 is the four-dimensional flat metric, i.e., 
ga = —dt? + dx? + dz? + da?. (2) 
The timelike coordinate is denoted by t and the spacelike ones by (#1, 22,23, Y ). 
In our notation, Capital Latin indices are taken as A, B,--- = 1,2,3,4,5 while 
lowercase Greek indices range as a, (,--- = 1,2,3,4. The 5-dimensional Riemann 

tensor is defined by the formula, 

R*gcp = Ocl“gp — Ol “gc +I BDV mo — Vac i (3) 


the Ricci tensor is the contraction, 
Rap= Roscoe: (4) 
and the five-dimensional Einstein equations on the bulk space are given by, 
1 
Gap = Rap — 3gApR = Ke Tap: (5) 


Next, we set up the bulk matter component by considering a bulk fluid with an 
energy-momentum tensor of the form, 


Tap = (p+ p)uaup — pgaB, (6) 
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where p is the ‘pressure’ and p is the ‘density’ which we take as functions only of 
the extra dimension Y. In (6), the velocity vector field is u4 = (0,0,0,0,1), that is 
ua = 0/0Y , parallel to the Y-dimension. We assume that the pressure and density 
are interconnected by the following nonlinear equation of state 


pp, (7) 


with y and A constants. 
The Einstein equations can be written as 


a? Ke 

go = 6” (8) 
a" KB A 

7 g CIP + p), (9) 


with the prime (') denoting differentiation with respect to Y. The equation of 
energy-momentum conservation, on the other hand, 


VAT^P = 0, 


becomes 


1 


a 
Pt 4p? + p)— = 0. (10) 


At this point, it is useful to clarify the terminology that we use in what fol- 
lows. We use the term finite-distance singularities to refer to the following singular 
behaviors of a, occurring within a finite distance Y,: 


e a —5 0*, as Y — Y, (collapse singularity), 
e a — oo, as Y > Y, (big-rip singularity). 


With Y;, we denote a finite value of Y designating the position of the singularity. 
'The above behaviors may be accompanied, in general, by a divergence in the density, 
or, even in the pressure of the fluid. Note that, these singularities are not related 
to geodesic incompleteness as in standard cosmology, but rather on a pathological 
behavior of the warp factor. In the absence of finite-distance singularities, we call 
the solutions regular and include in this category the behaviors of the warp factor 
given above, provided that these occur only at infinite distance, i.e Y — coo. 

We are interested to see, if it is possible to find solutions of Eqs. (8)-(10) that 
rectify previous findings of solutions of brane-worlds with linear bulk fluids studied 
in.1+-'6 As mentioned in the introduction, excepting the case of a flat brane and a 
fluid with y = —1, the main problem that we faced in the study of a linear bulk fluid, 
is that regular solutions that exist in the case of curved branes, or even singular ones 
out of which we can construct a regular matching solution for both flat and curved 
branes, lead to a challenging compromise: they either satisfy energy conditions, or, 
localize gravity on the brane. Therefore, a solution arising from the consideration 
of this different and more complicated type of fluid would be preferable and worth 
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examining in detail, if it has each one of the following characteristics: 


e it is regular (no finite-distance singularities) 

e it satisfies physical conditions, such as energy conditions 

e it leads to a finite four-dimensional Planck mass, thus, it localizes gravity 
on the brane. 


We can simplify the situation of finding such a solution, by incorporating, for 
example, the energy conditions a priori. As we show in the next Sections this is 
indeed possible. The regular nature as well as the requirement of a finite four- 
dimensional Planck mass can be checked as a subsequent step, since to accomplish 
that, we first need to find the exact form of the warp factor and density. 


3. The null energy condition 


We are going to derive the null energy condition for our type of nonlinear bulk fluid 
described by (6) and (7) and transform it to a condition imposed on the density p 
and parameters y and A of the equation of state. 

To achieve this, we follow the technique analysed in.!^!6 We start by recalling 
that the metric (1) and the bulk fluid (6) and (7) depend only on the extra dimension 
Y and they are therefore static with respect to the time coordinate t. Such fluid 
can be viewed as an anisotropic one with energy-momentum tensor 


Tap = (p? + pu uS — p 9.50405 — py 9550405, (11) 


where u*, = (a(Y),0,0,0,0), A, B = 1,2,3,4,5 and a, 8 = 1,2,3,4. As a next step, 
we compare (6) with (11) and find that the following relations should hold 


Py — —p (12) 
p = —p (13 
pP =p. (14) 
We note that once we combine the last two relations we get 
pP =—p°, (15) 


which means that this type of matter satisfies a cosmological constant-like equation 
of state. Substituting (12)-(15) in (11), we find that 


TAB = — 7908545, + 09559405. (16) 


Here, we focus only on the null energy condition according to which, every 
future-directed null vector k^ should satisfy?° 


TApgk^kP > 0. (17) 
This means that we should have 


pt+p=0, (18) 
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from which we find 
yp? ^ p 2 0, (19) 
after inputting the equation of state p = p^. Now, Eq. (19) can be written as 
Pl +>) >O (20) 


and since p > 0 from Eq. (8), we arrive at the the final form of the null energy 
condition, which reads 


y t pl^^ 2 0. (21) 


In the next Section, we are going to incorporate this condition in the process of 
deriving our solutions. 


4. Regular solution 


We start solving the system of Eqs. (8)-(10), by first integrating the continuity 
equation (10) to find the relation between the warp factor and the density. In the 
integration process we arrive at a logarithmic term of the form In |» + p!-?^|. To 
incorporate from the beginning the null energy condition (21), we choose to ignore 
the absolute value and simply put this term equal to In(y + p'~). The resulting 
relation between p and a is 


b dean 
p= (y eat979) ; (22) 
where 
1—A 
"E 
= a= (23) 
ao 


with po = p(Yo),ao = a(Yo) being the initial conditions. According to (21) this 
translates to cı > 0. 

It is crucial to note that there is a singularity in the density (p > oo) for A» 1 
and 


a40-0 = L, (24) 
However, it is possible to avoid this singularity, by restricting the range of the 


parameter y, only to negative values, which we do in the analysis that follows. 
Substituting Eq. (22) in Eq. (8) and integrating, we obtain, 


E ue 
f (cy — yat) )1/20-A)) da = A6 dY. (25) 


The complicated integral on the LHS of Eq. (25), can be greatly simplified for 
those values of A that make 1/(2(1 — A)) a negative integer. This is possible when 
à = (n+ 1)/n, with n = 2k and k a positive integer. 
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Clearly, the simplest case is for n = 2 which corresponds to A = 3/2. Then 
1/(2(1 — A)) = —1 and we can directly integrate Eq. (25) to get the solution in the 
following implicit form 


XY-re- 


VO (aue yna), (26) 


where c2 is an integration constant. It is straightforward to see that this solution is 
regular: all possible singular behaviors of a, namely a — 0 and a — oo happen only 
for infinite values of Y with p and p either vanishing there, or, approaching finite 
nonzero values. In particular, we have 


a>o, p—0, p—0, as Y — coo (27) 


a—0*, p—1/y, p—-1/q, as Y — coo. (28) 


Summarizing, the solution for A = 3/2 has already two out of the three good 
qualities mentioned in the previous Section: it is regular and at the same time 
satisfies the null energy condition. In the following section, we construct an appro- 
priate matching solution out of this solution, which leads to a finite four-dimensional 
Planck mass, thus fitting perfectly the profile of a plausible solution. 

As for the asymptotics for general values of A, it is interesting to note here that 
even though the case of À = 3/2 is the simplest possible one for the nonlinear fluid, 
further analysis performed in,' shows that this case is significant in the sense that 
it can act as a guide for the whole range of values of A > 1. This follows from the 
fact that all of its good physical properties are, in a way, inherited to all cases with 
A> 1. 


5. Matching solution for A = 3/2 


For A = 3/2, a matching solution that leads to a finite four-dimensional Planck 
mass, can be constructed in the following way: First, we write down the two different 
branches of solution of Eq. (26), 


+ 
Yt = h, (a) = S (ze — yha) + Of (29) 
K5 2 
Y= - ic) = Y (—La? tama) +03, (30) 
K5 


using the notation Y= to describe the solutions for the (+) choice of sign in Eq. (26). 
Similarly, the notation cy, Cy describes the values of cı and Fc, respectively, on 
the (+) branch of Y. 

Second, in order to gain a complete idea of the behavior of h(a), we study the 
shape of the curve of h4 (a) by calculating the first and second derivative of h(a). 
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These read 
V6 f cta? -y 
/ EN 1 
A! (a) = aa (s ) (31) 
V6 ct 24 
n NM T 2 
Mi) = os (« - i) | (32) 


For our choice of integration constants and parameters, cf > 0 and y < 0, Eq. (31) 
shows that h is strictly increasing for all values of a. Also, Eq. (32) shows that the 


graph of h, changes from concave downward on (0, 4/ —/c]) to concave upward 


on (4/ —7/ct , oo), making the point (4/ —7/cf , —V/6/&5(5/24-y1n 4/ —»/cf ) - C7), 


an inflection point of the graph of h,. 
On the other hand, the first two derivatives of h. (a) are exactly the opposites 
of the ones of hy given in Eq. (31) and Eq. (32). This means that h_ is strictly 


decreasing and the graph of h- changes from concave upward on (0, 4/ —/c; ) to 


concave downward on (4/ —/c; ,oo), with (4/ —y/c, , V6/ks(y/24-y In 4/ —y/c ) + 


Cy ) being an inflection point of the graph of h_. 

We can match the two branches at their common inflection point by making an 
appropriate choice of the constants cy and CZ. This is a third step in the matching 
process. Naturally, we assume that the warp factor is continuous 


= = = or, B = € = C1 (33) 
\ Cy \ Ci 


and that, of course, the inflection point has the same Y coordinate through the two 


branches, which leads to 
r ( =) =n_( =) (34) 
C1 C1 


and yields the following relation between C$ and Cy, 
V6 (^ —Yy V6 (^ =y 
Fyl ROTE yl FCy 
K5 (3 Lion Cy ) ea K5 (3 SE Cy ) C i (35) 


M 


K5 


or, 


C} = (rem —1) +65, (36) 


Ci 


There is an axis of symmetry at Y = Y,, with Y, given by 


Y; = h«(V/—y/e) = Clty a) =F gern E)r 
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Since the embedding of the brane introduces a Y — —Y symmetry in the bulk, it 
is natural to position the brane at Y = Y,. Without loss of generality and in order 
to simplify our expressions, we can place the brane at Y = 0, that is we take Y, = 0 
in (37). This will set the values of Cy to 


6 = 
op = 2 (2 +7In z) c (38) 


The matching solution described by Eq. (29) and (30) that satisfies the above bound- 
ary condition can be written as 


|Y| _ V6 ( C1 2 yna Y yln =) , 0<a< i, (39) 
K5 2 2 Va C1 


It is essential that the density is well defined and continuous at the position of the 
brane Y = 0. Here, we find 


j (V) =0(0)= i (40) 


where p(0) denotes p(Y = 0) and it is an abbreviation of p(h1 (,/—y/c1)). 


The graph of h, is depicted in Fig. 1 with a thick solid and dashed line, while 
the graph of h_, in the same Figure, is depicted with a thin solid and dashed line. 
'The matching solution is build up only from the solid parts of both graphs, as this is 
the only choice that leads to a solution with a finite four-dimensional Planck mass. 
In Fig. 2, we have rotated the axes of Fig. 1, for a more convenient view of the 
evolution of the warp factor as a function of Y. 


Fig. 1. Matching graphs of hi(a) for \ = 3/2. 
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(hy (y -¥/¢1), y -Y/e1) 


Fig. 2. Graph of a(Y) for the matching solution for À = 3/2. 


Finally, we take into account the jump of the derivative of the warp factor across 
the brane and find, for our type of geometry, the following junction condition 


al (0) — a (07) = 2a!(0*) = ~n ODD. (41) 


where f(p(0)) is the tension of the brane. Using Eq. (39) in the above equation we 
can deduce the form of the brane tension, this reads 


V6 _ V6p(0) (42) 


2KsYy iB 


f(p(0)) = 


where the last equality is derived by using Eq. (40). 

This completes the construction of a viable matching solution for A = 3/2. In 
the next Section, we are going to show that this solution also leads to a finite 
four-dimensional Planck mass. 


6. Localization of gravity for A = 3/2 


To calculate the value of the four-dimensional Planck mass, M? = 8r /&, we use the 
following integral (seet 14:16:21), 


Lo / T a?(Y)dY. (43) 


We can deduce the behaviour of a? as Y + —oo from Eq. (39). We find 


a2 ~ e-(V6ss/(3y)Y. (44) 
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where the symbol ~ is used to signify ‘behaves according to’, and using the sym- 
metry of Eq. (39), we can write the above integral in the following form 


Yo 0 0 
J a2dY = 2 | ady ~ 2 | en (ss / GDY gy = — VG (1 — ens Y. 
K5 


uy E E 
(45) 
Taking Y. — oo and keeping in mind that y < 0, it follows that the four-dimensional 
Planck mass remains finite and is proportional to 


evel. 

K5 
In conclusion, we have seen a specific example of the nonlinear equation of 
state p = yp3/?, for which it is possible to construct a regular matching solution 


compatible with the null condition and which also localizes gravity on the brane. In 
the discussion below, we outline what happens for extended ranges of values of A. 


7. Discussion 


We briefly review in this Section, the behavior of solutions for general A, a detailed 
analysis can be found in.! 

The key factor that determines whether a solution of Eqs. (8)-(10), is regular, or, 
singular, is the ordering of A with respect to the value one: for A < 1, we encounter 
singular solutions, whereas, for A > 1 the solutions are regular. 

Before presenting the solutions for general A, we emphasize that for A 4 1+ 
1/(2k), where k is a positive integer, the integral on the LHS of Eq. (25) cannot 
in general be calculated directly. However, we can still deduce the behaviors of 
solutions by expressing them in terms of the Gaussian hypergeometric function 
2F\ (a, b, c; z). 

In particular, for A < 1, the solution is given implicitly in terms of a hypergeo- 
metric function and reads 


6 3 1 1 1 


K5 1—2)'2(1— A)’ 21-A) 1 
(46) 
As shown in,! this solution has a finite-distance singularity at Y > +co, with 
a>+>0T, pow, poo, if A«0 (47) 
a4—0*, pow, pow, if 0<A<1. (48) 


The behaviors of p and p above, have been deduced from Eq. (7) and Eq. (22). 
For A > 1, on the other hand, we have the following types of solution. First, 

we have the general form of solution for A = 1 + 1/(2k), with k a positive integer, 

which is 

v6 = k! a^ 2-2 

+Y = noxio d 49 
es 2, al 37E" go EL uu) 


dis s=0 
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Second, for A > 3/2 we have the following solution 


3—2A)/(2(4—1 
dei zs v6 fa? 4(1—d)\1/(2(A-1)) dor EN 2(3—22) 
TRUM ae 28-23) | 


329. “BED B=) Y aa- 
F 1; +47% 50 
ae sicuri P EDON 2^ (50) 


Finally, the case of 1 < A < 3/2 is more complicated: we have forms of solutions 
valid for 1+1/(2k) < A < 1+1/2(k— 1), with k a positive integer such that k > 2, 
and given by 


n/2—1 
v6 (-7)* i 1/20.—1))-s 
4 i Q=1) _ 
muet > 21 — 2s(À — D) (ia 1) 


ES (yy (e reo qd 73) y 
2((n +1) — nA) 
(n4-1)—mnÀ (n+1)—nd (nc 1)—nA Y A(1—2) 
F; H1; : 
oe ( 208-30 2 By” 90-53) a 
(51) 


All solutions for A > 1 are free from finite-distance singularities, and their asymp- 
totic behaviors are 


a—oo, p—0, p—0, as Y — too (52) 
[^a Or, p (74) /879, p -(-4)/ 073. as Y — coo. (53) 


'The procedure for deriving a matching solution with a finite four-dimensional Planck 
mass, presented in the previous Sections, can still be performed for all solutions with 
à > 1 and can be found in.! 

Summarizing, the effect of the nonlinear equation of state is catalytic in the 
process of creating a regular solution with essential physical properties and valid 
for a wide range of parameters. It is left to be seen from a physics point of view, 
what are the possible field realizations that could lead to such an equation of state. 
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We review recent work on the possibility of primordial synchronization of different Mix- 
master regions in generic inhomogeneous spacetime. It is shown that inhomogeneous 
domains undergoing chaotic oscillations may synchronize themselves exponentially fast 
and proceed in perfect symphony asymptotically in the past direction. Implications of 
this result for the structure and evolution of an early phase of the universe are briefly 
discussed. 


Keywords: Nature of the cosmological singularity; structure of primordial states; chaotic 
synchronization 


1. Introduction 


Recently, we introduced a dynamical mechanism via chaotic synchronization of dif- 
ferent spatial point of Mixmaster type as a new factor governing the global structure 
and evolution of primordial cosmology.! We have shown that a pair of spatial Mix- 
master points in generic inhomogeneous spacetime coupled to each other and one of 
them (‘the transmitter’) communicating to the other (‘the receiver’) only part of the 
information necessary to determine its state, evolves in such a way that the receiver 
becomes able to completely reconstruct the remaining information and synchronize 
its chaotic evolution with that of the transmitter point. 

This mechanism radically changes the structure of the early universe and pro- 
vides a novel setting for the consideration of a number of fundamental issues in 
cosmology, such as the homogeneity (‘horizon’) problem, and the unexplained be- 
haviour of the entropy in the early universe. In this contribution, we shall briefly 
recall the main features of the proposed cosmological sync mechanism.! 


2. Evolution of inhomogeneous Mixmaster points 


Our results concern the so-called Go cosmologies that admit no isometries and may 
be described in vacuum by the dimensionless state vector field X along the orbit of 
a fixed spatial point A. This is given by,” 


Xa(rT) = (D4, 5_-,M1,No,N3), De ——, NM = 
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where H denotes the Hubble scalar function equal to 1/30 and is taken with respect 
to the fundamental 4-velocity timelike vector field u^, a — 0,1,2,3. The expansion 
scalar is defined by O = V u^. Derivatives are taken with respect to the dimension- 
less r-time related to the proper (clock) time by dt/dr = 1/H, the variables X+ 
describe the anisotropy in the Hubble flow, while the N,’s are related to the spatial 
curvature and the Bianchi type of the isometry group associated with the evolution 
of the spatial point. 

We assume that different spatial points evolve in the past direction as separate 
homogeneous Mixmaster universes coupled to each other in inhomogeneous space- 
time. For any pair of spatial points A, B, we have a pair of dynamical equations, 
namely, for the point A we have equations for the (N, £) variables, and for the point 


B similar equations for the different (M,II) variables as follows? ?: 
System A: 
Ni = (q - 454), (2) 
N} = (q + 23, + 2V3X..) Na, (3) 
N} = (q+ 2X, —2V3E_)N3, (4) 
ui --(2-3)»X,-38,, (5) 
DL oz-(2-4)5.-38., (6) 
with the constraint, 
Y +A? : (NÈ + N2 + N3 — 2(NiN2 + NoN3 + N3Ni)) — 1, (7) 
where, 
q =2(=4 +52), (8) 
S, = ; ((N2 — N3)? — NY (2N; — No — N3)), (9) 
S_= (Ns — Ng)(Ni — No — N3), (10) 


and a prime denoting differentiation with respect to the 7-time. 

System B: We have the unknowns y = (M,II), the variables M = (Mi, M», M3) 
satisfy similar equations to the Eqns. (2)-(4), and the shear variables II = (IL, IL.) 
satisfy the system, 


II, = —(2— pI} - 3. (11) 
I = -(2— pJII. — 3Q_, (12) 


with p = 2(II2. + I? ), the Q's are like the variables S's in the Eqns. (9), (10) but 
with the M's in the corresponding places of N's. The constraint is identical to (7) 
but with the (M,II)'s in the places of the (N, X)’s. 


2659 


3. The problem of cosmological sync 


We shall be interested in the possibility that the spatial points A, B, with A in the 
causal past of B, can influence each other by sending signals from A to B and sync 
with each other in the past direction, while chaotically oscillating in inhomogeneous 
Mixmaster spacetime. 

We imagine that the A-system in the form x’ = f(x) for the variables x = (N, X), 
breaks into two ‘subsystems’, with the N variables satisfying the first three equations 
(‘sys-1’) and the 27s the last two (‘sys-2’), namely, 


N'2g(N,) X —h(N,X), (13) 


where N = (Ni, N2, No), © = (3,,X.). We then set the B-system (receiver) 
variables M simply equal to the corresponding A-transmitter variables N (that is 
to those in sys-1). Then the B-system equations break into the pair consisting of 
the sys-1 equations, and those identical to sys-2 but for the II variables, the ‘sys-3’ 
system: 


ÁM-N. i=1,2,3 (14) 
II, = -(2 — p)lI, — 35}, (15) 
I = -(2— p) - 3S... (16) 
Following,9:7 we introduce the synchronization (error) function Q = (Q4,Q9_), 


which in the present case we take it to be: Q = X — II, that is, 
0, —X,-IL., Q —X -IL. (17) 


Then we say that there is complete synchronization of the two Mixmaster oscillating 
spatial points (that is of systems A and B) provided we can show that, 


Q— (0,0), as Tr —ooc. (18) 


If this happens, we say that system A is synchronized with system B. Otherwise, 
the two oscillating spatial points corresponding to systems A and B will evolve 
autonomously, out of sync. 

In general, we expect the appearance of extra coupling terms in the dynamical 
equations which describe the evolution of the sync function Q during the past evo- 
lution the Mixmaster oscillating spatial points, the latter evolution given by Eqns. 
(5), (6), and (11), (12). The question then arises as to whether or not a system of 
spatial points chaotically oscillating in the past direction may sync and evolve in 
unison thereafter. 

'This is the problem of cosmological sync for the case of spatial points satisfying 
Mixmaster-type evolution equations. As shown in,! there are indeed different types 
of sync possible in this problem depending on the form of the coupling between 
different spatial points. 
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4. Generic sync 


Let us suppose that there is a linear in the sync function Q coupling between the 
two spatial points. In this case, the evolution equations become, 


Y = —(2- g)E — 35+ a(I— X) (19) 
I’ = —(2— p)II — 3Q + a(X — II), (20) 


where Q is the analogous expression of S for the II system, and a is some coupling 
between the two oscillators. 

Then if the orbit © has Lyapunov exponent A, we find that the associated Q- 
evolution equation leads to the result,! 


|o] < cer, (21) 


with C an integration constant. 

Therefore if we set a. = A/2, for the critical coupling strength, we conclude 
that when a > oe, we have complete synchronization of the Mixmaster oscillating 
regions. 

A typical value of the Lyapunov exponents for Mixmaster orbits is (see, e.g.,°) 
À ~ 0.45, so that when a > 0.225, we have synchronization between the two spatial 
Mixmaster points A, B. 


5. Lyapunov function sync 


As is further shown in,! there is in fact a Lyapunov function for the dynamics of 
sync, for a general coupling g(Q) satisfying a positivity condition, and under the 
further condition that, 


Q' - Vg « 0, (22) 
where Q’ is the orbital derivative of Q. The Lyapunov function is given by, 
1 
V(4,2_) = 5 (Q3. +92) + g(Q), (23) 


This implies that the state Q = 0 is asymptotically stable, making synced spatial 
regions globally asymptotically stable in the past direction. 

As an example, consider the simplest, uncoupled, case. The sync equations of 
the dynamics take the form, 


OY, = -(2- qo. (24) 
Q' = —-(2—q)Q_ (25) 
Then the function, 
1 
V(04,0_) = 5 (04 +97), (26) 
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is a Lyapunov function for the dynamics and satisfies, 
V < Ve. (27) 


where Vo is a constant. We conclude that Mixmaster regions in inhomogeneous 
spacetime synchronize exponentially fast. 


6. Phase sync 


A different characterization of the possibility of cosmological sync in the assumed 
primordial chaotic state of the universe may be effected when considering any num- 
ber of oscillating domains having their own frequencies. This leads to different dy- 
namical evolution of their phases, and the question arises as to whether we can have 
phase sync between them in this situation. 

This problem was shown to have an affirmative answer in two steps. In the first 
step,,? Barrow wrote down the equation describing the phase evolution of a spatial 
Mixmaster point as a response of the system in terms of the mean field amplitude 
and phase r, respectively, 


6! = S Ste Gos abies, (28) 


with o being the polar coordinate in the pair (o, @) in the (3, X...) plane. A further 
elaboration using these dynamical equations shows that sync is indeed possible. 

It can be further shown! that this equation leads to a direct coupling between the 
oscillating domains, precisely given by a time-dependent Kuramoto-like coupling of 
spontaneous synchronization. For any partition of N regions, we can show that the 
i-th domain responds directly to the j-th domain in the partition via the equation! 


N 
8 = WV 8+ Y sin(6; — 64). (29) 
i jal 


7. Physical meaning of sync 


We are led to the following physical interpretation! of the process of sync in the 


present context. The spatial point B will synchronize with the point A lying in B’s 
past after receiving a signal from A. This will be so because their sync function 
Q — 0, and sync will become progressively apparent when their corresponding 
BKL!°!? parameter u values for A and B become equal with each other in the 
sense that the numbers of Kasner epochs and eras for the two evolutions of the 
spatial points A,B become identical to each other exponentially fast. Thereafter 
the two points will start oscillating in perfect unison. 

This process will lead to the simplest possible initial state of the universe, char- 
acterized by a perfect sync between its different but correlated spatial regions. This 
will be so because, according to the results reported here, every spatial point will 
continually send and receive signals from other spacetime points shifting their state 
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of oscillation, adjusting them to that of the other points, and resetting their motion, 
until sync organizes them all in perfect harmony. In turn, this may have important 
implications some of which will be discussed elsewhere. 
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From the assumption that the slow roll parameter e has a Lorentzian form as a function 
of the e-folds number N, a successful model of a quintessential inflation is obtained. 
The form corresponds to the vacuum energy both in the inflationary and in the dark 
energy epochs. The form satisfies the condition to climb from small values of e to 1 
at the end of the inflationary epoch. At the late universe € becomes small again and 
this leads to the Dark Energy epoch. The observables that the models predicts fits with 
the latest Planck data: r ~ 107-3,ns z 0.965. Naturally a large dimensionless factor 
that exponentially amplifies the inflationary scale and exponentially suppresses the dark 
energy scale appears, producing a sort of cosmological see saw mechanism. We find the 
corresponding scalar Quintessential Inflationary potential with two flat regions - one 
inflationary and one as a dark energy with slow roll behavior. 


Keywords: Dark Matter; Dark Energy 


1. Introduction 


'The inflationary paradigm is considered as a necessary part of the standard model 
of cosmology, since it provides the solution to the fundamental puzzles of the old 
Big Bang theory, such as the horizon, the flatness, and the monopole problems. ? It 
can be achieved through various mechanisms, for instance through the introduction 
of a scalar inflaton field.!9 ?5 Almost twenty years after the observational evidence 
of cosmic acceleration the cause of this phenomenon, labeled as dark energy", re- 
mains an open question which challenges the foundations of theoretical physics: why 
there is a large disagreement between the vacuum expectation value of the energy 
momentum tensor which comes from quantum field theory and the observable value 
of dark energy density.29 ?5 One way to parametrize dynamical dark energy uses a 
scalar field, the so-called quintessence model for canonical scalar fields.?9?! In such 
a way that the cosmological constant gets replaced by a dark energy fluid with a 
nearly constant density today.?? ?6 For the slow roll approximation the scalar field 
behaves as an effective dark energy. The form of the potential is clearly unknown 
and many different potentials have been studied and confronted to observations. 
'These two regimes of accelerated expansion are treated independently. However, 
it is both tempting and economical to think that there is a unique cause responsible 


37—42, 42—48 


for a quintessential inflation which refers to unification of both concepts 


2664 


10^ 1 1 1 1 
-60 -40 -20 0 20 40 60 
10 
1077| | 
a 
Z 
T 40-39 
10-5 E-:- ek ESL e gg hg —ài 
-60 -40 -20 0 20 40 60 
N 


Fig. 1. The upper panel shows the slow roll parameter e vs. the number of e-folds for the 
ansatz (1), in a logarithmic scale. The lower panel shows the corresponding Hubble function of the 
vacuum vs. the number of e-folds. 


using a single scalar field. Consistency of the scenario demands that the new degree 
of freedom, namely the scalar field, should not interfere with the thermal history 
of the Universe, and thereby it should be “invisible” for the entire evolution and 
reappear only around the present epoch giving rise to late-time cosmic acceleration. 


2. Lorentzian Ansatz 

In order to formulate an ansatz for the Hubble function that treats symmetrically 
both the early and late times we use the Lorentzian function for the slow roll 
parameter: 


_€ I72 
eN) = NT TJ (1) 
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as a function of the number of e-folds N — log(a/a;), where a; is the scale parameter 
at some time (which we may choose as the initial state of the inflationary phase). 
€ is the amplitude of the Lorentzian, I is the width of the Lorentzian. In that way 
the e parameter increases from the initial value to 1 at the end of inflation, then 
continues to increase, peak and then decreases until it gets down to the value 1 and 
this represents the beginning of a the new Dark Energy phase that will eventually 
dominate the late evolution of the Universe. The upper panel of Fig. 1 presents the 
qualitative shape of this behavior. 

'The strong energy condition yields another bound on the coefficients. The equa- 
tion of states w is in the range |w| € 1. From the relation e = $ (w + 1) we obtain 
the bound 0 € e € 3. The ansatz for the vacuum energy evolution (1) positive 
always, hence the lower bound is preserved. The largest value of the ansatz (1) is 
2£/1T. From the the upper bound of e we obtain the condition: 


T < 2£/3. (2) 


In general, the calculation of the above observables demands a detailed perturbation 
analysis. Nevertheless, one can obtain approximate expressions by imposing the 
slow-roll assumptions, under which all inflationary information is encoded in the 


slow-roll parameters. In particular, one first introduces ?? 


En+1 = A log |en], (3) 
where e; = H;/H and n a positive integer. The slow roll parameters read: 

H' H" H' 

prec uc H’ 


and so on. From the first slow roll parameter definition with the ansatz (1), we 


obtain the solution: 
A 2N 
H= Vu oP EI (+) ; (4) 


where Ag is an integration constant. The Hubble function interpolates from the 
inflationary values H_,, to the dark energy value H5, that corresponds to: 


H4 — 4l E exp* 5/2, (5) 


The magnitude of the vacuum energy at the inflationary phase reads 1078 Mpl*, 
while the magnitude of the vacuum energy at the present slowly accelerated phase 
of the universe is 10-7? Mpl^. From the Friedmann equations the values of the 
energy density is 3H? in the Planck scale. Therefore, the coefficients of the model 
are: 


££2:129, Ao = 1.710 ?? Mpl*. (6) 
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We calculate the other slow roll parameters using (3): 


8N 1 8N 
OPPra4NU STIN PHAN? (7) 
For T ^ 0 all of the slow roll parameters with n > 3 yields the value —1/N. However 
in the general case, all of the slow parameters have small values if the €2 is small. 
As usual inflation ends at a scale factor a; where e1(ag) = 1 and the slow-roll 
approximation breaks down. Therefore the end of inflation takes place when the 
number of e-folds reads: 


€9 = 


Nee m: — (8) 


Notice that with the condition (2) it gets a definite value. In order to have an 
inflationary phase the condition 26 > nI must be satisfied. The negative value of 
Ny is the final state of the inflationary phase, while the positive value of Np is 
the initial value of the slow rolling Dark Energy at the late universe. Therefore, 
in order to calculate the inflationary observables, we must take the minus sing of 
Nr. Consequently the initial N; satisfies the condition: Ny — N; = M ~ 50 — 60, 
where we impose 60 e-folds for the inflationary phase. Hence, the initial state of the 
inflationary phase reads: 


r 
N; = 2 Tr ; 9 
T-T) - N (9) 
The inflationary observables are expressed ast’ 
rz 166, Ns% 1-— 2e — €22, ag —2€1€62 — €263, NT% —26€1, (10) 


where all quantities are calculated at N;. Therefore the tensor to scalar ratio and 
the primordial tilt give: 


32T€ 7 (T? + AN;(N; + 2)) — AT£ 
r= Sor Pe AT Ns = 2 2 E (11a) 
ml? Az N; 7 (I? 4- AN?) 
For 60 e-folds and I = 0.1 the observables read: 
r = 0.0076, ns = 0.961754. (12) 
These values in agreement with the latest 2018 Planck data??:*!: 
0.95 < n, < 0.97, r < 0.064. (13) 


Fig. 2 shows the predicted distribution of the observables.5? We assume a uniform 
prior: N € [50; 70], € € [100; 200], r € [0; 1], with 107 Markov Chain Monte Carlo 
samples. We find the posterior yields: 


r = 04450095. (14) 
ns = 0.96240 0087. (15) 
as = — (33*25) - 107, (16) 


in good agreement with the recent Planck values. 
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Fig. 2. The predicted scalar to tensor ratio vs. the primordial tilt of the model. 


3. Scalar field dynamics 


'The above ansatz is of general applicability in any inflation realization, whether this 
is driven by a scalar field, or it arises effectively from modified gravity, or from any 
other mechanism. In order to provide a more transparent picture let us consider a 
realization of these ideas in the context of a canonical scalar field theory ó moving 
in a potential V (9). The Friedmann equations are 


8rG |1. 2 ; 
H? = n E 4 vis) , H--4nGó, (17) 
while that for the scalar field is 
à -3Hó 4 V'(d) — 0. (18) 


Let us apply the ansatz in order to reconstruct a physical scalar-field poten- 
tial that can generate the desirable inflationary observables. From the Friedmann 
equation (17) that holds in every scalar-field inflation, we extract the following 


solutions 
ó- f -My aN, V(¢) = HH' -3H?, (19) 
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with 87G = 1. From the integration of the Hubble parameter we get: 


r. T - nct (E) = 
E T = x T 1 z (2 
N 5 sinh ( eT e) ;, V(N) = Ace ( 3nT? + 127 N? (20) 


Relations (20) can be used in order to write V in terms of ¢ analytically 


V(¢) = Ayer = tan”! (sinh x) (1 — seen) i (21) 
with x = Jm«/DI£9. Fig. 3 shows the scalar potential V($). The universe in this 
picture begins with $ — oo with a slow roll behavior and goes to the left-hand 
side. After approaching the minimum the universe evolves with another slow roll 
behavior that corresponds to the dark energy epoch when ¢ — —oo. The asymptotic 
values of the potential are: 


Vico = Aoe5, Vico = Age 5. (22) 


Notice that this represents a see saw cosmological effect, that is if Ag represents 
an intermediate scale, we see that in order to make the inflationary scale big forces 
the present vacuum energy to be small. Ao represents the geometric average of the 
inflationary vacuum energy and the present Dark Energy vacuum energies. 


V(P)INo 


-10 -5 0 5 10 


Fig. 3. The corresponding scalar field potential for the Lorenzian ansatz, with different values of 
T: 0.1 red smooth line, 1 blue dashed line. 


4. Discussion 


This essay introduces a model where we start with an ansatz for the slow roll 
parameter e for the whole history of the Universe. We choose a Lorentzian form for 
€, which peaks at some point and goes to zero for the early and late Universe, so 
these two epochs have an accelerated phase. The magnitude of the vacuum energies 
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at the early and late Universe obeys a see saw mechanism: since the asymptotic 


values of the potential are Age*té this represents a see saw cosmological effect, 
where the requirement that one scale (the inflationary scale) be large pushes the 
Dark Energy scale to be very low. See saw cosmological effects in modified measure 
theories with spontaneously broken scale invariance have been studied in.?? °° For 
the situation presented in this paper to work, we must choose Ao as an intermediate 
scale, and indeed then we see that in order to make the inflationary scale big, this 
forces the present vacuum energy to be small. Ao represents the geometric average 
of the inflationary vacuum energy and the present Dark Energy vacuum energies. 

'The model formulates the vacuum energies both in the inflationary epoch and 
in the dark energy epoch. However to compare the basis of the model with the 
whole history of universe, we have to take into account particle creation models 
with temperature, as well as radiation production. 
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Condensed light, quantum black holes and L-CDM cosmology: 
Experimentally suggested and tested unified approach to dark matter, 
dark energy, cosmogenesis and two-stage inflation 
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Based on the fundamental last discoveries (such as gravitational waves, Higgs field, gravi- 
tating Bose-Einstein photon condensates etc.), guided by the last A. Einstein's conjecture 
(about algebraic approach to the combined quantum and continuum description of re- 
ality) and directed by the J. Bekenstein-V. Mukhanov approach to the quantum black 
holes physics and astrophysics, the L. Susskind’s “one photon - one bit" principle and 
V. Gribov-S. Hawking tunneling effect, one can easily find the simple but consistent alge- 
braic relations and physical laws that govern birth and death of black holes in the Early 
Universe, its accretion and two-particle emitting (both outside black hole) accompanied 
with gravitational radiation. 

From these basic relations in a natural way derive the Planck units system that con- 
firm the theoretical consistence of presented approach and directly leads to the Planck 
Scale physics where standard models of the particle physics and cosmology are "blinded". 
Presented approach elucidates the physical background of dark matter (black holes), 
dark energy (gravitational waves), hot Big Bang and two-stage inflation of the Universe. 
Moreover, it solves many old unsolved problems, such as “cosmic censorship" conjec- 
ture, information loss paradox, black hole “end-point” problem, “cosmological constant” 
problem and so on. 

The great importance for the validation of presented approach and it results had the 
comparison with “Planck-2018” data and other relevant information from the sources 
of observational cosmology, astrophysics, gravitational waves astronomy and numerical 
relativity. 


Keywords: Planck scale physics, dark matter, dark energy, Bose-Einstein photon con- 
densates, Cosmology. 


To the blessed memory of Jacob Bekenstein 
and Steven Weinberg 


Introduction 


“Raffiniert ist der HerrGott, aber boshaft ist er nicht.” 
(A. Einstein) 


What “banged”? What is dark matter? What is dark energy? What caused two- 
stage inflation? etc. Such problematic questions that provoked a lot of troubles for 
L-CDM cosmology are a consequence of unsolved problems in physics. L. Smolin 
called this stagnant situation “Einstein’s unfinished revolution" and the more crit- 
ical theoreticist S. Hossenfelder called it *Lost in math". 
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But over the last decade, experimental physics and observational cosmology 
have made many fundamental discoveries: gravitational waves (LIGO), Higgs boson 
(LHC), photon condensates with rest energy and rest mass trapped in “mirror 
cavities" (Bonn University). +? 

Through these remarkable results, Nature suggests that at pressures and tem- 
peratures well above the Higgs field level (246 GeV), only the 2-d and 3-d photon 
condensates trapped in their own “gravitational cavities" should be unique sources 
of gravity during the Early Universe. Moreover, we conclude that the real “prima 
materia” at the “beginning of the times" was a 3-dimensional Planck photonic 
condensate as “explosive” accompanied by Planck fluctuations as “fuse”. This un- 
ambiguously postulates the fundamental role of the laws of conservation of energy 
and momentum in cosmology, as well as reflect the decisive role of quantum fluctu- 
ation in the formation of the modern Universe (see V. Mukhanov-G. Chibisov and 
S. Hawking — B. Carr approaches). 

Note that after the discovery of gravitational waves, the famous Nobel Prize 
winner P. W. Anderson, in his prophetic “Four Last Conjectures” (2018), argues 
that *dark energy" is gravitational radiation which causes irreversible loss of mass 
in the Universe. 

It is quite clear that in the swift initial process of Hot Bing Bang we have 
only three kinds of “actors” at the Planck scale: the 2-d spherical self-gravitating 
photonic condensates (primordial quantum black holes as *dark matter"), free hot 
photons and gravitational waves (both acting as massless stretched *dark energy" 
forces). Note that only gravitational radiation represents one irreversible repulsive 
force. According to our calculations, only a part of relic gravitational waves with 
Planck energies E, and E,/2 make up 93.38% of the dark energy in the modern 
Universe. As you can see, S. Weinberg was absolutely right: only the energy of Hot 
Bing Bang causes the universal expansion process. 

Moreover, the irreversibility of the gravitational radiation energy prohibits all 
kind of “big crunch” and “bouncing” (cyclic) cosmological theories, proving instead 
the Hot Big Bang approach to the cosmogenesis. 

We must point out separately that at the end of the initial phase of the Hot 
Big Bang process (at about 507 x 5.391 x 10744 sec), when the strongest inequality 
Oy « Qa was reached and stage I of hyperinflation began, a part of the surviv- 
ing primordial black holes became “seed” of the primordial Cosmic Web, in which 
baryogenesis occurs and all astrophysical objects are formed. 

Where do these conclusions follow? Taking into account the quantum nature 
of the 2-d spherical photon condensates, trapped in their own gravitational fields, 
guided by the J. Bekenstein's fundamental dependence between the Compton wave- 
length and the gravitational radius,? L. Susskind's principle *one photon — one 
bit”, the V. Mukhanov's quantum black holes “degeneracy” principle? and the 
modified V. Gribov-S. Hawking tunneling effect,^" one can easily find any exact 
and adequate laws that govern birth and death, rise and downfall, accretion of light 
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and quantum two-particle emission (both outside black holes). All these processes 
are accompanied by the emission of gravitational waves.® 

In what follows, we will demonstrate that the most important thing that distin- 
guishes such natural black holes modelling from all other “membrane models” (see 
K. S. Thorne, F. Wilczek and M. Maggiore approaches) is that tremendous grav- 
itational squeezed force is perfectly equilibrated by repulsive (“antigravitational” ) 
quantum-mechanical one. 

Note that only the 2-d photon condensate “construct” with its tremendous 
“band” of possible wavelengths can explain the incredibly wide range of sizes, life- 
times and masses of black holes, ranging from the Planck scale to tens of Pluto 
orbits and tens of billions of masses of the Sun (see the quasar TON 618). We will 
demonstrate that this approach is free from the “cosmic censorship” principle, the 
“no hair” theorem and the information loss paradox. 

Using this unified approach, we can calculate that at the end of the epoch of 
baryogenesis, when stage I of inflation ends, the rest energies of black holes (dark 
matter) and energy of gravitational waves (dark energy) are 28.62% and 66.42%, 
respectively. After this epoch, there came a non-accelerated expansion. But 6-8 
billion years ago, the II stage of inflation began. Now, accordingly to “Planck-2018” 
data, we find the 26.57% and 68.47%, respectively. Comparison with the end of the 
stage I clearly shows that the increase in dark energy is caused by a decrease in the 
energy associated with dark matter. This leads to the unambiguous conclusion that 
stage II of inflation is provided by binary coalescences of black holes. 

'The greatest discoveries of L-CDM cosmologies are namely such epiphenomenons 
as “dark matter", “dark energy”, “Hot Big Bang" and “two-stage inflation". It re- 
mains to find the deep physical background of these unsolved phenomenologies. 
The *Einstein's Unfinished Revolution" must be continued. However, it is quite 
clear that this is impossible without taking into account the new discoveries of 
modern physics and cosmology, including the self-gravitating Bose-Einstein pho- 
tonic condensates. We must demonstrate the new approach to the Planck Scale 
Physics, where standard models of physics and cosmology was “blinded”. 

The new theoretical approach is consistent, when from it basic relations and 
equations directly derive any fundamental constants. In what follows, we will 
demonstrate that proposed basic equations generate the fundamental system of 
Planck units. This directly leads to the Terra Incognita of Planck Scale Physics 
and solves many puzzles of black hole physics, astrophysics and cosmology, such 
as “cosmic censorship" problem, information loss paradox, black hole “end-point” 
problem, *cosmological constant" problem, dark matter and dark energy problems 
and so on. 


1. Principia 


In 1916 A. Einstein wrote: “...das die Quantentheorie nicht nur die Maxwellische 


Elektrodynamik, ... auch die neue Gravitationstheorie wird modifizieren mussen” .? 
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Already in those distant times, under the influence of Bohr’s theory of hydrogen 
atom, he came to the conclusion that a spherical system should emit not only 
quanta of light, but also any portions of gravitational waves. This led him to believe 
that the new theory of gravity should be modified taking into account quantum 


electrodynamics. 
Many years later, in 1954, in his last work, he wrote the closing lines that sound 
like a testament: “...a finite system with its finite energy can be described in full 


by a finite set of numbers (quantum numbers). Seemingly, it cannot be compliant 
with the continuum theory and requires a purely algebraic theory for a reality 
description. However now nobody knows, how to find a basis for such a theory” .1° 
Actually, A. Einstein explicitly clamed in his “last will" that just the algebraic 
approach must be the magistral way to unify quantum physics and continuum 
general relativity. 

Only two decades later, it was the young Israeli physicist J. Bekenstein who 
turned out to be the “nobody” who found a way to do this. In his revolutionary 
work “Black Holes and Entropy”? he gave an amazing formula for the entropy of a 
black hole 


In2 
S, (Bekenstein) = ap ORI G7 As 


which unites all world constants: Boltzmann's constant (k), speed of light (c), re- 
duced Plank constant (A), gravitational constant (G), as well as the area of the 
Schwarzschild spherical singularity 


As = 4rR2, 


where Rg is the Schwarzschild gravitational radius. 

Bekenstein’s formula was striking in that it linked together thermodynamics, 
quantum physics, the theory of gravity, and geometry. But the most surprising 
thing was that he connected all this within the framework of a unified information 
approach to the physics and astrophysics of black holes. In his famous formula, 
he associated the multiplier In2 with Shannon’s “bit”. And this is not accidental, 
because he followed the famous principle of his great teacher J. A. Wheeler: “It 
from bit”. 

In 1986, the young Russian physicist V. Mukhanov, guided (as A. Einstein) 
by hydrogen atom analogy, came to the irrefutable conclusion that the emission 
mechanism of quantum black holes must obey the “degeneracy” principle.!! He 
turns to J. Bekenstein and in 1995 their common outstanding work “Spectroscopy 
of the quantum black hole” !? is published. In this work, it was shown that the true 
emission spectrum of quantum black holes is discrete. 

With the advent of new fundamental experimental discoveries, this work of 
J. Bekenstein and V. Mukhanov began to acquire fundamental significance for 
physics and cosmology. Moreover, it turned out to be not just a “window” (as 
its authors was believed), but a whole “gateway” to Terra Incognita of Planck Scale 
Physics. 
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2. Basic Relations 


With the discovery of 2-d photonic Bose-Einstein condensate! it became clear that 
the rejected Schwarzshild spherical singularity was becoming an obvious alternative 
to the black hole model in the form of a “point singularity” surrounded by an “event 
horizon” of Schwarzschild radius. 

The biggest problem of all “membrane models” was their physical inconsistence. 
No one has been able to prove their resilience when facing the tremendous gravita- 
tional squeezed forces. From the “relativistic” point of view, this seemed to be an 
unsolvable problem. That is why, first of all, after justifying our approach, we will 
prove the strong equilibrium between squeezed gravitational forces and repulsive 
“antigravitational” quantum mechanical forces of quantum black hole. Note, that 
this strong equilibrium may be broken only by V. Mukhanov’s “degeneracy” effect. 

Based on the Bekenstein-Mukhanov approach, we will show how all these un- 
solved problems are solved in terms of the original basic system of equations for 
spherical 2-d photon condensates, trapped in their own gravitational field: 


Amps (1) 
" h h 
Am ET a i (2) 
R= ZM, = ITE, (3) 
M, E, 
Ms Ea (4) 
N,(min) =2. (5) 


Equations (1)-(3) bind together the reduced Compton wavelength, Asm, which 
is associated to one photon with rest mass Msm and rest energy Esm, and 
Schwarzschild radius, R,, which is expressed in terms of M, (total rest mass of 
the condensate) and E, (total rest energy). 

Note that relation of the type of Eq. (1) was first time discovered by Beken- 
stein in his remarkable work Ref. 3 to determine the largest Compton wavelength 
of a particle absorbable by a black hole. In essence, general Eq. (1) can be called 
“Bekenstein relation". This is the only one equation known to us that organically 
interconnects Quantum Physics and General Relativity. In fact, it reflect the deepest 
equivalence between the “quantum wavelength geometry” (Asm) and the “relativis- 
tic geometry" (Rs) that occurs in black holes as spherical 2-d photon condensates 
trapped in their own gravitational fields. 

Equation (4) organically make links between the number of photons in the con- 
densate, Ns, and the quantities expressing its “individual” rest mass, Msm, and 
rest energy, Esm, as well as with “total” rest mass, Ms, and rest energy, Es. We 
note in particular that N, is a natural integer, that reflect a quantum nature of 
black holes physics. 

Equation (5) sets a natural limit on the minimum number of photons in the 
condensate, equal to two: Ns(min) — 2. 
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Note that for the evident lower boundary condition, system Eqs. (1)-(5) gives 
us (it is easy to verify) the following solutions: 


h | he? hG 
Mi;(min) = d = Mp, E,(min)- wb R,(min) = a = 2b, 


(6) 
where M, and Ep are the Planck mass and energy, respectively, lp — Planck length. 
It is striking that we unexpectedly found ourselves in the field of Planck Scale 
Physics and absolutely accurately described the Planck black hole without any 
preliminary assumptions, hypotheses and conjectures. We have used only the most 
basic information from Quantum Physics and General Relativity enclosed in the 
base system Eqs. (1)—(5). 
Note that we do not use the “quantum gravity” approach based on the “gravi- 
tons” hypothesis because of the gravitational waves (the “ripples” of spacetime) 
radically differ from the quantum-mechanical waves (the “waves of probability” ). 


3. Equilibrium 


In order to make certain that a quantum black hole taken as spherical self- 
gravitating 2-d photon condensate is a quasi-stable astrophysical object, from all 
the solutions of the system Eqs. (1)--(5) we will pick the following one: 
2 
ete h fic zo. (7) 
cR, 2GM, 2M, 
he he hc? E? 


E == = — — z 
me Aem Rs 2GE;, 2B; (8) 


As we can see, according to Birkhoff's Theorem the attractive gravitational force 
for one photon with rest mass Msm is equal to 


2GM,; M; hc 
FP sm, gr 7 R2 = H2 (9) 


But this attractive gravitational force must be perfectly equilibrated by 
quantum-mechanical “antigravitational” force: 
dEsm (Asm) d (em) hc 


dX BO RE (10) 


Fans qu — 


4. Quantum Information and Entropy: The Downfall of the 
*Point-Centered" Model 


In his remarkable book “The Cosmic Landscape" ,* L. Susskind convincingly demon- 
strates that every photon is a carrier of one bit of quantum information. The point 
is that a photon can be in two spin states, |0) or |1). 

In the case of a quantum black hole consisting of N, photons, this means that 
the power of the set of its possible quantum states is 2"*. From the point of view 


2678 


of information theory, a quantum black hole can be represented as a binary text 
consisting of N, positions filled with symbols from the alphabet {|0} ,|1)}. To each 
such text, 0;, a probability, p;, can be attributed. The maximum of C. E. Shannon’s 
entropy is achieved for an uniform distribution p; = 2-^*: 
Ns 
H, (Shannon) = — 3:2 "1og,2 ^" = N, (bit) . (11) 
max icl 
According to Shannon’s approach, the maximum amount of quantum informa- 
tion, J,, contained in a quantum black hole does not exceed this value. Moreover, 
it is equal to it: 


I, = H, (Shannon) n, = Nz (bit). (12) 


max 


Now let’s calculate the thermodynamic entropy of the black hole. To do this, we 
first need to calculate the temperature of the quantum black hole from the relation 


Esm = 2x kT; , (13) 


where kT, is the energy corresponding to vibrational freedom degree, 2 is the mul- 

tiplier due to the two spin states, |0) and |1). From Eq. (13) directly follows the 

wanted relationship for the temperature 

Em E? flic? 

2k AkE, 4kGM, ` 
It is easy to see that we have obtained an expression very close to the one of 

S. Hawking: 


Ts 


(14) 


1 
T, (Hawkinhg) = an 1 f (15) 
T 


However, the essential difference lies in the fact that the temperature T; (Hawk- 
inhg) is the typical temperature of the black hole taken as a *black body", whereas 
we are dealing with a quantum black hole. On the other hand, this similitude of the 
results suggests that we are acting in the right direction. 

From the Clausius relation d$ — dE/T and Eq. (14), by integration, we easily 
find the required expression for the thermodynamic entropy: 


Ak E? 
s= | SEdE=h2—2 =kN,. (16) 
Ej Ej 


In other words, we get a direct connection between the entropy of a black hole 
and the Shannon's entropy: 


Ss = kH, (Shannon), = kN, . (17) 


From Eqs. (3), (4) and (16) we can get another important relation: 


Ss = kN; = i = penal 4 (18) 
s — gom 212 mE 8m S» 
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where A, is the area of the Schwarzschild spherical singularity. This immediately 
implies a connection with the cited above Bekenstein formula: 


Ss (Bekenstein) = 1n2- S, . (19) 


The remarkable physicist S. Hawking relied on a model of a black hole in the 
form of a “point-singularity” surrounded by a “event-horizon”. Actually, this means 
that in the center of symmetry of any black hole there should be matter with the 
limiting Planck density. Only 3-d Planck photon condensate can have such a density. 
It is not difficult to calculate the amount of quantum information, Is, in this model: 

— M; 
sx = M, . 
For a 2-d model, as we already know, this quantity will be equal to 


2 2 
I, = Ns = 2M?/M?. 


Tox = (20) 


Let’s compare these amounts of quantum information for a black hole of solar 
mass Mo: 


Ts J) = Mo Jay, = 1.827 x 1099 (sic!) . 
As we can see, in the light of modern discoveries, this difference in the amounts 


of quantum information, is simply monstrous. That clearly shows the invalidity of 
^point-model". 


5. Natural Quantum Black Hole Description 


We can continue J. Bekenstein- V. Mukhanov approach that in fact derive from the 
A. Einstein “testament” that was cited above. 

From (4) and (5) we can conclude that the number of photons in quantum black 
hole taken as a spherical self-gravitating 2-d photon condensate must be presented 
in the following form: 


N,=2ns, ns =1,2,3,... (21) 


where n, is the principal quantum number. 
Then it is easy to show that all our previous results can be represented as follows: 


Asm md mns (22 
M, = Myns , Es = Epy/ns ; ( 
Msm = M,/2 n; , Esm E2in;; (24 
wsm (ciclic frequence) = Egm/h = wy /24/n; , ( 
where wp = 1/tp is the Planck frequency, tp = VAGIS is the Planck time; 
AÅ; = l6nl2n; ; 
I, = N, = 2ng (bit) ; 
Ss = kI, = 2kn, ; 
T, = E,/Aky/n, = Ty [A fn; , 
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where T, = Ep/k is the Planck temperature; 


bit 
p!,, (surface information density) = I,/A, = 1/8013 = — (5) (30) 
x 


where x = 81 G/c? is the Einstein constant; 


M. 


gsn (surface gravity) = G mu 


= ap/A n, , (31) 
a, = F,/ M, = c/ty is the Planck gravity etc. 

Note, that this natural “emergence” of Planck Scale Physics, that was “auto- 
matically” arised from basics system Eqs. (1)-(5), clearly shows, that Planck Units 
System as such was organically and naturally emerge from experimental physics and 
observational cosmology. Moreover, as we see, the "great" unity between Quantum 
Physics and General Relativity was reached in natural way. 

The famous physicist J. A. Wheeler once said: “Mass tells spacetime how to 
curve; spacetime tells mass how to move.” Inspired by this example, we can coin a 
new one: “Light quanta tells spacetime how to quantize; spacetime tells light quanta 
how to curve.” 


6. Quantum Black Hole “Evaporation”: Two-Particle Emission 
and Gravitational Waves Radiation 


As shown above, quantum black hole has the property of strong equilibrium be- 
tween squeezed gravitational force and repulsive (“antigravitational”) quantum- 
mechanical force. This state of strong equilibrium can be broken only by the 
V. Mukhanov’s degeneracy effect, which consists in spontaneous quantum jump 
from n, state to n, — 1 state. In our case this means that in all relations 
Eqs. (21)-(31) the argument n, must be replaced by n, — 1. It's obvious that quan- 
tum energy corresponding to the level E, /n; must reduce to the one corresponding 
to the level E, /n, — 1. The difference 


E, f gd 
AE, . 4 = E, (n; Tis 1) = 2n; (: + 4n; + 8n2 + S (32) 


is equal to the sum of radiance energy of two-particle emission 
Ep 
2. /ns 


AE, s—1 qu — 


and gravitational waves radiation energy 


E 1 1 
AE, s—1gr = AE; 5—1 — AE, s—1 qu = 2/nz (a. + $n? + ij " (33) 


Note that energy of the quadrupolar mode is represented by term: 
hdgsn(ns)| ^ E, " 1 
c dns 7 2 ns Ans 


(34) 
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From this result we easily understand that the next term ! / gn2 from the sequence 
in parentheses from Eq. (33) corresponds to octupolar mode and so on. 
We come to the conclusion that in the parenthesis 


ipa éco. x 
4n,  8n2 ` 
of the main expansion of polynomial in Eq. (32), the first term refers to the dipolar 


mode, the second term — to the quadrupolar mode, the third — to the octupolar 
and so on. In other words, all the terms, except the first one, are directly related to 


the gravitational radiation of a quantum black hole. It only remains to find out the 
physical nature of the dipolar mode. For this, we turn to the data of experimental 
physics. In 2011, physicists from Chalmers University of Technology experimentally 
proved the existence of Casimir-Unruh dynamical effect in the squeezed vacuum 
excited by the “moving mirror" with frequency w, that produce a pair of non- 
entangled photons with associated frequency w/2 each.'® 

By this experiment Nature suggests that in general case the energy APs s—1 gu 
of two-particle emission, (Xs, Xs), must be presented by the following form: 


AS, lqu — ħwsm = hwse + ħwsz = E (Xs) TE (x) ; (35) 


where wsm is the cyclic frequency Eq. (36), 
Wsx = Wsz = PaO Es , E (Xs) =E (es) = Esm Ja ; (36) 


where Wer, ws; are the frequencies associated with emitted particles. 
The following quantum black hole “degeneracy” diagram can illustrate all these 
results: 


BH, — BH,—1ı dX b s (37) 


where I', is the generated gravitational wave with energy Eq. (33). 

Note that the pair (Xs, X.) of non-entangled particles, depending on their en- 
ergy, can be a pair of hot photons, this being especially important at energies well 
above the Higgs field level (246 GeV). 


Remark 6.1. Using the expressions obtained above, it is easy to calculate the 
energy structure of quantum black hole at its “end-point” (ns = 1): 


BH, —* 2%04+T po (38) 

with energies: 
E(BHp) = EpV1 = E, , DEC) = S ay = aes (39) 
E (To) = E (Vi - VITT- ayr) = ™/2. (40) 


» 


As it can be observed, at the “end-point” of the existence of any black hole, 
all ends with a spectacular explosion with emission of half of energy, (7? / 2), as 
quantum electromagnetic radiation and another half, (Er / 2) — as gravitational 
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radiation. Note that these last two photons carry the last two bits of quantum 
information. As we can see, in the presented unified approach so called *end-point" 
problem is solved. 


In general case we can find that the total energy radiated by a quantum black 
hole “evaporating” from the state n, to its “end-point” is equal to 


E,os (rad) = Y^ Ef (41) 


E; gr (rad) = x Ep (v vn-1 zx) = Ey Vn; — Y mE : (42) 


E, (total rad.) = Es qu (rad) + E, gr (rad) = En, = Es . (43) 


Note that with increase of n, the total gravitational radiation quickly tends to 
its maximal value Ep. As we see, the proportionality 


Es gr E MM vw (vad) = oun E | fana L.. (44) 


clearly shows the great importance of gravitational radiance when the temperatures 
of black holes are near to Planckian scale. 


7. Real Mechanism of Quantum-Gravitational Radiation and 
Removal of *Information Loss" Problem 


Above we have showed that, in accordance with the V. Mukhanov's degeneracy 
effect, the strong equilibrium of quantum black hole can be broken by quantum 
jump from n, state to the n, — 1 one. We have found, in Eq. (36), that each of 
the two emitted particles have the energy equal to Esm/2. From this, we can easily 
calculate their non-reduced Compton wavelength: 


Ac (Xs) = Ae (Xe) = —— = 4nR, . (45) 


If we compare this value with quantum black hole gravitational radius Rs, we 
find that these two particles will immediately “escape” from tremendous gravita- 
tional “well” of quantum black hole via the V. Gribov-S. Hawking tunneling effect. 
However, the *breaking news" is: this quantum tunneling effect of two emitted par- 
ticles is accompanied with radiation of gravitational waves that play an important 
role in the Planck Scale Physics. Note that quantum black hole radiates two bit of 
quantum information during ^jumping" process: 


ATs s—1qu = Is — [240 2n; — 2(n, — 1) = 2 (bit) , (46) 


and these two bits were carried away by two “escaped” particles. 
As we see above Eq. (52), the last, “remnant” Planck hole collapsed emitting 
the last two photons carrying the last two bits of quantum information. These 
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conclusions can represented by the strict mathematical relation: 


ns 
I, (radiated) — 5 AT pn ee esu (47) 
n=1 
that confirms the unitarity principle of quantum physics in the quantum black hole 
theory in the form of the law of quantum information conservation, that definitely 
solves the so-called “information loss” problem. 


8. Entropy Production by Radiation 


In conformity with Clausius relation, we can easily find the entropy production by 
quantum black hole radiation: 


AEs s—1 EN AE, s—1 qu j AE, s gr _ 


ss EC wx LOSS EE 
1 1 (48) 
= AS; s—1 qu + ASs,s—1 gr = 2k + 2k (= | 8n. | a) ; 
'The quantum entropy term 
AS, s—1qu = 2k = kA s—1 (49) 


is closely connected with two bit of radiated information Eq. (46). But what repre- 
sent the gravitational radiance term AS .; gr? The form of the term 


AS, s—1gr = 2k (+ + m + 2 (50) 
suggests that it is closely connected with quadrupolar, octupolar etc. modes of 
gravitational radiation that is the source of a dissipative and irreversible dark energy. 
We may call this term "gravitational waves entropy production". 

It is interesting that famous physicist T. Jacobson in his important work “Non- 
equilibrium Thermodynamics of Spacetime” named a similar term “bulk viscosity 
entropy production term" and connected it with Ricci flow. But what is more fas- 
cinating: the famous mathematician Grisha Perelman presented his extraordinary 
work “The entropy formula for Ricci flow and its geometric application", in which 
argue that the entropy is an effective tool for mathematical investigation. 


9. Dynamics: Radiance Power and Lifetime 


Before the V. Mukhanov's *degeneracy" jump, quantum black hole must relax to 
gain the spherical form. Note that inside the 2-d photon condensate the “time flow" 
is the same as the "time flow" for external observer. T'his is not a deliberative 
assumption but a result of LIGO measurement in which the duration of ring-down 
phase is only a small part of a second. This is because in each point of the 2-d photon 
condensate all the tangential forces are equilibrated. The “stopped time-flow" effect 
take place only in the nearest vicinity, but not inside the “stretched horizon”. 
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It is clear that the relaxation process needs a causal synchronism, which means 
that all the pairs of points located, one from another, at a distance of half a circle 
(mR) must be casually connected. This requires fulfillment of a lot of time at ns 
state 

T Fs 


At, = = 2nty ns . (51) 
c 


From this formula, we can easily calculate the lifetime of an “evaporated” quantum 
black hole: 


T= 2nt, /n . 52 
p 
n=1 


Using Bohr’s correspondence principle, a very simple relation is found: 


Ns 


4n 4n, ( EN? 
D J roin = soni = FE (zt) ; (53) 
0 
If we compare it with the S. Hawking’s formula, we can see that 
s = Ts. (Hawking). 4 
Te Gea” (Hawking) (54) 


This big difference appears because S. Hawking associated black hole radiation 
with the blackbody radiation and with the Stefan-Boltzmann law, which means 
a continuous thermal spectrum. In contrast to this, following J. Bekenstein and 
V. Mukhanov, we have showed that this spectrum is discrete. Hence such a strong 
difference occurs. 

Let’s find the radiance power: 


A AE; s—1 RE Ey fic$ 


P= = = : 55 
At, Antpns | 4nG? M? (99) 

Comparing this with the S. Hawking's result, we find, respectively 
P, = 3840P, (Hawking) . (56) 


The reason for such a large difference is the same. 

We have a rare opportunity to qualitatively compare our results. It is known 
that the “baryonic epoch” lasted for about 400 thousand years. According to our 
calculations, in conformity with Eq. (53), the lifetime of the black hole, able of 
generating baryons, is about 240 thousand years, that quite “fits” into the mentioned 
interval of 400 thousand years. Whereas by S. Hawking model Eq. (54) it take as 
long as 920 millions (!) years, which is completely inconsistent with the data of 
observational cosmology. In what follows, we can find more details. 

Moreover, such quantum black holes can produce pairs of ordinary neutrons 
via broken chiral symmetry that may solve the “old” problems of baryogenesis 
(followed by nucleosynthesis and leptogenesis) and matter-antimatter asymmetry 
in the Universe. 
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10. Dynamical Parameters of Particle Production 


Whereas with him, the results obtained above can be easily extended to the pro- 
cesses of pair-production of any kind. To do this, it is enough to implement the 
condition for their generation 
E, 4-4 qu 2 2E, , (57) 
where E, = m,c? is the rest energy of each particle, m, being the rest mass. This 
condition is easily transformed into 
E? 
Bio ed 58 
s S 1E, (58) 
The main result can be obtained by substituting Eq. (58) into Eq. (53): 


AINE i (59) 
EN - 
Condition Eq. (58) is easily modified into 
M? 
M(x) < —? (60) 


ns , 
Amy 


which determines the extremely large mass of a black hole able to produce a pair 
of particles (Xs, Xa) of a given type. 

If it is known that, in the table of rest masses, a particle of type X4, of mass 
mx is immediately followed by a particle of type X2 of a larger mass m xo, then 
we can determine the generation time of a particle of type X4 by a black hole using 
the formula 


Ani (X1) = Ts(X1) — Ts(X2) , (61) 


whereas the total number of generated particles and antiparticles of the type X, is 
easily found from relation 


MI 1 1 
Pee 3 Ge uu) l e 


11. Birth and Rise of Quantum Black Holes at The Beginning of 
the Universe and at the Gravitational Collapse of 
Astrophysical Objects 


“What I cannot create, I do not understand.” 
(R. Feynman) 


The natural “suppression” of the Higgs field at the energies well above 246 
GeV exclude all Feynman's diagrams that describe scattering processes in Standard 
Model. Even two photon scattering *box-diagram" do not work because it needs the 
presence of a non-zero Higgs field. Despite that quantum electromagnetic field do not 
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depends on Higgs field, two-photon scattering require intermediate virtual particle- 
antiparticle pair that is impossible when Higgs field is suppressed by energies of 
photons. Note that photons do not interact directly. Only gravitational field may 
save this situation but photons are massless particles. With one notable exception: 
photons do have rest masses in 2-d and 3-d photon condensates. 

With these arguments, we conclude that Planckian black hole may be created 
only through the mediation of the gravitational field that acted in the 3-d Planck 
photon condensate. Note that a minimal photon condensate is represented by binary 
Planck system, (Yp, Yp), with two Planck photons in a close contact. These distinct 
binary Planck systems were formed when local homogeneity and isotropy were bro- 
ken through the Planckian fluctuations The distance between the “centers” of this 
“fuzzballs” is equal to Planck length lp. The total mass of Planck binary system is 
2M, and its rest energy is 2E,. The initial internal gravitational force is equal to 
the Planckian one: 


M,M 
F(p, Ip) =G - r = Fp (63) 
lp 


This tremendous gravitational force provokes coalescence of this binary Planck- 
ian system. This tremendous Planckian coalescence inevitably generates a Planckian 
gravitational wave I’, that break the continuity of spacetime and forms a two- 
photon spacetime “buble”. The energy of this Planckian gravitational wave is equal 
to Planckian work Wp: 


E(T,) = W, = FJ, = Ep - (64) 


But what is the rest energy of this “buble”? This rest energy is equal to difference 
between initial rest energy of binary Planck system and energy of radiated Planck 
gravitational wave: 


E(o, Yp) E(T,) —2b,-E,Q— Fp . 


In Sec. “2. Basic Relations” we have found that a minimal spherical 2-d photon 
condensate with two photons have Planck rest mass Mp and Planck rest energy 
Ep, Eq. (6). Note that this result was obtained without any presumptions and 
hypotheses about the importance of the Planckian Units System. We may say that 
it emerged in natural way starting from basic system of relations Eqs. (1)-(5) for 
quantum black holes. This means that the produced spacetime “buble” is nothing 
but the Planck black hole BH. 

Thus, we can write the following fundamental scheme (diagram) of the birth of 
Planck black hole accompanied by Planck gravitational wave: 


(Yp: Yp) — BH, +Tp (65) 
with 


E(BH,) = E(^r, Yp) = E(V;) = Ep. (66) 
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Expressions Eqs. (65) and (66) represent the fundamental conditions for the 
nucleation of Planck black holes, which, through accretion, can reach very significant 
sizes. 

A very important question arises: where and when conditions of formation of 
Planck binary systems (Yp, Yp) could exist? 

There are only two mutually reinforcing answers to this question: 


e at the Beginning of the Universe, when primordial quantum black holes were 
created; 

e in the nuclei of gravitationally collapsed astrophysical objects, such as neutron 
stars, where did the secondary quantum black holes emerged from. 


Let us define the natural condition for accretion in the general form 
Ay € Asm = 21s , (67) 
which is equivalent to the condition 
E, > En. (68) 


Here E, is the energy of the absorbed photon, y, and A, is its wavelength. 

Note that the velocity of accretion can be well above velocity of emission because 
it depends only on the intensity of captured photons flow. 

Note one more very important circumstance: black holes consist of light and 
“feed” only on light. A clear understanding of the function of accretion disks and 
jets accompanying black holes immediately follows from this. Accretion discs per- 
form the function of "thermal extraction" of light from the ordinary matter, while 
jets perform the functions of “evacuators” of rested plasma as a sort of “produc- 
tion wast”. The tremendous two jets from Sagittarius A*, which is called “Fermi 
bubbles", are the good illustrations and demonstration of these statements. 


12. Cosmogenesis: Hot Big Bang and Pre-Inflation Stage 


According to the law of conservation of energy, it accounts for an energy equal to 
the value of the energy of the modern Universe of the order of 109! Ep. Since in the 
future we will operate with energy densities, the exact value of this quantity is not 
important for us, only important being the fact that the total number of Planck 
photons in this condensate is tremendous large and has a value of the order of 108! , 
that allows us to use in the following the theory of probabilities and the law of large 
numbers. At the same time, we will consider our diagrams as probabilistic events 
which should be connected in the casual and energetical sense. 


Remark 12.1. Considering primordial Planck photon condensate trapped in its 
gravitational field as a “prima materia” at the “beginning of times" we automat- 
ically remove the synchronization problem, since the speed of physical processes 
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is the same in all domains of primordial condensate. Also, we are removing the 
homogeneity and isotropy problems due to the fact that the 3-d Planck condensate 
has the densest possible packing, close to the fuzzy spherical one, in which each 
Planck photon is densely *covered" by 12 other ones (interference is impossible due 
to the impossibility of exceeding the Planck energy density E,/I}). The “time flow" 
was homogenic and was determined by the Planckian time t,. Note that it was this 
fact that caused the initial synchronization of all processes that occurred at the 
beginning of Hot Bing Bang. 


Remark 12.2. The law of conservation of energy in the observable Universe guar- 
antees us that it is the energy of primordial Planckian 3-d photon condensate 
trapped in its own gravitational field that cause all physical processes that occurred 
and will occur in the Universe. 

Vacuum cannot serve as a "perpetuum mobile” of the Universe. All attempts 
to explain the so called “cosmology constant problem” by the cosmic vacuum en- 
ergy was failed. However, it is the Planckian quantum fluctuations of vacuum in 
the primordial 3-d condensate that are the natural sources of "breaking" of its 
gravitational homogeneity and anisotropy. 

We must consider one very important problem: not all Planckian photons in 
the primordial 3-d condensate can form the primordial binary Planckian systems 
(^p, yp). A part becames free. 


The probability of such event to occur, due to its exceptional importance for 
cosmology, we will note as N (alef: *divine"). This probability can be computed 
using the relation 


R=(1—N)” , (69) 


where (1 — R)? is the probability for all its twelve surrounding photons to become 
non-free, i.e. to take part at events of the type Eq. (65). Solving the Eq. (69) we 
obtain 


N = 0.14745... . (70) 


If we use the presented above diagrams Eq. (65) as events from the point of view 
of probability theory and laws of large numbers we can easily find the following 
numbers at the beginning of the Universe as a beginning of the Hot Big Bang: 


1—NW 
Qr 2R& 0.1474 , Qs = Nor = 0 = 0.4263, (71) 
where Qz — energy density of free light (free Planck photons, yp), Opg — rest 


energy density of Planck black holes (BH,), Qar — energy density of Planck grav- 
itational waves (T). 
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After about 507t, (i.e. ~ 1074! sec) the preinflation stage of Hot Big Bang is 
finished with following results: 


7 9 
1 1 
Qr —(TRN—1 + (1 — 6N —— = 0.3358, 72 
Opg = 0 (a very small value), (73) 
Ner = 1 — Qr — Ngy ~ 0.6642 (66.42%) . (74) 


Note that this irreversible density of energy (66.42%) remains practically un- 
changed till the beginning of II stage of inflation, when the binary collisions of 
black holes will become the source of the increase of this density (as we can see 
below). 

From Eqs. (72)-(74) we find the strongest inequality 


NBH « Or Oon (75) 


that denote the end of the pre-inflation stage of the Hot Big Bang and the beginning 
of the hyperinflation stage of the Universe. 

The strong inequality Eq. (75) shows that at the end of the pre-inflation stage 
the weak energy of the squeezed gravitational forces were totally suppressed by 
the tremendous common energy of the quantum electromagnetic and gravitational 
radiation stretched forces (close to the whole energy of the Universe!). 

Moreover, the very small value of Qgy is backed by the enormous absolute 
number of primordial black holes that were the “seeds” of the modern Cosmic Web. 

As far as we know, all these results are the only physically substantiated confir- 
mation of Hot Bing Bang and inflation theories. 

In conformity with *Planck-2018" observational data! the energy density of 
dark energy Q4 represents 0.6847 (68.47%) of the total energy of the Universe. This 
means that the relic gravitational waves emitted in the pre-inflation phases of Hot 
Big Bang represent 


Gas 0.6642 
“GR x 100% = 
Q, * 100% = c gaz 


of the nowadays dark energy. 

Note that the only two kinds of primordial gravitational waves I’, and Ip, with 
E, and E,/2 energies that accompanied birth and death of Planck black holes taken 
together represents 93.3996 of the nowadays dark energy. 

'These and others relic gravitational waves form the homogenic and anisotropic 
relic Cosmic Gravitational Waves Background (CGWsB) manifested only as the 
most of the irreversible and omnipresent dark energy shown in the *Planck-2018" 
data. Now these waves are of infinitesimal amplitudes and of frequency range of few 
kilohertz. 

In fact, these results represent the veritable solutions of so called “cosmological 
constant problem"?,!? dark matter and dark energy problems. 


x 100% = 97% (sic!) (76) 
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13. Two-stage Inflation 


At the end of the baryogenesis, leptogenesis and nucleosynthesis epoch, when the 
stage I of inflation was ended, the remaining energy of ordinary matter reached the 
4.9696 of the total energy of the observable Universe (note that this value presented 
by “Planck-2018” data is unchanged in time). If we neglect the small energy density 
of light, we can determine the remaining energy density of black holes (dark matter) 
at the end of I-st stage of inflation: 


Qj (96) = 100% — 4.9696 — 66.42% = 28.62% . 


After this epoch, there came the non-accelerated stage of the expanse of the 
Universe. But 6-8 billions of years ago, the II-nd stage of small inflation began. 
Now, from “Planck-2018” data we know that the distribution of the energy in the 
nowadays Universe is roughly represented by the following numbers: 


4.96% (for baryonic matter), 
26.57% (for dark matter), 
68.47% (for dark energy). 


As we can see, a comparison with the end of the I stage of inflation clearly 
shows that the increase in the dark energy is caused by the decrease of the energy 
associated to dark matter. This leads to the unambiguous conclusion that the stage 
II of inflation is provided by the binary coalescences of black holes. 


Conclusions 


Presented approach to the Planck scale physics that governed the cosmological 
processes at the beginning of the Universe is based on the simple but consistent 
algebraic relations and schemes (diagrams) with such specific terms as Planck bi- 
nary systems (Yp, Yp) quantum black holes BH,, gravitational waves I’, etc. These 
physico-mathematical tools work in the area where the tools of standard models of 
physics and cosmology do not work because of tremendous temperatures and pres- 
sures that blocked the Higgs field activity. In a such terrible environment only 3-d 
photon condensates and 2-d spherical photon condensates (quantum black holes) 
are unique sources of gravity at the beginning of the Universe. 

As it was showed above, presented results elucidate the decisive role of primordial 
black holes (as a dominated part of dark matter) in the generation of gravitational 
waves (a dominant part of dark energy) and clearly explain the physical background 
of Hot Big Bang and two-stage inflation. Moreover, these results solve the “old” 
unsolved problem of physics and cosmology such as “cosmic censure” problem, 
information loss paradox, black hole “end-point” problem, so called “cosmological 
constant” problem and so on. 

From the theoretical point of view, presented approach derive from the 
last A. Einstein’s conjecture about algebraic combined quantum and continuum 
description of reality and from the deepest principles and conjectures of such 
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distinguished physicists and cosmologists as J. Bekenstein, S. Weinberg, S. Hawking, 
V. Mukhanov, L. Susskind, G. ‘t Hooft, W. Unruh, T. Jacobson, K. S. Thorne, 
F. Wilczek, M. Maggiore., J. Peebles, B. Carr, P. W. Anderson, L. Smolin, 
C. Rovelly, F. Vidotto (“Planck Star" concept), A. Kashlinsky, S. Hossenfelder 
and many other eminent theorists. But the decisive role was played the theoreti- 
cal consequences from the last fundamental discoveries of experimental physics and 
observational cosmology. 
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The origin of primordial magnetic fields and baryon asymmetry of the Universe are 
still unresolved issues and require physics beyond the standard models of cosmology 
and particle physics. Since both require physics beyond the standard model, there is a 
possibility that the same new physics can solve both. In this talk, I will discuss our model, 
where non-minimal coupling to the Riemann tensor generates sufficient primordial helical 
magnetic fields at all observable scales during inflation. Interestingly, the generation of 
helical magnetic fields leads to baryogenesis, and the model predicts the observed amount 
of baryon asymmetry of the Universe for a range of reheating temperatures consistent 
with the observations. 


Keywords: Helical magnetic fields, baryogenesis, based on the works! 2 


1. Introduction 


The present Universe contains only matter and no antimatter, except for the rare 
antiparticles produced by cosmic rays. This asymmetry between baryons and an- 
tibaryons, also known as Baryon Asymmetry of the Universe (BAU), is characterized 
by the parameter ng ~ 10-19. Yet, we still do not completely understand the gene- 
sis of this asymmetry. However, in a remarkable paper in 1967, Sakharov pointed 
out that to have observed baryon asymmetry following conditions must be satisfied 
by any theory: (1) baryon number violation (2) charge (C) and charge parity (C.P) 
violation and (3) departure from thermal equilibrium.? 

Observations from Faraday rotation and synchrotron radiation show the pres- 
ence of micro-Gauss strength magnetic fields in the galaxies and the clusters of 
galaxies. While the magnetic field measurements from Faraday rotation and syn- 
chrotron radiation provide upper bounds of the magnetic fields, the FERMI mea- 
surement of gamma-rays emitted by blazars provides a lower bound of the order of 
10715 G in intergalactic voids.? The origin of the magnetic field in these regions 
is still an open problem in modern cosmology; there is no compelling theoretical 
model to explain the generation of these large-scale magnetic fields. 

'The origin of primordial magnetic fields and the origin of the baryon asymme- 
try of the Universe are the unresolved issues in modern cosmology and particle 
physics models. Both require physics beyond the standard model and pose an excit- 
ing question— are these processes cosmological or particle physics or both? It seems 
impossible to generate the observed amount of baryon asymmetry within the Stan- 
dard Model of particle physics framework. Since both require physics beyond the 
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standard model, there is a possibility that the same physics can solve both problems. 
This talk discusses a mechanism that leads to the generation of primordial helical 
magnetic fields and baryon asymmetry at the beginning of the radiation-dominated 
epoch. 

The electromagnetic field has two transverse degrees of freedom, i.e., left and 
right circular polarization, associated with the left and right-handed helicity modes. 
Furthermore, modes with the same evolution (or dispersion relation) lead to the 
non-helical electromagnetic field. In contrast, differently propagating modes with 
non-zero net helicity imbalance give a helical magnetic field. In order to create this 
helicity imbalance we consider the following scenario: under parity transformation 
electric and magnetic fields transform as E — —E, B — B, since standard elec- 
tromagnetic action, F,,, F"" = (B?— E?)/2 is parity invariant, but the Chern-Simon 
term F, xd hv — —AE- B is parity non-invariant. Therefore, introducing this term in 
the action will lead to the different evolution of the modes. There is an interesting 
quantity related to the F, mu HY called magnetic helicity density, which in a given vol- 
ume, is proportional to the difference between the number of left and right-handed 
photons, and is given by: Hm = v fy xA - B, where A is electromagnetic vector 
potential. Helical magnetic fields are very interesting for the following reasons: (1) 
the decay rate to energy density and coherence length is slow for these fields, which 
differs from the non-helical, (2) helical magnetic fields leave a very distinct signature 
as they violate parity symmetry which leads to observable effects, for example, cor- 
relations between the anisotropies in the temperature and B-polarisation or the E- 
and the B-polarisations in the CMB, and (3) if we could measure helical magnetic 
fields, it would provide evidence of CP violation in the early Universe. 

It is important to note that both kinds of magnetogenesis models, i.e., early time 
and late time models, have problems. Inflation provides a causal mechanism to gen- 
erate the magnetic fields of large coherence length. The problem with magnetic field 
generation during inflation is that standard electromagnetic action is conformally 
flat. Hence, the inflationary mechanism can not amplify quantum fluctuations of 
electromagnetic fields. Therefore one needs to break the conformal symmetry of 
the action. In the literature, models breaking conformal invariance by introducing 
non-minimal coupling terms in the electromagnetic action are proposed or by the 
time-dependent coupling with the gauge field. These models produce non-helical 
magnetic fields. On the other hand, the generation of helical magnetic fields baryo- 
genesis in the early Universe requires a parity-violating source. 

A more popular scenario of helical field generation (and baryogenesis) is by 
adding the interaction term f (¢)FuvF #¥ which is responsible for creating the im- 
balance between left-handed and right-handed photons.!? However, these scalar field 
coupled models suffer from strong coupling and backreaction problems and sensi- 
tivity to the reheating dynamics. In this talk, I will discuss our model where the 
electromagnetic field is coupled to the Riemann curvature, which breaks the con- 
formal invariance and parity symmetry of the theory and leads to the production 
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of primordial helical fields at all length scales. Interestingly, as we will see that the 
same helical modes will give a non-zero contribution to Chern-Simon (CS) number 
density and hence lead to the baryogenesis. 


1.1. Baryogenesis in the presence of primordial helical 
magnetic field 


Almost two decades back, Davidson? pointed out some very interesting relation be- 
tween primordial magnetic field and Sakharov's conditions of the baryon asymmetry 
of the Universe. The presence of background magnetic fields in the early Universe 
may break the C, CP, SO(3) and thermal equilibrium. Specifically, she argued that 
there are symmetries that are broken due to the presence of magnetic field: (1) 
there should be some kind of out-of- thermal-equilibrium dynamics because in equi- 
librium, the photon distribution is thermal, and there are no particle currents to 
sustain a "long-range" field, (2) because B is odd (changes sign) under CP, the 
presence of magnetic field will lead to CP violation, (3) since the magnetic field is 
a vector quantity, it chooses a particular direction hence breaks the isotropy (rota- 
tional invariance). This implies that one could see the presence of a magnetic field 
to provide the CP violation and out of thermal equilibrium conditions required in 
baryogenesis models. However, Davidson's conditions are necessary but not suffi- 
cient. One key missing ingredient is the requirement of primordial helical magnetic 
fields which can provide evidence of CP violation in the early Universe if we could 
measure them. Interestingly, as we show next, the presence of primordial helical 
fields leads to the non-zero Chern-Simons number and, eventually, the change in 
the Fermion number. 

In the early Universe, the generation of the non-zero primordial helical magnetic 
fields leads to a chiral anomaly resulting from the imbalance between left and right- 
handed fermions. In the presence of an electromagnetic field in curved space-time, 
the chiral anomaly is given by the following equation?: 


e2 


167? 


Vida E HP? NT po + HOP F Fp (1) 
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where J^ is the chiral current, Ryo ^? is the Riemann tensor and A,, is the four- 
vector potential of the electromagnetic field, Fuy = V,,A, — V,A,, and e""?? = 


0123 _ 1 = 


T neve? is a fully antisymmetric tensor, and we set n —10123- 


In the case of flat FRW background in conformal time (n): 
ds? = a? (n) (dy? — 6i; dada?) , (2) 


the first non-zero contribution of the first term in the RHS of Eq. (1) comes only 
at second order and hence will not play any role in our analysis. However, due to 
the presence of the magnetic fields, the second term in the RHS of Eq.(1) is the 
non-zero only and hence leads to a net chiral current. T'hus, if we consider only 
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up to the first-order in perturbations, only the second term in the RHS of Eq. (1) 
contributes, and the chiral anomaly equation reduces to: 


2 
€ 
0, (V. 7944) = 1:29» (V-gK") (3) 
where 
kno T BLA 
— y=g "0 


is the topological current. Using Eq. (6), the net baryon number density, ng = 
a(n)(0|.J4|0) is related to Chern-Simon number density nos = (0|K?|0) as,’ 


e2 


1,34 (0nes (4) 


nB = 


where 
1 1 [^dk k* 5 9 
nes = sen OA 0A = 2; f SE aga (Ae? 14-2), 6) 


where A, and yu set the possible energy range (or epoch) of the baryogenesis after 
inflation, and A+ refer to the positive and negative modes of the helical magnetic 
fields which are generated during inflation. Note that due to the absence of standard 
model particles ng = 0 during inflation. As we can see from Eq.(8) that all the 
modes re-entering the horizon at the beginning of the radiation-dominated epoch 
contribute significantly, and hence the value of ncs depends on the upper cut-off 
A. It is important to note that ncs vanishes if the primordial magnetic fields are 
non-helical, i. e. |A, | = |A. |, and hence will not lead to baryogenesis. Thus, the key 
missing ingredient of Davidson's conditions is the requirement of helical magnetic 


fields. non-zero only and hence leads to a net chiral current. Thus, if we consider 
only up to the first-order in perturbations, only the second term in the RHS of 
Eq. (1) contributes, and the chiral anomaly equation reduces to: 
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is the topological current. Using Eq. (6), the net baryon number density, ng = 
a(n)(0|.J4|0) is related to Chern-Simon number density nos = (0|K°|0) as,’ 
m 
ng = 4153 00nos. (7) 
where 
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where A, and yu set the possible energy range (or epoch) of the baryogenesis after 
inflation, and A+ refer to the positive and negative modes of the helical magnetic 
fields which are generated during inflation. Note that due to the absence of standard 
model particles ng — 0 during inflation. As we can see from Eq.(8) that all the 
modes re-entering the horizon at the beginning of the radiation-dominated epoch 
contribute significantly, and hence the value of ncs depends on the upper cut-off 
A. It is important to note that ncs vanishes if the primordial magnetic fields are 
non-helical, i. e. |A+| = | A-|, and hence will not lead to baryogenesis. Thus, the key 
missing ingredient of Davidson's conditions is the requirement of helical magnetic 
fields. 


2. Generation and evolution of primordial helical magnetic field 


We consider the following action: 


2 
s- 2 f esvcan + [ sca some vio 


Oo ~ 
Te / dz /—g Roo P Fag FP? (9) 
where Roo “8 is the Riemann tensor, A, is the four-vector potential of the elec- 
tromagnetic field, Fur = V, A, — Vr A, and FP? = lerroe P is the dual of F,,. 
8 m n m 2 m m 
cH po = Z3 neve? js fully antisymmetric tensor, 74”? is Levi-Civita symbol whose 
0123 — 1 = 


values are +1 and we set 7 —1]0123- 

Note that in Eq. (9), the first three terms are the standard terms (the Einstein- 
Hilbert action, scalar field action, and standard electrodynamics, respectively). 
However, the presence of the Riemann tensor term breaks the conformal (and parity) 
invariance of the action. We assume that the scalar field (9) dominates the energy 
density in the early Universe (during inflation) and leads to 60 — 70 e-foldings of 
inflation with H œ 10!^GeV. M is the energy scale, which sets the scale for the 
breaking of conformal invariance. We assume that 107? < (Hing/M) < 1 where 
Hint ~ 1014 GeV is the Hubble scale during inflation. It is important to note that 
due to Riemann coupling, M appears as a time-dependent coupling in the FRW 
background i.e. M ow B = Æ. Using Ho ~ 10-*4GeV and M © 101" GeV, 
we can see that at current epcoh #e ~ 10759, Therefore, the Riemann coupling is 
tiny, and the non-minimal coupling term in the electromagnetic action will have a 


significant contribution only in the early Universe. 

Our model has the following salient features: First, our model does not require 
the coupling of the electromagnetic field with the scalar field. Hence, there are no 
extra degrees of freedom, which will not lead to a strong-coupling problem. Second, 
the conformal invariance is broken due to the coupling to the Riemann tensor. Since 
the curvature is significant in the early Universe, the coupling term will introduce 
non-trivial corrections to the electromagnetic action. However, as mentioned above, 
the Riemann coupling term will not contribute at late-times, and the model is 
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identical to standard electrodynamics. Third, as we show explicitly, our model is 
free from backreaction for a range of scale-factor during inflation. This is different 
from other models where a specific coupling function is chosen to avoid any back- 


reaction.!9 


2.1. Estimating the strength of the helical magnetic fields 


We estimate the total electromagnetic energy density at the horizon exit and to iden- 
tify whether the modes lead to back-reaction on the metric, we define the quantity, 
R= ue which is the ratio of the total energy density of the fluctuations 
at horizon exit and background energy density during inflation. Since R << 1 for 
any a € —4 (a = —1/2 corresponds to de-Sitter universe), the model does not have 


back-reaction. 


a Protal (in GeV") R 
-i-e| ~ 10% ~ 1074 
-$ |^108 ~ 107° 
-1 ~ 10°! ~ 1077 
E ~ 1059 ~ 10-? 


To estimate the current value of the helical fields, we assume instantaneous re- 
heating and the fact that Universe becomes radiation-dominated after inflation. 
Due to flux conservation, the magnetic energy density will decay as 1l/a?, i.e. 


pp(0) = pu (2) i where ao is the present day scale-factor, pu and a refer to the 
magnetic energy density and the scale-factor at the end of inflation, respectively. 
Using the fact that the relevant modes exited Hubble radius around 30 e-foldings of 
inflation, with energy density pp © 1094^GeV*, the primordial helical fields at GPc 
scales is: Bo ~ 10~2°G where we have used 1G = 1.95 x 10-2? GeV?. Our model 
predicts the following primordial helical fields that re-entered the horizon at two 
different epochs: B59 mpe ~ 10718 G (z ~ 20) and Bl, mpe ~ 10714 G (z ~ 1000). 
Thus, the model generates sufficient primordial helical magnetic fields at all ob- 
servable scales. Also, our model predicts the present-day helical magnetic field of 


strength 10715G on Mpc scales. 


3. Baryon asymmetry of the Universe 


Now, we compute the baryon asymmetry created by the helical modes generated 
during inflation. To do that, we need to obtain the ranges of A and u. The largest 
scales observed in the CMB are produced around 40 - 60 e-foldings before the end of 
inflation, and hence we have considered these modes for the generation of the helical 
magnetic field. However, taking advantage that modes are generated at all length 
scales in our model, we focus on the helical fields that renter the horizon very early 
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(at the beginning of the radiation-dominated epoch) to generate the required BAU. 
'This means that the modes that left the horizon around the last 5 to 10 e-foldings 
of inflation are only relevant. 

Since the entropy density per comoving volume is conserved, the quantity n g/s is 
better suited for theoretical calculations. Assuming that there was no significant en- 
tropy production after reheating phase, entropy density in the radiation-dominated 
epoch is: 


s ~ —— gTgg, (10) 


where Try is the reheating temperature and the effective relativistic degrees of 
freedom g ~ 100 at reheating. The BAU parameter is given by: 


3 3 
NB —29 2 AS =) M A 

= — #10 C| = & 10 — —— 11 
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10!4GeV, and for the observed baryon asymmetry 107 !^, the reheating temperature 
Tru is in the range 1012—10!4^ GeV, which is is consistent with the constraints on 
the reheating temperature. This suggests that our model does not prefer a very 
low-energy reheating temperature 


where |C| ~ and Mp; z 101? GeV. Assuming the exit of inflation at 


4. Conclusions 


This talk focuses on a viable scenario for the generation of helical magnetic fields 
during inflation which lead to the baryogenesis in the early Universe. The model 
does not require coupling to the scalar field and hence does not lead to a strong 
coupling problem, and also, there is no backreaction on the background dynamics. 
'The generation of the helical fields is due to the coupling of the electromagnetic 
fields with the dual of the Riemann tensor, which breaks the parity symmetry 
of the action. Interestingly, our model generates the present-day magnetic field of 
strength 10715G Mpc scales. 

We have explicitly shown that Davidson's conditions are necessary but not suffi- 
cient. The key missing ingredient is the requirement of primordial helical magnetic 
fields. We have shown that the BAU parameter predicted by our model is indepen- 
dent of any specific inflation model and reheating dynamics; however, it depends 
on the scale at which inflation ends and reheating temperature. Furthermore, fo- 
cussing on the modes that leave the horizon around 5 to 10 e-foldings the BAU 
parameter obtained in our model is inversely proportional to reheating tempera- 
ture. Assuming the exit of inflation at 10!4^ GeV, for the observed amount of baryon 
asymmetry 9p ~ 10-19, we obtained that the reheating temperature should be in 
the range 101? — 1014 GeV, which is consistent with the constraints on the reheating 
temperature. 


2699 


Acknowledgments 


The MHRD fellowship at IIT Bombay financially supports AK. This work is sup- 
ported by the ISRO-Respond grant. 


References 


1. 


10. 


Ashu Kushwaha and S. Shankaranarayanan. Helical magnetic fields from riemann 
coupling. Phys. Rev. D, 102:103528, Nov 2020. 

Ashu Kushwaha and S. Shankaranarayanan. Helical magnetic fields from Riemann 
coupling lead to baryogenesis. Phys. Rev. D, 104(6):063502, 2021. 

Sacha Davidson. Ingredients and equations for making a magnetic field in the early 
universe. Phys. Lett. B, 380:253-256, 1996. 

A. D. Sakharov. Violation of CP Invariance, C asymmetry, and baryon asymmetry of 
the universe. Sov. Phys. Usp., 34(5):392-393, 1991. 

Leonard E. Parker and D. Toms. Quantum Field Theory in Curved Spacetime: Quan- 
tized Field and Gravity. Cambridge Monographs on Mathematical Physics. Cambridge 
University Press, 8 2009. 

Antonio Riotto and Mark Trodden. Recent progress in baryogenesis. Ann. Rev. Nucl. 
Part. Sci., 49:35-75, 1999. 

Neil D. Barrie and Archil Kobakhidze. Inflationary Baryogenesis in a Model with 
Gauged Baryon Number. JHEP, 09:163, 2014. 

Kandaswamy Subramanian. The origin, evolution and signatures of primordial mag- 
netic fields. Rept. Prog. Phys., 79(7):076901, 2016. 

Andrii Neronov and Ievgen Vovk. Evidence for strong extragalactic magnetic fields 
from fermi observations of tev blazars. Science, 328(5974):73-75, 2010. 

Ramkishor Sharma, Kandaswamy Subramanian, and T. R. Seshadri. Generation of 
helical magnetic field in a viable scenario of inflationary magnetogenesis. Phy. Rev. 
D, D97(8):083503, 2018. 


2700 


Polymer Quantization of the Isotropic Universe: 
Comparison with the Bounce of Loop Quantum Cosmology 


G. Barca*, E. Giovannetti and F. Mandini 


Department of Physics, La Sapienza University of Rome, Rome, Italy 
* Speaker. E-mail: gabriele.barcaQuniromal1.it 


G. Montani 


Department of Physics, La Sapienza University of Rome, Rome, 00185 Italy 
Fusion and Nuclear Safety Department, ENEA, Frascati (RM), Italy 


We implement Polymer Quantum Mechanics on the Hamiltonian formulation of the 
isotropic Universe in both the representations of the standard Ashtekar-Barbero-Immirzi 
connection and of a new generalized coordinate conjugate to the Universe volume. The 
resulting dynamics is a bouncing cosmology; when quantizing the volume-like variable 
the Big Bounce is an intrinsic cut-off on the cosmological dynamics, while when using the 
standard connection the Bounce density results to be dependent on the initial conditions 
of the prepared wave packet. ''hen we compare the nature of the resulting Bounce with 
what emerges in Loop Quantum Cosmology, where the dependence of the critical density 
on the initial conditions is present when the minimum area eigenvalue is implemented in 
a comoving representation instead of the physical one. We conclude that, if one hand the 
preferable scenario should be a Big Bounce whose density depends on initial conditions 
in view of the privileged SU(2) character that the Ashtekar-Barbero-Immirzi connection 
possesses in the full Loop Quantum Gravity, on the other hand the equivalence demon- 
strated in the context of polymer cosmology can be a hint in favour of the viability of the 
improved scheme of Loop Quantum Cosmology even though it is not expressed through 
the privileged set of variables. 


Keywords: Quantum Cosmology; Polymer Quantum Mechanics; Early Universe. 


1. Introduction 


Loop Quantum Cosmology (LQC)! ? is the implementation of Loop Quantum Grav- 
ity (LQG)8 in the symmetry-reduced cosmological minisuperspaces. It predicts the 
emergence of a Bouncing scenario that removes the classical singularity, but has the 
intrinsic limitation that the SU(2) symmetry of LQG is lost. 

Here we address the nature of the Bounce through the implementation of 
Polymer Quantum Mechanics (PQM)* on the flat isotropic Friedmann-Lemaitre- 
Robertson-Walker (FLRW) model in two different representations: the Ashtekar- 
Barbero-Immirzi variables (the basic SU(2) variables of LQG and LQC) and the 
volume variables.5 Then, we compare our results with LQC in order to gain some 
insight on both frameworks. A more detailed analysis is presented in Ref. 9. 

This work is organized as follows: in section 2 we introduce the framework 
of PQM; then we implement PQM on the FLRW model firstly expressed in the 
Ashtekar variables in section 3, and then in the volume variables in section 4; in 
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section 5 we compare our results with LQC; finally in section 6 we summarize our 
work. We use the natural units A = c = 81G = 1. 


2. Polymer Quantum Mechanics 


PQM’ is an alternative representation that is non-unitarily connected to the stan- 
dard Schrödinger representation. It implements a fundamental scale in the Hilbert 
space through the introduction of a lattice structure. Its aim is to reproduce effects 
similar to those of LQG through an independent framework that allows for more 
freedom in the choice of the preferred configurational variable and that is easily and 
reliably applicable to many Hamiltonian systems. 

Let us consider a generic Hamiltonian system with canonical variables (Q, P). 
'The kinematical framework of PQM consists in assigning to one of the variables, 
usually the position Q, a discrete character. As a consequence, in the quantiza- 
tion procedure, the conjugate momentum P cannot be promoted to a well-defined 
operator because the translational operator T(A) = e? 

The procedure to regularize the momentum P and to construct a well-defined 
operator consists in the introduction of a lattice on position Q with constant spacing 
Bo € R. The Hilbert space is then constructed as the one that contains all those 
states |i) = X; bi [Bn), with Bn = nf and X; |b? < oo. Now the translational 
operator must be restricted to act only by discrete steps to remain on yg: this is 
achieved simply by setting ¢ = 6o in order to obtain T(89) |Bn) = |Bn+1): 

When the condition Po « 1 is satisfied, we can approximate P with a sine 
function, so that the regulated momentum operator can be constructed as the in- 


cremental ratio of the translational operator on the lattice: 
sin(Bo.P giPoP. — gio P 
pa HUE) (1a) 
Bo 2iBo 


Pa, T e n v "n— 
Pg, |B5) = T l8,) = Ben ea, 


For the squared momentum operator there are infinitely many approximations, but 


is not weakly continuous. 


(1b) 


they usually amount to just a rescaling of the lattice parameter £o; the simplest 
one in order to avoid discrepancies is obtained by composing the operator (1b) with 
itself, corresponding to the approximation P? ~ sin? (fo P)/62. 

When performing the quantization of a system using the momentum polarization 
of the polymer representation, the regulated momentum operator must be used 
together with the differential coordinate operator. Alternatively, it is possible to 
perform a semiclassical analysis by using the formal substitution (1a) in the classical 


Hamiltonian, thus including quantum modifications in the classical dynamics.*: 1011 


3. Polymer FLRW Dynamics in Ashtekar Variables 


We will now show the dynamics of the flat isotropic FLRW model expressed in 
the Ashtekar variables. Given the symmetries of the model, the connection and 
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the triads reduce to a very simple form: A’, — c = ya, E? — p, with |p| = a?, 


{c, p} = 7/3, where a = a(t) is the scale factor of the Universe, the dot represents 
a derivative with respect to time t and y is the Immirzi parameter. 


3.1. Semiclassical Dynamics 


We consider the FLRW model filled with a free massless scalar field @; we discretize 
the area p, so we use the sine substitution (la) on the connection c. We have a 
four-dimensional phase space (c, p; 9, Py), where P; is the momentum conjugate to 
the scalar field. The modified Hamiltonian constraint for this model is 


3 
2 


3 3 
Cpoly = —— 3 VP sin? (Boc) + pop? =0. (2) 
*Y* Bo 


Then the dynamics is derived through the standard Hamilton’s equations. 
Through the constraint, we obtain a modified Friedmann equation: 


NS 2&2 
3 
t3 (5) 3 pa] PP Pop (8) 


the correction factor in parentheses contains a regularizing density pg that depends 


on time through p; the minus sign introduces a critical point for the dynamics. 
Since P, is a constant of motion, it is possible to use the scalar field as internal 
time; this makes the Friedmann equation easily solvable, and its solution p(@) is 


plg) = É cosh (H o) | (4) 


'The hyperbolic cosine has a non-zero minimum: the singularity is avoided and the 


Big Bang is replaced by a Big Bounce. However, the critical density, i.e. the energy 
density at the Bounce, is Perit = pa(plog) = 32 V2 /PsyBo: it is dependent on the 
constant of motion P, that must be therefore set through initial conditions. 


3.2. Quantum Dynamics 


In the quantum picture, the fundamental variables are promoted to operators so that 
the quantum Hamiltonian constraint yields a Wheeler-De Witt (WDW) equation: 


„_ COMPE CE E 

c= Bo ? P= ~ta de P = ag’ (5a) 
g 2 dH d\? æ 
Cpoy¥(c, $) = ~ 382 (sano x) E d V(c, 9) = 0; (5b) 


through a substitution, the latter is recast as a Klein-Gordon-like (KG) equation: 


3 d? d? 
r= E In [in (&5)] + axo = qato) = T (6) 
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We construct its solution as a Gaussian-like wavepacket over eigenvalues ky of Py: 
oo BE SN 
Es e ER ke ette? eiked. (7) 
o V4r0 


then we evolve it backwards in time, and study the behaviour of the expectation 
value of the energy density operator through a KG scalar product of the form 


V(z, $) = 


5 p? 
(Fa) = f d (VN - Goo), Pi = oar á 


The result is a function of time ¢. Figure 1 shows the energy density increasing 
towards the singularity, reaching a finite maximum and then decreasing again; in 
view of its scalar nature, this behaviour confirms the presence of a Big Bounce 
also at the quantum level. However, the critical density at the Bounce (i.e. the 
value of the peak) is dependent on the initial condition kọ, as in the semiclassical 
dynamics. 
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Fig. l. Behaviour of the expected value of the energy density operator (po) as function of time 
$ (left panel) and dependence of the value of the energy density at the Bounce (be) las on the 


initial condition for the wavepacket m (right panel). The blue dots are the quantum expectation 
values, fitted with red continuous functions in accordance with semiclassical evolution. 


4. Polymer FLRW Dynamics in Volume Variables 
4.1. Specialization of Polymer Cosmology 


In order to find the suitable variable to obtain a fixed Bounce density,? we perform 
a canonical transformation on the classical Hamiltonian to a generic function F of 
the scale factor: p > F(a), c > Pr = 2J/p c/F'(a) with F'(a) = OF /0a. By using 
the polymer substitution (la) on the new momentum Pr, we obtain a modified 
Hamiltonian constraint and a corresponding modified Friedmann equation: 


s (ro) 


- 2 3 
sin"(BoPr)-c- pop? —0, ps = 53, 9a 
Rp (BoPr) + po ó (9a) 


Cpoly = 
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mot (a), jp LÀ (ro) (ey. os 


3 pg 4yBp p p 
To obtain a universal regularizing density pg, we must have F(a) x a 
to use as new fundamental variables v = a? and € = 2c/3 /p x à/a. 


35: we choose 


4.2. Semiclassical Dynamics 


We implement PQM on the system by considering v as discrete and using the formal 
substitution (1a) on the new generalized coordinate c: 

2 

(10) 


Cpoly = v sin?(fo&) + pgv=0, pg — 


27 
ENTE 2v?' 
'This new representation yields a modified Friedmann equation with a fixed regu- 
larizing density, as expected: 


y du. a3 a PA) 5 _ 7 s 
H^- bid = = 1 = " P8 = 4-222 = Perit: (11) 
a 3v 3 PB 47° Bo 


The quantity pg = Pcri, depends only on fundamental constants and the Immirzi 


parameter, and can therefore be already considered a critical density. Using $ as 
time, the new modified Friedmann equation is easily solvable for v(¢): 


_ 27Bo 3 
u(o) = Jaa Py cosh (ED ; (12) 


We still have a hyperbolic cosine, indicating a Bounce that replaces the Big Bang, 


but this time the value of the energy density at which this happens is universal. 


4.3. Quantum Dynamics 


In the quantization procedure the fundamental variables are promoted to operators 
and the quantum Hamiltonian constraint yields a WDW equation: 


„~  .d 3 si(fo) g&  .d. 

MED. dE E ipm (13) 
3 : 3 Gy NE ej 
Cpoly V (Č, ) = - (saaa =) + dg? V (€, Q) =0. (14) 


Through a suitable substitution, the latter is recast as a KG-like equation in the 
variable 3 where ¢ plays the role of time: 


" 2 d sue d ces 
qo "H In [in (E ) +ig9 => asa Y (5 9) = ie (15) 


We construct the solution as a Gaussian-like wavepacket of the form 


z oo ee MOT 
V (à, o) = 202 
o v4 


ko e Feo ekot, (16) 
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Finally, we evolve it backwards in time and study the behaviour of the expected 
value of relevant operators (the volume V = ô and the energy density pg = P3 /20°) 
through the same KG scalar product (8) in terms of 3. The Bounce is present also 


(89) 
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Fig. 2. Expected value of the energy density operator as function of time $ (left panel) and 
dependence of the critical density (the value of the energy density at the Bounce) on the initial 
condition for the wavepacket ks. The blue dots are the quantum expectation values that have 
been fitted with red continuous functions in accordance with semiclassical evolution. 


in this quantum setting; however in this case the energy density, depicted in the left 
panel of figure 2, has a value at the Bounce that is constant and independent on 
kg, as shown in the right panel of the same figure. 


5. Discussion of the Results 
5.1. The Nature of the Bounce in Polymer Cosmology 


The quantization procedure of PQM implements on a Hamiltonian system a lat- 
tice that has a constant step by construction. Therefore the canonical changes of 
variables must be performed on the classical Hamiltonian constraint before dis- 
cretization. The nature of the resulting Bounce in the two pictures is not the same, 
and the two dynamics are inequivalent. 

To recover the equivalence, we can perform the canonical transformation after 
the implementation of the lattice. We consider the system with the discretized vol- 
ume and change the variables to Ashtekar ones; the canonical transformation must 
preserve the Poisson brackets and therefore must satisfy the condition Boč = 'c. 
We obtain a discretized system in the variables (c, p) that has a new lattice spacing 
£8' dependent on the variable p. The new equation of motion for p is mapped to the 
original equation of motion in the Ashtekar variables, but the lattice parameter f 
is replaced by the new one f"; the resulting dynamics is a Big Bounce scenario with 
a fixed, universal critical density, the same obtained by discretizing the volume with 
a constant lattice. Thus we conclude that the nature of the Bounce is decided by 
the variable to which a constant lattice spacing is assigned. 
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We stress that this result can be demonstrated only at a semiclassical level; on 
the quantum level this comparison is impossible, because a quantization procedure 
with a non-constant translational parameter has not been developed yet. 


5.2. Comparison with Loop Quantum Cosmology 


One of the most important results of LQG is the quantization of the kinematical 
geometrical operators of area and volume, !? with the Area Gap A being the smallest 
non-zero area eigenvalue. In the construction of the quantum Hamiltonian constraint 
of LQC, the area gap is introduced from the full theory somewhat ad hoc, and 
the character of its implementation defines different schemes of LQC. In the first 
formulation, the area gap was implemented as a kinematical feature (as in full LQG) 
on the comoving area: this is equivalent to introducing a fixed lattice and yields the 
original ug scheme of LQC, a scenario very similar to our polymer cosmology with 
the Ashtekar variables of section 3, that presents a Big Bounce dependent on initial 
conditions.” Then, in the improved dynamics, the area gap is implemented as a 
dynamical feature on the physical area, i.e. rescaled by the squared scale factor; 
this leads to a lattice with a non-constant spacing ji(p), and prevents quantization. 
Therefore a change of basis is performed to a volume-like variable v x v to make 
the lattice parameter constant (note how this is the inverse change of variables that 
we performed above). Now the quantization can be completed, and the resulting 
dynamics is a Big Bounce with a critical density that is a universal feature.^? This 
scenario, dubbed ji scheme, is analogous to the polymer FLRW cosmology in volume 
variables presented here in section 4. 

The improved scheme avoids the dependence of quantum gravitational effects 
on initial conditions, a feature that does not have a very clear physical interpreta- 
tion, and therefore seems to be more appealing than the original formulation. One 
criticism is that the new fi scenario takes LQC further away from LQG because it 
does not use the Ashtekar variables anymore, that are privileged in the full theory 
in view of their SU(2) character. However the dynamical similarities of PQM and 
LQC may justify the change of variables: at least on a semiclassical effective level, 
the dynamics of the model expressed in volume variables with a constant spacing 
is equivalent to that of the same model expressed in Ashtekar variables with a 
p-dependent lattice step. 


6. Summary and Conclusions 


We have shown how the implementation of PQM on the flat isotropic model solves 
the singularity by replacing the Big Bang with a Big Bounce, but its nature depends 
on the fundamental variable used to describe the model: with the area p from the 
Ashtekar variables the energy density at the Bounce is dependent on the initial 
conditions, while if the volume v — a? is used instead, the Bounce is a universal 
feature with a fixed energy density; therefore the two pictures yield two different 
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and inequivalent dynamics. A possibility to recover the equivalence is to perform 
the canonical transformation after the implementation of the lattice and to allow 
for a non-constant step; this does not affect the dynamics, meaning that the nature 
of the Bounce is decided by the variable that has a lattice with constant spacing. 

In LQC two analogous pictures emerge: the original pọ scheme yields a Bounce 
dependent on initial conditions, while the improved fi scheme prevents this feature 
through a change of basis and presents a universal Bounce. These similarities with 
polymer cosmology may be used to gain insight into the validity of the two scenarios: 
if on one hand the improved scheme, although physically more appealing, can be 
criticized for not using the privileged SU(2) variables of LQG, on the other hand the 
parallelism with the minisuperspace implementation of POM justifies the ji scenario 
in view of the equivalence demonstrated in semiclassical polymer cosmology. 
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Due to the general covariance of the Einstein equations and conservation laws, the lin- 
earized equations have solutions which are gauge-dependent and have, therefore, no phys- 
ical significance. 

In this contribution I will show that the decomposition theorems for symmetric 
second-rank tensors of the maximally symmetric subspaces of constant time imply that 
there are exactly two, unique, gauge-invariant quantities which describe the true, physical 
perturbations to the energy density and particle number density. In the limit of zero 
spatial fluid velocity, and hence zero pressure, the set of linearized Einstein equations 
and conservation laws, combined with the new gauge-invariant quantities reduce to the 
Poisson equation of the Newtonian Theory of Gravity and the energy-mass relation of 
the Special Theory of Relativity. The relativistic gauge transformation reduces to the 
Newtonian gauge transformation in which time and space are decoupled. 

The cosmological perturbation theory for open, flat and closed Friedmann-Lemaitre- 
Robertson-Walker (FLRW) universes consists of a second-order ordinary differential 
equation (with source term entropy perturbations) which describes the evolution of per- 
turbations in the total energy density, and a first-order ordinary differential equation 
which describes the evolution of entropy perturbations. 

The cosmological perturbation theory is applied to a flat FLRW universe. For large- 
scale perturbations the outcome is in accordance with treatments in the literature. In the 
radiation-dominated era small-scale perturbations grew proportional to the square root 
of time and perturbations in the CDM particle number density were, due to gravitation, 
coupled to perturbations in the total energy density. Therefore, structure formation could 
have begun successfully only after decoupling of matter and radiation. After decoupling 
density perturbations exchanged heat with their environment. This heat exchange may 
have enhanced the growth rate of their mass sufficiently to explain structure formation 
in the early universe, a phenomenon which cannot be understood from adiabatic density 
perturbations. 


Keywords: Cosmology; Perturbation Theory; Structure Formation. 


1. Introduction 


The theory related to the linearized Einstein equations and conservation laws is 
important in cosmology because it describes the growth of all kinds of structures in 
the expanding universe, such as stars, galaxies and microwave background fluctu- 
ations. Lifshitz! and Lifshitz and Khalatnikov? were the first researchers to derive 
a cosmological perturbation theory. They encountered the problem that the solu- 
tions of the linearized Einstein equations and conservation laws have no physical 
significance. Due to the linearity of the equations, the solutions can be changed 
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by a linear coordinate transformation, i.e., a gauge transformation. Therefore, the 
solutions are gauge-dependent. This is the well-known gauge problem of cosmology 
which is up till now not solved. 

In this contribution I outline the solution of the gauge problem. Next, I briefly 
give the derivation of a new perturbation theory for cosmological perturbations in 
open, flat and closed FLRW universes. The perturbation theory is applied to a flat 
FLRW universe to study the evolution of density perturbations. The derivation of 
the perturbation theory is given in full detail in Ref. 3, whereas the problem of 
structure formation in a flat FLRW universe is discussed in detail in Ref. 4. 


2. Cosmological Perturbation Theory 


We consider FLRW universes filled with a perfect fluid. The energy momentum 
tensor is then given by 


TH” = (e + pu" u" — pg"". (1) 
From thermodynamics it is known that both the energy density £ and the pressure p 
depend on the particle number density n and the absolute temperature T, i.e., 

e=e(n,T), p-p(n,T). (2) 


Since T' can, in principle, be eliminated from these equations of state, a computa- 
tionally more convenient equation of state for the pressure is used, namely 


p = p(n, e). (3) 


Using (1) and (3) one can write down the Einstein equations and conservation laws 
into a set of background equations 


Goo — NI Tw, (4) 
which govern the global evolution of FLRW universes, and a system of perturbation 
equations 

Go Sis. Nunc (5) 


'These equations govern the evolution of local perturbations in FLRW universes. 


2.1. General Covariance 


It is well-known that the General Theory of Relativity is invariant under general 
coordinate transformations z^ — x(x”). In particular, the linearized Einstein 
equations and conservation laws are invariant under a general linear coordinate 
transformation, i.e., a gauge transformation 


xz" — r” = g^ — E" (t, a), (6) 


where £"(t, x) are four arbitrary infinitesimal functions of time, x° = ct, and space, 


x = (xl, x?, x°), coordinates, the so-called gauge functions. As a consequence, there 
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are no preferred coordinate systems (see Weinberg,? Appendix B), so that one may 
choose any system of reference which makes the calculations tractable. 

However, because of the linearity of the perturbation equations and conservation 
laws, the so-called gauge problem of cosmology emerges. 


2.2. Gauge Problem of Cosmology 


Consider a closed, flat or open FLRW universe filled with a perfect fluid, with an 
equation of state for the pressure (3). The evolution of the energy density &(», the 
particle number density no) and the expansion scalar 0(,, = 3H of the background 
universe are governed by the usual Einstein equations and conservation laws for a 
FLRW universe 


3H? = Ro + k& +A, &-—8nGw/c, (Ta) 
Ro, = —2H Ro, (7b) 
Eo) — —3H&gy(1--w), w := poy/Eq; (7c) 
fi; = —3H Nn). (7d) 


From this system of equations it follows that the evolution of FLRW universes is 
characterized by the three scalars €(o), no) and 05. 

The general solution of the linearized Einstein equations and conservation laws 
contain, among other quantities, the perturbed quantities €q), na) and ĝa). Since 
the linearized equations are invariant under linear coordinate transformations (6) 
one can generate new, equivalent, solutions &,,, n) and %,), i.e., 


Bo 0 1 0, NE 0p 
£a) = Ea) +E £o), na = Nay TE, 9; = 0; + € bo (8) 


where €°€ (0), Eho) and £90, are the so-called gauge modes. Therefore, €a), Nna) 
and ĝa) are gauge-dependent and have, as a consequence, no physical significance. 


3. Previous Attempts to Solve the Gauge Problem of Cosmology 


Bardeen® was the first to demonstrate that, using gauge-invariant quantities, one 
can recast the linearized Einstein equations and conservation laws into a new set 
of evolution equations that are free of non-physical gauge modes. Bardeen’s defini- 
tion of a gauge-invariant density perturbation is such that it becomes equal to the 
gauge-dependent density perturbation in the limit of small scales. The underlying 
assumption is that on small scales the gauge modes vanish so that gauge-dependent 


quantities become gauge-independent. However, the physical quantities a a nort 


(1) 
in the non-relativistic limit, since the gauge modes ĉa), ña) and 04, never become 


and 09 do not become equal to the gauge-dependent quantities £a), na) and ĝa) 


zero. This is a direct consequence of the facts that the universe is not static in 
the non-relativistic limit and that the relativistic space-time gauge transformations 
reduce in the non-relativistic limit to Newtonian gauge transformations with space 
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and time decoupled. Consequently, the quantities defined by Bardeen are not equal 
to the real physical energy density perturbation. 

The article of Bardeen has inspired the pioneering works of Ellis ef a 
Mukhanov et al|9!! and Bruni et al!? These researchers proposed alternative 
perturbation theories using gauge-invariant quantities which differ from the ones 
used by Bardeen. The theory proposed by Mukhanov et al.19:1* yields the Poisson 
equation of the Newtonian Theory of Gravity only if the Hubble function, i.e., the 
expansion scalar, vanishes. This, however, violates the background Friedmann equa- 
tion. In fact, the background Friedmann equation is needed to derive the Poisson 
equation from the linearized Friedmann equation in the non-relativistic limit. Con- 


[0:9 


sequently, the gauge-invariant quantities defined in Refs. 10 and 11 are not equal 
to the true physical perturbations. 

In the approach in Refs. 7-9 a density perturbation is defined using gradients, 
i.e., a gauge-invariant and covariant function is defined which 'closely corresponds 
to the intention of the usual gauge-dependent density contrast function'. However, 
a perturbation theory based on this definition does not yield the Poisson equation 
in the non-relativistic limit. 

'The above mentioned pioneering treatments caused an abundance of other im- 
portant works, e.g., Refs. 13-18. In his review article, Ellis!? discusses the work of 
Lifshitz and Khalatnikov, and also provides an overview of other research on the 
subject. From the vast literature on cosmological density perturbations, it must 
be concluded that there is still no agreement on which gauge-invariant quantities 
are the true energy density perturbation and particle number density perturbation. 
None of the cosmological perturbation theories in the literature has a correct non- 
relativistic limit, so that there is still no solution to the gauge problem of cosmology. 


4. Real, Measurable Density Perturbations 


In contrast to the gauge-dependent quantities €a), na) and 04, the real, measur- 
able density perturbations PUT ney and gue are independent of the choice of a 
coordinate system, i.e., are gauge-invariant. The physics of density perturbations is 
hidden in the general solution of the linearized Einstein equations and conservation 
laws. Therefore, the physical quantities en 2 n ? and as ? can be expressed as 
linear combinations, with time-dependent coefficients, of gauge-dependent solutions 
of these equations, such that the gauge modes are eliminated. Furthermore, ee 
and hee have the property that in the non-relativistic limit the linearized Ein- 
stein equations and conservation laws combined with expressions for cand no 
reduce, in a non-static flat FLRW universe, to the time-independent Poisson equa- 
tion with ae as source term, and the well-known Einstein mass-energy relation 
ePhys — nP¥Smc? of the Special Theory of Relativity. Finally, the relativistic gauge 
transformation (6) reduces in the non-relativistic limit to the Newtonian gauge 
transformation. Consequently, the gauge problem is, in fact, the problem of finding 


. h h h 
expressions for eh), nb. and 055". 
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5. Solution of the Gauge Problem 


The gauge-dependent quantities £a), n; and ĝa) transform under the gauge trans- 
formation (6) in exactly the same way, namely as (8). Therefore, one can combine 
two of these quantities such that the gauge modes are eliminated. We have three 
choices and in each choice one of the gauge-invariant quantities vanishes. The ob- 
vious, non-trivial choice is 


é h 6 
phys, . (0) phys, . (0) phys, . (0) = 
Ew 7760 — 3 0a» May = Nay — 7; 0a. Oy = Bay — Fay = 0, (9) 
(0) (0) (0) 
h SL, AE : ; : 
where 055^ = 0 implies that local density perturbations have no influence on the 


global expansion ĝo) = 3H of the universe. 

Now, the question arises, are es nPbys and grey ? the real, measurable pertur- 
bations? Since the linear combinations (9) are the only possible ones, it is plausible 
that this is indeed the case. However, to be sure, we have to study the quantities (9) 
together with the background equations (4) and the perturbation equations (5) in 
the non-relativistic limit. T'his is the subject of Sec. 8. To that end, we have to 
rewrite the linearized Einstein equations and conservation laws (5) into a more 
convenient form. This will be done in Sec. 7 with the help of the decomposition 


theorems in the next section. 


6. Decomposition Theorems of Symmetric Second-rank 3-tensors 


Since the General Theory of Relativity is invariant under coordinate transforma- 
tions, we may choose our coordinates such that the calculations are tractable. 

We choose a synchronous system of reference, since this facilitates the non- 
relativistic limit: in the Newtonian Theory of Gravity all coordinate systems are 
synchronous. A second reason is that in synchronous coordinates, the decomposi- 
tion theorems in Refs. 20-22 for symmetric second rank tensors of the maximally 
symmetric three-spaces of constant time can be used. 

In synchronous coordinates the metric tensor g,, (t,£) of FLRW universes has 
the form 


go =1, 9o —0, gij = —a7(t) Gi; (x), (10) 
where a(t) is the scale factor of the universe, goo = 1 indicates that coordinate 
time is equal to proper time, go; = 0 is the global synchronicity condition (see the 
textbook of Landau and Lifshitz,?? § 84) and g;; is the metric tensor of the three- 
dimensional maximally symmetric sub-spaces of constant time?. From the Killing 
equations €,,., +&)., = 0 and (10) it follows that the functions €“(t, æ) in (6) become 


Ov(z) “dr nad 
xr] a tx (11) 


E = yle), eg 


aQuantities with a tilde, i.e., d, belong to the three-dimensional maximally symmetric subspaces 
of constant time. 


2713 


if only transformations between synchronous coordinates are allowed. The four func- 
tions y(x) and x'(z) cannot be fixed since the four coordinate conditions goo = 1 
and go; = 0 have already exhausted all four degrees of freedom (see Weinberg,?4 
Section 7.4 on coordinate conditions). 

In Refs. 20-22 it is shown that any symmetric second-rank three-tensor, and 
hence the perturbed metric tensor h;; and the perturbed Ricci tensor Rajij, can 
uniquely be decomposed into three parts. For the perturbed metric tensor, one has 

hi; = hj; + hig t his, hi, =0, h$-0, hy =0, (12) 
where tensor, vector and scalar perturbations are denoted by *, L and ||, respec- 
tively. The perturbed Ricci tensor, R5, being a symmetric second-rank three- 
tensor, can in the same way be decomposed 


RÈ =R 


i i k k k 
Wj j + Raj +R Rok =0, Risk =0, Roy xilk =0. (13) 


i " 
lly (A)*j? 


Finally, York and Stewart demonstrated that the components hi can be written in 
terms of two independent potentials (t,x) and C(t, a), namely 


2 ; 
lj = as + eu (14) 


The decompositions (12) and (13) and the expression (14) imply that the decompo- 
sition of the spatial part ua) = (ui), UZ), uj) of the perturbed fluid four-velocity 
Ug) = Wy F Wool: (15) 
where the components u,,j and ua, have the properties 
V.uag-V- Uoj V x Ua = V X ua, (16) 
is consistent with the three linearized momentum constraint equations G%$ = KTO. 
In expressions (16) V is the generalized vector differential operator, defined by 


Viv :— v". 


7. Evolution Equations for Scalar Perturbations 


The general solution of the linearized Einstein equations and conservation laws (5) 
is a linear combination of scalar, vector and tensor perturbations. From the de- 
composition theorems it follows that only the scalar perturbations are coupled to 
density perturbations. Therefore, in the linearized equations (5) we may replace h’; 
coll |] 
the evolution of scalar perturbations. For the Ricci tensor we find R/,,; > Riig» so 
that the local perturbation to the global spatial curvature R,o) due to local density 


perturbations is given by 


by hi ; and ul.) by ul), to obtain perturbation equations which exclusively describe 


Ray ES Hr = Gian (h^ platy = h^ as) rd 1 Ru h^. (17) 
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Since the rotational part of the local spatial fluid velocity is not coupled to scalar 
perturbations we may for scalar perturbations replace the three components of the 
fluid velocity by its divergence, i.e., 


k 
Vay = Uie (18) 
Finally, the perturbation to the expansion is given by 
05; = Vay — lj, (19) 


Using the substitutions given above, we can rewrite the full set of perturbed Einstein 
equations and conservation laws (5) in the form 


2H (64) — Bay) = Ra, + Keay, (20a) 
Ray = -2HB + 2kEo (1 + w)V ay — 2 Re) (05, — Vay); (20b) 
Ea) = -3H (Eq) + Pay) — Ew (1 + w) 6a), (20c) 
: il V2p p 
Ja) = —H(2 — 387)0 D gius 20d 
(1) ( B ) a) £w% (1 +w) a2 B E (0) ( ) 
Nay = —3Hnq, — No) Aa), (20e) 


which describe exclusively scalar perturbations. The system (20) consists of the 
energy density constraint equation or linearized Friedmann equation (20a), the mo- 
mentum constraint equation (20b), the energy density conservation law (20c), the 
momentum conservation law (20d) and the particle number density conservation 
law (20e). These equations are the perturbed counterparts of Eqs. (7). Since the 
system of equations (20) includes all constraint equations and conservation laws, 
the dynamical equations Ga = RS are automatically satisfied by the solution of 
the system (20). 

The background equations (7) combined with the system (20) determines the 
evolution of P85 and nPP* given by (9). However, the system (20) has also gauge 
modes as solution, i.e., 


£a; = WE), fi = priro, Êa, = WO); (21a) 
A VA . VA 
Vay = cou Ra = 4H p Roy], (21b) 


where £? = y(æ) in synchronous coordinates, see (11). Therefore, I have derived 
a new system of equations which is free from the gauge modes and determines 
exclusively the evolution of ord * and dove This will be the subject of Sec. 9. First, 
we show in the next section that p ? and ns are the real, measurable density 


perturbations. 


8. Non-relativistic Limit 


'The standard non-relativistic limit is defined by four requirements, see, e.g., the 
textbook of Carroll,?° page 153: 
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(1) The gravitational field should be weak, i.e., can be considered as a perturbation 
of a flat, i.e., Roo) = 0, FLRW universe. 


(2) The particles are moving slowly with respect to the speed of light. 


(3) The transformation (6) with (11) is reduced to transformations for which the 
Newtonian Theory of Gravity is invariant. 


(4) The gravitational field of a density perturbation should be static, i.e., it does 
not change with time. 


Requirement (3), which is not used in the literature, is needed because we have to 
deal with gauge transformations (6) with (11) in an expanding universe. 

In the Newtonian Theory of Gravity space is flat. ''herefore, we consider a flat, 
Ro = 0, FLRW universe, so that spatial covariant derivatives reduce to ordinary 
derivatives. Combining expressions (14) and (17), we get 


4 4 Vo 
— |k 1 
Ra = a? [NCC EU RR, (22) 
where V? is the usual Laplace operator. 
'The non-relativistic limit follows from 
Ui yphys 0, € pry 0, (23) 


i.e., the physical part of the fluid velocity is small with respect to the speed of light. 
Note that non-zero pressure differences imply fluid flow and vice versa. Using the 
background equations (7), the quantities (9) and the perturbation equations (20) 
we can draw the following conclusions: 


(1) The momentum constraint equation (20b) implies with (22) and (23) that ¢ = 0, 
i.e., in the non-relativistic limit the potential ¢ is independent of time. 

(2) The perturbed Friedmann equation (20a) and the time-derivative of the back- 
ground Friedmann equation (7a) imply the Poisson equation 

AT GN hys 
V? p(n) = Fna), (24) 

where y(x) := ¢(x)/a?(to). 

(3) In the limit (23) the masses of the particles in a density perturbation are equal 
to their rest masses, so that the definitions (9) imply with (20c) and (20e) 


(25) 


which is the well-known energy mass relation of the Special Theory of Relativity. 


(4) The relativistic gauge transformation (6) reduces in the non-relativistic limit to 
the Newtonian gauge transformation 


Gog =e —(0, x> g’ = r =x'(2), (26) 
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where x'(z) are three arbitrary functions of the spatial coordinates and C is an 
arbitrary constant. Thus, in the non-relativistic limit time and space transfor- 
mations are decoupled: time coordinates may be shifted and spatial coordinates 
may be chosen arbitrarily. 


(5) Finally, the perturbed conservation laws (20c) and (20e) have only the gauge 
modes as solutions. Therefore, these equations have no physical significance and 
need not be considered anymore. 


We can now draw the conclusion that gu nPby ? and gpbys — 0 defined by the 


expressions (9) are the unique, measurable, physical perturbations to the energy 
density, the particle number density and the global expansion, respectively. 


9. Evolution Equations for Density Perturbations 


I have used the computer algebra system to rewrite the system (20) into a 
new system of equations for the density contrast functions ôs := gs /&« and 
Ôn :— nPb¥* ni. The result is the system of evolution equations for density pertur- 
bations in an open, flat and closed FLRW universe: 


ts j ĝe 
ô- +616. + 036, = b3 fön a 14 -| $ (27a) 
1 d be 3A No) Pn be 
= — —— 2 
zip is Ew (1 + w) Ön l+w]? ee) 


where the coefficients b1, b2 and bs are determined by the background equations (7) 
and the equation of state for the pressure p = p(n, €). 


9.1. Diabatic Perturbations 


Density perturbations are diabatic (‘non-adiabatic’) if and only if the equation of 
state for the pressure depends on both the particle number density n and the energy 


density €. 
The combined First and Second Law of Thermodynamics is given by 
€ (1 + w) ó 
Tosa? =- Ôn E., 28 
0Sa) neo) E (28) 


Thus, the evolution of density perturbations is determined by both their internal 
gravity and heat exchange with their environment. 
For diabatic perturbations the pressure perturbation is given by 


ô 
hys 
phy = Beebe + 2(0)Pn b^ a 1 M , (29) 


where the first term is the adiabatic part of the pressure perturbation and the second 
term is the diabatic part. 


2717 


9.2. Adiabatic Perturbations 

For barotropic equations of state, i.e., p = p(e), we have p, := (Op/On)- = 0, 
implying that b3 = 0. In this case Eq. (27a) is a homogeneous equation and, as a 
consequence, describes adiabatic perturbations. Since for adiabatic perturbations 
gm d * = 0, Eq. (27b) reduces in this case to an algebraic equation 


Õe 


Ôn — ——— 
1l+w 


=0, (30) 


so that for adiabatic perturbations the perturbations in the energy density are 
coupled to perturbations in the particle number density. Adiabatic perturbations 
evolve only through their internal gravity. 


10. Structure Formation in a Flat FLRW Universe 


In this section we consider a flat FLRW universe. The coefficients of Eq. (27a) are 
in this case given by 


È 
B' 
2 $ 2 B 2V? 
by = Kew) [26 (2 + Bw) - $(01L€ 18w + 9u?)| +2 (1-30) - "7, (31b) 


—9 hio, V? 
Do j foy v.n 
a E TR | 


Eo) a2 ' 

(31c) 
where the partial derivatives of the equation of state for the pressure p(n,&) are 
given by 


bı = H(1 — 3w — 367) - 2 (31a) 


F Pn (pe 8?) T 20)Pnn 


PED pz OP Op m; (32) 
Dn := Bn E De :— As A Den :— Je ðn’ Pnn := Oni 


The symbol V? denotes the Laplace operator. The quantity (t) is defined by 8? := 
Poy /Ec). Using that po = patio, + Peĉo and the conservation laws (7c) and (7d) 
one gets 


Tto) Pn 


&y(1-- w) ee) 


B? = pe + 


From the definitions w := pio) /E@) and 8? :— p(/&(,, and the energy conservation 
law (7c), one finds for the time-derivative of w 


w = 3H(14+ w)(w — 8°). (34) 


This expression holds true independent of the precise form of the equation of state. 
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10.1. Radiation Dominated Universe 


In this era the primordial fluid can be treated as radiation-dominated with equations 
of state 


eSapl,, p= lag (35) 


where ag is the black body constant and T} the radiation temperature. The equa- 
tions of state (35) imply the equation of state for the pressure p — łe, so that, 
with (32), 


Pn —0, Pe= S (36) 
Therefore, one has from (33), 
P =w=}. (37) 
Using (36) and (37), the perturbation equations (27) reduce to 
x ; 1 V2 
ôs — Hó, E i 2 ôe = 0, (38a) 
ôn — 262 = 0. (38b) 


Using the solutions of the background equations (7) and using that ôe(t, £) = 
óc (t, q) exp(iq - x), with |g| = 27/A, Eq. (38a) can be written in the form 

1 u2 1 2m 1 1 

ou + | 6- =0 a —, d:=Aalt 

E Qr E E + zs € > H Xo H (to) Ja. 0 Aa( 0); (39) 


where a prime denotes differentiation with respect to the dimensionless time 7 :— 
t/to > 1. The general solution of Eq. (39) is 


à. (rq) = | A1 (a) sin (V7) + An(g) cos (n v7) | V7, (40) 


where Aı(q) and A»(q) are the ‘constants’ of integration. For large-scale (A — oc) 
perturbations, we find from Eq. (40) the well-known? 2629 


solution 
be = eT + cor!2, (41) 


We can now draw the following conclusions. From Eq. (40) it follows that density 
perturbations oscillate. However, in contrast to the outcome of the standard per- 
turbation theory in the literature, density perturbations oscillate with an increasing 
amplitude. Moreover, baryons were tightly coupled to radiation through Thomson 
scattering, i.e., baryons obey ôn, baryon = 364. Thus, for baryons (38b) is identically 
satisfied. In contrast to baryons, CDM is not coupled to radiation through Thomson 
scattering. However, equation (38b) follows from the General Theory of Relativity. 
As a consequence, equation (38b) should be obeyed by all kinds of particles that in- 
teract through gravitation. In other words, equation (38b) holds true for baryons as 
well as CDM. Since CDM interacts only via gravity with baryons and radiation, the 
fluctuations in CDM are coupled through gravitation to fluctuations in the energy 
density. 
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10.2. Era after Decoupling of Matter and Radiation 


Once protons and electrons combined to yield hydrogen, the radiation pressure 
was negligible, and the equations of state have become those of a non-relativistic 
monatomic perfect gas with three degrees of freedom 


e(n, T) 2 nmc? + 3nkpT,  p(n, T) = nkpT, (42) 


where kg is Boltzmann's constant, m the mean particle mass, and T the temperature 
of the matter. Eliminating T' from (42) yields the equation of state for the pressure 


p(n, €) = AG P nmc?), (43) 
so that with (32) one has 
Pn = -imc, De = 2. (44) 


Substituting pn, pe, and £ given by (42) into (33) on finds, using that mc? > kpT, 


Us 5 kp o) kgT oy —10 
x — =4/> Pp SD: 1 45 
P c 3 me’? "^ me ^ "Ro (45) 


with vs the adiabatic speed of sound and To) the matter temperature. Using that 
B? ~ 3w and w < 1, expression (34) reduces to ù ~ —2Hw, so that with H := à/a 
one has w c a ?. This implies with (45) that the matter temperature decays as 


Tyga”. (46) 


This, in turn, implies with (45) that B/B — —H. 'The system (27) can now be 
rewritten as 


s ' v2 2 WV? 
óc I 3H, |? a2 H been óc = UAE (ôn = de) ; (47a) 
1d 

(On — à.) = —2H (bn — be), (47b) 
c dt 


where w « 1 and 8? < 1 have been neglected with respect to constants of order 
unity. From equation (47b) it follows with H :— à/a that 


Ôn — ôe a7. (48) 
Combining (46) and (48) it follows that the fluctuation in the kinetic energy density 
is given by 


~ 3 keTo (t) 
T2 me? 


Ókin (t, x) X ĝe (t, x) — ôn (t, x) Or (tdec; x), (49) 


where dO7(taec, £) is a constant, i.e., a free parameter of the perturbation theory and 
taec is the time of decoupling of matter and radiation. Moreover, it is found for the 
entropy perturbation and the fluctuation in the pressure, respectively, 


gys x skpor, Op RS 36. + or, (50) 


as follows from (28), (29) and (42). 
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Using that óz(t,2) = 6.(t,q)exp(iq- x), ó,(t, x) = ó4(t, qg)exp(iq - x) with 
|g| = 21/A and the solutions of the background equations (7), the system (47) can 
be rewritten as one ordinary differential equation 


2 4 u2 10 4 u? 
” fa m m 
epee E 78/3 a ôe ig sme, T21, (51) 


where a prime denotes differentiation with respect to the dimensionless time T :— 
t/taec- The parameter 4m is expressed in observable quantities at the present time tp 


Qn 1 1 5 kpToyy(tp) 16.48 
Hm = = , (52) 
Adec CH (tp) [2(taec) + 1] 3 m Adec 
where Aqec is expressed in parsec. 
For large scales Agec — oo, the solution of Eq. (51) is given by 
be = eur? + er 9/3, (53) 


The first term is a well-known solution, whereas the gauge mode 7^! is absent. 

In order to solve Eq. (51) for all finite scales Agec, we have to specify the initial 
values d(taec,q) and its derivative ó'(tqec, q). From measurements of the Planck 
satellite?? it is found that for 7 = 1, i.e., at t = tace, 


[0e (faoc, q)| S 1075. (54) 


The initial growth rate is unknown. Therefore, we assume that there is initially no 
growth at all, i.e., we take 


ô, (tases q) = 0. (55) 


The initial value of the entropy perturbation (50) is a random variable and depends 

on how a density perturbation undergoes the very fast transition from a very high 
pressure epoch just before decoupling to the very low pressure era just after decou- 
pling. Some small areas end up with positive entropy perturbations and others with 
negative entropy perturbations. In fact, it is found that 


(Ps x 3kpor > 0 => large voids 
(2) PS a 3kpgóy <0 = structure formation 


The results of the integration of Eq. (51) are depicted in Fig. 1. The curves are 
labeled by the diabatic pressure perturbation ôr (50). Density perturbations start 
to grow at the time of decoupling. Each curve shows the time (or, equivalently, 
the redshift) when a density perturbation becomes non-linear, i.e., ĝe = 1. The 
growth of density perturbations is governed by both gravity and heat exchange. At 
a scale of 6.5 pc = 21 ly (the peak value) gravity and heat exchange work perfectly 
together, resulting in very early star formation. Because of the steepness of the 
curves to the left of the peak, I will refer to this value as the relativistic Jeans scale. 
The corresponding relativistic Jeans mass is 4.3 x 10° Mo. For scales larger than the 
relativistic Jeans scale, gravity is strong but heat exchange is low because of the large 
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Fig. 1. The curves give the redshift and time, as a function of Agec, when a linear perturbation 
in the energy density with initial values 6-(taec,q) < 107? and 64(taec,q) © 0 starting to grow 
at an initial redshift of z(tgec) = 1090 has become non-linear, i.e., óc(t, q) = 1. The curves are 
labeled with the initial values of the relative perturbations 67(tgec,q) in the diabatic part of the 
pressure. For each curve, the Jeans scale, i.e., the peak value, is at 6.5 pc. 


scale, resulting in a later collapse time. The larger the scale, the later the collapse 
time. For very large scales the collapse time is proportional to 7?/?, the classic result 
for adiabatic density perturbations. On the other hand, for scales smaller than the 
relativistic Jeans scale, gravity becomes rapidly very weak, resulting also in a much 
later collapse time. 

Figure 2 shows the growth rates of density perturbations as a function of their 
initial scale Agee at decoupling. The fastest growth occurs within the first 16 Myr. 
Density perturbations at the relativistic Jeans scale of 6.5pc grow fast until non- 
linearity. Density perturbations with initial scale 4.1 pc grow initially faster than 
perturbations at the relativistic Jeans scale. Eventually, the rapid growth slows 
down and the perturbations grow slowly into the non-linear phase. Density per- 
turbations which are initially smaller than 4.1 pc oscillate towards non-linearity. 
Finally, perturbations smaller than approximately 1 pc and larger than 50 pc do not 
become non-linear within the age of the universe. 


11. Standard Perturbation Theory 


'The standard equation which is supposed to describe the evolution of density per- 
turbations 6 :— €q)/€() and which is ubiquitous in the literature reads 


oe . 2 
6+2H6— 813 + iae (1 + w)(1 +30) 6=0. (56) 


2722 


Time in Myr 
0.38 0.51 0.74 1.2 2.6 14 
T T T T T T T T T T T 


Adec =2 


0.20 F 


bp =-0.1 


© 

— 

UA 
T 


Growth Rate 


—0.05 F 


1 | 
1100 900 700 500 300 100 
Cosmological Redshift 


Fig. 2. The curves give the growth rates 64, as function of the redshift z, or time in million 
of years. The evolution of perturbations started at z = 1090. The initial dimensions Age, of the 
perturbations are measured in parsec. 


See, for example, the classic article of Bonnor.*! In this equation 8? = w = 4, 
(37), in the radiation-dominated universe, whereas 6 = vs/c and w = 0, (45), after 
decoupling of matter and radiation. The standard equation (56) differs substantially 
from the new equations (38) and (47), since the latter two equations determine the 
evolution of the true, measurable energy density fluctuation 6. :— &?5/e(,. In this 
section we briefly explain why the standard equation differs from the new equations. 

Since equations (38) and (47) are derived from the system (20), we try to derive 
Eq. (56) also from the system of equations (20), this time not using the defini- 
tions (9). In this procedure Eq. (20e) is not needed, since the equation of state for 
the pressure in Eq. (56) is of the form p = p(e). 


11.1. Radiation-dominated Universe 


The result for the radiation-dominated era is 
d ; 1 V? % à 
ó 4-2Hó — dg T30 ô= —3 Hva), (57a) 


Bay + Hva + oa (57b) 
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'The problem with this system is that it admits, next to physical solutions, also the 
gauge modes 
A à V^(a) 


$(t,2):— -AH(tu(z), (t,x) := — (58) 


Since these solutions have no physical significance, one cannot impose physical ini- 
tial conditions to solve the system (57) since that would imply that the arbitrary 
gauge function y(x) could be fixed by physical conditions, which is impossible. Fur- 
thermore, the gauge modes displace the divergence Va) of the fluid velocity to the 
right-hand side, Eq. (57a). Since va) is an intrinsic property of an evolving density 
perturbation, it should be incorporated in the left-hand side of the evolution equa- 
tion, as is the case for Eq. (38a). That is why Eq. (38a) predicts oscillating density 
perturbations with an increasing amplitude, whereas the standard equation (56) 
yields oscillating perturbations with a constant amplitude. Because of the presence 
of gauge modes in its solution, the system (57) is inadequate to study the evolution 
of density perturbations in the universe. In contrast to the system (57) the standard 
equation (56) lacks the divergence Va). Since, in addition, the gauge mode ô isa 
solution of Equation (56), the standard equation is simply useless. 


11.2. Era after Decoupling of Matter and Radiation 


In the era after decoupling we find 
x . V2 
à 4-2Hó — [ex + 2 ô = -3Hf^9,, (59a) 


Bay +2HVq) +B -3 50 (59b) 


In this case the gauge function (a) reduces to a constant C, (26), in accordance 
with the fact that after decoupling the cosmological fluid is described by a non- 
relativistic fluid (42). Therefore, the only surviving gauge mode is given by 


ó(t,z) := —3H(t)C, (60) 
and va) = pny * is a physical quantity. Due to the presence of a gauge mode, the 
system (59) is still inadequate to study the evolution of density perturbations. 

Finally, we consider a pressure-less fluid, also known as ‘dust’. Substituting p = 

0, i.e., 8 = 0, into the system (59) we find 
6 +2Hò — 1KE(90 = 0, (61a) 
25, + 2H, — 0. (61b) 
These equations are decoupled, implying that the divergence of the fluid velocity 
has no influence whatsoever on the growth of a perturbation. However, if there are 
no pressure differences in a fluid, then there is no fluid flow, phys = 0, so that 


density perturbations do not evolve. Since Eq. (61b) has only the gauge mode Bay 
as solution this equation is not needed anymore. 
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Equation (61a) follows also from the Newtonian Theory of Gravity if one takes 
the expansion into account. Since it has next to the gauge mode œ t^! also a physical 
solution œ 1?/? regardless of the fact that there is no fluid flow, it should be clear 
that the Newtonian perturbation theory is inadequate to describe the evolution of 
density perturbations in the universe. 


12. Conclusion 


In this article I have sketched the derivation of a perturbation theory for open, flat 
and closed FLRW universes filled with perfect fluid described by a non-barotropic 
equation of state for the pressure p(n, £). The new theory has a Newtonian limit in 
a non-static universe. As a consequence, the gauge problem of cosmology is finally 
solved. The new perturbation theory consists of a second-order ordinary differential 
equation for the density contrast ĝe :— et /€@), and a first-order ordinary differ- 
ential equation for 6, — 6-/(1 + w), where the latter expression is proportional to 
entropy perturbations. A first conclusion that can be drawn from the new pertur- 
bation theory is that local density perturbations do not affect the global expansion 
of the universe. 

The new perturbation theory has been applied to a flat FLRW universe. The 
results are as follows. In the radiation-dominated universe density perturbations 
oscillate with an amplitude which is proportional to the square root of time. Both 
CDM as well as ordinary matter are coupled to perturbations in the radiation. As 
a consequence, structure formation can start only after decoupling of matter and 
radiation. After decoupling the growth of structure depends on both its internal 
gravity and its heat exchange with its environment. Heat exchange depends on the 
initial value of the entropy perturbation as well as the initial scale of a density 
perturbation. The entropy perturbation is a free parameter of the perturbation 
theory and can, therefore, take on random values. For sufficiently large negative 
values of the entropy perturbation I have found that the first stars are formed at 
z £z 24-12, or, equivalently 110-300 Myr after the Big Bang. The relativistic Jeans 
scale is 6.5 pc ~ 21 ly, and the corresponding relativistic Jeans mass is 4.3 x 10? Mo. 

The research in Refs. 3 and 4 has revealed that the General Relativistic pertur- 
bation theory explains structure formation in the early universe, without the need 
of CDM. The standard equation (56) of cosmology should not be used anymore. 
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Observations of the 21cm signal through intensity mapping techniques are expected in 
the near future. This new observable will allow probing the evolution of the Universe 
in a very wide redshift range, from the dark ages, through the epoch of reionization up 
to the present time. We constrain cosmological parameters from forecast measurements 
of the 21 cm signal power spectrum P21(k, z) combined with the latest CMB data from 
Planck 2018 observations. In the same framework, we test also modified gravity models 
to unveil beyond ACDM features coupling information from primordial probes, such as 
the CMB, to lower redshift ones. We extend the codes EFTCAMB/EFTCosmoMC to 
compute the likelihood function for P21(k, z) and we construct a mock data set of forecast 
intensity mapping observations. At the time being, we are bound by the experimental 
state-of-the-art to consider the redshift bin z = 0.39. However, in the future, it may be 
possible to study also wider redshift ranges. We describe our likelihood implementation 
and present the results we obtained from the statistical Monte-Carlo Markov-Chain 
analysis we conducted. 


Keywords: Cosmology; 21cm Intensity Mapping; Dark Energy; Modified Gravity; Fore- 
cast constraints. 


1. Introduction 


According to the Standard Model of Cosmology, the A - Cold Dark Matter (ACDM) 
model, the Universe we live in is currently going to a phase of accelerated expan- 
sion. The cause of acceleration is assigned to an enigmatic component, called Dark 
Energy (DE), which constitutes ~ 70% of the Universe. From the birth of the preci- 
sion cosmology era, the ACDM model has been extensively tested and it proved to 
be in remarkable agreement with several, independent observations.! ^ Despite its 
success, tensions on cosmological parameters? and open theoretical problems, re- 
garding the nature of the Cosmological Constant (A),9 
of a plethora of models alternative to ACDM.12 13 

At the state-of-the-art, constraints on Modified Gravity (MG) or DE models are 
all broadly compatible with ACDM. However, observations from future experiments, 


motivated the emergence 
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such as Euclid? and the Square Kilometer Array Observatory (SKAO),P are 
expected to be crucial in the quest for selecting the correct model. 

In this work, we test the effect of the detection on the 21cm signal on beyond 
ACDM models, i.e. P31(k). We forecast intensity mapping observations of P»1(K), 
as it will be measured by the MeerK AT radio-telescope,? the SKAO precursor and 
pathfinder in South Africa.!^!6 We build a realistic mock data set for P21(k) at 
redshift z = 0.39 and conduct a Monte Carlo Markov Chain (MCMC) analysis 
to constrain beyond ACDM theories. We adopt a model-independent approach by 
studying MG/DE within the Effective Field Theory (EFT) formalism for Cosmic 
Acceleration.!^:1? To this end we modify the codes EFTCAMB/EFTCosmoMC,? ?! to in- 
clude a new module for the P5; (k) likelihood computation. We compute constraints 
on cosmological and EFT parameters from P2\(k) alone and combined with the 
latest Planck 2018 CMB data.! 

This work is intended as an introduction to a more extensive analysis, that can 
be found in Ref.??. The structure of the paper is the following. First, we review 
general aspects of the theoretical and experimental framework in section 1.1. We 
outline the main aspects of our methodology in section 2. Results are presented in 
section 3 and summarized in section 4. 


1.1. Theoretical and experimental framework 


The Effective Field Theory (EFT) technique was first used in a cosmological scenario 
to describe inflation??^?4 and then applied to the description of Cosmic Accelera- 
tion.! ^15 The idea behind EFT for DE is to construct the most general action to be 
effective, i.e. easily interfaced with data, and unifying, in order to include as many 
DE/MG models as special cases. Up to second order in perturbation theory and in 
the Jordan frame, the resulting action is 


S= fes zs [1+ QEFT (7)] n 4 A(7) — e(7)a20g9? 


4 (r3 
rs m (a?5g°)? a Mi) (259% K 
Ur2 72 


+ m2(r)(g^" + n^n")O, (a? g9??) Oy (a? g9?) 


M2 
+ MO agg +... | + Sin; 


where the nine functions of the conformal time r, {QFFT,A,c} and 
(M3, M3, M3, M3, m3, M?), are referred to as EFT functions. We recover the 


See https://sci.esa.int/web/euclid. 
>See https: //www.skatelescope.org/. 
“See https: //www.sarao.ac.za/gallery/meerkat/. 
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k[hMpc] 


Fig. 1. Linear power spectra for the 21cm signal at different redshifts. Results are computed with 
the model in Eq. (2) for a ACDM fiducial cosmology, i.e. Planck 2018 best fit results.! 


ACDM limit when all the EFT functions are set to zero. By choosing the evolution 
of each EFT function one can either test the specific effect of the single operators 
on observables (pure EFT approach) or map the EFT functions into well known 
DE/MG models. We will adopt the pure EFT approach and we will study a subset 
of models described by the functions (OFFT, A, c) on a ACDM background. 

EFT models can be studied numerically by means of the Einstein-Boltzmann 
solver EFTCAMB,!?:?! an extension of the code CAMB,” and the MCMC sampler 
EFTCosmoMC,?? an extension of CosmoMC.?9:?7 Pure EFT models have been studied in 
the literature, ?9:?5 however, at the state-of-the-art, all the models are compatible 
with ACDM. For a complete review on EFT for DE and the latest constraints, we 
refer to Ref.?9. 

Although no significant proof supporting a specific beyond ACDM model has 
yet been found, in this work we quantify the impact of future observations on EFT 
models. We focus on the 21cm signal detection through line intensity mapping 
techniques, which allows sampling the neutral hydrogen (HI) distribution in a wide 
redshift range.?9 3° These observations will open an important window on DE/MG 
theories.39 4? Currently, several purpose-built radio-telescopes, such as the Cana- 
dian Hydrogen Intensity Mapping Experiment (CHIME),4 the Hydrogen Intensity 
and Real-Time Analysis experiment (HIRAX),° the Five-hundred-meter Aperture 
Spherical Telescope (FAST),‘ are already taking data or are under construction. 


See https://chime-experiment.ca/en. 
*8ee https: //hirax.ukzn.ac.za/. 
fSee https://fast.bao.ac.cn/. 
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Fig. 2. Mock data set observations and theory prediction at z — 0.39 for the 21cm signal power 
spectrum. Error bars are generated considering a realistic intensity mapping survey with the 
MeerKAT telescope. Central values are instead obtained from points predicted by the theory 
for ACDM and the fiducial cosmology we assume. Each point from the theory is then displaced 
randomly according to a gaussian distribution with a fifth of the error on that point as standard 
deviation. 


Moreover, radio cosmology and the study of DE/MG theories is one of the main 
science goals of the world's largest interferometer, the Square Kilometer Array Ob- 
servatory (SKAO),® in particular with intensity mapping techniques.^? 

The MeerKAT telescope,” the SKAO precursor in South Africa, can be suc- 


14,15 and has attained encouraging 


cessfully exploited for 21cm intensity mapping 
results.!® In this work, we mimick observations with the MeerK AT telescope, which 
operates at an interesting redshift range for DE and for which real data will be 


available in the near future. 


2. Likelihood implementation 


To compute the likelihood function Z(D|o), which we assume to be a multivariate 
Gaussian, we need the theoretical expectations for the set of parameters a, describ- 
ing the considered model, and the observed set of data D. To compute œ we extend 
the codes EFCAMB/ETCosmoMC and model the linear power spectrum of the 21cm 


signal as?5 43,44 


Poa (2, k) = Tj (z)(bui(2) + f(2)) Pu (2, k), (2) 


SSee https: //www.skatelescope.org/. 
hSee https://www.sarao.ac.za/gallery/meerkat/. 
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Fig. 3. Linear power spectra for the 21cm signal for ACDM and several pure EF'T models, 

described by different values of the parameter QEFT, We show theoretical predictions at redshift 

z — 0.39 for a linear (left panel) and an exponential (right panel) evolution of the function 

QDET. For the linear case we consider ORE = 0.01, 0.1, 0.5, 1, while for the exponential ODE = 

0.01, +0.1, +0.5, +1. Black points with errorbars are the mock data set we construct in this 


work, as described in Sec. 2. 


where T; is the brightness temperature, by] is the HI bias, f is the linear growth rate 
and P4 is the linear matter power spectrum. We stress that the model dependence 
here enters through f and Py. Our predictions for P2\(z, k) at different redshifts 
are shown in Fig. 1. 

Given that real data are not available yet, we construct a mock data set of fore- 
cast observations of P»1(k). We model the errors taking into account the technical 
specifications of the MeerK AT telescope, while we generate central points from the 
theory. Our mock data set is presented in Fig. 2. Here we focus on the redshift 
bin z — 0.39, which will be measured by MeerK AT. We explore also the effects of 


tomography in Ref.??. 


3. Results 

In this section, we present our main results. We begin by studying a ACDM reference 
scenario. Then, we study a pure EFT model on a ACDM background, where the 
function QOEFT(a) evolves as a linear function of the scale factor a, i.e. QEFT (a) = 
QEFT a. In Fig. 3, we compare theoretical predictions of P5, (k) for different values of 
oe with the mock data set we constructed. One can see that the P5; (k) observable 
is sensitive to variations in Ot, thus we expect that the P51(k) likelihood could 
help in constraining such model. However, we anticipate that this single data set 
alone is still not powerful enough to constrain OFFT alone. When combined with 
CMB data, instead, OPFT is already constrained by CMB to be < 0.1 (green line), 
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Fig. 4. Joint constraints (68% and 95% confidence regions) and marginalized posterior distribu- 
tions on cosmological parameters for a ACDM model. Here the label P21(z = 0.39) stands for the 
21cm power spectrum likelihood at redshift z = 0.39, while fog +H -- DA represents the additional 
background likelihood computed at the same redshift z — 0.39. We consider the parameter 7 fixed 
to a Planck 2018 fiducial cosmology value,! i.e. r = 0.0543. 


therefore we will observe a small improvement in the constraining power when 
adding P3 (K). 

We analyse the effect of the P51(k) likelihood both alone and combined with 
CMB data. We consider the following data sets: 


e Planck 2018: CMB data from Ref.!, i.e. TT, TE, EE power spectra + low 
polarization (lowE) data + lensing;! 


iSee http://pla.esac.esa.int/pla/Mthome. 
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Fig. 5. 


Joint constraints (6896 and 9596 confidence regions) and marginalized posterior distribu- 


tions on cosmological parameters for a ACDM model. Here the label Planck 2018 stands for TT, 
TE, EE + lowE + lensing while the label P51(z = 0.39) stands for the 21cm power spectrum 
likelihood at redshift z — 0.39. 


Table 1. 


Marginalized constraints on cosmological parameters at the 68% confidence level for a 


ACDM model. Deviations in the error with respect to Planck 2018 results are shown in brackets. 


Parameter Planck 2018 + Po1(z = 0.39) P2i(z = 0.39) + fos +H+Da 
Qh? .... 0.02237 + 0.00014 0.02236 + 0.00011 (—2496) 0.0384 0.015 0.0226 + 0.0035 
Qeh? .... 0.12014 0.0012 0.12004 + 0.00046 (—61%) —0.162*0029 0.1227 0.0081 
Re Gesas'si 0.9650 + 0.0041 0.9651 + 0.0031 (—25%) < 0.959 (950) ja 
He savas 67.32 + 0.53 67.32 + 0.16(—69%) > 73.6 67.14 1.3 
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Fig. 6. Joint constraints (68% and 95% confidence regions) on cosmological and EFT parameters 
for a pure linear EFT model on a ACDM background. Here the label Planck 2018 stands for TT, 
TE, EE + lowE + lensing while the label P»1(z = 0.39) stands for the 21cm power spectrum 
likelihood at redshift z = 0.39. 


e PA(k)(z = 0.39): mock data set of MeerK AT forecast observations at red- 
shift z — 0.39, constructed as described in Sec. 2; 

e background: additional background and structure formation mock data sets 
for fog, H, DA at z = 0.39, inferred from higher redshift intensity mapping 
forecasts. ^? 


For the ACDM case, we observe that the P21(k) likelihood alone has a weak con- 
straining power on the cosmological parameters, as shown in Fig. 4. We find a strong 
correlation between Hp and 2,h?, a feature that results to be pivotal when combin- 
ing the 21cm signal data set with CMB data. The constraining power is significantly 
improved when we add the background data set. With P2,(k) + background we are 
able to constrain the Hubble constant to Hg = 67.1 + 1.3 km s ! Mpc !, with a 
competitive error compared with results from other probes.? Combining CMB data 
with P31(k), we obtain an improvement on the errors on the cosmological parame- 
ters, as shown in Fig. 5 and Table 1. The effect is maximized for Hp and 0h?, for 
which we obtain a reduction on the error with respect to Planck estimate at the 
level of ~ 60 — 7096. The correlation between Ho and 0h? obtained with CMB data 
alone is perpendicular to the one found with P2)(k). Therefore, combining the two 
data sets removes the correlation almost completely, thus significantly improving 
the constraints on Hp and Q,h?. 
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Table 2. Marginalized constraints on cosmological parame- 
ters at the 68% confidence level for a pure linear EFT model 
on a ACDM background. Deviations in the error with respect 
to Planck 2018 results are shown in brackets. 


Parameter Planck 2018 + Po1(z = 0.39) 
Qyh? .... 0.02234 + 0.00015 0.02237 + 0.00011 (—26%) 
Qh? .... 0.1203 + 0.0012 0.12003 + 0.00046 (—63%) 
Ho vows 67.21 + 0.55 67.33 + 0.17 (—70%) 
ee < 0.0147 < 0.0135 (—11%) 


As anticipated, for the beyond ACDM case, we find that P»1(k) alone has a weak 
constraining power on the EFT parameters. Thus, here we discuss only the results 
for P31(k) combined with CMB data, which are presented in Fig. 6 and Table 2. 
We find that adding P»1(k) to CMB data reduces the error on the EFT parameter 
QBFT at the level of 11%. From the 2D contours, we observe that Pzı(k) also 
helps in removing some of the correlation between NFFT and the other cosmological 
parameters. Moreover, the constraints we obtain are comparable with results in the 
literature.?° 28 We stress that opening the parameter space to EFT models does not 
spoil the results on the cosmological parameters described above. 


4. Conclusions 


In this work we extended the EFTCAMB/EFTCosmoMC codes by implementing a new 
likelihood module fully integrated with original codes, to test forecast 21cm Intensity 
Mapping observations. We constructed a realistic data set at z — 0.39 from future 
MeerK AT-like observation settings. We tested the impact of the P21(k) likelihood 
on DE/MG models in the EFT framework. 

We find a significant improvement on the Q,A?, Ho constraints, from Pj; com- 
bined with Early Universe probes, i.e. Planck 2018 CMB data.! The impact of 
PA(k) on beyond ACDM models is at the level of 11%. Thus, from this analysis, 
we conclude that 21cm power spectrum observations could help in increasing our 
knowledge of DE. However, we believe that adding tomographic data set of P21(k) 
observations could significantly improve the constraining power on EF'T parameters. 
We investigate this claim and further expand this analysis in Ref.??. 
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General Relativity is a priori a theory invariant under time reversal. Its integration with 
the laws of thermodynamics allows for a formulation of non-equilibrium phenomena in 
gravity and the introduction of an arrow of time, i.e. the the breaking of such invariance. 
Even though most of the evolution of the universe takes place in local thermal equilib- 
rium, the effects of irreversible processes on the expansion via entropic forces may be 
phenomenologically relevant. We review our previous work on the covariant formulation 
of non-equilibrium thermodynamics in General Relativity and the proposal to explain 
the recent cosmic acceleration from it. 


Keywords: General Relativity, thermodynamics, non-equilibrium phenomena, entropic 
forces, cosmic acceleration. 


1. Introduction 


General Relativity is an extremely successful physical theory. More than a century 
after its formulation, its predictions continue to be valid at all probed scales, albeit 
an extension at short scales will be required in order to obtain a UV-complete 
quantum theory of gravity and resolve space-time singularities. 

'Thermodynamics is an even older discipline. Its fundamental laws seem to re- 
sist the passage of time and are still of great relevance today. On the one hand, 
thermodynamics may help in building the bridge between classical and quantum 
gravity, as the laws of black hole thermodynamics point towards the existence of a 
microphysical description of gravity yet to be understood. 

On the other hand, the second law of thermodynamics, i.e. the growth of entropy, 
dictates the sign of the arrow of time. Physical laws are usually invariant under time 
inversion. The increase in entropy with time in out-of-equilibrium phenomena, how- 
ever, allows one to distinguish the future-directed from the past directed description 
of a physical process. 

There lacks a consistent and rigorous integration between General Relativity 
and the laws of thermodynamics. Understanding the very notion of the arrow of 
time is of particular interest for cosmology. In section 2 we argue for the need of 
going beyond reversible cosmology. This can be achieved for any space-time metric 
using variational techniques.! We review our main results in this new approach to 
non-equilibrium thermodynamics in General Relativity and present them in sections 
3 to 6. 
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The growth of entropy associated to the causal horizon in open inflation sce- 
narios may explain the current accelerated expansion of the universe within the 
general relativistic entropic acceleration (GREA) theory.” We briefly describe how 
this mechanism works in section 7 and finish with our conclusions. 


2. Reversible cosmology 


Let us begin the study of the problem of reversibility in gravity and cosmology 
by reviewing a prototypic case of reversible gravitational system: a homogeneous 
and isotropic universe. It is described by the Friedmann-Lemaitre-Robertson- Walker 
(FLRW) metric 

2 


1 — kr? 
where a(t) is the scale factor, k = —1,0,1 is the curvature parameter corresponding 


to, respectively, an open, flat and closed universe; and d3 is the solid angle element. 
'This space-time is filled with a perfect fluid, described by the stress-energy tensor 


ds? = —dt? + a(t)” ( + ao) : (1) 


Tu» = (p + p)Up Uy + P9uv , (2) 
where p and p are, respectively, the density and pressure of the fluid. The Einstein 
field equations for this metric and matter content deliver the dynamics for the scale 
factor, the well-known Friedmann equations 


k 81G a 4nG 
H? = = 3 3 
+=, l--— (049), (3) 
where H = à/a is the Hubble parameter. There is a constraint on the stress- 
energy tensor due to the Einstein field equations and the Bianchi identities, namely 


its covariant conservation D, T"" = 0. From this constraint one can derive the 


continuity equation 
pt 3H(p- p) — 0. (4) 


However, one can also derive this equation from the second law of thermodynamics. 
Indeed, changes in entropy are related to changes in internal energy and work TdS = 
ôU + ôW. If we apply this to a region of fixed comoving volume a(t)? we get 


ro = £ (pa?) +o (aè). (5) 
If the expansion of the universe is reversible, we can set the LHS to 0 and recover the 
continuity equation. However, this is only true in thermodynamical equilibrium and, 
in general, entropy is a monotonically increasing function of time. Most of the ex- 
pansion history of the universe is indeed adiabatic. However, it is out-of-equilibrium 
at certain key points such as (p)reheating, phase transitions or gravitational col- 
lapse. Allowing for a time-varying entropy implies the addition of a term in the 
continuity equation 
TS 
a? ` 


p +3H(p +p) = (6) 
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Combining this with the first Friedmann equation we obtain a modified, non- 
equilibrium second Friedmann equation 


ü 4TG TS 
"ars (+9»- s). (7) 


In principle, this evolution equation does not seem to be compatible with the Ein- 
stein field equations. In order to achieve that, the laws of thermodynamics need to 
be rigorously incorporated into the computation of the equations of motion. This 
can be achieved by applying the variational formalism of non-equilibrium thermody- 
namics, developed in another context by Gay-Balmaz and Yoshimura,* ^ to General 
Relativity. 


3. Entropic forces in mechanics and field theory 


Entropic forces emerge naturally in any physical system out of equilibrium. They 
are a consequence of the coarse-graining of physical degrees of freedom and the 
laws of thermodynamics, which impose entropy to be a monotonically increasing 
function of time. This breaks time reversibility. 

The dynamics of the coarse-grained degrees of freedom is unknown or ignored 
and so they do not appear in the action of the physical system. It would seem that a 
variational treatment of an out-of-equilibrium system is not possible. However, both 
the extremal-action principle and the second law of thermodynamics can be merged 
consistently by imposing the latter as a constrain on the variational problem defined 
by the action.?4 On the other hand, the first law of thermodynamics is obtained 
from the symmetries of the problem. 


3.1. Entropic forces in mechanics 


Let us start by reviewing the emergence of entropic forces in a mechanical system. 
Consider the action 


ga J urais), (8) 


where the Lagrangian depends on the generalized coordinate q(t), its time derivative 
q(t) and the entropy S(t). The variation of the action gives 


WE OL 
s = f a (iu 558) (9) 


Setting dS = 0 defines the variational problem. In order to enforce the second law 
of thermodynamics, we need to impose the variational constraint 


OL 

z408 = fó 10 

8 fóq, (10) 
which simply states the relationship between variations of the entropy and the 


generalized coordinate. If we plug this in the variation of the action, then we can 
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readily obtain the equations of motion 
ôL OL d (ƏL 
= -| =-f, (11) 
ôq ôq dt \ 0g 
which is the Euler-Lagrange equation modified by the addition of the entropic force 
f. In order to know its precise form, we need to impose as well the phenomeno- 


logical constraint, which is obtained by formally replacing the variations with time 


derivatives 
OL . 
—S= fq. 12 
ag? - fà (12) 
Note that usually temperature can be introduced as 
OL 
T=-~>0 13 
987 (13) 


providing a clearer meaning to the variational and phenomenological constraint. 

The imposition of the constraints and the emergence of an entropic force break 
the symmetry under time inversion. First, note that formally the Euler-Lagrange 
equation is invariant under the t — —t transformation, even with a non-vanishing 
entropic force. Next, the positiveness of the temperature and the change of entropy 
imposes fq < 0. The entropic force has qualities of a generalized friction, as it 
opposes the coordinate velocity. Now, if one performs time inversion, this sign con- 
straint becomes fq > 0, as the temperature remains positive but entropy decreases 
with time. Before solving the equations of motion, q is still a degree of freedom and, 
thus, one must conclude a flip in the sign of f, which flips the overall sign of the 
Euler-Lagrange equation. Hence, one concludes that the emergence of an entropic 
force breaks symmetry under time reversal. The evolution of the system becomes 
irreversible. 


3.2. Entropic forces in classical field theory 


The extension of the variational formalism of non-equilibrium thermodynamics to 
the continuum is somewhat involved. We present a short-cut derivation that relies 
on the introduction of an additional constraint. We refer the reader to the appendix 
of Ref. 1 to check its equivalence with the full variational derivation originally 
presented in Ref. 4. 

The action of a scalar field on Minkowski space-time contains now a dependency 
on a scalar function s(t, ¥) that encodes information related to coarse-grained de- 
grees of freedom 


S= / d'z£ ($, uQ, s) . (14) 


In a similar fashion as before, the extremal-action principle needs to be supple- 
mented by a variational constraint 


Se uec (15) 
Os 
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so that the equation of motion becomes 


oe _ OL» 0b 0, 
56 Ob "00,6. T 


which is nothing but the Euler-Lagrange equation of a scalar field with a new term 


(16) 


of entropic origin. As before, one can usually introduce a temperature as 
T=-—>0 (17) 


and we would like to interpret s as the entropy density. However, due to spatial 
fluxes entropy does not need to necessarily increase locally and, thus, the constraint 
would not have a fixed sign. Before proceeding, we inspect the corresponding phe- 
nomenological constraint 

Instead, we interpret 6s and os as local entropy production and introduce a new 
function Stot which is the actual entropy density and whose changes stot and Oo Stot 
are indeed total local changes of the entropy density. Both are related as 


os = OO Stot em aij? , (19) 


where ji is the entropy flux. This latter equation is an additional constraint we 
impose for the variational formalism to be consistent. Now one can check that 
fO0oó < 0 and time reversibility is broken by the same argument used in the 
mechanics example. 


3.3. Entropic forces in presence of additional symmetries 


'The generalization of the above formalism to higher order tensors or to represen- 
tations of some internal symmetry group is straightforward. Let us consider a field 
tensor z of contravariant rank r, which is also in some representation of an internal 
symmetry labelled by an index A. Then one builds the variational constraint as 


OL 
295 05 = fau Dn (20) 
which delivers the equation of motion 
ôL 
IM E AS e ; (21) 


4. Entropic forces in General Relativity 


The previous discussion makes us ready to study entropic forces in General Rela- 
tivity. However, with the introduction of a dynamical space-time the very notion of 
time evolution becomes non-trivial. As we will see shortly, it is possible to obtain 
a modification of entropic origin to Einstein’s field equation in the Lagrangian for- 
mulation of General Relativity. Its proper interpretation will require, nevertheless, 
the use of the Hamiltonian formalism. 
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4.1. Lagrangian formulation 


Let us consider the Einstein-Hilbert action plus a matter term 


1 
S= z | «van | às). (22) 


where k = 8-G is the gravitational coupling and we allow for the dependence of 
the matter Lagrangian on a function s(t,Z), which will have a similar interpreta- 
tion to the one presented in the previous section. The extremal-action principle is 
supplemented by the variational constraint. 


Lm 1 
—— = -\/- Hr 2 
ac = 5V- Shug (23) 
From the extremal-action principle and the variational constraint we obtain the 
modified Einstein’s field equations 
1 
Rw — 5 Iu E = k (Ty — fur) ; (24) 


where there is an additional term f,, of entropic origin. In order to obtain an 
expression for this term and to check the breaking of symmetry under time inversion 
we need to work in the Hamiltonian formulation of General Relativity. 


4.2. Hamiltonian formulation 


General Relativity admits a Hamiltonian formulation in the Arnowitt-Deser-Misner 
(ADM) formalism. Space-time is foliated in constant time hypersurfaces with normal 
unit vector n", being the 4-metric split as 


Juv = huv — MpyMy , (25) 


where hy, is the 3-metric induced on the hypersurfaces. Analogously, one can 
parametrize the 4-metric in terms of the 3-metric hij and the lapse and shift func- 
tions N and N* 


ds? = —(Ndt)? + hj;(dx' + N‘dt)(dx? + N?dt). (26) 


Greek indices run from 0 to 3, while Latin ones do from 1 to 3 and are raised and 
lowered by hi;. The normal vector can be written as 


ny = (—N,0,0,0). (27) 


Note that hij is the purely spatial part of h,, and is also the pull-back of guv onto 
the hypersurface. 

The Einstein-Hilbert action for this parametrization of the metric is given by 
the following gravitational Lagrangian: 


1 " 
£a = V=gR = ;-NVR (OR KK — K?) , (28) 
K 
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where K;; is the extrinsic curvature of the 3-hypersurface X and is given by the Lie 


derivative along the normal vector n 
1 1 
Kij = = Lah = 
2 Enhi 2N ( 


where V denotes the covariant derivative on X with respect to the 3-metric h;;. Its 


Oohij ViN; V5Ni) E (29) 


trace and traceless part are: 


i 1 i 
K = h” Kij = N (a In Va - Vin’) 
(30) 
Kij = Kä = 3K. 


Unlike the intrinsic curvature, described by the Riemann tensor RA and its con- 
tractions, the extrinsic curvature is a quantity that depends on the embedding of a 
surface in a larger manifold. 

We are now ready to introduce the Hamiltonian formulation of the theory. Note 
that the only quantity whose time derivative appears in the gravitational Lagrangian 
is the 3-spatial metric h;; and, thus, it is the only dynamical or propagating d.o.f. 
Correspondingly, one defines its conjugate momentum as: 


esos 4 (K9 — Kh?) . (31) 


tj 


With this, the gravitational Lagrangian can be rewritten as 


N a , 
(Nh gos gum (n.a: E zme) — 3]? vN; 


Vh (32) 
= W hij — NH — NIH’ — 2V; (I? N;) , 
where II = h;;II? and we introduced the functions: 
3 1 ; d 
Mech gue (mm - jr) 
Vh 2 (33) 


Hi = 2v, (ac Vni) . 


Since N and Nj; are not dynamical variables, they merely enter the gravitational 
Lagrangian as Lagrange multipliers. One defines the gravitational Hamiltonian as: 


He = HW hij — La 


. ar (34) 
= NH + N/H* + V; (II? N;) , 
with the Hamiltonian and momentum constraints: 
ôH 
ZS -H=0 
ôN 
SH (35) 
S ZH =0. 


ôN; 
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The Hamiltonian evolution equations are obtained from the variations of the action 
with respect to the metric and conjugate momentum 


ôS = Í d'z (2i £O CLONE F9 a 2) hij + (is E ug amt] , 


Ohi; Ohi; DI 
(36) 
where the variational constraint 
a -lyVRfSR,, (37) 
Os 2 E 
was already implemented. Note that the minus sign arises from 
d = (hikhji + hühjk) (38) 


and that fü is the pull-back of f,» onto the hypersurfaces. By setting the variation 
to 0 we obtain the two Hamilton equations 


Ha _ h 


which completes the derivation of the entropic modification to the gravitational 
equations of motion in the Hamiltonian formulation. 

The tensor fü can be obtained from the phenomenological constraint, which 
can now be stated rigorously. In the ADM formalism, a well-defined notion of time 
evolution is given by the flow along the normal vector n^. Hence, the time derivative 
is generalized to the Lie derivative along n^. Then the phenomenological constraint 
is given by 

OL 


1 " ^ 
— £n8 = - NV hf £,h? 4 
3, 6057 5 Vh fig £nh® , (40) 


where growth in entropy by local processes is related to total entropy density growth 
by 

Ens = Lad = Viji (41) 
Entropy produced locally is expected to grow over time, i.e. with the flow along 


the hypersurfaces, in compliance with the second law of thermodynamics. This 
completes the variational formulation of entropic forces in General Relativity. 


4.3. The Raychauduri equation 


Let us explore an immediate dynamical consequence of the inclusion of entropic 
forces, namely its effect on a congruence of worldlines with tangent vector n”. The 
congruence is then characterized by the tensor 


1 
Ov = Dyna = 39hw + Ou T. Wuv — aun , (42) 
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where 0 is the expansion rate of the congruence, c,,, is its shear or symmetric trace- 
less part and wy, is its vorticity or antisymmetric part. If the worldline is not a 
geodesic, then the congruence suffers an acceleration given by: 


a, = n” Dony. (43) 


One can compute the Lie derivative of the expansion of the congruence along its 
tangent vector and find the Raychauduri equation: 


1 
£,0= E Or — Oppo” + wur" — Rypn’n’ + Día". (44) 


Let us perform the standard analysis of the sign of this equation. It is clear that 
Oyyor” > 0 and ©? > 0. On the other hand, if the congruence is chosen to be 
orthogonal to the spatial hypersurfaces, as we have been considering, then the vor- 
ticity vanishes w,, = 0. Lastly, it is left to consider the term R,,n"n", which we 
can rewrite with the help of the field equations: 


1 1 
Ryyn'n” = 81G (Trt + 3T — fun"n" — sf) ; (45) 
If the strong energy condition is satisfied, then 
1 
T,,n"n" > E (46) 


and, in the absence of intrinsic acceleration, a,, — 0, we can establish the bound: 
1 1 
£40 + 3° < 8TG Um + sf) ; (47) 


For a vanishing entropic force f,,, = 0, this means that an expanding congruence 
cannot indefinitely sustain its divergence and will eventually recollapse. On the 
contrary, a positive and sufficiently large entropic contribution can avoid such rec- 
ollapse. This may become relevant for an expanding universe, but also to generic 


gravitational collapse and the singularity theorems.6-8 


5. Sources of entropy 


A main ingredient in the variational formulation of non-equilibrium thermodynam- 
ics in General Relativity is the inclusion of entropy at the Lagrangian level and the 
derivation of a notion of temperature from it. In this section we present two relevant 
examples: hydrodynamical matter, which is a prototypical case, and horizons. 


5.1. Entropy from hydrodynamical matter 


A classical fluid is the simplest matter content that can be considered in General 
Relativity and it is of particular relevance in Cosmology. Without paying attention 
to microphysical details, the Lagrangian of hydrodynamical matter can be written 
as 


Lm = —V/—90( Gur; s) E (48) 
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the temperature being then simply given by 
LOL ge —0p 
Vg 0s Gs" 


This is analogous to the case of a mechanical system, where the Lagrangian is 


T= 


(49) 


generically given by a kinetic and a potential energy 


and temperature can be defined as 


aL | au 
T= 55> 359° (51) 


Thus, the energy density of a fluid can be readily interpreted as the thermodynamic 
internal energy. 


5.2. Entropy from gravity and horizons 


Gravity itself has thermodynamical features. It is known since the discovery of the 
laws of black hole mechanics and their promotion to laws of black hole thermody- 
namics, allowed by the introduction of Bekenstein entropy and Hawking tempera- 
ture. We propose to include the entropy associated with a horizon H by extending 
the Einstein-Hilbert actions with surface terms of Gibbons-Hawking- York (GHY) 
type 


1 = 
Sany = za]. d*yV/hK , (52) 
H 


where h is the determinant of the induced 3-metric on the horizon and K is the 
trace of its extrinsic curvature. Definitions are analogous to the ones used in the 
ADM formalism, but we stress that here the hypersurface of interest is a horizon 
and not constant-time hypersurfaces. 

From the thermodynamic point of view, the GHY term contributes to the inter- 
nal energy of the system. Hence, it can be rewritten as a function of the temperature 
and entropy of the horizon 


[E f dtN()TS. (53) 


We have kept the lapse function N(t), to indicate that the variation of the total 
action with respect to it will generate a Hamiltonian constraint with an entropy 
term together with the ordinary matter/energy terms. In order to illustrate this, let 
us now compute the GHY for the event horizon of a Schwarzschild black hole. 
The space-time of a Schwarzschild black hole of mass M is described by the 


static metric 
2GM 2GM M1 
ds? — (1 e ) ae | (1 G ) dr? + r?d02. (54) 


r T 
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We foliate it with spherical hypersurfaces, i.e. their intersection with constant time 
hypersurfaces is a 2-sphere around the origin of coordinates. The corresponding 


NEN (55) 
T 


With this, the trace of the extrinsic curvature for such a sphere scaled by the metric 
determinant is 


normal vector is 


VK = (3GM — 2r)sin6. (56) 


Integrating over the angular coordinates and setting the 2-sphere at the event hori- 
zon, i.e. r = 2G M, and restoring for a moment A and c, the GHY becomes 


1 
SGHY = -3 [ome = - [ Tauson, (57) 


where Tpg is the Hawking temperature and Spg is the Bekenstein entropy of the 
Schwarzschild black hole: 

he? s Ac? = AnGM? 
~ 8uGM^ "PP A4Gh hc ` 
'This favors the interpretation of the GHY term of a horizon as a contribution to 
the internal energy in the thermodynamic sense. 


TBH (58) 


6. Irreversible cosmology 


We derived in section 4 a powerful, generic tool to describe non-equilibrium ther- 
modynamic effects in gravity. In the Hamiltonian formulation of General Relativity 
it is possible to obtain the modified equations of motion and rigorously impose the 
time-evolution of the entropy as dictated by the second law of thermodynamics. 
In section 2 we motivated the study of these phenomena by our interest in 
understanding the dynamics of irreversible cosmology and justifying its equations 
of motion. One can obtain them using the Hamilton equations.! Here, however, we 
present a slightly different approach. Due to the symmetries of the FLRW universe, 
homogeneity and isotropy, there is a preferred slicing and time evolution is well- 
defined even at the Lagrangian level. Therefore, we can obtain the equations of 
non-equilibrium cosmology by imposing these symmetries, i.e. making an ansatz for 
the metric 
2 


2 21,2 2 


4 Pad) ; (59) 


where the lapse function N(t) accounts for the freedom in choosing the time coor- 
dinate, i.e. the symmetry under t > f(t). The Ricci scalar associated to this metric 


1S 
6 / aa a 


2748 


Let us stress that this result is imposed by symmetry, not dynamics. Without loss 
of generality, we can restrict the action to a region of comoving volume 1 and write 
it as 


s= f a= 3 fan BE. R + fan 3Lm(N,a, S). (61) 
— = Bn a N2 N2 a m 0, $ 


Effectively, this action describes a mechanical system, for the scale factor a(t) has 
no spatial dependency and we got rid of the integral over spatial coordinates. The 
first term can be rewritten using integration by parts in order to get only terms 
with at most the first derivative of a 


3 å? 3 
EE S — Dra m 9%) $ 2 
S sc [ ^"«( sath) + f avec (N, a, S) (62) 
The variational constraint is here given by the usual expression for a mechanical 
system 
OL 
— ôS = fóa. 63 
SÒS = fia (63) 
The Hamiltonian of the system is 
OL 3 à?a 
H =ù L= kaN | - N £5. 64 
" Bà 8rG ( No o ) " (Pa) 


For an arbitrary lapse function N (t) this can be rewritten as 


OL 
H = N? — 65 
QT. (65) 
which gives the Hamiltonian constraint of the system. On the other hand, the 
dynamics is obtained from the equation of motion for a 
ôL 
da 


Let us now consider the matter Lagrangian to be that of a perfect fluid, i.e. 


f (66) 


Its stress-energy tensor is given in terms of the density p and pressure p by 
TH” = (p + pjut” + pg" (68) 


and u™u = (N,0,0,0) is the unit vector tangent to a comoving observer. Pressure 


is then obtained as 
d rus 1 Oa?p 
= L TiS; = — ; 69 
ETS J 2a* Oa (69) 


Using the expressions for p and p and rearranging the terms in the Hamiltonian 


constraint and the equation of motion for a(t) we arrive at the modified Friedmann 
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equations 


(70) 


a 
ü 4nG erences 
a 3 VTPT gzj’ 


The expression for the entropic force F is obtained from the phenomenological 
constraint 


OL\ . : ; 
(55) $=-18 = ra «o. (71) 


which determines the sign f < 0 whenever dealing with an expanding universe 
à > 0. We express finally the second Friedmann equation as 


ü AnG TS 


a*à 


From this equation we can conclude that entropic forces generally drive an accel- 
eration of the expansion of the universe. Whether this can dominate the dynamics 
of the scale factor will depend on the particular thermodynamic process. Most of 
the expansion history of the universe takes place in equilibrium. Out of equilib- 
rium processes, such as (p)reheating, phase transitions or gravitational collapse are 
short-lived. Should their associated entropic force dominate, we still only expect a 
short period of accelerated expansion. 

Symmetry under time inversion is broken by the same arguments presented 
in section 3. Hence, the Friedmann equations together with the phenomenologi- 
cal constraint, i.e. the second law of thermodynamics, describe cosmic irreversible 
dynamics. 

We currently live in a universe that is undergoing an accelerated expansion. The 
possibility of explaining this by means of an entropic force is fascinating. In the next 
section we review our proposal to achieve this by means of the sustained growth of 
the entropy associated to a causal horizon. 


7. Cosmic acceleration as an entropic force 


The growth of entropy associated to the cosmic horizon may be responsible for the 
current observed accelerated expansion of the universe. The choice of horizon is in 
principle not unique. The only available one which can be defined locally in time is 
the cosmic apparent horizon, but it fails to significantly affect the expansion.” 
There is another option in the framework of eternal inflation, according to which 
we live in an open universe nucleated by quantum tunneling from a false to a true 
vacuum. After nucleation the bubble universe undergoes its own inflationary era, 
which renders the local metric almost flat. However, due to the presence of the 
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bubble wall, the true causal horizon is located at a finite distance. It induces an 
entropic fluid via GHY term with energy density 
2  TuSug _ %o 


1-%  awíTmV 
pua = = 9G sinh(2ao Hon), xo = % = xd (=) (1+ Zeq) , 


where 7) is the conformal time, Qo is the density parameter, Tyn is the reheating 
temperature, Teq and Zeq are, respectively, the temperature and redshift at matter- 
radiation equality. Introducing T = agHon one can write the second Friedmann 
equation in conformal time as 


a! \" a a\? 4r HOY 
(=) =OQy (=) T Ox ( ) | Ox ( ) sinh(27) , (74) 
ao ao ao 3 ao 


where Qm is the matter density paremeter and Qg is the curvature parameter. We 
call this the general relatvistic entropic acceleration (GREA) theory. 

By solving this equation with cosmological parameters consistent with the CMB 
values (Planck 2018: Qj œ 0.31, Qg œ 0.0006, ho ~ 0.68) and initial conditions 
deep in the matter era, a;(T) = ao QmT?/4, we find generic accelerating behaviour 
beyond the scale factor a ~ 1/2 (i.e. z ~ 1), see Fig. 1. This is consistent with 
the current observed acceleration of the universe and may even resolve the Hubble 
tension,? providing a way to obtain from the CMB a present value of Hp that is 
consistent with late-universe observations, see Fig. 2. 


H(a) [100 km/s/Mpc] 


Fig. 1. The left plot shows the evolution of the inverse comoving horizon with the coasting point 
for each model, at z ~ 0.65 for ACDM (in green) and z ~ 0.83 for GREA (in red). The right 
plot shows the evolution of the rate of expansion. For GREA the present rate of expansion is 
approximately 74 km/s/Mpc, compared with the value of 68 km/s/Mpc predicted by ACDM, in 
agreement with the asymptotic value at the CMB. 


8. Conclusions 


'The consistent inclusion of non-equilibrium phenomena in General Relativity leads 
to the modification of the Einstein field equations, as can be checked both in the 
Lagrangian and Hamiltonian formulations of the theory. This breaks symmetry 
under time inversion and allows for the introduction of an arrow of time. 
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wo = —0.941, wa = —0.345 
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Fig. 2. The effective equation of state of the non-matter component of the GREA theory, as 
a function of thee sale factor. Note that the predicted effective PCL parameters (wo, wa) agree 
remarkably well with present observations. 


In cosmology this implies the appearance of a term of entropic origin in the 
second Friedmann equation, which tends to accelerate the expansion of the universe 
as a result of the increase in entropy. Some physical processes such as (p)reheating, 
phase transitions or gravitational collapse may lead to phenomenologically relevant 
applications of this formalism. We look forward to further developments. 

The sustained entropy growth associated to a causal horizon in the open universe 
scenario leads to an acceleration consistent with current observations and it may 
even solve the Ho tension. Further research will be required to establish the full 
viability of the GREA theory. 
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'The Borexino has recently reported the first experimental evidence of neutrinos from the 
CNO cycle. Since this process accounts only for about 196 of the total energy production 
in the Sun, the associated neutrino flux is extremely low as compared with the one from 
the pp-chain, the dominant process of hydrogen burning. This experimental evidence 
of the CNO neutrinos was obtained using the highly radio-pure liquid scintillator of 
Borexino. Improvements in the thermal stabilization of the detector over the last five 
years enabled us to exploit a method to constrain the rate of ?!0Bi background. Since 
the CNO cycle is dominant in massive stars, this result gives the first experimental proof 
of the primary mechanism for stellar conversion of hydrogen into helium in the Universe. 


Keywords: Solar neutrinos, CNO cycle, Liquid organic scintillators, solar models 


Introduction 


Stars are fuelled by nuclear fusion of light elements with a release of an enormous 
amount of energy. In particular the pp chain and the CNO cycle, active also in 
the Sun, produces a rich spectrum of electron-flavour neutrinos detectable on the 
Earth.^? Those two mechanisms basically converts four hydrogen nuclei into a 
helium nucleus: the first using direct process throughout a big variety of branches, 
while the second using a closed loop starting and ending with !?C acting as catalyst. 

The contribution of these two mechanisms in the energy production is related to 
mass, and then to the core temperature, of the stars and to abundance of elements 
heavier than helium in the core (in jargon, “metallicity” ). 
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For stars heavier than 1.3 Mo the CNO cycle is the dominant process of hydrogen 
fusion,? while in the Sun, with a core temperature of about 15 x 10°K, the CNO 
accounts only for 1% of the total luminosity, with a large uncertainty related to 
poorly known metallicity.4 The Borexino experiment, starting from mid-2007, has 
published a comprehensive study of the neutrino from the pp chain® and recently 
has reported the first direct detection of the CNO.76 The CNO quest, started by 
Borexino, could in principle create a situation that makes it possible the solution of 
the long standing “solar metallicity problem” ,? i.e. the disagreement between the 
metallicity predicted by solar models using updated (low) metal abundances from 
spectroscopy (SSM-LZ)° and the one obtained from the helioseismology, which 
foresees a higher metal content (SSM-HZ). 

In Sec. 1 a description of the detector and the main physics results of Borexino 
are reported. At the end of the section the hardware improvement for the CNO 
detection in Phase-III is also reported. In Sec. 2 the main strategy for the CNO 
detection is described and in Sec. 3 the independent constraint of the ?!°Bi (the 
main background for the CNO neutrino interaction rate) is largely detailed. Finally, 
in Sec. 4 the spectral analysis for the extraction of the CNO rate in Borexino is 
presented. 


1. The Borexino detector 


Borexino experiment is the only experiment capable to detect solar neutrinos with 
a threshold as low as about 150 keV and to reconstruct the position and the energy 
of each event in real-time. 

Borexino is located in the Hall C of Laboratori Nazionali Gran Sasso (INEN).!? 
The detector is made of concentric shells with increasing radiopurity (see e.g. 
Ref.'3): the innermost core, enclosed in a 125 um thick ultra-pure nylon vessel 
of radius 4.25 m, is made of 300 tons of liquid scintillator (1,2,4- Trimethylbenzene 
with 1.5 g/l of PPO wavelength shifter). The active core is contained by a stain- 
less steel sphere filled up with ~ 1000 of buffer liquid (1,2,4- Trimethylbenzene with 
DMP quencher), whose internal surface is instrumented with more than 2000 PMTs 
for detecting the scintillation light. Finally, the SSS is located inside a 2000 ton wa- 
ter Cherenkov detector, equipped with about 200 PMTs. In Fig. 1 all the parts 
described above are represented in a graphical scheme. Thanks to an intense cali- 
bration campaign carried out in 2010, the Borexino detector is able to reconstruct 
the event position with an accuracy of ~ 10 (at 1 MeV) and with energy resolution 
of about c(E)/E = 5%/,/(E/[MeV]). 

The Borexino data-set is traditionally divided in three Phases, determined by 
the hardware milestones: Phase-I, from mid-2007 to beginning of 2010, ended with 
the calibration campaign, in which the first measurement of the "Be solar neutrino 
8-10 was performed; Phase-II, from the-beginning of 2012 to mid- 
2016, started after an intense purification campaign, based on water extraction, 


interaction rate 


with unprecedented suppression of the radioactive contaminants, in which the first 
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Fig. l. Scheme of the Borexino detector. 


evidence of the pep neutrinos!? and a 1096 measurement of the pp neutrinos!® 


published, later updated in the solar neutrino comprehensive analysis;!" !? Phase- 
III, from mid-2016 to 2021 (still in progress), after the thermal insulation program, 
in which the first detection of the CNO neutrinos!! discussed here was performed. 
Table 1 summarizes the most important results concerning solar neutrinos interac- 
tion rates measured by Borexino. Thanks to its unprecedented radio-purity, Borex- 
ino has also set a lot of limits on rare processes (see e.g.,?" 7^ and performed other 
neutrino physics studies, as e.g. geo-neutrino detection (for review, see e.g.??) 

The CNO detection has required, as it is explained in Sec. 2, an independent 
constraint of the ?!? Bi contaminant from the 7!°Po through the secular equilibrium 
starting from the out-of-equilibrium parent ?!?Pb, present in the liquid scintillator 


were 


Table 1. Solar neutrino interaction rates and fluxes measured by 


Borexino. Rates are reported in cpd/100t, while fluxes are reported 
2.—1 


incm ^s^ 
Species Rate [cpd/100t] Flux [em~? s7! ] 
pp (134 + 10)*§, (6.1 + 0.5) *0:3 x 1010 
Be (48.83: L1)" 85 (4.99 + 0.11)* 006 x 10° 
pep (HZ) (2.7 + 0.4)*01 (1.3 + 0.3)] 9. x 108 
8B(>3 MeV) 122370021 5.6819:42 x 106 
CNO 7202 TOs, x 108 


hep < 0.002 (90% CL) < 1.8 x 105 (90% CL) 
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after the purification carried out at the end of Phase-I. That constraint required 
the contaminants, and then the whole scintillator, to be stable against the the 
convective motions activated by the seasonal variation of the temperature in the 
experimental hall hosting the detector. In mid-2014 Borexino was equipped with a 
detailed temperature mapping. In mid-2015 the detector was covered with a thermal 
insulation and, from the beginning of 2016, a series of active temperature control 
system were installed around the water tank and at the end on the experimental 
hall. See for details Ref.?°. 

The thermal insulation program was aimed at the realization of a vertical tem- 
perature gradient from the cold floor, made of constant temperature rock with a 
huge thermal capacitance, and the detector top, warmed up by the air flushed into 
the underground laboratory coming from the external environment out of the Gran 
Sasso mountain. This challenging enterprise was successful and the strongest con- 
vective motions, mixing the liquid scintillator and then the contaminants from the 
outermost regions into the center, were actually stopped and the conditions for the 
210Bi-7!0Po link, described in Sec. 3 were finally met. Figure 2 shows the ?!°Po 
contaminant evolution during the thermal insulation program in 59 small cubes 
enumerated from the bottom to the top inside a radius of 3 m from the center of 
the Inner Vessel. The red superimposed curve represents the average temperature 
in the same region. The dashed vertical lines show the most important milestones 
of the temperature stabilisation program: 1. Beginning of insulation; 2. Turning off 
of the water recirculation system in the Water Tank; 3. First operation of the active 
temperature control system; 4. Change of the active control set point; 5. Installation 
and commissioning of the Hall C temperature control system. The white vertical 
bands represent different technical DAQ breaks. The ?!?Po shown in the figure is a 
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Fig. 2. Evolution of the ?!°Po contamination during the thermal insulation program. 
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tracker of the convective motions, that are drastically damped as a consequence of 
the insulation program. 


2. CNO detection strategy 


Neutrinos emitted in the CNO cycle, see Fig. 3, have a continuous spectrum with 
a maximum energy of 1.74MeV (see Fig. 4, left). In the Sun, the flux of CNO 
neutrinos is two orders of magnitude smaller than the one due to proton-proton 
neutrinos: this makes the expected rate in Borexino very low, of the order of few 
counts per day. Besides the low rate, the main difficulty in detecting CNO neutrinos 
with Borexino is the presence of two radioactive backgrounds which produce signal 
in approximately the same energy region: !! C and ?!?Bi. Furthermore, also solar 
neutrinos from the pep reaction are a significant background for the CNO analysis. 

Fig.4 (right) shows a MonteCarlo simulation of the energy spectrum of electrons 
scattered by neutrinos from the CNO cycle (red line) in comparison with the signal 
induced by the radioactive decay of !! C (purple line) and ?!?Bi (green line). The 
blue line is the pep signal. The relative proportion of the four contributions is 
approximately the one expected in reality. From this plot the difficulty of extracting 
the CNO signal from the background becomes evident: it is like looking for a needle 
in a haystack! 

The cosmogenic !!C is an isotope produced by residual muons crossing the 
scintillator which decays emitting a positron with a lifetime of approximately 30 
minutes. It can be very effectively tagged by the Three Fold Coincidence (TFC) 
method described in,?” which looks for the triple coincidence of the parent muon, the 
cosmogenic neutron produced together with !! C and the positron emitted in the !! C 
decay. This tagging method allows us to divide the data-set in two complementary 
parts, one rich and the other depleted in !! C which are then simultaneously fitted 
in the multivariate analysis described in Section 4. This is a powerful tool to help 
the fit isolate the ''C signal contribution, breaking the correlation with the CNO 
neutrino signal. 

Separating the CNO signal from the ?!?Bi and pep one is more tricky since their 
spectral shapes are quite similar and the multivariate fit has trouble in distinguish- 
ing between them, if no additional external contraints are imposed. 

For what concerns pep neutrinos, we exploited the external and independent 
information coming from the available solar neutrino data, solar luminosity and the 
most recent oscillation parameters to put a constraint to their rate in the fit with a 
1.496 uncertainty. 

The remaining obstacle to the CNO neutrino detection is the contamination from 
?10Bi. This isotope belongs to the ?!?Pb chain, which in turn is the last segment 
of the ?38U chain. In Borexino, we found the ?!9Pb chain to be out of equilibrium 
with respect to the ?38U chain and with a significantly higher activity, of the order 
of tens of counts per day per 100 tons of scintillator. 
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The ?!°Pb chain is composed of three isotopes: the long lived 7!°Pb father of 
the chain (r ~ 32y), ?!?Bi which has a relatively short lifetime (r ~ 7.23d) and 
210Po which decays into ?99Pb (stable) emitting an alpha particle (T ~ 199.1 d). If 
secular equilibrium holds, the activities of ?!?Bi and ?!?Po are the same (apart for 
negligible corrections due to the finite ?!?Pb lifetime). Measuring the ?!?Po rate is 
in principle straightforward since an alpha peak is clearly separable from the con- 
tinuous beta-like background underneath. Furthermore, alpha/beta discrimination 
techniques provide a powerful additional tool to isolate the ?!0Po events. 

Based on these premises, our strategy for the CNO detection relies on the 
210Bi-2!9Po link to determine independently the ?!9Bi content from 7!°Po and 
constrain it in the multivariate fit. The next Section will describe in details the dif- 
ficulties we encountered to apply this technique and how we were able of overcoming 
them. 
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Fig. 3. Neutrinos in CNO cycle. 


3. The ?19Bj—21!9?po link 


In order to exploit the 7!°Bi-*!°Po link to obtain an external constraint on the 
?10Bi rate, we carefully studied the evolution in time and the spatial distribution 
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Fig. 4. (Left): Energy spectrum of neutrinos emitted in the CNO cycle (colored lines); (right): 
energy spectrum in Borexino for events of CNO (red), pep (blue), °!°Bi (geen) and !! C (purple) 
obtained from MonteCarlo simulations. 


of the polonium contamination in the detector during the Borexino data-taking. 
We soon realized that the ?!?Po present in the fiducial region used in the analysis 
(an innermost subset of the scintillator volume) is actually the sum of two contri- 
butions: ?! Po from the intrinsic ?!?Pb scintillator contamination (in equilibrium 
with ?19Bi); ?!?Po from the nylon vessel containing the scintillator. This last con- 
tribution was found to be changing in time and highly correlated with variations of 
the temperature gradient in the detector, which induce convective motions strong 
enough to bring ?!?Po from the vessel surface into the fiducial region. In order to 
reduce these convective motions, we thermally insulated the detector, as discussed 
in Section 1. 

After the completion of the thermal insulation (2016), the temperature of the 
detector has become very stable and the convective currents inside the scintillator 
have significantly reduced. This has favoured the formation of an innermost region 
of the detector, called Low Polonium Field (LPoF), where the contribution to the 
210Po rate coming from the vessel is very small. A pictorial view of this region is 
shown in Fig. 5. This region exhibits an effective migration profile with a minimum in 
the 7!°Po rate above the detector equator (dark blue region). The qualitative shape 
and approximate position of the LPoF is reproduced by fluid dynamical numerical 
simulations reported in .?8 

Assuming azimuthal symmetry around the detector z-axis (which was confirmed 
by a 3D analysis), the ?!?Po minimum activity is determined by fitting LPoF with 
a 2D paraboloidal function: 


d? R(?!°Po) 
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Fig. 5. Pictorial view of the ?!0Po activity in the Borexino scintillator. The color scale goes from 
red (highest activity) to blue (lowest activity). The LPoF is the innermost blue region where the 
contribution of ?!0Po from the vessel is the smallest (black grid). The white grid indicates the 
software defined fiducial volume used for the analysis to extract the CNO neutrinos. 


Here, p? = z? + y?, a and b are the paraboloid axes, z is the position of the 
minimum along the z axis, eg and epp are the efficiencies of the cuts used to select 
?!0Po events, and Rg is the residual rate of 9 events after the selection. First, we 
performed the fit integrating data from 2 months (compatible results are obtained 
also changing the time bins) and we found that the minimum position slowly moves 
along the z direction by less than 20cm per month. In order to perform a better 
estimation of the ?!? Po minimum, we finally sum up all the time bins after aligning 
the 3D distributions with respect to zo. 

From this fit we extract the ?!?Po minimum. This value might still have a small 
contribution from the vessel component, therefore this method provides only an 
upper limit for the ? Birate. In order to cross-check the results, we performed the 
fit in different ways: adopting a standard likelihood fit with ROOT or a Bayesian 
tool called MultiNest. In addition to the 2D paraboloidal fit, we also performed the 
fit with a 3D ellipsoidal function or alternatively with a cubic spline. The differences 
in the results were included in the systematic error associated to the upper limit on 
210Bi, In the analysis to extract the CNO neutrino rate which will be described in 
Section 4, we would like to costraint the value of the 7!°Bi to the upper limit found in 
the low polonium field region, extrapolating the results to the whole fiducial volume. 
In order to do so, we need to verify that ?!?Bi is uniform in this volume during the 
time period over which the estimation is performed. For this reason, we studied 
the spatial distribution of f-like events in an energy window where the bismuth 
contribution is maximized. This distribution was found to be uniform within errors: 
we include in the systematic error budget a contribution of 0.78 cpd/100t accounting 
for residual non uniformity. 
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The final upper limit on ?!?Bi including statistical and systematical errors added 
in quadrature is: 


Rate(^?Bi) < (11.5 + 1.3) cpd/100t 


4. Spectral analysis 


We performed a multivariate analysis, simultaneously fitting the energy spectra in 
the window between 320 keV and 2640 keV and the radial distribution of the selected 
events, using the data collected from June 2016 to February 2020 (Borexino Phase- 
III). The fiducial volume (FV) is defined as r«2.8 m and z in the interval (-1.8 m, 
2.2 m) (r and z being the reconstructed radial and vertical position, respectively). 
The total exposure corresponds to 1072 days - 71.3 tonnes. Free parameters in 
the fit procedure are: the interaction rate of CNO neutrinos, Kr, !! C, internal 
and external 4K, external ?°°T] and ?!^Bi, and "Be neutrinos. The pep neutrino 
rate is constrained to to 2.74 + 0.04 cpd per 100 t by multiplying the standard 
likelihood with a symmetric Gaussian term. The upper limit to the ?!?Bi rate is 
the one reported in previous section. It is enforced asymmetrically by multiplying 
the likelihood with a half-Gaussian term, i.e., leaving the ?!^Bi rate unconstrained 
between 0 and 11.5 cpd per 100 t . 

'The reference spectral and radial distributions of each signal and background 
species are obtained with a complete GEANT4-based Monte Carlo simulation which 
models all physics processes occurring in the scintillator, including energy deposi- 


tion, photon emission, propagation, and detection, generation and processing of the 
electronic signal. The simulation takes into account the evolution in time of the 
detector response and produces data that are reconstructed and selected following 
the same pipeline of real data. The results of the simultaneous multivariate fit of the 
energy spectra are given in Fig. 6, showing the TFC subtracted and TFC-tagged 
data. The fit is performed in the energy estimator N5;;, (defined as the sum of all 
photons triggering a PMT, normalized to 2000 active PMTs) and the results are 
reported also in keV. The p-value of the fit is 0.3, demonstrating fair agreement 
between data and the underlying fit model. The fit clearly prefers a non-zero CNO 
neutrino rate as also shown in a detailed study of log-likelihood profile. 

The best fit value of the CNO neutrinos interaction rate is 7.2 cpd per 100 t 
with an asymmetric confidence interval of -1.7 cpd per 100 t and +2.9 cpd per 100 t 
(68% C.L.), considering the statistical error only. The many details of the analysis, 
including the list and evaluation of the systematic effects are reported in.?6 Folding 
the systematic uncertainty over the log-likelihood profile we determine the final 
CNO interaction rate to be 7.27}, cpd per 100 t. The rate can be converted to of 
CNO neutrinos on Earth of 7.2*20 - 108 cm~? s~! assuming MSW conversion in 
matter and a density of electrons in the scintillator of (3.307 + 0.015) - 10?! e^ per 
100 t. 

In order to evaluate the significance of our result in rejecting the no-CNO hy- 
pothesis, we performed a frequentist hypothesis test using the profile likelihood. 
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Fig. 6. Energy distributions from a multivariate fit of the Borexino data. Full multivariate fit 
results for the TFC-subtracted (left) and the TFC-tagged (right) energy spectra with corresponding 
residuals. In both graphs the magenta lines represent the resulting fit function, the red line is 
the CNO neutrino electron recoil spectrum, the green dotted line is the pep neutrino electron 
recoil spectrum, the dashed blue line is the ?!0 8 spectrum, and in grey we report the remaining 
background (bkgs) contributions. 


We defined a test statistics q, as the ratio between the maximum likelihood obtained 
by keeping the CNO rate fixed to zero or free. Figure 7 shows the q distribution 
obtained from 13.8 millions of pseudo-data sets simulated with deformed PDFs to 
include systematics effects, and no- CNO injected (qo, grey curve). In the same plot, 
the theoretical qo distribution in case of no PDF deformation is shown (blue curve). 
The result on data obtained from the fit is the black line (qdata = 30.05). The results 
reported in Figure 7 allow us to reject the CNO — 0 hypothesis with a significance 
better than 5.0g at 99.0% C.L. In the figure we also provide as reference the q 
distribution (red) obtained with one million pseudo-data sets including systematic 
deformations and injected CNO rate equal to 7.2 cpd per 100 t, i.e., our best fit 
value. 

The results of the analysis based on the fit are also confirmed by that obtained 
with a nearly independent method (counting analysis), in which we simply count 
events in an optimized energy window (region of interest, ROI) and subtract the 
contributions due to known backgrounds. This method reveals a non zero CNO 
signal and its consistency with the multivariate analysis is remarkable. This method 
is simpler, albeit less powerful, with respect to the multivariate fit and is less prone 
to possible correlations between different species. However, while the multivariate 
analysis implicitly checks the validity of the background model by the goodness of 
the fit, the counting analysis relies completely on the assumption that there are no 
unknown backgrounds contributing to the ROI. 
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Fig. 7. Distribution of the test statistic q, as discussed in the text. 
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Fig. 8. Results of the CNO counting and spectral analyses. Left. Counting analysis bar chart. The 
height represents the number of events allowed by the data for CNO neutrinos and backgrounds in 
the ROI; on the left, the CNO signal is minimum and backgrounds are maximum, while on the right, 
CNO is maximum and backgrounds are minimum. It is clear from this figure that CNO cannot be 
zero. Right. CNO neutrinos rate negative log-likelihood profile directly from the multivariate fit 
(dashed black line) and after folding in the systematic uncertainties (black solid line). Histogram 
in red: CNO neutrino rate obtained from the counting analysis. Finally, the blue, violet, and grey 
vertical bands show 68% confidence intervals (C.I.) for the SSM-LZ (3.52+0.52 cpd per 100 t) and 
SSM-HZ (4.92+0.78 cpd per 100 t) predictions and the Borexino result (corresponding to black 
solid-line log-likelihood pro- file), respectively. 


Conclusions 


We have reported the results about the first direct detection of neutrinos from the 
CNO cycle in the Sun. This result proves the occurrence of the primary mechanism 


2764 


for the stellar conversion of hydrogen into helium in the Universe. The observation 
of CNO neutrinos experimentally confirms the overall solar picture and shows that 
a direct measurement of the metallicity of the Sun’s core is within reach of an 
improved, future measurement. 
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Borexino, a large volume detector for low energy neutrino spectroscopy, is currently tak- 
ing data underground since 2007 at the Laboratori Nazionali del Gran Sasso, Italy. The 
main goal of the experiment is the real-time measurement of solar neutrinos, especially 
the low energy part of the spectrum. Neutrinos are detected via neutrino-electron scatter- 
ing in an ultra-pure organic liquid scintillator. The light generated by the interaction is 
detected by 2212 phototubes. During many years of data taking the experiment provided 
several remarkable results as the first evidence of pep neutrinos, the real-time detection of 
the pp neutrinos, the evidence of CNO neutrinos, and the detection of antineutrinos from 
the Earth. All these results are based on an accurate modelling of the detector's response 
and performances. The contribution shows the design, the modelling of the detector’s 
response, and the performances. Moreover it will be discussed how the performances and 
the response were studied by means of extensive calibration campaigns. 


Keywords: Borexino; Neutrino; Solar neutrinos; calibrations 


1. The Borexino detector 


Borexino is a liquid-scintillator experiment at the hall C of the Laboratori Nazionali 
del Gran Sasso in Italy. Borexino looks for solar neutrinos scattering off electrons 
in its active volume. Given the tiny cross-section of neutrino interactions with elec- 
trons (o ~ 10744 cm? to 10745 em? for the solar-neutrino energy range), the rates 
expected in Borexino are small, ranging from less than one to a few tens of counts 
per day per 100 tons for different solar-neutrino components. To cope with such a 
low event rate, Borexino has a large target mass (about 300 t) and it is housed deep 
underground, under 3,800 m water equivalent of dolomitic rock that suppresses the 
flux of cosmic radiation by a factor of approximately one million. The active core 
of the detector consists of about 300 t of pseudocumene (1,2,4-trimethylbenzene) 
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doped with 1.5 g per litre of PPO (2,5-diphenyloxazole) and contained in a spher- 
ical nylon inner vessel (radius R = 4.25 m). The scintillator is surrounded by a 
non-scintillating pseudocumene-based buffer liquid which serves as a passive shield 
against external radioactivity (see Figure 1). The scintillator fluorescence light is 
collected by 2,212 photomultiplier tubes mounted on the Stainless Steel Sphere 
(radius R = 6.9 m). The entire detector is enclosed in a domed, cylindrical tank 
filled with high-purity water, equipped with 208 photomultiplier tubes, which pro- 
vides extra shielding against external radioactivity (photons and neutrons), and also 
serves as an active water Cherenkov veto against residual cosmic muons.! Together 
with the lack of directionality information from the scintillation light, the low rate 
demands a high detector radiopurity, a deep understanding of the backgrounds, and 
an accurate modeling of the detector response. 

To achieve the extreme sensitivity required by the experiment, very stringent 
procedures of material selection and cleaning were adopted to limit radioactive back- 
ground in the experiment. Since usual materials are contaminated at the order of 
Bq/kg, material selection played a key role in the success of the experiment. One 
example is the choice of oil coming from deep wells to produce pseudocumene. In 
this way a low content of !4C is achieved in the detector. Several cycles of scin- 
tillation purification were performed during the years achieving the unprecedented 
contamination of SU < 9.4.10 ?? g/g (95% C.L.) and ?3?Th < 5.7 - 10 1? g/g 
(9596 C.L.). Further details on the purification strategy can be found here.? 

The position and pulse-shape of each event are reconstructed by exploiting the 
number of detected photons and their detection times. The information about the 
event energy is carried by the number of detected photoelectrons or just the number 
of hit PMTs, as in our energy range the PMTs mainly work in a single photoelectron 
regime. Moreover, from the time distribution of the emitted light it is possible 
to statistically discriminate between œ and f^ events? and between B® and 87 
events.* 

Due to a small leak in the nylon vessel, the vessel shape changes with time. 
At analysis stage it is updated every three weeks looking at radioactive decays 
happening on in (mostly due to 7!°Bi, ^9 K, ?°8T1) as shown by Figure 2. This 
method enables to reconstruct the vessel shape with a +5cm uncertainty. 


2. The Borexino calibration campaign 


Calibrations in Borexino are performed inserting radioactive sources inside the liq- 
uid scintillator (internal calibrations) and placing a ???T' source close to the stain- 
less steel sphere (external calibrations). The former is used to map the detector’s 
response while the latter is used to better understand and modeling the backgrounds 
that are coming from the construction materials. To insert sources inside the de- 
tector, a complex system of rods and cameras is exploited. This ensures knowing 
the position of the source at ~cm level. Table 1 shows the used sources and their 
purpose. 
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Fig. 1. The Borexino detector: Schematic view of the structure of the Borexino apparatus. From 
inside to outside: the liquid scintillator, the buffer liquid, the stainless steel sphere with the pho- 
tomultipliers, and the water tank.? 


Table 1. Used sources and placement during the internal calibration campaign. 


Source Type E [MeV] Position Motivations 
97 0o y 0.122 in IV volume Energy scale 
139Ce y 0.165 in IV volume Energy scale 
203 Hg y 0.279 in IV volume Energy scale 
859r y 0.514 z-axis + sphere R=3m Energy scale + FV 
54Mn y 0.834 along z-axis Energy scale 
65Zn y 1.115 along z-axis Energy scale 
60Co y 1.173, 1.332 along z-axis Energy scale 
K y 1.460 along z-axis Energy scale 
222Rn+!14C Byy 0-3.20 in IV volume FV-runiformity 
a 5.5, 6.0, 7.4 in IV volume FV-+uniformity 
241 Am9Be n 0-9 sphere R=4m Energy scale + FV 
394 nm laser light - center PMT equalization 


The position of an event is calculated by the time of arrival of the first photon 
on photomultipliers corrected by the hit multiplicity and minimizing a proper likeli- 
hood function. Figure 3 shows the resolution as function of the energy of the event. 
The reconstruction of calibration events and their comparison with the know source 
position shows a bias of maximum 4cm in the vertical direction for events in the 
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Fig. 2. A cross section (z-x plane, |y| < 0.5m) view of the distribution of 2478 events, acquired 
during a 3 week period, and selected for the IV shape reconstruction. The color axis represents 
the number of events per cubic pixel of 0.04m of size. This distribution reveals the IV shift and 
deformation with respect to its nominal spherical position shown in solid black line.3 
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Fig. 3. Position resolution in Borexino as function of event energy. 
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center. This bias has a small (less than 0.2%) impact on the fiducial volume deter- 
mination. Since Borexino is a self triggering experiment, calibrations with laser and 
radioactive sources were performed to test the triggering efficiency, which is 10096 
at the energies of interest for solar neutrino detection." 


3. Modeling the detector response 


'The collaboration developed two independent approaches for modeling the detec- 
tor's response. One is based on a particle physics simulation,? the other on an 
analytical model.* 

'The MC code developed for Borexino is a customized Geant4-based simulation 
package, which can simulate all processes following the interaction of a particle in the 
detector (energy loss including ionization quenching in the scintillator; scintillation 
and Cherenkov light production; optical photon propagation and interaction in the 
scintillator modelling absorption and re-emission, Rayleigh scattering, interaction 
of the optical photons with the surface of the materials; photon detection on the 
PMTs, and response of the electronics chain) including all known characteristics of 
the apparatus (geometry, properties of the materials, variable number of the working 
channels over the duration of the experiment as in the real data) and their evolution 
in time. The code thus produces a fully simulated detector response function because 
it provides a simulated version of all the measured physical variables. All the MC 
input parameters have been chosen or optimized using samples of data independent 
from the specific analysis (laboratory measurements and Borexino calibrations with 
radioactive sources. 

In the analytical approach, a PDF for the energy estimator under consideration 
and analytical expressions for its mean value and variance are introduced. This PDF 
describes the detector's energy response function to monoenergetic events and, in 
brief, it is mainly influenced by the number of scintillation and Cherenkov photons 
and effects due to the nonuniformity of the light collection. The energy spectra 
of each species are transformed into the corresponding distributions of the energy 
estimators. Effects like the ionization quenching in the scintillator, the contribution 
of the Cherenkov light, the spatial dependence of the reconstructed energy and its 
resolution are accounted for through some parameters, part of which are fixed, while 
others are free to vary during the fit on the dataset. 


4. Conclusion 


Borexino is a neutrino detector able to measure the flux of all the neutrinos emitted 
by the Sun and the existence of antineutrinos emitted by the Earth.? ^? Thanks 
to a wide calibration campaign the performances of the detector were assessed: 
for a 1 MeV event the energy resolution is ~ 50 keV and the position resolution is 
~ 10cm. The triggering efficiency is 100% for energies typical of solar neutrinos 
events. Moreover the Monte Carlo and analytical models were tested on calibration 
data with agreement better than 1%. 
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The largest amount of antineutrinos detected about the Earth is emitted by the natural 
radioactive decays of 29?'Th and ?38U chains isotopes and of 40K. Other flux components 
are yielded by cosmic rays interactions in the atmosphere or by possible extra-terrestrial 
sources such as supernovae explosions, gamma ray bursts, GW events and solar flares. 
This contribution is aimed to summarise the results obtained by the Borexino experiment 
about antineutrinos from the Earth and from extraterrestrial sources. 


Keywords: Antineutrinos; Geonetrinos; solar flares; diffuse supernovae background. 


1. Introduction 


Large underground ultrapure liquid scintillators are very suitable to antineutrinos 
studies. Low energy neutrinos such as solar neutrinos are in general detected through 
the elastic scattering process on electrons but for electron antineutrinos a specific 
interaction channel can be exploited, the Inverse Beta-Decay (IBD) mechanism on 
the free proton: 


De +p >n +e? (1) 


The emitted positron deposits its kinetic energy and annihilates almost immedi- 
ately, inducing a prompt signal whose visible energy Eprompt is directly correlated 
with the incident antineutrino energy E;,: 


Eprompt E Ey, — 0.784 MeV. (2) 
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The neutron thermalizes and is captured by a proton with the mean capture time: 
~ T = 254.5 + 1.8us.! The IBD cross section is on average a factor ~ 100 higher 
than elastic scattering at few MeV. Moreover the fast time coincidence between the 
positron annihilation and the neutron capture provides an almost background free 
signature, that allows to investigate also tiny flux components. By exploiting this 
detection mechanism, Borexino? has robustly detected the geo-neutrino signal and 
begun to place constraints on the amount of radiogenic heating in the Earth's inte- 
rior: the null-hypothesis of observing a geoneutrino signal from the mantle has been 
excluded at a 99.096 C.L. and the overall production of radiogenic heat constrained 
to 38.2 i TW.? The extreme radiopurity of the Borexino detector has also al- 
lowed to set new limits on diffuse supernova antineutrino background for in the 
previously unexplored energy region below 8 MeV,^ and to obtain the best upper 
limits on all flavor antineutrino fluences in the few MeV energy range from solar 
flares, gamma-ray bursts? and from gravitational wave events. In the following 
sections we detail the analysis procedures and the results obtained by Borexino 
about geoneutrinos, diffuse supernovae background and possible time correlated 
signals with solar flares. 


2. Geo-neutrinos 


Geoneutrinos are electron antineutrinos (De) emitted in the 8 decays of long-lived 
isotopes, which are present in the Earth, such as “°K and the ?358U and ?°?Th chain 
unstable isotopes.!! The decay schemes and the released heat are summarised in 
the following equations: 


2380 3206 pb + 8a + 8e- + 6p, +51.7 MeV (3) 
2350 -207 Ph + 7a + de~ + Ap, + 46.4 MeV (4) 
232TH 208 Ph + 6a + 4e7 + Ap, + 42.7 MeV (5) 
10K 540 Ca + eT + Pe + 1.31 MeV (89.3%) (6) 
40K +e 34 Ar p, +1.505 MeV (10.7%) (7) 


Since the present-day isotopic abundance of ?°°U is small (0.7%), the overall contri- 
bution of ?35U, ?3?Th, and ^?K is largely predominant. Information about the deep 
Earth’s composition is mainly based on indirect probes: seismologic data constrains 
the density profile, while geochemistry provides predictions based on chemical com- 
positions of upper Earth’s rocks, chondritic meteorites, and the Sun photosphere. 
The surface of the Earth is emitting an heat flow at an estimated rate of 47 + 2 
TW.!? This result is based on ~ 40,000 observations of heat conduction in surface 
rocks and corrected for hydrothermal circulation and volcanism. Measurements of 
Th, U and K in the continental crust rocks prove that at least ~8 TW of this heat 
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is from radiogenic decays but is not at all known what proportion of the overall 
surface heat flow comes from radioactive decays and how much is from primordial 
sources such as the gravitational energy released after core formation or the kinetic 
energy of accretion bombardment. 

Geo-neutrinos give us a way of measuring the amount of this radiogenic heat di- 
rectly: the heat released is in a well fixed ratio with the total mass of Heat Producing 
Elements (HPE's) inside the Earth. Thus, it is possible to extract from the mea- 
sured geo-neutrino fluxes several geological information unreachable by other means. 
The idea of studying geo-neutrinos dates back to the sixties^? but only in 1998 it 
was proposed the idea of using solar neutrino and reactor neutrino detectors? !?: 
presently, two large-volume, liquid-scintillator neutrino experiments, KamLAND in 
Japan!?-1? and Borexino in Italy,*: 16715 have been able to measure the geo-neutrino 
signal. The typical fluxes are of the order of 10° cm~?s~! and with cross section 
values of 10743 cm^? only a hand-full number of interactions, few tens per year 
are expected with the current-size detectors. This means, underground laboratories 
are crucial to shield the detector from cosmic radiation and make possible their 
measurement. Since the inverse beta decay (IBD) on protons has a threshold of 1.8 
MeV (Eq. 1) and both the “°K and ?35U geo-neutrinos spectra are below (Fig. 1), 
they cannot be detected by this process. However, the elemental abundances ratios 
are much better known than the absolute abundances. Therefore, by measuring the 
absolute content of ?5U and ?3?Th, also the overall amount of 4°K and ???U can 
be inferred with an improved precision. 

Geo-neutrino spectrum extends up to 3.26 MeV and the 2°8U and ???Th contri- 
butions can be distinguished according to their different end-points (Fig. 1). 

'The most recent Borexino analysis is based on 3263 days of data taking in the 
period December 2007 - April 2019. 


IBD 


238, 
threshold U 


0 0.5 1 1.5 2 2.5 3 3.5 
Ey, MeV] 
Fig. 1. Geoneutrino fluxes? from different isotopes and the overall signal at LNGS calculated 


with geophysical and geochemical inputs from?^ for the far-field lithosphere and from?? for the 
local crust. 
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To select the 7, candidates we apply the following criteria: we discard events oc- 

curring within 2 ms of every muon crossing the outer detector to reject cosmogenic 
neutrons. In case of muons crossing the inner detector long-lived cosmogenic nuclides 
such a ?Li may be produced: to reduce this possible background a different veto 
ranging from 0.2 to 2 s is applied after the muon depending on the deposited energy, 
the track reconstruction quality and the eventually associated neutrons. Indepen- 
dently from a detected muon, we ask that selected events are neither preceded or 
followed by neutron-like events within a 2 ms window. The coincidences are searched 
for at a distance between the reconstructed positions Ar < 1.3 m, that accounts for 
the uncertainty of the spatial reconstruction algorithm and the free path of the 
2.2 MeV 4s and with At in the range 20-1280 us (75 neutron capture time) for 
single events, and 2.5-12.5 ys for double cluster events. We remind that if a decay 
triggering the Borexino DAQ is followed within 16.5 us by other decays, it is classi- 
fied as a unique event with multiple clusters. To reduce the external y background 
from radioactive decays in the detector materials, we accept only candidates having 
the prompt event position reconstructed inside the inner detector at distance larger 
than 10 cm with respect to the the time-varying IV surface: Div prompt > 10cm. 
'The energy of the prompt event is required to be above the value corresponding to 
the IBD threshold, considering the energy resolution (Np.e. prompt > 408 p.e.), while 
for the delayed event, the energy cut was tuned to cover the gamma peak from neu- 
tron capture on proton and on carbon (700 « Np.e.,delayed < 3000 p.e.). The lower 
limit is justified because photons at the edge of the scintillator can escape, deposit- 
ing only a fraction of their total energy. This limit was increased to 860 p.e. during 
the detector purifications in 2010-2011 to remove the time-correlated 6 + (a + y) 
decays of ?!^Bi-?!^Po, having a time constant close to the neutron capture time. 
Such background was relevant only during the purifications as a consequence of 
the increased radon contamination. Finally a pulse shape a — f discrimination is 
applied based on a trained MultiLayerPerceptron binary classifier 3 : MLPp > 0.8 
for delayed signals. 
The combined efficiency of the cuts is determined by Monte Carlo to be 
(85+1.0)%. The total efficiency-corrected exposure for the data set is (1.29 + 0.05) 
x 10?? protons x year with an increase by a factor of two over the previous Borex- 
ino analysis reported in 2015. We have identified 154 candidates passing all the 
selection cuts. The estimated background, that mimics v, candidates, amounts to 
8.28 + 1.01 events, mainly due to random coincidences, residual ?Li decays and 
13C(o,n)!9O reactions in the scintillator. 

Antineutrinos from nuclear reactor power plants are the main background to the 


geo-neutrino measurements. The Pe flux comes primarily from the beta decays of 
neutron-rich fragments produced in the fission of four isotopes: 72°U, ?38U, ?39 pu 
and ?^! Pu. The expected fluxes can be estimated from the knowledge of the monthly 
energy production at each reactor site, including the neutrino propagation effects. 
At present, there are about 440 nuclear power reactors in the world, providing, 
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nominally, a total amount of about 1200 Thermal GW, corresponding to about 400 
Electrical GW. Since there are no nuclear power plants close by, the Gran Sasso 
laboratory is well suited for geo-neutrino studies. According to a detailed compu- 
tation’? based on the information retrieved by the International Atomic Energy 
Agency database!? we expect 91-98 events in our sample whereas the main source 
of uncertainty in the prediction comes from the knowledge of the energy spectrum 
for each fuel component at the source. The lowest value (91.9 + 1.6) is obtained 
when the spectra are normalised to the measurements of reactor neutrino experi- 
ments??:?! and they include also the so called “5 MeV excess". 

A smaller background can also be induced by atmospheric neutrinos. Because of 
the uncertainty of the relevant fluxes and cross sections, this contribution is poorly 
constrained: we have estimated 9.2 + 4.6 event in our sample. 

Both reactor and atmospheric De are more energetic respect to the geo-neutrino; 
therefore they can be experimentally disentangled thanks to a fit of prompt event 
energies. An unbinned likelihood fit of the energy spectrum of selected prompt 
events has been performed. 

In Fig. 2 the selected candidates and the fit results are shown. Using the value 
ratio for the masses of Th and U, m(Th)/m(U)=3.9, suggested by the chondritic 
metheorithes, our best fit yield Ngeo = 52.6'2 (stat) 137 (sys) events, with 18% 
precision. A compatible result was found when contributions from ?°°U and ???Th 
were both fit as free parameters. Antineutrino background from reactors is fit uncon- 
strained and found compatible with the expectations. The measured geo-neutrino 
signal corresponds to fluxes at the detector from decays in the U and Th chains of 
by = 2.8406 . 109 cm^?s7! and Prp = 2.6*0$ - 109 cm^?s^! respectively. 

To connect the number of geo-neutrinos detected by an experiment with the 
overall radioactivity in the crust and in the mantle, we have to rely on our knowledge 
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zn: Reactor antineutrino expectation with excess at 5 MeV 
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Fig.2. (Left) Spectral fit of the data (black points assuming the chondritic Th/U ratio. Geoneu- 
trinos (blue) and reactor antineutrinos (yellow) were kept as free fit parameters. Other non an- 
tineutrino backgrounds were constrained in the fit. (Right) The best fit point (black dot) and the 
2D coverage contours for Ngeo vs Nrea. 
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of the local geological conditions. Geoscientist developed models of the crust close 
to the Borexino site, based on geological surveys and on 3D models of all the layers 
up to the mantle boundary.?*:*4 Both U and Th are lithophile i.e. “rock-loving” 
elements so they are believed to be concentrated in the crust and mantle and absent 
in the iron-made core. According to these studies 28.8 + 5.6 events should have been 
induced by the crust radioactivity among the 154 candidates: we have therefore 
repeated the fit with separate contribution of mantle and crust geoneutrinos, the 
latter being constrained to the expectations within the error. A small difference in 
the relative amount of U and Th fraction in the two signals has been introduced 
according to geological predictions. The fit returns Ngeo = 23.7 Io (stat) V2 (sys) 
events: with a sensitivity study the null-hypothesis of observing geoneutrino signal 
from the mantle is excluded at a 99.096 C.L.. 

It is possible to extract from the measured geo-neutrino signal, the Earth's ra- 
diogenic heat power that is a fundamental question for understanding the plate 
tectonics and mantle convection. The uncertain distribution of HPE's in the deep 
Earth has to be included: two rather extreme cases are represented by the homoge- 
neous mantle or by the assumption that all the U and Th are placed at the mantle 
core boundary. By following this conservative approach one can demonstrate that 


our measured mantle signal corresponds to the production of a radiogenic heat of 
24.6 + 11.1 TW (68% interval) from ?°8U and ???Th in the mantle. Assuming 18% 
contribution of *"*K in the mantle and 8.1 + 1.9 TW of total radiogenic heat of the 
lithosphere, the Borexino estimate of the total radiogenic heat of the Earth is 38.2 
+ 13.6 TW, which corresponds to ~81% of the overall Earth's heat flux (47 TW). 
'These values are compatible with different geological predictions, in the particular 
with the geodynamical BSE models,?? however there is a ~2.40 tension with those 
Earth models which predict the lowest concentration of heat-producing elements in 
the mantle, such as cosmochemical ones.?? In addition, by constraining the number 


of expected reactor antineutrino events, the existence of a hypothetical georeactor 
at the center of the Earth having power greater than 2.4 TW is excluded at 95% 
C.L..29:?7 In conclusion, Borexino confirms the feasibility of geoneutrino measure- 
ments as well as the validity of different geological models predicting the U and 
Th abundances in the Earth. This is an enormous success of both neutrino physics 
and geosciences. The next generation of large volume liquid scintillator detectors 
(such as JUNO and SNO+) has a strong potential to provide fundamental infor- 
mation about our planet and geoneutrinos may be the key tool to support the new 
discoveries about the deep Earth. 


3. Diffuse supernovae neutrino background 


The Diffuse Supernova Neutrino Background (DSNB) is formed by the stars that 
collapsed during the evolution of the Universe and it is made of neutrinos and 
antineutrinos of all flavours. The flux spectrum at the Earth can be parametrised 
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as?5: 


(8) 


doy, D zb dN,(E,) Rgn(z)dz 
dE, Ho Jo dE, Ym FF 


where c is the speed of light, z is the red shift, Ho is Hubble constant, Rsxn (z) is 
the supernova rate at the distance z to the observer a 


spectrum for individual supernova, Qm and Qa, are the ‘relative densities of matter 


is the neutrino emission 


and dark energy in the Universe. The spectrum is sensitive to particular cosmological 
model through Om and Qa and reflects the expansion of the Universe through the 
dependence on Ho. 

The possible signal due to tiny, still undisclosed, extraterrestrial v, fluxes, such 
as supernovae relic neutrinos, can be put in evidence as an excess of events with 
respect to the backgrounds and the known sources of v,. Borexino made a search for 
this possible signal, based on the data collected between December 2007-October 
2017. The events selection is based on an approach similar to the one adopted in the 
geo-neutrino analysis, the only differences being more conservative muon and FV 
cuts. In detail we applied a veto of 2 s after each muon crossing the inner detector 
and we asked for a prompt event distance from the inner vessel larger than 25 cm: 
in the overall statistics we have selected 101 candidates. 

As outlined in the previous sections, the most relevant sources of De events be- 
low 10 MeV are the Earth's radioactive isotopes and the nuclear reactors, while at 
higher energies the atmospheric neutrino background dominates the energy spec- 
trum. Borexino made a comprehensive study of geo-neutrinos but the achieved 
precision, in particular on the mantle signal is still poor (~ 40%), With the aim 
to quote conservative limits, the minimal expected number of events for each back- 
ground has been considered. For the geoneutrino signal we have therefore chosen 
the Minimal Radiogenic Earth model, which only includes the radioactivity from 
the crust and that, in our case, corresponds to 17.9 + 2.1 events in our data sample. 

The spectrum of reactor De is significant till ~10 MeV. As discussed before, the 
flux calculation that includes the normalisation to reactor neutrino experiments data 
provides the lowest signal. We have taken this option being the most conservative: 
61.1 + 1.7 events among our candidates have been attributed to reactor v,. Finally 
the most serious background to the detection of DSNB fluxes at energies above 
10 MeV is induced by the atmospheric neutrinos, i.e., the v’s and v’s generated in 
the decay of secondary particles produced in the interactions of primary cosmic rays 
with Earth's atmosphere. After the simulation of detector response and by applying 
the same selection cuts as for real data, we have estimated 6.5 + 3.2 IBD-like events 
in the present analysis statistics and in the equivalent v, energy window 1.8-16.8 
MeV. In the light of the large uncertainty on this background source, a conservative 
choice would be to not consider it at all in the upper limit calculations: this is the 
approach followed in Fig. 3. The model-independent limit for electron antineutrino 
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flux ($7 ) in each energy bin (i) have been computed according to the equation: 


07.1 = 4 (9) 


where Noo is the 9096 C.L. upper limit for the number of antineutrino interactions 
obtained by following the Feldman-Cousins approach, <g> is the mean cross- 
section of Inverse Beta Decay calculated according to?? for each energy bin, e—(0.850 
+ 0.015) is the average detection efficiency, N, = (1.32 40.06) x 10?! is the number 
of protons in the Borexino average fiducial volume mass and T' = 2485 days is the 
total live-time. The other limits existing in literature are quoted on the same plot. 

Borexino limits are the only existing below 8 MeV, thanks to the high energy 
resolution, the low intrinsic backgrounds, and the small reactor De flux at the Gran 
Sasso site. 


4. Search for time correlated signals with solar flares 


Solar flares are induced by the rearrangement of the solar magnetic field which also 
bring to the acceleration of charged particles. Pions, eventually produced in the 
flare's region by pp- and pa-collisions, could then decay by emitting neutrinos with 
a mean neutrino energy expected around ~ 10 MeV.? 

In the eighties R. Davis?® 37 advanced for the first time the possibility of neu- 
trino emissions correlated with solar flares as an explanation for the excess of events 
in several runs of the Homestake Cl-Ar experiment. In general the production of 
De is expected to be smaller respect to Ve due to the higher threshold of m~ gener- 
ation in pp-collisions: for this reason we have searched for v, and Dy (x = e, p, T) 
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Fig. 3. Borexino model-independent limits on electron v. fluxes from unknown sources compared 
with the results of other experiments (Super-Kamiokande,?': 52? KamLAND??) and older Borexino 
limits.34 
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signals correlated with solar flares by looking their elastic scattering on electrons 
in the Borexino scintillator. According to the assumption that the neutrino flux is 
proportional to the flare’s intensity, we have only considered the most intense flares 
of M and X classes according to the GOES database.*° 

The analysis is based on the statistics collected between November 2009 and 
October 2017 : data acquired both by the primary and the FADC DAQ systems 
have been used in the energy interval of 1-15 MeV, while in the interval 0.25 — 
1 MeV only the primary DAQ data have been considered. After removing muons 
and muon daughters, single events are selected without any fiducial volume cut in 
the interval of 1-15 MeV, while at lower energies a fiducial volume cut of 145 tons 
(75cm from the IV) is applied to reduce the external radioactivity. In our study, 
an excess of single events above the measured background at the time of a flare 
is searched for. For the flare signal we choose a time window equal to the flare’s 
duration according to the database, while the background is calculated in a time 
window of the same length but opened before the flare time. By requiring at least 
95% of Borexino’s up time for both windows we restrict our analysis to a 472 flares 
sample. No statistically significant excess of events is observed in correlation with 
the flares. The fluence limit for neutrinos of energy E, is calculated according to 
the equation: 


Noo (Ev) 
we Neaeg (Ev) ae 
where Ne is the number of electrons in the Borexino scintillator, that is, Ne = 
9.2. 10?! for the whole IV and Ne = 4.8 - 10?! for the 145tons FV. The scatter- 
ing of monoenergetic neutrinos with energy E, off electrons leads to recoil elec- 
trons with a Compton-like continuous energy spectrum with maximum energy 
Tire? = 2E2/(m, + 2E,). For each neutrino energy bin, a corresponding recoiled 
electrons energy interval is computed by considering the cross section and the de- 
tector response function. 

In order to set the fluence limits for flare-correlated neutrinos (antineutrinos) of 
electron and (u +7) flavors individually, the corresponding cross section in Eq. 10 
was set to oy, (a5,) and ay, , (Cp, ..), respectively. Figure 4 quotes Borexino limits 
obtained from the primary DAQ (E, < 3.5 MeV) and the FADC DAQ (E, > 
3.5 MeV). 

Limits for v, quoted by SNO?? and an allowed band for the neutrino fluence 
that would have explained the Homestake run 117 excess of events are also shown 
for comparison. 

As of today, Borexino sets the strongest limits on fluences of all neutrino flavors 
from the solar flares below 3-7 MeV. Under the hyphothesis that neutrino flux is 
proportional to the flare's intensity, Borexino's data excludes an intense solar flare 
occurred during run 117 of the Cl-Ar Homestake experiment as a possible source 
for the observed excess of events. 


Fig. 4. 
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Borexino 90% C.L. fluence upper limits obtained through elastic scattering for ve, Ve, Vy,r; 


and r,,7. The limits by SNO?? for v, are reported and the fluences that would have explained the 
Cl-Ar Homestake excess in run 117. 


5. Conclusions 


Large ultrapure liquid scintillators in underground laboratories have a strong po- 
tential for the comprehension of our planet energetics and in the various fields of 
experimental neutrino astronomy. Collecting more data in the incoming years with 
a network of detectors will be crucial to probe the very foundations of our under- 
standing of the Universe and of our planet. 
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About 9996 of solar energy is produced through sequences of nuclear processes that 
convert Hydrogen into Helium in the so-called pp-chain. The neutrinos emitted in five of 
these reactions represent a unique probe of the Sun's internal working and, at the same 
time, offer an intense natural neutrino beam for fundamental physics research. 

'The Borexino experiment consists of a large-volume liquid-scintillator detector de- 
signed and constructed for real-time detection of low energy solar neutrinos. It is installed 
at the underground INFN Laboratori Nazionali del Gran Sasso (L'Aquila, Italy) and 
started taking data in May 2007. Borexino has been the only experiment so far capable of 
performing a complete study of the pp-chain by directly measuring the neutrino-electron 
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elastic scattering rates for the neutrinos produced in four of its reactions: the initial pro- 
ton-proton (pp) fusion, the electron capture of Beryllium-7, the proton-electron-proton 
(pep) fusion, and the Boron-8 8+ decay. A limit on the neutrino flux produced in the 
helium-proton fusion (hep) was also set. This set of measurements further probes the 
solar fusion mechanism via the direct determination of the relative intensity of the two 
primary terminations of the pp-chain, and the computation of the solar neutrino lumi- 
nosity. Moreover, the Beryllium-7 and Boron-8 fluxes are indicative of the Sun's core 
temperature, and their measurement shows a mild preference for the higher temperature 
expected from the high-metallicity Standard Solar Model scenario. Finally, the exper- 
imental survival probability of these solar electron neutrinos allows to simultaneously 
probe the MSW neutrino flavor conversion paradigm, both in vacuum and in matter- 
dominated regimes, at different energies. 

The details of the strategy adopted by the Borexino collaboration for successfully 
isolating the spectral components of the pp-chain neutrinos signal from residual back- 
grounds in the total energy spectrum will be presented. 


Keywords: Solar neutrinos, proton-proton chain, Borexino 


1. Introduction 


'The study of neutrinos generated by nuclear processes in the Sun has been producing 
outstanding scientific results for more than 50 years in both the fields of astrophysics 
and particle physics. The measurements of solar neutrinos provided the first direct 
evidence of the nuclear origin of stars’ luminosity, as well as the first indication of 
flavour transition in the neutrino sector. In the years, solar neutrino experiments 
have progressively improved their accuracy, bringing new insights on the functioning 
of the Sun and on the properties of neutrinos. 

The Borexino experiment is a key player in this field, being the most sensitive 
detector so-far for low-energy solar neutrinos. One of the milestones of the Borexino 
physics program, which significantly exceeded the expected physics reach, is the 
(almost) complete investigation of neutrinos produced throughout the entire proton- 
proton fusion chain, the sequence of nuclear reactions responsible for ~ 99% of the 
Sun luminosity. This fundamental result, partially achieved already during the first 
phase of the experiment (2007-2010), has been further improved in the phase II 
(2011-2016) and made it possible to test our knowledge of the Sun and to constrain 
exotic properties of neutrinos. 

We present in this contribution the latest results of Borexino regarding solar 
neutrinos emitted throughout the pp-chain and we discuss their implications for 
both neutrino and solar physics. Section 2 describes the proton-proton fusion chain 
and the neutrinos produced therein, while the Borexino detector is presented in 
Sec. 3. The spectrum of solar neutrinos spans across a wide energy range extended 
up to 19 MeV and their fluxes vary of several orders of magnitude, therefore we 
setup two separate analyses targeting the low- and high-energy region of the solar 
neutrino spectrum that are described in Secs. 4 and 5 respectively along with the 
main results of Borexino. 
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2. Solar neutrinos from the pp-chain 


'The Sun, as most of other stars, produces energy by fusing four protons into a helium 
nucleus. This idea, originally hypothesized by Perrin and Eddington,” ? 
formalized by Bethe and Critchfield and independently by Weizsäcker who proposed 
two mechanisms for the hydrogen burning, known as the proton-proton chain? (pp- 
chain) and the Carbon-Nitrogen-Oxygen (CNO) cycle.* The relative efficiency of 
these two processes depends heavily on the features of the star under consideration, 
specifically on its core temperature and on its chemical composition. While the 
CNO-cycle was initially believed to be the dominant energy-production mechanism 
in the Sun, in light of a more accurate estimate of the Sun core temperature it 
became clear that the pp-chain drives the energy production in the Sun. The relative 
weight of the two mechanisms is estimated by a detailed model of the Sun, also 
known as Standard Solar Model (SSM), which -provided an accurate description 
of all the physical processes driving the evolution of a star- is able to produce 
a comprehensive snapshop of the Sun by forcing the modelled star to match the 
current solar mass, radius, luminosity and surface composition. The most recent 
update of the SSM’ indicates that only ~ 1% of the Sun energy is produced through 
the CNO-cycle, while the real *engine" of the Sun is the pp-chain, accounting for 
= 99% of the Sun luminosity. 
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Fig. 1. The sequence of reactions composing the proton-proton fusion chain. 


The sequence of reactions composing the pp-chain is shown in Fig. 1. Neutrinos 
are emitted in five of such processes, starting with the fusion of two protons into 
a deuteron which begins the chain (pp neutrinos). An alternative way of produc- 
ing a deuteron, although ~ 400 times less likely than the proton-proton fusion, 
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consists in the reaction between two protons and an electron, which releases a 
1.44MeV monoenergetic neutrino (pep neutrino). The pp-chain can progress into 
different branches, namely ppl, pplI, pplIII and hep. Depending on the evolution of 
the chain, different neutrinos can be emitted: while the most prominent branch (ppl) 
terminates the chain without releasing any additional neutrino, the ppII branch is 
characterized by monoenergetic neutrinos produced by electron-capture onto Be, 
with energy of 0.86 MeV (branching ratio 89.5%) or 0.38 MeV (B.R. 10.5%) depend- 
ing if the "Li nucleus in the final state is produced at its ground state or on the 
first excited state. The high-energy neutrinos emitted in the decay of *B (Q-value 
15.5 MeV) tag the ppIII branch, and the faintest branch of all, the helium-proton 
fusion (hep) branch, produces neutrinos up to an energy of 19.8 MeV. The expected 
solar neutrino spectrum is shown in Fig. 2. 


1011 HE = 


Flux [cm ?s-! (100 keV) +] 


10? 10? 104 
Neutrino Energy [keV] 


Fig. 2. Expected solar neutrino spectrum, with the neutrinos originating from the pp-chain shown 
with coloured lines and those produced in the CNO-cycle in grey. The fluxes are taken from” 
(note that the flux of monoenergetic neutrinos is reported in cm~? s). 


The fluxes of pp-chain solar neutrinos depends on the abundance of heavy ele- 
ments in the Sun, which is currently not fully understood and affects the tempera- 
ture profile thus impacting on the pp-chain nuclear reactions rate. Recent estimates 
of the photosphere composition? (AGSS09met) show a consistent reduction of the 
metallicity respect to previous studies!? (GS98), but this new “low-metallicity” (LZ) 
SSM shows a worst agreement with observation of the sound speed profile as inferred 
by helioseismology measurements respect to the old “high-metallicity” (HZ) predic- 
tions.’ The precision measurement of solar neutrino fluxes from the pp-chain and 
the CNO-cycle is a promising way to solve the controversy about solar metallicity 
and the impact of Borexino results in this connection is discussed in Sec. 6. 


2789 


3. The Borexino experiment 


'The Borexino experiment can detect solar neutrinos which interact via elastic scat- 
tering with the electrons of a liquid scintillator (LS). This detection technique, which 
provides a low-energy threshold and a good energy resolution, makes it possible to 
separate the different components of the solar neutrino flux exploiting their spe- 
cific signature in the energy spectrum, but requires an extremely careful strategy to 
reduce the indistinguishable radioactive background since the expected interaction 
rate is & 9 orders of magnitude smaller than the average activity of ordinary water. 
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Fig. 3. Schematic view of the Borexino detector. Figure from.!! 


A cutaway of the detector is shown in Fig. 3. The experiment!? is located in the 
INFN Gran Sasso National Laboratories, under the Gran Sasso massif in L'Aquila 
(Italy). The underground laboratories are shielded from cosmic radiation by 1400 m 
or rock (3800 m.w.e.), which attenuates the cosmic-ray flux by 6 orders of magnitude. 
Residual muons still reaching the experimental hall? (3.432 + 0.003 cm? s^!) are 
tagged using a water Cherenkov detector equipped with 208 PMTs which surrounds 
the entire inner detector also providing an effective shielding against environmental 
neutrons and ^-rays. The detector active volume consists of ~ 300 ton of pseudoc- 
umene mixed with 1.5g/l of (PPO) as a wavelength shifter and is contained into 
a 125 m-thick, 4.25 m radius spherical nylon vessel (Inner Vessel, IV). The light 
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produced by the energy deposition of charged particles is detected by 2212 8in 
PMTs (1800 of which are equipped with a light collector cone) mounted onto a 
6.85m radius Stainless Steel Sphere. The space between the IV and the PMTs is 
filled with quenched LS in order to shield the active volume from the radiation 
coming from radioactive contamination in the PMTs’ glass and in the steel of the 
support structure. 

With the underground location and shielding strategies fighting the external 
background, the key of Borexino results has been the successful suppression of inter- 
nal background, i.e. those radioactive contamination of the detector itself. This has 
been achieved thanks to a careful selection of materials and to the implementation 
of effective purification methods for the LS (primarily distillation and water extrac- 
tion) which reduced the contamination of ?*U and ???Th down to < 9.5 107?° g/g 
and < 7.2 x 107? g/g respectively in the Phase II of the experiment.!^ 

The reconstruction of the solar neutrino interaction rate and its separation from 
the residual background is based primarily (although not exclusively) on the sig- 
natures in the visible energy spectrum reconstructed from the scintillation light, 
therefore the understanding of the detector energy response is fundamental. The 
energy released in the detector is reconstructed by measuring the isotropic scintil- 
lation light produced by recoiling electrons in the LS; the information about the 
detected light is expressed using three different energy observable that are used in 
the analysis: the number of hit PMTs in a 230(400) time window (Nd). the 
number of reconstructed hits (Np) and the total charge measured at the PMTs 
anode, i.e. the number of detected photoelectrons (Npe). 

Borexino can rely on two different methods to model the detector response 
function: the first is based on a full Monte Carlo (MC) simulation of the entire 
experimental apparatus,!? which reproduces all the physical processes following the 
interaction of a particle in the detector (including the electronic chain response) 
and keeps track of evolution of the detector properties in time, such as the number 
of operating channels. The simulation has been tuned using both lab measurements 
and data collected in an extensive calibration campaign, resulting in a sub-percent 
accuracy for the variables of interest for solar neutrino analysis.!? An alternative 
method for modelling the detector energy response consists in an analytical model 
encapsulating the effect of ionization quenching, the contribution of Cherenkov light 
as well as the spatial dependence of the reconstructed energy and of the energy reso- 
lution.!^ With such model it is possible to reproduce the observed energy spectrum 
of a given signal by computing the convolution of the visible energy spectrum with 
the detector response function. More details about this procedure can be found in.!4 

The performance of the detector and the reliability of the response models have 
been carefully studied during the calibration campaign! and are constantly moni- 
tored using some known background (such as the OA cosmogenic !!C or the char- 
acteristic peak of *!°Po, see Sec. 4). During the Phase II of Borexino data taking, 
the energy resolution for 1 MeV deposited energy was close to 50 keV, while the 
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position of the event —reconstructed via a time-of-flight method- had an accuracy 
of ~ 10cm 


4. Low-Energy solar neutrino spectroscopy 


'The observation of low-energy solar neutrinos has been one of the main goal of 
the experiment, given their fundamental importance for both neutrino- and solar 
physics. Differently from the previous generation of low-energy solar neutrino ex- 
periments, which were able to measure the integrated neutrino flux over a given 
energy threshold, the key advantage of Borexino is the possibility to separate the 
individual contribution of neutrinos produced in different reactions thanks to their 
specific signature in the visible energy spectrum. 

Already during the first phase!" of the experiment Borexino was able to mea- 


18-20 while imposing an upper 


sure the interaction rate of "Be, *B and pep neutrinos, 
limit to the rate of CNO neutrinos.?? We present in this section the result obtained 
from the analysis of low-energy neutrinos obtained in the second phase of the Borex- 
ino data taking, started in 2011 following a very successful purification campaign 
which further reduced the already low contamination level in the liquid scintillator. 
In Sec. 4.1 we discuss the measurement of pp-chain low-energy neutrinos reported 
in, ^14 while in 4.2 we show the evidence of the time modulation of solar neutrinos 
interaction rate expected from the Earth's orbit eccentricity. In the second part of 
this section we report the search of exotic properties of neutrinos performed using 
low-energy solar neutrinos: in particular Sec.4.3 presents a limit on the neutrino 
magnetic moment, while we discuss in Sec. 4.4 the search for neutrino non-standard 
interactions. 

Given their low-flux and different energy scale, neutrinos from the ?B decay 
require a separate analysis, which is presented in Sec. 5. 


4.1. Simultaneous measurement of low-energy solar 
neutrino fluxes 


'The latest measurements of low-energy solar neutrinos produced by the pp-chain 
performed by Borexino is based on a dataset collected between December 14t}, 
2011 and May 2155, 2016 (1291.51 days). The increased exposure (~ 1.6 times 
larger than Phasel), combined with the lower contamination background and the 
improved understanding of the detector made it possible to simultaneously extract 
all the interaction rates of the low-energy components of the pp-chain in a single 
fit over a large portion of the energy spectrum (0.19-2.93 MeV), differently from 
previous Borexino results where the different solar neutrino species were studied 
separately optimising the choice of the energy window. 

Data recorded by the detector are filtered to remove residual cosmic muons 
and short-living cosmogenic isotopes by applying a 300 ms veto.!4 In order to re- 
move “external” y-ray background generated in the material surrounding the liquid 
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scintillator (especially in the PMTs and in the nylon of the inner vessel) we se- 
lect only those events reconstructed in a 71.3 tonnes fiducial volume defined in the 
innermost part of the detector.'4 

The reconstruction of solar neutrinos interaction rates from the energy spec- 
trum is made more challenging by the presence of multiple backgrounds that still 
contaminates the dataset even after the successful purification of the scintillator 
and the data selection outlined above: in particular, the sensitivity of Borexino in 
the low-energy part of the spectrum is limited by the presence of 14C in the LS 
molecules (8^, Q = 0.16 MeV), which decay in the detector at an much higher rate 
than solar neutrino interactions. Other contamination affecting the energy window 
are Kr (87, Q = 0.69 MeV), 7!°Po (a, E, = 5.3MeV, light quenched by a fac- 
tor ~ 10 in LS) and ?'?Bi (8-, Q = 1.16 MeV). At higher energies, the relevant 
background is mostly due to residual “external” 4-rays and to cosmogenic !!C (6+, 
Q = 0.96 MeV). The latter can be efficiently tagged by exploiting the fact that it is 
often produced together with one or more neutrons following muon spallation onto 
12G, therefore one can evaluate the likelihood for an event to be a !!C decay on the 
basis of a set of observables such as the distance and time interval from a crossing 
muon, the distance of a detected neutron capture and the muon energy deposition 
profile.?! Using this selection it has been possible to tag (92 + 4) 96 of !C events 
retaining (64.28 + 0.01) 96 of the total exposure, and those events classified as likely 
to be !!C decays are used to build a separate, !! C-tagged dataset that is analysed 
jointly with !!C suppressed one. 
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Fig. 4. Result of the simultaneous measurement of low-energy pp-chain solar neutrinos. Top panel: 
visible energy spectra in the !! C-subtracted (left) and -tagged datasets. Bottom left: Distribution 
of the events distance from the detector centre. Bottom right: Distribution of the pulse shape 
parameter. All figures from.!4 
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To help constraining some of these backgrounds, in some specific cases it is 
possible to rely on some distinctive features of the signal or on some independent 
measurements: this is the case of the rate of !^C, which has been measured using 
a separate dataset to be 40 + 1 Bq/100t and that was constrained in the analysis 
together with the rate of random coincidences of !^C decays. Differently, the signal 
from external 4-rays shows a clear exponential decrease towards the detector centre 
due to the shielding effect of LS, while energy release of positrons emitted in the 
B+ decay of ''C and its subsequent annihilation results in a slightly different time 
profile, that we used to define a Pulse Shape (PS) parameter! that improves the 
separation between G+ and 8~ events. In order to take into account these features, 
we implemented a multivariate analysis which include the events' distance from the 


detector centre and pulse shape parameter in addition to the energy observables in 
the region where they can help the analysis. 

The analysis procedure has been tested running a detailed sensitivity study!^ 
based on simulated experiments. This study showed a significant correlation be- 
tween the reconstructed rates of pep, CNO end ?'?Bi events, which led to a reduced 
sensitivity for such parameters. For this reason, we decided to constrain in the anal- 
ysis the rate of CNO neutrinos to the value expected from the prediction of the 
SSM (both HZ and LZ). The results of the fit!^14^ are reported in Tab.1 next to 
the expectations from the SSM," assuming the MSW-LMA oscillation parameters.?? 
Similarly, the lower part of Tab. 1 reports the fluxes of solar netrinos inferred from 
Borexino measurements assuming the MSW-LMA solution. Figure 4 shows the dif- 
ferent contributions of solar neutrinos and backgrounds to the energy spectrum as 
well as to the radial distance and pulse shape distributions. 

Systematic uncertainties in the measurement account for possible deviations of 
the computed exposure, uncertainties in the detector response model as well as 
specific effects of the analysis methods.!! 14 

The results in Tab. 1 represents the most accurate experimental measurements of 
low-energy solar neutrinos from the pp-chain, improving Borexino previous findings: 
in particular, the interaction rate of "Be neutrinos is constrained at the 3% level, 
twice as accurate as the expectation of the SSM, while the absence of pep neutrinos 
is disfavoured with a 5c significance. 


4.2. Time modulations of neutrino signal 


'The solar neutrino signal should follow the annual variations of the Sun-to-Earth 
distance, the effect appears as a 6.7% peak-to-peak seasonal amplitude modulation, 
with a maximum at the perihelion. The observation of seasonal variation would 
confirm the solar origin of the signal. Another possible modulation could be in- 
duced due to the Earth matter: neutrino are passing through the dense matter in 
the night and this could cause flavour regeneration with probability dependent on 
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Table 1. Results of Borexino-Phase II on the pp, “Be and pep solar neutrinos interaction rate. 
The first term of the associated uncertainty represents the statistical error obtained with a 
likelihood profile under the Wilk’s approximation, while the second indicates the systematic 
uncertainty. The pep neutrino rate depends on the different SSM used to constrain the CNO 
neutrino flux, and therefore two results are quoted. The fluxes reported in the lower part of 
the table are computed assuming the MSW-LMA oscillation parameters? 


Solar v Borexino results HZ SSM LZ SSM 
Rate (cpd/100t) Rate (cpd/100t) Rate (cpd/100t) 
pp 134+ 107%, 131.0+ 2.4 132.1 + 2.3 
TBe 48.31.1103 47.8 + 2.9 43.7 + 2.6 
ES +0.15 

pep (H2) a SOG a2 2.74 + 0.05 2.78 + 0.05 
pep (LZ) 2.65 + 0.36* 013 

Flux cm-?2s-1 Flux cm-?s-1 Flux cm-?s-1 
pp (6.12-0.5*03) x 1010 5.98(1 + 0.006) x 1019 6.03(1 + 0.005) x 1019 
TBe (4.99 + 0.137395) x 109 — 4.93(1 + 0.06) x 10? 4.50(1 + 0.06) x 10? 

3 +0.08 8 
pep (HZ) (1.27£0-19" 912) X 10" 14,6 10009) x 108 — 1.46(1 + 0.009) x 108 
pep (LZ) (1.39 + 0.197998) x 108 


the oscillation parameters. The fact of observation or non-observation of diurnal 
modulation can be used to restrict the neutrino oscillation parameters. 

The seasonal modulation of the "Be neutrino signal was studied by Borexino 
collaboration in,!'?? The earlier work was performed with Borexino Phase-I data 
acquired from May 2007 to May 2010; the period and phase were found to be consis- 
tent with a solar origin of the signal. More advanced analysis of 1456 astronomical 
days of Phase-II data can be found in more recent paper.?? The analysis of neutrino 
signal variations on the many years time-scale is complicated by the presence of 
time-dependent background components. Three methods have been used to extract 
the time modulations: the analytical fit to event rate, and two more elaborated 
techniques: Lomb-Scargle and the Empirical Mode Decomposition. The results ob- 
tained with these methods are in excellent agreement. The duration of astronomical 
year measured with neutrino by using fit to the event rate is 367 + 10 days with 
phase shift of To = 14+ 22 days, i.e. in good agreement with the expected values. 
Also, the observe eccentricity e = 0.0174 + 0.0045 corresponds to the modulation 
amplitude of (7.1 + 1.9)96. 

In contrast to the annual signal modulation, no variation of day/night solar 
neutrino signal at the level of 1% is observed in Borexino data.?4 The measured 
asymmetry Ag, = 0.001 + 0.012(stat) + 0.007(syst) agrees with the prediction of 
LMA solution for MSW mechanism. Moreover, this result disfavours MSW oscil- 
lations with mixing parameters in the LOW region at more than 8.50. The LOW 
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solution was previously excluded by using the reactor antineutrino data, which in- 
volves the assumption of CPT symmetry. 


4.3. Neutrino magnetic moment 


One of the explanation of recent puzzling result of the XENONIT collaboration 
at few keV electronic recoils could be due to the scattering of solar neutrinos 
with large Majorana transition magnetic moments”? (MM). The required transition 
MM strengths lie within the range that can be probed by current or near future 
experiments. 

Borexino is spectroscopic detector with a relatively good energy resolution at 
low energies of about 5% at 1 MeV. The spectroscopic feature provides a good 
possibility to search for the deviations from the standard shape of recoils electrons 
scattered off monoenergetic "Be neutrinos. The manifestation of the large neutrino 
magnetic moment in the electron recoils spectrum would be an additional term in 
the cross section with a characteristic 1/Te (T is electron recoil kinetic energy) 
signature. A sensitive search for the deviations of the electron recoil spectra from 
the predicted by the Standard Model was performed using Borexino Phase-II data 
in.?6 A model-independent limit on the effective moment of the solar neutrino of 
Leg < 2.8107 !! up at 90% C.L. was obtained. This could be compared to the best 
direct limit on the magnetic moment of electron antineutrino peg < 2.91071 upg 
at 9096 C.L. obtained using Ge detectors in the most sensitive reactor experiment 
GEMMA.?' The Borexino limit is free from uncertainties associated with predic- 
tions of the SSM neutrino flux and with the detector's fiducial volume, and is 
obtained by constraining the sum of the solar neutrino fluxes using the results from 
radiochemical (gallium) experiments. 

Since neutrinos are a mixture of mass eigenstates the effective magnetic moment 
for neutrino-electron scattering is: 


ber = 9 LIN S ug Ak(Ev, D), (1) 
j k 


where ujk is an element of the neutrino electromagnetic moments matrix and 
A&(E,, L) is the amplitude of the k-mass state at the point of scattering. For the 
Majorana neutrino, only the transition moments are nonzero, while the diagonal el- 
ements of the matrix are equal to zero due to CPT-conservation. For the Dirac neu- 
trino, all matrix elements may have nonzero values. The effective magnetic moment 
can be expanded both in terms of the mass eigenstates or the flavor eigenstates. 
In the general case the expression for the effective magnetic moment in the 
mass eigenstate basis will have a complex form consisting of interference terms 
X Hkc. Without significant omissions the solar neutrinos arriving at the Earth 
can be considered as an incoherent mixture of mass eigenstates. In the case of Dirac 
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neutrinos assuming that only diagonal magnetic moments pi; are nonvanishing: 
2 3 3v,2 
Mog = Pap y + Poy ioa + Pig 133 (2) 


where P2" = |A;(E,L)|? is the probability of observing the i-mass state at the 
scattering point for an initial electron flavor. 


In the case of Majorana transition magnetic moments the effective moment is: 


Heg = PA (uia + Hig) + P3 (wd + uà) + PS (ubi + ubo) (3) 


For the well-known approximation of three- to two- neutrino oscillation probabil- 
ities for solar neutrinos: P2" = cos? 04 P2v, P3Y = cos? 013 P2 and PY = sin? 613 — 
one can get the effective magnetic moment expressed in well-established oscillation 


parameters in the mass eigenstate basis. Equation (2) can be rewritten as: 


Heg = m Cis Pa Pay T Cis PY H22 + + Stau (4) 


where C2, = cos? 613 and S2, = sin? 613, and P2” + P2" = 1. Similarly, assum- 
ing CPT-conservation (Hjk = ej) relation (3) for the transition moments can be 
rewritten as: 


bag = ChP, Z uia + (1 - C2} P? y Mig + (1 — Ch P2 Y) u23 (5) 


In general, P2" and P2" (and P2") depend on the neutrino energy, but in the 


energy region below 1 MeV the probabilities can be assumed constant. 
Since j/24 is the sum of positively defined quantities, one can constrain any term 
in (4) and (5). By using the most probable values of Fee ; ie and 013 one can obtain 


the following limits from the relation peg < 2.8 x 10-H 


ail € 3-4; |uz2| < 5-1; |u33| < 18.7; (6) 


|ui] € 2.8; |ui3| < 3-4; |u23| € 5.0; (7) 


all measured in units of 107! up and for 90% C.L. 
The effective magnetic moment for the LMA-MSW solution in flavour basis 
assuming the survival probability of pp and "Be solar neutrinos is the same: 


g = Py? + (1— P3”) (cos? 655 - ie + sin? 653 - 2), (8) 


where P?" = sinf 614 + cost 013 P?" is the probability that v, is detected in its orig- 
inal flavor (survival probability), with P?" calculated in the “standard” 2-neutrino 
scheme, 0,4 and 054 are the corresponding mixing angles. Though P?" depends 
on E,, the difference between P?"(400) = 0.57 for a neutrino energy close to the 
pp-neutrino spectrum end point of 420 keV (only a small fraction of the total pp- 
neutrino spectrum close to the end point contributes to the sensitive region in 
analysis) and P?”(862) = 0.55 for "Be-neutrinos (higher energy line) is negligible. 
An estimate of P?" — 0.55 was used in calculations. 
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The limits on the flavor magnetic moment can be obtained from (8) because 
individual contributions are positive. With ueg < 2.8- 1071! upg and for sin? 044 = 
0.0210 4- 0.0011 and sin? 054 = 0.51 + 0.04 for normal hierarchy (or sin? 053 = 0.504 
0.04 for inverted hierarchy) the following limits were obtained: jj, < 3.9 - 10^ !! up, 
My € 5.8: 10 1! ug and u, < 5.8: 10 1! upg, all at 90% C.L. 

The values above were calculated for the choice of hierarchy providing a more 
conservative limit. 

In another paper?? the Borexino collaboration performed a search for the hidden 
antineutrino sources in the data. The presence of antineutrinos in original neutrino 


fluxes can be a consequence of neutrino electromagnetic interactions induced by 
the non-zero neutrino magnetic moment. The limit derived for solar antineutrino 
flux is 384 cm ? s ! (90% C.L.), assuming an undistorted solar 8B neutrinos energy 
spectrum, corresponding to a neutrino-antineutrino transition probability P,.,7 < 
7.2 x 10% (90% C.L.) for E, above inverse beta-decay threshold of 1.8 MeV. Based 
on the upper limit of the antineutrino admixure in the Solar neutrino flux the 
following limit on the magnetic moment was obtained: 


Ly < 60-10 ? B,[kG]- ug (9096 CL) (9) 


where B, is transverse component of the strength of the solar magnetic field. The 
estimates of B in the solar core varies by some orders of magnitude ranging from 
B « 600 G to B « 7 MG. These estimations correspond to upper limits of the 
neutrino magnetic moment between 1.0- 10755 and 8.5- 10713 upg (9096 C.L.). The 
latter value is stronger than the current limit from astrophysical observations while 
the former limit is overlaid by other measurements. 


4.4. Neutrino non-standard interactions 


'The observed neutrino contribution in Borexino spectra are determined by the frac- 
tion of the electron neutrino in the total neutrino flux at the surface of the Earth 
(or electron neutrino survival probability Pee(E)), and the neutrino-electron scat- 
tering cross section defined by the chiral couplings of the neutrino and electron. 
Some theories beyond the Standard Model postulate the existence of Non-Standard 
Interactions (NSI’s) which can modify the chiral couplings and Pee. Phenomeno- 
logically, NSI's of the neutral current (NC) type are described by the Lagrangian 
density 


Lnsi = -2/2G relh ? (Day vafa, Cf") 


where o, 8 = e,u,T label the neutrino flavor, f and f’ are leptons or quarks of 
the same charge but not necessarily the same flavor, C is the chirality of the f f" 
current (L or R), and ghe is a dimensionless coupling constant parametrizing the 
strength of the NSI interaction normalized to Gr. In the Borexino data analysis 
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the attention was paid to the flavor-diagonal case f = f' = e and a = f, so it 
fC 


aß 
scattering, is particularly sensitive to this type. 


At detection, &, shifts the coupling constants that appear in the expression for 
the differential cross section for the weak interactions 


is convenient to denote £7% as eC. Borexino, relying on neutrino-electron elastic 
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Fig. 5. Allowed region for NSI parameters in cL/R plane obtained in.?? The parameters gre 


are fixed at zero. Both HZ- (filled red) and LZ- (dashed red) SSM’s were considered. The bounds 
from the LSND and TEXONO experiments are provided for comparison. Besides, the contour 
obtained from the global analysis of solar neutrino experiments is presented by dashed black line,?° 
NSI’s are included in detection and propagation. All contours correspond to 90% C.L. (2 d.o.f.). 
The dotted gray lines represent the corresponding range of &' parameter, relevant for NSI's at 
propagation. 


The Borexino Phase II data data were used for the search of the flavor-diagonal 
neutral current interactions responsible for the Vee and and vre couplings not ex- 
cluded by other experiments. The solar luminosity constraints were implied to im- 
prove the sensitivity to the effects under study, both high- and low-metallicity (HZ 
and LZ) Standard Solar Model (SSM) predictions of the solar neutrino fluxes were 
considered. No indications of new physics were found at the level of sensitivity of the 
detector. The constraints on the parameters of the NSI's were obtained?? compati- 
ble with or better than the existing ones. The results for eb! and et” parameters 
are shown in Fig. 5 and Fig. 6 correspondingly. 


2799 


90% C.L. (2 d.o.f.) 


BOREXINO 


0.5 


Ke F 


-0.8 -0.6 -04 -02 0 02 04 06 08 1 
d 


Fig.6. Allowed region for NSI parameters in iE plane obtained in.?9 The enr are fixed at zero. 


Both HZ- (filled dark blue) and LZ- (dashed dark blue) SSM'sare considered. The contour from 
LEP experiment is provided for comparison. Both contours correspond to 90% C.L. (2 d.o.f.). 
The dotted gray lines represent the corresponding range of e’ parameter, relevant for NSI’s at 
propagation. 


5. High-energy solar neutrinos in Borexino 


As already discussed, Borexino's original goal was the measurement of low energy 
solar neutrinos and this objective was fully centered. However, through the years, 
Borexino turned out to be a quite versatile experiment and the collaboration suc- 
ceeded in measuring also neutrinos belonging to the above-MeV part of the solar 
neutrino spectrum. In particular, in 2020, Borexino presented a refinement of the 
measurement of the 5B solar neutrino interaction rate,?! also setting a new limit on 
the interaction rate of solar hep neutrinos. 

The High-Energy Region (HER) work is based on 2062.4 live days of data, col- 
lected between January 2008 and December 2016 (detector’s purifications and cali- 
brations period excluded). In order to better handling the backgrounds, the analysis 
is performed with MonteCarlo radial fits, independently performed on two energy 
subranges: the HER-I (1650, 2950 p.e., roughly 3.2-5 MeV) and the HER-II (2950, 
8500 p.e., roughly 5-16 MeV). The HER-I sector includes events originated from 
natural radioactivity while the HER-II sector is characterized by intense external 
y rays following the neutron capture processes that happens on the Stainless Steel 
Sphere. In Borexino, the energy depositions of natural radioactivity never exceeds 
5 MeV (Q-value of the ?9*'TI 8 decay) since the a scintillation signals are strongly 
quenched and end below this analysis threshold. As of 2020, the 8B neutrinos are 
detected via their elastic scattering off electrons on a fiducial mass of 300t of liq- 
uid scintillator (the entire Borexino active mass) resulting in a total exposure of 
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Fig. 7. Fit of the event radial distribution in the HER-I range?! [1650,2950]p.e. 


1.5 ktonne x year: an impressive 11.5-fold increase with respect to the previous 
Borexino 8B measurement.!? 

In the HER analysis, the selection of data is performed via software cuts that 
tag/remove the primary/secondary backgrounds associated with the interaction of 
cosmic muons in the detector. The identification of the 5B neutrino signal is then 
based on its different radial distribution with respect to that of background: neutrino 
events are expected to be uniformly distributed in the active volume while the 
remaining background event distribution is strongly radial dependent (Fig. 7). 

The radial fit estimator is a binned likelihood and the x?/dof of the radial fits 
are 31.3/36 (HER-I), and 30.4/35 (HER-II) excluding empty bins. 

The best-fit rates for the 8B solar neutrinos are found to be: 


Ryger- = 0.136 0013 (stat) * $005 (syst) cpd/ 100 t 
Rupr—u = 0.087 *0:020 (stat) Te toe (syst) cpd/ 100 t 
Ruwr = 0.223 10-015 (stat) Th poe (syst) cpd/ 100 t 


The precision of the HER ?B rate analysis is then about 8% and it improves more 
than a factor 2 our previous result.!? The equivalent 8B neutrino flux inferred from 
the HER analysis?! is (5B) = 2.57 *017 (stat) "Qo. (syst) x 10° cm-?s-! well in 
agreement with the previous Borexino result!? and with the high-precision measure- 
ment performed by Super Kamiokande.?? The B16 HZ-SSM'" expected 8B neutrino 
flux is 5.46 +0.66 x 10° cm7? s^! but the apparently missing flux is fully compatible 
the MSW-LMA neutrino oscillation scenario. 

The Borexino experiment is not optimized for a clear detection of neutrino fluxes 
as low as those predicted by the SSM for the hep neutrinos (~ 10? cm ?s^ 1). 
Nevertheless, this elusive type of neutrinos is searched via their elastic scattering 
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on electrons as well as via their neutral current-mediated inelastic scattering on 
Carbon nuclei. The Borexino collaboration was able to set a limit on the number 
of expected hep events of 4.37 (9096 C.L.), corresponding to a limit on the flux of 
< 1.8 x 10? cm"? s^! which is about 1.2 times stronger than the one we previously 
reported in 2018.14 


6. Conclusion and discussion 


Solar neutrinos are an essential tool to understand stellar physics, being able at 
the same time to reveal some of their fundamental properties. The Borexino exper- 
iment, with its 14-years-long data taking, has been one of the key players in the 
investigation of these particles. Thanks to its outstanding radiopurity and to the 
deep understanding of the detector behaviour, Borexino has been able to overcome 
the intrinsic limitations of the previous generations of radiochemical experiments 
and to provide a precision measurement of all the components of the solar neu- 
trino spectrum with the only exception of the very low flux of neutrinos from the 
Helium-proton fusion for which an upper limit has been set. In particular, in this 
contribution we report the Borexino results on neutrinos produced in the proton- 
proton fusion chain, which is by far the main energy production mechanism in our 
star. With a separate analysis of the low- and high-energy region of the energy spec- 
trum, the individual fluxes of pp, pep, "Be and *B neutrinos were directly measured 
for the first time by a single experiment. 

This result has significant implications for solar and particle physics: by mea- 
suring the flux of pp neutrinos with a 1196 accuracy and the "Be flux with an 
unprecedented 3% precision, we could compute the luminosity of the Sun us- 
ing neutrinos,! finding an excellent agreement with the photon-inferred result 
(LE = (3.846 + 0.015) x 109? ergs! vs L% = (3.89*035) x 1093 ergs-!), thus 
confirming the nuclear origin of the solar power and the thermodynamical equilib- 
rium of the Sun over the timescale required for radiation to flow from the core to 
the surface of the Sun, which is in the order of 10? years. Using the measurements 
of pp and "Be neutrino fluxes we could also study the relative weight of the two 
main terminations of the pp-chain (ppl and ppll in Fig. 1), which is the ratio Rr 
between the ?He- ^He and ?He— ?He fusion rates. Neglecting the small contribution 
of the ppIII branch and assuming the local kinetic equilibrium of °H and ?He, we 
find Rig = (178 eae. in good agreement with the predictions of both the HZ and 
LZ SSM! gui = 0.180 + 0.011, RU = 0.161 + 0.010). Furthermore, we could 
exploit the strong dependence of "Be and B fluxes upon the Sun core temperature 
to test the predictions of the SSM implementing a different chemical composition. 
Changes in the Sun metallicity will indeed lead to different expectations of the tem- 
perature profile, affecting the expected neutrino fluxes. Borexino pp-chain results 
are compatible with the predictions of both HZ and LZ SSM,!! but an hypothesis 
test show a mild preference for the higher core temperature expected from the HZ 
SSM." 
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In its long scientific life, Borexino exceeded the expectations of its physics reach 
and is now among the leading solar neutrino experiments. This extraordinary jour- 
ney recently culminated with the first observation of solar neutrinos from the CNO- 
cycle,?? adding a new fundamental piece to our understanding of the Sun and of all 
stars. 
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'The Borexino experiment, located at the Laboratori Nazionali del Gran Sasso in Italy, 
has been the first and so far unique experiment capable to measure the interaction 
rate of all solar neutrino components produced by the Sun through the so called pp- 
chain and CNO-cycle fusion mechanisms. Particularly, Borexino has measured the rate 
of pp, "Be, pep and B neutrinos, which span a wide energy range from a few hundreds 
keV up to almost 15 MeV. This capability offered Borexino the unique opportunity to 
experimentally test the expected electron neutrino survival probability predicted by the 
theory. The paper briefly summarises this important achievement and discusses possible 
future developments. 


Keywords: Solar neutrinos; electron neutrino survival probability; neutrino oscillations; 
LMA-MSW effect 


1. Introduction 


'The Sun is a powerful source of low energy neutrinos that are a unique tool to test 
the solar theory and to probe neutrino physics. A remarkable set of discoveries have 
been made by means of solar neutrinos, among which the most important is the 
discovery electron neutrino oscillations into muon and tau neutrinos made by the 
SNO? experiment, which led to the Nobel prize of Art McDonald in 2015.3 

It is quite well known that the stellar theory has long predicted two mecha- 
nisms for hydrogen fusion into helium in the Sun, known as the pp-chain and the 
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CNO cycle.^ Both mechanism are based on a sequence of nuclear reactions, some 
of which produce electron neutrinos. The pp-chain is initiated by the fusion of two 
protons and produce neutrinos through four detectable mechanisms?. The CNO 
cycle bears this name because carbon, nitrogen and oxygen act as catalysers and 
produce neutrinos as well.^ Fig. 1 shows the electron neutrino spectrum predicted 
by^ without any neutrino oscillation effect. 

'The two fusion reactions occur in the Sun's core, and because of the relatively 
low solar temperature, they contribute very unequally to energy production: about 
99% of the solar luminosity is due to the pp-chain, while the rest is due to the CNO 
cycle. The CNO cycle is dominant for more massive stars. 

Borexino is the first experiment that was able to measure directly all individual 
solar neutrino components emitted by the pp-chain reactions? and by the CNO cycle 
in the Sun.Ó This fact is by itself a remarkable experimental achievement, which was 
obtained thanks to almost 30 years of activity." It has also the consequence that the 
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Fig. 1. The spectrum of solar neutrinos as predicted by Vinyoles et al. Hep neutrinos, while at 
high energy, have a flux that is too low to be detected by current generation experiments. All 
other components have been measured directly by Borexino through spectral analysis, exploiting 
the very low radioactive background, the low energy threshold and the good energy resolution of 
the liquid scintillator detector. Borexino has been so far the only experiment being able to perform 
such a comprehensive spectral measurement. 


aA fifth mechanism due to the fusion of ?He with a proton (hep neutrinos) is too small to be 
detected. 
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experiment was able to measure the survival probability of neutrinos as a function 
of the energy and to test directly the LMA-MSW? theory of neutrino oscillations. 
LMA refers to Large Mixing Angle solution, while MSW to the Mikheyev-Smirnov- 
Wolfenstein mechanism.? |! 

According to MSW theory, at energy above a few MeV the different refractive 
index affecting the propagation of electron neutrinos with respect to that affecting 
the muon and tau neutrinos propagation introduce an additional phase shift that 
can change the survival probability of electron neutrinos from the central core to 
the Earth. At some energies the effect can be very large because of a resonance.!9: !! 
As a consequence, the LMA-MSW theory predicts that solar neutrino oscillations 
are strongly energy dependent and particularly are dominated by the matter effects 
above above a few MeV. Vacuum oscillations are dominant at lower energies. 

When the LMA-MSW theory is taken into account, the neutrino fluxes predicted 
by the Standard Solar Model^ are translated into a well defined prediction of the 
neutrino interaction rate in Borexino, which depends both on the total electron 
neutrino flux and on the fraction of electron neutrinos and other neutrino types 
reaching the Earth. 

In this paper we show how the precision measurement pp, “Be, pep and ?B 
neutrino rate made by Borexino translates into the first direct measurement of the 
electron neutrino survival probability as a function of the neutrino energy. 


Stainless Steel 
Sphere 


Nylon 
Outer Vessel 
Internal 
PMTs Nylon 
Inner Vessel 


Fiducial Volume 


P»? Muon 
PMTs 


Fig. 2. Drawing of the Borexino detector. The various components are labelled in the picture. To 
give a feeling of the size, we quote the diameter of the Stainless Steel Sphere, which is 13.7 m. 
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2. The Borexino experimental setup 


Borexino is a very pure liquid scintillator detector!? !? designed for the real-time 
observation of low energy solar neutrinos. It is located in Italy deep underground 
(723800 meters of water equivalent, m w.e.) in the Hall C of the Laboratori Nazionali 
del Gran Sasso, where the muon flux is suppressed by a factor of zz 109 with respect 
to sea level. 

The detector is schematically depicted in Fig. 2. The inner part is an unseg- 
mented stainless steel sphere (SSS) that is both the container of the scintillator and 
the mechanical support of the photomultipliers. Within this sphere, two nylon ves- 
sels separate the scintillator volume in three shells of radii 4.25 m, 5.50 m and 6.85 
m, the latter being the radius of the SSS itself. The inner nylon vessel (IV) contains 
the liquid scintillator solution, namely PC (pseudocumene, 1,2,4-trimethylbenzene 
Ce H3(C H3)3) as a solvent and the fluor PPO (2,5-diphenyloxazole, C45. H11 NO) as 
a solute at a concentration of approximately 1.5 g/l (0.17 96 by weight). The second 
and the third shell contain PC with a small amount (few g/1) of DMP (dimethylph- 
thalate, Ca H4(COOC H3)2) that is added as a light quencher in order to further 
reduce the scintillation yield of pure PC.!? 

The Inner Vessel is made of 125 wm thick Nylon-6 carefully selected and handled 
in order to achieve maximum radio-purity. Since the PC/PPO solution is slightly 
lighter (about 0.4 96) than the PC/DMP solution, the Inner Vessel is anchored to 
the bottom (south pole of the SSS) with a set of nylon strings. The outer nylon 
vessel (OV) has a diameter of 11 m and is built with the same material as the inner 
one. The OV is a barrier that prevents ??Rn emanated from the external materials 
(steel, glass, photomultiplier materials) to di?use into the fiducial volume. 

The buffer fluid between the Inner Nylon Vessel and the SSS (PC/DMP solution) 
is the last shielding against external backgrounds. The use of PC as a buffer is 
convenient because it matches both the density and the refractive index of the 
scintillator, thus reducing the buoyancy force for the nylon vessel and avoiding 
optics aberrations that would spoil the spatial resolution. 

The addition of the DMP quenches the scintillation yield of the buffer fluid by 
a factor of 20. This is important in order to avoid the unacceptable trigger rate due 
to the radioactivity of the photomultipliers. 

The scintillation light is collected by nominally 2212 photomutipliers (PMTs) 
that are uniformly attached to the inner surface of the SSS. All but 384 photomulti- 
pliers are equipped with light concentrators that are designed to reject photons not 
coming from the active scintillator volume, thus reducing the background due to 
radioactive decays originating in the buffer liquid or y’s from the PMTs. The PMTs 
without concentrators are used to measure this background, and to help identify 
muons that cross the buffer, but not the Inner Vessel. 

The number of active PMTs has changed over time during the almost 15 years 
of data taking, so that collection efficiency is a function of time and run-dependent. 
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The SSS is supported by 20 steel legs and enclosed within a large tank that is 
filled with ultra-pure water. The tank has a cylindrical base with a diameter of 18 
m and a hemispherical top with a maximum height of 16.9 m. The Water Tank 
(WT) is a powerful shielding against external background (y rays and neutrons 
from the rock) and is also used as a Cherenkov muon counter and muon tracker. 
The muon flux, although reduced by a factor of 10° by the 3800 m w.e. depth of the 
Gran Sasso Laboratory, is of the order of 1 m^? h^ !, corresponding to about 4000 
muons per day crossing the detector. This flux is well above Borexino requirements 
and a strong additional reduction factor (about 107) is necessary and was indeed 
achieved!? by the combined use of WT signal and inner detector signal. More details 
on the detector can be found in.!?:1? 


3. Neutrino detection 


Low energy neutrinos of all flavours are detected by means of their elas- tic scattering 
off electrons or, in the case of electron anti-neutrinos, by means of their inverse beta 
decay on protons or carbon nuclei. The electron (positron) recoil energy is converted 
into scintillation light, which is then collected by a set of pho- tomultipliers. Neutron 
detection is often possible as well, through its capture on proton and emission of 
energetic gamma. A tiny amount of Cherenkov light is also produced, though it is 
mostly absorbed and re-emitted. 

Scintillation light offers several advantages with respect to both the water 
Cherenkov detectors and the older radiochemical detectors used before Borexino in 
solar neutrino experiments. Water Cherenkov detectors, in fact, can not effectively 
detect solar neutrinos whose energy is below approximately 3.5 MeV, both because 
the Cherenkov light yield is low and because the intrinsic radioactive background 
cannot be pushed down to suffciently low levels. On the other hand, radiochemical 
experiments cannot intrinsically perform spectral measurements and do not detect 
events in real time. Cherenkov detector, however, can effciently detect the direc- 
tion of the scattered electron and therefore of the incoming neutrino, which is not 
possible yet in liquid scintillators. 

A liquid scintillator, on the other hand, solves these problems: the detection 
of low energy neutrino becomes possible possible because the light yield is high, 
offering an energy threshold as low as a few tens ofkeV; the organic nature of the 
scintillator, and its liquid form at ambient temperature, provide very low solubility 
of ions and metal impurities, and yield the technical possibility to purify the material 
as required. However, no measurement of the direction of the incoming neutrino is 
possible? and, even more importantly, the neutrino induced events are intrinsically 


bHowever, the unavoidable contamination of !^C that is present in any organic liquid practically 
limits the "neutrino window" above ?200 keV 

*Very recently Borexino has shown that some of this prompt Cherenkov light can be detected and 
identified. Future detector might be able to make useful use of this additional information. 
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indistinguishable from ( and y radioactivity, posing formidable requirements in 
terms of radio-purity of the scintillator and of the detector materials. 

The total number of detected photons and their arrival times are used to recon- 
struct the electron recoil energy and the interaction point in the detector, respec- 
tively. The energy and spatial resolution of Borexino is not constant because it has 
slowly deteriorated over time owing to the steady loss of photomultiplier tubes (on 
average 1238 channels were active during the recent CNO analysis, with larger num- 
bers available at the time of pp-chain analysis), with current values of a. g/ E ~ 6% 
and 05;,,; ~ 11 cm for 1 MeV events at the centre of the detector. The time pro- 
file of the scintillation light provides also a powerful way to distinguish between 
different particle types a, and 8+ via pulse-shape discrimination methods.!9:!? 

The final radio-purity levels achieved by Borexino on ??5U and ???Th chains, 
and on several other radioactive contaminants, are many orders of magnitude lower 
than those either set as design goals or achieved by any other low-background 
experiment. In this short paper it is simply not possible to give an account of the 
amount of work done, nor a detailed description of the final numbers obtained. We 
invite the interested reader to look at the bibliography and particularly to!6:!7 and 
references therein. 

The total cross section of electron neutrinos on electrons depends on both 
charged and neutral currents weak interactions, while that of muon and tau neutri- 
nos is induced by neutral currents only. The interaction rate depends therefore on 
the neutrino type at the target, a fact that makes the experiment sensitive to neu- 
trino oscillations occurring along the path from the production site in the Sun's up 
to the detector. This is the key element that allows the direct measurement of the 
energy dependence of the flavour conversion probability through the Sun induced 
by the LMA-MSW effect. 

The extraction of the survival probability can be obtained from the measured 
rate using the total fluxes predicted by the Standard Solar Model through the 
formula: 


R,(E) = ®, [P (E)ou + (1 — Pee(E)) o] (1) 


where R, is the measured rate of the x neutrino component with average energy 
E (x can be pp, "Be, pep, 8B), 9, is the predicted electron neutrino flux of the x 
component at the Sun's core, Pee is the electron neutrino survival probability, and ce 
and g, are the neutrino-electron total cross sections for electron and muon neutrinos 
respectively. It is clear from the equation above that for any given measured rate the 
corresponding value of Pee can be directly measured using as inputs the very well 
known standard model cross sections (which introduce a negligible uncertainty) and 
the solar model predictions, which drive most of the uncertainty beside experimental 
errors. 

At the time of the proposal, the main goal of Borexino was the precise mea- 
surement of the rate induced by the monochromatic electron neutrinos (0.862 keV) 
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Fig. 3. The measured survival probability for the four neutrino components of the pp-chain. The 
pink band is the theoretical prediction of the Pee with its uncertainty. The error on each value of 
Pee depends on both theoretical errors and experimental error. See text for more details. 


produced by the electron capture decay of "Be in the Sun. However, the very high 
radio purity of the scintillator offered new unexpected results, such as a clear evi- 
dence of the pep solar neutrinos,!? a low energy threshold (3 MeV) detection of 8B 


20 an unambiguous detec- 


neutrinos,!? the first direct measurement of pp neutrinos, 
tion of geo-neutrinos,?! ?? and, last but definitely not least, the first prove of the 
existence of the CNO cycle in the Sun.® 

After a careful detector calibration with internal sources!? and an extensive pu- 
rification campaign performed in 2010-2011, the complete pp-chain has been studied. 
This chain includes four reactions that emit four electron neutrino components of 
quite different energies: the pp neutrinos, whose average energy is around 200 keV, 
the "Be neutrinos, which offer a monochromatic line at 0.862 keV, the pep neutri- 
nos, which offer another monochromatic line at 1.44 MeV, and 8B neutrinos, which 
have a broad 8* energy spectrum reaching about 15 MeV. These four neutrino 
components have very different survival probabilities in the Sun matter because of 
MSW effect, as we will see in the next section. 

Although not relevant for LMA-MSW measurement, it is worth recalling that 
Borexino, after a substantial effort devoted to the thermal stabilisation of the de- 
tector developed in 2016-2018, has been able to measure the small and diffcult CNO 
neutrino signal. 

In next section we focus on the complete measurement of the pp-chain neutrinos 
and on the consequence of these measurements to the knowledge of LMA-MSW 
effect in the Sun. 
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4. Electron neutrino survival probability measurement 


'The neutrinos produced in the pp-chain fusion reactions are all electron neutrinos 
because they originate from reactions with either an electron in the initial state 
(“Be and pep) or with a positron in the final state (B and pp). However, neutrinos 
may undergo flavour transitions through the propagation inside solar matter, in the 
vacuum between the Sun and the Earth and, in the case of *B neutrinos, also while 
propagating at night through the Earth itself. 

Without matter effects the conversion probability would be just a constant 
that depends on the vacuum mixing angle 612, with very little dependence on 
the other mixing angles and no dependence at all on mass splittings, because 
for solar neutrinos quantum coherence is completely lost. Indeed, coherence is 
washed out by the fact that the core of the Sun (diameter approximately 200.000 
km) is comparable to the wavelength induced by mass-splitting at solar energies 
(2x E/(1.27 - óm15) ~ (2x 1 MeV)/(1.27 - 7. 1075 eV?) e 70.000 km) and also 
because the relative high temperature inside the Sun induce full decoherence of the 
neutrino beam (kgT >> óm33). 

However, since the late ’80s and early ’90s it was noticed that neutrino flavour 
oscillations may explain the solar neutrino problem only by assuming that the sur- 
vival probability is energy dependent, chiefly because the neutrino deficit observed 
by Gallex?+ and SAGE?” was different from that observed by Homestake?® and 
also from that observed by the SuperKamiokande experiment.?” The LMA-MSW 
effect provides an elegant mechanism to recover the energy dependence of the sur- 
vival probability and Borexino is the first experiment which has been able to test 
it directly by measuring the survival probability of several neutrino components of 
various energies. 

The LMA-MSW theory predicts a very well defined value of Pee which is shown 
in Fig. 3 as a pink band whose thickness corresponds to the theoretical error. The 
same figure also shows the result of the Pee computed using Borexino data using the 
measurements of pp, "Be, pep and 8B neutrinos by means of formula (2). Neutrinos 
from pp initial fusion into deuteron are very low energy and their flavour conver- 
sion is dominated by vacuum oscillations. The grey band labelled as Vacuum-LMA 
corresponds to: 


1 
P? =1-— * sin? 2015 , (2) 


which is the expected value for vacuum oscillations in case of completely incoherent 
propagation. 

The neutrinos produced by "Be electron capture and pep three body fusion are 
mono-chromatic, so they bear no uncertainty in horizontal axis. pep is well within 
the transition region and shows a hint of that, with a large statistical uncertainty. 
"Be energy is still in the vacuum regime region and its corresponding Pse is well 
consistent with that. Finally, 5B neutrinos, on the other side, are well within the 
matter dominated LMA-MSW regime. Being a broad 8* spectrum it is possible 
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Fig. 4. Electron neutrino survival probability Pee as a function of neutrino energy in LMA-MSW 
solution with uncertainties of oscillation parameters taken into account (pink band), and LMA- 
MSW + NSI solutions for €'— -0.5, 0.5, 1.0 and average values of oscillation parameters. Vacuum 
oscillations scenario with LMA-MSW parameters is also shown (grey band). 'The definition of the 
non-standard interaction parameter is that of reference.?8 


to bin in energy, offering the data points shown in grey, while the green one is the 
average value. The error are too large, however, to show any hint of the expected 
rise of Pee at lower energies (the slight uprise of the points has no real statistical 
significance, though consistent). 

Globally, Borexino data clearly are well consistent with the theoretical expecta- 
tion, confirming LMA-MSW effect, though the error are still large. Unfortunately, 
there is no room for Borexino to improve further. 

In order to improve the result significantly two elements are important, depend- 
ing on the energy. The "Be point has an error dominated by the theoretical uncer- 
tainty on the expected flux, while other points have also a relevant error coming 
from the rate measurement. Therefore, a better test of LMA-MSW theory requires 
an improvement in the Standard Solar Model predictions. For a discussion of the 
main sources of uncertainties see.” 

The result obtained on the P.. can be used to test the existence of low en- 
ergy non-standard neutrino interactions beyond those predicted by the Standard 
Model. We have carefully studied this opportunity, parametrising the effect of non- 
standard interactions in terms of a single parameter c&'.?? Fig. 4 shows that with 
the current theoretical and experimental uncertainties there is still quite a lot of 
room for new physics and that the future better measurement of this curve might 
be worth pursuing. 
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5. Conclusions 


Borexino is the first and sole experiment able to measure all neutrino components 
from pp-chain reactions in the Sun and probe the electron neutrino survival proba- 
bility as a function of energy. 
'The results confirm the LMA-MSW scenario with nice agreement with Standard 
Model physics. The precision is still low and room for new physics exists. 
Borexino has opened the era of precise solar neutrino spectroscopy, but even 
better experiments are desirable to complete the job. 


Acknowledgements 


I thank the organisers of the Sixteenth Marcel Grossman meeting for the beautiful 
conference and for offering me the opportunity to give this talk. I am also grateful 
to the whole Borexino Collaboration for the long and beautiful journey we made all 
together. Finally, I warmly thank the Laboratori Nazionali del Gran Sasso for the 
continual support given to Borexino over a period of more than thirty years. 


References 


1. Q. R. Ahmad et al., Direct evidence for neutrino flavor transformation from neu- 
tral current interactions in the Sudbury Neutrino Observatory, Phys. Rev. Lett. 89, 
p. 011301 (2002). 

2. Q. R. Ahmad et al., Measurement of the rate of ve + d > p-- p--e interactions 
produced by 5B solar neutrinos at the Sudbury Neutrino Observatory, Phys. Rev. 
Lett. 87, p. 071301 (2001). 

3. A. B. McDonald, Nobel Lecture: The Sudbury Neutrino Observatory: Observation of 
flavor change for solar neutrinos, Rev. Mod. Phys. 88, p. 030502 (2016). 

4. N. Vinyoles, A. M. Serenelli, F. L. Villante, S. Basu, J. Bergstrom, M. C. Gonzalez- 
Garcia, M. Maltoni, C. Pefia Garay and N. Song, A new Generation of Standard Solar 
Models, Astrophys. J. 835, p. 202 (2017). 

5. M. Agostini et al., Comprehensive measurement of pp-chain solar neutrinos, Nature 
562, 505 (2018). 

6. M. Agostini et al., Experimental evidence of neutrinos produced in the CNO fusion 
cycle in the Sun, Nature 587, 577 (2020). 

7. G. Alimonti et al., Science and technology of BOREXINO: A Real time detector for 
low-energy solar neutrinos, Astropart. Phys. 16, 205 (2002). 

8. G. L. Fogli, E. Lisi, A. Marrone, D. Montanino, A. Palazzo and A. M. Rotunno, 
Global analysis of neutrino masses, mixings and phases: entering the era of leptonic 
CP violation searches, Phys. Rev. D 86, p. 013012 (2012). 

9. L. Wolfenstein, Neutrino Oscillations in Matter, Phys. Rev. D 17, 2369 (1978). 

10. S. P. Mikheev and A. Y. Smirnov, Resonant amplification of neutrino oscillations in 
matter and solar neutrino spectroscopy, Nuovo Cim. C 9, 17 (1986). 

11. S. P. Mikheyev and A. Y. Smirnov, Resonance Amplification of Oscillations in Matter 
and Spectroscopy of Solar Neutrinos, Sov. J. Nucl. Phys. A2, 913 (1985). 

12. G. Alimonti et al., The Borexino detector at the Laboratori Nazionali del Gran Sasso, 
Nucl. Instrum. Meth. A 600, 568 (2009). 

13. G. Bellini e£ al., Muon and Cosmogenic Neutron Detection in Borexino, JINST 6, 
p. P05005 (2011). 


2814 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
22. 


23. 


24. 


25. 


26. 


27. 


28. 


G. Alimonti et al., The liquid handling systems for the Borexino solar neutrino detec- 
tor, Nucl. Instrum. Meth. A 609, 58 (2009). 

M. Agostini et al., The Monte Carlo simulation of the Borexino detector, Astropart. 
Phys. 97, 136 (2018). 

G. Bellini et al., Final results of Borexino Phase-I on low energy solar neutrino spec- 
troscopy, Phys. Rev. D 89, p. 112007 (2014). 

M. Agostini et al., First Simultaneous Precision Spectroscopy of pp, "Be, and pep 
Solar Neutrinos with Borexino Phase-II, Phys. Rev. D 100, p. 082004 (2019). 

G. Bellini et al., First evidence of pep solar neutrinos by direct detection in Borexino, 
Phys. Rev. Lett. 108, p. 051302 (2012). 

G. Bellini et al., Measurement of the solar 8B neutrino rate with a liquid scintilla- 
tor target and 3 MeV energy threshold in the Borexino detector, Phys. Rev. D 82, 
p. 033006 (2010). 

G. Bellini e£ al., Neutrinos from the primary proton-proton fusion process in the Sun, 
Nature 512, 383 (2014). 

G. Bellini et al., Observation of Geo-Neutrinos, Phys. Lett. B 687, 299 (2010). 

G. Bellini et al., Measurement of geo-neutrinos from 1353 days of Borexino, Phys. 
Lett. B 122, 295 (2013). 

M. Agostini et al., Spectroscopy of geoneutrinos from 2056 days of Borexino data, 
Phys. Rev. D 92, p. 031101 (2015). 

W. Hampel et al., GALLEX solar neutrino observations: Results for GALLEX IV, 
Phys. Lett. B 447, 127 (1999). 

J. N. Abdurashitov et al., Solar neutrino flux measurements by the Soviet- American 
Gallium Experiment (SAGE) for half the 22 year solar cycle, J. Exp. Theor. Phys. 95, 
181 (2002). 

B. T. Cleveland, T. Daily, R. Davis, Jr., J. R. Distel, K. Lande, C. K. Lee, P. S. 
Wildenhain and J. Ullman, Measurement of the solar electron neutrino flux with the 
Homestake chlorine detector, Astrophys. J. A96, 505 (1998). 

S. Fukuda et al., Determination of solar neutrino oscillation parameters using 1496 
days of Super-Kamiokande I data, Phys. Lett. B 539, 179 (2002). 

S. K. Agarwalla et al., Constraints on flavor-diagonal non-standard neutrino interac- 
tions from Borexino Phase-II, JHEP 02, p. 038 (2020). 


2815 


The relevance of pp-chain and CNO-cycle neutrino measurements 
for solar physics 


F. L. Villante!:2 


l Dipartimento di Scienze Fisiche e Chimiche, 
Universitá degli Studi dell’ Aquila, 
Via Vetoio, L'Aquila, 1-67100, Italy 


? Laboratori Nazionali del Gran Sasso (LNGS), 
Istituto Nazionale di Fisica Nucleare (INFN), 
Via G. Acitelli 22, Assergi (AQ), I-67100, Italy 


E-mail: villante@lngs.infn.it 


A. M. Serenelli?^:4 
3 Institute of Space Sciences (ICE, CSIC), 
Carrer de Can Magrans s/n, Cerdanyola del Valles, E-08193, Spain 


4 Institut d’Estudis Espacials de Catalunya, 
Carrer Gran Capita 2.4, Barcelona, E-08034, Spain 


E-mail: a.serenelli@csic.es 


We discuss the present status of Standard Solar Models in order to provide the scientific 
framework to fully understand the relevance of the latest solar neutrino flux measure- 
ments performed by Borexino. After reviewing recent Standard Solar Model calculations, 
we discuss the solar abundance problem and the composition-opacity degeneracy. We 
then focus on hydrogen burning and neutrino production in Sun, discussing an ana- 
lytical model that helps understanding the dependence of neutrino fluxes on solar core 
temperature and composition and the possibility they offer for determining physical 
characteristics of the solar interior. 


Keywords: Solar neutrino fluxes, solar physics, solar models 


1. Introduction 


Being the closest star to us, the Sun can be investigated by a variety of different 
approaches/messengers. We can e.g. study the electromagnetic radiation that is 
emitted from its photosphere, determining its luminosity Lo, surface temperature 
Teg and radius Re. By looking at the absorption lines that are formed in the solar 
atmosphere, we are also able to infer the surface composition through spectroscopic 
techniques, more precisely the present-day abundance of chemical elements relative 
to hydrogen, usually summarized in the metal-to-hydrogen ratio (Z/X)o. At the 
same time, the properties of the solar core, in particular its temperature and com- 
position, can be probed by measuring the fluxes of neutrinos produced by nuclear 
reactions responsible for hydrogen burning. Finally, the properties of the solar inte- 
rior, namely the sound speed stratification and the depth and helium abundance of 


2816 


the external convective envelope, can be inferred with high accuracy by helioseis- 
mology, i.e. by looking at non-radial oscillations of the solar surface. As a result of 
these observations, we have a redundancy of experimental information that make 
the Sun an over-constrained system. This allows us to use the Sun as a laboratory 
for fundamental physics and a benchmark for stellar astrophysics. 

As a remarkable example, the development of increasingly more precise Standard 
Solar Models^? (SSMs), i.e. self calibrated theoretical models of the solar interior 
that automatically implements the observational values of Lo, Re and (Z/X)c and 
have no free parameters, and the fact that they were able to successfully reproduce 
the tight constraints imposed by helioseismology,? suggested that solution of the 
solar neutrino problem had to be found outside the realm of astrophysics, as had 
originally been suggested a few years earlier. Simultaneously, Super-Kamiokande? 9 
led to the precise measurement of 8B neutrino flux which, in combination with 
the results of radiochemical experiments Homestake," Gallex® and SAGE? strongly 
hinted at the existence of solar neutrino oscillations, result confirmed just a few 
years later by SNO results.10 1+ 

The discovery of neutrino oscillations and the accurate and precise determina- 
tion of neutrino fluxes from individual reactions changed the focus of interest of 
solar physics. Starting from 2007, Borexino has obtained an almost complete char- 
acterization of the spectrum of neutrinos from the pp-chain.!?:!? Together with the 
very precise measurement of the *B flux from SNO™ and Super-Kamiokande,!? we 
have come full circle and results from solar neutrino experiments can now be used 
to learn about the properties of the Sun. This is timely. There is a lingering dispute 
about which is the detailed chemical composition of the Sun, the solar abundance 
problem, that is intimately linked to the uncertainties in our knowledge of radia- 
tive opacities in the solar interior. Solar neutrino data can in principle be used to 
disentangle this problem, !9-15 
solar CN neutrinos!? 

The goal of this work is to discuss the present status of SSMs and to provide the 
scientific framework to fully understand the relevance of the recent solar neutrino 


in particular if the promising results by Borexino on 
can be further improved. 


flux measurements performed by Borexino. After reviewing recent SSM calculations 
(Sect. 2), we discuss the solar abundance problem (Sect. 3) and the composition- 
opacity degeneracy (Sect. 4). We then focus on hydrogen burning (Sect. 5) and 
solar neutrino production (Sect. 6), discussing an analytical model (Sect. 7) that 
helps understanding the dependence of neutrino fluxes on solar core temperature, 
composition and nuclear cross sections, and the possibility they offer for determining 
physical characteristics of the solar interior (Sect. 8). 


2. Standard solar models 


SSMs are a snapshot in the evolution of a 1 Mo star, calibrated to match present-day 
surface properties of the Sun. Two basic assumptions in SSM calculations are: 
1) after the phase of star formation the Sun was chemically homogenized as a 
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result of the fully convective phase during its contraction along the Hayashi track 
and before nuclear reactions start altering its initial composition and, 2) at all mo- 
ments during its evolution up to the present solar age Tọ = 4.57 Gyr mass loss 
is negligible. The calibration is done by adjusting the mixing length parameter 
(amir) and the initial helium and metal mass fractions (Yini and Zini respectively) 
in order to satisfy the constraints imposed by the present-day solar luminosity 
Lo = 3.8418 x 10? ergs^!, radius Ro = 6.9598 x 10!?cm,?? and surface metal to 
hydrogen abundance ratio (Z/X)o, see sect.3. As a result of this procedure, SSM has 
no free parameters and completely determines the physical properties of the Sun. 
It can be then validated (or falsified) by other observational constraints, in par- 
ticular by those provided by solar neutrino fluxes measurements and helioseismic 
frequencies determinations. 

The physics input in the SSM is rather simple and it accounts for: convective and 
radiative transport of energy, chemical evolution driven by nuclear reactions, micro- 
scopic diffusion of elements which comprises different processes but among which 
gravitational settling dominates. For over more than 25 years, since the modern ver- 
sion of the SSM was established with the inclusion of microscopic diffusion,?!:?? the 
continuous improvement of the constitutive physics has brought about the changes 
and the evolution of SSMs. In particular, a lot of effort has gone into experimental 
and theoretical work on nuclear reaction rates. But changes in radiative opacities 
and the equation of state were also relevant. We take here as a reference the results 
of recent SSM calculations,?? the so-called Barcelona 2016 (B16, for short) SSMs, 
which are based on the following state of the art ingredients. The equation of state 
is calculated consistently for each of the compositions used in the solar calibra- 
tions by using FreeEOS.?4^ Atomic radiative opacities are from the Opacity Project 
(OP),?° complemented at low temperatures with molecular opacities from Ref. 26. 
Nuclear reaction rates for the pp-chain and CNO-bicycle are from the Solar Fusion 
II compilation?’ with important updates for the rates of p(p, e*v.)d, "Be(p, y)8B 
and N(p,y)!°O reactions, see Refs. 28-32. Microscopic diffusion coefficients are 
computed as described in Ref. 33. Convection is treated according to the mixing 
length theory.?^ The atmosphere is grey and modeled according to a Krishna-Swamy 
T — 7 relationship.?? 


3. The solar composition problem 


'The solar surface composition, determined with spectroscopic techniques, is a fun- 
damental input in the construction of SSMs. The development of three dimensional 
hydrodynamic models of the solar atmosphere, of techniques to study line forma- 
tion under non-local thermodynamic conditions and the improvement in atomic 
properties (e.g. transition strengths) have led since 2001 to a complete revision of 
solar abundances. Table 1 lists the abundances determined by different authors for 
the most relevant metals in solar modeling: GN93,°° GS98,?7 AGSS09,38 C11,°9 
AGSS15,19 7? and AAG20.9 
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Table 1. Solar photospheric composition through time and authors 
for most relevant metals in solar modeling. Abundances are given in 
the standard astronomical scale e; = logy (ni/ng) + 12, where n; is 
the number density of a given atomic species. 


El. GN93 GS98 | AGSSO9 C11 AGSS15  AAG20 


C 8.55 8.52 8.43 8.50 = 8.46 
N 7.97 7.92 7.83 7.86 = 7.83 
O 8.87 8.83 8.69 8.76 = 8.69 
Ne 8.08 8.08 7.93 8.05 7.93 8.06 
Mg 7.58 7.58 7.60 7.54 7.59 7.55 
Si 7.55 7.55 7.51 7.52 7.51 7.51 
S 7.33 7.33 7.13 7.16 7.13 7.12 
Fe 7.50 7.50 7.50 7.52 7.47 7.46 
(Z/X)o 0.0245 0.0230 0.0180 0.0209 — 0.0187 


Note that only abundances relative to hydrogen can be obtained from spec- 
troscopy because the intensity of spectroscopic lines is measured relative to a con- 
tinuum that is determined by the hydrogen abundance in the solar atmosphere. The 
last row in the table gives the total photospheric present-day metal-to-hydrogen ra- 
tio (Z/X)o and it is the quantity used as observational constraint to construct 
a solar model. In fact, the solar composition set used in solar models determines 
not only (Z/X)e but also the relative abundances of metals in the models. In this 
sense, Zini acts as a normalization factor that, together with Yini and the relation 
Xini + Yini + Zini = 1, determines completely the initial composition of the model. 

'There is no complete agreement among authors, and some controversy still re- 
mains as to what the best values for the new spectroscopic abundances are. See in 
particular recent work on solar oxygen, ^^ based on the same 3D atmosphere models 
as used by the Asplund group, but improved atomic data and methods, leads to 
co = 8.75 + 0.03, i.e. very close to the C11 value. However, at the moment there 
seems to be consensus in that all determinations of the solar metallicity based on 
the new generation of spectroscopic studies yield a solar metallicity lower than older 
spectroscopic results,?9:?" in particular for the volatile and most abundant C, N, 
and O. For refractories elements, like Fe, Si, Mg and S that have important role 
in solar modeling being important contributors to the radiative opacity, meteorites 
offer a very valuable alternative method (see e.g. Ref. 45) and, in fact, elemental 
abundances determined from meteorites have been historically more robust than 
spectroscopic ones. 

Considering that uncertainties of element abundances are difficult to quantify, 
it has become customary to consider two canonical sets of abundances to which 
we refer to as high metallicity (HZ) and low metallicity (LZ) solar admixtures as 
reference assumptions for SSM calculations. These are obtained by using the photo- 
spheric (volatiles) + meteoritic (refractories) abundances from GS98 and AGSS09 
respectively, and are reported in Table 2. In the last column, we give the frac- 
tional differences 02; = zB7/2L7 — 1 where z; = Zi/ X is the ratio of the i—element 
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Table 2. The two canonical HZ and LZ solar 
mixtures given as e; = logyg (n;/ng) + 12. The 
two compilations are obtained by using the pho- 
tospheric (volatiles) + meteoritic (refractories) 
abundances from GS98 and AGSS09 respectively, 
and correpond to the admixture labelled as GS98 
and AGSS09met in Ref. 23. 


El. High-Z (HZ) | Low-Z (LZ) ózi 
C 8.52 + 0.06 8.43 +0.05 0.23 
N 7.92 + 0.06 7.83 +0.05 0.23 
O 8.83 + 0.06 8.69 +0.05 0.38 
Ne 8.08 + 0.06 7.93+0.10 0.41 
Mg 7.58 + 0.01 7.53 +0.01 0.12 
Si 7.56 + 0.01 7.51 +0.01 0.12 
S 7.20 + 0.06 7.15 0.02 0.12 
Ar 6.40 + 0.06 6.40 +0.13 0.00 
Fe 7.50 + 0.01 7.45 +0.01 0.12 
(Z/X)o 0.02292 0.01780 0.29 


abundance with that of hydrogen, to facilitate comparison among the two admix- 
tures. Even if GS98 abundances are presumably surpassed by the more recent de- 
terminations, they are still considered as a valid option to construct solar models 
because they lead to a temperature stratification that well reproduces the helioseis- 
mic constraints. 

This can be better appreciated by considering Tab. 3 and Fig. 1 where we com- 
pare theoretical predictions of SSMs implementing HZ and LZ surface composition 
with helioseismic determinations of the surface helium abundance Y,, of the con- 
vective envelope depth Rcz and the solar sound speed co(r). We see that solar 
models implementing the LZ abundances fail to reproduce all helioseismic probes 
of solar properties. This disagreement constitutes the so-called solar abundance 
problem***® that has defied a complete solution. All proposed modifications to 
physical processes in SSMs offer, at best, only partial improvements in some he- 


49.53). An alternative possibility is to consider modifications 


lioseismic probes (e.g. 
to the physical inputs of SSMs at the level of the constitutive physics, radiative 


opacities in particular (see next section). 


4. The opacity-composition degeneracy 


'The interpretation of the solar abundance problem is complicated by the degeneracy 
between effects produced by a modification of the radiative opacity &(p, T, Y, Zi) and 
effects induced by a change of the heavy element admixture {z;}, expressed here 
in terms of the quantities z; = Z;/X where Z; is the surface abundance of the 
i-element and X is that of hydrogen. 

This degeneracy was discussed in quantitative terms in Ref. 55 by using the 
linear solar model (LSM) approach introduced in Ref. 56. By neglecting the role of 
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Table 3. Main characteristics of SSMs with different surface com- 
position.?? The observational values for Ys and Rez are taken from 
Ref. 46 and 54, respectively. The quantity óc/c = (co — €moa)/Cmod 
is the fractional difference between sound speed helioseismic determi- 
nation and model prediction. 


Qnt. B16-HZ B16-LZ Solar 

Ys 0.2426 + 0.0059 — 0.2317 + 0.0059 — 0.2485 + 0.0035 
Roz/Re 0.7116 + 0.0048 0.7223 + 0.0053 0.713 + 0.001 
(8c/c) 0.0005*0-0008 0.0021 + 0.001 - 

OMLT 2.18 + 0.05 2.11 + 0.05 - 

Yini 0.2718 + 0.0056 — 0.2613 + 0.0055 - 

Zini 0.0187 + 0.0013 — 0.0149 + 0.0009 - 

Zs 0.0170 + 0.0012 — 0.0134 + 0.0008 - 

Ys 0.6328 + 0.0053 — 0.6217 + 0.0062 - 

Ze 0.0200 + 0.0014 0.0159 0.0010 - 


0.010 - 


0.005 - 


óc/c 


0.000 


1 


0.0 0.2 0.4 0.6 0.8 
r/R 


n 


Fig. 1. Fractional sound speed difference in the sense óc/c = (co — Cmod)/Cmoa. Grey shaded 
regions corresponds to errors from helioseismic inversion procedure. Red shaded region corresponds 
to uncertainties in SSM predictions which we chose to plot around the B16-LZ central value (solid 
red line). An equivalent relative error band holds around the central value of the B16-HZ central 
value (solid blue line) which we do not plot for the sake of clarity. 


metals in the equation of state and in the energy generation coefficient, it was shown 
that the source term ók(r) that drives the modification of the solar properties and 
that can be constrained by observational data can be written as the sum of two 
contributions: 


ók(r) = óra(r) + ókz(r) (1) 
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The first term ó&j(r), which we refer to as intrinsic opacity change, represents the 
fractional variation of the opacity along the solar profile and it is given by: 
pao) = SECO TG Y (Zi 9) 

R(p(r), T(r), Y (r), Zi(r)) 
where the notation Q indicates, here and in the following, the value for the generic 
quantity Q in reference SSM calculation. The second term d«z(r), which we refer to 
as composition opacity change, describes the effects of a variation of {zi}. It takes 
into account that a modification of the photospheric admixture implies a different 
distribution of metals inside the Sun and, thus, a different opacity profile, even if 
the function &(p, T, Y, Z;) is unchanged. The contribution ó&z(r) is given by: 


(2) 


ROC): T). Y). Zl) 
&K(p(r), T(r), Y (r), Zi(r)) 
where Z;(r) ~ Z;(r) (z;/Z;) and can be calculated as: 
Olnk 


dkz(r) > dnZ, Les 02; (4) 


ôkz(r) = 


(3) 


where 62; represents the fractional variation of z; and the symbol |ssm indicates that 
we calculate the derivatives along the density, temperature and chemical composi- 
tion profiles predicted by the reference SSM. Equation (1), although being approxi- 
mate, is quite useful because it makes explicit the connection (and the degeneracy) 
between the effects produced by a modification of the radiative opacity and of those 
produced by a modification of the heavy element admixture. 

Early works?^:9? suggested that a localized increase in opacities could solve or, at 
least, alleviate the disagreement of low-Z solar models with helioseismology. Refs. 59 
and 55 have concluded that a tilted increase in radiative opacities, with a few percent 
increase in the solar core and a larger (15-20%) increase at the base of the convective 
envelope could lead to low-Z SSMs that would satisfy helioseismic probes equally 
as well as SSMs based on the older, higher, metallicities. Incidentally, the above 
conclusion is confirmed by the analysis presented in Ref. 18 where helioseismic and 
solar neutrino data are used to infer the optimal composition of the Sun (see their 
Fig. 10). 

Recent years have seen a surge of activity in theoretical calculations of atomic 
radiative opacities. Updated calculations?? by the Opacity Project have led the way, 
followed by OPAS,99,6! STAR®? and a new version of OPLIB, the opacities from 
Los Alamos.9? For conditions in solar interiors, all theoretical opacities agree with 
each other within few %. Interestingly, Ref. 64 have presented the first ever mea- 
surement of opacity under conditions close to those present in the solar interior. 
Four measurements were carried out to measure the iron opacity, each at differ- 
ent temperature and electron densities. The most extreme conditions used in the 
experiment approach those at the base of the solar convective envelope. While the 
experiment has been carried out only for iron, their conclusion is that all theoretical 
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calculations predict a too low Rosseland mean opacity, at a level of 7 + 496, for the 
temperature and density combinations realized in the experiment. Further exper- 
imental work on chromium and nickel opacities helps to evaluate discrepancies 
between experimental and theoretical results on iron opacity. Results point towards 
shortcomings that affect models, particularly in the case of open electronic L-shell 
configurations such as is present in iron at the base of the convective envelope. Also, 
the disagreement between theoretical and measured line shapes for the three ele- 
ments indicates shortcomings in the theoretical understanding of atomic interaction 
with the plasma. On the other hand, the results also indicate that the quasicontin- 
uum opacity determined experimentally agrees well with the chromium and nickel 
experiments, contrary to results from the iron experiment. However, the chromium 
and nickel experiments were carried out at lower temperatures than those used in 
the extreme conditions of the original iron experiment, which suggests that the 
problem of missing quasicontinuum opacity might have an unknown temperature 
dependence, or that a systematic error affected the high temperature iron measure- 


96 in a recent theoretical analysis of line broadening modeling in 


ments. Moreover, 
opacity calculations, have found that uncertainties linked to this are larger at the 
base of the convective envelope than in the core. These arguments suggest that 
opacity calculations are more accurate in the solar core than in the region around 


the base of the convective envelope. 


5. Hydrogen burning in the Sun 


'The Sun is powered by nuclear reactions that transform hydrogen into helium-4. 
The overall effect of these reactions is the conversion: 


Ap+2e > tHe +2% (5) 


with the production of a fixed amount of energy Q = 4 Mp +2Me — Mane = 26.7 MeV 
per synthesized He nucleus. Most of this energy is released in the solar plasma and 
slowly diffuses toward the solar surface supporting the radiative luminosity of the 
Sun. A small fraction of it, that depends on the specific channel by which hydrogen 
burning proceeds, is emitted in neutrinos. According to SSM calculations, the two 
neutrinos carry away about 0.6 MeV on the average. 

The SSM predicts that most of the solar energy (> 99%) is produced by the 
pp-chain, i.e. the hydrogen fusion reaction chain displayed in the left panel of Fig. 2. 
The pp-chain is is mostly initiated by p(p, e* v.)d reaction and, to a minor extent, 
by electron capture reaction p(pe^ , v.)d and has several possible terminations that 
depend on the specific mechanism by which helium-3 nuclei, which are produced by 
d(p, y)?He reaction, are converted to heavier elements. In the Sun, the dominant 
mechanism is ?He(?He, 2p)*He that corresponds to the so-called pp-I termination 
of the pp-chain. Alternatively, helium-3 can lead to production of "Be through 
the reaction ?He(*He, y)’Be. Depending on the destiny of "Be, that can be pro- 
cessed either by the electron capture "Be(e^ , ve)" Li or by the (largely sub-dominant) 
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ptp—d-cetcr, ptpte sdim 
99.76% 0.24% 
d-- p — Hec 
25x 105%} 
?He +p > ‘He + e* + re 
84.6% 15.4% 
3He +° He > He + 2p 3He +4 He > "Be + y 
ppl 
99.89% 0.11%. 
"Be e | E ve TBe+p 2 3B 4-4 
TLi +p > 21He 5B = *Be* + e* + v, > 2*He 
ppll pplll 


Fig. 2. Left Panel: The pp-chain; Right Panel: The CNO-bicycle. 


proton capture reaction "Be(p, »)?B, one obtains the pp-II or the pp-III termina- 
tions of the chain. Finally, a very small amount of helium-4 nuclei is produced by 
?He(p, e*v,)*He reaction. The relative importance of the different branches of the 
pp-chain depends primarily on the core temperature of the Sun and on the cross 
section of specific reactions, as will be discussed in next section. The numbers given 
in Fig. 2 show the branching ratios in the present Sun. 

An alternative hydrogen burning mechanism is provided by the CNO-bicycle 
that is displayed in the right panel of Fig. 2. The CNO-bicycle uses carbon, ni- 
trogen and oxygen nuclei that are present in the core of the Sun as catalysts for 
hydrogen fusion. It is composed by two different branches, i.e. the CN-cycle and 
the NO-cycle, whose relative importance depends on the outcome of proton capture 
reaction on !°N. In the Sun, the N(p, o)!?C channel is largely dominant and so, 
in practice, the CNO-bicycle is reduced to the CN-cycle with a marginal contri- 
bution by the NO-cycle. Note that the CN-cycle conserves the total number of C 
and N nuclei in the core of the Sun, but alters their distribution as it burns into 
equilibrium, eventually achieving equilibrium abundances proportional to the in- 
verse of the respective rates. The reactions controlling conversion of !?C and 14N in 
the solar core and the approach to equilibrium are !?C(p, y)!?N and 4N(p, y)'°O: 
these are the next-to-slowest and slowest rates in the CN-cycle, respectively. The 
temperature above which the !?C burning time through !?C(p,4)P?N is smaller 
than the Sun’s lifetime is T ~ 10" K. In the SSM, the entire energy-producing 
core, r S 0.2R;; and m S 0.3Mg is at temperature larger than this value, so that 
nearly all of the core's !?C is converted to 14N. The slower !^N(p, 5)!?O reaction 
determines whether equilibrium is achieved. The !^N burning time is shorter than 
the age of the Sun for T È 1.3 x 10" K. Therefore equilibrium for the CN cycle is 
reached only for R< 0.1R 6, corresponding to the central 7% of the Sun by mass. 
Consequently, over a significant portion of the outer core, !?C is converted to 14N, 
but further reactions are inhibited by the !^N(p, y)!°O bottleneck. 
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Table 4. Solar neutrino fluxes predicted by 
SSMs with different surface composition.?? Units 
are: 101° (pp), 109 (Be), 108 (pep, !3N, 150), 
10° (8B,!7 F), 10°(eN,eO) and 10? (hep, eF) 
cm-?s-1, 


Flux B16-HZ B16-LZ 


®(pp) 5.98(1 + 0.006) 6.03(1 + 0.005) 
®(pep) 1.44(1 + 0.01 1.46(1 + 0.009) 
®(hep) 7.98(1 + 0.30 8.25(1 + 0.30) 
1+ 0.06 4.50(1 + 0.06) 
1+0.12 4.50(1 + 0.12) 
1d 
1d 
1d 


( 

.93( 

-46( 
6(13N)  2.78(1 +0.15 2.04(1 + 0.14) 
(t50) 2.05(15 0.17 1.44(1 + 0.16) 
(TTF) 5.29(1 + 0.20 3.26(1 + 0.18) 
$(eN) 2.20(1 + 0.15 1.61(1 + 0.14) 
$(eO) 0.81(1 + 0.17 0.57(1 + 0.16) 
$(eF) 3.11(1 + 0.20 1.91(1 + 0.18) 


6. Solar neutrinos 


A very effective tool to investigate the properties of the Sun is provided by neutri- 
nos which are necessarily produced along with ^He nuclei during hydrogen burning, 
in order to satisfy lepton number conservation. Neutrinos free stream in the solar 
plasma and reach the Earth in about 8 minutes where they can be detected by solar 
neutrino experiments. While the total amount of neutrinos produced in the Sun can 
be easily estimated from the solar luminosity constraint (see below), the evaluation 
of their spectrum requires the knowledge of the individual rates of neutrino pro- 
ducing reactions and thus the construction of a complete solar model. We report in 
Fig. 3 and Tab. 4, the SSM predictions for the different components of the solar neu- 
trino flux, named according to the specific reaction by which they are produced.?? 
We also include, for completeness, ecCNO neutrinos, i.e. neutrinos produced by 
electron capture reaction in the CNO-bicycle (in addition to the “standard” CNO 
neutrinos produced by 8 decays of I?N, 150 and !"F) that were originally calcu- 
lated in Refs. 67 and 68 and recently reevaluated in Ref. 69°. The two columns 
^B16-HZ" and “B16-LZ” reported in Tab. 4 are obtained by considering two dif- 
ferent options for the solar surface composition, as it discussed in Sect. 3. During 
the last few decades, solar neutrino experiments have allowed us to determine with 
great accuracy most of the components of the solar flux. As an example, "Be and 
8B neutrino fluxes are measured with accuracy better than ~ 396 by Borexino,? 
Super-Kamiokande!? and SNO.!4^ The pp and pep-neutrino flux can be determined 


“In order to take into account the new inputs in B16-SSM calculations, the ecCNO fluxes given 
in Tab. 4 have been scaled with respect to the values quoted in Ref. 69 proportionally to the 
corresponding 6-decay fluxes. This follows from the assumption that the ratio of electron capture 
and beta decay processes in the Sun is equal to what evaluated in Ref. 69 
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with X 1% accuracy by assuming the solar luminosity constraint, see e.g. Ref. 70. 
These fluxes, however, have been also directly measured by Borexino!l?^"^72 with 
~ 1096 and ~ 17% accuracy, respectively. Finally, Borexino has recently obtained 
the experimental identification of CNO neutrinos,!? providing the first direct evi- 
dence that CNO-bicycle is active in the Sun. 


The solar luminosity constraint 

SSM calculations predict that the Sun is very close to thermal equilibrium and that 
evolutionary timescales are much longer than the heat diffusion time across the 
solar structure. In this case, the amount of energy which is produced (in unit time) 
by nuclear reactions in the solar core almost exactly counterbalance the luminosity 
radiated at the surface of the Sun, with the contribution of gravothermal energy 
to the solar luminosity being < 0.1%. Since a fixed amount of energy Q and two 
electron neutrinos are produced for synthesized “He nucleus, and neglecting the 
small gravothermal contribution, this argument implies a relationship between the 
measured solar luminosity and the solar neutrino fluxes that can be expressed as 


— -» ( - E.) $(i) (6) 


where the index i indicates the different components of the neutrino flux and the 
quantity (E,); is the average energy of neutrinos produced by a specific reaction. 
This argument was illustrated and discussed e.g. in Ref. 73,74 and has been recently 
reviewed in Refs. 75,76. 

It is clearly important to experimentally confirm the validity of the solar lumi- 
nosity constraint because this represents a test of fundamental assumptions in the 
SSM paradigm, e.g. that the Sun is stable on timescales much longer than the heat 
diffusion time (~ 10°y), and that the are no additional energy losses or produc- 
tion mechanisms besides those normally included in solar model calculations. The 


recent Borexino direct identification of the pp-neutrino flux,!? which provides the 
dominant term in the r.h.s of Eq. (6), has finally made this test possible, confirming 
the energy balance employed by SSMs at the ~ 10% level. Future more accurate 
measurements will be important to further constrain non standard scenarios. 


7. The dependence of neutrino fluxes on the central temperature 
of the Sun 


Even a small modification of the central temperature of the Sun reflects into large 
variations of solar neutrino fluxes. The dependence of solar neutrino fluxes on the 
core temperature of the Sun was recently re-analyzed in Ref. 77 (see also Refs. 78 
and 74 for previous discussions on the subject) where an analytical model that helps 
understanding the possibility they offer for determining physical characteristics of 
the solar interior was also provided. We summarize the main results of Ref. 77. 
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Fig. 3. The solar neutrino spectrum. 


The pp-neutrino flux: 

The flux 9 (pp) is basically fixed by the solar luminosity constraint and it is expected 
to be mildly dependent on the central temperature of the Sun and nuclear reaction 
cross sections. By taking into account that the two largest contributions to the 
r.h.s of Eq. 6 are provided by pp and "Be-neutrinos, one arrives at the conclusions 
that 6®(pp) ~ —15ó9("Be), where 5®(i) represent the fractional variation of the 
i-neutrino flux and y = ©(’Be)/®(pp) ~ 0.08. By considering the dependence of 
$(*Be) on solar central temperature and nuclear cross sections (discussed below), 
one obtains the following relationship 


ó$(pp) = =n 6.934 5 (5531 — 6533) + Bpp OTe (7) 


where By, = —7Spe ~ —0.9, dT, is the fractional variation of the core temperature 
and 55;; indicates the fractional variations of the astrophysical factor 5;;. 


The pep-neutrino flux: 

The pep-neutrinos are produced by electron capture reaction p(pe~,v-)d which 
is linked to the 6-decay process p(p,e*v.)d by well-known nuclear physics. The 
ratio between their rates is roughly proportional to y E (see e.g. Ref. 27 for a 
review). We can thus assume ®(pep) « n $ (pp), allowing us to conclude: 


ód (pep) = —]ó$34 2 (5511 — 5533) + Bpep ÔT (8) 
where Bien = Sop — 1/2 c —1.4. 


The " Be-neutrino flux: 
The Be-neutrino flux is linked to the rate of the ?He(^He, 5)" Be reaction, since 
the electron capture reaction "Be(e^, v,)'Li largely dominates over the competing 
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proton-capture reaction. By considering that ?He abundance in a large part of 
the solar core can be estimated by using the equilibrium condition X3 ~ Xs,«q X 
((ov) 11 /(ov)33) 1”, one obtains the expression: 


1 
6®("Be) = 6834 + 3 (6511 — 0533) + BBe 6Te (9) 
where ge = 734 + (711 — *3)/2 ~ 11 and we considered that (ov);; c Sij Te’. 


The 8 B-neutrino flux: 

The 5B neutrinos constitute a largely subdominant component of the solar flux 
which is produced when "Be nuclei capture a proton (instead of an electron) pro- 
ducing ?B (instead of "Li). The 5B-neutrino flux is thus given by ®(°B) = r &("Be) 
where r is the ratio between proton and electron capture rates on "Be. The param- 
eter r scales as r e (917/557) - T? where a = y17 + (1/2) and we have considered 
that (cv)ez c Ser T. t? for electron capture reaction. Taking this into account, we 
obtain the following equation: 


1 
ó$(*B) = (S17 — 0Se7) + 0934 + 2 (0511 — 0533) + Bp Te (10) 


with 8g = Bee + 717 + 1/2 ~ 24. The large value of 8g indicates that 5B neutrinos 
are a very sensitive probe of the core temperature of the Sun. 


The CNO neutrino fluxes: 

The neutrino fluxes produced in the CN-cycle by 6-decay (and electron capture re- 
actions) of !?N and 150 nuclei, besides depending on the solar central temperature, 
are approximately proportional to the stellar-core number abundance of CN ele- 
ments. This dependence is extremely important because, as it is discussed in Refs. 
16,17, 779, it permits us to use CNO neutrinos, in combination with other neutrino 
fluxes, to directly probe the chemical composition of the Sun. By considering an 
analytical model to calculate the abundance of carbon and nitrogen in the core of 
the Sun, Ref. 77 obtained the following expressions; 


Bb (90) = bo ôT: + (02) OX Gs d Xue (Ae = 0.16) +ôSu4 (11) 


99 (PN) = By 0T. + (1 a!) Xi, a! Xia, +b (AC — 0.16) + 5814 


with Bo = ^114 œ 20, f = 9(190)/9(13N) = 0.74, a = 6£/(6€ + 7) ~ 0.20 and 
E = (Xia s/ Xi2,5) = 0.30, b = 0.86, Bn = f Bo = 15 and a’ = f a = 0.15. In the 
previous relations, ó.X15,, and 6Xj4,, are the fractional variations of the carbon- 
12 and nitrogen-14 surface abundances. The quantity A‘) takes into account the 
effects of elemental diffusion that enhances heavy element abundances in the solar 
core with respect to surface. It is defined by: 


A; - M, [1+ AC] (12) 
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where Me (N3) is the central (surface) value of the total number abundance of CN 
nuclei defined as M = X12/12 + X45/13 + X14/14. Reference SSM calculations?’ 
gives A(9) = 0.16 but this value can be different in non standard scenarios and/or 
if diffusion coefficients are modified. 


8. Using CNO neutrinos to probe the solar core composition 


In Refs. 16 and 17, it was suggested to combine the CN-neutrino fluxes with the 
boron neutrino flux that, due to the exquisite precision of current experimental 
results and the large temperature sensitivity can be efficiently used as solar ther- 
mometer. As can be understood by considering Eqs.(10) and (12), the following 
combinations can be formed: 


§@(50) — 289 (5B) = (1— a) Xiz s +a Xia s +b (a9 e 0.16) 


H S114 x (m 3553 | 0534 cS; - 58.7) (13) 


2 2 
P(N) — a’ 66 (5B) = (1— a’) 6Xi2,, -- a 6X14, +b (ac — 0.16) 
PEt (m I + iSu + 6817 — öser) (14) 


where z = 60/8p ~ 0.8 and a’ = f x ~ 0.6, that are independent from óT.. This 
possibility is extremely important because it allows us to cancels out the dependence 
on the radiative opacity (implicit in ôT). The uncertainty of available opacity cal- 
culations is indeed not easily quantified and may be potentially underestimated. 
Moreover, it breaks the degeneracy between composition and opacity effects on so- 
lar observable properties. Indeed, the considered flux combinations only depend on 
the carbon and nitrogen abundance in the solar core allowing us to test the chemical 
composition and evolution of the Sun. The first two terms in the r.h.s. of Eqs. (13,14) 
quantify the effects of a variation of the surface C and N abundances. A change of 
the diffusion efficiency is instead described in terms of a variation of As) from the 
SSM value, i.e. by assuming A‘) —0.016 Æ 0. It should be remarked that the ability 
to probe solar composition by using this approach is only limited by experimental 
accuracy of flux determinations and by nuclear cross section uncertainties. 

While the above relationships are based on the simplified arguments discussed 
in the previous section, the optimal combinations 6®(v1) — r1209 (v2), or equiva- 
lently weighted ratios ®(v,)/®(v2)”", can be determined by using the power-law 
coefficients a(v, I) given in Ref. 23. The parameter z1» is obtained by minimizing 
the residual 


N 
p — M o. T) - zza, D] 0? (15) 
Tsi 


where the sum extends to the N input parameters whose dependence we want to 
cancel out and gz are the corresponding uncertainties. The minimal value for p gives 
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the intrinsic error in the considered approach. This method, originally proposed by 
Refs. 16 and 17, has been recently adapted to Borexino in Ref. 80. By taking into 
account that the measured CNO neutrino signal in Borexino is basically probing 
óóPXo = €£60(°O) + (1— £) 6@(13N) with £ = 0.764 , it was concluded that the 
surface composition of the Sun can be probed by the combination: 

&REXo — 0.71669 (5B) = 0.814 8X12, s + 0.191 5X14, 5 


er 0.596 (env) up 9.196 (nucl) E 2.8% (diff) (16) 


where ôRBXo is the fractional difference of the observed CNO signal with respect to 
SSM expectations and the quoted uncertainties are obtained by propagating errors 
of SSM input parameters. The error budget is presently dominated by the uncer- 
tainty of the CNO signal Borexino measurement. However, a relevant error (~ 10%) 
is also provided by nuclear reactions, with the largest contributions coming from 
S114 (7.6%), S34 (3.496), and S17 (3.5%). In the perspective of future improvements 
of the CNO signal determination, it is evidently important to have reliable and 
accurate determinations of these cross sections. 


9. Final remarks 


'The standard solar model establishes a well-defined framework for studying solar 
interior physics. Despite all its success, still faces difficulties, mainly the solar abun- 
dance problem, as diagnosed by helioseismic constraints. The advancements in solar 
neutrino experiments, and in particular those by Borexino in the last 10 years, have 
added solar neutrinos as an independent probe of the solar interior properties, com- 
plementary to helioseismology. In addition to the now seemingly routine accurate 
measurement of the "Be flux, Borexino has opened up the possibilities of quantita- 
tive and model independent tests of the origin of solar luminosity and has detected 
solar CN-neutrinos for the first time (the first direct experimental evidence of the 
CN-cycle operating in stars). Future improvements in the CN flux measurement 
by Borexino might help in the quest for the solar abundances, a fundamental open 
problem in solar physics. This is a prerequisite for developing robust and physi- 
cally sound solar models beyond the standard model paradigm. Non-standard solar 
physics requires unfortunately the introduction of free parameters (e.g. to treat non- 
standard mixing processes) that can be calibrated robustly only once the standard 
solar model is set on firmer grounds. 

Finally, we would like to express that the value of Borexino for solar physics 
does not only lie in the direct results obtained by the experiment, but also in the 
development of experimental techniques, which represent a very valuable legacy for 
future neutrino experiments. 
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Borexino has recently observed CNO solar neutrinos. This measurement confirms an 
energy production mechanism in stars predicted about a century ago. The CNO cycle in 
the Sun is sub-dominant with respect to the pp-chain energy production. However, it is 
definitely important in more massive stars. We describe the main characteristics of the 
CNO cycle in the Sun and in massive stars. 


Keywords: Solar neutrinos; CNO cycle; stars; energy production in stars. 


1. Energy production in stars and the role of the CNO bi-cycle 


The fundamental paradigm for energy production in the Sun and similar stars is 
the transformation of hydrogen into helium through the process: 4p +4 He +2e* + 
2v, + 26.73 MeV.! This mechanism makes electron neutrinos of mainly sub-MeV 
energy. Due to the fact that neutrinos can travel through matter affected only by 
weak interactions, the observation of solar neutrinos allows to probe the interior 
of the Sun. Therefore, the Sun becomes a laboratory to understand the physics in 
stars. Solar neutrino measurements have been carried out since 1968.7 

The main source of energy in the Sun is the so-called pp-chain shown in Figure 1. 
The pp-chain has three terminations. Each termination produces 26.2 MeV effective 
thermal energy and it burns 3.7 x 1038 hydrogen/sec, which corresponds to 612 
ton/sec. Therefore, assuming 10% of solar mass involved in energy production, the 
timescale of the pp-chain for the Sun is of the order of 101° years. This mechanism 
is dominant in first generation stars. In second or third generation stars a different 
mechanism is also at work. This latter involves light elements, such as carbon and 
nitrogen, generated after the production of helium. The idea of a second energy 
production mechanism was independently introduced by von Weizsaker and Bethe 
between 1937? and 1939.4 Second and third generation stars contain some “heavy” 
elements, such as nitrogen and carbon. These elements allow the transformation of 
hydrogen into helium. The process can start from the reaction p + y — aN FY 
which is followed by the beta decay of !2N to 18C accompanied with the emission 
of an electron neutrino of maximum energy equal to 1.2 MeV. Afterward E is 
formed by p+ pt > IN +y. aN allows the production of 150, which decays beta 
to 15N with the emission of another electron neutrino of maximum energy equal 
to 1.7 MeV. At this point E allows the production of pi through the process 
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Fig. 1. Set of reactions in the pp-chain, which is the main source of energy in the Sun and in low 
mass H-burning stars with mass smaller than 1.3Mo. 


p+ EN — %C +a. With !2C the sequence of reactions can start over again. This 
so-called CN cycle is shown in Figure 2. ps is used as a catalyst. This cycle produces 
two electron neutrinos, helium, and the same amount of energy produced by the 
pp-chain. The CN cycle till 1950 was considered the main source of energy in the 
Sun. The slowest reaction in the CN cycle is !ZN(p, y)!30, which has the highest 
Coulomb barrier. 

The CN cycle might develop into a CNO bi-cycle as show in Figure 2. As a matter 
of fact, with a probability of order 1073, 160 can be produced by I?N(p, y) 160, This 
second branch produces UF, which decays beta with the emission of an electron neu- 
trino with maximum energy equal to 1.74 MeV. The CNO bi-cycle produces three 
electron neutrinos from beta decays of !?N, !°O and !"F. These are the so-called 
CNO solar neutrinos. The flux of these neutrinos is related to the abundance of 
these elements in the Sun's core. Therefore, a measurement of CNO solar neutrinos 
is a probe of the Sun's metallicity. 

Measurements of stellar interaction rates have shown that the CN cycle is not 
dominant in the Sun. This information is used by the Solar Standard Model (SSM),! 
which is the theoretical framework to describe the evolution of the Sun. According 
to the SSM the CNO bi-cycle in the Sun is responsible for only 196 of the energy 
production. The CNO bi-cycle is important for the nucleosynthesis of !$0, !1O, and 
other light elements. The CNO bi-cycle is also referred to as the “cold” CNO cycle? 
with respect to the “hot” cycle which is discussed in the next Section. 
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Fig. 2. The CNO bi-cycle divided in its two sub-cycles. The dominant one in the Sun is the CN 
cycle on the left side. 


2. The CNO cycle in massive stars 


The Sun's core temperature is 15 x 106 K, which we write as 157. As predicted 
by the SSM at this temperature the energy production for the pp-chain and the 
CNO bi-cycle scales as x T4 and x T®, respectively. For stellar masses smaller 
than 1.3Mo6, the pp-chain dominates the energy production. In more massive stars 
with a higher core temperature, the CNO cycle is by far the dominant source of 
energy. In this case one has to take into account two competing processes, namely 
“O(n, o)'*N and '{0(p,7)'$F. For some temperature ranges the reaction rates for 
these processes are comparable.® In this case the CNO cycle is tri-cycling as shown 
in Figure 3.’ In addition, for temperature ranging up to 10!? K the interaction rate 
for '8O(p, a) 2N and !$O(p, y) 9F is of order 100 with a flat minimum between Ty 
and 7Ty.° Therefore, with a probability of order 196 a fourth CNO cycle can develop. 
This fourth cycle is also shown in Figure 3. The third and fourth CNO cycles are 
referred to as the “hot” CNO cycles. It turns out that when '3F(p, y)?0Ne is dominat 
the CNO catalytic cycling stops. 

One fundamental empirical properties of stars is the relationship between their 
total mass and surface luminosity:? L/Lo = (M/Mo)*, with 3 S a < 4? and 
Lo and Mg the solar surface luminosity and mass, respectively. This property is 
confirmed by basic stellar theory. One can make some general arguments for the role 
of the CNO cycle in stars in the rage of masses [1,10] Mc. In this range it turns out 
that the luminosity scales as x M~*.° This implies that more massive stars have a 
smaller lifetime, for the lifetime scales as x M ^?. In addition, considering that the 
stars number density scales as x M -??,1? the energy production in a given bin of 
mass [M;, M;,1] is written as: 


Mig 
€ x | M'°dM (1) 
Mi 
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Fig. 3. The CNO tri-cycle in massive stars. 


This implies that stars where the CNO energy production is dominant, namely M > 
1.3Mọo, are producing about 100 times more energy in a much shorter timescale. 


3. The role of Borexino 


In 2020 Borexino has reported the first ever observation of CNO neutrinos from 
the Sun.'! The null hypothesis (no CNO neutrinos) has been rejected at 5c level. 
Indeed, Borexino has shown that this energy production mechanism predicted about 
a century ago is at work in stars. Although the accuracy of the measurement at 
present is still large (~ 3596), this measurement allows to probe the SSM in terms 
of neutrino emission, metallicity, and energy production. The solar luminosity, Lo 


can be related to the solar neutrino fluxes:!?: 13 


Lo 
TAD 2 Qoi (2) 


where AU is one astronomical unit, ¢; are the neutrino fluxes, and o; are coefficients 


related to the energy production in the reactions taking place in the pp-chain and 
CNO bi-cycle, respectively. The Borexino measurement implies that: 


L 
CNO Z 1.0494% (3) 


This is an important confirmation of the SSM prediction. Previously Borexino had 
measured all the main neutrinos produced by the pp-chain,!^ proving that this 
mechanism is the main energy production in the Sun with an experimental ac- 
curacy of the order of 10%. Therefore, at present, solar neutrino observations have 
demonstrated that the pp-chain and the CNO bi-cycle are producing energy in stars 
as it was predicted about a century ago. 


References 


1. J. N. Bahcall (1989). Neutrino Astrophysics. Cambridge University Press. 
2. L. Oberauer, A. Ianni, A. Serenelli (2020). Solar Neutrino Physics. The interplay 
between particle physics and astronomy. Wiley-VCH 


2839 


C. F. Weizsacker, On Elementary Transmutations in the Interior of Stars: Paper II, 
Physik. Zeit., (38), 1937. 

H. A. Bethe., Energy production in stars, Physical Review, 55(5): 434-456, 1939. 

M. Wiescher et al., Annu. Rev. Nucl. Part. Sci. 2010, 60: 381-404. 

C. Rolfs and W. S. Rodney, Astrophys. J. 194: L63-L66, 1974. 

J. J. Cowan and W. K. Rose, Astrophys. J. 201: L45-L48, 1975. 

M. Salaris and S. Cassisi, Evolution of Stars and Stellar Populations, John Wiley and 
Sons, Ltd, 2005. 

M. Harwit, Astrophysical Concepts, 2nd Ed., Springer, 1988. 


. G. Srinivasan, Neutron Stars and Black Holes (Lecture 02: White Dwarf Stars). 
. Borexino collaboration, Nature 587 (2020) 577-582. 

. J. N. Bahcall, 2002 Phy. Rev. C 65 025801. 

. D. Vescovi et al., J. Phys. G 48 (2020) 1, 015201. 

. Borexino collaboration, Nature 562 (2018) 7728, 505-510. 


2840 


Geoneutrino observation 


Tadao Mitsui 


Research Center for Neutrino Science, 
Tohoku University, 
Sendai 980-8578, Japan 
E-mail: mitsui@awa.tohoku.ac.jp 


for the KamLAND Collaboration 


Neutrinos from the Earth’s interior “geoneutrinos” have been observed to reveal Earth’s 
composition, heat budget, and the origin of the Earth. Observations by KamLAND and 
Borexino experiments for 15 years are reviewed. 
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1. Geoneutrino 


Recent progress on the research about “why and how the sun and the stars shine” 
is quite notable, which has been summarized in this parallel session. Here I would 
like to review neutrinos from another familiar celestial body, the Earth. Neutrinos 
from the Earth (“geoneutrinos” ) are low-energy electron antineutrinos (De) emitted 
in the decay chains of uranium (U), thorium (Th), and potassium (K) in the Earth’s 
interior. Geoneutrino is expected as a probe of Earth’s chemical composition. Also 
the decay of those radioactive elements contributes to the Earth’s heat production. 
Then geoneutrino is a tool to reveal the Earth’s energy budget. Although the exis- 
tence of geoneutrino is predicted more than 50 years ago’? experimental research 
has been difficult. Since Borexino and KamLAND experiments were planned, they 
have been hoped as the first experimental research of geoneutrinos. 

With those liquid scintillator detectors, geoneutrinos (geo-7,'s) are detected via 
“inverse 3 decay” mode: v, + p — e+ +n. Considering the difference of masses of 
neutron (Mn) and proton (mj), Mn — m, = 1.3 MeV, the mass of positron (Mme = 
0.5 MeV), and neglecting the small neutron recoil, the threshold of this reaction is 
Etn c Mn — Mp + Me = 1.8 MeV, above which neutrino energy E, and positron en- 
ergy E+ (the kinetic energy of the positron plus the electron-positron annihilation 
energy) are related as E, ~ E.+ + Ej, — 2m. = E.+ + 0.8 MeV. The potassium 
neutrino is below Etn, so liquid scintillator detectors observe only uranium and 
thorium neutrinos. With energy spectrum (E£.+ spectrum which reflects E, spec- 
trum), uranium (U) and thorium (Th) neutrinos can be separately measured. To 
obtain total geoneutrino flux with less statistical uncertainty, the relative abun- 
dance of U and Th is sometimes assumed to be Th/U = 3.9, based on geological 
consideration. 
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As Borexino and KamLAND plans started, calculation of expected flux of 
geoneutrinos, and expected signals of these detectors have also been performed. 
One of the examples is Ref. 4, in which expected “peaks” of geoneutrinos around 
E+ ~ 1 to 3 MeV are shown. Also shown are the expected background spectra of 
nuclear reactor De, showing that reactor rv, of Borexino is much less than that of 
KamLAND. 


2. Experimental Research 


In 2005, the first experimental research of geoneutrinos has been done,? in which 
KamLAND measured low-energy spectrum of v, and fitted it to geoneutrino, reactor 
neutrino and other background spectra. As shown in Fig. 1, geoneutirno contribution 
is indicated although the statistical power is limited. 


301152 events observed 
"signal": 25413 


N 
oa 


Events per 0.17 MeV 


N 
[e] 


Events per 0.17 MeV 


N Systematic 
uncertainty 


E a aL a ucl aca IN Lara a Dea 
18 20 22 24 26 28 30 32 34 
Antineutrino energy, Ev = E,, + 0.8 (MeV) 


Fig. 1. First experimental research of geoneutrinos. Points are data, lines with labels and numbers 
are estimated background (thin line around 1.8 MeV is random coincidence). Lines labeled as ?38U 
and ?32Th are best-fit geoneutrino signals. Thick black line is the estimated total background, and 
thin black line is that with the best-fit signals added. 


In 2010, Borexino collaboration reported their first result of geoneutrino observa- 
tion, with which the observation with two detectors on the Earth started. Borexino 
is an ultra pure detector and reactor neutrino flux is much less than KamLAND 
site. Thanks to those low background environment, the existence of geoneutrino was 
confirmed at 4.2 c confidence level. 

In an updated result of KamLAND,” it has been shown that the radiogenic heat 
source inferred from geoneutrino flux is significantly less than the total heat flow 
from the Earth's interior. With this result they concluded that there is contribution 
of secular cooling of the Earth to the total heat source of the Earth. 
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In the updated result of Borexino? released in 2013, the signal of geoneutrino 
became clearer and the probability for null geoneutrino measurement was shown to 
be 6 x 10-9. The latest data of KamLAND was also shown? in 2013, which included 
the data of the period with most of Japanese nuclear reactors off. With these data, 
low background observation of geoneutrino was done also with KamLAND. The 
reactor Ďe background was also unambiguously estimated using reactor on and off 
data. In those reports in 2013,*:? existence of mantle geoneutrino contribution was 
indicated by using both data in a cooperating way because crust contributions are 
different between KamLAND and Borexino sites. 

In 2015, Borexino collaboration released new result! and reported that the 
probability for null geoneutrino measurement is 3.6 x 10^? corresponding to 5.9 
c confidence level. This should be a conclusive result for geoneutrino existence. 
The latest result of Borexino was shonw in Ref. 11. This comprehensive report 
includes all the aspects of geoneutrino research, i.e., physics, geology, experiment, 
and data analysis of geoneutrino. All the researchers involved in geoneutrino study 
are recommended to read it carefully so that they are stimulated for new research. 
Also in this report, multiple Earth models are carefully tested with their latest data, 
including cosmochemical, geochemical, and geodynamical models. 


3. Research in Geology and Theory 


With those experimental data, research in geology and theory also became active. 
Combined analysis of KamLAND and Borexino data has been done by theorists. 
Ref. 12 is one of combined analysis, in which common and independent uncertainties 
of KamLAND and Borexino are treated properly and carefully with considering 
correlation. 

New calculations of geoneutrino flux have also been done using up-to-date data 
and more precise and refined method of calculation. For example, such up-to-date 
"reference models" are reviewed in Refs. 11-13. 


4. Future Experiments 


Although the observation with two detectors has lasted for more than 10 years, new 
detectors will be ready and expected to start their observations. SNO+" is a large 
liquid scintillator detector in Canada to search for neutrinoless double beta decay. 
It can also observe geoneutrinos. Large flux of geoneutrino is expected from the 
continent crust. In April 2021, SNO+ completed liquid scintillator filling. We have 
to stay tuned. 

JUNO" is a multipurpose neutrino detector planned to be constructed in China. 
Their main purpose is to measure reactor neutrino oscillation to further improve 
Daya Bay achievements. When completed it will be the largest liquid scintillator 
detector (20 kton) in the world. The construction already started. 

Jinping Neutrino Experiment!® is planned in China. When completed, it will 
be the deepest detector in the world, with 2400 m overburden of rocks. It aims at 
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observing large flux of geoneutrinos from Himalaya, which is a part of one of the 
largest continental crust of the present-day Earth. 

For more research, especially for mantle geoneutrino detection, large liquid scin- 
tillator in the deep ocean!” 
antineutrinos is another future possibility in order to get more information about 


is one possibility. Directional measurement of electron 


geoneutrino source distribution. Although the directional measurement was done 
by Chooz experiment,!? application for large detector is not easy and under devel- 
opment. Considering the observation at a lot of points are essentially important, 
design of cheap detector!? may be useful to construct as many detector as possible. 
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In this session the technical and scientific results obtained with the Borexino ex- 
periment have been presented. In 1989 we began a feat that seemed absolutely 
impossible, that is to build a detector able to study, in real time, solar neutrinos 
from few tens of keV of energy by measuring separately the fluxes produced by 
the various nuclear fusion reactions that take place in the Sun. The difficulty was 
the natural radioactivity present in any material as well as the emissions from the 
rocks of the underground laboratory, the Gran Sasso lab., where it was decided to 
install the detector. Just owing to the natural radioactivity, the experiments before 
Borexino set a threshold between 4 and 5 MeV, then measuring only a tail towards 
the largest energies of the neutrino energy spectrum, corresponding to about 0.01% 
of the total flux. 

The activity for Borexino started in 1990 and the first five years (1990-1995) 
were spent to develop innovative methods that would be able to break down the 
radioactivity of liquids up to ultra-traces. In order to measure the reached level of 
radio-purity and to understand if it was satisfying the very high level requested by 
the project, a special detector was needed; therefore a reduced and simplified version 
of Borexino has been constructed, the Counting Test Facility, which functioned as a 
bench mark. At 1995 this detector was able to demonstrate that our methods were 
able to reduce the radioactivity up to about 10716 g of contaminants/g of pure 
material, as per project requests. 

The construction, installation and tuning of the detector took a long time and 
only in 2007 we started the data taking; this time has been necessary because noth- 
ing is standard in Borexino: all the materials were carefully selected, all the parts of 
the detector and the components were developed on purpose also in collaboration 
with external companies, most of the activities were carried out in clean room, the 
detector itself has been equipped as a 10,000 level clean room. All these special 
cares were aimed to an exceptional suppression of the radioactive background. 

Borexino is designed like an onion: the more internal a shell, the greater the 
radiopurity. At the center, a 125 micron-thick nylon vessel -IV, with a 4.5 m radius, 
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contains about 100 t of scintillator, with pseudocumene as solvent and PPO as 
solute. It is enclosed in a 6.75 m radius stainless steel sphere, SSS, which supports 
2212 photomultipliers: the space between IV and SSS is filled with about 1000 t 
of pseudocumene added a quencher. A 5.50 m-radius nylon balloon functions as a 
barrier against to ??? Rn emitted by the SSS steel and the photomultipliers. All is 
inside a water tank (radius 9 m, height 16.9 m), which contains 2800 t of highly 
purified water and 208 PMTs, which, by means of the Cherenkov light, signal the 
muons crossing the detector. The water shields the IV from rocks and environment 
ys and ns. 

The radio purification effort was very successful: for ??5U and ???T'h and their 
progeny the radiopurity reached some 10~7° and 1071? g/g, respectively, and per 
the ubiquitous ??? Rn, < 1 count per day for 100 t of scintillator. Borexino is the 
unique detector which until now reached this unprecedented radiopurity. 

With these premises, Borexino was able to identify the fusion reactions of the pp 
chain emitting neutrinos via the separate measurement of their fluxes. The problem 
of this analysis is to disentangle solar neutrinos signals from the residues of radio- 
contaminants, that survived the radio-purification. In addition, a software strategy 
had to be developed against the !! C, which cannot be purified because it is contin- 
uously produced in the scintillator by the muons which survived the crossing of the 
Gran Sasso overburden (1.2 u/m?h). The results are summarized in the attached 
table where the measured rates and fluxes are compared with the SSM predictions 
for high and low metallicity: the comparison shows a good agreement. 

The pp chain produces 99% of the entire solar energy; therefore the solar lumi- 
nosity measured through solar neutrinos can be compared to the luminosity mea- 
sured via photons: the good agreement found between them demonstrates that the 
Sun is in thermodynamic equilibrium over 10^ years scale because, while neutrinos 
take a few seconds to leave the Sun, photons need more than 100,000 years. 


reaction | Borexino Borexino SSM SSM Global fit 
rates fluxes HZ LZ Fluxes 
(cpd/100t) (cm?s) Fluxes Fluxes (cm?!) 
(cm?s) (cm?!) 
pp 13441075, (6.140.5703) 5.98(1+ 0-006) 6.03(1+0.005) 5.97* 5035 
x10!9 x 1019 x 10!" x 10!? 
7Be 48.341.104 (4.99-0.11*896 4.93 (1+ 0.06) 4.50(1 £0.06) 4.801934 
x10° x 10° x 10° x 10° 
pep(HZ) | 2.43+0.367038 (1.27:0.19*008 1.44 (1£ 0.009) 1.46 (1+ 0.009) | 1.448+0.08 
x 108 x 108 x 108 x 108 
Pep(LZ) | 2.65+0.364045 (1.39+0.194898 1.44 (1+ 0.009) 1.46 (1 0.009) 
x 108 x 108 x 108 
8B 0.220*9915*0006 5.684939+003 — | 5.46 (140.12) 4.50(10.12) 5.16*933 
x 10° x 10° x 105 
hep «0.002 90% C.L.) | <1.8x 10° (90% | 7.98 (140.30) 8.25(140.12) 
CL) x10? x 10? 


Fig. 1. SSM-HZ and SSM-LZ fluxes: from Aldo Serenelli, F.Villante et al.. Global fit fluxes from 
J. Bergstroem et al. 
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The measurement of the various neutrino fluxes emitted by the pp chain nuclear 
fusions allows to determine the electron-neutrino survival probability in an energy 
range from a few tens of keV up to about 15 MeV, that is, according to the MSW 
model, from vacuum regime up to the matter enhanced oscillation. The experimental 
results are in agreement with the MSW-LMA predictions within the experimental 
and the Standard Solar Model uncertainties. 

In the Sun the pp chain produces a temperature able to avoid its implosion 
caused by the gravitational forces acting among the solar matter. In massive stars, 
with a mass at least 30% greater that the Sun, a higher temperature is required to 
avoid implosion. Already in the '30s of the last century, Bethe and Von Weizsacker 
hypothesized the existence of a cycle (CNO) dominating the massive stars where it 
reaches a core temperature of a few x 108 K; this hypothesis before Borexino never 
has been tested and demonstrated experimentally. 

Fortunately, the CNO cycle is present in the Sun and produces 196 of its energy, 
and then Borexino was able to study the CNO cycle undertaking the analysis of 
the solar neutrinos produced by this cycle. The faced difficulties are due to the 
presence of CNO, pep and a residue of ?!? Bi in the same energy window and to the 
tagging lack of the CNO energy spectrum. pep is not a problem because its shape 
and its rate are very well known, while to extract the CNO neutrinos flux, a strong 
constraint on the ?!? Bi rate is needed. An important tool to this end is the presence 
of ?!? Po in the scintillator and its secular equilibrium with ?!? Bi. 

Two components contribute to the ?!? Po rate in the scintillator, one in secular 
equilibrium and one out of equilibrium: the latter decays with a half-life of 138.376 
days and then, after a proper time, reaches a plateau corresponding to the ?!? Po 
continuous production through the chain: ?!? Pb- ?!? pj.?!? Po and finally the stable 
208 Pb. However, this plateau is not stable, but shows minor oscillations, due to 
convective currents in the scintillator which carry ?!? Po nuclides, present on the IV 
walls, in the fiducial volume. Then a temperature stabilization is needed and it has 
been reached with a precision of 0.07 ?C by thermally insulating the water tank and 
installing heating copper coils under the insulation. 

As a result, the ?!? Po and then the ?!? Bi rates have been obtained, and, through 
a multivariate fit, the CNO neutrinos flux results to be: 

7.2*03.109cm-?s-! (the uncertainty includes statistical and systematic errors), 
with no CNO hypothesis disfavored at 50 C.L. In this way Borexino provided the 
direct experimental proof of the CNO cycle existence. 

Borexino also observed with 5c statistical significance the geoneutrinos, antineu- 
trinos from the Earth interior. Unlike the solar neutrinos, Borexino is not the only 
experiment capable of making this measurement, because even the Japanese Kam- 
land has studied geoneutrinos, with greater statistics and with greater background. 
'This study allowed to investigate the presence of radioactive nuclides in the Earth's 
mantle, the contribution of radiogenic origin to the terrestrial heat and to obtain 
Earth's geo-physical and geo-chemical information. 

The author thanks Lino Miramonti for his editing help. 
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The possibility of measuring the internal rotation of the Sun and stars thanks to helio- 
and asteroseismology offers tremendous constraints on hydro- and magnetohydrodynam- 
ical processes acting in stellar interiors. Understanding the processes responsible for the 
transport of angular momentum in stellar interiors is crucial as they will also influence 
the transport of chemicals and thus the evolution of stars. Here we present some of the 
key results obtained in both fields and how detailed seismic analyses can provide strin- 
gent constraints on the physics of angular momentum transport in the interior of low 
mass stars and potentially rule out some candidates. 
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1. Introduction 


Low mass stars (x 1M) are mostly characterized by the presence in their structure 
of an outer convective envelope during their main-sequence. As a result, they will 
exhibit efficient braking through the effect of magnetised winds and they will most 
often exhibit long rotation periods of a few days. As a result of their low mass, they 
exhibit long evolutionary timescales of typically a few Gy on the main sequence. 
This implies that, if a given dynamical process is at work in stellar interiors, it 
will have time to leave a durable imprint on the evolution of the star, even if 
its characteristic timescale is relatively long. A good example of such a process is 
microscopic diffusion, that plays a key role in both solar and stellar modelling. 

Another consequence of the existence of an outer convective envelope in low 
mass stars is that they will exhibit solar-like oscillations. These oscillations are 
global acoustic modes of the star that have been measured in both the solar case,! 
giving birth to the field of helioseismology, and in the stellar case,? ^ paving the way 
for the field of asteroseismology of solar-like oscillators. With the advent of space- 
based photometry missions, the field of asteroseismology experienced an exponential 
growth, with the detection of global acoustic oscillations in thousands of stars. 

Moreover, the quality of the observations enabled to perform similar analysis to 
those of the Sun, but on distant stars, increasing the sample of objects for which 
the internal rotation could be measured. The detection of mixed oscillation modes 
also gave access to the deep core rotation of evolved stars, providing laboratories 
for angular momentum transport process at various evolutionary stages. 
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In addition, the fact that most solar-like oscillators exhibited slow rotation 
of their surface allowed modellers to use perturbative approaches applied in 
helioseismology. 

These measurements proved to be very challenging to explain using classical self- 
consistent rotating models including the effects of meridional circulation and shear- 
induced turbulence. While there exists multiple candidates to explain the internal 
rotation of low-mass stars on the main-sequence, the internal rotation of post-main 
sequence stars is still impossible to fully reproduce. Behind these difficulties hide 
the limitations of stellar models, emphasizing the need to improve our physical 
representation of stellar interiors. 

In this brief review, we will discuss how the internal rotation of low mass stars is 
measured using a perturbative formalism in the fields of helio- and asteroseismology 
in Section 2. We will discuss the implications for angular momentum transport of 
the seismic constraints obtained on the main-sequence and will discuss the link 
with the transport of chemicals in Section 3. We will focus here on the constraints 
from acoustic oscillations only. More complete reviews, discussing also the results 
of massive gravity mode pulsators can also be found in the litterature? and classical 
textbooks also provide a more detailed view and additional references.Ó In Section 4, 
we will briefly present the main results using the mixed oscillation modes observed 
in post-main sequence stars and briefly discuss in Section 5 the implications for the 
main candidates foreseen as the “missing angular momentum transport process". 


2. Measuring the internal rotation of low mass stars 


'The surface rotation of stars is accessible in photometry through the observations 
of spots on the stellar surface, or in spectroscopy through the determination of the 
rotational broadening of spectral lines. This allows us to test for example the for- 
malisms used for the magnetic braking of low mass stars or the correlation between 
the depletion of light elements such as lithium or beryllium and the rotation pe- 
riod of stars in clusters. However, to study the internal rotation of stars, the only 
method available is by using the constraints derived from global oscillation modes. 
Indeed, their properties are intimately linked to the internal structure and dynamics 
of stellar interiors. 

In the case of a non-rotating, non-magnetic, isolated star, the global oscillation 
modes will exhibit spherical symmetry and their angular dependencies can be de- 
composed on the basis of spherical harmonics. The eigenfunction of an oscillation 
mode, denoted E will thus be written in spherical coordinates as 
OY, m(0, Q) & +4 imYem(6, $) ey f (1) 

00 sin 0 
with r,0 and ¢ the radial and angular coordinates of the system, with their respective 
unit vectors é€;, €g and E4, Ye,m is the spherical harmonic of degrees / and m, and 
a(r) and b(r) are the functions expressing the radial dependencies of the radial and 
angular components of the eigenfunctions. 


E= a(r)Yz, (0, b)e + b(r) 
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'There exists actually a degeneracy in the quantum numbers describing the eigen- 
values, as they are identified by three quantum numbers, @, the spherical degree, n, 
the radial order and m, the azimuthal degree in the general case, but only two are 
needed to describe the eigenvalue in the non-rotating case. 

In the case of low-mass stars, we can assume that we are studying a slow rotator. 
Consequently, the effects of rotation will thus be treated as a perturbation of the 
operator describing the global acoustic modes, in a similar fashion to the treatment 
of a weak magnetic field in the case of the hydrogen atom in quantum mechanics. 
Just as the degeneracy in some eigenstates is lifted by the presence of the magnetic 
field in the hydrogen atom, the addition of rotation to the eigenvalue problem of 
stellar oscillations lifts the degeneracy of the eigenvalues, namely the oscillation 
frequencies of the star. They appear now as multiplets in the oscillation spectrum 
defined by their three quantum numbers, this time with m taking values between 
—f and £. This breaking of symmetry stems from the fact that adding rotation to 
the problem leads to the definition of an equator to the star and that one can now 
differentiates between the lines of the eigenfunction crossing the equator and those 
parallel to the equator, that define the quantum numbers £ and m in the base of 
spherical harmonics. 

In other words, the eigenvalues will now be described as 


Vn, £m = Vn,£&0 ER ÓVp £m (2) 


Mathematically, the perturbative approach applied to the stellar oscillation 
problem leads to a simple integral relation linking the so-called rotational split- 
tings to the internal rotation as function of the radial position r and the latitude 67 


R T 
ÔVn, tm = m | J Kn.t,m(r, OQ(r, 0)drdð (3) 
0 Jo 


with Vn e,m the rotational splitting, Q(r,0) the internal rotation profile and 
Kn ejm(r, 9) the so-called kernel function, depending on the internal structure and 
the eigenfunction of the oscillation mode. 

This integral relation can be solved for the internal rotation profile, using specific 
numerical techniques (see e.g.5). Given that the linear perturbative approach is 
valid, the internal rotation profile can be determined independently from the stellar 
model used to perform the inversion. In other words, a non-rotating stellar model 
is sufficient to perform an analysis of the internal rotation of the star, if rotation is 
slow enough to be treated as a perturbation. 

Equation 3 gives the general 2D form of the perturbative relations, but the 
ability to carry out 2D inversions is limited to a few exceptionnal targets, and was 
only possible for the Sun until very recently. In most seismic analyses, the hypothesis 
of spherical symmetry will be made and the rotation profile will be inferred as a 
function of r only. The rotation kernels are then a function of r only and show no 
explicit dependency in m, as shown for example in classical textbooks.? Moreover, 
the availability of only low Z modes for asteroseismic targets will also limit the 
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resolution of the inferences. The positions at which the rotational profile can be 
inferred are intrinsically bound to the physical nature of the observed oscillation 
modes and the behaviour of their kernel functions. 


3. Results on the main sequence 


Main-sequence low mass stars are known to exhibit purely acoustic modes called 
solar-like oscillations. As indicated by their name, these oscillations have been ob- 
served for the first time in the Sun. The main feature of these modes is that they 
have a much higher amplitude in the outer layers, as indicated in Fig 1 by the 1D 
rotational kernels computed here for a standard solar model. 

Consequently, most of the inferences we will have for all main-sequence solar-like 
oscillators will focus on the upper radiative layers and the outer convective envelope. 
The inner 20% of the star will not be accessible to the pressure modes and thus will 
not be constrained by the inversion procedure. This statement is also true for the 
Sun, despite the wealth of seismic data accumulated in the last 30 years and has 
motivated the search for the elusive solar gravity modes. 


3.1. The solar case 


In the solar case, thousands of oscillation modes with degrees ranging from £ = 0 
to £ = 1000 have been observed.!? ?? This tremendous amount of data has allowed 
a full scan of the internal solar rotation profile, down to ~ 0.2Rọ (see e.g'). 

'The obtained rotation profile exhibits three main features. First, approximately 
solid-body rotation in the inner radiative layers of the Sun. Second, latitudinal dif- 
ferential rotation in the outer convective zone. Third, these two zones are connected 
by a narrow region, the so-called tachocline,!^!? where the transition between the 
two rotation profiles occur. 
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Fig. 1. 1D rotational kernels for various acoustic oscillaton modes of a standard solar model. 
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Here, we will focus mostly on the properties of the rotation profile in the inner 
solar radiative zone. The observed nearly uniform rotation of the inner solar layers 
is actually in complete contradiction with rotating models taking into account the 
effects of meridional circulation and shear-induced turbulence. Despite attempts 
at revising the prescriptions for these hydrodynamical processes, it appears that 
their efficiency is too low to prevent the appearence of the characteristic strong 
differential rotation observed in these models. 

Such a strong differential rotation is in disagreement with observations of the 
internal rotation of low-mass stars and also leads to a transport of chemicals by 
the shear-instability in disagreement with helioseismic inversions of the structure 
of the Sun and the depletion of light elements in low-mass stars. Therefore, addi- 
tional processes have to been invoked to explain the discrepancies between rotating 
models and observations. The transport process involved should be very efficient at 
transporting angular momentum, but not chemical elements. 

The first candidate is a large scale fossil magnetic field,!” the second one are 
magnetic instabilities!® ?? and the third one are internal gravity waves.?! We will 
further discuss the properties of these candidates in Section 5. They remain, to 
this day, the main suspects to explain the efficient angular momentum transport in 
stellar interiors. 


3.2. Results for Kepler and CoRoT targets 


With the advent of the CoRoT and Kepler missions, inferences on the internal ro- 
tation of main sequence stars could be carried out for a small sample of the best 
asteroseismic targets. Various authors?” ?4 have shown that in the case of solar-like 
oscillators, the measurement of the average rotation seen by acoustic modes was con- 
sistent with the surface rotation derived from spots or spectroscopic measurements. 
In other words, no significant degree of differential rotation was found inside solar- 
like stars. T'his again accredited the existence of a very efficient transport of angular 
momentum acting in these stars, allowing to flatten their internal rotation profile. 

However, a word of caution is required when stating that solar-like stars ro- 
tate as "solid-bodies". The constraints derived from asteroseismic data are not able 
to fully resolve the internal rotation of distant stars, but rather provide an average 
measurement of their internal rotation. Just as for the solar case, the purely acoustic 
oscillations observed for main-sequence solar-like oscillators do not allow to probe 
the deep core of these objects. As we will see in Section 5, this has important con- 
sequences to select one of the three candidates for additional transport mentioned 
above?. Recently, two studies??? have also shown that solar-like oscillators also 
exhibited latitudinal differential rotation in their convective envelopes. 


?We note that a similar situation is present also in more massive main-sequence stars such as y 
Doradus stars, where the observed gravity modes only constrain the near core region, but not the 
convective core itself, as they do not propagate in these regions. Getting constraints on this region 
requires the analysis of inertial modes, recently observed. 


2853 


3.3. Link with the transport of chemicals 


An important consequence of the presence of an efficient angular momentum trans- 
port mechanism is its potential impact on the transport of chemical elements inside 
the star. For example, the effects of shear-induced instability in the presence of 
strong radial differential rotation in the radiative layers will be to erase the effects 
of microscopic diffusion and inhibit the settling of heavier elements from the convec- 
tive layers to the deep interior.2^?5 While this effect should be limited as a result 
of the very low amplitude of rotation gradient in stellar radiative zones, it might 
not be fully negligible. In addition, a certain degree of additional mixing is required 
to reproduce the lithium abundance of the Sun?? and solar-like stars.?9 93 

This is illustrated in Fig. 2 for the solar case and young solar-like stars.?^ The 
results show that mixing by the shear instability and the effects of magnetic insta- 
bilities will lead to a certain degree of mixing at the base of the convective zone 
thus changing both the helium and lithium abundances. 


[Av] 
pert tp bit p te b ud le 


Log (age [Myr]) 


Fig. 2. Lithium abundance evolution as a function of the logarithm of age. The red dot correspond 
to the solar Lithium abundance?? and the grey dots correspond to the abundance of solar-like 
stars.?^The dashed line indicates the evolution of the surface Li abundance for a standard solar 
model, while the continuous red line corresponds to a model with hydrodynamic and magnetic 
instabilities. 


Some of the stars observed by the Kepler satellite offer excellent testbeds for 
such effects, as for example the 16Cyg binary system,?9 ?? where the binarity also 
allows to test the effects of planetary formation on the abundances of light elements. 
Moreover, seismic analyses of the helium abundance in the envelope of other Kepler 
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targets?? have shown the need for a mecanism reducing the efficiency of microscopic 
diffusion, that could be due to the effects of small rotation gradients. 


4. Results for evolved stars 


The determination of the internal rotation of subgiant and red giant stars?! 4 


has been one of the main successes of the space-based photometry missions. These 
results have been achievable thanks to the observation of so-called mixed oscillation 
modes. The peculiarity of these modes is that they are of double nature and have 
high amplitudes both in the deep core and in the outer layers of post-main sequence 
solar-like oscillators. They exhibit a gravity-like character in the core and an acoustic 
nature in the envelope. Therefore they can be easily detected and carry information 
on the deepest layers of evolved stars, regions that are even unaccessible in the Sun 
due to the purely acoustic nature of the observed oscillations, despite the quality of 
helioseismic data. 

From the analysis of these oscillation modes, it has been shown that subgiant 
and red giant stars exhibited radial differential rotation. ^*^ Namely, that their 
cores rotated faster than their outer layers. While this was expected, as a result of 
the contraction of the core and the expansion of the convective envelope undergone 
as the star leaves the main sequence, the degree of differential rotation observed is 
far lower than what is predicted by theoretical models.4> 4” 

Recent results*® have also indicated that young subgiant stars seem to exhibit 
almost solid-body rotation. Later on in the subgiant phase, they show some degree 
of differential rotation that develops but it appears that on the red giant phase, the 
stellar core does not spin up with the evolution.??: °° In later stages of evolution such 
as the red clump or the secondary clump, similar conclusions are drawn regarding 
the need for a very efficient transport process. 

A crucial point to note here is that to study the efficiency of the missing angular 
momentum transport process, core rotation is not entirely sufficient, and a mea- 
surement of the surface rotation is also required. This is available for a few targets, 
either from seismology, or from spot modulations. However in the latter case, it 
seems that the sample is biased towards active, fast rotators, who could perhaps 
not be quite representative of the bulk of red giants. 

'The main issue posed by the results obtained for post-main sequence stars is that 
there is, to this day, no single mechanism capable of explaining all the observations. 
Analyses of the average efficiency of the missing transport process??? have shown 
that it should exhibit a drop in efficiency during the subgiant phase but reincrease 
as the star ascends the red giant branch. This could possibly point at either a 
change of regime in the transport process or at multiple transport processes acting 
at different evolutionary stages. For example, it has been shown that mixed modes 
themselves would lead to an efficient transport of angular momentum on the upper 
red giant branch and could potentially take over at stages where another process 
sees its efficiency reducing.?? 
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5. Transport mechanism candidates 


Apart from the transport by mixed modes, the main suspects under investigation are 
the processes already invoked to explain the solar rotation profile. Namely, these are 
large scale fossil magnetic fields, internal gravity waves and magnetic instabilities. 

However, all of them needed to be revised to explain the results observed in post- 
main sequence stars. We will here briefly summarize the main results and remaining 
issues with each of these processes. 


5.1. Fossil magnetic fields 


The first candidate introduced to explain solar rotation is a large-scale fossil field 
present in the radiative zone of the Sun.!” It was demonstrated that the field, if 
properly confined, could lead to a rigid rotation profile in the interior of the Sun. 

'The main difficulty for the fossil field solution in the solar case is indeed linked 
to the confinement of the field, as it should not extent in the solar convective zone 
where differential rotation in latitude is observed. This requires the field to reach a 
very specific configuration for which simulations give conflictual results regarding its 
confinement to the radiative zone.?^" In addition, recent work?? has shown that, 
in addition to the confinement problem, simulations required a significant increase 
in the viscosity of the plasma to avoid a dead zone of the field where the profile 
would not reproduce at all the observed data. 

Nevertheless, a second issue with the fossil field configuration used to explain 
the solar rotation profile is that it enforces a strictly solid-body rotation in radia- 
tive zones. As shown before, this is not what is found in later evolutionary stages 
and thus another configuration, or another physical process, is required to explain 
asteroseismic data. One possible configuration for red giants is to have a solid-body 
rotation profile in radiative zones, combined to a profile in the power law of the 
radius in convective zones,?9:99 of the form Q(r) x r^^, with a € [1.0, 1.5]. These 
studies??:9? showed that such a rotation profile could explain the core rotation rate 
of red giant branch stars inferred from seismic data.” °° 

However, these results are in contradiction with recent studies 
to indicate that the transition from the slow rotating envelope to the fast rotat- 
ing core in red giant stars seems to be located in the radiative zone, close to the 
hydrogen burning shell. A detailed analysis of the case of Kepler 56 was recently 
performed,9^ including a full dedicated modelling of the internal structure of the 
star and an MCMC analysis of the rotational splittings using simple parametric 
profiles, including the power law solution provided by large scale fossil fields. Their 
results show that such a rotation profile cannot be used to explain the individual 
rotational splittings unless a is allowed to reach higher values of the order of 3.5, in 
contradiction with theoretical values.?? This suggests that fossil magnetic fields are 
not the explanation for the efficient angular momentum transport process acting in 
evolved stars, and other processes must also be invoked. 


61-63 who seem 
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5.2. Internal gravity waves 


The effect of internal gravity waves has been studied already early on as being 
of potential interest to the modelling of stellar interiors and applied to the solar 
case.?1 6° 

Later studies indicated that the process was not efficient enough to actually 
flatten the solar rotation profile and pointed that the effect of waves excited by 
Reynold's stresses would leave a strong imprint of the wavefront on the internal 
solar rotation profile that is incompatible with observations. When applied to later 
evolutionary stages, the gravity wave model used on the main-sequence?! is also 
found to be not efficient enough to reproduce the internal rotation of subgiants and 
red giant stars.9* 

However, hydrodynamical simulations® underlined the importance of the effects 
of convective plumes in the generation of gravity waves. These effects were later 
studied, showing that gravity waves induced by the impact of convective plumes 
could be much more efficient at transporting angular momentum both in the Sun 
and subgiant stars.” "! They also showed that it would likely not be able to operate 
efficiently on the red giant branch, where another process would then be needed. 
It would then be particularly interesting to compute full evolutionary models with 
plume-induced gravity waves to investigate their effects on the rotation profile of 
solar-type and subgiant stars. 
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5.3. Magnetic instabilities 


The last main candidate to explain the efficient transport of angular momentum in 
stellar radiatives zone are magnetic instabilities. Work by H. Spruit’? showed that 
the first instability likely set in stellar conditions would be the Tayler instability. 
In the presence of a differentially rotating fluid, the winding up of a seed magnetic 
field together with the Tayler instability has been shown to lead to an efficient 
angular momentum transport mechanism, the so-called Tayler-Spruit dynamo.” 
'This transport mechanism has been shown to be able to reproduce the internal 
solar rotation profile.!% 7° 

While a promising candidate, numerical simulations have shown contrasting re- 
sults about the apparition of the Tayler-Spruit dynamo./^"^ The main difficulty 
with such conclusions is that such simulations are never in fully realistic stellar 
conditions. 

Nevertheless, in its original form, the Tayler-Spruit dynamo still proves not 
efficient enough to counteract the spin up of the core at the end of the main- 
sequence. Models computed taking it into account still predict faster core rotation 
rates than the seismically inferred values."9: 77 

Recently, a modification of the Tayler-Spruit instability was proposed that led 
to a more efficient braking of the stellar cores.”* Further analyses”? showed however 
that this variant could not reproduce all the observational constraints. Namely, it 
was found to be too efficient for subgiants if one wished to reproduce the red giant 
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cores, or not efficient enough for red giants if the calibration parameter was set to 
reproduce subgiants, as shown in Fig 3. This calibration parameter, denoted a has 
to be varied from 0.5 to 1.5 to reproduce respectively the subgiants and the red 
giants. However, as it is set to the third power in the revised formalism, such a 
variation is far from anecdotic. A similar issue was found for secondary clump stars 
and white dwarfs.°° 
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Fig. 3. Core rotation of subgiant and red giant stars as a function of the logarithm of the surface 
gravity. The colored points correspond to subgiant stars? and the grey dots to red giant stars.^? In 
the upper and lower panels, the calibration parameter a in the revised version of the Tayler-Spruit 
dynamo is set to 0.5 and 1.5, respectively. 


6. Conclusion 


In this brief review, we have described the current state of the vision solar and 
stellar seismology brought on the internal rotation of low-mass stars in various 
evolutionary stages. We have focussed on the inferences brought by acoustic and 
mixed oscillations modes only, trying to provide a complete vision of the current 
issues at hand regarding the missing angular momentum transport mechanism found 
to act in stellar radiative zones. 

The formalism for seismic inferences within the first-order perturbative formal- 
ism has been introduced in Section 2, while results for the main-sequence and post- 
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main sequence stars have been discussed in Sections 3 and 4. We have also briefly 
introduced the three main candidates currently under extensive investigations in 
Section 5. 

'The main conclusion to be drawn from the current situation is a sort of stale- 
mate between multiple processes, none of them providing a unifying satisfactory 
solution. In that respect, further investigations on the effiency of the missing trans- 
port process are required, analysing its dependencies with stellar properties such 
as mass and metallicity. To this end, better characterizing the location of rotation 
gradients inside stars is crucial, as well as providing both surface and core rotation 
measurements from a consistent seismic inference technique to fully constrain the 
efficiency of the transport process. 

It should also be noted that the potential strong influence of chemical com- 
position gradients in the development and efficiency of instabilities (magnetic or 
hydrodynamic) also calls for a better depiction of the chemical structure of stars. 
'Therefore, the potential solution to the angular momentum transport problem is 
also tightly linked to the reliability of our vision of the internal structure of stars, 
that also relies on improving seismic inference techniques. At stakes is likely the 
recipe for a new generation of solar and stellar models, which would take into 
account both the effects of rotation, the depletion of light elements and better re- 
produce seismic and spectroscopic constraints. Moreover, while a unifying solution 
is tempting, the variations seen at different evolutionary stages might be pointing 
at various processes taking over during the evolution. To provide a clearer picture, 
further efforts must be made in the improvement of seismic inference techniques and 
in the exploitation of the current and future datasets from the CoRoT,5! Kepler ,®? 
'TESS*? and Plato?^ missions. 
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Supermassive stars (SMSs), with masses > 105 Mo, have been proposed as the possible 
progenitors of the most extreme supermassive black holes observed at redshifts z > 6— 7. 
In this scenario (‘direct collapse’), a SMS accretes at rates > 0.1 Mo yr-! until it 
collapses to a black hole via the general-relativistic (GR) instability. Rotation plays a 
crucial role in the formation of such supermassive black hole seeds. The centrifugal barrier 
appears as particularly strong in this extreme case of star formation. Moreover, rotation 
impacts sensitively the stability of SMSs against GR, as well as the subsequent collapse. 
In particular, it might allow for gravitational wave emission and ultra-long gamma- 
ray bursts at black hole formation, which represents currently the main observational 
signatures proposed in the literature for the existence of such objects. Here, I present 
the latest models of SMSs accounting for accretion and rotation, and discuss some of the 
open questions and future prospects in this research line. 


Keywords: Stars: massive — stars: rotation — stars: black holes 


1. Introduction 


Supermassive stars (SMSs), with masses > 10° Mo, were originally invoked to 
explain the high luminosity of quasars, ^? later understood as a consequence of 
accretion in the deep potential well of supermassive black holes (SMBHs).? The 
formation of these SMBHs remains, however, one of the main open problems in 
galaxy formation, and SMSs have been proposed as their possible progenitors.^? In 
the last decade, a number of quasars powered by SMBHs with masses 10? — 10!? Mo 
have been detected at redshifts 6 — 7. The most extreme case known to date is J0313- 
1806 a quasar at z = 7.6 that hosts a SMBH with mass 1—2 x 10? Mo.® At redshifts 
6 — 7, the age of the Universe is a fraction of a Gyr, so that objects of 10? — 101° 
Mo that exist at these redshifts must have accumulated their mass at average rates 
M > 10 Mo yr-!. The direct formation of SMBHs during the process of galaxy 
formation (‘direct collapse’ black holes) provides the most rapid pathway to form 
SMBHs with masses > 10? Mo.*:® In this scenario, the direct progenitor of the 
SMBH is a SMS undergoing accretion at rates M > 0.1 Mo yr-!, until it collapses 
due to the general-relativistic (GR) instability.” 8 

The direct collapse of ~ 10? Mo into a compact object requires special condi- 
tions. Fragmentation is inhibited in primordial gas due to the absence of heavy ele- 
ments, but the cooling by molecular hydrogen remains efficient enough to maintain 
temperatures 100 — 1000 K, which is thought to result in the formation of a cluster 
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of stars with individual masses M < 100 Mo. Black hole seeds formed from the 
collapse of such primordial clusters remain < 1000 Mo, and hardly explain the large 
masses of the earliest quasars.° 19 Only in the presence of a strong Lyman-Werner 
flux the molecular hydrogen of primordial gas can be dissociated, which leads to 
temperatures ~ 10* K set by atomic cooling.!! Primordial, atomically cooled halos 
are found to collapse isothermally with inflows 0.01 — 1 Mọ yr! 
sub-parsec scales, allowing for the direct formation of a supermassive compact ob- 


sustained down to 


ject in a dynamical time.!?:!? However, this scenario implies tight synchronisation 
between halo pairs, since only star formation in a neighbouring halo can provide 
the required Lyman-Werner flux.!^ Another channel of direct collapse is provided 
by the merger of the most massive galaxies expected to have formed at redshifts 8 — 
10, with masses ~ 101? Mg.’ The merger is found to trigger inflows of ~ 10* — 10? 
Mo yr-! down to a fraction of a parsec, which allows to accumulate several 10? Mo 
in a few tens of kyr. No special chemical composition is required, since the collapse 
is too rapid for star formation and radiative feedback to start, and metallicities up 
to solar are expected in these galaxies. However, SMBH formation by direct col- 
lapse in metal-rich gas requires a SMS with mass M > 10° Mo in order to avoid 
thermonuclear explosion.'® 

The strong contraction that characterises a gravitationnal collapse leads in gen- 
eral to rapidly rotating structures, by a simple argument of angular momentum 
conservation. In fact, star formation by accretion requires strong mechanisms to 
remove angular momentum from the collapsing gas in order to circumvent the cen- 
trifugal barrier." This angular momentum problem represents one of the main 
bottleneck in models of massive star formation!® °° and plays naturally a critical 
role in the context of SMS and SMBH formation.?!:?? Here, I review the latest the- 
oretical results concerning SMSs in the context of SMBH formation, focusing on the 
importance of rotation. In Section 2, I review the main properties of SMSs formed 
by accretion; I discuss the angular momentum problem in section 3; section 4 focuses 
on the GR instability and the maximum mass of rotating SMSs; the implication for 
SMBH formation by direct collapse are discussed in section 5. A summary is given 
in section 6. 


2. Rotation in rapidly accreting SMSs 


The evolution of SMSs under rapid accretion has been addressed with analytical and 
numerical models in the last decade.?? 7° SMSs are always close to the Eddington 
limit, which implies that their H-burning time is of the order of the Myr, indepen- 
dently of their mass. Thus, forming a SMS of mass M > 10° Mọ by accretion before 
fuel exhaustion requires rates M > 0.1 Mo yr-!. Under such accretion rates, SMSs 
are found to evolve as ‘red supergiant protostars’,?4 following upwards the Hayashi 
limit in the Hertzsprung-Russel diagram. An example is shown in figure 1, with nu- 
merical models of Population III (Pop IIT) SMSs computed with the stellar evolution 
code GENEC.?? The effective temperature on the Hayashi limit remains < 10* K, 
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Fig. 1. Hertzsprung-Russel diagram of the GENEC models of Pop III, rapidly accreting SMSs. 
(Figure from.?°) 


which implies negligible ionising feedback and allows for continuous accretion up to 
at least M ~ 10° Mo. As a consequence of the evolution along both the Eddington 
and the Hayashi limits, the mass-radius relation of rapidly accreting SMSs can be 
approximated by a simple power-law: 


MN 

R = 260 Ro t3 (1) 
'The increase of the radius with the growing mass results from the fact that, at 
rates > 0.01 Ma yr^!, the entropy advected by an element of mass AM at ac- 
cretion cannot be radiated efficiently in the corresponding accretion time AM/ M. 
'Thus, the Kelvin-Helmholtz contraction of the stellar interior is too slow compared 
to the increase in radius that results from the accretion of new mass. As a con- 
sequence, most of the stellar interior is not thermally relaxed and maintains an 
outwards positive entropy gradient that stabilises the gas against convection. This 
is illustrated in figure 2 with the entropy profiles of the Pop III GENEC models 
at M — 1— 100 Mo yr-!, taken at successive stages of the evolution. The highly 
centralised energy production by H-burning drives convection in a core of ~ 10% 
of the stellar mass, that stays isentropic. Àn outer envelope is also convective 
(non-adiabatic), due to the high opacities at the low temperatures of the Hayashi 
limit. This outer envelope contains negligible mass (~ 196M), but represents a 
significant fraction of the stellar radius. For accretion rates M > 10 Moyr7!, the 
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evolutionary timescale becomes so short that the radiative envelope contracts adi- 
abatically, compressed by the weight of the layers newly accreted.?9 In this regime, 
the entropy profile converges towards a simple power-law of the mass-coordinates 
(*hylotrope ?3): 


s x M1? (2) 


This power-law is shown by a grey dotted line in figures 2. 
For stars near the Eddington limit, the maximum rotation velocity consistent 
with hydrostatic equilibrium is given by the QT-limit, that accounts for the role of 


radiation pressure:?? 


Opec Okgv1-FLT (3) 


where Qg is the Keplerian angular velocity and I the Eddington factor. SMSs have 
T ~ 0.99, which implies rotation velocities of X; 1096 Qg; in other words, SMSs must 
be slow rotators.?? The maximum rotation velocity set by the OT-limit is shown in 
figure 3 as a function of the SMS's mass. The ratio of centrifugal to gravitational 
forces in the star, which is of the same order as the ratio of rotational to gravitational 
energies, can be estimated by 


Q? 
qz 1-Tr <1% (4) 
K 
For such slow rotations, the deformation of the star by the anisotropic centrifugal 
force remains negligible. Moreover, due to the short evolutionary timescales, merid- 
ional currents and shear diffusion have no significant impact on the angular momen- 
tum distribution. Thus, the radiative layers contract with local angular momentum 
conservation, which translates into highly differential rotation, with a rotation fre- 
quency several orders of magnitude larger in the core than at the surface.?? The 
break-up velocity is not reached in the core, thanks to the large Keplerian velocity 
in the densest regions. 


3. The angular momentum problem 


Because of the slow rotations imposed by the QT-limit, SMS formation by accretion 
implies low angular momentum in the accreted gas. This is illustrated in figure 4, 
that shows the evolution of a Pop III SMS accreting at M=1 Mo yr! under the 
assumption of maximal rotation. Rotation is post-processed from the non-rotating 
GENEC structures shown in the upper panel. Angular momentum is advected at 
accretion in order to satisfy the constraint from the QT-limit (third panel) at each 
time-step, and the resulting angular momentum accretion history is shown in the 
fifth panel as a blue line. It remains 2 — 3 orders of magnitude below the Keplerian 
angular momentum (grey line), which means that, for the OI-limit to be satisfied 
all along the accretion phase, the angular momentum advected at accretion can- 
not exceed a fraction f ~ 0.1 — 1% of the Keplerian angular momentum. In other 
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Fig. 2. Entropy profiles of the GENEC models of Pop III SMSs accreting at M = 1—100 Mo yr-1. 
The grey dotted line indicates the power-law (2). (Figure from.?7) 
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Fig. 3. Maximum rotation velocity of SMSs as a function of their mass (figure from??). 


words, SMS formation by accretion from a Keplerian disc requires mechanisms ef- 
ficient enough to remove more than 9996 of the angular momentum from the disc. 
Notice that the fraction f is 1 — 2 orders of magnitude smaller than the ratio 0/QK 
imposed by the OI-limit, which reflects the instantaneous redistribution of angular 
momentum in the outer convective envelope visible in the upper panel of figure 4. 
Indeed, without convection, the ratio O/Oy in the surface layer would 
be simply given by the fraction f of angular momentum advected by 
this layer. But here, the surface velocity is given by the angular momen- 
tum accreted plus that received by convection from the deeper layers of 
the envelope. Thus, a given constraint on the ratio O/O (e.g. < 10%) 
translates into a tighter constraint on the ratio f (e.g. X 0.1 — 1%). 

The angular momentum problem is general to star formation.!" For low-mass 
stars, the problem is easily solved by the magnetic coupling of the star with its disc 
and winds, thanks to the convective dynamo in the stellar envelope. But the prob- 
lem becomes more difficult for massive stars, since these stars have no convective 
envelope, and only a few percent of them have detected magnetic fields, thought 
to be fossil fields.?? The most efficient processes to extract angular momentum in 
the context of massive star formation rely on the gravitationnal instabilities that 
develop in massive accretion discs.?! Since these gravitationnal instabilities are en- 
hanced by high densities, their efficiency increases when the centrifugal barrier is 
reached, as gas accumulates in the vicinity of the star. Thus, these processes allow 
for a self-regulated, efficient angular momentum transport all along the collapse. 

In the case of rapidly accreting, maximally rotating SMSs, the surface magnetic 
field required to remove the angular momentum excess at accretion from a Keplerian 
disc by star-winds coupling is of the order of 10 kG, as shown in the bottom panel 
of figure 4. The corresponding Alfvén radius is shown as a red dashed line in the top 
panel. According to estimates based on the Rossby number, a convective dynamo 
in the envelope of the SMS cannot produce a field larger than 1 G. Only fossil 
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Fig. 4. GENEC model of a maximally rotating Pop III SMS accreting at M — 1 Mo yr-!. 
The horizontal axis represents the stellar mass, which is a time coordinate in case of constant 
accretion. The first four panels show the stellar structure in radial coordinates, the Eddington 
factor, the ratio of the surface velocity to the Keplerian velocity, and the angular velocity in the 
core and the envelope. The fifth panel shows the accreted angular momentum (in blue), compared 
to the Keplerian angular momentun (in grey). The difference is shown by the red dashed curve. 
'The bottom panel shows the surface magnetic field required to remove this difference of angular 
momentum by star-wind coupling. (Figure from.?9) 


fields from primordial origin could reach the required values. On the other hand, 
gravitational instabilities are particularly strong in the massive accretion discs of 
SMSs, and are thought to be efficient enough to circumvent the centrifugal barrier 
in the context of SMBH formation.?!: 32 
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4. GR instability 


The formation of a SMBH by direct collapse occurs when the progenitor SMS be- 
comes dynamically unstable. SMSs are expected to collapse via the GR instability,?? 
which is a pulsation instability that arises from the GR corrections to the equation 
of radial momentum. For a non-rotating post-Newtonian SMS, the eigenfrequency 
w of adiabatic pulsations can be obtained with? 


u?I= f apav [FS ES =) CM aM, (5) 
re 3 pc T 


where r is the radial distance from the stellar centre, M, the mass-coordinates (i.e. 
the mass contained in all the layers below r), p the mass density, P the pressure, 8 
the ratio of gas pressure to total pressure, J the moment of inertia, V the volume of 
the sphere r, G the gravitational constant and c the speed of light. Notice that in 
the post-Newtonian approximation, distinctions between rest-mass and relativistic- 
mass are irrelevant. 

The GR instability is reached when w becomes imaginary, which implies that 
exponentials are solutions to the equations of motion. Equation (5) expresses this 
condition in terms of the two integrals at the right-hand side. The first one is 
Newtonian and positive, and scales with 6, that is with the departures from the 
Eddington limit, at which all the pressure support is provided by radiation. As the 
SMS grows in mass, it approaches the Eddington limit asymptotically with 6 — 0, 
but 8 > 0. Thus, without any additional term, equation (5) would imply that the 
star remains always stable. However, the second term, that scales with the GR 
corrections 2G M,./rc? and P/pc?, is negative. As the SMS grows in mass, these 
corrections grow until the sum of the integrals become negative. At this point, the 
star is dynamically unstable, which leads in general to the direct formation of a 
SMBH in a dynamical time.??: 26 

The exact mass at which the SMS reaches the GR instability depends on its 
structure, in particular on the mass of its convective core. The maximum masses 
of non-rotating Pop III SMSs as a function of the mass of their convective core 
are shown in figure 5. The black-blue-cyan tracks are the evolutionary models of 
Pop III SMSs computed with GENEC under accretion at the indicated rates.??:?6 
These models were computed under the assumption of hydrostatic equilibrium, 
which makes them insensitive to dynamical instabilities, and the ends of the runs 
are arbitrary, imposed by the numerical stability of the models. The onset of the GR 
instability on these hydrostatic models, determined with equation (5), is indicated 
by star-like symbols. It is reached before the end of the run only for rates 1 and 10 
Mo yr-!. The limitations due to the numerical instability of hydrostatic models with 
rapid accretion can be circumvented with the use of semi-analytical models built 
on the hylotropic law of equation (2).7? With these structures, the limit of stability 
in the (Meore, M)-diagram is uniquely given by the central temperature of the star 
and its chemical composition. The central temperature of SMSs is well constrained 
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Fig. 5. Maximum masses of non-rotating Pop III SMSs consistent with GR stability, as a function 
of the mass of their convective core. The red curves show the limit of stability derived from 
hylotropic structures with the indicated central temperatures. The black-blue-cyan tracks are 
Pop III GENEC models computed with the indicated accretion rates. The star-like symbols indicate 
the point of GR instability of these models, when it is reached. (Figure from.?") 


by numerical models, and remains in a narrow range due to the thermostatic effect 
of H-burning (Te = 1.5 — 2 x 108 K for Pop III SMSs; T, = 0.6 — 0.9 x 10° K for 
Pop I SMSs). The limits of stability for Pop III SMSs derived from the hylotropic 
models are shown as red curves in figure 5. The dotted red curve is the stability 
limit for the exact central temperature of the last stable model of the GENEC track 
at M — 10 Mo yr-!. We see that the hylotropic limit is already very precise for 
this rate, in spite of the small departures from the hylotropic profiles visible in 
figure 2. The entropy profile in the inner part, where the density is high and GR 
corrections are significant, is already well approximated by the hylotropic law (2) 
for this rate. Only for rates € 1 Mo yr! the GENEC models departs significantly 
from the hyloptropic law. But even in this case the discrepancies in the final mass 
remains of ~ 0.1 dex, that is ~ 20 96. Thus, the limit of stability given by the 
hylotropic models remains a good approximation for any accretion rate. Moreover, 
the numerical simplicity of these models allows for a broader view of the parameter 
space. In particular, we see that for the central temperatures set by H-burning the 
GR instability cannot be reached if the stellar mass does not exceed = 10° Mo. 
Moreover, the GR instability always requires the convective core to contain a mass 
> 10* Mo. 

Rotation plays a prominent role in the stability of SMSs. Near the GR instability, 
the dimensionless ratios 8, 2GM,./rc? and P/pc? are all of the order of a percent. 
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It implies that the positive and negative integrals at the right-hand side of equa- 
tion (5) represent typically a percent of the total internal and gravitational energies 
of the star, respectively. Thus, other small effects, that have negligible impact on 
the hydrostatic structure of SMSs, can play a critical role on the dynamical sta- 
bility of these structures. This is the case for rotation: the slow rotation velocities 
(~ 0.1 Qg) consistent with the OT-limit correspond to rotational energies of the 
order of Q0?/02. ~ 1% of the gravitational energy of the star (equation 4). The 
rotational corrections to equation (5) are thus of the same order as the 6- and 
GR-terms. For these slow rotations and small GR corrections, however, the rela- 
tivistic rotation terms are expected to be of second order, and can be neglected in 
the determination of the stability limit. Including the Newtonian rotation term to 
equation (5), we obtain®4 


4 Q? GM. 2G 8 P \ GM, 
2T = / P / "dM, I Ta "dM, 
ie pese 9J Qy r rc? 3 pc? T g (6) 


'The positive rotation term contributes to the stability of the star, and allows it to 
increase its mass by orders of magnitude beyond the non-rotating limit.?4 37 

The limits of stability for rotating Pop III and Pop I SMSs are shown in figures 6 
and 7, respectively.?^ The limits have been derived from hylotropic structures, on 
which rotation profiles are defined by local angular momentum conservation in the 
radiative envelope and solid rotation in the convective core. Each layer of the radia- 
tive envelope is assumed to keep the angular momentum it advected at accretion, 
defined as a faction f of the Keplerian angular momentum at the accretion radius 
given by equation (1). The angular momentum of the core is then given by that 
advected from the envelope. We see that the limits start to be shifted by rotation 
as soon as f Z 0.1%, while for f ~ 196 they are already shifted by 3 orders of mag- 
nitudes towards larger masses. The lower central temperatures of the Pop I models 
allows for slightly larger masses when f ~ 0.1%, but when f ~ 1% the limits do 
not depend anymore on the thermal properties of the star, and are uniquely given 
by f. In this regime, indicated by the red areas on the diagrams, the gas term in 
equation (6) becomes negligible compared to the rotation and GR terms, which 
means that rotation becomes the main stabilising agent against the destabilising 
GR corrections. An interesting consequence is that the profile of the spin parameter 
at the onset of the instability, which is key regarding black hole formation, becomes 
*universal', that is, uniquely given by the mass-fraction of the convective core. 

For typical conditions of atomically cooled halos (Pop III, M X 1 Mọ yr-!), the 
OT-limit imposes f < 0.1 — 0.2% (figure 4). In this case, rotation can increase the 
final stellar mass by up to a factor ~ 2, which does not allow to exceed 10° Mo. As 
mentioned in section 3, this low value of f results from the instantaneous angular 


momentum transport in the deep convective envelope. Interestingly, the depth of 
the envelope decreases significantly for larger rates, and values f ~ 1% appear 
consistent with the conditions of merger-driven direct collapse. In this formation 
channel, masses up to 10° — 10? Me could be reached before the GR instability. 
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Fig. 6. Limits of GR stability for rotating Pop HI SMSs, derived from the hylotropic models 
with Te = 1.8 x 105 K. The diagram represents the mass of the SMS as a function of the mass of 
its convective core. The various limits are obtained with the indicated values of the fraction f of 
accreted angular momentum over the Keplerian angular momentum (solid red lines). The limits 
are also shown for constant ratios of rotational to gravitational energies (dotted red lines). The 
coloured areas denote the relative importance of the 6 term (gas term) and the rotation term in 
the stability of the star (equation 6). The black-blue-cyan tracks are the same GENEC models as 
in figure 5. (Figure from.?^) 


Since masses > 109 Mo are required for SMBH formation in the Pop I case, the 
black hole seeds in merger-driven direct collapse must have masses 109 — 10? Mo, 
which implies that the different channels of direct collapse lead to distinct ranges 
of seed's mass. 


5. SMBH formation and observational signatures of direct collapse 


The final collapse of SMSs has been followed with a large number of GR magneto- 
hydrodynamical simulations.!6:39.36 In the Pop III case, the collapse is found to 
lead to the direct formation of a SMBH, that contains = 90% of the total stellar 
mass. A fraction ~ 1 — 10 96 of the mass can remain in orbit outside the horizon at 
the formation of the black hole, provided rapid enough rotation. This gas further 
collapses through the horizon, with possible gravitational wave emission detectable 
by future space-based observatories. Moreover, in the presence of magnetic fields, 
relativistic jets could be launched and trigger ultra-long gamma-ray bursts. Thus, 
the final collapse of SMSs provides the most promising possibilities for observational 
signatures of direct collapse and the existence of SMSs. 
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Fig. 7. Same as figure 6 for the Pop I case (Te = 0.85 x 108 K). (Figure from.?4) 


Rotation is key since only the centrifugal barrier allows for the survival of a 
slowly decaying torus, and prevents the direct engulfment of the whole stellar mass 
by the black hole in a dynamical time. Figures 8 and 9 show the profiles of the 
spin parameter cJ,/GM? (where J, is the angular momentum of the mass M,) 
for the hylotropic models of figures 6 and 7, taken at the onset of the instability. 
'They correspond to typical conditions of atomically cooled halos and merger-driven 
direct collapse, respectively. In each case, the profiles are shown for three differ- 
ent core mass. The convective core is recognisable as the only region where the 
profiles departs from each other, as a result of the angular momentum transport 
by convection. In contrast, the profiles match each other in the radiative envelope, 
reflecting the angular momentum accretion law. We see that the solid rotation of 
the core maintains the angular momentum distribution decentralised. Notice that 
the profiles of figure 9 correspond to the ‘universal’ profiles obtained when rotation 
becomes the dominant stabilising agent. 

From these rotation profiles, the fraction of the outer mass that has enough 
angular momentum to remain in orbit at the formation of the black hole can be 
estimated analytically by comparison with the angular momentum of the innermost 
stable circular orbits (ISCOs).?? It is found to be significant only for the conditions of 
merger-driven direct collapse, and for fully convective SMSs, as indicated by the red 
squares in figures 8 and 9. The low angular momentum (f ~ 0.2%) required in the 
context of atomically cooled halos prevents the formation of an orbiting structure, 
and even for f ~ 1% convection is required in the whole stellar interior for the 
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Fig. 8. Profiles of the spin parameter cJr/GM2 at the onset of GR instability, for typical con- 
ditions of atomically cooled halos. The profiles (solid lines) are shown for three hylotropes with 
different core mass-fraction Mcore/M: the black profile corresponds to a fully convec- 
tive star Mcore = M (polytrope), the dark blue profile corresponds to Meore/M = 60% 
and the light blue profile to Meore/M = 25%. The white squares indicate the surface (i.e. 
the total mass) of the three models (the polytrope has the lowest mass, Mcore/M = 25% 
the highest). Only for the fully convective model a comparison with ISCO angular momentum 
suggests that a tiny fraction of the outer mass (c 196M) remains in orbit outside the horizon 
at black hole formation, which is indicated by the red square. The black dashed line shows the 
angular momentum accretion law. The red dashed line indicates the maximum value of the spin 
parameter consistent with Kerr black holes. (Figure from.?4) 
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Fig. 9. Same as figure 8 for typical conditions of merger-driven direct collapse. Here, the outer 
mass fraction of the fully convective model that remains in orbit at black hole formation represents 
~ 1096 of the stellar mass (red square). (Figure from.?^) 


2878 


angular momentum to be sufficiently decentralised. Overall, these models suggest 
that gravitational wave emission and ultra-long gamma-ray bursts at black hole 
formation are consistent with the conditions of galaxy mergers, but not with those 
of atomically cooled halos. In both scenarios, the centrifugal barrier is inefficient 
to prevent the direct formation of a massive black hole seed at the collapse of the 
supermassive stellar progenitor. 


6. Summary and conclusions 


SMSs represent promising candidates for the progenitors of the SMBHs that power 
the most massive quasars detected at redshifts 6 — 7, since direct collapse appears as 
the most efficient scenario to form SMBHs in short timescales. This scenario faces 
several bottlenecks, however, but solutions have been proposed to all of them. The 
angular momentum problem represents certainly one of the strongest, as discussed 
in section 3. 

In spite of the low spins imposed by the OI-limit (section 2, figure 3), rotation 
impacts critically the life and death of SMSs. As an outstanding effect, it allows 
rapidly accreting SMSs to increase their final masses by several orders of magnitude 
compared to the non-rotating case, before they reach the GR instability and collapse 
into a SMBH (section 4, figures 6-7). According to hylotropic models, the masses 
of the black hole seeds belong to distinct ranges depending on the direct collapse 
channel: 


e 10° Mo X M € 106 Mo for atomically cooled halos; 
e 10° Mo X M € 10? Mo for merger-driven direct collapse. 


Moreover, the conditions of merger-driven direct collapse are expected to be more 
favourable than those of atomically cooled halos for gravitational wave emission and 
ultra-long gamma-ray bursts at the collapse of the SMS (section 5, figures 8-9). 

Many uncertainties remain, however, in these scenarios, most of them relying on 
the lack of consistency of the models for the formation of the black hole seed itself. 
Due to their hypothetical nature, SMSs have been much less studied than other 
classes of stars, and the picture given here deserves to be refined by additional 
models accounting for full stellar evolution up to the largest masses and accretion 
rates, including a self-consistent treatment rotation, multiplicity and radiative feed- 
back. In particular, reliable theoretical predictions for the observational signatures 
of SMBH formation by direct collapse require precise determination of the proper- 
ties of the stellar progenitor. In that respect, the future generation of space-based 
telescopes and gravitational wave observatories could unveil the most massive stars 
ever formed in Universe's history. Interestingly, according to the models described 
here, the maximum mass of these stars is set by the interplay between general 
relativity and rotation. 
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The quest for high redshift Fast Radio Bursts (FRBs) is ongoing with telescopes such 
as the Five-hundred-meter Aperture Telescope (FAST) and the Green Bank Telescope 
(GBT) looking for highly dispersed events. If FRB-producing systems exist at early times, 
such sources would provide new unique ways to probe cosmic dawn and Reionization. 
On one hand, FRB dispersion would allow us to probe the history and topology of 
Reionization. On the other hand, number counts of high redshift FRBs would indirectly 
probe galaxy formation at high-redshifts. Here we consider prospects of advancing our 
understanding of the first billion years of cosmic history with high-redshift FRBs. 


Keywords: High redshift Universe, Fast Radio Bursts 


1. Introduction 


'The field of cosmology experienced breathtaking growth in the past several decades. 
Owing to the measurements of the Cosmic Microwave Background (CMB) by tele- 
scopes such as WMAP,! Planck? and others, which reveal a snapshot of the Universe 
shortly after the Big Bang, we now know that the Universe is well-described by a 
rather simple six-parameter model (ACDM) in which the total energy balance is 
share between dark energy (A), dark matter (that is usually assumed to be cold), 
baryons and radiative degrees of freedom. 

The CMB is also sensitive to the process of reionization. The Epoch of Reion- 
ization (EoR) is often referred to as the last phase transition in the history of 
the evolution of the Universe.?:^ During the EoR the ultraviolet light produced by 
young stars in early populations of galaxies ionized the previously neutral inter- 
galactic medium (IGM) turning it into hot plasma. The EoR imprints faint traces 
in the CMB via the scattering of CMB photon off the ionized gas. Therefore, al- 
though the effect is very weak, the CMB observations can be used to constrain this 
epoch. The redshift of reionization, as inferred from the CMB data, is ~ 7.5 +0.82.? 

'The CMB observations have greatly advanced our understanding of cosmology. 
Given the richness of information extracted from the CMB and the amount of sci- 
entific discoveries stemming from these data, it is surprising to realize that the 


CMB probes only a thin (nearly 2-dimensional) volume of the Universe located at 
z ~ 1100 when the Universe was only 0.4 million years old (for comparison it is 
13.8 billion years old today). However, the CMB observations are only weakly sen- 
sitive to the processes at later times. Located between the CMB last scattering 
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surface and us are multiple layers of cosmic history harbouring events such as the 
formation of first dark matter halos massive enough to accret and cool gas, forma- 
tion of the first stars and galaxies, and other processes, which cannot be probed by 
the CMB. 

By probing the late-time Universe, large scale structure and galaxy surveys pro- 
vide complimentary information to what is found in the CMB. These measurements 
are of the evolved cosmic web and mature populations of galaxies (for example, the 
Dark Energy Survey measured ~ 300 million galaxies?). Much like the CMB these 
data helped to advance our understanding of the Universe. We now know that the 
expansion of the Universe is accelerated, low-redshift observations provide ample 
opportunities to test General Relativity across a wide range of regimes, and we can 
test galaxy formation theories with data. 

However, despite this impressive effort, we do not have the whole picture of how 
the Universe transitioned from the pristine primordial state observed in the CMB to 
the evolved state in which it is found today. Even the state-of-the-art observations 
are limited and can only probe a small part of cosmic history. Large surveys mostly 
cover our cosmic neighbourhood (out to z ~ 3) with only the brightest objects ob- 
served at higher redshifts (although using clusters of galaxies as gravitational lenses 
can help to grasp a more representative picture of the high-redshift Universe). In 
addition, some of the low redshift observations are inconsistent with the CMB data 
(e.g. the Ho discrepancy”), and so the true state of the Universe remains ambiguous. 
Moreover, the elegant and simple ACDM theory itself suffers from several shortcom- 
ings. To name a few: the nature of dark matter and dark energy, which together 
compose ~ 95% of the total energy density in the Universe, is undetermined; not 
all baryons that are measured from the CMB are accounted for at lower redshifts 
(the missing baryon problem); we have already mentioned the infamous Ho tension; 
galaxy formation is not fully understood as well as the structure and composition 
of the IGM. Finally, the first billion years of cosmic history remain poorly explored. 

FRBs, transient radio signals of yet unestablished nature, might result to be 
unique probes of the EoR, thus advancing our understanding of the first billion 
years of cosmic history. High-redshift FRBs, if exist, would probe the EoR in a 
unique way compared to the established tracers such as the high-redshift quasars, 
galaxies and the CMB. Thus, if a sample of high-redshift FRBs is collected, they 
will offer new ways to probe cosmology. 

FRBs are significantly dispersed by the ionized medium distributed along the 
path between the sources and the observer. For most of the detected FRBs, the 
observed dispersion of FRB pulses, quantified in terms of dispersion measure (DM) 
is much larger than the contribution of our local environment. Therefore, it is now 
known that the overwhelming majority of FRBs are of extra-Galactic origin. For a 
typical FRB the largest contribution to the dispersion is from the ionized intergalac- 
tic medium, DMI€M, which depends on the number density of free electrons along 
the line of sight. For FRBs coming from redshift z, the mean IGM contribution is 
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given by 


———IGM ae / 
= 1 
DM ~~ (z) n Care [ His A y ABL d (1) 


where the first integral is along the line of sight with dl being the line element. 
ne(z’) is the mean number density of free electrons at redshift z’, c the speed of 
light and H(z’) is the Hubble expansion rate. The electron density directly depends 
on the ionized fraction of hydrogen z;(z), which at high redashifts traces the EoR. 
We will refer to the redshift dependence of the ionized fraction, z;(z), as the EoR 
history. Dependence of DM!“ on redshift is illustrated in Figure 1 (image credit: 
A. Tocher). 


Redshift 


Fig. 1. Dependence of DM!9M on redshift (top) and cartoon of the corresponding EoR history 
(bottom). Blue regions are the neutral patches, red regions are ionized, yellow markers represent 
star forming regions. Coloured crosses (top) correspond to three randomly generated FRBs and 
coloured lines (bottom) are the corresponding lines of sight through the EoR. Illustration credit: 
A. Tocher. 


At low redshifts FRBs have already proven to be valuable cosmological probes. 
Dependence of DM!€M on the cosmological redshift, z, of the FRB hosts (e.g., see 
Figure 1) could pin down properties of the IGM?: 11:1? and probe cosmological pa- 
rameters. 10:11:15,191 To give an example, with a sample of localized low-redshift 
FRBs (host redshifts of z < 0.66), Macquart et al. (2020)!! showed that the dis- 
persion measure of these transients depends on the baryonic content of the Uni- 
verse (along the line of sight) and, thus, can help identifying the missing baryons 
in the IGM by counting the total number of baryons along the line of sight. For 
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higher redshift FRBs, theoretical predictions show that a population of FRBs at 
z ~ 3 — 4 could be used to constrain helium reionization occurring around redshift 
z ~ 3.5,22 ?9 while signals from z > 5 would primarily trace the evolution of the 
hydrogen ionization state, and, thus, probe the EoR.!? 

Constraining the high-redshift Universe with FRBs might be observationally 
plausible as the existing telescopes such as the Five-hundred-meter Aperture Tele- 
scope (FAST) and the Green Bank Telescope (GBT) can in principle detect bright 
signals out to z ~ 10, i.e. deep into the EoR.8 14 The future Square Kilometre Array 
(SKA) will be capable to map the FRB sky detecting thousands of sources from 


early times.10:33 


2. Tracing reionization with FRBs 


If found, high redshifts FRBs could be used as probes of the EoR owing to the 
dependence of DM!9M on n-(z’) and, through it, on the EoR history, x;(z). 

Existing constraints on the EoR are very weak. The CMB optical depth, defined 
as 


T= J cn. dl, (2) 


where ø is the scattering cross-section, is measured from the CMB data (e.g. state- 
of-the-art constraints from Planck?) with the relative error being at the level of 
6 — 1096. This large uncertainty in 7 degrades precision with which other cosmo- 
logical parameters are measured (e.g. see the discussion by Liu et al. (2015)?7). For 
example, the effect of the EoR on the CMB is degenerate with the amplitude of 
primordial fluctuations from inflation A,. Additional constraints on the EoR come 
from quasar observations. For instance, using the dark fraction of Lyman a and 68 
forest observations in tandem with Planck measurements Greig & Mesinger (2017)?5 
constrain the redshift of the midpoint of reionization to ~ 12% (at 68% confidence 
level). Observations of the hydrogen 21-cm line are predicted to eventually provide 
precise measurement of 7 as well as map the entire history of reionization. How- 


ever, currently, the EoR constraints derived from the first upper limits on the 21-cm 
29,30 


signal are very weak and only rule out the most extreme scenarios. 

Prospects of mapping the EoR with high-redshift FRBs has been discussed in lit- 
erature.10:3174 Both D M!9M and T depend on the same physical quantity, namely 
the mean number density of free electrons weighted differently with redshift (com- 
pare between Eqs. 1 and 2). Therefore, it should be plausible to extract reionization 
history from the dispersion measure of high-redshift FRBs if a large enough sample 
with host localizations is obtained. Existing works on this topic (apart from the 
recent publication by Heimersheim et al. (2021)?? which we highlight here), make 
assumptions about the reionization history that either lead to biases in the results 
or limit the constraining power of the data. In an earlier work we!? were the first 
to realize that FRBs could be used as tracers of the reionization history EoR, and 
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might allow us to significantly tighten the constraints on r. We performed a sim- 
plified estimation of the relative error in 7 showing that the expected accuracy is 
much better than the current state-of-the-art, e.g. from Planck. This work stimu- 
lated further studies (a similar analysis was later carried out by Beniamini et al. 
(2020)?1). Other examples of EoR constraints include the works by Beniamini et 
al. (2020)?! and Hashimoto et al. (2021)?? who proposed probing the EoR history 
by grouping FRBs into redshift bins and considering the difference between mean 
DM‘ in adjacent bins. Due to the binning procedure, information on each in- 
dividual FRB is lost and with it the possibility to smoothly trace the reionization 
history. In addition, in the absence of a defined z;(z) relation, this approach does 
not allow us making use of dependences (such as the monotonic growth of x;(z) 
with time) across cosmic time. 

Details of reionization history x;(z) affect the dependence of FRB dispersion 
measure on redshift,!? i.e. the functional form of DM'™ (example shown in Figure 
1). This dependence can, therefore, be used to extract the EoR history if a sample 
of high redshift FRBs (from before the end of the EoR at z ~ 5) is observed and 
localized. When extracting the EoR history from a sample of high-redshift FRBs 
it is important to keep a model-independent approach and stay agnostic about 
the true history of reionization. In Heimersheim et al. (2021)? we showed that 
assuming specific shape of z;(z) leads to biases in the derived EoR parameters. For 
example, we find that fixing the reionization history to the symmetric tanh function, 
parameterized by the duration and midpoint of the EoR, underestimates the value 
of T by ~ 10%. 


2.1. Bias-free constraints om Reionization 


Inspired by the model-independent approach adopted in the CMB community, in 
Heimersheim et al. (2021)?? we have investigated the possibility of deriving the 
EoR history from the mock data without assuming a-priory knowledge of its red- 
shift dependence. We constructed a mock catalogue of DM'!9M, host redshifts 
and associated uncertainties (see details in Heimersheim et al. (2021)3°). An il- 
lustration of our mock FRB catalogue is shown in Figure 2 (illustration credit: 
S. Heimersheim). 

In the base of our analysis pipeline is the free-form “FlexKnot” method? where 
the entire EoR history is defined by a series of free-moving knots (rather than by 
a specific functional form). For each such FlexKnot parameterization we model the 
expected dispersion measure relation, DM!C€M, and calculate its likelihood given 
the mock data (e.g. Figure 2). Finally, we employ Bayesian inference to derive 
constraints on the parameter space (including input cosmological parameters as well 
as the reionization history specified in terms of the positions and number of knots). 
'This method allows us to extract the reionization history as well as cosmological 
parameters from the mock data. Importantly, the FexKnot parametrization allows 
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Fig. 2. Illustration of our mock FRB catalogue. Illustration credit: S. Heimersheim. 


us to go over the entire space of plausible x;(z)s without making assumptions about 
their functional shapes. Thus our results are bias-free. 

In Heimersheim et al. (2021),°° we apply the described method to our synthetic 
FRB catalogue and find that strong constraints on reionization history can be ob- 
tained. Figure 3 (Fig. 1 of Heimersheim et al. (2021)) shows the constraints on the 
reionization history marginalized over individual knot locations and cosmological 
parameters (only the parameters that have effect on DM!9M were varied). In ad- 
dition, we include the CMB polarization constraint on the high-redshift portion of 
the total optical depth 7 from z = 15 — 30 (based on Planck measurements?"). 
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Fig. 3. Illustration of the prior (purple) and extracted (orange) reionization histories. Blue error 
bars show the constraints on the milestones of the EoR history, namely the start (x; = 0.1), 
midpoint (x; = 0.5) and end (x; = 0.9) of reionization. Illustration credit: S. Heimersheim. Based 
on Figure 1 from Heimersheim et al., (2021). 
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In Figure 3 we demonstrate how the method works by showing the posterior 
and prior distributions of x;(z) (indicated by the orange and purple contours re- 
spectively, with 68% and 95% confidence intervals marked by the solid lines). We 
see that the posterior provides tight constraint on the reionization history, and en- 
compasses the true reionization history used to generate the mock data (dashed 
cyan). Note that the analysis pipeline was not informed about this input history. 

We find that, owing to the model assumption that FRB number counts trace 
star formation rate, the FRB data can constrain the reionization history especially 
well at low redshift (z « 10) where the vast majority (97%) of the FRB sources in 
our synthetic catalogue are located. Because there is only a small number of FRBs 
at higher redshifts, the EoR constraints at z — 10 — 30 are much weaker. 

Owing to the flexibility of the FlexKnot method and because we have the full 
information on the EoR history for every parameter sample, we can directly con- 
strain key points of the EoR history. To demonstrate this capability, we calculate 
posterior probabilities of the start (x; = 0.1), midpoint (x; = 0.5) and end (a; = 
0.9) of reionization. The error bars are shown in Figure 3 indicating 68% and 95% 
confidence limits in start, midpoint and end of the EoR, and the numerical results 
can be found in Table 1 of Heimersheim et al. (2021). We find that with 100 FRBs 
we constrain the end, midpoint and start of reionization to an accuracy of 796, 696 
and 13% respectively at 68% confidence level, achieving a better accuracy of 5%, 
396 and 1296 respectively for the sample with 1000 FRBs. The FRB constraints on 
the midpoint of the EoR would be much stronger than the limits from quasars.?* 

Marginalizing over all other parameters, including all the possible parametriza- 
tions of reionization histories, in Heimersheim et al. (2021)?? we also derive posterior 
probability distributions for 7 from the mock samples of 100 and 1000 FRBs (see 
Figure 2 in Heimersheim et al. (2021)) and quote the detailed 68% and 95% limits 
in Table 1 of Heimersheim et al. (2021). In summary, we find that 100 and 1000 
FRBs can constrain the optical depth to 1196 and 996 accuracy respectively (6896 
confidence). Our results for 100 FRBs are competitive with the Planck? measure- 
ment, while the accuracy for 1000 FRBs surpasses that of Planck. Moreover, the 
FRB constraint on 7 is antisymmetric, owing to the sample of FRBs skewed to- 
wards the lower redshifts. Therefore, FRBs provide a much tighter lower limit on 7 
compared to that from the CMB. We also show the constraints on the amplitude 
of the primordial power spectrum. 

Further details of the method and scientific results can be found in Heimersheim 
et al. (2021).°° 

Finally, we note that, in addition to serving as cosmological probes, high-redshift 
FRBs could result to be very useful probes of high-redshift stellar populations (Pop- 
ulation III and Population II). The ambiguity regarding the sources of FRBs and 
the nature of their hosts remains with magnetars being one of the most popular 
candidates.?5:3? It is also possible that either magnetars or FRBs themselves, are 
produced as a result of stellar mergers (see discussion in Heimersheim et al. 2021). 
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In this case, the anticipated number of FRBs would strongly depend on the un- 
known initial mass function of the early populations of stars. Therefore, mapping 
the population of FRBs from the first billion years of cosmic history could shed 
light on the properties of high-redshift stars. 


3. Summary 


With this work we would like to encourage observational search for FRBs from 
the first billion years of cosmic history. Observational capability is nearly there 
with existing telescopes such as FAST and GBT sensitive enough to detect bright 
FRBs out to redshift of ~ 10, ASKAP excelling in localizing the FRBs and CHIME 
detecting large numbers of FRBs (although still at relatively low redshifts). If a 
sample of 100 — 1000 FRBs from the first billion years of cosmic history can be 
measured and localized, these events will advance our understanding of the evolution 
of the Universe in this poorly constrained regime. As we showed in Heimersheim et 
al. (2021), high redshift FRBs could offer precision constraints on the EoR history 
and optical depth as well as tightening constraints on the primordial power spectrum 
and the sum of neutrino masses. In addition, they could serve as probes of high- 
redshift astrophysics, Population III and Population II stars and binaries. FRBs 
would probe the high-redshift Universe in new way independent from all the other 
known probes (high-redshift quasars, the CMB, and the 21-cm signal of hydrogen) 
thus providing an unparalleled view of this era. 
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The redshift drift (also known as the Sandage Test) is a model-independent probe of 
fundamental cosmology, enabling us to watch the universe expand in real time, and 
thereby to confirm (or not) the recent acceleration of the universe without any model- 
dependent assumptions. On the other hand, by choosing a fiducial model one can also 
use it to constrain the model parameters, thereby providing a consistency test for results 
obtained with other probes. The drift can be measured by the Extremely Large Telescope 
and also by the full SKA. Recently two alternative measurement methods have been 
proposed: the cosmic accelerometer, and the differential redshift drift. Here we summarize 
a comparative analysis of the various methods and their possible outcomes, using both 
Fisher Matrix and MCMC techniques. We find that no single method is uniformly better 
than the others. Instead, their comparative performance depends both on experimental 
parameters (including the experiment time and redshift at which the measurement is 
made) and also on the scientific goal (e.g., detecting the drift signal with high statistical 
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significance, constraining the matter density, or constraining the dark energy properties). 
In other words, the experiment should be optimized for the preferred scientific goal. 


Keywords: Observational cosmology; Redshift drift; Extremely Large Telescope. 


1. Introduction 


'The observational evidence for the acceleration of the universe shows that our canon- 
ical theories of cosmology and particle physics are at least incomplete, and possibly 
incorrect. New physics is out there, waiting to be discovered; we must search for, 
identify and characterize this new physics. But so far, the interpretation of all our 
extant cosmological observations is model-dependent, in the sense that it requires 
a number of assumptions on an underlying cosmological model. Ideally, one would 
like some fully model-independent observables, enabling consistency tests of these 
underling assumptions. And indeed there is one conceptually simple, but opera- 
tionally very challenging, such observable: the redshift drift of objects following the 
cosmological expansion. 

'The CosmoESPRESSO team uses the universe as a laboratory to address, with 
precision spectroscopy and other observational, computational and theoretical tools, 
grand-challenge questions including the universality of physical laws, the character- 
ization of the large-scale behaviour of gravity (and specifically of the source of the 
recent acceleration of the universe) and the study of fossil relics or early stages of the 
universe's evolution, together with contributions to ESO and ESA next-generation 
facilities and to education and public understanding of science. In what follows we 
highlight recent contributions of the CosmoESPRESSO team to this fundamental 
quest, pertaining to the cosmological impact of forthcoming redshift drift measure- 
ments. Further details can be found in Ref. 1 and Ref. 2. 


2. The redshift drift and its sensitivity 


The idea that the redshift of objects following the cosmological expansion changes 
with time—known as the redshift drift— is many decades old.*^ Conceptually, a 
measurement of the redshift drift is fundamentally different from our other astro- 
physical observables. In our observations at cosmological distances done so far, we 
are mapping our present-day past light cone. Instead, the redshift drift allows us to 
compare different past light cones. More crudely, this corresponds to watching the 
Universe expand in real time. Other than being a different probe of the universe, 
its conceptual importance is that it is a model-independent probe of the expansion 
of the universe, making no assumption on geometry, clustering or the behaviour of 
gravity, and therefore of crucial importance for fundamental cosmology. 

The practical difficulty is that cosmologically relevant timescales are orders of 
magnitude larger than human ones: a measurement of the redshift drift therefore 
requires exquisite sensitivity, several orders of magnitude better than currently avail- 
able: the best currently available bound,? is about three orders of magnitude larger 
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than the signal expected for the standard ACDM cosmology with reasonable choices 
of its model parameters, and contains systematic errors comparable to or larger than 
the statistical ones. Nevertheless, measuring this drift is a key science and design 
driver for the development of the Extremely Large Telescope (ELT), and specifically 
for its high-resolution spectrograph currently known as ELT-HIRES.9 

A detailed feasibility study of high-redshift measurements by the ELT, on a 
decade timescale, was done in Ref. 7, who also discussed possible targets. It is im- 
portant to note that although ELT redshift drift measurements, on their own, lead 
to cosmological parameter constraints that are not tighter than those available by 
more classical probes (such as supernovae or the CMB) they do probe regions of pa- 
rameter space that are different from (and sometimes actually orthogonal to) those 
of other probes, enabling the breaking of degeneracies and therefore leading to more 
stringent combined constraints;! we will provide an explicit demonstration later in 
this contribution. More recently, it has also been pointed out that measurements at 
low redshifts can in principle be made by the full Square Kilometre Array (SKA),5 
while measurements at intermediate redshifts can be done by intensity mapping 
measurements such as CHIME? and HIRAX.!? Measurements of all three of these 
will require appropriate hardware configurations. 

Redshift drift measurements are a key part of what is commonly called real-time 
cosmology.'! Usually they rely on the first derivative of the redshift. Recently the 
role of second derivatives of the redshift, which should also be within the reach of the 
full SKA, has been studied by Ref.!? Fisher Matrix techniques! 14 are well suited 
for a comparative study of the cosmological impact of redshift drift measurements 
by these facilities; such a study is described in detail in Ref. 1. 

'The redshift drift of an astrophysical object following the cosmological expan- 
sion, for an observer looking at it over a time span At, is 


— = Ho [l +z- E(z)], (1) 


where for convenience we have defined the dimensionless Hubble parameter E(z) = 
H(z)/Ho, although the actual astrophysical observable is usually a spectroscopically 
measured velocity 


hea nx - — (2) 


[+2 1l+z 


The dependence on the Hubble parameter naturally leads to a model-dependent 
redshift dependence of the drift. Broadly speaking, in a universe that is currently 
accelerating but was deccelerating in the past the drift will be positive at low red- 
shifts and negative for higher redshifts, while in a universe that always deccelerates 
the redshift drift would always be negative. To give a specific example, for a flat 
ACDM model, apart from trivially vanishing at z = 0, the signal will also vanish at 


1— 30m + VIF 2m — 32, 
(3) 


Zzero = Aa , 
20,5 
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while the redshift of maximum spectroscopic velocity is 


20 ss 
vmar — | a EX 4 
n= pee o 
and the maximum of the drift itself is obtained by solving the quartic equation 
902 (1+ z)* = 404 (1 + 2) +4(1 — Nm). (5) 


More specifically, if we choose Om = 0.3 (in agreement with contemporary cos- 
mological data) we obtain Zzero =~ 2.09, Zumax ~ 0.67 and Zz max ~ 0.95. It is 
interesting to note that for flat ACDM with Om = 0.3, the acceleration phase does 
start at redshift 2, maxz, while the cosmological constant only starts dominating the 
Friedmann equation at 


1—0,)1!/? 
om [a i 
which for Qm leads to z4 ~ 0.33. 

We can analytically explore the sensitivity of the redshift drift to the cosmolog- 


ical parameters, for a fiducial flat CPL model.!5:16 In this case we can write the 
Friedmann equation as 


E? (2) 2 Q4 (1 + 2)? + Q4(1 + z)9 moto) exp |- — . (7) 
z 
It is also convenient to define a dimensionless redshift drift 
1 Az 
m — = hi —-E ; 
ee h+- EQ) (8) 


where we have defined Ho = hHioo with H100 = 100 km/s/Mpc; the corresponding 
observable spectroscopic velocity will be denoted 


S, = Av = kh | = — l (9) 
In these we have introduced k = cHio94AM, which is a constant parameter for a 
given observation time, with units of cm/s: for At = 1 year, k = 3.064 cm/s. 
This provides a rough estimate of the magnitude of the signal in the relevant time 
span, and therefore also an estimate of the required sensitivity of the spectroscopic 
measurements. Then for each cosmological parameter p; the sensitivities of S, and 
S, are related via 


OS, /Op; k 


ae . 10 
0S./0pi l+z ( ) 
For our fiducial model we can then find the following sensitivities 
29: —1-4z- E(z) (11) 
OS, h(1 + z) 


—3Wez 
— — —— MR = 3(wot+wa) ee 
D, DEC) 1— (1-4 2z) exp | EF | (12) 
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OS. = 3h(1 = Qm) 3(14+-wo+wa) —3waz 
OS. 3h(1— Nm) 3(1+wo+wa) z —3wez 
eS Se worwa) |]n (1 — — » (14 
Duc aEG) (it?) ues aee ce 99 


Note that the sign of the 0S; /Oh term will depend on redshift, while those of the 
other derivatives are always negative for observationally reasonable values of the 
model parameters. 

Some sensitivity ratios are also illuminating. Consider that of the two dark 
energy equation of state parameters 


OS,/0 
LLL NEN RE (15) 
0S. /Owo (1+ z) In (14 z) 
as one would expect this approaches zero as z — 0 and unity as z — oo. On the 
other hand, comparing the sensitivities to the matter density and the present-day 


dark energy equation of state one finds 


ason, a — 1-Qraemee [See] 
OS, /Owo B = aL y)3(wo+wa) —3waz 4 
3(1 — Qm) In (1 + z)(1 4+ z) exp |= 


which tends to (—wo)/(1 — Qm) as z > 0 and to infinity as z — oo (though note 
that in this we are neglecting the radiation density). Considering the specific case 
of a fiducial ACDM model with Qm = 0.3, at z = 1, the ratios are respectively 


OS,/OWa _ 
0S,/0w9  2mn2 . ves a 
882 /IQ 7 


ON 4 18 
OS, /Owo 2.11n2 ( ) 


Finally, it is also illuminating to consider the low-redshift limits of the various 
derivative terms. To obtain them, one uses the fact that as z + 0 we have 


E(z)=1+ : [1 + (1 2 Q4)wo] z + O(2?). (19) 
For the derivatives with respect to h, Qm and wo we then find, respectively 
oe ; : [1 +3(1 — Qu )wo] 2 (20) 
A — — (21) 
— — -Žr — Nm)z (22) 


while that with respect to Wa (whose value, interestingly, does not affect any of the 
other three) is of higher order. 

Figure 1 depicts the redshift dependence of the two observational sensitivities, 
0S, /O0p; and 05; /Opi, for a flat ACDM fiducial model with Qm = 0.3 and h = 0.7. 
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Sensitivities of the spectroscopic velocity (top panel) and of the redshift drift signal 
ottom panel) to the cosmological parameters in the parametrization, for a flat 
b l h logical in the CPL izati f flat ACDM 


fiducial. For plotting convenience the sensitivities to h and Qm have been divided by a factor of 


10 in the top panel and by a factor of 20 in the bottom panel. The zero sensitivity line is shown 
in black. Similar plots can be found in Figure 4 of Ref. 1. 
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Note that the two are slightly different, being related by a redshift-dependent factor. 
Also note the different units in the vertical axes of the two panels: 0S,/0p; is 
dimensionless, while 9S, /O0p; has units of cm/s. 

As expected the sensitivity on the dimensionless Hubble constant h (which is 
proportional to the redshift drift signal itself) is the only one that changes sign; this 
and the sensitivity on Qm are also larger than those on the dark energy equation of 
state parameters wo and Wa. Nevertheless, the most noteworthy point is that the 
various sensitivity curves have different redshift dependencies. While the matter 
density sensitivity increases monotonically (in absolute value) with redshift, those 
of wo and w, are maximal at around the onset of acceleration (just below z = 1, 
with the value being slightly different for S, and Sz), and the former has a stronger 
redshift dependence than the latter. This is important because it implies that as 
long as one is able to do these measurements at sufficiently broad redshift ranges 
there should not be strong covariances between the parameters.! 


3. Three experimental strategies 


As previously mentioned, redshift drift measurements are unique in comparing dif- 
ferent past light cones in a fully model-independent way, rather than mapping our 
present-day past light cone. Nevertheless, these measurements can complement tra- 
ditional probes in constraining specific cosmological models. Indeed they have an 
important role to play here, since they do probe different regions of parameter space, 
enabling the breaking of key degeneracies upon combination. One may therefore ask 
how an experimental strategy aimed at maximizing the cosmological constraining 
power of the redhift drift (on its own or in combination with traditional probes) 
compares with a strategy aimed at maximizing the statistical significance of the 
detection of the drift signal itself. 

'This is a particularly pressing question since two other approaches to detecting 
the redshift drift have been recently proposed. The Cosmic Accelerometer!” 
to lower the cost of the experiment, while the Acceleration Programme!? proposes 
to measure the differential redshift drift between two non-zero redshifts, rather 
than measuring the drift with respect to today. In Ref. 2 we again used Fisher 
Matrix techniques in a comparative study of the cosmological impact of the three 
approaches. The fiducial model choices were also those described above, to maintain 
consistency with Ref. 1. Herewith we introduce these alternative strategies and 
summarize the results of this analysis. 

The case study for redshift measurements by the ELT has been done in Ref. 7. 
The measurement relies on absorption features in the Lyman-a forest, comple- 
mented by metal absorption lines redwards of it. The main practical result of this 
study is that the spectroscopic velocity uncertainty is well described by 


2370\ | 30 [f1-4zqQsoV ^ 
v — Oe FERT "XT 1 B m , 2 
j= (Sx) Noso ( z ) cm/s (23) 
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where the last exponent is À = 1.7 up to z = 4 and A = 0.9 for higher redshifts. 
Consistently with this and also with the latest top-level requirements for the ELT- 
HIRES spectrograph,? we assume that each measurement has a signal to noise 
ratio S/N = 3000 and uses data from Noso = 6 quasars; as baseline values we 
take c, = 1.35 and an experiment time At = 20 years, but we also explore different 
choices for these two parameters. The ELT can measure the redshift drift in the 
approximate redshift range 2.0 € z < 4.5. The main bottleneck, in addition to the 
spectrograph stability which is thought not to be a bottleneck," is the availability of 
bright quasars providing the required signal to noise in reasonable amounts of tele- 
scope time. The discovery of additional bright quasars will improve the experiment 
feasibility, so our previously reported ELT analysis? might be conservative. 

The first alternative, dubbed the Cosmic Accelerometer!’ (henceforth CAC) 
can be crudely thought of as a low-cost version of the ELT experiment, relying on 
commercial off the shelf equipment. The proposal is part of the Astro2020 decadal 
survey, and to our knowledge no detailed feasibility study has been carried out so 
far. We therefore take at face value the spectroscopic velocity uncertainty given in 
the proposal white paper 


6 


exp 


cm/s, (24) 


Oy = Oc 


with the baseline value of oe = 1.5 and that of the experiment time terp = 6 years; 
the authors of the decadal survey proposal state that a further advantage of this 
approach would be a detection of the redshift drift on a shorter time scale than 
that of the ELT. In any case, we will again explore the impact of different values of 
these parameters. The redshift ranges probed are, in principle, similar to those for 
the ELT. 

The second alternative is the Acceleration Programme!? (henceforth APR), 
which uses the ELT as described above but proposes to measure the drift between 
sources at two different non-zero redshifts along the same line of sight. This is to be 
compared to the standard approach, where one of these redshifts is always z = 0. 
'The measured quantity in this case will be a spectroscopic velocity difference, which 
making use of previously introduced definitions we can write as 


Avir = (cHoANt) E : = p | (25) 


where z, and z; are the redshifts of the reference and intervening sources, implying 
that zi < zr. The rationale for this proposal is that for some choices of redshifts the 
absolute value of the detected drift signal (or, more precisely, that of the correspond- 
ing spectroscopic velocity) can be significantly larger than in the standard approach. 
Since the absolute value of the spectroscopic velocity uncertainty of the measure- 
ment, dy, is determined by the spectrograph’s technical specifications, maximizing 
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the value of the signal to be detected leads to an increased statistical significance 
of the detection. 


4. Cosmological constraints based experimental trade-offs 


Our main comparison diagnostic is the derived uncertainty in the cosmological pa- 
rameters being considered, specifically the matter density fraction and the CPL 
dark energy equation of state parameters. Our fiducial model for the comparison is 
flat ACDM, with Q,, = 0.3, Ho = 70 km/s/Mpc, wo = —1 and wa = 0. 

To compare the ELT and CAC it is convenient to assume a single measurement of 
the redshift drift. Clearly, even for a flat ACDM fiducial model a single redshift drift 
measurement can't simultaneously constrain the Hubble constant and the matter 
density, so one adopts ample uniform priors for both of these. We can then explore 
the impact of choices of normalization of the spectroscopic velocity uncertainties 
(oe and ce), of the experiment time, and of the redshift at which the measurement 
is made. Our specific metric in this case be the posterior matter density constraint, 
Cm. 

The crucial point for this analysis, already discussed and illustrated in Fig. 1 
is that the cosmological parameter sensitivities of the redshift drift are redshift- 
dependent.' This sensitivity must therefore be convolved with the spectroscopic 
velocity uncertainty of each experiment, bearing in mind that the ELT one is redshift 
dependent (cf. Eq. 23) while the CAC one is not (cf. Eq. 24), at least if one takes 
the CAC proposal at face value. 

In a nutshell, the main result of this comparison is that for identical experiment 
times the CAC does better, though the difference decreases for larger redshifts. A 
possible advantage of the CAC (in addition to cost) would be a lower experiment 
time. The top panel of Figure 2 compares the constraints on om for a 6 year CAC 
and a 20 year ELT experiment, and one finds that in these circumstances the ELT 
does clearly better at the redhsifts of interest—up to 62% better. The reason for 
this is clear. While absolute uncertainties c, may be smaller for the CAC, the 
relative ones will be larger due to smaller experiment times, since a key feature of 
the redshift drift is that the signal grows linearly in time. The bottom panel of the 
same figure compares both experiments at 20 years; in this case the CAC is more 
constraining—by up to a factor of six for measurements around redshift z ~ 2. 

We therefore see that an experiment optimized to detect the redshift drift signal 
is not necessarily optimized to constrain particular cosmological models, or indeed 
specific model parameters. In the example of Figure 2 the constraints on the matter 
density can be substantially different, but those on the Hubble constant never differ 
by more than a few percent.? 

Analogous results ensue when comparing the parameter uncertainties in the 
canonical redshift drift and the differential redshift drift, for the CPL parame- 
terization. To remain consistent with the work on the canonical redshift drift,! 
in Ref. 2 we used a set of five redshift drift measurements at reference redshifts 
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CAC (6 years) vs ELT (20 years) 
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Fig. 2. Ratio of the constraints on the matter density (om) from a single redshift drift measure- 
ment by the CAC and ELT, as a function of the redshift of the measurement (z) and the velocity 
uncertainty (cz), with a CAC experiment time of 6 or 20 years (top and bottom panels), and 20 
years for ELT in both cases. A ratio larger than unity implies that the ELT measurement is more 
constraining. An alternative depiction of this comparison can be found in Figure 2 of Ref. 2. 
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Fig. 3. The sensitivities of the differential redshift drift to the cosmological parameters Qm (top) 
and wo (bottom), as a function of the reference redshift zr and the ratio of intervening and reference 
redshifts z;/zr. The colormaps show the sensitivity in cm/s per year of observation, and the black 
curves show the locus of zero sensitivity (for Qm there is no such non-trivial locus). An alternative 
depiction of these sensitivities, also for h and wa, can be found in Figure 3 of Ref. 2. 
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zr = (2.0,2.5,3.0,3.5, 4.5], and a 20 years experiment. As for the choice of inter- 
vening redshifts one may consider two representative choices one with all z1 = 0.67 
(this being the redshift with maximum positive spectroscopic velocity for our choice 
of fiducial model) and another numerically determined with the goal of maximiz- 
ing the Figure of Merit for the dark energy equation of state parameters, wo and 
Wa, defined as the inverse of the area of the one-sigma confidence contour in the 
two-dimensional parameter space. 

'The results, further detailed in Ref. 2, confirm that amplifying the signal for the 
redshift drift does not necessarily improve the uncertainties of any parameters. How- 
ever, the numerically determined set of redshifts shows that in ideal circumstances 
the uncertainties for wo and Wa can be improved by one to two orders of magnitude 
with respect to the canonical redshift drift, while the uncertainties for h and Om 
were also improved. Nevertheless this advantage is diluted when priors are added, 
due to relatively high non-diagonal terms in the Fisher matrices. (In particular, we 
see that constraints on the dark energy equation of state parameters are dominated 
by the priors, making the ratios of the corresponding uncertainties become unity.) 
It will be important to validate these results though a MCMC analysis. 

These results can be understood by calculating the sensitivity coefficients of the 
differential redshift drift to our four cosmological parameters, O(Av;,)/Op, where 
p is one of (h, Qm, Wo, Wa), These are analogous to the ones shown in Fig. 1 for 
the standard redshift drift, except that they now depend on both the reference and 
intervening redshifts. As expected, one finds that the sensitivity to Qm is much 
larger than the others. Crucially, the sensitivity to Qm is maximized for z; = 0 and 
maximal z,: in other words, if the goal is to constrain Nm, the canonical redshift 
drift measurement is always the optimal strategy. On the other hand, for the other 
model parameters the differential redshift drift can provide tighter constraints. 


5. Synergy with classical cosmological probes 


Throughout this analysis, it has become clear that optimal constraints on the back- 
ground quantities dynamically involved in the redshift-drift require wide redshift 
intervals to take advantage of the individual parameter sensitivities over the expan- 
sion history. This justifies, inter alia, the complementarity of redshift drift experi- 
ments, whose main candidates are embodied by the phase-2 SKA for low-redshift 
spiral galaxies and the ELT for distant quasars. Indeed, as previously pointed out, 
not only do these experiments complement each other, but there are also hints that 
they present promising synergies with traditional cosmological probes, potentially 
allowing to achieve more stringent joint constraints over cosmological parameters of 
the concordance model and its extensions.! Specifically, the fundamentally different 
nature of the redshift-drift experiment with respect to CMB, SNe, galaxy cluster- 
ing, or weak lensing experiments, allows for novel correlations within the relevant 
parameter space, witnessed by degeneracy breaking. As a consistency check and 
to gain further insights on the degeneracies of the dark energy parameters, it is of 
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great interest to complement current Fisher forecasts with a more thorough MCMC 
analysis for accurate sampling of the distributions. 

Similarly to the previous section, we account for a possible dynamical behavior of 
dark energy with two degrees of freedom, wo and wa, through the CPL parametriza- 
tion. The mock dataset for the ELT is generated according to the prescriptions of 
the third section for 30 QSOs populating 5 redshift bins between z — 2 and z — 4.5. 
As for the total uncertainty over the simulated data, Eq. (23) is used with a some- 
what more optimistic value of unity for ge, reflecting the fact that redshifts are 
measured only at two distinct times (the underlying motivation is to compare the 
full potential of the redshift-drift against tight CMB and SNe constraints). More- 
over, random noise is generated from a Gaussian distribution around the theoretical 
redshift-drift value, with a standard deviation of e; to mimic genuine measurements 
from Lyman-a forests. As for the phase-2 SKA galaxy sample, 5 bins are generated 
between redshifts 0.2 and 1.0 with redshift-dependent relative uncertainties of 1096 
following recommendations of previous estimations,!? to which is added the same 
artificial Gaussian noise over the theoretical signal. 

We implemented the theoretical redshift-drift signal to the dynamical landscape 
at the background level within the Boltzmann solver CLASS.?! The theoretical 
drift is constrained to follow Planck 2018's cosmology?? not to bias the relative 
distributions and to ease the comparison. The true posterior is then sampled with 
the Bayesian sampler MontePython?? in which we integrated the simulated datasets 
and the scripts to generate the associated Gaussian likelihoods. The priors over all 
relevant cosmological parameters are consistent with the ones used in the Planck 
analysis. 

'The most noteworthy results from the forecast illustrated in Fig. 4 are first that 
there is no significant deviation from Gaussianity within the distribution, which 
further legitimates previous Fisher analyses. More importantly, one can note the 
remarkable degeneracy breaking of the redshift drift probability density function 
on most of the parameters with respect to the other probes. In particular, the 
clear degeneracy within the wo—w, space tends to suggest that the joint analysis 
of classical probes with future redshift drift datasets could further improve the 
constraints on the first-order term of the CPL parametrization and therefore work 
toward a better characterization of the possible dynamical behavior of dark energy. 
Here, the contribution of the low redshift SKA2 sample is important to this endeavor 
as it probes the dark energy-dominated era and allows to reveal a positive correlation 
between the two parameters whereas wo and we, are anticorrelated for the other 
current cosmological observables. Nevertheless, one should keep in mind that such 
a combination of datasets requires particular attention to the possible correlations 
between probes and individual systematics. 

That being said, in the light of these results, we should expect a consistent 
gain in the constraints on Qm, wo, and Wa with this type of configuration for SKA 
and ELT from the joint analysis of the redshift drift measurements with current 
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CMB (TT, TE,EE) + BAO 
CMB (TT,TE,EE) + BAO + SNe 
Redshift drift (SKA2 + ELT) 


Fig. 4. Marginalized posterior distributions in the space {Qm,Ho,wo, wa} for the joint contri- 
bution of redshift drift experiments (red), CMB experiment with BAO measurement (teal) and 
CMB + BAO + supernovae (yellow). The data considered for the redshift drift experiments are 
the mock SKA2 and ELT samples whereas classical probes (CMB, BAO, SNe) are respectively 
taken from Planck, BOSS DR12, and the Pantheon supernovae samples. 


cosmological probes. In the near future, a better instrumental characterization of 
these facilities is likely to refine the present conservative forecasts, and the CAC 
program, as well as intensity mapping experiments, will provide more data samples 
and homogenize the covered redshift range. Furthermore, by the time of the first 
observations of the redshift drift, next-generation galaxy surveys (Euclid, DESI), su- 
pernovae surveys (Vera C. Rubin Observatory) but also CMB experiments (Simons 
observatory, CMB-S4) will improve individual constraints, although in absence of 
new observable to present different correlations, these experiments will still highly 
benefit from the redshift drift degeneracy breaking. 
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6. Conclusions and outlook 


The era of redshift drift measurements (rather than upper limits) is coming. These 
experiments need to be optimized for a specific purpose, which might be the de- 
tection of the drift signal itself, or constraining specific model parameters, such as 
the matter density or the energy equation of state, or providing a definitive con- 
sistency test for the model-dependent analysis of traditional cosmological datasets. 
Our analysis shows that optimized observational strategies for each of these are 
significantly different. 

We note that an assumption of our analysis is that the measurement redshifts are 
free parameters, thus ignoring instrumental and observational limitations. In prac- 
tice one can only do the measurements with the known bright quasars and their 
absorption systems. The number of astrophysical targets for these measurements 
remains relatively small despite recent progress.^?? The Phase B of construction 
of the ELT-HIRES spectrograph, which will likely do the first redshift drift mea- 
surements, is about to start, and it will include a detailed feasibility study that will 
further explore the issues raised herein. 
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Gamma-ray bursts are among the most luminous transients in the Universe, a charac- 
teristic that permits us to observe them at very high redshifts. For this reason, many 
efforts have been made to identify a method to use GRBs as cosmological distance indi- 
cators through the use of luminosity correlations between their high-energy observable 
quantities. Some of the most promising methods proposed so far to standardize GRBs 
and their possible contribution to cosmology are presented and discussed, with a special 
emphasis on the Combo relation. 


Keywords: Cosmology: distance scale; Gamma-ray bursts: general; Cosmology: 
cosmological parameters. 


1. Introduction 


Gamma-ray bursts (GRBs) are quick flashes of high-energy radiation initially ob- 
served in gamma-rays, where their temporal emission, also called ther “prompt” 
radiation is quite diversified.^? The energy distribution of the photons emitted 
during the prompt emission can be successfully modelled with a phenomenological 
function, the Band model,? which can be described by two power-law functions 
smoothly connected at a given energy value, namely the peak energy of the prompt 
emission Epeak- GRBs can also be classified in two families, the short and long 
events, based on the Ty9 duration of the prompt emission. This classification is 
also reflected in the hardness of the prompt photon energy spectrum, with short 
bursts having higher Epeak values than long events.” This classification is not only 
phenomenological, but it can be related to the physical progenitors of these power- 
ful explosions: short bursts originate in the merger of two compact neutron stars," 
an evidence confirmed by the recent discovery of a double neutron stars merger 
detected by gravitational wave detectors associated with a short GRB,? while long 
GRBs emitted during the collapse of highly-rotating massive stars.?:!? The detec- 
tion of an accompanying supernova few days after nearby long GRBs has given 
support in the last years to this model.!:!? 

As the time goes on, the bulk of the radiation emitted by GRBs moves to 
lower energies, such as in the X-rays,!? !? at optical! d 
The emission observed in this so-called “afterglow” component looks at this stage 
more homogeneous, in particular at X-rays where it can be categorized in few sub- 


and radio frequencies. 


classes.!? The associated afterglow optical emission, detected in a good fraction 
majority of GRBs, has also permitted to identify the cosmological nature of these 
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explosions, through the identification of the redshift, and then to quantify with good 


accuracy their energetics and luminosities.!? ?! 


2. GRBs luminosity correlations 


GRBs are very energetic and luminous events. This property permits to observe 
them at very far distances: the most distant GRB was observed at a redshift of 
z = 9.4,?? few hundred millions after the Big Bang and well inside the reionization 
epoch, when the first galaxies begun to form.?? Then, it was almost natural to search 
a method to render GRBs a possible standardizable distance indicator to scrutiny 
the far Universe, and to search for possible exotic behavior of the dark energy 
component. The most used method consists in using some correlations between high- 
energy GRB observables, where at least one of the parameters involved is dependent 
on the background cosmology while the remaining ones do not. Gamma-ray photons 
(v > 5keV) can travel in the empty space without being affected by inter-stellar and 
inter-galactic absorbers, such as dust extinction, which however affects the use of 
optical distance indicators such as type-Ia SNe,?^ and this represents one important 
advantage for using GRBs as distance tools. 

One of the most promising and very tested GRB correlation is the Epear-Eiso 
relation, also known as the Amati relation.?? Here, the intrinsic peak energy of the 
GRB prompt emission estimated within the 799 was found to be related with the 
isotropic energy emitted in the same time interval. This correlation is satisfied by 
all long GRBs within a large interval for the energy (almost six orders of magni- 
tude). To illustrate the concept of GRBs as standardizable candles, the Epeak is the 
quantity that represents our cosmology-independent observable while E;,, is our 
“candle”: the latter quantity is indeed related to the underlying cosmology through 
the luminosity distance dı, and quantified by the bolometric fluence, which is given 
by the integrated GRB prompt flux in a specific energy range.?®?7 Once we derive 
the distance for a large sample of GRBs, we can start to build an Hubble diagram 
and then test the cosmological model.?5 The use of the Amati relation has pro- 
vided for the first time an interesting estimate of the cosmological parameters with 
GRBs,??:30 if compared with other non-standard probes. 

Observing these events for more than 20 years with space-based satellites such 
as Swift?! and Fermi, has permitted to build large dataset of GRBs. Moreover, 
other correlations between GRB observed quantities started to appear frequently in 
literature.?? The majority of these correlations have also been used to test cosmolog- 
ical models with some interesting applications. A very promising method that has 
provided some very interesting results is based on the use of a correlation that con- 
nects prompt and afterglow quantities, namely the Combo relation.?^ This relation 
originates from two existing proposed correlations, the previously-cited Amati rela- 
tion and its extension to X-rays.1*:?? The core of the Combo relation is represented 
by a light-curve fitting procedure to model the entire X-ray afterglow emission: the 
use of a code able to model the X-ray light curve and that permits to get rid of 
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over-imposed flares by using a very efficient iterative method?? allows to measure 
the “candle”. From this procedure, the X-ray afterglow observables, namely the lu- 
minosity of the afterglow Lo, the time when the late time decay starts ta and the 
power-law index of the late light curve decay a are computed and have been found 
in a tight relation with the GRB prompt peak energy Epeak- 

The final result is a correlation that is satisfied by all long GRBs, e.g. no out- 
liers,’ for which there exist a known value for Epeak and with a complete observed 
X-ray afterglow by the X-ray Telescope (XRT) instrument on-board Swift. About 
a physical interpretation of the correlation, the connection between prompt and 
afterglow properties has been investigated only in recent times?" but its use to 
constrain the cosmological models and some exotic variant has provided very in- 
teresting results (see also Fig. 1). In recent times, Muccino et al.3 have found a 
possible indication of an evolution of the dark energy equation of state parameter 
w with redshift. However, the standard ACDM model with the constant solution 
w = —1 is still consistent with the statistical uncertainties derived by their analysis, 
which suggests the possibility that unaccounted systematics have a great influence 
on GRB luminosity correlations. 


Fig. l. (Left panel) The Hubble diagram built with 174 GRBs satisfying the Combo relation. 
The black curve corresponds to the best fit model in the context of a non-flat ACDM cosmological 
scenario, while the dotted curve represents a fiducial ACDM model with Ho — 70 km/s/Mpc, 
Qm = 0.3 and Q4 = 0.7. Right panel The best-fit confidence regions obtained by fitting the 
Combo GRB sample of 174 events within the context of a non-flat ACDM cosmological scenario. 
Here Ho was fixed to 70 km/s/Mpc. Extra scatter uncertainties and systematics have not been 
included in the analysis. 


3. Drawbacks 


So far so good! However, it is mandatory to discuss the main sources of uncertainties 
that affect the use of GRBs as standardized candles. First, the lack of a considerable 
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number of GRBs at low redshifts (z « 0.02) prevents us to use accurate primary 
distance indicators to calibrate GRB luminosity correlations. The only GRB event 
observed at very close distances, GRB 980425,!! does not have a great coverage in 
X-rays, given the lack of rapidly-slewing detectors such as Swift at the epoch of its 
discovery. Moreover, its very faint emission and luminosity do not assure that GRB 
980425 is really a “cosmological” GRB but it can be originated in other energetic 
events such as the break-out of the shock wave following the collapse of a massive 
star? 

This problem led several authors to use alternative approaches to calibrate GRB 
relations, such as 1) the use of an underlying cosmology as explained in the review by 
Schaefer,?" a method that includes an intrinsic circularity; 2) the use of alternative 
techniques that approximate the behavior of the luminosity distance evolution with 
the use of series expansion for the Hubble-Lemaitre law,??4! which however lead 
to serious problems at high-redshifts, or 3) the use of secondary distance indicators 
such as type-Ia SNe.*°:4? The latter method is very promising, given the high level 
of accuracy that type-Ia SN cosmology has reached in the last years.?? However, 
in this approach the procedure of calibrating GRB luminosity relation is actually a 
seven-step method (type-Ia SNe are indeed calibrated using other primary distance 
indicators and so on). Moreover, given that the most used sample of type-Ia SNe, 
such as the Pantheon^^ spans a large distance range, any cosmological inference 
obtained using GRBs calibrated with type-Ia SNe will be strongly biased by the 
cosmology traced by these SNe, being their luminosity correlations characterised by 
a great accuracy. In this light, GRBs can only be considered as a mere extension of 
type-Ia SN Hubble Diagram and not an independent probe. 

Selection effects and systematics errors also represent a big source of uncertainty 
when computing the accuracy (e.g. the scatter) of luminosity relations, but they 
have been rarely taken into account. In literature, it is common to find GRB samples 
that have been built using data coming from different detectors, mostly at high- 
energies (hard X-rays), which are characterised by different energy sensitivities, 
and then sensitive to specific GRB events. Finally, Malmquist bias also has a strong 
impact on the detection of the brightest events, and then on the final construction 
of the sample considered. This also affects the GRB redshift identification, which 
then becomes possible only for the brightest events. Correcting for the Malmquist 
bias is not easy, given that the distribution of GRB properties (luminosity function, 
physical characteristics of their progenitors, etc.) can vary with redshift, and then 
the use of incomplete GRB samples can lead to ambiguous results.*° 


4. Perspectives 


Apart from getting more GRBs at high redshifts, a mission that will be the goal of 
future space missions, attempting to solve the above issues represents a mandatory 
step to render more reliable the use of GRBs as distance indicators. The scatter of 
all GRB luminosity correlations is also not competitive if compared with type-Ia 
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SNe. However, incoming surveys are currently discovering SNe at redshift compa- 
rable to the low end of the GRB distance distribution, and with the Rubin Legacy 
Survey of Space and Time (LSST) project, starting in few years, we can easily ar- 
rive to discover several type-Ia SNe at redshift z ~ 2. This will permit to compare 
GRBs and SNe correlations in a wide redshift range, allowing us to refine the cal- 
ibration of GRB correlations. An important support on this line comes from the 
use of machine learning algorithms to reconstruct the distance luminosity function 
with the redshift , independently on the underlying cosmology. Similar approaches 
have been already developed, e.g.,26:4" with very promising results. However, also 
this approach includes some hidden uncertainties that depend on the model used 
to train the calibrating sample and the sample itself: uncertainties affecting the 
training sample? will propagate on the calibration of GRB correlations, leading 
to a completely wrong posterior distributions when using GRBs as cosmological 
tools. Finally, without a correct treatment of the systematics affecting all GRB 
correlations, all the results should be treated with large caution. 


5. Conclusions 


GRB luminosity correlations represent a powerful tool to investigate the high red- 
shift Universe, but their use is still affected by several issues that their application 
as accurate distance indicators is still far to come. The lack of a complete treatment 
of uncertainties, in particular of the systematics affecting their observables, and of 
an unbiased calibration technique represents the main barrier to overcome in order 
to take advantage of the information that these powerful explosions can give us on 
the early Universe. 
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The surface brightness fluctuations method is one of the most robust extragalactic dis- 
tance indicators: with an accuracy comparable to type Ia supernovae Ia and Cepheids 
(~ 596 per galaxy) it is used in a wide range of distances: from very local, up to values 
relevant for measuring Ho. 

In these proceedings, I present an overview of the technique and of the main results 
it allowed to obtain, further discussing the great potential with future applications based 
on forthcoming ground and space-based facilities. 


Keywords: Cosmological Parameters; Hubble-Lemaitre Constant; Galaxy Distances 


1. Introduction 


'The idea of using stellar counts to study the distance or the star content of a stellar 
population dates back to the first half of the previous century. ^? With the advent of 
CCDs, Ref. 3 introduced the surface brightness fluctuations (SBF hereafter) method 
as a modern formalism to obtain distances to stellar systems relying on the discrete 
nature of star counts. The SBF definition by Ref. 3 uses the Poisson statistics of star 
counts to measure a quantity that is closely linked to the mean brightness of red 
giant branch (RGB) stars in the target galaxy or, more in general, in the observed 
stellar system. 

To date, the SBF method is one of the most robust extragalactic distance indi- 
cators: with an accuracy comparable to type Ia supernovae (SNe Ia) or Cepheids 
(~ 5% per galaxy) without the limitations of the serendipitousness intrinsic to SNe, 
or the long observing campaigns needed for Cepheids. Moreover, it is used in a wide 
range of distances: from the Local Group, up to values relevant for measuring Ho. 

Qualitatively, the idea behind the SBF is relatively simple: the stars which ap- 
pear as resolved sources at relatively small distances, gradually “blend” in a smooth 
brightness profile when the stellar system moves to larger and larger distances 
(Figure 1). 

Quantitatively, SBFs are defined as the ratio of the second to the first moment 
of the stellar luminosity function in a population of stars. From this basic definition 
some of the most relevant characteristics of the method follow: how SBF can be 
measured and what are the inherent complexities, what are the preferred targets, 
the opportunity of calibrating SBF magnitudes using empirical methods or stellar 
population synthesis techniques, etc. 
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In what follows, I will overview the technique, providing a detailed description of 
the method and on how measurements are carried out, what are the main limitations 
and sources of uncertainty, and present its great potential with applications based 
on forthcoming ground and space-based telescopes. 


D ~ 10xDvirgo D ~ 50xDvirgo 


Fig. l. Qualitative illustration of SBF signal. Panel (a): Simulation of the stellar population in 
a spheroidal galaxy at the distance of the Virgo cluster (d ~ 16.5 Mpc, Ref. 4) as will be observed 
with the E-ELT in ~1 hour exposure time (Cantiello et al., 2022, in prep.). (b) Same as in panel 
(a), but for a galaxy ten times more distant. Panel (c): Same as in panel (a), but for a galaxy 
fifty times more distant. Stars, which appear marginally resolved in panel (a), blend into a smooth 
brightness profile at larger distances. 


2. From SBF analysis to galaxy distances 


'The SBF signal is not easy visualize as it might be for various other classical stan- 
dard rulers (variable stars, parallaxes, SNe Ia etc.) and, consequently, it does not 
appear trivial how star-counts fluctuations can be translated into a distance esti- 
mate. For this reason, below I provide a concise and detailed description on how 
the SBF magnitudes m are measured, what are the preferred targets, how distances 
are then derived, and what are the dominant sources of errors. 


2.1. Measurements 
2.1.1. Determining SBF magnitudes 


'The SBF signal, in the absence of instrumental blurring and of other sources of fluc- 
tuations but the stellar counts, would simply be the Poisson variance between pixels 
due to the varying number of stars per pixel, normalized to the galaxy local mean 
flux. The instrumental point spread function (PSF) blurring forces a correlation 
between adjacent resolution elements, thus the SBF signal results to be convolved 
with the PSF, and its measure needs to be carried out in the Fourier domain. 

A further complication is that there are sources of spurious non-stellar fluctua- 
tions. The presence of globular clusters (GCs) in the galaxy, of background galaxies 
in the observed field, of morphological irregularities due to dust contamination, or 
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NGC 1399/HST/WFC3 | Residual | 


Fig. 2. Illustration of the SBF measurements. (a) Near-infrared image of NGC 1399 from the 
HST WFC3 camera. (b) Model of NGC 1399's surface brightness distribution derived from the 
WFC3/IR image. (c) Residual frame, obtained from the galaxy image (a) minus the model (b). 


of obvious regions with markedly different stellar populations (e.g. star forming re- 
gions, overlapping regions of companion bright galaxies, etc.), affect the Poisson 
stellar fluctuation counts. Hence, to estimate fluctuation magnitude m all these 
possible sources of contamination need to be taken into account and removed. 

The details of the procedures adopted for measuring SBFs are described in de- 
tails in a number of papers.” !? Here, we summarize the main steps of the procedure, 
which consists of deriving the: 


i) average galaxy surface brightness profile: this corresponds to the first moment 
of the host stellar luminosity function (model frame in Fig. 2 (b)); 

ii) residual frame: the galaxy subtracted frame. This image basically corresponds 
to the second moment of the luminosity function (Fig. 2 Panel (c)); 

iii) mask frame: all sources of non-stellar variance (dust, GCs, background galax- 
ies, etc.) are identified and masked out; 

iv) residual, masked frame normalized to the model frame: this image contains 
the bumpiness from the stellar fluctuations, plus the fluctuations of un-excised 
Sources; 

iv) power spectrum of the total fluctuations frame. The fluctuations are convolved 
with the instrumental PSF, thus in the Fourier domain they are multiplied to the 
Fourier transform of the PSF. Once derived the PSF and its power spectrum, the 
SBF amplitude is obtained as the constant term Pp giving the best match between 
the power spectrum of the total fluctuations frame, P(K), to the power spectrum 
of the PSF, E(k), plus a white noise P; component: P(k) = Py x E(k) + P,. Figure 
3 (left panel) shows a schematic example of the fitting procedure; 

v) correction for spurious residual fluctuations. The masking process is effective 
down to a given magnitude limit: the deeper the magnitude limit the higher the 
detection limit of contaminating sources. However, the spurious fluctuations arising 
from GCs and background galaxies fainter than the detection limit need to be evalu- 
ated and subtracted out. A fit of the combined luminosity functions (LF hereafter) 
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of GCs and background galaxies above the limiting magnitude is used to obtain 
by extrapolation the extra-fluctuations term, P,, due to sources fainter than the 
detection limit. An example of the total LF fit, derived as the sum of the Gaussian 
LF for GCs in the galaxy (GCLF) and a power law LF for background galaxies, is 
shown in Fig. 3 (right panel). 


P(K) = Po E(k) + Py 


log(N - arcmin-?) 


V 
white noise 4 


magnitude | 


\ 
i psf 
* 


Fig. 3. Left: A schematic illustration of the SBF power spectrum analysis. Right panel: Typical 
luminosity function analysis for estimating the residual variance P, due to contaminating sources: 
green squares show the data, the blue curve and red line show the fits to the GCs and background 
galaxies LFs, respectively, and the solid black line is the combined model luminosity function (data 
and fits are from Ref. 13). The vertical grey dashed line indicates the GCLF turnover magnitude, 
'TOM, and the shaded area shows the magnitude interval where the detection is incomplete. 


'The residual variance is then evaluated from the integral of the second moment 
of the total luminosity function in the flux interval [0, frim]: 


fiim 
gt = f neal f) x Pdf (1) 


where fiim is the flux corresponding to the limiting magnitude, mum, and nov; (f) 
is the GC and background galaxies combined LF (Fig. 3, right panel). The residual 
variance P, is then derived from o2 normalized by the galaxy surface brightness; 

vi) SBF magnitudes: once measured the total fluctuation amplitude, Py, and 
estimated the spurious fluctuations term P,, the stellar fluctuations follows as Pr = 
Po — P,, and then the SBF magnitude as Mm = —2.5log(Py) + mag; y,, where the 
mag... term is the instrumental zero point magnitude. 


Finally, to convert m into a distance, the characteristic absolute SBF magnitude 
of the population, M, needs to be known. By combining the absolute and apparent 
SBF magnitudes, the distance modulus jug follows as usual: po = m — M and, then, 
the distance d is derived by inverting relation uo = 5log(d/M pc) + 25. 
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2.1.2. Calibrating SBF magnitudes 


To obtain a calibration of M, to be used for deriving uo, two different approaches 
are typically adopted: empirical calibrations or population synthesis models. 

M can be described as a one-parameter family, with the integrated color of 
the galaxy (or, more in general, of the stellar population) used as main correlation 
parameter, i.e. M=a + 6 x color; at fixed pass-band M is a universal function of 
the color, with residual intrinsic dispersion which can be as ~ 0.05 mag depending 
on the pass-band.^? 

Using theoretical calibrations the SBF method is a primary distance indicator: 
it does not carry over the systematic uncertainty from the first steps of the cali- 
bration. Despite the generally good match between predictions from independent 
stellar population synthesis models, this is mostly limited to the optical bands. The 
matching of SBF magnitudes from different models in the blue passbands (more 
sensitive to stellar population properties), or in the near-IR (where the stellar mod- 
els are yet not as robust is in the optical bands), is of the order of — 0.2 mag. 
The difference between models is then significantly larger than the estimated SBF 
cosmic scatter derived empirically. 

Finally, although there are obvious advantages from using calibrations based 
on stellar population models, to date most of the available SBF distances rely on 


empirical calibrations.* 11 14.15 


2.1.3. Caveats in measuring SBF 


One of the major problems in measuring SBF is the contamination from GCs. As 
the distance of the galaxy increases, the detection of GCs gets more complicated by 
the combination of GCs crowding and flux limit, consequently the contamination 
from GCs increases. 

Since the estimate of the contamination from unidentified GCs is made by ex- 
trapolating the observed GCLF at magnitude levels fainter than the limiting mag- 
nitude (Fig. 3, right panel), the brighter the limiting magnitude is, the greater the 
uncertainty due to the extrapolation is, and the larger is the P, correction. The 
relative error on P, is typically assumed to be of the order of 20-25%,5 16 hence a 
reliable SBF measurement requires Pp >> P,. A P, correction less than 10% Pr, 
or lower, is an essential condition for obtaining reasonably robust estimates of SBF 
and, therefore, reliable distances. In optical bands, this condition is typically satis- 
fied when the limiting magnitude is at least one magnitude fainter than the GCLF 
peak magnitude (TOM in Fig. 3, right). In near-infrared bands this condition is 
less stringent, as the contrast between Mrom and M is more favourable to SBF 
than in optical bands. Even a limiting magnitude mj; close to the TOM, or one 
magnitude brighter then that, can be enough for accurate measurements. 

The present distance limit for SBF is then due to GCs crowding confusion and 
detection limit. The level of such limit improves with space-based data, where the 
PSF is typically sharper (~ 0/1 for HST observations). 
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The contamination due to background galaxies is normally a negligible problem 
compared to GCs. GCs have a spatial distribution strongly concentrated on the 
galaxy, while the density of background galaxies per angular unit is roughly constant 
over the observed field, and substantially smaller than GCs in the bright galaxy 
regions where the SBF signal is measured. 


2.2. Preferred targets and pass-bands 


Currently, the bands considered for SBF analysis range from the ~ I (central wave- 
length ~ 7.5 — 8.0um) to ~ K (at ~ 2.2um). SBF at shorter wavelengths are not 
of great interest, due to the non-negligible dependence on the properties of stel- 
lar populations in these bands,^!6 combined with the more dramatic effect of the 
contamination of GCs and dust. 

The small intrinsic scatter of m , empirically constrained to ~ 0.05 mag, comes 
from optical studies in the J and z bands for massive ellipticals. To date, the intrinsic 
dispersion of mM in the near-IR bands is much less constrained, but it appears to be 
a factor of two larger than in the optical bands, likely because of the larger scatter 
arising from bright giant branch stars.! Hence, the preference would seem to be 
for bands like I or z due to the advantages from the smaller irreducible intrinsic 
scatter, there are undeniable advantages in near-IR bands. At longer wavelengths 
SBFs are intrinsically brighter, there is a larger and more favourable contrast with 
respect to GCs —hence the contamination from these sources is less dramatic-, and 
the presence of residual dust contamination is typically negligible. 

In addition to such advantages, it is worth recalling that some of the key facilities 
of the next decade will have their highest efficiency at near-IR wavelengths (Sect. 3). 

Given the peculiarities of SBF, the ideal target for the measurements is any 
elliptical galaxy free of dust, with a well identifiable GC system and with a relatively 
homogeneous population of stars: in other words a passively evolving, red and dead 
galaxy. 

Empirical calibrations show that for bright red galaxies, the linear correlations 
between M and colors have a markedly lower scatter then in the fainter blue galax- 
ies regime. In fact, SBF distances for massive galaxies reach very small statistical 
uncertainty, 5% or lower.^9?:19.12 The analysis of integrated colors and SBF for 
intermediate-mass galaxies, shows that they host a more complex stellar popula- 
tion, consequently the intrinsic scatter of the M-vs-color relations is larger than for 
red massive galaxies. Finally, bluer dwarf ellipticals can host stars with low metal- 
licities and/or young ages, or a combination of both. This results in an observed 
scatter < 0.2 mag, and statistical uncertainties on distances Zj 10% due to the 
calibration effects alone.!? 

In conclusion, red massive galaxies are the ideal target for SBF, yet red bulges 
of spiral galaxies, or low mass dwarf ellipticals, or any other non-ideal SBF target, 
represent a plausible object for SBF measurements in all cases where there are no 
reliable methods to estimate distances. 
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2.3. Uncertainties 
2.3.1. Main Statistical Errors 


We can group statistical uncertainties affecting SBF in two main categories: uncer- 
tainties from the measurement of the fluctuations and uncertainties related to the 
calibration. 

For the uncertainties directly linked to the SBF measurement, we mention the 
accuracy of the galaxy model (item i in section 2.1.1), the fit of the external sources 
(item v), the fit of the spatial power spectrum (item iv), the determination of the 
correct normalization to the PSF (which is a systematic uncertainty for a given data 
set), and the presence of undetected dust. 

Concerning the calibration, excluding the zero-point, the total uncertainty of M 
stems from the combination of the uncertainty on the integrated color of the galaxy 
and of the intrinsic dispersion of the calibration equation (irreducible and wave- 
length dependent) due to the dispersion of the properties of the stellar population 
in the galaxy. 

Although numerous, statistical uncertainties can be individually minimized by 
means of suitable observing and data analysis strategies. As reported in the various 
works,H^19.1? the total statistical uncertainty on m can be 0.05 mag or smaller, 
while that on M is limited by cosmic scatter which, in some bands, can reach levels 
of 0.06 mag.* 

In summary, statistical uncertainties in well-conceived observations can be kept 
at levels below 396 on the distance of the single galaxy. 


2.3.2. Systematic Uncertainties 


For data-sets from different instruments, the only systematic source of error on SBF 
arises from the calibration zero-point. 

Most of the empirical calibrations reported in the literature are based on the 
zero-point from the SBF ground-based survey by Tonry and collaborators,!^ which 
obtained SBF for bulges of spiral galaxies with known distance estimates from the 
Cepheids P-L relations. 

In Ref. 11 a total systematic uncertainty of 0.10 mag on SBF distance moduli 
is cited. This includes a contribution of ~ 0.08 mag from the tie between SBF and 
Cepheids,?? and a contribution of ~ 0.06 mag for the Cepheid zero-point, dominated 
by uncertainty in the distance of the LMC.?! 

Ref. 22 have recently revised the LMC distance using a sample of 20 detached 
eclipsing binaries, the new distance is ~1% lower than the one used Tonry & coll. 
and, more important than that, the LMC distance is obtained to 1% precision. The 
increased accuracy of the LMC distance brings the overall Cepheid zero-point error 
to 0.028 mag.?? Consequently, besides a minor effect on the absolute calibration of 
M, this revision lowers the systematic error on M to ~ 0.085 mag, slightly more 
than ~ 4% on the distance. 
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An alternative to further lower the systematic error derives from the consider- 
ation that the ideal target for SBF are elliptical or lenticular galaxies (Sect. 2.2), 
which have no distance estimates via Cepheid P-L relations. Classical Cepheid stars 
are high-mass young stars, preferentially found in the dust rich environments of ir- 
regular and spiral galaxies, namely the type of target of no interest for SBF. As an 
alternative to Cepheids, the RGB Tip method (TRGB*) is the ideal candidate for 
measuring distances of early-type galaxies and obtaining an independent calibration 
of SBF. 

A first attempt to calibrate SBF with TRGB, by Ref. 25, used a sample of 16 
galaxies within 10 Mpc dominated by relatively blue objects. The authors found 
negligible changes on distances. However, obtaining a significant sample of SBF 
and TRGB distances for massive red elliptical galaxies requires reaching the Virgo 
cluster, and there are few TRGB distances to early-type galaxies at this distance. 

Ref. 19 ([B21] hereafter) analyzed the few galaxies for which these measures 
exist: the massive bright ellipticals M 60 and M 87 in Virgo, and the dusty merger 
remnant NGC 1316 in Fornax. Excluding the problematic calibrator NGC 1316, the 
authors find that the mean offset between the SBF and TRGB distances of the two 
galaxies in Virgo is approximately —0.01 mag. Although preliminary, this result 
shows no significant difference between Cepheid- and TRGB-based SBF zero-points. 


3. Results and future applications 
3.1. Recent results 


'The SBF method has been in use for more than three decades. By counting the sur- 
vey works with more than ~ 50 targets measured, the ~ 600 distances in the range 
from Local Group to 130 Mpc*? have proven to be a valuable resource for numerous 
studies. The reliability and precision of these surveys is quite heterogeneous, with 
errors on the derived distances typically of 4-596 from HST observations, and of 
~10% or more for ground-based SBF (ignoring systematic zero-point uncertainty). 

These studies covered, or allowed to cover, a wide range of scientific topics in 
which the measurement of the distance plays a key role. Among the others, we cite 
i) the measurement of distances for massive galaxies to obtain robust relationship 
between the mass of the black hole and the bulk dynamics of the galaxy;!? ii) the 
distance to the first observed dark-matter deficient ultra-diffuse galaxy;7° iii) the 
detailed structure of the Virgo cluster and the measure of the relative Fornax to 
Virgo cluster distance with exquisite and still unpaired precision; iv) the most pre- 
cise distance to the host galaxy of the binary neutron star merger event GW170817, 
i.e. the only GW event also observed in the EM spectrum. 


?Without checking for duplicates, we included 300 galaxies from Ref. 14, 130 from Ref. 15 and 
Ref. 18, 140 from Ref. 4 from the ACSFCS and ACSVCS (see also Ref. 9), 80 from Ref. 11 based 
on the NGVS survey soon to be complemented with 200 more (Cantiello et al., 2022, in prep.). 


2923 


The study of the Hubble-Lemaitre parameter Ho deserves a more detailed 
discussion. Various estimates of this key cosmological parameter have been ob- 
tained, 1427-29 where SBF are either used to calibrate other distance indicators, like 
SNela, or directly adopted to estimate the local Ho value. Here, we focus on two 
recent studies from Ref. 30 and B21. 

Ref. 30 presented a re-calibration of the peak magnitude for a sample of 24 local 
SNe Ia in galaxies based on SBF distances. The authors adopted a rather heteroge- 
neous sample of SBF-based distances, collected from sets of observations spanning 
over twenty years -combined with a similarly heterogeneous sample of SNela. In 
spite of the difficulties of renormalizing the SBF-distances to a common reference, 
the heterogeneity of the sample brings with it some advantages, like the possibility 
to dramatically lower the impact of any instrument- or data-analysis driven system- 
atic effect (e.g. linked to the PSF templates used). Adopting a hierarchical Bayesian 
approach, the authors extended the calibration to a sample of SNelIa at redshift 
0.02 < z < 0.08, thus obtaining Ho = 71.25+2.37(stat.)+3.38(sys.)km s7! Mpc- 1^. 
Such estimate lies in between the value by Ref. 23 based on SNe Ia and Cepheids 
(Ho = 74.03 + 1.42 km s^! Mpc including systematics), and the value by Ref. 
31 (Ho = 67.4 + 0.5 km s^! Mpc~tobtained assuming the standard A CDM Cos- 
mology). Hence, the estimate by Ref. 30 lies at ~ 1c from the Ho estimates which 
started the debate on the “tension” in the Hubble-Lemaitre constant.??:3! 

B21, using a catalog of SBF distances for 63 early-type galaxies out to 100 Mpc 
obtained from WFC3/IR HST data,!? revised the Hubble-Lemaitre parameter to 
Ho = 73.3 + 0.7(stat.) + 2.4(sys.) km s^! Mpc^!. An estimate that agrees within 
~ 0.50 with the value from SNe Ia, and a discrepancy larger than ~ 5o with respect 
to the estimates from Cosmological models and CMB anisotropy measurements 
(we ignored the systematic uncertainties on SBF). The Ho by B21 is from SBF 
distance estimates for galaxies in the range of 15 and 100 Mpc: a distance where 
peculiar velocities can have a significant impact on the recessional velocities of the 


galaxies. Hence a regime where accurate velocities are equally important as accurate 
distances. In their analysis, B21 included as a test the analysis of four different 
treatments of the galaxy velocities: group velocities, individual velocities, and two 
flow-corrected model velocities to verify the robustness of their result within the 
reported errors. It is also worth noting that, as mentioned in Sect. 2.3, B21 adopts 
a joint calibration averaging the results for the Cepheid and TRGB which reduced 
uncertainty on Ho. 

The work by B21 demonstrates that, in the next future, using a richer sample 
of massive galaxies with near-IR SBF within 100 Mpc and with improved con- 
straints on the calibrations and on the cosmic-flow model, it will be possible to 
obtain SBF-based Hp estimates at 1% or lower statistical uncertainty. Lowering 


>The final value adopted by Ref. 30, Hp = 70.50km s~! Mpc~!uses the old LMC zero-point; using 
the revised LMC distance, reported in the references cited in section 2.3, there is a solid 0.023 mag 
shift toward fainter distance moduli, which leads to an Ho value of 71.25 km s^! Mpc7!. 
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the residual 3-496 systematic uncertainty, requires improving zero-point calibration 
effort as described in section 2.3 and in the next section. 

It should be noted that the estimates of Ref. 30 & B21 agree within ~ 1c the 
respective statistical errors, also due to the relatively large uncertainty of the former 
estimate because of the heterogeneity of the sample and to the fact that Ref. 30 has 
an extra calibration step (SNeIa calibration with SBF) compared to B21. 


3.2. Future applications 


The perspectives of this method can be divided into two three categories: “going 
wide" with the next generation survey telescopes, “going deep" with the JWST and 
AO-assisted facilities at 30-40m class telescopes, and “going precise" with programs 
aimed at lowering systematic errors and with new stellar population models. 


3.2.1. Large and deep sky surveys 


The forthcoming large sky surveys, including the LSST by the Vera Rubin Obser- 
vatory and the Euclid wide survey, will produce a breakthrough in many fields of 
Astronomy. The expectations for SBF measurements, hence for mapping the 3D 
distribution of galaxies in the low-redshift Universe, are rather high. 

At the time of writing, the LSST is expected to produce multi-band optical 
ugrizy observations, with typical seeing of 0.7”, and 50 point source depth of i ~ 
26.8 mag for stationary sources after the 10 years of the main survey. Adopting the i 
as reference pass-band, we predict LSST will allow reaching bright massive galaxies 
at ~ 70 Mpc, that is the distance where the TOM+1 mag is reached at ~ 5o point 
source depth*. 

The Euclid satellite has about one fourth the collecting area of HST, but com- 
pared to LSST it has the advantage of the near-IR observations? and the sharp PSF 
(~ 0.2") allowed by space-based observations. Taking as reference the Euclid/NISP 
H-band, which is predicted reaching 50 point source depth of H ~ 24 mag, and 
adopting Hrom ~ —8.3 mag,? the TOM--1 magnitude will be reached for all 
bright galaxies at a distance of ~ 30 Mpc. However, in the H-band, the TOM+1 
depth rule can be relaxed and a depth at 50 the TOM could be sufficient in this 
band for reliable SBF measurement (Sect. 2.1.1), corresponding to a distance limit 
of ~ 70 Mpc. 

Tests on the feasibility of SBF measurements with either Euclid instruments 
and with LSST precursor data are being carried out. If both instruments will be 
successful for SBF applications, we will have ~ 18.000 deg? of the LSST covering the 


€ Assuming an irom ~ —8.5 mag,?? we obtain a limiting distance modulus of (m— M)umit ~ 34.3, 
or D ~ 72.5 Mpc. 

dThe wide passband of the optical instrument, VIS, basically covers the entire optical spectrum, 
thus we expect that the intrinsic scatter of SBF due to stellar population effects will be too large 
for precise distances from this instrument. 
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southern skies and — 15.000 deg? of Euclid in the North, that will potentially allow 
obtaining the most accurate and complete 3-D map of massive red galaxies in the 
sky out to ~ 70 Mpc. Certainly a large number of lower mass, bluer galaxies at lower 
distances will also be mapped. The combination of these two data sets will provide 
exquisitely accurate cosmic flow models to be used for peculiar-velocity corrected 
flows, and an incredibly large sample of galaxies with SBF distances, useful for Ho 
and for the needs of any near-field Cosmology study. 

A further instrument of great impact will be the Roman telescope: with the 
same aperture of HST, similar PSF sharpness, — 100 times the HST field of view, 
near-IR coverage, and 5e point-source depth in 1 hr of 28 mag in J and H band, 
this telescope will combine survey to depth capabilities, allowing to measure SBF 
for galaxies in clusters or groups at distances out to 100 Mpc and more. 


3.2.2. JWST and 40m ground-based telescopes 


The JWST and the 30-40m class telescopes -like the E-ELT- will have near-IR 
imaging capabilities at a resolution like HST or better, combined with substantially 
larger collecting areas, a field of view of the order of one to a few arcminutes, more 
modern and efficient detectors: all these characteristics combined make it plausible 
to predict that these telescopes will allow to overcome the 150 Mpc limit, currently 
“held” by SBF with the HST.?°?9 

JWST is the natural heir of HST: with a similarly sharp (FWHM~ 0.1”) and 
stable PSF, it has ~ 7.5x the HST aperture, possibly sufficient to enable us mea- 
suring SBF distances for galaxies at 300 Mpc limit or beyond. The limiting factors 
at such large distances will be, in this case, the contaminating GCs and obtaining 
reliable estimates for k-corrections. 

The perspectives for ground-based 30-40m telescopes are at the same time excit- 
ing and challenging. The next-generation adaptive-optic (AO) modules at near-IR 
imagers will provide PSF reaching the limit of FWHM-0.01", thus one order of 
magnitude better than the best resolution presently available (even better than the 
JWST), combined with a collecting area at least 150 times larger than HST, and 
increased detector efficiency. Would this mean that the potential of the SBF with 
AO assisted imaging data is to reach distances even one order of magnitude farther 
than present limits, breaking the 1 Gpc limit (z~0.2)? To date, no answer can be 
given to the question, because of the lack of studies on the measurement of fluctu- 
ations from data taken with AO modules. Although some studies have been made 
of this topic,?^ quantitative demonstrations are lacking, because of the complexity 
of combining AO observations for extended objects with the issues of deriving re- 
liable SBF amplitudes from AO supported imaging data. Let us take as example 
the complexities with the PSF: AO observations are characterized by a PSF vari- 
able in space and time, the lack of good PSF candidates within the galaxy field of 
view because of the small field of the present generation of AO systems, and by 
the unknown effect on SBF from the large spread of the PSF in diffraction-limited 
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conditions. In spite of such non-trivial issues, the forthcoming generation of 30-40m 
ground-based telescopes can be expected to produce breakthroughs in this field. 
Currently, cosmological studies based on direct distance indicators mostly rely on 
SNe Ia, which, although calibrated with high precision, are serendipitous events that 
present a zoo of peculiarities. Furthermore, SNe Ia distances rely on purely empirical 
information: we still lack a detailed modeling of the phenomena involved in SNe Ia 
explosion, useful for numerical calibrations of distances. On the other hand, the 
SBF measurement requires only data of suitable quality (no surreptitiousness), and 
relies on a signal whose origin is well known (star counts). In other words, though 
extremely more challenging than with the ideal JWST or Roman telescopes, SBF 
with 30-40m ground-based AO-assisted telescopes, could lead to SBF estimates out 
to redshift z > 0.1. At such distances, cosmological effects are predicted producing 
variations measurable with a distance indicator characterized by an accuracy of 
7-596. Hence, a dozen of well selected targets could be used to back up the SNe Ia 
on an independent route to precise cosmological parameters. 


3.2.3. Stellar population models and calibrations 


Possible refinements on the accuracy and precision of SBF distances will depend on 
the availability of new stellar population models and on improved Mcalibrations. 

At large distances, i.e. d > 100 Mpc, magnitudes (both “standard” and SBF 
magnitudes) and colors require k-corrections, which can only be derived from stellar 
population models. The most recent estimates for k-corrections on SBF magnitudes, 
date back to the 2000,?? and predict a correction of ~ 0.1 mag for the HST/NICMOS 
F160W filter (~ H band) at 200 Mpc. The correction changes significantly with 
wavelength (as an example it is significantly smaller in the J band, — 0.012 mag) 
and needs to be accounted for also in the colors, which are used for estimating M. 

Hence, any detailed study of cosmological parameters from SBF magnitudes for 
galaxies at distances where the peculiar velocities are negligible with respect to 
the Hubble-flow, cannot ignore using reliable k-corrections which, to date, are still 
poorly constrained or completely unavailable for some filters or distances. 

Concerning the SBF calibration, there are here too opportunities for improve- 
ments. At present, the dominant systematic error comes from the ~0.08 mag tie 
between SBF and Cepheids (Sec. 2.3). The results from Gaia will certainly have a 
positive impact on that: both because of the direct detection of Cepheids in M31 
(one of the SBF calibrators), and thanks to the more accurate and precise results 
on P-L relations from the data of thousands Galactic and Local Group Cepheids 
with measured parallaxes.?9 

A further opportunity could be deriving new SBF measurements for the same 
six calibrators used by Tonry & cols. (based on imaging data taken prior to 1997) 
or from new calibrators. 

Finally, as also pointed out in B21, the complete independence the Cepheid and 
the TRGB-based calibrations could also be used as a further factor to reduce the 
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systematic uncertainty on a joint Cepheid/TRGB calibration, leading to a combined 
zero-point uncertainty of Sj 2 96in distance (assuming the uncertainty on the TRGB 
zero-point TRGB is similar to that of Cepheids). 

The upcoming launch of the James Webb Space Telescope (JWST) will allow for 
more numerous TRGB distances to the Virgo early-type galaxies in only modest ob- 
servation times. Ultimately, we hope to anchor the SBF method using a much larger 
sample of giant ellipticals with TRGB distances calibrated using Gaia's parallaxes. 


4. Conclusions 


'The SBF technique, with direct distances on single galaxies reaching an accuracy 
of ~ 5%, is at present one of the most accurate extragalactic distance indicator in 
the distance regime between a few Mpc to ~ 150 Mpc. 

In this contribution, I have described the basic characteristics of the method, 
how SBFs are measured, calibrated and used to estimate distances. I also provided 
a summary of the main scientific results obtained. 

The next-generation of ground- and space-based telescopes will provide a variety 
of data that will generate thrilling results in many fields of Astronomy, not least the 
study of Cosmology based on direct distances from SBF. The extensive use of near- 
IR observations with high-resolution cameras -from JWST or E-ELT-, the deep 
surveys that will cover a large fraction of the sky -from the Vera Rubin Observatory 
or the Euclid satellite-, the improvements on SBF calibrations -from Gaia and from 
new stellar population models- will push forward this technique. By combining 
accuracy with depths and sky coverage, new data will allow using SBF distances for 
constraining cosmological models using a new path, independent from other direct 
distance methods, like SNe Ia. 
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The shape of redshift distribution for uniform sources set in our Metagalaxy defined by 
cosmological parameters and properties of space. The suggestion that type Ia supernovae 
might be used as standard candles for cosmological measurements allow considered these 
objects as homogeneous subsample. This mention occurs since the earliest studies of 
supernovae in 1938. Firstly the parameters of our Metagalaxy Q and A were determine 
due sample of Ia supernovae from the Supernova Cosmology Project analysis in 1998. It 
was found due SN1a characteristics analysis that space in our Metagalaxy is Euclidean 
at small redshifts and de-Sitter at high ones. Now several tens of thousands supernovae' 
characteristics analyzed in various catalogues. 

The preliminary results of the redshift distribution analysis for SNIa from the Asiago 
Supernova and Open Supernova Catalogues are discussed in this work. Firstly it was 
shown that several peculiarities are presented in Ia supernovae redshift distribution. The 
deviation in the band 0.015 « z « 0.13 accordingly Open Supernova Catalogue (OSC) 
data contain more faint supernovae. T'wo peculiarities also were found in the region 
0.25 « z « 0.45 on data of this catalogue. One of it's contain more faint events, other 
contain more bright supernovae. 

Also faintm and bright supernovae areas could be separated by mp ~ 20 in distri- 
bution of object amount on apparent magnitude on both catalogues data. Furthermore, 
the distribution of SNIa on apparent magnitudes and angular distance to host centre on 
OSC data also reveal two areas (faintqist and brightg;s; objects) and ratio between these 
regions populations is different for different subsamples in OSC (Pan-STARRSI (PS1) 
Medium Deep Survey, ASASSN and so on). 

Moreover, SNIa apparent magnitudes could differ for Amonenost ~ 2.5 within one 
host galaxy (for example, in UGC03432) and this difference bigger that systematic un- 
certainties of SN1a characteristics observations. Also there are no specific absorption 
lines in the energy spectra of these SNIa which exclude influence of surrounding media. 

The separated peculiarities and areas could not be explained due 2 groups of type 
Ia SNe explosions scenarios and dimming of flux due interaction of surrounding media. 
But it could affect at power in dependence of distance modulus u on redshift, and, 
correspondingly, the Ho tension between various subsamples of SN1a data. May be such 
tension was caused by different ratio of two SNIa classes objects in analysed catalogues 
and value of Ho defined from supernovae subsets analysis became lower after correction 
for results of dependence of apparent magnitude on distance to host centre. 

Thus such peculiarities presence could be caused by several unknown aspects of SNIa 
explosions scenarios or really changing of the parameters of our Metagalaxy. Further con- 
clusions required subsequent OSC database treatment in combination with high redshift 
datasets, for example, addition of Dark Energy Survey Supernova Program catalogue 
into data analysis. 


Keywords: SNIa redshift distribution 
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1. Introduction 


'The homogeneous subsample characteristics understanding is necessary for the in- 
vestigation of any astrophysical objects redshift distribution, for example, gamma- 
ray bursts. The shape of redshift distribution for uniform sources set in our 
Metagalaxy defined by cosmological parameters and properties of spacetime. Type 
Ia supernovae considered as such standatd candels since 1995.! The effect of a 
cosmological constant leads to dimming of observed brightnesses of highredshift 
supernovae than would have been the case with Q4 = 0 and allowed to estimate 
cosmological parameters due analysis of Hubble diagram contain dependence of on 
redshift — see, for example, Ref. 2. 

The interest of the scientific community on supernovae (SNe) has increased in the 
recent years for several reasons. Mostly they are the advances in the understanding 
of the SN phenomena obtained with the intensive study of nearby SNe, first of all SN 
1987A, which have raised new more fundamental questions with regard to progenitor 
evolution, explosion mechanism and nucleosynthesis — see, for instance, Refs. 3, 4. 
In addition, the at least two facts have renewed the interest for the using of SNIa as 
distance indicators up to cosmological distances. The first one was the calibration of 
the absolute magnitudes of a few SNIa obtained using the Cepheid variables found 
in their parent galaxies.? The second fact was the discovery of empirical relations 
between the absolute magnitudes at maximum and the shape of the light curves of 
SN Is. Other exciting advances are expected for the association of some SNe with 
the other interest objects, for example, GRBs. Another reason is the necessaries of 
homogeneous subsample characteristics understanding for the investigation of any 
astrophysical objects redshift distribution, for instance, also GRB — see Ref. 7. 
Such wide interest has activate new deep SNe searches and creation or revision of 
catalogues based of its results. Now the amount of SNe listed in various catalogues 
is about one hundred thousands which mentioned in several tens of catalogues — 
see, for instance, Refs. 8-11. SN1a are approximately 2596 of this subset volume — 
see, for instance, Refs. 9, 10, 12. 

Firstly the parameters of our Metagalaxy 2 and A were determine due sample 
of Ia supernovae from the Supernova Cosmology Project analysis in 1997 — see 
Refs. 2, 13. Figure 1 represents the results of tis investigation. The combination 
of Hubble diagrams for 42 high-redshift type Ia supernovae from the Supernova 
Cosmology Project and and 18 low-redshift ones from the Supernova Calalan/Tololo 
Survey was approximated by power law fit. It was found that this fit corresponds to 
following composition of our Metagalaxy: 7096 of dark energy, 2596 of dark matter 
and only 596 of ordinary baryonic matter.?:!? Later it was found that several objects 
from this sample are not SNIa, but a valid asymptotic estimations still remain. 


2. Asiago Supernova Catalogue 


The history of the Asiago SN catalogue began in 1984 with the publication of data 
for 568 objects.!? 'This was compiled starting from the Palomar Supernova Master 
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Fig. 1. Hubble diagram for 42 high-redshift type Ia supernovae from the Supernova Cosmol- 
ogy Project and 18 low-redshift type Ia supernovae from the Supernova Calalan/Tololo Survey. 
Adopted from Ref. 13. 


List which since 1958 from time to time appeared in the literature see, for example, 
Refs. 8, 9, 16. During the same period two other SN listing have been published, ^: 5 
the Ref. 18 also contains the complete bibliography for each object. The 1984 Asiago 
SN Catalogue was superseded by a new edition in 1989!? which listed information 
for the 661 supernovae discovered up to December 31, 1988. 

More recently, van den Bergh at Ref. 20 published a list containing the 203 su- 
pernovae discovered between January 1, 1989 and April 3, 1994. Also the Catalogue 
of extragalactic Supernovae, complete up to 1993, was published in volume V of the 
General Catalogue of Variable Stars Ref. 21. In the last few years the Asiago Super- 
nova Catalogue was widely used through the literature and available at the Ref. 22. 
Other supernova listings are available electronically, e.g. the list at the CBAT,?? 
and Sternberg Astronomical Institute Supernova Catalogue.?^ The Asiago Super- 
nova Catalogue consists of following datasets contain more than 100 supernovae: 


(1) SDSS-II, 
(2) LOSS, 

(3) LOTOSS, 
(4) ESSENCE, 
(5) Puckett, 
(6) SCP, 

(T) HZSST. 
Other 27 supernovae datasets included in this catalogue consist of less amount 


of members. For example, ones BAOSS and CFHT-LSSP contain only 34 and 13 
objects correspondingly. 
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Fig. 2. Plot of SN Ia distribution on apparent magnitude dependence and redshift for ESSENCE 
experiment data accordingly to Asiago Supernova Catalogue. 


Unfortunately the redshift data of several experiments (for example, ESSENCE — 
see Figure 2) contain big errors. This effect leads to several “lines” looks to areas 
with z=const occurs in plots of distributions on redshift. Such artefacts makes 
difficult to process these data and such datasets were excluded from analysis. 

The Asiago Supernova Catalogue was last updated on 2 October 2017 and consist 
of data about 6530 supernovae.?? The subsample of SN1a contains 3135 objects but 
redshifts with sufficient for analysis accuracy are known only for 2336 ones. 


3. Open Supernova Catalogue 


The Open Supernova Catalogue! !? is online collection of observations and meta- 


data for presently 92632 supernovae and related candidates. The catalog is freely 
available on the web.!! Its main interface having been designed to be a search- 
able table accessible on desktop and mobile devices due GitHub.?" It represents 
an ongoing community driven project to collect and clean supernova metadata and 
observations spanning X-ray, ultraviolet, optical, infrared, and radio frequencies. At 
present, ~14000 events in the catalog include light curves with at least 5 photo- 
metric points, and in total the catalogue contains ~678000 individual photometric 
detections. Within the catalogue there are —4250 supernovae that include spec- 
tra, with ~21000 spectra in total. In addition to the primary catalogue table con- 
taining supernova metadata, an individual page is generated for each supernova 
which displays its available metadata, light curves, and spectra from X-ray to ra- 
dio frequencies. The information presented in the catalog is automatically rebuilt 
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on a daily basis and is constructed due parsing several sources, including the data 
presented in the supernova literature and from secondary sources such as other 
web-based catalogs — see, for example, Refs. 28-30. The objects included in the 
catalogue are intended to be entirely supernovae, i.e. the complete destruction of a 
star by an explosive event that may or may not leave behind a compact remnant, 
and objects that have been definitively identified as other transient types were ac- 
tively removed. One difference between Open Supernova Catalogue and some other 
supernova catalogues is that authors augment the known supernovae with known 
supernova remnants,?! which are thought to be supernovae but (currently) with no 
known associated transient. Absolute magnitudes calculated in the Open Supernova 
Catalogue take into account luminosity distance and redshift decrements. The Open 
Supernova Catalogue consists of following lists contain more than 1000 supernovae: 


1) The Open Supernova Catalogue, 
2) Sloan Digital Sky Survey, 

) Latest Supernovae, 

) JLA supernovae, 

) SIMBAD astronomical database, 

) Transient Name Server, 

) THE SLOAN DIGITAL SKY SURVEY-II SUPERNOVA SURVEY, 
8) Pan-STARRS 3Pi, 

) Asiago Supernova Catalogue, 

) A unified supernova catalogue, 

) NED-D, 

) WISeREP—An Interactive Supernova Data Repository, 

) Catalina Sky Survey, 

) NASA/IPAC Extragalactic Database, 
15) Sternberg Astronomical Institute Supernova Light Curve Catalogue. 


Other 828 supernovae lists included in this catalogue consist of 5 — 919 objects. 
For example, ones UCB Filippenko Group's Supernova Database (SNDB) and DES 
Bright Transients contain only 134 and 17 objects correspondingly. Also informa- 
tion about characteristics of individual supernova included in this catalogue due 
more than 130000 circulars, such as CBET, IAUC, ATel, etc. The Open Supernova 
Catalogue updated up to now!! and its subsample of SNIa contains 16428 objects 
but redshifts are known only for 14607 ones. 


4. The preliminary results of data analysis 


This section presents the preliminary results of analysis of subsets of Ia type su- 
pernovae with known redshifts from the Asiago Supernova (ASC) and the Open 
Supernova (OSC) catalogues. 
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The distribution of SNIa on redshift and apparent magnitudes on data of these 
catalogues are shown on Fig. 3. Both distributions are more wide than mentioned 
on Fig. 1 and contain several peculiarities. Moreover, the sample OSC has deviation 
in the band 0.015 « z « 0.13 contain more faint supernovae and two peculiarities in 
the region 0.25 « z « 0.45. One of its contain more dim events, other contain more 
bright supernovae. But both analysable subsets contain data from several catalogues 
and at first we should exclude selection effects. These characteristic features appears 
at distribution on absolute magnitude and redshift too — see Fig. 4. 
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Fig. 3. The distribution of SNIa amount on redshift and apparent magnitudes on data of following 
catalogues: (a) Asiago Supernova and (b) Open Supernova. Gray stars show Supernova Cosmology 


Project data, open ones represent subsample from the Supernova Calalan/Tololo Survey mentioned 
on Fig. 1. 


The uncertainties in recent SN Ia cosmology analyses usually excluded due fol- 
lowing methods??: probing relations between luminosity and properties of the host 
galaxies of the SNe (see Refs. 33, 34) and analyses of the light-curve parameters 
of SNe and how these parameters relate to luminosity.??:?? Many of the associ- 
ated systematic uncertainties of these effects are on the 1% level, and considering 
a typical SN distance modulus is measured with roughly 1596 precision.?? Also K- 
corrections should be used to provide a transformation between an observed-frame 
magnitude and a rest-frame one and account for the SN redshift (see, for example, 
Refs. 37-40), but object magnitude was maximally shifted for value less then 1.2 
and no systematic effects were found for such corrections. Thus all uncertainties 
could not influence to shapes of observed distributions. 

Several peculiarities in the plots of the distributions of SNIa on redshift and 
apparent magnitudes for HZSST and SCP experiments within Asiago Supernova 
Catalogue are are presented on Fig. 5. Also some peculiarities in the plots of the dis- 
tributions of SNIa on redshift and apparent magnitudes for Sternberg Astronomical 
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Fig. 4. The distribution of SNIa on absolute magnitudes and redshift on data of Open Supernova 
catalogue. 
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Fig. 5. Several peculiarities in the plots of SNIa apparent magnitude dependence on redshift for 
HZSST (a) and SCP (b) experiments. Black stars show Supernova Cosmology Project data, open 
ones represent subsample from the Supernova Calalan/Tololo Survey. Black stars show Supernova 
Cosmology Project data, open ones represent subsample from the Supernova Calalan/Tololo Sur- 
vey mentioned on Fig. 1. 
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79,32 within Open Supernova Catalogue are are presented on Fig. 6. 


Deep Survey 
'The discussed in the previous paragraph uncertainties could not caused such fea- 


tures too. 
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The distributions of SNIa amount on redshift on data of the Asiago Supernova 
and the Open Supernova catalogues are shown on Fig. 7. It is seen feature at 
z > 0.2 on Open Supernova dataset possible connected with peculiarities in the 
region 0.25 « z « 0.45 on Fig. 3. Than we consider the distributions of these 
catalogues data on apparent magnitude — see Fig. 8. Preliminary analysis results 
have shown the presence of two subsets (faint,, and bright,, supernovae) at each 
distributions separated by my ~ 20. These dual structure appear in the same 
distributions of catalogues composing OSC — see, for example, Fig. 9. 


N 
o 
1 


244 


ur 
* 
244 
22- 224 
E 20- ET. 
E E 20+ . I 
Z1 $ Ks 
o» 5 
£ t 
2° 8 18 
E E * 
&'4| E Po 
G S ad 
124 | A 
&146| a 
NN 10* 10^ 10° TM 107 10 
redshift, z redshift, z 


(a) (b) 
Fig. 6. Several peculiarities in the plots of the distributions of SNIa on redshift and appar- 
ent magnitudes for: (a) Sternberg Astronomical Institute Supernova Light Curve Catalogue, 
(b) Pan-STARRS1 (PS1) Medium Deep Survey within Open Supernova Catalogue. Stars show 
data, mentioned on Fig. 1. Grey ones show Supernova Cosmology Project data, open and black 
stars represent subsample from the Supernova Calalan/Tololo Survey at panels (a) and (b) 
correspondingly. 


The distribution of SNIa on apparent magnitudes and angular distance to host 
centre for OSC objects is presented at Fig. 10. Also two areas (faintj;,; and brightqist 
SNIa) separated at this distribution. Preliminary analysis results allow conclude 
several differences between these regions and peculiarities on distributions of SNIa 
amount on apparent magnitude and redshift also with one on redshift. Moreover, 
these area not fully correspond to subsets on the distributions of apparent magni- 
tudes from Fig. 8b and Fig. 9. 

Let's consider two SNIa at z; = 0.0039 and z2 = 0.0037: 1998aq and 2004W. 
The difference in the apparent magnitudes of these objects is ~ 6: Mlmaz = 12.5 
(bright SNIa at Fig. 10) and M2maz = 18.5 (faint SNIa at Fig. 10) correspondingly 
accordingly Ref. 11. Also the same differences observed at various redshifts — see 
Table 1. Moreover, some hosts contain several supernovae but its apparent mag- 
nitudes could differ for Amonehost ~ 2.5. For example, galaxy UGC03432 with 
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Fig. 7. The distribution of SNIa amount on redshift on data of following catalogues: (a) Asiago 
Supernova and (b) Open Supernova. 
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Fig. 8. The distribution of SNIa amount on apparent magnitudes on data of following catalogues: 
(a) Asiago Supernova and (b) Open Supernova. 


ad 


Mgal = 15.51 at z=0.016667 contain two SNIa 1996bv has mı = 15.5 and 2003kb 
has mə = 18. But usually supernovae has the same characteristics within one host. 
For instance, two SNIa 2004br and 1994M had m=16.3 within galaxy NGC4493 
with Mgal = 14.951 at z=0.02315. 

Up to now there are no evidence for an astrophysical origin of the apparent 
faintness of SNe Ia has been found (see Refs. 41, 42). Early only SFR (star-formation 
rate) of the parent galaxies was considered as influence factor for diminution of SN 
apparent magnitudes. Thus, dependence of distant SN Ia light-curve shapes on 
star-formation in the host galaxy was studied in Ref. 34, and it was found that 
passive galaxies without star-formation, preferentially host dimmer SNe Ia with 
faster-declining light-curves, while brighter events with slower-declining ones only 
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Fig. 9. The distribution of SNIa amount on apparent magnitudes on data of: (a) Sternberg 
Astronomical Institute Supernova Light Curve Catalogue, (b)Pan-STARRS1 (PS1) Medium Deep 
Survey within Open Supernova Catalogue. 
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Fig. 10. The distribution of SNIa on apparent magnitudes and SN offset from the galaxy nucleus 
on data of Open Supernova catalogue. 


originated from systems with ongoing star-formation. The mean stretch smaller 
for 0.08 against the typical precision on the stretch measure is +0.01 — 0.02 at 
95% confidence, which change distance modulus p less than for 1% and could not 
explain the observed difference in the apparent magnitudes of SNIa Amonehost- 
All mentioned objects were observed by LEDA and there are no any evidences 


2940 


to suppose additional matter presence between observer and SN##1-4 because 
additional absorption lines are absent in the spectra of these supernovae — see, for 
example, Refs. 25, 26. 


Table 1. The examples of difference in the apparent magnitudes 
of SNIa at various redshifts. 


3 SN redshift z Mmax Ammax Mhost 


1 2004W 0.0037 18.5 ~6 9.8 
2 1993c 0.012 18.0 ~ 44 13.3 
3 2007if 0.04 20.5 ~ 44 16.3 
4 1999G 0.10 21.4 ~ 3.5 18.4 
5 1998aq 0.0039 12.5 ~6 10.9 
6 1999cw 0.013 14.3 ~ 44 14.2 
7 2009do 0.04 16.1 ~ 44 16.1 
8 2012X 0.10 17.9 ~ 3.5 17.7 
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Fig. 11. The illustration of different ratio of two classes of SNIa on the distribution of SNIa on 
apparent magnitudes and offset from the galaxy nucleus on data of Open Supernova catalogues 
(open circles) in: (a) subsamples of Supernova Cosmology Project (grey stars) and Supernova 
Calalan/Tololo Survey (open stars) mentioned on Fig. 1 and (b) Pan-STARRS1 (PS1) Medium 
Deep Survey data (open stars). 


Thus we have found several areas on distributions of SNIa from OSC on apparent 
magnitude and apparent magnitude vs offset from the galaxy nucleus. However the 
type Ia supernovae models not explain such subtypes. These models can be divided 
into two broad categories (Single Degenerate and Double Degenerate scenarios of 
Type Ia SNe explosions), but the authors of these scenarios concluded that both sce- 
narios are able to correctly predict the bulk properties of Type Ia observations. 1? 4? 
One type of progenitors are a 1.4Mq5 white dwarves that are likely created in an 
accretion process and self-ignite due to high central pressure/density. Other ones 
are white dwarves too but of considerably lesser mass (1M(5) can be ignited in shell 


2941 


detonations or in the merging process that formed them. Both scenarios are able to 
correctly predict the bulk properties of Type Ia observations and widely discussed 
difficulties in recognition of models of concrete SNIa. 

Such areas presence in various ratio in subsamples contain OSC — see Fig. 11 
and could affect at power in dependence of distance modulus u on redshift, and, 
correspondingly, the Ho tension in various subsamples of SN1a data. The Ho ten- 
sion*® 48 occurs due comparison of estimation of the current expansion rate of the 
Netagalaxy Ho due CMB data?? and results of observations of astrophysical objects 
such as SNIa and so on — see, for example, Ref. 51. Now this tension is more than 
5c: accordingly to CMB measurements”? a value for Ho = 67.36 + 0.54 km s^! 
Mpc-!, but the best-fits of the SNIa data?^?? gave the values of Hp = 73.2 + 1.3 
km s^! Mpc^! and Ho = 75.4 + 1.7 km s^! Mpc™! correspondingly. May be such 
discrepancy were caused by different ratio of two SNIa classes objects in analysed 
catalogues and value of Ho defined from supernovae subsets analysis became lower. 


5. Conclusions 


The preliminary results of the redshift distribution analysis for SNIa from the Asi- 
ago Supernova and Open Supernova Catalogues are discussed in this work. The 
Asiago Supernova Catalogue (ASC) was last updated on 2 October 2017 and con- 
sist of data about 6530 supernovae.?? The subsample of SN1a contains 3135 objects 
but redshifts with sufficient for analysis accuracy are known only for 2336 ones. 
The Open Supernova Catalogue (OSC) updated up to now! and its subsample of 
SNIa contains 16428 objects but redshifts are known only for 14607 ones. It was 
concluded that not all experiments from the catalogue could analysed (small statis- 
tics or big errors in the determination of z caused difficulties in data representation 
and analysis), for example, ESSENCE experiment data within Asiago Supernova 
Catalogue.?? 

'The shape of redshift distribution for uniform sources set in our Metagalaxy de- 
fined by cosmological parameters and properties of space. The suggestion that type 
Ia supernovae might be used as standard candles! for cosmological measurements 
allow considered these objects as homogeneous subsample. Firstly the parameters 
of our Metagalaxy Q and A were determine due sample of Ia supernovae from the 
Supernova Cosmology Project analysis in 1998.? It was found due SNla charac- 
teristics analysis that space in our Metagalaxy is Euclidean at small redshifts and 
de-Sitter at high ones. Now several tens of thousands supernovae' characteristics 
analyzed in various catalogues. 

The various redshifts distributions of SNIa from ASC and OSC have analysed. 
Firstly it was shown that several peculiarities are presented in Ia supernovae red- 
shift distribution. The deviation in the band 0.015 < z < 0.13 accordingly Open 
Supernova Catalogue (OSC) data contain more faint supernovae. Two peculiarities 
also were found in the region 0.25 < z < 0.45 on data of this catalogue. One of it’s 
contain more faint events, other contain more bright supernovae. 
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Also faint,, and bright,, supernovae areas could be separated by mj ~ 20 
in distribution of object amount on apparent magnitude on both catalogues data. 
Furthermore, the distribution of SNIa on apparent magnitudes and angular distance 
to host centre on OSC data also reveal two areas (faintg;;; and brighta;.¢ objects) 
and ratio between these regions populations is different for different subsamples in 
OSC (Pan-STARRSI (PS1) Medium Deep Survey, ASASSN and so on). 

Moreover, SNIa apparent magnitudes could differ for Amonenost ~ 2.5 within 
one host galaxy (for example, in UGC03432) and this difference bigger that system- 
atic uncertainties of SN1a characteristics observations. Also there are no specific 
absorption lines in the energy spectra of these SNIa which exclude influence of 
surrounding media. 

The separated peculiarities and areas could not be explained due 2 groups of 
type Ia SNe explosions scenarios (see, for example, Refs. 43-45) and dimming of flux 
due interaction of surrounding media. But it could affect at power in dependence 
of distance modulus yz on redshift, and, correspondingly, the Ho tension between 
various subsamples of SN1a data. May be such tension was caused by different ratio 
of two SNIa classes objects in analysed catalogues and value of Ho defined from 
supernovae subsets analysis became lower after correction for results of dependence 
of apparent magnitude on distance to host centre 

'Thus such peculiarities presence could be caused by several unknown aspects of 
SNIa explosions scenarios or really changing of the parameters of our Metagalaxy. 
Further conclusions required subsequent OSC database treatment in combination 
with high redshift datasets, for example, addition of Dark Energy Survey Supernova 
Program catalogue?? into data analysis. 
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In recent years, there is a renewed debate about the origin of the observed prompt emis- 
sion signal. Some authors found that synchrotron emission can dominate the spectra of 
several long bursts, and a recent analysis show that it may be possible to overcome the 
famous ‘line of death’ argument by a direct fitting procedure. On the other hand, sev- 
eral recent works showed that non-dissipative photosphere is preferred as the dominant 
emission model in at least 1/4 of long and 1/3 of short GRB population. Here I critically 
review the arguments given as well as their physical consequences. I present some recent 
results that show a connection between the prompt spectra and the early afterglow emis- 
sion, thereby argue for an independent method of discriminating the physical conditions 
that result in the different dominant radiative processes. 


Keywords: Gamma-ray: bursts; Radiative mechanisms: non-thermal; photosphere; 
polarization 


1. Introduction 


After more than three decades of an extensive study, there is a broad consensus 
about many of the observational properties defining gamma-ray bursts (GRBs), yet 
there is still a strong debate about the correct way of interpreting the data. One 
of the key problems is that when interpreting the observed data, one may conclude 
about the leading radiative process that produces the observed signal. However, 
the radiative process is the last in a long chain of physical processes, that include 
gravitational energy extraction, relativistic motion, kinetic energy dissipation, par- 
ticle acceleration and radiative process that eventually result in the observed signal. 
It is therefore impossible to disentangle the radiative process from the rest of this 
chain. Furthermore, the underlying physics of most of these processes is still only 
partially understood, and is the subject of an intensive research. As a result of this 
complexity, the leading radiative process is still uncertain. 

When looking at the data, common to all GRBs are the following. The spectra 
has a peak in the sub-MeV range; at lower energies (below this peak) the spectral 
slopes are steep, F, c v?, with a ~ 0, but with considerable variation between 
bursts, and sensitive to the fitting procedure; In several bursts a higher energy 
emission, at the GeV-TeV range is seen; and when making spectral fittings for 
bursts with strong enough signal, multiple components are identified.! 
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The lightcurve of the prompt emission, which lasts for a few- few tens of seconds 
generally varies at a sub-second level. The prompt phase itself is distinguished 
from later emission (“afterglow”) by a sharp decay in the flux. In a large fraction 
- 10’s of % of GRBs, an X-ray plateau is detected, lasting for a few thousands 
seconds following the prompt phase. At later phase, a decaying “afterglow” which 
is well modeled by a self-similar expansion phase (the “Blandford-McKee” solution) 
is frequently detected. Furthermore, to many nearby long GRBs, evidence for a 
coinciding supernovae explosion exist. Finally, the connection between GRB170817 
and the gravitational wave (GW) event clearly indicates that this particular event 
is associated with the merger of binary neutron stars.” 

Following these plethora of data, already in the early 1990’s the basic “fireball” 
picture had emerged,? © according to which the gravitational energy released during 
the collapse of a massive star (or merger of binaries) is partially converted to kinetic 
energy in the form of a relativistic jet. At a second stage, part of this kinetic energy 
is released by internal dissipation (e.g., shock waves). Part of this energy is used 
in a accelerating particles, which then emit the observed signal. This model could 
explain both the high energy (> MeV) emission, which is above the threshold for 
pair production, as well as the high variability detected in the lightcurve. It further 
obtained the afterglow as a prediction, to be later confirmed after the launch of the 
Beppo-SAX satellite. 

Despite this success, many of the basic questions remain unanswered in the 
framework of this model. These include: (i) the nature of the progenitor star, and 
the event that led to its explosion and death; (ii) the nature of the launching mech- 
anism of the relativistic jet^?; (iii) The composition of the jet, and in particular its 
magnetization; (iv) The structure (geometry), dynamics (velocity field) and evolu- 
tion of the propagating jet; (v) The nature of the kinetic energy dissipation mecha- 
nism - while initially internal shocks were considered, it became evident that they 
are not very efficient energy converters,’ and additional mechanisms were proposed, 
mainly involving strong magnetic fields!?:!!; This directly related to the question 
of particle acceleration, which is associated with this dissipation. (vi) The nature of 
the radiative processes involved in producing the observed signal. (vii) Addressing 
these questions is important in understanding the connection of GRBs to other ob- 
jects of interest and field of active research, such as stellar evolution, star formation, 
pop-III stars, supernovae, binary star evolution, cosmic rays, energetic neutrinos, 
and more. Finally, complete understanding of the nature of GRBs could be useful 
for addressing fundamental questions in cosmology (e.g., about the expansion of the 
universe) and Lorentz violation. 

The key problem remains that while many theories exist for each of these open 
questions, in order to test the theoretical ideas one has to rely on the observed 
signal, which is the result of the long chain of physical processes. Thus, one has to 
find clever ways of discriminating between the models based on the final outcome, 
which is not directly related to the processes themselves, and in many cases is very 
confusing. 
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2. The leading radiative processes 


Very broadly speaking, there are three competing models that are in wide use in 
explaining the observed prompt emission signal. These are synchrotron as a leading 
radiative process, hadronic and photospheric model. 

The idea that synchrotron emission (possibly accompanied by inverse-Compton 
[IC] scattering at higher energies) is the leading radiative process during the prompt 
phase of GRBs was in wide use in the 1990’s,!*°!8 and regain interest in recent 
years.14^ 16 Synchrotron emission is indeed very ubiquitous in many different astro- 
nomical objects, and in many GRBs it provides very good fitting to the lightcurve 
and spectra seen during the afterglow phase. Indeed, it is a very efficient way of 
extracting energy from energetic electrons via radiation. Furthermore, the condi- 
tions for this process to occur, namely the existence of energetic electrons and a 
magnetic field are both believed to exist as part of the dissipation process of the 
relativistic jet's kinetic energy. This is despite the fact that a complete model for 
the dissipation process still does not exist. 

A second possibility that had been discussed is that of a hadronic origin, namely 
that the observed signal is due to emission from energetic protons, e.g., via syn- 
chrotron emission, or possibly photo-meson (pion production) or Bethe-Heitler 
(pair production) interaction of the protons with the ambient photon field. In order 
for this process to take place, existence of energetic protons and a magnetic field 
are required. While synchrotron emission from protons is considerably less efficient 
than emission from the electrons due to the smaller cross-section, the advantage is 
that observations of energetic cosmic rays provide a direct evidence that proton ac- 
celeration to high energies necessarily exist in astronomical objects, while evidence 
for acceleration of electrons exist only indirectly. Thus, as long as the theoretical 
understanding of particle acceleration is incomplete, we do have certainty that this 
process does exist, though of course it is not clear whether the conditions that exist 
during GRB prompt emission are sufficient. 

The third radiative process discussed is emission from the photosphere.!? As 
opposed to the previous alternatives, this can be considered as a more complete 
model. As part of the GRB “fireball” model, the flow begins its relativistic expansion 
while being optically thick. Thus, at a certain radius, it must become optically 
thin - this is the photospheric radius, where photons escape. Thus, a photospheric 
component naturally exists in expanding, (initially) optically-thick flows, and in 
particular as part of the GRB “fireball” model. Furthermore, as no additional kinetic 
energy dissipation is required, this process can be highly efficient, with 10s of 96 of 
energy being released as photons at the photosphere.!? ?! On the other hand, in 
order to gain high efficiency, one requires to avoid adiabatic losses, namely that the 
photospheric radius ry; is not much above the coasting radius, which marks the end 
of the acceleration of the jetted material. 


2949 


3. Confronting synchrotron emission with the data 


Already in the 1990's, synchrotron emission was suggested as a leading radiative 
model to explain the prompt emission from GRBs. This is based on the fact that 
for relativistic expansion with I = 100 and dissipated kinetic energy that is spread 
roughly equally between accelerating electrons and generating magnetic fields (i.e., 
equipartition), the observed peak energy, v2": ~ 500 KeV is in good agreement with 
the peak observed energy. 

However, a closer look reveals that under such a strong magnetic field, the 
electrons will rapidly cool (namely, will be in the “fast cooling" regime), in which 
case the expected low energy spectral slope is much shallower than the observed 
one. This is the famous “synchrotron line of death" problem,?? which made this 
model less appealing for many years. 

In recent years, as the quality of data increased, several attempts were made 
to overcome this problem. For example, Refs.!4 15:23 argue that the low energy 
spectral slope (below the peak) cannot be considered as a single power low, but 
rather there is an intermediate break at several tens of keV. This break enables to 
fit the spectra with a smaller than equipartition value of the magnetic field, thereby 
relaxing the ‘line of death’ restriction. Recently, Ref.!Ó correctly argued that one 
should not attempt to fit the synchrotron spectra to the already fitted “Band” 
function, as is commonly the case, but rather directly to the raw data. When doing 
so, they managed to provide acceptable fits to the data within the framework of the 
synchrotron emission model. 

Despite this success, a close look reveals that in providing these fits, the magnetic 
field assumed was extremely weak, ~ 1 G, and the emission radius obtained from 
the fit was ~ 10!" cm. These require a ratio of burst energy to ambient density of 
Esa /no ~ 105, which is 8 orders of magnitude larger than inferred from afterglow 
data (here and below, Qs = Q/10*). Thus, while the shape of the spectra can 
be fitted with such a model, the values of parameters obtained make it physically 
unacceptable. 

Similarly, the idea of synchrotron emission from protons was investigated by 
several authors.!^?^ The allowed parameter space in this scenario, B ~ 10° G and 
emission radius of R ~ 10!? cm, are much in line with the parameter estimate from 
afterglow data. However, due to the much less efficient radiative energy extraction 
from the protons (as compared to the electrons), this scenario requires that the total 
amount of energy given to the accelerated protons, Ep exceeds the jet kinetic energy, 
namely Ep > Ex. Thus, this scenario challenges models of particle acceleration. 


4. Confronting photospheric emission with the data 


'The drawbacks of the synchrotron model mentioned above, led several authors to 
consider photospheric emission as an alternative.!*:!9:25 However, this alternative 
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was less appealing for many years, due to the fact that the observed spectra never 
appears as a “pure black body” (Planck), but rather is much broader. 

This situation changes with the observation of GRB090902B.”° This was a par- 
ticularly bright burst, which showed clear evidence for a dominant narrow peak, 
Planck-like component. Furthermore, its extreme brightness enabled a time-resolved 
analysis during the onset of the prompt phase. This analysis proved that the spec- 
trum change during the prompt phase: it started as a very narrow peak, close to a 
black body, and then gradually widened to resemble the common “Band” spectra. 
'This had demonstrated the importance of time-resolved analysis, as an essential 
tool needed to understand the origin of the prompt phase.?" 

Recently, a similar analysis done on a large number of bursts?? showed that 
this behavior is in fact common among pulses seen in many bright GRBs: initially, 
many pulses are narrow (hard spectrum) which become softer in time. This may be 
interpreted as a change in the leading radiative process with time: an initial ther- 
mal (or quasi-thermal) emission decays, and a later synchrotron emission becomes 
dominate at later times. 

Furthermore, theoretical works proved that in fact the initial expectation 
for a “Planck” spectrum was misleading: due to light aberration from the relativisti- 
cally expanding jet, even a “pure” photospheric emission (so called “non-dissipative 
photosphere", or NDP) would be detected as a broader spectra, with spectral slope 
dN/dE x E-* and a ~ 0.4 below the peak?? (compare with the Rayleigh-Jeans 
slope of a = 1). Even this, though, is an asymptotic limit: when considering the 
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finite detector’s energy range, and the “curvature” of the spectrum near the energy 
peak, it is found that the expected observed values of the low energy spectral slope 
are even smaller than this.?? 

After considering these effects, a recent analysis show that in fact more than 1/4 
of long GRBs, and 1/3 of short GRBs are consistent with having a pure thermal 
origin.?:?^ When adding a possible sub-photospheric energy dissipation that can 
potentially broaden the spectra, these fraction of course becomes much larger. 


5. Applications 


'The realization that a photospheric emission does not appear as a textbook-solution 
blackbody, but rather is modified, enabled a refined analysis of the GRB properties. 
f.34 showed that the short GRB population that are consistent 
with having a pure thermal origin can be divided into two separate populations, 
clearly divided by their peak energy, E,;,, duration (799) and inferred Lorentz factor. 
One of these populations forms a continuation of the properties of the long GRB 
population, while the other one is separated. This result thus suggests that the 
classical separation of the GRB population to “long” and “short”, which is based 
nearly entirely on the duration (Tyo) is likely insufficient, and additional criteria are 
needed. Part of the “short” GRB population is in fact a continuation of the long 
GRB population. 


For example, Re 
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One of the most puzzling questions is the observed isotropic energy-peak energy 
(“Amati”) or luminosity - peak energy (“Yonetoku” ) relations reported. One appeal- 
ing advantage of the photospheric emission model is that it may provide a natural 
explanation to the observed correlation, as due to viewing angle effect. Observers at 
different angles see the photons with different Doppler shifts, as v?" = Dv’ (here, 
D = [F(1 — 8cos0)|^! is the Doppler shift, and primed quantities are in the co- 
moving frame). Using the invariance of L’/v?, the observed luminosity is related to 
the peak energy via L° x (v)? ~ E?., providing a natural explanation to the 
Yonetoku relation.?? 

While this may provide a very elegant explanation to the observed relation, 
this analysis relies on the underlying assumption that the comoving luminosity and 
comoving temperature are related via L/ «x (T’)?, while one expect the comoving 
temperature to decay with radius.?? Thus, an underlying assumption here is that the 
photospheric radius is roughly similar in many different GRBs, which is unknown. 
I further discuss this issue in section 7 below. 


6. Broadening of the photospheric emission 


Numerical simulations of jets propagating inside and outside the collapsing 
star?^37 39 clearly demonstrate that part of the jet kinetic energy is dissipated 
at various radii, in many cases below the photosphere. Such a dissipation can result 
from recollimation shock with the collapsing stellar material, magnetic energy dis- 
sipation or internal collisions. The resulting spectra was studied by various authors, 
e.g., Refs.19:25,407? to name a few. 

In this scenario, the dissipated energy is used to heat the plasma, which is then 
characterized by 2 temperatures: an electron temperature Te which is greater than 
the photon temperature. Under these conditions, the resulting spectrum above the 
thermal peak is mainly due to inverse Compton (IC) scattering of the photons inside 
the plasma. It depends mainly on 2 parameters: the number of scattering (namely, 
the optical depth at the location of the energy dissipation) and the available energy, 
namely the ratio between the electron and the photon field energies, we: /Upn. 

Below the thermal peak, one may expect an additional modification due to 
synchrtron emission from the (newly) heated electrons. Above the thermal peak, 
multiple scattering broadens the peak; if the optical depth is high enough, a new 
thermal peak would emerge, at higher temperatures. But in the intermediate case, 
T S 100, there is no simple analytical solution, and one has to refer to numerical 
25,30,43-45 which show the plethora of possible spectra. 

Another, independent broadening mechanism to be considered is geometrical 
broadening, which is the relativistic version of the “limb darkening” effect. Even 
for a spherical explosion, the photospheric radius is a function of the angle to the 
line of sight, 0, via ry&(0) x (D^? + 67/3), where T is the Lorentz factor of the 
flow.2° This implies that photons emerging from angles 0 > D^! escape the ex- 
panding plasma at large radii. Furthermore, the photons have a finite probability of 
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escaping the expanding plasma at different radii, leading to the concept of “vague 
photosphere” .?9:39 This distribution inherently results in broadening of the emerg- 
ing signal. 

The explosion, though is not expected to be spherical, but rather a jet-like, 
with a finite jet opening angle. The flow properties may best be approximated as 
T (8) oc To/4/(1 + (0/0;)?» (see simluation by?5), where 6; is the jet opening angle, 
and p represents the “steepness” of the velocity profile. In this case, the observed 
signal depends, in addition, on the viewing angle, 0,.4° This scenario naturally 
leads to an enhancement of the limb darkening effect, as the Doppler boost of 
photons emitted from larger angles and larger radii is considerably smaller than 
that of photons emitted from the central jet regions. As a result, these photons 
are observed at much lower energies, and the observed spectrum — purely from the 
photosphere — is nearly flat for a wide energy range, for different jet parameters and 
viewing angles.*® 

This scenario naturally results in a polarized signal, for an off-axis observer. 
The scattered photons are 100% polarized, the photon field is anisotropic near the 
photosphere, and the rotational symmetry is broken for 6, > 0 (observer off the 
jet axis). The resulting polarization can reach 10's of 96 (Q/I < 40% for an off- 
axis observer, with flux that is still detectable). Another prediction of the theory 
is 1/2 shift in polarization angle,*” with spectra that is so smeared it looks very 
different from a pure *Planck". Indeed, such a polarization angle change was recently 
detected by the ASTROSAT mission, ^? though its exact origin is still debated. 


7. Back scattering photospheric model 


An underlying assumption of the discussion above is that the source of photons is 
the expanding plasma inside the jet: either via acceleration of particles that radiate 
synchrotron, or that the photons are coupled to the plasma below the photosphere. 
However, one may envision a different scenario, in which, following an initial ex- 
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pansion of the jet which clears a cavity inside the collapsing star, 
production of pairs via, e.g., neutrino annihilation occurs close to the newly formed 
black hole. These pairs then annihilate to produce photons. The photons, in turn, 
propagate inside the empty funnel until being scattered by the expanding stellar 
“cork” (made of stellar material cleared by the jet and by the surrounding cocoon). 

In this scenario, therefore, the photons are back scattered by the relativistically 
expanding cork ahead of them from behind. Due to the relativistic motion of the 
cork, in the frame of an observer at infinity these photons are scattered in the 
forward direction, at some angle to the cork propagation direction. Due to the 
different Doppler boosts, photons scattered at different angles are seen at different 
energies. The obtained spectra integrated over different viewing angles, dN/de œ e+ 
for energies below the peak, resembles the observed one.?? For hot cork, multiple 
scattering inside the cork leads to photon energy gain,and the high energy spectral 
slope obtained is also similar to the observed.?! 
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Perhaps the greatest achievement of this model is its ability to naturally explain 
the Epk — Eiso correlation (“Amati” relation) as a natural outcome of observers 
located at different angles, without the need to invoke any additional underlying 
assumptions, as in the “classical” photospheric model discussed above. 


8. Summary 


Understanding the origin of GRB prompt emission remains one of the big puzzles in 
the study of gamma-ray bursts. It is of particular importance, due to the fact that 
understanding it directly enables to probe the key physical ingredients involved in 
producing the GRB phenomena. 

In recent years, there is a healthy debate between different ideas of interpreting 
the observed signal. As it turned out, different models both seem to produce key 
parts of the spectra. However, the physical parameters required for the synchrotron 
radiation to be the dominant mechanism seem at odds with afterglow observations. 

Photospheric emission model turned out to be much more complicated than 
initially thought. Various effects and mechanisms act to modify the observed signal, 
which does not resemble the textbook “Planck” function. Among them are the 
finite detector's bandwidth, the jet velocity profile and sub-photospheric energy 
dissipation. For jet viewed off-axis, as in the vast majority of jets, the observed 
signal may be highly polarized. Another major advantage is the ability to explain 
the observed Ey; — Eiso correlation, which is a natural outcome of a model in which 
the source of photons is not relativistically moving, but rather the photons are 
back-scattered from the expanding cork. 
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On explaining prompt emission from GRB central engines with 
photospheric emission model 
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Although the observed spectra for gamma-ray burst (GRB) prompt emission is well 
constrained, the underlying radiation mechanism is still not very well understood. We 
explore photospheric emission in GRB jets by modelling the Comptonization of fast 
cooled synchrotron photons whilst the electrons and protons are accelerated to highly 
relativistic energies by repeated energy dissipation events as well as Coulomb collisions. 
In contrast to the previous simulations, we implement realistic photon-to-particle num- 
ber ratios of Ny/Ne ~ 10° or higher, that are consistent with the observed radiation 
efficiency of relativistic jets. Using our Monte Carlo radiation transfer (MCRaT) code, 
we can successfully model the prompt emission spectra when the electrons are momen- 
tarily accelerated to highly relativistic energies (Lorentz factor ~ 50 — 100) after getting 
powered by ^ 30 — 50 episodic dissipation events in addition to their Coulomb coupling 
with the jet protons, and for baryonic outflows that originate from moderate optical 
depths ~ 20 — 30. We also show that the resultant shape of the photon spectrum is 
practically independent of the initial photon energy distribution and the jet baryonic 
energy content, and hence independent of the emission mechanism. 


Keywords: Gamma-ray burst: general; methods: numerical; radiation mechanisms: 
thermal; radiative transfer; scattering. 


1. Introduction 


'The radiation mechanism responsible for the prompt emission of long-duration 
GRBs has remained elusive ever since their discovery. The observed photon spec- 
trum has a distinctly non-thermal shape and is generally modelled using the Band 
function! which is a smoothly connected broken power-law with peak energy 
Epeak ~ 300keV and the low/high energy dependence?^? given by f, x v9/f, « 
v ?, A robust radiation mechanism should explain the non-thermal features ob- 
served in the prompt emission spectrum in a self-consistent manner. The two most 
widely explored models to this end are the synchrotron and photospheric models.* © 

In the synchrotron model, the electrons accelerated by either internal shocks* 
or magnetic reconnection’ produce the prompt radiation via synchrotron emission 
process. Although this model accounts for the non-thermal nature of the photon 
spectrum, it cannot explain the high observed radiation efficiencies up to few tens of 
percent.? Moreover, the observed hard GRB spectra at low energies cannot be ex- 
plained with synchrotron emission process.!?:!! Owing to these shortcomings of the 
synchrotron model, many researchers have considered photospheric emission model 
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in more detail.!^!? Unlike the synchrotron model, photospheric model naturally 
explains the observed high radiation efficiencies and spectral shape is completely 
determined by photon-matter interactions irrespective of the dissipation mechanism 
involved. Although there have been many successful attempts to explain the high- 


7,14,15 explaining 


energy non-thermal behaviour using sub-photospheric dissipation, 
the low-energy non-thermal tails has turned out to be really challenging.!9 

Here we study the sub-photospheric Comptonisation of synchrotron seed pho- 
tons?!" to find the plausible conditions under which both low/high-energy non- 
thermal behaviour and observed peak energy can be explained self-consistently. 
'The particles in the jet are accelerated to relativistic energies by repeated dissipa- 
tion events such as internal shocks? 18 
continue to scatter electrons while the outflow is optically thick and gain energy 
until either the average photon energy matches that of the electrons or the outflow 
becomes optically thin so that the photons escape the photosphere. We determine 
a correlation between the number of reheating events and initial optical depth, and 
perform an exhaustive parametric space search to obtain a Band-like photon spec- 


or magnetic reconnection.^!? The photons 


trum. We also perform analytical calculations to examine the evolution of photon 
energy spectrum with multiple scatterings and validate the numerical results. 


2. Energy requirement for photons and particles 


We first estimate the average energy Ey avg that the jet photons need to have to 
generate a Band-like output spectrum. As most of this energy is transferred by hot 
electrons through Comptonisation, this also places a threshold energy requirement 
Ye,crit ON the electrons. As the electrons are maintained at ye ~ Ye,crit by energy 
gained from either Coulomb collisions or repeated dissipation events and subsequent 
cooling due to IC, we further constrain the injected energy and the number of 
episodic dissipation events required. 


2.1. Analytical estimate for Ey avg and Ye,crit 


The observed photon spectrum has a Band-like shape with a low/high-energy depen- 
dence, f, x v9 /v-1? in the energy range ~ 10 keV — 300 keV /— 300 keV — 10 MeV, 
where f, denotes the photon flux per unit frequency. The average observed energy 
of each photon in the lab frame is then Ef avg ~ 300 eV, assuming a jet bulk Lorentz 
factor I = 300. Equating the total energy content of the photons with the maximum 
energy that the electrons can deposit via Comptonisation gives 


NEL avg = Ne(Ye,crit aR 1)mec? (Tintäyn/tic) j (1) 


where Tin is the initial optical depth, tiyn [ic i8 the dynamical/inverse-Compton (IC) 


timescale and Tintayn /tic ~ number of times the electrons interact with photons 
during jet expansion. The characteristic dynamical timescale is t, = Rin/I'c while 
the IC timescale is tie = 3(Ye— 1)mec/4U ory? B2. Here, Rin is the photon injection 


2959 


radius, or is the Thomson cross section, ^, is the electron energy and Uj, is the 
radiation energy density. Substituting typical GRB parameters gives Ye cerit = 1.352. 

We now estimate the electron super-Coulomb efficiency parameter 7 which leads 
to y, = 1.352. For electrons to remain in equilibrium as a result of Coulomb heating 
and IC cooling over the jet expansion timescale, 


(Ye —1)m,c? (8.3 x10797277 +68) 1 _ 3(3.— Imee 
5 x 10719n/, ` Bs DI U'arg2 gl 


(2) 


where electron density n, = L/(47R?m,c?T?) = 4.17 x 101? em ?, radiation en- 
ergy density U! = L,/(4x R?T?c) = 2 x 10! erg/cm? and T} = g-(ye;aa — 1) (Ye 
1)mec? = 1.98 x 10? (ye — 1/4.) is the electron temperature for a Maxwellian dis- 
tribution. Here, Yead = (4e + 1)/(3ye) is the adiabatic index of the electrons and 
Bp is the speed of protons divided by the speed of light. Substituting yp ~ 1.123 for 
Tin = 8 and Ye = Ye crit = 1.352, we obtain 7 = 4.5. 

The electrons cannot be continuously heated by Coulomb collisions if the pro- 
tons cool down to energies comparable to that of electrons within the dynamical 
timescale. While the protons cool down due to Coulomb collisions and adiabatic ex- 
pansion, the electrons gain energy through Coulomb and get cooled due to adiabatic 
cooling and IC. The electrons cannot be heated any further when 


; x 107 19 nl, 82 ji E 
d i 1) =N, p dt’ Np NU TAB dt’ 
5 x 1071 
[0.73(ye — 1/7e)”/2 + B5] 
= 1) )mec d / t 1 2 / 
Ne oft Er; D" (4/3)U* on (52 — 1)cdt'. (3) 


which simplifies for a neutral jet to, 1.5 x 10 ?(1 — In\) + 3.21 x 107?(1— 1/1) = 
1.15 x 1074n(1 — 1/A)ri,. For A ~ 2 ie. for protons to cool down to electron 
energies in t = 2t yn Tin ~ 8.28. This means that for Tin Z 10, the protons 
cool down too fast and super-Coulomb interaction cannot keep the electrons hot 
beyond t = Qtayn- This necessitates the heating of electrons by some alternate sub- 
photospheric dissipation mechanism. Even though the electrons tend to cool down 
rapidly due to Comptonization, their energy can still be maintained at Ye Z, Ye,crit 
provided the episodic heating events are frequent enough. 


2.2. Electron heating by repeated dissipation events 


As the total energy gained by the photons is the total energy that is transferred by 
the electrons through Comptonisation 


Tint 
2/3 ( pu / oc 292. p! 
NyTin ( y,avg,obs ~ E: avg, i) = Ne I (4/3)U. i Tin Pory? Bee dt. 
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which simplifies to 


Ti R; 

- in Rin dR 

10? nib y,avg,obs T = 8.72 x 10° Ly soni, f (v s DE 
Rin 

_ 8.72 x 105L, sor, (92 — 1) 

Rin i 


Tin 
critical electron energy obtained here is similar to Ye erit ~ 1.352 aed. earlier, 


especially for small initial optical depths Tin ~ 1. 
We consider repeated sub-photospheric dissipation events that can re-accelerate 
the electrons as well as protons to their initial energies. 


Substituting Rin ~ 2.17 x 10" 7; cm, yields Ye,crit ~ V BEII pa ie 


Using the fact that the electrons remain in equilibrium with energy Ye,crit ~ 


V 141.2 I S0 nil $ we constrain the energy injected per electron Einj = 


Nrn(Ye,in — 1)mec?. In particular, 


Tinta 5 x 107194 82 —4/3 
Neti, (Ye - Dm. = s. f zu 3 dt! 
[O73 (Ye 1/7e)’/? + B] 


Tin agn 
+ Ne Ny (^e, in 1)me.c? E Ne f (4/3)U? y (ET 2/3 or Ya Be dt', (4) 


where Ye © Ye crit and LA 3 / 7,7! ? is the adiabatic cooling factor for relativistic 
electrons/photons. We consider the episodic dissipation events to be equally spaced 
over the jet expansion timescale Tintayn and to supply fixed energy (equal to initial 
energy, Ye,in / Yp, in) to the electrons/protons at each instance. Substituting Rin = 
2.17 x 10!! 7! cm and simplifying yields 


ioir 
[0.73 (Ye — 1/49)? + (2/Tin)?/?] 


TAB (ye — 1)mec? = 


n 


Pseud ie a 


(5) 
which constrains the critical injected energy Einj,er(Tin) = Nrn(Ye,in — 1)mec? per 
electron in terms of Tin. Equation (5) is only a necessary and not sufficient condition 
to obtain Band-like photon spectrum as it determines the average photon energy but 
does not impose any constraints on the general shape of the photon spectrum. For 
large Einj, photon peak energy Ey peak > Ey,0bs ~ 300 keV while Ey peak K Ey,0bs 
for large Tin, due to significant energy loss from adiabatic cooling. 


3. MCRaT code description 


We discuss here the implementation of our MCRaT code and give an overview of 
the basic physics included. We first list the jet parameters and describe the initial 
distributions of the particles and the photons. We then discuss how the jet particles 
and photons are affected by the physical processes. Lastly, we describe the algorithm 
of our photospheric MCRaT code. 
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3.1. Relativistic jet parameters 


The jet parameters provided as input for the code are: 


e Isotropic equivalent luminosity, L: The bulk of the jet luminosity is contributed 
by the protons. We consider L = 10?!, 10°? erg/s.?? 

e Jet bulk Lorentz factor, I: The bulk Lorentz factor is related to L and Fy peak- 
We consider T = 30,100, 300 in this work.?! 

e Initial optical depth, Tin: The optical depth is measured relative to R = 
Lor /(81m,c? BI?r) which is the photon radial distance from central engine in 
the observer frame. 7;, corresponds to the radial distance from central engine 
where all particles and photons are injected. We consider Tin = 10, 20, 40. 


3.2. Initial distributions 


We describe here the initial energy and velocity distributions of the jet electrons, 
protons and photons. 


e Electrons and protons: We consider a charge-neutral jet with particle number 
Ne = N, = 2 x 10°. The initial particle velocities are distributed randomly in the 
jet-comoving frame. All particles are uniformly distributed in the jet-comoving 
frame at initial time. The initial energy of the electrons are determined from 
the Maxwellian distribution with temperature kgT? in = (Ye,aa,in — 1)(Ye,in — 
1)m.c? while the protons are mono-energetic with yp = Yp,in- We consider Ye, in = 
2,10,30, 100 and yin = 1.01, 1.1 for our simulations. 

e Photons: In order to maintain N,/N. = 10°, we consider N, = 2 x 10" for our 
simulations.!? The initial photon velocities are randomly distributed in the jet- 
comoving frame and photon positions are uniformly distributed within a cone of 
solid angle 1/T' pointing towards the observer. The initial photon energy distri- 
bution is given by the synchrotron distribution for fast cooling electrons? 


11/8 2 
(422) (4) ’ Vmin S V < Vac 
( ae 
£ Vac LV < V 
Vsa , ac sa 
h= —1/2 (6) 
(4 ) : Vsa < V < Vm 


"A —p/2 
(=) (4) >YUm X V X Umax 


where f, is the peak normalised photon flux per unit frequency and p — 2.5 is 
the spectral index at high energies. 


3.3. Physical processes in the jet 


Here we discuss the physical interactions between the electrons, protons and photons 
that can further affect the output photon spectrum. 
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e Adiabatic cooling: As the relativistic jet expands outward, the photon and particle 
energies drop considerably as 


—2(Yad.e—l 
(res — 1/08 — 1) = (Rin T BL t's / Rin T Bc ti) Cc , 
—2(Yad,p— 1 
(3,5 — D/ (p. — 1) = (Rin + BcTt/ Rin + BT) OP , 
Ey, / Eyi = (Rin + Bt; /Rin + Bert), (7) 


where the subscript i/f denotes the initial/final value of the physical quantity 
and Yad,e/p = (4Ye/p + 1)/(3%e/p) is the electron/proton adiabatic index. 

e Coulomb collisions: While the electrons are continuously heated by the protons in 
the jet, they also interact with each other to quickly attain thermal equilibrium. 
The corresponding timescales are given by?? 

BS B10; uc avg 
8.3 x 107 ATO + B3 wg 


5 x 1071n. 82 
Pe-e = n ove , (8) 
8.3 x 10-15T//2. + 33 


e,avg 


where Bpavg, Be,avg and Same: are number-averaged quantities. The electron 


distribution is re-initialized to Maxwellian distribution on a timescale t, , = 
(Ye,avg 2 1)mec?/Ee—e < are 

e IC scattering: The distance s’ that a photon travels before scattering an electron 
mfp) Where Ug, = 1/(n-or) is 
the photon mean free path. The scattering probability of a particular electron 


with a photon is!? 


is given by probability density p(s’) x exp(— s /l 


B 1 
E 4n B2 


Pe; 0.) (1 ES becos 0), (9) 

where f), is the electron speed divided by speed of light and 07 is the angle between 

electron and photon velocities before scattering. Average number of scatterings 
that a photon experiences before escaping is  27;,.?? 

e Pair production/annihilation: Due to the episodic jet dissipation events, the elec- 
trons are often accelerated to highly relativistic energies Ye = Ye,in ~ 100 and 
can scatter energetic photons with E^ Z 10 E] peag to energies Z 4E? auge ~ 
Mec? ~ 5 x 10? eV, before cooling down rapidly to non-relativistic energies. For 
synchrotron photons that we consider (see equation 6), a considerable fraction 
~ 30% have sufficient energy to generate electron-positron pairs which can affect 
the shape of the output photon spectrum, especially for large Tin Z 10. 


^4 


3.4. Code implementation 


'The travel distances are first drawn for all photons depending on their mean free 
path and the photons are propagated. The new photon positions are evaluated to 
check if any photon escapes the photosphere, in which case the energy is calculated 
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and stored. Other photons are stored in a priority queue where they are ordered 
based on travel distances. Next, the photon at the top of the queue is propagated, 
a proton is randomly selected and an electron is selected using the scattering prob- 
ability, Pse. The particle and photon energies are then updated due to adiabatic 
cooling and Coulomb collisions. The outgoing velocities and energies of the photon 
and electron are calculated if IC scattering occurs. Subsequently, the next photon 
in the queue is drawn and electron-positron pair production cross section is eval- 
uated. If the cross section is large, a new electron and positron are generated and 
photons are not placed back in the queue. If positron number is non-zero, a positron 
is drawn randomly and the pair annihilation cross section with the electron is cal- 
culated. Two new photons are created and added to the queue, if the cross section 
is significant. The method described above is repeated until a third of the total 
photons in the jet escape and a time-averaged output photon spectrum is obtained. 


4. Photospheric simulation results 


Here we present the results of our photospheric MCRaT simulations. The photon 
energy spectrum and the electron kinetic energy spectrum are shown in the lab 
frame at the end of each simulation in all the figures. The photon and electron 
energy spectrum are Doppler boosted from the jet-comoving frame to the lab frame 
in all the figures. The electron kinetic energy spectra are peaked at significantly 
larger energies compared to the photon spectra for all the simulations as shown in 
the figures. In the rest of this paper, we denote the low/high energy photon spectral 
index by a/ and the observed photon peak energy by E. obs- 
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Fig. 1. Effect of y.;, at constant Einj = Ejnjcr(tin) and for different Tin. The input 


parameters used are E. peak = 2 eV, Yin = 1.1, L = 105 erg/s and T = 30. Left panel: 


Tin = 20, Einj = 4000 mec? and (Nih, Ye,in) m (40, 101)/(400, 11)/(2000, 3). Right panel: Tin = 40, 
Einj = 2500 mec? and (Nn, Ye,in) = (25, 101) /(250, 11)/(1250, 3). 


In Figure 1, we present the simulation results for fixed injected energy Ei = 
Neher (Ye,in — 1) mec? = 4000/2500 mec? at Tin = 20/40 and different 44,4, = 


3,11,101. The photons/protons are initialized with E- -— = 2 eV/ pin = 1.1 
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with jet parameters, L = 105? erg/s and T = 30. We find that a ~ 0 is prac- 
tically unaffected by decrease in electron energy Ye,in (irrespective of Tin) and is 
solely determined by the critical injected energy Finj,cr. AS Ye,in increases for a 
given E;,;.,the photons tend to have lower peak energy Ey peak and there are 
fewer/more photons with E. ~ 1 — 10 MeV/2= 100 MeV. This is expected as the 
electrons with *,;;, = 101 are accelerated much less frequently compared to those 
with Yein ~ 3— 11 and then subsequently cool down very rapidly to non-relativistic 
ye after being considerably hotter for a shorter duration ~ 1073 tayn when they 
accelerate many photons to E. = 100 MeV. The high energy bump in f, and de- 


viation from power-law behaviour for large *,,;; is seen only at moderate Tin S; 20 


and is not appreciable for larger Tin 2 40 as the high energy photons cool down 
rapidly from adiabatic losses. 
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Fig. 2. Effect of yp in and Je in for Npn = 40 (Tin = 20, = 30) and Npn = 25 (ri, = 40, = 
100). The input parameters used are E, peak 2 eV and L = 10°! erg/s. Left panel: T = 30, 
Tin = 20, Nen = 40: Yp in = (1.01, 1.1) and Ye,in = (3, 11, 101). Right panel: T = 100, Tin = 40, 
Nrn = 25: Yp,in = (1.01, 1.1) and ye,in = (3, 11, 101). 


We find an increase in |8| with decrease in Yen for a fixed Einjcr(Tin) as well 
as with increase in Tin. Moreover, f ~ Bobs for Ye,in ~ few 10s — 100 and Tin S; 20 
while the high-energy spectrum is much steeper, f, x v^? for Tin Z 40, almost 
independent of N,;. While relatively continuous energy injection (small y¢,in ~ few 
and large N,5,«. ~ few 1000s) results in steeper high energy spectra |8| > |Goos| 
along with Ey peak/Ey,obs Z 10, episodic energy injection (large ye,in ~ 100 and 
small Nj; ~ few 10s) gives a high energy power-law spectrum consistent with 
observations for moderate optical depths Tin < 20. In order to have both Ey peak ~ 
500 keV and |8| ~ 1.2 — 1.5, the particles and photons have to be initialized at 
Tin ~ 20 — 40 and Einj,cr(Tin) ~ 2500 — 4000 mec? energy needs to be injected into 
electrons with Ye,in ~ few 10s. 

In Figure 2, we present the simulation results for fixed Nyy er(Tin) = 40/25 at 
Tin = 20 (T = 30)/40 (T = 100) with different combinations of +, i, = 3,11, 101 and 


pin = 1.01,1.1. The seed photons have energy 1 pesk = 2 eV with jet luminosity 
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L = 10°! erg/s. We see that Yp,in does not affect the photon output spectra irre- 
spective of the optical depth, which is expected as the Coulomb collisions timescale 
th p = (Ye,avg — 1)m.c?/Ee_p is considerably longer than the Comptonization 
timescale tjo. A minimum electron energy ye Z 11 is needed in order to have 
photons th E, Z 10 MeV and peak energy Ey peak ~ 1 MeV for both Tin consid- 
ered. The output photon spectrum does not show a power-law dependence at both 
low and high energies when the electron initial energy is small ein < 11. While 
the output photon spectrum shows a ~ ops and Ey peak ~ Ey,obs at both optical 
depths for electrons with Ye,in = 101 only, the high energy power-law spectral index 


[8| > |Bovs| for Tin = 40 and ~ |Bobs| for Tin = 20. 
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Fig. 3. Left panel: MCRaT simulations showing the effect of L = (1051, 1052) erg/s and T = 
30, 100, 300 for constant Npn = 40, Ye,in = 101 and Tin = 20. For these simulations, we consider 
input parameters E? peak 2 eV and Jp,in = 1.1. Right panel: MCRaT simulations showing the 
effect of E? peak = = 0.2, 2, 20 eV for Npn = 40 (Tin = 20, T = 30) and Npn = 25 (Tin = 40, = 100). 
For these simulations, we consider input parameters Ye,in = 101, Yp,in = 1.1 and L = 10° erg/s. 


In the left panel of Figure 3, we show the simulation results for fixed Ei = 
4000 Mec? at Tin = 20 and for different combinations of L = 10°',10°? erg/s 
and T = 30,100,300. The photons/electrons/protons are initialized with energies 
E! peak = 2 €V/Ye,in = 101/7p,in = 1.1 at optical depth Tin = 20. While the 
jet luminosity L has no noticeable effect on the output photon spectrum, increase 
in bulk Lorentz factor I shifts the photon peak energy to higher values. We find 
that even though I does not affect a and f, it rescales photon peak energy as 
Ey peak X T. The output photon spectrum shows Ey peak ~ Ey obs only for smaller 
I ~ 30 values. While larger T ~ 100 can also reproduce Ey peak ~ 500 keV and 
a ~ 0 at Tin Z 40 in agreement with the observations, it cannot explain the observed 
high energy spectral index (see right panel of Figure 2). 

In the right panel of Figure 3, we show the simulation results for fixed 
Nrh,cr(Tin) = 40/25 at Tin = 20 (T = 30)/40 (T = 100) and different seed photon 
energies E’ ,,,,, = 0.2,2, 20 eV. The electrons/protons are initialized with ener- 


y,pea 
gies Ye,in = 101/455 = 1.1 with jet luminosity L = 109? erg/s. We find that for 
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both Einj,er(Tin) = 2500 mec? and 4000 m.c?, the low/high energy spectral index 
a/@ and the output photon peak energy Ey peak are practically unaffected by the 
choice of ES oak The specific photon flux f, falls off considerably at energies less 
than EE peak as most of the photons gain energy and do not populate the low 
energy tail after getting scattered by the electrons. For larger Tin, the photons get 
scattered multiple times thereby increasing the probability of differential number 
of scatterings before escaping the photosphere and subsequent broadening of the 
spectrum. As a result, more photons populate the low energy tail and the spectra 


with different initial energies TE, piak become indistinguishable for Tin Z 40. 


5. Photon spectra for repeated scatterings 


Assuming that Comptonization is the dominant process influencing the output pho- 
ton spectrum, we will first evaluate the energy spectrum of synchrotron photons 
after they experience single scattering with the electrons. Then we extend our for- 
malism to find the photon energy spectrum for the realistic case when they undergo 
repeated scatterings with the electrons in the jet before exiting the photosphere. 
The energy distribution of the scattered photons depends mainly on the incident 
photon spectrum and the electron energy distribution. 


5.1. Photon distribution after one scattering 


For our calculation, we consider electrons and incident photons with isotropic dis- 
tributions in the jet-comoving frame. In this case, the scattered photons are also 
distributed isotropically in the jet-comoving frame. For simplicity, we only consider 
Thomson scattering in the rest frame of the electron and assume that all scatter- 
ing events are elastic in nature. For incident photons with energy e scattering off 


electrons with energy ymec?, the total scattered power per energy per volume is?* 


dE 3 us & Ty €1 
— — D Qa de= —5 lle iso , 10 
dV dtdei qe - Sr f 32 (8 (zx) (10) 


where, e, is the scattered photon energy, f(e) is the photon distribution function, 
n. (^) is the electron distribution function and giso(r) = 3(1—2) for isotropic photon 
distribution in the jet-comoving frame. We consider the simple case in which the 
incident photons have a synchrotron/piecewise power-law energy distribution, 


(11) 


and the electrons are mono-energetic with ne(y) = nod(y — yo). Substituting x = 
Av c/c, for relativistic electrons yields 


dE ^? dx 1 ac 
LET end 1 12 
dV dider corno | E ( J f ($5) (sa 
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For photons below peak energy e1 < 4^6€o, we can further define e1/442 = neo 
with 7 < 1. For low energy photons with 7 < 1, if the incident photons have 
a hard spectrum with 0 < a < 1, the scattered photon distribution fse(€1) œ 
dE/(dV dtdei) e n* e €%/(78%€8) is the same as that of the incident photons. How- 
ever, for a softer low energy incident photon spectrum with a > 1 and 7 < 1, we ob- 
tain fsc(e1) x dE/(dV dtdei) e ei. Therefore, after single scattering of synchrotron 
photons with broken power-law energy distribution, the low energy spectrum is unaf- 
fected for hard spectra with a < 1 whereas f.«(e) x e for softer spectra. For photons 
above peak energy e; > 4y6€o and n > 1. This gives dE/(dV dtdei) x €7°/(y ^ eg"), 
same as the incident photon spectrum. For fast cooled synchrotron photon spec- 
trum, we have a — 2 and b — —1, and the scattered photon distribution after single 
scattering is 


(e/eo)!, €< eo 
bea) Ss Ee: 
In reality, however, each photon experiences ~ 27;, scatterings on an average before 
escaping the photosphere. 


he) = fuel) & fo] (13) 


5.2. Photon distribution after repeated scatterings 


With fi(e) as the incident photon distribution, we can now extend the same formal- 
ism to calculate the photon spectrum after subsequent scattering events assuming 
that the electron and photon distributions remain isotropic in the jet-comoving 
frame. The low and the high energy spectrum after each photon in the jet has 
undergone exactly two scatterings is 


2 1 € € 
fo(€1) = 2corno fo ( nlan + 37 z1) E ( 1 ) l 


x 
4yõeo \4yG€0 


£ 1 1 ae 
foular) = 2cørnofo | dz (1 — z) n ix |ow^v6eo/e. 
1 


z? 
The scattered photon spectrum is then 
(c/eo)In(e/eo), € < €o 
14 
heen M I (14) 
After each photon has undergone exactly three scatterings, the low and high energy 
Spectra are given as 


2 
€1 €1 
l 
fates) Die D (cia) l 


9e 1 1 "Me 
f3,ul€1) = 2cørnofo | de-z (: = ) qx | x ¥e0/e1, 
1 


x 
and the scattered photon spectrum is 


CUNT { (e/€o) [In(e/eo)]" , € € €o (15) 


(e/eo) 5, € 7 € 
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Fig. 4. Effect of geometrical broadening on the photon spectrum for increasing optical 
depth. Left panel: IC spectrum for synchrotrom photons with energy eo = 1 and Maxwellian 
electrons with peak energy ye,o = 1.1. The solid green line, brown dashed line, blue dotted line 
and red dot-dashed lines are the scattered photon spectra after N — 0,1,2 and 5 scatterings, 
respectively. Right panel: MCRaT simulations showing the effect of geometrical broadening on 
the photon spectrum at Tin = 1,10,20,40 for (Nrh, Ye,in) = (25,101) and Yp,in = 1.1. For these 
simulations, we consider input parameters L = 10°? erg/s, E osa = 2 eV and F = 100. 


We can generalize the above results further for N ~ 27;, scatterings per photon 


(€/47@€0) [In(e/458e9)] "7 E< € (16) 


fn (e) « fo (ela, i t 


In Figure 4, we show how the photon spectrum is affected by Comptonization 
with electrons as 7;, and number of scatterings increase. In the left panel, the IC 
scattered photon spectrum for fast cooled synchrotron seed photons (Equation 11, 
with a = 2 and b = —1) with energy eo = mec? and Maxwellian electrons with 
peak energy Ye, = 1.1 is shown for scattering orders N = 0,1,2,5. As predicted by 
equation (16), the photon spectrum becomes gradually softer below peak energy as 
the scattering order increases. The photons scattering off Maxwellian electrons with 
fixed energy get thermalized at equilibrium to attain a high-energy exponential tail 
for large optical depths/scatterings. Furthermore, there is gradual flattening of the 
low-energy spectrum with increase in scattering order N. 

In the right panel of Figure 4, we present the MCRaT simulation results for 
Einjer = 2500 mec? and different optical depths Tin = 1,10,20,40. The num- 


ber of repeated dissipation events in the jet are N,, = 25 with initial pho- 
ton/electron/proton energy Ej peak = 2 €V/Ye,in = 101/%p,in = 1.1 and jet pa- 


rameters L = 10°? erg/s and T = 100. With increase in scattering order (X Tin), 
the high energy photon spectrum becomes steeper with a simultaneous decrease in 
Ey peak- These photons then populate the low energy spectrum and extend the non- 
thermal tail to energies much lower than Ey peak ~ 0.2 keV. The photon spectra 
from simulations are also considerably broader compared to the analytical results 
for similar values of N. 
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6. Summary and conclusions 


We have utilized our MCRaT photospheric code to explain the distinct non-thermal 
behaviour of GRB prompt emission spectrum, f, x v9/f, x vt? at low/high 
photon energies along with observed peak energy at Ey peak ~ 300 MeV. For our 
simulations, we considered Comptonization of fast cooled synchrotron photons with 
Maxwellian electrons and for photon to particle number ratio N,/Ne ~ 10°. The 
jet electrons are accelerated by two different mechanisms: 1. continuous energy 
transfer via Coulomb collisions with mono-energetic protons, 2. repeated episodic 


energy dissipation events that are equally spaced over time and accelerate particles 
back to their initial energies. 


E; —2 eV, N,/N,=10° , yi. —1.1, different (T, 7, Ye,inr Nev) 
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Fig. 5. MCRaT simulation results with the best set of parameters for a jet with 
N4/Ne = 105. The relativistic jet with L = 10°? erg/s has photons with BL peak — 2 eV and 
protons with yp,in = 1.1. The energy injection necessary in order to produce an output photon 
spectrum with the observed Band-like spectral properties depends on Tin and I’. Here we consider 
Ej,j = 4000/2500 mec? for T = 30/100 and Tin = 20/40, for two distinct electron energies 
Ye,in = (11, 41)/(51, 101). 


The parameters that significantly affect the spectral properties for a given N4 /Ne 
are Einj(Ye,in, Nrn), I and Tin. Figure 5 shows the most probable parameter set that 
gives output photon spectrum with (a, B, Ey peak) very similar to the observed GRB 
prompt spectrum. The photons/protons in these simulations are initialized with 
energies E, peak = 2 eV/^jis = 1.1 for jet parameters L = 10°? erg/s, N4/Ne = 10° 
and P ~ 30 — 100. The particles are injected with energy Ei; ~ 2500 — 4000 mec? 
per electron for a range of Tin ~ 20 — 40. For smaller Tin ~ 20 and F ~ 30, 
(a, B, Ez peak) ~ (0, —1.4, 1 MeV) is obtained with Einj,cr ~ 4000 mec? and Ye,in Z 
40. Although a ~ 0 and E} peak ~ 500 keV for Einjcr ~ 2500 mec? at larger 
Tin ~ 40 and T ~ 100, the high energy spectrum is significantly steeper than the 
observed prompt spectrum with 8 ~ —2.1, especially for Ye,in S5 50. 


^ 
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The main results of this work can be summarised as: 


(1) 


The electrons cool down rapidly to non-relativistic energies in the absence of 
jet dissipation events. This entails energy injection into the jet particles via ei- 
ther (continuous) Coulomb collisions or (episodic) sub-photospheric dissipation 
events. However, for Coulomb heating, the protons lose a considerable fraction 
of their energy within ~ tayn, for Tin Z 10, to attain non-relativistic energies. 
Therefore, continuous energy injection by protons is not sufficient to maintain 
electrons at Ye ~ Ye,crit- 

Energy injection can be achieved with episodic sub-photospheric dissipation 
events which can keep the electrons at energies Ye 2 Ye,crit provided that they 
are sufficiently energetic and frequent. For large Einj, the photon peak energy 
Ey peak > Ey ons ~ 300 keV, while for large Tin, Ey peak « Ey obs due to 
significant adiabatic loss. From MCRaT simulations, we quantify the Ein; — Tin 
correlation: injected energy Einj,er = 4000/2500 mec? per electron for initial 
optical depth Tin = 20/40. 

In the output photon spectrum, a critically depends on Finj whereas 6 and 
Ey peak are almost entirely determined by Tin. With an increase in Tin, E, peak 
decreases and the high-energy photon spectrum becomes steeper. Additionally, 
[8| also increases with decrease in initial electron energy Ye,in for fixed Ejnjcr = 
Nener(Ye,in — 1) mec?. We find that Ey peak ~ Ey,ops only for smaller D ~ 30 
- while larger IT ~ 100 gives Ey peak ~ 500 keV at Tin ~ 40, the high energy 
photon spectrum is considerably steeper than observed. 

For isotropic electrons scattering isotropic photons, the scattered photon energy 
distribution can be analytically evaluated for lower order scatterings, given the 
electron and photon energy distributions. For Comptonization of synchrotron 
photons with Maxwellian electrons, a ~ 0 behaviour is retained at low energies 
at high energies. Qualitatively, the low-energy non-thermal 
dependence is obtained from multiple scatterings and subsequent geometrical 


whereas f, x e^" 


broadening of the spectrum whereas the high-energy power-law dependence is 
attributed to repeated episodic and continuous energy injection events. 
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The study of Gamma Ray Bursts (GRBs) has the potential to improve our understanding 
of high energy astrophysical phenomena. In order to reliably use GRBs to this end, we 
first need to have a well-developed grasp of the mechanism that produces the radiation 
within GRB jets and how that relates to their structure. One model for the emission 
mechanism of GRBs invokes radiation produced deep in the jet which eventually escapes 
the jet at its photosphere. While this model has been able to explain à number of observed 
GRB characteristics, it is currently lacking in predictive power and in ability to fully 
reproduce GRB spectra. In order to address these shortcomings of the model, we have 
expanded the capabilities of the MCRaT code, a state of the art radiative transfer code 
that can now simulate optical to gamma ray radiation propagating in a hydrodynamically 
simulated GRB jet. Using the MCRaT code, we have constructed mock observed light 
curves, spectra, and polarization from optical to gamma ray energies for the simulated 
GRBs. Using these mock observables, we have compared our simulations of photospheric 
emission to observations and found much agreement between the two. Furthermore, the 
MCRaT calculations combined with the hydrodynamical simulations allow us to connect 
the mock observables to the structure of the simulated GRB jet in a way that was not 
previously possible. While there are à number of improvements that can be made to 
the analyses, the steps taken here begin to pave the way for us to fully understand the 
connection between the structure of a given GRB jet and the radiation that would be 
expected from it. 


Keywords: Gamma-rays: Bursts; relativistic outflows; radiation transfer. 


1. Introduction 


Gamma Ray Bursts (GRBs) typically produce high energy X-ray and gamma-ray 
radiation that is detected within the first few tens of seconds of the event. The 
origin of this so called prompt emission is still not well understood even after 
decades of investigation. The two most common models that are used to describe 
the prompt emission of GRBs either employ synchrotron emission from jets with 
magnetic fields! 4^ or emission from the photospheres of GRB jets.5- 1^ 

Each model has its own advantanges and disadvantages allowing them to de- 
scribe GRB observations at gamma-ray and X-ray energies in varying capacities. 
Models that rely on synchrotron emission are able to account for the non-thermal 
characteristics of GRB spectra^!Ó but are unable to fully account for various 
GRB observational relationships such as the Amati!” and Yonetoku!? relations.! 
The photospheric model on the other hand is able to reproduce the Amati and 
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Yonetoku relations! 12:13.15.19.20 but has issues with reproducing typical GRB 
spectral parameters.!?^!? In order to fully distinguish between these models ad- 
ditional data at different wavelengths is needed. 

There have been a number of optical prompt emission detections that can be used 
for the purpose of model comparison (see?! and references therein). Additionally, 
there has been one detection of optical prompt polarization?? that can also be used 
in comparison with optical polarization predictions obtained from synchrotron and 
the photospheric model calculations. The synchrotron model has traditionally been 
favored by these optical prompt detections???" however the photospheric model has 
not been fully explored in its ability to reproduce these optical prompt detections. 

The ability to simulate radiation signatures produced under the photospheric 
model has recently been improved. 15:21:25,279? These analyses have combined the 
realistic treatment of radiation with hydrodynamically simulated time-dependent 
GRB jets. As a result, studies of how the GRB jet structure affects the detected 
radiation signatures are now possible. With the ability of these state-of-the-art ra- 
diative transfer calculations to also calculate the effects of cyclo-synchrotron emis- 
sion and absorption,?^?? these types of analyses are also now possible from optical 
to gamma-ray energies. In this proceeding, we highlight the results of conducting 
radiative transfer calculations of hydrodynamically simulated GRB jets and the 
construction of mock observations from these calculations. We show how the mock 
observables can be related to the structure of the simulated GRB jets and how these 
analysis can help us interpret GRB observations under the photospheric model. Fi- 
nally, we conclude with a summary and highlight ways that these types of global 
radiative transfer calculations can push the field forward. 


2. Methods 
2.1. The MCRaT Code 


We have used the open-source Monte Carlo Radiation Transfer (MCRaT) code?? 
to analyze the evolution of radiation trapped within hydrodynamical simulations of 
GRB jets. The MCRaT code considers photons in the astrophysical outflow that 
interact via Compton scattering including the effects of the full Klein-Nishina cross 
section with polarization. The code also considers photons that have been absorbed 
and emitted in the outflow due to cyclo-synchrotron (CS) emission and absorption. 
We summarize the algorithm here, however detailed descriptions of the code are 
outlined in?! and.?? As is outlined in Figure 1, the code loads a SRHD simulation 
frame and injects photons into the simulated GRB jet where the optical depth 
T > 100. The code will calculate the mean free paths of each photon in the simulation 
in order to determine which will scatter. After this calculation, MCRaT advances 
the simulation time to correspond to when the scattering will occur and propagates 
each photon by a distance corresponding to the amount of time passing in the 
simulation. The code then conducts the scattering considering the full Klein-Nishina 
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Fig. 1. The outline of the MCRaT code, see text for in depth explanation. 


cross section with polarization, which means that the photons have some probability 
of not scattering in the electron rest frame. If the chosen photon ends up not being 
scattered, MCRaT chooses the next photon that would have scattered and advances 
the simulation time and the location of each photon. If the photon is scattered, 
then the new four momentum and polarization of the photon is calculated. The 
code continues to scatter photons until the time in MCRaT corresponds to the time 
in the next SRHD simulation frame. If CS emission and absorption is also taken 
into account in the simulation then the steps in the red boxes are taken which 
numerically simulate CS emission and absorption processes in MCRaT. 


2.2. Mock Observations 


With a given MCRaT simulation completed, we use the open-source ProcessMCRaT 
code?! to produce mock observed light curves, spectra, and polarization measure- 
ments that can be compared to actual GRB observations on a more equal basis. This 
code allows photons from an MCRaT simulation to be binned in time and energy in 
order to produce the mock observables, similar to how actual photons measured in 
a given GRB event are binned. Detailed descriptions of how we construct the mock 
observable quantities for observers at various viewing angles with respect the jet 
axis, Ó,, can be found in.!? 1^?! We use the same gamma-ray and optical energy 
ranges as in.?? 'The gamma-ray mock observables are calculated from photons with 
energies between 20-800 keV which corresponds to the polarimetry energy range of 
POLAR-2.?? The optical mock observables are calculated from photons with en- 
ergies between 1597-7820 A (~ 1.5 — 7.7 eV), which aligns with the Swift UVOT 
White bandpass.??: 34 
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The way that we connect the mock observables to the structure of the simulated 
GRB jets is through equal arrival time surfaces (EATS)” 35-36 of the photons in the 
GRB jet. For a given time bin, in the mock observed light curve, we can calculate 
surfaces that would be emitting photons towards a given observer's line of sight. 
These surfaces are calculated following the method of,!^ who describe the procedure 
for constructing these EATS. 


2.3. The Simulation Set 


'The MCRaT code was used to analyze a set of two special relativistic hydrodynam- 
ical simulations (SRHD) of GRB jets. These SRHD simulations were conducted us- 
ing the FLASH hydrodynamics code?" and their properties are outlined in.!4 21:29 
These two SRHD simulations are referred to as the 16 TI and 40sp_down simulations 
and they represent GRB jets that have a time-constant and time-variable injection 
of energy, respectively. 


3. Results 
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Fig. 2. The relation between the mock observed quantities and the jet structure of the 16TI 
simulation for 0y = 8°. See text for full description. 
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Fig.3. The 16TI and 40sp_down simulations plotted alongside the Yonetoku relationship! in red 
and green lines and marker outlines, respectively. In Figure (a), the fill color of the marker denotes 
the mock observed time-integrated IL, while in Figure (b) the fill color shows the time-integrated 
MCRaT Iopt. The different marker shapes for the MCRaT simulations show the placement of the 
simulations on the Yonetoku relationship as determined by observers at various 0y. In each panel 
the observational relationship is shown as the grey solid line and observed data from? are plotted 
as grey markers. Figure adapted from.?? 
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Our MCRaT simulations have shown that optical and gamma ray photons probe 
different regions of GRB outflows under the photospheric model, as is shown in Fig- 
ure 2. Here, we show all the photons that have been detected by an observer located 
at 6, = 8° in optical and gamma-ray energies. The top left panel shows the location 
of each photon in relation to the density structure of the SRHD simulated GRB 
jet. The density of the jet is shown as a pseudocolor plot where darker colors show 
denser regions and the dashed red line denoted the line of sight of the observer 
at 0, = 8°. The optical photons are shown in red while gamma-ray photons are 
depicted in blue. Furthermore, the photon markers are translucent allowing us to 
identify regions of the jet where the photons are densely located (due to the concen- 
tration of blue or red). Additionally, the markers are different sizes in order to show 
the weight of each photon in the calculation of the various mock observable quanti- 
ties. The top right panel shows the time integrated spectrum of these photons with 
highlighted red and blue regions that highlight the energy ranges which were used 
to calculate the optical and gamma-ray light curves (L., and Lop) and polarizations 
(IL, and Iopt). These time-resolved mock observables are shown in the bottom 4 
panels. These analysis allow us to connect the mock observables of light curves, 
spectra, and polarizations with the locations of where the photons are within the 
jet and what the jet structure is at those locations. As is shown in Figure 2, the 
optical photons are distrubuted widely about the observer’s line of sight with their 
locations being focused at the dense jet-cocoon interface (JCL;??). The gamma-ray 
photons instead are mostly concentrated along the observer’s line of sight with the 
exception of some gamma-ray photons being located near the core of the jet. Thus, 
optical prompt emission probes the dense JCI while the gamma-ray emission probes 
the portion of the jet that is directly along the observer’s line of sight. 

The results of our MCRaT simulations can also be used to assess how well 
the simulations reproduce various observational relationships, such as the Yone- 
toku relation,!? and make additional predictions that can be tested against data. 
Figure 3 shows the comparison between the 16TI and 40sp_down simulations, in 
red and green marker edge colors and lines respectively, and the Yonetoku rela- 
tion. Various observed GRBs from? are also shown as grey circles. We also show 
the time-integrated IL, and opt in Figure 3(a) and (b) respectively, through the 
fill-color of each marker. In each panel, we see that both the 40sp_down and 16TI 
simulations are able to recover the normalization and slope of the Yonetoku rela- 
tion for a variety of 0,. With this success of the photospheric model, we can also 
now use the simulated polarization mock observations to make predictions. We find 
that the time-integrated IL, should increase as 0, increases which has been found 
in other studies.4°4! Thus, bursts that are bright and energetic (in the top right 
of the Yonetoku relation) should have low time-integrated IL,. On the other hand, 
the time-integrated Iopt should be larger for 0, that are close to the jet axis. As a 
result, we would expect that bursts located in the top right of the Yonetoku relation 
would have large time-integrated Hopt. 
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4. Conclusion 


Using the MCRaT radiative transfer code, we have conducted post-processing anal- 
ysis of the radiation expected from time-dependent special relativistic hydrody- 
namic simulations of GRB jets. These global radiative transfer simulations allow 
for the connection between observed radiation signatures and the structure of the 
GRB jet, which was not possible prior to these types of analysis. These analyses 
are commonplace in other areas of astrophysics such as galaxy formation and have 
proved fruitful in connecting radiation processes to the structure of galaxies and in 
testing observational data analysis techniques (see e.g.^? and**). While these types 
of analysis are beginning to emerge in the study of GRBs (see references within), 
we need widespread adoption of these simulations within the community for any 
SRHD simulations that have been conducted of GRB jets. This would allow the 
community to build a library of GRB jet simulations and their associated radiation 
signatures that can be used in comparison to GRB observations, greatly enhancing 
our knowledge of GRB jets and the prompt emission. 
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The photospheric emission in the prompt phase is the natural prediction of the original 
fireball model for gamma-ray burst (GRB) due to the large optical depth (r > 1) at 
the base of the outflow, which is supported by the quasi-thermal components detected in 
several Fermi GRBs. However, which radiation mechanism (photosphere or synchrotron) 
dominates in most GRB spectra is still under hot debate. The shape of the observed 
photosphere spectrum from a pure hot fireball or a pure Poynting-flux-dominated outflow 
has been investigated before. In this work, we further study the photosphere spectrum 
from a hybrid outflow containing both a thermal component and a magnetic component 
with moderate magnetization (co = Lp/Lra ~ 1 -— 10), by invoking the probability 
photosphere model. The high-energy spectrum from such a hybrid outflow is a power law 
rather than an exponential cutoff, which is compatible with the observed Band function 
in large amounts of GRBs. Also, the distribution of the low-energy indices (corresponding 
to the peak-flux spectra) is found to be quite consistent with the statistical result for 
the peak-flux spectra of GRBs best-fitted by the Band function, with similar angular 
profiles of structured jet in our previous works. Finally, the observed distribution of 
the high-energy indices can be well understood after considering the different magnetic 
acceleration (due to magnetic reconnection and kink instability) and the angular profiles 
of dimensionless entropy with the narrower core. 


Keywords: Gamma-ray burst: general — radiation mechanisms: thermal — radiative trans- 
fer — scattering 


1. Introduction 


After decades of researches, the radiation mechanism of GRB prompt emission is 
still unclear.2° 33 The photospheric emission model seems to be a promising sce- 
nario.1?:1921,24,?7 The photospheric emission model naturally interprets the clus- 
tering of the peak energies!^ and the high radiation efficiency! observed. 

Indeed, a quasi-thermal component has been found in great amounts of BATSE 
GRBs?? and several Fermi GRBs (GRB 090902B!). To account for the broad spec- 
tra of other GRBs, the quasi-thermal spectrum need to be broadened. Two differ- 
ent mechanisms of broadening have been proposed theoretically, i.e., the subpho- 
tospheric dissipation^?^ and the geometric broadening.* 17 19:20.22 This geometric 
broadening, namely the probability photosphere model, is the result of the fact 
that photons can be last scattered at any place (r, Q) inside the outflow if only 
the electron exists there.*5???? Then, the observed photosphere spectrum is the 
superposition of a series of blackbodies with different temperature, thus broadened. 
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In studies on the probability photosphere model till now,*!7^?9 the jet is ac- 
celerated solely by the radiative pressure of the thermal photons. However, the 
^7? may also play an important role in the real 
situation, which has not been properly considered in the framework of the probabil- 


magnetically driven acceleration 


ity photosphere model. In this work we study the photospheric emission spectrum 
within the framework of the probability photosphere model for a hybrid relativistic 
outflow, which contains a thermal component and a magnetic component, including 
both the thermally and magnetically driven acceleration. 

The paper is organized as follows. In Section 2, we describe the calculations 
of the photospheric emission spectrum for a hybrid outflow within the probabil- 
ity photosphere model, including the energy injections of impulsive injection and 
more reasonable continuous wind. The calculated spectral results and parameter 
dependencies are shown in Section 3. The conclusions are summarized in Section 4. 


2. Probability photosphere emission from a hybrid jet 
2.1. Hybrid jet and its dynamics 


A hybrid jet is composed of a thermal component and a magnetic component, which 
could be described by the dimensionless entropy 7 and the initial magnetization 
parameter c9. The dynamics for a hybrid jet may be approximated as 


2 TQ <r € Rra; 
T(r) = 4 Tra Cae Rra < r < Re; (1) 
T., r > Re, 


where ro is the radius at the jet base, Py, = max(n, [7(1+09)]!/3) is the Lorentz fac- 
tor at Rra, Le ~ n(1+00) is the coasting Lorentz factor, Rya is the rapid acceleration 
radius and R, is the coasting radius. 


2.2. Time-resolved spectra from probability photosphere emission 
2.2.1. Impulsive injection 


For the probability photosphere model, the observed spectrum is a superposition 
of a series of blackbodies emitted from any place in the outflow with a certain 
probability, which is calculated by 


F,(v,t) = ind S Pı (r, u)Po(v, T)hv x ô(t — a. dndr, (2) 


where u = 1 — Gcos@, and No = L,/2.7kgTo is the number of photons injected 
impulsively at the base of the outflow, P(r, u) represents the probability density 
function for the final scattering to occur at the coordinates (r,0), u = cos0, P;(v, T) 
represents the probability for a photon of the observed frequency v last-scattered 
at (r,9) with the observer frame temperature of T. 


2984 


1074 — 09,70 o, —4 (4 
— 144 x10^"s | 
D 1.4 x10^*s 
$ 14 x10 3s 
H 14 x1077s | 
m - 
q -| 
E 
o 
ko 4 
S, 
rs | 
i = 
1074 ul Loi ad rrr Lt iiiiy 
0! 10° 10° 10 10 
hv (keV) 


Fig. l. The time-resolved spectra of impulsive injection for the jet with and without magneti- 
zation. The solid lines show the calculated time-resolved spectra for the hybrid jet with a hot 
fireball component (7 = 400) and a cold Poynting-flux component (co— 4). Also, a total outflow 
luminosity of Lw = 1053 erg s^! is assumed, base outflow radius Ro = 3 x 108 cm, and luminosity 
distance dy, = 4.85 x 102° cm (z = 2). Different colors represent different observational times. 
For comparison, the dashed lines illustrate the time-resolved spectra calculated for the jet without 
magnetization. Obviously, at later times the time-resolved spectra extend to much higher energy 
and a power-law component emerges in the low-energy end. 


2.2.2. Continuous wind 


It is more realistic to consider the continuous wind from the central engine since 
the GRBs have relatively long duration (> 1 s). For a layer ejected from £ to Ê+ dt, 
the observed spectrum at the observer time t is 


F,(v,t,t) = EU J Pi (r, u) PX(v, T)hv x 6(t - £— a. dudr. (3) 


And? 
'Then, integrating over all the layers, we obtain the observed time-resolved spectrum 
to be 


F,(v,t) = f ' Ê, (v, t, Ode. (4) 


3. Calculated results 
3.1. Impulsive injection 


The calculated time-resolved spectra are shown in Figure 1 (the solid lines). It 
is found that at the later times (the high-latitude emission dominates) the time- 
resolved spectra firstly show a power-law shape extending to a much higher energy 
than the early-time blackbody. Then, the power-law component vanishes gradually 
towards the low-energy end and the peak energy on the high-energy end remains 
constant. 
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Fig. 2. The time-resolved spectra at later times (t > 1 s) of a continuous wind for the hybrid 
jet with magnetization o9= 4 and various values or angular profiles of dimensionless entropy n. 
Here, 0p,; = 1/400 and ðr 2 = 1/4000. All the time-resolved spectra have been normalized to 
the same peak energy and peak flux as the case of 7 = 400 and oo= 4 (green line) to compare 
clearly the low-energy and high-energy indices. For comparison, the yellow line shows the spectrum 
of blackbody. Also, the red and black dashed lines represent respectively the average low-energy 
index (—0.6) and high-energy index (—3.24) fitted with the Band function for the time-resolved 
spectra of a large sample of single pulses.?? 


3.2. Continuous wind 


For the continuous wind with constant wind luminosity, the spectrum at a later 
time (t > 1 s) which corresponds to the observed peak-flux spectrum is calculated 
by Equation (4). This calculated time-resolved spectrum, with the same parameters 
as Figure 1 (7 = 400, o= 4) is illustrated by the green lines (with the probability 
density function introduced in?) in Figure 2. Apparently, the spectrum on the high- 
energy end is a power law rather than an exponential cutoff, which is the natural 
result of the power-law component extending to much higher energy in Figure 2. 
Furthermore, we calculate the spectrum (with the probability density function 
described in??) for the case of the dimensionless entropy 7 of a lateral structure, with 
which the observed typical low-energy spectral index a + —1 can be obtained for the 
unmagnetized jet under the framework of the probability photosphere model.!?:20 
The considered angular profile consists of an inner constant core with width 0, and 
the outer power-law decreased component with power-law index p. Note that an 
angle-independent luminosity is considered, because the spectrum expected to be 
observed is formed by the photons making their last scattering at approximately < 
5/ To (as shown in!) and the isotropic angular width for Lorentz factor 0, p is likely 
to be much smaller than the isotropic angular width for luminosity 6e, g.® 13: 15.26.34 
'The red line in Figure 2 represents the calculated spectrum for a hybrid jet with 
0. = 0p, = 1/400 and p = 1, corresponding to the typical value a ~ —1 for an 
unmagnetized jet. While the blue line is the spectrum for hybrid jet with 0. = 0p.» = 
1/4000 and p = 1, corresponding to the minimum value a ~ —2 for unmagnetized jet 
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(see Figure 7d in??). To compare clearly the low-energy and high-energy indices, in 
Figure 2 the calculated actual time-resolved spectra have been normalized to the 
same peak energy and peak flux as the case of 7 = 400 and oo= 4. 

We then find that the spectrum of the hybrid jet possesses the much harder 
low-energy spectral index than that of the unmagnetized jet with the same angular 
profile, a ~ —0.6 for 0. = Opi, p = 1 and a ~ —1 for 0, = 0p», p = 1. The 
high-energy power-law index § is the same as the uniform case for 0, = 0p 1, p = 1 
(B ~ —4, see Figure 3 and the discussion in Section 3.3), and much larger (8 ~ —1.6) 
for 0, = 0r 2, p = 1. In a word, the spectrum of the hybrid jet is analogue to the 
empirical Band function? spectrum, whereas the spectrum of the unmagnetized jet 
corresponds to the spectrum of the empirical cutoff power-law model,?? within the 
framework of the probability photosphere model. 

Interestingly, in all the statistical works of a large sample of GRBs, 
average low-energy spectral index for the GRBs best-fitted by the Band function 
is harder (0.1 — 0.3) than that for the GRBs best-fitted by the cutoff power-law 
model, for both the time-integrated and the peak-flux spectra. This hardness is quite 
consistent with our results for the probability photosphere model discussed in the 
previous paragraph. Also, for the distributions of the low-energy and high-energy 


9-11, 14,28 the 


indices, our results (corresponding to the peak-flux spectra) are quite similar to the 
statistical results of the peak-flux spectra for the GRBs best-fitted by the Band 
function. For the low-energy spectral index, the typical value is a ~ —0.6 and the 
minimum value a ~ —1. While for the high-energy spectral index, the maximum 
value 8 ~ —1.6 in our model is close to the statistical result. The typical value 
B ~ —4 in our model seems to be much softer than the well-known f ~ —2.5, which 
we consider to arise from the assumption of the single pulse, namely without the 
overlap of the pulses. This consideration is proposed recently,?® where the time- 
resolved spectral analysis of a large sample of single pulses has been performed 
and the average high-energy spectral index (8 ~ —3.24) indeed is found to be much 
softer. Noteworthily, the average high-energy spectral index 8 ~ —3.24 in that work 
can be well reproduced with our hybrid jet model, by considering the parameter 
dependence on the power-law index of magnetic acceleration ô (see Figure 3 and 
the discussion in Section 3.3). In Figure 2, the red and black dashed lines represent 
the average low-energy index (—0.6) and high-energy index (—3.24) in that work, 
respectively. 


3.3. Parameter dependence 


In the above discussion, for the magnetically driven acceleration, we only consider 
the case of magnetic reconnection for the non-axisymmetric rotator.? Whereas, for 
an initially axisymmetric flow, the acceleration can happen through the kink insta- 
bility.5:15 Besides, the magnetic acceleration driven by the kink instability seems to 
be more rapid than the magnetic reconnection case, with a larger power-law index 
ô of ~ 2/5 or even ~ 1/2 (see Figure 5 inë). Thus, in Figure 3 we compare the 
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Fig. 3. The calculated time-resolved spectra at later times (t > 1 s) of continuous wind with 
different power-law index of magnetic acceleration ó. The green, blue and red lines are for ó — 1/3, 
6 = 2/5 and 6 = 1/2 respectively, along with magnetization co = 9. While the green and red 
dashed lines represent the high-energy spectral index 6 = —4 and 8 = —3, respectively. The 
yellow line is the spectrum of blackbody. 


calculated spectra of our model for 6 = 1/3, 6 = 2/5 and 6 = 1/2, and find that 
their high-energy power-law indices are quite different while the low-energy indices 
remain the same. For 6 = 1/3, we have 8 = —4; for ô = 1/2, we obtain 6 = —3; 
and f lies between —4 and —3 for 6 = 2/5. Surprisingly, this rough distribution of 
B (—4 to —3) is well consistent with the 6 distribution of the softer cluster for a 
large sample of single pulses,?? where the 8 distribution seems to show the bimodal 
distribution with a harder typical cluster (peaks at —2.5) and a softer cluster (peaks 
at —3.5; see Figure 1 therein). 


4. Conclusions 


In this paper, by invoking the probability photosphere model we investigate the 
shape of the photospheric emission spectrum for the hybrid outflow, which contains 
a thermal component and a magnetic component with moderate magnetization 
(oo = Lp/ Ly ~ 1 — 10). The following conclusions are drawn. 

(1) The photosphere spectrum on the high-energy end is a power law rather 
than an exponential cutoff. 

(2) With the similar angular profiles of the dimensionless entropy 7 as the un- 
magnetized jet, considered in previous works, !^?? the distribution of the low-energy 
indices (corresponding to the peak-flux spectra) for our photosphere model is quite 
consistent with the statistical result of the peak-flux spectra for the GRBs best- 
fitted by the Band function. 

(3) The high-energy power-law index 6 for our photosphere model solely depends 
on the power-law index of magnetic acceleration 6. Also, the observed ( distribution 
could be well interpreted with the photosphere model in this work. 
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Photospheric emission from relativistic outflows may originate in two different regimes: 
photon decoupling within the outflow or radiative diffusion. I show that observed thermal 
component in the early afterglows of gamma-ray bursts can originate from such diffusive 
photospheres. 


Keywords: Thermal radiation, gamma-ray bursts 


1. Introduction 


Gamma-ray bursts (GRBs) are strong and short irregular flashes of hard “prompt” 
radiation, followed by the long lasting fading out smooth “afterglow” emission span- 
ning from sub-TeV energies to radio. Since their discovery a number of dedicated 
space observatories and ground based telescopes are constantly monitoring the sky 
daily reporting new bursts and measuring distance to their host galaxies. GRBs 
come in two kinds!: short and long, with their possible progenitors being binary 
neutron star mergers and collapsing massive stars reaching the endpoint of their 
evolution, respectively. Extremely large energies released in y-rays ( < 1054 erg) as 
well as a short variability time (< 10 ms) point to ultrarelativistic outflows giving 
rise to the observed emission.” 

The spectrum of the prompt emission is non-thermal, its origin can be traced to 
the synchrotron mechanism in relativistic shock waves, generated by the relativistic 
material breaking in the interstellar medium.? Photospheric models with possible 
dissipation of kinetic energy of the outflow are attractive alternative to the syn- 
chrotron models since observation of thermal radiation allows for the determination 
of basic hydrodynamic characteristics of the outflow from which these bursts orig- 
inate.t© The photons in these models are trapped and advected with the opaque 
outflow, until it becomes transparent. In many GRBs, a subdominant thermal com- 
ponent was detected during their prompt emission, while in several, such as GRB 
090902B observed spectrum is almost thermal.” 8 

'Thermal components are also detected in time resolved spectra during the early 
afterglow in a number of GRBs.° 4 So far several mechanisms to generate such 
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emission are proposed. They include a shock breakout from a progenitor star or 
a stellar wind!’ and a hot cocoon formed when the relativistic jet emerges from 
the stellar surface.!® +!” Some authors argue that shock breakouts are not energetic 
enough and do not last long enough to explain the observed thermal emission, ? 
leaving cocoons as a favourite model. In addition, there is an alternative proposal 
of a cloud or a clump with small mass, accelerated by the GRB outflow.'® 

Most studies dealing with the photospheric emission, e.g.,!??? for a review see, 
adopt the hydrodynamic model of a steady and infinite wind. However, finite dura- 
tion of GRBs implies finite width of the wind. Winds of finite duration are classified 
as photon thin and photon thick.^?9:?" Decoupling of photons from plasma in the 
latter case occurs simultaneously in the entire outflow, while in the former case 
photons are transported to the boundaries of the outflow by radiative diffusion, 
just like in nonrelativistic outflows, e.g. in supernova ejecta. Emission in this case 
originates not at the photospheric radius, but at smaller radii. The photon thick 
case, corresponding to the steady wind, appears to be justified for typical GRB pa- 
rameters. Photon thin regime is overlooked in the literature, as it is assumed that 
at large radii the outflow is spreading?*?? due to strong velocity gradients initially 
generated in the outflow, see e.g.?*5?? Such spreading outflows indeed correspond 
to the photon thick case.?? However, the origin of these gradients is not clear. Even 
if initially present, such gradients may be erased in initial phases of expansion, e.g. 
by oblique shocks or other mechanisms. Hence the outflow can be photon thin. In 


such a case decoupling of photons from expanding plasma occurs in the diffusive 
27 


5 


regime. 

Radiative diffusion is known to be relevant for expanding ejecta in supernovae 
explosions.?! Recently the theory of photospheric emission?" was further extended.?? 
In particular, physical parameters of such outflows were determined using the ob- 
servational data. 

The paper is organized as follows. The definition of relativistic photosphere is re- 
called in Section 2. Observational properties of diffusive photospheres are discussed 
in Section 3. The method for determination of physical parameters of the outflow 
is presented in Section 4. Physical parameters of GRB cocoons are discussed in 
Section 5. Case studies of GRBs with thermal emission in the early afterglow are 
reported in Section 6. Discussion and conclusion follow. 


2. Relativistic photosphere 


Consider a relativistic outflow launched at a radius Ro. The outflow is characterized 
by its activity time At, the luminosity L and mass injection rate M. The associated 
thickness of the outflow is | = cAt. The entropy in the region where the energy 
is released is parametrized by a dimensionless parameter 7 = L/M c?. Spherical 
symmetry is assumed, but generalization for anisotropic case with 7 (0), where 0 is 
the polar angle is straightforward. When 7 > 1 the bulk Lorentz factor changes 


2991 


with the radial distance as 


, Ro LTES nRo, 
Ro 
rž (1) 
n ~ const,  r mf, 


During both acceleration and coasting phases the continuity equation for the labo- 
ratory number density reduces to 
2 
R 
no (=) , R(t) <r < R(t) +1, 
n= 
0, otherwise, 


where R(t) is the radial position of the inner boundary of the outflow. 


The optical depth for a spherically symmetric outflow is?” 33 
[ents Boose) t (3) 
T= n (1— B cos 0) —— 
R ý cos 6” 


where R + AR is the radial coordinate at which the photon leaves the outflow, 
and @ is the angle between the velocity vector of the outflow and the direction of 
propagation of the photon, n is the laboratory number density of electrons and 
positrons, which may be present due to pair production. The dominant interaction 
of photons in our case is Compton scattering in the non-relativistic regime, so ø is 
the Thomson cross section. 

Electron-positron-photon plasma with baryon loading reaches thermal equilib- 
rium before its expansion starts.?^?? With decreasing entropy 7) opacity due to elec- 
trons associated with baryons increases and eventually dominates over pair opacity. 
For the laboratory density profile (2) one has in the radial direction 


1 /R\’ 
(Be). menn. 


6 R 
1 R 

T=) 5,370 (=) "Ro « R & m B, (4) 

RN? 
ma (3) R > n Re, 
where 
cL 
TQ — rm, Ron = noo Ro. (5) 


The first two lines correspond to a photon thick outflow and the third line corre- 
sponds to a photon thin outflow.?" 
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The photospheric radius Rpa is defined by equating (4) to unity 


gx 1/3 
(D^. ner 
= TO 3 A1 
Ron Ror n? K To « 4n g-, (6) 


(TORI, — ro > An gi. 


In eqs. (4) and (6) the regions of validity of different approximations are expressed 
either for radius or for parameters of the outflow. The crucial parameter which 
determines whether the outflow is photon thick or thin is the ratio 
E To l 
XT mio 
The outflow is photon thin for x >> 1 and it is photon thick otherwise. 


(7) 


3. Relativistic diffusive photosphere 


'The definition of the photosphere implies that at this position in space the outflow 
as a whole becomes transparent to radiation. However, emission emerges from the 
outflow when it is optically thick as well. Such emission is due to radiative diffusion, 
which transfers the energy from deeper parts of the outflow towards its surface. 
Naively one can think that such an effect is negligible in ultrarelativistic outflows. 
However, this is not the case.^ Indeed, the comoving time, which photon takes to 
cross the outflow with comoving thickness le = Tl is te = 12/ D, where D, = c/30ne 
is the diffusion coefficient, ne = n/T is the comoving density of the outflow. The 
radial coordinate of the outflow at this time is R œ Icte. 
This diffusion radius is found in Ref. 27, and it is given by 


Rp = (ron? Rol?) ^, (8) 


where eq. (5) has been used. It turns out to be always smaller than the photo- 
spheric radius of photon thin outflow, Rp « Rph, so the radiation escapes such 
an outflow before it becomes transparent, just like in the supernova ejecta. In this 
sense the characteristic radius of the photospheric emission is not the photospheric 
radius found from (4), but the radius of diffusion (8). The probability distribution 
of last scattering of photons in diffusive photospheres is qualitatively different from 
the usual photospheric emission.?9 Besides, the comoving temperature of escaping 
radiation is different from the temperature at the photospheric radius. Applicability 
of the photon thin asymptotics, last line in eq. (6), can be written using eq. (8) as 


a (9) 


For larger thickness | photon thin asymptotics disappears, so in the limit 1 — oo 
the stationary wind with photon thick asymptotics is recovered. 
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Adiabatic expansion implies? that the observed temperature of the outflow does 
not change while it is accelerating, and it decreases as Typ, « R-?/3 at the coasting 
phase. Taking into account the finite size of emitter and the cosmological redshift 


z one has?” 
psa 
Tobs = oh (=) , (10) 


where € is a numerical factor of order unity. In estimates below € = 1.48 is assumed 
following Ref. 37, which is found from the Monte Carlo simulations in the infinite 
wind approximation, though the value of £ in the acceleration phase and in the 
photon thin case could be slightly different. The temperature at the base of the 


outflow is 
L 1/4 
To c | ———5 11 
; £3 : Ob 


where a = 4csp/c is the radiation constant, ogg is the Stefan-Boltzmann constant. 
Finally, the duration of photospheric emission for a distant observer is 


(12) 


In the photon thick case the duration of thermal emission is determined by the width 

of the outflow l, which is unconstrained. In the photon thin case this duration is 

given by eq. (12) and it is a function of the diffusion radius and the Lorentz factor. 
The luminosity of photospheric component scales with radius as 


ANDE 
Lyn = Lo (=) j 


and the applicability condition of the photon thin case in eq. (6) and together with 
the definition of diffusion radius in eq. (8) imply for the luminosity of diffusive 
photosphere 


(13) 


R,\8/3 
Linin < Lo (=) < Lo. (14) 


This means that thermal emission is much weaker than the emission of the prompt 
radiation, if y-rays are produced with high efficiency there. For | ~ Ro this condition 
strongly favours small values of 7 and, consequently, small Lorentz factors of the 
outflow. 


4. Determination of initial radius and bulk Lorentz factor of the 
outflow 


Assuming that the observed thermal component in early afterglows of some GRBs 
is of photospheric origin, one can estimate initial radius of the outflow directly from 
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observations.?" Indeed, in the ultrarelativistic regime one has 


R= E as Ger AER (15) 
a csBlA. i dr, T’ 


where R is the emission radius, dz is the luminosity distance, ¢ is a numerical 
factor of order unity. Following Ref. 37 ¢ = 1.06 is assumed for the estimates 
below. In Ref. 37 the emission radius R was associated with the photosphere of 
the photon thick outflows. However, this relation is valid for any ultrarelativistic 
emitter. Therefore, from eqs. (10), (15) and (11) the initial radius is 
B 43/2q,. " ( FBB ) 
7 £6c4 (1 + z2} Y Fobs l 
In the derivation of this results only two assumptions are made. First, the outflow 
should be coasting at ultrarelativistic speed, T = 7 >> 1. Secondly, the relation 
L= And? Y Foy, is used, where Y is the fraction of the total luminosity L and the 
energy emitted in X and y-rays in the prompt phase. 

In addition to the initial radius Rọ an equation for the Lorentz factor can be 


obtained. Since the emitter radius for the photon thin outflows is the diffusion radius 
R= Rp, from eqs. (8) and (15) one obtains, see also Ref. 38 


n. CP 2 ( oY Fors V^ 
l di mc 3 


0 (16) 


(17) 


Therefore, the Lorentz factor can be determined if l is known. In the particular case 
1 = Ro from (17) it follows the minimum Lorentz factor for which the photon thin 
case applies 


Yd 1/2 43/2 pBB 3/2 
MpeR €5/2¢6 VY Fobs 


The condition (9) determines the applicability limit of the photon thin case, so for 
/2n?l = Rp the photon thick case is recovered?" 


Nithin = (1 + z) (a (18) 


A à (19) 


thick = l (14 2)! d, mR 
Equations (17) and (18) allow the determination of the bulk Lorentz factor of the 
photon thin outflow, provided the measurement of the total flux F,, and the pa- 
rameter 7€. Comparing eqs. (18) and (19) leads to the conclusion that the Lorentz 
factor inferred from the photon thin asymptotics is typically smaller than the one 
of the photon thick case; besides, it contains the inverse of the Y parameter, unlike 
a factor Y !/^ in the latter case. 

It is important to stress that from the theoretical point of view, given the to- 
tal luminosity and the initial radius of the outflow one cannot distinguish between 
photon thick and photon thin cases as both sets of parameters are possible with dif- 
ferent 7 and photospheric radius. These parameters are related by eq. (15), therefore 
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independent observational information is required in order to differentiate between 
the two cases. 


5. GRB cocoons 


Consider typical parameters relevant for GRB jets which is penetrating the progen- 
itor.!" In what follows introduce the notation A, = A/10*, so the luminosity Ls» 
stands for 10?? erg/s, which is the isotropic luminosity. While the entropy of the 
jet can take large values, the mixing between the progenitor and the jet lowers the 
entropy of the cocoon, so 7 = 10 is chosen, as a reference value. It is also likely that 
the entropy is à decreasing function of the angular distance from the jet. Assume 
that initial radius of the wind Ro is given by the radius of the core of the progenitor 
WR star Ro ~ 10? cm, and the thickness of the wind corresponds to the size of 
the WR star /413 = 10!? cm.?? The crucial parameter which determines whether the 
outflow is photon thick or thin is the ratio 


x & 29Lssli dm 7. (20) 


For x > 1 the outflow is photon thin, which is the case for our fiducial parameters. 
Considering the extreme dependence on 7, for smaller 7 the condition is clearly 
satisfied. Hence the cocoon is in the photon thin regime and therefore the radiation 
from the cocoons is governed by radiative diffusion. The diffusion radius is 


Rp c 49 x 1014 LU981/212/3 cm, (21) 


and the arrival time corresponding to this radius is 


R 
= (14- 2)—2 e 81.7 (1 + z) Ln 9912/8 s, (22) 


2n?c 
which is the typical duration of thermal emission observed in early afterglows of 
GRBs. 


The observed temperature at the diffusion radius is 
Tos = 0.12L56°° Ro ont 9| P keV, (23) 


which is also a typical temperature of thermal emission in early afterglows of 
GRBs.!8 

Such inferred values of temperature and duration call for closer attention to the 
radiation properties of photon thin outflows. 


6. Case studies 


All GRBs reported in Ref. 13 with measured redshifts and thermal component 
detected in their early afterglows were considered, namely GRBs 060218, 090618, 
101219B, 111123A, 111225A, 121211A, 131030A, 150727A, 151027A. Observed tem- 
perature, thermal flux and total flux were averaged for the entire duration of the 
thermal emission. The initial radius was found from eq. (16). Two values of the 
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Lorentz factor in photon thin, eq. (18), and photon thick, eq. (19), cases were de- 
termined. Then the minimum value of the Y parameter is found which allows the 
duration of the photospheric emission (12) to be not less than the observed duration 
of the thermal component. Only six cases allow both photon thick and photon thin 
interpretations for the photosphere; for other cases photon thin case does not apply 
because eq. (19) gives smaller Lorentz factor than eq. (18). 

GRB 060218. This is a well studied nearby GRB!? with record breaking 
duration of the thermal signal interpreted as the break out of a shock driven 
by a mildly relativistic shell into the dense wind surrounding the progenitor, see 
however Refs. 40, 41. The thermal emission in this burst with observed tem- 
perature Tgp = 0.15 keV may be also explained as a photosphere of a cocoon 
launched from initial radius 3.18 x 10! cm with a mildly relativistic Lorentz factor 
1.2Y-! < P < 1.6Y 1/4 emitting in the photon thin regime. This estimate of the 
Lorentz factor is in agreement with radio observation at 2 days, requiring T ~ 2.42 
Given that the condition I' > 1 is not satisfied, results of the theory of diffusive ul- 
trarelativistic photospheres can be applied to this case with great care. In particular, 
the estimated duration of the thermal signal is only 13Y s. 

GRB 090618. This burst may represent a canonical case of photon thin outflow 
launched from the initial radius 10? cm with the Lorentz factor 3Y -! < T < 40Y !/4, 
Assuming instantaneous energy injection with | = Ro one finds Y = 5.7. The 
duration of the thermal emission with observed temperature about 1 keV is about 
6Y s. Note that thermal emission has also been claimed in the prompt phase, with 
a higher temperature ranging from 54 to 12 keV.?? Such thermal emission in the 
prompt phase may be interpreted as a photosphere of the photon thick outflow. 
Indeed, if the initially high entropy 7 decreases with time the outflow should expe- 
rience a transition from photon thick to photon thin case. 

GRB 1112254. This case is similar to GRB 060218, but with smaller initial 
radius of 8.3x 10? cm and Lorentz factor in the range 1 < T < 6.0Y!/4. The duration 
of the thermal emission with observed temperature of 0.18 keV is about 126Y s, 
with Y = 2.0 for | = Ro. The lower bound on the Lorentz factor in unconstrained. 
It may correspond to a cocoon emitting in the diffusive photon thin regime. 

GRB 1310304. This case is a typical long burst, similar to GRB 090618, it 
allows Lorentz factors in the photon thin case in the following range: 4.3Y ! <T < 
66Y 1/4. The duration of the thermal emission with observed temperature of 1.12 
keV is about 2.0Y s. The initial radius is 3.74 x 105 cm. For instantaneous energy 
injection Y — 19. 

GRB 1507274. This case is similar to GRB 111225A with initial radius 1.1 x 
10? cm and Lorentz factors in the range 1 < T < 11Y "4, allowing for a photon thin 
interpretation. The duration of the thermal emission with observed temperature of 
0.47 keV is about 191Y s, with Y — 2.1. 

GRB 1510274. This case is similar to GRBs 090618 and 131030, however 
with quite large initial radius 1.5 x 101° cm and Lorentz factors in the narrow range 
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23 <T < 26Y!/4. The duration of the thermal emission with observed temperature 
of 0.96 keV is about 0.47Y s, with Y = 64. 


7. Discussion 


The difference between the present work and the approach followed in Ref. 16 should 
be emphasized. The main assumption of that work is the presence of unknown dis- 
sipation mechanism, which transforms part of the kinetic energy of the outflow into 
radiation, postulated in Ref. 44. Such dissipation can boost the luminosity of ther- 
mal emission and it might be required to explain subdominant thermal component 
during the prompt emission or even the prompt emission itself, see Ref. 45. Con- 
cerning observations of this component in the early afterglow, dissipation is not 
required, as it is much weaker than the prompt radiation. 

Similarly, there is a difference between the present work and the work in Ref. 17. 
There two regimes of expansion are considered: Newtonian (v « c) and ultrarela- 
tivistic 7 >> 1. For the latter, which is of interest here, the emission was assumed to 
originate at the photospheric radius, given by the last line in eq. (6). As discussed 
in Sec. 3 above, photons in this case diffuse out much earlier, so that no photons 
are left in the outflow when it arrives to the photospheric radius. For this reason 
estimations of the luminosity and observed temperature in that paper cannot be 
used. 

Qualitative difference in dependence of observed flux and temperature on time 
for photon thin outflows determine their observed properties. In particular, since 
the flux up to diffusion time (22) is almost constant and its luminosity is much 
weaker than the prompt radiation luminosity, see eq. (14), the thermal component 
become visible after the steep decrease of observed luminosity following the end of 
the prompt phase. This is indeed where such thermal component is identified in 
many GRBs. Its disappearance is naturally explained by diffusion of the radiation 
kept in the outflow. Hence it implies that no more photons are generated neither in 
the outflow nor in the central engine. 

We show that in several GRBs, namely GRB 060218, 111225A and 1507274, 
the thermal component observed in the early afterglow may originate from mildly 
relativistic cocoons emerging from the progenitors together with the jet, due to 
relatively small values of inferred Lorentz factors T < 10. 

Such emission observed in other GRBs such as 090618, 131030A and 151027A 
correspond to large Lorentz factors T > 10, indicating a jet origin of the photo- 
spheric emission. Besides, these results suggest that the progenitors of some long 
GRBs, in particular GRB 090618 and 131030A could be rather compact objects, 
with radius | ~ 10? cm. 

It is important to stress that the relatively low temperature of the thermal 
component observed in the early afterglow with T ~ 0.1 — 10 keV, in contrast with 
typical temperatures detected during the prompt emission with T' ~ 10 — 100 keV 
does not indicate small Lorentz factor of the outflow. Conversely, it may point to 
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photospheric origin of the thermal emission in the photon thin regime. Instead, 
large Lorentz factors [ >> 1 assumed in the model imply small mass of the emitting 
plasma, which is consistent with the cocoon interpretation.!" 

Notice that possible presence of thermal components both in the prompts radi- 
ation and in the early afterglow, as well as the presence of breaks in temperature 


46-48 may correspond to the transition from 


dependence on time found in many cases 
photon thick to photon thin asymptotics in hydrodynamic evolution of the outflow 
powering GRBs. 

In this work the theory of diffusive emission from relativistic photospheres is 
confronted with observational data on a sample of GRBs with thermal component 
in the early afterglows. The measurement of temperature and flux of the thermal 
component along with the total flux in the prompt phase are used to determine 
initial radii of the outflows as well as their Lorentz factors. The results indicate 
that in several cases (GRBs 060218, 111225A and 1507274) the inferred Lorentz 
factors are relatively small, I < 10, while in other cases (GRBs 090618, 131030A and 
151027A) the inferred Lorentz factors are larger, T > 10. Such differences suggest 
two possible sources of the thermal component: mildly relativistic cocoons or highly 
relativistic jets. Results obtained above are valid only for those cases, where inferred 
Lorentz factor is relatively small, below few tens. For other cases identified in Ref. 13 
inferred Lorentz factors are larger, and photon thin interpretation does not apply. 

'These results are the first indication that radiative diffusion may play an impor- 
tant role not only in nonrelativistic outflows, but also in ultrarelativistic outflows, 
represented by GRBs. 
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In this proceedings, we give a brief general overview of the parallel session on photo- 
spheric emission in gamma-ray bursts (GRBs), which took place during the online 16** 
Marcel Grossmann Meeting. The session covered theoretical and observational aspects 
of photospheric emission. In particular, spectral, temporal and polarization properties 
were discussed. 


Keywords: Gamma-ray bursts, Photospheric emission, Thermal emission, Non-thermal 
emission, Jet simulations. 


1. State of the art 


Photospheric emission models are seen as prime contenders to explain the prompt 
phase of gamma-ray bursts, see e.g.! for a review. This emission is produced when 
the expanding jet becomes optically thin to Compton scattering? which is the 
dominant interaction mode for photon of comoving energy ~ 1keV. Photospheric 
emission is a naturally expected process in the widely discussed fireball model.? © 
It can be highly efficient if the transparency takes place at small radius, that is to 
say close to the transition radius between accelerating and coasting phase,? " ? and 
it naturally predicts a clustering of the spectral peak energy around 500 keV.!° 

It has long been known that photospheric models in their simplest flavors fail to 
explain the shallow low energy spectral slope seen in most GRBs.!! !? This picture 
changed in the past 15 years when it was realized that the spectra produced at 
the photosphere can be highly non-thermal due to 1- energy dissipation below the 
photosphere either via shocks, 9-15 19-22 or neutron decay,?? 


and 2- geometrical effects due to the structure of the jets and the photon last 
11,14,23 


magnetic reconnection 
24,25 
scattering position. 

The aforementioned effects are difficult to study analytically, as any analysis 
depends on ad hoc assumptions on the geometry of the jet, dissipation mechanisms 
and their localization. In recent years, 3D (GR) MHD simulations coupled to Monte- 
Carlo radiative transfer calculations were designed to study photospheric emission 
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in the context of GRBs solve those opens issues.?° ?? One of the most interesting 
finding is that the luminosity drop for off-axis observers is limited by the structure 
of the jet. 

Moreover, the simulations were successful in reproducing correlations between 
observer position, luminosity, peak energy, and observed polarization. In particular, 
several important successes were obtained in explaining the Amati correlation? 
(between the isotropic total energy Ei,, and the peak energy Ep), the Yonetoku 
correlation?? (between the isotropic luminosity Liso and Ej) and the Goletneskii 
relation?? (between the luminosity and Ep) by considering a distribution of off-axis 
observers. 

Finally, the simulations permitted to obtain detailed polarization predictions. 
In particular, it was found from numerical simulations of photon propagation inside 
a jet that a high degree of time-resolved polarization requires off-axis observers, 


37-39 Using a semi-analytical 


while the polarization for on-axis observers is lower. 
jet model, it was found that the polarization degree correlates to a substantial 
drop in luminosity.?^^? Instead, recent hydrodynamical simulations?*:?? showed 
that the drop in luminosity for observer angles might be smaller than expected 
thanks to emission from the jet cocoon. Extending the analysis to lower frequencies 
it was shown that the polarization degree is larger at low energies, either thanks to 
the effect of synchrotron emission*! or due to higher scattering angle towards the 
observer.?? 

Despite these many successes, the correlation analysis is limited to a few initial 
setups because of the large resources needed for each independent simulations and 
their post-processing analysis. In the forthcoming years, the reliability of the already 
obtained correlation results will be tested and refined against many more runs with 
different initial conditions and methods. In addition, the simulations are not yet 
mature enough to produce detailed spectral predictions, which could be confronted 
to observed data. 

Concerning the spectral analysis in the context of photospheric emission, two 
different paths were explored in the past few years. First, detailed time-resolved 
spectral analysis of GBM data from many bursts were performed.^? 44 Specifically, 
the spectra were fitted with a cut-off power-law and the obtained low energy slope 
distribution were carefully investigated. It was realized that many bursts have one 
to several time bins with spectra harder than the limits from the synchrotron line of 
death. These studies concluded that photospheric emission should be the mechanism 
at work in those bursts, textbfsee however??. 

Second, simplified photospheric models, such as the DREAM model,4^9:^? were 
directly fitted to observed GBM spectra?? finding 1- good agreement for the bursts 
with the hardest low energy slope when considering the photospheric emission taking 
place at the transition between accelerating and coasting phase, and 2- good overall 
agreement with other bright bursts, when considering localized energy dissipation. It 
is expected that those studies will be extended to larger sample and refined models 
in the near future. 
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2. Talks at the session 


'The session was run in two blocks of three hours. 

Asaf Pe'er delivered a review talk “Understanding prompt emission: where do 
we stand?" where he summarized basic observational information about the prompt 
emission and problems originating from misconceptions which are related to usage 
of models (including the progenitor, jet launching, dynamics and dissipation), the 
nature and dynamics of the outflow (e.g. baryonic vs. magnetic) and the radiation 
mechanisms (e.g. photospheric vs. synchrotron). He also discussed the spectral and 
polarization properties of non-dissipative photospheric emission, and its ability to 
explain observed correlation. Finally, he mentioned a new model of the prompt 
emission based on backscattering of the seed photons on a cold relativistic cork 
which appears natually in front of the jet in many progenitor models. 

Ore Gottlieb presented a talk “Probing the jet launching mechanism from 
prompt emission of GRBs" where he described the ways to infer the information on 
the jet launching mechanism and its dynamics from the comparison of observations 
with numerical simulations of jet propagation and its the photospheric emission, 
focusing specifically on the role of magnetization of the jet. In particular, based on 
numerical hydrodynamic simulations, including self-consistent simulations within 
the collapsar model, he discussed and ability to produce jet tilt, intermittency, po- 
sition of the magnetic dissipation region, and the role of different progenitors in jet 
launching and cocoon formation. 

Gregory Vereshchagin reported a study “Diffusive photospheres in gamma-ray 
bursts" describing the results of the application of the theory of photospheric emis- 
sion to the thermal radiation, detected in the early afterglows of some gamma-ray 
bursts. The inferred Lorentz factors of the outflow are clustered in two groups: few 
hundreds, indicating classical photospheric emission from ultrarelativistic outflow, 
and few tens, indicating diffusive regime of the photospheric emission, possibly from 
jet cocoons. 

Tyler Parsotan delivered a talk “Monte Carlo Simulations of Photospheric Emis- 
sion in Gamma Ray Bursts" in which he described the MCRaT code and its coupling 
to relativistic hydrodynamical simulations in order to obtain mock observations. He 
discussed how his code allows him to obtain predictions of the photospheric model, 
in particular prediction about optical prompt percursors of gamma-ray bursts. 

Hirotaka Ito presented results on “Numerical simulations of photospheric emis- 
sion in GRBs" focusing on the jet structure and its consequences for spectral shapes, 
polarization signal and correlations between observed quantities, based on hydro- 
dynamical simulations and post processing with the radiative transport. 

Yan-Zhi Meng reported the talk “Photosphere emission spectrum of hybrid rel- 
ativistic outflow for gamma-ray bursts", considering both impulsive injection and 
continuous wind cases. 

J. Michael Burgess in his talk “Spectroscopy of GRBs: Where are we now?" dis- 
cussed how fitting physical models, instead of phenomenological ones, is important 
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in order to infer physical information from observations. He mentioned several 
“myths” about the synchrotron emission model such as the line-of-death and width 
problem and showed how proper folding through the response function of the in- 
struments demonstrates viability of this model. 

Hüsne Dereli-Bégué presented a talk “Classification of Photospheric Emission 
in sGRBs" where she discussed the fit of a large sample of short GRBs with a 
phenomenological model based on a non-dissipative photosphere model. The main 
conclusions are that nearly one third of the spectra are consistent with purely ther- 
mal emission, and that a large fraction of bursts may come from subphotospheric 
dissipation. 

Björn Ahlgren discussed “Subphotospheric dissipation evaluated using joint 
Fermi-Swift observations" and pointed out the importance of using XRT data in 
addition to the BAT data from the SWIFT satellite, in order to distinguish between 
photospheric and synchrotron mechanisms of emission in the context of fitting of 
dissipative photospheric model to the data, focusing specifically on the DREAM 
model. 

Liang Li reported on “Bayesian Time-resolved Spectroscopy of Multipulse 
GRBs: Variations of Emission Properties among Pulses" where he discussed con- 
struction of the catalogue of multipulse bursts, the fitting procedure and the out- 
comes. In particular, he discussed different trends and correlations between observed 
quantities such as F — a and F — Ep. 

The outcome of the discussion with participation of Gregory Vereshchagin, 
Pe'er Asaf, J. Michael Burgess and Damien Begue is that generally speaking about 
gamma-ray bursts, despite strong progress both in theory and in observations there 
are still many unresolved issues such as the origin of the jet, the mechanism of 
energy dissipation, and the nature of observed variability. 

The field is observationally driven, with new recent observational results such 
as the “anomalous” X-ray behavior of GRB 170817A and the detection of very 
high energy emission from several sources such as GRB 190114C. However, there 
are some key observational results, which still need explanation from the theory, in 
particular the strong spectral evolution within each pulse, the power-law decay of 
the peak energy, the time evolution of the temperature and so on. From the obser- 
vational viewpoint, one of the most promising direction is the study of polarization 
of gamma-ray bursts. 


3. Conclusions 


'To conclude, many critical progresses were made and problem addressed in the past 
few years. In particular, theoretical and numerical predictions start to be mature 
enough to allow direct comparison to observations, either via direct spectral fitting 
or via comparison to the global population parameters. It is expected that this 
trend will continue, allowing for a refinement of the photospheric emission theories, 
a better understanding of the data and of gamma-ray bursts. 
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Gamma-Ray Bursts (GRBs) are energetic transients originating in a violent explosion 
of a massive star or merger of two compact objects in a binary system. These explosions 
create a relativistic blastwave which inevitably collides with the circumburst medium 
and results in external shocks. The emission produced thereby is the afterglow observed 
in GRBs after the initial prompt phase. The properties of the emitting region, i.e., non- 
thermal particle spectrum, magnetic amplification, and micro-physical parameters, etc., 
can be probed by monitoring and modelling the afterglow radiation. The recent detection 
of very high energy (VHE, > 100 GeV) gamma rays from GRBs has opened a possibility 
to test theoretical models such as the synchrotron self-Compton (SSC) in GRBs till 
late times in the afterglow phase. We find that the SSC model explains the afterglow 
observations of MAGIC-detected GRB 190114C and H.E.S.S.-detected GRB 180720B. 


Keywords: GRBs: VHE Components, Afterglow Emission. 


1. Introduction 


GRBs, one of the brightest electromagnetic events in the universe, are produced in 
cataclysmic astrophysical events like the collapse of a massive star or mergers of 
compact binary stars (a neutron star — neutron star or a neutron star and a black 
hole system).!:? The initial prompt burst of the energy is primarily in gamma-rays, 
and its origin though still debated is linked to the energy released from the central 
source which is dissipated at the internal shocks or emitted at the photosphere.? 9 
Afterglow emission follows once the prompt emission phase ends in GRBs. The af- 
terglow of GRBs is important to understand the circumburst environment, jet pa- 
rameters, geometry of the jet and the central engine. Recently, à VHE component is 
discovered by the ground-based MAGIC telescopes” ? and H.E.S.S. telescopes.!9: t 
'This was anticipated based on the standard afterglow models and its origin was 
postulated via the inverse Compton scattering of the synchrotron radiation (syn- 
chrotron self-Compton).!? ?? Comparatively, other radiation channels like proton 
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synchrotron require acceleration of protons up to 10?! eV and currently are consid- 
ered less favorable.?? However, for a combination of afterglow parameters, proton 
synchrotron can dominate compared to electron synchrotron emission as discussed 
in the literature.?9:?4 

Synchrotron radiation from a decelerating blastwave can explain the multi- 
wavelength afterglow emission from radio to gamma-rays observed in GRBs. The 
maximum energy detected in GRB 190114C by the MAGIC telescopes and in 
GRB 180720B by the H.E.S.S. telescopes is higher than the maximum energy that 
can be produced by synchrotron mechanism, and therefore, self- Compton of these 
synchrotron photons in the GRB blastwave is invoked to explain these energetic 
photons.?! 

In this work, we discuss GRB afterglow model and provide multiwavelength 
modeling of the observations of GRB 180720B and GRB 190114C (Section 2). We 


summarize our results in Section 3. 


2. GRB blast-wave expansion and afterglow radiation 


We consider the synchrotron radiation from the electrons accelerated to relativistic 
energies in the forward shock. Further, these synchrotron photons are upscattered 
by the same population of relativistic electrons. We revisit the synchrotron self- 
Compton model by?! and the details of the expressions used here are taken from 
the SSC formalism for GRBs.?° 


Table 1. Afterglow model parameters used for the 
interpretation of multiwavelength observation of GRB 
180720B and GRB 190114C. The VHE component detec- 
tion time information tVHE,obs is taken from!? for GRB 
180720B and from^$ for GRB 190114C respectively. 


Parameters GRB 180720B GRB 190114C 


^o dvuEow(5) >36x10 255 
Exiso(erg) 4.5 x 1054 4 x 10°4(1 x 1053) 
r 400 300(36) 
laec(s) 69 52.6(2.3 x 104) 
to,ssc(s) 6 x 1078 8.5(61) 

Ax 0.02(0.02) 
no(cm-?) 0.035 

p 2.4 2.18(2.5) 
Ee 0.05 0.03(0.08) 
€B 1.2 x 1075 0.01(0.07) 
$ 1 1 (1) 


2.1. GRB 190114C multiwavelength emission 


GRB 190114C was located at a redshift z = 0.4245 + 0.005?" and its prompt 
gamma-ray emission releases isotropic energy ~ 3 x 1053 erg.?° The very high energy 
gamma-ray detection from GRB 190114C was reported by MAGIC telescope.?® 78 
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Fig. 1. SED for GRB 190114C reproduced from our earlier work,?? with slightly different values 
of input model parameters. The data is extracted from.?° 


This source was observed in multiwavelengths (radio to gamma rays) by 6 satel- 
lites and 15 ground based telescopes.?? We modelled GRB 190114C SEDs and light 
curves simultaneously and found that in late time the optical emission appears to 
be harder, which cannot be accounted for by the contribution from the host galaxy. 
Refreshed shocks are slow shells that will catch up with the afterglow shock region 
at late times.??:9? This will enhance the energy of the forward shock medium and 
can be useful to explain the optical hardness seen in case of GRB 190114C. The flux 
below the cooling frequency due to refershed shock emission is ((1 + f@+?)/4)) Fs, , 
where Fs, is the synchrotron flux due to the forward moving shell and f = 5 
is the amount of higher flux compared to the optical emission of forward mov- 
ing shell. The flux above the cooling frequency due to refershed shock emission is 
(1+ fOt?)/4)) Fey. 

In our Fig. 2 we have included the contribution due to a refershed shock which 
can explain the late time optical flux and at the same time won’t exceed the flux 
in X-rays. The late time onset of the afterglow constrains the initial Lorentz fac- 
tor value of the slow moving shell to be ~ 36. The SSC emission is considered 
in the Thomson scattering regime (for details, see’). The Compton parameter is 
approximately constant and Y ~ t3 0-1 also shown in Figure 5. 


2.2. GRB 180720B multiwavelength emission 


GRB 180720B was located at a redshift z — 0.653?! and its prompt gamma ray 
emission releases isotropic energy ~ 6 x 10?? erg.!? In case of GRB 180720B, VHE 
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Fig. 2. Light Curves for GRB 190114C where the late time optical emission is explained via 
refreshed shock scenario. The data used here is extracted from? and Swift XRT database, 
https:/ /www.swift.ac.uk/analysis/xrt/. 


gamma-rays were detected by the H.E.S.S. telescopes after 10 hours.?? Due to this 
late time detection we find that the emission of sub- TeV photons falls in the Klein 
Nishina (KN) regime, the medium is thin to pair production of VHE gamma rays, 
and we utilize the KN feedback effects on the cooling of electrons based on the 
formalism discussed by.?? A comparison of Compton parameter is shown in Figure 
5 for Thomson and KN cases. The afterglow model explains the data well as shown 
in Figures 3 and 4, where the SED and light curves are plotted for same set of input 
parameters. The model predicts higher levels of optical emission and we need to 
consider the absorption effects which lowers the optical flux by a factor of 0.5. The 
model parameters used in our work are shown in Table 1. 


3. Summary and Conclusion 


The VHE gamma-ray observations of two GRBs studied here are well explained 
using the synchrotron and SSC models. The late time optical afterglow for these 
two objects are in contrast to each other. In GRB 190114C the optical emission is 
harder and we required a refreshed shock to explain it, however for GRB 180720B 
the model produces higher level of optical flux by a factor of 0.5. Hence there is 
absorption of optical flux in the host Galaxy of GRB 180720B. The absorption of 
VHE photons for pair-production, in the blastwave, is negligible. The extra-galactic 
background light (EBL) absorption are considered for finding the maximum energy 
of the photons based on the model by.*4 These cut-off effects are important above 
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Fig. 3. SED for GRB 180720B using SSC model plotted against the HESS onservations!? at 
duration 10 hr. 
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Fig. 4. Light Curves for GRB 180720B, the data used here is extracted from!? and Swift XRT 
database, https:/ /www.swift.ac.uk/analysis/xrt/. 


200 GeV and 160 GeV for GRB 190114C and GRB 180720B respectively. The t? 
dependence for the blastwave flux before deceleration is used for both the ism and 
wind media since the flux dominates due to the area of the blastwave expansion. 
The bulk Lorentz factor l and Ek iso and e. have approximately similar values for 
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Fig. 


10? 4 --- Yyy(GRB180720B) —— Ym(GRB190114C) 
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Compton Parameter 


5. Compton parameter Y estimated for two GRBs. We have modelled GRB 190114C using 


Thomson approximation, however for GRB 180720B we required SSC in KN regime. 


both GRBs, however the fraction of energy in the magnetic field eg is very low in 
GRB 180720 B. This low value of eg is also reported in the SSC modelling of this 
source in other works.?? Also for GRB 180720B we find the ISM medium is more 


suitable for modelling, which is consistent with the X-ray afterglow observations. 
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Recent detections of gamma-ray bursts (GRBs) at energies above 100 GeV demonstrate 
that imaging atmospheric Cherenkov telescopes (IACTs) operating in the very-high- 
energy range (VHE; E > 100 GeV) can provide insights into the physics of GRBs. 
By searching for the highest-energy photons emitted by GRBs, these telescopes can help 
answer questions about the particle acceleration and emission processes that occur during 
both the prompt and afterglow phases of GRBs. VERITAS is a very-high-energy IACT 
array located at the Whipple Observatory in southern Arizona, which has maintained 
an active GRB observing program since mid-2006. In this presentation, we will share 
some of the recent achievements of the VERITAS GRB follow-up program. We will 
discuss the development of analysis methods tailored to transient signals, and how the 
upper limits on the VHE emission obtained from observations of prominent bursts by 
VERITAS allowed us to constrain radiation mechanisms in the afterglow (e.g., for GRB 
130427A) and constrain properties of the environment in which the burst took place 
(e.g., for GRB 150323A). Compact binary mergers that trigger short GRBs may also 
result in gravitational wave emission, so we will review both our follow-up program from 
LIGO/Virgo triggers, and also the use of archival VERITAS data to search for short 
GRBs based on sub-threshold events for LIGO/Virgo. Lastly, based on the properties 
of the VHE-detected GRBs, we will discuss recent changes to our follow-up strategy to 
account for the Swift/XRT properties for optimal VERITAS observing sensitivity. 


Keywords: Gamma-ray bursts, GRBs, gravitational waves 


1. Introduction 


Gamma-ray bursts (GRBs) are a class of astrophysical explosions that are some 
of the brightest events in the universe. Emitting total energies greater than 1053 
erg/s, these events are detected in the optical, X-ray and high-energy (HE) to very- 
high-energy (VHE) gamma-rays. The physical mechanisms to explain the source 
of the high-energy emission range from synchrotron to synchrotron-self- Compton 
(SSC) processes based on the environment of the GRB emission regions. Particularly 
important are the highest energy photons in the VHE range that can constrain 
the properties of the GRB emission. Ground-based gamma-ray telescopes are well 
suited to these observations, and the recent detections of photons above 100 GeV 
by H.E.S.S. and MAGIC provide insights into the physics of GRBs! 

In this paper, the VERITAS GRB follow-up program is discussed. Section 2, 
describes the VERITAS instrument and observation capabilities. In Section 3, the 


Thttps://veritas.sao.arizona.edu 
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GRB observations by VERITAS are summarized. In Section 4, the techniques used 
to improve future observations and optimize data analyses are described. Section 5 
describes how the VERITAS GRB follow-up program is enhanced by the new grav- 
itational wave trigger with the start of operation of the LIGO/Virgo gravitational 
wave (GW) observatory. 


2. VERITAS 


The Very Energetic Radiation Imaging Telescope Array System (VERITAS) is a 
ground-based imaging atmospheric Cherenkov telescope (IACT) array located in 
southern Arizona, USA. VERITAS consists of four 12-m IACTS, each equipped 
with a 499 photo-multiplier tube (PMT) camera and 350 hexagonal mirror facets 
arranged in a Davies-Cotton optical design. This system enables the detection of 
air showers formed in the atmosphere by the cascade of particles created from the 
interaction of the original gamma-ray photon and molecules in the atmosphere. 

VERITAS is sensitive to gamma rays of energy 100 GeV to 30 TeV. The me- 
chanical structure of each IACT is capable of a maximum slew speed of 1 degree 
per second. Each camera has a field of view of 3.5 degrees. VERITAS has a 68% 
containment radius less than 0.1 degree at 1 TeV.’ The recorded data is analyzed by 
two independent pipelines (to enable cross-checking) to reliably select gamma-ray 
and cosmic-ray events from the camera images, determine energy, angular direction 
and arrival time of the original photon, and reconstruct a skymap of the observed 
region.5:? 

In the scale of short timescale events such as GRBs and other astrophysical tran- 
sients, the sensitivity is statistics dependent: by one widely required standard, the 
detection criterion is achieved when observing a minimum number of signal counts 
(N, — 10), the signal above the background is at least five times the systematic 
uncertainty in the background estimation, assumed to be 196, and the Li & Ma sta- 
tistical significance is 5o or more.!? These requirements weaken the achievable flux 
sensitivity at very short observation times < 100 seconds, particularly for higher en- 
ergy photons under the assumed power law spectral model, compared to longer term 
observation campaigns of steady sources.!! In Figure 1, the relative short timescale 
sensitivities are shown for Fermi-LAT, VERITAS, MAGIC, H.E.S.S. and the fu- 
ture CTA observatories. For a Crab Nebula-like point source detection, VERITAS 
is capable of a 5c detection in about 2 minutes. 


3. Summary of Observations 


VERITAS has followed up on more than 200 GRBs since the beginning of its GRB 
follow-up program in 2006. The Gamma-ray Coordinates Network (GCN) provides 
real-time coordinates (via Notices) and follow-up reports (via Circulars). VERITAS 
is subscribed to this system and has integrated an automated tracking response for 
incoming GCN notices. Alerts are quickly parsed and reviewed by on-site observers, 
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Sensitivity vs Time (Southern full array, z=20 deg.) 
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Fig. 1. The short timescale differential sensitivity of various gamma-ray observatories to Crab- 
like point sources (from!!). The assumed spectral model is a power law with spectral index of 
-2.5. Four differential energy bins between 75 and 250 GeV are selected due to the relative overlap 
between the each observatory's operational energy ranges. 


who assess visibility (i.e. checking for observable conditions such as pointing direc- 
tion, slew time, and weather) and decide whether to follow up with a user-friendly 
pop-up GUI. 

The distribution of the sources of GRB triggers observed is shown in Figure 2. 
Swift and Fermi-GBM dominate the alerts with their surveying-mode monitoring 
systems. Figure 3 shows the frequency of Swift (3a) and Fermi-LAT (3b) observed 
bursts since the beginning of the VERITAS GRB program. While Swift bursts are 
significantly more common, Fermi-LAT events are prioritized due to their high 
energy components and a few Fermi-LAT bursts are observed every season. 

The standard protocol for observing is as follows: if the alert came from Swift- 
BAT, Swift-XRT or Fermi-LAT, observe up to trigger time plus 3 hours (for a 
maximum of 3 hours); if the alert came from Fermi-GBM only and the burst position 
is determined to < 5°, observe up to the trigger time plus 1 hour (for a maximum 
of 1 hour). This protocol prioritizes well-localized and high-probability candidate 
GRBs. In some extreme cases, exceptions have been made from this protocol, such 
as GRB 1304274 discussed in section 3.1. Figure 4 shows the distribution of delay 
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Fig. 2. Distribution of the source of trigger alerts for VERITAS followed-up GRBs. 
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Fig. 3. Distribution of Swift (a) and Fermi-LAT (b) observed GRBs since 2009. 


times: most have been observations beginning between 10? and 10* seconds after 
the burst detections, while a handful of exceptions were made for bright bursts with 
observations starting > 2 x 104 seconds. 

In the subsections below, three exceptional GRBs followed by VERITAS are 
discussed, GRB 130427A, GRB 150323A and GRB 190114C. 


3.1. GRB 130427A 


GRB 1304274 was a Fermi-LAT-detected GRB that was bright enough for VERI- 
'TAS to follow up almost 20 hours after the burst, yielding meaningful upper limits 
for the VHE acceleration mechanism.!? Originally detected by Fermi-GBM and 
Swift-BAT, the burst was later associated with a Type Ic supernova (SN2013cq) 
at redshift of z—0.34.!? The Fermi-LAT spectrum is consistent with a powerlaw 
spectral model with index of -2.2 up to 20 ks, while the later VERITAS upper 
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Fig. 4. Delay between the GRB trigger time and the beginning of observations by VERITAS. 
Most observations were followed up within 3 hours of the alert, while a few exceptionally-bright 
events were followed up by as much as 20 hours later. The fastest follow-up was © 1 minute after 
the alert. 


limit was calculated assuming a power law model with index -2 (see table 1). 
The Fermi-LAT light curve evolved with a temporal power-law with index of -1.4 
(dN/dt x £713950.05) GRB 1304274 is one of the brightest bursts ever followed up 
by VERITAS. 


Table 1. The VERITAS observation of GRB 130427A 
from (from!^). 


Day | Non Nosy a? o> UL 

erg cm 
1 165 1164 0.125 13 94x 107 
2 322 2120 0.143 1.1  6.6x10- 
3 402 2820 0147 -0.5 2.7x10- 

Total | 889 6104 0.141 0.9  3.3x10- 


2 


m 


yun MA 


Note: * Relative ratio of exposures of On and Off observing 
regions. 
P Li & Ma (1983) test statistic.1° 


Both synchrotron and SSC models proposed to explain high-energy and very- 
high-energy emission are constrained by the VERITAS VHE upper limit. In the 
synchrotron model, the VERITAS upper limit can constrain the magnetic field of an 
assumed interstellar medium (ISM), Brsy < 5uG E és my tty) P where 
the terms are explained in!^ (see!^!*). In the SSC model, the VERITAS upper limit 
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constrains the synchrotron emission of the electron population within the emission 
region, limiting the Klein-Nishina energy to Exn < 120 GeV as determined by 
Fermi-LAT temporal data. However, for lower Egy, the VERITAS upper limit does 
not constrain the SSC model, and combined with the single zone interpretation from 
the early afterglow data, the synchrotron model is preferred. 


3.2. GRB 150323A 


GRB 150423A was a Swift-BAT-detected GRB that was observed with the stan- 
dard follow-up protocol within 270 seconds of the prompt emission peak and at a 
relatively low redshift of z — 0.6. Although not necessarily noteworthy by other 
observatories, this burst was selected because it had one of the highest observation 
flux weights compared to other bursts observed by VERITAS.!6 

The derived observational weight combines the extragalactic background light 
(EBL) absorption factor for each burst with the time delay between burst explosion 
To and VERITAS observation start time. The EBL absorption is defined by the 
burst redshift and photon energy (e-7 ^9)), where the energy is chosen to be the 
telescope energy threshold, which is a strong function of the telescope elevation 
angle. The weight can be interpreted as being proportional to the approximate flux 
of the burst at the time of the observation, where the burst is assumed to have a 
temporal dependence of 1/t. 

VERITAS began the observation about 2 min after the BAT emission peak. The 
observation significance is 0.360, and with the limited EBL attenuation (only 50% 
at 100-200 GeV), the upper limit is « 196 of the prompt fluence. The differential 
upper limit (99% C.L.) at 140 GeV is 3.7 x 10719 TeV-! cm"? sl, while the 
integral upper limit from 140 GeV to 30 TeV is 1.6 x 1071! cm? s^1. The strong 
upper limit on VHE emission favors an explosion into the stellar wind of a dense 
progenitor (Wolf-Rayet star), or a weak blast wave in a tenuous ISM.1” 


3.3. GRB 190114c 


VERITAS also followed up the first IACT-detected GRB 190114C, observed by the 
MAGIC telescope?.^ >18 VERITAS received the alert during daytime (UT 20:57:04) 
and waited for the object to rise before beginning observations several hours later. 
Due to moonlight, the VERITAS cameras were operating with reduced high voltage, 
which decreases the sensitivity to low-energy gamma-ray events. The low elevation 
of the burst location (< 32°) during the observation further impacts the energy 
threshold. Additionally, clouds occluded the field of view leading to lost data through 
the observation. Due to these unique observation conditions, VERITAS is currently 
working toward a calibrated analysis pipeline custom to the challenges of this burst. 


?https://www.astronomerstelegram.org/?read-12390 
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4. Optimizations 


'The observation of the prompt and afterglow emission of GRBs is a primary goal of 
the VERITAS follow-up program. However, due to the combination of observation 
conditions such as weather, moonlight, and pointing direction, with the variation 
of GRB flux and redshift, a significant GRB detection by VERITAS in the VHE 
range has remained elusive. In light of the probabilistic challenges associated with 
observing a bright, nearby GRB shortly after a trigger is announced, the following 
optimization strategies are employed: section 4.1 describes a strategy to monitor 
and follow-up certain bright Swift-XRT GRB candidates, and section 4.2 describes 
an offline analysis method to incorporate the time dependence of the GRB light 
curve into the calculation of the significance of excess photon counts. 


4.1. Swift Monitored Triggers 


Some GRBs have bright, extended afterglows in the X-ray band. These bursts may 
also be bright in the VHE band. Table 2 shows several VHE-detected GRBs and 
their inferred Swift-XRT X-ray flux at the time of detection (along with the corre- 
sponding delay between To and the start of the observation). Using these H.E.S.S. 
and MAGIC detected afterglows, it is prudent to use the Swift-XRT inferred flux as 
a guide for following up on bursts that are more likely to be seen in the VHE band. 

VERITAS might be missing some of the bright afterglows for GRBs that become 
observable at T > To + 3 hrs, and therefore we have modified the standard GRB 
follow-up protocol to include the Swift-XRT flux (if available) to adjust the amount 
of time allocated for each burst. If a Swift-XRT flux is available, the spectrum is 
extrapolated to the VHE range and the light curve is extrapolated for the remainder 
of the observing window. GRBs with inferred fluxes > 1071! erg cm~? s^! in the 
X-ray band are observed for as long as they are still above that threshold. Bursts 
that might have been missed after passing the T > To + 3 cutoff can now remain 
candidates if the X-ray band is still bright. The remaining alerts without a Swift- 
XRT counterpart follow the standard protocol. This selection threshold prioritizes 
bright events, increasing our probability of detecting VHE events. 


4.2. Time Dependence 


In the conventional analysis of sources observed by IACTs, background and signal 
regions are determined a priori so that an excess count can be calculated that char- 
acterizes the source count rate during an observation period. Following the criteria 
established, the statistical significance is calculated using Eq. 17 of Li & Ma.!^ How- 
ever, in this formulation, both the source and background rates are assumed to be 
time independent. In the case of GRBs and other strongly time-dependent sources, 
the excess counts may be dominant in certain time bins within the observation and 
negligible in others, such that the excess counts summed over all time bins are not 
significant. 
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Table 2. VHE detected GRBs, as well as the bright GRB130427A, and their inferred XRT 
flux at the time of observation. The sustained XRT flux in these VHE detections suggests an 
X-ray threshold for guidance to trigger VHE follow-up observations. 


Inferred XRT Flux 
after Delay [erg cm-2 s-1] 


GRB Afterglow Detected Follow-up Delay 


Detected ~20 Hrs 


ee (Fermi-LAT) (VERITAS) EAS 
180720B es LESS 7.7 x 10711 
190114C res eer ney 6.5 x 10711 
190829A HE nee 9.9 x 10-11 


To solve this problem, the time dependence of the source count rate is assumed 
in a parameterized form s(t) and the test statistic is re-derived following the strategy 
outlined by Li & Ma (1983).!? The maximum likelihood estimate is used to optimize 
the signal and background count rates, collected within the On and Off observation 
regions defined as (Non) = (b + 3(t))Ton and (Nore) = bTopp for observation times 
Ton and Toff, respectively. Assuming a Poisson distribution of counts, the general 
form of the test statistic is a ratio of the likelihoods for the null and alternate 
hypotheses Zo and £: 


zNonc No 
£o 2 fs 


0 
EE Non BNot; () 


where b and 5 are the time average background and signal count rates, and bo is 
the time averaged rate when all counts observed are background. 

To apply the time dependence, the Ton observation time is split into N bins 
of At, where the probability of the number of counts for each bin is independent 
and NAt = T,,. For a parameterized s(t), at the limit of N — oo, At > 0, the 
likelihood ratio reduces to: 

Lo bere 


= 0 
Lo (Tee ft} (b + 8(ti))) bNerr (2) 


where s(t) = 0 x t^!. The time dependence of the signal was assumed to be 1/t 
since it is most similar to many GRBs light curves,? where 0 is a normalization 
constant for the time-dependent count rate. 

This modified likelihood ratio was validated with a Monte Carlo simulation. 
Using a toy-model MC of a GRB, with 5 x 10° observations starting 2 min after 
burst trigger, the time-dependent signal s(t) = 0 x t^!, and the typical IACT back- 
ground rate (1 y /min), the following simulation results provided evidence for some 
additional conclusions (see also Figure 2 of!?). For a 35-min observation, the mean 
significance over all the simulated observations increased from 4c to 50 once time 
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dependence is included, a 25% increase in sensitivity. For a 100-min observation: 
the simulated observations reveal that the overall significance improves from 3.40 
to 5.20 with time weighting for that observation time. Comparing 35-min and 100- 
min simulations, the time-independent method has a reduced sensitivity from 4o to 
3.4c as expected with the increase in background counts, while the time-dependent 
model increases from 5c to 5.20, indicating that the time dependence allows for an 
improved estimate of the background and signal rates for longer observation times. 

The simulation showed that the significance is dependent on the length of the 
observation. The standard significance’? peaks and then declines over time as the 
background rate accumulates counts toward the On region and dilutes the signal 
counts. However, the time-dependent likelihood ratio grows monotonically if events 
are weighted to account for the GRB's time dependence, up to as much as 10-2596 
increase from the time-independent significance (see Fig. 3 of.!?) Some common 
analysis software packages within the gamma-ray astrophysics field (e.g. CTOOLs) 
include à temporal model in the maximum likelihood fitting in addition to the 
spatial and spectral models.?! 


5. Gravitational Wave Follow-Up 


Compact binary coalescences (CBCs) may trigger short GRBs (sGRBs). The de- 
tection of the binary neutron star (BNS) merger GW170817 was associated with 
GRB 170817A, a sGRB observed by Fermi-GBM triggered by a kilonova.??:?? The 
multi-messenger detection of this event encourages a VHE follow-up program for fu- 
ture GW BNS trigger candidates. Both real-time VHE follow-ups (5.1) and archival 
searches by VERITAS are discussed (5.2). 


5.1. Real Time VHE Follow-Up 


The LIGO BNS sensitivity indicates a horizon between 111 Mpc and 134 Mpc 
from the third observation run (O3) for LIGO Livingston Observatory (LLO) and 
LIGO Hanford Observatory (LHO), respectively.2^?9 At this distance range, VHE 
photons are relatively unaffected by the extragalactic background light, which could 
generate a favorable selection of candidate GRB triggers for VERITAS follow-up. 
The joint detection of both GWs and VHE emission from GRBs may be possible 
through the real time follow-up of GW triggers by VERITAS. 

The VERITAS follow-up strategy during O3 involved calculating the visibility 
of the GW localization region to select an observable portion. The visibility is the 
amount of time available for each sky coordinate for the next 24 hours. If the moon 
is above the horizon, the angular distance is limited to the range between 60? and 
120? while the moon illumination is low enough. Using a Greedy Traveling Salesman 
heuristic, the pointings that tile the observable portion are defined and sorted such 
that the probability covered is maximized and the slewing time is minimized. The 
exposure per pointing is currently set at 5 min, for a maximum of three hours total. 
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Pointings were limited to those visible at > 50° elevation from VERITAS during 
the night. 

The validation and summary of the VERITAS GW follow-up strategy was pre- 
sented in.? The VERITAS follow-up of GW170104 and later observations were 
validated with a dedicated observation of the Crab Nebula under the same con- 
ditions described above, with six 5-min pointings tiled around the Crab Nebula 
position (Figure 2 in?9). Table 1 in? lists a selection of O3 triggers followed up by 
VERITAS, including the BNS event GW190425.?" 


5.2. Archival Search 


In addition to real-time GW follow-ups, VERITAS also developed an archival 
search for VHE gamma-ray emission in coincident observations of sub-threshold 
LIGO/VIRGO GW candidates.?? In this search, there were 7 sub-threshold candi- 
dates found in serendipitous coincidence with VERITAS archival observations (11 
pointings, < 10 hr). The candidates were selected from a published collection of 
sub-threshold triggers from O1.?? 

An important consideration for other observatories while evaluating this algo- 
rithm is that there was no extra cost to the IACT or a dedicated observation 
campaign. Although VERITAS has a small field of view (FoV) (3.5? diameter), this 
is large enough for coincident observations. However, the sensitivity decreases for 
greater distance away from the camera center. Cross-checking the list of published 
sub-threshold triggers for coincident VERITAS observations was completed offline. 
In the search, observations were considered coincident if they passed good weather 
selection criteria, were contained within the 9096 probability region of the original 
LIGO/Virgo candidate map, and overlapped with the time window —10 < tp < 104 
seconds of the coalescence time to. 

The archival search of VERITAS observations yielded upper limits across the 
field of view for each observation run. For each observation, the flux upper limit was 
calculated at each pixel of that observation and the geometric mean was reported 
to characterize the observed field for comparison with the LIGO sub-threshold can- 
didate probability region. Each of the candidate observation upper limits was then 
compared to a fluence model based on sGRB 090510, for a 75 Mpc distance over 
the [0.24 TeV, 30 TeV] energy band. This distance was chosen to match the LIGO 
sensitivity range for O1, while the energy range was chosen to match the VERITAS 
energy range. 

The comparison of the GRB model to the VERITAS observations shows an es- 
timated sensitivity to zz 107? times the fluence of the GRB. The probability that 
at least one truly astrophysical merger was observed by VERITAS within the ob- 
servation was estimated to be 0.04%. These results indicate that archival searches 
of coincident VHE observations with GW candidates may constrain the fluence of 
the progenitor burst and provide meaningful upper limits to the broadband spec- 
tral and light curve models that characterize these events. The weak constraints 
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shown here indicate that stronger conclusions may be possible provided that there 
are enough coincident observations with sub-threshold GW candidates or more op- 
portune events. 


6. Summary and Outlook 


In summary, VERITAS has an active and exciting GRB follow-up program. Since 
2006, over 200 bursts have been followed-up. While no detections were made in the 
VHE range, meaningful upper limits were derived for a small selection of bursts. 
Both GRB 1304274 and 1503234 yielded constraints on the environment of the 
bursts and VHE production mechanism. 

Optimizations were made to improve the likelihood of new detections. The ad- 
dition of a Swift-XRT-guided observation strategy to optimize for bright bursts in- 
creased the amount of time dedicated to X-ray bright candidate bursts, increasing 
the likelihood of VHE detection. A time-dependent significance calculation improved 
the sensitivity to weak bursts, weighing the most likely time bins more heavily in 
the calculation. 

The gravitational wave prompt follow-up program provides another source of 
triggers for sGRBs, increasing the number of GRB targets and the likelihood of 
detection. The GW sub-threshold archival search is a promising new method for 
seeking signals in archival data and setting constraints on the fluence of potential 
sGRB counterparts. 
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MAGIC view of Gamma-Ray Bursts at very high energies 


A. Berti* on behalf of the MAGIC collaboration 


Maz-Planck-Institut für Physik, 
Munich, 80805, Germany 
* E-mail: aberti@mpp.mpg.de 


'The detection of gamma-ray bursts (GRBs) is one of the main scientific targets pur- 
sued by the MAGIC collaboration since almost 20 years. The MAGIC telescopes were 
specifically designed for this purpose: the main figures of merit are the fast slewing speed 
(7deg/s), the low energy threshold ( 50 GeV at zenith) and the high sensitivity in the 
low energy regime. These features make MAGIC one of the most suitable instrument for 
the follow-up and detection of GRBs. After more than 15 years of dedicated searches, 
finally the first detection at teraelectronvolt energies of à GRB, namely GRB 190114C, 
was achieved by the MAGIC collaboration, revealing a new emission component in the 
afterglow phase. T'his discovery opened up a new era in field of GRB studies, which is 
now witnessing other detections, as demonstrated with the case of GRB 201216C. Fur- 
thermore, a hint of detection by MAGIC from the short and nearby GRB 160821B gives 
precious hints on the possible very high energy emission from this class of bursts, also 
in relation to searches of gravitation wave counterparts. Therefore, MAGIC is giving a 
crucial contribution to GRB physics, leading to a better understanding of the mecha- 
nisms underlying these peculiar objects. In this contribution I will introduce the MAGIC 
follow-up program, focusing on the aspects which led to the successful detection of GRBs 
and highlighting some key results. Finally, I will present the future challenges in these 
observations, discussing how MAGIC can contribute even more to the field. 


Keywords: Gamma-ray bursts; MAGIC; very-high-energy 


1. Introduction 


The search for very high energy (VHE, E 2 100 GeV) emission from gamma-ray 
bursts (GRBs) is one of the key projects of the imaging atmospheric Cherenkov 
telescopes (IACTs) currently in operation: 


e MAGIC (Major Atmospheric Gamma-ray Imaging Cherenkov), located in 
the Canary island of La Palma, Spain; 

e H.E.S.S. (High Energy Stereoscopic System), operative in Namibia; 

e VERITAS (Very Energetic Radiation Imaging Telescope Array System), 
located in Arizona. 


In these proceedings we focus on MAGIC, a system of two Cherenkov telescopes 
located at about 2200 meters above sea level in the Observatorio del Roque de Los 
Muchachos (ORM) in La Palma, Canary Islands, Spain. MAGIC started operations 
in late 2003 as a single telescope (MAGIC-I) and in 2009 a second one (MAGIC-II) 
was added to perform stereoscopic observations. In 2012 the camera of MAGIC-I 
was upgraded in order to be a copy of the one installed in MAGIC-II. Both tele- 
scopes have a reflector of 17 meter diameter, corresponding to a reflective surface 
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of ~ 236 m?. This allows MAGIC to reach an energy threshold as low as 50 GeV at 
trigger level when pointing close to zenith. This is an important figure of merit for 
the observation of GRBs, since they are sources typically located at high redshift 
and the VHE gamma rays are heavily absorbed due to the interaction with the low 
energy photons of the extragalactic background light (EBL). Other features making 
MAGIC a suitable IACT to perform GRB observations are the following (see e.g. 
ref. 1): 


e the high sensitivity even at the lowest energies. MAGIC has a sensitivity 
of 0.796 of the Crab Nebula flux above 220 GeV in 50h of observation; 

e the large effective area, of the order of 10? m? which allows to collect many 
gamma rays to perform detailed temporal and spectral studies; 

e the high duty cycle, which is the result of the possibility to observe even 
during moon time or when pointing to high zenith angles; 

e the relatively low weight thanks to the carbon fiber structure, ~ 70t per 
telescope, allowing fast rotation at ~ 7? s^! in the so-called “fast mode"; 

e the automatized reaction to GRB (and other transients) alerts, reducing 
the possible delay introduced by a human in the loop. 


Indeed, MAGIC was designed with the detection of GRBs in the VHE range as one 
of its primary scientific goals, therefore many hardware and software developments 
aimed at improving the performance of the telescopes at the lowest energies. An 
important step in this direction was the development of the novel Sum-Trigger 
system, which was used in the past to detect pulsed emission from the Crab pulsar? 
down to 25 GeV and more recently adopted to detect the Geminga pulsar in the 
15-75 GeV energy range.? 

In these proceedings we will describe the GRB follow-up program within MAGIC 
and the results that could be achieved in the recent years. Finally we will discuss 
future prospects of GRB observations with MAGIC, highlighting the scientific and 
technical challenges lying ahead. 


2. The MAGIC GRB follow-up program 


Even before the beginning of current generation IACTSs operation and the launch of 
the Fermi satellite, many theoretical studies predicted that GRBs should have been 
emitters of high energy and very high energy gamma rays. Such studies considered 
different mechanisms involving both leptonic and hadronic processes. While high 
energy emission was detected both in the prompt and afterglow phases of GRBs 
with Fermi-LAT, IACTs could not achieve significant detection in the VHE range 
for many years despite a considerable amount of hours devoted to GRB observations. 
The search for VHE emission from GRBs is crucial to answer some important 
questions, such as the following (not an exhaustive list): 


e do GRBs emit at VHE? 
e is VHE emission relevant e.g. from the energetic point of view? 
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e what is the emission process (or processes)? is it a continuation of the low 
energy spectrum or is it a new emission process? 

e can the process producing VHE gamma rays contribute also at lower ener- 
gies? 

e is there VHE emission both in the prompt and the afterglow phases? 

e is VHE emission present in both short and long GRBs? 


In order to achieve the detection of GRBs, a specific program focuses on their 
follow-up, including both technical and strategy aspects. 


* without redshift 
e with redshift 


# of GRBs: 139 


-75* 


-90° 


Fig. 1. Aitoff projection skymap showing the sky locations of the GRBs observed by MAGIC 
up to June 2021. GRBs with redshift estimation are denoted with blue filled circles, while those 
without redshift with red crosses. 


From the technical point of view, given the small field of view of the telescopes 
(3.5°) and the serendipity of GRBs in both time and sky region, MAGIC relies 
on external alerts from other instruments. In particular, an automatic alert system 
(AAS) is in place since 2003 and it is used to receive GRB and other transients 
(high energy astrophysical neutrinos, gravitational waves, flaring Fermi sources, soft 
gamma-ray repeaters etc.) alerts, mainly from the GCN (gamma-ray coordinates 
network). After receiving a GRB alert, the AAS validates it and checks for the 
visibility from the MAGIC site according to some predefined criteria. If the GRB 
sky coordinates are immediately observable, the ongoing observation is stopped 
and an automatic procedure prepares the telescopes for the GRB observation. In 
more detail, the telescopes slew towards the GRB position in the so-called “fast 
mode”. During the movement, other subsystems are prepared for data taking e.g. 
the DAQ is restarted, proper discriminator thresholds are loaded depending on the 
GRB position with respect to the galactic plane and to the night sky background 
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and mirrors are focused according to the local zenith/azimuth of the GRB. This 
automatic procedure was upgraded in 2013 to make it more reliable and reduce 
failures to a minimum. In particular, in the upgraded automatic procedure the 
DAQ system is not stopped but just reconfigured, and the observation is started in 
wobble mode, the standard pointing for MAGIC data taking. 

During the years, the AAS was updated by adding new alert types and by chang- 
ing the implemented follow-up strategy. For example, the AAS allows to observe 
GRBs even at late time with respect to the trigger time, given that Fermi-LAT 
could detect high energy emission several hours in the afterglow phase of some 
GRBs. A major update in the AAS was deployed in early 2021, namely the stan- 
dardization to the VOEvent format.^ Currently the AAS receives alerts from the 
GCN broker, but other brokers can be easily added depending on the science cases 
(e.g. supernovae, tidal disruption events etc.). All in all, the AAS is becoming more 
and more a multimessenger system, with features being added related to different 
follow-up strategies. 

Within the GRB follow-up program, MAGIC observed 139 GRBs from 2004 up 
to June 2021. A skymap showing the sky positions of the observed GRBs is shown 
in Figure 1. Of the 139 GRBs, 53 of them have a reported redshift, of which 13 
have a redshift less than 1. Most of the GRBs observed by MAGIC are long GRBs 
and triggered by Swift-BAT, with a minority of alerts followed-up after alerts from 
Fermi-GBM, Fermi-LAT and INTEGRAL (or HETE in the first years of MAGIC 
operation). 

As far as the delay of the observation is concerned, Figure 2 shows the time 
delay (computed as the difference between the beginning of the observation and 
the trigger time of the burst) against the zenith angle at the beginning of the 
observation. 37 GRBs have a delay less than 100s, 25 were followed-up within one 
minute from the onset. 12 GRBs were observed with a delay less than Too, so that 
the prompt or early afterglow phases could be observed. The fastest follow-up to 
date was performed in the case of GRB 160821B, where the telescopes started data 
taking 24s after the burst onset. Interestingly, all the GRBs detected by MAGIC 
or with a hint of signal were observed with a delay smaller than 100s. 


3. MAGIC results on GRB observations 
3.1. Status at MG15 meeting 


In 2018 a similar topic was presented at the 15th edition of the Marcel Grossmann 
meeting. At the time, MAGIC and other IACTs did not detect any GRB in the VHE 
range, even if a large effort was put to organize efficient GRB follow-up programs. 
Some interesting observations were reported by the three collaborations, namely 
GRB 060602B occurring in the field of view for H.E.S.S., GRB 1304274 (also known 
as the “monster burst") by VERITAS and the short GRB 160821B by MAGIC. 
However no significant detection could be achieved. 
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Fig. 2. Plot showing the delay of the start of the observation for GRBs observed by MAGIC up 
to June 2021. On the vertical axis, the zenith angle at the beginning of the observation is shown. 
Points with crosses denote GRBs observed in stereoscopic mode, those without were observed in 
mono mode. 


The situation dramatically changed in 2019, which can be considered a golden 
year for GRB studies. Indeed, in January 2019 the MAGIC collaboration reported 
the historical detection of the long bright GRB 190114C in the VHE range, followed 
by the announcement by H.E.S.S. in May 2019 at the Cherenkov Telescope Array 
(CTA) Symposium in Bologna about the detection of GRB 180720B. Later in the 
year, at the end of August, the H.E.S.S. collaboration reported the detection of the 
long and very close GRB 1908294. In 2020 MAGIC reported a strong hint of signal 
from GRB 2010154 and a detection from GRB 201216C. Therefore, the last years 
saw the long awaited birth of the VHE era for GRBs, finally allowing to explore the 
physics of these objects at such energies. 

In the following section we describe the latest results by MAGIC on the search for 
VHE emission by MAGIC, focusing on the breakthrough detection of GRB 190114C 
and on the other detection of 2020. 


3.2. Recent MAGIC GRB results at MG16 
3.2.1. GRB 190114C 


As mentioned in section 3.1, 2019 was the year starting a new era in GRB studies, 
which can be called the VHE era. On January 14th 2019 MAGIC detected a very 
significant (at the 50e level) emission between 300 GeV and 1 TeV from the long 
and bright GRB 190114C,° initially detected by Swift-BAT and Fermi-GBM. The 
results on this GRB were presented in two papers, Refs. 6 and 7, one describing 
the MAGIC observation and detection, the second focusing on the multi-wavelength 
picture and on the physical interpretation of the VHE emission. In these proceedings 
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we will focus on the main findings from GRB 190114C observations, for more details 
the reader can refer to the aforementioned publications or to the contribution by 
D. Miceli from these proceedings series. 

GRB 190114C was a bright (Ei; ~ 3x 10°? erg in the 1 to 10* keV energy range), 
long (T99 = 362s as measured by Swift-BAT) and quite nearby (z = 0.4245) GRB. 
As shown in Figure 3, MAGIC received the alert from Swift-BAT 22 seconds after 
the onset of the GRB and started observations about 1 minute after the GRB trigger 
under moderate moon conditions at a relatively high zenith of 58?. From the real- 
time analysis the GRB was detected with a significance of 20c in the first 20 minutes 
of observations above an approximate threshold of 300 GeV, later confirmed as 500 
in offline analyses, see Figure 4. The detection was reported as quickly as possible 
to the astrophysical community to strongly encourage the follow-up of this event at 
other wavelengths. 


a 107 E l "m 
E E | £ 
: | c 
a H ' = & 
x -8 li i MAGIC observed (>300 GeV) J x 
5 10 Ec ] 5 
L E : i i 
= C ! t = 10 < 
«x a v i — j 
z ES 5 E i J 
PE S 38: 4 
E: 8 ie n 
C £ 32 H1 
o 1 al 
- 3 Bà - 
se al a A aG E cca Rac qp Str E 
0 50 100 150 200 
T - T, [S] 


Fig. 3. Light curves for MAGIC and Swift-BAT. Vertical solid lines show the times of events 
related to the MAGIC automatic procedure. Extracted from Ref. 6. 


One of the first questions to be answered was if the emission detected by MAGIC 
was related to the prompt or afterglow phase of the GRB. While the value of Tygo 
may indicate that such emission could belong to the prompt, detailed spectral and 
temporal studies of the keV-MeV data show that at ~ To + 25s the properties 
of such low energy emission is typical of the afterglow phase. This is additionally 
confirmed by the similar temporal decay index between the X-ray (from Swift-XRT 
between 0.1 and 1 keV) and the VHE (between 300 GeV and 1 TeV) energy light 
curves. 

The intrinsic spectrum of the GRB is compatible with a power law with spectral 
index of oj, = —2 between 0.2 and 1 TeV, with no indication of any break or cutoff 
beyond those energies at the 9596 confidence level. Such flat spectrum indicated 
that the energy output in the VHE range is relevant, indeed turning out to be 
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Fig. 4. Plot showing the significance of the gamma-ray signal detected by MAGIC from 
GRB 190114C. Extracted from Ref. 6. 


comparable to the one at low energies. Given the high absorption of the VHE flux 
by the EBL at the redshift of the GRB, the spectrum observed by MAGIC is rather 
steep and best described by a power law with index aops = —5.43 + 0.22. This was 
tested against different EBL models, resulting in similar spectral indexes compatible 
within the statistical uncertainties. 

'The most important question was related to the origin of the emission detected 
by MAGIC. The similarity of the temporal decay in X-ray and VHE energy light 
curves suggests that the emission processes should be linked. While the simplest 
hypothesis is that the processes producing the X-ray and VHE photons are the 
same, namely synchrotron emission from relativistic electrons accelerated at the 
external shock in the afterglow of the GRB, this explanation is ruled out if one 
takes into account that synchrotron photons reach a maximum energy. This is the 
so-called burnoff limit and in the external shock of GRBs can be described by the 
equation Esynmax(t) ~ 100(T,(t)/1000)GeV (T(t) is the Lorentz factor of the GRB 
blastwave as a function of time). Even assuming a Lorentz factor of ~ 1000, which is 
not typical for GRBs and in any case it decreases with time, the maximum energy of 
the photons produced by synchrotron is at most around 100 GeV, even considering 
different density profiles of the interstelar medium density. This value is much 
lower than the lowest energy of the photons detected by MAGIC, therefore it is 
reasonable to assume that the VHE emission is due to another process. In addition, 
prolonging the low energy synchrotron spectrum (from GBM, XRT and LAT data) 
would underestimate the MAGIC flux by one order of magnitude, strengthening the 
conclusion that the VHE photons are indeed produced by a different mechanism. 
However we note that the burnoff limit interpretation assumes one emission region, 


while having more emission regions may allow synchrotron photons to reach higher 
energies. 
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In the assumption that the VHE emission is not due to synchrotron, the most 
simple alternative is the so called synchrotron-self Compton (SSC), where the syn- 
chrotron photons are upscattered by their parents electrons, thus increasing their 
energy. The SSC process is not new in VHE astrophysics, indeed it is commonly 
detected in sources like active galactic nuclei, where the spectral energy distribution 
shows two peaks, one at low energies due to synchrotron emission and a second one 
at higher energies, often at in the VHE energy range, due to the SSC process. In 
GRB 190114C the modeling of the GRB 190114C multi-wavelength data with a 
synchrotron plus SSC emission model within the external shock scenario in the af- 
terglow shows exactly this two peaks features, therefore confirming the presence of 
a new emission component never observed before. Another remarkable result is the 
fact that the parameters describing the broadband emission of GRB 190114C have 
values similar to the ones found in previous studies of GRB afterglows when data 
only up to GeV energies were considered. This may hint to the possibility that VHE 
emission from SSC may be present in all GRBs and that it could be detected by 
IACTS if favorable conditions apply i.e. a low enough redshift and good observing 
conditions. This hypothesis can be confirmed only with more GRBs detected in the 
VHE range, as the current number of GRBs is not enough to draw firm conclusions. 


3.2.2. GRB 201015A and GRB 201216C 


The detection of GRB 190114C gave additional momentum to the searches of GRBs 
with MAGIC. This led to other two important observations in 2020. 

The first observation concerns GRB 2010154, a burst detected by Swift. While 
the GRB showed some features resembling short GRBs, the detection of a supernova 
signature five days after the onset make this a long GRB.? Despite being at a redshift 
very similar to the one of GRB 190114C (z = 0.426), GRB 2010154 has a relatively 
low luminosity of Ex; ~ 105° erg, ie. three order of magnitude lower. MAGIC 
started the observations after ^ 1 min after the onset of the GRBs and it reported 
a hint of detection at the level of more than in 30 from offline analyses.? This 
strong hint is very interesting if compared to the detection of the low luminosity 
GRB 190829A by the H.E.S.S. collaboration, located at a much lower redshift z = 
0.08. For more details, the readers may refer to Suda et al. 2021. 

In a second observation in December 2020, MAGIC detected another burst, 
GRB 201216C.'° Again, this was a long GRB (Too = 48s) with similar energetics 
to GRB 190114C (Eiso ~ 5 x 109? erg), but much more distant, having a redshift of 
z — 1.1. A clear detection was achieved, and first preliminary results were presented 
in ICRC 2021. The most remarkable feature for this GRB is the very high redshift, 
enlarging the spectrum of GRB properties characterized in VHE observations. 


3.2.8. GRB 160821B 


While all GRBs currently detected at VHE belong to the long class, some progress 
was done also for short GRBs. Being intrinsically less energetic than long GRBs but 
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at relatively lower redshifts, their detection may be feasible with current IACTs. A 
good indication for such hypothesis is the observation of GRB 160821B by MAGIC, 
a short GRB detected by Swift located at z = 0.16. Additionally, short GRBs are 
linked with binary neutron star systems, which were proven to be gravitational 
waves emitters with the GW170817 event. GRB 160821B is one of the few short 
GRBs with a confirmed kilonova emission, pointing to a possible binary neutron 
star system as progenitor. As mentioned in section 2, MAGIC started data taking 
24s after the onset of GRB 160821B. The weather conditions were not favorable: 
moonlight was present and increasing during the observation, the zenith of the 
target was rather high (between 34? and 55?) and the first part of the data was 
affected by clouds, resulting in a reduced atmospheric transmission. Despite the 
unfavorable observing conditions, an evidence of a gamma-ray signal was found at 
a significance of ~ 3e above ~ 0.5 TeV.!! 
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Fig. 5. Spectral energy distribution of GRB 160821B and modeling curves. The solid black line 
models the synchrotron radiation, while the dashed black line is the intrinsic SSC emission. The 
red line takes into account the absorption by the EBL. The red box only indicated the putative 
flux level from MAGIC. Extracted from Ref. 11. 


If we assume that the gamma-ray excess is genuine emission from GRB 160821B, 
the flux predicted by the SSC process in the external forward shock scenario is in 
tension with the observed TeV flux, see Figure 5. Other scenarios were considered in 
order to explain the MAGIC data, from proton synchrotron emission, photohadronic 
cascade emission, external compton, multiple zone emission or SSC from the reverse 
shock. While hadronic processes are disfavored due to their inefficiency and large 
energy requirements, the other possibilities are not ruled out. This points to still 
poorly understood properties of short GRBs, which needs more observations at 
GeV-TeV energies in the future to fill in the picture, also in relation to gravitational 
wave searches. 
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4. Future perspectives for GRBs detection with MAGIC and 
conclusions 


The recent detection of GRBs in the VHE regime opened a new era in this field. 
Such discoveries were long awaited and they are the result of a continued effort with 
improvements from the technical and strategy point of view. For the next years, 
there are other challenges that need to be faced in the search for VHE emission 
with MAGIC. 

First of all, the number of detected GRBs is still low and they were bursts 
with quite different properties (e.g. distance, brightness). Therefore it is difficult 
to infer what could be the main factors within a GRB that favor the production 
of VHE gamma-rays. Despite this, a property seems to be shared among all the 
GRBs, namely the similar time decay between the X-ray and the VHE flux. In a 
recent study by Campana and collaborators instead, they discuss the possibility of 
a relation between a high X-ray column density and the presence of TeV emission, 
which seems to find confirmation considering the detected GRBs. 

A second challenge for MAGIC is the detection of VHE emission in the prompt 
phase of a GRB. This would constitute another major breakthrough in the field, 
finally shedding light on which process is responsible for the initial flash of GRBs. 
MAGIC proved already to be able to begin GRB follow-ups very close to the on- 
set, therefore observing during the late prompt-early afterglow phase of a dozen of 
GRBs. Therefore, we might expect to have a detection of VHE gamma-rays during 
the prompt phase to happen soon. 

The third challenge was mentioned in section 3.2.3, that is the detection of 
short GRBs in the VHE regime. The hint of detection reported by MAGIC gives a 
strong indication that this goal can be achieved. In this case the number of events 
is quite reduced, given that the majority of GRB alerts received by MAGIC are 
long GRBs. However, the opportunities may increase with the beginning of the new 
observational run by LIGO, Virgo and Kagra expected to start in late 2022, O4. 
As exemplified by the GW170817/GRB170817A event, we may search for short 
GRBs in spatial and temporal coincidence with gravitational wave signals from 
the coalescence of binary neutron star or neutron star-black hole systems. As the 
localization of the GW events is expected to be improved, and thanks to more 
and more refined follow-up strategies involving both satellite-borne or ground-base 
telescopes, this might give MAGIC and other IACTs additional chances in detecting 
short GRBs. 

To summarize, the recent detection of GRBs in the last years had clearly a major 
impact in GRB physics, and gave additional boost to searches in the VHE regime 
and beyond (e.g. with current and future extensive air shower arrays). The primary 
goal for MAGIC is to detect more GRBs, profiting of every opportunity and trying 
to clear the challenges mentioned above. One basic question is if SSC can model 
the TeV emission from GRBs in a generic way, or if other processes may instead 
explain it. A possible way to test such hypothesis would be to have simultaneous 
observation by MAGIC and Fermi-LAT partially overlapping in energy. Assuming 
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the two experiments give similar results in the overlapping energy region (at a few 
tens of GeV), a break in the MAGIC spectrum at few tens of GeV after which it rises 
would give a clear indication of an inverse Compton component. Such possibility 
is realistic given the recent result by MAGIC on the Geminga pulsar, where the 
SumTrigger system was used to achieve an energy threshold as low as 15 GeV so 
that part of the spectrum observed by MAGIC overlaps with the one by Fermi-LAT. 
From the discussion in these proceedings, it is clear that the field is still young 
and the possibility of important discoveries is high. MAGIC proved to be up to 
the expectations and surely it will play a major role in the coming years as well, 
contributing even more to unveiling many mysteries related to GRBs. 
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It has been established that Gamma-Ray Bursts (GRB) can produce Very High En- 
ergy radiation (VHE, E > 100 GeV), opening a new window for investigating particle 
acceleration and radiation properties in the most energetic domain. We expect that next- 
generation instruments in this energy regime, such as the Cherenkov Telescope Array 
(CTA), will mark a huge improvement in their observation. However, constraints on the 
target visibility and the limited duty cycle of Imaging Atmospheric Cherenkov Telescopes 
(IACT), affect their ability to react promptly to transient events. Here we use a grid of 
instrument performance estimates, based on the Extensive Air Shower (EAS) array con- 
cept proposed by the Southern Wide Field-of-view Gamma-ray Observatory (SWGO) 
collaboration, to evaluate SWGO's potential to detect and track VHE emission from 
GRBs. Observations by the Fermi Large Area Telescope (Fermi-LAT) at high energy 
(E > 10 GeV), identified some events with a distinct spectral component, which can rep- 
resent a substantial fraction of the emitted energy and possibly occur very early in the 
process. Using models based on these properties, we estimate the possibilities that a wide 
field of view and large effective area ground-based monitoring facility has to probe VHE 
emission from GRBs. We show that the ability to monitor VHE transients with a nearly 
continuous scanning of the sky grants us the opportunity to simultaneously observe elec- 
tromagnetic counterparts to gravitational waves and relativistic particles sources up to 
cosmological scales, in a way that is not accessible to IACTs. 


Keywords: Instrumentation: detectors; gamma rays: general; gamma ray burst: general. 
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1. Introduction 


The study of Gamma-Ray Bursts (GRB) represents one of the most challenging and 
fascinating frontiers of High Energy Astrophysics. Although they were discovered 
in the first years of space explorations with high energy detectors,! several aspects 
of their origin, their power, and their radiation mechanisms are still unclear. We 
know that GRBs are originated by ultra-relativistic jets of plasma, which are pro- 
duced during the extremely fast accretion process that follows the collapse of a very 
massive star (M > 20M) or the merger of a binary neutron star (NS), to form 
a magnetar or a black hole.? The process produces a flash of energetic photons, 
named prompt emission, followed by a smoothly decaying signal, called afterglow. 
Looking at the duration of the prompt phase, GRBs appear to show a bimodal dis- 
tribution, where we distinguish a class of short events, with a prompt stage lasting 
less than 2s, and another of long ones, whose prompt emission takes place for much 
longer times.?:^ The two classes of events are consistent with two distinguished pos- 
sible source types. Long GRBs have been associated with supernova explosions, ^9 
while the short ones fit better in the compact binary merger scenario,’ as eventually 
demonstrated by the GRB 170817A-GW 170817 multi-messenger association that 
was also detected as a kilonova.® !? 

In the past few years, observations performed with ground based Imaging At- 
mospheric Cherenkov Telescopes (IACT), such as MAGIC?! and H.E.S.S.,!? found 
evidence for Very High Energy y-ray emission (VHE, E > 100 GeV) in the after- 
glow of some GRBs.!?:!^ In addition, analysis of the data collected by the Fermi 
Large Area Telescope (Fermi-LAT)!? demonstrated the existence of a high energy 
component in the spectra of some bright GRBs that extends above the 10 GeV en- 
ergy range and can be detected also in association with the prompt emission.!9 !® 
Understanding the origin and the distribution of VHE radiation from GRBs is a 
key issue for their correct interpretation. It is expected that next generation y- 
ray instruments, such as, for instance, the Cherenkov Telescope Array (CTA),!? 
will provide exceptional new data in this field. Unfortunately, the unpredictable 
nature of GRBs and their fast spectral evolution makes it extremely difficult, for 
instruments with narrow field of view (FoV), of the order of few square degrees, to 
re-point and track GRB emission within very short times (below 10s). A possible 
solution to this problem is using Extensive Air Shower detector arrays (EAS) to 
monitor large areas of the sky, with an instantaneous FoV of more than 1sr and a 
nearly continuous duty cycle. Here we discuss the observational opportunities that 
a new instrument, based on a next-generation EAS array concept investigated by 
the Southern Wide-field-of-view Gamma-ray Observatory (SWGO),?? will open in 
the study of GRBs. 

This contribution is structured as follows: in 82 we describe the known and 
the expected VHE properties of GRBs; in 83 we present the potential monitoring 
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capabilities of SWGO; finally, in 84 we discuss our results and we draw our 
conclusions. 


2. VHE emission from GRBs 


Several arguments suggest that GRBs should be able to produce prompt VHE radi- 
ation. The most likely interpretation of GRBs invokes relativistic shocks occurring 
either within the magnetized jet plasma (internal shocks, generally associated with 
the prompt stage), or between the jet and the surrounding environment (external 
shocks, more often considered as the source of the afterglow emission). In both 
cases, the energies associated with particles and magnetic fields are high enough to 
produce efficient leptonic radiation mechanisms and possibly to activate hadronic 
processes.? ?? The combination of temporal and spectral properties of the emitted 
radiation provides fundamental indications on the characteristics of the source. 

In general, a large fraction of the energy that a GRB releases in the prompt 
phase is found in the spectral range falling between few hundreds keV to some 
MeV.?^ The spectrum comes in the form of a combination of power-law compo- 
nents, known as the Band function.?? The presence of relativistic charged particles 
in an intense magnetic field leads to the natural expectation that powerful syn- 
chrotron and inverse Compton radiation should be emitted.?6 While the prompt 
emission is characterized by fast pulse-like variability, with time-scales down to few 
milliseconds,?’ implying extremely compact emission regions, the observation of 
photons up to the MeV and even the GeV energy range requires very large bulk 
Lorentz factors (T >> 100), in order to suppress pair production opacity. In these 
conditions, the inverse Compton scattering of synchrotron radiation may lead to the 
production of photons up to the TeV domain.?? The occurrence of ultra-relativistic 
shocks in high density environments, on the other hand, is theoretically able to 
activate photo-pion interactions that can extend the spectra beyond 300 GeV?? and 
lead to potential associations with neutrino events.?? 

So far, the direct detection of VHE radiation has only been possible in the 
afterglow of a limited number of GRBs, thanks to ground-based follow up obser- 


vations.1?:30-32 


However, the monitoring campaign carried out by the Fermi-LAT 
space observatory led to the identification of a high energy spectral component, 
coming in the form of power-law emission, that appears to be a common feature of 
bright GRBs and may even arise very early in the event.?? Due to the limited col- 
lecting area and the typical short duration of GRBs, the LAT observations are not 
able to place strong constraints on the VHE component of GRBs, as it is suggested 
by the fact that Fermi did not detect photons above ~ 30 GeV from GRB 190114C, 
while the same event was firmly detected up to almost 1 TeV. As a consequence, the 
results of Fermi-LAT observations can be used as a starting point to estimate the 
possible extension of the GRB properties to the VHE domain and thereby evaluate 
their detection opportunities for other instruments. 
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Fig. 1. Comparison between the Fermi-LAT light curve of GRB 1304274 and the model based 
on Eq. (1) and Eq. (2). The vertical blue dashed line marks the start of the LAT signal temporal 
window, the red horizontal line is the average energy flux collected during the entire time of emis- 
sion, the green continuous line is the 2FLGC power-law fit to the data, while the blue continuous 
line is a model using the light curve of Eq. (2). 


Usually, we can express the high energy spectrum of a GRB as a function of 
energy in the form of:* 


NO = Nott (a) exp[-7(E,z)] [phem ?s^! GeV"), (1) 


where No(t) is the flux of photons per unit energy observed at time t, Eo is the 
pivot energy, o is the spectral index, which is often within the range 1.5 € a < 3, 
with an average value close to 2, and T(E, z) is the opacity due to pair production 
on Extragalactic Background Light photons (EBL), given as a function of energy 
and redshift. The temporal evolution of the flux is typically well represented by a 
power-law, or a broken power-law, that can be written as: 


t—T 
Npeak (r) for To sts Tpeak 


ToT 
No(t) = d p d (2) 
Npeak | Z7 f t > Theak; 
ic (— = z) dn aoe 


where we denoted with To the trigger time, with Tpeak the time taken to achieve 
peak emission, with Npeak the maximum flux, and with y the temporal evolution 
index, which is often found to be 1 € y < 2. 


?We assume for simplicity that the temporal evolution of the spectrum is only limited to a scaling 
factor, without relevant spectral changes. 


3045 


— GRB 130427A (z= 0.34) —— GRB 130427A (z - 0.34) 
--- 10% GRB 130427A (z= 0.34) —-- 10% GRB 130427A (z= 0.34) 
— GRB 130427A (z - 0.68) — GRB 130427A (z - 0.68) 
--- 10% GRB 130427A (z= 0.68) --- 10% GRB 130427A (z= 0.68) 


F(>E) (cm?s-1) 
6 
Fí(»100GeV) (cm-?s-1) 


10-19 


400 600 0 200 400 600 800 1000 
E (GeV) T (s) 


Fig. 2. Left panel: average photon flux expected above any given energy in 1000s for a burst 
with the spectral and temporal characteristics of GRB 1304274 (blue continuous line), an identical 
burst with 1096 its strength (blue dashed line) and the same previous cases computed for twice the 
measured redshift (red continuous and dashed lines). The horizontal black dashed line represents 
a reference flux limit of 5- 10-? phcm-?s-!. Right panel: instantaneous integral photon fluxes, 
expected above 100 GeV as afunction of time, compared with the detection threshold, in the 
assumption that the limiting flux scales as the square root of the observation time. 


Using the second catalog of Fermi-LAT detected GRBs (2FLGC),?? which pro- 
vides measurements of the observed photon fluxes, in the energy range between 
0.1 GeV and 10 GeV, together with information on the spectral index and on the 
light curve shape, for a sample of GRBs observed during 10 years of regular mon- 
itoring operations, we are able to apply Eq. (1), with the inclusion of Eq. (2), to 
estimate the expected high energy fluxes as a function of time, as it is illustrated 
for instance in Fig. 1. In principle, we can extend this type of spectra to the VHE 
domain and, thus, obtain an estimate of the expected fluxes. In practice, this op- 
eration is not directly possible, due to the lack of a redshift measurement for the 
majority of the LAT detected GRBs, which implies an unknown EBL opacity in 
Eq. (1). Although the effects EBL are generally negligible for the observed LAT 
band, they become quickly very important at higher energies, with a typical y-ray 
horizon set by 7 = 1, which, for z ~ 1, already occurs at E = 100 GeV.?^ For this 
reason, we combined the spectral and temporal fits, which we obtained from the 
LAT data, with a set of simulations, aiming at estimating the effects of EBL opac- 
ity on the VHE extension of the GRBs that resulted in the brightest LAT observed 


fluxes.?5 


3. GRB monitoring with SWGO 


A direct consequence of Eq. (1) is that the observation of VHE radiation, particu- 
larly from fast transient sources, requires the use of large instrumented areas. This 
characteristic can only be offered by ground-based facilities, such as IACTs or EAS 
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Fig. 3. Left panel: Spectral coverage and differential sensitivity of some currently operating 
and next-generation VHE observatories. The sensitivities are computed for a point-like source at 
a zenith distance of 20°. Different fractions of the Crab Nebula flux are shown for comparison. 
The shaded area is the sensitivity range expected for various configurations of SWGO.?6 Right 
panel: The expected integrated flux for a GRB 130427A-like event above 125 GeV, 250 GeV and 
500 GeV, compared with the corresponding SWGO expected sensitivities. Crosses mark the esti- 
mated detection times. The VHE light curve of GRB 190114C above 300 GeV is also shown.1? 


detector arrays. The main advantage of IACT observatories is that they have excel- 
lent angular resolution and background rejection power, achieving the best possible 
sensitivity. On the other hand, these instruments can only operate during dark time 
and in clear sky conditions, implying a duty cycle of only ~ 20%. In addition, the 
small FoV and the consequent need to respond to an external alert with target 
position information and subsequent re-pointing delay does not allow IACT instru- 
ments to cover the early GRB emission regime, where many critical observational 
constraints are expected by different theoretical models. 

'Thanks to their larger FoV and to the possibility to operate almost continuously, 
EAS detector arrays have better chances to cover a GRB and to act as an alert 
system themselves. The main problems of this solution are that EAS arrays need to 
be located at high altitudes (7 4500 m a.s.1.), in order to be reached by the particle 
showers initiated by y-ray primaries with E < 1 TeV, and that they need to deal 
with a strong background of cosmic-ray induced air showers. The sensitivity needed 
to detect the expected VHE signal of GRBs can be estimated by integrating Eq. (1) 
in time and in energy, with the observed properties of bright LAT bursts, using 
known or simulated redshifts. Figure 2 shows an example of such calculation. As 
it is clearly illustrated by the left panel of Fig. 2, the expected signal is a function 
of the characteristic burst properties, such has flux, duration, spectral index and 
redshift, and of the energy band that is covered by the observation. In particular, 
the amount of flux above 100 GeV is critically affected by redshift, meaning that 
only bright and relatively nearby events can be detected at larger energies. Taking 
as reference a limiting flux of 5- 107? ph cm? s^! , integrated above 100 GeV for an 
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observing time of 1000s, which is a reasonable estimate for an instrument concept 
based on the SWGO reference design,?? it is possible to reach the VHE signal 
expected from GRBs down to 1096 the power of the brightest LAT detected event 
up to z z 0.7. 

The SWGO Collaboration is currently investigating the configuration of a next- 
generation EAS array, based on Water Cherenkov Detectors (WCD), to be installed 
at a high altitude site in the Southern Hemisphere. By adopting a detector concept 
able to trigger on low energy shower particles (~ 20 MeV), with high temporal 
resolution (~ 2ns), it can be shown that an array of 80000 m? can improve back- 
ground suppression and achieve very good monitoring sensitivities, below the 'TeV 
energy domain.?6 Figure 3 presents an illustration of this concept, compared with 
other currently operating and planned facilities, together with an example of its 
expected performance, with respect to the temporal evolution of two GRBs with a 
detected high energy component. If we define the integrated flux expected in the 
VHE domain within an observation time T as: 


1TeV 
gue 
P 


Fin T)= 
un T=- ToJo Jes 


an, (3) 
where the spectrum is defined through Eq. (1) and Eq. (2), we can easily verify 
that the times required to detect the incoming fluxes are significantly below 10s, 
meaning that such configurations would be particularly effective to react to the 
early phases of the transient. Given the promising detection chances in case of 
GRBs with well measured energetic components, SWGO represents an attractive 
solution to investigate the properties of VHE emission in the early stages of GRBs 
and, thus, help solving the question of whether an energetic component associated 
with the burst onset is a common feature of GRBs or a distinguishing property of 
a specific event class. 


4. Conclusions 


The systematic investigation of GRBs in the VHE range will cover a fundamental 
role in the quickly evolving field of Multi-Wavelength and Multi-Messenger Astro- 
physics. After the first detection of Gravitational Waves (GW), which marked a 
corner stone in scientific research,?” the execution of regular monitoring campaigns 
increased the chances of obtaining multiple detections of fast transients. The as- 
sociated observation of GW 170817 and of the short GRB 1708174, in particular, 
represented the first direct evidence of the compact binary merger as a viable expla- 
nation to short GRBs and it opened the way to a wealth of cosmological and high 
energy physics tests.™° A fundamental question related to the nature of GRBs and 
to their distinction in classes is whether the formation of the jet and its subsequent 
evolution involve substantial hadronic processes, a matter that could be unambigu- 
ously solved by the association of GRBs with neutrino events or with early VHE 


emission.?? 
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Fig. 4. Representation of the visible sky, within 30? from zenith, showing the sky regions covered 
by LHAASO (cyan shaded area) and by SWGO, assuming an observatory latitude close to 23° S 
(orange shaded area). The map is plotted in Galactic coordinates. 


Evidence based on existing observations has firmly demonstrated that GRBs 
can produce energetic radiation and also that this spectral component may be as- 
sociated with the elusive prompt emission.!” The observation of early high energy 
photons, together with hints of the VHE detection of short GRBs, like in the case of 
GRB 160821B, challenges the external shock model predictions and suggests that 
additional mechanisms may be at work. Covering the VHE window, particularly 
in the early emission phase, will be a crucial requirement for the development of 
more advanced models. The ability to characterise the earliest properties of VHE 
emission will be fundamental both to improve the time-domain investigation of 
Multi-Messenger triggers, as well as to offer high quality alerts for follow-up obser- 
vations that, as demonstrated by H.E.S.S. and further boosted by the upcoming 
investigations with CTA, can track the VHE evolution up to several hours in the 
afterglow.°° 

The large FoV and the nearly continuous operating time of EAS arrays make 
this type of instruments an ideal facility to survey the sky looking for fast tran- 
sient sources. Their ability to cover large sky areas will help constraining the VHE 
properties of early GRB emission, with new implications on the involved radiation 
mechanisms. However, in order to observe events located at cosmological distances, 
they need to work effectively in the sub-TeV energy domain and, therefore, to be 
located in high altitude sites. The Large High Altitutde Air Shower Observatory 
(LHAASO),?? in the Northern hemisphere, and SWGO, from the Southern hemi- 
sphere, have the potential to carry out a VHE monitoring program that will cover 
a large fraction of the visible sky, as illustrated in Fig. 4. If extended in the sub- 
TeV domain, this nearly constant scanning of the sky will help clarifying the VHE 
properties of GRBs by assessing the existence of spectral components that, though 
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predicted in well justified models, are hard to detect with instruments that need to 
be triggered and subsequently pointed to the target. In addition, fostering a VHE 
monitoring ability will offer a new window to identify sources of energetic transients, 
like gravitational waves and high energy neutrinos. Clearly, the identification of pos- 
sible counterparts to alerts issued by continuously operating experiments, such as 
IceCube and LIGO/VIRGO, will undoubtedly benefit from the existence of a net- 
work of VHE monitoring programs, able to detect energetic transients and, thus, 
to further refine the identification of their sources and their energy production 
mechanisms. 
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Since their discovery in the late 1960s Gamma-Ray Burst (GRB) emission has been 
deeply investigated with the help of the huge amount of data collected covering the entire 
electromagnetic spectrum. This large and broadband dataset was essential to constitute 
a general picture describing the GRB physics, revealing the most credible underlying 
physical processes and environmental conditions ongoing at the GRB site. A key leap 
in the comprehension of the GRB physics have been achieved recently, thanks to the 
detection of the newly energetic component in the Very High Energy (VHE, E » 100 
GeV) domain. The possible presence of a TeV spectral window in GRBs was predicted 
and theorized for several decades, but the first observational proofs of its existence were 
reached only in 2019 thanks to the discoveries claimed by the MAGIC and H.E.S.S. 
telescopes. GRB190114C was successfully detected in the TeV band by the MAGIC 
telescopes starting from around one minute after its trigger time and lasting for nearly 
40 minutes. A successful follow-up campaign was performed and the multi-wavelength 
afterglow emission of the event was collected from 1 to about 2 x 10!” GHz. Such very 
broad dataset allows to perform unique studies on the radiation mechanisms and on the 
physical properties of such event. In this contribution I will describe the main results and 
the theoretical interpretations that have been derived from the multi-wavelength dataset 
of GRB190114C. In particular, the description of the TeV component detected by the 
MAGIC telescopes as produced via the Synchrotron Self-Compton (SSC) mechanism and 
its connection with the emission at lower energy bands will be presented. Such studies are 
a fundamental starting point for the interpretation of the current and upcoming events 
that will be observed in the VHE domain. 


Keywords: Gamma-ray bursts; very high energy; synchrotron-self compton 
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1. Introduction 


Gamma-Ray Bursts (GRBs) are transient phenomena produced during cataclysmic 
events such as the death of massive stars or the merging of binary compact objects 
like neutron stars and black holes. 

The GRB electromagnetic radiation is characterized by initial rapid and irregular 
flashes bright in the keV-MeV band, the so-called prompt emission phase followed 
by a long-lasting broadband fainter emission, named afterglow. The duration of 
the prompt emission spans from milliseconds to thousands of seconds and is used to 
classify GRBs as short and long with a separation value of 2 s. The afterglow phase, 
which follows or partially overlaps with the prompt emission, is usually detectable 
within timescale of days, weeks or in some cases even months. 

Because of its multi-wavelength nature, intense campaigns are performed to 
search for and follow this broadband emission from radio up to y-rays, both with 
ground-based telescopes and space-born satellites. While the prompt emission mech- 
anism is still unclear, the afterglow radiation from radio up to GeV is well described 
as synchrotron emission produced in the external forward shock scenario due to the 
interaction between the jet and the surrounding interstellar medium or stellar wind 
(depending on the progenitor). The possible extension of the GRB emission in the 
high energy (0.5 MeV < E < 100 GeV, HE) and to the very high energy domain 
(VHE, E > 100 GeV) has always been one of the most debated open questions in 
GRB physics. The HE observations have revealed the presence of an emission com- 
ponent with peculiar temporal and spectral properties. The highest energy photons 
observed by Fermi-LAT are hardly to reconcile with the standard synchrotron af- 
terglow scenario and hint the possibility that a new VHE emission component in 
GRBs is present. 

A firm conclusion could be reached thanks to the observations performed by 
ground-based imaging Cherenkov telescopes. In particular, the MAGIC and the 
H.E.S.S. telescopes revealed unequivocally the presence of a VHE emission compo- 
nent in GRB afterglows up to TeV energies.! Such detections gave birth to unique 
studies covering several open topics of the GRB physics. In this contribution we 
report the analysis results and the theoretical implications derived from the TeV 
detection of GRB 190114C performed by the MAGIC telescopes. The interpreta- 
tion of the full GRB 190114C multi-wavelength dataset with the synchrotron and 
Synchrotron-Self Compton (SSC) scenario and the intimate connection between the 
TeV emission component and the lower energy ones is presented.?:? 


2. TeV detection and interpretation of GRB 190114C 


GRB 190114C is a long GRB triggered by Swift-BAT and Fermi-GBM space in- 
struments on 14 January 2019, 20:57:03 UT (hereafter To). The event was de- 
tected also by several other space instruments, namely Fermi-LAT, Swift-XRT, 
Swift-UVOT, AGILE, INTEGRAL/SPI-ACS, Insight/HXMT, and Konus-Wind. 
Triggered by space satellite alerts, the event was then followed-up and detected by 
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Fig. 1l. a: MAGIC (red circles), XRT (green band) and LAT (red band) light curves. b: temporal 
evolution of the intrinsic spectral photon index.? 


the MAGIC telescopes in the VHE band and several optical-NearInfraRed (NIR) 
and radio ground based telescopes. The Nordic Optical Telescope and the Gran 
Telescopio Canarias gave a redshift estimation of z = 0.4245 + 0.0005. 

The timeline of the MAGIC observation can be described as follows: 


e the Swift-BAT alert was received by the MAGIC automatic alert system at 
To + 22 s. The alert was validated, the event tagged as observable and the 
automatic fast repositioning procedure started; 

e the telescopes reached the target and started tracking at To + 50 s; 

e the data acquisition started receiving the first events at To + 57 s and 
operated stably from Tọ + 62 s; 

e observation lasted until Tọ + 15912 s when a zenith angle of 81.14? was 
reached. 


The observation was performed in good weather conditions and in presence of 
the Moon, resulting in a night sky background approximately 6 times higher than 
the standard dark night conditions. 

The analysis of the MAGIC dataset was performed with unprecedented accuracy 
performing many checks and tests to investigate the behaviour of the subsystems 
during the repointing and data taking. Moreover, several dedicated MC sets were 
produced in order to match the GRB observational conditions in the most precise 
way. The result of the offline analysis shows a clear detection above the 50 sigma 
level in the first 20 minutes of observation. 

The light curve for the intrinsic flux corrected for the Extragalactic Background 
Light (EBL) absorption in the 0.3-1 TeV range was derived. A comparison of this 
light curve with the simultaneous X-ray and HE emission is shown in Figure 1. 
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From the evolution of the light curve and the comparison with the lower energy 
band emission it is possible to derive clues on the origin and the amount of power 
radiated in the TeV component. The TeV light curve is well described with a simple 
power-law temporal decay with index 6 = 1.60 + 0.07. A similar behaviour can also 
be seen in the X-ray and HE band. These properties, together with the absence 
of breaks, cutoffs or irregular variability, support the conclusion that the observed 
VHE emission component belong to the afterglow phase. Nevertheless, the presence 
of a subdominant prompt component cannot be excluded. 

'The comparison of the simultaneous light curves shows also that the radiated 
power in the TeV band is mostly comparable, within a factor of about 2, with 
the X-ray and HE bands. This means that a non-negligible fraction of energy is 
radiated in the TeV band. A rough estimate, calculated assuming that the onset 
of the afterglow is at To + 6 s^ and following the time evolution estimated by the 
MAGIC light curve is of around ~ 10% of the isotropic-equivalent energy of the 
prompt emission Fis. 
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Fig. 2. GRB 190114C Observed (grey open circles) and intrinsic (black filled circles) spectral 
energy distribution in the time interval Tp + 62s and To + 2454s. The best fit power-law functions 
(black solid line and dashed grey line) and the EBL attenuated curve (solid grey line) are also 
shown.? 


In Figure 1 also the temporal evolution of the intrinsic spectral photon index 
Qint Of the TeV differential photon spectrum is shown. A constant value of Qinti % —2 
is consistent with the data, considering the statistical and systematic errors. As a 
result, throughout the MAGIC observation, no spectral variability can be claimed. 
This value indicates that the radiated power is equally distributed in the 0.3-1 TeV 
energy range. 

'The observed and EBL-corrected spectral energy distributions in the 0.2-1 TeV 
energy range and (To + 62 s - To + 2454 s) time interval were also derived. Both 
the spectra are fitted with a simple power-law with indices a,y, = —5.34 + 0.22 
and og = 09005 respectively for the observed and EBL-corrected spectrum. 
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This result states that the VHE component observed by MAGIC is extended up 
to TeV energies. Moreover, the steep observed spectrum obtained certificates the 
strong effect of the EBL absorption (a factor of ~ 300 at 1 TeV) in shaping the 
GRB spectra in the VHE domain. 
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Fig. 3. Distribution of the number of GRB 190114C ^-ray events observed by MAGIC binned 
in time and energy and colour-coded. The synchrotron burnoff limiting curves are also displayed 
with two different assumptions for the external medium surrounding the GRB site: constant- 
density interstellar medium (dotted curve) and wind-like scenario (dashed curve).? 


The similarities observed between the X-ray and the TeV light curves point to- 
wards the possibility that the same radiation mechanism is responsible for both 
components. Nevertheless, we proved that the TeV component cannot be inter- 
preted as a simple extension in energy of the electron synchrotron emission mech- 
anism. Indeed, in this scenario the energy of the accelerated electrons and hence 
of the synchrotron photons emitted is limited to a maximum value. This value 
can be estimated by equating the acceleration timescale and the synchrotron losses 
timescale, which dominates the electron energy losses. As a result, the maximum 
synchrotron photon energy, also called synchrotron burnoff limit is estimated as 
Esyn,max ~ 0.10,(t)/(1+2) GeV where I, (t) is the Lorentz bulk factor of the GRB 
jet and z is the redshift. In Figure 3 we compared the energy of the observed pho- 
tons by MAGIC binned in time and energy with Esynmax assuming two possible 
scenarios for the dynamical evolution of the GRB blast wave. It can be clearly seen 
that events detected by MAGIC are well more energetic than Esynmax in both sce- 
narios. This gives a strong proof that a different radiation mechanism than electron 
synchrotron radiation must be claimed to explain such VHE emission component 
in GRB 190114C. 


3. Multi-wavelength afterglow modeling 


A multi-wavelength interpretation is fundamental for an in-depth study of the prop- 
erties of the TeV emission and its connection with the lower energy band radiation. 
GRB 190114C emission was detected across 17 orders of magnitude in energy and 


3057 


104k ^. GBM (10-1,000 keV) 
j- |^ |j MCAL (p.4-100 Mev) 
-5 A 
105b My LAT (0.1-1 GeV) ~ 
A 


srsula siuu) 


a e 
10°F aW 97.5 GHz (ALMA, x109) 


Lian 


— F ihe * x * 
$ 107F XRT : E 
q E \ "res (1-10 keV) 9 GHz (VLA, ATCA, x109) 
Poe ae 
5 Cao (MeerKAT, GMRT, x109) 1 
[o] i Eá v Y 
~ 10°F ! li V 
x ! — 1.3 GHz 1 
3 i 
T loq i 
1077 | a Ji Mi 1 
| g, XMM-Ne hi -10 keV) 
10771 E ! "a l jj, NUSTAR 4 
l hak. 10 keV 1 
cip | nV "8 * idu keV. 
HUE | er T 
1 ok a R 
10718 imiti ai il " ail 4 ail saast iil 
10° 10! 10? 103 104 105 10° 
T-T, (s) 


Fig. 4. Broadband light curves of GRB 190114C. Data from radio up to y-rays are included. The 
vertical dashed line marks approximately the end of the prompt phase, identified as the end of the 
last flaring episode.? 


by more than 20 instruments both from ground and in space (see Figure 4). In 
particular, the simultaneous data collected in a few time intervals in the X-ray 
(XRT, BAT, GBM), HE (LAT) and VHE (MAGIC) domain allow to build multi- 
wavelength time-binned spectra (see Figure 5). In the first time interval (68-110 s) 
the usual synchrotron peak flux is located in the X-ray band. Subsequently, in the 
HE band a decreasing flux behaviour is observed. Then, the VHE data implies the 
presence of a second peak in the flux and a spectral hardening for energies E > 0.2 
TeV. This behaviour can be explained only if we assume that the TeV emission is 
not an extention of the X-ray synchrotron emission component but it is produced 
by a different radiation mechanism. 

The most credible scenario able to describe consistently the multi-wavelength 
data is the synchrotron and SSC external shock scenario. In this picture, the SSC 
radiation mechanism produces the TeV photons while the synchrotron emission can 
explain the lower energy band radiation. The distribution of accelerated electrons 
emitting the synchrotron radiation are also responsible for the up-scattering of the 
same synchrotron photons through inverse Compton mechanism. As a result, a 
second spectral component peaking in the VHE band is generated. The afterglow 
emission is usually well described through external shocks. SSC radiation at TeV 
level can be also produced in internal shock synchrotron models for the prompt 
emission. However, for GRB190114C it was estimate that it can only partially 
contribute (X; 20%) for the flux emitted at early times (< 100 s). As a result, the 
SSC radiation in the afterglow scenario is the most viable process. 

The validity of this scenario was tested thanks to a numerical modeling. The 
full multi-wavelength dataset was modelled with a numerical code reproducing the 
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Fig. 5. Multi-band SEDs in five different time intervals. MAGIC data analysis results are cor- 
rected for the EBL attenuation. MAGIC and LAT contour regions are drawn from the lo error 
of their best-fit power-law functions. For Swift data, the regions show the 9096 confidence con- 
tours for the joint fit for XRT and BAT, obtained by fitting a smoothly broken power law to 
the data.’ 


synchrotron plus SSC radiation emitted in the external forward shock afterglow 
scenario. In Figure 6 the modeling for two time intervals and for the X-ray, HE 
and VHE bands is shown. The numerical code solves the time-evolving electron 
distribution and calculates the corresponding photon emission covering the entire 
electromagnetic spectrum. The following radiation processes are considered: elec- 
tron synchrotron emission and self-absorption, SSC emission, adiabatic losses, ^-^ 
absorption and emission from pairs. A set of inputs parameters containing some 
assumptions due to unknown properties of the acceleration process, of the shock 
microphysics, of the external medium and of the GRB jet and the initial conditions 
of the system are given in the code. The soft spectrum derived from the MAGIC 
dataset constrain the peak of the SSC component to be below 200 GeV. Such con- 
dition is obtained assuming that the SSC process is in Klein-Nishina regime and 
the y-y internal absorption has a non-negligible contribution in shaping the higher 
energy tail of the VHE spectrum. 

Acceptable modeling of the multi-wavelength afterglow spectra have been found 
with an initial isotropic-equivalent kinetic energy of the blastwave Ej > 3 x 1053 
erg. The electron and magnetic field equipartition parameters are respectively €e 7 
0.05—0.15 and ej = 0.05—1x 1073, the density of the external medium is n zz 0.5—5 
cm-? and the distribution of the accelerated electrons is described with a power- 
law of index p ~ 2.4 — 2.6. This set of values for the GRB afterglow parameters is 
similar to the one used for past GRB afterglow studies at lower frequencies. This 
is an indication that the SSC component can be a relatively common process for 
GRB afterglows. 
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Fig. 6. Modeling of GRB 190114C spectral energy distributions in two different time intervals. 
Observed (thin solid line) and deabsorbed (thick blue line) spectrum are displayed. The dashed 
line is the SSC component neglecting the effects of internal 7-7 opacity.? 


4. Conclusions 


Observation and detection of GRB190114C is a key milestone for the study and 
the interpretation of GRB physics. After decades of searches, the unambiguous 
discovery of a TeV component in GRBs made it possible to address for the first 
time ever several open questions. The newly open TeV spectral window also gives 
rise to new challenges for the observation and interpretation of GRBs. 

A complete multiwavelength modeling of the GRB 190114C data covering the 
entire electromagnetic spectrum from radio up to TeV was presented. The full evo- 
lution of the afterglow emission was interpreted with the synchrotron plus SSC 
external forward shock scenario. The afterglow parameters used in the modeling 
of the X-ray, HE and VHE data have relatively common values, similar to those 
used in previous studies on GRBs where VHE emission was not detected. When 
evolving this solution to later times (see Figure 7) the optical and radio emission 
is overpredicted with respect to the observations. This inconsistency between the 
data and the modeling can be interpreted as an indication that some of the fixed pa- 
rameters of the afterglow theory (e.g. the electron and magnetic field equipartition 
parameters) may evolve in time. 

The intrinsic properties of GRB 190114C are not so exceptional when compared 
with the sample of the observed long GRBs. Despite being an energetic event (the 
isotropic-equivalent energy from the prompt is ~ 3 x 10°3), it lies in the highest 30% 
distribution in energy for long GRBs.? This suggests that a larger sample of GRBs 
can have a detectable TeV component. On the other hand, favourable observational 
conditions and redshift play a crucial role in order to make TeV detections possible. 
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Fig. 7. Modeling of GRB 190114C afterglow light curves from radio up to TeV. Two different sets 
of parameters, respectively displayed in solid and dotted lines are compared to the observations. 
The former one is optimized for the X-ray, GeV and TeV data while the latter one well reproduces 
the late time optical modeling but do not explain the early time TeV emission. The dashed red 
line indicate the SSC contribution in the 0.1-1 GeV band. 


This was proved by the TeV detections of other three long GRBs: GRB 180720B,° 
GRB 190829A7 and GRB 201216C.* These discoveries showed that TeV detections 
can be possible even at late times (hours on even a day after the trigger like in 
the case of GRB 180720B and GRB 190829A), or in low-luminosity events (Eiso © 
3 x 10°° in GRB 190829A), or at higher redshift (z = 1.1 for GRB 201216C). The 
first population studies of GRBs at VHE will provide the possibility to investigate 
the conditions which favour a TeV detection. 

The TeV photons detected from GRB190114C were also used to give insights 
on some fundamental physics questions. An example is given by the study and the 
bounds derived on the Lorentz invariance violation effect.? 

Furthermore, the ongoing observations of GRBs in the VHE domain will be fun- 
damental to state the presence of a TeV emission component in short GRBs (a hint 
of detection, but still not conclusive, was claimed for GRB 160821B!?) or during the 
prompt emission phase. Short GRBs are known to be linked with gravitational wave 
events. Therefore, the detection of a TeV emission component could give informa- 
tion on the structure of GRB jets as well as on the geometry of the merger event. 
The detection of TeV emission in the prompt emission phase shall provide essential 
information on the radiation mechanisms involved which are still unknown. 

Further detections of GRBs in the VHE domain will be also useful to test 
the current most credible scenario for the TeV afterglow emission, namely the 
SSC external forward shock scenario. At the current stage, the results published 
for GRB 190114C,? GRB 180720B® and GRB 190829A!! can be satisfactorily inter- 
preted with the SSC scenario. Nevertheless, several open questions and assumptions 
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on the acceleration process, shock microphysics and environmental condition are still 
unclear. 

In this evolving context the robust results obtained from the analysis and the 
interpretation of GRB 190114C will be a reference point for future studies of the 
properties of the VHE emission component in GRBs. 
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AGILE and GRBs: 13 years of observations 


A. Ursi*, on behalf of the AGILE Team 


INAF/IAPS, via del Fosso del Cavaliere 100, 1-00133 Roma (RM), Italy 
* E-mail: alessandro.ursi@inaf. it 


Over a time frame of 13 years, from November 2007 to November 2020, the AGILE 
MiniCALorimeter (MCAL; 0.4-100 MeV), detected 503 Gamma-Ray Bursts (GRBs). 
This sample is constituted by 44% short GRBs and 56% long GRBs, as retrieved from 
the study of the associated 759 and T99 burst duration distribution. For 258 GRBs, it 
was possible to perform a spectral analysis by adopting a single power law model; for 
43 of them, also a spectral fit with a Band model with peak energy Ep above 400 keV 
was possible. More than 90% of these bursts were also detected by the AGILE Scientific 
RateMeters (RMs), providing comprehensive simultaneous observations from few tens 
keV to 100 MeV. The MCAL GRBs mostly consists of short-duration, spectrally hard 
events, due to the energy range of the detector and the adopted onboard trigger config- 
urations, representing a burst sample which can be used to provide further insights on 
the high-energy component of hard-spectrum bursts. 


Keywords: GRBs, high-energy, catalog, AGILE 


1. Introduction 


Discovered in the late 1960s, Gamma-Ray Bursts (GRBs) still represent an intrigu- 
ing and not completely understood phenomenon. These events consist of transients 
bursts of hard X- and gamma-rays, emitted by ultra-relativistic particles which 
have been accelerated in extragalactic central engines, releasing isotropic energies 
of about Eiso Z 10°! — 10°? erg.? On the basis of their spectral hardness and time 
duration, GRBs are usually divided in short GRBs, lasting less than ~ 2 s and 
exhibiting a hard spectrum up to MeV energies, and long GRBs, lasting more than 
~ 2 s and exhibiting a softer spectrum. The first ones are produced by the merger of 
binary neutron stars (BNS),* * whereas the second ones are associated with Type 


Ic core-collapse supernovae.®:9 


2. The AGILE satellite 


The Astrorivelatore Gamma ad Immagini LEggero (AGILE) is an Italian space mis- 
sion for high-energy astrophysics.!? Its payload consists of a tungsten-silicon imag- 
ing tracker, sensitive in the 30 MeV - 50 GeV energy range, a non-imaging CsI(T1) 
scintillation MiniCALorimeter (MCAL), sensitive in the 0.4-100 MeV energy range, 
a coded mask X-ray imager SuperAGILE (SA), sensitive in the 18-60 keV energy 
range, and an Anti-Coincidence (AC) system, sensitive in the 50-200 keV energy 
range. The suite of silicon tracker and MCAL detectors constitute the Gamma-Ray 
Imaging Detector (GRID). 
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Starting 2009, the satellite underwent a failure of the reaction wheel, losing the 
possibility to point sources in the sky and starting to spin around the sun-pointing 
axis, with an angular velocity of 1 rotation / 7 min. Spinning does not represent an 
issue for the MCAL detector, due to its ideal 4x sr FoV; moreover, it does not affect 
GRB detection, given the isotropic nature of these events. However, spinning could 
have an effect for what concerns spectral analysis of long GRBs, as such long-lasting 
events would be detected under different angles, throughout their whole duration, 
requiring the retrieval of several response matrices, and making the spectral fit more 
complex. 


2.1. MCAL and scientific ratemeters 


The AGILE Mini-CALorimeter (MCAL)!:?? is a non-imaging scintillation detector, 
sensitive between 400 keV and 100 MeV, composed of 30 CsI(T1) scintillator bars. 
MCAL is a self-triggered detector, issuing a data acquisition with 2 us time resolu- 
tion whenever a count rate exceeding a given threshold is encountered. The trigger 
system acts on different trigger logic timescales: in particular, the so-called “hard- 
ware” logic works on short-duration timescales (0.293 ms, 1 ms, 16 ms) and adopts 
a static trigger with a fixed threshold count rate required to issue a data acquisition, 
whereas the so-called “software” logic works on longer-duration timescales (64 ms, 
256 ms, 1024 ms, and 8192 ms) and adopts an adaptive trigger with a threshold 
count rate dependent on the background rate. 

For what concerns the detection of GRBs, differently from the silicon tracker 
and SuperAGILE, MCAL does not require these events to lay within a given FoV, 
allowing a continuous monitoring of an ideal ~ 47 sky. Moreover, MCAL focuses 
on the poorly investigated tens of MeV energy range, allowing to provide insights 
on the high-energy component of hard-spectrum bursts. 

A first MCAL GRB Catalog with 84 events detected in the first two years of 
the AGILE mission, in the so-called “pointing mode” (2007-2009), was released in 
2013? and a second MCAL GRB Catalog with 503 events, covering also the succes- 
sive 11 years in the so-called “spinning mode” (2007-2020) was recently submitted 
to ApJ.!^ MCAL is part of the 3rd Inter-Planetary Network (IPN), providing GRB 
detections which can be used for triangulation and localization of the bursts. Start- 
ing 2017, a new real time pipeline system has been established, for the automatic 
offline analysis of MCAL data and the prompt delivery of GCN Notices and Circu- 
lar to the scientific community, in case of a transient detection (*). In recent years, 
the onboard trigger configuration was modified to increase the MCAL detection 
efficiency to short-duration transients, in order to improve the detector sensitivity 
to possible electromagnetic counterparts of gravitational wave events, during the 
LIGO-Virgo observational runs O2 and O3, and in order to save onboard mass 
memory, to deal with severe telemetry restrictions undergone in recent years. 


?https://gcn.gsfc.nasa.gov/agile mcal.html 
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The MCAL, SA, and AC data are continuously recorded in telemetry as scien- 
tific RateMeter (RM) data, with a 0.5 s (for SA) and 1.0 s (for MCAL, and AC) 
time resolution, to provide a monitoring of the X- and gamma-ray background mod- 
ulation throughout the satellite orbital phases. Nevertheless, the AGILE RMs allow 
to independently detect a large number of high-energy transients, as GRBs, Soft 
Gamma-ray Repeaters (SGRs), or solar flares. Despite the coarse time resolution, 
RM data might serve as back-up of data acquired by the onboard detectors, as well 
as to provide cross-check and validation of GRBs detected by MCAL. 


3. Methods 


A cross-search between ~ 10° AGILE MCAL triggers, issued onboard from Novem- 
ber 2007 to November 2020, and ~ 4500 IPN!? bursts (IPN webpage:^), reported 
by the network in the same time interval, lead to the identification of 476 GRBs 
in the MCAL data. Due to the better efficiency of MCAL to detect short-duration 
transients, 109 long GRBs were only partially acquired onboard by the detector. 
Despite being incomplete, these events may serve as further detections which can 
be used to improve sky localizations via triangulation. 

A parallel blind search in the MCAL data, using the offline burst search algo- 
rithm,!6 led to the detection of other 27 candidate short GRBs, not reported by 
other space missions. The total MCAL GRB sample is therefore constituted by 503 
bursts, as reported in the second AGILE MCAL GRB Catalog,!^ recently submit- 
ted to ApJ and available on line on the ASI Space Science Data Center (SSDC) 
web portal at^. About 90% of these events have been also detected by one or more 
scientific RMs. A simultaneous detection of all scientific RMs would provide a broad 
band characterization of these events, from few tens keV to tens of MeV. In par- 
ticular, the RMs detection is very suitable when dealing with partially acquired 
long GRBs, in order to reconstruct the whole light curve of the event and provide 
insights in different wavelengths. 


3.1. Time analysis 


For the 394 fully detected GRBs, it was possible to reconstruct the complete light 
curves of the events and to study their temporal properties. The 759 and Too time 
distributions!” of these bursts ended up with 173 short GRBs and 221 long GRBs, 
as shown in Fig. 1. The sample shows a large fraction (44%) of short GRBs, with 
respect to that retrieved by other space missions, as INTEGRAL,!* Fermi GBM,!? 
and Konus-Wind.?? This can be ascribed to different reasons: first of all, the onboard 
trigger configuration optimized for the detection of short-duration transients, as 
already exposed in Section 2.1; the second reason is related to the relatively high- 
energy (> 400 keV) range of MCAL, which makes the detector more sensitive 


Phttp:/ /www.ssl.berkeley.edu/ipn3/ 
*https:/ /www.ssdc.asi.it/mcal2grbcat/ 
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Fig. 1. 750 and Too distributions of 394 GRBs fully detected onboard by MCAL. The typical 
bimodal distribution consists in 4496 short GRBs and 56% long GRBs. 


to hard-spectrum bursts, typically short GRBs. Moreover, the 0.4-100 MeV energy 
range allows to investigate only a limited spectral component of the detected bursts: 
a GRB will typically last longer if considering the whole spectrum including also 
the keV - tens of keV energy range. An example of this is shown in Fig. 2, where 
the same burst, GRB 2008294, is detected by the SA and the MCAL RMs, and the 
event clearly exhibit a longer time duration in the softer SA regime (15.3 + 0.5 s), 
with respect to that observed in the harder MCAL regime (8.1 + 0.5 s). The SA 
light curves have been rescaled in order to have similar background rates and to 
better highlight the time duration difference in the two energy ranges. 


duration comparison (MCAL vs SuperAGILE) 
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Fig. 2. GRB 2008294 as detected by SuperAGILE, in the 18-60 keV energy range, and by MCAL, 
in the 0.4-100 MeV energy range. The event clearly lasts longer (15.3 + 0.5 s) in the softer energy 
range, with respect to the MCAL high-energy range (8.1 + 0.5 s). Data are rescaled in order to 
have similar background rates and highlight the time duration difference. 
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3.2. Spectral analysis 


MCAL GRB sky distribution 


Fig. 3. Sky distribution of 276 MCAL GRBs, for which it was possible to retrieve an external 
localization from other space missions, or from IPN triangulations. Among them, 258 events could 
be fitted with a single power law model, and 43 events could be fitted also with a Band model. 


In order to perform spectral analysis of the MCAL GRBs, it is necessary to 
retrieve the corresponding sky localizations, in order to reconstruct the appropriate 
response matrix of the instrument at the time of the detection. As MCAL is a 
non-imaging detector, localizations were retrieved from other space missions with 
imaging capabilities, or from IPN triangulations. In particular, it was possible to 
retrieve the sky localization of 276 GRBs of the MCAL sample, from detections 
by Fermi GBM, Fermi LAT, Swift BAT, Swift XRT, INTEGRAL ISGRI, or IPN 
triangulations. The spatial distibution of these events is shown in Fig. 3. Exploiting 
these localizations, on the basis of the available count statistics, it was possible to 
carry out a spectral fit for 258 GRBs. Spectral analysis was carried out using the 
XSpec package (version 12.9.0?!), and adopting different fitting statistics depending 
on the count and background rates. Spectral fit was carried out in the fixed energy 
range from 400 keV to 50 MeV. 

For 258 GRBs, a spectral fit with a single power law model was possible. The 
average photon index obtained from this sample is equal to (8) ~ —2.3, highlighting 
the hardness of these bursts. The distribution of the power law photon index is 
shown in Fig. 4. The MCAL GRB fluxes, obtained from the spectal fitting with a 
power law model and estimated with a 9096 confidence level, range between 3.9 - 
1077 erg cm? s^! and 1.0- 107? erg cm? s~!, whereas the corresponding fluences, 
integrated over the related Tyo time durations, range from 5.5- 1078 erg cm7? and 
1.3-107? erg cm~?. The distribution of GRB fluxes is reported in Fig. 5. Moreover, 
for 43 particularly hard GRBs, it was possible to obtain a good spectral fit also by 
adopting a Band model"? with peak energy Ep > 400 keV. In particular, these events 
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Fig. 4. Distribution of the photon index f of the single power law adopted to fit 258 MCAL 
GRBs. The average photon index results equal to (8) ~ —2.3. 
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Fig. 5. Distribution of the GRB fluxes, in the 0.4-50 MeV energy range, obtained by fitting 258 
burst with a single power law model. 


exhibit a mean low-energy photon index (o) ~ —0.6, a mean high-energy photon 
index (8) ~ —2.5, and a mean peak energy (Ej) ~ 640 keV. The distribution of 
the high-energy photon index resulting from the fit with a Band model is shown 
in Fig. 6. 

It is interesting to notice that 92 GRBs can be fitted with power laws with 
photon indices 8 > —2, which correspond to hard-spectrum events with spectral 
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Fig. 6. Distribution of the high-energy photon index 8 of the Band model adopted to fit 43 
MCAL GRBs. The average photon index results equal to (8) ~ —2.5. 


energy densities vF, with positive slopes, extending the emission up to the highest 
energies. These events and the 43 bursts fitted with Band models with E, > 400 keV 
represent the hardest spectrum GRB subsample detected by the AGILE MCAL. 
Among them, 20 events have a simultaneous Fermi LAT detection. 


3.3. GRB population decline and Amati relation 


Adopting fluxes retrieved by spectral fits with power law model, an MCAL GRB 
logN —logF brightness distribution can be reconstructed, as shown in Fig. 7. Such 
distribution provides information on the intrinsic spatial properties of GRBs and 
on the GRBs population decline at large distances. As MCAL is an all-sky monitor, 
the logN — logF is not affected by on-axis area variations. Issues which can limit 
the monitoring of the sky, such as passages into the South Atlantic Anomaly, where 
the detector is switched off, or Earth occultations, which constantly hide about 35% 
of the available sky, can be neglected over a time frame of 13 years. The deviation 
at faint fluxes from a -3/2 slope, retrieved at large fluxes and typical of a Euclidean 
universe, makes the spatial distribution of GRBs unconsistent with a homogeneous 
universe. 

For 8 events out of the 43 MCAL GRBs fitted with a Band model with E, > 
400 keV it was possible to retrieve the corresponding redshift, provided by X-ray 
or optical observations of their afterglow. Using a standard cosmological model 
with Ho = 67.3 km s^! Mpc-!, Qm = 0.315, and Q4 = 0.685, it was possible to 
evaluate the GRB related rest-frame parameters, such as the intrinsic peak energy 
Epi = (1+ z)E, of the time integrated spectrum and the isotropic equivalent 
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Fig. Y. GRB population decline obtained from the logN — logF distribution of 258 MCAL bursts, 
fitted with a power law model. For faint fluxes, the brightness distribution departs from a —3/2 
slope (dash-dotted line), typical of a Euclidean three-dimensional space, making the GRB spatial 
distribution not consistent with a homogenoeus universe. 


energy Ej,, in the 1-10000 keV energy range. The Amati relation???^ obtained 
from this sample results in a best-fit of the Ej; = K(Eiso/105°)™ curve with a 
slope m = 0.130 + 0.067, as shown in Fig. 8. The coefficient obtained for MCAL 
GRBs is slightly more gentle with respect to the typical value of m ~ 0.45 reported 
by other space missions, due to the due to the non-uniform spectral hardness of the 
analyzed sample. 


4. Conclusions 


In more than 10 years activity, the AGILE MCAL detected 503 GRBs in the 0.4- 
100 MeV energy range. About 9096 of these events were also simultaneously de- 
tected by the AGILE scientific RMs, covering a wide energy range, from 20 keV to 
100 MeV. For 394 events, it was possible to reconstruct the 759 and To9 durations, 
ending up with 44% short GRBs and 56% long GRBs, resulting in a large fraction of 
short-duration bursts. 476 of these events are confirmed by simultaneous detections 
by other space missions, as reported by the IPN network, whereas 27 of these events 
are GRB candidates, so far only reported by MCAL. Using localizations provided 
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Fig. 8. Rest-frame Eiso — Ep,; plane with 8 MCAL GRBs with known redshifts (colorbar), fitted 
with a Band model with E, > 400 keV, in the 1-10000 keV energy range. The dashed line 
corresponds to the best-fit Amati relation, with slope m = 0.130 + 0.067. 


by other missions, or by IPN triangulations, it was possible to carry out a spectral 
analysis of the time integrated spectrum for 258 GRBs. In particular, these events 
are well fitted by a single power law model, with a mean photon index (5) ~ —2.3. 
For 43 events, also a Band model with peak energy E, > 400 keV provided a good 
fit. The large fraction of bursts with durations 7T99 < 2 s and fittable either with 
power laws with photon index 8 > —2 or with a Band model indicates that MCAL 
GRBs mainly consists in short-duration, hard-spectrum bursts, which constitute an 
interesting and suitable sample that can be used to better investigate events with 
high-energy spectral components in the tens of MeV energy range. 
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Satellites and imaging atmospheric Cherenkov telescopes (IACTs) have shown that 
gamma-ray bursts (GRBs) are capable of producing very-high-energy photons— most no- 
tably GRB 190114C, observed up to 1 TeV by the MAGIC telescopes approximately one 
minute after triggering the Fermi GBM and Swift BAT satellites. Particularly suited to 
such searches and follow-up studies is the High-Altitude Water Cherenkov (HAWC) Ob- 
servatory, which monitors 1/6th of the sky at any one time, complementing the pointed 
observations of TeV telescopes. It covers 2/3rds of the sky every day, with near continuous 
uptime. The HAWC GRB program comprises two dedicated analyses: a self-triggered all- 
sky search and a rapid response follow-up of GRBs reported by satellites. Both methods 
are performed in real time at the HAWC site and additionally repeated on archival data 
with improved calibration and reconstruction algorithms. Recent upgrades have HAWC 
poised for detection of the highest-energy gamma rays associated with GRBs, which are 
key to developing GRB emission models as well as constraining possible beyond-the- 
Standard-Model physics. 


Keywords: Instrumentation: detectors; gamma rays: general; gamma ray burst: general 


1. Introduction 


Gamma-ray bursts (GRBs) remain one of the most enigmatic astrophysical sources, 
with the potential to shed light on topics at the forefront of the field, including 
physics beyond the Standard Model. Measurements of the highest-energy gamma 
rays associated with GRBs are key to developing models of the relativistic jets 
powering emission.! This is because observations of a spectral cutoff at the highest 
photon energies can be interpreted as estimation of the bulk Lorentz factor, I’, in the 
region where gamma rays are produced,? providing insight into the internal GRB 
environment as well as the expected neutrino flux from GRBs, which is sensitive 
to I (see Ref. 3). In addition, the GRB spectrum above 10 GeV, such as that 
searched for with the High-Altitude Water Cherenkov (HAWC) Observatory's GRB 
program, can be used to constrain possible Beyond-the-Standard-Model physics that 
contains Lorentz invariance violations. Alternatively, interpreting a spectral cutoff 
as attenuation of GRB photons from pair-production on extragalactic background 
light (EBL) provides constraints on EBL density over cosmological distances.? 
There are at least two known classes of GRBs: short GRBs have durations of 
less than two seconds and a peak vF, at Earth of 1 MeV,* whereas long GRBs 
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last more than two seconds and the peak of vF, at Earth is ~ 150-200 keV. Short 
GRBs, with their harder spectrum, are believed to be the result of the merger of 
two compact objects, such as two neutron stars or a neutron star and a solar mass 
black hole." ? Core-collapse supernova type Ic are believed to be the progenitors of 
long GRBs, supported by observed coincidences of the two phenomena.!? However, 
because the occurrences of either class of GRB cannot be predicted, ground-based 
observations of such sources are limited by slewing times— especially detrimental 
for short GRBs. 


2. The Highest-Energy Emission from GRBs 


For both short and long GRBs, emission is believed to happen in highly relativistic 
narrow jets that point in the direction of Earth. Prompt GRB emission (that is, 
emission from the first seconds of the GRB) is detected in the keV-MeV band 
by space-borne instruments such as the Fermi-GBM!! and Swift-BAT.!? Satellites 
with instruments sensitive to hard gamma rays, such as the Fermi-LAT and imaging 
atmospheric Cherenkov telescopes (LACTs) such as the MAGIC telescopes and the 
HESS array, have shown that GRBs are capable of producing very-high-energy 
(VHE) photons. Prominent examples include GRB 130427A,'? observed up to 126 
GeV by the Fermi-LAT; GRB 180720B,!^ detected using the H.E.S.S. Array at 
100 GeV < E, < 1 TeV; and GRB 190114C,!*:196 observed up to 1 TeV by the 
MAGIC telescopes approximately one minute after triggering the Fermi-GBM and 
Swift-BAT. However, due to the limited field-of-view of IACTs, it is difficult for 
observations above the energy threshold for the Fermi-LAT to occur in the first 
few seconds of the GRB. By contrast, the HAWC Observatory observes 1/6th of 
the sky at once and has near-continuous uptime to search for GRBs, making both 
short GRBs and long GRBs ideal observational topics. This uninterrupted analysis 
of air showers would be ideal for capturing a high-energy component of the prompt 
emission, should one be present. 


3. The High-Altitude Water Cherenkov (HAWC) Observatory 


The HAWC Observatory, a successor to the Milagro Observatory," is a very-high- 
energy ground-based air shower array located on the side of the Sierra Negra volcano 
in Mexico at an altitude of 4,100 m above sea level. It has a wide field-of-view of 
~ 2 sr at any one time (observing 2/3rds of the sky each day) and covers an energy 
range from ~300 GeV to above 100 TeV. HAWC consists of 300 cylindrical water 
tanks in the main array covering a total area of 22,000 m?. Each tank in the main 
array is 7.3 m in diameter and 4.5 m deep and is equipped with four (three 8"- 
and one 10"-diameter) upward-facing photomultiplier tubes (PMTs) anchored to 
the bottom of the tank. 

HAWC has completed installing and integrating an additional “outrigger” ar- 
ray!? composed of 345 cylindrical tanks 1.55 m in diameter and 1.65 m deep, each 
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containing a single 8" PMT. The outriggers are arranged in a concentric, circular, 
symmetric pattern around the main array, covering an additional instrumented area 
of ~ 4.5 times that of the main array. The outriggers provide enhanced sensitivity 
above 10 TeV by allowing the accurate determination of core position for showers 
off the main tank array and increase the effective area above 10 TeV by a factor 
of 3-4. 

In both the main array and the outriggers, the PMTs detect Cherenkov light 
from secondary particles created in extensive air showers induced by very-high- 
energy gamma rays and cosmic rays incident on Earth’s atmosphere. The main 
data acquisition system measures the arrival time of secondary particles at ground 
level and the amplitude of the PMT signals. This information, processed in near 
real time (only ~ 4 seconds delay), is used to reconstruct the arrival direction and 
energy of the primary particle all day, every day. The angular resolution of HAWC 
ranges from ~ 0.2? (at its highest energies) to 1.0? (at its lowest energies).!? 
With these features and a duty cycle greater than 95%, HAWC is ideally suited to 
continuously monitor the Northern Hemisphere sky for high-energy emission from 
gamma-ray transients such as GRBs to find new sources as well as search archival 
data. 


3.1. The Gamma-Ray Detector Landscape 


HAWC’s wide field-of-view and continuous operations are advantageous for detect- 
ing burst transients with emission durations shorter than the slewing times of Imag- 
ing Atmospheric Cherenkov Telescopes (IACTs), such as the prompt emission from 
GRBs. IACTS are also additionally limited by the need for small localization errors 
on triggered sources and their requirements for good weather and nighttime-only 
observations. While satellites are obviously very effective tools for the observation 
of both short and long GRBs, their limited size means satellites are not expected 
to provide useful statistics above tens of TeV— HAWC’s effective area is > 100 
times the size of Fermi at energies > 100 GeV. Additionally, HAWC’s ability to 
observe GRBs before, during, and after the prompt emission phase measured by 
satellites is essential for determining the start time and duration of prompt emis- 
sion at ~ 300 GeV— relatively unknown given the paucity of photons detected by 
satellites at these energies. 

While HAWC is more sensitive to long GRBs, it occupies a unique position in 
terms of observing short GRBs due to the lack of slewing time and high energy range. 
'This detector is therefore poised as a double-threat ad both classes of GRBs should 
be prime observational and analytical targets for us. The half-decade sensitivity 
calculations project a higher quasi-differential sensitivity than the Fermi-LAT”? to 
both short and long bursts in the energy regime of interest herein, as shown in 
Figure 1. 


3077 


HAWC Half-Decade sensitivity to 1s bursts 


Fermi LAT (during GBM Too) 
= GRB 081024B — GRB 120915A 
—— GRB 081102B GRB 140402A 


1074 


—— GRB 090510 —— GRB 141113A 


T —— GRB 120830A GRB 171011C 
wv 10-5 
| 
E 
o 
> 
& 10-9 
Lu 
Ke] 
2 
2 
"o 
th 19-7 
1078 ———————M— — ————— 
10-4 10-3 107? 1071 109 10! 10? 
Energy [TeV] 
(a) HAWC quasi-differential sensitivity to 1s bursts 
" HAWC Half-Decade sensitivity to 100s bursts 
107 
Fermi LAT Zenith angle 
GRB 090510 50° 
GRB 140402A 40° 
— 10-6 GRB 160829A 30° 
T GRB 180703B 20° 
N 10* 
5 cs 
5 107 
= 
Lu 
S 
$ 10-9 
Ù 


1074 1073 1072 1071 109 10! 10? 
Energy [TeV] 


(b) HAWC quasi-differential sensitivity to 100s bursts 


Fig. 1. HAWC quasi-differential sensitivity to both short (a) and long (b) bursts as a function 
of zenith angle, defined as the mean flux in a given half-decade that would result in at least a 50 
detection half of the time. For reference we include spectra measured by the Fermi-LAT detector 
for short GRBs (on the order of 1s) and long GRBs (duration > 70 s), respectively. Figures by 
Israel Martinez-Castellanos. 
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4. The HAWC GRB Program 


The HAWC GRB program consists of two dedicated analyses: a self-triggered, all- 
Sky search, and rapid response follow-ups of GRBs reported by satellites. Both 
methods are performed in real time using the quick-look air shower reconstruction 
produced at the HAWC site with a latency of ~five seconds. Additionally, each 
search is repeated on archival data with improved calibration and reconstruction 
algorithms.! This archival data is especially important for following up on reported 
emission from IACTs. 

From the sensitivity of the HAWC Observatory, 0.5 GRB detections per year 
are expected from following satellite-reported GRBs alone, assuming most GRBs 
do not contain an intrinsic cutoff below 200 Gev.* The all-sky search method yields 
similar expectation as the trials penalty taken when searching the full sky is roughly 
compensated by the ability to search data without satellite coverage.?! Thus far, 
there have been no significant detections of GRB transients since the inauguration 
of the full HAWC detector on March 20, 2015. 


4.1. Self-Triggered, All-Sky Search 


The self-triggered all-sky method continuously searches for transient signals from 
GRBs above an energy threshold of 300 GeV using sliding time windows. The 
four time windows used are of lengths 0.2, 1, 10, and 100 seconds, typical of peak 
structures within GRB light curves. The all-sky search shifts each window forward in 
time by 10% of its width, binning air shower events during that window using a grid 
of 2.1? x 2.1? square spatial bins covering all points within 50° of detector zenith,?! 
as shown in Figure 2. The number of showers in each spatial bin is then compared 
to the expectation from well-modeled, charged cosmic-ray backgrounds, producing 
a p-value. Locations with an air-shower excess corresponding to a post-trials false 
alarm rate of one event per day are considered candidates for GRB transients and 
reported internally within HAWC. 

This style of analysis is not limited to having to continuously search the en- 
tirety of the sky for a transient signal, but also possesses the ability to be passed an 
external trigger in order to perform a limited sliding time window search near the 
trigger time and location of known GRBs beyond just that of the satellite follow-ups 
described below. The analysis chain is the same whether continuous or externally 
triggered. This allows for the fine-tuning of the start time of very-high-energy emis- 
sion when performing follow-ups. Though this analysis is performed in real-time, 
especially for external triggers, performing this analysis on archival data allows 
inspection before the trigger time, an ability unique to wide-field-of-view survey 
instruments such as HAWC, which are not limited to only looking forward in the 
way that IACTs are. 
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Fig. 2. The 90% overlap in spatial bins created by shifting each window by 10% of its width 
guarantees that the signal will be ideally oversampled such that there is a bin in which the signal 


is centered. Figure by Joshua Wood. 


4.2. Rapid Response Follow-Up 


The method for rapid response follow-up of reported GRBs is simpler in that it 
fixes the search window start time to match the external trigger time provided by a 
satellite (e.g., the Fermi-GBM); follow-ups of GCN Notices for triggered searches 
occur with ~ 30 minutes latency. Additionally, the spatial portion of the search is 
restricted to the reported error on the GRB location. The analytical framework is 
the same as with the all-sky search, with air-shower events during the search window 
binned into spatial bins and compared against the expectation from well-modeled, 
charged cosmic-ray backgrounds.?? Events can be separated based on quality and 
background, among other improvements. In cases when To9 is available with the 
external trigger, we search for emission occurring within 799 as well as 3 x To9 and 
10 x Tyo for long GRBs, and 6 and 20 seconds for short GRBs— the longer windows 
covering possible extended emission. Otherwise, the follow-up is performed with 
timescales of 1 and 20 seconds to cover typical Tgog values as well as a 300-second 
window to look for extended emission. These timescales grant the ability to test 
for delayed-onset very-high-energy emission when performing follow-ups of these 
satellite-detected GRBs. The combined power of observations (or non-observations) 
from both satellites and ground-based observatories such as HAWC is critical for 
unlocking the secrets of GRBs, as shown through the agreement of the HAWC limits 
for both short and long GRBs with GBM observations in Figure 3. 
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Fig. 3. Even for a non-detection, upper limits for nearby GRBs with known redshift, in combi- 
nation with information from the triggering satellite(s), can place strong constraints on models. 


4.3. HAWC and the GRB Community 


Despite how ideal the HAWC Observatory is for the observation of very-high- 
energy emission from GRBs, a significant observation has not yet occurred. Those 
GRBs that have been detected to-date with a very-high-energy component— 
GRB 190114C,!5 16 GRB 180720B,'* and GRB 190829A??— were not in the HAWC 
field of view. However, as shown in Figure 4, HAWC would likely have detected 
GRB 190114C if it had happened in its field of view. 

If HAWC were to trigger on a GRB, structures are in place to alert the com- 
munity and coordinate alerts between different experiments. The most prompt no- 
tification would be the use of GCNs and ATels for confirmed significant observa- 
tions. HAWC has sent out 47 such circulars in the last year. Additionally, though 
somewhat delayed, HAWC is already using the Astrophysical Multimessenger Ob- 
servatory Network (AMON)?*4 for sub-threshold triggers. AMON reports “hotspot” 
parameters for events above the estimated cosmic-ray background level, > 2.750. 
AMON sends alerts to the GCN if an even passes the false-alarm-rate threshold of 
one per year, calculated using two years of scrambled datasets from both HAWC 
and IceCube. 


5. Future Outlook 


While HAWC has yet to observe a significant signal from a GRB, either self- 
triggered or as a follow-up, the HAWC Collaboration is very optimistic that recent 
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Fig. 4. HAWC’s sensitivity at different zenith angles overlaid on an extrapolation of the flux 
detected by MAGIC from GRB 190114C. Adapted from Ref. 15. 


improvements will greatly improve sensitivity to GRBs. This includes better recon- 
struction for low-energy events (noise reduction), increased statistics from multi- 
shower fits, and improved angular resolution for multiple showers on the array. 
Especially critical to the detection of very-high-energy emission from GRBs will be 
multi-bin, maximum likelihood analyses for short timescales and data reconstructed 
around known GRBs. The full dataset with these improvements will be ready in the 
coming months, with planned analyses to utilize these upgrades including both a 
targeted revisiting of known GRBs in reconstructed archival data, as well as updates 
to the self-triggered, “blind” search. With such advances at HAWC’s fingertips, the 
HAWC Collaboration is eager for HAWC to broaden the GRB horizons and un- 
lock their secrets through its unique position as a ground-based, wide-field-of-view 
observatory. 
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The CALorimetric Electron Telescope (CALET) cosmic ray detector on the International 
Space Station (ISS) has been in operation since its launch in 2015. The main instrument, 
the CALET calorimeter, is monitoring the gamma ray sky from 1 GeV up to 10 TeV 
with a field-of-view of about 2 sr for more than five years. In this paper, we describe 
the analysis of gamma ray candidate events observed by the calorimeter and report on a 
search for gamma-ray emission from gravitational-wave event candidates announced by 
the LIGO/Virgo third observation run from 2019 April to 2020 March. 


Keywords: Gamma rays: general — gravitational waves — methods: observational 


1. Introduction 


The CALorimetric Electron Telescope (CALET),! which was successfully launched 
and installed on the Japanese Experiment Module (JEM) ‘Kibo’-Exposed Facil- 
ity of the International Space Station (ISS) in August 2015, is a mission of the 
Japanese Aerospace Exploration Agency (JAXA) in collaboration with the Italian 
Space Agency (ASI) and NASA. The instrument has been taking science data con- 
tinuously with no major interruptions since 2015 October. The main target of the 
CALET calorimeter is observation of high-energy cosmic rays,” especially electrons,’ 
in the energy range from ~ 1 GeV to tens of TeV, and nuclei,* from ~ 10 GeV/n 
to ~ 100 TeV/n, but its fine detector structure allows us to observe high-energy 
gamma-rays’ from ~ 1 GeV to ~ 10 TeV. 

In this paper, we describe the analysis of gamma-ray candidate events observed 
by the CALET calorimeter and report on a search for gamma-ray emission from 
gravitational-wave event candidates announced by the LIGO/Virgo third observing 
run in the period April 2019 — March 2020. (See Ref. 6 for results during the first 
and second runs.) Search for low-energy emission using the CALET Gamma-ray 
Burst Monitor (CGBM) is reported elsewhere." 


2. The CALET detector 


The CALET payload (Fig. 1) includes scientific and auxiliary equipment for a total 
mass of 613 kg, dimensions of 1.9 x 0.8 x 1.0 m?, nominal power consumption 


*See the last page for the full authors list. 
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Fig. 1. The CALET payload installed at port No. 9 of the ‘Kibo’-Exposed Facility of Japanese Ex- 
periment module on the ISS. The CALET calorimeter (CAL) consists of Charge Detector (CHD), 
Imaging Calorimeter (IMC) and Total Absorption Calorimeter (TASC). The CALET Gamma-ray 
Burst Monitor (CGBM) consists of two hard X-ray monitor (HXM) units and one soft gamma-ray 
monitor (SGM) unit. 


of 507 W. The main scientific instruments are the electromagnetic calorimeter! and 
the gamma-ray burst monitor (CGBM).® 

The CALET calorimeter is an all-calorimetric instrument designed to achieve 
a large proton rejection capability (> 10°) with a fine-grained imaging calorimeter 
(IMC) followed by a total absorption calorimeter (TASC). The overall thickness of 
CALET at normal incidence is 30 Xo (radiation length) and ~ 1.3 proton interac- 
tion length. The charge identification of individual nuclear species is performed by 
a two-layered hodoscope of plastic scintillators (CHD) at the top of the apparatus, 
providing a measurement of the charge Z of the incident particle over a wide dy- 
namic range (Z = 1 to ~ 40) with sufficient charge resolution to resolve individual 
elements (AZ ~ 0.1 for light nuclei up to B, 0.3 in the Fe region) and comple- 
mented by a redundant charge determination via multiple dE/dx measurements in 
the IMC. 

The IMC is a sampling calorimeter longitudinally segmented into 16 layers of 
scintillating fibers (SciFi, with 1 mm? squared cross-section) interspaced with thin 
tungsten absorbers. Alternate planes of fibers are arranged along orthogonal direc- 
tions. Its surface area is 45 x 45 cm? and it can image the early shower profile in the 
first 3Xo and reconstruct the incident direction of cosmic rays with good angular 
resolution. 

The TASC is a 27Xo thick homogeneous calorimeter with 12 alternate X-Y layers 
made of 192 lead-tungstate (PWO) logs. It measures the total energy of the incident 
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particle and discriminates electrons from hadrons with the help of the information 
from the CHD and IMC. Each log in the top layer is read by a PMT for use in the 
trigger system, together with CHD and IMC signals. A dual photodiode / avalanche 
photodiode system (APD/PD, Hamamatsu Photonics $8664-1010/S1227-33BR) is 
used for the read-out of the other layers. Such a readout system provides a dynamic 
range covering 6 orders of magnitudes and enables to measure large energy deposit 
expected from a proton-induced 1000 TeV shower. The TASC measures the energy 
of the incident particle with excellent resolution: 2% (396) for electrons (gamma- 
rays) with energy E > 10 GeV, better than 35% for nuclei up to ~ 100 TeV 
energy. 

Charged particles and gamma rays with energy larger than 10 GeV will be 
triggered above a 15 MIP (minimum ionizing particle) threshold from the sum of 
the signals from the last two IMC SciFi belts and a 55 MIP threshold from the 
signal of the top layer in the TASC (“High-energy shower trigger", HE). Electrons 
and gamma rays in the energy range between 1 GeV and 10 GeV will be observed 
only for a limited exposure by reducing the IMC trigger threshold (*Low-energy 
shower trigger", LE, and “Low-energy gamma-ray trigger, LE-y, respectively). 

'The data are transferred via two telemetry channels: one is the Ethernet channel 
which is operated at a medium rate of 600 kbps, and the other is a MIL-STD-1553B 
channel which provides low rate data at 50 kbps. In the medium rate mode, an 
event observed by CALET on the ISS will be transferred to the Tsukuba Space 
Center (TKSC) of JAXA. The low rate mode is used as a redundant channel for 
telemetering the CALET house keeping data plus a sample of the cosmic-ray events. 
The CALET data will be transmitted to TKSC via MSFC in the United State, 
and are sent to the Waseda CALET Operations Center (WCOC) in real time for 
monitoring data quality and checking for transient events.? The off-line data analysis 
is performed by the international CALET team based on the data delivered from 
the WCOC. 


3. Analysis for gamma rays 


We use two trigger modes of CAL for gamma-ray analysis: a low-energy gamma-ray 
(LE-») mode with an energy threshold ~ 1 GeV used at low geomagnetic latitudes 
and following a CGBM burst trigger, and a high-energy (HE) mode with a threshold 
^ 10 GeV used in normal operation for all particles irrespective of geomagnetic 
latitude.? 

The selection process of gamma-ray events used for the HE mode is essentially 
the same as that described in Ref. 10. For the LE-y mode the selection and analysis 
are fully described in Refs. 5, 11. Here we briefly summarize the procedures. 


Offline trigger — In order to mitigate the inherent variability of hardware con- 
dition of flight data sample, energy deposit thresholds higher than those nominally 
applied by the hardware trigger are imposed both for LE-y and HE modes. 


3087 


Tracking — Event tracks are reconstructed for the HE mode using the EM track 
algorithm!? developed for the electron analysis which is a powerful method for 
reconstructing electromagnetic showers. For the LE-y mode we use the CC track 
algorithm? optimized for photons with energies below 10 GeV. It begins by finding 
clusters of hit fibers in the three bottom layers of IMC separately for the X- and 
Y-projections and extending the candidate tracks to upper layers of IMC. The 
trajectory with the highest total energy deposit is selected. The subsequent analysis 
applies only to contained events passing through CHD and having track lengths in 
TASC more than 26.4 cm for the HE mode, and well contained events whose tracks 
satisfy more sophisticated geometrical conditions for the LE-y mode.” 

Shower shape/hadronic rejection — Low energy gamma-ray events can be mim- 
icked by albedo (i.e. upward moving) secondary charged pions from hadronic in- 
teractions in the calorimeter or the support structure. These events are vetoed by 
requiring to deposit more energy in the bottom layer of IMC than in the layer of 
pair conversion. Further rejection of events with showers not consistent with a pure 
electromagnetic cascade is provided by a cut on the IMC concentration, which use 
the lateral spread of the energy deposit distribution in the lower layers of IMC. 

In order to reject hadronic events we utilize the K parameter defined as 


K = logy) Fr + Rg/2cm 


where Fg is the fractional energy deposit in the bottom TASC layer with respect 
to the total energy deposit sum in the TASC and Rp is the second moment of 
the lateral energy deposit distribution in the top layer of TASC. This method is 
developed for the derivation of the electron flux and is designed to exploit the larger 
spread and slower development of proton showers due to penetrating secondary 
pions.!? 

Charge zero — In order to select events consistent with zero primary charge, cuts 
are made on the energy deposits in CHD and upper IMC layers. These requirements 
are designed to veto charged particle events effectively. We require one of three filters 
utilizing CHD and upper IMC layers (see Ref. 5 for detail). 


Since CALET is attached to the exposed facility of the JEM on the ISS, gamma- 
ray observation with CALET/CAL suffers from secondary gamma rays produced in 
interactions of high-energy cosmic rays with various structures of the ISS surround- 
ing the detector. Some structures, such as the ISS truss and the JEM, are fixed to 
the ISS, and we can easily cut those secondary gamma rays by limiting our field- 
of-view (see Fig. 2 (Left)). However, moving structures, such as solar panels and 
robotic arms, produce time-varying backgrounds for gamma ray observation. In our 
preceding analysis, we simply rejected events coming from the field-of-view affected 
by moving structures.? We have developed moving filter algorithms to reject time- 
varying portions of our field-of-view by taking account of moving structures, whose 
operational data are supplied by JAXA, operating the ‘Kibo’ module, in order to 


maximize our exposure for cosmic gamma rays.!4 
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Fig.2. (Left) Field-of-view of CALET/CAL, expressed in effective area (in cm?) as a function of 
projected incident angles onto x- and y-plane (05, 0y). Some inefficient regions seen at edges are 
caused by cuts to remove secondary gamma rays from ISS structures. (Right) Effective area as a 
function of gamma-ray energy for various incidence-angle ranges.? 


According to the detailed simulation study, we estimate the effective area and 
performance. The effective areas for various incident angles are shown in Fig. 2 as a 


function of energy.? The field-of-view is about 2 steradian. The angular resolution? 


5 


and energy resolution? are shown in Fig. 3. 
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Fig. 3. (Left) Angular resolution of CALET for gamma rays as a function of energy, averaged over 
various shower starting points in IMC.? 6g is the half angle of the cone in which 68% of gamma 
rays are contained. ‘EM Track’ is an algorithm developed for electron analysis and optimized 
for HE triggers, and ‘CC Track’ is another one developed specifically for low-energy (1-10 GeV) 
gamma-rays. (Right) Energy resolution of CALET as a function of energy,!? compared with that 
of Fermi-LAT (PSR3SOURCE. V2, Total).!6 


Figure 4 shows a skymap of gamma-ray candidates (LE-y trigger) for the data 
during the period 2015 November — 2018 May shown in the Galactic coordinates. 
Some individual sources are evident. White contours show relative exposures which 
are not uniform due to the inclined (51.6?) orbit of ISS. 
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Fig. 4. Skymap of gamma-ray candidates (LE-y trigger) shown in the Galactic coordinates for 
the data during the period 2015 November — 2018 May. White contours show relative exposures. 
Some individual sources are marked. 


4. Limits on electromagnetic emission from gravitational events 


We have already reported the results on the search for gamma ray emission from 
gravitational-wave events detected during the first and second observation run of 
LIGO/Virgo.® Also the intermediate result during the third run has been reported.4 
Here we extend the analysis for the whole third run. 
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7x10 
6x10 
5x10 


4x105 


Declination 


3x10? 


2x10 


105 


7x107 
6x107 
5x107 


4x107 


3x107 


Right Ascension 


Fig. 5. 9096 C.L. upper limit on $190408an energy flux in the energy region 1-10 GeV and time 
window [To — 60s, To + 60 s| shown in the equatorial coordinates. The thick cyan line shows the 
locus of the FOV center of CAL, and the plus symbol is that at 7o. Also shown by green contours 
is the localization significance map of $190408an reported by LIGO/Virgo. 
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Since the beginning of the third run of LIGO/Virgo, we are monitoring pos- 
sible gamma-ray emission based on the triggers on gravitational-event candidates 
supplied by the LIGO/Virgo team, in compliance with the memorandum of un- 
derstanding between CALET and LIGO and Virgo. In Table 1 we summarize 
the CALET/CAL observations reported in GCN circulars!” for the third run of 
LIGO/Virgo, from 2019 April 1 to 2020 March 27. No gamma-ray candidates have 
been observed in association with these triggers. Upper limits (U.L.) on the gamma- 
ray energy fluxes are given in unit of ergcm~s~! for the energy range 10-100 GeV 
except for those marked with f which are for 1-10 GeV, which corresponds to the 
HE and the LE-y mode of the trigger condition of CAL around Tọ. ‘Coverage’ is 
the fraction of the overlapping region of the LIGO/Virgo localization map covered 
by the CAL field-of-view at To (‘No’ means there is no overlap). Also shown are 
the celestial coordinates of the center of CAL field-of-view at To. Event type in 
‘Comments’ comes from GraceDB.!* 

An example of the energy flux limit skymaps is shown in Fig. 5 for the 
LIGO/Virgo trigger $190408an.'4 In this case 80% of the localization significance 
map of LIGO/Virgo was covered within +60 seconds the trigger time (To), but 
there was no gamma-ray candidate. We obtained an upper limit on gamma-ray flux 
of 2.3 x 1079 cm ?s^! (90% C.L.) in the energy range 1-10 GeV since the CALET 
was in the LE-y mode at that time.. 

Figure 6 shows the monthly variation of the number of LVC alerts and CALET 
GCN circulars. About 70% of alerts were followed and reported by CALET. Con- 
sidering that the field-of-view of CAL extends to ~ 45? from the zenith, the chance 
to have overlap with the LIGO/Virgo probable region is not small. In summary, 
CALET/CAL was online for 54 triggers, and for 25 triggers there were some over- 
lapping sky area between the CALET field-of-view and the summed LIGO/Virgo 
probability maps. (19 in the HE mode, 6 in the LE-y mode), but there were no 
gamma-ray events associated with triggers in the time window within +60 seconds 
from the trigger time (Tọ) . 

Although no gamma-ray event has been found for 25 triggers, upper limits on 
the gamma-ray flux obtained by CALET set some constraints on electromagnetic 
emission from gravitational-wave events as discussed in Ref. 6. 


5. Summary 


The CALET cosmic ray detector onboard the ISS has been monitoring cosmic 
gamma-rays above 1 GeV since 2015 October. In this paper we reported our pro- 
cedure of gamma-ray analysis and our search for electromagnetic counterparts 
of gravitational-wave events upon triggers supplied by LIGO/Virgo interferom- 
eters during their third observation period, and gave upper limits on gamma- 
ray emission. Now, since extended operations of CALET have been approved by 
JAXA/NASA/ASI in March 2021 through the end of 2024, we continue observation 
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Table 1. Summary of CALET/CAL gamma-ray observations on gravitational-wave event can- 


didates in the LIGO/Virgo third observing run reported in GCN circulars.!? 

GCN  LIGO/Virgo Trigger time Events 9096 C.L. CAL CAL 

No. trigger To (2019) To + 60s UL. Coverage a(°) 6(°) Comments 
24088 S190408an 04-08 18:18:02.288 UTC 23 x 10791 80% 3529 83 BBH (>99%) 
24218 = $190425z 04-25 08:18:05.017 UTC 1.0 x 1074 596 1313 -43.6 BNS (>99%) 
24276 = $190426c 04-26 15:21:55.337 UTC 2.5 x 1075 1096 183 -50.9 BNS (49% 
24403  S190503bf 05-03 18:54:04.294 UTC 42 x 1075 1096 169 -45.5 BBH (96% 
24495  $190510g 5-10 02:59:39.292 UT = o 295.7 50.8 Terrestrial (58%) 
24531  8190512at 5-12 18:07:14.422 UT 1.9 x 1075 10% 214.9 37.7 BBH (99% 
24548 — S190513bm 5-13 20:54:28.747 UT 6.0 x 10791 596 348 44 BBH (94% 
24593 $190517h 5-17 05:51:01.831 UT = o 126.2 -319 BBH (98% 
24617 ^ S190519bj 5-19 15:35:44.398 UT x No 2431 51.1 BBH (96% 
24648 ^ $190521g 5-21 03:02:29.447 UT 6.0 x 1076 30% 205.7 492 BBH (9796 
24649 $190521r 5-21 07:43:59.463 UT - o 225.3 514 BBH (>99%) 
24735 . $190602aq 6-02 17:59:27.089 UT 2.9 x 10-4 5% 127.5 45.1 BBH (99% 
2496 $190630ag 6-30 18:52:05.180 UT 1.2 x 10-5 25% 840 315 BBH (94% 
24970 — S190701ah 1-01 20:33:06.578 UT x o 2868  -16 BBH (93% 
25027 S190706ai 7-06 22:26:41.345 UT ES o 2104  —454 BBH (99% 
25033 5190707. 7-07 09:33:26.181 UT 2.1 x 10791 20% 2624 22 BBH (>99%) 
25099  $190718y 7-18 14:35:12.068 UT 1.7 x 10791 596 958  —111 Terrestrial (98%) 
25134 $190720a 7-20 00:08:36.704 UT 3.0 x 1075 25% 49.7 -321 BBH (99% 
25184 = $190727h 7-27 06:03:33.986 UT = o 201.1 382 BBH (92% 
25214 5190728 7-28 06:45:10.529 UT = o 84.8 303 BBH (95% 
2539 S190814bv 8-14 21:10:39.013 UT - o 813 495 NSBH (>99%) 
25536  5190828j 8-28 06:34:05.756 UT - o 139 126 BBH (>99%) 
25537 8190828 8-28 06:55:09.887 UT a No 06.9 510 BBH (29990) 
25647 — $190901a 9-01 23:31:01.838 UT 6.3 x 10751 5% 3538 — 16.6 BNS (86% 
25734  S190910d 9-10 01:26:19.243 UT = o 008 229 SBH (98%) 
25735  $190910h 9-10 08:29:58.544 UT 9.4 x 10791 1096 2948  -55 BNS (61% 
25771 8190915a| 9-15 23:57:02.691 UT A o 99.7  -111 BBH (99% 
2583 $190923y 9-23 12:55:59.646 UT 1.2 x 1075 10% 553 -2.5 SBH (68%) 
25844 §190924h 9-24 02:18:46.847 UT - o 273.4 40.2 MassGap (>99%) 
2589 $190930s 9-30 13:35:41.247 UT 3.5 x 1075 596 20.7  -33 MassGap (95%) 
25892 $190930t 9-30 14:34:07.685 UT 1.7 x 107? 5% 235.5 363 SBH (74%) 
26195 $191105e 1-05 14:35:21.933 UT - o 223.0 -27.4 BBH (95%) 
26236  5191109d 1-09 01:07:17.221 UT - o 349.6 -16.6 BBH (>99% 
2632 §191129u 1-29 13:40:29.197 UT = o 356.9 50.7 BBH (>99% 
26358 5191204r 2-04 17:15:26.092 UT - o 269.2 343 BBH (>99% 
26377  $191205ah 2-05 21:52:08.569 UT - o 80.2 -32.8 SBH (93%) 
26419  $191213g 2-13 04:34:08.142 UT = No 204 -9.3 BNS (77%) 
26465 8191215w 2-15 22:30:52.333 UT i No 2223 . 403 BBH (>99% 
2648 51912162; 2-16 21:33:38.473 UT -} o 868 139 BBH (99%) 
26602 §191222n 2-22 03:35:37.119 UT -t o 330.3 -2.1 BBH (>99% 
26664 ^ S200105ae 1-05 16:24:26.057 UT 6.5 x 1076 60% 50.6 -30.6 Terrestrial (97%) 
26140  $200112r 1-12 15:58:38.094 UT 1.1 x 1076 5% 84.7 400 BBH (>99% 
2676 8200114 1-14 02:08:18.239 UT 4.7 x 1079 80% 112 50.7 5 

26797  S$200115 1-15 04:23:09.742 UT 1.7 x 1076 20% 844 45.9  MassGap (>99%) 
26941  S200128d 1-28 02:20:11.903 UT 46x10-5 10% 26.1 234 BBH (97%) 
26924  $200129m 1-29 06:54:58.435 UT 5.7 x 1075 5% 288.7 -34.3 BBH (>99% 
2703 $200208 2-08 13:01:17.991 UT - No 2241 -41.8 BBH (>99% 
27084 §200213¢ 2-13 04:10:40.328 UT i No 014  -361 BBH (63%) 
27149  S200219ac 2-19 09:44:15.195 UT - No 298.5 51.6 BBH (96%) 
2723 8200224ca 2-24 22:22:34.406 UT 5.0 x 1077 95% 67.5 -24.8 BBH (>99% 
27232 $200225 2-25 06:04:21.397 UT x No 57.8 -32.7 BBH (96%) 
27299  S200302c 3-02 01:58:11.519 UT = No 2454 51.6 BBH (89%) 
27372 . $200311bg 3-11 11:58:53.398 UT A No 913 51.5 BBH (>99% 
27405 $200316bj 3-16 21:57:56.157 UT 2.8 x 1076 35% 44.7 47.5 MassGap (>99%) 
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Fig. 6. Monthly variation of LVC O3 alerts and CALET GCNs. 


so that we can cover the coming fourth observation run of LIGO/Virgo/KAGRA 
planned to start no earlier than August 2022. 
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Low-luminosity gamma-ray bursts (GRBs) have small isotropic equivalent gamma-ray 
energy and luminosity, compared with normal long GRBs. GRB 190829A is a member 
of this class. Furthermore, very-high-energy gamma-rays were detected by H.E.S.S. with 
~ 200 significance. This event had more unusual features. First, it had much smaller 
isotropic equivalent gamma-ray energy than typical long gamma-ray bursts and is classi- 
fied as low-luminosity GRB. Second, early X-ray and optical afterglow emission showed 
a rising part and simultaneously peaked at about 1400 s. We propose an off-axis jet 
scenario that explains these observational results. In this model, the relativistic beaming 
effect is responsible for the apparently small isotropic gamma-ray energy and spectral 
peak energy. Using a jetted afterglow model, we find that the narrow jet, which has the 
initial Lorentz factor of 350 and the initial jet opening half-angle of 0.015 rad, viewed 
off-axis can describe the observed achromatic behavior in the X-ray and optical after- 
glow. Another wide, baryon-loaded jet is necessary for the later-epoch X-ray and radio 
emissions. Derived parameters explains the very-high-energy gamma-ray flux at 20,000 s. 


Keywords: Gamma-ray bursts: individual: GRB 190829A 


1. Introduction 


Low-luminosity gamma-ray bursts (GRBs) have small isotropic equivalent gamma- 
ray energy Piso, and luminosity Ligo,y, compared with normal long GRBs. For most 
of them, supernovae are often associated. Currently, the origin is unknown. Possible 
scenarios are a shock breakout,!® t, an off-axis jet,?? and 
so on. 

GRB 1908294 is classified as a low-luminosity GRB.^ The prompt gamma- 
ray emission (from ~ 10 keV to MeV band) consists of two temporally separated 
components.* The burst started with less energetic emission (hereafter Episode 1 


a low-power relativistic je 
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following Chand et al.*) with Ej. = 3.2 x 10? erg and a peak energy (that is, the 
photon energy at which the vF,-spectrum takes a maximum) E, = 120 keV. After 
quiescent time interval lasting about 40 s, the second brighter emission (Episode 2) 
with Eis, = 1.9 x 109? erg and Ep = 11 keV, appeared. The observed values of 
Eiso, and E, of Episode 2 are consistent with Amati relation, ^?! while those of 
Episode 1 are in the region of low-luminosity GRBs. Both Episode 1 and 2 have 
smaller Hiso,y and Ep than typical long GRBs.'^ Indeed, GRB 190829A occurred 
so nearby with a redshift of z — 0.0785 that such weak prompt emissions could be 
observed. 

Well-sampled afterglow light curves of GRB 190829A were obtained in X-ray, 
optical/infrared (IR),* radio bands?? and very-high-enrgy (VHE) gamma-rays.” 
VHE gamma-ray emission was detected by H.E.S.S. about 2 x 10* s after the burst 
trigger and its significance is ~ 20 c.!? It is remarkable that early X-ray and opti- 
cal/IR afterglow emission showed a rising part and simultaneously peaked at about 
1.4 x 10? s. Such an “achromatic” behavior is difficult to be explained in standard 
afterglow model, in which the synchrotron emission has the maximum when the 
typical frequency Vm crosses the observation bands.?? In contrast, the other VHE 
events, GRB 190114C and 180720B, showed monotonically decaying X-ray afterglow 
emission.*:?? Possible interpretations of the achromatic bump are the X-ray flare 
with optical counterpart,* 3234 the afterglow onset of baryon loaded outflow,? e*e- 
dust shell,!” and the reverse shock emission.?? Another interesting point is that late 
time (t > 10475 s) optical/IR emissions are dominated by supernova component. ? 

In this proceeding, we consider off-axis jet scenario to explain those unusual 
observed properties of GRB 1908294. If the jet is viewed off-axis (0, < 0;), the 
relativistic beaming effects cause the prompt emission to be dimmer and softer 
than on-axis (0, ~ 0) viewing case.19:27.25.39 The bulk Lorentz factor of the jet is 
initially so high that the afterglow emission is very dim because of the relativistic 
effect. As the jet decelerates, the beaming effect becomes weak, resulting in the 
emergence of a rising part in afterglow light curves. After the peak of the emission, 
the jet has smaller Lorentz factors so that the light curve only weakly depends on 
the viewing angle. For more details, see our paper (Sato et al.?°). 


2. Model 


Following Huang et al.,!? the dynamics of the shock is numerically computed (see 
Sato et al.” for details). The jet with isotropic-equivalent kinetic energy Fiso,K, 
initial Lorentz factor I'o, and initial jet opening half-angle 0o decelerates via inter- 
actions with ISM and forms a thin shell. In calculating synchrotron radiation, we 
assume that microphysics parameters e, and eg, the energy fractions of internal 
energy going into radiating electrons and magnetic field, are constant. The electron 
energy distribution in the emitting thin shell has a power-law form with index p. In 
the slow cooling regime, the electron spectrum has a break at the electron cooling 
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Lorentz factor ye, where we take into account the SSC cooling in the Thomson 
limit as well as synchrotron energy losses.?^2^?! Then, it has a form N (ye) « ye? 
when Ym < Ye < Ye and N (ye) X ye P7! when ye < Ye. The flux density F, of the 
afterglow emission that arrives at the observer time T is obtained by integrating the 
emissivity over the equal arrival time surface (e.g., Granot, Piran, & Sari!?). Pa- 
rameters of the present model are isotropic-equivalent kinetic energy Fio, initial 
Lorentz factor Io, initial jet opening half-angle 6), ISM density no, microphysics 
parameters e, and eg, electron power-law index p, and the viewing angle 0,. 


3. Results 


In this section, we show our numerical results of synchrotron afterglow emission in 
the X-ray (101? Hz), optical (V-band), and radio (1.3 and 15.5 GHz) bands, and 
compare them with observation data of GRB 1908294. The X-ray data are extracted 
from the Swift team website®.®’ The optical V-band data (before the absorption 
correction) are obtained from Chand et al.* In our numerical calculation, we take 
the V-band extinction Ay = 1.5 mag. The radio data are taken from Rhodes 
et a].?0 

First, a single jet viewed off-axis is considered in order to discuss the observed 
X-ray and optical bumps around T' — 1.4 x 10? s. We adopt 0, — 0.031 rad, 
ĝo = 0.015 xad, Eusx = 4.0 x 1053 erg, To = 350, no = 0.01 om", ee = 0.2, 
€p = 5.0 x 1075 and p = 2.44. The initial opening half-angle is small, so that we 
refer to “narrow jet" in the following. However, the jet is still “fat” in the sense 
09 >To l so that the jet dynamics is able to be discussed as in a standard manner. 
Our off-axis afterglow model well explains the observational results of early X-ray 
and optical afterglow from about 8 x 10? to 2 x 10* s. An achromatic behavior in the 
X-ray and optical bands is evident. The off-axis afterglow starts with a rising part 
because of the relativistic beaming effect.!! As the jet decelerates, the observed flux 
increases. When the jet Lorentz factor becomes T (0, — 09)! = 65, the afterglow 
light curve takes a maximum. If the adiabatic evolution (T œ t73/8) is assumed, the 
observer time of the flux maximum is analytically given by 


sid (=s) ETE (a) 


5 
47no9mypc 


For our model parameters, we get Tjj ~ 2 x 10? s, which is consistent with our 
numerical results within a factor of two. Parameter dependence has been throughly 
investigated in Sato et al.?° 

Next, a two-component jet model is considered, in which another “wide jet” is 
introduced in addition to the narrow jet. The observed flux is simply the superpo- 
sition of each jet emission components. For the wide jet, we adopt 09 = 0.1 rad, 


?https:/ /www.swift.ac.uk/xrt..curves/00922968/ 
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Eiso,k = 2.0 x 109? erg, To = 20, e, = 0.4, eg = 1.0 x 1075, and p = 2.2. The values 
of 0, and no are common for both jets. We assume that the central axes of the 
two jets are identical (0 — 0) and that the two jets depart from the central engine 
(r = 0) at the same time. One can find in Fig. 1 that early achromatic peaks in the 
X-ray and optical bands are explained by the off-axis narrow jet emission (dashed 
lines in the right panel), and that the late X-ray and radio afterglow is interpreted 
with the wide jet emission (dotted lines). 


10° i i; 
10 $ 1.3 GHz (x10) E 
TE __—— 9 mum a 
oF : A: ; 
1 1 \ 
>» 10, f 15.5 GHz 
& 10? 3 | 
FEM 1 
m ioe |J v o E 
10? t FW j 
10° E n Wide Jet ^ E 
107 F SOR P Narrow Jet, i 
10° "f AREA Fee ee TT LN i 
10? io 1° io 10° 10 


Time from burst onset : T [s] 


Fig. 1. Afterglow light curves calculated by our two-component jet model — solid lines are the 
sum of the narrow (dashed lines) and wide (dotted lines) jets in the X-ray (1018 Hz: red), optical 
(V-band: blue) and radio bands (1.3 GHz: orange, 15.5 GHz: green), which is compared with the 
observed data of GRB 190829A (X-ray: red points, V-band: blue triangles, 1.3 GHz: orange filled- 
circles, 15.5 GHz: green squares). Note that late-time (t > 5 x 104 s) optical band is dominated 
by supernova component. !? 


4. Discussion 


We have investigated an off-axis jet scenario in which we have invoked a two- 
component jet model to explain the observational results of GRB 1908294. The 
best-fitted model in this paper is shown by solid lines in Fig. 1. According to our 
model, the early X-ray and optical afterglow was off-axis emission from the narrow 
jet, and the late X-ray and radio afterglow came from the wide jet. 

'There are still some observed components that are brighter than the prediction 
of our jet model. They may be other components. For example, very early (T < 
7 x 10? s) X-ray emission should be the contribution from late prompt emission like 
flares. Or if the jet is structured, the early X-ray afterglow shows a plateau phase 
or an additional peak.?:?:!? The observed optical flux later than ~ 5 x 10* s is a 
supernova component.!? At the late epoch (T ~ 10" s), the 15.5 GHz radio flux also 
exceeds our numerical result, which could be other components such as counter-jet 
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emission. As seen in Fig. 1, our theoretical radio fluxes in both 1.3 and 15.5 GHz 
with our parameters sometimes overshot the observed ones. However, the excess is 
only within a factor of two, and this difference may come from the uncertainty of 
our simple model. 

The prompt emission of GRB 190829A had smaller values of the peak energy 
Ep and the isotropic-equivalent gamma-ray energy Fiso,y than typical long GRBs. 
Here, it is discussed whether Ej and Fiso,y from our narrow jet were typical or 
not if it would have been viewed on-axis (0, ~ 0). We consider a simple emission 
model!9:2728 assuming an instantaneous emission of an infinitesimally thin shell 
moving with the Lorentz factor To. If the narrow jet emitted Episode 1 of observed 
prompt emission (see § 1), that is, Ej,(0, = 0.031) = 120 keV and Ei,,,(0, = 
0.031) = 3.2x 10% erg,^ then on-axis quantities, E, (0) and Eiso,., (0), are obtained as 
E,(0) = Ej(0,)/ R1 = 3.7 MeV and Eiso,y(0) = Eiso,, (0,)/ R2 = 2.7 x 10° erg (For 
details, see Sato et al.?°). These values are within the range for bursts detected so 
far (e.g., Zhao et al.??). The isotropic equivalent kinetic energy of the narrow jet just 
after the prompt emission is Fiso,k = 4.0 x 10?? erg (see 8 3), so that the efficiency of 
the prompt emission is calculated as ny = Eyso,y(0)/(Eiso,y(0)+Fiso,k) ~ 0.4. On the 
other hand, if the narrow jet is responsible for Episode 2 (that is, E,(@, = 0.031) = 
11 keV and Eio,,(0, = 0.031) = 1.9 x 10°° erg), we obtain E,(0) = 340 keV and 
Ejgo,-(0) = 1.6 x 10°4 erg, which are again similar to typical long GRBs. In this case, 
the efficiency is 7 œ~ 0.8. If the narrow jet causes Episode 1, then the estimated 
prompt emission efficiency 7, is almost typical, however on-axis E,(0) is located at 
the highest end of the distribution for long GRBs. On the other hand, if the narrow 
jet produced Episode 2, then on-axis E,(0) is smaller though 7, is somewhat higher 
(but it is still comparable, and one can say that the value is reasonable considering 
very simple approximation of our prompt emission model). Episode 1 and 2 may 
be emitted from narrow and wide jets, respectively. Note that if the wide jet emits 
Episode 2, its efficiency is small, 7, ~ 5 x 107%, so that it might be natural that 
the narrow jet causes both Episode 1 and 2. 

The VHE gamma-ray flux at 2 x 104 s is estimated, where we assume the syn- 
chrotron self-Compton emission in the Thomson limit.?^ Our narrow jet parameters 
determined by X-ray, optical and radio afterglows may roughly explain observed 
VHE gamma-ray flux at 2 x 104 s.?? On the other hand, the VHE gamma-ray flux 
from wide jet has brighten until at 5 x 10+ s. After this time, the flux decays. 
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We propose a backscattering dominated prompt emission model for gamma ray bursts 
(GRB) prompt phase in which the photons generated through pair annihilation at the 
centre of the burst are backscattered through Compton scattering by an outflowing 
stellar cork. We show that the obtained spectra are capable of explaining the low and 
high energy slopes as well as the distribution of spectral peak energies in their observed 
prompt spectra. 


Keywords: High energy astrophysics; Gamma-ray bursts; Relativistic jets; Theoretical 
models 


1. Introduction 


In the picture of gamma ray bursts (GRBs), collapse of a massive star gives rise to 
a long GRB, while a merger of two compact objects leads to a short GRB. In both 
the cases, strong bipolar jets are produced.^? Radiation from these jets is observed 
if the observer is near the jet axis. The initial phase of the burst is known as prompt 
phase. In a typical understanding of this phase, the jet propagates inside the stellar 
interior and forms an envelope (stellar cork). Finally, the jet breaks out of the cork 
to be observed.® 4 

An alternate view of this stage was proposed," ? in which the core of the star 
produces electron-positron pair plasma through neutrino annihilation. This pair 
plasma emits radiation in form of a jet through pair annihilation and pushes the 
stellar material to form the stellar cork. This cork is further pushed to relativis- 
tic speeds by radiation pressure. The radiation is not able to pierce the cork and 
is backscattered. As the cork is moving with relativistic speeds, this radiation is 
beamed along the direction of the jet and is seen by the observer. 

In this work, we carry out Monte Carlo simulations of the interaction of the 
seed photons with the cork where the backscattered photons lead to the observed 
spectrum. We show that the spectrum observed is capable of explaining a large range 
of observed spectral properties like the photon indices at low and high energies along 
with the spectral peak energies. 
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ee* cloud 


Fig. 1. Geometric representation of the system. The seed photons are generated near the centre 
of the bursts through pair annihilation and comptonized with the plasma present there. These 
photons propogate in empty jet funnel and interact with a radially outflowing stellar cork. 


2. Physical picture of the system and source of the seed photons 


At the time of stellar collapse, neutrinos are produced and get annihilated near 
the centre of the star. This annihilation produces an electron-positron pair domi- 
nated plasma. This pair plasma produces annihilation spectrum along with bremm- 
strahlung and is further Comptonized by the local plasma. Using Monte Carlo sim- 
ulations, the resultant spectra were studied by.!? The spectra were found to be flat 
with exponential decay at high energies. We obtained numerical fits to his results. 
For plasma density n = 2 x 105 cm? the fitted spectrum is 


Cie? EL 
F; = Co exp | — 9 KeV /s/KeV (1) 


T 


Here £ photon energy normalized to electron's rest mass energy. O, = kgT;./mec? 
is dimensionless representation of pair temperature T, with kp, m, and c are Boltz- 
mann’s constant, rest mass of the electron and light speed, respectively. Cı = 0.045 
and Co(= 2 x 10% KeV s-1/KeV). This fit gives reliable spectra for temperatures 
©, > 0.3. The photons with this spectral shape propagate within the jet funnel 
and push the stellar matter that forms a stellar cork ahead of it. The cork moves 
with relativistic speeds and escapes the stellar surface. The seed photons enter the 
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hot cork with temperature T, (or Oe = kgTe/mec?). After going through Compton 
scattering with the electrons inside the cork, the photons gain or loose energy and 
get backscattered from the rear end. The geometry of this figure is explained in 
Figure 1. Because of the relativistic motion of the cork with Lorentz factor y, these 
photons are then observed by an observer situated at angle 055, from the jet axis. 
'The cork has curved inner surface and the photons scattered at different locations 
are observed at different times as well as with different energies producing a light 
curve as well as spectrum. 


3. Solution procedure 


'Through a Monte Carlo code, we inject approximately 26 million seed photons with 
the spectral distribution according to Equation 1. These photons are launched at 
an adiabatically expanding and outflowing cork with temperature Te and Lorentz 
factor y with an opening angle 0; = 0.1 rad. The photons enter the cork from 
its rear end (Figure 1) and scattered backwards. Before escaping, the photons go 
though multiple scattering with energetic electrons inside the cork and thus their 
energies evolve. More details of the calculation procedure of the Monte Carlo code 
is described before.*:!! These photons are then observed in specific angular patch 
dobs = 0.005 rad about the observer's location 055,. The resultant spectrum is 
shown in the rest frame of the GRBs with an assumption that the total energy 
released from the centre is equivalent to 10°° erg. 


4. Results 


In Figure 2, we plot a typical photon spectrum (photons cm~?KeV ~+) obtained 
by scattering of seed photons with ©, = 3 and cork temperature Oe = 1.4. The 
cork has a bulk Lorentz factor y = 100 and initial location at r; = 3 x 10!2cem 
from the centre of the star. The opening angle of the cork is taken to be 0; = 0.1 
rad. The spectrum obtained has a low energy photon index o = —1.1 while high 
energy index is  — —2.75. In Figure 3 we show the variation of spectral emissivity 
KeV cm-?. The Spectral peak is obtained to be at Epeak = 30 MeV. This typical 
spectrum obtained resembles the well known GRB prompt phase spectral shape 
with two power laws separated by a spectral peak.!? 

Keeping the same parameters as above, we plot the variation of €peak with 
observer’s position obs in Figure 4 and find that it varies from few 10 MeV to 
few KeV as the observing angle changes from 0 to 0.35 rad. The evolution of peak 
energies are followed due to relativistic kinematics. The photons are blueshifted 
for an on axis observer while a far off axis observer sees the photons to be having 
relatively less energies. This shifts the spectra to lower energies and subsequently 
low peak energies are observed. The obtained range of peak energies explains the 
typically observed range of the spectral peaks in GRB prompt phase spectra. '? 

Finally, in Figure 5 we show that the photon indices o and f are sensitive to 
the cork temperature Oe. In the range O}. = 1 — 10, the magnitude of both indices 
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decreases making the spectra harder. It is understandable as the spectrum becomes 
harder due to high energy electrons in cork at high temperatures. 
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Fig. 2. Photon spectrum obtained for © = 1.4, and 6; = 0.lrad. The observer is situated at 
obs = 0.05 rad. Here ©, = 3.0 and y = 100 
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Fig. 3. Emissivity KeV cm7? for the same parameters as in Figure 2 


5. Conclusions 


In this proceedings, we have shown that the typical spectrum of a gamma ray prompt 
phase is consistent with the theoretical prediction of backscattering dominated pic- 
ture. We show that the spectrum has negative a and steeper f. The ranges obtained 
for both the indices is a ~ —1.9 to —1.1 and 8 ~ —3 to —2.4. The spectral peak 
energies decrease as the observer is located farther from the axis or 055, is greater. 
In such as case, the peak energies are obtained to be in the range Epeak = few 10 
KeV to few 10 MeV. All the obtained ranges of these parameters, a, 8 and Epeak 
are within the observed ranges of GRB prompt phase observations.!? 4 
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Fig. 4. Variation of the spectral peak energy Epeak with observer’s angle 055, for the parameters 
as in Figure 2. 


photon indices 


Fig. 5. Variation of photon indices a and f with the cork temperature Oe for Op = 3 and 
fobs = 0.105 rad. 


Acknowledgments 


After recent demise of our collaborator late David Eichler, the completion of this 
work is a tribute to him. 


References 


1. A. Levinson and D. Eichler, Baryon purity in cosmological gamma-ray bursts as a 
manifestation of event horizons, The Astrophysical Journal 418, p. 386 (1993). 

2. A. MacFadyen and S. Woosley, Collapsars: Gamma-ray bursts and explosions in “failed 

supernovae", The Astrophysical Journal 524, p. 262 (1999). 


3. E. Ramirez-Ruiz, A. I. MacFadyen and D. Lazzati, Precursors and ec pair loading 
from erupting fireballs, Monthly Notices of the Royal Astronomical Society 331, 197 
(2002). 

4. 


W. Zhang, S. Woosley and A. MacFadyen, Relativistic jets in collapsars, The Astro- 
physical Journal 586, p. 356 (2003). 


3106 


5. 


6. 


13. 


14. 


D. Eichler and H. Manis, Spectral lags explained as scattering from accelerated scat- 
terers, The Astrophysical Journal Letters 689, p. L85 (2008). 

D. Eichler, Cloaked gamma-ray bursts, The Astrophysical Journal Letters 787, p. L32 
(2014). 

D. Eichler, Short gamma-ray bursts viewed from far off-axis, The Astrophysical Jour- 
nal Letters 869, p. L4 (2018). 

M. K. Vyas, A. Pe'er and D. Eichler, A backscattering-dominated prompt emission 
model for the prompt phase of gamma-ray bursts, The Astrophysical Journal 908, 
p. 9 (2021). 

M. K. Vyas, A. Pe'er and D. Eichler, Predicting spectral parameters in the backscat- 
tering dominated model for the prompt phase of GRBs, The Astrophysical Journal 
Letters 918, p. L12 (2021). 


. A. Zdziarski, Effect of compton scattering on the pair annihilation and bremsstrahlung 


spectra, Physica Scripta 1984, p. 124 (1984). 


. A. Pe'er, Temporal evolution of thermal emission from relativistically expanding 


plasma, The Astrophysical Journal 682, p. 463 (2008). 


. R. D. Preece, M. S. Briggs, R. S. Mallozzi, G. N. Pendleton, W. Paciesas and D. L. 


Band, The batse gamma-ray burst spectral catalog. i. high time resolution spec- 
troscopy of bright bursts using high energy resolution data, The Astrophysical Journal 
Supplement Series 126, p. 19 (2000). 

G. Ghirlanda, G. Ghisellini and L. Nava, Short and long gamma-ray bursts: Same 
emission mechanism?, Monthly Notices of the Royal Astronomical Society: Letters 
418, L109 (2011). 

A. Pe'er, Physics of gamma-ray bursts prompt emission, Advances in Astronomy 2015 
(2015). 


3107 


Applying models of pulsar wind nebulae to explain X-ray plateaux 
following short Gamma-Ray Bursts 


L. C. Strang* and A. Melatos 


School of Physics, University of Melbourne, 
Parkville, VIC 3010, Australia 
* E-mail: lstrang@student.unimelb.edu.au 


Australian Research Council Centre of Excellence in Gravitational-wave Discovery (OzGrav), 
School of Physics, University of Melbourne, 
Parkville, VIC 3010, Australia 
* E-mail: lstrang@student.unimelb.edu.au 


Many short Gamma-Ray Bursts (sGRBs) have a prolonged plateau in the X-ray afterglow 
lasting up to tens of thousands of seconds. A central engine injecting energy into the 
remnant may fuel the plateau. A simple analytic model describing the interaction of 
the magnetized relativistic wind from a rapidly-rotating magnetar with the surrounding 
environment can reproduce X-ray plateaux and instantaneous spectra. The model is 
analogous to classic, well-established models of young supernova remnants and applies 
the underlying physics to sGRB remnants. The light curve and spectra produced by 
the model are compared to observations of GRB 130603B. The spectra are also used to 
estimate parameters of the magnetar including its poloidal field strength and angular 
frequency. If combined with a gravitational wave signal, this model could provide insight 
into multimessenger astronomy and neutron star physics. 


Keywords: Gamma-ray bursts; afterglow; supernova remnants 


1. Introduction 


Many short gamma-ray bursts (sGRBs) display long-lived emission in the X-ray 
band. A subset of the X-ray afterglows are “canonical” afterglows with three com- 
ponents: an initial decay, a flat plateau lasting from 10 s — 10? s, and a final decay 
(typically ~ t-?).^? The luminosity and duration of the plateau are correlated, 
with brighter plateaux ending sooner.? A similar phenomenon is observed in long 
gamma-ray bursts (LGRBs), but the two populations are statistically distinct and 
likely have different progenitors for the afterglow as well as the prompt emission.* © 

Binary neutron star coalescence has been confirmed as a progenitor of sGRBs,^? 
suggesting the evolution of the post-merger remnant dictates the evolution of the 
afterglow. X-ray plateaux have inspired several models including fireballs (with?:!9 
and without!! energy injection), fall-back accretion onto a black hole,!? and ongo- 


? commonly assumed to be a millisecond 


ing energy injection via a central engine,! 
magnetar.!^ In the latter scenario, the rotational energy of the magnetar is con- 
verted to X-rays via an unknown dissipative process, perhaps involving a relativistic 


wind.!?-1? Previous models have considered the evolution of a magnetar surrounded 
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by a shroud of optically-thick ejecta material?9 ?? 


radiative losses from interactions with the surrounding environment.???4 

In this work, we present results from Ref. 25 and Ref. 26 exploring a millisecond 
magnetar central engine through the lens of classic models of pulsar wind nebulae 
(PWNe), also known as plerions. The term plerion is used throughout Ref. 25 and 
Ref. 26. Here, we use the term PWNe throughout to emphasize the analogy to 
supernova remnant models such as Ref. 27 (although technically, we are discussing 
a magnetar wind nebula and not a pulsar wind nebula). In the PWNe model, the X- 
ray plateau is caused by a magnetized bubble of electrons fuelled by the relativistic 
wind of the magnetar. We summarize the model presented in Ref. 25 in Sec. 2 and 
explore associated synchrotron light curves in Sec. 3. In Sec. 4, we quote results from 


or the production of X-rays via 


Ref. 26 inferring parameters of the central engine using instantaneous spectra. We 
conclude in Sec. 5. This paper borrows substantially from the form and content of 
Ref. 25 and Ref. 26; among other things, it includes Fig. 3 from Ref. 26 unchanged. 


2. Pulsar Wind Model 


If a neutron star survives the sGRB, it evolves under the same physics that dictates 
the early evolution of PWNe. Classic one-zone models for PWNe provide an analytic 
estimate of the synchrotron luminosity of the remnant without specifying its detailed 
geometry.2^?5 In Ref. 25, an analogous model is developed and applied to X-ray 
plateaux. In this scenario, the sGRB heralds the birth of a rapidly-rotating neutron 
star with a dipole, magnetar-strength external magnetic field with angular frequency 
Q(t), initial angular frequency Qo, and polar surface magnetic field strength Bo. 
Simultaneously, an isotropic, relativistic blast wave (described by the Blandford- 
McKee self-similar solution??) detonates and sweeps up the surrounding interstellar 
medium into a spherical shell expanding at vs. 

The neutron star spins down under pure magnetic-dipole braking and radiates 
energy at a rate 


DR (1 + I (1) 


where Lo c B9» is the initial spin-down luminosity and rT « Bg?0g? is the 
characteristic spin-down timescale. Through analogy with classic models of PWNe, 
we assume the energy is extracted as a magnetized, relativistic electron-positron 
wind with velocity vy >> vs. The ratio of the Poynting flux to kinetic-energy flux in 
the wind, c, is expected to be = 1 (i.e. the wind is Poynting-flux dominated) near 
the star and « 1 (i.e. kinetic-energy flux dominated) at distances far beyond the 
co-rotation radius c/Q(t) (c z 107? for the Crab?9 2), 

As in PWNe, a reverse shock forms at radius ri, where the ram pressure of the 
wind P.am(r) balances the external static pressure Pstat(7).78 As the shock propa- 
gates into the wind, the electrons are shocked into a power-law energy distribution 
x E-*. Reference 25 models the electron population with a spherical, homogeneous 
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bubble characterized by its properties at rys (i.e. at r = frst for constant 7,,). Under 
this assumption, the fresh electrons in the energy range [E_o, E40] are injected into 
the bubble at a rate 


La (t) E^? (a — 2) 


ace 
(7 +0) (Bet EIS) 


(2) 


The bubble expands at a rate řrs, so electrons cool according to adiabatic expansion 
at a rate 

dE 
dt 


= (3) 


adiabatic 


Given a magnetic field in the bubble B(t), the electrons also cool via synchrotron 
radiation at a rate 


= e, E?B(t)? (4) 


where c, = j196*/91c?m?. Two magnetic field configurations are presented in Ref. 
25. In the first case, henceforth model A, B(t) is taken to be the far-field extension 
of the stellar dipole field at radial distance r4.t (see Eq. (9) in Ref. 25). In the second 
case, henceforth model B, B(t) is taken to be an arbitrary, constant B. Model B 
serves two purposes. One, it allows the PWNe model (including magnetar spin 
down, electron injection, and cooling mechanisms) to be assessed in general terms, 
even if the specific magnetic field structure in model A is a poor approximation to 
reality. Two, model B decouples B(t) and the central engine parameters Bo and Qo 
(which also govern Ni), allowing for the possibility that B(t) may be affected by 
components of the post-merger environment other than the central engine. 
The number density of electrons per unit energy N(E,t) can be found via the 
time-dependent, inhomogeneous partial-differential equation 
ON(E,t) o 


Ot OE 


dE 
dt 


dE 
dt 


+ Ninj (5) 


adiabatic synch 


where adiabatic cooling is defined as in Eq. (3), synchrotron cooling is defined in 
Eq. (4), and electron injection Ni, is defined in Eq. (2). Two analytic Green's 
function solutions (corresponding to models A and B) are found in Ref. 25 and 
integrated to obtain N( E, t). 


3. Light Curves 


In this section, we highlight results from Ref. 25 comparing the X-ray synchrotron 
light curves predicted by the model in Sec. 2 to those observed by the Neil Gehrels 
Swift telescope.??-95 

The synchrotron spectrum of an electron with energy E. may be approxi- 
mated as a Dirac-delta function centred at the characteristic synchrotron frequency 
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v. E? B(t). The source frame synchrotron luminosity in the range [Vmin, Vmax] is 


Wiig tice J duc, B(t)? E2 N(E., t). (6) 
We define Lx as the source-frame luminosity in the band corresponding to the 0.3 
keV — 10 keV band in the lab frame, i.e. the luminosity observable by Swift. 

We use GRB 130603B as a representative example of X-ray plateaux following 
sGRBs because it has a known redshift and has been inferred to spin down under 
magnetic-dipole braking.!? We display the observed light curve in Fig. 1 and overplot 
with a projected light curve from the PWNe model. Black crosses are observations 
of GRB 130603B by Swift and corrected to the source frame. The blue curve is the 
X-ray light curve predicted by the PWNe model with B = 10 G, By = 4 x 1015 G, 
Qo /27 = 140 Hz, and a = 2.8. The parameters are chosen by hand, guided by results 
from Ref. 26. The observed and predicted light curve are in broad agreement. 


— Model Ly 
+ Observed Ly 


102 10° 10! 10° 


t (s) 


Fig. 1. X-ray luminosity in the source frame Lx (1099ergs-!) versus time t(s). Here “X-ray” 
refers to the 0.3 keV — 10 keV band observable by Swift corrected to the source frame. Black 
crosses are observations of GRB 130603B by Swift and corrected to the source frame. The blue 
curve is the X-ray light curve predicted by the PWNe model with B = 10G, Bo = 4 x 101? G, 
Qo/27 = 140 Hz, and a = 2.8. Parameters chosen by hand, guided by results from Ref. 26. 


In some cases, such as GRB 090515, the plateau ends abruptly. In the context of 
the central engine model, this has been interpreted as the neutron star collapsing to a 
black hole and terminating energy injection!? (we note, however, recent population- 
based arguments against this hypothesis?"). In the PWNe model, the collapse of 
the neutron star halts injection only but does not remove the existing population 
of electrons, so the afterglow persists for some time, given approximately by the 
synchrotron lifetime tsynch ~ 2x 107° [B/(1 eur [v./ (1 keV)? s. In the X-ray 
band, and for the parameters in Figure 1, tsynch amounts to nanoseconds. 
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3.1. Luminosity-time correlation 


The Dainotti correlation connects the plateau luminosity Ly and plateau duration 
tp in GRB plateaux which states that brighter plateaux have shorter durations than 
dimmer plateaux.® 38:39 This correlation has been studied extensively for LGRBs 
under a variety of assumptions ??^! (see Ref. 42 for a thorough review on the cor- 
relation and its uses). 

The PWNe model presented in Ref. 25 naturally reproduces the observed cor- 
relation for reasonable definitions of Lp and ty. One reasonable choice is to de- 
fine the X-ray plateau duration as tp = 7 and the corresponding luminosity as 
Ly = Lx(t = 7). The light blue region in Fig. 2 indicates the full range of (Lp, tp) 
pairs generated by the PWNe model for B = 5.0 x 107! G, Ey = 2.5 x 107? erg, 
107? < Bo/(1G) x 10/6, and 09/27 < 10? Hz. The black line and grey-shaded 
region corresponds to the best-fit correlation from Ref. 18 based on a sample of 
159 sGRBs and LGRBs. The observed correlation falls entirely within the range 
permitted by the PWNe model. 
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Fig. 2. X-ray plateau luminosity in the source frame Lp = Lx(tp) (ergs-!) versus X-ray plateau 
duration tp (s). The black line and grey-shaded region correspond to the best-fit correlation from 
Ref. 18 from a sample of 159 GRBs. The light blue shaded region corresponds to the range of 
(Lp, tp) pairs generated by the PWNe model for B = 5.0 x 107! G, 10!? < Bo/(1G) < 1016, and 
Qo/2m < 10? Hz. Model parameters were chosen based on results presented in Ref. 26. 


4. Inferring Parameters of the Central Engine 


In this section, we review results presented in Ref. 26 inferring Bo, Qo, Exo, a, and 
(for model B) B using the X-ray afterglow for six sGRBs of known redshift with 
an X-ray plateau. We reproduce here the necessary physics to interpret the results 
and leave the details of the analysis to Ref. 26. 
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The source-frame synchrotron spectrum at time t is 


F,(t,v) = N(E,t) — TA (7) 
The synchrotron cooling rate and the characteristic synchrotron frequency depend 
on the magnetic field in the bubble, which is determined by Bo and Qo in model A 
and by B in model B. The dependence on N(F,t) indicates F, is dependent on B, 
Bo, Qo, Exo, and a, so a single point-in-time spectrum is sufficient to infer poste- 
riors on each parameter. For a full discussion of the results and method, see Sec. 4 
in Ref. 26. For both models, one has a neutron star with an approximately mil- 
lisecond spin period (Q9/2x < 10? Hz) and a magnetar-strength poloidal magnetic 
field (Bo ~ 101? G) i.e. a millisecond magnetar. The correlations between Bo and 
Q reflect their relation to the spin-down luminosity Lo c B294 and 7 « Bg 75°. 
For model B, the posteriors on B cover the range 10^! X B/(1G) < 1. This is much 
stronger than the magnetic field in the interstellar medium (~ 1079 G) but smaller 
than the expected field advected outwards from the central object by the relativis- 
tic outflow (i.e. the magnetic field in model A). For both models, E_o ~ 10 ? erg, 
which is consistent with a population of electrons accelerated in the magnetar's mag- 
netosphere and injected into the magnetar wind with a radiation-reaction-limited 
Lorentz factor. 


4.1. Spectral evolution 


In this section, we review briefly results presented in Ref. 26 using the spectrum 
of GRB 130603B at four separate epochs to infer Bo, Qo, Eo, a, and B for each 
epoch. We label each epoch t; with corresponding magnetic field B; for i € [1, 4] and 
use log uniform priors such that 1079 < B;/(1G) < 109. For each epoch with flux 
data F,,, flux uncertainty o;, and model flux F,(t;,v) given by Eq. (7), we define 
a Gaussian likelihood P; x exp (te. — F, (tv)? / (20?) } such that the priors on 
Bo, Qo, Eto and a are the same at each epoch. The analysis is performed on the 
joint likelihood IL; P;. 

The median values of the posterior describe a millisecond magnetar with Bo ~ 
2 x 101? G and 09/27 ~ 600 Hz, supplying the remnant with relativistic electrons 
with a 1.9, E 9 © 3.2 x 10^? erg, and Eo © lerg. The median magnetic fields 
B, suggest the field drops at an average rate of 0.00 Gs ! from B, = 2 x 10?G 
at tų = 643s to By = 5 x 1071 G at t4 = 5735s. This is both slower and weaker 
than what is expected for the field in the termination shock of the wind in model 
A, which scales roughly as B(t) x Bot ? for t = r, if the wind expands at a 
constant, relativistic speed (as in Ref. 25). The scale and temporal evolution of 
the Bj; indicate the time-dependent magnetic field in the bubble requires revision. 
Several mechanisms for this are discussed in Ref. 26, including varying the expansion 
rate of the bubble or choosing an entirely separate magnetic field configuration. 
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Fig. 3. Corner plot showing the posterior distribution obtained for four instantaneous spectra 
for GRB130603B for the parameters log;9 Bo (G), logio 90/27 (Hz), logio Exo (erg), a, and 
logio B; (1 € i € 4) (G). Figure reproduced from Ref. 26 


5. Conclusion 


A millisecond magnetar engine based on classic models of PWNe can explain some 
of the observed features of canonical sGRB afterglows. Plateau light curves are 
broadly consistent with the synchrotron output of an electron population N(E, t) 
evolving under ongoing, power-law injection and adiabatic and synchrotron cooling. 
Such a model may be referred to as a plerion model (as in Ref. 25 and Ref. 26) 
or, as a synonym, a PWNe model (as we do in this work). The model is able to 
reproduce both the shape of the afterglow and correlations L,-t,. Furthermore, 
the instantaneous spectra can be used to infer B, Bo, Oo, E49, and a within the 
context of the model. However, the model summarized here (originally in Ref. 25) 
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is highly idealized and does not include the important effects of merger ejecta on 
the evolution of the remnant (considered in e.g. Refs. 20-22). Also, as presented 
in Ref. 26, the temporal evolution of the spectrum implies a magnetic field that 
is inconsistent with both a dipole field (model A) and a constant field (model B). 
Future modeling improving on the work in Ref. 25 and integrating it into existing 
models for sGRB remnants should ultimately be compared to a broad sample of 
sGRBs. 
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Strange quark matter (SQM) may be the true ground state of matter. According to this 
SQM hypothesis, the observed neutron stars actually should all be strange quark stars. 
But distinguishing between neutron stars and strange quark stars by means of obser- 
vations is extremely difficult. It is interesting to note that under the SQM hypothesis, 
less massive objects such as strange quark planets and strange dwarfs can also stably 
exist. The extremely high density and small radius of strange quark planets give us some 
new perspectives to identify SQM objects and to test the SQM hypothesis. First, the 
tidal disruption radius of strange quark planets is much smaller than normal planets, 
so, very close-in exoplanets can be safely identified as candidates of SQM objects. Sec- 
ond, gravitational waves (GW) from mergers of strange quark star-strange quark planet 
systems are strong enough to be detected by ground-based GW detectors. As a result, 
GW observation will be a powerful tool to probe SQM stars. At the same time, the tidal 
deformability of SQM planets can be measured to further strengthen the result. 


Keywords: Strange quark stars, Exoplanets, Gravitational waves, Neutron stars 


1. Introduction 


The central engine of gamma-ray bursts may be compact objects such as neutron 
stars. However, our knowledge about matter under extreme densities is still quite 
poor so that the internal composition and structure of neutron stars are largely 
uncertain to us.! It has been argued that the energy per baryon of strange quark 
matter (SQM), which is composed of three favors of quarks (up, down and strange 
quarks), could be less than normal hadronic matter. As a result, SQM may be the 
true ground state of matter.^? If this hypothesis is true, then it is even possible 
that all the so called “neutron stars” observed in the Universe should actually be 
strange quark stars. ^? 

However, it is difficult to distinguish between strange quark stars and neutron 
stars through current astronomical observations. For a long time, people have tried 
to find the difference between neutron stars and strange quark stars in terms of 
mass-radius relationship, cooling rate, the minimum spin period and gravitational 
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wave (GW) features. But for a typical 1.4 Mọ compact object, the radius difference 
between a neutron star and a quark star is too small to be detected through current 
observational technology. Recently, Geng et al pointed out that fast radio busts may 
originate from the collapses of the crust of strange quark stars.^" It provides an 
novel visual angle on these interesting objects. 

It is interesting to note that, under the SQM hypothesis, quark matter is 
bounded by strong interaction but not gravity. So, SQM can even exist stably 
in the form of small chunks in the universe. It implies that planets composed of 
strange quark matter can also exist stably.5? Strange quark planets are very dif- 
ferent from normal planets. They have a much higher mean density and a much 
smaller radius, which provide us with some effective new methods to test the SQM 
hypothesis. In our previous studies, we have suggested some new methods to identify 
strange quark planet.!9 15 In this article, we will summarize the results. 


2. Searching for strange quark planets among close-in exoplanets 


Planets cannot be too close to their host stars, otherwise they will be tidally broken 
up by the strong tidal force of their hosts. We can use the tidal disruption radius 
Tta to describe the shortest possible separation between a planet and its host, which 
can be analytically expressed as! 


1 

6M \3 

Tta Š (55) , (1) 
Tp 

where M is the mass of the host star and p is the mean density of the planet. For 

the convenience of calculation, this equation can be further written as, 


M 3 p T8 
£22.37 x 10° ——— —s 2 
xs * (ac) * (a x gu) em (2) 


Suppose a planet orbits around a host star which has a typical mass of 1.4 Mo. 
For a strange quark planet, its mean density can be as high as 4 x 104 gcm7?. 
With such a high density, the rą of the strange quark planet will be less than 
2.37 x 10° cm, which is only about twice the radius of a pulsar.!^:!* But for normal 
matter planets, the density is on the order of ~ 8 gcm~?, and the corresponding 
ria is generally larger than 8.7 x 10!? cm. Even if we take the mean density as 
30 gcm-?, which is already a very high value for normal matter, the derived riq 
will still be larger than 5.6 x 101? cm.'°!! From these simple calculations, we argued 
that if the orbital radius of a planet is found to be less than 5.6 x 101° cm, then the 
planet should be a strange quark planet. 

An extremely close-in strange quark planet cannot be observed directly by imag- 


ing method. On the contrary, it can be relatively easily detected via pulsar timing 
observations. According to Kepler's law, the relationship between the orbital radius 
and the period can be expressed as 


(3) 
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where G is the gravity constant, a is the orbital radius and P rp is the planets 
orbital period. For planets with a smaller than ~ 5.6 x 10!? cm, the orbital period 
will be less than ^ 6100 s. Therefore, it is argued a planet with the orbital period 
less than 6100 s should be a strange quark planet.!? 1 

Using the above criterion, Kuerban et al. have tried to search for strange quark 
planets among exoplanets, especially among pulsar planets.!? According to their 
results, the short period pulsar planets of PSR J0636 b, PSR J1807-2459A b and 
PSR 1719-14 b are good candidates of strange quark planets. 


3. Searching for strange quark planets through GW observations 


Since 2015, gravitational wave observations have opened a new window for astron- 
omy?” and are also expected to be a new tool for searching for quark stars.!? Note 
that it is still quite difficult to distinguish between binary neutron star mergers and 
binary quark star mergers by gravitational wave observations, because these two 
kinds of compact stars have marginal difference in radius at the typical mass of 1.4 
M.1?:22 However, gravitational waves may bring new opportunities in searching 
for strange quark planets. 

A normal matter planet can not be too close to its host, otherwise it will be 
tidally disrupted. Consequently, the gravitational wave emissions from normal plan- 
etary systems are usually too weak to be detected. But due to the extremely high 
density and the very close-in orbit of strange quark planets, a strange star-strange 
planet system can produce very strong gravitational wave emissions, especially at 
the final stage of the merging process. If such a merger event occurs in the local uni- 
verse, it would be detectable for the gravitational wave detectors such as Advanced 
LIGO and the Einstein Telescope.!? 

GW observations can also help diagnose the internal composition and internal 
structure of compact stars by means of tidal deformability measurements. The first 
tidal deformability measurement has been obtained for the binary neutron star 
merger event of GW170817, which gives a new constraint on the equation of state 
of dense matter.?!: ?? 

Tidal deformability is a quantity that describes the deformation of a star in a 
tidal field, which is defined as 
25 (4 
where Qi; is the induced quadrapole moment of the star and £j; is the tidal field 
that it resides in (i.e., the gravity field produced by its companion). For convenience, 
this quality is often written in a dimensionless form, i.e., 


Aci? 
MT ©) 


A-2- 


Here, c is the speed of light in vacuum and m is the mass of the star. 
Generally speaking, a larger tidal deformability means that the star will be 
relatively easier to be deformed in a tidal field.?? So, tidal deformability will affect 
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the evolution of the gravitational wave phase, which could be perceived in GW 
observations.!? Comparing the observed tidal deformability with that calculated by 
solving the Tolman-Oppenheimer-Volkoff equation adopting a particular equation 
of state (EoS), we can get useful information on the internal structure of compact 


stars. 29: 24 
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Fig. 1. Tidal deformability (the upper panel) and dimensionless tidal deformability (the lower 
panel) versus mass for strange quark stars and strange quark planets.!? Different line styles rep- 
resent different bag constant, which is marked in the figure in units of MeV /fm?. 


Following the method of Hinderer et al.,?^?^ we have calculated the tidal de- 
formability of strange quark stars, paying special attention on strange dwarfs and 
strange planets. We engage the bag model for strange quark matter. Our results 
are shown in Figure 1. We see that as the mass decreases, the value of the deforma- 
bility also decreases, while the value of the dimensionless tidal deformability keeps 


3122 


increasing. For a planet with a mass of 10 ? Mjup, its tidal deformability is up to 
~ 10? g cm? s? and its dimensionless tidal deformability is up to ~ 107°, which are 
much higher than those of normal matter planets. Therefore, the tidal deformability 
is a useful parameter for identifying strange quark planets.!? 


4. Summary 


Discriminating between neutron stars and strange quark stars is a challenging task. 
In this article, we try to solve the problem from a novel point of view. We mainly 
concentrate on strange quark planets. It is suggested that there are basically two 
methods to search for strange quark planets. First, we can try to find close-in 
pulsar planets with the orbital period less than 6100 s. Encouragingly, at least three 
possible strange quark planet candidates have been found. Second, we can identify 
strange quark planets through gravitational wave observations. It is found that 
the mergers of strange star-strange planet systems can produce strong gravitational 
wave bursts, which can potentially be detected by the advanced LIGO and the future 
Einstein Telescope. The tidal deformability of strange quark dwarfs and strange 
quark planets is specially calculated. In short, we stress that strange quark planets 
could be a powerful tool for clarifying the nature of the so called “neutron stars". 
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Gamma-ray Bursts (GRBs) are promising tools to probe the Universe. Especially, we can 
get constraints on cosmological parameters with the help of GRB luminosity relations. 
Recently, a tight L- T- E relation has been found. This relation involves a special subclass 
of GRBs, i.e., GRBs have X-ray plateaus in their X-ray afterglows. The isotropic y-ray 
energy of the prompt GRB (Ey iso) are linked with the duration of the plateau phase 
(Ta) and the X-ray luminosity at the end of the plateau phase (L x) through this relation. 
Beside this relation, we find that Lx and Ty also relate to the spectral peak energy (Ep) 
and we call this relation the L- T- Ep relation. When using these relations to constrain the 
cosmological parameters, we find the L-T-E relation is insensitive to the cosmological 
parameters and both of these relations suffer from redshift evolution. We manage to 


correct the redshift evolution and use the de-evolved L-T-Ep relation to constrain the 


cosmological parameters. We get the best-fit result as Qm = 0.3891 0.202 (1c) for the flat 


ACDM model. Our result is consistent with that from other probes within lo confidence 
level. Joint constraint on cosmological parameters is presented. 


Keywords: Cosmology: dark energy — gamma-ray burst: general — stars: neutron 


1. Introduction 


Gamma-ray Bursts (GRBs) are extremely high-energy events. The multiband ob- 
servation of the GRB afterglows has helped us to better understand the true nature 
of GRBs. Also, the observation of the early afterglow has showed that some GRBs 
have a plateau phase in their X-ray afterglow. The plateau phase is often thought 
to be connected with extra energy injection, possibly by a millisecond magnetar as 
the central engine.’ ? It is interesting to note that these compact magnetars might 
actually be strange quark stars.* 

Since GRBs have a cosmological origin, we can use them as a cosmological probe. 
The most important application is to constrain the cosmological parameters. The 
method is very similar to using Supernovae Ia (SNe Ia).°-’ We need solid luminosity 
relations to help us convert GRBs to standard candles.5:? Compared with using SNe 
Ia, the gamma photon from GRBs does not suffer from the extinction while they 
travel through the space.!? 

Several interesting relations are found for GRBs with X-ray plateau. Dainotti 
et al. (2008) first found a nearly anti-relation between the X-ray luminosity at the 
end time of the plateau (Lx) and the duration of the plateau phase at the rest frame 
(T,).1^?? This relation is also known as the Dainotti relation. The L-T-E relation 
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found by Xu & Huang links Lx and T, together with the isotropic y-ray energy of 
the prompt GRB (E; iso)” Recently, Tang et al. (2019) have revisited this relation 
with a sample of 174 GRBs and found Lx œ T; !9! ET 51.? Meanwhile, a funda- 
mental plane relation was established by Dainotti et al. (2016) which connect Lx, 
T4, and Lo Using class-specific GRB samples, these three parameters were 
very closely connected with each other.!? Also, a four parameter Combo-relation 
was recently established which involves a, Lx, Ta, and Ep, where a is the power-law 
timing index of the afterglow in its normal decay phase and Æp is the spectral peak 
energy.!® 17 Meanwhile, we have found a new relation between Lx, Ta, and Ep, 
which we call the L- T- E, relation.'® These relations are extensions of the Dainotti 
relation and reveal the connection between the property of the X-ray plateau with 
the early prompt emission. 

In this paper, we first check the possibility of using the L- T-E relation to con- 
strain the cosmological parameters. We then present the new L-T-E, relation and 
constraints on the cosmological parameters. 


2. Difficulty of using the L-T-E relation to probe the Universe 


'The L-T-E relation can be written as 


bim M ee 
510Terg/s ^ ^9 108s 


We use the Markov chain Monte Carlo (MCMC) algorithm to get the best- 
fit with the same sample provided by Tang et al. (2019) and obtain a = 


clog l0 erg (1) 


1.60 + 0.06, b = —1.01 + 0.05, c = 0.85 + 0.04 and Sext = 0.40 + 0.08, i.e., 
Lx x T} RAE EE Cext is the the extrinsic scatter parameter arouse from 


some hidden variables. 

When using GRBs to constrain the cosmological parameters, a solid luminos- 
ity relation that works at all redshift is needed. Hence, we divide the full sample 
into four redshift bins and check the evolution of the coefficients. We find that the 
coefficients of this relation vary a lot among different redshift bins, especially in 
the coefficient “c”. So the L- T-E relation suffers from the redshift evolution. More 
importantly, because both Lx and Fy iso are related to cosmological parameters 
through the same dependence on the luminosity distance, so the cosmological ef- 
fect is canceled out in this relation. In other words, this relation is insensitive to 
cosmological parameters. 


3. Cosmology with the L-T-E, relation 


We have found a new relation connects Lx, Ta, and Ey. We call it the L-T-Ey 
relation and it follows Lx œ Ty}: 08*0-08 0.7620. using our sample of 121 GRBs.'* 

Likewise, we check whether this relation suffers from redshift evolution. In fact, 
this relation indeed evolves with redshifts. We think of two solutions to remove 
the evolution from this relation. The first solution is trying to find out the redshift 
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evolution in each parameter (ie., Lx, Ta, and Ey iso) which will be described in 
Section 3.1. The second one is simply adding an evolution term to account for the 
redshift evolution in the whole relation and the details of this solution is presented 
in Section 3.2. 


3.1. Redshift evolution in each parameter 


Following the Efron & Petrosian method,!? we get the redshift evolution of Lx, Ta, 
and E, separately. A simple power-law function (1+z)* is used as the evolution form 
of each parameter.?? Our best-fit results are ky, = 3.384: 0.62, kr, = —1.54 + 0.30, 
and kg, = 0.75 + 0.25.15 

After correcting for the redshift evolution of each parameter, we can get a new 
separate de-evolved L-T-E, relation as 


Lx/(1 4- z)'x — a! a af" Ta/(1 + z)"Ta 
1047erg/s —— ' 10?s 


Ey/(L- zm 


ul l 
vo OB keV 


log 


log (2) 


3.2. Redshift evolution of the whole relation 


To get the redshift evolution of the whole relation, we simply put the possible 
evolution in a single power-law term of (1 + z)” ,?* and the L-T-E, relation can be 
re-written as 
log Lx 
104’ erg/s 
With the MCMC method, we get the best-fit result of parameter d', which is 
d! = 1.78 + 0.29.18 Then we move the evolution term to the left side of Equation 3 
and get a de-evolved L-T-E, relation 


T, E 
—nu aH qe o eee i Po. 
=d +b log 105 ** log kev ^ d' log(1 + 2). (3) 


T, E 
= n bl a ty CUP. 4 
gr ede cd key (4) 


where LX cal = Lx/(1 + z)”. 


3.3. Constraints on cosmological parameters 


With the two de-evolved relations we get above, we can now safely use them to probe 
the Universe. We fix Hy = 70.0 km s^! Mpc™! for simplicity. When using GRBs 
to constrain the cosmological parameters, one may face the so-called “circularity 
problem” .?? Here we consider two methods to avoid this problem. The first method 
is the "simultaneously fitting method" which means to fit the relation coefficients 
together with the cosmological parameters.?? The second is the “standardize with 
SNe Ia method" which means to use SNe Ia data set as calibrators to calculate the 
luminosity distances of GRBs independently from cosmological models.® 

With the separate de-evolved L-T-E, relation, we perform the simultaneously 
fitting method and get Qm = 0.76*0:3c for the flat ACDM model. 
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As for the de-evolved L-T-E, relation, we first perform the simultaneously fitting 
method. The best-fit result is Qm = 0.71*02& for the flat ACDM model. Then we 
use the standardize with SNe Ia method with the “Pantheon sample" of SNe Ia.?4 
We plot a Hubble diagram for GRBs, as shown in Figure 1. The low-redshift sample 
is calibrated by the “Pantheon sample” and shows little dispersion, while the large 
dispersion of the high-redshift GRB distance modulus comes from the uncertainty 
of the GRB relation. With the calibrated distance modulus of the high-redshift 
GRBs, we get the best-fit result as Qm = 0.38979'797 for the flat ACDM model. 
Also we get Qm = 0.333* 0125 and Q4 = 0.346* 0279 for the non-flat ACDM model 
and Qm = 0.369*0 251 and w = —0.966*0 273 for the flat wCDM model. 

Then, we compare these results with those from other probes (i.e., SNe Ia, 
CMB, BAO) and find that they are consistent with each other in lo confidence 
level. Also, together with other probes, we even get a more accurate constraint on 
the cosmological parameters. We get Qm = 0.289 + 0.008 and Q4 = 0.710 + 0.006 
for the non-flat ACDM model with all the four probes. As for the flat Universe, 
combining the four probes, we obtain Qm = 0.295 + 0.006 and w = —1.015 + 0.015 
under the wCDM model and Nm = 0.291 + 0.005 for the ACDM model. Figure 2 
shows the fitting results with different probes under the flat ACDM model. 
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Fig. 1. Calibrated GRB Hubble diagram from the de-evolved L-T-Ep relation.!? Red points 
represent our GRB sample and the black line is the theoretical distance modulus calculated with 
Ho = 70.0 km s~! Mpc-! and Qm = 0.289 under the flat ACDM model. 


4. Summary 


In our work we find that the previous L-T-E relation is not a good probe for 
cosmology and it is possible to use the L-T-E, relation as a probe. We want to 
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Fig. 2. Under the flat ACDM model, we get the probability density on Qm with observational 
data of SNe Ia (blue), CMB (orange), BAO (green), and the de-evolved L-T-Ep relation of GRBs 
(black). The joint constraint from all the four probes is Qm = 0.291 + 0.005 (red). 


stress that possible redshift evolution in GRB relations need to be removed before 
they can be used as cosmological probe. From our study, we can see that it is hard 
to get good constraints with GRBs alone, because of the large dispersion in GRB 
relations. However, with the improvement of GRB observations, we may tighten 
these relations in the future. 


Acknowledgments 


This work was supported by National SKA Program of China No. 2020SKA0120300, 
by the National Natural Science Foundation of China (Grant Nos. 11873030, 
12041306, U1938201), and by the science research grants from the China Manned 
Space Project with NO. CMS-CSST-2021-B11. 


References 


1. S. Dall’Osso, G. Stratta, D. Guetta, et al., Gamma-ray bursts afterglows with energy 
injection from a spinning down neutron star, A&A 526, p. A121 (February 2011). 

2. a M. Xu and Y. F. Huang, New three-parameter correlation for gamma-ray bursts 
with a plateau phase in the afterglow, A&A 538, p. A134 (February 2012). 

3. L. Li, X.-F. Wu, W.-H. Lei, et al., Constraining the Type of Central Engine of GRBs 
with Swift Data, ApJS 236, p. 26 (June 2018). 

4. J.-J. Geng, B. Li and Y.-F. Huang, 2021, The Innovation, in press, Repeating Fast 
Radio Bursts from Collapse of Strange Star Crust, arXiv e-prints, p. arXiv:2103.04165 
(March 2021). 

5. M. M. Phillips, The Absolute Magnitudes of Type IA Supernovae, ApJL 413, p. L105 
(August 1993). 


6. 


13. 


14. 


15. 


16. 


T. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


3129 


A. G. Riess, A. V. Filippenko, P. Challis, et al, Observational Evidence from 
Supernovae for an Accelerating Universe and a Cosmological Constant, AJ 116, 1009 
(September 1998). 

S. Perlmutter, G. Aldering, G. Goldhaber, et al., Measurements of Q and A from 42 
High-Redshift Supernovae, ApJ 517, 565 (June 1999). 

N. Liang, W. K. Xiao, Y. Liu and S. N. Zhang, A Cosmology-Independent Calibration 
of Gamma-Ray Burst Luminosity Relations and the Hubble Diagram, ApJ 685, 354 
(September 2008). 

L. Amati, R. D'Agostino, O. Luongo, et al., Addressing the circularity problem in the 
Ep-Ej;o correlation of gamma-ray bursts, MNRAS 486, L46 (June 2019). 


. F. Y. Wang, Z. G. Dai and E. W. Liang, Gamma-ray burst cosmology, NewAR 67, 1 


(August 2015). 


. M. G. Dainotti, V. F. Cardone and S. Capozziello, A time-luminosity correlation for 


y-ray bursts in the X-rays, MNRAS 391, L79 (November 2008). 


. M. Dainotti, V. Petrosian, R. Willingale, et al., Luminosity-time and luminosity- 


luminosity correlations for GRB prompt and afterglow plateau emissions, MNRAS 
451, 3898 (August 2015). 

C.-H. Tang, Y.-F. Huang, J.-J. Geng and Z.-B. Zhang, et al., Statistical Study of 
Gamma-Ray Bursts with a Plateau Phase in the X-Ray Afterglow, ApJS 245, p. 1 
(November 2019). 

M. G. Dainotti, S. Postnikov, X. Hernandez and M. Ostrowski, A Fundamental Plane 
for Long Gamma-Ray Bursts with X-Ray Plateaus, ApJL 825, p. L20 (July 2016). 
M. G. Dainotti, A. L. Lenart, G. Sarracino, et al., The X-Ray Fundamental Plane of 
the Platinum Sample, the Kilonovae, and the SNe Ib/c Associated with GRBs, ApJ 
904, p. 97 (December 2020). 

L. Izzo, M. Muccino, E. Zaninoni, et al., New measurements of Qm from gamma-ray 
bursts, A&A 582, p. A115 (October 2015). 

M. Muccino, L. Izzo, O. Luongo, et al., Tracing Dark Energy History with Gamma-Ray 
Bursts, ApJ 908, p. 181 (February 2021). 

F. Xu, C.-H. Tang, J.-J. Geng, et al, 2021, ApJ, in press, X-ray Plateaus in 
Gamma-Ray Burst Afterglows and Their Application in Cosmology, arXiv e-prints, 
p. arXiv:2012.05627 (December 2020). 

B. Efron and V. Petrosian, A Simple Test of Independence for Truncated Data with 
Applications to Redshift Surveys, ApJ 399, p. 345 (November 1992). 

M. G. Dainotti, V. Petrosian, J. Singal and M. Ostrowski, Determination of the In- 
trinsic Luminosity Time Correlation in the X-Ray Afterglows of Gamma-Ray Bursts, 
ApJ 774, p. 157 (September 2013). 

M. Demianski, E. Piedipalumbo, D. Sawant and L. Amati, Cosmology with gamma- 
ray bursts. I. The Hubble diagram through the calibrated E, 7-Ejso correlation, A&A 
598, p. A112 (February 2017). 

M. G. Dainotti and R. Del Vecchio, Gamma Ray Burst afterglow and prompt-afterglow 
relations: An overview, NewAR 77, 23 (April 2017). 

L. Amati, C. Guidorzi, F. Frontera, et al., Measuring the cosmological parameters with 
the Ep i-Eiso correlation of gamma-ray bursts, MNRAS 391, 577 (December 2008). 
D. M. Scolnic, D. O. Jones, A. Rest, et al., The Complete Light-curve Sample of Spec- 
troscopically Confirmed SNe Ia from Pan-STARRS1 and Cosmological Constraints 
from the Combined Pantheon Sample, ApJ 859, p. 101 (June 2018). 


3130 


A new perspective on cosmology through Supernovae Ia and 
Gamma Ray Bursts 


B. De Simone 


Department of Phyisics *E. R. Caianiello”, University of Salerno, 
Via Giovanni Paolo II, 132, 84084, Fisciano, Salerno, Italy 
E-mail: b.desimone1 @studenti.unisa.it 
www. df.unisa. it 


V. Nielson 


SLAC National Accelerator Laboratory, 2575 Sand Hill Road, Menlo Park, CA 94025, USA 
Astronomy Department, University of Michigan, Ann Arbor, MI 48109, USA 


E. Rinaldi 


Physics Department, University of Michigan, Ann Arbor, MI 48109, USA 
RIKEN Cluster for Pioneering Research, Theoretical Quantum Physics Laboratory, Wako, 
Saitama 351-0198, Japan 
RIKEN iTHEMS, Wako, Saitama 351-0198, Japan 
RIKEN Center for Quantum Computing, Wako, Saitama 351-0198, Japan 


M. G. Dainotti* 


National Astronomical Observatory of Japan, 2 Chome-21-1 Osawa, Mitaka, 
Tokyo 181-8588, Japan 
The Graduate University for Advanced Studies, SOKENDAI, Shonankokusaimura, Hayama, 
Miura District, Kanagawa 240-0193, Japan 
Space Science Institute, Boulder, CO, USA 
E-mail: maria. dainotti@nao.ac.jp 
www.guas-astronomy.jp/eng 


The actual knowledge of the structure and future evolution of our universe is based 
on the use of cosmological models, which can be tested through the so-called ‘probes’, 
namely astrophysical phenomena, objects or structures with peculiar properties that can 
help to discriminate among different cosmological models. Among all the existing probes, 
of particular importance are the Supernovae Ia (SNe Ia) and the Gamma Ray Bursts 
(GRBs): the former are considered among the best standard candles so far discovered 
but suffer from the fact that can be observed until redshift z = 2.26, while the latter are 
promising standardizable candles which have been observed up to z = 9.4, surpassing 
even the farthest quasar known to date, which is at z = 7.64. The standard candles can 
be used to test the cosmological models and to give the expected values of cosmological 
parameters, in particular the Hubble constant value. The Hubble constant is affected by 
the so-called “Hubble constant tension", a discrepancy in more than 4 ø between its value 
measured with local probes and its value measured through the cosmological probes. The 
increase in the number of observed SNe Ia, as well as the future standardization of GRBs 
through their correlations, will surely be of help in alleviating the Hubble constant tension 
and in explaining the structure of the universe at higher redshifts. A promising class of 
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GRBs for future standardization is represented by the GRBs associated with Supernovae 
Ib/c, since these present features similar to the SNe Ia class and obey a tight correlation 
between their luminosity at the end of the plateau emission in X-rays and the time at 
the end of the plateau in the rest-frame. 


Keywords: Gamma Ray Bursts, Supernovae Ia, Cosmology, Correlations, Hubble con- 
stant, Hubble tension 


Introduction 


Modern cosmology is based on the so-called ACDM model: this is the standard 
cosmological model based on the Cold Dark Matter (CDM) and containing the cos- 
mological constant A that describes the dark energy contribution to the expansion 
of the cosmos. This model has been widely accepted in the scientific community and 
can predict the accelerated expansion of the universe, as proved by the outstanding 
works of Riess et al. (1998)! and Perlmutter et al. (1999)? where this effect was 
demonstrated through the use of SNe Ia. Despite being well received, the ACDM 
suffers from some open problems, in particular the Hubble constant (Ho) tension. 
This is the discrepancy, in more than 4 c, between the value of Hp measured with 
local probes (Cepheids and SNe Ia) and the value obtained through the Cosmic 
Microwave Background (CMB) radiation data measured by the Planck satellite. 
To solve this issue, many approaches have been proposed (alternative cosmological 
models, refined measurements of Ho, etc.), but it is necessary to use reliable probes 
for testing the cosmological models. From this perspective, the so-called standard 
candles are very important: these are astrophysical objects or events which have 
a fixed luminosity or that obey an intrinsic relation between the luminosity and 
some of the other parameters that do not depend on the luminosity themselves. To 
date, different objects have been standardized, in particular the SNe Ia which have 
a nearly uniform peak luminosity, but the problem is that these can cover only a 
relatively small range of redshifts: the farthest SN Ia so far observed has a redshift 
of z — 2.26.? The GRBs may have a key role in the future development of cosmology 
since they have been observed at higher redshifts than SNe Ia and quasars (cur- 
rently the farthest quasar being at redshift 7.644) and are able to further extend 
the Hubble diagram (the distance moduli versus the redshift). A particular class of 
GRBs, the GRBs with a plateau emission (namely, a relatively flat section of the 
lightcurve that follows the prompt emission and precedes the afterglow, observed 
not only in X-rays and optical but also in y-rays°), has proven to be a promising 
standardizable candle through the application of tight correlations among the GRB 
lightcurve properties, such as the intrinsic and unbiased correlation between the 
luminosity at the end of the plateau emission in the X-rays, Lx, with the time at 
the end of the plateau emission in the rest-frame, T%° 1? (which was later confirmed 
also in the optical!^) and the unbiased one between Lx and the 1s peak prompt lu- 
minosity, Lear.” 16 A combination of these two correlations led to the so-called 3D 
fundamental plane relation, namely a tight correspondence between Lx, Ty, and 
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Leak.’ 9 For a review of these correlations, see Dainotti & Del Vecchio (2017),?° 
Dainotti et al. (20182,2018b),?L?? and Dainotti (2019).?? The GRB correlations 
are not only useful as cosmological tools, but also as discriminant among theoreti- 
cal models to explain the GRBs origin, emission mechanism, and the nature of their 
environment.?^7? In particular, the plateau emission and the correlations that in- 
volve its properties strongly suggest how the typical magnetic fields and spin periods 
of the magnetars (namely, a fast rotating neutron star) could explain the plateau 
emission itself (Rowlinson et al. 2014).?° In a later paper, Rea et al. (2015)?° show 
that the magnetar model can be reconciled within the GRB emission in the plateau 
only if supermagnetar with high magnetic field strengh are allowed. In a successive 
paper of Stratta et al. (2018)?? for the first time a non-ideal modelling of spindown 
magnetar is fitted to the afterglow data with a statistical sample of 40 Long GRBs 
(LGRBs) with a well-defined plateau and 13 Short GRBs (SGRBs) including the 
short with extended emission. The conclusion reached in that paper is that SGRBs 
including the SGRBs with Extended Emission (SEE) and LGRBs can be explained 
within the magnetar model but with the difference that the LGRBs occupy a lower 
end in the magnetic field-spin period plane compared to the SGRBs which present 
a higher spin, P, and a higher magnetic field, B. The correlation between magnetic 
field and spin period follow the established physics of the spin-up line for accret- 
ing neutron star in Galactic binary systems. The B—P relation obtained perfectly 
matches spin-up line predictions for the magnetar model with mass accretion rates 
expected in the GRB prompt phase. The latter are ~ 1114 orders of magnitude 
higher than those inferred for the Galatic accreting NSs. Thus, correlations are 
useful to cast more light on the physics of GRBs and this represents an effective 
support towards the future standardization of these transient phenomena. The cur- 
rent proceeding focuses on two main topics concerning cosmology with SNe Ia and 
GRBs: (1) the investigation of the Ho tension through a binning approach on the 
Pantheon sample of SNe Ia?! and (2) the use of the GRB fundamental planes in 
optical and X-ray as cosmological distance indicators and the discussion of their 
future use as standardizable candles. 


1. On the Hubble constant tension in the SNe Ia Pantheon sample 


The Ho tension is the discrepancy in more than 4 ø between the value of Ho es- 
timated with local probes, such as SNe Ia and Cepheids (Hg = 74.03 + 1.42 km 
s-1 Mpc ?), and the value of Hp obtained with the Planck Cosmic Microwave Back- 
ground (CMB) radiation (Hp = 67.4 + 0.5 km s^ 1 M pc). It represents one of the 
most important open problems in modern cosmology. To investigate it, we divided 
the Pantheon sample (Scolnic et al. 201872), a collection of 1048 spectroscopically 
confirmed SNe Ia, into 3, 4, 20, and 40 bins ordered in redshift. In our analy- 
sis, we considered two cosmological models: the standard ACDM model and the 
WoWaCDM model, where the equation of state parameter is expressed according to 
the Chevallier-Polarski-Linder parametrization (w(z) = wo + Wa * z/(1 + z)).33 34 
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Fig. l. Left panel. The fitting of the Ho values with redshift in the case of 10 bins of SNe, 
assuming the ACDM model, using the full covariance matrix composed of systematic (C545) and 
statistical (Dstat) uncertainties,?? and fixing M = —19.272 such that Hp = 73.5km s-1 Mpc-! 
in the first bin. The slow decreasing trend is plain to see. Right panel. The comparison between 
the luminosity distance formula corrected with the g(z) (in green) and the luminosity distance 
given by the standard wowa CDM model (in red) as functions of the redshift. 


Due to the degeneracy between the Ho and the fiducial absolute magnitude of 
SNe Ia, M, we set M in such a way that locally the Ho = 73.5km s^! Mpyc-!. 
'The fiducial values of the total matter density parameters have been assumed as 
Om = 0.298 (for the ACDM model) and Nm = 0.308 (for the wow; CDM model). 
Considering both the cosmological models, for each bin in the 3, 4, 20, and 40 
divisions we performed a x? minimization followed by a Monte Carlo Markov Chain 
simulation to obtain the best-fit Ho values together with their 1 ø uncertainties. 
After obtaining these, we fitted them with the following functional form: g(z) — 
Hj/ (1--z)*, where Hj is the value of the Hubble constant at z = 0 obtained with the 
fitting and o is the evolutionary parameter. We found that the Ho in the Pantheon 
sample evolves slowly with the redshift, with an a coefficient in the order of 107? 
which is compatible with zero from 1.2 ø to 2.0 c. For example, in the left panel 
of Figure 1 the case of fitting with 10 bins using the ACDM model is shown, while 
in the right panel a comparison between the standard luminosity distance in the 
WoWa CDM model and the corrected luminosity distance substituting Ho with g(z) is 
plotted. Despite the a coefficients being compatible with zero in 3 c, the highlighted 
decreasing trend may affect the cosmological results. Indeed, a modification of the 
luminosity distance formula where Ho is replaced with the g(z) form shows how the 
modified luminosity distance curve departs significantly from the ACDM canonical 
one at redshift z ~ 10 (see the right panel of Figure 1). To check what would be 
the behavior of Ho if the trend was real, we extrapolated its value from the fitting 
at the redshift of the most distant galaxy so far discovered (z — 11.09, Oesch et al. 
20165) and at the redshift of the last scattering surface (z = 1100). We obtained 
that the extrapolated value of Hp at z = 1100 is compatible in 1 ø with the one 
obtained through the Planck CMB measurements. If we consider the discrepancy 
between the aforementioned values of Ho, namely (74.03 + 1.42) and (67.4 + 0.5) 
kms !Mpc ! and we compare it with the tension between the fitting values H% 
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(at z = 0) and Ho(z = 1100), we find that our approach leads to alleviate the Ho 
tension from 54% to 72% for the ACDM and the ww, CDM models, respectively. 
Thus, we not only found a way to alleviate the Hubble tension, but we provided 
also a plausible explanation for the observed discrepancy between the values of Ho 
coming from probes at different redshifts. The observed decreasing trend may be 
due to hidden astrophysical biases, selection effects, or even the evolution of SNe 
Ia lightcurve parameters, as pointed out in Nicolas et al. (2021)?9 where it was 
shown that the stretch parameter distribution of the Pantheon sample is affected 
by the drift with the redshift. If this is not the case, and the trend is real instead, 
the explanation for it may be found in the modified gravity theories. We propose 
that the f(R) theories in the Jordan frame may explain the observed slow evolution 
of Ho. However, to prove if this trend is real or not, it is necessary to rely (a) 
on the future observations of SNe Ia through that will enrich the currently known 
samples of transient phenomena and (b) on the extension of the Hubble diagram 
up to redshift ranges that SNe Ia could not cover, thus calling for the use of high-z 
phenomena such as the GRBs. 


2. Optical and X-ray GRB Fundamental Planes as Cosmological 
Distance Indicators 


GRBs, being observed at very high-z (up to z = 9.4 so far?"), have the potential to 
be employed as standardizable candles, extending the cosmological distance ladder 
beyond the redshift of SNe Ia. Therefore, we employ them to do so by first stan- 
dardizing them using the 3D fundamental plane relation. 50 X-ray GRBs cut from a 
full sample of 222 define the platinum sample, and their corresponding fundamental 
plane parameter variables are determined by Monte Carlo Markov Chain sampling 
maintained by Gelman-Rubin statistical constraints. We use both the platinum sam- 
ple and a well-defined sample of SNe Ia as a combination of probes to accurately 
constrain the matter content of the modern universe, Qw. To do so, the plane pa- 
rameters are allowed to vary simultaneously with Qw within the chain sampling. 
We find our best results with the addition of a third probe, namely, Baryon Acoustic 
Oscillations (BAOs), given their reliability as standard rulers. The combination of 
these three probes allows us to constrain Qj, to 0.306 + 0.006, assuming a ACDM 
cosmology. Furthermore, we test, for the first time in this research field, the novel 


3D optical correlation as the extension of the 3D fundamental plane in X-ray wave- 
lengths as a cosmological tool and check its applicability compared to that of the 
confirmed X-ray relation. In doing so, we find that our optical GRB sample is as ef- 
ficacious in the determination of Qm as the platinum X-ray sample. To increase the 
precision on the estimate of Qm, we consider redshift evolutionary effects to over- 
come common biases such as the Malmquist effect. We employ the reliable Efron & 
Petrosian (1992)? statistical method to ensure that the correlation is intrinsic to 
the GRB physical mechanics and not due to selection bias. It is by accounting for 
this that we decrease the intrinsic scatter on the X-ray plane by 44.496, thus defining 
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Fig. 2. Left panel. Contour plots with the parameters of the fundamental plane relation in 
X-rays (a,b, c) together with the intrinsic scatter c and Qy,, in the case of 2700 simulated GRBs 
with the evolution correction through the Efron & Petrosian method. Right panel. The same of 
the left panel, considering 2900 simulated GRBs. 


the tightest 3D GRB correlation involving plateau features in the literature to date. 
Using this corrected sample, we confirm a value of 0.306 + 0.006 defines Qm. 

To both understand and predict the applicability of GRBs as standalone stan- 
dard candles, we simulate additional GRBs to see how many are needed to reach un- 
certainties on (), comparable to that of SNe Ia-derived values; we compare against 
Conley et al. (2011), Betoule et al. (2014),4° and Scolnic et al. (2018)?? sym- 
metrized error and standard deviation limits. In Figure 2, the contours for the 
parameters of the fundamental plane together with Qw after the Efron & Petrosian 
method application are shown in the case of 2700 (left) and 2900 (right) simulated 
GRBs. To do so, we first use both the full optical and X-ray GRB samples as in- 
dependent bases for GRB simulation, conducted again by MCMC techniques. We 
find that the optical sample yields much smaller uncertainties on each simulation 
than the X-ray, and consequently a more constrained value of Qm. To increase this 
precision, we explore two methods of trimming our GRB sample leading to tighter 
planes that are in turn used as the base for simulation; an a posteriori trim using the 
smallest sample of GRBs for which the intrinsic scatter on the 3D plane which they 
defined remained near-zero, and an ‘a priori’ trim for which a number of possible 
sample sizes were tested and the one that yielded the best results after the fact is 
chosen. By simulating a large range of GRB sample sizes in both optical and X-ray 
wavelengths, we find by the construction of probability maps that the same preci- 
sion as Betoule et al. (2014)*° is achieved with only 376 simulated optical GRBs 
for which 47.596 of the fundamental plane variable error bars have been halved by a 
light curve reconstruction procedure. We find that the Conley et al. (2011)?? limit 
is already achievable in most circumstances with current GRB numbers, and that 
the Scolnic et al. (2018)?? limit is achieved for 1152 optical GRBs. Considering both 
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the detection power of future deep-space surveys THESEUS”? and SVOM?' ?? and 
the nearing capability of machine learning approaches to extract unknown GRB 
redshifts, we conclude that GRBs will be as efficient standalone probes as SNe Ia 
by the year 2038. These results are interesting because, as the definition of GRBs 
as standard candles becomes more reliable with the introduction of the optical and 
X-ray fundamental planes, the addition of these astrophysical objects to SNe Ia and 
BAO data will soon give the most precise derivation of Qw ever achieved. 


3. Summary and Conclusions 


In this work, it was highlighted how and to what extent the GRBs may contribute to 
the cosmological analysis in the future. In the first part (1), the issue of the Hubble 
constant tension has been investigated with the Pantheon sample of SNe Ia, showing 
how the Ho itself is characterized by a slowly decreasing trend with the redshift. 
'This opens the discussion on the reason for this result: together with the possibility 
that a modified gravity theory could be an explanation, it is also likely that different 
selection biases persist in the observations of SNe Ia. This strongly suggests that the 
methods for biases correction, such as the Efron & Petrosian method, are needed 
in many astrophysical probes to achieve a reliable estimation of the cosmological 
parameters. Nevertheless, the limited coverage of redshift achieved by SNe Ia leads 
to the need for probes that can be observed at larger redshift. To this end, in the 
second part (2) it was shown how the 3D fundamental plane relation in the optical 
may help the future standardization of GRBs together with its counterpart in the X- 
rays. In addition, through the simulation of GRBs, it has been shown how this probe 
is a promising candidate to extend the Hubble diagram up to redshift greater than 
the ones of SNe Ia. Furthermore, a particular class of objects arouses much interest 
in the latest years, namely the class of LGRBs associated with Supernovae Ib/c 
(GRB-SNe): these manifest as supernovae appearing in the afterglow of the LGRBs 
and are very important since it was highlighted how the associated SNe obey a 
stretch-luminosity relation similar to the typical one of SNe Ia.* The physics behind 
their emission mechanism has been an object of study on several occasions ^^ 46 and 
one of the most interesting features of this class is that within the Lx — T% relation 
they show a Spearman correlation coefficient higher than the other subclasses of 
GRBs. Thus, it is possible to use these events as a bridge between the properties 
of LGRBs and the ones of SNe Ib/c, giving a new perspective on the forthcoming 
standardization of GRB-SNe Ib/c. It is expected that the next observations of the 
new transients in the optical through the Subaru Telescope?" and KISO Telescope? 
will help to investigate for selection biases and correct the current cosmological 
expectations on the evolution of the universe. Reliable testing of the cosmological 
models requires always new and more distant standardizable candles, and the GRBs 
have proven to be a reliable candidate for this purpose. 
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Since its discovery in 2005, the plateau phase seen in the early x-ray afterglow of a 
significant fraction (10's of %) of GRBs confuse theoreticians. A close look reveals that 
“plateau” bursts nearly never show evidence for LAT emission, neither a strong thermal 
component. Using this a hint, I argue that the plateau is due to the coasting of GRB 
jets in a “wind”-like medius. I provide the theoretical arguments for the evolution of 
the lightcurve, and show how both the X-ray and optical lightcurves are naturally fitted 
within the framework of this model. The end of the plateau thus marks the transition 
between the coasting and the self-similar motion phases. 


Keywords: Gamma rays: bursts; Jets: relativistic; X-rays 


1. Introduction 


Following the launch of the Swift satellite in 2004, it became obvious that the early 
afterglow x-ray lightcurve (minutes - hours) does not follow the previously expected 
self-similar decay seen at much later times. Rather, in about 60% of GRBs, a flat 
“plateau”, lasting for ~ 10?—10° s was observered in their x-ray lightcurve,!’? before 
it turns into the familiar self-similar decay, well modeled by the Blandford-McKee? 
solution. 

Over the years, many attempts were made to explain this surprising result. 
Among the ideas discussed in the literature, are: (i) continuous energy injection 
that slows down the acceleration ^; (ii) A two component jet model"; (iii) A for- 
ward shock emission in inhomogeneous media?; (iv) scattering by dust, or other 
modification of the ambient density by a gamma-ray trigger?:!?; (v) A dominant 


reverse shock emission! 5; (vi) evolving microphysical parameters? 14; (vii) View- 


ing angle effect - jets viewed off-axis® 15-17; (viii) proto-magnetar that releases some 
of its energy at late times!?; and (ix) forward shock emission, before the decelera- 
tion phase.!? These plethora of models indicate the large uncertainty that exists in 
understanding this phenomenon. Furthermore, one thing in common for all these 
models, except for the last one, is that they all require some addition to the sim- 
ple “fireball” model dynamics accompanied by synchrotron emission from shock- 
accelerated electrons. 

The last suggestion, by Shen and Matzner!? requires an explosion into a “wind” 
density profile (namely, p(r) e r~?). It did not gain popularity, as (i) the deduced 
values of the Lorentz factor are lower than the ‘fiducial’ values, r; 2 100; and (ii) the 
claim that this model can only account for a-chromatic afterglow, and can therefore 
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explain only a sub-sample of the GRB population." As we show here, these two 
claims are incorrect. 


2. Measuring GRB Lorentz factor: Is there a contradiction? 


To day, there are three main methods used to estimate the Lorentz factor of the 
expanding GRB jets. The first relies on the opacity argument: in order to avoid 
copious production of pairs that would prevent observations of » MeV emission 
one requires a high Lorentz factor. In particular, GeV emission seen by the LAT 
detector on board Fermi satellite in several bursts, require Il > 100.7! 4 

The second method requires identification of the onset of the self-similar ex- 
pansion phase, which is accompanied by the formation and propagation of a reverse 
shock. For plausible parameters, emission from the reverse shock is expected mainly 
in the optical band, and thus an optical flash is considered as an indication for the 
transition to a self-similar motion. The time of this transition depends on the initial 
Lorentz factor, and is used to deduce its value.?° ?° 

A third method of inferring the initial Lorentz factor is from quantifying the 
properties of the thermal emission (temperature and flux) observed during the 
prompt phase in a significant fraction of bright GRBs.?9 3% Indeed, within the frame- 
work of the classical GRB “fireball” model, a thermal component is unavoidable, as 
deep in the flow it is optically thick. The key is the adiabatic losses of the photons 
until they escape the plasma at the photosphere. If the photospheric radius is not 
much above the coasting radius, the thermal photons do not lose a large fraction of 
their energy, and a thermal component can be identified.? 

In order to examine this issue, we looked at the 2”4 Fermi catalogue.?? Out 
of 186 GRBs in this catalogue, only 3 show evidence for a shallow decay phase in 
the LAT data?9; only one (the hard-short GRB 090510) show any evidence for a 
decaying plateau in the Swift-XRT data. However, for this specific burst, the X-ray 
slope during the early afterglow (0.69*0:02) can only marginally identify it as having 
a plateau. We therefore conclude that for bursts that show high energy emission, 
no evidence for a plateau phase exists. 

We next looked at bursts which show evidence for a strong thermal component, 
and appeared in.3™39 Non of these showed any evidence for an X-ray plateau. 
Finally, we looked at bursts which we were interested in analyzing. These are bursts 
that do show evidence for an x-ray plateau, and for which the redshift is known, 
and optical data is available. Non of these bursts showed any evidence for a thermal 
emission during their prompt phase, or for high energy (> MeV) emission. We thus 
conclude that for bursts which show a plateau in their x-ray lightcurve, there is no 
indication for a high initial Lorentz factor, of D';z 100's. 


3. Dynamics and radiation 


Within the context of the GRB “fireball” model, the expanding plasma jet undergoes 
3 phases ^07? (i) an initial acceleration phase; due to light aberration, this phase 
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is observed to last only a fraction of a second. (ii) A coasting phase, in which the 
Lorentz factor of the flow is approximately constant. For “typical” GRB parameters, 
this phase lasts ~few seconds. (iii) After the expanding plasma collects sufficient 
mass from the ambient medium (ISM), mrs z M.j/T;, (Me; is the initially ejected 
mass), the flow begins its self-similar decay phase, which is well described by the 
Blandford-McKee? self-similar solution. During this phase, the Lorentz factor of 
the flow gradually decays. T'his is the phase responsible for the late time afterglow 
emission. 

Once the flow becomes optically thin, the main radiation mechanism is syn- 
chrotron emission. Here we focus on emission from electrons accelerated to a 
power law distribution by the forward shock that exists in all phases, though we 
particularly focus on the coasting phase (ii) and late afterglow phase (iii). The 
accelerated electrons assume a power law distribution with power law index, p 
(Nei(y)dy x y7”). The resulting spectra is a well-known broken power law, *?: 44 
with 2 characteristic frequencies (omitting discussion on the self-absorption fre- 
quency, which is below the optical band is thus not relevant for the analysed sig- 
nal): the peak frequency, v° c l'B42,, and the cooling frequency, v?" œ I?/(B3r2). 
Here, T is the jet (bulk) Lorentz factor, B is the magnetic field, ye; is the character- 
istic Lorentz factor of the accelerated electrons (the minimum Lorentz factor above 
which a power law distribution exists), and r is the emission radius. The character- 
istic emission frequency of the electrons accelerated by the forward shock is vm, and 
Ve is obtained by equating the radiative cooling time to the dynamical time. A third 
parameter, Ne is the total number of radiating electrons, is needed to determine 
the total observed flux (for bursts with known redshift). 

'The global spectral and temporal shapes depend on whether the cooling fre- 
quency ve is above or below the peak frequency, Vm. When ve < Vm the system is 
in the "fast cooling" regime, where electrons lose nearly all of their energy within 
the dynamical time, and when v, > Vm it is in the “slow cooling”. At a given ob- 
served frequency v, there are therefore 6 possible regions, summarized as follows 
and marked [A] — [F]: 


e “Fast cooling", Ve < Vm: 


y; Sy 3 V «ve « vy {A 
v1 2y-1/2 


w 
i. 
= 
c 


F, = v,peak X Ve « V < Vm 


VP-0PA VT» y < vm <v |C 


e “Slow cooling", Vm < Ve: 


v; /3y1/3 V « vy « ve [D 
f= v,peak X pe-Y)/2),-(p-1)/2 Um «v «ve |E (2) 


WP-DP2 VT p[2 y < ve <v |F 


We adopt the standard assumption that the energy dissipated by the forward 
shock is used both in generating the magnetic field and in accelerating the electrons. 
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'This assumption implies that the electrons characteristic Lorentz factor is linearly 
proportional to the bulk Lorentz factor, ye; X e«I', and similarly the energy density 
in the magnetic field, B?/8x = epu, where u is the energy density of the material 
behind the shock and eg « 1 is the fraction of post-shock thermal energy used in 
generating the magnetic field. This gives B œ ei? gV?p, 

In the literature, two scenarios are in frequent use in describing the ambient den- 
sity profile. The first is a constant density interstellar medium (ISM). This scenario 
was thoroughly considered in the literature. It is easy to show that in this scenario, 
during the coasting phase, the flux continuously increases in all 6 regimes [A]-[F], 
as the expanding flow continuously accumulates particles from the ISM which are 
accelerated by the forward shock and radiate. 

A second scenario (also in wide use) is that in which the GRB explosion occurs 
into a pre-ejected stellar wind with constant mass ejection rate and constant wind 
velocity. These imoly that the density drops as p(r) x r~?. As we show below, under 
certain conditions, during the coasting phase the obtained lightcurve is ~flat. We 
therefore focus here and below on this scenario. 

Using the scaling relations derived above, it is straightforward to show that 
during the coasting phase where T = cosnt, Vm x t^! (following the decrease in the 
density with radius, which leads to a decrease in the magnetic field), and ve « t 
from a similar reason. During the decaying self-similar expansion, T(r) x r-!/?, and 
a similar argument gives Vm x t?/? and v, œ t!/?. We thus find that both during 
the coasting and during the self-similar phases in a “wind” scenario, Vm decreases 
with observed time, while ve increases. These behaviours are demonstrated (along 
side the 6 regions, [A] — [F]) in Figures 1 and 2. 

The most relevant regions are regions [E] and [F]. Using the scaling relations of 
Vm, Ve and Ne « r, one obtains the scaling relations for these regions: 


Table 1. Scaling relations of regions [E] and [F]. 


Region Coasting phase Self-similar decay phase 


F (ve < v) F, e t(2-P)/2)-P/2 m 49 F, œ t(2-3p)/4y,-P/2 n 4-1 
E (v < ve) Fyo«t4-9/2y-(0-1/2 0 4-95 — E, x t3p)/4y=(p-1)/2 ~ 471.25 


Note: * Sample table footnote. 


These results can now be confronted with the data. In region [F], which is always 
the earlier due to the rise of ve, one finds that at early times, the expected lightcurve 
is flat (if the power law index of the accelerated electrons is p — 2), which later 
decays as F,(t) x t^. This is indeed what is observed in many GRBs that show 
a plateau. This model therefore provides an excellent explanation to the observed 
plateau phase. We note that as the optical band transient from region [F] to region 
[E] earlier than the x-ray band (see Figures on p. 3145), the optical lightcurve may 
very well decay during the X-ray plateau. 
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Characteristic frequencies: wind, Constant T, fiducial parameters 
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Fig. 1. Evolution of the characteristic synchrotron frequencies, vm and ve, calculated here for 
typical GRB parameters, during the coasting phase (T; = const) for an explosion into a “wind” 
density environment, p(r) x r-?. Marked are regions [A] — [F]. It is clear from the figure, that a 
given observed frequency change its regime in only one of two orders: Either [B] > [A] ^ [D] > [E] 
or [B] > [C] ^ [F] > [E]. 


Characteristic frequencies: wind, fiducial parameters 
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Fig. 2. Same as Figure 1, for evolution during the self-similar (decaying) expansion phase that 
follows the coasting phase. 
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4. Extracting information on the physical parameters 


The excellent agreement between the theory and the data, calls for a simple inter- 
pretation according to which the transition from the plateau to the decay lightcurve 
marks the transition from the coasting to the self-similar expansion phases. For an 
explosion into a “Wind” environment, this transition time is related to the outflow 
parameters via 


9E 


tiran = (1 + “a Aart (3) 


where A is the proportionality constant of the wind density (p(r) = Ar~?), T; is 
the initial (coasting) Lorentz factor, E is the isotropic-equivalent energy and z is 
the redshift. Thus, for bursts with known redshift, the transition time provides a 
direct information on the value of AT‘. 

Furthermore, when the lightcurve is flat, the flow is in region [F], and the para- 
metric dependence of the x-ray flux is vF, (x) « EAT edz ^, where dy is the lumi- 
nosity distance. Thus, for bursts with known redshift (hence energy), the transition 
time combined with the x-ray flux provides a direct measurement on the fraction 
of energy given to the accelerated electrons, €e. 

A decaying optical flux accompanying the flat x-ray plateau implies that the 
optical frequency must be in region Pr In this case, the flux at the optical (say, 
R)-band is vF,(R) = Feat vH”. For power law index p = 2, this gives a 
parametric dependence connecting A7/ apap ^. This implies that for a given density 
(a value of A), there is a single corresponding value of the magnetization eg (as well 
as of the coasting Lorentz factor, L';). This can be used in the opposite direction: 
an additional knowledge of ep, such as equipartition, or some fraction of it, can be 
used to determine the ambient density and the Lorentz factor. 

In a recent paper [Dereli-Begue et. al., submitted] we used this method to extract 
information about the physical parameters of GRB outflow, as well as their initial 
Lorentz factor. A very interesting result, is that for the sample of GRBs with x- 
ray plateau, the initial Lorentz factor is typically in the range 20 < T; < 200, 
smaller than the values inferred by other methods. As explained above, there is no 
contradiction, and the results obtained in fact extend the known range of Lorentz 
factors in GRB outflows. 
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In this conference proceeding we summarise our investigation of a correlation discovered 
between the afterglow luminosity (measured at restframe 200 s; log Looos) and average 
afterglow decay rate (measured from restframe 200 s onwards; a>200s) of long duration 
Gamma-ray Burst (GRB) afterglows, found in both the optical/UV and X-ray after- 
glows. We examine the correlation in the X-ray light curves and find that it does not 
depend on the presence of specific features in the X-ray light curve. We test how the 
optical and X-ray parameters log Lo,200s, log Lx,200s, &/0,»200s, &X,>200s relate to each 
other and to parameters from the prompt emission phase. Using a Monte Carlo simu- 
lation, we explore whether these relationships are consistent with predictions of a basic 
standard afterglow model. We conclude that most of the correlations we observe are 
consistent with a common underlying physical mechanism producing GRBs and their 
afterglows regardless of their detailed temporal behaviour, but this basic model has dif- 
ficulty explaining correlations involving a+200s. We therefore briefly discuss alternative 
more complex afterglow models. 


Keywords: Gamma-ray bursts; correlations 


1. Introduction 


Gamma-ray bursts (GRBs) are intense flashes of gamma-rays that are usually ac- 
companied by an afterglow, longer lived emission that may be detected at X-ray 
to radio wavelengths. Studies of single GRBs provide exceptional detail on the be- 
haviour and physical properties of individual events. However, statistical investiga- 
tions of large samples of GRBs aim to find common characteristics and correlations 
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that link individual events and therefore provide insight into the mechanisms com- 
mon to GRBs. Statistical investigations performed so far have found a number of 
trends and correlations within and linking the prompt gamma-ray emission and the 
afterglow emission e.g., Ref. 1-10. 

In this conference proceeding, we focus on the discovery of a correlation, found in 
a sample of optical/UV afterglow light curves,!! between the logarithmic brightness 
(log Lo,200s; measured at restframe 200 s and at a restframe wavelength 1600 À), 
and their average decay rate (052005; measured from restframe 200 s onwards with a 
single power-law). This correlation has also been found at X-ray wavelengths.!? To 
gain insight into the origin of the luminosity-decay correlation, we investigated the 
X-ray sample and how it relates to other GRB properties.!?:!? Ref. 12 discovered 
the log Lagos — &>200s in the X-ray afterglows observed by the Swift X-ray Telescope 
(XRT?4^). Ref. 13 compared the parameters of the optical/UV log Laoos — 0/2005 
correlation with the equivalent values from the X-ray and also explored their rela- 
tionship to properties of the prompt emission, namely the isotropic energy Eiso and 
the peak energy Epeak. In the following, we will provide a summary of these papers. 


2. Sample Selection 


The X-ray light curves were retrieved from the University of Leicester Swift-XRT 
Team GRB repository.!^!6 Ref. 12 selected X-ray afterglows of Swift/BAT de- 
tected GRBs, that were observed between December 2004 and March 2014, that 
had measured redshifts, had at least 3 light curve bins and started within a factor 
of restframe 200 s, t200os. The final sample includes 246 GRBs; 237 long and 9 short. 
'The count rate light curves were converted to flux density at 1 keV using the spec- 
tral index from the automated fits to the photon counting mode data, and then to 
intrinsic luminosity. All light curve fitting is performed in the count rate domain. 

The Ref. 13 sample, used to compare the properties of the X-ray, optical after- 
glows together with their prompt emission parameters, consists of 48 long GRBs 
that overlap the Ref. 11 and Ref. 12 samples. The optical/UV luminosity light 
curves were produced at a common wavelength of 1600 À.!! 

To measure luminosity at 200 s, log Logs, for the optical/UV light curves we 
interpolated between 100 and 2000 s and for the X-ray we measured the luminosity 
at 200 s from the best-fit light curve model.!” To obtain the average decay rate 
0.3005, à Single power-law was fit to each optical/UV and X-ray light curve from 
200 s onwards. 

For some X-ray afterglows, an initial steep decay, associated with the tail of the 
prompt emission,!® can contaminate the initial part of the X-ray light curve. Of the 
246 X-ray light curves, the steep decay segment is found to contaminate 23 X-ray 
light curves at restframe 200 s. We identify a light curve segment to have a prompt 
origin if there is a steep to shallow transition with Aa > 1.0. In these situations 
the average decay index is measured with a simple power-law fit to data beyond 
restframe 200 s and after the steep to shallow transition. In order to get a better 
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estimate of the afterglow luminosity at restframe 200 s, we extrapolate back to 
restframe 200 s the first segment of the best-fit light curve that is not contaminated 
by the prompt emission (see also Ref. 12). 

To compare the afterglow properties with the prompt emission properties we 
determined the isotropic energy Eiso and restframe peak energy, Epeak from the y- 
ray emission, following Ref. 17. Of the 48 GRBs that overlap the optical and X-ray 
samples,!!:!? we determined Epeak for 44 GRBs and Eiso for 47 GRBs. 

We determine the strength of the correlation using the IDL tool r_correlate, 
which measures the Spearman rank coefficient (Rsp), and its corresponding null 
hypothesis probability (p). We also use the partial Spearman rank correlation to 
test the dependence of each correlation on redshift. 

We perform a linear regression analysis using the IDL routines fitery and sialin: 
fitezy is used when both parameters have errors, sizlin is used when we do not 
know the errors on one or both parameters. Since there are only a handful of GRBs 
with errors on the Eiso and Epeak parameters, we choose to discard errors in both 
parameters and use sizlin when determining the strength and significance of each 
correlation with one of these parameters involved. 


3. Results 
3.1. log Lx,200s — @x,>200s correlation 


Within the sample of 246 X-ray afterglow light curves we see evidence for a corre- 
lation between log Lx 200s and ax,s200s, similar to that in the optical/UV.!! The 
X-ray afterglow sample consists of long and short GRBs and the light curves are 
often more complex than the optical/UV, consisting of features such as plateaus 
and flares that may add scatter or influence the correlation. We test these effects by 
dividing the sample by specific characteristics and reproducing the same analyses. 
We report all of these tests and the final correlation in Table 1 and Fig. 1. 

The first test is to determine if the log Lx 200s — &x,»200s correlation is observed 
for both short and long GRBs. Separating GRBs in to long and short classes, we 
find that long GRBs are significantly correlated, but no significant correlation is 
found for the short GRBs. This suggests that their is some intrinsic difference in 
the afterglow properties of short and long GRBs, be it their environment or jet 
dynamics. For all further tests of the log Lx 200s — &x,>200s correlation, we exclude 
short GRBs. 

X-ray flares have been shown to have an internal rather than external shock ori- 
gin and may be a potential source of contamination in measuring the log Lx 200s and 
Qx,»200. parameters. We first separate those afterglows with X-ray flares (without 
removing flaring intervals) and those without flares, and find that the two samples 
show very similar correlation strengths and slopes, but with slightly more scatter 
in the sample with flares. We do not exclude GRBs with flares, instead we exclude 
the flaring intervals from the light curves and refit them to obtain log Lx,200s and 
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OX.avg,»200s. Re-running the Spearman rank test, on the entire sample we find a 
tighter correlation. Henceforth, we therefore, continue our investigation using the 
flare-removed average decay fits. 

The average decay rate may also be influenced by the plateau phase observed 
in some X-ray afterglows (e.g Ref. 17). For example, a light curve with an ex- 
tremely long plateau (e.g. GRB 060729; Ref. 19) may have a shallower average 
decay, whereas GRBs without plateaus would be steeper. In addition Refs. 20, 21 
have shown that there is a relationship between the time and flux of the end of 
the X-ray plateau, which could be another manifestation of the log Looos — 0200s 
correlation. We thus divide the X-ray sample in to those with and without plateaus 
and to determine if the correlation is still present in both sub-samples. The results 
in Table 1 indicate that the luminosity-average decay correlation is present and sim- 
ilarly significant in both sub-samples. This suggests that the plateau feature is not 
responsible for producing the correlation and is not solely responsible for regulating 
the average afterglow decay. 


Table 1. Linear regression and correlation statistics for each test of the X-ray light curve sample. 
'The partial Spearman rank coefficient tests the dependence of the given set of parameters on 
redshift. For the regular or partial Spearman rank coefficient, the corresponding null hypothesis 
is given to its right. This table is adapted from Table 2 in Ref. 12. 


Sample Parameters Spearman Null Partial Null Best fit linear regression | Number 
x-axis y-axis Rank Hypothesis Spearman Hypothesis Slope Constant in 

Rank Sample 
Short log Lx,200s — @X,>200s -0.07 > 0.10 0.11 > 0.10 0.167010 — —3.40*1LIS 9 
Long logLx,2005  &x,»200s 0.59 «1079 0.59 «10-9  0237'004 ——6.99'175 237 
Flares log Lx,200s 0 x,»200s 0.58 « 10-9 0.56 « 10-9 0.300007 — —T91*152 134 
No Flares log Lx,200s @X,>200s 0.59 « 10-9 0.64 «10.9  028'000  -—727*12 103 
Plateau log Lx,200s  &x,»200s 0.58 « 10-9 0.55 « 10-9 0.2670, — —6.81*1 4 156 
No Plateau log Lx 200s @X,>200s 0.57 « 10-9 0.61 « 10-9 0.20000 — —6.82*1 00 81 
Final log Lx,200s — &xX,>200s 0.59 « 10-68 0.59 « 10-9 0.277004 | —6.00 15 237 


3.2. Prompt emission and afterglow parameter comparison 


We now compare the parameters of the optical/UV and X-ray log Loos — 0200s 
correlations using the 48 GRBs that overlap both samples. The results are given in 
Table 2. Using the same GRBs for the optical and X-ray log Lagos — &>200s correla- 
tion we find the slopes of the linear regressions are consistent at 1c. When swapping 
the X-ray and optical/UV luminosity and decay parameters, i.e log Lo 200s versus 
ax,>200s and log Lx,200s versus Ao,>200s we find similar strength relationships. 
Strong correlations are also observed when correlating log Lo,200s vs log Lx,200s 
and &o>200s VS €x, 200s- 

In Table 2 we also provide the results of the comparison of the parameters of 
the optical/UV and X-ray luminosity-decay correlations with the prompt emission 
parameters: log Eiso and Epeak- Comparison of the optical/UV and X-ray luminosity 
with log Eiso indicates strong correlations and the slope of the linear regressions are 
consistent to within lc. We also provide the results of the comparison of log Eiso 
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Final: ot = (0.275505) x log L-(6.99*115)  R,-0.59. p<<107 


X,avg,>200s 


a 


1 0^ 1 0? 1 0“ 1 07 1 0“ 1 0? 1 g” 1 o? 1 1 0? 
L (erg s!Hz)) 


X,200s 


Fig. 1. Final average decay - luminosity correlation using the sample that includes flare correction 
and those only of long duration, with corrections and sub-sample optimisation described in $83. 
The solid line indicates the best fit regression, and the dashed lines indicates the 20 deviation. 
This figure is reproduced from Fig. 9 of Ref. 12. 


Table 2. For each pair of parameters examined, this table contains: the Spearman rank correlation 
coefficient with its associated null hypothesis; the coefficient of the partial Spearman rank with its 
associated null hypothesis; the slope and constant values provided by the best fit linear regression. 
We also provide the lo error of the Spearman rank coefficient. Table is a reproduction of Table 2 
from Ref. 13. 


Parameters Spearman Rank Null Partial Null —Best fit linear regression— 
x-axis y-axis Coefficient Hypothesis Spearman Rank Hypothesis Slope Constant 

og Lo.200s log LX 200s 0.81 (0.05) 5.26 x 10-12 0.70 2.85 x 10- 0.91 + 0.22 1.04 X 6.94 
Q0,>200s Qx,>200s 0.77 (0.07) 1.10 x 10-19 0.75 1.27 x10-? 0.97 X 0.10 0.25 + 0.09 
og Lo,200s  00,»200s 0.58 (0.11) 1.90 x 10-5 0.50 2.85x10-4  0.281:0.00 | —7.724 1.31 
og Lx,200s  QX,»200s 0.69 (0.09) 8.03 x 1078 0.63 1.58 x 1076 0.26+0.05  —6.71- 1.39 
og Lo,200s  OX,»200s 0.60 (0.12) 6.87 x 1076 0.52 1.53 x 1074 0.29+0.03 —8.13 + 1.08 
og Lx,200s ^ 90,»200& 0.65 (0.10) 5.58 x 1077 0.60 7.58 x 1076 0.32+0.06 —8.70 + 1.68 
og Eiso Q0, >200s 0.54 (0.12) 9.05 x 1075 0.44 1.96 x 1078 0.2140.05 — —10.22 + 2.57 
og Eiso XX, 2008 0.57 (0.11) 3.12 x 10-5 0.47 8.70x10-^ 0.210.004 -960+2.16 
og Eiso log Lo,200s 0.76 (0.06) 4.51 x 10-10 0.66 4.59x 10-7 1.09+0.13 —25.27 + 6.92 
og Eiso log Lx 200s 0.83 (0.05) 5.04 x 10-13 0.76 4.78x10-19  110-0.5 — —27.81- 7.89 
og Epeak 20,>200s 0.45 (0.13) 2.05 x 10-3 0.38 1.20x 10-2 048-017 —0.22 + 0.41 
og Epeak OX, »200s 0.48 (0.13) 9.22 x 1074 0.40 7.52x10-? 0.48 +0.15 0.03 + 0.36 
og Epeak log LOx200s 0.66 (0.11) 1.16 x 1076 0.58 3.51 x 1075 29740.76 24.53 + 1.95 
og Epeak log Lx.200s 0.75 (0.10) 4.74 x 10-9 0.70 138x10-7 2974067 22.50+1.73 


with œo,>200s and ax,s200s- The Spearman rank coefficients are smaller than those 
found between luminosity and log Eiso, but do still indicate a correlation. Within 
lo the slopes of the linear regression for both the optical/UV and X-ray 0200s 
versus log Eiso are consistent with each other. Similar results can are also found for 
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the four optical/UV and X-ray parameters versus Epeak, see Table 2. However, the 
relationships involving Epeak are weaker in comparison to the relationships observed 
with log Eiso; consistent with that found by Ref. 6. 


4. Discussion 


The log Lagos — &>200s correlation, observed in the optical/UV and X-ray light 
curves, suggests that the brightest afterglows decay more quickly than the fainter 
afterglows. This points towards a common underlying mechanism producing the 
afterglow emission in the X-ray and optical/UV afterglows. We can therefore gen- 
erally exclude models that invoke different emission mechanisms that would result 
in the log Lagos — &>200s correlation being observed in only one frequency band. 

Pre-Swift observations of late time X-ray afterglows also seemed to suggest the 
brightest X-ray afterglows decay more quickly than fainter afterglows,???^ but a 
larger sample including some of the first Swift X-ray light curves?? was not able to 
support previous claims (see also Ref. 12). In this analysis, the correlation between 
luminosity and temporal behaviour is investigated at a much earlier time, when 
there is greater spread in the luminosity distribution, and the average decay index 
is determined using almost the entire observed afterglow. 

We also have shown that the X-ray and optical/UV log Loos are correlated with 
log Eiso and Epeak- This is consistent with previous studies (e.g. Refs. 23, 26-28), 
in particular Refs. 6 and 29, who performed a similar study using early X-ray 
luminosity, 5— 10 minutes after trigger. We have also shown that the optical/UV and 
X-ray Qs200s are correlated with log Eiso and Epeak. Altogether, these correlations 
indicate that the GRBs with the brightest, fastest, decaying afterglows also have 
the largest observed prompt emission energies and typically larger peak spectral 
energy. 

We now investigate if these observations are consistent with the predictions 
of a basic standard afterglow model; an isotropic outflow with no reverse shock 
or energy injection. The standard afterglow model predicts different relationships 
between L, a and other parameters depending on the location and ordering of the 
synchrotron spectral frequencies relative to the observing bands. Therefore to obtain 
the expected relationships between various parameters for a sample of GRBs we 
performed a Monte Carlo simulation. Using 10^ trials, we simulated the optical/UV 
(at 1600 À) and X-ray (at 1 keV) flux densities for 48 GRBs using equation 8 of 
Ref. 30 and equations 4, 5 and 6 given in Ref. 31 for Fy maz, Vm and ve. In this 
simulation we assume that all GRBs are produced in a constant density medium. 
To compute Fy max, Vm and v, we needed to determine values for the microphysical 
parameters. These were selected at random from log-normal distributions which 
had 30 intervals ranging between: 0.01-0.3 for the fraction of energy given to the 
electrons, €e; 5 x 1074 — 0.5 for the fraction of energy given to the magnetic field, €p, 
and 107? — 10?cm ? for the density of the external medium. For the electron energy 
index p, we centred the distribution at 2.4, as determined by Ref. 32, however, we set 
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the lo width to be 0.2 rather than 0.59. Since the closure relations fail for p values 
« 2, we re-selected p when p « 2 was selected. The value of p along with the 
position of Ve relative to the observed band and redshift (selected from a uniform 
distribution with the range 0.5 - 4.5, a similar range as the observed sample) dictate 
the values of a, 6 and the k-correction (as given in Ref. 33). 

For the 48 GRBs in each trial, we selected a prompt emission energy from a 
log-normal distribution with a 3e range 10?! — 10°4 erg; a range similar to that of 
the GRBs in this sample. We picked a random value between 1096 and 9996 for the 
efficiency, which we used to convert the prompt emission energy into kinetic en- 
ergy. Once all the microphysical parameters, redshift and kinetic energy had been 
selected, we were then able to determine the position of v, and thus knew where it 
was in relation to vo and vx. With this information, we then calculated the value 
of the optical/UV and X-ray fluxes and converted these to luminosity. As a byprod- 
uct of calculating the optical/UV and X-ray luminosities, we also have simulated 
distributions for Eiso and o. Therefore we also produce predictions for comparisons 
that involve these parameters. For the parameters of 48 GRBs in each trial, we 
performed linear regression using the IDL routine sizlin, and we also calculated the 
Spearman rank coefficient. The results of the simulation can be found in Table 3. 


Table 3. The Spearman rank coefficient and linear regression parameters as predicted by the 
synchrotron model for a sample of 48 GRBs. These values were computed with a Monte Carlo 
simulation with 10^ trials. Table is a reproduction of Table 1 from Ref. 13. 


Parameters Simulated Spearman  —Best fit linear regression for simulation— 
x-axis y-axis Rank Coefficient Slope Constant 

log Lo,200s log Lx,200s 0.92 + 0.0 0.82 + 0.0 3.76 + 1.25 

QO, >200s QX, >200s 0.74 + 0.0 1.10 + 0.1 0.04 + 0.17 

log Lo,200s — 40,»200s 0.30 + 0.14 0.04 + 0.02 —0.31 + 0.65 

log Lx,200s  @X,>200s 0.20 + 0.14 0.04 + 0.03 0.10 + 0.78 

log Eiso 00,» 200s 0.06 + 0.15 0.03 + 0.06 —0.32 + 2.91 

log Eiso OX,»200s 0.09 + 0.15 0.04 + 0.06 —0.76 + 3.13 

log Eiso log Lo,200s 0.51 X 0.11 4.43 + 1.03 —200.76 + 54.10 

log Eiso log Lx, 200s 0.54 + 0.11 3.28 + 0.71 — 142.22 + 37.33 


In the basic standard afterglow model, the optical/UV and X-ray emission is 
produced by the same mechanism in an isotropic outflow, we would therefore expect 
to see relationships between log Lo 2005 & log Lx 2994 and Ao,s200s versus &x,>200s- 
Our observed relationships between these parameters can therefore be explained 
easily by the standard afterglow model and are fully consistent with the simulations. 
A relationship between log Eiso and log Lago. is also expected in the standard 
afterglow model, but the comparison of our observed relationship to the simulations 
suggests that the observed linear regression slope is less steep than predicted by the 
simulation. Furthermore, the relationships we observe, between log Lao9s and a@s.200s, 
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and log Eiso and &œ>200s, are not expected in the standard afterglow model and are 
not predicted by the simulations. 

Since the standard afterglow does not succeed in fully predicting all of our 
observed correlations, it is likely that a more complex outflow model is required. 
'This conclusion is similar to that drawn during the separate investigation of the 
optical/UV log L200s — &>200s decay correlation. 1! 


4.1. Alternative Models 


'There are three main possibilities that could make the outflow complex enough to 
be able to reproduce the observed correlations. The first is that perhaps there is 
some mechanism or parameter that controls the amount of energy given to and 
distributed during the prompt and afterglow phases and that also regulates the 
afterglow decay rate. This should occur in such a way that for events with the 
largest gamma-ray isotropic energy, the energy given to the afterglow is released 
quickly, resulting in an initially bright afterglow which decays rapidly. Conversely, 
if the gamma-ray isotropic energy is smaller, then the afterglow energy is released 
slowly over a longer period, the afterglow will be less bright initially and decay at 
a slower rate. 

The second possibility is that the correlations could be a geometric effect, per- 
haps the result of the observer's viewing angle. Jets viewed away from the jet-axis 
may have fainter afterglows that decay less quickly in comparison to afterglows 


„7 0=3/2B-0.5 (ISM/Wind, v >v ) 


E 


+" a-3Dp (ISM, v «v ) 


x,avg,>200s 


Fig. 2. The average temporal decay (ax,5200s) and average spectral energy index (fx) are com- 
pared with log Lx,200s (colour scale), demonstrating consistency and trends with the closure re- 
lations (dashed lines). The high luminosity (redder) points are roughly consistent with wind-like 
environments. This figure is reproduced from Fig. 15 of Ref. 12. 


3158 


viewed closer to the centre of the jet (see Fig 3. of Ref. 4). Similarly, this will also 
affect the observed prompt emission, with jets viewed off-axis appearing to have 
lower isotropic energy and lower peak spectral energy.?* 

The third possibility could be related to the circumburst environment. The clo- 
sure relations relate o and the spectral index 8 through different relationships de- 
pending on the ordering of the synchrotron spectral parameters and the density 
profile or the external medium. If the correlation is affected by the circumburst 
environment, we expect to see GRBs with the highest luminosities favouring a 
particular environment. No apparent correlation is observed in the optical/UV. 
However in the X-ray (see Figure 2), the highest luminosity GRBs tend toward the 
lines demarcating the r7? 
prohibits us from making a strong statement on the role of circumburst environ- 
ment, but it may be another possible contribution in that the initially brightest 
GRB afterglows may be more likely to live in wind-like environments (see also Ref. 
35). 


wind environment. The ambiguity in the v, > Ve cases 


5. Conclusions 


'This proceeding has summarised the work presented in Refs. 12 and 13. We have 
shown that the correlation between luminosity (measured at restframe 200 s; 
log Laoos) and average decay rate (measured from 200 s; @s200s) is observed in 
the X-ray light curve sample as well as the optical/UV.!! When we rerun the cor- 
relations with the GRBs that overlap the optical/UV and X-ray samples we find 
the luminosity-decay correlations are consistent. This suggests a single underlying 
mechanism producing the correlations in both bands and it is not dependent on 
their detailed temporal behaviour. We also show significant correlations between 
the logarithmic optical/UV and X-ray luminosity (log Lo,200s, log Lx,200s) and 
the optical/UV and X-ray decay indices (@o,s200s and ax,s200s) and all four of 
these parameters are found to be correlated with the prompt emission parameters: 
isotropic energy (Eiso) and restframe peak spectral energy (Epeak). Together these 
correlations imply that the GRBs with the brightest afterglows in the X-ray and 
optical/UV bands, decay the fastest and they also have the largest observed prompt 
emission energies and typically larger peak spectral energy. This suggests that what 
happens during the prompt phase has direct implications on the afterglow. 

We used a Monte Carlo simulation to examine whether the standard afterglow 
model is able to explain the observed correlations. Overall, observed correlations 
between the luminosities in both the X-ray and optical/UV bands and between 
the luminosities and the isotropic energy are consistent with the predictions of the 
simulation. However, observed relationships involving the average decay indices with 
either luminosity at 200 s or the isotropic y-ray energy are not consistent with the 
simulation. We therefore suggest that a more complex afterglow or outflow model 
is required to produce all the observed correlations. This may be due to either a 
viewing angle effect or by some mechanism or physical property controlling the 
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energy release within the outflow. The environment in which the GRB exploded 
may also contribute to the observed correlation. 
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AT2017gfo is the first kilonova (KN) that could be extensively monitored in time both 
photometrically and spectroscopically. Moreover, it is the first optical counterpart of a 
gravitational wave source and it is associated with the short gamma-ray burst GRB 
170817A. Here I present our search for the fingerprints of AT2017gfo-like kilonova emis- 
sions in the optical/NIR light curves of 39 short GRBs with known redshift. Afterwards, 
I show how, for the first time, our results allow us to study separately the range of lumi- 
nosity of the blue and red components of AT2017gfo-like kilonovae in short GRBs. With 
these results at hand, I show up to which redshift a KN can be followed up by some of 
the current and future observatories. 


Keywords: Kilonovae; Gamma-ray bursts; Neutron stars 


1. Introduction 


For a long time only indirect evidence associated short Gamma-ray bursts (GRBs) to 
the merging of compact objects, but the simultaneous detection of the gravitational 
wave (GW) source GW170817! by aLIGO/AdVirgo?? and the short Gamma-ray 
burst GRB 170817A* has provided the first direct evidence that at least a fraction 
of short GRBs is associated with the merging of two neutron stars (NSs). At the 
same time, the discovery of AT2017gfo, the optical counterpart of GW170817," al- 
lowed us, for the first time, to follow-up spectroscopically the elusive astrophysical 
phenomena known as ^kilonova",*? i.e. a thermal emission powered by the ra- 
dioactive decay of elements formed via r-process nucleosynthesis in the ejecta of the 
NS-NS merger e.g.,!°!!. In particular, the observations are consistent with a kilo- 
nova characterised by a blue, rapidly decaying, component and a red, more slowly 
evolving one. Therefore, one can distinguish between the blue and red components, 
depending on whether the rest-frame effective wavelength is brighter in the optical 
or in the NIR, respectively. 

In the following, we aim to further investigate the possible range of kilonova lu- 
minosity and identify possible new kilonova candidates, comparing the optical/NIR 
light curves of all short GRBs (sGRBs) with known redshift up to June 2019 with 
those of AT2017gfo. 
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2. Kilonovae known to date 


Although AT2017gfo is the most outstanding and clear demonstration of the exis- 
tence of kilonovae, the majority of the known kilonovae are associated to sGRBs, 
although often the association is not very strong. Among those, the most clear evi- 
dence was found in the optical counterparts of 6 sGRBs: 050709A,!? 060614A,!* 14 
080503,19:16 130603B,!7:15 150101B,!? 160821B,2° 2° and 070809.74 In addition to 
those, there are the magnetar-powered kilonovae identified by Gao et al.!6 (GRBs 
050724, 070714B). Unfortunately, in the case of GRB 080503 the redshift could not 
be measured either via spectroscopy of the afterglow or of the host galaxy; in the 
case of GRB 070809 the redshift is not well defined. Recently, a new KN candidate 
has been found associated to GRB 2002224, although this claim is not secure.?*: 26 
Therefore, we define a golden sample that includes all 7 GRBs with kilonova candi- 
dates claimed in the literature that have accurate redshift. 

Note that the evidence of kilonova in GRBs 050724 070714B has been found by 
modelling the X-rays and optical light curves with magnetar-powered KN model. 
These magnetar KN (MKN) are expected to be more luminous, have longer duration 
but also bluer than the the classical KN. It should also be noted that in all these 
possible kilonova identifications (but GRB 150101B), the emission was preceded by 
a bright GRB afterglow indicating an on-axis configuration, thus suggesting that 
the kilonova emission may exceed the afterglow luminosity even for on-axis GRBs. 


3. Optical/NIR light curves of AT2017gfo and of short GRB 
afterglows 


The sample of short GRBs consists of 39 objects within the redshift range 0.1 < 
z < 2.2.27 As described in,?” to have a coverage from UV to NIR bands between 
~1.5 and ~10.5 days after the GW trigger we built 3 early SEDs using photometric 
observations from the literature^?5 ?4 and ten spectra of AT2017gfo??:?? Data have 
been corrected for foreground Galactic extinction. In order to compare AT2017gfo 
with sGRB optical counterparts, we first built a set of rest-frame light curves of 
AT2017gfo for all the filters in which there are sGRB observations. Afterwards, we 
compared, in each filter, the optical and NIR luminosities of AT2017gfo with those of 
the sGRB counterparts in our selected sample.?’ We have distinguished between the 
blue and red components, depending on whether the rest-frame effective wavelength 
is below or above 9000 A, respectively. 


4. Possible new kilonova candidates 


A kilonova is expected to show a shallow evolution close to its maximum brightness. 
Therefore, it can be distinguished from the standard afterglow behaviour, which 
has a constant power-law decay according to the standard fireball model.?? In this 
context we considered a decay to be anomalously shallow when its decaying index 
is œ < 0.75; see also.2” The blue component of GRB 090515 has a shallow decay 
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in the first 24 hours and is just ~ 2 times fainter than AT2017gfo at the same 
time. This is also true in the case of GRB 080905A, and thus may be compatible 
with a kilonova with a luminosity similar to the blue counterpart of GRB 090515. 
However, the error of the decay index is too large (a = 0.4 + 1.3) and thus we 
do not consider this s@RB. We also identify possible shallow decay in the cases of 
150423A and 1504244 which however can be interpreted otherwise. In particular, 
the shallow decay of GRB 1504234 is too early to be compared with AT2017gfo. A 
more detailed analysis, which consists in modelling together the optical and X-ray 
light curves, is needed to further investigate the presence of kilonova emission in all 


cases. 


5. Constraints to the kilonovae luminosity 


Considering the blue component spectral band, we observe a wide range in lumi- 
nosity. In particular, we can exclude the presence of an AT2017gfo-like kilonova in 
two cases (GRBs 050509B and 061201). Few cases with an anomalous shallow de- 
cay, namely GRBs 050724, 060614, 070714B, and 1504244, are more than 10 times 
brighter than AT2017gfo. Note that in the case of GRBs 1504234 and 1504244 the 
optical and X-ray light curves are very similar to those of GRB 050724 and GRB 
060614, which optical re-brightening is interpreted as magnetar-powered kilonova 
emission by.!Ó In this case, the additional source of energy would explain why they 
are all much brighter than AT2017gfo. 

On the contrary, all the kilonovae detected in the NIR (GRBs 050709, 130603B, 
160821B), are no more than 3 times brighter or fainter than AT2017gfo after 2 days. 
Intriguingly, there are no NIR upper limits below AT2017gfo luminosity after ~ 50 
hours. In other words, in all cases when observations comparable to AT2017gfo NIR 
emission exist the kilonova counterpart has been detected. This suggests that all 
red kilonovae detected so far have similar luminosity, although we are aware that 
the numbers are not high enough for meaningful statistics. 


6. Future perspectives 


In Figure 1 I show how the peak luminosity of the blue KN changes with redshift, 
assuming the luminosity constraints found by?’ and summarized above. It shows 
that the search and follow-up of the electromagnetic (EM) counterparts will be 
possible during O4 and O5, like what has been done in the case GW 170817, provided 
hat the whole sky-map can be covered down to r~ 21 mag. Facilities like, VST, will 
be advantaged, but should concentrate on the smaller skymaps of tens of sq. degrees, 
or the regions of higher probability, to maximize the return and their gain in depth. 

The Binary neutron star horizon expected for the 3rd generation of GW inter- 
ferometers will extend above z—1, with the bulk of events concentrated at z « 0.5. 
Although the increment in distance translates in a huge increment in the number 
of GW events, including BNS and their EM counterparts, the localization will not 
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Fig. l. Peak brightness of AT2017gfo in the r-band at different redshifts, within the constraints we 


derived for an AT2017gfo-like KN from the golden sample. The vertical line is the aLIGO/AVirgo 
detection limits for a BNS event during O4, O5 and ET. The last one is limited at zz 0.5 at which 
ET will be able to detect most of the GW signals from merging BNS. The horizontal lines are 


different detection limits for different class of telescopes with an exposure time of 10 min. 


Fig. 2. 


'The same as shown in Figure 1 but in the H-band. 
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improve much in respect to the present situation during LVK runs: 5096 of all events 
will have localized with error of more than 1000 sq degrees, and only below redshift 
0.2 at least 5096 of events will be localized below 100 sq degrees. In this situation, 
what are the chances to find, follow-up and characterize the EM counterparts? 

A shown in Figure 1, below redshift 0.2 the search of the EM counterpart can still 
be succesful thanks to the most advanced surveys if they capabilities and strategy 
will be adjusted to reach r 21 mags and beyond, perhaps sacrificing sky covergae 
to optimize depths, when this is possible. In particular, the VST telescope, or even 
better the Vera Rubin telescope, will be able to localize most events, or at list 
the brightest events. The search becomes difficult at higher redshifts, with only 
Vera Rubin able to successfully find the brightest events. On the contrary, once 
localized, the follow-up and characterization via spectroscopy will not be a problem, 
as the class of the 10m telescope has enough sensitivity and is well equipped for the 
follow-up. 

More critical is the situation in the NIR, where no many facilities may be able to 
reach the necessary depth to successfully search and localize the EM counterpart. 
Still, the characterization will be guaranteed by the class of 8-10m and extremely 
large telescopes, together with the Nancy Roman space observatory. This situation 
is even more dramatic dramatic if we think that the blue kilonova is expected 
only if there is no prompt collapse in a black hole, and therefore the characteristic 
feature in common to both cases i.e., the red kilonova is the only that is always 
expected. One solution may be offered by a space observatory capable to detect 
the gama-ray signal and slew in the direction of the burst to localize its afterglow, 
like the current Swift, the future SVOM or the proposed THESEUS and GAMOW 
missions. In this case the bright afterglow can be localized up to high redshift. The 
only limitation is that only on-axis (or close) events will be followed up, being the 
emission collimated. However, it also means that all the sGRBs at z < 0.5 and many 
at z < 1 will be associated to a gravitational wave signal, allowing to measure both 
distance and redshift, constrain both masses and inclinations with implications n 
the cosmological studies and equation of state of the progenitor NS. 
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1. Introduction 


In the last years multi-messenger astronomy became a fundamental technique to get 
complementary informations from a single cosmic source. The aim of this technique 
is to connect different messengers, from the same source, emerging from the same 
process or from a different one an which are connected spatially and temporally. 
'The advent of new facilities able to detect high-energy astrophysical sources, as 
gamma-ray bursts (GRBs) or active galactic nuclei (AGN), have been/is important 
for the development of this field of research. 

In this paper we study the neutrino and photons emission emerging from the 
proton-proton inelastic interaction, for the specific model of binary driven hyper- 
nova (BAHN) of long GRB. The BdHN I progenitor is a binary system composed of a 
carbon-oxygen star (COcore) and a neutron star (NS) companion, where the COcore 
explosion as supernova (SN) triggers an accretion process onto the NS that, for or- 
bital periods of a few minutes, leads to the formation a black hole (BH). Close to the 
cavity formed around the BH—due to the accretion and the collapse processes—an 
electron-positron plasma (created in the BH formation), during its isotropic and 
self-accelerating expansion, it engulfs different amounts of the ejecta baryons along 
different directions, leading to a direction-dependent proton Lorentz factor. The pro- 
tons engulfed in the ejecta along the high-density direction (~ 10?? particle/cm?) 
reach energies in the range 1.24 S E, < 6.14 GeV and interact with the ejecta 
unshocked protons. The protons engulfed along the low density direction, instead, 
reach energies ~ 1 TeV and interact with the low-density (~ 1 particle/cm?) pro- 
tons of the interstellar medium (ISM). The pp interactions, for both the density 
regions, give rise to y/v with energies E,., < 5 GeV and 10 € E} „ < 10? GeV, 
respectively, for which we calculate the spectra and luminosity. 


1.1. BdHN I: from MeV to GeV and TeV neutrinos 


There are two principal classes of GRBs (see Ref. 1 for the subdivision of long 
and short GRBs in seven different subclasses). The “short bursts" originate in the 
mergers of binaries composed of a neutron star (NS) accompanied either by another 
NS, or a white dwarf (WD) or a black hole (BH), or mergers of binary WDs. The 
“long bursts” split in four different subclasses, all of them originating from binaries 
which have been called binary-driven hypernovae (BdHNe) of type I, II, III and 
IV.? In this paper, we focus only on the BdHN of type I. 

The progenitors of a BdHN system could be zero-age main-sequence (ZAMS) 
stars (> 10 — 12 Ma).*^ The core-collapse of one of the primary and the conse- 
quent formation of a NS at it’s center, leads to a system composed by this new born 
NS and the secondary original star. The system then evolves through mass-transfer 
episodes and possibly multiple common-envelope epochs.” These binary interactions 
lead to the ejection of the outermost and lighter (H/He) outermost layers of the 
secondary star. At this stage, the binary is composed of a COgore (or a helium star) 
and a NS companion.?:Ó:" The different types of BAHN are distinguishable by their 
final state. As regards the BdHN I, the evolution of the system proceed through the 
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following steps. The COcore explodes as SN and forms a new NS (hereafter vNS) at 
its center. At the same time, the ejected material triggers a hypercritical accretion 
process onto the NS companion. For compact binaries (orbital periods P ~ 5 min), 
the accretion onto the NS brings to the formation of a BH by gravitational col- 
lapse (see Refs. 4, 7). This final system is called BAHN I*, and it explain energetic 
long bursts with isotropic energy in gamma-rays Eis, > 105? erg and peak energy 
Ey; Z 200 keV. The observed occurrence rate of BAHN I ~ 1 Gpc ? y 1? 


1.1.1. Baryonic content available for proton-proton interactions in a BdHN I 


Let's start to analyze now the structure of the baryonic matter present in the BAHN 
I. The three-dimensional simulations of this system,? ^!? pointed out that the SN 
ejecta, although starts expanding in a spherically symmetric way, becomes highly 
asymmetric by the accretion process onto the NS” !° and the BH formation.!! Due to 
this morphology and distribution of baryonic matter around the binary component, 
the e*—plasma created in the process of BH formation (see Refs. 12-15 for details 


on the creation and dynamics of the plasma), which expands isotropically from the 
16 


newborn BH site, experiences a different dynamics along different directions. 

These studies have been specialized in the case where the e*—plasma engulfs a 
limited amount of baryons, characterized by a baryon load parameter B < 1072. 
The baryon load is defined as B = Mic?/E,«,-, namely the ratio between the 
baryon rest-mass energy respect to the e^ energy. Such low values of B allow the 
plasma to reach transparency with high Lorentz factor T  1/B = 10?, needed to 
explain the gamma-ray prompt emission of the GRB. We denote with y the Lorentz 
factor of a single particle, and with T the one of bulk motion. 

In the direction pointing from the CO core to the accreting NS, outwards and lying 
on the orbital plane, the NS and the BH formation cave a region characterized by 
very poor baryon pollution, a cavity (see Refs. 7, 10, 11). In the other directions 
along the orbital plane, the e*-plasma penetrates inside the SN ejecta at ~ 108- 
101° cm, and evolves engulfing much larger amounts of baryons, finally reaching 
transparency at 10? cm with T X 4. 

In order to count the baryon mass engulfed by the e*—plasma, the baryon load 
parameter is defined as B = Mpc? /Ee+e- , namely the ratio between the baryon rest- 
mass energy respect to the e*e^ energy. For low baryon load values (107? — 1073), 
the transparency of the e^—plasma occurs for high Lorentz factor T ~ 1/B. For 
high baryon load, as we will show, the transparency is reach with I ~ 4. 

We are ready now to set up the properties of the incident and target protons. 
'Therefore, in BdHN I we have, at least, two types of proton-proton interactions: 


(I) Interaction of the protons with low T ~ 7 within the self-accelerated e*e- p- 
plasma that penetrates the SN ejecta, with the unshocked protons ahead the 
plasma expansion front, at rest inside the ejecta. 


? We refer the reader to Refs. 2,8 for details on the other BAHN systems, BAHN II-IV. 


3175 


(II) Interaction of the protons with T ~ 107-10? engulfed in the self-accelerated 


*te-p-plasma in the direction of least baryon density around the newborn 


e 
BH, with the protons at rest of the interstellar medium (ISM), at a distance 


~ 1016 cm from the system (see e.g. Ref. 17 for details). 


In Sec. 2, we consider the interaction in the high density region (interaction 
(I) above) and describe the processes connected with the interaction along this 
direction. In Sec. 3, we study the interaction occurring along the low density region 
(interaction (II) above). Since the energy range of the interacting and produced 
particles are different in the two regions, also the models and the approaches used to 
study the interaction and get the final results differs. Finally, in Sec. 4 we summarize 
the main results of this work. 


2. pp interactions inside the high-density ejecta 


In this section, we analyze the pp interaction occurring when the ete~7y—plasma 
starts to expands along the high-density direction and to engulf the protons present 
in the SN ejecta, forming a e* 
erated and interact inelastically with the target protons ahead of them, still at rest. 
If the the kinematic energy threshold for the production of the resonance Att is 
reached, the products of the scattering are: photons (from the decay of the 7°), 
two v,, and one v.—considering also their antiparticle—(from the decay of 1^ and, 


€ yp-plasma. Consequently these protons are accel- 


consequently, of the secondary created p=). 

In order to study this evolution of the system, we have performed relativistic 
hydrodynamic (RHD) simulations—performed with a one-dimensional implementa- 
tion of the RHD module of the PLUTO code!?—of the e^-plasma dynamics inside the 
SN ejecta (see Ref. 16,19 for additional details), described by a system of partial dif- 
ferential equations in only radius and time coordinates. The simulation starts at the 
moment of BH formation, with initial conditions taken from the final configuration 
of the numerical simulations in Ref. 7: 


(i) The SN remnant is obtained from the explosion of the COcore of mass Mco = 
11.15 Mo evolved from a ZAMS star of 30 Mo. Mco is composed by 2 Mo 
for the mass of the vNS (collapsed iron core) and 9.15 Mo conform the total 
ejecta mass (envelope mass). 

(ii) The orbital period is P ~ 5 min, i.e. a binary separation a zz 1.5 x 101? cm. 

(iii) The ejecta have negligible pressure, is considered to be in homologous expan- 
sion (u(r) œ r) and at rest as seen from the expanding plasma. 

(iv) The baryon load of the e^—plasma is not isotropic since the baryon density 
is different along different directions. The density profile of the ejecta, at the 
BH formation time, decays with distance as a power-law, i.e. p x (Ro — r)? 
(see Ref. 7). 

(v) The total isotropic energy of the e*-plasma is set to Ee+e- = 3.16 x 1053 erg. 
'This implies, according to the above ejecta properties, a baryon load parameter 
of B — 51.75. 
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'The evolution from these initial conditions leads to the formation of a shock and to 
its subsequent expansion until reaching the outermost part of the SN. 

We consider a protons energy distribution in the laboratory frame as a 
monochromatic function Jp(Ep) « (E, — E?) since, in the comoving frame, it 
can be represented by Maxwell-Boltzmann distribution. As one can guess from the 
energy conservation, the protons energy decrease very fast. Then we concentrate on 
the first stages of the expansion (105 <r Z 101? cm). 

From the RHD simulations described above, we have extracted the quantities 
necessary for our calculations of the y/v spectra, namely the protons Lorentz fac- 
tor at the shock front, yp, their energy, their density, nsh, and the density of the 
unshocked protons, n;. 

In order to get these quantities, we have built a process that use the pressure 
inside the plasma, the protons Lorentz factor at the front and the protons mean— 
free-path A, to recognize the plasma front position and the possible interaction 
protons (above and below the front position). 

From this procedure we got that the protons energy varies between the range 
1.24 € E, € 6.14 GeV, which is high enough to produce secondary particles. The 
proton energy threshold to produce pions in the final state is, for the interaction 
pp > pnrt, Ey rn = 1228 MeV and, for pp + ppn?, Ep ‘rh = 1217 MeV. 

In the region of the expansion of the shock, at every radius, the average number 
density of the target protons (n+) in the remnant varies in the range 5 x 107? cm? < 
n, S 8 x 10? cm~? (the higher value occurs in the beginning of the simulation, 
namely at the beginning of the expansion). The protons number density at the 
front of the expanding shell, (nsn), does not vary much either; it is in the range 
(0.5-9) x 107° cm^? (the maximum value occurs in the region close to the initial 
radius of the expansion). 


2.1. Particles spectra 


We turn now to the describe how we have calculated the spectrum of the particles 
emerging form the m/p decay. For our low energy protons, the differential pp 
cross-section, do (Er, E;)/ dE, , is given in Ref. 20. We notice that the cross-section 
is different for the three types of pions t+, m~, «?. The pions production rate can 
be computed as 


pmax 
P do(E,, Ep) 
QE.) o eu f ” pe 2 aE, (1) 
E, T 
with J,(E,) the monochromatic protons energy distribution, n; the number density 
of the target protons. 


bSee Ref. 19 for more details on the calculations and for the plot of the particles spectra. 
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We denote with ®, = dN,/dE, the spectrum of the particle a, with N, the 
particle number density per unit time. 
The spectrum of photons emerging from 7° decay is given by 


qe 
i Qr(Er 
$504, (Ey) = 2 | ae 
Bmin(E,) y EX — mac 


where E™" (Ey) = E, + m2,c!/(AE,) can be derived by the kinematics of the 
process and the factor 2 takes into account the two produced photons. 


dEr, (2) 


The spectrum of v„a) is similarly given by 


E 
1 ERU Q(E;)0 (^ = 2) 
$ ouv, (E,,) = ` gmin (B, ) F2 — midi dEr, (3) 


where E"? (E, ) = E, /A+(A/4) (m2c*/ E, ); A = 1—rz, with ry = (my/m;)?, is 
the maximum energy fraction that the neutrino emerging from the direct decay can 
take from the pion. The value EZ** is calculated from the kinematics and results 
to be: 


B™* (E,) = yom (Ep) Es (Ey) + bom (Ep) p?" (E>) (4) 


where CM indicate that the Lorentz factor, the momentum and the velocity are 
calculated in centre-of-mass frame. 
Instead, the spectrum of the v»; are given by: 


te^ s (Es E, 
$ uS (Ey) = he 2 ( ) g ( ) dEr, (5) 


Emin(E,) E2 = m2 c* E, 


where the functions g(z) are derived in Ref. 21 and represent the v spectra after 
the decay chain 7 > u > v. 

The function g(z) can be decomposed as the sum of an unpolarized spectrum, 
g°(z), plus a polarized one, gP?!(z) (see Appendix in Ref. 21). We have used the 
formula for the relativistic limits (given in that paper), 9; — 1, which is well 
satisfied since the pions Lorentz factor assumes values 4.5 € yr < 34.5. We have 
calculated the spectrum for both unpolarized and polarized case (see Ref. 19). 

Altogether, the spectra of the different particles varies between values 1023 < 
E?dN,/dE < 10?! erg/cm?/s at energies 0.3 < E, < 5 GeV. 

At this point, we can calculate the particle emissivity at every radius, ef, in- 
tegrating over the energy of the particle a (from 0.3 to E**) its spectrum times 
E, and, then, integrate €? over the volume V; to get the total luminosity La. The 
interacting volume at the radius 7 is calculated as V; = Amr? Ai, where A; is the 
mean-free path of the protons of energy B5 in the shell front. Finally, the total 


“Henceforth we denote as v,a) the muonic neutrino/antineutrino from the direct pion decay, 
T — py, and v, (2) the neutrino/antineutrino from the consequent muon decay, pp > evyve. 
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energy emitted for each particle a, is given integrating L, over the entire emission 
time, namely (At;, is the time the shell spends to cover the distance between r;_1 
and r; with the velocity 8;, At; ~ Ar;/(c B;)): 


Gum PUER Da (6) 
The total energy emitted in photons is ~ 4 x 10°? erg, while the different types of 
v it varies between 0.5 and 3.5 x 10°! erg. Summing all the energy emitted for all 
the particle, we obtain a total energy release of 9.11 x 10?! erg, that is ~ 2.9% of 
the energy of initial energy of the ye*—plasma. 


3. TeV protons interacting with the ISM 


In this section, we now consider the interaction of incident protons engulfed by the 
ye*—plasma in the direction of the circumburst medium (CBM) with low baryon 
load—we assume here B = 10 ?— with target protons of the ISM. The interaction 
with the ISM—located at a distance between 10/6 < r < 10!” cm from the BH 
site—occurs in a spherical shell. Thus in this case, the number density of the target 
is nism ~ 1 cm? and the transparency is reached far away from the BH site, with 
ultra-relativistic Lorentz factor of up to % = T ~ 10°. Therefore, we adopt here 
that the incident protons have energies ~ 1 TeV. 

The number of engulfed protons, N,, is given by the ration between the isotropic 
energy of the e* times the baryon load over the protons mass. For E,«,- ~ 1053 erg 
and B = 107°, N, = 6.65 X 1077. 

Since the energy range differs from the previous case, for the computation of 
the particles spectrum here we have used the results obtained in Ref. 22, where a 
parameterization of the pp cross-section for high-energy protons and an analytic 


formula for the spectrum of the emerging particles is derived. 

Following Ref. 22 and denoting Jp(Ep) the protons energy distribution—in 
units cm-? TeV-!—in this case the production rate for the secondary particle 
a, $,(E,) = dN,/dE, ( for Ep > 0.1 TeV) is given by 


eo dE 
SEQ l ot? (Ep)Jp(Ep)Fa (2, Ep) =, (7) 
p 


a 


with np the target protons density (we assume it is 1 particles/cm?), o?? (Ep) is 
the inelastic pp cross-section, r = E,/E, and F, is the specific spectrum for the 


particle a derived in Ref. 22.4 


4We notice that in Ref. 22 they do not distinguish between 7+ and 7- , as well as between v and 
D. So, differently from the low density/energy case, here we do not distinguish between v and 7 
too. 
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3.0.1. Particles spectra 


Here the protons energy distribution is J, (Ep) = Ad (Ep — Ep), with EQ = 1 TeV 
and A = N,/V, with N, the number of interacting protons over the volume V = 
4m (r$ — r?) /3, with rı = 1016 cm and ra = 10!” cm. 

The total emitted energy for each particle a here is calculated as 


Etot, a = At) é, x AV; = €a At AV, (8) 


where AV; = 4/37 (r? — r? 4), with r; = rj_1 + 0s—ós is the space covered by the 
protons with their velocities in one second.® 

The luminosity is given by La = €; X AViast shell, where: €a the emissivity of the 
particle a calculated by Eq. (7), AViast shen = 4/37 (r3 — r2) and rą = 10!” — ôs cm 
and ra = 1017 cm. r2—r, represents the last ISM shell where the accelerated protons 
interact—the protons spends At = Ar/c@ = 3 x 10 seconds to cross the entire 
ISM region and, then, it is useless to talk about total luminosity. 

Then, the emissivity of all the secondary emerging particles from the pp inter- 
action are given by substituting the Fa (x, Ej) functions derived in Ref. 22 inside 
Eq. (7). We got the following results for: the total energy Ea emitted through all 
emitting region (calculated via Eq. (8)), the luminosity of the last emitting shell 
L4 and the particle energy for which we have the maximum value of the spectrum 
E?dN./dE, Eme: 


(1) for photons: €, = 5.41 x 10* erg, Ly = 1.01 x 10? erg s^! and Bmax = 
91.62 GeV; 

(2) for muonic neutrino from direct pion decay (vio): E 
L = 3.01 x 10? erg s-! and E™* = 44.72 GeV; 


va Vid) 
(3) for muonic neutrino from muon decay (vi): € = 1.98 x 10% erg, L 


3.71 x 102? erg s^! and E™** = 63.9 GeV. 


VQ) 


= 1.60 x 109? erg, 


VL) 


VQ va) — 


From these results we deduce that the principal differences between the interac- 
tions considered in Sec. 2 and Sec. 3 resides in the density of the target particles in 
both interaction regions. Another, but less efficient, factor that has influence on the 
obtained results is the difference in the interacting protons energy, which is reflected 
onto the pp cross-section. 


4. Summary, discussion and conclusions 


In this work we have computed the photon and neutrino production via proton- 
proton interactions occurring within the BdHNe I scenario for energetic long GRBs, 
which we have recalled in Sec. 1. From the dynamics of the BdHN I formation pro- 
cess leads to a highly asymmetric SN ejecta around the newborn BH site. Therefore, 


*Note that ef does not depend on the radius, €f = ca, and then AV = 4/37 (r3 = ri). 
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the e*—plasma created in the BH formation process, during its isotropic expan- 
sion and self-acceleration, engulfs different amounts of matter of the surrounding 
SN ejecta, depending on the direction. Consequently, either the observation of the 
emitted particles are direction dependent. 

In Sec. 2 we have studied the pp interaction along the high-density direction 
inside the SN ejecta. The secondary particles production occurs in the first ~ 1.5 s 
of the plasma expansion inside the ejecta. The e^-plasma starts to expand inside 
the SN ejecta, engulfing protons and accelerating them to energies of a few GeV. 
For these low energetic protons, we adopted the cross-section given in Ref. 20. At 
later times, the energy of the protons is below the threshold for the production 
of secondary particles by pp inelastic scattering. The obtained results tell us that 
the neutrinos and photons have energies Ev ay < 2 GeV and E}, Ev 27 Ey, < 
5 GeV, with associated total energy (integrated over the whole emitting region) of 
~ 10°°-10°! erg. 

In the second part, Sec. 3, we have studied the expansion of the plasma along the 
direction of low baryon load (B = 107°) (see, e.g., Refs. 1,23). Here, the expansion 
of the ye+—plasma along the low-density directions allows a self-acceleration of it 
that brings the engulfed protons to energies of up to Ep ~ 1 TeV (yp ~ 10°). 
For these higher energetic protons we have followed the approach presented in 
Ref. 22, where the pp cross-section and the spectra of the emerging particles are 
parametrized. In this case, the secondary particles have energies 1 < E, < 10? GeV 
and the total emitted energy is 107? erg. 

We found also that the spectrum of the emerging particles follow approximately 
a cutoff power-law function (CPL) f(E) x E? exp E/E., with spectral index 1 < 
o < 3, depending on the considered particle and the interaction region. The power- 
law term usually derives from the spectral index of the primary interacting protons 
(see, for example, Ref. 24), but since we considered a spherical expansion of the 
ye+ B-plasma, and a monochromatic protons energy distribution (at each radius of 


the expansion), we deduce that the power-law term is intrinsic in the considered 
process. Instead, the exponential decay is explained by the kinematic of the process. 
Indeed a fraction of the parent proton energy is taken by the pion; for the direct 
pion decay, the v, can take, at maximum, a fraction A of the pion energy, while 
the muon can take, at maximum, the entire pion energy. 

Now we try to give some numbers concerning the v detection with Earth De- 
tectors. In general, since GRB occur at cosmological distances and this makes neu- 
trino detection very challenging because of the very low neutrino flux arriving to 
the Earth. 

We can obtain order-of-magnitude estimate of the probability of detection 
of these neutrinos considering three detectors: SuperKamiokande (SK), Hyper- 
Kamiokande (HK) and IceCube (IC), calculating the detection horizon. The 


fFor this purpose, we use the best experimental conditions, i.e. the peak neutrino luminosity and 
the corresponding neutrino energy. 
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number of neutrinos per-unit-time and per-unit-area that arrive to the detector 
is 
d? N,, | €y 
dSdt — 4nD?Ez' 


(9) 


where E, is the total energy emitted during 1 s in neutrinos of energy Ep, D is 
the luminosity distance to the source, E; = E,/(1+ z) is the redshifted neutrino 
energy, and z the source cosmological redshift. 

The number of detectable neutrino, N2**, is calculated as the number of neutrino 
per unit of time and area that arrives to the detector, given by Eq. (9), times the 
cross-section for the neutrino-nucleon interaction, oyy (see, e.g. Ref. 25,26), times 
the number of probable interacting baryon in the detector N get = N4 X Miny where 
NA is the Avogadro number and Mint the interacting mass inside the detector— 
times the integration time of the detector Tint, that we set to 1 second (in agreement 
with the time-interval of the emission inside the ejecta): 


det __ iN, 


oar x Tint X oyn x NE, (10) 


For the three considered detectors is Nat = N4 x (22.5kton) = 1.35 x 10%4 
baryons (for SK); Ngt = (560 kton) x N4 = 3.37 x 10?? baryons (for HK); for the 
Deep Core Detector of IC, the effective volume is a function of the neutrino energy: 
Nget = (10 Mton) x Na = 6.022. x 103° baryons; N% = (20 Mton) x NA = 
1.2044 x 10°” baryons; Ngt = (30 Mton) x N4 = 1.8066 x 10°” baryons. 

Now, using the relations and estimates above and considering the Hubble- 
Lemaitre law, cz = HoD, (with Ho = 72 km s^! Mpc^!), we can obtain the 
neutrino-detection horizon, Dp, i.e. the luminosity distance to the source for which 
we have N2** = 1: 


K Ho 1 K? HÈ 
2c 2 c 


+4K, (11) 


where K = Evoun Tint N+ / (120 E, ). 

For the low energy neutrinos (E, € 2 GeV, at the production site, i.e. in the 
source frame) there are additional considerations that decrease the probability to 
detect these neutrino, namely: 1) the fact that the energy need to be divided for the 
factor 1+z and that for low energetic v the cross-section for v — N interaction is very 
low—~ 10739 cm? (see, for example, Ref. 25,26); 2) for these low energies, there 
is much background noise by atmospheric neutrinos, created in the atmospheric 
showers by cosmic rays and solar neutrinos. 

The high energetic neutrinos (E, < 10? GeV) from the low-density region could 
be, in principle, more easily detected than the previous case since at these energies 
there is no background noise from atmospheric and solar neutrinos and the cross- 
section assumes higher values oyy ~ 107°" cm?. 
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The calculations of the horizon distance through Eq. (11) give the following 
results that 


(I) for the v from the high density region, 0.2 € Dp € 11.12 Mpc; 
II) for the v from the low density region, 22 < Dy, < 954 pc. 
g 


In both cases, we obtained the higher values with the Deep Core of the IC detector, 
while the lower ones are for the SK detector. This analysis suggests that only the 
IceCube detector might detect the neutrinos here analyzed, i.e. neutrinos produced 
by pp interactions in the context of BdHNe I, especially the one coming from the 
high-density region, even if all of them have the right energy range of sensibility to 
detect our neutrinos. 
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It is generally believed that General Relativity (GR) is of secondary importance in the 
explosion of core-collapse supernovae (CCSN). However, as 3D simulations are becom- 
ing more and more detailed, GR effects can be strong enough to change the hydrody- 
namics of the supernova and affect the explosion. Since a 3D simulation in full GR is 
computationally extremely challenging, it is valuable to modify simulations in a spher- 
ically symmetric spacetime to incorporate 3D effects. This permits exploration of the 
parameter dependence of CCSN with a minimum of computational resources. In this 
proceedings contribution we report on the formulation and implementation of general 
relativistic neutrino-driven turbulent convection in the spherically symmetric code GR1D. 
'This is based upon STIR, a recently proposed Newtonian model based on mixing length 
theory. When the parameters of this model are calibrated to 3D simulations, we find that 
our GR formulation significantly alters the correspondence between progenitor mass and 
explosion vs. black-hole formation. We therefore believe that, going forward, simulating 
CCSNe in full GR is of primary importance. 


Keywords: Supernovae - Simulations - Mixing Length Theory - General Relativistic Hy- 
drodynamics 


1. Introduction 


This proceedings contribution is based on work published in Ref. [1]. Core-collapse 
supernovae (CCSNe) have been at the core of cutting-edge computational research 
for more than 50 years. Despite that, the details of the mechanisms driving the 
explosion still remain unknown, even though significant progress has been made 
since the first attempts at explaining CCSNe.? * 

Historically, one-dimensional (1D) spherically symmetric simulations were able 
to assess the crucial role of neutrinos in aiding the expansion of the shock through 
the so-called delayed neutrino-heating mechanism.?: Two-dimensional (2D) simula- 
tions^? and three-dimensional (3D) simulations,’ have been only recently accessible 
thanks to the fast technological improvements of the last three decades. 
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Spherically symmetric simulations, however, have unfortunately, not led to self- 
consistent explosions of Fe-core CCSNe (which are the most common) since they 
involve all stars with masses > 11 Mọ. On the other hand, there have been sev- 
eral simulations in 2D and 3D that have led to successful explosions.1° 1° However, 
2D simulations have been recently shown!" to favor explosions by an artificial en- 
hancement of neutrino-heating behind the shock via an inverse turbulence cascade 
which is not present in 3D. Therefore, only 3D simulations can provide the final 
explanation as to what causes the explosion. However, despite the technological im- 
provements of the last few decades, 3D simulations continue to present a difficult 
computational challenge, even for modern supercomputers. 

In comparison, modern 1D simulations are significantly faster to run and are also 
more consistent across different codes.!? In other words, when the initial conditions 
are the same, different groups obtain similar results. This guarantees a somewhat 
solid foundation, making 1D simulations an ideal tool to study how different input 
physics can affect the explosion of supernovae. To do that, first one needs to arti- 
ficially trigger an explosion. In a recent paper Couch et al.!? (hereafter CWO20) 
developed STIR (Simulated Turbulence In Reduced-dimensionality), a parametric 
model based upon Mixing Length Theory (MLT) that incorporates the effects of 
3D turbulence in spherically symmetric simulations. 

The simulations from CWO20 use Newtonian hydrodynamics and only partially 
include general relativistic effects through a General Relativistic Effective Potential 
(GREP) from Ref. [20], which is a common practice in the supernova community. 
However, we know that General Relativity (GR) plays an important role in the 
explosion of supernovae.!??! Hence, simulations in full GR are desirable, and in 
this proceedings contribution we summarize the extension of the STIR model to a 
general relativistic treatment. Throughout the manuscript, we adopt natural units, 
ie. G = c = Mo - I. 


2. Methods 
2.1. The STIR model of Couch et al. (2020) 


A detailed description of STIR can be found in Refs. 22, 23 and CWO20. There, 
it is shown that the effects of turbulence can be treated as a perturbation on the 
background fluid. After a Reynolds decomposition of the compressible Euler equa- 
tions, and several other approximations valid in typical supernova thermodynamic 
environments, one arrives to the following equation describing the evolution of the 
turbulent kinetic energy: 
2 
Dueb Ar (dust — PD das) 
Ov 3 (1) 


us 2 dq 2 
= —Uturb ðr EE DUturbUsy Aix = 
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where 
P 
Amiz = Omir — > (2) 
pg 
1 3p 1 OP 
2 — e a 
Wey = geff C Or pe Or ) , (3) 


In the above equations, p is the mass density, v, is the radial velocity, Amix is the 
mixing length, wg, is the Brunt-Vaisala frequency, c, is the sound speed, Dx is a 
diffusion coefficient due to turbulence and geg is the magnitude of the local effective 
acceleration. For a fluid in hydrostatic equilibrium, ger simply reduces to the local 
gravitational acceleration g. More generally, however, in the rest frame one should 
take the acceleration of the fluid into account. Therefore, the total acceleration geg 
can be expressed as: 


jet = J — Ura , (4) 


as described in CWO20. 

The mixing length Amix is the average distance that a convective element will 
travel before being mixed with (and increasing the internal energy of) the surround- 
ing material. The Brunt-Vaisala frequency wy is the rate at which the convective 

2 


elements are rising. As one can notice from Eq. (3), w$, can be either positive or neg- 
2 


ative: when wg, > 0 the fluid is convectively unstable, i.e. convection is generated; 
when «2, < 0 the fluid is convectively stable, i.e. convection is damped. Ultimately, 
the main parameter of the model is ay,7, which scales the mixing length to the 
pressure scale height in Eq. (2). Typically ayy. ~ O(1). 

The diffusion coefficient Dx is defined as: 


Dx = O K VturbAmix E (5) 


Similar terms appear in the internal energy, electron fraction, and neutrino energy 
density evolution equations (for the complete set of hydrodynamic equations used 
in the model, (see Eqs. 25-29 and 33 in CWO20). Therefore, strictly speaking, STIR 
has 4 additional free parameters: ax, Qe, Aye, &y. However, the convective motions 
are not very sensitive to the value of these parameters, so we set them to 1/6 for 
simplicity, consistent with the choices of Ref. [24] and CWO20. 

In the next section we describe a general relativistic version of the model de- 
scribed above. 


2.2. STIR in General relativity 


The first attempts to create a general relativistic model for convection date back to 

Ref. [25]. We follow the same approach, but using a slightly different formalism. 
All the simulations described here! were run with the open-source, spherically 

symmetric, general relativistic code GR1D.2° The Boltzmann equation for neutrino 
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transport is solved using an M1-scheme, with opacity tables generated using the 
open-source code NuLib.?" 
'The metric evolved in GR1D is Schwarzchild-like: 


21. - v 
ds^ = gy tx 


6 
= —a(r,t)*dt? + X(r,t)?dr? + r?dQ?, 6) 


where a and X can be expressed as functions of a metric potential ¢ (which reduces 
to the Newtonian potential in the Newtonian limit) and the enclosed gravitational 
mass Moray: 


a(r, t) = explé(r, t)J, 


X(5)- (1- Aest M (7) 


r 


For the present work, we first note that turbulence is mostly relevant far from 
the proto-neutron star (PNS) where GR effects can be treated as a perturbation. 
Therefore, one can simply make a few changes to the terms in Eq. (1) without having 
to re-derive the entire Reynold's decomposition. The expression for w2,, however, 
must be carefully re-derived. Far from the PNS, we invoke the following: 


(1) replace the conserved variable p with its GR counterpart, i.e. D — W Xp, where 
W = (1— v2) and v = Xv; 

(2) multiply the RHS of Eq. (1) by o.X. 

(3) multiply the spatial flux in Eq. (1) by o/ X (see Ref. [26] for more details on the 
derivation of the hydrodynamic equations in GR1D). 


The expression of w2, can be derived using conservation of momentum for a 
convective eddy in a background fluid in hydrostatic equilibrium. The case of a 
fluid with non zero acceleration can be derived with ad-hoc corrections for general 
relativistic effects. The derivation can be found in Ref. [1], and it leads to: 


2 a (dọ OvN /əðp(1 +e) | 10P (8) 
um phx? \ dr "Or Or c2 Or J? 


where v = Xup. 

The main difference between Eqs. (3) and (8) is the inclusion of Ope/Or in the 
latter. In the gain region the internal energy decreases with radius, i.e. Ope/Or < 0. 
This decreases the magnitude of wz, and therefore the amount of turbulence that 
is generated. We will come back to this in Section 3.2 


3. Results: Comparison with 3D simulations 
3.1. Results using an effective potential 


Inspired by the work of CWO20, we compare our GREP model to the mesa20. LR. v 
3D simulation,?? by using the same setup chosen by CWO?20. That is, we simulate 
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the collapse of a 20 Mo progenitor from,?? adopting the SFHo EOS?? and assuming 
Nuclear Statistical Equilibrium (NSE) everywhere. The algorithm used in FLASH 
to solve the neutrino radiation transport closely resembles the one used in GR1D.?7 
Additionally, the set of NuLib opacities we adopted is the same used by CWO20. 
Finally, we use 12 neutrino energy groups geometrically spaced up to ~250 MeV. 

The upper panels of Figure 1 (modified from Ref. [1]) show the shock radius ver- 
sus time and the turbulent velocity profile at ~135 ms post-bounce for our GREP 
model (to be compared to Figures 1 and 2 of CWO20). The main difference be- 
tween our results using GR1D and the ones from CWO?20 using FLLASH is that GR1D 
consistently gives larger values for the turbulent velocity at a given &mır. This then 
translates into larger shock radii at a given time. Except for these small differences, 
the agreement between the two models is very good, and both yield explosions for 
Our Z 1.2. 

When it comes to the comparison with the 3D results, however, our MLT-like 
model does not captures some features that are present in the 3D case. Specifically, 
the profile at ~135 ms post-bounce of the convective speed in 3D has a longer tail 
at 50-80 km. This has already been noticed by CWO20, and it is due to angular 
variations present in the 3D model, rather than a deeper convection extending in 
the region below the gain layer. In our model, convection shuts off at 80 km, as 
one would expect, since that is approximately the location of the gain layer. A more 
interesting difference is the lack of PNS convection at 25 km, not captured by our 
MLT-like model. A possible explanation for this is that STIR is not taking lepton 
number-driven convection into account, which is not easily tractable with MLT 
models, and therefore a more careful treatment of this type of convection might 
ease the discrepancy with the 3D results. We are currently working on adjusting 
some of the parameters of STIR deep inside the PNS to match the 3D result, and 
therefore analyze the impact of PNS convection on the explosion, but this goes 
beyond the scope of this conference proceedings. 


3.2. Results using GR 


One can compare the results obtained using the simple GREP approach with results 
in full GR. We show the results using full GR in the bottom panels of Figure 1, 
while the upper panels refer to the runs using our GREP model. The most important 
difference to point out is the range of o44,4 used in the GR and GREP simulations. To 
produce shock radii and turbulent velocities that are similar to the GREP results, 
the value of ayy, that needs to be used in full GR is ~ 20% larger. The reason 
behind this increase in 0444 lies in the expression of wsv. As pointed out in Section 
2.2, including the internal energy gradient into eq. (8) is the main difference between 
the GREP and GR models. 

In the gain region, where turbulent convection is most relevant, the gradient of 
the internal energy is negative. This decreases the magnitude of w2,, making the 
fluid more stable against convection. Including pe in the definition of wgy is hence 
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Fig. 1. The plots on the upper row were generated using our GREP model, while the plots on 
the bottom row were generated using full GR. Panels (a,c) show the time evolution of the shock 
radius for different values of the parameter owrr, and can be compared to Figure 2 from CWO20. 
Panels (b,d) show a snapshot at ~ 135 ms post bounce of v¢urp, and can be compared to Figure 
1 from CWOJ20. The dashed lines represent the 3D simulation from Ref. [28]. 


needed to realistically characterize turbulent convection. If one takes the form of 
Wy from Eq. (8) and implements it in the GREP model, the value of 4454; needed 
to achieve an explosion increases, becoming comparable to the one used in the GR 
model. 


3.3. Progenitor Study 


In the previous Sections we summarized the validation of our turbulent convection 
model! by comparing it to the 3D results of Ref. [31]. In this section, we summarize 
the use! of our calibrated models to simulate the collapse and subsequent shock 
revival of 20 progenitors from Ref. [32]. We use three different values of ayrr, for 
which the fraction of successful explosions is roughly between 2596 and 8096. 

Our GREP model generates results! that are compatible with the ones obtained 
by CWOJ20 shifted by Aamır ~ 0.05. If one compares the left panel of Figure 2 
with Figure 6 from CWO20, it is clear that our model tends to yield explosions for 
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slightly smaller values of o4;4. This shift mainly depends on two differences between 
our model and the one from CWOJ20: (i) we used a finer resolution in space and 
energy; (ii) the numerical algorithms used to solve the hydrodynamic equations and 
the neutrino transport are different. 


EE = succesfull explosion 
GREP Ill = failed explosion 


GR EE = succesfull explosion 
Ill = failed explosion 


12 15 18 20 22 25 28 40 
12 15 18 20 22 25 28 40 ZAMS mass [Me] 


ZAMS mass [Mo] 
(a) 
Fig. 2. Explosion pattern (modified from Ref. [1]) of CCSN for the GREP (left panel) and GR 
(right panel) models as a function of the Zero Age Main Sequence mass. Orange bands represent 
successful explosions (i.e. the shock has reached 500 km), while dark blue bands represent failed 
explosions. 


(b) 


Even more importantly, Figure 2 shows that a General Relativistic treatment of 
turbulent convection does not simply reproduce the results obtained by the GREP 
model. By looking at Figure 1 one might conclude that, since the value of aur 
required to generate an explosion in GR is larger, using GR with larger values of 
Qumir Would produce the same patterns shown in the left panel of Fig. 2. However, 
that is not the case, and GR modifies the explosion pattern of CCSNe. To even 
more accurately characterize the differences between the patterns of explodability 
in the GR and GREP models, a systematic study with hundreds of progenitors and 
more values of oj; would be desired. That, however, is beyond the scope of this 
conference proceedings. 

We can conclude from Figure 2 that general relativity changes which progenitors 
are more likely to explode. By focusing on the patterns associated with a4 = 1.27 
and og; = 1.48 one can see that, using the GREP model, the 24, 25 and 30 Mo 
progenitors explode, whereas the 18 M doesn't. In the GR model it is the exact 
opposite. It should be pointed out that the pattern of explodability generated by 
the GR model with oy; = 1.48 is intermediate between the results of CWO20 and 
Ref. [32]: (1) like the former (but unlike the latter), it shows failed explosions for low 
mass progenitors with M = 13-15 Mo; (ii) like the latter (and unlike the former) it 
shows that higher mass progenitors with M = 24-25 Mo result in failed explosions. 

It is worth mentioning that the explodability pattern obtained using the GR. 
model with ayy, = 1.48 cannot be reproduced by the GREP model. One can see 
that, from the left panel of Figure 2, for oa, = 1.23, the 25 Mọ progenitor fails, 
and all progenitors below 22 Mo fail as well. This shows that the GREP model 
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cannot produce successful explosions for progenitors with masses 15-18 Mọ and 
at the same time failed explosions of the 24-25 Mọ progenitors, like we see in the 
right panel of Figure 2. Notably, the GR model with aj; = 1.5 reproduces the 
same pattern of explodability found in the GREP model with oy; = 1.27 (with 
the only exception of the 18 Mọ progenitor). This tells us that: (i) the threshold 
between failed and successful explosions is a steep function of o5; and (ii) GR can 
reproduce the GREP results for large values of ay, and large explosion fractions. 

Overall, our results! have shown that including general relativistic effects can 
modify how turbulence behaves in a one-dimensional, MLI-like model. It is hard 
to predict if this effect will translate to multi-dimensional simulations, given the 
differences between 1D and multi-D. Nonetheless, these results suggest that GR (as 
opposed to GREP) can have a significant impact on the explosion of CCSNe. A de- 
tailed comparison between full-GR and Newtonian simulations, performed with 2D 
and 3D codes across multiple progenitors, will clarify whether this effect translates 
to higher dimensions, where turbulent convection is generated self-consistently. 


4. Conclusions 


In this proceedings contribution we have summarized our development! of extended 
STIR, the MLT-like model of CWO20, to a full general relativistic formalism. Our 
implementation of STIR in GR1D can reproduce the results of CWO20 when using 
the same GREP model that they developed. The GR version of STIR needs larger 
values of oy, to achieve shock dynamics that are similar to the ones obtained 
with a GREP model.! The reason behind this is that, as can be seen from Eq. (8), 
one needs to include the gradient of the internal energy gradient in the expression 
for wgy. This reduces the magnitude of w2, in the gain region, which inhibits the 
generation of turbulence. The net result is that larger values of Amix (and therefore 
of amur) are needed to develop a convective mixing that is as strong as the one 
obtained without the inclusion of GR. 

After comparing our model to the 3D results of Ref. [28], we simulated! the 
collapse and subsequent shock expansion of 20 different progenitors?? for different 
values of o454, for both the GREP and GR models. Our main finding! is that GR 
changes the pattern of explodability of CCSNe. Specifically, the 24 Mọ and the 25 
Mo progenitors need comparatively much larger values of o444 to explode with the 
GR model. This produces an explodability as a function of progenitor mass that is 
intermediate between the results of CWO20 and Ref. [32]. However, the GR. model 
also shows, for values of a4 that yield large explosion fractions (i.e. o4 = 1.5), an 
explodability that is compatible with the results obtained using the GREP model. 
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Mountain formation by repeated, inhomogeneous crustal failure in a 
neutron star 


A. D. Kerin! and A. Melatos!:2 


1 School of Physics, University of Melbourne, Parkville, VIC 3010, Australia 
? Australian Research Council Centre of Excellence for Gravitational Wave Discovery (OzGrav), 
University of Melbourne, Parkville, VIC 3010, Australia 


As a neutron star spins down mechanical strain accumulates in the solid crust up to and 
beyond the point of failure. To model the repeated macroscopic failure of the crust an 
idealised cellular automaton is developed, with nearest-neighbour interactions represent- 
ing strain dissipation and redistribution, and including thermal losses. The probability 
distribution functions (PDFs) of the size and waiting times of failure events in the au- 
tomaton are presented. The final failure event of a star's life occurs when the star spins 
down to = (5+3)% of its birth frequency with implications for transient events e.g. rota- 


tional glitches. In addition the automaton is able to predict the star's mass-quadrupole 
moment and gravitational wavestrain at all points in the star’s life, with relevance to 
future gravitational wave surveys such as those carried out with the Laser Interferometer 
Gravitational Wave Observatory (LIGO). 


Keywords: Asteroseismology — gravitational waves — stars: evolution — stars: neutron — 
stars: rotation 


1. Introduction 


'The mechanical failure of the crust of a rotating neutron star, and the associated 
creation of mountains, has been suggested as a source of continuous gravitational 
waves,' and transient events such as rotational glitches^? and fast radio bursts. 
No such gravitational waves have been observed despite multiple recent searches," 1? 
but theoretical arguments exist that the first detection is close.? It should be noted 
that other reasonable explanations for transients have been suggested, e.g. superfluid 
vortices in the context of glitches.!^!? 

'The macroscopic, tectonic process by which the crust fails and mountains form 
is unknown.!9:!* By analogy with the Earth, one expects crustal failure to involve 
large-scale, inhomogeneous elements such as fault lines, plates, subduction zones, 
stress zones, and so on, even though the tensile properties of a neutron star’s crust 
are likely to be different to those of terrestrial rocks (and indeed are not understood 
completely at present). Modelling has primarily focused on the microphysics of 
crustal failure.!9?7? In particular Ref. 19 found local cracking does not occur due 
to the extreme pressure and the crust material fails globally. T'here have been some 
investigations into the evolution of the whole star as it evolves through a quasistatic 
23,24,31 However, these do not consider the impact of 
the stick-slip dynamics of repeated local failures involving inhomogenous tectonic 
features, e.g. tectonic plates, which lead to history dependent outcomes. 


sequence of elastic equilibria. 
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Here we present a model of local mountain formation caused by mechanical 
failure of the crust on macroscopic scales driven by spin down. The model describes 
the tectonics of crustal failure through a cellular automaton, similar in spirit to 
the block-and-spring automata used to describe the far-from-equilibrium, stick-slip 
dynamics of terrestrial earthquakes.?? Section 2 deals with how the crust deforms 
due to spin down, the consequent strain build up, and the effects of repeated local 
failures. Section 3 briefly presents some of the results of this model, in particular 
the probability distribution functions (PDFs) of the heat dissipated in failure events 
and the time between events. Section 4 presents the gravitational wavestrain over 
time as a function of the automaton parameters. For simplicity we do not consider a 
magnetic field, which is unlikely to be important in ordinary neutron stars (although 
this may not be true in magnetars). 

This paper summarises the key aspects of the model and its output as developed 
in Ref. 26. This summary borrows heavily from the structure and content of Ref. 
26. Among other things, Figs. 1 and 2 are reproduced from the latter reference. 


2. Tectonics of Mountain Formation 
2.1. Global deformation due to spin down 


A neutron star is composed of a superfluid core and a solid crystalline 
crust.?!:22,27-30 Other components, e.g. transitional layers containing nuclear pasta 
at the crust-core interface,!® are neglected here for simplicity. 

As a neutron star spins down the balance of centrifugal and gravitational forces 
changes and so does the equilibrium figure of the crust. We use the method of Ref. 
31 to model the secular deformation due to spin down, which in turn allows for 
the calculation of the mechanical strain at every point in the crust. In Ref. 27 Eqs. 
(3)-(8) define a vector which describes the change in the star's equilibrium figure 
due to spin down from which the mechanical strain can be calculated, see also Eqs. 
(1)-(7) in Ref. 26. 


2.2. Local microscopic failure 


We propose that the strain built up over the course of spin down causes the crust 
to fail locally when strained beyond breaking, and that some fraction of the energy 
released from the strained crystal lattice of the crust causes the centre of mass of 
the failed section to move radially outwards, creating a mountain. 

Estimates of the breaking strain of neutron star crust material vary many orders 
of magnitude, e.g. Ref. 32 found a breaking strain of ~ 107? and the more recent 
results of Ref. 19 instead found a breaking strain of ~ 0.1. We follow the results of 
Ref. 19 and consider a breaking strain in the range 0.075 to 0.11. Additionally Ref. 
19 found that the material fails in a global manner, i.e. local cracks do not form, 
but the simulation volume is ~ 10!! fm? and the macroscopic crust likely behaves 
differently (see Sec. 2.3 in this paper and Sec. 2.3 in Ref. 26). 


3196 


When the crust fails it deforms plastically. When a material is deformed plas- 
tically a fraction of the plastic work done, 0, is dissipated as heat. The value of 8 
depends on a variety of factors such as the material, current strain, strain rate, and 
deformation history.?? ?" As per Ref. 35 terrestrial metals such as copper and steel 
have 0.75 < B < 0.95, however such metals are unlikely to be good analogues for 
neutron star crust material. It is extremely difficult to calculate a realistic value of 
B and we do not attempt to do so. Instead we conservatively set 6 = 0.9, taking the 
position that the significant majority of the plastic work done is dissipated as heat. 


2.3. Repeated global failure: An automaton 


Ref. 19 found, using a direct simulation of nucleonic crystal (neutron star crust 
material), that the material fails in a global sense. Due to the extreme pressure 
local failure, i.e. cracking, is not observed. However the simulation volume is ~ 101! 
fm? and the macroscopic crust likely behaves differently, as noted in Sec. 2.2. In 
reality there are likely to be macroscopic features like seismic faults. To model these 


?5 we create an automaton. 


stick-slip and stress-relax dynamics 

We divide the crust into N discrete cells; cells are indexed by i, with 0 < 
i < N, and have position (r;,0;, œi). The half-annular shape of the cells (dictated 
by assumed symmetry) and their coordinates are discussed in detail in Sec. 2.3 
and Appendix A of Ref. 26. Each cell is assigned a breaking strain, o;, uniformly 
randomly between 0.075 and 0.11, informed by the stress-strain curve calculated in 
Ref. 19. Strain is greatest at the base of the crust, so the elastic potential energy 
density is greatest there too. As such the strain of each cell is evaluated at the base 
of the crust. 

Over the course of spin down the strain of each cell, yi, increases. We define 
failure as when a cell has strain equal to or greater than its breaking strain, y; > oj. 
A failed volume of material is less able to support mechanical loads and so shifts 
the load to the neighbouring volume.?? To model this we implement a nearest- 
neighbours interaction. Upon failure adjacent cells receive a fraction of the strain 
“lost” by the failed cell, with 


Jiz1 © uide D(1— A)yı, (1) 


1 
^/N-1-i ? "'YN-1-i + ,Pü aA els (2) 


where 0 € D € 1 and 0 € A X 1 are constants of the automaton, and cells indexed 
by i = 0 andi = N — 1 are adjacent.? (1 — A)»; is the amount of strain “lost” by 
cell i upon failure. Some portion of the released strain, D(1— A)», is redistributed 
amongst cell ?'s nearest neighbours as per Eqs. (1) and (2). The remaining portion 


?'The cells closest to the North pole, i = 0, N — 1, and South pole, i = |N/2] for N odd, or 
i = N/2, N/2—1 for N even, are adjacent to two cells not three. As such during strain redistribution 
Eq. (2) does not apply and Eq. (1) should be evaluated with a factor of 1/2 rather than 1/3. 
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of strain, (1 — D)(1 — A), is converted into plastic work deforming the crust, i.e. 
moving cell i. After the strain of the failed cell’s nearest neighbours is increased the 
failed cell’s own strain is updated accordingly, 


The quantity A is the fraction of strain a failed cell retains upon failure, and D is the 
fraction of strain released from the failed cell that is redistributed to the nearest 
neighbours. We call A and D the “dissipation” and “redistribution” parameters 
respectively. 

In the failure process described above the crust is deformed plastically. The failed 
cell i is moved purely radially (0; and o; are unchanged) a distance Ar; to model 
the plastic deformation, 


TW] Ari. (4) 


Ar; is calculated by equating the energy associated with plastic deformation with 
the work done moving the cell against the gravitational-centrifugal potential a dis- 
tance Ar;. The potential is given by?! 


a(r) = —n G Pecore 2g? — E E 15 P»(cos 0) , (5) 


where G is the gravitational constant, Pcore is the density of the fluid core, and e is 
the eccentricity of the ellipse defined by the meridional cross-section of the star. 

In general the mechanical potential energy U stored in a body of volume V 
under a strain y is given by the strain-energy formula 


pro (6) 


where u is the shear modulus of the material. The mechanical potential energy 
density of a given cell i is then py?/2. As described above if a given cell i with 
strain +; fails then the amount of strain that is converted into plastic work is (1 — 
A)(1 — D)y;. We calculate Ar; from 


u(1— 8) 
2 


d®(r) 
dr |...’ 


TET 


[(1 A)(1 Dy = AT; Pcrust (7) 
where perust 1S the density of the crust, and £ is the coefficient of thermal dissipation. 
As per Sec. 2.2 we take the conservative position of 6 = 0.9, i.e. we assume the 
significant majority of the plastic work done on the crust during failure is dissipated 
as heat. 

The state of each cell in the automaton is described by five numbers 
[ri(tn), Oi(tn), bi(tn), Vi(tn), ciltn)], which are updated at each time-step. Here the i 
index refers to the cell index and tn corresponds to the time-step. The initial shape 
of the star is a Maclaurin spheroid with eccentricity e = 0.1, a representative value. 
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'The specific steps of the automaton are given: 


(1) Choose the values of A and D. 

(2) Initialise [r;(to), (to), di (to)).- 

(3) Randomly assign each cell a breaking strain in the range 0.075 < o; < 0.11, 
and set y; = 0. 

(4) Using the method of Ref. 31 calculate the deformation vectors and increase the 
strain of each cell for a small spin down of 62 and the fiducial values below in 
Sec. 2.4. 

(5) If a cell i has y; > c; then it undergoes failure. 


(a) Redistribute the strain of failed cell i to its nearest neighbours as per Eqs. 
(1) and (2) synchronously, i.e. all cells with y; > c; are identified and fail 
simultaneously before Eqs. (1) and (2) are applied. 
(b) Move cell i radially as per Eqs. (4) and (7). 
(c) Decrease the strain in cell i as per Eq. (3). 
(d) Assign to cell a new breaking strain, uniformly randomly in the range 
0.075 € c; < 0.11. 
(e) Repeat the steps (5)(a) to (5)(e) until y; < c; for all 0 € i < N. 
(6) Decrease Q by 62. 
(7) Repeat from step (4) until one has Q x 62. 


2.4. Fiducial parameters 


The fiducial values used for this automaton are: u = 2.4 x 107? Jm’, total radius 
R = 10.5 km, crust-core radius R’ = 9.5 km, pecore = 6.38x 1017 kom, perust = 1017 
kgm“, total stellar mass of 1.4 solar masses, Q(0)/2m = 800 Hz, and Q(0)/2x = 
—1 x 107? Hzs. For A = D = 0.5 and the above fiducial values the failure of a cell 
on the equator with o; = 0.1 leads to Ar; ~ 0.04 mm. For the purpose of calculating 
the gravitational wavestrain we consider a star that is a distance d — 1 kpc away 
from the Earth. 

In this automaton we set N — 400. The typical angular velocity step per au- 
tomaton time-step is 6Q = (1.25 x 107*)Q(0). To convert Q(t) into time t in what 
follows, we use Q(t) = Q(0)(1 + t/r)-!/? where 7 = —0(0)/20(0) = 4 x 1019 s, is 
the electromagnetic spin-down timescale. 


3. Event Statistics 


'The automaton allows for the location of every part of the crust to be known at every 
point in time over the course of the star's life. Additionally the time, location, and 
energy of failure events are tracked. Numerous observables are studied as functions 
of t in Ref. 26. In Sec. 3.1 we focus on the PDF of event sizes. The PDF of the time 
between one event and the next one (the waiting time) and the age of the star at 
which tectonic activity ceases are presented in Sec. 3.2, and the correlation between 
event size and waiting time is presented in Sec. 3.3. 
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3.1. Size PDF 


Mechanical failure of the crust has been linked to multiple types of transient 
events such as rotational glitches,*^? soft gamma-ray repeaters??:39:49 and fast ra- 
dio bursts. Testable models of the transients’ statistics, such as the automaton 
presented here, are needed to differentiate between crustal failure and other viable 
explanations of the transients e.g. superfluid vortices in the context of rotational 
glitches,14 41-44 

In the upper panel of Fig. 1 we present the PDFs for the heat dissipated in an 
event, i.e. its size, given as AE. The left-hand side of Eq. (7) gives the amount 
of energy done as plastic work on the crust not lost as heat. Thus multiplying 
by 8/(1 — B) gives the energy that is dissipated as heat in a failure event. The 
qualitative form of the PDF is similar across parameter space, a tight peak with a 
tail in increasing AE. Close to A = D = 0 events are largest with (AE) ~ 5.4 x 1036 
J and the tail is most strongly suppressed; events with AE > (AE) are relatively 
less likely than in other regions of parameter space. Close to A = D = 1 events are 
smallest with (AE) zz 1.9x 10?? J and the tail is much more pronounced; events with 
AE > (AE) are relatively more likely than in other regions of parameter space. The 
decrease in (AE) with increasing A and D follows from Eq. (7). The change in the 
tail comes from larger A and D more easily facilitating avalanches. More frequent 
avalanches means larger events are more frequent. For larger A cells remain close 
to critical after failure, and are thus more prone to fail when a neighbour does. For 
larger D the nearest-neighbours interaction is simply stronger. 


3.2. Waiting-time PDF 


We define the waiting time of an event, At, as the time between that event and 
the next one. In the lower panel of Fig. 1 we present the PDFs of waiting time 
for a variety of values of A and D. There is a steep rise for small At with an 
approximately exponential tail for high At, the probability density peaks at At = 
0.17. Recall 7 is the spin-down timescale as defined in Sec. 2.4. The waiting-time 
PDF is approximately exponential, with the peak at At ~ 0.17 an artifact of time 
discretisation. The frequency decrement, 62, is constant. Correspondingly the time- 
steps are small early in the star’s life and large later on. As such short waiting-time 
events are restricted to early in the star’s life whereas long waiting-time events can 
happen throughout. In contrast to the PDF of event sizes the PDF of waiting times 
is unaffected by A or D. This is because the driver of events is the rate of strain 
build up, which is governed by spin down and unaffected by A or D. 

In order for failure to occur at all we find that the star must be born with 
an initial rotational frequency = 750 Hz, consistent with the results of Ref. 27. 
However once failure does occur, it continues until the star is near totally spun down, 
& 5+ 3% of the birth frequency, i.e. t/r ~ 100 to 2500. This is because the only 
way for strain to exit the system is through failure events, it otherwise continually 


builds up. 
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Fig. l. Size PDFs, measured in joules, for a range of A and D (top panel). Waiting-time PDFs, 
measured in units of spin-down timescale, 7, for a range of A and D (bottom panel). In both panels 
red corresponds to A = 0.1, blue to A = 0.5 and green to A = 0.9. The solid lines correspond to 
D = 0.1, dashed to D = 0.5 and dotted to D = 0.9. Each PDF is constructed from all the events 
from five simulations. This figure is copied from Ref. 26. 


3.3. Size-waiting-time correlations 


Also of interest are the correlations between the size of an event and the waiting 
time (recall the waiting time is the time until the next event). We find that the 
Spearman rank coefficient is ~ 0.3 uniformly across parameter space. On average 
larger events affect more of the crust and so, post-failure, cause a larger fraction of 
the crust to be further from failure, meaning that the average time until the next 
event is longer. However larger events do not necessarily affect more of the crust, 
due to the random breaking strains of cells, causing the correlation to be weak. 
Additionally it is possible for a large event to simply not involve the next-closest- 
to-failure cell and thus do nothing to delay the next event, further weakening the 


correlation. 
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4. Gravitational Radiation 


Continuous gravitational waves are the subject of many recent, albeit unsuccessful, 
searches.’ 1? As such we are motivated to calculate the signal expected from possible 
sources. Here we consider an isolated spinning-down neutron star with mountains 
forming due to mechanical failure of the crust. Other potential sources of continuous 
waves include X-ray binaries?£^ and accreting neutron stars.4° In this model the 
location of every part of the crust, and the rotational frequency, is known for all of 
the star's life, so the gravitational wavestrain can be calculated at all times. 

In Fig. 2 we plot the wavestrain over time from a neutron star. The two dynam- 
ical factors that determine the wavestrain are the changing failure-induced mass- 
quadrupole moment and the decaying rotational frequency, with ho ox QQO(t)? /d, 
where ho is the gravitational wavestrain, Q is the mass-quadrupole moment, and 
d is the distance from Earth. At early times spin down is rapid, causing strain to 
accumulate quickly and many failures to occur, leading to a rapid increase in Q, 
thus causing the sharp initial rise in Fig. 2. As the star spins down (2(t) decreases, 
this slows the rate of mountain creation and causes Q to increase more slowly. At 
t/T = 5 to 10 the effect of increasing Q balances with the effect of decreasing Q(t), 
causing the wavestrain reach its maximum value. After the peak in wavestrain the 
decreasing frequency leads to hg œ (1 + t/7) ! for t = 10r. 

Similar to the size of events the wavestrain is largest near A — D — 0 peaking 
at hg ~ 5 x 10775 and smallest near A = D = 1 peaking at ho © 1.6 x 10^?! . Larger 
events create larger mountains and so lead to a greater waverstrain. Wavestrain 
reaches a maximum at t/r ~ 5 to 10, corresponding to Q(t)/2x ~ 250 to 320 Hz. 
There is no trend with A or D in when the wavestrain peaks. The timing of the peak 


TEL ho over Time 


Fig. 2. Gravitational wavestrain, ho(t), as a function of time, t, in units of the spin-down timescale 
T. Each line is the wavestrain of an individual run, of which there are five per value of (A, D). 
Red corresponds to A — 0.1, blue to A — 0.5 and green to A — 0.9. The solid lines correspond to 
D = 0.1, dashed to D = 0.5, dotted to D = 0.9. This figure is copied from Ref. 26. 
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is determined by the rate of events and spin down, neither of which is impacted by 
A or D. 

It should be noted that spin down induced-failure is not the only potential 
source of mountains on neutron stars. Mountains may form on accreting stars? and 
r-mode oscillations may also lead to a detectable current-quadrupole gravitational 


wave signal.*” 


5. Conclusion 


Electromagnetic spin down drives centrifugal crustal deformation and repeated 
crustal failure in rotation-powered pulsars. Crustal failure may be responsible for 
impulsive phenomena like rotational glitches.^? It may also create mountains which 
lead to the continuous emission of gravitational radiation." Molecular dynamics 
simulations reveal that the crust fails homogeneously, without cracking, under the 
high pressures on neutron stars.? However the simulations are conducted on pi- 
cometre scales and cannot resolve inhomogeneities on macroscopic length scales (e.g. 
Z 1 m) such as tectonic plates, faults, and so on, which are seeded by dislocations 
and other impurities and grow under repeated failure. In this paper, we develop a 
phenomenological model in the form of a cellular automaton to capture - in a highly 
idealised form - some of the far-from-equilibrium physics of repeated failure. 

We present an idealised cellular automaton to model the evolution of the crust 
as it both spins down secularly and deforms plastically due to mechanical failure. 
'The secular deformation and strain build up are modelled using the method of Ref. 
31. We make use of a nearest-neighbours interaction to model the redistribution and 
dissipation of strain and the plastic deformation following crustal failure, including 
the effects of thermal dissipation. 

In this model the time, location and size of every failure event are known, as 
is position of every part of the crust at every point in time. This allows for a wide 
variety of observables to be predicted, e.g. total tectonic activity, rate of tectonic 
activity, and number of events. These observables, among others, are investigated 
in greater detail in Ref. 26. We find the AE PDF is qualitatively similar for all 
values of A and D, namely a tight peak with a tail in increasing AE. Events are 
largest near A = D = 0 with (AE) z 5.4 x 1038 J and smallest near A = D = 1 
with (AE) z 1.9 x 1033 J. The gravitational wavestrain follows a similar pattern 
due to larger events creating larger mountains. The maximum emitted wavestrain 
in the star's life is greatest near A = D = 0 with hg zz 5 x 1078 and smallest near 
A= D = 1 with ho © 1.6 x 107?!. In contrast we find that the waiting-time PDF 
is insensitive to A and D. 

The key predictions of this model are (i) in order for failure to occur at all the 
star must be born spinning > 750 Hz, consistent with the results of Ref. 27, (ii) once 
the first failure has occurred failures will continue until Q(t) ~ (0.0540.03)Q(0), and 
(iii) there is a weak positive correlation (Spearman rank coefficient ~ 0.3) between 
the size of an event and the time until the next one. 
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We plan to improve this calculation in future. Refs. 23 and 24 extend the for- 


malism of Ref. 31. These extensions account for the stratification of the star i.e. 
they allow for the consideration of a star of multiple variously dense layers, rather 


than requiring a two component crust-core formulation, additionally they model 


perturbations from chemical equilibrium. 
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Some particle physics models with an additional U(1) gauge interaction are interesting 
because those address the origin of neutrino masses. We show that, in a wide class of mod- 
els, such an extra U(1) gauge symmetry breaking in the early universe can be first-order 
phase transition and hence generate a detectable amplitude of stochastic gravitational 
wave radiation in future experiments. We also discuss the parameter dependence and a 
possible UV completion. 


Keywords: Gravitational waves; Beyond the standard model. 


1. Introduction 


The detection of gravitational waves (GWs) provides information on the evolution of 
the Universe at an early stage. Cosmological GWs could originate from, for instance, 
quantum fluctuations during inflationary expansion! and phase transitions.?? The 
first-order phase transition in the early Universe is one of the promising sources of 
GWs stochastic background.^ © After a first-order phase transition, the dynamics of 
bubble collision? !! ar. 
generate GWs.!* 1? These might be within the reach of future space interferometer 
experiments such as the Big Bang Observer (BBO)?? and DECi-hertz Interferometer 
Observatory (DECIGO)?!; or even ground-based detectors such as Advanced LIGO 
(aLIGO),?? and Einstein Telescope (ET),?? if the transition temperature is below 
O(107) GeV. 2436 

One of the important open questions in particle physics is the origin of nonvan- 


and subsequent turbulence of the plasma and sonic waves 


ishing neutrino masses established by various neutrino oscillation phenomena. The 
most attractive idea for explaining the tiny neutrino masses is the so-called seesaw 
mechanism with heavy Majorana right-handed (RH) neutrinos Np.?” °° From anal- 
ogy to the fact that masses of gauge bosons and fermions in the standard model 
(SM) of particle physics are generated by the breakdown of the electroweak SM 
gauge symmetry, it is natural to suppose that the masses of heavy RH neutrinos 
are also generated by developing the vacuum expectation value (VEV) of a Higgs 
field which breaks a certain symmetry at a high energy scale. 
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Our Universe has undergone several phase transitions since its birth. The well- 
known examples are the quark-hadron, aka QCD, transition and the electroweak 
phase transition. Other promising transitions would be associated with the gener- 
ation of RH neutrino Majorana masses, and the breakdown of the Great Unified 
Theory (GUT) gauge symmetry. 

'The spectrum of stochastic GWs produced by the first-order electroweak phase 
transition with an extended Higgs sector has been investigated due to interest in 
the electroweak baryogenesis.7© Among GWs generated by an extra U(1) sym- 
3141 one of the simplest and the most promising symmetry is the 
gauged U(1)p. r, (baryon number minus lepton number) symmetry,?? * since the 
SM also poses the B — L symmetry as an accidental global symmetry. In the stan- 
dard U (1)p. r, charge assignment, three RH neutrinos must be introduced to satisfy 
the conditions for cancellation of the gauge and gravity anomaly. The U(1)p.. jy, may 
come from a larger GUT symmetry. 

In the case that the U(1) p. ;, symmetry breaking takes place at an energy scale 
higher than the TeV scale, it is very difficult for any collider experiments to address 
the mechanism of the symmetry breaking and the RH neutrino mass generation. 
On the other hand, GWs from the first-order phase transition associated with the 
spontaneous U(1)p. ;, gauge symmetry breaking can probe the mechanism. This 


is what we point out here. For GWs generated by a TeV scale U(1)s-z phase 
32,33,38 


metry breaking, 


transition, see literature. 

First, we investigate GWs from the first-order phase transition associated with 
the spontaneous U(l)g.r gauge symmetry breaking within the minimal Higgs 
model? and a non-minimal Higgs model? We show that the first-order phase 
transition of the Higgs B — L potential can generate a sufficiently large GWs am- 
plitude to be detected in future experiments. 

Next, we consider an ultraviolet (UV) completion of such an extra U (1) extended 
SM. A primary candidate for the completion is an SO(10) GUT model, in which 
the extra U(1) gauge group along with the SM gauge group is embedded, and all 
the SM fermions and RH neutrinos in each generation are also unified into a single 
16 representation of SO(10) (see, for example, a review? and references therein). 
Among several possible paths of symmetry breaking from the SO(10) to the SM 
gauge group, we consider the following two step breaking. The first breaking SO(10) 
into SU (5) x U(1) takes place at a very high scale Mso(10). As the second step, the 
SU (5) breaks to the SM gauge group at a scale Mgys5) = 1019 GeV. We show that 
the parameter set compatible with SO(10) unification can produce a detectable 
GWs spectrum.^! 

This paper is organized as follows: In the next section, we describe the minimal 
and non-miminal U(1)g-z model and then derive the resultant GWs spectrum 
by estimating the latent heat and the transition timescale of the phase transition. 
In Sect. 3, after we describe the outline for the SO(10) unification of the U(1) 
extended SM based on the gauge group of SU(3)c x SU(2)r x U(1)y x U(1)x. 
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through an intermediate path with the SU(5) x U(1)x unification, we compute the 
GWs spectrum generated by the first-order phase transition of U(1)x and present 
the resultant GWs spectrum for various sets of the model parameters. The last 
section is devoted to our summary. 


2. Gravitational waves from U(1)p. r phase transition 


After we briefly summarize the properties of GWs produced by a first-order phase 
transition in the early Universe, we show the amplitude and the spectrum of GWs 
from the first-order phase transition associated with the spontaneous U(1)p.r 
gauge symmetry breaking within the minimal Higgs model?? and a non-minimal 
Higgs model.?? 


2.1. Scalar potential parameters related to the GW spectrum 


We consider the following two types of tree-level scalar potential. One is the poten- 
tial for the minimal model: 


1 
Vo(95) = —M2, 959) + g^» (9205), (1) 
and the other is a non-minimal form with two Higgs fields: 
1 12 1 142 i i 
Vo(®1,B2) = zu (8:91)? 225 (0295)? + A591] (9505) 
+ Mj, 0,6} — M2,959) — A(0,0,9) + 91919;). (2) 


The subscript i of ®; stands for the B — L charge of each 9; field. Here, Ma, 
Ai, and A are real positive parameters. We omit the SM Higgs field part and its 
interaction terms because of those little importance. The Yukawa interactions of 
Ng are given by 
E ere "E ee — 
Lyukawa D - >) > YU HN} — z XO Yne ða NE ONG + H.c., (3) 
i=1 j=1 k=1 

where the first term is the neutrino Dirac Yukawa coupling, and the second is the 
Majorana Yukawa couplings. Once the Higgs field ®2 develops a nonzero VEV, the 
U(1) gauge symmetry is broken and the Majorana mass terms of the RH neutri- 
nos and the mass of the extra gauge boson are generated. After the electroweak 
symmetry breaking, tiny neutrino masses are generated through the seesaw mech- 
anism. The experimental bounds on the extra gauge boson are derived as the LEP 
constraint mz: /gg-L > 6 TeV^^^5 and the LHC Run 2 constraints mz = 3.9 
TeV49 52 for gB—L c 0.7. 

In order to realize a first-order phase transition, the magnitude of the cubic term 
in the scalar potential 


Vy) ~ mp — Ev? t Mt, (4) 
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is crucial, where y is defined as 9 = y/\V/2. There are two possibilities of the origin 
of the cubic term: One case is that the effective cubic term is induced as loop 
thermal corrections, and the other is that the term exists in the tree level potential. 
The cases (1) and (2) above are representative samples of each case. The former 
corresponds to the case of thermal correction and the later does to the tree level 
model respectively. 

In calculation of the phase transition, we include one-loop corrections to the 
scalar potential for zero temperature AVj_joop(~) and that for a finite temperature 
T given by 


AVr(p = Doge 2 y)/T*) - Esas 2 (m$ (o)/T?) 


+> nen (5) 


where g;, with i = s (scalars), f (fermions) and v (vectors) denotes the number of 
internal degrees of freedom, m;(p) are y dependent masses for i-th particles. J B(F) 
is an auxiliary function in thermal corrections.??5^ As is well known, Jp(z?) is 
expressed as 
Jp(a?) e Fe 52 — (y +... (6) 

at the high temperature expansion. The third term induces the effective cubic term 
that could make the transition of the first order even if the tree level potential does 
not contain a cubic term as in the potential (1). 

For our numerical calculations, we have implemented our models into the pub- 
lic code CosmoTransitions,?? where both zero- and finite-temperature one-loop 
effective potentials with the corrections for resummation, 


Ver (Y, T) E Volg) F AVi -100p(¥) =F AVr(¢, T (7) 


have been calculated in the MS renormalization scheme. Here, as a caveat, we note 
that there is a long-standing open problem of gauge dependence on the use of the 
effective Higgs potential. Our results are also subjects of this issue®® >” and should 
be regarded as a reference value. 

By using CosmoTransitions, we find the bounce solution of y and the bounce 
action for the transition, the bubble nucleation temperature T,,°° and the latent 
heat energy density € in the radiation dominated Universe. With the bounce solution 
and action, we obtain the dimensionless transition timescale 


S spe 
dT 


= 
H, dT |r 


with 
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from the bounce action!? in the four-dimensional Minkowski space S and in the 
three-dimensional Euclidean space S%. Here, t, is the bubble nucleation time. 


2.2. The GW spectrum 


'There are three main processes and mechanisms of GWs production: bubble colli- 
sions, turbulence and sound waves after bubble collisions. The resulting spectrum 
of the generated background GWs is given by 


New (fF) = Gw) + Ww (f) + Q8 (P); (10) 


in terms of the density parameter Qew. The three terms on the right side indicate 
the GW produced by bubble collisions, sound waves, and turbulence, respectively. 
We adopt the fitting formula of spectrum commonly adopted in literature* © as well 
as our papers.?5 39: 41 

We only show predicted GWs spectra for our benchmark points of the minimal 
Higgs model (1) with expected sensitivities of various future experiments,?? while 
one may find the similar spectrum of GWs in non-minimal model.?? One benchmark 
point (gp..r, v2, À3) = (0.44, 4 TeV, 1.5 x 1074) is shown by the green curve, while 
the other (gp. L, v2, À2) = (0.46, 3.8 x 10? TeV, 4.0 x 1074) is shown by the red curve 
in Fig. 1. The green curve point is similar to the lowest energy case satisfying the 
LHC limit. An approximate relationship can be seen that fpeak is proportional to 
the VEV of $5, v2. Next, we discuss the resulting GWs spectrum gauge coupling 
dependency. The GWs spectrum for various values of the B — L gauge coupling 
constant for the fixed value of ve = 10 TeV and A9 = 0.002 is shown in Fig. 2. 
We have found a mild dependence for the frequency but the amplitude is quite 
sensitive. The largest amplitude is obtained for 0.35 S gp. ;, S; 0.4. Here, we note 
that the GWs amplitude in Figs. 1 and 2 have been re-evaluated with taking the 


60—64 


suppression effect due to the short-lasting sonic wave into account and smaller 


than previous estimations.?? 


3. UV completion by SO(10) 
3.1. From U(1)p. r to U(1)x 


We consider the UV completion of the U(1) extended SM by SO(10) GUT via the 
intermediate step of SU(5) x U(1)x unification. To realize this partial unification, 
we generalize U(1)p. r of the minimal B — L model to U(1)x, under which the 
charge of an SM field is defined as a linear combination of its hyper-charge and 
B — L charge, qx = Yx Qn. r, with x being a real constant.® °° The particle 
content of this model is listed in Table 1. Except for the introduction of the new 
parameter x, the model properties are quite similar to those of the minimal B — L 
model, which is realized as the special case of x = 0. Another limit |x| >> 1 is called 


a “hyper-charge oriented" case." 69 
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Fig. 1. The predicted GWs spectra for two benchmark points are shown. The expected sensitiv- 
ities of each indicated experiments?? are shown by black solid curves. 
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Fig. 2. The predicted GWs spectrum for various values of gp. r, for v2 = 10 TeV and A» = 0.002. 


3.2. SU(5) x U(1)x unification 
3.2.1. SU(5) x U(1) x embedding 


We now consider the embedding, 


SU(5) x U(1)x D SU(3)c x SU(2)z x U(1)y x U(1)x. (11) 
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Table 1. The particle content of the minimal U(1)x 
model. In addition to the SM particle content 
(i = 1,2,3), three RH neutrinos Nj, (i = 1,2,3) and 
one U(1)x Higgs field ®2 are introduced. 


As in the standard SU(5) GUT,” the charge conjugation of RH down quarks and 
left-handed leptons are embedded in 5* representation of SU(5), while left-handed 
quarks, the charge conjugation of RH up quarks, and the charge conjugation of RH 
charged leptons are embedded in 10 representation: 


Sod ef, 10 5 ài o vi? o ËF. (12) 
This is possible for x = —4/5 and hence the SU (5) unification leads to a quantization 
of U(1)x charge."! 


3.2.2. Gauge coupling unification to SU (5) 


A simple setup to achieve the unification of the three SM gauge couplings is to 
introduce two pairs of vector-like quarks (Q +Q and D+ D) with TeV scale masses, 
Mg and Mp, respectively. Their representations are listed in Table 2. In the presence 
of the exotic quarks, the SM gauge couplings are successfully unified at Msu(s) ~ 
10/96 GeV.7?7? This unification scale corresponds to the proton lifetime of Tam 10S 
yr, which is much longer than the current experimental lower limit of r(p > m'et) ~ 
1034 yr reported by the Super-Kamiokande collaboration."? 


Table 2. Representations of the vector-like quarks. 


[ su3e SU 
3 


We show the gauge coupling unification by solving the renormalization group 
(RG) equations of the SM gauge couplings including the contributions of exotic 
quarks Q and D also into the beta function coefficients. Our results are shown in 
Fig. 3. We set the vector-like quark masses to be Mg = Mp = 1.5 TeV, which 
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satisfy the latest LHC bounds.?^5! We find that three SM gauge couplings are 
successfully unified at Mgyi5) ~ 2.24 x 1016 GeV. We will discuss the RG evolution 
for gy in the next subsection. 


1000 108 109 1012 1015 1018 
u/GeV 


Fig. 3. The RG evolution of the gauge couplings of the U(1) extended SM with the vector-like 
quarks. Three SM gauge couplings are unified at Mgy5) c 2.24 x 1016 GeV. The results for the 
case of Msuv(s) = Mgo 10): 


3.3. SO(10) unification 
The SU(5) x U(1)x can be embedded into SO(10). The decomposition of several 
SO(10) multiplets to SU(5) x U(1)x is given by®?: 
SO(10) 5 SU(5) x U(1)x 

10 = 5(—2/5) + 5" (2/5), 

16 = 1(1) + 5*(—3/5) + 10(1/5), 

45 = 1(0) + 10(—4/5) + 10* (4/5) + 24(0), 

126 = 1(2) + 5* (2/5) + 10(6/5) + 15* (-6/5) + 45(—2/5) + 50" (2/5). 


'The SM fermions and RH neutrinos are embedded in 16 representation. The 5M 
Higgs doublet (H) is embedded in 10 representation,? while the U(1)x Higgs field 
($5) is in 126 representation. Exotic quarks D + D in (5,3/5) + (5*, —3/5) are 
embedded in 16* + 16 multiplets in the SO(10) GUT, while Q + Q in (10,1/5) + 
(10*, —1/5) are embedded in 16 + 16* multiplets. Similarly to the embedding of 


“To be precise, for deriving realistic SM fermion mass matrices, the SM Higgs doublet is identified 
with a linear combination of SU(2)r, doublets in 10 and 126 representations. See Eq. (15) for the 
Yukawa coupling in the SO(10) GUT. 
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U(1)y into SU(5), the SO(10) GUT normalization of U(1)x is given by 


gx — "E Q. = o (13) 


For simplicity, we assume the SO(10) symmetry breaking to the U(1) x extended 
SM by non-zero vacuum expectation values (VEVs) of (1(0)) and (24(0)) in a 45- 
representation Higgs field: 

SO(10) — SU(5) x U(1 — SU(3 SU (2 U(1 U(1)x. (14 

HU d S Oe ee ee Oe «4 

The final U(1)x breaking can be realized by a non-zero VEV of 6) = 1(2) c 126 
Higgs field. The Yukawa interactions for the SM fermions are given by 


Lyukawa D Y10165 165105 + Yi2616f16;126}, (15) 


where 16; is a fermion multiplet (the generation index is suppressed), and 10g 
and 126;; are Higgs fields. Referring the above decomposition, one can see that the 
VEV of 1(2) C 126 Higgs breaks the U(1)x symmetry and generates Majorana 
masses of RH neutrinos in 16; through the Yukawa coupling Yi»; in Eq. (15). 


3.4. Gauge coupling unification to SO(10) 


After the successful unification of the SM gauge groups to SU(5) at Msu(s) we 
consider the unification of SU (5) x U(1), + SO(10) at Mso(1o). The simplest case 
is Mgy(s) = Msocio), then the running coupling g, (1) is determined so as to satisfy 
the unification condition g,(Mgus)) = gi(Msuis)) (i = 1,2, 3). The result is shown 
in the left-handed panel of Fig. 3. For a case of Msu(5) < Mso(10), we need to solve 
the RG evolution of gs and gy in the energy range of Msu(5; < u < Mso(10). We 
omit discussion of those cases here, however, we have shown that the unification of 
SU(5) x U(1), into SO(10) is possible. 


3.5. The GW spectrum 


First, we show the dependence of the GWs spectrum on the energy scale of sym- 
metry breaking, or equivalently, the VEV (v2) scale. In Fig. 4 we show the GWs 
spectrum for different symmetry breaking scales for a fixed value of A = 6 x 1074. 
As expected, the peak frequency becomes higher, as the symmetry breaking occurs 
at higher energies. The black solid curves denote the expected sensitivities of each 
indicated experiment: LISA, DECIGO, BBO, ET, and Cosmic Explore (CE). The 
expected sensitivity curves for each experiment were based on one of the latest 
results.°9 

Next, we study how the U(1)x Higgs quartic coupling and Yukawa coupling 
affect the resultant GWs spectrum. As a Yukawa coupling increases, the peak am- 
plitude decreases with the peak frequency increasing. This is because fermion loops 
generate only thermal mass term and not an effective trilinear term in the thermal 
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potential (5), which weakens the first order phase transition. Assuming the hierar- 
chy among the Yukawa couplings as Yy, = Yn > Yy,, Yn,, for simplicity, we show 
in Fig. 5 the GWs spectrum for various values of Yy and Az for gy = 0.463 and 
v2 = 1 PeV. 


1075 
10719 L 
—— 10 TeV 
10772 F Lieu 
pa 19-4 | — TeV 
6 —— 10^ TeV 
G 10-16 — l0 TeV 
10718 L 
1 —20 i , 1 
1076 1074 0.01 1 100 10^ 
f [Hz] 


Fig. 4. The predicted GWs spectrum for various symmetry breaking scales for A9 = 6 x 10-4. 
The difference of the symmetry breaking scale is indicated by colors as shown in the legends. The 
expected sensitivities of each indicated experiments?? are shown by black solid curves. 


4. Summary 


In this paper, we have considered the U (1) x extended SM and studied the spectrum 
of stochastic GWs generated by the first-order phase transition associated with the 
extra U(1)x symmetry breaking in the early Universe. This breaking is responsible 
for the generation of Majorana masses of RH neutrinos and may be surveyed by the 
GWs spectrum. 

We also have shown a UV completion of the U(1)x extended SM by an SO(10) 
GUT. We have found that the first-order phase transition triggered by this extra 
U (1) symmetry breaking can be strong enough to generate GWs with a detectable 
size of amplitude if the U(1)x Higgs quartic coupling is small enough and the 
symmetry breaking scale (the bubble nucleation temperature T,) is smaller than 
about 10? (10+) TeV. 

We have also clarified the dependence of the resultant GWs spectrum on the 
RH neutrino Majorana Yukawa couplings, in other words, the mass scale of RH 
neutrinos. It can be seen as the reduction of the amplitude and the shift of peak 
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Fig. 5. The predicted GWs spectrum for various values of Yy and A5 for gy = 0.463 and vg = 1 
PeV. Parameters in the legend denote (Yy, A2 x 10°). 


frequency of GWs background, which is very similar to the effect of the variation 
of the U(1)x Higgs quartic coupling nevertheless. 
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In this report, we evaluate the performance of the proposed Euro-Asian network (EAN) 
of gravitational wave (GW) interferometers, which is planned taking into account the 
location of one of the detectors at the RAS Novosibirsk Scientific Center. EAN is formed 
by four detectors: VIRGO, KAGRA, LIGO India and Novosibirsk. The efficiency of this 
configuration is calculated based on typical numerical criteria for wide area networks.! 
One of the key criteria is the accuracy of reconstructing the parameters of GW bursts, 
which links the calculation of this criterion to a specific class of astrophysical sources. 
We present results for calculations performed for the chirp signals from the of relativistic 
binaries inspiral and for signals from rotating collapsing stars. Maximizing the integral 
criterion we find the optimal orientation of the Novosibirsk detector, which is specified 
by the angle between the south direction and the bisector of the Michelson arms of the 
GW interferometer. 


Keywords: Gravitational waves; Network of detectors; Binary merger; gravitational 
collapse 


1. Introduction 


In September 2015, the first direct registration of a gravitational-wave burst from 
the merger of a relativistic binary, whose components were evaluated as black holes 
(BH), took place. The detection of this event was carried out using LIGO detec- 
tors.? After there were several other similar registrations. A qualitative step was 
the registration by three detectors (including a similar interferometer VIRGO in 
Europe) GW170814 burst from the merger of BH binary (M = 30M; from the 
distance of 540 Mps,? which allowed to reduce the localization zone of the source 
on the celestial sphere by an order of magnitude, up to ~ 60 deg?. A gravita- 
tional wave (GW) signal from neutron stars (NS) merger was registered, coinciding 
with GRB170817A gamma burst (with 1.7 s delay).* One of the most recent sig- 
nificant steps is the registration of gravitational waves from the neutron star — 
black hole binaries coalescence.? All these facts allow to claim confidently real 
occurrence of a new gravitational-wave channel of astrophysical information and 
heuristic value of multi-messenger astronomy, i.e. strategy of parallel observation of 
transients on detectors of different physical nature. However, there is still no observa- 
tion of gravitational waves from supernova as well as significant coincidence between 
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LIGO/VIGRO data and neutrino detectors like NOvA® and IceCube” experiments. 
Gravitational waves from core-collapse supernovae can serve as an important source 
of information about the processes occurring during a given event.® 

In this context, we continue the discussion of a European-Asian network (EAN)? 
which consists of four antennas in the northern hemisphere: VIRGO in Italy, KA- 
GRA in Japan, LIGO-India in India and the planned new additional antenna in 
Novosibirsk. In order to assess the scientific feasibility and efficiency of such a net- 
work the calculation of its main characteristics was performed in the approach 
developed in Refs. 1, 10. 

Here we consider two sources of gravitational wave signals: inspiral of a relativis- 
tic binary and collapsing stars at the protoneutron star stage which is subjected to 
rotational instabilities. For both sources we define the optimal orientation angle of 
possible detector in Novosibirsk by maximizing the integral effiency criteria. 

Table 1 shows the coordinates of the detectors in question. The detector ori- 
entation angle y is defined as the angle between the southward direction at the 
detector location and the bisector of the angle formed by its arms, measured 
counterclockwise. 


Table 1. Detector data; all angles given in degrees. 


Detector Latitude | Longitude L Orientation + 


VIRGO 43.6 -10.5 206.5 
KAGRA 36.4 -137.3 163.3 
LIGO India 19.6 -77.0 254.0 


Novosibirsk 55.0 -82.9 to be defined 


It’s worth noting that in addition to the planning Novosibirsk interferometer, 
today a project of search for neutrino and gravitational correlations using the 
OGRAN gravitational detector and the BUST neutrino telescope is being devel- 
oped in Russia.!! 


2. Criteria of a network 


To estimate efficiency of a network of ground based detectors it’s necessary to con- 
struct power patterns of individual components and the whole network. Here we 
review the basic information necessary for construction of the pattern and calcula- 
tion of the criteria. 

In the long wavelength approximation (the GW wavelength is much larger than 
the interferometer arm length L) the detector response can be evaluated as 


(t) = = F, (0,0 Wh) + Fx (0,0 What), o 


where F, (0, p, Y), Fx(0, p, Y) are the antenna pattern functions for the two polar- 
izations, which are functions of the polar angle 0 and the azimuth angle q of the 
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spherical coordinate system (XY is the detector plane) and the polarization angle 
of the GW w. 

Antenna pattern functions have the following form (in the coordinate frame, 
which basis vectors, coincide with the direction of the detector arms): 


1 

F= g(t + cos? 0) cos 2 cos 24) — cos 0 sin 2y sin 21, (2) 
1 2 

Fx = Pi + cos” 0) cos 2 sin 2 + cos 0 sin 2 cos 24). (3) 


In Ref. 12 it’s shown that for a network of N detectors network antenna power 
pattern PN: 


pH, ae EL. (4) 


In order to choose the optimal detector angle in Novosibirsk, we use 3 indepen- 
dent criteria presented in Refs. 1, 10. T'hese three criteria form an integral criterion, 
which is to be maximized by changing the orientation of the Novosibirsk detector, 
to find the most effective angle. 


2.1. Polarization criterion I 


Criterion I characterizes ability of the network to assess the polarization of the 
received GW. Following Ref. 1 we define 4- and x integral functions for a network 


of four detectors: 
1 
Ma 4 FPtFI-FjPtFL, (5) 


where N - stands for a network function and F;j...F4 all either correspond to the + 
or x polarization. Obviously F^ depend on the polarization angle of v. 
Calculation of I is carried out in dominant polarization frame (DPF).!? In DPF 
for each point on the celestial sphere (a; ô) (in equatorial coordinate system point 
is defined by right ascension a € [—7; 7] and declination 6 € [- 2; 5) a polarization 
angle that maximizes the network factor F and minimizes FY is chosen. Conse- 
quently, for this direction (a; 5) the condition F > FY is valid. The condition of 


N 
approximate equality of factors FY and F 2 has to be kept, i.e. = zx 1. This means 


n 
that the gravity detector network will be sensitive to both gravity wave polariza- 
tions. It follows that à minimum difference of |F N _ FN | should be sought for all 
(a; 6). This leads to the quantitative formulation of the polarization criterion I!: 


t= (+ df |FN(a;6) — FN(a;6)|?an ad (6) 
At 


where averaging of |F N -F fi | over celestial sphere takes place (dQ - solid angle). 
The bigger is J the smaller is the averaged difference |F N -F i |. 
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2.2. Localization criterion D 


Criterion D characterizes the ability of a network to define angular position of a 
source. In astrometry the problem of a source localization on celestial sphere of 
a radiation source is solved by a method of triangulation. Triangulation is based 
on the difference in time between the registration of signals by network detectors. 
'The further apart the detectors are, the greater the time delay is. To maximize the 
source location accuracy on the celestial sphere, the telescopes should be placed 
as far apart from each other as possible. According to Ref.,! for a network of four 
detectors D is calculated as the area of the triangle formed by the three detectors 
in the network, which has the largest area among all possible combinations. If O - 
the center of the Earth, A, B, C - points where the detectors are located, the area 
of the corresponding triangle: 


Sanc = 1/2\[AC, AB]| = 1/2|[OÓ — OA; OB — OA). (7) 


2.3. Parameters reconstruction criterion R 


Criterion R characterizes the possibility of reconstruction the parameters of the 
signal of a known analytical form. According to the Maximum likelihood estimation 
in the additive Gaussian noise background model, the parameters of the received 
signal are evaluated by the Rao-Cramer bound. The best possible estimates are 
obtained using the Fisher information matrix Ig g^ in accordance with the formula 


" Imax Ovh( f)Osh(f) 
Tog = Re on — , (8) 


where h( f) is the Fourier image of response of the detector, the line above the Fourier 
image of response represents the complex conjugate, and S, (f) is the spectral noise 
density of a single detector. In this paper we assume for simplicity that all detectors 
have the same noise properties presented in.!? 

Rao-Cramer bound determines the best possible accuracy of parameter P esti- 


mationl4: 


OP ITI (9) 


where Ty = = T;, i.e. the Fisher information matrix for detector network, is the 
sum of the corresponding detector matrices constituting the network. The inverse 


value of the celestial-averaged relative error is a numerical expression of criterion R: 
—1/2 ay 
1 5P\* óP 
(z fp ( P ) ( P (0) 
Maximization of criterion R leads to the minimum relative error averaged over the 
celestial sphere in the estimation of the parameter. 
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2.4. Integral criterion C 


Integral criterion C is used to compare different configurations of a network: 


I 2 D 2 R 2 
= i 11 
* (=) T (=) + (=) ( ) 


Criteria J, D and R together define a three-dimensional space that can be used 

to define a point which describes a particular configuration. Maximization of C by 

orientation angle of the detector in Novosibirsk gives the optimal orientation angle 
Max max max 


and leads to values I( yR) = Imax, D(YN22) = Dias and R(yN22) = Rmax (from 
the definition it's clear Cmaz = 1). 


3. Sources 
3.1. Binary inspiral 


As a first typical source of gravitational radiation we consider inspiral of a relativistic 
binary. For our purposes a rather simplified Newtonian form of gravitational chirp 
signal, which does not take into account post-Newtonian corrections is sufficient!?: 


4 (5/3 
h(t) = TA | F? + F2 MPR (n f JP cos (9 4- V), 12) 


M = p M25. 13) 
e - QS 
»- (ES ) 14) 


f= 


1 54 3/8 
| 5 C | 15) 


"M | 256 G(T — t) 


where M is the chirp mass of a system, dr, is the distance to the source, ® is the 
phase, f is the frequency, V is the initial phase, M and Jj is the total and reduced 
masses of the binary system, T is the moment of coalescence. 


3.2. Collapsing star 


As a second source of gravitational radiation we consider a core-collapse supernovae. 
During the core-collapse there exist many mechanisms of gravitational waves radi- 
ation on different stages of the process.!' As Fisher matrix approach (8) requires 
analytical form of the signal we have considered gravitational waves from long-lived 
rotational instabilities of a proto-neutron star. If the key result of this instabilities 
is bar deformation that the radiation can be simulated by radiation from a rotat- 
ing cylinder (axis of rotation is a bisector of the cylinder axis) with a Gaussian 
exponent which is introduced phenomenologically to take into account finiteness of 
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the signal: 
GMw? L? -ttt 
h(t) = y Fẹ +F —za (1 - 3e*)e  " cos(2wt+¢), (16) 
F 
=r + tan! a (17) 
x 


where G is Newtonian constant of gravitation, c — speed of light, M — mass of the 
source, L — length of the cylinder, R — radius of the cylinder, w — source angular 
frequency, to — characteristic signal length and parameter ¢ = Z characterizes the 
degree of deformation and is used for calculation of criterion R (10). Gravitational 
radiation carries away energy from the system so w decreases over time. However 
for typical values of source parameters!" w = 27 x 700 rad/s, L = 20 km, R = 5 km, 
M = Mo and to = 1 s calculation of gravitational waves luminosity via Einstein’s 


formula!?: 


3 
Law — £ 2 Qj (t - -) Qj (t = 2) ; (18) 


where Qj, — reduced quadrupole moment and dot denotes time derivative, leads to 
Au ~ 1077, so we consider w to be constant. 


4. Numerical results and conclusions 


To define the optimal orientation angle of possible Novosibirsk detector for the to 
sources in question we maximize the integral criterion C (11). We have chosen the 
following typical values for the first source parameters: a binary neutron star with 
masses of 1.4Mo, without spins, located at a distance of 1 Gpc from the Earth and 
with an orbital plane perpendicular to the line-of-sight. The results of numerical 
integration are presented in Figure 1. Criterion D in our approximation does not 
depend on the orientation angle of the detector in Novosibirsk. The most sensitive to 
changes in orientation angle is criterion J. The maximum value of integral criterion 
C is achieved at yo? = 13°. 

In the case of gravitational collapse the strain h(t) is expected to be several 
orders of magnitude less than for binary coalescence (h ~ 107?? — 107?? at 10 kpc) 
so we can't assume isotropic distribution of sources over the celestial sphere. Instead 
we integrate over the Milky Way disk (neglecting the fact that the sensitivity may be 
sufficient for detection of the signal from several nearby galaxies). Due to rotation of 
the Earth antenna pattern functions F} and Fx depend on time (and consequently 
P = P(t), ó = ¢(t)) thus we average functions of time over 24 hours which also 
makes analytical calculation of Fourier image h(f) in (8) possible. The parameters 
of a source are those ones from Section 3.2. The calculation results are shown in 
Figure 2. Again / is again the most sensitive criterion to changes of orientation 
angle. The maximum value of integral criterion C is achieved at yg% = 40°. 
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Fig. 2. Dependence of all criteria on orientation angle of detector in Novosibirsk for gravitational 
collapse. 


The final choice of the orientation depends on the most topical problems at the 
time of construction of the detector in Novosibirsk. To conclude we notice that the 
choice of the source is a limitation of this work, because more significant physics 
is encrypted in a more complex structure of the signal from the core collapse, but 
such signals are model-dependent and do not have an analytical form (e.g.1?), which 
does not allow using them within the framework of this approach. 

The obtained result shows that in one specific network it is impossible to indicate 
the orientation of the interferometer in Novosibirsk, which would be optimal both 
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for GW signals from the coalescence of relativistic binaries and for signals from 
collapses. This is despite the fact that the collapse model with the stage of rotating 
cylindrical bar instability is closest to the picture of a merging bynaries at the 
inspiral stage. At the moment, it is possible to recommend the choice of an averaged 
orientation with an appropriate estimate of the loss in the accuracy of estimating 
the parameters of the received signals. 
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Core-collapse supernovae produce copious low-energy neutrinos and are also predicted to 
radiate gravitational waves. These two messengers can give us information regarding the 
explosion mechanism. The gravitational wave detection from these events are still elusive 
even with the already advanced detectors. Here we give a concise and timely introduction 
to a new method that combines triggers from GW and neutrino observatories; more 
details shall be given in a forthcoming paper.! 


Keywords: Multimessenger, supernova, core-collapse, low-energy neutrino, gravitational 
wave. 
1. Introduction 


Core-collapse supernovae (CCSNe) are expected to produce multimessenger signals 
such as neutrinos, gravitational waves (GWs), as well as multi-wavelength electro- 
magnetic waves.^? Low-energy neutrinos (LENs) are expected to be produced by 
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these events, with the average energy ~ 10 MeV and these LENs are from the 
majority of the total energy budget (~ 1053 erg) of the CCSNe. 

LENs from a CCSN have been successfully detected with the observation of 
SN1987A in Large Magellanic Cloud by Kamiokande-IL,^ IMB,? and Baksan.® To- 
day, there are several LEN detectors waiting for these astrophysical events such as 
Super-Kamiokande’ (Super-K), LVD,? KamLAND;? and IceCube!? with the hori- 
zon up to the edge of our galaxy and beyond. These detectors are in fact in a 
multi-detector collaboration for this effort to produce low-latency alerts under Su- 
perNova Early Warning System (SNEWS).!1 12 

Moreover, the era of multimessenger astronomy involving GWs has just begun 
with the detection of the binary neutron star merger.? Recently, GW search has 
been in the phase of O3 data taking, which is done by LIGO™ detectors (4-km arm 
in Hanford and Livingston USA), Virgo! detector (3-km arm in Cascina Italy), 
and KAGRA!? (3-km arm in Gifu Prefecture, Japan in the latest period of O3). In 
total, the GW science data taking has been done for 3 observing runs (O1, O2, and 
O3) from 2015 to 2020, and currently the detectors undergo improvements in order 
to be more sensitive for O4 (expected in August 2022). CCSNe are expected to 
produce GW signals with broad physical processes.!" ?? Detecting GWs from these 
sources will enable us to study the physical processes. As we will see later on, the 
detection capability of GWs could be improved by multimessenger search involving 
LENS. 

Here, we provide a timely description of a strategy to combine GWs and LENs 
for a multimessenger search following the chart in Fig. 1. More details discussion 
will be given in a forthcoming paper,! which has just been accepted by JCAP. 
This method is based on our previous works.?'?? We construct a time-coincident 
strategy and test it with the simulated signals for both GW and LEN data. 

In our strategy, we use the coherent WaveBurst (cWB) pipeline?? ?6 for GW 
data analysis from simulations. This is a model-agnostic algorithm pipeline that 
is used to search GWs from CCSNe.?” Moreover, we also simulate LEN signals 
arriving in several neutrino detectors and analyse them?. At this stage, we use a 
new approach (introduced in??) for neutrino analysis in order to exploit the tem- 
poral behaviour of CCSNe. In the next step, we perform a temporal-coincidence 
analysis between the two messengers. Different messenger data are analysed sep- 
arately and then combined together for possible GW-LEN signals. This could be 
interesting for online networks such as SNEWS or offline search for sub-threshold 
signals. 

This paper is organised as follows. In Sec. 2, we discuss the emission models 
for each messenger. Then, in Sec. 3, the data and analysis by our strategy will be 
presented. In the end, we show the implementation of our strategy in Sec. 4. 


?Note that we employ no detailed neutrino-detector simulation. 
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Fig. 1. The schematic view of the multimessenger GW-LEN strategy. 
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2. Messengers from Core-Collapse Supernovae 


A CCSN is expected to produce a O(10ms — 1s) GW burst and an impulsive 
O(10 — 30s) emission of O(10 MeV) LENs?55, which highly depend on the CCSN 
initial conditions: progenitor mass, rotation, etc. Thus, it would be ideal to perform a 
simultaneous GW-LEN analysis from the same numerical simulation. Unfortunately, 
no simultaneous GW-LEN numerical simulations have provided successful CCSN 
explosion, or if there are, the simulations can only provide both signals for the 
first half of a second, until the explosion. Meanwhile, the LEN emission duration 
is expected to last about 10 seconds. Therefore, we combine the currently available 
GW signals and LEN signals from different simulations with similar progenitor 
masses, and handle them as if they are from the simultaneous simulation. 


2.1. Gravitational Wave Emission 


We provide the detail of our GW waveforms in Tab. 1. We use the GW signals from 
the 3D neutrino-radiation hydrodynamics simulations of Radice et al.?? (named as 
^Rad") with the various zero age main sequence masses in order to have the suc- 
cessful explosions from the low-mass and the failed explosions from the high-mass. 
Besides, we also take into account models with rapid rotation and high magnetic 
field which produce much stronger GWs. In this case, we take GW waveforms from 
two simulations: the Dimmelmeier?! (“Dim”) and the Scheidegger?? (“Sch”). The 
stellar progenitors of Dim and Sch have strong rotation and magnetic field. These 
constraints make the models less favourable to happen than the neutrino-radiation 


bThese signals could also be emitted by “failed” SNe.?? 
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mechanism.?^28.33 Nevertheless, we would not rule out any models since we have 
not yet detected any CCSN GWs. Thus, we try to cover as broad as possible the un- 
certainty band from theoretical predictions: the lower limit is from the Rad model, 
and the upper limit is from the Dim and the Sch models. 


Table 1. Waveforms from the considered CCSN simulations. In the columns: emission type 
and reference, waveform identifier, waveform abbreviation for this manuscript, progenitor mass, 
angle-averaged root-sum-squared strain hrss, frequency when the GW energy spectrum peaks, 
and emitted GW energy. 


Waveform Waveform Abbr. Mass hyss 910 kpc fpeak Eaw 
Family Identifier Mo [10-22 A] [Hz [107° Moc?) 
Radice?? s25 Rad25 25 0.141 1132 28 
3D simulation; s13 Rad13 13 0.061 1364 5.9 
hy & hx; (Rad) s9 Rad9 9 0.031 460 0.16 
Dimmelmeier? dim1-s15A2005ls Dim1 15 1.052 770 7.685 
2D simulation; dim2-s15A2O091s Dim2 15 1.803 754 27.880 
hy only; (Dim)  dim3-s15A3015ls — Dim3 15 2.690 237 1.380 
Scheidegger’? sch1-R1E1CA, Sch1 15 0.129 1155 0.104 
3D simulation; sch2-R3E1ACrz, Sch2 15 5.144 466 214 
hy & hx; (Sch) sch3-RAE1FC;, Sch3 15 5.796 698 342 


2.2. Low-energy Neutrino Emission 


Similar to the previous emission, we consider two models for the LEN emissions. 
First, we take the signals from the numerical simulations of Hüdepohl obtained 
for a progenitor of 11.2Mo; without the collective oscillations,?^ with the time- 
dependent neutrino luminosities, and average energies. The simulation provides the 
first 7.5 seconds of the neutrino emission with the analytical extension in order to 
reach 10 seconds of the signal. The average LEN energies from before collapse up 
to the simulated 0.5 s after bounce are (c.f. Table 3.4 of Ref.**): (E,,) = 13 MeV, 
(E5.) = 15 MeV and (£E,,) = 14.6 MeV. 

Second, we also use a parametric model for neutrino emission from Pagliaroli 
et al.,?? focusing on the best-fit emission from SN1987A data and the model provides 
the average energies of (E,,) = 9 MeV, (E,) = 12 MeV and (E,,) = 16 MeV. This 
signal has a temporal structure: 


F(t, Ti, T2) = (1 i gotten. (1) 


where 7, and 72 are parameters governing the emission, representing the rise and 
decay timescales of the neutrino signal. The best-fit values on these parameters are 
c 0.1 s and ~ 1 s.?6 

Here, we consider only the main interaction channel for water and scintillator 
detectors: the inverse beta decay (IBD) 7% +p — n -- e*. We also consider standard 
MSW neutrino oscillations on the flux $7, at the detectors. The flux is an admixture 
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of the unoscillated flavor fluxes at the source, i.e. 6;, = P-®;,+(1—P)®;,. Here, P 
describes the survival probability for the De. The value of P œ 0 is for the Inverted 
Hierarchy (IH), while P œ 0.7 is for the Normal Hierarchy (NH). The expected 
number of IBD events can be seen in Tab. 2 with the reference distance of 10 kpc. 


Table 2. Average number of IBD events for a CCSN exploding at 10 kpc for the 
considered models detected by Super-K," LVD,8 and KamLAND,? with the assumed 
energy thresholds (E; ). 


Model Progenitor Super-K LVD KamLAND 
(identifier) Mass (Egg, = 6.5 MeV) (Finr = 7 MeV) (Enr = 1 MeV) 
Pagliaroli®® 25 Mo 4120 224 255 
(SN1987A) 

Hüdepohl?4 11.2 Mo 2620 142 154 

(Hud) 


3. Data and Analysis Strategy 


Here, we will discuss the data and analysis for GWs, for LENs, and for a combined 
multimessenger search. We consider a conservative threshold on global false alarm 
rate (FAR) of 1/1000 years. 


3.1. Gravitational Wave Analysis 


We employ the cWB?":°¢ algorithm for the GW data analysis, a widely used soft- 
ware in the LIGO-Virgo-K AGRA collaborations; which is also used for the study of 
CCSN targeted-search.?^?? The cWB software does not need any waveform tem- 
plates; it combines coherently the excess energy of the data from the involved GW 
detectors. A maximum likelihood analysis is used to search for the GW candidates 
and their parameters. The significance is estimated comparing foreground the de- 
tection statistics p (of the candidates) with a background distribution from the 
time-shift procedure. We simulate Gaussian noise with a spectral sensitivity based 
on the expected Advanced LIGO% and Advanced Virgo detectors.*' ^? We simulate 
~ 16 days of data and ~ 20 years of background livetime. 

Waveforms from the models in Sec. 2.1 have been simulated for several distances: 
5, 15, 20, 50, 60, 700 kpc. In terms of sky direction, for the shorter distances (5, 15, 
20) we use the Galactic model given in, whereas for the longer (50 and 60 kpc) 
distances we take fixed directions, either towards the Large or Small Magellanic 
Clouds, and additionally for the 700 kpc we use the Andromeda direction. We focus 


*cWB home page, https: //gwburst.gitlab.io/; 
public repositories, https: //gitlab.com/gwburst/public 
documentation, https: //gwburst.gitlab.io/documentation/latest/html/index.html. 
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mainly on the 5-60 kpc distances for the multimessenger analysis, while the distance 
between 60 and 700 kpc are used for the efficiency curve’. We inject 1 GW signal per 
100 seconds, wide enough for two consecutive waveforms. In terms of sky positions, 
we apply ~ 2500 different realizations over all the sky direction for each distance 
and model. 

We choose a threshold of 864 per day for GW candidates to be used for our 
multimessenger analysis, to satisfy the requirement of the combined FAR of 1/1000 
years. The efficiency curves for each distance can be seen in Fig. 2 as the ratio of the 
number of recovered injections (FARGw < 864/day) to the ~ 2500 total injections. 
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Fig. 2. Efficiency curve of GW search from Advanced LIGO and Advanced Virgo detectors for 
the various models in Tab. 1, given a FAR threshold of 864/day. Sch1-3 are for the Scheidegger 
model with different frequency peaks, Dim1-3 are for the Dimmelmeier model with different hrss 
values, and Rad1-3 are for the Radice model with different progenitor masses 


3.2. Neutrino Analysis: Expanding the Neutrino Detection 
Horizon 


The standard LEN analysis for CCSNe 1^6 employs a binning in a time series data 
set with a sliding time window of w — 20 seconds. The group of events in a bin 
is called a cluster and the number of events in a cluster is called multiplicity m. 
We can assume the multiplicity distribution of background events follows a Poisson 
distribution. For each i-th cluster, we calculate the imitation frequency ( f^"), which 
is correlated with the significance, defined as, 


fi"(m) 2 N x $5 PCR), (2) 
k—mi 


dFor the simulations between 60 and 700 kpc, we use the Andromeda position, though no known 
astronomical objects are expected around that area. 
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where P(k) is the Poisson term: the probability in which a cluster of multiplicity k 
is simply due to the background, 
k 5— fbkgw 
P(k) = Ce Ea (3) 
with N = 8640 is the total number of bins in one day, calculated from the 10-s 
overlapping window between two consecutive bins, to tackle the boundary problems. 
This f”” is basically called FAR in the GW community. 

From our previous work,*” we can exploit the temporal behavior of LEN signals 
with an additional cluster parameter called £; — AE? with At; as the i-th cluster 
duration: the time difference between the last and the first event. Clearly, At; has a 
maximum value of the bin width itself, which is 20 seconds. A cluster is considered 
when m; > 2, thus €; > 0.1. 

Previous work“? uses £ as a cut value. In this work we develop further in order 
improve the estimation of the imitation frequency. Particularly, it is formulated a 
new modified 2-parameter (m and £) imitation frequency, called Fi": 


Fi™ (mi, &) =N x Sr (k, £i), (4) 
k—mi 
where the term P(k,£;) is the joint probability of a cluster with multiplicity k and 
£; substituting P(k) previously (Eq. 3). Finally, it is convenient to write (see c.f. 
App. A of! and c.f. Sec. 7.1. of?! for more detail), 


FP"(m&)- Nx So P 0) f PDE(E > gla (5) 
k=m; &—6i 
Fig. 3 shows the £ probability density function (PDF) for the Super-K detector 
(as an example). The black solid line represents the PDF of £ values due to the 
background, i.e. PDF(£|K). 

We simulate ~ 10 years of background data for each neutrino detector with the 
assumption that the background frequencies fbkg: 0.012 Hz for Super-K,*° 0.015 Hz 
for KamLAND,* and 0.028 Hz for LVD.*4 Moreover, the CCSN simulated signals 
(see Sec. 2) are injected into the background data for each detector model (the start- 
ing times are simultaneous with the GW injections, with reasonable time delay due 
to detectors’ positions) and for each source distance. These clusters are extracted 
via the Monte Carlo method and the injection rate is 1 per day. 

The clusters are considered signal candidates if their standard f?" « 1/day, 
which has been set in order to reach the global FAR of 1/1000 years. The efficiency 
for each distance D can be defined as, 

Nig (D) 

D) = ; 

n(D) Nu s(D)' (6) 
where N, s is the number of candidates and Ninj,s is the total number of injections. 
With the recipes up to now, the efficiency curves can be constructed (see Fig. 4). 
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Fig.3. PDF of € values for background (black line) and signal clusters (colored-lines) for different 
distances in the case of the Super-K detector. Data are from.^" 
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Fig. 4. The efficiency curves of LEN detectors for the Hud (continuous lines) and SN1987A 
(dashed lines). The imitation frequency threshold is 1/day. 


3.3. Multimessenger Analysis 


The ultimate goal of our work is to construct a multimessenger analysis, combining 
both LEN and GW data sets (green boxes in Fig. 1). We simply perform a temporal- 
coincidence analysis between the GW and LEN lists and the statistical significance 
can be estimated by the combination of its FAR. The joint coincidences are defined 
as “CCSN candidates”. 
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The FARaw is acquired via the time-shifting method (Sec. 3.1) while, the FAR, 
from LEN is obtained by the product method based on SNEWS!! i.e., 
Nd 
FAR, = Nd x wi? [T Fi», (7) 
i=1 
where Nd is the number of LEN detectors, w, is the time window of coincidence 
analysis, and F?" is the 2-parameter imitation frequency of the clusters. 
All in all, the multimessenger FARgiop from “CCSN candidates” can be written®, 


Net 
FARgiop = Net x wi! | | FARx, (8) 
X=1 
where Net is the number of sub-networks, we is the temporal coincidence window 
between GW and LEN, and FAR x is the false-alarm-rate (X = (v, GW}). Thus, 
the false-alarm-probability taking into account Poisson statistics can be written, 


FAP =1— RA (9) 


where “livetime” is the common observing time among the network. 

Eq. 8 and 9 are used to compare the performance of our 2-parameter method 
(Eq. 5) with the standard 1-parameter method (Eq. 2). This performance is dis- 
cussed as efficiency values, analogous with Eq. 6. For the multimessenger step, we 
define a “detection” in a network when FAP > 5of. 


4. Results 


Here, we discuss the results of our method. First, we mention the single-detector 
neutrino analysis performance. Next, we show the sub-network of neutrino detectors. 
Finally, we provide the global network of GW-LEN multimessenger analysis. 


4.1. Improvement of the Single-Detector LEN Analysis 


We work our method on the simulated single-detector data for KamLAND, LVD, 
and Super-K. To show the improvement, we discuss in the following, as a leading 
example, the case of the KamLAND detector. We consider a CCSN at 60 kpc with 
the LEN profile following SN1987A model (the first row of Tab. 2). We perform 
a 10 years of KamLAND simulated background data and we inject randomly the 
simulated LENs with the rate of 1/day, thus, 3650 total injections. 

All clusters, either due to background or injections, are plotted in Fig. 5 in a € 
vs multiplicity plane. Blue crosses represents the clusters due to injections while the 
yellow inverted-triangles are due to background. Because of the statistical Poisson 
fluctuation in the Monte Carlo simulation method, the injection clusters may have 


*'Thorough discussion on the choice of coincidence analysis can be seen in.?! 


f5¢ zm 5.7 x 1077 
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Fig. 5. The €-multiplicity map for KamLAND with the simulated background (yellow-triangle) 
and injection (blue-cross) clusters generated with the SN1987A model at 60 kpc. 


various multiplicity values. Besides, background events are also fluctuating in this 
20-sec window. 

We estimate the associated imitation frequency (or FAR,®) for each recovered 
cluster. This imitation frequency in 1-parameter analysis is a function of only the 
cluster multiplicity via Poisson statistics. To satisfy the SNEWS requirement of 
FAR, < 1/100 year, the multiplicity threshold is 8. This means clusters should lie 
on the green area of Fig. 5 to satisfy the standard 1-parameter requirement. This 
limit on the multiplicity could be understood as a KamLAND horizon for CCSN 
search of ~ 65 kpc with the model based on SN1987A, in fact it is the average 
multiplicity for this CCSN configuration: (m;) = 8. 

On the other hand, the imitation frequency of our 2-parameter method requires 
each cluster to satisfy the requirement of both multiplicity and the € value following 
Eq. 4. That equation gives us the red line in Fig. 5 for FAR, = 1/100 years" required 
for the 2-parameter method. All clusters above the red line pass the 2-parameter 
method requirement. This also relax the requirement allowing multiplicity lower 
than 8 as long as a specific € value is satisfied. Thus, the red area in Fig. 5 represents 
the improvement area of our 2-parameter method comparing with the 1-parameter. 
In addition, it is clear from the figure that all simulated background clusters (yellow 
triangles) are well below the red threshold line. 

Quantitatively, Fig. 5 shows an increase of the detection efficiency with details 
given in the first row of Tab. 3. The KamLAND efficiency at 60 kpc is improved 
from 73% by the standard 1-parameter method to 83% by our 2-parameter method. 
Moreover, we mention also that there are 75198 noise triggers in this data set and 
none of them have FAR lower than 1/100 years for both methods. The efficiency 


8 As previously stated in Sec. 3.2, the imitation frequency is actually the FAR. So, FAR, is imitation 
frequency for KamLAND data, either f!? or Fi? depending on the context. 
hThe threshold corresponding to the current SNEWS requirement. 
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increase could also mean we can expand the detection horizon of the detector since 
the expected multiplicity is proportional to the inverse of squared-distance'. The re- 
sults for KamLAND are representative for all the scenarios we investigated. Similar 
improvements can be seen for other scenarios (see c.f. App. C oft). 


4.2. The LEN Detector Sub-Network 


We apply our method for the sub-network of LEN detectors: KamLAND and LVD, 
since their efficiency curves are compatible; see Fig. 4. The threshold for LEN de- 
tector network is 5c in FAP, (Eq. 9). We compare the efficiencies in the second and 
third row of Tab. 3. 


Table 3. Efficiency (7) comparison between 1-parameter and 2-parameter method for analysis 
of KamLAND (with the SN1987A model) and KamLAND-LVD (with the Hud model) and for 
FAP, » 5c. 


Analysis Model Distance [kpc] fliparam N2param 
[> 5a] [> 5a] 


KamLAND SN1987A 60 2665/3654=72.9% 3026/3654=82.8% _ 


KamLAND-LVD Hud 50 47/108=43.5% 
KamLAND-LVD Hud 60 19/107=17.8% 


At a distance of 50 kpc with a FAR, < 1/100 years, we can detect 12% and 26% 
CCSNe for LVD and KamLAND, respectively. Meanwhile, if the detectors are in 
a network looking for coincidences within tw,, it is possible to recover ~ 43% with 
5o threshold. When we start using 2-parameter method taking into account the £ 
distribution for each detector, this efficiency grows to ~ 55%. 

Analogously, for CCSNe at 60 kpc, the signals with FAR, < 1/100 years can 
be detected only 396 and 796 for LVD and KamLAND. Whereas, as a network this 
efficiency increases to 1896 and to 2696 for 1-parameter and 2-parameter method, 
respectively for 50 threshold. 

In order to quantify the result, we will mention the results for the SN1987A 
model with a CCSN at 60 kpc recovered by the LVD-KamLAND network. The 
improvement in efficiency is from 85% to 93%. These results can be compared with 
first row of Tab. 3 for the single detector analysis. 


4.3. The Multimessenger Network 


In the multimessenger network, the temporal coincidence window is we = 10 seconds 
between GW and LEN lists. We use the 5c threshold to claim a multimessenger 


iThe number of events is basically a flux. 
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"detection" of injected signals. We focus on emphasizing the improvement of com- 
bining GWs and LENs, which means when the detection efficiency of both LEN 
and GW detectors is less than 10096. In other words, it is to combine detectors 
with comparable detection efficiencies. The horizon of the GW network is highly 
influenced by the assumed GW emission model, see Fig. 2. In this case, the Dim2 
model (see Tab. 1) has the GW detection horizon comparable with the LVD and 
KamLAND detectors, which is more or less the Large Magellanic Cloud distance. 
'Thus, we perform the method for the global network of LIGO-Virgo, LVD, and 
KamLAND. Results for other GW models can be seen in c.f. App. B of.! 
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Fig. 6. The joint FAR of GW-LEN candidates obtained with the 2-parameter method (FARnew 
y-axis) vs the 1-parameter (FARəjąq x-axis) with the KamLAND (SN1987A-model) and HLV 
(Dim2-model) at 60 kpc. 


For the coincidence analysis of KamLAND detector with the HLV (Hanford, 
Livingston, Virgo) GW network, we can see the FAR comparison in Fig. 6 for the 
case of CCSNe at 60 kpc and with the LENs from SN1987A model and the GW from 
Dim2 model. The magenta dashed-line is 5c significance threshold. Either FAR lq 
or FARnew values lower than this line mean they pass 5c. Thus, all clusters (blue 
dots) lie on the green area are recovered by the 1-parameter method. While, the 
red area is the improvement: the clusters recovered by the 2-parameter but not by 
the 1-parameter. The first row of Tab. 4 gives us the efficiency of the 1-parameter 
and the 2-parameter method. This yields an additional ~ 12% of signals from the 
2-parameter that are discarded by the 1-parameter. 

The cWB performs and analyses 2346 GW injections, and out of that, 784 
of them have FARaw « 864/day. These candidates’ significances are far too low 
to be even taken as sub-threshold triggers. Then, temporal coincidence analysis is 
performed with the input of these GW triggers and the list of LEN clusters. There 
are 554 coincident candidates that pass 50 (~ 71% of the GW triggers) with the 
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Fig. 7. The joint FAR of GW-LEN candidates obtained with the 2-parameter method (FARnew 
y-axis) vs the l-parameter (FAR iq x-axis) with the KamLAND-LVD (SN1987A-model) and 
HLV (Dim2-model) at 60 kpc. 


Table 4. Efficiency comparison of the 1-parameter (miparam) 
and the 2-parameter (n2param) method for Fig. 6 (upper row) 
and 7 (lower row). The first column indicates the specific net- 
work of detectors and models. The second column shows the GW 
results with the threshold on the FARGw< 864/day). The third 
and last columns are the efficiency with > 5c significance. 


Network & Type Recovered Tllparam N2param 


of Injections FARaw < 864/d [> 5c] [> 5e] 

HLV-KAM 784/2346— 554/784= — 650/784— 
(Dim2-SN1987A) 33.496 70.796 
HLV-KAM-LVD 784/2346— 7T6/T84— — T8A/T84— 
(Dim2-SN1987A) 33.496 99.0% 100960 — 


standard 1-parameter method. However, if we employ the new 2-parameter method, 
we can get additional 110 recovered signals. This means the efficiency increases to 
~ 83% (the first row of Tab. 4). 

We also study further this method involving the LVD detector to be in the triple- 
detector configuration. We show the result in Fig. 7 and quantitative summary in 
the second row of Tab. 4. The improvement of our method seems less evident. This 
is clear due to the fact that the efficiency cannot go beyond the maximum value of 
33.4%, where all the GW triggers from cWB are coincident with the list of LEN 
clusters with > 5c significance. 

We then provide the result by using the Hud model in exchange of the SN1987A 
model. The FARs can be seen in Fig. 8 and the efficiency values in Tab. 5. This 
2-parameter method gives us ~ 7% more recovered signals. We found that on av- 
erage, the FARs the injections are O(10?) smaller with the 2-parameter than the 
1-parameter for both emission models. 
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Fig. 8. The joint FAR of GW-LEN candidates obtained with the 2-parameter method (FARnew 
y-axis) vs the 1-parameter (FAR,jq x-axis) with the KamLAND-LVD (Hud-model) and HLV 
(Dim2-model) at 60 kpc. 


Table 5. Efficiency comparison of the 1-parameter (71param) 
and the 2-parameter (r2param) method for Fig. 8. The columns 
are analogous to Table 4. 


Network & Type Recovered param Tl2param 
of Injections FARaw < 864/d [> 5e] [> 5c] 
HLV-KAM-LVD 784/2346= 710/784— 764/784= 
(Dim2-Hud) 33.4% 90.6% 97.5% — 


All in all, let us summarize the results. Fig. 2 for Dim2 model shows that the 
GW network HLV, by applying a threshold FARGw < 864/day, recovers about 
~ 33% of the injected signals at 60 kpc. Notice that these GW triggers are far 
from statistically significant and clearly 0% passes a 5o threshold. With this global 
network analysis and with our 2-parameter method, the multimessenger detection 
efficiency grows to ~ 33%. If taking into account the weaker emission like Hud 
model, the detection efficiency arrives at the value of 33.4% - 97.5% = 32.6%. 


5. Conclusion 


'This paper is a timely description of the multimessenger strategy to combine GWs 
and LENSs to search for CCSNe. More detail results will be discussed in a forthcom- 
ing paper! that has been accepted by JCAP. 

Various models of GW and LEN emissions have been considered and used for 
a set of simultaneous injections into the background from the considered detec- 
tors. The data are then analysed with our proposed 2-parameter method compar- 
ing with the standard 1-parameter method. The performance is exercised at the 
level of efficiency estimation between these two methods for various analysis steps. 
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In general a multimessenger analysis can give a better efficiency to low-significant 
signals. 

We highlight the improvement of the neutrino analysis with the £ parameter in 
terms of FAR and FAP. This method could be of interest of the online alert system 
like SNEWS2.0. 

All in all, the multimessenger campaign between GWs and LENs with the pro- 
posed method can increase the overall efficiency. Due to the higher sensitivity in 
LEN detectors, we can also do a targeted search in the (hopefully near) future to 
search for GWs from CCSNe. 
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The Lunar Gravitational-Wave Antenna is a proposed low-frequency gravitational-wave 
detector on the Moon surface. It will be composed of an array of high-end cryogenic 
superconducting inertial sensors (CSISs). A cryogenic environment will be used in com- 
bination with superconducting materials to open up pathways to low-loss actuators and 
sensor mechanics. CSIS revolutionizes the (cryogenic) inertial sensor field with a mod- 
elled displacement sensitivity at 0.5 Hz of 3 orders of magnitude better than the current 
state-of-the-art. It will allow the Lunar Gravitational-Wave Antenna to be sensitive 
below 1 Hz, down to 1 mHz and it will also be employed in the forthcoming Einstein 
'elescope—a third-generation gravitational-wave detector which will make use of cryo- 
genic technologies and that will have an enhanced sensitivity below 10 Hz. Moreover, 
CSIS seismic data could also be employed to obtain new insights about the Moon inte- 
rior and what we can call the Selene-physics. 


Keywords: Inertial sensor, Superconducting, Cryogenic, Seismic sensor, Lunar science, 
Lunar gravitational-wave antenna, Einstein Telescope 


1. Introduction 


The development of the Cryogenic Superconducting Inertial Sensor (CSIS) orig- 
inates in the Einstein Telescope (ET) framework. ET will need a highly precise 
sensor to monitoring motion effects caused by the low—vibration cooling applied to 
its penultimate suspension stage, which indeed will operate at cryogenic tempera- 
tures and in vacuum.! Because of its extreme sensitivity and capability of working 
at cryogenic temperatures, CSIS will also be deployed on the Moon, exploiting it as 
a detector to reveal gravitational waves (GWs). The Lunar Gravitational- Wave An- 
tenna (LGWA)? aims to exploit Moon's response to passing GWs and its resulting 
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Fig. 1. Comparison in strain sensitivity between three future GW detectors. The notch-peak 
structures in the LGWA curve around 1-10 mHz result from the response of the Moon to passing 
GWs. Combining the performance of CSIS with the expected surface motion due to the lunar 
response yields the LGWA strain sensitivity. The grey rectangle highlights the gap that LGWA 
would bridge. See Ref.? for more info about the LGWA sensitivity curve. 


surface motion. It will employ an array of 4 CSISs which can be regarded as the 
readout of a detector constituted by the Moon. The seismic data that LGWA would 
record will be used to study the Moon interior, its seismicity and its formation. This 
field of study is addressed as Selene-physics (the geophysics of the Moon). 

LGWA will bridge the sensitivity gap between ET and the Laser Interferometer 
Space Antenna (LISA)? (see Fig. 1) between 0.12 and 1.5 Hz. 

Improving detector sensitivity in the low-frequency band (below 10 Hz) entails 
a huge technical effort: Earth-bound GW detectors, like ET, are limited by the 
Newtonian noise, while LGWA poses some difficulties deriving from deploying, 
assembling and powering the necessary instruments on the Moon. 

The three detectors of which the sensitivity curves are shown in Fig. 1 are in 
development to extend our ability to detect GWs at lower frequencies. Signals of 
binary systems of (super-)massive black holes are found at these frequencies. Ad- 
ditionally, it will allow us to observe binary neutron stars already hours before the 
final merging.” Release of early warnings for the Electromagnetic (EM) follow-up 
will then be possible. The longer the observational time, the better the parameter 
estimation will be, also allowing to perform the sky-localization solely with the aid 
of LGWA (by exploiting the rotation of the Moon around the Earth). Polariza- 
tion measurements and general relativity tests will also be possible.? Finally, it is 
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impossible to know, but exciting to imagine what kinds of unknown can be detected 
once we open up that low-frequency band. 


2. A technical design for CSIS 


laser 


(not in vacuum) 


(not in vacuum) 


=N = 


image pixel H 


inverted pendulum 


proof mass 


L p actuator 2 | 


Fig. 2. Design of the CSIS sensor. We can identify four main parts: two readouts (highlighted by 
green dotted rectangles), spiral actuators (orange and red) and the proof mass (at the center). In 
Sec. 2 more details about the actuators and the proof mass are provided, while the two readouts 
are described in Secs. 3 and 4. 


'The design of CSIS is presented in Fig. 2. We can identify its four main parts: 
the Rasnik readout, the interferometric readouts, the two actuators on either side 
of the proof mass, and the niobium monolithic sensor mechanics. The latter will be 
the core of our sensor: a 1 kg mass suspended in a Watt's linkage configuration" 
(a combination of a pendulum and an inverted one) fabricated by Electrical Dis- 
charge Machining (EDM). The monolithic design allows to avoid having separate 
mechanical parts which would cause thermal dissipation.) Moreover, in Fig. 2 we 
see a tuning mass that will serve to adjust the resonance frequency of the sensor. 

At cryogenic temperatures we can dramatically reduce the thermal noise, espe- 
cially by employing materials that are superconductive (Te = 9.2K). At ~ 5 K 
the mechanical Q-factor of a niobium CSIS will be of the order of 10* (see Ref.?), 
which is a significant improvement with respect to the room temperature version. 
Concerning LGWA, permanent shadow zones (of the order of several km) on the 
Moon are a convenient way to provide low and stable temperatures («40 K ).!? This 
will make less challenging reaching the temperatures where the niobium behaves as 
a superconductor. 

The actuators of Fig. 2 will constitute of a thin layer of niobium deposited on 
a ceramic substrate and then attached to the sensor frame. By applying a current 
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Fig. 3. Sensitivity and relative noises of niobium CSIS. The thermal noise was calculated consid- 
ering a Q-factor of 104 and a temperature of 5 K. The other noises where calculated based on Ref.°, 
where RIN is referring to the Relative Intensity Noise of the laser source of the interferometric 
readout and the actuator driver is calculated following Eq. 1. 


to the spiral coil, a magnetic field will be created. Thanks to the Meissner effect, it 
will be expelled from the niobium of the proof mass, thus exerting a force on it. 

To calculate CSIS sensitivity of Fig. 3, we need to take into account also the 
noise produced by the actuator driver: 


_ BVpac 


MDT Rmo?" (1) 
where m is the mass, R, is the sampling resistance (which determines the current 
into the actuator), VpAc is the DAC voltage noise and £ is the coil response value 
based on the latest simulations. 

Another important advantage of employing a superconducting material is that 
it will avoid the thermal dissipation due to the eddy currents. This was a significant 
problem for the room temperature sensor version, where voice coils were employed 
to actuate the proof mass. In this way, the mechanical Q-factor was found to be 
highly limited by viscous damping associated with eddy currents induced on the 
moving metal surfaces by the voice coil stray field. The two readouts in Fig. 2 will 
be instead described in the next two sections. 
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Fig. 4. Sensitivity of CSIS made of niobium compared to that of the most sensitive seismic sensors 
available. The Peterson's Low Noise Model (LNM) is depicted for comparison. 


'Thanks to its monolithic design, the employment of a material with a high Q- 
factor and thanks to two different readouts, CSIS will be able to reach sensitivities of 
2 fm/ /Hz at 1 Hz (see Fig. 3). This is a factor 3000 better than the most sensitive 
seismic sensors (see Fig. 4, where the Peterson’s Low Noise Model (LNM)! is 


depicted for comparison). 


3. Interferometric readout 


The interferometric readout that wil be implemented in CSIS is based on that 
of Ref.!? and it can be seen on the right side of Fig. 2 and in Fig. 6. It can be 
described as a simple Michelson interferometer with one more beamsplitter that 
allows to read the light coming back towards the laser. This second beamsplitter 
is needed to remove the common noise (such as intensity fluctuations in the laser 
power) by taking the differential signal between the two outputs. In this way, we 
can reach a shot noise limited sensitivity. The subtraction will be performed by a 
chip designed to work at cryogenic temperatures using CMOS technology. 

The differential signal (see Fig. 5) will be fed through a control filter to the 
actuators which will dynamically lock the proof mass. This results in highly re- 
duced relative motion between the proof mass and its frame and increased readout 
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dynamic range. Moreover, keeping the differential signal as close as possible to a 
fixed working point ensures optimal subtraction of the common noises. Indeed, in 
the room temperature version, it was found that the the desired shot-noise-limit 
performance was not yet achieved.!? The reason was that there was still some resid- 
ual motion of the proof mass, thus resulting in a sub-optimal subtraction of the two 
photodiodes signals. To solve this, we can use a second control loop to reduce as 
much as possible the residual motion of the proof mass: the Rasnik readout. 


Signal [V] 


0.2 0.4 0.6 0.8 1.0 1.2 1.4 
Displacement [um] 


Fig. 5. Interference fringes obtained with a 1538 nm laser and moving one of the mirrors by in- 
jecting a ramp signal in its piezo actuator (PK44M3B8P2-Thorlabs). Using the known wavelength 
we find a piezo conversion factor of 96.1 nm V-1. The minima and maxima are not exactly sep- 
arated by the same distance probably due to non-linearities of the piezo actuator. The working 
points of the control loop are at 0 V of the differential signal. 


Polarizing optics divert all the available power onto the photodiodes, avoiding 
dumping part of it. This is a important feature when working at cryogenic tempera- 
tures and it also means less shot noise for given injected power. Indeed, in Tab. 1 we 
can compare the powers received by the photodiodes and the overall shot noise when 
polarizing and non-polarizing optics are used. The total shot noise expected in the 
interferometer output depends on the amount of power falling on the photodiodes 


as SN; x 1/\/P,. The total shot noise is then SNtot = 4/ SNPp, + SNPp,. 


We thus get a factor 3 of reduction in the shot noise when polarizing optics 
are employed with respect to the non-polarizing optics case. 
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Table 1. Comparison of interferometric readout outputs and shot noise without 
and with polarizing optics for a given input power Po. 


power on PD1 power on PD2 SNtot 
previous configuration!” Po/4 Po/8 x 4/12/ Po 
with polarizing optics Po/2 Po/2 x /4/Po 


Fig. 6. Readout interferometer set up (laser on the bottom and photodiodes on the right). The 
arrows represent the light polarization: the green arrow right after the half wave plate (AHWP05M- 
1600-Thorlabs) is the linearly polarized light along the transmission axis of the polarizing beam- 
splitter (PBS104-Thorlabs), which, after passing through a quarter wave plate (AQWP05M-1600- 
Thorlabs), becomes circularly polarized (pink arrow). Reflection on the mirrors then reverses the 
handedness (yellow arrow). The second passage through the quarter wave plate with reversed 
handedness produces a linear polarization rotated by 90? degrees, which allows the light to be 
reflected by the polarizing beamsplitter instead of being transmitted. 


4. Rasnik readout 


'The control loop driven by the Rasnik readout will have a larger dynamic range, 
capable of damping the proof mass resonance and thus reducing the proof mass 
residual motion. A Rasnik uses a back-lit chessboard mask which has its image 
projected via an objective on a pixel camera. The mask moves with the proof mass 
to which it is attached. The image that is recorded by the camera is then fed to a 
processing unit which performs a 2-dimensional Fourier transform. This transform 
will show a peak because of the many periodically spaced black-white transitions 
in the chessboard image. This peak shifts according to the motion of the mask and 


3252 


a peak fitting algorithm returns then the Rasnik displacement measurement. The 
obtained sensitivity is 7 pm/v Hz and a sub-pm/VHz sensitivity is expected given 
the implementation of certain improvements.!^ The beauty of this system is that 
its dynamic range is only dependent on the chessboard mask dimensions, which can 
be designed arbitrarily large. 


5. Final remarks 


'The development of highly sensitive inertial sensors in the GW community opens 
the path to new GW detector concepts like LGWA, but also to the possibility of 
studying the Moon in more detail, giving rise to Selene-physics. 

CSIS is the product of R&D in the ET community and it is the perfect candidate 
to be employed as readout in LGWA. It will reach a sensitivity of a few fm/ v Hz 
from 0.5 Hz onwards and, therefore, it will become the most sensitive inertial sensor 
capable of working at cryogenic temperatures in the low-frequency band. 
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Deci-hertz Interferometer Gravitational Wave Observatory (DECIGO) is the future mis- 
sion that aims to detect gravitational waves between 0.1 Hz and 10 Hz. DECIGO has four 
clusters, and one cluster of DECIGO consists of three differential Fabry-Perot interfer- 
ometers with three drag-free spacecraft. Among various science targets of DECIGO, the 
detection of primordial gravitational waves is crucial. We are now updating the DECIGO 
design to ensure the detection of the primordial gravitational waves. We aim to launch 
B-DECIGO first at the earliest in 2032 as a pathfinder mission of DECIGO. B-DECIGO 
will not only establish the necessary technologies for DECIGO, but also accomplish a 
variety of important sciences. 


Keywords: DECIGO; B-DECIGO; interferometer; primordial gravitational wave 


1. Introduction 


Since the first detection of gravitational waves by LIGO and Virgo! in 2015, gravi- 
tational waves from various sources such as black hole binary, neutron star binary,? 
intermediate-mass black hole binary,? and black hole/neutron star binary coales- 
cences* have been detected by LIGO and Virgo. Especially the neutron star binary 
coalescence was accompanied by short gamma-ray burst? and electromagnetic-wave 
observations of the afterglow.? 

In the future, gravitational wave astronomy will be further developed by the 
third-generation ground-based detectors, such as Einstein Telescope (ET)’ and 
Cosmic Explorer (CE),® as well as space detectors, such as LISA.? Ground-based 
detectors aim to detect gravitational waves above 10 Hz, while LISA aims below 
0.1 Hz. Detection of gravitational waves from compact star binaries between the 
two frequency bands is useful because it can play a role of follow-up of the grav- 
itational waves already detected by LISA, as well as a role of a predictor of the 
gravitational waves to be detected by the ground-based detectors. Furthermore, this 
mid-frequency band has the potential of establishing a deep and effective window 
for gravitational waves coming from various sources, not only because expected 
gravitational-wave signals are larger at lower frequencies, but also the confusion 
limiting noise caused by irresolvable gravitational wave signals coming from white 
dwarf binaries. 
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One of the future missions, aiming at detecting gravitational waves in this mid- 
frequency (between 0.1 Hz and 10 Hz), is Deci-hertz Interferometer Gravitational 
Wave Observatory (DECIGO).!9:! In this paper, pre-conceptual design and aimed 
science of DECIGO are explained in sections 2 and 3. Then the necessary update 
of the DECIGO design is described in section 4. In section 5, B-DECIGO, which is 
a pathfinder mission of DECIGO with solid scientific targets, is explained. Finally, 
in section 6, conclusions are summarized. 


2. Design of DECIGO 


'The concept of DECIGO was born in 2001. At that time, the main science target 
was the direct measurement of the acceleration of the Universe. Since then, we have 
elaborated the design of DECIGO by implementing Fabry-Perot arm cavities, and 
finally, we established a pre-conceptual design of DECIGO. 

As shown in Fig. 1, one cluster of DECIGO consists of three differential Fabry- 
Perot interferometers with three drag-free spacecraft. Each spacecraft has two float- 
ing mirrors, which are shared by two interferometers. The relative position of the 
mirror with respect to the spacecraft is measured by local position sensors attached 
to the spacecraft, and the position signals are fed back to the thrusters attached 
to the spacecraft to control the position of the spacecraft. The distance between 
the two spacecraft is 1,000 km. Laser light illuminating the interferometers has a 
wavelength of 515 nm and a power of 10 W. The mirrors have a radius of 0.5 m and a 
mass of 100 kg. The Fabry-Perot cavities have a finesse of 10. There are four clusters 
altogether placed separately, with two clusters at the same place in the heliocen- 
tric Earth-trail orbit, as shown in Fig. 2. The separation of the spacecraft is useful 
to increase the angular resolution of the sources, while placing the two clusters 
at the same place is useful to take correlation measurements to detect stochastic 
gravitational-wave background, such as primordial gravitational waves. 


Drag-free 
spacecraft 


detector 


Pa 
Thruster 


Fig. 1. Pre-conceptual design of DECIGO. 
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Fig. 2. Orbit of DECIGO. 


3. Science of DECIGO 


'The target sensitivity of DECIGO and expected gravitational-wave signals from 
various sources are shown in Fig. 3. The target sensitivity of one cluster of DECIGO 
is 4 x 10724 Hz-!/? around 1Hz. The sensitivity is limited by radiation pressure 
noise below 0.1 Hz and shot noise above 10 Hz. The shot-noise-limited sensitivity 
decreases above the cavity pole frequency, about 10 Hz, because the gravitational 
wave signals are canceled by the long storage time of the light in the arm cavities. 

One cluster of DECIGO can detect gravitational waves coming from a large num- 
ber of black hole binaries, for example, 1,000-solar-mass black holes at a redshift of 
z — 10 with a high signal-to-noise ratio. This could reveal the formation mechanism 
of intermediate-mass black holes. DECIGO can also detect gravitational waves from 
a large number of neutron star binaries, for example, at a redshift of z — 1 with 
a good signal-to-noise ratio. This can provide a prediction of the exact time and 
location of neutron star binary coalescences for ground-based gravitational-wave de- 
tectors as well as both terrestrial and space electromagnetic-wave observatories.!? 
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Fig. 3. Target sensitivity of DECIGO and expected gravitational wave signals. 
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This could also lead to the direct measurement of the acceleration of the expansion 
of the Universe, because it could cause a phase delay of gravitational wave sig- 
nals.!9:13:14 This could provide reliable information about dark energy. DECIGO 
can also detect gravitational waves from, for example, about ten solar-mass black 
hole and neutron star binaries at a redshift of z — 1. This could provide a factor 
of 10* more precise test for the general theory of relativity.!? In addition, DECIGO 
could detect gravitational waves coming from density fluctuations at the beginning 
of the Universe, which could have produced primordial black holes as candidates of 
dark matters.!'é DECIGO also has a variety of other science targets.!" 2° 

The target sensitivity of DECIGO can be improved to 7 x 10-26 Hz~!/? around 
1 Hz by taking a correlation of two clusters st the same place for three years. This 
could enable detection of the primordial gravitational waves and revelation of the 
true inflation mechanism.?! Moreover, DECIGO could observe a parity violation be- 
tween the two circular polarizations,?? separate the tensor, scalar, and vector modes 
of gravitational waves,?? and reveal the thermal history after the inflation.?^?5 The 
design sensitivity of DECIGO was established more than ten years ago in such a 
way that DECIGO could detect the primordial gravitational waves corresponding 
to normalized energy of Naw = 2 x 10715, which was the upper limit of the primor- 
dial gravitational waves at that time. However, analysis based on the observations 
by the Planck satellite lowered the upper limit of Qqw to 1 x 10716. As a result, 
the DECIGO sensitivity became no longer good enough to detect the primordial 
gravitational waves. 


4. Update of DECIGO design and target sensitivity 


We are currently updating the design parameters of DECIGO, so that the new target 
sensitivity, determined by the updated design parameters, could ensure detection 
of the primordial gravitational waves with a good margin. We take the following 
three steps for the update. (1) For a given radius of the mirror, the cavity length, 
reflectivity of the mirrors, and laser power are optimized for the best signal-to-noise 
ratio, considering only the quantum noise as the noise source of DECIGO. (2) The 
same optimization is performed, considering other noise sources, such as the thermal 
noise of the mirrors. (3) The design and the corresponding sensitivity are updated, 
considering practical issues, such as the constraints of the mirror size. 

We have completed the first step so far. For a given radius of the mirrors, we 
used a set of the three free design parameters (the cavity length, reflectivity of the 
mirrors, and laser power) to calculate the signal-to-noise ratio for the primordial 
gravitational waves. In the process of the calculation, optical loss due to the diffrac- 
tion of the light, determined by the radius of the mirrors and the cavity length, was 
properly considered.?9 The signal-to-noise ratio was calculated between 0.1 Hz and 
1 Hz, assuming that the confusion limiting noise caused by gravitational waves com- 
ing from extra-galactic white dwarf binaries does not exist above 0.1 Hz. The laser 
power of 100 W at the maximum was assumed to be available, although the default 
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design of the laser power for DECIGO is 10 W. The result of the optimization is 
shown in Fig. 4.?" It indicates that by increasing the radius of the mirror from 0.5 m 
(default value) to 1m, the cavity length can be extended from 1,000 km (default 
value) to about 5,000 km. This results in the improvement of the signal-to-noise 
ratio from 1.6 to about 100 with also the optimized reflectivity of the mirrors and 
laser power. It should be noted that in this optimization, the mass of the mirror is 
maintained to be constant, 100 kg (default value), even with the increased radius of 
the mirrors by shortening the thickness of the mirrors. We are now doing the same 


kind of optimization considering other noise sources, such as the thermal noise of 
the mirrors. 


SNR 


Cavity Length L [m] 
Reflectibity r 


Laser Power Py [W] 
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0.4 0.6 0.8 
Mirror Radius R [m] 


Fig. 4. Optimization of the cavity length, reflectivity of the mirrors, and laser power for a given 
radius of the mirrors in terms of the best signal-to-noise ratio.?7 


We are also investigating the possibility of implementing the quantum locking 
technique with an optical spring to DECIGO. We found that the quantum locking 
with an optical spring could improve the signal-to-noise ratio of the quantum noise 


to the primordial gravitational waves from 1.6 to 214 without changing the mirror 
iza 28,29 
size.” 


5. B-DECIGO 


We aim to launch B-DECIGO?? at the earliest in 2032 before DECIGO. B-DECIGO 
can play a role in demonstrating the required technologies for DECIGO as well as a 
role of a real gravitational wave detector. B-DECIGO consists of three differential 
Fabry-Perot interferometers with three drag-free spacecraft. The distance between 
two spacecraft is 100km, which is one-tenth of that of DECIGO. The laser wave- 
length is the same as that of DECIGO, and the laser power is 1 W (one-tenth of 
that of DECIGO). The mirror radius is 0.15 m (one-third of that of DECIGO), and 
the mass is 30 kg (one-third of that of DECIGO). The finesse of the arm cavities is 
100 (ten times larger than that of DECIGO). B-DECIGO has one cluster, and the 
orbit is still under consideration. 
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The target sensitivity of B-DECIGO is shown in Fig. 5. The target sensitivity of 
B-DECIGO is lower than that of DECIGO approximately by a factor of ten. Since 
it has only one cluster, the correlation between the two clusters is not available. Al- 
though we cannot expect to detect the primordial gravitational waves, B-DECIGO 
can still bring us a variety of science.?! It is expected to predict the timing of the 
neutron star binary coalescences together with the location of the source 100 times a 
year. It could reveal the origin of about 30 solar-mass black holes. It could estimate 
the parameter of compact star binaries much better than before. B-DECIGO could 
also demonstrate the method of removing the foreground gravitational wave signals 
coming from neutron star binaries, which is necessary for DECIGO. It could also 
demonstrate the technologies required to realize DECIGO, such as the Fabry-Perot 
cavities in space and drag-free system. 
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Fig. 5. Target sensitivity of B-DECIGO and expected gravitational wave signals. 


6. Conclusions 


DECIGO will accomplish a variety of outstanding sciences, including direct obser- 
vation of the primordial gravitational waves. We are now investigating the improve- 
ment of target sensitivity of DECIGO to ensure the detection of the primordial 
gravitational waves. B-DECIGO will not only accomplish a variety of important 
sciences but also establish the necessary technologies for DECIGO. 


Acknowledgments 


This work was supported by the Japan Society for the Promotion of Science (JSPS) 
KAKENHI, grant number JP19H01924. 


3260 


References 


B. P. Abbott, et al., Phys. Rev. Lett. 116 (2016) 061102. 
B. P. Abbott, et al., Phys. Rev. Lett. 119 (2017) 161101. 
R. Abbott, et al., Phys. Rev. Lett. 125 (2020) 101102. 
R. Abbott, et al., Astrophys. J. Lett. 915:L5 (2021). 
A. Goldstein, et al., ApJ 848 (2017) L14. 
D. A. Coulter, et al., Science 358 (2017) 1556. 
M. Punturo, et al., Class. Quantum Grav. 27 (2010) 194002. 
B. P. Abbott, et al., Class. Quantum Grav. 34 (2017) 044001. 
9. K. Danzmann, et al., Nature Physics 11 (2015) 613. 
10. N. Seto, S. Kawamura, and T. Nakamura, Phys. Rev. Lett. 87 (2001) 221103. 
11. S. Kawamura, et al., Int. J. Mod. Phys. D 28 (2019) 1845001. 
12. R. Takahashi and T. Nakamura, Astrophys. J. 596 (2003) L231. 
13. A. Nishizawa, et al., Phys. Rev. D 85 (2012) 044047. 
14. A. Nishizawa, A. Taruya, and S. Saito, Phys. Rev. D 83 (2011) 084045. 
15. K. Yagi and T. Tanaka, Prog. Theor. Exp. Phys. 123 (2010) 1069. 
16. R. Saito and J. Yokoyama, Phys. Rev. Lett. 102 (2009) 161101. 
17. N. Seto, Astrophys. J. 677 (2008) L55. 
18. M. Kakizaki, S. Kanemura, and T. Matsui, Phys. Rev. D 92 (2015) 115007. 
19. S. Hou, et al., Phys. Rev. D 103 (2021) 044005. 
20. A. Piórkowska-Kurpas, et al., ApJ 908 (2021) 196. 
21. S. Kuroyanagi, T. Chiba, and N. Sugiyama, Phys. Rev. D 79 (2009) 103501. 
22. N. Seto, Phys. Rev. D 75 (2007) 061302(R). 
23. A. Nishizawa, A. Taruya, and S. Kawamura, Phys. Rev. D 81 (2010) 104043. 
24. S. Kuroyanagi, K. Nakayama, and J. Yokoyama, Prog. Theor. Exp. Phys. (2015) 
013E02. 
25. K. Nakayama, et al., Phys. Rev. D 77, 124001. 
26. S. Iwaguchi, et al., Galaxies 9 (2021) 9010009. 
27. T. Ishikawa, et al., Galaxies 9 (2021) 9010014. 
28. R. Yamada, et al., Phys. Lett. A 384 (2020) 126626. 
29. R. Yamada, et al., Phys. Lett. A 402 (2021) 127365. 
30. T. Nakamura, et al., Prog. Theor. Exp. Phys. (2016) 093E01. 
31. S. Isoyama, H. Nakano, and T. Nakamura, Prog. Theor. Exp. Phys. (2018) 073E01. 


Qo AT ROU M C9» ter ES 


3261 


Summary of the parallel session GW2 


Dongfeng Gao*, Wei-Tou Nit, Jin Wang, Ming-Sheng Zhan’, and Lin Zhou 


Wuhan Institute of Physics and Mathematics, APM, Chinese Academy of Sciences, 
Wuhan 480071, China 
* dfgaoQwipm.ac.cn 
t wei-tou.ni@wipm.ac.cn 
twangjin@wipm.ac.cn 
8 mszhan@wipm.ac.cn 
J Izhou@wipm.ac.cn 


This article summarizes the talks in the session GW2 of the Sixteenth Marcel Grossmann 
Meeting on Recent Developments in Theoretical and Experimental General Relativity, 
Gravitation, and Relativistic Field Theories, 5-10 July, 2021, on Mid-frequency (0.1-10 
Hz) gravitational waves: Sources and detection methods with a review on strain power 
spectral density amplitude of various mid-frequency gravitational wave projects/concepts 
and with extended summaries on the progress of ZAIGA project and on the conceptual 
study of AMIGO. 


Keywords: Mid-frequency gravitational waves; Earth-based gravitational wave detectors; 
Moon-based gravitational wave detectors; Space-borne gravitational wave detectors 


1. Introduction 


The mid-frequency GW (Gravitational Wave) band (0.1-10 Hz) between the LIGO- 
Virgo-KAGRA detection band and LISA-TAIJI/TIANQIN detection band is rich in 
GW sources. In addition to the intermediate BH (Black Hole) Binary coalescence, it 
can also come from the inspiral phase of stellar-mass coalescence and from compact 
binaries falling into intermediate BHs. Detecting mid-frequency GWs enables us 
to study the compact object population, to test general relativity and beyond-the 
Standard-Model theories, to explore the stochastic GW background and so on. 
In addition to DECIGO and BBO, the detection proposals under study include 
AEDGE, AIGSO, AION, AMIGO, DO, ELGAR, GLOC, INO, LGWA, MAGIS, 
MIGA, SOGRO, TIAGO, TOBA, ZAIGA, etc. Great advances have accumulated 
since MG15. 

In the GW2 parallel session on 7 July 2021, there were ten talks.! !? First, an 
outlook of the mid-frequency GW detection and AMIGO were reviewed! followed 
by three talks on the mid-frequency astrophysical/cosmological sources and their 
propagation through the inhomogeneous universe for the GW observations from 
the Earth, the Moon and the Space.?^ The next two talks were on the Lunar 
Gravitational- Wave Antenna (LGWA) and its sensor development.?:? The last four 
talks were on Earth-based detectors TOBA,” ZAIGA? and AION,? and space-borne 
detectors AEDGE,? DECIGO? and B-DECIGO.!? 
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Although there have been activities across all GW frequency spectrum,!! cur- 


rent activities on GW detection are largely in the high-frequency band (10 Hz-10 
kHz) of LIGO-Virgo-K AGRA and low-frequency band (0.1 mHz-100 mHz) of LISA- 
TAIJI/TIANQIN together with PTAs (300 pHz-100 nHz) and CMB polarization 
observations (1 aHz-10 fHz). Nevertheless, activities in the mid-frequency GW band 
have increased steadily since last decade. In the 2030s, ET and Cosmic Explorer 
will be deployed in the high-frequency band; LISA and TAIJI/TIANQIN will be de- 
ployed in the mHz low-frequency band. To complete the map, some mid-frequency 
GW detectors are desired to be deployed also. Table 1 lists the strain power spec- 
tral density (psd) amplitude at 0.1 Hz, 1 Hz and 10 Hz for various mid-frequency 
GW detectors together with the strain psd amplitude for ET at 1 Hz & 10 Hz and 
Cosmic Explorer at 10 Hz, and the strain psd amplitude for LISA at 0.1 Hz and for 
& TAIJI & TIANQIN at 0.1 Hz, 1 Hz and 10 Hz. 

Harms et al.3! have discussed ground-based GW detector concepts to extend the 
present ground-based interferometers’ detection spectral range to middle-frequency 
band 0.1-10 Hz. They find that although there are no fundamental limits to the 
detector sensitivity in this band, the technical limits for the Newtonian-noise can- 
cellation from infrasound and seismic surface fields are challenging to overcome.?!: 32 
Newtonian noise needs to be measured and subtracted. ET and Cosmic Explorer 
need to deal with this issue to certain extent and their sensitivity extends only 
down to 1 Hz and 5 Hz amplitudes respectively. ET is listed at 10 Hz and 1 Hz 
and Cosmic Explorer is listed at 10 Hz in Table 1 for comparison. On the lower 
frequency side, LISA, TAIJI and TIANQIN are listed for comparison. For space 
missions, local gravity noise (Newtonian noise needs to be compensated, and/or 
measured and subtracted. Due to the success of LISA Pathfinder mission, ???* this 
issue is largely solved. 

The goal on the strain psd noise of ET at 1 Hz is ~ 1 x 10-?! Hz-"/?, while that 
of LISA at 0.1 Hz is 4 x 10-??Hz-!/?, Any new mid-frequency proposals aiming at 
a starting time after ET and LISA turn-on can keep these sensitivities in mind for 
their designs. 

In Section 2, we discuss and review sources and scientific goals for mid-frequency 
GW detection. In Section 3, we discuss Earth-based detectors and summarize the 
TOBA, AION and ZAIGA talks. In Section 4, we discuss Moon-based detectors and 
summarize the LGWA and GLOC talks. In Section 5, we discuss space-borne GW 
detectors and summarize the AEDGE, AMIGO, DECIGO and B-DECIGO talks. 


2. Sources and Scientific Goals 


'The general scientific goals of mid-frequency GW detectors are: 

(i) to bridge the spectral gap between high-frequency and first-generation low- 
frequency GW sensitivities for detecting intermediate mass BH coalescence; 

(ii) to detect inspiral phase and predict time of stellar-mass binary black 
hole coalescence together with neutron star coalescence or neutron star-black hole 


Table 1. 
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Strain power spectral density (psd) amplitude at 0.1 Hz, 1 Hz and 10 Hz for various 


mid-frequency GW detectors. In the first column, [E] means Earth-based, [M] means Moon-based, 
and [S] means space-borne. All units are in Hz™ 1/2. 


GW detector Method Strain psd Strain psd Strain psd 
or of amplitude amplitude amplitude 
detector concept GW detection at 0.1 Hz at 1 Hz at 10 Hz 
Micheson Interferometry 
ET!?[E] with n.a. 1x 1077+ 1x 10774 
Fabry-Perot Cavities 
Micheson Interferometry 
CE} [E] with n.a. n.a. 6 x 10-2? 
Fabry-Perot Cavities 
LISA'^[S] TDI interferometry 4 x 10-79 4 x 10-1? n.a. 
TAIJI!^[S] TDI interferometry 3.3 x 10-79 | 3.3x 107]? | 3.3 x 10715 
TIANQIN!*[S] TDI interferometry 1.5x107?9 | 3.5 x 10-7? 4 x 10-1? 
aSOGRO'"[E] SQUID capacitance- 5 x 10-79 3 x 10?! 1x10 ?! 
bridge transducer 
TOBA!S*[E] Torsion Bar 1x 10-19 8 x 10-79 5 x 10-79 
ELGAR/MIGA?[E] Laser-Linked 3 x 10-1? 5x10 7? 5x10 7? 
Atom Interferometry 
MAGIS-1 km? [E] Laser-Linked n.a. 1x 10-?! n.a. 
Atom Interferometry 
AION-1 km?! [E] Laser-Linked n.a. 1x 1077+ n.a. 
Atom Interferometry 
ZAIGA?? [E] Laser-Linked 14x10 55 | 2.4x 107?! | 1.2x 10?! 
Atom Interferometry 
LGWA??[M] Inertial sensors with station 1x 10-29 1x 10-29 n.a. 
location measurements 
GLOC?^[M] Micheson Interferometry with n.a. 1x10 73 1x10 74 
with Fabry-Perot Cavities 
AEDGE??[S] Laser-Linked 3.5 x 10-73 3 x 10-7? n.a 
Atom Interferometry 
AIGSO?°[S] Atom Interferometry 7 x 1071? 1 x 10-?9 3 x 1077? 
INO-d?"[S] Clocks with laser link 1—2x10715|1—2x10715|1—2 x 10718 
b-AMIGO??[g] Michelson X0/X TDI 5.5 x 10?! 3 x 10?! 6 x 10?! 
AMIGO?*{S] Michelson X0/X TDI 4.3 x 107?! 1 x 107% 2.3 x 107! 
e-AMIGO?*[S] Michelson X0/X TDI 4.3 x 10?! 5x10 7? 8.5 x 10 7? 
TIANGO??[S] TDI Interferometry 1x 10-?! 4x10 72 4x10 72 
DO-Conservative*” [S] 'TDI Interferometry 1.5 x 10 7? 1.8 x 107? 3x10 7? 
DO-Optimal?? [S] TDI Interferometry 4 x 10773 2x 10728 4 x 10773 
B-DECIGO!?[S] Fabry-Perot arm cavities 1.5 x 1077? 5 x 10-?? 8 x 1077? 
DECIGO 1 cluster!? [S] Fabry-Perot arm cavities 1.5 x 107? 5x10 74 8x10 7? 
DECIGO 3-year Fabry-Perot arm cavities 3 x 10-27? 7 x 10-28 3 x 10-7? 
correlation!? [S] 


coalescence for ground interferometers, e.g., the inspiral GWs from sources like 


GW150914;35 


(iii) to detect compact binary inspirals for studying stellar evolution and galactic 


population; 
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(iv) to detect middle frequency GWs from compact binaries falling into inter- 
mediate mass BHs for multi-band observation with ground-based GW detectors;?? 

(v) to study the compact object population and to estimate/explore the astro- 
physical stochastic background from stellar object inspirals; 

(vi) to determine Supermassive Black Hole properties using GW radiation from 
surrounding stellar-mass BH binaries;? 37 

(vii) to test general relativity and beyond-the-standard-model theories. 

In subsection 2.1, the goal (vi) will be discussed. General treatments on astro- 
physical GW sources and associated goals for detection in the middle-frequency 
GW bands can be found in Refs. [35, 36, 38, 39]. In subsection 2.2, Generation, 
propagation and detection of GWs in inhomogeneous universe will be discussed. In 
section 3-5, specific scientific goals for individual detector will be stated. 


2.1. Determination of Supermassive Black Hole properties using 
GW radiation from surrounding stellar-mass BH binaries? ?? 


With space-borne gravitational-wave observatories, one may use stellar-mass BH 
binary as a signal carrier to probe modulations induced by a central supermassive 
BH (SMBH) to further place constraints on the SMBH's properties. As an example, 
Yu and Chen??6 showed that the de Sitter precession of the inner stellar-mass 
binary's orbital angular momentum around the angular momentum of the outer 
orbit would be detectable when the precession period is comparable to the duration 
of observation, typically a few years. The precession could be combined with the 
Doppler shift arising from the outer orbital motion to determine the mass of the 
SMBH and the outer orbital separation with percent-level accuracy. Joint detection 
with Earth-based detector would extend the detection threshold to a precession 
period to ~100 yr. 


2.2. Generation, propagation and detection of GWs in 
inhomogeneous universe 


In the talk, Fier et al.?:4? presented their recent studies on GWs produced by re- 
mote compact astrophysical sources. To describe such GWs properly, Fier et al. 
introduced three scales, the typical wavelength of GWs, the scale of the cosmologi- 
cal perturbations, and the size of the observable universe. For GWs to be detected 
by the current and foreseeable detectors, they can be well approximated as high- 
frequency GWs. The spatial, traceless, and Lorentz gauge conditions can be imposed 
simultaneously to simplify the field equations, even when the background is not vac- 
uum, as long as the high-frequency GW approximation is valid. Fier et al. developed 
the geometrical optics approximation to such GWs, and calculated the gravitational 
integrated Sachs-Wolfe effects due to the presence of the cosmological scalar and 
tensor perturbations to read out explicitly the dependence of the amplitude, phase 
and luminosity distance of the GWs. 


3265 


3. Earth-Based Detectors - TOBA, AION and ZAIGA 


Earth is noisy for strain measurement. From 10 Hz to 10 kHz, vibration noise needs 
to be suppressed. This issue is basically solved by active and passive vibration 
isolation after decades of research and development. In the mid-frequency band of 
GW detection on Earth, the Newtonian noise (the gravity gradient noise) cannot 
be suppressed. It needs to be measured and subtracted. TOBA uses torsion bars, 
and AION and ZAIGA use atom interferometry to measure the Newtonian noise 
and subtract it. 


3.1. TOBA 


TOBA (TOrsion-Bar Antenna) is a mid.-frequency gravitational-wave antenna. It 
is formed by two bar-shape test masses, each suspended as a torsion pendulum. 
Tidal effect originated by incoming gravitational wave will be detected as differential 
angular motion of these two bars. The fundamental sensitivity is 10~!9Hz~!/? at 0.1 
Hz frequency band, assuming 10-m scale cryogenic detector at 4 K with the rotations 
of the bars measured with Fabry-Perot cavities at the end of the bars.^!* Though 
this sensitivity is not comparable with space antennae, it is sufficient to observe some 
intermediate-mass black-hole inspirals in our universe. Also, operation on ground is 
advantageous in development time and cost. The Phase-III prototype is to complete 
the demonstration of noise reduction reaching a sensitivity of about 10- ^ Hz- !/? 
at 0.1 Hz. Measuring the terrestrial gravity fluctuation with a sensitivity of about 
or below 107 !?Hz- '/? at 0.1 Hz is useful for two geophysical purpose — earthquake 
early warning and Newtonian noise reduction for GW detection. 


3.2. AION 


AION (Atom Interferometer Observatory and Network) is a proposed experimen- 
tal programme using cold strontium atoms to search for ultra-light dark matter, 
to explore gravitational waves in the mid-frequency, and to probe other frontiers 
in fundamental physics. AION has 3 stages of development, AION-10 m, AION- 
100 m and AION-1 km in parallel to MAGIS-10 m, MAGIS-100 m and MAGIS-1 
km. AION would share many technical features with the MAGIS experimental pro- 
gramme, and synergies would flow from operating AION in a network with MAGIS, 
as well as with other atom interferometer experiments such as MIGA, ZAIGA and 
ELGAR.??! 


3.3. ZAIGA 


ZAIGA (the Zhaoshan long-baseline Atom Interferometer Gravitation Antenna) is 
8 proposed underground long-baseline atom interferometer (AI) facility (see Fig. 1), 
aiming for experimental research on gravitation and related problems.?? It is located 
in the mountain named Zhaoshan which is about 80 km southeast to Wuhan city. 
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ZAIGA will consist of gravitational wave detection (ZAIGA-GW), dark matter de- 
tection (ZAIGA-DM), high-precision test of the equivalence principle (ZAIGA-EP), 
clock-based gravitational red-shift measurement (ZAIGA-CE-R), rotation measure- 
ment and gravitomagnetic effect (ZAIGA-RM), and geological and geophysical mea- 
surement (ZAIGA-GG). The first stage of the project (2021-2025) will include build- 
ing a vertical 300-meter long tunnel to interrogate three 10-meter atom interferome- 
ters and atomic clocks (aiming for ZAIGA-EP, ZAIGA-DM and ZAIGA-CE-R), and 
building a horizontal 1.5-km long tunnel (aiming for ZAIGA-RM and ZAIGA-GG). 
Depending on the performance in the first stage, the second stage of the project 
will construct an array of 1-km arm-length horizontal triangular tunnels and be 
dedicated to ZAIGA-GW. 


ZAIGA-EP(Equivalence Principle test) = 
" SUE (Clock Redshift measurement) 
-OSXEAIGA-RM (Rotation Measurement) 
e — ZAIGA-GW (Gravitational Wave detection) 

ZAIGA-DM (Dark Matter detection) 

ZAIGA-GG (Geological and Geophysical measurement) 


Fig. 1. Schematic diagram of ZAIGA design. 


The site exploration started immediately after the ZAIGA plan was put forward. 
Relevant work for site exploration keeps on going now. The following progress on 
the technical and theoretical aspects of ZAIGA has also been made. 

In the past three years, with our 10-m dual-species atom interferometer, we 
carried out a joint mass-energy test of the equivalence principle (EP), by using 
rubidium atoms with specified mass and internal energy.*! By extending the four- 
wave double-diffraction Raman transition method (4WDR) to **Rb and *"Rb atoms 
with different angular momenta, we can measure their differential gravitational 
acceleration. The Eötvös parameter, 7, of the four paired combinations (°° Rb|F = 
2) —87 Rb|F = 1), 55Rb|F = 2) —5' RF = 2), 55Rb|F = 3) —5" Rb|F = 1) 
and 55Rb|F = 3) —87 Rb|F = 2)) were measured to be m = (1.5 + 3.2) x 10-16, 
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n2 = (—0.6 X 3.7) x 10710, n3 = (—2.5 E 4.1) x 107? and n4 = (—2.7 3: 3.6) x 10715, 
respectively. The violation parameters of mass and internal energy are constrained 
to no = (—0.8+ 1.4) x 1071? and ng = (0.0 + 0.4) x 10719. This work opens a door 
for joint tests of two attributes beyond the traditional pure mass or energy tests of 
EP with quantum systems. It also provides us a firm technical foundation for our 
proposed ZAIGA-EP experiment. For the rotation measurement, Yao et al. in our 
group has improved the precision of the measurement by one-order of magnitude 


recently and keep on advancing the precision and accuracy. ?? 

Recently, a theoretical study on the possibility of detecting the ultralight scalar 
dark matter (DM) with ZAIGA was completed.^? Starting with a popular scalar 
DM model, where the DM field is assumed to linearly couple to the standard model 
fields through five coupling parameters, the DM candidate can be detected by de- 
termining whether the five coupling parameters are zero or not. The solution to the 
DM field contains a background oscillation term and a local exponential fluctuation 
term. The DM signals in ZAIGA has been calculated. For a pair of AIs vertically 
separated by 300 meters, the DM-induced differential phase consists of three con- 
tributions, coming from the DM-induced changes in atomic internal energy levels, 
atomic masses and the gravitational acceleration. For a pair of AIs horizontally sep- 
arated by several kilometers, the signal comes only from the DM-induced changes 
in atomic internal energy levels. The constraints on five DM coupling parameters 
for ZAIGA-DM have been estimated. It turns out that the proposed constraints 
would complement the MICROSCOPE space experiment^^ and would be several 
orders of magnitude better in higher-mass parametric regions. It also clearly shows 
the advantages and disadvantages of the two configurations of ZAIGA-DM. For the 
vertical configuration, the advantage is that all the five DM coupling parameters 
can be constrained, and the disadvantage is that the arm-length is not easy to 
extend. For the horizontal configuration, the advantage is that the arm-length is 
relatively easy to extend, and the disadvantage is that only two DM parameters 
can be constrained. For other type of DM candidates, the relevant studies are in 
progress. 


4. Moon-Based Detectors - LGWA and GLOC 


Moon is much quieter seismologically and does not have an atmosphere. This makes 
Moon itself a possible good detector by monitoring its surface motion excited by 
GWs. This also makes an interferometer GW detector based on the Moon possible. 


4.1. Lunar Gravitational- Wave Antenna” ?? 


One of the first concepts proposed for the detection of gravitational waves by Joseph 
Weber is to monitor the quadrupolar vibrations of elastic bodies excited by GWs. At 
laboratory scale, these experiments became known as resonant-bar detectors, which 
form an important part of the history of GW detection. Due to the dimensions of 
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these bars, the targeted signal frequencies were in the kHz range. It was also Weber 
who suggested to monitor vibrations of Earth and Moon to search for gravitational 
waves in the mHz band. His Lunar Surface Gravimeter was deployed on the Moon 
in 1972 by the Apollo 17 crew. A design error made it impossible to carry out the 
intended search for GWs, but the idea remains intriguing. Harms et al??? have 
proposed a new concept, the Lunar Gravitational-Wave Antenna (LGWA), based 
on Weber's idea. LGWA would have a rich GW and multi-messenger science case 
with galactic binaries and more massive black-hole binaries. It would also serve as 
a high-precision geophysical station shedding light on the interior structure of the 
Moon, the mechanisms of moonquakes, and the Moon’s formation history. The key 
component is a next-generation, high-sensitivity seismometer to be deployed on the 
Moon. For its most sensitive realization, LGWA would have to be deployed in a per- 
manent shadow near the south or north pole of the Moon to benefit from the natural 
cryogenic environment. This would improve the sensitivity of the seismometer and 
also provide a lower-noise environment due to the absence of thermally induced seis- 
mic events that were observed by the Apollo seismometers. Powering of the seismic 
stations and data transfer pose additional challenges for such a deployment. 


4.1.1. Inertial sensors for the LGWA® 


The core of LGWA will be composed of an array of high-end seismic sensors: CSIS 
(Cryogenic Superconducting Inertial Sensor) on the Moon’s surface. A cryogenic 
environment will be used in combination with superconducting materials to open 
up pathways to low-loss actuators and sensor mechanics. 

CSIS revolutionizes the (cryogenic) inertial sensor field by obtaining a displace- 
ment sensitivity at 0.5 Hz of 3 orders of magnitude better than current state- 
of-art. It will allow LGWA to be sensitive below 1 Hz, down to 1 mHz. It will 
also be employed in the forthcoming Einstein Telescope (ET) - a third-generation 
gravitational-wave detector that will make use of cryogenic technologies and will 
have an enhanced sensitivity below 10 Hz. Moreover, CSIS seismic data could also 
be employed to get new insights about the Moon’s interior... and the selenphysics 
(the Moon’s geophysics). A technical design for CSIS with both interferometric 
readout and Rasnik readout is presented at the meeting. 


4.2. GLOC (Gravitational-Wave Lunar Observatory for 
Cosmology)^ ?* 


Taking advantage of the vacuum environment and the low seismic activities of 
the Moon, GLOC proposes to build a full laser-interferometric triangle-shape GW 
detector with 40 km arm length to explore fundamental cosmology and multi-band, 
multi-messenger astrophysics from the Moon. The speaker focused on goals that are 
unique to GLOC, and compare the detection landscape of the elusive intermediate- 
mass black holes between GLOC and other prominent space-based missions, 3G 
detectors and deci-Hertz concepts. 
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5. Space-Borne GW Detectors 


'The space environments are much quieter in terms of the gravity gradient noise 
consideration as compared to the Earth and Moon environments. It is so quiet 
that the major gravity gradient noise comes from local environments inside the 
spacecraft. In space, the GW strains propagating to the detector are measured above 
the geodetic motion or the desired controlled motion/position of the spacecraft. For 
spacecraft to follow geodesics, one needs to perform drag-free control. For spacecraft 
to follow desired motion/position over the geodetic motion, one needs to actuate 
acceleration on the geodetic motion in addition to basic drag-free control. LISA 
Pathfinder launched on December 3, 2015 has completely met the LISA drag-free 
noise requirement and has successfully demonstrated the first generation drag-free 
technology requirement for space detection of GWs.?*:34 

Many space GW detection proposals need to use constant/equal arm configu- 
rations. They are AEDGE,?:?* AIGSO,?®:45 DECIGO/B-DECIGO,!? etc. AIGSO 
has 10 km arm length, the shortest arm length among these mission proposals. 
The calculated actuation acceleration needed to maintain such orbits for AIGSO is 
around 10 pm s- 2.45.46 

In the mission of LISA Pathfinder, different levels of force and torque author- 
ity were implemented, from the nominal configuration with x-force authority (on 
the sensitive line-of-sight axis) of 1100 pm s^? to the URLA configuration levels, 
with x-force authority of 26 pm s~?.4” The published LPF differential acceleration 
noise floor is established by measurements in this configuration. Specifically, LISA 
Pathfinder demonstrated that when a constant out of the loop force with amplitude 
of 11.2 pN was applied to the sensitive axis of TM1 (Test Mass 1) for reducing the 
gravitational imbalance between the TMs, this force does not introduce significant 
noise or calibration errors.^" Basically, the accelerometer part of the constant-arm 
technology is already demonstrated by LISA Pathfinder for AIGSO. 

B-DECIGO has a nominal arm length of 100 km, DECIGO 1,000 km, and 
AMIGO 10,000 km. The actuation accelerations needed are respectively 10, 100, 
and 1000 times more than AIGSO. While the actuation accelerations needed for 
constant arm implementation of b-DECIGO and DECIGO is still basically in the 
LISA Pathfinder nominal configuration range, the actuation accelerations for con- 
stant arm AMIGO is one order larger. On what noise level could the actuation 
accelerations be done is an issue that needs to be studied and demonstrated care- 
fully for AMIGO. A suggestion is to use an additional test mass (i.e. a pair) to 
alternate with the original one.46:45 

GW space missions do not usually require large communication capacity. The 
deployment to 2-4 degrees behind or ahead of the Earth orbit is no more complicated 
as to L1 or L2 Sun-Earth Lagrange points. We hereby provide an example for taking 
less than a week to reach the (pre)-science orbits. A last-stage launch from 300 km 
LEO (Low Earth Orbit) to an eccentric Hohmann orbit with apogee 262931 km (The 
period of this Hohmann transfer orbit is about 6 days.) (Fig. 2). It takes 3 days 
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(half an elliptic orbit) for this transfer from perigee to apogee (Fig. 2. (b)). This 
apogee can be designed to be the closest encounter point with respect to Earth of the 
center of mass of the 3 S/C traced back in time geodetically of the 2-degree-behind- 
the-Earth formation. From here, a Av;'s of about 1.6 km/s are needed to allow the 3 
S/C to enter their respective (pre-) science orbits (Fig. 2. (c)) when the calibration, 
commissioning and various science operations can be started. For example, it is 
the AMIGO-S-2-4deg orbit for AMIGO and the time epoch to reach the 2-degree- 
behind-the-Earth point is 2030-Jan-1st 12:00:00.4° (AMIGO-Earth-like solar orbits 
with the AMIGO formation varying between 2 and 4 degrees behind the Earth orbit 
starting at epoch JD2462503.0 (2030-Jan-1st 12:00:00) in J2000 mean-equatorial 
solar-system-barycentric coordinate system.) There are similar orbit configurations 
for other time epochs and for ahead of the Earth situations. For ahead of the Earth 
situations, the apogees of the Hohmann orbits need to be on the other side of the 
Earth. 

In the following, we summarize AEDGE,? AMIGO,! and DECIGO and B- 
DECIGO?? in our session. 


5.1]. AEDGE??5 


Atomic Experiment for Dark Matter and Gravity Exploration (AEDGE) is a con- 
cept for a space experiment using cold atoms to search for ultra-light dark matter, 
and to detect gravitational waves in the mid-frequency band. It will also complement 
other planned searches for dark matter, and exploit synergies with other gravita- 
tional wave detectors. Examples are given in the talk of how its gravitational-wave 
measurements could explore the assembly of super-massive black holes, first-order 
phase transitions in the early universe and cosmic strings.?:?? AEDGE will be based 
upon technologies now being developed for terrestrial experiments using cold atoms, 
and will benefit from the space experience obtained with, e.g., LISA and cold atom 
experiments in microgravity. 


5.2. AMIGO 


In 2017, a middle-frequency GW mission AMIGO (Astrodynamical Middle- 
frequency Interferometric GW Observatory) with arm length 10000 km was pro- 
posed to have significant sensitivity in this frequency band 0.1 Hz-10 Hz to bridge 
the gap between the ground detection sensitivity and the LISA sensitivity and yet to 
be a first-generation candidate for space GW missions.?! The basic mission concept 
is in Ref. [51]. Stellar-size black hole inspirals?? such as the ones like GW150914 
will be sure sources of AMIGO. The AMIGO observation of the inspiral phase of 
these sources will enable us to predict the coalescence time precisely for the ground 
multi-messenger observations. 

In [48], first studies on possible schemes of implementation of AMIGO were 
presented. Both the solar orbit and earth orbit options together with deployment 
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Fig. 2. An option for taking less than a week from launch to reaching the (pre-)science orbit for 
AMIGO-S-2-4 deg. (a) Launch to 300 km LEO (Low Earth Orbit) parking orbit. (b) A last-stage 
launch from 300 km LEO to an eccentric Hohmann orbit with apogee 262931 km (The period 
of this Hohmann transfer orbit is about 6 days.); It takes 3 days (half an elliptic orbit) for this 
transfer from perigee to apogee. (c) This apogee is designed to be the closest encounter point 
with respect to Earth of the center of mass of the 3 S/C traced back in time geodetically of the 
2-degree-behind-the-Earth AMIGO formation]. From here, Av;'s of about 1.6 km/s are needed to 
allow the 3 S/C to enter their respective (pre-)science orbits reaching 2-degree-behind-the-Earth 
at 2030-Jan-1st 12:00:00.25 49, 50 


strategy were discussed. The first-generation TDIs (Time Delay Interferometry's) 
for all orbit options studied were calculated and found that all the heliocentric orbit 
options satisfy the frequency-noise suppression requirement, but the geocentric orbit 
options do not satisfy the requirement. From this study, the heliocentric option is 
preferred. The issue on feasibility of constant equal-arm implementation was stud- 
ied. For the solar-orbit options, the acceleration to maintain a constant equal-arm 
formation can be designed to be less than 15 nm/s? with the thruster requirement 
in the 15 uN range.*°-48 AMIGO would be a good place to test and implement the 
constant equal-arm option. Fuel requirement, thruster noise requirement and test 
mass acceleration actuation requirement were considered. 

In [28], the core noise requirements on position noises and acceleration noises 
were updated. From these design white position noises and acceleration noises, the 
GW sensitivities (Fig. 3) were obtained for the first-generation Michelson X TDI 
configuration of b-AMIGO (baseline AMIGO), AMIGO, and e-AMIGO (enhanced 
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AMIGO). In Fig. 3, the sensitivities for the corresponding AMIGO-5's (50,000 km 
nominal arm length) are also shown. Steps to implement the AMIGO mission con- 
cept were indicated in view of the current technology development. 


-2 -1 0 1 


248 -18 


Logio( Sameon? [Hz ^] ) 


1 0 1 


Log, 9( Frequency [Hz] ) 


-2 


Fig. 3. Strain power spectral density (psd) amplitude vs. frequency for various AMIGO-5 pro- 
posals as compared to AMIGO proposals. The solid lines are for AMIGO's (10,000 km nominal 
arm length); the dashed lines are for AMIGO-5’s (50,000 km nominal arm length).?8 


5.3. DECIGO and B-DECIGO!? 


DECIGO was conceived in 2001 with the main scientific target to directly measure 
the acceleration of the Universe. The design has been elaborated with laser Fabry- 
Perot arm cavities. DECIGO consists of four clusters with each cluster having three 
differential Fabry-Perot interferometers with three drag-free spacecraft forming an 
equilateral triangle of nominal arm cavity length 1000 km. Lasers illuminating the 
cavity have power 10 W and wavelength 515 nm. The current design has main 
mirrors with diameter 1 m and mass 100 kg forming cavities of finesse 10. The 
four clusters also form a nearly equilateral triangle in the heliocentric orbits with 
two clusters in Earth-trailing orbits. The other two clusters are separated from 
each other and from the near-Earth clusters by 120 degrees in the heliocentric 
orbits. The DECIGO team recognized that “... analysis based on the observations 


3273 


by the Planck satellite lowered the upper limit of GW to 1 x 10718 As a result, 
the DECIGO sensitivity became no longer good enough to detect the primordial 
gravitational waves". Nevertheless, with target sensitivity the best among all the 
present mid-frequency concepts (Table 1), it may still bring us some clues on the 
very early universe, e.g. revealing the thermal history after the inflation??:9? etc. 

'The design of B-DECIGO is down-scaled from DECIGO, consisting of one clus- 
ter with three spacecraft separated from each other by 100 km. The arm cavity 
mirrors have diameter of 0.3 m with mass of 30 kg, and cavity finesse of 100. The 
laser wavelength is 515 nm and laser power 1 W. With target strain psd ampli- 
tude about one order higher than DECIGO, it serves as a pathfinder for DECIGO, 
and with the noise sensitivity well enough, it is also a good probe to the many 
mid-frequency GW sources discussed in section 2. DECIGO team aim to launch 
B-DECIGO at the earliest in 2032. 


6. Discussion and Outlook 


Middle frequency band (0.1-10 Hz) is important for GW detection to bridge the 
gap between high-frequency GW detection and low-frequency GW detection for 
various scientific goals. We have seen various proposals. It is hopeful to have some 
mid-frequency GW detectors in the 2030s to do multiband astronomy and multi- 
messenger astronomy. 
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Matched-filter based PyCBC searches have successfully detected ~ O(50) compact bi- 
nary merger signals in the LIGO-Virgo data. While most PyCBC searches have been 
designed to detect stellar-mass binaries, we present here a new search that is optimised 
to detect short-duration gravitational wave (GW) signals emitted by intermediate-mass 
black hole mergers. When applied to the first half of the third observation run data, the 
optimised search re-identified the intermediate mass black hole (IMBH) binary event, 
GW190521, with a false alarm rate of 1 in 727 yrs, significantly lower than the previous 
PyCBC search result of 1 in 0.94 yr. Analysis of simulated signals from IMBH binaries 
with generically spinning components shows an increase in sensitivity by a factor of 1.2 
to 3 over previous PyCBC searches. 


Keywords: Gravitational Waves, Matched-Filtering, Intermediate-Mass Black Holes 


1. Introduction 


Coalescing compact binaries are amongst the primary sources of gravitational wave 
(GW) with frequencies accessible to current second-generation ground-based GW 
interferometers. Detection of ~ O(50) stellar-mass binary mergers (the majority 
being the binary black holes) has already ushered us into the age of observational 
strong-field gravity. They have so far given us unique insights into the black hole 
population that we hardly knew existed, with one of them being the first confirmed 
detection of a massive black hole system GW190521 with a remnant IMBH.'? 
GW190521 was observed in the first half of the third observing run of the Ad- 
vanced LIGO and Advanced Virgo detectors. The compact binary merger event 
lasted for ~ 0.1 s in the detector band and had barely any observable pre-merger 
phase of the signal, clearly reflecting the binary’s high total mass. The detailed 
Bayesian parameter estimation showed the merger event to be consistent with the 
merger of two black holes in a mildly precessing orbit, with component masses of 
85*?! Mo and 06711 Mo and a remnant black hole of 14217 Mo falling in the mass 
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range of intermediate-mass black holes.! The merger event producing this remnant 
was detected by a search sensitive to generic transient at high confidence with a 
false alarm rate of « 1/4900 years.? 

Traditionally, the unmodeled GW transient search for short-duration GW signals 
is performed using the coherent waveburst (cWB) search? which is built on the 
rationale that a GW signal from a compact binary coalescence (CBC), chirp or not, 
is expected to be a transient waveform and it will produce some localised excess of 
energy if projected in the time-frequency plane. Therefore, identifying such an excess 
coherently across two or more detectors should give a strong indication of a GW 
event. Together with this, model-based matched-filter searches, such as PyCBC? ? 
and GstLAL,!? targeting generic binaries have also been used for the IMBH binary 
searches in the LIGO-Virgo data (ADD O1-O2 and O3 paper link). 

While unmodeled cWB searches are tuned to look for short-duration signals, ! 
the standard matched-filter-based searches were not. The lack of optimisation to- 
wards IMBH binary signals made them suffer from the “look-elsewhere” effect. 
Further, improvements in the sensitivity of the detectors at low frequencies!? !4 
before the beginning of the third observing run of Advanced LIGO and Advanced 
Virgo (O3) motivated us to adapt our matched-filter algorithms to the target search 
space. Here, we will summarise the salient features of one of the optimised templated 
searches, namely PyCBC-IMBH that was developed and deployed for the IMBH bi- 
nary search. T'his optimised search was used together with other search pipelines 
to look for IMBH binaries in the O3 run, and the reader can find the results of it 
in.! For complete information on the algorithm itself, we direct the reader to the 
optimised PyCBC IMBH search paper.!® 


2. The Optimised PyCBC-IMBH Search 


Below we summarise the salient features of the optimised PyCBC-IMBH search.!9 

Data cleaning: The gravitational wave strain data is often plagued with loud 
background noise, which can significantly hamper the search sensitivity.! Thus, 
we begin our analysis by windowing out very high amplitude excursions (> 506 
deviation from Gaussian noise) in the whitened data.? Since empirically, these loud 
noise transients tend to be correlated with neighbouring quieter noise transients, 
we also discard any LIGO triggers which are either 1s before or 2.5s after the centre 
of the gating window.'® 

Template bank: After this data cleaning process, we use matched-filtering to 
detect the target signals hidden in the detector noise.^ 19:1? We assume that our 
target signals are well-modelled and deterministic, and to a good approximation, 
we can consider them to be buried in wide-sense stationary Gaussian noise. How- 
ever, the binary's parameters are not known a priori, forcing us to use a discrete 
bank of filter waveforms, aka templates. Our bank of templates is designed to inter- 
cept the dominant quadrupolar harmonics of a non-precessing binary.?? Specifically, 
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we use the reduced-order representation of the spinning effective one-body model, 
SEOBNRv4,?':?? for our templates, and we constrain ourselves to binaries with red- 
shifted (detector frame) total mass between 100 — 600M5.19 Additionally, our tem- 
plates have a minimum component mass of 40M; and a mass ratio between 1/1 
and 1/10. We do not use relatively lower mass ratios in the templates as binaries 
with low mass ratios emit gravitational wave signals with significantly higher sub- 
dominant harmonics that are not modelled by our waveform approximant. We also 
don't include any templates with a duration less than 0.07 s., measured from a fixed 
starting frequency of 15 Hz, to reduce the false alarms arising from short-duration 
noisy transients. Since information on the spins of IMBH binaries is lacking, we al- 
low our templates to have dimensionless spin components along the orbital angular 
momentum to be between 40.998. The reader can find additional details about the 
template bank in.'® 

Although our search targets non-precessing binaries, we expect our search to 


retain its sensitivity towards moderately precessing binaries, mainly because our 
target systems are relatively short-lived within the detector bandwidth.???4 Fur- 
thermore, we also expect our search to be equally sensitive to binaries with low 
eccentricity as the emission of gravitational waves will circularise the binary system 
before the merger, and because of the shortness of our templates and the detector 
bandwidth, we will only be able to intercept the last few cycles of IMBH binary's 
inspiral.?° 

Time-phase consistency between detectors: Single-detector triggers are identified 
based on peaks in the matched filter signal-to-noise ratio (SNR) time series. Un- 
fortunately, our detector data is polluted with several non-stationary instrumental 
artefacts that are not loud enough to be gated out during data pre-processing. Tech- 
nically, this makes our search a detection problem in non-Gaussian noise. Having 
a network of simultaneously operating similar sensitivity detectors help a lot as we 
can demand that the time difference between triggers at different detectors is con- 
sistent with an astrophysical signal, i.e. within the light-travel time up to expected 
uncertainty. Besides, if the trigger is due to a GW signal, then it must share consis- 
tent phase and amplitude characteristics. Hence the coincidence test significantly 
reduces the number of noisy artefacts that is picked up by the search. 

Signal consistency tests: But there can be chance coincidences between noise 
triggers. So, before the coincidence test is performed, there is a need to differen- 
tiate a signal from a glitch at the single detector level. We do this in multiple 
stages. We begin by only considering the loudest trigger within a pre-determined 
window of time to reduce false alarms, and we subject these triggers to two differ- 
ent signal-consistency tests: the y?-test?® and the x2,,-test.?" The former checks 
if the morphology of the triggers matches with that of the best-matched template, 
while the latter checks for any excess power beyond the maximum frequency of the 
template. The output of these two tests is used to amend the trigger SNR to reduce 
the apparent loudness of a noise trigger as the target signal will return values closer 
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to unity. We also account for any short-term non-stationarity of the detector noise 
that can lead to wrongful estimation of the trigger SNR.25 90 

Given our target space, our search is susceptible to short but loud noise triggers 
motivating us to use stricter discriminators. We chose to discard any trigger with 
x? > 10 or with short-term power spectral density (PSD) measure of over ten times 
the expectation from stationary noise.!Ó 

Event significance and ranking: We subject the surviving single-detector triggers 
to the coincidence test and assign each multi-detector candidate a rank based on 
their response to the coincidence test.5:? Our candidate events can be coinciden- 
tally observed either in one of the possible two detector combinations or in all three 
detectors. T'his is because we analyse all possible two and three detector combina- 
tions. Finally, a statistical significance is assigned to each of these candidates by 
comparing its rank against simulated background noise that is generated by find- 
ing fictitious coincidences between detector data. We achieve this by shifting the 
pivot detector(s) data with respect to a fixed reference detector by a time that is 
considerably larger than the light-travel time between the detectors. By repeating 
this procedure, we produce more than 104 years worth of noise background. 

In the next section, we provide details of how the PyCBC algorithm benefits 
from the optimisation made. 


3. Summary of Sensitivity Comparison 


To quantify the benefit of our restricted analysis, we compared the sensitivity of 
our optimised search against existing Py CBC-based searches with overlapping pa- 
rameter space.!ó We compared the PyCBC-IMBH search against the PyCBC-broad 
and the PyCBC-BBH search. The former looks for binaries consisting of either neu- 
tron stars or black holes or both, while the latter is a “focused” search for binary 
black hole (BBH) covering a restricted range of masses. We resort to an injection 
campaign for the comparison. This involved adding simulated signals to real GW 
data from the first half of the third observing run (O3a) run as part of the analy- 
sis without any physical actuation and then estimate the sensitivity of each of the 
searches in terms of sensitive volume time (VT).3L3? 
icked those from generically spinning BBH with detector frame total mass between 
100 — 600M and having a mass ratio between 1/1 — 1/10. The signals themselves 
were either the dominant quadrupolar mode or the full symphony emitted by such 
binaries. We found that the PyCBC-IMBH search is — 1.2 — 3 times more sensitive 
than the PyCBC-broad search and is ~ 1.1 — 12.6 times more sensitive than the 
PyCBC-BBH search at a false alarm rate threshold of 1 in 100 years. 

We also compare our search against two other searches, namely cWB and 
GstLAL-IMBH, that were used by the LIGO Scientific, Virgo & Kagra collabora- 
tion (LVK) to look for IMBH binaries in O3 run.!? For this purpose, we utilise the 
results of the injection campaign that were used by the LVK to place upper limits on 
the merger rate density for a discrete set of IMBH binaries. The dataset is publicly 


Our simulated signals mim- 


Table 1. 
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Summary of the single pipeline sensitive volume-time (VT). Here, M7 is the total source 


frame mass of the binary and q = m2/m1 < 1 denotes the mass ratio of the binary. xeg is the 
mass-weighted combination of the spins parallel to the orbital angular momentum L while Xp 
captures the average amount of precession exhibited by a generically precessing system over many 
cycles defined at reference frequency of 11 Hz during the inspiral. 


Mr (Mo) q xe Xp (VT)pycac[GpcPyr] (VT)ews[Gpb?yr] (VT) astLaL [Gpc?yr] 
120 1/2 0.00 0.00 11.51 8.93 8.18 
120 1/4 0.00 0.00 4.64 3.54 3.04 
120 1/5 0.00 0.00 3.11 2.42 2.06 
120 1/7 0.00 0.00 1.67 1.24 1.05 
120 1/10 0.00 0.00 0.82 0.60 0.51 
150 1/2 0.00 0.00 11.95 9.96 7.40 
200 1 0.00 0.00 14.84 12.76 10.27 
200 1/2 0.00 0.00 10.35 9.47 6.56 
200 1/4 0.00 0.00 3.90 3.69 1.93 
200 1/7 0.00 0.00 1.34 1.29 0.53 
220 1/10 0.00 0.00 0.57 0.60 0.22 
250 1/4 0.00 0.00 2.99 2.83 1.80 
300 1/2 0.00 0.00 6.27 5.86 5.38 
350 1/6 0.00 0.00 0.72 0.75 0.44 
400 1 0.00 0.00 4.82 4.55 4.29 
400 1/2 0.00 0.00 3.08 3.33 2.68 
400 1/3 0.00 0.00 1.68 1.94 1.29 
400 1/4 0.00 0.00 1.11 1.22 0.70 
400 1/7 0.00 0.00 0.44 0.47 0.20 
440 1/10 0.00 0.00 0.20 0.20 0.09 
500 2/3 0.00 0.00 1.87 1.97 1.45 
600 1 0.00 0.00 0.90 0.79 0.50 
600 1/2 0.00 0.00 0.65 0.81 0.34 
800 1 0.00 0.00 0.15 0.14 0.11 
200 1 0.80 0.00 38.54 29.60 30.99 
400 1 0.80 0.00 18.08 15.88 16.07 
600 1 0.80 0.00 4.97 5.35 4.03 
800 1 0.80 0.00 0.89 0.88 0.37 
200 iL -0.80 0.00 10.07 9.28 6.39 
400 1 -0.80 0.00 1.90 1.86 1.66 
600 1 -0.80 0.00 0.22 0.22 0.11 
800 1 -0.80 0.00 0.04 0.05 0.03 
200 1 0.51 0.42 26.38 20.88 19.42 
200 1/2 0.14 0.42 13.97 12.36 9.01 
200 1/4 0.26 0.42 7.67 7.65 4.13 
200 1/7 0.32 0.42 3.35 3.59 1.44 
400 il 0.51 0.42 10.53 9.38 9.19 
400 1/2 0.14 0.42 4.96 5.42 4.24 
400 1/4 0.26 0.42 2.58 3.63 1.88 
400 1/7 0.32 0.42 1.11 1.79 0.65 
600 1 0.51 0.42 2.44 2.49 1.72 
600 1/2 0.4 0.42 1.12 1.45 0.58 
800 1 0.51 0.42 0.10 0.18 0.01 
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available at https://dcc.ligo.org/LIGO0-P2100179/public, and it contains de- 
tails about the parameters of each of the injections and also their associated p-value 
as reported by the contributing searches. The signals themselves were numerically 
simulated and are designed to imitate GWs from a representative population of 
IMBH binaries with generic spins. Additional details about the injections can be 
found in.!? 

To estimate (VT) using the publicly available dataset, we start off by calculating 
the number of signals that are recovered by each of three contributing searches. We 
do this by considering only those injections whose p-value is less than the minimum 
p-value of the loudest noise trigger, namely that of 200214 224526 in the.? This 
trigger has a minimum p-value of 9.2 x 107? and was only reported by the weakly 
model-dependent cWB search. The (VT) is then given by 


Nrec 


VT) = 
( ) Ntotal 


(VT) total (1) 


where the first term denotes the fraction of injections that are recovered below the 
p-value threshold while the second term denotes the total spacetime volume covered 
by a given injection set. 

We tabulate the results of this analysis for each of the three pipelines for each 
simulated IMBH binary in Table 1. Amplitude and phase errors arising from detec- 
tor calibration have not been included in the analysis, but a statistical uncertainty 
of 4%-7% is expected. We find that the PyCBC-IMBH search has higher sensitiv- 
ity as compared to the GstLAL-IMBH for all of the mass bins and is comparably 
sensitive (if not better for most of the symmetric and/or relatively low total mass 
bins) to cWB search. 

The latter can be understood as follows. As discussed in Sec. 2, the PyCBC- 
IMBH search uses only the dominant multipole templates in matched filtering. 
Hence, the sensitivity drops with a decrease in mass ratio as compared to the cWB 
search. This is because a decrement in mass ratio corresponds to an increase in the 
contribution coming from the sub-dominant harmonics. The cWB search being a 
weakly modelled search, is oblivious to this effect and hence has higher sensitivity 
than template-based searches. Furthermore, if one compares the sensitivity of a 
given search for a given total mass but decreasing mass ratio, one will observe 
that the search performance degrades owing to an overall decrease in the intrinsic 
luminosity of the system involved. 

Concerning the total mass of a binary, the PyCBC search tends to have higher 
sensitivity for relatively lower total mass as signals from such systems tend to have 
a longer inspiral within the detector bandwidth, thus allowing for a larger SNR. 
At higher total mass, the cWB search has higher sensitivity because of its effi- 
cient signal-noise discriminators, which allow it to distinguish the signal from noisy 
transients better, thus allowing for a relatively lower p-value and hence greater sen- 
sitivity. This also explains why the PyCBC search has a poorer performance for a 
system with a given mass distribution but having a relatively anti-aligned spin. 
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GW signals from a significantly precessing binary can have a notably suppressed 
inspiral right before the merger, causing a characteristic sine-Gaussian morphology. 
'The search summarised here uses non-precessing quadrupolar templates meaning 
the SNR recovered would be lower and the x2 higher owing to mismatch with 
templates. 


4. Conclusion 


Here, we summarise the salient features of the optimisation made to the existing 
PyCBC search to target short-duration GWs from massive BBHs. This optimisation 
enabled us to improve the search performance and re-detect the event GW190521 
with improved statistical significance. We also compare the sensitivity of PyCBC- 
IMBH with other searches used for the detection of IMBH binaries using the public 
data. 

Detection of IMBH and its subsequent studies has the potential to provide valu- 
able insight into the BBH population. Hence searches like this are going to be 
increasingly important. While we are primarily concerned here with detection of 
IMBH binaries, this type of search can be used to detect highly red-shifted BBHs 
which we expect to see in the next few years with the advent of third-generation GW 
observatories like the Einstein Telescope and Cosmic Explorer. Thus, the future of 
this field is quite exciting! 
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As detections of mergers of compact bodies begin to flow in, and as we enter an era of 
precision GW measurements, our understanding of compact bodies, their physics and 
that of the surrounding astrophysical environment, will continue to grow and at times 
even be challenged. The need to revise the mass bounds of compact bodies such as BHs 
and NSs and the possibility of the existence of GW echoes are just some of consequences 
of the first few years of GW detection. In previous work, using linearised perturbation 
theory, we made the novel finding that a dust shell will cause a GW to be modified 
both in magnitude and phase, but without any energy being transferred to or from the 
dust. We extend our analysis to matter shells surrounding compact body mergers and 
to intervening matter in cosmology. Instead of only monochromatic GW sources, as we 
used in our initial investigation, we also consider burst-like GW sources. The thin density 
shell approach is modified to include thick shells by considering concentric thin shells 
and integrating. Solutions are then found for these burst-like GW sources using Fourier 
transforms. In the context of cosmology, apart from the gravitational redshift, the effects 
are too small to be measurable. We show that GW echoes that are claimed to be present 
in the LIGO data of certain events, could not have been caused by a matter shell. We do 
find, however, that matter shells surrounding BBH mergers, BNS mergers, and CCSNe 
could make modifications of order a few percent to a GW signal. These modifications 
are expected to be measurable in GW data with current detectors if the event is close 
enough and at a detectable frequency; or in future detectors with increased frequency 
range and amplitude sensitivity. 


Keywords: Gravitational waves; Gravitational wave echoes; Bondi-Sachs; Matter shell; 
Linearized perturbation theory. 


1. Introduction 


Claims have been made that echoes have been detected in the LIGO data of the bi- 
nary black hole (BBH) merger GW150914,':? and also from the binary neutron star 
(BNS) merger GW170917.? It has been postulated that various exotic compact ob- 
jects (ECOs) may cause echoes in a gravitational wave (GW) signal and that these 
may be the cause of the echoes claimed to be observed. These claims have been 
contested, ^? sparking a debate and responses in defense of the claims?" with fur- 
ther substantiations.55 A number of ECO scenarios have been investigated. At the 
quantum level, Hawking's information paradox suggests Planck-scale modifications 
of black hole horizons (firewalls?) and other modifications to black hole structure 
(fuzzballs!?). Dark matter particles have been suggested surrounding star-like ob- 
jects.!! Other postulates include stars with interiors consisting of self-repulsive, de 
Sitter spacetime, surrounded by a shell of ordinary matter (gravastars!?). Then 
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there are Boson stars, which are macroscopic objects made up of scalar fields.'? 
All these objects are compact bodies mimicking black holes, but without a horizon. 
One consequence of these horizonless structures is that ingoing gravitational waves 
produced in a merger may reflect multiple times off effective radial potential bar- 
riers. The gravitational waves may be, in effect, trapped between effective radial 
potential barriers causing the waves to be ‘bounced’ off these barriers several times 
with wave packets leaking out to infinity at regular times. These gravitational wave 
signals, *trailing' the main (outward bound) signal are referred to as gravitational 
wave echoes. 14-16 

Whilst much of the discussion around gravitational wave echoes has been within 
11723 (beginning with!^), the possibility that the echoes 
may be a consequence of the astrophysical environment should also be investigated. 
One such scenario is the effect of a matter shell surrounding the gravitational wave 


source. This case was considered using numerical methods in,?4 and was also men- 
25 


the context of ‘new physics 


tioned in our previous work on the effects of matter on GW propagation. 

Echoes from the astrophysical environment were considered in,? by placing a 
massive shell that is not infinitely thin. This was a generalisation of the approach 
of?” which was based on an infinitely thin shell. As we have shown in our paper?? 
the case for a thin shell can be generalised to that of a thick shell by consider- 
ing several concentric thin shells and integrating?? showed that the deviation from 
Schwarzschild ringdown in their astrophysical estimations were relatively small ex- 
cept for a large mass which indicated that for the majority of astrophysical scenarios 
the effect would be relatively small. However they did note that considerations of 
dark matter around black holes (or compact body mergers) would leave some para- 
metric freedom for echoes as well,?^ studied both the combination of contributions 
of modifications of the Schwarzschild geometry near the surface, and a nonthin shell 
of matter surrounding the compact body/merger. They found that a massive shell 
at a distance could be distinguished from the purely Schwarzschild evolution of per- 
turbations. However, for the situation of new physics near the surface of a compact 
object, (a wormhole in their case), the strong echoes of the surface dominate the 
echoes of the distant shell. Furthermore, they found that it would take an extraor- 
dinarily large mass, located sufficiently close to the wormhole, to lead to discernable 
changes in the main echoes of the surface and that these changes would be relatively 
small. The interaction of GWs with matter has also been studied in cosmology,?® ?? 
with the objective of using GW observations to constrain the properties of dark 
matter. 

In previous work,?° we showed that a thin spherical dust shell surrounding a 
gravitational wave source, causes the gravitational wave to be modified both in 
magnitude and phase, but without any energy being transferred to or from the 
dust. That work suggests the possibilty of GW echoes. In Sec. 2 we describe the 
problem considered in this scenario, the assumptions made and the key results. 

The solution of?? is for a monchromatic GW source. A general waveform may be 
decomposed into a sum of Fourier components, and the technical details are given 
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in Sec. 3. The decomposition is implemented within a Matlab script using the Fast 
Fourier Transform, and validation results are reported in this section. 

Secs. 4 and 5 are about the astrophysics of the various scenarios considered. In?? 
we investigated whether a matter shell could explain the echoes that may exist in 
the LIGO data of GW150914 and GW170817. It was found that the shell would need 
to have such a large mass that it would constitute a black hole and this is discussed 
in Sec. 4. Our results show that if GW echoes are confirmed in another GW event, 
and with a relative magnitude and delay time similar to that of GW150914 and 
GW170817, then a matter shell would not be a viable explanation, so strengthening 
the case that an ECO would have been observed. 

A key factor in determining the echo properties of a matter shell is the echo 
delay time, which in the cases above was of order 1s. If the echo delay time is much 
smaller, order 1ms or smaller, then shell properties that are physically acceptable 
could lead to measurable effects; however, the short delay time would mean that the 
effect would not appear as an echo in the usual sense, but rather as a modification to 
the original signal. Examples of such signal modifications are given in Sec. 5.1 for a 
matter shell around an event like GW150914; in Sec. 5.2 for black hole quasinormal 
mode signal following a binary neutron star merger; and in Sec. 5.3 for the case of 
core collapse supernovae (CCSNe). 

Our conclusions are discussed in Sec. 6. 


2. Effect of a shell of matter on a GW 


In?? we considered the scenario of a thin shell of matter surrounding a gravitational 
wave source such as a compact binary merger, as shown schematically in Fig. 1. 
The spacetime around the GW source in?? 
the surrounding shell of matter. Confining the investigation to a thin shell does 
not preclude the case of a thick shell. Results can easily be applied to a series of 
concentric thin shells and then integrated to give the effect for a thick matter shell. 
'The EOS is taken, as a start, to be that of dust. The results show that the shell 
modifies the outgoing GWs in both phase and magnitude without contradicting 
previous results about energy transfer. The problem is set up within the Bondi- 
Sachs formalism for the Einstein equations with coordinates based on outgoing null 
hypersurfaces.?':?? The null hypersurfaces, are labelled by the coordinate x? = u, 
the angular coordinates by z^ (A — 2,3) and the surface area radial coordinate 
by a! = r. The angular coordinates (e.g. spherical polars (0, $)) label the null ray 
generators of a hypersurface u — constant. The Bondi-Sachs metric then describes 
a general spacetime, which may be written as 


would be otherwise empty except for 


duri. G (1 d t) = 'hagU^U?) du? — 2e?? dudr 
T 


— 2r? h agUP dudz^ + r?h Agdx^ dz? , (1) 
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where, h4? hgo = 5. 'The condition that r is a surface area coordinate implies 
det(hap) = det(qAp), where, qap is a unit sphere metric (e.g. d0? + sin? 0dQ?). 


^ Source 5 


m" P e— —. 


Fig. 1. The problem of a GW source which is surrounded by a spherical shell of mass Mg located 
between r = ro and r = ro +A, where r is the distance from the source. 


The GW strain far from the source is written Hmo = r(h4+thx), where h4}, ihx 
are the usual polarization modes in the T'T gauge. Now suppose that, in the absence 
of the matter shell, 


Hmo = X(Hyoexp(2in fu)) 222,2, (2) 


where f is the frequency (assumed to be monochromatic) of the GWs; Hmo is a 
constant determined by the physics of the GW source; and 2Z2,» is a spin-weighted 
spherical harmonic related to the usual ,Y;,, as specified in.?*?* Then, as found 
in,?° the introduction of a spherical shell around the GW source of mass Mg, radius 
rg and thickness A modifies the wave strain to: 


2Ms iMs iMse “Ff 
= A 14 
H r( MO ( m — Gee 
MsA M, 
+O ( E ^L 2) exp(2in fu) ) 222,2. (3) 
rô rof 


Each of the terms containing Ms in Eq. (3) represents a correction to the wave strain 
in the absence of the shell.?? The first correction, 2Mg /ro, is part of the gravitational 
red-shift effect, the main consequence of which is a reduction in the frequency; this 
effect is well-known, and henceforth we will assume that GW waveforms to be 
considered have allowed for this effect. The second term, iMs/(xrz f), is out of 
phase with the leading terms 1 + 2Ms/ro and hence represents a phase shift of 
the GW. This term, to O(Ms), does not change the magnitude of H and hence 
has no effect on the energy of the GW. The presence of e~4*"° in the third term 
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describes a change in the magnitude of H, as verified in.?? In this context, the 
modified signal would then be interpreted as an echo of the main signal. The echo 
varies from the main signal in both magnitude and phase, with the magnitude of 
the echo described by 


= Ms 
= Arr? f 


(4) 


relative to the original signal. 


3. Solution for a burst-like GW source using Fourier transforms 


The time-delay of the echo is 2ro, but the echo's magnitude depends on the wave 
frequency f. T'he GW sources reported to date are not monochromatic but are burst- 
like. Such a source may be decomposed into its Fourier components and Eq. (3) 
applied to each component, and the echo signal obtained by summing over the 
transformed components. Because the magnitude of the transformation is frequency- 
dependent, the echo signal will have a form more complicated than simply a time- 
delay and magnitude change to the original signal. This effect is now analyzed. 

We replace R(H mo exp(2in f u)) in Eq. (2) by h(u) defined in the interval ug < 
u < uy_1; and then construct a discrete representation of h(u), hj = h(uj) (k = 
0,--- , N — 1), with the ux on a regular grid, i.e. uk+1 — uj = 6 for k = 0,--- , N—2. 
Note that if the highest frequency that needs to be resolved is fm, then N should be 
chosen so that (uw. — ug)/(N —1) < 1/(2fm), i.e. to satisfy the Nyquist condition. 
The discrete Fourier transform?” of {hy} is 


et 2mikn iS —2mikn 
H, = 2 hj, exp ( ) with inverse hy, = N > H,, exp (==) . (5) 


N 


Then defining H2,, and H3,,, to be coefficients in the transform domain of the second 
(phase-shift) and third (echo) terms of Eq. (3), we have 


iMsH,, iMsH, exp(—4riro fn) N 
2n — 2 , Ha = 2 ; Nelle sa; 
Tro ^ Anri fn 2 
* * N 
Aan = H3 N-n, Has = H3 N-n, Hec Tyne y uA 
Hao = Hao — 0, (6) 


where * denotes the complex conjugate, and where we have used the condition that, 
in the time domain, all quantities are real. It is being assumed that N is even, and 
normally N = 2™ (with m an integer) for convenience when using the fast Fourier 
transform; further 


fr = N-I (7) 


N(un—1 — uo) ` 


Then A» &, ha, are found on applying the inverse discrete Fourier transformation. 
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A Matlab script that implements the calculation of the previous paragraph is 
available as Supplementary Material in.?? The script was checked by applying it to 
a monochromatic signal h(u) = R(—iexp(2aifu)). The errors eo, in ha; and ea 
in Àa,; are 


e = |ha —  (iMs/ (vro f) exp(2im fu))| 
e3,k = LY -R (iMs/(Anrg f)e- ^"irof exp(2im f'u)) | (8) 


For the case ug = Oms, uy-1 = 100ms, f = 1kHz, ro = 1.25ms (&km), and 
Ms = 0.25ms (= Mo), we found: 


N ||e2,:]] Iles,xl| 
29 40x107 16x107 (9) 
215 016x1076 27x107 


321 2.4 x 1078 4.3 x 1077 
where ||ei|| is defined to be 


N-1 e2 

k=0 Êk 
ey|| = 4| “= —.. 10 
lea x (10) 
Thus the errors are tending to zero, and N can be chosen so as to attain a desired 
accuracy. Note that an error of order machine precision is achieved for special values 
of the frequency f = k(N — 1)/N/(uw-1 — uo) with k an integer; in this case we 
would have that the cyclic assumption of the discrete Fourier transform would be 

satisfied, i.e. uj; = uj, w. 


4. Could matter shells explain the GW echo claims? 


In,! the first of the tentative search for echoes, the authors find evidence for the 
existence of echoes in the first detection event?? GW150914. They find further 
comparable evidence for echoes from the events GW151012?" (then referred to as 
LVT151012) and GW151226.?? The references report a number of echo events for 
GW150914, with the first occurring at about 0.3s after merger; therefore, if caused 
by a matter shell, the radius would be about 45,000km. The magnitude of the echo 
was about 0.0992 times that of the original signal. Using 132Hz for the frequency, 
which is its value when the amplitude was at its maximum at the end of the merger 
phase, and applying Eq. (4) gives Mg —740,000M 5. Such a mass within a radius 
of 45,000km would constitute a black hole, so the scenario of an echo caused by a 
shell can be discounted for GW150914. 

Extending their investigations to the first BNS detection GW170817,?? the 
authors of! find evidence again of the existence of echoes in the postmerger event.? 
The echo was reported to occur at frequency fecho — 72 Hz, approximately 1.0 sec 
after the BNS merger event. The inspiral signal is at 72Hz about 4.0s before merger, 
so if the reported echo is caused by a matter shell it must have a radius of about 
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2.5s~ 750,000km. Assuming that the magnitude of the echo signal must be at least 
0.01x that of the original signal and applying Eq. (4), it follows that for the echo to 
be caused by a shell it would have a mass of approximately 10" Mo. Now, a mass of 
10’ Mo inside a radius of 750,000km would constitute a black hole, so the scenario 
of an echo caused by a shell can be discounted for GW170817. 

The above two examples illustrate the general difficulty of producing a GW 
echo by means of a matter shell. An echo, in the usual sense, is a repeat of the 
original signal after a short time delay, which in practice must be at least hundreds 
of ms, corresponding to a shell radius of at least ~ 20,000km. Now, Eq. (4) shows 
that the shell mass Ms = 4r Rrêf which, for expected values of the frequency f, 
will be large — either implying a black hole and thus not feasible, or requiring an 
unexpected astrohysical scenario. A much smaller shell radius would avoid these 
difficulties, but the effect of the shell would be seen as a modification of the original 
signal, rather than as an echo. Some possible scenarios are presented in the next 
section. 


5. GW events and matter shells 
5.1. GW150914 in the presence of a matter shell 


GW150914: Template (blue), Template + shell effects (red) 
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Fig. 2. The effect of a matter shell of radius 3ms (about 900km) and mass 0.3ms (about 60M) 
on the signal of GW150914. The top panel shows the original signal in blue, and the original signal 
plus modifications due to the shell in red. The lower panel shows the modifications due to the 
phase-shift term in blue, and due to the echo term in red. 
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Although a matter shell could not explain the echoes that might exist in 
GW150914 data, we now investigate how a hypothetical matter shell might mod- 
ify the signal from a binary black hole merger. We consider the example case of 
a shell at radius 3ms (about 900km) and of mass 0.3ms (about 60M) and the 
signal of GW1509144° #2 (Of course, the astrophysical evidence does not suggest 
the existence of such a shell). The results are shown in Fig. 2. The top panel shows 
that there is a small but noticeable modification to the template signal, particu- 
larly at early times; this is because the frequency is lower at early times and so the 
modification effects are larger. The bottom panel shows the contributions of the 
phase-shift term (h2, blue) and the echo term (ha, red); it is noticeable that, unlike 
the template signal, these terms decrease in magnitude as the frequency increases 
with time. 

The accuracy of the results presented in Fig. 2 is limited since the formalism 
used in?? assumed a weak field GW source, which is not the case for two black holes 
at merger. In particular, GWs reflected by the shell would be partially absorbed 
by the black holes, so reducing the magnitude of the echo contribution to the GW 
signal. 


5.2. Binary Neutron Star (BNS) mergers 


BNS GW events that have been observed include GW1708174? and GW190425.*4 Of 
these, GW170817 was at a higher signal to noise ratio and the event was observed 
post-merger in the electromagnetic spectrum,?^ indicating that the post-merger 
object contained a large amount of free matter; we will therefore focus on this 
event. 

The relevant source parameters reported for the event are*® 4: total mass M + 
M» = 2.74Mo, and radii Rı = 10.8km, R2 = 10.7km. The reported GW signal 
increased in amplitude and frequency until 500Hz, at which stage the signal finished; 
i.e. the signal was observed during the inspiral phase, but ended as the two objects 
started to merge. The merger probably produced a central remnant of a neutron 
star or a black hole, in which case GWs in the lowest quasinormal mode would 
have been produced; however, the frequency of these GWs would be about 1.5 to 
3kHz for a neutron star, or about 6kHz for a 2M, black hole, which is outside the 
sensitivity band of the LIGO detectors. 

In order to estimate the possible effect of matter on GWs emitted from a central 
remnant, we consider the model of a spherical shell of mass Ms = 0.7M and 
radius rg — 25km around a GW source at either 6kHz or 2kHz. We find that the 
phase-shift term 2i Ms/(r2v) evaluates to 

iMs 
ran f 
for 6kHz or 2kHz, respectively. The echo effect would be 1/4 of the above values, 
and the delay would be 0.1667ms, which is the same as the wave period (at 6kHz), 


= 0.02634 or 0.0788i, (11) 
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QNM of a BH following BNS merger: QNM (blue), QNM + shell effects (red) 
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Fig. 3. The effect of a matter shell of radius 25km and mass 0.7Mọ on a quasinormal mode 
(QNM) signal of a 2M remnant of a binary neutron star merger. The original signal is in blue, 
and the original signal plus modifications due to the shell is in red. 


or less than a wave period (at 2kHz). Thus, in the future if GW detectors in the kHz 
band are operational and if a BNS event occurs at high signal to noise ratio, then 
shell effects would affect the GW signal in a measurable way, although the small 
delay time means that it would be difficult to disentangle the echo and phase-shift 
effects from the main signal. The modifications to the quasinormal mode signal are 
illustrated in Fig. 3. However, there are a number of caveats that should be noted: 


e The model in?? assumed that the shell is static, but the aftermath of a BNS 
meger will be highly dynamical. 

e The hypothesis of a shell forming is not supported by a detailed numerical 
simulation; indeed, since the system started as an inspiral, the matter out- 
side the remnant should have a ring-like structure. Thus, the matter effects 
could be much smaller than shown in Eq. (11) for an observer on the axis 
of rotation of the system. 

e The comment at the end of Sec. 5.1 about absorption of GWs by a black 
hole applies here. 


So the quantitative values in Eq. (11) should be interpreted as indicative of the 
order of magnitude of the interaction of GWs with matter, rather than as precise 
estimates. It should also be noted that if the numerical modeling includes all the 
matter, and if the simulation run period includes the quasinormal mode ringdown, 
then shell effects would already be included in the simulation. 


5.3. Core collapse supernovae 


We next turn our attention to an anticipated candidate of detectable GW waves: 
core collapse supernovae (CCSNe). Whilst BBH and BNS mergers are currently 
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the only GW events picked up by LIGO and VIRGO, supernovae are expected to 
produce, under certain conditions, GW waves detectable by the current generation 
of interferometers or those on the horizon. For now, all detection of supernovae 
have been confined to electromagnetic detection. Photons originate at the outer 
edge of a star and hence provide only limited information on the interior regions. 
'The detection of GWs which are the result of the aspherical motion of the inner 
regions will provide a wealth of information on these regions and the mechanism 
leading to the supernova explosion, where all the four fundamental forces of nature 
are involved. 

Whilst the central engines and inner regions of CCSNe have yet to be fully under- 
stood, there exist several studies of their progenitors and the subsequent evolution 
and detection.*® ?! For stars of mass larger than 8Mo, evolution normally proceeds 
through several stages of core burning and then to core collapse once nuclear fu- 
sion halts when there are no further burning processes to balance the gravitational 
attraction. Typically, these cores are iron cores, with the critical mass signalling 
the onset of core collapse ranging from 1.3Mo to 1.7 Mo. The core breaks into two 
during the collapse, with the inner core of 0.4Mo to 0.6M in sonic contact and 
collapsing homologously and the outer core collapsing supersonically. The inner core 
reaches supranuclear densities of ~ 2 x 104 g/cm? where the nuclear matter stiffens, 
resulting in a bounce of the inner core. The resulting shock wave is launched into 
the collapsing outer core. However, the shock loses energy to dissociation of iron 
nuclei, stalling at ~150km within ^10 ms after formation. Many computationally 
demanding simulations exist?? 5^ for generation of GWs from CCSNe. 


5.3.1. Model for the GW modifications due to matter around the inner core 


Ref.?^ presents GW waveforms from simulations of CCSNe for various zero age main 
sequence (ZAMS) masses in the range 9Mo,--- ,60Mo. The GW signal starts with 
an initial burst of duration about 50ms and frequency about 100Hz, followed by a 
quiescent period. We model this part of the waveform as 

h4 +ihx ~ sin(0.27u) sin(0.027u) 272, 0 X u € 50 

hy +ihx =0, 50<u< 100. (12) 


GWs are generated by aspherical motions in the inner core, commencing just after 
the bounce. The inner core is surrounded by the outer core, treated as a thick 
matter shell, and we now model its modifications to the GW signal. The shell has 
an inner radius rin, an outer radius frout, and density at r = rin of po with density 
fall-off p x r-1-^ with 1 /2 € a € 2. The effect of the whole shell is obtained by 
decomposing it into thin shells and then integrating. The result for the echo term 
is not a simple analytic expression and will be evaluated numerically. However, the 
phase shift term does give a simple analytic result 


Tout 4M, Tout Amr” pg(rin)'t% Aiporin Tin V 
dr —4 — —— dr = T. 1 
[ ren f : if pitar2 x f i af Tout i (13) 


in in 


3296 


125 T T T T 


c 
ol ae 
T 
En 
—— 
1 1 


GW amplitude 
e 


o 
C1 
T 
fi 


-1.5 1 1 1 1 
0 20 40 60 80 100 


Time in ms 


Fig. 4. The effect on the initial burst in à CCSNe GW signal of a matter shell extending from a 
radius 30km to the shock boundary at 150km. The original signal is in blue, and the signal plus 
modifications is shown in red. 


where f is the GW frequency. Fig. 4 shows the original signal given by Eq. (12) in 
blue, and the original signal plus shell modifications in red, for the case rin = 0.1ms 
(= 30km), rout = 0.5ms (~ 150km), a = 1, and po = 0.05/ms? (~ 0.75x 10!?g/cm?). 
These values model: the inner core as a proto-neutron star (PNS) of radius 30km, 
and whose oscillations generate the GWs; the shock boundary as having a radius 
of 150km; and the density at the inner radius (~ 0.75 x 10!?g/cm?) at a couple of 
orders below the supranuclear density. For this model, Eq. (13) evaluates to 0.16i, 
and the total mass of the shell to 0.503Mo. 

There is some uncertainty in the parameter values that should be used in mod- 
eling the matter shell around the inner core. The simple form of Eq. (13) shows how 
varying the parameters would change the magnitude of the shell effect. 


6. Conclusion 


There are astrophysical scenarios which can be regarded as comprising a shell of 
matter around a GW source, and this paper has investigated in what way the GW 
signal would be affected. The investigation started with GW events for which echoes 
have been claimed to exist in the LIGO data, and it was found that such echoes 
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could not be caused by a matter shell. Thus, an unambiguous observation of GW 
echoes in the future would favour the existence of ECOs. 

We investigated the effect of matter shells in three specific example cases. The 
first was a binary black hole merger analogous to GW150914, surrounded by a 
hypothetical matter shell at radius 900km and mass 60M. Astrophysically, such 
a shell is highly unlikely to exist, but this case is useful as it well illustrates some 
of the features of the shell effects on the waveform. The next case considered was 
the quasinormal mode signal from the remnant of a binary neutron star merger like 
GW170917. In this case, it is known that there is a substantial amount of matter 
around the remnant, although the extent to which the shell model is appropriate is 
unclear. The final case considered was that of a core collapse supernova. Although 
GWs from such events have not been observed, they are regarded as potential 
sources; and here it is clear that the proto neutron star, in which the GWs are 
generated, is surrounded by shells of matter. Of the three cases, the core collapse 
supernova is that which yielded the largest shell modifications to the GWs, and for 
which the predictions are most reliable. 

The effects of matter shells are small but measurable if the signal to noise ratio 
is sufficiently high. As GW observations become more accurate, through both hard- 
ware developments and, as time passes, the increasing chance of observing nearby 
events, these effects will need to be taken into account. 
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We consider gravitational radiation in the presence of non-compact extra dimensions. 
If their number is odd, all spacetime becomes odd-dimensional and formation of grav- 
itational radiation becomes non-trivial because of violation of the Huygens principle. 
Gravitational waves travel with the speed of light, while the full retarded gravitational 
field of a localized source propagates with all velocities lower or equal to the speed of 
light, so special care is needed to extract radiation. Here we consider a simplified model 
consisting of two point masses moving on a three-brane embedded in five-dimensional 
bulk. Particles are assumed to interact through a massless scalar field living on the same 
brane, while gravitational radiation is emitted into the full five-dimensional space. We 
use the Rohrlich-Teitelboim approach to radiation, extracting the radiative component 
of the retarded gravitational field via splitting of the energy-momentum tensor. The 
source term consists of the local contribution from the particles and the non-local con- 
tribution from the scalar field stresses. The latter is computed using the DIRE approach 
to the post-Newtonian expansions. In the non-relativistic limit, we find an analog of the 
quadrupole formula containing the integral over the full history of motion, preceding 
the retarded moment of time. We compute gravitational radiation and study the orbit 
evolution of the non-relativistic circular binary system on the brane. 


Keywords: Extra dimensions, Huygens principle, gravitational radiation, brane 


1. Introduction 


Gravitational radiation in the higher-dimensional spacetimes has become an in- 
triguing problem in the last twenty years due to development of the gravity theories 
with large extra dimensions.' ^ Recent successes of the gravitational-wave astron- 
omy give us the new tool for exploring extra dimensions." !? Some constraints on 
their size, number and geometry have already been extracted.!! !6 Another new 
tool relevant to extra dimensions is shadow of a black hole.!7 1? 

With regard to the theoretical study of multidimensional radiation, then in the 
majority of literary sources only radiation in even space-time dimensions is stud- 
ied,?°*4 while the odd dimensions were discussed mainly in the more academic 
context of the problem of radiation reaction. ?5 Huygens principle violation in 
odd dimensions?? ?! leads to significant difference of field propagation in even and 
odd dimensions. In both cases, signal from the instantaneous flash reaches the ob- 
servation point in time required to propagate with the speed of light. However, 
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in odd dimensions, after the arrival of the primary signal an endless tail is observed 
which is not the case in the even dimensions. Mathematically, this is related to the 
localisation of the odd-dimensional retarded Green's functions not only on the light 
cone, but also inside it: 

(-1"^ d"! e(t)e(?-r?) 


2v+1 = 1 
Giet (x) (2r)” (rdr)v-1 B = P2 QU N, ( ) 


where t = z?, and r = |x|. The odd-dimensional gravitational radiation of the 
non-relativistic binary systems has been studied?? using the effective field theory 


33,34 which is insensitive to the dimensionality of spacetime. But since 


formalism, 
it is based on the Fourier decompositions, the obtained analog of the quadrupole 
formula does not contain any information about the gravitational field in the wave 
zone and does not reveal the role of the tail in the formation of the gravitational- 
wave signal. So here we consider five-dimensional radiation essentially using the 


space-time picture. 


2. The setup 


We consider a simplified model of a binary system whose motion is confined in- 
side the four-dimensional subspace (brane). Particles interact with each other only 
through the massless scalar field localised on the same brane, while gravitational 
radiation is five-dimensional. Our localisation mechanism is purely kinematical: if 
the initial conditions are restricted to the brane, and the mediator scalar field is 
four-dimensional, the system remains in the brane forever. Such a system admits the 
stable elliptical orbits, and the interaction field is free from tails, providing us with 
a simple setup to study the features of the odd-dimensional gravitational radiation 
related to the Huygens principle violation. 

Gravitational radiation of such a system can be described by the linearised 
theory on the Minkowski background without use of the quadratic part of the Ricci 
tensor corresponding to the gravitational stresses.?? However, one still needs to take 
into account the scalar field stresses corresponding to the energy of the particles 
interaction: 


hun(2) = —2k5 [Then (a) T Tiry (2)] , hmn — 0, (2) 
2 
TE y (a) = 91,05 Y ma / ech S Gio ie"), (3) 
a=1 
F 1 ji gv 1 a 4 
Tun (x) = 45 9M9N | APO.” — x Mw" pOaP d(x"), (4) 


where M, N = 0,4 and u,v = 0,3, and nmn = diag(—1, 1, 1, 1, 1). Here, z//(7;) are 
the world lines of the particles and 24 = dz#/dtq, Ma are their masses, and &s is 
the five-dimensional gravitational constant. We assume that the brane lies in the 
z^ — 0 hypersurface. 
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The effective energy-momentum tensor of the gravitational field, by analogy with 
the four-dimensional theory,?Ó is given by 


1 L = 
thin (@) = Lo (uh OM), 45 =14, (5) 


where a periodic motion of the source is assumed, and bracket (...) denotes aver- 
aging over the period. In Eq. (5), we use the metric deviations in the transverse- 
traceless gauge 


lio =0, hy HO, Chey =0, (6) 


in which gravitational waves have five independent polarisations. Namely, polarisa- 
tions of the plane wave propagating along the z?-coordinate are presented by the 


matrix 
h4 = sho hx 0 hia 
- h —h,— ihe 0 h 
TT _ x +— 3no 24 
hia hea 0 ho 


where the “cross” and “plus” polarisations are the same as in the four-dimensional 
theory?> 36 


1 
hy = 5 (hij — h22), hy = hi2, (8) 
and ho is the “breathing” mode” 
2 1 
ho= 34 = 3 (hii + h22) y (9) 


The brane-living observer would detect only three of them — the standard “plus” and 
“cross”, and the “breathing” polarisation, corresponding to the uniform shrinking 
and stretching of the probe masses circle lying in the plane orthogonal to the wave 
propagation direction.” We find that the breathing polarisation is non-vanishing 
even when both the source and an observer live on the brane. 


3. Point particles contribution 


To calculate the point particles contribution into the gravitational radiation we 
use the Rohrlich-Teitelboim definition of radiation?" °° (see also!? 4?) based on 
the Lorentz-invariant decomposition of the on-shell energy-momentum tensor of 
the retarded field in the far zone. The Lorentz-invariant distance from the particle 
trajectory z^ (T), 


a T>(|2| 
p——r 


p 5 0" Xy, (10) 
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is equivalent to the spatial distance from the system to the observation point. Here, 
the following notations are used: 


XM =M .;M(sja eM, Miy —1, @ =0, (11) 
dzM 
aM M (A^ M 
MoMa, vM =, (12) 
and 7 is the retarded proper time defined as 
(a™ — 2@(#))” = R? =0, a? > ($). (13) 


Then, in D dimensions, the on-shell energy-momentum tensor can be expanded 
in the inverse powers of p as follows 


MN MN MN MN 
T x Toul F Tix + Td (14) 
AMN BMN CMN DMN 
TO © 72D—4? mue D5 T Do T AD—2 (15) 
pees pe pu 


Here, the most short-range part TÆN is the energy-momentum tensor of the 


Coulomb part of the field; TMN is the mixed part, which is absent in D = 3 
and consists of more that one term in D > 4. The remaining long-range part of 
the energy-momentum tensor TMN has the properties allowing one to associate it 
with the energy-momentum flux carried by the emitted part of the field. Indeed, 
it is separately conserved Ogre = 0; it is proportional to the direct product of 
two null vectors TMN ~ êMêN , corresponding to the propagation of the associated 
energy-momentum flux exactly with the speed of light Gul = 0. Finally, it falls 
down as TMN ~ 1/r?~? and gives positive definite energy-momentum flux through 
the distant sphere of the area ~ rP-?, 

These properties hold both in even and odd dimensions. However, due to the 
Huygens principle violation, in odd dimensions the emitted part of the energy- 


TMN 


momentum tensor [jj 


ceding the retarded time 7, while in even ones it is completely determined by the 
state of the source at this moment. Also, due to the form of the energy-momentum 
tensor (5), which is the bilinear expression of the field derivatives, one can define 
its emitted part, by analogy with that of the energy-momentum tensor 


(&ychi yrs ~ 1/p?/271. (16) 


depends on the entire history of the source's motion pre- 


Therefore, the radiated energy flux through the distant (D — 2)-dimensional 
sphere of radius r is given as 


Wp = f T% nê rP7? dpo, (17) 


where dO p-> is the angular element, and n? = zt /r is a unit spacelike vector in the 
observation direction. 

Considering the gravitational radiation from the non-relativistic binary system 
we demonstrate that to find the non-relativistic approximation of the emitted part 
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of the gravitational field produced by point particles one have to introduce, besides 
the small particles velocities |v| < 1, another small parameter 
z(?)— z(T R 
s(r) = 20-20) tim s(r) = 9, psp ~ lvl, (18) 
qo—T TOT 
which is of order of particles velocities for any moment of proper time. Then, we 
find the point particles contribution into the gravitational radiation from the binary 
system as 


(Oy hE,; ya = — UK5CM á d à;U; + 2aiaj + Vid; 


23/27m2r3/2 J å (7 — 7)!/2 » ēm = [-1,n], (19) 


where zê = zi — zÍ is the relative coordinate of the system, y = mım2/(mı + 
mg) is its reduced mass, and 7 = t — r is the retarded proper time calculated up 
to the leading order. Note that the emitted part of the gravitational field (19) is 
proportional to the null vector cj; leading to the corresponding energy-momentum 
tensor (5) being proportional to the direct product of two null vectors, in accordance 
with the Rohrlich-Teitelboim approach, and depends on the history of the system's 
motion preceding the retarded time 7. 


4. Scalar field contribution 


The scalar field stresses contribution into the gravitational radiation is calculated 
by use of the DIRE approach to the post-Newtonian expansions.“4 It is based on 
the splitting of the spacetime into the near zone, whose size is of order of the 
characteristic wavelength of gravitational radiation R = S/|v| ~ Acw (S is the 
characteristic size of the binary system), and the radiation zone being exterior to 
the near zone. 

In our calculations we assume that the observation point is in the radiation zone, 
the retardation of the scalar field inside the near zone is negligible, and that the 
energy-momentum density of the scalar field is non-vanishing only in the near zone 
being large enough due to the slow motion of the particles. Then, we arrive at the 
scalar field contribution into the gravitational radiation in the form 


ae ead < UK5M à;Zj + 2aju; + 2aja;j + 2v;a; 4 LN 
(Ouhi;) ~ 95/242 xum | dr (T — 7)1/2 (20) 


As the point particles contribution (19), this expression is proportional to the null 
vector cy; and depends on the history of the particles motion. 

Combining the point-like (19) and the non-local scalar field (20) contributions, 
we find the emitted part of the total A field of the binary system: 


rà K5CM 1 
(Ourhj;') = ~ 95/242,3/2 iz E. (7 — 7) Gon Qij = bb Ee z juna : 
(21) 
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As in the four-dimensional theory, it is determined by the transverse-traceless part 
of the quadrupole moment of the binary system but now depends on the history of 
motion. 

Therefore, using the Eqs. (5) and (17) we obtain the five-dimensional analog of 
the quadrupole formula for the angular distribution of the gravitational radiation 
power 


dWs — 


sate 22 
daz = A (22) 


TT m TT 
(Aij Ais), Ay -f. d D yi TE WD 
depending on the entire history of the binary system's motion preceding the re- 
tarded time 7. Recently, the analogous formula was obtained by use of the spectral 
decompositions of the retarded Green's functions, which are insensitive to the 
dimensionality of the spacetime, and can be considered as a confirmation of our 
result. 


5. Binary system on a circular orbit 


As the simplest application of the obtained five-dimensional quadrupole formula, 
we consider the gravitational radiation from the non-relativistic binary system on 
the circular orbit. Integrating the angular distribution (22), we find the total grav- 
itational radiation power of the system on the circular orbit 


5 
We? = gren Rows, (23) 
where R, is the orbital radius of the system, and ws is its frequency of the orbital 
motion. Also, using the energy conservation law 
dE ot = 
dt 
where Eto, is the total mechanical energy of the point particles, we analyse the 


quasi-circular orbit shrinking of the binary system arriving at the evolution laws for 
the orbital frequency and radius 


—Were, (24) 


gH i 
ws(t) E E (/figige) ^ (coat = Dr (25) 


2/11 
euL) / 


26 
tcoal = to ( ) 


Rs(t) = Ro ( 


where teoa) is the moment of time corresponding to the coalescence of the binary 
system Rs — 0, ws — oo, and Rs(to) = Ro. Note that the obtained Eqs. (25) and 
(26) differ significantly from their four-dimensional analogs 


w(t) im (teoal A DS, RP (t) Pa (teoal P mae (27) 


what could be expected, given the five-dimensional nature of gravity and infinite 
size of extra dimension in our model. 
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This paper provides a summary of the fourteen talks that were presented in the session 
GWA on various aspects of numerical relativity and computation concerning gravitational 
waves. 
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1. Introduction 


A total of fourteen talks were presented over two days, covering a number of dif- 
ferent topics within numerical relativity and computation concerning gravitational 
waves (GWs). Since the authors of each talk are publishing their work in these 
Proceedings or elsewhere, the purpose of this article is not to present any of the 
technical details of the talks. Rather, this session summary is aimed at presenting 
an overview of, and background information about, the various topics covered. As 
such, it is intended to be accessible to those working on other aspects of general 
realativty and astrophysics. 


2. Inclusion of null infinity 


Numerical relativity simulations of events such as compact object mergers, are nor- 
mally carried out in a finite region, and the GW emission is estimated from the 
geometry near the outer boundary. However, because of the nonlinear nature of 
the Einstein equations, GWs are unambiguously defined only at future null infin- 
ity. Now the Einstein equations have the property that they can be compactified 
in a radial null direction and remain regular, so there are numerical approaches 
that compute GWs at future null infinity. The method commonly utilized is known 
as characteristic extraction, in which geometric data near the outer boundary of a 
merger simulation is used to provide boundary data to a characteristic code, i.e. one 
in which the spacetime is foliated by outgoing null cones. An alternative approach 
uses hyperboloidal slicing, in which the spacetime slices are spacelike in the central 
region, and become asymptotically null in the far region; however, this approach is 
less developed and has not yet produced gravitational waveforms. 
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|.^? presented results concerning the well-posedness of the 


Giannakopoulos et a 
Einstein equations in characteristic coordinates. In partial differential equation 
(PDE) theory, well-posedness in the standard L5 norm is characterized by a system 
that is strongly (or symmetric) hyperbolic. However, it was shown that the char- 
acteristic Einstein equations form a PDE system that is only weakly hyperbolic. 
Further, it was demonstrated, using numerical examples, that weak hyperbolicity 
can have the effect of reducing the order of convergence of a code from that expected 
from considerations of the truncation error. 

Gautam et al? discussed a dual foliation formulation on hyperboloidal slices. 
There has been much effort over many years to implement a successful hyperboloidal 
scheme, but there remain problems of instability and of the need to regularize 
quantities that can become unbounded at null infinity. The essential idea presented 
is that these problems can be resolved by making a nonlinear change of variables, 
and the approach has been tested and shown to work in the special case of spherical 
symmetry. The approach is currently being extended to the general case, and if 
successful, this would be a significant achievement. 


3. Surrogate models 


Surrogate models have become an essential tool in searches in detector data for GWs 
from binary black hole mergers. Numerical relativity provides the most accurate 
waveforms, but they are computationally expensive and can take over a month for a 
single waveform. Since the merger phase space has, in principle, up to 7 dimensions, 
it is not feasible to populate it with numerical relativity waveforms. A surrogate 
waveform can be regarded as a mapping from (a restricted part of) the merger phase 
space to give a waveform. The quality of the model depends on how the mapping 
function is parametrized, and then fixing the parameter values so as to be consistent 
with known numerical relativity waveforms. 

Islam et al.^ reported a surrogate model for waveforms produced when the orbit 
is eccentric rather than circular. Eccentricity has long been neglected in waveform 
calculations, because it is well known that the reaction to GW emission damps out 
eccentricity at a rate that is much faster than that of the inspiral. However, there 
are possible astrophysical scenarios which could lead to the orbit being eccentric 
near merger, and the identification of such an event would be significant in terms of 
the understanding of formation channels of binary black hole systems. The model 
reported is restricted, at this stage, to non-spinning equal-mass black hole binary 
systems. 


4. Effect of matter on GW propagation 


As GWSs pass through matter, some energy will be transferred to the matter causing 
the GW to be attenuated, but in astrophysical scenarios this effect is so small that 
it has been completely negelcted. However, recent work has shown that matter 
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can affect GW propagation in other ways, i.e. as a phase shift or as an echo. The 
possibility of a GW echo is interesting because there are (controversial) reports that 
echoes have been observed in GW data, caused by the remnant being some form of 
exotic compact object (ECO). 

Naidoo et al.? applied a model of a GW source inside a shell of matter to GW 
events for which there are claims of echo observations. It was shown that any echo 
could not have been produced by the effect of a matter shell, since if it were the 
shell would have to be so massive as to constitute a black hole. Thus, confirmation 
of an echo in GW data would provide evidence in favour of the ECO hypothesis. 
However, it was also shown that there are astrophysical events, such as a binary 
neutron star merger and especially a core collapse supernova, for which the echo 
and phase-shift effects would alter the GW signal sufficiently for the difference to 
be measurable. 


5. Hadron-quark phase transition in a binary neutron star merger 


During the merger of two neutron stars, the matter becomes denser than nuclear 
matter and with a temperature of order 10!*°K, and it is feasible that a phase 
transition from hadronic matter to quark matter may occur. Such a phase transition 
would change the effective equation of state, and therefore would affect the motion 
of the matter and thus the emitted GW signal. 

Hanauske et al. considers whether a hadron-quark phase transition could lead 
to an observational signature of the event in the GW signal." !^ Computational 
models for a number of possible post-merger scenarios are constructed, and results 
obtained for the GW signal in runs to about 20ms. The results show that an increase 
in the frequency of the post-merger GW signal would indicate the occurrence of a 
phase transition. 


6. Alternative theories of gravity 


General relativity is consistent with every observation and experiment to date. How- 
ever, there are reasons for investigating alternative theories. General relativity is not 
consistent with quantum mechanics, so it needs to be modified in a way that would 
affect its properties at a very small scale. On the other hand, at the very large scale 
of cosmology, the issues of the unknown nature of dark matter and dark energy may 
be resolved by using an alternative theory. Clearly, any alternative theory would 
need to be consistent with observations including those by LIGO/Virgo, and that 
motivates the need to calculate GW emission from compact object coalescence in 
the theory. 

Lim et al.!! reported the construction of a numerical code for an effective field 
theory with a Lagrangian that is that of general relativity plus terms that are 
quadratic in the Ricci tensor. The resulting field equations involve up to 4th or- 
der derivatives. The code uses the harmonic gauge, and is restricted to the case 


3312 


of spherical symmetry. It has been tested with initital data that is Minkowski or 
Schwarzschild plus noise, and has been shown to be stable and convergent. 

Khlopunov et al.!? calculates the GW emission due to a system of two point 
masses on a 3-brane embedded in a 5-dimensional spacetime, using analytical meth- 
ods. In the non-relativistic limit, a generalization of the quadrupole formula is 
obtained. 


7. GW memory 


The memory effect in GW theory is well-known. Consider a system of free particles, 
each particle being at rest relative to the others, in a region of spacetime that can 
be regarded as initially Minkowskian. Supose that the particles are now perturbed 
by GWs, and that afterwards the spacetime region is again Minkowskian. Then the 
particles will be at rest relative to each other, but in general the positions of the 
particles relative to each other will have changed. 

Grant et al.!® 14 generalizes the memory concept to the case that the particles 
have initial relative velocity and acceleration (due to forces other than gravity), and 
obtains formulas in terms of the GWs and non-radiative quantities for the memory- 
like changes to these quantities. In the case of zero relative velocity and acceleration, 
the formulas reduce to what is already known. 


8. Searches for intermediate mass black hole (IMBH) mergers in 
GW data 


IMBHs are usually defined as being in the mass range 10?°Mo < M < 10? Mọ. 
They are less massive than the supermassive black holes at galactic centres, and 
too massive to have been formed by stellar collapse, because the pair instability 
gap means that stellar collapse cannot produce a black hole in the mass range 
50M; SM £130Mg. The event GW190521 is estimated to have been caused by 
the merger of black holes with approximate masses 85M, and 66M, yielding a 
remnant with mass about 142Mo, providing conclusive evidence for the existence 
of IMBHs. This observation has motivated searches that focus on identifying IMBH 
events in LIGO/Virgo data. 

PyCBC is a free and open software package used to search for GW events in 
detector data. Chandra et al.!? reported a PyCBC-based search that is optimized 
to identify IMBH events. The search re-identified GW190521 with a much better 
false alarm rate than that of the original search. 

Gayathri et al.'® presented, on behalf of the LIGO, Virgo and KAGRA collab- 
orations, the results of their searches for IMBH events in the observing period O3. 


9. Searches for a GW signal of a spinning neutron star 


An object spinning with frequency f, unless it is exactly axisymmetric, emits GWs 
at frequency 2f. Pulsars are spinning neutron stars that emit regular radio pulses, 
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and thus have rotational frequencies that are accurately determined. However, 
searches for GW signals from a number of pulsars have not yielded any positive 
result, and have only been able to place upper bounds on the magnitude of such 
signals. It is well-known that glitches occur in the radio pulses, indicating that some 
form of deformation is occurring in the neutron star. Thus it can be expected that 
there are periods of time during which the neutron star would be emitting GWs, 
but when such periods occur and their duration is not known. 

Fesik et al.!^15 presented a method for localising a long-duration signal in GW 
data, that is, to estimate the start time and duration of the signal. The method 
applies when the signal duration is much longer than the wave period, so more than 
a few hours. This knowledge can then be used to improve the signal-to-noise ratio 
of the recovered signal. 


10. Machine learning 


In recent years, the use of machine learning has become more and more common- 
place throughout science, and this certainly includes applications to GW calcula- 
tions and GW data analysis. The key advantages of machine learning are that: 
(a) in many circumstances it has proven to be remarkably accurate; and (b) there 
are now a number of software packages available, so from a user perspective, im- 
plementation can be straightforward. A common application of machine learning 
is the construction of a function that maps an input vector x to an output vec- 
tor y, ie y = F(x). We need to know the expected output z; in a number 
of cases, and then construct F by minimizing the error ||z; — y;||; this process 
is called training the network, and the quality of the network is described by 
the magnitude of the error, particularly for data points that are not used in the 
training. 

Mishra’? applied machine learning to search for a coherent WaveBurst in GW 
detector data. The network is trained on calculated waveforms of binary black hole 
mergers; the complete waveform is not used, but rather certain statistics represent- 
ing the waveform are calculated, and these are used for the training. The resulting 
network is reported to improve the detection of binary black hole merger events by 
between 15% and 25%. 

Field et al.2°:?4 use machine learning to determine orbital dynamics of binary 
black hole systems from GW measurements. The system is written in the form of 
a universal differential equation, x = F(x), where x is a vector with components 
representing various aspects of the system dynamics. Once a choice of F is made, 
x is determined and then the quadrupole formula is applied to find the emitted 
GWs. Given observed (or numerically calculated) GW data from a binary black 
hole system, the next step is network training, i.e. to find F by minimizing the 
mismatch between this data and that associated with the choice made for F. It was 
found that this model makes quite accurate waveform predictions outside the time 
interval over which the model is trained. 
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The dynamic center of our galaxy is known to host a source of TeV gamma rays since 
the very beginning of the 21st century and a link to the supermassive black hole at the 
Galactic Center has been speculated on ever since. But not only the point-like source, 
spatially coincident with SgrA*, can be observed from the ground using the Imaging 
Air Cherenkov Telescope technique, but also diffuse emission from the vicinity, spanning 
more than one degree along the Galactic plane and emitting a remarkably hard energy 
spectrum, reaching energies well beyond 10 TeV. 

Recent observations by the H.E.S.S., MAGIC and VERITAS facilities have enabled 
detailed studies of the dynamics of high-energy particles in Galactic Center region that 
indicate a link between the diffuse component and central point-like gamma-ray source. 
These studies suggest the presence of a powerful cosmic-ray accelerator in close proximity 
to SgrA*. This could potentially even be one of the long-sought-after Galactic PeVatrons, 
needed in order to explain the cosmic-ray spectrum up to the the feature called ‘knee’ 
at around 1015 eV. 


Keywords: Galactic Center, SMBH, VHE gamma-ray astronomy 


1. Introduction 


'The Milky Way Galaxy falls into the category of bared spiral galaxies, with a mod- 
erate star forming rate within the spiral arms and a significantly lower star forming 
rate inside the bar and bulge, towards its dynamic center. The bar and bulge span 
1.5 and 4.4 kpc in size, respectively, while the the galactic disk extends over more 
than 30 kpc. A much smaller region at the center of the Galactic bulge contains 
a much higher density of young stars when compared to the surrounding regions. 
Such a high star-formation rate can only be maintained by a high density of molec- 
ular gas in this region, which is referred to as the Central Molecular Zone (CMZ) 
of the Milky Way Galaxy. The high star formation rate inside the CMZ is also the 
reason for the high density of high energy astrophysical phenomena being observed 
in this area of the sky. Those include pulsar wind nebulae (PWN), supernova rem- 
nants (SNR)! and presumably also millisecond pulsars (MSP).? All those types of 
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objects can potentially accelerate charged particles to TeV energies and beyond, 
which can in turn produce very high energy (VHE) gamma rays through secondary 
processes like Bremsstrahlung or inverse Compton scattering in case of electrons or 
deep inelastic scattering in case of protons. 

Another potential source of VHE gamma rays is the strong accumulation of dark 
matter (DM) that is expected around the Galactic Center (GC).? Some models 
predict DM particles to interact or decay with gamma-rays in the final state. The 
high expected DM density at the GC, paired with its relative proximity makes it 
one of the prime observational targets for indirect DM searches.^ Strong foregrounds 
from astrophysical sources on the other hand complicate the search. 

At the very center of the Milky Way Galaxy's rotation, spanning less than a 
0.1 pc in size, resides the so-called S-star cluster with numerous O and B-type 
stars, whose rapid movement can be traced over a time scale of years with high 
resolution observations in the infrared.? The velocity of these stars and the tight 
elliptical orbits around a common dynamical center allow to quantify the central 
mass concentration, ~ 4.4 - 109 Mo, and to exclude nearly all other explanations, 
except for the presence of a super-massive black hole (SMBH) at the dynamic 
center of our galaxy.? 'This mass concentration is spatially consistent with the point- 
like radio source SgrA*,® thus probably caused by non-thermal emission from the 
vicinity of the black hole (BH). The gravitational radius of such a BH would be 


| .2GM 


z 713: 10'*cm z 10 p arcsec, (1) 


TG 

c 

which is within reach for the most ambitious very-long-baseline interferometry 

(VLBI) campaigns, such as the Event Horizon Telescope (EHT) that utilizes a 
global network of radio telescopes.” 

SgrA* is also visible in X-ray, adding further evidence for non-thermal processes 
being at work and the acceleration of charged particles to high energies. In radio, 
infrared, as well as in X-rays, SgrA* shows minute to day-scale variability, changing 
its brightness over several orders of magnitude.® 1° These observations indicate that 
the site of emission of non-thermal radiation must be comparable to the size of 
the BH itself and thus likely located in close proximity to the event horizon. Also 
from X-ray observations, echos on the scale of tens of parsecs have been identified 
within the surrounding structures of dense gas. These are believed to stem from 
past very strong X-ray flares caused by SgrA*, now visible as echos that can be 
seen traveling through the surrounding environment over a time scale of several 
years.!! Another hint for an episode in the more distant past of strongly increased 
intensity of acceleration of high energy charged particles at the Galactic Center are 
the giant bubble-like structures found in X-rays!? and gamma rays,!? extending far 
outside the galactic disk in both directions. These structures can not be directly 
linked to SgrA* with certainty, but could potentially be the result of increased 
accretion activity onto the GC black hole. 
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2. VHE Gamma-Ray Observations from the Ground 


The very dense and active astrophysical environment within the CMZ and especially 
the link between the SMBH, the closest to Earth by a large margin) and non- 
thermal processes visible in radio and X-ray, make the GC a very interesting target 
for observations in gamma rays. The Fermi large area telescope (LAT) in low earth 
orbit since 2008 is the most sensitive all-sky detector for gamma-rays in the energy 
range between 100 MeV and about 1 TeV.!^ While the GC hosts strong sources 
found also in the the Fermi source catalog, including a point source coincident with 
SgrA*,!? the spatial resolution in the energy range around 10 GeV below is rather 
poor, while the effective collection area needed to cope with the low flux above that 
energy, is way large than the only about 1 m? offered by Fermi. 

This is where ground-based facilities come into play, that in fact predate Fermi 
by more than a decade. The most successful class of ground-based instruments 
for observations in the very high energy (VHE) range between about 50 GeV and 
100 TeV are so-called imaging air Cherenkov telescopes (IACTs). IACTs detect 
short (z 3 ns long) and faint (hundred to a couple of ten thousand photons col- 
lected by the telescope) flashes of Cherenkov light produced in extensive air showers 
produced by gamma-rays interacting with the atmosphere generating charged lep- 
tons. These Cherenkov light flashes, mostly generated in the lower stratosphere and 
high troposphere, illuminate an area of several ten thousand m? on the ground at 
sea level. The light is collected by optical telescopes with simple geometry but large 
mirror area and fast as well as sensitive cameras, capable of time resolution on the 
order of nanoseconds. The reconstruction of the original direction of the VHE pho- 
tons is strongly helped by employing stereoscopy and observing the same event with 
two or more telescopes placed within the light pool. The technique was pioneered by 
the Whipple!® and HEGRA!” instruments, but became a more established branch 
of astronomy with the next generation of telescopes. The three most important 
of those installations are the H.E.S.S.,'*5 MAGIC! and VERITAS”? experiments, 
located in Namibia, La Palma and the US, respectively. 

The first detection of the GC in VHE gamma rays was already made with 
Whipple in 2004,?! quickly followed up by detections with H.E.S.S. (2004)?? and 
MAGIC (2006).?? Later deep observations by H.E.S.S. have reveled further details 
of the GC VHE emission. In 2006, after subtracting the point sources at SgrA* and 
G0.9+0.1, the presence of diffuse emission throughout the CMZ has been reveled, 
spanning about 200 pc in width along the Galactic plane. The emission has been 
attributed to high energy protons interacting with the dense molecular clouds in the 
region.?^ The position estimate of the Galactic Center point source could be greatly 
refined, far below the gamma-ray PSF of the instrument. This lead to the exclusion 
of the SNR SgrA East as other potential source apart from SgrA*.?? The spectral 
shape of the GC point source has been measured with high precision, yielding an 
index of around 2.2 and an exponential cut off at zz 10 TeV.?6 


3319 


3. Recent Observational Results 


'The recent increased interest that the GC received in VHE gamma rays has been 
sparked by the discovery of a gas cloud in 2011, on a highly eccentric orbit towards 
SgrA* in infrared, that led to speculations about a potential increase in accretion 
rate and possibly also flaring activity of the non-thermal emission of the object.?" 
The pericenter passage was predicted to happen in 2013/14 with possible effects on 
the accretion rate around the time or later.?? These revelations lead to a multi-year 
observation campaign by MAGIC, starting in 2012 and leading to a publication of 
the results covering the first four years of monitoring the gamma-ray source.?? No 
variability of the GC point source has been detected until 2015, neither at energies 
above 1 TeV, nor at higher energies above 10 TeV, where some hadronic emission 
models predict a much faster reaction of the gamma-ray flux to newly injected 
particles compared to lower energy gamma rays.?? 

In 2016 the H.E.S.S. collaboration probed the extended emission from the Galac- 
tic Ridge in great detail, reveling that in contrast to the spectrum of the point- 
source, the gamma-ray spectrum emitted by this region reaches more than 30 TeV 
in energy without a hint for a cut-off?! Assuming proton-proton interactions as 
source for the emission, proton energies would thus not cut off before reaching 
around 1 PeV in energy. Another important finding from those observations is that 
the flux density of protons required to explain the observed gamma-ray emission 
profile, under the assumption of a density profile of molecular gas from CO emis- 
sions, best fits a 1/r shape, where r is the distance from the location of SgrA*.?! 
Such an observation is compatible with cosmic rays (CRs) being accelerated in the 
vicinity of SgrA* and undergoing diffusion processes on their path away from the 
source. Combining both of those observations provides evidence that the GC might 
indeed host a Galactic PeVatron, potentially even linked to the SMBH SgrA*. 

These findings were largely confirmed in 2020 by a new analysis of a large 
set of MAGIC data collected around the GC and CMZ. A new data analysis 
tool (SkyPrism??) for extended sources that allows fitting of 2D spatial models to 
gamma-ray sky maps binned in energy, similar to what is done by the Fermi tools,?? 
was utilized for this analysis. This way individual energy spectra for 3 point-like 
(SgrA*, the PWN G0.9+01 and a recently discovered source inside the Galactic 
Radio Arc) and one extended source (the diffuse Galactic Ridge emission) could be 
extracted.?^ The energy spectrum of the diffuse component, in contrast to earlier 
findings by H.E.S.S., in this case shows a 2c hint for a cut-off at around 20 TeV. It 
should however be noted that the regions probed and the methods used differ for 
both results. While the H.E.S.S. analysis extracted events from a cut anulus with 
inner radius of 0.1 and outer radius of 0.4 degrees around SgrA* and excluding the 
Arc source (“pacman” region),?! the MAGIC analysis used a CS radio map that 
extends about 1.4 degrees and 0.8 along the Galactic plane as spatial template for 
this emission component.?^ Earlier in 2018 in second H.E.S.S publication concerning 
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the gamma-ray emission from the CMZ, a similar extraction region has been used 
for the spectrum of the diffuse component, showing a spectral shape compatible to 
the one found with MAGIC, exhibiting a similar downward trend above 10 TeV 
but not further commenting on it. Also the roughly 1/r spatial profile of the under- 
lying proton flux density has been confirmed by MAGIC,*4 tending to somewhat 
higher values of a (~ 1.2), especially when assuming an underlying constant CR-sea 
component in addition to the 1/r^ profile. 


SgrA* 


—— SgrA* H.E.S.S. (2016) 
—— SgrA* MAGIC (2020) 
—— SgrA* VERITAS (2021) 
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Fig. 1. Best fit SEDs of the point source coincident with SgrA* measured with H.E.S.S.,?! 
MAGIC? and VERITAS.?° 


Galactic Ridge Emission 


—— H.E.S.S. (2016) (rescaled) 
——— MAGIC (2020) (rescaled) 
—— VERITAS (2021) (rescaled) 
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Fig. 2. Best fit SEDs of the Galactic Ridge emission measured with H.E.S.S.,! MAGIC#* and 
VERITAS.?5 
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The latest results of the current VERITAS GC observation campaign have been 
published in 2021, showing a nearly 10 y light curve of SgrA*, without a hint 
for variability, neither at energies above 2 TeV, nor above 5 TeV.?? This study also 
presented an energy spectrum of the diffuse emission from the CMZ, extracted from 
Circular regions along the Galactic plane, but avoiding close proximity to SgrA*. 
Despite the complementary nature compared to the “pacman” region probed by 
H.E.S.S. (2016)?! and the overlap with H.E.S.S. (2018)! and MAGIC (2020),?4 
here no hint for a cut-off has been detected, with the spectrum continuing with an 
index around -2.2 until 30 TeV. 

The best-fit spectral energy distributions (SEDs) from recent observations of the 
Galactic Center region! 31:3435 are illustrated in Figures 1 (spectrum of SgrA*) and 
2 (Galactic Ridge). The SEDs measured for the Galactic Ridge have been slightly 
re-scaled in flux for better comparison, as not all correspond to the exact same ex- 
traction region. The Galactic Ridge spectra measured with H.E.S.S. and VERITAS 
have been fitted with a power law, while the MAGIC spectrum corresponds to a 
power law with exponential cut-off. 


4. Conclusions and Outlook 


The VERITAS result?? highlights once more that the debate about the nature of the 
GC gamma-ray source and and CR accelerator is still open and further observations 
are necessary in order to gain even better insight to the underlying physics. It is 
unclear weather the current generation of Cherenkov telescopes are sufficient for 
the task at hand, or if new discoveries will mainly rely on the next generation of 
IACTs, the telescopes of the Cherenkov Telescope Array (CTA) currently under 
construction.?? Also instruments utilizing the water Cherenkov technique like the 
recently commissioned HAWC?" and LHAASO*® could play an important role in 
the future. While on one hand lacking the angular resolution, those instruments do 
not suffer from the limited field of view of IACTs and can accumulate vast amounts 
of data with relatively low irreducible background. This makes them perfectly suited 
for putting the GC and CMZ into context with the larger scale emission from the 
rest of the Galactic plane. Being located on the northern hemisphere, HAWC and 
LHAASO themselves are not ideally suited for the task, but the upcoming Southern 
Wide-Field Gamma-Ray Observatory (SWGO) might well be.?? 
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The Tunka Advanced Instrument for Gamma-ray and cosmic ray Astrophysics (TAIGA) 
is a hybrid experiment for the measurement of Extensive Air Showers (EAS) with good 
spectral resolution in the TeV to PeV energy range. In this domain, the long-sought 
Pevatrons can be detected. Currently the hybrid TAIGA detector combines two wide 
angle shower front Cherenkov light sampling timing arrays (HiSCORE and Tunka-133), 
two 4m class, 10° aperture Imaging Air Cherenkov Telescopes (IACTs) and 240 m? 
surface and underground charged particle detector stations. Our goal is to introduce 
a new hybrid reconstruction technique, combining the good angular and shower core 
resolution of HiSCORE with the gamma-hadron separation power of imaging telescopes. 
This approach allows to maximize the effective area and simultaneously to reach a good 
gamma-hadron separation at low energies (few TeV). At higher energies, muon detectors 
are planned to enhance gamma-hadron separation. During the commissioning phase of 
the first and second IACT, several sources were observed. First detections of known 
sources with the first telescope show the functionality of the TAIGA IACTs. Here, the 
status of the TAIGA experiment will be presented, along with first results from the 
current configuration. 


Keywords: Gamma-rays: experiments; Observations: Crab Nebula. 


1. Introduction 


TAIGA stands for Tunka Advanced Instrument for Gamma-ray and cosmic ray As- 
trophysics, and is a hybrid instrument designed to access the gamma-ray energy 
range from approx. 1'TeV to several 100s of TeV. The experiment is located at 
an altitude of 675m above sea level on the site of the Tunka-133! cosmic ray ar- 
ray (5148'35" N, 1030402" E). Observations in this energy range are motivated by 
several questions of Astroparticle and particle physics. The presence of cosmic ray 
(CR) accelerators within our Galaxy can be inferred from observations of diffuse 
and extended gamma-ray emission in the High-Energy (HE)? and Very-High-Energy 
(VHE) range? ? e.g. These Gamma-ray emissions result from the decay of neutral 
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pions, which are produced in interactions of the accelerated cosmic rays with the 
ambient interstellar medium, i.e. molecular gas clouds, which effectively act as CR 
tracers. The gamma-ray energy range from 10 TeV to few 100 TeV is crucial for the 
search for the Galactic Pevatrons, which accelerate cosmic ray particles up to knee- 
energies (approx. 3 PeV proton energy). Due to the typical inelasticity of hadronic 
interactions, the cutoff energy of Pevatrons in the gamma-ray regime is located 
at energies of several 100 TeV. Hard gamma-ray spectra in this energy range are 
much less ambiguously attributable to the hadronic rather than leptonic emission 
mechanism, because the cross-section for inverse Compton scattering drops with 
increasing energy (Klein-Nishina regime). Recent neutrino observations’ and the 
detection of gamma-rays at ultra high energies by LHAASO? emphasize the poten- 
tial of the search for the Galactic Pevatrons. The detection of Pevatrons, and their 
spectroscopic, and morphological resolution in their cutoff energy regime are the 
main physics goals of TAIGA. 

Beyond 10!” eV, the origin of CR is assumed to be extra-Galactic (EG). Due to 
the development of intergalactic pair cascades, the accelerators of EG cosmic rays 
(EGCR) might exhibit a halo-like gamma-ray emission. Furthermore, one can expect 
an enhancement of EGCR from the local galactic supercluster.? The intergalactic 
pair cascades from that direction could create an anisotropic gamma-ray emission, 
observable with a wide field of view. 

In the energy range of 100 TeV to several PeV, absorption due to pair creation 
becomes relevant also for Galactic sources. The attenuation of Galactic gamma-ray 
signals via production of e+e~-pairs reaches a maximum around 100 TeV from the 
Galactic interstellar radiation field (IRF) and at 2 PeV from the cosmic microwave 
background (CMB).'° This opens up the possibility to measure the density of the 
IRF, provided the distance of the emitting object is known. At PeV energies, the 
relevant field is the CMB, which is universal and very well known. Therefore, a pos- 
sibility might exist to measure distances from a CMB absorption feature, i.e. cutoff 
in energy spectra of the most energetic Galactic gamma-ray sources. Another vari- 
able comes into play when considering the possibility of photon/axion conversion!! 
or photon/hidden-photon oscillations,!? because axions and hidden-photons could 
propagate without interaction, reconvert to photons, thus reducing the attenuation 
effect by pair production. Another fundamental effect on the attenuation by pair 
production might be the modification of the ete~ pair production threshold due to 
Lorentz Invariance violation. In a more direct way, other, non-thermal, dark matter 
candidates (e.g. wimpzillas) with masses ranging from 101? GeV to 1019 GeV can 
be searched for in the energy range considered. 

Furthermore, the chemical composition of Cosmic rays can be measured with 
TAIGA in the transition range from a Galactic to extragalactic origin (zz 1019 eV 
to 10!7 eV) and in the energy range above, where the composition of cosmic rays is 
still poorly understood.!? Furthermore, TAIGA will allow measurements of cosmic 
ray anisotropies beyond 100 TeV primary energy. Finally, observations of EAS can 
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also address fundamental questions of particle physics such as measurements of the 
proton-proton cross-section, or the search for quark-gluon plasma. 


2. The TAIGA Experiment 


In the TAIGA experiment, a hybrid approach using different detection techniques 
is used. While both Cherenkov photon and particle identification are used, the term 
hybrid also, and foremostly, refers to the hybrid Cherenkov technique. The angle- 
integrating air shower timing array TAIGA-HiSCORE is combined with the imaging 
air Cherenkov Telescopes TAIGA-IACT. The timing array is a cost effective method 
for the instrumentation of very large detector areas, and it provides good angular, 
core position, and energy resolution in the energy range above few 10s of TeV. 
The IACTs provide the air shower image shape for good gamma-hadron separation. 
When used in stand alone mode (i.e. no stereo), one IACT can detect air showers 
at a distance of 300m - and more - from the shower core. Both detector compo- 
nents together provide the most relevant key parameters: direction and core from 
HiSCORE-TAIGA and image shape (width, length) from IACT-TAIGA. Placed at 
a distance of about 600m from each other, 4 IACTSs can cover a HiSCORE array 
of more than 1km? area. It has been shown that using such a hybrid approach 
with only few IACTs per km?, combined with a HiSCORE array, achieves a com- 
petitive gamma-hadron separation in the energy range above 10 TeV.!^ At energies 
higher than 100 TeV, the measurement of the muon component of the EAS using 
particle detectors on the surface and underground will enhance the gamma-hadron 
separation further. 

Currently, TAIGA consists of a total of 120 HiSCORE stations deployed on 
an area of 1 km?, and two 4m class imaging air Cherenkov telescopes (IACTs) 
with a 10? aperture. A third IACT is planned for 2022. The distance between the 
IACTs was chosen as 300 m in the prototype phase of TAIGA. In future, distances 
of up to 600m are planned. Additionally, scintillator stations for charged particle 
detection with a total surface of 240 m? are deployed above and below ground 
for the measurement of the muon component of EAS. The layout of the TAIGA- 
HiSCORE and TAIGA-IACT components is shown in Figure 1. The current TAIGA 
pilot array is used for a proof of principle of the detector concept. In future, an 
optimized array layout will take advantage of the hybrid method, that allows larger 
separations between the individual IACTs. 


2.1. TAIGA-HiSCORE 


HiSCORE is an array of angle-integrating air Cherenkov detector stations, dis- 
tributed over an area of approximately 1 km?. As shown in Figure 1, the stations 
are arranged in rows offset to each other with inter-station distances of 75m to 
150 m. Each station consists of 4 8inch (and 10 inch) photomultiplier tubes (PMTs, 
Electron Tubes and Hamamatsu) with a segmented Winston cone (Alanod 4300UP 
foil), resulting in a light sensitive area of 0.5 m? per station. The viewing cone of 
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Fig. 1. Layout of the TAIGA-HiSCORE array. Only the HiSCORE and IACT components are 
shown. The first two IACTs were deployed from 2016 to 2019. The third IACT will be deployed 
until 2022. The HiSCORE array currently consists of 89 stations and will be extended to 120 
stations by the end of 2021. 


one station has a diameter of 60°, resulting in an effective field of view of 0.6sr. An 
analog summator sums up the signals of all four channels. The sum is used for trig- 
gering, and the individual channels are read out with a DRS 4-based 9-channel read- 
out board at a sampling rate of 2 GHz. Four anode signals and four dynode signals 
(low gain channel) are read out. Channel number 9 is used for time synchronization, 
based on the sampling of a 100 MHz clock signal. This custom time-synchronization 
was cross checked with the WhiteRabbit system. It could be verified that the time 
synchronization works on a level of 0.2 ns relative timing accuracy.!?! Each detec- 
tor station is connected to the central DAQ via optical fibre. The signal traces are 
processed to extract the amplitude and the timing (half-rise-time, full width half 
maximum). Based on these parameters, the air shower arrival direction, core impact 
position, and energy are reconstructed using the methods developed for Tunka-133 
and HiSCORE.^!9:17 Monte Carlo simulations were used to evaluate the detector 
performance, resulting in resolutions for core position (O(15 m)), energy (20%), and 
direction (0.1?). Moreover, the serendipituous discovery of a pulsed signal from the 
CATS lidar onboard the international space station allowed to verify the absolute 
pointing of the experiment. 


2.2. TAIGA-IACT 


Currently, two IACTs are in operation on the TAIGA site. A third IACT is un- 
der construction. The TAIGA IACTs are based on a Davies-Cotton design, with 
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Fig. 2. Layout of a camera cluster of 28 


EV Supp PMTs. The high voltage is supplied to sub- 
A groups of 7 pixels. Each cluster is equipped with 
divider board a MAROC-3 ASIC board. 


PMT XP1911 


Winston cones 


a tesselated mirror dish of 34 facets with 60cm diameter each, resulting in a mirror 
area of about 10 m?. Each axis of the alt-az dish mount mechanics is driven by a 
stepper motor equipped with shaft-encoders for pointing positioning. Additionally, 
a sky-CCD system is used for pointing calibration. A verification of the absolute 
pointing accuracy of 0.02?, was carried out by the measurement of the anode cur- 
rent in the central camera PMT-pixel in a drift-scan accross a known bright star 
position.!5 The PMT camera of IACT-1 consists of 560 XP1911 PMTs (diameter 
19mm). The second IACT is equipped with 595 PMTs. Both cameras have a field of 
view of 9.6" and are placed at the focal point at 4.75 m distance from the respective 
dishes. For enhanced light collection, and noise suppression from stray light, a Win- 
ston Cone plate is attached to the PMT camera plane. The PMTs are organized in 
clusters of 28 pixels (see Figure 2). All channels are read out with a 64 channel ASIC 
MAROC-3 board. The board provides a fast shaper which is used for triggering and 
a slow shaper which is used for read out. The camera electronics for the first two 
TAIGA-IACT cameras are described elsewhere. !?: 20 

Air shower event images, such as shown in Figure 3, are reconstructed using 
the pixel amplitude distributions in the camera, either based on classical moment 
analysis,?! or more advanced machine learning algorithms.?? 


2.3. TAIGA Muon array 


The TAIGA-Muon array?? consists of scintillation counters on a total area of cur- 
rently 240 m?. The muon detector stations are distributed above and below ground. 
In a future stage, a 5 times larger instrumented area is planned. Each TAIGA 
muon detector consists of four triangular sectors of scintillator material. The sec- 
tors are connected with wavelength shifting bars that guide the light to small 
PMTs (FEU-85). Measurements of cosmic rays have yielded an average cosmic 
ray muon amplitude of 31p.e.3-2096. The TAIGA-Muon array develops its power 
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Fig. 3. Real data event for IACT1. The numbered shapes correspond to the above described 
clusters. The star shows the direction of the air shower event as reconstructed by the HiSCORE 
array. The total amplitude summed over pixels (size) is 18500 photoelectrons (p.e.). The alpha 
angle of the major axis is 11.2 degrees, and the measured image with (second image moment) is 
0.41 degrees. 


at higher energies, starting at about 100 TeV, where the measurement of the muon 
component of EAS helps in discriminating hadrons from gamma-rays, as well as 
identifying the nature of the hadronic cosmic rays. 


2.4. Hybrid technique 


A large instrumented detector area is key for accessing very high energies from few 
TeV to several 100s of TeV. Using only IACTs and the well-established stereoscopic 
technique requires a large number of channels per instrumented km?, because firstly, 
each IACT has a large number of camera channels, and secondly, the IACTs cannot 
be placed too far away from each other, in order to detect the same EAS in at least 
two IACTs for stereoscopic reconstruction. As opposed to that, the instrumentation 
of large areas with a timing array such as HiSCORE is more cost effective, requiring 
considerably lower number of channels per km?. However, while gamma-hadron 
separation is possible with HiSCORE alone to a certain degree (and improving 
with increasing energy!”), the separation power stays below the quality reached with 
IACTs. Therefore, TAIGA implements a novel hybrid technique, taking advantage 
of the strengths of both Cherenkov techniques. The effective area is maximized using 
the timing array principle, and the gamma-hadron separation is optimized using 
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the IACTs. More specifically, the strong points of HiSCORE are the directional 
and core position resolution. The strength of the IACTs is the image shape. The 
IACTS can be placed so far apart from each other, that each IACT is operated in 
monoscopic mode, meaning that the Cherenkov lightpool of one air shower event 
only hits one IACT, as shown in Figure 4. Without requiring a stereoscopic trigger, 
the effective area of each IACT can be fully exploited and only 4 [ACT's are needed 
in order to cover an area of the order of 1 km?. The loss of reconstruction quality 
when using the IACTs in monoscopic mode as compared to stereoscopic mode can 
be recuperated using the information of the HiSCORE array on angular and core 
position, as illustrated in Figure 5. The major axis of the IACT image in that 
Figure is pointing towards the core position, which cannot be reconstructed with 
the IACT alone, but is provided by the HiSCORE array. For comparison, a classical 
method for hadron suppression in stereoscopic systems is to use the mean scaled 
width parameter, for which the core position is reconstructed stereoscopically and 
the image widths of all IACTs are scaled according to MC-expectation. A similar 
parameter in TAIGA is the hybrid scaled width, which is the image width from one 
IACT, scaled with the MC-expectation for the given image size and using the core 
position and direction as reconstructed by HiSCORE. It was shown that the hybrid 
scaled width achieves competitive rejection power.!^ As opposed to stereoscopic 
systems, this method does not suffer from deteriorating core impact resolution at 
large distances (over the full HiSCORE array, the core resolution is the same) and 
also does not require closely spaced IACTs. The sensitivity of the air Cherenkov 
components of the TAIGA experiment was estimated using MC-simulations and is 
shown in Figure 6. 


Fig. 4. Schematical drawing of the principle of hybrid operation. 
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Fig.5. Simulated hybrid event: as explained in Figure 4, the EAS impact position is reconstructed 
using the HiSCORE array. The major IACT image axis projected to the ground reference frame 
(not drawn) is pointing towards the position of the reconstructed core impact position. 


3. First results 
3.1. TAIGA-HiSCORE 


The angle integrating HiSCORE array was installed in several stages since 2016. The 
performance of the array was estimated using from MC-simulations and real data. 
'The relative angular and core position resolutions using a subdivision of the array 
into subarrays (chessboard method) could be reproduced in simulations, verifying 
the expected performance of TAIGA-HiSCORE.74 The relative station timing is 
calibrated using stationary light sources and air shower data. A fast moving source 
in the field of view of the array turned out to be the CATS Lidar onboard the 
international space station. This light source could be used to verify time synchro- 
nization and absolute array pointing.!?:!6 As compared to the Tunka-133 array, the 
measurement of the cosmic ray energy spectrum could be extended to lower energies 
with TAIGA-HiSCORE, as indicated in Figure 7. 


3.2. TAIGA-IACT 


The MC detector simulation for the TAIGA-IACTs is done using two simulation 
chains: a custom MC simulation chain, and an adaptation of the sim. telarray pack- 
age.?? The image pixel photoelectron scale is calibrated using an LED illuminating 


3338 


“o 10” 
= T 
o 
> 
0) 
| : m 
HE iuda Le AS km; 300 h 
m d 0.01Crab =~. 
^ is 
= CTA (50h) 
1 0“ 
10° 10' 10° 10° 
Energy , TeV 


Fig. 6. Sensitivity of the TAIGA experiment for 300 hours of observations in hybrid mode (with- 
out muon detectors). A comparison to sensitivities of other experiments is not straight forward, 
since also the angular and spectroscopic resolutions play an important role for measurements of 
the morphology and spectra of astrophysical objects. TAIGA has a relative energy resolution of 
better than 20% and an angular resolution of the order of 0.1°. 


the whole PMT camera. Raw data are processed using two independent reconstruc- 
tion chains to obtain air shower images (amplitude distributions of all pixels for each 
event). Four different high-level analyses, based on the robust Hillas-parameters, 
were applied to these image data. Figure 8 shows a comparison of the amplitude 
distributions of the second-hottest pixel in real data and simulation. A comparison 
of simulated and real image width is shown in Figure 9. The simulations describe 
real data reasonably well. 

After commissioning of the first TAIGA-IACT, our primary goal was to demon- 
strate that the [ACT is operational. For this purpose, observations of the standard 
candle, the Crab Nebula, were carried out. After weather quality selection, a total 
data set of 40.5h is obtained for analysis. Observations were taken in the wobble 
mode (Wobble offset 1.2deg). The position of the Crab Nebula inside the IACT 
camera is taken as the on-source region and the background was estimated from 
off-source regions at identical distances to the camera center, from the same dataset. 
The distribution of the alpha angle between the major image axis and the position 
of the Crab Nebula inside the camera is shown in Figure 10. Selecting events with 
an image size of at least 120 p.e., a clear excess can be observed. With a zenith angle 
of 31deg, and taking into accout the altitude of the observation level, the efficiency 
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Fig. 7. The all-particle cosmic ray spectrum measured with TAIGA-HiSCORE, compared to 
different measurements by other experiments. 
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Fig. 8. Distribution of the amplitude of the second-hottest pixel in IACT-1. Data are shown in 
light grey, simulations are shown in dark grey. 
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Fig. 9. Distribution of the image width for MC and real data. 
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Fig. 10. Distribution of the alpha angle for all runs of a dataset of 42 hours from the Crab 
Nebula. These preliminary results are currently being finalized to be included in an upcoming 


journal publication. 
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of the optical system, and the cuts applied, the energy threshold of this data set 
is 4.5 TeV . The significance?? of the observed excess is 6.30 (using a cut on alpha 
smaller than 10deg). 


4. Conclusion 


The novel hybrid technique of the TAIGA pilot array combines the angle integrating 
air Cherenkov timing techinque with 4m class imaging air Cherenkov telescopes, 
taking advantage of the strengths of both techniques, i.e. large instrumented areas 
with the HiSCORE array, and gamma-hadron separation from image shape using 
the IACTs. Additionally, a scintillator detector for particle detection above and 
below ground will allow the measurement of the muon component, for improved 
gamma-hadron separation at higher energies. The expected sensitivity of the future 
5 km? stage is in the region of 10^? photons cm ?s^!. First stages of the 3 TAIGA 
detector components are in operation. Monte Carlo simulations were compared to 
real data, showing a good understanding of the detecots. Observations of the Crab 
Nebula for 40.5 h above 4.5 TeV resulted in an excess of 6.30. 
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We outline the science case for SWGO, the Southern Wide-field Gamma-ray Observa- 
tory, an air-shower array planned for construction at a high-altitude site in the Southern 
Hemisphere. This next-generation, wide-field-of-view, gamma-ray survey instrument will 
be sensitive to gamma rays from ~ 100 GeV to beyond 100 TeV energies and, due to 
its location and features, will be complementary to other gamma-ray observatories such 
as HAWC, LHAASO, and CTA. SWGO's scientific endeavors will cover a broad range 
of exciting topics, such as monitoring the transient sky at very high energies, unveil- 
ing Galactic and extragalactic particle accelerators, probing particle physics beyond the 
Standard Model, and the characterization of the cosmic ray flux. With its novel design, 
SWGO stands poised to provide the world's best sensitivity across many facets of our 
exciting field. 


Keywords: Instrumentation: detectors; gamma rays: general 


1. Introduction 


With an abundance of “paradigm-shifting” discoveries in the field of high-energy 
particle astrophysics in the last decade, it is critical for the continued growth of these 
topics and movement into potential new discovery space that there be facilities in 
both hemispheres capable of continuously surveying the gamma-ray sky in the time 
and space domains. Ideally, such an instrument would have a very wide field of 
view, making it capable of providing transient alerts to the astrophysics commu- 
nity in addition to having an abundance of archival data for performing follow-ups 
from other notifications. It is also important that this new facility be ground-based, 
collecting information from extensive air showers, as necessitated by the declining 
flux emitted by cosmic sources at very-high energies. We believe that the Southern 
Wide-field Gamma-ray Observatory (SWGO), a water-Cherenkov facility to be lo- 
cated in the Southern Hemisphere, fills this pivotal role within the astrophysics and 
high-energy particle physics communities. 

The complementarity between IACTs and a wide-field-of-view ground-based par- 
ticle array such as that outlined herein is summarized by Table 1, from the Science 
Case White Paper for a wide-field-of-view gamma-ray observatory in the Southern 
Hemisphere.! 

This work is intended to highlight endeavors presented in Ref. 1, as well as 
additional efforts since the time of that document’s publication, and is the collective 
work of the whole of the SWGO Collaboration. 
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Table 1. Comparison of typical performance of current and planned IACT 
arrays and ground particle arrays for gamma-ray astronomy. See Ref. 1 for 
details. 
IACT Arrays Ground-particle Arrays 

Field-of-view 3?—10? 90° 

Duty cycle 10%-30% >95% 

Energy range 30 GeV — >100 TeV | ~500 GeV - >100 TeV 

Angular resolution 0.05?—0.02? 0.4?—0.1? 

Energy resolution ~T% 60%-20% 

Background rejection >95% 90%-99.8% 


2. The Southern Wide-field Gamma-ray Observatory (SWGO) 
Concept 


SWGO is a proposed future water Cherenkov experiment in the Southern Hemi- 
sphere for the ground-based detection of astrophysical gamma rays. The core unit 
will use the water-Cherenkov technique to observe intensive air showers from pri- 
mary particles incident on the Earth's atmosphere and would be the most sensitive 
gamma-ray observatory in the Southern Hemisphere above 10 TeV, with expected 
sensitivity up to PeV energies. With an array of such detections, similar to the 
operational mode of the HAWC Observatory in the Northern Hemisphere,? the en- 
ergy and direction of the incident gamma ray that produced the shower can be 
determined. 

The exact design of SWGO is potentially dependent on site choice, with water 
access, construction costs, and infrastructure feasibility all playing deciding roles 
in addition to compatibility with science-driven main design goals. The aim of the 
design such a next-generation observatory, no matter the specifics, is to achieve 
roughly an order of magnitude higher sensitivity over the current-generation of 
instruments like HAWC.! 

Being the most sensitive observatory in the Southern Hemisphere above 
~ 20 TeV (as seen in Figure 1) would make SWGO an ideal complement not only to 
Northern Hemisphere observatories, but also to CTA South. It's complementarity 
with Northern Hemisphere observatories is well visualized by comparing SWGO's 
projected field of view with that of the HAWC Observatory, shown in Figure 2. 
By placing SWGO in the Southern Hemisphere, we would have a prime view to 
monitor sources and source regions previously inaccessible or mostly in accessible 
to HAWC, such as the Galactic Center and the Magellanic Clouds, as well as more 
ideal viewing of source regions such as the Fermi Bubbles. 


3. The Core Science Case 


The following list is just an overview of the science we intend to do with SWGO 
once built, with promising sensitivity studies currently being conducted on all fronts. 
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Fig. l. The five-year differential point-source sensitivity of SWGO, anticipated to bbe the best 
in the Southern sky above tens of TeV. Figure from Ref. 3. 


HAWC 


Fig. 2. Sky coverage of SWGO in Galactic coordinates (red dashed line) overlaid on the HAWC 
significance map containing over 50 sources. Figure from Ref. 3. 


'The core science cases of SWGO, as enumerated in Ref. 1, are: 


e Detection of short-timescale phenomena*— low-energy threshold for detec- 
tion of short-timescale («1 hr) transient events down to 100 GeV 
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Search for PeVatrons?— Improved sensitivity up to a few 100s of TeV to 
search for PeV Galactic particle accelerators 

Pulsar Wind Nebulae (PWNe) and Gamma-ray halos$— Unique potential 
for accessing the high-energy end of the Galactic population 

e Dark matter and diffuse emission^5— Unique access to the Galactic Center 

and Halo at the high-energy end of the spectrum 

e Cosmic rays?— Unique complement to LHAASO for anisotropy studies, 
with the capability to reach low angular scale. Additionally, good muon 
tagging implies good mass resolution for composition studies up to the knee 


3.1. The High-Energy Transient Sky 


There are four key targets of interest in the high-energy transient sky— gravitational 
waves (GWs), fast radio bursts (FRBs), high-energy neutrinos, and gamma-ray 
bursts (GRBs)—to which the applied properties of SWGO will be a unique advan- 
tage for observing. 


3.1.1. Gravitational Waves 


GRB 170817A and the subsequent kilonova emission associated with binary- 
neutron-star (BNS) merger GW 170817 launched the field of GW multimessenger 
astronomy. SWGO's wide field of view and large, unbiased duty cycle would allow 
the recording of real-time, high-energy gamma-ray data for all GW events falling 
into its field of view. This would provide coverage of high-uncertainty regions, lo- 
cate very-high-energy counterparts, and search for currently unmodeled burst-like 
GW signals. SWGO could even provide real-time notifications to other Southern 
Hemisphere telescopes and observatories, e.g., CTA, so that they might perform 
detailed follow-up observations. 


3.1.2. Fast Radio Bursts 


Monitoring approaches by IACTs of FRBs are less than ideal as the duty cycle of 
FRBs is poorly constrained. A wide-field-of-view survey instrument like SWGO is 
therefore ideal for Galactic FRB follow-ups to provide constraints on gamma-ray 
emission in coincidence with bursts detected in the radio domain, as well as mon- 
itoring for repeaters. Simulation studies have also predicted that 60-70% of FRBs 
are located in the Southern Hemisphere, so SWGO’s location will be incredibly 
advantageous for the study of these objects. 


3.1.3. High-Energy Neutrinos 


As evidence for the interaction of high-energy hadronic particles, high-energy neu- 
trinos are crucial in the search for sources of high-energy cosmic-ray accelerators, 
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but a multimessenger approach is necessary to determine the source of the as- 
trophysical flux of high-energy neutrinos. This multimessenger approach, towards 
which SWGO’s large, unbiased duty cycle will be an invaluable tool, greatly aids 
neutrino studies as high-energy gamma-ray observations allow precise localization 
of the emission region, allowing for not only the identification of their astrophys- 
ical source, but also information about overall source energetics and energy- and 
time-dependent power output. 


3.1.4. Gamma-Ray Bursts 


Although electromagnetic emission from GRBs is widely observed down to the radio, 
the VHE domain remains largely uncharted. The transient and unpredictable nature 
of GRBs combined with intrinsic alert delays by X-ray satellites, makes it difficult 
for IACTs to observe GRBs rapidly enough to catch the prompt-to-early afterglow 
phases in which very-high-energy emission is either rarely, or as yet not observed. 
However, SWGO’s wide field of view, large, unbiased duty cycle, and sensitivity 
S 1 TeV would allow for the monitoring of all nearby GRBs inside its field of view, 
increasing the number of observations without the need for external triggers, in 
addition to the benefits of its archival data analysis (see Figure 3). Additionally, 
follow-ups in SWGO’s energy range would potentially allow for the discrimination 
between proposed emission scenarios— a longstanding topic of great interest within 
the field. 


SWGO Sensitivity, 0.3 to 1 TeV 
for zenith angle: 

H 45° 
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XX swift XRT (1-10 keV) 


Energy flux (erg cm"? s7!) 


10! 10? 10? 104 10° 10° 


Time since To trigger (s) 


Fig. 3. SWGO’s sensitivity to a GRB like GRB 190114C, including results from the MAGIC 
telescopes for comparison. Figure adapted from Ref. 10. 
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3.2. Galactic Particle Acceleration 


The study of very-high-energy gamma rays is one of the most powerful meth- 
ods to search the Galactic plane for astrophysical particle accelerators, including 
PeVatrons— sources able to accelerate hadrons up to the “knee” of the cosmic-ray 
spectrum. With its large energy range, excellent sensitivity above 10 TeV, and ideal 
design features, SWGO will be able to isolate Galactic PeVatrons from the back- 
ground of softer gamma-ray sources. Its design means that SWGO is well equipped 
to handle the source confusion, diffuse gamma-ray backgrounds, and spatially ex- 
tended emission regions that typically complicate these kinds of analyses, making its 
sensitivity to astrophysical particle accelerators in the local Galactic neighborhood 
one of the greatest strengths of the proposed observatory. From this, we are enthu- 
siastic that SWGO will be the optimal instrument to discover sources such as the 
microquasar SS433.!! Such assets will also allow SWGO to identify hard-spectrum 
sources for long-term observation with CTA, as well as complement the coverage 
provided of the Northern Hemisphere by HAWC and LHAASO. 


3.3. Pulsar Wind Nebulae and Gamma-Ray Halos 


First observed by HAWC,?? the all-sky observations of which SWGO is capable 
will allow the testing of large gamma-ray halos as potential sources of the observed 
positron excess. Studying gamma rays from such potential positron sources provides 
crucial input to the positron excess puzzle. SWGO will survey nearby pulsars (age 
< 106 yr; see Figure 4) in the Southern Hemisphere, where its wide field of view 
is ideal for measuring gamma-ray halos around the co-located pulsar wind nebu- 
lae (PWNe), including from millisecond pulsars not (yet) discovered with current 
instruments. The large extents of these gamma-ray halos allow us to study the prop- 
agation of particles within them in unprecedented detail, unveiling the properties 
of the accelerators and the medium around them. 


3.4. The Extragalactic Very-High-Energy Sky 


Several models currently exist to explain the spectra of Active Galactic Nuclei 
(AGN) from radio to very-high-energy gamma rays, with additional data needed 
to unravel the mechanisms at work in these extreme environments. The very-high- 
energy extragalactic sky is dominated by Blazars, radio-loud AGN with jets oriented 
near our line of sight, whose second power-spectrum peak in the gamma rays has 
a much debated origin. SWGO is expected to be able to detect very-high-energy 
blazars at both short and long time scales, as well as perform searches in an unbiased 
way over the full Southern sky due to its near-continuous duty cycle. Such obser- 
vations will provide information on the intergalactic magnetic field, radiative pro- 
cesses and acceleration mechanisms, periodicity, and beyond-the-Standard-Model 
physics. SWGO’s characteristics are also ideal for the crucial evaluation of the sig- 
nificance of neutrino-blazar flare correlations, such as implied by observations of 
TXS 0506+056.'? 
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Fig. 4. Pulsars, age < 109 yr., within 500 pc, showing the one-year (red) and five-year (blue) 
sensitivity of SWGO to Geminga-like sources at these locations. Figure from Ref. 1. 


3.5. Physics Beyond the Standard Model 


Returning to the sky that we would expect to see with SWGO in Figure 5, one can 
see that SWGO would have access to several prominent dark matter targets that 
cannot be seen, or cannot be seen well, by HAWC in the Northern Hemisphere, such 
as the Galactic Center, the Magellanic Clouds, and a population of dwarf galaxies 
recently discovered with optical surveys like DES. 


3.5.1. WIMP Searches with Cosmic Gamma Rays 


Dark matter annihilation is theorized to produce Standard Model particles through 
weak interactions which, in turn, produce gamma rays, mainly via pion decay but 
also through inverse Compton scattering of photons off produced electron-positron 
pairs. Weakly Interacting Massive Particles, or WIMPs, are promising dark matter 
candidates with Ecm ~ 100 GeV. Their masses can range from ~ 5-100 TeV, 
but the heaviest particles, m, > 10 TeV, that can only be searched for with an 
instrument with a high sensitivity, are best probed with an indirect experiment like 
SWGO. Heavy dark matter (100 TeV—100 PeV) is also theorized beyond the WIMP 
model, where SWGO’s wide field of view and sensitivity to the highest energies will 
make it a crucial player in searching for indirect signals from dark matter. 

The Galactic Center is the closest dense region of dark matter and, as seen in 
Figure 5, SWGO's location in the Southern Hemisphere will allow this to be a prime 
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Fig. 5. HAWC skymap with SWGO view (shaded) overlaid. Figure from Andrea Albert. 


target for observations. This is also an opportunity to highlight the complementarity 
of SWGO with the Fermi-LAT and CTA. Combined, these experiments will explore 
thermal WIMPs from 5 GeV-100 TeV.!^ There is an overlap in mass between 
experiments, which will allow for multiple potential detections, but it is SWGO that 
extends the reach of such studies up to 100 TeV— one of many exciting reasons to 
build SWGO. 


3.5.2. Axion-Like Particles 


As SWGO will have its best sensitivity at the highest energies, we can also look 
for Axion-like particles (ALPs), a generalization of the axion and a well-motivated 
dark matter candidate. Gamma rays from AGN can convert to ALPs in magnetic 
fields in the environment through which they propagate. These particles can travel 
unattenuated through the extragalactic background light (EBL) and convert back 
into gamma rays in the Milky Way’s magnetic field. This conversion results in a 
high-energy tail in the observed energy spectrum—as seen in Figure 6—to which 
SWGO would be sensitive. 


3.5.3. Dark Matter Searches in Dwarf Galaxies 


We can also look for dark matter annihilation gamma rays from dwarf galaxies, 
many of which have recently been discovered by optical surveys in the South- 
ern Hemisphere, making them prime targets for SWGO. These dwarf spheroidals 
(dSphs) are dark-matter-rich Milky Way satellites that are nearby and essentially 
background-free. With its wide field of view and large duty cycle, SWGO will ob- 
serve dozens of dSphs every day, giving us the ideal survey of the sources needed 
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Fig. 6. ALP conversions could produce sharp spectral features in the observed spectrum of ex- 
tragalactic sources which would require good energy resolution and large event statistics to resolve 
well. Figure from Ref. 1. 


to place strong constraints on dark matter annihilation and decay. Unlike similar 
experiments, SWGO will have archival data at all locations within its field of view, 
which means if a new dwarf is discovered, there is already data on it to be analyzed 
with no time delay to collect it, such as might be experienced with IACTs. 


3.5.4. Lorentz Invariance Violation 


If Lorentz Invariance is violated, then gamma rays above an energy threshold (E), 
rapidly decay into e*e~ pairs, so seeing a photon at the highest energies will set 
a limit on the energy scale of Lorentz Invariance Violation (LIV)— The current 
highest gamma-ray energy observed is 1,140 TeV seen by LHAASO.!? SWGO's 
sensitivity up to several PeV would allow gamma rays to be probed for this signature 
of LIV at the highest energies ever observed. The detection of multiple PeV gamma 
rays will provide the world-leading constraints on LIV. 


3.5.5. Primordial Black Holes 


Primordial Black Holes (PBHs) are black holes created in the early Universe with 
masses ranging from the Planck mass to supermassive black holes. PBHs in some 
mass ranges are candidates to constitute some of the observed dark matter in the 
Galaxy. PBHs evaporate through Hawking Radiation, with this evaporation in- 
creasing substantially towards the end of their lives, producing a burst of very- 
high-energy gamma rays. As these are transient sources with a runaway emission, 
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SWGO’s wide field of view and large duty cycle make it an optimal instrument with 
which to observe PBHs of initial mass mpgy ~ 5 x 10!4 g. The expected limits are 
30 times better than the data-based limits currently placed by HAWC,!6 as shown 
in Figure 7. 
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Fig. 7. The expected limits on the local burst rate density of PBHs. Figure from Ref. 17. 


3.6. Cosmic Rays 


The main feature in the energy spectrum of Galactic cosmic rays is the so-called 
“knee”, which is characterized by a steepening of the spectral index from ~ —2.7 to 
~ —3.1 at about 3 PeV. Understanding the origin of the “knee” is the key for a com- 
prehensive theory of the origin of cosmic rays up to the highest observed energies. 
SWGO is uniquely suited to detect sources of cosmic rays with energies in excess of 
1 PeV—expected to produce very-high-energy gamma rays above 100 TeV! 2!— 
and measure any cutoffs in their spectra that indicate the maximum energy to 
which they are able to accelerate particles. With its wide aperture and its almost 
100% duty cycle, SWGO will be able to gather significantly larger electron event 
statistics than IACTs, which may help in extending the electron spectrum further 
than the 20 TeV already measured, potentially revealing more details of the local 
source distribution. Additionally, the large sky coverage of SWGO would enable 
the search for anisotropy in the electron arrival direction at different angular scales, 
which would provide additional very relevant information for the understanding of 
Galactic particle acceleration and cosmic-ray transport. 
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4. Looking Forward 


As a ground-based cosmic-gamma-ray observatory sensitive up to PeV energies, 
SWGO would be the most sensitive gamma-ray observatory in the Southern Hemi- 
sphere above 10 TeV, with complementarities among both Northern Hemisphere 
observatories, as well as other Southern Hemisphere observatories. With its wide 
field of view, near 10096 duty cycle, ad high-energy reach, SWGO will provide the 
world's best sensitivity to emission from high-energy transients, propagation of par- 
ticles within gamma-ray halos, PeVatrons in the galactic plane, several dark matter 
candidates, and Lorentz Invariance Violation. 
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Hard X-/soft Gamma-ray astronomy is a key field for the study of important astro- 
physical phenomena such as the electromagnetic counterparts of gravitational waves, 
gamma-ray bursts, black holes physics and many more. However, the spatial localiza- 
tion, imaging capabilities and sensitivity of the measurements are strongly limited for the 
energy range >70 keV due to the lack of focusing instruments operating in this energy 
band. A new generation of instruments suitable to focus hard X-/ soft Gamma-rays is 
necessary to shed light on the nature of astrophysical phenomena which are still unclear 
due to the limitations of current direct-viewing telescopes. Laue lenses can be the answer 
to those needs. A Laue lens is an optical device consisting of a large number of prop- 
erly oriented crystals which are capable, through Laue diffraction, of concentrating the 
radiation into the common Laue lens focus. In contrast with the grazing incidence tele- 
scopes commonly used for softer X-rays, the transmission configuration of the Laue lenses 
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allows us to obtain a significant sensitive area even at energies of hundreds of keV. At 
the University of Ferrara we are actively working on the modelization and construction 
of a broad-band Laue lens. In this work we will present the main concepts behind Laue 
lenses and the latest technological developments of the TRILL (Technological Readiness 
Increase for Laue Lenses) project, devoted to the advancement of the technological readi- 
ness of Laue lenses by developing the first prototype of a lens sector made of cylindrical 
bent crystals of Germanium. 


Keywords: Hard X/soft Gamma-ray astronomy; Laue Lenses; Focusing Telescopes. 


1. Laue lenses: A new way to look at the X-ray/Gamma sky 


Laue lenses are innovative X and Gamma-ray optics based on the Bragg's law of 
diffraction in crystals! : 


2 hc 
2dnii sin Op = "VE (1) 
Where 05 is the Bragg’s angle, which is the angle between the diffraction planes of 
the crystal and the diffracted beam, dy is the inter-planar spacing of diffraction 
planes of the crystal with Miller indexes (hkl), E is the energy of the diffracted 
photon, n is the diffraction order and hc corresponds to 12.4 keV - À. 

'The crystals can be arranged in such a way that the X-ray beam can be reflected 
by a thin, superficial layer of the crystal (Bragg geometry, or Reflection geometry) 
or it can cross the whole crystal and be transmitted over it (Laue geometry, or 
Transmission geometry). 

Optics based on Bragg's law of diffraction in Laue configuration can be of great 
interest in the astrophysical context because (1) Bragg's diffraction is effective up 
to energies of few MeV and (2) the transmission configuration can be exploited to 
increase the effective area of the optics. 

A Laue lens, indeed, is exactly based on this concept. A Laue lens can be visu- 
alized as a spherical cap of radius R covered by crystal tiles oriented in such a way 
that the the radiation coming from the sky is transmitted through the crystals and 
sent to the focal point. The focal distance of the lens f is equal to half the curvature 
radius of the spherical cap? (Fig. 1). 

There are different configurations for the crystals on the cap which can be cho- 
sen to optimize the effective area in different ways; the simplest one, which is the 
configuration we are using for our prototypes, is to place the crystals in concentric 
rings at a distance r from the axis of the lens. From the Bragg's equation, we can 
see that the centroid of the energy spectrum of the photons diffracted by each ring 
can be expressed as?: 

E= i: sin ls arctan BI TEL (2) 

2dnkl 2 Ts dnl r 
Where the approximation holds for small Bragg’s angle, which is the case of hard 
X and Gamma rays. Higher energy photons are diffracted from crystals in the inner 
region of the lens, while lower energy photons interact with the outermost regions 
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Fig. l. Side and top view of a Laue lens. The crystals are positioned on a spherical support in 
such a way that the radiation coming from the sky, parallel to the optical axis of the lens, interacts 
with the crystals and is focused. The diffraction planes of the crystals are oriented in such a way 
that the angle between them and the incoming X-ray beam is equal to the Bragg's angle 0p, so 
the angle between the diffracted beam and the incoming beam is 20p. The focal lens is equal to 
half the curvature radius of the spherical cap. 


of the optics (Fig. 2). With Laue lenses, we expect to be able to build a lightweight 
(«150 kg), stable optics which will enable real concentration of high energy radiation 
up to 600 keV at a focal distance of 20 m. Thanks to the unprecedented imaging 
capabilities of Laue lenses, we will be able to obtain a Point Spread Fuction (PSF) 
with a width of ~30 arcsec in the energy band 50 keV - 600 keV. Comparing 
this with one of today's most advanced high energy instruments, the IBIS aboard 
INTEGRAL, whose PSF is of about 12 arcmin we can immediately understand 
the quantum leap in imaging capabilities that would be brought by an instrument 
such as a Laue lens, which will also allow us to make spectroscopy and even X-ray 
Compton polarimetry with an unprecented quality. 


2. Bent perfect crystals 


Several types of crystals can be used to build a Laue lens and the imaging capabilities 
and effective area of the optics are strictly related to the physical and chemical 
nature of the chosen crystals. Two are the families of crystals that we considered 
for our applications: perfect crystals and mosaic crystals. 

A perfect crystal is a crystal in which the lattice plane are all oriented in the same 
direction. The rocking curve of the crystal has a Gaussian shape and it centered 
on the position satisfying Bragg's equation. The Full Width at Half Maximum 
(FWHM) of the rocking curve is called Darwin width.! A mosaic crystal, instead, 
can be seen as made up by microscopic perfect crystals, called crystallites, whose 
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Fig. 2. In a spherical Laue lens, all the crystals at the same radial distance from the center of the 
lens are sensitive to the same energy range, so by nesting multiple rings it is possible to build a 
broad-band Laue lens. The highest energies are focused by the innermost crystals, while the lower 
energies are focused by the outermost crystals. 


diffraction planes are misaligned around an average direction following a Gaussian 
distribution. The FWHM of the distribution of the cristallites is called mosaicity 
of the crystal.! The presence of a distribution of cristallites increases the passband 
of the crystals, however it also generates an effect called mosaic defocusing, which 
enlarges the PSF. 

With the past HAXTEL project,? flat mosaic crystals of copper crystals were 
successfully used to build a prototype of a short-focal Laue lens. However they show 
some evident limits: 


e Flat crystals don't have true concentration capability: they can redirect 
X-ray beams, however the size of the image produced by a flat crystal is 
comparable to the cross section of the crystal itself. This can be a problem 
especially in the case of long-focal lenses, for which very small crystals 
would be required to obtain an adequately small image. 

e Flat crystals, expecially of the perfect type, show a very narrow passband.! 
Even though they can work perfectly for a narrow band Laue lens, the 
reduced pass-band is a problem for a broadband Laue lens, since it can be 
responsible of a very uneven variation of the effective area of the instrument. 

e The diffraction efficiency for flat crystals cannot be higher than 5096.! This 
comes from the fact that the photon traversing the crystal have the same 
probability of undergoing an even or odd number of diffraction processes, 
limiting the maximum efficiency theoretically achievable. 
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The use of bent crystals allow us to overcome those limitations. A bent crystal 
is a crystal in which the average direction of the diffraction planes varies inside 
the volume of the crystals according to a definite curvature radius. If a crystal is 
cilindrically bent, which is the easiest type of curvature configuration attainable, 
then it acts as a concentrator along the bent direction, focusing the radiation coming 
from an astrophysical source to a focal distance equal to half the curvature radius 
of the crystal itself.4 This allows us both to shrink the cross section of the image in 
a region smaller than size of the crystal tile, and to increase the energy passband 
of each crystal (Fig. 3). 

This holds true both for perfect and mosaic crystals, however bent perfect crys- 
tals have some interesting properties which can make them particularly interesting 
for a Laue lens. 

Bending a perfect crystal to a chosen curvature radius induce an internal sec- 
ondary curvature on specific diffraction planes in a way related to the primary 
curvature radius of the crystal? In this way, the average direction of the diffrac- 
tion planes varies continuously inside the crystal, slightly increasing their angular 
spread, whose average value is called quasi-mosaicity of the crystal. 

According to the dynamical theory of diffraction in bent perfect crystals, the 
bending of a perfect crystal can also increase the reflectivity of the bent planes 
above the limit of 50%.° This can be explained intuitively in the following way: since 
the diffraction planes are curved, the probability that the beam crossing the crystal 


Fig. 3. Explanation of the concentration effect given by cylindrical bent crystal: due to the 
fact that the crystal is bent, the average direction of the diffraction planes (red arrows) varies 
continuously inside the crystals, which means that the Bragg's angle of the incoming radiation 
(blue arrows) changes accordingly. The result is that the X-ray beam is concentrated and that the 
crystal's energy pass-band is enlarged of a quantity which depends on the length of the focusing 
direction d of the crystal, its curvature radius R and its average diffracted energy. 
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Fig. 4. Right: Schematics of the concentration effect of one cylindrical bent, 30x10 mm? crystals 
such as the one used in our tests. The radiation (in red) is concentrated along the focusing direction 
and the image is produced at a distance equal to half the curvature radius of the crystal. Left: 
Experimental image of a concentrated 150 keV X-ray beam obtained at the LARIX Facility. The 
area of the crystal is of 30x10 cm?, while the area of the image is of 0.1x10 cm?, which means 
that the beam was concentrated in an area 30 times smaller than the size of the crystal itself. 


undergoes further diffractions gets reduced in a significant way. Experimental results 
suggest that an increase of the reflection efficiency can be effectively achieved." 

A crystal can be curved in an elastic way, by applying mechanical clamps to 
its surface, or in a plastic way, by subjecting it to a permanent deformation.? A 
mechanical bending of the crystal can bring some excessive complications for an 
astrophysical Laue lens, since adding further mechanical parts would increase the 
weight of the optics, the complexity of the design and the opacity to radiation, so 
crystals permanently bent are required for this type of applications. 

Different methods to obtain a self-standing, cylindrical curvature have been stud- 
ied and the surface lapping technique, developed at the IMEM/CNR in Parma, is 
one of the methods that reached a good technological maturity?.!? This technique 
consists in inducing a controlled damage by lapping one of the surfaces of the crys- 
tals, which generates an internal strain able to bend the crystal in self-standing 
way. The parameters of the lapping process, such as the grain of the machine, the 
sanding time and the final thickness of the crystals after the lapping procedure, 
can be set to bend the crystals to the desired curvature radius. The process can 
be paired with an etching process which can be used to reduce an excess of the 
curvature radius. By combining both methods, the curvature radius of the crystal 
can be fine-tuned in a very precise way. The focusing capabilities and the pass-band 
increase of crystals bent by surface lapping have been experimentally confirmed at 
our facility. 

For our prototype of Laue lens, we aim to use bent perfect crystals of Silicon 
and Germanium. Past tests done with mosaic GaAs(220) crystals curved to a radius 
of 40 m showed that bent crystals are able to focus high energy X-rays (Fig. 4). 
Now that the focusing capabilities of bent crystals has been widely assessed, we 
are moving to perfect Si(111) and Ge(111). According to the dynamical theory of 
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diffraction, the (111) planes will show the properties of increased efficiency described 
by Malgrange's theory of bent perfect crystals. 


3. The TRILL project 


The TRILL project (Technological Readiness Level Increase for Laue Lenses) is a 
project funded by the Italian Space Agency (ASI) for the increase of the Techno- 
logical Readiness Level (TRL) of technologies with a potential use in future space 
missions. The aim of the TRILL project is to increase the TRL of a Laue lens in 
all its aspects, from the production of the crystals, to their integration on the lens 
itself, to the performance testing using an adequate spectroscopic-imager detectors 
used as focal plane detectors. 

To build our first prototype of Laue lens, we decided for a modular approach: 
the full Laue lens in divided in spherical sectors called petals and each petal is then 
divided in smaller modules. Every module can host some tenth of crystals (Fig. 5). 
Aim of the TRILL project is to build 4 modules of a Laue lens and join them 
together in a first prototype of a subsector of a petal. 

The TRILL project is structured on the following main tasks: 


(1) To define a reliable and repeatable way to bend the crystals with no deteriora- 
tion of their properties. To avoid distortion on the PSF of the single crystals, it 
is crucial that the curvature radius of the bent Si and Ge crystals is as uniform 
as possible and within an accuracy of +2 m from the desired curvature radius 
of 40 m. 

(2) To find the best materials and bonding method to build a module of Laue lens. 
'To reach the desired PSF size of 30 arcsec, we need that the crystal tiles are 


Fig. 5. Left: Schematic CAD model of a full Laue lens. The lens is divided in spherical sectors, 
called petals (red), and each petal is divided in a series of modules (cyan). The crystals are fixed 
on each module. Right: CAD model of a module of Laue lens, with 20 crystals on top. 
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set with an accuracy better than 10 arcsec, which requires us to find a very fine 
way to position the crystals. 

(3) To find a way to join the modules together in one single piece. The modules will 
be connected in a way that will grant the possibility to adjust the position of 
each piece in an active way, to allow us to correct the position of the modules 
whenever required. 


In this section, we illustrate the status of advancement of each of those 3 tasks. 

The manufacturing of the crystals is done at the CNR/IMEM in Parma. Here, 
the crystals of Silicon and Germanium that we want to use for our prototypes are 
cut from wafers to obtain 30 x 10 x 2 mm? tiles. Each tile is then bent via surface 
lapping to the desired curvature radius of 40 m. The procedure in the past was 
first tested on mosaic GaAs(220) crystals with a mosaicity of 13 arcsec. From those 
previous tests, we discovered that there is range of values for the crystal curvature 
radius for which the distortion of the image induced by a distorted curvature radius 
is completely masked by the mosaic defocusing effect. This allows us to reduce the 
constraints on the accuracy of the curvature radius of the crystals according to the 
value of the angular dispersion of the diffractive planes. 

In the case of perfect Ge(220) crystals, the lapping procedure generates a mosaic 
structure on the diffraction planes of the crystals, which acquire a mosaicity of 
7-5 arcsec. Given this value of mosaicity, if the curvature radius of the crystals is 
within +2 m from the nominal value of 40 m, the induced distortion on the PSF is 
negligible. 


Last tests on Ge(220) gave very promising results: the values of the curvature 
radius of this first sample of 38 Ge(220) crystals were in the range [37.9 + 0.9; 


Curvature Radius of the Ge(220) crystal 
vs Thickness after surface lapping 
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Fig. 6. Curvature radius of the sample of 38 bent crystals of Ge(220) vs their thickness after 
the surface lapping procedure. All the curvature radius are in the limit +2 m from the nominal 
curvature radius of 40 m. 
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40.9 + 0.7] m, which means that every crystal is suitable for our applications. The 
average value of the curvature radii distribution is of 39.3 + 0.2 m, with a standard 
deviation of 1 m (Fig. 6). 

The lapping procedure, however, removes part of the material and the thickness 
of the crystals gets significantly decreased. The final thickness of the crystals after 
the lapping procedure is in the interval [1.520 + 0.005; 1.775 + 0.005] mm, with an 
average value of (1.665 + 0.002) mm (Fig. 6). 

The module assembly is the second, crucial task of the TRILL project. The 
crystals will be bonded on an adequate substrate. Ray-tracing simulations of a 
full Laue lens made by bent perfect crystals of Ge(111) allowed us to establish 
that it is necessary a positioning accuracy of the crystals’diffracting planes <10 
arcsec to obtain the desired PSF accuracy of 30 arcsec for the full lens. Given 
that the focal length of the lens is of 20 m, this required accuracy translates in 
a positional accuracy of the crystals of the order of few microns, which means 
that high precision bonding techniques are required to integrate the crystal on the 
support of the prototype. 

Currently each Laue lens module consists of a glass trapezoid substrate on which 
the crystals are glued with a low-shrinkage UV-curable glue. Each substrate is made 
of clear quartz, chosen due to its transparency and its low CTE. The substrate is 
shaped as an isosceles trapezium with bases 68 mm and 56 mm long, while the 
height is 183 mm. Given that the cross section of the crystals is 30x10 mm? and 
that the spacing between the crystals glued on the substrate will be of about 1 
mm, each glass support can hold about 30 crystals. The surfaces of the substrate 
was bent to a curvature radius of 40 mm, the same of the crystals, at the National 
Institute of Optics of the National Research Council, in Florence. The substrate is 
hold in vertical position by an INVAR steel frame. 

The crystals are positioned on the glass substrate using a motorized hexapod 
with six degrees of freedom: three translations and three rotations. The hexapod 
has a accuracy of the order of 1 micron on the translational movements and of 
2x10^? radians on the rotations (Fig. 7, left). 


Misalignment - arcsec 
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Fig. 7. Left: Laue lens module with nine crystals glued on top. The steel frame supporting the 
glass substrate is visible. Right: Misalignment of the crystals vs time from bonding. 
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Fig. 8. CAD model of the four Laue lens module assembled. The module will be connected to a 
steel frame by means of micrometric screws. 


The glue currently used to bond the crystals to the glass substrate is the DYMAX 
OP-61-LS, an UV curable, single component optical adhesive. This glue was choosen 
for its very low linear shrinkage of 0.03% of its length and for its high viscosity, which 
makes it suitable for a vertical bonding. 

The crystals are glued with the following procedure: (1) the crystal is positioned 
on the hexapod and oriented to the proper Bragg's angle, then (2) a small drop of 
glue is deposited on the substrate with a glue dispenser, (3) the crystal is then put 
in contact with the glue and the position is fine tuned to correct eventual slight 
change in the position of the crystal, (4) the glue is cured with an UV lamp and 
finally (5) the crystal is released from the hexapod. 

The position of the crystals is then tested immediately after the bonding and 
also when some time has passed. We found that the misalignment of the crystals 
after 50 days from bonding is within the interval +15/-10 arcsec (Fig. 7, right). 
'These first results are quite good, since we are starting to get close to our target 
of «10 arcsec misalignment. However at the moment this technique shows some 
problems of stability in time and repeatibility. In particular, we are studying a better 
way to measure the quantity of glue deposited on the substrate and to control the 
illumination uniformity of the UV light used for the curing process. 

The last task, i.e. the study of a way to assemble the modules together, is 
currently in study phase. At the moment, we plan to join the modules together by 
building a metal support frame in which the different modules will be fixed with 
high precision micrometric screws (Fig. 8). The screws will be set in position by 
using miniaturized piezoelectric motors, which will allow us to actively change the 
orientation of the module in any moment and to reduce as much as possible the 
effect that external solicitation can have on the final alignment of the prototype 
and, latter, of the full Laue lens itself. 
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Fig. 9. Left: Representation of ASTENA’s in-flight configuration. The Laue lens is shown on the 
top of spacecraft, in red. Right: Schematic representation of NFT. NFT will be made by a Laue 
lens optics with 3 m of diameter and 20 m of focal length. The focal plane detector will be a CZT 
spectral-imager detector. 


The next step of the TRILL project will be to start the production of the bent 
Si(111) and Ge(111) crystals, to further optimize the bonding process and build the 
4 modules and, finally, to assemble the modules together. 


4. The NFT aboard ASTENA 


Our studies on Laue lenses, including the TRILL project, are oriented to develope 
the technology for building the Narrow Field Telescope (NFT) on-board ASTENA, 
the Advanced Surveyor for Transient Events and Nuclear Astrophysics, a concept 
mission that we proposed for the ESA Call “Voyage 2050”!?.13 The Narrow Field 
Telescope will be a revolutionary hard X/soft Gamma-ray focusing telescope work- 
ing in the energy band 50-700 keV based on the technology of Laue lenses (Fig. 9). 
The NFT will be made by a Laue lens optics of 3 m of diameter with 20 m focal 
length. The lens will be made by about 19500 crystal tiles of perfect Si(111) and 
Ge(111) of size 30x 10x2 mm?, bent to a curvature radius of 40 m. In the context 
of the TRILL project, we will then test the capabilities of the crystals that will be 
used for the lens and define the construction method for the whole lens. 

The assumed focal plane detector will be a pixelated CdZnTe spectral-imager 
detector, with a size of 8x8x8 cm?, a pitch of 300 um and an efficiency >80% in 
the whole energy band of NFT. 

The combination between the characteristics of the optics and the detector will 
grant NFT of an unprecedented angular resolution in the sub-MeV energy range of 
30 arcsec and a point source localization accuracy <10 arcsec, with a Field of View 
of 4 arcmin. NFT will bring a leap in sensitivity of two order of magnitude with 
respect to the best current instruments working in the same energy bands, opening 
a new range of possibilities for high energy astronomical observations. 
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Gamma-ray astronomy is a branch whose potential has not yet been fully exploited. 
The observations of elemental and isotopic abundances in supernova (SN) explosions are 
key probes not only of the stellar structure and evolution but also for understanding 
the physics that makes Type-Ia SNe as standard candles for the study of the Universe 
expansion properties. In spite of its crucial role, nuclear astrophysics remains a poorly ex- 
plored field mainly for the typical emission lines intensity which are vanishing small and 
requires very high sensitivities of the telescopes. Furthermore, in spite that the Galactic 
bulge-dominated intensity of positron annihilation line at 511 keV has been measured, 
its origin is still a mystery due to the poor angular resolution and insufficient sensitivity 
of the commonly employed instrumentation in the sub-MeV energy domain. To answer 
these scientific issues a jump in sensitivity and angular resolution with respect to the 
present instrumentation is required. Conceived within the EU project AHEAD, a new 
high energy mission, capable of tackling the previously mentioned topics, has been pro- 
posed. This concept of mission named ASTENA (Advanced Surveyor of Transient Events 
and Nuclear Astrophysics), includes two instruments: a Wide Field Monitor with Imaging 
and Spectroscopic (WFM-IS, 2 keV - 20 MeV) capabilities and a Narrow Field Telescope 
(NFT, 50 - 700 keV). Thanks to the combination of angular resolution, sensitivity and 
large FoV, ASTENA will be a breakthrough in the hard X and soft gamma-ray energy 
band, also enabling polarimetry in this energy band. In this talk the science goals of the 
mission are discussed, the payload configuration is described and expected performances 
in observing key targets are shown. 


Keywords: Soft gamma-rays; hard x-ray telescope; Focusing gamma rays; Bragg diffrac- 
tion; bent crystals. 


1. Introduction 


Within the H2020 European program AHEAD,1? (integrated Activities for High 
Energy Astrophysics Domain) devoted to the assessment of future gamma-ray ex- 
periments, a Scientific Advisory Group recommended the prime scientific questions 
that might be addressed by a future space mission operating in the gamma-ray en- 
ergy domain. The high-priorities themes resulted to be the nuclear astrophysics and 
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Fig. l. Drawing of the ASTENA mission. The NFT (in red) is a 20 m focal length Laue lens 
made with bent Germanium and Silicon crystals. At the focal distance is positioned a focal plane 
detector (blue) which is a solid state device made with 4 layers of Cadmium Zinc Telluride. The 
focal distance is achieved through a deployable mast which at launch is fully enclosed in the 
spacecraft and in operative condition extends from the bottom of the spacecraft for 15 m, which 
is a reasonable distance for the stability of an extendable structure. The WFM-IS composed of 
12 Position Sensitive Detectors (PSDs) distributed around the NFT and oriented 15 degrees two 
by two outwards with respect to the Laue lens axis in order to extend the FoV of the overall 
instrument. 


the study of the transient sky. According to those themes, the ASTENA (Advanced 
Surveyor for Transient Events and Nuclear Astrophysics) has been designed. The 
ASTENA concept mission, which is shown in Fig. 1, is a broad energy pass-band 
experiment composed by two complementary instruments. The first is a Wide Field 
Monitor with Imaging and Spectrometric capabilities (WFM-IS) with an outstand- 
ing broad energy pass-band from 2 keV to 20 MeV. It consists on 12 coded mask 
cameras deployed in a circular pattern around the hexagonal spacecraft and ori- 
ented at 15 degrees with respect to the spacecraft axis. The overall Field of View 
(FoV) of the instrument is ~2 steradians. The second instrument is a narrow FoV 
(few arcminutes) telescope based on a Laue lens with a geometric area of ~7 m? 
and 20 m focal length, capable to focus photons in the broad energy pass-band 50 - 
700 keV on a solid state detector. The Narrow Field Telescope (NFT) represents a 
technological breakthrough as its optics, based on the diffraction from bent crystals, 
provides an unprecedented sensitivity with respect to any other mission flown and 
operative in the same energy pass-band. At launch, we expect to keep the WFM- 
IS cameras and the focal plane detector stored within the cylindrical spacecraft 
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Fig. 2. Left: Top view of the instruments on board ASTENA. The 12 PSD of the WFM/IS are 
coupled 2 by two and are positioned around the hexagonal structure of the spacecraft. Each PSD 
is surmounted by a coded mask which ensures the imaging capability up to 150 keV. The red part 
is the broad energy pass-band Laue with 15 m focal length. Right: Detail of one PSD in which 
is visible the coded mask and the collimator surrounding the instrument. At the bottom (dark 
profile) is visible the detection plane made with scintillator bars which are coupled with SDDs (see 
text for the explanation of the instrument working principle). 


whose diameter is 1.5 m and the length is 5 m. In the operational configuration 
an extendable boom brings the focal plane detector 15 m apart from the bottom 
of the spacecraft while a mechanism discloses and tilts the coded mask cameras at 
their nominal position and angle. In the following currently on-going project called 
AHEAD2020 the mission concept is being refined and optimized. The mission has 
been proposed in the ESA call *Voyage 2050"? as a future medium class mission for 
hard X-/soft gamma-ray astrophysics.^? The final recommendation of the Senior 
Committee has confirmed the key importance of the high energy observations from 
space with high sensitivity and capable of enabling spectro-polarimetry based on 
new technologies, particularly in synergy with gravitational wave astronomy for re- 
solving some of the fundamental questions still unanswered in astrophysics related 
to the nucleosynthesis in explosive events or to the accretion mechanism on compact 
sources. 


2. The ASTENA configuration 


The ASTENA mission concept builds on the complementarity between the two in- 
struments on board. The WFM-IS is composed by 12 coded mask cameras equipped 
with Position Sensitive Detectors (visible in Fig.2 - left) (PSDs) distributed two by 
two around the hexagonal spacecraft envelope. Each pair of PSDs in the same 
hexagon side is co-aligned and directed towards the same direction which is radially 
tilted outwards of 15 degrees with respect to the satellite axis. Each PSD has a size 
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Fig. 3. Left: working principle of the WFM-IS. An hexagonal scintillator bar (cyan) is coupled at 
both ends (only one end is visible in the picture) with an SDD (yellow). The low energy radiation 
(< 30 keV) is directly absorbed in the SDD while higher energy photons pass through the SDD and 
interact in the scintillator bar. The scintillation light, which is produced at some distance from the 
surface of the scintillator bar and is reflected by the lateral surfaces, is collected by the two SDDs. 
The comparison between the two signals allows for the determination of the depth of interaction. 
Right: disposition of the scintillator bars (cyan) and of the top and bottom SDDs (grey). The top 
SDD is equipped with an array of linear anodes therefore the charge collected provides information 
only in one direction. In the bottom SDD the anodic structure has a hexagonal shape in order to 
fully exploit this geometry which minimizes the directional bias for polarimetric measurements, if 
compared with a detector with square (cubic) pixelization (voxelization). 


of 43 x 42 cm? and is made of ~ 6500 scintillator bars with hexagonal cross section 
(5 mm between flat sides) and 50 mm long. Both ends of the scintillator bars are 
optically coupled with two Silicon Drift Detectors (SDDs) 400 um thick. The in- 
strument is based on the same detection principle of the X and Gamma-ray Imager 
and Spectrometer (XGIS) on board the THESEUS mission® which was proposed as 
5t medium-class mission for the ESA Cosmic Vision Programme (M5). 

The detection principle (see Fig. 3) is based on a different interaction of the 
radiation with the system, depending on the energy of the interacting photons. Low 
energy photons (< 30 keV) are directly absorbed in the SDD while photons with 
higher energy pass through the SDD and interact in the scintillator bar. The scin- 
tillation light, which is produced at some distance from the ends of the scintillator 
bars, is reflected by the lateral surfaces which are properly polished and wrapped 
in order to reflect as much as possible the light produced, and it is collected by 
the two SDDs optically coupled at both ends of the bar. For high energy photons 
(>30 keV) the detector is position sensitive with a 3-D resolution given that the 
position of interaction of the gamma-ray photon along the bar can be reconstructed 
by comparing the signal collected from the two opposed SDDs. The top SDDs 
(those facing the sky) have the dual purpose of directly detecting the low energy 
photons (below few tens of keV) and of collecting the scintillation light emitted 
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by the scintillator bar when photons with higher energy pass through them. They 
have a linear anodic structure therefore are sensitive only to one direction (X or Y) 
with spatial resolution of 1.25 mm. Given that each pair of PSDs placed at the 
same side of the spacecraft have perpendicular anodes, they behave like a 2-D 
detector. Instead, the bottom SDD has hexagonal shape and it is used to get the 
3-D position sensitivity. In this way we can minimize the background through the 
Compton kinematics reconstruction of the trajectory of the photons and exploit the 
polarimetric capability of the instrument. Different scintillator materials as Cesium 
Iodide (CsI(T1)), Gadolinium Aluminium Gallium Garnet (GAGG), Lutetium Yt- 
trium Orthosilicate (LYSO(Ce)) are under investigation in order to find the optimal 
properties to fit the instrument requirements. Each PSD is surmounted by a double 
scale’ square coded mask with side of 80 cm at a distance of 70 cm from the detec- 
tor plane (see Fig. 2 - right). The double scale enables imaging with Point Source 
Location Accuracy (PSLA) of 1 arcmin for a 7o signal for photons with energy 
« 30 keV and PSLA of 5 arcmin for photons in the energy range 30 - 150 keV. 
In Fig. 4 (left) the PSLA as a function of the significance of the observation for 
different configurations of the WFM-IS is reported, compared with required PSLA 
of 1 arcminute. In Fig. 4 (right) the integrated sensitivity of the overall WFM-IS is 
reported as a function of the integration time, divided in three relevant pass-bands 
according to the different detection principle employed (2 - 10 keV: direct detection 
in the SDDs, 30 - 150 keV: interaction with the scintillator bars, 150 keV - 10 MeV: 
uncollimated interaction in the scintillator bar). Above 150 keV the coded mask is 
transparent to radiation and an effective imaging capability can be enabled through 
two features: 1. by exploiting the Compton kinematics for the photon direction re- 
construction and 2. by taking advantage of the different measured photon intensity 
from the 6 blocks which are - in general - differently oriented with respect to the 
direction of the observed event, except for perfectly on-axis sources. With these 
configuration the instrument can provide a FoV of —2 sr with an angular resolution 
of a few arcmin and an unprecedented energy pass-band of 2 keV - 20 MeV which 
has never been achieved so far with a single device. 

The second instrument is a 20 m long focal length Laue lens based on bent 
crystals made with Germanium and Silicon. The crystals are distributed in 43 con- 
centric rings and, according to the spherical geometry and to the Bragg law, the 
lower energies are reflected from outer rings while inner rings are responsible for 
focusing the higher energies. The size of the crystals have been chosen to be 30 x 
10 mm?, the longer dimension being the focusing direction. In the other direction, 
no concentration is expected due to the cylindrical curvature of the tiles. The cross 
section of the tiles has been chosen in order to tile the overall geometric area with 
a moderate number of crystals (~19500) by minimizing the amount of uncovered 
area (the optics filling factor results above 8596). Depending on the energy to be 
diffracted the crystal thickness is optimized in order to maximize the diffraction 
efficiency. For both materials the 111 planes are assumed in order to exploit the 
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Fig. 4. Left: Point Source Location Accuracy (PSLA) for the WFM-IS as a function of the 
signal to noise ratio. The parameter d is the distance between the anodes of the top SDDs. The 
requird PSLA is also shown (green dashed line) Right: Integrated continuum sensitivity expressed 
in photons/cm?/s as a function of the exposure time for the three significant energy pass-bands 
acquired for direct absorption in the SDDs (black curve, 2 - 10 keV), through the scintillation bars 
(30 - 150 keV, blue curve) and as a Compton detector with no coded mask (150 keV - 1 MeV, red 
curve). 


so called secondary curvature of the diffraction planes induced in crystals for some 
crystallographic orientation (including the 111) allowing to achieve a throughput 
which overcomes the limitation of the 50% of the incident beam, which is the limit 
of mosaic and flat perfect crystals. 

Orders of diffraction higher than the fundamental are being considered in the 
simulations in order to maximize the effective area, particularly in the energy range 
500 - 520 keV (at the expenses of the effective area at lower energies) in order 
to increase the sensitivity at the energy of interest for the detection of the weak 
et /e~ annihilation line from the Galactic center (see Sect. 3 for further details). At 
20 m from the optics is placed the focal plane detector which is kept at the correct 
position with a deployable mast. The detector is made with 4 layers of Cadmium 
Zinc Telluride (CZT) with cross section 80 x 80 mm? each with a thickness of 
20 mm. The detector has a 3-D spatial resolution of about 300 um in all directions. 
This is achievable with a proper disposition of the anodes on the top and bottom 
of each CZT layer. Thanks to the overall detector thickness its detection efficiency 
is greater than 80% at 600 keV with energy resolution of 1% at 511 keV. 

The NFT continuum sensitivity which has been derived at Low Earth Orbit 
(LEO) by comparison with the background measured by the Spectrometer on-board 
INTEGRAL SPI? is reported in Fig. 6 (top). The curve has been estimated for 
an integration time of 10? s and at 3e confidence level. For comparison, in the 
plot has been reported a number of past and present experiments exploiting the 
direct view principle (equipped with coded masks or collimators) or using focusing 
telescopes. The energy band in which it is estimated is A E — E/2, except in the 
band from 50 keV to 62.5 keV, in which the energy band linearly increases from 
AE = E/4 to A E = E/2, due to the absence of crystals diffracting energies 
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Fig. 5. Left: The optics of the NFT composed by 43 rings of crystal tiles made with Silicon 
and Germanium. The optics has a radius of 1.5 m for a total geometric area of about 7 m?. At 
20 m from the Laue lens is placed the focal plane detector. Right: a Geant4 drawing of the main 
components of the focal plane detector which is made of 4 layers of a solid state Cadmium Zinc 
Telluride (CZT, dark grey) with 3-D spatial resolution, spectral and polarimetric capabilities. 


below 50 keV. Uncertainties in the realization of the optics have been also taken 
into account. The curvature radius of the crystals have been considered within 5% of 
the nominal radius and the mounting accuracy of about 10 arcseconds with respect 
to the nominal positioning. The presence of such deviations from the nominal lens 
realization requirements have effects on the size of the PSF and, ultimately, on the 
focusing power of the Laue lens. This unprecedented sensitivity is achieved thanks 
to the use of bent crystals with optimized thickness. Figure 6 (bottom) shows the 
sensitivity at measuring the flux of emission lines, at 30 confidence level and for 
10° s integration time. An intrinsic FWHM of 2 keV has been considered for the 
lines (e.g. see [9] for the 158 keV line from SN2014J). The narrow line sensitivity is 
about 1 order of magnitude better than SPI on board INTEGRAL at 511 keV. These 
values of sensitivities are mainly due to the use of bent crystals, to the transmission 
geometry and to the focal length that allows for an unprecedented large collecting 
area. 

Laue optics have the great advantage of drastically reducing the instrumental 
background as the photons are mainly collected into an area of a few mm?. The 
drawback is that, as far as the source moves out of the focal axis, the diffracted 
image spreads over a larger area generating ring-shaped images for coma aberra- 
tions. Through ray-tracing and Monte Carlo simulations it has been estimated that, 
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Fig. 6. Top: NFT continuum sensitivity at 30 confidence level and in 10? s of observation time, 
with AE — E/2, except in the band 50 to 62.5 keV, where AE linearly increases from AE — E/4 to 
AE — E/2, compared with the sensitivity at the same significance and with the same integration 
time of other missions or experiments (dashed lines represent other focusing experiment, continuum 
curves correspond to direct view instruments). Bottom: Expected line sensitivity for the NFT, 
calculated for an integration time of 10? s, at 3c confidence level. 
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with the defined optics dimension and crystal size, photons from off-axis sources 
(74 arcmin) are scattered into a broad detection area.!? This reduces the benefits 
of the focusing process. Therefore the FOV of the NFT has been fitted with the 
PSLA of the WFM-IS in order to exploit the sensitivity of the former for nearly 
on-axis sources with the excellent broad-band survey capabilities of the latter. 


3. Key science with ASTENA 


For some relevant scientific key subjects that can be tackled with the instruments 
on board ASTENA see [10, 11]. Here we summarize these subjects. As mentioned 
in Sect. 1 the main objectives of the ASTENA mission concept are mainly two. 
First, ASTENA intends to investigate the intriguing key questions related to the 
gamma-ray lines in astrophysics. Furthermore, the high sensitivity of the on board 
instruments joined with the large pass-band of the WFM-IS and their polarimetric 
capabilities would make ASTENA an ideal tool for shading light in the transient 
Sky, providing also an important contributions to the multi-messenger synergy. 


3.1. The transient sky observed with ASTENA 


The discovery of the Gravitational Wave (GW) event GW170817!? and its electro- 
magnetic counterpart GRB170817A1? 16 marked the birth of the multi-messenger 
study of the transient sky. In the near future, this plural effort will solve fundamen- 
tal astrophysics and cosmological questions. Furthermore, it will boost the discovery 
of sources of known and unknown classes of transients. Short GRBs represent the 
main class of transient which has been already confirmed to be associated with 
powerful GW events. 

Polarization level in the range 30 - 8096 of the prompt emission of the GRBs has 
been claimed for a few dozens events (a summary of the properties of the events can 
be found in [17, 18]) but, due to the limited statistical significance of the results, 
their confirmation is not definitive. These uncertainties are mainly due to the lack 
of sensitivity of the instruments used as gamma-ray polarimeters. A significant 
detection could probe the geometry of the magnetic field and its intensity which 
are precious information for shedding light into the jet composition and dissipation 
mechanism. Thanks to its polarimetric capabilities, along with a large detection area 
and broad pass-band, the WFM-IS would be the ideal instrument to measure the 
degree of polarization of the prompt emission, to perform a detailed time-resolved 
study and to evaluate the dependence of the polarization degree with energy. 

Instruments capable of measuring the electromagnetic counterpart of GW events 
have a crucial importance for different reasons. Firstly, they can independently con- 
firm the astrophysical nature of a GW trigger, particularly for the faintest events. 
Furthermore, since present interferometers have large uncertainties in the sky lo- 
calization, a high sensitive wide FoV instrument like the WFM-IS could provide 
the localization of the order of 1 arcmin with the possibility of performing followup 
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observation with a soft gamma-ray telescope with an unprecedented sensitivity and 
angular resolution as the NFT. 

It must be mentioned that with the launch of the Laser Interferometer Space 
Antenna (LISA) a plethora of GW events from stellar mass BH binaries will be 
detected in the mHz regime with a sky localization of the order of 1 deg?. Such 
detections will work as alert for the observation of the same events at higher fre- 
quencies weeks/months later (with an accuracy of the order of tens of seconds) from 
ground interferometers. Thanks to the large FoV and to the PSLA of the WFM-IS 
will be possible to point in advance the instrument for the detection of the prompt 
hard X-ray counterpart of the event as well as the detection of the delayed hard 
X-ray emission through the NFT. 

After the discovery of the GRB afterglow, till now this emission has been ob- 
served almost in all energy bands from IR to the soft X-ray regime up to ~ 10 keV. 
Afterglow detection in the 0.1-10 GeV, in the sub-TeV (100-440 GeV) and in the 
TeV energy regions have been reported.!?:?? One of the most important open issues 
that have still to be settled is the afterglow emission in the sub-MeV/MeV region 
which is almost completely undetected except for some events detected above few 
tens of keV?! ?? This is mainly due to the low flux emitted in this energy band, 
joined with the lack of sensitivity for the present instrumentation. From the prompt 
emission detected with the WFM-IS and though a fast repointing it would be pos- 
sible, thanks to the sensitivity of the NFT, to measure the hard x-ray afterglow as 
well as its polarization level. 


3.2. Nuclear astrophysics with ASTENA 


In spite of its importance for understanding the inner regions of the astrophysical 
sources emitting hard X and mainly gamma-rays, nuclear astrophysics is still a the- 
oretical field and almost experimentally unexplored, mainly due to observational 
limits. The reason is that present instrumentation in the hard-X and gamma-ray 
regime has absent or crude imaging capability and low sensitivity, compared with in- 
struments in other wavelengths. One of the most relevant open issues in astrophysics 
is the origin of the 511 keV positron annihilation line observed from the Galactic 
Center (GC). Discovered in the seventies?^ neither the origin of the gamma emis- 
sion, nor the responsible for the positron production have been found. The 511 keV 
annihilation line still represents a puzzle mainly due to the limitation of both sensi- 
tivity and angular resolution of current instruments operative in the 0.5 MeV region. 
To date, the best mapping of the line was obtained through SPI on-board INTE- 
GRAL.?? A variety of potential astrophysical sources responsible of the 511 keV 
signal and/or of the production of the positrons have been proposed, including type 
Ia supernovae,?° GRBs,?’ microquasars,?? low-mass X-ray binaries,’ and neutron 
star mergers.?? The high number of X-ray sources in the GC suggests the possibility 
that the 511 keV line is due to the emission of a number of discrete - unresolved 


- sources. The detection of a transient 0.5 MeV emission from V404 Cygni?! is in 
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Fig. 7. Left: the 158 keV line due to the 5®Ni decay as observed from SN2014J as with the 
SPI on board INTEGRAL 3 weeks after the explosion. Reprinted from [9]. Right: the same line 
as observed with the NFT onboard ASTENA with 150 ks integration time. The simulated data 
(black points) consists of a continuum modeled with an absorbed power-law (red dashed line) with 
spectral index a = 0 normalization 1079 ph/cm?/s @ 1 keV plus a Gaussian (red dot-dashed line) 
centered at 158 keV with c=0.75 keV and normalization 1.1 x 1074 ph/cm? /s. 


favour of this hypothesis. It is also believed that the 511 keV observed map would 
only represent the annihilation sites and not the positron sources. The propagation 
of the positrons away from the source could be the cause of a general broadening 
which originates the diffuse 511 keV emission. No point sources of annihilation ra- 
diation have yet been detected in the GC. Nevertheless, the angular resolution of 
INTEGRAL/SPI does not provide any definitive information about structure in the 
emission, even with several years of integrated data.?? Under these considerations 
it is clear that observations of the GC with much higher angular resolution than 
that achievable with SPI aboard INTEGRAL together with high sensitive instru- 
ments are required in order to distinguish and localize - if any - discrete source of 
annihilation radiation. 

Another topic under study that is worth to be mentioned is related to the nucle- 
osynthesis of heavy elements in Type-Ia supernovae (SNe-Ia). Gamma-rays escaping 
the ejecta of SN-Ia can be used as tools for studying both the structure of the ex- 
ploding star and the characteristics of the explosion. One of the key points is to 
estimate the amount of ?6Ni which is probably the most important physical pa- 
rameter underlying the observed correlation of SNe-Ia luminosities with their light 
curves. The only direct way to estimate this amount is through the decay chain 
56Ni — 56Co — °6Fe. The decay produces gamma-rays that ultimately power the 
optical light curve of the SN-Ia. Most models predict that the ejected material is 
not transparent to gamma-rays at least for tens of days since the explosion. As the 
ejecta proceeds, it becomes gradually more transparent to gamma-rays. Contrarily 
to the expectations, only two weeks after SN2014J through SPI/INTEGRAL ob- 
servations, the characteristic gamma-ray lines 158 keV and 812 keV from the ?9Ni 
decay have been detected [9] and later confirmed at 5e confidence level also with 
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ISGRI/INTEGRAL.?? The early observations of gamma-rays from °°Ni support the 
hypotesis of the presence of this element at the star surface. The intensity of the 
gamma-ray spectra mainly depends on the mass and distribution of the nickel mass. 
High sensitivity measurements focused at particular narrow lines would shed light 
on the SNe-Ia explosion mechanism and, ultimately to the correct distribution and 
mass of ?9Ni. 

As an example of performances with ASTENA, in Fig. 7 we show the 158 keV line 
detected with SPI/INTEGRAL from SN2014J? for an exposure time of 150 ks. The 
estimated line intensity of (1.1-- 0.4) x 1074 ph/cm?/s corresponds to a detection 
confidence level of 2.50. For comparison, with the same integration time, a spectrum 
consisting of a Gaussian profile (centroid energy 158 keV, o = 0.75 keV) superposed 
to a continuum described by a power-law with spectra slope a=0 and normalization 
1079 ph/cm?/s @ 1 keV has been simulated in order to estimate how it could be 
observed with the NFT aboard ASTENA. The same significance achieved by SPI 
in 150 ks is obtained in ^1 ks. 


4. Conclusions 


Future missions for hard X-ray astrophysics require higher sensitivity than current 
instrumentation and capability of observing the sky in a broad energy pass-band. 
Such features will be crucial for solving some of the most important open issues. In 
addition, hard-X and soft gamma-ray polarimetry, which are still in their infancy, 
will play a crucial role in combination with spectroscopy, timing and imaging, pro- 
viding information about the degree and the direction of polarization of the inci- 
dent radiation. Particularly in hard X-rays, whose emission comes directly from the 
central engine of the sources, polarimetry is a powerful tool for investigating the 
magnetic field and the distribution of matter around astrophysical objects. More- 
over, today hard X-/gamma-ray astrophysics suffers from the absence of devices 
that allow the radiation to be focused, the only method through which it is possible 
to increase the signal to noise of the observations and to suppress the instrumental 
background. 

The ASTENA mission concept includes two complementary instruments through 
which it is possible to carry out both polarimetry and imaging in the hard X-ray 
regime. The WFM-IS is an array of 12 monitors that can effectively work in an 
unprecedented energy pass-band for a single instrument (2 keV - 20 MeV) thanks 
to the coupling of SDDs a and scintillator bars. Thanks to the adoption of a double 
scale coded mask, the instrument enables localization accuracy of about 1 arcmin 
and 5 arcmin in the energy pass-bands « 30 keV and 30 - 150 keV, respectively. 
With this location accuracy, the WFM-IS is in complete synergy with the second 
instrument on board, the NF'T: for the first time a focusing optics based on a Laue 
lens will be operative in a broad pass-band and with a FoV of a 4-5 arcminutes and 
an angular resolution of a few tens of arcseconds. Thanks to its focusing capability it 
provides an outstanding sensitivity for detecting source polarization?^ and both for 
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the continuum and for nuclear lines. The unprecedented broad pass band and the 
large FoV of the WFM-IS will allow to make surveys and to detect faint transient 
sources, including GRBs. The NF'T, with its deep sensitivity for nearly on-axis 
sources, will be the ideal tool for followup observations of detected transient events. 
In this work we have presented the ASTENA mission concept and details on both 
instruments aboard. We have described some key science issues that can be tackled 
with ASTENA as a stand-alone experiment and in synergy with other experiments, 
including its contribution to the multi-messenger astrophysics. We expect that a 
mission like ASTENA will be a breakthrough in general astrophysics and in partic- 
ular for answering the questions that are still central in high energy astrophysics. 
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The measurement of the polarization of the high-energy photons from cosmic sources has 
now become a key observational parameter for understanding the emission mechanisms 
and the geometry of the active regions involved. Therefore, a mandatory requirement for 
new instrumentation in this energy regime will provide high sensitivity for polarimetric 
measurements associated with spectroscopy and imaging. 

In this perspective, the Advanced Surveyor of Transient Events and Nuclear As- 
trophysics (ASTENA) mission, which includes two main instruments: the Wide field 
monitor (WFM-IS), with a large effective area and a wide energy passband (2 keV — 20 
MeV); and the Narrow Field Telescope (NFT), with a broad energy passband (50—600 
keV) with focusing capabilities based on the use of an advanced Laue lens; will both pro- 
vide high sensitivity for polarimetric measurements. Furthermore, both instruments will 
include spectometers with a good 3D spatial resolution allowing to perform 3D Compton 
polarimetry, increasing the possibilities to optimize the event selection. Herein, we report 
on the results of a Monte Carlo study devoted to optimize the configuration of both in- 
struments, in particular, the modulation factor (Q), the events detection efficiency (Eff) 
and the Minimum Detectable Polarization (MDP). 


Keywords: Polarimetry, Gamma-ray detectors, Space instrumentation, Compton 
scattering. 


1. Introduction 


Polarimetry of high-energy sources is a key observational parameter for a better 
understanding of the emission mechanisms and geometry of a wide number of 
cosmic objects and events such as GRBs, pulsars, binary black holes and active 
galactic nuclei, whose emissions are expected to be polarized. The field of hard 
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X-ray polarimetry has been quite active in the last two decades: missions such as 
INTEGRAL, AstroSat and POLAR have provided some important scientific inputs 
in understanding emission mechanism and geometry in X-ray pulsars, ? magnetic 
field structure in Pulsar Wind Nebula (PWN),^* disk-jet interplay in black hole 
X-ray binaries (XRBs)*9 and hard X-ray emission mechanism in GRB prompt 
emission." ? Though these results are marred with large uncertainties and a firm 
conclusion is not possible, most of these findings are extremely interesting as they 
pose new challenges to the existing theories. One interesting and common feature 
in all these measurements is a systematic increase in polarization within the hard 
X-ray band which makes this energy regime extremely promising for polarimetry 
experiments.!? 

As a part of the European project AHEAD (integrated Activities in the High En- 
ergy Astrophysics Domain), a new concept of high energy mission named ASTENA 
(Advanced Surveyor of Transient Events and Nuclear Astrophysics) has been pro- 
posed and accepted for feasibility and performance study.!! In the current AHEAD 
2020 project, which is a continuation of AHEAD, we deepen the feasibility study 
of ASTENA and increase our knowledge on the potential performances of the in- 
struments on board concerning spectral, imaging and, particularly in this context, 
polarization capabilities. In this work we present the results of a study that aims to 
reliably and realistically evaluate the performance in terms of polarimetry that can 
be achieved with the ASTENA and to optimize the design of the detection units to 
achieve this aim taking into account the requirements. 


2. ASTENA 


The ASTENA configuration is described in,!? and it is shown in Fig. 1. Its main 
properties are summarized in Table 1. The instrumentation on board consists of 
a Wide Field Monitor-Imaging Spectrometer (WFM-IS) with a 2 keV-20 MeV 
passband, and a Narrow Field Telescope (NFT) with a 50-600 keV passband. 


Table 1. Summary of the main properties of the WFM-IS and of the NFT on board ASTENA. 


WFM-IS NFT 
Energy pass-band 2 keV — 20 MeV 50 — 600 keV 
Total useful area?) ~ 5800 cm? (< 30 keV) 7 m? (projected) 


~ 6700 cm? (30-150 keV) 
~ 13800 cm? (2200 keV) 


Field of View 2sr 4 arcmin 
Angular resolution 6 arcmin ~ 30 arcsec HPD 
Point source localization accuracy 1 arcmin < 10 arcsec 

30, Continuum Sensitivity 1x 10-4 12x 10-9 
(ph/cm? s keV) (10 s, 30-150 keV) (10° s, 225-375 keV) 
3c, 10? s Line sensitivity - 5 x 1077 (178 keV) 
(ph/cm? s) 


Note: ?'Total geometric area through the mask or collimator. 
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Fig. 1. The ASTENA satellite in inflight configuration. The WFM/S modules surround the NFT 
Laue lens (front), while its focal plane is positioned 20 m apart by a booming structure (back). 


The NFT is a Laue lens focusing telescope with a 3 m diameter and 20 m focal 
length, composed by a large number of crystal tiles in transmission configuration, 
that are disposed in such a way that they concentrate the incident radiation onto a 
common focal spot.'? The lens proposed for the NFT is made of ~19500 bent crystal 
tiles of Si(111) and Ge(111), with 40 m curvature radius (within 596 uncertainty). 
The crystal tiles have a 30 x 10 mm? 
vs. energy for maximizing the diffraction efficiency, with the condition of a maxi- 


cross section, and an optimized thickness 


mum thickness of 5 mm. The crystals are disposed on 43 rings, with an outermost 
ring radius of 149 cm and an innermost of 18 cm, ensuring an energy passband of 
50 keV (outermost rings) to 600 keV (innermost rings). Current Monte Carlo sim- 
ulations, ray-trace analyses and laboratory experiments evaluated that an angular 
resolution of 0.5 arcmin can be achieved, with a useful FOV of approximately 
4 arcmin.* 

Concerning the NFT focal plane detector, the adopted configuration consists 
of 4 layers of drift strip detectors of CdZn'Te,!? each layer with a cross section a 
80 x 80 mm? and a thickness of 20 mm. This configuration will ensure a detection 
efficiency higher than 8096 in the entire energy band of the NFT, a spectroscopy 
response of 1% @ 511 keV and fine spatial resolution (0.2-0.3 mm) in three dimen- 
sions,! allowing the correct sampling of the Point Spread Function (PSF) of the 
lens, that is of the order of a few mm?. Thanks to the unprecedented sensitivity 
that can be achieved with the Laue lens focusing technique and the high segmen- 
tation level the focal plane detector, NFT is expected to provide fine polarization 
measurements. 

The WFM-IS consists of an array of 12 units, two units on each side of the 
hexagon surrounding the NFT, accommodated as shown in Fig. 1. All the units are 
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offset by 15 deg with respect to the axis of the NFT. Each WFM-IS unit consists 
of a 40 x 40 array of detection elements, each made of a scintillator bar (CsI(TI) 
or similar) 5 cm long, with an hexagonal cross section of about 75 mm?, viewed by 
two Silicon Drift Detectors (SDD) 0.4 mm thick, one on the top (side of entrance 
of the celestial photons) and other on the bottom. The functioning principle of this 
detector is similar to that adopted for the X-Gamma-ray Imaging Spectrometer 
(XGIS) aboard the THESEUS mission concept.!” It has the great advantage of a 
very broad passband (2 keV—20 MeV), a 3-D position sensitivity to energy losses 
in the scintillator bars and a very low intrinsic background. The hexagonal cross 
section of the bars, which allows us to obtain a low geometric systematic effect in 
the polarization measurements, associated with the 3D position sensitivity of the 
detector makes the WFM-IS suitable for fine polarization measurements.!! 


3. Compton Polarimetry with ASTENA 


In the hard X- and soft y-rays regime the measurement of the polarization status of 
a photon beam rely on the Compton scattering mechanism. The detectors on-board 
ASTENA provide the segmentation needed to offer an efficient method to measure 
the linear polarisation of incoming photons using Compton scattering because, with 
a coincidence event logic, each element/pixel can act at the same time both as a 
scattering element and as a detection unit allowing to record the pairs of events 
that provide polarimetric information: one is the Compton scattering of the incom- 
ing photon, the other is the interaction by Compton or photoelectric effect of the 
secondary photon. !? 

'The cross-section of a hard X-ray photon to interact with a free electron is given 
by the Compton scattering cross-section described by the Klein-Nishina equation!®: 
do  rg& (: 


do 2 


z + c — 2sin? 0 cos? e) (1) 
where r2 is the classic electron radius, € = E'/ E the ratio between the energy of the 
scattered photon and the energy of the incoming photon, 0 is the scattering angle 
of the scattered photon measured from the direction of the incident photon, and y 
is the azimuth scattering angle with respect to the electric vector of the incident 
photon. On a segmented detector the distribution of the azimuthal angle measured 
on a large sample of data has a sinusoidal behavior with period 7 


N ($) = ao(1 + a1 cos(2(¢ — ag + /2))) (2) 


where ao is the normalization constant, Q = a, the modulation factor, and P = a2 
the polarization angle which are obtained from a fit to the data. This distribution is 
the called *modulation curve", which is built dividing the scattering map on a fixed 
number of angular sectors, covering 360?, and integrating the counts inside each 
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angular sector. The aperture of the angular sectors should be chosen taking into 
account the discretization level of the detector (i.e., the pixel dimensions) and the 
counts statistics. Because of the segmented nature of the detector, the integration of 
count inside a defined angular sector should take into account effects due to pixels 
that lie across their borders. Methods to account for these pixels are, for example, 
that of distributing uniformly the pixel counts proportionally to the area of the 
pixel intercepted by two adjacent angular sectors. For the analyses performed the 
number of bins of the azimuthal distribution was optimized for each instrument 
since it affects the shape of the modulation curve. 

In the characterization of a polarimeter it is important to describe its response 
not only to polarized, but also to unpolarized signals. For a perfectly uniform and 
symmetric instrument the modulation curve from a 096 polarized signal should 
be totally flat. However, the detector geometry introduces an asymmetry that is 
important to correct the signal from this component. We correct the measured 
modulation curve from the instrument response to a unpolarized signal by applying 
the following expression for each angle bin: 


N,(¢) Nina (3) 


Neorr(@) = Nnp() np 


where Neorr(¢) is the corrected azimuthal distribution, N,(@) is the polarized az- 
imuthal distribution, N,,»(¢) the non polarized modulation azimuthal distribution, 
and Nap” the maximum of the non polarized azimuthal distribution. In practice, 
the systematic uncertainty in the polarization measurement will be estimated from 
the results of an extensive on-ground calibration campaign of the instruments, using 
both polarized and unpolarized monochromatic beams of gamma rays. 

The minimum detectable polarization (MDP) of an instrument for a given ce- 
lestial source type is an essential parameter to estimate its polarimetric potential. 
For a space polarimeter in a background dominated environment, the MDP with a 
99% confidence level, is given by!?: 


4.29 | A.e.S; +B 
MDP= 4 
A.e.Sr.Q100 T ( ) 


where, A is the effective area, e is the events’ efficiency, Sp is the source flux over 
the selected energy band (photons cm~? s~'), B is the background noise count rate 
(counts/s), T is the observation time (s) and Q1oo is the polarimetric modulation 
factor for a 10096 polarized source. 

High polarimetric performance for hard X/soft y-rays can be achieved fulfilling 
the following requirements: high scattering efficiency, fine spatial resolution, and 
fine spectroscopy. These characteristics allow a large flexibility in scattered events 
selection, and therefore several event filter can be implemented to optimize the 
modulation factor and the event efficiency, and consequently improve the MDP. 
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4. Polarimetric Analyses for a Monochromatic Source 
4.1. NFT 


In order to fulfil the requirements on the ASTENA NFT, and following the knowhow 
acquired by both experiments on Cd Te/CZT detectors used as scattering polarime- 
ter and development on 3D CZT spectrometers,?? a simple model of the NFT focal 
plane has been implemented using MEGALib tools.?! Using the MEGAlib/Geomega 
package, we implement a numerical model made of a stack of 4 thick layers of CZT 
separated by a layer (10 mm thick) of a PCB type mixture passive material, repre- 
sentative of the read-out front-end electronics board (Fig. 2). Each CZT layer is 20 
mm thick and 80 mm x 80 mm wide. The CZT layers were divided in voxels with 
dimensions 0.25 x 0.25 x 0.25 mm? each. The spectroscopic response of the detec- 
tor is simply modeled by a relationship derived from measurements on CZT drift 
strips spectrometers.?? In all the performed simulation runs, we set the low energy 
threshold to 5 keV, that is a reasonable value at room temperature as demonstrated 
by the same experimental results. 

The Laue lens configuration will impinge an almost monochromatic beam for 
each crystal ring on the detector, each one having a small inclination angle with 
respect to the axis of the lens, ranging from 0.4? (at the energy of 600 keV, cor- 
responding to the inner radius) to 4.5? (at the energy of 50 keV, corresponding to 
the external radius). This will produce rings of photons with similar energy hitting 
the detector inside a PSF. We know from previous experiments that an off-axis 
beam introduce geometric effects on the detector that affect the modulation fac- 
tor. However, since the Laue lens presents a 180° symmetry, for each beam there 
will be a symmetric beam with opposite off-axis angle. T'his configuration will cor- 
rect any possible systematic error due to the off-axis beam and the results will be 
similar as we impinge an on-axis beam on the detector. In fact, a systematic study 
was performed in order to validate this assumption. We evaluated the modulation 
factor by varying the number of pair of symmetric off-axis beams from 1 to 128, ob- 
taining a distribution of values for the modulation factor with a standard deviation 
of 0.02 from the central value which is comparable with the error on the values of 
the modulation factor. To simulate a full Laue lens would require ~20000 beams, 
each with its off-axis angle, however, by taking into account the aforementioned 
results, we decided to use instead a Gaussian cone shape beam, 20 m from the de- 
tector, which produce a Gaussian shape PSF with a FWHM of 0.15 cm on the top 
of the detector. This will simplify the simulation code and speed up the simulations 
without compromising the result. 

To ensure the quality of the selected events we perform a check by Compton kine- 
matics — by evaluating the energy of the two first interactions and the corresponding 
scattering angle we ensure that it corresponds to the expected values and the event 
can be selected as a “good event”. This also can be done for multiple interactions, 
by using the energy of the first interaction, the sum of the following interactions 
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Fig. 2. Monte Carlo model of the the NFT focal plane. The gray volumes represent the segmented 
CZT spectrometer, while the green ones represent the readout electronics boards. 


and the scattering angle from the first and second interaction. This method ensures 
that all the events selected are true Compton events and have polarimetric infor- 
mation on it. This method also removes the double events that occur in neighbour 
pixels. These type of events can introduce anomalies because the scattering angle is 
difficult to know. Since we consider the interaction in the center of pixel these types 
of events will be considered as a ~90° scattering event (high polarimetric informa- 
tion). However, if the interactions occur near the edges of the pixels the scattering 
angle can be ~0° (low polarimetric information). 

Due to the focusing properties of the NFT we know that the first interaction is 
always inside the PSF. These allows a further correction since we only select the 
events which complies with this condition. This will reduce the background or any 
spurious events that occur in the detector. 

After the selections, the scattering maps and modulation curves are drawn. To 
correct the systematic effects introduced by the detector geometry we also simu- 
late an unpolarized source in the same conditions as the polarized source and we 
corrected the distributions with equation 3. As an example Fig. 3 presents the scat- 
tering maps obtained for a 300 keV unpolarized beam and for a 10096 polarized 
beam with a polarization vector direction of 60?. By diving the scattering maps 
into 24 bins we achieved the azimuthal distributions presented in Fig. 3, below each 
scattering map. The corrected modulation curve is presented in Fig. 4. The cor- 
rected curve is then fitted with equation 2 to get the modulation factor and the 
polarization angle. 

In Fig. 5 it is presented the modulation factor as function of the energy for the 
NFT focal plane for monochromatic beams ranging from 100 to 600 keV. These 
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Fig. 3. Scattering maps and azimuthal distributions obtained for an unpolarized (left) and 100% 
polarized (right) beam. The beam energy is 300 keV and the polarization vector direction is 60? 
for the 100% polarized case. 
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Fig. 4. Corrected modulation curve obtained when we apply the correction in Eq. (3) on the 


histograms of Fig. 3. 


results showed that the NFT Focal Plane Detector (FPD) has potential to per- 
form polarimetric analysis in the whole energy range presenting modulation factors 
0.2. As expected, the best modulation factor is obtained at energies ~300 keV. 
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Fig. 5. NFT modulation factor and event efficiency as function of the energy. 
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Fig. 6. NFT modulation factor and event efficiency as function of the energy for events with 
scattering angles of ~90°. 


The percentage of selected events shows its maximum at ~200 keV where the Comp- 
ton cross section prevails over the other interactions in the CZT. 

Due to the highly segmented detector we can also select events that maximize 
the modulation factor like events with scattering angles ~90° (along the detector 
axis). By making a selection in the Z coordinates we ensure that all the events have 
~90°. In Fig. 6 it is shown the modulation factor as a function of the energy taking 
account this selection. As can be seen, there is a big increase of the modulation factor 
when compared with the results without selection. The modulation factor reaches 
values near ~0.8 for energies ~200 keV. However the efficiency is very affected and 
reduced to values below ~1%. 
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Fig. 7. A geometry sketch of the the WFM-IS unit. The green volume represent the CsI scintil- 
lators, while the gray ones represent the Si SDDs, light gray on top and dark gray on bottom. 


4.2. WFM-IS 


'The Monte Carlo model of one WFM-IS unit is presented in Fig. 7. It consists of an 
hexagonal 40x40 array of CsI scintillators (for a total of 205 bars), with a distance 
between contiguous centres across hexagon flat sides of 5 mm, and a length of 50 
mm. To mimic the depth resolution of the detector we segmented the bars in 10 
segments of 5 mm each. On the top the detector has a linear SDD, 0.4 mm thick, 
and, on bottom an hexagonal single anode SDD, 0.4 mm thick, with a distance 
between hexagon flat sides of 5 mm. To construct the full WFM-IS we copied 12 
units and placed along an hexagonal configuration, 2 units in each hexagon side, 
with a distance from the center (lens axis) of 1.5 m. 

Since the WFM-IS is a wide field instrument, the beam used for the simulations 
was a far point source. For the WFM-IS we do not know were the beam under- 
goes the first interaction, all the scintillating bars will be scattering and absorbing 
elements, so we selected the events that comply the Compton kinematics and we 
corrected the signal data with the unpolarized data. In Fig. 8 the scattering maps 
are shown for a 500 keV unpolarized and 10096 polarized source. 

A systematic study was performed using monochromatic sources from 125 keV to 
5 MeV. Fig. 9 shows the modulation factor and efficiency obtained for one WFM-IS 
unit and the full WFM-IS. As can be seen, for energies below 1 MeV the modulation 
factor shows values 70.2, however for energies above 1 MeV the modulation factor 
drops drastically becoming impossible to get polarization results. The reason for 
this is that for energies > 1 MeV both the theoretic value of the modulation factor 
and the efficiency of the Compton process drop significantly.|? When comparing 
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Fig. 8. Scattering maps obtained for a 500 keV unpolarized (left) and 10096 polarized (right) 
beam with the WFM-IS unit. The polarization vector direction is 0? for the 10096 polarized case. 
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Fig. 9. 
WFM-IS unit and for the full WFM-IS. 


Modulation factor (top) and event efficiency (bottom) as function of the energy for one 


the results for one WFM-IS unit and for the full WFM-IS the results of the modu- 
lation factor are similar, however the event efficiency increases when using the full 


WFM-IS. 
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Fig. 10. Minimum detectable polarization (MDP) versus energy for a 100 mCrab source when 
observing with NFT and WFM-IS for 100 ks. 


5. Polarimetric Sensitivity of ASTENA 


In order to estimate the potential MDP of the ASTENA mission in a LEO (low 
Earth orbit) when observing a Crab type source, we simulated a source with a power 
law spectrum (normalization at 1 keV: 10.74 photons keV! s^? cm^?; photon in- 
dex: 2.17) for each instrument individually and obtained the modulation factor and 
event efficiency. The simulated energy range was in accordance with the instrument 
energy passband: for the NFT 65 — 600 keV; and for the WFM-IS 150 keV — 1 
MeV. As before, we simulated an on-axis Gaussian cone beam to mimic the 1.5 mm 
diameter of the Lens PSF for the NFT and a on-axis far source for the WFM-IS. 

The background components were modeled in detail also using the MEGAlib 
environment tools for both NFT and WFM-IS using the works.?^?5 Background 
simulations were performed for both instruments individually and, to determine 
the real background for polarimetric analyses, we also performed the same selection 
process as the data. First we checked the events by Compton kinematics and, for 
the NFT data, we check if the first interaction is inside the PSF. 

The effective area of the NFT was computed analytically as the product of the 
geometrical area of the instrument and the reflection efficiency of the lens! times 
the effective area for the WFM-IS was estimated using MEGAlib simulations. 

The calculated MDP as a function of the energy when observing a 100 mCrab 
source for 100 ks is presented in Fig. 10. As can be seen, for energies < 200 keV the 
NFT presents MDP values ~1%. However, above that energy it starts to substan- 
tially degrade because of the decrease of effective area of the Laue lens. For energies 
above 300 keV the WFM-IS presents a better MDP than the NFT meaning that 
the instruments can complement each other in energy bands. 
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6. Conclusions 


In the next missions for medium energy astrophysics, polarimetry will be a funda- 
mental requirement for the solution of important scientific problems related to the 
nature and geometry of the high energy cosmic sources emission. The ASTENA 
mission, under study as part of the European project AHEAD 2020, thanks to the 
high efficient, fine spectral resolution and high segmentation of the detectors on- 
board will be able to make polarimetry a standard way of observation by definitively 
opening this observation window also in the field of hard X- and soft ^4-rays. 

In this work we presented the results of an ongoing study which aims at a reli- 
able and realistic evaluation of the performance in terms of polarimetry achievable 
with ASTENA, and obtain information for optimizing the design of the detection 
systems. The results show that the NFT will be able to achieve unprecedented po- 
larametric capabilities for energies between 60 - 300 keV, while the WFM-IS will be 
capable to provide polarimetric measurements up to 1 MeV. ASTENA polarimetric 
performances show that such instruments hold the potential to address gamma-ray 
polarimetry with high sensitivity and contribute to expanding this new astrophysics 
knowledge window. 
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Prospect for WHIM detection in the cosmic web by SRG/eROSITA! 
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Hydrodynamical simulations predict that the cosmic web contains the majority of 
the missing baryons in the form of plasma, called the warm-hot intergalactic medium 
(WHIM). However, its direct measurement through X-ray emissions has been prevented 
for decades due to the weak signal and the complex morphology of cosmic filaments. 

We report the first statistical detection of X-ray emission from cosmic web filaments 
with the ROSAT data. We identified more than 15,000 large-scale filaments, spanning 
30-100 Mpc length, in the SDSS survey and statistically detected X-ray emissions from 
the WHIM at 4.2 sigma confidence level using the ROSAT maps. Given this detection, we 
can expect a much more significant detection from SRG/eROSITA and indeed predicted 
the detectability of the WHIM. The prediction shows that stacking ~2000 filaments only 
would lead to a 5e detection with an average gas temperature of the WHIM as low as 
70.3 keV. 


Keywords: Clusters; intracluster medium; large-scale structure of Universe; cosmic back- 
ground radiation 


1. Missing baryon problem 


Recent CMB observations indicate that baryons comprise 4.996 of the total energy 
density of the Universe,? and it is in agreement with the detected baryons at early 
times (z > 2), for example, through measurements of quasar absorption lines. How- 
ever, at late times (z < 2), ~30% of baryons have not been confirmed,’ called the 
^Missing Baryon Problem." Hydrodynamical simulations predict that most of the 
missing baryons are expected to be in the form of hot plasma with the temperature 
range of 105-107 K and density of about 10-100 times the average cosmic value, 
referred to as the warm-hot intergalactic medium (WHIM), and to be located in fila- 
ments between galaxy clusters.^ Therefore, extensive searches have been performed 
for the WHIM with far-UV, X-ray, and the thermal Sunyaev-Zel'dovich (tSZ) effect. 
However, the measurement is difficult because the signal is relatively weak, and the 
morphology of the source is complex. 


2. WHIM detection with ROSAT data 


To probe the WHIM in filaments, we used the filament catalog identified in the 


SDSS spectroscopic galaxies? and the ROSAT X-ray count-rate maps at six energy 
bands in 0.1 — 2.0 keV® *. We stacked the ROSAT maps at the positions of ~15,000 


“http://www.jb.man.ac.uk/research/cosmos/rosat / 
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cosmic filaments (30 to 100 Mpc at 0.2 « z « 0.6) and detected the X-ray emissions 
for the first time at a significance of 4.20 in the energy band of 0.56-1.21 keV (left 
panel in Fig. 1). While no significant detection was found at the other five energy 
bands, this result is predicted by hydrodynamic simulations,^? which suggest that 
the relative contribution of the WHIM to the total CXB peaks at about 0.4-0.9 keV. 

We performed an X-ray spectral analysis with the APEC model for the stacked 
signals at six energy bands and estimated the average gas density and temperature 
at the cores (« 2 Mpc) of the filaments (right panel in Fig. 1). The average central 
gas overdensity was found to be 6 = 30+15, assuming a cylindrical filament with a 
density distribution following a -model with G=2/3. We compared this measure- 
ment with the other statistical tSZ measurement? and found that these results are 
consistent. The average gas temperature was also found to be 00h. keV, and it is 
a bit larger than the tSZ result of ~ 0.1 keV. This difference may imply that the gas 
temperature is higher at the core than at the outskirt, considering that the X-ray 
gas temperature was estimated within ~2 Mpc from the filament spines, whereas 
the tSZ temperature was the average within ~5 Mpc. 
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Fig. 1. Left: Average radial X-ray profile of 15,165 filaments in the energy band of 0.56-1.21 
keV in black with the lo uncertainties in gray. Average radial X-ray profile from 1,000 random 
samplings in cyan. For each random sampling, 15,165 filaments are displaced at random positions 
on the ROSAT map. Right: Excesses of X-ray emission at the cores of 15,165 filaments in the six 
ROSAT energy bands in black. Amplitudes of X-ray emissions from 1,000 random samplings in 
cyan. Fit to the data with the APEC model in red. Ratio of data and model at each energy band 
is shown at the bottom in magenta. 


3. Prospect of WHIM detection with SRG/eROSITA 


A definitive statement on the gas temperature trend in filaments requires higher 
quality data, such as from the ongoing SRG/eROSITA all-sky survey. Therefore, 
we simulated the SRG/eROSITA observation of the X-ray emission from cosmic 
filaments based on the gas density and temperature estimated with the ROSAT 
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data and evaluated its detectability. The result shows that we can expect a ~ 50 
detection by stacking only 100 filaments (left panel in Fig. 2). 

While the detection becomes more challenging when the gas temperature is 
lower, we found that the stacking of ~2,000 filaments would lead to a 5e detection 
of X-ray emission, even with an average gas temperature as low as ~0.3 keV (right 
panel in Fig. 2). 
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Fig. 2. Left: Simulated SRG/eROSITA’s energy spectra from the gas at the cores of the stacked 
10, 100, 1,000, 10,000, and 15,165 filaments in red. The stacked spectra are calculated with over- 
density = 30, temperature = 0.9 keV, and metallicity = 0.2Zo. SRG/eROSITA's Background 
energy spectrum in blue. Right: Signal-to-noise ratios as a function of the number of stacked fil- 
aments are shown in red for “overdensity = 30, temperature = 0.9 keV and metallicity = 0.2Z6 
at 0.5-2.0 keV”, “overdensity = 19, temperature = 0.3 keV and metallicity = 0.2Z@ at 0.3-0.8 
keV", and “overdensity = 19, temperature = 0.1 keV and metallicity = 0.2Z@ at 0.3-0.5 keV”. 
Uncertainties due to the metallicity of (0.2-£0.1)Zc are shown in light red area. Horizontal black 
line indicates a 3c detection line. 
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The first detection of gravitational waves on 2015 with the Advanced LIGO and Ad- 
vanced Virgo interferometers has opened a new observational window in the Universe. 
The last decade has also welcomed decisive discoveries in neutrino astronomy. Expected 
advances of gravitational wave and neutrino detectors by the end of the 2020s will mark 
the start of a golden era of multi-messenger astrophysics. The most promising multi- 
messenger sources in the high-energy sky, e.g. GRBs, AGNs, magnetars, are among the 
main targets for the enhanced X-ray Timing and Polarimetry (eX TP). In this proceeding, 
we describe the possible role of eXTP in the context of multi-messenger astronomy and 
in particular on the synergies with gravitational wave interferometers at the sensitivity 
expected by the end of the twenties. 


Keywords: X-ray sources; gravitational waves; neutrinos; multi-messenger astrophysics. 


1. Introduction 


In the quickly evolving framework of multi-messenger astronomy, two breakthrough 
results have been achieved in the last few years that magnificently show the power 
of combining different “messengers” from the same source as well as the crucial role 
of high-energy observatories. 

On 17 August 2017 a binary neutron star merger (GW170817) has been detected 
with the network of Advanced LIGO (aLIGO,!) and Advanced Virgo (AdV,?) grav- 
itational wave interferometers. The source was found to be spatially and temporally 
coincident with a short Gamma Ray Burst GRB170817.?:^ This association marked 
the first direct evidence that at least a fraction of short GRB progenitors are NS- 
NS mergers. Short GRB progenitor nature so far was based on indirect evidence 
collected in the last 15 years that goes from the lack of any core collapse supernova 
associated with a short GRB to the explosion site within the host galaxy, typically 
far from star forming regions (see? for a review). Both the burst and afterglow 
properties of GRB 170817 were found to be consistent with a significant inclina- 
tion angle of the binary system. In particular, the afterglow properties provided 
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the first empirical evidence of a narrowly collimated jet and allowed to define its 
energy angular distribution.® 7 Another emission component distinguished from the 
afterglow was also detected as a fading opt-NIR source (AT2017gfo)? and identified 
with the theoretically predicted thermal emission (kilonova) powered by the intense 
radioactive decay from instable heavy nuclei freshly-formed during the neutron star 
merger.*? Past kilonova observations where claimed in few short GRBs and their 
identification relied on few data points (e.g.!?). The exceptional high-quality tempo- 
ral and spectral data of AT2017gfo allowed us to study in great details the kilonova 
properties for the first time.!!!? 

The other breakthrough discovery was achieved on 22 September 2017 when a 
high-energy neutrino event was detected with IceCube!? and found to be spatially 
consistent with a gamma-ray emitting blazar at z=0.34 (TXS0506+056). The asso- 
ciation has a confidence level lower than the case of GW/GRB170817 (i.e. 3e) but 
is an important finding that provide crucial hints on the origin of the identified dif- 
fuse flux of astrophysical very-high-energy neutrinos (10 TeV-10 PeV) detected by 
IceCube!4 and the possible role of blazars within most extreme particle accelerators 
in the Universe. 

In the next few years, gravitational wave and neutrino detectors will undergo 
significant upgrades reaching unprecedented sensitivities. À new gravitational wave 
detector located in India (LIGO-India?) will join the current network of second 
generation (2G) interferometers formed by the two aLIGO in the USA, AdV in 
Italy and KAGRA in Japan.!5 16 Both aLIGO and AdV will reach a sensitivity 
larger than the nominal one with the upgraded configurations “A+” and *Virgo4-" 17 
during the fifth observation run (the start of which is currently scheduled for mid 
2025). The completed network will be able to detect neutron star binary mergers 
(the most promising source for an associated electromagnetic counterpart) up to 
330Mpc, with an expected rate of few tens of detections per year (updated to 
the third observation run results).1” By the end of the twenties, major upgrades 
are under consideration for aLIGO in the *Voyager" configuration!? that will test 
some of the key technologies need for the third generation (3G) interferometers as 
the Cosmic Explorer (CE,!?:1?) and Einstein Telescope (ET,?9??) expected to be 
operational by mid-thirties. The “Voyager” configuration will possibly place the 
GW detection rate mid-way between the 2G and 3G detectors by the end of the 
twenties. The 3G detectors will have about one order of magnitude better sensitivity 
than current ones, with an expected rate of compact binary coalescences (CBCs) 
per year of the order of O(10°), up to distances that will cover the peak of star 
formation epoch and far beyond.?? 

Gravitational wave source sky localisation from the interferometer network is 
based on the triangulation method. By the end of the twenties, the completed 
GW detector network will have improved sky localisation capabilities, with average 


?https://dcc.ligo.org/LIGO-M1100296/public 
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uncertainty regions of the order of few tens of square degrees for CBCs.!” At dis- 
tances larger than ~ 100 Mpc, this scenario challenges the identification of the 
electromagnetic counterparts at optical wavelengths due to the large number of 
transient sources expected in such large areas and the incompleteness of galaxy cat- 
alogs above 100 Mpc. On the contrary, the high-energy transient sky is much less 
populated and gamma-ray or X-ray counterparts detected with all sky monitors 
might represent the most suitable way to pinpoint the GW source in the sky. 

The GW source localisation uncertainties strongly depends on the presence of 
a network. This is still uncertain for the 3G interferometers during the thirties. 
A single GW detector such as ET, thanks to its sensitivity at low frequency, is able 
to localize about 100 binary neutron star merger per years within a few tens of square 
degrees up to a redshift of 0.3. These sources are detected before the mergers (some 
of them also few hours before the merger). For a network of detectors including 
ET and CE, the number of well localized events increases of an order of magnitude. 
However, going to large distances the sky-localization becomes of hundreds of square 
degrees for a large majority of events (e.g.,??:?3). Early warnings from GW detectors 
allows ground and space-based telescopes to slew onto the identified sky region 
before the advent of the expected electromagnetic transient emission. Early warning 
alerts of the order of few minutes for the most nearby sources (i.e. NS-NS mergers 
at few tens of Mpc) are planned also for the 2G next observation rune. 

For neutrino detectors, the Km3NeT” in the Mediterrean Sea will provide Ice- 
Cube comparable sensitivites in the Northern Emisphere on the second half of the 
twenties and it will work in synergies with the Gigaton Volume Baikal late neu- 
trino detector. In the Southern Emisphere, IceCube-gen2 will gradually increase 
the current IceCube sensitivity up to one order of magnitude,?? boosting the cur- 
rent astrophysical neutrino detection rate to values that will significantly increase 
the chances to find the electromagnetic counterparts. The neutrino sky localization 
accuracy depends on neutrino flavour, where long tracks topology (for v,) provide 
angular resolution down to 0.1-0.2 deg and a 27 sr sky coverage, while cascade 
topology (for ve and most v.) angular resolution are typically 3-5 deg for the whole 
4r sky, thus still requiring an electromagnetic counterpart and detectors with sky 
localization capabilities better than few arcmin to pinpoint the host galaxy and/or 
identify the source. 

The launch of the enhanced X-ray Timing and Polarimetry mission eX'TP,?6 
currently scheduled by 2027*, coincides with the middle/final stages of the above 
described major upgrades of neutrino and gravitational wave detectors. The recent 
breakthrough results described above, point to the gamma-ray bursts and active 
galactic nuclei among the most promising classes of multi-messenger sources that 
will be observed in the next years. Further promising candidates are represented by 


bhttps : / /emfollow.docs.ligo.org / userguide/earlywarning.html 
*https:/ /www.isdc.unige.ch/extp/ 
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magnetars and core collapsing supernovae. All these sources are among the main 
targets for eX TP and a number of white papers describe all the science we will be 
able to do with eXTP.2” °° The onboard wide field monitor (WFM, 2-50 keV, 3.7 
sr field of view), with few arcmin-scale sky localization capabilities, and two sets 
of focusing telescope arrays with spectroscopic and polarimetric capabilities (SFA 
and PFA), will allow eXTP to play a crucial role in finding and characterizing the 
electromagnetic counterparts of the gravitational wave and neutrino sources by the 
end of the twenties. 

In the following sections we focus on the capabilities of eX TP to observe two 
specific classes of multi-messenger sources: the compact binary coalescences (CBC) 
formed by two neutron stars (NS-NS) or a neutron star and a stellar-mass black 
hole (NS-BH), and core collapsing massive stars (ccSNe). For NS-NS mergers and 
ccSNe, a metastable or stable neutron star remnant may form after the main event. 
Both NS-N/NS-BH and ccSNe, as well as the possible NS remnant, have a number 
of theoretically expected emission components in the electromagnetic spectrum and 
in particular at high energies. 


2. NS-NS/NS-BH mergers 


Several electromagnetic components are expected in the soft/hard X-ray bands af- 
ter the merger phase of coalescing NS-NS/NS-BH systems. A short GRB, possibly 
accompanied by a soft extended emission (see below), is expected soon after the 
coalescence if the observer line of sight lies along the jet axis or within a certain 
angle range that depends on the combination of the source distance, the jet en- 
ergetic angular distribution and the detector sensitivity. The collimated nature of 
gamma-ray emission implies that only a fraction of GW-detected NS-NS/NS-BH can 
be observed as short GRBs. To make a rough estimate, by assuming that all NS- 
NS/NS-BH produce a GRB, the number of GW+GRB detection is f; = (1—c050;.4) 
times lower, where f» can be as low as 0.001 for 0;,, ~ 2—3 deg. Interestingly, recent 
results on the jet structure based on the observation of GRB170817,?! shows that at 
large viewing angles gamma-ray emission get fainter but also softer, thus allowing 
sensitive wide field monitors to cover energies down to a few keV, as eXTP/WFM, 
best suited for detecting the electromagnetic counterpart of most nearby NS-NS/NS- 
BH events that are more likely off-axis. Simultaneous detection of GRB+GW can 
provide a wealth of information on jet launching mechanisms exploiting for in- 
stance the temporal delay between the GRB trigger and the GW detection. Also 
a non-detection of a GRB counterpart can provide useful insights on jet formation 
efficiencies in NS-NS/NS-BH. 

The impact of the jet with the circumburst environment gives rise to an afterglow 
emission that, depending on the viewing angle from the jet axis, it can show an initial 
steep decay followed by a plateau and then a typical t^ * decay (with a ~ 1—2), or an 


dFor GW170817, the short burst was observed 1.7 seconds after the merger epoch.* 
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initial slow rising behaviour followed by a late time power law decay in case of large 
viewing angles. At very late time, e.g. months up to years after the NS-NS/NS-BH 
merger, the impact of the nearly isotropic ejecta of neutron-rich matter released 
during the merger, may eventually produce a mildy-relativistic blast wave from 
which synchrotron radiation could be observed in X-rays (e.g.,?? see also 82.1.3). For 
NS-NS mergers, if a NS remnant is formed, nearly isotropic X-ray emission produced 
from the pulsar nebula might escape if successfully ionizes the surrounding ejecta 
of matter released during the merger. Such non-thermal X-ray emission is expected 
on timescales of the order of days for certain values of the pulsar magnetic field and 
ejecta mass and with luminosities up to ^ 5 x 1044 erg s-1,55,34 

We will see in the next sections how eXTP will play an important role in de- 
tecting these high-energy components, significantly contributing to multi-messenger 
observational campaigns by the end of the twenties. 


2.1. eXTP and GRB 170817-like sources 


In this section we present preliminary results from data simulations of X-ray emis- 
sion from a GRB170817-like source observed with eX'TP. For these simulations we 
used calibration files released by March 2021 and the data analysis software package 
XSPECv12.10.?* 


2.1.1. Prompt emission 


GRB 170817 is so far the only short GRB that has been associated with a NS- 
NS merger system detected through GW emission (see $81). Despite a high-energy 
signal rather typical for short GRBs, with duration of ~ 2s and peak photon flux of 
3.70.9 ph cm7? s^! in the 10-1000 keV band,?Ó given the very small distance of the 
source (~ 40 Mpc;?), the isotropic equivalent luminosity Liso = 1.6 x 1047 erg s7137 
is several orders of magnitude lower than the average value for short GRBs (~ 10°? 
erg s^ 1, see e.g.38). According to Goldstein et al.,?9 the burst spectrum is best fitted 
by a power-law model with exponential cut-off f(E) = A(E/ Eg)*e- FQ*o)/E» in the 
first 0.6 s, with a = —0.62+0.40, peak energy? Ep = 18562 keV, 10-1000 keV flux 
(3.12: 0.7) x 1077 erg cm"? s^! and fluence (1.8-- 0.4) x 1077 erg cm ?. During the 
tail of the burst, the spectrum is best fitted by a black-body with KT=(10.3 + 1.5) 
keV, flux (0.5+0.1) x 1077 erg cm? s^! and fluence (0.61 +0.12) x 1077 erg cm~? 
in the 10-1000 keV. By using these best-fit models, and introducing photoelectric 
absorption with equivalent hydrogen column density! Ng = 7.5 x 1079 cm- 2,96 we 
perform simulations of eX TP/WFM observations of the main burst in the 2-50 keV 
energy band and find that a GRB 170817-like burst at the same distance could be 


©The peak energy is the cut-off energy multiplied by (a + 2) 
fbased on the host galaxy NGC4993 dust extinction Ay — 0.338 
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confidently detected (~ 7o) during the first 0.6 s, if spectral parameters were at 
the lo soft side of the error margins, confirming past results." We estimate that a 
GRB170817-like source could be detectable with eXTP/WFM under this spectral 
assumption up to about 70 Mpc. 


log ( fluXo.3 - 10kev ) [cgs] 


—14.8 4 ——— GRB 170817 X-ray afterglow (Hajela+2021) 
==- eXTP/SFA sensitivity (10ks) 


T T T 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 
log ( t-tcag170817 ) [days] 


Fig. l. X-ray (0.3-10 keV) flux of the short GRB 170817 afterglow that was associated with a 
NS-NS merger progenitor. Data are from Hajela et al. 2021 and references therein. The eX TP/SFA 
sensitivity will allow us to monitor a similar source from the very first phases up to the late ones, 
providing accurate sky localization. Horizontal line indicates the eXTP/SFA sensitivity for 10 ks 
of exposure from Zhang et al. 2016 and? computed in the 0.3-10 keV by assuming an absorbed 
power law model with phton index T = 1.7 and Ng = 5 x 102° cm-?. 


2.1.2. Afterglow emission 


'The X-ray afterglow emission of GRB 170817 was detected with Chandra only 9 days 
after the merger as a faint source spatially coincident with the optical counterpart 
AT2017gfo and with flux ~ 5 x 10715 erg cm"? s^! (0.3-10 keV,??). GRB170817 
X-ray afterglow showed a slow rising behaviour that reached a peak of the emission 
after 100 days, with X-ray peak flux of a few 10714 erg cm~? s-! (see Fig. 1). The 
overall properties of GRB170817 are in good agreement with the predictions for a 
GRB observed with a large inclination angle (~ 20 — 40 deg) with respect to the jet 
axis. Given the eXTP/SFA sensitivities by assuming 10 ks of exposure (~ 2 x 10715 
in the 2-10 keV energy band and ~ 5x 10716 in the 0.5-2 keV energy band, see Zhang 
et al. 2016), an X-ray afterglow of a GRB 170817-like source could be observed at 
almost all epochs, if accurate source sky localization is provided. The light curve 
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long monitoring provided by eXTP/SFA is crucial to disentangle among different jet 
structure modellings that in turn encode the physics of jet formation and launching 
mechanisms in GRBs. 


2.1.3. Very late time X-ray emission 


Currently, the X-ray emission of GRB 170817 is still detectable and shows an in- 
triguing possible rebrightening phase 4 years after the merger epoch.? Among the 
possible interpretations, this rebrightening could be the evidence of the theoreti- 
cally predicted non-thermal emission produced by the impact of the kilonova ejecta 
into the circumburst medium,?? ^ though other interpretations are under investi- 
gations.4? Measured spectrum during this phase assuming a power-law model, has 
photon index T = 1.6 and an integrated flux of 2.5 x 10714 erg cm7? s^! in the 
0.3-10 keV energy range.?? We find that by assuming the spectral parameters pro- 
vided by,?? such late time X-ray emission could be detected with eXTP/SFA at 
more than 5c level with 20 ks of exposure. 


œ eXTP/WFM(2-50keV) Spike *9- eXTP/WFM (2-50keV) EE 
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Fig. 2. Detection significance of a sample of short GRB spikes (blue) with Extended Emission 
(EE, orange). The x-axis shows the short GRB names, where the last 8 has measured redshift and 
cover a range from z=0.125 for GRB060614 to z=2.31 for GRB070506. 


2.2. Short GRB with Extended Emission 


An interesting perspective that potentially can increase the simultaneous GRB+GW 
detection is represented by the subclass of short GRBs that, following the main 
spike with hard spectral properties, show a prolongued softer and fainter Extended 
Emission (EE) that lasts after few tens of seconds.?? ^6 The fraction of short GRBs 
with EE is still very uncertain and from high-energy detector catalogues range from 
~ 2 — 20%. However, recent studies over a large sample of short GRBs detected 
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with the coded mask telescope onboard the Neil Gehrels Swift Observatory (Swift, 
hereafter,*”) and for which the X-ray telescope (XRT) observations could start 
during the EE, showed that providing a spectral coverage down to sof X-rays (i.e. 
~ few keV), the fraction of short GRBs with EE can be as high as 50% or more.*® 
Among the possible hypothesis on the origin of the extended emission there is the 
presence of a magnetar formed soon after the merger of two neutron stars.?9:?0 
'The important consequence in this case is that the extended emission component 
is expected to have a much lower degree of collimation with respect to the main 
spike that characterizes the short GRB.?*?? If so, the EE detection rate can be 
in principle higher than short GRBs, making wide field monitors sensitive to the 
X-ray band as eXTP/WFM best suited to detect the electromagnetic counterparts 
of a potentially large fraction of NS-NS mergers. 

We simulate 5 short GRB with EE with measured spectral parameters from 
Fermi/GBM and Swift/BAT joint analysis plus 8 short GRB with EE observed 
with Swift/BAT with known redshift. We take best fit parameters from Kaneko 
et al.^^ For these simulations we used calibration files released by March 2021 and 
the data analysis software package XSPECv12.10.?? We find that EE component is 
always detected with eXTP/WFM and in most cases with better significance than 
the hard spike (see Figure 2). 


2.3. Polarisation of GRB jets 
2.3.1. The prompt emission 


Despite the fact that GRBs have been observed more than forty years, the basic 
properties of the GRB jets are not yet constrained. We still can not discriminate 
baryonic jets?':5? from ones dominated by the Poynting flux°*:°4 by only analysing 
the spectral and temporal properties of short lasting prompt emission pulses (70.1 
s) at the keV-MeV energy range (see?? and? for a review). We also do not have a 
clear understanding of the dissipation processes that lead to the GRB production. 
Our knowledge is limited by the lack of an interpretation of the GRB spectra which 
are typically modelled by the two broken power laws smoothly connected at ^ 
200 keV for LGRBs and at higher energies for SGRBs.?* The observed spectra are 
too narrow to fit the fast cooling synchrotron radiation model and they are too 
broad compared with the simple thermal emission.°”°* The absence of a single and 
straightforward emission mechanism to explain the typical GRB spectra has left us 
with big number of diverse physical models that correspond to very different GRB 
jet models. We can roughly classify the GRB production models by their dissipation 
side. The “standard” model assumes that the prompt emission is produced above 
the jet photosphere by the synchrotron emission of the non-thermal electrons that 
are produced by the internal shocks.9?:99 The “expected” parameters of the internal 
shocks model return fast cooling regime of the synchrotron radiation to dominate in 
the prompt phase, however it contradicts the observed values of the photon indices 
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at the low energies.?? Other class of models assume that the dissipation of the jet 
takes the place below the jet photosphere via the radiation dominated shocks.®! ©? 
'The complex nature of the formation of the final spectrum via many Compton 
scatterings allows to produce spectra much broader than a simple thermal ones, thus 
close to the observed GRB spectra. However, it remains quite challenging to explain 
the observed variability, the power law structure of the high energy tail of the GRB 
spectra and the long lasting X-ray tails of the GRB pulses in these models.9? There 
are numerous effects that can modify the spectral expectations from internal shocks 
model or any other optically thin synchrotron sources (e.g. non-thermal particles 
from magnetic re-connection), including the anisotropy of electron's pitch angles 
or presence of an external source of photons (seet for a brief review). While all 
these models could explain some of the observed GRB spectra, or at least partially 
(at the low or the high energy part), their prediction on the level of polarisation 
and the evolution of the polarisation angle is quite different, also depending on the 
structure of the local magnetic field (sec? for a review). Therefore, the polarisation 
measure of the prompt phase is crucial for discriminating among GRB jet models 
including the acceleration processes (the magnetic field orientation). 

So far the attempts to measure the GRB polarisation over short time-scales 
in the soft y-rays returned inconclusive results due to contradictions between in- 
struments and methods of data reduction performed by the Gamma-Ray Burst 
Polarimeter (GAP) (Yonetoku et al. 2011), POLAR, 96 and the Astrosat CZTI® in- 
struments. The future y-ray polarimeters, such as POLAR-2, LEAP and SPHiNX, 
have the capabilities to improve the polarisation measure accuracy of the prompt 
emission phase. However, measuring the polarization in the X-rays is equally inter- 
esting and has its own advantages. While the prompt emission pulses are very short 
in the soft ?-rays, we do observe regularly their tails (X-ray steep decay phase) for 
much longer time (100-1000 s) in 0.3-10 keV thanks to Swift/XRT. The X-ray steep 
decay is quite bright and starts at ~ 107" ergs~!cm~? at the peak of the prompt 
pulse and drops in two orders of magnitude in 100-1000 s. T'his phase is modelled as 
remnant of the prompt emission, i.e. the emission we observe when the GRB pulse is 
diminished at the jet co-moving frame.68 Recently, it was demonstrated that X-ray 
steep decay is the lower energy prompt emission originated by the adiabatically 
cooling jet after its heat source is switched off.°? Measuring X-ray polarization in 
the steep decay phase by the Polarimetry Focusing array (PFA) onboard eXTP 
would be a direct probe of the prompt emission polarisation (see'?). The sensi- 
tivity of PFA is enough to constrain the linear polarisation degree for exposures 
of 100-1000 s given the extraordinary brightness of the X-ray steep decay phase. 
It requires a precise sky localisation of each detected GRB by the wide field y or 
X-ray instruments, comparable with the extremely narrow FoV of PFA. The locali- 
sation level of arcminutes are expected to be provided by the eXTP/WF™M and also 
by the next generation nano-satellite detectors such as HERMES."! Therefore, the 
prompt communication between eXTP instruments and advanced networks of y-ray 
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telescopes could provide a unique tool to study early X-ray polarisation. The pres- 
ence of precursors and the quiescent periods in the temporal structure of LGRBs 
could be useful to send early trigger to detect bright X-ray counterparts of GRBs 
by PFA. 

While Swift/XRT has been able to detect the steep decay phase of LGRBs, 
it is still technically challenging to promptly slew in the case of SGRBs. Given 
the spectral differences between long and short GRBs, one would expect physical 
differences between their jets and the dissipation processes. Therefore, the early 
detection of the X-ray emission from SGRBs and the measurement of its polarisation 
is of a great interest. The early warning and localisation of GWs prior to the BNS 
merger by the next generation GW detectors, such as the Einstein Telescope,’ 
could be a unique trigger for the detection of the early X-ray polarisation of the the 
tail of the prompt emission from SGRBs. 


2.3.2. The afterglow emission 


Although we have very little knowledge on the physics of the prompt emission pro- 
duction, GRB afterglow emission (lasting for days) has a quite convincing interpre- 
tation. It is widely accepted that the dissipation of the GRB jet in the circumburst 
medium via shocks produces afterglow emission.7? 7? There have been several indi- 
cations of detection of the linear polarisation in the late afterglow emission at the 
level of few percent/Ó and a detection of circular polarisation in the afterglow of 
GRB 121024A."* The linear polarisation of level of few percent has been found at 
very early times,"? when the emission is dominated by the reverse shock propagating 
into the GRB jet ejecta. Thus these measurements result to be essential for probing 
the shock physics by constraining the orientation of the magnetic field relative to 
the bulk motion, as well as for understanding the nature of the GRB jet by itself 
(reverse shock). Furthermore, nearby GRB sources can be detected off-axis, as the 
multi-messenger event of GW 170817/GRB 1708174. An upper limit of 12 percent 
in the linear polarisation at 2.8 GHz was obtained 244 days after the binary neutron 
star merger."? This upper limit allowed us to establish that the magnetic field has 
a finite parallel component, calling for turbulence amplified magnetic field in the 
external shock.®° 

X-ray domain in the physics of the GRB afterglow has a special importance 
for the following reasons. While the radio, optical and Very High Energy emissions 
in the afterglow phase are typically consistent with the standard external shocks 
model, Swift has discovered, that roughly half of the X-ray afterglow emission de- 
viated from the standard forward shock emission, showing a long lasting (up to 
~ 10* s) plateau phase, which is characterised by nearly constant flux. The X-ray 
plateau emission is can be produced by the additional energy input from the GRB 
central engine (e.g. newborn magnetar)9? or it can be caused by the viewing an- 
gle effects?! 
case, the measure of the polarisation would be essential for constraining the physics 


or by the delayed prompt emission from the jet wings.??^*? In either 
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of this mysterious GRB phase, simply because the polarisation would probe the 
structure of the magnetic field of the emission surface. From the observational per- 
spective, the plateau phase has some advantages; it appears later compared to the 
steep decay phase giving more time to slew on, lasts longer (~ 10* s), it is relatively 
bright (~ 1079 ergs^! cm7? comparable with the PFA sensitivity) and with ab- 
sence of significant spectral evolution, which could remove polarisation. In the era 
of the Einstein Telescope, it would be also possible to constrain the BNS postmerger 
signal for relatively nearby sources. Combining the information from the BNS post- 
merger signals together with the X-ray polarisation from the plateau phase will be 
extremely powerful to shed light on our understanding of the origin of the central 
engine powering SGRBs. 

Another intriguing possibility to probe the prompt emission is to measure the 
polarisation of the late-time X-ray flares. Swift has discovered numerous X-ray flares 
superimposed to the afterglow emission.*4 These flares appear up to 10? s after the 
GRB detection and their variability suggests their internal nature, i.e. they could 
be hardly produced by the external shocks. Therefore, they are often interpreted 
as late-time prompt emission. Their late-time appearance and relative brightness 
increases the chances for PFA to measure their linear polarisation,*? thus providing 
complementary observations to the the next generation y-ray polarimeters. From 
one side, the X-ray flares polarisation measurements would probe the prompt emis- 
sion zone, and on the other side, the comparison between the polarisation measure- 
ments at early times in y-rays and at late times in X-rays would finally help us to 
establish the nature of the late time X-ray activity. 


3. Core collapse supernovae and magnetars 


Core collapse supernovae (ccSNe) have been claimed as another potential class 


86-88 as well as neutrino sources,5?? 


of high-frequency gravitational wave sources, 
that current and/or future ground-based GW detectors and neutrino detectors may 
reveal in the next years. The ccSNe energy output transferred with GWs however is 
still very uncertain depending on the rather unnown explosion mechanism. Recent 
modelling contraints on possible GW energy values, obtained from a search of GW 
transients associated with optically detected ccSNe within ~ 20 Mpc during the first 
two observational runs of aLIGO and AdV (between 2015 and 2017), suggest that 
ccSNe GW detection may happen in the next years for sources up to few tens of Mpc 
in a few, very optimistic scenarios.?? The GW signal detection from ccSNe, possibly 
combined with neutrinos detection, represents a unique opportunity to probe the 
inner dynamics inaccessible to electromagnetic observations. The electromagnetic 
counterpart of ccSNe plays a key role in allowing to confirm or discard the likely 
very faint GW signal by providing a precise sky localization and an estimate of the 
epoch of the explosion. 

At high-energies, the best GW-detected ccSNe electromagnetic counterparts 
would be the typical long GRBs due to their brightness and the expected temporal 
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proximity to the epoch of the GW burst originating from the core collapse. The rate 
of typical long GRBs, however, is expected to be extremely low due to the small 
fraction of ccSNe known to be associated with such energetic events (only about 
few 96, e.g.?!), and to the combination of the GRB collimated nature and the short 
distances that GW detectors may reach for this type of burst signals. However, a 
subclass of anomalously faint and soft long GRBs, named Low Luminosity GRBs 
(LLGRBs), have been suggested to represent a distincted class of long GRBs that 
populate the local Universe at a much higher rate (up to 10? times the typical 
long GRBs). The redshift distribution of LLGRBs detected so far is well below 
1, where the most nearby was detected at z—0.0085 (37 Mpc).°? These properties 
make LLGRBs an interesting class of sources that may enhance the chances of si- 
multaneous detection with GWs with high-energy wide field monitors. LLGRBs are 
also softer than typical long GRBs and this highlight the role of wide field mon- 
itors with peak sensitivity between few to few tens of keV as eXTP/WFM. We 
simulated how eXTP/WFM would detect GRB 060218, a typical LLGRB observed 
with Swift/BAT. This was a close GRB at 139 Mpc showing an unusual long and 
soft burst, with duration 2740s.?? The burst was best fitted by a simple power law 
spectrum in the 15-150 keV with photon index T = 2.5 + 0.1, fluence of 5.8 x 1079 
erg cm? and peak flux 2 x 107? erg cm? s^!. By simulating with XSPECv12.0 
the eXTP/WFM observations using the most recent calibration files we find that 
with 1ks of exposure this burst could have been clearly detected with significance 
of ~ 40 c. 

Another electromagnetic counterpart at high-energy is represented by the X-ray 
emission from the ccSNe shock breakout (SBO). The advantage of such component 
with respect to LLGRBs is that it is thought to be not collimated. However, the 
SBO phenomenology lack of statistics so far, with only one event observed (XRO 
080109/SN2008D,°*). The 0.3-10 keV spectrum of XRO080109 was consistent with 
a power law with photon index T = 2.3 + 0.3, equivalent hydrogen column density 
Ng = 6.8:1$ x 10?! cm~? and peak flux of 7 x 1071? erg s^! cm-?.9^ Such low 
fluxes could not had been detected by the majority of current wide field monitors. 
Indeed, its discovery happened serendipitously by falling within the Swift/XRT field 
of view while performing a follow-up campaign of another source in the very same 
galaxy. By assuming the best fit spectral model of XRO080109, very preliminary 
simulations with eXTP/WFM with 400 s of exposure show that this source would 
not be detected, confining the SBO detection with eXTP/WFM within our Galaxy. 


4. Conclusions 


'The eXTP expected launch date and lifetime are timely for a full synergy with 
upgraded second generation GW detectors and with next generation neutrino detec- 
tors. Among the most promising multimessenger sources there are the compact bi- 
nary mergers from which the high-energy electromagnetic counterpart is expected in 
the form of short GRBs and their afterglows and possibly additional X-ray emission, 
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yet to be confirmed, as from the impact of the kilonova with the circumburst 
medium. We have shown how eXTP/WFM can observe short GRBs, including 
the “Extended emission” observed in a fraction of short GRBs. The eXTP/SFA 
could have monitored almost all the evolution of the associated X-ray afterglow of 
GRB 170817 up to very late times and the eXTP/WFM detect the soft compo- 
nent of the prompt emission up to 70 Mpc. Both neutrino and GW are expected 
from cc-SNe, a subclass of which is the progenitor of long GRBs and in particular 
of the much more numerous low luminosity GRBs that are populating the nearby 
Universe. eXTP/WFM can play a crucial role in detecting the associated GRB 
and providing accurate burst timing and sky localization that will help in refining 
GW /neutrino event detection confidence and parameter estimation. In particular, 
the eXTP/WFM sky localization will allow us to trigger follow-up campaigns by 
next generation facilities as ELT, SKA, CTA, etc. to characterize GW sources with 
unprecedented sensitivities. eXTP/SPA is capable to detect the GRB prompt and 
afterglow emission polarisation to disentangle among different jet launching mech- 
anisms as well as to shed light on the nature of the late time activity observed in 
the X-ray afterglow of several events. 
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Abstract—The CALorimetric Electron Telescope CALET is collecting science data on 
the International Space Station since October 2015 with excellent and continuous perfor- 
mance. Energy is measured with a deep homogeneous calorimeter (1.2 nuclear interaction 
lengths, 27 radiation lengths) preceded by an imaging pre-shower (3 radiation lengths, 
1mm granularity) providing tracking and 1075 electron/proton discrimination. Two in- 
dependent sub-systems identify the charge Z of the incident particle from proton to iron 
and above (Z<40). CALET measures the cosmic-ray electron+positron flux up to 20 
'TeV, gamma rays up to 10 TeV, and nuclei up to 1 PeV. In this paper, we report the 
on-orbit performance of the instrument and summarize the main results obtained during 
the first 5 years of operation, including the electron--positron energy spectrum and the 
individual spectra of protons, heavier nuclei and iron. Solar modulation and gamma-ray 
observations are also concisely reported, as well as transient phenomena and the search 
for gravitational wave counterparts. 


Keywords: Cosmic rays; high energy astrophysics; space-borne experiments. 


1. INTRODUCTION 


CALET is a cosmic-ray experiment designed for long-term observations of charged 
and neutral cosmic radiation on the ISS. The instrument is managed by an inter- 
national collaboration led by the Japanese Space Agency (JAXA) with the partic- 
ipation of the Italian Space Agency (ASI) and NASA. It was launched on August 
19, 2015 with the Japanese carrier H-IIB, delivered to the ISS by the HTV-5 Trans- 
fer Vehicle, and installed on the Japanese Experiment Module Exposure Facility 
(JEM-EF). The science program of CALET addresses several outstanding ques- 
tions of high-energy astroparticle physics including the origin of cosmic rays (CR), 
the possible presence of nearby astrophysical CR sources, the acceleration and prop- 
agation of primary and secondary elements in the galaxy, and the nature of dark 
matter. The design of CALET is optimised for high precision measurements of the 
electron--positron spectrum with an accurate scan of the energy interval already 
covered by previous experiments and its extension to the region above 1 TeV. Given 
the high energy resolution of CALET for electrons, a detailed study of the spectral 
shape might reveal the presence of nearby sources of acceleration as well as possible 
indirect signatures of dark matter.? 

With its individual element resolution in the charge identification of cosmic 
rays, CALET is also carrying out direct measurements of the spectra and relative 
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abundances of light and heavy cosmic nuclei^^ from proton to iron, in the energy 
interval from ~ 50 GeV (10 GeV /n) for the lighter (heavier) nuclei to several hun- 
dred TeV. The abundances of the rare CR trans-iron elements up to Z~ 40 are 
studied with a dedicated program of long term observations.? 


2. THE CALET INSTRUMENT 


The CALET main telescope is an all-calorimetric instrument comprised of three 
sub-detectors. The CHarge Detector (CHD) is positioned at the top of the ap- 
paratus and consists of a two layered hodoscope of plastic scintillators paddles (14 
paddles per layer). It performs the charge identification of individual nuclear species, 
providing a measurement of the charge Z of the incident particle over a wide dy- 
namic range (from Z = 1 up to Z = 40).® The IMaging Calorimeter (IMC) is a fine 
grained sampling calorimeter, segmented longitudinally into 16 layers of scintillat- 
ing fibers (with 1 mm? 
in pairs along orthogonal directions. Each pair is interleaved with thin tungsten 
absorbers (for a total thickness of 3 Xo). It reconstructs the early shower profile 
and the impinging particle trajectory with good angular resolution, while providing 
also a redundant charge measurement.! The third detector is the Total AbSorption 
Calorimeter ((TASC), an homogeneous calorimeter with 12 layers of lead-tungstate 
(PWO) logs arranged in pairs along orthogonal directions. With its 27 Xo thickness 
and shower imaging capability, it measures electrons and gamma-rays with an ex- 


square cross-section), read out individually and arranged 


cellent energy resolution, providing high discrimination against hadronic cascades. 
The total thickness of the main telescope is equivalent to 30 Xo and 1.3 proton 
interaction lengths (Aj), the geometrical factor is 0.12 m? sr. A more detailed de- 
scription of the instrument can be found in Ref. 7 and in the Supplemental Material 
(SM) of Ref. 9. 


3. FLIGHT OPERATIONS AND CALIBRATIONS 


The commissioning of CALET aboard the ISS was successfully completed at the 
beginning of October 2015. Since then, the instrument has been taking science 
data continuously with no significant interruptions.? The on-orbit operations are 
controlled via the JAXA Ground Support Equipment (JAXA-GSE) in Tsukuba by 
the Waseda CALET Operations Center (WCOC) at Waseda University, Tokyo. 

As of April 30, 2021 a total observation time of more than 2027 days was in- 
tegrated with a live time fraction ~85% of the total time, and ~2.7 billion events 
collected above 1 GeV. The exposure with the high-energy (HE) trigger mode, de- 
signed to maximize the collection power for electrons above 10 GeV, and other 
high-energy shower events was ~ 178 m? sr day. 

Energy calibrations of each channel of CHD, IMC, and TASC is performed 
with penetrating proton and He particles selected in-flight by a dedicated trigger 
mode. Raw signals are corrected for light output non-uniformity, gain differences 
among the channels, position and temperature dependence, as well as temporal 
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gain variations.^? Correlations among the four gain ranges for each TASC channel 
are calibrated with flight data, and responses from consecutive ranges are linked to- 
gether to provide a seamless transition. In this way, a dynamic range spanning more 
than six orders of magnitude is achieved, allowing observations from one minimum 
ionizing particle to 1 PeV showers. 


4. COSMIC-RAY DIRECT MEASUREMENTS WITH CALET 
ON THE ISS 


4.1. The Electron Spectrum 


The CALET collaboration reported their first measurement of the inclusive elec- 
tron+positron spectrum in the energy range from 10 GeV to 3 TeV (Ref. 9) within 
a fiducial subset of the acceptance. Soon after, the DArk Matter Particle Explorer 
(DAMPE) collaboration published their all-electron spectrum in the energy interval 
from 25 GeV to 4.6 TeV (Ref. 10). 

The latter publication was followed by a number of papers speculating about the 
origin of a possible peak-like structure near 1.4 TeV in DAMPE data. An updated 
version of the CALET all-electron spectrum was published, covering the energy 
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Fig. 1. Direct measurements of the electron + positron flux by space-borne experiments includ- 
ing,10:1112-14 and from ground-based experiments.!5:16 The CALET 2018 data!! are shown as 
red filled circles in the energy interval 11 GeV to 4.8 TeV. The width of each bin is shown as a 
horizontal bar, statistical errors as vertical bars. The gray band indicates the quadratic sum of 
statistical and systematic errors (not including the uncertainty on the energy scale). 
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range from 11 GeV to 4.8 TeV (Ref. 11) with 780 days of flight data and the full 
geometrical acceptance. It reported a new analysis with doubled statistics at E> 
475 GeV and included one additional energy bin between 3 and 4.8 TeV (Figure 1). 
'The width of each bin is shown as a horizontal bar, the statistical errors as vertical 
bars, while the gray band is representative of the quadratic sum of statistic and 
systematic errors. A comprehensive study of the systematic uncertainties was per- 
formed as described in Refs. 9, 11 and Supplemental Material therein. A constant 
electron identification efficiency of 7096 was achieved above 30 GeV, with a proton 
contamination level of 2-596 below 1 TeV and ~10-20% above. 

Taking the currently available experimental data at face-value, we notice that 
the all-electron spectrum data seem to fork into two groups of measurements: AMS- 
02 + CALET and Fermi/LAT + DAMPE, with good consistency within each group, 
but with only marginal overlap between the two, possibly indicating the presence of 
unknown systematic errors. The CALET spectrum is consistent with AMS-02 be- 
low ~1TeV where both experiments have a good electron identification capability 
albeit using different detection techniques. CALET observation of a flux suppres- 
sion above ~1TeV is consistent with DAMPE within errors. No peak-like structure 
was found at 1.4 TeV in CALET data, irrespective of the energy binning. After 
re-binning with the same set of energy bins as DAMPE, an inconsistency between 
the two measurements emerged!! with a 4 c significance, the latter including the 
systematic errors quoted by both experiments. 

New results on the analysis of electrons based on the first five years of CALET 
observations will be presented at the upcoming ICRC2021 conference. 


4.2. The Proton Spectrum 


Cosmic-ray energies from the GeV scale to the multi-TeV region have been explored 
— in separate subranges — by magnetic spectrometers (e.g., BESS- TeV, PAMELA, 
and AMS-02), calorimeters (e.g., ATIC, CREAM, NUCLEON, and DAMPE) and 
Cherenkov / Transition Radiation instruments (e.g., TRACER). In the interme- 
diate energy region from 200 GeV to 800 GeV a deviation from a single power- 
law (SPL) was observed in both proton and helium spectra by CREAM,!7!9 
PAMELA?2?.?! and confirmed with high statistics measurements by AMS-02,?? 
CALET,?? and DAMPE.”4 

The first proton paper published by CALET?? reported a proton flux measure- 
ment where, for the first time, a single space-borne instrument was able to cover 
the whole interval of proton energies from 50 GeV to 10 TeV thanks to its large 
dynamic range. The proton flux was extracted from the data collected from October 
13, 2015 to August 31, 2018 (1054 days) on the ISS using only 4096 of the total ac- 
ceptance. A detailed study of the systematic uncertainties was reported in the same 
paper and in the Supplementary Material therein.?? This is of particular relevance 
because CR flux measurements are well known to be affected by relatively large 
systematic errors, often specific of each instrument. CALET proton data (Fig. 2) 
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Fig. 2. Cosmic-ray proton spectrum measured by CALET from 50 GeV to 10 TeV published in 
Ref. 23. The gray band indicates the quadratic sum of statistical and systematic errors. 


are consistent with AMS-02 but extend to higher energies by nearly one order of 
magnitude, showing a very smooth transition of the spectral index from —2.81 +0.03 
(in the region 50-500 GeV) to —2.56 + 0.04 (in 1-10 TeV), thereby confirming the 
existence of a spectral hardening and providing evidence of a deviation from a single 
power law by more than 3c. 

An update of CALET proton analysis, based on 5 years of data on the ISS, 
will be presented at the upcoming ICRC2021 conference together with preliminary 
results on the helium flux. 


4.3. The Spectra of Heavier Nuclei 


The observation of a spectral hardening in proton and helium, as well as in carbon 
and oxygen spectra,!9:20.22.25.26 have opened a new and unexpected scenario in 
CR phenomenology. In particular, the high statistics observations by AMS-02, up 
to a maximum detectable rigidity (MDR) of a few TV, clearly show that primary 
elements have a very similar rigidity dependence above ~60 GV and that secondary 
elements (like Li, Be and B) also show a flux hardening, though with subtle differ- 
ences that might be attributed to propagation effects (secondaries propagate first 
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as primaries and then as secondaries). Therefore, it is very important to extend 
the presently available measurements to the multi-TeV region and investigate the 
energy dependence of the spectral index for individual nuclear species with high 
accuracy. CALET is carrying out extensive measurements of the energy spectra, 
relative abundances and secondary-to-primary ratios of cosmic-ray nuclei. 

Preliminary CALET results on the B/C ratio and on the spectra of heavier 
nuclei from neon to iron (Fig. 3) were previously reported (see for instance Refs. 4, 
27, 28). In the following we will focus on the CALET published spectra of C, O 
and Fe. 
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Fig. 3. Preliminary results of energy spectra of heavy primary components of Ne, Mg, Si, S, Ca 
and Fe as a function of energy par particle compared with previous observations. The Error bars 
of CALET data?? represent the statistical uncertainty only. 


4.4. Carbon and Oxygen Spectra 


The energy spectra of carbon and oxygen and their flux ratio were measured by 
CALET in the energy range from 10 GeV /n to 2.2 TeV /n and published in Ref. 29. 
CALET observations (Fig. 4) allow to exclude a single power law spectrum for C 
and O at the level of more than 3c. A spectral index increase (spectrum flattening) 
Ay = 0.166 + 0.042 (carbon) and Ay = 0.158 + 0.053 (oxygen) were measured 
above 200 GeV /n, respectively. The fluxes of C and O were found to share the same 
energy dependence with a constant C/O flux ratio 0.911 + 0.006 above 25 GeV /n. 
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While the above results are consistent with the ones reported by AMS-02 for the 
same elements, the absolute normalization of CALET data is significantly lower 
than AMS-02, but in agreement with previous experiments (including PAMELA for 
carbon). For more details please refer to Ref. 29 and the Supplementary Material 
therein. 


m [. (a)Carbon H 
3 95-7 m CALET i 
2 C — Fit with DPL H 
e 30 [į ---Fitwith SPL, extrapolation with Ay=0 ; 
o E : 
$5 25— 
ko C 
E [- 
S 20[- 
iL E 
x = i $ à $ 
qd, 15[— 
du "^r 


* 35 (b) Oxygen ; 

Š C m CALET i 

[7] [ — Fit with DPL : 

© 30 [— --- Fit with SPL, extrapolation with Ay=0 : Ay 
o m 

$5 25|— 

n E 

E E 

FED : 

E Et : 

x H à i 

Ue Cc s 

jd a ; 

Gu ‘ po E r n Err) . : 
10 10? o? 


Kinetic Energy [GeV/n] 


Fig. 4. Fit of the CALET (a) C and (b) O energy spectra?? with a Double Power Law (DPL) 
function (blue line) in the energy range [25, 2000] GeV /n. The flux is multiplied by E?" where E is 
the kinetic energy per nucleon. Error bars are the sum in quadrature of statistical and systematic 
uncertainties. The dashed blue lines represent the extrapolation of an Single Power Law function 
fitted to the data in the energy range [25, 200] GeV /n. Ay is the spectral index change above the 
transition energy Eo (vertical green dashed line). The green band shows the uncertainty error on 
Eo from the DPL fit. 


4.5. The Iron Spectrum 


In a recent paper,?? the CALET collaboration reported their first measurement of 
the energy spectrum of cosmic-ray iron from 10 GeV /n to 2.0 TeV /n. 
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Fig. 5. CALET iron flux?? as a function of kinetic energy per nucleon in GeV (with multiplica- 
tive factor E?9). The error bars of the CALET data (red filled circles) represent the statistical 
uncertainty only. The yellow band indicates the quadrature sum of systematic errors, while the 


green band indicates the quadrature sum of statistical and systematic errors. Also plotted are the 


data points from other direct measurements.?!- 39 


'The analysis is based on 4.4 years of observations and the measurement achieves 
a significantly better precision than most of the existing measurements of the same 
element. The CALET iron differential spectrum in kinetic energy per nucleon is 
shown in Fig. 5, where uncertainties including statistical and systematic errors are 
bounded within a green band. The spectrum is compared with the results from 
space-based (HEAO3-C2,?! CRN,?? AMS 02,33 NUCLEON**) and balloon-borne 
experiments (ATIC-02,°° TRACER,°° CREAM-IL?" Sanriku?), as well as ground- 
based observations (H.E.S.S.3°). The CALET spectrum is consistent with ATIC 02 
and TRACER at low energy and with CRN and HESS at high energy. CALET 
and NUCLEON iron spectra have similar shapes, while they differ in the absolute 
normalization of the flux. The latter turns out to be higher for CALET than for 
CRN by ~10% on average, while it is lower by 14% with respect to Sanriku. CALET 
and AMS-02 iron spectra have a very similar shape (Fig. $12 of the Supplemental 
Material of Ref. 30), but differ in the absolute normalization of the flux by ~ 20%. 

Taking into account the average size of the large systematic errors reported in 
the literature, CALET data turn out to be consistent with previous measurements 
within the uncertainty error band, both in spectral shape and normalization. Below 
50 GeV /n the spectral shape is found to be similar to the one observed for primaries 
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lighter than iron. Above the same energy, CALET observations are consistent with 
the hypothesis of an SPL spectrum up to 2 TeV /n, i.e., the flattening observed above 
a few hundred GeV/nucleon in the p-C-O spectra does not appear to be present 
in the iron spectrum in the sub-TeV region. Beyond this limit, the uncertainties 
given by the available statistics and large systematics do not allow yet to draw a 
significant conclusion on a possible deviation from a single power law. An SPL fit 
in this region yields a spectral index value y = —2.60 + 0.03. 


4.6. The Observation of Gamma-Rays 


CALET can identify gamma-rays and measure their energies from ~1 GeV to the 
'TeV region. Both CHD and the first IMC layers are used in the offline analysis as 
anti-coincidence against incoming charged particles, taking advantage of the high 
granularity of the IMC. 

Gamma-ray candidates are also required to deposit more energy in the bottom 
IMC layers than in the upper ones where pair conversion takes place. In addition 
to the HE trigger, CALET implements a LE-y trigger extending the sensitivity 
to gamma rays with primary energies down to ^1 GeV. This dedicated trigger is 
activated only at low geomagnetic latitudes (to avoid an increase of the dead-time) 
and it is also enabled whenever a gamma-ray burst is triggered by the Calet Gamma- 
Ray Burst Monitor (CGBM).*° The first two years of data allowed a complete 
characterization of the performance of CALET as a gamma-ray instrument, the 
optimization of the event selection criteria, the determination of the effective area, 
Point Spread Function (PSF) and absolute pointing accuracy. Measured signals 
from gamma-ray bright point sources and diffuse galactic emission were found to 
be in agreement with simulated results and expectations from Fermi-LAT data.*! 
'The spectra from sources like Crab, Geminga, and Vela pulsars were measured by 
CALET and tested for consistency with parameterised LAT spectra. These results 
confirmed the sensitivity of the calorimeter in observing bright, persistent sources.?? 
The gamma-ray sky observed by CALET using the LE-» trigger is shown in Fig. 6. 

CALET can also detect gamma-ray transients by means of the CGBM operating 
in the energy range of 7 keV-20 MeV. As of April 2021, 246 GRBs have been 
detected, 12% of which were classified as short, with an average rate of ~44.6 /year. 

A search for electromagnetic counterparts of gravitational waves (GW) triggered 
by LIGO/Virgo was performed with a combined analysis of the CGBM and the 
calorimeter. Candidate signals compatible with gamma-ray emission were searched 
for in time intervals of tens of seconds centered on the reported trigger times of 
GW151226, GW170104, GW170608, GW170814, and GW170817 events. No signal 
was detected for all GW events; upper limits on gamma-ray emission were set for 
GW151226 (CAL + CGBM) and GW170104 (CAL), while GW170608, GW170814, 
GW170817 turned out to be outside the CALET field-of-view.*? 44 
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Fig. 6. Top: CALET gamma-ray sky map (observation period: 2015.11.01-2020.07.31) with the 
LE-y trigger (E >1 GeV), shown in a Mollweide projection of galactic coordinates. White contours 
show the relative level of exposure compared to the maximum on the sky; bottom: point sources 
observed during the same period (with >1 GeV), including the Crab, Geminga, and Vela pulsars. 


5. SUMMARY AND PERSPECTIVES 


CALET was successfully launched on Aug. 19, 2015. The instrument performance 
has been very stable during all the scientific observation period from Oct. 13, 2015. 
CALET measurements of the electron spectrum were published in two papers,?: !! 
the latter with improved statistics and extended energy range from 11 GeV to 
4.8 'TeV. The extension to five years of CALET on-orbit operations provided an 
increase of the available statistics in the electron observations by a factor ~3 thereby 
contributing to a better understanding of the detector and of the systematic errors. 
A search for possible spectral footprints of nearby electron sources in the region 


above ^1 TeV is in progress. 
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The wide dynamic range and excellent charge identification capability allow 
CALET to measure nuclei in cosmic rays from proton to iron and above, with an 
energy reach approaching the PeV scale. The proton spectrum was published up to 
10 TeV (Ref. 23); C and O spectra to 2.2 TeV/n (Ref. 29), and Fe to 2.0 TeV/n 
(Ref. 30). The spectral index dependence on energy confirmed a spectral hardening 
for p, C, O with a smooth onset at a few hundred GeV. Measurements of the energy 
spectra and composition of all primary and secondary nuclei (and of their ratios) 
are ongoing. The relative abundance of the ultra heavy nuclei up to Z — 40 has also 
been preliminarily analyzed.? 

The performance of the gamma-ray measurements has confirmed CALET’s ca- 
pability to observe the diffuse component and bright point-sources in the gamma-ray 
sky from ~1 GeV to 100 GeV and above (Fig. 6). The continuous GeV gamma-ray 
sky observation with CALET complements the coverage by other missions and may 
help to identify unexplored high-energy emissions from future transient events. The 
latter phenomena are studied with the CGBM. 

Follow-up observations were carried out in the X-ray and gamma-ray band of 
GW events during LIGO/Virgo observation campaigns.*? ^4 

Solar modulation is constantly monitored and studied. Since the start of obser- 
vations in 2015/10, a steady increase in the 1-10 GeV all-electron flux has been 
observed to present. In the past two years, the flux has reached the maximum flux 
observed with PAMELA during the previous solar minimum period.^? Solar ener- 
getic particles (SEP) are also studied at high geomagnetic latitudes. 

High statistics detection of MeV electrons originating from the radiation belt 
allows the study of relativistic electron precipitation. 6 This is one of the topics of 
Space Weather studies?" which were added as additional observational targets for 
CALET after the start of on-orbit operations. 

Important updates of CALET electron and proton analyses, as well as prelimi- 
nary results on He, B, B/C analyses, will be presented at the upcoming ICRC2021 
conference (highlights in Ref. 48). 

'The so far excellent performance of the instrument and the outstanding quality 
of the data suggest that a long-term strategy of CALET observations will contribute 
to a deeper understanding of cosmic-ray phenomena. CALET operations on the ISS 
have been recently approved for an extension to the end of 2024 (at least). 


ACKNOWLEDGMENTS 


We gratefully acknowledge JAXA's contributions to the development of CALET 
and to the operations aboard the JEM-EF on the International Space Station. We 
also wish to express our sincere gratitude to Agenzia Spaziale Italiana (ASI) and 
NASA for their support of the CALET project. This work was supported in part 
by JSPS Grant-in-Aid for Scientific Research (S) Number 26220708 and 19H05608, 
JSPS Grant-in-Aid for Scientific Research (B) Number 17H02901, JSPS Grant- 
in-Aid for Research Activity Start-up No.20K 22352 and by the MEXT-Supported 


3438 


Program for the Strategic Research Foundation at Private Universities (2011-2015) 
(No.S1101021) at Waseda University. The CALET effort in Italy is supported by 
ASI under agreement 2013-018-R.0 and its amendments. The CALET effort in 
the United States is supported by NASA through Grants No. NNX16AB99G, No. 
NNX16AC02G, and No. NNH14ZDA001N-APRA-0075. 


References 


1. S. Torii (for the CALET Collab.), PoS (ICRC2019) 142 (2019). 

2. Y. Asaoka (for the CALET Collab.), PoS (ICRC2019) 001 (2019). 

3. S. Torii and P. S. Marrocchesi (for the CALET Collab.), Adv. Sp. Res. 64(12), 2531 
(2019). 

4. Y. Akaike (for the CALET Collab.), PoS (ICRC2019) 034 (2019). 

B. F. Rauch (for the CALET Collab.), PoS (ICRC2019) 130 (2019). 

6. P. S. Marrocchesi, O. Adriani, Y. Akaike, M. G. Bagliesi, A. Basti, G. Bigongiari, 
S. Bonechi, M. Bongi, M. Y. Kim, T. Lomtadze, P. Maestro, T. Niita, S. Ozawa, 
Y. Shimizu, and S. Torii, Nucl. Instrum. Methods A 659, 477 (2011). 

7. Y. Asaoka, Y. Akaike, Y. Komiya, R. Miyata, S. Torii, O. Adriani, K. Asano, M. G. 
Bagliesi, G. Bigongiari, W. R. Binns, S. Bonechi, M. Bongi, P. Brogi, J. H. Buckley, 
N. Cannady, G. Castellini, et al. (CALET Collab.), Astropart. Phys. 91, 1 (2017). 

8. Y. Asaoka, S. Ozawa, S. Torii, O. Adriani, Y. Akaike, K. Asano, M. G. Bagliesi, 
G. Bigongiari, W. R. Binns, S. Bonechi, M. Bongi, P. Brogi, J. H. Buckley, N. Cannady, 
G. Castellini, C. Checchia, et al. (CALET Collab.), Astropart. Phys. 100, 29 (2018). 

9. O. Adriani, Y. Akaike, K. Asano, Y. Asaoka, M. G. Bagliesi, G. Bigongiari, W. R. 
Binns, S. Bonechi, M. Bongi, P. Brogi, J. H. Buckley, N. Cannady, G. Castellini, C. 
Checchia, M. L. Cherry, G. Collazuol, et al. (CALET Collab.), Phys. Rev. Lett. 119, 
181101 (2017). 

10. G. Ambrosi, Q. An, R. Asfandiyarov, P. Azzarello, P. Bernardini, B. Bertucci, M. S. 
Cai, J. Chang, D. Y. Chen, H. F. Chen, J. L. Chen, W. Chen, M. Y. Cui, T. S. Cui, 
A. D'Amone, A. De Benedittis, et al. (DAMPE Collab.), Nature 552, 63 (2017). 

11. O. Adriani, Y. Akaike, K. Asano, Y. Asaoka, M. G. Bagliesi, E. Berti, G. Bigongiari, 
W. R. Binns, S. Bonechi, M. Bongi, P. Brogi, J. H. Buckley, N. Cannady, G. Castellini, 
C. Checchia, M. L. Cherry, et al. (CALET Collab.), Phys. Rev. Lett. 120, 261102 
(2018). 

12. O. Adriani, G. C. Barbarino, G. A. Bazilevskaya, R. Bellotti, M. Boezio, E. A. Bo- 
gomolov, M. Bongi, V. Bonvicini, S. Bottai, A. Bruno, F. Cafagna, D. Campana, P. 
Carlson, M. Casolino, G. Castellini, C. De Santis, et al. (PAMELA Collab.), Riv. 
Nuovo Cimento 40, 473 (2017). 

13. S. Abdollahi et al. (The Fermi-LAT Collab.), Phys. Rev. D 95, 082007 (2017). 

14. M. Aguilar, D. Aisa, A. Alvino, G. Ambrosi, K. Andeen, L. Arruda, N. Attig, P. Az- 
zarello, A. Bachlechner, F. Barao, A. Barrau, L. Barrin, A. Bartoloni, L. Basara, M. 
Battarbee, R. Battiston, et al. (AMS Collab.), Phys. Rev. Lett. 113, 221102 (2014). 

15. F. Aharonian, A. G. Akhperjanian, U. Barres de Almeida, A. R. Bazer-Bachi, 
Y. Becherini, B. Behera, W. Benbow, K. Bernlóhr, C. Boisson, A. Bochow, V. Borrel, 
I. Braun, E. Brion, J. Brucker, P. Brun, R. Bühler, et al. (H.E.S.S. Collab.), Phys. 
Rev. Lett. 101, 261104, (2008). 

16. F. Aharonian, A. G. Akhperjanian, G. Anton, U. Barres de Almeida, A. R. Bazer- 
Bachi, Y. Becherini, B. Behera, K. Bernlóhr, A. Bochow, C. Boisson, J. Bolmont, V. 
Borrel, J. Brucker, F. Brun, P. Brun, R. Bühler, et al. (H.E.S.S. Collab.), Astron. 
Astrophys. 508, 561 (2009). 


e 


1T. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
29. 


30. 


31. 


32. 


33. 


3439 


Y. S. Yoon, T. Anderson, A. Barrau, N. B. Conklin, S. Coutu, L. Derome, J. H. Han, 
J. A. Jeon, K. C. Kim, M. H. Kim, H. Y. Lee, J. Lee, M. H. Lee, S. E. Lee, 
J. T. Link, A. Menchaca-Rocha, et al., Astrophys. J. 839, 5 (2017). 

H. S. Ahn, P. Allison, M. G. Bagliesi, J. J. Beatty, G. Bigongiari, J. T. Childers, N. B. 
Conklin, S. Coutu, M. A. DuVernois, O. Ganel, J. H. Han, J. A. Jeon, K. C. Kim, 
M. H. Lee, L. Lutz, P. Maestro, et al., Astrophys. J. Lett. 714, L89 (2010). 

Y. S. Yoon, H. S. Ahn, P. S. Allison, M. G. Bagliesi, J. J. Beatty, G. Bigongiari, P. J. 
Boyle, J. T. Childers, N. B. Conklin, S. Coutu, M. A. DuVernois, O. Ganel, J. H. Han, 
J. A. Jeon, K. C. Kim, M. H. Lee, et al., Astrophys. J. 728, 122 (2011). 

O. Adriani, G. C. Barbarino, G. A. Bazilevskaya, R. Bellotti, M. Boezio, E. A. Bo- 
gomolov, L. Bonechi, M. Bongi, V. Bonvicini, S. Borisov, S. Bottai, A. Bruno, F. 
Cafagna, D. Campana, R. Carbone, P. Carlson, et al. (PAMELA Collab.), Science 
332, 69 (2011). 

O. Adriani, G. C. Barbarino, G. A. Bazilevskaya, R. Bellotti, M. Boezio, E. A. Bo- 
gomolov, M. Bongi, V. Bonvicini, S. Borisov, S. Bottai, A. Bruno, F. Cafagna, D. 
Campana, R. Carbone, P. Carlson, M. Casolino, et al. (PAMELA Collab.), Astro- 
phys. J. 765, 91 (2013). 

M. Aguilar, D. Aisa, B. Alpat, A. Alvino, G. Ambrosi, K. Andeen, L. Arruda, N. Attig, 
P. Azzarello, A. Bachlechner, F. Barao, A. Barrau, L. Barrin, A. Bartoloni, L. Basara, 
M. Battarbee, et al. (AMS Collab.), Phys. Rev. Lett. 114, 171103 (2015). 

O. Adriani, Y. Akaike, K. Asano, Y. Asaoka, M. G. Bagliesi, E. Berti, G. Bigongiari, 
W. R. Binns, S. Bonechi, M. Bongi, P. Brogi, A. Bruno, J. H. Buckley, N. Cannady, G. 
Castellini, C. Checchia, et al. (CALET Collab.), Phys. Rev. Lett. 122, 181102 (2019). 
Q. An, R. Asfandiyarov, P. Azzarello, P. Bernardini, X. J. Bi, M. S. Cai, J. Chang, 
D. Y. Chen, H. F. Chen, J. L. Chen, W. Chen, M. Y. Cui, T. S. Cui, H. T. Dai, A. 
D’Amone, A. De Benedittis, et al. (DAMPE Collab.), Sci. Adv. 5 eaax3793 (2019). 
M. Aguilar, D. Aisa, B. Alpat, A. Alvino, G. Ambrosi, K. Andeen, L. Arruda, N. 
Attig, P. Azzarello, A. Bachlechner, F. Barao, A. Barrau, L. Barrin, A. Bartoloni, L. 
Basara, M. Battarbee, et al. (AMS Collab.), Phys. Rev. Lett. 115, 211101 (2015). 
M. Aguilar, L. Ali Cavasonza, B. Alpat, G. Ambrosi, L. Arruda, N. Attig, S. Aupetit, 
P. Azzarello, A. Bachlechner, F. Barao, A. Barrau, L. Barrin, A. Bartoloni, L. Basara, 
S. Başeğmez-du Pree, M. Battarbee, et al. (AMS Collab.), Phys. Rev. Lett. 119, 
251101 (2017). 

P. Maestro, P. S Marrocchesi, G. Bigongiari, and P. Brogi, Adv. Space Res. 64, 2538 
(2019). 

Y. Akaike (for the CALET Collab.), J. Phys.: Conf. Ser. 1181, 012042 (2019). 

O. Adriani, Y. Akaike, K. Asano, Y. Asaoka, M. G. Bagliesi, E. Berti, G. Bigongiari, 
W. R. Binns, M. Bongi, P. Brogi, A. Bruno, J. H. Buckley, N. Cannady, G. Castellini, 
C. Checchia, M. L. Cherry, et al. (CALET Collab.), Phys. Rev. Lett. 125, 251102 
(2020). 

O. Adriani, Y. Akaike, K. Asano, Y. Asaoka, E. Berti, G. Bigongiari, W. R. Binns, 
M. Bongi, P. Brogi, A. Bruno, J. H. Buckley, N. Cannady, G. Castellini, C. Checchia, 
M. L. Cherry, G. Collazuol, et al. (CALET Collab.), Phys. Rev. Lett. 126, 241101 
(2021). 

J. J. Engelmann, P. Ferrando, A. Soutoul, P. Goret, E. Juliusson, L. Koch-Miramond, 
N. Lund, P. Masse, B. Peters, N. Petrou, and I. L. Rasmussen, Astron. Astrophys. 
233, 96 (1990). 

D. Müller, S. P. Swordy, P. Meyer, J. L'Heureux, and J. M. Grunsfeld, Astrophys. J. 
374, 356 (1991). 

M. Aguilar, L. Ali Cavasonza, M. S. Allen, B. Alpat, G. Ambrosi, L. Arruda, N. Attig, 
F. Barao, L. Barrin, A. Bartoloni, S. Başeğmez-du Pree, R. Battiston, M. Behlmann, 


3440 


34. 


35. 


36. 


3T. 


38. 


39. 


40. 


41. 


42. 
43. 


44. 


45. 
46. 


47. 
48. 


B. Beischer, J. Berdugo, B. Bertucci, et al. (AMS Collab.), Phys. Rev. Lett. 126, 
041104 (2021). 

V. Grebenyuk, D. Karmanov, I. Kovalev, I. Kudryashov, A. Kurganov, A. Panov, 
D. Podorozhny, A. Tkachenko, L. Tkachev, A. Turundaevskiy, O. Vasiliev, A. Voronin 
(NUCLEON Collaboration), Adv. Space Res. 64, 2546 (2019). 

A. D. Panov, J. H. Adams, H. S. Ahn, G. L. Bashinzhagyan, J. W. Watts, J. P. Wefel, 
J. Wu, O. Ganel, T. G. Guzik, V. I. Zatsepin, I. Isbert, K. C. Kim, M. Christl, E. N. 
Kouznetsov, M. I. Panasyuk, E. S. Seo, et al. (ATIC Collaboration), Bull. Russ. Acad. 
Sci. 73, 564 (2009). 

M. Ave, P. J. Boyle, F. Gahbauer, C. Hóppner, J. R. Hórandel, M. Ichimura, D. Müller, 
and A. Romero-Wolf (TRACER Collab.), Astrophys. J. 678, 262 (2008). 

H. S. Ahn, P. Allison, M. G. Bagliesi, L. Barbier, J. J. Beatty, G. Bigongiari, T. J. 
Brandt, J. T. Childers, N. B. Conklin, S. Coutu, M. A. DuVernois, O. Ganel, J. H. 
Han, J. A. Jeon, K. C. Kim, M. H. Lee, et al. (CREAM Collab.), Astrophys. J. 707, 
593 (2009). 

M. Ichimura, M. Kogawa, S. Kuramata, H. Mito, T. Murabayashi, H. Nanjo, T. Naka- 
mura, K. Ohba, T. Ohuchi, T. Ozawa, Y. Yamada, H. Matsutani, Z. Watanabe, 
E. Kamioka, K. Kirii, M. Kitazawa, et al., Phys. Rev. D 48, 1949 (1993). 

F. Aharonian, A. G. Akhperjanian, A. R. Bazer-Bachi, M. Beilicke, W. Benbow, 
D. Berge, K. Bernlóhr, C. Boisson, O. Bolz, V. Borrel, I. Braun, E. Brion, A. M. 
Brown, R. Bühler, I. Büsching, S. Carrigan, et al. (H.E.S.S. Collab.), Phys. Rev. D 
75, 042004 (2007). 

K. Yamaoka, A. Yoshida, T. Sakamoto, I. Takahashi, T. Hara, T. Yamamoto, 
Y. Kawakubo, R. Inoue, S. Terazawa, R. Fujioka, K. Senuma, S. Nakahira, H. To- 
mida, S. Ueno, S. Torii, M. L. Cherry, S. Ricciarini (CALET Collab.), in Proceedings 
of the 7th Huntsville Gamma-Ray Burst Symposium, GRB 2013, eConf C1304143, 41 
(2018). 

N. Cannady, Y. Asaoka, F. Satoh, M. Tanaka, S. Torii, M. L. Cherry, M. Mori, 
O. Adriani, Y. Akaike, K. Asano, M. G. Bagliesi, E. Berti, G. Bigongiari, W. R. 
Binns, S. Bonechi, M. Bongi, et al. (CALET Collab.), Astrophys. J. Suppl. S. 238, 5 
(2018). 

M. Mori et al. (for the CALET Collab.), PoS (ICRC2019) 586 (2019). 

O. Adriani, Y. Akaike, K. Asano, Y. Asaoka, M. G. Bagliesi, E. Berti, G. Bigongiari, 
W. R. Binns, S. Bonechi, M. Bongi, P. Brogi, J. H. Buckley, N. Cannady, G. Castellini, 
C. Checchia, M. L. Cherry, et al. (CALET Collab.), Astrophys. J. Lett. 863, 160 
(2018). 

O. Adriani, Y. Akaike, K. Asano, Y. Asaoka, M. G. Bagliesi, G. Bigongiari, W. R. 
Binns, S. Bonechi, M. Bongi, P. Brogi, J. H. Buckley, N. Cannady, G. Castellini, 
C. Checchia, M. L. Cherry, G. Collazuol, et al. (CALET Collab.), Astrophys. J. Lett. 
829, L20 (2016). 

S. Miyake et al. (for the CALET Collab.), PoS (ICRC2019) 1126 (2019). 

R. Kataoka, Y. Asaoka, S. Torii, T. Terasawa, S. Ozawa, T. Tamura, Y. Shimizu, 
Y. Akaike, M. Mori (CALET Collab.), Geophys. Res. Lett. 43, 4119 (2016). 

A. Bruno et al. (for the CALET Collab.), PoS (ICRC2019) 1063 (2019). 

P. S. Marrocchesi et al. (for the CALET Collab.), PoS (ICRC2021) 010 (2021). 


3441 


Full Authors List: CALET Collaboration 


O. Adriani!:?, Y. Akaike?:4, K. Asano?, Y. Asaoka?, E. Berti^?, G. Bigongiari®.7, W. R. Binns®, 
M. Bongi'?, P. Brogi??, A. Bruno?:!10, J. H. Buckley?, N. Cannady!i/1?13, G. Castellini’, 
C. Checchia?, M. L. CherryP?, G. Collazuoll6:!7, K. Ebisawal?, A. W. Ficklinl?, H. Fuke?®, 
S. Gonzil)?, T. G. Guzik!®, T. Hams!!, K. Hibino!?, M. Ichimura??, K. Ioka?!, W. Ishizaki?, 
M. H. Israel, K. Kasahara??, J. Kataoka??, R. Kataoka?^, Y. Katayose??, C. Kato?6, 
N. Kawanaka?^28, Y. Kawakubo!®, K. Kobayashi?:4, K. Kohri??, H. S. Krawczynski®, 
F. Krizmanic! 12:13, P, Maestro?/?, P. S. Marrocchesi??, A. M. Messineo??;7, J.W. Mitchell!?, 
Miyake??, A. A. Moiseev??:12:12, M. Mori?^, N. Mori?, H. M. Motz??, K. Munakata?®, 
Nakahira!8, J. Nishimura!, G. A. de Nolfo?, S. Okuno!?, J. F. Ormes?®, N. Ospina!9:17, 
Ozawa?", L. Pacini^!^?, P. Papini?, B. F. Rauch®, S. B. Ricciarini!^?, K. Sakaill12.13, 
Sakamoto?5, M. Sasaki?*1213, y, Shimizu!?, A. Shiomi??, P. Spillantini!, F. Stolzi, 
Sugita?9, A. Sulaj®7, M. Takita?, T. Tamural?, T. Terasawa, S. Torii?, Y. Tsunesada*!, 
. Uchihori?£?, E. Vannuccini?, J. P. Wefel!5, K. Yamaoka**, S. Yanagita^^, A. Yoshida?8, 
. Yoshida??, and W. V. Zober? 
1 Department of Physics, University of Florence, Via Sansone, 1, 50019 Sesto, Fiorentino, Italy, 2INFN 
Sezione di Florence, Via Sansone, 1, 50019 Sesto, Fiorentino, Italy, ?Waseda Research Institute for 
Science and Engineering, Waseda University, 17 Kikuicho, Shinjuku, Tokyo 162-0044, Japan, ^JEM Uti- 
ization Center, Human Spaceflight Technology Directorate, Japan Aerospace Exploration Agency, 2-1-1 
Sengen, Tsukuba, Ibaraki 305-8505, Japan, 5 Institute for Cosmic Ray Research, The University of Tokyo, 
5-1-5 Kashiwa-no-Ha, Kashiwa, Chiba 277-8582, Japan, ® Department of Physical Sciences, Earth and 
Environment, University of Siena, via Roma 56, 53100 Siena, Italy, "INFN Sezione di Pisa, Polo Fi- 
bonacci, Largo B. Pontecorvo, 3, 56127 Pisa, Italy, 5 Department of Physics and McDonnell Center for 
the Space Sciences, Washington University, One Brookings Drive, St. Louis, Missouri 63130-4899, USA, 
°Heliospheric Physics Laboratory, NASA/GSFC, Greenbelt, Maryland 20771, USA, !?Department of 
Physics, Catholic University of America, Washington, DC 20064, USA, !! Center for Space Sciences and 
Technology, University of Maryland, Baltimore County, 1000 Hilltop Circle, Baltimore, Maryland 21250, 
USA, 1? Astroparticle Physics Laboratory, NASA/GSFC, Greenbelt, Maryland 20771, USA, 13 Center for 
Research and Exploration in Space Sciences and Technology, NASA/GSFC, Greenbelt, Maryland 20771, 
USA, !^Institute of Applied Physics (IFAC), National Research Council (CNR), Via Madonna del Piano, 
10, 50019 Sesto, Fiorentino, Italy, 15 Department of Physics and Astronomy, Louisiana State University, 
202 Nicholson Hall, Baton Rouge, Louisiana 70803, USA, 16 Department of Physics and Astronomy, 
University of Padova, Via Marzolo, 8, 35131 Padova, Italy, 17TINFN Sezione di Padova, Via Marzolo, 
8, 35131 Padova, Italy, !?Institute of Space and Astronautical Science, Japan Aerospace Exploration 
Agency, 3-1-1 Yoshinodai, Chuo, Sagamihara, Kanagawa 252-5210, Japan, !?Kanagawa University, 3-27-1 
Rokkakubashi, Kanagawa, Yokohama, Kanagawa 221-8686, Japan, 20 Faculty of Science and Technology, 
Graduate School of Science and Technology,, Hirosaki University, 3, Bunkyo, Hirosaki, Aomori 036-8561, 
Japan, ?! Yukawa Institute for Theoretical Physics, Kyoto University, Kitashirakawa Oiwakecho, Sakyo, 
Kyoto 606-8502, Japan, ??Department of Electronic Information Systems, Shibaura Institute of Technol- 
ogy, 307 Fukasaku, Minuma, Saitama 337-8570, Japan, ??School of Advanced Science and Engineering, 
Waseda University, 3-4-1 Okubo, Shinjuku, Tokyo 169-8555, Japan, ?^National Institute of Polar Re- 
search, 10-3, Midori-cho, Tachikawa, Tokyo 190-8518, Japan, ?5 Faculty of Engineering, Division of Intel- 
ligent Systems Engineering, Yokohama National University, 79-5 Tokiwadai, Hodogaya, Yokohama 240- 
8501, Japan, ?9Faculty of Science, Shinshu University, 3-1-1 Asahi, Matsumoto, Nagano 390-8621, Japan, 
?"Hakubi Center, Kyoto University, Yoshida Honmachi, Sakyo-ku, Kyoto 606-8501, Japan, 28 Department 
of Astronomy, Graduate School of Science, Kyoto University, Kitashirakawa Oiwake-cho, Sakyo-ku, Ky- 
oto 606-8502, Japan, 2°Institute of Particle and Nuclear Studies, High Energy Accelerator Research 
Organization, 1-1 Oho, Tsukuba, Ibaraki 305-0801, Japan, 30University of Pisa, Polo Fibonacci, Largo 
B. Pontecorvo, 3, 56127 Pisa, Italy, 3! Astroparticle Physics Laboratory, NASA/GSFC, Greenbelt, Mary- 
land 20771, USA, 32Department of Electrical and Electronic Systems Engineering, National Institute of 
Technology, Ibaraki College, 866 Nakane, Hitachinaka, Ibaraki 312-8508, Japan 33 Department of Astron- 
omy, University of Maryland, College Park, Maryland 20742, USA, 34Department of Physical Sciences, 
College of Science and Engineering, Ritsumeikan University, Shiga 525-8577, Japan, ??Faculty of Science 
and Engineering, Global Center for Science and Engineering, Waseda University, 3-4-1 Okubo, Shinjuku, 
Tokyo 169-8555, Japan, 36 Department of Physics and Astronomy, University of Denver, Physics Build- 
ing, Room 211, 2112 East Wesley Avenue, Denver, Colorado 80208-6900, USA, ?"Quantum ICT Ad- 
vanced Development Center, National Institute of Information and Communications Technology, 4-2-1 
Nukui-Kitamachi, Koganei, Tokyo 184-8795, Japan, ?5 College of Science and Engineering, Department 
of Physics and Mathematics, Aoyama Gakuin University, 5-10-1 Fuchinobe, Chuo, Sagamihara, Kana- 
gawa 252-5258, Japan, 39 College of Industrial Technology, Nihon University, 1-2-1 Izumi, Narashino, 
Chiba 275-8575, Japan RIKEN, 2-1 Hirosawa, Wako, Saitama 351-0198, Japan, 4l Division of Mathe- 
matics and Physics, Graduate School of Science, Osaka City University, 3-3-138 Sugimoto, Sumiyoshi, 
Osaka 558-8585, Japan, *?National Institutes for Quantum and Radiation Science and Technology, 4-9-1 
Anagawa, Inage, Chiba 263-8555, Japan, *? Nagoya University, Furo, Chikusa, Nagoya 464-8601, Japan, 
44 College of Science, Ibaraki University, 2-1-1 Bunkyo, Mito, Ibaraki 310-8512, Japan 


MeN Annne 


3442 


The fluxes of charged cosmic rays 
as measured by the DAMPE satellite 


Paolo Bernardini (on behalf of the DAMPE Collaboration) 


Dipartimento di Matematica e Fisica, Università del Salento 
and Istituto Nazionale di Fisica Nucleare 
Lecce, 73100, Italy 
E-mail: paolo. bernardini@le.infn.it 


DAMPE (DArk Matter Particle Explorer) is a satellite-born experiment promoted by 
the Chinese Academy of Sciences, with the collaboration of Italian and Swiss agencies. 
Since December 2015, DAMPE flies at the altitude of 500 km and collects data smoothly. 
The detector is made of four sub-detectors: top layers of plastic scintillators, a silicon- 
tungsten tracker, a BGO calorimeter (32 radiation lengths), and a bottom boron-doped 
scintillator to detect delayed neutrons. The main goal of the experiment is the search for 
indirect signals of Dark Matter in the electron and photon spectra with energies up to 
10 TeV. Furthermore DAMPE studies cosmic charged and gamma radiation. Moreover, 
the calorimeter depth and the large acceptance allow to measure cosmic ray fluxes in the 
range from 20 GeV up to hundreds of TeV with unprecedented precision. An overview 
of the latest results about the charged cosmic rays will be presented. 


Keywords: Cosmic rays; Satellite; DAMPE. 


1. Introduction 


The DArk Matter Particle Explorer (DAMPE) is a satellite-born experiment and 
it is funded by the strategic space projects of the Chinese Academy of Sciences 
with the active contribution of Italian and Swiss universities and institutions.'? It 
is devoted to search for indirect dark matter signatures, to measure the fluxes of 
charged cosmic rays and to study the high energy gamma signal of astrophysical 
origin. In this paper the dark matter search and the gamma astronomy will be 
neglected to focus the reader's attention on the recent results about charged cosmic 
rays (electrons, protons and heavier nuclei). 


2. The detector 


The detector has been designed not only to reach the research goals. The final 
setup is an optimal compromise between scientific needs and reduction of power 
consumption and weight. In Fig. 1 the four sub-detectors of the DAMPE experiment 
are shown: 


e PSD, in place of Plastic Scintillator strip Detector, used to measure the 
charge (Z) of incoming particles thanks to the Bethe-Bloch formula. The 
anti-coincidence with the PSD signal is also exploited to select gamma 
events. 
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e STK, in place of Silicon- Tungsten tracKer-converter, to reconstruct the tra- 
jectory of particles and to confirm the charge measurement. The tungsten 
is devoted to convert photons in electron-positron pairs. 

e BGO, in place of bismuth germanate calorimeter (14 layers) of about 32 
radiation lengths, that is ~ 1.6 nuclear interaction lengths, enough to get 
high resolution in energy measurement. The BGO bars allow to reconstruct 
the shower image in two views, then it is possible to distinguish between 
hadronic and electromagnetic ones. 

e NUD, in place of NeUtron Detector, to further increase the hadronic shower 


rejection power. 


The plastic scintillator 
detector 


The silicon tracker 


The BGO calorimeter 


The neutron detector 


Fig. 1. The DAMPE detector with its 4 sub-detectors. 


DAMPE performances were verified by a series of beam tests at CERN. ^*^ The 
wide energy range of electron beam and the high purity of proton beam allowed to 
check energy resolution, linearity (Fig. 2, left) and e/p separation (see Fig. 7 in 
the following). Also beams of argon and lead fragments were used to check the 
PSD capability to measure Z for heavy ions (Fig. 2, right for the argon beam). 
Furthermore sea-level muon test have been performed during different stages of 
the DAMPE assembly. Then the energy response to Minimum Ionizing Particles 
(MIPs), the efficiency and the detector alignment have been checked with a large 
sample of atmospheric muon tracks. 


3. In-flight DAMPE performances 


The satellite has been successfully launched on December 17, 2015. After few days 
all detectors were powered on and the data acquisition began very soon. We would 
like to stress that the detector works properly and flies at the altitude of 500 km on 
a Sun-synchronous orbit since almost 6 years, in spite of its foreseen 3-years life. 
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Fig. 2. Beam test - Left panel: Reconstructed energy versus electron beam energy (simulated 
and beam-test data are shown). Right panel: PSD charge spectrum of fragments of an argon beam 
(helium peak has been removed). 


On orbit the detector is calibrated by using the standard scientific data and 
dedicated calibration data. The data acquisition system runs continuously in obser- 
vation mode for most of the time and switches to calibration mode for 40 seconds 
twice per orbit. All the calibration results (pedestal values, dynode ratios, energy 
gains, trigger thresholds and so on) are consistent with the ground ones and very 
stable after temperature correction. The STK alignment allows a significant im- 
provement of the tracking resolution.? In Fig. 3 (left panel) the PSD signal due 
to MIP protons is plotted as a function of time in a period of about 4 months. A 
similar plot is shown in the right panel of Fig. 3 for BGO signal due to no-showering 
helium nuclei. The high stability of the detectors is confirmed by these and many 
other checks. 


4. Cosmic Rays (CR) 


After more than 100 years since the CR discovery many questions are yet without 
answer. The spectra before the knee do not fit perfectly with a simple power-law 
and the canonical model of CR acceleration in Super Nova shock does not explain 
the observed structures. Precise measurements for different chemical components 
are essential for testing the CR models (sources, production, acceleration, diffusion 
in the galaxy, presence of different populations, and so on). 

DAMPE can contribute to CR studies measuring the spectrum structures for 
different nuclei in the range from tens of GeV up to hundreds of TeV. The possibility 
to reach such high energies with on-orbit detectors put a bridge between space and 
ground experiments and pave the way to a combined analysis. 

The measurement of CR spectra is based on the estimate of charge and energy 
of incoming particles. By means of the STK tracking (supported also by the in- 
formation on the fired BGO bars) the path-length in PSD is reconstructed. Then 
the PSD signal allows to measure the charge (square root of the energy release in 
PSD is proportional to path-length and Z). In Fig. 4 the elemental CR spectrum is 
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Fig. 3. Left panel: the deposited energy in PSD for minimum ionizing protons is fitted with the 
convolution of a Landau function with a Gaussian one (insert). The Most Probable Value (MPV) 
is shown as a function of time. Right panel: similar plot for minimum ionizing helium nuclei in 
BGO (the mean value of the deposited energy is displayed versus time instead of MPV). 


Fig. 4. Charge spectrum reconstructed on the basis of the deposited energy in the PSD. Almost 
all Z-peaks are visible up to nickel. 


shown from hydrogen up to iron and beyond. By means of the template-fit proce- 
dure the different peaks are separated and the mutual contamination is estimated 
(an example is shown in Fig. 5 where the data-Montecarlo agreement is excellent). 

Lastly the energy is estimated by the signal in the BGO calorimeter. Its unprece- 
dented thickness allows to push the direct measurement of CR spectra to highest 
energies. The imaging allows also to distinguish the features of hadronic showers 
from electromagnetic ones. 

The DAMPE spectra for protons? and helium nuclei’ are presented in Fig. 6. 
The analyses for heavier nuclei are in progress. Both the spectra in Fig. 6 show a 
similar shape inconsistent with a single power-law. The fit of these spectra improves 
significantly using smoothly-broken power-laws in order to reproduce a hardening 
followed by a softening. The observation of the hardening confirms previous mea- 
surements, instead the softening is observed for the first time by DAMPE with such 


3446 


0.447 < E, /TeV < 0.562 


8885 


Number of events 


oi — n. 


1 is 


PSD charge 


Fig. 5. 


250+ 


8 
S 


Number of everts 
E] 


0 T 
| 447 < E, JTeV « 5.62 


PSO charge 


PSD charge 


— MC proton + helium. 


Combined PSD signal for protons and helium nuclei, for different ranges of BGO energy 


(447-562 GeV, 4.47-5.62 'TeV, 20-63 TeV). The colour codes to distinguish on-orbit and simulated 
data are shown in the plot. The cut used to select proton candidates is represented by the vertical 


dotted lines. 


1200 T 

L —s— ATIC-2 (2009) 1 
| = —4— PAMELA (2011) 4 
a x ^ 1000|[— | —4— AMS-02 (2017) = 
> = E CREAM-III (2017) 4 
9 3 [|  —— NUCLEON (KLEM;2017) E 
D & soo  —® —_DAMPE (this work) es] 
5 to [F J 
B 2. [E ] ; 1 
ù a eoo D B é + 
x E -0 E 
x =] 6 e $ J 

3  s8000- —ə— DAMPE i x d X 
e AMS-02 (2015) E pe aa LES] | J 
6000+ PAMELA (2011) 4 x L 1 4 
—*— ATIC-2 (2009) ER L 4 
4000F CREAM I + Ill (2017) J H E 
—+— NUCLEON-KLEM (2018) 200 — 4 
2000/5 f 1 1 d E i i l i 
10 107 A * * 10° 10° 10° 10° 10 

Kinetic energy (GeV) Kinetic energy [GeV/n] 

Fig. 6. Spectra for cosmic protons (left panel) and helium nuclei (right panel). For protons (he- 


lium) the flux is multiplied for E?" (E26). Two changes of spectral index are visible in both the 
spectra (hardening followed by softening). 


significance. The break-energy for the softening suggests a dependence on particle 
charge, although a dependence on mass can not be ruled out yet. 


5. Cosmic electrons and positrons (CRE) 


8-14 reported an unexpected structure of CRE flux. Furthermore 


evidence for a spectral break in the TeV range of the CRE flux has been provided 
15,16 affected by significant uncertainties. 

In two years of data taking DAMPE measured CRE spectrum in the range from 
25 GeV to 4.6 TeV!" with very low background. Indeed the imaging properties of 
the BGO calorimeter are exploited to recognise the showers initiated by CRE. The 
PID algorithm is based on the spread of the BGO hits (spread) and on the fraction 
(Fiast) of energy on the lower layer with respect to the sum of energies released on 
all the BGO layers. The quantities spread and Fjas¢ are combined in the parameter 
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panel). In the proton plot the real data are compared with simulations based on different models 
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Fig. 8. Left: Distribution of the ¢ parameter (the cut ¢ < 8.5 is applied to select the CRE 
sample). Right: electron and positron spectrum measured by different experiments (DAMPE: red 
dots, HESS systematic errors: grey band). 


The efficiency of the ¢-parameter in order to distinguish electrons and protons has 
been verified in the beam test (Fig. 7). Then the CRE sample is selected by requiring 
Ç < 8.5 (see Fig. 8, left panel). The CRE flux measured by DAMPE as a function of 
energy is shown in right panel of Fig. 8 with measurements of others experiments. 
Also in this case a smoothly broken power-law is preferred to fit the largest part of 
the spectrum. 


6. Conclusions 


The DAMPE detector works extremely properly since its launch more than 5 years 
ago and it is expected to operate stably in the next few years. Many analyses based 
on DAMPE data are going on successfully. The measurements of CRE, proton and 
helium spectra are particularly remarkable. Indeed the direct detection of spectral 
breaks confirms previous direct and indirect measurements, clarifies the shape of 
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the spectra at highest energies. These results put severe constraints about models 
of acceleration and diffusion of galactic cosmic rays. Many new results are expected 
from the analysis of the complete sample of DAMPE data. 
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The Pierre Auger Observatory has by now achieved an exposure of order 10° km? sr yr, 
exploring about 8596 of the sky. In this talk, I will review some of the recent results, 
including the detailed measurements of the features in the cosmic ray spectrum, the study 
of the anisotropies in the cosmic ray arrival directions both at large and intermediate 
angular scales, the inferred mass composition, and multimessenger searches. 


Keywords: Cosmic rays 


'The Pierre Auger Observatory has been operational since January 2004 and has by 
now reached an accumulated exposure of order 10? km? yr sr (see Fig. 1). This enor- 
mous increase in the number of detected cosmic rays (CRs) with ultrahigh energies, 
by more than an order of magnitude with respect to previous observations, has al- 
lowed measuring the CR spectrum with unprecedented detail,! firmly establishing 
the suppression at the highest energies, above 47 EeV, as well as the various features 
of the spectrum, including the discovery of a softening at 14 EeV, the observation 
of the ankle at 5 EeV, the second-knee at 0.16 EeV, and the low-energy ankle at 
28 PeV (see Fig. 2). 
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Fig. 1. Exposure vs. time of ultrahigh-energy air shower arrays. The previous experiments (Fly’s 
Eye, HiRes and AGASA) as well as the Auger and Telescope Array exposures used in anisotropy 
searches at the highest energies are shown, together with the extrapolations to the next years 
involving the enlarged TAx4 upgrade. 
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Fig. 2. Combined spectrum from measurements obtained with different techniques together with 
a broken power-law fit (see ref.1 for details). 


By observing events with zenith angles up to 80°, i.e., covering 85% of the sky, 
it also became possible to determine with high significance an anisotropy in the CR 
arrival direction distribution at energies above 8 EeV, which has a characteristic 
dipolar pattern with an amplitude of about 7%.? The direction of this anisotropy, 
with the reconstructed dipole pointing about 115? away from the direction towards 
the Galactic center, provides a clear indication supporting the extragalactic origin 
of the CRs at these energies (see left panel of Fig. 3). Considering several energy 
bins above 8 EeV, the dipole amplitude is found to actually increase with energy, 
and the direction of the fitted dipole in all bins lies not far from the direction of the 
outer spiral arm of the Galaxy.? At energies below 8 EeV, no significant anisotropies 
were observed, so that relevant upper bounds on the equatorial dipole amplitudes 
were set down to energies of 0.03 EeV, and interestingly the right ascension phase 
of the flux modulations below about 1 EeV is not far from the right ascension of 
the Galactic center. Hints of anisotropies at intermediate angular scales, of order 
20°, have been obtained at energies above about 40 EeV, with the main excess lying 
around the direction towards the nearby radiogalaxy Centaurus A (right panel of 
Fig. 3). This radiogalaxy then provides a possible candidate source of ultrahigh- 
energy CRs, although other potential CR sources are also located in the same region 
of the sky, such as the starburst galaxies NGC4945 and M83. A likelihood ratio 
test comparing the CR arrival directions above different threshold energies with a 
catalog of nearby starburst galaxies, flux-weighted and smeared, reveals a maximum 
significance above a threshold of 38 EeV for an angular scale of a top-hat window 
of 259.5 

The hybrid nature of the Auger Observatory, with both surface detectors (SD) 
and fluorescence detectors (FD), allows it to perform sensitive measurements of the 
mass composition of the primary CRs. The SD consists of instrumented water tanks 
that measure the Cherenkov light emitted by relativistic secondary charged particles 
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Fig. 3. CR flux map above 8 EeV averaged on windows of 45? radius (left panel, in Equatorial 
coordinates) and above 41 EeV averaged of 24? radius windows (right panel, Galactic coordinates). 


crossing them and is hence sensitive to both the muonic and the electromagnetic 
components of the showers reaching ground level. The FD telescopes measure in- 
stead the longitudinal development in the atmosphere of the CR induced showers by 
observing, with a ~ 15% duty cycle, the light emitted by the Nə air molecules that 
get excited by the passage of the electromagnetic component of the shower. The FD 
allows for an almost calorimetric measurement of the primary energy, which is also 
used to calibrate the SD energy assignment. Moreover, the atmospheric depth at 
which the showers reach their maximum development, Xmax, provides crucial infor- 
mation about the mass composition of the CRs, because lighter primaries give rise 
to more penetrating showers than heavier ones since these last can be considered as 
a superposition of many lower energy showers induced by the individual nucleons. 
The measurements of the distribution of Xmax values allowed us to establish? that 
at energies of a few EeV the average CR masses are light, being dominated by H 
and He primaries, and they become increasingly heavier as the energy is further in- 
creased, lying in the ballpark of the expectations from primary N nuclei at energies 
of 30 EeV and possibly even heavier at higher energies (the actual masses inferred 
depend, however, on the hadronic interaction model adopted in the analysis). The 
narrow spread in the fluctuations on the values of Xmax measured above the ankle 
energy also implies that there is little admixture between elements with disparate 
masses at these energies. These measurements are depicted in Fig. 4. 

A combined fit to the spectrum and anisotropy measurements within an as- 
trophysical scenario with equal luminosity sources having power-law spectra with 
rigidity dependent cutoffs has been performed in ref. 7. 

Besides the measurement of Xmax with FD, also the SD has been used to ob- 
tain composition information,? exploiting the rise-times of the measured signals in 
the triggered detectors. Given that the shower muons travel straight from their 
production points high in the atmosphere, while the electromagnetic component of 
photons, electrons, and positrons have a more diffusive propagation in the atmo- 
sphere, the muonic signal is expected to be more concentrated in the early part of 
the shower front while the electromagnetic one will have a larger spread. Hence, 
shorter rise times are expected in the signals from showers with a more abundant 
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Fig. 4. Mean Xmax and its dispersion as a function of energy, as measured with the Auger 
fluorescence detectors. 


muonic component, as is the case for the showers induced by heavier nuclei. These 
measurements can then be correlated with the FD measurements of the depth of 
shower maxima. Given the larger statistics obtained with SD, which has a 100% 
duty cycle, it has become possible to obtain more detailed information about the 
composition at the highest energies, actually splitting the highest energy FD bin in 
four SD bins. In this way the trend towards a heavier composition for increasing 
masses is confirmed with SD up to the highest energies. 

Another search performed has been to look for a component of photon-induced 
showers, which would be very poor in muons, and this allowed to set stringent 
bounds on the primary photon fluxes above EeV energies.? The upper bounds 
strongly disfavor exotic scenarios for the production of UHECRs, such as those 
involving superheavy particle decays (see left panel in Fig. 5). 

Also ultrahigh-energy neutrinos have been searched through the study of inclined 
showers.! Very inclined showers produced by ordinary nuclear-induced cascades, 
which initiate high in the atmosphere, would have their electromagnetic compo- 
nent totally attenuated by the time they reach ground level. On the other hand, 
neutrino-induced showers can be initiated at any depth in the atmosphere, and those 
originating close to the detector will have a significant electromagnetic component, 
looking then ‘younger’ than the hadronic ones, what could be exploited to single 
them out from the background. Actually, the most sensitive neutrino search is that 
looking for showers produced by Earth-skimming tau neutrinos interacting in the 
crust of the Earth and producing tau leptons that manage to exit from the soil be- 
fore decaying to produce the atmospheric shower that may be observed. The most 
sensitive energy range for these searches is around the EeV, which just happens 
to be the range where the fluxes of cosmogenic neutrinos are expected to peak. In 
particular, cosmogenic neutrinos could arise from the photo-pion production taking 
place when CR protons with energies exceeding the GZK threshold of about 40 EeV 
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Fig. 5. Bounds on photon fluxes (left) and neutrino fluxes (right), compared to some model 
expectations. 


interact with CMB photons, and the neutrinos produced in the charged pion de- 
cays have typical energies of about E,/20. No neutrino candidates have yet been 
observed in these searches, allowing us to set bounds that start to constrain some 
of the most optimistic scenarios for the production of cosmogenic neutrinos, which 
are those with protons dominating the CR fluxes at the highest energies. However, 
more realistic scenarios with a predominantly heavier composition at the highest 
energies predict fluxes below the present bounds (see right panel of Fig. 5). 
Searches of neutrinos in association with the first neutron star binary merger 
detected by the LIGO-Virgo Collaboration also led to negative results,!! in spite 
of the lucky coincidence that the event just happened to be a few degrees below 
the horizon, a situation in which the sensitivity to Earth-skimming tau neutrinos 
is largely enhanced. It is interesting to note that the model predictions for the 
case in which the jet of this closeby merger had been aligned with the line of sight 
were not very far from the Auger sensitivity, but the lack of an observed signal is 
not unexpected, given the slight misalignment of the jet in this particular merger. 
Also searches in the direction towards the blazar TXS 0506+056, from which a 
~ 300 TeV neutrino was observed by IceCube, revealed no neutrino candidate, 
allowing to constrain the neutrino flux from this object at the highest energies.? 
The Pierre Auger Observatory is at present undergoing an upgrade, consisting 
in adding 4 m? scintillators on top of each SD and using faster electronics, which 
in combination with the water-Cherenkov detectors should allow for a cleaner sep- 
aration between the electromagnetic and muonic components of the showers. This 
separation should make it possible to obtain composition information on an event 
by event basis with the SD detector, allowing, for instance, to improve the sensitiv- 
ity of the anisotropy studies by restricting them to just the lighter CR. component 
(which is less deflected by the Galactic and extragalactic magnetic fields). Also radio 
antennas are being added to each SD detector to observe the radio emission from 
the electromagnetic component of the showers, which should help in particular to 
study the composition of the inclined showers. This new phase of the Observatory 
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should allow for improved studies of all the topics just discussed, as well as to better 
handle the still remaining open issues. 
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The High Energy cosmic-Radiation Detection (HERD) space mission is now being de- 
signed, as a result of an international collaboration among several chinese and european 
institutions, to make cosmic ray (CR) direct measurements at the highest possible ener- 
gies with current technologies. 

HERD primary scientific goals include precise measurements of the energy spec- 
tra of CR individual species up to few PeV, reaching the knee of the all-particle spec- 
trum, and study electrons and photon of spectra from GeV up to tens of TeV, also 
contributing to multimessenger observations together with other satellites and ground- 
based experiments. 

In order to reach these goals HERD is configured to accept incident particles from 
its top and the four lateral sides. The baseline design includes covering the top and fours 
sides with: the Silicon Charge Detector (SCD), for incident particle trajectory and charge 
measurement, the Plastic Scintil- lator Detector (PSD), for photon tagging and precise 
charge measurement, and a scintillating Fiber Tracker (FIT). The core of the facility is 
made by a LYSO crystal calorimeter (CALO) that with its 3 interaction lengths and 
55 radiation lengths will allow the measurement of incident gamma-rays, electrons and 
cosmic ray nuclei with unprecedented resolution and 3D reconstruction. In addition, on 
one side a Transition Radiation detector (TRD) will be installed for on-orbit calibration 
of the CALO. 


Keywords: Cosmic rays; Chinese Space Station; space missions; SiPM; LYSO. 


1. Introduction 


Cosmic rays are messengers with which we use to explore the Universe and its 
laws. Despite being discovered more than one century ago, our knowledge about 
them is still limited. In the recent years, some progresses have been made in our 
knowledge and understanding of them thanks to several experiments. Nevertheless, 
many fundamental questions on this topic are still open: where are they produced? 
how are they accelerated to such energies? how do they propagate in the Universe? 

A big issue concerns the so-called knee region of the primary cosmic ray spec- 
trum. Here (at ~ PeV energies), the spectrum steepens. This behaviour was firstly 
observed in 1958, nevertheless the cause remains stil| unknown. Because of the 
rapidly falling intensity of the cosmic ray flux with energy, in order to explore this 
region we need experiments with a large acceptance and operating over years. In 
past this role was played by ground based experiments. Nevertheless, this kind of 
experiments are not able to perform mass composition studies. For this reason, we 
need new spaceborne observatories performing studies aiming at finding an answer 
to this question. 
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The High Energy cosmic Radiation Detection (HERD) facility is an international 
space mission that will start operation around 2027 to make cosmic ray direct 
measurements at the highest possible energies with advanced technologies. It will 
be installed on the Chinese Space Station (CSS) where it will observe the high energy 
sky for more than 10 years. The HERD project involves researchers from Chinese 
institutions, Italy, Switzerland and Spain. The unprecedented acceptance and the 
3D segmented calorimeter allow HERD to represent the future of the direct cosmic 
ray detection and a missing observational link among space-based and ground-based 
experiments. 


2. Scientific objectives 
HERD primary scientific goals include: 


e extending the measurement of cosmic ray flux up to a few PeV testing the 
theory of the knee structure as due to galactic source acceleration limit; 

e extending the measurement of e+ +e7 flux up to several tens of TeV testing 
the hypothesis of the expected cutoff at high energy distinguishing between 
DM or astrophysical origin of positron excess and looking for possible other 
structures of the spectra and eventual anisotropies; 

e large acceptance, high sensitivity to y-rays up to several hundreds of GeV 
for a long term gamma ray sky also searching for ^-lines associated to 
DM annihilation, while accomplishing a y-ray sky survey up to very high 
energy. 


Cosmic ray origins Since their discovery in 1910, our knowledge about cosmic 
ray physics experienced several progresses. Today, we are in another golden era for 
cosmic rays, due mainly to their connection with physics at the highest energy, indi- 
rect search for particle dark matter and site and mechanism of cosmic accelerators. 
Information about the latter topic can be obtained from the energy spectrum of 
cosmic rays. It is expected to follow a power-law for energies below the *knee" (at 
3-4 PeV) because of the canonical shock acceleration of particles, see FIG. 1. 
Nevertheless, several experiments observed changes in the power-law spectral 
indices for protons, helium, and heavy nuclei. Current data suggest a hardening of 
the spectra above about 0.2 TeV/nucleon. The hardening at energies above 200- 
400 GeV is well established since the first observation by PAMELA,? while the 
softening at energies above 10 TeV is observed by different experiments with the 
first strong evidence in DAMPE data.? The deviations from single power law of the 
spectra motivate extensive investigations for deeper understanding of the acceler- 
ation and propagation mechanisms or of new possible cosmic ray sources. Several 
theoretical solutions have been proposed, exploiting different hypotheses on source 
properties/populations, acceleration/propagation mechanisms and particle physics 
issues at high energies, in order to give a satisfactory explanation of this behaviour.* 
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Fig. 1. Up-to-date summary of measurements of CR energy spectra.! For energies below ~ 100 
TeV, the spectra of different species are shown, and for higher energies the all-particle spectra 
are plotted. References of data: CREAM; ATIC; AMS-02; PAMELA; Fermi-LAT; HESS; IceCube; 
Akeno; Tibet; AGASA; HiRes; Auger. 


So one of the HERD objectives will be the extension of the measurement of p 
and He flux up to a few PeV. The HERD data can clearly reveal the knee struc- 
ture of both protons and Helium nuclei and can critically address the possible 
Z-dependence, A-dependence, or constant knee of different compositions, which are 
very important to understand the physical nature of the knee of CRs, see FIG. 2. 
Measurements of secondary over primary ratio, such as B/C, are important to probe 
the propagation of CRs. HERD will extend the precise measurements of B/C up to 
a few TeV/nucleon, thus accurately determine the propagation behaviour of CRs. 

Finally, taking into account that the Iron nuclei are the end-products of stellar 
nucleosynthesis, they are thus very good tracer of the acceleration sites of CRs. 
HERD is expected to strongly improve such measurements. 


Measurement of cosmic electron+positron spectrum and Dark Matter 
signal search In 2009, PAMELA experiment reported a positron excess? in the 
CR flux at energies 10-100 GeV, later it was very precisely measured by AMS-02 in 
an extended energy range up to 700 GeV. Such a signal is generally expected from 
dark matter annihilation. However, the hard positron spectrum and large amplitude 
are difficult to achieve in most conventional WIMP models. A variety of theoretical 
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Fig. 2. Expected p, He, B/C and Fe energy spectra measured with 5yr exposure of HERD, 
compared with that observed by other experiments. 


studies focusing on the DM interpretation of this excess have been performed in the 
literature, however the origin of these high energy positrons remains debatable. 

Evidently, it is of a great importance to extend this measurement with greater 
precision at higher energy scales in order to distinguish the origin of the high energy 
electrons/positrons, either from DM annihilation or from astrophysical sources. 

In this sense, progress has been made by the satellite experiment DAMPE 
(launched in 2015) which in 2017 reported its first result of CR electrons/positrons, 
showing a cutoff at ~ 0.9 TeV.” It has long been believed that the shape of the 
spectral cutoff is different for the astrophysical source (softer) and DM annihilation 
(harder). 

Compared with DAMPE, the HERD experiment will have a larger acceptance 
and can extend the measurement of the electron-positron spectrum to higher en- 
ergies with optimal precision, see FIG. 3, thus providing valuable insight on high 
energy astrophysics and DM studies. 


A high energy gamma ray observatory HERD will be the most sensitive sky 
surveyer with very wide field of view for gamma rays between tens of GeV and 
several TeV, thus extending the Fermi-LAT observations at higher energies (E300 
GeV) and additionally complementing CTA, the most sensitive high energy y-ray 
telescope with a narrow field of view. 

The observation of the y-ray sky is among the main scientific objectives of the 
HERD collaboration being relevant in understanding the nature of DM while also 
studying cosmic ray acceleration and propagation mechanisms in the Galaxy.? 
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Fig. 3. Expected et + e7 flux in 1 year with PWN or DM sources on the left. Expected e++e- 
flux in 5 years on the right. 


Information about cosmic ray spectra and intensities in distant locations, indeed, 
could be extracted by measuring the diffuse y-ray emission, that traces energetic 
particle interactions, primarily protons and electrons, in the Interstellar Medium 
(ISM).? Moreover, the understanding of Galactic diffuse emission is also crucial to 
dark matter studies, since y-rays can be produced in cosmic ray interactions mainly 
via decay of neutral pions and possibly from the annihilation of dark matter weakly 
interacting massive particles (WIMPs). The Galactic Center (GC) is expected to 
be the brightest source of DM annihilations in the y-ray sky by several orders of 
magnitude. Although due to several astrophysical processes in the crowded GC 
region make it extremely difficult to disentangle the DM signal from conventional 
emissions, the DM-induced y-ray emission is expected to be so large there that its 
search is of crucial relevance.!? In the analyses of Fermi data of the Galactic center, 
the diffuse y-ray backgrounds and discrete sources, as we model them today, seem 
to account for the majority of the detected y-ray emission. Nevertheless, residual 
emission not accounted for by the above mentioned models of standard sources 
could still be present,!!!? and be interpreted as product of DM annihilation.!? The 
spectrum and spatial distribution of the GeV excess is consistent with what can 
be expected from Weakly Interacting Massive Particle (WIMP) with mass of a few 
tens of GeV of annihilating to standard model particles in the inner Galactic halo. 
With significantly improved sensitivity, HERD could measure with high resolution 
these spectra. Furthermore, the higher effective area especially at TeV energies may 
help in extending the energy range in which we detect the Galactic diffuse emission. 
'This would provide a unique bridge for ground-based experiments sensitive in the 
'TeV energy range. 


3. The HERD payload 


The HERD payload will be installed onboard of the CSS around 2027 and will be 
operating for 5 to 10 years, see TAB 1. Its heart, the calorimeter (CALO), will be 
surrounded on 5 sides by the other subdetectors i.e. the Fiber Tracker (FIT), the 
Plastic Scintillator Detector (PSD) and the Silicon Charge Detector (SCD), while 
a Transition Radiation Detector (TRD) will be placed only on one lateral side, 
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see FIG. 4. This configuration will guarantee a wide field of view and more than 
one order of magnitude increase in acceptance with respect to current experiments, 
see TAB 2. 


Table 1. Mission requirements of the HERD 


payload 
Mission requirements Value 
Life Time >10 years 
Orbit Circular LEO 
Altitude 340-450 km 
Inclination 42? 
FOV + 70° 
Mass At 


Table 2. Main requirements of the HERD payload 


Item Value 
Energy range (e/7) 10 GeV - 100 TeV; >0.1 GeV(y) 
Energy range (nucleus) 30 GeV - 3 PeV 
Angular resolution (e/7) 0.1 deg.@10 GeV 
Charge measurement (nucleus) 0.05 - 0.15 c.u. 
Energy resolution (e) 196 @ 200 GeV 
Energy resolution (p) 20% Q 100 GeV - PeV 
e/p separation ^10-9 
Geometric factor (e) >3 m?Sr @ 200 GeV 
Geometric factor (p) >2 m?Sr @ 100 GeV 


The Silicon Charge Detector The silicon charge detector is the outermost shell 
of HERD. It will measure the incident particle trajectory and charge of cosmic rays 
up to Z=26. Its position is chosen to ensure a reliable charge measurement and to 
avoid fragmentation phenomena of high energy particles. The current design follows 
the example of the DAMPE Silicon Tracker (STK). Each detection unit, i.e. each 
side, contains 8 layers of 300 um microstrip silicon detectors mounted with alternat- 
ing orthogonal direction strip directions onto low-density aluminum honeycombs, 
see FIG. 5. It is highly segmented to minimize the backscattered secondary particles 
coming from the CALO. The global active area is about 60 m?. 

We simulated several samples of proton, helium, carbon, oxygen, silicon, and 
iron nuclei with energies from 10 GeV /n to 1 TeV/n and with isotropic incidence to 
study the performances of the SCD. We found that the combined charge resolution 
of 8 layers is below 0.3 c.u. for all samples. Test beams are ongoing at the CERN 
SPS and PS ion beam lines to directly measure charge resolution of SCD prototypes. 


The Plastic Scintillator Detector The PSD is the second detector encountered 
by an incoming particle. It works as an anticoincidence detector (ie. it is able 
to discriminate incident y-rays from charged particles) and provides an additional 
charge measurement of incoming cosmic-ray nuclei in a range up to Z «26.4 
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Fig. 4. Exploded model of HERD. In orange the silicon charge detector (SCD), in dark yellow 
the plastic scintillator detector (PSD), in green the fiber tracker (FIT) and in light yellow the 
calorimeter (CALO). 
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Fig. 5. Scheme of the SCD on the left. A prototype of SCD on the right. 


Currently there are two designs for the PSD: one made by plastic scintillator 
bars the other made by plastic scintillator tiles. In both cases the single detection 
unit (i.e. bar, tile) is readout by silicon photomultipliers (SiPMs). The use of SiPMs 
will ensure, in addition to exceptional detection performances, low-weight, negligible 
power consumption, compactness and non-sensitivity to magnetic fields. 

The bar option forsees two orthogonal layers of trapezoidal bars, see FIG. 6 

The tile option forsees two staggered layers of square tiles, see FIG. 7. 

Both configurations show advantages and disadvantages, mainly related to the 
optimal number of readout channels versus back-splash (or back-scattering) effects. 

Currently both prototypes are undergoing beam tests at CERN with the aim to 
define the best scintillator type and size as well as SiPM quantity and model. 
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Fig. 6. Scheme of the PSD made with bars on the upper left. The PSD bar prototype undergoing 
the beam test at CERN on central left. A detail of the SiPMs used for the readout on the bottom 
left. A detail of the complete detection unit (the bar) undergoing the beam test at CERN on the 
right. 


Fig. 7. Detail of the scheme of the PSD made with tiles on the left. The PSD tiles prototype 
undergoing the beam test at CERN on the right. 


Fiber Tracker The FIT is the third detector hit by an impinging particle. It has 
several aims: 


e reconstructing the trajectories and the charge absolute value (Z) of charged 
cosmic rays; 

e favouring the conversion of low energy gamma rays and reconstructing the 
tracks of the generated electrons and positrons; 

e acting as a redundance of the SCD and offering the possibility of cross- 
calibration among subdetectors. 
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In the current design,'? each side of the FIT is made by 7 tracking planes, for 7 
independent measurements of the position of a traversing charged particle, see FIG. 
8. Each tracking plane consists of two layers measuring the two orthogonal spatial 
coordinates. 


Fig. 8. Scheme of the FIT detector. 


The tracking planes of the top sector are made of 10 FIT modules on both the x 
layers and y layers, while the tracking planes of the side sectors are made of 6 FIT 
modules on the x layers and 10 FIT modules on the y layers. A module includes 
one scintillating fiber mat and three SiPM-arrays to readout the scintillation light 
induced by the particles hitting the mat. 

A FIT module prototype made of a 77 cm long fiber mat and one SiPM array 
was exposed to a 400 GeV/c primary proton beam and a fragmentation ion beam 
created by a 150 GeV/c lead beam hitting a beryllium target at CERN. A spatial 
resolution of 45 m and a mean hit efficiency of 99.6% were measured for protons. The 
response to nuclei from helium up to beryllium was studied and a charge resolution 
better than 15% was found. 


The calorimeter The heart of the HERD instrument is the CALO: it is a homo- 
geneous, isotropic, 3D segmented calorimeter accepting particles coming from each 
surface.!® The performance of a detector based on these ideas was accurately stud- 
ied by the CaloCube R&D project. By exploiting those results, the baseline design 
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of the CALO consists of about 7500 LYSO cubes with edge length of 3 cm, corre- 
sponding to about 2.6 radiation lengths (X5) and 1.4 Moliere radius. The CALO 
external envelope is similar to an octagonal prism and the crystals are arranged on 
vertical layers with different dimension, see FIG. 9. 


Fig. 9. Scheme of the CALO detector. 


The total depth of the CALO for vertical particles is about 55 Xo (radiation 
length) and 3A; (interaction length). 

The scintillation light of each crystal is read-out by two independent systems: 
the first one consists of WaveLength Shifting fibers (WLS) coupled to image Inten- 
sified scientific CMOS (IsCMOS) cameras, the second one is made of photo-diodes 
(PD) connected to custom front-end electronics chips named HIDRA. This design, 
here named “double read-out system”, achieves the capability of cross-calibrating 
the scintillation light measurement. Recent articles by calorimetric CR experiments 
speculated about the energy scale calibration as a possible source of unknown uncer- 
tainty, particularly for the electron flux measurement. Both the “double read-out” 
system and the TRD detector will strongly increase the understanding of HERD 
calorimeter energy scale with respect to previous CR detectors. Furthermore, both 
WLS and PD systems provide independent fast trigger information which will be 
employed to improve the HERD trigger capabilities. 


The Transition Radiation Detector The TRD, installed on a lateral face of 
the detector, is needed to calibrate the response of the calorimeter to high energy 
hadronic showers. Ground calibration of space calorimeters, indeed, can only go 
to 400 GeV at maximum by using CERN SPS beam. For TeV protons, only few 
particles have showers all contained in the calorimeter and only visible deposited 
energy is recorded by detectors. Energy of primary proton is then derived by data 
extrapolation of low energy protons, which is not reliable. 

A Transition Radiation Detector (TRD) could be used to calibrate the incident 
particle with energy in a range in which transition radiation is generated but not 
saturated. The energy of TR is proportional to the Lorentz factor y of the incident 
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Fig. 10. Working principle of the TRD detector on the left. Scheme of the TRD detector on the 
right. 


charged particle. The radiant photons will be generated at y~103 and saturated at 
y~10*, the corresponding energy region of proton is about 1-10 TeV, see FIG. 10. 

By detecting the X rays generated by TR, the absolute energy of the incident 
charged particle in the TeV region can be obtained by measuring the Lorentz factor. 

The large effective area of TRD is achieved by a modular and highly redundant 
design. The TRD is arranged in 3 layers each consisting of 9 detection modules. 
Each detection module consists of a TR radiator, an X-ray gaseous detector with 
an effective area of 20x20 cm? and read-out electronics, supported by grid-like 
frames. 


4. Summary 


'The HERD detector will be installed onboard CSS on 2027, with a lifetime of 5-10 
years. The main scientific objectives regarding this initiative reside in the fields of 
CR physics, gamma-rays and (indirect) DM searches. 

HERD will be capable of providing high-precision measurements including 
single-element spectral indexes along with spectral hardenings/softenings of nu- 
clei and it will investigate the *knee" in hadronic CRs, for the first time via direct 
observations. 

Moreover it will provide precise measurements of secondary-to-primary ratios 
(i.e., B/C) in an extended energy range,giving information on CR propagation in 
the Galaxy. 

A great effort will also be invested in probing fine structures in the leptonic com- 
ponent (et 4- e^), especially at the highest-achievable energies with great precision. 

HERD will also be involved in high energy gamma-ray observations throughout 
a broad energy range due to its wide FOV, as well as assisting in observations of 
ground-based experiments with a narrow FOV. 
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MARCEL GROSSMANN AWARDS 


Sixteenth Marcel Grossmann Meeting 


Institutional Awards 


"for the creation of the world's best X-ray map of the entire sky, for the discovery of 
millions of previously unknown accreting supermassive black holes at cosmological 
redshifts, for the detection of X-rays from tens of thousands of galaxy clusters, filled 
mainly with dark matter, and for permitting the detailed investigation of the growth 
of the large-scale structure of the universe during the era of dark energy dominance”. 


S.A. LAVOCHKIN ASSOCIATION 
- presented to its Designer General Alexander Shirshakov 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS 
(MPE) 
- presented to Professor Peter Predehl, Principal Investigator of eROSITA 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN 
ACADEMY OF SCIENCES 

- presented to Professor Rashid Sunyaev, Principal Investigator of SRG Obser- 
vatory in Russia 


Individual Awards 


DEMETRIOS CHRISTODOULOU 

“For his many lasting contributions to the foundation of mathematical physics 
including the dynamics of relativistic gravitational fields. Notably for: contributing 
in 1971, at the age of 19, to derive with Remo Ruffini the mass-energy formula of 
black holes as a function of their angular momentum, charge and irreducible mass. 
Christodoulou turned then to the study of partial differential equations and mathe- 
matical physics, to which he remained dedicated for the rest of his career. Highlights 
in this area include the theoretical discovery of the nonlinear memory effect of grav- 
itational waves (Phys. Rev. Letters 1991), the monograph (1993) in collaboration 
with Sergiu Klainerman on the global nonlinear stability of the Minkowski spacetime, 
the monograph (2009) on the formation of black holes in pure general relativity by 
imploding gravitational waves, and the monographs (2007 and 2019) on the forma- 
tion and further development of shocks in fluids.” 


GERARD 't HOOFT 
"for his persistent devotion to the study of the quantum field theory boundary con- 
ditions at the black hole horizon". 


TSVI PIRAN 
"for extending Relativistic astrophysics across international frontiers, a true com- 
panion in the search for the deeper meaning of Einstein’s great theory”. 


xii 


STEVEN WEINBERG 
“for unwavering support for the MG meetings since their inception, a true compan- 
ion in the search for the deeper meaning of Einstein’s great theory”. 


Each recipient is presented with a silver casting of the TEST sculpture by the artist 
A. Pierelli. The original casting was presented to His Holiness Pope John Paul II 
on the first occasion of the Marcel Grossmann Awards. 
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15th Marcel Grossmann Meeting 
July 2018, Rome, Italy 


Institutional Awards 


PLANCK SCIENTIFIC COLLABORATION (ESA) 

“for obtaining important constraints on the models of inflationary stage of the 
Universe and level of primordial non-Gaussianity; measuring with unprecedented 
sensitivity gravitational lensing of Cosmic Microwave Background fluctuations by 
large-scale structure of the Universe and corresponding B-polarization of CMB, 
the imprint on the CMB of hot gas in galaxy clusters; getting unique information 
about the time of reionization of our Universe and distribution and properties of 
the dust and magnetic fields in our Galaxy" 


- presented to Jean-Loup Puget, the Principal Investigator of the High Frequency 
Instrument (HFT) 


HANSEN EXPERIMENTAL PHYSICS LABORATORY AT STANFORD UNI- 
VERSITY 

^to HEPL for having developed interdepartmental activities at Stanford University 
at the frontier of fundamental physics, astrophysics and technology" 


- presented to Research Professor Leo Hollberg, HEPL Assistant Director 


Individual Awards 


LYMAN PAGE 
“for his collaboration with David Wilkinson in realizing the NASA Explorer WMAP 
mission and as founding director of the Atacama Cosmology Telescope" 


RASHID ALIEVICH SUNYAEV 
"for the development of theoretical tools in the scrutinising, through the CMB, of 
the first observable electromagnetic appearance of our Universe" 


SHING-TUNG YAU 

"for the proof of the positivity of total mass in the theory of general relativity 
and perfecting as well the concept of quasi-local mass, for his proof of the Calabi 
conjecture, for his continuous inspiring role in the study of black holes physics" 


14th Marcel Grossmann Meeting 
July 2015, Rome, Italy 


Institutional Award 


EUROPEAN SPACE AGENCY (ESA) 

“for the tremendous success of its scientific space missions in astronomy, astro- 
physics, cosmology and fundamental physics which have revolutionized our knowl- 
edge of the Universe and hugely benefited science and mankind" 


- presented to its Director General Johann-Dietrich Woerner 


Individual Awards 


KEN'ICHI NOMOTO 
“for heralding the role of binary systems in the evolution of massive stars” 


MARTIN REES 
“for fostering Research in black holes, gravitational waves and cosmology” 


YAKOV G. SINAI 
“for applying the mathematics of chaotic systems to physics and cosmology” 


SACHIKO TSURUTA 
"for pioneering the physics of hot neutron stars and their cooling" 


FRANK C.N. YANG 
"for deepening Einstein's geometrical approach to physics in the best tradition of 
Paul Dirac and Hermann Weyl” 


T.D. LEE (award received by Yu-Qing Lou on behalf of Prof. T.D. Lee) 
“for his work on white dwarfs motivating Enrico Fermi’s return to astrophysics and 
guiding the basic understanding of neutron star matter and fields” 
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13th Marcel Grossmann Meeting 
July 2012, Stockholm, Sweden 


Institutional Award 


ALBANOVA 

for its innovative status as a joint institute established by Stockholm University and 
the Royal Institute of Technology and for fostering contributions to cosmology and 
astrophysics in the profound scientific tradition established by Oskar Klein. 


- presented to the Rector of Stockholm University, Prof. Kare Bremer. 


Individual Awards 


DAVID ARNETT 

for exploring the nuclear physics and yet unsolved problems of the endpoint of 
thermonuclear evolution of stars, leading to new avenues of research in physics and 
astrophysics. 


VLADIMIR BELINSKI and I.M. KHALATNIKOV 
for the discovery of a general solution of the Einstein equations with a cosmological 
singularity of an oscillatory chaotic character known as the BKL singularity. 


FILIPPO FRONTERA 

for guiding the Gamma-ray Burst Monitor Project on board the BeppoSAX satel- 
lite, which led to the discovery of GRB X-ray afterglows, and to their optical 
identification. 
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12th Marcel Grossmann Meeting 
July 2009, Paris, France 


Institutional Award 


INSTITUT DES HAUTES ÉSTUDES SCIENTIFIQUE (IHÉS) 

for its outstanding contributions to mathematics and theoretical physics, and 
notably for having renewed basic geometrical concepts, and having developed new 
mathematical and physical aspects of spacetime. 


- presented to Prof. Jean-Pierre Bourguignon 


Individual Awards 


JAAN EINASTO 
for pioneering contributions in the discovery of dark matter and cosmic web and 
fostering research in the historical Tartu Observatory. 


CHRISTINE JONES 

for her fundamental contributions to the X-ray studies of galaxies and clusters 
tracing their formation and evolution and for her role in collaborations using clusters 
to study dark matter and in analyzing the effects of outbursts from supermassive 
black holes on the intracluster gas. 


MICHAEL KRAMER 
for his fundamental contributions to pulsar astrophysics, and notably for having 
first confirmed the existence of spin-orbit precession in binary pulsars. 
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11th Marcel Grossmann Meeting 
July 2006, Berlin, Germany 


Institutional Award 


FREIE UNIVERSITAT BERLIN 

for the successful endeavor of re-establishing — in the spirit of the Humboldt tra- 
dition — freedom of thinking and teaching within a democratic society in a rapidly 
evolving cosmos 


- presented to Dr. Dieter Lenzen, President of FUB 


Individual Awards 


ROY KERR 
for his fundamental contribution to Einstein's theory of general relativity: "The 
gravitational field of a spinning mass as an example of algebraically special metrics." 


GEORGE COYNE 

for his committed support for the international development of relativistic astro- 
physics and for his dedication to fostering an enlightened relationship between sci- 
ence and religion. 


JOACHIM TRUMPER 

for his outstanding scientific contributions to the physics of compact astrophysi- 
cal objects and for leading the highly successful ROSAT mission which discovered 
more than 200,000 galactic and extragalactic X-ray sources: a major step in the 
observational capabilities of X-ray astronomy and in the knowledge of our universe. 
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10th Marcel Grossmann Meeting 
July 2003, Rio de Janeiro, Brazil 


Institutional Award 


CBPF (Brazilian Center for Research in Physics) 
for its role as a teaching and research institution and as a place originating funda- 
mental physics ideas in the exploration of the universe. 


- presented to its founders Cesar Lattes, José Leite Lopez and Jayme Tiomno 


Individual Awards 


YVONNE CHOQUET-BRUHAT AND JAMES W. YORK, JR. 

for separate as well as joint work in establishing the mathematical framework for 
proving the existence and uniqueness of solutions to Einstein's gravitational field 
equations. 


YUVAL NE'EMAN 
for his contributions to science, epistimology, mathematics and physics from sub- 
nuclear to space sciences. 


9th Marcel Grossmann Meeting 
July 2000, Rome, Italy 


Institutional Award 


SOLVAY INSTITUTES 
for identifying and recording in discussions by the protagonists the crucial develop- 
ments of physics and astrophysics in the twentieth century. 


- presented to Jacques Solvay 


Individual Awards 


CECILLE AND BRYCE DEWITT 
for promoting General Relativity and Mathematics research and inventing the “sum- 
mer school" concept. 


RICCARDO GIACCONI 
for opening, five successive times, new highways for exploring the Universe. 


ROGER PENROSE 
for extending the mathematical and geometrical foundations of General Relativity. 
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8th Marcel Grossmann Meeting 
June 1997, Jerusalem 


Institutional Award 


HEBREW UNIVERSITY 
for its role as a cradle of Science and Humanities and for hosting the manuscripts 
of Albert Einstein. 


- presented to M. Magidor, President of the Hebrew University of Jerusalem 


Individual Awards 


TULLIO REGGE 

for his contributions to the interface between mathematics and physics leading to 
new fields of research of paramount importance in relativistic astrophysics and par- 
ticle physics. 


FRANCIS EVERITT 
for leading the development of extremely precise space experiments utilizing super- 
conducting technology to test General Relativity and the Equivalence Principle. 
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7th Marcel Grossmann Meeting 
June 1994, Stanford, USA 


Institutional Award 


SPACE TELESCOPE SCIENCE INSTITUTE 

for its critical role in the direction and operation of the Hubble Space Telescope, 
a truly unique international laboratory for the investigation and testing of general 
relativity in the context of modern astrophysics and cosmology. 


- presented to Peter Stockman 


Individual Awards 


SUBRAHMANYAN CHANDRASEKHAR 

for his contributions to the analysis of gravitational phenomena from Newton to 
Einstein and especially for leading the way to relativistic astrophysics with the 
concept of critical mass for gravitational collapse. 


JIM WILSON 

for having built on his experience in nuclear physics, thermonuclear reactions, and 
extensive numerical simulation to create a new testing ground for the novel concepts 
of relativistic astrophysics. 
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6th Marcel Grossmann Meeting 
June 1991, Kyoto, Japan 


Institutional Award 


RITP 

for keeping alive first in Hiroshima and them in Kyoto research in relativity, cosmol- 
ogy, and relativistic field theory and the development of a school of international 
acclaim. 


- presented to Professor K. Tomita 


Individual Awards 


MINORU ODA 

for participating in the pioneering work of the early sixties in X-ray astronomy 
and for his subsequent molding of an agile and diversified Japanese scientific space 
program investigating the deepest aspects of relativistic astrophysics. 


STEPHEN HAWKING 
for his contributions to the understanding of spacetime singularities and of the large 
scale structure of the Universe and of its quantum origins. 
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5th Marcel Grossmann Meeting 
August 1988, Perth, Australia 


Institutional Award 


THE UNIVERSITY OF WESTERN AUSTRALIA 
for its contributions to relativistic astrophysics. 


- presented to the Vice Chancellor, Professor Robert Smith 


Individual Awards 


SATIO HAYAKAWA 
for his contributions to research in gamma, X-ray and infrared radiation as well as 
cosmic rays. 


JOHN ARCHIBALD WHEELER 
for his contributions to geometrodynamics and Einstein’s visions. 
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4th Marcel Grossmann Meeting 
July 1985, Rome, Italy 


Institutional Award 


THE VATICAN OBSERVATORY 
for its contributions to the origin and development of astrophysics. 


- presented to His Holiness Pope John Paul II 


Individual Awards 
WILLIAM FAIRBANK 


for his work in gravitation and low temperature physics. 


ABDUS SALAM 
for his work in unifying fundamental interactions. 
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Institutional Awards for the Spektrum-Roentgen-Gamma (SRG) mission 


"for the creation of the world's best X-ray map of the entire sky, for the discovery of 
millions of previously unknown accreting supermassive black holes at cosmological 
redshifts, for the detection of X-rays from tens of thousands of galaxy clusters, filled 
mainly with dark matter, and for permitting the detailed investigation of the growth 
of the large-scale structure of the universe during the era of dark energy dominance”. 


S.A. LAVOCHKIN ASSOCIATION 
- presented to its Designer General Alexander Shirshakov 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS 
(MPE) 
- presented to Professor Peter Predehl, Principal Investigator of eROSITA 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN 
ACADEMY OF SCIENCES 

- presented to Professor Rashid Sunyaev, Principal Investigator of SRG Obser- 
vatory in Russia 


On Tuesday June 29, 2021, the following 31 astro-ph appeared: 


1. https://arxiv.org/abs/2106.14517 17. https://arxiv.org/abs/2106.14533 
2. https://arxiv.org/abs/2106.14518 18. https://arxiv.org/abs/2106.14534 
3. https: //arxiv.org/abs/2106.14519 19. https://arxiv.org/abs/2106.14535 
4. https: //arxiv.org/abs/2106.14520 20. https://arxiv.org/abs/2106.14536 
5. https://arxiv.org/abs/2106.14521 21. https://arxiv.org/abs/2106.14537 
6. https: //arxiv.org/abs/2106.14522 22. https://arxiv.org/abs/2106.14541 
7. https://arxiv.org/abs/2106.14523 23. https://arxiv.org/abs/2106.14542 
8. https: //arxiv.org/abs/2106.14524 24. https://arxiv.org/abs/2106.14543 
9. https: //arxiv.org/abs/2106.14525 25. https://arxiv.org/abs/2106.14544 
10. https://arxiv.org/abs/2106.14526 26. https://arxiv.org/abs/2106.14545 
11. https://arxiv.org/abs/2106.14527 27. https://arxiv.org/abs/2106.14546 
12. https://arxiv.org/abs/2106.14528 28. https://arxiv.org/abs/2106.14547 
13. https://arxiv.org/abs/2106.14529 29. https://arxiv.org/abs/2106.14548 
14. https://arxiv.org/abs/2106.14530 30. https: //arxiv.org/abs/2106.14549 
15. https://arxiv.org/abs/2106.14531 31. https: //arxiv.org/abs/2106.14550 
16. https://arxiv.org/abs/2106.14532 
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S.A. LAVOCHKIN ASSOCIATION 
presented to its Designer General Alexander Shirshakov 


S.A. Lavochkin Association created the Navigator space platform 
carrying German eRosita and Russian ART-XC X-Ray Telescopes, 
organized the launch of SRG Orbital X-Ray Observatory to the second 
Lagrangian point of the Sun-Earth system at a distance of 1.5 million 
km from the Earth and managed the observatory flight and the daily 
reception of its scientific data on Earth for 23.5 months. 


Dr Alexander Shirshakov, Designer General of the S.A. Lavochkin 
Association, is specialized in design, manufacture, testing, launch and 
control of S/C for scientific purposes. Among those S/C launched, 
there are the «Radiostron» Astrophysical Observatory (2011) and the 
«Spektr-RG» space observatory (2019), while the planned S/C 
launches are «Luna-25» and «Exomars». 


Dr Shirshakov started his career in 1973, working as an engineer of 
the State Unitary Enterprise «NPO named by S.A. Lavochkin» in 
Khimki (Russian Federation). Starting from 1989 he has played 
multiple roles within the Lavochkin Association, been appointed head of the group, head of the sector, head 
of department, deputy head of the complex, head of the branch, director of the center, deputy head of the 
Design Bureau, deputy General Designer and deputy General Director. 


Dr Alexander Shirshakov 


Dr Shirshakov is an editorial board Member of the reviewed edition of «Vestnik of Lavochkin Association». 
Since 2017, he is also member of the General Designer council. He has been awarded Honored Mechanical 
engineer of the Russian Federation as well as Agency-level award of the Russian Federal Space Agency. 


MAX PLANCK INSTITUTE FOR EXTRATERRESTRIAL PHYSICS (MPE) 
presented to Professor Peter Predehl, Principal Investigator of eROSITA 


eROSITA is the soft X-ray telescope on-board the 
Russian-German Spektr-RG mission which was 
successfully launched from Baikonur on July 13, 2019 
and placed in a halo orbit around the L2 point. 30 years 
after ROSAT, eROSITA performs an all-sky survey 
with an unprecedented sensitivity, spectral and angular 
resolution. Clusters of galaxies are the largest collapsed 
objects in the Universe. Their formation and evolution is 
dominated by gravity, i.e. Dark Matter, while their large 
scale distribution and number density depends on the 
geometry of the Universe, ie. Dark Energy. X-ray 
observations of clusters of galaxies provide information 
| on the rate of expansion of the Universe, the fraction of 

mass in visible matter, and the amplitude of primordial 

fluctuations which are the origin of clusters of galaxies 

and the whole structure of the universe. eROSITA has 
been designed to detect at least 100.000 clusters of galaxies and to detect systematically more than 3 million 
obscured accreting Black Holes. eROSITA will also allow to study the physics of galactic X-ray source 


Professor Peter Predehl 
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populations, like pre-main sequence stars, supernova remnants and X-ray binaries. The eROSITA telescope 
consists of seven identical Wolter-1 mirror modules. A novel detector system has been developed by MPE 
on the basis of the successful XMM-Newton pn-CCD technology. MPE is the scientific lead institute of 
eROSITA, responsible for the development of the instrument, the operation, the analysis software and data 
archive. Peter Predehl led this development as Principal Investigator of eROSITA and German lead scientist 
of the SRG mission for more than 15 years until the completion of the first of eight surveys in 2020. At this 
time eROSITA has already discovered more than 1 million X-ray sources, more than all X-ray observatories 
of the last 50 years together. This demonstrates that the design goals of the mission will easily be fulfilled. 


SPACE RESEARCH INSTITUTE (IKI) OF THE RUSSIAN ACADEMY OF SCIENCES 
presented to Professor Rashid Sunyaev 


Space Research Institute (IKI) of the Russian Academy of 
Sciences was responsible for developing the overall concept 
and scientific program of the SRG Orbital observatory and 
played a leading role in developing the ART-XC telescope 
and the entire SRG observatory as part of the Russian space 
| Science program carried out by Roskosmos Corporation in 
| the interests of the Russian Academy of Sciences. 


During the flight to the L2 point of the Sun-Earth system, 
SRG with German (eRosita) and Russian (ART-XC named 
after Mikhail Pavlinsky) X-ray Telescopes aboard performed 
calibrations and long duration Performance Verification 
observations of a dozen of targets and deep fields. Starting in 
the middle of December 2019, the SRG scanned the whole 
sky three times. During these scans, SRG discovered two 
million point X-ray sources: mainly quasars, stars with hot 
and bright coronae, and more than 30 thousand clusters of 
galaxies. There is a competition and synergy in the search for 
clusters of galaxies between SRG and the ground-based Atacama Cosmology and South Pole Telescopes, 
which are searching for clusters of galaxies in microwave spectral band using Sunyaev-Zeldovich effect. 
SRG provided the X-Ray map of the whole sky in hard 
and soft bands, the last is now the best among existing. 
The huge samples of the X-ray selected quasars at the 
redshifts up to z — 6.2 and clusters of galaxies will be 
used for well-known cosmological tests and detailed 
study of the growth of the large scale structure of the 
Universe during and after reionization. SRG/eRosita is 


Professor Rashid Sunyaev 


discovering every day several extragalactic objects which 
increased or decreased their brightness more than 10 
times during half of the year after the previous scan of the 
same one-degree wide strip on the sky. A significant part 
of these objects has observational properties similar to the 
Events of Tidal Disruption of a star orbiting in the 
vicinity of the supermassive black hole. ART-XC 
discovered a lot of bright galactic and extragalactic 
transients. 
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Rashid Sunyaev is the Principal Investigator of SRG mission in Russia, director-emeritus of the Max-Planck 
Institute for Astrophysics and Maureen and John Hendricks distinguished visiting professor of the Institute 
for Advanced Study, Princeton. 


First SRG/eROSITA all-sky survey: 
A million of X-ray sources and the Milky Way. 
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Individual Awards 
LISEHHLHTEIDEMETRIOS CHRISTODOULOU 


"For his many lasting contributions to the foundation of mathematical physics including the dynamics of 
relativistic gravitational fields. Notably for: contributing in 1971, at the age of 19, to derive with Remo 
Ruffini the mass-energy formula of black holes as a function of their angular momentum, charge and irre- 
ducible mass. Christodoulou turned then to the study of partial differential equations and mathematical 
physics, to which he remained dedicated for the rest of his career. Highlights in this area include the theoret- 
ical discovery of the nonlinear memory effect of gravitational waves (Phys. Rev. Letters 1991), the mono- 
graph (1993) in collaboration with Sergiu Klainerman on the global nonlinear stability of the Minkowski 
spacetime, the monograph (2009) on the formation of black holes in pure general relativity by imploding 
gravitational waves, and the monographs (2007 and 2019) on the formation and further development of 
shocks in fluids. " 


Professor Demetrios Christodoulou 


sink of energy, were energy sources emitting "in principle" 5096 of their mass energy, being extractab! 


XXX 


Fig. 1 and Fig. 2: Demetrios during his thesis presentation with Eugene Wigner (Fig. 1) and David Wilkinson (Fig.2). Johnny 
and I were supervisors, ready to intervene in case of need, but no need of intervention was necessary! Wigner elaborated the 
aphorism of Niels Bohr "Interesting = wrong" in the most definite "very interesting if true = totally wrong". 
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A “long march” started on 12 December 1970 with the launch of 


A [ 7 2 ; 

Fig. 3: Prof. Remo Ruffini receiving the Cressy 
Morrison Award of the New York Academy of 
Sciences, 1972 for the discovery of the first 
Black Hole in our galaxy Cygnus X1. 


« É feci. à Ei 


Fig. 4: In the second row, from left to right, there are, among others: E. T. Newman, S. Chandrasekhar (Nobel 1983), R. Giacconi 
(Nobel 2002), R. Ruffini, A. Treves, A. Hewish (Nobel 1974), D. Arnett, J.H. Taylor (Nobel 1993), J. Wilson, R. Penrose (Nobel 
2020), as well as J. Bahcall, T. Damour, T. Piran et al. 


Today, after fifty years, this “long march" has reached a definite result: through the grandest observational 


are finally finding evidence that black holes are “alive” and their “extractable energy" in our mass formula 


. Their “inner engine", has three independent components: 1) a 


Remo Ruffini 
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GERARD "t HOOFT 


"for his persistent devotion to the study of the quantum field theory boundary conditions at the black hole 
horizon". 


F * Prof. Gerard ’t Hooft has been a full Professor at the Utrecht 
] [ 


1 
‘For elucidating the quantum 
physics” 


structure of electroweak interactions 


= 
E 


Prof. 't Hooft's 


Professor Gerard 't Hooft 


Prof. 't Hooft has been awarded the 
"n 


direct Gerard's attention to some specific 


Fig. 2: The signature of Gerard 't Hooft on the 
wall of ICRA Room 301 (April 4, 1999). 


Ruffini's 1971 paper w 


"i I "for his persistent devotion to the study of the quantum field theory 
boundary conditions at the black hole horizon" 


Remo Ruffini 
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CETTE TSVI PIRAN : 


"for extending relativistic astrophysics across international frontiers, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


LET 


research deals with numerous aspects of relativistic 
I 


| 
Piran's research work focuses mostly 
| TTE TIT] m T 


Professor Tsvi Piran Piran’s achiev 


N STEVEN WEINBERG 


"for unwavering support for the MG meetings since their inception, a true companion in the search for the 
deeper meaning of Einstein's great theory”. 


Academy of Sciences, Britain's Royal Society, and other acade 


he is “considered by many to be the preeminent theoretical physicist 


alive in the world today." His books for physicists incl 


Gravitation and Cosmology l COU The Quantum 
Theory of Fields\\Cosmology 


Foundations of Modern Physics MMU 


Professor Steven Weinberg. Photo 
courtesy of Matt Valentine. 
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ICRA Collection 


Fig. 1: Chuo Pei Yuan and Cheng Ning Yang at MG2 in Trieste, 


Italy (1979). 


| Bina [I Ei | [I] "motto " 


D [Friends from all over the world are welcomed” 


member of the present MG16 IOC: no MG meetings on Einstein's theory of general relativi 


ICRA Collection 


Fig. 2: From right to left: Chaim Weizmann, President of Israel; Yuval 
Ne'emann, Minister of Science of Israel; R. Ruffini. 


‘Scientists 
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I kept on meeting Tauber in the years which followed (see Fig. 3). Soon after, Yuval Ne'emann visited 


"for unwavering support for the MG 
meetings since their inception, a 
true companion in the search for the 
deeper meaning of Einstein's great 


theory” 


“for extending Relativistic 
astrophysics across international 
frontiers, a true companion in the 
search for the deeper meaning of 


Einstein’s great theory” 


Fig. 4: Albert Einstein, Hideki Yukawa and John. A. Wheeler with a hand- 
written dedication to Remo Ruffini “To Remo Ruffini, companion in the search 
for the deeper meaning of Einstein great theory. With warm regards, John 
Wheeler 5 April 1968”. 


words of John A. Wheeler’s photo 


Remo Ruffini 
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PREFACE 


Since 1975, the Marcel Grossmann Meetings on Recent Developments in Theoretical 
and Experimental General Relativity, Gravitation, and Relativistic Field Theories 
have been organized in order to provide opportunities for discussing recent advances 
in gravitation, general relativity and relativistic field theories, emphasizing mathe- 
matical foundations, physical predictions and experimental tests. The objective of 
these meetings is to elicit exchange among scientists that may deepen our under- 
standing of spacetime structures as well as to review the status of ongoing exper- 
iments aimed at testing Einstein's theory of gravitation either from the ground or 
from space. Previous meetings have been held in Trieste (MG1: 1975) and (MG2: 
1979), Shanghai (MG3: 1982), Rome (MG4: 1985, MG9: 2000), Perth (MG5: 1988), 
Kyoto (MG6: 1991), Stanford (MG7: 1994), Jerusalem (MG8: 1997), Rio (MG10: 
2003), Berlin (MG11: 2006), Paris (MG12: 2009), Stockholm (MG13: 2012), MG14 
in 2015 and MG15 in 2018 both in Rome. 

Due to the COVID-19 pandemic spreading in the last two years the decision 
was taken to organize the Sixteenth Marcel Grossmann meeting for the first time in 
history entirely online. Despite numerous challenges, related to the organization of 
large worldwide event, MG16 showed the strongest ever interest from the scientific 
community with a record-breaking number of almost 1200 registered participants 
and of more than 1000 speakers. 

The traditional six-day schedule has been modified to account for different time 
zones of the speakers and each day the program of the meeting was divided in three 
blocks with the reference to the Central European Summer Time. The first block 
was starting at 06:30 in the morning, allowing comfortable time for speakers from 
Asia and Oceania. The second block was held in the daytime in Europe and Africa. 
The third block was starting in the afternoon and ending at 19:30 allowing accom- 
modation of the speakers from the Americas. Each day the blocks of plenary sessions 
were interchanging with the blocks of about 30 parallel sessions each, making this 
one of the most intense MG meetings ever. All this was possible thanks to recent 
developments in communication technologies. The Indico open-source software was 
selected as a web platform for this meeting, while Zoom platform was adopted for 
the video-conferencing. The meeting was streamed on ICRANet YouTube channel. 

The meeting started on Monday July 5 with the Award ceremony. The individual 
awards went to Demetrios Christodoulou, Tsvi Piran, Gerard ’t Hooft and Steven 
Weinberg, while the Institutional Awards went to the S.A. Lavochkin Association, 
to the Max Planck Institute for Extraterrestrial Physics - MPE and to the Space 
Research Institute IKI of the Russian Academy of Sciences. Overall there were 54 
plenary talks, 4 public lectures and 5 roundtables and about 90 parallel sessions. 
The plenary session *Events in Relativistics Astrophysics" on Monday have seen 
the contributions from Rashid Sunyaev, Michael Kramer, James Miller-Jones, Felix 
Mirabel. The public lectures were delivered by Razmik Mirzoyan, Asghar Qadir 
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and Mohammad Bagheri. Plenary talks on Tuesday session “Black holes and the 
Quantum” by Juan Maldacena, Ahmed Almheiri, Gerard "t Hooft, Mihalis Dafer- 
mos, Sergiu Klainerman, Abhay Ashtekar and Frank Wilczek were bracketed by two 
roundtables on “New results from SRG/eRosita" with the participation of Andrea 
Merloni, Prof. Rashid Sunyaev, Alexander Lutovinov, Chandreyee Maitra, Esra 
Bulbul and “Solar neutrinos and Borexino" with the participation of Gianpaolo 
Bellini and Wick Haxton. Plenary talks on Wednesday in the session “Lambda 
CDM tensions” by George Efstathiou, Scolnic Daniel, Marc Kamionkowski, Wendy 
Freedman, Priya Natarajan and Licia Verde were followed by the roundtable “Pre- 
cision cosmology” with the participation of Licia Verde, Marc Kamionkowski, Piero 
Rosati, and the public lecture by Francis Halzen. Two blocks of Thursday plenary 
sessions “Black holes in GRBs” and “Precision tests” included the talks by Roy 
Kerr, Yuan Ha, Lorenzo Amati, Elena Pian, Carlos Raúl Argüelles, Di Li, Jianglai 
Liu, Claus Lammerzahl, Gerhard Heinzel and Ignazio Ciufolini and were followed 
by the roundtable “GRB 170817A and GRB 190829A” with the participation of 
Eleonora Troja, Liang Li, Rahim Moradi, Jorge Armando Rueda Hernandez. Two 
plenary blocks on Friday “Massive stars” and “Physics behind stellar collapse” 
included the talks by Selma de Mink, Norbert Langer, Jiri Bicak and Tomas Led- 
vinka, Ivan De Mitri, Rahim Moradi and Giancarlo Cella. Finally, two plenary blocks 
on Saturday “Current and future missions” have seen the talks by Shuang-Nan 
Zhang, Weimin Yuan, Makoto Tashiro, Ruoyu Liu, Jean-Luc Atteia, Jim Hinton 
and Nicholas White and were followed by the roundtable “What is in our Galactic 
center" with the participation of Reinhard Genzel, Carlos Raúl Argiielles, Andreas 
Krut, Jorge Armando Rueda Hernandez, Eduar Becerra Vergara. The program of 
the meeting can be found at the official website http://www.icra.it/mg/mg16 and 
at ICRANet Indico website https://indico.icranet.org/event/1/. 

These proceedings include about 400 papers containing the results presented at 
the Sixteenth Marcel Grossmann meeting. The plenary papers from the meeting have 
been published in International Journal of Modern Physics D as they were submitted. 
'The table of contents includes also the links to YouTube videos with talks given at 
the meeting and cover plenary talks, public lectures, roundtables and all parallel 
sessions. The general link to the videos from MG16 is: https:/ /www.youtube.com/ 
watch?v-QFellsSid-o&list 2PLr5RLbSWSonsaOnZukBDs0qsNIWMSAvRF. 

As the editors we would like to express our gratitude to all the chairpersons of 
the parallel sessions at MG16, who peer-reviewed the papers submitted for these 
proceedings, as well as to the ICRANet secretariat office and in particular to Cinzia 
di Niccolo, Elisabetta Natale and Yasmina Di Domizio, as well as to ICRANet 
system manager Gabriele Brandolini for their help in preparation of this publication. 


Remo Ruffini and Gregory Vereshchagin 
November 2021 
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The observation of the stars in daytime and near the horizon 


Costantino Sigismondi 


ICRA, Sapienza University of Rome, 
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E-mail: sigismondi@icra. it 
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Paolo Ochner 
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Traditionally when a star was near the solar conjunction, its magnitude was not measured 
from groundbased observations. In this way the lightcurves of variable stars show yearly 
gaps of about two or three months each year. Some observations made in twilight and 
in daytime in Rome of Betelgeuse, Antares and Venus are described. 


Keywords: Atmospheric seeing, Airmass extinction, Daytime astronomical observations 
of stars. 


1. Introduction: Betelgeuse and its 2020 secondary minimum 


On 31 march 2020 Betelgeuse’s luminosity was again in its rising phase, after the 
deep minimum Worldwide discussed. The observations of this phase continued in 
the evening until April 2020, on a dark sky. By the end of April the star was entering 
in twilight visibility for Rome, and its luminosity measurement with Argelander’s 
method become complicate. The sky background rised, and the Purkinje effect af- 
fected the perception of the stellar luminosity by naked eye. Moreover the airmass’ 
extinction near the horizon is affected by the humidity, which is a variable effect 
with the season and with the meteorological local conditions. Air turbulence also 
complicates the signal to noise ratio of the star. The cases of Antares at the merid- 
ian at 21° of altitude at sunset and of Venus at the meridian in afternoon, both 
observed in Vatican, are also discussed. 


2. Sky background, airmass and comparison stars 


A bright star is visible through a telescope during the day, the conditions required 
are: clear sky and exact pointing. For Betelgeuse in twilight, near the Western 
horizon in end of May in Rome, a dried tree in the foreground was used to aim 
at the star’s position with a monocular or a small Newtonian telescope of 76 mm 
mirror. 

For measuring the stellar magnitude the usual comparisons stars were not visible: 
Aldebaran, red as Betelgeuse, was already set and Procyon, white and normally 
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brighter than Betelgeuse, was not visible neither close to a landmark. Only Mercury, 
reddish, was bright and low enough to be seen and compared. y Geminorum, white, 
also was detectable close to Betelgeuse and to another landmark. 

These conditions allowed to verify that a "regular" 1/sin cosecant law for the 
airmass extinction does not apply for the evening horizon in may in Rome. 


haze sunset 


night star-set 


ideal cosecant law 
airmass 
dry atmosphere 


0° altitude h[°] 90° 


Fig. 1. Airmass extinction in dry atmosphere, night star set and haze sunset (as in end of August, 
in Rome). The deviation from the cosecant law are relevant below 15°. 


Other experiences with sea sunsets showed strong departures from the cosecant 
law near the horizon in presence of humidity: the solar light can be extinct by an 
equivalent up to 30 airmasses of haze, or only by 5 airmasses in drier days. In the 
former situation the lower limb of the Sun disappears before reaching the horizon, 
while in the latter the Sun remains bright until the last glimpse of light. 


2.1. Atmospheric seeing 


Air turbulence is stronger in daytime, and large bubbles of hot air from locations 
close to the observer defocus the star. This fact complicates the visibility of the star 
on a bright sky background. Antares at the meridian, at 21° of altitude at sunset 
on 21 August 2021 was visible less than 50% of the duration of the observation, 
continuously disappearing and reappearing without having changed the focus of 
the telescope 10 x 42; only Venus, under clear sky, appeared steadily visible in 
daytime, through a monocular 7x18 on October 5, 2021. In other days of October 
2021 the defocus affected also the observation of Venus. 
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Fig. 2. A photo of Venus in daytime on October 5, 2021 at 16:10 local time, with the top of st. 
Peter's Obelisk in Vatican. In this photo Venus is below the center of the tridimensional star, as 
a bright point on the blue sky. 


3. The early morning reappearances of Betelgeuse in September 


My observations of Betelgeuse made in September from 2012 to 2021, and in general 
the first observations after the solar conjunction, showed a systematic increase of the 
perceived luminosity. Aldebaran, Procyon and Rigel are always used as comparison 
stars, and the airmass correction was carefully considered. The detector is my eye, 
and this systematic luminosity increasing, can be due to a physiological effect like 
the Purkinje's one, even if I applied the recommendation of not staring at the 
star. Exempli gratia on September 15, 2021 a careful observation, with the star 
“bracketed” with Aldebaran and Procyon and Rigel, yielded magnitude 0.27, 0.25 
magnitudes brighter than V-band observations in AAVSO database for the same 
days. Moreover this luminosity is brighter than average maxima of Betelgeuse, which 
was nearly at the meridian on a starting twilight phase. Other September’s luminous 
cases have to be attributed to the heavy haze at the Eastern horizon: either facing 
the Adriatic sea in Lanciano (265 m above sea level), either from the Asiago highland 
(1000 m). The clearness of the morning sky, and the low humidity dispersed in the 
atmosphere can be the responsible of such peculiar situation. 


3.1. Recovering airmass on the AAVSO-SGQ observations’ 
catalogue 


The airmass of Betelgeuse during all these particular observations in September 
ranges from 2 to 3, and can be calculated on AAVSO-SGQ catalogue by selecting 
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SGQ as observer, in searching Alf Ori observations (and all the other variable stars 
observed). 

The location of the observation is always reported in the notes, and the time 
is required by the application form. So the data for recomputing the airmass are 
made available. 


4. Conclusions 


The Argelander’s method consists to bracket the luminosity of the star in study 
among two comparison stars. For Betelgeuse it is necessary to apply always the 
airmass corrections, because the angular distance of the comparison stars, usually 
Aldebaran and Procyon, produce artificial difference in luminosity. 

The airmass correction can depart from the cosecant law near the horizon due 
to the haze (fig. 1). 

Defocus effects of the air turbulence complicate this measurement. From Rome 
the magnitude of Betelgeuse has been measured as late as 31 May, in 2021. From 
the southern hemisphere in Australia Rod Stubbings could observe until the same 
date in 2021 and until 10 of June in 2020. 

From Brasil, Florianopolis, Alexandre Amorim could observe from 8 July in the 
morning twilight. 

The observations in V-band of Otmar Nickel were performed in daytime, during 
the solar conjunction, allowing a ungapped monitoring of the luminosity of this star. 
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Fall and Rise of Betelgeuse: The summary of HR1 session 
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The occurrence of the deep minimum of Betelgeuse in 2020 has been object of a World- 
wide debate, mainly on the public media. The session dedicated to Betelgeuse in the 
XVI Marcel Grossmann Meeting focused the many aspects of this debate, offering a 
good state of art of this subject, after and during an unprecedented observational effort 
from ground, airborne and from the space. 


Keywords: Betelgeuse; Red giant; Variable stars. 


1. Betelgeuse among the red giant variable stars 


The special session HR1 History of Relativity I of the XVI Marcel Grossmann Meet- 
ing was dedicated to the Great Dimming of Betelgeuse, occurred from December 
2019 to February 2020. This meeting gathered prominent scholars in this research 
field, and relevant representatives of the amateur astronomers who participated to 
the observational campaign of Betelgeuse (Wolfgang Vollmann from Vienna and 
Rod Stubbings from Australia). 

The impact of Betelgeuse’s dimming in the media, last year, is an index of how 
such an astronomical phenomenon can drive interest of the great public, and for 
how long, and why. One of the most recurrent issues was the supernova ending 
of its stellar history (because it was believed or announced to be imminent, as 
a consequence of the three months dimming... and this common mistake in the 
press, even specialized, was the reason why Relativistic Astrophysicists decided to 
clarify the nature of a potential gravitational collapse). Pre-supernova stages of 
supergiants are very poorly known, even for SN 1987A (Massimo Turatto, 2020 
ICRANet Betelgeuse meeting), but a core-collapse event lasts only an hour, as 
recalled in the plenary session of this meeting (Chris Fryer). 

In any case Betelgeuse ranks among the ten brightest stars in the sky, and it 
is variable, with amplitudes normally around 0.5 magnitudes from minimum to 
maximum, which become 1.0 magnitudes for the Great Dimming of 2020. 
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2. Observing Betelgeuse, the culture of mankind, and the didactic 


Betelgeuse is part of the night sky culture of mankind, probably documented since 
Lascaux caves in the Pyrenees (Cro-Magnon civilization, 40000 years ago) and 
present in Greek mythology. Its dimming in 2020 has excited again the human fan- 
tasy, as well as an unprecedented observational campaign in all part of the spectrum. 


Fig. 1. The Lascaux painting in the cave. The Taurus, at top center, is probably an Urus (Bos 
Primigenius). From this general view the detail of astronomical interest is shown below. 


Fig. 2. The detail where Orion would appear. The Pleiades are also identified, Orion’s belt is four 
point aligned in the previous global image. Andrea Dupree drawn our attention to this document. 
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This variability can be followed potentially by all, by applying some basic airmass 
correction to the reference stars and Betelgeuse itself (Costantino Sigismondi and 
Tiziana Pompa) even in twilight. The natural continuation of this approach, which 
is also didactic, is the daylight observations of Betelgeuse from ground, by Otmar 
Nickel, used to integrate the V and visual light curve of Betelgeuse obtained with 
the dark night sky. The search of peculiarities of “the painful shoulder"^ of Orion is 
a natural way to approach this phenomenon, while the modern data on Betelgeuse 
magnitudes is less than two centuries (Sir John Herschel in 1837-41). How different 
is Betelgeuse from Antares and other red supergiant stars? In the timescales of stel- 
lar evolution how peculiar was this dimming? This provocation came from Jacco 
van Loon, the chairman of GAPS 2021, a 254-participants online meeting held in 
June 2021 on Red Supergiants. 


3. Date of this meeting among the light curve of Betelgeuse 


The date of this meeting occurred after a whole pulsational period (425 days) from 
the Great Minimum dated around 11 February 2020. This was the occasion to com- 
pare the Great Minimum with the following one, in order to verify the uniqueness 
of the 2020 event, or, conversely, its statistical fluctuation’s nature. The light curves 
presented at this parallel session were all updated to the day before, thanks to the 
daytime and spacebased observations. 


4. Time series analysis issues in the lightcurve of Betelgeuse 


The time-series analysis of the light curve of Betelgeuse, to identify possible sig- 
natures of changes in the nature of the physical pulsations, has been the subject 
treated by Sandip V. George. The issue of new oscillation regime with period shorter 
than the main one of 425 days, seemed to appear from the preliminary light curves 
presented by Edward Guinan and Andrea K. Dupree: they exploited satellite and 
groundbased daytime measurements to follow the luminosity of the star during the 
months of solar conjunction. 


5. ID card of Betelgeuse 


The stellar parameters of Betelgeuse have been investigated in depth by Meridith 
Joyce by comparing observational data with synthetic data obtained with the best 
program of stellar evolution simulation, MESA. Mass, radius and distance have 
been reconsidered with this technique, while the measurements with astrometric 
satellites (from Hipparcos to GAIA) are affected by the asymmetry of the stellar 
surface of Betelgeuse. The opportunity to consider a recent merging history with 
a smaller companion was part of the presentation of Alexey Bobrick, concerning 
the dynamical history of Betelgeuse. The opportunity to observe Betelgeuse in the 
mid-infrared part of the spectrum from the stratosphere was presented by Graham 
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Harper, who showed that the variation of temperature on the photosphere of Betel- 
geuse, might be responsible for the dimming, more than “dust eclipses” produced 
by material ejections along the line of sight. Higher spatial resolution images ob- 
tained with the Hubble Space Telescope are confirming this issue, and the great hot 
and cold spots on the surface of the star are reflecting the convective cells on this 
supergiant, as the presentations of Edward Guinan and Andrea Dupree have shown 
from various perspectives. 


o 
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Magnitude 
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Fig. 3. The AAVSO light curve of Betelgeuse in the last three years (November 2018-2021). 
Evidenced in orange cross are 310 visual observations of the author. Note the green data in V- 
band during the Summer of 2021, by Otmar Nickel: they firstly cover completely the yearly gap 
during the solar conjunction. The visual data in the Summer 2020 are of Rod Stubbings from near 
Melbourne, Alexandre Amorim from Florianopolis and myself from Rome till end of May. The 
other V-band green data: 458 are of Wolfgang Vollmann who follows Betelgesue since 1976. 


6. Perspectives 


'This session, held on July 8th, 2021, can be a reference for future studies on Betel- 
geuse and Red Giants in general, as well as an ideal introductory event to modern 
stellar variability, from naked eye observations to stellar interferometry techniques 
to airborne and space telescopes and satellite observations. The goal of having a 
good state-of-art meeting about Betelgeuse, its astrophysics and its observations, 
has been obtained. 
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In a backyard observatory in Mainz, Germany, several stars have been observed at 
daylight using a 250mm Newton telescope and a CCD camera. The sky background 
was measured on several days; values of 1.8 - 4.7 mag/arcsec2 were found at angles 
of 10°-100° distance to the Sun. Photometry of Betelgeuse was performed as a first 
attempt in 2020 with stacked images of Betelgeuse; it was improved in 2021 by using a 
neutral density filter (1 percent transmission) and measuring calibration and extinction 
coefficients on 4-8 bright reference stars. Photometry of Betelgeuse resulted in calculated 
errors of less than 0.05 mag from February to July 2021. It could be shown, that daylight 
observations of Betelgeuse can fill the observational gap with reliable magnitude data, 
when Betelgeuse is near to the Sun. 


Keywords: Betelgeuse, photometry 


1. Overview 


Fig. 1 shows a light curve of Betelgeuse in the V-band, taken by many amateur 
astronomers with digital cameras (Kafka S, 2021). Unfortunately there are gaps in 
this curve, when Betelgeuse is near to the Sun, that means at a distance of less than 
about 30?. To fill these gaps there are 3 ways: 

- Observations in twilight close to horizon (preferable in the southern hemisphere) 
- Observations with space probes distant from earth (e.g. STEREO-A) 

- Observations at daylight 

In this paper I will report about daylight observations of Betelgeuse, which I have 
done this and the last year. 


2. Equipment 


The telescope of my observatory is a Newtonian telescope with 250 mm aperture on 
an equatorial mount. The mount is computer controlled with encoders in both axes. 
Images are acquired by a cooled CCD camera ATIK 460exm with a V filter and 
a neutral density filter (1 percent transmission), to reduce the light intensity. The 
camera is capable of exposures down to 1 ms. The front of the tube is prolonged 
with a cylindrical shade to reduce stray light from the Sun. 


3. Sky brightness 


The sky brightness can be measured in magnitudes per square arcsec; fig. 2 shows 
own measurements from 17 cloudless days (July to September 2020 and February to 
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V-magnitudes of Betelgeuse (AAVSO data) 2017/11/01 to 2019/11/01 
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April 2021) at my observatory as graph. The sky brightness depends mainly on the 
angular distance to the Sun (which is shown here on the horizontal axis). Between 
60 and 100 degrees the sky brightness seems to be stable, but here the scattering of 
data is very high, because other parameters (e.g. airmass and humidity) have more 
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influence. It can be shown, that stars can be imaged with reasonable signal-to-noise 
ratio, if their brightness in magnitudes is at least in the order of the sky brightness 
in mag per square arcsec. Therefore stars up to 2 magnitudes could be observed 
near to the Sun. 


4. Methods 


'To get images of a star at daytime with a reasonable signal-to-noise ratio, one has to 
record a large number of images with short exposure time and to add them together 
to a "stacked" image, as seen in fig. 3. 

To evaluate the brightness of a star, first an instrumental magnitude has to be 
processed, which is proportional to the logarithm of pixel counts corrected by the 
sky background. The same procedure is done for one or more stars, whose magnitude 
is known to get a standardized magnitude by comparison. 

I did first measurements of Betelgeuse (in 2020) with only 1 comparison star, 
namely Aldebaran (alpha Tau). To get the correct magnitude, it is necessary, to 
measure also the extinction of all stars used for the comparison. Therefore the 
method was improved in 2021 by using an ensemble of 4-8 reference stars with 
brightness of up to 2 magnitudes and measuring the extinction constant. 

The standard magnitude Vyar can be calculated by the following equation (Da 
Costa GS, 1992): 


Voar = Minst I T,(B Vous I mMo ky Xvar (1) 
where 


Minst = instrumental magnitude of variable 

T, = color transformation constant for V-Band 

(B —V)var = color index of variable 

mo = zero point (depending on sensitivity of the system) 
ky = extinction constant 

Xvyar = airmass of the variable star 


mo and k, were determined for each measurement from the color corrected instru- 
mental magnitudes of the ensemble of reference stars by linear regression. 


5. Results 


Fig. 4 shows the 2020 light curve of Betelgeuse with the results of my first attempts 
for daylight measurements (seen as crosses). The 3 red points are measurements 
of the STEREO-A space probe (Dupree A, et al, 2020). The errors of the daylight 
measurements were in the order of 0.07 mag. 

Fig. 5 shows the 2021 light curve, again with my daylight measurements, seen as 
crosses. The gap of values could be relatively well filled with data, the errors were 
less than 0.05 mag, even at the closest distance of 16° to the Sun. There is a light 
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Fig. 3. Images and profiles of Betelgeuse near to sun, left: single image, right: stack of 100 images 


systematic error of 0.02 magnitudes; the reason for that may be a slight error of 
the color transformation, which can be significant for Betelgeuse with its highly red 
color index. 

'The method was tested also on a star which comes even closer to the Sun than 
Betelgeuse: The V magnitude of Alpha Ari was measured on 6 days at a distance to 
the Sun of 35? down to 10°. The mean value of all measurements was 2.0 -£0.035, 
which is very close to the Hipparcos magnitude (2.01 mag). 


6. Conclusions 


- Measurements of the V magnitude of Betelgeuse are possible with astronomical 
cameras at daylight, even at closest distance to the Sun 

- The method gives reliable results with an error of less than 0.05 mag (clear sky 
provided) 
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Light curve (V magnitudes) of Betelgeuse 2020/04 to 2020/10 
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Fig. 4. Light curve of Betelgeuse 2020; green points: V mag data (AAVSO data base), crosses: 
daylight data, red dots: STEREO-A data 


Light curve (V magnitudes) of Betelgeuse 2021/02 to 2021/09 
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Fig. 5. Light curve of Betelgeuse 2021 (Kafka S, 2021); green points: V mag data (AAVSO data 
base), crosses: daylight data 


- The solar conjunction gap of the light curve can be filled in the future, if the 
method is used also by other observers with suitable equipment. 
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The reasons behind the Great Dimming and subsequent rising in the brightness of 
Betelgeuse between October 2019 and March 2020 still continues to baffle astronomers. It 
has been shown by George et al. (2020) that critical slowing down preceded the dimming 
event. This suggested that the dimming was as a result of the change in the nature of the 
nonlinear dynamics of the star. In this work we present additional evidence for dynami- 
cal changes in Betelgeuse prior to the Great Dimming event, using nonlinear time series 
analysis. We study the relations between the different bands in the photometry data col- 
lected from the Wing photometery (IR/near-IR) and Wasatonic observatory (V-band). 
We also analyse how the early warning signals studied previously changed during and 
after the Great Dimming. 


Keywords: Critical slowing down, alpha orionis, recurrence quantification analysis, wing 
photometry. 


1. Overview 


The unprecedented dimming and subsequent brightening events in Betelgeuse be- 
tween October 2019 and March 2020 have since been studied in extensive detail.t3 
Three main hypotheses have been suggested as reasons for the dimming, namely 
changes in pulsation dynamics, star spots and a dust cloud. Combinations of these 
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hypotheses have also been suggested as reasons for the dimming.^? We will explore 
each of these explanations below, before explaining how the nonlinear dynamics of 
the light curve can contribute towards understanding the dimming. 

'The most prominent reason suggested for the Great Dimming observed in Betel- 
geuse has been the formation of a dust cloud. This has been put forward as an 
explanation by multiple authors. Measurements of effective temperature have sug- 
gested that no significant drop was observed during the dimming.? In addition, high 
angular resolution images showed a significant dimming in the southern hemisphere 
of Betelgeuse during the dimming event." Observations from multiple wavelengths 
suggest that an outflow from the star itself, enhanced by pulsations, condensed 
around the southern hemisphere of the star.*? It has also been suggested that the 
dimming could be explained by an ejection from the star that cools below 3000 K 
to form molecules, before condensing to dust.? 

The dust hypothesis has been disputed as the sole reason for the dimming by 
a number of authors. Radiative transfer models using data from sub-millimeter 
wavelengths suggested that the dimming was a result of changes in the photosphere 
as opposed to external dust.? Further, observations during the dimming suggested 
that there was little change in the IR flux. Moreover, Wing three-filter TiO and 
near-IR photometry found that the effective temperature during the dimming could 
be much lower than previously calculated, suggesting that the dimming observed in 
the visible spectrum could be due to photospheric motions.!! Many of these authors 
proposed the presence of spots on the stellar surface as an alternative reason for 
the dimming of Betelgeuse.” 1? 

Finally, it has been suggested that the observed dimming was as a result of 
changes in pulsational dynamics.!^!?!^ Multiple authors have pointed out that 
the Great Dimming coincided with the minima of both the 430 days and 5.8 year 
periods.!!: 15:16 However, the observed decrease in temperature in the star could not 
be explained by pulsational dynamics alone.!? 

Nonlinear time series analysis on the light curve of Betelgeuse prior to the ma- 
jor dimming event suggested that a critical slowing down was observed in the light 
curve well before the actual dimming occurred. When a nonlinear dynamical sys- 
tem undergoes a change of state, it often does so suddenly and with no change in 
the mean response. However, prior to many such changes in state (called a critical 
transition), multiple time series quantifiers called early warning signals (EWS) are 
shown to increase.!" The presence of critical slowing down in Betelgeuse indicated 
that the star was about to undergo a change of state in its dynamical properties. It 
was suggested that the dimming phenomenon was the change of state itself or oc- 
curred as a result of it.‘ This work suggested that the reasons behind the dimming 
could be explained by studying the light curve before the Great Dimming occurred. 

In this paper we explore the dynamical properties of Betelgeuse in greater detail, 
by studying how they changed before, during and after the Great Dimming. We 
do this by analysing Wing three-filter TiO and V band photometry measured at 
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the Wasatonic Observatory! 18 and V/Vis data from the American Association of 


Variable Star Observers (AAVSO).!? We first gain further evidence for a dynamical 
change in Betelgeuse by studying the multiwavelength Wing data. We then study 
changes in the linear correlations between the wavelengths and study how they 
changed over the period leading up to the dimming. Finally we study how the 
quantifiers studied by George et al.!^ changed in the AAVSO light curve, in the 
period leading up to, during and after the Great Dimming. 


2. Analysis 
2.1. Wing Three-filter and V-band Photometry 
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Fig. 1. Variation of intensity in Betelgeuse, as captured in Vis/V band AAVSO data (grey), 
V-band photometry from Wasatonic laboratory (blue), and Infrared Wing three-filter (A: green, 
B: orange, C: red) data. 


Wing photometry consists of an eight band measurement of electromagnetic 
radiation from an astronomical source, initially developed for studying M super- 
giant stars." Later, a simplified three-filter system was proposed that measures 
infrared magnitude, color and spectral type for a star.?! In this study, photomet- 
ric data (IR/near-IR) from three Wing filters,?! and a wideband V filter collected 
by the Wasatonic observatory, are analyzed. The V-band filter is centered around 
5550 À. The Wing A filter is dominated by the TiO 7190 À. The Wing B and C 
filters are continuum bands centered around 7500 À and 10240 À respectively. More 
information about the data may be found in Harper et al. (2020).!! 

We first calculate the cross-correlations (see figure 2 (a)), using Person Correla- 
tion Coefficient among data from different bands in a sliding window fashion with 
a window size = 300 points. The V-band and A band are already known to exhibit 
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strong correlation,!! but we find that this correlation decreases prior to dimming. It 
is interesting that this trend starts much before the actual dimming episode, hinting 
towards a prolonged process. Moreover, we find this trend to be simultaneous in all 
pairs of data. 

We then employ nonlinear time series analysis techniques to analyze the multi- 
variate data. Building on dynamical systems theory, our techniques assume the 
existence of a state space representation for the data. Since dynamical features of 
the source are intimately related to the topological properties in state space, its 
quantification can yield valuable information. 

One of these helpful properties is recurrence: the tendency of a system to visit 
the neighborhoods of previously occupied states. Recurrence is a prominent feature 
of deterministic dynamics and can be easily captured in terms of Euclidean distances 
among points on the attractor (trajectories) in state space.?? When presented in 
matrix form, it is known as the Recurrence matrix (R). A 2-dimensional visual rep- 
resentation of R is known as the recurrence plot (RP). Statistical measures on RP, 
collectively known as the Recurrence Quantification Analysis (RQA), reveal subtle 
characteristics of the dynamics at play. Changes in some of these RQA measures 
may serve as EWS for a system close to a dynamical transition.?? For the multi- 
variate data, we make use of Recurrence Rate (RR) to study dynamical features of 
the Betelgeuse light curve. 

We analyze recurrence properties of the data in the same sliding window fash- 
ion, keeping distance threshold constant at 0.1 for calculation of RP. We do this 
separately for each band, and present the results for RR (fraction of points in 
the recurrence matrix) in figure 2 (b). Again, we find an increasing trend in all 
wavelengths. Interestingly, the trend is most consistent for IR. bands. Further, it 
corresponds well to the correlation indicated in figure 2 (a). This indicates that 
if there is a dynamical process at play, it may not be a peripheral phenomenon. 
Similar variation across bands hints at the possibility of change at the stellar scale, 
probably in the pulsation dynamics. 

These results agree well with EWS observed in the AAVSO data,!? reported 
previously.!^ However, the length of available data limits an extensive analysis, at 
this point in time. 


2.2. Beyond the Great Dimming 


In this section we present results on how the nonlinear parameters of the light curve 
changed after the Great Dimming, using V band data from the AAVSO.?? In George 
et al. (2020),!^ we reported signatures of dynamical transitions in this data in the 
form of critical slowing down. We reported an increase in multiple EWS including 
the autocorrelation at lag 1 (ACF(1)), variance and recurrence based measures in 
the data leading up to the dimming. The increase in these quantifiers indicated 
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Fig. 2. (a) Cross-correlation between pairs of data from different bands calculated in a sliding 
window fashion upto (but not including) dimming. (b) Recurrence Rate (RR) obtained with fixed 
recurrence threshold — 0.1, for each band. Window size — 300. 


that a critical transition was imminent. It was assumed that the Great Dimming 
occurred as a result of this critical transition. In the present paper we go beyond 
the Great Dimming and analyse how the EWS changed since. 


2.2.1. Autocorrelation and Variance 


'To do this we initially bin the data from 1990 onwards into 10 day bins, and calculate 
the ACF(1) and variance in windows of size 300. This is presented in figure 3.1. Both 
the ACF(1) and Variance show an increase leading up to the dimming, a sharp rise 
when the Great Dimming occurred, and a slow reduction after the dimming ended. 
In figure 3.2 we select an area around the dimming, bin the data into 5 day bins 
and choose a window size of 40 points. The data again shows the same trends, with 
a rise leading up to the dimming, a sharp rise during the Great Dimming and a fall 
since. With the smaller window and bin size, the error on the quantifiers increases 
(changing approximately as P 
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Fig. 3. Variation in the (a) Autocorrelation at lag 1 and (b) Variance calculated from the light 
curve of Betelgeuse upto the dimming (red), during the dimming (blue) and post dimming (green). 
The left panels (figures 1a and 1b) show the variation from 1990 onwards using a window size of 
300 points on data binned every 10 days. The right panels zoom into a region around the dimming, 
with data binned every 5 days with a window size of 40. 


2.2.2. Recurrence Measures 


We then analyze AAVSO data in terms of recurrence measures as well. For this, we 
fix the recurrence rate (RR) as 0.1, and calculate Determinism (DET) and Lami- 
narity (LAM) in the same sliding window fashion. We find a consistent rise in these 
measures prior to dimming, followed by a sudden dip and subsequent rise (see fig- 
ure 4 (a) and (b)). We also present typical recurrence plots for two windows near 
dimming episode (one prior and one including dimming) in figure 4 (c) and (d) re- 
spectively as a visual aid. Clearly, the sudden drop in brightness affects the structure 
of the RP, and the recurrence measures reflect it. However, it is interesting to see 
the rise prior to dimming, possibly caused by dynamical factors (details discussed 
in George et al.!4). The trend in post dimming behaviour seems in agreement which 
could be verified with future observations in the coming years. 


3. Discussion 


We presented the nonlinear analysis on two datasets measuring the brightness of 
Betelgeuse before, during and after the Great Dimming of 2019-20. We conducted 
a multivariate time series analysis of the data from Wing-IR photometry and the 
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Fig. 4. Recurrence measures (a) Determinism (DET) and (b) Laminarity (LAM) calculated 
from the light curve of Betelgeuse upto the dimming (red), during (blue), and post dimming 
(green). The left panels (figures a and b) show the variation from 1990 onwards using a window 
size of 300 points on data binned every 10 days. The right panels (figures c and d) show typ- 
ical recurrence plots for prior and during dimming respectively. The recurrence rate was fixed 
at 0.1. 


V band photometry from Wasatonic laboratory. We show that prior to the dim- 
ming, the cross correlations and individual recurrence measures vary considerably. 
Our results suggest that a change in the dynamics of Betelgeuse commenced in 
advance of the Great Dimming of 2019-20. We also analyse early warning signals in 
AAVSO light curve for the period including and after the Great Dimming. While 
not conclusive, we see evidence that the values of the early warning signals have 
reduced since the Great Dimming. 

Our results make a strong case that the dynamics of Betelgeuse underwent 
significant changes leading up to the Great Dimming. Variable stars are known 
to undergo changes in their nonlinear properties as they evolve.?^?6 In this study 
we observe that the recurrence properties, cross correlations and early warning 
signals change prior to the Great Dimming. In addition, Betelgeuse is known to 
exhibit multiple frequencies in its light curve, including a short period, thought to 
be driven by the & mechanism, a long period thought to be convection driven?" 
and a recently detected overtone of the short period.!^?? It is possible that the 
pulsational dynamics of Betelgeuse, including the birth of new periods may have 
preceded the Great Dimming, and these need to be examined in detail. 
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Taken together with the study on the light curve of Betelgeuse by George et al. 
(2020),!4^ our results seem to indicate that the Great Dimming was not an isolated 
incident, and to understand the reasons for the dimming, we must consider changes 
in the dynamics before it. 
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Betelgeuse is the nearest red supergiant, one of the brightest stars in our sky, and statis- 
tically speaking it would be expected to be “typical”. Yet it exhibits many features that 
seem “curious”, to say the least. For instance it has a high proper motion. It rotates fast. 
It has little dust. It dimmed unexpectedly. Is any of these, and other, phenomena atyp- 
ical, and taken together does it make Betelgeuse atypical? This is important to know, 
because we need to know whether Betelgeuse might be a prototype of red supergiants in 
general, or certain subclasses of red supergiants, since we can study it in such great de- 
tail. It is also important to know as it may be a link to understanding other, apparently 
atypical cases such as supernova 1987A, and maybe even such exotica as Thorne-Zytkov 
objects. Studying this question in itself helps us understand how we deal with rarity and 
coincidence in understanding the Universe we live in. 


Keywords: Red supergiants — stellar variability — dust formation — supernova progenitors 
— Philosophy of Science — Betelgeuse. 


1. Prologue 


Not far in the sky from the most famous supernova remnant, the Crab Nebula, 
the most famous red supergiant, Betelgeuse, has been a familiar sight for peoples in 
either hemisphere. Distinctively orange, and one of the brightest lights on the nightly 
celestial firmament, its prominent position in the corner of arguably the most iconic 
constellation, Orion, Betelgeuse commands our attention and this in itself makes it 
special. This perspective aims to challenge the uniqueness and surprising behaviour 
of many a favourite star, and what it tells us about us. It could be seen as a more 
philosophical sequel to the Paris 2012 workshop on Betelgeuse.! 


2. Is Betelgeuse typical? 


It's got to be, right? Surely, as the nearest example of a red supergiant, Betelgeuse 
must be ordinary? This is because the chances are favourable for a draw of one from 
among many to be drawn from the most common. 

While this may often be true, and hence unremarkable and thus unnoticed, it is 
not always the case, as is expected when considering many draws from samples that 
do include rare examples. (The basis for many false associations, let alone causal 
relationships.) For instance, the first supernova witnessed by naked eye for three 
centuries, and the best studied, supernova 1987A wasn’t! It had been expected to 


3495 


have been a star like Betelgeuse to have exploded, and yet it was all but. ((Though 
they may have much more in common than at first sight.!) 

We are not placed in a typical red supergiant environment. While within a 
Bubble created by multiple supernovee, we are not currently situated in a spiral arm. 
So perhaps Betelgeuse is typical for this particular environment, but not necessarily 
for red supergiants that are largely found in the denser, more actively star-forming 
regions of a spiral galaxy such as the spectacular H 11 regions in the prominent spiral 
arms several times more distant, or the even more distant massive clusters near the 
Galactic Centre. 

But all things considered, Betelgeuse does not stand out in either luminosity, 
temperature, mass-loss rate or dust content — in fact it looks like a fairly com- 
monly identified SN II-P progenitor!? (But this may partly be a selection bias of the 
progenitor identification strategies.) 


3. Is Betelgeuse atypical? 


Just like most people look similar — four limbs, a head with a pair of eyes and ears 
and a nose upfront — when inspected more closely individual traits set us apart. 
'This doesn't make each specimen a species, and in the end, we have much more in 
common than differentiates us, both in terms of the way we look and the way we 
behave. 

Among Betelgeuse's perplexities count its location at some distance from sites 
of recent star formation, its large space motion, and a picture-perfect bow shock.? 
Upon close inspection, it spins at a baffling rate^? and also is super-nitrogenous.? 

And then came the ‘Great Dimming’.’ (Which may have nothing or all to do 
with the above.) A drop in brightness by half relegated Betelgeuse to the realm 
of much more inconspicuous stars, but sent alarm bells ringing with fears — or 
excitement — for its imminent luminous demise. 

But none have been scrutinised as much as Betelgeuse. Brief late phases of under- 
represented stars at birth, red supergiants themselves are rare, so few are seen up 
as close as Betelgeuse. It is not how well we know Betelgeuse, but how poorly we 
know the other red supergiants that defines its curiousness. 


4. Our one-sided view of Betelgeuse 


Because of the attention it has recently received, we shall first unpick how rare is 
Betelgeuse's Great Dimming, before we return to its full portfolio of properties. 
By our very own nature as observers and thinking minds, and our position in the 
Universe, we suffer from anthropocentric bias: just because we didn't see it before, 
or elsewhere, doesn't make it rare per se. The 20*'-century artist Pablo Picasso 
exposed this imperfect picture by recovering what is hidden from view in a form 
referred to as “cubism”. But how do we do that in reality? Do we know it? Do we 
infer it? Or do we ignore it? If you look out into a field and see what looks like a 
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black lamb, what do you conclude? That: 


lambs are black? 

lambs exist that are black? 

lambs exist of which at least one side is black? 

apparitions exist that look like lambs of which at least one side is black? 


Despite well-known examples of non-isotropy in astronomy (cf. exoplanet transits, 
y-ray bursts, pulsars) it is too often overlooked. 

Betelgeuse forms dust clouds episodically, as convection cells cause dark spots? 
that induce cooler circumstellar conditions where dust can form,® likely in an already 
cooler parcel of lifted gas.!? In the case of Betelgeuse this is exacerbated because 
Betelgeuse is on the cusp between a warm chromosphere and dusty wind.!! Counting 
the number of dust clouds and considering their projected distances from Betelgeuse, 
a dust cloud forms about once every five years! 

Imagine Betelgeuse were cubic and we only faced one side at a time (compare 
a standard die), then we'd only see one in every six events randomly happening on 
one of its sides. (In reality the polar and equatorial regions may display different 
behaviour especially in the case of a rapidly spinning Betelgeuse.) This means we 
may have had a Great Dimming on our side once every few decades (cf. the visual 
lightcurve!?), but we certainly missed Great Dimmings happening on another side! 

It is tempting to expect a dust cloud to form at every minimum in the ~ 2000 day 
cycle. But that depends on whether this periodicity represents radial pulsation (in 
which case it is true) or convectional modulation — in which case the five-yearly cloud 
would always be in front, though other clouds would be forming more frequently 
throughout, above cool convection cells not seen by us, hence being in tension with 
observational evidence. It is more likely that a dust cloud forms at a pulsational 
minimum but only above a cool convection cell (the latter causing the ~ 400-day 
cycle, but again that's our biased perspective, there could be a cool convection cell 
somewhere on the surface at all times). In fact, forming at some height above the 
surface, such dust cloud is less likely to be seen directly in front of the star than 
the convection cell is — at one stellar radius above the surface this chance is already 
diminished by a factor four. (Note that even the cloud purported to have caused the 
Great Dimming did not cover the entire face of Betelgeuse.") The Great Dimming 
might have been our treat, but bread and butter for Betelgeuse. 

Previous dimmings have been disputed, but it is not outrageous if of a few 
expected chance occurrences (as opposed to predicted events) just one has mate- 
rialised. A century is not a very long time span in the life of a star, even that of 
a red supergiant (one pro mille), and Betelgeuse may have exhibited many more 
dimmings, and may exhibit many more to come. Our Sun has arguably been more 
dramatic, as we know it so well: the sunspot cycle is a fairly regular rythm of ac- 
tivity, but we are still astounded by the Maunder Minimum of the late-17'® and 
early-18'" centuries — what if the telescope had only been invented a century later? 
(We would never have known.) 
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5. How common are anomalies? 


If Betelgeuse ought to be common for being the nearest red supergiant, then so 
should be Antares for being only the second-nearest red supergiant. But as we 
argued, this is not a given. It would be much less likely, though, if both Betelgeuse 
and Antares were special. This then begs the question: is Betelgeuse different from 
Antares? 


Antares has similar luminosity, temperature, convection, 13 


mass loss, (low) dust 
content and lightcurve (with similar dimmings). Like Betelgeuse, it produces dis- 
crete dust clouds.!^!? But Antares is a slow rotator and is accompanied by a hot 
star (on a sufficiently wide orbit not to be directly affected by it). How different 
does that make them? 

Imagine stars are characterised by five features, that each have a 1:10 chance 
of being anomalous (imagine a ten-sided die). Then 1:2 stars are expected to be 
anomalous. Every other star. So a star is just as likely to be common as it is to 
be anomalous, despite the majority of stars to be common in any given feature. It 
should not come as a surprise if both Betelgeuse and Antares had some properties 
that are rare among the general population of red supergiants. This is what makes 
individual people distinctive. 

Imagine another scenario, where a penguin among other penguins in a colony is 
distinguished by: 


the colour of its coat: blue (as opposed to brown). 
the texture of its coat: smooth (as opposed to fluffy). 
the colour of its cheeks: yellow. 

the colour of the underbill: orange. 


Does that make this individual penguin anomalous in four ways? Most definitely 
not! It is anomalous in just one way: being an adult (surrounded by infants)! 


“isolated | fast 

(location rotation 
"bow | | high | nitrogen 
(shock | (speed) enriched 


NC product of binary interaction? 


Fig. 1. Betelgeuse has various characteristics which have been treated as peculiarities. Irrespective 
of whether these are indeed oddities at all, they can be reduced to fewer characteristics — possibly 
just one — for which there may well be a totally reasonable — if not banal — explanation. 
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Returning to the curious case of Betelgeuse, its isolated location, high speed and 
bow shock are all related, and so may be its fast rotation and nitrogen enrichment 
— both can be reconciled into one: binary interaction (Fig. 1). And a common one 
at that: 10-40 per cent of massive stars will be affected by a companion.!9 !8 

Then which is more special: Betelgeuse or Antares? Neither — both cases are 
expected equally: the result of binary interaction (Betelgeuse) and multiple but un- 
affected (Antares). The nearby Universe thus seems to be living up to expectations 
remarkably well! 


6. How to find out how common is Betelgeuse? 


Moving onwards, if we want to find out what red supergiants typically look like, 
how they generally evolve, and how and why some may deviate from the norm, we 
will not succeed in this by studying Betelgeuse harder and longer, but by statistical 
studies of samples of other red supergiants, such as: 


e lightcurve studies based on sparse and/or time-limited data but for large 
samples in nearby galaxies (‘Great Dimmings’ may be seen in other galaxies, 
too!?). 

e nitrogen abundance measurements and their link with rotation. 

e radial velocity monitoring and spectral energy distributions, to determine 
binary fractions. 

e three-dimensional space motion studies in conjunction with rejuvenation 
scenarios, to determine past binary interactions. 

e interferometric size measurements in relation to the location on the 
Hertzsprung-Russell Diagram, and mass (loss) measurements from seis- 
mology. 


Fig. 2. What draws your eye? The white canvas that occupies most of what you're looking at? 
Or the black dot offset from the centre, which only covers a tiny fraction of your view? We are 
drawn to the exceptional, not the norm. 
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7. Epilogue 


The take-away message from this discussion is that when making inferences we 
need to account for biases. We tend to look for the distinctive, not the common. 
For instance, when we look at a white panel with a black dot (Fig. 2) our attention 
is drawn to the dot even though it occupies much less space than the rest of the 
canvass. Just as we occupy ourselves with the few per cent of baryonic Universe, 
preferentially in its condensed forms, leaving the vastness of space largely neglected. 
If we saw less of the canvass, we might have missed the black dot altogether, but if 
we saw more we might find out black dots to be rather common! 
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The observations of Betelgeuse since Christmas 2011 were started either to study the 
star and to contribute to observational astronomy from urban contexts, with high level 
of light pollution, using the naked eye. Since then 811 observations to November 9, 
2021 have been made and communicated to the AAVSO international database. Antares 
and also other interesting long-period variable stars like VY CMa, RS Oph (recurrent 
nova), V766 Cen and several novae and SN2014J are part of the 2.5 K database of visual 
observations, obtained with the Argelander method applied to naked eye or telescopic 
observations. It is an invitation for the young generations, to contribute to these studies 
with careful and feasible observations, which require a reduction for airmass extinction 
of the variable star and of the comparison stars, when they are not on the same narrow 
field of view. The possibility to deduce the airmass by reading the notes (containing the 
location of the observation) of all the AAVSO-SGQ catalogue is finally presented as a 
point of force of my observations. 


Keywords: Mira, Betelgeuse; Eta Carinae; VY Canis Majoris; RS Ophiuchi, Antares; 
V766 Cen, Novae, SN2014J 


1. Theory and observations in history of astronomy 


I observe variable stars since 1997, I have started with Mira. The “candidacy” of 
Mira Ceti as Betlehem Star because it is close to the position of the Jupiter-Saturn 
triple conjunction of 6-7 b.C. was conceived by me at the Pontifical University of 
Lateran and the study was continued in Yale (2001-2004) with Dorrit Hoffleit. Max- 
ima correlation function ruled out Mira for having two consecutive bright maxima, 
but this property was confirmed in the “oldest” Myra-type: R Leonis, R Hydrae and 
x Cygni, from their almost four-century-long lightcurves. To a bright maximum nor- 
mally a dim one follows, as the correlation function of their consecutive maxima 
shows. These studies were supported by historical and personal visual observations. 
Since 2011 I observe two first magnitude variable stars, with airmass correction to 
reach 0.01 magnitudes accuracy with naked eye. 

AAVSO observer Sebastian Otero first claimed this accuracy, as for his first data 
on Nova Centauri 2013, observed also by me from Porto Alegre and Rio de Janeiro. 

Betelgeuse's 811 observations in 10 years, include the deep minimum of 2020. 
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My SGQ contributions to AAVSO-database, paralleled with Betelgeuse's V- 
band measurements, help to define the “personal equations" present in all 25M 
visual observations before CCD era (1911-on) going back to 1893 for Betelgeuse. 


2. Light curves completeness 


'The temporal extension of lightcurves is crucial to understand the stellar behaviour. 
With respect to Betelgeuse, more complicate cases are Antares and Aldebaran, less 
variable and with distant comparison stars. The Southern hypergiants VY CMa, 
low in the roman horizon, V766 Cen and Eta Carinae from South America in 1999, 
2003 and 2013-2014 have been also monitored with binoculars or small telescopes. 
Delta Scorpii (Be binary star, whose system was at periastron in 2011) has also 
been studied from Rio de Janeiro, since 2011. Concluding: my 2.5K direct visual 
observations in nearly 25 years are data and experience useful to understand and 
simulate the accuracy of the World largest visual observations database for variable 
stars, the AAVSO one. 


3. Betelgeuse among the long-period variable star 


Betelgeuse is indeed the brightest variable star, but not the bigger one. Roughly the 
pulsational periods are proportional to the mass of the star through the relation that 
we found in the harmonic oscillators between the elastic force and the frequency 
and the mass: K x « = F = mw? x a. 

Then w = Jf K/m. This physical assumption is very simple, and basic; it not 
fulfills all observational details nowadays available, but is a good starting point to 
interpret the difference of 9 years of observations of Betelgeuse with the ones of 
Antares. 

The oscillation of Betelgeuse is evident and its main period is visible, while 
Antares shows either an oscillation and a rising trend. 

Eta Carinae in 15 years (from 1999 to 2014) also showed a rising trend, while 
V766 Cen and VY CMa have been measured only for a short period, below one 
month, and other observers or future observations will allow to detect a trend. 


4. Betelgeuse and Antares: Airmass correction and trends 


From 2011 to 2021 Antares in the AAVSO database has been observed 619 times 
by 13 persons (only 3 with more than 10 observations). In the same time interval 
Betelgeuse has been observed nearly 14000 times by 360 observers. Not necessarily 
more observations are better, because of the “personal equations” , or the systematic 
effect of each observer can experience for the Purkinje effect (physiological and 
slightly different from one individual to another), or the airmass extinction not 
applied when the comparison stars are far apart from the star. 

The data of all the observers fill completely a full magnitude range for these 
reasons. 
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Fig. 1. The observations of Betelgeuse from 2011 to 2021 by Costantino Sigismondi, SGQ AAVSO 
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Fig. 2. All visual observations of Betelgeuse from 2011 to 2021 by the AAVSO observers: the 
oscillations are less evident, only the one during the deep minimum is clear. This was because 
Betelgeuse was at the meridian during this phase, around midnight, and its altitude was nearly 
constant night after night. The magnitude of the minimum from all data has a wide uncertainty. 
Only few visual data, still the majority for Betelgeuse, are corrected for the airmass: this is the 
cause of such uncertainties. The yearly gap due to solar conjunction is the most clear feature. 


In the case of Betelgeuse I suppose that the airmass extinction is not applied by 
the majority of the observers, so I select only the obervers that I know personally 
as applying that correction. 

Antares is a more Southern star (less observers in the Southern hemisphere), 
and even more separated by the comparison stars, then its measurements are more 
complicate. The amplitude of its variability is smaller than Betelgeuse's. These 
difficulties may explain the rather low number of observations available: 496 with 
respect to Betelgeuse. The oscillation I have detected are not clearly distinct from 
a yearly period, which seems related to the altitude above the horizon of the star 
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Fig. 3. The observations of Antares from 2014 to 2021 by Costantino Sigismondi, SGQ AAVSO 
observer. 
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Fig. 4. The observations of Antares from 1996 to 2021 obtained by LASCO C3 Coronograph with 
the differential photometry made with o Scorpii. The icon shows the image of Dec Ist, 2021. 


observed at a given evening hour, and not to the star itself. The trend of the increase 
of the luminosity is more evident from these data. 

As Betelgeuse, Antares presents rather rapid changes of luminosity during its 
period of visibility. No trend over the 2.5 decades can be guessed by either the 
visual data and the sampling each 1st of December, made with the SOHO LASCO 
C3 Coronograph, which includes for some days a year Antares in its field of view. 
'That Coronograph could show stars of 5th magnitude under low activity of the solar 
corona. Antares is nearly saturated with this instrument, because it shows a lateral 
photons' spilling. 
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5. Recovering airmass on the AAVSO-SGQ observations’ catalogue 


'The airmass of all variable stars can be calculated on AAVSO-SGQ catalogue by 
selecting SGQ as observer, in searching Alf Ori observations (and all the other 
variable stars observed). 

The location of the observation is always reported in the notes, and the time 
is required by the application form. So the data for recomputing the airmass are 
made available. 


Home / WebObs / Search 


WebObs Search Results 


Showing 9 observations for V0766 Cen by SGQ 
a Plota Chart m Generate a Light Curve # Search VSX 


Collapse All 


Oo Star JD Calendar Date Magnitude Error Filter Observer Expand All 

LI Edit Delete V0766 CEN 2456746.57986 2014 Mar. 30.07986 62 — Vis. sca Details 

g Edit Delete vo766 CEN | 2456745.60417 2014 Mer. 29.10417 6.2 i Vis. sca Collapse... 
Comp Star Check Star Transformed Chart Comment Codes Notes 


60 64 No 13262EQN Rua Julio de Castillno 83, RJ. Binocular 10x40. 


Fig. 5. Example on V766 Centauri of the information contained in the notes: RJ is the city, Rio 
de Janeiro, and the address allows to have from google maps the geographical coordinates of the 
observation. From the time the altitude h? in the sky of the star is obtained, yielding the airmass 
with the cosecant law 1/sin(h?) 


6. Conclusions and Perspectives: The quality of SGQ observations 


The luminosity of Betelgeuse allowed to study that star in each condition from urban 
sites, namely for my observations Paris, Rome, Rio de Janeiro, Warsaw, without 
very dark skies neither without the possibility to be well screened from the light 
directed toward my eyes. The oscillations at the main period of 1.2 years are clearly 
detected. 

More complicate has been the study of Antares which is farther from its com- 
parison stars than Betelgeuse, and which is closer to the horizon for all the European 
cities. The oscillation of Antares is ranging from 1.16 to 0.88 according to the Gen- 
eral Catalgue of Variable Stars 5.1, but my observations of the Summer 2021 found 
it around the magnitude 0.70 + 0.05, at its maximum since 7 years. For Antares 
the comparison with Saturn was useful in the last years, and the planet has also a 
“light-curve” due to the geometrical change of the rings’ plane. The small oscilla- 
tions of Antares are not clearly detected for the aforementioned difficulties: at the 
horizon there are more obstacles and the atmospheric extinction is not linear with 
the cosecant of the altitude 1/sin(h?). In the General Catalogue of Variable Stars 
5.1 the is no value for the oscillating period of Antares. It is classified as LC vari- 
able, and according to wikipedia it means: A slow irregular variable (ascribed the 
GCVS types L, LB and LC) is a variable star that exhibit no or very poorly defined 
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periodicity in their slowly changing light emissions. These stars have often been 
little-studied, and once more is learnt about them, they are reclassified into other 
categories such as semiregular variables. A long period study on the variability of 
Antares has conducted by me following a 2014 study on Delta Scorpii, with the 
SOHO C3 coronograph. The next datum from SOHO C3 will be available 15 days 
after the closure of these proceedings, on December 1st 2021. This measure will be 
interesting since in the summer 2021 Antares has shown the brightest luminosity 
of the last 7 years. The two datasets of Eta Carinae in 1999 and in 2013-4 allow 
to see its slow rising. The other hypergiant V766 Cen and VY CMa have been 
observed for a short time slot, and will be compared with future observations. For 
them the differential magnitude has been estimated with stars in the same or near 
the telescopic field of view, being them not visible to the naked eye. Actually Eta 
Carinae could be visible with the naked eye, but not in the city lights. 'To observe 
it from Rio de Janeiro (Copacabana seaside with a strong illumination in 2003 and 
Observatorio Nacional in 2013) I had to use a small telescope. The recurrent nova 
RS Oph (2021, 24 observations along the month 8 August-12 September down to 
magnitude 9 with a 76 mm telescope, fig. 5), other Novae in Sagittarius from 2015 
to 2018 and the SN 2014J are part of this personal database of 2564 high quality 
visual observations to date (9 November 2021), available to the science community. 
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Fig. 6. The AAVSO light curve of RS Oph with the SGQ contributions evidenced in orange. 
'They are compared with the V-band observations, and they are in very good agreement. 
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Betelgeuse: An introductory course to observational astronomy 
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Betelgeuse is the brightest variable star in the sky, with a pulsational main period of 14 
months and typical magnitude variation of 0.5 magnitudes. In 2020 its deep dimming was 
of one whole magnitude, particularly evident to each attentive observer. The technique 
of airmass correction to detect the stellar signal from the atmospheric extinction treats 
the naked eye observations as the digital astronomical observations. Harlow Shapley 
said in 1930s “theories come and go, while a good observation stands forever” and he 
spoke about naked eye observations, nowadays they are less considered in science mainly 
because of philosophical reasons concerning the subjectivity of knowledge and the deceit 
of the senses, while the knowledge of the eye physiology and of data reduction could 
recover the correct relationship between the human being and the Universe. 


Keywords: Betelgeuse; Red giant; Variable stars, Atmospheric Extinction, Quadrant. 


1. General Overview on observing Betelgeuse 


According to Dorrit Hoffleit (1907-2007) director of the Maria Mitchell Observatory 
and astronomer at Yale University, Mira is the educational star. But it requires the 
use of a telescope at its minimum, and a binocular for its maximum phase, to spot 
it in city lights. Betelgeuse is a semiregular variable star of first magnitude, in the 
most famous constellation in the sky, visible from both hemispheres because it is 
on the celestial equator. It is visible (to the naked eye) for nine months a year. 
Its magnitude estimate, according to the Argelander method, requires other first 
magnitude stars, separated by several degrees, at rather different airmasses. 

Procyon, Aldebaran, Pollux, Castor as well as y Geminorum, Regulus, Denebola, 
Mars and even Mercury have been used as comparison stars, and their airmass 
corrections included. 

Since January 2019 we steered a project in schools to observe and measure 
the light curve of Betelgeuse. We observed Betelgeuse and its comparison stars 
with a special colored quadrant where the angular height in sight corresponds to 
the airmass exctinction with respect to the zenit. The schools were the Lyceum 
Morgagni and Ferraris in Rome and Ostia and the Lyceum Galilei in Pescara. 
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Fig. l. The observations made during the meeting of 2020 during the Great Dimming. 


'The great dimming of Betelgeuse was then observed and measured to the nearest 
0.01 magnitude at naked eye (fig. 1). 

These observations have been sent to AAVSO, as contributes of students to 
citizen science. Similar operations have been realized with the students of the As- 
trophysics Laboratory, Sapienza University of Rome. Summer vactions’ homework 
are "offered" by Antares, a first magnitude stars greatly separated by its more 
suitable comparison stars. Recently Saturn worked as reference, but a planet is 
not a constant standard candle. The introduction to photometry, colorimetry and 
spectrometry with these naked-eye cases is complete and historically meaningful. 


2. Colorimetry: From the spectrum to the Newton's disk 


'The color of the stars is something lost in city environment, because lost is the 
visibility of the sky in general, owing to the artificial light directed toward our 
eyes and toward the sky. Betelgeuse is clearly a red star, and it can be noticed 
by comparing it with Procyon or Rigel, normally used as comparison stars for 
magnitude's estimates, or Sirius, that are rather close to Betelgeuse. 

The Newton's disk for solar spectrum has been replicated for Betelgeuse with 
red-yellowish tonalities. 

The connection between the color of the star and the its temperature can be 
done by noticing the percentage of color of a given wavelength, as represented in the 
Newton's disk. Basically the Wien's law is represented with the apple pie diagram: 
the largest sector corresponds to the wavelength of the maximum intensity in the 
spectrum. 


3. Betelgeuse the brightest long-period variable star 


Among the variable stars Betelgeuse is indeed the brightest, and the most simple 
one to be detected thanks to its location in Orion, near the celestial equator. This 
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Fig. 2. Colorimetry: the Newton's disk of Betelgeuse as realized by 14 years old students in 2020. 


position makes Betelgeuse popular either from the Northern and the Southern hemi- 
spheres. The period of main oscillation is 1 year and two months, and the secondary 
modulating period is almost six years. In a reasonable space of time achievable by 
a school class program, the star can be followed from a maximum through the fol- 
lowing minimum to the next one maximum, i.e. a complete oscillation. This allows 
the students to familiarize with the oscillating nature of such phenomenon, and 
primarily with the fact that among the “fixed” stars something changes and within 
a factor of two in intensity (2.512 times for a whole magnitude gap from minimum 
to maximum?) even if the star is a supergiant as Betelgeuse is. 


4. The quadrant for the airmass correction 


Hanging a weight on the top right corner of the quadrant in figure 3, the thread 
shows the magnitude's correction and the corresponding angular altitude of the 
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star. The brighter stars used as comparison stars with the Argelander's method are 
reported near the bottom left corner: Aldebaran, Procyon, Rigel, Spica, Regulus 
and Deneb. There are not Pollux and Castor of Gemini, neither Bellatrix in Orion, 
stars dimmer than 1.2 magnitude, which in January 2019, when the quadrant was 
designed, were out of the last four-decades range of variation of Betelgeuse. 


Quadrante graduato per la correzione in magnitudine per fotometria 
EIL differenziale 


all'orizzonte 0° 
5 masse d'aria 


da 30? a 90° 
atmosfera 
piano - 
parallela 
massa d'aria 
x=1/sen(h°) 


da 0° a 30° 
raccordo 
lineare 


correzione in 
magnitudine 
allo zenit 
di Roma 
x=+0.236 


magnitudini 
http://simbad.u- 
strasbg.fr 
Costantino 
Sigismondi 
2019 


teorie vanno e vengono, una buona osservazione resta per sempre [Harlow Shapley] 


Fig.3. The quadrant prepared for the observations of Betelgeuse for the students of the Morgagni 
Lyceum in Rome and the Galilei Lyceum in Pescara. 


5. Data reduction 


It is not obvious for a young student that an astronomical observation, or an ex- 
periment in general, require a data treatment, to be presented or to be analyzed to 
obtain science results. In particular an observation with naked eyes seems something 
really far from the data analysis concept. While a light-curve shows the intrinsic 
“behaviour” of a star, and it is exactly what we want to observe and measure, a 
single observation made with the naked eye seems a static datum. The difference in 
altitude of the stars determines a different atmospheric extinction acting on them, 
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Fig. 5. The quadrants realized for the special event of the Betelgeuse Deep Minimum Meeting of 
January, 17th 2020. 


and this computation has to be done for each of the observed stars: Betelgeuse 
and the two bracketing comparison stars (Aldebaran and Procyon, usually). This 
operation generate a system of two first order equations in the incognita magnitude 
of the variable star. The solution of such system is a range of magnitudes for the 
variable star, hopefully as narrow as 0.05 or 0.02 magnitudes. The data reduction 
can be made also by using Stellarium 0.20.2, ad higher versions, where an extinc- 
tion’s model is implemented. With respect to Betelgeuse Stellarium airmass fails 
below 10° and our quadrant is more reliable. 
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6. Conclusions and Perspectives 


Betelgeuse is a good “student star” or the “educational star" following Dorrit 
Hoffleit. She was applying such definition for Mira Ceti (from 2nd magnitude to 
9th) but the students were College students with an astronomical telescope avail- 
able. Betelgeuse requires attention indeed, but it is visible always to the naked eye. 
It is visible also from the light-polluted cities, and the observations can be done from 
their home, as homework, rather easily from September-November before sunrise 
to April-May after sunset, and nearly all night long in between. The possibility to 
participate to AAVSO observational campaigns, with a real citizen science contri- 
bution can stimulate the most interested students to pursue the way of a scientific 
career in astronomy. 
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The first evidence of the stellar aberration come out from telescopic meridian observa- 
tions, including daytime ones. The distance in ecliptic longitude between the star and 
the Sun has to change from 180° to 90° to have the maximum effect in the delay of the 
transit, with respect to a constant sidereal day of 23h 56m 04.09s. We present the mea- 
surements of meridian transits of Antares and Ras Alhague during the Summer 2021, at 
the meridian line of St. Peter’s square, whose gnomon is the Vatican obelisk. The possi- 
bility to observe such transits in daylight has been also verified with Antares (21 August, 
2021) and Venus (October 2021). The geometry of the instrument and its configuration 
is ideal to introduce students to the observations of this special relativistic effect, from 
an experimental point of view. The transits observed from the same position, the Scorpio 
zodiacal disk, from October 16 to November 11, 2021 permitted to scan the axis of the 
obelisk and the one of the uppermost cross, finding an offaxis of (1643) mm West for 
the upper pyramid and a further deviation of (5 + 3) mm West of the cross. 


Keywords: Vatican obelisk; Meridian line; Stellar Aberration; Ecliptic longitude; Sidereal 
day. 


1. The Vatican obelisk and the meridian line of St. Peter’s square 


The Egyptian obelisk was carried in Rome by Emperor Caligola and set on the 
Vatican Circus. It was the only one which survived along the middle ages, considered 
the witness of the martyrdom of the apostle St. Peter. Pope Sixtus V and the 
architect Domenico Fontana moved it in front of the Basilica of St. Peter in 1586 
with the special design to emulate and surpass the Augustus’ obelisk mentioned 
by Plinius the Elder in his Naturalis Historia. The Dominican astronomer Egnazio 
Danti who also worked at the Gregorian Reformation of the Calendar (1582) drafted 
the project of a meridian line, which would have been the largest in the World, 
his untimely death on 22nd October 1586, 40 days after the translation of the 
obelisk, delayed this work of 230 years. Only in 1817 Cardinal Peter Maccarani, 
with the astronomer rev. Filippo Luigi Gigli, realized the line in granite, 7cm wide 
and 70 meter’s long from Cancer to Capricorn. The characteristics of such line are 
measured and reported in this paper, they have been used as zero calibration of the 
instruments in the measurements of the Earth’s rotation period. 
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2. The stellar aberration 


Published in 1727 as a discovery of a new motion of the fixed stars, by the Royal 
Astronomer James Bradley, the stellar aberration moves the stars around an ellipse. 
'The ecliptic longitude of the Sun determines the longitude's aberration amount for 
a given star: it is maximum + 20.62 arcsec if the star is on the ecliptic plane, and 


with the Sun in conjunction or opposition, it is zero in both quadratures. Out of 
the ecliptic plane a latitude component appears, which equals the longitudinal one 
at the ecliptic pole, where y Draconis, the star observed by James Bradley, it is 
located. We observed Antares between 130? to 100? from the Sun and Ras Alhague 
in evening, twilight and sunset conditions; the aberration is proportional to the 
difference of the cosine of such angles or 4796 of the 20.62 arcsec, i.e. 9 arcsec. 
A difference in 9 arcsec is corresponding to 0.6 s in transit time, with respect to a 
constant sidereal day. In 30 days, as the duration of this series of observations, it 
corresponds to a drift in the duration of the sidereal day of +0.023 s/day. 

The aberration value of 9 arcsec corresponds to twice the parallax maximum 
estimated error of 4.5 arcsec (corresponding to 2 mm on the meridian line at 92 m 
from the gnomon on the Capricorn's disk). 


2.1. Reducing the parallax error 


A mirror located in the center of the meridian line, always in the same point, is 
aimed with the monocular at its center. The top of the obelisk is at 92 meters of 
distance, and an error of pointing of +2 mm is possible, this yield a maximum 


angular uncertainty of +4.5 arcsec. 


3. The observations at the meridian line of obelisk’s occultations: 
A differential measure 


The inclination coefficient 235.872 s = 3 m 55.872 s is the difference with 24 hours 
of the measured average sidereal day. The event measured is the disappearance of 
Antares behind the obelisk, called first contact behind the obelisk. 

The figure 1 represents the linear fit of the UTC transit times observed with a 
monocular as ingress and egress time behind the obelisk, as seen from the same point 
of the end of the meridian line next to the Capricorn sign. The average sidereal day 
is 23h 56m 04.128s +0.02, which is +0.038 +0.02 s larger than the standard value 
for it. The special relativistic effect 4-0.0207 s is within a sigma from our result. 

These measurements are made all from the same place of the meridian line, near 
the black star of the Capricorn's disk for Antares and Venus (in afternoon meridian 
transit during its Eastern solar elongation) and near the black star of Virgo's disk 
for Ras Alhague, so they are differential. Systematic deviations along the meridian 
line do not affect them. 
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Fig. 1. The average sidereal day from 23 July (Sun A = 121°) to 21 August 2021 (Sun A = 149°). 
Antares has A = 250°. In this timespan the ecliptic elongation of Antares from the Sun ranges from 
A = 129? to X = 101°. The difference of the cosines is 0.2, multiplied by 20.6 arcsec, the aberration 
constant, yields 9 arcsec, which in time is 0.6 s. In the 29 days of this plot the theoretical value is 
is 0.0207 s/day, and the measured one is 0.038+0.02 s/day. 


4. Local deviations from the North of the meridian line 


A general astrometric recognition of the meridian line has been done on the zodiacal 
disks, obtaining the following deviations with respect to the axis of the obelisk. 


160 


140 


0 10 20 30! 40 50! 60 70 80 [m] 


Fig. 2. Deviations in mm from the obelisk's axis along the line. 


'The cross on top of the obelisk is not aligned with its axis, being slightly west. 
'The cross has been probably used for aligning the Capricorn with the Summer signs. 
They are at the same westward distance from the obelisk axis, being aligned with 
the celestial North within 2 mm along 71 meters, which corresponds to 6 arcseconds: 
the top of the technology of 1817. 


5. Orthogonality of the cross over the obelisk 


After calibrating the meridian line with respect to the North, it is possible to cali- 
brate the gnomon (the obelisk with the cross) with respect to the vertical of its axis. 
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Fig. 3. The Southern face of the obelisk in full Sun: on the top the dark Southern arm if the 
cross is slightly on the left from the obelisk's axis. 


'The technique consists in measuring the difference between the observed transit and 
the calculated one, and transforming it into linear distances with the local velocity 
of the shadow. A series of observations made from October 16 to November 11, 2021 
has been made to verify the orthogonality of the cross above the obelisk, and its 
symmetry axis. The Sun, as seen from the star of the Scorpio's marble zodiacal disk, 
started to pass behind the top of the cross, and it scanned all the features (cross, 
star, mounts, pyramid and the uppermost sections of the monolith). The instant in 
which the Sun passed through their symmetry axis was compared with the transit 
time calculated with the ephemerides. After many verifications in St. Maria degli 
Angeli meridian line to the nearest arcsecond, the ephemerides of Stellarium 0.20.2 
have been used for St. Peter's square meridian line. The final result of this study 
has an uncertainty of + 3 mm, due to the location of the telescope or of the camera, 
in case of direct vision, on the marble disk. 
With respect to the symmetry axis of the obelisk: 


e the axis of the obelisk from the point is defined (10 and 11 November) 
e the star is 16.5 mm West of the axis (20 October) 

e the middle part of the cross is further 10 mm West (18 October) 

e the uppermost part of the cross is further 5 mm West (16 October) 


Being the errorbar + 3mm the cross can be vertical as well as slightly in- 
clined. The four tyrants have the function of stabilization during windy days. On 
14 october, a windy day, the oscillations of the cross have been detected. The cross 


3517 


Fig. 4. 'The Sun at noon on November 10, 2021, as seen from the Scorpio's black star. 


is 90 mm wide and the oscillation were 5 mm - 10 mm. All the structure on top of 
the obelisk is 5 meter high, then the oscillations are small. The orthogonality of the 
whole structure verified from 64 m, has an angular accuracy of + 10". 
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6. Discussion and conclusions 


'The measurement of the length of the sidereal day with a fixed star is not a simple 
experiment. It is necessary to have a fixed instrument and a very low parallax. The 
Vatican obelisk was the fixed reference frame used for this experiment, and the 
parallax was reduced by observing from the center of the granite meridian line of 
St. Peter's square. A mirror was used to aim at the same point of the line, to reduce 
the parallax down to 4 arcsec. The final result over 31 days on Antares from 21 
July to 21 August 2021 allowed to detect the contribution of Special Relativity as 
stellar light aberration within less than a sigma (0.02 s) of the predicted theoretical 
value of the average sidereal day: 23h 56m 04.138 s +0.02 s, 0.0273 s larger than 
the aberrated value. 

An extremely good result obtained with such historical instrument, the obelisk- 
meridian line of St. Peter's in the Vatican. A monocular, a mirror and a UTC 
synchronized watch and an audio-recorder has been a light equipment to perform 


such an experiment. The didactic value of this experience is paramount. 

The deviation of the line from North and of the obelisk with the uppermost 
cross with the vertical are measured with a few millimeters accuracy, by comparing 
the transit's timings with the ephemerides. 
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Betelgeuse was reported as a magnitude “1-” in the Almagest of Ptolemy (150 AD), 
while it is of first magnitude star in the Uranometria of Bayer (1603). The latter with 
the stellar catalogue of Philippe de la Hire were used to include in 1701 the stars in 
the Great Meridian Line of St. Maria degli Angeli by Francesco Bianchini (1662-1729). 
For Sirius and Arcturus a series of star were positioned on the floor of the Basilica in 
correpondence with their positions up to two hours before their meridian transit, with 
15 minutes of interval in the case of Sirius. Other stars in the floor represent the motion 
of the Sun on 20 August 1702 and in the Equinoxes, so that since two hours before the 
meridian transit it was possible to see how the Sun approached the Celestial Equator. 
Their astrometrical calibration with the Sun along the year is here published for the 
first time: for some of the stars the timing accuracy of their location is within a few 
seconds, as well as their distance from the pinhole, while in other cases it may reflect the 
“quantization” due to the terracotta bricks on the former floor of the Basilica. Because 
of the precession and proper motion the position of Sirius on the line changed from 1701 
to 2021, and it has taken into account in this analysis. The black marble stars of the 
Vatican obelisk meridian line (1817), are calibrated with respect to the 3D star on top 
of the obelisk, by projecting the Sun behind it through a 7x18 prismatic monocular. 


Keywords: Betelgeuse; Stellar Variability, History of Astronomy, Meridian Line, Santa 
Maria degli Angeli, Vatican obelisk, Rome, Francesco Bianchini (1662-1729). 


1. Positional astronomy in 1700 in Rome 


During the Settecento in Rome the research in astronomy was dedicated to Celestial 
Mechanics,! as in the other Eurpean Countries. In the various observatories present 
in Rome (the Jesuits at the Collegio Romano, the Dominicans at Minerva, Bian- 
chini in St. Maria degli Angeli) the measure of their geographical coordinates with 
lunar eclipses was performed and compared with the other European cities. A lunar 
occultation was firstly observed by Giovanni Battista Audiffredi at Minerva, the one 
of Spica, with evidence of multiple nature of this stellar system. This observation 
was realized in view of a better knowledge of the lunar orbit. Francesco Bianchini 
(1669-1729) in St. Maria degli Angeli observed also three lunar eclipses in 1703 in 
order to verify the lunar theory in the Gregorian Calendar, and we used them to 
recover the UTC of the solar meridian transits. The coordinates of the stars used to 
measure the solar longitude were taken from the Catalogue of Philippe de la Hire 
(1700), of the Observatory of Paris. Bianchini placed 22 stars on the marble of the 
meridian line st. Maria degli Angeli, and Bellatrix, the western shoulder of Orion, 
or y Orionis and Betelgeuse, the oriental one, are reported with their magnitude in 
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figure 4. Two of the stars have been found in the wrong place: both of the Northern 
hemisphere, placed in the Southern hemisphere. The reason was a misreading of 
the coordinates in the book of Philippe de la Hire, like if that work was hurried, 
without any time for revision. Other stars have been placed with an extreme care 
and precision, like for Sirius. 


Fig. l. Procyon, Bellatrix (occidentalis) and Betelgeuse (orientalis) on the meridian line of St. 
Maria degli Angeli, with their magnitude. Bellatrix is smaller than Betelgeuse. 35? is the zenithal 
distance of Bellatrix, 70 — 100 x tan35?. 


2. Magnitudes and stellar positions in St. Maria degli Angeli 


Bianchini wanted to represent the zodiacal signs with the corresponding constella- 
tions of the Atlas of Johannes Bayer, the Uranometria (1603). Francesco Tedeschi 
realized the marble tarsie and Bianchini provided the magnitude's scale according 
the Catalogue. Also on the meridian line the magnitudes were attributed according 
to that Catalogue, not being stellar variability still recognized as a general property 
of the stars. 

The position of Sirius on the meridian line is the one of 1700 “precessioned” to 
1701. The precession was the only one motion of the celestial sphere to be known 
at that time. The proper motion was discovered by Edmund Halley on Arcturus' 
coordinates few years later in 1718. The stellar aberration, which is annual, was 
discovered by James Bradley in 1727 on y Draconis. 

If we compute the position of Sirius with the coordinates of today, applying 
the precession down to 1701 we do not found its position on the meridian line, 
because of its proper motion in declination of 1.211 arcsec/year Southwards, which 
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Fig. 2. The Sun passing over the position of Betelgeuse in the spring of 2018. The ecliptic longi- 
tude 84? 45/5" of 1701 is reported on the meridian line, in correspondence of its declination 34? is 
the zenithal angle of the Northern limb of the Sun at the moment of the photo. 


Fig. 3. The star of the celestial North pole in the Basilica of St. Maria degli Angeli. 


in 320 years totalized 387 arcsec, i.e. 0.68 centesimal parts or 137 mm towards the 
Capricorn sign. 

The positions of the stars of series of Sirius, on the hyperbola of Sirius’ path 
on the floor of the main hall, the original roman hall of 30 meters of heigth, have 
been placed to mark each 15 minutes the approach of Sirius to the meridian line. 
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Fig. 4. The ellipse of 2100 orbit of the Polaris, around the North Celestial Pole. 


Fig. 5. The constellation of Leo at the meridian line of St. Maria degli Angeli, represented with 
its stars and corresponding magnitudes, according to the Uranometria (1603). 


Excepted the star of -2 hours, which is absent without signs of effraction, all other 
stars are placed within 10 seconds of accuracy, from the actual time of meridian 
transit. This verification has been realized on February 5 and November 8 2021 by 
observing the Sun transiting on the same path. Knowing the instant declination of 
the Sun, also the distance from the pinhole's vertical has been verified. 
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As example I report the observations of the star 1 hour 45 minutes, 45 and 30 
minutes before the meridian transit on November 8th 2021. 


e first contact 10:08:12 — 11:08:10 — 11:22:34.5 
e last contact 10:09:42 — 11:09:40 — 11:24:02 
e star inside for 01:30 — 01:30 — 01:27.5 


'The conjunction was respectively at 10:08:57, 11:08:55 and 11:23:18.5 and the so- 
lar meridian transit occurred at 11:54:04, then with an advance respectively of 
1h45m07s 45m09s and 30m40s. The time difference was -7, -9, and -40 seconds. The 
30 minutes-before star shows a wrong position in timing (azimuth) but a correct 
position in declination (distance from the pinhole's projection) since the duration 
of the timing is nearly constant (90 s) or compatible with the motion in declination 
of the Sun during 1h 15 min of 0.86 arcminutes. 

Moreover the solar transit lasted 2 m 21 s, and the transit over the star 1 m 30 
s, this meant that the center of the star was separated by the solar one by 33 s (see 
fig.1). 


Fig. 6. The theorem of Pitagora can be applied on the solar ellipse, because the properties of its 
chords are preserved in the projection on the floor of the Basilica. The data are of the meridian 
transit of 7 Novembre 2021: 141 s is the transit's duration and 124 s is the time of Sirius star 
inside the solar moving ellipse on the floor. 


By using the same technique to the ten stars of Sirius all over the floor of the 
Basilica we found the stars with azimut (timing) errors of 7 to 40 seconds, or 5 cm to 
16 cm, while the declination (distance from the pinhole's vertical point) is correct, 
since the duration of the contacts of the solar limb with the stars is constant. 

The azimuthal dimension of 14 cm, is compatible with the presence of terra- 
cotta bricks on the ancient floor of St. Maria degli Angeli, the one realized by 
Michelangelo. 


3. Equinoctial line and Papal path of 20 August 1702 


It seems like the stars, originally, were all placed at the center of the closest ter- 
racotta bricks, placed with the long side parallel to the main hall of the Basilica. 
Another way of describing that fact is that 11 bricks were prepared with a star in 
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Fig. 7. The Sun on the meridian line at Sirius’ declination on November 7th 2021. The star is 
included in the solar image. It transit lasted 141 s and the “time of flight” of Sirius was 84 s. 


Fig. 8. The solar image “climbs” the column of Vanvitelli on November 7th 2021. 


the middle, and later they were used to substitute the selected bricks by the actual 
path of Sirius. The stars of the Celestial Equator show an alignment not exactly 
perpendicular to the meridian line, by two arcminutes, or 11 mm over 20 meters, 
the timings are accurate. It may reflect the use of a “paleo” meridian line which 
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Fig. 9. The star of Sirius on the marble Imetto of the meridian line. 


Fig. 10. The Sun four minutes before the meridian transit of 8 November: its position with respect 
to Sirius’ star is nearly tangent. With respect to 7 Nov 2021 the Sun is 16.5’ more South, about 
50% of its diameter. This image, with the one of figure 6, account for this fact precisely, being a 
differential measure. The Sun moves perpendicularly to the brass line. 


was better aligned with the North than the present one, modified after the intervent 
of Giacomo Filippo Maraldi, an astronomer of Cassini's observatory visiting Rome 
when Bianchini was tracing the Great Gnomon. He had his own observing place 
in the Tower of Biscia in Palazzo Venezia, from which he transmitted the visual 
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signal to S. Maria degli Angeli. The boreal line, 6 meters long and a few months 
“older” than the Great Line, was used by Bianchini only to measure the latitude of 
the pinhole, and later abandoned, but it was better aligned to the North than the 
Great one. This would explain the 2 arcminutes of shift of the Equator, materialized 
by the alignment of four stars placed each 30 minutes before the meridian transit. 

For the stars of the papal path the accuracy on their location is slightly better 
than of Sirius, but always a few cm of difference with respect to the theoretical 
positions are found. 


Fig. 11. One of the stars of the solar phat of August 20, 1702, when the pope Clement XI visited 
the meridian line. Photo of August 19, 2021. 


4. Marble disks in St. Peter's square in 1817 


Their location on the meridian line is connected with the top features of the obelisk. 
'The marble is really of fine quality, offering a very good reflection to the projected 
image through a telescope. Also the chromatic aberration is well visible. 
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Fig. 12. The star of Scorpio on the meridian line of St. Peter's square. The line was realized in 
1817, the director of the works and committent was Cardinal Pietro Maccarani, head of the Fabric 
of St. Peter. The art of marble tarsie was still at its apogee. Photo of 20 October 2021. 


5. Conclusions and Perspectives 


The stars of St. Maria degli Angeli described in this text are important to under- 
stand the technology used to place them, owing their astronomical significance. The 
verification of their positions requires still more observations, because on 5 February 
and 8 November 2021 not all stars were measured. Better data are available for 19 
August 2021 for the stars of the papal visit. Has Bianchini placed the stars, and 
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Fig. 13. The Sun projected on the Scorpio marble on October 18, 2021, at the meridian transit: 
the central part of the uppermost cross is visible. 
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Fig. 14. The projection of the stars of Orion along the meridian line through the pinhole. 
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Fig. 15. A star on the floor of St. Peter's Basilica. 


Vanvitelli left them in the same place? Has Bianchini placed the stars of Sirius in 
the center of the bricks and then changed only the relevant ones? Or was continuous 
the position of the stars on the floor of the Basilica since the inauguration of the 
meridian line in 1702? 

In the Vatican the stars on the meridian line of St. Peter's square and the stars on 
the obelisk belong to different centuries: nineteenth and sixteenth one. Pope Sixtus 
V placed some obelisks in the squares of Rome (Laterano and Piazza del Popolo 
and St. Peter's square) as well as the one of St. Maria Maggiore. On the top of these 
obelisks a three-dimensional star is always present. It is like the crossing point of 
all the direction, a geodetic point near each relevant point of the Urbs. Sixtus V 
was the ruler of the urbanistic of Rome, and its plan is effective still nowadays. I 
presented here the observations in St. Peter's square made with a small telescope, 
like the one that Bianchini used in the Basilica of St. Maria degli Angeli to observe 
the stars transiting through the window over the pinhole. The sidereal period of the 
Earth's rotation was recovered to the nearest 1/100 s, by using the vatican obelisk 
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Fig. 16. Before and after the solar meridian transit, as seen from Scorpio on November 10, 2021. 
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Fig. 17. The ghost image of the Sun behind the three-dimensional star superimposed to the 
obelisk’s profile, and its nearly 100 m-long shadow at 10:40 AM on November 18, 2021. Both the 
Sun and its halo are overexposed, and only the ghost image holds the solar position’s information. 
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Fig. 18. The Sun projected near the Scorpio’s star (left Oct 20, 2021, -20 s transit's advance) 
and Sagittarius’ star (right: Nov 18, 2021, -27.8 s). The connection between the star and the solar 
occultation by the three-dimensional star above the obelisk is not given by the dates reported 
on the zodiacal disk, but there is a 3-5 days anticipation, due also to the concave shape of the 
square. 


Fig. 19. The dimension of the solar image projected on November 18, 2021 compared with 0.50 
euro. The mini-telescope has 7 x magnification, with respect to a pinhole image. This image was 
projected at 300 mm of distance from the telescope's objective. The pinholhe image would have 
sized 3 mm (always 1 to 100 the ratio diameter:focal length of the solar image). Then the image 
is 21 mm of transverse diameter. The meridional diameter is rather 2 times the transverse one. 
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as sighting reference. This technique has been adapted also to hazy days, when the 
image cannot be projected to the marble: a direct vision of the obelisk is realized as 
in fig. 16. The calibration of the line with respect to the celestial North, and of the 
obelisk and the uppermost cross with respect to the vertical axis of symmetry of the 
obelisk is another fine technique, to inspect the details of the wonderful manufacture 
of about two millenia B. C. the obelisk from Heliopolis, dedicated to the Sun healer 
from blindness. Art, religion and science are profoundly entangled in this approach 
to the stars in the roman Settecento. 


Fig. 20. The comparison between the direct image (overexposed halo) and the ghost image, on 
November 17, 2021 behind the Northern fountain's water. The top of the obelisk, as seen from the 
meridian black star is visible, also in the left-down pane, where the Sun's halo saturates most of 
the image, and some water's droplets appear black. The instant of the meridian transit was chosen 
for this screenshot, as the green ghost image shows, being divided into two equal parts by the top 
cross. The meridian transit occurred at 11:54:41, 28 s before the ephemerides’ one at 11:55:09. The 
use of the small telescope allowed to reach always a timing accuracy better than one second. The 
offaxis angle of the telescope was evaluated by the motion of the projected image in term of the 
solar angular diameter of 32.4' entering the Sagittarius. The lens is placed on the meridian line 
axis within 0.5 mm. The transit lasted 2 min 16 s, o = 32' 05", 16" less for Nov 18. 


3533 


80 px da 17.5 a 21.5, SGR entra il 22.15 
dopo altri 13 px 


Fig. 21. The Sun filmed from the Sagittarius’ black star on November 17 (center) and 21st (left). 
The position of the Sun is reported on the cross on 17 November and below the 3-D star on 21st. 
The red circle is where the ingress in Sagittarius occurred on 22.15 November 2021. 


Fig. 22. The Sun at 12:07:40 of 4 December 2021, 8 minutes after the meridian transit. The yellow 
empty disk represents the position of the Sun at the meridian, and the red one the position at the 
Winter solstice of December 21, 2021. The photo is taken from the zodiacal marble disk of the 
Capricorn, on the black star. The alignment between the Sun at the solstice and the 3-dimensional 
star is confirmed as in the other austral zodiacal signs of Scorpio and Sagittarius. 
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Fig. 23. The principle of the shadow's motion perpendicular to the meridian line around the 
meridian transit has been used to draw this image: the red line and circle are used to predict the 
position of the Sun 25 minutes later at the meridian transit: the Sun disappears at the ground 
level at the two extremes of the meridian diameter. Then the Sagittarius’ marble disk has been 
located in the sole point were the Sun could illuminated all the disk's meridian diameter at the 
ingress of Sagittarius. The photo is of Sunday 21 November 2021, 16 hours before the ingress of 
the Sun into Sagittarius, and 30 minutes before the papal Angelus. 
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It is commonly known that the steady-state model of the universe was proposed and 
championed in a series of influential papers around mid-twenty century by Fred Hoyle, 
Hermann Bondi, and Thomas Gold. In contrast it is little known that, many years 
before, Albert Einstein briefly explored the same idea; that is of a “dynamic steady 
state" universe. In 1931 during his first visit to Caltech, Einstein tried to develop a 
model where the universe expanded and where matter was supposed to be continuously 
created. This latter process was proposed by him to keep the matter density of the 
universe constant. However, Einstein shortly abandoned the idea. The whole event has 
already been described and analyzed by C. O’Raifeartaigh and B. McCann in 2014. It 
is the purpose of this brief note to point out what might have prompted Einstein to 
consider a continuous creation of matter and the prevailing circumstances at that time 
that drove Einstein’s intent. 


Keywords: History of Physics; Cosmology; Einstein. 


1. Introduction 


'The first relativistic model of the cosmos is due to Einstein. His model entailed 
the idea of a universe both isotropic and homogeneous on the largest scales (idea 
known as “Cosmological Principle"). At that time, it was the accepted view that 
the universe was stationary. This was not unreasonable since relative velocities of 
stars are small. To achieve a stationary universe, Einstein added in 1917 to his 
original field equations, the so-called cosmological constant “A” to counterbalance 
the effects of gravity and attain a static universe!: 


1 
Gy» — À Juv = —& (n. — E : (1) 


Einstein showed that the value of the constant he introduced was proportional 
to the mean mass density o of the universe and inversely proportional to the square 
of R, its radius of curvature, 


Kp 1 
A——-—-—. 2 
2 (2) 
The introduction of A in the original field equations was accepted by the early 
few practitioners of General Relativity as convenient to keep the current standard 


view at the time, of a static universe. 
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However, Einstein was uneasy with his forced introduction of the constant. 
Several of his papers show his uneasiness. For instance, in a 1919 publication Ein- 
stein stated: 

*...the general theory of relativity requires that the universe be spatially finite. 
[This] requires the introduction of a new universal constant A, standing in a fixed 
relation to the total mass of the universe (or respectively, to the equilibrium density 
of matter). This is gravely detrimental to the formal beauty of the theory” .? 

It was not until 1931 that Einstein at long last dropped off A from his field 
equations. During those days, Einstein was visiting professor in Pasadena California 
attending an invitation made by Robert Andrews Millikan to spend a short season 
at Caltech (from late December 1930 to early March 1931). Soon after his arrival to 
California he discussed Hubble's redshift measurements and its implications with 
Mount Wilson Observatory astronomers. 

Today there is still a justified widespread view that Einstein discarded the cos- 
mological constant immediately after he was satisfied of the validity of Hubble's 
evidence for a non-static universe. This rendered A in his field equations, redun- 
dant. In April of that same year, Einstein submitted for publication, a paper to the 
Sitzungsberichte der Preussischen Akademie der Wissenschaften where he rejected 
his cosmological term as superfluous and no longer justified. In his own words, 
“theoretically unsatisfactory".? 

But the view that Einstein dropped off A just before his meetings with the Mount 
Wilson astronomers (in early Jan 1931) is not strictly exact. In the interval between 
his arrival to California and his 1931 Sitzungsberichte paper (April 1931), he made a 
last effort to model a “dynamic steady state" universe, keeping A in his field equa- 
tions. This was serendipitously discovered in 2013 by Cormac O’Raifeartaigh in 
an unpublished Einstein's manuscript kept in the Albert Einstein Archives (AEA) 
maintained by the Hebrew University of Jerusalem.^ The first translation into En- 
glish of the manuscript, contents and its analysis, has been already covered in 2014 
by his discoverer Cormac O’Raifeartaigh and his colleague Bruce McCann.? In ad- 
dition, the manuscript contents were also commented in a note added in proof by 


Harry Nussbaumer and later also reviewed by him.ĉ 7 


2. A significant finding 


The discovery by O’Raifeartaigh of the unpublished manuscript showing a model 
still using the lambda constant, came as a great surprise to everyone. From the 
moment Einstein arrived at Caltech it seemed that he had already accepted a non- 
static universe. Various reports in the local press affirm this. And consequently, 
people supposed that Einstein had already scrapped the constant from his field 
equations as unnecessary. 

As a celebrity, during his visit to California, Einstein's activities and sayings 
were reported daily by the press. In Jan 3 the New York Times (NYT) reported 
that during an interview given the previous day Einstein stated: “New observations 
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by Hubble and Humason (astronomers at Mount Wilson) concerning the red shift 
of light in distant nebulae make the presumptions near that the general structure 
of the universe is not static".? The next following month the NYT (Feb 5) another 
front-page story, informed that Einstein delivered a lecture the previous day (Feb 
4) where he no longer held to the model of “Stable universe" .? 

On January 15, Einstein attended a welcome dinner in his honor at “The 
Athenaeum", a club house for the California Institutes Associates (a group of pro- 
moters of southern California scientific and scholarly research). The dinner was 
attended by around 200 guests among them a selected group of astronomers that 
had collaborated with their own research in testing relativity.!? The final dinner 
speech was delivered by one of them, Walter S Adams, director of Mount Wil- 
son. Adams had verified Einstein's prediction of gravitational redshift.!! During his 
speech Adams highlighted the problem of the *nature and structure of the universe" 
and he announced that: 

"Professor Einstein is now inclined to consider the most promising line of attack 
on the problem to be based on theories of a non-static universe, the general equations 
of which have been developed so ably by Dr. Richard Chase Tolman, of the California 
institute of technology" .!? 

Despite the multiple examples that can be cited, affirming Einstein's alleged 
intention to follow a non-static approach, the 2014 discovery by O'Raifeartaigh of 
the manuscript, revealed that Einstein temporarily followed a different scheme in 
his unpublished document. 


3. The manuscript 


The unpublished manuscript is entitled “Zum kosmologischen Problem", that is 
located in the Albert Einstein Archives (AEA) (draft, 1931. Doc [2-112]). It is a 
signed, four-page handwritten manuscript by Einstein on American paper. Assigned 
by AEA to January or February 1931. 

'The cosmological model depicted in the manuscript was not previously detected 
given that the first words of its title are identical to those of Einstein's 1931 Sitzungs- 
berichte paper (April 1931). For this reason, it was assumed to be a draft of the 
latter publication. 

The manuscript has already been extensively analyzed by O'Raifeartaigh and 
colleagues!? and in the here cited papers by Nussbaumer, so we shall limit ourselves 
to giving a succinct description of its contents based on those publications. 


4. The model in the manuscript 


In the manuscript Einstein explores a solution to his field equations retaining A 
that could be compatible with Hubble's observations; to be precise an expanding 
universe in which the density of matter does not change over time. Einstein starts 
his analysis by choosing the metric of flat space expanding exponentially (De Sitter 
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metric): 


ds? = —e?' (da + dz? + dx3) + c^ dt^. (3) 


So, the distance between two points increases over time as e?*/?, and he remarks: 


^one can thus account for Hubbel's [sic] Doppler effect by giving the masses (thought 
of as uniformly distributed) constant co-ordinates over time". 

In his calculations he finds that a? (representing the expansion of the universe) 
is related to its overall density p as, 


2 RK 
E 4 
Q 3P (4) 


That is, p determines the expansion. Since the redshift measurements at the 
time suggested that the universe expansion is constant, so he concluded that the 
density must be constant as well. 

In the final part of his manuscript, Einstein proposes that the density of matter 
remains constant by supposing a continuous formation of matter in empty space. 
He then observes that: “For the density to remain constant, new particles of matter 
must be continually formed within that volume from space.” 

At the end of the manuscript, he associates the cosmological constant with an 
energy of space: “by setting the A-term, space itself is not empty of energy". Conse- 
quently, the continuous creation of matter becomes associated to the A cosmological 
constant. 

Einstein's *dynamic steady state" universe simultaneously incorporated the ob- 
served expansion of the universe together with a new paradigm, namely of an ex- 
panding universe that maintained its isotropy and spatial homogeneity the same as 
it always has and always will (later dubbed the perfect cosmological principle) by 
means of the continuous creation of matter. 

The “dynamic steady state" model was so compelling to set aside. However, 
Einstein didn't submit his manuscript for publication. O'Raifeartaigh and colleagues 
detected the possible reason why Einstein gave up publishing it. He must have 
noticed on revision, that his model contained a flaw. Once the error is corrected 
the model leads to the trivial solution p — 0, that is an empty universe of matter. 
'Therefore, he promptly abandoned this attempt. 

We must ask now what it was that attracted Einstein to consider the possibility 
of a universe where there is a continuous creation of matter. To find a possible 
answer we shall consider the reception at that time, of an expanding universe as 
opposed to prevailing static views. 


5. Universe’s age and Earth's age tension 


Towards the beginning of the 1930s the main objection to the interpretation of the 
Hubble constant as the indicator of the universe expansion was that it's measured 
value implied a younger universe than that of Earth's accepted age. 
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Before 1930's, scientific estimates of the age of the Earth dated from mid-19th 
century, from Helmholtz-Kelvin gravitational contraction ages,!^ passing through 
those resting on geology (i.e., the amount of salt in the oceans, sediments) and - 
after a fierce debate between geologist and physicists!? - finally deferred to an age 
based on early-20th century radioactive dating.!9 This produced by the 1930's, an 
estimate of the universe age of around 4 billion years.!” 

In 1931, at the time Einstein was visiting Caltech, the matter of determining the 
age of the earth was not entirely resolved to the extent that the National Research 
Council decided to appoint a committee to investigate to settle the question.!? 

On the other hand, the cosmological age of the universe based on the universe 
expansion, was estimated by taking the reciprocal of the value of the Hubble con- 
stant (Hubble's time). Hubble first evaluation of his eponymous constant was of 
around 500 kilometers per second per megaparsec. This implied a universe's age of 
about two billion years, which was in a tense contradiction with the estimated age of 
the Earth, as just mentioned, of about four billion years. As consequence, such mis- 
match created room for doubt, Einstein himself included. Some critics questioned 
that the observed nebulae redshifts, were in fact a manifestation of the Doppler's 
effect. Such was the panorama that reigned in the early 30s. 

'This incongruity raised two possible explanations: on the one hand Hubble con- 
stant value was wrong, or on the other hand, Doppler's shift needed a novel inter- 
pretation, as it is said today “perhaps new physics". 

As it is well known, the Hubble constant estimation involved measurement of 
distance and velocity of a variable star (a Cepheid) belonging to a galaxy in ques- 
tion. This involved monitoring the apparent brightness of the Cepheid variable to 
obtain its period. Then, using Shapley's Cepheid calibration, its absolute brightness 
was established and consequently the distance to the galaxy where the Cepheid was 
located. At that time there was little doubt on the correctness of Shapley's cal- 
ibration. Also, measurement of recession velocity of galaxies even in those days, 
was straightforward. Spectral recordings had already achieved good accuracy. So, 
Hubble's constant value was in little doubt. Eventually, some astronomers pointed 
out that Cepheid's calibration could be slightly inaccurate as the apparent star's 
luminosity could be diminished by interstellar media and that had to be accounted 
for. It must be remembered that It was not until mid-1940's that Walter Baade 
identified two Cepheid types and made a major correction to Shapley's calibration 
and thus to Hubble’s value.!? Now we know that the problem was on the way off 
value of Hubble's constant at that time. 

On the second possibility, that the incongruity between the ages of the earth and 
the universe had its origin in an erroneous interpretation of the observed redshift, 
Fritz Zwicky gave in 1929 an alternative explanation. Zwicky, a resident scholar at 
Caltech, suggested the concept of “tired light?.?? This was a hypothetical redshift 
mechanism where photons lost energy over time through interactions with other 
particles in their trajectories through a static universe. So, the more distant objects 
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would appear redder than more nearby ones. It is pertinent to mention that the 
term "tired light" was not used by Zwicky but later coined to refer to this concept 
by Caltech cosmologist Richard Tolman in the early 1930s in relation to the so 
called Tolman Surface Brightness Test. 


6. Earlier dynamic stationary state cosmologies 


Zwicky was not alone. There was also an academic minority that put forward sim- 
ilar ideas to Zwicky's explanation even before his 1929 suggestion. All these "tired 
light? propositions had in common the assumption that photons heading earthward, 
somehow interchanged with the intergalactic medium, part of their energy, thus red 
shifting their frequencies. 

“Tired light” was championed by the few enthusiasts of steady state cosmologies. 
Its appeal as we shall see resides on the fact that it circumvents the standard 
interpretation of the redshift as an indicator of galaxy recession and thus safeguards 
their view of a static universe. 

The Nobel laureate Walther Nernst and William Duncan Macmillan, a well- 
known Chicago professor, were leading advocates of a steady-state universe. What 
these had in common is that they presuppose the universe as eternal, self-preserving 
structure in which matter and radiation are constantly been transformed into one 
another to keep the universe in a stationary balanced state thus avoiding a heat-dead 
of the universe. A cosmic destiny they both abhorred. 

MacMillan’s supposes in his own version of “tired light”: “That there is a leakage 
of energy from the photon [...] due perhaps to an inherent instability in the photon, 
or, possibly, [due] to collisions with other photons". He concludes therefore: “it is 
evident that the frequency [of the photon] declines with the energy, and the lines of 
the spectrum are shifted toward the red" .?! 

In addition, he considers that the “evaporated” energy from the photon contin- 
ues to exist as abundant radiant energy of “very low frequency". A kind of primitive 
version of the modern CMB radiation (but the latter being Black Body radiation). 
Then he puts forward the possibility that perhaps the “evaporated” energy “disap- 
pears into the fine structure of space and reappears eventually in the structure of 
the atom". In other words, he proposes a mechanism of matter creation. 

Another notable hypothesis was that of the Nobel laureate, Walther Nernst, 
who suggested that some photons are partially absorbed by the luminiferous aether 
(which he accepts to exist).?? In his 1928 essay “Phyco-Chemical Considerations 
in Astrophysics", Nernst outlines the notion of matter creation in his stationary 
universe: 

“I may therefore hold fast to the hypothesis uttered by me that, just as the 
principle of the stationary condition of the cosmos demands that the radiation of 
the stars be absorbed by the luminiferous sether, so also finally the same thing 
happens with mass, and that, conversely, strongly active elements are continually 


3542 


being formed from the aether, though naturally not in amounts demonstrable to 
üs S 

It is worth noticing that both, MacMillan and Nernst, claim energy transfer 
occurs by an unknown process yet to be discovered. 

The “tired light” proposal did not vanish into oblivion as alternative explanation 
to redshift been caused by recessional motion. As late as 1935, Edwin Hubble him- 
self and Richard Tolman (both at Caltech during Einstein’s several yearly visits) 
investigated the possibility that “tired light” might be an alternative interpretation 
of redshift. 

They did that comparing the surface brightness of galaxies as a function of their 
redshift (applying the so called “Tolman Surface Brightness Test"?^). According to 
'Tolman Test, the relationship between surface brightness of a galaxy and its redshift 
differs in the case of a static universe from that of an expanding one. In a coauthored 
publication they explored this possibility.?? In their joint paper and to simplify their 
analysis, they employed Einstein's static model of the universe: ... “combined with 
the assumption that the photons emitted by a nebula [a galaxy] lose energy on their 
journey to the observer by some unknown effect, which is linear with distance, and 
which leads to a decrease in frequency, without appreciable transverse deflection". In 
short, they employed Einstein's model plus “tired light”. As result of their analysis, 
they conceded: “Until further evidence is available, both the present writers wish to 
express an open mind with respect to the ultimately most satisfactory explanation 
of the nebular red-shift” ...“They both incline to the opinion, however, that if the 
red-shift is not due to recessional motion, its explanation will probably involve some 
quite new physical principles”. 


7. On Einstein's arrival at Caltech 


Up until now, we have seen that in the late 1920s and early 1930s, Hubble’s law was 
commonly interpreted as a demonstration that the universe was truly expanding. 
However, there was still the problem of reconciling the age of the universe with that 
of the earth. This inconsistency, in addition to raising a reasonable doubt about 
the interpretation of the redshift, gave rise to the credibility of the theories of a 
stationary universe. For some, the appeal of a universe without evolving through 
time resided in that such universe has no beginning and no end, so it converts the 
“age of the universe” as a senseless question issue, consequently eliminating the 
earth-universe ages paradox. 

Attempting to develop a stationary cosmological model was indeed an attractive 
motivation for Einstein, since it would avoid his well-known aversion to a universe 
that has a beginning and reinforce his well-known paradigm of a static universe. 
But adopting such an idea required reliable and robust observational evidence of 
the continuous creation of matter. 

As we will see below, fresh “evidence” (that turned out to be illusory) of the 
continuous creation of matter emerged just as Einstein arrived at Caltech. This came 
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from Millikan (Einstein host at Caltech) so it must have seemed reliable to Einstein. 
We must remember that Millikan received the Nobel prize partly for experimentally 
verifying Einstein's photoelectric equation. 


8. Birth cries of atoms 


On the 1st of February 1931, during Einstein's stay at Caltech, a paper by Millikan 
and his collaborator H. Cameron appeared in Physical Review. Its title was ^A more 
accurate and more extended cosmic-ray ionization-depth curve, and the present 
evidence for atom-building".?6 This paper contained what it would seem to be the 
experimental evidence Einstein needed, that is, observational evidence of continuous 
matter creation. In our opinion, it was this publication what encouraged Einstein 
to use the continual creation of matter hypothesis in his unpublished manuscript. 
So, Einstein made his last bid to keep a stationary cosmology. 

Millikan's 1931 paper is the apogee of a series of publications on cosmic rays 
where he explores their composition and origins. But, before we comment on this 
publication it is convenient to recall very briefly Millikan's research on cosmic rays. 
During the early 20's he and his collaborators made a series of observations on board 
of balloons, high altitude peaks, and different geographical locations, at various 
latitudes and in the depths of lakes proving in his 1926 publication that cosmic rays 
were of extraterrestrial origin.?” Millikan believed that his measurements proved 
that the primary cosmic rays were energetic photons. He also stated that cosmic 
rays, ‘ 
than any radioactive change thus far on record". 

In the same 1926 paper he suggested that cosmic rays probably came from among 
the following three nuclear processes: a) The capture of an electron by the nucleus 
of a light atom, b) the formation of helium out of hydrogen, or c) some new type 
of “nuclear change”, such as the condensation of radiation into atoms. 

Regarding third suggestion he made above, we must emphasize that Millikan 
here raises the creation of matter from the “condensation of radiation into atoms." 
this idea was not his, as he himself stated in a note written by him for the journal 
Science in 1930.78 In the note he recalls having in 1915 discussions on the “running 
down of the universe" (ie., when the universe has reached a state of maximum 
entropy) at the University of Chicago with his then colleague William Duncan 
Macmillan (of whom we have already commented) where the issue of atom building 
was discussed. Millikan recalls, 

“In our conversations at Chicago W. D. Macmillan constantly held out for the 
view that a still further step forward should be taken and that the idea of “running 
down of the universe" should be given up by the assumption that atom building 
went on in space by the condensation of radiation into atoms. He discussed his idea 
in detail with me in the year 1915, and in July, 1918 he published it in full” .?9 

In 1928 Millikan and Cameron found that incoming cosmic rays could be grouped 
into three independent energy bands centered at 26, 110, and 120 (MeV).?? They 


*...must arise from nuclear changes of some sort...” but far more energetic 


3544 


argued that these bands are produced by the release of photons when eventually a 
“sudden union” (i.e., fusion) between atoms occur. To support their assertion, they 
observed that the center of the bands agreed respectively with 26 MeV (which is 
just about the mass defect of helium), 110 MeV (which is close to the mass defect 
of oxygen and nitrogen) and 220 MeV (to that of silicon.) So, their inference was 
that the three photon bands reaching the earth must be generated by the “sudden 
union" of: 4 hydrogen atoms fused to form helium, 14 to form nitrogen, 16 to form 
oxygen and 28 to form silicon". Secondary electrons, they claimed, were produced 
in the atmosphere by Compton scattering of gamma rays. Millikan believed that 
space was filled with a tenuous gas of electrons and protons (the latter he called 
“positive electrons"). So, to get around the “running down of the universe" he 
assumed that "These building stones [protons and electrons] are continuously being 
replenish throughout the heavens by the condensation with the aid of some as yet 
wholly unknown mechanism of radiant heat into positive and negative electrons". 

Millikan supposed discovery of the continuous formation of matter went beyond 
the scientific sphere provoking the attention of among the scientific and the lay 
publics. In a statement made by Millikan to the press, cosmic rays were “birth cries 
of atoms, a Millikan phrase that achieved a good deal of currency” .?! 

Regarding Millikan's 1931 publication the one which appeared on print just at 
the time Einstein was hosted by Millikan, this was basically a continuation of his 
1928 paper including revised energy calculations that further bolstered his tenacious 
ideas. A short time later Arthur Holly Compton showed that not all cosmic rays 
were photons, but at least a large part of them consists of charged particles. This 
led to a debate between the two Nobel laureates. T'he debate went on for some time 
with Compton at the winning side but that's another story. 


9. Final comments 


Einstein before long abandoned the idea of keeping the A constant in his field equa- 
tions. In his next publication, the 1931 Sitzungsberichte paper, he does not make 
use of the constant anymore.? At the end of the paper Einstein adds some remarks 
about the age of the universe problem, which was quite severe without the use of the 
À constant. Today we know that the problem was on the way off value of Hubble's 
constant at that time. Einstein signals two possible errors that may be occurring in 
the initial approach to the problem. First, he insinuates that the matter distribution 
might be inhomogeneous and that a homogeneity approximation may be illusional. 
'Then he adds that in astronomy one should be cautious with large extrapolations 
in time. His first comment is surprising as it seems to indicate some reservations on 
the cosmological principle. 

The next following winter (1931-1932), Einstein was back in Caltech for a second 
stay where he met De Sitter. Together they formulated a model today known as the 
Einstein-de Sitter universe, assuming a flat space with no cosmological constant and 
with an expansion velocity asymptotically approaching zero in the infinite future.?? 
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This became the standard model up to the mid-1990s. This was the Einstein's last 
intent to produce a cosmological model. 
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Jayme Tiomno belonged to the ‘founder’s generation’ of physicists in Brazil. He began 
working in relativity theory early in his career, at a time when it was not at all ‘fashion- 
able’, through the influence of his early mentor, Mario Schenberg in Sao Paulo. When he 
went to graduate school in Princeton, in February 1948, his advisor there, John Wheeler, 
gave him a project in General Relativity, even though this was more than 4 years before 
Wheeler’s ‘turn’ from nuclear and particle physics to field theory and gravitation. 

Tiomno and Wheeler however soon discovered their mutual interest in meson decays, 
and Tiomno’s Masters and PhD theses were on topics from particle physics, which re- 
mained his major field of interest for the following 20 years, during which he collaborated 
with Abdus Salam, among others. Only when he returned to Princeton in 1971, a refugee 
from the oppressive dictatorship in Brazil, did he again begin working in gravitation and 
field theory, having missed the ‘golden age’ initiated in part by Wheeler’s group. 

At the IAS, Tiomno experienced a renaissance of his interest in field theory, working 
with Remo Ruffini and others. He continued this work in the 1980’s after he was able to 
return to the CBPF in Rio de Janeiro (which he had helped to found). His participation 
in the Marcel Grossmann Meetings was limited but significant. 


Keywords: Physics Brazil; History of Physics; Marcel Grossmann Meetings; General 
Relativity; Gravitation 


1. Introduction 


Jayme Tiomno was born in Rio de Janeiro on April 16, 1920, the son of Russian- 
Jewish immigrants who had arrived in Brazil about 10 years earlier. There was 
nothing in his background that might suggest that he would become an eminent 
theoretical physicist. But his parents both valued education and saw to it that he 
and his siblings (an older brother, a twin sister, and two younger sisters) were all 
able to attend college. In the year of his birth, on Sept. 7, the Brazilian national 
holiday, the Universidade do Rio de Janeiro (URJ) was founded as the first real 
university in Brazil (as a collection of faculties and institutes combined from existing 
institutions). 

After his childhood and youth spent in small cities in Minas Gerais, Tiomno’s 
family returned in 1934 to Rio, where Jayme completed his curso complementar in 
medicine and then began studying medicine in 1938 at the Universidade do Brazil 
(UB - as the URJ was now called). In early 1939, Jayme was enrolled by his brother 
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for Natural History at the Universidade do Distrito Federal (UDF), a newer research 
university founded in the capital in 1935 by Anisio Teixeira, an eminent educator 
who was at the time Director of Education of the Federal District. 


Fig. 1. (a) Jayme Tiomno, 1941. (b) Tiomno, Wheeler, Ruffini, 2001 (c) Mario Schenberg, 1937. 


Tiomno qualified for the physics course, but was unable to study at the UDF 
because it was closed by the Vargas regime. Its physics curriculum was incorporated 
into the Faculdade Nacional de Filosofia (FNFi) and moved to the UB. Tiomno later 
had to decide between medicine and physics, and he chose the latter, graduating in 
1941. Figure 1 shows Tiomno at age 21, when he graduated from the FNFi, and also 
60 years later, with his Princeton mentor John Wheeler and his later collaborator 
Remo Ruffini, at Wheeler's 90th birthday in 2001; and Tiomno’s first graduate 
mentor, Mario Schenberg, about the time Tiomno began his university career. 

Tiomno entered military service, and was able to do some research with his men- 
tor, the experimentalist Joaquim da Costa Ribeiro, and complete his licenciatura 
(teaching certificate) during the War. However, his real interest lay in theory, in- 
spired by his Italian professor of theoretical physics, Luigi Sobrero (a former assis- 
tant of Levi-Civitá), and after the War, he obtained a fellowship to do graduate 
research at the Universidade de Sáo Paulo (USP), in the department founded by 
Gleb Wataghin, under Wataghin's star pupil, the theoretician Mario Schenberg. 
The photo in Fig. 2 shows Tiomno's professors Sobrero and Costa Ribeiro as well 
as the teaching assistants in physics at the FNFi in May, 1942. Many of them later 
became noted scientists. 

Tiomno spent most of 1946 at USP, studying hard to catch up in modern physics, 
to which he had hardly been exposed at the FNFi. After his fellowship ended, he 
returned to Rio in early 1947, but was then offered an assistantship with Mario 
Schenberg at USP, where he went in mid-year of 1947. He worked with Schenberg 
on formulating gravitation in Minkowski space, his introduction to relativity. The 
project was completed but never published, partly because relativity, and especially 
non-Einsteinian interpretations of gravitation, were hard to publish in 1948, and 
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Fig.2. The teaching staff in physics at the FNFi, 1942. From left: Paulo Alcántara Gomes, Elisa 
Frota-Pessóa, Jayme Tiomno, Joaquim da Costa Ribeiro, Luigi Sobrero, Leopoldo Nachbin, José 
Leite Lopes, and Mauricio Matos Peixoto. 


partly due to Schenberg's political difficulties, which forced him to go into exile in 
Europe in the following years. 

Tiomno, in the meantime, on the recommendations of Schenberg and José Leite 
Lopes, was granted a fellowship for graduate work at Princeton by the U.S. State De- 
partment. He had to leave Brazil abruptly in early February 1948 to meet the start- 
ing deadline for his fellowship. In Princeton, he joined the group of John Archibald 
Wheeler, already a well-known theoretician, working in nuclear and particle physics. 
Nevertheless, Wheeler started Tiomno on a project involving point particles in GR 
(and eventually their gravitational-radiative damping). Tiomno was frustrated with 
the project and received little help from Wheeler (and from Einstein). Wheeler had 
already suggested this topic to Leopold Infeld, who in 1949 published the result 
with his assistant Alfred Schild.! By then, Tiomno and Wheeler had turned their 
interest to the pion-muon decay chain, and Tiomno spent the next 20 years work- 
ing mainly in particle physics, apart from two collaborative projects with David 
Bohm - one a conformally-invariant formulation of the Dirac theory, which Tiomno 
only completed 12 years later; the other the inclusion of spin into Bohm's deter- 
ministic version of quantum mechanics (1955). 
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Fig. 3. John Wheeler and Jayme Tiomno in Princeton, Summer 1948. 


When Wheeler (Fig. 3) left on sabbatical in June, 1949, Tiomno, with his 
fresh MSc degree, collaborated with Chen Ning Yang and David Bohm on 
weak-interaction physics and on relativistic quantum mechanics. He then began his 
PhD thesis work with Eugene Wigner as mentor. He finished his thesis in September 
1950 and returned to Sao Paulo on October 10. 

While still at Princeton, Tiomno also met Richard P. Feynman and Cécile 
Morette, and invited both to visit the newly-founded Centro Brasileiro de Pesquisas 
Físicas (CBPF) in Rio, which he had helped to plan and implement. He later also 
encouraged Bohm to apply (successfully) for the vacant chair of Advanced Physics 
in Sao Paulo (vacated by Gleb Wataghin when he returned to Italy in 1949). The 
young David Bohm is shown in Fig. 4, about the time that he completed his under- 
graduate studies. 
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Fig. 4. David Bohm, around 1940. 


Figure 5 is a photo of a meeting at Princeton in early 1949, where several young 
Brazilian physicists conferred about the newly-founded CBPF in Rio, and met the 
Japanese theoretician Hideki Yukawa, on sabbatical in Princeton at the time. More 
information on Tiomno’s life and career can be found in our recent biography.? 


2. The development of gravitation, General Relativity and 
cosmology research after 1950 


Modern gravitational physics dates from the early 20th century. Lorentz, Poincaré, 
Fitzgerald and others had speculated about applying the principle of relativity 
to electromagnetism (Maxwell theory). Albert Einstein realized the significance of 
those speculations and formulated his Special Relativity in 1905. Ten years later, 
with the help of Marcel Grossmann, he completed his General Theory of Relativity 
(GR), the modern theory of gravitation. After the early period from 1915-1925, 
when solutions to Einstein's field equations were found (e.g. by K. Schwarzschild, 
1916: gravitational singularity; A. Einstein, 1917: closed, static universe; W. de Sit- 
ter, 1917: zero-density universe; A. Friedmann, G. Lemaitre, 1924/27: expanding 
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Fig. 5. A group of young Brazilians, together with Hideki Yukawa (behind, center), in Princeton, 
early 1949. César Lattes (behind, left), José Leite Lopes (below, center) and Jayme Tiomno (below, 
right) were the chief founders of the CBPF (Brazilian Center for Physics Research, Rio de Janeiro), 
which began operations about this time. At the upper right is Walter Schützer, and at lower left 
is Hervasio de Carvalho. 


universe), Einstein began working on a unified theory of gravity and electromag- 
netism, and active work on GR decreased after about 1928. Some of the early 
contributors to GR theory are shown in Fig. 6. 

In the period 1935-1955, Einstein published with N. Rosen, L. Infeld, B. Hoff- 
mann, P. Bergmann, W. Pauli, V. Bargmann, and E.G. Strauss on some details 
of GR theory, and some other authors — notably J.R. Oppenheimer et al. (1939: 
collapse of stellar remnants) and K. Gódel (1949: stationary rotating homogeneous 
universe with timelike loops) also made important contributions. But only in the 
early 1950's did the ‘great revival’ of GR and its applications to relativistic astro- 
physics and cosmology begin, stimulated initially by J.A. Wheeler and his school 
(Princeton, University of Maryland, Caltech), and independently by Bryce DeWitt 
and Cécile Morette DeWitt (University of North Carolina, University of Texas), 
and in England by D.W. Sciama, C. Isham, R. Penrose, and S. Hawking (in London 
and Cambridge), and in the USSR by Y. Zel'dovitch, I. Novikov, and R. Sunyaev. 
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Fig. 6. (a) Karl Schwarzschild, ca. 1910. (b) Willem de Sitter. (c) Georges Lemaitre. 


Tiomno's interest in field theory and GR. was rekindled in 1966/67, when he 
spent a year as Associate of the ICTP (International Centre for Theoretical Physics) 
in Trieste (founded in 1964 by Abdus Salam, with Tiomno's active participation). 
While there, he reconnected with two Argentine physicists whom he had known 
earlier, in Rio and in London: Juan José Giambiagi and Carlos Guido Bollini. Their 
joint papers, especially ‘A Linear Theory of Gravitation’ (1970), mark Tiomno’s 
revived interest in gravitation theory. Giambiagi, Tiomno and Bollini are shown in 
Fig. 7 while at the ICTP in 1966/67, and also shown are Jayme Tiomno with his 
wife Elisa Frota-Pessóa in Trieste at the same time. That interest was intensified 
during his stay in Princeton in 1971/72, after his blacklisting in Brazil by the mili- 
tary dictatorship. There, he interacted with Wheeler’s now flourishing school. In the 
years 1972-75, he published 13 articles on gravitation and field theory. In addition 
to his two more senior collaborators, Remo Ruffini and Leonard Parker, his coau- 
thors included the younger physicists C.V. Vishveshwara, Marc Davis, Jeffrey M. 
Cohen, Frank J. Zerilli, Robert M. Wald, and Reinhard A. Breuer. Many of those 
publications dealt with radiation — both electromagnetic and gravitational — from 
particles orbiting or falling into black holes; but they also included speculations 
on pulsars and the balance of forces on particles near black holes, as well as the 
possibility and properties of gravitational ‘synchrotron radiation’. Figure 8 shows 
Tiomno and Elisa in Princeton in 1971, and also Tiomno’s farewell letter to Wheeler 
upon leaving Princeton in June, 1972. 

The text of Tiomno’s letter to Wheeler when he left Princeton reads: “We are 
leaving tomorrow, looking forward to a vague possibility of remaining in Rio. We 
were much pleased with our stay in Princeton. I have profited much from it and 
started a new phase of my career. Even the disagreeable dispute with a colleague 
has had a positive result to stress my friendship with you and to make me recover 
from the difficulty of writing papers. Here are some of them, which would not exist 


3554 


Fig. 7. (a) J.J. Giambiagi, J. Tiomno, C.G. Bollini, ICTP 1966. (b) Jayme Tiomno and Elisa 
Frota-Pessóa, ICTP 1966. 


without your decisive help. Elisa joins me in sending regards to Janette and hoping 
we shall see you soon, somewhere... Jayme. PS. I have also sent a set of preprints 
to Goldberger." 

We can only speculate on the precise details of the ‘dispute’ mentioned; it was 
probably a conflict over the publication of an article written jointly by Breuer, 
Ruffini, Tiomno and Vishveshwara (which appeared later in Phys. Rev. D. See Ref. 
1 for more details). 

After returning to Brazil in mid-1972, Jayme and Elisa were confronted with 
their continued blacklisting by the military dictatorship, which considered them to 
be ‘subversive’ (a charge which verges on the ridiculous, in retrospect). They could 
not even work at the private foundation CBPF, which they had helped to found 
and establish. Finally (after a Papal dispensation), they were given the opportunity 
to work at the Catholic University (PUC) in Rio de Janeiro, albeit with limited 
privileges. They remained there until after the Amnesty in 1979, and then still 
refused to beg for reinstatement to their university positions. Jayme finally rejoined 
the ‘reformed’ CBPF at the end of 1980; it was now an independent laboratory of 
the national science research funding agency CNPq. There, he became an honored 
and very active member of the faculty, retiring as ‘Researcher emeritus’ in 1992. 
For more information on the development of relativity and gravitation research after 
their ‘rennaissance’ in the 1950’s, see the references. ° 
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Fig. 8. (a) Tiomno and Elisa, Princeton 1971. (b) Tiomno's ‘farewell letter’ to Wheeler, June 
1972. 


3. Tiomno's Scientific Work 


Like Wheeler's scientific career, Tiomno's lifework can be divided into three distinct 
periods, although not so sharply: 


— The first was his early work on relativity and particle physics, which extended from 
1947 through about 1967. Highlights of this period were his work on the Weak Inter- 
action (initially called the ‘Universal Fermi Interaction’, a term coined by Tiomno 
and C.N. Yang in 1949); his work on S-matrix theory and causality (with Walter 
Schützer; see Fig. 5); his prediction of the K* meson (with N. Zagury and A.L.L. 
Videira); and work on hyperons and global symmetry (with Abdus Salam). 

— The second period began in the late 1960's and extended to around 1981. It was 
characterized by a shift in interest toward field theory, gravitation and cosmology, 
and was stimulated by collaborations with Giambiagi and Bollini as well as with 
his Princeton colleagues in 1971/72. 

— 'The third period might be called his *eclectic phase", after he had returned to 
the CBPF in 1980, when he was involved in numerous projects relating to particle 
physics, Special Relativity, General Relativity, field theory, gravitation and cosmol- 
ogy, ending with his interest in relativistic rotating systems in the mid-1990's. 


In the following, we give some selected examples of Tiomno's publications from 
the 1970's to the mid-1980's, as an illustration of the variety and the relevance of 
his work in his second and third periods. 
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3.1. Some Selected Publications, 1970-1985 


(1) *A Linear Theory of Gravitation', in: Lettere al Nuovo Cimento 3, 65 (1970) 
(with C.G. Bollini and J.J. Giambiagi). 

(2) ‘Equivalence of Lorentz Transformations and Foldy-Wouthuysen Transforma- 
tion for Free Spinor Fields’, in: Physica 53, 581-601 (1971). 

(3) ‘Electromagnetic Field of a Particle Moving in a Spherically-Symmetric Black- 
Hole Background', in: Lettere al Nuovo Cimento 3, 211 (1972) (with R. Ruffini 
and C.V. Vishveshwara). 

(4) ‘Can Synchrotron Gravitational Radiation Exist?', in: Physical Review Letters 
28, 1352 (1972) (with Marc Davis, R. Ruffini and F. Zerilli). 

(5) ‘Pulses of Gravitational Radiation of a Particle Falling Radially into a 
Schwarzschild Black Hole', in: the Physical Review D5, 2932 (1972) (with 
Marc Davis and R. Ruffini). 

(6) ‘Maxwell Equations in a Spherically Symmetric Black-Hole Background’, in: 
Lettere al Nuovo Cimento 5, 851-855 (1972). 

(7) ‘Pair-Producing Electric Fields and Pulsars’, in: the Astrophysical Journal 
178, 809 (1972) (with L. Parker). 

(8) ‘Polarization of Gravitational Synchrotron Radiation’, in: Lettere al Nuovo 
Cimento 4, 857 (1972) (with R.A. Breuer and C.V. Vishveshwara). 

(9) ‘Balancing of Electromagnetic and Gravitational Forces and Torque Between 
Spinning Particles at Rest’, in: the Physical Review D7, 356 (1973). 

(10) ‘Gyromagnetic Ratio of a Massive Body’, in: the Physical Review D7, 998 
(1973) (with J.M. Cohen and R.M. Wald). 

(11) ‘Electromagnetic Field of Rotating Charged Bodies’, in: the Physical Review 
D7, 992 (1973). 

(12) ‘Charged point particles with magnetic moments in General Relativity’, in: 
Revista Brasileira de Fisica 8, 350 (1978) (with Ricardo M. Amorim). 

(13) ‘On the relation between fields and potentials in non-abelian gauge fields’, 
in: Revista Brasileira de Fisica 9, 1 (1979) (with J.J. Giambiagi and C.G. 
Bollini). 

(14) ‘Singular potentials and analytic regularizations in classical Yang-Mills Equa- 
tions’, in: Journal of Math. Phys. 20, 1967 (1979) (with C.G. Bollini and J.J. 
Giambiagi). 

(15) ‘Gauge field copies’, in: Phys. Letters 83B, 185 (1979) (with J.J. Giambiagi 
and C.G. Bollini). 

(16) ‘Wilson Loops and Related Strings for the instanton and its variational deriva- 
tives’, in: Il Nuovo Cimento 59, 412 (1980) (with C.G. Bollini and J.J. 
Giambiagi). 

(17) ‘Wilson Loops in Kerr Gravitation’, in: Letters to Il Nuovo Cimento 81, 13 
(1981) (with C.G. Bollini and J.J. Giambiagi). 

(18) ‘Geodesic Motion and Confinement in Gódel's Universe’, in: the Physical 
Review D27, 779 (1983) (with M. Novello and I.D. Soares). 
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(19 


— 


‘Godel-type metric in Einstein-Cartan Spaces’, in: Contributed Papers to the 
10th International Conference on General Relativity and Gravitation, p. 507 
(1983) (with A. Teixeira and J. Duarte). 

(20) ‘Homogeneity of Riemannian Spacetimes of Gödel type’, in: the Physical 

Review D28, 1251 (1983) (with M. Rebougas). 

(21) ‘Pseudoscalar Mesons and Scalar diquarks—decay constants’, in: Il Nuovo Ci- 
mento 81A, 485 (1984) (with I. Bediaga, E. Predazzi, A.F.S. Santoro and 
M.H.G. Souza). 


(22) 'Gravitational coupling of scalar and fermionic fields to matter vorticity: Mi- 


— 


croscopic asymmetries’, in: Revista Brasileira de Física, Suppl. 14, 372 (1984) 
(with I.D. Soares). 
(23) 'Lifetimes in a quark-diquark system', in: Lettere al Nuovo Cimento 42, 92-96 
(1985) (with A.F.S. Santoro, I. Bediaga, M.G.H. Souza and E. Predazzi). 
(24) ‘On Experiments to detect possible failures of Relativity Theory’, in: Founda- 
tions of Physics 15, No. 9, pp. 945-961 (1985) (with W. Rodrigues). 
*Gluon and qq mixing: [1440] system', in: Zeitschrift f. Physik C30, 493 (1985) 
(with A.C.B. Antunes, F. Caruso and E. Predazzi). 
(26) ‘Experiments to Detect Possible Weak Violations of Special Relativity’, in: 
Physical Review Letters 55, 143 (1985) (with A.K.A. Maciel). 


(25 


— 


Of special note are the publications that Tiomno himself listed as particularly 
important when he was nominated in 1995 for the Physics Prize of the Third- 
World Academy of Sciences (TWAS - an organization founded by Abdus Salam to 
complement the work of the ICTP). These include Items 1, 4, 9, 14, 16, 19, and 
26 in the above list — and they illustrate how his interest in gravitation and field 
theory developed over the years. 


4. ICRA and the MG Meetings. MG-X 


The first international conference series to be initiated for the newly-revived field 
of General Relativity and Gravitation carried exactly that name — GR-1 was held 
at Chapel Hill, NC/USA in January 1957. It was organized by Bryce and Cécile 
(Morette) DeWitt, who had obtained positions at the University of North Carolina. 
In fact, it had a predecessor, a conference organized in Bern, Switzerland and held 
in July 1955 to celebrate the 50th anniversary of the initial publication of (Special) 
Relativity theory. It is often called ‘GR-0’, while later conferences in the series are 
listed as ‘GR-1’ etc. GR-2 took place in a former palace in Royaumont, near Paris, a 
location that was suggested by Cécile Morette DeWitt. Tiomno attended it, since he 
was in Europe at the end of his sabbatical year in London, 1958/59. This conference 
series continues today, now at three-year intervals, and GR-23 is scheduled for July 
2022 in Beijing. Figure 9 shows Tiomno and Elisa in Paris in June 1959, at the end 
of their London stay, when he attended the Royaumont conference (GR-2). Tiomno 
also later published a paper in the proceedings of GR-10 (Item 19 in the above list). 
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Fig. 9. Jayme Tiomno and Elisa Frota-Pessóa in Paris, June 1959 (at the west end of the Pont 
d'Iena). 


Another conference series was started in Dallas, TX/USA in 1963. It is called 
the ‘Texas Symposia on Relativistic Astrophysics’, and its initial motivation was to 
consider the newly-discovered Quasars in the light of relativity theory. This was the 
first time that the term ‘Relativistic Astrophysics’ was used publicly. An amusing 
account of the genesis of these conferences, which continue today at (usually) two- 
year intervals (the 31st is planned for December 2021 in Prague), was given by 
Engelbert L. Schucking, one of the original organizers from 1963, in Physics Today 
(August 1989, pp. 46-52). 

In 1975, two of Tiomno's former collaborators, Abdus Salam and Remo Ruffini, 
founded the conference series ‘Marcel Grossmann Meetings (on Recent Develop- 
ments in Theoretical and Experimental General Relativity, Gravitation, and Rela- 
tivistic Field Theories)’, which should be familiar to the audience of this talk. Ruffini 
was at the time still officially at the Institute for Advanced Study in Princeton, but 
was on leave in 1975 as a visitor to the University of Western Australia (Nedlands) 
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and the University of Kyoto in Japan. The following year, he accepted a faculty 
position at the University of Catania, Sicily. Abdus Salam had been Head of the 
Department of Theoretical Physics at Imperial College London since 1957 (where 
Tiomno was one of the first visiting scientists, in the academic year 1958/59), and 
he became Director of the ICTP Trieste after its founding in 1964. The Centre of- 
fered a good platform for hosting the MG conferences, and the first two were held 
there in 1975 and 1979. MG-III, held in Shanghai in 1982, established the three- 
year interval still continued today. It was the result of the friendship between Remo 
Ruffini, who became Professor of Physics at his alma mater, the University of Rome 
‘La Sapienza’ in 1978, and a Chinese visitor, Fang Li Zhi, whom he hosted in the 
late 1970's (cf. MG-XVI Awards Ceremony, Part 2). Later conferences in the series 
have been held in many cities on most of the continents. 

Given his association with their founders and his own work in field theory, 
gravitation and cosmology, it was natural that Jayme Tiomno would have an interest 
in those meetings. But Tiomno, in spite of his close connection with the two founders 
of the MG conference series, did not attend the earlier MG meetings, both in Trieste; 
they took place during the ‘leaden years’ in Brazil, when he may not have been 
free to travel, and he had also not done any new, relevant research since leaving 
Princeton in 1972. By the time of MG-III, held in Shanghai/China in 1982, Remo 
Ruffini invited Mario Novello, from Tiomno's DRP Department at the CBPF, to 
participate in the meeting. Tiomno himself did not however attend the MG-IIT 
meeting; it was far from Brazil and perhaps difficult for him to obtain a visa. 


Fig.10. (a) Tiomno, Elisa and Mario Novello, 1991. (b) Tiomno with his last collaborator, Ivano 
Soares, in 1997. 


In 1985, Ruffini and Abdus Salam, together with several other prominent scien- 
tists, founded the ICRA organization (International Center for Relativistic Astro- 
physics), based in Rome and Pescara, Italy (ICRANet). By 1985, Tiomno's time 
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had come, and he gave an invited paper on the LET-SRT controversy at MG-IV, 
held that year for the first time in Rome. Remo Ruffini and Abdus Salam were no 
doubt pleased to give him the opportunity to experience an MG conference, and 
Novello's enthusiasm also played an important role in convincing him to attend. 
After the meeting in Rome, Tiomno resumed his contacts with his former collab- 
orators, and in 1994, the year of MG-VII, held in Stanford/CA, USA, he was a 
member of the ‘Committee of the Americas’, part of the international coordinating 
committee for the conference; but he again did not attend the meeting itself—by 
then, as researcher emeritus, he was reducing his overseas travel and participation 
in conferences, and encouraging some of his former students and collaborators to 
actively take over those functions, including Mario Novello and Marcelo Rebouças, 
among others. 

Prior to the MG-X Meeting planned for 2003, the Brazilian physicists offered to 
host the conference at the CBPF, and Mario Novello served as chairman of its local 
organizing committee. At that meeting, the Institutional Award, presented at each 
conference to an outstanding institution in research and teaching, was given to the 
CBPF ‘for its role as a teaching and research institution and as a place originating 
fundamental physics ideas in the exploration of the universe', and presented to its 
founders, César Lattes, José Leite Lopes, and Jayme Tiomno, who were all present. 


Fig. 11. (a) José Leite Lopes, Tiomno, and Remo Ruffini at the prize ceremony, MG-X, 2003. 
(b) Leite Lopes and Tiomno at MG-X in Rio, 2003. 


That same year, ICRANet, the international networking arm of ICRA, was 
officially chartered. Ruffini needed at least three states to create it, and at the time, 
he had just two: the Vatican and Armenia. Brazil's membership in ICRANet was 


3561 


also prepared at the 2003 Meeting, and Mario Novello later became its representative 
for Brazil (a post now occupied by Ulisses Barres de Almeida of the CBPF). Brazil 
formally agreed to join in 2005, and its membership was finalized in 2011. 

Thus, although Jayme Tiomno himself was not strongly engaged in these meet- 
ings, his influence continues to be felt in them through the Centro that he helped to 
found, and through his former students and collaborators, who are actively involved 
in them, both scientifically and organizationally. 


5. Conclusions 


The three major strands of fundamental physics in the 20th century have wound 
their way through the decades, producing many offshoots and sometimes seeming 
to fuse into a single strand. They each experienced periods of hectic activity and 
rapid progress, and longer periods of relative neglect and apparent stagnation. 


Particle physics reached its preliminary climax in the late 1970's with the formu- 
lation of the Standard Model of Particle Physics (combining the electroweak unified 
theory with quantum chromodynamics to describe three of the four fundamental 
interactions (weak, strong, electromagnetic); however leaving gravity out of the pic- 
ture). In the intervening 40 years, the SMPP has been completed and perfected, but 
although no one really believes it to be the ‘last word’ on the microscopic world, the 
predicted ‘new physics’ beyond the SMPP has failed to appear, both experimentally 
and theoretically. 


Gravitational physics has also produced the Standard Model of Cosmology 
(based on GR), and it has been enriched by many new discoveries and technical 
advances. But the SMC leaves many open questions and unsolved problems: dark 
matter, dark energy, inflation; and its fundamental constant, the Hubble constant, 
is currently the subject of conflicting measured values. 


Fundamental quantum mechanics has given rise to a number of important 
offshoots: quantum optics, quantum information, quantum computing; but the inter- 
pretation of quantum mechanics is still elusive, as is its combination with gravity — 
quantum gravity. 


Jayme Tiomno contributed significantly to all three of those major strands. But 
also, and for him more importantly, he contributed to the establishment and im- 
provement of physics education and research in his native country, Brazil. This was 
his most serious goal during his long lifetime, and he made major contributions to 
its present success. The lesson to be learned from his lifelong efforts is that serious 
and honest work often leads to unexpected and lasting successes, even though it 
faces drastic obstacles and may appear hopeless at the time. 
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In this contribution we report about Feynman's approach to gravitation, starting from 
the records of his interventions at the Chapel Hill Conference of 1957. As well known, 
Feynman was concerned about the relation of gravitation with the rest of physics. Proba- 
bly for this reason, he promoted an unusual, field theoretical approach to general relativ- 
ity, in which, after the recognition that the interaction must be mediated by the quanta of 
a massless spin-2 field, Einstein's field equations should follow from the general properties 
of Lorentz-invariant quantum field theory, plus self-consistency requirements. Quantum 
corrections would then be included by considering loop diagrams. These ideas were fur- 
ther developed by Feynman in his famous lectures on gravitation, delivered at Caltech 
in 1962-63, and in a handful of published papers, where he also introduced some field 
theoretical tools which were soon recognized to be of general interest, such as ghosts and 
the tree theorem. Some original pieces of Feynman's work on gravity are also present 
in a set of unpublished lectures delivered at Hughes Aircraft Company in 1966-67 and 
devoted primarily to astrophysics and cosmology. Some comments on the relation be- 
tween Feynman's approach to gravity and his ideas on the quantum foundations of the 
fundamental interactions are included. 


Keywords: Gravitation; Quantum field theory; Loop diagrams. 


1. Introduction: A timeline 


Among the many scientific interests that Feynman had in the 1950s and in the 1960s, 
a prominent place was taken by the understanding of the relation of gravitation to 
the rest of physics,? and in particular the assessment of its consistency with the 
uncertainty principle." Feynman likely began to seriously think about gravity in 


“Next we shall discuss the possible relation of gravitation to other forces. There is no explanation 
of gravitation in terms of other forces at the present time. It is not an aspect of electricity or 
anything like that, so we have no explanation. However, gravitation and other forces are very 
similar, and it is interesting to note analogies.” (Ref. 1, Vol. 1, Sec. 7-7); “My subject is the 
quantum theory of gravitation. My interest in it is primarily in the relation of one part of nature 
to another." (Ref. 2, p. 697). 

b« it would be important to see whether Newton's law modified to Einstein's law can be further 
modified to be consistent with the uncertainty principle. This last modification has not yet been 
completed." (Ref. 1, Vol. 1, Sec. 7-8). 
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the early 1950s, just after completing his work on quantum electrodynamics. This 
was attested by Murray Gell-Mann? in a paper written for a Physics Today special 
issue devoted to Feynman's legacy,? as well as by Bryce S. DeWitt,* in a letter to 
Agnew Bahnson written in November 1955.? Feynman's efforts began in a period 
in which general relativity, after a stagnation which lasted about thirty years, was 
gradually emerging as a mainstream research area, giving rise to a process known 
as the renaissance of general relativity.’ 

A crucial event to consider, in order to reconstruct Feynman's approach to grav- 
itation, is the 1957 Chapel Hill conference? on The Role of Gravitation in Physics, 
which was also pivotal to the renaissance of general relativity. At that conference, 
the gravitational physics community delineated the tracks along which subsequent 
work would develop in the subsequent decades. The main threads were the fol- 
lowing’: classical gravity, quantum gravity, and the classical and quantum theory 
of measurement (as a bridge between the previous two topics). In that conference 
Feynman's work on gravity, of which nothing had been published yet, was pre- 
sented for the first time, and put on paper in the records.^ In fact these written 
records testify that by the time of the conference he had already deeply thought, 
and performed computations, about each of the above listed three topics, focusing 
in particular on classical gravitational waves, on the arguments in favor of quan- 
tum gravity from fundamental quantum mechanics, and finally on quantum gravity 
itself. Thus, in this contribution, we take as starting point for our reconstruction 
Feynman's interventions at Chapel Hill and follow the development of his work in 
the subsequent years, until the late sixties, where he apparently lost interest in the 
subject. 

The ultimate goal of Feynman’s work was the development of a quantum field 
theory of gravitation, which led him to face deep conceptual as well as mathematical 
issues, such as divergent integrals and the lack of unitarity beyond the tree level 
approximation. This task accompanied Feynman for some years, as stated in a 
letter? he wrote to Viktor F. Weisskopf in 1961 (“As you know, I am studying the 
problem of quantization of Einstein's General Relativity. I am still working out the 
details of handling divergent integrals which arise in problems in which some virtual 
momentum must be integrated over"), as well as reported by William R. Frazer? 
in a short summary of the talks given at the La Jolla conference, later in the same 
year.? A first comprehensive account of Feynman’s results on quantum gravity can 


“Indeed here Gell-Mann remembered his visit to Caltech during the Christmas vacation of 1954- 
55, the discussions with Feynman about quantum gravity, and the fact that Feynman “had made 
considerable progress". 

dThe International Conference on the Theory of Weak and Strong Interactions was held in June 
14-16, 1961, at the University of California, San Diego, in La Jolla. Here, Geoffrey F. Chew gave 
his celebrated talk on the S-matrix,! while an afternoon session was devoted to the theory of 
gravitation, where Feynman reported on his work on the renormalization of the gravitational field, 
and recognized non-unitarity as the main difficulty, which was shared also by Yang-Mills theory. 
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be found in the talk he gave in 1962 at the Warsaw conference, whose written 
version was later published as a regular paper in Acta Physica Polonica.? Further 
details were given by Feynman much later, in a couple of papers! 1? published in 
1972 in the Festschrift for John A. Wheeler’s 60th birthday, which were written 
in a period in which he was already deeply absorbed in the study of partons and 
strong interactions. 

Among the main sources which contribute to offer a clear account of Feynman's 
work on gravity issues, it is mandatory to include the famous Caltech Lectures on 
Gravitation,!^ delivered in 1962-63 and aimed to advanced graduate students and 
postdocs. Finally, there is some unpublished material, included in two sets of lec- 
tures, given in the 1960s at the Hughes Aircraft Company, which only recently have 
been made available on the web.‘ In particular, the 1966-67 set of lectures,!® which 
were devoted to astronomy, astrophysics and cosmology, contains an introductory 
treatment of general relativity, with an emphasis on applications to the main sub- 
jects. While sharing many similarities with the above quoted Caltech lectures, 
the Hughes treatment offers to the attentive reader several original points. In those 
same years Feynman had succeeded in finding a new derivation of Maxwell’s equa- 
17,18 and a generalization of this approach to gravity is suggested (but not 
pursued) in several places in the Hughes lectures on astrophysics, as well as in the 
set of lectures given in the following year and devoted to electromagnetism.? 

After outlining the main steps and sources which helped us to reconstruct the 
full development of Feynman's work on gravitation,® in this contribution we focus 


tions, 


on two key issues: the formulation of quantum gravity as a quantum field theory of a 
massless spin-2 field, the graviton, in whole analogy with quantum electrodynamics, 
which is the content of Section 2, and the unitarity and renormalization issues arising 
beyond the tree level approximation, presented in Section 3. Our concluding remarks 
close the paper. 


2. Gravity as a quantum field theory 


Feynman's strategy in approaching gravity was firstly outlined at Chapel Hill confer- 
ence in a series of critical comments (Ref. 4, pp. 272-276), in which a non-geometric 
and field theoretical line of attack is put forward. His starting point was an hypo- 
thetical, counterfactual situation, in which scientists would discover the principles 
of Lorentzian quantum field theories before general relativity." The main concern in 


*'The International Conference on General Relativity and Gravitation was held in Jablonna and 
Warsaw in July 25-31, 1962, with Leopold Infeld as the chairman of the local organizing committee. 
The discussion focused on three main topics: the general properties of gravitational radiation, the 
quantization of gravity and the exact solutions of the Einstein field equations. 

fSee Ref. 15 for a brief account of Feynman's involvement in teaching at the Hughes Aircraft 
Company. 

&See Ref. 20 for a comprehensive account of this work. 

Tn fact, in Ref. 4, p. 273, Feynman said: “Instead of trying to explain the rest of physics in terms of 
gravity I propose to reverse the problem by changing history. Suppose Einstein never existed [...]". 


3566 


such a situation would then be to include a new force, the gravitational one, in the 
framework of quantum field theory. This approach would be later completed in the 
first part of the Caltech lectures.!^ Feynman's reasoning was the following: on the 
basis of the general principles of quantum field theory and of experimental results 
it is possible to conclude that gravity, as any other force, has to be mediated by 
exchanges of a virtual particle, which in this case is a massless neutral spin-2 quan- 
tum, the graviton. Thus, by constructing a Lorentz invariant quantum field theory 
of the graviton! and by imposing certain consistency requirements, full general rel- 
ativity should be recovered. Clearly, by following the same procedure for the spin-1 
case Maxwell's equations are obtained (in this case it is much simpler, being the 
theory linear). Such an approach testifies his ideas about fundamental interactions 
as manifestations of underlying quantum theories,!® which were expressed by him 
several times, for example in the Hughes Lectures!?: 

I shall call conservative forces, those forces which can be deduced from 

quantum mechanics in the classical limit. As you know, Q.M. is the under- 

pinning of Nature (Ref. 19, p. 35). 


Let us describe the steps in more detail. First of all, one has to establish the spin of 
the mediating quantum. Both in the Caltech! and in the 1966-67 Hughes lectures, !? 
the choice of a spin-2 mediator was justified by the observation that energy, which 
is the source of the gravitational force, grows with the velocity. The same observa- 
tion ruled out the possibility of a spin-0 field, because the associated charge would 
decrease with the velocity. This result can be traced back to an old argument by 
Einstein (never published but recalled in Ref. 26, pp. 285-290), according to which 
the vertical acceleration of a body would depend on its horizontal velocity, and in 
particular would be zero for light, making light deflection impossible. Once the spin 
of the graviton is established, one can easily construct the linearized theory of the 
associated field, which is a massless spin-2 field. Nonlinearity then comes into play 
because the graviton has to couple with anything carrying energy-momentum, then 
also with itself, and this coupling must be universal. The resulting nonlinear theory 
is general relativity. General covariance and the geometric interpretation of general 
relativity are finally recovered as a byproduct of the gauge invariance of the theory). 
For Feynman, this was only half of the whole story. In fact, by pushing calculations 
beyond tree level, quantum gravity effects would be taken into account. This was 
Feynman's ultimate goal, i.e. obtaining a quantum theory of gravity, which in this 
approach amounts to the quantization of another field. 


‘The linear theory for a massless spin-2 field and its massive counterpart was completely worked 
out by Markus Fierz and Wolfgang E. Pauli in Ref. 21, on the basis of a previous work by Paul A. 
M. Dirac,?? while iterative arguments similar to Feynman’s ones were later put forward by Suraj 
N. Gupta?? and Robert H. Kraichnan?* in an attempt to generate infinite nonlinear terms both 
in the Lagrangian and in the stress-energy tensor. See for details Ref. 25. 

JSee Ref. 14, p. 113. 
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Let us describe how Feynman sketched the above procedure at the Chapel Hill 
conference (Ref. 4, pp. 272-276). In whole analogy with electrodynamics, he wrote 
down the following action: 


aA, 3AN? m f, 1 y 
E — 2T) da [ Agrate t T f dan ; | T. dz 


+ f (second power of first derivatives of h), (1) 


where h,, is the new field associated with the graviton, i.e. a symmetric second- 
order tensor field, which satisfies second order linear equations of the kind: 


hre ON =T, (2) 
where the bar operation is defined on a generic second rank tensor X, as: 
= 1 1 » 
Xu = s (Xuv + Xvp) 5 uv X d (3) 


'The equations of motion for particles also follow from the above action: 


Juve" == [pc [n BPR, (4) 
where guv = Nav + Rav, Nav is the Minkowski metric, and [po, u] are the Christoffel 
symbols of the first kind. 

However, when the field A, is coupled to the matter according to Eq. (4), the 
corresponding stress energy tensor Tj, does not obey to a conservation law, leading 
to a consistency problem. This happens at variance with electromagnetism, where 
Maxwell equations guarantee conservation of the current j”. Instead here T),, does 
not take into account the effect of gravity on itself, which requires nonlinearity.* 
Thus a suitable T,» has to be found in order to satisfy the condition O,T"" = 0. 
The solution to this consistency issue! can be obtained by adding to the action a 
nonlinear third order term in hyv, which leads to the following equation for Tj: 


Gurl” y = — [pv, AJ T". (5) 


One can then go on to higher order approximations, until the procedure converges. 
But finding the general solution of Eq. (5) is a really difficult task in the absence 
of a standard procedure. Feynman's idea was to look for an expression for the 


T,,, and hence for the action, that is invariant under the following infinitesimal 
transformation of the whole tensor field guv: 
9A? "Pu 49g 
Suv = Juv + Iua Faw + IGG T A apo (6) 


where the 4-vector A^ is the generator. This is a geometric transformation in a 
Riemannian manifold with metric, hence one can say that geometry gives the metric 


kFeynman noticed that nonlinearity was necessary in order to explain the precession of the peri- 
helion of Mercury (as discussed in Ref. 14, p. 75). 
'See for details Refs. 4, p. 274 and 14, pp. 78-79. 
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Juv- As such, in Feynman's approach geometry comes into play at the end and not at 
the beginning. By working out calculations, the full nonlinear Einstein gravitational 
field equations are obtained. 

Lectures 3-6 of Feynman's graduate course on gravitation (Ref. 14) contain all 
the details of the above procedure. Interestingly, a proof is also given of the ability 
of this field theory based formalism to reproduce key physical effects of curved 
spacetime geometry. For instance, in Lecture 5 (Ref. 14, pp. 66-69) it is shown that, 
in the action of a scalar field, the time dilation t — t = t/1-- € exactly reproduces 
the effect of a constant weak gravitational field described by the tensor g44 = 1 +€, 
gii = —1, i = 1,2,3. Incidentally such an effect plays a pivotal role in producing the 
right result for the precession of Mercury's perihelion. Before moving to applications, 
Feynman devoted some lectures to the discussion of the usual geometric approach to 
gravity and of its link with the field theory based approach (Ref. 14, Lectures 7-10): 


Let us try to discuss what it is that we are learning in finding out that 
these various approaches give the same results (Ref. 14, p. 112). 


Despite advocating one approach over another, Feynman was in fact intrigued by 
the double nature of gravity, which has both a geometrical interpretation and a field 
interpretation, and in Section 8.4 of Ref. 14 he recognized how an explanation may 
be provided by gauge invariance. Indeed a viable procedure may be established in 
order to obtain the invariance of the equations of physics under space dependent 
variable displacements. This amounts to looking for a more general Lagrangian, to 
be obtained by adding to the old one new terms, involving a gravity field. The net 
result is a new picture of gravity, as the field corresponding to a gauge invariance 
with respect to displacement transformations. 

Summing up, Feynman succeeded in obtaining the full nonlinear Einstein equa- 
tions by means of a consistency argument applied to a Lorentz invariant quantum 
field theory of the graviton. According to John Preskill and Kip S. Thorne,?° it is 
likely that he was completely unaware of the earlier work by Gupta?? and Kraich- 
nan, which as mentioned had been developed along a similar line of attack, but 
was still incomplete. So he would have developed his approach independently, be- 
sides getting more complete results. A Lorentz-invariant field theoretical approach 
to gravity would have been later pursued also by Steven Weinberg,?^?5 albeit quite 
different from Feynman's one," as well as by Stanley Deser.???? Indeed Deser's 
approach, while being similar to Feynman's one, was more elegant and general and 
led to completion the whole program started with Kraichnan and Gupta. Finally, 
a rigorous and general analysis of the relation between spin-2 theories and general 
covariance was carried out by Robert M. Wald.?? 


™Weinberg’s approach relied on the analyticity properties of graviton-graviton scattering ampli- 
tudes, and it was quite more general, since Weinberg actually proved that a quantum theory of a 
massless spin-2 field can only be consistent if this field universally couples to the energy-momentum 
of matter, hence the equivalence principle has to be obeyed. 
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3. Fighting with loops: The renormalization of gravity 


After obtaining the Einstein-Hilbert action and the full nonlinear Einstein gravi- 
tational field equations, Feynman's efforts were mainly directed towards discussing 
quantum field theory issues beyond the tree level approximation, i.e. loop diagrams, 
unitarity and renormalization. 

To the best of our knowledge, these issues were publicly addressed for the first 
time by Feynman in 1961 at the already mentioned La Jolla conference,? where 
nonlinearity was recognized as the very source of difficulty within both gravitation 
and Yang-Mills theories. Indeed the sources of the gravitational field are energy 
and momentum, and the gravitational field carries energy and momentum itself. In 
the same way, the source of a Yang-Mills field is the isotopic spin current, and the 
Yang-Mills field carries isotopic spin itself. This means that both the gravitational 
field and the Yang-Mills field are self-coupled, resulting in nonlinear field theories. 
A difficulty that nonlinearity brings about is the fact that loop diagrams seem to 
clash with unitarity. 

As recalled in the introduction, Feynman's results on quantum gravity can be 
found in a report of the talk given at the 1962 Warsaw conference, later published 
in Acta Physica Polonica,?" with many details discussed much later in the two 1972 
Wheeler Festschrift papers.!.: 12 

Also in this case Feynman followed his original strategy, leaving aside quantiza- 
tion of space-time geometry, constructing a quantum field theory for the graviton, 
and working out results at different perturbative orders. Since the goal was the 
quantum theory, the Einstein equations and the corresponding Lagrangian were 
assumed as a starting point, rather than derived from scratch. The theory was cou- 
pled to a scalar field, and perturbative calculations up to the next to leading order 
were pursued. This implied the inclusion of loop diagrams, which make quantum 
corrections to enter the game. In Feynman's own words: 


I started with the Lagrangian of Einstein for the interacting field of gravity 
and I had to make some definition for the matter since I'm dealing with 
real bodies and make up my mind what the matter was made of; and then 
later I would check whether the results that I have depend on the specific 
choice or they are more powerful (Ref. 2, p. 698). 


'The metric was split in the following way: 
Juv = Op "b Khu} (7) 


where the Minkowski metric is here denoted by 6,,, and & is a dimensionful coupling 
constant. Substituting (7) and expanding, the Lagrangian for gravity coupled with 


"As pointed out by Trautman in some recently published memories (34, p. 406), the text of 
Feynman’s plenary lecture became available too late to be included in the proceedings, therefore 
it was published only in 1963 as a regular paper. 
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a scalar field can be cast in the form: 
= La Ate 1 
L= / (huv,ohuv,o — Aigle) dT + 2 i (92, — m?9?) dr (8) 
Ex 1 
+ «f (oues — Shao?) dr + «f (hhh) dt + i? / (hhod) dr +... 


where the bar operation has been defined in (3) and a schematic notation has been 
adopted for the highly complex higher order terms. The first two terms are simply 
the free Lagrangians of the gravitational field and of matter, respectively. Before 
considering radiative corrections the classical solution of the problem was worked 
out, which involved the variation of Eq. (8) with respect to h and, then, to ¢, giving 
rise to the following equations of motion with a source term: 


havoc m lason m E x Suv (h, o) ’ (9) 
poo — mo = x (¢,h). (10) 


A close inspection revealed that Eq. (9) was singular, so that Feynman was forced 
to resort to the invariance of the Lagrangian under the transformation: 


Ray = yy + Env + Dato, + Eohyr,o, (11) 


€, being arbitrary. This meant that the source 5S,,, had to be divergenceless in order 
to make Eq. (9) consistent. Finally, by making the gauge choice hyo, = 0, the law 
of the gravitational interaction of two systems by means of the exchange of a virtual 
graviton was obtained. Feynman then went on computing other processes, such as 
an interaction vertex coupling two particles and a graviton and the gravitational 
analog of gravitational Compton effect (i.e. with a graviton replacing the photon). 

After these preliminary calculations, Feynman went to the next to leading order 
approximation, thus encountering diagrams with closed loops: 


However the next step is to take situations in which we have what we call 
closed loops, or rings, or circuits, in which not all momenta of the problem 
are defined (Ref. 2, pp. 703-704). 


He realized that working out closed loop diagrams required the solution of a number 
of conceptual issues, and he succeeded in showing that any diagram with closed loops 
can be expressed in terms of sums of on shell tree diagrams, which is the content 
of his celebrated tree theorem (which was treated in detail in Ref. 11). Further 
details on the statement of the tree theorem and, in particular, on the nature of the 
proof for the one-loop case were given by Feynman in the discussion section (Ref. 
2, pp. 714-717), while answering some related questions by DeWitt. But the main 
problem to face in carrying out one-loop calculations was the lack of unitarity, due to 
the presence of contributions arising from the unphysical longitudinal polarization 
states of the graviton, which did not cancel as they should. Following a suggestion 
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by Gell-Mann,° Feynman considered the simpler Yang-Mills case (his results in this 
case were summarized in Ref. 12) and found the same pathological behavior: 


But this disease which I discovered here is a disease which exist in other 
theories. So at least there is one good thing: gravity isn’t alone in this 
difficulty. This observation that Yang-Mills was also in trouble was of very 
great advantage to me. [...] the Yang-Mills theory is enormously easier to 
compute with than the gravity theory, and therefore I continued most of 
my investigations on the Yang-Mills theory, with the idea, if I ever cure 
that one, I'll turn around and cure the other (Ref. 2, p. 707). 


The solution to this issue was obtained by expressing each loop diagram as a sum 
of trees and then computing the trees. This worked even if the process of opening a 
loop by cutting a graviton line implies the replacement of a virtual graviton with a 
real transverse one. Finally, in order to guarantee gauge invariance the sum of the 
whole set of tree diagrams corresponding to a given process has to be taken. 

The same results, according to Feynman, could be obtained by direct integration 
of the closed loop. In the last case a mass-like term has to be added to the Lagrangian 
to avoid singularity but at the price of breaking gauge invariance. At the same time 
a contribution has to be subtracted, which is obtained by making a ghost particle 
(with spin-1 and Fermi statistics) to go around the loop and artificially coupled 
to the external field. In this way both unitarity and gauge invariance would be 
restored. This procedure was worked out also for Yang-Mills theory, but in that 
case the ghost particle has spin-0.!? 

Once successfully solved the one-loop case, Feynman’s efforts pointed toward a 
further generalization of the above procedure to two or more loops: 


Now, the next question is, what happens when there are two or more loops? 
Since I only got this completely straightened out a week before I came 
here, I haven’t had time to investigate the case of 2 or more loops to my 
own satisfaction. The preliminary investigations that I have made do not 
indicate that it’s going to be possible so easily gather the things into the 
right barrels. It’s surprising, I can’t understand it; when you gather the 
trees into processes, there seems to be some loose trees, extra trees (Ref. 2, 
p. 710). 


But, in Feynman’s words, preliminary attempts seem to suggest that novel diffi- 
culties enter the game when dealing with two or more loops, as also mentioned in 
the last of his published Lectures on Gravitation (Ref. 14, Lecture 16, pp. 211-212). 
Here, once again, he recognized in the lack of unitarity of some sums of diagrams the 
main source of the observed pathological behavior and pointed out that a similar 


°“T suggested that he try the analogous problem in Yang-Mills theory, a much simpler nonlinear 
gauge theory than Einsteinian gravitation.” (Ref. 3, p. 53). 
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feature was shared also by Yang-Mills theory. Finally, while hinting at the prob- 
lem of finding ghost rules for high order diagrams, he argued in favor of the non- 
renormalizability of gravity as a consequence of these difficulties: 


I do not know whether it will be possible to develop a cure for treating 
the multi-ring diagrams. I suspect not — in other words, I suspect that the 
theory is not renormalizable. Whether it is a truly significant objection to a 
theory, to say that it is not renormalizable, I don't know (Ref. 14, Lecture 
16, pp. 211-212). 


It is not clear whether Feynman was suggesting a link between non-unitarity and 
non-renormalizability issues. But in any case Feynman's results played a prominent 
role in the development of gauge theory and quantum gravity. Feynman’s rules 
for ghosts were later generalized to all orders by DeWitt,°>°" while Ludvig D. 
Faddeev and Viktor N. Popov?? derived them in a much simpler way, by means 
of functional integral quantization, setting the standard for all subsequent work 
in the field. In particular, DeWitt proved that Yang-Mills theory and quantum 


36.37 However, while 


gravity are in fact unitary at two?? and arbitrarily many loops. 
Yang-Mills theory was later shown to be renormalizable (cf. Refs. 39-42), gravity 
presented divergences which could not be renormalized (cf. Refs. 43-46), confirming 
Feynman's suspect. It should be mentioned that, in subsequent years, modified 
theories of gravity, characterized by an action quadratic in the curvature, have been 
put forward. Unlike ordinary general relativity, these theories are renormalizable 
but not unitary.*” 

It is worth mentioning that, unlike most of his contemporaries, Feynman did 
not think about non-renormalizability as a signature of inconsistency of a theory, 
as also recalled by Gell-Mann,? and claimed by Feynman himself in one of his last 
interviews, given in January 1988: 


The fact that the theory has infinities never bothered me quite so much as 
it bother others, because I always thought that it just meant that we've 
gone too far: that when we go to very short distances the world is very 
different; geometry, or whatever it is, is different, and it's all very subtle 
(48, p. 507). 


In fact, within the modern view on quantum field theory, which was developed 
in 1970s, non-renormalizability is considered only a signature of the fact that the 
theory loses its validity at energies higher that a certain scale. Nevertheless, one has 
an effective field theory, which works and can be useful to make predictions under 
that scale (interesting historical discussions can be found in Refs. 49 and 50). This 
is true also for gravity.?! But, as remembered by John P. Preskill in a recent talk 


P “He was always very suspicious of unrenormalizability as a criterion for rejecting theories" (Ref. 3, 
p. 53). 
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(Ref. 52, slide 37), although he anticipated this view, apparently Feynman was not 
really at ease with it: 


I spoke to Feynman a number of times about renormalization theory during 
the mid-80s (I arrived at Caltech in 1981 and he died in 1988). I was sur- 
prised on a few occasions how the effective field theory viewpoint did not 
come naturally to him". [...] Feynman briefly discusses in his lectures on 
gravitation (1962) why there are no higher derivative terms in the Einstein 
action, saying this is the “simplest” theory, not mentioning that higher 
derivative terms would be suppressed by more powers of the Planck length. 


As a further remark, let us notice that in the last years Feynman's tree theorem 
has spurred a renewed interest in researchers working in the context of advanced 
perturbative calculations and generalized unitarity (cf. Refs. 53-57). 


4. Concluding remarks 


In this paper we focused on Feynman's contributions to the research in quantum 
gravity, starting from his interventions at Chapel Hill conference in 1957 and ending 
with the Wheeler festschrift papers. His approach was field theoretical rather than 
geometric, reflecting his strong belief in the unity of Nature, which is quantum 
at the deepest level. Quantization of gravity, according to him, simply had to be 
considered as the quantization of another field, the spin-2 graviton field. In this way 
full general relativity would be recovered at leading order, while the inclusion of 
loop diagrams brought into the picture a bunch of new difficulties. In this respect, 
Feynman's struggle against loops, while succeeding at one-loop order, failed with 
two- and higher-loop diagrams. Nevertheless, his results triggered further efforts 
and some tools he developed, such as the tree theorem, have recently become of 
widespread use among people working on scattering amplitudes. 
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An account of Richard Feynman's work on gravitational waves is given. Feynman's in- 
volvement with this subject can be traced back to 1957, when he attended the famous 
Chapel Hill conference on the Role of Gravitation in Physics. At that conference, he 
presented in particular the celebrated sticky bead argument, which was devised to in- 
tuitively argue that gravitational waves must carry energy, if they exist at all. While 
giving a simple argument in favor of the existence of gravitational waves, Feynman's 
thought experiment paved the way for their detection and stimulated subsequent efforts 
in building a practical detecting device. Feynman's contributions were systematically 
developed in a letter to Victor Weisskopf, completed in February 1961, as well as in his 
Caltech Lectures on Gravitation, delivered in 1962-63. There, a detailed calculation of 
the power radiated as gravitational radiation was performed, using both classical and 
quantum field theoretical tools, leading to a derivation of the quadrupole formula and 
its application to gravitational radiation by a binary star system. A comparison between 
the attitudes of Feynman and of the general relativity community to the problems of 
gravitational wave physics is drawn as well. 


Keywords: History of physics; History of relativity; Gravitational waves. 


1. Introduction 


'The contributions of Richard P. Feynman to physics notoriously touched all four 
fundamental interactions of Nature. His first breakthrough occurred in the theory 
of electromagnetism, with his version of covariant quantum electrodynamics that 
earned him the 1965 Nobel prize,! which was developed by him between the late 
1940s and the early 1950s. A few years later, Feynman's interest had focused on 
another fundamental interaction, namely gravity. Feynman first mentioned this new 
interest of his to Murray Gell-Mann, who much later recalled: 


We first discussed it when I visited Caltech during the Christmas vacation 
of 1954-55 [...] I found that he had made considerable progress.? 
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In view of this statement,* it is conceivable that Feynman’s interests were directed 
towards gravity some time before 1954, probably shortly after completing his work 
on quantum electrodynamics. While working also on other subjects, most notably 
condensed matter physics and the theory of weak interactions,” Feynman nurtured 
his interest in gravity at least until the second half of the 1960s. In these fifteen years, 
he gave several contributions to the both classical and quantum gravity, some of 
which would later be recognized as pivotal for the field. The first public contribution 
to gravity was given by Feynman at the Chapel Hill conference in 1957,4 where he 
took active part to many of the numerous discussion sessions. After that, records of 
his later work are documented by several published and unpublished sources. For 
detailed historical accounts of Feynman’s contributions to gravitational physics, see 
Refs. 6 and 8. 

In this paper, we focus on Feynman’s work on gravitational waves. As well- 
known, at Chapel Hill Feynman proposed a simple and intuitive thought experi- 
ment in favor of the existence of gravitational waves. This “sticky bead” argument 
presumably contributed to inspiring the pioneering experimental efforts by Joseph 
Weber. In fact, Feynman’s qualitative argument was supported and extended by 
detailed calculations, several results of which were presented at Chapel Hill as well. 
While the original calculations are presumably lost, Feynman included a detailed 
description of an updated version of them in a letter he wrote to Viktor F. Weisskopf 
in early 1961.° These updated computations were also included in the famous grad- 
uate lectures on gravitation he delivered at Caltech in the academic year 1962-63." 
They show that Feynman had addressed most of the contemporary theoretical prob- 
lems of the subject, showing that gravitational waves carry energy, and that they 
can be detected by suitable instruments; moreover, he computed in detail the en- 
ergy radiated by binary self-gravitating systems. Feynman’s comments clearly show 
that he regarded his results as compelling (and probably somewhat straightforward 
as well, since he did not publish them) solutions to the above mentioned issues. 
Indeed, in his subsequent work on gravity, Feynman did not deal with gravitational 
waves any more, focusing instead on quantum gravity. 

The paper is organized as follows. In Sect. 2 we briefly sketch the history of 
gravitational waves prior to Feynman’s engagement with them, highlighting the 
theoretical problems which were the concern of scientists in the 1950s and 1960s. 
In Sect. 3 we briefly introduce the historical context in which the Chapel Hill con- 
ference took place and we summarize Feynman’s contributions to it. In Sect. 4 we 
examine the letter to Weisskopf, and the parts of the Lectures on Gravitation which 
discuss gravitational waves. We close this section with a summary of Feynman’s so- 
lutions to the theoretical issues in gravitational wave research. In Sect. 5 we give 
some comments on Feynman’s work on gravitational waves, in particular in connec- 
tion with his general views on gravity and on fundamental interactions in general. 


?'l'his was confirmed by Bryce S. DeWitt, who declared: “Even by 1955 Feynman claimed to have 


spent a great deal of effort on the problem of gravitation” .3 
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In Sect. 6 we outline some contemporary and later developments, and in particular 
we describe the solutions to the theoretical issues that are currently accepted by 
the scientific community. Sect. 7 is devoted to conclusions. 


2. Brief history of gravitational waves up to the 1950s 


The main open problem concerning gravitational waves, when Feynman tackled 
them, was their very existence as physical entities. In fact, general relativity enjoys 
general covariance, which means that coordinate systems have no intrinsic mean- 
ing. While very elegant and powerful, this symmetry also poses great difficulties, 
which have kept haunting general relativity practitioners since the earliest days of 
the theory. Namely, it is not easy to distinguish between real physical phenomena 
and mere artifacts due to a bad coordinate choice, hence invariant characterizations 
are needed. One of the earliest examples is the Schwarzschild singularity,!! which 
occurs in the spherically symmetric solution found by Karl Schwarzschild. In fact, 
the metric describing this solution in spherical coordinates displays a singularity on 
a surface located at a given value of the radial coordinate. This singularity is now 
well-known to be apparent, and it is removed by choosing a different coordinate 
system,!? but it took more than forty years to really understand what this meant. 
'Two other, strictly linked examples, are given by the definition of energy in gen- 
eral relativity, and by gravitational waves themselves. When Albert Einstein first 
showed in 19167? that the gravitational field equations he had written down the year 
before!^ predict in the weak field limit the existence of wave-like excitations, and 
when in 19187? he corrected a major mistake in his 1916 paper, finding his celebrated 
quadrupole formula describing the leading-order energy emission through gravita- 
tional radiation, he chose a particular coordinate system, in which his equations 
looked formally analogous to the equations of electromagnetism. Einstein immedi- 
ately recognized that some of the wave solutions he had found were spurious, and 
could be eliminated by a coordinate change (they were flat space in curved coordi- 
nates), while the remaining ones were not spurious, and carried energy according 
to his formula. 


2.1. The question of the existence of gravitational waves 


A weak point in Einstein's derivation was spotted and corrected by Sir Arthur 
S. Eddington,!® namely, the fact that Einstein’s choice of coordinates explicitly 
contained the speed of light, hence the propagation speed of gravitational waves 
may have been inadvertently put in by hand by the German physicist. Edding- 
ton improved and extended Einstein’s work, giving a more rigorous proof of the 
fact that some of Einstein’s solution were not coordinate artifacts, they carried en- 
ergy and they propagated with the speed of light. Finally, Eddington rederived the 


>For details on the history of gravitational waves, with a focus on the theoretical side, we refer to 
Ref. 10. 
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quadrupole formula, correcting a minor error by Einstein (an overall factor of 2), and 
applied it to the computation of energy radiated away by a rigid rotator. However, 
in complaining about the lack of an invariant way of distinguishing physical from 
spurious waves, Eddington referred to the latter in a very suggestive way, stating 
that, being coordinate artifacts, they propagate with the “speed of thought” (Ref. 
17, p. 130). This generated a misunderstanding according to which Eddington at- 
tributed this characteristic to gravitational waves in general, thus questioning their 
very existence. Indeed, doubts concerning the existence of gravitational waves did 
not stop bothering the scientists working in general relativity for a long time. An- 
other problem was posed by the fact that, unlike electromagnetism, gravitation is 
described by a highly nonlinear theory, while gravitational waves had been found 
only in the linearized approximation. The possibility thus existed that gravitational 
waves were in fact only artifacts of the linearized theory, meaning that there is no 
solution to the full gravitational field equations describing gravitational fields prop- 
agating as waves. This point of view was shared for some time by Einstein himself, 
after in 1937 he had tried with Nathan Rosen to find plane wave solutions to the 
full gravitational field equations.!? Indeed, the two physicists found singularities in 
their solutions, and interpreted them as obstructions to the existence of propagating 
solutions to the equations.? After a well-known incident with a referee,?? Einstein 
finally realized that the singularities he had found were coordinate artifacts, and 
that in fact he and Rosen had found an exact solution to his field equation, which 
enjoyed cylindrical symmetry. This was one of the first solutions to the full theory 
describing gravitational waves. However, the question of the physical effects ascrib- 
able to these waves was still unclear, since it seemed that they did not carry energy, 
as still argued by Rosen himself in 1955 (Ref. 22, pp. 171-174), and anyway the 
Einstein-Rosen solution was non-physical, since its source was not localized. What 
was needed was an exact solution describing waves radiating from a localized cen- 
ter, which was still unavailable at the time. In any case, the fact that even Einstein 
himself had doubted that gravitational waves could exist certainly contributed to 
making them a neglected field of study for twenty more years. 

A very important breakthrough occurred in 1956, when Felix A. E. Pirani man- 
aged to give an invariant characterization of gravitational radiation, in terms of 
23,24 giving in fact birth to the modern 
popular description of gravitational waves as propagating ripples of curvature. This 


spacetime curvature rather than energy, 


work was performed in the context of Pirani’s investigations of the physical meaning 
of the Riemann curvature tensor, based on the geodesic deviation equation?” and 
on the classification of curvature tensors in terms of their principal null directions.?8 
In particular, using the geodesic deviation equation, Pirani showed that the passage 
of a gravitational wave should modify the proper distance between test particles, 


*Einstein mentioned this in a letter to Max Born (Ref. 19, letter 71). 
d Actually, Einstein and Rosen had rediscovered a solution first found by Guido Beck in 1925.74 
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as an effect of the variation of the curvature. Thus, a measurable effect could be 
ascribed at least in principle to gravitational waves. 


2.2. The question of energy loss 


The issue of existence was not the only one which was at stake in gravitational 
wave physics in the 1950s. Even taking existence for granted, indeed, there was 
a problem concerning gravitational radiation by self-gravitating systems, such as 
binary stars. The first applications by Einstein and Eddington involved rigid bodies 
such as rotators, which can be considered to be kept together by the electromagnetic 
interaction, while a bound state kept together by gravity itself is beyond the reach 
of the linearized approximation, which was the only context in which gravitational 
energy radiation had been studied. In fact, many physicists even doubted that 
gravitational waves were radiated at all by such a system. And even if radiation 
did occur, it was unclear whether the Einstein quadrupole formula, which had been 
obtained in the linearized theory, correctly described the resulting energy loss. The 
issue had been addressed for the first time in 1941 by Lev D. Landau and Evgenij 
M. Lifshitz, in the first edition of their textbook,?/ where the binary system was 
treated by using the post-Newtonian approximation, and energy loss was computed 
by applying the quadrupole formula. However, there was no consensus about the 
correctness of their calculation, and the question was still open in the 1950s. 


2.3. Summary of the open problems 


From what we said above, it emerges that the situation concerning gravitational 
wave research was far from clear in the 1950s, with many basic theoretical problems 
and no hope of experimental guidance. We may summarize the main issues at stake 
as follows: 


(1) The actual existence of gravitational waves as physical entities, their speed of 
propagation and their energy conveying; 

(2) The existence of gravitational waves as solutions to the full nonlinear gravita- 
tional field equations; 

(3) The radiation of gravitational waves by self-gravitating systems and the cor- 
rectness of the quadrupole formula in describing the energy loss. 


3. The Chapel Hill conference 


As we saw, before the 1950s research on gravitational waves was carried out by 
only a handful of pioneers. This lack of interest was in fact not only the result of 
the doubts expressed by Einstein and also attributed to Eddington. The whole field 
of general relativity remained dormant for thirty years, from the mid-1920s to the 
mid-1950s, after an initial burst of activity. During this period, later baptized “low- 


28-30 


watermark” phase, general relativity was considered by most physicists to be 
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a rather esoteric and heavily mathematical subject, with tenuous relations with the 
physical world. 

Around the mid-1950's, things began to change, and gravity slowly regained a 
prominent place in physics. Pivotal to this change of attitude, which was dubbed 


31°33 was the organization of a series of in- 


the “renaissance” of general relativity, 
ternational conferences entirely devoted to the subject. The renaissance of general 
relativity was characterized by the fact that physicists began studying the theory 
in a less speculative fashion than before, by focusing on its physical implications, 
and by developing dedicated, i.e. intrinsically general relativistic methods. That 
was also a time where researchers from other fields, most notably particle and field 
theory, began to be interested on gravitation and to apply their methods to it. One 
of them was of course Feynman, who started working on gravity just in this period, 
and it was in one of these conferences, namely the one (organized by DeWitt and 
his wife Cécile DeWitt-Morette) at the University of North Carolina at Chapel Hill 
in January 1957,4 that he first announced his results in the field, as we anticipated 
in the introduction. In his many contributions to the discussions at Chapel Hill, 
he clearly delineated his attitude towards gravity, and presented a host of results 
he had already obtained. Besides the arguments on favor of the existence of grav- 
itational waves, which we discuss in the following subsections, Feynman sketched 
a proposal for a field-theoretical approach to classical gravity. His view, shared by 
other particle physicists, was indeed that gravity had to be regarded as a funda- 
mental interaction like all the others, and hence it had to be described by a field 
theory, which would also encode quantum corrections to the classical theory. Indeed, 
within a few years, he managed to derive the field equations of general relativity 
(as summarized in Ref. 7), and he attacked the problem of quantum gravity, from 
this perspective.®* Finally, the Chapel Hill conference is notably one of the few 
occasions where Feynman expressed his views about foundational quantum issues, 


which were inspired by the problem of the quantization of gravity.^: 65:94 


3.1. The sticky bead argument 


Feynman presented his famous sticky bead argument in a session devoted to dis- 
cussing the necessity of gravity quantization (in which he also proposed a thought 
experiment in order to argue in favor of that). In fact, Feynman had arrived a 
day later at the conference*, skipping the session devoted to gravitational waves. 
However, further discussion of gravitational waves in sessions devoted to quantum 
gravity was not off-topic, since the existence of these waves is of course very impor- 
tant for the quantization of the theory. Thus, in the middle of a discussion about 
whether the gravitational field had to be quantized even in the absence of grav- 
itational waves, Feynman proposed a simple physical argument in favor of their 
existence (Ref. 4, p. 260 and pp. 279-281). He argued that if gravitational waves 


*An amusing and well-known recollection of his arrival in North Carolina can be found in Ref. 35. 
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exist, they must carry energy and this, together with the existence of these waves 
as solutions of the linearized theory, was enough for him to be confident in their ex- 
istence. He expressed this intuitive feeling with the words: ^My instincts are that if 
you can feel it, you can make it? (Ref. 4, p. 260). Feynman's reasoning was detailed 
in an expanded version of his remarks, included in the records of the conference?: 


I think it is easy to see that if gravitational waves can be created they can 
carry energy and do work. Suppose we have a transverse-transverse wave 
generated by impinging on two masses close together. Let one mass A carry 
a stick which runs past touching the other B. I think I can show that the 
second in accelerating up and down will rub the stick, and therefore by 
friction make heat. I use coordinates physically natural to A, that is so at 
A there is flat space and no field [...]. Then Pirani at an earlier section gave 
an equation for the motion of a nearby particle. (Ref. 4, p. 279). 


The result by Pirani is of course that obtained in Refs. 23 and 24 (which indeed 
had been presented earlier at the conference, cf. Ref. 4, p. 141), stating that the 
displacement n of the mass B (measured from the origin A of the coordinate system) 
in the field of a gravitational wave satisfies the following differential equation: 


f° + Rgn’ =0, (a,b = 1,2,3) (1) 
R being the Riemann curvature tensor at the point A. Feynman continued: 


the curvature tensor [...] does not vanish for the transverse-transverse grav- 
ity wave but oscillates as the wave goes by. So, 7 on the RHS is sensibly 
constant, so the equation says the particle vibrates up and down a little 
(with amplitude proportional to how far it is from A on the average, and 
to the wave amplitude.) Hence it rubs the stick, and generates heat. (Ref. 
4, p. 279) 


The upshot is that the stick absorbs energy from the gravitational wave, which 
means that the latter carries energy and is able to do work. 


3.2. Feynman’s theoretical detector 


In connection with the device he considered, Feynman went on considering a possible 
gravitational wave detector in which there are four, rather than two test masses, 
which oscillate as shown in Figure 1. 

This thought device was used to compute how much energy gravitational waves 
would carry. The device was described by Feynman as follows: 


If I use 4 weights in a cross, the motions at a given phase are as in the fig- 
ure (Fig. 1). Thus a quadrupole moment is generated by the wave. Now the 


fThis follows from the geodesic deviation equation (Ref. 4, p. 141; Refs. 23 and 24). 
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Fig. l. Scheme of Feynman's gravitational wave detector. 


question is whether such a wave can be generated in the first place. First 
since it is a solution of the equations (approx.) it can probably be made. 
Second, when I tried to analyze from the field equations just what hap- 
pens if we drive 4 masses in a quadrupole motion of masses like the figure 
above would do - even including the stress-energy tensor of the machinery 
which drives the weights, it was very hard to see how one could avoid hav- 
ing a quadrupole source and generate waves. Third my instinct is that a 
device which could draw energy out of a wave acting on it, must if driven 
in the corresponding motion be able to create waves of the same kind. [...] 
If a wave impinges on our “absorber” and generates energy - another “ab- 
sorber" placed in the wave behind the first must absorb less because of the 
presence of the first, (otherwise by using enough absorbers we could draw 
unlimited energy from the waves). That is, if energy is absorbed the wave 
must get weaker. How is this accomplished? Ordinarily through interfer- 
ence. To absorb, the absorber parts must move, and in moving generate a 
wave which interferes with the original wave in the so-called forward scat- 
tering direction, thus reducing the intensity for a subsequent absorber. In 
view therefore of the detailed analysis showing that gravity waves can gen- 
erate heat (and therefore carry energy proportional to R? with a coefficient 
which can be determined from the forward scattering argument). I conclude 
also that these waves can be generated and are in every respect real. (Ref. 
4, p. 280, emphasis in the original) 


In this quote, Feynman's point of view about the existence of gravitational waves is 
evident: since they exist as solutions of the field equations (albeit in the linearized 
approximation), they carry energy, and they can be generated (in fact, the detector 
generates secondary waves), then they must be a real phenomenon. 


3.3. Binary systems 


Within the discussion (Ref. 4, p. 260), Feynman also quoted a result concerning 
the calculation of the energy radiated by a self-gravitating two-body system in a 
circular orbit. This result shows that he had addressed also this issue, performing 
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detailed calculations. The quoted result is: 


(2) 


where m and M are the masses of the two bodies, and u is their relative velocity. 
In the case of the Earth-Sun system, this formula describes as expected a tiny 
effect, leading to a huge order of magnitude (about 107° years) for the lifetime of 
the motion of the Earth around the Sun. Despite the smallness of the effect, this 
is a definite prediction. Feynman stated to have performed a full analysis of this 
problem some time before (Ref. 4, p. 280), but he only quoted the result, without 
presenting his computations. Fortunately, Feynman reported a version of them four 
years later, in the letter written to Victor F. Weisskopf,? to which we now turn. 


Energy radiated in one revolution 167 mM (3) 5 


Kinetic energy content ~ 15 m4 M Nc 


4. The letter to Weisskopf and the sixteenth lecture on gravitation 


As anticipated, a complete and systematic description of Feynman’s computations 
on gravitational waves can be found in a letter he wrote to Weisskopf in February 
1961,° to answer a question that the Austrian physicist had asked him in the fall 
of 1960, concerning the reality of gravitational radiation. The letter was so detailed 
that it was subsequently included in the material distributed to the students attend- 
ing the Caltech lectures in 1962-63. Indeed, the sixteenth lecture of that course (the 
last one in the published version’) dealt with gravitational waves, and reproduced 
part of the computations showed in the letter itself, with additional interesting 
comments. 

The computations that Feynman reported in the letter and in the lectures were 
surely related to those he had performed before the Chapel Hill conference, but 
included several improvements that Feynman had conceived meanwhile. Indeed, at 
the end of the letter, he recalled the conference, claiming that 


It was this entire argument used in reverse that I made at a conference 
in North Carolina several years ago to convince people that gravity waves 
must carry energy. [..] Only as I was writing this letter to you did I find 
this simpler argument from the Lagrangian (Ref. 9, p. 14). 


What Feynman meant by “argument used in reverse" and by “simpler argument 
from the Lagrangian" will be clear by the end of this section. 

'The most striking fact about the computations is that they are performed adopt- 
ing a quantum point of view, treating general relativity as a quantum field theory, 
and then considering the classical limit: 


My view is quantum mechanical, but the classical limits are easily derived. 
(Ref. 9, p. 6) 


Only later the same computation is repeated from the usual, classical point of view, 
in the framework of linearized gravity. As we saw, in fact, in that period Feynman 
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was struggling with the quantization of gravity, building on the field theoretical 
viewpoint that he had advocated at Chapel Hill. In the beginning of 1961, he had 
recognized that loop diagrams in the theory present major difficulties, but he was 
still far from a solution (later in the same year he would report on his progress 
at the La Jolla conference?9). However, he could safely study classical gravity by 
applying his field theoretical methods to tree diagrams, which are the only ones 
relevant to the classical limit (while loop diagrams describe quantum corrections). 
This is what he did in the letter, claiming that: 


I am studying the problem of quantization of Einstein's General Relativity. 
I am still working out the details of handling the divergent integrals which 
arise in problems in which some virtual momentum must be integrated 
over. But for cases of radiation, without the radiation corrections, there is 
no difficulty. (Ref. 9, p. 1) 


The “radiation corrections” Feynman was referring to are of course what are usually 
called radiative corrections, i.e. higher order corrections to the processes, which 
include the troublesome loop diagrams. In fact, in the Lectures Feynman adopted 
this point of view in studying many other problems in classical gravity: 


All other problems in the theory of gravitation we shall attack first by the 
quantum theory; in order to obtain the classical consequences on macro- 
scopic objects we shall take the classical limits of our quantum answers. 
(Ref. 7, p. 163) 


The field theoretical methods that Feynman used are intrinsically perturbative. 
Feynman explicitly discussed the validity of this approximation, and of the linearized 
approximation he used in the classical computation, stating that this is a natural 
and obvious choice in view of the extreme weakness of the gravitational interaction. 
He stated in fact that: 


I won't be concerned with fields of arbitrary strength [...]. I am surprised 
that I find people objecting to an expansion of this kind, because it would 
be hard to find a situation where numerically a perturbation series is more 
justified! (Ref. 9, p. 1) 


which is confirmed in the Lectures: 


There needs to be no apology for the use of perturbations, since gravity is 
far weaker than other fields for which perturbation theory seems to make 
extremely accurate predictions. (Ref. 7, p. 207) 


£A conceptually analogous calculation was performed in 1936 by Matvei Bronstein,?" who derived 
the quadrupole formula with the correct factor of 2 by computing the emission coefficients of 
transverse gravitons. 

hHere Feynman was referring to all problems, apart from that of a spherical mass distribution and 
cosmology. 
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From these quotations, it is evident that Feynman considered the contemporary 
debate around the existence of gravitational waves in the full nonlinear theory of 
general relativity, as opposed to the linearized theory, to be pointless, since the 
perturbative/linearized theory would furnish an excellent approximation in most 
cases of interest. 


4.1. The quantum computation 


To perform his computation, Feynman started from linearized gravity, which from 
his point of view was the linear theory of a massless charged spin-2 quantum field 
coupled to matter. For simplicity, he considered scalar (spin-0) matter, and he com- 
puted the probabilities for single graviton emission in several processes involving 
matter particles, in the low energy limit. The result is that the probability of emis- 
sion of a graviton with frequency w in the solid angle dQ is (Ref. 9, p. 7; Ref. 7, 
p. 214): 


p2g7——— (3) 


where a is a kinematical factor and A is the gravitational coupling constant (which 
is proportional to the square root of Newton's constant G). 

Feynman knew that the probabilities of radiation of massless quanta become 
universal in the low energy limit, i.e. the probability of emission of a soft quantum 
in an interaction is independent of the spin of the interacting quanta (hence the 
choice of scalar matter implies no loss of generality), and most importantly of the 
kind of interaction which is involved. This happens because the low-energy limit 
is equivalent to the long-wavelength limit, in which the physics is insensitive to 
short-distance details. In particular, soft graviton emission occurs, with the same 
probability, also when matter quanta interact gravitationally. Since classical radia- 
tion is related to soft quantum emission, the implication is that masses accelerating 
under the reciprocal gravitational interactions must emit gravitational radiation as 
any other accelerating mass: 


Although this was worked out for spin zero particles, the result, as w — 0, is 
the same for all, spin 1/2, photons, etc. It is correct for collisions irrespective 
of the kind of force. For example, Schiff asked me if two masses under their 
mutual gravitation can radiate. The answer is certainly yes. (Ref. 9, p. 7) 


According to Feynman, these results proved that self-gravitating system must radi- 
ate gravitational waves. This view was confirmed in the Lectures: 


iHe also acknowledged the fact that the problem was at the moment of purely academic interest, 
stating that “the most “practical” thing to do is to go to zero order and forget the whole problem 
altogether" (Ref. 9, p. 1). 
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As far as the radiation is concerned, the exact nature of the over-all scat- 
tering process is not important. I emphasize the last point because there 
are always some theorists who go about mumbling some mystical reasons to 
claim that the radiation would not occur if the scattering is gravitational - 
there is no basis for these claims; as far as we are concerned, radiation of 
gravity waves is as real as can be; the sun-earth rotation must be a source 
of gravitational waves. (Ref. 7, p. 215). 


Thus the issue of gravitational radiation by self-gravitating systems was considered 
solved by Feynman. We emphasize that his quantum point of view was pivotal to 
that conclusion, since his reasoning relied on a well-known result of quantum field 
theory, namely the universality of soft graviton emission. Once again, Feynman 
showed some annoyance towards the physicists who continued to have doubts, while 
the solution was so clear to him. 


4.2. The classical computation and the quadrupole formula 


In the second part of the letter, Feynman switched to a classical computation, which 
was considered to be more appropriate for macroscopic objects, such as celestial 
bodies: 


for the motion of big objects such as planets and stars it may be more 
consistent to work in the classical limit. (Ref. 7, p. 215) 


The classical computation was developed in close analogy with electrodynamics, 
taking into account that in the case of gravitation the source is a tensor 5,,, rather 
than a vector J,,. The differential equation which has to be solved to find classical 
gravitational waves is (in the notation of Ref. 7): 


"Tiv = AS uv, (4) 


where hpv is the field describing deviations of the metric from the flat Minkowski 
metric and the bar operation is defined as: 


1 1 o 
huv = 5 (huv + hy) = gu h c. (5) 


2 


is the usual, flat-space, d'Alembertian operator. As well-known, the above 
equation corresponds to the linearized Einstein equations in the de Donder gauge 
Dh = 0. When all quantities are periodic with a given frequency w, the solution 
at a point 1 located at a distance from the source much greater than the linear 
dimensions of the source itself (which is the region where Suy is expected to be 
large): 

T (m À d 3 >) ik? 

eC ee fa PaSa) E, (6) 


Arr, 


with |ri| >> |r2| as stated. This approximation holds for nearly all cases of astro- 
nomical interests, where wavelengths are much longer than the system's dimensions, 
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such as for instance binary stars and the Earth-Sun system. Finally, Feynman as- 
sumed that the motions of matter in the source were slow, so that he could resort 
to the post-Newtonian approximation. This is where the computations in the last 
section of Lecture 16 of the Caltech Lectures (Ref. 7, pp. 218-220) stopped, while 
in the letter Feynman went on computing the power radiated by the above waves 
in the quadrupole approximation which, for a periodic motion of frequency w, read 
(Ref. 9, p. 11): 

2 


(7) 


mean energy radiated 1 & ; 
sec. 5 » Qu 


where Q = Qij— zogQu. Qij = Vig Ma Rọ RF is the quadrupole mass moment, 
and the root mean square average is taken. The result (7) was then shown to agree 
with the quantum mechanical probability (3) computed in the first part of the letter 
(after suitable averaging). To strengthen this result, Feynman had considered earlier 
(Ref. 9, p. 10) an analogous comparison for the case of electromagnetism, finding 
again perfect correspondence. 

Feynman then applied his formulas to the case of a circularly rotating double 
star (Ref. 9, p. 12), promptly recovering the result (2). In sum, Feynman’s classical 
computation was analogous to that performed earlier by Landau and Lifshitz. How- 
ever, his treatment was simpler, since he managed by using a very ingenious method 
for computing the energy density, which essentially exploits the fact that for classi- 
cal transverse plane waves the linearized gravity Lagrangian reduces to that of the 
harmonic oscillator. This spared him formal complications such as the cumbersome 
energy-momentum pseudo-tensor, which was used by Landau and Lifschitz. This is 
in fact the “simpler argument from the Lagrangian” which he referred to in the end 
of the letter. 

The above treatment was then supplemented with a thorough analysis of the 
effects of a gravitational wave impinging on a device made of two test particles 
placed on a rod with friction, in this way providing a more complete description 
of the working principle of the gravitational wave detector previously introduced 
at Chapel Hill. A second absorber, made of four moving particles in a quadrupole 
configuration, as in Figure 1, was also considered, and shown to be able to absorb 
energy from a gravitational wave acting on it. The oscillating device was shown to 
re-radiate waves with the same energy content. Apparently, at Chapel Hill, Feynman 
had derived the expression for the radiated energy (which was then applied to the 
binary system case) from the detailed study of the quadrupolar detector, either 
because at that time he did not know how to extract the definition of energy from 
the gravitational Lagrangian, or because the existing methods were considered to 
be too cumbersome by him. In the letter, instead, Feynman found a simple way 
of taking the opposite route (from this we can understand why Feynman claimed 
that the argument at Chapel Hill had been “used in reverse” ), since the quadrupole 
formula was derived in general from the linearized Einstein equations and then 
applied to the detector case. 
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Thus, Feynman had shown that gravitational waves carry energy, and he had 
computed how much, also in the case of a binary star, satisfactorily addressing 
both the first and the third of the above issues. At the end of Lecture 16 of Ref. 7, 
Feynman commented again on the energy content of gravitational waves: 


What is the power radiated by such a wave? There are a great many peo- 
ple who worry needlessly at this question, because of a perennial prejudice 
that gravitation is somehow mysterious and different - they feel that it 
might be that gravity waves carry no energy at all. We can definitely show 
that they can indeed heat up a wall, so there is no question as to their en- 
ergy content. The situation is exactly analogous to electrodynamics (Ref. 7, 
p. 219). 


and in the letter, while recalling the Chapel Hill conference he commented: 


I was surprised to find a whole day at the conference devoted to this ques- 
tion, and that “experts” were confused. That is what comes from looking for 
conserved energy tensors, etc. instead of asking “can the waves do work?” 
(Ref. 9, p. 14). 


'These two quotes again display Feynman's annoyance towards the relativity commu- 
nity. The fact that relativists kept arguing about these problems without reaching 
an agreement, and that they privileged sophisticated formal tools to plain physical 
thinking, definitely disturbed Feynman, who repeatedly expressed his annoyance, 
and may have contributed to his loss of interest in the subject. 


4.3. Feynman’s answer to the three issues 


The detailed study of Feynman's work on gravitational waves reveals what he 
thought the solutions to the issues listed in Sect. 2 should be, at least from a the- 
oretical point of view, pending the ultimate experimental verification. In summary, 
these were: 


(1) Feynman's thought experiments and calculations clearly show that gravitational 
waves exist and that they carry energy, while the fact that they propagate with 
the speed of light is a consequence of the fact that they emerged from massless 
quanta, i.e. the gravitons; 

(2) Since gravity is so weak, it makes perfect sense to study gravitational waves 
using the linearized approximation; 

(3) Gravitationally-bound system emit gravitational radiation as any other bound 
system, and the energy loss is described by the quadrupole formula in the 
approximations valid in most situations of interest. 
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5. Comments on Feynman's attitude towards gravity and 
gravitational waves 


As emphasized, Feynman's approach to gravitational waves, and to gravitation in 
general, was much closer in spirit to particle physics than to general relativity. 
In fact, Feynman preferred a field theoretical approach over the geometrical one 
which had become the standard one among relativists. In his opinion, indeed, the 
latter approach divided gravity from other fundamental interactions, preventing the 
investigation of the relation of gravitation with the rest of physics, and also posing 
great obstacles towards its quantization. 

A second motivation which underlies Feynman's choice of using quantum field 
theoretical methods for investigating classical gravitational radiation and other 
problems in classical gravity, was his belief that quantum mechanics underlies Na- 
ture at the most fundamental level, with the forces we observe at the macroscopic 
level emerging from quantum interactions in the classical limit. This is most clearly 
expressed by him in some unpublished lectures: 


I shall call conservative forces, those forces which can be deduced from 
quantum mechanics in the classical limit. As you know, Q.M. is the under- 
pinning of Nature... (Ref. 38, p. 35) 


Feynman recognized that the main problem with gravity was the fact that gen- 
eral relativity had received only a handful of experimental confirmations, while the 
subjects of gravitational waves and quantum gravity were confined to pure theory. 
'These subjects were being investigated by the relativity community by resorting to 
sophisticated mathematics, in the hope that rigor could be a substitute for empirical 
evidence. Feynman had a different point of view. To him, the best way to proceed 
was to try to extract physical predictions from the theory as if these were easily 
accessible experimentally. This viewpoint was strongly advocated by him at Chapel 
Hill in some critical comments: 


'There exists, however, one serious difficulty, and that is the lack of exper- 
iments. [...] so we have to take a viewpoint of how to deal with problems 
where no experiments are available. There are two choices. The first choice 
is that of mathematical rigor. [...] The attempt at mathematical rigorous 
solutions without guiding experiments is exactly the reason the subject is 
difficult, not the equations. The second choice of action is to *play games" 
by intuition and drive on. Take the case of gravitational radiation. [...] I 
think the best viewpoint is to pretend that there are experiments and cal- 
culate. In this field since we are not pushed by experiments we must be 
pulled by imagination. (Ref. 4, pp. 271-2) 
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and shortly after 


'The real challenge is not to find an elegant formalism, but to solve a series 
of problems whose results could be checked. This is a different point of view. 
Don't be so rigorous or you will not succeed. (Ref. 4, p. 272) 


This is in fact the viewpoint that Feynman adopted in his investigations of gravi- 
tational waves, but also in his work on quantum gravity.* 


6. Contemporary and subsequent developments 


When the Chapel Hill conference took place, the time was ripe for the existence of 
gravitational waves to be accepted by most physicists. T'hus, the work of Pirani, and 
Feynman's sticky bead argument, managed to convince people that gravitational 
waves belong to the realm of physical phenomena, and suggested ways to investigate 
their physical effects. In fact, an argument similar to Feynman's was conceived inde- 
pendently by a leading relativist, Hermann Bondi, who was also present at Chapel 
Hill. T'his is referred to by several of Bondi's remarks at the conference, such as the 
following one, made after Pirani's talk (Ref. 4, p. 142): *Can one construct in this 
way an absorber for gravitational energy by inserting a drj/dr term, to learn what 
part of the Riemann tensor would be the energy producing one, because it is that 
part that we want to isolate to study gravitational waves?" . The absorber of grav- 
itational energy is just a more formal description of the “stickiness” of Feynman’s 
sticky-bead. Shortly after the conference, Bondi published his variant of the sticky- 
bead device,?? although unlike Feynman he did not succeed in relating the intensity 
of the gravitational wave to the amount of energy carried by it. Inspired by these 
discussions, another participant to the conference, Joseph Weber, soon undertook 
his lifetime effort to experimentally detect gravitational waves??; Weber built his 
famous resonant bar detector in 19664! and even announced the first experimen- 
tal detection of gravitational waves coming from the center of the Milky Way in 
1969.^? While this finding was later disproved, Weber's works triggered all the sub- 
sequent research on the detection of gravitational waves, which culminated in the 
monumental detections by the LIGO-Virgo collaboration in 2016.4? Among all the 
physical results that this brought about, the confirmation came that gravitational 
waves move with the speed of light.*4 

Thus, it may be said that the first issue, that of the existence and physical effects 
of gravitational waves, was solved after Chapel Hill, with agreement among the sci- 
entific community. The same cannot be said of the other two issues. The relativity 
community reached an agreement on the status of gravitational waves in the full 
nonlinear theory only some years later, thanks to the rigorous work performed in 
that framework by Bondi, Pirani, Ivor Robinson and Andrzej Trautman, among oth- 
ers. In particular, Robinson and Trautman found exact solutions to the equations of 
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general relativity describing waves radiated from bounded sources.?£? Furthermore, 
in the sixties, Bondi, Rainer W. Sachs, Ezra T. Newman and Roger Penrose,*® °° 
gave a satisfactory definition of the energy radiated at infinity as gravitational radi- 
ation by an isolated gravitating system in an asymptotically flat spacetime. Thus, 
the modern theoretical characterization of gravitational waves had emerged by the 
late 1960s. 

The last issue took still longer to be settled, since it crucially involved the prob- 
lem of motion in general relativity and the issue of radiation reaction, whose foun- 
dations were still quite shaky.?! The doubts concerning whether binary systems 
radiated gravitational energy were fought by crucial empirical input, which came in 
the mid-1970s with the discovery of the first binary neutron star.5>53) This did not 
immediately settle the quadrupole formula controversy yet,?^ but it prompted many 
efforts towards its resolution. The confirmation of came when Thibault Damour?? 
showed that there was quantitative agreement between the emission rate computed 
from the quadrupole formula and observations. In fact, it is only in the final stages 
of the merging of compact objects that higher (mass and current) momenta need 
to be included (see e.g. Ref. 56 and references therein). 


7. Conclusions 


In the above pages, we have described the work performed by Richard Feynman in 
the physics of gravitational waves. We have seen how his attitude towards physics, 
and towards fundamental interactions, shaped this work, and how he managed to 
give sound and substantially correct answers to the main theoretical problems of 
the time. Feynman's physical intuition and sound calculations convinced him early 
on of the existence of gravitational waves and gravitational radiation. His work 
contributed to the settlement of the issue, and played a role in triggering the first 
experimental efforts towards their detection. Feynman did not share the theoreti- 
cal concerns of most relativists, who continued to argue about other issues, until 
rigorous solutions and/or experimental input were available, and considered those 
arguments pointless, harshly criticizing them. This may have been contributed to 
his loss of interest in the subject, starting from the late 1960s, when he began to 
be involved to the only fundamental interaction to whose understanding he had not 
contributed yet, that is, the strong interaction.? But that is another story. 
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We review three definitions (missing point(s) unsteadiness, infinite quadratic curvature 
invariant, and geodesic incompleteness) of what a gravitational singularity is, and argue 
that prediction of a gravitational singularity is problematic for General Relativity (GR), 
indicating breakdown of Lorentzian geometry, only insofar as it concerns the infinite 
curvature singularity characterization. In contrast, the geodesic incompleteness charac- 
terization is GR’s innovating hallmark, which is not meaningfully available in Newto- 
nian gravity formulations (locally infinite density field, and locally infinite gravitational 
force) of what a gravitational singularity is. It is the continuous, non-quantized, nature 
of Lorentzian geometry which admits gravitational contraction be continued indefinitely. 
The Oppenheimer-Snyder 1939 analytical solution derives formation of a locally infinite 
curvature singularity and of incomplete geodesics, while Penrose’s 1965 theorem concerns 
formation of incomplete (null) geodesics only. We critically examine the main physical 
arguments against gravitational singularity formation in stellar collapse, with scope re- 
striction to decades spanning in between Schwarzschild’s 1916 solution and Penrose’s 
1965 singularity theorem. As the most robust curvature singularity formation counter- 
argument, we assess Markov’s derivation of an upper bound on the quadratic curvature 
invariant Ryvrs RA" < — from a ratio of natural constants A, c and G, in connection 


P 
with Wheeler's grounding of the premise that the Planck scale £p is ultimate. 


Keywords: Geodesic incompleteness; Infinite curvature; Schwarzschild incompressible 
fluid; Einstein-Rosen bridge; ISCO; Chandrasekhar mass; TOV mass; Core collapse; 
Compact stars; Oppenheimer-Snyder collapse; Singularity theorems; Curvature bound; 
Theory breakdown. 


1. Characterization of a gravitational singularity 


Over the period of over hundred years, the idea that gravitational singularity for- 
mation, predicted by General Relativity, is physical - representing a genuine feature 
of reality - was iteratively regarded with skepticism. The scientific community's 
doubts at times were based on mere conceptual reservation and reluctance to ac- 
cept a novel paradigm, while at other times had justification by strong physical 
argument. In Sec. (1), we will outline how (not) to conceive what a gravitational 
singularity in General Relativity is, and compare two contrasting interpretational 
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views: realism and anti-realism about singularity formation. We will provide a sim- 
ple field-theoretical argument in favour of the interpretation of the prediction of 
curvature divergence as an indication of theory breakdown in Sec. (1.3). The goal 
of the subsequent Sections (2) and (3) is to explore some of the main arguments 
that have historically (with a scope restriction to 1916-1965) been advocated as 
preclusions to gravitational singularity formation in stellar collapse, and to assess 
their relevance for the present. 


1.1. Coordinate vs. geometric singularity 


A first important propaedeutic worth a recall is the demarcation between a coor- 
dinate singularity and a geometric singularity. Let (M, guv) be an ordered pair, 
with M a manifold, associated with a spacetime, and guy a Lorentzian metric with 
signature (—,+,+,+), defined on the manifold M and associated with geometric 
properties of the spacetime. A coordinate singularity indicates the limit of applica- 
bility of a coordinate chart to represent a metric tensor gv. The line element (ds? = 
Juv dx" dz") of the single-parameter (M, associated with mass) Schwarzschild met- 


ric in the Schwarzschild spherical coordinate chart (x°, xt, z?, x?) = (ct, r, 0, 9) reads 


=È 
ds == (: = zany dt? + (: = zany dr? +r°go. (1) 


As r + 2GM, the radial component grr — oo while the temporal component gu — 
0. Yet, the Gullstrand-Painlevé, the Kruskal-Szekeres and the Eddington-Finkelstein 
coordinates are examples of coordinate systems for which the Schwarzschild metric, 
when transformed onto another coordinate chart (ds = g/,, dz" dz"), is regular 
at the Schwarzschild boundary (which, in Schwarzschild coordinates, locates at the 
r — 2GM two-sphere) of the set of nested round spheres. To illustrate, the line 
element in Eddington-Finkelstein coordinates (v, r, 0, $) reads 


T 


2GM 
as? =- (1- E ) a? Badr + ron (2) 


where a tortoise coordinate r* = r + 2GM In|saq7 — 1| is introduced, satisfying 
dr = (1- Ke to define the time-advanced ingoing (for v = t + r*) and 
time-retarded outgoing (for v = t — r*) coordinates, respectively. Representation of 
the Schwarzschild metric in Eddington-Finkelstein coordinates shows curves to be 
extendible beyond the Schwarzschild boundary. According to the Principle of Gen- 


eral Covariance, coordinate systems play no role in the formulation of fundamental 


laws of physics; they only have a descriptive-representational role. No observer, 
and therefore no coordinate system is privileged over another, yet the capability 
of physical representation by one coordinate chart may break down while others 
do not: an illucidating GR-independent example is the failure of representation of 
the North (at 0 = 0) and of the South Pole (at 6 = 7) by spherical coordinates, 
while their representation is regular in cartesian coordinates. In GR, changing a 
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coordinate chart implies a re-definition of the coordinate axes relative to a proper 
inertial frame. While the introduction of a new coordinate chart allows to transform 
away the apparent singularity at the Schwarzschild boundary r = 2G M, the central 
metric field irregularity at r = 0 persists in the maximally extended Schwarzschild 
spacetime. The Kretschmann scalar curvature invariant is a coordinate-independent 
measure that allows to identify a curvature singularity in the geometry of the metric 
field. It is defined as full contraction of the Riemann tensor with itself, summing 
over all of its components: 


K = RR", (3) 


Its evaluation on the Schwarzschild metric yields K = e Mt which is finite at 


the Schwarzschild boundary r = 2G M, but divergent at r = 0. 


1.2. Missing point(s) unsteadiness, infinite quadratic curvature 
invariant, or geodesic incompleteness? 


Calculation of the Kretschmann scalar is one method to tell apart a genuine sin- 
gularity in the geometry of the metric field from a mere coordinate singularity 
pertinent to a coordinate representation of the metric. There has, however, been 
debate over what the appropriate definition of a gravitational singularity is, which 
appropriately characterizes it physically. In particular, as summarized and cross- 
examined in Ref. 1, three different main conceptions (all of which have sub-classes) 
have been proposed: 


(1) missing point(s) unsteadiness, 
(2) infinite curvature, and 
(3) path inextendibility. 


Missing point(s) unsteadiness. The conception that a gravitational singularity 
is a missing point, or a set of missing points, on the spacetime manifold, suggests 
that a spacetime is singular if it contains a ‘hole’.? Then, the metric field gv is dis- 
continuous at a point p € M or a set of points {p;} ¢ M, which have been removed 
from the M spacetime manifold, akin to a tear in a piece of cloth. Conceptually, 
a missing point on the spacetime manifold suggests the absence of spacetime itself 
at that point. The motivation for this singularity characterization stems from the 
fact that derivative operators, such as the Riemann tensor, are locally ill-defined at 
points at which the metric field g,» is discontinuous - at points that lie outside of its 
domain. The demand that the metric is continuous and differentiable everywhere 
formalizes into the requirement of non-degeneracy: det(g,,) # 0. The condition is 
fulfilled if all the components of both the covariant (g,,) and the contravariant 
(g"") metric tensor are regular. Then, a (removable) gravitational singularity vio- 
lates the steadiness condition for any choice of coordinate chart: the missing point, 
or points, on the spacetime manifold give rise to the impossibility of its smooth 
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local extension, and thereby to unsteadiness in the gravitational field. This histor- 
ically original notion of a gravitational singularity has been deployed in the works 
of Schwarzschild, Einstein, Hilbert, and contemporaries. 

The missing point(s) singularity definition suggests that the singular spacetime 
manifold could be ‘patched’ by the appendage of the boundary that embeds the sin- 
gularity. The main burden to accepting this notion of singularity is that the bound- 
ary construction in the neighbourhood of the singularity turns into the location 
problem!: there is no Lorentz-covariant location of the missing point(s) on the space- 
time manifold, which would be coordinate- and therefore observer-independent. As- 
suming that there are no more additional dimensions to the spacetime, there is no 
way of imagining it being embedded in a larger topological space, with respect to 
which one could identify the locations of the subspace point(s) to be missing out. 


Infinite quadratic curvature invariant. There are many sub-classes to defini- 
tions of a gravitational singularity in terms of an infinite curvature pathology. They 
differ in choice of the curvature tensor and of the divergence criterion. One of the 
curvature singularity classes is identified by the Kretschmann scalar, a quadratic 
curvature invariant defined with the Riemann tensor. It is used as an indicator 
of the presence of a local curvature singularity, when K — oo. A local observer 
is then subject to tidal forces that arise from the differences in "strength" of the 
gravitational field between two neighbouring points in space-time, and the curva- 
ture singularity manifests in its growth without bound. However, a well-behaved 
quadratic curvature invariant does not imply that all other local curvature mea- 
sures are regular: there are examples of space-times where the quadratic Riemann 
curvature invariants are vanishing but the Ricci curvature tensor Aj, diverges.? 
Again others, such as the conformal Misner singularities, where curvature scalars 
are well-behaved but the Riemann tensor evaluated with some local tetrad is diver- 
gent. Yet the advantage of curvature tensor products over curvature tensors is the 
former's coordinate-independence. 

A problem with a local curvature singularity characterization, even if defined by 
virtue of curvature tensor products, is that it is incomplete: there are examples of 
well-defined space-times in which the state of motion of the observer is decisive in 
determining the physical response, as the putative singularity is traversed: whether 
or not an object is rotating about its axis, or subject to proper acceleration in 
the direction of motion, determines whether the object gets torn into pieces by 
infinite tidal forces, or whether it survives the cross-over.* In the latter example, 
the curvature pathology arises for a non-rotating observer resting on a geodesic, 
and an improved local gravitational singularity definition needs be reformulated 
accordingly. However, even this extension of the singularity definition is insufficiently 
precise, given a number of counter-examples: a point in spacetime may be well- 
defined for an observer travelling on a complete geodesic and experiencing well- 
behaved tidal forces all the way along, while this same point exhibits a curvature 
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pathology for an observer travelling on an incomplete geodesic.? Finally, therefore, 
the most general gravitational singularity definition that aims to invoke a locally 
infinite curvature invariant needs to confess that the curvature pathology arises 
locally along a curve that is incomplete. This raises the question whether infinite 
curvature is even a necessary feature of a gravitational singularity, rather than 
an inessential singularity property, since the formation of an incomplete path may 
entail but does not require a curvature pathology. The relation between curvature 
divergence and geodesic incompleteness remains a delicate problem that still seeks 
its resolution in Lorentzian differential geometry, but for which there seem to be 
two options: 


(1) a gravitational singularity is defined by geodesic incompleness (or, more gen- 
erally, path inextendibility) alone. It does not imply divergence of any local 
curvature measure, which is an additional feature, realized in some singular 
spacetimes but not in others. 

(2) a gravitational singularity is defined by geodesic incompleteness concurring with 
a locally divergent quadratic curvature invariant; curvature divergence endows 
geodesic incompleteness with a physical (and local) characterization. 


Important conclusions can be drawn from comparison of the curvature singular- 
ity characterization in Einstein's gravity theory to the Newtonian gravity theory 
counterpart. The formulation of the Raychaudhuri-Komar singularity theorem? in 
the framework of Newton-Cartan gravity, a geometrized tensor reformulation of 
Newtonian gravity theory suggests that 


e in Newtonian gravity”, curvature divergence (as measured by the geometrized 
Poisson equation R,,£"£" = 4rp where £" is an arbitrary time-like vector) 
arises as consequence of a locally (infinite density) pathology in the stress- 
energy field, which is source of the gravitational field, while 


@The Raychaudhuri-Komar singularity theorem® © predicts formation of an infinite matter density 
singularity from generic conditions. It applies to a perfect fluid (described by the stress-energy 
tensor in the form of eq. (11)), whose timelike (u“u, = —1) velocity field u^ is geodesic and 
non-rotational. If the derivative of the divergence 0 = Vp u” along the geodesic congruence is 
positive (negative) at an instant of time and the convergence condition Rp,u?u” > 0 holds, then 
the energy density p of the fluid diverges in the infinite past (future) along every integral curve of 
u^. The above mentioned modern formulation of the theorem is taken from Ref. 7. 

>The key difference is the following: while in Newtonian gravity a gravitational force field singular- 
ity may arise only as consequence of a pathological infinite energy density matter state, Einstein's 
gravity theory allows for formation of gravitational singularities in a vacuum (Tj, = 0), analyt- 
ically as solutions to the vacuum Einstein Field Equations. A generic example is the collision of 
two plane gravitational waves (Ryv = 0) in an otherwise flat background. Tipler’s general plane- 
wave singularity theorem? proves the collision spacetime be future null geodesically incomplete. In 
addition, in the collision region of the ‘sandwiched’ GWs, under certain conditions (which depend 
on polarization of the colliding GWs) a curvature singularity may form at the focused point, or a 
coordinate singularity instead, along with a Killing-Cauchy horizon.!0-1? 
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e geodesic incompleteness is a pathology in the gravitational field itself, indepen- 
dent of pathology or non-pathology of a matter state. T'his singularity charac- 
terization is not meaningfully available in Newtonian gravity theory.* 


This distinction reminds of the interest to enquire not only about how a singularity 
is defined, but also how it is generically formed under physical conditions. 


Geodesic incompleteness. The definition of a gravitational singularity in terms 
of geodesic incompleteness is the least problematic and most widely accepted singu- 
larity characterization. In contrast to a complete geodesic that is continued indefi- 
nitely, an incomplete path has a finite affine length parameter (which is proper time 
7, for a time-like vector field). One of the ways to formalize geodesic completeness 
reads as follows: 


A spacetime is singular if it contains an incomplete causal geodesic ^ : 
(0,a) — M such that there is no extension y': M — M’ for which 4! o^ 
is extendible.1? 


'The demand for unique geodesics that do not cross implies that the causal geodesic is 
not well-defined beyond the affine length a, at which the affine parameter converges. 
A relativistic spacetime (M, guv) is timelike (y“7,, = —1), null (77, = 0), or space- 
like (77, = +1) geodesically incomplete if it entails an incomplete timelike, null, 
or spacelike geodesic, respectively. The example of the Taub-NUT space-time shows 
that a space-time can be time-like complete but null-incomplete, and vice versa.!4 
Geodesic incompleteness implies that the worldline of a freely falling observer ter- 
minates, with no possibility of further extension.? A background presupposition of 
path inextendibility is that the spacetime in the theory is maximally extended and 
that it does not form a subset of a larger dimensional, more extensive geometry into 
which the manifold (e.g., a four-dimensional spacetime) is embedded. 


1.3. Theory breakdown? 


Singularity realism vs. anti-realism. The above mentioned three gravitational 
singularity definitions in General Relativity are conceptually quite distinct patholo- 
gies in the geometry of the gravitational field, and do not imply one another: miss- 
ing point(s) unsteadiness singularity suggests the (local) absence of spacetime itself, 


“See Ref. 8 for an opposing view. According to our assessment, the author confounds the geodesic 
incompleteness characterization of a gravitational singularity in Newton-Cartan gravity with that 
of the missing point(s) unsteadiness. 

dIn Refs. 1, 15, 16 a more inclusive b-incompleteness criterion is advocated as gravitational singu- 
larity definition. According to b-incompleteness, the inextendible path can but does not need be a 
geodesic: A maximal spacetime is singular if and only if it contains an inextendible path of a gener- 
alized affine length. Since every incomplete geodesic is b-incomplete, the geodesic incompleteness 
characterization is sufficient for the argument of this paper. 
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while an infinite quadratic curvature invariant suggests that tidal forces become in- 
finite at a point in space-time, which itself may be well-defined on the manifold. 
Geodesic incompleteness suggests the finitude of worldlines in a spacetime, which 
nevertheless may be well-defined and endowed with well-behaved finite quadratic 
curvature invariants at any point on the manifold. 

'The predictions of gravitational singularities by General Relativity can, for each 
of the singularity classes separately, be physically interpreted in one of the two ways: 
either as 


(1) a theory deficiency, or as 
(2) opening up a profoundly novel viewpoint of properties of space-time geometry. 


The stance of singularity realism is supported by arguments such as the empirical 
success of General Relativity as the predictive theory, and the reasoning that the 
prediction of -say- geodesic incompleteness does not prima facie logically imply any 
contradiction or internal inconsistency within the gravitation theory. The realist 
stance is also inclined to accept a gravitational collapse singularity as part of the 
definition of a Black Hole. 

In contrast, the stance of singularity anti-realism is supported by lessons learnt 
from the pre-history of radical theory changes in physics, which teach us to only 
partially confess to the belief in some statements made by the current best physi- 
cal theory, but not in others. Of particular concern are the prior experiences with 
singularities, in ray optics, in phase transition hydrodynamics, in Newtonian N- 
body gravitational dynamics, in Maxwellian electromagnetism and in other sub- 
fields of physics?, all of which nail down the appearance of a divergent quantity as 
an artifact of the mathematical model that is deployed. Anti-realism about gravita- 
tional singularities in GR is supported by the mathematical ill-definition and non- 
differentiability of geometrical quantities, as far as the infinite curvature characteri- 
zation is concerned. The relevance of the argument is demonstrated below upon the 
example of the electromagnetic interaction potential between two fermionic charges. 


Theory change: The case of Electromagnetism. In classical electromag- 
netism, the Coulomb potential between two point masses carrying electromagnetic 
charges qı and q2 reads 


Vesa (4) 


where r is the relative distance between the point masses. For vanishing distance 
r — 0, the interaction potential V(r) diverges. The physics of the electromagnetic 
interaction is, however, inappropriately described by the classical Maxwellian field 
theory at small relative distances at scale of order of magnitude of the de Broglie 
wavelengths of the charged particles. Here, effects of their quantum nature be- 
come non-negligible, and Quantum Electrodynamics takes over as descriptive theory 


“See Ref. 19 for a brief discussion of some of the above mentioned examples. 
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instead: the basic interaction potential between two fermion charges Q4 and Q» in 
Minkowski space-time 5, and the relative wave-vector k turns into the integral 


ag" eQiQa 1 J PEU (5) 

Am (22)? k? 
'The upshot from this comparison is that the prediction of a singularity qua di- 
vergency in the interaction potential marks the limits of an empirically adequate 
applicability of a theory: it arises as an artifact of the theory description at coarse- 
grained scale. Similarly, General Relativity is a classical field theory that describes 
the phenomenology of gravitation at a macroscopic scale at which principles of clas- 
sical physics apply. However, gravitational collapse - which is central subject of this 
work- involves processes in the strong gravity regime at microscopic scales ór — 0, 
at which GR is not tested as gravitation theory, and hence lacks the basis for trust 
in its predictions. 


V(r) = 


2. Singularities in the interior Schwarzschild metric (1916—1939) 


2.1. Schwarzschild’s incompressible fluid model, and Einstein’s 
singularity resolution attempts 


Infinite pressure requirement. In his first 1916 paper,?? Schwarzschild derives 
an analytical solution to the gravitational field exterior to a gravitating point mass, 
completing earlier work of approximated solutions found by Einstein. Eq. (1) is a 
simplified writing of the metric due to Droste?! who found the same solution inde- 
pendently, that renounces from redundant variable transformations, and where the 
radial coordinate r is defined as a radial measure away! from the point mass M. 
In contrast, in his second 1916 publication?? he calculates® the gravitational field 
inside and outside of, not a point mass, but of a static non-rotating spherically sym- 


metric incompressible fluid. The externally measured radius of the fluid sphere is 


S 
"po 


given by Pa = sin Xa, and internal properties of the fluid are supposed to give 


rise to an inner pressure source P(r). In order to calculate the pressure distribution, 
Schwarzschild proceeds by imposing a Hydrostatic Equilibrium (HE) condition and 
the vanishing pressure boundary condition P(P,) = 0 onto the fluid. From there, he 


finds an analytic expression to the pressure gradient P(X) = po ——— — 1) 
2 


aE UCET which Schwarzschild refers 
COS Xa — COS X 


be proportional to the density and to v — 


fNote that a covariant measure of spatial distance between two nested spheres at rj and r2 is 
obtained from the proper distance o — Tc dr /Grr- 

®The line element of the interior Schwarzschild solution in the original coordinates used by 
Schwarzschild takes the non-trivial form: 


3 — cosx V? 3 
de? = ( x 2x) dt? (x? + sin?d0? + sin?x sin?d0 d¢?). (6) 
po 


Schwarzschild derives a metric with two independent parameters (Xa and po) associated with 
internally measured radius and density of the incompressible fluid, respectively. Here, x = 8rk? 
where k is the Gaussian gravitation constant. 
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to as the “naturally measured light velocity" .?? After a critical matter concentra- 
tion threshold” is surpassed, v, and thereby also the pressure, diverge at the center 
(x = 0). There, the gravitational field becomes infinite, and introduces a disconti- 
nuity into metric g,,. From his calculation follows the requirement of an infinite 
pressure at the center of the sphere in order to maintain its HE, which he evalu- 
ates as physically unacceptable, and as a breakdown of the incompressible constant 
density fluid model. He summarizes his finding as follows:! 


“In the center of the sphere (x — 0) the speed of light and pressure become 
infinite, as soon as cos xa — 1/3, and as the fall velocity has become equal to 
/8/9 of the (naturally measured) speed of light. Therewith a limit of con- 
centration is given, beyond which the sphere of incompressible fluid may not 
exist. Applying our equations to cos xa < 1/3, one would obtain unsteadi- 
ness already above the center of the sphere [...]. Over these solutions, which 
indeed are physically meaningless, since they result in infinite pressure in 
the center, one can pass over to the limiting case of a mass concentrated 
at a point [...]. For an externally measuring observer follows (...) that the 
sphere of given gravitational mass a/2k? may have no smaller externally 
measured radius than P, = a.” 2? 

The Newtonian central singularity counterpart, and pragmatism on the 
*impassible barrier". In Droste's coordinates, Schwarzschild's analytical 1916 
solution entailed the prediction of two irregularities: the central singularity at the 
center of the incompressible fluid sphere (r — 0), and at the Schwarzschild co- 
ordinate singularity at rs = 2GM - above the center of the sphere but beneath 
the internal radius of the incompressible fluid. Both irregularities were perceived 
as troublesome by contemporaries, however, the Schwarzschild singularity has his- 
torically been assessed as the major problem. Coordinate transformations of the 
type of eq. (2) to eliminate the unsteadiness at the Schwarzschild surface have 
been under development, yet their significance was not fully clarified until the work 
of Lemaitre (1932); but various other considerations of how to handle with the 
prediction of irregularities in the metric field were brought forward instead. The 
central r — 0 singularity has likely not been considered as a threat to General 
Relativity for the reason that it already occurred in the gravitational potential 
ó(r) = ——S27* between two gravitating point masses M and m in Newtonian 
gravity. The Schwarzschild singularity, however, was novel and predicted to oc- 
cur in the deep interior of stars that soon were modelled by Schwarzschild's ideal 
fluid ansatz: for instance, the Schwarzschild radius of the Sun amounts to roughly 


hThe critical matter concentration threshold is obtained from applying the condition cos Xa = i 


to the externally measured radius Pa = ,/ x sin Xa, from which follows Pa = « for a point mass 


and P, — 2o for an incompressible fluid sphere. a/2k? is the gravitational mass. 
‘Translation from the German original into English by the author K. M. 
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3 km, far below the Sun's radius of about 0.7 million km. Eddington called the 
Schwarzschild surface the “magic circle”, and conjectured that no particles inside a 
star may penetrate this “impassible” barrier. Reason is that, as Droste remarked in 
Ref. 21, the penetration would take an infinitely long time (gi; — 0), or as Einstein 
put it, “a clock kept at this place would go at the rate zero"?? but nothing could 
develop without time, according to this line of reasoning. 

Observation of stars was at that time period based solely on their surface prop- 
erties), and traced on the Hertzsprung-Russell diagram. Since the prediction of the 
Schwarzschild singularity thereby escaped any empirical test, the prevailing logi- 
cal positivist attitude to science, which assumed that any empirically unverifiable 
statement is meaningless, is likely to have fostered a less concerned view of the 
Schwarzschild singularity: no stars had been known to have a physical radius smaller 
than 2G M, thus the Schwarzschild singularity appeared tolerable so long as it did 
not produce any falsifiable predictions. Nevertheless, during the Paris conference 
(1922), Hadamard contemplated the possibility of the Schwarzschild surface sur- 
passing the physical radius of a star. Einstein conceived this scenario as a threat 
to the theory of General Relativity, and aimed to disprove the possibility of the 
“Hadamard catastrophe" on physical grounds. 


The innermost stable circular orbit. Einstein was guided by an understanding 
of Mach's principle as implying that the metric field is determined by its matter- 
energy content, for “inertia originates in a kind of interaction between bodies" .24 
Guided by Mach’s principle, he interpreted a singularity in the gravitational field 
as an indication of a pathological matter state that gives rise to it. Hence, he 
aimed to prove that while stellar matter is source of the gravitational field, it is 
impossible to accumulate matter neither at their center of mass at r = 0, nor at the 
Schwarzschild surface r = rg, where the singularities were supposed to arise. Then 
-according to his line of reasoning- irregularities in the metric field are unphysical, 
so long as they are not occupied by matter, which originates the properties of the 
gravitational field. In his 1939 paper, Einstein’s goal was to demonstrate that this 
holds true in an allegedly more realistic model of stellar matter than Schwarzschild’s 
perfect fluid ansatz. He starts the paper with an expansion of the argument brought 
forward by Schwarzschild himself, pointing at the inadequacy of incompressible fluid 
assumption: 


“The concept of an incompressible liquid is not compatible with relativity 
theory as elastic waves would have to travel with infinite velocity. It would 
be necessary, therefore, to introduce a compressible liquid whose equation 
of state excludes the possibility of sound signals with a speed in excess of 


JAsteroseismology, the study of stellar interior structure through their global oscillation modes, 
which are excited in the interior and induce structural imprints onto photometric observables, had 
not yet been developed at that time. 
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the velocity of light. But the treatment of any such problem would be quite 
involved; besides, the choice of such an equation of state would be arbitrary 
within wide limits, and one could not be sure that thereby no assumptions 


have been made which contain physical impossibilities.” ?? 


Instead, Einstein proposes another model: a spherically symmetric self-gravitating 
many-body system composed of non-interacting point particles of equal unit mass. 
For this system, Einstein calculates the interior gravitational field and equations 
of motion, and finds the innermost stable circular orbit (ISCO) to lie above the 
Schwarzschild radius in GR, in contrast to the treatment of the same many-body 
system in Newtonian gravity, which does not yield any lower bound on the radius 
of the ISCO. Orbits of a radius tighter than the Schwarzschild radius, as he finds, 
require orbital velocities that exceed the speed of light, which is prohibited by the 
principles of relativity theory. From there, he concludes that the irregularities in the 
metric field at r = rg and at r = 0 are physically irrelevant, because these regions 
do not get populated by particles in the self-gravitating many-body system. 

Einstein’s calculations were correct and insightful in their own right, however 
he draw false conclusions from them. With his background premise that all test 
particle orbits always remain stable, he excluded possibility of unstable orbits, such 
as an inspiral. A more cautious conclusion would have been that there are no stable 
particle orbits within a certain distance away from the Schwarzschild radius. A 
spiral-like particle trajectory, of orbital velocity smaller than the speed of light 
yet beneath the innermost stable orbital radius, is not impeded from arising by 
Einstein’s calculation: Einstein’s calculation shows that an orbit radius lower than 
rg cannot be circularly stable. 


The Einstein-Rosen bridge. Einstein was even ready to sacrifice the original 
version of the gravitational field equations for the sake of doing away gravitational 
singularities in the Schwarzschild metric. At the same time, he was opportunist?? 
about turning the prediction of field singuilarities into a solution to the problem of 
particle representation and of particle motion in General Relativity. With regard to 
the latter problem, he saw the logical independence of the geodesic law from the field 
equations as a weakness of GR. One of his approaches to a remedy was to derive 
the geodesic law from application of the covariant conservation law V,T"" = 0 
to the Einstein Field Equations (EFE) at the limiting case of matter-free space 
(T"" = 0). From there would follow that, “/i/f one assumes that matter is arranged 
in narrow ‘world tubes’, one obtains from this by an elementary consideration the 
theorem that the axes of those ‘world tubes’ are geodesic lines (in the absence of 
electromagnetic fields). This means: the law of motion is a consequence of the field 
law.” 26 With regard to the former problem, Einstein assessed the representation of 
matter by the stress-energy tensor as phenomenological approximation, as a crude 
substitute of known (quantum) properties of matter. Instead, singularities in the 
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gravitational field, seemingly problematic at first, opened up a novel approach to 
resolve another problem. His proposal was the representation of elementary particles 
by pole singularities in an empty gravitational field: 


“All attempts to represent matter by an energy-momentum tensor are un- 
satisfactory and we wish to free our theory from any particular choice of 
such a tensor. Therefore we shall deal here only with gravitational equa- 
tions in empty space, and matter will be represented by singularities of the 
field.” ?" 


In this approach unifying particle representation and motion, particles in GR are 
represented by localized pole singularities in the metric fields g,,, which outside the 
singularities are regular elsewhere and satisfy the source-free (T y = 0) EFE, while 
particle geodesics are represented as displacements of pole singularities in and by 
the gravitational field obeying the source-free EFE. This approach was a stepstone 
toward a unified field theory Einstein was questing for, yet Einstein presumed that 
the total field (obtained from what he refers to as the “completed field equations”), 
unifying the gravitational field and the matter field, would eliminate singularities: 


*[...] one will have to say that the field of a material particle may the less 
be viewed as a pure gravitational field the closer one comes to the position 
of the particle. If one had the field equation of the total field, one would 
be compelled to demand that the particle themselves would everywhere be 
describable as singularity free solutions of the completed field-equations.” ?S 

The prediction of singularities in solutions to the EFE fostered his view that 
GR is a preliminary, not the final field theory. The belief in the singularity repre- 
sentation of particles was further shaken Silberstein's argument?? that, due to the 
existence of a static axisymmetric solution to the field equations representing two 
pole singularities, either the field equations are wrong, or the problem of motion 
cannot be treated with it, or particles cannot be represented as singularities. Reason 
is that the two particles so represented are, in Silberstein's construction, immobile 
and not accelerated in each other's gravitational field. Influenced by Silberstein's 
argument, in Einstein's 1935 paper with his student Rosen,?? the authors present a 
formalism that casts the representation of a particle from the point mass singularity 
representation at the origin of the Schwarzschild metric onto a non-singular parti- 
cle representation obtained from a topological bridge construction connecting two 
asymptotically flat regions of spacetime. To get there, Einstein and Rosen proceed 
by two essential steps. First, they modify the source-free EFE by transforming the 
Ricci tensor (which equals Ry, = Rà, y= g V Reus — 0 in the source-free field) to 
the tensor density 


Ry, > Riv = 9 Ry, (7) 
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where g is the determinant of the metric field g,,. The effect it had in their study of 
the flat Minkowski metric in Rindler coordinates is that the irregularity condition 
g = 0, since the new field equations have no denominators in g and do not result 
in ‘divide by zero’ divergences. Hence, Einstein & Rosen's move was to make the 
unsteadiness singularity condition det(g,,) — 0 itself irrelevant, by the mutilation 
of the source-free field equations. Second, Einstein & Rosen perform a coordinate 
transformation, u? = r — 2G M, which shifts the Schwarzschild singularity down to 
the origin of the coordinate system, thereby transforming away the entire central 
region r € [0, 2GM [| and, therewith, the central singularity. They interpret the line 
element ds? resulting from the spherically symmetric solution to the mutilated field 
equations as describing a spacetime with two congruent sheets (at u « 0, and at 
u > 0) cross-connected by a “bridge” at u = 0 (hence r = 2GM). Despite that 
g vanishes at the shifted u = 0 origin, the unsteadiness singularity condition is 
invalidated by the mutilated EFE for an empty gravitational field: 


“The whole field consists of two equal halves, separated by the surface of 
symmetry zi = 0, such that for the corresponding points (x4,22,23,24) 
and (—z£1, %2, £3, £4) the gik are equal. As a result we find that, although 
we are permitting the determinant g to take the value 0 (for xı = 0), no 
change of sign of g and in general no change in the “inertial index’ of the 
quadratic form occurs." ?0 

Electrically neutral* particles are henceforth described by topological ripples 
in the singularity-free solution of the new source-free field equations, for which 
the problem of particle representation and motion coincides. While the topological 
bridge construction extends the spacetime region from u > 0 onto another u « 0 
(and vice versa), it has later shown to be non-traversible.?! What remains prob- 
lematic in the Einstein- Rosen argument is the assessment of whether a spacetime is 
singular or not in coordinates in which the Schwarzschild metric is not maximally 
extended. The maximally extended Schwarzschild metric is given by the Kruskal- 
Szekeres spacetime,?? which analogously allows for a topological bridge construction 
connecting two spherically symmetric halves. However the crucial difference to the 
Einstein-Rosen calculation is that, in the Kruskal-Szekeres spacetime, the symmetric 
halves are glued together at the r — 0 line. In consequence, gravitational singularity 
formation is not avoided, since the Kretschmann scalar diverges at r — 0 in the 
maximally extended Kruskal-Szekeres spacetime. 


kThe authors move on to consider the case of a charged particle. To account for the electromagnetic 
charge, they solve the mutilated field equations with a T#” source term that represents the Maxwell 
electromagnetic field. Here they introduce a second modification to the EFE, consisting in the 
change of sign (from positive to negative) of the stress-energy tensor T" on the right-hand side 
of the EFE for the sake of again obtaining the topological bridge as solution to the metric field 
from the unified treatment of gravitation and electromagnetism. The change of sign, on the other 
hand, forces Einstein & Rosen to concede the possibility of negative stress-energy.?° 
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2.2. Chandrasekhar’s mass limit vs. Eddington’s 
equilibrium hypothesis 


In 1926 Eddington published seminal work?? on the theory of internal structure, 
energy generation, radiation transfer and evolution of stars, which remained the 
primary source of reference for generations of astrophysicists (although the process 
of nuclear fusion as the dominant supply source of stellar inner energy was not clar- 
ified until work of Bethe & Bloch (1939)). Henceforth, the scientific community was 
equipped with more realistic models of stellar matter, which allowed to address the 
astrophysical viability of the prediction of gravitational singularities in stars mod- 
elled by the Schwarzschild ideal hydrodynamics ansatz. The ‘standard model’ of stel- 
lar structure assumed contributions to the Equation of State (EOS) P = P(p,T) 
from classical ideal gas pressure P x pT and from the Stefan-Boltzmann law of 
black body radiation pressure P œ T as the main pressure sources that counter- 
balance gravitational contraction of the star and maintain HE of the perfect fluid in 
its interior. This ‘standard model’ was an adequate approximation for most types 
of observed stars, but not for the faint White Dwarf stars. Based on comparison 
of observed stellar bolometric luminosity and total mass tuples, Milne (1930) sug- 
gested that in order for a steady equilibrium state to always hold, the classical ideal 
gas law must break down beyond a critical core luminosity L., at which he argued 
that the matter configuration in the White Dwarf star must condense to a quantum 
degenerate gas.?* 


Breakdown of the (polytropic) Equation of State. Chandrasekhar's achieve- 
ment consisted in the calculation of an upper mass limit??:?6 for mechanical stability 
of an electron degenerate White Dwarf star, beyond which the Pauli pressure of elec- 
trons is not sufficent to counterbalance collapse of the star under the weight of the 
nuclei it is composed of. In his calculation, Chandrasekhar models the electrons by a 
quantum ideal Fermi gas, which respect the Pauli Exclusion Principle (a maximum 
of two electrons, with anti-aligned spins in the ‘up’ and ‘down’ states, are allowed 
to occupy the same classical phase space cell) and whose energy levels are occupied 
up to the Fermi energy maximum according to Fermi-Dirac quantum statistics. The 
Pauli degeneracy pressure relates to electron density pe by the polytropic EOS law 
P(r) = Kp(r)*, which is independent of temperature, and where the adiabatic in- 
dex equals y = 5/3 (non-relativistic degeneracy) or y = 4/3 (special relativistic 
degeneracy). The electron density itself is dependent on nuclear composition and 
density of the White Dwarf, and the parameter K takes this into account. Chan- 
drasekhar works with a simple White Dwarf model composed solely of protons and 
electrons. In a Newtonian gravity treatment, Chandrasekhar proceeds by imposing 
the HE condition 


mL = alr) (8) 
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where m(r) is the shell mass up to radius r, obtained from the volume integral 
over the total density profile p(r). He further assumes that the density distribution 
peaks in the center (r — 0) of the White Dwarf. From there he follows that there 
is an upper limit to total mass M, for any given density gradient p(r), at which 
electron degeneracy pressure is still sufficient to maintain HE. As the star contracts 
under its own gravity, electrons need to speed up in their motion in order to retain 
the necessary phase space volume that is required to accomodate all of the electron 
states in accord with the Pauli principle. He finds that, as all the electrons inside the 
White Dwarf attain relativistic degeneracy, the polytropic index (and thereby also 
the pressure) decreases, and at a critical Chandrasekhar mass (which, in general, 
depends on nuclear composition of the star, and for which the solar mass unit © is 
commonly used) the internal radius of the White Dwarf tends to zero: 


“We are bound to assume therefore that a state must come beyond which the 
equation of state (...) is not valid, for otherwise we are led to the physically 
inconceivable result that for M — 0.92 QO8-$,n — 0, and p = oo. 97 


Chandrasekhar's fluid ansatz was different from Schwarzschild’s in that 
Schwarzschild calculated the resulting pressure required to sustain HE for any in- 
compressible fluid of given density and radius, while Chandrasekhar instead as- 
sumed a relativistic electron degeneracy pressure source to calculate the maximum 
mass that still maintains the fluid's HE, as function of a specified matter den- 
sity gradient that peaks in the center. However both the authors arrive at the 
compatibility of their solution equations with the formation of a singular density 
(p — oo) point mass, and both suggest to dismiss this conclusion under sacrifice 
of the scope of validity of their respective solution equations: Schwarzschild's turn 
was to suggest that the assumption of the incompressible fluid breaks down, while 
Chandrasekhar's turn instead was to argue that it is not the general framework of 
the perfect fluid ansatz itself but the polytropic EOS employed therein what breaks 
down!. The Chandrasekhar mass limit improved an earlier upper mass limit estimate 


l Apart from dismissing the scope of validity of the polytropic EOS, another turn is to reject the 
presumption that the HE condition continues to be valid as the Chandrasekhar mass is approached. 
Neither Schwarzschild nor Chandrasekhar question the appropriateness of the HE condition in the 
aforementioned works before the critical mass concentration limit is reached. To anticipate, as is 
known today from a more realistic treatment of matter in electron degenerate stellar cores, nuclear 
and particle interactions may trigger hydrodynamic instabilities and the energy release that power 
explosions as the Chandrasekhar mass is approached. Thermonuclear reactions inside a White 
Dwarf, composed of -for example- a degenerate Carbon-Oxygen core that is surrounded by an 
outer shell of mainly Helium ions, under certain yet not well understood conditions?? (one possible 
progenitor mechanism is the accretion of hot matter onto the White Dwarf from a companion 
star) ignite a deflagration or detonation before the Chandrasekhar mass limit is attained, which 
unbinds (thermonuclear runaway energy release from Carbon fusion is one of the possible explosion 
mechanisms) the star in a Type la Supernova, and leaves no remnant behind. In more massive 
stars, an (effective) Chandrasekhar mass limit indeed sets the condition for onset of stellar core 
collapse (CC), onward of which the HE assumption becomes an inappropriate constraint on the 
physics: violent Neutron Star formation is one of the outcomes of CC, after -according to current 
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by Stoner (1930) who assumed a constant density fluid. With the theoretical model 
of gravitational implosion (ri — 0) of a sufficiently massive White Dwarf star, he 
demonstrated that (Newtonian) gravitational singularity formation is not merely a 
mathematical curiosity but a possible outcome of stellar evolution that connects to 
stellar progenitor models. 


The final equilibrium conjecture. Driven by views of a philosophy of science 
which exclude the possibility of gravitational implosion, Eddington vehemently dis- 
missed Chandrasekhar's mathematically rigorous calculation of an upper mass limit 
for mechanical stability of a White Dwarf star. During the meeting of the astro- 
nomical society, he expressed concerns about the relativistic degeneracy formula 
deployed by Chandrasekhar, suggesting that quantum degeneracy is lifted when 
relativistic effects become important: 


“The formula is based on a combination of relativity mechanics and non- 
relativity quantum theory, and I do not regard the offspring of such a union 
as born in lawful wedlock (...) There is no such thing as relativistic degen- 
eracy!” ?? 

Instead, he conjectured that when the nuclear energy supply is exhausted, the star 
reaches a final stable equilibrium state at which radiation pressure compensates 
further gravitational contraction: 


“The star has to go on radiating and radiating and contracting and con- 
tracting until, I suppose, it gets down to a few km radius, when gravity 
becomes strong enough to hold in the radiation, and the star can at last find 
peace.” ?? 
His argument was heuristic and not grounded upon an elaborated theoretical final 
equilibrium model, but it was influential enough to prevent Chandrasekhar's work 
from receiving a wider attention. 


2.3. Tolman-Oppenheimer- Volkoff mass limit vs. unexplored 
Equation of State effects 


(More) compact stars. The discovery of the neutron ?? in 1932 opened up new 
directions in nuclear stellar astrophysics. But even prior to its discovery, Landau 


‘standard’ CC Supernova models- a neutrino-driven convection-enhanced explosion has ejected a 
significant fraction of mass from the collapsing core. The explosive mass ejection allows the stellar 
post-collapse remnant find a new HE state at ultra-dense matter conditions, which -in the simplest 
treatment- is again modelled by a polytropic Equation of State: HE is now sustained by neutron 
degeneracy pressure of a quantum ideal gas composed of neutrons. 
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presented a model" of a more compact stellar core, taking form of a “gigantic 
nucleus”! composed of a stable matter configuration at which the protons and 
electrons still co-exist at densities even greater than the limiting pe « 101? 2, as- 
sumed in the original Chandrasekhar mass White Dwarf. While Landau did not 
explicitly invoke a neutron composition in his stellar core model, he anticipated the 
idea that stable matter configurations at even higher densities than the White Dwarf 
do exist, and still are adequately approximated by a polytropic EOS, taking degen- 
eracy pressure into account. Few years later, in 1934 the astronomers Baade and 
Zwicky suggested the explosive transformation of an ordinary star into a Neutron 
Star as an explanation of observations of supernova transients. 


“Tf super-novae are giant analogues to ordinary novae, we may expect that 
ionized gas shells are expelled from them at great speeds. If this assumption 
is correct, part of the cosmic rays should consist of protons and heavier ions. 
[...] We have tentatively suggested that the super-nova process represents the 
transition of an ordinary star into a neutron star. If neutrons are produced 
on the surface of an ordinary star they will ‘rain’ down towards the center 
if we assume that the light pressure on neutrons is practically zero. This 


view explains the speed of the star’s transformation into a neutron star.” 4? 


The details of the nuclear physics involved therein, in particular the transition of the 
protons, bounded together by the strong nuclear force, into neutrons by virtue of 
undergoing Electron Capture, were developed in subsequent years by Hund (1936) 
and by Gamow (1937). Because of the half-integer spin of the neutrons, Pauli 
pressure of the neutron ideal Fermi gas, rather than of the electron gas, is responsible 
for maintaining stability of the compact star, withstanding further gravitational 
contraction. Oppenheimer & Serber (1938) re-estimated the upper mass limit for 
a stable degenerate neutron core modelled by a polytropic EOS, but corrected the 
result of Landau, which posed too tight constraints on nuclear binding energy.*4 


Unexplored EOS effects. A treatment of degenerate neutron cores in General 
Relativity followed soon hereafter: it was based on Tolman’s solution ansatz to 


the interior Schwarzschild field of a spherically symmetric static matter distribu- 


tion?? 46. 


1 
det etd — aep trga my) 


™He arrives at the important formula 


3.1 /ħe\ 3/2 
Mo = — | — 9 
D en (5) (9) 


where Mo is the limiting mass that is sufficient to maintain the (Newtonian) HE, and the parameter 
m is the mass of a nuclear ion per one electron. For a degenerate White Dwarf core, m ~ 2mp where 
Mp is the proton rest mass, and from there follows the well-known Mo c 1.44Mo Chandrasekhar 
limit. 
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where m — m(r) — n dr'4rr’ p(r^) is the volume integral over energy density up to 
the radial coordinate r, and where the coefficient v = v(r) obtained from the fluid’s 
EOS. Oppenheimer & Volkoff (1939) adopted this ansatz for their calculation of the 
gravitational field inside neutron cores,^ which they assumed to have density p(r), 
isotropic pressure P(r), be at rest (u^ = 0) and under the absence of mechanical 
stresses. Under these assumptions, the stress-energy tensor of the perfect fluid 


P 
qucm (oo + PO) ey — Png!” ) (11) 
c 
simplifies, with T} = T? = T3 = —P and Tf = p remaining as the only non- 


vanishing diagonal components. Plugging them and Tolman's metric ansatz into 
the EFE R,, — SRG = SOT ws they derive a general relativistic HR condition, 
which -in a modern reformulation of the solution equations- reads 


aP(r) | Gm() 9 (1+ 20.) (i 8072) (1 2amteh) (12) 


dr r p(r)c? m(r)c? rc? 


In the general relativistic HE, both the stress-energy field and the gravitational 
field are stationary. The solution to the TOV equation (12) requires the supply of 
an EOS P = P(p, T), which reduces to P = P(p) if temperature-independent (as 
in the polytropic case), and which coincides with Schwarzschild's 1916 solution to 
the interior field if the constant density assumption p(r) = po is made. In their 
calculation of the upper mass limit to general relativistic stability, Oppenheimer 
& Volkoff model the neutron core by a variant of a more realistic polytropic EOS 
than Landau's, which however only takes into account Fermi degeneracy pressure 
of the neutron gas, and neglects contributions to the EOS from thermal energy and 
internal particle interaction forces. Under these assumptions, they derive a general 
relativistic upper mass limit Mroy < 2Mo. At the same time, they comment on 
solutions to the field equations for greater core masses: 


“For masses greater than Mo there are no static equilibrium solutions. 
(...) There would then seem to be only two answers possible to the question 
of the ‘final’ behaviour of very massive stars: either the equation of state 
we have used so far fails to describe the behaviour of highly condensed mat- 
ter that the conclusions reached above are qualitatively misleading, or the 
star will contract indefinitely (...) although more and more slowly, never 
reaching true equilibrium.” 4" 

The Tolman-Oppenheimer-Volkoff mass limit is seen as a first general relativistic 
(albeit rather coarse, given a simplistic treatment of matter in the neutron core) 
demarcation between a Neutron Star vs. Black Hole final fate of core collapse. As 
an alternative to complete gravitational collapse, the authors trace out a similar 
argument to Chandrasekhar’s, namely that the EOS used in their calculation might 
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become inadequate at more extreme matter conditions" and that yet unknown pres- 
sure sources (which not necessarily need to arise from fermionic degeneracy pressure) 
might be responsible for restoring HE of the star. In that case, the TOV condition 
eq. (12), and resulting mass limit, needs be re-evaluated with a yet unexplored EOS, 
in place of the polytropic ansatz which accounts for fermionic degeneracy pressure. 


3. Oppenheimer-Snyder collapse (1939-1965) 
3.1. Indefinite gravitational contraction 


After Oppenheimer and Volkoff established the upper mass limit for stability of a 
neutron core in 1939, Oppenheimer and his student Snyder that same year sought 
for solutions to the EFE for the case that the T'OV mass limit is exceeded by poly- 


trope fluid models of mass M > Mroy = 0.75 Mo, beyond neutron star densities 


(pc x 1019 2). Their result is that they do not find any stable matter states that 


allow for stationary solutions to the field equations for g,, that would respect the 
TOV equilibrium condition. Instead, under the idealizing assumption of vanishing 
pressure P(r) = 0, they find an analytical evolved solution to the gravitational field, 
describing gravitational collapse of freely falling matter henceforth simply modelled 
as dust. They reformulate Tolman's ansatz to the interior Schwarzschild metric (eq. 
(10)) in a coordinate system that is co-moving (u^ = 0) with the collapsing mat- 
ter. As result, the stress-energy tensor again takes the simple form of eq. (11), but 
-given the zero pressure assumption- the only non-vanishing component is the den- 
sity T? — p. The gravitational contraction of the star is continued indefinitely: as 
the continued spherically symmetric gravitational contraction shrinks the sphere of 
dust down to asymptotically zero, the central density diverges, local measures of 


"When taking a leap further ahead into the future, the reliance of compact star models on devel- 
opments in nuclear and particle physics becomes evident: after the postulation of the subnuclear 
quark particles*®:49 as constituents of hadronic matter and therefore of nucleons in 1964, Iva- 
nenko & Kurdgelaidze in 1965 constructed a simple Quark Star model.?? With the discovery of 
the theoretical description of the constituents of matter at a higher energy scale, a novel model 
for HE, sustained by degeneracy pressure of the constituent fermions, becomes conceivable. The 
Quark Star model assumes that the quarks constituting the neutron, bound together by the strong 
interaction at coupling strength o; (k?) that logarithmically decreases with scale, at high enough 
temperatures undergo a deconfinement phase transition to asymptotic freedom. The deconfine- 
ment of quarks justifies application of, once again, the quantum ideal Fermi gas model. The free 
quarks collectively reach a stable subnuclear HE configuration sustained by degeneracy pressure 
of the fermionic quark gas. Whether or not Quark Stars exist in nature is an unresolved scientific 
enquiry, especially in light of the fact that according to more recent, state-of-art models of Neutron 
Stars, the EOS of their (possibly deconfined and quark degenerate) cores is not well understood.?! 

The lower the mass, the lower does the quark degeneracy pressure need to be in order to 
maintain HE. Putatively, Quark Stars are therefore physically reasonable mimickers of very low 
mass Black Hole, but not of intermediate mass, massive, and supermassive Black Hole candidates. 
It is unlikely that the degeneracy pressure from any of the established fermions known in today's 
Standard Model of elementary particle physics is sufficient for the corresponding exotic compact 
star to act as supermassive Black Hole mimicker. However, certain models of compact Boson Stars 
open up new directions for physical speculation. 
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curvature diverge, and incomplete geodesics form.? The admission of the formation 
of a point mass singularity by the solution equations has been found before in the 
perfect fluid models of Schwarzschild, Chandrasekhar, Landau and Oppenheimer & 
Volkoff. What is remarkable? about the Oppenheimer & Snyder solution is that, 
along with the curvature singularity (which is, by virtue of the EFE, consequence 
of a locally divergent stress-energy field), their calculations also predict geodesic 
incompleteness. 


Non-vanishing pressure and mass loss effects. The Oppenheimer-Snyder type 
dust collapse model fulfills the conditions for the Raychaudhuri-Komar singularity 
theorem to apply, which implies formation of an infinite density point mass provided 
that the Weak Energy Condition (see Sec. (3.3)) holds: the Oppenheimer-Snyder 
collapse assumes a perfect fluid, which is irrotational, and geodesic (the absence 
of proper acceleration is consequence of the P — 0 assumption). From an infinite 
density point mass, the EFE imply a curvature singularity. Though what is more, 
the authors affirm their belief in the validity of the solution equations even for the 
case of non-zero pressure P Æ 0: 


“We believe that the general features of the solution obtained in this way give 
a valid indication even for the case that the pressure is not zero, provided 
that the mass is great enough to cause collapse (...) Of course, actual stars 
would collapse more slowly than the example which we studied analytically 


because of the effect of the pressure of the matter, of radiation, and of 


rotation.” 9? 


At the same time, they enumerate a number of physical mechanisms that could 
prevent a star from surpassing the TOV mass limit, after all of its thermonuclear 
internal energy resources have been exhausted: 


(1) the fission of the star into fragments by its rotation, 


°Setting the proper time 7 of a local observer co-moving with the collapsing matter of the outermost 
dust shell in relation with the coordinate time measured by a distant observer t outside the 
collapsing star, and taking the asymptotic limit t — oo, they find that proper time of a time-like 
geodesic converges to a finite 7 — To. As the collapsing star shrinks beneath its Schwarzschild 
radius, time-like geodesics become space-like. The authors calculate the asymptotic space-like 
configuration of the gravitational field inside the collapsing star: the temporal component git — 0 
vanishes while the radial component g"* reaches a finite configuration in the interior r < rg except 
at r = 0 where it becomes infinite. In addition, a coordinate singularity develops at r = rg. 
PThe authors also anticipate the idea that the two-sphere r = rg constitutes an event horizon, 
preventing an escape from the collapsing star and isolating it from any causal interaction with the 
exterior: 


* After this time ro an observer comoving with the matter would not be able to send a light 
signal from the star; the cone within which a signal can escape has closed entirely.” 9? 
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(2) photon radiation pressure blowing off outer mass layers, 
(3) significant enough mass radiation. 


From the perspective of modern astrophysical stellar evolution models of the late 
pre-collapse evolutionary stages, the above mentioned effects are unlikely to be 
strong enough to be a general argument preventing implosion of a physically realistic 
massive core.4 


3.2. The Landau-Wheeler arguments, and Boson Stars 


Landau pointed out in his 1932 and 1938 papers that a compression of fermions, over 


course of stellar gravitational collapse, to a point mass, with all fermions occupying 


the same phase space cell, leads to violation of fermionic quantum statistics, 56 


which prohibits occupation of the same quantum state by more than one fermion. 
'The formation of a point mass singularity is further complicated by other quantum 
principles. In particular, the Heisenberg uncertainty principle, according to which 
position and momentum of a particle cannot both be precisely constraint at the 
same time. Energy compactness considerations, advocated by Wheeler, according 
to which a quantum particle of given rest-mass energy is not allowed to localize at 
scales smaller than its Compton wavelength in order to be well-defined. Wheeler 
confronted Oppenheimer at the Solvay Conference (1958) to argue on heuristic 
grounds that the collapsing (fermionic) nuclear matter must dissolve into electro- 
magnetic, gravitational and/or neutrino radiation." In a way, his opposition to 
Oppenheimer's result was akin to Eddington's to Chandrasekhar's work, in that 
Wheeler took up Eddington's idea that radiation becomes held in the star, which 
though still maintains its final equilibrium. But Wheeler went further with an elab- 
orated model of a Geon as a HE candidate. In 1955, a decade before the stationary 


3(1): According to more recent computer simulations of rotating core collapse that deploy a poly- 
trope EOS,?? the infalling matter is indeed fragmented into an inner core contracting subsonically 
and an outer core contracting supersonically. The centrifugal force has the effect of deforming 
the inner core, and reducing the available gravitational energy to 'push' the outer core into an 
explosion. Rotation therefore has impact on the fate of the collapsing core regarding whether it 
explodes or not, but is not an implosion preventing mechanism that generalizes. (2): The high 
energy photon radiation in the hot stellar core leads to photo-disintegration of heavy nuclear ions 
(mostly iron group elements), which a more realistic massive core is composed of. Therefore, the 
photo-disintegration facilitates rather than prevents gravitational collapse, for it occurs at the price 
of taking away internal energy from the star: thermal radiation pressure contributes to the total 
pressure that maintains HE, and photo-disintegration has the overall effect of reducing it.?4 (3): 
Stellar winds in late phase massive star evolution do significantly contribute to mass loss, however 
the mass radiation mostly takes away mass from the envelope rather than from the core of the 
star, which -due to its greater compactness- is stronger bound gravitationally. Mass ejection from 
the core is strong enough only in the case of a CC Supernova explosion, signalling the violent birth 
of a proto-Neutron Star. However, a successful launch of an explosion is only one of the possible 
outcomes of stellar CC, along with a Failed Supernova, a Weak Supernova that precedes Black 
Hole formation by fallback of ejected matter onto the proto-Neuton Star, and the direct quiescent 
Black Hole formation.55 
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Newman-Kerr electrovacuum solution was found, Wheeler presented a solution to 
the EFE describing a spherically symmetric confined classical radiation field. His 
idea was that radiation is trapped in form of standing waves in closed circular toroid 
tracks of radius of the Geon, and collectively arranges to form stable macroscopic 
objects.58 These Geon configurations were supposed to consist of either of trapped 
electromagnetic waves or of trapped gravitational waves, held together by their own 
self-gravity in a stable equilibrium state. Since their reduced wavelength is negli- 
gibly small compared to the radius, the Geon decay rate is negligible over long 
time scales. By proposing a non-singular bosonic HE alternative to gravitational 
implosion, Wheeler further elaborated not only Eddington's but also Landau's ar- 
gument. Though the transition of fermionic mass-energy to bosonic states in a 
collapsing star still remained a conjecture, without a specified generic transition 
mechanism. Alas, his model -as well as variants thereof- turned out to be unstable: 
a small equilibrium perturbation to the confined radiation field leads to onset of its 
implosion." 

Following a different approach in line with Wheeler's Geometrodynamics re- 
search program, Wheeler together with his student Fuller returned to the idea of a 
non-singular Einstein-Rosen bridge connecting two symmetrical regions of an empty 
spacetime, and studied Wormhole solutions in the maximally extended Kruskal- 
Szekeres metric, with an introduced minimum proper circumference at the con- 
necting “throat” in order to obtain a singularity-free metric.?! But it was found 
that these suffer from qualitatively the same problem as Geon models, namely 
that Wormholes in 4-dimensional, general relativistic spacetime are unstable against 
equilibrium perturbations in a dynamic problem (which results in shrinkage of cir- 
cumference of the throat down to zero, and divergence of curvature invariants after 
finite proper time), unless even higher-dimensional space-time or quantum theoret- 
ical considerations are taken into account that stabilize the topological bridge. 


"However, when a complex scalar field y is considered instead of the electromagnetic field, the 
equation of motion for the complex scalar field (the Klein-Gordon equation) admits stable geon-like 
soliton solutions, stabilizing as a Boson Star. Their gravitational field is sourced by the self-gravity 
of the bosonic waves, which are dispersed in accordan with the Klein-Gordon equation, satisfying 
the laws of Bose-Einstein quantum statistics: bosonic particles of mass u confined within an object 
of size 2R possess a proper velocity v œ (2Rjj) -!. It is the Heisenberg uncertainty pressure of 
the bosons which provides the pressure (along with a self-interaction term, which adds either a 
positive or a negative contribution to pressure, depending on the nature of the self-scattering 
potential V(q)) to counterbalance contraction and maintain HE. However, given a limitation by 
the finite internal radius, and thereby the proper velocity of the Bosons, there is à maximum 
mass to stability of a Boson Star, Mgs c TE (whose precise value is determined from specific 
boson star models), beyond which the Heisenberg uncertainty pressure is insufficient to withstand 
gravitational collapse (mp is the Planck mass).°9 It therefore seems not implausible that Boson 
Stars, even if they exist, are only an intermediate stable configuration state, before gravitational 
collapse of the compact Boson Star occurs if it has become sufficiently massive. 
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3.3. The Khalatnikov-Lifshitz asymmetry argument, and Penrose's 
1965 theorem 


'The Oppenheimer & Snyder paper convinced Landau about the reality of complete 
gravitational collapse of matter, but not of the irregularities in the metric field by 
the formation of singularities (referring to all three notions defined in Sec. 1). As 
one of the leading figures of the Soviet school assessed the prediction of gravita- 
tional singularities in collapsing stars as well as in Early Universe Cosmology to be 
the major unsolved problem of theoretical physics, his judgement would shape the 
thinking of a generation of Soviet theorists. The Landau school accepted the reality 
of gravitational collapse sooner than the Wheeler school, and would endow it with 
the name “Frozen Star", grounded upon effects at the Schwarzschild boundary, ap- 
parent to an external observer, rather than interior singularity hallmarks.? Doubting 
singularity formation as physically viable, Khalatnikov and Lifshitz in the early 60s 
advocated that in any physically realistic stellar gravitational collapse scenario, the 
condition of spherical symmetry, inherent in the Schwarzschild metric, would be 
violated.9? In realistic asymmetric collapse, they argued that nonlinearity effects 
would dominate the interaction between gravitational field and matter, resulting in 
chaotic dynamics and impeding formation of the central singularity. Instead, they 
interpreted the central singularity as an artifact prediction that arises from the 
imposed spherical symmetry condition in the Oppenheimer-Snyder collapse. 

Penrose's work on the singularity theorem?! historically was motivated as a 
counter to the Khalatnikov-Lifshitz argument. The theorem states that, provided 
that a set of conditions are fulfilled, the production of geodesic incompleteness sin- 
gularities is generic to General Relativity theory, independent of spherical symmetry 
assumptions: 


The question has been raised as to whether this singularity is, in fact, sim- 
ply a property of the high symmetry assumed. The matter collapses radially 
inwards to the single point at the center, so that a resulting space-time catas- 
trophe there is perhaps not surprising. Could mot the presence of perturba- 
tions which destroy the spherical symmetry alter the situation drastically? 
[...] It will be shown that, after a certain critical condition has been unfilled, 
deviations from spherical symmetry cannot prevent space-time singularities 
from arising.®! 


* Characteristics of the Frozen Star definition are 


e the infinite gravitational redshift of light signals, down to zero, emitted from the Schwarzschild 
boundary, and 

e the illusory coordinate singularity effects that, as measured in coordinate time of a distant 
external observer, it takes infinitely long for the outermost coontracting stellar surface to 
collapse under the star's Schwarzschild boundary; as well as the infinite gravitational time 
delay of a test object asymptotically approaching the Schwarzschild boundary from outside 
but never reaching it. 
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Penrose starts off with three premises (geodesic completeness, the weak energy 
condition, and the causality condition) and shows that they lead to a contradiction, 
provided that a closed future-directed trapping surface, which is not necessarily 
spherically symmetric, has formed. The resolution of the contradiction requires that 
one of the premises is refuted. If one holds onto the latter two conditions, then the 
geodesic completeness assumption needs be rejected. Put differently, the conditions 
that need be fulfilled in order for the singularity theorem to apply are 


e Weak Energy Condition: Ry," 5" > 0, strictly speaking a geometrical condi- 
tion that demands the convergence of null-like and time-like vector fields y.t 

e Causality Condition: the spacetime has an initial Cauchy hypersurface, and by 
global hyperbolicity is time-orientable (no closed null-like or time-like curves). 

e Boundary Condition: formation of a closed future-trapped surface. 


Assuming that the above conditions are satisfied throughout the entire course of stel- 
lar gravitational collapse, Penrose's theorem guarantees formation of incomplete null 
geodesics". For the case of a collapsing star modelled by the Schwarzschild ansatz, 
the outermost trapped surface forms at rp = rg where ry is the outer boundary of 
the spherically symmetric collapsing star. Under which generic conditions a trap- 
ping surface forms, and whether it is reasonable to assume that the weak energy 
and causality conditions apply throughout the entire course of gravitational core 
collapse, are separate research questions that require further investigation, going 
beyond the scope of this work. 

'The geodesic incompleteness singularity theorem is independent of the EFE. 
Therefore, it applies to any theory of gravity, e.g. f(R) theories, formulated using 
the framework of Lorentzian geometry, that satisfies the stated causality, energy 
and boundary conditions. The Penrose theorem does not state ‘where’ in space-time 
the incomplete geodesics locally form. Moreover, the theorem makes no statement 
about local curvature divergence. The lack of a physical characterization of geodesic 
incompleteness formation is by some (e.g. Landau & Lifschitz in Ref. 62) seen as 
weakness of the theorem - the theorem does not exemplify the reasons for which the 
geodesic incompleteness occurs: whether or not the path inextendibility is due to 


tIn GR, the Ricci tensor Pj, is related to Tj, by the EFE, which gives the geometrical condition 
a conceptual interpretation in terms of energy related physical quantities. 

"A key tool used in the formulation and proof of the singularity theorems is the focusing effect 
of the Raychaudhuri equation. The equation describes the divergence behaviour of a congruence 
family of geodesics. The divergence of a congruence is defined as the derivative of the logarithm of 
the determinant of the congruence volume. Raychaudhuri's equation then describes the evolution 
of geodesic congruences. The closed trapping surface condition implies that light rays emitted in 
opposite directions orthogonal to a closed space-like 2-sphere converge. Null geodesics include the 
entire boundary of the proper future: when they converge from opposite sides, there is no more 
future boundary. The congruence volume of parallel null geodesics reaches zero within finite affine 
length. Consequence is the generic prediction that the relativistic spacetime (M, g) is not future 
null geodesically complete. 
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curvature divergence, is left open. The latter fact can, however, instead be seen as a 
strength of the theorem, in that it allows to treat the geodesic incompleteness and 
infinite curvature singularity notions apart from one another: the Penrose theorem 
does not need to relate geodesic incompleteness to any pathological mass-energy or 
curvature state in order to apply. 


3.4. The Planck- Wheeler length, and Markov's curvature bound 


Curvature fluctuations at Planck scale. Together with his students Harrison 
and Wakano, Wheeler in 1958 mapped out, in a research study that combines the- 
oretical and numerical work, a catalogue of the endpoints of stellar thermonuclear 
evolution for a wide range of stellar masses.?" The catalogue played a pivotal role 
in his later conviction that along with the White Dwarf and Neutron Star com- 
pact remnant endpoints of stellar evolution, the complete gravitational collapse as 
predicted by the Oppenheimer & Snyder model, although it makes crude approxi- 
mative assumptions, is a possible outcome of evolution of massive stars. Along with 
exclusion of alternatives to complete gravitational collapse, the decisive rolet for 
Wheeler's conviction was played by computer simulations of CC, in particular those 
of Colgate & White (1966), which adopted more realistic EOS models of stellar 
matter, and thereby undermined Wheeler's earlier objection that the Oppenheimer- 
Snyder collapse model is physically unreasonable. Wheeler's updated stance on the 
issue of the final fate was that mass-energy disappears, as it gets torn into pieces by 
the divergent tidal forces at the center of mass. The complete gravitational collapse 
results in a gravitating vacuum (T,, = 0), which he later called “mass without 
mass”, or “disembodied mass” .9? However, with regard to the prediction of curva- 
ture singularity formation as part of the final fate, Wheeler expressed mistrust in 
GR as the appropriate theory of gravity at smallest scales. His conviction was that 


the Planck length £p = y 2€ is the minimum scale at which space is resolved in 
an ultimate theory of gravity, and at which he expected space to exhibit “quan- 


7966 of random curvature fluctuations, including microscopic wormholes. 


tum foam 
Whether or not a gravitational singularity forms over course of unhalted implosion 
would then be assessed by a successor theory, after the “fiery marriage” of quantum 
theory and gravitation. The important point he raised is that -while he accepted 
reality of gravitational collapse- the curvature singularity might be an artifact pre- 
diction that arises neither because a yet unexplored pressure source has not been 
taken into account, nor because of idealization, but because the theory of gravity 


itself breaks down. 


Maximal energy density. Aiming at the same goal (the theoretical preclusion of 
curvature singularity formation) but following a different line of argument, Markov 
in 1947 first stated the conditions under which there arises an upper limiting bound 
to curvature,?" an idea he would explore and elaborate further over the subsequent 


3621 


decades (see e.g. Refs. 68, 69) His proposal was that a limiting quadratic curvature 
invariant 


1 
Had < ez (13) 
P 


is consequence of a maximal density p, = s By 1094 —2— of mass-energy that is 
permitted to occur in nature. The limiting energy density, a construction from the 
ratio of the three natural constants c, i and G of special relativity (SR), quantum 
theory (QT) and gravitation, remains a conjecture. Though he gives a motivation 
for it, from consideration of the underlying principles of the theories that provide the 
limiting constraints: from SR, that the propagation velocity of any signal cannot 
exceed c (a principle held so sacred by Einstein); and from QT, that the action 
cannot be less than A (a condition which is violated in classical physics). At the same 
time, Markov highlights that it is the nonlinearity in the differential gravitational 
field equations coupling stress-energy to measures of curvature, which needs to 
supply the energy cut-off to avoid UV divergences and the renormalization problem 
of quantum field theory." 


4. Conclusions 


'The decades spanning in between Schwarzschild's analytical 1916 solution to the 
EFE and Penrose's 1965 singularity theorem produced a rich pool of thought about 
the nature of gravitational singularities, and about the viability of their physical 
realization in stellar gravitational collapse. The examination of the arguments in 
favour or against realism on singularity formation requires to take into account 
considerations from differential geometry, stellar astrophysics, and history of science. 
We have investigated a long list of singularity formation counter-arguments and, 
while telling the three gravitational singularity notions apart, came to the following 
conclusions: 


e Geodesic incompleteness is an innovative (as it is not available in Newtonian 
gravity), the most general and a non-local singularity characterization, which is 
compatible with but does not require divergence in any curvature quantities, and 
which does not prima facie contradict principles neither of general relativity nor 
of quantum theory. Prediction of geodesic incompleteness by Penrose's theorem 
therefore does not indicate breakdown of GR. 


VAs the maximal density limit is reached, he argues that a phase transition of matter-energy 
into a de Sitter vacuum takes place. The latter conjecture has been be elaborated by Gliner and 
Sakharov in 1966, with applications to singularity resolution in Cosmology: the negative pressure 
P = —p < 0 obeyed by the false vacuum Tuv = Agyy introduces a repulsive term into the field 
equations and violates, by virtue of the EFE with A included on the right-hand side, the weak 
energy condition. With the unclarified nature of A, the de Sitter phase transition is a non-singular 
albeit speculative outcome of gravitational collapse, whose investigation goes beyond the scope of 
this work. 
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An infinite quadratic curvature invariant is not a trustworthy prediction of GR, 
because it is a local singularity characterization evaluating properties of the 
gravitational field down at microscopic scales below the Planck length, while 
GR is a phenomenological theory of gravity. A microscopic theory of gravity 
theory, perhaps a unified field theory Einstein and Wheeler were questing for, 
would reconcile the physics of the gravitational field itself with principles of 
quantum theory. In addition, there are several sub-classes of infinite curvature 
singularities, which are problematic in their own right. 

Curvature singularity avoidance is achieved in general not by introduction of 
a yet unexplored speculative EOS which either appropriately describes mass- 
energy at extreme conditions and restores HE in a collapsing star, or implies a 
phase transition that introduces a repulsive term by virtue of the EFE (even 
if there are such remedies, GR would still allow for analytic solutions to EFE 
with singular curvature, which remains problematic), but by modification of the 
gravitation theory itself. Markov's bound on the quadratic curvature invariant 
is consequence of a limiting mass-energy density conjecture, from which it is 
derived. However, theoretical work has shown that -under certain conditions- 
curvature singularities form in GR even from a vacuum spacetime, as in the case 
of colliding gravitational waves, independent of matter. We therefore propose to 
retain Markov's conclusion (eq. 13) but to reverse the logic: a limiting density 
of both stress-energy and of gravitational energy is consequence of a bound on 
the quadratic curvature invariant. The curvature bound needs be introduced 
from first principle quantization considerations, which GR -as a macroscopic 
theory- does not itself supply from within the gravity theory. 

Curvature divergence signals the breakdown of Lorentzian geometry, indepen- 
dent of the EFE: the continuous nature of Lorentzian geometry permits gravi- 
tational contraction in Oppenheimer-Snyder collapse be continued indefinitely, 
without that a limiting scale is ever reached. GR does not cure a problem it it- 
self inherits from Newtonian gravity: since in either theory measures of distance 
are non-quantized, a curvature pathology in GR is permitted to occur in GR for 
the same reason that allows for infinite force in Newtonian gravity. If quantum 
theory is not well-defined at scales smaller than the Planck length, it is not 
evident why GR should be. In addition, it is the lowest scale at which Lorentz 
symmetry applies. £p therefore is a natural unit measure for quantization of 
the quadratic curvature invariant, which can only be achieved by a quantiz- 
ing tessellation of Lorentzian geometry in units of Planck length and Planck 
time. Assuming that physics at scales below the Planck scale is meaningless, 
the curvature bound (Rv REUS = = limit) impedes formation of any energy 
density singularity in any inertial frame, because it makes space contraction to 
a point an impossibility. 
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Peter Bergmann initiated in 1966 an application of Hamilton-Jacobi techniques to gen- 
eral relativity. Little had been done by this time on extending this analysis to gauge 
theories. He proved that when, as in the case of Einstein's theory, the phase space gener- 
ator of evolution consisted of a linear combination of constraints, the Hamilton principal 
function must be independent of spacetime coordinates. Also the Hamilton Jacobi equa- 
tions that determined this functional of the 3-metric retained their form under phase 
space functionals that were invariant under the action of the spacetime diffeomorphism 
group. Komar followed up beginning in 1967 with a series of papers in which he proved 
that a complete solution of the Hamilton Jacobi equations was determined by a com- 
muting set of diffeomorphism invariants. These invariants thereby labeled equivalence 
classes of solutions of Einstein's equations under the action of the full four-dimensional 
diffeomorphism group. Furthermore, this set satisfied canonical commutation relations 
with another invariant set. The hope and expectation was that these invariants could 
be promoted to quantum operators in a quantum theory of gravity. This framework will 
be contrasted with J. A. Wheeler's geometrodynamical program in which the only un- 
derlying covariance group is spatial diffeomorphisms. The full spacetime diffeomorphism 
symmetry is replaced by the notion of *multi-fingered' time. A related dispute concerning 
the ‘sandwich conjecture’ will be discussed, relevant to the functional integral approach 
to quantum gravity. Two three geometries cannot determine a corresponding four geom- 
etry if they lie in distinct four dimensional diffeomorphism equivalence classes. 


Keywords: Hamilton-Jacobi equations; geometrodynamics; quantum gravity. 


1. Introduction 


'The following is a brief historical overview of work on a Hamilton-Jacobi approach 
to general relativity that was undertaken by Peter Bergmann and Arthur Komar in 
the 1960's and 1970's. A more detailed initial version, discussing both the relation of 
their research to previous and concurrent approaches, and to later progress, appears 
in Ref. 1. A further revision and expansion is in progress. The emphasis throughout 
their investigations was on the full four-dimensional diffeomorphism covariance of 
Einstein's theory. This lead to a divergence with the geometrodynamical approach 
of John Wheeler and company where only the spatial covariance is fully respected. 


2. Bergmann's initial Hamilton-Jacobi analysis of general relativity 


It is not widely recognized that it was Peter Bergmann who pointed out to Peres 
prior to the publication of his groundbreaking paper in Ref. 2 that his S appearing 
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as an argument in the four general relativistic constraint equations should be 
interpreted “as the Hamilton-Jacobi functional for the gravitational field." Of course 
the following are now identified as the Wheeler-DeWitt equations, 


ôS 
Hy (oo. =) =0, (1) 


where the H, (Jav, p°) are the secondary constraints in general relativity. Bergmann 
proved in Ref. 3 that in a theory in which the Hamiltonian is constrained to vanish S 
could not depend explicitly on the time. The argument applied equally well to spatial 
dependence, as noted first in Ref. 4. Thus S = S[gap(#)]. Bergmann also showed that 
the Hamilton-Jacobi equations were form invariant under canonical transformations 
generated by diffeomorphism invariants. The fact that the numerical value of S is 
altered under the action of Ho presented a puzzle. The question arose whether this 
could this be inconsistent with the accepted notion of ‘frozen time’. 


3. Komar’s isolation of solution equivalence classes 


Komar observed in Ref. 4 that although there were only four Hamilton-Jacobi equa- 
tions the principal function S delivered 6 x oo? expressions for the momenta, 


ôS 

ab ( => 

P T) 5 I Im 2 
( ) ÔJab (X) ( ) 
and therefore the p°è(7) are not uniquely determined. Two additional constraints 
needed to be imposed, with A — 1,2, 


0 = 9S AL 
0% [aus 5 rx | - aat) =0. (3) 


From the fact that 

a a) 6S E 

Ógab ópcd ÓgcdÓgab 
and similarly for the H, it follows that 

8S ôH, 50% of OH, 60% \ _ 0. 

ÓgabÓgea dp ópcd opt dp 
In other words, the a9, must be diffeomorphism invariants (and they must also 
commute with each other.) 

The constant values of a% [ga (2), p4()] identify equivalence classes under the 
action of the spacetime diffeomorphism group. In Ref. 5 he showed that there existed 
invariant functionals 8! that were canonically conjugate to the a9. However, as 
formulated at this stage by Komar, one cannot yet obtain solutions of Einstein’s 
equations by setting 84(#) = OE One still requires a temporal coordinate - like 


0, (4) 


(Hu, 0% = 


(5) 


the ‘intrinsic’ q? that appears in the free particle action. 
In Ref. 5 he showed that there existed invariant functionals Bn that were canon- 
ically conjugate to the a%. However, as formulated at this stage by Komar, one 
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cannot yet obtain solutions of Einstein's equations by setting 8^ (a?) = TAO One 
still requires a temporal coordinate - like the ‘intrinsic’ q? that appears in the free 
relativistic particle action, with increment given by 


dS, = p,dq", (6) 


with constraint p? + m? = 0. This can be compared to vacuum general relativity 
where the non-vanishing contribution to the increment in the action takes the form 


d$,. = / dr pardg”, (7) 


with constraints H, = 0. 
In the particle case one can choose the ‘intrinsic time’ t = q as the evolution 
parameter and also solve for po resulting in 


d$, = — (P + m?) dt + padg*. (8) 


This yields the complete Hamilton principal function 


/ 


&(g*. t;a?) =— (a? + m?)' on aq". (9) 


The analogue of the gravitational ag in this case is p^. The analogue of the canonical 
conjugate 59, would be the reparameterization constant q^ — pq? /p?. The general 
solution is obtained from 


_ OS» 
~ Jat 

Bergmann and Komar, Ref. 6, had explicitly recognized this type of emergence 
of intrinsic time evolution. Earlier, Komar in Ref. 7 had proposed that intrinsic 
curvature-based coordinates could be constructed using Weyl curvature scalars. He 
and Bergmann in Ref. 8 proved that these scalars depended only on gap and p°?. The 
question naturally arise as to why Bergmann and Komar did not proceed with the 


8^ 


use of intrinsic coordinates in their Hamilton-Jacobi treatment. A Bergmann quote 
in Ref. 9 from 1971 is revealing: *Although intrinsic coordinates lead, in principle, 
to a complete set of observables in general relativity, their defects, of which the most 
glaring is their deviation from Lorentz coordinates, render this procedure illusory. It 
appears preferable to retain coordinates that are approximately, or asymptotically 
Lorentzian and hence not to destroy one's intuition." Thus in spite of prolonged 
occupation with a Hamiltonian formulation of the the underlying general covariance 
of general relativity, Bergmann still seemed to have ceded undue importance to the 
more familiar Poincaré symmetry of conventional field theory. 

However, as shown in Ref. 10 it is in principle possible to carry out a canonical 
change of variable in the non-vanishing increment dSgcg to intrinsic spacetime co- 
ordinates z^ = X" (gab, p^4^), analogous to the parameter choice t = q? in the free 
relativistic particle model. This is a corrected version of Refs. 11 and 12. Current 
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work with Kurt Sundermeyer and Jürgen Renn is in preparation. One makes a 
canonical change of variables such that 


dSgr = J dx p"^dgay 


ôG ôG ôG 
= 3 H A | | | H 
fë (max + p^ dga + 55, 0^ 554 194 3xudX j (10) 


One must find a generator G[gay, X A, gp] such that pap = x 'Then 


dS}, := d(S,,— G) = J dr (n,dX" + p4dga). (11) 


Next choose the X^ as intrinsic coordinates, i.e., set z^ = X". Finally, one elimi- 
nates the canonical conjugates to X^, mp, by solving the constraints. Then we have 
the resulting intrinsic Hamilton-Jacobi equation 
6s! os 
gr u gr 
T I gee, Wee 
o faa an] + 8 


=0. (12) 


From the complete solutions 97, [ga, x"; ag] one can obtain the full set of physically 
distinct solutions of Einstein’s equations from 


à. 55s 
da, : 


(13) 


4. Contrast with geometrodynamics 


The contrast of this program with Wheeler’s geometrodynamics cannot be over- 
stated. The multifingered time approach assumed that the full four-dimensional 
diffeomorphism symmetry had been lost. States should be labeled by the 2 x oc? 
diffeomorphism invariants a4(#), and not by three-geometries. 
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It is often claimed that the fundamental laws of physics are deterministic and time- 
symmetric and that therefore our experience of the passage of time is an illusion. This 
talk will critically discuss these claims and show that they are based on the misconception 
that the laws of physics are an exact and complete description of nature. I will argue that 
all supposedly fundamental deterministic and time-symmetric laws have their limitations 
and are supplemented by stochastic and irreversible elements. In fact, a deterministic 
description of a system is valid only as long as interactions with the rest of the world 
can be ignored. The most famous example is the quantum measurement process that 
occurs when a quantum system interacts with a macroscopic environment such as a 
measurement apparatus. This environment determines in a top-down way the possible 
outcomes of the measure- ment and their probabilities. I will argue that more generally 
the possible events that can occur in a system and their probabilities are the result 
of top-down influences from the wider context. In this way the microscopic level of a 
system is causally open to influences from the macroscopic environment. In conclusion, 
indeterminism and irreversibility are the result of a system being embedded in a wider 
context. 


Keywords: Indeterminism, irreversibility, contextual emergence, top-down causation, 
nonreductionism 


1. Introduction 


The success of physics at explaining, calculating and controling processes in nature 
has led to the widespread belief that the equations of physics describe accurately 
how the state of a system changes with time under the influence of the various 
physical forces. Even more, many physicists think that the properties of the fun- 
damental equations of physics are also properties of nature. Since these equations 
are deterministic, it is concluded that nature also is deterministic, with the time 
development being completely determined by the initial state and the fundamental 
laws. Furthermore, these laws are invariant under changing the direction of time. 
Based on this, many physicists think that the perceived direction of time is merely 
a consequence of very special initial conditions of the universe, and that all pro- 
cesses in nature could in principle also run backwards in time. Einstein is the most 
prominent scientist who considered the irreversible passage of time as an illusion 
since the present contains already the future, as it is fixed by the deterministic laws 
of physics and the initial conditions. 
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The implications of this understanding of physics are immense. It follows in par- 
ticular that our experience of being agents that can act in the “now” and thus bring 
about future developments is also an illusion. And if everything is fully determined 
by the laws of physics, this contradicts our experience that our decisions are driven 
by non-physical causes such as values and logic and purpose. 

While many philosophers of science buy the bold claims made by physicists, 
others are more skeptical. Indeed, there are many reasons to be skeptical. Physics 
as a science is always an approximate and incomplete description of nature and 
not a direct image of what goes on in nature. And many physicists not working 
with supposedly ‘fundamental’ physics such as quantum physics, but in condensed 
matter physics or soft matter physics, are aware of these limitations of the basic 
physical theories at describing nature. Instead of deriving the properties of their 
systems starting from the many-particle Schródinger equation (which would be the 
fundamental equation for an object that consists of a huge number of atoms), they 
write down simpler models and effective theories that capture more directly the 
phenomenon to be described. These theories are often even in logical contradiction 
with the supposed fundamental theory, as explained in the following quote by Nobel 
laureate Anthony Leggett!: 


No significant advance in the theory of matter in bulk has ever come about 
through derivation from microscopic principles. [...] I would confidently ar- 
gue further that it is in principle and forever impossible to carry out such a 
derivation. [...] The so-called derivations of the results of solid state physics 
from microscopic principles alone are almost all bogus, if ‘derivation’ is 
meant to have anything like its usual sense. Consider as elementary a prin- 
ciple as Ohm's law. As far as I know, no-one has ever come even remotely 
within reach of deriving Ohm's law from microscopic principles without a 
whole host of auxiliary assumptions (‘physical approximations’), which one 
almost certainly would not have thought of making unless one knew in ad- 
vance the result one wanted to get, (and some of which may be regarded 
as essentially begging the question). This situation is fairly typical: once 
you have reason to believe that a certain kind of model or theory will ac- 
tually work at the macroscopic or intermediate level, then it is sometimes 
possible to show that you can ‘derive’ it from microscopic theory, in the 
sense that you may be able to find the auxiliary assumptions or approx- 
imations you have to make to lead to the result you want. But you can 
practically never justify these auxiliary assumptions, and the whole process 
is highly dangerous anyway: very often you find that what you thought 
you had ‘proved’ comes unstuck experimentally (for instance, you ‘prove’ 
Ohn's law quite generally only to discover that superconductors don't obey 
it) and when you go back to your proof you discover as often as not that 
you had implicitly slipped in an assumption that begs the whole question. 
[...] I claim then that the important advances in macroscopic physics come 
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essentially in the construction of models at an intermediate or macroscopic 
level, and that these are logically (and psychologically) independent of mi- 
croscopic physics. Examples of the kind of models I have in mind which may 
be familiar to some readers include the Debye model of a crystalline solid, 
the idea of a quasiparticle, the Ising or Heisenberg picture of a magnetic 
material, the two-fluid model of liquid helium, London's approach to super- 
conductivity .... In some cases these models may be plausibly represented 
as ‘based on’ microscopic physics, in the sense that they can be described 
as making assumptions about microscopic entities (e.g. ‘the atoms are ar- 
ranged in a regular lattice"), but in other cases (such as the two-fluid model) 
they are independent even in this sense. What all have in common is that 
they can serve as some kind of concrete picture, or metaphor, which can 
guide our thinking about the subject in question. And they guide it in their 
own right, and not because they are a sort of crude shorthand for some 
underlying mathematics derived from ‘basic principles.’ 


The goal of this paper is to show that the claim that nature is at its most 
fundamental level reversible and deterministic is wrong. First, I want to explain 
that the time-reversible and deterministic nature of the supposedly fundamental 
physical equations are in fact idealizations that hold only under very specific condi- 
tions. In particular, the studied objects must be carefully isolated from interacting 
with the rest of the world. By taking a closer look at the areas of physics that 
are supposedly based on these fundamental equations, I will point out instances 
where indeterministic and irreversible additional elements are added to the theory 
when needed. This shows that the programme of deriving everything only from 
the fundamental equations is never realized in practice. I will furthermore argue 
that indeterminism and irreversibility are closely related, as the first implies the 
second. 

The central part of my paper will focus on the influence of the environment and 
on top-down effects. By looking at what happens in a quantum measurement, we 
will see that the environment determines the possible events and their probabilities. 
'This will lead us to a more general discussion of how stochasticity and irreversibility 
are the result of top-down effects from the context. A consequence of this is a 
contextually emergent view of nature, where not everything is controlled bottom- 
up by microphysics but there are also top-down influences from the surrounding 
context - even from without physics. This prepares the conclusion that while physics 
underlies everything that happens in nature, it does not determine everything. 


2. Irreversibility and indeterminism in the ‘fundamental’ theories 
of physics 


The following considerations show that no theory that was once or is now thought 
to be fundamental can do without adding irreversible elements. 
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2.1. Classical mechanics 

Classical mechanics is based on Newton's law 

T. pg 0) 
— = F(a). 

dt? 


This law is deterministic as the position ¥ and velocity y = d#/dt at a given moment 


m 


in time determine the future time evolution of x and v. The law is invariant under 
time reversal as a change of the sign of t does not change the law. Consequently, 
when a time evolution of y and x has occurred from time t = 0 to t = ty, the reverse 
time evolution takes place when starting at time ty and inverting the velocity v. 
When applying Newton's law to many particles that interact via mutual forces, the 
same conclusions are obtained. Due to its impressive success at unifying Kepler's 
laws of planetary motion and Galileis laws for falling bodies, Newton's theory was 
considered for a long time an exact and comprehensive description of the physi- 
cal world, but there have always been cautious voices pointing out its limitations, 
see.^? Only with the advent of the theory of relativity and quantum mechanics 
did it become clear to everybody that this view is wrong. Sometimes I wonder why 
physicists still make this mistake to believe that their most recent theories are exact 
and universal... 

Back to classical mechanics: Even before the mentioned developments in the 
20th century, it was clear that classical mechanics cannot do without irreversible 
elements: When comparing the equations to reality, one needs to include friction. 
For instance, a pendulum that swings freely under the influence of gravity will 
eventually come to rest as friction reduces the swinging amplitude with time. When 
including friction, Newton's law becomes 

22 3 
mia — FG) nF (2 
with a friction term proportional to the velocity, the strength of which is determined 
by the friction coefficient 7. Even the apparently so perpetual motion of the planets 
on their orbits is slowed down by friction due to tidal forces. 

Classical mechanics also knows stochasticity. As explained so well by Gisin,^? 
determinism is valid only if position and velocity have infinite precision. But physics 
is always limited to a finite number of bits when measuring and calculating the mo- 
tion of objects. For chaotic systems, the time evolution of which depends extremely 
sensitively on the initial values, this means in practice that prediction of the fu- 
ture time evolution becomes impossible beyond a certain time horizon. There are 
good reasons to conclude that this indeterminism is not just a matter of our limited 
abilities, but an inherent feature of nature, see also.? 7 

If we accept that chaotic systems are inherently stochastic, the irreversible na- 
ture of friction is coupled to stochasticity on the atomic level of description: Viewed 
microscopically, the slowing down of the pendulum is due to collisions of the pen- 
dulum with the randomly moving molecules in the air. However, the motion of the 
atoms is not deterministic since it is chaotic when described by Newton's laws. 
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2.2. Classical electrodynamics 


Classical electrodynamics is governed by Maxwell’s four equations, 


V. E = 4ro (3) 
» 10B 
E= 4 
MX c Ot (4) 
V.B-0 (5) 
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These equations are again deterministic as an initial configuration of the electric 
and magnetic fields E and B and of the charge and current density distributions o 
and j determine the future evolution of the fields, and using Newton's equation for 
the motion of the charges under the influence of the fields they also determine the 
time evolution of the charge and current densities. 

'The equations are also time reversible: When reversing the direction of time and 
that of currents and magnetic fields, Maxwell's equations remain unchanged. So for 
each time evolution there is an equally realistic reversed time evolution (as nature 
knows of no preferred oriention for currents or magnetic fields). 

However, there is an important subfield of electrodynamics where the time rever- 
sal invariance is broken: This is the emission of radiation from accelerated charges. 
Using the electrostatic potential ¢ and the magnetic vector potential A instead of 
E and B , the emitted radiation takes the form 


pU _ [FF 
way fert um (7) 
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A(T, t) = dr ; (8) 


This means that the potentials (and consequently the fields) at a position 7 at 


E 


|r-7 
C , 


which is simply the time electromagnetic radiation takes to propagate with the 
velocity of light from the point of origination 7 to the point of measurement r. All 


time t are determined by the motion of the charges at earlier times t — 


electromagnetic fields thus have localized sources in the temporal past.? 

When explaining the reasons why emission of radiation is described by the re- 
tarded solutions, one has to resort to microscopic stochasticity: Radiation emitted 
by localized sources is absorbed by walls etc. The reverse process would be that 
different walls conspire to emit radiation that converges from all directions to a 
localised sink where it is completely absorbed and turned into motion of electrical 
charges. However, this ‘conspiracy’ is argued to be impossible as the atoms of the 
walls perform random thermal motion and therefore emit incoherent thermal ra- 
diation and not radiation that is correlated over large spatial scales. The thermal 
motion of the wall atoms is considered to be stochastic. 
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There is a second way how stochasticity enters electrodynamics: When trying 
to describe what happens at the atomic scale when light is emitted, one needs to 
resort to a quantum version of electrodynamics, which is quantum electrodynamics 
and describes the emission of light in terms of the stochastic emission of energy 
quanta (each containing an energy fw with w being the frequency) from the source. 
And this brings us to the next section, which deals with quantum mechanics. 


2.3. Quantum mechanics 


The basic equation of nonrelativistic quantum mechanics for one particle is the 
Schrodinger equation 


Ó A 
ih—WV(zZ,t) = HW(z) (9) 
ot 
with the Hamilton operator 
^ p 
H = — + V(x). (10) 
2m 


Here, the first term is the kinetic energy, and the second the external potential. 
Given the initial state v (z, 0), the state at other times t are given by the relation 


V(z,t) = e-i8t/^ qa, 0) (11) 


if the potential V (x) is not explicitly time dependent. 

This equation is deterministic. This means that the initial state, combined with 
the Hamiltonian determines the future time evolution. It is also invariant under 
time reversal: The time-reversed Schródinger equation is solved by the complex 
conjugate wave function V*, and this does not affect the observables as they are 
calculated from expressions that contain products of V and W*. All this holds also 
for the many-perticle version of the Schródinger equation. 

However, quantum mechanics is incomplete without a rule for how to calculate 
the outcome of a measurement. And this rule says that out of all possible measure- 
ment outcomes of an observable, one of them (let us call the corresponding state n) 
is chosen stochastically with a probability that is given by |(¢,,|W)|?. This process 
is irreversible, as the reverse process (that the measurement apparatus or photo- 
graphic plate returns to the pre-measurement state and emits the particle that has 
been absorbed during measurement) is not observed in nature. In this way, quan- 
tum mechanics includes from the onset irreversibility and stochasticity. There are 
a number of interpretations of quantum mechanics that attempt to explain away 
this dichotomy between the Schródinger equation and the measurement process by 
describing also all the atoms of the measurment device by quantum mechanics, usu- 
ally invoking decoherence in one way or another?; however, to many people these 
interpretations remain unsatisfactory as they cannot really explain why in a single 
run of an experiment only one of the possible outcomes is observed.!?: !! In one way 
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or another, stochasticity kreeps into any interpretation. It does so even in Bohmian 
mechanics, where all stochasticity of the future time evolution is contained in the 
random features of the initial state. 


2.4. Quantum field theory 


'The theory that is often considered the most fundamental one is quantum field the- 
ory, which is a relativistic theory for many particles and has several building blocks 
that take into account the different types of interactions and particles. It is a com- 
bination of the Glashow-Salam-Weinberg model for the electroweak interaction and 
of quantum chromodynamics for the strong interaction. Just as for nonrelativistic 
quantum mechanics, this theory includes two parts. Unitary time evolution accord- 
ing to a Hamilton operator is only applied between preparation and measurement 
of particles. The measurement outcome (e.g. of a scattering experiment or parti- 
cle collision experiment) is again described by a probability that is calculated in a 
similar way as above. This means that everything written above for nonrelativistic 
quantum mechanics applies also to quantum field theory. 


2.5. Thermodynamics 


Thermodynamics is considered fundamental only by some scientists. But these sci- 
entists argue that thermodynamics might be even more fundamental than the other 
fields of physics. The most famous quotation in this direction is by Sir Arthur Ed- 
dington (From his book The Nature of the Physical World ??): 


'The law that entropy always increases holds, I think, the supreme position 
among the laws of Nature. If someone points out to you that your pet theory 
of the universe is in disagreement with Maxwell's equations - then so much 
the worse for Maxwell's equations. If it is found to be contradicted by 
observation - well, these experimentalists do bungle things sometimes. But 
if your theory is found to be against the Second Law of Thermodynamics 
I can give you no hope; there is nothing for it but to collapse in deepest 
humiliation. 


Einstein had a similary high opinion of thermodynamics: 


A law is more impressive the greater the simplicity of its premises, the 
more different are the kinds of things it relates, and the more extended its 
range of applicability. [...] It is the only physical theory of universal content, 
which I am convinced, that within the framework of applicability of its basic 
concepts will never be overthrown. 


Now, the second law of thermodynamics is about the irreversibility of nature: 
All processes run in the direction in which the entropy of the universe increases. The 
relations of thermodynamics can be obtained also from a microscopic description, 
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which is that of statistical physics. But statistical physics is not deterministic, as it 
is based on probabilities for the different possible microscopic states a system can 
take. This means that we have again a link between irreversibility and stochasticity 
in this field of physics. 


3. A reversible, deterministic theory cannot give irreversibility 


It is often argued that a ‘fundamental’ microscropic theory that is deterministic 
and reversible, such as classical mechanics or quantum mechanics, can give rise to 
irreversibility. Even textbooks on statistical mechanics often make this claim and 
use arguments based on coarse-graining. In this section, I will demonstrate that 
the ‘derivations’ of irreversibility from a microscopic reversible and deterministic 
theory all employ additional assumptions that are not part of the theory. They all 
invoque stochasticity or randomness in one way or another and are therefore not 
truly deterministic. As soon as stochasticity is employed, irreversibility follows nat- 
urally. The first subsection will argue that stochasticity leads to irreversibilty, and 
the second subsection will show how stochasticity is smuggled into the derivations 
of the second laws of thermodynamics from classical mechanics. 


3.1. Stochasticity gives irreversibility 


In the previous section, we have seen that irreversible processes are always coupled 
to stochasticity when considered on the atomic level, for instance when friction is 
described in terms of atomic collisions or when the approach to thermodynamic equi- 
librium is described by stochastic transitions between different microscopic states. 
More general considerations suggest that irreversibility and stochasticity are indeed 
intimately connected: Progress of time is perceived via changes. These changes oc- 
cur in the form of events. Whenever one of a set of possible events occurs, the open 
future becomes the definite past. Thus, events are both irreversible and stochastic. 
There are several theories that are based on such events constituting the fabric of 
spacetime itself on the Planck scale.!?:!^ But we need not know the most fundamen- 
tal level in order to see that any stochastic event is also irreversible. This is because 
once the event has occurred the state prior to this event cannot be retrodicted. For 
a quantum measurement, e.g., the outcome does not allow to reconstruct the in- 
coming wave function. A stochastic event itself is a step by which an indeterminate 
future gives way to a definite outcome. Against this, it is sometimes argued that 
probabilities can also be applied backwards for retrodiction. Yes, but this is quali- 
tatively different: probabilities used in retrodiction are either Bayesian probabilities 
that are based on incomplete knowledge of the past, or they are frequencies in an 
ensemble of events. In principle, the past that precedes a given event is fixed in 
either case. In contrast, the future is not fixed if stochasticity is real and not merely 
apparent. 
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3.2. The hidden assumption in so-called ‘derivations’ of the 
Second Law from classical mechanics 


In the following, I will use classical mechanics to demonstrate that additional as- 
sumptions are smuggled in when irreversibility is ‘derived’ from a reversible deter- 
ministic theory. A similar type of argument can be made for the supposed derivations 
of the Second law from a many-particle Schrodinger equation.® In both cases, the 
additional arguments are randomness of initial conditions and of statistical indepen- 
dence of degrees of freedom. The main ideas behind the ‘derivations’ of the Second 
Law from classical mechanics are as follows: 

(i) A gas is modelled as a conservative mechanical system of N c 107° small 
balls with hard-core repulsion, enclosed in a container of volume V with perfectly 
reflecting walls. Since energy does not change during time evolution, the trajectory 
of this mechanical system in 6N-dimensional phase space stays within the 6N — 1- 
dimensional energy shell in which the initial state is placed. (ii) It is generally 
assumed, even though this is not proven, that the dynamics of this system is ergodic. 
This means that a “typical” trajectory approches each point of the energy shell with 
arbitrary precision e if enough time has passed. Or, equivalently, an initially small 
and compact phase-space volume of dimension 6N (representing an ensemble of 
very similar initial conditions) will become stretched and folded to the extent that 


6N-1 in the energy 


eventually some part of it will be in every small volume of size € 
shell. (iii) The vast majority of cells of size «9^! 
maximum entropy, which have (among other properties) an even distribution of 
density over the entire volume. (iv) Therefore, if starting in one of the few cells that 
correspond to a low-entropy initial state, after sufficiently long time the state of the 
system will ‘almost certainly’ be in a cell of maximum entropy. 

Of course, each of these steps could be discussed in depth, in particular the 
starting assumption of infinite-precision phase space points and infinite-precision 
trajectories. I will focus on the last step and accept all preceding ones for the 
sake of brevity. In this last step, additional assumptions creep in: The last step 
is based on the assumption that the trajectory taken by the system is a ‘typical’ 
trajectory, or, equivalently, that among all the possible initial states that lie within 
the initial energy-shell volume element, the true initial state is a randomly chosen 
one. This is an assumption of randomness of the initial state. The laws of classical 
mechanics would not be violated if all particles of the gas would gather in irregular 
time intervals in some corner of the container. Among all possible initial states that 
agree with each other within a desired degree of precision, there would be particular 
initial states that show such an atypical behavior. We therefore have to introduce 
the additional assumption that the ‘true’ initial state is not such an ‘atypical’ one 
that leads to unexpected low-entropy future states. T'his is somewhoat similar to 
what one does in electrodynamics when ruling out spatially localized sources of 
radiation that lie in the future. 


correspond to macrostates with 
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Instead of postulating random initial conditions, one could equivalently argue 
that the initial state is not fixed with infinite precision but only with finite precision, 
and that randomness comes in as the time evolution of the system proceeds and 
more and more bits that were not fixed initially become relevant for fixing the 
ongoing time evolution. In my view there are many reasons to prefer this latter 
perspective, and it has been defended most forcefully by Nicolas Gisin.? 

But there is more to stochasticity than that it is always added to ‘deterministic’ 
theories when real-world problems are addressed. Stochasticity depends on context. 
'The next section focuses on this issue. 


4. Stochasticity is context dependent 


We have seen above that whenever the environment of a system is included ir- 
reversibility comes in: In mechanical systems, the environment causes friction. In 
electrodynamics, considering the emission of radiation means that there is an envi- 
ronment into which this radation can be emitted. In quantum mechanics, the inter- 
action of a quantum particle with the rest of the world, which is here represented by 
a measurment device, causes the irreversible measurement event. Thermodynamics 
is a very interesting field of science from this point of view as it is a prime example of 
the environment determining what happens in a system: The environment imposes 
the temperature and the chemical potential. The environment performs changes on 
the system (such as pushing a piston or connecting a hot and a cold object) the 
effect of which is calculated in thermodynamics problems. 

It is usually not acknowledged that stochasticity also requires a context. Karl 
Popper emphasized it in his paper “The propensity interpretation of probability” ,15 
where he argues that probabilities are defined only when the conditions under which 
the experiment is to be repeated are specified. Probabilities are thus defined relative 
to a setup in which the event of interest occurs. Popper justifies the propensity view 
by the findings of quantum mechanics. Indeed, the “fundamental” stochastic event is 
a quantum event. Its standard example is a measurement. Let us take for illustrative 
purposes the Stern-Gerlach experiment. It is the simplest quantum measurement 
as the observable to be measured is a spin-1/2, with only two measurement results, 
which we denote as |+) and |—). The measurement device measures the spin with 
respect to direction chosen by the experimenter. Let this direction be the positive 
z direction. If the incoming particles have not been polarized such that they point 
in the z direction, both measurement outcomes |+) and |—) are possible, and their 
probabilities depend on the preparation procedure. Now, the experimenter could 
have chosen to measure the spin with respect to another direction, for instance the 
x direction. In this case the possible measurement results would be again |+) and 
|—), but now these two results signify an orientation parallel or antiparallel to the 
direction of the x axis and no longer to the z axis. In general, the probabilities for 
the two measurement results are also different compared to a measurement in z 
direction. 
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This example demonstrates that the possible events and their probabilities are 
not an intrinsic property of the quantum particle but the combined effect of the 
way how the quantum particle has been prepared and of the measurement device. 
Had the experimenter chosen to measure position or energy instead of spin, the 
possible results and their probabilities would again have been different. Had the 
experimenter decided not to perform any measurement, the quantum particle would 
have remained in the state generated by the preparation procedure. 

Now, quantum measurements are just one class of quantum mechanical events 
by which a quantum particle undergoes an irreversible, stochastic transition and 
exchanges energy with a macroscopic, finite-temperature object (which is a classical 
object). There need not be an experimenter, the particle could interact with the rest 
of the world in a different way. Examples are nuclear fusion reactions in the core of 
the sun or the emission of photons into space from the warm surface of the earth. 
Again, the fact that these events happen and their probabilities depend on the 
context. 

So far, not many models for quantum measurement take this context explicity 
into account. Many authors, however, speak in a more general sense of quantum con- 
textuality.!9 !" The Copenhagen interpretation of the measuremeent process makes 
an explicit distinction between classical objects (the measurment setup) and quan- 
tum objects, but does not detail how this difference arises. More explicit consider- 
ations of how the context is involved in a quantum measurement are advanced by 
Ellis!® and more recently by Drossel and Ellis.!! 

This insight that there is a top-down effect from the environment or the larger 
spatial scale to the quantum particle leads us to the next section where we introduce 
the concepts of contextual emergence and top-down causation. 


5. Contextual emergence and top-down causation 


Physics is viewed by many people as a reductionistic science where the properties 
of an object are derived from its parts and their interactions. Consequently, those 
theories that deal with the most microscopic objects (i.e., particle physics and quan- 
tum field theory) are considered to be the most fundamental ones and to describe, 
at least in principle, everything that occurs on larger scales. But this is a one-sided 
view that ignores the various ways in which the context or the larger structure in- 
fluences what happens at a smaller scale. To understand this better, it is useful to 
think of nature as a hierarchy of objects, with the objects on the lower level being 
the parts of the objects on the next hierarchical level. For instance, one can build 
the hierarchy Elementary particle - Atom - Crystal - Earth - Solar system - Galaxy - 
Universe; or, choosing a hierarchy that involves us humans: Elementary particle - 
Atom - Molecule - Cell - Organ - Individual - Society. 

Now, describing an object in terms of its parts and their interaction is practised 
successfully by all scientists. For instance, describing the conducting properties of 
a metal, physicists build a model of electrons performing collisions with the lattice 
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defects and the lattice vibrations (the so-called phonons) of the metal. Or, when 
exploring the cycle of growth and division of a biological cell, scientists describe 
this process by a network of molecular interactions and reactions. This success of 
the reductionist procedure often veils the view for the top-down influences that are 
equally important: The metal block provides the environment for lattice vibrations 
to exist, and the temperature of the metal block determines how many phonons 
of which frequency are present. The lattice structure of the metal determines what 
the conduction bands of the metal look like and thus strongly affects the way how 
electrons can propagate in the material. The wider context, such as the connection 
to a power supply is the prerequisite for conduction happening at all. Similarly, 
the growth and division of cells is regulated by mechanical and chemical cues from 
the embedding tissue to which the cell belongs. Furthermore, the cell depends on 
a continuous supply of nutrients and building material from its environment. For 
any other system of the hierarchies mentioned above, we can similarly list a variety 
of top-down influences of the whole on its parts. This topic of top-down causation 
is discussed extensively by George Ellis in his book *How can physics underlie the 
mind? .!? 

All this means that reduction, successful as it is, is only part of the story. The 
complement of reduction is emergence: while reduction considers how the whole 
can be explained in terms of its parts, the concept of emergence considers the 
qualitatively new properties of the whole, which are not properties of the parts. 
One distinguishes between different concepts of emergence. Proponents of weak 
emergence hold that the emergent properties, even though they appear surprising 
and qualitatively different from the properties of the parts, can ultimately be fully 
accounted for by the properties of the parts. For a physicist this means that the 
theory describing the parts and their interactions contains at least implicitly all the 
phenomena observed in the whole. It is closely associated with a reductionist view. 
In contrast, proponents of strong emergence hold that the emergent properties are 
explained only partially by the parts and their interactions and cannot be fully 
reduced to them. The notion that captures best the type of strong emergence that 
occurs in physics is that of contextual emergence. It emphasizes that the existence of 
the parts and their properties depend on the context, the boundary conditions, etc. 
Until know, strong (or contextual) emergentists are a minority among physicists. 
'The reductionist paradigm prevails despite the many good reasons to question it. 

With this understanding of contextual emergence and top-down causation, we 
will gain a deeper understanding of how indeterminism enables our experience of 
the passage of time and of being agents. 


6. Indeterminism and top-down causation 


It is often argued that indeterminism is of no help at justifying free will and agency. 
'The reason given is that stochasticity is completely random in the sense that ran- 
dom events are not influenced by anything else and can therefore not be part of 
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a conscious act or decision - which is not random but follows logical reasoning or 
is based on values. However, our discussion of the quantum measurement process 
above has shown that stochastic events are not completely random. On the contrary, 
the possibility of these events and the nature of these events is set by the context. 
This is not appreciated very often. Karl Popper made the interesting suggestion 
that chance at the lower level is necessary for top-down causation from the higher 
level,?° and he has been criticized for it.?! But I think that he is right, and so do 
others.’ Only when the entities at the lower level are not fully controlled by the 
microscopic laws can they respond to the higher level. 

In biological systems, the influence of the environment on the types of stochas- 
tic events and their effects is evident at all levels: Let us take gene expression. 
'The process by which transcription factors bind to the promoter region of a gene 
and enable transcription has many random elements, as diffusion and binding of 
transcription factors is subject to thermal noise. However, the context determines 
which transcription factors are activated at all. For instance, when I experience joy, 
this triggers the discharge of endorphins, which in turn stimulates the production 
of further endorphines via gene expression. On a larger timescale, evolution has 
shaped the transcription factors that we possess and the affinities to the different 
genes, resulting in the binding and dissociation rates that characterize the stochastic 
dynamics in our cells. 

As another example, consider the brain. The neurons in our brain fire “ran- 
domly". At the same time, this electric activity reflects the brain activity, for in- 
stance while I formulate the text of this paper and type it. There is a wider context 
that influences the stochastic events in the brain: The past experiences have shaped 
the connection patterns and the strengths of the synapses of our neural network, 
and this in turn affects how activity propagates through the network and which 
neurons or groups of neurons are triggered by which others. Although there is ran- 
domness in the individual firing events of neurons, and on a more microscopic level 
in the opening and closing of ion channels, the frequency of firing and the neurons 
involved and the temporal sequence of which regions become active and which out- 
put neurons pass the signal on (for instance to my fingers while I am typing) is not 
random at all. Somehow it even reflects my creative activity while I develop my 
arguments for this text. 

The constructive role of randomness in biological systems is discussed in more 


depth in several review articles.?? ?4 


7. Conclusions 


'The view of physics that I have defended in this article is very different from the 
reductionist view that is propagated in many textbooks. The main problem with 
that view is that theories are applied far beyond their range of applicability. Any 
physical theory is an approximation and not an exact description of the physical 
processes of interest. And by no means it is a complete description of everything that 
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is going on in the physical world. I have argued that even though the supposedly 
fundamental theories are deterministic and time-reversible, these theories are in 
practice supplemented by irreversible and stochastic features. T'here is no reason 
to assume that irreversibility and stochasticity are only apparent. Such a claim 
is based on ideology and not on evidence. I have argued that irreversibility and 
stochasticity enter when the influence of the environment on a system is taken into 
account. This focused the attention on the often-neglected topics of emergence and 
top-down causation. It is the context that sets the stage for the possible events that 
can happen in the system, and the context also influences the probabilities of these 
events. 

It follows that our experience of time flowing and us being agents that can 
influence what happens is not contradicted by physics. Physics enables everything 
and underlies everything, but it does not determine everything. On the contrary, 
physics appears to be sufficiently complex to allow even life and consciousness to 
function on a material platform.!? This bears some resemblence to Turing machines 
in computational science, which are complex enough to allow for any possible type 
of calculation. 

Top-down influences come in different shapes. Top-down causation from the 
wider material context is easier to understand but is only part of the story. In 
particular the two biological examples of Section 6 illustrate that there is also an 
influence from the nonmaterial world of ideas, rationality, goals and desires on the 
activity of our genes and neurons. It may well be that physics will never find an 
access to describing these influences. The goal of my paper is far more modest, 
namely to make the case that physics cannot rule out that these influences are 
present. Physics is not causally closed and does not encompass everything that 
happens in our world. 

To conclude, we should not let naive interpretations of the laws of physics con- 
strain our view of reality. On the contrary, we should trust our most immediate 
experiences that are the basis for us being capable of thinking and acting, and 
based on these we should critically examine those simplistic metaphysical claims. 
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The way we experience time is in the accumulation of experiences and events that hap- 
pen in the moment, and then are behind us. Since the time of Anaximander at least; 
philosophers have tried to explain both the nature of time and its origin or basis. In 
modern times; scientists are the ones exploring the domain of time, so now they attempt 
to explain the nature and basis of time — with varying degrees of success. This is com- 
plicated because explanations from Classical Physics or Relativity are different from, 
and incompatible with, answers from Quantum Mechanics, so we hope Quantum Grav- 
ity theories will help resolve this. Recent advances in Mathematics hold promise for a 
unified basis explaining both the thermodynamic and quantum-mechanical time arrows 
in a way that consistently informs our Philosophy. However; we may need to explore 
beyond the island of familiar Maths, to reconcile the divergent pictures of how and why 
time passes. 


Keywords: Origin of time; passage of time; basis of time; Philosophy of time; Physics of 
time. 


1. Introduction 


While we imagine time is a single entity; the reality of time is more complex and 
more interesting. As far back as Anaximander!; philosophers have tried to make 
sense of that complexity, and his analogy of stepping into a moving stream actually 
comes very close to the reality we observe, since things keep moving while events are 
happening. So the simplest realities of life are governed by a rule that assures most 
decisions will be complex instead of simple. Coupling Plato’s observation “time is 
2” with the insight that space is a projection of infinity can 
help us make sense of his deeper message. But then; we see glimpses into quantum 
gravity from the ancient Greek philosophers. Rovelli’s book “Reality is Not What it 
3” wonderfully recounts insights from those individuals that extend to topics 
including quantum gravity and the nature of time. While I agree with his view 
that we find the seeds of quantum gravity and the birth of atomism among ancient 
philosophers; we differ somewhat on whether time is fundamental or primordial 


the image of eternity 


Seems 


on that basis. The resolution involves both cosmology and quantum gravity. So 
this paper explores how recent developments in Mathematics might have a deeper 
relevance than was previously appreciated to advance our understanding of time. 
I will discuss the examples cited above in greater detail and offer unique insights 
from my own research.^? 
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Already in 1922, concluding a debate with Bergson; Einstein said “There is no 
such thing as the time of the philosopher.9" So for some it is a dead issue. But the 
debate goes on in the Physics community and among modern philosophers, over 
the consequences of how physical theory affects our understanding of time. This 
debate centers on the sharply differing views of time in Relativity and Quantum 
Mechanics. And there is strong evidence both views must be true. So if the tradi- 
tional outlook is that time is a single entity for all; that view is broken. But this 
emphasizes the need to create new ways to conceptualize what we have learned in 
Physics and incorporate it into our Philosophy. And yet; Anaximander's ancient 
view of time as a stream which continues to flow even as you are stepping in it 
remains enlightening in modern times. So there is hope for reconciling Physics with 
Philosophy, and knowledge that by developing quantum gravity theories; we gain 
a better philosophical understanding of time. I think the reverse is also true; it is 
easier to choose or develop better approaches to quantum gravity, by understand- 
ing the Philosophy of time better. Prevailing QG theories share many features and 
predictions with considerable common ground to explore.® So I examine ideas of 
Connes,? Longo,!? Gisin,!! as well as Drossel and Ellis,!? on the emergence of time 
from quantum gravity, with some unique insights on wavefunction collapse from 
Dieter Zeh,'? and a discussion of the possibility of global asymmetry as it applies 
to whether time is primordial or fundamental.!4 


2. What Is There to Explain? 


If we had a better understanding of the extreme micro- and macro-scale in Physics; 
time would not be an enigma at all. But from my view; people are unaware they live 
in the ‘Goldilocks zone’ on an island of comfortable norms. The realm of familiar 
Maths is perfectly sufficient for exploring anything anywhere on the island; so who 
could want more? Theoretical Physics seeks the origins of events of our current 
surface-layer reality in deeper layers or causal elements further back in time. But 
if we cut ourselves off from the possibility those origins are higher-dimensional; we 
omit some probable realities that solve standing problems in Physics. This is because 
evolutive properties arise unavoidably when the underlying or governing algebra is 
non-commutative or non-associative. Time’s passage may thus be caught up in how 
higher-order spaces are reduced in dimension through cosmological transitions to 
obtain a cosmos with familiar properties, such as the one we inhabit. Evolution 
arises automatically if the dimensions are high enough, as any system's degrees of 
freedom approach infinity; so it becomes almost certain that a space or its underlying 
algebra will evolve, or is self-evolving, once certain initial conditions are met. This 
involves a unit of minimum uncertainty or action, and at least a modicum of energy; 
but physicists observe that these conditions are handily met at the Planck scale. 
One might question creating something from nothing, but we are uncertain absolute 
nothing ever existed. So there is little argument, about reasons for time to move 
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inexorably forward, if we assume the universe started from variations or variability 
and moved toward conditions. 

And yet; people ask ^what can cause numbers to change on their own or phys- 
ical parameters change of their own accord?" It seems more reasonable to accept 
that virtual particles can pop in and out of existence in pairs, rather than that 
objects and spaces are evolving processes. But to explain time; we may need to 
accept that everything evolves on its own, unless it is otherwise constrained. To 
understand why time passes; I suggest we start with the assumption that objects 
and spaces are not necessarily static or fixed, and could be inherently time-evolving. 
This is precisely what Alain Connes proposed, when in 2000 he emphatically wrote 
“Noncommutative measure spaces evolve with time!!?" This result is based largely 
on the findings of Tomita!® and Takesaki!" studying modular Hilbert algebras, but 
Connes has generalized that work to create a new kind of differential geometry. 
'This methodology is more nearly universal than people are aware of, however. Even 
if some of his ideas are not verified by current evidence; his line of reasoning is 
not falsified thereby, because intrinsic time evolution undeniably arises in higher-d 
Maths. This idea or the broader context it suggests provides a framework for a more 
realistic yet more flexible view of time. In this view time is, at its root, inherently 
or automatically progressing; originating from the dynamism of intrinsic evolution 
of forms and spaces in higher dimensions because the non-commutativity and/or 
non-associativity of their underlying algebra induces algebraic and geometric direc- 
tionality and/or sequentiality. 

This approach offers a unified basis for the quantum-mechanical and thermody- 
namic arrows of time that resolves some paradoxes or quandaries. If we see time 
in the tendency for objects and spaces to evolve automatically, once the degrees 
of freedom are high enough; we have a way to unite the Math and the Physics of 
time that resolves the paradox of differing time arrows from various models. This 
is perhaps a more major advancement than has been appreciated to this point. It 
restores seeing time as an accumulation of experiences or events that occur and are 
then behind us in a view of Quantum Mechanics where Heisenberg’s uncertainty 
or ‘unsharp measure’ is due to spacetime being non-commuting. All interactions or 
observations accumulate because quantum-mechanical reality is like Anaximander's 
stream. But if we assume the evolution of the early cosmos was higher-dimensional 
too; we can extend intrinsic time to canonical time evolution in the initial origin 
at the Planck time through the inflationary period at least until baryogenesis, and 
likely continuing to play a part until decoupling or recombination occurred, or at a 
5-d — 4-d boundary!*:!? that is seen as a black hole — white hole transition???! in 
some theories. Time evolves from higher-d spaces through cosmological transitions, 
in these models. The Aikyon theory of Singh??:?? employs Connes’ intrinsic time 
and the octonions to explain both cosmic origins and particle physics without such 
transitions, but affirms other aspects of my present work. So we now examine a 
proposed basis for these varied ideas. 
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3. Explaining What We Observe 


Great successes in Physics assume what we observe is built and can be explained 
from the bottom up, from the smallest components or the simplest applicable for- 
mulas, but there is another way to explain what we see, where nature employs 
top-down methods taking advantage of higher-order and higher-dimensional math- 
ematical forms, as well. If we allow a broader spectrum of possibilities at the cosmos’ 
origin, by assuming that both bottom-up and top-down strategies are at work at the 
same time; a picture emerges where dimensionality has an upper and lower limit 
at the outset of geometrogenesis, which later converges toward a single value.?4 
This lets emergent forms be shaped by higher-d figures like the Monster Group and 
Eg, during the earliest phases of cosmological evolution, even while they are being 
built from lower-d components. From this radically top-down outlook, even when 
coupled with causal structure theories of quantum gravity; the conventional view 
using bottom-up reasoning is inside-out, and we need a view where we see the uni- 
verse from the outside-in, to fully understand it. The disparity is partly due to the 
way most people have learned Maths, where the simplest elements are taught first 
and advanced ideas are derived from the simplicities. However; we know there are 
patterns that emerge in complex structures from which simple rules can be derived. 

This dichotomy is called additive vs. formant synthesis. In the one case; you 
add bits of clay to make a sculpture or individual harmonic tones to create the 
desired waveform, while in the other you chip bits away from the outside or remove 
some overtones from a more complex waveform, to obtain the desired shape. Here 
I propose that nature has utilized and always uses both methods to shape the 
cosmos. It builds larger and more complex forms using smaller pieces, but it also 
pares physical reality down from a palette of possible forms, and borrows structure 
from more complex forms to create simpler ones. In this way; nature can employ 
the full range of Mathematics and exploit the true organizing power of what resides 
in higher dimensions. But the outside-in view is difficult to obtain on the island of 
common Maths where mathematical structures are built from the bottom-up, rather 
than inherited from orderly patterns in higher-level structure. To gain that view 
we need to look beyond the familiar island where features like commutativity and 
associativity can be taken for granted, and explore the unfamiliar expanse of non- 
commutative and non-associative algebras and geometry. Luckily mathematicians 
have already charted a lot of the content that exists in higher-d spaces, and we 
are learning how some of it works to shape the laws of Physics. A clear example is 
found in the normed division algebras, and in the reduction of the octonions to the 
quaternions, the complex numbers, and the reals. 


OD,HDCOR (1) 


The octonions are the most general number type, 8-dimensional with one real 
and seven imaginary parts but are non-associative; the quaternions are 4-d with 
three imaginary parts but are non-commutative; the complex numbers have one real 
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and one imaginary part, but are well-behaved; and only the reals encode a constant 
value. Imaginary numbers encode variation or the freedom to vary by a specified 
amount in a certain direction or orientation. Though they are the granddaddy of 
familiar types, the octonions are thought to be weird and difficult.?° Viewing the 
imaginary dimensions as rotations; the octonions reduce to the quaternions if 4 of 
their 7 axes are fixed, that reduce to the complex numbers if 2 of the remaining 3 
are fixed, and if the last rotation is halted, only the real-numbered value remains. 
'The octonion algebra itself is a reduction because 480 possible multiplication tables 
before choosing a starting place and direction reduce to 16, 8 left- and 8 right- 
handed algebras.?? And once any table is chosen, we must employ only that one 
table thereafter. Each step in any octonion calculation thus proceeds from optiony 
toward specificity. 


Smooth 2 Top 2 Meas (2) 


Gas 2 Liquid 2 Solid (3) 


In the relations above; we see this pattern of moving from variability or varia- 
tions to definite conditions as a more general bridge between the fields of Math and 
Physics that needs to be further explored. Moving from left to right; we see that 
acquiring a surface or boundary makes a space or object topological, or indicates a 
phase change from a gas to a liquid state. T'hen having a fixed metric makes objects 
or spaces measurable, or indicates the transition or phase change to the solid state. 
'This reflects the sensibility of the earlier expression where applying successive con- 
straints to the octonions eventually gets us to the real numbers. We observe that 
evolutive properties arising from directionality in higher-d Maths project onto or 
influence what comes after, such that things tend to evolve from highly variable 
states toward specific conditions and discrete possibilities. One might question the 
applicability of this line of reasoning to real-world Physics or everyday life. It cer- 
tainly has a place for answering questions in early universe Cosmology, in Quantum 
Gravity, and the underpinnings of Quantum Mechanics. But the actual footprint 
of non-commutative and non-associative algebra and geometry is scarcely known. 
'That is why it is important for today's Physics researchers to look into evolutive 
properties that arise in these Maths, as a possible source or root cause for the 
evolution of time. 

The idea that spaces with certain properties have a built-in time evolution 
is neither well-known nor well-understood, except among a handful of ardent re- 
searchers in this arena. But when Tomita?" opened that door, by discovering in- 
trinsic evolution in modular Hilbert algebras; Connes and others were quick to 
apply that notion to a broader class of objects and spaces. To walk through that 
door, we must go beyond the island of familiar Maths and embrace the idea that 
non-commutativity and non-associativity are more of a blessing than a curse to 
Physics,?? because they assure directed evolution. But we must first accept that if re- 
ality is quantum-mechanical, non-commutative ordering factors automatically arise 
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due to Heisenberg uncertainty making the space we live in non-commutative. 
Notably; this issue also arises in Relativity?? as factor-ordering problems some- 
times, when applying the equivalence principle. However, it happens often. Cycles 
of action must be undertaken in a specific sequence both when doing octonion alge- 
bra and with common tasks like painting or baking,?? where a process of ratcheting 
accumulation happens in both cases. So the demands of additional rules of order 
and sequence one must learn to use non-commutative and non-associative algebras 
are not unnatural or onerous, and in fact represent the same laws of directional 
evolution all natural processes must follow. 


6: — Aut(M) (4) 


Connes?! uses the above expression, where Out(M) = Aut(M)/Int(M) the quo- 
tient group of automorphisms of M by its normal subgroup of inner automorphisms, 
to show how modular or Tomita flow gives rise to intrinsic time evolution. He em- 
phatically asserts that non-commutative spaces evolve with time and this is greatly 
expanded in recent work by Longo,?? showing why non-commutative spaces must 
evolve, and explaining the basis for time's emergence in detail. Non-commutativity 
is enough to assure time will evolve, and we undeniably live in a space that is non- 
commutative. The background state of physical reality is not what Classical Physics 
would imagine a vacuum to be, a static space absent of contents. We can point to 
quantum uncertainty or virtual particles to explain this, but time's directionality 
can also be seen to result from residing in a higher-d spacetime instead of 3-d space 
plus time. Longo extends Connes' arguments to a more robust connection between 
quantum mechanics and thermodynamics using the language of operator algebras, 
and shows how time emerges as a result. But he sees this as resulting from wave- 
function collapse, and I do not see emergent time as dependent upon that feature. 
Here I remind the reader of an outside-in view offered by Dieter Zeh?? suggesting 
that the global wavefunction is more real or fundamental than particles or quantum 
transitions, and persists while we measure. But recent work by Peter Morgan, ?^ 
using the Koopman-von Neumann formalism, suggests we can choose between col- 
lapse and no-collapse models depending on the context, so long as we talk about 
subsequent measurements rather than states. 

Things go from possibility toward actuality. However; this dynamism does not 
depend on properties arising in higher-d spaces and hyper-complex algebras or from 
infinities, as in the above examples, so higher-d attributes are not essential for top- 
down mechanisms to work. Gisin?? points out that even real numbers, which are 
commonly viewed as fixed quantities, are only fixed by a process of determination. 
From an intuitionist view; the exact or precise value of a quantity is not known 
before it is determined in a process. So if there is a specific real number with a 
large number of digits; we may not find out what extended values are for a long 
time, and information on what is beyond a given point is no better than random 
data. This is like a stochastic background in the realm of the indeterminate, which 
influences our view of time. Gisin speaks to this issue? and also has novel ideas 
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about wavefunction collapse.*” This work informs the Contextual Collapse model of 
Drossel and Ellis,?? a top-down approach which treats the quantum measurement 
problem in detail, where measurement is by nature a multi-stage process. Their 
work addresses shortcomings in decoherence theory and other models, which they 
handle individually, concluding that a robust description includes both Quantum 
and Classical elements because any physical measurement unavoidably includes a 
mix of both, depending on the context. They further extend the conversation to 
how quantum measurements are a special case, projections of the wavefunction; of 
a larger class they call events which are ubiquitous in nature. 


4. What Kind of Philosophy Is Best for Physics? 


Is there a single best Philosophy of Physics? While some would argue that learning 
Philosophy is a side trip for those learning Physics; that in itself is a Philosophy 
about how Science is done. So it is unavoidable that the two are interwoven. This is 
aptly illustrated by Rovelli?? in his paper arguing that Philosophy and Physics need 
each other, contrasting the schools of Isocrates and Plato. While Isocrates taught 
that practical skills and their application should be cultivated; Plato advocated 
the quest for knowledge of how or why things work, and how they came to be as 
they are. While Plato was among the first to be called a philosopher; we put both 
in that category in modern times, and their teachings are seen as two competing 
schools of Philosophy. Aristotle argued that general theory supports practice, and 
one can argue that both approaches are needed to make progress in some areas. 
But the debate about which philosophy is best goes on today, writ large on the 
face of politics. This influences funding for all areas of Science, depending on the 
philosophy of the prevailing political party. This split is seen to be connected to our 
perception of time, in that liberals have a more forward-facing view, being focused 
on creating a better future, while conservatives tend to focus on preserving the 
legacy and traditions of our past, which is more rearward-facing. Here again; people 
fiercely debate which philosophy is correct, or benefits us most, rather than seeing 
that both viewpoints are needed. 

If asked what kind of Philosophy is best for Physics; I would advise people to 
seek an inclusive or encompassing view of reality. We need to be explorers, unafraid 
to look beyond the boundaries, if we want to make important discoveries or devel- 
opments. And we must be wary of information silos that present a self-consistent 
but wrong-headed view of the world. The incorrect usage of the word recombina- 
tion persists in astrophysics, for example, to describe what happens at the horizon 
of last scattering during decoupling; even though early-universe cosmology tells us 
nuclei and electrons never were combined into atoms before then. This illustrates 
how skilled scholars work on an island of familiar and comfortable norms, with 
fierce pressure to remain within the bounds of their area of specialization. The 
self-consistent view within the silo is often reinforced by walls that are polished 
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mirror smooth. An outsider and generalist like myself gets a different view from 
others when attending quantum gravity lectures, for example, because the common 
ground stands out as starkly as the differences between approaches, and I have no 
need for a clear winner. I think all of the current lines of research inform us in useful 
ways, and are not mutually-exclusive. But we should not stop exploring or seeking 
other options to explore, just because we have some viable explanations for gravity 
on the table. 

So the ideal Philosophy for Physics always leaves the door open to learning more 
about what we think we know, discovering something new or unexpected, and so 
on. We are unavoidably inside a construction that is the cosmos, and further limited 
because we can see only what is within the Hubble radius. We are on the inside, 
looking out at the larger cosmos. This is why I advocate seeking the outside-in 
view of Math and Physics, as a radical extension of the top-down view, and as 
a possible cure for the view that making things from the bottom-up cannot only 
create all form but aptly explains all we see. A basic fact about explorers is needing 
somewhere to explore. Perhaps we need to get off-planet to obtain the perspective 
we need for the outside-in view beyond our limitations. Or maybe we only need 
to seek that perspective from higher ground philosophically. To see a circle in its 
entirety; one must be off the page, in the 3rd dimension. Likewise; to draw that 
circle, one must be in a dimension one higher than the surface on which you are 
drawing. If this as a general pattern; there is always a need to discern what the 
structure we are living in would look like from one dimension higher. But the block 
universe of General Relativity, of spacetime as seen from the outside, is a severe 
limitation. So we need to frame other constructs that give us better scaffolding for 
our ideas of the view from out there. And that is the main thrust of this paper; to 
inspire others who might help to create that structure. 

When entertaining questions about Philosophy and Physics; one cannot forget 
the way Mathematics always makes its way onto the scene. Plato brought to light 
the notion of a mathematical ideal or archetype which is projected onto physical 
reality. We now have a much more sophisticated notion of how that works, but 
the idea persists to this day. I think we need to be hyper-dimensional Platonists, 
with a guide to the Atlas of Lie Groups*® in every College library where they 
teach higher-level Math and Physics subjects. In this way; we will speed up the 
process of discovery fueled by what we know. But we need to introduce some ideas 
at an earlier age, so tomorrow's young people will have the benefit of what we as 
adults already know. This is what David Blair?! seeks to do with the “Einstein 
First" program, which teaches advanced concepts based on our latest knowledge, 
and then works that back into the structure of what students have already learned. 
This allows young people to benefit from the understanding of their elders, in a 
context that is not intimidating for teachers with a limited knowledge of Relativity. 
We should attempt to do the same with other areas of Mathematics and Physics 
so the next generation will have the benefit of what we have learned. This might 


3654 


not be possible if we teach things solely from the bottom-up view. What if we 
had young people building Zome models?? of Eg instead? At least we need to give 
kids a chance to see what these figures look like, at Science Centers and Math 
Museums. 

The nexus of Philosophy and Physics must be strong, for either topic to pro- 
vide useful information. This means it is incumbent on the organizers of events and 
publications to provide a context for insightful contributions that forge a stronger 
connection between what appear to be separated views, or to push the envelope of 
developments on the outskirts. The 16th Marcel Grossmann conference was exem- 
plary on both of these fronts, in its spirit of cooperation, openness, and inclusivity. 
'The organizers deliberately included minority views and off-limits topics in both 
the choice of plenary speakers and in the various breakout sessions. So people were 
encouraged to look outside of their silos somewhat, and to explore what is beyond 
the island of comfortable mainstream assumptions. During MG16; a Philosophy of 
Physics approaching the ideal was observed. But in the world at large; there is a lot 
of progress to be made forging connections to support a higher ideal. What we see 
now is a world that largely ignores the advice of both philosophers and physicists, 
in favor of following popular icons. There is much to do, if we want the ideas that 
enlighten physicists to be meaningful for everyone, but things being discovered in 
Physics have a meaning that unavoidably affects all equally. There is no point to 
arguing Physics is devoid of meaning. Therefore our Philosophy must include the 
notion that Physics is relevant. 

We owe much of our current understanding to the philosophers of ancient Greece, 
not least the notion of atomism with indivisibly small bits or increments in the cos- 
mos or the way it is constructed, as was well-explained in Rovelli's book.*? Leucippus 
likely brought the seed of this idea to Democritus from Anaximander's school. But 
we can see that atomism applied to Plato's comment that time is the projected 
image of eternity, shows up as every atom in the stream of Anaximander having a 
duration or persistence in time. This is observed as a half-life, when examining the 
same phenomenon in nuclear or sub-atomic Physics, due in part to the relativistic 
effects of time dilation. But here I note that parcels of space needed to have per- 
sistence in time already for those particles to exist. That is why it is important to 
continue our exploration of quantum gravity theories and try to understand the cos- 
mological context for these theories in a broader way. So physicists should see it as 
a responsibility to build bridges between the philosophically disconnected islands of 
thought, by applying a Philosophy of Physics that supports our common endeavor 
to learn the secrets of the cosmos. Encouraging students as well as researchers to 
explore beyond what is known is important, and willingness to question our own 
boundaries is an important first step. We must be ready to leave the world of com- 
fortable norms behind, when examining cosmic origins, to fully understand how 
things got to be the way they are now. 
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The broad debate on foundational issues in quantum mechanics, which took place at 
the famous 1957 Chapel Hill conference on The Role of Gravitation in Physics, is here 
critically analyzed with an emphasis on Richard Feynman's contributions. One of the 
most debated questions at Chapel Hill was whether the gravitational field had to be 
quantized and its possible role in wave function collapse. Feynman's arguments in favor 
of the quantization of the gravitational field, based essentially on a series of gedanken 
experiments, are here discussed. Then the related problem of the wave function collapse, 
for which Feynman hints to decoherence as a possible solution, is discussed. Finally, an- 
other topic is analyzed, concerning the role of the observer in a closed Universe. In this 
respect, Feynman's many-worlds characterization of Everett's approach at Chapel Hill is 
discussed, together with later contributions of his, including a kind of Schródinger's cat 
paradox, which are scattered throughout the 1962-63 Lectures on Gravitation. Philosoph- 
ical implications of Feynman’s ideas in relation to foundational issues are also discussed. 


Keywords: Gedanken experiment; Wave function collapse; Many-worlds. 


1. Introduction: The Chapel Hill conference 


Richard Feynman's most famous contribution in quantum theory is undoubtedly his 
celebrated path integral approach.! His contributions to the debate on interpreta- 
tional issues are instead much less well known.?:? The first such contributions took 
place in the wide discussions which characterized the 1957 Chapel Hill conference, 
whose title was: The Role of Gravitation in Physics. The Chapel Hill conference, 
which played a key role in triggering the so called Renaissance of general relativ- 
ity? was of capital importance in establishing the future research lines in the field. 
Broadly, the main tracks were®: classical gravity, quantum gravity, and the classical 
and quantum theory of measurement (as a link between the previous two topics). 
In particular, foundational quantum issues were widely discussed by researchers at- 
tending the conference. The main motivation for addressing them came from the 
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fundamental question of whether the gravitational field had to be quantized, like 
other fundamental fields, or not. As its title declares, the ambitious goal of the 
conference was the merging of general relativity with the rest of physics and, espe- 
cially, with the world of elementary particle physics, which was ruled by quantum 
mechanics, hence it was (and it still is, of course) very important to understand 
physics in regimes where both gravity and quantum mechanics become important. 
This was clearly stated by Peter G. Bergmann in the opening session of the second 
half of the conference, which was in fact focused on problems within the quantum 
domain (Ref. 4, p. 165): 


Physical nature is an organic whole, and various parts of physical theory 
must not be expected to endure in “peaceful coexistence." An attempt 
should be made to force separate branches of theory together to see if they 
can be made to merge, and if they cannot be united, to try to understand 
why they clash. Furthermore, a study should be made of the extent to which 
arguments based on the uncertainty principle force one to the conclusion 
that the gravitational field must be subject to quantum laws: (a) Can quan- 
tized elementary particles serve as sources for a classical field? (b) If the 
metric is unquantized, would this not in principle allow a precise determi- 
nation of both the positions and velocities of the Schwarzschild singularities 
of these particles? 


'The answer to these questions was expected to lead to a novel perspective on the or- 
dinary notions of space and time, by introducing uncertainty relations for quantities 
such as distances and volumes. Physicists hoped that, as a result, the divergences 
which plagued quantum field theory would get suppressed by the gravitational field. 
Along with the formal discussion on the main approaches to the quantization of the 
gravitational field (namely the canonical, the functional integral and the covari- 
ant perturbative approaches), which would have been developed in the following 
decades, a lot of time was devoted to conceptual issues, especially in discussion 
sessions. A broad debate arose on the problem of quantum measurement, the main 
conceptual question being: 


What are the limitations imposed by the quantum theory on the measure- 
ments of space-time distances and curvature? (Ref. 4, p. 167) 


or, equivalently 


What are the quantum limitations imposed on the measurement of the 
gravitational mass of a material body, and, in particular, can the principle 
of equivalence be extended to elementary particles? (Ref. 4, p. 167) 


As the editors of the written records of the conference^ emphasized, an answer to 
the above questions could not be simply found in dimensional arguments, since the 
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Planck mass does not set a lower limit to the mass of a particle whose gravitational 
field can be measured. Indeed, a simple argument shows that the gravitational field 
of any mass can in principle be measured, thanks to the “long tail” of the Newtonian 
force law (Ref. 4, pp. 167-8). 

The great part of the discussions of interest to us here developed in Section 
VIII of the conference (Ref. 4, pp. 243-60), where the focus was mainly on the con- 
tradictions eventually arising in the logical structure of quantum theory if gravity 
quantization is not assumed, but in fact many even more foundamental issues for 
quantum physics in general were touched as well. Feynman greatly contributed to 
these discussions, proposing several gedanken experiments in order to argue in fa- 
vor of the necessity of gravitational quantization, and hinting to decoherence as a 
viable solution to the problem of wave function collapse. His contributions in fact 
triggered a wide debate on the quantum measurement problem and on the existence 
and meaning of macroscopic quantum superpositions. Further, in the subsequent 
session of the conference, which was the closing one (Ref. 4, pp. 263-278), he gave a 
^many-worlds" characterization of Hugh Everett III's relative state interpretation 
of quantum mechanics," which had just been described for the first time by Ev- 
erett’s advisor, John A. Wheeler. It is interesting to notice that, in fact, the Chapel 
Hill conference was one of the few places where Feynman was directly involved in 
discussions about the foundations and interpretation of quantum mechanics.? 

The Chapel Hill discussions played a pivotal role in triggering subsequent re- 
search on foundational issues, mainly on the quantum measurement problem and 
on the various possible interpretations of quantum mechanics, with an emphasis on 
the consequences of Everett's one. In this respect it is worth mentioning further 
contributions by Feynman, who despite not being often involved with foundational 
quantum issues, nonetheless kept thinking deeply on them also in the following 
years, especially when working on gravity, as hinted for example in a letter written 
in 1961 to Viktor Weisskopf?: 


How can we experimentally verify that these waves are quantized? Maybe 
they are not. Maybe gravity is a way that quantum mechanics fails at large 
distances. 


as well as in several suggestions and considerations scattered throughout his 1962-63 
graduate lectures on gravitation.? 

In this paper, we historically and critically analyze Feynman's contributions 
to the debate about the foundations of quantum mechanics and gravity, with an 
emphasis on the Chapel Hill discussions, which constitute the main source about 
his thoughts on the matter. In particular, Section 2 deals with the problem of the 
quantization of the gravitational field while in Sections 3 and 4 the focus is on wave 
function collapse following a measurement and on Everett’s relative state interpre- 
tation of quantum mechanics. Finally our concluding remarks are summarized in 
Section 5. 
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2. Quantization of the gravitational field: Gedanken experiments 


In this Section we report on Feynman's arguments in favor of the quantization of 
the gravitational field. As a matter of fact, Feynman believed that nature cannot 
be half classical and half quantum and shared Bergmann's general ideas, as recalled 
by himself in some concluding remarks made at the end of the conference: 


'The questions raised in the last three days have to do with the relation of 
gravity to the rest of physics. We have gravity - electrodynamics - quantum 
theory - nuclear physics - strange particles. T'he problem of physics is to put 
them all together. The original problem after the discovery of gravity was 
to put gravity and electrodynamics together since that was essentially all 
that was known. Therefore, we had the unified field theories. After quantum 
theory one tries to quantize gravity (Ref. 4, p. 272). 


In particular, for Feynman gravity, like the other fundamental interaction that we 
experience at the macroscopic, classical level, i.e. electromagnetism, has a quantum 
foundation (see e.g. Refs. 10-12). Coherently with this, he developed an approach 
to quantum gravity (whose first hints were given at Chapel Hill, cf. Ref. 4, pp. 
271-276) which was characterized by being fully quantum from the beginning.” 13 
Feynman's arguments in favor of the quantization of gravity were totally dif- 
ferent from the usual dimensional arguments, which rely on the assumption that 
gravity has to dominate over all other interactions at the Planck scale. Accord- 
ing to him quantum effects involving gravity should be subject to probing without 
invoking such high scales. He provided further evidence to support this claim by 
putting forward thought experiments designed to show that, if quantum mechanics 
is required to hold for objects massive enough to produce a detectable gravitational 
field (the opposite would require a modification of quantum mechanics), then the 
gravitational field has to be quantized, in order to avoid contradictions. This view 
supported the hope that quantization of the metric would help taming the diver- 
gences present in quantum field theory and, in this way, it was relevant also for the 
theory of elementary particles. Let us thus retrace the discussion in more detail. 
Section VIII began with Thomas Gold stating that, in the absence of phenomena 
not explainable by classical gravity, the only way to argue in favor of quantization 
of gravity is the presence of logical contradictions, of which he was not convinced 
(Ref. 4, pp. 243-244). Bryce S. DeWitt pointed out that difficulties may arise in 
the presence of quantized matter fields depending on the choice of the quantum 
expectation value of the stress-energy tensor as the source of the gravitational field 
(Ref. 4, p. 244). Indeed a measurement may change this expectation value, which 
implies a change of the gravitational field itself. T'he classical theory of gravitation 
is valid because fluctuations are negligible at the scale where gravitational effects 
become sizeable. At this point Feynman put forward his first thought experiment, 
which was a variant of the two-slit diffraction experiment, in which a mass indica- 
tor has been put behind the two-slit wall. Within a space-time region whose linear 
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dimensions are of order L in space and L/c in time, the uncertainty on the gravita- 
tional potential (divided by c? so that it is dimensionless and thus homogeneous to 


a metric) is in general Ag — 4/ AU = Lr. where Lp — 4/ ne is the Planck length.* 


The order of magnitude of the potential generated by a mass M within the spatial 
MG. which implies Ag — AMG, A comparison 


. . . B Li 2 =, 
with the previous general expression gives a mass uncertainty AM = cd z 10-? 


part of the considered region is g — 


grams, if the time of observations is less than L/c. On the other side, by allowing an 
infinite time, M would be obtained with infinite accuracy. This option, according 
to Feynman, could not take place for a mass M fed into the two-slit apparatus, so 
that the apparatus will not be able to uncover the difficulty unless M is at least of 
order 107? grams. Thus he concluded that 


Either gravity must be quantized because a logical difficulty would arise 
if one did the experiment with a mass of order 1074 grams, or else [...] 
quantum mechanics fails with masses as big as 107? grams (Ref. 4, p. 245). 


Subsequent discussions moved on more formal matters such as the meaning of 
the equivalence principle in quantum gravity, with Feynman contrasting Helmut 
Salecker's suggestion of a possible violation of the equivalence principle in the quan- 
tum realm. Then a further remark by Salecker himself brought the participants’ 
attention back to the topical issue, the necessity of gravitational quantization. In 
particular, as explained by an Editor's note (see Ref. 4, p. 249), Salecker hinted to 
the possibility to build up an action-at-a-distance theory of gravitation in whole 
analogy to the electromagnetic case, with charged quantized particles acting as a 
source of a unquantized Coulomb field. At this stage Frederik J. Belinfante proposed 
the quantization of both the static part and the transverse part of the gravitational 
field (the last one describing gravitational radiation) as a way to circumvent difficul- 
ties related to the choice of the expectation value of the stress energy tensor as the 
source of the gravitational field. As noticed by Zeh,? Belinfante’s proposal reflects 
his ideas on the ontology of quantum mechanics, which point toward an epistemic 
rather than ontic interpretation of the wave function: 


“There are two quantities which are involved in the description of any 
quantized physical system. One of them gives information about the general 
dynamical behavior of the system, and is represented by a certain operator 
(or operators). The other gives information about our knowledge of the 
system; it is the state vector [..] the state vector can undergo a sudden 
change if one makes an experiment on the system. The laws of nature 
therefore unfold continuously only as long as the observer does not bring 
extra knowledge of his own into the picture." (Ref. 4, p. 250). 


This follows from an argument given by Wheeler in Ref. 4, pp. 179-180, involving a path integral 
for the gravitational field. 
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Belinfante's description used the Heisenberg picture, at variance with Feynman 
who reasoned in terms of wave functions as dynamical objects. Indeed, according 
to Belinfante “the wave function [...] must change for reasons beyond the system's 
physical dynamics. He does not refer to ensembles of wave functions or a density 
matrix in order to represent incomplete knowledge" (Ref. 2, p. 65). 

Feynman promptly replied with his second gedanken experiment, a Stern- 
Gerlach experiment with a gravitational apparatus. More in detail, he considered 
a spin-1/2 particle going through a Stern-Gerlach apparatus and then crossing the 
first or the second of two counters (denoted as 1 and 2, respectively), each one 
connected by means of a rod to an indicator. He took the indicator as a little ball 
with a diameter of 1 cm, going up or down depending on the position of the object, 
at counter 1 or 2, respectively. Quantum mechanics, as underlined by Feynman, 
provides in principle an amplitude for the ball up and an amplitude for the ball 
down”. However, the ball is chosen to be macroscopic, so as to be able to produce a 
detectable gravitational field, which in turn can move a probe ball. In other words 
a channel between the object and the observer is established via the gravitational 
field. This ideal experiment led Feynman to infer the following conclusion about 
gravity quantization: 


Therefore, there must be an amplitude for the gravitational field, provided 
that the amplification necessary to reach a mass which can produce a grav- 
itational field big enough to serve as a link in the chain does not destroy 
the possibility of keeping quantum mechanics all the way. There is a bare 
possibility (which I shouldn't mention!) that quantum mechanics fails and 
becomes classical again when the amplification gets far enough, because 
of some minimum amplification which you can get across such a chain. 
But aside from that possibility, if you believe in quantum mechanics up to 
any level then you have to believe in gravitational quantization in order to 
describe this experiment (Ref. 4, p. 251). 


A subsequent answer to a question by Hermann Bondi? further highlighted, accord- 
ing to Zeh (Ref. 2 p. 67), Feynman’s position against the epistemic interpretation 
of the wave function: 


I don't really have to measure whether the particle is here or there. I can do 
something else: I can put an inverse Stern-Gerlach experiment on and bring 
the beams back together again. And if I do it with great precision, then I 
arrive at a situation which is not derivable simply from the information that 
there is a 50 percent probability of being here and a 50 percent probability of 


bZeh? points out how Feynman's description of the measurement process is very close to the 
standard measurement and registration device proposal by John von Neumann.!4 

**Wlhat is the difference between this and people playing dice, so that the ball goes one way or 
the other according to whether they throw a six or not?" (Ref. 4, p. 252). 
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being there. In other words, the situation at this stage is not 50-50 that the 
die is up or down, but there is an amplitude that it is up and an amplitude 
that it is down — a complex amplitude — and as long as it is still possible to 
put those amplitudes together for interference you have to keep quantum 
mechanics in the picture. (Ref. 4, p. 252, our emphasis) 


3. Wave function collapse 


The aim of this Section is to highlight Feynman’s ideas about the quantum measure- 
ment problem. Indeed, from the last sentence of the last quote, one can infer a clear 
reference to the problem of wave function collapse, as well as a hint to decoherence 
as a possible solution. A further suggestion can be found in a subsequent remark: 


Well, it's a question of what goes on at the level where the ball flips one way 
or the other. In the amplifying apparatus there's already an uncertainty - 
loss of electrons in the amplifier, noise, etc. - so that by this stage the 
information is completely determined. Then it's a die argument. You might 
argue this way: Somewhere in your apparatus this idea of amplitude has 
been lost. You don't need it any more, so you drop it. The wave packet would 
be reduced (or something). Even though you don't know where it’s reduced, 
it's reduced. And then you can't do an experiment which distinguishes 
interfering alternatives from just plain odds (like with dice). (Ref. 4, p. 252, 
our emphasis) 


According to Feynman, wave packet reduction occurs somewhere in his experimental 
apparatus thanks to the amplifying mechanism, so that a huge amount of amplifica- 
tion (via the macroscopic gravitational field of the ball) may be effective in changing 
amplitudes to probabilities. Then he wondered about the possibility to devise an 
experiment able in principle to avoid the wave packet reduction due to the amplifica- 
tion process. Subsequent criticism by Leon Rosenfeld and Bondi further stimulated 
Feynman's intuition. So he was led to envisage a sort of quantum interference in 
his experiment, driven by the gravitational interaction between macroscopic balls, 
which could be described by means of a quantum field with suitable amplitudes 
taking a value or another value, or to propagate here and there. But, as Bondi 
suggested, any irreversible element should be removed, such as for instance the pos- 
sibility of gravitational links to radiate. Probably, this is another point in which 
a further hint to the role of decoherence in destroying quantum interference can 
be recognized, even if in Bondi's and Feynman's words a reference is made only to 
classical irreversibility.? In fact the meaning of decoherence, its origin and its role 
in smearing out phase relations as well as in triggering the transition to classicality, 
were still unclear in the late 1950s. The discussion went on with Feynman arguing 
that quantum interference might eventually take place with a mass of macroscopic 


dFor a historical and research account on decoherence, see Ref. 15 and references therein. 
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size, say about 107? gram or 1 gram, and hinting to the possible role of gravity in 
destroying quantum superpositions. In his words: 


There would be a new principle! It would be fundamental! The principle 
would be: — roughly: Any piece of equipment able to amplify by such and such 
a factor (107? grams or whatever it is) necessarily must be of such a nature 
that it is irreversible. It might be true! But at least it would be fundamental 
because it would be a new principle. There are two possibilities. Either this 
principle — this missing principle — is right, or you can amplify to any level 
and still maintain interference, in which case it’s absolutely imperative that 
the gravitational field be quantized... I believe! or there's another possibility 
which I have't thought of (Ref. 4, pp. 254-255, emphasis in original). 


'The same ideas would have been pursued later by Feynman in his Lectures on 
Gravitation,? where he considered “philosophical problems in quantizing macro- 
scopic objects" and hinted to the possibility of a failure of quantum mechanics 
induced by gravity: 


I would like to suggest that it is possible that quantum mechanics fails at 
large distances and for large objects. Now, mind you, I do not say that I 
think that quantum mechanics does fail at large distances, I only say that 
it is not inconsistent with what we do know. If this failure of quantum 
mechanics is connected with gravity, we might speculatively expect this 
to happen for masses such that am? 
corresponds to some 10!? particles (Ref. 9, pp. 12-13). 


= 1, of M near 107? grams, which 


Within the same set of lectures (Ref. 9, p. 14), the possibility is recognized that 
amplitudes may reduce to probabilities for a sufficiently complex object, thanks to 
a smearing effect on the evolution of the phases of all parts of the object. Such 
a smearing effect could have a gravitational origin. A similar idea is expressed in 
the end of the letter to Weisskopf,? as already mentioned in the Introduction. This 
shows how Feynman was open-minded with respect to all possibilities, despite his 
strong belief in the quantum nature of reality. 

The debate on gravity quantization here highlighted and, in particular, Feyn- 
man's deep insights, triggered subsequent research on the possibility of a gravity- 
induced collapse of wave function, as a viable solution to the measurement problem 
in quantum mechanics.!9 7? The idea is attractive since gravity is ubiquitous in na- 
ture, and gravitational effects depend on the size of objects, so it has been greatly 
developed in the subsequent years up to the present day. Along this line of thinking, 
Roger Penrose suggested that a conflict emerges when a balanced superposition of 
two separate wave packets representing two different position of a massive object is 
considered.??:?? In his words (see Ref. 26, p. 475): “My own point of view is that 
as soon as a significant amount of space-time curvature is introduced, the rules of 
quantum linear superposition must fail”. Clearly the conflict is the result of putting 
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together the general covariance of general relativity and the quantum mechanical 
superposition principle. By assuming in each space-time the validity of the notions 
of stationarity and energy, and by taking the difference between the identified time- 
translation operators as a measure of the ill-definiteness of the final superposition's 
energy, the decay time for the balanced superposition of two mass distributions can 
be estimated: 


h 
ip -— AG (1) 


Here AE gray is the gravitational self-energy of the difference between the mass 
distributions of each of the two locations of the object. This means that massive 
superpositions would immediately undergo collapse. The same idea led Penrose to 
introduce the so called Schródinger-Newton equation,?4 which governs a peculiar 
non-linear evolution of the center-of-mass wave function. Its soliton-like dynamics 
is the result of a competition between a partial shrinking due to the non-linear term 
and a partial spreading due to the usual dynamical term. 

More recently, other collapse models(called dynamical collapse models) have 
been put forward," °° where the collapse of the wave function is induced by a 
different mechanism, i.e. the interaction with a random source such as an external 
noise source. 

From the experimental side, a lot of proposals have been made as well, mainly 
aimed to explore a parameter range where both quantum mechanics and gravity 
are significant. For instance it has been possible to create a quantum superposi- 
tion state with complex organic molecules with masses of the order m = 10-?? 


kg.2^3? Recent experimental proposals involve matter-wave interferometers,?? 3° 


36-39 and magnetomechanics.^? Today a major challenge is, 


quantum optomechanics 
on one hand, to design viable experiments at the interface between the quantum and 
classical worlds, while on the other hand to reveal and discriminate gravity-induced 
decoherence from environmental decoherence in such experiments. However, despite 
such a huge theoretical and experimental effort, a definite answer to the quantum 
measurement problem as well as to the problem of the emergence of classical from 


the quantum world is still lacking. 


4. The role of the observer in a closed Universe 


In this Section we deal with the issue of the role of the observer in a closed Universe, 
as emerged from discussions carried out in the closing session of Chapel Hill con- 
ference. Here Wheeler gave the first public presentation of Everett's relative-state 


interpretation of quantum mechanics,”*! as follows: 


General relativity, however, includes the space as an integral part of the 
physics and it is impossible to get outside of space to observe the physics. 
Another important thought is that the concept of eigenstates of the total 
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energy is meaningless for a closed Universe. However, there exists the pro- 
posal that there is one “universal wave function". This function has already 
been discussed by Everett, and it might be easier to look for this “universal 
wave function" than to look for all the propagators (Ref. 4, p. 270). 


Feynman promptly replied by characterizing of Everett’s approach as “many- 
worlds": 


The concept of a “universal wave function” has serious conceptual difficul- 
ties. This is so since this function must contain amplitudes for all possible 
worlds depending on all quantum-mechanical possibilities in the past and 
thus one is forced to believe in the equal reality of an infinity of possible 
worlds (Ref. 4, p. 270). 


The same idea will be presented some years later in the Lectures on Gravitation (Ref. 
9, pp. 13-14), where Feynman also discussed the role of the observer in quantum 
mechanics. The Schródinger's cat paradox allowed him to illustrate the difference 
between the results of a measurement carried out by an external as well as an in- 
ternal observer. While the external observer describes his results by an amplitude, 
with the system collapsing into a well-defined final state after the measurement, 
according to the internal observer the results of the same measurement are given 
by a probability. Clearly the absence of an external observer leads to a paradox, 
which is much more effective when considering the whole Universe as described by a 
complete wave function. This Universe wave function is governed by a Schródinger 
equation and implies the presence of an infinite number of amplitudes, which bifur- 
cate from each atomic event. In other words, according to Feynman, the Universe 
is constantly spitting into an infinite number of branches, as a result of the interac- 
tions between its components. Here the key observation is that interactions play the 
role of measurements. As a consequence, an inside observer knows which branch the 
world has taken, so that he can follow the track of his past. Feynman's conclusion 
brings into play a conceptual problem: 


Now, the philosophical question before us is, when we make an observation 
of our track in the past, does the result of our observation become real in 
the same sense that the final state would be defined if an outside observer 
were to make the observation (Ref. 9, p. 14)? 


A further discussion of the meaning of the wave function of the Universe is carried 
out later in the Lectures on Gravitation (Ref. 9, pp. 21-22). Here Feynman restated 
his “many-worlds” characterization of Everett’s approach with reference to a “cat 
paradox on a large scale”, from which our world eventually could be obtained by a 
"reduction of the wave packet". Concerning this reduction, he wondered about the 
relation between Everett's approach and collapse mechanisms of whatever origin. 
Perhaps it may be relevant to quote a comment by John P. Preskill, within a talk 
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about the Feynman legacy, given at the APS April Meeting (cf. Ref. 42, slide 29): 


When pressed, Feynman would support the Everett viewpoint, that all phe- 
nomena (including measurement) are encompassed by unitary evolution 
alone. According to Gell-Mann, both he and Feynman already held this 
view by the early 1960s, without being aware of Everett’s work°. However, 
in 1981 Feynman says of the many-worlds picture: “It’s possible, but I am 
not very happy with it". 


Historically, Everett's proposal" was the first attempt to go beyond the Copen- 
hagen interpretation in order to apply quantum mechanics to the Universe as a 
whole. To this end, the well known separation of the world into “observer” and “ob- 
served" has to be superseded by promoting the observer to be part of the system, 
while the usual quantum rules are still effective in measuring, recording or doing 
whatever operation. Quantum fluctuations of space-time in the very early Universe 
have also to be properly taken into account. On the other hand, this proposal lacks 
an adequate description of the origin of the quasi-classical realm as well as a clear 
explanation of the meaning of the branching of the wave function. 


43-48 and its more re- 


Everett’s work has been further developed by many authors 
cent generalization is known as decoherent histories approach to quantum mechanics 
of closed systems. A characterizing feature of this formulation is that neither ob- 
servers nor their measurements play a prominent role. Furthermore the so called 
retrodiction, namely the ability to construct a history of the evolution of the Uni- 
verse towards its actual state by using today's data and an initial quantum state, 
is allowed. The process of prediction requires to select out decoherent sets of histo- 
ries of the Universe as a closed system, while decoherence in this context plays the 
same role of a measurement within the Copenhagen interpretation. Decoherence is 
a much more observer-independent concept and gives a clear meaning to Everett's 
branches, the main issue being to identify mechanisms responsible for it. In partic- 
ular, it has been shown that decoherence is frequent in the Universe for histories of 
variables such as the center of mass positions of massive bodies.*? 


5. Concluding remarks 


In this paper we have retraced Feynman's thoughts on foundational issues in quan- 
tum mechanics. Such ideas were rarely expressed by him, who mainly linked his 
name to his masterful application of thus theory, but they clearly emerged when- 
ever he focused on the problem the interface of quantum mechanics and gravity, 
with the ensuing great conceptual questions. These problems, such as that of the 
collapse of the wave function, of macroscopic superpositions and of observers which 
are parts of the observed system itself, are of course not limited to the gravitational 


*We do not agree that Feynman was not aware of Everett’s work in the 1960s, since he commented 
on it at Chapel Hill in 1957. 
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realm, but lie at the very heart of quantum physics. Despite much progress having 
been achieved since Feynman's times, part of which had been anticipated by him 
and other participants to the Chapel Hill conference, much work still needs to be 
done, before his most famous remark? “I think I can say that nobody understands 
Quantum Mechanics" can be considered to be no longer true. 
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Summary of the parallel session HR3 


Shokoufe Faraji 


University of Bremen, Center of Applied Space Technology and Microgravity (ZARM), 
28359 Germany 


This is the summary of the parallel session entitled “Time and Philosophy in Physics", 
chaired by Shokoufe Faraji in the sixteenth Marcel Grossmann Meeting. This parallel 
session aimed to discuss open issues related to Time and fundamental laws from different 
perspectives in a complementary point of view. 


Keywords: Time in Physics, Time in Philosophy; passage of Time; fundamental laws 


1. Introduction 


It is astonishing that we can understand the Universe in the way we study it. 
However, concurrently celebrating the achievements of science, we should respect 
its limits and not claim more than it can actually achieve or attain, where by 
pushing its limits, complex philosophical issues may arise. However, the concern 
is about when theories are applied beyond their range of applicability. Since the 
visible Universe may not give us enough information to characterize the laws of 
physics completely, thus we need a more comprehensive framework that not only 
incorporates science but can also go beyond the limits. 

Therefore, for example the questions on the domain of validity of the funda- 
mental laws of physics and the nature of existence of infinities are sound viable. 
However, maybe above all, the nature of Time and the order present in nature is 
the greatest secret in the Universe. ? 


2. The passage of Time and top-down causation 


This is reported by Prof. Barbara Drossel. 

There is a common underlying agreement among many physicists to consider 
the properties of the fundamental equations of physics are also properties of na- 
ture. Therefore, since these equations are deterministic, it is concluded that nature 
is also deterministic. Besides, the Time evolution is completely determined by the 
initial state and the fundamental laws. Furthermore, these laws are invariant under 
changing the direction of Time. However, any physical theory is an approximation 
and not an exact description of the physical processes of interest. And by no means 
it is a complete description of everything that is going on in the physical world. 
Even a deterministic and Time-reversible fundamental theory is in practice supple- 
mented by irreversible and stochastic features. In conclusion, the irreversibility and 
stochasticity enter when the influence of the environment on a system is taken into 


3672 


account, which is related to emergence and top-down causation and microsystems 
are causally open to influences from the macroscopic environment. 


3. Temporal asymmetry and causality 


This is reported by Prof. Wayne Myrvold. 

The temporal asymmetry between past and future permeates virtually every as- 
pect of the world of our experience. As far as we know, it has no counterpart in the 
laws of fundamental physics. One option is to trace this asymmetry to a fact about 
the early state of the universe, either taken as a contingent, unexplained fact, or as 
a consequence of some physical principle. However, there is an alternate route to ex- 
plaining temporally asymmetric phenomena, according to how work on the process 
of equilibration is done. This does not involve any hypothesis about the past, rather 
it is founded on conditions that we can apply at any Time, closely related to the 
concept of causality.9 In fact, temporal asymmetry enters our explanations because 
the very notion of what it means to explain something is temporal asymmetry. To 
sum up, the conceptions of casual order and temporal order are not independent 
and in fact they are two sides of the same coin. 

Therefore, the absence of temporally asymmetry in the fundamental laws is no 
obstacle to explaining that asymmetry. What is invoked is a temporal asymmetry 
in the very notion of explanation. 


4. Temporal ordering in Philosophy and Physics 


This is reported by Prof. Norman Sieroka. 

Time and temporal order are one of the oldest and most eminent concepts in 
both philosophy and physics. One of the main aims of philosophy is to coordinate 
the human experience in structural analysis and comparison. For this, one needs 
to acknowledge the differences in types of Time and Time scales. Then we realize 
many issues about Time are issues about the ordering of events both within and 
across different types and scales.” 

From the philosophical point of view, mainly there are two different types of 
temporal orderings. The first one, the presentism or possibilism perspective; events 
being characterized by the present, past or future, and try to focus on mental states 
and experience; however, this view may have trouble in physics if simultaneity is 
not absolute. The second view is Eternalism; the ordering relation is only about 
events being earlier or later and focuses on physical states, and there is no vital 
distinction between past, present and future. However, it seems the second one to 
be of importance to physics. 

To sum up, the relation between these two orderings and their inner dynamics 
can be interesting in the context of the interaction between philosophy and physics. 
Besides, investigation of the notion of an event seems fundamentally essential in 
both areas. 
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5. Time in Quantum Gravity: A false problem 


'This is reported by Prof. Carlo Rovelli. 

There are several problems of Time in Physics that are related to each other. 
Indeed, always a lot of confusion comes from mixing problems that are distinct one 
from another. In particular, an extensive discussion of Time in Quantum Gravity 
was caused in the 60th by the Wheeler-de Witt equation, which at first sight suggests 
Time is frozen and there is no evolution. However, dealing with Time in General 
Relativity is a slightly different than in non-relativistic Physics. The difficulty 
for developing Time in General Relativity is to struggle with the meaning of the 
coordinates. In fact, coordinates in non-relativistic field Theory are measurable 
by rods and clocks; in contrast to General Relativity, there is nothing physical 
attached to coordinates. In fact, all possible versions of Time in General Relativity 
is a quantity that is locally dependent on the Gravitational field. This means the 
entire formulation of dynamics as evolution in Time does not fit within the scope 
of General Relativity. In fact, instead of conceptualizing the evolution of physical 
variables evolving with respect to a variable, we are forced to consider the evolution 
of a variable with respect to one another. So by this perception, the relativistic 
dynamics is not frozen in Quantum Gravity and simply described in a different 
language. Thus, we can predict the relation among a number of variables, and there 
is no mystery about emergence of Time in Quantum Gravity. In fact, many tentative 
quantum gravity theories, from the Wheeler-de Witt equation to Loop Quantum 
Gravity, do not specify a Time variable, and yet they are predictive. Of course, this 
view has substantial consequences, for example, there are some indications that the 
Time might be discrete. 


6. The issue of Time in Fundamental Physics 


'This is reported by Prof. Abhay Ashtekar. 

'The Notion of Time in fundamental physics has undergone radical revisions over 
centuries dramatically.? However, new observational windows continually open up 
in the process. In particular, issues at the forefront of cosmology and quantum 
gravity pose new conceptual and technical challenges. The same is true in particle 
Physics, GPS systems or Quantum Information Theory. 

A pleasing feature is coming together from physical and operational ideas, fun- 
damental concepts from General Relativity, the associated Hamiltonian constraint, 
and a post-Pauli understanding of how one should think of Time in Quantum Me- 
chanics. In fact, in Quantum Mechanics, the focus is on the extended system by con- 
sidering the clock. In Quantum Gravity, there is no such thing as Time in Quantum 
mechanics, and the extended system kinematics is already contained the dynamical 
variables of General Relativity. 

However, it does not mean everything is understood and well-controlled. Many 
refinements, extensions and technical issues are still open; however, there is no 
conceptual roadblock to this understanding. 
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7. Time in General Relativity and Quantum Mechanics 


'This is reported by Prof. Claus Laemmerzahl. 

The nature of Time is characteristic of the underlying theory. Within the for- 
malism of General Relativity, it is possible to define or characterize a distinguished 
clock and Time operationally, and this is the so-called standard clock providing 
proper Time. In addition, within Quantum Mechanics, it is possible to define a 
clock and the corresponding Time. This clock is an atomic clock, and it provides 
'Time in the unit of the second. It can be proven with high precision that both clocks 
are compatible though they are based on entirely different notions.!? Based on such 
standard clocks, we define Special Relativity effects such as the gravitational red- 
shift, gravitational Time delay and gravitomagnetic clock effect. This compatibility 
breaks down in strong gravitational fields and also in generalized theories of gravity. 

It would be of some interest to study the relativistic two-body problem and 
another Time scale from chirp. In addition, studying a bound system in an exter- 
nal gravitational field like the Earth-Moon system in the field of the Sun, seems 
necessary to our understanding. 


8. Time's passage 


'This is reported by Janathan Dickau. 

The way we experience Time is in the accumulation of experiences and events 
that happen in the moment. On the one hand, philosophers have tried to explain 
both the nature of Time and its origin. On the other hand, the meaning of Time in 
different areas of physics like in Classical and Quantum Mechanics, and Relativity 
are different. So we hope for example Quantum Gravity theories will help resolve 
this issue. Recent advances in Mathematics also hold promise for a unified basis 
explaining both the thermodynamic and quantum-mechanical Time arrows in a 
consistent way. It is important to continue our exploration of quantum gravity 
theories and try to understand the cosmological context for these theories in a 
broader way. So physicists should see it as a responsibility to build bridges between 
the philosophically disconnected islands of thought, by applying a Philosophy of 
Physics that supports our common endeavor to learn the secrets of the cosmos. 


9. A glimpse of Feynman's contributions to the debate on the 
Foundations of Quantum Mechanics 


'This is reported by Dr. Adele Naddeo. 

One of the most debated questions in the famous 1957 Chapel Hill conference 
on “The Role of Gravitation in Physics” was whether or not the gravitational field 
has to be quantized.!! Feynman proposed several gedanken experiments in order to 
argue in favor of the necessity of gravitational quantization, and hinting to deco- 
herence as a viable solution to the problem of wave function collapse.!? Feynman 
believed that nature cannot be half classical and half quantum; therefore, we had 
the unified field theories. After quantum theory one tries to quantize gravity! 
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Another issue was related to the limitations that quantum quantum theory may 
impose on the measurements of space-time distances and curvature. However, since 
the Planck mass does not set a lower limit to the mass of a particle whose gravita- 
tional field can be measured, so the gravitational field of any mass can in principle 
be measured. 

Feynman also discussed the role of the observer in quantum mechanics. The 
Schródinger's cat paradox allowed him to illustrate the difference between the results 
of a measurement carried out by an external as well as an internal observer.!? While 
the external observer describes his results by an amplitude, according to the internal 
observer the results of the same measurement are given by a probability. In other 
words, according to Feynman, the Universe is constantly spitting into an infinite 
number of branches, as a result of the interactions between its components. As a 
consequence, an inside observer knows which branch the world has taken, so that he 
can follow the track of his past. However, in 1981 Feynman says of the many-worlds 
picture: It’s possible, but I am not very happy with it. 


10. Conclusion 


Physics enables everything and underlies everything, but it does not mean it de- 
termines everything." Perhaps the world is much more complicated than can be 
explained only by science. T'hus, we should trust our most immediate experiences, 
new conceptual and technical challenges. In fact, they are the basis and guides for 
being capable of thinking and acting. Based on these, we could critically examine 
and take care of metaphysical claims and our ultimate questions like: does the world 
covered by science describe the whole reality? What about underlying assumptions 
and axioms in cosmology? What about all the philosophical issues related to “the in- 
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terpretation of quantum mechanics,” “measurement Problem,” and the ontological 


character of quantum states? Why does the Universe have such a unique structure 
that life can exist? 
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We review the two-families scenario of compact stars. Under the hypothesis that strange 
quark matter is the ground state of dense matter one can infer the existence of two 
separated branches of stars: hadronic stars and quark stars. While the first branch is 
populated by very compact and light stars, the second branch can be populated by very 
massive stellar objects. A possible confirm to this scenario derives from the gravitational 
waves detections GW170817 and GW190814, the first one suggesting the existence of 
stars with radii as small as 11km for M ~ 1.4Mọ and the second one suggesting the 
existence of a compact star with a mass above 2.5Mo. 


Keywords: Compact stars, Binary mergers 


1. Introduction 


The opening of the Gravitational Waves (GWs) astronomy has already led to some 
important and new measurements of the structure of neutron stars (NSs) and con- 
straints on the population and mass distribution of neutron stars binaries! and 
neutron star - black hole (BH) binaries.? There are two merger events on which we 
want to focus here: GW170817? and GW190814.^ The first one has being unambigu- 
ously associated to a NS-NS merger and it is the first example of multimessenger 
astronomy since, in this case, also the electromagnetic counterparts GRB170817A 
and AT2017gfo have been detected. With a total mass of 2.74Mo, this event is as- 
sociated to the merger of two NSs with a mass around 1.37 Mo and thus far below 
the two solar mass limit observed through pulsar timing measurements, see e.g.?. 
Interestingly by combining the constraints on the tidal deformability obtained from 
the GW signal and the properties of the electromagnetic signals, a precious con- 
straint on the structure of NSs has been found: the radius of the 1.4Mc mass NS 
R,4- 11.0*06km at 90% credible interval. Such a small radius suggests a quite 
soft equation of state for dense nucleonic matter and one can predict a maximum 
mass Mmax value of ~ 2.3Mo. 

On the other hand, GW190814 has been produced by the merger of a 23Mo 
BH and a compact object with mass in the range 2.5 — 2.67 M. The nature of 
the low mass companion is unclear, it could be the lightest BH or the heaviest NS 
ever discovered. By assuming that it is indeed a NS, one would get a very strong 
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constraint on the equation of state: only very stiff equations of state could lead 
to such massive compact stars, see e.g./. Thus, a tension emerges between the 
constraints obtained from GW170817 and GW190814. 

The two-families scenario? !^ proposes a solution to this tension based on the 
hypothesis of coexistence of hadronic stars (HS) and quark stars (QS) the first being 
very compact and the second being very massive. In the following we will review this 
scenario outlining the differences with respect to the standard one family scenario 
and other astrophysical scenarios with two separated branches of compact stars. 


2. Modelling the equation of state and structure of compact stars 


The equation of state of dense matter is rather uncertain and indeed NSs are consid- 
ered in nuclear and particle physics as natural laboratories for matter at extremely 
high densities, order of ten times the nuclear saturation density n,. There are how- 
ever a few theoretical arguments that suggest, qualitatively, what could happen 
if matter is compressed (in NSs by gravity) above n,. First, the increase of the 
baryon chemical potential must lead, at some unknown density, to the appearance 
of new baryons, namely hyperons or delta resonances. The appearance of new de- 
grees of freedom is necessary accompanied by a softening of the equation of state. 
'The value of the threshold density for the emergence of these degrees of freedom 
and how much the equation of state is softened due to their appearance depend on 
the details of the theoretical modelling of the equation of state. With the present 
knowledge one cannot exclude that NSs in which also hyperons and delta resonance 
(called hadronic stars, HSs) form could be as massive as 2Mo, see for instancel? 
where also kaon condensates are considered in the computation of the equation of 
state. If the maximum mass of NSs M44 ~ 2.6Mo, it is difficult to explain such a 
massive object in terms of a HS (at the moment there are no calculations showing 
that HS could be so massive). Thus, the threshold for the formation of hyperons and 
delta would be above the central density n, reached in NSs. For mmax = 2.6Mo it 
has been found in!® that n, < 4.5n,, one would thus conclude that no new degrees 
of freedom are produced up to 4.5n,. Such a possibility could be realised if an ex- 
tremely strong hyperon-hyperon repulsion is assumed as e.g. in the calculations of.!” 
Here we will adopt the most common result that hyperons and/or delta resonance 
appear in dense matter already at about twice n,.!? The resulting softening, if no 
ad hoc repulsion term between hyperons is added (see e.g.!?), is such that Mmax 
for HSs could be as low as 1.6Mo. Moreover radii as small as 10km are obtained 
for the most massive configurations. Thus very compact objects are interpreted as 
being HSs, we will discuss one example of mass-radius relation within this scenario 
later on. 

How to explain then the existence of massive NSs, with masses possibly as high 
as 2.6M 3? Since in the two-families scenario massive stars are QSs, the equation 
of state of quark matter must be rather stiff. Let us consider the simple constant 
speed of sound (CSS) equation of state for which the pressure p and the energy 
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Fig. 1. Lines of constant Mmax in the eo—2 plane. The vertical dashed line indicates the conformal 
limit, c2 = 1/3. 

density e are related by the relation: p = c2(e — eg) where eo is the energy density 
at zero pressure and c, is the (constant) speed of sound. The stiffness is regu- 
lated by eo and cs: the larger the value of c, and/or the smaller the value of eo, 
the stiffer the equation of state. Indeed, by solving the TOV equations by adopt- 
ing such an equation of state one can show, through numerical calculations, that 
Mmax as function of eg and c, can be described by the following parametrization: 
imas (2, €o) = (es /e0)!/2 (0.11 +3.27x — 1.04274 0.132?) where x = c2/(1/3) and es 
is the energy density of nuclear matter e, ~ 150 MeV /fm?, see.?? For c, the upper 
bound is 1, namely the causal limit whereas the lower bound for eo can be taken at 
eo = es, namely by assuming that strange quark matter has an energy density at 
p — 0 not smaller than the one of nuclear matter. 

In Fig. 1 we display the constant maximum mass curves in the x - eg plane. As 
one can notice, if one sets c, — 1/3, namely to its asymptotic value as predicted by 
perturbative QCD (the so called conformal limit), one can reach values for Mmax 
as high as ~ 2.5Mo if eo is set to es. Thus for c, = 1/3 one could touch the 
lower limit for the low mass companion of GW190814. Small deviations from the 
conformal limit would allow to easily reach its upper limit, namely 2.67Mo. It is 
interesting to also discuss the radii of massive compact stars. For a fixed value of 
maximum mass, the radius of mmax decreases for increasing values of c, (and eo). 
For instance for Mmax = 2Mo, Tmax ranges from 12.3km (for x = 0.7) to 10.2 (for 
x = 1.2) km. Interestingly, the analysis of the NICER data on PSR J0740--6620, 
provides R = 12.35 +0.75 km for M = 2.08+0.07Mo.”! In our scenario, and under 
the hypothesis that mmax is actually ~ 2Mo, one would infer that c, needs to 
be close to the conformal limit in order to explain the radius of PSR J07404-6620. 
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'This is at odd with the so-called twin-stars scenario where a strong first order phase 
transition is assumed to occur from nucleonic matter to quark matter. The necessary 
softening associated with the phase transition must be compensated by large values 
of c, (cs ~ 1) in order to explain the existence of massive stars, see e.g.??. 
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Fig. 2. Upper panel: Gibbs potential g as a function of the pressure for hadronic and quark mat- 
ter. The phase with the lowest g is thermodynamically preferred. Middle panel: relation between 


pressure and energy density for hadronic and quark matter. Lower panel: mass-radius relations for 
HSs and QSs. 


An important point when discussing the possibility of separated branches of 
compact stars is the thermodynamical consistency of the equations of state. In the 
two-families scenario, the branch of QSs is populated via the conversion of a HS. 
'The conversion itself, to start, needs a specific condition on the thermodynamical 
variable of the two phases, namely at the same pressure (and same temperature) the 
new phase must have a smaller Gibbs potential according to the second principle 
of thermodynamics. To compute the Gibbs potential g = (e + p)/n we need to first 
compute the baryon density in the CSS model as a function of the pressure. By 
using the relation p — n296/m one can show that: 

2 C ETÀ 
nam (tem) (1) 
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where no is the baryon density at zero pressure. In Fig. 2, upper panel we show the 
comparison between the Gibbs potential of a hadronic equation of state, SFHo-HD 
taken from!? and a CCS equation of state of quark matter with c2 = 0.5, eg = 1.5e, 
and no = 1.8n,. The Gibbs potential of the quark phase is below the one of the 
hadronic phase at least up to very large values of the pressures (~ 500 MeV/fm?) 
that are not reached within the HSs branch (for which the maximum central pressure 
is ~ 330 MeV /fm? for this specific example). This means that quark matter can be 
nucleated from hadronic matter, the only necessary condition being the amount of 
strangeness in the hadronic phase. In,'? we have estimated that the critical mass 
of HSs allowing for nucleation varies in the range 1.5 — 1.6Mo. In the middle panel 
of Fig. 2, we display the relation between pressure and energy density for the two 
equations of state. One can notice that the quark matter equation of state is stiffer 
in the p — e plane and thus leads to larger maximum masses. Although the quark 
equation of state is stiffer than the hadronic one, is anyway preferred (once the 
nucleation and the conversion process start) due to its smaller Gibbs potential. 
Finally in the lower panel, we display the mass radius curve of HSs and QSs. In 
this specific example, the quark equation of state leads to a maximum mass of 
2.5Mọo and this could potentially explain the nature of the low mass companion 
of GW190814 as being a QS. At the same time, the HSs branch is populated by 
very compact stars, as small as 10km. The event GW170817 is interpreted in our 
scenario as a merger of a HS and a QS. The computed average tidal deformability, 


A, is in agreement with the constraints obtained from the GW signal, see.!? 


3. Conclusions 


We have reviewed the two-families scenario proposed in.® In this scenario two 
brances of compact stars exist, HSs which could be very compact and QSs which 
could be very massive. This scenario can therefore explain why certain sets of data 
(both on GW and EM signals) suggest small radii (R < 11km) and other sets of 
data suggest large masses, as large as 2.5 Mo. The coexistence of these branches 
is possible because the quark matter equation of state can be rather stiff (in the 
p — e plane) while being thermodynamically preferred with respect to the hadronic 
matter equation of state (in the g — p plane). Interestingly, the two branches sep- 
arate for values of mass of ~ 1.6M at variance with other scenarios with sepa- 
rated branches, as e.g. the twin stars scenario, in which the new branch opens up 
at ~ 2Mo,”? 

In the two-families scenario the specific process of conversion of a HS into a QS 
has been extensively studied, see?? ?^: basically it is a combustion process which 
could be very fast (with time scales of the order of ms) due to hydrodynamical 
instabilities. T'he new stellar object has a larger radius with respect to the progenitor 
HS as studied in detail in Ref.?°. In the twin-stars scenario instead, the formation of 
a hybrid star is triggered by a mechanical instability with respect to the gravitational 
collapse. It has to be shown that from a 2Mọ star (where the twin branch starts) 
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one can form a much lighter (M ~ 1.6M5) and compact (R ~ 10 km ) star (see??) 
preventing the collapse to a BH. 

Finally, another difference between the two-families scenario and the twin stars 
scenario concerns the value of the speed of sound of quark matter: it can stay below 


or quite close to the conformal limit (c2 — 1/3) in the former while it must be 


set to the causal limit (c? = 1) in the latter. In this case one should find out a 
physical mechanism that allows to match the pQCD results at asymptotic densities 
according to which c? must tend again to 1/3. 
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Neutron stars harbour extremely powerful magnetic fields, leading to their shape being 
deformed. Their magnetic deformation depends both on the geometry - and strength - 
of their internal magnetic field and on their composition, encoded by the equation of 
state. However, both the details of the internal magnetic structure and the equation 
of state of the innermost part of neutron stars are mostly unkown. We performed a 
study of numerical models of magnetised, static, axisymmetric neutron stars in general 
relativity and in one of its most promising extensions, scalar-tensor theories. We did 
So by using several realistic equations of state currently allowed by observational and 
nuclear physics constraints, considering also those for strange quark stars. We show that 
it is possible to find simple relations among the magnetic deformation of a neutron star, 
its Komar mass, and its circumferential radius in the case of purely poloidal and purely 
toroidal magnetic configurations satisfying the equilibrium criterion in the Bernoulli 
formalism. These relations are quasi-universal, in the sense that they mostly do not 
depend on the equation of state. Our results, being formulated in terms of potentially 
observable quantities, could help to understand the magnetic properties of neutron stars 
interiors and the detectability of continuous gravitational waves by isolated neutron 
stars, independently of their equation of state. In the case of scalar-tensor theories, these 
relations depend also on the scalar charge of the neutron stars, thus potentially providing 
a new way to set constraints on the theory of gravitation. 


Keywords: Neutron stars; magnetic deformation; scalar-tensor theories. 


1. Introduction 


The most compact material objects in the known Universe are neutron stars (NSs), 
which are also known to harbour extremely powerful magnetic fields, especially in 
the sub-class known as magnetars!^: the surface magnetic field of NSs has been 
found to be in the range 105-!?G for radio and y-ray pulsars," while estimates in 
magnetars reach 10!?G.5? While the surface and magnetospheric magnetic fields 
of NSs can be probed through many different methods,!?:! their internal magnetic 
field remains mostly unknown, both in its strength and geometry. Predictions ex- 
pect that values up to 10!°G and 10177185G could be reached inside magnetars and 
newly-born proto-NSs, respectively.!? 1^ On the other hand, while it is known that 


neither purely poloidal nor purely toroidal magnetic configurations are stable!?:!9 
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and mixed configurations are more favoured,!’ !? the extact magnetic field geom- 
etry in the interior of NSs is less clear. Fortunately, these magnetic fields present 
potentially observable effects to the structure of NSs: they can modify the torsional 
oscillations of NSs,?°:?! their cooling properties???? and their deformation.?^?5 

In this scenario, another unknown regarding the internal structure of NSs en- 
ters the game: the equation of state (EoS) of NSs remains mostly unconstrained. 
Recent observational results rejected the validity of many EoS: the observation of 
very massive NSs [e.g. the most massive NS known to date, with a mass poten- 
tially reaching ~ 2.28M 76]; the limits on the stiffness of NSs?”:?8 obtained by the 
first observation of gravitational waves (GWs) emitted by a binary NS merger??; 
the results of the NICER telescope?^:?! on the possible NSs radii. However, this 
uncertainity is further enhanced by the effect that the strong magnetic field buried 
inside NSs exherts on their composition, for example determining the presence of 
exotic particles or the existence of a superconducting phase.?? °° For these reasons, 
undertanding and constraining the interplay between the magnetic field of NSs and 
their EoS is fundamental in order to improve our knowledge of these objects. 

Other than observations in the electromagnetic domain, GWs can help to probe 
the inner structure of NSs. Of particular importance are continuous GWs (CGWs), 
which are emitted, for example, by a time-varying deformation. Such scenario can 
happen e.g. in the case of magnetically-deformed NSs whose magnetic axis is not 
aligned with their rotation axis.?5 37- 
are too low to cause a significant deviation from spherical symmetry,?^ newly-born 


proto-NSs and millisecond magnetars are the most promising sources of CGWs,?? 
38 


38 Since magnetic fields found in regular pulsars 


along with millisecond pulsars which possess a superconducting core. 

While the problem of the inner composition and magnetic field of NSs is an in- 
teresting problem on its own, it is deeply intertwined with the long-standing quest 
for the definitive theory of gravity. Even if general relativity (GR) remains the 
best theory to model the gravitational interaction, it has long been known that our 
understanding of gravity through GR presents some issues on the galactic and cos- 
mological scales. While one possibility is to introduce a dark sector,*^ 4? another 
path is to introduce modification to GR, leading to alternative theories of gravity.^? 
Among the possible alternatives to GR, scalar-tensor theories (STTs) - in which 
gravity is mediated also by a scalar field non-minimally coupled to the spacetime 
metric - have gathered a strong interest because of their simplicity, because they 
derive from some suggested theories of quantum gravity,^^ in general they satisfy 
the weak equivalence principle, and they are free of the issues affecting other al- 
ternatives to GR.45-47 Of great importance in the development of STTs was the 
discovery of a non-perturbative strong field effect, exhibited in some of these the- 
ories, named ‘spontaneous scalarisation’,*® which leads to strong deviations from 
GR in the vicinity of compact material objects (i.e. NSs), while it remains uncon- 
strained in the weak-field limit. The presence of a scalar field leads to an enrichment 
of the physics of NSs, for example by causing the emission of additional modes of 
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GWs?9?:99 or by modifing the mass-radius relation of NSs, the binary NS merger 
dynamics,?! the frequency of NS normal modes,?? their tidal and rotational defor- 


55-57 and the light propagation properties 


mation,”®54 their magnetic deformation 
in their vicinity. While massless STTs have been mostly ruled out by observa- 
tions,°? 61 STTs with a massive scalar field are still viable.9?-94^ As anticipated, 
part of the phenomenology of ST'Ts is degenerate with the EoS of NSs, for example 
concerning the mass-radius relation or their deformabilities. For such reason, disen- 
tangling their roles is important in order to have a more informative interpretation 
of observations. 

In the following we assume a signature {—,+,+,+} for the spacetime metric 
and use Greek letters u, v, A, ... (running from 0 to 3) for 4D spacetime tensor 
components, while Latin letters i, j, k, ... (running from 1 to 3) are employed for 
3D spatial tensor components. Moreover, we use the dimensionless units where c — 
G = Mo = 1, and we absorb the v4r factors in the definition of the electromagnetic 
quantities. All quantities calculated in the Einstein frame (E-frame) are denoted 
with a bar (-) while all quantities calculated in the Jordan frame (J-frame) are 
denoted with a tilde (°). 


2. Neutron stars in general relativity 


The spacetime metric in the case of static, axisymmetric configurations can be 
well approximated9?:96 using the conformally flat condition (CFC).°”® Then, for 
spherical-like coordinates x^ = [t, r, 0, $], the line element is 


gu, dx" daz" = —o?dt? + yt [dr? + r?d0? + r? sin? 0d¢”| ; (1) 
where guv is the spacetime metric, with determinant g, a(r, 0) is the lapse function 
and w(r, 0) is the conformal factor. The energy-momentum tensor for a magnetised 
ideal fluid is6?: 70 


1 
THY = (p-- e - p) utu” + pg" + FERRY — ge Pug ; (2) 


where p is the rest mass density, € is the internal energy density, p is the pressure, 
u is the four-velocity and F"" is the Faraday tensor. The 3+1 formalism" ?? 
can be used to recast the equations in a more computationally-friendly way; under 
these assumptions, the Einstein equations for the metric become two Poisson-like 
equations, one for 7 and one for ay.!9 

As for the magnetohydrodynamics (MHD) quantities, using the pseudo-enthalpy 
h, related to the pressure and density by dln h = dp/(p + € + p), Euler's equation 
becomes the ‘generalised Bernoulli integral’ ,!® 


n (=) +n (=) M=0, (3) 


where M is the magnetisation function and he and œe are the values of h and a at 
the centre of the star, respectively (having assumed Me = 0). The magnetisation 
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function in the case of a purely poloidal magnetic field is assumed to be M = kyo Ag, 
where k,,; is the poloidal magnetisation constant and A, is the ¢-component of the 
vector potential, computed by solving the relativistic Grad-Shafranov equation. For 
a purely toroidal magnetic field, we instead use M = —k2,(p4- € 4- p R2, where ktor 
is the toroidal magnetisation constant and R? = a?ytr? sin? 0. In the first case, the 
poloidal components of the magnetic field are found through the Grad-Shafranov 
equation99:73 for Ag; in the second case, the toroidal component is proportional to 
(p 4- € 4- pR?/a. Finally, the EoS closes the system of equations. We describe the 
EoS we used in Sect. 5. For a more detailed description of the equilibrium formalism 
the reader is referred to Refs. 55-57. 


3. Scalar-tensor theories in a nutshell 


The action of massless ST Ts in the J-frame, according to the ‘Bergmann-Wagoner 


formulation, 4 76 is 
a 1 4 -| = We ea a [n 
S = E gg jež- or UN Q + Sp M (4) 


where g is the determinant of the spacetime metric Juv, Vp its associated co- 
variant derivative, R its Ricci scalar, w(q) is the coupling function of the scalar 
field y, and Šp is the action of the physical fields V. In the E-frame, the ac- 
tion is obtained by making the conformal transformation g,, = A~*(x)Guv, where 
A-?(x) = v(x) and x is a redefinition of the scalar field in the E-frame, related 
to e by dy/dIng = {[w(y) + 3]/4H 7. In the E-frame, the scalar field is min- 
imally coupled to the metric: Einstein's field equations retain their usual form in 
the E-frame, but the energy-momentum tensor is now the sum of the one describing 
the fluid and electromagnetic fields and of the scalar field one. On the other hand, 
the scalar field is minimally coupled to the physical fields in the J-frame: the MHD 
equations in the J-frame have the same expression as in GR. In addition to the 
metric and MHD equations, in STTs we have an additional equation to solve for 
the scalar field. In the E-frame it is 


Ax = —4rytas(x) A T — 81n (arp?) Ox , (5) 


where A = f? Viv; and V; are, respectively, the 3D Laplacian and nabla operator 
of the flat space metric fij, 0fOg = O,f0,9 + (Oo f0g)/T?, as(x) = dln A/dx 
and T = 3p — & — p is the trace of the J-frame energy momentum tensor of 
the fluid and electromagnetic fields. We used an exponential coupling function 
A(x) = exp{aox + 8ox?/2).55 The ap parameter regulates the effects of the scalar 
field in the weak-field limit, while the 69 parameter controls spontaneous scalarisa- 
tion. We chose ag = —2 x 1074 and 6o € [—6, —4.5]. The most recent observational 
constraints to date require that, for massless scalar fields, |ao| 1.3 x 107? and 
[Bo| = 4.381; in the case of massive scalar fields, lower values of 89 are allowed," as 
long as the screening radius is smaller than the separation of the binary NSs whose 
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observation confirmed the absence of dipolar GWs./?:"? We emphasise that results 
found in a massless STT regarding the internal structure of a NS are also valid for 
ST'Ts containing a screening effect as long as the screening radius is larger than 
the NS radius; as such, our results regarding the magnetic deformation of NSs are 
valid also in the case of a massive scalar field, with a mass such that its screening 
radius is larger than the NS radius but lower than the binary separation. For a 
more detailed description of the formulation of STTs within the 3+1 formalism the 
reader is referred to Refs. 55-57. 


4. The magnetic deformation of polytropic neutron stars 


We now focus on the case of static NSs in the weak magnetic field regime, where the 
magnetic deformation of the star is well approximated by a perturbative approach; 
this was shown to happen for Bmax € 1017G,995! where Bmax = max[v B; B] and 
B; are the components of the magnetic field. We focus only on the range of masses 
corresponding to stable configurations. All the results shown are computed using 
the XNS code,!9:°> 57 66.80.82 which solves the coupled equations for the metric, 
scalar field, and MHD structure of a NS under the assumptions of stationarity and 
axisymmetry, adopting conformal flatness and maximal slicing. 

In Newtonian gravity9*54 and in GR,!6:96 in the limit of weak magnetic fields, 
the quadrupole deformation e of a magnetised NS can be expressed as a linear 
function of B2.,..99 Equivalently, instead of using B2 


max-* max 


terms of H/W, where H is the magnetic energy of the NS, defined in the J-frame as 


one can parametrise e also in 


H=r J A? B; B'/3drd6 , (6) 


W being its binding energy. 

In STTs, we found that e still has a linear trend with B2... (or H/W), but with 
coefficients that depend more strongly on the baryonic mass Mo (which is the same 
in the J-frame and in the E-frame) than in GR; the strength of this dependence is 
related to the value of £y. In the limit Bmax — 0, keeping fixed Mp and 6o: 

2 
|e] = es Bax +O (Bags) , Jag cm +0 (5) (7) 
where cg = cg(Mo, Bo) and cy = cg(Mo, Bo) are the ‘distortion coefficients’, and 
Bmax is normalised to 10!8G. 

The coefficients cg and cy as functions of Mo, for various £o, are shown in Fig. 1, 
in the case of NSs endowed with a purely toroidal or a purely poloidal magnetic 
field and described by the POL2 EoS p = K,p”, with y, = 2 and Ka = 110 in 
dimensionless units. The black line represents GR, which corresponds to œo = fo = 
0. The other lines stand for fo = (—4.5, —4.75, —5.0, —5.25, —5.5, —5.75, —6.0} and 
ag = —2 x 1074. The effect of scalarisation is visible in the distinctive change in 
the slope as the scalarised sequences depart from the GR one. The more negative 


3689 


£o is, the more enhanced are the modifications with respect to GR. At a fixed Mo, 
scalarised NSs have lower distortion coefficient and quadrupole deformation than 
the GR. models with the same mass for most of the scalarisation range. We found 
that, in the the ranges 1.2 < Mo/Mo S 2.4 and —6 € f € —4.5, the distortion 
coefficients are well approximated by a combination of power laws of the baryonic 
mass Mo, the J-frame circumferential radius R. and the E-frame scalar charge Qs.°° 
In particular 


CB & ei Mg e Ris [1 = c2Q] Mig Rfo] , (8) 


where Mo,1.6 is Mo in units of 1.6Mo, Rio is R. in units of 10km, Qı is Qs in 
units of 1Mo, [c1, a, 8, c2, y, 6, p] = [0.16, —2.22, 4.86, 0.87, 1.32, —1.27, —2.21] in the 
toroidal case and [ci, a, 8,c9,y,0, p] = [0.077, —1.99, 5.80, 1.38, 1.22, —0.86, —3.49] 
in the poloidal case. The coefficient cg in the toroidal cases is similar to that in the 
poloidal case; in fact, it is possible to find a functional form over the entire mass 
range that holds for both magnetic configuartions with an accuracy of few percents: 


0.65 for toroidal , 


(9) 
1.02 for poloidal , 


cH © 0.5 + F(Mo)T (Mo, Qs, Re) x 
where F(Mo) does not depend explicitly on the scalar field and described the role of 
the equation of state, T (Mo, Qs, Re) represents the correction due to the presence of 
scalarisation, and the last numerical factor differentiates the oblate from the prolate 
geometry, which depends on the magnetic field configuration. We found that: 


JF (Mo) = 4.98 — 1.95Mo;1.6 , (10) 
5G 1.90 f Q \™ 

M. Rn ae s 11 

T (Ma, Q ) R28 Ges) Hh 


5. Selection of equations of state 


'The results shown in Sect. 4 are found using a simple polytropic law which, while 
16.19 is not allowed by observa- 
tions. For this reason, we further computed the distortion coefficients for a selection 
of EoS allowed by observational and nuclear physics constraints?" In particular, 


allowing us to compare our results to previous studies, 


we selected 13 different EoS that span a diverse range of calculation methods and 
particle contents. All EoS we used, except the polytropic one, are chosen to satisfy 
the lates constraints: they reach a maximum mass of at least ~2.05Mo,®° satisfy 
various nuclear physics constraints,®° are not too stiff?" and give the NS a radius 
between ~10km and ~14km for 1.4Mọ mass models?*:5?, We chose 6 EoS which 
contain only npeu particles (APR,SLY9,BL2,DDME2,NL3wp,SFH), 2 EoS contain- 
ing also hyperons (DDME2-Y,NL3wp-Y), 2 EoS containing an uds quark matter 
domain treated with the Nambu-Jona-Lasinio model (BH8, BF9), 2 EoS containing 
an uds quark matter domain treated with the MIT bag model or perturbative QCD 
(SQM1, SQM2), as well as the POL2 EoS. 
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Fig. 1. Distortion coefficients cp (top panels) and cg (bottom panels) as functions of the baryonic 
mass Mo of models with a purely toroidal magnetic field (left panels) and with a purely poloidal 
magnetic field (right panels), for various value of 8o: from 89 = —6 (magenta curve) to 89 = —4.5 
(light blue curve) increasing by 0.25 with every line. The black curve corresponds to GR. Adapted 
from Soldateschi et al., A&A, 645, A39 (2021). 


In Fig. 2 we plot the Komar mass My against the circumferential radius Re for 
models of un-magnetised, static NSs computed with the described EoS. The left 
panel refers to GR, while the right panel to STT with o = —6. From the left panel 
of Fig. 2 we see that the NS radii have values ranging from ~10km to - 14km for 
most EoS, excluding the less compact SQM2 and especially the POL2 EoS. The 
maximum masses are around ~2-2.2Mọ for most EoS, except for the NL3wp and 
the POL2 EoS. 


6. Quasi-universal relations for the magnetic deformation of 
neutron stars 


We computed the distortion coefficients in Eq. 7 for the EoS described in Sect. 5, 
as well as another distortion coefficient: 


ld = «B2 +0 (B?) , (2) 


where B, is the magnetic field calculated at the pole of the NS, at the surface, 
normalised to 10!°G. The coefficients cg and cy contain quantities that are not 
directly accessible by observations, because they require to know the details of the 
internal structure and magnetic field geometry of NSs. On the other hand, c, may 
prove to be more useful to compare our results to observations. This last coefficient is 
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Fig. 2. Komar mass My against circumferential radius Re for un-magnetised, static models of 
NSs computed with the EoS described in Sect. 5 in GR (left plot) and in STT with fo — —6 
(right plot). The EoS are color-coded, and ordered in the legend, according to the compactness 
C = My/ Rc calculated at My = 1.4Mọ in GR: red for the highest compactness and blue for the 
lowest compactness. Adapted from Soldateschi et al., ArXiv e-prints (2021), arXiv:2106.00603v2 
[astro-ph.HE]. 


defined only for configurations endowed with a poloidal magnetic field (the toroidal 
one being hidden under the surface). 

We found that cg, cg and c, are similar for all standard EoS (i.e. all EoS except 
SQM1, SQM2 and POL2) as functions of the Komar mass.’ For this reason, we 
chose to consider the dependence also on another potentially observable quantity, 
namely the circumferential radius Rg, to understand whether the spread among the 
various EoS could be further reduced. We used the ‘principal component analysis’ 
(PCA) technique to find the best-fit relation between cp.n,s, My and Re. We found 
the following formulas approximating cg, in GR to a satisfying level of accuracy 
for all standard EoS (thus the name ‘quasi-universal relations’): 


0.13*003 R255 M, 2^! for poloidal, 
pho es (13) 


0.25003 R203 M7207 for toroidal, 


5.77*004 — 0.77Rio — 4.14M1 6 — 0.27M2 + 
4-0.07 R2, + 2.28 M1 6 R10 for poloidal, 
euo = (14) 
7.02*045 — 5.22Rio — 2.76M1.s — 0.12M2g-- 
11.92 R2, + 1.51 M1. R10 for toroidal, 


where Mı. = My/1.6Mc. Moreover, we found that, in GR, c, is well-approximated 
by the following relation: 


ECA = 20 MIT. (15) 
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'The coefficient c; computed using Eq. 15 is plotted against the value computed with 
formula Eq. 12 in Fig. 3 (top left plot), together with the error of the approxima- 
tion (bottom left plot). The dashed black line is a reference c, = cPC* bisecting 
line, which represents a perfect approximation. The superscript and subscript in 
the first coefficient of Eq. 15 are the values defining the purple and magenta lines 
bounding the magenta shaded area in Fig. 3, top left plot. The dark blue line, 
bounding the shaded blue area, marks the 90th percentile of the errors (the bounds 
containing 9096 of the results). The corresponding values of these errors are showed 
with lines of the same colour in the bottom left plot. The approximation grea 
holds with a very small error, under a few percents. Moreover, we found that the 
quasi-universal relations for cg hold with a slightly larger error, around ~ 10%. 
The approximation for cg is even more accurate, with an error that is mostly under 
~ 196. Moreover, we found that performing cEC^ — 5/3chC4 — 0.9 allows one to use 
the coefficients found in the toroidal case also in the poloidal configurations with 
a ~ 2% error. 

Applying the quasi-universal relations derived in the case of standard EoS, 
Eqs. 13-14-15, to the polytropic models computed with the POL2 EoS, leads to 
larger errors, especially in the case of cg. We refer the reader to Ref. 57 for more 
details. 

In the case of STTs, we find quasi-universal relations for Acg = |cp — ep 
Acg = |cy — c&P| and Acs = [cs — cG®|, where c&P, cG® and cG® are the relations 
found in the GR case: Eqs. 13-14-15 respectively. In this case, we also allowed the 
dependence of the distortion coefficients on the scalar charge Qs. We found the 


following quasi-universal relations: 


0.03* 005 9.23 75.08 Q?-™ for poloidal, 
Ach! = (16) 


0:06:70 05 R206 M0 199 for toroidal, 


1.96*017 R07? M, 196154 for poloidal, 
Ach@A = (17) 


1.491019 R05 My 9-7 QT99 for toroidal, 


Ad = o9? 2 RET" MTE QI (18) 


The quasi-universal relation in Eq. 18 is plotted against the corresponding value 
Acs, computed through formula Eq. 12, in Fig. 3 (top right plot). The bottom right 
plot displays the relative error of the quasi-universal relation. The dashed line is 
a reference Ac, = AcPOA bisecting line, which would be a perfect approximation. 
We can see that the approximation for cs holds with an error that is around 10%. 
Moreover, we found that the quasi-universal relations for Acg hold with an error of 
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~ 5096. The approximation for Acq is more accurate, with a relative error of just 
a few percents. Similarly to what we found in the GR case, performing po^ > 
3/2chC4 — 0.2 allows us to use the coefficients found in the toroidal case in the 
poloidal geometry with a ~ 10% error. 

Using Eq. 16 for models computed using the POL2 EoS, errors in approximating 
Acp remain of the same magnitude in the poloidal case, while they increase by 
~ 20% in the toroidal case. Instead, Eq. 17 holds also for the POL2 EoS, at the 
expense of an error reaching a few tens of percents for the approximation of Acg, 
as in the case of approximating Ac, using Eq. 18 for polytropic models computed 


using the POL2 EoS. 
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Fig. 3. Top left plot: distortion coefficient cs, calculated according to Eq. 12 in GR, versus 
its approximation cPCA calculated with the quasi-universal relation in Eq. 15. Top right plot: 
Difference Acs between the distortion coefficient cs, calculated according to Eq. 12 in STT with 
Bo (—6, —5.75, —5.5, —5}, and the GR quasi-universal relation in Eq. 15. This is plotted versus 
its approximation AcP CA, calculated with the quasi-universal relation in Eq. 18. The corresponding 

PCA 


relative deviations from the PCA are given in the bottom plots. The dashed lines are cp,u = cp H 


and Acs = AckCA, respectively. The magenta shaded areas comprise all data points and the purple 
and magenta lines represent the upper and lower bounds of Eq. 15 and Eq. 18, respectively; the 
dark blue lines bounding the shaded blue area mark the 90th percentile error region. The EoS 
are color-coded, and ordered in the legend, according to the compactness C = M;,/Re calculated 
at My = 1.4Mo in GR: red for the highest compactness and blue for the lowest compactness. 
Adapted from Soldateschi et al., ArXiv e-prints (2021), arXiv:2106.00603v2 [astro-ph.HE]. 


As in the case of the POL2 EoS, we incur in larger errors if we apply the quasi- 
universal relations we found to the case of the SQM1 and SQM2 EoS. In GR, pL 
is a factor ~ 0.4 — 0.8 lower than cg. The maximum error for approximating cy 
with Eq. 14 increases to ~ 8 — 12% in the case of SQMI, and ~ 5%(~ 40%) for 
purely poloidal (toroidal) magnetic fields in the case of SQM2. Moreover, cP?^ is at 


S 
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most a factor ~ 1.4 higher than c,. In STT, AGEUA in the poloidal case is around 
a factor ~ 2 lower (higher) than Acp for the SQM1 (SQM2) EoS; in the toroidal 
case, it is a factor ~ 2 lower for both SQM1 and SQM2. The maximum error for 
approximating Acg using Eq. 17 increases to ~ 30%(~ 50%) for purely poloidal 
(toroidal) magnetic fields. Finally, AcC^ is around a factor ~ 1.7 lower than Acs. 

A time-varying quadrupolar deformation leads to the emission of GWs. While 
in GR these are only of tensor nature, in the case of STTs a scalar channel is 
also present, which can contain any multipolar component. We only focus here on 
quadrupolar modes of GWs, both of tensor and scalar nature. As we have shown, 
NSs in GR and in STTs posses quite different quadrupolar deformations; for this 
reason, we compare the amount of GWs emitted by NSs in these two modes. To 
this end, we introduce the following quantity: 


ds 
sem 19 
d (19) 
where 
qs = 27 J os A T (3sin? 0 — 2) r* sin 0drd6, (20) 
1 
de = / [rate + p)- saxos| r^ sin @ (3 sin? 6 — 2) drdð. (21) 


The quantity qs is related to the source of scalar waves. The mass quadrupole qg 
is L, — Ix = Ely, and is the source of tensor waves. Thus, the ratio S computed 
for a given NS model measures the relative amount of quadrupolar GWs emitted 
in the scalar and tensor channels. If S < 1, the majority of GWs will be emitted 
in the tensor channel; if S > 1, in the scalar channel. We found that the following 
quasi-universal relations hold for S: 


1.98*018 RIOT 70510122 for poloidal, 
gres (22) 


1.99*018 p. 0-74 70.600123 for toroidal. 


In Fig. 4 we plot the values of S, computed through Eq. 19 for 
Bo {—6, —5.75, —5.5, —5}, against their PCA approximation, computed through 
Eq. 22. The approximation is very accurate in both magnetic geometries, with an 
error that is mostly concentrated under ~ 4%. Moreover, we see that the coefficients 
in Eq. 22 are almost identical in the poloidal and the toroidal cases, thus the two 
approximations are practically equivalent. It is possible that this similarity means 
that there exist a relation between the sources of scalar and tensor waves, qs and 
qg, that does not depend on either the magnetic field geometry or the EoS. 

The quasi-universal relations we found are independent on the EoS of standard 
NSs. For this reason they may be useful in disentangling the effects of the EoS and 
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Fig. 4. Ratio S between scalar and tensor quadrupolar GW losses, calculated according to Eq. 19 
in STT with 8o (—6,—5.75, —5.5, -5). This is plotted versus its approximation SPC^, cal- 
culated with the quasi-universal relations in Eq. 22 (top plot in each panel). The corresponding 
relative devitations from the PCA are given in the bottom plot in each panel. The left panel refers 
to a purely poloidal magnetic field; the right panel refers to a purely toroidal magnetic field. The 
dashed line is S = SPC’. The magenta shaded area comprises all data points and the purple and 
magenta lines represent the upper and lower bounds of Eq. 22; the dark blue lines bounding the 
shaded blue area mark the 90th percentile error region. The EoS are color-coded, and ordered in 
the legend, according to the compactness C = M,/Re calculated at My = 1.4Mo in GR: red for 
the highest compactness and blue for the lowest compactness. Adapted from Soldateschi et al., 
ArXiv e-prints (2021), arXiv:2106.00603v2 [astro-ph.HE]. 


the magnetic field structure of NSs, leaving their internal magnetic structure as the 
only major unknown in GR. In this sense, the most promising relation is that of 
cs. On the one hand, c, can be computed from its definition Eq. 12. In this case, 
one needs to measure both the magnetic field strength at the surface of the NS, 
Bs, and its quadrupolar deformation e, which, in turn, can be estimated from the 
strain of CGWs emitted by the NS: ho « el, where J is the moment of inertia of 
the NS along its rotation axis, which can be computed through an EoS-independent 
relation by knowing the NS mass and its radius.?? On the other hand, our quasi- 
universal relation Eq. 15 allows one to estimate cP€^ by knowing just the NS mass 
and radius. Comparing these values of c, and cPC4 can give an insight into the 
internal magnetic geometry of the emitting NS: the quasi-universal relation Eq. 15 
was found in the case of a purely poloidal field, that is an extreme configuration 
which exherts the maximum possible magnetic deformation on the NS. For example, 
a lower value of c, inferred by observations may imply the existence of a toroidal 
component of the NS internal magnetic field, which counteracts the effect of the 
poloidal component and results in a lower magnetic deformation. In the opposite 
case, another source of deformation may be present other than the magnetic field. 

The quasi-universal relations Eqs. 13-14 may be more useful to constrain Bmax 
or H/W themselves, being these quantities generally not observable. In particular, 
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Bmax © (e/cg)!/? and H/W z e/cy. As in the case of cs, we expect cp, < eB. If 


the NS mass and radius are known, one can esitimate a lower bound for both Bmax 
and H/W by using the quasi-universal relations found in the purely poloidal and 
purely toroidal case. Moreover, the quasi-universal relations for cp, cq and c, can 
be useful to easily compute the distortion coefficients from the mass and radius of 
a model, without having to fully simulate the NS model. 

In the case of STTs, some of the effects of the EoS are degenerate with the 
presence of a scalar charge inside the NS. For this reason, quasi-universal rela- 
tions Eqs. 16-17-18 may help to understand whether a distortion coefficient inferred 
through relations Eqs. 8-12, is compatible with the observed NS possessing a scalar 
charge, independently from its EoS. Relation Eq. 22 does not involve knowing the 
strength of the magnetic field, thus it is probably more promising. In particular, 
SPCA independently of the 
magnetic configuration. Then, the observation of CGWs coming from a given NS of 


following our previous argument, it may be that S = 


known mass, radius, distance d and spin period P translates into a lower bound for 
a function of the scalar charge. On the other hand, the non-observation of CGWs 
from a given NS can be translated into an upper bound. 

Finally, we can use the quasi-universal relations we found to assess the de- 
tectability of known NSs, in GR. Since the strain of CGWs emitted by a deformed 
NS, rotating with frequency frot and at a distance d, is ho e eI/2,/d, by using 
the quasi-universal relation for cs Eq. 15 we can compute ho for the pulsars of the 
ATNF?! catalogue. In this case, frot and d are taken from the data in ATNF cata- 
logue, while My, B, are generated from the expected distributions.°” 9? The radius 
Re is computed by assuming the two most diverse standard EoS among the ones 
we considered, APR and NL3wp, and using the corresponding mass-radius diagram. 
Our results are shown in Fig. 5, where they are compared to the sensitivity of the 
advanced LIGO (aLIGO) detector in the design configuration? and of the Einstein 
Telescope (ET) detector in the D configuration: the blue (red) solid line represents 
the sensitivity of aLIGO (ET), while the blue (red) dot-dashed and dashed lines 
show the minimum strain detectable by aLIGO (ET) assuming a 1 month or 2 years 
observing time, respectively. The x-axis represents the frequency f of the emitted 
CGWs. In the general case, CGWs are emitted at two frequencies, f = frot and 
f = 2frot- In this case, we consider only the f = 2f;o wave. As we can see from 
Fig. 5, many millisecond pulsars contained in the ATNF catalogue have a chance 
to emit CGWs which could be potentially observed with the future ET detector, 
especially considering a 1 month or 2 year observing campaign. As for aLIGO, in 


the case of 1 month or 2 years observing time, a few tens of the ATNF millisecond 
pulsars could potentially be detected through CGWs. We note that the difference 
in radii given by the two different EoS does not significantly alter the strain of the 


?''he aLIGO design densitivity curves can be found at https://dcc.ligo.org/LIG0-T1800044/ 
public. 
bThe ET sensitivity curves can be found at http: //www.et-gw.eu/index.php/etsensitivities. 
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Fig. 5. CGWs strain ho computed for pulsars contained in the ATNF catalogue through the use 
of quasi-universal relation Eq. 15 and by assuming the APR EoS$ (orange points) or the NL3wp 
EoS (green points). The x-axis represents the frequency f of the emitted CGWs. The blue (red) 
solid line represents the sensitivity of the aLIGO (ET) detector, while the blue (red) dot-dashed 
and dashed lines show the minimum strain detectable by aLIGO (ET) assuming a 1 month or 2 
years observing time, respectively. 


emitted CGWs. However, pulsars with smaller rotation period are much less likely 
to be observed, even with a 3rd generation detector like ET. 
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We study the stress tensor of the outer crust of Neutron Stars (NSs) under the approxi- 
mation of the one component plasma (OCP) with screening. In our approach a system 
of identical ions is placed in an electron degenerate Fermi sea. By using Molecular Dy- 
namics simulations at finite temperature we obtain the stress tensor components and 
associated pressure including Ewald sums for the electron screened ion potential. Our 
results show that a careful characterization of the crystallized phase at low temperature 
is necessary in order to obtain the true ground state. These ion phases are of interest 
for modelling the effects of large tidal forces and the gravitational wave signal linked to 
the violent events in binary NS mergers and possible crust crunching in NS continuous 
emission. 


Keywords: Neutron star, dense matter, crust 


1. Introduction 


The extreme conditions of matter inside Neutron Stars (NSs) are hard to grasp based 
on our knowledge of regular low density condensed matter on Earth. Nevertheless 
it is crucial for our understanding of these objects to theoretically model their 
interior. High density matter present in their core is thought to be a homogeneous 
system of relativistic particles, mostly neutron rich. Typical NSs are believed to be 
formed out of nucleons and possibly heavier particles and a lepton sector providing 
electrical charge neutrality. Located in their outer shells, the crust is far from being a 
trivial phase.! It is composed of non-homogeneous matter, typically a set of irregular 
shapes, pasta phases,? that at lower densities end up forming a regular ion lattice. 
Besides, in order to maintain electrical charge neutrality there must be a degenerate 
electron Fermi gas surrounding these structures. Some of the neutrons leaking from 
these irregular shapes can pair into superfluid phases in the lower density part of 
the NS crust.? 

Experimental constraints on the nature of NSs have been difficult to obtain, 
only in the last decades satellite missions or big water tank detectors have been 
able to deepen inside the electromagnetic or neutrino probes of dynamics of their 
interior in different stages of their birth and evolution. The dawn of Multi-Messenger 
Physics is thus a promising tool to help understand different aspects of NSs and 
has proven possible to observationally test some of the theoretical assumptions 
about the physical conditions of not only the crust, but also the core and the 
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global Equation of State (EoS) of nuclear matter. In particular, another type of 
messengers, gravitational waves, show that the elastic properties of this material 
play a significant role in the strength and shape of measured signals involving these 
objects. 

In this contribution we are interested in evaluating the impact of screening on 
forces, potential energies and stress tensor, as they are key to understand some me- 
chanical properties of the very outer crust, which typically extend within hundreds 
of meters in the most external layers of the object. Matter in this region is formed 
by a mixture of ions and electrons are stripped off them forming a degenerate Fermi 
sea. Typical ion mean densities? belong to the range between around 10^? to 1074 
fm^?. 

As mentioned, in this region one expects to find a state of matter called Coulomb 
liquid, formed by different nuclear species, embedded in a degenerate electron gas. 
This gas makes sure that the system is kept charge neutral, and also screens the 
electromagnetic interactions between the ions so that this interaction is no longer 
pure Coulomb-wise but accounts for screening due to the electron gas. Thus the 
potential created by a positive charge Z; (in units of electron charge e) at position 
rj, that describes this interaction at r is the so-called Debye potential, and has the 
form of a two-body Coulomb interaction with an exponential tail 


dyes uo (1) 


Ir — ri] 


where À is the Thomas-Fermi screening length 


Js T? 1 "B (2) 
(4akp)? (kh-- mi)  2keV ac 


kp and m, are the electron Fermi momentum and mass, respectively. œ is the 


top 


fine structure constant. 

This potential $; is such that the interaction described tends to a pure Coulomb 
interaction when the screening length is much larger than the typical interparticle 
distance. In terms of the ion species that will be considered to describe the material 
in the outer NS crust, this will arise after the material in the hot protoNS cools 
down and its composition finally stabilizes and freezes to a ground state reached 
at T ~ 10° K. It is expected that the realistic composition in this layer is that of 
a multi-component plasma, comprised of different ion species. However, we would 
like to approach this complex problem by investigating only one, the most frequent 
nucleus, at a given density and temperature. This is known in the literature as the 
one-component plasma (OCP).9 

Our approach is thus to assume that the material under inspection is comprised 
of a single ion species with fixed electrical charge and atomic mass number (Z, A) 
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embedded in the degenerate electron gas of number density equal to that of protons 
Ne = ny, and whose interaction is described by the Debye potential. Note that in 
our calculation we will be using Molecular Dynamics and solving the equations of 
motion of ion degrees of freedom described in the quantum perspective as Gaussian 
charge density distributions. Similarly to the construction for the Coulomb interac- 
tion (which has an infinite range) we will consider the efficient Ewald summation 
technique’ for the Debye potential. 


2. Molecular Dynamics and the Ewald summation technique 


Molecular Dynamics (MD) is a many-body technique to simulate the microscopic 
behaviour of matter in which the equations of motion of the individual degrees of 
freedom (ions in our case) are integrated while interacting via a prescribed potential. 
'Typically for the integration of the equations of motion an algorithm is used. We 
use a Velocity Verlet one in our work. The final goal of this is obtaining the time 
evolution of the positions and velocities of the ions from which derived properties 
can be calculated once the system is thermalized. We use the NVT ensamble where 
ions (Fe or more general species with different Z and A) are the degrees of freedom 
for which we integrate the individual equations of motion, using the aforementioned 
Debye potential, as we are in the OCP approximation. The number of ions, size of 
the simulation box L = V'/3, and the kinetic energy (or temperature T) remain 
fixed during the evolution starting from a random distribution. Also, the lepton 
fraction Y, — NUN. obtained from number of protons (Np), neutrons (N,) and 
electrons (Ne = Np) is fixed, as well as the OCP parameters (Zi, A;), for which we 
use fixed Z; = Z, A; = A. The crystallization parameter in the Coulomb case is 
defined as TOC? = T (4&nj) 9 and for TOOP > 175 an ordered state is thought 
to arise. 

The dynamics of the N; ions are obtained by solving Newton’s law E = Mid}, 
i = 1, Nr assuming that the resulting potential is created by adding that of each 
ion. Note that the charge of each ion, pj is spread into a Gaussian distribution, a 
more realistic case than the frequently assumed point-like charges, populating the 
layers in outer NS crusts. More in detail we have 


3 
par = A(S) e, (3) 
T 
where a is related to the Gaussian width, ca, as a = TA and r is the distance 
coordinate taken from the center of the Gaussian source. 
The Debye interaction potential produced by such a Gaussian source with charge 
and inverse width Z;,a at 7; is then obtained by solving the Poisson equation 


I4 cedo SO) = an E ()" e| | N 


rdr? A2 T 
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so that the solution is 


with erfc the complementary error function. 
Even if the interaction between ions in our simulations is thought to be screened, 


1/3 
it can reach longer than the size of the cubic simulation box L — (à 


where N; 
and n; are the number of ions and ion number density used. À proper treatment of 
the long-range part of the interaction is required. Usually, this is partly dealt with 
via periodic boundary conditions (PBC), thinking of the system as a infinite lattice 
of simulation boxes in which the ions interact with the closest neighbors of the dif- 
ferent images of a selected box. By using the Ewald summation technique one takes 
advantage of including all the long-range interactions between ions irrespectively of 
the values of the screening length and the size of the simulation box. Some previous 
works have been developed for pure Coulomb potentials, but to our knowledge 
this has not been done for electron screened versions. In this contribution we have 
developed the relevant expressions for the MD calculation of the microscopic state 
of matter. 

In order to calculate the energies and accelerations in the Ewald summation 
scheme, we must first introduce spurious Gaussian charges into the system to screen 
the real ones. These are centered at the same positions as the real charges but have 
opposite sign, —Z;, and display an inverse squared width agwatd 


D—Zi,QEwald — -Zi e : e^ Ewaldr? (6) 
T 
These are the so-called screening charges. Consequently as a way of maintaing the 
electrical charge neutrality of the system, we are forced to introduce compensating 
charges that are identical in shape to the screening ones except for the charge, which 
in this case is positive pZ, aswaa = Zi (SExa ) È e-oEwalar? 

It is key to note here that the parameter agwaiq is an arbitrary square inverse 
length that we introduced for convenience to screen the original interaction. The 
physical observables that one can obtain from the simulation thus must not depend 
on this parameter. 

The total interaction energy Utot is then divided into three parts. Firstly, a 
short-range part, Usnort range; Which is the interaction between the real charges and 
the sum of the real plus the screening charges. The total interaction potential, Øtot,i 
concerning this short-range part of the interaction is produced by this sum of real 
plus screening charges. 
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Zi Slr ri 1 
Ptot,i (Ir — Til) = 552 a) t | X l jews erfc (zm xd va |r — 7) 


1 oo 
areas emer) 


1 
da 
— € Ewald)? 


erfc zu + Ogwala |? — al) I (7) 

When using the Coulomb interaction one can verify that expressions have a 
closed, analytical expression, but for the Debye case, instead, one has to perform 
numerical integrations each time step of the simulation in order to obtain the forces 
(as gradient of this potential). The final expression for this short-range part of the 
interaction energy is given by 


1 Nr Nr ace e? oo 
2 vy dp xs 
Ushort—range = 3 5 5 2Zj (=) | r’ dtot,i (r)e sinh (2arijr^) dr’ 
i=1 j#i=1 g 
2T a V E e 12 " 1 1 
-7 5 5 Zj r Oxo; (r^) dr’, (8) 
=li j=1 0 


where r;; = |r; — r;| is the distance between the Ny ions labeled i and j. 

The usefulness of the separation into short and long range contributions stands 
clear here as the long-range energy term has a dependence in the interparticle 
distance that tails off quickly, so that it converges very rapidly in real space. The 
upper limit of the numerical integration is set, practically, at the finite value r’ = 
v2L. 

The second energy term, Uj, of the scheme is produced by the interaction between 
real charges and the compensating charges in all the simulation boxes that exist 
in the infinite lattice that was created using PBCs. This is done by transforming 
Poisson's equation from the r-coordinate to the Fourier k-space. The derivation's 
endpoint is a summation over reciprocal lattice vectors, the interaction going to 
zero when the module of these vectors is high enough so that the sum converges in 
the Fourier space, 


1 An ZZ; =k? a ik( an 
Lia P vi (Pepa) gir, (9) 
ij=1 RZ A2 
where k = = T (ny; Dy, Mk,z) being nj z,ng,y,ny,, € Z integers in the Cartesian 


XYZ directions. Finally, it remains to substract the interaction between the real 
particle and its own compensating charge in the same simulation box, as it is in- 
cluded spuriously in the long-range part. It also includes integrals that are to be 
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numerically solved. This energy from self-interaction is given by 


Useif = = 2m (5 ) 2 Zi is a and (r^) e7” dp! (10) 


where oz 
equation 5. The global expression for the interaction energy is Utot = Ushort—range + 
U; — Usa. 


aswaa 18 the potential produced by the compensating charges alone, from 


3. Stress tensor in the OCP approximation 


In our study we focus on the OCP stress tensor. We can write the total stress tensor 
as follows" 


Nr 


le = Fs SPERM (11) 
i=l 


where m is the mass of ions. This second-order rank tensor can be put into the 
form Iag = IP + nee arising from the interparticle forces. As the interactions 
in real space may be written in a pairwise fashion, the configurational part of the 
pressure tensor, II'€?! , can be evaluated directly from the real forces by employing 
the virial expression 


Nr; 
1 
E = a7 Do (FRA rae Fui). (12) 
i,j#i=l 


where a, B are tensorial indexes running from 0 to 3 (time and XYZ spatial coordi- 
nates). We use Minkowski metric ga,g = diag(1, —1, —1, —1). 

The real space forces arise from the short-range part of the potential and take 
the form 


1 —ar?. > 

Ë —29 a\ 2 Zje 13 Tij 
ij, short-range — 2 

T Tz Tij 


13 


x u T' dtot,i (rl) ear” [(1 + 2ar? ;j) sinh (2ari;r ^) - 2arijr cosh (2ar;;r’)] dr’ 
0 


Bw 


while the reciprocal part is obtained as 
oo 


reci 1 4m EE E pedo e AF; 
I nad = 22555 (k2 + i) E ( P ) 
k#0 


1/1 1 1 
IL el; (i*i)* erg (14) 
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Note that when solving the equations of motions for the ions the forces involved 
are not only those of real space but also the reciprocal space contribution from Uj. 
'Their form reads 


(15) 


4. Results of the simulated OCP crystal 


In this section we show the results obtained from our OCP MD simulations. In our 
NVT ensamble we use fixed Ny; ions in a box of length L = (=) for a given 
outer crust ion number density n; at temperature T. Typically we set T = 1 MeV. 
In Fig. 1 we show two snapshots (planes XZ, XY) of particle positions for a run 
with n; = 0.017fm-?, and N; = 50 particles. We set a = 2 fm"? and agwala = 10 
fm?. Initial random positions are shown in red while those after thermalization 
(t — 10* fm/c) are depicted in blue. As shown an ordered crystal forms after this 
time evolution. 


y (fm) 


z (fm) 


Fig. 1. Two dimensional snapshots of particle positions for a run with n; = 0.017 fm-?, and 
Nr = 50 particles with A = 56, Z = 26. Initial positions are shown in red while those after 
thermalization (t = 104 fm/c) are depicted in blue. As shown an ordered crystal forms after this 
time evolution. 


In Fig. 2 we show the pair correlation function g(r) versus distance in units of 
simulation box length L with the same conditions as those depicted in system from 
Fig. 1. At small distances the repulsive interaction leads the distribution, however 
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at larger distances the crystallized configurations arise as signaled by the different 
peaks. Normalization of g(r) is such that [7^ n;g(r)4nr?dr = N; — 1. 


0.0 0.2 0.4 0.6 0.8 1.0 


Fig. 2. Pair correlation function for Ny = 50 and same conditions as those in Fig. 1. Short range 
repulsion is shown along with the different peaks signaling the appearance of an ordered state with 
different neighbouring distances. 


In Fig. 3 we show the energy per nucleon for a system of N; = 10 ions with 
A = 56 at density n; = 0.0016 fm-?. Using the Ewald sum (we set a = 2 fm? 
and agwala = 10 fm?) we explore the convergence and actual value of energy per 
nucleon as the electron screening length changes. We use A — 10,50, 100 fm and we 
also test the Coulomb case where A — oo. We show that the screened interaction in 
the infinite range converges to existing calculations using the raw Coulomb case.® 
In the depicted case the change can be nearly 5096, making the system less bound. 

In Fig. 4 we show the pressure as a function of the mass density along with the 
non-diagonal stress tensor components. We use a = 2 fm? and agwala = 10 fm^? 
for a system of N; — 25 ions with Z — 26, A — 56 at different densities. Pressure 
is obtained for the crystallized sytem as P — 3TrIlag, but an additional electron 
pressure is present from the Fermi gas such that P, = pu (322) 3 and Ne = Np 
in the charge neutral system. It is important to note that the true ground state 
of the system must provide a zero pressure crystal (as it does not exert external 
force per unit area) and this is fitted by considering a variable box length in our 
simulation. The off-diagonal components are zero as the crystal is not distorted 
from equilibrium (no shear). 

We conclude that a careful evaluation of screening effects in the evaluation of the 
energies as well as forces is key to obtain the true binding of ion matter in the outer 
crust of NSs. We find that when the Ewald sum is implemented screened matter 
is less bound than the regular Coulomb lattice and this has an impact on forces 
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Fig. 3. Energy per nucleon as a function of simulation time for ions with Z = 26, A = 56, T=1 
MeV and n; = 0.0016 fm-?. Colors represent simulations for different values of electron screening 
length A, and for the Coulomb case. Ewald sums using Debye expressions in the limit A — oo 
provide results that converge to existing Coulomb calculations.? 
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Fig. 4. Ion pressure and off-diagonal elements of the stress tensor as a function of mass density 
for ions with Z = 26, A = 56, T=1 MeV. It is seen that the total ion pressure is zero for a given 
value of the density. This is relevant to the definition of the true ground state of the system. 


and thus on the mechanical properties derived from the stress tensor. In a future 
contribution we will detail how sizable this correction is with a complete analysis 
from density and temperature variation. 
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The concept of boson stars (BSs) was first introduced by Kaup and Ruffini and Bonazzola 
in the 1960s. Following this idea, we investigate an effect of self-interacting asymmetric 
bosonic dark matter (DM) according to Colpi et al. model for BSs (1986) on different 
observable properties of neutron stars (NSs). In this paper, the bosonic DM and baryonic 
matter (BM) are mixed together and interact only through gravitational force. The 
presence of DM as a core of a compact star or as an extended halo around it is examined 
by applying different boson masses and DM fractions for a fixed coupling constant. The 
impact of DM core/halo formations on a DM admixed NS properties is probed through 
the maximum mass and tidal deformability of NSs. Thanks to the recent detection of 
Gravitational-Waves (GWs) and the latest X-ray observations, the DM admixed NS’s 
features are compared to LIGO/Virgo and NICER results. 


Keywords: Bosonic Dark matter, Complex scalar field, Neutron Star, Gravitational-Wave 


1. Introduction 


The evidence for the existence of dark matter (DM) which constitutes up to 8596 
of the matter in the universe, is implied from various astrophysical and cosmolog- 
ical observations. However, despite the enormous experimental efforts in the past 
decades, the nature of these particles remains elusive. In addition to various terres- 
trial experiments, compact astrophysical objects such as neutron stars (NSs) can be 
served as valuable natural detectors to constrain the properties of DM. The presence 
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of DM in NS interior depending on the various hypothesis of introducing them and 
their features, could have signficant effects on the properties of NSs.'? 

There are different scenarios assuming existence of DM in the NS interiors, 
which are mostly based on the DM accumulation during different stages of stellar 
evolution. The main of these stages are : a) progenitor, b) main sequence star, c) 
supernova explosion with formation of a proto-NS, and d) equilibrated NS.*9 13 
As an alternative way, DM can be produced during the supernova explosion or NS 
merger leading to presence of DM in the NSs.?:? High level of DM fraction inside 
NS is reachable through other mechanisms such as (i) dark compact objects or DM 
clumps as the accretion center of baryonic matter (BM),*: 141? (ii) DM captured by 
NS in a binary system including Dark star and Dark star-NS merger,” 15-16 (iii) NS 
can pass through a region in the Galaxy with extremely high DM density leading 
to accumulation of vast amount of DM.!® 19 

Two main and qualitatively different pictures leading to potentially observable 
impact of DM on the NS properties are a) Self-annihilating DM affecting luminos- 
ity, effective temperature and cooling process of NSs?°-?° and b) Asymmetric DM 
(ADM) with negligible annihilation rate caused by particle-antiparticle asymme- 
try in the dark sector.?97? We consider the second possibility allowing stable and 
massive DM particles to reside in a core of the NS. It was pointed out that the 
presence of DM particles in stellar cores can significantly decrease the mass of a 
compact object.! 1930,31 However, it was shown that light DM particles form an 
extended halo around the NS and can increase its gravitational mass.?? It is worth 
mentioning that both of the aforementioned cases for combination of DM and BM 
within NS are known as DM admixed NS. 

Regarding the ADM model, generally two methods have been utilized so far to 
extract the properties of the DM admixed NS from the Tolman-Oppenheimer- Volkof 
(TOV) equations.??:?? 1) Single fluid formalism, for which an Equation of State 
(EoS) is considered for the whole star by inserting DM-BM interactions. ! ^: 34 37 
2) Two-fluid formalism, for which DM and BM interact only through gravita- 
tional force, and two individual EoSs have to be considered for the DM and BM 
fluids.!?: 16,38-41 

In this research, we apply a two-fluid formalism for the DM admixed NS. Bosonic 
DM is described by a complex scalar field with repulsive self-interaction. Histori- 
cally, this model has been applied to describe hypothetical self-gravitating objects 
composed of bosons, so called boson stars. The idea of BS was first proposed by 
Kaup® and Ruffini-Bonazzola?? for non-interacting bosons. The Heisenberg uncer- 
tainty principle was the only source of pressure of the BS matter resisting gravi- 
tational contraction. This leads to much lower maximum mass of BS compared to 
the Chandrasekhar mass. The pressure of the BS matter was significantly increased 
by introducing repulsive self-interaction proposed by Colpi et al.44 Within this ap- 
proach, stellar mass objects are supported by the DM particle mass about hundreds 
MeV and dimensionless coupling constant is of order of unity (see a comprehensive 
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review on BSs int47). Another component, i.e. BM, is modeled by the induced sur- 


face tension (IST) EoS. It was successfully applied to describe the nuclear matter, 
heavy-ion collision data and dense matter existing inside NS.45 50 

With this set up we study effects of self-repulsive bosonic ADM on the mass- 
radius (M-R) profile and tidal deformability parameter?:?:15:36,37,51754 inferred from 
the GW signals related to post-merger stages of NSs.°> 9? Such a combined analysis 
based on the recent LIGO/Virgo results99:060.61,61 opens a new possibility to study 
the internal structure of compact objects which may contain DM. 

To be specific, in this work we consider a model of Colpi et al.44 with sub-GeV 
DM particles of mass my ~ O(100 MeV) and self-coupling constant A = m. We 
analyze two key observational constraints of NSs, i.e. maximum mass and tidal 
deformability. The first of them is based on the NICER observation of the heaviest 
known pulsar PSR J0740+6620 with mass 2.072750; Mo and corresponds to 
requiring the maximal stellar mass to be at least Mmaz = 2Mo. The merger event 
GW1708179? leads to the second constraint on the dimensionless tidal deformability 
A < 580 for M = 1.4Ms.9* Using these constraints we probe DM admixed NSs at 
various masses and fractions of DM. 

The rest of the paper is organized as follows. In Sec. 2 the DM and BM EoSs 
are described. In Sec. 3 we explain the two-fluid TOV formalism, DM halo and 
DM core formations and their impacts on mass-radius profile of DM admixed NSs. 
Sec. 4 is devoted to probing the effect of DM halo/core configurations on the tidal 
deformability. Our conclusions will be presented in Sec.5. We use units in which 
h=c=G=1. 


2. Bosonic DM and BM models 
2.1. Dark Boson Star 


In the following we apply a model of complex scalar field as the bosonic DM with 


repulsive self-interaction potential, V(¢) = 4|¢|*, minimally coupled to gravity and 


4 
described by the action 


M? 1 1 1 
s= | dtay=5| ER - 50,90" - Smile? - 2A (1) 


where m, is the boson mass, À stands for the dimensionless coupling constant and 
Mp, corresponds to the Planck mass.*4® In this setup a coherent scalar field is 
governed by both Klein-Gordon and Einstein equations which can potentially form 
Bose-Einstein Condensate (BEC) if the temperature is sufficiently low.99:97 Tt has 
been assumed a spherically symmetric configuration for the scalar field ¢(r,t) = 
$ (r)e'** and a static metric to rewrite Klein-Gordon-Einstein (K.G.E) equations to 
a set of ordinary differential equations.^^ This leads to the following EoS describing 
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a self-interacting and self-gravitating bosonic system so-called BS 


po ( 9 ^y 2 
| 9A "mi^ l 2 


We recently presented an alternative derivation of this EoS in locally flat space-time 
by using the mean-field approximation (see appendix of’). This equation is valid 
in the parameter region for A as 


m. 2 
A > An (mo /Mpi)? = 8.43 x 10799 (a) (3) 


In this limit which is called strong coupling regime, the system can be approximated 
as a prefect fluid and the anisotropy of pressure will be ignored.*>: ©: 7? Stellar mass 
BSs can be formed for A ~ O(1) and m, ~ O(100 MeV),**7! in this section, we 
focus on this range of model parameters. 
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Fig. 1. Pressure as a function of density for bosonic matter obtained for A = m and various DM 
masses as labeled (right); for my = 400 MeV and different values of coupling constant (left). 


Fig. 1 shows pressure of bosonic matter as a function of density for different 
masses and coupling constants as labeled. As it is shown in Fig. 1, (right panel) 
the pressure decreases with increasing of boson masses and (left panel) the pressure 
rises with the enhancement of the coupling constant or equivalently increasing the 
repulsive force between bosons. 

In different density limits one can approximate Eq. (2) in a typical polytrope 
form P = Kp”, where polytropic index at low density y ~ 2 and it smoothly reaches 
to y ~ 1 at high density. At low density regime, the bosonic DM EoS, Eq. (2), is 
reduced to 

A 


PH 
4m, 


p. (4) 


However, for high density regime or correspondingly for very light bosons or 
high coupling constant, Eq. (2) reaches to radiation EoS with P ~ p/3. Similar 
equation to Eq. (4) has been obtained so far for a dilute self-interacting boson 
gas in a self-gravitating system (BS) known as Gross-Pitaevskii-Poisson (G.P.P) 
equation./072.73 In fact, the G.P.P equation describes the BEC phase in a dilute 
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gas where only two-body mean field interaction is considered near zero tempera- 
ture. (4-75 

In Fig. 2, we present the M-R diagrams of BSs obtained by solving TOV equa- 
tion for Eq. (2). As it is indicated in the right panel, by decreasing the boson mass, 
the maximum gravitational mass of BSs increases and even goes above 2Mo° 77.78 
and the corresponding radius goes well above typical NS radius. In the left panel, 
it is shown that higher self-coupling constant at fixed mass m, = 400 MeV leads 
to higher maximum masses of BSs. Both the decreasing of boson mass and increas- 
ing of the coupling constant cause an enhancement in pressure of the system and 
consequently the rise of the maximum mass. 


20, 


— my=100 MeV 
— my=200 MeV 
— my=300 MeV 
— m,=400 MeV 
— my=500 MeV 


eue. 


Fig.2. M-R profile for BSs based on Eq. (2), (right panel) for the fixed value of coupling constant 
A = 7 and different boson masses. (Left panel) Calculations are made for fixed boson mass my = 
400 MeV and different values of coupling constant as labeled at the figure. The gray dashed line 
shows the 2Mo limit. 
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Moreover, the variation of compactness C = M/R with respect to mass of BSs for 
different values of m, and A is presented in Fig. 3. It shows the same dimensionless 
maximum compactness C(mar) c 0.16 for all cases. We see that the maximum 
compactness of a BS based on Eq. (2) is independent of free parameters of the 
model, namely my and A and for all the parameter space is well below the black 
hole formation limit C = 0.5.46: 79 
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Fig. 3. Compactness of BSs as a function of their mass obtained for a fixed coupling constant 
A = 7 and different values of boson mass (right); fixed particle's mass my = 400 MeV and various 
A values (left). 
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2.2. Neutron Star 


For the baryon component (NS matter), we use the unified EoS with induced sur- 
face tension (IST) where both the short-range repulsion and long-range attraction 
between baryons have been taken into account.??:9? The IST EoS reproduces the 
nuclear matter properties,®° fulfills the proton flow constraint,?! provides a high- 
quality description of hadron multiplicities created during the nuclear-nuclear col- 
lision experiments?? as well as the matter inside compact stars.4°°° The EoS is in 
a very good agreement with latest NS observations providing the maximum mass 
Mmaz = 2.08Mo and radius of the 1.4Mọ star equals to Ry.4 = 11.37 km. In 
our work the crust part of the NS's EoS is described via the polytropic EoS with 
y = 4/3.* In Fig. 4, the change of pressure for a same density regime is plotted 
for BM and DM EoSs (left panel) and we show the M-R profiles of the NS and BS 
based on our considered EoSs (right panel). 
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Fig. 4. Comparing BM and DM EoSs, left panel shows pressure vs. energy density for two different 
values of boson mass and A = 7. Right panel indicates M-R profiles for the NSs and BSs, considering 
mx = 400,500 MeV and the same coupling constant. 


3. Two-fluid TOV equations and maximum mass 


In order to study compact objects formed by the admixture of BM and DM that 
interact only through gravity, we use two-fluid TOV formalism?! shown by Eqs. 
(5-6). Here p = pp + pp and M = Mr = f, 4nr?ep(r)dr + fp 4nr?ep(r)dr. It can 
be seen that the total pressure and mass of the object have two contributions from 
BM and DM fluids shown by B and D indices. In order to solve two-fluid TOV 


equations 


dpa — M + 4nr?p 
dr PB +B) 7M) (5) 
dpp _ l M + 41r?p 
dr rand (pp T €p) r(r m 2M) , (6) 


two central conditions related to both of the fluids have to be considered. By fixing 
two central pressures (pg and pp) together with the initial conditions at the center 
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of the star (Mp(r ~ 0) = Mp(r œ 0) ~ 0) the Eqs. (5-6) are numerically integrated 
up to the radius at which the pressure of one of the components vanishes. In principle 
this radius can be realized as DM radius Rp or BM radius Rpg. In the former case the 
DM distributed only inside the core while BM extends to larger radius (Rg > Rp), 
then we set pp(r > Rp) = 0 and continue the numerical integration to reach the 
visible radius of the star where pp(Rpg) = 0. When we have a BM core, DM can 
exist as an extended halo around the core with Rp > Rg, where pp(r > Rg) = 0. 
It should be mentioned that for both DM core and DM halo cases, the core of 
the object is a mixture of DM and BM. Based on our extensive analysis there is 
another possibility of DM admixed NSs’ configurations for which Rg ~ Rp and 
DM distributed within the entire NS (see Fig. 5). 


Rp > Rp Rg > Rp Rp ~ Rp 


Fig. 5. Three possible configurations of a DM admixed NS, (left) DM halo, (middle) DM core 
and (right) DM is distributed in a whole NS. Note that for the DM core and halo cases the core of 
the object is a mixture of BM and DM. Green and black colors denote BM and DM, respectively. 


For all of the possible DM admixed NSs’ structures, the total gravitational mass 
of the mixed object is 


Mr = Mg(Hg) - Mp(Rp). (7) 


However, the observable radius of the star is still defined by Rpg, this is due to the 

visibility of Rg compare to Rp and technical difficulties of indirect detection of 

dark radius Rp. Furthermore, the DM fraction that determines the amount of DM 
in a DM admixed NS is defined as 

Mp(Rp) 
Fy-————. 8 

X Mr ( ) 

Hereafter an effect of DM on NS properties is studied for my of about hundreds 

MeV and and fixed coupling constant A = r. Fig. 6 shows energy density profiles for 

a DM admixed NS where the BM (dashed red curves) and DM (solid red curves) 
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components are plotted separately. The energy density profiles for pure BM and 
DM stars are presented by solid black and green curves, respectively. Here we con- 
sider A = m and Fy = 20%, while the central values of pressure for BM and DM 
components are chosen in such a way that a desired DM fraction Fy has been 
obtained. 


—— Single BM fiuid 
| —— DM componenet t (Admixed NS) 

----- BM componenet (Admixed NS) wu ----- BM componenet (Admixed NS) 
| — singe DM fuia o.oo — singe Du tua 


— Single BM fluid 
—— DM componenet (Admixed NS) 


(MeVifm?) 


| 0.010 


0.001, 
10 o 20 40 60 80 100 120 


rim) r(km) 


Fig.6. Energy density profiles for pure BM and DM stars (black and green curves) shown together 
with the slitted DM and BM components of a DM admixed NS (solid and dashed red curves). Left 
panel corresponds to a DM core formation, while the right one to a DM halo, for my, = 400 MeV 
and my = 100 MeV, respectively. For both of the cases, coupling constant is fixed at A = m and 
FX = 20%. 


On the left panel which is obtained for m, = 400 MeV, a DM core with Rp ~% 
5 km is embedded in à BM structure with a larger radius. On the right panel, we 
fixed DM mass to my = 100 MeV which leads to the formation of a DM halo around 
the BM fluid with much larger radius. Interestingly, we see that for both DM core 
and DM halo formations, a reduction occurs in the energy density and the radius of 
DM and BM fluids in the mixed object compare to pure BM/DM star. This effect is 
much larger for the DM component and shows that the properties of the single DM 
fluid have significant effects in the admixed NS and in fact underly their features. 

By comparing the left and right panels of Fig. 6, we see a transition from DM 
core to DM halo by changing m, from 400 MeV to 100 MeV. Therefore, by a 
thorough analysis of an effect of model parameters, as a general behaviour, we can 
conclude that light DM particles with m, < 200 MeV, for low DM fractions, tend 
to form a halo around a NS, while heavier ones would mainly create a DM core 
inside a compact star (for more detailed analysis see’). 

The M-R profiles for DM admixed NSs are shown in Fig. 7 in which M — 
Mg + Mp. Here R is the outermost radius of the star which is determined by Rg 
for the DM core and Rp for the DM halo. The solid black curve shows the M-R 
relation for the BM fluid (without DM), the gray dashed line indicates the 2M 
constraint on maximum mass of NSs and the shaded regions colored in magenta 
and cyan denote the causality and GR limits, respectively. 

As it is shown in Fig. 7, two different boson masses, 100 MeV and 400 MeV lead 
to a DM halo and a DM core formations, respectively. In the left panel (m, = 400 
MeV), it is indicated that DM core formation causes a decrease of the maximum 
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— Fx=10% 
— Fx=20% 
— Fx=30% 


R(km) R(km) 
Fig. 7. Mass-Radius profiles for DM admixed NSs for m,, — 400 MeV (left) which corresponds to 


a DM core formation and my = 100 MeV (right) that represents an extended DM halo formation 
around a NS. Coupling constant is fixed to A = 7 and different Fy, are considered as labeled. 


mass well below the 2M, constraint,9?: 7775 and also a reduction of the correspond- 


ing radius. However, for m,, = 100 MeV (see the right panel in Fig. 7) for which a 
DM halo is formed around a NS, both maximum mass and radius are increased. Re- 
garding the radius of the object for DM halo formation, it is increased significantly 
since is determined by Rp. It is seen that higher DM fractions enhance both of the 
above behaviours for DM core/halo structures. Note that for the cases in which a 
DM halo is formed (Rp > Rp), the visible radius of the star remains to be Rp. 
To summarize, we see here that an effect of bosonic DM with repulsive self- 
interaction onto NSs is in agreement with previous studies which considered different 
DM models. Thus, an existence of a DM core decreases the maximum star's mass 
and the corresponding radius, while the formation of a DM halo increases these 
quantities.” ^7? In this regard, the most massive NS observed by NICER,9? PSR 
J0740+6620 (Minaz ~ 2M) is compatible with the DM admixed NS scenario. 


4. Tidal deformability of à DM admixed NS 


GW signal from NS-NS mergers introduce tidal deformability as a new observable 
quantity to probe the internal structure of NSs and constrain their macroscopic 
features.54^ 5" In this section, we analyse an impact of self-interacting bosonic DM 
on the tidal deformability of a DM admixed NS. 

The idea of tidal deformability was first proposed by Tanja Hinderer in 20088889 
which comes from the fact that in a binary system of NSs both of the objects are 
deformed owing to the imposed tidal forces.°° 92 The tidal deformability expresses 
the ability of the gravitational field to change the quadrupole structure of a NS 
which alter the rotational phase of the binary system. Therefore, the GW signal is 
influenced during the inspiral phase due to the deformation effects of NSs when the 
binary orbital radius becomes comparable to the radius of NS. In fact, taking tidal 
deformability into account produces a phase shift in GW signal and accelerates the 


inspiral which leads to an earlier merging.3 55.93 
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The induced quadrupole moment Qi; of a NS due to the external tidal field of 


its companion €;; can be parameterized as follows®®:°° 


Qij = XE, (9) 


where Az is the tidal deformability parameter and can be defined based on k2, the 
tidal love number, which is calculated from the system of equations including the 
TOV one. As is evident, k2 and the tidal deformability strongly depend on the star’s 
Eog 88-290 


2 
^t = Malia (10) 


Unlike A, which has dimension, dimensionless tidal deformability A can be de- 
fined as, 


ied ee TOR (11) 


where R and M are the radius and mass of the compact star. It should be mentioned 
that R in a DM admixed NS is the outermost radius of the object which for à DM 
halo R = Rp and for a DM core R = Rp. As an observational constraint on the 
tidal deformability, we take 41.4 = 1901330 reported by®* for M = 1.4M© in the 
case of GW170817. 

In the following, we investigate the effect of self-interacting bosonic DM, as a 
DM core or a DM halo, on the tidal deformability A of a mixed object at various 
my and Fy. In Figs. 8 and 9 the variation of A is shown in terms of total mass 
and radius of DM admixed NSs. In these figures the gray horizontal dashed lines 
indicate the LIGO/Virgo upper bound A44 = 580,94 the gray solid vertical lines 
show Mr = 1.4Mo and the colored dashed and solid vertical lines stand for R44 
radius for the corresponding model parameters. The tidal deformability calculated 
for the pure baryonic EoS is denoted by the solid black curve and its A14 value is 
about 285 which is well below the LIGO/Virgo constraint. 

As a general behaviour in these plots, it can be seen that tidal deformability is a 
decreasing function of total mass and rises by increasing the radius which is related 
to the definition of this parameter as a function of R/M through Eq. (11). It follows 
from the M-R profile of a combined system NS+DM, that approaching the maximum 
mass of the equilibrium sequence decreases the stellar radius and, consequently, 
R/M. In other words the lowest value of A corresponds to the maximum mass and 
minimum radius of the DM admixed NS. 

The effect of variation of A caused by changing the DM mass at fixed coupling 
constant A = m and DM fraction F, = 10% is shown on Fig. 8. It is seen that 
for low DM masses m, = 100,120, 150 MeV, leading to formation of the DM halo, 
A14 is higher than in the cases of higher m, and purely baryonic NS. Indeed, the 
corresponding A.4 significantly exceeds the values obtained for purely baryonic NS. 
For my = 300,400, 500 MeV, however, the situation is different. Formation of the 
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Fig. 8. Tidal deformability (A) in terms of total mass (right) and outermost radius (left) for 

stable sequences of DM admixed NSs. Various boson masses are considered, my = 100, 120, 150 

MeV correspond to a DM halo formation while for mẹ = 300, 400, 500 MeV a DM core is formed 

inside NS. Coupling constant and DM fraction are fixed at m and 10%, respectively. 


DM core reduces the corresponding tidal polarizability, for which the A — R curves 
are very similar to purely baryonic case. Regarding Fig. 8, we can conclude that DM 
halo yields large A1.4, which even can exceed the observational constraint, while the 
DM core lowers A making it consistent with A14 < 580. This is related to the effect, 
which was mentioned in the previous section. Namely, DM halo increases the mass 
and radius of DM admixed NSs while DM core decreases these quantities. It is worth 
mentioning that GW observations during the inspiral phase of NS-NS coalescence 
correspond to lower frequencies detectable by Ad. LIGO. At this regime typical 
interstellar separation is r « 150 km. In order to prevent the technical difficulties 
caused by the overlap of DM halos we restrict their radii as Rp < 75 km.?? 

To give more insight, Fig. 9 shows modification of tidal polarizability due to 
variation of the DM fraction from 5% to 15% calculated at fixed A = 7 and m, = 
100, 400 MeV, corresponding to DM halo and DM core, respectively. As it is seen, 
higher Fy increases Aj.4 and R44 at my = 100 MeV and decreases theses parameters 
at my = 400 MeV. Remarkably, for m, = 100 MeV (solid lines) tidal polarizability 
of the M = 1.4Mo© star exceeds 580 even at Fy = 5% since in this case A is more 
sensitive to DM fraction than at m, = 400 MeV. Despite at this later case depicted 
by the dashed lines A14 is in agreement with the upper observational constraint, 
the reduction of tidal deformability and R44 should be consistent with the lower 
observational limits A,.4 > 70 and R4 > 11 km.64 94-97 

As the final remark of this section, in Fig. 10, we show the effect of increasing and 
decreasing tidal deformability in a NS with DM halo/core and purely baryonic one. 
It was explained in the beginning of this section that tidal deformability parameter 
shows how much the compact object is deformed due to the gravitational potential 
of its companion. Thus in this illustration, we see that DM admixed NS with a 
DM halo can be more deformed since it has higher values of A compared to purely 
baryonic NS and the DM admixed one with the DM core. In addition, considering 
tidal love number kz we note that mixed compact objects with stiffer EoS are more 
deformable due to the DM halo compared to the ones with softer EoS producing 
the DM core. 
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Fig. 9. Tidal deformability (A) in terms of total mass (right) and outermost radius (left) for 
stable sequences of DM admixed NSs. Two boson masses are considered, mẹ = 100 MeV (solid 
lines) and my = 400 MeV (dashed lines) which correspond to DM halo and DM core formations, 
respectively. Various DM fractions are considered as labeled. 


In summary, we note that in full agreement with the previous studies”? DM 
halo increases tidal deformability, while DM core decreases it. Meanwhile, upper 
constraint on tidal deformability, A1.4 = 580, related to GW170817 event,®* has 
been considered. 


~- z 
= ee >t 


Deformation of spacetime 
away from spherical symmetry 


Fig. 10. The effect of increasing and decreasing of tidal deformability on DM admixed NS's 
deformation is compared with the pure BM object (NS). It is shown that higher value of A indicates 
more deformation in the compact object, therefore a DM halo deforms more in comparison with 
a pure NS and DM admixed NS with a DM core. 
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5. Conclusion and Outlook 


Treating DM as a self-repulsing complex scalar field, various properties of single 
fluid BSs and two-fluid NSs has been studied within the TOV formalism. It is shown 
that for A = 7, light DM particles (m, X; 200 MeV) form BSs with much larger 
maximum mass and radius compared with typical NSs, while heavy DM particles 
lead to formation of BSs with much smaller radius and mass. Furthermore, we 
showed that for low DM fractions (F, < 20%), light bosons create a halo around 
the DM admixed NSs, while heavier DM particles form a DM core inside the BM 
component. 

The effect of bosonic DM as a halo/core has been examined by considering the 
maximum mass, radius and tidal deformability of a DM admixed NS. We have indi- 
cated that DM halo formation causes an increase in the aforementioned observable 
quantities while a DM core reduces all of them. Considering various my and Fy, 
the maximum mass and tidal deformability of the mixed object has been compared 
to the latest upper observational bounds, Mmaz = 2M© and A14 < 580 inferred 
from NICER (PSR J0740+6620) and LIGO/Virgo (GW170817) detections. 

Regarding the impact of DM halo and DM core formations on NS’s observ- 
able parameters and applying the observational limits for NSs’ features, one could 
constrain the parameter space of DM model such as mass and coupling constant 
and also the amount of DM inside the compact object. In this regard, an exten- 
sive investigation has been done recently in9? by the same authors of the present 
paper in which a constraint has been imposed on F% for sub-GeV DM particles by 
taking M,,44 and A14 bounds. Moreover, as DM core decreases the visible radius 
of the DM admixed NS (Rg) and DM halo increases the invisible dark radius of 
the object (Rp), radius constraint for typical NSs (M ~ 1.4M C) and most mas- 
sive ones (M ~ 2M@)®:°%-97 could be utilized to impose more stringent limits 
on DM parameter space and its fraction. In addition, any unusual observational 
results of NSs’ properties could be explained by the DM admixed NS model. For 
instance, there are many effort among the community to explain the nature of the 
secondary compact object in the GW19081495 event with the mass about 2.6M@ 
being higher than the maximum NS one. There are some works explaining the mass 
of this strange object by the DM core or halo formation within the DM admixed NS 
scenario.92.99.100 Regarding our model, as an example, my = 50 MeV, A = 7 and 
Fy ~ 20% lead to formation of a DM admixed NS with Mr = 2.6M© and detectable 
radius about 10 km. As a final remark, upcoming modern facilities such as X-ray 
(NICER,!?! ATHENA,!?? eXTP! and STROBE-X!*) and radio (MeerKAT,!95 
ngVLA!96 and SKA!?7) telescopes, as well as GW (LIGO/Virgo/KAGRA1° and 
Einstein!09: 110) 
ing results for NSs' features bringing us to a golden age of NS investigations and 
consequently could help us to shed light on the nature of DM and its possible 
existence in compact objects. 


detectors, shown in Fig. 11, would provide vast numbers of promis- 
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Fig. 11. Applying various innovative telescopes covering all kinds of observations from GW and 


X-ray to radio waves provide a unique opportunity for compact objects’ research which may solve 
the puzzle of DM. 
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With recent observations of gravitational wave signals from binary neutron star mergers 
(BNSM) by LIGO-Virgo-KAGRA (LVK) Collaboration and NICER, the nuclear equa- 
tion of state (EoS) is becoming increasingly testable by analysis with numerical simula- 
tions. Numerous simulations currently exist exploring the EoS at different density regimes 
for the constituent neutron stars. In this paper we summarize the GR three-dimensional 
hydrodynamics based simulations of BNSMs for EoSs with a specific emphasis on quark 
matter EoS at the highest densities. 


Keywords: Neutron star binaries; Gravitational waves; Nuclear equation of state. 


1. Introduction 


Neutron stars are an ideal laboratory in which to probe the properties of matter at 
very high density. The microphysics of nuclear interactions in a neutron star reflects 
in its large structural features like its mass and radius. This results in modulation 
of the evolution of their binaries. This amplification of subatomic physics makes 
probing the physics at scales 10714 m plausible at neutron star size 104 m scales. 
In particular, neutron star binary systems provide a means to analyze the pressure 
of nuclear matter at all domains of nuclear densities. Indeed, the first detection of 
gravitational waves from the binary neutron star merger GW170817 by the LIGO- 
Virgo Collaboration and the pulsar PSR J0740 by NICER has provided fundamental 
new insights into the nature of dense neutron-star matter. ^? The detected gravi- 
tational wave signal depends upon the tidal distortion of the neutron stars as they 
approach merger. For example, in the LIGO analysis"? the tidal polarizability^? 
was deduced from post-Newtonian dynamics implying that the radius of the stars 
of 1.4 Mo is in the range 10.5 km < R < 13.3 km. This has placed tight constrains 
on the equation of state (EoS) for nuclear matter as the stars approach merger. 

Here we summarize the work done in the regime of quantum chromodynamics 
(QCD) formed during the merged neutron star binaries. The detection of the gravi- 
tational radiation during the postmerger could be used as a sensitive probe of both 
the order of the quark-hadron phase transition and the properties of matter in the 
non-perturbative regime of QCD. 

The prospect of the postmerger evolution being used to explore EoS issues has 
been proposed for some time.® Indeed, there have been several investigations into the 
effects of the formation of quark matter in the BNSM." !? For the most part these 
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studies have considered effects of a first-order phase transition and the formation of 
a mixed quark-hadron phase. In this case the first-order transition can soften the 
EoS and hasten the formation of the black hole. 

The neutron star-ringdown occurs in a frequency range 2-5 kHz and 
thus the strain strength for a binary at 50 Mpc is not easily accessible to 
aLIGO/aVirgo/KAGRA. However, the third generation GW observatories, the Ein- 
stein Telescope and the Cosmic Explorer, will have enhanced sensitivities in this fre- 
quency range and will be susceptible to observing postmerger evolution of a BNSM. 
Further, there is a suggestion in the literature (see Refs. 11, 12) of post merger 
energy output in gravitational radiation from the GW170817 event that appears to 
be an extended ringdown (see however Ref. [13].) In Ref. [12] it was hypothesized 
that such extended emission might result from spin down of a magnetar. 


2. Equation of state 


'To describe the evolution of matter completely, the hydrodynamics equations require 
an additional constraint that relates the various state variables of the matter, i.e. 
pressure, density, electron fraction, chemical potentials, etc. in a neutron star.!^ 15 
Constraints on the equation of state (EoS) have been placed by aLIGO based upon 
the tidal polarizability deduced from the chirp associated with event GW170817.!:3 
Any realistic description of the equation of state (EoS) of matter formed in the 
merger of neutron stars must also include the consequences of a transition between 
hadronic matter and quark matter. As the merged system collapses to a black hole 
it unavoidably encounters all dense phases of matter, particularly the transition to 
quark matter. 

It is worth noting that as the baryon density and chemical potential increase the 
QCD strong coupling constant a, approaches unity and a nonperturbative approach 
to QCD is imperative. In particular, There is rich physics in this region of the quark- 
matter phase diagram including the generation of constituent quark masses, due to 
chiral symmetry breaking,!? and quark pairing leading to color superconductivity.!” 
The evolution of these effects until the asymptotic regime must be described during 
the collapse. 

The transition from hadronic matter to quark matter is not yet fully under- 
stood.!? However, people have proposed many interesting models to describe the 
transition from hadronic matter to quark matter at densities between 2-5 p,,,,,..19: 20 
Considering strongly interacting quark states for the crossover density region, people 
could have made the EoSs satisfying 2 times solar mass observational bound.?! Also, 
many models having the first order phase transition features have been proposed to 
describe the transition. 


3. Power spectral density of the gravitational waves 


In addition to fmaz which could be obtained from the instantaneous change of the 
phase of h, the power spectral density (PSD) of the strain, h, poses to reveal further 
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features about the star’s EoS. Refs. [22, 10] shows the presence of high frequency 
spectral features in the fı, f? and f3, as defined in Ref. [22] modes for binaries with 
different EoS description. The positioning and strength of the frequencies depends 
on the nature of the EoS. One of the important aspects about the power spectra of 
the mergers is that the strength of the PSD at 2 kHz to 5 kHz frequencies is weak 
enough that the current LVK detectors are unable to discern them from the noise. 
It is also pointed out that the third generation gravitational wave interferometers, 
the Einstein Telescope and the Cosmic Explorer, would have higher sensitivities at 
these frequencies making them more likely to resolve the f-modes. Further, Ref. [22] 
notes the occurrence of ‘quasiuniversal’ relations relating f-modes with compactness 
and the maximum frequency of chirp with tidal deformability of a single stable NS 
for the given EoS. These relations can be explained partially by the stiffness of 
the equation of state, softer EoSs leading to higher f-modes. Recent studies of the 
BNSM with the phase transtion have examined whether the features of the phase 
transition could be imprinted in the f-mode frequencies, for example, the shift of 
the peak frequencies.*:?? We are currently investigating the spectral features of the 
BNSM with a specific crossover EoS and have found some interesting postmerger 
behaviour showing elongated duration owning to the stiffened EoS.18- 19:24 


4. Conclusion 


We have briefly summarized some recent studies on the BNSM with quark matter. 
An observation of the postmerger and the collapse in a BNSM could be used to 
determine the nature of the phase transition and the physics at the crossover den- 
sities. The next generation GW detectors will probe and unveil the physics of this 
dense matter physics with their highly improved power of detectabilities at higher 
GW frequencies. 

Finally, noting a caveat that there have been no studies fully considering such as 
MHD and neutrino transport for the simulations, however, we expect that essential 
features of the non-perturbative characters of the QCD would be revealed and 
confirmed without taking these considerations into account. 
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Recent observational data on transiently-accreting neutron stars has unequivocally shown 
fast-cooling sources, such as in the case of neutron star MXB 1659-29. Previous calcula- 
tions have estimated its total neutrino luminosity and heat capacity, as well as suggested 
that direct Urca reactions take place in 196 of the volume of the core. In this paper, 
we reproduce the inferred luminosity of this source with detailed models of equations 
of state (EOS) and nuclear pairing gaps. We show that three superfluidity gap models 
are inconsistent with data for all EOS and another three are disfavoured because of fine 
tuning arguments. We also calculate the total heat capacity for all constructed stars 
and show that independent observations of mass and luminosity could set constraints on 
the core superfluidity of a source as well as the density slope of the symmetry energy, 
(L). This is an important step towards defining a universal equation of state for neutron 
stars and therefore, towards a better understanding of the phase diagram of asymmetric 
matter at high densities. 


Keywords: Symmetry energy; neutron star composition; direct Urca; transiently- 
accreting neutron stars 


1. Introduction 


The composition of the core of neutron stars is still unknown. Their extreme den- 
sities make it impossible for similar conditions to be reproduced experimentally in 
laboratories, and their strongly-coupled hadronic nature represents a serious chal- 
lenge for first-principles calculations. Therefore, there is a lot of uncertainty when it 
comes to the particle content and matter organization in neutron star cores. Even 
in the simplest model of neutron stars made only of neutrons, protons, electrons 
and muons, there is no agreement on the star’s proton fraction — which determines 
electron and muon fractions, by the charge neutrality requirement — or how to de- 
scribe proton superconductivity and neutron superfluidity, both expected to happen 
in matter at high densities.! The proton fraction is important because it determines 
whether neutrino cooling occurs via modified Urca or direct Urca reactions, which 
differ by orders of magnitude in emissivity. 

Although BCS theory with polarization corrections 3 can describe superfluidity 
and superconductivity in a low density medium, at high densities, in-medium effects 
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prevent an accurate description of neutron and proton pairing. This uncertainty 
forbids a precise determination of the critical temperatures as a function of density, 
that is, the gap amplitude and width of the pairing gap in neutron star cores. 
Nonetheless, a wide range of theoretical calculations of superfluidity at high densities 
exist, which have been summarized in the functional analytic form in Ref. 4. Its 
parameters mimic the effect of in-medium interactions, and thus define a range of 
possible models for nucleon pairing at high densities, each one with their specific 
amplitudes and widths. 

These different gap models will predict different stellar cooling rates, as shown in 
Ref. 4, because both superfluidity and superconductivity suppress neutrino produc- 
tion through direct or modified Urca reactions.? Furthermore, Cooper pair forma- 
tion produces pair-breaking-formation (PBF) cooling reactions, which enhance the 
star's cooling when its temperature is close to the superfluid critical temperature.? 
'The suppression or enhancement of neutrino emission due to superfluidity depends 
on density, and therefore location within the neutron star core. By comparing these 
predictions with the star's observed luminosity, one can exclude or favor specific 
gap models. 

Transiently-accreting neutron stars are ideal systems to perform these observa- 
tions. T'hese stars periodically accrete matter from a companion star, in cycles of 
accretion outbursts followed by periods of quiescence, in which accretion halts.9:7 
By observing X-ray emissions after the accretion period, the surface temperature 
of the star can be found. Combining that information with the mass accretion rate, 
one can obtain a consistent estimate of the star’s neutrino luminosity and determine 
whether fast cooling reactions (such as direct Urca) or slow cooling reactions (such 
as modified Urca) are taking place in the neutron star's core." 

'The source MXB 1659-29 is particularly interesting because it has shown more 
than one accretion-quiescence cycle, which allows for repeated measurements of ac- 
cretion rates during outburst, luminosity and temperature during quiescence. Anal- 
ysis of the energy balance between accretion-driven crustal heating in outburst and 
neutrino cooling during quiescence leads to the conclusion that this source is un- 
dergoing fast cooling processes in its core.^? Furthermore, it has been suggested 
in Ref. 8 that measuring the decrease of external temperature of the neutron star 
MXB 1659-29 over an interval of ten years, combined with the observation of its 
neutrino luminosity, could set constraints on its total heat capacity, and therefore 
on its composition. This analysis would represent another avenue for finding, for 
example, the relative contribution of leptons to the total heat capacity of a spe- 
cific source based on direct observations, which could set further constraints on its 
superfluidity. 

Other transiently accreting sources such as KS 1731-260 have inferred neutrino 
cooling luminosities inconsistent with fast cooling, implying that they have slow 
cooling processes operating in their cores.? 'To explain this data, one should consider 
a combination of equation of state (EOS) describing a star’s particle content, and 
a collection of nuclear pairing gap models that accommodate both fast and slow 
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cooling processes. In this paper, we create detailed realistic scenarios for MXB 1659- 
29, to determine how the observed neutrino cooling rate of that source constrains the 
input physics. We use gap models described in Ref. 4, and a family of relativistic 
mean-field (RMF) EOS!? based on FSUGold2, first described in Ref. 11. Their 
particularities are discussed in section 2. In section 3, we investigate the agreement 
of the calculated luminosities with data and we verify the suggestion made in Ref. 
8 that direct Urca processes occur in approximately 1% of the volume of the star’s 
core. Finally, in section 4, we discuss which gap models accurately describe this 
scenario and compute predictions for the neutron star heat capacity in each case. 


2. Formalism 


To determine the particle composition of the core of neutron stars, we use a family 
of equations of state (EOS) that are developed from the RMF model FSUGold2.! 
'The original FSUGold2 model was created to reproduce the ground-state properties 
of finite nuclei such as binding energy and charge radii, their monopole response, 
and the maximum observed neutron star mass. In particular, the original model 
predicts both a stiff symmetry energy and a soft equation of state for symmetric 
nuclear matter, that is, matter with equal number of protons and neutrons. The 
symmetry energy is an essential ingredient of the EOS that strongly impacts the 
structure, dynamics, and composition of neutron stars and has received considerable 
attention over the last decade .!?:!? Customarily, one expands the total energy per 
nucleon E(p, a) at zero temperature—where p = pn + py is the total baryon density 
and œ = (py — pp)/p is the neutron-proton asymmetry parameter—around the 
energy of isospin symmetric matter with a = 0, 


E(p, o) = Esun (p) + Esym(p) : o? + O (04) (1) 


where Esww(o) = E(p,0) is the energy per nucleon in symmetric nuclear matter 
(SNM) and Esym(p) the symmetry energy, which represents a correction of second 
order in parameter a, to the symmetric limit. No odd powers of œ appear in the 
expansion above because the nuclear force is assumed to be isospin symmetric. To 
characterize the behavior of both Esww (p) and Esym(p) near the nuclear saturation 
density Psat 7: 0.15 fm-?, one can further expand these quantities in a Taylor 


series, 4 


1 
Esyu(p) = B+ 5 Ka? +--+ (2) 
1 
Esym(p) = J+ L+ 5 Keyme” qe (3) 


where x = (p — Psat)/3Psat is a dimensionless parameter that quantifies the devia- 
tions of the density from its value at saturation, B is the energy per nucleon and 
K is the incompressibility coefficient of SNM. Similarly, J and Ksym represent the 
symmetry energy and the incompressibility coefficient of symmetry energy at satu- 
ration density and serve as corrections to the binding energy and incompressibility. 
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Unlike in SNM, whose pressure vanishes at saturation density, the slope of the sym- 
metry energy L, and consequently, pressure of pure neutron matter, do not vanish 
at Psat- 

Since L is poorly constrained experimentally, we generated a family of the FSUG- 
old2 models that are identical in their predictions for the EOS of SNM but vary in 
their predictions for the symmetry energy. It is well known that, at a sub-saturation 
density of p ~ 0.1 fm ?, which represents an average value between the central and 
surface densities, the symmetry energy is well constrained by the binding energy 
of heavy nuclei with a significant neutron excess." By fixing this value of the 
symmetry energy, we obtain a family of models with differing (J, L) values that 
are identical in their predictions for the ground state properties of finite nuclei but 
predict a range of the neutron skin thicknesses and neutron star radii consistent 
with the current experimental and observational data.!9 7? 


0.25 


Eq. (4), L = 47 MeV 
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0.05 


0.00 


P/P sat 


Fig. 1. Proton fraction Yp versus baryon density p normalized by saturation density for EOS in 
the FSUGold2 family. Different curves correspond to EOS with different L values, in MeV. The 
blue solid curve shows the analytic approximation (Eq. 4). 


Cold-catalyzed matter in neutron stars, ie. matter in the ground state with 
lowest energy per nucleon, is in a state of chemical equilibrium and is assumed to 
be electrically neutral. Therefore one must impose a charge neutrality and chemical 
equilibrium condition to obtain an EOS of neutron-star matter. We consider a 
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minimal model in which neutrons, protons, electrons and muons are present inside 
neutron stars. Increasing the parameter L leads to a larger symmetry energy at 
supersaturation densities. This in turn makes it difficult for protons to convert 
into neutrons and thus increases the proton fraction Y, = pp/p in the innermost 
region of the star, as shown in Fig. 1. For matter composed of neutrons, protons 
and electrons, Ref. 23 shows this proportionality explicitly by writing the beta 
equilibrium condition as a function of the proton fraction, such that for low proton 
fraction, 


1 24 3 
toe ga eg (te) w 
3T? Psat (3L + 1) hc 
As displayed in Fig. 1, this approximation is only valid up to about 1.50.44, where 
proton fractions are small. Here we used the predicted bulk parameters of symmetry 
energy at saturation density psat = 0.15 fm ?, J = 30.6 MeV, L = 47.0 MeV and 
Ksym = 54.0 MeV to generate the blue solid curve in Fig. 1. 

The outer crust is described by the EOS from Ref. 24, whereas the EOS for the 
inner crust is described in Ref. 25. For the core we use the FSUGold2 family of 
EOS with different values of the slope of the symmetry energy L. We assume a non- 
rotating spherically-symmetric neutron star, and solve the Tolman-Oppenheimer- 
Volkoff (TOV) equations 


dP — E(r) Gm(r) m 2 | RP i- Ie EE 


dr c r2 E(r) m(r)c? cr 

dm  , 9€(r) 

qut Arr 29 3 (6) 
dó 1  dP 


dr | &(r)4P(r)dr ce 


where m(r) is the mass within radius r, P(r) is the pressure, £(r) is the energy 
density and ó(r) is the gravitational potential such that at the surface of the star, 
r = Rand m = M, the pressure vanishes, P(R) = 0 and ¢(R) = 3 In(1-2GM/C? R). 
Since our goal is to reproduce the inferred neutrino luminosity of MXB 1659- 
29, we consider the fast cooling process of direct Urca only. If there are no muons 
participating, direct Urca cooling takes place through the reactions 
n>pte +k, pte Ant. (8) 
This process conserves momentum only if 
kFn < kFp T kre, (9) 
which implies that for direct Urca reactions the proton fraction must exceed a 
threshold value 
3 
| (37?h* p¥n) ee (322 h3 pe) | 


Y, 2 Yp dUrca = 3723 p , 


(10) 
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as explained in Ref. 5. Here, kp, are the Fermi momenta, a function of p,, the 
number density for each species and the particle fraction Yy. If there are no muons 
in the star at all, Eq. (10) can be simplified because of the star's charge neutrality 
condition pp = pe, hence Y, aura = 1/9 ~ 0.11. However, for the EOS studied 
here, Y, aurca # 1/9 because even when muons are not participating in direct Urca 
reactions, they are present, such that the charge neutrality condition becomes pp = 
Pe + Pu, thus, for our set of EOS, we have 0.131 < Yp aurca < 0.138. 
'The direct Urca neutrino luminosity is given by 


Reore 2 ,dUrca total 

4 

Du =} “ a! 1/2 dr, (11) 
0 (1 — (2Gm(r)/c?r)) 


where the integral is over the neutron star core, and the local neutrino emissivity 
+5 
is 


dUrca total _ -dUrca e^ dUrca u^ 
€9 = [20] + €o (12) 


7 4571 mý m5m% 
dUrcae _ 2 2 2 n p e 
E0 = 10080 €F cos* ĝc (1 + 394) pO E 


where we used the weak coupling constant Gg = 1.43610-9?Jm?, the Cabibbo angle 


(kg T)? Onpe; (13) 


0c = 0.227, the axial vector coupling constant ga = —1.2601 (1 — zm). M3 
represents the effective mass of species x and Onpe is a step function specifying 
the densities where direct Urca reactions can happen, respecting momentum con- 
servation. Note that, in general, muons can participate in these reactions at high 
densities, so that 


n—=>p+u cU. PHU wy (14) 
Their emissivities are 


ee = ee e (15) 

Including superfluidity and superconductivity in the neutron star core model 
changes the neutrino luminosity calculations. The formation of Cooper pairs reduces 
the number of neutrons and/or protons available for participating in direct Urca 
reactions, therefore the rate e414" is exponentially reduced, as described in Ref. 5, 
according to 


cdUrca Em rR 16 


R= exp (—Hbriptet/sineet 17 
for vfi, = 2-376 (Tc/T) , where Te = 0.1187A (krx) 


and Usngier = 1.764 (Te /T) , where Te = 0.5669A (krx). 


18 


) 
) 
) 
19) 


( 
( 
( 
( 
Here Te is the critical temperature, calculated according to each gap model 


parametrization, and T is the local temperature of the core, T = T'exp(—ó(r)), 
where T' is the temperature of the isothermal core as seen at infinity. The heat 
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Fig. 2. Gap model parametrizations A (MeV) as a function of Fermi momenta kp (fm-!) for all 
models studied here (see Ref. 4 and references therein). (a) Proton singlet superconductivity (b) 


Neutron triplet superfluidity. 


capacity of neutrons and protons is similarly reduced when they are superfluid or 


superconducting, C$uperfluid — C, n R. 
Equations (17)-(19) are simplifications of the results of full calculations, that 
find the proper quantum state rearrangements in the energy levels of the matter once 
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neutron and proton pairing are taken into account.? We acknowledge the difference 
in the reduction rates between the full calculation and the approximations (Eq. 
(17)-(19)), especially at T < T; and when superconductivity and superfluidity are 
simultaneously present in the star's core. This difference becomes large only well- 
below the critical temperature T’., where the neutrinos are already suppressed, thus 
our results are not expected to change qualitatively. Results of full calculations will 
be explored in a forthcoming paper. 

To characterize the different gap models, we work with the polynomial 
parametrizations for the superfluid gapt 


(krx — ko)? (krx — ke)? 


Si = MEL MALLEM 
(krx — ko)? + ki (krx — k2)” + ka 


(20) 
where Ao, ko, kı, ko and ka are free parameters fitted to adjust the amplitudes and 
widths of each gap model. The resulting superfluid gaps are shown in Fig. 2 and 
their parameters can be found in Ref. 4. 


3. Results 
3.1. Direct Urca cooling and the dependence on gap model 


We first calculated neutron star models without the effects of pairing, to determine 
when direct Urca reactions are kinematically allowed, as a function of the neutron 
star mass M and slope of the symmetry energy L. The direct Urca threshold for 
all EOS is shown in Fig. 3. All stars with masses above the Mgurea curve can have 
part or the entirety of their core emitting neutrinos through direct Urca reactions. 
For low L EOS, only stars with large masses (M > 1.8Mc) have a proton fraction 
large enough to allow direct Urca. On the right hand side of the plot, high L EOS, 
which have a larger proton fraction, can accommodate direct Urca reactions even 
for very low mass neutron stars (M < 1.0Mo). Note that we include neutron stars 
with M < 1.0Mo to show the full parameter space, although it is not expected that 
such low mass neutron stars are formed in reality. 

'The range of parameter space in which direct Urca cooling can occur may change 
once we include superfluidity, as a consequence of the exponential suppression of 
direct Urca rates in the presence of Cooper pairs. Depending on the range of density 
over which superfluidity occurs, there can be different effects on the direct Urca 
parameter space. For example, shown in Fig. 4, the gap model TT predicts that 
for L > 60 MeV, part of the core of all neutron stars with masses M < (1.7-1.8) Mo 
will be superfluid, thus reducing their total neutrino luminosity. Therefore, owing to 
the combination of the direct Urca threshold and the suppression by superfluidity, 
in this case only high mass stars M > (1.7-1.8) Mo can significantly cool through 
direct Urca reactions, even for large values of L. In all figures where superfluidity 
gap models are taken into consideration, we also plot their closing curves, which are 
obtained by finding the densities for which the predicted gap model T.(p) matches 
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Fig. 3. Direct Urca threshold calculation (orange curve) for all EOS without nuclear pairing. The 
shaded area corresponds to the phase space where direct Urca reactions are allowed, the maximum 
mass reached for each EOS is also shown (blue curve). 


the star’s core temperature T, for T = 2.5 x 107K, the inferred core temperature 
for MXB 1659-29.5 

Another interesting situation is when there is a late opening of the superfluid 
gap, as in the case of NTsyuup, Fig. 5. In this situation, for large L (L > 70 MeV) 
and low mass stars (M < 1.3Mọ — 1.4Mo), direct Urca reactions are allowed to 
happen because there is no superfluidity in the core yet. Cooper pair formation 
happens for larger mass stars or lower L, when direct Urca is suppressed, until 
there is no more superfluidity, that is, the gap closes, at higher masses. Therefore, 
direct Urca reactions are allowed again, close to maximum mass stars. In this sit- 
uation, there are two regions of the phase diagram where direct Urca processes 
are significant: large L and low mass stars or very high mass stars (M ~ 2.0Mo) 
for all L. 

'There are also cases in which the superfluid part of the core is in a region 
where direct Urca reactions do not happen. Then, superfluidity does not change 
the calculations of neutrino luminosity shown in Fig. 3. This is the case for gap 
models NT'zggo:, PSgs and PSccyps. The last possible situation is represented by 
gap models NTAo, NTpeeus and NTTToa, which predict that the whole core of 
the neutron star is superfluid, severely suppressing direct Urca for all EOS and all 
masses. 
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Fig. 4. Direct Urca threshold calculation (orange curve) and closing curve of superfluid gap model 
NTr (dashed olive). The area between the orange and dashed olive lines corresponds to exponential 
suppression of direct Urca reactions. Above the dashed line, there is no suppression. 


3.2. Application to MXB 1659-29 


We now discuss the predictions of our model for the accreting neutron star 
MXB 1659-29. As described in Ref. 8, knowing the total mass accreted onto the 
neutron star during an outburst, one can estimate the total energy deposited in the 
crust. Assuming this energy is almost completely conducted into the core, and, after 
the core reaches thermal equilibrium, radiated away by neutrinos, we get an esti- 
mate of the star’s neutrino luminosity. For the source MXB 1659-29, this luminosity 
is estimated to be Ly ~ 3 x 10?’ J/s = 3 x 10?* erg/s. 

This estimate was shown® to be insensitive (less than a factor of two) to varia- 
tions in accretion rate during outburst and the outburst recurrence time, neutron 
star mass or EOS, for a core temperature of T = 2.5 x 107 K anda light element 
envelope composition. As detailed in Ref. 9, the envelope composition is a crucial 
parameter in modelling the relationship between the internal temperature of the 
star and its surface temperature. For this source, a heavy element envelope would 
correspond to a core temperature of T = 5 x 107 K, which increases the star’s 
predicted total neutrino luminosity by two orders of magnitude, however, this sce- 
nario is inconsistent with the measured accretion rates. Ref. 8 also found that the 
envelope’s impurity parameter and distance uncertainties can change the inferred 
luminosity above by an additional factor of < 2. For this study, we will take the 
value L, = 3 x 10?* erg/s as the correct value of neutrino luminosity. 
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Fig. 5. The direct Urca threshold (orange curve), and the opening (dotted green) and closing 
(dashed green) curves of superfluid gap NT syHup. The area bounded by the orange, the dotted 
green and the dashed green lines corresponds to exponential suppression of direct Urca reactions. 
In all highlighted areas, there is no suppression. 


To attempt to match the inferred neutrino luminosity of the source MXB 1659- 
29, we calculate the masses of stars with that total luminosity, for all combinations 
of EOS and gap models. The results are shown in Fig. 6. Panel (a) displays only 
the no superfluidity case, whereas panel (b) contains the predictions for neutron 
triplet superfluidity and panel (c), for proton singlet superconductivity. In all cases, 
we observe that only a small fraction of the volume of the core, from 0.10% to 
1.07% depending on the EOS, is involved in unsuppressed direct Urca cooling. 
These volume fractions are shown in the bottom panel of panel (a). 

We also calculated the total neutron star heat capacity, for all combinations of 
EOS and gap models. The results are shown in Fig. 7. Note that larger mass stars 
have larger heat capacities, which is a trend one observes in the figure above and 
in Fig. 8. Specifically, for proton superconductivity, high L EOS have lower mass 
stars achieving the observed luminosity of L, = 3 x 10?* erg/s, thus Fig. 7a shows a 
general trend of lower heat capacities for higher Ls. The opposite trend happens for 
neutron superfluidity, where most heat capacity curves increase with increasing L, 
reflecting that higher mass stars are produced in that region. The C-shaped curves 
on the right bottom of Fig. 8b are a consequence of this phenomenon. Note that 
different L EOS can generate stars with the same mass and luminosity, for a given 
gap model. The fact that we are not comparing same size stars on Fig. 7 explains 
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Fig. 6. Masses of stars with luminosity Ly = 3-10?" J/s, corresponding to MXB 1659-29 source, for 
all EOS. (a) No superfluidity /superconductivity (dark blue curve). The bottom panel displays the 
percentage of the core volume involved in unsupressed direct Urca reactions. (b) For all gap models 
of neutron triplet superfluidity. The curve displayed in panel a is under the gap model NTggnoor 
curve. (c) For all gap models of proton singlet superconductivity. Gap models PSccyps and PSpg 
predict the same curve. 


3748 


x 1039 Neutron triplet superfluidity 
[s T T T T T 


x 1030 Proton singlet superconductivity | 
Tis ---- No pairing —— BCLL 
^s = T — CCDK 


50 60 70 80 90 100 


(a) 


^. ---- No pairing 
^ — T 

xs — — TTav 

——— EEHO 
—— EEHOr 
SYHHP 


L(MeV) 
(b) 


Fig. 7. Total heat capacity C (J/K) versus L (MeV) for stars with luminosity Ly = 3- 10?" J/s 
for all EOS studied here. (a) Proton singlet superconductivity (b) Neutron triplet superfluidity. 
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Fig. 8. Total heat capacity C (J/K) versus total mass M (Mo) for stars with luminosity Ly = 
3 - 10?7J/s for all EOS studied here. (a) Proton singlet superconductivity (b) Neutron triplet 
superfluidity. 


3750 


why some heat capacity curves of superfluid stars overcome the heat capacity curve 
of stars without nuclear pairing. This situation does not happen in Fig. 8. 


4. Discussion 


Comparing the predictions of each gap model and EOS combination with the in- 
ferred neutrino luminosity of the accreting neutron star MXB 1659-29 (Fig. 6), we 
find that three models are disfavoured and can be excluded. NT ao, NT preug and 
NT toa predict that the whole core of the star will be superfluid at the core tem- 
perature of MXB 1659-29, hence direct Urca reactions are completely suppressed 
and we are not able to reproduce the inferred neutrino luminosity of MXB 1659- 
29. Other fast cooling processes would be equally suppressed by superfluidity, such 
that these models describe slow cooling stars for any EOS, thus, are inconsistent 
with the data. These gap models have similar opening and closing densities, but 
different amplitudes of the critical temperature Te, suggesting that their location 
and width are the determinant factors in the luminosity prediction. This result is a 
consequence of the low temperature of MXB 1659-29's core in comparison with the 
models’ T, (Fig. 2). Therefore, we expect that any gap models with similar opening 
and closing densities will be unable to reproduce the data. 

The other gap models can reproduce the observed neutrino luminosity. However, 
gap models NTEEHor, PSps and PSccyps are disfavoured, particularly for high L 
EOS. These models close before the onset of direct Urca for all EOS, hence their 
predictions for neutrino luminosity are the same as in the case without superfluidity. 
Their calculated star masses are very close to the direct Urca threshold masses, and 
for high L (L > 85 MeV), they predict that all neutron stars will be fast cooling, 
which is in disagreement with observations. For low L, their predictions agree with 
data if less than 0.596 of the core volume of the star is involved in unsuppressed direct 
Urca reactions, which suggests fine-tuning because it requires that the neutron star 
mass happens to lie within a narrow range of masses near the dURCA threshold. 

Of the remaining gap models, we highlight N7syyup, which predicts that only 
very high mass stars have unsuppressed direct Urca for low and intermediate L 
(L € T0 MeV), whereas for high L, both low mass stars and very high mass stars 
cool through this fast process. This superfluid model is the only one predicting direct 
Urca cooling in low mass stars (M < 1.3 Mo), thus, a future observation consistent 
with this situation would favour this model and L > 70 MeV. At the same time, it 
is able to accommodate slow cooling for stars with masses 2.0 Mo > M > 1.3 Mo, 
in agreement with luminosity data from other transiently-accreting and isolated 
sources, for example, the ones studied in Refs. 26, 27. 

Proton superconductivity models PSAo, PSpcrr, PSgguo: and PSccyms also 
predict fast cooling for low mass stars with L > 70 MeV, but, differently from the 
superfluid model NTsyyup, by themselves they do not accomodate slow cooling 
for stars with masses M > 1.3 Mo, thus are inconsistent with data from other 
sources. However, a more realistic description of a neutron star would include a 
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combination of neutron superfluidity and proton superconductivity, which can sig- 
nificantly change the results shown here. Therefore, the proton superconductivity 
models above can not be excluded under this argument. 

On Reference 9, it was discussed that the heat capacity and luminosity ratio can 


be written as 
FM e 
C38 E AT/T tg i (21) 
Ly.35 0.396 10yr 


where AT corresponds to the difference in temperature measurements after a qui- 
escence time interval tq, C3g = C/10?5 and L,35 = L,/10°°. Therefore, knowing 
AT/ T and the inferred luminosity of a source, one can find its total heat capacity, 
which is intrinsically dependent on the star’s particle composition. In Figure 9, we 
show our calculations for the heat capacities and luminosities of stars with differ- 
ent masses and gap models. For better visualization, only neutron triplet results 
for two EOS are shown. We display AT? /TS?, which is related to AT /T through 
AT/T = 1.8 AT og /Tor. 

The difference between heat capacities for each triplet gap model is a factor of 
2 at most, thus, one needs a few percent precision in observations of temperature 


variation to discriminate between particle composition scenarios.® Note that the 
intersection between AT/ T curves and the vertical line marking the luminosity of 
source MXB 1659-29 is only relevant for AT/T < 2%. Bigger temperature variations 
for that luminosity would imply that the star is completely superfluid, such that 
the heat capacity is dominated by leptonic contributions. That is an unrealistic 
scenario, as discussed before. 

Knowing L with precision can eliminate or favour certain gap models. However, 


21,22 and nuclear experiments, such 


the current predictions from gravitational waves 
as PREX-II!? are in tension, thus, unable to set reliable constraints on L. For this 
reason, we chose to investigate the whole phase space of L for the EOS family 
studied here. At the moment, our results are unable to set constraints for the EOS, 
however, with independent measurements of luminosity and mass of a neutron star 
source, this goal could be achieved. In this scenario, it will be particularly relevant 
to include more fast cooling processes in this framework, beyond direct Urca, as 
well as other equations of state, potentially with exotic components like hyperons, 
pions or free quarks. 

We highlight that, for all cases studied here, the fraction of the core volume un- 
dergoing unsuppressed direct Urca is around 196, which suggests that neutron stars 
with even higher neutrino luminosities and lower core temperatures should exist. 
Candidates for such cold stars are the sources SAX J1808.4-3658 and 1H 1905--000.8 
Further research is necessary to confirm whether the cooling of these sources is con- 
sistent with direct Urca reactions. Alternatively, one can speculate whether source 
MXB 1659-29 is actually a neutron star with a quark core or if it cools through 
exotic processes, such as neutrino emission from pion or kaon condensates. In some 
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Fig. 9. Total heat capacity C/T& (erg/K) versus neutrino luminosity L,/T$ (erg/s) for neutron 
triplet gap models studied here. Only stars able to cool through direct URCA are displayed. 
Cieptons is the lower limit of only electrons and muons contributing, mimicking a completely 
superfluid star. The vertical line and grey region around it correspond to the inferred luminosity 
of Ly = 3 x 1034 erg/s and uncertainty for source MXB 1659-29, more details on Ref. 8. The 
diagonal lines A T?&/T?& indicate temperature variation of the star's effective temperature after 
a period of ten years in quiescence. (a) L47 EOS (b) L105 EOS. The “no pairing" curve is under 
the SY HHP curve. 
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of these cases, their emissivities could be lower by up to 3 orders of magnitude, as 
shown in Ref. 5, resulting in larger fractions of the core volume cooling through 
direct Urca emission. 


5. Summary 


In this paper, we studied a family of hadronic EOS with different values of the 
slope of the symmetry energy, L, combined with several models of proton supercon- 
ductivity and neutron superfluidity in the neutron star core. Comparing the direct 
Urca neutrino luminosity calculations with data from transiently-accreting source 
MXB 1659-29, we can rule out gap models that predict superfluidity in the whole 
star's core, NTAo, NT prens and NT rroa. We predict that pairing models with 
similar opening and closing densities can also be excluded. Gap models NTEEHOr, 
PSps and PSccyps are able to describe the observed luminosity but are disfavoured, 
because, for high L, they predict all neutron stars will be fast cooling and for low 
L, the masses need to be close to the direct Urca threshold. In a forthcoming paper, 
we will investigate neutron superfluidity and proton superconductivity simultaneous 


presence in the star's core. 

We also calculated the total heat capacities for all stars which match the in- 
ferred neutrino luminosity of MXB 1659-29. Their values are within a factor of 2, 
hence one needs to distinguish between 196 and 296 of a variation of temperature 
over a decade? to differentiate between the particle composition scenarios. If inde- 
pendent observations of mass and luminosity can be made, they could be used to 
determine an accurate gap model description of the star's nuclear pairing, as well 
as the L parameter of its EOS. Furthermore, we were able to construct several de- 
tailed realistic scenarios where MXB 1659-29's estimated luminosity was obtained, 
consistent with direct Urca cooling at around 196 core volume, as previously esti- 
mated. 'T'his low percentage implies that stars with even larger neutrino luminosities 
and colder cores should exist. Alternatively, other fast cooling processes from exotic 
components with a lower emissivity could be operating over a larger fraction of 
the core. 
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QED's predictions that photons propagating in a magnetized vacuum should feel the 
vacuum birefringence are still standing. Magnetars have strong magnetic fields and may 
give us signals of this effect through the delay of photons travelling from this source to 
detectors and the polarization position or by the angle and degree of polarization of the 
radiation emitted. Starting from non linear electrodynamics, we analyze and discuss 
for weak and strong field approximations the theoretical predictions for both using a toy 
model of rotating neutron stars with dipolar magnetic field shape and photon trajectories 
that lie radial. 


Keywords: Magnetic field, Neutron stars, Polarization, Magnetized vacuum. 


1. Introduction 


Quantum Electrodynamics is a very well-established and successful theory with 
great numbers of experimental test. The theory conceives that fluctuations from 
the virtual electron-positron pairs, the vacuum, give rise to very interesting phe- 
nomena, becoming a magnetized vacuum in non-linear interaction theory. One of 
these properties is birenfrigence, which means that electromagnetic waves propa- 
gating perpendicular to a constant electric or magnetic field suffer changes in their 
speed of propagation. This velocity is a function of the external field. As incredible 
as it seems, this phenomenon has not been detected experimentally yet. It is not 
clear the reason behind that. It could be due to the smallness of the effect of the 
magnetic fields generated in the lab, but it is not ruled out that it represents a 
manifestation of new physics. 

One of the most relevant experiment designs for getting birefringence is the 
Polarization of Vacuum with Laser (PVLAS) experiment.! A magnetic field of 
5.5 x 10* G was used in this experiment. The PVLAS-team blamed axions* as re- 
sponsible for the discrepancy between the established theoretical QED birefrigence 
and the null experimental signal.! 


*Departamento de Física Teórica, Instituto de Cibernética Matemática y Física (ICIMAF), Calle 
E esq 15 No. 309, Vedado, La Habana 10400, Cuba. 

*hypothetical elementary particles with low mass, candidates for dark matter, and in this context, 
photons could decay in axions and a new physics may appear. 
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However Astrophysics could give information about birefringence and other ex- 
otic phenomena of the QED-vacuum. The Universe is our main lab, while experi- 
ments on Earth are being improved. Very exotic objects like neutron stars have huge 
magnetic fields that could give us signals of birefrigence of the vacuum but also the 
inestability of the vacuum and pair production. Neutron stars have magnetic fields 
of the order of Schwinger’s critical field Be = 4.41 x 101? G;? and beyond for mag- 
netars.? The birefringence signal from these objects could be measured through 
the time delay that should undergo the emitted polarized radiation of NS to be 
detected. 

Our work is focused on obtaining a theoretical estimate of the angle of po- 
larization as a consequence of vacuum birefringence, considering that the pulsar 
magnetosphere is a magnetized vacuum. In that case, we analyze the propagation 
of photons in two limits, weak and strong magnetic fields, and consider the dipolar 
shape of the magnetic field. 

We started using effective Euler Heisenberg Lagrangian* to obtain the modes 
of polarization of photons traveling perpendicular to the magnetic field (k L B). 
'This calculation is equivalent to the previous one obtained by solving the photon 
dispersion equation, considering the radiative corrections given by the magnetized 
photon self-energy.? 


2. Euler Heisenberg non-linear electrodynamics 


The non linear Euler Heisenberg Lagrangian for the weak B « Bc ,E « Ec and 
strong limits B >> Bc, E > Ec is presented in this section. Despite the fact that 
this formulation does not cover all microscopic photon-photon interactions, it is 
very useful because it describes vacuum as a non-linear optical medium allowing us 
to investigate specific phenomena using traditional techniques and interpretation of 
non-linear optics in media. 

For the approximation B « B, the EH lagrangian? has the form 


Teac? 
Li = Lo + ECL —, 


(E.B)*), £9 = ZU — B, (1) 


Lo is the linear Lagrangian density and eo and c are the dielectric constant and 
the speed of light in the vacuum respectively. QED vacuum corrections emerge 
8a? n? : : ‘ : : 
through the constant € = 3s Which encloses the interaction of virtual pairs 
with magnetic field and depends on charge and mass of electrons. The vacuum: 
electron-positron virtual pairs have an indirect photon interaction responsible of 
non linearity of lagrangian Eq. (1). In the limit B >> B, we have for the EH 


Lagrangian the following expression? © 


B? mt B B 6 ; 
iy l OY \G 2 
EH 2 wag (an) +38 ( )) ( ) 
where -&¿” (2) = —0.5699610 with C(x) the Riemann zeta-function. This limit is im- 
portant in astrophysics because compact objects, such as neutron stars (magnetars), 
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have a surface magnetic field of order 10!? — 1015 G7 which is higher than the critical 
magnetic field of Be. 

We start off from Lagrangian in two limits: weak and strong magnetic field to 
study the photon propagation perpendicular to a constant magnetic field Be (in 
the direction x3) in a vacuum. The photon can be described as electromagnetic 
wave with electric and magnetic field E,, and B,, which are orthogonal each other. 
Therefore, the total electric and magnetic fields are E, = Ew, B; = By + B.S The 
modified Maxwell equation solutions will be determined by whether the external 
magnetic field Be is aligned with or orthogonal to the wave magnetic field B,, 
(Be.LB,, Be || Bw), resulting in two physical polarization modes.?:! According to 
the case, we label along the paper i = L, || perpendicular and parallel respectively. 
Assuming Ew and B, as plane wave ~ exp(i(kz — wt) to solve modified Maxwell 
equations, doing some algebra and retaining only first term corrections, we may get 
the dispersion equations.!! For the weak and strong field approximation reads as 


For photon propagation perpendicular to the external magnetic field 0 = 1/2. For 
weak field, both modes depend on the square of the external magnetic field. However, 
the strong magnetic field limit (SFL) has different behavior. In that case, we obtain 
where only the perpendicular mode depends on the magnetic field but linearly, while 
the mode parallel is independent of the magnetic field. 

We define An5W =n, — n| as the difference between the refraction indices of 
the two polarization modes, 


2 Bx 2/B 
T c T c 


Let us note that in a magnetized vacuum, not only do photons acquire different 
velocities according to their polarization, but also the polarization changes once a 
photon has travelled a certain distance. Initial photon linear polarization becomes 
elliptical and the angular rotation of the polarization plane of the electromagnetic 
wave travelling a path length L is ¢ = An®WwL. 


3. Polarization radiation of neutron stars 


Our focus in this section is to revisit the polarization that would occur when photons 
propagate in the magnetosphere of a neutron star, considering only the effects of 
a magnetized vacuum. As we mentioned before, NS are very exotic astronomical 
objects, characterized by huge densities and magnetic fields. The surface magnetic 
field could be around 10/271? G, but its geometry is complicated, and it is impossible 
to consider it constant and uniform throughout the star. 
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Therefore, to do our study we have to make three important approximations: 
photons propagate in a magnetosphere considered as a magnetized vacuum, the 
magnetic field shape is dipolar and photon trajectories are radial. These assump- 
tions allow us to calculate the polarization degree (PD) of radiation using the evolu- 


Š ; A A w As : : : 
tion equation = Q xs, |Q| = —An™°, where f is the direction of propagation 
c 


s 
' Of x 
of the photons, s = (91/50, $5/ S9, $3/S9] is the normalized Stokes vector and Q is 
related to the refraction index (defined in Eq (5) ). We estimate the polarization de- 


NE 
gree PD of photons consider the adiabatic approximation ĉĝ (s aa) = 1/2, 
obtained in.!? This condition allows us to calculate the polarization-limiting radius 
rz at which the degree of polarization begins to be constant and the polarization 
becomes elliptical. We consider a dipolar shape configuration for the magnetic field 
as Be(r) = Bo (3), with Bo and ro are the surface magnetic field and radius 
of the neutron star respectively. Because, regardless of the value of the surface 
magnetic field Bo, the important values of magnetic field strength are those where 
decoupling of polarization modes occurs, whether far or close to the neutron star, 
our calculations will be performed for the entire range of magnetic fields using the 
weak and strong field approximations. If the decoupling modes occur far enough 
from the star's surface, rg >> ro, as the magnetic field goes as r^?, the magnetic 
field will be significantly smaller. Then, Q ~ An“ ~ B2. When decoupling arises 
for ro € rr < 2ro the strong field approximation, Bo/B. 2 1, is suitable, and 
Q ~ An? ~ Be. We assume rotating NS for both magnetic field regimes. Then, the 


angle ¢ is given by the relation rr, — rg = os where P is the period of the pulsar.!? 
T 
'The computed polarization angle is given by the equations 


2 BN? 1/5 

T Q Ww 0 6 7 

cP 907 c (2) Aj ro |, B < Be (weak) 

olw, B, P) = (6) 
2n aw Bo 3 1/2 
(Sue) -r), ^ seme 
izati i 2 $2 
and polarization degree is (w, B, P) = 4m/cP ((3/rz + (4n/cP)) ' . For 


higher frequencies, the radiation from neutron stars’ magnetosphere is substantially 
polarized (fig. 1). Furthermore, neutron stars or magnetars with a higher magnetic 
field, release strongly polarized radiation. The polarization degree (PD) of radiation 
of a pulsar is inversely related to its period; millisecond pulsars have more polar- 
ization than second period pulsars. The behavior of angle and polarization degree 
with the magnetic field is depicted in fig. 1 for weak and strong field approxima- 
tions. For magnetic fields greater than 2B., strong field approximation contributes 
to an increase the polarization degree and polarization angle compared to weak field 
approximation. 
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Fig. l. Comparison of the polarization degree (Blue line) and polarization angle (Red line) for 
weak field limit (dotdashed line) and strong field limit (solid line) as function of the surface 
magnetic field of the pulsar. We take typical neutron star parameters, a radius ro = 10 km, a 
period of P — 1 s and radiation of w = 2 MeV of energy. 


Our results are in agreement with previous obtained by Heyl et alt? when weak 
field approximation is taken into account. Furthermore, studies on RX J1856.5 — 
3764 for polarization of visible and X radiation revealed that it is essential to include 
the influence of magnetized vacuum to explain the observational data of polarization 
of this source.!4 

For photon energy of w = 1MeV and typical values of the parameters By = 
1.5 x 108G, M = 1.4Ms, radius ro = 12km, and P = 7.065, the angle and degree 
of polarization for RX J1856.5 — 3764 owing to simply the effect of magnetized 
vacuum give à = 6.4x 107? and II = 0.4296.1?:16 Obviously, when geometric factors 


are taken into account, this value rises.'4 


4. Conclusions 


From non-linear electrodynamics we have obtained the refraction index and different 
phase velocity of photon propagating in strong magnetic field according to the 
polarization modes. We have also obtained the polarization angle that the radiation 
acquires as a consequence of crossing a magnetized vacuum. The calculations have 
been done in weak and strong field approximation for a constant magnetic field. 

In addition, we investigated the influence of a magnetized vacuum on the po- 
larization of radiation emitted by rotating NS. To do so, we considered the mag- 
netosphere to be a magnetized vacuum with a dipolar magnetic field and photons 
traveling along radial trajectories. 

Our findings are consistent with previous results based on weak field approxi- 
mation.'? More energetic photons have a greater polarization degree than the lower 
ones. Besides, the polarization degree is strongly dependent on the period of rota- 
tion of neutron stars since this can raise or decrease the polarization limiting radii, 
causing the couple or decouple of the propagation modes. 

The authors of the work! claim that there is no way of explaining the po- 
larization data from visible and X rays of the pulsar RX J1856.5 — 3764 without 
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considering the effect of magnetized vacuum. As a consequence, it might be a test of 
vacuum birefringence, albeit we expect it will be tested in terrestrial laboratories. 

However, not all regarding vacuum birefringence has been said, and the door is 
opened for new physics. This work was undertaken as a starting point for developing 
more realistic models of polarization radiation emission of NS which will allow us 
to identify in robust way those linked to vacuum birefringence and may validate the 
QED prediction. 
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We present our studies on the neutrino pairs annihilation into electron-positron pairs 
(vv — e~et) near the surface of a neutron star in the framework of extended theories 
of gravity. The latter modifies the maximum energy deposition rate near to the pho- 
tonsphere and it might be several orders of magnitude greater than that computed in 
the framework of General Relativity. These results provide a rising in the Gamma-Ray 
Bursts energy emitted from a close binary neutron star system and might be a fingerprint 
of modified theories of gravity, changing our view of astrophysical phenomena. 


Keywords: Extended theories of gravity, GRB, Neutrino energy deposition, Black Holes, 
Neutron Stars 


1. Introduction 


General Relativity (GR) is without any doubt the best theory of gravitational in- 
teraction. Its predictions have been tested with high accuracy on scales of the solar 
system (for example, the precession of the Mercury perihelion, the photons de- 
viation and the gravitational leasing effect), on astrophysical scales (the gravita- 
tional waves), and cosmological scales (the cosmic microwave background radiation 
(CMBR) and the formation of primordial light elements (Big Bang Nucleosynthe- 
sis)). Despite these results, there are still open questions that make GR incomplete. 
The latter arise at short distances and small time scales (black hole and cosmolog- 
ical singularities, respectively), or at large distance scales, the rotational curve of 
the galaxies and the observed accelerated phase of the present Universe, for which 
any predictability is lost. 

To solve these issues, deviations from the GR (hence from the Hilbert-Einstein 
action on which GR is based) are needed, and new ingredients, such as dark matter 
and dark energy, are required for fitting the present picture of our Universe. 9 
Indeed, in the last years, several alternative or modified theories of gravity have been 
proposed, which try to answer all the opened questions of GR and the Cosmological 
Standard Model. To give an example, higher-order curvature invariants than the 
simple Ricci scalar R, allow getting inflationary behaviour, removing the primordial 
singularity, as well as explaining the flatness and horizon problems"? (for further 
applications, see Refs.? 37). On the other hand, one can tend to preserve the GR 
and the Hilbert-Einstein action, adding only some two unidentified components: 
dark matter and dark energy. These two different approaches try to solve the same 
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problems but at the moment there is not a final solution for that (modified gravity 
theories do not manage to solve all the problems while dark matters elements are still 
missing). One of the consequences of these approaches is that the metric tensor guv 
describing the gravitational field generated by a massive source gets modified with 
respect to GR metric, in particular, the Schwarzschild or Kerr metric. The latter are 
recovered in the limit in which the parameters characterizing some specific theory 
of gravity beyond GR are set to zero. 

In this proceeding, we highlight the differences between GR and extended the- 
ories of gravity arising from the mechanism of generation of Gamma-Ray Bursts 
(GRBs). We focus, in particular, on GRBs powered by neutrino annihilation pro- 
cesses vv — e*e- .* 

The neutrinos annihilation process is relevant in many astrophysical frameworks: 
in the stellar envelope, as well as on the delay shock mechanism into the Type II 
Supernova (at late time, from the hot proto-neutron star, the energy is deposited 
into the supernova envelope via neutrino pair annihilation and neutrino-lepton scat- 
tering). These processes augment the neutrino heating of the envelope generating 
a successful supernova explosion.^^ Moreover, the neutrino annihilation process has 
been also proposed as the mechanism that power GRB in a binary neutron star 
system, which is the topic of this work. Simulations and analytical estimations per- 
formed within GR show that the mechanism is not sufficient to generate the required 
energy for explaining short GRB. Such a conclusion changes, as we will show, if the 
gravitational background is described by modified theories. 


2. Neutrino energy deposition formulation 


In this section we recall the main features to treat the energy deposition in curved 
spacetimes.*°:4° Previous calculations of the vy — e~e* reaction in the vicinity of 
a neutron star have been first based on Newtonian gravity, ^^^? then the effect of 
gravity has been incorporated for static stars, 4^? and then extended to rotating 
stars.*°:°° We consider the spacetime around a black hole described by the following 
diagonal metric 


gu» = diag (—f(r), h(r), r?, r? sin? 0) ; (1) 
The energy deposition per unit time and per volume is given by (considering 
c=ħ= 1)" 


(r) = Ji fe (pos) fe (pr.7) 


Ep Ey 
x lelv, vy|evev Z — dp, d pr, (2) 


VV 


“Indeed the state of the art of NS-NS merger simulations is special relativistic, axisymmetric hydro- 
dynamic simulations for the final black hole-torus systems?8-4? from which emerge that neutrino- 
pair annihilation in ordinary GR models seems to be not efficient enough to power GRBs and the 
Blandford-Znajek process is currently considered a more promising mechanism for launching. In 
extended theories of gravity, the situation can be different as we will show in this proceeding. 
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where f, ; are the neutrino number densities in phase space, v, the neutrino velocity, 
and c is the rest frame cross section. Since the term o|v, — vz|e,ez is Lorentz 
invariant, it can be calculated in the center-of-mass frame, and turns out to be 


GE 
3m 


with Gp = 5.29 x 10744 cm? MeV~? the Fermi constant, 


£y€y — pv: pyc’)? , (3) 


e|v, — Voléves = 


D —1-4Asin?6y + 8sinf Oy, (4) 


sin? Oy = 0.23 the Weinberg angle, and the plus sign for electron neutrinos and 
antineutrinos while the minus sign for muon and tau type. T(r) is the temperature 
measured by the local observer and O(r) is the angular integration factor. At these 
energies, the mass of the electrons can be neglected and it is possible to obtain that 
the general expression of the rate per unit time and unit volume of the vy + e*e^ 


process^4 


g = Dep 8) rGyBe(). (5) 


The evaluation of T(r) and O(r) account for the gravitational redshift and path 
bending. To write the latter in terms of observed luminosity Lə one has to has to 
consider that temperature, like energy, varies linearly with red-shift and following 
the procedure of Ref.^^, one finds that: 


253 
O(r)= -3 (1-2) (a? + 4r + 5), (6) 
F(R) 
T(r T(R), 7 
(r) 7) (R) (7) 
L(R) = L, + Ly = : ar R?T^(R). (9) 


4 


Here R is the neutrinosphere radius (the spherical surface where the stellar material 
is transparent to neutrinos and from which neutrinos are emitted freely), L(R) is the 
neutrino luminosity, a the radiation constant, x = sin? 0,, 0, is the angle between 
the trajectory and the tangent velocity in terms of local radial and longitudinal 
velocities*® for which one can obtain that*® 


_R [ff(r) 
cos b, = m F(R)’ 


This relation comes from the fact that the impact parameter b is constant on all 
the trajectory and is related to cos 6, by the relation 


b= ( f(r) - l (11) 


(10) 


T cos Ó,. 
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Moreover, photosphere radius Rpa exists below which a massless particle can not be 
emitted tangent to the stellar surface. The present discussion is therefore restricted 
to R > Rpr. The neutrino emission properties hence mainly depend on the geometry 
of spacetime. From the equation of the velocities 
E 

PUR 
where E and L are the energy and angular momentum at the infinity, one gets 
the effective potential Vers, such that the photonsphere radius follows from the 
condition Vost = 0. The circular orbit is derived by imposing 7? = 0. We note en 
passant that these results reduce to ones derived in the case of the Schwarzschild 
geometry, Ry, = 3M, as calculated in^ 

The integration of d from R to infinity gives the total amount of local energy 
deposited by the neutrino annihilation process (for a single neutrino flavour) for 


= (i-L) fe), $= i=- 


time units 


. eo r2 

Q=4n f dr——— į. (12) 
r vf(r) 

According to,^4 the total energy deposition from the neutrinosphere radius Ag to 

infinity (for a symmetric spherical star that emits neutrinos from a spherical neu- 

trinosphere) is given by 


M - 
Qs1 = 1.09 x 1075F (5) DINu (13) 


Here Qs; is expressed in units of 10°! erg s~!, Lsı is neutrino luminosity in units 
of 10°! erg s-!, D = 1 + Asin? Ow + 8sinf Ow, sin? 0w = 0.23 and the plus sign is 
for electron neutrinos and antineutrinos while the minus sign is for muon and tau 
type, Re is the radius in units of 10 km and, for a generic diagonal metric of the 
form gu, = (goo. —1/goo. —r?, —r? sin? 0), the function F (E) is given by 
M Ren 2 R)1/2q 
F (x) - Saw (^ f (z — D*(z? + 4x + E ee 

In the Newtonian limit one gets F(0) = 1 so that it is convenient, for our analysis, 
to consider the ratio Qar / Onewt = F (M/R). Usually, almost all energy is carried 
out by electron neutrino thus we can approximate Eq. (13) considering D = 1.23. 

Equations (13) and (14) allow obtaining the deposited energy of neutrinos and 
the energy that can be emitted to powering GRB. In the next Section, we will study 
the ratio (14) for astrophysical objects in various modified gravity theories. 


(14) 


3. Neutrino deposition in modified gravity 


In what follows, we present three relevant cases that explain how relevant could be 
the modification to GR in this context. First of all, we take into consideration the 
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Einstein dilaton Gauss-Bonnet gravity. The action is?? 


1 R 1 
8- x f es (5 = go, 60^ y + avon) (15) 


where y is a scalar field and Lap is the Gauss-Bonnet invariant: Leg = 
R?- AR? Rag + RL Ra as: The solution considered is the Sotiriou-Zhau so- 
lution(solution in perturbation theory??), which lead to results in Fig. 146: 


ds? = —f(r)dt? + h(r)dr? + r7dQ? , (16) 


with 


f(r)- (: = z) (: + > sna") 
h(r) = (1 = z) 2 ( +5 29 


where, to the second order: 


Aj = Bı =0 3 

Aa” 49 137 7 | 52m | 40m? - 

2" 40m3r  20m2r?  30mr?  15r^ 15r? ^ 3r6’ 
49 29 19 203 436m 184m? 

B; 


—A0ms | 20m2r2 ms Ae 155 3r6 


The maximum value taken for a, considering the perturbative regime of the solution, 
shown an increase of the 5096 for the maximum amount of energy deposition respect 
to GR. 

'The second case that we want to analyze is the Brans Dicke theory. It represents 
a generalization of general relativity, where gravitational effects are in part due to 
geometry, in part due to a scalar field. The action is?* 


S= [d'y LE TL- wold) (17) 


where L is the Lagrangian density of all the matter, including all non-gravitational 
field, 7 is a scalar field and w is its Lagrangian density. 

With this Lagrangian, expressing the line element in the isotropic form, we 
obtain the solution?* 


ds? = —e?e dt? + e? [dr? + r?a?] , (18) 
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Fig. 1. Ratio of energy deposition Q for the the Sotiriou-Zhau metric to total Newtonian energy 
deposition QNewt for different values of a. The green curve shows the GR energy deposition for 
comparison. 


where 
C 
r= Jc r1P-cü 2) 
B] 
1— 8 
e2% E e2%0 (= | 
? 2(A—C+1) 
Bl  À 
e28 = e26o (1+ =) i 
T 1+ B f 
_¢ 
Bp 
Vj x Wo 14 a , 
with w positive constant and 
ag = Bo =0 , 
4+ 2w 
Wo 34 2u , 
1 
C ~ -~— 
2+w ’ 
M 
B ~N 
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Using this metric, we obtain the shape for energy deposition in Fig. 2. Even with 
this model we have an enhancement of about 5096 respect to the maximum value 


of Q/Qnewt 30 in GR. 


80.— 
E — 020 
70— 
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L Me, N, 
1 0 = jo Ne 
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Fig. 2. Ratio of energy deposition Q for metric in Eq. (18) to total Newtonian energy deposition 
QNewt for different value of w. The green curve shows the GR energy deposition for comparison. 


Finally, we discuss the case of a BH surrounded by quintessence field. In this 
case 


"uai m (19) 
where c is a positive constant and —1 < wy < —1/3. The quintessence parameter is 


constrained by the fact that increasing c, the model passes from describing a black 
hole with an event horizon to representing a naked singularity. 


We chose to show only the case with w = —0.4, for which we obtain results in 
Fig. 3 and an enhancement of a factor 25 with respect to GR. 


3.1. GRB enhancement 


'The above results show that modified gravity provides an enhancement of the neu- 
trino annihilation process as compared to GR. Such an enhancement is relevant 
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Fig. 3. Ratio of total energy deposition Q for w = —0.4 to total Newtonian energy deposition 


QNewt for three values of the parameter c. The green curve shows the GR energy deposition for 
comparison. 


for powering GRBs for the model given by a closed neutron stars binary merging 
system. Neutrino emission happens in the last phase of the merging and the final 
configuration is a black hole (or neutron star) with an accretion disk. With the 
developed formalism, we can not describe the disk emission (we are considering a 
spherical system), so we restrict ourselves to the central BH. Taking into account 
total energy emitted into neutrinos from the central BH of O(105?) erg, a radius of 
R = 20 km, the maximum possible total energy released in GRB is 


Qor ~ 2.5 x 10% erg, (20) 


which is too small to explain the short GRB from neutron star merging. Instead, 
considering the maximum enhancement that modified gravity induces shown in 
Figs. 1, 2 and 3, we have that the total possible energy released in GRB can exceed 
the maximum energy of O(10??) erg (we have to remind that we are considering only 
the neutrino emission from the central BH and therefore the true emitted energy is 
larger considering the whole BH+disk configuration). Moreover, considering that the 
deposited energy is converted very efficiently to the relativistic jet energy, we infer 
a constraint on the quintessence model. It is possible to obtain that the maximum 
allowed value of (I) is O(10*). The contour plots given in Figs. 4 and 5 show 
the value of F(Rpn) for allowed value of wq and c. Therefore, one can infer, for 
F(Rpn) ~ O(10*-105), the values of the parameter c that are not allowed in the 
considered scenario. 
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10° 


10? 


Fig. 4. Contour plot for wq €] — 1, —0.65[. On the y axis are reported the excluded values of c 
due to the creation of a naked singularity (white part) and, on the right, the values of JF (Ry). It 
can be also seen the values of the parameter c, for which F(Rpn) ~ O(10*-10?), that are excluded 
by the energy deposition bounds. 


10° 


104 


10° 


10? 


Fig. 5. Contour plot for wq €] — 0.65, —0.35[. On the y axis are reported the excluded values of c 
due to the creation of a naked singularity (white part) and, on the right, the values of F(Rpn). It 
can be also seen the values of the parameter c, for which J (Rp)  O(10*-10?), that are excluded 
by the energy deposition bounds. 
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4. Conclusion 


In conclusion, we have analyzed the neutrino pair annihilation process vy — e*e^ 
near a BH in some modified gravitational theories. We have shown that, owing 
to a shift of the photosphere radius, there is an enhancement of the deposited 
energy rate ratio with respect to GR. Such an enhancement could be a relevant 
mechanism for the generation of GRBs in close neutron star binary merging, for 
which neutrino pairs annihilation has been proposed as a possible source. Moreover, 
the released energy may be larger than the Short GRB maximum energy observed 
of O(10??) erg as it happens in the quintessence model (cfr. Ref.??). In that case, 
one can constrain the value of w and c such that the released energy is inferior to 
O(109?) erg. The v7 — e*e^ processes are of great importance in astrophysics, as 
well as in modified gravity, since they lead to considerable differences with respect to 
GR and its phenomenology. Therefore, the results presented in this proceeding could 
provide a new astrophysical framework to search for a signature of gravitational 
theories beyond GR. 
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We provide an update on the ongoing monitoring and study of the highly-relativistic dou- 
ble neutron star binary system PSR J1757—1854, a 21.5-ms pulsar in a highly eccentric, 
4.4-hour orbit. The extreme nature of this pulsar’s orbit allows it to probe a parameter 
space largely unexplored by other relativistic binary pulsars. For example, it displays 
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one of the highest gravitational wave (GW) luminosities of any known binary pulsar, as 
well as the highest rate of orbital decay due to GW damping. PSR J1757-1854 is also 
notable in that it is an excellent candidate for exploring new tests of General Relativ- 
ity and other gravitational theories, with possible measurements of both Lense-Thirring 
precession and relativistic orbital deformation (through the post-Keplerian parameter 
ôg) anticipated within the next 3-5 years. 

Here we present a summary of the latest interim results from the ongoing monitor- 
ing of this pulsar as part of an international, multi-telescope campaign. This includes an 
update of the pulsar’s long-term timing and post-Keplerian parameters, new constraints 
on the pulsar’s proper motion and corresponding Shklovskii kinematic correction, and 
new limits on the pulsar’s geodetic precession as determined by monitoring for secu- 
lar changes in the pulse profile. We also highlight prospects for future work, including 
an updated timeline on new relativistic tests following the introduction of MeerKAT 
observations. 


Keywords: Gravitation; binaries: close; pulsars: individual: PSR J1757—1854 


1. Introduction 


For many decades, relativistic binary pulsars have been one of the key tools for 
studying different theories of gravity in the strong field regime, the current paradigm 
being Einstein’s theory of General Relativity (GR). Discovered in 2016 as part of the 
HTRU-S Galactic Plane pulsar survey,!’? the 21.5-ms pulsar PSR J1757-1854 ranks 
as one of the most extreme examples of this class. Its high eccentricity (e ~ 0.606) 
and compact orbit (measured via the projected semi-major axis, r ~ 2.24]t-s) 
around a neutron star companion combine some of the best properties of other no- 
table relativistic binary pulsars, including the high eccentricity of PSR. B1913--16? 
(the 7.75-hr orbital period '*Hulse- Taylor pulsar’, with e ~ 0.617) and the compact 
orbit of PSR J0737-3039A/B^? (the 2.45-hr orbital period ‘Double Pulsar’, with 
x ~ 1.421t-s). The extreme nature of PSR J1757-1854 is further demonstrated by 
multiple records set by the pulsar, including the highest acceleration (~ 700m s^?) 
and highest relative velocity (~ 1000 km sl) seen in a binary pulsar, as well as 
the highest rate of orbital decay due to gravitational wave damping and one of 
the shortest predicted merger times of any Galactic double neutron star system 
(~ 76 Myr). Together, these properties make PSR J1757-1854 a highly promising 
candidate for providing new insights into theories of gravity. 

Here, we describe some of the ongoing aspects of the work involving this pulsar, 
in advance of a more detailed peer-reviewed publication anticipated by mid-2022. 


2. Current timing and post-Keplerian tests 


Since its discovery in 2016, PSR J1757-1854 has been observed by multiple radio 
telescopes as part of an international collaboration, including the Parkes? (Aus- 
tralia), Effelsberg (Germany), Lovell (UK), Green Bank (GBT; USA) and MeerK AT 
(South Africa) telescopes. This data was analysed using a standard pulsar timing 


a Also known by its indigenous Wiradjuri name ‘Murriyang’. 
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technique,? wherein summed, average pulse profiles are cross-correlated against high 
signal-to-noise (S/N) template profiles to produce a dataset of high-precision pulse 
‘times of arrival’ (TOAs). Each TOA represents the mean arrival time of an inte- 
grated pulse profile from the pulsar. These are then iteratively fit using a timing 
ephemeris in order to develop a high-precision model of the pulsar's behaviour. 

Currently, the GBT accounts for the overwhelming majority of PSR J1757- 
1854's TOAs, having produced over 22,000 TOAs since it began observing in mid- 
2016. Data from the GBT is recorded in a full-Stokes coherent search mode at both 
L and S-bands (800 MHz bandwidth centered at 1500 and 2000 MHz respectively). 
We currently record one 4.4-hr orbit at each frequency every two months. 


Table 1. Latest timing parameters for PSR J1757-1854, based on 
data from the GBT and Parkes between MJD 57405-59363 and 
employing the DDH” binary model. Values in parentheses give the 
l-o uncertainties on the final digit. 


Astrometric & spin parameters 
Right ascension, a (J2000)............ 
Declination, 6 (J2000) ................ 


17:57:03.78412(2) 
—18:54:03.359(4) 


Spin period, P (ms).................. 
Spin period derivative, Pus. ise 
Dispersion measure (pc cm~?)........ 
Proper motion in RA, pa (mas yr- 1). 
Proper motion in DEC, us (mas yr- 1) 
Period and position epoch (MJD) 


Orbital parameters 

Orbital period, Py (d)................ 
Eccentricity, e..........sseeeeeeeeses. 
Projected semimajor axis, x (1t-s)..... 
Epoch of periastron, To (MJD) ....... 
Longitude of periastron, w (?) ........ 


Post-Keplerian parameters 

Rate of periastron advance, ù (° yr~!) 
Einstein delay, y (ms) ............. s. 
Orbital period derivative, Py ......... 
Orthometric amplitude, h3 (us)....... 
Orthometric ratio, ¢.............0 00 ee 


21.4972318900292(6) 
2.627335(9) x 10718 
378.203(2) 
—4.36(12) 

—0.8(14) 

57701 


0.183537835854(7) 
0.6058171(3) 
2.2378060(15) 
57700.92599421 (3) 
279.34090(9) 


10.36498(3) 
3.5891(16) 
—5.294(6) x 10-1? 
5.08(18) 
0.899(10) 


Mass measurements (based on w and 7) 


Pulsar mass, mp (Mo) ............ssl 
Companion mass, mc (Mo) .......... 
Inclination angle, i (?)................ 


1.3406(5) 
1.3922(5) 
85.0(2) 


The most recent timing ephemeris for PSR J1757-1854 is given in Table 1. 
This includes five theory-independent post-Keplerian (PK) relativistic parameters, 
from which we can derive three independent tests of gravity. A mass-mass diagram 
showing the mass constraints imposed by each PK parameter under GR is shown 
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in Figure 1. By fixing a solution for the masses of the pulsar and the companion 
neutron star using the intersection of w and y (the most precisely measured PK 
parameters), the further intersection of each remaining PK parameter provides one 
additional test of consistency. Both the orthometric amplitude and ratio parameters 
of the Shapiro delay" (ha and c) are consistent to within 3.7% and 1.9% of their 
GR-predicted values respectively, and are approximately consistent with the w — y 
intersection. However, although the observed value of the orbital period derivative 
P, is also consistent with GR to within at least 1%, its location on the mass-mass 
diagram is inconsistent with the constraints set by w and y under the assumption 
of GR being correct. This is further discussed in Section 2.1. 


1.44 


1.42 


Companion Mass (Mg) 
4 


1.38 


Tu 1.32 1.54 1.56 1.58 1.4 
Pulsar Mass (Mg) 


Fig. 1. Mass-mass diagram for PSR J1757-1854. Each coloured triplet of lines shows the con- 
straints (with 1-o uncertainty) placed by each of the measured PK parameters in Table 1 on the 
mass of the pulsar and the companion neutron star, in this case according to GR. The measured 
uncertainty of w is so small that it cannot be seen at this scale. The grey region in the bottom 
right is excluded due to orbital geometry. 


2.1. Proper motion and the radiative test of gravity 


A recent development in the timing of PSR J1757-1854 has been the first con- 
strained measurement of the pulsar's proper motion, which is also listed in Table 1. 
The component in right ascension (Ha) is detectable at approximately 36 c, while the 
component in declination (us) remains poorly constrained, although its contribution 
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to the total proper motion remains small given its value relative to Ha. Together, 
these values indicate a total proper motion of 


uT = y H3 u$ = 44 (3) mas yr“. (1) 


This allows us to attempt to quantify the contributions contaminating the ob- 
served value of the orbital period derivative, P, ops. We define the excess contribu- 
tion as 


Py exs = Boobs — (Aor + Poca + P, snk) ; (2) 


where Pan is the expected intrinsic contribution from GR (here calculated using 
the mass values derived from the observed w and ^ as given in Table 1); P, Gal is 
the contribution from the acceleration of the pulsar within the Galactic potential? 
(dependent on position, distance and the chosen model of the Galactic potential); 
and Py snk is the contribution from the Shklovskii effect® (dependent on distance 
and proper motion). 


20 


NE2001 


B, exs (fs EX 


0 5 10 15 20 25 
d (kpc) 


Fig.2. The excess contribution to the orbital period derivative P exs as calculated by Equation 2, 
plotted (red) as a function of distance. The shaded region shows the 1-0 uncertainty. Py. cal was 
calculated using the McMillan Galactic potential.!? The vertical blue (left) and magenta (right) 
lines indicate the NE2001!! and YWM16!2 DM-distance estimates respectively. The horizontal 
dashed black line shows the GR expectation of P ess =0. 


For the radiative B, test of GR to be considered 'passed', Pp exs must be consis- 
tent with zero, given that the other contributions have been accurately accounted 
for. However, although we have now quantified the pulsar’s proper motion, we still 
lack an accurate estimate of the pulsar’s distance. This is demonstrated in Fig- 
ure 2, where we show how Bp exs depends on the distance to PSR J1757-1854. 
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Assuming GR, the distance to PSR J1757—1854 should fall between approximately 
8.5-14.5 kpc. Therefore, available distance estimates based on the pulsar’s dispersion 
measure (DM), including both the NE2001!! (7.4 kpc) and the YMW16!? (19.6 kpc) 
electron density models, are currently excluded. This is also shown in Figure 2. 
However, we note that these DM-distance estimates typically come with large un- 
certainties,'? making a definitive determination difficult. Additionally, the McMillan 
Galactic potential model!? we have used in our analysis has known shortcomings 
at distances of approximately 7-9 kpc in the central regions of the Galaxy near 
PSR J1757-1854’s position, further complicating this assessment. 

Without an accurate distance to PSR J1757-1854, the utility of the radiative 
test of gravity is unfortunately limited. As seen in Figure 2, the unknown distance 


introduces an approximate uncertainty to Pp exs of at least +20 x 10715, more than 
three times the current uncertainty of Pb,obs = 6 x 10715, such that the precision 
of the radiative test of GR is limited to about 0.4%. We are currently exploring 
ways of further refining the estimated distance to PSR J1757-1854 (e.g. through 
VLBI astrometry). However, by assuming GR, we will still be able to inform our 
understanding of the pulsar’s evolution. For example, the currently allowed distance 
range indicates a transverse velocity based on ur between 180-300 km s^! 
agreement with simulations of the neutron star kick associated with the second 
progenitor supernova.? 


, well in 


3. Attempts to detect the presence of geodetic precession 


Our current understanding of the binary evolution of PSR J1757-1854 suggests the 
strong likelihood of a misalignment between the pulsar's spin vector and the orbital 
angular momentum vector.? As a result, we anticipate the presence of geodetic pre- 
cession at a rate of Qgeoa ~ 3.07? deg yr-!, which if detected may serve as another 
test of GR. We have therefore analysed the current GBT dataset for evidence of 
changes in the pulse profile, which would indicate a changing line-of-sight through 
the emission cone of the pulsar as expected from geodetic precession.'* 

Our method adapts an approach previously applied? to PSR J1022--1001. Each 
GBT observation (at both L and S-bands) spanning greater than 80% the orbital 
period is summed in time, frequency and polarisation before being fit by a template 
composed of three component Gaussian curves. We then normally re-sample each 
profile bin using the off-pulse root-mean-squared noise value to generate at least 
1,000 randomly ‘re-noised’ profiles, to which the template is re-fit. From each new 
fitted template, the positions and amplitudes of the major and minor peaks are then 
measured, as well as the intercept positions at 10% and 50% of the profile’s maxi- 
mum amplitude. The mean and standard deviation of each parameter’s statistical 
distribution across all fitted templates are then taken as the nominal value and its 
uncertainty. 

This approach has for the first time confirmed the presence of statistically sig- 
nificant profile change. An example of this is given in Figure 3, which shows that 
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PSR J1757-1854: Changes in major/minor peak separation over time 


dite: 0.0255 T x T T T T T T T 
A X 4 Tox SBAND VEGAS = 
S 0025 þe Ped | -SBAND GUPPI +--x--+ 4 
6 S. Lo a 4 y Best fit -------- 
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Fig. 3. Change in phase separation of the major and minor peaks of PSR J1757-1854's pulse 
profile, as measured by the GBT at S-band using the GUPPI and VEGAS backends. The line of 
best fit corresponds to a decreasing separation of 0.14 (2) ° yr 1. 


the separation between the two peaks of PSR J1757-1854's profile (termed the ‘ma- 
jor’ and ‘minor’ peaks) is decreasing (i.e. moving closer together) by an average 
rate of approximately 0.14 (2) ° yr^!. The width of the profile at both 10% and 
5096 also appears to be shrinking at a commensurate rate, with all trends most 
pronounced at S-Band due to the decreased influence of scattering (with respect 
to lower-frequency L-band observations). The precise physical implications of these 
changes are to be explored in a future publication, but their detection provides fun- 
damental evidence for the presence of geodetic precession, as well as evidence for 
the suspected spin/orbit misalignment present in the binary system. 


4. Searches for the companion neutron star 


If PSR J1757-1854's neutron star companion was confirmed to be an active radio 
pulsar, it would immensely enhance the scientific utility of this pulsar and its binary 
system. This is most obviously demonstrated by the prior example of the Double 
Pulsar, where the presence of the second pulsar PSR J0737—3039B allowed addi- 
tional tests of gravity beyond those normally available, including the detection of 
geodetic precession!Ó and an independent determination of the mass ratio.!" 

We have therefore conducted an ongoing search for evidence of pulsations from 
the neutron star companion to PSR J1757-1854. This search has focused on obser- 
vations from the GBT, which are recorded in a coherently-dedispersed search mode 
so as to allow for optimal search sensitivity across all pulse periods. Given our pre- 
cise knowledge of PSR J1757—1854’s orbit as detailed in Table 1, each observation is 
re-sampled using the inferred orbit of the companion via the custom software pack- 
age PYSOLATOR.!? This allows the companion to appear stationary such that any 
pulsations would appear as a single narrow peak in a resulting Fourier spectrum. 
To account for the small degree of uncertainty in the companion orbit, different 
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re-sampled trials are produced using values of the mass ratio q = my/m. between 
0.9554 « q « 0.9661 in increments of 0.00005. The resulting Fourier power spectra 
from each observation are then stacked and summed, boosting the total S/N of any 
pulsations. 

To date, this search has unfortunately returned negative results, although the 
complete GBT dataset has yet to be analysed. In total, approximately 389.7 hr 
of GBT observations are currently on file, although there is significant overlap in 
this dataset between the VEGAS and GUPPI backends during intervals when both 
were recorded simultaneously. Ongoing searches for the companion neutron star will 
continue, as the companion may become detectable in the event that it precesses into 


view in the near future, given the expected precession rate of Qgeoa ~ 2.97? deg yr™t. 


5. Future observations and anticipated tests of gravity 
5.1. Addition of MeerK AT 


Although observations with South Africa's MeerKAT telescope have been ongoing 
since 2019 as part of the Meer TIME program,!? all these observations took place 
with MeerK AT's L-band receiver, which has a large 856 MHz bandwidth centered at 
1283.5 MHz. This frequency band is located at lower frequencies than those of the 
GBT L-band receiver and therefore is much more susceptible to pulse broadening 
via scattering than the GBT L-band.?? As a consequence, even though MeerK AT 
can achieve about twice the S/N of the GBT for this target, the available timing 
precision from both telescopes is roughly equivalent. 

These effects are expected to be mitigated as part of the ongoing rollout of a 
fleet of MeerK AT S-band receivers (with a bandwidth of approximately 1750 MHz 
centred at 2625 MHz), designed by the MPIfR. The decreased influence of scattering 
at these higher frequencies combined with the wider bandwidth and the pulsar's rel- 
atively flat spectral index suggest an improvement in TOA precision to within 10 us 
or better (compared with a typical TOA precision of 25-30 us currently achievable 
using similar TOA integration times with the current GBT and MeerKAT receivers). 
'This will provide a significant advantage in the ongoing timing of the pulsar. 


5.2. Future tests of gravity 


PSR J1757-1854 is expected to provide new insight into two rarely-explored tests 
of gravity within the next few years. The first of these is the relativistic orbital 
deformation, characterised by the PK parameter 69, which describes the deviation 
of the orbit from a pure Keplerian ellipse due to the effects of relativity. The mea- 
surability of dg scales with both eccentricity and w, positioning PSR J1757-1854 as 
an ideal system for providing constraint in the short-term. Meanwhile, the Hulse- 
Taylor pulsar?! (lower w) and the Double Pulsar (lower eccentricity) have to date 
only weakly constrained 69 despite having been studied for far longer. 
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The second anticipated test involves the detection of Lense-Thirring precession, 
which to date has not been detected in a double neutron star binary system. We 
intend to detect this effect via the measurement of a change in the semi-major 
axis? tgr. Although in general «yr becomes negligible for small misalignment 
angles between the pulsar spin and orbital angular momentum vectors, our recent 
detection of geodetic precession confirms that a significant misalignment is likely. 
The Lense- Thirring effect is also proportional to the neutron star moment of inertia; 
should the Lense-Thirring effect be detected here, it would lead to a rare measure- 
ment of this quantity and thereby provide insight into the neutron star equation of 
state. 

The timescale over which each of these parameters is anticipated to be con- 
strained was determined by a simulation of the anticipated timing campaigns. A sim- 
ulation was produced by extrapolating the current GBT timing campaign until the 
end of 2024, and including an equivalent MeerK AT S-band campaign comprising 
one full orbit recorded every two months, starting in 2022. Timing ephemerides 
were fit to the data at set intervals, while averaging the results of 30 realisations 
of the dataset. Based on these simulations, we anticipate the achievement of a 3-c 
constraint of dg between approximately 2024-2025, and of tgr between 2025-2026. 
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On the origin of the unique isolated X-Ray pulsar 1E 161348-5055 with 
6.7 hr. spin period 
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A scenario for the formation of an isolated X-ray pulsar 1E161348-5055 with an anoma- 
lously long period of 6.7 hours is proposed. It is shown that this pulsar can be a descen- 
dant of a massive X-ray binary system, which disintegrated about 2000 years ago after a 
supernova explosion caused by the core collapse of a massive component. X-ray radiation 
of this object in the present epoch is generated as a result of accretion of matter onto 
(about 10 million years old) neutron star from the residual non-Keplerian accretion disk. 
'The pulsar's nebula RCW 103 is a supernova remnant formed by the explosion of its 
massive companion in the final evolutionary phase of a massive binary system. 


Keywords: X-Ray pulsar, isolated neutron star, accretion, stellar evolution 


Introduction 


X-ray pulsar 1E 161348-5055 (hereinafter 1E 1613) was discovered in 1979 by means 
of the Einstein cosmic observatory, as a point X-ray source in the supernova remnant 
RCW 103.! The distance to RCW 103 was approximately estimated as d œ 3.2 + 
0.1 kpc from the analysis of absorption of radio emission by neutral hydrogen in the 
21 cm line.? The estimated age of RCW 103 from the expansion rate and size of 
the nebula is about 7 ~ 2000 +1000 yr.? The nebula is an atypical remnant of a SN 
II type. It has an almost rounded shape with a fibrous structure, a low expansion 
rate (~ 1100 km/s) and it has a relatively small spatial size 7.7 pc for its age.? 
Nebulae with such parameters account for less than 20 % of the currently known 
SN II supernova remnants, the explosion of which apparently occurred in a high- 


density gaseous medium.^ After the discovery of this pulsar, it was suggested that 
this object is an isolated cooling neutron star in the peculiar supernova remnant 
RCW 103.? However, in the period 1997-1999, during the study of 1E 1613 by 
the ASCA space observatory, significant variations in the source brightness were 
detected and the thermal component emitted by a hot spot kT ~ 0.6 — 0.8 keV 
with a radius of ap ~ 600 m,9:7 was found. It is not typical for a cooling neutron 
star, but typical for magnetized neutron stars accreting matter on their surface. 
This served as the basis for the hypothesis that 1E 1613 is a neutron star accreting 
matter in the area of the magnetic poles. The average X-ray luminosity of the 
source is Ly ~ 10?*erg/s.^" The report about the possible X-Ray variability of 
1E 1613 with a period of ~ 6 hours, discovered from the results of observations 
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of this source by the *Chandra" observatory, stimulated the search for an optical 
companion of the neutron star. Observations made for this purpose with the ESO 
VLT telescope in the near infrared, however, allowed to establish only the upper 
limit of the luminosity of a hypothetical companion Lip ~ 10?! erg/s, which could 
be a star of a later spectral class than M4.? This result became a strong argument 
in favor of the fact that 1E 1613 is not part of a close binary system and it is an 
isolated neutron star, whose radiation is caused either by accretion of matter from 
the residual disk or by the rapid dissipation of a superstrong magnetic field.? 

In 2006, by means of the XMM-Newton space telescope, it was possible to es- 
tablish the spin period of 1E 1613 P, ~ 6.67 3-0.003 hr.!? None of the known pulsars 
had such a long spin period. Almost immediately after the discovery of the period, 
several hypotheses were put forward about the nature of object 1E 1613. One of the 
first idea was the assumption that this object is a unique magnetar accreting matter 
from the surrounding residual (fall-back) disk, with a magnetic field > 101° G.9: 10 
It was also hypothesized that 1E 1613 is a magnetar in a low-mass close binary sys- 
tem.? Subsequently, it was suggested that 1E 1613 is a millisecond pulsar in a close 


binary system, where the observed period (6.7 hours) was assumed as an orbital 
yn 


period (the so-called period mimicry 
In 2011, from the analysis of the pulsation profiles obtained from space ob- 
servatories: “Swift”, “Chandra”, “XMM-Newton”, the upper limit of the rotation 
deceleration was calculated P, < 1.6 x 10-?s/s or ùs < —2.8 x 10!8Hz/s (here 
v, = 1/ P, - spin frequency).!? Analyzing their result, the authors of this discovery 
noted that the moment of force applied to a neutron star in the present epoch is 
significantly less than the value expected in all previously proposed models of this 
source. The high stability of pulsations apparently indicates that the spin period of 
the star at the present epoch is close to the equilibrium period of its spin rotation, 
the value of which weakly depends on changes in the accretion rate in the residual 
disk. It was shown in the article!? that such a situation is realized in the scenario of 
Magnetic Levitation accretion, in which a neutron star with a magnetic field 101? G 
accrets onto its surface matter from the residual non-Keplerian magnetic disk. 


1. Formation of an isolated pulsar during the decay of a 
binary system 


We consider a situation in which 1E 1613 is a neutron star, born in a close massive 
binary system during the first supernova explosion. We assume that this did not lead 
to the disintegration of the system and the neutron star formed a close pair with 
its massive companion. The initial rotation period of the neutron star was fractions 
of a second and increased as the star successively passed the ejector and propeller 
states. Upon completion of this phase, the star passed into an accretor state, in 
which it remained until the second supernova explosion, caused by the collapse of 
the core of its massive companion. This event most likely led to the disintegration of 
the system,!^ and the old neutron star passed into the state of an isolated pulsar, 
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Accretor ` 


Fig. 1. Possible way of formation of isolated X-ray pulsar as a descendant of high-mass X-ray 
binary system 


immersed in the remnant of its companion supernova, observed in the present epoch 
as the RCW 103 nebula. 


2. Magnetorotational evolution 


The scenario of the evolution of a high-mass X-ray binary system (HMXB) described 
above has been sufficiently studied by now and is perceived by most authors as 
canonical (see the article [Postnov et al., 2014]!? and the literature cited there). 
The lifetime of such a system is estimated by the evolution time of its optical 
component on the main sequence with mass Mopt corresponds to’®: 


Mop \ 
tms ~ 6 x 108 yr x (Z=) (1) 
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Numerical modeling of the magnetorotational evolution of a neutron star in the 
framework of such a scenario with allowance for the dissipation of its magnetic field 
was carried out by Urpin et al.!^ According to the results of their calculations, the 
magnetic field of the star during tms decreases by an order of magnitude due to 
diffusion and accretion screening.!? In particular, with an initial value of ~ 10!°G, 
the magnetic field on the surface of a star that has evolved as part of HMXB system 
is ~ 10!? G. Such a neutron star spends most of its evolution in the ejector state 
(see formula 17 in the paper!?): 


fej & 3 x 108 yr x uzg Ias MAL? v; V? (2) 
Here: 1130.5 = Hns/3 x 1099 G cm? - normalized magnetic dipole moment of a neutron 
star, [45 = Ins/10*° g cm? - its moment of inertia, M14 = M/10" g/s - normalized 
accretion rate, U7 = vg/10" cm/s - related velocity of a neutron star into sur- 
rounded medium. During this stage, its magnetic field decreases by an average of 3 
times (the rapid cooling of the star during this phase significantly reduces the rate 
of diffusion of the magnetic field in its crust!"). 
As the rotation period of the star reaches a critical value (see formula 16 in the 
paper!?), it passes into the propeller state. 
Pj 128 x ias Mis w (3) 
At this stage, the spin-down torque applied to the star by the penetrating under 
its Bondi radius gas is determined by the expression KP; ~ u2,/r3,. The duration of 
the propeller stage substantially depends on the geometry and physical parameters 
of the accretion flow. 


T vir) 
Ins Pej 


(4) 


Tpr 


This parameter reaches its minimum possible value in the case of the scenario 


of Magnetic Levitation accretion:? 


Ge c 6 x 10° yr x a$ Tu Lum gos La vi/^ (5) 


In the paper? we showed that 1E 1613 could be in the accretor stage, the ma- 
terial for the accretion is supplied by the surrounding residual Magnetic Levitating 
disk or ML-disk formed from the supernova remnant RCW 103. The magnetic field 
strength 1E 1613 in this model (Magnetic Levitation accretion) corresponded to 
101? G, which corresponds to the canonical value of the magnetic field of neutron 
stars. For detailed explanation, see articles [Ikhsanov et al., 2013, 2015}.1% 29 


3. Conclusions 


The main conclusion of this study is to explain the origin of an isolated X-ray 
pulsar with a period of 6.7 hours within the canonical scenario of the evolution 
of a massive X-ray binary system without invoking the hypothesis of superstrong 
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magnetic fields on the surface of a neutron star. Our proposed model is consistent 
with modern concepts of a relatively small value of the initial rotation period of 
neutron stars and does not require invoking the additional assumption of fall-back 
accretion onto a neutron star after its birth. 

The age of a neutron star 1E 161348-5055, manifesting itself in the present epoch 
as an isolated X-ray pulsar, is comparable to the lifetime of a massive X-ray binary 
system, estimated by Eq. (1) and amounts to several million years. The lifetime 
of this star in the state of an isolated X-ray pulsar, however, is much shorter. It 
corresponds to the time elapsed since the collapse of the massive X-ray binary, which 
is comparable to the age of the RCW 103 nebula and is about 2000 years (see also 
the article??). 

The residual accretion disk surrounding the magnetosphere of a neutron star in 
the present epoch could have been formed during its evolution as part of a massive 
X-ray binary system or after the disintegration of the system during the capture of 
matter by an old neutron star from an envelope ejected by its massive component 
during a supernova explosion. 

Isolated X-ray pulsars with long periods, within the framework of our model, are 
descendants of the widest pairs in which a massive component at the last stage of its 
evolution does not fill its Roche lobe and the capture of matter from the stellar wind 
remains the dominant mechanism of mass exchange between the components of the 
system at all stages of its evolution. The lifetime of such a pulsar depends on the 
mass of the residual disk and the physical parameters of the gas, which determine 
the rate of diffusion of the magnetic field in it. The main candidates for descendants 
of close binary systems are isolated X-ray pulsars located in the supernova remnants 
formed during the explosion of massive companions. 
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Even though Pulsar Timing Arrays already have the potential to detect the gravitational 
wave background by finding a quadrupole correlation in the timing residuals, this goal 
has not yet been achieved. Motivated by some theoretical arguments, we analyzed some 
advantages of including the millisecond pulsars within globular clusters, especially those 
in their cores, in current and future Pulsar Timing Array projects for detecting the 
gravitational waves emitted by an ensemble of supermassive black holes. 


Keywords: Black Holes; Gravitational Waves; Pulsars. 


1. Introduction 


Within the context of the Albert Einstein theory of General Relativity,’ gravita- 
tional waves (GWs) are space perturbations propagating at the speed of light in the 
vacuum. Due to the smallness of their amplitude, which in most cases is less than 
10-16?, their detection is a challenging problem and, in fact, it took a hundred years 
since they were predicted for the first time. Nowadays, ground-based gravitational 
interferometers, such as those of the LIGO (Laser Interferometer Gravitational- 
Wave Observatory), KAGRA (Kamioka Gravitational Wave Detector) and VIRGO 
collaboration, are currently the only instruments capable of efficiently detecting 
GWs. Their sensitivity allows to detect high-frequency (i.e. in the range 10-10? Hz) 
GWs emitted by compact object systems, such as black hole binaries,? neutron star 
binaries? and neutron star-black hole binaries, in the final phase of the merger. 
The detection of low-frequency (i.e. in the frequency range ~ 1075-1 Hz) GWs is 
more challenging because it requires space-based gravitational interferometers such 
as LISA (Laser Interferometer Space Antenna), which is planned to be launched for 
2034 and consists of a constellation of three satellites, separated by about 1.5 x 109 
km, in a triangular configuration, orbiting with Earth around the Sun.*9 However, 
ultra-low frequency (i.e. in the frequency range ~ 10719-1075 Hz) GWs, that may 
be generated by sources relevant for astrophysics and cosmology, such as supermas- 
sive black hole binaries (SMBHBs)' and cosmic strings,? and form the gravitational 


?'l'his is a dimensionless quantity describing how a spatial dimension is stretched or squeezed by 
the passage of a GW. 
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wave background (GWB), are out of the range of any kind of gravitational interfer- 
ometers and can only be detected by Pulsar Timing Arrays (PTAs)?. 

PTAs constantly monitor the pulsed radio emission from the most stable iso- 
lated and binary millisecond pulsars across the sky to detect variation between the 
observed pulse time of arrival (ToA) and the one expected from the timing model. 
Such variation, referred to as timing residuals, may be GW-induced. Indeed, GWs 
can modify the distance between the Earth and the MSP, causing advances or delays 
in the pulse ToAs.!0:1! As GWs, many other effects may induce timing residuals, 
so they must be distinguished from GWs. At present, the only way of doing this is 
by verifying that the cross-correlations between the timing residuals of each MSP 
pair follow the Hellings and Downs function, which is due to the quadrupole nature 
of GWs.?? 

The main PTA collaborations are the European Pulsar Timing Array (EPTA), 
the Indian Pulsar Timing Array (InPTA), the North American Nanohertz Obser- 
vatory for Gravitational Waves (NANOGrav), and the Parkes Pulsar Timing Array 
(PPTA), and all of them are part of the International Pulsar Timing Array (IPTA). 
These PTAs have timed about forty MSPs for more than ten years with an accuracy 
that should be sufficient, in principle, to detect gravitational waves. Some clues of 
the presence of a common red process compatible with a GWB was found, but there 
is still not a strong enough evidence for or against it.!? !? The reason behind that 
is yet unclear. Most likely, this could be due to the small number of MSPs available 
for PTAs, so continuing to add suitable MSPs should allow claiming detection, or to 
an insufficient observation time spawn, so it is essential to continue collecting data 
for many more years. Another option is that the standard GW search technique 
needs to be complemented by independent methods. 


2. Back to the Theory 


The GW-induced timing residuals are described, in a compact form, by* 


; h 1 pp es (wi-ao^ wt pi Ay] 
#.Q*) = DN | j(wt—a^) _ j3(wt—wr(1—-Q;p')—a^) 1 
r( , ) Re jw 5 2 (1 +Q p) e € 8 ( ) 


where h, w, A, ef, 
ization state, polarization tensor, and the initial phase, respectively, t is a mute 
variable, 7 is the time distance between the Solar System Barycenter (SSB), Q; and 
p! indicate the direction versors of the GW source and the MSP, respectively. The 


two terms in the square brackets are known as Earth? term and Pulsar term, and 


and o^ indicate the GW amplitude, angular frequency, polar- 


PFor a quick graphic overview of the different GW sources and GW detectors, see Ref. 9. 

*For a complete theoretical description, see Ref. 16. 

dThe name “Earth” is a legacy of early work on PTAs.!" In fact, since the Earth is not an inertial 
reference frame, the observer is assumed in SSB, whose position is known with great precision. 
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describe the metric in the proximity of the two objects®. Eq. (1) implies that, for 
an arbitrary MSP set, the Earth term is the same, while the Pulsar term changes. 
Since the latter term gives rise to an uncorrelated contribution in timing residuals, 
it is neglected in the standard GWB searchf. This assumption is not entirely true 
if the MSP set is confined in a very small region, as in the case of globular clusters 
(GCs). Therefore, the GW-induced timing residuals of MSPs within GCs, especially 
those in their cores, should be strongly correlated, so considering these MSPs may 
offer a new instrument for GW detection. 


3. Simulated Environment 


The main target of the GW search with PTA is the GWBs produced by a hypo- 
thetical SMBHB population. Such a detection would give crucial information on 
the history of the Universe and, since that has not yet been achieved, it is worth 
considering improving PTAs by including MSPs within GCs. 

We simulated the GW-induced timing residuals on GC core MSPs due to an 
SMBHB population. We arbitrarily assumed that the SMBHB chirp mass, distance, 
and GW emission frequency follow a log-normal distribution? and are in the ranges 
105-10? Mo, 105-10? pe, and 10-?-10-? Hz, respectively, and that the SMBHB 
right ascension and declination follow a uniform distribution (see Fig. 1). 


asf 12% 0 oe 


Dec (deg) 


RA (deg) 


Fig. 1. Simulation of the SMBHB population. The position of 100 simulated SMBHBs, randomly 
scattered all over the sky is shown. The black dots indicate the SMBHB coordinates (RA and 
Dec), while the blue dot indicates the simulated GC coordinates. 


*In this paper geometrical units c=G=1 have been adopted. 

fHowever, it is important to remark that the pulsar term may play an important role in the 
detection of GW emitted by single sources. 

The properties of the SMBHB population are still a matter of debate. However, this paper aims 
to explain how PTAs can be improved by including MSPs within GCs, so we took the results in 
Refs. 18-20 just as a guide for building SMBHB distributions compatible with the GW-induced 
timing residuals observable by P'T'As. 
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The SMBHB strain is, in good approximation, given by: 


5/3 2/3 
V5 D l+z 


where M, D, z, and f indicate the SMBHB chirp mass, distance, cosmological 
redshift, and GW emission frequency, respectively. Eq. (2) allows to determine the 
GW strain distribution for our SMBHB population (see Fig. 2). 


Number of Occurrences 
Number of Occurrences 
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(a) SMBHB chirp mass distribution. (b) SMBHB distance distribution. 
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Fig. 2. SMBHB parameter simulation. Panel (a) shows the SMBHB chirp mass log-normal dis- 
tribution, expressed in units of 10? Mo. Panel (b) shows the SMBHB distance log-normal distri- 
bution, expressed in Gpc. Panel (c) shows the GW frequency log-normal distribution, expressed 
in nHZ. Panel (d) shows the GW strain distribution, expressed in units of 10716. On the vertical 
axis of each panel is plotted the number of occurrences. 


We also assumed that the GC core MSP distance", right ascension, and declina- 
tion with respect to the GC center follow a uniform distribution!. To get a realistic 


hIn this paper, MSP distance refers to the distance with respect to the diametrical plane passing 
through the GC center and orthogonal to the line-of-sight. 


In accordance with what is described by the GC core mass-density distribution.?! 
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Fig. 3. Simulation of the MSP set. The position of 15 simulated GC core MSPs, randomly scat- 
tered within a GC core, whose distance and angular radius are 5.9 kpc and 0.16 arcmin, respectively, 
is shown. The dots indicate the MSP coordinates (RA and Dec), with respect to the GC center 
(RAg and Deco), expressed in arcsec, while the dot colors indicate, as described by the color bar, 
the MSP distance with respect to the GC core center, expressed in pc (the MSP distance with 
respect to the SSB can be obtained by summing the values expressed by the labels of the color 
bar with the quantity on its top). 


result, we took the GC core distance, angular radius, and MSP number of the Terzan 
5 GC since it is one of the most populated by MSPs?? ?* (see Fig. 3). 

We finally calculated the simulated GW-induced timing residuals corresponding 
to each GC core MSP due to the overall contribution of the GW emission from each 
SMBHB (see Fig. 4). 


4. Results 


The simulation results (see Fig. 4) confirm what has been deduced in Sec. 2. In the 
PTA frequency band, the simulated GW-induced timing residual corresponding to 
each GC core MSP due to the overall contribution of the GW emission from each 
SMBHB appear to be strongly correlated. T'his property can be very useful in the 
GW search. Observing such correlation for the GC core MSPs would lead to a strong 
evidence for the GWB, especially if supported by stronger hints of a common red 
process compatible with a GWB. GC core MSPs can also be helpful for determining 
the quadrupolar nature of the cross-correlations between the timing residuals of each 
MSP pair. Indeed, the Hellings and Downs function has a global maximum when 
the angular distance between an MSP pair is null. Of course, it is unlikely to have 
an aligned MSP pair by chance, but this frequently happens in GCs due to physical 
reasons. Therefore, GCs offer the unique possibility of obtaining cross-correlation 
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(b) Simulated 10 years GW-induced timing residuals. 


Fig.4. GW-induced timing residuals. Panel (a) shows the simulated GW-induced timing residuals 
corresponding to each GC core MSP due to the overall contribution of the GW emission from 
each SMBHB, plotted over a time interval of 30 years. Panel (b) shows the GW-induced timing 
residuals, plotted over a time interval of only 10 years. In both panels, the colored curves indicate 
the simulated GW-induced timing residuals, and have a different color for each GC core MSP, as 
described by the legend. On the horizontal axis of both panels the date measured from the arbitrary 
beginning of the simulated ToA observation, expressed in MJD, is plotted. On the vertical axis of 
both panels the timing residuals, expressed in ps, are plotted. 


data for low angular separation MSPs, which can be very important because they 
might challenge or confirm the prediction of the Hellings & Downs function. 


5. Conclusion 


'The proximity between the MSPs lying in a given GC, especially those in the GC 
core, can be exploited to get unique information about GWs and, for this reason, 
it is worth considering improving PTAs by including them. 

It is important to note that, in the presented analysis, it has been considered 
an ideal situation to highlight some of the advantages of including MSPs within 
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GCs in PTAs. On the other hand, this class of MSPs is currently not timed with a 
precision adequate to detect GW-induced timing residual.?> 26 

Nevertheless, we expect that to change soon, thanks to new detectors, such as the 
Five hundred meter Aperture Spherical Telescope (FAST),2” the MeerKAT radio 
telescope,?? and the Square Kilometre Array (SKA).?? SKA, in particular, will 
play a crucial role in ultra-low frequency GW detection. With its unprecedented 
sensitivity, it will be possible to time significantly better the GC MSPs, opening 
the possibility of adopting the strategy proposed in this paper, which is a summary 
of Ref. 30. 
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Globular clusters are known to host an unusually large population of millisecond pul- 
sar when compared to the Galactic disk. This is thanks to the high rate of dynamical 
encounters occurring in the clusters that can create the conditions to efficiently recycle 
neutron stars into millisecond pulsars. The result is a rich population of pulsars with 
properties and companions difficult or impossible to replicate in the Galactic disk. For 
these reasons, globular clusters have been and still are a prime target of searches for 
new and exciting pulsars. Because of their large distances, the limiting factor inhibiting 
these discoveries is the telescope sensitivity. The MeerKAT radio telescope, a 64-dish 
interferometer in South Africa, guarantees unrivalled sensitivity for globular clusters in 
the southern sky. Observations of well-studied globular clusters with MeerK AT have 
already returned more than 35 new pulsars with many more expected. These exciting 
discoveries will help us to understand more about the neutron star equation of state, 
stellar evolution, accretion physics and to hunt for intermediate mass black holes. In this 
talk I will present the prospects and current discoveries of the globular cluster working 
group in the Meer TIME and TRAPUM programmes. 


Keywords: Pulsars; globular dusters. 


1. Pulsars in globular clusters 


Globular clusters contain a very rich population of pulsars with 232 known in 36 
cluster^ and this population is quite peculiar when compared with the one in the 
Galactic disk. The abundance of pulsars per unit of stellar mass in globular clusters 
is ~ 100 times higher than that of the disk and the vast majority of the pulsars are 
millisecond pulsars (MSP) with rotation periods shorter than a few tens of ms. 
The difference between the population of pulsars in globular clusters and in 
the Galactic disk is caused by the starkly different environments. Globular clusters 
have no sign of recent star formation and have very high stellar densities in their 
cores that can reach up to ~ 10*7? Mọ pc^? compared to ~ 1 — 10 Mọ pc? in 
the Solar neighbourhood. This high stellar density favours dynamical encounters 
between stars that can lead to exchange encounters where neutron stars become 
part of new binary systems. The exchanges of companions increase the chance of 
the neutron star going through an accretion phase boosting the number of low mass 


aAn up-to-date count can be found in the webpage https://www3.mpifr-bonn.mpg.de/staff/ 
pfreire/GCpsr.html 
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X-ray binaries (LMXB) that evole into MSPs. Once a neutron star has been recycled 
into an MSP, it is likely to remain active for a time even longer than the Hubble 
time due to the low magnetic field. 

Due to the peculiar environment within globular clusters, the possibility of go- 
ing through multiple stages of recycling and the lack of recent star formation, the 
majority of pulsars have very fast rotational periods usually smaller than 20 ms. 
The fastest pulsar known, PSR J1748—2446ad,! with a rotational period of 1.395 
ms resides in the globular cluster Terzan 5. Not all of the pulsars in globular clusters 
are, however, very fast. There is a small population of pulsars where the accretion 
process was interrupted before completion,? possibly by external encounters, with 
period between 20-100 ms called ‘mildly recycled’. Furthermore, there is, in some 
specific clusters, a small number of slow pulsars with periods over 100 ms with 
the record of 1004.04 ms being held by B1718—19A in NGC 6342.? The presence 
of these apparently ‘young’ pulsars is in contradiction with the known formation 
scenarios and the lack of new star formation. Apart from dynamic disruption of 
LMXB? other possible explanations have been put forward like accretion-induced 
collapse, direct collisions with a main sequence star,* or electron capture supernova 
of an OMgNe white dwarf.? 

'The MSPs populations of globular clusters is also quite different from the one in 
the Galactic disk. The percentage of isolated to binary MSPs can vary a lot between 
clusters with some like NGC 6624 and NGC 6517 having mostly isolated pulsars 
and others like M62 and M5 having mostly binary pulsars. This is linked to the 
dynamical parameters of the clusters.? 

The multiple dynamical interactions create a population of binary MSPs that 
are in some cases very different from the Galactic disk population. Eclipsing sys- 
tems with non-degenerate companions like ‘black widows’ and ‘redbacks’ are com- 
mon.*97 Binary systems can acquire high eccentricities and massive companions 
through successive interactions or through exchange encounters like M15C,8 NGC 
1851A,? NGC 6544B,!? and NGC6652A!! . A very peculiar triple system with a 
white dwarf and a Jupiter-mass companion has also been observed in a globular 


cluster.12: 1? 


1.1. Science with pulsars in globular clusters 


The scientific achievements made possible by this unique population of pulsars to- 
gether with the possibility of observing a large number of pulsars in the same tele- 
scope beam have made globular clusters a high priority target in the past decades. 

The internal composition of neutron stars is determined by the equation-of- 
state that can be probed by measuring their masses. This can be achieved through 
pulsar timing by measuring the so-called post-Keplerian parameters, which quantify 
relativistic orbital effects.!^ One of these parameters is the relativistic precession 
of the periastron that is relatively easily accessible in highly eccentric systems, 
and can be used to place constraints on the total mass of the systeem assuming 
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general relativity. Thanks to this method, some neutron stars with the potential 
of breaking the current mass limit have been identified.!?:!6 The importance of 
determining neutron star masses is not limited to the value of the maximum mass, 
also the minimum mass and the distribution of masses can be used to test various 
formation and recycling scenarios.'” 

Another avenue of research that can be pursued in globular clusters regards the 
maximum rotation speed. Currently the record of 1.395 ms is held by J1748-2446ad 
in Terzan 5! but even faster pulsars might be present in clusters and set more 
constraints on the equation of state. 

Studies of eclipsing pulsars like ‘black widows’ and ‘redbacks’ are essential to 
study the possible evolution scenarios of MSPs and to constrain the properties of 
the companions. 5: 19 

If we change focus from specific pulsars to the entire population of pulsars in 
a single cluster, the science perspective broadens to include the properties of the 
globular clusters themselves. The gravitational effects of the globular clusters on 
the pulsars are accessible through the derivatives of the rotational period.?? With 
a significant number of pulsars, this can give us access to the structural parameters 
of the clusters and explore the possibility of the presence of an intermediate mass 
black hole in the center.?! 7? 

Using the dispersion measures (DM) and estimating the 3-d position of the 
pulsars inside the cluster, it becomes possible to look for diffuse gas. This method 
has led to the first detection of ionized gas in a globular cluster.2?:?^ If we add the 
information coming from the rotation measure, it becomes possible to probe also 
the magnetic fields. T'his led to the possible discovery of a magnetized outflow from 
the Galaxy in the direction of the globular cluster 47 Tucanae.?? 

'The numerous scientific possibilities suggest that globular clusters pulsars should 
still be considered extremely profitable targets for fututre research. Simulations 
show that a significant population of potentially interesting pulsars is still undiscov- 
ered in the clusters.?6:?7 These could include MSP-black hole systems, which would 
be invaluable for tests of gravitational theories.?? However, despite the efforts, the 
number of new discoveries in the last ten years has been very low. The ones that 
were discovered were found in archival data using new search techniques.?? ?! This 
suggests that we had reached the sensitivity limit of the current observing facilities. 
To uncover the numerous and potentially interesting pulsars new and more sensitive 
facilities are needed. One such facility is FAST?? in China that became operative in 
2016 and has already discovered 32 pulsars in globular clusters)? ?? Another new 
facility that recently came online and has the potential to revolutionize the field is 
MeerKAT?6 in South Africa. 


2. Advantages of the MeerK AT radio telescope 


The MeerK AT radio telescope is an interferometer composed of 64 antennas each 
with a diameter of 13.5 m. The maximum baseline within antennas is 8 km. 
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Thanks to its location in South Africa at a latitude of —30°, it can observe the 
entire Southern sky. When observing with all antennas it can reach telescope gains 
four times higher than Parkes, the only other radio telescope capable of observ- 
ing pulsars in cm-wavelengths below a declination of —45?. The gain is also 1.4 
times higher than the Green Bank Telescope giving MeerKAT a significant advan- 
tage when looking at the central regions of the Galaxy that are observable at high 
elevations for long hours. 

MeerKAT is currently able to observe in UHF-band (544-1088 MHz), L-band 
(856-1712 MHz) showing remarkably RFI-clear bands. In near future also the S- 
band (1750-3500 MHz) receivers will be available for observations. A description of 
the capabilities and potentialities of MeerK AT as a pulsar observatory can be found 
in Bailes et al. 2020.37 

Of the MeerKAT Large Science Projects (LSPs) that are currently using 
MeerKAT for observations, two include pulsars as the main target: Meer TIME?? 
and TRAPUM.?? 


2.1. Meer TIME 


MeerTIME? is an LSP based on timing already known pulsars with the high sen- 
sitivity of MeerK AT that started collecting data in early 2019. It has four main 
scientific goals: timing relativistic binary pulsars in order to measure the masses 
of the systems and test theories of gravity“; the Thousand Pulsars Array that 
monitors a wide variety of pulsars to study their geometries, magnetospheres and 
interstellar effects*!; a pulsar timing array that monitors high precision pulsars to 
contribute to the search for nanohertz gravitational waves [Spiewak et al. submit- 
ted]; time pulsars in globular clusters. ?? 

The project plans to observe globular cluster pulsars in order to study the 
eclipses, measure the masses of the pulsars, and study the properties of the globular 
clusters themselves. 

MeerTIME can observe up to four tied array beams using the Pulsar Timing 
User Supplied Equipment (PTUSE) machines as the main data acquisition system. 
These beams can either be in “timing” mode where a pulsar is folded in real time 
using an ephemeris or in “search” mode where the data is saved in a “filterbank” 
style file and can be folded later or searched for new pulsars or single pulses from 
previously known ones. For both modes the observations are done with very high 
time resolution (9 us), full polarimetric information, and real-time coherent de- 
dispersion. 

Observing globular clusters has the advantage that a large number of pulsars 
fall within the same beam of the telescope and we are therefore capable of observing 
them simultaneously if the data is recorded in “search” mode. However, the beam 
of MeerKAT using the full array with a baseline of 8 km would be too small to 


bhttp://www.meertime.org 
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observe all of the pulsars in some globular clusters so in most cases only the central 
44 antennas with a maximum baseline of 1 km are used. 


2.2. TRAPUM 


The TRAnsients and PUlsars with MeerKAT (TRAPUM?*) LSP focuses on search- 
ing for new pulsars. It searches for pulsars in unidentified Fermi sources, supernova 
remnants, pulsar wind nebulae, in the Galactic plane, in nearby galaxies and in 
globular clusters. The globular cluster working group is focused on searching both 
in clusters with known pulsars (which allows de-dispersion at the known DM of the 
cluster) and in clusters with no known pulsars. The project started taking data in 
April 2020. 

TRAPUM uses Filterbanking Beam-former User Supplied Equipment (FB- 
FUSE) and the Accelerated Pulsar Search User Supplied Equipment (APSUSE), 
a 60 node computing cluster, to synthesize up to ~ 400 beams and record incoher- 
ently de-dispersed search-mode data for each one. This allows us to cover a large 
portion of the sky (up to ~ 1 — 4 arcmin in radius depending on the configuration) 
while keeping the full sensitivity of MeerK AT. In this way it is possible to cover 
the entire cluster with one pointing and search for pulsars in the center and in the 
outskirts of the cluster simultaneously. However, due to the very high data rate, it 
is not possible to retain full temporal and spectral resolution nor full polarimetric 
information. 

Because of the complementarity of science goals, the globular cluster working 
groups of Meer TIME and TRAPUM have decided to collaborate sharing observing 
time and resources. This collaboration has already resulted in two publications.4? 43 


3. New discoveries 


The joint collaboration has discovered 36 new pulsars in globular clusters?. The 
discoveries are summarized in Table 1 and 2 and can be split chronologically into 
two groups: the ones made with the PTUSE machine before TRAPUM became 
operative and the ones made possible by the APSUSE machine of TRAPUM. 


3.1. MeerTIME discoveries 


The first batch of discoveries made with observations taken by Meer TIME is already 
published.^? This publication contains the description and the properties of 8 new 
millisecond pulsars found in six different globular clusters. Three of them are isolated 
pulsars while the rest are found in binary systems. The profiles of these pulsars are 
shown in Figure 1. 


*http://www.trapum.org 
3the full up-to-date list of discoveries can be found at http://www.trapum.org/discoveries.html 
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Table 1. Properties of the pulsars discovered by 
MeerTIME/TRAPUM using the PTUSE machine 


Period DM 
Pulsar name (ms) (pc cm-3) notes 
Ter 5 an 4.8023 237.7 Binary 
M62G 4.6081 113.6 Binary 
NGC 6522D 5.5369 192.7 Isolated 
NGC 6624G 6.0912 86.20 Binary 
47 Tuc ac 2.7456 24.46 Ecl. Binary 
47 Tuc ad 3.7460 24.41 Ecl. Binary 
NGC 6752F 8.4854 33.20 Isolated 
NGC 6624H 5.1301 86.85 Isolated 
NGC 6440G 5.2157 219.7 Isolated 
NGC 6440H 2.8486 222.6 Binary 
M28M 9.5689 119.23 Binary 


Table 2. Properties of the pulsars discovered by 
MeerTIME/TRAPUM using the APSUSE machine 


Period DM 

Pulsar name (ms) (pc em~3) notes 
NGC 6752G 4.7902 33.27 Isolated 

M28N 3.3429 119.33 Binary 
NGC 6342B 2.5683 71.44 Isolated 
NGC 1851B 2.8162 52.07 Isolated 
NGC 1851C 5.5648 52.05 Isolated 
NGC 1851D 4.5543 52.17 Binary 
NGC 1851E 5.5952 51.95 Binary 
NGC 1851F 4.3294 51.63 Binary 
NGC 1851G 3.8028 51.01 Binary 
NGC 1851H 5.5061 52.26 Binary 
NGC 6752H 2.0155 33.25 Isolated 
NGC 67521 2.6582 33.34 Isolated 
NGC 66241 4.3195 87.35 Isolated 
NGC 6624J 20.8995 86.85 Isolated 
NGC 6441E 251.1587 221.16 Isolated 
NGC 6441F 6.0006 228.22 Binary 
NGC 6441G 5.3522 229.20 Isolated 
NGC 18511 32.6538 52.42 Binary 
NGC 18513 6.6329 52.06 Isolated 
NGC 1851K 4.6920 51.93 Isolated 
NGC 1851L 2.9586 51.23 Binary 
NGC 1851M 4.7977 51.66 Isolated 
NGC 1851N 5.5679 51.11 Isolated 
J1823-3022 2497.72 96.9 Isolated 


NGC 6624K 2.7686 87.46 Isolated 


These discoveries include two new eclipsing millisecond pulsars 47 Tuc ac and 
47 Tuc ad. Fitting for the orbits of these pulsars suggest that 47 Tuc ac is a ‘black 
widow’ pulsar while 47 Tuc ad is a ‘red-back’. Both of these discoveries were then 
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Fig. 1. Profiles of the eight new pulsar discoveries published in Ridolfi et al. 2021.4? 


re-detected in previous Parkes observations but due to scintillation effects and 
eclipses the detections were too few to allow for deriving phase-connected timing 
solutions. 

Possibly the most interesting pulsar in this set of discoveries is NGC 6624G. 
This pulsar is found in a binary with orbital period of 1.54 days and eccentricity 
of 0.38. Because of the very high eccentricity it was possible to use only 11 months 
of data to measure the rate of advance of periastron w = 0.217 + 0.004 deg yr™t. 
Assuming that this advance is caused entirely by relativistic effects and using for- 
mulas derived in General Relativity (GR) it is possible to derive the total mass of 
the system, Mi, = 2.65 + 0.07Mo. This parameter alone is not enough to measure 
precisely the mass of the pulsar itself, see Figure 2, but suggests that the neutron 
star is particularly heavy. Measurements of further post-keplerian parameters will 


be needed to accurately determine the mass. The companion mass is also partic- 
ularly heavy suggesting that it was not the original companion that recycled the 
pulsar but a new companion gained in an exchange encounter. This is the type of 
secondary exchange products that we have been looking for. 

Another newly discovered pulsar that has the potential of being particularly mas- 
sive is Ter 5 an. This binary has an eccentricity of 0.0066, two orders of magnitude 
higher than the average millisecond pulsar binaries found in the Galactic field. It 
is likely caused by distant stellar encounters in the dense cluster environment. Also 
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Fig. 2. Mass-inclination and mass-mass diagrams for NGC 6624G. The main square panels depict 
the cosi-Mc and Mc-Myp planes. The grey areas in the former are excluded by the requirement 
that the mass of the pulsar is positive, the grey areas in the latter are excluded by the mass 
function and the requirement that sin? < 1. The red lines depict the masses consistent with the 
measurement of w and its +1-o uncertainties, under the assumption that this effect is dominated 
by the GR contribution and that GR is the correct theory of gravity. The contours include 68.3 
and 95.496 of a 2-D probability distribution function (pdf) derived from the x? of TEMPO fits that 
assumed all GR effects to be according to the masses and orbital inclination at each point. The side 
panels show the probability density functions for the cos i (top left), My (top right) and M. (right) 
derived by marginalizing the aforementioned 2-D pdfs. we obtain a median for the pulsar mass of 
2.1 Mo, but with a tail of probability that extends to lower masses: there is a 3196 probability 
of My < 2 Mo and a 3.8% probability of Mp < 1.4 Mo. Thus, either the pulsar is very massive, 
or it has a massive companion; the system was likely formed in an exchange encounter. Credits: 
Ridolfi et al. 2021.4? 


here, owing to the recovery of the system in data from the Green Banks Telescope 
and the resulting long baseline, it was possible to measure an advance of the pe- 
riastron with a rate of w = 0.009 + 0.001 deg yr-!. With the assumption that it 
fully caused by GR effects, the total mass becomes Miot = 2.95 + 0.52M 5. The 
mass-inclination and mass-mass diagrams are shown in Figure 3. The uncertainties 
in this case are higher allowing for a greater range in pulsar mass. 

The other pulsars discovered by Meer TIME are in the process of being published. 
Of these, one is particularly interesting: NGC 6440H. It is a binary pulsar with a 
very light companion. Assuming a pulsar mass of 1.4 Mo, the companion has a 
minimum mass of 0.0062 Mọ. This very low mass of the companion suggests that 
it could be brown dwarf or a planet. If the planetary nature of the companion is 
confirmed, this would be only the second pulsar with such a companion.!* 13 
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Fig. 3. Same mass-inclination and mass-mass diagrams as in Figure 2 but for Ter 5 an. The 
estimated median pulsar mass is 2.13 Mọ and median companion mass is 0.75 Mo. Credits: 
Ridolfi et al. 2021.4? 


3.2. TRAPUM discoveries 


Only a small fraction of the observations of globular clusters with the APSUSE 
machine with TRAPUM have currently been processed. The large volumes of data 
produced in these observations require a large processing power to be properly 
analyzed. Despite this, the new pulsar discoveries are already more than double 
than those made using the PTUSE machines and only the central 44 antennas. The 
list is shown in Table 2. 

More than half of these discoveries come from just one globular cluster NGC 
1851. This is a core-collapsed cluster that was known to contain only one pulsar NGC 
1851A. TRAPUM observations in just the central beam have confirmed the presence 
of 13 new pulsars. This large population makes NGC 1851 the third globular cluster 
for number of known pulsars together with M28. Once phase connected ephemerides 
are determined for all these pulsars it will be possible to probe the potential well 
and test the presence of gas and magnetic fields within the cluster. 

Two of these new discoveries, NGC 1851D and NGC 1851E, are binary systems 
with very high eccentricities. NGC 1851E has an orbital period of around 7 days 
and an eccentricity of e — 0.71. This high value means that in the near future it 
will be possible to measure the rate of precession of the periastron to high accuracy 
and therefore the total mass of the system. Early fits to the orbit suggest that, 
assuming a pulsar mass of 1.4 Mo, the companion has a minimum mass of 1.5 Mo. 
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This suggests that there is a high probability of this being another double neutron 
star system. 

The vast majority of the discoveries are fast spinning MSPs but there are some 
exceptions: NGC 6624J and NGC 18511 have periods respectively of 20.89 and 32.65 
ms, that suggest that they are mildly recycled pulsars. Another exceptions is NGC 
6441E, a slow pulsar with a period of 251.15 ms. Particularly interesting is also 
J1823-3022 with a period of 2497.72 ms. This potentially record breaking pulsar 
has been found in the outskirts of the globular cluster NGC 6624 and has a DM 
that is higher than the rest of the pulsars in the cluster. Because of these reasons 
it is not clear if it is really a member of the cluster or if it is a Galactic disk pulsar 
positioned along the same line of sight. All of these slow pulsars are in core-collapsed 
clusters validating the correlation between spin periods and dynamical state of the 
cluster suggested previously.” 

'These early results from a fraction of the observations suggest that many new 
discoveries are possible by analyzing the data that has already been captured. 


4. Future plans 


Early observations have showed that the future of the two projects Meer TIME and 
TRAPUM can prove revolutionary for the science of globular cluster pulsars. 

MeerTIME will focus on timing the already discovered pulsars in order to mea- 
sure the masses of the most interesting binaries and characterise the eclipses of 
the ecplising ‘black-widows’ and ‘redbacks’. Furthermore, by improving the timing 
models of all pulsars it will be possible the study the properties of the clusters like 
the gas content, magnetic field and the presence of intermediate mass black holes. 

TRAPUM, on the other hand, will continue to search for new pulsars broadening 
the scope in order to include clusters with no previously known pulsars. The searches 
will involve all of the available bands, going from the UHF band, where the pulsars 
are brighter but the interstellar medium is more noisy to the L band and the S band 
where the effects of scattering and the interstellar medium are minimized. 

In closing, the last few years have shown an almost unprecedented growth in the 
number of pulsars in globular clusters going from 150 in 2018 to over 230 in 2021. 
The largest contributor is the MeerK AT telescope with 36 but a very close second is 
FAST with 32 new discoveries. These numbers are likely to increase in the following 
years and with them also the possibility of finding even more exotic systems like a 
double millisecond pulsar binary or a pulsar-black hole binary. 
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We investigate gravitational lensing by rotating Simpson-Visser black hole in the strong 
field limit and find that deflection angle ap, photon sphere radius x, and ratio of the 
flux of the first image to all other images rmag decreases. In contrast, angular position 
61, angular separation s increases more rapidly with | and their behaviour is similar to 
that of the Kerr black hole. By considering the supermassive black holes NGC 4649, 
NGC 1332, Sgr A* and M87* as rotating Simpson-Visser black holes, we found that 
the latter can be quantitatively distinguished from the Kerr black hole when probed 
by gravitational lensing effects. The deviation of the lensing observables A01 and As 
by considering the Sgr A* and M87* as rotating Simpson-Visser black holes from Kerr 
black hole for 0 < 1/2M « 0.6 (a/2M = 0.45) are in the range 0.0422 — 0.11658 pas 
and 0.031709 — 0.08758 pas, which are too small to be distinguished by the current 
Event Horizon Telescope observations, and one has to wait for future observations by 
new generation EHT that can pin down the exact constraint. 


Keywords: Lensing, Simpson- Visser black hole 


1. Introduction 


The singularity theorems of Hawking and Penrose! (see also Ref.?) established that 
the end state of gravitational collapse of a sufficiently massive star (~ 3.5Mo) is a 
gravitational singularity i.e., spacetime ceases to exist and hence marking a break- 
down of the laws of physics. Apart from the quantum gravity which is expected to 
resolve the singularity issue,’ significant attention has also shifted to regular models 
which can allow one to understand the black hole interior. Sakharov^ and Gliner? 
pioneered the idea of regular models that suggests a de Sitter core and the cosmo- 
logical vacuum obeys the equation of state. Motivated by Sakharov? and Gliner,? 
Bardeen® proposed the first regular black hole with horizons.^? The Bardeen black 
hole spacetime asymptotically reduces to Schwarzschild black hole’ but acts like 
the de Sitter spacetime near the origin thus eventually settling with a regular cen- 
ter. Later, it was shown in Ref? that Bardeen’s model is an exact solution of 
general relativity coupled to nonlinear electrodynamics thereby an alteration of the 
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Reissner— Nordstróm black hole solution.!? Bardeen's proposal with non-linear elec- 
trodynamics as the source has been extended to regular black holes,!' !? and also 
on regular rotating black? 1415 holes. 

Lately, Simpson-Visser propose an interesting spherically symmetric regular 
black hole spacetime!6 15 
force to avoid singularity and is responsible for the regularisation of the metric 
at r — 0. The Simpson-Visser metric which interpolates between the Schwarzschild 
black hole and the Morris- Thorne traversable wormhole is regular everywhere as the 
scalar.!9 The Simpson-Visser spacetime received significant attention with a discus- 
sion on the energy conditions, causal structure, and innermost stable circular orbit 
(ISCO),!$ regularity, quasi-local mass, energy conditions and the causal structure 
of black bounce models,!? gravitational lensing!? and shadow formation.??:?3 

Graviatational lensing(GL), a vital and prior prediction of general relativity(GR) 


24 is considered an important test of GR. Since 
25 


where a parameter l is introduced to cause a repulsive 


primarily in the strong field regime, 
then, GL proved to be an essential tool for providing insights on the spacetime. 
In the strong field regime, photon encircles the black hole more than once result- 
ing in a bending angle greater than 27 radians and results in shadow;?? photon 
rings?’ and relativistic images.?* ?? GL for various spacetimes has been discussed 
in detail.9 3? Virbhadra and Ellis developed a numerical method?? to study the 
large deflection of light rays in strong field. Later, Bozza analysed analytically the 
strong field gravitational lensing for general spherically symmetric and static space- 
time.793? Tsukamoto” worked on similar lines to study the lensing by spherically 
symmetric and static spacetime. GL began to be crucial in 1990's which triggered 
quantitative studies by Kerr black holes??:19:?! and has since then recieved signifi- 
cant attention’? 4° due to the tremendous advancement of observational facilities. 

This paper investigates the strong gravitational lensing by rotating Simpson- 
Visser black holes?? and assess the phenomenological differences with the Kerr black 
holes; in particular, we discuss the effect of deformation parameter / on gravitational 
lensing observables and time delay between the relativistic images. Further, consid- 
ering the supermassive black holes as the lens, we obtain the positions, separation, 
magnification, and time delay in the formation of relativistic images. 

We adopt natural units (8G = c = 1) 


2. Rotating Simpson-Visser black holes 


The rotating Simpson-Visser black hole metric apart from mass M and angular 
momentum a, has an additional parameter /, which in Boyer-Lindquist coordinates 
reads as?? 


E RV) 2 2a sin? 0 z? 2 
d2 =- qa va +i dt? + È dr? + Xd8? — Som ANI 
M A » 
A sin? 0 
dg? (1) 


»» 
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Fig. 1. The horizons (zeroes of A) of rotating Simpson-Visser black holes. The case | = 0 (Kerr 
black hole) is shown for comparison. For | > le (e.g., for a = 0.35, le ~ 0.1429 and for a = 0.45, 
le ~ 0.282), the black holes admit only event horizon. 


Fig. 2. Parameter space for the rotating Simpson-Visser black hole and the corresponding space- 
time structure. For a — 0.3 the rotating Simpson-Visser black hole admits both Cauchy and 
event horizon for 0.0 < le < 0.1 and only event horizon for 0.1 < le < 0.9. For a = 0.45, both 
Cauchy and event horizon exist for 0.0 < lea < 0.282055 and only event horizon is present for 
0.282055 < le < 0.717945. We measure the quantities a and / in units of Schwarzschild radius 2M. 


where X = 2? +1? +a? cos? 0, A = a? +l? +a? — 2/22 +I? and A= (£? +1? + 
a2)? — Aa? sin? 0. We measure the quantities r,a, t, and | in units of Schwarzschild 
radius 2M?! and use x instead of radius r. 

Moreover, the metric (1) is composed of identical portions around x — 0 which 
is a regular surface of finite size for 1 # 0, and the observer can easily cross.?? 
Depending on the value of the parameter l, the metric (1) is either a regular black 
hole or a traversable wormhole.?? 

The points of coordinate singularities, which exist at A = 0, are also the horizons 
of the black hole metric (1) and are located at x4 (cf. Fig. 1). The horizons of the 


metric (1) exist when |a| < 0.5 and 1 < 0.5-4-4/ (0.5)? — a? (cf. Fig. 1). Consequently, 
following cases are possible for the metric (1) 
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e For | < 0.5 — 4/(0.5)? — a2, we have two horizons x+, corresponding to 
the radii of outer (event) (#4) and inner (Cauchy) (x) horizons (This 
corresponds to RBH-II, in Fig. 2). 


e For 0.5 — 4/ (0.5)? — a? < L < 0.5 + 4/ (0.5)? — a2, only event horizon exists. 
(This corresponds to RBH-I, in Fig. 2). 

e For |a| = 0.5 and | < 0.5, Cauchy and event horizon correspond to extremal 
black hole (e-RBH) with degenerate horizons, while for |a| = 0.5 and | > 0.5, 
there are no horizons and so no black hole. 

e The case |a| > 0.5 with no horizons, the metric (1) describes a traversable 
wormhole with a time-like throat, which becomes null for |a| = 0.5.29 


We restrict the values of a and l in the range |a| < 0.5 and 0 < l < 0.5 + 


4/ (0.5)? —a? for at least one horizon to exist and to qualify the spacetime as a 
black hole. We shall also consider the values x > 0 as the solution (1) is symmetric 
around x = 0. 


3. Gravitational lensing 


The rotating Simpson-Visser black hole in the equatorial plane takes the form 
ds? = — A(z)dt? + B(x)dx? + C(x)d¢? — D(x)dt dọ, (2) 


where 
1 X PN 2a 
A(r)21——, B(x) = = D(x) = —, 
(2) =1-—5, Bl) == 
X = 2? +l? and A = (2? +l? + a?)? — Aa?. Further, we also assume the source, 
which is located behind the lens, to be almost aligned along the optical axis such 
that the images are highly magnified and very prominent. 
The projection of four-momentum p^ along the two commuting Killing vectors 
£t) and El 4) results in two linearly independent conserved quantities; energy E and 
axial angular momentum component L. 


Dt = Jup + gp? 2 —E, — po = ep’ + géop? = L. (3) 


Solving the two coupled equations results in the following equations of motion for t 
and $ coordinates? 


r? +Ê +a 


xi satan Did [E(z? +1? + a?) — La] (4) 
dr A 
dó L a 2 4.38 2 


We follow the Hamilton-Jacobi equation and the integral approach pioneered by 
Carter?" to obtain the equations of motion in the first-order differential form for 
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Vest 


Fig. 3. The effective potential as a function of radial coordinate x. (a) The blue line represents the 
effective potential for rotating Simpson-Visser black hole black hole with a = 0.334 and l = 0.698 
(b) the orange line represents the wormhole throat with a — 0.5 and | — 0.7 (c) the green line 
represents the traversable wormhole with a = 0.884 and l = 0.746. 


the rotating Simpson-Visser black hole spacetime (1), where the equations descend 
from 


Os 1 Os OS 
a. Sa (6) 


where S is the action and 7 is the affine parameter along the geodesic. Using the 
conserved quantities p; and pg, the Jacobi action S admits a separable solution in 
the first integral form as follows?" 


S = —Et + Lọ + S, (x) + So(0). (7) 


Here, S,(a) and S9(@), respectively, are functions only of the x and 0 coordinates. 
On using the four-momentum relations 


dS x, X dx 


dSg "MS o dé 
de TP = 900P = em (9) 


in Eq. (6), the following system of first-order ordinary differential equations are 
obtained 


dx 
de =o R(x) ; (10) 
ud = +/0(6) , (11) 


dt 
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Fig. 4. Plot showing radii of unstable circular photon orbit for rotating Simpson-Visser black 
hole (dashed curve) in comparison to Kerr black hole (solid curve in the left plot). 


where the effective potentials R(x) and O(0) for radial and polar motion are given 
by 


R = [|E(z? +? - a?) - La]? — A[(L -a E) +K], (12) 
2 

© = K — cos? 0 Ge + = | (13) 
sin* 0 


K is a separability constant related to the Carter constant that derives its existence 
from a Killing tensor. The motion of the photon is symmetric around the equatorial 
plane in the region R > 0 and O(0) > 0. The bound orbits can be identified by the 
solutions of °® °8 

PR 
Ox? 


OR. 


ftis) = En = 0, and 


(2=2m) 


e. (14) 


(a=2m) 


where £m is the unstable photon orbit radius. Eq.(10) can be rewritten as 
i? + Ver = 0 (15) 


where Veg is the effective potential. For simplicity we take E = 1 and plot the 
effective potential in Fig. 3. 

The deflection angle of a photon moving on the equatorial plane using the 
geodesics Eqs. (5) and (10), for rotating Simpson-Visser black hole is given by?? 

os V AoB (2AL + D 
ap(xo) = 2 ue i T = E —m, (16) 
zo V4AC + D?/ AoC — ACo + L(ADo — Ao D) 

where zo is the distance of closest approach of the light to the lens, L is the pro- 
jection of angular momentum and Apo is defined by A(xo). Equation (14) gives the 
radii of photon sphere which can be rewritten as?? 


A(z)C' (£) — A'(x)C(a) + L(A'(x)D(x) — A(z)D' (a) = 0. (17) 


The radii of unstable photon sphere is depicted in Fig. 4 and is smaller when com- 
pared with the Kerr black hole.?? Further, the deflection angle when expanded in 
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the SDL takes the form 


ap(@) = -alog (2 -1) ++ 0 (u— um), (18) 


Um 


where u is the impact parameter and Um is the value of impact parameter at zo = £m 
and is independent of the parameter / (cf. Table 1). The deflection angle in Eq. (18) 
is depicted in Fig. 6 wherein it is evident that deflection angle diverges at um. 


-0.4 -0.2 0.0 0.2 -0.4 -0.2 0.0 0.2 


Fig. 5. Plot showing the behaviour of strong lensing coefficients à and b. The solid black curve 
corresponds to Kerr black hole. 


Table 1. Estimates for the strong lensing coefficients à, b 
and the impact parameter um /Rs. We measure the quan- 
tities a and l in units of Schwarzschild radius 2M. 


Lensing Coefficients 


a l ü b um/Rs 
0.00 1.00000 -0.400230 2.59808 
0.25 1.01419 -0.423912 2.59808 
0.50 1.06066 -0.506783 2.59808 
0.00 0.75 1.15470 -0.698106 2.59808 
0.95 1.29219 -1.03047 2.59808 
0.00 1.43692 -0.891314 1.91924 
0.25 1.47594 -0.965136 1.91924 
0.50 1.61535 -1.256170 1.91924 
0.30 0.75 1.97301 -2.180740 1.91924 
0.90 2.52527 -4.037170 1.91924 
0.00 2.58352 -2.76735 1.42221 
0.30 2.79948 -3.26402 1.42221 
0.40 3.01084 -3.79273 1.42221 
0.45 0.50 3.3693 -4.7799 1.42221 
0.60 4.05135 -6.94521 1.42221 


The behaviour of coefficients à and b is similar to the Kerr black hole (J = 0) 
and spherical Simpson- Visser (a = 0) (cf. Fig. 5). The deflection angle for rotating 
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Simpson-Visser black hole in SDL (cf. Fig. 6) like Kerr black hole, is more than 27 
radians and multiple images of the source are formed. 


25 H 
2} i 
10% H 

15 i 

$, S | 

a a X 

S S8 st s 
0 0 Fi 

-5L 
-5 L L L E ji 
0.5 1.0 15 2.0 2.5 3.0 
39 Xo 
Fig. 6. Plot showing the variation of light deflection angle as a function of minimum distance zo 
for different values of a and l. 
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Schematic diagram depicting the lensing configuration. ap represent the deflection angle, 
where as 0 and 8 are the angular positions of the image and source, respectively. 


3.1. Observables 


Next, we consider the lens equation to define a geometrical relationship between 
the observer, the source and the lens (cf. Fig. 7) as given in,?-?* 


Dis 
eno E. a 1 
P Dor 4 Drs Sm (19) 
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Fig. 8. The polar plot of OË (for n = 1): The angular radius of the outermost Einstein ring. Here, 
we consider Kerr black hole (a = 0.25 and | = 0) (left) and rotating Simpson-Visser balck hole 
(a = 0.25 and l = 0.7) (right) as supermassive black holes Sgr A* (black), M87* (blue), NGC 4649 
(orange) and NGC 1332 (red). 


where Aa; is the extra deflection angle with n € N and 0 < Aa, < 1. It has been 
acessed inf that lens equation discussed in?? is bit more accurate than Eq.(19) but 
the latter has an advantage in analysing the observational effects more precisely. 
We shall estimate the observables for the strong gravitational lensing by rotating 
Simpson-Visser black hole as in.3t: 3242:52 Using the lens Eq. (19) and Eq. (18), the 
angular separation between the lens and the n—th image is given by?? 


Dor + Drs Umen 
Drs | aDor 


0, — (1+ en) + (8 — 64^), (20) 


where 
b 2 
—À (2 i =) | (21) 


Here the first term corresponds to value of 0 when photon travels 2n7 radians 
around the black hole and second term is the correction part to 2nz.?! For f = 0, 
a ring-shaped image is produced, known as Einstein rings.?? Solving Eq. (20) for 


B = 0 and Dor, = Drs, the angular radius of the Einstein rings can be obtained 
31,51 
as’ 


Bo Um, 
0; = D 
OL 


(1c ej), (22) 


where n = 1 is the angular radius of the outermost Einstein ring (cf. Fig. 8).2:?? 


The brightness or magnification of the image is preserved in the deflection of the 
light but the appearance of the solid angle changes, thus magnifying the brightness 
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of the images. The magnification of n-loop image is given by?^ 32 
88| | 1| Um Dor + DLS Umen 
em cc se (1 + en) | Dez Prs umen | (23) 
000] — B|Dor Drs Dora 


Table 2. Estimates for the observable 055 and time delay AT», for supermassive black holes at 
the center of nearby galaxies. These observables are independent of l. 


Sgr A* M87* NGC 4649 NGC 1332 
a Oo0(poas)  ATo,(min) 0s5(uas)  ATo,(hrs) 0s5(uas) ATz (hrs) 0sc(uas) AT», (hrs) 
0.00 26.3299 11.4968 19.782 289.647 14.6615 210.328 7.76719 — 113.185 
0.30 19.4504 8.4928 14.6133 213.968 10.8307 155.374 5.73777 83.612 
0.45 14.4132 6.29295 10.8289 158.543 8.02585 115.127 4.2518 61.9538 


The Eq. (23) diverges at 3 — 0, suggesting that the perfect alignment maximises 
the possibility of the detection of the images. If the first image can be distinguished 
from the rest packed ones, we can have three characteristic observables*! as 


Bises : 24 
Dor (24) 
b 2 
s= 0) -0s x Os exp (2-2), (25) 
a a 
5 
Tmag = =H. x E (26) 


Sala ^ d og(0) 


where, 05; and 04 are the angular positions of the innermost image and outermost 
image, respectively and s is the angular separation between them. rmag gives the 
ratio of the flux of the first image and the all other images. By observationally 
measuring these observables and inverting the Eqs. (24-26), the lensing coefficients 
a, b, the minimum impact parameter um can be obtained.53 

'The time delay, which is another important observable, is defined as the time 
difference between the formation of relativistic images considering the source with 
luminosity variations. If the time signal between the first and second image can be 
distinguished, the time delay AT», when images are on the same side of the lens, 
can be approximated as”? 


2r 2z?4/ B(x)A(xo)|C(x) — LD(z)] 


1 
Om o CCD aye + 1A(5)0 (2) ( " Tm) 


= 27Um, (27) 


AT» 4 


Q 


To measure the time delay, it is necessary that the source should be pulsating and 
the pulses show up in the images with a temporal phase thus making it possible to 
measure the time difference. 
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Table 3. 


Estimates for the lensing observables for supermassive black holes at the center of nearby 
galaxies for different values of a and l. 


Sgr A* M87* NGC 4649 NGC 1332 
a l O0i(uas) s (pas) Oi(uas) s (pas) 0ı(pas) s (pas) Oi(nas) s (pas) Tmag 
0.00 26.3628 0.0329517 19.8068 0.0247571 14.6799 0.0183488 7.77691 0.00972061 6.82188 
0.25 26.3652 0.0353455 19.8086 0.0265556 14.6812 0.0196818 7.77762 0.0104268 6.72647 
0.50 26.3735 0.0436767 19.8148 0.032815 14.6858 0.0243209 7.78008 0.0128844 6.43173 
0.00 0.75 26.3922 0.0623325 19.8289 0.0468314 14.6962 0.0347092 7.78558 0.0183878 5.90792 
0.95 26.4216 0.091705 19.8509 0.0688993 14.7126 0.051065 7.79425 0.0270526 5.27931 
0.0 9.5823 0.131981 14.7125 0.0991593 10.9042 0.0734923 5.7767 0.0389338 4.74756 
0.25 19.5936 0.143258 14.721 0.107632 10.9105 0.0797717 5.78003 0.0422604 4.62205 
0.50 19.6331 0.18278 14.7507 0.137326 10.9325 0.101779 5.79169 0.0539194 4.22317 
0.30 0.75 19.717 0.266607 14.8137 0.200306 10.9792 0.148458 5.81642 0.078648 3.45759 
0.90 19.777 0.326616 14.8587 0.245392 11.0126 0.181873 5.83412 0.0963504 2.70145 
0.0 4.8471 0.433859 11.1548 0.325965 8.26744 0.24159 4.37982 0.127986 2.64054 
0.30 14.8893 0.476064 11.1865 0.357674 8.29094 0.265092 4.39227 0.140437 2.43684 
0.40 14.9206 0.50742 11.21009 0.38123 8.3084 0.28255 4.40152 0.149689 2.26578 
0.45 0.50 14.9537 0.540453 11.2349 0.40605 8.32679 0.30094 4.41126 0.15943 2.02472 
0.60 14.9636 0.550440 11.2424 0.41355 8.33235 0.306507 4.41421 0.162377 1.15820 
0.35: F) "A h 
0.30} — P000 / - — 1=0.00 / 
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Fig. 9. Plot showing strong lensing observables 
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Fig. 10. Plot showing strong lensing observables rmag for different parameters. rmag is indepen- 
dent of the black hole mass or its distance from the observer. 
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4. Applications to supermassive black holes 


Here, we model the supermassive black holes Sgr A*, M87*, NGC4649 and NGC1332 
as the rotating Simpson- Visser black holes to estimate and compare the observables 
in SDL with the GR counterparts, and use mass and distance as in the Ref.??. 
The observables 05; and time delay AT», are independent of the parameter / and 
are shown in Table 2. We observe that 04 for Sgr A* and M87* is in the range 
of 14.84 pas < 0, < 26.36 pas and 11.15 uas < 0, < 19.80 jas, respectively. 
The observables s and rmag for rotating Simpson-Visser black holes are depicted in 
Fig. 9 and 10, whereas their values, along with the position of the first image 41 are 
tabulated in Table 3. Further, the angular separation s between the first and inner 
most image due to the rotating Simpson-Visser black hole for Sgr A* and M87* 
are in the range of 32.95 nas « s « 433.8 nas and 24.75 nas « s « 413.55 nas, 
respectively (cf. Table 3). Although the rotating Simpson-Visser black holes deviate 
from the Kerr black hole but the deviation are beyond the threshold of the current 
EHT observation (cf. Table 4) and should wait for the next generation event horizon 
telescope (ngEHT). From the brightness difference, we find that Kerr black holes 
produces less intense images. The angular position and angular separation of the 
relativistic images are larger for the Sgr A* black hole than the M87*, NGC4649 and 
NGC1332 black holes. The time delay of the first image from that of the second 
image AT», for Sgr A*, M87*, NGC4649 and NGC1332 respectively, can reach 
^ 11.49 min, ~ 289.6 hrs, ~ 210.3 hrs and ~ 113.2 hrs (cf. Table 2). 


Table 4. Deviation of the lensing observables of rotating Simpson Visser black holes from Kerr 
black hole for supermassive black holes at the center of nearby galaxies for a — 0.3 and a — 0.45. 
For a — 0.3 the rotating Simpson-Visser black hole admits both Cauchy and event horizon for 
0.0 < le < 0.1 and only event horizon for 0.1 < le < 0.9. For a = 0.45, both Cauchy and event hori- 
zon exist for 0.0 < le» < 0.282055 and only event horizon is present for 0.282055 < le < 0.717945. 
Here A(X) = Xnsv — XKerr- 


Sgr A* MS8T* NGC 4649 NGC 1332 
a l A0i1(nas) As (nas) A8ı(uas)As (uas)  A6i(uas) As (uas) A0ı(uas)As (uas) Armag 


0.25 0.0112 . 0.0112769 0.0080 0.00803363 0.00627 0.00627941 0.0149 0.0149856 -0.125517 
0.50 0.0508  0.0507993 0.0362 0.0361893 0.02828 0.028287 0.0149  0.0149856 -0.524392 
0.75 0.1346 0.134626 0.0959 0.0959075 0.0749 0.0397141 0.0397 0.078648 -1.28997 
0.30 0.90 0.1946 0.194635 . 0.1386 0.138658 . 0.108381 0.0574166 0.0574  0.0963504 -2.04612 
0.30 0.0422 0.042205 0.0317  0.0317098 0.0235 0.0235018 0.0124  0.0124505  -0.2037 
0.40 0.0735 0.073560 0.0552  0.0552727 0.0409 0.0409655 0.02170 0.0217022 -0.3747 
0.50 0.1065 0.10659 0.08008 0.0800856 0.05935 0.0593557 0.03144 0.0314447 -0.615823 
0.45 0.60 0.1165 . 0.116582 0.08758 0.0875896 0.06491 . 0.0649173 0.03439 0.0343911  -0.956684 


5. Conclusions 


We have investigated the gravitational lensing of light in strong field limit due to 
rotating Simpson- Visser black holes which has an additional deviation parameter l 
besides mass M and spin a. We find that à increases whereas b and deflection angle 
ap decrease with increasing l. On the other hand, um depends only on the spin of 
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the black hole and is independent of the black hole parameter l. The observables 
04, and AT» do not depend of l. Further, the relative magnification of the first 
and innermost images is independent of the black hole mass or its distance from the 
observer. Interestingly, it turns out that the separation between the two relativistic 
images for Simpson-Visser black holes is greater than that for the Kerr black holes. 

Although, the gravitational lensing analysis (cf. Figs. 6, 9 and 10) and horizon 
structure (cf. Figs. 1 and 2), constrain the rotating Simpson-Visser black holes 
parameter l but the deviation produced in lensing observables by taking the rotating 
Simpson-Visser black holes as the supermassive black holes, namely, Sgr A*, M87*, 
NGC 4649 and NGC 1332, from those for Kerr black hole for 0 < 1 < 0.6 (a = 0.45) 
are O(pas) (cf. Table 4). Our results are the generalization of previous discussions, 
on the Kerr black holes, in a more general setting in the limit l — 0, reduced exactly 
to vis-à-vis the Kerr black hole results. 
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Killing tensors in foliated spacetimes and photon surfaces 
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We discuss a recently proposed geometric method! for constructing a nontrivial Killing 
tensor of rank two in a foliated spacetime of codimension one that lifts trivial Killing 
tensors from slices to the entire manifold. The existence of nontrivial Killing tensor is 
closely related to generalized photon surfaces. The method is illustrated on some known 
cases and used to construct the hitherto unknown Killing tensor for the Nutty dyon in 
dilaton-axion gravity. 


Keywords: Killing tensors, photon surfaces, gravitational lensing, black hole shadows. 


1. Introduction 


Killing tensors of the second rank express hidden symmetries of spacetime? 3 provid- 
ing integrals of motion for geodesics and wave operators in field theories. Some con- 
structive procedures to find them were suggested for spaces with a warped/twisted 


4 spaces admitting a hypersurface orthogonal Killing vector 


product structure, 
field,” or special conformal Killing vector fields.” Recently, some deformed Kerr 
metrics attracted attention when trying to find new physics in ultracompact astro- 
physical objects. Classes of such metrics were listed that admit Killing tensors,*;? 
but for others the separation of variables in geodesic equations is not guaranteed. 

The new procedure! suggested for foliated spacetime of codimension one is based 
on lifting the trivial Killing tensors in slices with an arbitrary second fundamental 
form.! This remove some particular assumptions about slices, so, hopefully, we can 
move further in the study of separability. The method is closely related to formalism 
of fundamental photon surfaces introduced in.!? This generalizes one previous ob- 
servation!! on the relationship between spacetime separability and spherical photon 
orbits. It is also worth noting that our method does not require sovling diffenerial 
equations at all. 

As illustrations, we apply this new technique to some conventional metrics of 
Petrov type D demonstrating that this technique allows to obtain known Killing 


12.13 purely algebraically, without solving any differential equations. Then 


tensors 
we successfully apply new technique to find Killing tensor for Gal'tsov-Kechkin 
solution!^!? in dilaton-axion gravity which belongs to the general Petrov type I. 
'The new method reveals the nature of Killing tensors as arising from isometries of 


low-dimensional slices of a smooth foliation. 
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In Sec. 2 we briefly describe the equations for the Killing vectors and Killing 
tensors of rank two. In Sec. 3 we consider spacetimes with foliation of codimension 
one and present the equations governing the interplay between symmetries in the 
bulk and in the slices. Eventually we describe the Killing generating technique. In 
Sec. 4 we reveal the connection between the Killing tensors and the fundamental 
photon surfaces. Sec. 5 provides examples with axial symmetry in different models. 


2. Conventions 
Let M be a Lorentzian manifold of dimension m with scalar product (-, -) and 
Levi-Civita connection Vè. 


Definition 2.1. A vector field K : M — TM is called a Killing vector field if!9 


Symn[((VxK,y)) 20, VX,yeTM. (1) 
Xy 


Definition 2.2. A linear self-adjoint mapping K( -): TM — TM is called a 
Killing mapping if 


Sym ((VeK(Z),y))] 20. VX,),ZeTM, (2) 
Xoyeoz 


where the linear mapping Vx K( -) : TM — TM is defined as follows 
VKV) e Vx(K(Q) - K(VxY),. Ve, YETM. (3) 


One can introduce a Killing tensor as a symmetric form K(AX,y) = (K(X),Y), 
which is associated with the conservation law quadratic in momenta. Let K be 
a set of n Killing vector fields. Then, one can define the following trivial Killing 


mapping 


n 
K(X)-oX- X y) (8, Ka) Kp, P = 7%, (4) 
a,B=1 
where o and 7 is the set of n(n + 1)/2 + 1 independent constants in M. Note 
that the trivial Killing mapping does not give new conservation laws. However, one 
can show the existence of manifolds with nontrivial Killing tensors, which are not 
associated with the manifold isometries directly. 


3. Generation of a non-trivial Killing tensor 


Consider a timelike/spacelike foliation of the manifold M by a smooth family of 
hypersurfaces So parameterized by Q € R (slices) with the lapse function y, and 


“Here we also use the notation Sym {B(¥,Y)} = B(X,y) + B(y, €). 
Xoy 


3829 


vector field £ normal to slices ((£, £) = € = +1). Then, the second fundamental form 
9o(.., -): TSx TS — R and the mean curvature of slices Sg are defined as follows 
?c(X,Y)se(VxY,t), YX,Y ETS,  H Tr (?o)/(m - 1). (5) 


In particular, one can decompose the Killing vector field into the sum K — 
Ko + kné, with the normal ky£ and tangent Ko € TSg components. In the gen- 
eral case, the projection Kg is not a Killing vector in the slices of foliation.^!? An 
exception is the case of totally umbilic or totally geodesic slice, where the projec- 
tion of any Killing field is a conformal or ordinary Killing vector field respectively. 
Such slices arise if the field generating the foliation is a (conformal) Killing field 
and/or the spacetime has the structure of a warped/twisted product.!9 Therefore, 
the generation of the Killing vectors in M from Killing vectors Kg with a nontrivial 
normal component ky is possible in the case of the totally geodesic slices only. As 
we will see further, the case of Killing tensors is more intricate. 

Similarly, the Killing mapping can be split to normal and tangent components 
K(-)= KS? + ke de, where ke )€ is a normal component and KS? € TSg isa 
tangent component. In the case of totally geodesic slices, one can lift the Killing ten- 
sor from the slice to the whole manifold and obtain a nontrivial normal component 
kÇ ) This particular case of totally geodesic slices was considered, for example, in 
the Ref.?. Moreover, if we consider the conformal Killing tensors, a similar technique 
can be applied in the warped spacetimes,* where the foliation slices are totally um- 
bilic.!6 In this paper, we consider the Killing tensor lift technique for arbitrary slices 
(not totally geodesic submanifolds). In this case, the second fundamental form ° 
not trivial, and Killing equations imply kğ = 0, K$ = 0. Then, the family of Killing 
mappings Kg : TSg — T'So can be lifted from the slices to the Killing mapping 
K(-)= KE? + kG de in the manifold M with nontrivial normal components, if 
the following equations hold! t° 


ois 


ky =0, K$-0, €(hy)=0, X(k)—2kNVxlno—2VkxInne, (6a) 


1 
Sym is (VeKQ Y) +€- Po(X, KG) — ehh, - ?o(X, yy} = 0. (6b) 


Suppose that the manifold M has a collection n < m — 2 of linearly independent 
Killing vector fields Ka tangent to the slices Sg of the foliation Fo. Then, such 
vectors K are also Killing vectors in the slices Sg, and a trivial Killing mapping of 
the form (4) is always defined. Substituting this mapping into equations (6a), (6b) 
we obtain 


X (ky) = Ak —o)Vxlue, &KW)—0, X(o)-0, X(y*)—0, (Ta) 
2e(ki — a) Po(X,Y) = £o) GG Y) + 3, Ely?) (X, Ka) (Ks, Y), (Tb) 
a,B=1 
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for any X,Y € TSq. There is always a trivial solution for these equations 


kj —o, &a)=0, £(475)— 0, (8) 


corresponding to the trivial Killing tensor in M. However, in some cases it can 
also have nontrivial solutions, which corresponds to the nontrivial Killing tensor 
and new conservation laws. Let us additionally assume that the Gramian matrix 
Gag = (Ka, Ko) is not degenerate (G = det(Gag) # 0). Then, we can introduce a 
basis {Ka, €a} in Sg in such a way that e, € (K4]) ^ with a = 1,...,m—-n—1. A 
non-trivial Killing tensor can be generated using the technique from the following 
theorem!: 


Theorem 3.1. Let the manifold M contains a collection of n < m—2 Killing vector 
fields Ka with a non-degenerate Gramian Gag = (Ka, Kg), tangent to the foliation 
slices Sq (partially umbilic if n < m — 2) with the second fundamental form? 


_ (36: Gap 0 
tg ={ ar ae ) (9) 


Then, there is a nontrivial Killing tensor on manifold M, if the following steps can 
be successfully completed: 


Step one: Check compatibility and integrability conditions (10), (11) 


x(n A =0, (10) 
X (g*? — = Eg”) =0. (11) 
Step two: Obtain a from (12) and check the condition (13) 
€ln€(a) = Elnh® — 2eh®, (12) 
X(o) =0. (13) 


Step three: Define 4^? from (14) using the conditions £y^? = 0, Xy%? =0. 


ap — ola) ) ap — poe 14 

y eao 9 ; (14) 

Step four: Using the functions found in the previous steps, construct a Killing 
map and the corresponding Killing tensor: 


K(X) =a% + 3 qP a) Kg F K ££. (15) 
a,B=1 


bThe form of the left upper block is a consequence of the tangent Killing vectors, and this does 
not impose a new condition. The non-diagonal zero elements is a new condition, which is satisfied 
in many applications. The right lower block is a condition of partially umbilical surfaces, which 
imposes constraints if dim(ea) > 1. 
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4. Connection with photon submanifolds 


Consider the case of a manifold with two Killing vectors spanning a timelike surface 
(G < 0). Let us define a Killing vector field p* with index a = 1,2 numbering 
Killing vectors of the basis {Ka}, which is supposed to have constant components 
p? = (p, 1). The quantity p can be called the generalized impact parameter (see!? 
for details). However, one can choose arbitrary parametrization of p% up to the 
norm. 


Proposition 4.1. The fundamental photon surface is a partially umbilic surface 
with a second fundamental form of the form (9), with the following connection 
between h? and Gag?” 


1 1 
Mapp? =0, Map = za ` Gap — Gap — zga EMG Gap. — (16) 


If the surface under consideration is totally umbilic Mag = 0, it is obviously 
a fundamental photon surfaces for any p. Since totally umbilic surfaces usually 
exist in spherically symmetric solutions (both static and non-static) or non-rotating 
solutions with NUT-charge,!’ and they have been considered in detail in a number 
of works,!*:!? we will focus on the case Mag # 0. 

Consider the foliation generating a nontrivial Killing tensor in accordance with 
Theorem 3.1, and ask the question whether its slice Sg is a fundamental photon 
surface. First of all, we need to solve the quadratic equation (16) for p and check the 
condition p*^G,,5p? > 0. It has nontrivial solution if the eigenvalues of the matrix 
Mag have different signs, that is M = det(Mag) < 0. Then the solution for p 
reads as 


ies —Mi2+ V-M 
Mi 


Condition p*Gagp® > 0 is satisfied if the following inequality holds 
X2(G12.Mli1 — €11Ma2) V —M — 2G11-M+ Mii -G-Tr(M) = 0, (18) 


where Tr( M) = M&4G9? = —2— (2h?)-1.£ ln G. Equation (18) defines the so-called 
20,21 


(17) 


photon region, which arises as a flow of fundamental photon surfaces.!? How- 
ever, it has not been proven that the expression (17) for p is constant in every slice. 
But the integrability condition (11) guarantees that it is true in fact.! Therefore, 


we have the following theorem. 


Theorem 4.1. Let So be a non totally wmbilic foliation slice with compact spatial 
section satisfying all conditions of the theorem 3.1 for dim(K4) = 2. Then maximal 
subdomain Ups C So such that the inequality (18) holds for all p € Upg is a 
fundamental photon surface. 


“In the case of not compact spatial section, the slice is not a fundamental photon surface by 
definition.!? However, the theorem can be generalized for such not compact surfaces. 
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In particular, the region Upg C M, such that the inequality (18) holds for any 
point p € Upg, is a photon region. This theorem generalizes the connection between 
the existence of Killing tensors of this type and photon surfaces or spherical null 
geodesics, which was noted in Refs.11: 19-22. Unfortunately, in the opposite direction, 
the theorem is not fair, since the existence of fundamental photon surfaces does not 
guarantee the existence of the Killing tensor. As a counterexample, one can sug- 
gest Zipoy-Voorhees metric?? where the fundamental photon surfaces exists?^ but 
there is no nontrivial Killing tensor.?? Nevertheless, the existence of fundamental 
photon surfaces can serve as a sign that the Killing tensor can be presented in the 
corresponding metric, and it is advisable to check the conditions of consistency and 
integrability. 


5. Axially symmetric spacetimes 
Consider a Lorentzian manifold M with the metric tensor 
ds? = — f (dt — wd)? + Adr? + Bd0? + ydg’. (19) 


where all metric components depend on r and 0 only and the foliation with timelike 
slices r = Q. Generally, this metric possesses two Killing vectors Kı = +, K2 = Oy. 
One can find that the second fundamental form of these slices has the form (9) and 
other quantities are 


1 PPM —1 
f= ATO, n v NIS , Ə, In £, p= AUS. g^ nj Es i yf a 
2 y w 1 


(20) 


In this case, the number of Killing vector is one less than the slices dimension, so 
the boundary n > m — 2 saturates and the partially umbilic condition just imposes 
a relation on A?. The compatibility and integrability conditions (10), (11) take the 
form 

1 


0, In 8 


Oo(A-O,1In8)=0, a (e + og) =0. (21) 


The Eq. (12) can be solved as follows 
a=Ag-6+ Be, (22) 


where the arbitrary functions Ag, Bg depend on @ only, obeying the condition Oga = 
0. As the result, we have one more necessary condition for the case in this section: 
the function 8 must be of the form 


(r, 0) = B1 (0)B2(r) + 83(0), (23) 


where (1.2.3 are some functions of the corresponding variables. In particular, the 
normal component is kå, = Bg. Next, we can define the matrix y: 


yeb = —BAg- geL — po, (24) 
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The integrability condition guarantees that y°° always satisfies the equations (7) 
for some v^? depending only on 0. On the other hand, we have to find a v^? that 
makes the equation 0,7°* = 0 true. Therefore, we can omit the 0-dependent part 
in 49? to some constant matrix instead of looking for v^?. Combining everything 
together, we get the final Killing tensor in the holonomic basis 


K” —ag" + XO °° KEKG — BA T8pày. (25) 
o, B—t,ó 


The compatibility and integrability conditions, as well as the condition on the 
function f, are invariant under the multiplicative transformations of the form 


Ao2A-u(r), Bo p = v(0)b. (26) 


If 8 possesses the aforementioned form (23), one can simplify the integrability con- 
dition by the substitution G°8 = eL . Bı /B. Then, the integrability condition is 
050,6^? = 0, which is solved by G^? = G2? (r) + Go? (8). This generalizes the re- 
sult of Ref.?9, where the similar condition was obtained from the separability of 
the Hamilton-Jacobi equation. In our case, we have also included the 81(0) term. 
Furthermore, the compatibility condition and the function form (23) leads to the 
form of A = A,(r)8/01, where A, is an arbitrary function of r. 


5.1. Kerr metric 


As a simple illustration, consider Kerr solution in the Boyer-Lindquist coordinates: 


A — a? sin? 0 dr? Asin? 0 
2 t DED d? + ——__d¢’ 2 
ds S (dt — wd¢) (= + d0 TOT ET) s. (27) 
—2Mar sin? 0 
DS r? + a? cos? 0, WwW = "ceu dnb. (28a) 
A — r(r — 2M) 4 a?. (28b) 


In the Kerr metric, 8 = r? +a? cos? 0, A = B/A, satisfy the compatibility condition. 
One can explicitly verify that G^ satisfies the integrability equation. In this case 
a = r?, Ag = 1 and k$, = Bg = —a? cos? 0 (here we have fixed the multiplicative 
integration constant, which appears due to the linearity of Killing equations). The 
part of 4?? independent on 0 reads 


ee 3). m 


Finally, we get a and y%°, which correspond to the well-known nontrivial Killing 
tensor for Kerr solution 


Ke = r?g"” + A-MSH" — ASHSY, (30) 


S" = sdf + aó5, s=r +a. 
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5.2. Plebanski-Demianski solution 


'This is a less trivial example of the type D solution of Einstein-Maxwell equations 
with the cosmological constant, which contains also an acceleration parameter. The 
metric line element ds? is more conveniently presented in the conformally related 
frame using the Boyer-Lindquist coordinates: 


dr? dé? 1 : 
A, + =) + $ ((X + ax)? Ae sin? 0 — A.X?) de? (31) 


+ 2 (A,x — a(X + ax)Ao sin? 0) dtdó — = (A, — a?Ag sin” 0) dt?, | (32) 


Q?ds? = X ( 


where we have defined the functions 


Ag = 1 — a cos — az cos? 0, A, = bo + bir + bor? + bar? + bar’, (33) 
Q=1-XN+acosé)r, X-—r^-(N racos0), x-asin?0 — 2N(cos0 + C), 
(34) 


with the following constant coefficients in Ag and A,.: 


2aMA — 4aN (*« m5). ag = —a? (*w m5). bo — k 4- B, 


ay = 
(35) 
A 
by =—2M, bp n HAMNA- (a + 3N?) (X304 8) +2), (36) 
a2 — N? 3 
Z kN 2 2 2 A 
bg = (aa (a N°) (ma xo (kB) * 3 (37) 
A 
b4 = — (v + 3) , (38) 
Qu EEAMIDCSN QUSS) Gem. dU nurum. qd 
0 14+32N2(a2—N2) V "y. cust AVe i 


Generally, the coordinates t and r range over the whole R, while 0 and ¢ are 
the standard coordinates on the unit two-sphere. Seven independent parameters 
M,N,a,o,8,^,C can be physically interpreted as mass, NUT parameter (mag- 
netic mass), rotation parameter, acceleration parameter, 3 = e? + g? comprises the 
electric e and magnetic g charges, A is the cosmological constant, and the constant 
C defines the location of the Misner string. 

The first step is to check the compatibility and integrability conditions (10), 
(11). The first one holds if o - a = 0, i.e. either the acceleration o or the rotation 
a are zero. Indeed, as shown in Ref.!?, the general PD solution with acceleration 
possesses a conformal Killing tensor, but not the usual one. In the case a = 0, 
the second condition does not hold. So, further we will consider the solution with 
zero acceleration a = 0, which corresponds to the dyonic Kerr-Newman-NUT-AdS 
solution. 
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In the second step we pick up the r-dependent part from 6 = X/Ag for a 


x 
B EAT [01 r?, Ap = Ap. (40) 
Ao 
Similarly, as the third step, the r-dependent part for y°° is defined as 
1 (9° as 2 2 2 
yP =A; 3]; $—X-cax-r^-ta^—2aCN + N*. (41) 
as a 


In the last fourth step, we obtain the nontrivial Killing tensor for the Kerr- 
Newman-NUT-AdS metric: 
KH” = pg" + AW SH SY — A.GMÓ", S" = sô! + aog. (42) 


r^r? 


6. Gal'tsov-Kechkin (GK) solution 


In 1994 one of the present authors in collaboration with O. Kechkin derived the 
general stationary charged black hole solution within the Einstein-Maxwell- dilaton- 
axion (EMDA) gravity, which is the M = 4, D = 4 supergravity consistently trun- 
cated to the theory with one vector field.!^ This solution was seven-parametric, con- 
taining mass M, electric and magnetic charges Q, P, rotation parameter a, NUT 
N and asymptotic values of the dilaton and axion (irrelevant for the metric) as 
independent parameters. Less general (without NUT) solution was derived by A. 
Sen?" in the context of the dimensionally reduced effective action of the heterotic 
string, and now it is commonly referred as Kerr-Sen metric. Non-rotating solutions 
with NUT were independently obtained by Kallosh et al.?5 and Johnson and My- 
ers.?? Now the Kerr-Sen metric is often considered as a deformed Kerr solution in 
modeling deviations from the standard picture of black holes. 

The GK solution!^ was shown! to belong to type Petrov I, contrary to Kerr- 
Newman-NUT solution in the Einstein-Maxwell gravity. The same was shown for 
Kerr-Sen solution without NUT.9?? Though the Kerr-Sen metric is not type D, the 
Hamilton-Jacoby equation was shown to be separable for it,?^?? though the Killing 
tensor was not found explicitly (for further discussion see?). But for the solution 
with NUT, it was claimed that no second rank Killing tensor exists.?? So here we 
use the new technique to resolve this controversy. 

The line element of the GK solution can be written in the form (27) where the 
functions A, w, X are redefined as follows 


A — (r- r-)(r - 2M) +a? -(N—-N_)?, 
D=r(r—r_)+(acosé+N)? - N?, 
—2w 


wW = 2,29? 
A — a? sin* 0 


w = NAcos0 + asin? W(M(r —r.) - N(N — N.)). 


The full solution also contains Maxwell, dilaton ¢ and axion « fields (whose form 
can be found in!^), and represents a family with seven parameters: mass M, 
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NUT charge N, rotation parameter a, electric and magnetic charges Q and P, 
and asymptotic complex axidilaton charge Z% = Koo + ie-??^, irrelevant for the 
metric. The following abbreviations are used: 


M|gr N|Q/ Q? 
Ve N_= “ay. Oo a e 
IMP” Tae oe een 


2M 
(43) 


The metric is presented in the Kerr-like form, but the metric functions are essentially 
different. The solution reduces to Kerr-NUT for Q = P = 0. 

Now we apply our procedure to construct the Killing tensor. It can be easily 
verified that the consistency (10) and the integrability (11) conditions are satisfied. 
The uplift turns out to be as simple as in the vacuum Kerr example, leading to the 
result 


K” = o(r =r )g” + MESH SY — ASEE, (44) 
S" = sô; + ade, s=r(r—r_)+a?+N?-N?. 


This expression is new and is applicable both to the Kerr-Sen solution N = N_ = 0, 
and for the full GK solution. 


7. Conclusions 


In this article, we reviewed new geometric method of generating Killing tensor in 
spacetimes with codimension one foliation.! Using our general lift equations one can 
try to rise a trivial Killing tensor defined in the slices into a nontrivial Killing tensor 
in the bulk. For this, the foliation must satisfy some consistency and integrability 
conditions, which we have presented explicitly. Furthermore, we have completely 
solved the lifting equations in terms of the functions a, ^??? and formulated the 
theorem (3.1) for generation of the non-trivial Killing tensor. 

Finding a foliation compatible with integrability and consistency conditions can 
be a challenging task. The existence of such a foliation means that the slices rep- 
resent fundamental photon surfaces provided the corresponding inequalities hold. 
This generalizes the result of Ref.!? to the case of general stationary spaces. Con- 
versely, the existence of fundamental photon surfaces, though does not guarantee 
the existence of the Killing tensor, but may serve as an indication that such tensor 
may exist. T'herefore, it is recommended to check the consistency and integrabil- 
ity conditions for fundamental photon surfaces, if these are known. This property 
makes the search for fundamental photon surfaces important also for studying the 
integrability of geodesic motion. It is tempting to conjecture that the existence of 
fundamental photon surfaces implies the existence of Killing tensor if the slice is 
equipotential or spherical.?4 

Using this technique, we were able to derive Killing tensor for EMDA dyon with 
NUT (GK solution!^), which is also valid for Kerr-Sen solution as a particular case. 
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The image of a source around a black hole is replicated an infinite number of times by 
photons performing an arbitrary number of turns around the black hole. Such relativistic 
images generate a characteristic staircase structure in the complex visibility measured 
in interferometric observations. For a quasi-static source, we present analytical formulae 
describing the visibility function in the strong deflection limit of gravitational lensing. 
These formulae are then used to extract the properties of the metric from features in the 
visibility. 


Keywords: Black hole, gravitational lensing, interferometry 


1. Introduction 


The sensational observation of the image of the supermassive black hole at the center 
of M87* by the EHT collaboration has opened the era of the investigation of black 
holes at high resolution.! Black holes typically appear as a dark spot surrounded 
by a light ring created by the radiation emitted by the accreting matter revolving 
around the black holes thanks to the strong gravitational fields.?:? This is possible 
because an unstable circular orbit for photons exists at a specific radius, depending 
on the black hole parameters and the inclination of the photon trajectory with 
respect to the equatorial plane. For this reason, any compact sources around the 
black hole generate two infinite sequences of images asymptotically approaching the 
light ring.^ 7 

Higher order images of the accretion disk should generate concentric light rings 
asymptotically approaching the shadow border. Such structure would be detectable 
in very long baseline interferometry, since the complex visibility should have a stair- 
case structure, with each step generated by an image at specific order.? 

We propose to describe the complex visibility generated by a compact source 
using the tools of gravitational lensing in the strong deflection limit. With an an- 
alytical description at hand, it is then possible to track the dependence of the 
observables on the black hole metric and disentangle the metric parameters from 
the source characteristics.1? 
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2. Relativistic images of a compact source 


Consider a source at distance rg from a black hole at angle ¢g from the optical 
axis (i.e. the line joining the observer to the black hole). The direct image will be 
formed by weakly deflected light rays and will be the largest one, thus dominating 
the lower angular frequencies in the visibility. Relativistic images are formed by 
light rays performing n turns around the black hole before reaching the observer.* 
'The angular separation of these images from the black hole in the observer sky can 
be described in the strong deflection limit by a simple exponential formula?! 


On, + — 05 (14 €n +), (1) 


where Om is the angular radius of the shadow, 


btóg—2n- 
En, + = TJot]s€ " , (2) 
r r 
"no-1—--* m=1- 5, (3) 
TO TS 
ro is the observer's distance and r,, is the radius of the unstable circular orbit for 


photons. 

The quantities rm, Um, a and b are all functions of the specific black hole metric 
and can be calculated by standard algorithms.!! Therefore, in principle, the obser- 
vation of higher order images can be used to constrain the metric of the black hole. 
The tangential extension of higher order images Av; is the same as the tangential 
extension of the source As in the hypothesis of spherical symmetry. The radial 
extension is obtained by differentiation of Eq. (1) 


AQ, + = Abo En, (4) 
Om A 
Abo = “Ads + Om ( ! aue) Ars. (5) 
a T$ Ns a 


Higher order n are exponentially thinner with n. The coefficient A@p does not 
depend on n, instead. 


3. Complex visibility of a compact source 


Interferometric observations measure the amplitude of the complex visibility, which 
is calculated by a Fourier transform of the image pattern.? If we assume a static 
source with a Gaussian profile, the images will be aligned along one axis in the 
observer sky (say the x-axis). The complex visibility expressed in the angular fre- 
quencies (u, v) conjugate to the angular coordinates (x, y) will be 


+00 
V(u, v) = N(v) v» E e 20^ A65, pU? S7 2mp6s pu (6) 
p=tin=1 


N(v) = 211904, A09 ge 2" 65 A95". (7) 
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The shape of the visibility in the v direction N(v) does not depend on n and 
is the same for all contributions. In the u direction, each image contributes with a 
Gaussian function whose size scales with 1/A6, and thus increases exponentially 
with n. As the contribution of order n decays, the order n 4- 1 dominates, generating 
the staircase structure already suggested in Ref. 9. Fig. 1 shows this structure for 
various source positions dg. 


0.01 
. — $s-0* 
= 10 — @s=45° 
A i — $5=90° 
107 | 
| — $52135? 
MT — 251s 
— ġs=180° 


Fig. 1. Visibility function in Schwarzschild space-time for various source azimutal angles. The 
three vertical lines correspond to Moon baseline, Lagrangian point L2 baseline and Jupiter semi- 
major axis respectively at the wavelength A = 1mm. 


'The direct image only contributes to low angular frequencies and rapidly decays, 
leaving space to higher order images at high angular frequencies. Such contribu- 
tions are analytically expressed by Eq. (6), which can be used to relate the main 
characteristics such as amplitude, size and periodicity of each contribution to the 
characteristics of the black hole metric.!? 

Simple algebra allows to invert such expressions so as to write down the grav- 
itational lensing parameters as functions of the observables.!? The coefficient a is 
given by the ratio of the amplitude hn,+ of contributions by images of consecutive 
orders 


2T 
a= r 
In (hn,+/hn+1,+) 


The source angular position is obtained by comparing the amplitude of contri- 
butions by positive and negative parity images 


bs = 51 (hn,+/n,-). (9) 


(8) 
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The angular radius of the shadow and the coefficient b are derived from the 
frequencies 1, + of the periodicities in the visibility at scales when two contributions 


interfere 
1 z 
Om = 7 fe% (a tee (Vn, - — v) - Un,+ p (coth oe 1) ; (10) 
a 
b—2nm 2(Vn,+ — Yn,—) 
nonse * = A ra "EE iex (11) 
Vn,— (e re) — Vn (e a + e) 


These analytical formulae allow to constrain the coefficients of gravitational 
lensing in the strong deflection limit, which are functions of the black hole metric. 
It could be possible, therefore, to distinguish between different metrics through the 


observation of the visibility of a compact source.!? 


4. Discussion and conclusions 


As pointed before, the baselines needed for the resolution of higher order images are 
of the order of millions km.? The great scientific expectations on such observations 
are pushing forward projects for very long baseline interferometry in space, which 
could be available in the next decades.!?: ? 

The physical setup analyzed in this study is very basic: a single static compact 
source at some distance from a spherically symmetric black hole. In this framework, 
the complex visibility generated by the infinite sequence of higher order images 
is simple enough to be described in a fully analytical form. The properties of the 
metric can be extracted in a clean and source-independent way, something that is 
quite difficult for non-compact sources or with the whole accretion flow.'4 

However, in order to apply this idealized case to real astrophysical situations, 
we need a powerful source dominating over the accretion flow with its higher order 
images. In the mm band this may happen with a very powerful flare in the accretion 
flow due to some local change in the magnetic fields.!? In the Near Infrared, we may 
consider bright stars orbiting the black hole as compact sources. Secondly, in order 
to have all images aligned on the same axis, we need perfect spherical symmetry 
and a quasi-static source. In fact, higher order images are formed by photons taking 
longer paths as they revolve around the black hole. Therefore, such images would 
follow an orbiting source with some delay.! This limits the applicability of this 
framework to sources far enough to neglect their orbital motion. 

In spite of these limitations, this fully analytical calculation stands as a reference 
limiting case for more complicated calculations and opens the investigation to more 
complete physical setups. 


References 


1. Event Horizon Telescope Collaboration, K. Akiyama, A. Alberdi, W. Alef et al., First 
M87 Event Horizon Telescope Results. i. The Shadow of the Supermassive Black Hole, 
ApJ 875, p. L1 (April 2019). 


13. 


14. 


15. 


16. 


1T. 


3843 


J. M. Bardeen, Timelike and null geodesics in the Kerr metric., in Black Holes (Les 
Astres Occlus), January 1973. 

V. Perlick and O. Y. Tsupko, Calculating black hole shadows: review of analytical 
studies, arXiv e-prints, p. arXiv:2105.07101 (May 2021). 

C. G. Darwin, The gravity field of a particle, Proceedings of the Royal Society of 
London. Series A. Mathematical and Physical Sciences 249, 180 (1959). 

H. C. Ohanian, The black hole as a gravitational “lens”, American Journal of Physics 
55, 428 (May 1987). 

K. S. Virbhadra and G. F. R. Ellis, Schwarzschild black hole lensing, Phys. Rev. D 
62, p. 084003 (October 2000). 

V. Bozza, Gravitational lensing in the strong field limit, Phys. Rev. D 66, p. 103001 
(November 2002). 

J. P. Luminet, Image of a spherical black hole with thin accretion disk., A&A 75, 228 
(May 1979). 

M. D. Johnson, A. Lupsasca, A. Strominger, G. N. Wong et al., Universal interfer- 
ometric signatures of a black hole's photon ring, Science Advances 6, p. eaaz1310 
(March 2020). 


. F. Aratore and V. Bozza, Decoding a black hole metric from the interferometric pat- 


tern of relativistic images, arXiv e-prints, p. arXiv:2107.05723 (July 2021). 


. V. Bozza and G. Scarpetta, Strong deflection limit of black hole gravitational lensing 


with arbitrary source distances, Physical Review D 76, p. 083008 (2007). 


. D. Pesce, K. Haworth, G. J. Melnick et al., Extremely long baseline interferometry with 


Origins Space Telescope, in Bulletin of the American Astronomical Society, September 
2019. 

A. S. Andrianov, A. M. Baryshev, H. Falcke et al., Simulations of M87 and Sgr A* 
imaging with the Millimetron Space Observatory on near-Earth orbits, MNRAS 500, 
4866 (January 2021). 

A. Chael, M. D. Johnson and A. Lupsasca, Observing the Inner Shadow of a Black 
Hole: A Direct View of the Event Horizon, arXiv e-prints, p. arXiv:2106.00683 (June 
2021). 

Event Horizon Telescope Collaboration, K. Akiyama, J. C. Algaba, A. Alberdi et al., 
First M87 Event Horizon Telescope Results. VIII. Magnetic Field Structure near The 
Event Horizon, ApJ 910, p. L13 (March 2021). 

Gravity Collaboration, R. Abuter, A. Amorim, M. Baubóck, J. P. Berger et al., Detec- 
tion of faint stars near Sagittarius A* with GRAVITY, A&A 645, p. A127 (January 
2021). 

V. Bozza and L. Mancini, Time Delay in Black Hole Gravitational Lensing as a 
Distance Estimator, General Relativity and Gravitation 36, 435 (February 2004). 


3844 


Symplectic evolution of an observed light bundle 


N. Uzun 


Univ Lyon, Ens de Lyon, Univ Lyon1, CNRS, Centre de Recherche Astrophysique de Lyon 
Lyon, UMR5574, F69007, France 
E-mail: nezihe.uzun@ens-lyon.fr 
http://www.wniv-lyon1.fr 


Each and every observational information we obtain from the sky regarding the bright- 
nesses, distances or image distortions resides on the deviation of a null geodesic bundle. 
In this talk, we present the symplectic evolution of this bundle on a reduced phase space. 
The resulting formalism is analogous to the one in paraxial Newtonian optics. It allows 
one to identify any spacetime as an optical device and distinguish its thin lens, pure 
magnifier and rotator components. We will discuss the fact that the distance reciprocity 
in relativity results from the symplectic evolution of this null bundle. Other potential ap- 
plications like wavization and its importance for both electromagnetic and gravitational 
waves will also be summarized. 


Keywords: General relativity, geodesic deviation, optics, symplectic 


1. Introduction 


When we make an observation on the sky, we deduce the brightness, distance and 
image distortion information about astrophysical objects via a bundle of null rays. 
'This geodesic bundle connects the emitter and the observer that are located at two 
distant regions of a spacetime. Nevertheless, they receive reciprocal information 
about each other. 

For example, an observer located at point O on Earth, obtains the distance to 
a galaxy cluster located at point G, by making use of the observed solid angle at 
point O, and the estimated cross-sectional area on the sky at point G. This gives 
the angular diameter distance, D 4. Such a distance estimation is mostly relevant for 
standard rulers in cosmology as, for example, baryon acoustic oscillations. Likewise, 
an observer at point G can estimate the distance to a point O in a similar fashion. 
According to an observer on Earth, on the other hand, this information is contained 
in the luminosity distance, Dz. Namely, by using the observed flux 


Source luminosity ^ Luce 


(1) 


one can deduce an uncorrected luminosity distance, Dy. When the relativistic cor- 


CAR Surface area An D?, ' 


rections are included, one obtains a corrected luminosity distance, Dr, via 


Dy = (1+2)7'Du, (2) 
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where z is the redshift factor. The relationship between the luminosity distance 
and the angular diameter distance is given by Etherington's distance reciprocity 
theorem! 


Dy, = (14 z)Da. (3) 


The distance reciprocity, eq (3), was originally derived for light propagation 
within a single spacetime. This means that the initial point of the propagation is an 
observation point at which the geodesic deviation vector becomes zero. Eventually, 
it can be shown that the distance reciprocity follows from the symmetries of the 
Riemann curvature tensor.^:? 

Previously, we showed that? one can extend the proof for more generic sce- 
narios. Namely, for a ray bundle propagating in multiple geometries, one needs to 
propagate a bundle with arbitrary initial conditions. Such a scenario was used, for 
example, in Fleury et al.^? In those investigations, there exists a 4 x 4 Wronskian 
matrix which takes the initial ray bundle variables to the final ones. A similar 
construction can be found ? where the Wronskian in question is 8-dimensional 
and it includes more information regarding the light bundle evolution. We demon- 
strated? that the Wronskian matrix of Fleury et al. is indeed symplectic and the 
most general form of the distance reciprocity follows from the symplectic symme- 
tries of this transformation matrix. This was achieved by following a Hamiltonian 
formalism defined on a 4-dimensional phase space. Note that our approach is anal- 
ogous to the reduced phase space optics formalism developed for classical paraxial 
rays. 1% 11 

In classical optics, one starts with Fermat’s action in order to obtain a Hamilto- 
nian formalism in which rays are the geodesic solutions of the corresponding optical 
metric of Fermat. Likewise, we implemented the usage of geodesic actions applied 
to a null bundle. The outcome is an effective geodesic deviation action which was 
originally derived up to higher orders in Vines’ work.? 

The aim of this talk is to give a brief summary of our previous formalism,? 
along with discussing the importance of implementing such new techniques to grav- 
itational optics. We summarize the aforementioned symplectic phase space approach 
in Section (2). Some perspectives on the symplectic ray bundle evolution is given 
in Section (3) and we conclude with Section (4). 


2. Symplectic evolution of light bundles on phase space 
2.1. Vines! bi-local geodesic deviation action 


It is known that connecting two geodesics is, in general, non-local. Therefore, if 
one wants to obtain a geodesic deviation action, one needs to consider a bi-local 
1? achieves this for generic curves by following the definition of 
Synge's world function!? c(z, y). This is a bi-local object which depends on two 
spacetime points x and y. Those two points are connected by a unique geodesic, X, 


formalism. Vines 
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such that 


(properdistance)?, X: spacelike 
0, X : null 


— (proper time)?, ©: timelike. 


o(s) = 5 

Now consider a bundle whose outer most null geodesic, T(v), has a tangent vec- 
tor k’ (See Fig. 1.). The central null geodesic, x(v), with a tangent vector k, can also 
be parameterized with the same affine parameter v. This is called isosynchronous 
parameterization. Then those tangent vectors satisfy V gpk = 0 and V zk = 0 where 
V denotes the covariant derivative operator defined at a specified point. Moreover, 
physical sizes of the objects on the sky are estimated by the proper sizes. There- 
fore, a spacelike world function, being the measure of proper distance between two 
spacetime points, is the most relevant tool for our construction. 


Fig. 1. The central null geodesic x(v) is plotted with dashed lines. The red curve represents 
X(A) given by Synge's world function that is spacelike. The outermost null geodesic Y (v) can be 
uniquely obtained through x(v) and H(A). 


Now consider a spacelike geodesic, X(A), that connects T(v) to x(v). One can 
define an exponential map on (A) via the derivatives of the world function o(z, y). 
'This results in a bi-local object 7, whose variation with respect to the affine pa- 


rameter that parameterizes the null bundle, is given by? 12 
sa _ Dn a 
i == (KP Vg + k'" V) ne. (4) 


Note that for an arbitrarily large separation one needs to consider the covariant 
derivatives of 7 at two distinct points along the null bundle as in eq. (4). In that 
case, one can write the action functional of Y(v), i.e., Sy = f ik? dv, by making 
use of the action functional, S, = f 3k?dv, of the central null geodesic, x(v), and 


3:12 je., 


1 T o Sy. na = > 
Sy = Sy fied Regge + O, dv. (5) 


some additional terms, 
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Here, R^. 5, is the Riemann curvature tensor. In order to obtain the second integral, 
that appears on the r.h.s of eq. (5), one solves eq. (4) for k’ and substitutes it in 
Sy = f Ik’ dv. However, this is not a straightforward calculation as it requires the 
bi-local object 7° to be Taylor expanded in the coincidence limit. We advice the 
reader to see the original derivation of Vines!? for generic scenarios or our previous 
paper? for further details in this context. 

On the other hand, for the observations on the sky, what is relevant is a thin 
bundle of null geodesics, rather than the ones with large separations. Thus, once 
the local limit of eq. (5) is taken for an infinitesimally thin bundle, one can consider 
7 as a local geodesic deviation vector. Then, one obtains an effective action 


1; ie 1 


whose extremization results in a first order geodesic deviation equation 
Note that as from eq. (6), and onwards, the overdot represents a local covariant 
derivative with respect to the central ray k. 

In the next section, we will introduce a local tetrad and an associated screen 


basis around an observation point. This will allow us to rewrite the action functional 
(6) in terms of the observable variables in the following sections. 


2.2. Screen basis, cross—sections and solid angles 


Consider an observer with 4-velocity 4. Assume that (s)he observes a thin null 
bundle with a central geodesic whose tangent vector is given by k% = w(u* + r?). 
Here, the observed frequency of light is given by w — —k- ii and F is a spacelike 
vector and thus t -r = 0. We will also consider a 2-dimensional spacelike screen 
represented by the Sachs basis,!^!^ s?, with {a,b} = {1,2}. Then, 


Ba- Sp = fabs — .5,—0, — POEQ—0, ^ Vg&, — 0, (8) 


are satisfied. This orthogonal screen is the one on which the observables are pro- 
jected. 

For an observational bundle, k- 1j = 0 holds initially as the null bundle converges 
into a vertex point where the observer is located. Note that this condition is pre- 
served throughout the evolution of the bundle as (i) Vzij = Vk holds due to the 
propagation vector, k, and its Jacobi field, 77, being Lie dragged along each other,'® 
(ii the propagation vector satisfies the null condition, (iii) the first order geodesic 
deviation equation, (7), is satisfied. Therefore, one can decompose the deviation 


vector as? 15 


T= n kg 5 +178. (9) 

Note that we will denote components of 7 residing on the orthogonal screen as 
Ion 22 
N :=N S1 T 7°82. 
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Those screen-projected components are useful in identifying observationally rel- 
evant objects. For example, the cross-sectional area, d.A, of an extended object and 
an observed solid angle, dO, are respectively given by? 


dA:— n! ^m |, dO := (10) 


where |dé| = wdv is the infinitesimal proper length written in terms of the affine 
parameter, v, of the null bundle and the observed frequency of light, w. The symbol 
^ represents the exterior product. 

In the next section, we will introduce a Hamiltonian formalism associated with 
the action functional, (6). This Hamiltonian will be defined on a phase space whose 
coordinates are constructed via the screen—projected deviation vector, 7, and its 
derivatives, 7] . 


2.3. A reduced phase space and its Hamiltonian 


In general relativity, the standard way of constructing an optical phase space re- 
sides on a 3+ 1 decomposition of a spacetime. Specifically, one chooses the phase 
space coordinates as the ones induced on a 3-dimensional spacelike hypersurface 
and the phase space momenta are chosen as the induced 3-momenta of a photon. 
Alternatively, we show that? a 4-dimensional phase space can be effectively con- 
structed for a null bundle via treating the screen-projected deviation vector, as 
phase space Darboux coordinates, q^, and its derivatives along the bundle as phase 
space momenta, py. Then a phase space vector can be defined as 
1 


7] 
a 2 
x= E | =|" |. (11) 
Db nı 
UP 


Note that, the overdot in eq. (11) now denotes a standard total derivative with 
respect to the evolution parameter v as we are considering only the dyad components 
of 77. 

Let us reconsider the effective geodesic deviation action functional given in 
eq. (6). By (i) treating the integrant of the action functional as a Lagrangian, 
(ii) using the symmetries of the Riemann tensor and (iii) rewriting the Lagrangian 
in terms of the phase space coordinates, one can obtain a reduced Lagrangian. A 
passage to the Hamiltonian formalism gives us a reduced Hamiltonian 


1 ab,» + 1 a 
50 at — 5 Rav fl nP, (12) 


15,17 


where Rap :— R gg is known as the optical tidal matrix in cosmology. 


Then, the corresponding Hamiltonian equations can be written as a matrix equa- 


ETa wa. Xe PAM (13) 
b 2 


tion 
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where Lg is the Hamiltonian matrix representation of the Lie operator defined 
through the reduced Hamiltonian, H, given in eq (12) and 05 is a 2 x 2 zero matrix. 

Let us now investigate the solutions of the Hamiltonian equations, (13), in the 
next section. 


2.4. Symplectic evolution and its symmetries 


The Hamiltonian equations, (13), presented in the previous section are linear equa- 
tions as Ly = Ly(v). Then, its solutions are given by a linear transformation of an 
input phase vector, 2*9, defined at vo, which gives an output phase space vector, 2€, 
at some value of v, i.e., 


x= T (v, vo) Ho. (14) 


Substituting eq. (14) back into eq. (13) shows that the ray bundle transfer matrix, 
T, satisfies a similar equation as the phase space vector #, i.e., T = Lg T. Then, 
its solution is given by taking an ordered exponential (OE) map, 


T (v, vo) = OE ff Lado T (vo, vo), with T (vo, vo) = L4, (15) 


and Iy is a 4 x 4 identity matrix. In that case, T, is a symplectic matrix which 
satisfies 


T'OT-Q0, detT=1, (16) 


as exponential map of Hamiltonian matrices are symplectic matrices. Here, T denotes 
the transpose operator and Q is the well-known fundamental symplectic matrix 
whose components are given by 


Q = Baba f (17) 


This allows one to treat the ray bundle evolution in general relativity analogous to 
a dynamical problem in classical mechanics. A similar approach has indeed been 
developed in paraxial Newtonian optics much earlier (Cf. references in!?:11). In that 
case, this approach is also known as the ABC D—matrix method as it is very common 
to represent a symplectic matrix, T, in a block form 


T= ba ; (18) 


In our case, the submatrices in eq. (18) are all 2 x 2 matrices which satisfy certain 
symmetry conditions 
AB’, ATC, BTD and CD' are symmetric, 
AD! — BCT = I5, (19) 
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due to T being a symplectic matrix, i.e., eq. (16) is satisfied. Then, the Hamiltonian 
equations, (13), become equivalent to, 


A=C, A (vo, vo) = I2, (20) 
B = D, B (vo, vo) = 02, 
C=RA, C (vo, vo) = 02, 
D = RB, D (vo, vo) = Iz. 


Therefore, once the solutions of the equation set above is found, one can find the 
explicit form of the transfer matrix, T, and the geodesic deviation variables of the 
null bundle in question. This allows one to estimate certain observables as we discuss 
in the next section. 


3. Some perspectives on the symplectic ray bundle evolution 
3.1. Distance reciprocity 


'The relationship of the ray bundle transfer matrix, T, to the observables is not 
immediately obvious. In order to estimate the distance to an object located at G, 
for example, one starts with propagating the bundle with the initial phase space 
vector #, = (0,7).)™ at the observation point O (See Fig. 2.). Then, one can calculate 
the cross-sectional area, dA, at G by (i) making use of the definitions of dA and the 
solid angle, dO, given in eq. (10), (ii) inputting the information of the measured dO 
at point O in the initial phase space vector, o = (0, ño)T, and (iii) considering the 
ray bundle transformation matrix T that transfers the initial phase space vector 
to a final one as in eq. (14). In that case, the estimated distance in question is 
the angular diameter distance given by D4 = (dAg/d9ọo)!/?. Likewise, a similar 
distance estimation can be done by an observer located at point G. Then, the 
estimated distance is the luminosity distance given by Dr, = (d40/d0G)!?. 


"(uc x^ 


G O 


Fig. 2. Observer at O measures a solid angle dX)9 and estimates the cross-sectional area of an 
astrophysical object at G as dAg. Same thing is applicable for an observer at G as well. Reciprocity 
of the estimated distances is written as dAg /dQg = (1 + z)? dAg/dQo. 


As the solution of a phase space vector is given by eq. (14) in which T is rep- 
resented in a block form (18), one obtains the angular diameter and luminosity 
distances respectively by making use of only the submatrix B, i.e., 


Da = wodet [B (va, vo)”, ^ Dry = wedet [B (vo, va). (21) 
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Here, wo and wg are the frequencies measured at respective points through which a 
redshift parameter is defined as 1+ z = wc /wo. Note that the frequency terms ap- 
pear in the process of transforming the proper length, as it appears in the definition 
of solid angle in eq.(10), to the affine parameter, v, as we discussed in Section (2.2). 
The abbreviation “det” refers to the determinant of a given matrix. 

In order for Etherington's distance reciprocity, eq. (3), to hold one needs to show 
that det [B (vc, vo)] = det [B (vo, vg)| holds. Indeed, this was previously proven by 
making use of the symmetries of the Riemann tensor.!? Note that such a case is 
applicable for light propagation within a single geometry. For scenarios that include 
light propagation in multiple spacetimes, one needs to propagate the bundle not 
only from the initial vertex point but also from arbitrary initial phase space points 
to other arbitrary ones. In that case, the information about the light bundle trans- 
formation is not only contained in the submatrix B but in all of the submatrices 
of T. For example, this is applicable for light propagation in Swiss-cheese type 
models.^? 

Previously, we showed that distance reciprocity follows from the symplectic 
conditions, eq. (19), of the ray bundle transfer matrix for generic scenarios.? To 
be more specific, consider a ray bundle matrix, T(vy,v;), which takes an ini- 
tial phase space vector, (vi), to a final one, z(vy). Such a linear transforma- 
tion should be equal to its inverse, once the initial and final points are traversed, 
ie., T(vi,vy) = T !(vr,v;). Moreoever, symplectic matrices form a group, thus 
inverse of a symplectic matrix is also symplectic. This requires T !(vy,v;j) = 
Q7! TT (vs, v;)Q. Then, it is easy to show that the distance reciprocity indeed fol- 
lows from T(v;, vp) = Q7' TT (vp, vi) Q. See our previous work? for further details 
in which we show this result more explicitly. 


3.2. Decomposition of an optical propagation 


One of the earliest predictions of Einstein's general relativity was on the light prop- 
agation within our Solar System. Back then, the idea of a spacetime structure was 
so hard to grasp that the astronomers conceptualized the effect of a massive object 
on the trajectory of light as “bending”. Similarly, the name “gravitational lensing” 
remained within the community after Eddington performed his famous Solar eclipse 
experiment. Even more than 100 years after this observation, the researchers in the 
field use the term gravitational lensing in a loose sense. 

On the other hand, in Newtonian optics a lens is defined more rigorously. For 
the paraxial case, for example, it is identified as a linear transformation that cre- 
ates a shearing affect on the phase space defining the ray propagation. Though, 
lenses are not the only type of optical devices and there is a common practice in 
Newtonian optics in order to identify the components of light propagation. This 
is achieved by an Iwasawa decomposition!® where a symplectic ray transformation 
matrix is decomposed into its submatrices belonging to a nilpotent subgroup, an 
abelian subgroup and a maximally compact subgroup for 1-dimensional systems. 
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This allows one to identify the thin lens, the pure magnifier and the fractional 
Fourier transformer components of an optical propagation problem uniquely. In 
higher dimensions, such an identification is known as Iwasawa factorization whose 
components can be obtained via the submatrices of the transformation matrix T 
(Cf.1° for further details). 

Previously, we proposed that any spacetime can be treated as an optical device 
within our formalism? which allows one to identify the lenses, the magnifiers and 
the rotators of an optical propagation in general relativity in a rigorous manner. 
In that case, spacetimes can be compared and contrasted in terms of their signif- 
icance in different types of optical transformations, by making use of the Iwasawa 
factorization of their symplectic ray bundle transfer matrices. 


3.3. From rays back to waves 


Finding the exact solutions of the Maxwell's equation on a curved background is 
not an easy task in general relativity. There exists a similar problem in Newtonian 
optics for light propagation in media with an arbitrary refractive index. Within the 
paraxial regime of Newtonian optics, there exist certain “wavization” techniques 
that are adopted from quantum mechanics in order to find approximate solutions 
of the Maxwell equations. 

The analogy between classical optics and quantum mechanics follows from the 
similarities between the Schródinger equation of a particle wavefunction and the 
Maxwell equation of a complex amplitude of a classical wave in the scalar the- 
ory.1?:29 The A — 0 limit of quantum mechanics is said to give classical mechanics, 
and A — 0 limit of wave optics gives ray optics. Moreover, both the classical me- 
chanics and the paraxial ray optics are constructed on symplectic phase spaces. 
'Thus, in the first order limit, a wave picture can be attained back by making use 
of some phase space techniques that were initially introduced within quantum me- 
chanics. In that case, phase space distribution functions, like Wigner function (or 
other analogous definitions), and metaplectic operators that are responsible for the 
spreading of a wave, play the central role in the wavization process.!! 

We proposed? that such methods can be adopted from Newtonian optics as we 
also reduced the problem of light bundle propagation into a symplectic evolution 
problem in phase space. Note that this is immediately relevant for gravitational 
lensing studies because when the wavelength of light is not much smaller than 
the gravitational lensing object, the wave effects on lensing become important. It is 
known that the wave effects amplify the estimated intensity of a wave in general.?^: 2? 
Also, an earlier result showed that the wave and ray optics do not agree in terms of 
the position of the image formation for a specific geometry.?? However, there is not 
much known in terms of the image formation in wave optics of light.?^ There are 
limited number of studies that investigate the wave optics and those usually only 
focus on the lensing problem on static background.?° 2” We propose that symplectic 
methods can be quite useful in this respect. 
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Moreover, it is known that gravitational waves also have null propagation vectors 
similar to light rays. Therefore, geometric optics is relevant for the investigation of 
gravitational waves at the linear order.?® 2° Also, the interaction of gravitational 
waves with matter fields is known to be weak. Thus, their coherence is expected 
to be preserved even over cosmological distances.?? Then, the interplay between 
the ray and wave behaviours can be used to study gravitational waves within our 
formalism. Also note that wave effects on the lensing of the gravitational waves have 
been investigated in some studies only lately.?4 31-37 However, all of those studies 
focus on wave effects on specific geometries. 

In addition, recently, new ideas are introduced to the literature regarding 
the wave effects. For example, the spin Hall effect which is normally studied in 
condensed matter field, is known to bring corrections to the geometrical optics 
limit in the case of light rays. Oancea et al.38 found an analogous effect for the 
case of gravitational waves. Similarly, the Aharonov-Bohm effect is known from 
quantum electromagnetism. Baraldo et al.?? found that there exists an analogous 
effect for the gravitational waves. Namely, a shift is predicted on the interfer- 
ence pattern of the gravitational waves due to the angular momentum of a lensing 
object. 

Therefore, we propose that once a wavization procedure is applied to our sym- 
plectic null bundle propagation, evolution of gravitational waves and their lensing 
can be studied within more generic scenarios as well. 


4. Conclusion 


In this talk, we summarized our work? which reduces an observational light bundle 
evolution in general relativity analogous to a classical optical problem in phase 
space. 'l'his requires simultaneous implementation of a null geodesic action to the 
outermost null curve and the central null curve of an observational light bundle. One 
then obtains an effective geodesic deviation action which can be written in terms 
of the screen-projected variables of the null geodesic deviation. This reduces the 
problem by one order and a 4-dimensional reduced phase space can be obtained 
by treating the screen-projections of the geodesic deviation vectors as canonical 
coordinates and their derivatives along the central null ray as canonical momenta. 
'The Hamiltonian equations of this first order problem can be written as a matrix 
equation whose solutions are obtained via linear symplectic transformations. We 
shortly discussed (i) a generic proof of the distance reciprocity in general relativity 
by making use of the symmetries of the symplectic ray bundle transfer matrix, (ii) 
decomposition of the light bundle propagation into thin lens, pure magnifier and 
fractional Fourier transformation portions such that any spacetime can be rigorously 
identified as an optical device, (iii) the relevance of our method to the wave optics 
for electromagnetic and gravitational waves which have been drawing increasing 
interest in the literature lately. 
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We study the shadow cast by rotating black holes surrounded by plasma in the context of 
the 4D Einstein-Gauss-Bonnet theory of gravity. The metric for these black holes results 
from applying the Newman-Janis algorithm to a spherically symmetric solution. We 
obtain the contour of the shadow for a plasma frequency model that allows a separable 
Hamilton-Jacobi equation. We introduce three observables in order to characterize the 
position, size, and shape of the shadow. 


Keywords: Black hole shadow; Modified gravity; Plasma. 


1. Introduction 


It is well known that Einstein-Gauss-Bonnet theory in four spacetime dimensions 
is purely topological and thus equivalent to general relativity. A novel gravity the- 
ory was recently proposed! by rescaling the coupling constant and taking the limit 
D — 4 in the D-dimensional Einstein-Gauss-Bonnet theory, with the intention of 
overcoming this standard result. But this approach, based on some particular solu- 
tions, lacks of a complete set of field equations and does not have an intrinsically 
four-dimensional description in terms of a covariantly conserved rank-2 tensor in 
four dimensions.? A theory with a Gauss-Bonnet term in four dimensions that pro- 
vide a solution to these problems was then presented,?'^ which propagates a scalar 
field in addition to the metric tensor and the full action belongs to the Horndeski 
class of scalar-tensor theories of gravity. The action, obtained by a regularization 
procedure in a way that is free from divergences, produces well behaved second-order 
field equations. This theory, usually dubbed regularized or scalar-tensor 4D Einstein- 
Gauss-Bonnet gravity (4DEGB), includes a nonvanishing contribution coming from 
the Gauss-Bonnet term.?:4 

The number of theoretical studies on black hole shadows?:9 has sharply increased 
since the Event Horizon Telescope (EHT)”® collaboration obtained the first recon- 
structed image of the supermassive black hole M87*, located at the center of the 
giant elliptical galaxy M87. Many articles have been published on this topic in re- 


cent years, here we can mention only a few of them,? 1? in which more references 
can be found. The presence of plasma surrounding a black hole affects the character- 


istics of the shadow,!? 1? because photons with different frequencies follow distinct 


3857 


trajectories, resulting in chromatic effects. In this work, we consider the shadow due 
to rotating black holes!6:!7 in the scalar-tensor 4DEGB gravity, within a plasma 
environment. We define three observables to describe how the presence of plasma 
affects the size, the deformation and the position of the shadow. We analyze in de- 
tail the case of a Shapiro plasma, with the shadow seen by an equatorial observer. 
We use units such that G = c= ħ = 1. 


2. Black holes in 4D Einstein-Gauss-Bonnet gravity 


The scalar-tensor 4DEGB action reads? 4 


g= f d'sy/-g|R s (4G v dvo — 6G + 404(V4)? + 2(V¢)*) | + Sm. (1) 


The theory is free of divergences and belongs to the Horndeski class, with func- 
tions Go. = 8yX?, G4 = 8yX, G4 = 1 + 4yX, and Gs = 4ylnX, where 
X = -(1/2)V,0V" o. The field equations are obtained?^ by varying this action 
with respect to the metric 


G up = Yu T Tuv, (2) 


where H is a complicated second order function in the derivatives of the scalar field 
à; there is another equation that is found?^^ by varying with respect to the scalar 
field 9. The expressions of these equations are not relevant for our purposes. 

The 4DEGB field equations in vacuum admit the spherically symmetric and 
asymptotically flat solution! + with the metric given by 


=1 
ds? = — (1 — — dt? + (: - — dr? --r?(d0? + sin? 0de’), — (3) 
T Va 


r3 128ry M 
m(r) = Tm Unc (4) 


The parameter y of the theory has units of mass squared. We only consider y > 0, 
since the square root becomes imaginary for a finite value of r if y < 0. The limit 
y — 0 corresponds to the Schwarzschild geometry. The black hole mass is M, since 
we have m(r) > M as r > oo. 

A rotating solution was subsequently found by applying a modified version of 
the Newman-Janis algorithm,!?!" having in the Boyer-Lindquist coordinates the 
form 


where 


——di? + 
E p? 


where a — J/M is the rotation parameter and 


ds? — — 


X sin? 0 2 2 p 
2m r — Dar + Edr? + do’, (5) 


p? =r? 4 a? cos? 0, 
A =r? — 2m(r)r + a?, 
X = (r? +. a?? — a? Asin? 6. (6) 
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The limit y — 0 recovers the Kerr black hole. The radius rp, of the event horizon 
corresponds to the largest real and positive solution of the equation A — 0. It can be 
seen numerically that the condition y/M? < 0.00129 is necessary for the existence 
of the event horizon, otherwise there is a naked singularity. 


3. Photon geodesics in a plasma environment 


'The motion of photons in a pressureless, nonmagnetized plasma is governed by the 


Hamiltonian!? 


H = È (oops os). (m 


with g"" the inverse of the metric tensor, r^" the spacetime coordinates, p" the 
conjugate momenta, and w, the plasma electron frequency 


4 2 
w = EE N, (8) 


P Me 


where e and me are the electron charge and mass respectively, and N the electron 
number density. We assume that the plasma frequency is stationary and axisym- 
metric, so it does not depend on the Boyer-Lindquist coordinates t and y. As it 
happens for the Kerr geometry, the inequality w > —giuw; 
sufficient condition for a light ray with frequency wo (measured by an observer at 
infinity) to exist at a given point of the spacetime. 


is a necessary and 


3.1. Hamilton-Jacobi equation 


We can write down the Hamilton-Jacobi (HJ) equation for photons, which reads 


H (s 25) ~0 (9) 


and we introduce the ansatz 
S = —wot + pop + S,(r) + Se(0). (10) 


By substituting it in the HJ equation, we arrive at 


A(S)? — x [(r? +a’) wi + 4am(r)rwopy + a?p2] 
2 
T (S5)? + a?u$ sin? 0 + T + Pw =0; (11) 
sin* 0 
where the prime denotes the derivative with respect to the corresponding coordinate. 
The HJ equation is separable if and only if the plasma frequency takes the form!’ 
T) + fo(0 
with f,(r) and f9(0) arbitrary functions of the coordinates r and 0, respectively. 
The spacetime is axisymmetric, stationary, and asymptotically flat, therefore the 
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quantities p; = —wo and py are conserved along the geodesics of photons; E = wo is 
the photon energy and p, is the z component of the angular momentum. Since wp 
only depends on the coordinates r and 0, the quantities E and p, are still conserved 
in the presence of plasma. A third constant of motion for photons is H = 0. By 
substituting wp into the Hamilton-Jacobi equation, we can separate it as 


. Do x2 1 2 
(55? + (awo sin 6 — x) + fo = -A (91)? + A [wo(r? +a’) — ap] — fr. (13) 


Since the left hand side is a function only of 0 and the right hand side a function only 
of r, they should both be equal to a constant X. For convenience, we use instead the 
Carter constant,!? defined by Q = K— (pz — awo)?, as the fourth constant of motion. 
From the Hamilton equations, using that t” = p" = g""p, (the dot denotes the 
derivative with respect to the curve parameter A) and p, = 0S/0x”, the equations 
of motion read 


S [42 

pi- r i P(r) — a(awo sin? 0 — py), 14) 

2. a Pe 

pp = P(r) — awo + na’ 5) 
p^? = x R(r), 16) 
Pô = X /e(0), 17) 

where 
R(r) = P(r)? — A[Q + (po — awo)? + fr), 18) 
2 
(0) = Q + cos? 0 (s = = — fo, 19) 
sin* 0 

P(r) = wolr? d?) — apy. 20) 


These first-order equations determine the movement of the photons in the presence 
of plasma. 


3.2. Spherical photon orbits 


The orbits of photons with constant r should fulfill the two conditions given by 
R(r) = R'(r) = 0; such solutions are unstable, satisfying R”(r) > 0. From the 
equation R(r) = 0 we find that 


Q + (py — awo)? + f. = SD a (21) 


Then, substituting into R'(r) = 0, we obtain 
A! 
R! = 4wor(wo(r? + a?) — apy) — A wolr? +a?) — apo)? — Af; — 0, (22) 
which is a quadratic equation for pz, with the solution 


rfl 
EF Mu (= 1 n) 


wo 
a 


(23) 


PpS A’ i Awer? 
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Then, after some algebra, we can obtain Q in terms of r, which reads 


2,4 2.2 fl 1 
pola na i-a) (= 1 SA (A — a?) - f... 


a? a2 A! ^ Awgr? Ala? 


(24) 
We have found the critical values of p, and Q associated with the spherical orbits 
of photons. Any trajectory should have O > 0, then 


Po 


sin? 0 


Q + cos? 0 (s = ) — fe(8) > 0. (25) 
This equation defines the photon region: spherical orbits exist at values of r and 0 
for which this inequality is satisfied. 


3.3. Shadow 


For a distant observer, the shadow is determined by the set of photon directions 
that never reach infinity and instead cross the event horizon. The boundary con- 
sists of those rays that asymptotically approach the spherical photon orbits of the 
spacetime, so they have the same conserved quantities. In order to relate the direc- 
tions in the sky with the constants of motion, we take an observer at rest in the 
asymptotically flat region (large ro) with an inclinaton angle 0, from the spin axis 
of the black hole, and we construct the orthonormal tetrad as usual?: 


1 1 
e; = i, e; = ór, e; = —Oo, es = —— 0p, 26 
u : i B Oops i ? rosiné, ^ (26) 
so that the components of the four-momentum in this frame read 
p—«w pr=p, p®=rop’,  pê=rosinbop? = ——. (27) 
ro sin ĝo 
For the plasma model, we assume that 
m wp(r,0) = 0, (28) 
which is equivalent to 
lim 2") _ 9, (29) 
roo r 


so photons propagate in vacuum far away from the black hole. We adopt the celestial 
coordinates for an observer at infinity? 


p 
a= -ror (30) 
Toco 
6 
p 
B = Oe D (31) 
To— 00 
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replacing p? in terms of the conserved quantities, they read 


Pe 
= —-— 2 
wo sin 0, ' 2) 
1 oy Laa Pe 
B = +—4/ Q + cos? 6, | wi — — — fo(0.). (33) 
Wo sinf ĝo 


The contour of the black hole shadow is described by the parametric curve 


(a(r), B(r)). 


3.4. Observables 


We define three observables!?: the area of the shadow, its oblateness, and the hori- 
zontal displacement of its centroid, as follows: 


e The area is calculated from 
A=2f Bda=2 | - B(r)\a! (r)| dr, (34) 
ry 


with the factor 2 arising from the up-down symmetry of the shadow and 
taking the plus sign in Eq. (33). 

e The oblateness is related to the deformation of the shadow as compared to 
a circle 


pe = (35) 


where Ao and Af are the horizontal and vertical extent of the shadow. 
e The horizontal coordinate of the centroid is given by 


Ac = = fos da = jd a(r)B(r)|o' (r)| dr, (36) 


with the same factor 2 as in the definition of the area. 


'These observables allow a characterization of the shadow by only three numbers. 


4. Example: Shapiro plasma 


We consider, in order to provide an example, the well known model of plasma 
consisting of dust that is at rest at infinity, introduced by Shapiro.?? In the Kerr 
-3/2 and they 
are independent of 0 to a very good approximation. However, for this plasma dis- 
tribution the equations cannot be brought into a separable form; therefore, we take 
the frequency to have an additional 0 dependency? by adopting f(r) = w2V M?r 
and fo(0) = 0, resulting in a plasma electron frequency 
2 ə vVM?r 


“p = Were E ai cos20 (a 


spacetime, the mass density and the squared plasma frequency go as r 
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y/ M? = 0.0001 y/ M? — 0.0005 


a/M a/M a/M 


Fig. 1. Shadow of a 4D Einstein-Gauss-Bonnet black hole with spin a/M = 0.9 surrounded by a 
Shapiro-type plasma distribution with fr(r) = wv M3r, for an equatorial observer. 


w?/we we [wip w/w 
E: 8 15 | — .4/M? = 0.0001 
— | — 4/ M? = 0.0005 
$1 0 D y/ M? = 0.001 
0 


— PUN ee 
SO EEES & 095 7770000 ji wefan =0 
QitmmmMMMÉpmmMMMMMAmeM aA 0 
0 0.0005 — 0.001 0 0.0005 0.001 0 0.0005 0.001 
y/M? ,4/M? y/M? 


Fig. 2. The area (A), the oblateness (D), and the centroid (œc) of the shadow. Top: the ob- 
servables as functions of the frequency ratio we/wo, for three values of the EGB parameter yM?. 
Bottom: the observables as functions of yM?, for three values of the frequency ratio we/wo. 


where we is a constant that characterizes the fluid. At large distances from the black 
hole, the metric approaches the Kerr one, i.e. m(r) —^ M, so we expect that the 
Shapiro model is still valid; but at small distances the metric may be quite different, 
so we assume that the plasma density is not significantly affected. The trajectories 
of photons with frequency wo depend only on the ratio w./wo. We present in Figs. 
1 and 2 some plots of black hole shadows and the corresponding observables, for an 
equatorial observer, a/M = 0.9, and suitably chosen values of the other parameters. 
For a given value of the plasma frequency we, we can see that: 


e For fixed parameter y/M7?, the shadow reduces in size, is less deformed, and 
has a smaller centroid displacement, as the photon frequency wo decreases. 
In particular, the shadow disappears entirely below a certain photon fre- 
quency, due to the appearance of the forbidden region. T'his forbidden region 
starts as two caps around the poles and grows towards the equatorial plane 
as the frequency decreases, leading to a reduction of the shadow size. 
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e For a fixed photon frequency wo, the shadow slightly reduces in size, is less 
deformed, and the centroid displacement slightly grows, as y/M? increases. 
The effect of increasing the parameter y/M? is more prominent for high 
frequency photons, particularly in the case of the oblateness. 


The existence of plasma surrounding the black hole results in a smaller and less 
deformed shadow than in vacuum, which corresponds to we = 0. 


5. Final remarks 


We have studied how the presence of plasma modifies the shadow corresponding to 
rotating black holes in the scalar-tensor 4-dimensional Einstein-Gauss-Bonnet the- 
ory with respect to the vacuum case. These black holes were obtained in previous 
works from spherically symmetric solutions by applying the Newman-Janis algo- 
rithm. We have neglected the gravitational influence of the plasma itself and any 
processes of scattering, emission or absorption. We have shown that the Hamilton- 
Jacobi equation for photons is separable if the plasma frequency obeys the usual sep- 
arability condition introduced for the Kerr spacetime. Light follows timelike curves 
in the presence of plasma, resulting in a modification of the photon regions and 
frequency-dependent forbidden regions, where photons cannot travel. We have ob- 
tained the expressions for the celestial coordinates of the shadow contour as viewed 
by a far away observer, which reduce to the already known for vacuum when the 
plasma frequency goes to zero or the photon frequency to infinity. In order to charac- 
terize the size, the shape, and the position, we have presented three observables: the 
area, the oblateness, and the centroid of the shadow. With the intention to provide 
a concrete example, we have taken a variation of the Shapiro plasma distribution, 
which models dust at rest at infinity surrounding a black hole. We have considered 
an equatorial observer, for simplicity and also because the effects on the shadow in 
this case are more prominent. For a fixed the plasma frequency we # 0 and given 
values of the mass M and the parameter y, the shadow becomes smaller and less 
deformed as the photon frequency wo decreases, with the appearance of a forbidden 
region around the black hole as a distinctive feature. This forbidden region begins as 
two caps around the poles and grows towards the equatorial plane for decreasing wo, 
resulting in a sharp reduction of the shadow size and in its eventual disappearance. 
'The presence of plasma always leads to a smaller and less deformed shadow than 
in the case of vacuum (we = 0). The work presented here is a particular case of the 
shadow cast by a class of rotating black holes surrounded by plasma, which results 
from applying the Newman-Janis algorithm to spherically symmetric spacetimes!? 
determined by a mass function m(r) satisfying that m(r) — M when r > oo. 
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We study neutrino flavour oscillations in curved spacetime especially emphasising neu- 
trino lensing in Schwarzschild spacetime, and highlight the role that neutrinos lensing 
induced by a gravitational source can play in inferring neutrino absolute mass and mass 
hierarchy. Further, the wave packet approach in neutrino lensing and its modifications 
compared with the plane wave approach is analysed. Finally, we discuss the decoherence 
effect in the wave packet approach and its possible use in inferring absolute neutrino 
mass and neutrino mixing parameters. 
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1. Neutrino oscillations in flat and curved spacetime 


It is now clear from experiments that neutrinos have masses, and that they mix and 
neutrino flavour eigenstates |v4) are now related to their mass eigenstates |v;) by 
3 x 3 unitary matrix U 


Ya) = 9 Učili), (1) 


where a = e, u, T andi = 1,2,3. A neutrino flavour state propagation from source 
S to detector D, located at xg and xp respectively, is described by 


IVa (tp, Xp)) = NJ Učiti (tp, vs) |vi (ts. xs)) , (2) 


where N is a normalisation factor. p; (£p, xs) is the wavefunction, evolved between 
the time of production (ts) and detection (tp), for it massive neutrino . Assuming 
neutrino wave-function as a plane wave, the flavour transition probability from 
Va — vg at the detection point is given by 


2 " * j 
Pas = [(valva(tp.xp))| = 3 ;UsiUs;Ua;Uss exp(—i(®: — ®;)) . (3) 
5j 
Now, neutrino mass eigenstates develop different phases ;, which gives rise to neu- 
trino oscillation phenomena.^ Massive neutrino phase in flat spacetime is given by 


$; = Ej(tp — ts) — pi: (Xp — xs). (4) 


Assuming that all the mass eigenstates in a flavour eigenstate initially produced have 
equal momentum or energy.^? This assumption together with (tp —ts) ~ |xp —xs| 
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for relativistic neutrinos (E; >> m;) gives 
Am;; 
Ai; E o; ®; oy 2E, [xp xsl, (5) 


2 mj. Eo is the average energy of the relativistic neutrinos 


where Am;; = m? 
produced at S. Substitution of Eq. (5) in Eq. (3) for two flavours of neutrinos lead 
to the following oscillation formula: 
2 

Peu = sin? 2a sin? (0^) (6) 
where L = |xp — xs| and the angle a parameterize elements of matrix U. We see 
a constant universal shift in the squared masses, ie. m? — m2 + C, leaves the 
expression of Pag unchanged, therefore, Pag depends on the difference of squared 
masses and not on the absolute masses. In a curved spacetime, the phase in Eq. (4) 
can be replaced by its covariant form? 


D 3» 
$,- l p det, (7) 
S 
(2) 


where pj,^ is the canonical conjugate momentum to the coordinate z^ for the i^ 
neutrino mass eigenstate. As in a general curved spacetime, more than one different 
geodesics starting from the same spacetime point can intersect later, therefore, 
accounting for all neutrino paths (m) a neutrino flavour state is now given by 


[Va ( tp,Xp)) = Ua DONU (£p, xs) |vi (ts,Xg))- (8) 
Now, normalisation (N), in T can depend on the path m. 


2. Neutrino lensing in Schwarzschild spacetime 


We now examine neutrino oscillations in Schwarzschild spacetime specifically empha- 
sizing on the neutrino lensing. The line element in Schwarzschild metric is given by 


ds? = B(r) d? — dr? — r° (d6? + sin? Odd”) , (9) 


B(r) 
where B (r) = 


we will take 0 — i 2. sashes it is assumed that the neutrinos are produced as a 
plane wave. 


s is Schwarzschild radius. With no lose of generality, 


In the weak gravity limit, there are two paths denoted by impact parameters bı 
and bə that neutrino may take to reach at the detector location O. Neutrino flavor 
transtion probability from o flavour (produced at the source) to 8 flavour (detected 
at the detector location) is, then, given by” 


D e = IO Ua; |Us; (1 + cos( AD? Bj;)) + 5 UgiU$; Uo jUs; 
i 135 
x (exp(—iAm;,A11) + exp(—iAm;, A22) + 2 cos (AP Bi) 


x exp (—iAmj, A12) )) : (10) 
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O 
Observer 


Source TS Schwarzschild mass (M) 


Fig. l. Diagrammatic representation of weak lensing of neutrinos. Neutrinos are created at the 
source (S) and get lensed by a Schwarzschild mass (M) and detected at location (O). 


with 
c 
IN? = (2425 a area) (11) 


where Ab?, = Ab’. It is noted that many similar versions of Eq. (10) are available in 
literature,? 1+ however, with some subtle differences. Though, the role of normalisa- 
tion (Eq. (11)) has been neglected in literature? 1 
the neutrino oscillation interference effects. 

The change in oscillation phase calculated along neutrino massive trajectory for 


which is crucial in understanding 


path (m) is given by 


2rgrp rg trp 


(12) 


m? b? 2GM 
massive 4, J m 
p; d E, Us + rp) (: ) 


where bm is the impact parameter and related with deflection angle (6) as 6 = 


—2R,/b+ O (R,m2/bEg) ^ However, the phase change if calculated along null tra- 


jectory for path (m) gives? 


pull ~ d s +rp){1 
j 2Eg 


2rgrp Ts +Tp 


2 
b, 2GM ) (13) 
which is half of uen Despite of this difference in oscillation phase, the bulk of 
literature employs null ray approximations to calculate the change in the neutrino 
phase. So, to keep in tune with the bulk of the existing literature on neutrino oscil- 
lation, we will employ null ray approximation to study weak lensing. Nevertheless, 
the results of lensing remain qualitatively consistent if one uses massive trajectories 
instead of null trajectories. The other quantities in Eq. (10) are related to the phase 
difference A977" as’ 


APP” = OF — 67 = Am}, Amn + Ablan Bij, (14) 
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where 


a ostro) (i, 26M — Etn 
er rs cT Tp 4rgrp 


Bij = s (4 | 3I (15) 


8Eo rs TD 


Here, $507, = b3, -- b; and $5 mj, = m; +m?. We note that unless mixing an- 
gle a = 7/4 (in the two flavour case) (1) normalization Eq. (11) is not invariant 
under m; + m; due to |U,;|? and (2) the neutrino phase Eq. (13) is not invariant 
under a universal shift m? + C due to Bj; term, unless Ab?,,, = 02, — b2, vanishes. 
Hence, transition probability will be sensitive to both aforementioned points. Fig. 2 
shows flavour transition probability for the lensed neutrino, which are lensed by the 
Sun and detected on the Earth. The Earth trajectory is taken to be circular in the 
plots. From Fig. 2 one can see the difference in transition probability as the value of 
mass m; changes. Also, the change in mass ordering gives quite a significant differ- 
ence in transition probabilities and oscillation frequency. We observe that neutrino 
oscillation frequency increases as we increase the value of m4. Therefore, one can 
utilise neutrino lensing to infer neutrino mass. One such way to extract information 
about absolute mass is to find the flipping point (95,), i.e., where all flavour chang- 
ing probabilities become the same. The flipping angle in the two flavour case is 
given by” 


Som = lónmEorsrp , 16Eorsrp vestis Am? ZAD? 
ZAb2 ^J ZA? 16Eorgrp 


x G (rs. rp. ép. o Am? R) ). (16) 


G4 (rs,rp, $h, a, Am?, Rs) 


.. 2cos2a cos? a — sin? 2a cos C + y sinf 2a cos? ¢ + sin? 2a cos? 2a 


(17) 


PA . . . ? 
2 cos 2a cos? a + sin? 2a cos ¢ F y sinf 2a cos? Ç + sin? 2a cos? 2a 


where € = Am? (rs TrpcR.-—(rscTpD)M U /Argrp) /2Eo, Z = rs +rp. In the 
flipping equation (16), all the measurable quantities are on the right-hand side of 
the equation, and the term related to absolute mass is on the left-hand side. 


3. Neutrino decoherence in gravitational lensing 


In a realistic setup neutrinos are produced and detected as a wave packet. So writing 
detector and neutrino source states in momentum space by using non coordinate 
tetrad basis,!? we arrive at the amplitude of flavour transition probability in the 
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Fig. 2. 


Probability of va — vg conversion, for different o and £, as function of azimuthal angle ¢ 
in three flavour case. We take Rs = 3 km, rp = 108 km, rg = 10?rp and Eg = 10 MeV. Neutrino 


mass squared differences (Am?,), mixing angle and the Dirac CP phase values are taken from 
(NuFIT 4.1 (2019)) global fit.? 
wave packet picture and is given by: 13-14 
Am LI E EDS U U* d?p Dx (> =D S — =S —ido" 
ag = (vg(Zp)lva( 1 EN Bi i (27)3 im (P. Pi ) fre (p,p?) e i 
i 
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The probability of transition v, — vg, then, can be computed from the amplitude 


using” 14 


o, At; 
Ys [Lm 405 


Here, we assume the detection process is ncm to arrive at the Eq. 


Pag = (19) 


(18). Further, taking fe (s. p? 2) as Guassian which has a sharp peak around 
p?. We, then, substitute ©!” with its series expansion at p — p? in Eq. (18) 
er(p-er()--XP-(-»5)-00), (20) 


where xm = p Ë (p = p?). Furthermore, for simplification, we take pus Lgs 
and cj p,s = 0 p,s, to arrive at following transition amplitude! Ate and transition 
probability!^ Pag 


3/2 ilor- Z zr-(pP-p°)) 
E ava ( phe id USD. (s: ae tee i P p 
AaB = 2 Lg 2, BiU ai € 
pue (0-68)? 
xe 2(5*08) f (21) 
S USUoiUg;Us jd € cue 5 ” ePi 
Pag = 2 l zi: ; 22 
p= YXUGULIE e eR p 
where 
mn — m n g? 2D E ym yn 
OF” = (OP — 87) - a (9 -P ) GG - xp) , (23) 
D 
Dus xp" = D^ f (24) 
1 m b 
xj" = 50? (XPP -|X70) , (25) 


where a? = o2,02/(o2, + 02). From P (22), we define Dj?" to be decoherence 
factor. In D77" (Eq. (24)), the term x? ” is choosen be the the Smallest among X7", 
such that Dj" are, by construction, greater than or equal to zero. We note that 
as D7" get large, probabilities approach to values which only depend on neutrino 
mixing matrix elements, i.e., Pag — US,Ug; = [Ua1|?. We, also, note that the 
oscillation phase obtained in Eq. (23) is modified from the one obtained assuming 
neutrinos as plane waves. Now, oscillation phase also depends on the source and the 
detector wave profile. The difference between plane wave phase and modified phase 
become negligible if the neutrino wave packets at production and detection follow 
pP c p? condition. Now considering the Schwarzschild neutrino lensing, taking 
b2 < by and m, < m» < ma, one finds the term D75", which approaches last to zero, 
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is given by DH. Hence, the coordinate distance at which the transition probability 
gets suppressed by at least a factor of e^! is given by following condition 


b? Rs 2 E? 
i 124 >2 9 26 
(rp trs) ( 2rsgrp | 3 ( ) 


Eq. (26) can readily be used to estimate decoherence length, i.e., the distance to 
which the coherent oscillations last. For the radial outward propagation in the flat 
and Schwarzschild spacetime, respectively, with the same dilution in probability e^! 


and written in physical length, is given by 


E2 
LF =rp —rg > 2V2—_—_*_., 27 
p D Sa 3 ^m ER má ( ) 
and 
2 E? 
LS —Hjn-P 5.9 0 (28) 


2 rs — V B(rs) &4/mi — mi. 
From Eq. (27) and Eq. (28) we observe for the same physical distance L^ = L$ 
between the source and the detector, neutrino decoher more in the flat spacetime, 
whereas due to R, term neutrino decoher less in the Schwarzschild spacetime. This 
is true even for the non radial and the lensing case. Also, from Eq. (26), Eq. (27) 
and Eq. (28), we see that rate of dilution depend not only on Am?, but also on 
X m? term. Hence, length at which oscillations cease to exist due to suppression 
of all terms in transition probability can be used to infer absolute neutrino masses. 
To make above point clear we take two neutrino flavour case and plot change in 
transition probability taking yp = 0 and varying only xp, also now we have zp = 
rp. Fig. 4 shows maximum and minimum probability as a function of rp near 
dechorence region, we see for mı = 0 eV decoherence occurs, i.e. Pep — sin? a = 
1/2, later compares to the mı = 0.1 eV case. We also note from Fig. 3, that 
decoherence is consistent with D14 > 2. Right panel of Fig. 3 compute correlations 
between @ and rp for Dil = 1. The estimation is done for two different values of 
the lightest neutrino mass m4 keeping m2 — m? = 10 ?eV? fixed. 


4. Summary 


By studying neutrino lensing in Schwarzschild background, we explicated that neu- 
trino lensing is sensitive to neutrino mass ordering and absolute neutrino masses, 
contrary to the vacuum neutrino flavour oscillations in flat spacetime. In curved 
spacetime, neutrinos can take more than one path to arrive at the detector; this 
gives rise to path difference in the neutrino phase, giving a novel contribution in 
oscillation probabilities that depends on absolute neutrinos mass. We presented a 
method for inferring individual neutrino mass from flipping angles/points, i.e. loca- 
tions in the space where all the neutrino flavours have equal probabilities of being 
detected by the detector. Using the Sun-Earth model, we explicitly demonstrate 


3872 


09 107 108 10° 1010 109 107 108 10? 1019 
rp [km] rp [km] 


Fig. 3. Left panel: the damping factor DE as function of rp for ¢/E\o, = 10-13. Right panel: 
contours corresponding to Dii — ]. In both the panels, the solid (dashed) line corresponds to 
mı = 0 (mı = 0.1) eV. The other parameters are rg = 10?rp, Rg = 3 km, m2 — m? = 1073 eV? 
and Figg = 10 MeV. 
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Fig.4. Maximum and minimum transition probability envelop as a function of rp for two flavour 
case. The solid (dashed) line corresponds to mı = 0 (m; = 0.1) eV. The mixing angle is a = 7/4 
and all the other parameters are as given in the caption of Fig. 3. 


oscillation sensitivity on individual neutrino masses in neutrino lensing. Neutrino 
oscillation frequency increases as we increase the value of mı. Further, using the 
Gaussian wavepacket profile for the neutrino and the detector, we find wave packet 
profile modifies the neutrino phase. Now, the oscillation phase depends on the source 
and detector wave packet profile c p,s and PPS, and reduces to the plane wave neu- 
trino phase when mean momentum jp” of the source and detector are same. The 
wave packet approach also introduces a new length scale, i.e. decoherence length, 
after which neutrino oscillations cease to exist. T'he decoherence length depends not 
only on Am? but also on Y; m?. Also, in a weak gravity limit, neutrino travels more 
in the Schwarzschild spacetime as compare to the flat spacetime before decoupling 
due to decoherence. Further, we highlight that neutrino flavour transition proba- 
bility settles to the fundamental values of neutrino mixing matrix elements after 
decoherence. Therefore, the sensitivity of flavour oscillations probabilities and neu- 


trino decoherence on $ m 
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? can reveal absolute neutrino mass and their ordering. 


Hence, neutrino lensing can be one of the viable methods for inferring individual 


neutrino mass. Conversely, one can also use decoherence length and neutrino mass 


to infer values of neutrino mixing parameters. 
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We present the fundamentals of the recently proposed geometric description! of photon 
regions in terms of foliation into fundamental photon hypersurfaces, which satisfies the 
umbilic condition for the subbundle of the tangent bundle defined by the generalized 
impact parameter. 


Keywords: Photon regions, photon surfaces, gravitational lensing, black hole shadows. 


1. Introduction 


Formation of shadows and relativistic images of stationary black holes is closely 
related to photon regions,’ which are defined as compact domains where photons 
can travel endlessly without escaping to infinity or disappearing at the event horizon. 
Indeed, the boundary of the gravitational shadow corresponds to the set of light 
rays that inspiral asymptotically onto the part of the spherical surfaces in photon 
regions on which closed spherical photon orbits are located. 9 

Spherical surfaces in the photon region are just as important for determining the 
shadow of a stationary black hole as the photon surfaces^? in the static case*. Recall 
that an important property of the photon surfaces is established by the theorem 
asserting that these are timelike totally umbilic hypersurfaces S in spacetime. This 
means that their second fundamental form II!! 


I(X,O Y) =H(X,Y), VX,YETS. (1) 


is proportional to the induced metric: 


'This property can serve as a constructive definition for analyzing photon surfaces 
instead of solving geodesic equations. It is especially useful in the cases when 
the geodesic equations are non-separable, and their analytic solution can not be 
found.!?-17 

However, in rotating spacetime such as Kerr, spherical surfaces in the photon 
region do not fully satisfy the umbilic condition and have a boundary. Such surfaces 
usually form a family, parameterized by the value of the azimuthal impact param- 
eter p — L/E, where L, E are the integrals of motion corresponding to the timelike 


and azimuthal Killing vector fields.!*?:1? To describe these surfaces and the photon 


? For recent review of strong gravitational lensing and shadows see.9: 9: 10 
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region geometrically, we introduce the concept of partially umbilic submanifolds 
that weaken the condition (1). Namely, it is possible to impose the condition (1) 
not on all vectors from the tangent space T'S, but only on some subset of TS speci- 
fied by the azimuthal impact parameter. In addition, we must specify the boundary 
conditions for the submanifolds so that the photon does not escape through them. 
Together, this leads to the definition of fundamental photon submanifolds?? - as 
generalization of fundamental photon orbits.’ The slices consisting of the funda- 
mental photon surfaces form generalized photon regions. 

In this article, we give a concise presentation of the main concepts of the geomet- 
ric approach to fundamental photon submanifolds and regions. Section 2 describes 
the partition of the tangent space of the manifold into sectors specified by the az- 
imuthal impact parameter of the geodesics p — L/E. Then, in the section 3, we 
introduce the notion of partially umbilic submanifolds on the p-constrained sector 
of the tangent space and define the fundamental photon submanifolds. The Section 
4 contains the geometric definition of the photon region. 


2. Geodesic classes 


Let M be a m dimensional Lorentzian manifold! with scalar product ( - , - ), Levi- 
Civita connection V, a tangent bundle T'M and supposed to possess two commuting 
Killing vector fields Ka (a = t, p) defining a stationary axisymmetric spacetime such 
that G = det(Gag) < 0, where Gag = (Ka, Kg). 

Let us define a Killing vector field 6 € {Ka}? with index numbering Killing 
vectors fields of the frame {Ka} 


b=p°Ka, p* =(0,1), (2) 


which is determined by arbitrary constant parameter p. In addition, we will intro- 
duce a vector field 7 in {Ka} orthogonal to p: 


T2 = Gex6 0", (7, T) map (B, p) , (F; p) = 0, (3) 
where €)g is the two-dimensional Levi-Civita tensor. 
Then there is frame {7,e,} S f+, such that {ea} (a = 1,m — 2) is a frame in 
euclidean orthogonal complement {K,}+?. 
Let y be some geodesic on M, and ^y denotes the tangent vector field to y. 


Then there is the following general relationship between geodesics y and orthogonal 
complement ô+. 


Proposition 2.1. At every point p € M there is a one-to-one correspondence? 
between geodesics y (with nonzero energy E = — (Ki, Y) #0) with impact parameter 
p=- (Ko, Y) / (Kt, y) and tangent vector fields X € p+ with (Ki, X) z 0. 


bOrthogonal complement + defined in.!! If (, 6) = 0, then ? and f are simply proportional and 
the orthogonal complement ô+ will contain only one null vector f and spacelike eq. 
€ Accurate to the geodesics reparametrization. 
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Proof. If geodesic y has p as an impact parameter, then p = — (Ko, Y) / (Co, Y) 
and multiplying by (K+, Y) 4 0 we get 0 = (pK, 4- Ko, y) = (6,4) and therefore 
4 € pt. If (0, X) = 0 and (Ki, X) Z 0, then at any point p € M the any vector 
X|p is a tangent vector to some geodesic y, which always exists and unique at least 
in some vicinity of p € M as solution of ODE with initial conditions y(0) = p and 
4(0) = X |p. The geodesic y has p as an impact parameter insofar as 0 = (0,7(0)) = 
(pK + Ky, 3(0)) and we get p = — (Co, (0) / (Ke, (0). 


It is clear that in the general case the Killing vector field ô can be timelike on 
the some part of the manifold M. In this case, its orthogonal complement f+ will 
not have the Lorentzian signature everywhere, and therefore not all manifolds will 
be available for null geodesics with a given impact parameter p. So, our goal is to 
find the suitable region C C M in the original manifold M such that (ô, Ô) |e > 0. 


Proposition 2.2. If Vs6 4 0 for all null p, the smooth function (9, p) defines m 
dimensional manifold with boundary 


CCM: (0, B) |c 2 0, (4) 


with interior O : (9, p) |o > 0 and m — 1 dimensional boundary OC : (Ô, f) lac = 0 
with outward normal 


N- Vs), (N. p) =0. (5) 


Proof. Let ¥ € TM be an arbitrary vector field in M, then using Killing equation 
we get 
(V (Ô, p) » A) = Vx (Ô, p) =2 (V xÔ, p) = —2(V5p, X) , (6) 
( 
V (A.A) = -2V pp. (7) 
Thus V (ô, 6) |ac zz 0 and the boundary OC is a hypersurface in M with the normal 
field M proportional to V5. Choosing an outward normal, i.e. directed so that the 


function (9, p) decreases along the M we get first condition in (5). Applying Killing 
equation again we get second condition in (5) since 


WN, p) = (V, ô) = = — (Vaf, p) = 0. (8) 


Definition 2.1. A connected manifold C will be called causal region. The manifold 
O will be called accessible region.! 


From the point of view of geodesics, and, in particular, the fundamental photon 
orbits, the region C represents an accessible region for the null geodesics motion 
in some effective potential.'^?! Physical meaning of the causal region C is that 
any point can be theoretically observable for any observer in the same region. This 
causal region may contain spatial infinity (if any) and then will be observable for 
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an asymptotic observer. In some cases, several causal regions may exist, while null 
geodesics with a given p cannot connect one to another. The boundary OC of the 
causal region is defined as the branch of the solution of the equation (ô, 9) = 0 and 
is the set of turning points of null geodesics. 


3. Photon submanifold 


Let M and S be Lorentzian manifolds, of dimension m and m respectively, and 
S — M an isometric embedding! defining S as a submanifold? in M. We adopt here 
the following convention for the second fundamental form II of the submanifold!! : 


VyX = Dyer +I(X,Y), X,Y eT (9) 


where DxY € TS, II(X,Y) € TS} and V and D are the Levi-Civita connections 
on M and S respectively. 


Definition 3.1. We will call a submanifold S invariant, if the Killing vector fields 
Ka and [Ka, Ko] in M are tangent vector fields to S. 


For invariant submanifolds the Killing vectors of M will be also the Killing 
vectors on the submanifold $?° and well defined restrictions + and C on TS and S 
respectively. We now define a weakened version of the standard umbilic condition 
(1) requiring it to be satisfied only for some subbundle V C T'S in the tangent 
bundle TS. 


Definition 3.2. A submanifold S will be called totally V umbilic if! 
I((X,Y) 2H (X,Y), YX,Y ev. (10) 


In particular, every totally umbilic submanifold is trivially totally V umbilic 
for any V. We also note that in the general case H|v appearing in this formula 
is only part of the mean curvature!! i.e the trace of II on the subbundle V. For 
invariant totally V umbilic submanifolds, an important theorem on the behavior of 
null geodesics holds, generalizing the classical result.” !! 


Proposition 3.1. Any null geodesic y with impact parameter p in an invariant 
Lorentzian submanifold S C O is a null geodesic in M if and only if S is totally pt 
umbilic submanifold. 


Proof. Let S be a totally ô+ umbilic invariant Lorentzian submanifold and y be 
an arbitrary affinely parameterized null geodesic with impact parameter p in S i.e. 
Dy = 0 and 4 € p+ C TS. Then by the Gauss decomposition (9) 


Vy = Dyy + HM, y) = Hla 05 y) = 0, (11) 


consequently y is a null geodesic in M. 


dA hypersurface if n = m — 1 
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Conversely, let every null geodesic y with impact parameter p in S be a null 
geodesic in M, then from the Gauss decomposition (9) 


II(5, 5) = 0, (12) 
for any null 4 € 6+ C TS. Since we limited ourselves to the NOSE region Ó we 
can choose an orthonormal Lorentzian frame (7/||?||, ea} = 6+ C TS (a = 1,n—2). 
Then the equality (12) for null vectors y =7/||7|| + ea in ilis new frame takes the 
form 

I/P ?/]]|7]]) + Elea, ea) =0, TCP/IP], ea) = 0. (13) 
And for null vectors 7 = 7/||7|| + (ea + e)/ V2 
II(e;, €) = 0. (14) 


Physical meaning of the Proposition 3.1 is that the null geodesics with a given 
impact parameter p initially touching the spatial section of the invariant totally 
p^ umbilic submanifold remain on it for an arbitrarily long time, unless of course 
they leave it across the boundary. This is a well-known property of a photon sphere 
and its generalization - a photon surface.’ Thus, we obtain a generalization of the 
classical definition of the photon surfaces to the case of a class of geodesics with a 
fixed impact parameter. 

It is useful to obtain an equation for the second fundamental form of the totally 
p+ umbilic submanifold in the original basis {Kq, ea}. 


Proposition 3.2. For the invariant p+ umbilic submanifold, the second fundamen- 
tal form II in the basis {Ka, €a} has the form 


H= (_ -3 Vt Gop — yaar €A (Vea Ka, eb) =) (15) 
37-1 Ea (Vea Kp, €a) £A Hla. (ea, eo) 
where H|; and Gag satisfy the master equation”? 
1 
p? Mapp” = 0, Mag = a (Gag) = H|;. (G^! G.g) E (16) 
G^^ esp? TH(Ca, ea) = 0, (17) 


and the derivative along the unit normals £4 € TS+ (A — 1,m —n) of the subman- 
ifold S is defined as 


-5 EAV (> Ea, €a = (Ea, EA) - (18) 
Proof. From the Killing equation for X € {ea} we find 
II(X, Ka) = c (V xKa) = Y €a(VxKa,€a) Ea = >> EA (Véa Ka; X) Ea. 
A=1 A=1 


(19) 
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Using the Killing equation again we get 
(Vi, Kg, Ea) = — (Ve, Ko, Ko) = — Ve, (Ka, Kg) — (£u, Vi Ka). — (20) 
Then, using the involutivity condition [K4, Ka] € TS we finally find 


m-n 


m—-n 1 
IKa, Kg) = X. eA (Vka Kp, £A) £a = E Y eaVeg (Kas Kg) Ea. (21) 
A=1 A=1 


and 
z 1 "me 
IF, f) = —z7*r* V^ Gag = —p*p (3V Ias * Pe osa) (22) 


1 
= sn (-V*Gos +GasV~ Ing). (23) 


Substituting this expression into the equation (10), we get (16). 


Alternatively, the master equation can be rewritten as expression for the mean 
curvature 


H|; = SV In (G+ (ô, ô). (24) 


If the submanifold under consideration is totally umbilic we’ll get Mag = 0. 

The notion of an invariant 6+ umbilic submanifold is however too general (as is 
the notion of an umbilic surface by itself??) and is not yet defined at the boundary 
of the causal region OC. Generally speaking, these submanifolds are geodesically not 
complete (in the sense that null geodesics can leave them across the boundary) or 
have a non-compact spatial section (geodesics can go into the asymptotic region). 
Moreover, for each p there can be an infinite number of them, just as there are 
an infinite number of umbilic surfaces, but only one photon sphere in the static 
Schwarzschild?? solution. Therefore, it is necessary to introduce a more specific 
definition of fundamental photon submanifolds.:?9 


Definition 3.3. A fundamental photon submanifold S C C is an invariant 
Lorentzian submanifold with compact spatial section such that: 

(a) The boundary 9S (if any) lie in OC. 

(b) The second fundamental form II has the form (15) and satisfies the master 
equation/inequality 


M(p,p) —0, (ô, ô) 2 0. (25) 


In the case n — m — 1, the fundamental photon submanifold is a timelike funda- 
mental photon hypersurface (FPH). 


Proposition 3.3. Every null geodesic y with an impact parameter p at least once 
touching an arbitrary fundamental photon submanifold S lies in it completely i.e. 
yc6S. 
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Proof. Obviously condition (b) in Definition 3.3, by virtue of Proposition 3.1, 
prevents null geodesics from leaving the fundamental photon submanifold at all 
interior points (S/0S$) n O. 

Conditions (a-b) for boundary points 0S and interior points S N OC prevents 
the possibility of null geodesics to leave fundamental photon submanifolds through 
them. Indeed, OC is the set of turning points for null geodesics in M that cannot 
move in the direction of the normal N |as, while condition II(, 9)|as = 0 following 
from (25) not only prevents geodesics from moving in the normal directions £A but 
also ensures that the normal Nas to 0S in S coincides with the normal Vag to the 
OC in M. 


las = Vaflos = (Dap + W(9, 6)} los = Daflas = Nas. (26) 


From this statement, it is clear that the so-defined fundamental photon submanifolds 
have trapping properties even at the boundary and contain 

(a) non-periodic trapped photon orbits, 

(b) periodic fundamental photon orbits.1” 

In stationary and axisymmetric geometry, there exists a vector field 


Q -—w"Ka, w* =(1,w), (27) 


orthogonal to the all spatial slices © of manifold M°. In such slices, one can define 
fundamental photon submanifolds in terms of principal curvatures. 


Proposition 3.4. The principal curvatures A of the spatial section S' of the in- 
variant totally p+ umbilic submanifold S satisfy the master equation 


da — Ay = V (|ô), (28) 
with 
1 
Ap = =e In Goy, Xa = Alps. (29) 


Proof. From the general theory for the second fundamental form II’ of the spatial 
section S’ C X of the invariant totally 6+ umbilic submanifold S we find that 


1 
I (X, Y) = I(X, Y) = Hl. (X,Y), IT (Ky, Ky) = Ilo, Ky) = —5 V Goo, 


(Ko, X) = H(K,, X) = S ca (Vea Ko, X) éa, X € {ea}. 
A=1 
In what follows, we will assume that II(K,, X) = 0.! Due to the shape of the second 


fundamental form of the spatial slices X and the expression for mixed components, 
we find II(c, X) = 0, and therefore from II(K,, X) = 0 follows II(C;, X) = 0 and 


©The norm ||@|| of vector field à is called the lapse function. 
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the second umbilic condition (17) is fulfilled identically. Further, from the master 
equation (24) and expressions for the determinant G 
G = (Kt, Kx) (Ko Ko) = (Kt, Ky)” 
= ((@, @) — 2w (Kt, Ky) - w? (Ko, Ko)) (Ko, Ko) - w? (Ko: Ko)” 
= (ù, ð) (Ko, Ko) : (30) 


we get (28). 


4. Photon region 


We now define the concept of a fundamental photon region and a fundamental 
photon function — a generalization of the classical three-dimensional photon region 
in the Kerr metric.2:?:?4 


Definition 4.1. The fundamental photon function PF will be called the mapping! 
PF:p3+Js (31) 


which associates with each p one or the union of several fundamental photon sub- 
manifolds with the same p. 


'The function PF can be continuous, defining some connected smooth submanifold 
in the extended manifold (M, p). At the same time, several continuous functions 
PF can exist in which different FPHs correspond to one p. In particular, for a given 
p, photon and antiphoton FPHs ((un)stable photon surface??) can occur simulta- 
neously, indicating the instability of the solution.® 


Definition 4.2. The fundamental photon region is the complete image of the func- 
tion PF 


PR-|JBE (32) 


A fundamental photon region is a standard region in the space M in which there 
are fundamental photon orbits and, in particular, the classical photon region in the 
Kerr metric. However, the mapping PF can several times cover the image of PR or 
part of it when the parameter p is continuously changed. For example, in the case of 
a static space, PR is covered at least two times, i.e. PF is a two-sheeted function. 

The photon region can also be described using an algebraic equation.?? To do 
this, rewrite the equations and the inequality (25) as 


Mp? + 2Migp + Moy =0, (33) 
Gup’ s 2Giyp RE Gop 2 0. (34) 
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'Then, excluding p, we find 


2(-—Miy + "T — MuMey)(Gte — GuMuo/ Mu) M 
+(Goy — Cu Moo [ Mi) 2 0, (35) 


or 


£2(GipM ux = GiMiy) Vv —M — 2G4->M+Mu-G- Tr(M) > 0. (36) 


These inequality describe a generalized photon region. 


5. Conclusion 


In this article, we briefly presented a purely geometric approach to defining char- 
acteristic surfaces and regions filled with closed photon orbits, based on some gen- 
eralization of umbilic hypersurfaces. The main new concept is a partially umbilic 
surface, which has umbilic properties with respect to a correctly defined subbundle 
of the tangent bundle. This approach does not address the integration of geodesic 
equations, and thus is applicable to spacestimes with a non-integrable geodesic 
structure. 

We tried to give a more clear and concise idea of the main geometric notions 


presented in,! 


supplementing them with a number of new useful expressions and 
relations, which, in particular, turned out to be useful for analyzing their connec- 
tion with Killing tensor fields.2° We hope that this formalism will pave the way 
for obtaining new topological constraints, Penrose-type inequalities (and other esti- 
mates),29 25 uniqueness theorems,??: 29-33 
and transversally trapping surfaces.?^ 35 

The work is supported by the Russian Foundation for Basic Research on the 
project 20-52-18012Bulg-a, and the Scientific and Educational School of Moscow 


State University “Fundamental and Applied Space Research”. 


similar to ones known for photon spheres 
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Current astrophysical observations show that on large scale the Universe is electrically 
neutral. However, locally this may be quite different. Black holes enveloped by a plasma 
in the presence of a strong magnetic field may have acquired a significant electric charge. 
We can also expect that some of these charged black holes are moving. Consequently 
to describe them we need spacetime metrics describing moving black holes. In general 
relativity such a solution is given by the charged C-de Sitter-metric. In this article we will 
assume that it can be used to describe moving charged black holes. We will investigate 
how to observe the electric charge using gravitational lensing. First we will use elliptic 
integrals and functions to solve the geodesic equations. Then we will derive lens equation, 
travel time and redshift. We will discuss the impact of the electric charge on these 
observables and potential limitations for its observation. 


Keywords: Black Holes; Gravitational Lensing 


1. Introduction 


X-ray and gravitational wave observations indicate that stellar mass black holes 
are widely distributed in our galaxy.!? In addition, the motion of gas and stars?! 
around galactic centres as well as the recent observation of the shadow of the com- 
pact object in the centre of the galaxy M87° indicate that in the centre of most 
galaxies we can find at least one supermassive black hole (SMBH). While the res- 
olution of these observations are not yet precise enough to exclude all alternative 
theories of gravity or different types of compact objects all observational features 
indicate that these compact objects can be described either by the Schwarzschild 
metric or the Kerr metric. 

Concurrent astrophysical observations show that our Universe is electrically neu- 
tral. This indicates that all astrophysical objects, among them black holes, do not 
carry a significant electric charge. However, if a black hole is surrounded by a plasma 
with sufficiently large magnetic fields, the black hole may acquire a significant elec- 
tric charge. In general relativity charged black holes that are at rest and do not 
carry a spin are described by the Reissner-Nordstróm metric, or, if we want to take 
the cosmological expansion into account, by the Reissner-Nordstróm-de Sitter met- 
ric. In the case that we consider real astrophysical environments it is very unlikely 
that black holes are at rest. Instead it is more realistic to assume that they con- 
stantly undergo accelerated motion. Consequently we need spacetimes describing 
accelerating black holes to describe them accurately. In the framework of general 
relativity a family of such solutions is described by the charged C-de Sitter metric." 
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The metric is an exact solution to Einstein’s electrovacuum field equations with 
cosmological constant. It generalises the Reissner-Nordstróm-de Sitter metric by 
introducing the acceleration parameter a in addition to the mass parameter m, 
the electric charge e and the cosmological constant A. The charged C-de Sitter 
metric is axisymmetric and static and describes a charged accelerating black hole 
with cosmological constant. The acceleration of the black hole results from conical 
singularities on the axes, which are commonly interpreted as a string pulling the 
black hole and a strut pushing the black hole. These conical singularities make the 
spacetime on a first view appear unphysical. However, it may still serve as an ap- 
proximation for black holes undergoing accelerated motion. Gravitational lensing in 
the C-metric only attracted attention relatively recently. Grenzebach, Perlick and 
Lammerzahl*:? investigated the shadow of accelerating black holes in the whole 
Plebaáski-Demiaáski family with acceleration.!? Sharif and Iftikhar!! calculated 
the deflection angle for light rays in the equatorial plane for accelerating Kerr-NUT 
black holes. The method they used explicitly assumes that the light rays are lo- 
cated in the equatorial plane of the spacetime. However, Alrais Alawadi, Batic and 
Nowakowski!? and subsequently Frost and Perlick!’ demonstrated that the C-metric 
possesses a photon cone Vpn Æ 7/2 and therefore the method of Sharif and Iftikhar 
cannot be directly applied. Alrais Alawadi, Batic and Nowakowski!? calculated the 
deflection angle on the photon cone. Only a short time later Frost and Perlick’? 
investigated gravitational lensing in the C-metric. In their work Frost and Perlick!? 
used the canonical form of the elliptic integrals and Jacobi's elliptic functions to 
solve the geodesic equations. Then, following the apporach of Grenzebach, Perlick 
and Làmmerzahl,? they fixed an observer in the region of outer communication and 
introduced an orthonormal tetrad to relate latitude and longitude on the observer's 
celestial sphere to the constants of motion of the light rays. Using the conventions 
in Bohn et al.!4 they formulated a lens equation, they derived the redshift and the 
travel time of individual light rays on the celestial sphere of the observer. In this 
article we will extend their approach to the charged C-de Sitter metric. For this pur- 
pose the remainder of this article is structured as follows. As not all readers may be 
familiar with the charged C-de Sitter metric we will provide a short overview of its 
physical properties in Section 2. In Section 3 we will demonstrate how to solve the 
equations of motion. In Section 4 we will first introduce the orthonormal tetrad and 
show how to parameterise the light rays using the angles on the observer's celes- 
tial sphere. Then we will introduce the lens map, formulate the lens equation, and 
calculate the redshift and the travel time of light rays. In Section 5 we will shortly 
summarise our results and conclusions. Throughout the whole article we will use 
geometric units with c = G = 1. The metric signature is chosen as (—, +, +, +). 


2. The Charged C-de Sitter-Metric 


'The charged C-de Sitter metric is a solution to Einstein's electrovacuum field equa- 
tions with cosmological constant. It belongs to the Plebanski-Demianski family of 
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Fig. 1. Position of the curvature singularity at r = 0 and the coordinate singularities in a) the 
C-metric, the charged C-metric with b) |e] < m and c) |e| = m, d) the C-de Sitter metric and the 
charged C-de Sitter metric with e) |e| < ec and f) |e| = ec. Note that the angular coordinates are 
suppressed and other singularities are not shown. 
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spacetimes of Petrov type D!? and is axisymmetric and static. The spacetime is 
characterised by four parameters: the mass parameter m, the electric charge e, the 
cosmological constant A, and the acceleration parameter a. Its line element reads’ 


uv da^ da" = üt. Jg (- ata? ' s ' n4 Lr? sin? apoa’) , (10) 
where 

Q(r) = (1— a?r?) (: zu | =) n (2) 

P(8) = 1 — 2am cos 0 + oe? cos? 0, (3) 

Q(r, 9) = 1 — ar cos ð. (4) 


When we set a = 0 the metric reduces to the Reissner-Nordstróm-de Sitter family 
of spacetimes including the Schwarzschild metric (e — 0, A — 0), the Reissner- 
Nordstróm metric (A — 0), and the Schwarzschild-de Sitter metric (e — 0). For 
e = 0 and A = 0 the metric reduces to the regular C-metric. For e = 0 it reduces 
to the C-de Sitter metric and for A = 0 it reduces to the charged C-metric. In 
accordance with observations we choose 0 « m. Theoretically the electric charge e 
can take any real value but because the line element (1) only contains its square 
we restrict it such that we have 0 € e < ec. Because we live in an expanding 
Universe we will assume that 0 < A < Ac. a can be restricted from the symmetry 
of the spacetime. When we replace œ by —a and substitute 0 — a — JV we see 
that (1) is invariant and consequently we can restrict the acceleration parameter to 
0 « a « ac. Here, ec, Ac and oc are critical parameters that have to be chosen 
according to the desired interpretation of the spacetime. In the charged C-de Sitter 
metric the time coordinate t can assume any real value. In addition we choose the 
angular coordinates J and y such that they represent the angular coordinates on 
the two sphere S?. The range of the r coordinate is determined by the singularity 
structure of the spacetime, in particular the singularities arising from Q(r) and 
Q(r, 9). We will discuss these singularities and their implications for the r coordinate 
in the following. The spacetime admits several singularities. We start by discussing 
the singularities arising from Q(r). In total Q(r) can lead to up to five singularities 
in the metric. The equation Q(r) — 0 can lead to up to four singularities. In addition 
the metric has another singularity at r = 0. The singularity at r = 0 is a curvature 
singularity. For e Æ 0 the curvature singularity is timelike. Because lightlike and 
timelike geodesics cannot cross the curvature singularity particle motion is limited 
to 0 < r. In addition the conformal factor becomes singular when Q(r, 9) = 0. This 
singularity corresponds to conformal infinity and limits the radius coordinate r. The 
singularity starts at r = 1/a on the axis V = 0 and extends to r = oo for 17/2 < 9. 
The other singularities are only coordinate singularities ry that can be removed 
using appropriate coordinate transformations (for the C-metric the procedure is 
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demonstrated in Ref. 15). In this article we restrict to black hole spacetimes and 
consequently all coordinate singularities with 0 « rg are horizons. In general the 
horizon struture of each metric depends on the parameters of the spacetime. For 
each spacetime the critical parameters ec, Ac and ac have to be chosen such that all 
horizons are real and that they lead to physically meaningful black hole spacetimes. 
The horizon structure of the whole family of charged C-de Sitter metrics is shown 
in Fig. 1. Panel a) shows the horizon struture of the C-metric. The C-metric has 
two horizons, a black hole horizon at rgy = 2m and an acceleration horizon at 
TBH < Ta = 1/a. Between the horizons the spacetime is static. In the other two 
regions the spacetime is non-static. Panels b) and c) show the horizon struture for 
the charged C-metric. The main difference to the C-metric is that the spacetime 
now contains an inner and an outer black hole horizon rgu, € TBH,o < ro. When 
e = m both horizons coincide and form a degenerate horizon at rgy = m. The 
regions 0 < r < rpg; and rBHo < r < Tq are static. The other two regions 
are non-static. When we include the cosmological constant A (panels d) to f)) the 
radius coordinates of the horizons change, however, the horizon structure remains 
unchanged. For a more detailed discussion of the horizon structure in the C-metric 
we refer the interested reader to Ref. 13. In our case we always choose ec such 
that P(#) does not lead to singularities in the metric. Finally, the spacetime has 
two singularities on the axes at sin = 0. As demonstrated in Refs. 7 and 15 these 
singularities are conical singularites. They are associated with a deficit angle (0 — 0) 
and a surplus angle (0 = 7). The charged C-de Sitter metric is usually interpreted 
such that it describes a charged accelerating black hole with cosmological constant. 
In its full analytic extension the spacetime describes two causally separated charged 
black holes accalerating away from each other. The conical singularity at 0 = 0 is 
commonly interpreted as a string pulling the black hole, while the conical singularity 
at Ü = 7 is interpreted as a strut pushing the black hole. As demonstrated in Refs. 7 
and 15 one of the conical singularities can always be removed, however, as in our 
previous work!’ here we will retain both singularities to show the effects of both, 
the string and the strut on geodesic motion. 


3. Equations of Motion 


In the charged C-de Sitter metric the equations of motion for light rays are fully 


separable. In Mino parameterisation!Ó they read® 13 
dt r?E 
EE (5) 
dà  Q(r) 
dr í = E?r* — r?Q(r)K. (6) 
dA : 
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de _ Lz 
dA  sin?9P(0)' 
where the Mino parameter A is related to the affine parameter s by 


dA Ar, 0)? 
oe. (9) 


r 


(8) 


Here, the three constants of motion E, L, and K are the energy, the angular mo- 
mentum about the z axis and the Carter constant of the light ray, respectively. 
In this article we choose the energy E such that dt/dA > 0. In the following we 
will briefly discuss the equations of motion, the turning points of the r and the 0 
motion and identify the locations of the photon sphere and the photon cone. Then 
we will turn to solving the equations of motion. We will derive the solutions to the 
equations of motion for arbitrary initial conditions (z7) = (x"(A;)) = (ti, ri, Vi, Yi) 
closely following the procedures described in Refs. 13 and 17. Because the main 
focus of this article will be to apply our results to gravitational lensing we will limit 
our discussion to lightlike geodesics in the region of outer communication between 
photon sphere and the cosmological/acceleration horizon. 


3.1. The r Motion 


V) C-Metric Charged C-Metric 
V.(rga) 
P f DTE" WEN CR 
K 
0 > > 
0 2m "p Ta T h Ta T 
V. () C-de Sitter Metric Charged C-de Sitter Metric 
V,(rpn) 
A f e —— e ———: 
K 
0 > 0 > 
0 TBH Tph TCfa r 0 TBHe Tph TC/a r 
Fig. 2. Potential V.(r) of the r motion in the C-metric (top left), the charged C-metric (top 


right), the C-de Sitter metric (bottom left) and the charged C-de Sitter metric (bottom right) for 
A = 1/(200m?), e = m, and a = 1/(10m). The axes have the same scale in all four plots. 


We begin with discussing the r motion. Following Ref. 13 we first rewrite (6) in 
terms of the potential V, (r) 


1 fdrV E 
DK (5) + V,(r) = K’ (10) 
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where 


2 

V(r) = (3 - 2) (1 m a 3 - (11) 
Fig. 2 shows the potentials for the C-metric (top left), the charged C-metric (top 
right), the C-de Sitter metric (bottom left) and the charged C-de Sitter metric 
(bottom right). For all four metrics the potential has a similar structure. The most 
striking difference occurs close to the (outer) black hole horizon. For e # 0 the 
maximum of V,(r) is much higher than in the uncharged case. In addition for A > 0 
V,(r) approaches zero at a smaller radius coordinate roja < ra. The maximum of 
the potential at E?/K = V,(rpn) marks the radius coordinate of an unstable photon 
sphere. We can calculate the radius coordinate of the photon sphere by calculating 
dr/d\ = d?r/dX? = 0. Combining both conditions leads to the determining equation 

1— o?e? 3 2e? 


r? 4 r? r =0 (12) 


ma? 


for the radius of the photon sphere rpn. It is remarkable that although the spherical 
symmetry is broken by the acceleration parameter the cosmological constant does 
not have any effect on the radius coordinate of the photon sphere. The roots of 
this equation can be analytically obtained using Cardano’s method. As long as 
e? < 1/a? we get three real solutions. Only the largest root lies in the region of 
outer communication rgg,o < r < roja and thus marks the position of the photon 


sphere. When e = 0 the polynomial reduces to second order and rpn is given by!?:!? 


6m 
T- = x 
EEEE 


We can read from Fig. 2 that at rph V, (rph) has always a maximum and thus orbits of 
geodesics on the photon sphere are unstable. Here, unstable means that if the orbit 
of a lightlike geodesic on the photon sphere was radially infinitessimally perturbed 
the light ray would either fall into the black hole or escape to (conformal) infinity. 
Using the potential we can distinguish three different types of lightlike motion. 
For E?/K > V,(rpn) lightlike geodesics have no turning points. Here we have to 
distinguish between the cases K — 0 (we will see in Section 3.3 that these geodesics 
are principal null geodesics) and K > 0. For E?/K > V,(rpn) and K = 0 (6) was 
already solved in Ref. 13. In this case the solution reads: 


(13) 


Tij 


bene CD) 


r(A) (14) 
where ip, = sgn (dr/dA|...,..). In the case E?/K > V,(rpn) and K > 0 (6) has 
two real and two complex conjugated roots. We label them such that rı > ro and 
T3 = P4 = Ra + i R4. To solve (6) we now substitute! ^ 18 


or R — r4 (ri R + r4 R) cos xr 
E R — R+ (R + R) cosy, 


(15) 
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where 


R=,/(R3—11)? + R3 and R= 4/ (Rg — r2)? + R2. (16) 


Then we follow the steps described in Appendix B of Ref. 13 and obtain the solution 

in terms of Jacobi’s elliptic cn function. It reads 

ri — rR + (ri E + reR)en (ar (A — Aj) + Avy kı, k1) 
R-R-(R-4BR)n(a.(A—A)-XAeu he) 


r(A) = (17) 


where 


A = 
ar = ze + c + 5) K) RR, Ape hi = Fr (xv; 1), (18) 


(ri = r2ə)R— (ri oe x) ki Us (R+ R)? Ley (rı = ra)? 


os Ed (= — r3)R + (ri = rı)R 4RR 


The condition E?/ K = V, (rpn) characterises lightlike geodesics asymptotically com- 
ing from or going to the photon sphere. In this case (6) has four real roots, two of 
which are equal. We label them such that rj = r2 = rpn > ra > r4. In this case we 
substitute 


3a3 r 
= _— 1 
r=r3+ Dy = ug, ( 9) 
where 
A 
a2r = 6 G + G + +) K) r2 — 6mo? Krs — (1 — o?e?)K, (20) 


A 
azr = 4 G + G + 5) K) r$ — 6mo? Kr? — 2(1 — a°e)Kr3 +2mK. (21) 


Then we follow the steps described in Section 3.2.3 in Ref. 13 and obtain as solution 
for r(A): 
(rpn — r3) (r3 — r4) 


Tph — T3 — (Tph — T4) tanh? (o. + ir a3.r(Tph—"4) (Ai )) 


4(rpn —rs)(ra—ra) 


br = artanh (ri = ra)(ron — r8) |. (23) 

(ri — rs)(rpn — r4) 
All remaining lightlike geodesics have E?/K < V, (rji). These geodesics have four 
real roots and can pass through a turning point. Outside the photon sphere this 


turning point is always a minimum. For solving (6) we now label the roots such 
that rı = Tmin > T2 > r3 > r4. Then we substitute! ^:18 


r(A) 2 ra , (22) 


where 


(r1 — ra)(ra — ra) 
rg — T4 — (rı — r4) sin? x, 


(24) 


T — T3 d 
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Again we apply the steps described in Appendix B of Ref. 13. This time we obtain 
the solution to (6) in terms of Jacobi's elliptic sn function 


(rı — r2)(r2 — ra) 
T2 — r4 — (rı — ra)sn? (cr (À — A) + Arika; k2) 


r(A) — T9 (25) 


= m T + G + 3) K)i rı — r3)(r2 — r4), Ae, = Fr(xe;, ko), (26) 


Xr; = arcsin (Ve eee ee 2) ec (ra — ra)(r1 — ra) 
Tj — ( , k2 


ri — ra)(r3 — r4) (rı — ra)(ra — r4) 


3.2. The t Coordinate 


Now we calculate the time coordinate t. The right-hand side of (5) depends only on 
r(A). Therefore, we first rewrite (5) as a differential of r. For this purpose we divide 
(5) by the root of (6). Then we integrate over r starting at t(A;) = t(r;) = ti. The 
resulting integral reads 


ar lA, /2 3,44 
(A) = t «f " aus ; (27) 
no QV EF QIK 
Here, we have to choose the sign of the root in accordance with the r motion and 
the dots in the limits of the integration indicate that we have to split the integral at 
the turning points. The procedure to integrate (27) is straight forward. We have to 
distinguish the same types of motion as for r(A) in Section 3.1. First we perform a 
partial fraction decomposition of r? /Q(r/). Then we follow the procedure described 
in Refs. 13 and 17 to express (27) in terms of elementary functions and elliptic 
integrals. Note that some of the elliptic integrals cannot immediately be expressed 
in form of elementary functions and elliptic integrals of first, second and third kind. 
However, we can easily rewrite them using the procedures described in Appendix 
B in Ref. 17 and Appendix A in Ref. 13. 


3.3. The 0 Motion 
Again we start by rewriting (7) in terms of the potential V»(v) 


sin? 9 (dv \? L? 
K (x) FVat) K’ (28) 
where 
Vo (0) = — sin? 9(1 — 2am cos à + a?e? cos? 0). (29) 


Fig. 3 shows the potentials Vg (V) of the 9 motion for the C-(de Sitter) metric (left) 
and the charged C-(de Sitter) metric (right). Although in the right plot we set 
e = m the differences are invisibly small. The potential has always a minimum at a 
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Vo?) C-Metric/C-de Sitter Metric Vol) C-de Sitter Metric/Charged C-de Sitter Metric 
0 


Va(Yph) Vo(Ypn) 


- > 
0 Dn zo 0 Doh To 


Fig. 3. Potential Vg (V) of the 9 motion in the C-metric/C-de Sitter metric (left) and the charged 
C-metric/C-de Sitter metric (right) for e = m and a = 1/(10m). The axes have the same scale in 
both plots. 


single value J. At this minimum we have d0/dAÀ = d?0/d\? = 0. Combining both 
conditions leads to the determining equation 


3m 2 1— ge? o m 
Zae? 095 Ü 4- DES cos 0 4 Doe =0. (30) 


We determine the roots of this equation using Cardano’s method. Within the per- 
missible range 0 < J € m the equation has exactly one real root vpn. This is the 
photon cone of the charged C-(de Sitter) metric. Note that we cannot determine the 
limits e + 0 or a — 0 from the calculated Vpn directly. When we approach these 
limits we see that for e + 0 Jpn reduces to!* 13 


Vpn = arccos (; tf aa =) (31) 
and for a — 0 it reduces to Jp, = 7/2. The photon cone is unstable. Here unstable 
means that when light rays on the photon cone are infinitessimally perturbed in 
V direction they will begin to oscillate between a minimum Vmin and a maximum 
Vmax. Based on the potential Va (9) we can distinguish two different types of motion. 
From (7) we can immediately read that we have L, — 0 when K = 0 and the right- 
hand side of (7) vanishes. Because L, = 0 implies dy/dA = 0 these are the already 
in Section 3.1 mentioned principal null geodesics. Also for lightlike geodesics on 
the photon cone (-L2/K = V»(Upn)) the right-hand side of (7) vanishes because 
we have two coinciding roots at x = cos Vpn. Thus for principal null geodesics and 
lightlike geodesics on the photon cone the solution to (7) reads 9(A) = ¥;. For 
all other lightlike geodesics we have —L2/K #4 Va(0pn). These geodesics oscillate 
between a minimum Vmin and a maximum Vmax and each geodesic can potentially 


cos? 3 — 


have arbitrary many turning points. In this case we first rewrite (7) in terms of 
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x = cos¥. It is easy to see that in the new parameterisation (7) reduces to a 
polynomial of third order in x when e = 0. This case was already treated in Ref. 13 
and thus we do not reproduce it here. For e # 0 we always have two turning 
points, however, depending on the choice of L, and K the right-hand side of (7) 
has two different root structures. In the first case two of the roots are real. We label 
them such that £2 = cosUmax < 21 = cos min. The other two roots are complex 
conjugated and we label them as x3 = z4 = Xs + iX4. As first step to solve (7) we 
now substitute!* 

1X + 22X + (x1 X — 25 X) cos xo 

X X (X — X)cosxo 


(32) 


where X and X are given by (16). In the second step we again follow the steps 
described in Appendix B of Ref. 13. We obtain (A) in terms of Jacobi's elliptic cn 
function. It reads 


(A) = arccos (= POA PU eae MM , (33) 


X +X c (X — X)en (ao (A — Xi) + Ao, ks; k3) 
where iy, = sgn (d0/dA|y_9,) and 


ay = ig, V o2? K X X, Adi ka = Fr(xo, ks), (34) 
(cos 9; — 21) X + (cos; — zx) "€ (x1 — 23? — (X - Xy 
(x1 — cos Vi) X + (cos v; — z3)X J ' 4XX ` 
In the second case all four roots are real and we label them such that x4 = cos Vmax < 
£3 = COS Vmin < T2 < £1. In this case we substitute! 


X9, = arccos ( 


(z1 — 23)(z1 — 24) 


X1 — T3 + (x3 = 24) sin? Xo 


(35) 


Tt = Tı 


We again follow the steps described in Appendix B of Ref. 13. This time we obtain 
(A) in terms of Jacobi's elliptic sn function 


= (x1 — ©3)(@1 — 24) 
(A) = arccos (s ee eT MNES A DC OSA ERU (36) 


where 


15, 
by = y Vote K(r ma) = 24), Meus = Froo ka) (87) 


presen (= ray 2) disc: (z1 — z3)(za — £4) 


(xı — cos 9;)(z3 — x4) (£1 — £3)(£2 — £4) 


3.4. The y Motion 


The y motion is governed by (8). We immediately read that for L, = 0 the right- 
hand side vanishes. For K = 0 these are the principal null geodesics. In this case we 
obtain the solution to (8) as y(A) = vi. If K # 0 these are geodesics crossing the 
axes. What happens to these geodesics now depends on whether we assume that 
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the string and the strut are opaque or transparent. In the former case the lightlike 
geodesics terminate at the string and we observe it as a black line blocking out all 
light emitted by sources located behind it. In the latter case the lightlike geodesics 
pass through the string. To see what happens when a lightlike geodesic passes 
through the axes we consider a series of lightlike geodesics continually approaching 
the axes for L, > 0 and L, < 0.13 We observe that for L, > 0 and L, < 0 the y 
coordinate has different limits. Hence geodesics crossing the axes have two different 
continuations and the y coordinate is not continuous. 

Next we turn to lightlike geodesics with a double root at x = cos ph (-L2/K = 
Vo(Upn)). These are lightlike geodesics on the photon cone with J(\) = Vpn. In this 
case the right-hand side of (8) is constant and the solution (A) reads 


Lz(A — X) 
eA) = vi t — 2 . 
sin Dph P (Vpn) 
Last we turn to lightlike geodesics with —L?/K # Vj(Upn). In this case we want to 
express (A) in terms of elementary functions and elliptic integrals. For this purpose 


we first substitute x = cos in (7) and (8). Then we divide (8) by the root of (7) 
and integrate. Now q(A) reads 


... cos (A) L.dz’ 
A) = +f Z 
plà) = i = 22) P(a') / (1 — xP) PNK — L2 


Here, we have to choose the sign of the root such that it corresponds to the sign of the 
cos motion and the dots in the limits indicate that we have to split the integral at 
the turning points. Again we rewrite the elliptic integral using elementary functions 


(38) 


(39) 


and the canonical forms of the elliptic integrals. For this purpose we now perform a 
partial fracion decomposition of (1— z?) ! P(z) !. Then we use (41) in Ref. 13 and 
(32) and (35) to rewrite (39) in terms of elementary functions and elliptic integrals of 
first, second and third kind. Note that we again encounter elliptic integrals which do 
not immediately have a canonical form. Again we rewrite them using the procedures 
described in Appendix B in Ref. 17 and Appendix A in Ref. 13 (although here we 
have n?/(n? — 1) « 1 and not 1 « n?/(n? — 1) the basic integration procedure is 
the same). 


4. Gravitational Lensing 
4.1. Celestial Sphere 


In astronomy the position of a light source on the sky is identified using latitude 
and longitude coordinates. For this purpose astronomers fix the main target of their 
observation at the centre of their image and measure the position of all other objects 
relative to the centre. In our discussion of gravitational lensing in the charged C-de 
Sitter metric we follow this approach. For this purpose we first fix an observer at 
coordinates (5) = (to, ro, Vo, po) in the region of outer communication between 
photon sphere and cosmological/acceleration horizon. Then we choose the black hole 
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as main target of our observation and introduce an orthonormal tetrad following 
Refs. 8 and 13: 


gee) 3.6 ONE Lr (40) 
Q(r) | (en) i (x!) 
Q(r, 8) 


Q0 063 =— Xr, 9) V Q(r)ðr 


€2 = — 


(wis) 


— ð 
rsind /P(9) * (a!) 


We will call the angles on the celestial sphere surrounding the observer X (latitude) 
and W (longitude). The angle © is measured from the axis along e3 connecting lens 
and observer and the angle V is measured in the direction of e> from the axis along 
the direction of ei. 

Before we can investigate gravitational lensing in the charged C-de Sitter metric 
we first have to derive the relations between the constants of motion E, L, and 
K and the angles on the observer’s celestial sphere © and V. For this purpose we 
consider a lightlike geodesic ending at the position of the observer. Now we first 
write down the tangent vector to this geodesic. It reads 


dg dt dr dd p 

= — ð, O, 4 Qs 4 Oy. 41 
Ji p t us a a M) 
At the position of the observer we can also express the tangent vector of the geodesic 


by the angles on the observer’s celestial sphere and the tetrad vectors eo, e1, e and 


e3 
dn ; 3 : 
ax (—eo + sinX cos Ve; + sin X sin Veg + cos Xes) , (42) 
where c is a normalisation constant 
dn 
= TEL . 43 
o g E j co) ( ) 


In our convention we have E > 0 and thus o has to be negative. Because the Mino 
parameter A is defined up to an affine transformation without loss of generality 
we can choose o = —r2,/Q(ro,Vo)?.'? Now we insert o in (42) and (43). Then a 
comparison of the coefficients of (41) and (42) leads tot? 


pa VQ(ro) É | roy P(00) sin Vo sin X sin V T r2 sin? X (44) 


Qro, vo) ^ Q(ro, Vo) 7 Q(r0, 90)?" 


4.2. Angular Radius of the Photon Sphere 


The shadow of a black hole is a higly idealised concept. It is constructed as follows. 
First we place an observer in the region of outer communication between photon 
sphere and cosmological/acceleration horizon. Then we distribute light sources ev- 
erywhere except between observer and the black hole. Therefore the former region is 
associated with brightness on the observer’s sky while the latter is associated with 
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darkness. Now we shoot back light rays exactly on the boundary between these 
areas of brightness and darkness. These are geodesics asymptotically going to the 
photon sphere. They have the same constants of motion as light rays on the photon 
sphere and thus a double root at rpn. We now use this fact to calculate the angular 
radius of the shadow. For this purpose we first insert (44) in (6). Then we employ 


that dr/dA|, .,., = 0. Now we solve for X and get as angular radius of the shadow? 
Q(ro) 

Eph = arcsin | 22 i 45 

ENT (2 ro Q(rpn) ( ) 


4.3. Lens Map 


'The lens map or lens equation maps images on the observer's sky back to the source 
surface. This article is an extension of the work presented in Ref. 13 and therefore 
we will closely follow their definition of the lens map. To set up the lens map we 
first distribute light sources on a sphere with radius ro « rr, in the region of outer 
communication. Then we shoot light rays backwards in time from the position of the 
observer (x). Some of the light rays, but not all, will intersect with the sphere of 
light sources. These geodesics form a map from the celestial sphere of the observer 
to the sphere of light sources 


(X, V) > (VL (©, V), er (3, V)). (46) 


This is our lens equation. Now we have to calculate 9; (X, V) and vr (3X, V) to obtain 
the lens map for the charged C-de Sitter metric. For this purpose we set (17) = (x) 
and insert (44) into the solutions of the equations of motion derived in Section 3. 
Due to the symmetry of the charged C-de Sitter metric we can choose to and yo 
arbitrarily. Similarly A is only defined up to an affine transformation. Therefore, 
to ease all following calculations we choose them such that Ao — 0, to — 0 and 
o —0. 

As first step towards calculating vz (£, V) and qr (X, V) we calculate the Mino 

parameter Àz < Ao 


ae Q(ro, 9o)dr' l 
Aro) (ro)r r^ — 72, sin 2 Xir2Q(r ^ 


AL = (47) 


Again for lightlike geodesics passing through a turning point we have to split the 
integral and choose the sign of the root in the denominator in agreement with the 
r motion. Now we insert Ar, in the appropriate solution for 9(A) in Section 3.3 and 
obtain Vz (X, Y). Next we count the number of turning points n of the J motion. 
For this purpose we calculate the Mino parameter up to the first turning point of 
the 9 motion Ao. In the next step we calculate the difference of the Mino parameter 
between two subsequent turning points of the V motion AA. Now we count how many 
turning points occur while Ar, < An = Ao +nAA. Finally we calculate qr; (X, V) from 
(39) as described in Section 3.4. 
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C-Metric Charged C-Metric 


C-de Sitter Metric Charged C-de Sitter Metric 


Observer's Sky Observer's Sky 


Fig. 4. Lens equation for the C-metric!? (top left), the charged C-metric (top right), the C-de 
Sitter metric (bottom left) and the charged C-de Sitter metric (bottom right) for A — 1/(200m?), 
e = m and a = 1/(10m). The observer is located at ro = 8m, Vo = 7/2 and the sphere of light 
sources is located at rr, = 9m. The colour convention follows Refs. 13 and 14 and is as follows: 


0 € 9r < $: red/green; 5 < Jz < m: yellow/blue 0 € vr, < m: green/blue; m X vr, < 2m: 


red/yellow. The black lines at  — 0 and V = 7 mark light rays that cross the axes at least once. 


Fig. 4 shows plots of the lens equation in stereographic projection for the C- 
metric (top left), the charged C-metric (top right), the C-de Sitter metric (bottom 
left) and the charged C-de Sitter metric (bottom right) for A = 1/(200m?), e = m 
and a = 1/(10m). The observer is located at ro = 8m and Vo = 7/2. The sphere 
of light sources is located at rr, = 9m. The black lines at V = 0 and V = « mark 
lightlike geodesics that cross the string or the strut at least once. The black circle 
in the centre of each image is the shadow of the black hole. The images clearly 
show that the angular radius Xpn of the shadow decreases when 0 < A and 0 < e. 
All four images basically show the same features up to a scaling. The symmetry 
with respect to V = 7/2 and V = 37/2 is clearly broken. Thus in all four cases 
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light rays ending parallel to the surface 0 = 7/2 generally come from light sources 
not located at 0 = 7/2. However, the shape of the features shown in the images is 
clearly symmetric with respect to the line marked by V = 0 and Y = 7. On the 
right side of the line of symmetry at the outer boundary of each image we first have 
a region coloured in blue and green. In this region we find images where the covered 
angle 0 < Ay « 7. These are images of first order. Adjacent to these images, closer 
to the shadow we find a region coloured in yellow and red. In this region we find 
images for which the light ray covered the angle 7 < Ay < 27. These are images of 
second order. If we go closer to the shadow we also find images of third and fourth 
order. The boundaries between the images of different orders mark the positions 
of the critical curves. On the left side of the line of symmetry we find the same 
features, however, the ordering of the colours is reversed. In addition we observe 
that at V = m images of second order already occur further away from the shadow 
than for V = 0. This implies that light rays passing close to the string cover the 
same angle Ay faster than light rays passing close to the strut. 


4.4. Redshift 


'The redshift z of a light ray relates its energy at the time of emission by a light 
source to its energy at the position at which it is detected by an observer. It is 
directly accessible to observation via the frequency shift of atomic or molecular 
absorption lines. We will now construct redshift maps. For this purpose we will 
use the same settings and results we obtained from constructing the lens map in 
Section 4.3. In this setting observer and light source are static and the corresponding 
general redshift formula can be found in Ref. 19, pp. 45. After inserting the metric 
coefficients gu of the charged C-de Sitter metric it reads? 


i Gttleo |. [Q(ro) (rz, 95 (2, V)) 
"wh, ^ VQUu aroo) (48) 


Fig. 5 shows plots of the redshift maps for the same observer-source geometry as for 
the lens maps in Fig. 4 In all four plots the outer region is dominated by redshifts. 
The redshift has two maxima around V = c and at  — 0 (close to the shadow). 
In addition in all images we observe a region of blueshifts centered around V = 0. 
Another crescent shaped region of blueshifts can be found at V — 7 close to the 
shadow. What are now the effects of the cosmological constant A and the electric 
charge e? Comparing the images with A — 0 in the upper row with the images 
with A = 1/(200m7) in the lower row shows that when we turn on the cosmological 
constant the redshift range shifts from —1 « z « 2 to —0.8 « z « 6, respectively. 
'The two blueshift areas move to lower latitudes closer to the centre of the shadow. 
In addition the fraction of the images covered by blueshifts decreases. The effects 
of the electric charge e are less strongly pronounced. When we compare the images 
on the left (e — 0) to the images on the right (e — m) we observe that in the top 
row the areas with blueshift move to slightly lower latitudes while they still seem 
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Fig. 5. Redshift maps for the C-metric!? (top left), the charged C-metric (top right), the C-de 
Sitter metric (bottom left) and the charged C-de Sitter metric (bottom right) for A — 1/(200m?), 
e = m and a = 1/(10m). The observer is located at ro = 8m, Vo = 7/2 and the sphere of light 
sources is located at rr, = 9m. The black lines at V = 0 and V = 7 mark light rays that cross the 
axes at least once. 


to cover roughly the same fraction of the image. However, comparing both images 
in the lower row indicates that in the presence of a cosmological constant turning 
on the electric charge leads to an increase of the fraction of the image covered by 
blueshifts. In addition the areas of blueshifts shift to lower latitudes but appear to 
be located at angular distances further away from the shadow. 


4.5. Travel Time 


The travel time T' = to — tr, measures in terms of the time coordinate t the elapsed 
time between the emission of a light ray by a source at a time £r, and the detecion of 
the same light ray by an observer at the time to. We obtain the travel time integral 
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Fig. 6. Travel time T(X) for the C-metric and the charged C-metric (left), and the C-de Sitter 
metric and the charged C-de Sitter metric (right) for A = 1/(200m2), e = m in the extremal and 
near extremal case, otherwise e = m/2 and a = 1/(10m). The observer is located at ro = 8m and 
the sphere of light sources is located at rr, = 9m. Uppy ce and Xph,Cne mark the position of the 
angular radius of the shadow on the observer's celestial sphere for the extremally charged C-metric 
and the near extremally charged C-de Sitter metric, respectively. 


by inserting (44) and to — 0 in (27). We evaluate the travel time as described in 
Section 3.2. Fig. 6 shows the travel time for the (charged) C-metric (left) and the 
(charged) C-de Sitter metric (right) for A = 1/(200m?), e = m/2 in the regular case, 
e = m in the (near) extremal case and a = 1/(10m). The observer is located at ro = 
8m and the light source is located at rg = 9m. The left plot shows that for X > 7/2 
in the C-metric and the charged C-metric the travel time is roughly the same. When 
we turn on the cosmological constant this drastically changes. In comparison to the 
(charged) C-metric the travel time gets significantly longer. However, turning on the 
electric charge in presence of a positive cosmological constant leads to a decrease 
of the travel time. In addition both plots indicate that for e — m/2 the travel time 
close to Upp is slightly shorter than for e = 0 while it is significantly longer for 
e — m. 


5. Summary and Implications for Observations 


In this article we extended the work presented for the C-metric in Ref. 13 to the 
charged C-de Sitter metrics. In the first part we discussed and solved the equations 
of motion using elementary as well as elliptic functions and ellitpic integrals. In 
the second part we used the derived analytical solutions to investigate gravitational 
lensing in the charged C-de Sitter metrics. 

How can we now use these results in combination with observational data to 
distinguish between the different black hole spacetimes and in particular to measure 
the electric charge of a black hole? 


3903 


In the charged C-de Sitter metrics the shape of the shadow is always circular. 
Its angular radius decreases with increasing A, e and a. However, because the dis- 
tance between the observer on Earth and the black hole lens is not a priori known 
it alone cannot be used to determine the nature of the black hole. The length of 
the travel time in particular close to the shadow is more characteristic for each 
spacetime. Unfortunately in real astrophysical settings (multiple imaging systems) 
we can only measure travel time differences leading to similar ambiguities as for the 
shadow. However, the charged C-de Sitter spacetimes also admit two very character- 
istic lensing features that distinguish them from their non-accelerating counterparts 
(a = 0). The first characteristic is the breaking of symmetry with respect to the 
equatorial plane on the celestial sphere of the observer in the lens maps. Here, the 
most salient feature was the observation that images of second order occur at larger 
(lower) angular distance from the shadow close to the string (strut). The second 
characteristic is that the redshift z is a function of the coordinates on the observer's 
celestial sphere. The breaking of symmetry can be tested by observing multiple 
images from the same light source gravitationally lensed by a black hole. In such 
a system we can measure the position of the images on the celestial sphere of the 
observer relative to the lens and then compare it with theoretical predictions. Sim- 
ilarly although our construction of the redshift map is highly idealised we may be 
able to find astrophysical systems similar to this configuration. In such a system, 
we can measure the redshift of known emission lines and construct a partial redshift 
map to determine if it is a function of the coordinates on the observer's celestial 
sphere. Observing the symmetry breaking and showing that the measured redshift 
is a function on the observer's celestial sphere tells us with high certainty that the 
observed black hole is accelerating and can be described by one of the charged C-de 
Sitter metrics. However, due to the ambiguity introduced by the a-priori unknown 
distance between observer and black hole lens we cannot use these measurements 
alone to determine A, e and o. Therefore, to correctly identify the nature of the 
spacetime describing the black hole we observe, and having the chance to accurately 
measure the mass parameter m, the cosmological constant A, the electric charge e 
and the acceleration parameter o we need to combine high accuracy measurements 
of the angular diameter of the shadow, the redshift function on the observer's ce- 
lestial sphere and of the position of and the travel time differences between two 
or more multiple images from the same source. Unfortunately even with very high 
accuracy observations for most black holes the electric charge e is likely to be far 
to low to be measured and one may only be able to estimate an upper limit. 
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Ultra-sensitivity of a planet's gravity assist to changes of the test-body impact parameter 
prompts a space experiment testing the nature of the gravitational field in the Solar 
system. The Sun, Earth and Venus serve as the space lab with a primitive space probe 
(space ball) as a test body moving on a ballistic trajectory from the Earth to Venus 
(rendering GA) and backwards to the Earth's orbit. We explain why in Newton and 
Einstein gravity, the probe's final positions (reached at the same time) may differ greatly; 
an Earth's observer can measure the gap. 


Keywords: Gravitation; General Relativity; Gravity assist. 


Introduction 


Recent experiments supporting validity of GR, in our opinion, have at least two 
weak features. First, we are, in fact, dealing with isolated observations of very 
rare natural phenomena, mostly it is motion and merging of some massive objects. 
Second, these objects are very far from the observer. If binary pulsars are observed 
at distances of *only" 10 thousand light-years, then the sources of the gravitational 
radiation is determined at about 1.3 billion light-years. So, in fact we examine the 
past. 

This seems to violate the basic principles of an experiment: possibility to re- 
peated it and to deal with physical laws *valid here and now". But it is not the 
case yet, therefore, the claims about the absolute acceptability of Einstein's theory 
of gravity are hardly convincing enough. 

Well, we understand that a repeatable experiment testing very small GR effects 
in the near space (in the Solar system) is a very challenging task. 

In this presentation we will try to demonstrate that such an experiment (and 
a series of experiments) aimed to specify the law of the Sun's gravity with good 
accuracy is quite possible. 


The Gravity Assist Maneuver 


'The main idea of the experiment is to use the so-called gravity assist maneuver of 
a space probe near a close planet.!? 
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Reading papers on the space missions (where the gravity assist has become a 
habitual instrument) we paid attention at a great precision of the impact parameter 
value (or value of the close parameter — pericenter, the shortest distance between 
the planet rendering the assistance and a spacecraft). On the Solar system scale of 
hundred million kilometers, the impact parameter is normally precalculated with 
the accuracy of one kilometer. 

This precision should reflect a great sensibility of results of the gravity assist 
maneuver to the pericenter value; small deflection must entail great trouble for the 
mission. However, we could find no sensible information about the gravity-assist 
sensitivity function. So, we had to determine it ourselves. 


The Standard Flight 


At first, we designed a scheme of a “standard flight” in Newton's gravity of the Sun. 
It represents a space probe flight in a planetary system comprising a central star 
and planets imitating the Sun, Earth, and Venus. For simplicity, it is assumed that 
the planets move in circular orbits, however, the other physical parameters of the 
system are very close to the observation data. 

The pattern flight looks as follows. A space probe is launched from the Earth (or 
from the Earth's orbit — since we ignore here non-essential Earth's gravity). From 
the launch point at initial zero-time moment and azimuth (polar angle) also zero, 


Y oS 

— Trek 2 
Final point 22-2 assa Einstein gravity | 
difference qe Wd a 


Trek 2 
Newton gravity 


i| Probe launch 
:| (Earth) 


Probe-Venus GA 


Fig. 1. The standard flight and the Gravity assist effects for different gravity laws. 
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the probe falls freely towards Venus by a Kepler elliptic leg (trek 1 in Fig. 1), and 
after a sufficiently prolonged flight it arrives at the Venus gravity-assist point. The 
initial conditions are chosen so, that the probes' perihelion has azimuth 180 deg, 
while the gravity assist point has azimuth of 270 deg, and strictly precomputed 
pericenter value. The Venus gravity assist accelerates the probe so that after flight 
by another elliptic leg (trek 2 in Fig. 1) it returns to the Earth's orbit, and at the 
assigned time sends a signal received by the Earth's observer who thus determines 
the probe's final position. 


The Gravity-Assist Sensitivity as a Function of Pericenter Value 


Slightly changing the initial conditions, we manage to make the chosen pericenter 
shorter by 1 km and let it move freely to the final position the same time. Then 
the calculated distance between the probe's final positions (with the pericenter 
difference of 1 km) gives us the gravity- assist sensitivity function for the chosen 
pericenter value. 

Subsequently changing the initial conditions, we found the sensitivity values 
analytically for 20 pericenter lengths (from 18 000 km to 8 000 km — that is from 
12 000 km to 2 000 km altitude) and obtained the following result. The sensitivity 
turns out quite a non-linear function. 

At a greater pericenter value (18 000 km) the sensitivity is about 20 000 (this 
means that one-kilometer difference (i.e. 17 999 km) throws the probe aside its 
assigned final point at 20 000 km. In other words, the sensitivity is about 104. At 
smaller pericenter value, about 10 000 km (it is 4 000 km altitude) the sensitivity 
grows ten times as 105. That is at the final point the probe is thrown aside at 
100 000 km. 

Thus, the gravity assist maneuver may work as a powerful amplifier of small 
pericenter changes caused by some physical agents on its first elliptic leg (Trek 1). 

We should say that we cross-checked the analytical evaluation of the sensitivity 
function values by a pure numerical construction of respective probe trajectories 
with the help of iterative program (realized within Python 3 system), choosing the 
time interval of 1 second, so that the probe's trajectories are built on 35-50 million 
points. 

'The results of analytical calculation and numerical construction of the trajecto- 
ries turned out quite close. 

The plots of GA sensitivity function are represented in Figs. 2-3. 

The first physical factor to distort Kepler's Trek 1 is Einstein's general rela- 
tivistic gravity; so we made preliminary computations, and again by two methods: 
analytically and numerically (and again the results are very close). 

The GR gravity brings three reasons making he pericenter shorter. First, the 
GR-ellipse slightly shrinks, second, it is subject to a slow precession, and third, on 
a shorter trajectory the probe arrives at the gravity-assist point a earlier so that 
Venus is met a bit closer. 
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Fig. 2. Math calculation of GA sensitivity as function of IP value. 
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Fig. 3. GA sensitivity function S(h) = dl/dh where dl is FP difference [km] for dh = 1 km. 


Then under identical initial conditions the probe’s pericenter becomes about 
40 km shorter. Therefore, if the pericenter is 18 000 km, then at the final point 
the observer must detect about 800 000 km distance from assigned position. This 
difference will be much more (millions of km) for shorter pericenter values. These 
distances are big enough; their experimental detection by the observer should indi- 
cate in favor of Einstein’s gravity. 
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Conclusion 


'The experiment seems not too hard to perform and it does not require excessive 
costs. Existing computational means allow distinguishing pure gravity effects among 
other physical agents, influence of other planets, Sun's oblateness, solar wind, etc. 
'The space probe need not be a sophisticated station packed with expensive tools; a 
primitive space-ball able to send receivable signals is sufficient. We think that many 
cosmic agencies of different states and private companies can afford this job. We 
hope, someone will be the first. 
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A method is described for creating a measurable unbalanced gravitational acceleration 
using a gravitomagnetic field surrounding a superconducting toroid as described by For- 
ward.! An experimental superconducting magnetic energy storage toroid configuration 
of wound superconducting nanowire is proposed to create a measurable acceleration field 
along the axis of symmetry, providing experimental confirmation of the additive nature 
of a Lense-Thirring derived gravitomagnetic field. In the present paper gravitational 
coupling enhancement of this effect is explored using high-permittivity material, as pre- 
dicted by Sarfatti? and his modification to Einstein's general relativity field equations 
for gravitational coupling in matter. 


Keywords: Gravitational; Gravitomagnetic; Lense-Thirring; Superconducting magnetic 
energy storage; SMES; Nanorods; Nanowires; Super dielectric materials; SDM; Super 
capacitors; High permittivity; Gravitomagnetic permeability; Gravitational coupling. 


1. Introduction 


When Forward! proposed a gravitomagnetic toroid to produce unbalanced gravita- 
tional force in 1962, a prototype was quite impractical. Recent advances in high- 
temperature superconducting (HTSC) nanorod wires (nanowires)*'* has enabled a 
new class of superconducting magnetic energy storage (SMES) devices operating at 
current densities sufficient to develop measurable gravitomagnetic fields. 

In the present paper, an experimental SMES toroid configuration is proposed 
that uses a super dielectric material (SDM; e.g., high-permittivity super capaci- 
tor) to substantially improve gravitational coupling of mass flow to the curvature 
of spacetime as predicted by Sarfatti.? Depending on the nature of gravitational 
coupling, it is predicted that a set of standard accelerometers could measure ac- 
celeration fields along the axis of symmetry of the toroidal coil, thus providing 
experimental confirmation of the additive nature of the gravitomagnetic fields, as 
well as the production of a linear component of the overall acceleration field (Fig. 1). 

In the instantiation of Forward's gravitational generation coil described in this 
paper, superconducting electron flow provides the change in mass current in the 
toroid. A high-permittivity material such as a SDM? is added to the space in the 
center of the toroid to improve gravitational coupling. Alternatively or additionally 
high-permittivity insulators may be used as an exterior jacket to the conducting 
portion of the nanowire to further boost gravitational coupling; gravitomagnetic 
effects are largest adjacent to the mass flow. 
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Figure 1. Gravitational force generation coil from Forward! with an inspiraling mass current, 
with a vector potential P, creating gravitomagnetic field G, with high-index material in the center 
to improve coupling. 


2. Gravitomagnetic Force Equation for Toroid Mass Flow 


As first developed in Forward, the linear force G developed by gravitomagnetic 
force in the mass flow toroid of Fig. 1 is given by Eq. (1) 


a= (D. () 


where 7 is gravitomagnetic permeability, 7 = r7,,? N is the number of turns in 
the toroid coil winding, T represents the mass flow, r is the cross-sectional radius 
of the toroid, and R is the overall radius of the toroid. 

Mass flow can be generated by an electrical current by virtue of the electrons' 
mass in motion. Single-electron mass flow (Fig. 2) is given by mass momentum: 


Te = pe = (Q x r)m,, (2) 
where Q is the angular rate, angular velocity is v = Q x r in the classical case.? 
Change in mass flow for the single-electron flow shown in Fig. 2 is 
T, = De = am, = (Q x v)m,. (3) 


This is equivalent to centripetal force, 


Mev? 


T= F meae = Me (w?r) , (4) 
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Figure 2. Electron orbit around one loop of SMES toroid. 


where w is the angular rate: 


3. Current in Idealized SMES 


We now estimate the possible inspiraling current flux enabled by the emerging 
SMES technology as it relates to the core geometry constraints described in Fig. 3, 
a toroid with torus geometry. We start with the assumptions needed to calculate 


the number of turns, N. 
From Eq. (1), the torus assumptions made in Fig. 3 can be factored into Eq. (6): 


n (=) | (6) 


where 


Gr = gravitomagnetic force 

No = absolute gravitomagnetic permeability 
= relative gravitomagnetic permeability 
N = number of turns in the torus coil 

S = Sarfatti scaling factor 

T = change in mass or mass flow 

r = cross-section radius of torus 

R = centerline radius of torus 


Note that Eq. (6) differs from Forward’s original formulation in that it includes 
the scaling factor S which accounts for the scaling of gravitational coupling due 
to high-index matter or metamaterials, which was first expressed by Sarfatti as 
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Figure 3. Toroid with a torus-shaped core geometry, including high-permittivity scaling matter 
in center. 


an additional zero-rank tensor in Einstein's field equations?" based on combining 
Lentz's? work with that of Medina and Stephany:? 


1 8nG 
Ry — 5 Tw = (=) ST us (7) 


where 


Fi, = Ricci curvature tensor, 
Rgyv = Ricci scalar curvature, 
G = gravitational constant 

c = speed of light 

S = Sarfatti scaling tensor 
Tv = Stress Energy Tensor 


For the purposes of describing an idealized case with a realistic geometry, we 
describe a device bounded by a 10cm toroid (outer mold line diameter), shown in 
Fig. 3 and Fig. 4, with a 0.5cm cross-sectional diameter. Furthermore, 16 sectors 
are defined as shown in Fig. 4. 

We further add additional assumptions regarding conductor wrapping around 
the toroid to determine constraints on the number of conductive loops that can 
be accommodated using the described technology.? As shown in Fig. 5 via cross 
section, we assume here a conductor winding depth of 0.1 cm. 

The inner edge of a single segment of the cross section, C,, is 1/16 of the toroid's 
centerline circumference: 


With a depth D, the minimum inner loop cross-sectional area can be described as 
Asec = D+ C, = (0.1 cm)(1.77 cm) = 0.177 em?. (9) 


This area is shown packed with conductors in Fig. 6 in depth and along the 
sector circumference. 


3914 


Figure 4. Torus section definition. 


Assuming each nanowire conductor has a diameter de of 100pm, the cross- 
sectional area of each conductor will be given by 


A, = tr? = 7.854 x 10? m?. (10) 


For packing nanowire conductors in a cross-sectional area described in Fig. 6, 
assume as a worst case a rectangular area described by the shortest edges such that 


Toroid sector 


Toroid sector Core. Toroid sector 

outer winding cross section inner winding 

cross section cross section 
.1 cm 3 cm .1 cm 4.5 cm 


Conductor winding 
cross sections 


Figure 5. Conductor cross section in each sector. 
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Conductor Depth 
| Dc 7 0.1 cm 


Sector Inner Circumference 
Cs = 2rī / 16 = 1.77 cm 


Figure 6. Conductor packing in each sector. 


a number of conductors in depth, Na, may be packed in one dimension, with the 
number of conductors, Nes, packed in the other dimension. These packing counts 
may be calculated in Eq. (11) and Eq. (12) as follows: 


0.1 cm 
Na = Dd, = =1 11 
a / 100 pm a 
1.77 cm 
Nes = Cs/de = 100pm ~ 177 (12) 


The total number of windings by sector will therefore be the product Ng x Nes: 
Neec = Na+ Nes = (10)(177) = 1770. (13) 
With 16 sectors, the total number of windings for the entire toroid will be 
N = 16Nsec = 28,320. (14) 


What is T with the forgoing assumptions? In this idealized case electrons circulate 
about a coil of circumference c,, or slightly larger: 


Cy = 2nr = 1.57 cm. (15) 


3.1. Electron motion 


Assume further a supply voltage of 16 kV, resulting in 16KeV of kinetic energy 
for each electron, which corresponds with the upper limit of a nonrelativistic case, 
where v = 0.25c, so that y = 1.06 z 1.0. 

Then from Eq. (4) for nonrelativistic circular motion, the vector change in DC 
current flow is 


y : (16) 
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which, for a single electron, has the following values 
m, = mass of the electron = 9.11 x 1073! kg 
v — velocity of the electron — 0.25c — 0.75 x 10? z 
r = 0.25 cm 


for the assumed geometry 
The angular acceleration of the electron is 


2 
de = — = 2.25 x 1018 7 (17) 
T S 


The change in mass flow represents centripetal acceleration in the case of circular 
motion: 


T, = Me a, = 20.48 x 1071? N. (18) 
Eq. (18) corresponds to the change in mass flow for one electron in one loop of 


coil. Total mass flow change is therefore the mass flow change per electron times 
the number of electrons: 


T =T,- Ne. (19) 


3.2. Electron current 


What is the number of electrons, Ne, in motion in one loop (part of the mass flow) 
at a given time for an assumed velocity of v = .25c? Ne in one loop can be described 
by the current J times the period of a single loop circulation At: 


N, =I- At, (20) 
where the period of an orbit can be described by 
Be,” 
At = Ê = fU = 0.2094ns. (21) 
U U 


What is the possible current inside the idealized device for the case where the 
entire winding is in series? We assume the max current stays below the critical 
current density of 250 M$ 3.4 

Current is limited by the maximum permissible current density and the cross 
section of the conductor: 


I=J-A,, (22) 


where J is material dependent. For the nanowire assumed in Ref. 3, J = 250 MS 
and the cross-sectional area, Ac = 7.854 x 10^? m?, as given in Eq. (10). Therefore, 
the maximum current for this conductor diameter is J = 1.96 A. 

Expanding on Eq. (22), the number of electrons Ne in circulation in one loop 
may be calculated by noting that there are 6.2415 x 1015 electrons per Coulomb: 


Ne= ( electron ) I (S) - At = 5.12 x 10? electron (23) 


Coulomb second 
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4. Forces in Idealized SMES 


Expressing Eq. (19) as force per electron times the number of electrons in motion 
in one loop: 


20 (Newt 
qusq ( sai =) - Ne = 5.25 mN (24) 
electron 


Thus, each loop experiences about 5.25 mN of integrated centripetal force (T) 
due to the electrons in circulation within. We now describe the scale factor to couple 
this force to the gravitomagnetic effect. Revisiting Eq. (6), which describes the over- 
all linear force developed at the center of the toroidal coil, total gravitomagnetically 
developed force will be 


NTr? 


Gt = (NoNr) (S) (e 


= (nonr) (S)(0.0295 N), (25) 
where known variables have been grouped on the right and unknown variables have 
been collected on the left. What are the correct values for no and n? 


4.1. Predicted force using gravitational potential scaling 


If no goes as G/2c as does gravitomagnetic potential (Ref. 10, Eq. (1.5)), then 
G 
o——L-111x10 ?. 2 
n 2 x 10 (26) 


This leads to Gt = (7,)3.275 x 107?!. Values of 7, are experimentally unknown 
at this time. However, if values of 9, track values of er?, then values as high as 
nr = 1016 may be possible, yielding Gr = 0.03275 mN. For a test mass of 1 kg this is 
equivalent to an easily measurable 3.35 uG. This is for a scaling factor of G/2c. If the 
scaling factor is G/c?, then the effect drops to an unmeasurably low 1.12 x 10714 
G, even for 7, = 101. 


4.2. Predicted force using gravitational field scaling 


If the scaling factor is G/c? or G/c^, then the effect is negligible for mn = 10°, 
so a much higher-index material will need to be found to improve coupling, or 
other means must be found to improve either the S tensor or the gravitomagnetic 
permeability nr. 

Consider the case where no goes as 8xG/c* as does the coupling constant in 
Einstein’s Field Equations: 


No = BEG BN 10-59. (27) 


= 
c 
which gives the total gravitational force developed as 


Gt = (nom) (S)(0.0295 N) = (m) (S)0.61 x 10-4 N. (28) 
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A value of m, = 1019 gives G's = ($)4.43 x 1077? N, which requires a scalar value 
of S of at least an additional 10!6 to obtain a measurable value for Gy. For an 


isotropic material, $ can be written as’ 
1 1 1n*-1 
S=-(@+4+—)=- : 29 
2 ( n z) 2 p? 99) 


Therefore, either a permittivity of € = 10? or an index of n = 104 with u = 1 
would be sufficient to provide the necessary 16 orders of magnitude in coupling 
improvement. However, care should be taken that effects captured by the S factor 
are not duplicative of those accounted for in the value of nr. 

Super dielectrics can provide up to e = 10?,? which, if we simultaneously had 
nr = 1016 via some unrelated phenomena, would improve the overall generated 
gravitational force to a marginally measurable level: 


Gr = (nr) (S) x 0.61 x 10744 = 0.061 nN. (30) 


Alternatively metamaterials could also be investigated to establish whether non- 
isotropic materials may create a more advantageous gravitational coupling. 


4.3. Lenz’s law implications 


Is there an equivalent of Lenz’s Law for gravitomagnetics? Consider a hypothetical 
case where a Forward toroid capable of supporting sufficient current and coupling 
to develop 1G of acceleration. As a thought experiment, imagine disconnecting the 
power supply and shorting the toroidal coil to itself, such that it is one continuous 
closed loop of nanowire, and equip a flying craft with such a coil. 

At the surface of the Earth such a properly oriented toroidal coil would be 
immersed in a 1G gravitational field. Should not such a field generate a counter- 
current in a toroidal coil capable of supporting a current of that level, essentially 
providing a self-powered counter field? If so, a craft so equipped would be able 
to hover using a counter-field equal but opposite to the Earth’s gravitational field 
without need of additional power sources. 

Similarly, additional closed-loop toroidal coils, properly oriented, could also be 
used to “current charge,” collecting energy from a static gravitational field, poten- 
tially providing power that could be directed to other propulsive or nonpropulsive 
functions of such a hypothetical craft. 


5. Conclusions 


An argument is made for using high-permittivity materials in the core or donut hole 
or nanowire insulators of an SMES toroid to improve gravitomagnetic coupling for 
the creation of an acceleration field, possibly of measurable amplitude. Improved 
coupling will be beneficial for shrinking device scale and complexity and overcoming 
the very weak coupling between mass flow and gravitomagnetic spacetime curvature. 
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Acronyms 


HTSC - high temperature superconductor 
SDM - super dielectric material 
SMES - superconducting magnetic energy storage 
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Ring laser Gyroscopes (RLG) are very versatile devices that find application in many 
fields as navigation, seismology and geophysics. Moreover, thanks to their sensitivity and 
accuracy, in the last years they have been used in fundamental physics research field. 

GINGER (Gyroscopes IN GEneral Relativity) research group aims to exploit a large 
RLG to test general relativity theory. Our research team has two working RLG, both with 
a square shape, one installed in Pisa and named GP2. (1.6 m side), and the other installed 
in the INFN underground laboratory of Gran Sasso near L’Aquila named GINGERINO 
(3.6 m side). The final goal of GINGER is to measure the Earth rotation rate with 
enough precision to take into consideration general relativity predicted corrections. 

To reach this target, one of the requirements is the stability of the laser and the 
optical cavity of the RLG. We will show the last developed techniques aimed to satisfy 
this stability requirement. Working on GP2 we have tested two different techniques to 
control the ring shape. One is based on the stabilization of the two Fabry-Perot resonators 
formed along the square diagonals by the opposite mirrors of the RLG. The other, consist 
in controlling the ring perimeter by monitoring its free spectral range through a beet-note 
between one of the counterpropagating beams and a frequency stabilized laser source. 
We will show the characteristics, the potentialities and the tests of these two methods. 


Keywords: Large Frame Ring Laser, Sagnac Effect, frequency control, Laser stabilization 


1. Introduction 


Large frame ring laser gyroscopes (RLG), which exploit Sagnac effect, are the most 
sensitive devices for detecting absolute angular motions in a huge range of frequency, 
extending from kHz down to DC.! Thanks to their sensitivity and accuracy, in the 
last years they have been used in the fundamental physics research field. 

In this framework, the project GINGER (Gyroscopes IN GEneral Relativity) of 
the Istituto Italiano di Fisica Nucleare (INFN) was developed in 2010.7? The goal 
of the project is to measure the Lense-Thirring and De Sitter effects using an on 
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Earth device via a very precise and accurate measurement of the Earth rotation 
rate. Binding rigidly a RLG to the ground it is possible to exploit the Sagnac effect 
to measure the Earth rotation rate. Due to this effect, two counter-propagating 
beams that circulate in a rotating close path have an optical frequency difference 
proportional to the rotation rate. This frequency difference, known as the Sagnac 
frequency (fs), is linked to the reference frame rotation rate via the geometrical 
characteristics of the ring as descibed in Eq. (1) 


i= sell? (1) 


where A and P are respectively the area and the perimeter of the optical path, A is 
laser wavelength without the path rotation, €) is the rotation rate of the reference 
frame and £ is the normal area versor of the optical path. 

It is possible to demonstrate that Eq. (1) is still valid in General Relativity (GR) 
with only one difference: GA In fact, in the relativistic formulation, d includes all 
the gravitational field effects, which is exactly what we want to measure. 


dg quad i (2) 


Ge = 7.29 x 107? rad/s is the Earth instantaneous angular rotation velocity, Ge 
is the geodetic (or De Sitter effect), n is the Lense-Thirring effect. 

These terms are estimated to be, respectively, 6.98 - 1071? Qg the geodetic part 
and 2.31-10~!°Q~ the Lense-Thirring one.*:9 This estimation gives the sensitivity 
level required to be able to measure the general relativity correction upon the Earth 
rotation rate. 

GINGER research group aims to reach this level of sensitivity with an array 
of large frame RLGs. In order to reconstruct the Earth rotation rate vector with 
enough precision to evaluate the De Sitter and Lense-Thirring contribution. To 
obtain this goal the also the ratio 4A/AP of Eq. (1) must be known and stable at 
a level of 1019. This ratio is known as scale factor (for simplicity in the following 
we will refer to this quantity as scale factor or k). In the following, we will describe 
two different techniques to stabilize this value. 


2. GP2 and the geometry control 


Our research group has two RLGs, the first one, named GP2"? installed in the 
INFN (Istituto Nazionale di Fisica Nucleare) laboratory in Pisa, and the second one, 
GINGERINO!?-4 installed in the underground laboratory of LNGS (Laboratori 
Nazionale del Gran Sasso) near L'Aquila. 

This second one is our prototype of high precision large frame RLG. It is a square 
ring of 3.6m side located inside a quiet environment like those of the underground 
laboratories of LNGS inside the Gran Sasso mount. It has been built to test the 
quality of this kind of site for the installation of a device for GR. measurements. 


3922 


Fig. l. Pictures of GP2. 


Moreover, it has also shown that can be a suitable instrument also for geophysics 
ad geodesy.1° 17 

In this work we will focus on the first one GP2, that is our test ring laser 
(see Fig. 1). It is a square ring of 1.6m side, tilted of ~ 45° in order to maximize 
the scalar product in Eq. (1). In addition to the square cavity, it has other two 
resonance cavities: the diagonals, and 4PZT actuators (one for each corner) able 
to move the whole corner along the diagonal direction. The structure of both our 
RLGs is etherolithic. This means that active geometry stabilization is essential to 
fix the scale factor value during the measurement period. 

We have developed two different methods to control the ring geometry, the first 
is based on controlling the length of square diagonals and the second is based on 
stabilizing its perimeter length. 


2.1. Diagonal Control 


First of all, we have designed a mathematical model to parameterize all possible 
deformation that can affect the ring shape.? Basing this model on the diagonals 
deformation we have identified six fundamental deformations. Tn the hypothesis 
of small perturbation of a perfect square we can reconstruct any kind of shape 
perturbation using these six fundamental deformations. Using this parametrization 
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Fig. 2. Graphical representation of the optical paths six fundamental deformation of ring shape. 
First row: diagonal common mode stretching F (left); differential mode stretching E» (right). 
Second row: shear planar deformations Es (left), E4 (right). Third row: diagonal tilt Es (left); out 
of plane tilt Eg (right). From Fig. 2 of [8] 


we have recalculate the scale factor obtaining: 
L 1 Ti à: TÉ TZ 2L 4- 2r (73 | 72) L+2V2r r 
A, vaL 2D AD 4L(r- JBL)” L (4r — VL)" 

(3) 
were each Ta represent the coefficients that quantify the magnitude of each deforma- 
tion, L the is the unperturbed ring side length and r is the curvature radius of each 
mirror. The assumption of of small perturbation means that 107? < 7,/L < 107}. 
In view of this, from Eq. (3) it is clear that an accuracy of 1 part in 10!? on k can 
be reached only if the relative amplitude of E, deformation is 10^ !? or less. This 
means that stabilizing only the diagonals length is enough to reach our purpose. 

We have realized an opto-electronic system able to transfer the frequency sta- 
bility of an He-Ne iodine stabilized laser to the length stability of a Fabry-Pérot 
cavity (the diagonals). Firstly we have tested this system on two probe cavities on 
optical bench" and then we have implemented it on GP2.? 


k= 
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Fig. 3. Control loop scheme. Orange lines are the modulation signals, green lines are the correc- 
tions generated by the feedback system and black line is the modulated signal. Lines labeled with 
1 are the first control loop and those ones with 2 are the second. 


Fig. 3 shows a schematization of a control loop for a single diagonal. The control 
system is divided into two loops (see lines labeled with 1 and 2 in Fig. 3). The first 
is the one that fixes the length of the diagonal via two different actuators the 
piezoelectric (PZT) and the Acousto-Optic Modulator (AOM). The second one is 
used to measure the cavity Free Spectral Range (FSR) in order to test the control 
system efficiency. 

The results of the measurement with this control technique are summarized 
in Fig. 4. The plots show the comparison between the measured Earth rotation 
rate estimated by the reconstructed Sagnac frequency and the Earth rotation rate 
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Fig. 4. Reconstructed value of Earth rotation rate from Sagnac frequency in rad/s compared 
with the known value while the diagonals are locked (TOP) and free-running (BOTTOM). 
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nominal value. Both quantities are expressed in rad/s. On top, the comparison 
when the diagonals are locked is shown, while on the bottom when the diagonals 
are unlocked. 

A clear improvement due to the presence of the cavity stabilization system is 
the increase of the duty-cycle of the measurements. In our case, the duty-cycle is 
defined as the ratio between the period during which it is possible to reconstruct 
the Sagnac frequency, divided by the entire acquisition time. It is straightforward to 
see the effect of the stabilization on the so-defined duty-cycle. The “holes” present 
in the bottom plot are generated by the period of split mode of the RLG. In this 
condition, we have a duty-cycle of about 78%. This value increases up to 99% when 
we active the lock as the top plot shows. In addition, the presence of the control 
loop increases the effectiveness of the frequency reconstruction algorithm reducing 
the spread of the data with respect to the Earth rotation rate known value. 

A more detailed discussion of this technique can be found in [9, 18]. 


2.2. Perimeter Control 


Our studies demonstrate that the diagonal control technique is the main way to 
obtain the necessary stability for GR measurement. Nevertheless, we explored other 
geometry control methods. One of them consists of keeping fixed the ring perimeter. 

'There are two possible ways to measure the ring perimeter, the first consists of 
generating a beat-note between one of the two counter-propagating beams and a 
frequency stabilized laser. The second is the self-beat-note technique. If the laser 
inside the ring has enough power to excite the fundamental and the first longitudinal 
mode, using a fast photodiode we can acquire the beat-note of these two modes that 


External f- Monobeam 
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Fig. 5. Scheme of perimeter lock loop via comparison with an external laser source. The one that 
exploit the self-beat-note is analogous but without the Beam Splitter (BS) and the external laser. 
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Fig. 6. Reconstructed value of Earth rotation rate from Sagnac frequency in rad/s compared 
with the known value while the perimeter is locked. 


is exactly the Free Spectral Range (FSR) of the cavity. This method has an intrinsic 
lower level of stability than the first one. So we chose the external reference laser 
method. 

Fig. 5 shows a schematization of the perimeter control loop. The beat-note 
between monobeam and reference laser is acquired from a fast photodiode and sent 
to a frequency counter, used as a monitor, and to a Phased-Locked-Loop (PLL), 
used to generate the correction signal. 

As in the case of diagonal control, we tested the perimeter lock loop acquiring 
the Sagnac frequency. Fig. 6 shows the result of this test. Also in this case we have 
both the benefits present in the diagonals control method. The spread of the data 
around the nominal value of Earth rotation rate is about 0.3% and the duty-cycle 
close to 99%. 


3. Conclusions 


In this work, we have shown two different methods to stabilize the geometry of 
a large frame RLG. The diagonal control method is the one suitable for GR. ap- 
plication. Our mathematical model demonstrates that we can fix the scale factor 
value simply by controlling the diagonal length. Also, preliminary tests on GP2 
showed important enhanced in the quality of the Sagnac frequency data in view of 
an application on a new generation device dedicated to measuring De Sitter and 
Lense-Thirring contribution to the Earth rotation rate. 

Despite it is not the chosen one for GR measurement, also the perimeter control 
method has some interesting features. It is easier to realize, especially if we use the 
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self-beat-note technique. Moreover, as in the case of diagonal control, it increases the 
duty-cycle of an RLG at a level neat to 10096 and it improves the Sagnac frequency 
data quality. Thanks to these it can be useful for the geological and geophysical 
application of an RLG. In this field, the requested stability is lower than the one 
of GR. 
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We present here the proposal to use the LISA interferometer for detecting the gravito- 
magnetic field due to the rotation of the Milky Way, including the contribution given by 
the dark matter halo. The galactic signal would be superposed to the gravitomagnetic 
field of the Sun. The technique to be used is based on the asymmetric propagation of 
light along the closed contour of the space interferometer (Sagnac-like approach). Both 
principle and practical aspects of the proposed experiment are discussed. The strategy 
for disentangling the sought for signal from the kinematic terms due to proper rotation 
and orbital motion is based on the time modulation of the time of flight asymmetry. 
Such modulation will be originated by the annual oscillation of the plane of the interfer- 
ometer with respect to the galactic plane. Also the effect of the gravitomagnetic field on 
the polarization of the electromagnetic signals is presented as an in principle detectable 
phenomenon. 


Keywords: Gravito-magnetism; Galactic halo; Sagnac effect; Space interferometers. 


1. Introduction 


Among the possible space-times consistent with the Einstein equations and with 
various matter distributions, a special interest deserve those endowed with a chi- 
ral symmetry about the time axis of a given observer. The chiral symmetry may 
sometime appear as a simple local coordinates artifact, in which case the symmetry 
disappears with an appropriate choice of the reference frame. Clearly, the most in- 
teresting situations are when the symmetry is indeed in the curvature of space-time, 
which happens when the source of gravity is a spinning mass distribution. In terms 
of the metric tensor, the presence of the symmetry we are interested in is manifested 
by non-null time-space off-diagonal terms. It is of course always possible to choose 
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a local reference frame where all off-diagonal terms are brought to zero, but this 
is in general not possible globally, when the source of gravity is spinning. In weak 
field conditions (the most common situation in the universe) the symmetry we are 
considering appears in the form of a gravito-magnetic field. The name derives from 
the fact that in weak field approximation the Einstein equations assume a form 
quite similar to Maxwell's equations of electromagnetism (e.m.), so that the inter- 
action between moving masses (just as moving charges in e.m.) may be described 
in terms of forces due to two vector fields: the gravito-electric (analogous to the 
electric field, but always attractive), and the gravito-magnetic field (analogous to 
the magnetic field of classical e.m.). This formalism is well known and we refer to 
the vast literature and to basic texts of general relativity (GR): see for example 
Ref. [1]. 

It is, however, worth remarking that the gravito-magnetic force is usually much 
weaker than the gravito-electric one, making thus hard to identify measurable ef- 
fects. So far, physically relevant phenomena associated with the aforementioned 
symmetry are expected, upstream of any approximation, in strong field conditions 
such as near Kerr black holes or, when the gravito-electromagnetic approximation is 
applied, in the behaviour of peculiar systems where gravity is still strong enough to 
allow the gravito-magnetic component to emerge in an observable way. The latter 
is the case of the double pulsar, whose internal dynamics, readable from the sig- 
nals received by our radiotelescopes, indirectly hints to the gravito-magnetic (GM) 
interactions between the spins and the orbital motions of the two stars in the pair.? 

In the Solar System, the effects due to the angular momenta of the Sun and 
of the planets are extremely weak. Until now the only measured effects are those 
of the terrestrial gravito-magnetic field. They have been observed monitoring the 
motion of the moon along its orbit by Laser ranging? and doing the same with the 
LAGEOS and LAGEOS? satellites: what was found was the Lense-Thirring drag? 
on their motion. Direct evidence has been obtained by the dedicated Gravity Probe 
B experiment which measured the induced precession on gyroscopes carried on a 
circumterrestrial satellite in polar orbit. Laser ranging is also the main tool used 
to analyze the orbit of the dedicated LARES mission, which is producing the best 
accuracy so far for the GM field of the Earth." On the surface of our planet it is 
expected to measure the GM field using ring lasers.* 1° 

A way to compensate for the weakness of the sought effects is to use very large 
sensors and measuring devices, that could not be hosted on a single spacecraft 
or in a laboratory on Earth. This is one of the reasons pushing toward peculiar 
configurations of a plurality of measuring devices in space, either around the Earth!! 
or at the scale of the inner solar system.!? 

An extremely interesting opportunity is the LISA interferometer,!? designed and 
under development for detecting gravitational waves. What we propose here is to 
use LISA, which, as we shall see, is already fit for the purpose, also to reveal the GM 
field in which the device is immersed. The interesting sources that could be studied 
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are both the solar angular momentum and the angular momentum of the Milky Way 
(or, to say better, the part of it which is relevant for the solar system). A further 
reason of interest for the galactic angular momentum is that it reasonably depends 
both on the visible and on the dark component of our galaxy. So far, dark matter 
(DM), which is an important ingredient of the cosmic cocktail, is postulated only on 
the basis of its direct gravitational (gravito-electric) effect. However, if DM exists 
and we trust GR, we may expect also phenomena related to the proper rotation 
of DM distributions. It is currently accepted that most galaxies (including ours) 
are immersed in huge DM halos; if so, it is also reasonable to expect such halos 
to rotate together with the visible part of the galaxy: in fact, if dark and visible 
interact gravitationally, any little localized inhomogeneity on one side or the other 
acts as a hook that drags or brakes the other component so that, after some remote 
transitory, both end up revolving together. The consequence is that DM should 
represent a relevant contribution to the angular momentum of the whole, then to 
the GM component of the gravitational interaction. 

In what follows we outline how LISA could be used to measure both the angular 
momentum of the Sun and of the Milky Way. Reliable estimates of the angular 
momentum of the visible Milky Way exist: by difference, we could thus measure the 
galactic Dark content. 


2. Internal space-time of the Milky Way 


Globally and in the first instance we can attribute an axial symmetry to the distri- 
bution of matter of the Milky Way and imagine also that it is in uniform rotation 
condition (stationary space-time). If so the typical line element may be written as 
follows: 


ds? = U(r, z)c?dt? — 2N (r, z)rdécdt — W (r, z)r?d$? — Q(r,z)(dr? -dz2) (1) 


Cylindrical space coordinates have been used. An additional symmetry we as- 
sume is reflection symmetry about the galactic plane. U, N, W, Q are dimensionless 
functions of r and z only. They are everywhere regular (except possibly in the 
origin). The only constraint expressing the reflection symmetry is 


QU ON oW oQ 
ee = e ei = yum a J usi i 
Our interest is on the view point of an observer at rest with the Sun, so for the 
moment it is convenient to assume that the r axis is corotating with the Milky Way. 
This assumption does not spoil the symmetry we have assumed, but implies that the 
U, N, W, Q functions implicitly include also the effects of the choice of the observer 
(which in general treatments is assumed to be at rest with the center of the mass 
distribution and located at infinity, whereas here it is co-moving with the Sun). 
We cannot a priori say more about the shape of the functions because we are 
considering an observer inside the mass distribution (visible or dark it may be) and 


0 (2) 
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we do not know exact solutions of Einstein's equations within a rotating distribution 
of matter. Nonetheless, if we succeed in detecting specific effects of the rotation 
of the Milky Way, we may also deduce relevant information on the way DM is 
distributed. This is because the non trivial parts of the elements of the metric 
tensor contain the mass density of the Milky Way and the rotation curve of the 
stars in it: since we know how the visible mass is distributed and the rotation 
curve of the galaxy (which we have assumed to be the same for DM also), from the 
evaluation of the total GM field we may deduce relevant information on the DM 
density distribution, which contributes to the effect. 


2.1. Galactic gravito-magnetism 


Line element (1) is quite general, but we may equally well adopt the language and 
the images of the weak field, since that is indeed the case. We may also focus 
our attention on the situation on and near the galactic plane considering that the 
Sun is not far from it. This said, we read the ratio N/U as the only non-zero 
component of a three-vector, which is the analog of the vector potential A of classical 
electromagnetism. 14 

Under the above conditions, whenever the metric tensor is independent of time 
the equation of geodesic motion can be written in a form analogous to Lorentz’s 


equation of e.m. 
dI 2 vU = » 
;--e(vU-25x Vx Ay) (3) 


v and z are the three-dimensional velocity and position of the test mass with respect 
to the observer. The functions U and A, are given in terms of the elements of the 
metric tensor gy, by: 


U = goo; A(gj = S (4) 
Joo 
In our case it is 
E N 2 N. 
Ag = (o 79) or Ag= vU? (5) 


Here à is the unit transverse vector in the direction of rotations about the symmetry 
axis. Our space basis for covariant vectors is (dr, rdo, dz) so that all components 
of A, are dimensionless and the field lines of the vector are circles centered on the 
space symmetry axis, contained in planes perpendicular to that axis. The next step, 
formally recognizing the weak field approximation, is to calculate a gravito-magnetic 
field B, from Ag just in the same way we would do in classical electromagnetism: 


- o. N/aU aN\. N/&N avy, 
B, = vx - p (2 x) a(S p): (6) 


ô, and ð, are a shorthand notation for 0/Or and 0/0z; each component of B, has 
the dimension of the inverse of a length. 
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If we limit ourselves to the symmetry plane (the galactic plane) the r component 
of the field vanishes and the vector turns out to be perpendicular to the plane, then 
parallel to the axis of the Milky Way. 


3. The propagation of light 


In the peculiar space-time we are considering, the propagation of light displays an 
interesting behaviour. Whenever some physical device (mirrors, waveguides or else) 
constrains light to move along a closed path, the time of flight (ToF) it takes to 
make a full turn is different depending on whether the travel is right- or respectively 
left-handed. The sense of the circulation is with respect to the field lines of B;. 

Actually this asymmetry is not peculiar of light only. It holds true for any 
signal or voyager, provided its velocity is locally the same in both directions at any 
position along the path.!? The effect we are recalling is sometimes improperly called 
‘Sagnac effect’, though the latter is an effect of special instead of general relativity 
and concerns the non inertial rotational motion of the observer rather than the 
curvature of space-time. 

When considering the situation from a four-dimensional viewpoint, light leaves 
the source at a given event of the worldline of the observer, then comes back to the 
observer at a different point along its worldline: the path is of course open. When 
starting in the opposite direction, the light ray will meet again the observer at a 
different event of its worldline. Locally measuring the proper time (7) difference 
between the arrivals (the length of the intercepted interval of the observer's world- 
line) we deduce an information concerning the proper angular momentum of the 
source of gravity (possibly combined with rotational motion of the observer, if it is 
present). 

'The difference in proper time can be expressed in terms of the components of 
the metric tensor. Using the standard notation of GR. we have:'® 


2 iy i 
Ar = - ji d Mae’ i=1,2,3 (7) 
c Joo 


The square root of goo is evaluated at the position of the observer and accounts for 
the gravitational field there; it does not coincide with the goo under the integral 
sign, since the latter expresses the gravitational field along the integration path. 
Here z is a generic space coordinate and the integration is performed along the 
space closed contour traveled by the light beam. 

Restricting the description to the space-time with the symmetries described 
above, and using the typical notation of gravito-electromagnetism, the time delay 
becomes: 


2 x : 
|Ar| = ZVT f Aude! = “vo f B, - find S (8) 
C [6 
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The last term on the right is obtained applying the Stokes theorem of usual 
three-dimensional geometry and converts the line integral into a flux; dS is the 
surface element of the area contoured by the closed path in space and &,, is the unit 
three-vector perpendicular to the given surface element. 


3.1. Galactic gravito-magnetism in the Solar System 


Our purpose is to consider an experiment carried out at the scale of the inner 
solar system and indeed at the Earth's orbit. The galactic GM field B, does in fact 
depend on the distance from the center of the Milky Way. The Sun is approximately 
Rg & 2.35 x 10?°m (28,000 light years) away from the center of the Milky Way. If 
we think of an instrument revolving around the Sun in correspondence of the orbit 
of our planet, its distance from the center of the Milky Way changes at most by plus 
or minus 1 astronomical unit (AU), i.e. ARs ~ 3 x 10!! m. The relative fluctuation 
of the distance, under these conditions, would then be ARs/Rs ~ 107°. Even 
though we have no explicit expression for the functions appearing in line element 
(1), just looking at what happens in electromagnetic analogies, we may reasonably 
expect AB,/B, to be of the same order of magnitude as ARs/ Rs. If so, if we 
additionally assume such a relative change to be negligible for our purposes, it 
follows that in practice B; of the Milky Way is a constant for our experiment. 
Under this assumption eq. (8) simplifies to: 


2 
[Ar| S z VU B,8 cosy (9) 


S is now the total area enclosed in the path of light, assuming that the contour is 
contained in a plane; y is the angle between the perpendicular to that plane and 
the direction of the gravito-magnetic field of the Milky Way at the Sun. As far as 
the Sun may be considered to lay in the galactic plane, the direction of B, coincides 
with that of the axis of the Milky Way. 

If we are able to measure |A7|, we may then deduce from eq. (9) information on 
U and in particular on N, since U, being related to the local ordinary gravitational 
potential, can also be obtained by other means. 


4. Space interferometers and LISA 


It follows from previous considerations and from eq. (9) that a good strategy to 
detect the presence of a gravito-magnetic field is to resort to the measurement of 
time asymmetries in the propagation of light; eqs. (8) and (9) show that we need 
a vast area S in order to enhance the sensitivity of the experiment. This is why 
appropriate configurations of receivers and transponders in space are particularly 
interesting. For instance, it has been proposed!! to use constellations of satellites 
around the Earth (such as the Galileos), but even more appropriate and promising 
may be the opportunity to use LISA, an orbiting interferometer designed to detect 
gravitational waves around the mHz frequency band. 
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LISA will monitor the distance between pairs of free falling test masses (TM) 
at a distance L — 2.5 million km with a continuous interferometric laser ranging 
scheme to detect strain distance variation due to gravitational waves. The TM 
pairs will be lodged in three spacecraft arranged to form a big equilateral triangular 
constellation. So far we considered the observer as being co-moving with the Sun, 
but actually the plane of the LISA constellation will form an angle 6 = 30? with 
the ecliptic plane and that plane is at an angle a ~ 60° with respect to the galactic 
plane; the whole constellation will rotate around the Sun at a distance of 1 AU, 
lagging by 20? the orbit of the Earth; it will also rotate on its plane, around the 
center of mass, with the same 1 year period. The geometry of such configuration is 
shown in Fig. 1. 
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Fig. 1. The LISA interferometer in the Milky Way. a) (left) Freely falling constellation in the 
terrestrial orbit. b) (right) Orientation of the triangular constellation with respect to the galaxy 
and to the ecliptic. 


Keplerian dynamics causes, in the yearly rotation period, changes of up to 10* 
km in armlength and 10 m/s in spacecraft velocity: this phenomenon, called flexing 
of the arms, forbids equal path interferometry. However, the use of post-processing 
techniques (Time Delay Interferometry: TDI)!7^!? allows to synthesise equal arm 
interferometry to better than 1 ns. Among TDI combinations there are several 
that mimic the output of a Sagnac interferometer,!?:?? thus suppressing the GW 
signals. By interfering electromagnetic signals traveling in opposite directions along 
the LISA triangle, we could measure the ToF difference at one of the corners: Eq. 
(8) will then allow us to deduce the intensity of the gravito-magnetic flux through 
the interferometer. 

In the reference frame comoving with the spacecraft, B; will contain various 
contributions including those due to the proper and orbital motion of the device 
(Sagnac effect). The components of interest would be the galactic contribution (both 
from visible and dark matter) and the gravito-magnetic field originating from the 
angular momentum of the Sun. In principle also the Earth and other planets would 
contribute, but it is easily verified that those components would indeed be much 
weaker than the galactic and solar ones. 
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4.1. Gravito-magnetism from the Sun 


The GM field of the Sun, B,o, has a simple form, as long as our star is treated as 
a compact spherical spinning source. The configuration of the field is dipolar and 
in the solar equatorial plane, where Bo is perpendicular to the plane, it is (net of 
kinematic contributions, i.e. for a non-rotating observer in a Sun-centered reference 
frame)? 


= 2G - 
Bio = Gy Jo = 28:10 "m (10) 
en 
G is Newton's constant and Jo is the angular momentum of the Sun; r is the 
observer's distance from the center of the star. 
In our approximation, we can take U = 1—2 


for the solar effect alone, would then be: 


GMo 
Bp 


~ 1, and the ToF asymmetry, 


AT |o > MIELE ~ a Hol cosnas (11) 
The flux is calculated over the LISA triangle: actually, the area of the constel- 
lation is tilted with respect to the ecliptic, and this has two consequences: 1) part 
of the area is slightly above and part slightly below the ecliptic plane so that there 
Bo has also a small radial component; and 2) the three spacecrafts have different 
instantaneous distances from the Sun (ór/r < 0.6%) and therefore experience a 
different strength of the dipolar field. In the following, we shall neglect, for sake of 
simplicity, both corrections. 7 is the angle between the normal to the plane of the 
triangle and the axis of the Sun. Since the latter is in turn inclined with respect to 
the north of the ecliptic?! by the angle x ~ 7°, 7 changes periodically during the 
year oscillating between min = B — x and Nmaz = E + x; B and x are shown in 
Fig. 1b. 


5. Proposed measurements 


The experiment we would like to consider uses LISA as the triangular closed path 
along which e.m. signals are sent in opposite directions, in order to measure the 
ToF difference. Letting, for the moment, all practical problems aside, we note a 
multiplicity of contributions simultaneously acting upon the interferometer. GR is 
a non-linear theory so that, in principle, it is not an easy task to disentangle the 
various terms. In particular, beside the solar and galactic contribution, we have the 
kinematic terms related to the rotational movements of the configuration, i.e. the 
proper rotation of the triangle, its orbital motion around the Sun and the rotation 
of the Sun about the axis of the Milky Way. These kinematic terms may legitimately 
be considered as manifestations of the Sagnac effect; in a treatment that wanted 
to be “exact” all terms (both kinematic signals and “physical” i.e. GM terms) 


3937 


combine non-linearly with each other, so that it is extremely difficult to distinguish 
them. Fortunately, the fact that all effects are small or very small (the GM terms 
are expected to be much weaker than the kinematic ones) helps us, in the sense 
that in an approximate treatment we are allowed to truncate the expansion at the 
lowest order. Indeed the lowest approximation is the linear one where a simple 
superposition principle is applied. 

Even accepting the linear approximation, the problem remains of separating 
the different addends of the sum. This separation would be possible if we knew at 
least the kinematic terms with an accuracy better than the size of the unknown 
“physical” contributions. This is a difficult task, because the gravitomagnetic effect 
is expected to be many orders of magnitude smaller than the Sagnac effect; we need 
some sort of signature that highlights the terms of interest and the “marking” we 
may exploit is the time dependence of the signals. Looking at Fig. 1b we see that 
our triangle oscillates yearly with respect to the galactic plane between an angle 
Ymax X a + D and an angle ymin ~ a — f, where a ~ 60? is the angle between 
the ecliptic and galactic planes. The oscillation is not simply sinusoidal and we use 
~ instead of just = because the axes of the Milky Way, of the ecliptic and of the 
LISA triangle never turn out to be exactly co-planar. Furthermore, when looking 
at the solar contribution, we find the already mentioned oscillation with respect to 
the solar spin axis. 

Thus, both GM contributions exhibit yearly periodicity but with a different 
phase, whereas the Sagnac effect is nearly constant with small harmonic components 
(including the yearly one) due to flexing, which can be, in principle, calculated and 
subtracted. 

As for the detectable signal, we may estimate its minimal amplitude for the Sun 
GM from eq. (11), with a LISA constellation area, neglecting the above mentioned 
oscillations, S = (/3/4)L? œ 2.7 x 1015m?. The target displacement sensitivity for 
LISA, is clATmin| ~ 1071! m. With this sensitivity both the solar GM and the 
galactic one should be detectable by LISA (see Fig. 2), although with marginal 
signal to noise ratio. 

Eq. 9 shows that the minimum detectable GM field would then be 


Bomin) ~ 1.8 x 10 ?9m71 (12) 


In order to see what this number means, consider that the terrestrial GM field 
on the surface of the Earth (at the equator) is ~ 10 ??m- !. Proper Sagnac terms 
(which depend on the angular velocities around the Sun, around the constellation 
center and around the galactic center) are many orders of magnitude larger than 
the value in eq.(12), whereas the solar contribution is only a factor 100 above the 
minimum detectable signal. On the basis of estimates of the angular momentum 
of the visible mass, the galactic GM field is expected to be just above the edge of 
detectability. 
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Fig. 2. Time dependence of the expected signals (expressed as lengths) on a noiseless LISA 
constellation: 

'TOP: Sagnac effect, due to the triangle rotations both around the Sun and around its center. The 
signal has an almost constant value, with small (~ 1%) oscillations due to the flexing of the arms 
and ensuing change of the area. 

MIDDLE: GM effect from the Sun; the yearly modulation is due to the inclination of Jọ with 
respect to the ecliptic. 

BOTTOM: signal from the galactic Gravito Magnetism; this measurement would be performed 
within the source mass current, and no certainties can be offered about its strength. We hypothized, 
for this plot, a field Bmw = 3- 10-29 m- 1, neglecting the contribution of the external part of the 
Milky Way (that would actually act to reduce this strength). 


6. GM effect on light polarization 


The only GM effect we have considered so far is the asymmetry in the ToF of light, 
but there are other consequences to be considered. The analogy with classical e.m. 
suggests that we may also expect the analog of the Faraday effect. In other words, 
if a linearly polarized light beam propagates along the field lines of a GM field 
the direction of the polarization vector should rotate around the direction of the 
propagation.?? 

Using the formalism of GR, the electromagnetic field is described (in four di- 
mensions) by the so called Faraday anti-symmetric tensor F,, and, regardless of 
any approximation, when there is propagation producing a four-dimensional area 
0S9! = (óróx*) = (02*)?/c (movement along the direction of x’ at the speed of light) 
the corresponding change in F,, is 


OFM = (R^, F” + R^, F"*)58? (13) 


Rý yp are the components of the Riemann tensor which account for the curvature of 


space-time. 
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Whenever the propagation takes place over a distance | in a direction non- 
perpendicular to the GM field, the change in the Faraday tensor corresponds to a 
rotation of the polarization vector of the wave around the propagation line by an 
angle v:?? 


~ vos z_i N (ON oU 
we 2 Bel-t N U 5 


The last expression in Eq. (14) refers to the case of the Milky Way and uses the 
notation introduced in Eq. (6) applied on the galactic plane and for light travelling 
in a direction perpendicular to that plane. 

The solar GM will produce, in any LISA arm, a rotation of the polarization 
plane of ~ 3-107? prad. The two laser beams propagating in each arm in opposite 
directions would undergo opposite rotations. In principle the effect would cumulate 
with the laser beam going around the constellation if the transmission of the light 
from satellite to satellite preserves the polarization. LISA will use linearly polarized 
light for the strain measurements. The unwanted polarisation component present 
in the received beam will be removed, when entering the measurement chain, by 
a PBS (polarising beam splitter); this fraction, containing the GM signal, could 
be in principle detected by an additional, dedicated photo diode. In fact, in the 
LISA-Pathfinder (LPF) mission it has been observed that, because of non perfect 
performance of the PBS, part of this light can still contaminate the strain mea- 
surement, yielding additional noise in the form of read-out noise and spurious laser 
pressure. Thus the GM rotation effect in LISA would possibly result in a decreased 
sensitivity of the observatory. That signal could be reconstructed in post-processing, 
as it was done in LPF, using a well shaped model of the measurement chain.?? 


7. Conclusion 


We have discussed the relevant sources that could contribute to the gravito-magnetic 
field in the solar system far from the planets and within 1 AU from the Sun. In 
particular we have considered the relevance of the field in producing an asymmetry 
in the propagation of electromagnetic signals along closed space paths. We have 
then discussed the possibility to use the big triangle formed by the LISA satellite 
constellation applying an approach similar to that of the Sagnac effect. 

A quantitative evaluation of the effects shows that the sensitivity of such an 
arrangement would be sufficient to measure the solar GM field. Such measurement 
would give an important information on the internal structure of the Sun, from 
which the angular momentum of our star depends. But LISA, used à la Sagnac, 
would probably be able to reveal the weak GM field of the Milky Way as well. 
'This is increasingly interesting and important since the galactic gravitomagnetism 
depends of course on the distribution of visible matter in the Milky Way, but also,in 
a non marginal way, on the presence of dark matter, that, on the whole, is expected 
to have a mass much greater than that visible. 
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The GM field also causes a rotation of the polarization of the e.m. signals that 
will travel along the arms of the interferometer. The effect is tiny, and its detection 
is extremely challenging, but should in principle be considered, in view of future 
technological advances. This would yield additional and complementary information 
on the intensity of the field. 

LISA will send its “raw” data to Earth, to be off-line processed and syntethized 
in interferometric signals: in view of this strategy, pursuing the search for GM 
signatures on the data, a challenging, though not impossible task, should require 
no further hardware development, and no additional task for the mission. 

For these reasons and for the importance of the objectives pursued it would be 
worthwhile to carry out the experiment. 
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Geometric optics approximation is sufficient to describe the effects in the near-Earth 
environment. In this framework Faraday rotation is purely a reference frame (gauge) 
effect. However, it cannot be simply dismissed. Establishing local reference frame with 
respect to some distant stars leads to the Faraday phase error between the ground sta- 
tion and the spacecraft of the order of 1071? in the leading post-Newtonian expansion 
of the Earth's gravitational field. While the Wigner phase of special relativity is of the 
order 1074-1075. Both types of errors can be simultaneously mitigated by simple en- 
coding procedures. We also present briefly the covariant formulation of geometric optic 
correction up to the subleading order approximation, which is necessary for the propa- 
gation of electromagnetic/gravitational waves of large but finite frequencies. We use this 
formalism to obtain a closed form of the polarization dependent correction of the light 
ray trajectory in the leading order in a weak spherically symmetric gravitational field. 


Keywords: Geometric optics; Wigner phase; Gravitational Faraday rotation; Post- 
Newtonian expansion; Gravitational spin Hall effect. 


1. Introduction 


Space deployment of quantum technology? brings it into a weakly relativistic 
regime. As an unintended but fortunate side effect, low-Earth orbit (LEO) quantum 
communication satellites provide new opportunities to test fundamental physics. 
Once the tiny putative physical effects fall within the sensitivity range of these 
devices, they may impose constraints on practical quantum communications, time- 
keeping, or remote sensing tasks.+° A more futuristic technology, such as the pro- 
posed solar gravity telescope" ? actually needs the general-relativistic effects for its 
operation. 

For flying qubits that are implemented as polarization states of photons!? the 
dominant source of relativistic errors in this setting is the Wigner rotation (or 
phase), an effect special relativity (SR).^9 Gravitational polarization rotation, also 
known as the gravitational Faraday effect! !? occurs in a variety of astrophysical 
systems, such as accretion disks around astrophysical black hole candidates? or 
gravitational lensing.!^ This effect was the subject of a large number of theoretical 
investigations, primarily within the geometric optics approximation, 1214-17 and 
also from the perspective of quantum communications. Interpretation of these 
results was until recently sometimes contradictory, as it is important to carefully 
analyze the relation between the reference frames of the emitter and the detec- 
tor. Moreover, even if at the leading order the gravitationally induced polarization 
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rotation in the near-Earth environment is pure gauge effect, it cannot be simply 
dismissed. We provide a simple estimation of this emitter- and observer-dependent 
phase and give its explicit form in several settings. 

Already in the leading post-eikonal order trajectories of light beams are affected 
by polarization.!??! The optical gravitational spin Hall effect has recently received 
a comprehensive treatment in Refs. 22, 23. Using this formalism we obtain a closed 
form of the leading correction in case of a weak spherically symmetric gravitational 
field. As expected, on the scale of the Solar system — be it the near-Earth envi- 
ronment or a focal plane of the solar gravity telescope at 600a.u.— the effect is 
negligible. However, it is interesting conceptually and its scaling indicates that it 
may play a much more important role in the strong gravity regions.?? 

The rest of this article is organized as follows. In Sec. 2 we review the SR 
effects. Polarization rotation in general stationary spacetimes is described in Sec. 3, 
where we also evaluate the effects in communication with Earth-orbiting satellites. 
In Sec. 4 we briefly summarize the main techniques of Refs. 22, 23 and then obtain 
the polarization-dependent changes in the light ray trajectories in the solar system 
experiments. 

We work with c = h = G = 1. The constants G and c are restored in a small 
number of expressions where their presence is helpful. The spacetime metric g, has 
a signature — + ++. The four-vectors are distinguished by the sans font, k, k” = 
(k)". The three-dimensional spatial metric is denoted as ymn, and three-dimensional 
vectors are set in boldface, k, or are referred to by their explicit coordinate form, 
k™. The inner product in the metric y is denoted as k-f, and the unit vectors in 
this metric are distinguished by the caret, k, k-k = 1. Post-Newtonian calculations 
employ a fiducial Euclidean space. Euclidean vectors are distinguished by arrows, 
k. Components of the two types of vectors may coincide, (v)™ = (b)™, but b-k = 
V MM v" E". Accordingly, the coordinate distance is the Euclidean length of the 
radius vector, r = V@-a. 


2. Wigner rotation and special relativistic effects 


Consider one round of communications between the ground station (GS) and a low 
energy orbit spacecraft (SC). The problem is most conveniently analyzed in the 
geocentric system, the origin of which coincides with the centre of the Earth at the 
moment of emission. If we direct the z-axis of the system along the Earth's angular 
momentum, then the velocity v of the GS lies in the xy-plane. Whereas, the velocity 
u of the SC and the initial propagation direction k are arbitrary when expressed in 
the global frame. This setting is depicted in Fig. 1. 

Quantum states of a photon with a definite four-momentum k = (|k|, k) can be 
represented either as Hilbert space vectors or as complex polarization vectors in the 
usual three-dimensional space, 


[Vo = fal) f-lIk— e Â= fbt + fb. (1) 
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Fig. 1. Scheme of the communication round between the ground station (GS) and the spacecraft 
(SC). The light ray is highlighted in blue. All the vectors are indicated in the Earth-centered 
inertial frame. In the flat spacetime approximation the unit tangent vectors to the ray kas and 
ksc at the GS and the SC, as well as the direction to an infinitely distant guide star, éas and 
Css respectively coincide. Velocity of the GS at the emission of the signal is v and velocity of the 
SC at the moment of detection is u 


with the transversal vectors bz, k. be = 0. The correspondence is rooted in the 
relationship between finite-dimensional and unitary representations of the Poincaré 
group.2425 

Unitary operators U that describe the state transformation between the Lorentz 
frames are obtained via the induced representation of the Poincaré group. Basis 
states that correspond to an arbitrary momentum (k)“ = k^ are defined with the 
help of standard Lorentz transformation L(k^), that takes the four momentum from 
the standard value k$ to k^. For massless particles, kg = (1,0,0,1) and 


L(k^) = R(k)B. (£x), (2) 


where R(k) — R.(¢)R,(@) rotates the z-axis into the direction k by performing 
rotations around the y- and z-axis by angles 0 and 9, respectively. These rotations 
follow the boost B;(£x) along the z-axis, that brings the magnitude of momentum 
to |k]. 

'The states of an arbitrary momentum are defined via 


|k, +) = U(L(k))|ks, +), (3) 
while the standard right- and left-circular polarization vectors are defined as 


E = R(k)(& + iy)/ v2, (4) 


k 


where the linear polarization vectors are b, :— R(k)& and by :— R(K)y, respectively. 
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Alternatively, these vectors can be obtained as 


7 £xk 


lz x k| 


o» 
N 
o» 
o» 
N 


x k. (5) 


The explicit form of the polarization four-vector fy, fk- k = 0 depends on the 
gauge. ^ 18:26 

Under arbitrary Lorentz transformation, states transform (apart from the nor- 
malization factor) via 


U(A)|k, +) = U(AL(k))|ks, +) = U(L(Ak))U (W)|k;, +}, (6) 


where the transformation W = L l(Ak)AL(k) to the subgroup (Wigner’s little 
group) group that leaves k, invariant, 


W)|ks, v) SA POR Joor|ks, 0’). (7) 


The matrices D(W),, form the representation of the little group. For massless 
particles an element of the little group W can be decomposed as 


W =SR.(a), (8) 


where S is a translation in the (xy)-plane and R;(c) a rotation. As translations 
do not contribute to the physical degrees of freedom of photons, the state |k, +) 
transforms as 


U(A)|k, +) = et*”|Ak, +). (9) 


There are no generic explicit expressions for w. Their evaluation is not consid- 
erably simpler if A = R, where X is a rotation (as there is no risk of confusion we 
use the same designation for the four-dimensional matrices of spatial dimensions 
and for their 3 x 3 blocks). However, as the transformation law of f can be obtained 
from the three-dimensional form of the Lorentz transformations of the transversal 
electromagnetic wave, in this case^?" 


U (3)|V&) & RE. (10) 


Moreover, an arbitrary rotation around the direction bs, Fig, (a), does not introduce 
a phase c.!Ó This provides the motivation for introduction of the so-called Newton 
gauge that we review below. 

In communications with the Earth-orbiting satellites settings of Fig. 1 the 
Wigner phase is the dominant relativistic effect. While the Wigner phase is of 
the order 1074-1075, we will see below that establishing the local reference frame 
with respect to some distant stars leads to the Faraday phase error of the order of 
10-19 
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3. Faraday rotation and general relativistic effects 


Here we describe the effects of gravity on polarization in the geometric optics ap- 
proximation, wave it can be considered a vector that is simply affected by the 
geodesic motion of null particles to which it is attached. We present the gravi- 
tational Faraday effect in a way that clearly separates the gauge-independent part 
from the effects of the reference frame choices! and is convenient for the near-Earth 
calculations that use the post-Newtonian approximation. Then we demonstrate that 
at the leading order the polarization rotation is a purely gauge effect and evaluate 
it for a practically useful choice of the reference frames. 

The equation of geometric optics are obtained by performing the short wave 


expansion of the wave equation in the Lorentz gauge,??:?? 


A^ = abel”, (11) 
where a^ is the slowly varying complex amplitude and wv is the rapidly varying 
real phase. In later calculations, we use the wave vector ky, :— Y, u, the squared 

i ga NED 
amplitude a = (a’*a,,) 
the trajectory, f"k,, = 0. 

'The eikonal equation 


and the polarization vector f" = a“/a is transverse to 


„Ob 0p 
ET gan par T O 


is the leading term in the expansion of the wave equation 


(12) 


29,30 15 the Hamilton- 


Jacobi equation for a free massless particle on a given background spacetime. It 
allows description of light propagation in terms of fictitious massless particles. 

The wave vector k,, which is normal to the hypersurface of constant phase is 
null k“k„ = 0, and is geodesic 


kV ,k" = 0, (13) 


as it is the gradient of a scalar function. Similarly, the polarization vector f^ is 
parallel propagated along it 


keV f" — 0. (14) 


A convenient three dimensional representation of the evolution of polarization 
vectors is possible in stationary spacetimes. Static observers follow the congruence 
of timelike Killing geodesics that define projection from spacetime manifold .M onto 
the three dimensional space 25, II : M — X3. The metric g,,,, on M can be written 
in terms of three dimensional scalar h, a vector g with component g,, and a metric 
Ymn On Xa as 


ds? = —h (da? — g, da)" + dl?, (15) 
where h = —8o9, dm = —8om/oo, and the three dimensional distance dl? = 
Ymndx™ dz", where 

S0m80n 


S00 
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Using the relationships between the three and four dimensional covariant deriva- 
tives, the propagation equations in a stationary spacetimes result in the following 
three dimensional equations 


f 
a nx, (17) 


where D/Ds is the covariant derivative in three dimensional space with metric 
Ymn- Thus, both the polarization and propagation vectors are rigidly rotated with 
an angular velocity 


Q = 2w — (w.k)k — E, x k, (18) 


where w and E, could be interpreted as the gravitoelectric and gravitomagnetic 
field respectively 


Vh 
Th 

In flat spacetimes, polarization basis is uniquely fixed by the Wigner little group 
construction. However, in general curved background, Wigner construction must be 
performed at every point. This is because, in the absence of a global reference 
direction, the standard polarization triad (by, bo, k) is different at every locations. 
Given such choice, the net polarization can be found by starting with the initial 
polarization fgn(xin), parallel propagating it according to the rule Eq. (17) and then 
using the decomposition 


1 
w= -340V xg, E, =—- (19) 


frin(fin) = COS xb; + sin xb», (20) 


to read off an angle. For Schwarzschild spacetime, w — 0, and thus differentiation 
of this equation gives 


^ 


ds — f. i Ds ` 


(21) 


This equation implies that polarization rotation is a pure gauge effect. The phase 
remains zero if the standard directions are set with the help of the local free fall 
acceleration w of a stationary observer. At each point in the spacetime we choose 
the direction of the standard reference momentum, or equivalently the z-axis of 
our standard polarization triad, to be ê := w. For a photon with momentum k we 
choose the linear polarization vector bs to point in the direction ê x k, and finally we 
choose b, := by x k such that it completes the orthonormal triad (bi, bo, k). This 
construction is known as the Newton gauge.'® With this convention Q = —E, x 
k = Obs and thus x = 0 along the trajectory. However, such choice of standard 
polarization direction is practically unfeasible. We will see below the consequences 
of setting the z-axis with the help of a guide star. 

Electromagnetic radiation and massless particles are not affected by Newtonian 
gravity. The post-Newtonian expansion?! is conveniently organized in powers of 
e ~ GM/c?l ~ v?/c?, where -GM/Eis the (maximal) typical potential and v is 
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a typical velocity of massive particles. The parameter e helps to keep track of the 
orders and is set to unity at the end of the calculations. The leading post-Newtonian 
contributions are of order €?; to take gravitomagnetic effects into account, we need 
contributions up to e. 

'The post-Newtonian expansion of the metric near a single slowly rotating quasi- 
rigid gravitating body, up to e?, assuming that the underlying theory of gravity is 
general relativity is 


d? = —V?(r)c? d? + R-d&cdt + W?(r)dz#-dz, (22) 
where 
U 
W(r)-1-6€—. (23) 
C 


The Newtonian gravitational potential -U = —GMQ(r,0)/r ~ —GM/r depends 
on the mass M and the higher order multipoles. The frame-dragging term is 


, (24) 


where J is the angular momentum of the rotating body. Hence, we see that the 
gauge invariant polarization rotation is absent in the leading order post-Newtonian 
expansion and the Faraday phase at order €? is a reference frame effect. We again 
revert to the units G — c — 1. To obtain leading order contributions to the phase 
and polarization, photon trajectories only need to be expanded up to €? 


r(t) ro 


" 22M, aa (ros #8) 


Ban € E 


(25) 


where Z(t) = Zo + (t — to) + O(e2) and d = Zo — (Zg-i)ii is the vector joining the 
centre of the earth and the point of closest approach of the unperturbed ray. Here, 
fi is the initial propagation direction, 7i - ñ = 1. 

The leading order post-Newtonian metric is spherically symmetric. Note that 
the initial polarization that is perpendicular to the propagation plane remains per- 
pendicular to it. So, we select the reference frame differently from that we have 
done in special relativistic calculations. Here we focus only on gravitational effects 
and treat them separately from the effects of rotation and relative motion. We take 
z = 0, the plane where the ray from GS to SC lies, set their velocities zero and 
consider the polarization vector 

f = (0,0, 1) = const. (26) 

The gauge dependent Faraday phase results from the change in the definitions 
of standard polarization directions along the trajectory. The reference directions ê i 
(unit vector pointing to the distant star), i = GS, SC are obtained from the tangents 
to the rays from the fixed guide star that arrive to the GS and SC respectively. 
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Faraday phase wp depends on the choice of the reference direction ¢(a, 8) and the initial 
propagation direction 7i(@). The angles are defined in Eqs. (31) and (32). (left) 8 = 0. (center) 
B = 1/16. (right) B — m. 


We assume the reference star to be infinitely far. Approximating the differences in 
reference directions as arising solely form the gravitational field of the earth, 


P 2M 2Md; [zil 
&-f(i-e )-emme (= 2 (27) 


where l-I = 1; —['is the flat spacetime direction from the infinitely distant star to 
the observers. Standard polarization vectors at GS and SC could be defined as 


bs; = oe bi; = by; x k. (28) 
Ici x k| 


So, from Eq. (21), we get 


Ax cos x = sebase — fes boas (29) 
or, 
1 A ^ m pe 
Ax = z—— (fsc: basco — fas: bas). (30) 
fos: bigs 


If we choose the x-axis to pass through GS, then 
1 
Ti = (cos ¢, sin ¢, 0), -37 << T, (31) 


T= (cos a, sin asin B, sin o cos f), 0<a<e=r, (32) 
where the altitude of the guided star is 7/2 — o. When the reference direction C and 
the propagation direction k are collinear, then the standard polarization directions 
are undefined. If ¢ lies in the plane determined by GS, SC and centre of earth, then 
the Faraday phase is zero. Moreover, the post-Newtonian phase fails in the limit of 


a = 0 or B = 7/2, 37/2. The plot of the Faraday phase for different reference and 
propagation direction is shown in Fig. 2. 
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4. Polarization-dependent trajectory 


Taking into account the post-eikonal terms modifies the description of light propa- 
gation along the null rays that are geodesic trajectories of massless particles. These 
particles are still null, but their motion is no more geodesic. It is most conveniently 
described by using a specially designed null tetrad.!^?? It is introduced as follows. 

Trajectory X(s) of a null particle with the tangent vector K can be written as 


dX" 


= K*, K"K, =0. 33 

ds H ( ) 

This trajectory is typically is not a geodesic,??:?? and the acceleration vector w is 
defined by 

wh = KY KE, K*w, = 0. (34) 


The second tetrad vector n, n? = 0 is chosen to satisfy 
K-n=-1. (35) 


A pair of complex conjugated null vectors, m and m = m*, are built from two 
spacelike vectors and satisfy 


m-.mc- 1. (36) 
All other inner products vanish and the metric can be expressed as 
Siu —K(yny) + MpMy)- (37) 


It is possible to reparameterize the null curves and rescale the vectors of the null 


tetrad while preserving orthonormality relations,!” 32 
K AK, ti — A^ 1n, (38) 
K—K, m—m-caK, m-—m-a'K, n—n-ca*m- am - aa*K, (39) 
m — e'?m, m e "^m. (40) 


Using this freedom it is possible to choose the tetrad in such a way?? that the 
vector n is parallel propagated along the ray, 


Vn — 0, A1) 

while 
Vkm = —kn, Vkm = —k"n, 42) 

where 
k = —w:m- —m"K"K,.,. 43) 


With this choice of the null tetrad the polarization-dependent correction to the 
trajectory that takes into account the frequency w is finite, and given by?? 
D? X” 


r = KKE = TR pK mem? =: FP, (44) 
S i WwW 
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where R” a g is the Riemann tensor. At this stage no assumptions about the space- 
time were made. Effects of this term in the solar system are adequately described 
by the weak field expansion of the Schwarzschild metric. We will shortly see that in 
the leading order the polarization-dependent acceleration is of the order of €?. We 
also treat Eq. (44) as a correction to the null geodesic. Thus the uperturbed motion 
can be confined to the equatorial plane. 

The trajectory is decomposed as 


X" (s) = x" (s) + azt (s), (45) 


where z^" (s) is a null geodesic (that we assume can be affinely parameterized by s), 
x" (s) is the polarization-dependent correction, and the formal arbitrary infinitesi- 
mal parameter a is introduced to ease the perturbative manipulations. The tangent 
vector 


K” = k" E aA", (46) 

is null so, 
KYA, — 0. (47) 
For the weak gravity regime it is convenient use the usual post-Newtonian expansion 
(the standard choice of the coordinates (t, x,y,z), but without switching to the 
coordinate time ¢ as an evolution parameter). On the dimensional grounds we expect 
as the famous light deflection???! is the e? effect (Ao = 2r4/£, where £ is the 
impact parameter and rz = 2M is the gravitational radius), the leading polarization- 


dependent effect is of the order a = €?A/£, where A is the characteristic wave length. 
Taking this into account and writing M explicitly, we note that at the leading order 


k” =k) + Mk(y, (48) 
A" =Mq", (49) 
where the components kK) are constant. Taking into account that q^, = q^; 4- O(M), 


we have 
K" KE = Mkt, + O(M?). (50) 


It is convenient to describe the unperturbed null geodesic using the full 
Schwarzschild solution. The symmetry allows to restrict the motion to the equa- 
torial plane. The tangent can be taken as 


Bes E E T £ 
k - (s je na). (51) 


where f(r) — 1 — 2M/r. Here r is the Schwarzschild radial coordinate (i.e. the 
circumferential radius). In the weak field regime it is related to the isotropic radial 
coordinate r = V£: X as Tar +M. 

We used the freedom of rescaling the null vectors to set the energy of a fictitious 
photon to E = 1, so the reduced angular momentum £ :— L/E equals to the impact 
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parameter.!” The sign of k” depends on whether the photon approaches the origin 
(i.e. the Sun), or moves away from it. In the equatorial plane we have kV,k = 0. 
'The second vector of the null tetrad 


n" = = i) e DAE. tef 
(zs PF) 2JF =A UP aa : i 


is chosen so that k-n = —1, and the complex-conjugate pair of null vectors is given 
by 


m" m^ =m", (53) 


1 i£ 1 i 
Se E a er oy a 0, EU er er ee ti 
V2 /T2—Qf(r) 'r -BEC 
These three vectors are to be adjusted to satisfy the conditions required for the 
validity of Eq. (44). This adjustment is quite straightforward, as in our setting 


Ven = io(m — m), (54) 
and 
Vem = iak, Vim = —iak, (55) 
where 
dos £(r — 3M) (56) 


er? e Fn) 
where the sign of o coincides with that of k”. 

In the leading order approximation the trajectories are geodesic, and the parallel 
transport of k results in « = 0. In turn it enables the parallel transport of the tetrad 
if the function a satisfies 


AE eor ee (57) 


Va(r? -BEP 
where the sign does not change on transition from decreasing to increasing distance. 
Null geodesics in the Schwarzschild spacetime are classified!" according to the 
behaviour of the three roots of the equation C(r) = r? — (F — 2M) = 0. Only one 
root is relevant for the trajectories we study, 


To —£— M + O(M?). (58) 


Up to the terms of the third order in M the roots are 2M and r t rg. Using this we 
find 


n NE CA dre 4 O(M?), (59) 


BEDS 
that is sufficient to obtain the desired a(r) at any point of the trajectory apart from 
r= To. 
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The same expression is valid for both increasing and decreasing r. For r > £~ 
To >> M we can approximate it as 


it 31M p) 
Q-—————— —— | 1- — ] + 0(m”). 60 

ed Oe tOO 
It is convenient to express the acceleration F in terms of the original tetrad vectors 
as 


Fe = —— R# k*mP rn? + ak* kn? + at km? Kk"). 61 
w 28I 


Only one component is non-zero at the leading order: 


£M r 
iunc e o1 yy (62) 
ur r2 — (2f (7) r2 
Using again the decomposition of C(r) it becomes 
M 2 M m2 2 
pom MM _ ie zii SUM ae Se (63) 
w pA /T? — 72 r? w P yr 


We evaluate the correction xo (s) using the post-Newtonian formalism that was 
outlined above. It is important to note that to use only the leading order €? while 
using the order of a polarization correction to describe a particular trajectory is 
unjustified, as the next post-Newtonian correction for the geometric optics term is 
still higher. Using the setting that is described below €? = rz/£ = 4.2 x 10 9, while 
A/L = 1.4 x 107? for A = 1m. However, as the exact general relativistic calcula- 
tion within the geometric optics approximation leads to polarization-independent 
results, calculation of the polarization-dependent shift can be done using only the 
€? expansion. 

To obtain an estimate of the effect we neglect the difference between ro and 
£, essentially regularizing the expressions near the closest approach radius. The 
difference between the isotropic radial coordinate that is used in the post-Newtonian 
analysis and the Schwarzschild radial coordinate is of the order of 2M « £ and 
affects only the higher-order terms. The unperturbed motion is confined to the 
z-plane. We can assume that k — (—1,0,0), that corresponds to £ > 0. In this 
approximation 


M 
F* = as vr? — 2 + O(M?), (64) 


while all other components are zero at the leading order. Then the explicit equation 
for the leading polarization-dependent correction is 


q4,—-——zwvr?- e. (65) 


We are interested in a light ray that comes from afar (“minus infinity"), grazes 
the sun and is detected at some finite (but large) distance ra >> £, the initial off- 
plane displacement and velocity are zero. Similarly to the calculations of corrections 
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for the classical tests of general relativity??:?! 


spacetime trajectory with ro = £ 


we use the unperturbed (i.e. flat 


y=, x=-t. (66) 


Then the correction óz = Mq” is obtained by an elementary integration. For the 
far field (r >> £) the trajectory approaches a straight line with 


20 M 
[i f 67 
mudo (67) 
giving at the distance r from the sun the transversal shift 
4M 


This shift coincides with the result obtained using the polarization-dependent 
part of the angle of deflection A$ between in-and outgoing polarized rays that was 
reported in Ref. 20. On the other hand, this approximation is too crude to identify 
a convergence of the initially divergent trajectories that was reported in Ref. 22), 
and a more delicate approximations will be investigated in the follow-up work. 


5. Summary 


Describing propagation of electromagnetic waves in vacuum in terms of rays that 
follow null geodesics is a very good approximation in the high-frequency regime. 
Within this approximation the polarization rotation in the Schwarzschild metric, 
and as a result in the leading post-Newtonian approximation, is a purely gauge 
effect. T'his phase will be present as a consequence of practical methods of setting up 
reference frames in the Earth-to-spacecraft communications. However, for the near- 
Earth experiments these effects are typically about 107? weaker than the SR effects. 
Observable gravity-induced deviations from the geometric optics approximation are 
expected only in ultra-strong gravitational fields. 
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GINGER (Gyroscopes IN General Relativity) project aims to directly measure the 
Lense-Thirring (LT) and de Sitter (dS) effects on the Earth and it is based on an 
array of underground Ring Laser Giroscopes (RLG), the most sensitive inertial sensors 
to measure the rotation rate of the Earth. Since LT and dS act on a ring laser as angular 
rotation vectors summed to the earth rotation rate, by using at least two gyroscopes it 
is possible to retrieve the General Relativity (GR) contribution to the rotation rate. The 
kinematic component is independently measured by the International Earth Rotation 
and Reference Systems Service (IERS) with very high accuracy. Ginger could also make 
it possible to discriminate among different theories, minimizing modeling. The measure- 
ment of the Earth angular rotation rate, in order to be fruitful for a fundamental physics 
test, has to have sensitivity of 1 part in 10° or better. The most recent analysis of our 
prototype GINGERINO data indicate a sensitivity better than 1 part 1012, i.e. 0.1% of 
the LT term. 


Keywords: Ring laser gyroscope, Lense-Thirring, gravito-magnetic effect, length of the 
day 


1. Introduction 


'The debate on gravitational theories, to extend or modify General Relativity is 
very active for the issues related to ultra-violet and infra-red behavior of Einstein's 
theory. The first is connected to the Quantum Gravity problem, the other to Dark 
Matter and Dark Energy governing large scale structure and cosmology. Up to now, 
no final theory, capable of explaining gravitational interaction at any scale, has been 
formulated, and it is important to say that for the discrimination between different 
theories sensitivity breakthrough is certainly required. Earth based experiments can 
be in principle advantageous allowing a thorough analysis of the systematic, little 
modelling of external perturbation and the feasibility of upgrades. The GINGER 
project, an array of Sagnac gyroscopes, can be used for Earth based gravity measure- 
ments, in particular to constrain parameters of gravity theories, like scalar-tensor or 


3957 


Horava-Lifshitz gravity, by considering their post-Newtonian limits matched with 
experimental. This effect has been measured by the Gravity Probe B space exper- 
iments (1096 level)! and by Lageos and Lares, reaching the 496 level.^? Gravity 
Probe B has finished its operational life, while Lares is still providing data, and 
Lares II will be launched soon. This test is based on reconstructing the trajectories 
of geodetic satellites, i.e. mechanical simple objects to minimise the effect of the 
different drags affecting the trajectories, and combining laser ranging data com- 
ing from different stations. The Lense-Thirring test using the reconstruction of the 
nodes of the trajectories, requires the independent map of the Earth gravity fields, 
independently measured, and the final result at the end is limited by the accuracy 
of the accuracy of the map. It is necessary to accurately model the zonal tides, 
since their influence on the nodes of the geodetic satellites is larger than the Lense 
Thirring itself. The test provided by GINGER, which being Earth based provides 
the measurement at fixed latitude, is very different. The Lense-Thirring, relying on 
the Sagnac effect, does not require to combine data coming from different places 
or to use the accurate map of the Earth gravitational field. Recently, it has been 
pointed out by Jay Tasson of Carlton that RLG can effectively contribute to the 
Lorentz Violation quest. In this respect Jay has shown that a level of sensitivity of 
1 part in 10? for the Earth rotation rate would provide interesting measurements 
of two Lorentz-violating terms in the framework of the Standard-Model Extension. 
In one case, sensitivities that are competitive with recent laboratory and perhaps 
solar system tests would result.^ 

The Earth rotation is a tool to investigate fundamental physics, since it is related 
to GR terms, as de Sitter and Lense-Thirring, and can provide unique data to 
investigate Lorentz violation. Its usefulness for fundamental physic is connected to 
sensitivity, which is quite often express in relative to the average Earth rotation rate; 
the boundary to be meaningful to fundamental physics is to reach 1 part in 10? and 
long term continuous operation. Present high sensitivity ring laser gyroscope have 
already fulfilled those requirements. 

The Sagnac effect states that two light beams counter propagating inside a 
closed path complete the path at different times, te and tece for clockwise and anti- 
clockwise beam respectively, if the closed path rotates; in general the Sagnac effect, 
At = t.—tee is proportional to the non reciprocity between the two paths. Based on 
the Sagnac effect, several devices have been developed mainly for inertial navigation. 
The closed path of the devices with higher sensitivity is defined by an optical ring 
cavity, and two different technology are feasible: passive and active. The Sagnac 
gyroscope is identified by its area vector, and measures the scalar product between 
the local angular rotation and its area vector, in return the gravitomagnetic, and 
geodetic components act as angular rotations summed to the cinematic ones. The 
passive gyroscopes requires an external laser source. The active device, called Ring 
Laser Gyro (RLG), has an active medium inside the cavity, to feed the two counter 
propagating beams. It is a rather convenient solution, since external laser source 
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with high spectral purity is not required. At present the RLGs, with perimeter from 
10 up to 36 m, have the sensitivity record for angular rotation rate measurement. 
RLGs are a very promising tool for GR measurements given their features: 


e since the effect of the Earth is a function of the latitude, they works at a 
fixed latitude, can be oriented at will and an independent gravity map of 
the Earth is not needed; 

e they are not averaged, the synchronization of different clocks is not neces- 
sary. 


Moreover the working prototypes demonstrated unattended continuous opera- 
tion for months, typically sub-prad/s sensitivity in 1 second of measurement, very 
large bandwidth, fast response, in principle as fast as milli-seconds and very large 
dynamic range. High sensitivity RLG are attached to the Earth crust, so are able 
to measure the Earth rotation rate (25,5; at present several RLGs are operative: in 
Germany, G? of the geodetic observatory of Wettzell and ROMY in the geophysical 
observatory of Bavaria, GINGERINO in the underground Gran Sasso laboratory, 
in Italy,’ ER1 of the University of Canterbury? in New Zealand, and HUST-1? 
passive gyroscope at HUST, part of the TianQin project, at Wuhan in China. 


2. Our text bench: The Earth rotation 


'The GINGER project is devoted to fundamental physics and it is based on an array 
of RLG, a first prototype, GINGERINO was built inside the underground Gran 
Sasso laboratory to validate the site for GINGER. The Earth angular rotation is 
the natural “test bench" of our prototype. The device is taking data with high duty 
cycle since several years. Being an inertial sensor, it is sensitive to Qge. and its vari- 
ations as polar motion, annual and Chandler wobbles, tides and crust deformations; 
quantities constantly measured with very high accuracy by the international system 
IERS. All this signal can be used to investigate the characteristics and the sensi- 
tivity of GINGERINO. Its sensitivity has been carefully investigated with standard 
statistical means, using 103 days of continuous operation and the available geodesic 
measurements of the Earth angular rotation rate. Sensitivity of 0.1 frad/s appears, 
with 600 s bandwidth at frequency of 40 days, indicating the feasibility of 1 part 
10/3 of the Earth rotation rate, and accordingly for GINGER the gravitomagnetism 
test on Earth at the 0.196 level or even better. Fig. 2 shows a view of the exper- 
imental apparatus. The general relativity test will require high accuracy, not only 
sensitivity. It is certainly challenging, but it is an apparatus which will be able to 
provide unique information for fundamental physics, and to other research fields, as 
geodesy and geophysics in general. 

RLGs have the drawback to deal with the non linear dynamic of the laser, 
a problem that has highly limited their diffusion. Our analysis of the data from 
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GINGERINO shows that the large disturbances induced by the dinamic of the laser 
can be subtracted by a suitable tecnique. We are confident that the technique is 
finally mature to propose GINGER, a project based in 10 years experience and which 
contains many experimental details aiming at improving the long term stability, 
reducing instrumental disturbances. 

The true Sagnac signal ws is recovered taking into account the laser dynamic, 
and assuming that it is ws = Wgeo+Wlocal, Where Wgeo indicates the scalar product of 
the total variations of the Earth with the RLG area vector, wyoca the signals of local 
origin, related to temperature fluctuations and local tilts. Comparing the recorded 
data with the IERS measurements, the different terms are recovered using linear 
regression and standard statistical means based on minimum square, providing clear 
indication about the sensitivity of the apparatus, for example see Fig. 1.!? 

GINGERINO operates far from external disturbances and protected from large 
thermal excursions in the deep underground environment of Gran Sasso. Its data 
are compared with the evaluated global signal provided by IERS. he analysis takes 
into account and eliminates the nonlinear laser disturbances and recovers the global 
IERS signal with all tiny features.!:!? At the same time disturbances of an in- 
strumental and local origin are estimated using the environmental signals as tem- 
perature and local tilts. The obtained residuals, i.e. the unmodeled part of the 
Sagnac signal indicate a rotational sensitivity below the frad/s level. Disturbances 
are mainly of an instrumental origin, suggesting the need for improvements in the 
mechanical design of the RLG structure. By injecting probe signals in the GIN- 
GERINO data, we conclude that the sensitivity is 0.1 frad/s with 600 s integration 
time, more than a factor one hundred below the expected noise for this class of 
instruments.!® 14 In the near future it will be necessary to investigate this aspect 
from a theoretical side, and to develop a detailed Monte Carlo study in order to 
carefully investigate the analysis procedure. 


3. Next step 


We are ready to build a large-frame 3-dimensional array of ring laser gyroscopes to 
be mounted inside the under- ground Gran Sasso Laboratory (LNGS). The Ginger 
final aim is to measure the Earth angular velocity in the laboratory co-rotating 
frame and to compare it with the Earth angular velocity as observed in the Cos- 
mic inertial frame. GR foresees that, in low field approximation, the De Sitter or 
geo-electric effect and Lense-Thirring or geo-magnetic effect have to be taken into 
account. For this purpose it is necessary an instrumental accuracy of the order of 
10-14 rad s~!. Such an accuracy offers also the possibility of measuring fundamental 
geodetic parameters related to the fluctuations of the Earth rotational velocity and 
of the Earth axis orientation, the so-called ‘length of the day’ and ‘polar motion’. 
In parallel to the experimental studies onto our running prototypes, we have in- 
vestigated different array configurations. The goal was finding the most simple and 
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Fig. 1. Agreement of the variations of the LoD Earth rotation rate variations with higher fre- 


quency effects due to deformations, evaluated with the linear regression and the data provided by 
the international system IERS. 


cost-effective setup, a sort of minimal instrument that enables the measurement of 
GR effects with the required reliability. We are fully aware that for this kind of 
very high sensitivity measurements, redundancy, i.e., the possibility of correlating 
measurements coming from different instruments and possibly different locations, 
is a key feature for reducing the influence of systematic as well as stochastic noise 
sources. In a “future scenario” a second apparatus, not necessarily co-located with 
the first one, is an option for further reducing the measurement uncertainty and, 
possibly, accessing further very tiny gravitational effects. As already stated, the final 
aim of GINGER is to reconstruct, with the required precision, the Earth rotation 
vector. In principle, measuring a 3D vector by scalar quantities, like the Sagnac 
frequencies, would require three independent measurements that fixes a local 3D 
frame. From this basic concept, we arrived, in 2011, at the octahedral configura- 
tion mentioned above. To reduce the number of required rings one should have an 
“external” information or measurement on the vector, or should be able to set two 
rings so that the plane defined by their oriented area vectors contains the Earth 
rotation one.!° So doing this, the pair of rings define a plane where the rotation 
vector locally lies, and the problem dimensionality reduces from 3 to 2. We note 
that this plane, in the case of the Earth rotation, is nothing but the meridian one. 
'Thus, in principle, a pair of rings would play the game and, if the conditions on their 
positioning are fulfilled with a given precision, the full vector can be reconstructed. 
'Then, the problem movesto a different perspective, how to properly align the two 
rings so that the plane defined by their area vectors contains the Earth angular 
velocity vector. 
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Fig.2. Pictorial view of GINGER (Gyroscopes IN GEneral Relativity), based on an array of RLG, 
underground located in order to reduce the environmental disturbances and provide suitable very 
low frequency measurements 


We have proven that the best configuration for the two rings is to orient one 
along the Earth rotation axis. With this choice, the Sagnac frequency of the ring 
is at its maximum value (a saddle point). As a consequence, orientation errors will 
affect only quadratically the measured signal and, very important fact, the RLG 
at maximum provides the modulus of the angular rotation rate. The relative ori- 
entation of the second ring is not so critical, although a horizontal ring can be 
preferable, owing to the possibility of locally defining its orientation by the local 
vertical. This is, however, a critical issue because its orientation with respect to the 
angular rotation axis must be known with a very high precision. The comparison 
with the RLG at the maximum value of the Sagnac frequency provides with ade- 
quate sensitivity the absolute orientation with respect to the rotational axis. The 
addition of a third RLG completes the measurement in all three degrees of freedom 
and provides redundancy, which is certainly welcome taking into account the very 
small signals we are looking for. 
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The observational evidence for the recent acceleration of the universe shows that canoni- 
cal theories of cosmology and particle physics are incomplete and that new physics is out 
there, waiting to be discovered. A compelling task for astrophysical facilities is to search 
for, identify and ultimately characterize this new physics. I present very recent develop- 
ments in tests of the stability of nature's fundamental constants, as well as their impact 
on physics paradigms beyond the standard model. Specifically I discuss new observa- 
tional constraints at low redshifts and at the BBN epoch, and highlight their different 
implications for canonical quintessence-type models and for non-canonical string-theory 
inspired models. Finally I also present new forecasts, based on realistic simulated data, 
of the gains in sensitivity for these constraints expected from ELT-HIRES, on its own 
and in combination with Euclid. 


Keywords: Cosmology; Fundamental constants; Dark energy. 


1. Introduction 


'The observational evidence for the acceleration of the universe shows that our canon- 
ical theories of cosmology and particle physics are at least incomplete, and possibly 
incorrect. Is dark energy a cosmological constant (i.e. vacuum energy)? If the answer 
is yes, it is ten to some large power times smaller than our Quantum Field Theory 
based expectations. If the answer is no, then the Einstein Equivalence Principle 
must be violated. Either way, new physics is out there, waiting to be discovered; we 
must search for, identify and characterize this new physics. 

'The CosmoESPRESSO team uses the universe as a laboratory to address, with 
precision spectroscopy and other observational, computational and theoretical tools, 
6 grand-challenge questions: 


(1) Are the laws of physics universal? 

(2) Is gravity just geometry (i.e., a fictitious force)? 

(3) What makes the universe accelerate? 

(4) Can we find fossil relics of the early universe? 

(5) How do we optimize next-generation facilities? 

(6) How do we prepare next-generation (astro) physicists? 


In what follows I will highlight recent contributions of the CosmoESPRESSO 
team to this fundamental quest, pertaining to fundamental constants. 
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2. Scalars, because they are there 


We know since 2012 (thanks to the LHC) that fundamental scalar fields are among 
Nature's building blocks. Even before this discovery they were already widely used 
in cosmology, e.g., to describe inflation, cosmic defects, dynamical dark energy, and 
dynamical fundamental couplings. We also expect that cosmological scalar fields 
will naturally couple to the rest of the model, leading to long-range forces and 
“varying constants". ? Of particular interest in what follows are electromagnetic 
sector couplings, which yield spacetime variations of the fine-structure constant, 
with multiple testable fingerprints. A recent theoretical and observational overview 
of the field can be found in Ref. 4. 

One of the most actively pursued test of the stability of fundamental couplings 
consists of high resolution astrophysical spectroscopy measurements of the fine- 
structure constant a, the proton to electron mass ratio u, the proton gyromagnetic 
ratio gp, or combinations thereof. A recent joint likelihood analysis of all currently 
available data? leads to a very mild (one to two standard deviations of statistical 
significance) preference for astrophysical variations (as compared to the local lab- 
oratory values), at the parts per million level of relative variation, All this data 
spans the redshift range 0.2 « z « 4.2. However, it is also known that, at least in 
the case of œa measurements which make up most of the full dataset, there are sys- 
tematics at the level of at least parts per million. A new generation of more robust 
measurements is therefore necessary. 


3. Aiming higher 


In the most natural and physically realistic models for time (redshift) variations of 
fundamental couplings, such variations are monotonic. Moreover, one expects that 
the putative scalar field driving this variation will be significantly damped at the 
onset of the dark energy domination phase of the universe (i.e., the recent acceler- 
ation phase). Both of these are theoretical motivations for testing the stability of 
fundamental constants such as o, though direct measurements, at higher redshifts— 
in other words, deep into the matter era, where any relative variations are expected 
to be larger. 

An example of work towards this goal relies on using observations of the redshift 
z = 7.085 quasar J1120+0641° to constrain variations of a over the redshift range 
z = 5.51 to z = 7.06. These led to the four highest redshift direct measurements 
of a (the previous highest redshift direct measurement was at z = 4.18), with the 
latter corresponding to a look-back time 12.96 Gyr (for the current best-fit cosmo- 
logical parameters in the standard ACDM model). A total of about 30 hours of data 
from the X-SHOOTER spectrograph on the European Southern Observatory's Very 
Large Telescope (VLT) was used, which also makes this the first direct measurement 
of a in the infrared. Finally, the analysis relied on a new Al-based method, aiming 
to remove some possible dependency of the final result on human-made choices. 
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'The weighted mean strength of the electromagnetic force over this redshift range in 
this location in the universe, reported in Ref. 7, is measured to be 
Aa  o(z)-— Og 


= = (—2.18 + 7.27) x 1075, (1) 
a Qo 


where og denotes the local laboratory value, i.e. we find no evidence for a time 
variation. The sensitivity of the combined measurement is only at the tens of parts 
per million level, as compared to the parts per million (nominal) sensitivity of optical 
measurements at lower redshifts, but this first result should primarily be seen as a 
proof of concept analysis, demonstrating that such high redshift measurements can 
indeed be done. 

As for measurements in the optical, the arrival of the ESPRESSO spectrograph,? 
operating at the combined Coudé focus of the VLT, enables new and more stringent 
tests. Preliminary analyses already demonstrate that the dominant sources of sys- 
tematics limiting previous high resolution spectrographs are not present,? and the 
first results of its measurements of the fine-structure constant should be reported 
soon. 

Broadly speaking, the direct impact of ESPRESSO on cosmology and funda- 
mental physics will come from at least five different types of observations: 


(1) Direct measurements of the fine-structure constant a, at redshifts between z ~ 1 
and z ~ 4, using various ions 

(2) Direct measurements of the proton to electron mass ratio u, at redshifts between 
z ~ 2 and z ~ 4, using molecular Hydrogen and Carbon Monoxide 

(3) Direct measurements of the cosmic microwave background temperature at red- 
shifts, at redshifts between z ~ 2 and z ~ 4, using Carbon Monoxide and 
neutral Carbon 

(4) New measurements of the primordial Deuterium abundance (of relevance for 
BBN, as discussed in what follows) 

(5) Additional probes, including deep spectra, lensed QSOs and precursor redshift 
drift measurements. 


In addition to their direct fundamental relevance, these will also impact the quest 


to characterize dark energy properties.!? 


4. BBN with GUTs 


Big Bang Nucleosynthesis is one of the cornerstones of the Hot Big Bang model, but 
its success has been limited by the long-standing Lithium problem;!! 
a possible Deuterium discrepancy has also been suggested.!? 

If a fiducial theoretical model is chosen and the relevant sensitivity coefficients 
are known, BBN can be studied perturbatively. This approach is Well-known for 
relevant cosmological parameters, such as the neutron lifetime, number of neutri- 


more recently, 


nos and baryon-to-photon ratio.!? More recently, this has been self-consistently 


3966 


extended for a broad class of Grand Unified Theories,!? 15 


allowed to vary. 

The Lithium problem can be expressed as a statistical preference for a 7096 
depletion of its theoretically predicted primordial (cosmological) abundance, with 
respect to the astrophysically measured one,!° with otherwise standard physics. 
When the analysis is repeated for a broader class of GUT models, one finds!? a 
mild (ca. two to three standard deviations) statistical preference for larger values 
of the fine-structure constant at the BBN epoch, at the parts per million level of 
relative variation, while the preferred Lithium depletion drops to about 65%. These 
results are qualitatively consistent across various models, although quantitatively 
the best-fit values of the relevant parameters do have a mild model dependence, 
further discussed in Ref. 15. 

This means that the preference for a Aa/a > 0 is not due to the Lithium prob- 
lem, but to the aforementioned Deuterium discrepancy. A few ppm variation of a 


where all couplings are 


solves D discrepancy, given their positive correlation. Such a variation is consistent 
with all other currently available cosmological, astrophysical and local constraints. 
'This helps with the Lithium problem, reducing the astrophysical depletion required, 
but only by a moderate amount. Thus the most likely explanation for the Lithium 
problem is an astrophysical one, and Ref. 15 further shows that the amount of 
depletion needed to solve the Lithium problem can be accounted for by transport 
processes of chemical elements in stars—specifically, the combination of atomic dif- 
fusion, rotation and penetrative convection. On the other hand, the Helium4 abun- 
dance has relatively little statistical weight in the above analysis, given the very 
tight observational constraints on the primordial Deuterium abundance. 

These results show that BBN is a very sensitive probe of new physics: it is quite 
remarkable that one can constrain the strength of the electromagnetic interaction, to 
parts per million level, when the universe was seconds to minutes old. Going forward, 
improving observed abundances of Deuterium and Helium4 by a factor of 2 to 3 will 
lead to stringent tests of this GUT class of models, and in particular will confirm 
or rule out the current preference for a Aa/a > 0. A cosmological measurement of 
the Helium3 abundance (which is currently not possible) would also provide a key 
consistency test of the underlying physics. These will be crucial tasks for the next 
generation of high-resolutions ultra-stable astrophysical spectrographs. 


5. Dynamical dark energy 


Realistic models for a varying fine-structure constant usually rely on a fundamental 
or effective scalar field, and can be phenomenologically divided into two broad 
classes, dubbed Class I and Class II, for which astrophysical tests of the stability of 
a will play different roles as probes of the underlying cosmological model.* 

Class I contains the models where the same degree of freedom yields dynamical 
dark energy and the varying o. In this case the cosmological evolution of a is 
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parametrically determined, meaning that its redshift dependence can be expressed 
as a function of cosmological parameters (including the matter density and those 
describing the dark energy equation of state) together with one or more parameter 
describing the coupling of the scalar field to the electromagnetic sector. In these 


16-18 and in 


models, constraints on a constrain the dark energy equation of state, 
particular may enable an observational discriminating test between freezing and 
thawing dark energy models.!? The simplest example of this class are quintessence 
models, provided one does not forget the coupling to the electromagnetic sector. 

A recent example are the Euclid forecast constraints on dark energy coupled 
to electromagnetism, with astrophysical and laboratory data.?? These show that a 
measurements improve the Euclid dark energy Figure of merit by between 8 and 26 
percent, depending on the correct fiducial model (with larger improvements occur- 
ring in the null case, where the fiducial model is ACDM). Inter alia, these forecasts 
confirm the expectation?! that increasing redshift lever arm of the measurements, 
which the a data enables, is crucial. 

Class II contains the models where the dynamical degree of freedom responsible 
for the varying a has a negligible effect on cosmological dynamics, and therefore has 
little or no contribution to the acceleration of the universe. Such models are identi- 
fiable through consistency tests comparing cosmological and astrophysical (or local) 
data, and in this case a measurements still constrain model parameters. Typically 
they do not directly constrain cosmological parameters, but they may still indirectly 
help constrain them by breaking degeneracies in the overall parameter space (which 
will include cosmological and particle physics parameters). The simplest example 
of this class are the Bekenstein type models.??:?? In some cases, such as the Dirac- 
Born-Infeld type models, astrophysical measurements of a may be the only possible 
observational probe that, given already available constraints, can distinguish these 
models from ACDM.?4 

Importantly, in all these models the scalar field inevitably couples to nucleons, 
leading to Weak Equivalence Principle violations.” Therefore measurements of a 
constrain the Eotvos parameter 7. The current bound, including the available a 
measurements together with the MICROSCOPE bound,?? has been reported in 
Ref. 26, and is 


n4 x 10715. (2) 


This is three times stronger than the bound from MICROSCOPE alone, and 30 
time tighter than the best ground-based direct bounds, with the caveat that the 
constraint includes a mild model dependence (ca. factor of 2). This will be further 
improved by ESPRESSO, and later on by ELT-HIRES. ESPRESSO observations 
can probably reach a sensitivity of 2 x 10716 (about 5 times better than the final 
MICROSCOPE results, due to appear imminently) while the ELT-HIRES expected 
sensitivity is at the few times 10718 level, similar to that of proposed STEP. 
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6. So what's your point? 


'The acceleration of the universe shows that canonical theories of cosmology and 
particle physics are incomplete, if not incorrect. Precision astrophysical spectroscopy 
provides a direct and competitive probe of the (still unknown) new physics that must 
be out there. T'his already provides highly competitive constraints, and will take an 
increasingly stronger role in the coming years. 

So far one can say that nothing is varying at the few parts per million level 
of relative variation. This is already a very tight bound. It is orders of magnitude 
stronger than the few percent level of the constraints on the deviation of the dark 
energy equation of state from a cosmological constant, and also one order of mag- 
nitude stronger than the Cassini bound on the Eddington parameter. Tests of the 
stability of o also lead to the best available Weak Equivalence Principle constraint, 
a situation that is expected to remain even after MICROSCOPE's final results. 

The ESPRESSO spectrograph is here, and new and more robust measurements 
are coming soon. Together with the final MICROSCOPE results, stringent new 
tests will become possible. In the longer term, the ELT will be the flagship tool 
in a new generation of precision consistency tests of fundamental physics, leading 
to competitive ‘guaranteed science’ implications for dark energy as well as unique 
synergies with other facilities, including Euclid and the SKA. 
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Testing the general relativistic nature of the Milky Way rotation 
curve with Gaia DR2 
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The ESA mission Gaia directly measures the kinematics of the stellar component of the 
Galaxy with the goal to create the largest, most precise three-dimensional map of the 
Milky Way. The very core of the Gaia data analysis and processing involves General Rel- 
ativity to guarantee accurate scientific products. In parallel, any Galactic model should 
be developed consistently with the relativistic-compliant kinematics delivered by Gaia. 
In this respect, this contribution presents the first test for a relativistic Galactic rotation 
curve with the Gaia second release products. Both a general relativistic model and a clas- 
sical analogue were fit to the best-ever kinematics, derived exclusively from Gaia data, of 
a carefully selected homogenous sample of disk stars tracing the axisymmetric part of the 
Galactic potential. The relativistic rotation curve results statistically indistinguishable 
from its state-of-the-art dark-matter-based analogue. This supports the ansatz that the 
background geometry could drive the stellar velocities in the plane of our Galaxy far 
away from its center and mimic dark matter. Furthermore, one of Einstein’s equations 
provides the necessary baryonic matter density to close the observed gap with respect 
to the expected Newtonian velocities without the need of extra mass. 


Keywords: Gravitation; Galaxy: kinematics and dynamics; General Relativity; Relativis- 
tic Astrometry; Gravitational Astrometry; Local Cosmology; Dark Matter 


1. General Relativity in the Gaia context 


Gaia is the ESA cornerstone astrometric mission! - a wide European effort involving 
almost 450 scientists - launched in December 2013. Gaia implements Relativistic As- 
trometry for the data analysis and processing that, as part of fundamental physics, 
can be named Gravitational Astrometry. 

Astrometry is the oldest branch of astronomy, it provides positions and mo- 
tions of stars since Babilonian times. Astrometrists have compared tiny movements 
in the sky with increasing accuracy through the ages. In practice they measured 
smaller and smaller angles. The same measurement principle applies for the Gaia 
mission, but in order to achieve high precision, nowadays we need to operate from 
space. Gaia provides positions (direction and distance) along with velocities of over 
1 billion stars in our Galaxy with an accuracy of up to 10 millionths-of arcsecond, 
i.e. l-microarsecond (yas), that corresponds to the angular size of the star on the 
top of Mole as seen from Jupiter. At the end-of-mission the astrometric accuracies 
will be better than 5-10 yas for brighter stars and 130-600mas for faint targets. 
Nevertheless, smaller angles mean larger distances. In astrometry the location of an 
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object is considered reliable if the relative parallax error is less 10%. This implies 
that with 1 microsecond of accuracy we obtain reliable distances up to the Galac- 
tic scale.? Then, the final goal is unraveling the structure, the formation, and the 
evolution of the Milky Way (MW). As matter a fact, since Gaia is continuously 
scanning the sky, the main goal is to produce a map of about 1-2 billion celes- 
tial objects in 3 dimensions. Each celestial object will be observed on average 70 
times (a true Galilean method applied to the sky!). Thanks to the combinations on 
the focal plane of astrometry (positions, proper motions parallaxes), photometry 
(spectral classification, photometric distances, brightness, temperature, mass, age, 
chemical composition) and spectroscopy (radial velocity, chemical abundances), the 
Gaia survey is detailed star by star along with the knowledge of their intrinsic 
properties. 

According to different parallaxes accuracies, the Gaia scientific outputs span 
from the Solar System scale to the MW one and comprise, among many others, tests 
on General Relativity (GR), ten thousands exoplanet detections within 200 pc, accu- 
rate calibration of the HR diagram, accurate distance scale, cosmological tests such 
as local A-CDM predictions.? However, to guarantee all its scientific outputs Gaia 
requires an appropriate relativistic modelling of the observable and the observer. 
Gaia is operating at L2 point of the Earth-Sun system and the few-microarcsecond 
level of its measurements requires to consider the overlapping non-stationary weak 
gravitational fields due to the Solar System masses, in particular to account for 
the off-diagonal terms of the IAU metric. Then, Relativistic Astrometry implies a 
fully general-relativistic analysis of the light trajectory, from the observational data 
back to the positions of light-emitting stars.? Since Gaia is implementing absolute 
Relativistic Astrometry for the first time, inside the Gaia consortium for the Gaia 
data processing and analysis (DPAC) there exist two GR models, which set up two 
independent astrometric solutions for the celestial sphere. Among the six DPAC 
centers across Europe, the only one specialized in the treatment and validation of 
the satellite astrometric data is run by ALTEC (located at Turin) under the scien- 
tific supervision of the astromeric group INAF-OATo for ASI. The DPCT hosts the 
systems of the Astrometric Verification Unit (AVU), which is in charge, for DPAC, 
of the verification, through the Global Sphere Reconstruction (GSR), of the abso- 
lute astrometry achieved through the baseline astrometric model. The adoption of 
these two models applied to the same set of data, besides to be an independent 
verification tool to guarantee the Gaia scientific outputs (for example to control 
systematics), are in itself a GR test. Discrepancies that cannot be fixed by the 
models deserve to be investigated as possible GR shortcomings. 


2. Gravitational Astrometry at Milky Way Scale 


For the Gaia-like observer the weak gravitational regime turns out to be "strong" 
when one has to perform high accurate measurements. The position and velocity 
data, comprising the outputs of the Gaia mission, are fully GR compliant. Given a 
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relativistic approach for the data analysis and processing, any subsequent exploita- 
tions should be consistent with the precepts of the theory underlying the astrometric 
model. Therefore, a fully relativistic model for the MW structure should be applied 
as well. 

A GR structure of MW can assure a coherent laboratory for Local Cosmol- 
ogy, in particular for testing how well distances and kinematics at the scale of the 
MW disk compare with the A-CDM model predictions based on the Concordance 
Cosmological Model.? 

Although the A-CDM considers homogeneous and isotropic solutions of the Ein- 
stein Equations (EE), in the most advanced simulations A-CDM cosmology assumes 
an average FRLW evolution while growth in structure is treated by Newtonian N- 
body simulations. Ray-tracing as true observables from Gaia can provide constraints 
on the parameters included in the simulations and the use of Gaia data must be 
parallel with the utilisation of the most advanced cosmological simulations with 
baryonic matter (gas and stars). In such a context, flat galactic rotation curves, a 
longest outstanding problem for astronomy, provide the main observational support 
to the hypothesis of a surrounding dark matter. The simplest explanation is that 
galaxies contain far more mass than can be accounted by the bright stellar objects 
residing in the galactic disk. Adding a surrounding “dark matter” halo allows a 
good fit to data. 

On the other hand, stellar kinematics, as tracer of gravitational potential, is 
the most reliable observable for gauging different matter contributions. Rotation 
curves (RC) are distinctive features of spiral galaxies like our Milky Way, a sort 
of a kinematical/dynamical signature, like the HR diagram for the astrophysical 
content. And since Gaia by routinely scanning individual sources throughout the 
whole sky directly measures the (relativistic) kinematics of the stellar component, 
the rotation curve of the MW lends itself as a first test for a GR Galaxy with 
Gaia data. This seems to contradict the common assumption that at MW scale 
the relativistic effects are usually negligible and locally Newton approximation for 
the gravitational potential is retained valid at each point. In fact, the dynamics of 
galaxies is usually treated by considering the Newtonian limit of EE, in practice 
it boils down to solving Poisson's equation in order to derive the velocities tracing 
the observed RC. However, if one supposes a MW background geometry due a flat 
Minkowskian metric plus small perturbations as done for the Gaia relativistic mod- 
els, the typical velocity of stars in our Galaxy is vga, = 250 km/s, thus the lowest 
order of accuracy of the perturbation terms to be retained for an hypothetical pN 
Galaxy metric is (vcai/c)? ~ 100mas and (vGai/c)? © 120puas. Since the individ- 
ual DR2 astrometric error is < 100jas throughout most of its magnitude range,!? 
^weak" relativistic effect could be relevant for a Gaia-like observer. This indicates 
that is worth investigating the small curvature limit in GR. at MW scale, bearing 
in mind that it may not coincide with the Newtonian regime. To answer one needs 
to compare classical and GR. models for the MW that derive from different field 
equations. 
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3. Classical and General Relativistic Models for the Milky Way 


The classical model (MWC) for the MW structure takes into account several sub- 
structures, comprising a bulge, a thin and thick disc, and an halo. For the bulge 
one can adopt a Plummer density profile? 

u 3b2 My 

— Amn(r? + b])o/2" 


where, in cylindrical coordinates, the bulge spherical radius is r = v R? + z?, with 
by — 0.3 kpc the Plummer radius and Mj is the total bulge mass. 

As for the thin and thick MW disks, one can consider a double-component stellar 
disk modelled as two Miyamoto-Nagai potentials. T'his function is also approximated 


with a double exponential disk as in McMillan? and Korol et al.” The most general 
5,8,9 


Pb (1) 


is expressed in the form 
Mab? (aak? + (ag + 34/2? + b2) (aa + y 22 4 zd 
= 5/2 , 
d [e + (aa + 2? + b3)?| (22 + b2)3/2 


where Ma is the total (thin or thick) disk mass, a and b are the scale-length and 
scale-height, bta = 0.25 kpc and bra = 0.8 kpc the thin and thick disk scale-heights, 
respectively. 

Finally, for the MWC, a standard Navarro-Frank-White (NFW) model describes 
the DM halo (McMillan®, Bovy?, Navarro et al.1?) 


alo 1 
er) = po” (r/A&)(1 + r/An)?’ G3) 
halo 


where pọ™° is the DM halo density scale and Ap its (spherical) scale radius. 
Each component contributes to define the potential in the Poisson's equation 


description 


pa (1t, z) (2) 


Vv? = AnG prot = An G(pp + Pta + pra + pn) (4) 
from which the velocity profile is derived 
V? = R (do,4,/dR). (5) 


On the other hand, Einstein's equation is in general very difficult to solve ana- 
lytically, making it even the more difficult to detail a metric for the whole Galaxy 
as a multi-structured object. As first attempt, we adopted in Crosta et al.!! an 
axisymmetric and stationary Galactic metric-disk and a simple relativistic model 
suitable to represent the Galactic disk as dust in equilibrium at a large distance 
from the centre.!? 

As well known, in a stationary and axisymmetric space-time there exist two 
commuting killing vector fields, k^ (time-like) and m^ (always zero on the axis 
of symmetry) and a coordinate system (t, o, r, z) adapted to the symmetries,!?: 14 
whose line element for a rotating perfect fluid takes the form: 


ds? = —e?" (dt + Ado? + e?" (e? (dr? + dz?) + Wde?), (6) 
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where e?" , e?7 are conformal factors and U, A, W depend only on coordinates {r, z}. 
The time coordinate t (time-like far enough from the metric source) spans in the 
range [—oo, +00] and ¢ is the azimuthal angular coordinate in the range [0, 27].1° 


For the general dust solution!^ we have?: 
—e" = (klk), — Ae?" = (k|m), e ?"W? — A?e?" = (m|m). (7) 
In addition 
m^ = 0$, K” = OP, Oigi = O6gij — 0, Goa = Gta = 0, (8) 


where a = r,z. Because of the two dimensional Laplace equation one can choose 
W = r?°. For rigidly rotating dust (i.e. shearfree and expansionfree) U = 0 and there 
exist a time-like Killing vector (linear combination of k“ and m^? with constant 
coefficient) parallel to the four-velocity of the fluid u“, i.e. the co-rotating one 
chosen by Balasin and Grumiller,!? proportional to 82.14 Then, by setting e?7 = e", 
N = —A and e?" = 1, eq. (6) becomes the line element adopted by Balasin and 
Grumiller!?: 


ds? = gygdxz*dx® = —dt? + 2Ndódt + (r? — N?)dg? + e” (dr? + dz”). — (9) 


Such a model may serve as a crude model for galaxies with the stars considered 
as dust grains. A rigidly rotating disk of dust is the universal limit of rigidly rotat- 
ing perfect fluid configurations where the pressure-to-energy-density ratio vanishes. 
The dust assumptions implies that the masses inside a large portion of the Galaxy 
interact only gravitationally and reside far from the central bulge region. As a mat- 
ter of fact, stellar encounters become effective below the parsec scale, on the other 
hand the Galaxy could be considered globally isolated around 25 kpc where flaring 
effects emerge, indicating the onset of external gravitational perturbations. 

Given a stationary and axisymmetric space-time, the unit tangent vector field 
of a general spatially circular orbit can be expressed as 


u^ — P(k* + m°), (10) 


where B is the constant angular velocity (with respect to infinity) and I the nor- 
malization factor. Equation (10) represents a class of observers that includes static 
ones (8 = 0), and can be parametrized either by 8 or equivalently by the linear 
velocity, say ¢, with respect to the ZAMOs (Z9?), the locally non-rotating observer 
with zero angular momentum as: 


u” = q (ef + ches) ; (11) 


where y = — (u|Z) is the Lorentz factor, e$ is the unit normal to the t—constant 
hypersurfaces, and e% the à unit direction of the orthonormal frame adapted to the 
ZAMOs. ZAMO frames, indeed, have a non-zero angular velocity with respect to 
flat infinity and move on worldlines orthogonal to the hypersurfaces t—constant. 


?Symbol (| ) stands for the scalar product relative to the chosen metric. 
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The line element (9) can be rewritten in terms of the lapse M = r/,/(r? — N?) 
and the shift factor M? = N/(r? — N?) as follows 


ds? = — M?d?? + (r? — N?) (do + M¢dt)” + e" (dr? + dz”), (12) 
where 
Z? = (1/M)(8; — M?8,). (13) 
Then,!° 
cf = Vg 4 Me), (14) 


In order to trace the relativistic velocity profile from Gaia data, one has to consider 
that the local (static) barycentric observer as defined in the Barycentric Celestial 
Reference System (BCRS)? reduces to be œx 0% far away from the Solar System. 

In such a context the spatial velocity of the co-rotating dust of the BG model 
(B — 0) turns out to be proportional to the off-diagonal term of the chosen metric, 
indicated with N, which could imply gravitational dragging, namely 


Vt. = o FEA uc (15) 


The metric function N has been determined by Balasin and Grummiller by 
solving the set of the Einstein field equations and results as 


N(r, z) = Vo( Rout — Tin) + m 5 (Ve + Tin)? + 72 — ME + Rout)? + P) ; (16) 


which is limited by the constraint |z| < rj, and depends only on parameters 
Vo, Rout, Tin, corresponding, respectively, to the flat regime velocity, the extension 
of the MW disk and the bulge radius. 

Finally, the velocity profiles on the equatorial plane is 


V 
VIe R= (Bou — rin + 4/72, Ry Rt m) (17) 


4. Testing the Geometry-Driven Rotation Curve of the Milky Way 
with Gaia DR2 


To study if the flatness of the MW RC is geometry driven, we selected stars from 
the Gaia DR2 archive! according to the following strict criteria: i) a complete Gaia 
DR2 astrometric dataset; ii) parallaxes good to 20%; iii) Gaia-measured velocity 
along the line of sight, namely radial velocity, with better than 2096 uncertainties; 
iv) materialization of the sample by means of a cross-matched entry in the 2MASS 
catalog.!” These steps allow to reconstruct a proper 6D phase-space location occu- 
pied by each individual star as derived by the same observer. 

The requirements above left us with a very homogenous sample of 5277 early type 
stars and 325 classical type I Cepheids, where 99.496 of the sample span in a range 
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of 11 kpc and is below 1 kpc from the galactic plane (a characteristic scale height for 
the validity of the BG-RC model). To date it represents the best angular-momentum 
sustained stellar population of the Milky Way that better traces its observed RC. 
The quantities extracted from the Gaia DR2 archive are transformed from their 
natural ICRS reference frame to its galactocentric cylindrical counterpart.'® 

Since the parameter space is too large, a simple nonlinear fit could not be 
adeguate, the Markov Chain Monte Carlo method to determine the unknown pa- 
rameters and their uncertainties was used.!! There are several literature works pro- 
viding the parameter values for each component. For the fit the more recent ones 
were adopted. In the following tables the best fit estimates as the median of the 
posteriors and their 1o level credible interval are reported. 


Table 1. Parameters of BG’s model.!! 0, 
cg and od are the mean and the lo cred- 
ible interval limits from the posteriors of 
the parameters. 


BG model 0 Tg oo 
Tin [kpc] 0.39 -0.25 +0.36 
Rout[kpc] 47.87 -14.80 +23.96 
Vo [km/s] | 263.10 -16.44 +25.93 

evo 0.083 -0.014 +0.014 


Table 2. Parameters of the MWC model.!! 
0,0, and cd are the mean and the lo cred- 
ible interval limits from the posteriors of the 


parameters. 
MWC model 0 oy of 
My[1019 M] 1.0 -0.4 F04 
M;[10?Mgo] | 39  -04 +404 
Mra[10!?M5G] | 4.0 -0.5 4-0.5 
ata [kpc] 52 -05 +0.5 
aralkpc] 2.7 -0.4 40.4 
ph"'^[Mpc-3] | 0.009 -0.003 +0.004 
Ap, [kpc] 17 -3 +4 


In figure 1, the red and blue curves show the best fit to the BG and MWC 
models, respectively. For the likelihood analysis reported in Crosta et al.!! the two 
models appear almost identically consistent with the data, indicating that weak 
fields in GR can drive the MW rotation curve as the classical dark-matter-based 
analogue. 

The fitted value rin= 0.39 kpc, besides being quite close to the value adopted for 
the Plummer radius (by — 0.3 kpc), provides an independent measurements of the 
radial size of the MW bulge directly from the velocity data. The least constrained 
parameter of the BG model is the radial extension of the MW disk, as expected due 
to the limited radial coverage of the Gaia-only velocity data used. 
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Fig. 1. From M. Crosta, M. Giammaria, M.G. Lattanzi and E. Poggio.!! The azimuthal velocity 
profile of the MW as derived from the sample of disk tracers selected from the Gaia DR2. The 
black starred symbols represent the median values within a radial bin of about 0.2 kpc. The 
corresponding error bars are computed via bootstrapping. The other grey curves represent the 
kinematical substructures that contribute to the MWC model, in particular the grey solid line 
shows the contribution of the NFW halo. The coloured areas represent the reliability intervals of 
the fitted curves; note that for R < 5 kpc both the classical and the relativistic curves are very 
uncertain because of the lack of data in that region. The grey vertical band represents twice the 
value of rin estimated with the BG model. 


Differently form Balasin and Grummiller, in Crosta et al.!! also the metric factor 
e " was estimated via the Einstein equation for the density 


p(R, 2) = e 09. (On NGR, 2) + (3NR, 2). (18) 
Figure 2 two shows that the two models provide a similar baryonic mass distribution 
in the Galactic disk over the radial range explored by the Gaia data. 

From the fit of the data the local relativistic baryonic matter density results 
p(R = Ro, z = 0) = po = 0.0834:0.006 Mopc™? that is in agreement with indepen- 
dent current estimates.!??! Note that, differently form the classical approach, the 
local mass density was used as the observed datum at Sun position in the likelihood 
function. 


Finally, in order to disentangle the gravitational dragging component, which has 
not newtonian counterpart, we compared: i) the MWC baryonic-only contribution 
with the effective Newtonian profile Vee. which was calculated by implementing 
the BG density profile as described in Binney and Tremaine?? and Almeida et al.?°; 
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Fig. 2. From M. Crosta, M. Giammaria, M.G. Lattanzi and E. Poggio.!! The density profile of 
the MW at z — 0 derived from 100 random draws from the posterior distribution of the fit. The 
red solid line is the BG model, while the blue dashed line represents the total matter contribution 
for the MWC model (i.e. the sum of the bulge and the two disks as the baryonic counterpart, plus 
the dark matter halo). The blue solid line shows the contribution of the sole baryonic matter. The 
vertical black solid lines limit the range of our data, while the vertical black dashed line indicates 
the Sun position in the Galaxy. Finally, the grey vertical band represents twice the value of rin 
estimated with the BG model. 


ii) the MWC dark matter-only contribution with the “dragging curve" traced by 
subtracting the effective component V2 to the total VPC. More precisely, this last 
step implied a minimization procedure to get the effective BG disk half- thickness 
|zleff, that yields |z|.;y; = 0.215 kpe (very close to the value of adopted for the 
classical thin disc), namely 


(VEG (Ras |elergl) = y (VC (R)? — (VBE (R: leles) (19) 


'The results are illustrated in figure 3. Over the range covered by the Gaia data, 
the relativistic “dragging” component overlaps the one due to the halo in the MWC 
models. For R < 5 kpc (the region we cannot constrain with the Gaia data at the 
moment), the two effective Newtonian velocities differ sharply. This could indicate 
the breaking point for the direct applicability of the BG model to the Milky Way, 
as it calls for a more suitable relativistic description of its central regions. 

Despite the above limitations, the results points clearly to the possibility that a 
gravitational “dragging-like” effect due to the geometry background could sustain 
a flat RC. 
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Fig.3. From M. Crosta, M. Giammaria, M.G. Lattanzi and E. Poggio.!! Red and blue colors refer 
to the BG and MWC model, respectively. Solid lines represent the relativistic effective Newtonian 
rotation curve, VBS, and its analogue for the MWC model, as contributed by the total of baryonic 
mass. The dashed lines show the MWC halo component alone, and the gravitational dragging 


contribution to VBG, Lect obtained by subtracting VBS from VC itself. 


5. Concluding Remarks and Future Perspectives 


By setting a coherent GR framework, one can effectively establish to what extent 
the MW structure is dictated by the standard theory of gravity. The paper Crosta 
et al.!! explored the weak relativistic regime of Einstein's equation for the galactic 
dynamics and gives a possible interpretation of the MW RC as traced by the Gaia 
data by considering the background curvature, in some respects how space tells 
mass to move. If we look at DM proprieties, it does not absorb or emit light but 
it exerts and responds only to the gravity force; it enters the calculation as extra 
mass (halo) required to justify the flat galactic rotational curves. A gravitational 
dragging “DM-like” effect driving the MW velocity rotation curve could imply that 
geometry - unseen but perceived as manifestation of gravity according to Einstein’s 
equation - is responsible of the flatness at large Galactic radii. In spite of some 
inadequacies, the simplified BG model adopted was proven also to be quite useful 
to estimate the (external) radial size of the Galactic bulge and the disc thickness at 
radial distances R 24 kpc. Obviously, more data and much improved mathematical 
models are necessary to confirm such a scenario. 

For the observational side the sample size will increases from current 6000 to 
more than 100 thousands upper main sequence disc stars, with the addition of early- 
type B stars, in perspective of the full Gaia Data Release 3 expected in 2022.74 Also 
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data from spectroscopic surveys (e.g. SDSS, APOGEE, LAMOST, RAVE, GES - 
Gaia ESO Survey, GALAH) will be merged. 

For the theoretical side, the findings described in the previous section push on 
the fully use of Einstein’s theory, point the lack of mathematical solutions for GR 
Galactic models and state the need to develop more complex background “geome- 
tries” to account for the MW multi-structures in concomitance of the incoming and 
increasingly accurate Gaia data releases along with other Galactic observations tar- 
geting the Galactic center. One attempt could be to study, e.g., the class of Lewis 
and Papapetrou metrics to encompass all the different MW structures and consider 
different conformal factors to be fitted with the Gaia data (as was done for the 
density in the BG model). Once a MW geometry is provided, one can extend it to 
other similar galaxies and include a fully GR kinematics. 

With more physically appropriate metrics, along with adequate solution, the 
Galaxy can play a reference role for other galaxies, much like the Sun for stellar 
models. 
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In the main article [CQG 38 (2021) 055003], a new “canonical” form for the Lewis metrics 
of the Wey] class has been obtained, depending only on three parameters — Komar mass 
and angular momentum per unit length, plus the angle deficit — corresponding to a 
coordinate system fixed to the “distant stars” and an everywhere timelike Killing vector 
field. Such form evinces the local but non-global static character of the spacetime, and 
striking parallelisms with the electromagnetic analogue. We discuss here its generality, 
main physical features and important limits (the Levi-Civita static cylinder, and spinning 
cosmic strings). We contrast it on geometric and physical grounds with the Kerr 
spacetime — as an example of a metric which is locally non-static. 


Keywords: Gravitomagnetism; 1+3 quasi-Maxwell formalism; Sagnac effect; gravito- 
magnetic clock effect; synchronization gap; local and global staticity; Levi-Civita 
solution; cosmic strings. 


1. Introduction 


The general stationary solution of the vacuum Einstein field equations with 


cylindrical symmetry are the Lewis metrics! 4 
2 
ds? = —f(dt? + Cdo)? +r —Y/? (dr? + d2?) + "n ; (1) 
2,n-4d1l n4-1 
l-n er cr 
= 7 C= b 2 
f-ar pg mae (2) 


usually interpreted as describing the exterior gravitational field produced by 
infinitely long rotating cylinders. They divide into two classes: (i) the Weyl class, 
when all the constants n, a, b, and c are real; (ii) the Lewis class, for n imaginary 
[implying in turn c real and a and b complex, in order for the line element (1) to be 


real® 4]. 
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In the main article, Ref. 5, we have shown that the Weyl class metrics can be 
written in the “canonical” form 


AX ; 2 
c ; ae) + rmm) (dr? + dz) + ar? -Am dg? , 
a Am — 1/4 

depending only on three parameters with a clear physical significance: the Komar 
mass (Am) and angular momentum (j) per unit z-length, plus the parameter a 
governing the angle deficit. This form allows for a transparent comparison with the 
Levi-Civita non-rotating cylinder — archetype of the contrast between local and 
global staticity — which Ref. 5 discusses in detail both on physical and geometrical 
grounds. Therein its matching to the van Stockum® cylinder in star fixed coordinates 
is also shown. Here we revise some main features of the solution, focusing on 
its generality [and redundancies of the more usual form (1)-(2)], notable limits, 
and physical properties, with special attention to those less developed in Ref. 5. 
Addressing the question posed to us in the discussion following the presentation of 
this work at MG16," we focus here on its comparison with a non-static (globally 
and locally) stationary solution, exemplified by the Kerr spacetime. 


2. Stationary spacetimes and levels of gravitomagnetism 


The line element ds? = go gda? da? of a stationary spacetime can generically be 
written as 


ds? = —e?? (dt — Aj;dz*)? + hijda da? , (3) 


where e?7® = —goo, ® = (xf), A; = A(x’) = —9oi/goo, and hij = hi;(x*) = 
gij + e?? A;.A;. Observers of 4-velocity u® = e~? 0? = e~ 65, whose worldlines are 
tangent to the timelike Killing vector field 0;, are at rest in the coordinate system 
of (3). They are dubbed “static” or “laboratory” observers. The quotient of the 
spacetime by their worldlines yields a 3-D Riemannian manifold X with metric 
hi; (called the “spatial metric”), which measures the spatial distances between 
neighboring laboratory observers. It is identified in spacetime with the space 
projector with respect to u*, hag = Uaug + gag. Let U% = dz®“/dr be the 4- 
velocity of a test point particle in geodesic motion. The space components of the 
geodesic equation DU*' /dr = 0 yield5 8-1 


DU xi. de ius NR: = ze 2 
A Syþhē+ x al : G=-V®; H=e®VxA, (4) 
z 


where y = —U®ua is the Lorentz factor between U^ and u^, V denotes covariant 
differentiation with respect to the spatial metric h,; (i.e., the Levi-Civita connection 
of X, VjXi = Aw. r(A) X*, for some spatial vector X), D/dr = U'Vi, so that 
DU /dr describes the acceleration of the 3-D curve obtained by projecting the time- 
like geodesic onto the space manifold X, being Ü its tangent vector. The latter is 
identified in spacetime with the projection of U® onto X: (U)* = h?5 U? [so its space 
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components equal those of U?, (U)! = Ut]. The spatial vectors G and Ë (living 
on X) are dubbed, respectively, ^gravitoelectric" and *gravitomagnetic" fields [or, 
jointly, *gravitoelectromagnetic" (GEM) fields]. These play in Eq. (4) roles analogous 
to those of the electric (E) and magnetic (B) fields in the Lorentz force equation, 
DU/dr = (q/m)|y E + U x Bi, and are identified in spacetime, respectively, with 
minus the acceleration and twice the vorticity of the laboratory observers: 


G^ = —-Vyu* = —u% gu’ ; H? = Pu, gus . (5) 


They motivate also dubbing the scalar ® and the vector A gravitoelectric and 
gravitomagnetic potentials, respectively. 

Other realizations of the analogy arise in the equations of motion for a 
“gyroscope” (i.e., a spinning pole-dipole particle) in a gravitational field and a 
magnetic dipole in a electromagnetic field. According to the Mathisson-Papapetrou 


12,13 under the Mathisson-Pirani spin condition,!^ the spin vector S* of 


equations, 
a gyroscope of 4-velocity U* is Fermi-Walker transported along its center of mass 
worldline, DS°/dr = S"a,U?, where a% = DU® /dr. If the gyroscope's center of 
mass is at rest in the coordinate system of (3) (U* = u?) the space part of this 


equation yields? 
SxH, (6) 


which is analogous to the precession of a magnetic dipole in a magnetic field, 
DS /dr = iix B. When the electromagnetic field is non-homogeneous, a force is also 
exerted on the magnetic dipole, covariantly described by DP^/dr = BP^j,5,1415 
where u° is the magnetic dipole moment 4-vector, and Bag = *Foy;gU" (For = 
Faraday tensor, x = Hodge dual) is the “magnetic tidal tensor” as measured by the 
particle. A covariant force is likewise exerted on a gyroscope in a gravitational field 


(the “spin-curvature” force!? 15), which can be written in the remarkably similar 
form!4 
DP? 1 
S —H^* Sg; Hap = *RoppyU"U" = Seay" Raro UU”. (7) 


Here Hag is the “gravitomagnetic tidal tensor” (or “magnetic part” of the Riemann 
tensor) as measured by the particle, playing a role analogous to that of Bag in 
electromagnetism. For a particle at rest in a stationary field in the form (3), it is 
related to the gravitomagnetic field H by the expression!! 


1. p o ES 
Hy = -; [Vi Hi + (G. Ë)hy - 2G;H; (8) 


In the linear regime, H;; ~ H; j, and so one can say that (comparing to H ) Hag is 
essentially a quantity one order higher in differentiation of .A. 
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2.1. Sagnac effect 


By contrast with classical electromagnetism (where only the curl of the magnetic 
vector potential, V x A-B , manifests physically), and more like in quantum theory 
(where A manifests itself in the so-called Aharonov-Bohm effect!®), in General 
Relativity there are also gravitational effects governed by the gravitomagnetic vector 
potential A (or 1-form A). One of them is the Sagnac effect, consisting of the 
difference in arrival times of light-beams propagating around a spatially closed path 
in opposite directions. In flat spacetime, where the concept was first introduced (see 
e.g. Refs. 17, 18), the time difference is originated by the rotation of the apparatus 
with respect to global inertial frames (thus to the “distant stars”), see Fig. 1 in 
Ref. 5. In a gravitational field, however, it arises also in apparatuses which are 
fixed relative to the distant stars (i.e., to asymptotically inertial frames), Fig. 1(a) 
below, signaling frame-dragging.?:!5?? In both cases the effect can be read off from 
the spacetime metric (3), encompassing the flat Minkowski metric written in a 
rotating coordinate system, as well as arbitrary stationary gravitational fields. Along 
a photon worldline, ds? = 0; by (3), this yields two solutions, the future-oriented one 
being dt = A;dx' + e^? dl, where dl = , /hijdx'dx) is the spatial distance element. 
Consider photons constrained to move within a closed loop C in the space manifold 
X5 for instance, an optical fiber loop, as depicted in Fig. 1 (a). Using the + (-) sign 
to denote the anti-clockwise (clockwise) directions, the coordinate time it takes for 
a full loop is, respectively, ts = $o dt = fọ e * dl fo Aida’; therefore, the Sagnac 
coordinate time delay Atg (At in the notation of Ref. 5) is 


Ats St, -t.=2 Adi =26 A, (9) 
C C 


translating, in the observer's proper time, to Ars = e®Ats. We can thus cast 
gravitomagnetism into the three distinct levels in Table 1, corresponding to different 
orders of differentiation of A (the first one being A itself). 


2.2. Synchronization gap 


Another physical process where A manifests is in the synchronization of the clocks 
carried by the “laboratory observers" (ie., tangent to the Killing vector field 
O;). Consider a curve z?(A) of tangent dx^/dA which is spatially closed (i.e., its 
projection onto X yields a closed curve C, so that after each loop it re-intersects 
the worldline of the original observer). Along x^(A), the synchronization through 
Einstein’s light signaling procedure?:?! amounts to the condition that the curve be 
orthogonal (at every point) to 0%, that is, gogda? /dÀ = 0 € dt = A;dzt. This 
curve will thus re-intersect the worldline of the original observer at a coordinate 
time tp = t; + Atsync, where? 


Atsyne = $ Aida = $ A (=Ats/2). (10) 
C C 
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'The observer will then find that his clock is not synchronized with his preceding 
neighbor's by a time gap (as measured in his proper time) Atgync = e? Atsync, 
corresponding, in coordinate time, to an interval Atsync [which is one half the Sagnac 
time delay Ats along such loop, Eq. (9)]. Only when Atsync = 0 the observers are 
able to fully synchronize their clocks along a closed loop. 


2.3. Gravitomagnetic clock effect 


As is well known, in the field of a spinning body the periods of co- and 
counter-rotating circular geodesics differ; such an effect has been dubbed?? ?6 
gravitomagnetic “clock effect”. The corresponding angular velocities read (see e.g. 
Sec. 3.1 of Ref. 5) 


~90¢,r = Vor — Ibo,rG00,r 
Qeeot = (11) 
Jóo,r 


and thus the difference between their periods, Atgeo = Dn Qa ix + Qs = 
—Arg0¢,r/Go0,rs 155:?7 


H, 
Atgeo = Ats + Aty; — Alg—4mAs; Aty = —2n "8 ; (12) 
re 
where xHjk = cij H’ is the 2-form dual to the gravitomagnetic field H , such 


that «H,g = VhH* in cylindrical coordinates, and «1,4 = —VhH® in spherical 
coordinates. Here h is the determinant of the space metric h;; in (3). Hence, the 
effect consists of the sum of two contributions of different origin, corresponding to 
two distinct levels of gravitomagnetism in Table (1): the Sagnac time delay Atg 
around the circular loop, governed by A, cf. Eq. (9), plus the term Aty due to 
the gravitomagnetic force yÜ x A in Eq. (4) (which has a direct electromagnetic 
counterpart, see Sec. 3.1 in Ref. 5; cf. also Ref. 26). 

The delay (12) corresponds to orbital periods (in coordinate time) as seen by 
the “laboratory” observers, at rest in the coordinates of (3). Other observers (e.g. 
rotating with respect to the former) will measure different periods since, from their 
point of view, the closing of the orbits occurs at different points. An observer- 
independent akin effect??:?5 can however be derived, based on the proper times (74 
and 7.) measured by each orbiting particle between the events where they meet, 
see Fig. 1 (b). Set a starting meeting point at 6, = d_ = 0, t = 0; the next meeting 
point is defined by $4 = 27 + @_. Since d+ = Qgeo+t, the meeting point occurs at 
a coordinate time t = 27/(Qgeo4 — Qgeo—). Hence, 


t 2n(U2)7! 
TQ — = = : ArzT,—T.-—2m 
U} Ooy = Qeeo— 


(U$) - (02) 
Qeeot uz Qeeo— 


(13) 
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3. Artificial features of the usual form of the Weyl class metric 


In the case of the static Levi-Civita cylinder, which follows from (1)-(2), with n and 
a real, by making? b = 0 = c, we have? ® = 2A, In(r) + const., G = —2\m/rdr, 
A = 0 = A, where X, = (1 — n)/4. This exactly matches the electromagnetic 
counterparts for an infinite static charged cylinder, if ones identifies Aj, with minus 
the charge per unit z-length. (Am being actually the Komar mass per unit z- length, 
as we shall see in Sec. 4.3). However, in the general case b Æ 0 Z c, we have 


e ©, A, and G complicated [Eqs. (43) of Ref. 5], and very different from the 
electromagnetic counterparts for a infinitely long spinning charged cylinder 
(in the inertial rest frame); 

e H and Hag both non-zero [and complicated, Eqs. (43) and (45) of Ref. 5], 
at odds with the electromagnetic analogue. 


These features are somewhat unexpected given the similarities with the 
electromagnetic analogue in the static case, and given that this metric is known 
to be locally static. The situation resembles more the electromagnetic analogue as 
seen from a rotating frame. Moreover, 


2n 


e ceases to be time-like for r?” > a?n? [e — no observers at rest are 


possible past this radius 


which is, again, reminiscent of a rigidly rotating frame in flat spacetime where, past 
a certain value of r, the observers would be superluminal. The question then arises, 
can the metric, in the usual form (1)-(2) given in the literature, be actually written 
in some trivially rotating coordinate system? We will next show this to be the case. 


4. The “canonical” form of the Weyl class metric 
4.1. “Star-fixed” coordinates: the metric with only three parameters 


An analysis of the curvature invariants [cubic and quadratic, Eqs. (39)-(41) and 
(50) of Ref. 5] reveals that the Weyl class metric (i.e., with n real) is a “purely 
electric” Petrov type I spacetime.?:7?:99 This means that, at each point, there is an 
(unique) observer for which the gravitomagnetic tidal tensor vanishes, Hag = 0. 
These observers have 4-velocity of the form U^ = U'(0f + 203), with constant 
angular velocity Q given by 

= or vani, (14) 
the first (second) value yielding a time-like U* if a > 0 (a < 0). Thus, by performing 
a coordinate rotation at constant angular velocity 


$- e - Qt, (15) 


“We shall see that the condition c = 0 is actually not necessary, cf. Eqs. (16)-(18). 
bTaking a > 0, so that t is the temporal coordinate. 
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one switches to a coordinate system where these observers are at rest, and the metric 
takes the form 
1—s 
n: 
ds? = — 


(dt + de)? + r- (ap? + dz?) tar!t*de? , (16) 
Q 
with, for Q = c/(n — bc), 


p " n — bc s — bc 
s=n; ag C =b " =b ME (17) 
and, for Q = —1/b, 
- —b —b 
s—-n; a = —ab? ; (nce e (18) 
n E 


Equation (16) shows that the metric depends only on three effective parameters: 
o, s, and C, manifesting a redundancy in the original four parameters [different 
values of (n,a,b,c) yielding the same values of (s, o, C) correspond to the same 
physical solution]. The two values (14) for the angular velocity Q are two equivalent 
paths of reaching (16), and manifest a particular case of the redundancy: two sets 
of parameters (a1, b1, c1, 1) and (a2, b2, c9, 3), with a4 > 0 and a» < 0, such that 
the values of (s, œ, C) are the same. There is one special case excluded from each 
of the transformations (14)-(15); namely, bc = n for the first value of Q, and b = 0 
for the second; they are however redundant, as both lead to the Levi-Civita line- 
element? (26). 

Observe that the Killing vector field à, is, in (16), everywhere time-like (goo < 
0 for all r). Therefore, observers of 4-velocity u^ = (—goo)!/?0%, at rest in the 
coordinates of (16), exist everywhere (even for arbitrarily large r). As we shall see 
in Sec. (4.4) below, 0; is actually tangent to inertial observers at infinity, hence 
the reference frame associated to the coordinate system in (16) is asymptotically 
inertial, and thus fixed to the “distant stars". 


4.2. Symmetry under swap of time and angular coordinates 


In the transformation (15) one assumes, as is usual practice, that is an angular 
coordinate, ranging [0, 27], and t the time coordinate [which in turn implies a > 0 
and thus a > 0 in case (17), and a < 0 in case (18)]. Such assumption is however 
not necessary to reach (16). Indeed, swapping t © « in (1), again leads to (16), 
as we shall now show. Substituting, in (1), e > t’, t > y’, the time-like observers 
measuring vanishing gravitomagnetic tidal tensor have now angular velocity Q’ = 
1/Q, where Q is given by (14), and €! = (n—bc)/c yields a time-like U® if a > 0, and 
likewise Q’ = —6 for a < 0. Applying the transformation ¢/ = y’ — MY = o! —t'/Q 
to such line element leads to a primed version of (16), 


1—s 
r 
ds? = — 


(at! + dg’)? +r 7D (dr? + dz?) tart dg? (19) 


*'That it is so for b = 0 can be immediately seen by substituting in (16)-(17), yielding (26); likewise, 
that it is so for n = bc can be seen by substituting n — bc in the expression for C in (18). 


3989 


with, for Y = (n — bc)/c, the identifications s = n, a = c?/(an?), C = c/n; and, for 
Q’ = —b, the identifications s = —n, a = —a, C = —c/n. This is a natural result. 
Equations (1)-(2) are just a general solution of the vacuum Einstein field equations 
with three commuting Killing vector fields, one time-like and two spacelike,^?! 
having no information on global aspects of the coordinates; it is thus natural that 
one be free to choose the angular coordinate rendering the axial symmetry. 

One must note, however, that the metric in star fixed coordinates (16) does 
not preserve such symmetry. The coordinate rotation (15), with the identification 
yp = p + 27, breaks that symmetry by implicitly choosing ¢ (and y) as a periodic 
coordinate, and t non-periodic. Indeed, substituting in (16) ¢ > t', t > ¢’, leads to 
(19) with ¢’  t' swapped: 

1—s 


ds? = —’ —(Cdt! + dd’)? +r -D/2 (dr? + dz?) + ar!t8dt? ; (20) 


forcing now on it the identification (t’,¢’) = (t,o! + 2x) (ie, taking ¢’ to be 
periodic), makes it become the Levi-Civita metric in a rotating coordinate system, 
immediately diagonalizable through the coordinate rotation 9" = ¢! + Ct. This 
occurs because, by overriding the original identifications (t,9) = (t, + 2x), the 
geometry was globally (albeit not locally) changed. Indeed such transformation (with 
such identifications) is not a global diffeomorphism, as can be seen e.g. from the fact 
the ordered pairs 7i: (t, 9) and P3: (t, ó + 27), which represented the same event 
in the original metric (16), are mapped into the two different events 71: (t', 9) and 
P^: (t' + 2n, 9) in the metric (20). The transformation (t’, 9") = (9, t), followed by 
o" = ¢'+Ct, actually amounts to (76) of Ref. 5 which, as shown therein, corresponds 
to the "*famous"?^ transformation that takes the Weyl class metric into the static 
Levi-Civita one. 


4.3. The metric in terms of physical parameters — “canonical” 
form 


The fact that in Eq. (16) the Killing vector field £^ = Of is everywhere time- 
like, tangent to inertial observers at infinity, and appropriately normalized,? allows 
for defining a corresponding Komar integral on simply connected tubes V of unit z- 
length parallel to the z-axis, having a physical interpretation of “active” gravitational 
mass per unit z-length, as discussed in Secs. 5.2.1 and 2.4 of Ref. 5 (cf. also Refs. 
32-35). It is given by 


mm 
~ 8T av 


1—5s 


1 
Am xdé = m [tate onda: aca 


where V = SUB, U B» is the tube's boundary, S its lateral surface, parameterized 
by {¢,z}, and Bı and By its bases, lying on the planes orthogonal to the z-axis 
and parameterized by {r, $), and in the second and third equalities we noticed that 
(xd€)r¢ = 0 and (xd£)s; = 1 — s. Likewise, the Komar integral associated with the 
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axial symmetry Killing vector field G^ = oz has the interpretation of the spacetime’s 
angular momentum per unit z-length, 
sC 


1 1 
J T ].* G 167 5 et odo res 


where we in the second equality we noticed that (x6),4 = 0. It follows that (16) can 
be re-written as 


4m ; 2 
(a X J m) + rim QN 7 1) (qr? + dz") + ar? 2Am) dg? 


(21) 


4.4. Physical properties; gravitomagnetism 


For o > 0 [so that t in Eq. (21) is a temporal coordinate], the metric can be put in 
the form (3), with 


hjjda' dx) = pA QA 7 D) (qr? + dz") + or 20-7?) dg? (23) 


[with K = —1n(a)/2]. The gravitoelectric and gravitomagnetic 1-forms/fields read, 
cf. Eqs. (4), 


G= -rar ; H=H=0. (24) 
Thus 6, G and H = 0 match their electromagnetic counterparts for a spinning 
charged cylinder (as viewed from the inertial rest frame, see e.g. Sec. 4 in Ref. 5) 
identifying the Komar mass with minus the charge, Am «9 —A; the gravitomagnetic 
potential 1-form A = Ayd¢ also resembles the magnetic potential 1-form A = mdó. 
The cylinder’s rotation does not manifest in the inertial forces (nor in the tidal 
forces, as shown in Sec. 5.2.3 of Ref. 5); the only inertial force acting on test 
particles is the gravitoelectric (Newtonian-like) force mG, independent of j. Thus, 
particles dropped from rest or in initial radial motion move along radial straight 
lines, cf. Eq. and circular geodesics have a constant speed given by Ugeo = 


VAm/(1/2 — Am), being thus possible when 0 € Am < 1/4 (it is when Àm > 0 that 
Gis es a they become null for Ay, = 1/4). The vanishing of H means also 


that gyroscopes at rest in the coordinates of (21) do not precess, V components 
of their spin vector S remaining constant, cf. Eq. (6). Since G "29° 0, it follows 
moreover that the reference frame associated to the coordinate system in (21) is 
asymptotically inertial, thus one can take it as the rest frame of the *distant stars" 
(“star-fixed” frame). 

The only surviving gravitomagnetic object is thus the gravitomagnetic 1-form .A, 
corresponding to the first level in Table 1. One of its physical manifestations is the 
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-—X 


Distant star 


At, = 0 


Fig. 1. (a) Sagnac effect around spinning cylinders: a flashlight sends light beams propagating 
in opposite directions along optical fiber loops fixed with respect to the “distant stars” (i.e., to 
the asymptotic inertial frame at infinity). In each loop C, the difference in beam arrival times is 
Ats = 2 fo A; since A is a closed form (dA = 0), the effect vanishes for all loops not enclosing 
the cylinder, and has the same value (25) for all loops enclosing it (the co-rotating beam arriving 
first). (b) Frame independent gravitomagnetic clock effect: a pair of clocks in oppositely rotating 
circular geodesics around a cylinder; when the cylinder spins (j # 0) the clocks measure different 
proper times between the events where they meet, T+} > T_. 


Sagnac effect: consider, as depicted in Fig. 1(a) optical fiber loops fixed with respect 
to the distant stars, i.e., at rest in the coordinate system of (21). The difference in 
arrival times for light beams propagating in opposite directions along any of such 
loops is given by the circulation of A along the loop, c.f. Eq. (9). Observe that A 
is a closed form, dA = 0 (since Ag is constant), defined in a space manifold X 
homeomorphic to R°\{r = 0}. By the Stokes theorem, this means? that the effect 
vanishes along any loop which does not enclose the central cylinder (or the axis 
r — 0), such as the small loop in Fig. 1 (a), and has the same nonzero value 
47j 

ETE 

along any loop enclosing the cylinder, regardless of its shape; for instance, the large 
circular loop depicted in Fig. 1(a). It is worth noticing that this mirrors the situation 
for the Aharonov-Bohm effect around spinning charged cylinders, which is likewise 
independent of the shape of the paths; the two effects are actually described by 
formally analogous equations?. 

The apparatus above makes use of a star-fixed reference frame, which is 
physically realized by aiming telescopes at the distant stars.?9:?" It is possible, 
however (still based on the Sagnac effect) to detect the cylinder's rotation in a more 
local way, without the need for setting up a specific frame; only not with a single 


Ats = An As = (25) 


loop, as along a single loop the effect can always be made to vanish by spinning it 
with some angular velocity. In particular, for a concentric circular loop, the effect 


TRe-writing (9) in terms of the half-loop phase delay Ay = (E/R)Ats/2 = (27E/h)Ag and 
identifying {E, Ag} € (4, Ag}, where E = photon’s energy, see Sec. 4.1 in Ref. 5. 
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vanishes if it has zero angular momentum, i.e., if it comoves with the zero angular 
momentum observers (ZAMOs) of the same radius. The angular velocity of such 
observers, Eq. (69) of Ref. 5, is however r-dependent; hence, considering instead a 
“coil” of optical loops, as depicted in Fig. 4 of Ref. 5, provides a frame-independent 
(thought) experiment to detect the cylinder’s rotation, since it is impossible to make 
the effect vanish simultaneously in every loop when j z 0 & A £0. 


4.4.1. Observer-independent gravitomagnetic clock effect 


Another consequence of the vanishing of H is that the gravitomagnetic clock effect 
in Eq. (12) reduces to the Sagnac time delay, Atgeg = Ats = 47.45; hence, all 
that was said above about beams in optical loops around the cylinder, applies as 
well to pairs of particles in oppositely rotating circular geodesics (the co-rotating 
geodesics having thus shorter periods). It is however actually possible to detect the 
cylinder’s rotation using only one pair of particles (i.e., a pair of clocks), through 
the difference in the proper times (7, and 7_) measured by each of them between 
the events where they meet, see Fig. 1 (b). From Eqs. (13) and (11), with U2 = 
(—goo — 2Qgco+ 906 — eos Gee) ^, we have 


m 8r jr?» 

— V/a(1 = 4m) — 2X4) + 8Amj?r ma (1/4 — Am)! 
(this result is mentioned in main paper,? though without presenting it explicitly). 
Hence, when j Z 0, the proper times measured by each clock differ when they meet, 
the co-rotating clock measuring a longer time. 


ArzTL—T (> 0) 


4.5. Important limits: Levi- Civita, static cylinder and cosmic 
strings 


It is immediate to obtain important limits from the canonical form (21). Taking the 
limit j — 0 yields the Levi-Civita metric? + 
dm 


T 


ds? m dt? +4 pA QA 7 T) (qr? E dz?) + ar? -2àm) qq? (26) 


The inertial fields G and H = 0, as well as the spatial metric h;;, remain the same 
as in (21) (the same applying to the tidal fields/forces, see Sec. 5.2.3 in Ref. 5). 
They differ only in the gravitomagnetic potential l-form A = —47/(1 — 4X,,)do, 
governing global physical effects such as the Sagnac effect and synchronization gap 
(10) in loops around the cylinder, and the gravitomagnetic clock effect, which are 
all zero for the static metric (26), see Figs. 1-2. 

The limit Am — 0 yields 


ds? = -i [dt + 4jdó]^ + dr? + dz? + ar*d¢g? (27) 


2,38, 39 


which is the metric of a spinning cosmic string of Komar angular momentum 


per unit length j and angle deficit 27(1 — a!/?) = 276. In this case the spacetime 
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is locally flat (R45 = 0) for r # 0. All the GEM inertial fields vanish, G=H=0 
(and the same for the tidal fields), thus there are no gravitational forces of any 
kind. Global gravitational effects however subsist, governed by A = —4jd¢ and a. 
The non-vanishing gravitomagnetic potential 1-form A means that a Sagnac effect 
remains, thus the apparatuses manifesting the source’s rotation discussed in Sec. 4.4 
apply here as well. The same applies to the synchronization of clocks: observers 
at rest in the coordinates of (27) (which are in this case inertial observers) can 
synchronize their clocks along closed loops not enclosing the string (i.e., the axis 
r = 0), but are unable to do so for loops enclosing it. As for the gravitomagnetic 
clock effect, it does not apply here, as circular geodesics do not exist (since there is no 
gravitational attraction, G= 0). The angle deficit generates double images of objects 
located behind the string,*?4! and a holonomy*! 4? 
only spatially) loops around the string. Namely, vectors parallel transported along 
such loops turn out rotated by an angle —27a'/? (i.e, 216) about the z-axis when 
they return to the initial position — an effect which is independent of the shape of 
the loop and of j; see Sec. 5.2.4 of Ref. 5. One thus can say that the metric (27) 
possesses two holonomies: a spatial holonomy governed by o, which is the same 


along closed (in spacetime or 


for spinning or non-spinning strings, plus a synchronization holonomy (Sec. 5.3.3 of 
Ref. 5) that arises in the spinning case. 


4.6. Summary of “canonical” features 


We argue Eq. (21) to be the most natural, or canonical, form for the metric of a 
Weyl class rotating cylinder for the following reasons: 


e the Killing vector field 0; is (for a > 0) everywhere time-like (i.e., goo < 0 
for all r), therefore physical observers u% = (—goo)~!/?0@, at rest in the 
coordinates of (21), exist everywhere. 

e The associated reference frame is asymptotically inertial, and thus fixed 
with respect to the “distant stars" (Sec. 4.4). 

e A conserved Komar mass per unit length (Am) can be defined from 0; which 
matches its expected value from the gravitational field G and potential ® 
in Sec. 4.4 (see also Sec. 5.2.1 of Ref. 5), and also that of the Levi-Civita 
static cylinder (26). 

e It is irreducibly given in terms of three parameters with a clear physical 
interpretation: the Komar mass (Am) and angular momentum (j) per unit 
length, plus the parameter o governing the angle deficit of the spatial metric 
hi. 

e The GEM fields are strikingly similar to the electromagnetic analogues — 
the electromagnetic fields of a rotating cylinder as measured in the inertial 
rest frame (namely A = .A;dó; Ag —constant, H = Hag = 0, and 9 and 
G i; match the electromagnetic counterparts identifying the Komar mass per 
unit length Am with the minus charge per unit length A, cf. Sec. 4 of Ref. 5). 
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e It is immediate from it to obtain the two important limits: spinning cosmic 
string (Am = 0), and Levi-Civita static solution (evincing that j = 0 is the 
necessary and sufficient condition). 

e The GEM inertial fields and tidal tensors are the same as those of the 
Levi-Civita static cylinder (just like the electromagnetic forces produced 
by a charged spinning cylinder are the same as by a static one). 

e It is obtained from a simple rigid rotation of coordinates, Eq. (15), which 
is a well-defined global coordinate transformation (Sec. 4.1). 

e It makes immediately transparent the locally static but globally stationary 
nature of the metric (see Sec. 5 below). 

e It has a smooth matching to the van Stockum interior solution 
(corresponding to a cylinder of rigidly rotating dust) written in star-fixed 
coordinates (Sec. 5.4.2 of Ref. 5). 


We conclude that the Lewis metric in its usual form (1)-(2) indeed possesses a 
trivial coordinate rotation [of angular velocity —Q, equivalently given by either of 
Eqs. (14)], which has apparently gone unnoticed in the literature, and causes the 
artificial features listed in Sec. 3. As shown in Sec. 5.4 of Ref. 5, such rotation has 
a simple interpretation when the solution is matched to the van Stockum interior 
solution (corresponding to a rigidly rotating cylinder of dust): the coordinate system 
in (1)-(2) is rigidly comoving with the cylinder. 


5. Contrast with a locally (and globally) non-static solution — the 
Kerr spacetime 


Question by O. Semerák: you were comparing the results for the (rotating) Weyl 
class Lewis metric with the static case; how about the comparison with Kerr, which 
is different because there the vorticity should contribute to the gravitomagnetic field? 

The contrast with the Kerr spacetime is indeed instructive. In what pertains to 
gravitomagnetism, it fundamentally differs from the Weyl class cylindrical metrics 
(rotating or non-rotating) in two mains aspects: it is not locally static, and its 
Riemann tensor is not (except at the equatorial plane) “purely electric".?? 

Staticity.— a spacetime is static’? within some region iff a time-like Killing 
vector field £^ exists which is proportional to the gradient of some (single-valued) 
function v, £, = nOsv. Locally, this condition is equivalent to the integral lines 
of €* having no vorticity, i.e., being hypersurface orthogonal (globally, however, 
the vorticity-free condition is not sufficient? ^^). One can show (Proposition 5.1 in 
Ref. 5) that, in the GEM framework, local staticity amounts to the existence of a 
coordinate system where the metric takes the stationary form (3) with A closed 
(dA = 0); and global staticity to A being moreover an exact form (in a globally 
well defined coordinate system). 

The Weyl class Lewis metric (21) is locally static since d.A — 0; but, unless 
j = 0 = A = 0 (Levi-Civita static cylinder), not globally static, since A = Agd¢ 
is not an exact form. This means that the Killing vector field 0; is hypersurface 


3995 


orthogonal but (unless j — 0) such hypersurfaces are not of global simultaneity, see 
Fig. 2 (a)-(b). In the case of the Kerr spacetime, dA Z 0, so it is not globally static; 
no hypersurface orthogonal time-like Killing vector field exists, the only Killing 
vector field which is time-like at infinity being 0; in Boyer-Lindquist coordinates, 
whose integral lines are well known to have vorticity. Geometrically, this means 
that the distribution of hyperplanes orthogonal to ô; (i.e., the hyperplanes of local 
simultaneity,?! or local rest spaces of the “laboratory” observers) is not integrable, 
see Fig. 2 (c). On top of this, outside the equatorial plane, Rag ys is not purely 
electric (see Sec. V.C of Ref. 29), thus no observers exist measuring a vanishing 
gravitomagnetic tidal tensor Hag. 


(a) Static cylinder (b) Rotating cylinder (Weyl class) (c) Kerr 


Fig. 2. (a)-(b): In the Weyl class Lewis metrics (21) the Killing vector field 0; is hypersurface 
orthogonal; such hypersurface is of global simultaneity (a plane, in a t, r, ¢ plot) for a non-spinning 
(Levi-Civita) cylinder, and of local but non-global simultaneity (the helicoid t — Agọ = const.) in 
the spinning case. (c) In the Kerr spacetime 0; is not hypersurface orthogonal, i.e., the distribution 
of hyperplanes orthogonal to ð (hyperplanes of local simultaneity) is not integrable. In (a) 
observers of worldlines tangent to 0; (“laboratory observers") are able to globally synchronize their 
clocks. In (b) they are unable to synchronize their clocks around the cylinder: each 27 turn along 
the helicoid leads to a different event in time, the jump between turns being the synchronization 
gap Atsync = 27Ag. In (c) the laboratory observers are (generically) unable to synchronize their 
clocks along any spatially closed loop, Atsync = $ A # 0. 


Physically, this means that whereas for the Weyl class spinning cylinder (21) 
only the first level of gravitomagnetism in Table 1 is non-zero, in the Kerr spacetime 
all the three levels are non-zero. Therein it is thus possible to detect the source’s 
rotation in a more local way (i.e., not needing experiments on loops around 
the source): in a reference frame fixed to the distant stars, due to the non-zero 
gravitomagnetic field H , test particles in geodesic motion will appear to be deflected 
by a gravitomagnetic (or Coriolis) force yU x Ë, cf. Eq. (4), causing e.g. their 
orbits to precess (Lense-Thirring precession?9), and gyroscopes will as well be seen 
to precess, cf. Eq. (6). The non-vanishing Hag means moreover that gyroscopes at 


rest (or generically moving) will be acted by a force (7). 
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Table 1. Gravitomagnetic effects present in the Weyl class Lewis metrics and in the 
Kerr spacetime, as measured in star-fixed reference frames (canonical and Boyer-Lindquist 
coordinate systems, respectively), split by levels of gravitomagnetism, corresponding to orders 
of differentiation of A. 


Level of Gravitomagnetism i 
Lewis-Weyl Kerr 
Governing object |Physical effect 
A e Sagnac effect o / 
(gravitomagnetic | e Synchronization ga. 
vector potential) y a sap (global effects) (global and local) 
e gravitomagnetic force 
H my x H 
(gravitomagnetic | 9 8yroscope precession v 
field = e?V x A) dS/dr = S x H/2 X 
e local Sagnac effect in 
light gyroscope 
H 4 A e Gravitomagnetic e co-rotating geodesic | e co-rotating geodesic 
“clock” effect has shorter period has longer period 
Hag 
(gravitomag. tidal M ES Jäs pir en x "4 
tensor ~ 0;0;A,) TE 8 


Even in what pertains to the first level of gravitomagnetism (governed by .A), 
present in both, they substantially differ. The fact that d.A — 0 in the Lewis- Weyl 
metric means that a Sagnac effect (9) arises only on loops enclosing the cylinder (as 
discussed in Sec. 4.4), and is independent of the shape of the loop; and similarly for 
the synchronization of clocks: the laboratory observers are able to synchronize their 
clocks along spatially closed loops that do not enclose the cylinder [in other words, 
closed in spacetime synchronization curves exist along the helicoid of Fig. 2 (b)]; it 
is only on loops around the cylinder that a synchronization gap (10) arises, see Fig. 
2 (b). In the Kerr spacetime, by contrast, since dA Æ 0, the Sagnac effect depends 
on the shape of the loop, and is generically non-zero (regardless of the loop enclosing 
or not the axis). The laboratory observers are likewise unable to synchronize their 
clocks around generic closed loops. 

Another interesting contrast is in the gravitomagnetic clock effect (12). Around 
the spinning cylinder (21), since H = 0, it reduces to the Sagnac time-delay (25), 
and thus the co-rotating geodesic has a shorter period. In the case of the Kerr 
spacetime, by contrast, the term Aty of (12) is not zero, 


8a J 4nJr 
——— (<0); Atg = ———~ (> 0 
r—2M (< i H (> Jj; 


J 
Atgeo = Atg--Atg = 4r; Ats = 
8 EL ILU 3 M(r—2M) 


and is actually dominant,?" so it is the other way around: the co-rotating orbit has 
a longer period, Atgeo = 41J/M > 0. The physical interpretation of Aty > 0 is 
that the gravitomagnetic force yÜ x H in Eq. (4) is repulsive (attractive) for co- 
(counter-) rotating geodesics, see Fig. 1(b) of Ref. 27. 
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Magnetized black holes: The role of rotation, boost, and accretion in 
twisting the field lines and accelerating particles* 
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Combined influence of rotation of a black hole and ambient magnetic fields creates con- 
ditions for powerful astrophysical processes of accretion and outflow of matter which are 
observed in many systems across the range of masses; from stellar-mass black holes in bi- 
nary systems to supermassive black holes in active galactic nuclei. We study a simplified 
model of outflow of electrically charged particles from the inner region of an accretion 
disk around a spinning (Kerr) black hole immersed in a large-scale magnetic field. In 
particular, we consider a non-axisymmetric magnetosphere where the field is misaligned 
with the rotation axis. In this contribution we extend our previous analysis of acceler- 
ation of jet-like trajectories of particles escaping from bound circular orbits around a 
black hole. While we have previously assumed the initial setup of prograde (co-rotating) 
orbits, here we relax this assumption and we also consider retrograde (counter-rotating) 
motion. We show that the effect of counter-rotation may considerably increase the prob- 
ability of escape from the system, and it allows more efficient acceleration of escaping 
particles to slightly higher energies compared to the co-rotating disk. 


Keywords: Black holes, magnetosphere, non-axisymmetry, dynamics of ionized matter, 
acceleration of particles 


1. Introduction 


In this contribution we further study astrophysically relevant class of escaping (jet- 
like accelerated) trajectories in a dynamical system of a magnetized rotating black 
hole. Electrically charged particles following such orbits may escape the attraction 
of the black hole in a collimated outflow and they may be accelerated to very 
high energies. In Paper I! we adopted a simple axisymmetric model consisting of 
a rotating black hole in an asymptotically uniform magnetic field aligned with the 
rotation axis. Initially neutral particles are supposed to follow circular orbits in 
the equatorial plane (and freely fall below ISCO). At a particular ionization radius, 
these particles obtain electric charge and their dynamics changes due to the presence 
of electromagnetic field, and escape from the accretion disk along high-velocity jet- 
like trajectories becomes possible. However, the efficiency of the acceleration process 
remains only moderate in the axisymmetric setup.! 


*Based on an invited contribution at 16th Marcel Grossmann Meeting, Session PT5 “Dragging is 
never draggy: MAss and CHarge flows in GR” (id. #393), 5-10 July 2021. 
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In Paper II? we relax the assumption of the perfect spin-magnetic alignment and 
consider a generalized non-axisymmetric model. The effect of non-axisymmetry in 
electro-vacuum magnetospheres of compact objects is known to introduce dynami- 
cally relevant features like magnetic null-points,? and breaking the axial symmetry 
also appears to strongly affect the acceleration process in the current model. In 
particular, the number of escaping orbits generally increases and acceleration to 
ultrarelativistic energies becomes possible in the oblique magnetosphere.?4 Fur- 
thermore,? by employing a boost transformation of the system into a frame in 
translation motion, we explored the electromagnetic aspects of the linear (kick) ve- 
locity of the black hole. Refer to enlightening discussions by various authors® 7 and 
see also the relevant context of these solutions.® 

In the above-mentioned previous papers, we numerically studied escaping orbits 
and we assessed in detail the role of a broad variety of parameters of the model. 
Nevertheless, the assumption that initially neutral matter co-rotates with the central 
black hole, was adopted in all previous analyses. Here we relax this assumption and 
we also consider counter-rotating (retrograde) circular orbits as an initial setup of 
neutral particles. We compare the both cases (of co-rotating vs. counter-rotating) in 
terms of the efficiency of the formation and acceleration of the individual trajectories 
and the emerging outflow. 

'The role of counter-rotation in processes of accretion and outflow near com- 
pact objects has been only partially explored in the literature and various relevant 
aspects of accretion of counter-rotating matter has been studied. In particular, high- 
resolution hydrodynamic simulations suggest that counter-rotating structure may 
largely increase the accretion rate.? Moreover, general relativistic magnetohydrody- 
namic (GRMHD) simulations show that accretion of counter-rotating matter may 
produce conditions for highly efficient jet launching.!? We also note that counter- 
rotating high-velocity outflows are indeed reported in various systems, such as the 
spiral galaxy NGC 1068.!! 

'The paper is organized as follows. In Section 2 we specify the employed model of 
oblique black hole magnetosphere, we review the equations of motion and describe 
the charging process of initially neutral matter. Jet-like trajectories of charged par- 
ticles escaping from counter-rotating orbits are discussed in Section 3 with the focus 
on the direct comparison with the co-rotating analogues. Results are summarized 
and briefly discussed in Section 4. As the initial setup of the model investigated 
in the present paper is analogous to that of Papers I and II, we refer to the more 
complete introduction and references presented therein. 


2. Model specification 


We consider a spacetime around a rotating, axially-symmetric, uncharged black hole 
of mass M and spin a described by the Kerr metric, which may be expressed in 
Boyer-Lindquist coordinates z^ = (t, r, 0, q) as follows:!? 1? 


22 
BE [(r? + a”)dyp = a dt]? + x 


^ 
ds? = -5 [dt - asin 6 dọ]? + dr? --Xd0?, (1) 
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where A(r) = r? — 2Mr +a? and X(r,0) = r? + à? cos? 0. Roots of A(r) locate the 
outer (+) and the inner (-) horizons as: r4 = M + VM? — a?. Geometrized units 
are used throughout the paper; values of basic constants (gravitational constant G, 
speed of light c, Boltzmann constant k, and Coulomb constant kc) therefore equal 


unity, G = c = k = ko = 1. 

The black hole is supposed to be weakly magnetized by an external, asymp- 
totically uniform magnetic field with an asymptotic strength B which has an ar- 
bitrary inclination (angle o) with respect to the rotation axis. Vector potential 


Ay = (At, Ar, Ao, Ay) of a corresponding test-field solution is given as:!4 
B.aM B,aM sind z 
A = 2 (1 + cos? 8) — B;a4 Dee fmt (rcosv — asiny), (2) 
A, = —B,(r — M)cosO sin 0 sin v, (3) 
Ag = —B,a(r sin? 0 + M cos? 0) cos) — B,(r? cos? 0 (4) 
—Mr cos 20 + a? cos 20) sin v, 
1 ?M 
A, = B, sin? 0 gt +a?) - "(14+ cos? 2 (5) 
r? -- a?2)M 


— B, sin 0 cos 0 fa cos v + (r cosy — asin) ; 


x 
where B, denotes the component parallel to the rotation axis, while B, corresponds 
to the perpendicular component, i.e., B; = B cosa and B, = B sina. Setting B, = 
0 reduces the above vector potential A, to the axisymmetric solution!? employed 
in Paper I. Azimuthal coordinate v of Kerr ingoing coordinates is expressed in 
Boyer-Lindquist coordinates as follows: 


y= ~+——In-— 
TL = 


ro T—T.- 


(6) 


The Hamiltonian H of a particle of electric charge q and rest mass m in the field 
A,, and metric g"" is defined as:'? 


H = $9" (n, — GAu)(m, — Av), (T) 
where 7, is the generalized (canonical) momentum. The equations of motion are 
expressed as: 


dz” OM dr Ou 
——— mp -l. SH 8 
dV > ~ On,’ A Oak (8) 


where A = T/m is dimensionless affine parameter (r denotes the proper time). 
Employing the first equation we obtain the kinematical four-momentum as: p^ = 
71" — qA”, and the conserved value of the Hamiltonian is therefore given as: H = 
—m? [2. System is stationary and the time component of canonical momentum 7; 
is therefore an integral of motion which equals (negatively taken) energy of the test 
particle 7, = —E. In the rest of paper we switch to specific quantities E/m > E, 
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Fig. 1. Position of the black hole’s outer horizon (black), marginally bound circular orbit (cyan) 
and ISCO (green). Negative spin values correspond to the counter-rotating orbits. 


q/m — q which corresponds to setting the rest mass of the particle m = 1 in the 
formulas. 

As an initial configuration of electrically neutral particles, we consider circular 
Keplerian orbits specified by the values of constants of motion, ie., by specific 


energy Exep and specific angular momentum Lxep given as follows:'® 


E r? -2MrtaV/Mr L «V M (r? + a? F 2a Mr) 
Kep ~=} Kep = — e, 
"o pyr? — 3Mr £2av Mr "o rtr? - 3Mr + 2a MT) 


(9) 


where the upper signs are valid for the prograde (co-rotating) orbits and the lower 
ones for the retrograde (counter-rotating) orbits. Circular geodesics remain stable 
only above the innermost stable circular orbit (ISCO): 


risco = M (3+ 2 F (3— Zı)\(3 + Zı ¥223)) ; (10) 


1/3 
where Z 21- (1-32). [Q3 ^ (1-3) ^] and Z = yii + Zi. 


Positions of the ISCO and marginally bound circular orbit! are plotted in Fig. 1. 
Below ISCO the geodesics are supposed to turn into freely falling inspirals main- 


taining the energy and angular momentum corresponding to the ISCO radius, i.e., 
the particles keep E = Exep(risco) and L = Lxep(rirsco) during their infall while 
the radial velocity u” is obtained from the normalization condition u“u, = —1. 

In our model, we suppose that initially neutral elements undergo a sudden charg- 
ing process (e.g., due to photoionization) at a given radius ro and obtain specific 
electric charge q. While the change of the rest mass m is considered as negligible, 
the particle dynamics changes due to the presence of the electromagnetic field.” 
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In particular, the conserved value of energy is modified as: 
B= Exep = qAt, (11) 
while the values of spatial components of canonical momentum are changed as: 


Tr = T? F qAr, ig = qAe, Tp = Lkep + QA, (12) 


where 7° 


» is zero for particles ionized above/at ISCO and for infalling particles 
with ionization radius ro < rigco the value is calculated from the normalization 


condition. 


y IM] 
y IM] 


y [M] 
y [M] 
y [M] 


6 -4 -2 2 4 6 -6 -4 -2 2 6 -6 -4 -2 2 


0 0 0 
x [M] x [M] x [M] 


Fig. 2. Comparison of initially co-rotating orbits (upper row) with counter-rotating orbits (lower 
row). Color-coding: blue for plunging orbits, red for stable ones, and yellow for escaping trajectories. 
The green circle denotes the ISCO, the cyan circle marks the radius of the marginally bound orbit 
and the white one shows the ergosphere. The inner black region marks the horizon of the black 
hole. The parameters of the system are a = 35? and qB = —5 M~!. The magnetic field is inclined 
in the positive x-direction. 


3. Escape zones 


The dynamics of initially neutral particles on stable circular orbits (above ISCO) 
or on a plunging trajectory (below ISCO) changes abruptly as they obtain the 
electric charge and become affected by the electromagnetic field given by Eqs. (2)- 
(5). As a result, some stable particles may become plunging, while some plunging 
trajectories are stabilized by the field. Moreover, it appears that particles may also 
become unbound and escape to infinity in jet-like trajectories. 
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We have previously analyzed escaping particles in this model and, in particular, 
in Paper I! we considered the axisymmetric system (B, = 0), while in the Paper II? 
the general non-axisymmetric configuration was studied. We have used the method 
of effective potential to find the necessary conditions for the escape of particles. It 
appears that for the parallel orientation of the spin axis z and magnetic field com- 
ponent B,, only negatively charged particles may escape (while positively charged 
escape for the anti-parallel orientation). Non-zero spin a and B, are required for 
the escape and final Lorentz factor y is found to be an increasing function of the 
spin, specific charge |g| and |B.| while it decreases with the ionization radius ro. 


o a  -2 2 4 6 


0 
x [M] 


0 
x [M] 


Fig. 3. Comparison of initially co-rotating orbits (upper row) with counter-rotating orbits (lower 
row). The color-coding and parameters as in Fig. 2. 


However, as the above conditions are necessary but not sufficient, we need to 
investigate the dynamic system numerically in order to determine which particles 
actually follow the escaping trajectories. Initial locations of escaping particles form 
escape zones whose emergence and evolution with respect to the parameters of 
the system was discussed in our previous papers.} 4 Efficiency of the acceleration 
mechanism was quantified by the final Lorentz factor of escaping particles leading 
to the conclusion that also ultrarelativistic velocities with very high energies may 
be achieved within the non-axisymmetric model. 

In this contribution, we extend the previous discussion and consider a modified 
setup. In particular, here we suppose that the initially neutral matter may follow 
counter-rotating geodesics, i.e., unlike the previous papers, here we also consider 
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the lower signs in Eqs. (9) and (10). The ISCO of counter-rotating orbits is located 
generally farther from the horizon compared to the co-rotating ones (see Fig. 1). 
In particular, no stable retrograde circular orbits around rotating black hole are 
allowed for r < 6 M and the ISCO location grows with the spin up to rigco = 9 M 
for the maximally rotating black hole with a — M. 

We assume that below ISCO the initially neutral particle falls freely towards 
the horizon keeping the energy and angular momentum corresponding to the ISCO 
radius, while the radial velocity is computed from the normalization condition. At 
the ionization radius rp the particle obtains the electric charge and its dynamics 
changes due to magnetic field. Three main scenarios may occur then; the particle 
plunges into the horizon, follows the stable orbit around the black hole or escapes 
to infinity. 

Analogously to our previous studies, we adopt the visual representation of re- 
sulting orbits in escape boundary plots in which we assign blue dots to plunging 
orbits, red dots to stable orbits and yellow dots to escaping ones. In Figs. 2-4 we 
compare the co-rotating setup (upper rows) with the counter-rotating case (bot- 
tom rows) in a series of escape boundary plots for a particular set of parameters 
(qB = —5 M-! and a = 35°) with varying values of spin. In Fig. 2 we observe that 
for low spins the both cases do not differ significantly. Corresponding escape zones 
have comparable shapes and sizes regardless the sense of revolution. However, if we 
consider moderate values of spin, the situation changes and significant differences 
between the escape zones in co-rotating and counter-rotating disks arise as shown 
in Fig. 3. Most importantly, we observe that the number of escaping trajectories is 
substantially higher for counter-rotating orbits forming considerably larger escape 
zones. The tendency of more rapid rotation to favorize the escape from counter- 
rotating orbits is confirmed in Fig. 4, where we notice that high spin allows only 
narrow escape zones in the co-rotating disk while counter-rotating zones become sig- 
nificantly wider. Also, these plots exhibit clear signatures of a transition from the 
regular to chaotic system in agreement with previous studies of similarly perturbed 
black hole systems.” 18-20 

Another convenient way to visualize the escape zones is to fix the initial value 
of the azimuthal angle yo and plot the trajectories in the ro x a plane (ionization 
radius vs. spin) using the same color-coding of trajectories as in Figs. 2-4. The 
angle y is measured anticlockwise from the positive direction of z-axis (which is 
the direction of the field inclination). In particular, we choose the value yp = 135? 
for which the structure of the escape zone seems especially complex. In Fig. 5 we 
present the resulting plots for several values of magnetization parameter qB and 
compare co-rotating escape zones (left column) with the counter-rotating zones 
(right column). It confirms that counter-rotating orbits are generally more prone to 
escape regardless the value of qB while the both cases differ most significantly for 
rapidly rotating black holes. 

Previous analysis in Papers I and II shows that spin parameter is an important 
factor for the acceleration of escaping particles. In particular, it appears that final 
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Fig. 4. Comparison of initially co-rotating orbits (upper row) with counter-rotating orbits (lower 
row). The color-coding and parameters as in Fig. 2. 


value of y for the fixed qB grows with the spin and decreases with the ionization 
radius rgo. Maximally accelerated particles are thus expected to originate from the 
inner edge of the escape zone near maximally rotating black hole with spin a — M. 

In Fig. 5 we observe that counter-rotating escape zones for high spins are consid- 
erably wider compared to co-rotating ones and, moreover, we notice that counter- 
rotating zones are located closer to the horizon. We thus expect that particles 
escaping from counter-rotating orbits could reach slightly higher energies. This is 
indeed the case as shown in Fig. 6 where the final values of the Lorentz factor are 
encoded with the color-scale. For this particular set of parameters (qB = —20 M^, 
Qo = 135?) we find that maximally accelerated counter-rotating particle reaches 
Ymax = 8.1 being launched from ro = 2.3 M while for the co-rotating disk we find 
Ymax = 7.3 for the particle escaping from rp = 2.5 M. 


4. Conclusions 


We have numerically analyzed a simplified model of the outflow of electrically 
charged particles from the inner region of the accretion disk near a weakly mag- 
netized rotating black hole. Stable circular orbits (freely falling below ISCO) of 
initially neutral particles were perturbed by the ionization process occuring in the 
non-axisymmetric magnetosphere. As a result, the escaping jet-like trajectories may 
be realized for some range of parameters and acceleration to high energies becomes 
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Fig. 5. Comparison of escape zones in co-rotating (left panels) and counter-rotating disks 
(right panels) for several values of magnetization parameter: qB = —M~! (bottom panels), 
qB = —5 M~! (middle panels) and qB = —10 M~! (upper panels). The inclination of the field is 
a = 35° and yo = 135°. The color-coding as in Fig. 2. 


possible. While we have previously studied various aspects of given model and in- 
vestigated the formation of escape zones in detail, ^? we have assumed the initial 
setup of co-rotating accretion disk. In particular, the neutral particles above ISCO 
were supposed to follow prograde circular orbits and freely fall below ISCO. 

In this contribution we have generalized the previous analysis by considering 
also counter-rotating (retrograde) Keplerian orbits as an initial setup of neutral 
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Fig. 6. Final Lorentz factor y of escaping particles is encoded with the colorscale comparing the 
co-rotating (left) and the counter-rotating disks (right) while other parameters remain fixed as: 
a = 35° and qB = —20 M -!. 


matter. We have studied the escape zones emerging in the counter-rotating disks 
which were directly compared with the corresponding co-rotating versions. Based 
on the analyzed set of escape zones we may conclude that counter-rotation tends 
to increase the efficiency of the outflow. While its effect becomes negligible for low 
spins, for moderate to high spin values we observe that counter-rotating disks allow 
the formation of significantly wider escape zones compared to their co-rotating 
analogues. The position of the zone is also affected as counter-rotating zones are 
shifted towards the horizon which makes the acceleration process more efficient. 
Although the difference is rather small, we observe that counter-rotating particles 
may be accelerated to higher energies. 
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A rapidly spinning compact object couples to an ambient curved background via the 
so-called spin-curvature coupling. In expressing this, one has to deal with the ambiguity 
of the definition of the center of mass of the body. What is worse, in a Hamiltonian 
formalism, this choice corresponds to an unphysical “parasitic” degree of freedom in the 
dynamical system. A solution to this is to apply a Hamiltonian constraint on the system 
and to obtain a set of brackets where the center-of-mass degree of freedom is erased 
from the algebra. I report on my progress in this procedure in the case of the so-called 
Tulczyjew-Dixon (or *covariant") supplementary spin condition and in my effort to cover 
the resulting phase space with canonical coordinates. 


Keywords: Equations of motion — Classical relativity — Spinning bodies — Two-body 
problem — Gravitational waves 


1. Introduction: Motion of spinning particle 


Notation and convention: I use the G = c = 1 geometrized units and a (— +++) 
metric signature. Greek indices jj v,... run from 0 to 3, and Einstein summation 
convention is assumed. 

When the surface of a given body is rotating at relativistic speeds, it will cou- 
ple to any curved space-time background by the so-called spin-curvature coupling. 
This effect is an important ingredient for the relativistic two-body problem and, in 
particular, for the modelling of gravitational waves from compact binaries. 

To understand how the spin-curvature coupling arises, imagine a compact object 
such as a neutron star moving in an ambient curved space-time background where, 
in order to treat the problem step by step, we will for now understand the compact 
object exclusively as a "test" object. When the variability length, or the curvature 
scale of the background is much longer than the size of the body, it is meaningful to 
construct a set of Riemann normal coordinates X^ with respect to the background 
geometry centred on the body. The coordinate acceleration of individual elements 
of the body caused by the background gravitational field then is ~ I'",,U"U^, 
where I'"^,,, are Christoffel symbols of the background and U” the four-velocity of 
the body elements, both expressed in the local frame. 

Let us now assume that the body is approximately rigidly rotating with respect 
to the time-foliation by the Riemann normal coordinates X? — const.. We can then 
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formally write Ut = (@ x X)! (i = 1,2,3) where d is some angular velocity vector. 
'Then let us further assume that we are comparing relative accelerations on the 
constant-time slice X? — 0 in the Riemann normal frame so that we obtain 


dat ~ I^,,U"U^* ~ R'"9j9 X? + Roji XI (© x Xy ETE (1) 


where A,,,5 is the Riemann tensor along the wordline of the particle and the three 
dots denote higher-order terms in the size of the body. Now by averaging over X, we 
see that we are able to choose a centre of coordinates such that the first, dipole-type 
term vanishes. However, the second term cannot be reduced by any coordinate shift. 
If we then take any system of particles, be it dust or a body held together by some 
force, we always see that the centre of mass of this system is subject to a residual 
spin-curvature force. 


1.1. Mathisson-Papapetrou- Dixon equations 


Procedures such as the one sketched above were carried out in various degrees 
of generality by Mathisson,! Papapetrou? and Dixon? to derive the equations of 
motion of extended bodies in curved space-time 


DP, 1 


a = cfi S us, (2) 
DSH” 

= 2PH] 4. 
dr p ud (3) 


where z" (7) is a referential position within the body, P, its momentum, and $^^ has 
the general meaning of an angular momentum or “gravitomagnetic dipole" about its 
own center of mass. The parameter chosen here is proper time 7, but the equations 
can be parametrized by any other parameter. It should be noted that even though 
P,, has the meaning of the overall linear momentum of the system, it may not be 
strictly true that the word-line is chosen so that 4" c P". 

'The three dots in the equation above denote higher-order terms corresponding to 
the interactions of the higher-order multipoles with the background curvature. The 
ability to discard higher-order terms is possible only for compact objects, for many 
astrophysical bodies the spin-curvature term is vastly sub-dominant. However, one 
can also easily show that even for compact objects, the spin-curvature coupling is 
suppressed to the 1.5 post-Newtonian order on the level of the equations of motion 
of binaries, and to linear order in the mass ratio. Thus, there is a limit to the 
applicability of the discussion of the strictly “test-particle’ motion and at some 
point cross-reaction with other “non-test” effects cannot be ignored any more. 


1.2. The ambiguity of x" and S“ 


As discussed at length in the literature the procedure of finding a center of mass 
for a rotating body is ambiguous.^? In particular, the result depends on the slicing 
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(the frame) we choose for the worldtube of the body. This is an issue even in flat 
space-time, where one is free to transform to another center of mass and angular- 
momentum tensor by the shifts? 


g^ 2g" póg", SY" = S +4 Psx" Próx” , (4) 


where da" is some shift vector. This worldline shifting has a natural covariant 
extension to curved space-time by using Synge's world functions, but the overall 
physical content of the ambiguity is the same in both cases.” 

A way to fix this “gauge freedom" of the worldline and the angular-momentum 
tensor is to choose a so-called supplementary spin condition of the form S""V,, — 0 
with V, some time-like vector. The vector V^ then has the meaning of the frame 
in which the center of mass and angular momentum are measured. When chosen 
judiciously, the supplementary condition eliminates all the nonphysical degrees of 
freedom from the system and one is left with only the physical ones to be evolved. 
Sometimes the choice of V" is implicit; the vector V" refers to the quantities it is 
supposed to fix (such as x”, S*^). In such cases one often ends up in a system where 


the non-physical degrees of freedom are not entirely constrained.* 58-9 


2. Hamiltonian formalism 


'There is à range of reasons to use the Hamiltonian formalism, for the spinning- 
particle motion, from efficient numerical methods,’ through perturbation theory,!? 
to the use of the results in the so-called Effective-one-body model for relativistic 
binaries.^!! Let us now briefly summarize the Hamiltonians introduced by Witzany 
et al. in a previous work.? Consider the three covariant Hamiltonians corresponding 
to different choice of the frame V": 


V" parallel transported along x"(7) : (5) 
1 
Bu = —g"” P,P, , 6 
KS Im? m ( ) 
V"o P": (7) 
1 4S1 NM LS 
Huc uv y P,P,, 8 
TD = 3M (s 4M? Rosas) " (8) 
Ve Saks (9) 
Ana wee (10) 
MP = 2m? utv, 


where m = =t” P,, M = y-—P”P, are mass parameters with slightly different 


meanings but all corresponding roughly to the mass of the spinning body.” 1? 
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'The equations of motion are obtained with the use of the Poisson bracket 


(z^, Py} = oh, (2^, S™} —0, {a", z} — 0, 


1 
{Pus P,} 2 = 5 Ravna S> , 


11 
12 


(11) 

(12) 
pow quy Slo = qv SP. (13) 
{SHY GRAY = glk gua — gh SYE p g) gue. gun gud (14) 
There is a set of canonical coordinates that reduce the Poisson brackets to the 
simple canonical form, these were also discussed by Witzany et al? 


2.1. Hunting down degrees of freedom 


Amongst the choices for the supplementary conditions discussed above, only the 
so-called Tulczyjew-Dixon or “covariant” supplementary spin condition V" « P" 
constrains the gauge freedom fully. This can be seen, in particular, by counting the 
degrees of freedom in phase space within the Hamiltonian formalism. A covariant 
formalism for a spinning particle parametrized by proper time 7 should then not 
have more than 4 orbital degrees of freedom (corresponding to the 4 space-time 
coordinates), and a single degree of freedom corresponding to the spin sector (recall 
that each degree of freedom corresponds to a pair of canonically conjugate coordi- 
nates). If a larger number degrees of freedom crops up in the system of evolution 
equations, there are necessarily nonphysical or gauge-type degrees of freedom left 
in the system. 

This being said, the issue with the Hamiltonian Hyp presented in equation (8) 
is the following. The supplementary spin condition S#” P, = 0 is only an integral of 
motion of Hpp when used along with the brackets (11)-(14). This means that in a 
numerical evolution one finds initial data such that S"" P, = 0 initially and then 
evolves them — the system consequently conserves the supplementary condition up 
to numerical noise. 

Nevertheless, what one cannot do is to assume .S"" P, = 0 as an identity to 
reduce the number of degrees of freedom that are evolved numerically while re- 
specting the geometric structure of the problem.? That, is the system still keeps 
an additional gauge degree of freedom in the numerical evolution, even though it 
stays zero up to numerical error. Is there perhaps a way to obtain just the minimal 
Hamiltonian system without this redundant degree of freedom? 

Efforts of this type have actually been carried out perturbatively with the use of 
the so-called Newton-Wigner supplementary spin condition V^ o P" /M + £"(x"), 
where £"(z") is a fixed time-like vector field.^? As such, this supplementary spin 
condition is necessarily non-covariant and refers to an additional fixed structure on 
the background. In other words, the vector £"(x") defines a privileged observer frame 
and the dynamics are in some sense defined with respect to this privileged frame. 
'This impression is even more strengthened by the fact that the constraint procedure 
of the algebra (11)-(14) by the Newton-Wigner condition seems to be necessarily 
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coupled to a constraint procedure on the time parameter. To rephrase this, the 
Newton-Wigner condition forces one's hand into an explicit 3+1 formalism — and 
covariance is lost. 


2.2. Dirac constraint procedure 


Let me now sketch the Dirac constraint procedure for the Tulczyjew-Dixon con- 
straint S"" P, = 0 applied to the Poisson bracket (11)-(14). This should serve as a 
covariant counter-example to the procedures using the Newton-Wigner condition. 

It was already shown in the paper by Witzany et aL? that one can add the 
Tulczyjew-Dixon Lagrangian-constraint term to the “minimal” Hamiltonian (6), 
solve for the Lagrange multiplier, and the resulting Hamiltonian gives the cor- 
rect Mathisson-Papapetrou-Dixon equations for the motion of the body under the 
Tulczyjew-Dixon supplementary spin condition. The resulting Hamiltonian is actu- 
ally Hrp presented in eq. (8). That is, we already know that applying the constraint 
S!” P, = ( as a Lagrangian constraint to the system will lead to the correct dy- 
namics, one only needs to figure out the correct Dirac bracket corresponding to this 
constraint. 

Let me now briefly summarize the Dirac constraint procedure.'*:!4 One starts 
with a set of n independent constraints ®, = 0, a = 1...n with a Poisson bracket 
{®,,®,} = Cab, where one assumes the matrix C to be invertible, 4(C~!)"¢ : 
Cap(C—1)°* = 6°. Then we define the Dirac bracket [,] for any phase-space functions 
A, B as 


[A B] = {A, B) - (4, $4) (C )"(&y, B} . (15) 


Now it is easy to see that this bracket fulfils the Jacobi identity and that [®,, A] = 0 
for any A when evaluated on the ®, = 0 hypersurface in phase space. As a result, 
the set of constraints ®, = 0 can then be used as an identity on phase space in 
the sense that its use will commute with the Dirac bracket. In particular, it can be 
shown that the system with a given Hamiltonian and a Dirac bracket is equivalent 
to the system with the same Hamiltonian and a Lagrangian-constraint term. ^: 14 

Now to the specific case of the constraint S"" P, = 0. Even though there are 4 
components to this equation, not all of them are linearly independent. For instance, 
independently on whether the constrain is fulfilled or not, it holds that P,(S"" P,) = 
0, and w,(S""P,) = 0, where wy = EnpoyS?? PX and ej55,, is the Levi-Civita 
pseudo-tensor. As such, there are only two non-trivial constraints on the system 
hidden in the formula S""P, = 0. Nevertheless, as already shown partially by 
Witzany et al.,? one can proceed in a covariant fashion by defining 


CH = (S"*p., S" p) = -MSH , (16) 
: 1 
M? = —P,P* + g Foorx $^ S™ , (17) 
1 
Ch = Sirs (18) 


~ M282 
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where S? = SH” Suu /2. The matrix eL. is then a pseudo-inverse of C"" on the non- 
trivial sub-spaces of the constraint (specifically, crot x projects out the sub-spaces 
~ Pa, W, discussed above). One can then covariantly define the Dirac bracket using 
the original Poisson bracket (11)-(14) as 


|A, B] = (A4, B) - (A4, S"" P,) C1. (S^ PA, B). (19) 


The resulting brackets for P,, £”, S *^ are now straightforward to compute and they 
contain various orders of new spin and curvature terms as compared to the original 
brackets. (The full expressions and simplified bases will be reported on elsewhere.) 


2.3. The zeroth-order problem 


The bracket (19) is essentially what we have been looking for: only a minimal 
number of degrees of freedom is left in the phase space and one can happily evolve 
them in the Hamiltonian formalism defined by the Dirac bracket and the minimal 
Hamiltonian (6). In particular, it is advantageous to define the spin vector 


1 
sò = gut SPs ; (20) 
1 
> Ss” = Vise (21) 


where the second equality applies on the S“”P, = 0 hypersurface. This vector 
partially reduces the number of the many dependent components of the tensor S^", 
but not fully, since it also holds that s" P, = 0. 

Now one would like to transform to canonical coordinates so that the bracket 
(19) reduces to a simple form. One soon realizes that one of the biggest obstacles is 
the zeroth-order problem. That is, even in flat space-time Rava = 0 and Minkowski 
coordinates, the bracket is quite non-trivial. Specifically, it reduces in the pure 
Minkowski case to 


a’, P,| = 6, [Pa P] =0, [P,, 5^] =0, (22) 
1 

qu n] = Spa Fuss, (23) 

PHs” — gn PY 

Kapa UE 24 

pe P HE (24) 
1 

sts") = = BB i (25) 


There is no obvious and/or elegant way to cover this Dirac algebra with canonical 
coordinates. 


2.4. Is Newton- Wigner the only way? 


'The difficulty with Poisson brackets of spinning systems in flat space-time was 
already the concern of the works of Newton and Wigner,!? even though there the 
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motivation was the quantum analogue of this problem for the commutation relations 
of operators. Jordan! proved that the Newton-Wigner basis of positions and spins 
is the only basis such that the position "transforms as a position should". (For a 
review and a classical rederivation, see the recent paper by Schwartz and Giulini.!") 

'The results on the Newton-Wigner basis can be rephrased in the context of this 
work as follows. Consider any physical Dirac-constraint procedure that 1) reduces 
the unphysical spin degrees of freedom, 2) forces the time parametrization to be 
coordinate time t = x° (by using the P“P,, = —M? on-shell constraint? 18), and 
3) parametrizes the phase-space in terms of variables X*, Pj, S* such that Pj are 
spatial components of P,, and such that the final bracket is 


Xt Xİ =0, (26) 
A Pi = 6, (27) 
X; $9! — 0, (28) 
$7, P. 2 0, (29) 
$3, SIY = e gh (30) 


where €'* is the permutation symbol. Then (up to singular systems), the variables 
Xt, Pj, S* are necessarily the Newton-Wigner variables with £^ = ób. 

One conclusion of this theorem is that if one was to cover the algebra (22)- 
(25) with coordinates X” canonically conjugate to P, and two other canonically 
conjugate coordinates on the spin sector of the phase space, then these would nec- 
essarily be Newton-Wigner variables when reduced to spatial sections. Even this 
result would be interesting, since it would “covariantize” the Newton-Wigner pre- 
scription. Of course, it is also possible to construct canonical coordinates that do not 
have ~ P, as canonical variables, but these seem to almost always violate manifest 


rotational and/or translational invariance of the dynamics. 


3. Summary and Outlooks 


I have shown that capturing the spin-curvature coupling of a test body on a curved 
background in a covariant Hamiltonian formalism — while eliminating redundant de- 
grees of freedom - is a non-trivial matter. This matter is also far from closed. In the 
future, I hope to find a set of “covariant Newton-Wigner variables" for the brackets 
(22)-(25) and formulate a (possibly implicit) iteration problem to canonicalize the 
full curved-spacetime brackets (19). These should provide a first, truly general basis 
for the canonical treatment of spinning test particles in general relativity (but see 
also the work of Steinhoff in the ADM formalism??). 

This result should then have obvious pay-offs for the relativistic two-body prob- 
lem and gravitational-wave modelling. For example, the procedure of Vines et al.” 
suggests that the minimally coupled spinning particle (that is, with no additional 
multipoles) under the Tulczyjew-Dixon condition represents a “test Kerr black hole” 
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on the curved background, since its effective quadrupole in the Newton-Wigner vari- 
ables matches the Hansen multipole of a Kerr black hole.?° Does this apply at all 
orders? A more general and robust formalism is needed for an answer. The question 
of the minimally coupled particle is all the more interesting due to the fact that the 
motion of a spining test particle under the Tulzcyjew-Dixon condition is integrable 
at O(S) in Kerr space-time, 0:22? but apparently non-integrable at O(S?).?? This 
then naturally ties-in to the important question of the integrability and smoothness 
of gravitational-wave inspirals and our ability to efficiently generate predictions for 
them.?4 25 
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We show that using Fermi coordinates it is possible to describe the gravitational field 
of a wave using a gravitoelectromagnetic analogy. In particular, we show that using 
this approach, a new phenomenon, called gravitomagnetic resonance, may appear. We 
describe it both from classical and quantum viewpoints, and suggest that it could in 
principle be used as the basis for a new type of gravitational wave detectors. 


Keywords: Gravitomagnetism; gravitational waves; gravitomagnetic resonance 


1. Introduction 


General Relativity (GR) is the best model that we have to understand gravita- 
tional interactions, and its predictions were verified with great accuracy during last 
century, even though we know that there are difficulties to explain, in the general 
relativistic framework, observations on galactic and cosmological scales, without 
claiming the existence of dark components.^? Remarkably, GR not only predicts 
corrections to known Newtonian effects such as in the case of perihelion advance, 
but there are general relativistic effects without Newtonian counterparts: for in- 
stance, this is the case of gravitational waves and the so-called gravitomagnetic 
effects produced by mass currents. 

As for gravitational waves, the first indirect evidence of their existence came 
from the observation of the binary pulsar B19134-16, whose orbital parameters are 
modified by the emission of gravitational waves.^^ It took about 100 years after 
the publication of Einstein's theory of gravity to obtain, in 2015, the first direct 
detection of gravitational waves,’ which was the beginning of gravitational wave 
astronomy. 

It is well known? that Einstein equations, in weak-field approximation (small 
masses, low velocities), can be written in analogy with Maxwell equations for the 
electromagnetic field, where the mass density and current play the role of the charge 
density and current, respectively; more in general, both the inertial and curvature 
effects in the vicinity of a given world-line, can be dealt with using a gravitoelec- 
tromagnetic formalism.":? These gravitomagnetic effects are very small if compared 
to the gravitoelectric ones, originating from mass density and, consequently, it is 
very difficult to measure them. Nonetheless, there have been various attempts and 
proposals: we remember the LAGEOS tests around the Earth,?:!? the subsequent 
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LARES mission,!} 1? and the recent measurements performed with laser-tracked 
satellites.!? A comprehensive analysis of the Lense-Thirring effect in the solar sys- 
tem can be found in Ref. 14. The mission Gravity Probe B!? was launched to 
measure the precession of orbiting gyroscopes.!? There have been other proposals, 
such as LAGRANGE, which exploit spacecrafts located in the Lagrangian points of 
the Sun-Earth system," or the use of satellites around the Earth.!? In addition, we 
mention the GINGER experiment, which aims to measure gravitomagnetic effects 
in a terrestrial laboratory by using an array of ring lasers.!? 2? 

Recently, the gravitomagnetic effects connected with the passage of a gravi- 
tational wave were analyized:?? this should not be surprising, since a gravitational 
wave transports angular momentum. In particular, these effects can be easily under- 
stood by using Fermi coordinates on the basis of a gravitoelectromagnetic analogy.® 
Here, we review this approach and suggest how it could be possible to detect the 
effects due to the magnetic-like part of a plane gravitational wave. The plan of the 
paper is as follows: in Section 2 we review Fermi coordinates and the definition of 
local spacetime metric, then we use this approach to study the effect of a plane 
gravitational wave in Section 3. Conclusions are in Section 4. 


2. Local spacetime metric in Fermi coordinates 


If we consider the world-line of a given observer, which ideally constitutes our labo- 
ratory frame, it is possible to write the expression of the local spacetime metric in its 
vicinity, using Fermi coordinates. This expression depends both on the background 
spacetime and on the properties of the world-line. Fermi coordinates in the vicinity 
of an arbitrary accelerated world-line with rotating tetrads were studied in Refs. 
24—26, and the general expression of the line element, up to quadratic displacements 
[X*| from the reference world-line, turns out to be 


2... 2 2 
ds? = — a) a dT? + 


XM 1 "n 
(1 ga ) (QA X)! + Rooz X X? 


1 4 1 ate 
+ È (Q ^X), — EU cdTdX* + (5; - T dX'dX?. (1) 


Here, X is the position vector in the Fermi frame. We see that in the line element 
(1) there are both the gravitational effects, deriving from the curvature tensor, and 
the inertial effects, due to world-line acceleration a and the tetrad rotation 2. 
The metric (1) can be written in terms of the gravitoelectromagntic potentials 
(®, A) (see Refs. 7, 8), neglecting the terms gi; related to the spatial curvature: 


® 4 — 
ds? = — E - 22 c?dT? — -(A - dX)dt + ójjdX'dX?, (2) 
C C 
where 


$(T,X)-4'(X)--97(T,X) A(T,X)-A!(X)-- AF (T,X), (3) 


2 
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In particular, in the gravitoelectric potential (T, X) 


l(a:XY 1 
9/(x) - -a.x - 1879. japa - (a xy (4) 
2 d 2 
is the inertial contribution, while 
1 "e 
eU X) = -z Poio; (T) X’ X! (5) 


is the curvature contribution. As for the gravitomagnetic potential A(T, X), we may 
distinguish the inertial contribution 


Alay = - (ax) (6) 


i 
and the curvature contribution: 

1 
3 
The gravitoelectric and gravitomagnetic fields E and B are defined in terms of the 
potentials by 


Af (T,X) = - Ry (T) X? X". (7) 


e=-vo- i2 (5a), B-VxA. (8) 
C 


which, up to up to linear order in |XŻ|, can be written as 
E! =a (: + 2 +QA(QAX), EF(T,X) = c Rojo; (T)X*. (9) 
c 
and 
B’ =-9c, BO(T,R) = - D eg R^ (T)XC. (10) 
In summary, the gravitoelectricmagnetic fields are written in the form 
E-E +E", B-B'/- BC. (11) 


In addition, the analogy with electromagnetism can be exploited to describe the 
motion of free test masses; in particular, the motion of free test masses relative to a 
reference mass, at rest at origin of the Fermi frame, is determined by the geodesics 
of the metric (1). The latter can be written in the form of a Lorentz-like force 
equation" 


V 
m= = —mE-2m— xB (12) 
c 


up to linear order in the particle velocity V — uc (which is the relative velocity 
with respect to the reference mass). Moreover, the evolution equation of classical 


spinning particle with spin S in an external gravitomagnetic field B is 


1 
— —-BxS, (13) 
C 
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in analogy with the corresponding equation for a charged spinning test particle in 
a magnetic field.” 

In the following Section we will apply this formalism to plane gravitational 
waves. 


3. Gravitomagnetic resonance due to the passage of a 
gravitational wave 


Gravitomagnetic effects deriving from the passage of the gravitational wave can be 
in principle detected by using devices such as the heterodyne antenna (see e.g. Ref. 
8) or studying the perturbations of planetary motion.?" Here, we focus on a different 
approach, that is based on the fulfilment of a resonance condition.?* 

We consider a spinning particle interacting with the gravitatomagnetic field a 
plane wave. In the Fermi frame, where the spacetime metric is written in the form 
(1), we consider coordinates T, X, Y, Z with a set of unit vectors (ux, uy, uz); the 
direction of propagation of the wave is the X axis. In this case, for a circularly polar- 
ized wave, the components of the gravitomagnetic field deriving from the spacetime 
curvature (and, hence, connected to the passage of the wave) can be written in the 


form? 


C C Au? ; 
Bx —0, By = ——35- [- eos (oT) Y + sin (wT) Z], 
A 2 
Be = -—— [sin (vT) Y + cos (wT) Z], (14) 


where A is the amplitude and w the frequency of the wave. In order to study 
the interaction with a spinning particle, we consider a frame clockwise rotating in 
the YZ plane with the wave frequency w; then, the corresponding basis vectors 
are ux: = ux, uy/(T) = cos (wT) uy — sin(wT) uz and uz (T) = sin (wT) uy + 
cos (wT) uz. As a consequence, the gravitomagnetic field is written as 
2 
B^(r) = (vuv (7) - Zuz (T) (15) 
Notice that B is a static field in the rotating frame that we have considered. 
Let us consider the spin evolution equation (13); the total gravitomagnetic field 
is B = B! + B®, where B/ = —Qc and it is simply proportional to the rotation 
rate Q of the frame. We suppose that Q is constant and it is in the direction of 


propagation of the wave: then, we may write B/ — —Blux where B! — Qc. As a 
consequence, the spin evolution equation turns out to be 
dS 1 
— = - [B] (T) + B'] x S. 16 
= = = (Bor) +B" (16) 
If we consider the frame co-rotating with BC (T), since w = —wux is the rotation 


rate, the time derivatives in the two frames are related by 


dS dS dS 
uem =|= = , i 1 
dT (T) texs CUR PE i l " 
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Then, from Eqs. (16) and (17) we get 


dS 1 1 
CNN 
where we set  — +B! = w — Q = Aw and 1B€ = w* (see below). 

Then, according to Eq. (18), we may say that the spinning particle under- 
goes a precession determined by the static effective gravitomagnetic field Bers = 


1 
c [awux + d . Accordingly, we see that when Aw ~ 0, i.e. in resonance condi- 
c 


tion, the spin precession is around the direction of BC, which is in any case in the 
Y Z plane, so the precession may flip the spin completely. In summary, the gravito- 
magnetic resonance is obtained when the rotation rate of the frame is equal to the 
frequency of the gravitational wave. It is important to remember that all precessions 
are referred to a reference spinning particle,?? at the origin of the Fermi frame so, 
in any case, we are talking about a relative precession. 

Actually, the above description, which is analogous to the classical dynamics 
of a magnetic moment in a magnetic field, can be translated into quantum terms 
for a two-level system,?5 taking into account the Hamiltonian description of the 
interaction of the spin of intrinsic particles in a gravitational field.”?9 ?! As a con- 
sequence, we may introduce a probability transition for spinning particles in the field 
of a gravitational wave. Let us suppose that |g > and |e > are the two eigenvectors, 
respectively of the ground and excited states, of the projection of the spinning par- 
ticle along the X axis. If we suppose that a spin is, at t = 0, in the ground state 
|g >, the probability of transition to the excited state |e > at time t is given by 
Rabi's formula 


Ppl) = oe sin? (V F ORS ) (19) 


Again, at resonance, i.e. when Aw = 0, or w = Q, even a weak gravitational field 


can reverse the direction of the spin: the probability of transition is equal to 1 
2n+1 
Tay 


Let us add a comment on how the resonance condition could be achieved without 
requiring the physical rotation of our reference frame. In fact, if we consider charged 


independently of the strength of the gravitomagnetic field, for T = T. 


spinning particles, we may get an equivalent situation by using a true magnetic field, 
on the basis of Larmor theorem, which states the equivalence between a system of 
electric charges in a magnetic field and the same system rotating with the Larmor 
frequency. So a magnetic field can be used to produce the gravitomagnetic field BŽ. 


4. Conclusions 


We have seen that, using Fermi coordinates, it is possible to emphasize the gravito- 
magnetic effects connected to the passage of a gravitational wave. Current detectors 
such as LIGO and VIRGO can detect only the interaction of a system of masses 
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with the electric-like component of the field, so we discussed the possibility of de- 
tecting the interaction of a suitable probe with the magnetic-like component of the 
wave field. In particular, we considered the interaction of the wave with a spin- 
ning particle, both using a classical and a quantum approach, and we showed that 
in analogy with what happens in electromagnetism, a gravitational magnetic reso- 
nance phenomenon may appear when the reference frame rotates along the direction 
of propagation of the wave and the rotation rate is equal to the wave frequency. 
Actually, since it is not possible to have physical rotations for arbitrary frequencies, 
we pointed out that an equivalent situation can be obtained by using a true mag- 
netic field, on the basis of the Larmor theorem. As for the detection of this effect, 
we imagine not to detect the modification of a single spinning particle, rather to 
consider a great number of identical particles. For instance, the precession induced 
by the gravitational wave can modify the magnetization of a macroscopical sample 
which, in turn, can be detected by measuring the differences in the magnetic field 
produced. 
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Studying the EPRL spinfoam self-energy 
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I present some recent progresses in the study of the EPRL self-energy amplitude.! New 
numerical methods allow to analyze how the divergence scales, for which previous works 
only provided bounds spanning more than 9 orders of magnitude. I discuss the role that 
the Immirzi parameter plays in the asymptotic behavior, and the dependence of the 
scaling on some boundary data. Finally, I discuss the dynamical expectation values of 
some relevant geometric boundary observables. 


Keywords: Spinfoam; self energy; infrared divergences; HPC; LQG. 


1. Introduction 


The spinfoam formalism is an attempt to define the dynamics of loop quantum 
gravity in an explicitly Lorentz covariant way.?^? It defines transition amplitudes 
for spinnetwork states of the canonical theory in a form of a sum (or equivalently 
a refinement*) over all the possible two-complexes having the chosen spinnetwork 
as boundary. This is equivalent to a sum over histories of quantum geometries 
providing in this way a regularised version of the quantum gravity path integral. 

The state of the art of the spinfoam approach to LQG is currently the model 
proposed by Engle, Pereira, Rovelli and Livine (EPRL),*:9 independently developed 
by Freidel and Krasnov” and extended to arbitrary spinnetwork states.":? I assume 
that the reader is familiar with the EPRL-FK? model, and refer to the original 
ds 2,1416) for the details on how it encodes 
the covariant dynamics of Loop Quantum Gravity. 

The EPRL model presents infrared divergences, which have a similar structure 
to the UV divergences in the Feynman expansion of a standard quantum field the- 
ory. The presence of divergences require a renormalization procedure. This is an 


literature and existing reviews (e.g. 


important open direction of investigation in the theory, since their study and un- 
derstanding is important in the definition of the continuum limit. A number of ques- 
tions are still open, for example regarding the proper normalisation of the n point 
functions and similar.!^ Divergences have been the subject of many studies following 
different investigation strategies: via refining of the 2-complex as proposed in,! ^ 1? 
or via a resummation, defined for instance using group field theory /random tensor 


models as proposed in.?9?? The properties of these divergences have been studied 


? From now on I will call it just EPRL for notation convenience. 
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in the context of the Ponzano-Regge model of 3d quantum gravity and discrete BF 
theory,?4:?° group field theory?? and EPRL model: with both Euclidean?^?$ and 
Lorentzian signature.?? 

Analytic estimates of divergences in the Lorentzian EPRL model?’ and?? are 
based on two different methods. In?? the “self-energy” amplitude is considered, 
finding a logarithmic divergence log K as a lower bound, where K is an artificial 
cut-off on the internal SU(2) spins associated with the faces of the diagrams (the 
need to introduce a cut-off is justified by the fact that the sum on the internal spins 
is unbounded). The computation is rather involved and relies on the techniques 
developed for the asymptotic analysis of the vertex amplitude of the model.?! This 
approach requires an independent study of each geometrical sector and the loga- 
rithmic divergence is obtained by looking at the non-degenerate geometries. On the 
other hand, in?? is proposed an algorithm to systematically determine the potential 
infrared divergence for all spinfoam diagrams. The approach is based on the hy- 
pothesis that the dominant contribution to the divergence scaling of the amplitude 
comes from the uniform scaling of all the spins and that there is no interference 
between various terms of the sum. This leads to an upper bound on the divergence 
proportional to K?. 

'These two bounds are therefore remarkably different, leading a window of possi- 
bilities which spans several orders of magnitude, and it is necessary to find methods 
of investigation that can help clarify the question. Here I report the results of a 
numerical study! regarding the scaling of the selfenergy amplitude, which also 
investigates the dependence on the Immirzi parameter and some other boundary 
data. In particular, the numerical estimates confirm both the two bounds previously 
found. 

For the numerical calculation of the EPRL vertex amplitudes, the “sl2cfoam- 
next" library was used.?? All computations were performed on Compute Canada's 
Cedar and Graham clusters (www.computecanada.ca). The plots were made with 
julia®? and Mathematica.?^ Here I present a summary of the results obtained. The 
interested reader can find further details and analysis, including explicit formulas 
for the SU(2) invariant symbols and the booster functions, in the full analysis.! 

The paper is organized as follows. In section 2 I describe the triangulation used to 
study the self-energy amplitude. In section 3 the amplitude is derived in the purely 
SU(2) BF model. This intermediate step allows to compare the numerical results 
with the analytical ones present in the literature. In section 4 the EPRL amplitude 
is derived from the BF model. In section 5 I perform the numerical analysis of 
the EPRL self-energy amplitude. Finally, in section 6, I report the results of the 
dynamical expectation value of the boundary angle operators. 


2. Self-energy diagram 


I consider bubbles, studying one of the most elementary diagrams appearing in the 
self-energy amplitude.?™ 30 Since the associated divergence can be viewed as the one 
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J4 


Fig. 1. Boundary graph of the spinfoam associated with the self-energy amplitude. In blue are 
highlighted the two four valent nodes, corresponding to the two tetrahedra in the dual triangu- 
lation. The nodes are joined by all the links. The boundary spins are denoted with jy, where 
£315, 4. 


related to a particularly simple triangulation, from a computational point of view 
it turns out to be the one of the simplest divergence to deal with. The triangulation 
is formed by two 4-simplices joined by four tetrahedra. The associated two-complex 
turns out to be composed by two vertices, four edges, six internal faces (one per 
couple of edges) and four external faces (one per edge). The boundary of the dual 
triangulation is formed by two tetrahedra joined by all the faces, therefore the 
boundary graph consists in two four valent nodes connected by all the links (see 
Fig. 1). 

The kinematical Hilbert space of LQG at fixed graph T, with L links and N 
nodes, is: 


Hr = Lz [SU(2)"/SU(2)%] (1) 


For the self-energy diagram, we have L = 4, N = 2 and the corresponding graph? 
I is represented in Figure 1. Since the self-energy spinfoam graph is entirely sym- 
metrical and has two nodes, I shall use the + and — symbols as labels for the 
latter. I use the same symbols to distinguish the corresponding intertwiners ix, i.e. 
the invariant SU(2) tensors associated with each node. The intertwiner space of a 
4-valent node is denoted as: 


Tı = Inv [V^ & V? 8 V? & V^] (2) 


where V: is the irreducible representation of spin j;. I consider the recoupling base 
(j1, j2) for the intertwiner space (2). That is, I fix a pairing of the links at each 
node and I choose the basis that diagonalises the modulus square of the sum of the 
SU (2) generators in the pair (71, j2). A basis for the Hilbert space (1) is given by the 
spin-network states |jj, i+), where the j;’s are the spin associated with each link of 
the graph, | = 1...4, and the i+’s are a basis in the corresponding intertwiners space 
(2) according to the recoupling scheme. The spin-network states are interpreted 


bFyom now on, I will drop the explicit dependence on P. 
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as quantum tetrahedra or, if the node have valence higher than 4, as quantum 
polyhedra.*: 35:36 The corresponding discrete geometry, in which the shared faces 
between the tetrahedra must have the same area but nor necessarily the same shape 
or orientation, is called twisted geometry.?" 

I shall focus on the subspaces H; of (1) such that all spins are the same jı = j, 
for which the basis states are denoted as 


lj, i+) = PN lit) = |é+) ® |t-) (3) 


The explicit dependence on j can be dropped in the notation, since all the spins 
have the same value. 


3. Derivation of the BF spinfoam amplitude 


I start deriving the formula for the spinfoam transition amplitude associated to the 
triangulation described in section 2. The strategy chosen to derive the self-energy 
EPRL amplitude consists in starting from the corresponding amplitude for the BF 
model, for which it is possible to compare our numerical computations with the 
exact estimate of the amplitude’s divergence,?? since in the pure SU(2) model one 
can isolate the divergent factor. Then, I include the contribution of the booster 
functions (see?5), as they encode all the details of the EPRL model. This process 
serves to facilitate the derivation and, at the same time, make sure that the phases 
and normalization factors are correct. 


3.1. Numerical scaling of the BF amplitude 
The BF self-energy amplitude is written as: 


War (3,5+,S-) => [ja +1) Q5 (4) 


Jab (a,b) 


where the algebric notation (157)? refers to the spinfoam in Figure 2. For the al- 
gebraic expression of the SU(2) (15) invariant quantities, I refer to.^?? In (4), 
(a, b) = (23, 24, 25, 35, 45, 34) are the labels which denote the spins attached to the 
6 internal faces of the spinfoam, while the dependence on the 4 boundary spins is 
denoted with j = jy with f = 1...4. In (4), the parameters specifying the boundary 
tetrahedra are generically denoted with S. The sums over the internal faces (ex- 
plicitly highlighted in red) are unbounded: this is precisely the way in which the 
bubble's divergence manifests itself. Strictly speaking, the dimensional factor of the 
boundary faces should be taken into account in the expression for the amplitude, 
but this is a constant overall factor that can be ignored in the analysis, since it does 
not affect the scaling of the divergence. T'he 4-simplices are labeled in the following 


* At least to some extent, since the Heisenberg uncertainty principle prevent us from determining 
the full geometry of the polyhedra. Thus, the interpretation of a spinnetwork state as a sharp 
polyhedron fails. 
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Fig. 2. Spinfoam corresponding to the BF self-energy amplitude. The two {15j} symbols are 
graphically represented in order to highlight the bulk contractions. 


way. The subscripts + and — distinguish the tetrahedra belonging to one vertex 
amplitude from those of the other, while the numeric subscripts distinguish the 
ones belonging to the same vertex. The two boundary tetrahedra, on the “opposite 
sides” of the spinfoam, are only labeled with + and — subscripts according the 
notation introduced in 2. The internal faces, dual to triangles, are labeled by two 
points indicating the tetrahedra attached to them, while the spins attached to the 
boundary links are labeled according to Figure 1. 

In order to study numerically the scaling behavior of the amplitude, I impose 
an arbitrary cutoff K on the spin’s values of the 6 internal faces. This allows to 
estimate the divergence scaling without performing an infinite number of sums. By 
doing so, the amplitude acquires an artificial dependence also on K. From now on, 
I refer to K as the “bulk spins cut-off”. 

I perform the integration over SU (2) and obtain: 


War (j,i; K) «(7196-2 S J [ (23a +1) SOT [Qe + 00577 — (9 


Jab (a,b) ie 


I denoted with 7 = (i},i—) the dependence on the intertwiners at the two nodes 
in the recoupling base (j1, j2), and the phase (—1)2-*!-) comes from the fact 
that I changed the orientation of the line represented by the boundary intertwiners, 
according to our convention for the (157) symbol, following the rules of the SU (2) 
graphical calculus.*° 

In passing from (4) to (5), I attached an intertwiner ie with e = 2,...,5 to 
each edge. T'herefore, each edge carries a boundary spin, three face spins and an 
intertwiner. Triangular inequalities constrain the intertwiner to assume values in 
an interval centered on a face spin, implying that, for a fixed value of the spins 
on the faces, the sums over these intertwiners are bounded. I choose the spinnet- 
work boundary state with fixed spins and intertwiners and analyze the bubble's 
divergence with it, since the contraction of the amplitude with less trivial boundary 
states (for example, coherent states) requires to compute all the possible amplitudes 
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Self - energy BF amplitude 


logK 


^1 5 1 


Fig. 3. Logarithmic plot of the BF self-energy amplitude scaling. The points computed with (5) 
are fitted with the curve Wgr = 4.8* K?, and the latter is shifted so that the last point coincides 
with the end of the curve. Notice that the divergence scaling is reached for very low values of the 
bulk spins cutoff K. 


obtained by varying independently the intertwinwers i+, 7_, thus increasing the com- 
putational complexity. The computation with other choices of boundary states are 
considered in.! 

As previously stated, I only consider equilateral boundary spins configuration, 
that is, the spins j = jy = j1...j4 have all the same value?. In fixing the boundary 
state entirely, that is, both the boundary spins and the intertwiners, the amplitude 
turns out to depend only on 6 parameters, namely the 4 spins j = jy and the 2 
intertwinwers i = (i,,4.). To further minimize the computational time, I fix the 
spins of the boundary faces to their minimum non-trivial value j — i. Notice that 
the value of the boundary spins j and intertwiners i is not relevant, since in the BF 
model the amplitude must be independent of the values of the latter. Computing 
the amplitude (5) numerically, for different values of K, I verify that it correctly 
reproduces the divergent scaling derived in,?? as shown in Figure 3: 


Wor (j,i, K) « K?. (6) 


4. From BF to EPRL 


In the BF model it is possible to isolate the divergent factor, but the aim is to 
use the numerical tools to study the EPRL model, where only analytical estimates 
of the lower?? and upper bounds?? on the scaling of the bubble's divergence are 
available in the literature. The picture is therefore not clear, especially considering 
that these two limits differ greatly. In fact, while the lower bound is logarithmically 
divergent in the cutoff K over the SU(2) representation spins, the upper bound 
turns out to be K?. 


4Notice that, by doing so, each boundary intertwiner assumes a range of possible integer values 
ranging from 0 to 27 + 1, so the overall phase of the amplitude is always unitary. 
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The crucial point of the passage from BF to EPRL model lies in the expression of 
the EPRL vertex amplitude. Since the reader may be unfamiliar with such amplitude 
form, I briefly underline the essential ideas, referring to the original paper?? for an 
accurate description. 


4.1. EPRL vertex amplitude 


The EPRL vertex amplitude is built from the topological SL(2, C) spinfoam ver- 
tex amplitude by imposing, weakly, the simplicity constraints. This results in a 
restriction of the unitary irreducible representations in the principal series.!? 4! In 
order to evaluate it in its original form, one should perform four group integrals 
(one of the original five integrals is redundant and has to be removed to guaran- 
tee finiteness??). Each group integral is, in general, a six dimensional unbounded 
highly oscillating integral for which numerical integration methods are not easy to 
implement efficiently. To get around this computational hurdle, an alternative form 
for the amplitude has been derived, resulting in a superposition of SU(2) {154} 
symbols weighted by one booster functions B4 per edge in the considered vertex. 


jf+Al 
Ay Ür. fe, y) = um MN 5 II (2ke E 1) Bas, lp de, ke; y)153Hua (lg, ke) 
lg—jg ke € 


(7) 


For the explicit formulas of the booster functions By, I refer to. it is also 
introduced a convenient graphical notation which combines the SU(2) graphical 
calculus with algebraic formulas to define the quantities involved. Notice that in 
(T) the dimensional factors attached to the boundary intertwiners i, and to the 
boundary spins jy are neglected, since I assume the latter to be determined by the 
boundary spinnetwork state, so that they turn out to be constant. In less trivial 
spinfoams, as in the self-energy case, there are typically more vertex amplitudes 
glued together. This implies that dimensional factors of bulk spins and intertwiners 
must be taken into account, as did for the BF self-energy amplitude (5), in which 
the elementary vertex amplitude is represented by a single SU(2) invariant {157} 
symbol. The key conceptual step to obtain the expression (7), starting from the 
integral representation over SL(2,C), is to decompose each SL(2,C) integral h 
according to the Cartan decomposition: 


1,38,43 In! 


h= ue 3 )y-1, (8) 


where u and v are SU(2) arbitrary rotations and r € [0, oc) is the rapidity param- 
eter of a boost along the z axis. The compact integrals, resulting from the above 
parameterization, are then evaluated exactly composing the SU(2) invariants in the 
amplitude (7). This decomposition introduces a summation over a set of auxiliary 
spins | for each face involving the vertex (excluding the gauge fixed one), for a total 
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of 6 distinct lr, with lower bound ly > jf, and a set of auxiliary intertwiners ke for 
each edge in the vertex (excluding the gauge fixed one) for a total of 4, which can 
assume all the values compatible with triangular inequalities. Finally, the *Y-map" 
imposes that the polyhedron shared by two adjacent polytopes lives in the same 
space-like hyperplane.!® 44.45 

The Y-map is present only on one side of each booster function, namely the one 
reaching out to the next vertex: the group elements joining at the vertex are instead 
multiplied together without the latter. Because of this, an infinite sum appears on 
the auxiliary spins /; and the EPRL model is, in principle, recovered only in the 
limit in which this sum becomes infinite. The full EPRL amplitude is well defined, *? 
as the summations over the lp are convergent. Nevertheless, in order to perform a 
numerical evaluation of the amplitude, we need to introduce a homogeneous cut-off © 
Al on the auxiliary spins ly. In the following, I will refer to the cutoff Al as the 
number of shell. 

Beside the numerical precision with which the single terms that contribute to 
the vertex amplitude are computed, notice that this is the only approximation on 
which this method is based. If the convergence in the sum over the auxiliary spins 
ly is sufficiently good, then we obtain a reasonable estimate of the EPRL model. 
As originally shown in,?? the largest contributions to the booster functions come 
from configurations with lf = jf, namely the minimal admissible values for the lf 
spins. The EPRL model defined with the approximation /; = jy is usually called 
"simplified model". Even if the convergence of the amplitude (7) as a function of 
Al is assured, 16: 47 
Al to get an acceptable convergence, since it depends on the details of data such as 
the face spins j; and the Immirzi parameter. Furthermore, the convergence strongly 
depends on the structure of the 2-complex, and there is still no method that allows 
to estimate the error made in truncating the sum over the auxiliary spins. In section 


it is not possible to have a unique prescription to set the optimal 


5.1, I describe a numerical property of the convergence that allows extrapolating 
the limit Al — oo for the self-energy. 


4.2. EPRL self-energy amplitude 


According the procedure described above, starting from the BF amplitude (5), I 
attach a booster function between the bulk intertwiners, choosing the boundary 
intertwiners 4 = (i;.i_) as the gauge fixed ones in the two vertex amplitudes which 
form the self-energy spinfoam, which is the most convenient choice from a com- 
putational point of view. Here I consider the case! in which the two boundary 
intertwiners have the same value. When this happens, the fully algebraic compact 


©The nature of this cut-off is obviously completely different from the K cutoff on the internal faces 
of self-energy amplitude introduced in section 3.1 for the BF amplitude. 
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expression of amplitude becomes: 


K 
W (ji; K, Al) =X [| ja +1) X A G Jabs iode AD? (9) 

jab (a,b) te 
where q = 2,...5, and the EPRL vertex amplitude is defined in (7). The EPRL 
self-energy amplitude (9) is the main object of our analysis. The dependence on the 
Immirzi parameter 7 is “hidden” inside the booster functions, which appear in the 
definition of the single vertex amplitude (7). In the EPRL self-energy amplitude 
(9) I explicitly emphasized the artificial dependence on the two cut-off K and Al. 
I shall always consider the two boundary intertinwers 4 = (i;.i_) to have the same 
value. When this is the case, the asymptotic divergence scaling remains essentially® 
unchanged by modifying the value of the intertwiners. Since it is necessary to choose 
a specific value of i for the computations, in the following I use ¢ = (0,0) by default. 
This completes the derivation of amplitude we considered in,! and now I describe 
the numerical results obtained. 


5. Divergence analysis 


The amplitude (9) has been studied numerically. Recalling that the analysis must 
be limited to a small number of parameters’ configurations, the goal of the latter 
consists in answering the following question (for further numerical studies I refer 
again to,! which addresses more questions), for which there are currently no ana- 
lytical methods of investigation: what is the exact asymptotic scaling of the EPRL 
divergence, and is there a dependence on the Immirzi parameter? 

The logical step is to proceed in the same way as we did with the BF amplitude 
(5), that is, fix the boundary state entirely to the lowest value j = 0.5, and compute 
the amplitude as a function of the cut-off K on the internal faces. It is reasonable to 
do so using several different values of the Immirzi parameter y. However, compared 
to the purely SU(2) case, the EPRL amplitude (9) has an additional cut-off Al 
necessary to truncate the sum on the auxiliary spins lp in the single vertex am- 
plitudes (7) which constitute self-energy. This fact makes the EPRL analysis much 
more complicated due to the reasons explained in section 4. In section 5.1 I present 
a property of the convergence which allows to extrapolate the limit Al — oo. Since 
for computations it is necessary to select a specific value of the Immirzi parameter, I 
first illustrate the divergence scaling extrapolation algorithm by selecting a specific 
value for the latter. The analysis for different y values is similar. 

The result of the computation of the amplitude (9), for increasing values of 
Al and K, is shown in Figure 4. From a simple qualitative analysis we infer that 
the convergence is faster for a reduced bulk spins cutoff, while it becomes slower 


fIn the following omit the EPRL subscript for the amplitude, since every time I write W (without 
the BF subscript) I always implicitly refer to the EPRL model. 
SA part from irrelevant numerical fluctuations. 
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Self-energy amplitude (j = 0.5, i= 0, y = 1) 
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Fig. 4. Divergence of the EPRL self-energy amplitude (9) computed numerically. All boundary 
spins j = jf, where f = 1...4, are equal to i, while boundary intertwiners i,.,2.. are both set to 
zero. The plots with i+,i— equal to 1 are identical. 


as K increases. Strictly speaking, the numerically computed curves turn out to 
be a lower bound to the EPRL divergence, since the latter is recovered only in 
the limit Al — oo. Since further increasing numerically the parameter Al requires 
exponentially increasing the computation times, it is necessary to introduce an 
algorithm for extrapolating the above limit. 


5.1. Extrapolation algorithm for the amplitude 


In order to derive the full EPRL amplitude, we study the convergence of (9) in the 

parameter Al based on the data of Figure 4, and we extrapolate infinite shell limit 

based on this trend. In order to do so, we plot the ratios of the differences between 

adjacent curves of Figure 4, at fixed K, as a function of Al. That is, we study the 

function: 

W(K, Al + 2,7) —W(K, Al + 1,7) 
W (kK, Al+ 1,7) - W(K, Al, y) 


f(K,Al,y) = (10) 


The result is shown in Figure 5. Numerical data shows that the convergence of (9) 
in the shell parameter Al, for each bulk spins cut-off K, is such that the function 
(10) is first a decreasing function of Al, then it remains constant in the convergence 
phase. Therefore, it exists an integer N such that: 


W(K,Al+1,7) —W(K,Al,7) ~ (cx) for ALS N (11) 


where the coefficient c, is roughly equal to function (10) for the highest number 
of shells computed numerically. So, if the amplitude has been calculated up to N 
shells, we approximate the coefficient cx, as: 


tx, mIULN--2Y (12) 


For the extrapolation of the EPRL amplitude we used N = 10, even if Figure 5 shows 
that property (11) becomes evident even for lower values. Once the convergence is 
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KAY), (j = 0.5, i = 0, y = 1.0) 


Fig. 5. Plot of the function f(K, Al, y) defined as in (10). I plot the values of K between i and 
10 in ascending order from bottom to top. 


W(K,AI+1,7) 
W(K,Al,y) 
by further increasing the shells”. This is evident for low bulk spins cut-off values, 
where convergence in Al is extremely fast, as shown in Figure 5. Property (11) 


allows to obtain a good estimate of the EPRL curve by using the equation: 


W(K,N,7) -W(K,N — Lo 


reached, that is, when zx 1, function (10) shows some slight fluctuations 


W(K,y) = lim W(K, Aly) = W(K,N—1,y) 


Al—oo 1— CK, 
(13) 
Equation (13) is obtained by using the known limit of the geometric series: 
> | (exa) | W(K,N,7)-W(K,N - 1,7) 
5 (cKy) mi 1 ax 1 (14) 
l=N — CK,y — CK, 


where in the second passage we used the property (11). In Figure 7 we plot the EPRL 
amplitude extrapolated with equation (13) along with the curves in Figure 4. 
Let's discuss the above extrapolation scheme: 


e Extrapolating the limit Al — oo of (9) for low values of the bulk spins 
cut-off K, for which a good convergence in the auxiliary spin sum has 
already been reached numerically, equation (13) provides a value which 
essentially coincides with the last computed point. This happens be- 
cause, despite the fluctuations of function (10) for low K, the difference 
W(K, N,vy) - W(K, N — 1,7) is extremely small. Therefore, the only rele- 
vant contribution to the extrapolated amplitude comes from the computed 
one, which is a good approximation of the EPRL model. 

e For each bulk spins cut-off value K, the corresponding EPRL amplitude is 
extrapolated independently from the other values the latter. By doing so, 


h As we shall see, this fluctuations are not relevant. 
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Self-energy amplitude (j = 0.5, i = 0, y = 1.0) 
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Fig. 6. EPRL asymptotic scaling curve extrapolated with the equation (13), plotted together 
with those computed numerically, that is, the curves of Figure 4. Notice that for K < 4, where 


the convergence is reached numerically, the extrapolated point essentially coincides with the last 
computed one. 


we actually see that the resulting amplitude can be approximated extremely 
well by a polynomial fit W (K, y) = a-- bK* as a function of the bulk spins 
cut-off K. 

e The specific properties of the convergence in the auxiliary spins sum of the 
single vertex amplitude (7) are still unexplored. It is possible that property 
(11) also manifests for spinfoam amplitudes defined on a more elaborate 
2-complex with respect to the triangulation described in section 2. If this 
would be the case, the above extrapolation scheme could allow to obtain a 
good estimate of the EPRL model by using a negligible amount of computa- 
tional resources compared to that necessary to reach a good approximation 
by using solely numerical techniques. 

e In order to apply equation (13) it is necessary to know W(K, N,«), 
W(K,N —1,7), W(K, N — 2,7). That is, only three amplitudes must be 
computed numerically (for N sufficiently high). Despite this, we still opted 
to compute all the amplitudes W (K, Al, y) for Al = 0,1...N. This was 
done both to test property (11) and, on the other hand, to estimate the 
effectiveness of the extrapolation with a qualitative comparison between all 
the numerically calculated amplitudes and the extrapolated one. Further- 
more, since the curves in Figure 5 are not exactly constant, that is, they 
start to increase when oegi 

proximation, which improves by increasing N in equation (13). Therefore, 

the higher is the number of shells computed numerically, the better is the 
approximation represented by the extrapolated amplitude. In! we discuss 


~ 1, the extrapolated curve is an ap- 


this in more detail and we also provide further numerical confirmation of 
the effectiveness of this extrapolation algorithm. 
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Fig. 7. EPRL asymptotic scaling curve extrapolated with the equation (13), plotted together 
with those computed numerically, that is, the curves of Figure 4. Notice that for K < 4, where 
the convergence is reached numerically, the extrapolated point essentially coincides with the last 
computed one. 


5.2. Scaling of the divergence and role of the Immirzi parameter 


Using the above scheme in,! we study the scaling of the asymptotic divergence of 


the EPRL self-energy amplitude for 9 different values of the Immirzi parameter. We 
choose an approximately uniform sampling of y between 0.1 and 10, arguing that 
a significant effect of the latter in the scaling should occur in a range which spans 
two orders of magnitude. We fit the curves with a function: 


W(K,7) — a4-bK* (15) 


where a, b, c are real coefficients. The values! of W(K,^) are shown in table 1. 


Table 1. Fit coefficients table 


W(K,y)—a-bK* (j =0.5,i=0), K € [0,10 

Immirzi parameter a b c 

4 —04 —3.0884 * 10-9 6.0304 * 10-8 11 
y = 0.25 —1.58614 * 10-6 1.9783 * 1076 1.2 
y= 0.5 —7.5523 x 10-8 6.7306 « 10-8 1.5 
y = 0.75 —1.7153 x 10-9 1.10779 x 10-9 1.8 
y=1 —8.6894 « 10- 2.5801 x 10-11 1.9 
y-3 — 6.0026 * 10720 1.1186 + 10720 2.3 
y=5 —4.5405 * 10725 1.0642 « 10725 2.3 
y= 7.5 —2.35075 « 10-29 8.25374 « 10730 2.3 
y= 10 —1.7872 x 10-2? 9.2770 x 10733 2.3 


Recall that we neglected all the dimensional factors which, in the amplitude (9), are constant as 
a function of K. 
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The analysis of the scaling shows that the amplitude is strongly suppressed 
as y increases. Moreover, the divergence turns out to be well fitted by a linear 
scaling when the Immirzi parameter is small enough, while for y > 1 the curve is 
approximated by a quadratic function in the range K € [0,10]. Unfortunately, the 
huge computation cost required by increasing the bulk spins cut-off in the divergence 
analysis prevents us from testing the divergence for K > 10. It is possible that the 
divergence scaling is actually independent of the Immirzi parameter, and that the 
different asymptotic trends, as y varies, are only an effect of the fact that the range 
of the bulk spins cut-off K is too small. On the other hand, it is also possible that 
the Immirzi parameter plays an effective role in modifying the asymptotic scaling 
of self-energy amplitude. This deserves future investigations. 

In any case, the numerically observed scaling in the range K € [0,10], with 
boundary parameters j = 0.5, = 0 falls within the upper and lower bounds present 
in the literature. In particular, unlike the BF self-energy divergence (see equation 
(3)), the role of the destructive interference between the oscillations of the booster 
functions B4 (jf,lf;i,k) and the {157} symbols in the sum over the bulk spins 
jab implies that the divergence is considerably dumped. This was not expected, 
since it has been shown that in the three-dimensional EPRL model, the upper 
bound provided by the algorithm proposed in? provides an excellent estimate of 
the divergence. 


6. Boundary observables 


In this section we compute some spinfoam boundary observables. We focus on the 
normalized dynamical expectation value of geometrical operators, that is: 

(o) = SD (16) 

(Ww) 

where the bra W contains the propagator, namely the dynamics, while the ket Y 
turns out to be the tensor product of the in and out states of the LQG Hilbert space. 
With the term “propagator” we refer to the square matrices (they are such since 
the self-energy triangulation has two boundary tetrahedra) in which the element a, b 
corresponds to the EPRL self-energy amplitude with a = 7,,b = 4... The observable 
O therefore contains the dynamic correlations. 

The booster function B4 (jf, lf;i, k) are interpreted as a quantum tetrahedron 
being boosted among adjacent frames: the two sets j; and [y describe the four areas 
of the tetrahedron in the two frames connected by a boost, and the two intertwiners 
i and k describe the quantum intrinsic shape of the tetrahedron.*® Therefore, the ex- 
pectation values (16) of geometric operators describing boundary tetrahedra should 
be equivalent with respect to the SU(2) model. From a numerical point of view it 
is an excellent check, especially considering that numerical calculations carried out 
with the EPRL model are still in their primordial stages, ?9: 43-47 
know, there are no such numerical computations (ie dynamic expectation value of 


and, as far as we 
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geometric operators) with spinfoams more complicated than those consisting of a 
single vertex amplitude?? which used these specific techniques. 

In! we find that the boundary observables are not affected in any way by the 
presence of the spinfoam divergence in the bulk. Furthermore, while in the diver- 
gence analysis we see an important contribution due to the number of shells A1 
of the amplitude (9), for the observables there is no trace of a dependence in that 
sense. In fact, an excellent approximation of the correct geometric value is obtained 
with the approximation Al = 0. The fact that the number of shells is completely 
irrelevant in the computation of geometric boundary observables allows them to be 
computed very fast. 


6.1. Angles 
'The shape of the tetrahedra in twisted geometry is measured by the angle operator: 


Aap |i.) = cos(0,5) ix) (17) 


which is interpreted as the cosine of the external dihedral angle between the faces 
a and b of the tetrahedron defined on the nodes +. The spinnetwork basis states 
diagonalize the dihedral angle ap between faces a and b. The equation for measuring 
the dihedral angle cos(0,5) of |i) in terms of intertwiner spin i+ was derived in?? 
and it reads: 


La 4. +1) — Jaja +1) — joo +1) 
2/ ja ja + 1)jo jo + 1) l 
We consider the expectation value (16) of the angle operator (17) in any of the 
two (equal) boundary regular tetrahedra of the triangulation using the spinnetwork 
state. According to the recoupling basis (j1, j2), we focus on the angle between faces 
1 and 2. The expectation value can be computed as: 
aAA Z W Gi, K)]? cos(812) 


Www) - | SWG iK - 2 


il 


cos(0,,) = 


(18) 


Carrying out the numerical computation of (19), we obtain a value that is in agree- 
ment with the geometric value of the external angle of a regular tetrahedron up to 
the tenth significant digit, as shown in Figure 8. This is consistent with the fact 
that we are looking at the only angle which is completely sharp, while the others 
turn out to be spread. In fact, according to the Heisenberg uncertainty principle, 
since different angle operators do not commute, only one of the dihedral angles 
can be determined. We also analyzed the boundary states of the self-energy am- 
plitude by using the Livine-Speziale coherent intertwiners, which allow to define a 
superposition of spin-network states peaked on a classical geometry with minimal 


JAt least for the ones that we computed. 
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Fig. 8. Dynamic expectation value of the cosine of the external dihedral angle operator (19). We 
plot the angle for different values of Al, showing that an excellent agreement with the value —0.3 
is obtained with the approximation Al = 0. We used y = 0.1. 


spread. A wave packet peaked on a classical triangulated geometry, that can be 
viewed as a coherent state in the Hilbert space (1), is obtained by combining co- 
herent intertwiners at each node. In this case, all the dihedral angles are minimally 
spread around the classical values, and this is exactly what we verify numerically. 
The plots obtained are qualitatively identical to those in Figure 8, except that the 
computed value of the angle is approximately‘ that of the external dihedral angle 
of a regular tetrahedron. This is due to the fact that the square modulus of the 
coefficients of the coherent states, in the spin-intertwiner basis, turns out to be a 
a distribution centered around the value of the intertwiner which determines the 
semiclassical value of the dihedral angle, and the width of the distribution is much 
higher as the spins are low. For the computation of the volumes, we refer to.! 


7. Conclusions 


I have presented the application! 


study of the infrared divergence represented by the self-energy EPRL amplitude. 
The divergence scaling obtained falls within the upper and lower bounds in the lit- 
erature. Particular emphasis was placed on the role of the Immirzi parameter in the 


of new computational techniques applied to the 


asymptotic divergence. I presented the extrapolation method introduced to over- 
come the computational cost represented by the convergence in the shell parameter 
Al, which can potentially be used in other contexts. The analysis of the boundary 
angles shows that the latter are finite and consistent with classical geometry, despite 
the divergence in the bulk, and that the approximation represented by the shells 
does not play any relevant role in the dynamical expectation values of the latter. 


kUp to the first 2 significant digits. 
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Black holes formation and evolution have been extensively studied at the classical level. 
However, not much is known regarding the end of their lives, a phase that requires to 
consider the quantum nature of the gravitational field. A black-to-white hole transition 
can capture the physics of this phenomenon, in particular the physics of the residual 
small black holes at the end of the Hawking evaporation. This work shows how the 
spin foam formalism is able to describe this non-perturbative phenomenon. A thorough 
examination of the black hole spacetime region in which quantum effects cannot be 
neglected indicates that the scenario in which the black hole geometry undergoes a 
quantum transition in a white hole geometry is natural and conservative. This quantum 
transition is then studied using the spin foam formalism and the resulting transition 
amplitude is explicitly computed. 


Keywords: Black holes, white holes, black-to-white hole transition, loop quantum gravity, 
spin foam formalism. 


1. Introduction 


The exterior region of a black hole is described extraordinarily well by general 
relativity. Its interior region, on the other hand, is not and it is thus not known 
what happens inside a black hole. The reason for this breakdown of predictability 
is the presence of a spacetime singularity in the interior of a black hole: since the 
quantum nature of the gravitational field cannot be neglected in the vicinity of a 
spacetime singularity, the classical theory cannot be trusted in this region. Although 
effective black hole models exhibiting a non-singular interior have been extensively 
studied in the literature, a non-singular black hole interior consisting of a black 
hole geometry that undergoes a quantum transition in a white hole geometry was 
proposed for the first time in Ref. 1. 

A different open question concerning black holes is what happens at the end of 
their life. Working in semiclassical gravity, Hawking? famously showed that black 
holes evaporate and are thus not eternal. However, since the quantum nature of the 
gravitational field near the horizon can no longer be neglected when the horizon 
reaches Planckian size (or possibly even before then!), the end of the evaporation 
process of a black hole is a quantum gravity phenomenon. A very natural and 
conservative scenario for the end of the life of a black hole is the black-to-white hole 
transition. 
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The aim of this work is to report in a concise and coherent fashion the results 
obtained in Refs. 3 and 4. The black hole spacetime region in which quantum 
effects cannot be neglected is analyzed in detail and it is shown to be actually 
composed of three physically independent subregions, with one of them being a 
region surrounding the black hole horizon at the end of the evaporation process. As a 
consequence, the last stage of the life of a black hole can be studied focusing solely on 
this region. Independent analyses of the three separate quantum regions consistently 
point toward a black-to-white hole transition. The last stage of the life of a black hole 
in this scenario, that is the quantum region where the black hole horizon undergoes 
a quantum transition in a white hole horizon, is then studied using the spin foam 
formalism? (also known as covariant loop quantum gravity) and a concrete spin 
foam framework for the black-to-white hole transition is developed. 

The discussion is here limited to the case of a Schwarzschild black hole. See 
however Ref. 7 for a generalization of the black-to-white hole geometry to the case 
of a charged black hole. 


2. The three quantum regions of a black hole spacetime 


The conformal diagram of the spacetime describing the formation of a black hole by 
gravitationally collapsed matter and its subsequent evaporation is reported in Fig. 1. 
The light grey region represents the interior of the collapsing matter, the dashed 
line represents the apparent horizon of the black hole and the dark grey region 
represents the spacetime region where the quantum nature of the gravitational field 
cannot be neglected and where consequently the classical (or semiclassical) theory 
can no longer be trusted. 


1 


Fig. l. Conformal diagram of the spacetime describing the formation of a black hole by gravita- 
tionally collapsed matter and its subsequent evaporation. 
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The quantum region can be divided? in three different subregions: region @, 
where the collapsing matter reaches Planckian density; region 27, where the hori- 
zon reaches Planckian size at the end of the evaporation process; region æ, where 
the curvature reaches Planckian scale but the spacetime events belong neither to 
region Z nor to region @. In order to prove that these subregions are physically 
independent from each other, it is sufficient to show that their spatial separation is 
considerable. In the classical theory the principle of locality assures that two events 
whose separation is spacelike and significant cannot be causally connected. Further- 
more, although the quantum theory may alter the causal structure of spacetime, 
quantum fluctuations cannot causally connect widely spacelike-separated events. 

A rough estimate of the distance dac. between regions 2 and @ is? 


10 
Tho 


dac ~ pi (=) ; (1) 


T pI 


where mo is the initial mass of the black hole before the start of the evaporation 
process and fp; and mp; are respectively the Planck length and the Planck mass. 
For a stellar black hole this distance is 


dac (mo = Mo) ~ 10” light years. (2) 


Regions ¥ and @ are thus spacelike separated and considerably distant from each 
other. It follows that regions Z and @ are physically independent from each other 
and they can thus be studied separately. Furthermore, since region «7 contains 
spacetime events that are physically independent from region & as well as spacetime 
events that are physically independent from region @, the physics of region .c/ must 
be independent from the physics of both region ¥ and region @. However, since 
region .c/ contains spacetime events that are causally connected to region & as well 
as spacetime events that are causally connected to region @, the physics of both 
region & and region @ depend on the physics of region æ. These three quantum 
regions will be now analyzed separately. 


2.1. Region & 


Since the physics of region < does not depend on the quantum gravity regime of 
the collapsing matter (region @) or on the last stage of the life of the black hole 
(region ¥), it can be studied in the context of an eternal (Schwarzschild) black hole. 

The effort to understand the physics of region < has led to the development 
of several effective models (see Refs. 9-11 and references therein) that describe the 
internal region of an eternal black hole using techniques developed in the framework 
of loop quantum cosmology. Although the specifics of these models are different, 
they all exhibit a regular interior region where the trapped region of the black hole 
makes a smooth transition in an anti-trapped region bounded by a future horizon 
describing the interior of a white hole. This result, besides supporting the conjecture 
that classical curvature singularities are not a true physical prediction of the theory 
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but rather an indication that the classical theory can no longer be trusted, is the 
first evidence suggesting a black-to-white hole transition. 

Interestingly, a hint of the same result can be found also at the classical level. It 
can indeed be shown!? !? that, using specific coordinate systems, the geodesics in 
the interior region of a black hole can be naturally continued across the curvature 
singularity into the interior region of a white hole. The resulting geometry is still 
singular, but now it is geodesically complete and it can be interpreted as the classical 
limit of the quantum geometry of the effective models. 


2.2. Region € 


The physics of region @ is independent from the physics of region Z and it can 
thus be studied neglecting the evaporation process of the black hole. However, it is 
not independent from the physics of region æ and its analysis must be consistent 
with the scenario emerging from the investigation of region £. 

'The study of the classical physics of the collapsing matter is a hard task. The 
analysis of its quantum gravity regime is even trickier. In Ref. 14 it was hypothesized 
that, in analogy with the cosmological singularity resolution in loop quantum cos- 
mology,'? the collapsing matter bounces due to a quantum-gravitational repulsion 
effect. This possibility, that will be assumed to accurately represent the physics of 
region @ in the following, is consistent with the physics of region <. A qualitative 
conformal diagram of the spacetime emerging from this partial analysis (region & 
still needs to be discussed) can be found in Fig. 2(a). 

'This scenario is further corroborated by several independent quantum descrip- 
tions of the phenomenon (see e.g. Refs. 16-19). Although these models use different 
techniques and focus on different aspects of the phenomenon, they all predict that 
the collapsing matter undergoes a bounce. This is a strong indication of the general 
validity of the scenario. 


2.3. Region B 


The conformal diagram in Fig. 2(a) represents the black hole spacetime that emerges 
taking into account the quantum physics of regions æ and @. It is however imme- 
diate to see that this spacetime does not represent properly the physics of region 
££. While the black hole evaporation process takes a finite amount of time to shrink 
the horizon to the Planck scale, in Fig. 2(a) region Z is reached only asymptoti- 
cally. The physics of region %2 thus need to be properly modified whilst remaining 
consistent with the scenario emerging from regions æ% and @. 

A scenario that is often considered for the end of the life of a black hole is the 
complete evaporation of the black hole. Having spent time investigating regions .c/ 
and @ separately, it is now easy to see that a complete evaporation of the black 
hole, besides being an ad hoc assumption with no foundation in any quantum gravity 
model, is hardly consistent with the global picture of the spacetime in Fig. 2(a). 
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Fig. 2. (a) Qualitative conformal diagram of the black hole spacetime emerging from the analysis 
of regions & and @. (b) Conformal diagram of the spacetime describing the black-to-white hole 
transition. 


The most natural and conservative scenario for the end of the life of a black hole 
consistent with the physics of region æ and region @ is a quantum transition of the 
black hole horizon in a white hole horizon. The conformal diagram of the spacetime 
describing the complete black-to-white hole transition can be found in Fig. 2(b). 
The purpose of this work is to complete the analysis of region A by investigating 
its quantum physics using the spin foam approach. 

The conformal diagram in Fig. 2(b) describes a physical phenomenon only if 
there exists a classical metric that satisfies the Einstein field equations and that 
covers the whole diagram except for the quantum region. This metric exists and it 
has been explicitly constructed in Refs. 1, 20, 21. T'his is an extraordinary result 
from the point of view of the classical theory and it provides yet another strong 
evidence in favor of the black-to-white hole transition scenario. 


3. The black-to-white hole transition 


In order to investigate in detail the physics of region Z7 of the black-to-white hole 
spacetime it is necessary to specify its boundary X :— 047 and to compute the 
classical geometry that the black-to-white hole metric induces on it. This boundary 
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geometry represents the outcome of the quantum transition taking place in region 
B and it thus uniquely defines the quantum boundary state for the transition. The 
boundary X can be chosen freely as long as it bounds the entirety of the quantum 
subregion. 

As a first approximation, the presence of the Hawking radiation near region 4 
is neglected. Its inclusion is left for future work. The metric around region 4 is 
thus taken to be the Schwarzschild metric up to quantum corrections from region 
5f. The main quantum correction that the physics of region — induces on the 
boundary between regions & and & is the absence of the classical singularity. The 
black hole interior can be foliated with surfaces of topology S? x R. If one angular 
dimension is suppressed, these surfaces can be seen as long cylinders of different 
radii and heights. Closer is the singularity, smaller is the radius of the cylinder. In 
the classical theory the foliation ends at the singularity, where the cylinder has a 
null radius. In the quantum theory the cylinder radius shrinks (black hole geometry) 
until it reaches a minimum value r, (smooth transition from black to white hole 
geometry) and then starts to increase again (white hole geometry). The presence 
of this minimum radius r, in the effective geometry of region & has a significant 
impact on the physics of region 2#. 

Having neglected Hawking radiation, the physics of region @ must be in- 
variant under time-reversal. Accordingly, the boundary X can be decomposed as 
X = X? U Xf, where the past surface X? and the future surface Sf are equal 
up to time reflection. This means that to completely define X it is sufficient to 
only specify XP. A convenient choice of XP is reported in Fig. 3 and it can be 
constructed as follows. Let S} and S_ be the points in the conformal diagram of 
Schwarzschild spacetime defined by the ingoing Eddington-Finkelstein coordinates 
S, = (v4,r4) and S_ = (v_,r_). The point S, is taken to be on the surface of 


Fig. 3. The past portion X? = ©" UX? of the boundary X. 
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Fig. 4. Portion of the conformal diagram of the black-to-white hole transition depicting region 
ZB and its boundary X. 


constant Schwarzschild time t = 0, thus fixing the value of v, in terms of rẹ} (or 
viceversa), and the point S_ is taken to be on the surface of constant Schwarzschild 
radius r = rą, thus fixing the value of r_ to be the minimum radius r, character- 
izing the effective geometry of region «7. The values of r} and v_ can be chosen 
freely as long as they define a boundary X that bounds the entirety of the quantum 
subregion. Let then X? be the surface of constant Lemaitre time coordinate 


v r/2m —1 | 
V/r/2m 4-1 
passing by S_, where m is the mass of the black hole at the moment in which the 
quantum transition of the horizon takes place, and xh be the surface of equation 


tL :=t+2V2mr + 2m log (3) 


v— pr = const, (4) 


where ( is an arbitrary constant in R, passing by S,. Given the point S? of their 
intersection, the past boundary X is defined to be the union of the portion of the 
surface X bounded by S_ and S? and the portion of the surface ©? bounded by 
S, and SP. Requiring the normal to X to be continuous at S? uniquely fixes the 
value of 8. The surface X/ is defined as the time-reversal of X?. The portion of the 
conformal diagram of the black-to-white hole transition depicting region Z7 and its 
boundary X can be found in Fig. 4. 

The intrinsic and the extrinsic geometry of X4 and XP can be straightforwardly 
computed from their definition. The line element dst on X7 reads 


ast = (2- e(1- 22) ar? + tae? (5) 
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and the line element ds? on X? reads 


ds? = dr? +r? dO? , (6) 


where dQ? is the line element of the two-sphere. Let kj; be the extrinsic curvature 
tensor of X5. Then it can be shown that 


mf? (r(3 — B) +2mB) di r(1— B) + 2mB 


k4 := k$ dai dad = eae Ao (r) 
r*(r(2 — B) + 2mB) B(2 — (1 — 2m/r)B) 
and 
k- := ky dz! dz? = 3 dr? — /2mr dQ? , (8) 


where x’, i = 1,2,3 , are coordinates on XP. 

'The geometry of X is thus completely determined by four parameters: the mass 
m of the black hole at the moment in which the quantum transition of the horizon 
takes place; the external asymptotic (retarded) time v = v, — v_ it takes for the 
transition to happen; the minimal external radius r+ for which the classical theory 
can still be trusted; the minimal internal radius r_ (it is important to stress that 
r is a temporal coordinate in the interior region of the black hole) reached by the 
black hole interior in region 4. 

Each set of data (m, v, r4) corresponds to a different outcome of the quantum 
transition taking place in region ZZ. This means that each set of data (m, v, r+) 
uniquely defines a different quantum boundary state U(m, v, r4) for the transi- 


tion. Given the boundary state VW, any sufficiently developed tentative theory of 
quantum gravity should be able to assign a transition amplitude W (m, v, r4) = 


W [v (m, U, rs)| to it. The transition amplitude for the phenomenon can then be 
used to analyze the physics of region ZZ. 

'The next section is devoted to the computation of the transition amplitude 
W (m, U, r4) for the black-to-white hole transition using the spin foam approach. 


4. Spin foam framework 


The spin foam formalism? is a tentative path integral quantization of general 


relativity. The current state of the art is the EPRL-KKL spin foam model.?? ?* The 
theory is regularized and concretely defined in the discrete setting. The boundary 
X of a generic quantum region is discretized by a graph I with a finite number 
of nodes and a boundary Hilbert space Hr is assigned to it. The latter is the 
space of SU(2) spin-networks on I. Namely, the boundary Hilbert space is Hp := 
L?|sU(2)"/SU(2)N].., where N and L are respectively the total number of nodes 
and links in I. A boundary state is then given by a square integrable function 
w({he}) that is gauge invariant at every node n € I. Each he € SU(2) can be seen 
as the holonomy of the Ashtekar-Barbero connection along the link @ € I. The 
interior of the quantum region is then discretized by a two-complex C (0C = T) 
with a finite number of vertices. 
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Let f, e, v € C denote respectively a face, an edge and a vertex in C. To each 
internal oriented edge C 5 e := (v, v^) having source in v and target in v’ are assigned 
two SL(2, C) elements gy, = ga and gev = gpl. The oriented edge e^! :— (v^, v) 
is the edge e with opposite orientation. To each boundary edge E € C, that is an 
edge linking an internal vertex v € C and a node n € I, is assigned an SL(2, C) 
element gy, = g}. A face f := (e1, ... , 64) is the oriented face bounded by the 
edges e, ... , e,. The orientation of the face is given by the ordering of the edges. 
For easier reading, the latters are written oriented accordingly to the orientation 
that the face induces on them. An internal face f € B := C/T is a face bounded 
by vertices and internal edges. A boundary face F €T is a face containing a link 
£ €T in its boundary. Finally, a face f 5 e is a face f containing the edge e in its 
boundary, a face f 5 v is a face f containing the vertex v in its boundary and an 
edge e 5 v is an edge e containing the vertex v in its boundary. 

Given an arbitrary boundary state v € Hr, the theory assigns to it the amplitude 


We|v] = n dhe We ({he}) v(£h4]) , (9) 


SU) ger 


where the two-complex amplitude We({he}) can be defined in terms of elementary 
face amplitudes as 


wen) - f [ILI e| | TEA GO || [Ee ha) |- 0 


vec e3v fcB Fer 


The product Id stands for the product over all the edges e 2 v except one (which 
can be chosen arbitrarily at each vertex), £p is the unique link in T that belongs to 
the boundary face F € T and the face amplitudes Ar({gye}) and Ar({gve}, hep) are 
given by? 


As({gve}) : p? dj; Tr] DY ) (gev gue: DEE $ Do (German 9e) , (11) 


Ap ({gve}, hep) = > dj, Tr | DY) (Gnev9ver) U Dy! (Getrivn Dyin, ) DY? (hes)] ` 
jr 
(12) 
The matrix D? is the Wigner D-matrix of the d;-dimensional (d; = 2j + 1) repre- 
sentation of SU(2). The matrix p is the d;x dj matrix [DG )= DO) (g), 


jm jn 


€ SL(2,C), where DÍ^* are the matrix elements of the p,k) unitary 
g 


Im jn 


representation of the principal series of SL(2, C) in the basis labeled by the eigen- 
functions of L? and L;. The nodes n, and n, are respectively the source and the 


*For the sake of simplicity, the orientation of every edge in each face is assumed to be the one 
induced from the face orientation. Since however this kind of orientation cannot be implemented 
consistently throughout the whole two-complex, in actual computations the orientation of the 
edges needs to be taken into account properly. 
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target of the link £p and y is the Barbero-Immirzi parameter. The value of the label 
(n) in v™ and e? is fixed for each face by the topology of the two-complex C. 


4.1. Discretization of region ££ 


In order to exploit the spin foam formalism to analyze the physics of region ££, 
the latter needs to be properly discretized. There is no unique or right way to 
perform the discretization. However, in order to get simpler and clearer calculations 
throughout the spin foam analysis it is particularly useful to preserve as much 
symmetries as possible during the procedure. In this subsection the combinatorial 
definition of both the cellular decomposition discretizing region 27 and its dual 
two-complex are given. Although the combinatorial definition of these objects is 
compact and complete, it does not convey as much geometrical insight as graphical 
representations do. For this reason, the interested reader is strongly encouraged to 
look at the graphical representations reported in Refs. 3 and 4. 

As it can be seen from Fig. 4, the topology of region Z is S? x [0,1] x [0,1] 
and the topology of X is S? x S!. The geometry of X has two symmetries: the 
spherical SO(3) symmetry and the Za time-reversal symmetry that exchanges p 
and f. There is also an additional topological Za symmetry that exchanges + and 
—. Since however the geometry of S, and S_ is different, this is not a symmetry 
of the geometry of X. Although the topology of X is not easy to discretize while 
preserving its symmetries, the discretization presented in this subsection is able to 
accomplish this task. 

Before introducing the discretization, it is useful to fix some notational conven- 
tions. Let a, b, c, d be indices taking values in the set (1,2,3, 4), t be an index 
taking values in the set (p, f} and e be an index taking values in the set {+, —]. 
If the same expression contains several indices a, b, c, d, they are assumed to be all 
different from each other. The order of two consecutive indices is not important and 
the exchange of these indices results in the same element. If however two indices are 
separated by a comma, the exchange of these indices results in a different element. 

Let p? be four points on S4 and p, be four points on S... The three-dimensional 
triangulation discretizing X is then defined by the points p, the segments sf, and 
st „ the triangles Lẹ and L*,, the tetrahedra N;* and N7,, and their boundary 


a,b? 

relations: 
Osan = (Pas P5); 13) 
05, = (P; PE) 14) 
OL, = (Shes Sed Sab); 15) 
OLI, = (Sia Saer 55,2) 16) 
OL;,, = (Su S525 54,2); 17) 
ON. = D ETAT 18) 
ON = (Law Lia Lea La): 19) 
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Besides being a three-dimensional object of its own, this triangulation serves as the 
boundary of the cellular decomposition discretizing region ZZ. This four-dimensional 
cellular decomposition is defined by the two-dimensional surfaces fa b, the three- 


dimensional cells e? ,, the four-dimensional cells v; and Vab, and their boundary 


a,b? 
relations: 


20 
21 
22 
23 


ð fab = (8% Sab? 3 ol 
üg = ub fosa 
aui = (NV, NS, e$ p €$ acer a); 


(20) 

(21) 

(22) 

ð Vab = (Nip Neos E p €, d: Cac): (23) 
Note that this cellular decomposition is not a triangulation. 

The spin foam formalism is defined using the discrete object dual to the cellular 

decomposition. The graph T dual to the three-dimensional triangulation of X is 


defined as 


Nodes nt and n; (24) 
Links £5 = (nP*,n7*5); (25) 
boty = (nis Da”); (26) 
lab (tas ng. )- (27) 


The two-complex C, whose boundary OC is I, dual to the four-dimensional cellular 
decomposition of region 2 is defined as 


Vertices vi, and Vab; 28) 
Edges EŻ: = (v$ ,nt5); 29) 
Eko = (Vab, nap); 30) 

es = (va, Vab); 31) 

ezb = (v, > Ved); 32) 

Faces E cu IB VE 33) 
Fats = (Cats (Bat) ed Eoo); 34) 

Foo = es (Ea ) VEL Eca); 35) 

fao =" (etos (epa) sene (ena) )- ) 


The orientation of each element of the two-complex can be easily read from this 
combinatorial definition. 

It is interesting to analyze how many of the topological symmetries of region ZZ 
are preserved under this discretization. The spherical SO(3) symmetry of region Z 
is discretized to a tetrahedral symmetry of the two-complex, which is realized as 
an even permutation of the indices a,b, c, d. The Z2 time-reversal symmetry that 
exchanges the indices p and f and the Z symmetry that exchanges the indices + 
and — are instead preserved exactly. 
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4.2. Discrete geometrical data and boundary state 


'The continuous geometry of X is approximated by the assignment of discrete geo- 
metrical data to the triangulation discretizing X (or equivalently to is dual graph 
T). There is once again no unique or right way to do it. Different assignments of 
discrete geometrical data simply define different approximations of the same con- 
tinuous geometry. The discrete geometry presented in this subsection preserves the 
two geometrical symmetries of the continuous geometry of X. 

To preserve the Z2 time-reversal symmetry is sufficient to firstly construct the 
discrete geometrical data for the triangulation discretizing X? and then to define 
the discrete geometrical data for the triangulation discretizing =f as their time 
reversal. The sphere S4. (S.) in X is discretized by the tetrahedron bounded by 
the four triangles (L1) ({Z7 }) in the triangulation. In order to preserve as much 
symmetry as possible in the discretization process of the geometry, the same area 
a, = mr. (a_ = sr?), which is one fourth of the area of the sphere S4. (S_), is 
assigned to each triangle L} (L; ). 

The continuous intrinsic geometry of XP is specified by the line element 


ds? = f?(r) dr? +r? ac? , (37) 


in which f?(r) = 8 (2 — 8 (1 — 2m/r)) on X4, and f?(r) 2 1 on X? . To begin with, 
this line element is approximated with 


ds? = £7 dr? + r?° dc? , (38) 


where € is a constant that is fixed by requiring the volume of X? computed with 
the line element in Eq. (38) to coincide with the volume of X? computed with the 
line element in Eq. (37). This condition uniquely fixes the value of £ in terms of the 


four parameters (m, v, ta) characterizing the continuous geometry of XP. Requiring 
the discrete geometrical data to preserve the topological tetrahedral symmetry of 
the triangulation of X, the same area A; (A_) must be assigned to each triangle 
i (L&p). The line element in Eq. (38) is then used to compute the value of As 
which is 


EJ 


(39) 


The symmetry conditions together with the values of the areas a, and Ai com- 


pletely define the discrete intrinsic geometry of the triangulation of X. Analogously, 
the discrete extrinsic geometry of the triangulation is completely defined by the as- 
signment of the extrinsic angles 04 between N?+ and Nf+ at LÆ and the extrinsic 
angles O4. between N?* and NÈ, at LPG. 

Let nis be the normal one-form of Yi From the definition of 04. it follows that 


a 


cos(8x) = ( g” nf n? NE (40) 
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where g"" is the inverse of the metric tensor defined by the line element in Eq. (37), 
giving 


1+ [1 - 2m/r4) 8 - i} 


cos(6+ ) = 1B (B—2—2mB/r+)| (1 - 2m/r4) (41) 
and 
sea e (42) 


The angles O+ represent a discrete approximation of the continuous extrinsic cur- 
vature of X+. A convenient discretization that preserves the symmetries of the 
triangulation is 


1 ES) 
9x15 zh (k ) i? (43) 


where k;; is the extrinsic curvature tensor of X% defined in Eqs. (7) and (8). 

The discrete geometry of the triangulation of © has thus been explicitly con- 
structed in terms of the four parameters (m, v, r+) characterizing the continuous 
geometry of X. From the point of view of the dual graph I, the discrete geom- 
etry consists in the assignment of an area and an angle to each link of I. The 
area assigned to each link represents the area of the triangle that is dual to the 
link and the angle assigned to each link represents the extrinsic curvature between 
the two tetrahedra that share the triangle dual to the link. This geometrical data 
uniquely specifies an extrinsic coherent state? V py = Wpw (a , 04, At, O ) = 
Vnpw (m, U, r4) € Hr that is peaked on the discrete classical geometry defined by 
(a+, 0+, A+, O4). The boundary state V gw € Hr is the quantum state represent- 
ing the outcome of the transition taking place in region ZZ. 


4.3. Transition amplitude 


Having explicitly constructed the two-complex discretizing region 4 and the bound- 
ary state describing the outcome of the quantum transition, the spin foam transition 
amplitude for the black-to-white hole transition can be readily computed using the 
formulas in Eqs. (9) and (10). 
The assignment of group elements to the edges and the links of the two-complex 
C is: 
6 4— hi € SU(2); (44) 
ee, —. hie, € SU(2); (45) 
BY —, g'** € SL(2,C); (46) 
Ets €— Ja € SL(2,C) ; (47) 
€5,b s= dens [M € SL(2, C) E ( ) 
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The group elements gg., are assigned to the two oriented half-edges of e; ,. The 
element gf, is assigned to the oriented half-edge with source in the source of 
ef,» and target in the center of e; ,. The element gg» is assigned to the oriented 
half-edge with source in the target of e? , and target in the center of e; ,. Care- 
fully considering the topology and the orientation pattern of the two-complex, the 
elementary face amplitudes (see Eqs. (11) and (12) ) for C can be computed: 


ASLI hi) Mcd gi) DO (ns)] (49) 

A TE SL. 725 Tr[ DY ( (s ot DO (sa) 25) 
DG (nes, )| ; (50) 

As (ias) = 324 Tr| D ((a- ) * az) DP (Coca) ota) 
x D(a] l (51) 


Asa latos ie = E e PP (alos) da) 


The two-complex transition amplitude We((h;)) can then be written as 


weg, ona) = f. Tar TI ets TT aet 


2,C) ca a«b cab 


HET (9; rh ha ME Ta ous {rec} ) 


x Tats b ge" , Jub» stout) 


tab 


x BER b gi, Ero RE hb 2) : (53) 


tab 


Since Eq. (10) dictates to drop one integration per vertex, the integration over the 
{gf} and {gf} variables has been dropped. 
Finally, the black-to-white hole transition amplitude W (m, U, r+) is 


W (m, v, r£) = W [Tpu] =| [Lars [D [anz, we(tnzy, 0453) 


SU(2) ea teab 
x Vaw ({hs}, {hiss} - (54) 


This expression contains the whole physics of the phenomenon. Its investigation is 
currently ongoing and it will be reported elsewhere. 
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5. Summary and outlook 


The quantum region of a black hole spacetime can be divided in three different 
subregions: region @, where the collapsing matter enters its quantum gravity regime; 
region 4, where the horizon reaches Planckian size at the end of the evaporation 
process; region . /, where the curvature reaches Planckian scale independently from 
region Z/ and region @. The principle of locality demands that these regions are 
independent from each other and that they can subsequently be studied separately. 
The evidence in favor of the black-to-white hole transition scenario resulting from 
the separate analysis of the physics of these regions is overwhelming. 

Focusing on the black-to-white hole horizon transition in region ZZ, that is the 
last stage of the life of a black hole in this scenario, the physics of the boundary 
of the quantum region is completely determined by four parameters: the mass m 
of the black hole at the moment in which the transition takes place; the external 
asymptotic (retarded) time v it takes for the transition to happen; the minimal 
external radius r} for which the classical theory can still be trusted; the minimal 
internal radius r_ reached by the black hole interior in region s. 

'The spin foam formalism provides a clear framework to study this scenario. 
However, since the theory is properly defined in the discrete setting, to compute 
the transition amplitude for the phenomenon the physics of region %2 needs to be 
appropriately discretized. From a practical point of view the discretization needs 
to be both sufficiently refined to capture the relevant degrees of freedom of the 
phenomenon and sufficiently simple for the transition amplitude to be explicitly 
computed and analyzed. In this work a convenient discretization that preserves the 
symmetries of the continuous geometry is explicitly constructed and the resulting 
transition amplitude W (m, v, r+) is computed. Although the two-complex C dis- 
cretizing region £7 is rather complicated, its high degree of symmetry allows the 


transition amplitude to be expressed in a remarkably compact way. Due to the 
severe complexity of spin foam amplitudes, an analytical study of the transition 
amplitude W (m, v, r+) for the black-to-white hole transition is not feasible at this 
point. On the other hand, recent developments?” ?5 
of spin foam amplitudes and the high degree of symmetry of the constructed dis- 
cretization should allow a numerical investigation of the transition amplitude. 

In this work the black hole lifetime is assumed to be of the order of the evap- 
oration process (although the constructed framework can describe also smaller 
timescales). This choice is motivated by the analysis of the black-to-white hole 
transition performed in Refs. 29 and 30, where, neglecting Hawking radiation, the 
lifetime of the black hole was estimated to be much longer of the evaporation pro- 
cess, thus proving that the assumption of neglecting Hawking radiation was not 
justifed. However, due to the use of a fairly coarse discretization and of several 
rough approximations it is unclear whether this result is reliable. Furthermore, re- 
cent results!’ seems to support the black hole lifetime of the order må heuristically 
suggested in Ref. 1. The numerical analysis of the transition amplitude W (m, U, r4) 


in the numerical computation 
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computed in this work may provide an estimation of the black-to-white hole tran- 
sition timescales and improve the understanding of its phenomenology.?! ?^ 
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We show that quantum gravity states associated to open spin network graphs implicitly 
define maps from the bulk to the boundary of the corresponding region of quantum 
space. Employing random tensor network techniques, we then investigate under which 
conditions the flow of information from the bulk to the boundary is an isometric map, 
which is a necessary condition for holography. 


Keywords: Holography; Spin Networks; Random Tensor Networks. 


1. Introduction 


Over the past two decades, quantum information has been playing an increasingly 
prominent role in quantum gravity. A crucial factor in this is the relation be- 
tween entanglement and geometry, which has been highlighted by various results 
in different quantum gravity contexts. As an example, within the AdS/CFT corre- 
spondence,? which describes quantum gravity in asimptotically anti-de Sitter (AdS) 
spacetime in terms of a conformal field theory (CFT) living on its boundary, the 
Ryu-Takayanagi (RT) formula?*^ relates the entanglement entropy of the bound- 
ary CFT in a subregion to the area of a codimension-2 surface in the dual bulk 
spacetime. The entanglement-geometry relation pointed out by the RT formula is 
further strengthened by the observation that entanglement (of boundary degrees 
of freedom) is a necessary condition for the connectivity of the dual spacetime.” 
More generally, quantum correlations are assumed to be at the origin of space- 
time geometry in all those approaches to quantum gravity that regard spacetime as 
emerging from fundamental quantum entities.’ This aspect is particularly empha- 
sised in the approach we adopt here, group field theories? 1? (GFT), where discrete 
geometries arise as pattern of entanglement among space quanta. Specifically, the 
GFT quanta are fundamental simplices dual to spin network vertices, which upon 
becoming entangled (in their edge degrees of freedom) form spin network graphs 
dual to simplicial complexes. In this respect, GFT realises what the aforementioned 
results suggest: the idea of quantum spacetime as a geometric representation of 
entanglement. 

Remarkably, a geometric representation of entanglement is the key feature 
of a quantum information tool, tensor networks!!!’ (TN), which consists in a 


4063 


decomposition of many-body wave-functions (specifically, of their entanglement 
structure) into interconnected (one-body) tensors. This feature has been largely 
exploited in the AdS/CFT correspondence, starting from Ref. 14, which showed 
that the entanglement renormalization of CFT boundary states carries out a TN 
decomposition of the latter, with the possibility to interpret the emerging network 
as (a spatial slice of) AdS spacetime (upon definition of a metric from combina- 
torial ingredients). Exactly-solvable models of the AdS/CFT correspondence have 
then been constructed through perfect!?^ and random! tensors. 

However, in these works (and others of similar nature) tensor networks, which 
a priori have nothing to do with gravity, are provided with a spatiotemporal inter- 
pretation by defining a metric on the network through combinatorial elements. We 
make a change of perspective!" here, in which (suitably generalised) tensor networks 
are identified, through the match with the GFT formalism, with a quantum gravity 
language, where the “bodies” of the many-body system are quanta of space, and 
link-entanglement expresses adjacency relations between them; in other terms, the 
GFT-generalised tensor networks naturally carry a quantum-geometry interpreta- 
tion. This identification leads to the possibility of using tensor network techniques 
in a full quantum gravity context, to study entanglement-based properties of spin 
network states, which are of interest to a wider part of the quantum gravity commu- 
nity (as they enter other approaches as well, such as loop quantum gravity, spinfoam 
models and lattice quantum gravity). 

On this ground, we look at what is supposed to be a constitutive feature of quan- 
tum gravity, originally prompted by the Bekenstein-Hawking area law for the black 
hole entropy: holography. The holographic principle,!?:1? of which the AdS/CFT 
correspondence is a realization, argues that the three-dimensional world is the holo- 
graphic image of data living on a two-dimensional space. Crucially, certain classes 
of tensor networks turn out to possess holographic features?? (and have in fact been 
largely employed in the AdS/CFT context, as recalled earlier). Within the perspec- 
tive change mentioned above, we thus exploit tensor network methods to highlight 
properties of spin network states that are related to holography. 

We specifically look at the transmission of information from the bulk to the 
boundary of an open spin network graph (where the bulk is made by the intertwiner 
degrees of freedom associated to the vertices, and the boundary by spin degrees of 
freedom on open links of the graph), pointing out that every spin network state can 
be seen as a map between these two sets. As we shall see, the map then turns out to 
be an isometry (which is a necessary condition for an holographic bulk-to-boundary 
transmission of information) if and only if the reduced bulk state has maximum 
entanglement entropy. Assuming a random distribution of weights associated to the 
individual spin network vertices, we carry out the entropy calculation via random 
tensor network techniques, and thereby manage to highlight the properties of spin 
network graphs that favour in them an holographic behaviour. The results reported 
here have been obtained as part of the work presented in Ref. 21. 
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2. Quantum space from spin network entanglement graphs 


The GFT models for quantum gravity? !? are quantum field theories defined on 


d copies of a group G, whose fundamental excitations are (d — 1)-simplices (to be 
understood as quanta of space), decorated by group variables (one for each face) that 
capture their geometric properties. In the model of 4D quantum gravity, d — 4 and 
the usual choice for the group is G — SU(2); the space quanta are then quantized 
tetrahedra. In a dual picture, the fundamental (d — 1)-simplex is represented as 
a d-valent vertex, with an edge dual to each face and carrying the corresponding 
geometric data, i.e. a spin network vertex. 

As we are going to detail in the following, spatial geometries, in the form of 
simplicial complexes dual to spin network graphs, arise in GFT from the gluing of 
fundamental simplices/spin-network vertices, given by entanglement of their edge 
degrees of freedom. 


2.1. Combinatorial structure of spin network graphs 


We start by introducing some combinatorics notions needed to construct spin net- 
work states in the GFT framework. 

Let V = (1,..., N} be a set of vertices. The d lines departing from a vertex are 
distinguished by a “colour” 7 = 1,...,d, and the i-th line of a vertex v is denoted 
as ei. In graph theory, a connectivity pattern among N vertices is encoded in a 
N x N matrix A, called adjacency matriz, such that its element Ay, is equal to 
1 or 0 if, respectively, vertices v and w are connected or not by a link. To include 
the information of the colour labelling the links between vertices, we can use a 
(N - d) x (N - d) generalised adjacency matrix; we also assume that vertices can be 
connected only along edges of the same colour. Then: 


i 
vw? 


>. 


- ei and ef, form a link, denoted by e 


if and only if A(w—1)-d+i,(w—1)-d+i =1 

- ei is an open edge if and only if A(y—1).a4i,(w—1)-a4i =OVwEV 

The connectivity pattern defined by the adjacency matrix A, also called graph, is 
indicated as y; the two notions A and y thus contain the same information. Given the 
graph y, we denote as L the set of internal links: L = {ei wl Ato) ad Cui) diia =T}, 
and as Oy the set of boundary links: Oy = {ef |Aw-1)-d+i(w-1)a+i = 0 V w EV}. 
We also call E the set of all edges of the graph: E = LU Ow. 


2.2. Spin network entanglement graphs 


'The d-valent vertices introduced above, dressed with group geometric data, are spin 
network vertices dual to (d — 1)-simplices, representing fundamental excitations of 
the GFT field. In particular, each line ef, of a vertex v, corresponding to a face of the 
dual simplex, is decorated with a group variable g^, and the complete set 9], ..., g 
specifies the geometry of the (d — 1)-simplex up to global action of the group G; the 
associated Hilbert space is thus given by Hy = L?(G4/G). 
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A spin network graph (dual to a simplicial complex) can be constructed out of 
a set V = (1,..., N} of vertices by correlating their edge degrees of freedom (which 
graphically amounts to gluing their open edges); the corresponding state thus lives 
in a subspace of the Hilbert space associated to the set of (a priori, open) vertices 
Hy = e. He. In particular, invariance of the state under right action of the 
group on the variables gf and gi, implies that ef and ef, are glued together to 
form a link e, 


associated with a graph y can thus be obtained by a generic w € Hy as follows: 
Vy Code = GEG) 7s) = fab Von gil dl) a) 


and pertains to the Hilbert subspace H, = L?(GF/GV) C Hy. Note that, although 
GFT and LQG associate the same set of states to a given graph y (namely, the 
ones of H4), the nature of such states in the two theories is radically different.?? 
In fact, the GFT ones live in a Hilbert space (Hy) which describes a collection of 
possibly disconnected vertices; the graph structure, and hence the simplicial complex 


which carries the element gi,, = gi(gi) |. The wavefunction Yy 


associated with it, is not given a priori, but emerges from the particular form of 
the state (specifically, from its entanglement structure, as explained below). 

By the Peter- Weyl theorem, the single-vertex Hilbert space can be decomposed 
into irreducible representations j of SU (2) (spin network representation): 


d 
4, - CD G oQ) vi) (2) 


Je i=1 
where j, = jl,..,j9 are the SU(2) representations associated to the edges 
€1,..,ed of vertex v, VJ is the space carrying the representation j, and Z? = 


Invsp(2) v? @... ev is the space of d-valent intertwiners recoupling spins 


Trai A basis state for Eq. (2) is denoted by |Jvñvto), where ñ, = nl, ox fts 
with n?, quantum number (spin projection) labelling a basis of V7», and t € Z2”. 
In the spin network basis, gluing vertices corresponds to imposing maximal 


entanglement between edge spins: 


dy) = | 69 (eu | ho (3) 
eiu EL 
where |e?,,) is a maximally entangled state of spins associated to ef, and e’,. The 
entanglement pattern of a state thus constitutes the graph dual to the simplicial 
complex the state represents. For this reason we refer to states like that in Eq. (3) 
as entanglement graphs. 
Denoting by J an assignment of spins to all edges of y, ie. J = (j,|e € E}, the 
Hilbert subspace of Hy associated to y can be written as follows: 


= @ (Ore @ve (4) 


ecdy 
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It is clear from Eq. (4) that we can identify, for each graph, two different sets of 
degrees of freedom: intertwiners attached to the vertices, which we refer to as bulk 
degrees of freedom, and spin projections attached to the boundary edges, the bound- 
ary degrees of freedom. Note that the two sets are not independent, as intertwiners 
also recouple spins that pertain to the boundary; however, as can be easily seen 
from Eq. (4), they can be considered independent within each fixed-spin subspace 
of the direct sum. 


2.2.1. Classes of spin network entanglement graphs as tensor networks 


k11-13 is, formally, a set of tensors whose indices are contracted 


A tensor networ 
according to a certain patter; when each tensor accounts for the state of a quantum 
system (say a “particle”), the tensor network is a many-body wavefunction. Its 
peculiarity (underlying the efficiency of this quantum information tool) is that the 
network represents the skeleton of quantum correlations (typically, entanglement) 
among the individual particles. This recalls the GFT graphs, which represent the 
entanglement structure of a many-vertex state. Let us illustrate the analogy with 


an example: consider a set of open vertices in the factorized state Q, |f.) € Hv, 


where 
|fv) =o 5 (f.)i vs Dulloio) (5) 


jy uly 


is the generic state of vertex v, and glue them according to a given combinatorial 
pattern q: 


lo. = | Q oul | 69 Ife) (6) 
et eb Li 

In the case where every f, is picked on specific values Jo of the edge spins, the state 

of Eq. (6) is an ordinary tensor network, specifically a PEPS, having je with e € E 


as bond dimensions!": 


(e ev} = a)i, uc MN Rh Óji ji Ôni ni, (7) 


In the more general case where every f, runs over all PAS values of the edge 
spins, Eq. (6) corresponds to a generalised tensor network, whose bond dimensions 
are dynamical variables. For a detailed discussion on the analogy between GFT 
entanglement graphs and tensor networks see Ref. 17. 


3. Bulk-to-boundary transmission of information 
3.1. Spin network entanglement graphs as bulk-to-boundary maps 


By considering a bipartition of the degrees of freedom of an entanglement graph (like 
the one in Eq. (3)) into bulk (intertwiners on vertices, collectively indicated as +) 


4067 


and boundary (spin projections on open edges), we can regard it as a map between 
these two sets. Such a viewpoint is quite natural when we consider an entanglement 
graph with fixed spins J = [j.je € El, whose Hilbert space factorizes, as can 
be seen from Eq. (4), into a bulk space ?£4(J) = Q9, Ziv and a boundary space 
?1o4(Jo) = @eca, V^*, where Jo = (jeje € Oy} C J is the set of spins on the 
boundary edges. In particular, to every state |W) € Hy(J) = ?14(J) & Hay(Ja) we 
can associate a map M [w,]: Hy(J) > Hay(Ja) acting as follows: 


Mi: [O EHI) > (Cl) = Ibay(9)) € Hay (Ja) (8) 


In the more general case of |Y) spreading over all possible values of the edge 
spins we can still define an associated bulk-to-boundary map M [p]: by embedding 
the graph Hilbert space H, which is given by Eq. (4), into Hy & Hay, where 


H = HI), (9) 
J 

Hay = P Hazlo), (10) 
Ja 


we can regard Eq. (9) as bulk input space and Eq. (10) as boundary output space, 
and define the map action similarly to the fixed-spin case. 


3.2. Isometry condition 


A necessary condition for the bulk and boundary information in |V,) to be holo- 
graphically related is that the map M [w,] is an isometry. As we are going to show, 
this property can be verified by studying the entanglement entropy of the reduced 
bulk state. We focus, for simplicity, on the spin-fixed case. Let {|7= 1....)} bea 
basis of H4 (J); by writing the state |.) in terms of the corresponding map (denoted 
with M only, for brevity), 


lé) = 320 en) e la. a1) 


U 


we obtain the following expression for the (normalised) reduced bulk state: 


Sociis (m=) E p. Y^ (tun oti (12) 


ut 


where Dy = [[, D; is the dimension of the bulk, with D; dimension of the in- 
tartyihet- at Verde. v. From Eq. (12) we can easily see that the isometry condition 
M! M — I translates into the requirement that the bulk state is maximally mixed, 
ie. py = ore namely that it has maximum entropy. 
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4. Investigating holography in spin networks via random tensor 
networks 


We focus on states having the form 


lé.) = (Bui Q Ifo) (13) 


ecL 


with the single-vertex wavefunctions fi,..., fw chosen randomly according to a uni- 
form probability distribution, corresponding to a random tensor network; moreover, 
we assume that in y each vertex has at most one boundary edge. 

Our goal is to identify the combinatorial and dimensional features of |¢,) that 
make the corresponding bulk-to-boundary map isometric; to accomplish this, we 
check under which conditions the reduced bulk state has maximum entropy. 


4.1. Rényi-2 entropy of random tensor networks 


We start by illustrating how to compute the average Rényi-2 entropy of a generic 
region of the entanglement graph in Eq. (13), consisting of a boundary portion A € 
Oy and a bulk portion Q € ï, under the assumption that the random wavefunctions 
f» are picked on specific values of the edge spins. Through the replica trick, and in 
the large-spins regime, the average Rényi-2 entropy of pAuo, where p = |¢,) (9|, is 


given by 
e Zı 
S2(paug) © — log (2) (14) 
Zo 
with 
Z;- TP Q|, Z= T |p? GP sus. (15) 


where pr, = Recz |e)(e| and p, = |f.) (fol, the average ps” is computed by ran- 
domizing over vertex wavefunctions with a uniform probability measure, and $AuQ 
is the copy-swap operator on AU Q. The characterizing aspects of the calculation 
are summarized hereafter. The randomization over vertex wavefunctions yields, by 
the Schur's lemma, a linear combination of the identity and the copy-swap operator 
for each vertex v; the quantities Z} and Zo thus involve a sum of 2 terms, and can 
be written as partition functions for configurations of two-level spins, c; = +1 with 


v = 1, ..., N, controlling the presence (c = —1) or absence (o, = +1) of a copy-swap 
operator for each vertex v in all terms of the resulting sum. Such partition functions 
also depend on two-level “pinning fields": boundary fields, pe = +1 with e € 04, 
each one controlling the presence (He = —1) or absence (ue = +1) of a copy-swap 
operator on the corresponding boundary edge e, potentially contained in $4; and 
bulk fields, v, = +1 with v = 1,..., N, each one controlling the presence (v, = —1) 
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or absence (v, = +1) of a copy-swap operator on the corresponding vertex v, po- 
tentially deriving from Sg. As a result, Z and Z4 turn out to be particular values 
of the partition function 


Z (5,0) = Y e ABA) (16) 
where 
Ali, 7] (8) = - » (c,0, — 1) log dji — ; 5 (Culte — 1) log dj, 
et, EL ecoy 
E 3 — 1)log Ds k (17) 


is an Ising-type action (k is a constant), having a parametric dependence on the 
pinning fields i; = {|e € Oy} and v; = (v,|v € V}; specifically, Z is given by 
Eq. (16) with all pinning fields pointing up (i.e. we = +1 for all e, and v, = +1 for 
all v), while Z, corresponds to the case in which the pinning fields within AUQ are 
flipped down (i.e. 4e = —1 if and only if e € A, and v, = —1 if and only if v € Q). 
By defining the free energies Fy = — log Zo and F} = — log Z4, the average Rényi-2 
entropy is then given by S2(pauq) = Fi — Fo. 

We consider the large-spins regime (corresponding to a low-temperature regime 
of the Ising model), in which the partition functions are estimated by the contribu- 
tion of the configuration ¢ that minimizes the action, i.e. 


Fi, V) = — log 2(fi, V) e min Alii, 7](@) (18) 


Note that Fo is independent of the particular reduction of p we want to compute 
the entropy of; in fact, all pinning fields in Zp take the “neutral value" +1. In the 
low-temperature regime all Ising spins get aligned with them, reaching the all-up 
configuration that minimizes Ao, which takes the value Aomin = k. Therefore, from 
Eq. (18), Fo = k. Since what matters is the difference Fı — Fo, the constant k can 
be set equal to zero, and the calculation of S2(p4uq) thus be reduced to that of Fi 
via Eq. (18), with k = 0 in the action. 


4.2. Checking the isometry condition for bulk-to-boundary maps 


We exploit the above technique to compute the average Rényi-2 entropy of the 
reduced bulk state: S2(p4). This requires setting A = Ø and € = 4; the partition 
function Z, is thus given by Eq. (16) with all boundary fields ji equal to +1, and 
all bulk fields 7 equal to —1. 


4.2.1. Homogeneous case 


In the homogeneous case, i.e. when all spins on the graph take the same value j, 
the quantity log d; = p plays the role of inverse Ising temperature, as can be seen 
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by expressing the action as A(@) = GH(@), with 


H(@) = - Y. (w=) + Y 6-04 TED Y (ow.-1|. (9) 
ei,€L ecoy v 
where D; is the dimension of an intertwiner recoupling d j-spins; we then obtain, 
for the partition function of Eq. (16), the form Z = $55 e ?F (^) (we removed the 
dependence on ji, i/ for brevity). 

In the range 8 > 1 we have that Z ~ exp{—{8 ming H(@)}, and the free energy 
is thus given by F ~ 8 ming H(¢). In this range the maximum value of the entropy 
is obtained when the free energy F1 is estimated through the configuration with all 
Ising spins pointing up (in short, ¢ =f); in fact, 


So(p1) = F1 — Fo ~ bH (F =f) = log(D? ), (20) 


which is the maximum entropy the reduced bulk state can have, as D is the bulk 
dimension in the homogeneous case. 

Based on this consideration, we can translate the isometry condition into the 
requirement of stability of the all-up configuration: 


Hi(c) > Hi(G =f) Ve (21) 


By inserting Eq. (19) into Eq. (21), and denoting by X(c) the region that, for a 
given configuration c, contains the Ising spins that point down (i.e. o, = —1 if and 
only if v € X(@)), the stability condition of Eq. (21) can be written as follows: 


[3X (F)| log d; > |X(@)|logD; Yë (22) 
We are interested in graphs made of 4-valent vertices; in that case D; = dj = 

2j +1, and Eq. (22) becomes 
|AX(#)| »|X(e)| ve, (23) 


which cannot be satisfied for & =|, as X(c =|) = ¥ and every vertex has at most 
one boundary link. This implies that no bulk-to-boundary map associated to an 
homogeneous graph, made of 4-valent vertices and with at most one boundary link 
for each vertex, can be an isometry. 


4.2.2. Inhomogeneous case 


In the generic, inhomogeneous case, we can stil put in evidence the parameter 
B = logd;, where j is now the average spin, and write the partition function as 


zy e PEE with 


ae jo (24) 
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Similarly to the homogeneous case, when the partition function Z; is dominated 
by the all-up configuration, and so F1 ~ 3H(¢ =f), the entropy takes its maximum 
value: Sa(p5) — log (IT, D; ). We can therefore express the isometry condition of 
the bulk-to-boundary map as stability condition of the ¢ =f configuration; by mak- 
ing use of the c-dependent region X (c) previously defined, that takes the following 
form: 


Y gd,» M. logD; ve (25) 
ecaXx (ë) vEX (a) 

Let us now focus on graphs with 4-valent vertices. By renaming the spins of every 
vertex with labels a, b, c, d according to their increasing order, i.e. j^ < j^ < j° < j$, 
we can write the intertwiner dimension as follows: Djajtjeja = min([j^ + jê, j? + 
j€} — A +1, where A = j? — j° is the difference between the maximum and the 
minimum spin?. Equation (25) then becomes 


> lod,» J, log(min{j + joje +je}-Av+1) ve — (26) 
ecðX (8) veX(s) 
To highlight the trend of the isometric character of the map as a function of A, we 
consider the scenarios corresponding to the extreme values of A: 


(i) A, = 0 Vv: homogeneous case, the bulk-to-boundary map is not an isometry 
(ii) A, = jb + j£ — 1 Vv: the stability condition becomes 


M. logd;. > |X(#)|log2 Ve (27) 
ecaX (8) 


which is satisfied for sufficiently high values of the edge spins. 


5. Conclusions and outlook 


We investigated the holographic features of spin networks by regarding them as 
emerging from the entanglement of individual vertices, in the group field theory ap- 
proach to quantum gravity. This enabled us to highlight the entanglement structure 
of spin network states, and write them in the language of tensor networks. Based 
on this correspondence, we showed that spin networks naturally define bulk-to- 
boundary maps, whose properties can efficiently be investigated via tensor network 
techniques. Specifically, we used the latter to identify which (entanglement-induced) 
features of a spin network can give rise to an isometric mapping of quantum data 
from the bulk to the boundary, which is the pre-condition for an holographic be- 
haviour. In the case of graphs made of four-valent vertices (which is the interesting 
one for 4D quantum gravity) we found that homogeneity of the spin assignment 
to the spin network prevents the latter to be an isometric bulk-to-boundary map, 


?Note that A < j^ + j^; however, since for A = j? + j^ the intertwiner degree of freedom is 
suppressed, in the following we assume A < 5^ + j^ — 1. 


4072 


while increasing the range of spins attached to each vertex favours the attainment 
of the isometry condition. The results presented here are part of Ref. 21, which also 
contains an extension of the above analysis to states involving spin superposition, 
with randomization diagonal with respect to the sum over spins. Importantly, a full 
generalization to the case of spin superposition, as well as graph superposition, is 
crucial for a promotion of our results to the dynamical level, since both features can 
be produced by the quantum dynamics. 

Besides contributing to the understanding of the entanglement origin of holog- 
raphy in quantum gravity, our work is meant to be the starting point of a research 
direction that exploits quantum information techniques in a quantum gravity frame- 
work having a purely information-theoretic characterisation, i.e. the one in which 
spin networks are regarded as generalised tensor networks in the group field theory 
formalism for quantum gravity. In fact, we have recently used the techniques pre- 
sented here to study how the boundary entropy depends on the bulk entanglement, 
specifically that determining the graph connectivity (internal-link entanglement) 
and that among intertwiner degrees of freedom ??; in particular, we have analysed 
under which conditions the latter gives rise to a black hole-like region, analogously 
to what has been shown in Ref. 16. These methods and results, combined with the 
typicality approach to the study of the local behaviour of spin networks,?^?? should 
pave the way for an information-theoretic characterization of black hole horizons 
and thus provide important insights into the structure of quantum black holes. 
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We argue that the minimal length discretization generalizing the Heisenberg uncer- 
tainty principle, in which the gravitational impacts on the non—commutation relations 
are thoughtfully taken into account, radically modifies the spacetime geometry. The re- 
sulting metric tensor and geodesic equation combine the general relativity terms with 
additional terms depending on higher-order derivatives. Suggesting solutions for the 
modified geodesics, for instance, isn’t a trivial task. We discuss on the properties of the 
resulting metric tensor, line element, and geodesic equation. 


Keywords: Quantum gravity, Noncommutative geometry, Relativity and gravitation, 
Line element, Metric tensor, Geodesic equation, Generalized uncertainty principle 


1. Introduction 


Suggesting a consistent theory for quantum gravity is an ultimate goal of recent 
research aiming at unifying quantum mechanics (QM) with the theory of general 
relativity (GR). The quantum nature of gravity is still an open question in physics. It 
turns to form an enigma occupying the minds of many physicists for many decades, 
for instance, so-far there is no scientific explanation for the origin of the gravita- 
tional fields and how particles behave inside them! This makes the gravity founda- 
mentally different from the other fources of nature. There were various attempts to 
reconcile some principles of GR in a quantum framework.'? The quantum grav- 
ity - on one hand - is conjectured to add new elements to GR. and QM. On the 
other hand, the Einstein field equations combine classical geometry with quantum 
stress-energy-momentum tensor! For QM, we recall the possible modification in the 
Heisenberg uncertainty principle due to gravitational effects*, known as generalized 
uncertainty princile (GUP).?:4^ The present work introduces some insights on the 
possible impacts of GUP on the metric tensor and the geodesic equation and their 
properties. 

Couple decades ago, the line element modification and the gravity quantization 
have been suggested in litrature.” 7 A review of these models could be found in 
Refs. 1°, An extended class of the metric tensors which are functions of a field of an 


*They weren’t taken into considration in the original Heisenberg uncertainty principle. 


4075 


internal vectors y^ (x), gu, (x^ -y? (x)), was also discussed in litrature.!! Accordingly, 
the origin of the gravitational field of spin-1 massless particle could be determined.!! 
Regarding the equivalence principle of gravitationan and enirtial mass in extended 
gravity and non-geodesic motion, a machian request was scratched,!? where a direct 
coupling between the Ricci curvature scalar and the matter Lagrangian could be 
fixed in cosmological observations.!? 

The present script aims at tackling the long-standing essential puzzle that the 
Einstein field equations relate non-quantized semi-Riemannian geometry expressed 
in Ricci and Einstein tensors, which are basically depending on the metric tensor 
gup(x^), with the full-quantized stress-energy-momentum tensor T,,,.1? The ap- 
proach applied here is the finite minimal length uncertainty obtained from GUP. 
GUP was inspired by black hole physics, doubly special relativity, and string the- 
ory.^^ It is worthy highligting that GUP is comparable with the Planck length, 
where quantum fluctuations in quasi-quantized manifold likely emerge.!4^ 16 

The modifications in the metric tensor and geodesic equation due to GUP shall 
be introduced. Accordingly, we believe that the present study offers a theoretical 
framework for the observations that the universe acceleratingly expands. Alongside 
forces deriving this type of expansion, such as dark energy!Ó and cosmological con- 
stant,!” we suggest that it might be also originated to interdependence of GR on 
QM, especially at the Planck scale. 

'The present paper is organized as follows. Section 2 reviews the generalized 
uncertainly principle and minimal length uncertainty. The discretized metric tensor 
and its properties shall be discussed in section 3. The discretized geodesic equation 
and its properties shall be introduced in section 4. Section 5 is devoted to the final 
conclusions. 


2. Generalized uncertainly principle and minimal length 
uncertainty 


The Heisenberg uncertainty principle (HUP) is a recipe on how the uncertainties are 
constrained in the quantum non-commutation relations of length and momentum 
operators, for instance. This was originally suggested in absence of any gravitational 
field. Analyzing HUP in gravitational fields comes up with modifications, know as 
GUP. Such a phenomenological aspect can be originated in black hole physics, dou- 
bly special relativity, and string theory.^^ Phenomenology because so-far there is 
no theoretical explanation of the gravitational fields origin making gravity substan- 
tially different from the other three forces of nature. A finite minimal length was 
suggested as,!? 


Az Ap > È [1 + BU], (1) 


where Ax and Ap are length and momentum uncertainties, respectively. 8 = 
Bo(£5/h)? = Bo/(mpc)?, is the GUP parameter with 0, = J/hG/c3 = 1.977 x 
10716 GeV-! the Planck length and mp = \/fc/G = 1.22 x 101? GeV/c? the 
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Planck mass. An upper bound on f is based on astronomical observations, such 
as, By S; 5.5 x 109? based on recent gravitational waves observations. From Eq. (1), 
then the minimum length uncertainty reads 


Af min y hv/ 300 = £5 Bo. (2) 


The experimental estimations!? of 8) range from ~ 10?! to ~ 1039. Another GUP 


approach motivated by quantum deformation of the Pioncarre algebra?” ?! suggests 
that the minimal length associated with is given as 
hG G 

Azmin ps = £, (3) 
ae Yo Yo 


where yo is photon’s wavelength sent from infinity to be absorbed in a black hole. 
19 range from ~ 1076 to ~ 1034. 


The UV/IR correspondence can be applied on various phenomena in which short 


Its experimental estimations 


and long distance physics play a characterized role. For example, gravity?? and 


the *deformed" commutation relations have features of UV/IR correspondence.?? 


Therefore, we assume that the minimal length discretization could be analyzed from 
the UV/IR correspondence.!? Indeed, Az rapidly increases (IR) as the Ap increases 
beyond the Planck scale (UV).24 76 

Analogous to expression (1), the canonical non-commutation relation of length 
and momentum quantum operators is given as 


[2; Bj] 2 dizi h (1 + Bp’), (4) 


where p? = gi;p p and gi; is Minkowski spacetime metric tensor, for instance 
(—,+,+,+). Both length and momentum operators, respectively, read 


ĉi = £oi(1 + Bp’), (5) 

Dj = Poj, (6) 
in which ĉo; and fo; can be derived from the corresponding non-communitation 
relation, 


[Zoi Poz] = dit h. (7) 


3. Discretized metric tensor and its properties 


With the quantum non-commutation operations discussed in section 2 the four- 
dimensional Minkowskian manifold of the line element can be given as 


ds? = g,, dz" da", (8) 


where u, v, and A = 0, 1, 2, 3. This could be extended to eight-dimensional spacetime 
tangent bundle with coordinates z^ = (a"((*), Bt” ((*)), where i" = dz" /dG" .?* 


Obviously, the line element reads 


d3? = gap dz^ dz”, (9) 


4077 


where z^ = z^ (CH), gap = Gu, © Juv, and the indices A and B = 0,1,...,7. With 
some as and approximations, this manifold could be reformulated as an 
effective four-dimensional spacetime manifold, 


7 Or^ ðr? [ae Ox? E atl Oi" 
Ta MS pori" HOE IGE 7 Soupe? 


| ~ (1+ BH 4) gu. (10) 


43^" = Ox" /OC is four-dimensional acceleration. The indices a, and b = 0,1,...,7. 
It is now proper to highlight a number of the discretized metric tensor properties. 
First, we distinguish between flat and curved spacetime: 


e For flat spacetime, guv = rj, and the modified metric tensor reads 


Juv nu + BEE Nw © Nv + hy, (11) 


where h,, = Biòt \Nuv- The quantum fluctuations from which the minimal 
length uncertainty likely emerges are compassed in h,,. In other words, 
both GR metric tensor and this modified one are only distinguishable, at 
finite hyp. 

e For curved spacetime, the modified metric tensor reads 


Juv = Juv + pa t ga. (12) 
Again, 83^ 3g, represents the minimal length contributions. 


The Juv, Eq. (12), seems to play the same role as that of guv, namely it turns a 
covariant tensor into a contravariant tensor and vice versa. jg, is apparently sym- 
metric in its indices u and v as its components are likely equal upon exchanging the 
indices. The 9,,, symmetric properties are invariant upon basis transformation only 
if its indices are of the same type; variant or covariant. For spacetime represented 
by a four-dimensional differentiable manifold M, the metric tensor, guv, Eq. (12), 
is covariant, second-degree, symmetric on M. Such manifold is Lorentzian. In local 
coordinates x”, the metric can be expressed in dz" (one-form gradients of the scalar 
coordinate fields z^), and the coefficients g,,, (16 real-valued functions). If the local 
coordinates are specified, the metric can be written as a 4 x 4 symmetric matrix 
with the coefficients g,,. If the matrix is non-singular having non-vanishing deter- 
minant, g,, is non-degenerate. The Lorentzian signature of g,,, obviously implies 
that the matrix has one negative and three positive eigenvalues. Under a change of 
the local coordinates z^ — z^, we obtain 


= 02 O$ Gap (13) 


If dx” are regarded as the components of an infinitesimal coordinate displace- 
ment four-vector, the metric determines the invariant square of an infinitesimal line 
element. Also, it is apparent that the principle of the general covariance is satisfied 
even in absence of gravitational effects on the modified Minkowski metric. Then, 
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the modified four-dimensional line element can be expressed as 
d8? = gy, (da"dz" + Bde" di") = ds? + B*3^i ds”, (14) 


and ds? manifests the causal structure of the spacetime. Only timelike four- 
dimensional line element, d3? < 0, can physically covered by a massive object. 
If d3? = 0 the line element is lightlike (covered by massless photon). On the other 
hand, for ds? > 0, the four-dimensional line element is an incremental proper length, 
i.e., spacelike. 


4. Discretized geodesic equation and its properties 


The properties of the manifold including geodesics in GR [Z^ + TA odd" = 0 
with ^ = 0a"/Os, Christopher symbols 75 = (g47/2)(Ogya/0x*) + Ogyp/0x% — 
Ogag/Ox7), and s is a scalar parameter of motion such as a proper time] can 
be generalized. For example, the notion of a “straight line” is to be generalized 
to “curved spacetime’. The consequences of the length discretization or minimal 
length uncertainty based on GUP, generalize the world line of a free particle. GR 
assumes that gravity couldn’t be regarded as a force but it should be emerged from 
“classical” curved spacetime geometry and “quantized” stress-energy-momentum 
tensor is causing the “classical” spacetime curvature. The approach utilized 
here is discretized minimal length, which modifies both metric tensor and line 
element. 

As discussed in Ref.!°, using the variational principle and extremization of the 
path sag, the geodesic equation could be derived as follows. 


e In flat spacetime (Minkowski space) 


di d” 
Z Z ge: (15) 


pE ds? ds 


Even if 8, the GUP parameter vanishes, the geodesic equation reduces to 
that of a straight line, at constant velocity, i.e., both @ terms disappear. 
e and in curved spacetime 


us "uiu LP ae 
drt dgr” 
4 na ae aE 
PI Suv ds ds? 
dx’ Pik d (= A 


da” á dx” da" d ( =) 


"dede "desk de 
dx? dx dá" 
ds ds ds’ 


T BE bas | 


+ BEg"" guo s (16) 
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where the proper time can be deduced from the Lagrangian, 7T = 
J £(s, t, 3) ds, 


OT (siu) = dz” dz” | jdi^ dà" s 

Ba CO 0707 n AREE SE ds ds ds , 
1 Q 

piy = 59" [Iuav — Gav, + Juval,» 


Nm 
Juva = axe , 


= O0 [f Oguo 
uars = aur | Bax) 
The -terms in Eq. (16) distinguish this expression of discretized geodesics from 
the GR geodesics, 


d? xt dr" dz" 

qu a or uo mh (17) 

which could be solved when, for instance, assuring that the proper time reads ds? = 
gu, dx" dz". Under the condition that 

dr" dz" 

Iu iz - 

where e = 0 for photon and e = 1 for massive particles, the geodesic equation is 


; (18) 


=€ 


supplemented. For conserved energy and angular momentum the geodesic equation 
can be expressed as an ordinary first-order differential equation.?? 
Solving the discretized geodesic equation, Eq. (16), is not a trivial task, because 


of the finite terms in rhs, which encompass higher-order derivatives. 


5. Conclusions 


The approach of minimal length uncertainty conserves both Christoffel connection” 
and the equivalence principle of the gravitational and inertial mass. They are not 
affected. This allows to recover any violations in the equivalence principle, especially 
as a possible reason of quantum gravity. We highlight that this conclusion contra- 
dicts previous studies.??: 30 The reason could be the rigorous procedure implemented 
in the present study. We have first determined the modified metric tensor. Accord- 
ingly, we have obtained the modified line element. Both are key principles of the 
proposed theory of discretized geometry. We could also derive the corresponding 
geodesics, in which the appearance of higher-order derivatives substantially distin- 
guishes this expression from the GR geodesics. 

The modification to the line element is summarized in the term 8744), which 
highlights the essential contributions added by the acceleration of the test particle. 


b'The metric connection characterizes the affine connection to a manifold provided with the metric. 
This allows lengths, for instance, to be measured on that manifold. 
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We conclude that the length discretization ensures that the line element wouldn't 
only expand but apparently accelerates. The metric tensor is also modified by the 
term bët. The properties of the modified metric tensor has been elaborated. 
We find that the modified geodesics is not only providing the acceleration 
of a test particle inside the gravitational field. Higher-order derivatives are also 
6,71 


presen namely the jerk, z^, which in turn is derived from the time derivative of 


the acceleration. In contract to GR geodesics, solving the modified geodesics isn’t a 
trivial task. The corresponding differential equations are complex and non-linear. 
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Third quantization of canonical quantum gravity allows us to consider the multiverse 
as the playground of a field theory of universes. In the scenario where two universes 
are created by analogy with pair production in quantum field theory, we analyze the 
entanglement entropy between them and get some conclusions about the structure of 
the multiverse. 


Keywords: Multiverse, Entanglement Entropy, Third Quantization 


1. What is Time and Space? 


Canonical quantum gravity! ? is one of the most natural ways to venture in search 
of a theory which combines gravity and the quantum world. Even though it is 
an old topic, there are several fundamental problems one needs to sort out to get 
satisfactory predictions from it.^^ However, the theory has got quite important 
results we should not ignore.?:? 

'This approach to a quantum theory of gravity predicts the existence of a wave 
function of the universe, which describes the universe as a whole.®7 It is defined by 


the Wheeler-DeWitt equation 
HW — 0, (1) 


where H is the Hamiltonian which considers all possible degrees of freedom from 
fields and gravity, and V is such wave function. To assume a homogeneous and 
isotropic universe where there is a limited number of fields, is the simplest way to 
reduce the complexity of the calculations. Then, the Hamiltonian is quantized by 
replacement of the momenta by their associated operators, and the wave function 
of the universe is found solving the differential equation (1). 

For instance, let us choose the proper factor ordering for the scale factor a, and 
the parametrization o — In(a), to write its associated momentum as? 


10 o D? 
2 eee pes = -2 "7 .. 2 
Pa a ða (<2) ° ^ 8o 2 
A single scalar field is going to be quantized as usual by 
0? 
p=- (3) 


age” 
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Thus, the Wheeler-DeWitt equation (1) has the shape of a wave equation 
2 2 
Acme) W(a,¢) — 0, (4) 
where f(a,¢,...) contains the information of the curvature of the universe, the 
cosmological constant, and so on. 

In this theory, time is not present. Usually, the scale factor, or a function like a, is 
the variable which replaces time, but it is an arbitrary choice that leads to physical 
and even philosophical problems.? Since the scale factor as a function of time is not 
an isomorphism, it is not a well-behaved parametrization of time. Expanding and 
contracting phases of a closed universe will be described by the same scale factor at 
two different times, and so big bang and big crunch will have no differences at all. 
In a practical sense, our universe has never gone through a phase of contraction,’ 
and it looks like it will never be in such phase.!? Hence, the parametrization could 
still be valid for realistic purposes. On the contrary, space is replaced by the scalar 
field, the one which has the opposite sign in the hyperbolic differential equation (4). 
11-4 is the next step behind 
a more essential description. By means of it, our universe is seen as one of many 


Third quantization of canonical quantum gravity 


universes of a multiverse, where a full quantum field theory takes place, the wave 
function of the universe plays now the role of an operator over vectors of a Fock 
space, and annihilation and creation operators can also be defined. 

One might expect the number of universes from this picture to be infinite. AII 
of them interacting under the rules of the field theory. Therefore, pair creation of 


universes is somewhat natural in this picture, !? 


as it is in quantum electrodynamics, 
and two universes can be seen as particle and antiparticle, born at the same time 
and space in the multiverse (whether time and space exist or not), being entangled 
since then.!6 One of those two universes could be our universe. We need to assume 
that the moment we know as the origin of our universe is the same as that precise 
moment when our universe is created. T'hereafter, we have not notice much difference 
from what the classical theory of gravity tells us,!” so we can say that there has not 
been any interaction with any other universe, and therefore the trajectory through 
the multiverse has been unaffected. According to this, the pair has always been a 
pair, and the number of universes of this subsystem of the multiverse, has always 
been constant since its origin. 

When considering a curved background, third quantization suffers from the lack 
of definition of particle as in quantum field theory in curved spacetimes,!? and so 
the number of universes is variable. In general, the number of universes appears to 
be infinite with a certain distribution of modes,!? ?! which are defined by the proper 
Fock space. To solve this, we turn to an invariant representation??^?? in which the 
number operator remains constant, and so the number of universes. 

The quantum state at the birth of the pair?*?6 is going to be denoted by 
|00), which is the same in the natural description due to the diagonal Hamiltonian 
and in the invariant representation we would like to work with. The Bogoliubov 
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transformation between both representations at different time lets us to write the 
density operator p = |00)iny(00| in terms of the vectors of the diagonal representa- 
tion, where |00)iny is the vacuum state in the invariant representation. Finally, the 
entanglement entropy as the von Neumann entropy of the bipartite system is found 
tracing out the degrees of freedom of one of the two universes. 


2. How is the Multiverse? 


First of all, the quantum field theory we are used to, is not in perfect harmony with 
third quantization picture. By ordinary field theory, we states that fundamental 
particles are really fundamental, and so, they have no internal structure. 

In the third quantization picture, particles are universes where we could be living 
in, where all laws of Physics seem to be satisfied. They have an internal structure. As 
far as it seems, we have no idea about how this multiverse really affects the internal 
structure of the universes. It is, for example, how the interactions between universes 
in the multiverse could change the dynamics of our universe. Some attempts have 
been done previously,? but it is not conclusive since the power spectrum of the 
cosmic microwave background is only affected by an interacting multiverse in the 
low multipoles interval. 

'The multiverse is a place where time and space are not well defined. We can 
imagine a particle and antiparticle distancing one from the other, since our labora- 
tory is a place where they can be moving away. A pair of universes could have not 
that place to move freely. Assuming the existence of such place could be imprudent. 

When an electron and a positron are created from a virtual photon, their spins 
are entangled. At that moment, the entanglement?? is maximum, and it can only 
be reduced or removed naturally by decoherence. The entanglement cannot be in- 
creased naturally in any case after they start to travel freely. For the case in which 
there is not environment with which the particles can interact, the entanglement 
must be constant. 

For most of the models where there are critical points along the classical evo- 
lution, the entanglement entropy of a pair of universes has been found?°»?® to be 
high or divergent at the initial singularity (when they are created), and divergent 
at those critical points of the expansion of each universe. It implies that the quan- 
tum entanglement of the pair is high at their origin, and at the moment when the 
expansion of the universes is maximum or minimum. 

If such notion of usual space is present in this kind of multiverse, where the 
universes move and interact, the rules of entanglement should be different from the 
ones we know from our experiments. It must allow the possibility for the entan- 
glement to increase naturally, such that at the maximum of the expansion of the 
universes, the entanglement is high again. Alternatively, the multiverse might not 
be a place like the ordinary one we are used to. 

Somehow, if we consider the entanglement to work like in our laboratories, the 
structure of this multiverse cannot be seen as a laboratory where entangled particles 
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run away from each other, otherwise the entanglement would be constant or vanish- 
ing while time goes by. And perhaps, the problem is not only about the space but 
also the time. If a time-like variable exists for the multiverse, we cannot tell what 
it is, or how it is intermingled with the spatial variable. 


3. Conclusions 


The results of the entanglement entropy of the multiverse, assuming that third 
quantization is correct, indicate that the multiverse is a different space from the one 
we know from the experience in our universe, or maybe it is the time the one which 
is different, or both at the same time. Here, when we talk about time we mean any 
notion of time, whether it is the usual time, thermodynamic entropy, or any other 
physical variable which controls the regular arrow of time. 

There could be another possibility where the quantum entanglement works dif- 
ferently in the multiverse than into the universes. In such case, the relationship 
between both behaviors is unknown. Furthermore, taking for granted that the laws 
of Physics are satisfied anywhere else could be mistaken. If they hold, we know that 
the sweet spot where our universe is to let life occurs?? is highly unlikely. If the rest 
of the universes exist, and the fundamental constants are different from the ones 
in our universe, it is expected not to harbor life or, more importantly, avoid imme- 
diate recollapse after creation.?? Indeed, for inflation to occur and let the universe 
expands, the initial conditions of a universe must also satisfy some requirements, 
otherwise that universe would recollapse and disappear. There is not much doubt 
then, that whenever we are able to check the presence of other universes, we would 
better believe in the possibility that there are different laws of Physics out there. 

'The manner in which the actual theory of quantum gravity describes this kind 
of multiverse is in terms of the internal degrees of freedom of the universes, like the 
scale factor or the fields. It could not be the appropriate way to do it, since they 
have not a good definition out of each universe, and so either space and time. 

The emergence of a universe which is exact to ours is probabilistic as long as 
we are assuming a full quantum behavior of the multiverse. The curvature, the 
cosmological constant, and the rest of the characteristics of a universe are subject 
to the probabilistic rules of the multiverse. Therefore, the chance for the existence 
of a universe like ours cannot be far from null. 

There is, of course, the possibility that third quantization picture is not correct 
at all and the multiverse, as it is described by it, is not realistic. Nevertheless, our 
results could also be showing that third quantization is unavoidably wrong. If our 
results are correct, then canonical quantum gravity is correct and the third quanti- 
zation picture is wrong, or both are wrong. The interpretation of third quantization 
scenario is also a bit odd, and many improvements can be done behind a more strict 
field theory of universes. 

At present, there seems not to be a way out of our ignorance when multiverse 
comes in context. We are making so many assumptions when we talk about the 
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multiverse that the most likely outcome seems to be reasonably incorrect. The 
remaining work for us is to check whether our theories are, by coincidence, in 
agreement with the observations or not. The cosmic microwave background is still 
effectively blind to the effects of the entanglement and other interactions in the 
multiverse, whatever the kind of multiverse is analyzed.?' °° So, we may wait for a 
future discovery of the cosmic neutrino background, or the spectrum of the primor- 
dial gravitational waves to confirm that some of the theories fit to the observations. 
Up to that day and even later, the multiverse will remain an unsolvable mystery. 
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Theories of Quantum Gravity predict a minimum measurable length and a correspond- 
ing modification of the Heisenberg Uncertainty Principle to the so-called Generalized 
Uncertainty Principle (GUP). However, this modification is usually formulated in non- 
relativistic language, making it unclear whether the minimum length is Lorentz invari- 
ant. We have formulated a Relativistic Generalized Uncertainty Principle, resulting in 
a Lorentz invariant minimum measurable length and the resolution of the composition 
law problem. This proved to be an important step in the formulation of Quantum Field 
Theory with minimum length. We derived the Lagrangians consistent with the existence 
of minimal length and describing the behaviour of scalar, spinor, and U(1) gauge fields. 
We calculated the Feynman rules (propagators and vertices) associated with these La- 
grangians. Furthermore, we calculated the Quantum Gravity corrected scattering cross- 
sections for a lepton-lepton scattering. Finally, we compared our results with current 
experiments, which allowed us to improve the bounds on the scale at which quantum 
gravity phenomena will become relevant. 


Keywords: Quantum Gravity: Quantum Gravity Phenomenology, Effective Field theory, 
Generalized Uncertainty Principle 


1. Introduction 


The quantization of gravity is one of the major outstanding problems of fundamental 
physics. The family of theories tackling this problem is known as Quantum Gravity 
(QG). This family is home to a large diversity of ideas and approaches to the 
problem. The most prevalent members of the family, namely String Theory, Loop 
Quantum Gravity in addition to models such as Doubly-Special Relativity theories 
as well as many others, agree on the existence of a minimum measurable length 
or a similar scale in spacetime. The minimum length is usually considered to be 
the proportional to the Planck length, (p; = 10-??m, and it signifies the scale 
at which quantum gravity effects would manifest. Currently, we have no access to 
energy regimes anywhere close to the Planck scale, therefore all theories of QG lack 
a direct experimental confirmation. The field of Quantum Gravity Phenomenology 
(QGP) tackles this problem by using the existing theories to make models in order 
of finding low energy remnants of QG phenomena in already existing experiments. 

As we already mentioned, one phenomenon that most theories of QG agree on is 
the existence of a minimum measurable length, which is in direct contradiction with 
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the Heisenberg uncertainty principle (HUP), since the latter allows for infinitely 
small uncertainties in position. The solution is the introduction of a new model 
which deforms the HUP in order to accommodate for a minimal uncertainty in 
position. The deformed HUP is known as Generalized Uncertainty Principle (GUP), 
and was first introduced by Kempf, Mangano, and Mann in 1995.! One of the 
possible position-momentum commutators corresponding to a GUP model has the 
following form 


(xi, pj] = ihó;; (1 + Bip?) + ihBopip; , (1) 


where 6, = Bf (£py/R)?, 85 = 85(0py/R)?, and 6%, 8% are numerical coefficients. The 
GUP model has been successful in modeling a wide array of corrections to quantum 
mechanical phenomena, °° and has provided compelling bound on the minimum 
length scale, by comparing the result to existing experimental data. 


However, the model introduced by Eq. (1) has two shortcomings: 


e The position-momentum commutator and the corresponding uncertainty 
relation are not Lorentz covariant, and therefore the resulting minimum 
length is frame dependent, 

e Composition Law Problem: Energies and momenta do not sum up linearly.?? 


The composition law problem arises due to the fact that deformation of the 
HUP is done through a generalization of the momentum operator. Namely terms 
of higher order in momentum are added in order to deform the commutator. This 
leads to a deformation of the Einstein dispersion relation of the form 


BPapetmd > E? = pemci O(p*) : (2) 


Consequently one can show that if there are terms of higher than second order in 
momentum in the dispersion relation, for a composite system moving in the same 
speed the energies and momenta do not sum up linearly, 


P3A#Petpi Es # Ei TE. (3) 


It is important to note that solutions of this problem have been developed, some 
examples are.99:61 

Such problems prevents us to apply the GUP models to Relativistic Quantum 
Mechanics and Quantum Field Theory, which essentially restricts the energy regimes 
in which we can search for the remnants of QG effects, by preventing us from using 
the highest energy experiments currently available, i.e. LHC. 

In the following sections, we will address these problems by extending the GUP 
up to second order in Planck length, to relativistic regimes (RGUP), we will explore 
the deformations of the Lorenz group and symmetries associated with it, and we 
will obtain Lagrangians allowing for the existence of minimum length for fields of 
spin-0, 1/2, 1. 
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2. Relativistic Generalized Uncertainty Principle?? 


Inspired by,9? we will use the most general form of quadratic GUP algebra and 
extend it to a covariant expression in Minkowski spacetime with the following sig- 
nature {—, +, +, +}. The particular form obtained for the commutator is as follows 


[z^ p"] 2 ih (1+ (e — &)yp^po) nh” -- à h(B + 2€) yp"p" , (4) 


where u,v € {0,1,2,3}. For convenience it is useful to separate the dimensionality 
of the corrections into a dimensionful parameter y, with the dimension of inverse 
momentum, and dimensionless parameters «, 3 and e (and also € in Eq. (7) below). 
The scale of the QG effects y is defined as y = Ma? = ri where Mp; is the 
Planck mass, and /p; is the Planck length. The minimum length we can obtain 
from the algebra Eq. (4) is of the order of the Planck length. Important to note is 
that Eq. (4) reduces in the non-relativistic (c — oo) limit to the one proposed in.! 
Furthermore, in the non-relativistic (c — oc), and non-GUP limit (y — 0) limit, 
Eq. (4) reduces to the standard Heisenberg algebra. We can clearly see from the 
commutator Eq. (4) that while z^ and p" are the physical position and momentum, 
they are no longer canonically conjugate variables. Therefore, we introduce two 
auxiliary 4-vectors, xf and pý which are canonically conjugate, such that 


0 


Oxo, 


pb =— th 


[z0 po] -ihn^". (5) 


Then we assume that the physical position and momentum are both functions of 
the auxiliary ones, 


z^" = x" (z0, po), p" = p" (xo, po). (6) 


By expanding Eq. (6) in Taylor series, which we truncate up to first order in the 
QG scale y, and imposition of commutativity in momentum space [p,,,p,] = 0, we 
can write the general expressions of the physical position and momentum are as 
follows 


z^ = £ — KYypopoptt + BYPHPOXop + Eħiypo, (7) 

p" = po (1+ EYphPop) - (8) 
Using Eqs. (7) and (8), we can calculate the following expression for the position- 
position commutator 


—2& + 8 
1+ (E— &)Yp?po 


[r^, z^] = thy (z^p" — x’ ph). (9) 
Therefore as in,! in this case as well we arrive at a non-commutative spacetime. 

We also note that the last two terms in Eq. (7) introduce a preferred direction 
of pb and therefore break isotropy of spacetime. Since this violates the principles of 
relativity, we will assume that 8 = € = 0 from now on. 
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2.1. Lorentz and Poincaré algebra 
Using Eqs. (7) and (8), we now construct the generators of the Lorentz group 
MV" = y'a" — pz" = [1 + (e — &)ypopo o] M"" , (10) 


where MH” = phx¥ — pack is the Lorentz generators constructed from the canonical 
variables zy and po. The commutator representative of the Poincaré algebra for the 
physical operators can then be calculated 


[z", M"^] = ih|1 + (e — &) yp? pp] (z" 9"? — xP ôt”) + ih2(e — &)yp"M"? — (11a) 


[p^, M”?] = ih|1 + (€ — &)vyp^p p] (p do"? — pP år”), (11b) 
[M"", M*"] = ih (1 + (€ — &)yp?p p) (n"^ M"? — n"? M"? — n"? M"? + s"? MMP) . 
(11c) 


From Eqs. (11a,11b,11c), we can see that on the line € = & in the parameter space, 
one has a non-trivial RGUP with an unmodified Poincaré algebra. On this line 
in parameter space, the RGUP algebra and the non-commutativity of spacetime 
coming from Eqs. (4) and (9) takes this form: 


[r^ , p"] = ih (n"" + 2wyp"p") , (12) 
kan z"] s —2ihky (z^ p" “3 Lop) , (13) 


where & > 0. We notice that for any one-dimensional spatial component, Eq. (12) 
mirrors the one obtained in.! Eqs. (12) and (13) have similarities to the ones pro- 
posed in.?? 


2.2. Lorentz invariant minimum length and the Composition Law 
Problem 


'The main reason for extending GUP to relativistic frameworks is to make its min- 
imum uncertainty in position Lorentz invariant, or in other words to make a min- 
imum length frame independent. In relativistic QM, position and momentum are 
promoted to operators and the Lorentz transformations A are represented by a uni- 
tary operator U(p", M^?), i.e. U* = U-1, where p" is the generator of translation 
and M^? is the generator of rotations of the Poincaré group. The position and 
momentum in this case transform as follows 
z^ = U(y", M"*)s^U- y", MPP), (14) 
p" = U(p", M*")p"U M (p’, MP?) (15) 
The operator U(p", M°?) can be expressed from the generators of the Poincaré 
algebra as 
tJ pg MP? 
Ui" M") = expliasp^]exp |i] P 


where the coordinate system is translated by a vector a, and is rotated by ups. 
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The position-momentum commutator transforms as follows 
[z^, p”] = Ufe”, p"]U*. (17) 


Substituting [r^, p"] for its expression as given in Eq. (4), we get 


[z ^, p"] =U (ih (1+ (€— &)yp^pj) n"" + à h(B + 2e)yp" p} UT! (18a) 
= ih (1+ (e — k)yp^p;) n" - ih(8--29)3Up"U  Up"U | — (18b) 
= ih (1+ (€ — k)yp'^p;) n" 4- i h(8 + 2e) yp'"p"" . (18c) 


'Therefore, the commutator between position and momentum has the same form in 
every frame. Then, we can safely conclude that every frame will observe the same 
minimum measurable length. 

For the composition law problem, we need to find the dispersion relation and 
see if it is quadratic or it has terms of higher order in momentum. As we know, the 
dispersion relation is connected to the Casimir invariants of the Poincaré algebra. 
In the unmodified case, there are two Casimir invariants: the momentum squared 
pb Pou; and the physical Pauli-Lubanski vector squared WEW, where 


1 1 UP o 
W,z zE M Pps. (19) 


In our case, both the Poincare algebra and the momentum and Pauli-Lubanski 

vectors are deformed. However, by taking the commutator between the physical 

momentum squared pp, and all the other generators of the algebra, it can easily 

be shown that it is a Casimir invariant of the modified Poincaré algebra presented 

in Eq. (11). This can be repeated for the Pauli-Lubanski vector squared as well. 
This shows that our dispersion relation can be written as 


Pup = —m? ct. (20) 


As we can see, the dispersion relation is quadratic in the physical momentum which 
means that energies and momenta sum up linearly as they should. It is important 
to note that due to the fact that the physical momentum is a polynomial of the 
auxiliary one, the resulting equations of motion will be of higher than second order. 


3. Effective Quantum Field Theory with Minimum Length®* 95 


Having cleared up the frame dependence and the composition law problem for our 
model, we can proceed to apply it to quantum field theory. 

In the general case, the commutation relation we get for the position-position 
operator depends on the momentum. Therefore, it does not form an algebra and it 
cannot be represented by a smooth Lie manifold. For that reason we have chosen for 
further calculations to fix the model by making & = 0 and € = yo. We can redefine 
the RGUP parameter as follows 

Yo 


17 Tipo? (21) 
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In this particular model, the physical position and momentum take the form 


ges (22a) 


o (1 + ?p6Pop) - (22b) 


p" =p 

From now on, the results will be presented in natural units, i.e. c = h = 1. With 
the parameters redefined as such, the position-momentum commutator is 

[z^, p"] 2 i (1+ yp^p5) n"" + 2i yp"p" . (23) 

'The Poincaré group corresponding to the RGUP above is represented by the fol- 

lowing algebra 

[z", M"?] = ifl + yp?p p] (£Y 6"? — z^6"") + i2yp" M"? , (24a) 

[p^, M"^] = ifl + yp^p p] (p’ dh? — pP”) , (24b) 

[M""^, MP?) = i(1 ppo) (l^ M"* — s MY? — ^M + MHP). (240) 


It is important to note that the deformed Poincaré algebra presented above has 
the same irreducible representations, and therefore describes the same particles as 
the standard Poincaré algebra. This feature can be seen derived in Appendix B. 
As we already showed, the physical momentum squared is a Casimir invariant of 
the modified Poincaré algebra presented above in Eq. (24). Therefore, the Einstein 
dispersion relation for our case is 


p'p,--—m, (25) 


where p,, is the physical momentum, the differential form of which is an equation 
of motion for any Lagrangian describing a boson field. The Dirac equations i.e., the 
equations of motion describing the dynamics of fermion fields, can also be easily 
derived. Starting from the dispersion relation Eq. (25) and expressing it in terms 
of the auxiliary variables defined in Eq. (22a), we get the modified Klein-Gordon 
equation in its differential form 


[o,9" (1-- 48,0")? +m] 6 — 0. (26) 
Similarly, the differential form of the Dirac equation is shown to be 
(r^p, — m) Y = [r"po (1  ypoppo) — m] v = 0, (27) 


where T” are the Dirac matrices and v is a Dirac spinor. We can show that as part 
of the Lorentz group the generators of the Clifford algebra Cl(s 1) (IR), if the Casimir 
is preserved then the properties of the Clifford algebra will remain unchanged, as 
well. This is true in our case, thus, 


[ir ð (1 + ¥0,0°)? — m] v — 0, (28) 


and its Dirac conjugate are the equations of motion for the RGUP-QED Lagrangian. 
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4. RGUP Modified Lagrangians 


In the previous section, we established the modified equations of motion for the 
scalar, vector, and spinor fields. Note that the equations of motion are differential 
equations of higher than second order. Therefore, the Lagrangians corresponding to 
these equations of motion need to have higher than second derivative. The method- 
ology of working with higher derivative Lagrangians 


20.0 (0) 
L =L(¢, d, d, Fee, $ ) z (29a) 
L =L(b, dpa by pauh, » + «5 pa ...0,,0), (29b) 


is given by the Ostrogradsky method.99 95'The Euler-Lagrange equations for theories 
with higher derivatives will have the form: 


dL ddl. d? dL d” dL 


ig au æu ° ama) 5 (30) 
which in the case of fields is 
OL OL OL OL 
— — On TO Ont Estar 1)"8, -Oun ==> —0. 
Od "0(0,.0) pfe 0(0,,0,,9) (IO 5 O(O4, ...04,, 0) ‘as 
31 


The Ostrogradsky method allows us to reconstruct the Lagrangian describing the 
dynamics of scalar and spinor fields from their equations of motion. 


4.1. Scalar field Lagrangian 


We begin by assuming the most general form of higher derivative Lagrangian, which 
is one order higher than the equations of motion 


1 
L = 50,00" 0 + q (C1 0,0" 60,0" + C2 8 H HOLI H + C3 ,0"0^ 68,0) 
+? (C18,8"3 H 0" 8,3 H + Cs 0,0"0,0" b Op" H + Co 0,0" 0,0" 00 OP o 
+ Cz 8,0" 6 0,0"0,0^Ó + Cs 0,0 0" 0,0" 0,0^9) + Com? d? , (32) 


where 0, = O/0x". Using the Euler-Lagrange equation prescribed by the Ostro- 
gradsky method Eq. (30), we obtain the following Lagrangian 


1 1 : 
LR = 5 , 00" ó — PLA T 30,00" $ 0,0 + 9.6 0" 0,0" 0,0" Q, (33) 


As for the Lagrangian for a complex scalar field ¢, we generalize Eq. (33) by in- 
cluding additional terms obtaining 


Loc = 5 0,0) 0*6 — n^ó'ó +7 [(0,0"9"4)! Aud o "0^9 (0,6)! 
2 
+ + (2,9)! 0"0,0"0,0^ ó + 8,9 (0"0,0"8,0^ o)! | , (34) 


such that hermiticity is restored, i.e. E c= “¢,c: Furthermore, it is worth noticing 


that Eq. (34) is consistent with Eq. (55) inf? up to a numerical factor. 
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4.2. Spinor field Lagrangian 


The first step in the derivation of the spinor field Lagrangian is to assume a general 
form of the Lagrangian, where the order of derivatives is determined by the order 
of the equation of motion Eq. (28). Moreover, an assumption is made that different 
terms will be multiplied by an arbitrary numerical coefficient 


Ly = 9 [iCir^0,(14- C2788?) — Cam] v. (35) 


Next step is to prove that it has Eq. (28) as an equation of motion. Applying the 
Ostrogradsky method, one gets the following equations of motion for the field and 
its complex conjugate 
Cir" OV EN e C1 C2y0,0P1 = Camy = 0, (36) 
Ciir” ô, E C1 C230,0Pi S Camy — 0. (37) 


The equations of motion obtained through the Ostrogradsky method from Eq. (35) 
need to be identical to Eq. (28), which is obtained from the dispersion relation. 
Therefore, the Lagrangian corresponding to the QFT spinor with minimum length 
will be of the form 


Ly = Y [it"0,(1 — 38,0?) — m] y. (38) 
4.3. U(1) gauge field theory 


The gauge field Lagrangian is obtained in a different way. The Ostrogradsky method 
is not utilized in this case. The derivation is done by firstly assuming that the vector 
boson A^ obeys the ususal U(1) gauge symmetries. For the equations of motion, we 
assume that they have the same RGUP corrections as the KG equation of the form 
Eq. (26) 


O0, F"" = 9,0" A" + 250,0" 0,0" A" = 0. (39) 
Defining the standard gauge invariant field strength tensor as 
P = OP A” — O” A", (40) 


one can express the RGUP modified field strength tensor in terms of the standard 
one up to first order in y, as follows: 


FH — FE 240,0? FI" . (41) 
Then Eq. (39) can be rewritten as 
O,F"" = O FE” + 250,0^0, Fe” + 470,07 0,0^0, Fe” . (42) 


A test of gauge invariance of F"" is carried through by considering the following 
gauge transformation of the four-potential 


A^ > Al = AM + OHA, (43) 
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and the field strength tensor is shown to be gauge invariant. Thus, up to first order 
in the RGUP parameter y, the gauge field Lagrangian reads 
1 UA 1 v y v 
£4--4F' Fuv =-=] i Favo — 5 Fuso0,0" Fo . (44) 


Notice that both the field tensor in Eq. (41) and the gauge field Lagrangian Eq. (44) 
are invariant under U(1) gauge transformations. 


5. Feynman Rules 


We use the Lagrangians derived above to formulate a RGUP deformed scalar and 
spinor electrodynamics. This is achieved by minimally coupling the lepton to the 
gauge fields. The Feynman rules, consisting of the propagators and vertices for both 
cases, are calculated using the standard methodology, which can be found in any 
QFT textbook. 


5.1. Propagators 


'The Feynman propagator for the scalar field with a minimum length is the Green's 
function of the the modified KG equation in Eq. (26) 


[0 ð" (1 + 58,0") + (mc)?] G(x — x") = -id(a — a"). (45) 
Expressing the Green's function G(x — z^) in terms of its Fourier transform 
d" po A ; 1 
is nat dp —áipo:(zx—z) 4 
G(x — x) J (axi Poe : (46) 


and substituting it in Eq. (45), we get 


d*po 2 —ipo:(z—a/' - d*po —ipo:(z—a 
[| too 79a — s) + (ey?) emen = i f Bene. 
(47) 


The Fourier transform of the Feynman propagator is 


Ho) = SB + apa) + One 


; (48) 
while the propagator itself is 


G(x — x') = jf d'po = eto (e—a) (49) 
(27) —p2(1 + ype) + (me)? ` 


With the exception of a little trick consisting of multiplying both sides by 


[T Po u (1 — YPopph) + m] , (50) 


we find the Dirac field propagator in the same way 


4 —4 [TE P è 1 
G(x - a) = / d^ po d po, (1 RE Poppo) t m] e ipo (=x )" (51) 
(21)! popou(1-- YPoppo)? — m? 
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Again, the gauge field propagator can be treated in a similar manner. And the 
Feynman propagator is found to be 
JS az d*qo —i —iqo:(x—x’ 
ae a) = | oh or a Ni us 
where qo is the auxiliary four-momentum of the gauge field. 
'This construction assumes that one can define Dirac delta functions in position 
space, and the minimal length arises when one tries to localize the fields. 


5.2. Vertices 


'The complete set of Feynman rules for the system requires the calculation of the 
vertices for the charged and gauge fields. Starting from the Lagrangian in Eq. (34), 
one introduces the minimal coupling as follows 


Op > D, = 0, — ieA,, (53) 
where A,, is the four-potential or the gauge field. 
Replacing partials in Eq. (34) by covariant derivatives, the full action of the 


minimally coupled complex scalar field and the gauge field is obtained. The action 
reads as follows 


n = / [£4 + Loc] d'z -fls (D$)! D$ — smote 


- [FH Fy +7 [Du D" Dó) Dy + D,DD'ó(D,9)| 


2 
d T [Duo D'D,D" D,D*à 4-D,ó (D^ DD" D,D*9)| \ dio. 
(54) 
By expanding the Lagrangian we get a very rich theory 


L= 5 (0,0) 0*9 — iA" [60,6 - 6(0,9)| - Emde + eA Ago 

= TE Fwy TZ 0,0 + 0,0" 0" 9 (8,0)! — LP" Ppp Ov FH 

- ie {(0,0" A") [64,6 — 6 (0,6) | + 28,4" [(0"9)! 8,6 — oo (8,7)] 
+ A" (0*6) 8,9 — 8/09 (8,97) Y e {A (Ay) [(0%0)" 4 + og] 
+2A"A,, [(O" 6) 8,6 + (09) (8,0)'] + A" A, [(88)! Bub + (0^9) (Oud)"] 
- 24^ A" |610,0,6 + 6 (0,0,0) | + 24^ (0,0" Ay) oto 
+ AM(0"A,) [oao + 6 (0,6) | + A" A, [610,0"6 + 0 (0,0"9)'] 


+ ie AA A" [6 (0*0)! — oaro] - 247A, A" [otare — 6 (0,9)']) 
--2e* A" A, A" A, 9! 6) + O(5?). (55) 
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'The above expression contains all terms relevant to Feynman diagrams predicted 
by the usual scalar Quantum Electrodynamics (QED) Lagrangian with the addition 
of RGUP corrections. By counting the fields in each term, it is easy to see that up 
to 6-point vertices (2 scalar and 4 gauge) are allowed. This Lagrangian contains 74 
Feynman diagrams, with coupling constants classified by powers of the fine structure 
constant a and the minimum length parameter y, see Table 1. It is also worth 
mentioning that in the low energy limit y — 0 we recover the usual Lagrangian for 
a complex scalar fields. 


Table 1. Classification of the Feynman vertices 
arising from Eq. (55) in terms of the powers of the 
coupling constants: a the fine structure constant; 
y the minimum length coefficient. 


Powers of y 


ol? al/2y  gM242  g1/248 
a ay ay? ay? 

Powers ofa | N/A  a9/?4  q3/242 — 3/248 
N/A o2 o242 a273 


N/A ad/2y  o5/242  g8/248 
N/A aby o342 a373 


Similar procedure is done for the Dirac field Lagrangian the full RGUP-QED 
action reads 


s- [eds [iata dix 


E B 1 
= if Y LE — wir" D, D, D") — gee Fw dx. (56) 
We can read off the vertices after we expand the covariant derivatives in the mini- 
mally coupled modified Dirac field Lagrangian Eq. (38) 


Ly = ir" Oud + tyr 000,0, — mv 
—e [or Av — 2yr” (3 A?) On — 2r" AP ð 3p — ovr" A Op] 
— iey [27 A, A’ Opa + 2yr" (3 AP) Apw — vr" A? AjQ,u] 
— e*vir, A" A? And. (57) 


Up to five particle vertices allowed, they include always two fermions and from one 
to three gauge bosons. Furthermore, the coupling constants for each vertex are a 
product of powers of the electronic charge e and the RGUP coefficient y. In fact, 
the power of the electronic charge determines how many bosons couple to the vertex 
and the power of y is 0 for the usual terms and 1 for the RGUP corrections terms. 
As before we can classify the coupling constants in Table 2. 
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Table 2. Classification of 
the coupling constants in 
Eq. (57) in terms of the pow- 
ers: a the fine structure con- 
stant; y the minimum length 
coefficient. 


Powers of y 


ol/2  gi/24 
Powers ofa N/A ay 
N/A a3/24 


6. RGUP Corrections to QED Scattering Amplitudes 


'The calculations for the scattering amplitudes can be quite cumbersome so we will 
not present them in full here. If the reader is interested the full calculations are 
presented in.64. 65,69 

'The particular case we will be studying is an electron-muon scattering. We made 
this choice to avoid mass degeneracies which will complicate our calculations without 
helping in clarifying the concept. First when calculating the scattering amplitudes 
the focus will be on the 3-point vertices, containing up to first order the RGUP 
coefficient y. This approximation is justified by the fact that the 3-point vertices 
will have the largest contribution to the scattering amplitudes. 

In brief, we begin by calculating the transition amplitudes for a single three 
legged vertex. For the scalar field we get 


Ty 2- if em [obup — 470,04] d'a 
— if ey A" [49,0" 91 0, o + 40" 01 0,0,9 + 910,0" 8,0 — 40,0" $0, Qi 
— 40" pð ð H — 90,0" 0, d! | d'z. (58a) 
In the QED case we get for the different components 
Ty =i J ey rr" A v; d*z +i | 2ey0, y gr? AO, vi dz , 
—i J eyUr" A OP 0, d*z . (59a) 


The separation in different terms is purely for convenience. 
We then couple two Feynman vertices thorough a gauge boson A", and isolate 
the modified invariant amplitude squared 


3 0 
IDtscai |^ = ra a [1 + 87E? (1 — cos6)] , (60a) 
ÜLa 1 tu — u? 
2 
Paso! = B2x2Ga | A" + Som? imao |, (90 
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where s,t,u are the Mandelstam variables given by 


s — (k- ky! 2 (pp) © 2k-k z2p-pl, (61a) 
t= (k— p? = (p — ky. x —2k- pz —2k' - yl, (61b) 
u-—(k—py = (p — k) = —2k - p' e -—2p- Kk . (61c) 


From here, it is easy to calculate the RGUP scaled transition rates, from which we 
can isolate a formula for the differential cross-ectons for both cases. For the scalar 
fields, the differential cross-section is 


do 1 5/34cos0M? 2 
— = 1+ 16.4E*(1— 0), 62 
dQ | ony 4s. (=n | EOD) (62) 
and for the spinors 
do a^ f1 1 
Sob ene puri 1 2g uk 2 2 : 29 
ala E (1 + cos? 8) + qne + Moron) (cos 0 + cos? 0) (63) 


As one can see from the differential cross-section for the scalar fields Eq. (62), the 
magnitude og QG effects depends on the energy of the scattering squared, and it will 
be largest for the backscattering. We can see that this is also the case in the spinor 
case Eq. (63). It is interesting to note that for the spinor case the corrections depend 
on the mass squared of the particles involved. This suggests that minimum length 
effects on scattering amplitudes may be measurable for electromagnetic scattering 
of heavier systems, such as scattering of heavy ions. Applied to existing data from 
the Xe-Xe scattering observed in the ATLAS experiment, the order of magnitude of 
the corrections is ym%,/4 ~ 10734.70 The respective upper bounds on the RGUP 
parameter are then set to be yo < 10?4. 


7. Conclusion 


In this work we have extended the Generalized Uncertainty Principle to relativistic 
framework. This leads to the solution of two major problems: the dependence of 
the minimum measurable length on the frame of reference; and the composition law 
problem. This allowed us to extend the reach of GUP from experiments and effects 
in Quantum Mechanics into Quantum Fired Theory. We achieved that through the 
formulation of Effective Field Theory with minimum length. Further, we were able 
to calculate the scattering amplitudes for high-enegy scattering of scalar and spinor 
particles. Comparing our results to data collecd in the ATLAS experiments, we were 
able to obtain bounds on the RGUP parameters, i.e. yọ < 1034. This bound does 
not seem impressive on the first glance, however, it is sixteen orders of magnitude 
improvement compared to previous results from purely quadratic GUP models. 

Additionally, we have already been able to obtain RGUP modified action for 
a spin-2 particle, and through the classical limit connect it to quadratic gravity, 
allowing us to test our ideas into fields like cosmological inflation. 
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The results presented here provide a valuable step to extend the reach of Quan- 
tum Gravity Phenomenology to the most highly energetic earthbound experiments 
like LHC. For example, we need to generalize the results here for the gauge group of 
the Standard Model U(1)& SU (2)& SU (3). Additionally, the gauge field Lagrangian 
can be used to calculate corrections to phenomena in classical electrodynamics and 
light propagation, amongst others, like cosmology with weakly self-interacting pho- 
tons, gravitational waves, and Higgs mechanism and mass. 


Appendix A. Ostrogradsky Method and Vacuum Instability 


The Ostrogradsky method is a mathematical constructions allowing one to work 
with higher derivative Lagrangians.99 95 One of the major issues with it, is the 
instability of the Hamiltonian, arising when one considers higher than second order 
derivative. The instability for the particular case presented in here is discussed in 
the following appendix. We show that the Hamiltonian for a scalar field is positively 
defined in sub Planckian regimes, thus fixing the applicable domain for our Effective 
field theory. 

We from the equation of motion for the real scalar field, obtained from the mod- 
ified dispersion relation which corresponds to the Casimir operator of the modified 
Poincaré group defined inf? 


PhPop(1 + 207778 Por) = — (mc)? . (A.1) 


The Lagrangian for a real scalar field is derived by assuming the most general form 
of the Lagrangian, and applying the Ostrogradsky method to obtain its equations 
of motion and comparing to Eq. (A.1). The form of the Lagrangian is 


1 1 
Lor c: 2 ppo" à Et» PIE + ^Y 0,0" 0" o Oue + (A.2) 
The generalized coordinates are defined as 
g=% qo-0,0"9. (A.3) 
The generalized momenta are then derived as 
OL 
BP = —_______ = 20” A.A 
7» = S093) 727 $, (A.4a) 
OL 
q^ = ——_ — 0, 0° rh? = OKO. A.4b 
09,9) "rh E 
'The Hamiltonian density is then obtained using the Ostrogradsky Legendre trans- 
formations 
1 1 
H = 1" 0,9 + 15^05,0* 0,0 — 37 Tu — Th OT Om, + gm (A.5a) 
1 1 
= Tm, ym. (A.5b) 
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We can easily see that the above is positive definite. However, we can also see that 
the correction terms cancel, the Quantum Gravity corrections are hidden in the 
dispersion relation of ¢. The field ¢ is solution of Eq. (A.1) which has four differ- 
ent solutions all containing Quantum Gravity corrections. The calculation above is 
done in the framework of De Donder Weyl Covariant Hamiltonian Formulation of 
Field Theory. 

Considering the same definition of generalized coordinates presented in 
Eq. (A.3), one can derive the field momenta outside of the De Donder Weyl formu- 
lation as 


OL 


mL = In A. 
Tp (0,0°¢) 276, ( 6a) 
OL EN. 
= ——— — Og e = A A. b 
T o) 05,07 n5 =o (A.6b) 


Performing the Legendre transformation the Hamiltonian density is obtained as 


} oi 1 c 1 
H = TỌ + 150,0" Q — 97" — TPO" Oat + zme 


+5 (V6) (V) +7 (V9) (0,07 V9) (A.7) 
= Far + amd +5 (Vd): (V6) +y (V8) : (Qu VO). (AS) 


We can not be sure if he Hamiltonian density is positive definite. This is due to 
the fact that one is not sure of the sign of the term proportional to y = Ob. 
If one assumes that yo is of the order one, the coefficient is y ~ 10738. Therefore, 
for energies smaller than the Planck energy E < Ep;, the leading order terms in 
Eq. (A.7) are several orders of magnitude bigger than the quantum gravity correc- 
tions, which means that the Hamiltonian density on the whole is positive definite 
and does not have Ostrogradsky instability. Conclusion about the positive definition 
of the Hamiltonian for energies bigger than the Planck energy E » Ep; cannot be 
drawn. Making the QFT presented here an effective theory. 


Appendix B. Modified Poincaré Algebra Representations 
Let us explore the RGUP modified Poincaré algebra. The physical position x, and 


momentum p,, are functions of the auxiliary ones represented as 


x” = zh (B.1a) 


p" = ph (1+ Ypf pop) - (B.1b) 


While the Lorentz generators are defined as 


M" = p'z" — p'z" = [1 + ypBpo )] M”” , (B.2) 
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where it is wort mentioning that all the results are truncated to first order in the 
RGUP parameter y. The modified Poincaré algebra is then calculated to be 

[z", M"^] = ih|1 + yp? p p] (x" 9"? — z^6"") + ih2yp" M"? (B.3a) 

[p^, M"?] = ih[1 + pp p] (p"ó"^ — p^"), (B.3b) 

MY, MP?) = ih (1 + y^p») (n ^ M"* — s M*? — PMH? 4 PMH). (B3) 


We can show that the physical rotations J; and boosts K; are as follows 


1 1 - 
Jim g6ima M" FS (1 4- yp?p p) Eim M™” (B.4a) 
Kj = Moi = (1+ yp?p p) Moi , (B.4b) 
'The algebra for which is 
[Ji, Jj] = —i£ijk (1 + PP p) Bo ; (B.5a) 
[K;, Kj] = ieijk (1 + yp? 5) J", (B.5b) 
[Ji, Ky] = iei (1 + yp?p,) K". (B.5c) 
Once again we can define new set of this time physical operators A; and B; 
1 1 z 
A; = 2 (J; -iK;) = 3 (1+ yp" P p) (4 T iK;) (B.6a) 
1 1 ~ ~ 
By = 3 (Ji c iK) = 5 (1+ Pp) (4 - ik;) (B.6b) 
Which form the following algebra 
[A5 Aj] = —ieigk (1 + yp°p p) A*, (B.7a) 
[B;, Bj] = —ieigk (1+ -yp"p p) B^, (B.7b) 


We notice that once again this algebra is equivalent to SU(2) & SU(2) algebra. The 
irreducible representation of which are scalar (0,0), spinors/fermions (0, 1/2) and 
(1/2, 0), vector bosons/ photons (1/2, 1/2), and potentially gravitons (1, 1). We have 
taken two things in consideration: First that the modified Poincaré algebra has both 
the auxiliary momentum squared po „ph and the physical momentum squared p, p^ 
as Casimir invariants; And second that those quantities are scalars and therefore 
modify the structure constants of the algebra without actually changing its physical 
properties. 
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Many quantum gravity theories predict several interesting phenomenological features 
such as minimal length scales and maximal momenta. Generalized uncertainty principles 
(GUPs), which are extensions of the standard Heisenberg uncertainty principle, have 
proven very useful in modelling the effects of such features on physics at sub-Planck 
energy scales. In this talk, we use a GUP modelling maximal momentum to establish a 
correspondence between the GUP modified dynamics of a massless spin 2 field and Stelle 
gravity with suitably constrained parameters. Thus, Stelle gravity can be regarded as the 
classical manifestation of the imposition of a momentum cutoff at the quantum gravity 
level. We then study the applications of Stelle gravity to cosmology. Specifically, we ana- 
lytically show that Stelle gravity, when applied to a homogeneous, isotropic background, 
leads to inflation with exit. Lastly, using numerical simulations and data from CMB 
observations, we obtain strong bounds on the GUP parameter. Unlike previous works 
which fixed only upper bounds for GUP parameters, we show that we can bound the 
GUP parameter from above and from below. 


Keywords: Generalized Uncertainty Principles, Quadratic Gravity, Inflation, Based on ! 


1. Introduction 


Generalized Uncertainty Principles (GUPs) are phenomenological tools used to 
model generic features of Quantum Gravity theories such as minimal measurable 
length-scales? and maximal momentum.? Since GUPs have traditionally been for- 
mulated in non-covariant settings, they have primarily been used for computing 
Planck scale corrections to classical and quantum mechanics. Studying corrections 
to quantum field theory necessitates the use of a covariant GUP. Recently, Todor- 
inov et al. introduced a class of such GUPs, and their effects on relativistic quan- 
tum mechanics were elucidated. Following this, the authors considered a covariant, 
maximal momentum GUP modeled by the modified commutator (we set h = c = 1) 


[z^, p"] = inf” (1 — yp? po) — 2iyp"p" (1) 
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and studied the effects of this RGUP on free spin-0,° spin-1/29 and spin-1 fields. 
Combining these observations, the corrections to scalar and spinor electrodynamics 
were also obtained.*9 A natural follow-up would be to study the effects of GUPs on 
spin-2 fields (and, by extension, General Relativity). We would then have a complete 
lexicon detailing the effects of GUPs on all the “basic” quantum fields. Practically, 
such a study would also allow us to study deviations from General Relativity (GR) 
in the strong-field regime. 


2. Computing RGUP Corrections — An Overview 


From the RGUP (1), it is clear that the position and momentum operators are 
no longer canonically conjugate. The introduction of a “canonical” 4-momentum 
pb satisfying |x“, pý] = in” simplifies calculations considerably. The “physical” 


4-momentum p^ can be expressed in terms of pb as® ê 


p" = ph (1 — YPovpo )- (2) 


We can break down the procedure followed for computing RGUP corrections to 
QED into stages: 


A. Compute the RGUP modified Poincare algebra and show that p^p, is a 
Casimir operator. 

B. Starting with the free field equations for spin-0, spin-1/2 and spin-1, obtain 
the modified EOM by replacing the canonical 4-momentum by the physical 
4-momentum. 

C. Using the Ostrogradsky approach, find actions that yield the modified 
EOM. 

D. Minimally couple the matter and gauge field actions to obtain the modified 
QED action. 

E. Compute corrections to cross-sections arising from additional interaction 
terms and compare with existing high-energy experiments. 


When computing corrections to the spin-2 field, our aim is not to evaluate cross- 
sections but to search for modifications to GR. Hence, the procedure we must follow 
is slightly different. As with QED, we proceed with finding the GUP-modified EOM 
for the spin-2 field. After this, however, to connect our results to GR, we search 
for modified gravity theories whose EOM, in the linear limit, match the GUP mod- 
ified spin-2 field equations. We then claim that this modified gravity theory can be 
regarded as the classical limit of spin-2 theory with the imposition of a maximal 
momentum scale. 


3. RGUP Corrections to the Spin-2 Field 


While the spin-2 field equations can be obtained by simply linearizing the Einstein 
field equations, the RGUP corrections to the EOM seem more natural if we instead 
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begin with a field theoretical approach. Such an approach was first outlined by 
Gupta’ and popularized by Feynman? and can be summarized as follows: 


A. The Lagrangian for the free spin-2 field must be bilinear in the field, h 
and its derivatives. The relevant bilinears are easily listed out. 

B. Since the gravitational force is long range, the mediating gauge bosons must 
be massless. Thus, we may assume that the Lagrangian has no mass term 
and is strictly a function of field derivatives. 

C. We can construct a minimal list by identifying pairs of bilinears that differ 
by surface terms. We can thus fix the action up to undetermined coefficients. 
In particular, we have 


£g oh bh PU. ooh RTI qd eho? R) 


pv 


D. If matter-gravity interactions were present, we would presumably have an 
interaction term of the form Ah,,T"". By adding such a term to the above 
action and appealing to energy-momentum conservation (i.e. 777, = 0), we 
get 


(2a-Fb)CIh,," + (b+ e) hz p+ (ct 2d)Dh," , — 0 (A 


which fixes the coefficients. 


'Thus, up to an irrelevant scale factor, we see that the Lagrangian for the free spin-2 
field is given by 
1 Vio v o YLT 1 V o 
É free T a us h^ ifie hy h^ Red sp huy "Uh ou T z’ f oh v’ (5) 


The EOM are obtained from the resulting action by variation 


cL = Ohy luy fast + ho pv? truly mus =0, (6) 


where GI, is the linearized Einstein tensor. The RGUP modified EOM are obtained 
from the position space representation of (2) (i.e. 9, + 0,(1 — 4L1)). We have 


GŁ, + Gav =0, (7) 


where 


Cup = di = 2 Ryo 7 hysy E sb ho uv X + Ud A Tluv Hos (8) 


4. Stelle Gravity and GUP modified GR 
The Einstein-Hilbert action describing the most general quadratic gravity theory 
(Stelle gravity) is? 
1 
SStelle = y d'av/-g|;-;R — aR, R” + BR’). (9) 


By studying static, localized and isotropic solutions in the linear limit, it was shown? 


that the resultant theory contains two extra gauge bosons with masses Tan and 
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2 


where &^ = 1/8«G. To avoid tachyonic instabilities, a and 6 must 


1 
J/A(38—a)& ` 
satisfy 

38 2a 20. (10) 


'The EOM for Stelle gravity are 


1 a z 
53 Cu + (0-28) Rey — AR yy — (S = 28) 9u OR- 2R Ravo (11) 


1 
+26RR v + zIu (aR Rog — BR?) =0. 
To first order in hj, = gu, — Nav (where ny, is the Minkowski metric), we have 


1 Q 


2,2 Gr = (a x 28)( hÀ uv z hod + zl huv T hÀ uv y Ne. T hau) 
Q 
+ (È - 28) n (C14 — QA.) = 0. (12) 


It is easy to show that (12) match (7) perfectly when a = 26 = y/k?. From (10), 
this means that we must have y > 0. Thus, we may claim that a = 2 Stelle gravity 
is a modified gravity theory modelling maximal momentum. Note, however, that it 
is by no means the unique modified gravity theory modelling maximal momentum. 
'This is because the effects of curvature terms of order at least three will not appear 
in the linear regime. Thus, a more precise statement would be that a = 28 Stelle 
gravity is the minimally modified, metric-only theory of gravity which models the 
effects of maximal momentum. 

There are two further points worthy of notice. First, it has been shown!?:!! that 
Stelle Gravity (and thus GUP modified gravity) does not contain malicious ghosts. 
Second, when o — 20, the additional gauge bosons mentioned earlier have equal 
masses. In this sense, GUP modified GR is a degenerate theory. 


5. Applications to Cosmology 


It is well known that quantum corrections to GR can lead to inflation. A natural 
question to ask is whether we can obtain inflation from GUP modified GR. To 
answer this, we compute the EOM for generic Stelle gravity (with parameters a 
and 8) in an FRW background. We assume a flat background although the results 


can be extended. In terms of the Hubble parameter H(t) = a(t)/a(t), we have 


H? — AH? — 2H H — 6H?H| = 0 (13) 


and 
3H? +2H +A ism? + 9H? + 12H H + 23j| = 0. (14) 


where the arguments have been suppressed and À = (38 — o)/&?. From these equa- 
tions, it is clear that the qualitative dependence of the solutions is independent of 
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the parameter values. Thus, we can qualitatively study the dynamics of any Stelle 
gravity theory by observing the dynamics of one particular case. Moreover, since 
Stelle gravity with a = 0 corresponds to the Starobinsky action!? which is a well 
studied inflationary model, it is clear that any Stelle gravity theory and in particular 
GUP modified GR leads to inflation. 


6. Numerics 


We can also graphically verify the existence of inflation with exit. To do so, we 
would like to numerically solve the EOM and study the properties of the resulting 
solutions. While there are apparently two equations, (13) and (14), the two are 
completely equivalent as they are related via the Bianchi identities. Therefore, it 
is preferable to solve (13) as it is second order in time as opposed to (14) which 
is third order. However, the large scale of H during inflation and the small scale 
of y make it difficult to solve (13) numerically. We, therefore, define the following 
dimensionless variables: 


Bs =In (72) 5 U = VI Hing (t 


where Hj, is a constant denoting the energy scale during inflation. In terms of the 
new dynamical variable b(s), (13) is transformed to: 


1 + 2b(s)? + Ab(s) + 12U e) b(s) = 0 (16) 


While y and Hinz are respectively small and large, their composition,U, is not too 
large or too small. Additionally, since b(s) is clearly O(1) during inflation, solving 
(16) is quite tractable. Figure 1a depicts the variation of the scale factor a(s) with s, 
the rescaled cosmic time, for various values of U. The existence of inflection points 
graphically demonstrates the existence of inflation with exit. Figure 1b shows the 
variation of the slow roll parameter e(s) with s for various values of U. The necessary 
condition for inflation is € < 1. Such behaviour is evident from the graphs, along 
with a crossover to € > 1, which shows the exit from inflation. 


a(s) vss els) vs s 


a(s) 


Fig. 1. (a) Variation of a with s. (b) Variation of e with s. 
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7. Parameter Estimation 


The fact that GUP modified GR predicts inflation means that we should able to 
constrain the GUP parameter y using the existing constraints on inflation. These 
constraints stem from theoretical considerations and CMB observations. To do this, 
we plot the variation of so, the exit time (defined as the value of s when e = 1), with 
U. We see that so = U holds as an order of magnitude relation. This observation 
can be used to constrain the GUP parameter. Define to = 80/7, %0 = 4/2, and 
a = to/lpi. to is simply the exit time is units of cosmic time while a is the exit 
time in units of Planck time/Planck length (lp;j) and «o is the ratio of two energy 
scales - the Planck scale and the GUP energy scale. We now have 


VY vo 


--- 1.0575* Log(U) + 2.0667 ^ 


Log(sa) 


-10.0 -7.5 -5.0 -2.5 0.0 25 5.0 75 10.0 
Log(U) 


Fig. 2. Variation of so with U. 


Since sg ~ U, we can replace the former with the latter in (17). Simplifying, we get 


Yo = x (18) 


Hinglpy 
Note that the right hand side is now a function of constants and known parameters. 
From PLANCK data,!? we have Aing € 107^ Mp;. We take Hisp = 107? Mp, 
which also coincides from the GUT scale. Typically, a € (10? — 1012), but we 
stretch these bounds to (109 — 101?) to account for errors stemming from the “hand- 
waving" nature of the argument. Substituting these bounds in (18) and utilizing the 
additional constraint that the GUP energy scale must exceed the CERN energy scale 
^ 10TeV, we obtain the following bounds 


1019 < yọ < 10P (19) 
or 
10735 GeV? < y < 10 7 GeV 7. (20) 


In addition to being among the most stringent bounds available (which is expected 
since, unlike most constraining procedures, the one used above involved inflation and 
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hence the strong gravity regime), our bounds are double-sided. To our knowledge, 
this is the first time double-sided bounds have been obtained for GUP parameters. 


8. Conclusions and Future Prospects 


One expects that the imposition of a maximal momentum scale at the quantum 
level leads to modifications to GR at the classical level. In this proceeding, we have 
shown that a = 20 Stelle gravity can be regarded as the minimal extension of GR 
that can model maximal momentum. We have also shown that GUP modified GR 
leads to inflation and used this feature to obtain some of the best-known bounds 
on GUP parameters. We reiterate that our bounds possess a unique feature - they 
are double-sided. Using the GUP-Stelle Gravity correspondence, we can study the 
effects of maximal momentum scales on gravitational systems by studying these 
systems using a = 2f Stelle gravity. Additionally, we believe that approaches similar 
to the one outlined in this proceeding can be used to study the effects of other Planck 
scale phenomena at the classical level. 

GUP modified GR is degenerate. It is not clear what the origins or the impli- 
cations of this degeneracy are. These are currently being looked into. Finally, it 
is worth pondering over whether we can extend the GUP used above to construct 
a two-parameter GUP that "corresponds," in the classical limit, to generic Stelle 
gravity. 
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1. Introduction 


So far there are two successful theories which describe the world around us. Quan- 
tum theory, which describes interactions on the smallest scales on one hand and 
General Relativity, which describes gravitational interactions on large scales on the 
other hand.'^? There is no straightforward way to combine these two theories to 
describe physics in a regime, where both contribute, which is why we need a the- 
ory of Quantum Gravity (QG). Several QG theories have been proposed, but there 
is no direct experimental evidence yet to verify them. However, phenomenologists 
have a good intuition what fundamental concepts the regime of QG may imply 
on physics.? !! One such concept is the existence of a minimal measurable length, 
predicted by all or most models of QG. A natural way to incorporate minimal 
length in our considerations is to modify the Heisenberg uncertainty principle.!? °° 
'The modified Heisenberg uncertainty principle is called the Generalized Uncertainty 
Principle (GUP) and in the commutator form it reads as?! 


[ri pj] = ih c —aq (vss + 22i) + B (p^óij + 2j (1) 
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where a = ao/(Mpc), B = Bo/(Mpc)?, ao, Bo are the dimensionless linear and 
quadratic GUP parameters and Mp = \/fic/G is the Planck mass. This phenomeno- 
logical model describes a length scale ag £p and V/fjo lp between the electroweak 
scale, i.e., ¿gw 7 1071? m, and the Planck scale, i.e., 2p = J/hG/c3 zz 107% m. 
We apply the GUP to quantum quantum mechanical and gravitational systems and 
predict deviations from standard theory, which we hope experiments can detect now 
or in the future, or provide explanations for observed phenomena, as in the case of 
this work, namely the observed baryon asymmetry that is observed in the Universe. 

The asymmetry between matter and anti-matter has been an unsolved problem 
in physics for a long time. Standard theories such as quantum theory and general 
relativity suggest that there is no reason why the asymmetry between matter and 
anti-matter in the Universe should exist.?! This means there should be an equal 
amount of matter as there is anti-matter in the Universe, while observations show 
a very large asymmetry. To explain this observed asymmetry we have to satisfy the 
so-called Sakharov conditions??: 


1) violation of baryon number B, 
2) violation of C and CP symmetries and 
3) deviation from thermal equilibrium. 


If a proposed mechanism is able to satisfy the above three Sakharov conditions, then 
it may be possible to explain the origin of the observed baryon asymmetry in the 
Universe. The mechanism we use is an interaction term from supergravity theories 
which couples the baryon current and space-time to satisfy the first two Sakharov 
conditions, and the holographic principle with the thermodynamics of horizons to 
derive the GUP-modified Friedmann equations, which satisfy the third Sakharov 
condition. Several proposals how GUP modifies the Friedmann equations have been 
presented so far.???6 In this way we provide a viable explanation of the observed 
baryon symmetry in the Universe using the GUP. 

The paper is structured as follows. In section 2 we modify the Bekenstein- 
Hawking entropy using GUP, then in section 3, by using the holographic princi- 
ple we modify the Friedmann equations, and in section 4 by using these modified 
Friedmann equations we attempt to explain the observed baryon symmetry in the 
Universe. In section 5 we summarize the work with concluding remarks. 


2. Modified Bekenstein-Hawking entropy 


In order to modify the Friedmann equations, using the holographic principle, we 
need to modify the Bekenstein-Hawking entropy formula, since the Friedmann equa- 
tions can be derived from the first law of thermodynamics, which requires the change 
in entropy. The holographic principle makes it possible to write a d-dimensional the- 
ory on a d — 1 dimensional boundary.?^?? We can re-write the GUP from Eq. (1) 
in the usual form?? (where (p) = 0) 

AzxApZ [1 — aAp-- ABA? | : (2) 


where we have set the numerical prefactor to be O(1).49 ?? 
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When a particle with energy E gets absorbed by a horizon, the horizon area 
changes by AAmin > 8TU.E Ax, where Az is the uncertainty in position of the 
absorbed particle.4?:44 To obtain the energy of the particle E, we solve the quadratic 
equation for Ap from Eq. (2) and obtain the expression 


Ar+a 168 
= > 
B= OPA — 3p (: " Az? + 2a0Az + » , (3) 


where we chose the negative solution, since we want to obtain the smallest change in 
area of the apparent horizon and this solution reduces to the standard Heisenberg 
uncertainty for a, 8. —> 0. The position uncertainty Az is the diameter of the 
observable Universe Az = 2rg, where rg is the Schwarzschild radius. The square 
of Ax is then related to the area of the apparent cosmic horizon as Az? = A/m. 
Plugging all of the above in the change in A A;,;4, we get 


AN T e a (: / 1618 . dd 


A+ 2a /1 AV? + a?r 


where A is determined by the Bekenstein-Hawking entropy formula b/ = 27. Here 
b = ASmin = n2 is the minimal increase in entropy, corresponding to one bit of 
information.?? 

The Bekenstein-Hawking entropy was first introduced for a black hole, but the 


holographic principle suggests that it can be used for any horizon. Therefore we can 


write it for a cosmic horizon in the same way? 46 
|. A4 A (5) 
AG AC 


If we introduce some modification to the Heisenberg uncertainty principle or we 
modify the entropy in any other way, the only variable in this equation, the area, 
gets modified.?? The Bekenstein-Hawking entropy then reads S — ae Since the 
first law of thermodynamics includes a differential of entropy, it useful to calculate 


its derivative 


i 
S m es ) (6) 
On the other hand, the above derivative can be written using the minimal change 
in entropy AS,,;4 and AA, in 
dS = AS min = B* (7) 
dA AAnin 802, (4 + a* AU? — \/A2 + 2a* A3 + (a? — BJA) , 


where a* = yra and 8* = 1678. By comparing Eqs. (6) and (7) we can read out 
what f'(A) is 
1 B* 
ra=; . 
(A+ a* A? — JA? + 20% AS? + (a? — 854) 
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To obtain the modified Bekenstein-Hawking entropy we must integrate Eq. (6) over 
area A, from A to co, using f’(A) from Eq. (8). The exact GUP-modified Bekenstein- 
Hawking entropy then reads 


1 1 
afis isa ais H (a*? 2 


1 1 
* A1/2 | | * * * 
+a A / (2 T " T 2a 1/2 + (a 2 B ) 


1/2 
— f*ln (+4 Cru + (ar? 23! ; (9) 


where we obtain the standard result from Eq.(5) for a*, 8* — 0. 


1 


s= 
86, 


3. Modified Friedmann Equations 


'The Friedmann equations describe the evolution of a dynamical Universe and pro- 
vide the foundations for the standard model of cosmology. They can be derived in 
different ways. The most common is by solving the Einstein equations in (n + 1)- 
dimensional space-time for a FLRW metric 


ds? = h.gda°dx? + 77d? 


n—1 ? 


(10) 


where z^ = (t,r), P = a(t) r, hea = diag(—1,a?/(1 — kr?)), dQn_1 is the angular 
part of the (n — 1)-dimensional sphere, a = a(t) is the scale factor, r is the comoving 
radius and k is the spatial curvature constant. Indices c and d only take values 0 
and 1. The other way to derive the Friedmann equations is using the holographic 
principle, which takes advantage of the thermodynamics of horizons. 

To generalize the Friedmann equations to include minimum length effects we 
derive the same from the first law of thermodynamics, with the difference of using 
the modified Bekenstein-Hawking entropy, derived in the previous section. The first 


law of thermodynamics for the content inside an apparent horizon is given by?? 76 

dE = TdS + WqaV , (11) 

where E is the energy contained inside the apparent horizon, given by E = pV, V 
n/2 

is the volume of an n-dimensional sphere, given by V = Qn £7, with Qn = CL 


which has an area of A = n Q, nre T is the Hawking temperature given by^7^ 15 


K 1 PA 

m 2mfA ( i) (12) 
dS is the differential of the Bekenstein-Hawking entropy given by Eq. (6), and W 
is the work density which reads as’ 


(p-p). (13) 
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In the above T@ is a projection of the energy-momentum tensor T w = 
(p+p)upuv + pgu, on the t — r subspace. What remains is to differentiate the 
energy and volume, write everything in terms of dA, and plug the above equations 
in the first law of thermodynamics from Eq. (11). From here we derive the first 
Friedmann equation 


8rG : k 

(o+p)=(#-5) ra). (14) 
By using the continuity equation o + nH (p+ p) = 0, originating from the conser- 
vation of energy T", = 0, with Eq.(14) and integrating it, one obtains the second 
Friedmann equation 


87G (Nnn ye 
i 1 
n(n—-1)^  n(n- 1), fra yu (15) 
By setting f'(A) = 1 (f(A) = A in standard un we obtain the standard 
Friedmann equations as we expect. However, to obtain GUP corrections to the 
Friedmann equations, we plug f’(A) from Eq. (8) in Eqs. (14) and (15). Both of 
the Friedmann equations have exact solutions in n — 3, which read as 


eus bares (8-5) 


n= 


az 
QE CER 
8m x 1/2 1/2 , (a* 
Le giis UP 8) = e iis Qf 8) + A) 
(16) 
and 
81G 1 k a* k N97? — 2x(o*? + 28") 
= (g= A\= = (Het QUE Ln H2 
3s ;( +) sae fa) * Sle"? — BYP 
" 1 ma k (4r)! 2a * gj k 1/2 2n(o*? + 28*) 
3 a2 | 6(o*2 — B*) " 2 3(o*2 — B*)? 
2o k 1/2 (a*2 — B*) k 
24 2: 3 
TES (uu e m) 
271a" B* T (o? — 8*) (re le 
E px  (4m"(a*ad-B)N a? 


x 
OF 
[= 
+ 

LEA 
UAE 
i ^ 
N 
Cm 
+ 
8,| = 
SY 
= 
ts 
— 
Q 
* 
al 5 
Vo 
* 
ra 
= 
+ 
"ON 
LA 
| 
"m 
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where 
Am 

+s 
was used. We are interested in the radiation dominated era, since the baryon asym- 
metry was frozen in at that epoch. In that epoch the small cosmological constant 
A can be ignored, since p >> A and the curvature constant can be set to k = 0, 
which is consistent with the observations which show a flat Universe. The modified 
Friedmann equations then get simplified to 


B*H H? 


A = 4nF, = (18) 


—4nG (p +p) = (19) 
8 j a* | a* o*?—* 
T 14+ u aH y1 pH + ee 
and 
81G 1 a* 2n(o*? + 28*) 
= H? | H? 
gre 3(4m)U8^ t 3(qd- By 
ape 4n)! /29* 2r(a*? + 20*) 
ENS ; 6(o*2 — B*) 3(o*2 — B*)? 


2a* (a*? ne B*) 
1 H 4 H? 
^ i (4n)1/? Ar 


2ra* B* In | ; (o*? — B*) 


at? = 8* l Ja* (a*? = 8*) 
o* + J/a*? — B* (i i (mat | An 4 Jl e 


'The Taylor expansions of the above modified Friedmann equations up to first order 
in a* and 6* turn out to be 


7 a* B* j 
—4 —H|1 H — H 21 
nG(p+0) =H (1+ eH - Ram) (21) 
and 
87G i a B* s 
——p-— — AY). 22 
grees («gn 327 (22) 


The above simplified equations are used to study the breaking of thermal equilibrium 
in the radiation dominated era, which satisfies one of the Sakharov conditions. 


4. Gravitational Baryogenesis 


To provide an explanation for the observed baryon asymmetry in the Universe, all 
Sakharov conditions must be satisfied. Theories of supergravity introduce an extra 
interaction term to the action which couples the baryon current and space-time 


: J d‘a./—g J"O,R, (23) 


M2 


4120 


and thus violates the C, CP and CPT symmetries. In the above M, is the cutoff scale 
characterizing the effective theory.?! The magnitude of M, is chosen to be in the 
regime of the Grand Unified Theories (GUT), where interactions which violate the 
baryon number exist. The term in Eq. (23) therefore satisfies the first two Sakharov 
conditions. We can see that the integrand from Eq. (23) reduces to 

1 1 . 

— J*0,R = uas T ng) , (24) 
where ng (ng) is the baryon (anti-baryon) number density. In the above equation 
only the time derivative survives, since the spatial derivative of the Ricci scalar 
vanishes VR = 0 for the FLRW metric from Eq. (10). Because the integrand from 
Eq. (24) corresponds to the energy density term of the grand canonical ensemble, 
we can read the chemical potential for baryons and anti-baryons from it as 

R 
M2 ` 


* 


HB = -UB =- (25) 


To study the baryon asymmetry, we need a suitable variable, which parametrizes 
this asymmetry. Following Ref.5?, the baryon asymmetry parameter is defined as 


| np -ng ~ 7B TB 


; 26 

x - (26) 
where the photon number density n, and the entropy density s are related by a 
constant factor n, œ s/7 since the epoch of e^ annihilation. For relativistic particles, 
the entropy density turns out to be? 


I (27) 


and the baryon number density?? 

np-—mng- upT* 1 (28) 
In the above equations gą ~ 106 is the number of degrees of freedom for particles 
which contribute to the entropy of the universe and gy ~ O(1) is the number of 
intrinsic degrees of freedom for baryons.?? Plugging Eqs. (25), (27) and (28) in Eq. 
(26) the baryon asymmetry parameter reads 


_ 105g, R 
s 47? gx M2T Tp i 


(29) 


The above parameter is evaluated at some decoupling temperature Tp. This de- 
coupling temperature represents the energy scale at which the baryon violating 
interactions freeze out and go out of equilibrium. The baryon number is conserved 
below this temperature for all future epochs. 

Next, we use the modified Friedmann equations which turn out to break thermal 
equilibrium. To see that they indeed break thermal equilibrium, we write the energy 
density and pressure as their equilibrium values plus some small variations 


p=potdp, p=potdop. (30) 
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If there is no variations dp = dp = 0, we have thermal equilibrium and no baryon 
asymmetry is produced due to the third Sakharov condition. We require some vari- 
ations dp, dp Æ 0 to deviate from the thermal equilibrium. To obtain non-vanishing 
variations we plug the energy density and pressure from Eq. (30) into the modified 
Friedman equations from Eqs. (21) and (22) to express dp and dp in terms of the 
GUP parameters and the equation of state pp = wpo. The variations then read 


a* 8G 3/2 B* 2 
= 1 
sp = X. Po -— 13000 (31) 


ip = SJ E 1 3w — 756 + 2u)pi (32) 


We can see if there is no GUP corrections a*, 8* = 0, we get no variations in the 
energy density and pressure and thermal equilibrium is preserved. 

The trace of the Einstein equations give us the Ricci scalar R = —87G T, = 
—8nG (p— 3p), where we plug in the energy density and pressure from Eq. (30) with 
their respective variations from Eqs. (31) and (32). We compute its time derivative, 
use the continuity equation for n — 3 and evaluate the whole expression in the 
radiation-dominated era with w = 1/3, where the baryon violating interactions 
froze out. The time derivative of the Ricci scalar then reads 


and 


l 256 81 3/2 
k= -ai ene +58 (Tr) Qu (33) 


We can see that the above derivative would also vanish if there would be no GUP 
corrections because every term is proportional to a* or 8*. We plug Eq. (33) in Eq. 
(29) and use the equilibrium energy density for relativistic particles?? 


E T* 34 
po 30 , ( ) 
to obtain the expression for the predicted baryon asymmetry 
_ a H29 ( Tp TU TES , 896/5239? 9, / Tp V? / MpM? 
9 45 Mp M, i 675 Mp M,J ’ 
(35) 


where we expressed the gravitational constant in terms of the Planck mass, i.e., Mp, 
as G = 1/M2. From the above we can see that the baryon asymmetry is dependent 
on o and fo parameters and the scales M, and Tp. 

To compare Eq. (35) to the observed baryon asymmetry we plug in the suggested 
values for M, = Mp/v 8n, the reducep Planck mass and Tp = Mr ~ 2 x 1016 GeV 
which corresponds to the tensor mode fluctuations in the inflationary scale. We 
then obtain 


n = ao 2.08 x 10 1? — 852.16 x 10 7? , (36) 
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where we can see the baryon asymmetry vanishes for o, 59 — 0. If ag, 89 zz 0 the 
baryon asymmetry is explained by the existence of a minimal length scale. 

We compare the predicted baryon asymmetry from Eq. (36) to the observa- 
tional bounds 5.7 x 107 < ņ < 9.9 x 10711.54 By doing this we can fix the GUP 
parameters to their actual values for different models: 


e Only linear GUP (f = 0): 2.74 x 104 € ag € 4.76 x 104 

e Only quadratic GUP (og = 0): —4.58 x 105 < Bo ; —2.64 x 108 

e Linear and Quadratic GUP (fo = —a@): 1.21 x 10* € ag € 1.71 x 10^ and 
—2.92 x 108 € Bo € —1.46 x 108 

e Linear and Quadratic GUP: ag > 4.81 x 10? and By < —1.48 x 10° 


We can see that the GUP parameters should have values a z 10* and ffo ~ —108, 
which suggest a new length scale of €new = aolp ~ /—folp ~ 107?! m. 


5. Conclusion 


With this work we test the fundamental physics of nature. More specifically, how 
the minimal length can affect phenomena on large scales such as in this case, the 
baryon asymmetry in the Universe, which is still a problem in physics up to this 
day. The mechanism which we propose satisfies all Sakharov conditions and thus 
offers a viable explanation of the observed baryon asymmetry in the Universe. We 
used an interaction term which couples the baryon current and space-time to satisfy 
the first two Sakharov conditions, and using the holographic principle we modified 
the Bekenstein-Hawking entropy and the Friedmann equations to break thermal 
equilibrium and thus satisfying the third and last Sakharov condition. The modified 
Friedmann equations can also be used more broadly in cosmology and can provide 
a very rich phenomenology. 

Our findings suggest that minimal length effects could have been the cause for 
generating the observed baryon symmetry. Our work does not constrain the GUP 
parameters to an improved upper bound because, but rather fixes the values of the 
GUP parameters ag and fy and thus sets the new length scale to be Znew = eof p ~ 
v — Bot p = 107?! m. 

We noticed that the quadratic GUP parameter turns out to be negative. This is 
consistent with other cosmological studies using quadratic GUP,®° non-trivial struc- 


8,16,55-57 and a crystal lattice considerations with GUP.°® This 
27,58-60 


tures of space-time 
can suggest that space-time can have a granular structure at the Planck scale. 
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1. Introduction and summary 


In this paper we review recent work! !? 


chanics (QM), quantum field theory (QFT), and quantum gravity (in the guise of 
metastring theory) as well as unique implications for the problems of dark mat- 
ter and dark energy.!'!? This generic formulation of quantum gravity implies a 
radiatively stable positive cosmological constant (dark energy)!! in the observed 
classical spacetime, and metaparticle quanta (the zero modes of the metastring) 
1? (correlated to dark energy and 
visible matter). The logic of our story is very similar to the path that leads from 
the Minkowski geometry of special relativity via relativistic non-gravitational field 
theory to a dynamical spacetime of general relativity. In this paper, we start with 
a hidden geometry in quantum theory (Born geometry) and proceed to its dynam- 
ical implementation in quantum gravity (formulated as a metastring theory) with 
implications for QFT (formulated in a way that takes into account the hidden Born 
geometry) with implications for the observed world: metaparticles as dark matter 
quanta, and dark energy emerging from the geometry of the dual spacetime. In some 
sense, this is a sharpening of the modern approaches to non-perturbative quantum 


physics,!? using a simple but crucial insight about a completeness of quantum kine- 
4 


on quantum foundations of quantum me- 


representing the natural quanta of dark matter 


matics of discretized physical systems.! 

In particular, in Ref. 5 we demonstrated that any quantum theory is endowed 
with a generic quantum polarization associated with modular spacetime. The 
generic polarization manifestly realizes quantum non-locality, associated with the 
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quantum superposition principle, that is consistent with causality, and reveals a 
novel geometry structure, called Born geometry, ? which unifies symplectic (w), 
orthogonal (7), and conformal geometries (H). Born geometry is fundamental for a 
particular quantum theory that consistently propagates in this geometry — this turns 
out to be string theory formulated in a generalized-geometric and intrinsically non- 
commutative, doubled, chiral phase-space-like form (called metastring theory).3 678 
'The zero modes of the metastring correspond to metaparticles that explicitly realize 
the geometry of modular spacetime,? and as such, could be considered as an explicit 
prediction of the modular representation of quantum theory. The metaparticles!? 
are quanta of a modular generalization of quantum fields, the low energy remnants 
of metastring fields. From this new viewpoint! !? quantum gravity is essentially 
defined as “gravitization of the quantum,” that is, as a theory of a dynamical Born 
geometry. As such it incorporates the concept of Born reciprocity!? as a covari- 
ant implementation of T-duality, the fundamental relation between short and long 
distance physics in string theory, as well as the new idea of relative (or observer 
dependent) locality.!6 

In what follows, we start with a discussion of quantum theory via quantum 
(modular) spacetime and then comment on QFT in this approach, and then move 
on to quantum gravity and its phenomenology in the context of dark matter and 
dark energy and the actual astronomical observations. 


2. Quantum theory and quantum spacetime 


''he fundamental reason for the existence of modular polarizations in quantum 
theory is as follows.? If one imagines that a quantum system is formulated on a 
lattice, as assumed in the modern (Wilsonian) non-perturbative approaches,'? then 
a theorem due to Zak!^ states that a complete set of quantum numbers needed 
to describe any quantum system would require both quantum numbers associated 
with the lattice and its inverse. This is easy to see by realizing that non-commuting 
Hermitian operators, such as coordinates and momenta [@, 6] = ih, when expo- 
nentiated, together with the appropriate lattice spacing a and its inverse 2rñ/a, 


commute, that is, 
; ozh i 
exp EZ exp PI —0. (1) 


Such unitary observables were labeled as “modular” by Aharonov.! These variables 
are purely quantum in the sense that their formal A — 0 limit is singular. Also, even 
though their commutators are zero, the associated Poisson brackets are non-zero, as 
these are unitary (phase) variables. Finally, the classical limit is defined by starting 
with a modular formulation and defining an appropriate "extensification,"? with, 
in principle, many classical limits. These purely quantum variables also appear in 
the context of QFT. 

Thus we concentrate on a complete set of unitary operators as opposed to 
a complete set of Hermitian operators. Let us examine the simplest example of 
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the d and f operators. The commuting subalgebra of the original non-commuting 
[d, 6] = ih algebra can be completely described by self-dual lattices (endowed with 
the natural symplectic form (w) coming from the commutator bracket). These in 
turn represent a discretization of a (covariant) phase space defined by q and p, and 
when lifted to the original non-commutative algebra, require extra data associated 
with the lift that is described by a doubly orthogonal (O(d, d), where d denotes 
the spacetime dimension) metric 7 (a symmetric counterpart of the antisymmetric 
w associated with Sp(2d) transformations). Finally, in order to define the vacuum 
state on this self-dual lattice, we need a conformal structure O(2, 2(d — 1)).? This 
triplet of structures defines Born geometry’? associated with the modular repre- 
sentation of quantum theory.? Born geometry captures quantum non-locality that 
is consistent with causality, given the quantum nature of the unitary operators and 
the fact that the triple intersection of Sp(2d), O(d, d) and O(2,2(d — 1)) gives the 
Lorentz group. 

Let us formalize these insights about the hidden quantum spacetime geometry 
of quantization.? We start with the Heisenberg (or Weyl-Heisenberg) group, which 
is generated, on the level of the corresponding algebra, by the familiar position j^ 
and momentum f operators: [j^, Do] = ihóg . It will be convenient to introduce 
a length scale A and a momentum scale e, with Ae = A. Also, let us introduce the 
notation 2^ = Q*/A, La = Pa/€ so that [2^, 25] = i0 , and let us define 

X^ erg. bw x^) =iw^P, with swandX dX? = dD Adq*, (2) 
where wap = —wpaA is the canonical symplectic form on phase space P. The Heisen- 
berg group Hp is generated by Weyl operators!5 Wg = e27™(®-*) where K stands 
for the pair (k, k) and w(K,K’) = k- k' — k- k' . These form a central extension of 
the translation algebra, Wy Wy; = e2759 0X) Wy. x. The projection m : Hp > P 
(where 7 : Wx — K) defines a line bundle over P (in principle a covariant phase 
space of quantum probes). In this formulation, states are sections of degree one, 
Wx ®(K) = e2759 (6X) 6(K +K’). 

Using notions of non-commutative algebra and non-commutative geometry!® 
(such as the theorem of Gelfand-Naimark??), we can say that a Lagrangian sub- 
manifold (a half-dimensional submanifold of phase space upon which the symplec- 
tic form pulls back to zero) is a maximally commutative subgroup of the Heisen- 
berg group. If we accept this notion of a Lagrangian, then the quantum regime is 
very different from the classical regime. In particular the vanishing Poisson bracket 
{f(¢),9(p)} = 0 requires either f or g to be constant. However, the vanishing 
commutator [f(@), g(p)] = 0 requires only that the functions be commensurately 
periodic : 


cia pila — qid iPAgieP —— WB = On /h, (3) 


Similar considerations led Aharonov to introduce modular variables to describe 
purely quantum phenomena such as interference.?! 
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Modular variables are described in great detail in Ref. 21, where one can find 
detailed references on this subject. The modular variables, denoted [4] and [f], are 
defined modulo a length scale R (the slit spacing being a natural choice) as 


[b]asn;R = p mod (22h/R) , — [d]n = d mod (R) . (4) 


They play a central role in understanding interference in terms of operators (and not 
states). The shift operator ei Fb/h. — GiR[B]/^ shifts the position of a particle state 
(say an electron in the double-slit experiment) by distance R and is a function of the 
modular momenta (see also Ref. 22). These modular variables (the main examples 
being the Aharonov-Bohm and Aharonov-Casher phases?!) satisfy non-local oper- 
ator equations of motion. For example, given the Hamiltonian H = p?/2m + V (â), 
the Heisenberg equation of motion for the shift operator is 


e i Rb/h d gi RB/h. iR (9t i 2) 


dt h R (5) 


Modular variables are fundamentally non-local in a non-classical sense, since we see 
here that their evolution depends on the value of the potential at distinct locations. 
Remarkably, thanks to the uncertainty principle, this dynamical non-locality does 
not lead to a violation of causality.?! One of the characteristic features of these 
variables is that they do not have classical analogues; indeed, the limit h — 0 of 
[p]a/r is ill-defined. Also, modular variables capture entanglement of continuous 
q, p variables. When exponentiated (i.e., when understood as Weyl operators) the 
modular variables naturally commute. In other words, given [#%, p] = ið? we find? 


2mi$ Q27i5] — 0 , Thus, the quantum algebra of modular variables possesses more 


[e 
commutative directions than the classical Poisson algebra, since the Poisson bracket 


of modular variables does not vanish, ( e?*”, e?™*} 40. 


2.1. Modular spacetime as quantum spacetime and Born geometry 


In this view of quantum theory we have a structure analogous to a Brillouin cell 
in condensed matter physics. The volume and shape of the cell are given by A and 
€ (i.e. A and G (or o/)). The uncertainty principle is implemented in a subtle way: 
we can specify a point in a modular cell, but if so, we cannot say which cell we 
are in. This means that there is a more general notion of quantization.? Instead 
of selecting a classical polarization L (the arguments of the wave function, or the 
arguments of a local quantum field) we choose a modular polarization. In terms of 
the Heisenberg group, all that is happening is that in order to have a commutative 
algebra, we need only w(K, K’) € 2Z, and WgWg = 2 EK) Wy. | = Wi Wy. 
This defines a lattice A in phase space P. Finally, we specify a “lift” of the lattice 
from the phase space 7 to the Heisenberg group H». 

Maximally commuting subgroups A of the Heisenberg group correspond to lat- 
tices that are integral and self-dual with respect to w.?3 Given Wy, where A € A, 
there is a lift to A which defines “modular polarization," Uy = a(\)W , where a(A) 
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satisfies the co-cycle condition a(A) a(u) e™O) = a(A+ u) , with \,a € A. One 
can parametrize a solution to the co-cycle condition by introducing a symmetric 
bilinear from n(K, K’) = k - k' +k- k' and setting o, (A) = e270), Finally, when 
we choose a classical Lagrangian L there exists a special translation-invariant state 
that we associate with the vacuum, which we interpret as “empty space." In mod- 
ular quantization there is no such translation-invariant state because of the lattice 
structure. The best we can do is to choose a state that minimizes an “energy,” 
which requires the introduction of another symmetric bilinear form that we call, 
again suggestively, H. This means that we are looking for operators such that 


(Pa, 9] — 7-040, and (+A) = &(), (6) 


where the modular observables ®(X + A) = ©(X) are generated by the lattice ob- 
servables Uy with A € A. Translation invariance would be the condition P|0) = 0. 
Since this is not possible, the next natural choice is to minimize the translational 
energy. Therefore, we pick a positive definite metric Hag on P, and we define? 
ER HAB by. and demand that |0) z be the ground state of Êy. This is indeed 
the most natural choice and it shows that we cannot fully disentangle kinematics 
(i.e., the definition of translation generators) from dynamics. In the Schródinger 
case, since the translation generators commute, the vacuum state Ê [0) = 0 is also 
the translation-invariant state and it carries no memory of the metric H needed to 
define the energy. In our context, due to the non-commutativity of translations, the 
operators Ey and Ey do not commute. T hus, the vacuum state depends on H, in 
other words |0) 47 4 |0) z/, and it also possesses a non-vanishing zero point energy. 

Therefore, modular quantization involves the introduction of three quadratic 
forms (w, n, H), called Born geometry, ^? which underlies the geometry of modular 
variables. As we will see, in the context of metastring theory, a choice of polarization 
is a choice of a spacetime within P but the most general choice is a modular polar- 
ization that we have discussed above. From the foundational quantum viewpoint, 
Born geometry (w,7, H) arises as a parametrization of such quantizations, which 
results in a notion of quantum spacetime, that we call modular spacetime. In partic- 
ular, a one-dimensional modular line is a two-dimensional torus that is compact and 
not simply connected. Finally, large spacetimes of canonical general relativity (and 
its extensions, like string theory) result as a “many-body” phenomenon through a 
process of tensoring (entangling) unit modular cells, which we refer to as "exten- 
sification."? Note that the Lorentz group (in d spacetime dimensions) lies at the 
intersection of the symplectic, neutral and doubly orthogonal groups,” 


O(1,d—1) = Sp(24) n O(d,d) n O(2, 2(d — 1)) , (7) 


which sheds new light on the origin of quantum theory through compatibility of the 
causal (Lorentz) structure and non-locality captured by the discreteness of quantum 
spacetime. Note that relative (observer-dependent) locality! is needed to resolve 
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the apparent contradiction between discreteness of quantum spacetime and Lorentz 
symmetry. 

One can pass from a classical polarization (such as the Schródinger represen- 
tation) to a modular polarization via the Zak transform.!^ Note that, there is a 
connection on the line bundle over phase space that has unit flux through a mod- 
ular cell. (This is very similar to Integer Quantum Hall effect.) A modular wave 
function is quasi-periodic 


V(r--a,z) = e y(x, 3), W(r,i-à)- W(z,£). (8) 


The quasi-periods correspond to the tails of an Aharonov-Bohm?^ potential attached 
to a unit flux. In particular, vacuum states must have at least one zero in a cell, 
which leads to theta functions (the Zak transforms of Gaussians). 


2.2. A comment on quantum field theory and quantum spacetime 


A few general comments about QFT in the modular form are in order, following 
the general modular formulation of any quantum theory. The modular polarization 
of QFT reveals new structures and sheds new light on both the short distance 
(UV) and long distance (IR) physics of quantum fields, and the continuum limit of 
QFTs which is self-dual with respect to the UV and IR properties (resembling some 
crucial properties of non-commutative field theories??). In particular, the modular 
representation of QFT introduces dual “electric” and “magnetic” variables, which 
are non-commuting in general. This extends our results in the context of the 2d 
conformal field theory formulation of string theory in which the non-commutativity 
of such “electric” and “magnetic” variables has been explicitly demonstrated.” 8 

The general modular representation can be defined in terms of the Zak transform 
of a Schrödinger representation (i.e., wave functions). Given a square normalizable 
wave function y(x) belonging to a Hilbert space, one defines the modular represen- 
tation as the lattice Fourier transform (or Zak transform) 


Va(r, X) = vað e infa +n)), (9) 


where x = q/a, & = p/b, with ab = 27h. Note that if y(x) is a Gaussian, its Zak 
transform, the modular w,(x,£), is given by the doubly-periodic theta function 
associated with the lattice. (The inverse Zak transform 


1 fi m 
$(x +n) = = | dž e?" p (a7! x, 2) , (10) 


illustrates that the usual Schródinger representation is truly singular, and thus not 
generic.) 

Now if one second quantizes w(x), one naturally ends up with a quantum field 
operator $(x). Similarly, the second quantization of the modular a(x, Z) would 
lead to a modular quantum field operator (x, Z), (x) > ¢(a,Z) . The excitations 
of such modular quantum fields are non-local in general, and will be discussed below 
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as metaparticles. Note that the usual wave functional approach to QFT defined in 
terms of functionals V[ó(r)| should be now defined in terms of wave functionals 
of modular fields V|[ó(r, 2j]: However, now we have more freedom in the general 
modular polarization. The dual momenta p and p (to x and £ respectively) lead, 
via the canonical minimal-coupling prescription, not only to the usual fields ó but 
also to their duals ó (see below). This procedure defines the modular polarization 
of QFT in terms of the functional Zak transform of the original wave functional, 
Vlo(z) > V [ó(z, 2), d(a, 2)]. For example, the Gaussian wave functionals with 
non-trivial kernels (such as the ones found in the context of non-trivial interacting 
theories like 2+1 and 3+1 dimensional Yang Mills theory?9) would be mapped into 
functional theta functions. 

The non-perturbative formulation is defined in a symmetric, self-dual way with 
respect to the double RG flows (as in non-commutative field theory?) with full 
spacetime covariance, and should be important not only for quantum non-locality 
of QFT, but also in the realms of strong coupling and deep infrared. 


3. Quantum gravity and dynamical quantum (modular) spacetime 


The unexpected outcome of this new view of the foundations of quantum theory is 
that this fundamental geometry of quantum theory can be realized in the context of 
metastring theory, in which this Born geometry (given by w, 7 and H) is “gravitized” 
(i.e. dynamical). At the classical level, metastring theory! !? can be thought of as a 
formulation of string theory in which the target space is doubled in such a way that 
T-duality acts linearly on the coordinates. This doubling means that momentum and 
winding modes appear on an equal footing. In this formulation, T-duality exchanges 
the Lagrangian sub-manifold with its image under J = 9^ !H. Classical metastring 
theory is defined by the action? ?" 


ŝ=Ż n Po(8,X^(ap wap) (X),XP — 0,X^HAp(Q),XP), (11) 
x 


where X^ are dimensionless coordinates on phase space and the fields 7, H,w are 
all dynamical (i.e., in general dependent on X) phase space fields (X^ = (a, 2,)7 ). 
In the context of a flat metastring we have constant nag, Hap, and wAp : 


0 ô h 0 0 ô 
nan = (yr a: HAB = [5 dr WAB >= » ae (12) 


where ô} is the d-dimensional identity matrix, and h,, is the d-dimensional 
Lorentzian metric. The Polyakov string?? is obtained in a singular limit of zero 
w after integrating over %. (For a phase space structure of the canonical string see 
Ref. 29 and references therein.) 


3.1. Non-commutativity and non-associativity in quantum gravity 


The metastring formulation points to an unexpected fundamental non- 
commutativity of closed string theory, that we address in what follows. The string 
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commutation relations^? state [X^(c), XP(o^)] = 2id? [mw4? — n^ P6(e — o"), 
where 0(c) is the staircase distribution, i.e., a solution of 0'(c) = 2mó(c) ; it is 
odd and quasi-periodic with period 27. Following standard practice, all indices are 
raised and lowered using 7 and 5^ !. The momentum density operator is given by 
Palo) = 57 nas 05 XP (o) , (13) 

and the previous commutation relation implies that it is conjugate to X^(c). 
'The two-form w appears when one integrates this canonical commutation rela- 
tion to include the zero-modes, the integration constant being uniquely determined 
by worldsheet causality. Denoting by (X, P) the zero mode components of the 
string operators X(c) and P(o), we have [ Pa, Pp] = 0, [x4, Pp] = ihó^ p, and 
[et XH ] = 2nid?w48. This is a deformation of the doubled Heisenberg algebra 
involving the string length A as a deformation parameter. Note that under a con- 
stant B-field transformation X = (z^, ča) — (x^, Ža + Bayz’), the trivial symplectic 
form w(K, K’) = k- k' — k- k' is mapped onto w(K, K’) = kak’? — k! k* — 2Bayk*k’®, 
and the commutators read 

[$5.4 =0, E25, ĉa] = A Ps Das o| = am D Bas (14) 
We see that the effect of the B-field is to render the dual coordinates non- 
commutative (and that the B-field originates from the symplectic structure w). This 
implies a new view of the axion in four spacetime dimensions. The -transformation 
on the other hand corresponds to the map (£%, a) — (x^ + 8*^3,, ča). Equiv- 
alently, it has the effect of mapping the symplectic structure to w(K,K’) = 
k,k'a — kl ko + 28* ^k. k;. and yields commutation relations 


[27,2] 24m? "^, — [ 8%, &] = 2m 6^, — [S£ ĉe] =0. — (15) 


Dramatically, the coordinates that are usually thought of as the spacetime coor- 
dinates have become themselves non-commutative. Since this is the result of an 
O(d, d) transformation it can be thought of in similar terms as the B-field; these 
are related by T-duality. We are familiar with the B-field background because we 
have, in the non-compact case, a fixed notion of locality in the target-space theory. 
However, in the non-geometric (6-field background, we do not have such a notion 
of locality but we can access it through T-duality. However, this background does 
lead to non-commutative field theory, and one can place a bound on the minimal 
length A of O(10 TeV), which is the current high-energy limit for probing the con- 
tinuum structure of spacetime. (Similarly, this background can be used to argue for 
an effective minimal-length extension of commutation relations.?? For astrophysical 
probes of the minimal length, see Ref. 31.) 

Note that the dilaton can be understood as coming from the volume of phase 
space.?? In general, for varying B-backgrounds we encounter non-associativity as 
well,?? and the proper closure of such non-commutative and non-associative struc- 
ture is ensured by the equations of motion. Here we remark that fundamental non- 
associativity can be related to the robustness of the Standard Model (SM) gauge 
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group.*4 Similarly, fundamental non-commutativity can be related to the underlying 


non-commutative nature of the SM and its phenomenology.!?:?? 


3.2. Non-perturbative formulation of quantum gravity 


'The metastring offers a new view on the fundamental question of a non-perturbative 
formulation of quantum gravity." !? The worldsheet can be made modular in our 
formulation, with the doubling of r and ø, so that X(r, c) can be in general viewed 
as an infinite-dimensional matrix (the matrix indices coming from the Fourier com- 
ponents of the doubles of r and c). Then the corresponding metastring action 
reads as 


if Tr[ 0-X40,X" wan + nap) — O,X^HApO,XP |drdo , (16) 


where the trace is over the matrix indices. One can associate partonic degrees of free- 
dom with matrix entries. A non-perturbative quantum gravity follows by replacing 
the o-derivative with a commutator involving one extra X?9: 


0,X^ > [ X", x^] , (17) 
with A = 0,1,2,...,25. The resulting matrix-model form of the above metastring 
action is 

J Tr(a, x° [X?, X°] nabe — Hac [X*, X*] [x*, x4] Hy) dr , (18) 


with a,b,c = 0,1,2,...,25,26, where the first term is of a Chern-Simons form and 
the second of the Yang-Mills form. Nabe contains both wag and nasg. This defines a 
non-perturbative quantum gravity viewed as “a gravitization of the quantum." !? 

This formulations invokes the IIB matrix modeL?? which describes N D- 
instantons (and is by T-duality related to the Matrix model of M-theory?"). Given 
our new viewpoint we suggest a new covariant non-commutative matrix-model for- 
mulation of string theory as a theory of quantum gravity, by writing in the large 
N limit 0,X° = [X, X7] (and similarly for 9, XP) in terms of commutators of two 
(one for 0,X° and one for 0, XC) extra N x N matrix-valued chiral X's. Notice 
that, in general, we do not need an overall trace, and so the action can be viewed 
as a matrix, rendering the entire non-perturbative formulation as purely quantum 
in the sense of the original matrix formulation of QM: 


1 
SncF tm dm [X^, X?] [X^, X1] fabed , (19) 


where instead of 26 bosonic X matrices we have 28, with supersymmetry emerging 
in 10(+2) dimensions from this underlying bosonic formulation. (This is a non- 
commutative matrix-model formulation of F-theory.) By T-duality, the new covari- 
ant M-theory matrix model is 


1 "P b cs 
SncM — af (ox [XI X*] gijx — [X*, X7] [x*, X'] hui), (20) 
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with 27 bosonic X matrices, with supersymmetry emerging in 11 dimensions. In this 
approach, holography?? (such as AdS/CFT?? or dS/CFT*°), which can be viewed as 


a “quantum Jarzynski equality on the space of geometrized RG flows," ^! 


is emergent 
in a particular “extensification” of quantum spacetime. The relevant information 
about wap, Ap, and Hyp is now contained in the new dynamical backgrounds 
fabca in F-theory, and gijk and h;j;j; in M-theory. This offers a new formulation 
of covariant Matrix theory in the M-theory limit,*? 


formulation; strings emerge from partonic constituents in a certain limit. This new 


which is essentially a partonic 


matrix formulation is fundamentally bosonic (i.e, supersymmetry is emergent only 
in a specific limit) and thus it is reminiscent of bosonic M-theory.? The relevant 
backgrounds gij; and hijyi; should be determined by the matrix RG equations. Also, 
there are lessons here for the new concept of “gravitization of quantum theory” as 
well as the idea that dynamical Hilbert spaces, or 2-Hilbert spaces (here represented 
by matrices), are fundamentally needed in quantum gravity.*4 

'This matrix-like formulation should be understood as a general non-perturbative 
formulation of string theory. In this partonic formulation closed strings are collective 
excitations, in turn constructed from the product of open string fields. T'he observed 


71-10 in a particular limit, out of 


classical spacetime emerges as an “extensification 
the basic building blocks of quantum spacetime. Their remnants can be found in the 
low energy bi-local quantum fields, with bi-local (metaparticle) quanta, to which 


we now turn. 


4. Quantum gravity, metastrings, metaparticles and dark matter 


The above manifestly T-duality covariant formulation of closed strings (i.e. metas- 
tring theory) implies intrinsic non-commutativity of zero-modes. It is thus instruc- 
tive to formulate a particle-like limit of the metastring that we call the metaparti- 
cle." ® The theory of metaparticles (the low energy remnants of the metastring, and 
as such, the low energy remnants (predictions) of quantum gravity) is defined by 


the following world-line action’ ? 
1 . N E 
se dr [pi ae + rb S he + m2) e D-H) : (21) 
0 
Here the signature (+,—,--- , —) and the contraction of indices are implicitly as- 


sumed. At the classical level, theory of metaparticles is a worldline theory with the 
usual reparameterization invariance and two additional features.? The first new fea- 
ture is the presence of an additional local symmetry, which from the string point of 
view corresponds to the completion of worldsheet diffeomorphism invariance. From 
the particle worldline point of view, this symmetry is associated with an additional 
local constraint. The second new feature is the presence of a non-trivial symplectic 
form on the metaparticle phase space, also motivated by string theory.^? Because of 
its interpretation as a particle model on Born geometry, associated with the mod- 
ular representation of quantum theory, the spacetime on which the metaparticle 
propagates is ambiguous, with different choices related by T-duality. The attractive 
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feature of this model include worldline causality and unitarity, as well as an explicit 
mixing of widely separated energy-momentum scales. The metaparticle propagator 
follows from the world line path integral defined by the above action and it has the 


following form in momentum space?: 


ES d DU m ó(p:p— p) 

G(p, D; pi, Bi) ~ 5 (p — pi) 6 (5 — pi) umm (22) 
The canonical particle propagator is a highly singular p — 0 (and u — 0) limit of 
this expression. This propagator also predicts the following dispersion relation (in 
a particular gauge?) that can be tested in various experiments and with various 
probes: E7 + (u? / E2) = p? -- m?. This formulation is fully compatible with Lorentz 
covariance, and is a direct consequence of the consistency of quantum theory and a 
minimal length (and thus Born geometry). In a cosmological context, one can use 
this dispersion relation to put a bound on yp for the case of neutrinos, which turns 
out to be close to the energy scale of dark energy.?? In general, for each particle at 
energy E there exists a dual particle at energy u/E. This is in complete analogy 
of the well-known prediction of antiparticles in the union of special relativity and 
quantum theory. 

Note that the usual particle limit is obtained, at least classically, by taking 
H — 0 and p > 0. Given the form of the above Lagrangian, the metaparticle looks 
like two particles that are entangled through a Berry-phase-like p,, p" factor. The 
metaparticle is fundamentally non-local, and thus it should not be associated with 
effective local field theory. In particular, by looking at the metaparticle constraints 
p? + p? = m? and pp = u, we note that the momenta p and f can be, in principle, 
widely separated. For example, if m is of the order of the Planck energy, and u of 
the order of TeV? (which can be considered a characteristic particle physics scale), 
then the p can be of the order of the Planck energy, and the p of the vacuum energy 
scale. Thus metaparticle theory can naturally relate widely separated scales, which 
transcends the usual reasoning based on Wilsonian effective field theory (and should 
be relevant for the naturalness and hierarchy problems). 

We can also discuss the background fields that couple to the metaparticle quanta. 
Following the well-known procedure of introducing background fields in the case of 
particles, by shifting the canonical momentum by a gauge field we may try to extend 
the gauging procedure to the metaparticle counterpart. There is a possible ambi- 
guity in this gauging which depends on which configuration variables one decides 
to work with. If one takes (z, 4) as configuration variables, one obtains a gauging 
which could also be motivated by the presence of a “stringy gauge field" in metas- 
tring theory? p, — p, + A (x, $) and p^ — p" + A" (x, i). The generic prediction 
here is the existence of a dual field A, which is correlated (entangled), with the 
original A field. Thus the entire SM would have a dual SM (which we propose, 
describes the dark matter sector). 

We expect that the correct field theoretic description of the metaparticle is in 
terms of the above general non-commutative (modular) field theory $(z, 2) limit of 
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the metastring.! 1? Such an effective non-commutative field theory is similar in spirit 
to Ref. 25. Also, we note that the concept of metaparticles might be argued from the 
compatibility of the quantum spacetime that underlies the generic representations 
of quantum theory, as discussed in Ref. 5, and thus the metaparticle might be as 
ubiquitous as the concept of antiparticles which is demanded by the compatibility 
of relativity and quantum theory. The metaparticles also provide a natural route 
to the problem of dark matter. To lowest (zeroth) order of the expansion in the 
non-commutative parameter A, the effective action for the SM matter Lagrangian 
(Lm) and their duals (that could be interpreted as the dark matter Lagrangian 
Lam) takes the form 


Sa - - || VATE Em 3) + Lam(Ale,@)) 4°], Q3) 


where we have included the non-dynamical gravitational background. Note that 
after integrating over the “hidden variable” parameters č, we obtain an effective 
theory of visible and dual = matter in the observed spacetime z : 


=- [ vote) £)) + Lam (A(z)) +--+]. (24) 


Thus, the metaparticle can be understood as a generic message of string the- 
ory/quantum gravity for low energy physics. Like their visible particle cousins, dark 
matter quanta should be detectable through their particular metaparticle correla- 
tion/entanglement to visible matter. This is a Berry-phase-like effect that comes 
from a fully covariant description, and is uniquely different from the usual effective 
field theory interaction terms between visible and dark matter particles. We will 
discuss the observable consequences of this view of dark matter in the last section. 


5. Quantum gravity, dark matter and dark energy 


We now explain how the generalized geometric formulation of string theory dis- 
cussed above provides for an effective description of dark energy that is consistent 
with de Sitter spacetime. This is essentially due to the theory’s chirally and non- 
commutatively doubled realization of the target space, and the stringy effective 
action on the doubled non-commutative spacetime (x^, 1^) : 


w= f| maim (2,3 [R(z, ) + Lm (2,8) 4---] , (25) 


where the ellipses denote higher-order curvature terms induced by string theory, 
and Lm is the matter Lagrangian. Sz$ clearly expands into numerous terms with 
different powers of A, which upon z-integration and from the z-space vantage point 
produce various effective terms. To lowest (zeroth) order of the expansion in the 
non-commutative parameter A of Sz? takes the form: 


n JEV - 8G [RG) + ŘE] , (26) 
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a result which was first obtained almost three decades ago, effectively neglecting 
wap by assuming that [2^, 25] = 0.4° In this leading limit, the Z-integration in the 
first term defines the gravitational constant G, and in the second term produces a 
positive cosmological constant A > 0. In particular, we are lead to the following low- 
energy effective action valid at long distances of the observed accelerated universe 
(focusing on the relevant 3+1-dimensional spacetime X, of the + — — — signature): 


ose: ac | Va 1 1R+O(R)) , (27) 


with A the positive cosmological constant (corresponding to the scale of 107? eV) 
and the O(R?) denote higher order corrections (which are also required by the sigma 
model of string theory"). 

It also follows from this construction that the weakness of gravity is determined 
by the size of the canonically-conjugate dual space, while the smallness of the cos- 
mological constant is given by its curvature. Given this action, we may proceed 
reinterpreting Ref. 46. Integrate out the dual spacetime coordinates and write the 
effective action as 


Sw v | VERE) + , where P= | V0, (28) 
X X 


and then relate the dual spacetime volume to the observed spacetime volume as 
V ~V~! (T-duality). This produces an “intensive” effective action?? : 
—g(z) (R(x) + La(x 
MIT ECIGCORONM T 
Iz —9(2) 


By concentrating on the classical description first (we discuss below quantum cor- 


wl 


rections and the central role of intrinsic non-commutativity in string theory) we 
obtain the Einstein equations*® 

Rab ; Rgs H Tab IT =0 , with Tab = A m an Jab - (30) 
We emphasize that our reinterpretation of Ref. 46 does not follow the original 
presentation and intention. In particular, we directly relate the intensive action to 
the cosmological constant, S ~ A. Note that this new approach to the question of 
dark energy (viewed as a cosmological constant) in quantum gravity is realized in 


certain stringy-cosmic-string-like toy models,*® which can be viewed as illustrative 
of a generic non-commutative phase of F-theory.*® In particular, a “see-saw” formula 
is directly realized in Ref. 48 as M4 ~ M?/Mp, where My is the dark energy scale, 
Mp the Planck scale, and M an intermediate scale coming from the matter sector 
(such as the Higgs scale). 

Note that, in general, to lowest (zeroth) order of the expansion in the non- 
commutative parameter A, S7f takes the following form (that also includes the 
matter sector and its dual)?? : 


CE n g(a) g(a) [R(w) + R(E) + Lm(A(a, 2) + Lam(A(a,@))|. (31) 
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Here, A denotes the usual SM fields, and A denotes their duals. Note that after 
integrating over the dual spacetime, and after taking into account T-duality, the 
intensive action now reads 


g Sa VIORE) + Lm(a) + Lam(e)) | (32) 


i= —g(x) 
The proposal here is that the dual sector (as already indicated in the previous 
section) should be interpreted as the dark matter sector, which is correlated to the 
visible sector via the dark energy sector, as discussed in Ref. 12. (The radiative 
stability of this construction has been discussed in Ref. 50, which also addresses 
the hierarchy problem.) We emphasize the unity of the description of the entire 
dark sector based on the properties of the dual spacetime. Note that one can also 
discuss statistical effects in this view of dark energy and, in particular, provide an 


explicit formula for a dynamical form of dark energy?! that can be compared to 
cosmological observations. 


6. Coda: Quantum gravity phenomenology and the real world 


In conclusion, we discuss the implications of our new view on dark matter and dark 
energy in the context of actual astronomical observations. 


6.1. Observational issues 


The above metaparticle-like dark matter quanta are by construction correlated to 
visible matter and have been discussed in the literature as Modified dark mat- 
ter (MDM).!? MDM is, at the moment, a phenomenological model of dark matter 
inspired by gravitational thermodynamics. For an accelerating Universe with pos- 
itive cosmological constant A, certain phenomenological considerations lead to the 
emergence of a critical acceleration parameter related to A. This “fundamental ac- 
celeration" is just the value of A expressed as acceleration ^ cHo, where Ho is the 
Hubble constant, and thus, is of the order of 10! ^m/s?. Appearance of this accel- 
eration scale in the data is an expected manifestation of MDM, and its existence 
is observationally supported as discussed below. The resulting MDM mass profiles, 
which are sensitive to A, are consistent with observational data at both the galactic 
and cluster scales. In particular, the same critical acceleration appears both in the 
galactic and cluster data fits based on MDM.!? Furthermore, using some robust 
qualitative arguments, MDM appears to work well on cosmological scales. If the 
quanta of MDM are metaparticles, this may explain why, so far, dark matter de- 
tection experiments have failed to detect dark matter particles. In particular, the 
natural model for MDM quanta could be provided by the metaparticle realizations 
of the SM particles, associated with bi-local extensions of all SM fields. Thus the 
baryonic matter described by the SM fields (the A backgrounds in the above discus- 
sion) would have natural cousins (the A backgrounds in the above discussion) in the 
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dark matter sector, which in turn would be sensitive to the dark energy modeled by 
the cosmological constant A ~ 1/ Hg, that is, the curvature of the dual spacetime, 
which is radiatively stable and related to the Planck energy and the characteristic 
energy scale of the visible sector Ma  M?/Mp. 

The importance of the fundamental acceleration 10^ !?m/s? is manifest in 
the empirically established baryonic Tully-Fisher?? (BTF), and baryonic Faber- 
Jackson?^ (BFJ) relations. The BTF relation refers to the observed correlation 
between the total baryonic mass of spiral galaxies Mya; and the rotational velocity 
in the flat part of the rotation curve vga, of the form Mya, ~ US s The slope of 
the BTF relation gives the fundamental acceleration vd /(GMya;) ~ 10719?m/s?. 
'The relation for elliptical galaxies and other pressure supported systems that par- 
allels the B TF for spirals is the BFJ relation between Mya, and the line-of-sight 
velocity dispersion c of the form Mya, ~ c^. When fit to data of various pressure 
supported systems, the best fit to the power n was found to be anywhere from 
about 3 to 5 depending on the scale of the systems considered. However, when the 
data for globular clusters, elliptical galaxies, galaxy clusters, etc. are all analyzed 
together, the preferred power is n — 4, though the data does show considerable 
scatter around this line.??:5?:56 Furthermore, the slope of the n = 4 BFJ fit again 
gives the fundamental acceleration o4/(G Mya) ~ 107!°m/s?. 

According to the ACDM model of cosmology, our Universe started out with al- 
most uniform distributions of cold dark matter (CDM) and baryonic matter. Conse- 
quently, a correlation between the total dark matter and total baryonic matter in a 
region surrounding a galaxy is to be expected in the ACDM model. However, given 
that galaxies are thought to have gone through various phases including starbursts, 
emission of gasses, and multiple mergers during their evolutionary histories, a dy- 
namic correlation such as the BTF and BFJ relations involving the fundamental 
acceleration scale is surprising. The question is: what do these correlations imply 
on the nature of dark matter? What type of dark matter would be able to explain 
these relations? 


6.2. Analogy with turbulence 


Given that the temperature fluctuations in the Cosmic Microwave Background have 
been observed to be scale invariant?" and assuming that dark matter (whether tra- 
ditional or metaparticle) is collisionless, then an analogy with Kolmogorov's theory 
of turbulence may be instructive.°® 

In the so-called inertial range of the turbulent fluid, i.e. at length scales L where 
the viscosity of the fluid can be neglected, the dynamics of vortices is determined 
solely by the rate of energy dissipation e, and if one writes (KE) — f dk E(k), where 
(KE) is the mean turbulent kinetic energy of the flow and k — 2z/L is the wave 
number, simple dimensional analysis yields the famous Kolmogorov scaling relation 
E(k) x &?/5k-5/5. which has been confirmed experimentally. The length scale 7 
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below which viscous effects become important, called the Kolmogorov microscale, is 
the boundary of the inertial region. Again, from dimensional analysis, it is argued 
that n x (1?/2)!/4^, where v is the kinematic viscosity. Essentially, the scale 17 is 
determined by the competition between £ and v. Note that this argument assumes 
that there is no other dimension-ful scale in the problem other than these two 
parameters. 

In the case of structure formation in a statistically self-similar (i.e. scale in- 
variant) Universe, the two competing effects would be attraction due to gravity, 
parametrized by G, and the speed of the expansion of the Universe H(z) = à/a, 
where z is the redshift. The scale of the structures that form at redshift z should 
be determined by G and H(z). Now, consider the size Ry, of a virialized structure 
of total mass M. We expect (v?) ~ o? ~ GM/ Ri. The gravitational acceleration 
at the edge of this structure is ay; = GM/R?,, ~ o^/(GM). Thus, the scale of the 
structure Rvir can be characterized by this acceleration scale ayir. From dimensional 
analysis a la Kolmogorov we expect ayir ~ o4/(GM) x cH (z), which is analogous 
to the n = 4 FJ relation except 1) M is the sum of the dark matter mass and the 
baryonic mass, 2) dark matter halos are not necessarily virialized, 3) the propor- 
tionality constant may not be order one, 4) the z dependence of H(z) suggests that 
o*/(GM) will depend on the redshift z at which the structures formed, and 5) in 
actuality, there are many other scales present. Nevertheless, this simple handwaving 
argument does suggest a possible path toward the BFJ, or a BFJ-like relation. Note 
also that metaparticle quanta are sensitive to both the UV (G, the Planck scale) 
and the IR (H(z)), suggesting that they may provide the linchpin connecting those 
scales, and the crucial ingredient in constructing a dark matter model that could 
realize this scenario. 

One intriguing prediction of the above discussion is the possible z-dependence of 
o*/(GM). Replacing M by Mpar should not erase this dependence. Dimensionally, 
o^ /(G Mya.) should scale as (1 + z). Galaxy clusters have formed recently (z < 1), 
galaxies have started to form at around z ~ 10, and globular clusters at around 
z ~ 102.99 So if ¢4/(GMbpar) is around 1071? m/s? for galaxy clusters, it should be 
around 107? m/s? for galaxies, and 1078 m/s? for globular clusters. In Fig. 1 we plot 
o*/(GMbpar) for a variety of structures. As can be seen, the galaxy cluster data points 
are clustered around 10^? m/s?, while the galaxy data points are spread out in both 
directions and go up as far as 107? m/s?, and the globular cluster data are spread 
out even further and go up as far as 10^? m/s?. One interpretation of this result 
is that galaxies and globular clusters started out with characteristic accelerations 
of O(107? m/s?) and O(107? m/s?), respectively, but have migrated to lower values 
as they went through various stages of evolution, resulting in distributions centered 
around 1071? m/s? (in the log scale). This possibility had not been manifest in 
previous BFJ analyses which had always plotted o^ against Mpar, demonstrating 
that a simple change of perspective can open up new vistas. 
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Fig. 1. The virial acceleration for structures spanning about 10 decades of scale M/Mọo = 101714, 


The data points are: e galaxy clusters,9? + elliptical galaxies,®! 6? x elliptical galaxies,99:64 o el- 


liptical, dwarf elliptical, and dwarf spheroidal galaxies,9? o Milky Way globular clusters,96 0 M31 
(Andromeda) globular clusters.97 


6.3. Closing remarks 


In this paper, we propose that the BFJ relation could be explained by metaparticle- 
based, or similar MDM models. We are, however, mindful that it could well be 
explained by more conventional means. Indeed, Kaplinghat and Turner® have pro- 
vided a scenario on how the BTF relation may emerge from ACDM, though we are 
unaware of a similar work on the BFJ relation. MDM models, though suggestive, 
are lacking in similar concrete scenarios that would connect the models to the BFJ 
relation; a direction of research we intend to pursue. 

This concludes our presentation of the new approach to quantum gravity (based 
on modular spacetime, Born geometry and metastring theory) and quantum gravity 
phenomenology in the context of dark matter and dark energy and actual astro- 
nomical observations. 
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The problem of time emerging in the canonical quantization procedure of gravity signals 
a necessity to properly define a relational time parameter. Previous approaches, which 
are here briefly discussed, make use of the dependence of the quantum system on semi- 
classical gravitational variables in order to define time. We show that such paths, despite 
the following studies, lead to a non-unitary evolution. We propose a different model for 
the quantization of the gravity-matter system, where the time parameter is defined via 
an additional term, i.e. the kinematical action, which acts as a clock for quantum matter. 
The procedure here used implements a Born-Oppenheimer-like separation of the system, 
which maintains covariance under the foliation of the gravitational background and keeps 
the correct classical limit of standard quantum field theory on a fixed background. It is 
shown with a WKB expansion that quantum gravity corrections to the matter dynam- 
ics arise at the next order of expansion, and such contributions are unitary, signaling 
a striking difference from previous proposals. Applications to a cosmological model are 
presented and the analogies of the kinematical term with an incoherent dust are briefly 
discussed. 


Keywords: Quantum Gravity; Quantum Field Theory; Born-Oppenheimer approach; 
Cosmology. 


1. Introduction 


A suitable quantum description of the gravity-matter system is necessary in order 
to describe the Universe and its early phases. An important requirement for this 
purpose is the quantization of the gravitational field, which has opened a debate 
leading to many approaches and outcomes. The first candidate for this procedure is 
the Dirac prescription, which leads however to the problem of time?: the Universe 
wave function does not evolve on time, hence a probabilistic interpretation is not 
clear. For this reason a different clock must be introduced?:?: essentially, we have 
to define a relational time* in order to describe the quantum system dynamics, 
adopting a subpart of the system as a clock through carefully chosen boundary 
conditions. 

A first step in this path was proposed in,? by separating the system into a 
semiclassical component and the purely quantum sector due to their different energy 
scales, in analogy with the Born-Oppenheimer approximation.® The external time 
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was introduced via the dependence of the quantum subsystem on the semiclassical 
variables and, with a Wentzel-Kramer-Brillouin expansion’ (WKB) in the Planck 
constant, the limit of standard quantum field theory on curved background was 
recovered at the first order, together with a positive-semidefinite probability density 
under certain conditions (see the original article? for such discussion). 

Other models,® !? which differ for the choice of expansion parameter and initial 
conditions, have been studied focusing on the next order of expansion. The work? in 
particular dealt with computing quantum gravity induced corrections to the quan- 
tum matter dynamics, finding that non-unitary terms emerge. The workaround,!? 
proposed to avoid such troublesome feature, cannot be applied in many contexts 
due to the strict initial requirements (see discussion in'!). The work? followed more 
closely a Born-Oppenheimer approach on the problem, in order to define a con- 
served probability density; also in this case, however, it can be shown via the WKB 
expansion that the Hamiltonian operator describing the system dynamics is not 
unitary at the next order.!! 

Here we shall present a different implementation of the gravity-matter system, 
that ensures the standard limit of quantum field theory on curved background, with 
an expansion parameter proportional to the squared Planck mass (symbolizing the 
energy scale of gravity). The time parameter will not be linked to the dependence 
of the quantum sector on the semiclassical variables, but instead arise from an ad- 
ditional Hamiltonian term, i.e. the kinematical action,!? that reinstates covariance 
of the theory in Arnowitt-Deser-Misner (ADM) variables!? for assigned foliations. 
'This term, together with the definition of the deformation vector, will allow us to 
obtain a functional Schródinger equation for the quantum matter sector and, at the 
next order, a unitary dynamics including quantum gravity corrections. 

An application will be shown for the case of the homogeneous free massless 
scalar field in a spatially flat Friedmann-Lemaitre-Robertson-Walker background, 
representing the inflaton field during the de Sitter phase; in this case such quantum 
gravity corrections indeed modify the Hamiltonian spectrum, with non-vanishing 
but small contributions due to the perturbative nature of the approach. 

An important analogy is also discussed, linking the introduction of the kinemat- 
ical action to the frame fixing procedure using Gaussian coordinates,!4^ that emerge 
as a fluid term (more specifically, an incoherent dust) in the action, and showing 
how the two procedures are related. 

'The structure of the paper is the following. In Sec. 2 we will briefly introduce the 
WKB expansion of the gravity-matter system, discussing the mentioned approaches 
in literature and their outcomes. In Sec. 3 we propose a model constructing the time 
parameter from the kinematical action and show that its WKB expansion gives a 
unitary dynamics for the quantum matter sector at the order next to standard 
quantum field theory. In Sec. 4 the procedure is applied to a case representing 
the homogeneous inflaton field, in order to analyze the outcome in a cosmological 
view. In Sec. 5 the analogy of such construction with the frame-fixing procedure is 
presented. Sec. 6 contains the conclusive remarks. 
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2. Main features of the WKB expanded gravity-matter system 


'The starting point for the study of quantum gravity effects is the quantization of 
the gravitational field. It is known that, following the Dirac prescription,! one finds 
a time-independent Schródinger equation which describes no evolution in time: the 
equation, known as the Wheeler-DeWitt? equation, is the essence of the so-called 
problem of time.? Then, in order to overcome such problem, one has to define a 
relational time parameter, meaning that a selected subsystem must be chosen as 
a new, different clock to describe the evolution. 

Let us briefly recall how this critical result emerges. We start with the foliation of 
space-time proposed by Arnowitt, Deser and Misner!?: we identify 3d hypersurfaces 
immersed in the 4d spacetime environment by using some parametric equations, 
and derive the induces properties of such hypersurfaces from the environment ones. 
We label the induced 3d metric with the tensor hij, and the normal vector field 
with n^. Using these variables, one can compute the Hamiltonian formalism of the 
gravitational field, finding primary and secondary constraints on the wave function 
of the system.!? It follows that the wave function depends only on the equivalence 
class of the induced geometries {h;;}, and on the matter fields ¢, if present. Due to 
the superHamiltonian constraint, the action of the superHamiltonian on the system 
wave function must vanish: 


2h? (3) h2 
HW = ( Roe VAR v2, 4 1) y-0 (1) 


Vh 4 2k Wh ™ 


where h refers to the determinant of the induced metric, R(? to its curvature, & 
is the Einstein coefficient k = 8rG/c? and u(hij, $4) is the total potential energy 
of the matter fields. The gradients V, and Vm indicate respectively the derivatives 
with respect to the gravitational and matter variables. 

This result is troublesome since it implies the problem of time,? where the asso- 
ciated Schródinger equation states that the Universe wave function does not evolve 
in time at all. It follows that another time parameter? should be implemented in 
order to describe a non-trivial, meaningful dynamics. 

A semiclassical approach can be implemented in this sense. By following the 


7 


Wentzel-Kramer-Brillouin expansion,’ we write the system wave function as the 


complex exponential e/5/^ and expand it with a chosen parameter, examining the 
dynamics order by order. The choice of parameter will determine the range of va- 
lidity: it can be chosen as the Planck constant h, or related to the inverse of the 
Einstein coefficient &, i.e. proportional to the square of the reduced Planck mass 


(here labeled mp): 

1 u C (mpi)? (2) 
Ack 4 ` 
Although different parameters can be implemented, these two cases present inter- 
esting results and therefore will be discussed in this paper. 
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The works under examination*? differ from each other in few but fundamental 
starting hypotheses; let us briefly discuss them in the following. 


2.1. Expansion in h 


In the A — 0 expansion,” the variables are separated into semiclassical c and quan- 
tum ones q, so that Eq. (1) reads 


(-h^V2 + U.(c) — V2 + Us(e, q)) V(c, q) = 0, (3) 


where the operator He is obtained neglecting all the quantum variables and Ue, Ug 
are respectively the semiclassical and quantum sector potentials. 

The first assumption states that the action of the quantum Hamiltonian on the 
system wave function V is small with respect to the semiclassical one: 


Hy _ 

AW 
Secondly, it is assumed that the semiclassical and quantum subspaces are orthogo- 
nal; stronger requirements are needed in order to perform the expansion after the 
quantum mechanical order O(A) (see discussion in!!). 


These assumptions allow a clean factorization of the action, which is imple- 
mented at each order of expansion after the first one: 


O(h). (4) 


Sn = n(c) +mleg), n21 (5) 
so that 
S=%9+P+Q with P(c)=S hon, Q(cq) =X Am, (6) 
n=1 n=1 
being the term So at lowest order O(A?) purely classical. This factorization is re- 
flected in the wave function: 
V(c, g) = v(c)x(c, a) = eGo* PIF gin. (7) 


where the background part ~(c) is assumed to satisfy the semiclassical part of the 
Wheeler-DeWitt equation: 


(-R^V? +U.) yle) = 0. (8) 


Expanding up to order h, a functional Schrödinger equation is recovered for the 
quantum subsystem x, in the background given by the semiclassical variables: 


Ox1 


inne = Haxi, (9) 
with the following definition of time derivative 
o 
— = 2 Ve S0: Ve. (10) 


ÓT 
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This implementation describes a non-trivial dynamics (Eq. (9)) and allows the def- 
inition of a positive-semidefinite probability density, with suitable requirements on 
the background foliation, so that the standard interpretation of the wave function 
for a small subsystem of the Universe is recovered. 

It shall be noted that in this process the semiclassical variables, from which the 
time parameter is constructed, have been essentially treated as classical ones. At 
the next order of expansion O(h?), not present in the original work, the quantum 
properties of the background should start to influence the quantum subsystem. 
By continuing the calculation,!! it can be seen that some correction terms to the 
quantum dynamics emerge: 

i oxe = Hyx2 — (AR? Vor: Ve + h? V2) xa. (11) 
It is straightforward to prove that these additional terms, which are attributed to 
the non-purely classical behavior of the background, are not unitary, thus presenting 
us a crucial point of discussion. 


2.2. Expansion in M x G 


The work? uses the parameter M defined in Eq. (2) for the expansion. Being it 
representative of the Planck scale, this choice implies that the lowest order will only 
see gravity and not the matter sector, describing a vacuum Universe in the limit 
M — oo. Eq. (1) becomes then: 


R? o 
where Hm contains all the matter terms. The wave function is factorized in a sim- 
ilar matter (see Eqs. (5),(6)) into a gravitational function and a matter one, each 
expanded with the WKB method: 


V(g, m) = v(g)x(m; g) = e(M5o* P)/^ iR, (13) 


where the action at the lowest order (pure gravity) is of order M. 

Similarly, a time-dependent non-trivial Schródinger equation (see Eq. (9)) for 
the matter sector is obtained, defining again time from the dependence on the 
semiclassical gravitational variables: 


9 
ÓT 


'The authors also investigate the next order of expansion, finding that the quantum 


= V, So: Vs. (14) 


matter dynamics is described by: 


ð : ih n2 
in = Ayxo- (Zvu -Vg + zi) x2; (15) 


presenting non-unitary terms. 
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Cosmological implications of such a result were presented in.!ó A possible 
workaround for the issue developed by the authors in,!? which eliminated the non- 
Hermitian part of the matter Hamiltonian by suitable redefinitions of the wave 
functions in the product V = wy, is not applicable to many cases (see discussion 
in!) due to the basic assumptions implemented, thus leaving the problem of how 
to deal with non-unitarity. We stress that both definitions of time (see Eqs. (10), 
(14)) make use of the dependence of the quantum subsystem on the background 
semiclassical variables. 

It is essential to cite the work,? which applied a procedure more similar to the 
Born-Oppenheimer method, by subtracting to the initial Eq. (1) its average over the 
quantum function x. However, once WKB expanded in the M parameter, with a 
similar time definition as in Eqs. (10), (14), the total quantum Hamiltonian operator 
still presents a non-unitary morphology.!! 


3. A different definition of time via the kinematical action 


We have seen that the previously mentioned definitions of relational time, using the 
dependence on the semiclassical variables, give a non-unitary matter Hamiltonian 
operator due to quantum gravitational corrections (Eqs. (11), (15)). This result 
seems a direct consequence of such construction, even with different expansion pa- 
rameters (we refer for this point to Ssec. 4.1 of the mentioned article! ! ). 

For this reason we here propose a different construction, which implements the 
kinematical action!? into the theory as a clock for quantum matter. 


3.1. The kinematical action 


The kinematical action, first introduced in,!? is an additional action term used to en- 
sure some constraint equations of a quantum system, in analogy with a Lagrangian 
multiplier. We remind that, in the Hamiltonian formalism, gravity presents both 
primary and secondary constraints!?; the components of the deformation vector of 
the ADM splitting!’ 


N" = dy" = Nn" + N'D” 16 
y i 


play the role of the Lagrangian multipliers for the secondary constraints. 

When a specific splitting is assigned, however, the components N and N’ still 
appear in the action of the quantum field theory as multipliers, but their initial 
meaning as components of the four-vector N^ is not evident. To recover this, the 
kinematical action in ADM variables can be inserted: 


Sk = nm = N'p,), (17) 


where y" = y(x';x°) are the coordinates defining the parametric equations of 
the hypersurfaces, and p” are the conjugate momenta. Inserting this term into the 
action, some additional equations of motion appear by variations of y^, p, and N^: 
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these equations ensure!” that the momenta p, are trivial and recover the physical 
meaning of the deformation vector N^ as in Eq. (16). 

Additional contributions also emerge in the Hamiltonian formalism to the su- 
perHamiltonian and supermomentum functions: 


H* = n" py, E (18a) 
HE = Vp, (18b) 


which are linear in the conjugate momenta, a feature which is crucial in order to 
construct the time parameter of the theory. 


3.2. Basic hypotheses and conditions 


Let us now start with a Born-Oppenheimer-like separation of the wave function: 


Wha, Q, y") = v(ha)x(ó, y"; ha) (19) 


where % is the slow gravitational sector, and x the fast quantum one. We are 
considering the kinematical action as a matter term, regarding its variables as fast. 
'This choice ensures the correct limit at the order of standard quantum theory on 
curved background. 

As stated in,? since the matter fields live at an energy scale much lower than 
the Planck scale, we can reasonably assume that the slow function satisfies the 
semiclassical Wheeler-DeWitt equation, as in Eq. (8). For the sake of generality, we 
will not work in the minisuperspace, so that supermomentum constraints are not 
automatically satisfied. With the same reasoning we assume that the slow function 
satisfies the gravitational supermomentum constraint: 


2 
[-2 (v3 +9-¥,) ev] v=o, (20) 


2ih h;D- Vqv — 0. (21) 


By insertion of the kinematical action, the equations satisfied by the total wave 
function V are: 


h? 2 202 pO 
l-zu (Vig: Vg) - MV - Ri VÀ +Un| Y= ihn E (22) 
(2h; D- Vg — i$: V4) ihi Dog. (23) 
ôy! 


We implement M, defined in Eq. (2), as the expansion parameter, so that the 
perturbative approach will be valid for fields with small associated energy with 
respect to the Planckian one. Formally, this property can be stated as the smallness 


of the ratio 
xlo, y; ha) | (zr) 
Hé) — \M ia 
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and the adiabatic approximation also implies the smallness of the variation of the 
fast wave function with respect to the slow variables: 


ô 
gi xoti) so (3). (25) 


3.3. Emerging dynamics for the gravity-matter system 


The model can now be expanded following the WKB method. At the first order 
O(MT1), it is clear that only gravitational terms survive, recreating the gravitational 
Hamilton-Jacobi equation 


1 
gVaSo: VgSo +V =0 (26) 


which ensures the classical limit of General Relativity. This is an intrinsic property 
of the expansion due to the choice of parameter, which selects the Planck scale. 

Following the expansion, at O(M?) both the gravitational and the matter sector 
are present. Making use of the gravitational constraints (20), (21), the equation for 
the matter wave function at this order (here labeled xo) is found: 


T E 3 ‘i iu Ô A 
ins-xo sin f d x (Nn +N M) gyr xo = Hoo (27) 
where the operator H is the matter Hamiltonian up to this order, defined combining 
both the matter superHamiltonian and supermomentum functions: 


H(e) = ve Bx (vam + Nip) (e). (28) 


Eq. (27) has been rewritten as a functional Schródinger equation through an 
integration over the spatial hypersurfaces and an appropriate definition of the time 
derivative, using the definition of the deformation vector (16). The striking difference 
from previous works is that, in this case, time comes from the kinematical action 
which plays the role of clock in the theory, instead of the dependence from the slow 
gravitational variables. 

The next order of expansion O(4) gives for the matter wave function x, now 
enclosing the contributions up to this order, the following: 


ô ^ 1 
Xx = Hx «f da Lv, - (-ihV gx) — 2N* AyD - (ici) 1 . (29) 
T x 
It can be shown" that the additional terms in Eq. (29) are unitary. This prop- 
erty, together with the smallness of such contributions coming from the initial adia- 
batic assumption (25), make this model an acceptable one for investigating quantum 
gravity effects on the matter dynamics. 
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4. Dynamics of a cosmological scalar field 


Let us now consider an homogeneous Universe filled with a free massless homoge- 
neous scalar field, and with a cosmological constant A > 0, a setup similar to.!Ó 
'This model reproduces the inflationary scheme during the de Sitter phase, since 
the kinetic term of the scalar field stands for the kinetic term of the inflaton one, 
which can become important towards the Planck scale, and the cosmological con- 
stant accounts for the almost constant potential during that phase. We now apply 
the model described in the previous section to this simple case in order to infer the 
effect of the corrections computed in Eq. (29) to the Hamiltonian spectrum of the 
scalar matter field. 
The background is given by a Robertson-Walker metric: 


ds? = N?dt? — a(t)? (da? + dy? + dz?) (30) 


with Ricci scalar: 


.. . 2 
Res E + =) (31) 
ca a 

where a is the cosmic scale factor. The shift vector N* (see Eq. (16)) cannot be 
included in the metric since it would violate isotropy of the model. 

Since we are considering the homogeneous case, choosing the ADM foliation 
such that the normal vector field is n^ = (1,0,0,0), it is easy to see that the only 
surviving contribution of the kinematical conjugate momenta is 


Po = ine (32) 
where the constructed time parameter, here labeled as T', coincides with the syn- 
chronous time!’ hence N = 1. 

Following the steps in Sec. 3, the total wave function of the system will satisfy 
the gravitational superHamiltonian constraint (20) and the total superHamiltonian 
constraint (22). The second one, after integration over a proper portion of space, 
i.e. the fiducial volume Vo, gives: 


1 2 2nGc? 2 
T T 
Wai ? 3Voa ? 


Vo 
8rG 


(Hgrav + Ho + Hein) Y = ( Aa? +po) Vy (33) 
and analogously for the gravitational constraint. The contribution of the supermo- 
mentum is canceled due to the condition N* = 0. 

In order to proceed with the expansion, the Einstein constant has to be rewritten 
in terms of the chosen parameter M defined in Eq. (2). Then, the system composed 
of the two constraints can be expanded order by order as presented in Sec. 3. 

The gravitational constraint equation gives solutions for the functions So, Pi, P2 
of the gravitational wave function up to order O(1/M), following the separation in 
Eq. (13). Implementing these solutions, the total constraint gives at order O( M?) 
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the ordinary Schródinger equation for the scalar field: 


ô x 
ih Ll] )-X-—H 34 
Wh ynx = Hx (34) 
where we have taken Vo — 1. 

The corrections emerge at the next order O(1/M). After plugging the gravita- 
tional solutions into the total constraint equation, we switch to the time parameter 
T such that dr = ag and we pass to the Fourier space, so that the dynamical 
equation for the scalar field becomes: 

OX R28 ka (-T)? . 


ine, = — a ge GEN 


(35) 


where the matter Hamiltonian (given by the standard kinetic term of the free field) 
is indeed corrected by the additional term related to ka, which is the eigenvalue of 
the conjugate momentum 7, of the scale factor a. 

The solution for the matter wave function is 


ES : 27/8 
ite T +i Cn 


X-e TAS (36) 


where p is the conjugate momentum with respect to the scalar field ¢. 

The solution (36) can be used to construct a wave packet and infer the magnitude 
of the spectrum modifications. It is important to stress that, passing from Eq. (33) 
to Eq. (35), the momentum ka and hence the cosmic scale factor maintain their 
quantum nature: for this reason we do not insert the classical limit a(T) of the 
background metric, but we leave a as an intrinsic quantum variable. We also remind 
that, due to the initial assumptions (see in particular Eq. (24)), the range of validity 
of the expansion is — i5 < ka < 4. 

Numerical analysis of the corrected Hamiltonian spectrum has been computed 
by considering a Gaussian wave packet in a,@ constructed with the solution in 
Eq. (36). The results of the analysis show small corrections as expected from the 
hypotheses of the theory, since the quantum contributions are considered of order 
O(1/M). 


5. Analogy with the frame fixing procedure 


An interesting observation should be made regarding the procedure we followed. In 
a later paper,!^ the authors fix the reference frame of a gravity-matter system by 
inserting an additional term to the action, which resonates with the kinematical 
action insertion developed years before from one of the authors.!? We do not show 
the detailed calculations here, reporting only the key points of such procedure and 
why it is connected to this work. 

The chosen coordinates for their procedure are the Gaussian ones g% = 1, 
g% = 0, implemented with Lagrange multipliers M, M; into the action with an 
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additional term, that is written in a parametrized form as: 
1 = . 
SF = i d*z |- 5 Mv=ala".TO5T —-1)2-M,y-g(g^"O,TOaX*)| , (37) 
x 


where X*, T are the Gaussian coordinates and z^ are the new variables ( ^param- 
eters”) associated to the metric gag, so that coordinate transformations on the z? 
are allowed. 

The authors prove that such term (37), corresponding to the choice of reference 
system, materializes into the theory as a fluid, more precisely as an incoherent dust 
with energy tensor: 


T^ 2 MU*U? with U* = g° OeT (38) 


and with positive-definite energy as long as M > 0. 

Again, going to the order of quantum matter, a Schródinger equation emerges 
with time coinciding with the parameter T of the Gaussian frame. This means that 
the emergent fluid plays the role of clock for quantum matter, in a way which is 
very similar to the kinematical action implementation. 

Starting from the action with the “emergent fluid term", we can implement the 
same WKB expansion as explained in Sec. 3. We obtain that, in the minisuperspace, 
such procedure gives at the order O(1/M) quantum gravity corrections which are 
isomorphic to those of Eq. (29). 

'This result has an immediate explanation. In the minisuperspace, one can choose 
the ADM foliation such that n” = (1,0), consequently the parametric equations in 
(17) give y? = T, y! = Xt; this means that their time derivative becomes 


~- ôT 
Oy" > by? = T = x (39) 
It is clear that, in the minisuperspace and with a specific foliation, the kinemati- 
cal action exactly reduces to the "reference fluid" emerging from the Gaussian refer- 


ence frame fixing of Eq. (37). In this sense, the two implementations are equivalent. 


6. Concluding remarks 


'The semiclassical WKB expansions of the gravity-matter system presented in the 
works here cited? 19 encounter some problems when the canonical quantization 
procedure is applied and a time parameter is recovered from the dependence of the 
quantum system on the semiclassical variables. We have shown that the expansion 
performed in? with parameter fi describes a non-unitary quantum matter dynamics 
at the next order, as seen in Eq. (11). A similar result already emerged in the 
work,® see Eq. (15), which was later modified with an ad-hoc procedure!?; however 
the basic assumptions of that workaround cannot be satisfied in many cosmological 
models, thus requiring a different procedure. 

Even dealing with an approach more similar to the Born-Oppenheimer one,? 
after the WKB expansion, it seems that non-unitary terms for the matter sector 


4157 


dynamics do not emerge, but the theory cannot be set by means of a general Hilbert 
product (see discussion int’), 

The previous results signal a necessity to define the relational time in a different 
way, not using the dependence from the gravitational variables, which have an 
intrinsic quantum component due to the WKB limit. For this reason a different 
construction of the gravity-matter system has been implemented, where both the 
WKB expansion and the adiabatic approximation have been used, but with the 
core difference that time has been constructed from the the kinematical action. 
The utility of such term, defined in Eq. (17), in quantum field theory on a given 
background is to recover covariance under ADM foliation, since the deformation 
vector is assigned due to an a priori choice of the reference system. 

Thanks to the additional contributions (see Eqs. (18a)-(18b)) coming from the 
kinematical action, we have recovered a dynamics described by linear constraints 
in the conjugate momenta (Eqs. (22), (23)) and covariant under choice of an ADM 
foliation. The momenta p,, associated to the kinematical variables y^, after the quan- 
tization procedure, are a strong candidate for the definition of a time parameter. 

By performing the WKB expansion in the parameter M defined in (2), we 
have obtained at the highest order the Hamilton-Jacobi equation (26) for grav- 
ity, which is equivalent to the Einstein equations in vacuum.!? At the next order, 
with the definition in Eq. (27), we have recovered at the zero-th order a functional 
Schródinger equation which corresponds standard quantum field theory. Finally, at 
order O(1/M), the corrections arising from quantum gravity to the quantum matter 
sector dynamics have been computed, showing that the additional terms in Eq. (29) 
are unitary. Although the obtained corrections are small by construction, they sug- 
gest a new investigation tool to evaluate how a non-standard dynamics of quantum 
field theory behaves, when examining energies small with respect to the Planck 
scale. We have shown in Sec. 4 that such modifications give a non-zero contribution 
to the Hamiltonian spectrum of the scalar matter field in a cosmological setting. 

We have shown in Sec. 5 the comparison between the kinematical action insertion 
and the reference frame fixing procedure.!^ Setting the problem in the minisuper- 
space and choosing a specific ADM foliation, the parametric equations giving the 
kinematical variables directly correspond to the Gaussian coordinates of the frame 
fixing procedure. Then, it is clear that the kinematical action in this case is equiv- 
alent to the choice of the reference system, that clearly emerges as a fluid in the 
theory. This analogy provides a starting point for a deeper understanding and future 
analysis on the presented model. 
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Noncommutative geometry is one of the quantum gravity theories, which various re- 
searchers have been using to describe different physical and astrophysical systems. How- 
ever, so far, no direct observations can justify its existence, and this theory remains 
a hypothesis. On the other hand, over the past two decades, more than a dozen over- 
luminous type Ia supernovae have been observed, which indirectly predict that they orig- 
inate from white dwarfs with super-Chandrasekhar masses 2.1 — 2.8 Mo. In this article, 
we discuss that considering white dwarfs as squashed fuzzy spheres, a class of noncommu- 
tative geometry, helps in accumulating more mass than the Chandrasekhar mass-limit. 
The length-scale beyond which the effect of noncommutativity becomes prominent is 
an emergent phenomenon, which depends only on the inter-electron separations in the 
white dwarf. 


Keywords: Noncommutative geometry, white dwarfs, type Ia supernova, mass-limit. 


1. Introduction 


Noncommutative geometry, a theory of quantum gravity, has been used for many 
decades to explain physical systems. Riemann quoted in 1854 that “... it seems that 
empirical notions om which the metrical determinations of space are founded, the 
notion of a solid body and a ray of light cease to be valid for the infinitely small. 
We are therefore quite at liberty to suppose that the metric relations of space in 
the infinitely small do not conform to hypotheses of geometry; and we ought in 
fact to suppose it, if we can thereby obtain a simpler explanation of phenomena 
...”. In 1930s, Bronstein, using Heisenberg uncertainty principle and the features 
of Einstein's general relativity (GR), first argued that gravitational dynamics does 
not allow to measure arbitrarily small spacetime distances, concluding that the 
notions of classical Riemmanian geometry should be duly modified. The formalism 
of a fuzzy sphere, first introduced in 1992,! was later modified to show equivalence 
between noncommutativity (NC) and Landau levels in the presence of magnetic 
fields.? Moreover, NC alters the spacetime metric,? which results in shifting the 
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event horizon and removing the essential singularity at the center of a black hole.* 
etc. Unfortunately, there is no direct way to confirm the existence of NC like most 
of the other quantum gravity formalism, which compels it to remain a hypothesis. 

In astrophysics, a white dwarf (WD) is the end state of a star with mass 
S (10x 2) Mo. Chandrasekhar showed that the maximum mass of a carbon-oxygen 
non-magnetized and non-rotating WD is about 1.4Mo.° Above this mass-limit, 
they burst out to produce type Ia supernovae (SNeIa) with nearly similar lumi- 


nosities. However, observations of various peculiar over-luminous SNe Ia, such as 
SN 2003fg, SN 2006gz, SN 2007if, SN 2009dc, and many more, suggested that they 
were originated from super-Chandrasekhar WDs with mass 2.1—2.8 Mc.9'" Over the 
years, different models including rotation, magnetic fields, modified gravity, ungrav- 
ity effects, generalized Heisenberg uncertainty principle, to name a few, have been 
proposed to explain these massive WDs. However, since these super-Chandrasekhar 
WDs have not been observed directly, no one can single out the correct theory 
so far. 

This article shows that the squashed fuzzy sphere algebra can quantize the 
energy dispersion relation, which further alters the equation of state (EoS) of the 
degenerate electrons present in a WD, resulting in the increase in mass of the 
WD beyond the Chandrasekhar mass-limit. It also discusses that the length-scale 
below which NC is prominent depends on the inter-electron separation. Hence, the 
inference of super-Chandrasekhar WDs can indirectly predicts the existence of NC 
in high-density regimes. 


2. Squashed fuzzy sphere and equation of state 


'The formalism of a fuzzy sphere is analogous to the angular momentum algebra 
in ordinary quantum mechanics, where the position coordinates mimic the angular 
momentum variables. In an N-dimensional irreducible representation of SU(2) group, 
the commutation relation for the coordinates of fuzzy sphere, X; (i=1,2,3), is given 
by! 


kh 
[Xi, Xj] = i €ijkXk, (1) 


where k = 2r?/h/N2 — 1, h = h/2n, h is the Planck constant and r the radius of 
the fuzzy sphere. 

A squashed fuzzy sphere is a simple geometrical construction obtained from 
the fuzzy sphere by projecting all the points to an equatorial plane as shown in 
Figure 1. The equatorial plane can be in any direction, and for illustration, we show 
the X; — X» plane. Using the above relation, the commutation relation for this 
squashed fuzzy sphere is given by? 


NT NP a a 
[X1, Xə] Fes as r? — X? — X2. (2) 
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X; 


Fig. 1. An illustrative diagram of a squashed fuzzy sphere which is obtained by projecting all the 
points of the fuzzy sphere on an equatorial plane. 


Note that NC vanishes at the surface of the sphere. The square of the quantized 
energies in a squashed fuzzy sphere, obtained from the Dirac operator, is given by? 


Fim = (I 4-1) - m(m x 1)), (3) 


where c is the speed of light and l, m are the quantum numbers with | taking all 
the integer values from 0 to N — 1 and m taking all the integer values from —I to l. 
Moreover, the relations between the Cartesian and spherical polar coordinates are 
X; =rsin@cos¢ and Xə = rsinOsin ¢. Therefore, from Equation (2), the squashed 
fuzzy sphere algebra in spherical polar coordinates is given by 


kh 
[sin 6 cos ¢, sin 0 sin 9] = +i—z cos 0. (4) 
T 


A squashed fuzzy sphere is such that it actually provides a NC between its azimuthal 
and polar coordinates at the surface of the fuzzy sphere. This is because the squashed 
plane in a fuzzy sphere can be any of its equatorial planes and there is no partic- 
ular direction for it, which means that the squashed fuzzy sphere has a rotational 
symmetry about the equatorial plane. There is no NC along the r-direction and an 
electron with mass m does not experience NC along the radial direction. Defining 
p, to be the momentum of the electron in r-direction, considering Equation (3), we 
obtain the total energy dispersion relation in the squashed fuzzy sphere as? 


y 2h 
m2cgkyV/N?-—1]| 


E? = pe tmc 1+ (I(L--1) - m(imx1 


(5) 
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In the large N limit, this expression reduces to? 
E? = 2.2 1 2 2h Zor 6 
—pc + mic* | 1+ 2v— XE vec ; (6) 


It is evident that 1/k behaves as the strength of NC. Note that a similar dispersion 
relation occurs in the case of a planar NC.? We can assume a series of concentric 
squashed fuzzy spheres, such that at the surface of each spheres, the above relation 
is valid. Nevertheless, k œ r? and hence 1/k decreases from center to the surface. 
Now, applying simple statistical mechanics techniques, we obtain the EoS for the 
degenerate electrons present in a WD, given by® 1° 


293 NN 2n E 
pressure P = — F NEUE D0 pFEF — C + 2Qv c) In F + PRC l 
Ehe V mc? + 2y hc" 


(7) 


641emp (2vmax aa 1)? pj (8) 
£353 : 


density p= 


where € = kh(p/ uem), Mp is the mass of the proton, He is the mean molecular 
weight per electron, g, is the degeneracy factor, and pp and Ep are respectively 
the Fermi momentum and Fermi energy of the electron gas. € needs to be chosen 
appropriately such that at the low-density limit, EoS is same as the Chandrasekhar's 
EoS, where NC is almost negligible. Figure 2 shows EoS for the degenerate electrons 
when they occupy different energy levels. It is evident that if the electrons occupy 
more levels, it tends to the Chandrasekhar's EoS and NC is not prominent in that 
density regime. 


3. Stellar structure model 


To obtain the stellar structure of any compact object in GR, one needs to solve the 
'Tolman-Oppenheimer- Volkoff or TOV equations along-with EoS of the constituent 
particles. The TOV equations for a non-rotating and non-magnetized star are given 
byH 


d 
= = 4rr?p, 


d? G m FT Anr?P 1 2GM\ 

d PTA | 82 cr 
where M is the mass of the star inside a volume of radius r and G is Newton’s 
gravitational constant. Note that NC affects the microscopic physics, while TOV 
equations describe the pressure and mass balances, which are macroscopic physics. 


Hence, in a semi-classical approach, TOV equations remain unchanged to that for 
the classical GR. formalism. Figure 3 shows the mass-radius relation for the WDs 


(9) 
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Fig. 2. EoS for degenerate electrons in a squashed fuzzy sphere with various Vmax along with the 


Chandrasekhar's EoS. Vmax = 0 means electrons occupy only the ground energy level, Vmax = 1 


means they occupy both ground and first energy levels, and so on. Chandrasekhar's EoS corre- 
sponds to Vmax — oo. 
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Fig. 3. Mass-radius relations of the WDs in the presence of NC when various energy levels are 
occupied. 


in the presence of NC for various Vmax along with the Chandrasekhar’s mass-radius 
relation, which corresponds to Vmax — oo. It is evident from the figure that a non- 
rotating and non-magnetized WD can have a limiting mass of about 2.6 Mo if all 
the electrons occupy the ground level. The mass-limit decreases when more energy 
levels are filled, and finally coincides with the Chandrasekhar's original mass—radius 
curve when many levels are occupied furnishing a limiting mass of about 1.4 Mo. 
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3.1. Length scale in noncommutative geometry 


It is understood from Equation (6) that NC is prominent if 2h > m2c?k, which 
implies that the system length-scale L € Leg = e/V TE with Àe being the Comp- 
ton wavelength of the electron. In the case of degenerate electrons, £ is the 
inter-electron separations. It is evident from this expression that for the promi- 
nence of NC, £ does not need to be the Planck scale Lp as opposed to the gen- 
eral belief. Rather it depends upon the system's length-scale. Indeed Salecker and 
Wigner showed that the new uncertainty in length-scale for a system has to be 
ô ~ (cc) !/5. and one needs to consider 6 as the quantum measurement of length.?? 
Hence, for a WD, one can expect to observe a significant NC effect depending on the 
inter-electron separation, even though it is far from the Planck scale. In extremely 
high densities with inter-electron distance much less than the Compton wavelength, 
one can expect certain features of NC becomes prominent. One such feature is the 
notion of statistics, which needs localization of particles, gets distorted and can 
affect physical systems, such as the mass-limit of the WD. 


4. Conclusions 


We have demonstrated that NC may have a prominent effect in a system whose 
length-scale is greater than £p. Whether NC has a significant effect or not depends 
upon the system's length-scale, and we show that it is an emergent phenomenon. 
We have used the formalism of a squashed fuzzy sphere where NC is at the surface 
of the sphere, i.e., between the azimuthal and polar coordinates. We have obtained 
the energy dispersion relation for this formalism and found that it is very similar to 
that for the Landau levels in the presence of magnetic fields. Hence, one may assume 
that NC mimics the internally generated magnetic field. It has a significant effect in 
a WD if the inter-electron separation is nearly less than one-tenth of the Compton 
wavelength of electrons. Such prominent NC may provide a super-Chandrasekhar 
limiting mass 2.6 Mo and it can explain the formation of peculiar over-luminous 
SNela. In the future, if gravitational wave detectors detect these massive WDs 
directly, it can confirm the existence of NC more firmly.!? 
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We propose a polymer quantization scheme to derive the effective propagation of 
gravitational waves on a classical Friedmann-Lemaitre-Robertson-Walker (FLRW) 
spacetime. These waves, which may originate from a high energy source, are a 
consequence of the dynamics of the gravitational field in a linearized low-energy regime. 
A novel method of deriving the effective Hamiltonian of the system is applied to 
overcome the challenge of polymer quantizing a time-dependent Hamiltonian. Using such 
a Hamiltonian, we derive the effective equations of motion and show that (i) the form of 
the waves is modified, (ii) the speed of the waves depends on their frequencies, and (iii) 
quantum effects become more apparent as waves traverse longer distances. 


Keywords: Quantum gravity, gravitational waves 


1. Introduction 


Recent discovery of gravitational waves (GWs) and the rapid increase in the 
sensitivity of GWs observatories has opened up a great opportunity in connecting 
theory and phenomenology with experiment in precision cosmology, black hole 
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physics and quantum gravity among other fields. In particular we are now becoming 
more hopeful about the observation of signatures of quantum gravity in GWs 
emitted from black hole mergers and high redshift regions of the cosmos. 

'There have been numerous studies connecting theories of quantum gravity with 
potential observations regarding the structure of quantum spacetime. In particular, 
in Loop Quantum Gravity (LQG),! there have been studies to understand the 
consequence of nonpertubative quantization in propagation of Gamma Ray Bursts 
(GRBs), other matter fields, and GWs on cosmological or black holes spacetimes 
(for some examples see, Refs. [2-31] and references within). 

In this work we consider GWs as effective perturbations propagating on 
a classical FLRW cosmological spacetime. The effective form of such waves is 
derived by applying the techniques of polymer quantization?? °° to the classical 
perturbations. Such a quantization is a representation of the classical algebra on a 
Hilbert space that is unitarily inequivalent to the usual Schródinger representation. 
In it, operators are regularized and written in a certain exponential form. In such 
theories, the infinitesimal generators corresponding to some of the operators do 
not exist on the Hilbert space. As a consequence, the conjugate variables to those 
operators only admit finite transformations. Thus, the dynamics of the theory leads 
to the discretization of the spectrum of the conjugate operators (for more details 
and some examples of polymer quantization applied to particles and path integral 
formulation of black holes, see Refs. [34, 35, 37-39]). 

In the model we present in this paper, the Hamiltonian is time-dependent and 
directly polymer quantizing it proves to be quite challenging. Hence, we apply a 
novel method based on the use of extended phase space, to overcome this issue 
(see Ref. [40]). The Hamiltonian in the extended phase space is rendered time 
independent by applying a certain canonical transformation and then polymer 
quantized using some of techniques developed in the literature.’ 4^4? After that, 
the effective version of this quantum Hamiltonian is made time-dependent again by 
applying the inverse of the above-mentioned canonical transformation. Finally the 
system is re-expressed in the usual non-extended phase space. Using this modified 
Hamiltonian, we derive the effective equations of motion of polymerized GWs and 
show that i) the form of the waves is modified, ii) the speed of the waves depends 
on their frequencies, and iii) the quantum effects are amplified by the distance/time 
the waves travel. 

This paper is organized as follows: in Sec. 2, we derive the classical Hamiltonian 
of perturbations on an FLRW classical background. In Sec. 3, this time-dependent 
Hamiltonian is turned into a polymer effective time-dependent Hamiltonian by 
applying a certain method that is inspired by an approach used to deal with time- 
dependent Harmonic oscillators. Using this Hamiltonian, we then derive the effective 
equations of motion. In Sec. 4, we study the behavior of the solutions in both 
nonperturbative and perturbative regimes and show that quantum gravitational 
effects induce certain imprints on the waveform, frequency, and speed of GWs. 
Finally, in Sec. 5 we present our concluding remarks. 
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2. Hamiltonian formalism for GWs 


We start with a spacetime manifold M = T? x R with a spatial 3-torus topology’, 
equipped with coordinates z/ € (0,4) and a temporal coordinate x° € R. The 
background metric g,,, is then perturbed by a small perturbation h,, such that the 
full metric g,, can be written as 


Juv = uv + hay. (1) 
GWs are the result of the weak-field approximation to the Einstein field equations 


for the above metric. As is well-known, a wave traveling along, say, the x? direction, 
can be separated into two polarization scalar modes h4 (x) and hx (x) as 


hala) = ha (a)et + hx (a)e%, (2) 


p A) And = 3! (3) 


We would like to study the dynamics of the perturbations on a homogeneous, 
isotropic universe described by the FLRW metric 


gu, dz" dz" = —N? (a?) d(x°)? + a? (a9)dx?, (4) 


where 


where x° is an arbitrary time coordinate, N (x°) is the lapse function which depends 
on the choice of x°, and dx? = 5? d(x’)? is a unit 3-sphere. To obtain a Hamiltonian 
which resembles the Hamiltonian of a Harmonic oscillator, we introduce a new field 


ho (2°, x) = UR »» Ack (x°) ek (5) 
k 


which together with its conjugate momentum Es k constitute a canonically conjugate 
pair 


{Ay ks Ex e ] = Orca ôw (6) 


Here £ is the result of our quantization on a lattice which corresponds to an upper 
limit on the momenta involved. The above canonical pair allow us to write the 
Hamiltonian of the system as 


Hes Y) let MoM) = Y Yu (n), (7) 
o=+,xX k o=+,x k 
where N is the lapse. It is clear that this last equation represents the Hamiltonian of 
a set of decoupled harmonic oscillators with a time-dependent frequency w? = k?a*, 
due to time dependence of a(t). 
At this point, we choose the harmonic time gauge where N(x° = 7) = a3(r) 
to get rid of the factor a^? in front of Eq. (7). Hence, the Hamiltonian of the 


?'To avoid a discussion of boundary conditions on fields (generated by perturbations), we will 
assume that the spatial 3-manifold is T?. 
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perturbations (for a fixed mode k and a fixed polarization c) over the FLRW 
background in harmonic time becomes 


Hoxh) = 5 [Ek +R atA]: (8) 


3. Polymer quantization and the effective Hamiltonian 


The time-dependence of this Hamiltonian (8) makes deriving its effective polymer 
corrections quite complicated. This is because its polymer quantization will 
yield a time-dependent quantum pendulum-type system whose solutions are 
mathematically difficult to treat. In order to circumvent this issue, we will apply a 
procedure based on the extended phase space formalism (more details in Ref. [40]). 
The idea is to first lift the (action of the) system 


s= f b - moa. (9) 


with time-dependent Hamiltonian of the form 


1 1 
H(t) = ae + UOK E (10) 


to the extended phase space (EPS). In accordance with Dirac’s formalism, the 
system is now described by the extended action 


S= "n P Lt = ag} ar (11) 


$ = pi + H(t) ~ 0, (12) 


where 


is a first class constraint ensuring the compatibility of the two actions (9) and (11) on 
the constrained surface ¢ = 0, A is a Lagrange multiplier, and p, is the momentum 
conjugate to t. This is step (1) in Fig. 1. In step (2) in Fig. 1, we apply a canonical 
transformation 


1 
-— (13) 
1 
T= J O dt, (14) 
P = p(t)p — mp(t)a. (15) 
Pr = p (t)py  p(t)p(t) ap — se b° (t) + z6 w^ (t)p*(t)| , (16) 


in the extended phase space which removes the time dependency of the Hamiltonian 
H(t)in $. Here, W is the time-independent frequency of the time-independent 
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(2) inv. CT 


(q, p, t, pt); 
$ —p:— H(t) 


: 3) Poly: 4) CT 
ie itr ko mi) en me 


(5) to PS 


(1) to EPS 


(a(t), p(t)); H(t) 


Kett(q, p) 


Fig. 1. Schematics of the derivation of a time-dependent effective Hamiltonian constraint. Here 
“EPS” means extended phase space, “inv. CT” denotes inverse canonical transformation, “Poly.” 
means the process of polymer quantization and getting an effective polymer Hamiltonian from 
there, “CT” denotes the canonical transformation, and “PS” means the nonextended phase space. 
The lower row corresponds to the usual phase space, while the upper row corresponds to the 
extended phase space. 


system and p is an auxiliary variable to be determined by the specific properties of 
the system, more precisely by w and W. After this step the action becomes 


S= [ee + Prt i adh ar, (17) 


where, the first class constraint now reads 
b= p(T) [Pr + K] ~ 0, (18) 


and the corresponding Hamiltonian K appearing in it is 


at peut 2-02 
Moreover, the auxiliary equation used to fix p(t) becomes 
" Ww? 
Alt) -- w^ (t)e(t) = 2. (20) 
p(t) 


This time-independent harmonic oscillator can now be polymer quantized??: 4142 
as in step (3) of Fig. 1. We then perform the inverse canonical transformations 
above in step (4) of Fig. 1. Finally, in step (5) of Fig. 1, we apply the inverse of the 
canonical transformations above and solve the constraint. T'his yields the polymer 
effective Hamiltonian on the usual phase space, where now the Hamiltonian is not 
just effective but also time-dependent. 

By applying this method to our Hamiltonian (7), we obtain an effective polymer 
Hamiltonian with polymer £, and discrete spectra for Az, as 


b : 2 +2 
(£) Hu (pEg,« — PAc,k) _ PAG, Eo,k Askf 2 p 
up- Y Y Saias (Lefa : gs 


o=+,X keZ P 
(21) 


where p is called the polymer parameter that sets the scale for which the quantum 
gravity effects become important, and we have set A = 1. The corresponding 
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equations of motion read 


dA, lsi Esk — DAo j 

xe _Usin (eee Aon) P T 
dt p H p 

dEox _ p sin (u (PEox — pAox)) , (V. b 
dt A p? u 1 Aok — Uu Ac, k m PS (23) 


These equations are nonlinear in both Ask and Esx, and their y — 0 limit 
matches the classical equations of motion as expected. Also notice that in our case, 
p controls the background geometry such that a time-dependent pcorresponds to 
a time-dependent background geometry and a constant p corresponds to the flat 
spacetime. 


4. Perturbative and nonperturbative numerical solutions 


We will now solve Eqs. (22)-(23) for specific field-space configurations, both 
perturbatively, and numerically and nonperturbatively for both time-dependent and 
time-independent backgrounds. 


4.1. Time-independent background 


For a time-independent background, for which p = 1 and p = p = 0, we can obtain 
full nonpertubative numerical solutions for A(t) as seen in Fig. 2. We can also obtain 
a perturbative solution 
A(t) = Ersin [(1 — (Erk)? /16)kt] 
EFK 2 2 2 
BET [(1 — (Erku)? /16)kt] cos |(1 — (£rku)? /16)kt] . (24) 


This solution can exhibits a frequency shift of order y?, and a cubic correction term. 


'The cubic term can also be rewritten, and thought of, as an introduction of higher 
harmonics using angle identities. In observations, the frequency shift may be more 
important to account for than the excited harmonics. This is because the frequency 
shift can manifest as a phase shift that has considerable time to develop as the 
wave traverses cosmological distances. In Fig. 2 we demonstrate this, comparing 
the perturbative solution to the exact and classical ones for the time-independent 
case. 

We can also analyze the above perturbative solutions and obtain some insight 
into the speed of propagation of the waves. For that, we note that the dominant 
contributions to Eq. (24) can be written as 


A(t) © £r sin K = (=) el (25) 


Comparing with the classical solution where we identify ka? = we, with we being 
the classical angular speed, we notice that up to first order the polymer angular 
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speed is 


2 
wE ~ we | - k? (25) | i] (26) 


Although this is a perturbative and approximate result and even though we 
have neglected higher harmonics in Eq. (24), the above equation reveal a curious 
phenomenon. Noting that we = ka? and with the group velocity being 


duJpoly 
= 2 
"7 d(ka2) (27) 
with Wpoly being either wl) or wr we obtain 
£N? 
E) 2 2 
vO ~ 1—k (=) (28) 


where vO is the velocity of the effective waves. One can see from Eq. (28) that 


the group velocity of the waves is slower than the speed of light by a factor of 
2 
k? (2#) , and it also depends on the initial momentum £; of the waves and the 


polymer parameter u due to the factor k? (2) » More importantly, the deviation 
from the speed of light also depends on the modes k. Hence, waves with larger k 
(i.e., larger energies) have a lower speed compared to the ones with smaller k and 
are more affected by the quantum structure of spacetime. Also, notice that this 
case leads to the violation of Lorentz symmetry as can be seen by squaring both 
sides of Eq. (26). Of course, due to the sheer smallness of the expected value of u, 
and the appearance of their squares in the above expressions, these effects are very 
small, but a highly energetic phenomenon with a large €; may help to amplify it 
to an extent that future observatories can detect it. We should emphasize that the 
presence of the violation of the Lorentz symmetry in this case, as seen from the 
above results, is a consequence of the polymer quantization and, in particular, this 
model, and is not a direct consequence of LQG. 


4.2. Time-independent background 


For the case of a time-dependent background, we can obtain a solution in one of 
two ways: directly integrating the EOMs, or using the canonical transformation in 
Eqs. (13)-(16). In either case, we will need to obtain a solution for p by solving 
Eq. (20). In general, this choice determines whether the mode amplitude will 
be purely decaying or will contain oscillatory behavior. Here we will seek purely 
growing solutions for p, choosing initial conditions such that oscillatory behavior is 
minimized; in our case, simply choosing p = 1 and p = 0 is sufficient. Choosing a 
different initial amplitude for p is in any case equivalent to rescaling of the scale 
factor a, polymer scale, momentum, and time coordinate. The full nonperturbative 


4173 


lj 66 Polymer A, Discrete & 
[| =/= Polymer &, Discrete A 


i5 05r Classical Solution 
S Poincaré-Lindstedt, Polymer A 
i 0.0r* 
3 
S I 
-0.5 


1 
0 2 4 6 8 10 9990 9992 9994 9996 9998 10000 


=1.5 


=y: 


A, p 


] 1 1 » 1 EM 1 f 
10 9990 9992 9994 9996 9998 10000 
Time elapsed, t 


[2 
N 
E 
[y 
o0 


Fig. 2. Time evolution of A with Ar = 0, Er = 1, and k = 1 for two different choices of u in 
the case of a time-independent background spacetime, i.e., p = const. Here v refers to another 
representation of the polymer quantization in which the momentum £ is discrete, which can be 
found in our original paper.?! The solutions are shown at early times, and the axis is broken to 
show the behavior at a much later time. Solutions can be mapped to different choices of k and £r, 
while changing A; = 0 can be viewed as a phase shift. 


solutions are plotted in Fig. 4. We can also obtain a perturbative solution 


A(t) = £rpsin [(1 — (£rku)? /16)kT(t)] 


(29) 


where 


T(t) = 1 dy (30) 


For GWs emitted at a time much greater than the characteristic wave time scale, 
i.e., tp >> k7!, where Ty is the initial time, and for nonoscillatory solutions of p, the 
second-derivative term is small, and solutions to the auxiliary equations are well 
approximated by a simple power law, p — 1/a. In Fig. 3 we show the behavior of p 
for several sets of initial conditions, and for a universe with a cosmological constant 
with w = —1, a œ t!/?, and t; = 10? (in units of k~!). In subsequent plots we will 
use initial conditions that do not result in oscillatory behavior. 
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0.01 0.10 E 10 100 1000 10* 
Time elapsed, t/k 
Fig. 3. Evolution of the auxiliary variable p(t). The full numerical nonoscillatory solution is shown 


in solid red, an approximate power-law solution is shown in dashed blue, and a solution with initial 
conditions that result in oscillatory behavior is shown in light grey. 


From the canonical transformation (13)-(15) (or, rather, its inverse), we see 
that the time-dependent waveform amplitude will pick up an overall factor of p 
relative to the time-independent one, the time coordinate will be altered, and the 
momentum will be similarly rescaled but will also pick up an additional factor 
proportional to the wave amplitude. Due to the monotonically decreasing nature 
of p and the smallness of its derivative, this additional factor will be a strongly 
subdominant contribution. In Fig. 4 we show the final solution for the field .A(t) 
for this time-dependent background. Somewhat counterintuitively, the frequency 
is seen to increase at later times; more commonly the frequency is considered 
to decrease (redshift) with cosmological expansion. This is due to the choice of 
harmonic slicing we have made, with N — a? instead of the more commonly used 
N — 1 (synchronous) or N — a (comoving) time coordinate. 


5. Discussion and conclusion 


In this work we have studied a certain effective form of GWs, considered as quantized 
perturbations propagating over a classical FLRW spacetime, in order to derive 
observational signatures to be compared with the results of experiments conducted 
by GW observatories. We have considered the Hamiltonian of classical gravitational 
perturbations, a time-dependent Hamiltonian, and have applied the techniques of 
polymer quantization to it. This polymer quantization was applied to each of the 
Fourier modes of the GW. A feature of this quantization is that the one-particle 
Hilbert space is modified and the Lorentz symmetry is no longer present.?? This 
modification is “encoded” on the polymer scale u, which is usually considered to be 
very small (of the order of the Planck scale). However, our intuition in the present 
case is that the propagation of the GWs may capture some insights about these 
modifications despite the small values of the polymer scales. 
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Fig. 4. Time evolution of A (as in Fig. 2) for two different choices of u, for the case of a time- 
dependent background, i.e., p(t) as described in the text. The axis is broken to show the behavior 
at a later time. Again, v refers to another representation of the polymer quantization in which the 


momentum € is discrete, which can be found in our original paper. 


31 


After deriving a tine-dependent effective polymer Hamiltonian using a novel 


approach, we derived both nonperturbative and perturbative analytical expression 


for 


the solutions and analyzed them to obtain further insight into the behavior of 


such waves. As a result, we found the following: 


i) 


ii) 


iii) 


In 


The form of the waves is modified. More precisely, there is a phase shift 
with respect to the classical case. Furthermore, small-amplitude harmonics are 
excited. 

The speed of the waves turns out to be smaller than the speed of light by a 


factor k? (exe) This factor not only depends on the polymer scale u and the 
initial momentum of the perturbations Ez, but also on the wave vector k or, 
equivalently, the frequency of the waves. Thus, the higher-energy waves show a 
greater deviation from the classical behavior compared to the low-energy waves. 
The modifications to the classical behavior due to quantum effects become 
increasingly visible as the waves travel: the corrections result in an effective 
phase shift, which can become of order unity when £ru?K? D, is of order unity 
for a distance D, traveled. 


a future work, we will proceed to apply our method to the case where both the 


background spacetime and the perturbations are effective. 
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The general matter bounce scenario, including an Ekpyrotic field to avoid anisotropic in- 
stabilities, is studied in a loop quantized isotropic and homogeneous FLRW setting. The 
matter bounce scenario provides a convenient way to include quantum corrections from 
the bounce in the perturbations originating in the far past, which also produce a scale 
invariant power spectrum. LQC provides the right setting for studying quantum correc- 
tions in a matter bounce scenario as the bounce in LQC occurs entirely due to quantum 
geometrical effects without needing any exotic matter fields to avoid the singularity. A 
detailed exploration of this general matter-Ekpyrotic scenario in spatially flat FLRW 
spacetime in LQC filled with minimally coupled dust and Ekpyrotic scalar field is stud- 
ied with the help of numerical simulations. Various features of the background dynamics 
are shown to be robust under variations in initial conditions and choice of parameters. 
We use the dressed metric approach for the perturbations and obtain a scale invariant 
power spectrum for modes exiting the horizon in the dust dominated contracting phase. 
In contrast to previous studies considering a constant equation of state for the Ekpyrotic 
field, we found that the magnitude of the power spectrum changes during the evolution. 
The scale invariant section of the power spectrum also undergoes a rapid increase in its 
magnitude in the bounce regime, while its scale invariance is unaffected. We argue that 
apart from increasing the magnitude, the bounce regime may only substantially affect 
the modes outside the scale invariant regime. However, the spectral index is found to 
be too close to unity, thus inconsistent with the observational constraints, necessitating 
further modifications of the model. 


Keywords: Loop quantum cosmology; bouncing cosmology; primordial power spectrum. 


1. Introduction 


Early universe cosmology provides one of the most promising avenues to search for 
signatures of quantum gravity. Singularity free bouncing cosmologies of LQC provide 
a convenient setting for this. Inflation being the leading model has been studied 
widely with LQC backgrounds. Since there is no singularity, it is possible to extend 
the inflationary scenario further back in time upto the Planck regime of the quantum 
bounce to include quantum gravity signatures. These studies have led to predictions 
that are in excellent agreement with standard inflation and CMB observations at 
small angular scales but are closer to observations at larger scales than standard 
inflation.? The quantum bounce which lies to the past of this inflationary regime 
is a cataclysmic event which changes the course of the evolution of the universe, 
thus is expected to contribute significantly to the quantum gravity signatures in 
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the early universe. In this regard, it's natural to consider alternatives such as the 
matter-bounce scenario where the perturbations start out in the far past in the 
contracting branch, hence getting imprinted by the highly quantum phenomena as 
they pass through the quantum bounce. Due to a duality between inflation and 
matter-bounce, a scale invariant spectrum of perturbations is obtained in both of 
them.? An Ekpyrotic field is generally also included to guard against a potential 
BKL instability which may occur due to unchecked growth of anisotropies during 
the contracting phase.* An Ekpyrotic field is a scalar field with a negative-definite 
potential, thus having an equation of state larger than unity. As the bounce is 
approached in the contracting phase, the Ekpyrotic field having an equation of 
state larger than unity is expected to dominate the anisotropies which evolve as 
a-9, where a denotes the scale factor. Thus combining these two ingredients we 
obtain the the matter-Ekpyrotic scenario; 
produced by matter perturbations which exit the horizon during the contracting 
phase. 

An important ingredient of the matter-Ekpyrotic scenario is a non-singular 
bounce which allows the scale invariant perturbations to pass through without 
changing them substantially. This is where LQC provides an advantageous frame- 


work. In LQC, the quantum bounce arises purely due to quantum geometry effects 
7 


in which a scale invariant spectrum is 


without requiring any exotic matter content violating the weak energy conditions. 
'Thus the marriage of the matter-Ekpyrotic scenario with an LQC bouncing back- 
ground provides a compelling model for obtaining quantum gravity signatures in 
the early universe. Using effective dynamics of LQC, a nonsingular model with an 
Ekpyrotic potential was obtained?'? but it was found that a viable cyclic model can- 
not be realized unless another matter field or anisotropies are present. Previous 
studies of the matter-Ekpyrotic model in LQC have either restricted to a special 
case of a constant equation of state for the Ekpyrotic field,!! or when the general 
case has been considered,!? the analysis has been limited to qualitative predictions 
due to difficulties associated with the deformed algebra approach used for pertur- 
bations in dealing with ultraviolet modes near the bounce. Thus a detailed study 
of the general matter-Ekpyrotic scenario in LQC analyzing the impact of the Ekpy- 
rotic phase and the bounce on the perturbations has been lacking so far. Our work 
aims to fill this gap and provide a basis for further exploration. 


2. Background dynamics of the matter-Ekpyrotic scenario in LQC 


LQC uses the techniques of non-perturbative canonical quantization of LQG on sym- 
metry reduced cosmological models such as the isotropic and homogeneous FLRW 
model. T'he canonical quantization of gravity in LQG is carried out in terms of the 
Ashtekar-Barbero connection and their conjugate triads instead of metric variables. 
'The discrete quantum dynamics obtained in LQC is found to be well approximated 
by a continuum effective description in terms of differential equations on a smooth 
manifold, giving modified versions of Friedmann and Raychaudhuri equations that 
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include quantum corrections that lead to a singularity free evolution in which the 

big bang is replaced by a bounce. The effective Hamiltonian describing the dy- 

namics of loop quantized spatially flat FLRW model in terms of symmetry-reduced 

Ashtekar-Barbero connection and its conjugate triad, namely c and p, is given by” 

3v 23 

= ~ Bn sin (Ab) + Hm, (1) 

where \ = VA. Here A = 4v/3n^,02, is the minimum area eigenvalue in LQG. The 
matter Hamiltonian Hm is given by 


2 
Hm = E + vU(9) T Édust; (2) 


and the Ekpyrotic potential U (¢) is taken to be, 
—2u, 

e Ve V fyi? 
which has the shape of an asymmetric exponential well. Here uo, p and 8 are 
parameters taking positive values. The potential (3) is negative definite. The width 
of the potential increases with an increasing p, and the degree of asymmetry is 
controlled by 5. 

We obtain the following Hamilton's equations from the above Hamiltonian con- 
straint, 


U(¢) = (3) 


; 3sin?(Ab) 
b = ————ÉÀ—  — AnG^P. 4 
27A? De 8 (4) 
3 sin(2Xb) 
ut 5 
v 24A (5) 
ó-— ae Do =vU 4, (6) 
where Ug stands for the differentiation of the potential with respect to the Ekpyrotic 
field and P is the isotropic pressure P = -Aa It can be shown that the above 
equations lead to a following modified Friedmann equation of the form 
8rG 
w= 8 (1- 2), (7) 
Pe 


where pe = 3/(81G4?M?) ~ 0.410p is called the critical energy density in LQC. 

'The Hubble rate is generically bounded, and vanishes and turns around when the 

energy density reaches a maximum pe. This is when the bounce occurs. The matter 

content satisfies the continuity equation p + 3H(p + P) = 0, where p and P are 

given respectively by 

12 

p= +u, PIT. U(g) (8) 
v 2 

We use the above set of equations along with suitable initial conditions provided 

at the bounce to numerically analyze the background dynamics of this model. We 
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also carry out simulations to study the effect of changes in the potential parame- 
ters and the relative proportion of the initial dust energy density compared to the 
Ekpyrotic field energy density. We find that LQC leads to a non-singular bounce in 
all cases. Although there can be multiple bounces, we restrict ourselves to the cases 
with a single bounce to study the evolution of curvature perturbations. As an ex- 
ample, we show here the evolution for the choice of parameters uo = 0.75, p = 0.10 
and 6 = 5.0 with the following initial conditions: 


pgeü Edust = 2.00 x 107, Pop = 1.50. (9) 


The volume at bounce is taken to be unity, while we choose bg = 7/24 in order to 
have the correct classical limit on either side of the bounce. The dust energy density 
is chosen such that the energy density at the bounce is dominated by the Ekpyrotic 
field. The initial conditions are taken to satisfy the Hamiltonian constraint which 
has to be satisfied throughout the evolution. The evolution of the energy densities 
and the equation of state for these initial conditions is shown in Fig. 1. We note 
that the contracting phase starts in a dust dominated phase where the total energy 
density is very small and the universe is classical. Eventually it transitions to a phase 
dominated by the Ekpyrotic field which lasts through the bounce. Thus we find the 
equation of state at the bounce is wg £ 5.76. Thus a distinct phase where w > 1 is 
obtained near the bounce, which is very important to avoid the BKL instability as 
envisaged. The w > 1 regime is obtained only when the scalar field is traversing the 
very bottom of the potential, and is obtained only for a short duration during the 
scalar field dominated phase near the bounce. After the bounce the equation of state 
quickly drops below unity and decreases monotonically as the Ekpyrotic field moves 
away from the bottom of the potential. We did extensive simulations to study the 
robustness of the qualitative features of the background dynamics obtained above 
by varying the parameters of the potential and taking different proportions of the 
initial dust energy density while still keeping the bounce dominated by Ekpyrotic 
field. We found that the effect of reducing the proportion of the dust energy density 
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Fig. 1. In the left panel, we see that the energy density of the Ekpyrotic field dominates over the 
dust energy density in the bounce regime. The right panel shows the behavior of the equation of 
state when the Ekpyrotic field is dominant and the inset plot depicts the details of the change in 
the equation of state near the bounce point. 
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at the bounce has the obvious effect of increasing the duration of Ekpyrotic field 
dominated regime and the w > 1 regime near the bounce. The w > 1 regime can 
also be elongated by widening the potential by increasing p, making it less steep 
due to which the field takes longer to traverse the bottom of the well. Further, 
increasing the parameter uo has effect of increasing both the depth and steepness of 
the potential. If we increase uo while keeping the rest of the conditions same, this 
has the effect of numerically increasing both the kinetic and potential energy of the 
scalar field at the bounce while keeping the total the same (since the potential is 
negative-definite, the total energy density is the difference of the numerical values of 
kinetic and potential energies). Higher kinetic energy means the field climbs out of 
the well faster, i.e. the duration of the Ekpyrotic field dominated phase is reduced. 
But a deeper well means that w > 1 for most of the duration of this climb. Thus 
increasing uo has the effect of decreasing the Ekpyrotic field dominated phase while 
increasing the w > 1 regime. This is illustrated in the following table showing 
durations of different regimes in the contracting branch (in Planck seconds): 


Uo Ekpyrotic field dominated phase | w > 1 regime 
1 8.70 x 101 100 
0.75 1.50 x 10? 65 
0.03 3.00 x 10° 11 
0.008 3.04 x 10° 6.5 


3. Scalar power spectrum using the dressed metric approach 


In this section, we study perturbations around the background spacetime studied in 
the previous section. As mentioned above, due to the duality with the inflationary 
epoch,? the perturbations in dust matter that exit the horizon during the con- 
tracting phase yield a scale invariant spectrum. The dust dominated phase in our 
background dynamics occurs in the far past, away from the bounce when the uni- 
verse is classical. T'hus we must start perturbations in the far past and then evolve 
them through the Ekpyrotic phase and the bounce upto the expanding branch. 
Since the Ekpyrotic field contributes negligibly to the total energy density in 
the far past and the equation of state w ~ 0, thus we ignore it while considering 
perturbations in this phase. In this regime the total energy density is far below the 
Planck density and quantum gravity modifications are negligible. Thus the pertur- 
bation equation in terms of the Mukhanov-Sasaki variable also takes its classical 
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nH 
Vy + (e — =) Vk = 0, (10) 
where the prime represents the differentiation with respect to the conformal time. 
And we choose initial conditions such that, the above state corresponds to the 
Bunch-Davies vacuum in the asymptotic past: 
. e im 
PL Vk = SOR (11) 
'The above equations are only valid in the matter dominated phase. As pertur- 
bations evolve towards the bounce, the Ekpyrotic field starts dominating and the 
energy density starts increasing towards the Planck scale. Since the Ekpyrotic field 
dominated phase overlaps with the bounce regime, we cannot use classical equations 
to describe the perturbations in the Ekpyrotic field dominated phase. Of the various 
approaches in LQC that consider perturbations in the quantum spacetime, we work 
with the dressed metric approach.'? This avoids the Jeans instability encountered 
near the bounce in the previous study based on deformed algebra approach.!? In the 
dressed metric approach, the quantum spacetime is approximated by a differential 
manifold with a dressed metric for sharply peaked semi-classical states. The effective 
description of the quantum perturbations is then provided by a Mukhanov-Sasaki 
variable with an evolution equation of the form 


a" 
Vy + (i? +97 - =) Vy = 0, (12) 
a 


where Q? can be written in terms of the background variables as 


2 


4 

p p 

2 $ $ 
Q^ = 3d 


ae 


2 
a 


1257? Ug a?U go. (13) 
Ta 

Here k = 81G and Ta is the conjugate momentum of the scale factor. The required 

background quantities in the above equations are to be calculated using the effective 


background dynamics described in section 2. The power spectrum is given by 


k? 4? 

Pa = eye, (14) 
with z = ad /H. The modes that exit the horizon in the matter-dominated phase of 
contraction are scale invariant, and it is these modes that will be observable today. 
However, numerical simulations are important to study the impact of the Ekpyrotic 
field dominated phase and the bounce on the spectrum of these perturbations. 
In particular, the scale invariance of spectrum is to be preserved in order to be 


consistent with observations. Fig. 2 shows the evolution of scalar power spectrum 
at different stages. 

It is clear from the plots that a scale invariant spectrum is already generated at 
the end of the dust dominated phase during contraction. However, in contrast to 
previous studies relying on constant equation of state for the Ekpyrotic field,!! the 
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Fig. 2. The power spectra at different times are depicted: in the left panel, the power spectra are 
evaluated at the transition time from dust dominated to Ekpyrotic field dominated regime in the 
contracting phase (t % —1.49 x 103) and at t = —10 (in the inset plot); while in the right panel, 
the power spectra are evaluated at the transition time in the expanding phase (t œ% 3.02 x 10°) 
from Ekpyrotic field domination to dust domination and at t = 10 (in the inset plot). 


magnitude of the scale invariant power spectrum changes over time. Although the 
scale invariance is preserved through the bounce, a rapid increase in the magnitude 
of the power spectrum is observed from before the bounce to after the bounce seen 
by comparing the inset plots. Further, an oscillatory regime reminiscent of infla- 
tionary scenarios is seen for k > 10-?. A comparison of the oscillatory regime at 
different times as seen in the right panel of Fig. 2 shows that different modes become 
oscillatory as they exit the horizon in the expanding phase. In contrast to earlier 
works on the matter-Ekpyrotic scenario in LQC dealing with special cases as well 
as in contrast to inflationary scenarios, the magnitude of the spectrum in the scale 
invariant regime gradually decreases as the universe expands. The qualitative be- 
havior of the spectrum remains the same when we vary the proportion of the initial 
dust energy density relative to the Ekpyrotic field density. However, the range of 
modes that show scale invariance may get shifted. When the dust energy propor- 
tion is decreased, that leads to a shorter duration of dust dominated phase during 
contraction. Since only those modes that exit during the dust dominated contrac- 
tion show a scale invariant spectrum, range of modes that show scale invariance is 
decreased. This may be used to put a constraint on the duration of Ekpyrotic field 
allowed by observed range of scale invariant modes. 

Lastly, in order to compare with observations, we compute the spectral index of 
the spectrum given by: 


dln Pg 

dlnk ` 
'The spectral index is plotted in Fig. 3. We find that the spectral index is larger than 
unity in the scale invariant regime and is unfavored by recent CMB observations 
that put tight constraints on the spectral index: n, = 0.9649 + 0.0042 (6896CL).!4 
We find that this cannot be ameliorated by either changing the parameters of the 
scalar field potential or changing the proportion of initial dust density to Ekpyrotic 
field density. Thus making further modifications of this model necessary. 


(15) 
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Fig. 3. For the power spectrum displayed in Fig. 2, we evaluate the spectral index ns at the 
transition point t zz 3.02 x 10? in the expanding branch and find n, is larger than unity in the 
scale invariant regime of the power spectrum. 


4. Conclusion 


In this paper, we study a general matter-Ekpyrotic scenario in an isotropic and 
homogeneous FLRW universe in LQC. Using extensive numerical simulations, we 
establish some general features of the background dynamics and the scalar power 
spectrum, some of which were not seen in earlier works that either dealt with special 
cases or were limited to qualitative analysis. A bouncing background cosmology, 
characteristic of LQC, is obtained where a contracting and an expanding branch 
connected through a bounce. We find that the background dynamics in each branch 
is characterized in general by two distinct phases. It starts out in the far past 
with dust domination and transitions to Ekpyrotic field dominated phase which 
overlaps with the high energy quantum regime at the bounce. After the bounce 
there is another transition back to dust dominated universe in the expanding branch. 
Further we find that the Ekpyrotic field dominated phase generally also contains 
a phase of ultrastiff equation of state (w > 1) leading up to the bounce, which is 
essential in avoiding the BKL instability. We varied the parameters of the potential 
and also varied the relative proportion of initial dust density (while keeping it sub- 
dominant at the bounce), and found the above mentioned features of the background 
dynamics to hold in general. 

We found that the duration of the Ekpyrotic field dominated phase and the w > 1 
phase can be increased by increasing the width of the Ekpyrotic field potential or 
by decreasing the relative proportion of initial dust density. In contrast, increasing 
the depth of the potential has the effect of shortening the Ekpyrotic field dominated 
phase while increasing the w > 1 phase at the same time. 

For the study of comiving curvature perturbations, we give our initial conditions 
in the far past in the dust-dominated classical phase of the contracting branch in 
order to include the full effect of the quantum bounce on the power spectrum. We 
employ the classical Mukhanov-Sasaki equation for the dust-dominated contraction 
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phase as the universe is large and classical in this phase. Since the Ekpyrotic field 
dominated phase overlaps with the quantum bounce regime, we have employed the 
dressed metric approach to obtain the effective evolution equation for quantum 
perturbations on a quantum spacetime in this regime. This is a deliberate choice 
as previous studies employing the deformed algebra approach have faced difficulty 
in analyzing ultraviolet modes near the bounce. Using the dressed metric approach 
for the bounce regime has allowed us to fully explore the scalar power spectrum in 
the bounce regime. 

We found that the perturbation modes exiting the horizon during dust dom- 
inated phase have a scale invariant spectrum. These modes then maintain their 
scale invariance as they pass through the Ekpyrotic field dominated phase, the 
w > 1 phase and the bounce, until they start re-entering the horizon in the expand- 
ing branch after which they become oscillatory. However, unlike previous studies 
considering a constant equation of state for the Ekpyrotic field, the magnitude of 
the scale invariant modes gradually increases during the Ekpyrotic-field dominated 
contraction, then rapidly increases during the bounce regime and then gradually 
decreases as the universe expands. This is also in contrast to inflationary scenarios 
where the magnitude is frozen after the modes exit the horizon during inflation. 
Further, the duration of the Ekpyrotic field dominated not only impacts the magni- 
tude of the scale invariant power spectrum, but also impacts the range of comoving 
modes that lie in the scale invariant part of the spectrum. 

We also studied the spectral index of the scale invariant part of the spectrum and 
found that it is inconsistent with current observational bounds. This is due to the 
fact that perturbation originating in a purely dust-dominated phase of contraction 
have an exactly scale invariant spectrum, while the observed spectrum has a slight 
red tilt. T'hus changing potential parameters of the Ekpyrotic field potential has no 
effect on this feature. 

Based on our results, further studies are needed to fully explore the possibilities 
presented by the matter-Ekpyrotic scenario in LQC. In particular, a lower bound 
on the minimum number of e-foldings required of the w > 1 phase needs to be rig- 
orously established by studying the Ekpyrotic scenario in more general anisotropic 
spacetimes. Further, a suitable extension of the matter-Ekpyrotic scenario needs to 
be developed where the perturbations finally exit to a radiation-dominated universe. 
Bounds on the duration of the Ekpyrotic field dominated phase also needs to be 
established by employing its impact on the range of scale invariant modes and their 
magnitude. The issue of the inconsistent spectral index can addressed if instead of 
sourcing perturbations from a purely dust-dominated phase, we have a matter field 
with slightly negative equation of state. Although, preliminary studies following 
these lines have been carried out in the literature in various bouncing cosmologies 
including those of LQC, but rigorous and extensive studies taking the most general 
matter-Ekpyrotic scenario need to be done. 
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We review recent developments in the primordial power spectra of two modified loop 
quantum cosmological models (mLQCs) which originate from the quantization ambi- 
guities while loop quantizing the spatially-flat Friedmann-Lemaitre-Robertson- Walker 
(FLRW) universe. The properties of the background dynamics and the primordial scalar 
power spectra in two modified models, namely mLQC-I and mLQC-II, are reported. In 
both models, the inflationary scenario can be naturally extended to the Planck regime 
when a single scale field is minimally coupled to gravity with an inflationary potential 
and the big bang singularity is replaced with a quantum bounce. The qualitative differ- 
ence lies in the behavior of the contracting phase where a quasi de Sitter phase emerges 
in mLQC-I. When applying the dressed metric approach and the hybrid approach to 
mLQCs, we find the most distinguishable differences between these models and the stan- 
dard loop quantum cosmology (LQC) occur in the infrared and intermediate regimes of 
the power spectra. 


Keywords: Loop quantum cosmology; bouncing cosmology; primordial power spectrum. 


1. Introduction 


Loop quantum cosmology (LQC)!:? provides an elegant resolution to the big bang 
singularity in the standard big bang cosmology by replacing it with a quantum 
bounce and also naturally extends the inflationary paradigm into the Planck regime. 
The loop quantization of the spatially flat FLRW spacetime in LQC is based on the 
homogeneity and isotropy of the spacetime. It has been found that the dynamics of 
the resulting quantum theory can be well described by the effective dynamics for 
the states which are sharply peaked around the classical trajectories at late times.? 
However, as is common in any quantum theory, different regularizations of the 
classical Hamiltonian may give rise to different quantum theory and finally result 
in distinct physical consequences. So it is important to check the robustness of the 
theoretical predictions from standard LQC by studying its variants originating from 
quantization ambiguities. The modified LQC models initially proposed in^ provide 
a good platform to investigate the impacts of the quantization prescriptions on the 
dynamics and the observations. 

In standard LQC, when quantizing a spatially flat FLRW universe, the Lorentz 
term was initially treated in the same way as the Euclidean term since they are 
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proportional to each other at the classical level due to the homogeneity and isotropy 
of the background spacetime.? A separate treatment of these two terms was first 
implemented in^ where two modified LQC models, namely mLQC-I and mLQC-II, 
were proposed due to different regularizations of the Lorentz term. Later, mLQC-I 
was rediscovered by computing the expectation value of the Hamiltonian constraint 
in LQG with complexifier coherent state. The right Friedmann and Raychauduri 
equations of these two models were first reported in,^? and it was found that after 
taking into account an inflaton field in mLQCs, the inflationary phase turns out to 
be an attractor in both models.® As a result, the inflationary scenario can also be 
naturally extended to the Planck regime in both models. In the following, assuming 
the validity of the effective dynamics in mLQCs, we first summarize the main fea- 
tures of the background dynamics of these two mLQCs and their similarities and 
differences with/from standard LQC. Then we report the results on the numerical 
simulations of the power spectra in both mLQCs in the dressed metric and the 
hybrid approaches. 


2. The background dynamics in the modified LQC 


Although the big bang singularity is resolved and replaced with a quantum bounce 
in both mLQCs, the differences in the background dynamics between these models 
are still distinct. Similar to standard LQC, the evolution of the background dynam- 
ics in mLQC-II is symmetric with respect to the bounce when gravity is coupled to 
a massless scalar field. The maximum energy density in mLQC-II is about 1.73m$, 
which is larger than the maximum energy density (~ 0.41mi) in LQC. It turns out 
that the evolution of the universe in mLQC-II is similar to that in LQC when grav- 
ity is coupled to the same matter content. In contrast, in mLQC-I, the contracting 
and the expanding phases are no longer symmetric with respect to the bounce point 
which takes place at the maximum energy density (~ 0.097m5;). A characteristic 
quasi de Sitter phase quickly emerges in the contracting phase when the universe 
is evolved backwards from the bounce point. This de Sitter phase is dominated 
by a Planck-sized effective cosmological constant and the asymptotic forms of the 
Friedmann and Raychauduri equations reveal a rescaled Newton’s constant in the 
contracting phase as well.” As a result, when filled with an inflaton field, the clas- 
sical universe can only be recovered in the expanding phase of mLQC-I while in 
the contracting phase, the universe remains quantum with a Planck-scale Hubble 
parameter. 

Meanwhile, the numerical simulations of the background dynamics shows qual- 
itatively similar behavior of the universe in the expanding phase of mLQCs and 
standard LQC.? The initial conditions of the background dynamics which are rel- 
evant to CMB data are those dominated by the kinetic energy of the inflaton field 
at the bounce. For these initial conditions, three distinct phases can be observed in 
the expanding phase: the bouncing phase with w ~ 1 which lasts only a few num- 
ber of e-foldings, the transient transition phase where the equation of state quickly 
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decreases from positive unity to near negative unity and the slow-roll inflationary 
phase. These generic features of the background dynamics shared by mLQCs and 
LQC imply the robustness of the preinflationary dynamics in loop quantizations of 
the spatially flat FLRW universe and the different regularizations of the Lorentz 
term in the classical Hamiltonian constraint leave imprints only in the contracting 
phase. 


3. The primordial power spectra in the modified LQC 


To compute the primordial power spectra in the mLQCs, one can appeal to 
the techniques developed in standard LQC where several distinct approaches are 
widely studied. Among them the most popular ones are the dressed metric ap- 


h!°12and the hybrid approach.!?!6 We have applied both these approaches 
17,18 Jr- 


proac 
to mLQCs and numerically obtained the resulting scalar power spectrum. 
respective of specific model and approach, the power spectrum can be generally 
divided into three distinctive regimes: the infrared (IR) regime, the intermediate 
regime and the ultraviolet (UV) regime. 

The behavior of the IR regime sensitively depends on the initial states, the spe- 
cific model and the applied approach. For example, when the fourth-order adiabatic 
states are employed as the initial states in the contracting phase, the magnitude of 
the power spectra remains almost constant in LQC and mLQC-II in both dressed 
metric and hybrid approaches. In contrast, when the second-order adiabatic states 
are used as the initial states, the magnitude of the power spectra keeps increas- 
ing with the comoving wavenumber in LQC and mLQC-II in both approaches. In 
mLQC-I, the power spectrum in the IR regime strongly relies on the approach 
we use. In the dressed metric approach, due to the emergent de Sitter phase, the 
preferred choice of the Bunch-Davies (BD) vacuum state yields a Planck-sized mag- 
nitude of the power spectrum in the IR regime. While in the hybrid approach, the 
effective mass changes so drastically as compared with the one in the dressed metric 
approach that the adiabatic states can be again chosen as the initial states of the 
scalar perturbations, leading to a power spectrum whose magnitude is comparable 
to that of LQC and mLQC-II in the IR regime. From our numerical results, we find 
the relative difference between LQC and mLQC-II in the IR regime turns out to be 
less than 4096 in the dressed metric approach and less than 5096 in the hybrid ap- 
proach. Due to the similar background dynamics between the LQC and mLQC-II, 
the relative difference between LQC and mLQC-II is much less than that between 
LQC(mLQC-II) and mLQC-I. 

The power spectrum keeps oscillating throughout the intermediate regime in 
all of the three models with the dressed metric and the hybrid approaches. This 
oscillatory behavior is believed to be associated with the bouncing regime where 
adiabatic conditions are violated for the modes whose comoving wavenumbers are 
close to the characteristic wavenumber in each model and thus particle creations 
become appreciable.!? For the adiabatic initial states and in particular the BD 
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vacuum state in the dressed metric approach of mLQC-I, the magnitude of the 
power spectrum in this regime is amplified as compared with that in the UV regime. 
Moreover, the relative difference of the power spectra between different models turns 
out to be larger than that in the IR regime due to the oscillatory behavior of the 
power spectra. In particular, the relative difference of the power spectra between 
LQC and mLQC-II in the intermediate regime can be up to 10096 in both approaches 
and the relative difference between LQC and mLQC-II is also smaller than that 
between LQC(mLQC-II) and mLQC-I. 

Finally, regardless of the initial states, the specific model and approach used to 
compute the power spectra, we always observe a scale-invariant UV regime whose 
magnitude agrees with the observations. The relative difference between the mag- 
nitudes of the power spectra from three models turns out to be less than 196. As 
a result, only the IR and intermediate regimes are mostly affected by the different 
regularizations of the classical Hamiltonian constraints, there is little impact on the 
UV regime due to the quantization ambiguities as it should be. 


4. Summary 


We have studied the background dynamics and the primordial power spectra in 
mLQCs and compare the results with those from LQC. The background dynam- 
ics in mLQC-II is qualitatively similar to that in LQC with a symmetric evolution 
with respect to the bounce when gravity is minimally coupled to a massless scalar 
field. An asymmetric evolution is observed only in mLQC-I where the classical limit 
can only be recovered in the expanding phase and there shows up an emergent de 
Sitter spacetime in the contracting phase. The difference between the background 
dynamics also affects the power spectrum in the IR and intermediate regime. From 
our numerical results, we find the relative difference of the power spectra between 
LQC and mLQC-II in these two regimes is much smaller than the relative difference 
between LQC(mLQC-II) and mLQC-I in the dressed metric and hybrid approaches. 
Moreover, mLQC-I also serves as a good example to explicitly show the differences 
between the dressed metric and hybrid approaches. In particular, a Planck scale 
magnitude of the power spectrum in the IR regime of mLQC-I with the dressed 
metric approach is observed while in the hybrid approach the magnitude of the 
power spectrum is suppressed in the IR regime of mLQC-I. This difference is com- 
pletely due to the distinct construction of the Mukhanov-Sasaki equation in each 
approach which leads to different effective masses. Finally, the power spectrum in 
the UV regime is found to be consistent with the CMB data in all three models 
regardless of the approach and the initial states. 
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'There is an increasing interest in very early stages of the Universe in which the energy 
density of the inflaton could be dominated by its kinetic part. T'his includes classical 
inflationary scenarios with deviations from slow-roll regimes that can introduce modifi- 
cations to the power spectra of the primordial fluctuations. Another example are certain 
quantum bouncing cosmologies. For instance, this is the typical situation in loop quan- 
tum cosmology if quantum corrections may leave observable traces in the power spectra. 
In models of this type, we discuss the leading-order effects of an inflaton potential on 
the primordial perturbations. These effects are of two kinds, referred to the case without 
potential. First, there are changes in the background-dependent mass appearing in the 
dynamical equations of the perturbations in conformal time. Second, away from conven- 
tional slow roll, à Bunch-Davies vacuum may no longer be natural, and possible new 
choices depend on the potential. 


Keywords: Loop Quantum Cosmology, Kinetically Dominated Inflation, Primordial Per- 
turbations 


1. Introduction 


We live in an era of precision cosmology, in which the technological progress has 
allowed us to obtain more accurate observations and determine a number of cosmo- 
logical parameters with a precision of a few percent.! This new era opens the pos- 
sibility of confronting predictions with observations, falsifying cosmological models 
and gravitational theories that may suggest corrections to general relativity (GR). 
Although the standard cosmological model, based on GR and an inflationary phase 
in slow-roll regime, has proved extremely succesful to explain the observations, there 
exist some anomalies that, at least, point towards the statistical exceptionality of 
our universe.” © Namely, cosmological data such as those imprinted in the spectrum 
of anisotropies of the cosmic microwave background (CMB) or the lensing ampli- 
tude are not statistically favored within this standard model. These anomalies may 
be a sign of new physics that modifies in part the paradigms of the model. 

A possibility that has attracted a lot of attention lately is the occurrence of 
kinetically dominated regimes in the very early epochs of the expansion of the 
Universe, i.e. regimes in which the scalar field that is going to drive the inflationary 


4194 


mechanism displays a period in its evolution in which its energy density is dominated 
by the kinetic contribution, rather than by a potential. This kinetic dominance 
would have taken place before slow roll, and the transition between both regimes 
may cover a part of the inflationary era. Typically, the situations of interest combine 
this kinetic dominance with a short lived inflation, because it is then that the 
frequencies that are most affected by the dynamics away from slow roll can overlap 
at present with the band that is observed in the CMB fluctuations.^? This change in 
the early dynamics of the primordial fluctuations can leave traces in their amplitude 
and modify the predictions about their power and other measurable quantities, 
mostly for modes that in those early moments have (wavelength) scales similar 
to those of the physical phenomena that modify the standard picture of slow-roll 
inflation.® 

Clearly, this type of modifications of the standard model can happen within 
GR." Most interesting, they can also appear owing to quantum effects, in a quan- 
tum description of cosmology. An example that has been studied in some detail 
in recent years is the case of loop quantum cosmology (LQC).?:!1? In this formal- 
ism, the cosmological background spacetime is quantized adopting the techniques 
of loop quantum gravity,!! a quantum version of GR that is based on the use of 
holonomies and fluxes of densitized triads, and that avoids any dependence of the 
results on fixed spacetime structures. On top of this quantum version of the cos- 
mological background, matter and geometry fluctuations provide the cosmological 
perturbations that eventually serve as seeds for the anisotropies of the CMB and 
the formation of large-scale structures. Different approaches have been suggested to 
deal with these perturbations.!? 16 Among them, here we will consider only two of 
them, that share the property of preserving the ultraviolet structure of the dynam- 
ical equations for the perturbations in GR. The first one is called hybrid LQC, and 
is based on a simultaneous quantization of the background and the gauge-invariant 
degrees of freedom of the perturbations, using loop quantization techniques for the 
former and Fock techniques for the latter.!^?? We will focus most of our analysis 
on this quantization proposal. The other approach that we will mention, but will 
not discuss in detail in our study, is called the dressed-metric proposal.?* 7? In this 
case, the gauge-invariant perturbations evolve in a kind of mean-field background 
that is dressed with quantum corrections, in order to take into account the most 
relevant effects of its quantization in LQC. 

Remarkably, in the case of kinetic dominance, both in GR and in LQC, the 
changes with respect to the standard evolution of slow-roll inflation in Einstein’s 
theory can be encapsulated in modifications of the time-dependent mass that ap- 
pears in the dynamical equations of the gauge-invariant perturbations.?? This mod- 
ified mass captures the change in the behavior of the background as compared to 
the standard inflationary case. Essentially, these changes incorporate (at most) two 
characteristic scales: one is the scale of the onset of inflation away from slow roll; 
the other is the typical scale of the quantum phenomena, if such corrections are 
present.?? 
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The main purpose of this work is to introduce a formalism capable to deal with 
the changes introduced by a kinetically dominated era in the predictions of the 
primordial spectrum of the cosmological perturbations. Employing that in this era 
the energy density of the inflaton is dominated by the kinetic term, the basic idea 
is to treat the effects of the inflaton potential just as a modification to the free 
case of a scalar field with vanishing potential, and include them only at leading 
order. In the next section, we present the theoretical framework within which we 
will develop this formalism. Section 3 describes the cosmological system that we 
will consider for our study. In Sec. 4 we provide the dynamical equations of the 
gauge invariant perturbations, including their modified mass. We then consider the 
issue of the choice of vacuum state for the perturbations in Sec. 5. The following 
sections are devoted to calculate the leading-order correction of the potential to the 
modified mass and the related change in the selection of vacuum state. Section 6 
discusses what types of effects can be expected owing to the presence of a potential. 
Then, we compute these effects in: (a) the geometric terms that provide the modified 
mass, (b) the evolution of the background state, (c) the modified mass as a whole, 
combining the two previous types of effects, and (d) the choice of a vacuum. This is 
carried out, respectively, in Secs. 7, 8, 9, and 10. Finally, in Sec. 11 we discuss our 
results, and explain their possible use in future works. 


2. The framework 


We will consider cosmological perturbations in the framework of LQC and in the 
classical counterpart that corresponds to GR. We will restrict our discussion to 
the case of scalar perturbations, because tensor perturbations can be treated in a 
similar and in fact simpler way, since the inflaton potential directly affects the scalar 
matter content and hence the corresponding scalar perturbations.!? On the other 
hand, vector perturbations are pure gauge in the absence of vector matter fields. 
The scalar perturbative gauge-invariant degrees of freedom of the geometry and 
the matter content, when the latter is given by a scalar field, can be described e.g. 
by the so-called Mukhanov-Sasaki (MS) invariant, which can be straightforwardly 
related to the comoving curvature perturbations for spatially flat cosmologies.?! 33 
'The Fourier modes of the MS gauge-invariant field satisfy a second-order differential 
evolution equation that can be written in the form of that of a harmonic oscillator, 
except for the addition of a time-dependent mass term to the squared frequency (or 
wavenorm) contribution. It is not difficult to derive the expression of this mass in 
GR, using cosmological perturbation theory. Moreover, in the considered approaches 
to LQC, it is possible to prove that the MS modes satisfy a dynamical equation 
which parallels that of GR except for the modification of the time-dependent mass. 
In the specific case of hybrid LQC, this modified mass turns out to be given by the 
ratio of two expectation values of background geometry operators, quantized with 
loop methods.!?:?? Those expectations values are calculated employing the inner 
product characteristic of LQC for homogeneous and isotropic spacetimes, that is 
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defined using the discrete measure.?:!? This is the paradigmatic example that we 
will analyze in full detail in our discussion. 

Nonetheless, the study can be extended without too many complications to the 
case of dressed-metric LQC, case in which the modified MS mass is also provided 
by expectation values of geometric operators, but the corresponding expression is 
different from the hybrid one.?? Similarly, one can consider the case of hybrid ge- 
ometrodynamics, in which the background geometry is quantized using geometro- 
34,35 and the perturbations using a Fock description, as in hybrid LQC. 
'The modified mass is given again in this alternative quantization by a ratio of two 


dynamics 


expectation values, but in this case the representation of the geometric operators 
and the quantum integration measure over the background are not those of LQC, 
but of geometrodynamics. 

An exact treatment of the modified mass in any of these quantization approaches 
would require numerical simulations to compute the evolution of the quantum state 
of the background, the action on it of the geometric operators, and the expectation 
value using the corresponding quantum measure. These numerical simulations would 
be quite intrincate, because the quantum dynamics in the presence of a potential for 
the inflaton is extremely nontrivial (actually, it is not even guaranteed that there 
exists a well-defined self-adjoint operator that generates the background evolution 
when the potential is not zero and generic). Furthermore, the fact that the quantum 
background state evolves in time implies that (most of) these numerical simulations 
have to be repeated at each instant of time in the considered epoch. For instance, 
the evolution can be described in terms of the inflaton, regarded as an internal time, 
since this is a good clock when the inflaton energy is kinetically dominated. The need 
to carry out the calculation of the expectation values for each value of interest of 
the inflaton complicates enormously the numerical challenges. In addition, the time 
description in terms of the inflaton has to be re-expressed in terms of a conformal 
time, which is the one that appears in the MS equation for the perturbations. 
This change of time involves the computation of additional expectation values, !?:?3 
as we will see in some detail later in our discussion. Besides, of course, all of these 
complicated numerical calculations need to be repeated if one changes the potential, 
e.g. if one wants to consider the effect of different families of potentials in the 
evolution of the primordial perturbations. 

To complicate even more the situation, it is known that the choice of the Bunch- 
Davies state as a natural vacuum for the perturbations?$ 
away from slow roll???" The vacuum state should be optimally adapted to the 
background evolution. When this evolution does not reproduce a de Sitter regime, 
the validity of the Bunch-Davies vacuum is questionable, especially for modes that 
are able to feel the change of dynamics. To try to deal with this issue, at least in 
LQC, several proposals have recently been introduced for the choice of a vacuum 
of the perturbations. For instance, Ashtekar and Gupt have suggested to identify 
the vacuum as a state with a maximal classical behavior at the end of inflation 


is no longer sustainable 
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among those that, in the genuine quantum regime, have geometric uncertainties 
compatible with a quantum extension of Penrose’s Weyl curvature hypothesis.°® 39 
Another interesting proposal, introduced by Martín-de Blas and Olmedo,” is to 
choose a state with a non-oscillating power spectrum at the end of inflation. This 
proposal was motivated by the finding of states with rapid oscillations superimposed 
in the spectrum. Typically, an average of these oscillations over phenomenologically 
realistic frequency bins leads to an enhancement of the power. Recent works have 
shown that the desirable non-oscillating behavior can be characterized by a suitable 
asymptotic behavior in the sector of modes with infinitely large wavenumbers.^0: *! 
From this sector, one would determine the vacuum for all modes by properly ex- 
tending the asymptotic solution. Moreover, it has been proved that this asymptotic 
behavior is displayed by positive frequency solutions associated with an asymptotic 
diagonalization of the Hamiltonian of the perturbations. Namely, by means of that 
diagonalization one straightforwadly finds a background-dependent frequency that 
defines the desired solutions, at least in the asymptotic ultraviolet sector. We will 
focus our discussion on this form of the proposal for the choice of a vacuum for the 
perturbations, since it can be handled analytically, opposite to the situation found 
for the alternative form in terms of the absence of oscillations in the spectrum, or 
for the proposal of Ashtekar and Gupt, which in a way or another require the use 
of numerical methods to pick out a vacuum solution. 

As we have anticipated, the basic idea of our investigation is to approximate 
the MS mass around its value for a free scalar field and derive the leading-order 
correction to it owing to the presence of a small but nonzero potential term. This 
approach to the problem leads to a drastic simplification of the numerical calcula- 
tions required for a complete study of the evolution of the perturbations, which in 
any case can be related to the free evolution, that is usually manageable in most of 
the quantization approaches (sometimes even analytically). Furthermore, as far as 
kinetic dominance persists in the studied period of time, the analysis can be carried 
out in a parallel way, if not at once, for any possible inflaton potential. 


3. The system 


The cosmological system that we will consider in this work is a perturbed flat 
Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime endowed with a scalar 
field as matter content. We start with a homogeneous and isotropic FLRW geometry 
with flat spatial sections and a homogeneous scalar field ¢ provided with a potential 
W(@), which will play the role of an inflaton. In the absence of perturbations, or 
when their backreaction is negligible, this background is subject to a Hamiltonian 
constraint of the form??: 4? 


#2 — AP =0, (1) 
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where 7g is the momentum operator of the inflaton and Ae contains all dependence 


on the FLRW geometry, namely? 


Bp Ed .2W(99?, — H(P -2V3zGInv|V. (2) 
We have set A 2 c = 1, and G is Newton's constant. The operator AY generates 
the free evolution, in the absence of potential, and can be interpreted as proportional 
to the generator of dilations. On the other hand, V is the physical volume of the 
spatial sections (in principle, we consider them compact, and take the noncompact 
limit at the end of the calculations about the dynamics of the perturbations‘). Its 
momentum is denoted by my. 

On this background, we introduce perturbations in the geometry and the scalar 
field, truncating the action of the whole system at quadratic perturbative order, 
which is the first nontrivial one. As we have said above, we restrict our discus- 
sion to scalar perturbations (in the continuous limit?) for simplicity. We adopt a 
canonical set of variables for the background and the perturbations in which the 
perturbative degrees of freedom correspond to the MS gauge invariant and its mo- 
mentum, togeteher with a canonical set for the pure gauge sector.!? The background 
is still described by suitable variables for the inflaton and the physical volume and 
their momenta. These variables differ from the original ones by quadratic perturba- 
tive corrections? but, in order to maintain our notation as simple as possible, we 
will not introduce new symbols for them and use the ones already introduced. 

The resulting system has only one constraint that is not trivial to impose 
quantum mechanically: the spatial average, or zero-mode, of the Hamiltonian con- 
straint!? (truncated at quadratic order). We quantize this system and the constraint, 
and search for physical states by adopting an ansatz of separation of variables. The 
corresponding wavefunctions depend only on the MS gauge invariant, the back- 
ground geometry (e.g. the volume), and the inflaton. With our ansatz, the depen- 
dence on the MS modes and the FLRW geometry separates in partial wavefunctions, 
that may all depend on the inflaton, used as a reference variable for the quantum 
evolution. Moreover, as part of the ansatz, the background state is taken to adopt 


the expression 
$ estat E 
exp [i f dé fa.) 
go 


where yo(V) is the initial state of the FLRW geometry. In addition, the operator 
A is the square root of (the positive part of) A). We will call it the background 
Hamiltonian. We can understand this operator as a(n approximate) generator of 
the background evolution. Finally, the symbol P denotes path ordering, since the 


x(V, $) = P Xo(V), (3) 


a Actually, we allow some freedom in the factor ordering for the representation of this operator. 
This will be useful when calculating its square root, to obtain a specially simple operator [see 
Eq. (14)]. 
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integral in the exponential is defined over the inflaton, and the operator Ho depends 
on it. 

Using this ansatz for the physical states, imposing the zero-mode of the Hamil- 
tonian constraint, and assuming that the transitions between different background 
quantum states mediated by this constraint can be neglected, it is possible to derive 
a quantum constraint just on the perturbations, that depends on expectation values 
of geometric operators over the FLRW geometry of the background.!?:?? This con- 
straint on the perturbations implies dynamical equations of the MS type, but with 
a background-dependent mass that is modified with respect to GR by including 
quantum effects via expectation values. 


4. Modified MS equations 


The coefficients of the Fourier expansion (in terms of sines and cosines, for in- 
stance) of the MS gauge-invariant field can be treated as time dependent variables 
Ug., where € is a dichotomic label that indicates the parity of the mode and k is 
the wavevector, restricted to have a positive first nonvanishing component (in an 
Euclidean fiducial spatial system of coordinates). We will call k the norm of this 
wavevector. 

In hybrid quantum cosmology, according to the discussion of the previous sec- 
tion, the MS variables satisfy the following dynamical equations: 


2 , je \ (89 + (8.Ho) sym) x 


| x vr. = 0, 4 
(De)x ibi 2 
which rule their propagation on the FLRW (quantum) background. The dot denotes 
the derivative in conformal time 7. We will call modified mass the term added to 
k? in the factor between square brackets, and denote it by s(7). The geometric 
operators that appear in this modified mass and have not been defined yet are 


"aes 


_ 2? Q2/3 
te oe "S 
8, = 34/ S V2 qi y APP (y 26 w' (9), (6) 
-T Y TG 
iy” n^ 
a l[l| gO[(i1g. 1g(gjPy-2g 9 | 1 
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, 3 2 
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'The norm of the operator AC? denotes an alternative representation of HY) in 
LQC, obtained with holonomies of double length. Besides, [4] is the so-called 
inverse volume operator of LQC,?:?? which is not the inverse of the volume operator 
V at scales of the Planck volume or below. On the other hand, the prime denotes 


the derivative with respect to the inflaton. 


4200 


The expectation values that appear in the modified mass have to be computed 
on the quantum state for the background FLRW geometry, of the form (3) accord- 
ing to our ansatz. In hybrid LQC, one uses for this calculation the discrete inner 
product characteristic of homogeneous and isotropic LQC. If one considers instead 
hybrid geometrodynamics (i.e. the combination of geometrodynamics and a Fock 
quantization of the perturbations), both the representation of all the involved ge- 
ometric operators and the inner product for the expectation values must be those 
corresponding to a geometrodynamic quantum cosmology. In the case of the dressed- 
metric approach to LQC, on the other hand, the modified mass is slightly different, 
although defined again in terms of expectation values of certain geometric opera- 
tors.2° We will not give its expression here, but emphasize that can be handled in 
a similar way as we will explain for hybrid LQC. Finally, in GR, expectation val- 
ues become evaluation on classical background trajectories, and operators become 
phase space functions, with certain subtleties that we will comment later in our 
analysis. 

It is worth emphasizing that the modified MS equations described above dictate 
the evolution of the gauge-invariant scalar perturbations in conformal time. On 
the other hand, the evolution of the quantum state (3), as well as the explicit 
dependence on the potential W of the geometric operators, are in principle described 
in terms of the inflaton ¢, that in the kinetic dominated regimes is a good reference 
variable for the quantum background dynamics. In the derivation of the modified 
MS equation, !?:?3 one finds that the relation between the conformal time 7 and the 
inflaton as a dynamical parameter is given by the equation 


(Ho) drj x: (0,) dd. (8) 


This relation is state dependent, but it is well defined because Ho is a positive 
operator (a square root, in fact) and the expectation values translate any operator 
dependence into one on c-numbers (treating the inflaton as such, and realizing that 
its momentum does not appear in the considered equation). 


5. Vacuum state 


The fact that the dynamical equations of the (scalar) primordial gauge-invariant 
perturbations change with respect to those that would dictate the evolution on a 
de Sitter background, owing to the modifications suffered by the MS mass, calls for 
a change as well in the choice of vacuum for those perturbations, from the Bunch- 
Davies state adopted in the standard situations to a new state that is optimally 
adapted to the background dynamics. As we have commented in the Introduction, 
several proposals have been put forward for this choice of vacuum state in LQC. 
Here we will adhere to a prescription that is based on an asymptotic diagonalization 
of the Hamiltonian of the perturbations in the sector of infinitely large wavenorms, 
as a way to select a natural positive frequency in that sector, which can then be 
extended to all MS modes.?? We have already commented that this prescription 
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has been shown to select a vacuum with non-oscillating primordial spectrum in the 
ultraviolet sector. 

An important advantage of the asymptotic diagonalization prescription is that 
it can be handled in an (essentially) analytical way in the asymptotic ultraviolet 
sector. Let us see this in more detail. Once we are given a (modified) MS mass s(n), 
we can determine a set of positive frequency solutions {up} in the form 


1 B Sm, dñ SI] (9) 


ar 


where hx is a complex solution of the Riccati equation 
hy =k? Es (10) 


The positivity of the frequency would be guaranteed if and only if S[hx], i.e. the 
imaginary part of hz, is negative. In the following, we will call h; the complex 
frequency function. Note, by the way, that the above set of mode solutions depends 
only on the wavenorm k, and not on the specific wavevector k associated with it. 
'The asymptotic diagonalization prescription selects complex frequencies with the 


following asymptotic behavior?!: 


1 i = Yn 
= 1+2 11 
hk k | » TM ` Wu 


where the coefficients Yn are fixed by the recursion relation 


n—3 n—1 
Ynti = —In +48 [mat >> rr DDL c+); (12) 
l=0 l=0 


starting with the data yo = s. So, the complex frequency must behave asymptot- 
ically as —ik, with all subleading terms forming an asymptotic series in inverse 
powers of k, and with the coefficient yo of the first term equal to the modified 
MS mass. This asymptotic behavior should characterize the complex frequency and 
hence the set of mode solutions that determine the vacuum state. 

For completeness, recall that, if the solutions were valid until the end of inflation, 
the corresponding primordial power spectrum would be proportional to 

k3 


Poke) = gm ny 


(13) 


If our expressions for the mode solutions {j,} are applicable only in an interval 
that does not contain all the inflationary period, then we have to evolve their data 
until the end of inflation and compute the primordial spectrum there. 


6. Corrections produced by the potential 


In order to calculate the leading-order effect of the potential in the regime of kinetic 
dominance, let us first identify the different types of corrections that the potential 
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introduces in comparison to the case of a free evolution. First, the potential modifies 
the expression of the geometric operators that appear in the MS mass. Besides, it 
affects the evolution of the quantum background state on which the expectation val- 
ues are computed, both because the generator of the evolution parametrized by the 
inflaton is different and because the relation between the inflaton and the confor- 
mal time that is used in the MS equation changes. Combining all these corrections 
one obtains the total change in the modified MS mass. This would complete the 
corrections to the dynamical equations of the perturbations in the kinetic regime, 
but we also have to consider the initial conditions for these dynamics, that are de- 
termined by the vacuum state. We have already explained that the natural choice 
of a vacuum changes as well with respect to the Bunch Davies state, away of slow 
roll, and that the new choice depends on the modified MS mass, and hence displays 
a dependence on the inflaton potential. 

In the following sections, we will consider each of these types of corrections 
separately. 


7. Corrections to the geometric operators in the MS mass 


Let us consider the expression of the modified MS mass in Eq. (4). The corrections 
that the presence of a potential introduce in the geometric operators that appear 
in this expression are easy to calculate, taking into account that they are at most 
quadratic in this potential (and its derivatives), except for the dependence that may 
exist via the operator Ĥo. In more detail, the operator Je that gives the denomi- 
nator is independent of the potential. Meanwhile, at leading order in this potential 
the operator ja in the numerator contains a free and a linear contribution. Finally, 
the remaining operator Vo, which is multiplied by Ho in the numerator, is linear. 
As a result, at the leading order in the potential that we are considering, we can 
approximate Ho by its free counterpart A) in the numerator. With this replace- 
ment and the linear truncation of 4 in the potential, the expression of the modified 
mass is valid (as far as the geometric operators are concerned) at the studied order. 

For later discussion, it is helpful to derive the expression of the background 
Hamiltonian, expanded in the potential. Clearly, the first term in this expansion is 
the free Hamiltonian BP. With a suitable choice of factor ordering, one can show 
that? 


Ay = AS” - wo ff) PVA + O(W?), (14) 


where the symbol O(W?) denotes terms that are of quadratic or higher order in the 
potential and its derivatives. 


8. Corrections to the background evolution 


In order to calculate the effect of the potential in the quantum evolution of the 


background state, it is especially convenient to adopt an interaction picture, ^4 in 
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which the dynamics of the free case is isolated and the contribution of the inflaton 
potential is viewed as an interaction. Approximating, to leading order in the poten- 
tial, the interaction part of the background Hamiltonian according to Eq. (14) and 
expanding to the same order the evolution operator associated with this interaction, 
it is straightforward to see that 


c > 
x(V, 6) = z A do K($, $)W ($) + O(W?)| x® (V, 9), (15) 


R (6,6) =exp (iH (o — 9) AVA exp iA- 4), Q6) 


where x? (V, $) is the background state evolved with respect to the inflaton with 
the free Hamiltonian AY, namely 


x? (V, 4) = exp [iS (6 — 40)]x0(V). (17) 


To express this evolution in terms of the conformal time, we also need to calcu- 
late its relation with the inflaton up to the leading-order correction of the potential. 
Recall that this relation is given by (Ho),.dr = (I) dd. Substituting the approxi- 
mate expressions of Ho and x that we have obtained, this equation for the conformal 
time leads first to the free relation 


3 f$ opem es 


()($)— — | dé 
" UP 


= 18 
2d | (18) 


with inverse that we call ¢)(7), and next to a leading-order correction to this 
free term that we denote by nW?) (9). The expression of this correction is long but 
manageable. We do not reproduce it here because its explicit form is not relevant 
for our discussion. 

In practice, we are interested in writing the inflaton as a function of the 
conformal time, rather than the opposite, because we want to obtain the evolu- 
tion of the background state in terms of this time within our approximations. 
With this purpose, we can expand the functional time dependence of the infla- 
ton as the free contribution plus corrections of the potential, in the form $(7) = 
$U? (n) +o (9) --O(W?). From our discussion above, it is then possible to show?? 
that the leading-order correction to the inflaton dependence is just the negative of 
n? ($) mapped under the free relation 9: 


Pn) = eP (n (6 (n)). (19) 


9. Total correction to the MS mass 


We can now combine the corrections to the geometric operators and the background 
state that are necessary to compute the modified MS mass. First, we note that at 
our leading order we can substitute the free relation between the inflaton and the 
conformal time in all geometric operators, since the the expression of the latter 
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was already linear in the potential as far as the numerator of the MS mass is 
concerned, whereas the operator in the denominator was free of any explicit inflaton 
dependence. 

On the other hand, let us define the freely evolved background state in conformal 
time, instead of its counterpart in terms of the inflaton: 


ZOV, n) = exp [i$ (6m) — bo) |x). (20) 
It is then straightforward to see that 
x(V, e) = [1-139 m) + O(W?)] sv, y), (21) 


sw) (F) (W) DPM (P) s x 
JOM) = BPH) — [dK (8,8) WE). e2 


With all these ingredients, we get an expansion for the modified MS mass of the 
form s(n) = sU? (n) + s? (n) + O(W?). More especifically, the result is 
1/3 1/3 


aa evo ^^ € 


for the free contribution to the mass, and 


1 2 
sW) = | 36 i 
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An? 32 XOU an V V bps 
X 

iG i 1/3 i 1/3 

1 | | (y | | id ) (UP) ny2/3. 7(W) 
SE vr Frans 0 E , — 4S (V )J Dao» . 

3c V V xus 


(24) 


In these equations, we have not displayed explicitly the functional dependence on 
the conformal time to simplify the expressions. 

We can particularize these formulas to hybrid LQC by substituting the defini- 
tions of the involved geometric operators, that can be found in Refs.??: 90 
the particularization to quantum geometrodynamics is quite straightforward, using 
the operator representation and integration measure over the volume (or the scale 
factor) that corresponds to this quantization. Several simplifications occur in this 
case, because the inverse volume operator is in fact the inverse of the operator that 


represents the volume, and no distinction has to be made between AS] and Bt. 


. Similarly, 


Finally, let us comment that our formulas provide as well the right result for 
kinetically dominated regimes in GR if the passage to the classical description is 
carried out correctly. For this, commutators of operators have to be translated into 
Poisson brackets of phase space functions using Dirac's rule, any other operator has 
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to be translated also into its phase space function counterpart, and the expectation 
values have to be regarded just as the evaluation on the background classical solu- 
tion. With this correspondence, one recovers the classical relativistic equations.?? 


10. Corrections to the vacuum 


As we have already seen, changes in the MS mass affect the complex frequency hg 
that determines the positive frequency solution jj; corresponding to the vacuum 
state in the asymptotic diagonalization prescription. We recall that this complex 
frequency satisfies the Ricatti equation hy = k? +84 h? in conformal time, with a 
fixed, specific asymptotic behavior for unboundedly large wavenorms. Similarly to 
what we have done with other functions in order to calculate their free part and the 
leading-order correction of the potential, we expand the complex frequency in the 
form hk = ub + ROM + O(W?). Then, linearizing the Ricatti equation, we obtain 


w) 


a first-order ordinary differential equation for ni that admits the general solution 


" (pr (P) 
ALM en) = (c9 f ameo) ai, (25) 
no 
where 
n 
m) =2 f dij h(P (A) (26) 
no 


and QU is any (possibly potential-dependent) constant for each given wavenorm 
k. 

Integrating by parts the above expression and calling dt, = 2? (n)dn, we 
obtain the following alternative form of this general solution: 


m MO ) e 
aq) - — Y^ som \ pois o j 
k (n) Z dr? (=e (n) k , ( 7) 


where pon is a constant for each k. 

We still have to take into account the asymptotic behavior of the function hx. 
With this aim, we expand its asymptotic coefficients yn around those of the free case 
in the form Yn = XP + 2 + O(W?). From the asymptotics of the total complex 
frequency hx and of its counterpart for the free case with vanishing potential, MP, 
we then obtain that the leading-order correction must have the asymptotic behavior 


oo AW 
(W) _ 
hy, = Se (2ik)n t1 ik) n+l 


n=0 


-2 
LO» een] ; (28) 


ww) -— — s(W), given by the correction b the MS mass that we have computed 


in previous sections. The other coefficients EA Ww 
that can be derived from the linearization of the known relation for the coefficients 
Yn, truncating it at leading order in the potential. For our discussion, the important 


with yò 
for n > 1 verify a recursion relation 


4206 


point about the asymptotic behavior (28) is that it does not contain any oscillating 
exponential (in fact, the expression can be reformulated as an asymptotic series in 
inverse powers of k). This result implies that the constant pon in Eq. (27) must 
vanish for the solution selected by our asymptotic condition. Hence, we conclude 


that (asymptotically at least) 


o gn fW) 
hy? (n) = » am (m). (29) 


In this way, we have succeeded in obtaining the expression of the leading-order cor- 
rection to the complex frequency function, and therefore in getting the ingredients 
necessary to characterize the vacuum state selected by the asymptotic diagonaliza- 
tion prescription at our order of truncation in the potential and its derivatives. 


11. Conclusions 


In this work, we have considered kinetically dominated regimes in the very early 
evolution of the Universe. These regimes are attracting an increasing attention, 
both within GR and within quantum cosmology, as a mechanism to produce mod- 
ifications in the CMB power spectra and other related cosmological quantities that 
can alleviate the possible anomalies that have been claimed in the observations, 
especially when this period of kinetic dominance in the energy density of the scalar 
field is accompanied with a later epoch of short lived inflation. In general, intrincate 
numerical computations are needed to study these kinetically dominated regimes 
previous to the slow-roll phase. 

The situation is particularly complicated in quantum cosmology, where the back- 
ground is described quantum mechanically. In many practical situations, this is one 
of the reasons why most of the analyses carried out so far in LQC have concentrated 
on the consideration of quantum background states that are peaked on effective tra- 
jectories,? described in the purely homogeneous and isotropic case by a corrected 
Hamiltonian constraint (with respect to that of GR) that incorporates effects of 
the quantum geometry. One of the effects that these trajectories incorporate is the 
existence of the renowned quantum bounce that avoids the cosmological singular- 
ity.9:94^42 For this kind of states, expectation values are replaced with evaluation 
on the peak trajectories. However, it is not totally clear if this procedure is valid 
for any kind of geometric operator, like those that appear in the modified MS mass, 
which are highly nonlinear in the basic variables in which the peak trajectories have 
been confirmed. Besides, one cannot analyze in this way background states with a 
more genuine quantum behavior. Both issues are relevant because the modifications 
in the MS mass produced by the loop quantization are only significant in the regions 
with important quantum geometry corrections, that would correspond to the bounce 
in the case of the commented effective description. So, the interest in performing 
a fully quantum analysis in those regions is clear. In the situations that are phe- 
nomenologically appealing, the evolution is indeed kinetically dominated in those 
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regions. A formalism like the one that we have presented, which allows a quantum 
investigation employing approximations that are based on the kinetic dominance, 
may therefore be of great help. Notice also that, even if one accepts a simplification 
of the problem by using some kind of effective description for the background, the 
discussion would need to be carried out separately for each inflaton potential, with 
a complicated dynamics that would almost certainly require numerical calculations 
at some step of the analysis, and that would have to be repeated for any different 
potential that one considers. 

Instead of facing any of the aforementioned, involved and time-consuming, nu- 
merical calculations, we have developed a formalism that allows us to study the 
problem starting from the dynamics of a free scalar field including the effects of 
a potential as corrections, with an applicability restricted to regimes with kinetic 
dominance and hence away of the period of slow-roll inflation. More especifically, 
we have analytically studied the leading-order corrections caused by the inflaton 
potential, focusing our attention on the case of a hybrid quantization in cosmology, 
which combines a quantization of the FLRW background with a Fock quantization 
of the perturbations. These corrections of the potential modify the geometric quan- 
tities (operators in general) that provide the modified MS mass in the dynamical 
equations for the perturbations. They also affect the evolution of the background 
state, both because they modify the generator of its evolution with respect to the 
inflaton (that can be used in kinetic dominance as an internal reference variable 
for the dynamics) and because the relation between the inflaton and the confor- 
mal time is changed. More subtle is the effect on the vacuum of the perturbations. 
Away from slow roll, the choice of a Bunch-Davies state does not seem justified any- 
more. We have adopted a prescription for the choice of a vacuum that rests on an 
asymptotic diagonalization of the Hamiltonian of the perturbations, and which has 
been seen to lead to an asymptotically non-oscillating primordial power spectrum. 
'The vacuum selected with this prescription is characterized by a set of positive 
frequency solutions, determined by a complex function, which we have called the 
complex frequency. This function satisfies a Ricatti equation and has to fulfill cer- 
tain asymptotic conditions. Since this Ricatti equation and also the asymptotics 
depend on the modifed MS mass, the presence of a potential produces corrections 
in them, and therefore on the complex frequency, altering the choice of vaccum 
state. 

We have succeeded in calculating all of these leading-order corrections, providing 
in this way all the ingredients needed to study at that order the evolution of the 
primordial perturbations and the state that fixes their initial conditions. It is worth 
remarking that our results can be generalized to other prescriptions in quantum 
cosmology other than a hybrid quantization. For instance, we have commented that 
the dressed-metric approach to LQC can be studied in a similar way, with the only 
difference that the expression of the modified MS mass is not the one that we have 
considered in detail here.?° Besides, we have also seen that the results are applicable 
to the case of GR, with certain rules for the translation of our formulas into the 
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classical case. On the other hand, our results have been derived at leading order in 
the corrections produced by the potential, but in principle there is no obstruction 
to extend the analysis to higher orders. T'he expressions will become much more 
intrincate, but there is no conceptual obstacle to obtain those corrections, increasing 
order by order the accuracy of the formalism. 

Our treatment opens the possibility of comparing the effects of different poten- 
tials without the need of performing explicit calculations for each of them spearately. 
This is so because the potential appears in our formulas for the corrections in an 
abstract way, without any requirement about it apart from the validity of the kinetic 
dominance. It would be very interesting to use this approach and study the different 
effects that distinct potentials can produce in the primordial power spectra of the 
perturbations, left as imprints of a kinetically dominated epoch previous to slow 
roll. Finally, our results make possible the investigation of another very interesting 
issue, which is extremely relevant to ellucidate whether quantum effects can be de- 
tected or not in cosmological observations. T'his issue is the question of whether the 
effects of a classical fast-roll period (i.e. an inflationary period that does not satisfy 
the slow-roll conditions) can be differentiated from the effects of a quantization of 
the geometry. This question is crucial to answer whether the last of these types of 
effects has any hope to be observed. Since our formalism is applicable to kinetically 
dominated regimes both in GR and in the relevant quantum regions of LQC (and 
other quantum cosmology proposals), it can be used to analyze the effects of these 
distinct dynamics of the perturbations, studying the differences in the imprints that 
each of them may eventually leave on the spectra of the primordial perturbations. 
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We reexamine the computation of the equations of motion of the Ashtekar-Olmedo-Singh 
black hole model in order to establish whether it is possible to construct a Hamiltonian 
formalism such that parameters that regulate the introduction of quantum geometry 
effects are suitably treated as true constants of motion. After suggesting that these pa- 
rameters should capture contributions from two sectors of phase space that had been 
considered independent in the literature, we proceed to obtain the corresponding dy- 
namical equations and investigate the repercussions of this more general choice. We 
restrict our discussion exclusively to these dynamical issues. We also analyze whether 
the proposed procedure can be reconciled with the results of Ashtekar, Olmedo, and 
Singh, at least in some limit. 


Keywords: Loop Quantum Cosmology, Black Holes, AOS Model. 


1. Introduction 


Almost three years ago, Ashtekar, Olmedo, and Singh proposed a new model to 
describe black hole spacetimes within the framework of loop quantum cosmology! ? 
(from now on, referred to as the AOS model for short). This model is set apart from 
prior related investigations^?? for a number of reasons, including the fact that it 
is claimed that its physical predictions neither depend on fiducial structures nor 
display large quantum corrections in low curvature regions (which count among the 
problems that previous studies suffered from). By means of the inclusion of quantum 
geometry effects, which is regulated by two polymerization parameters, the classical 
central singularity is found to be cured. In this model, it is replaced by a transition 
surface between a trapped region and an anti-trapped one and the metric, that 
we will call effective in the sense that it can be treated classically but incorporates 
quantum effects, is extended to encompass what can be regarded as a white horizon. 
This effective geometry is shown to be smooth and, in fact, the curvature invariants 
turn out to admit universal upper bounds that are independent of the mass of 
the black hole under consideration." ? The authors of the model completed their 


? Here, the term “polymerization” refers to the name “polymer quantization", which is often used 
for the quantization of symmetry reduced models with loop techniques. 
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investigation by formulating an analogous description of the exterior region that can 
be matched smoothly with that of the black hole interior, resulting in an effective 
extension of the whole Kruskal spacetime. 

One of the defining features of the AOS model is their choice of polymerization 
parameters. In order to overcome the issues present in earlier works, they proposed 
a procedure in which the parameters are identified with certain Dirac observables 
(i.e., quantities that are constant along any given dynamical trajectory but not on 
the whole phase space), defined by minimal area conditions on the transition surface. 
Nonetheless, the parameters are treated as constants throughout the Hamiltonian 
derivation of the equations of motion and only once they have been obtained and 
solved does the aforementioned identification occur, whereby the parameters are 
fixed to the value of certain functions of the ADM mass, which is a Dirac observ- 
able itself.P^ This was already pointed out by Bodendorfer, Mele, and Münch. In 
Ref. 40, they showed that an extra phase space dependent factor would appear in 
the dynamical equations should the parameters be treated as genuine constants of 
motion from the very beginning. For this, they employed that, given a certain choice 
of lapse function, the Hamiltonian constraint of the system is essentially given by 
the difference of two Dirac observables, the on-shell values of which coincide and be- 
come proportional to the mass of the black hole. This simple structure was exploited 
to divide the phase space into two independent sectors (associated with the radial 
and angular degrees of freedom, respectively), where the dynamics is generated by 
the previously mentioned Dirac observables, which can be thought of as partial 
Hamiltonians. Additionally, these partial Hamiltonians were assumed to serve as 
polymerization parameters,” in the sense that each parameter was chosen to be a 
function of only its associated partial Hamiltonian. As a result, by evaluating the 
study on shell, one makes contact with the original proposal of Refs. 1-3 to the 
extent that the on-shell parameters are functions of the mass of the black hole. 

Nevertheless, given the fact that the two partial Hamiltonians have coincident 
values on the constraint surface, there should be no way of telling apart their on-shell 
contributions. Consequently, one could argue that a more general choice of polymer- 
ization parameters would be such that each of them could depend on both partial 
Hamiltonians, a fact that would imply that the decoupling of phase space sectors 
that plays a central role in previous analyses would be broken both at the Hamilto- 
nian and dynamical levels. In the following, we will focus on analyzing whether an 
alternative procedure to perform the Hamiltonian calculation can be constructed 
starting from this observation. We will ignore for the time being issues concerning 
the asymptotic behavior of the effective metric and its physical interpretation and 
quantum covariance, which lie beyond the scope of this work (see Refs. 41, 42, 43, 
and 44 for details on the criticisms that the model has received). The main objective 


bThe authors of Refs. 1 and 2 presented an argument supporting this procedure that involves an 
extension of phase space. See Appendix A of Ref. 2 for further details. 
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of our investigation is to explore the possibility that an alternative dynamical anal- 
ysis where the polymerization parameters depend on both partial Hamiltonians can 
be developed and to ascertain whether such an analysis can reconcile the derivation 
of the solution in Refs. 1-3 with a genuine treatment of the parameters as dynamical 
constants. 

'The rest of this article? is organized as follows. In Sec. 2, after a brief introduction 
of the main elements of the AOS model, we discuss the selection of polymerization 
parameters, including our new proposal. In addition, we address the derivation of 
the dynamical equations that follow from our choice in Sec. 2.2. In Sec. 3, we delve 
into certain time redefinitions that lead our equations of motion to adopt a simpler 
form, paying the price of employing two different time variables instead of one. We 
also examine whether the existing freedom in the model may allow us to set both 
times equal. In Sec. 4, we extend this investigation to the asymptotic limit of large 
masses and study the relation between both time variables for finite values of the 
mass. Finally, in Sec. 5, we summarize the main ideas of this work and discuss our 
results. Throughout this paper, we set the speed of light and the reduced Planck 
constant equal to one. 


2. The model 


In this section, we briefly introduce the main ingredients of the effective model under 
consideration, ? followed by a comment on the choice of polymerization parameters 
in Sec. 2.1 and the derivation of the equations that govern the dynamics of the 
system in Sec. 2.2. For further details, we refer the reader to the original works. 

In this paper, we focus our attention on the interior region of a Schwarzschild 
black hole, which can be foliated by spatial Cauchy hypersurfaces (namely those 
characterized by r — const, where r is the Schwarzschild radial coordinate). Fur- 
thermore, these spatial hypersurfaces are homogeneous, a property that permits a 
finite dimensional Hamiltonian description of the system. Indeed, the associated 
phase space is four dimensional and can be coordinatized by two connection vari- 
ables b and c which encode the degrees of freedom of the Ashtekar connection, and 
two triad variables py and pe which encode the degrees of freedom of the densitized 
triad. These form two canonical pairs with Poisson brackets? 


{b, pp} = G4, {c, pe} = 26, (1) 


where G is the Newtonian gravitational constant and y is the Immirzi parameter. 
Given that the first one contains the dynamical information about the radial direc- 
tion and the second one the dynamical information about the angular directions, we 
will refer to these pairs and the sectors of phase space that they define as “radial” 
and "angular", respectively. 


©The present manuscript is based on a previous publication of ours, ^? 


restructured and updated view on the subject. 


although we here provide a 
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By virtue of the symmetries inherited from general relativity, these variables are 
bound by a constraint, namely the Hamiltonian of the system, H. With the choice 


E M V [pe] 
ae sin dpb i (2) 


the product of the lapse function and the Hamiltonian is given byt? 


Lo 
NH = (0s - 09), (3) 
|. 1 /sinðbb i y?óy N pi 
Qe: 2y ( dp . sinóp) Lo’ (4) 
| 1sindce pe 
Oo= = EO (5) 


where L, is a fiducial length introduced to avoid divergences when integrating ho- 
mogeneous quantities over space. In addition, 6, and ôe are the polymerization pa- 
rameters that capture and introduce the effects of quantum geometry in the system. 
Should we take the limit where these parameters vanish, the classical Hamiltonian 
would be recovered. Notice that, if no cross-dependence is introduced through the 
ó-parameters, Oy and Oe only depend on the radial and angular sector, respec- 
tively. Therefore, up to multiplicative constants, these two objects would generate 
the dynamics in their respective sectors of phase space. As such, we refer to them as 
“partial Hamiltonians", although we emphasize that this interpretation is only valid 
when the polymerization parameters depend at most on the canonical variables of 
their respective sectors. In the following subsection, we discuss how to select these 
parameters. 


2.1. Polymerization parameters as constants of motion 


Let us briefly go over the main idea underlying the discussed identification and 
handling of the polymerization parameters suggested by the authors of the original 
model, mentioning an alternative related proposal that was put forward in a later 
work as well. Afterwards, we argue that, on the light of the dynamical properties of 
the system, a more general choice could be made, which we adopt for the subsequent 
analysis. 

As already mentioned in the Introduction, one of the main features of the AOS 
model that set it apart from previous investigations is the way in which one deals 
with the polymerization parameters. Instead of taking the ó-parameters as constants 
on the whole phase space or as arbitrary functions of phase space, the authors 
of Refs. 1 and 2 proposed to tread an intermediate path: the model is based on 
selecting these parameters in such a way that they are eventually identified as Dirac 
observables, i.e. constant along any given dynamical trajectory. More concretely, 
they proposed a procedure where óy and ôe are treated as constants throughout 
the Hamiltonian derivation of the dynamical equations and fixed to the value of 
certain Dirac observables only at the very end. These Dirac observables are given 
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by functions of the mass of the black hole determined by minimal area conditions 
at the transition surface in the limit of large masses. For an argument supporting 
the validity of this procedure, we encourage the reader to consult Ref. 2 (and in 
particular its appendices). 

In a later work,* this approach was criticized arguing that the attained dy- 
namical equations are not the ones derived from their proposed Hamiltonian if the 
parameters were to be treated as constants of motion. Instead, an alternative pro- 
posal was put forward to use the partial Hamiltonians themselves as polymerization 
parameters in their respective sectors of phase space. In other words, the authors 
of Ref. 40 suggested to take each parameter as a function of its associated partial 
Hamiltonian. This idea is based on the fact that both partial Hamiltonians are Dirac 
observables in the AOS model. Furthermore, their values coincide on shell (that is, 
on the phase space surface on which the Hamiltonian constraint vanishes) and are 
proportional to the mass of the black hole 


Op|on—shell = Oclon—shell — m. (6) 


With this choice, the nontrivial nature of the parameters as functions of phase 
space is taken into account in the Hamiltonian calculation from the very beginning, 
leading to contributions coming from the nonvanishing Poisson brackets of 6, and 
ôe which were absent in the original AOS dynamical equations. 

Given the attention that the AOS model has drawn in the recent years and 
the interesting physical results derived from it, it seems to us that it is worth 
investigating whether these two approaches can be reconciled in some way (and 
if so, to which extent) in order to gain confidence on the meaningfulness of the 
physical picture that ensues from it. This is precisely the aim of our work and the 
intention behind the preliminary computation presented in the next sections. In 
order to address this question, we follow the ideas of Ref. 40, or rather an extension 
of them. 

Our proposal is based on a simple observation. As we commented in the pre- 
vious paragraphs, by virtue of the structure of the Hamiltonian constraint, both 
partial Hamiltonians have the exact same on-shell value. Therefore, we should in 
principle not be able to tell apart their contributions to the on-shell polymerization 
parameters. As such, we argue that the most general choice of this form should be 


ôi = fi(Ov, Oc), (7) 


where 7 = b,c and f; are functions of both Oy and O..1 Moreover, we require that 
the on-shell value of our parameters coincide with those considered in Refs. 1-3, 


dFrom now on, we will use this notation to refer to the radial and angular sectors indistinctly. 
Thus, letters from the middle of the Latin alphabet (i, j, ...) take values on the set (b, c}; so that i, 
pi, Oi, and 6; denote the connection variable, the triad variable, the partial Hamiltonian, and the 
polymerization parameter associated with the radial or angular sector, depending on the value of 
the label i. 
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namely 


- 1/3 1/3 
VA z 1 A? T 
^ C to(m™), asar (ia) (c^) e 


where o(-) denotes the presence of terms that are subdominant with respect to the 
quantity in parenthesis. The inclusion of these subdominant terms has to do with 
the fact that the ó-parameters of the AOS model are derived in the limit of large 
black hole masses, where two relevant solutions to the minimal area conditions that 
define them in the first place coincide (see Appendix B of Ref. 2 for further details). 
Notice that the proposed functional form of these parameters introduces a cross- 
dependence between the radial and angular sectors of phase space, which breaks 
the decoupling of these sectors that had been present in the literature until now. In 
the next subsection, we explore the immediate consequences of this decoupling as 
regards the derivation of the equations that govern the dynamics of the system. 


2.2. Dynamical equations 


Let us address the derivation of the equations of motion that follow from the effective 
Hamiltonian of the AOS model if the polymerization parameters 6; are selected as 
discussed in Sec. 2.1. Since the time derivative of any phase space function can be 
obtained by means of its Poisson bracket with the Hamiltonian, it is immediate to 
see that 


ði = "e 2 ((450;) — (4505), (9) 


where we recall that i, j = b, c. EUN here j Æ i, t is the time variable associated 
with the lapse function N [see Eq. (2)], and s; is a sign defined by 


=41,  s--L (10) 


Let us now compute (i, O;) and {i,O,;}. The first of these brackets is given by 


(5,0) = ford +2 366.00). — Q0 


ð fi 
m (4 -ti, Oj t5 


In a similar way, 
o o 
6.0) = Fe (Shion + 54.05). (12) 


From the form of these two expressions, we realize that Eqs. (11) and (12) constitute 
a system of equations linear in (i, O;) and {i,O,;}. Recasting this system in an 
appropriate manner, we have 


ree a —q 


4217 


where we have defined 


— _ 90; Of 
i 5E BO; 


(14) 


This system can be solved provided that the determinant of the first matrix does 
not vanish, 


(1 — Aa)(1 — 455) - Ai Ai z 0. (15) 


From now on, we assume that this invertibility condition holds. Then, we find that 
the Poisson brackets that enter the equations of motion are given by 


{i yes 
i 2 _ l, Di Op; 4 e "2 (16) 
150; A- Aul- Az) AgAR NX Aj 7’ 
which results in 
, 1— Ajj = Aji DL 00; 
= i (Pipa 3 1 
a (Ag il Ajj) — AijAji E Gt Pid 3s. = 


with j # i. Following the same procedure with the triad variables, their correspond- 
ing dynamical equations turn out to be 


i= ASUUA 22 


ji L 
ji Lop : 
(1— Ai)(1 — Ajj) - Aig Age | "i g pg ði (18) 


Ppi = 


where, again, j Æ i. 

It is interesting to note that, in both cases, the expressions in square brackets are 
the equations of motion that are attained if the parameters are treated as constant 
numbers (and, thus, the ones considered in Refs. 1-3). These appear rescaled via a 
phase space dependent factor 


1 — Ajj — Aji 
(1— Aa)(1— Ags) - Au Aji 


Cy = (19) 
which is a priori different in each sector. Therefore, we conclude that these C-factors 
that multiply the AOS dynamical equations contain all the information about the 
nontrivial functional form of the polymerization parameters. Indeed, if we ignore 
the brackets of 6;, A;; would vanish identically and C;; would reduce to the identity, 
recovering the original AOS description. Likewise, if we consider that each parameter 
depends only on its corresponding partial Hamiltonian (reestablishing the radial- 
angular decoupling), A;; vanish if i Æ j and Cj; reduces to (1 — Aj;) !, which 
reproduces the result obtained in Ref. 40. 

In Sec. 3 we discuss how to deal with these phase space dependent factors that 
result from the coupling of the radial and angular sectors in order to try and find 
solutions to the dynamics. 
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3. Local time redefinitions 


As we saw in the previous section, the effect of considering polymerization parame- 
ters that are functions of both partial Hamiltonians is the appearance of two phase 
space dependent factors in the equations of motion. Interestingly, the obtained equa- 
tions turn out to be a rescaling of the ones resulting from constant ó-parameters, 
and these rescalings, which are different in the radial and angular sectors, are given 
by the aforementioned factors C;;. The fact that the nontrivial nature of the poly- 
merization parameters affects the equations of motion precisely in this way implies 
that it can be absorbed through suitable time redefinitions. Indeed, taking these 
factors to the left-hand side of their respective dynamical equations, we realise that 
the definitions 


dt; = Cijdt, jzi, (20) 


lead to equations that are identical to those considered by the authors of Refs. 1 and 
2. From now on, we often refer to tẹ and te as the “radial time" and the “angular 
time", respectively, for reasons that should be obvious. In terms of these newly 
defined time variables, the equations of motion adopt the same form as in the AOS 
model, which implies that the equations associated with the radial and angular 
sectors can be dealt with independently. Those corresponding to the c-sector can 
be solved in a straightforward manner, leading tot? 


ócc(t«) "Loo; —2t 
tan Le = ene ete 
an 5 $m € ; 
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De(tc) = 4m? (e^ + Jona eM) : (22) 


(21) 


64m? 


where the integration constants have been fixed so that the effective metric coincides 
with the standard form of the interior Schwarzschild metric. 

Similarly, the equation associated with b can be solved in a straightforward way. 
We obtain? 


b, 
T i 1 + b, tanh z 
cos ópb(ty) = bo tanh (> tanh + 5 ) = E (23) 
ez "qub tanh cs 


where b, = 4/1 + y2ó2 and the constant of integration has been fixed so that the 
horizon lies at tẹ = 0 (which is equivalent to requiring that b vanishes there). Since 
the canonical variables are bound by the Hamiltonian constraint, there is no need 
to solve the fourth differential equation, which is more involved than the others. 
Indeed, it suffices to solve for py in H = 0. Since it is convenient not to mix the 
radial and angular times, we can employ the fact that Oy is a constant of motion. 
Actually, using Eqs. (21) and (22), we can determine that 


lsind.c pe 2 pc tan(6.c/2) E 
4 ôe Lo  yLoôcl + tan? (6,c/2) i 


O. = (24) 
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Given that both partial Hamiltonians coincide on shell (as it follows immediately 
from H = 0), we then get Oy = m as well. Therefore, solving for py in Oy = m, we 
obtain 
sin dpb(ty) 1 
db 2 4 sin? Sub) , 
Op 


polte) = —2yLom (25) 


where we can see that p,(0) = 0, which is consistent with the requirement that the 
horizon correspond to ty = 0. 

So far, we have shown that suitable time redefinitions lead to dynamical equa- 
tions that are identical to those obtained when 6; are treated as constants, except 
for the fact that they are written in terms of two time variables. Hence, the solu- 
tions to the dynamics have the same form. Again, this is the case when expressed 
in two a priori different time variables, one per sector of the phase space. Since our 
objective is to determine whether it is possible to recover the results of the AOS 
model (at least in some sense), it seems natural to wonder whether we can use the 
off-shell freedom of our formalism to set both times equal. In the remainder of this 
section, we answer this question. 

To begin with, we can find the relation between the radial and angular times 
by solving for dt in the definitions of both tẹ and te and integrating the result of 
equating both expressions: 


0 0 
/ dt [L— Aw (4) — Ass (8)] = J d/[I— As()- Aalt), 2) 


to te 

where we have canceled the denominators of Cy. and Ceb, which are identical [see 
Eq. (19) to realize that the denominator of these factors is symmetric under the 
exchange of 4 and j]. In this equation, A;;(t;) is obtained by plugging the solutions 
discussed above into the expression of A;;. Moreover, the limits of integration have 
been chosen in accordance with the fact that the time variables are negative in the 
interior region of the black hole, as can be understood by examining the classical 
limit of the solutions to the effective dynamics.'? Notice as well that we have used 
the existing freedom to make the origins of both time variables coincide. 

Once we have fixed this freedom, asking whether tẹ can be set equal to te is 
equivalent to asking whether Cy. can be chosen equal to Ceb. Therefore, the condi- 
tion to be studied is 


00.0f. - ( 90, zy 55 


~ 86. ðn ^V Ob, Ôu 


where we have called u = (Oy +O,)/2, the on-shell value of which is simply given by 
m, and we have implicitly employed that the dependence of fẹ and fe on Oy and Oe 
can be equivalently described by their dependence on the difference and the sum of 
these quantities (divided by 2). In the previous expression, rather than demanding 
that tẹ and te coincide, we have actually allowed for the more general case that 
these two times be proportional to each other, with proportionality factor o, hence 
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reaching a strict equality in the limit a — 1. Evaluating this expression on shell 
and assuming that f; are at least C!, so that the derivative and the on-shell limit 
commute, we obtain 


"mos, ^ 


where Of;/Om stands for the on-shell particularization of the partial derivative of 
fi with respect to u, and we have omitted the indication of the rest of on-shell 
evaluations for the sake of simplicity. In the remainder of this article, whether an 
expression is evaluated on shell or not will be clear from the context. At this point, 
the only remaining step is to compute the derivatives of the partial Hamiltonians 
with respect to the polymerization parameters and evaluate them on shell. A simple 
calculation shows that 


OO, 1 3282 dpb COs pb — sin ópb Pb 

EE ay) 2 , (29) 
bp 2y sinf 6,0 ors Lo 
OO. 16,ccosd.c — sin ĝeC Pe 

= ] 30 
ðe y 62 Lo (39) 


The fact that these derivatives are functions on phase space appears to be in contrast 
with the requirement that the on-shell values of tẹ and te be proportional (or equal), 
which one would ideally want to hold on the whole phase space. Therefore, we need 
to find a way to cancel the undesired phase space dependence. Given the fact that 
sin ;i can be rewritten in terms of m and p; on shell [see Eqs. (4) and (5)], every 
function of the connection variables 7 can be reexpressed in terms of the mass of 
the black hole and the triad variables. Hence, the above derivatives can be regarded 
as nontrivial functions of p; from the point of view of their dependence on phase 
space. As a result, we have 


af dOc, 
1 Fe p.) = a fi- S Ce in), (31) 


where the form of 0O0;/00;(p;) is irrelevant for the present argument, except for 


the fact that they are not trivial functions. Since the phase space contributions of 
the left-hand side cannot cancel those of the right-hand side, we conclude that the 
only possibility to achieve the required cancelation is by choosing 0f;/Om to vanish 
identically. That is, we can set both time variables equal if and only if the on-shell 
values of the parameters are independent of the mass. However, this does not make 
any sense physically speaking. Indeed, we would expect the parameters to vanish 
in the limit of infinitely large black hole masses, so that the description of general 
relativity can then be recovered, but not to be constantly zero for any value of the 
mass. 

As a result, we conclude that the answer to the question of whether we can set 
the radial and angular times equal on shell is in the negative as long as we want 
physically acceptable polymerization parameters in the sense that they have an 
appropriate large mass limit. Hence, we realize that the appearance of two distinct 
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time variables is a defining feature of our formalism and cannot be avoided through 
an astute choice of parameters. 

In the next section, we examine whether the proportionality condition (28) can 
hold in a suitable way in the limit of large black hole masses. 


4. The large mass limit 


Although we have shown that the radial and angular times cannot be set equal 
in general, this result does not imply that they may not coincide in some regime. 
From the point of view of the reconciliation with the results of Refs. 1 and 2, there 
is a particularly interesting situation, namely that of infinitely large masses. The 
reason behind this interest is twofold. On the one hand, it would seem especially 
desirable to achieve some sort of agreement in the large mass limit since the AOS 
model is adapted to describe very massive black holes to begin with. Indeed, as we 
commented in Sec. 2.1, their proposed parameters are only valid in that limit, given 
that they are extracted from the leading order of an asymptotic expansion of the 
area conditions that define them. On the other hand, astrophysical black holes, some 
of which may be susceptible of being probed by observations in the near future, are 
tremendously massive with respect to the Planck mass, which entails the importance 
of having a deep understanding of the similarities and differences between models 
in this regime. With these ideas in mind, let us perform an asymptotic expansion 
of the derivatives of the partial Hamiltonians with respect to the polymerization 
parameters, which are the functions of phase space that appear both in condition 
(28) and in the relation between the radial and angular time variables (26). 
According to the discussed on-shell values of the polymerization parameters, it 


is immediate to realize that 
: 16; ; 
A E (5). (32) 


om 3m 


This means that the dominant term goes as m~4/° in the asymptotic limit. There- 


fore, it is obvious that the proportionality condition (28) will hold for large masses 
provided that, in that limit,° 


[207 
06; 
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m" with nj < 


l (33) 


For simplicity, let us begin by computing the dominant term associated with 
the angular sector. Given the effective solutions discussed in Sec. 3, we see that the 
dominant term of the triad variable is given by 


De = 4m? + o(m?). (34) 


*1f any of the two exponents n; turned out to be equal to 4/3, then an additional condition on the 
coefficients of the dominant terms must be met for Eq. (28) to hold asymptotically. 
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An expansion of the trigonometric functions of the connection variable can be ob- 
tained in a similar manner. Since our effective solution involves the tangent of 0.c/2, 
it is convenient to write 

1 — tan?(0,c/2) T M ES : ( Of ) 


Oc = = T 
See 1 + tan?(0,c/2) 32e4te m? m? 


From this expression, we can derive the asymptotic expansions of the remaining 


(35) 


functions of the connection variable c. Nevertheless, it is important to bear in mind 
that, according to the conventions of Refs. 1-3, b > 0, c > 0, pp € 0, and pe > 0. 
Together with the fact that the polymerization parameters are infinitely small in 
this regime, this implies that every trigonometric function contained in 0O,/06,. is 
nonnegative. As a result, a simple calculation reveals that 


00. PL? de e 


E H 36 
Oe 48e4te m É m (36) 
This result indicates that the left-hand side of Eq. (28) tends to one as the mass 
grows infinitely. 

An analogous result can be obtained in the radial sector following the same 


reasoning. As a consequence of the form of the effective solution (23), we get 
cos pb = 1 + C18? + o(67), (37) 
where 
Gr tanh(t,/2) l 
1 + tanh(t,/2) 
After a simple computation, we obtain that the relevant function of the connection 
variable b behaves as follows in the large mass regime: 


2,52 : 
1°05 ópb cos dpb — sin dpb 2 2 Ci 
1 = 2C; + dp + o (ôb). 39 

( 2) a jd eg Hou N99) 
Lastly, the dominant term of the triad variable py can be found using Eq. (25) in 
conjunction with the expansion of sin ôb, which is easily found from that of cos 4,5, 
written above. The outcome is 


(38) 


p» = —2yLo me Fo(m). (40) 


m-q 
y? EE 2C 
Thus, the derivative of the radial partial Hamiltonian with respect to 6, exhibits 
the asymptotic behavior 


OO, o 26 y? T 2C 
ð 3 «Eh 

This behavior indicates that Ay, + Abc vanishes asymptotically. 
Taking into account these results, the proportionality condition reduces at lead- 


ing asymptotic order to 


dpm + 0 (dpm). (41) 


a=1. (42) 
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Hence, we conclude that, among all the possibilities that the two time variables 
become proportional in the limit of large black hole masses, the only one that is 
realized is that where the proportionality factor is the identity. 

Using the asymptotic expansions that we have just derived, we can obtain the 
relation between the radial and angular times for finite masses up to the first sub- 
dominant order. Indeed, the implicit relation (26) evaluated on shell reduces to 


0, fs , 20» a , 90. 
t- te= 5 ^ S'a o D- 5 | di, ae (te): (43) 


Substituting the derivatives of the ó-parameters and inserting the asymptotic ex- 
pansions of the derivatives of the partial Hamiltonians, we find that 


2 2 1 / X + 2C; (ty) 2 
ty — te = sj dC (ts) 75 65 (0) o(à;), (44) 
where we have omitted the angular contribution because it is subdominant with re- 
spect to the radial term. Only the latter sector contributes to the difference between 
the two time variables at the lowest nontrivial order. A trivial integration reveals 
that 


1 
te = ty — 97 y? (—3ty + 3sinh tp + cosh ty — 1)ó7 + o(07). (45) 


This equation provides the relation between the radial and angular time variables 
up to first subdominant asymptotic order. The leading term reproduces the result 
commented before: the two time variables coincide in the limit of infinitely large 
masses, as made evident by the fact that their difference vanishes when m — oc. 
Additionally, the form of the next-to-leading order term allows us to draw yet 
another parallel with the results of Ref. 40: the difference te — ty vanishes close to 
the horizon, which is defined by ty — 0, at least at the considered truncation order. 

To summarize, our analysis indicates that the AOS equations of motion are 
recovered in the limit of large masses, leading to a partial reconciliation with the 
Hamiltonian formalism presented in this work. Indeed, even though our dynamical 
equations reduce in the large mass limit to those that result from treating the 
parameters as constants and they can be written in a single time variable (the 
coincident limit of tẹ and te), this time is fundamentally different from the one 
that appears in the AOS model as it was originally formulated. Therefore, the 
time component of the effective spacetime metric is altered with respect to their 
case. This constitutes a modification of the effective geometry that must be studied 
carefully, in order to fully understand the breadth of its effects. This might open 
the door to an alleviation of some of the criticisms that the model has received, *' “4 
which lie beyond the scope of this article. We leave these issues for future studies. 


5. Conclusions 


In the present work, we have studied whether it is possible to formulate an effective 
Hamiltonian description of the interior region of a Schwarzschild black hole such 
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that the polymerization parameters that mediate the inclusion of quantum geom- 
etry effects are appropriately treated as Dirac observables throughout the entire 
Hamiltonian calculation. The idea of identifying these parameters with constants of 
motion is one of the defining features of the effective solution proposed by Ashtekar, 
Olmedo, and Singh approximately three years ago.^? In these works, this identi- 
fication takes place at the very end, once the whole derivation of the Hamiltonian 
equations has been carried out dealing with these parameters as constant numbers. 
Only after this derivation, the parameters are fixed equal to the value of certain 
functions of the mass of the black hole. This procedure was criticized by the au- 
thors of a later work,4° who insisted that the nontrivial nature of the parameters 
should be taken into account from the beginning, leading to extra terms in the 
equations that would fail to be accounted for otherwise. They remarked that, given 
the structure of the Hamiltonian constraint with a certain choice of the lapse func- 
tion, there are two sectors of phase space (associated with the radial and angular 
directions, respectively) that are dynamically decoupled provided that the polymer- 
ization parameters do not introduce any cross-dependence on these sectors. Bearing 
this caveat in mind, their dynamics, which is generated by their associated partial 
Hamiltonians, can be studied independently. Then, they proposed to take each pa- 
rameter to be a function of its respective partial Hamiltonian, both of which are 
constants of motion with a common on-shell value, essentially given by the mass of 
the black hole. T'his definition led to more complicated equations of motion where 
two brand new phase space dependent factors appeared. As shown in Ref. 40, these 
factors can be reabsorbed through time definitions, leading to simpler equations 
involving two time variables, one per sector of phase space. 

We have extended the analysis carried out in Ref. 40 to encompass a more general 
choice of parameters with the objective of determining whether the two approaches 
described above can be reconciled in some sense. This reconciliation would give an 
extra degree of confidence on the very interesting qualitative results of Refs. 1-3. 
Our proposal is based on the fact that both partial Hamiltonians coincide on shell, 
which implies that their contributions should not be able to be told apart. Therefore, 
we have argued in Sec. 2.1 that the most general choice of parameters should capture 
the contributions from both the radial and angular partial Hamiltonians, breaking 
the decoupling that was present in previous works in the literature. As in the case 
of Ref. 40, our choice leads to equations of motion that are modified with respect 
to those considered in Refs. 1 and 2 by means of a pair of phase space dependent 
factors, one associated with the radial sector and the other with the angular sector 
(see Sec. 2.2). These factors are substantially more complicated than those found 
by the authors of Ref. 40, and can remain well defined in situations where the latter 
present pathologies. One can see that such previous results would be recovered in 
the limit where the decoupling is reestablished. On the other hand, as discussed in 
Sec. 3, appropriate local time redefinitions make the reabsorption of these factors 
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possible, leading to the dynamical equations considered in Refs. 1 and 2, now written 
in terms of two different times. These equations can be solved analytically and the 
result is identical to the one obtained in Refs. 1 and 2 except for the fact that two 
time variables, namely the radial and angular times, now play a role instead of one. 
We have investigated whether the off-shell freedom of our Hamiltonian formalism 
can be exploited in order to set both time variables equal. Upon inspection of the 
mathematical condition that would guarantee this equality, we have demonstrated 
that this coincidence cannot be achieved with a physically reasonable choice of 
polymerization parameters. Therefore, we have proceeded to analyze whether this 
equality is possible at least in some regime. In the model under consideration, the 
large mass limit proves to be especially interesting. Indeed, the choice of parameters 
made by the authors of Refs. 1 and 2 is adapted for the description of very massive 
black holes in the first place. With this motivation in mind, we have analyzed in 
Sec. 4 the equality condition for masses much larger than the Planck mass. After 
performing an asymptotic expansion of the relevant functions of phase space, we 
have shown that this condition does hold in this regime: both time variables turn out 
to be equal for infinitely massive black holes. More precisely, using the exact implicit 
relation between both variables, we have seen that the leading contribution to the 
difference of both times goes as the square of the radial polymerization parameter, 
thus vanishing as m ?/? in the limit where the mass of the black hole grows infinitely. 
For finite masses that are sufficiently large, we find that the differences with respect 
to the description of Refs. 1 and 2 can be estimated by the size of this term, yielding 
a quantitative measure of the discrepancies between both formalisms. 

Our conclusions imply that the results of Refs. 1-3 can be partially reconciled 
with a treatment where the polymerization parameters are regarded as proper dy- 
namical constants for black holes with large masses, which are the focus of the 
analysis of those references. The wording “partially” is key here. Notably, it should 
not be forgotten that the spacetime geometry is modified by means of time re- 
definitions. Even if this apparently slight modification does not alter some of the 
conclusions of Refs. 1-3, it may affect e.g. the behavior of the exterior effective 
metric at spatial infinity, which has been claimed to be nonstandard (see Refs. 41 
and 3 for further details). This issue will constitute the subject of future studies. 
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We review recent results that apply a reduced phase space quantization of loop quantum 
cosmology (LQC) for a spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) 
universe filled with reference fields and an inflaton field in a Starobinsky inflationary 
potential. All three models that we consider are two-fluid models and they differ by their 
choice of global clock which are chosen to be either Gaussian dust, Brown-Kuchay dust 
or a massless Klein-Gordon scalar field. Although two-fluid models are more complicated 
than models involving the inflaton only, it turns out that some of the technical hurdles 
in conventional quantum cosmological models can be bypassed in these models. Using 
the effective dynamics resulting from the reduced phase space quantization we discuss 
some phenomenological implications of these models including the resolution of the big 
bang singularity via a quantum bounce and in addition address the question whether 
different choices of clocks can leave an imprint on the inflationary dynamics. 


Keywords: Loop quantum cosmology, reduced phase space quantization, effective tech- 
niques. 


1. Introduction 


Within the last decade in the framework of loop quantum gravity new models have 
been introduced that apply the technique of reduced phase space quantization to 
construct the physical Hilbert space and thus the physical sector of the theory.! ? 
This requires to construct Dirac observables at the classical level and derive their 
corresponding algebra. For this purpose all models have in common that they couple 
some kind of additional matter to gravity. In the context of the relational formal- 
ism, introduced in Refs. 10, 11 and further developed and applied in Refs. 12-17, 
these additional degrees of freedom are used as reference matter to construct Dirac 
observables and their corresponding dynamics. The latter is encoded in a so called 
physical Hamiltonian that becomes a non-vanishing Hamiltonian operator in the 
physical Hilbert space involved either in a Schródinger-like or Heisenberg-like equa- 
tions. For the reason that these reference fields are dynamically coupled to general 
relativity an interesting question in this context is how a given choice of reference 
fields influences the physical properties of the model. In full loop quantum gravity 
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these dynamical equations have a complicated structure and an analysis for individ- 
ual models as well as a comparison between different models is a non-trivial task. 
Therefore, the work in Ref. 18 focus on a simplified setting in the framework of loop 
quantum cosmology where techniques are already available to analyze such ques- 
tions. The relational formalism has been applied in the context of loop quantum 
cosmology for instance in Refs. 18-33. The main difference to former models in loop 
quantum cosmology with reference matter, often also called clocks in cosmology, is 
that the work in Ref. 18 considers two-fluid models because the clock is coupled in 
addition to an inflaton. One of the main questions that one is interested in is how 
the inflationary scenario is affected by the presence of the additional clock degree 
of freedom and how the imprint of the clock compares for different models. Such 
questions will be investigated using effective techniques that in LQC have in former 
work mainly be applied to one-fluid models. 


1.1. Dust and scalar field clock models in loop quantum cosmology 


All three models in the analysis in Ref. 18 are based on models in general relativity 
coupled to an inflaton field and an additional coupling of 8 and 7 respectively 
additional dust and scalar fields respectively yielding to a system with second class 
constraints. After the reduction with respect to the second class constraints one 
ends up with first class systems with four additional reference fields, that can be 
used as reference matter for the Hamiltonian and spatial diffeomorphism constraint. 
The details about the Brown-Kuchar dust model can be found in Ref. 34 and its 
quantization using LQG techniques has been performed in Ref. 1. For the classical 
Gaussian dust model we refer the reader to Ref. 35 and its LQG implementation 
has been discussed in Ref. 36. The four scalar field model in Refs. 5, 6 can be 
understood as a modification of the model in Ref. 37, that, as shown in Ref. 5 
cannot be quantized in the framework of LQG. For flat FLRW spacetimes where the 
spatial diffeomorphism constraint vanishes identically, the corresponding symmetry 
reduced models involve one temporal reference field, the clock, only. A reduced 
phase space quantization for all three symmetry reduced models has been derived 
in Ref. 18. There it is shown that in all three models the quantum dynamics is 
encoded in a Schródinger-like equation in the physical Hilbert space. The explicit 
form of the physical Hamiltonian differs for the dust and scalar field models where 
the latter involves a square root. Although the model involve an inflaton with a 
generic potential due to the fact that clock is coupled additionally and one does not 
use the inflaton as the clock, as it has for instance be done in the APS-model in 
Ref. 21, all models possess physical Hamiltonians that are time-independent. This 
is of advantage for the construction of the physical inner product of the individual 
models. In this review we will focus on the effective dynamics of these models that 
were used in Ref. 18 to investigate the above mentioned questions. The quantum 
dynamics is formulated in the volume representation in Ref. 18 and thus the set 
of elementary variables in the dynamical equations are Oy, Oy, Op, Oz, , where Of 
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denotes the Dirac observable of quantity f. As shown in Ref. 18 the effective physical 
Hamiltonians of the dust and scalar field model take the form 


us 30 B T 
HEPRW, dust L ERE sin? (AOp) + 305 --OvU (O,) (1) 


scalar 30 : OF 
Hos -y 20v ( F O sin? (AQp) + Be. +OvU (6,)). (2) 


where À = V/A = \/4V 3072 denotes the polymerization parameter. Taking into 
account that the elementary Dirac observables satisfy the following standard Pois- 
son brackets (Oy, Ov} = 4rGy and {O,,0,,,} = 1 with y denoting the Immirzi 
parameter and where all remaining Poisson brackets vanish, the system of equations 
of motion for the Dirac observables in the individual models has been been derived 
in Ref. 18 and they provide the basis for the results discussed in the next section. 
Note that although in the case of flat FLRW spacetimes the physical Hamiltonian 
of the Brown-Kuchar model and the Gaussian dust model agree, these model are 
still not identical because within the Brown-Kuchar model the dust energy density 
can be chosen to be either positive or negative and the effect of these two different 
choices has also been analyzed in Ref. 18. 


2. The effect of choosing different clocks on inflation 


Similar to the one-fluid models that are obtained via Dirac quantization as for 
instance the APS-model in Ref. 21, the effective dynamics in the scalar field and 
dust models can be rewritten in terms of a modified Friedmann equations of the 


form 
O2  8zG O 
AEE 0, (1 J (3) 
H 902, 3 R Pmax 
with pmax = Bee: The maximal density pmax is the same as in Refs. 21-23 but 


here O, does not only depend on the inflaton but also on the clock energy density. 
Furthermore, the temporal coordinate with respect to which the Hubble parameter 
is determined is given by either the dust and scalar field clock respectively. 

In order to analyze how a given choice of clock might affect inflation in Ref. 18 
a Starobinsky potential 


3m? 
167G 
was considered. The choice of initial conditions, set at the bounce, was guided by 
former results in LQC models?? and chosen to be Os, = 7/2\ and Oy, = 10? 
in Planck units. Fixing further values for O,,,0,,, determines Hig" st from 
which one can obtain O cock. Therefore in Ref. 18 the initial values are parametrized 
by (Op, O cock ). In the case of the dust models a choice of initial conditions given 
by Oy, = —1.45, O pclock = 1078 yields to a quantum model with a pre-inflationary 


2 
U= (1 c "FOr ) with m = 2.44 x 1079 (4) 


4231 


phase, often being present in LQC models after the bounce, and an inflationary 
phase where the number of inflationary e-foldings for the latter is 63.1. For a similar 
choice of initial conditions the one-fluid models without an additional clock degree 
of freedom yield 63.9 inflationary e-foldings, see Ref. 38. This shows that for these 
choice of initial conditions the dust clock plays only a subdominant role for inflation. 
'This is exactly what one expects from a good clock because such a clock should not 
have a dominant imprint on the dynamics of the model. A similar analysis for the 
scalar field model leads to 63.8 inflationary e-foldings being closer to the value 
obtained in the one-fluid models and showing that the effect of the scalar field clock 
is weaker compared to the dust clock. However, this is also expected from the fact 
that the energy density of the scalar field comes with a higher inverse power of the 
scale factor than the dust contribution and thus decaying faster in the evolution. 
In a further investigation to better understand the influence of the clock energy 
density on inflation in Ref. 18 for the same set of initial conditions for the inflaton 
a varying dust energy density ranging from 1078 up to 1074 was considered. The 
results show that the number of inflationary e-foldings decrease with increasing 
dust energy density. The explanation given in Ref. 18 is that this results from the 
fact that Ogn, the value of scalar field's Dirac observable at the onset of inflation, 
decreases due to a larger Hubble friction when the dust energy density is increased. 
For an initial dust energy of Oac« = 1.38 x 1074 in Planck units one reaches an 
upper bound for this set of initial conditions where inflation no longer occurs. The 
same analysis for the scalar field clock shows that also in this model the number of 
inflationary e-foldings decreases with higher clock energy density but the effect is 
less strong here. One sees a significant effect only if O,ac« > 0.001 in Planck units. 
As far as the number of pre-inflationary e-foldings is concerned the results from 
Ref. 18 demonstrate that the increase of the clock energy density has the opposite 
effect, namely that the number of pre-inflationary e-foldings increase. 


3. Conclusions 


As a first step towards an investigation how choices of different reference fields affect 
the physical properties of models the work in Ref. 18 considers different symmetry 
reduced reference matter models choosing either dust or a massless scalar field as the 
clock in addition to gravity and the inflaton leading to two-fluid LQC models. For 
the choice of a Starobinsky potential the fingerprint of the clock on the inflationary 
dynamics was analyzed in the framework of effective techniques. The analysis shows 
that initial conditions can be chosen such that the clock has no significant effect on 
the dynamics. Both models with dust and the scalar field clock respectively show 
a qualitatively similar behavior and can serve as good clocks. Some difference in 
the two models are found such as that the model with the scalar field clock has a 
larger number of inflationary e-foldings compared to the dust model. Furthermore, 
the scalar field model serves in larger parameter space as a good clock since it is 
less sensitive to the initial conditions of the clock energy density. Going beyond 
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the first steps investigated in Ref. 18 and reviewed here requires a more detailed 
understanding on the physical solutions in these models at the level of the quantum 
theory. For this purpose the already existing numerical techniques?* 3° need to be 
generalized to the two-fluid case. Next to the question of singularity resolution at 
the level of the physical Hilbert space, such kind of generalization will be important 
because it will also allow to test the validity of effective techniques for two-fluid 
models. 
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We compare the behavior of the effective masses in the Mukhanov-Sasaki equations of the 
linear scalar perturbations in the dressed metric and hybrid approaches in the standard 
loop quantum cosmology (LQC) and the modified LQC models (mLQCs). The effective 
mass of the Mukhanov-Sasaki equations depend on both the specific model and the 
approach we study. Analyzing the behavior of the effective masses plays an important 
role in the choice of the initial states for the scalar perturbations. Based on the properties 
of the effective masses in the contracting phase, we provide the initial states of the linear 
perturbations in LQC and mLQCs for the dressed metric and the hybrid approaches. 


Keywords: Mukhanov-Sasaki equations; loop quantum cosmology. 


1. Introduction 


In loop quantum cosmology(LQC), the big bang singularity in the standard cos- 
mology is resolved and replaced with a quantum bounce, and correspondingly the 
inflationary paradigm, which resolves several big bang puzzles and provides initial 
seeds for the formation of the large scale structure in the universe, can be extended 
to the Planck regime by using the effective dynamics.'? Several approaches have 
been developed in LQC to compute the primordial power spectral produced by 
the quantum fluctuations which propagate on quantum geometries. However, such 
effects become negligible soon after the quantum bounce. In particular, at the be- 
ginning of inflation, where the energy density has decreased about 12 orders in 
comparing that at the bounce, p;/p. c 10 ?, the quantum spacetime can be well 
approximated by a classical one, whereby the standard relativistic cosmology fol- 
lows. Two of the most studied approaches are the dressed metric approach? ? and 
the hybrid approach.® ° Although these two approaches are formulated in different 
ways, the resulting equations of motion for the scalar modes in both approaches can 
be cast into the form 


V, + (k? + meg) Vy — 0, (1) 


here meg denotes the effective mass which accounts for the differences between two 
approaches. Similar to the situation in the classical cosmology, the initial condition 
problem persists in LQC in the form that up to now there is no consensus on whether 
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the initial states should be imposed in the Planck regime or in the contracting phase 
where the background dynamics becomes classical again. In this paper, we take the 
viewpoint to impose the initial states in the deep contracting phase. As a result, we 
focus on the behavior of the effective mass in the deep contracting phase. Besides, 
in addition to the standard LQC, we also investigate the behavior of the effective 
mass in two modified LQC models (mLQCs) in order to study the potential effects 
of the quantization ambiguities on the observables. 

The said mLQCs originate from a separate treatment of the Lorentz term in 
the classical Hamiltonian constraint in the spatially flat FLRW universe.!? Two of 
the mLQCs which attract attention recently are the so-called mLQC-I and mLQC- 
II. Both the background dynamics and the primordial power spectra of these two 
mLQCs have been extensively studied in the literature.!* !* From these studies, we 
learn that the background dynamics in mLQC-II is qualitatively similar to that in 
LQC while the contracting phase of mLQC-I has distinctive feature which is char- 
acterized by an emergent cosmological constant and a rescaled Newton's constant. 
When applying the dressed metric and the hybrid approaches to the mLQCs, Planck 
scale magnitude of the power spectrum is observed in the infrared(IR) regime of 
mLQC-I with the dressed metric approach while in the hybrid approach, the magni- 
tudes of the power spectra in mLQCs and LQC become comparable. As a result, the 
modified LQC models also provide good examples to compare the two approaches. 
In the following, we compare the effective masses in LQC, mLQC-I and mLQC-II, 
respectively, in the dressed metric and the hybrid approaches, and from the proper- 
ties of the effective masses in the contracting phase, we seek the appropriate initial 
states to be imposed during this phase. For more details, we refer readers to Ref. 17. 


2. The initial states in LQC/mLQCs in the dressed metric 
approach 


In the dressed metric approach, the quantum fluctuations are described as propagat- 
ing on a quantum background spacetime whose geometry can be well approximated 
by a manifold with a dressed metric for the sharply peaked states. Using the ef- 
fective dynamics, it can be shown that the effective mass in (1) takes the same 
form as in the classical perturbation theory while the difference originates from two 
sources.!? Firstly, the background quantities in meg should come from the effective 
dynamics governed by the effective Hamiltonian constraint in LQC. Secondly, the 
regularization of the conjugate momentum of the scale factor in meg should be also 
consistent with the effective Hamiltonian constraint for the background dynamics. 
With the above two points in mind, we impose the kinetic-energy-dominated initial 
conditions for the background evolution at the bounce and study the behavior of 
the effective mass for the chaotic and the Starobinsky potentials. In practice, one 
can define the comoving Hubble radius as,!” 


= (2) 
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When the wavelength of the relevant modes is larger than A2, the mode function is 
oscillating. On the other hand, when the wavelength of the relevant modes are less 
than AZ;, the mode function is exponentially decaying or growing. 

From our numerical results, we find the behavior of the comoving Hubble radius 
in mLQC-II is very similar to that in LQC. Its evolution is almost symmetric with 
respect to the bounce point. During the deflationary stage in the contracting phase, 
the comoving Hubble radius keeps increasing until it reaches positive infinity at 
some time t = t; < 0 where a” vanishes. After t = t;, it is the intermediate regime 
where the comoving Hubble radius becomes negative and correspondingly all the 
modes are oscillating in this regime. Near the bounce, the comoving Hubble radius 
becomes positive and reaches its minimal right at the bounce, which corresponds 
to the characteristic wavelength in LQC/mLQC-II. As a result, we find the Bunch- 
Davies vacuum can be chosen in the intermediate regime of the contracting phase 
where A2, < 0 in LQC and mLQC-II. On the other hand, we find a different behavior 
of A7; in the contracting phase of mLQC-I. In particular, 7, is always positive in 
the contracting phase and it can be well approximated by 7?/2 with n denoting the 
conformal time in the quasi de Sitter regime of the contracting phase. As a result, we 
can choose the de Sitter state as the initial state in the contracting phase. The above 
analysis on the behavior of the comoving Hubble radius is robust with respect to the 
choice of the inflaton potentials and the regularization of the conjugate momentum 
of the scale factor in the effective mass as long as the bounce is dominated by the 
kinetic energy of the inflaton field. 


3. The initial states in LQC/mLQCs in the hybrid approach 


The application of the hybrid approach to the mLQCs is studied in detail in! where 
the equation of motion for the scalar perturbations are given explicitly. Using the 
effective mass given in the mode equation, we study its properties in the contracting 
phase when the initial conditions of the background dynamics are chosen the same 
as in the dressed metric approach. From our numerical results, we find the evolu- 
tion of the comoving Hubble radius is generally not symmetric with respect to the 
bounce in any model and it also depends on the specific inflationary potential. Sur- 
prisingly, with the chaotic potential, the comoving Hubble radius behaves similarly 
in all three models. It increases monotonically from some negative value in the deep 
contracting phase and tends to positive infinity at time t = f; < 0 where a” = 0. 
Afterwards, it remains negative until the onset of inflation in the expanding phase. 
This implies the effective mass is always negative near the bounce. As a result, 
with the chaotic potential, one can choose the BD vacuum in the deep contracting 
regime or near the bounce in all three models. However, since the comoving Hubble 
radius becomes infinity at t = t;, choosing BD vacuum at different times, either in 
the deep contracting regime or near the bounce is expected to give different power 
spectra in the IR regime due to particle creation effect. 
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On the other hand, with the Starobinsky potential, we find the comoving Hubble 
radius has similar behavior in LQC and mLQC-II. It remains negative throughout 
the contracting phase until the onset of inflation in the expanding phase. As a 
result, the choice of the BD vacuum can be made either in the deep contracting 
phase or near the bounce and the resulting power spectra are expected not to be 
significantly different from one to another. In contrast, in mLQC-I, although the 
comoving Hubble radius is still negative near the bounce, there exists a finite time 
interval in the contracting phase where it become positive. In the deep contracting 
phase, it becomes negative again. So similar to the case of the chaotic potential, 
imposing the BD vacuum at different times, either in the deep contracting phase or 
near the bounce is expected to yields different power spectra in the IR regime. 

If we compare different approaches for the same model, the most striking dif- 
ference lies in mLQC-I where the choice of the de Sitter state in the contracting 
phase in the dressed metric approach yields a Planck scale magnitude of the power 
spectra in the IR regime, while the choice of the BD vacuum in the deep contracting 
phase in the hybrid approach highly suppresses the magnitude of the resulting power 
spectrum in the IR regime. This serves as a concrete example where the different 
approaches can result in different qualitative behaviors in the power spectra. 


4. Summary 


We study the behavior of the effective masses in the equation of motion for the scalar 
mode in LQC and mLQCs in the dressed metric and the hybrid approaches. With 
the same kinetic-energy-dominated initial conditions for the background dynamics, 
we find the properties of the comoving Hubble radius in the contracting phase. 
In the dressed metric approach, the comoving Hubble radius has similar behavior 
for the chaotic and the Starobinsky potentials. One can choose the BD vacuum in 
the deep contracting phase of LQC and mLQC-II and the de Sitter state in the 
contracting phase of mLQC-I. On the other hand, the properties of the comoving 
Hubble radius in the hybrid approach depends on the specific inflationary potentials. 
One common feature of the comoving Hubble radius for all the models is that it is 
negative near the bounce and we find it appropriate to choose the BD vacuum in 
the hybrid approach for all three models in the deep contracting phase. 

We are grateful to Robert Brandenberger and David Wands for valuable com- 
ments and helpful discussions. We thank Javier Olmedo and Tao Zhu for various 
discussions. This work is supported by NSF grant PHY-1454832. 
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We develop a systematic method to obtain spherically symmetric midisuperspace models 
with modifications inherited from loop quantum gravity. We obtain a family of effective 
constraints satisfying Dirac's deformation algebra and show that holonomy corrections 
can be consistently implemented in the presence of matter with local degrees of freedom. 


Keywords: Polymerization; effective theories: loops quantum gravity. 


1. Introduction 


Holonomy-modified cosmological effective models capture the behavior of the dy- 
namics predicted by loop quantum cosmology.'? Such effective descriptions usually 
modify the Hamiltonian by hand to include the expected effects from loop quantum 
gravity. Holonomy corrections are directly related to the spacetime discreteness and 
replace the initial singularity by a quantum bounce. 

We will work with spherically symmetric models of general relativity. The phase- 
space variables are the components of the symmetry-reduced triad and extrinsic 
curvature components,? with Poisson brackets given by 


UE" (ra), Kr(ro)} = {E° (ra), Ko(ro)} = —9(ra — ro). (1) 


In addition, we will include the dynamics through a spherically symmetric scalar 
field: 


{P(ra); Po(ro)) = (ra — ro). (2) 


In these effective midisuperspaces, the quantized notion of spacetime collides with 
the continuous diffeomorphism symmetry of general relativity. Hence, we will search 
for effective theories that explicitly satisfy covariance through Dirac's algebra, 


(DIN53], D[N3]] = D[N,N'] — NN], (3a) 
UDIN7], H[N]} = H[N* N'], (3b) 
[H[Ni), H[No]} = D[BE" (E°)? (NiN2 — NL N;)], (3c) 


where H[N] := f dr NH and D[N"] := f dr N"D are, respectively, the infinitesimal 
generators of normal and tangential hypersurface deformations and 0 stands for 
possible quantum modifications. 
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In terms of the above variables, the classical constraints read, 


D= m t E*K, + d Ps, (4) 
Ey V Er EF 
H = 1 ERK _ 2 /E E"'K, Ko ( E” E” + E" 
EV ( e) 'SVEFEe 2E) 2E? 
P? Er 3/2 x 
NU NNUS, (9)? + VErE*V(Q) . (5) 


2V/ErEe 2E? 


2. Deformed algebra 


Previous studies acknowledge that holonomy corrections cannot be implemented in 
the presence of minimally coupled matter fields.* In fact, we extended that affirma- 
tion to the case when no coupling between the radial derivatives of the triads and 
curvature components are considered.? 

For that reason, here we suggest a more ambitious approach in which we compute 
the algebraic relations (3) for the classical diffeomorphism constraint (4) along with 
a generic Hamiltonian constraint, 


H = ag + (EU Y arr t (E?) apo e (9), ag 
+ E” E” apo + E” da, + E*'d' agg + Bas, (6) 


that contains all quadratic combinations of the radial derivatives of E", E*,Q. 
The coefficients are given in terms of certain free functions aj; = 
a;;(E", E?*, 0, Kr, Ky, Py), with i,j = r,y,o, that depend on all the variables 
and momenta of the model. Concerning second-order radial derivatives, only E"" 
has been considered, as it also appears in the classical Hamiltonian (5). Finally, 
ao = ag( E", E*, $, Kr, Ky, Py) encodes all the different terms that do not contain 
any radial derivative. 


2.1. The (D, H) bracket 


First, we compute the Poisson brackets between the modified Hamiltonian con- 
straint (6) and the classical diffeomorphism constraint (4). A number of anomalies 
appear, which can be easily solved. This procedure leads to the following most 
general form of the Hamiltonian constraint 


H= -vE (ze + EFTE")? brr — Ee (9!bss + EP E" d'oro 
+ E??? E" per... geig) (7) 
which provides a weakly vanishing bracket with the classical diffeomorphism 
constraint. In this expression, bj = bo (£",¢,K,/E*,Ky,Ps/E*%) and bj; = 


bij (E", 0, K, /E®, Ko, Py/E®), with i, j = r, 9, are arbitrary functions of all possi- 
ble scalar combinations of the model. In addition, a generic global factor g has been 
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defined. The anomaly-free bracket between this constraint and the diffeomorphism 
constraint reads, 


{ D[N"], H[N]) = H [N* N"] + H [C], (8) 


with the smearing G being a function of N, N”, g and their derivatives. Nonetheless, 
for the Hamiltonian to be a density of weight +1, it is necessary that the global factor 
g is a scalar function. This means that all its arguments must be scalar quantities 
and thus the global factor takes the form g = g(E", 0, K,/ E?, Ky, P/ EP). Under 
this last condition, the function G vanishes. Hence, for any scalar global factor g, the 
bracket between the modified Hamiltonian constraint (7) and the diffeomorphism 
constraint (4) is given by its classical form (3b). 


2.2. The {H, H} bracket 


The requirement of anomaly freedom in the bracket between the modified Hamilto- 
nian constraint with itself, {H,H}, immediately fixes the form of the Hamiltonian 
with respect to all the densities (K,, E*?, Py), except as arguments of the global 
factor g. Hence, let us define the new modified constraint: 


2 
Ee vr rJ p | Ky Po Ps 
4 — —V/E at (^ polit pet PEE 


E 
(gy (, , Kr, Poy Po 
Ee f23 Beet Ee pee” 
(9)? E” g T E" Be! Er" 
Ee fa 1 Ee ha 1 Ee h4 + Ee Ee , (9) 


where h = h(E", ġ, Ko), f; = fi(E^, 0; Ko) and hy = h;(E",0, Ks), for à = 
0, 1, 2, 3, 4, are free functions of the scalar variables (E", ¢, Kọ). Note that the form 
of the classical Hamiltonian (5) is recovered for fo > (1+ K2)/E", fi > 4K,, 
fo > -A/(AE"), fa > —A/E", fa ^ —E", g — 1 and for a vanishing value of all 
the functions h; and h. With this definition at hand, it is now possible to reduce the 
requirement of vanishing anomalies to the following system of differential equations: 


Ofo Of 


_ ; ah 
n 2foh — 2fı fe — hohs + 3r... (10a) o = ho(2h — ha) — 2fıhı — 2faha, (10g) 
(0 
Əfi — ðh 
IK, = fiha + 4f3 fa, (10b) aK = —hih4 — 2haha, (10h) 
p 
Ofo — _ Oh ðh 
T we BK, = aka on 
[ 
Ofa 
= 2fa(h — ha), (10d) US sd. iy toh Pn 10j 
an, aK, 3( 4) ifa 84 (105) 
fs Oh Oh 
5k. 2 fiho + 2fa(h — ha), (10e) 4 Z ha(h — h4) — Aha fa . (10k) 
: OK, dK y 
9 2 fiha + 2ho fa (10f) 


Og 
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This is a system of eleven first-order partial differential equations for the eleven 
functions f;, h;, and h. The non-linearity of the system due to quadratic combina- 
tions of the functions makes the analytical resolution to be very complicated. But it 
is clear that the possible dependence of the Hamiltonian on the curvature compo- 
nent K, is severely restricted, since all the equations except one contain derivatives 
of the different functions with respect to Ky. 

In summary, whenever the above differential relations are satisfied, the constraint 
(9) will form a first-class algebra with the classical diffeomorphism constraint, and it 
will weakly commute with itself: {H[N;], H[N2]} + 0 . Nonetheless, for H to be the 
generator of infinitesimal normal hypersurface deformations, one must impose an 
additional condition on the global factor, that is, g = exp(—2 f hdK,). In this way, 
the Poisson bracket of (9) with itself will be of the form (3c) with a deformation 


function, 
2 rin 2 
p=% (2 (5) x) (11) 
e e 


3. The vacuum reduction 


Before trying a particular solution for the complete anomaly system (10), we pro- 
ceed to solve the vacuum model. In the absence of matter, fa, fa, ho, hi, he, ha 
and h4 vanish and we only need to worry about the reduced versions of (10a) 
and (10c) (Eq. (10b) is an additional restriction that appears only when matter is 
incorporated). 

The general solution for the remaining functions fo, fi, f2 and h can be written in 
terms of the global factor g(E", Kọ) and two integration functions f = f(E”, Kọ) 
and v = v(E"). More precisely, the form of the modified vacuum Hamiltonian 
constraint reads, 


H -—-vEr 


1-/?0v Of? Of? pr" 
E? ET e te 
( ag t ag) "ok, "3E 


E” E” E” V / E? (gv) 0g 
"9 age? (sas) ( v ðE" Kee | F (12) 


In addition, we have been able to obtain a weak Dirac observable of the system, 


v pri 
«iren (Hz) ). (13) 


which commutes on-shell with the total Hamiltonian rn = (m, H [N] + D[N"]) e 0, 
and represents the mass. In particular, the classical limit of the system is obtained 
for g > 1, f > Ky and v > V Er. In this limit, the above observable is just the 
usual expression of the Hawking (Schwarzschild) mass. 
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It is interesting to note that the expression of the effective mass (13) can be 
used to rewrite the deformation function as follows: 


2 2 2 
g 9 [10f 107*1ng DEP 
peg (sz Ea g OK? ere | (14) 


which is free from radial derivatives. 


4. An effective Hamiltonian with holonomy corrections 


In effective models for cosmological scenarios, holonomy corrections are usually 
implemented through a polymerization of the connection components. In our current 
scenario, only K, might be subjected to modifications, since the dependence of the 
Hamiltonian on the other two momenta, K, and P5, is completely fixed in (9). 

Furthermore, we will search for the Hamiltonian that remains the most similar 
to the classical constraint. Hence, we fix the matter coefficients f3 = —1/E" and 
fa = —E* (although further couplings with Ky might be present through the global 
factor g). In addition, we consider that the scalar field ¢ only appears in a classical 
potential term V (4). 

Now, we can obtain a solution to the system (10) in terms of three integration 
functions f = f(E", Kọ), v = v(E") and w = w(E"): 


D T (15a) 
h= Too (15c) 
ESER ^ 
f= = (SE +0047) RE ven). (15e) 
ho = hi = ha hs =0. (15f) 


Notice that when V(¢) = 0, the solutions for fo, fi, fo and h take exactly the 
same form as that in the previous section. However, while in the vacuum model the 
global factor was completely free, when we couple matter g is determined by f and 
w through relation (15d). In essence, we lost one degree of freedom involving Ky. 
Classically, we have that f(E", Kp) = Ko. Therefore, in the classical limit v > 
VE" and w — 0. Indeed, we fix these two functions to their classical values in order 
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to find the polymerized constraint that is closest to (5). In this way, we obtain 
E? Of Of 
= -—— (14 P +4E" fa |) -2VE" K, f= 
H--NE ( MODA sm) OK, 


("Y — VET purger , YEE” N ( 0f Y 
8SVErEe 2E 2bEe aK, 


Mc qu DPA E 
+(; Ex am | (GE) tev 


VE iy Of f VE" Of | Gf 
+ E"(E"K,.--q P. + E”)? NU 
2E? ( T Q o) 3K; OK? age! ) OK, 0E"OK,' ( 6) 


which forms a first-class algebra along with the classical diffeomorphism constraint 
for any function f = f(E", Kọ). This result allows us to consider holonomy correc- 
tions in the presence of a scalar field. In fact, these modifications can be made scale- 
dependent thanks to the free dependence on E". Nonetheless, in order to obtain a 
K -periodic Hamiltonian constraint, we will restrict ourselves to a scale-invariant 
function. Setting f = sin (AK,)/A, 


E? sin? (AKo) sin (2\K,) Agr 
(pol) C UA P -— T P: | 
H TE (1 ase ) VE"K,—S 1+ ( STe 


E" 2 / Er Er 
+ ( ) j E"E + 
8SV/ErEe 2B? QE? 


Er" 


P2 Er32 (gr? 
$ 2 
s^ (AK 
+SEE? + JE cos” (AK y) 
V Er 
AE*? 


This constraint satisfies relation (3c) with the deformation function, 


B = cos? (AK,) (: + (=) à (18) 


Following the results in the previous section, we can find the effective mass for this 
polymerized model: 


VE" sin? (AK. E" V 
Mpa = — (1. a e) (us) cos? Qt). (19) 


While in vacuum it is a weak observable, the addition of matter makes its evolution 
non-trivial. Nevertheless, in either case, we can write the deformation as a function 


+ V Er E*V (d) — E” 9! P4Asin (2AK,). (17) 


of this polymerized mass: 


- 2 | 2Mpot 
B=1+À (: m). (20) 
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In this way, B is covariantly defined. The positiveness requirement for 6 that can be 
read from (18) means that the model has a lower bound for the radial component 
of the triad, 


20? Mpol 
VE" > SED E (21) 
Its saturation corresponds to 6 = 0, i.e. the point where the curvature departs most 
from its classical behavior. In vacuum, Mpo; should be positive (it is a generalized 
Schwarzschild mass), and the classical singularity at E" — 0 is inside the forbidden 
region. In the dynamical case, in order to check whether the system might reach 
the singularity, one should study the behavior of my 1 as E" approaches zero. 


5. Discussion 


We have systematically built modified spherically symmetric models coupled to a 
scalar matter field through a comprehensive study of Dirac's deformation algebra 
for a generic constraint with quadratic dependence on radial derivatives. The main 
result of our study is the modified Hamiltonian constraint (9), along with the con- 
sistency equations (10) that ensure that the theory remains covariant. 

We have found the general vacuum solution in terms of two free functions, which 
provides the anomaly-free Hamiltonian (12). Moreover, the weak Dirac observable 
(13) can be interpreted as the mass of the modified system since its classical limit 
yields the Schwarzschild mass. 

Then, we have obtained a particular solution for the full system of anomaly 
equations and found that a covariant polymerization of the system is possible even 
under the presence of a scalar field. This solution has led us to the constraint (16), 
which is parametrized by one free function of E" and Ky. 

Finally, the polymeric constraint (17) shows a regular behavior for all values of 
K, and forms a first-class algebra with a deformation given by (20). The vanishing 
of this function corresponds to a minimum positive value of E" and avoids the 
classical singularity. 
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Infrared signatures of quantum bounce in collapsing geometry 
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We study the radiation profile of the unitarily evolving wave packet constructed for 
the quantum model of spherically symmetric dust shell collapsing in marginally bound 
Lemaitre-Tolman-Bondi (LTB) model. In this analysis, we consider the quantum model 
of dust shell collapse in LTB spacetime,! where the dust shell collapse to black hole singu- 
larity is replaced by a bounce. We identify the observable natural to collapse/expansion 
character of dust shell, and study the mode decomposition in the quantum model. The 
incoming/outgoing modes are associated with the eigenfunctions of the Hermitian exten- 
sion of the operator corresponding to this observable. For the wave packet representing 
the collapsing and expanding phase of the dust shell, we estimate the contributions 
of the incoming/outgoing modes. We find that the collapsing and expanding branches 
do not comprise entirely of incoming and outgoing radiation. The dust shell dynamics 
is insensitive to the large wavenumber modes as their contribution is negligible. Near 
the bounce point, the contribution of outgoing (incoming) modes in the collapsing (ex- 
panding) branch is substantial and it decreases as the dust shell moves away from the 
singularity. In the early (later) stage of the collapsing (expanding) phase, the incoming 
(outgoing) modes dominate. As the dynamics of the dust shell is sensitive to the near- 
infrared modes of the radiation, the information of the bounce is carried over to infrared 
modes much before it reaches the observer. In the infrared regime, a flip is observed from 
largely incoming to largely outgoing radiation as the evolution progresses from collaps- 
ing to expanding phase. The information of the short-scale physics is carried over to the 
longest wavelength in this quantum gravity model. 


Keywords: Shell collapse; quantum bounce. 


1. Introduction 


Ever since the original analysis by Hawking and Unruh,?? the study of particle 
content of the vacuum and the radiation profile in various geometries have been the 
frontier research topic in the quantum effects in curved spacetime. These effects are 
investigated in the context of quantum field theories in the curved spacetime.* The 
key result in this paradigm is that the particle content in the quantum states is not 
a generally covariant notion, which is the gist of the Hawking-Unruh effect. 

The analysis of matter collapse in a consistent quantum gravity model has been 
addressed in the context of dust shell collapse,?:9 LTB dust collapse model in canon- 
ical quantum gravity ^? and loop quantum gravity.” 1! The radiation profile of dust 
collapse in the LTB model is studied in!?:!? 
of this model. The Hawking radiation is recovered from the regularized solution of 


under the midisuperpace quantization 
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the Wheeler-DeWitt equation for this model and the non-thermal correction to the 
spectrum and entropy associated are also computed. In this approach, the Hawk- 
ing radiation is thought of as the projection of wave functional along the outgoing 
modes defined in that approach. 

'There are some issues associated with the aforementioned quantum models. The 
incoming/outgoing modes defined in this approach are not orthogonal, thus, render- 
ing the notion of incoming/outgoing modes mathematically ill-defined. This issue 
stems from the fact that the momentum operator in this model is not Hermitian. 
Apart from that the states in the Kernel of Hamiltonian constraint need not be 
orthonormal as they are degenerate states with zero eigenvalue. 

In this work, we study the radiation profile for the unitarily evolving wave packet 
constructed for the quantum model for dust shell collapse in a marginally bound 
LTB geometry.! For the collapsing/expanding character of the dust shell, momen- 
tum conjugate to areal radius is a good indicator. In the quantum model, we study 
the mode decomposition viz-a-viz the eigenstates of momentum operator. 


2. Minisuperspace Construction of Dust Collapse in 
Marginal LTB Model 


LTB model is an inhomogeneous extension of the FRW model, which is spherically 
symmetric and sourced by a non-rotational dust of energy density e.^ The line 
element for the LTB model is, 
2 24,2 Ae 2 2102 
ds* = —c*dr^ + ——_~dp* + Rd, (1) 
1+ 2f(p) 
here 7 is the dust proper time and R(r,p) is the areal radius of dust shell with 
coordinate label p at time 7, and f(p) is called the energy function. Here, we will 
restrict ourselves with the marginally bound case of the LTB model for which f(p) = 
0. Einstein’s equation for this model is, 
F' — 8nGe RR? 
Rg xa BURGI (2) 


where F(p) is first integral of Einstein's equation and is equal to twice of the Misner- 
Sharp(MS) mass?° for LTB spacetime. This model has a curvature singularity when 
the cloud collapses to a point i.e., at R = 0. 

Since the equation of motion which dictates the dynamics of the areal radius (2) 
depends only on R and F, and not on their spatial derivatives, it implies that the 
different dust shells are dynamically decoupled for a given mass function. We can 
write an on-shell action which dictates the dynamics of the outermost dust shell. 
The dynamics of the full dust cloud is then deduced from the action.! 


S= É J drRR? (3) 
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Here R is the areal radius of the outermost dust shell. The Hamiltonian for this 
model is, 
P? 


H=-> (4) 


Using Brown-Kuchaf dust!® 17 as the matter source, the Hamiltonian constraint for 
the model takes the form 


H=p,+H 0. (5) 

Since the momentum conjugate to scalar field T appears linearly, the Wheeler- 
DeWitt equation takes a Schródinger equation like form, 

Ow(R 1 


d d 
cd 1ta+b a by 
P: ;R qp ag sr). (6) 


'The Hamiltonian is the product of areal radius and conjugate momentum, which im- 


plies that it does not have a unique quantum counterpart and that the model suffers 
from operator ordering ambiguity which is parameterized by a and b in equation (6). 
The eigenvalue of the Hamiltonian is interpreted as the ADM energy. The Hilbert 
space L?(R*, R1-*-?^qH) is chosen, that makes this Hamiltonian Hermitian. The 
self adjoint extensions of the Hamiltonian (6) are discussed in.! A unitarily evolving 
wave packet is constructed from positive energy eigenstates, 


2 2 
o4(R) = gE Man (SvaEn?) ; (7) 
by choosing a Poisson-like distribution 
Dakt1) a 
AG/E) = V2 a 3, (8) 
I(« + 1) 


wR) = [ d Eos()e*r UB) (9) 

0 
where the parameters of the distribution satisfy x > 0 and A > 0. The expectation 
value of the Hamiltonian operator with this choice of distribution is inversely pro- 


portional to A. To simplify the expression, a prescription & = |1 + a|/3 is adopted! 
and the expression for the wave packet reduces to 


l| Ï 
R+ +a+|1+a|+2b) ( VZ ) "obti... ago 
3 
€ 


Y(R, T) = v3 ae Ger), (10) 


r(i|i +a|+1) 


This choice comes at the cost that the distribution is now a function of operator 
ordering parameters. Since the dependence of observables on this parameter is con- 
tentious, one cannot be sure if it is a genuine signature of operator ordering or 
just a dependence on the shape of the distribution. In this analysis, we will focus 
on the radiation profile of the dust shell and address operator ordering ambiguity 
elsewhere.!® 
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3. Mode Decomposition of Wave Packet 


In the earlier midisuperspace models, various prescriptions are used to write incom- 
ing and outgoing modes. In,!? the modes are associated with the asymptotic limit 
of the solutions of the WDW equation on Z% written in terms of the Killing time. 
While in,!? the modes are associated with the positive/negative frequency solutions 
of the WDW equation after making transformation from the comoving time to the 
Killing time. In all these prescriptions, the modes are not orthonormal, making 
them ill-defined for the Bogoliubov analysis. The problem might lie with the fact 
that the states belong to the Kernel space of the operator and are degenerate and 
therefore, orthonormality is not guaranteed. Therefore, we need to identify another 
observable suitable for the mode decomposition. 

Classically, the momentum conjugate to areal radius is given by P — —RR 
and we can associate positive momentum with the collapsing phase and negative 
momentum with the expanding phase of the dust shell. Thus, the momentum op- 
erator is a good choice for an observable that depicts the mode decomposition in 
the quantum model. The model! discussed in the previous section is robust enough 
for us to accommodate Hermitian Hamiltonian and momentum operator. Although 
the momentum operator on real half line is not self-adjoint, we will work with the 
Hermitian extension of the momentum operator. The detailed discussion on the 
self-adjointness and the Hermiticity of the momentum operator can be found in! 
and we have shown that the states are orthogonal in this case, making them suitable 
as incoming/outgoing modes. 

Using the measure R? following the quantum scattering theory in spherical polar 
coordinates, we have a constraint 1+a+2b = 0 on operator ordering parameters. For 
this model, the expectation value of the general observable in a general wave packet 
is independent of the parameter 0.!5 Therefore it appears as a free parameter in the 
model and the above constraint does not affect the physical content of the model. In 
this case, the Hermitian extension of the momentum operator is P = —iR-!OgR. 
The eigenfunction of the momentum operator with eigenvalue k is given by e/^*/ R, 
where k € R. The wave packet can be expressed in the form, 


oo oo eik Fri E eg ikR rir E 
vig 2 ax f dk (40,2) - AC-k, E) Jj (11) 
EA R R 


The contribution of incoming/outgoing radiation in the dust cloud is estimated by 
computing the projection of wave packet along incoming(u,,g = eP ^77 /R) and 
outgoing modes(u. y, p = e I FRHET /R) , 


" eg ikR-iET 
jr) = (us etlo(R n) = | an R ot ——, (12) 
—iET vV2X slre 2R3 
= V3e (S dR e kR pi+lble 93-7) | (13) 
T($|b| +1) \2 —'7 


2R3 


= caf dRe i *Rgitble 93-4) | (14) 
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The wavepacket in k space is normalized which implies |1),(7)|? 
bution of modes with wavenumber k to the radiation profile at time T. At T = 0, 
equation (14) can be written as 


gives the contri- 


(0) = C(0) (fan cos (KR) RH e- 48 — ifan sin (kR) Rite) , (15) 


and we can see, [vi (0)|? = | ,,(0)|?. Thus, at the point of classical singularity, the 
number of incoming modes is equal to the number of outgoing modes for all k. On 
the other hand, for finite 7, the equation (14) can be cast into the form, 


2n3 283 


AP = Ico? f an f as e-ikR-S) (RS) (3-7) 3+) — Q6) 


Here, k + —k is same as T — —7. Thus, the ratio of incoming to outgoing modes 
rk(7) = |de(7)|?//b_-x(7)/? flips after the bounce happens i.e. r&(7) = [r&(—7)]?, 
which can be seen in Fig. 1. The difference between the number of incoming and 
outgoing modes at an instant of time and at a fixed k can be written as, 


àk(7) = el)? — lx G)P, (17) 


= -aicc? f an f as sin(k(R — S))(Rs)-*le *G-) G+) (18) 


ôk(T) vanishes when k — oo, as jim sin(kx) = ró(x) = 0. Thus, we expect the 
—oo 


ratio to approach unity for large k, which can be seen in Fig. 1. On the other hand, 
for k — 0 we have 
Ak|CCr)Q?... [|b] lb] +2] (22 US. a 2 
- T A: eee -1 (747 
0) = Soma | 5 rir] 3 IE zd sin ($ tan (=) 
(19) 


In the collapsing branch (7 < 0), this function is positive and therefore, the incoming 
modes are dominating in this case. In the expanding branch (7 > 0), this function 
is negative and the outgoing modes dominate in this case. 

We have plotted the fraction of modes with wavenumber k and the ratio of the 
incoming to outgoing modes for fixed time in the Fig. 1 with the parameters speci- 
fying a narrow wave packet of unit energy. Early in the collapsing phase (T = —10), 
most of the contribution comes from the incoming modes and the outgoing modes 
contribute a small fraction only in the infrared (small k) regime. As we approach 
the classical singularity, the contribution of outgoing radiation in the collapsing 
phase keeps on increasing and becomes equals to the contribution of incoming radi- 
ation at the bounce point. After the bounce, initially in the expanding phase, there 
is significant contribution of incoming radiation. As the expansion progresses, this 
contribution keeps on decreasing to become negligible and contributes only in the 
infrared regime. 

In the early stage of collapse, the ratio of incoming to outgoing modes starts from 
unity at k = 0 and comes back to one again at a finite wavenumber. In between, 
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| w(k) |? 


Fig. 1. Fraction of modes |i (7)|? and ratio of the incoming to outgoing modes vs k at different 


times. The blue shaded region gives the contribution of outgoing radiation in collapsing phase and 
the orange shaded region gives the contribution of incoming radiation in expanding phase. 


the ratio attains a maximum and oscillates before settling at unity. Since for large 
wavenumbers, the contribution is minimal, these modes are insensitive to the dy- 
namics of the dust shell. A ratio greater than one implies that the incoming modes 
are dominating. As we approach the bounce point, the magnitude of the maximum 
decreases and the ratio goes to unity at shorter wavenumber. At the bounce point, 
this ratio is one for all wavenumbers. Apart from this, there exists a crossover 
window of wavenumbers in which the fraction of outgoing modes is greater than 
incoming modes in the collapsing phase when the dust shell is closer to the classical 
singularity. This behavior is inverted for the expanding phase - the ratio attains a 
minimum before settling at unity. 

Therefore, we see that the small wavenumber (infrared) modes are most sensitive 
to the dynamics of the dust cloud. If one observes in the infrared regime, there is an 
instantaneous flip from largely incoming to largely outgoing radiation when the dust 
shell goes from collapsing phase to expanding phase. Moreover, the contribution of 
the outgoing/incoming radiation in the collapsing/expanding regime is coming from 
the infrared part of the spectrum only. Thus, one should focus on the infrared regime 
of the dust shell for a signature of quantum bounce. 

We have plotted the radiation profile for the wave packets which represents low 
energy dust shell broadly peaked (A — 10) and high energy dust shells sharply 
peaked (A = 0.01) on the classical trajectory in Fig. 2. We see that for the case of 
sharply peaked wave packet, the major contribution to radiation profile is coming 
from incoming (outgoing) modes in the collapsing (expanding) regime even near 
the classical singularity. Whereas, for low energy dust shells, the contribution of 
incoming (outgoing) modes in expanding (collapsing) branch is significant even far 
away from singularity. 
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b=0, A=0.01 
1 yk) |? 


025 — t=-0.01 


Fig. 2. Fraction of modes ld (7) |? and the ratio of incoming to outgoing modes for wave at 
different times. The parameters specify the high energy dust cloud (A = 0.01) representing sharper 
wave packet, and low energy dust cloud(A = 10) representing broader wave packet. 


At the classical singularity, the fraction of infrared modes is directly proportional 
to the minimal size of the dust shell i.e., the bounce radius.!? 


9(2|b|-5)/332/3p c T (24+) 
2|b|--1 2|b|--3 
TEIG 


'Thus, the infrared regime of the radiation profile provides a direct estimation of the 
bounce radius. 


[Px+0(0)|? = R(0). (20) 


4. Conclusions 


In this work, we have studied the mode decomposition of wave packet constructed for 
the Quantum LTB model. We have considered the minisuperspace construction of 
the dust shell collapse in the LTB model.! The classical model of dust shell collapse 
exhibits black hole singularity which is replaced by bounce from the collapsing 
phase to expanding phase in the quantum model. We have identified the observable 
depicting mode decomposition, which is momentum conjugate to areal radius. After 
identifying the incoming and outgoing modes with the momentum’s eigenstates 
with positive and negative eigenvalues, we have estimated the contribution of the 
incoming/outgoing modes in the contracting/expanding phase. 

We choose the operator ordering parameters for which the Hamiltonian as well 
as the momentum operator are Hermitian. This is achieved by working with R? 
measure space and choosing the representation which is symmetric with this choice 
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of inner product. This particular choice puts the constraint a+2b+1 = 0 on operator 
ordering parameters. 

We find that at the point of classical singularity or bounce point 7 = 0, the 
number of incoming and outgoing modes is the same. In the contracting branch, 
apart from the incoming dust, we also have small contribution from the outgoing 
dust in the infrared regime. As the dust shell continues to move towards the sin- 
gularity configuration, the contribution of outgoing modes in the infrared regime 
keeps increasing, culminating in an equal number of incoming and outgoing modes 
at the point of singularity. This behavior is inverted in the expanding branch. There 
exists a threshold wavenumber, above which the number of incoming modes is equal 
to the number of outgoing modes. For the contracting branch, the ratio of incoming 
to outgoing modes starts from one at k — 0, increases to attain a maximum, and 
then settles back to unity. After the bounce, outgoing modes start to dominate with 
a small fraction of incoming modes as well. As the dust shell expands, the fraction 
of the incoming modes keeps decreasing and while the contribution of the outgoing 
modes keeps increasing. At the later stage of dust shell expansion, most contribution 
comes from the outgoing modes. Thus, we can conclude that in quantum bounce, 
incoming radiation is always accompanied by outgoing radiation. 

The infrared sector of the wave packet contains significant information about the 
dynamics of the dust cloud. The major contribution to the incoming/outgoing dust 
in collapsing/expanding branch comes from the modes with smaller wavenumber. 
There is a flip from largely incoming to largely outgoing radiation, observed in 
the infrared regime, as the evolution progresses from the contracting branch to the 
expanding branch. Therefore, the observer should look at small wavenumber or large 
wavelength modes to observe if the bounce has happened. Moreover, the fraction of 
infrared modes near classical singularity is proportional to the bounce radius. Thus, 
the infrared sector of the process apart from being highly sensitive to the dynamics 
of the dust cloud is also a direct estimator of the bounce radius, thereby, providing 
a unique infrared signature of the quantum gravity in the radiation profile of the 
dust cloud. 
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We show that loop quantum gravity effects leads to the finiteness of expansion and its 
rate of change in the effective regime in the interior of the Schwarzschild black hole. As a 
consequence the singularity is resolved. We find this in line with previous results about 
curvature scalar and strong curvature singularities in Kantowski-Sachs model which is 
isometric to Schwarzschild interior. 
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1. Introduction 


Singularities are well-known predictions of General Relativity (GR). They are 
recognized as regions that geodesics can reach in finite proper time but cannot 
be extended beyond them. Such geodesics are called incomplete. This notion can 
be formulated in terms of the existence of conjugate points using the Raychaudhuri 
equation.! The celebrated Hawking-Penrose singularity theorems prove that under 
normal assumptions, all spacetime solutions of GR will have incomplete geodesics, 
and will therefore be singular. These objects, however, are in fact predictions 
beyond the domain of applicability of GR. So there is a consensus among the gravi- 
tational physics community that they should be regularized in a full theory of quan- 
tum gravity. Although there is no such theory available yet, nevertheless there are a 
few candidates with rigorous mathematical structure with which we can investigate 
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the question of singularity resolution. One such candidate is loop quantum gravity 
(LQG),* which is a connection-based canonical framework. 

Within LQG, there have been numerous studies of both the interior and the full 
spacetime of black holes in four and lower dimensions.” !? These attempts were orig- 
inally inspired by loop quantum cosmology (LQC), more precisely a certain quanti- 
zation of the isotropic Friedmann-Lemaitre-Robertson- Walker (FLRW) model'?:?° 
which uses a certain type of quantization of the phase space variables called polymer 
quantization.?l 75 This quantiztion introduces a so called polymer parameter that 
sets the scale at which the quantum effects become important. There are various 
schemes of such quantization based on the form of the polymer parameter. 

In this paper, we examine the issue of singularity resolution via the LQG- 
modified Raychaudhuri equation for the interior of the Schwarzschild black hole. 
By choosing adapted holonomies and fluxes, which are the conjugate variables in 
LQG, and using polymer quantization, we compute the corresponding expansion 
of geodesics and derive the effective Raychaudhuri equation. This way we show 
effective terms introduce a repulsive effect which prevents the formation of conju- 
gate points. This implies that the classical singularity theorems are rendered invalid 
and the singularity is resolved, at least for the spacetime under consideration. The 
boundedness of expansion scalar and the resolution of strong curvature singularities 
have been studied and shown in the context of Kantowski-Sachs model in.?6:?7 

This paper is organized as follows. In Sec. 2, we review the classical interior of 
the Schwarzschild black hole. In Sec. 3, we briefly discuss the classical Raychaud- 
huri equation and its importance. Then, in Sec. 4.1 we present the behavior of the 
Raychaudhuri equation in the classical regime. In Sec. 4.2, the effective Raychaud- 
huri equation for three different schemes of polymer quantization are derived and 
are compared with the classical behavior. Finally, in Sec. 5 we briefly discuss our 
results and conclude. 


2. Interior of the Schwarzschild black hole 


It is well known that the metric of the interior of the Schwarzschild black hole can 
be obtained by switching the the Schwarzschild coordinates t and r, due to the 
fact that spacelike and timelike curves switch their causal nature upon crossing the 
horizon. This yields the metric of the interior as 


-1 
T es (= £ 1) dt? 4 E i) dr? + 2 (d6? + sin? dg). (1) 


t 


This metric is in fact a special case of a Kantowski-Sachs cosmological spacetime?? 


ds?s = —N(T)*dT? + g,, (T)da? + goo (T)d0? + go (T)do? (2) 


One can obtain the Hamiltonian of the interior system in connection variables, 
one first considers the full Hamiltonian of gravity written in terms of (the curvature) 
of the su(2) Ashtekar-Barbero connection A! and its conjugate momentum, the 
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densitized triad Ei. Using the Kantowski-Sachs symmetry, these variables can be 


written as? 
Airidz^ = 7 radz + brod0 — br, sin Odé + 73 cos dọ, (3) 
0 
E?7;0, = peT3 sin 00, + P sin 009 — Po Os, (4) 
Lo Lo 
where b, c, py, and p. are functions that only depend on time and 7; = —io;/2 area 


su(2) basis satisfying [7;,7;] = €ij^7&, with o; being the Pauli matrices. Here Lo is 
a fiducial length of a fiducial volume, chosen to restrict the integration limits of the 
symplectic form so that the integral does not diverge. Substituting these into the 
full Hamiltonian of gravity written in Ashtekar connection variables, one obtains 


the symmetry reduced Hamiltonian constraint adapted to this model as?” 10:16 
N Pb — 
b+? + 2bc 5 
2G42 ( Y ) 7 VDe (5) 


while the diffeomorphism constraint vanishes identically due to the homogenous 
nature of the model. Here, y is the Barbero-Immirzi parameter,* and pe > 0. The 
corresponding Poisson brackets of the model become 


{c, pe} = 2G, {b, po} = Gy. (6) 


The general form of the Kantowski-Sachs metric written in terms of the above 
variables becomes 


2 
ds? = —N(T)2dT? + CN + p. (T) (d0? + sin? 0d¢2). (7) 
Lj p(T) 


Comparing this with the standard Schwarzschild interior metric one obtains 


py =0, pe =4G? M?, on the horizon t = 2GM, (8) 
py 0, De 0, at the singularity t — 0. (9) 


3. The Raychaudhuri equation 
The celebrated Raychaudhuri equation! 


1 
T = z mcn + wayw — Rap UCU? (10) 


describes the behavior of geodesics in spacetime purely geometrically and indepen- 
dent of the theory of gravity under consideration. Here, 0 is the expansion term 
describing how geodesics focus or defocus; capa®®? is the shear which describes how, 
e.g., a circular configuration of geodesics changes shape into, say, an ellipse; wapw®?? 
is the vorticity term; Ra» is the Ricci tensor; and U* is the tangent vector to the 
geodesics. Note that, due the sign of the expansion, shear, and the Ricci term, they 


all contribute to focusing, while the vorticity terms leads to defocusing. 
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In our case, since we consider the model in vacuum, Rab = 0. Also, in general 
in Kantowski-Scahs models, the vorticity term is only nonvanishing if one considers 
metric perturbations.?? Hence, w^" = 0 in our model, too. This reduces the 
Raychaudhuri equation for our analysis to 


dé 1 
de = =e = Capo. (11) 


To obtain the right hand side of the equation above, we need to consider a con- 
gruence of geodesics and derive their expansion and shear. By choosing such a 
congruence with 4-velocities U^ = (4, 0,0, 0) we obtain 


— po Dc 


= : (12) 
Nw 2Npe 
2( by pN 
2-— 7 . 13 
di ( Np» n (13) 


4. Classical vs effective Raychaudhuri equation 
4.1. Classical Raychaudhuri equation 


Having obtained the adapted form of the Raychaudhuri equation for our model, we 
set to find it explicitly. Looking at (11)-(13) we see that we need the solutions to 
the equations of motion to be able to compute them. In order to facilitate such a 
derivation, we choose a gauge where the lapse function is 


N (T) = 14 
(1) = Wip (14) 
for which the Hamiltonian constraint becomes 
1 Db 
H=- |(¥ 2 Pe a HE 15 
6, [Oo t Y) y t2 ©) 


The advantage of this lapse function is that the equations of motion of c, pe de- 
couple from those of b, py. These equations of motion should be solved together 
with enforcing the vanishing of the Hamiltonian constraint (15) on-shell (i.e., on 
the constraint surface). Replacing these solutions into (11) one obtains 


DET. (2 J (OQ -2t+3GM tm 
|»OQypo NY b tè? 4/0GM —t)’ 
0 1 p? 2 —2t? Mt— 2 M? 
d E 14 9 si ^y = + 8GMt —9G (17) 
dr 2pc 2,2? 20? (2GM —t)t3 


As expected, the right hand side of æ is negative (since pe > 0) and both 0 and 
æ diverge at the singularity in the classical regime. This can be seen from Fig. 1 


which reaffirm the existence of a classical singularity at the center of the black hole. 
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Fig. 1. Left: 2e as a function of the Schwarzschild time t. Right: negative branch of 0 as a function 
of t. Both 0 and ae diverge as we approach t — 0. Note that the divergence at the horizon is due 
to the choice of Schwarzschild coordinate system. 


4.2. Effective dynamics and Raychaudhuri equation 


The effective behavior of the interior of the Schwarzschild black hole can be deduced 
from its effective Hamiltonian (constraint). There are various equivalent ways to 
obtain such an effective Hamiltonian from the classical one.9 "19:16 It turns out 
that the easiest way is by replacing 


pa (18) 
Hb 

Q DEUS. (19) 
Hc 


in the classical Hamiltonian. 

The free parameters Hp, He are the minimum scales associated with the radial 
and angular directions.” ™ 10-29 If these u parameters are taken to be constant, 
the corresponding approach is called the uo scheme. If, however, these parameters 
depend on the conjugate momenta, the approach is called improved dynamics which 
itself is divided into various subcategories. In case of the Schwarzschild interior 
and due to lack of matter content, it is not clear which scheme yields the correct 
semiclassical limit. Hence, for completeness, in this paper we will study the effective 
theory in the constant u scheme, which here we call the ù scheme, as well as in two 
of the most common improved schemes, which we denote by fi and ji’ schemes. 

Replacing (18) and (19) into the classical Hamiltonian (5), one obtains an effec- 
tive Hamiltonian constraint, 


.2 3 ; 
(N) _ N (= (uab) J Db sin (ubb) sin (uec) 
Ho = + +2 Vpl. (20 

s 2G? m VPe m m (20) 
In order to be able to compare the effective results with the classical case, we need 
to use the same lapse as we did in the classical part. Under (18), this lapse (14) 


becomes 


_ VbbV/Pe 
ne sin (ub) Vt) 
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Using this in (20) we obtain 


sin (mb) 9 m | T A. (22) 


1 
He aa + E 
"AG l^ | wy) sin (pob 
Note that both (20) and (22) reduce to their classical counterparts (5) and (15) 
respectively, as is expected. 
To obtain the effective Raychadhuri equation, we consider three cases: 


c 


(1) ù scheme where ji, = ġe and He = ji, are constants, 
(2) ji scheme where we set 


- A 
Ly = By 54| —, (23) 
Pb 
= A 
Hic = fic =\/—, (24) 
Pe 
(3) jf’ scheme where we choose 
A 
—/ 
ps = B = /—, (25) 
t Vp 
E N 
he = Ë, ; (26) 
Db 
After replacing these (separately for each case) into the effective Hamiltonian 
constraint (22) and finding their corresponding equations of motion,?? one re- 


places the solutions in the Raychadhuri equation (11) to obtain the form of æ, 
It turns out that for all the three cases above we obtain 


dà 1 - 2 b 2 b 
= = (n cos (usb) cos (uec) — SOS (ON = 3cos" (uec) 
dt De Hy $ 
b b : b 
ri COS (Lp ) COs (Le ) cos (uec) = am cos (uab) — , (27) 
De 2 4 sin (uab) 


where it is understood that js should be substituted for from cases 1-3 suitably 
for each case. 


4.2.1. à scheme 


Let us first consider this case perturbatively in an analytic manner. Replacing uy) = 
ft» and ue = fie as constants in (27) and then expanding for small values of p’s up 
to the second order we obtain 


dé 1 9? 7? 2 liq t. 7? 5:705 5b? 
N 14 | ʻi H F 14 . (38 
dr 2pe ( 27? iF) ma 2De (5 3 ) ne 2De a (73) 


It is seen that the first term on the right-hand side above is the classical expression 
(17) which is always negative and leads to the divergence of classical expansion 
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rate at the singularity, i.e., infinite focusing. However, Eq. (28) now involves two 
additional effective terms proportional to fi? and J2, both of which are positive. 
3° one can infer that these 
two terms take over close to where the classical singularity used to be and stop 
0 and we from diverging. This can, in fact, be confirmed by looking at the full 
nonperturbative behavior of we plotted in Fig. 2. There, it is seen that the quantum 
gravity effects counter the attractive nature of classical terms and turn the curve 
around such that æ goes to zero for t — 0. 


Furthermore, from the solutions to equations of motion, 


-40 


Fig. 2. Plot of ae as a function of the Schwarzschild time t, for two different masses in classical 


vs effective regimes. The figure is plotted using y = 0.5, G = 1, Lo = 1, and fy = 0.08 = fic. 


4.2.2. fi scheme 

Similar to the ju scheme we start by analyzing the perturbative expansion of ae for 
this case by replacing (23) and (24) in (27) and expanding it for small ji’s up to 
the lowest correction terms which in this case is A (which can be considered as the 
second order in ji scales). This way we get 


do 1 9j 4 ^ WEN 2 e 5b? 
x 1 pucri (29 
dr xí titi) los (Se +7?) +m, ( 23] (29) 


Once again, the first term on the right-hand side is the classical expression of the 
Raychaudhuri equation (17), which contributes to infinite focusing at the singularity, 


but all the correction terms are positive and take over close to the position of the 
classical singularity. This stops ue from diverging similar to the ù scheme. 

The full nonperturbative form of the modified Raychaudhuri equation in terms of 
t can also be plotted plotted by substituting the numerical solutions of the equations 
of motion for the fi in (27). The result is plotted in Fig. 3. We see that, approaching 
from the horizon to where the classical singularity used to be, an initial bump or 
bounce in encountered, followed by a more pronounced bounce closer to where the 
singularity used to be. Once again, the quantum corrections become dominant close 
to the singularity and turn back the æ such that at t — 0 no focusing happens at 
all. Furthermore, from the right plot in Fig. 3, we see that the first bounce in the 
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Fig. 3. Left: Raychaudhuri equation in the jj scheme. Right: Raychaudhuri equation vs pe. The 
vertical dot-dashed line at t ~ 0.43G.M is the position of the bounce of pe where its minimum 
pmin = 0.29 happens in this case. The figure is plotted using y = 0.5, M = 1, G = 1, Lo = 1, and 
A — 0.1. 


Raychaudhuri equation happens much earlier than the bounce in p, for this batch 
of geodesics. 


4.2.3. ji’ scheme 


'The perturbative analytical form of æ for this case, up to the first correction term 
turns out to be 


do 1 9b? 4? A f1 3c 
N 1 ' Ji pti (5b? A3. 30 
e) le uo s us. 9 


Although this perturbative form of the Raychaudhuri equation is a bit different from 
previous cases, nevertheless it exhibits the property that the quantum corrections 
are all positive and take over close to where the classical singularity used to be, and 
hence once again contribute to defocusing of the geodesics. This case is, however, 
rather different from the previous two cases since the behavior of some of the canon- 
ical variables as a function of the Schwarzschild time ¢ deviates significantly from 
those cases. In particular, both b and pe show a kind of damped oscillatory behavior 
close to the classical singularity,?? which contributes to a more volatile behavior of 
the Raychaudhuri equation. 

The full nonperturbative Raychaudhuri equation and its close-ups in this case 
are plotted in Fig. 4. It is seen that in this scheme, the Raychaudhuri equation 
exhibits a more oscillatory behavior and has various bumps particularly when we 
get closer to where the singularity used to be. Very close to the classical singularity, 
its form resembles those of b and pe, behaving like a damped oscillation.?? 

Two particular features are worth noting in this scheme. First, as we also saw 
in previous schemes, quantum corrections kick in close to the singularity and dom- 
inate the evolution such that the infinite focusing is remedied, hence signaling the 
resolution of the singularity. Second, this scheme exhibits a nonvanishing value for 
æ at, or very close to, the singularity. In Fig. 4 with the particular choice of nu- 
merical values of y, M, G, Lo and A, the value of æ for t — 0 is approximately 
—5.5. Hence, although a nonvanishing focusing is not achieved in this case at where 
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Fig. 4. Raychaudhuri equation in the ji’ scheme. The top left figure shows the behavior over the 
whole 0 < t < 2GM range. Other plots show various close-ups of that plot over smaller ranges of 
t. The figure is plotted using y = 0.5, M = 1, G = 1, Lo = 1, and A = 0.1. 


the singularity used to be, nevertheless, there exists a relatively small focusing and 
certainly ae remains finite. 


5. Discussion and outlook 


In this work, we probed the structure of the interior of the Schwarzschild black 
hole, particularly the region close to the classical singularity, using the effective 
Raychaudhuri equation. The effective terms in this equation result from consider- 
ing the effective modifications to the Hamiltonian of the interior due to polymer 
quantization, which is equivalent to loop quantization of this model. We found out 


that while the classical rate of expansion ae diverges for r — 0, the effective terms 
counter such a divergence close to the singularity and make go finite at r — 0. 


We considered three main schemes of polymer quantization and the results hold 
in all three. This is a strong indication that LQG points to the resolution of the 
singularity in the effective regime. 
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It is also worth noting that very similar behavior has been derived recently for 
several cases of Generalized Uncertainty Principle (GUP) models.31 32 
it seems that these cases bare a significant resemblance to ù and ji. This can be 
taken as a cross-model affirmation that quantum gravity in general does resolve the 
singularity of the Schwarzschild black hole. 


In particular, 
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gravitational collapse 
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We review recent developments in the physical implications of two loop quantization 
strategies for the interior of a homogeneous dust cloud. The first is the loop quantization 
with holonomies and the triads while the second is with holonomies and the gauge 
covariant fluxes. Although both of the quantization schemes resolve the classical central 
singularity regardless of the initial conditions, they also lead to a distinct phenomenology. 
For the first loop quantization, we find that when the dust mass is larger than a threshold 
value, both black hole and white hole would form and their evolution is symmetric with 
respect to the bounce point, leading to black hole-white hole twins. In contrast, in the 
second quantization, the evolution of the outermost dust shell is asymmetric with respect 
to the bounce point, and as a result the black hole-white hole twins can never form. Even 
in the situation when both black hole and white hole can form, the mass of the latter is 
only 2/7 of the mass of the former. 


Keywords: Homogeneous dust collapse; loop quantum cosmology. 


1. Introduction 


The singularity problem in the gravitational collapse results from the breakdown 
of the classical theory of general relativity (GR) and can thus be resolved by quan- 
tum gravity. Understanding the role of quantum gravity in determining the final 
state of the collapsing stars can help provide insights on the fundamental questions 
related with cosmic censorship conjecture and black hole evaporation. Because of 
the quantization ambiguities in quantum theories, it is important to understand 
if the physical predictions are robust against various quantization prescriptions. 
In the following, we address this question for a collapsing dust cloud whose interior 
spacetime is described by the Lemaitre-Tolman-Bondi(LTB) metric and study two 
quantization prescriptions in a loop quantum gravity (LQG) scenario. 

To make the problem of a collapsing dust cloud more manageable, we further 
assume a homogeneous evolution of the dust cloud in the marginally bound case. 
We then make use of the techniques from LQG to quantize the interior of the 
dust cloud. The loop quantization of the spacetimes with spherical symmetry dates 
back to quantization of the interior of the Schwarzschild black hole." Later it 
was extended to include both interior and exterior of the black hole" !? 
as the dynamical collapsing spacetime which is filled with a massless scalar or the 
dust.!4^ 5 All these studies focussed on the resolution of the central singularity 
by incorporating quantum geometry effects via holonomies and/or inverse triad 


as well 
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modification but not on comparaing the physics in different quantizations. Further, 
none of the forementioned models have been directly derived from LQG. Therefore, 
it is reasonable to ask whether the physical predictions in those models are robust 
when further modifications from LQG are included in the dynamics. To answer this 
question, we have studied two distinct quantization prescriptions for the interior 
of a collapsing dust cloud and compared their physical implications.!? The first 
quantization employs holonomy and triads while in the second quantization, in 
addition to the holonomy corrections, we have also considered the contributions from 
the gauge-covariant fluxes”? which have beenr ecently explored in the cosmological 
setting.?-?? Our results have shown that although the resolution of the central 
singularity is robust against different quantization strategies, the resulting dynamics 
also exhibit distinctive features for each quantization ansatz. In particular, the first 
quantization results in black hole-white hole twins while the second quantization 
strategy generally leads to black hole-white hole asymmetry. 


2. 'The classical dust shell model 


The classical dust shell model describes the dynamics of the outermost shell of 
a collapsing dust cloud. It is based on the LTB model which is obtained from a 
spherically symmetric solution of Einstein’s equations in GR with non-rotational 
dust as a matter source. The metric of LTB spacetime is given by 

(my 
14+ 2f 
where R is the areal radius, f(x) is the total energy of a unit mass at x and a prime 
denotes derivative with respect to the radial coordinate x. Depending on the sign of 
f, there are three distinct cases: the marginally bound case with f = 0, the bound 
case with f < 0 and the unbound case with f > 0. In the following, we focus on 
the marginally bound case. The corresponding Hamiltonian constraint for the LTB 
dust model is explicitly given in terms of both canonical ADM variables and the 
Ashtekar variables for a general inhomogeneous dust cloud in.?4 The classical dust 
shell model can then be obtained from the LTB model by a homogeneous reduction 
where the energy density of the dust cloud is assumed to depend only on time.?° 
Thanks to the spherical symmetry and the homogeneity of the dust cloud interior, 
one can integrate the classical Hamiltonian constraint of the LTB model along the 
radial direction as well as the angular part and arrive at the Hamiltonian constraint 


ds? = —dr? 4 da? + R7d0?, (1) 


for the outermost dust shell which can be expressed in terms of a canonical pair 
consisting of the radial components of the extrinsic curvature and the densitized 
triad.!? It turns out that for the homogeneous dust collapse, the interior spacetime 
is isometric to the spatially-flat Friedmann-Lemaitre-Robertson-Walker (FLRW) 
spacetime. As a result, the classical Hamiltonian constraint of the outermost dust 
shell can be related with the one for the spatially-flat FLRW spacetime.!? 

For a complete description of thiS collapsing model, in addition to the dust 
interior, one still needs to specify the exterior spacetime which is glued to the dust 
interior at the boundary. We choose the exterior spacetime to be the generalized 
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Vaidya spacetime?Ó so that it allows a non-vanishing effective dust pressure after 
quantum geometrical effects are taken into account.!^ The matching conditions are 
worked out under the requirements that the first and the second fundamental forms 
should be continuous across the boundary. In this way, it turns out that in the 
marginally bound case the Vaidya mass which is the mass of the dust cloud as seen 
by an outside observer differs from the mass function of the dust cloud by a factor 
of 1/2G with G denoting the Newton's constant. 


3. Loop quantization of the dust shell model with holonomy and 
triad variables 


'The loop quantization of the dust shell model is based on the classical Hamiltonian 
constraint of the outermost dust shell which is expressed in terms of the Ashtekar 
variables.? Due to the quantization ambiguities, there are different quantization 
prescriptions which can result in distinct effective dynamics. Since the interior of a 
homogeneous dust cloud is isometric to a spatially-flat FLRW spacetime, one can ap- 
ply techniques developed in loop quantum cosmology (LQC)?" in a straightforward 
way. After quantizing the outermost dust shell by employing holonomies and the 
triads with the ji scheme,?8 we find that the classical central singularity is resolved 
and replaced with a bounce which takes place at a fixed maximum energy density 
in the Planck regime. Meanwhile, the collapse of the dust cloud is succeeded by a 
re-expansion after the bounce point. The formation of the trapped surfaces during 
the contraction and the expansion of the dust cloud depends solely on the initial 
dust mass. There also exists a threshold dust mass M* below which no black hole or 
white hole can form during the evolution of the dust cloud. On the other hand, when 
the initial dust mass is larger than M*, a dynamical black hole can form during the 
collapse of the dust cloud and correspondingly a white hole can form during the 
re-expansion of the dust cloud. The evolution of the black hole and the white hole is 
always symmetric with respect to the bounce point and in particular the mass of the 
black hole is the same as the mass of the white hole. Moreover, right at the bounce, 
the trapped surfaces vanishes and the Vaidya mass becomes zero which implies that 
an asymptotic flat Minkowski spacetime emerges at the bounce point due to the 
quantum repulsive force. This repulsive force is also reflected by a negative effective 
pressure near the bounce point when the energy density is in the Planck regime. 


4. Loop quantization of the dust shell model with holonomy and 
gauge covariant flux variables 


Apart from the holonomy and triad quantization, we also study the physical conse- 
quences of using holonomy and the gauge covariant fluxes?? which is motivated from 
the need to go beyond symmetry reduced triads in to obtain an effective Hamilto- 
nian with loop quantum modifications from LQG using suitable coherent states. 
Its physical implications have been explored for the spatially-flat FLRW model 
recently.2L?? This quantization strategy leads to distinct dynamical evolution of 
the outermost dust shell as compared with the one discussed in the last section. 
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In particular, although the classical central singularity is resolved and replaced 
with a quantum bounce which also takes place in the Planck regime, the formation/ 
evolution of the black hole and the white hole is no longer symmetric with respect 
to the bounce point. Due to quantum gravity effects there exist two characteristic 
dust masses M; and Mz (Mı < M2). When the initial dust mass is less than Mi, 
no trapped surfaces can form during the entire evolution of the dust cloud. On the 
other hand, when the initial dust mass lies between Mı and Mo, only a black hole 
can form during the collapse of the dust cloud. Finally, when the initial dust mass 
is larger than M», both black hole and the white hole can form. In the last case, 
we find the evolution of the black hole and the white hole is not symmetric with 
respect to the bounce point and in particular the effective mass of the white hole is 
only 2/7 of the one for the black hole and the black hole always outlives the white 
hole in the proper time. This asymmetry is due to the difference in the classical 
limits of the pre- and post-bounce regimes of the effective dynamics. As a result, 
black hole-white hole twins do not exist in this quantization strategy. 


5. Summary 


The gravitational collapse of a homogeneous dust cloud provides a platform to test 
different loop quantizations and investigate their resulting physical implications. We 
find even in this simple setting, quantization ambiguities can lead to very distinct 
phenomenological effects. In particular, we have studied two quantization strate- 
gies in this context, the one employing holonomies and triads and the other using 
holonomies and gauge covariant fluxes. Although in both cases, the central singular- 
ity is resolved and replaced with a quantum bounce, there are qualitative differences 
between two quantization prescriptions. In the former, when the dust mass is larger 
than the threshold mass, there are black hole-white hole twins. While in the latter, 
a black hole and white hole twin system is not possible and the the mass of the 
white hole is only 2/7 of the mass of the black hole because of quantum gravity 
effects. Further, there can be situations in which only black hole forms during the 
collapse of the dust cloud. 

We wish to thank Jahnvi Verma and Anzhong Wang for discussions. This work is 
supported by the DFG-NSF grants PHY-1912274 and 425333893, and PHY-1454832 
and PHY-2110207. 
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Summary of the parallel session QG3 


Jorge Pullin and Parampreet Singh 


Department of Physics and Astronomy, Louisiana State University, Baton Rouge, 
LA 70803, USA 


We summarize the main results of 19 talks presented at the QG3 session (loop quantum 
gravity: cosmology and black holes) of the 16th Marcel Grossmann Meeting held online 
from July 5*^-10*h, 2021. 


Keywords: Loop quantum gravity; cosmology; black holes 


The QG3 session was organized in two parts with a total of 19 talks. The first part 
of the session was held on July 5th (9 talks) focussing on loop quantum gravity 
effects in black hole spacetimes, and the second part was on July 8th (10 talks) 
focussing on cosmological implications. A summary of talks in a chronological order 
is as follows. 

We-Cong Gan presented his joint work with Nilton O. Santos, Fu-Wen Shu, and 
Anzhong Wang on spherically symmetric polymer black holes.! Their work is based 
on a model by Bodendorfer, Mele and Münch and depend on three independent 
parameters. An exploration of the parameter space was made showing a wealth of 
physical possibilities including singularity resolution, wormholes and space-times 
with singularities. 

Harkirat Singh Sahota discussed joint work with Kinjalk Lochan? about the 
quantization of the Lemaitre- Tolman- Bondi model as a minisuperspace. It leads to 
a bounce eliminating the singularity and the talk explored how it manifests itself in 
the infrared regime to an observer looking at the collapse. 

Aurélien Barrau discussed joint work with Léonard Ferdinand, Killian Martineau 
and Cyril Renevey.? There have been several proposals discussed in the literature in 
which after their evaporation black holes tunnel into metastable white holes. They 
have been considered a dark matter candidate. The talk showed that such models 
are severely constrained and suggested some possible detection paths. 

Parampreet Singh presented his work with Kristina Giesel and Bao-Fei Li on a 
non-singular collapse of a dust shell model in Lemaitre~Tolman—Bondi spacetime.^ 
'Two quantization prescriptions were studied. One using holonomies and triads, and 
another using holonomies and gauge-covariant fluxes. While both the prescriptions 
result in a bounce of the dust shell they lead to different mass gaps at which a 
trapped surface may form. Unlike in a quantization based on holonomies and triads, 
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in presence of gauge-covariant fluxes, a formation of white hole in the expanding 
phase when a black hole forms in the contracting phase is not guaranteed. 

Asier Alonso-Bardaji presented work with David Brizuela where they consider 
holonomy and inverse-triad corrections in spherically symmetric models of loop 
quantum gravity.” It constructs systematically anomaly-free constraints with such 
corrections. It concludes that holonomy corrections are consistent in the presence of 
matter fields. Contrary to earlier claims, authors demonstrate a model which pro- 
vides a family of deformed Hamiltonian constraints with scale-dependent holonomy 
corrections in the presence of a scalar matter field. 

Cong Zhang talked about joint work with Yongge Ma, Shupeng Song and Xi- 
angdong Zhang on the loop quantum gravity quantization of the interior of the 
Schwarzschild black hole. They study a Dirac observable corresponding to the 
ADM mass and note that zero is not in its spectrum, suggesting that a remnant is 
left after the evaporation of the black hole. 

Alejandro García Quasimodo talked about work with Guillermo Mena Marugán 
about some modifications to the Ashtekar-Olmedo-Singh black hole model, in par- 
ticular the use of polymerization parameters that are Dirac observables." This may 
modify the asymptotic behavior of the model. 

Saeed Rastgoo presented work with Keagan Blanchette, Saurya Das and Saman- 
tha Hergott on loop quantum gravity corrections to the Raychaudhuri equation.® 
'These corrections imply defocusing of geodesics providing insights on the eliminia- 
tion of singularities in this context. 

Patrick Fraser analyzed how classical are the Gaussian states in loop quantum 
cosmology.? He showed that contrary to common intuition, such states do not sat- 
urate their uncertainty relations and there exist Gaussian states for which the fluc- 
tuations are arbitrarily large. However, the usual volume regularization procedure 
allows to suppress those fluctuations as much as one wishes. 

V. Sreenath talked about alleviating tensions in the cosmic microwave back- 
ground using Planck scale physics in a joint work with Abhay Ashtekar, Brajesh 
Gupt and Donghui Jeong.!? The idea is that there are several anomalies of low 
significance in the agreement of the predictions of the usual A-CDM model for the 
cosmic microwave background. Taken as a whole, however, they imply a tension be- 
tween theory and data. The talk showed that considering loop quantum cosmology 
leads to a primordial power spectrum that is scale dependent at large scales. T'his 
can potentially alleviate the anomalies. 

Sahil Saini discussed a matter-Ekpyrotic bounce model in loop quantum cos- 
mology in a joint work with Bao-Fei Li and Parampreet Singh.!! Unlike previous 
attempts in this direction in loop quantum cosmology, Ekpyrotic phase was sourced 
by a potential motivated from Ekpyrotic scenarios. It was shown that in contrast to 
previous results where a fixed ultra-stiff equation of state was assumed, the mag- 
nitude of power spectrum changes during evolution resulting from an Ekpyrotic 
potential. It was found that the bouncing regime only leaves imprints on the modes 
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outside the scale-invariant regime. Further refinements in this direction are neces- 
sary since the spectral index shows inconsistency with the observational data. 

Kristina Giesel presented a reduced phase space quantization for loop quantum 
cosmology in presence of inflationary potentials. This was a joint work with Bao- 
Fei Li and Parampreet Singh.!? Unlike the case of a massless scalar field which 
has been addressed rigorously in loop quantum cosmology, singularity resolution at 
the quantum level in the presence of a potential has remained an open problem 
because of several conceptual and technical challenges. The idea is to introduce an 
additional clock degree of freedom to measure time evolution. It was shown that 
singularity resolution occurs in the presence of potentials at the level of quantum 
difference equation. Some properties of non-singular solutions were discussed using 
effective dynamics. 

Guillermo Mena Marugán talked about his work with Beatriz Elizaga Navascués 
and Rafael Jiménez-Llamas on the way potential effects primordial perturbations 
in kinetic dominated regimes in classical and loop quantum cosmology.!? Such a 
situation is of particular interest in loop quantum cosmology where so far kinetic 
dominated bounce has been studied. Authors found that the choice of Bunch-Davies 
vacuum may no longer be preferred in presence of such corrections. Further, there 
are changes in the effective mass in the Mukhanov-Sasaki equation. 

Anzhong Wang discussed his joint work with Bao-Fei Li and Parampreet Singh 
on various subtleties in imposing initial conditions for cosmological perturbations 
in loop quantum cosmology and its modified versions (mLQC-I and mLQC-II).!4 
The talk highlighted differences in choices which are forced by the assumptions 
in the dressed metric and hybrid approaches. Issues related to when to impose 
initial conditions — whether at bounce or in the contracting phase, and constraints 
on possible choices were discussed. It was shown that a consistent choice of the 
initial conditions depends not only on the choice of a potential but also on the two 
approaches used in loop quantum cosmology. 

Javier Olmedo talked about effects on primordial perturbations in a bouncing 
model in loop quantum cosmology for a Bianchi-I spacetime in a joint work with 
Ivan Agullo and V. Sreenath.!? They considered an evolution where anisotropies are 
non-vanishing at a bounce dominated by matter energy density. Though anisotropies 
were diminished in the pre-inflationary branch, effects were found in the scalar and 
tensor power spectrum. Modification to the angular correlation functions and the 
way EB and TB correlations may arise was discussed. 

Bao-Fei Li discussed features of primordial power spectrum in modified ver- 
sions of loop quantum cosmology in a joint work with Javier Olmedo, Parampreet 
Singh and Anzhong Wang.!ó They discussed the way dressed metric and hybrid 
approaches to perturbations result in different signatures in the primordial power 
spectrum, especially for mLQC-I model. Differences with loop quantum cosmology 
in the infra-red and intermediate regimes were also found which show that different 
loop quantum prescriptions potentially leave distinct signatures in CMB. 
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Dimitrios Kranas talked about his joint work with Ivan Agullo and V. Sreenath 
on understanding the origin of various anomalies in the CMB using a bouncing 
model.!* They find that that non-Gaussian correlations between CMB modes and 
super-horizon wavelengths in the power spectrum can potentially explain a power 
suppression, a dipolar asymmetry, and existence of odd-parity correlations in the 
power spectrum. 

Adriá Delhom i Latorre discussed hos joint work with Gonzalo Olmo and Param- 
preet Singh.!? They investigate the existence of a covariant action in f(R) Palatini 
theories which can reproduce effective equations for modified versions of loop quan- 
tum cosmology. It was found that the Lagrangians which result in effective dynamics 
of LQC, mLQC-I and mLQC-II are part of a three-parameter family of f(R) theories, 
where two parameters are fixed by initial conditions at the bounce. 

Hongguang Liu talked about his work with Muxin Han on a path integral ap- 
proach based on reduced phase space loop quantum gravity to derive effective dy- 
namical equations in which the graph changes dynamically in the physical time 
evolution.? They were able to derive the so-called improved dynamics from this 
method found earlier in loop quantum cosmology by Ashtekar, Pawlowski and Singh 
which results in a singularity resolution. The method also generalizes the path in- 
tegral formulation used in full LQG to take into account an additional real scalar 
field. 
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Reliable equations of state of viscous strong and electroweak matter 


A. Tawfik 
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For the first time, a reliable estimation for the equations of state (EoS), bulk viscosity, 
and relaxation time, at temperatures ranging from a few MeV up to TeV or energy den- 
sity up to 1019 GeV/fm?. This genuine study covers both strong and electroweak epochs 
of the early Universe. Non-perturbation (up, down, strange, charm, and bottom quark 
flavor) and perturbative calculations (up, down, strange, charm, bottom, and top quark 
flavors), are phenomenologically combined, at vanishing baryon-chemical potential. In 
these results, calculations from Polyakov linear-sigma model (PLSM) of the vacuum 
and thermal condensations of the gluons and the quarks (up, down, strange, and charm 
flavors) are also integrated. Furthermore, additional degrees of freedom (photons, neutri- 
nos, charged leptons, electroweak particles, and scalar Higgs boson) are found significant 
along the entire range of temperatures. As never done before, the present study brings 
the standard model of elementary particles closer to the standard model for cosmology. 


Keywords: Strong and electroweak epochs, Perturbative and non-perturbative calcula- 
tions, Equations of state, Bulk viscosity, Relaxation time 


1. Introduction 


Understanding the strong and electroweak epochs of the early Universe, at least, 
through determining their equations of state (EoS) is impactful for various cosmo- 
logical studies, such as the nucleosynthesis and the cosmological large-scale struc- 
ture. Until present date, cosmology is dictated by the standard model of cosmology 
(SMC). SMC assumes that the cosmic background is isotropically and homoge- 
neously characterized by an ideal fluid. With this regard, we recall that a first 
proposal that the viscous coefficients are also connected with particle physics was 
presented Ref.'?. It was also assumed that the influence of viscous coefficients be- 
comes significant first at the end of the lepton era,’ 
epoch or temperature T 1019 K (~ 1 MeV) which takes place not long after the 
end of the QCD phase transition from colored quark-gluon plasma (QGP) to col- 
orless hadrons. The QCD phase transition*" takes place at T ~ 160 MeV. Recent 


studies concluded that the viscous coefficients likely impact early epoches of the 
8 


i.e., during neutrino decoupling 


Universe. 

Taking advantage of recent developments in ultra-relativistic nuclear experi- 
ments and non-perturbative lattice QCD simulations, and perturbative calcula- 
tions, various thermodynamic quantities including pressure p, energy density p, 
bulk viscosity ¢, and relaxation time 7 are calculated up to the TeV-scale and a 
reliable evolution of the early Universe could be achieved. The present study offers 
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an access to deep epochs of the early Universe with T up to TeV-scale and p up to 
1016 GeV/fm?. 
For Friedmann-Lemaitre-Robertson-Walker (FLRW) metric 


ds? = dt? — a(t)? +r? (d0? + sin? bdg?) | , (1) 


1— kr? 
where a(t) is the dimensionless scale factor, k = {—1, 0, +1} represents elliptical, flat 
(Euclidean), and hyperbolic cosmic space, or negative, flat, and positive curvature, 
respectively. The theory of general relativity (GR) inters the play, when temporal 
evolution of the line element s(t) can be determined. To this end, GR has to be 
combined with the matter-energy content of the cosmic geometry, 
1 87 

Ryw = Juv R+ Aww = ES Tuv, (2) 

where u, v run over 0, 1, 2, and 3. 
'Then, the Einstein field equations in natural units read 


H(t)? = = p - an m (3) 
H(t) + H(t)? = — o0) 3p] + $, (4 


where H(t) = a(t)/a(t) is the Hubble parameter. From (3) and (4), the time evolu- 
tion of the Hubble parameter can be deduced 
k 

a(t)?” 
An EoS$ relating p with p is needed to have a closed system of equations. 

'The present script is organized as follows. The most reliable non-perturbative 
and perturbative calculations are reviewed in section 2. Our results on EoS, bulk 
viscosity and relaxation time for almost the entire SM dof are presented in section 
3. The conclusions are outlined in section 4. 


H(t) = —4m [p(t) + pess(t)] + (5) 


2. Most reliable non-perturbative and perturbative calculations 


For relaible EoS, various general considerations have been assumed in the recent 
non-perturbative lattice QCD simulations.” The first one is the quark masses. For 
a dynamical dependence of the quark masse m, and the lattice spacing a on the 
guage coupling f, four flavor staggered action with 4 levels of stout smearing has 
been utilized, where u, d, s, and c quarks are realized as 2+1+1 and 3+1,° i.e., except 
for strange and charm quark masses, Mua = R x m$ (B), with m$' (8), 1/R = 27.63 
and f is the guage coupling. The c quark mass is given as a function of the gauge 
coupling; me = C x m$j'(B8), with C = 11.85. Although the degenerate masses of 
the light quarks, a small isospin asymmetry could also be included, analytically.? 
'The second general consideration is the temperature 7', which can primarily be 
determined as a function of the temporal lattice dimension; T = (aN;)-!. Alterna- 
tively, varying the gauge coupling 8 leads to changing T, as well, even if the spacial 
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and temporal lattice dimensions might not be varied. The gauge coupling can not 
only allow for varying T, but also it measures the pseudoscalar pion mass m; and 
the Wilson-flow based scale wo, where wo = 0.153+0.001 fm and m, = 712+5 MeV. 
At T = 0, wo gives the inverse flow time.!? 

The third general consideration is the lattice QCD computational procedure. 
After applying a Wilson-flow equation, the clover definition of the topological charge 
was made in 2+ 1 + 1 and 3+ 1 ensembles. To make the computational process 
more economic, an adaptive step size integration scheme was utilized. The time 
flow (81?)-! was introduced to estimate the finite T of both ensembles, where a 
variation in the time flow is also allowed. This procedure has greatly contributed to 
reducing the systematic errors. To control their simulations, it should be checked 
whether these configurations lead to saturated susceptibility, at large flow times.? 
'To determine the topological susceptibility, topological charge was utilized with and 
without rounding. 

'The fourth general consideration is the acceptance accuracy. As already out- 
lined for the 2 4- 1 4- 1 simulations, same configurations have been used also for 3+1 
simulations. Here, the mass ratio of the charm quark and the degenerate lighter 
quarks (u, d, and s) was taken to be 11.85. As mentioned, for the masses of up- 
and down-quarks, the physical values are used, while the mass of the strange quark 
$*(8). At T = 0, simulations were done on 
64 x 32? lattice with seven values of the lattice spacing descendingly ranging from 
0.15 to 0.06 fm. But at finite T, the same parameters as in 2+1+1 case were used. 
'The topological charge is measured for every Hybrid Monte-Carlo trajectory. The 
configurations leading to a topology change are rejected. In other words, configura- 
tions are generated, at fixed topology. Quantitatively, this leads to an acceptance 
probability of about 4096 for the coarsest lattice, but higher probabilities for the 
finest ones. 

In the following section we review how various thermodynamic quantities have 
been determined. 


is a function of the guage coupling, m 


2.1. Lattice QCD Equation of State in Non-Perturbative Regime 


The inclusion of up-, down-, strange-, and charm-quark in non-perturbative lat- 
tice QCD simulations! !? 
(partially quenched). Other lattice QCD simulations assume that the four quarks 
are non-degenerate with unphysical masses.'^ 14 The ultimate goal is to carry out 


assumes that the masses of some quarks are very heavy 


non-perturbative simulations with dynamical quarks and physical masses.!? To this 
end, 24- 14- 1 simulations with staggered action, and 4 levels of stout smearing have 
been carried out in Ref.!6. 

One restriction in the lattice QCD simulations is the universal assumption of 
thermal equilibrium. This might not fully true, especially because the hadron and 
parton matter is undergoing phase transition, whether prompt of slows crossover, 
at critical temperatures, i.e., non-equilibrium due to changes in the underlying 
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dynamics, symmetry, and degrees of freedom. Another restriction is that the tem- 
perature dependence of pressure p, energy density p, and entropy s can be deduced 
from the trace anomaly, at vanishing chemical potential, 


I(T) p-3p 

pi cms (6) 
ptp s 

TA T (7) 


A third restriction is the common practice to get rid of the temperature indepen- 
dent divergence of the trace anomaly so that its physical value can be evaluated, 
accurately. A vanishing-T' ensemble is subtracted from each finite-T' ensemble. As 
this method doesn't work well at high temperatures, where short lattice spacing 
and increasing autocorrelation times and computational costs are likely, a renor- 
malization ensemble is generated for each finite-7T' ensemble, at exactly half of its 
temperature.” The physical trace anomaly in a wide range of temperatures including 
low T, can be obtained from the subtraction of each half-T' from its finite-T' ensem- 
ble, I(T) — 1(T/2)]/T*. The resulting p and s can straightforwardly be estimated 
from Eqs. (6) and (7). 

Up to four quark flavors were included in the non-perturbative lattice QCD 
simulations. This was achieved by several steps of tree-level corrections. 


2.2. Inclusion of c-Quark in Non-Perturbative Lattice QCD 
Simulations 


It was concluded!" that the free energy calculated in next-to-next-to-leading order 
(NNLO) Hard Thermal Loop (HTL) perturbation theory is in good agreement with 
2+1 and 2+ 1+1 non-perturbative lattice QCD simulations, where c-quark is 
taken massless in the perturbative calculations but assigned the physical mass in 
the non-perturbative simulations. The mass of c-quark was perturbatively!? and 
non-perturbatively? estimated. In the perturbative calculations, the effect of heavy 
quarks is determined to a lower leading order, and accordingly, it was concluded 
that this refers to (3 + 1) quark flavors pressure normalized to (3) quark flavors 
pressure p. On the other hand, when comparing p with and without c-quark in both 
non-perturbative and perturbative calculations, an excellent agreement (« 396) was 
obtained.? The tree-level correction due to c-quark reads 


pOriD(T)  SBG(T)-4 Fo(m./T) 


GU ^  — SBW( n 


where SB stand for Stefan-Boltzmann approximation and Fo(m./T) is the free 
energy density of a free quark with mass m, — 1.29 GeV. 

The following section elaborates how the b-quark flavor is included non- 
perturbative lattice QCD simulations. This was achieved by several steps of tree- 
level corrections. 
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2.3. Inclusion of b-Quark in Non-Perturbative Lattice QCD 
Simulations 


The success with the inclusion of the c-quark encouraged a recent attempt with 
the bottom quark, especially that the 2 + 1 + 1 non-perturbative simulations up 
to T < 1 GeV control the accuracy of the proposed procedure and the pertur- 
bative contributions likely dominate, at T > 500 MeV).1?:?? Recent perturbative 
calculations were performed up to O(g log g).? Thus, the inclusion of b-quark and 
a continuation to higher T look straightforward. A tree-level correction for the 
b-quark similar to that for the c-quark, Eq. (8), was suggested. 

It was concluded that tree-level correction for b-quark works well. When com- 
paring the ratio of the massless 2+1+1 to 2+1+1+1 perturbative pressure with the 
pressure ratio in the SB limit, an excellently agreement (« 0.396) is obtained. With 
a phenomenological approach similar to Eq. (8), reliable non-perturbative lattice 
QCD simulations become feasible, at 500 MeV < T < 10 GeV. This T-range appar- 
ently covers various epochs in the early Universe, where different phase transitions 
and accordingly different dynamics and degrees of freedom become dominant. 

In the following section, we review features of the perturbative calculations up 
to TeV temperatures. 


2.4. Perturbative Calculations up to TeV Temperature—Scales 


In the previous sections, we have discussed on the various restrictions of the non- 
perturbative lattice QCD simulations and their possible extensions to a large num- 
ber of quark flavors and to higher temperatures. The perturbative calculations, on 
the other hand, allow to cover much higher temperatures and to include more quark 
flavors. By combining recent perturbation calculations up to a largest leading order 
with the non-perturbative lattice QCD simulations, relaible EoS for strong and elec- 
troweak matter can be deduced.?!:?? It is conjectured that this covers temperatures 
up to ^ 200 TeV. 


2.4.1. QCD Domain 


In this domain, 0.2 < T € 1 GeV, the gluons and the lightest four quark flavors and 
the gluons are partonic dof of the strongly interacting matter.?! The perturbative 
corrections to the ideal (masslss, noninteracting) Stefan-Boltzmana (SB) EoS can 
be determined up to different orders of strong coupling constant O(g). Although, 
the perturbative contributions up to O(g° log g) are well known, !?: 25.24 
expressed as function of Ne the colors dof, Ny the massless quark flavors dof, and 
jf the quark chemical potential, only O(g?) terms, at T = 0 but uf #0, have been 
precisely, analyzed. 

Besides the contributions of gluons up to O(g log g) and that of NLO O(g?), it 
was found that these are similar to that of LO O(g°), where no O(g log g) calcu- 
lations for finite quark masses are available so far.!? An alternative procedure was 


where g is 
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suggested. This starts with Np = 0 and Ne = 3 corresponding to very heavy quark 
flavors. Then, it calculates the change in the pressure by lowering the quark masses 
down to their physical values?. This procedure suggests that the perturbative cal- 
culations are based on the grand-canonical pressure (or free energy).? As discussed 
earlier, the non-perturbative lattice QCD simulations starts with the trace anomaly 
(also known as the interaction measure) I(T, uy, ---), Eq. (6), from which the var- 
ious thermodynamic quantities can be determined. Based on this renormalization 
procedure, the ultraviolet divergences are likely removed. 

In order to extend the perturbative calculations to the electroweak domain, 
the so-called hard modes should first be removed through either integration with 
respect to momenta or summation over the Matsubara frequencies, 27T, gT, g?T, 
--+. Second, the effective mass parameters and the gauge couplings have to be 
specified and normalized in MS-scheme. Third, the connection factors should then 
be estimated, at changing T and fixed Ags. These can be achieved, when multiplying 
the non-perturbative lattice results for Ny = 0, Ne = 3, finite quark masses by 
the corresponding ones obtained in the SB limit, Eq. (8). The connection factors 
facilitate the inclusion of heavier quarks, at temperatures greater that strong QCD 
scale parameter Agcp ~ 200 MeV. 


2.4.2. Electroweak Domain 


As discussed, the perturbative calculations are initiated from the free energy (or 
thermodynamic pressure), the Higgs potential parameters v? (F) and A(j) are given 
as functions of the normalization scale ji. Assuming that the bottom and top quarks 
weakly interact, the free energy, at finite T' and p, reads!? 


nq-Fng 


fG,T u) = se? + Ae 35 Ello), Tu), (9) 


where n, (ng) are the number of quarks (gluons), v is the Higgs expectation value, 
m,(v) is the tree-level mass of i-th particle, + stand for bosons and fermions, respec- 
tively, and J;(m;(v), T, pi) counts for the contributions of the physical dof (scalars, 
vectors, and fermions). The normalization scale ji could be fixed to 100 GeV’. Nev- 
ertheless, the electroweak free energy, Eq. (9), can be determined, at temperatures 
far beyond the electroweak scale fj ~ 100 GeV. 

As the proposed EoS characterizes electroweak matter, a few remarks on the 
nature of the phase transitions is now in order. In some perturbative calculations, 
it was concluded that the electroweak EoS seems approaching that of an ideal 
gas,'® while in others significant deviations have been obtained.?? With this re- 
gard, it should be considered that the strength of electroweak phase transition is 


Decreasing the quark masses increases the thermodynamic pressure. 
bThis is a model-depending assumption. Originally, the electroweak theory has different scales 
along its wide range of temperatures and chemical potentials. 
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determined by different SM Lagrangian parameters, which so far aren't determined. 
The recently estimation of the Higgs mass allowed for a smooth crossover and elec- 


troweak baryogenesis.7© 27 


2.5. Combining Non-Perturbative and Perturbative EoS 


NaQure539(2016)69: SU(S)LQCD i——4 Im 


NatukeS39 (2016)69: SU(5)LQCD ——: / 
ature539(2016)69: SU(6)g® 6 ape 
Nafture539(2016) 69: SU(6)g° —— 
JCAPO7(2015)035 ~ 


JCAP07 (2015)035 


EW crossover 
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Fig. 1. Left panel: A comparison between non-perturbative lattice QCD simulations? and the per- 
turbative calculations!? for normalized pressure and energy density as functions of temperatures. 
Right panel: The same as in the left panel but here the perturbative calculation are rescalled (see 
main text). The vertical lines approximately determine the temperatures, where the electroweak 
crossover takes place. The curves in right panel present the effective dof gett (T) related to pressure 
and energy density. 


As discussed, the proposal to combine reliable non-perturbative with perturba- 
tive calculations was already applied in various studies. In the present study, we 
combine the non-perturbative? with the perturbative calculations!? for different 
thermodynamic quantities. 

The temperature dependence of the normalized pressure and energy density 
calculated non-perturbatively and perturbatively is illustrated in the left panel 
of Fig. 1. Here, the temperature covers up to ~ 10 GeV and ~ 1 TeV in non- 
perturbative and perturbative simulations, respectively. It is obvious that although 
both types of simulations look quantitatively different, they are qualitatively sim- 
ilar. We find that the perturbative results are significantly larger than the non- 
perturbative ones. 

'There are many reasons supporting the assumption that the non-perturbative 
lattice QCD simulations are more reliable than the perturbative ones, especially at 
low temperatures. In this range of temperatures, even the vacuum energy change is 
best evaluated by non-perturbative simulations. On one hand, the non-perturbative 
lattice QCD simulations are most reliable, at low temperatures, the so-far perturba- 
tive calculations are not as accurate even at high temperatures. Thus, we concretely 
propose that the non-perturbative lattice QCD simulations are most reliable, at 
T = Ago © 200 MeV up to a few GeV,”8 while the perturbative calculations are 
the only approach possible, at temperatures up to the TeV-scale. From Fig. 1, 
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a temperature-indenedent systematic difference of ~ 20% between both sets of cal- 
culations? is obtained. Also, we assumed that the systematic difference of ~ 20% 
ins the same for both pressure and energy density. 

For a contineous temperature-dependence of pressure and energy density, we 
propose to rescale the perturbative calcuations, at high temperatures.!? The rescal- 
ing factor is phenomenologically adjusted to match the perturbative calculations, 
at high temperatures, with the non-perturbative lattice QCD simulations, at low 
temperatures. We assume that a rescaling factor of 0.77 remains constant, at the 
entire range of temperatures, right panel of Fig. 1. The non-perturbative lattice 
QCD simulations aren't rescaled, at all. In both thermodynamic quantities, both 
non-perturbative (T up to ~ 10 GeV) and perturbative (10 GeV < T < 1 TeV) cal- 
culations are phenomenologically combined. The effective dof gett (T) corresponding 
to pressure, gett(T) = p(T)/po, and to energy density, gett(T) = p(T)/po, are also 
depicted in the right panel of Fig. 1, where po = (1?/30)T* is the energy density 
and po is the pressure for an ideal gas of scalar massless bosons po = (1?/90)T^. The 
perfect matching of gett (T), at low and high temperatures, supports the conclusion 
that the temperature-independent proposed rescaling, 0.77, seems precise. 


3. EoS, bulk viscosity and relaxation time for almost 
entire SM dof 


3.1. EoS for Strong and Electroweak Matter 
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Fig. 2. Left panel: The thermodynamic pressure calculated in SU(5) non-perturbative and pertur- 
bative lattice QCD in dependence on the corresponding energy density (red and green symbols)? 
is confronted to the same calculations extended to other dof; y, neutrinos, leptons, EW, and Higgs 
bosons (blue symbols). Right panel: The extended SU(5) lattice QCD calculations are combined 
with SU(6)g° non-perturnative calculations.?!: 29 


Left panel of Fig. 2 shows the EoS deduced from SU(5) non-perturbative and per- 
turbative lattice QCD simulations (red and green symbols).? The thermodynamic 
contributions from "y, v, e, H, T, Ve, Vu, Vr, W~, and the Higgs boson H are summed 


*Tt was reported in Ref.? that this difference reads 7 — 17% and is temperature dependent! 
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up with the SU(5) results (blue symbols). For each type of the additional particles, 
a partition function is constructed, from which the temperature dependence of the 
different thermodynamic quantities, such as the thermodynamic pressure and the 
energy density, can straightforwardly be derived. It is obvious that the additional 
dof considerably contribute to both thermodynamic quantities. The quantitative 
contributions are considrable, for example, within the hadronic phase, the propor- 
tionality constant in p « p increases with the additive dof, i.e., increasing speed of 
sound squared.?? In quark-gluon plasma and electroweak phases, more structures 
are added to the one corresponding EoS based on SU(5) lattice QCD simulations. 
'The fitting functions illustrated in the bottom panel of Fig. 2 are 


HP : p = &ı + asp, (10) 
QGP/EW: — p— b1 + Bop + Bsp®, (11) 
Asymp.: | p — p, (12) 
where a, = 0.0034 + 0.0023, a2 = 0.1991 + 0.0022, 54 = 0.0484 + 0.0164, 85 = 


0.3162 + 0.0031, 53 = —0.21 + 0.014, and y = 0.3162 + 0.003. 


3.2. Bulk Viscosity for Strong and Electroweak Matter 


It was concluded that the shear viscosity normalized to the entropy density 
for perturbative gauge QCD likely approaches the lower bound of Anti-de Sit- 
ter/Conformal Field Theory (AdS/CFT).?! A non-perturbative estimation for vis- 
cous coefficients, at temperatures several times the QCD scale, has been reported in 
Ref.?2:33, This was possible through accumulating a large amount of configurations 
for the Green function expressed in the Matsubara frequencies and implemented on 
isotropic 24? x 8 and 16? x 8 lattices. The viscous coefficients are determined as 
slopes of the spectral functions, at vanishing Matsubara frequency. A recent estima- 
tion for the temperature dependence of the bulk viscosity of SU(3) gluodynamics 
was possible with 48? x 16 lattice QCD simulations.?? Another estimation is based 
the retarded Green function defined by the Kramers-Kronkig relation in terms of 
different thermodynamic quantities.?^?? In Ref.??, it was taken into consideration 
that the bulk viscosity measures the violation of the conformal invariance. This 
allowed to conclude that QCD at classical level is conformally invariant. 


[= EUM [Ts T 3] — 4(p — 3p) thermal parts 
Iw Op 
+ (rs; — 2) (aq) (T) + gg G^ (T) thermal q & g condensates 


t gp (m2 f2 + mefr mpfpc) | . vacuum q & g condensates (13) 


where gg (gy) are the degeneracy factors for gluons (quarks). The spin polarization 
multiplied is gj = 16. The color degrees of freedom reads N? — 1, with Ne is the 
color quantum number. gf = 12 ny with n; are the degrees of freedom of the quark 
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flavors. mp (fp) are mass (decay constant of D-meson). The scale parameter wo 
determines the applicability of the parturbation theory. ¢ is obtained by using the 
frequency limit of the spectral density, at vanishing spatial momentum???6 and by 


implementing the various thermodynamic quantities are detailed in Eq. (13). 
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Fig. 3. The bulk viscosity ¢ in dependence of the energy density p. Both quantities are calculated, 
at vanishing baryon-chemical potential and given in physical units. The inside box magnifies the 
region, at low temperature, where ¢(~) is non-monotonic. 


By combining the gluons and (2 - 1 4- 1 4- 1) quark contributions and that of the 
gauge bosons; the photons, W+, and Z?, of the charged leptons; neutrino, electron, 
muon, and tau, and of the Higgs bosons; scalar Higgs particle,? the bulk viscosity 
is shown in Fig. 3. We conclude that the almost entire SM contributions are very 
significant. The missing SM-contributions are vacuum and thermal bottom quark 
condensate, the entire gravitational sector, neutral leptons, and top quark. ¢ almost 
linearly increases with increasing energy-density, so that following three regions of 


parameterizations (curves) can be distinguished 


Hadron — QGP: Ç =a, +a2p+a39™, (14) 
QCD: C = bi + bop’, (15) 
EW: C = & + cop. (16) 


For Hadron-QCD: a; = —9.336 + 4.152, a2 = 0.232 + 0.003, a3 = 11.962 + 4.172, 
and a4 = 0.087 + 0.029. For QCD: bı = 8.042 + 0.056, b2 = 0.301 + 0.002, and 
b3 = 0.945 + 0.0001. For EW: cı = 0.350 + 0.065, co = 10.019 + 0.934, and c3 = 
0.929 + 8.898 x 1075. 
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Fig. 4. At vanishing baryon-chemical potential, the relaxation time 7 is presented in dependence 
on the temperature T'. The results are based on non-perturbative and perturbative lattice QCD 
simulations, in which contributions from the quark and gluon condensates and the thermodynamic 
quantities of gauge bosons, charged leptons, and Higgs bosons (left symbols) are integrated. 


3.3. Relaxation Time for Strong and Electroweak Matter 


The relaxation time Ts, which involves complicated collision integrals, can be de- 
termined as the mean collision time and averages of thermodynamic quantities?" ?? 
1 

10) = ST DC 
where c is cross section, (v(T)) stands for mean relative velocity, and nf(T') rep- 
resents the number density. Approaches for (v(T)) and ø have been discussed in 
Ref.??, The temperature dependence of the relaxation time rf (T) plays an essential 
role in bulk viscosity ¢(T). 

Figure 4 presents 7(T deduced from the non-perturbative and perturbative 
QCD simulations®:?:?!:?9 (bottom symbols). Contributions from the quark and 
gluon condensates and the thermodynamic quantities of the gauge bosons, charged 
leptons, and Higgs bosons are added (left symbols). We notice that r steadily 
decreases with increasing T. In the different phases, there are different rates of 
decreasing T. 


(17) 


4. Conclusions 


Most reliable non-perturbative lattice QCD simulations and perturbative calcula- 
tions with as much as possible quark flavors with physical masses are phenomenolog- 
ically combined. The thermodynamic contributions of photons, charged neutrinos, 
leptons, electroweak particles (W^ and Z? bosons), and the scalar Higgs bosons 
are also integrated in. This makes the present study pioneering in a) simultaneous 
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accessing hadron, quark-gluon plasma and electroweak epochs of the early Universe 
and b) including almost all degrees of freedom of the standard model. With this re- 
gard, we emphasize that the only missing SM dof are vacuum and thermal bottom 
quark condensate, the entire gravitational sector, neutral leptons, and top quark 
flavor. 

We have introduced various thermodynamic quantities, including pressure, en- 
ergy density, bulk viscosity, and relaxation time, at vanishing net-baryon cosmic 
matter and temperatures up to the TeV-scale. The main result is that recent non- 
perturbative lattice QCD simulations and perturbative calculations jointly lead to 
EoS covering a wide range of temperatures. As never done before, this study makes 
introduces a framework to combine the standard model of the elementary particles 
and the standard model for cosmology. 
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We review our recent results on the creation from the vacuum of neutral fermions with 
anomalous magnetic moments by a Sauter-like magnetic field. We construct in- and 
out solutions of the Dirac-Pauli equation with this field and calculate with their help 
pertinent quantities characterizing the vacuum instability, such as differential mean num- 
bers and flux density of created pairs and and vacuum-to-vacuum transition amplitudes. 
Special attention is paid to situations where the external field lies in two particular con- 
figurations, varying either “gradually” or “sharply” along the inhomogeneity direction. 
We also estimate critical magnetic field intensities, near which the phenomenon could be 
observed. 


Keywords: Dirac-Pauli equation; quantum electrodynamics; pair production; neutral 
fermions with anomalous magnetic moment 
1. Introduction 


The violation of the vacuum stability stimulated by external electromagnetic fields 
is commonly associated with the possibility of such backgrounds producing work 
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on virtual pairs of particles and antiparticles. The most well-known examples are 
electric-like fields, as they produce work on charged particles and are able to tear 
apart electron/positron pairs from the vacuum if the field amplitudes approach the 
so-called Schwinger critical value E, = m?c3/eh z 1.3 x 1019 V/cm.! The phe- 
nomenon has been a subject of intense investigation since the seminal works of 
Klein,? Sauter,’ Heisenberg and Euler,? and Schwinger.! An extensive discus- 
sion about the origin of the effect, theoretical foundations, and experimental as- 


6715 and references 


pects can be found in some reviews and monographs; see e.g. 
therein. 

Following the above interpretation, one may ask oneself about the possibility 
that inhomogeneous macroscopic magnetic fields which produce a work on parti- 
cles with a magnetic moment, may create pairs from the vacuum. The answer to 
this question is affirmative, provided the particles are neutral and have an anoma- 
lous magnetic moment. Bearing in mind, first of all, very strong magnetic fields 
observed in astrophysics, we can assume that this type of field is practically time- 
independent and steplike, that is, their gradient has a well-defined sign. At present, 
there exist two types of particles enjoying the properties mentioned above: the neu- 
tron and the neutrino. According to experimental data, neutrons have a magnetic 
moment uy z —1.04187563(25) x 107?15,19 where ug is the Bohr magneton. As 
for neutrinos, there is not a general consensus because of the different types of 
neutrinos, mechanism under which neutrinos acquires magnetic moment, specific 
models, etc. Presently, experimental constraints range from py, < 3.9 x 107" ug 
(for the tau neutrino)!” until uj, < 2.9 x 107! ug (for the electron neutrino).!? 
Moreover, stringent constraints obtained from astrophysical observations!? 24 in- 
dicate that pi, < (2.6 — 4.5) x 1071? ug while lower upper bounds, predicted by 
effective theories above the electroweak scale, suggest that u, < 10-!^upg.?? It is 
important to point out that for some theories beyond the Standard Model (SM),?° 
it was reported that the magnetic moment for the neutrinos lie within the range 
(107? — 10714) ug. For a more extensive discussion concerning experimental as- 
pects and theoretical predictions for neutrinos’ electromagnetic properties, see e.g. 


27-31 and references therein. 


the reviews 

In this work, we review our recent results on the creation of neutral fermions 
with anomalous magnetic moments from the vacuum by Sauter-like magnetic field.?? 
We follow the general formulation developed to describe the effect nonperturba- 
tively, which is based on the canonical quantization of fermion fields with time- 


3335 The system under consideration is 


independent inhomogeneous external fields. 
placed in the four-dimensional Minkowski spacetime, parameterized by coordinates 
X = (X!”, p=0,i) (rA? = t, X’ = r = (x,y,z), i = 1,2,3, with the 
metric tensor Nay = diag (+1, —1, —1, — 1). We also employ natural units, in which 
h=l=c. 
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2. Solutions of Dirac-Pauli equation with Sauter-like 
magnetic step 


The Dirac-Pauli (DP) equation?? for a neutral spin 1/2 particle with the anoma- 
lous magnetic moment u, the mass m interacting with external electromagnetic 
backgrounds A“ = (A49, A) has the form: 


(a, —m-— pie" Fy) w(x) =0, 

c" = lL Fw = Only — BAy. (1) 
Here i) (X) is a bispinor, ^" = (59,*) are Dirac matrices, and u is the algebraic 
value of the anomalous magnetic moment (e.g., y = — |uw| for a neutron). In what 
follows we consider external electromagnetic fields of a specific type, corresponding 
to a time-independent magnetic field oriented along the positive direction of the z- 
axis, inhomogeneous along the y-direction, B (r) = (0,0, B; (y)), and homogeneous 
at remote distances, B, (400) = const. Moreover, it is assumed that its gradient is 
always positive 0,B(y) 2 0, Vy € (—oo, +00), meaning that B, (+00) > B, (—oo) 
and that the field is genuinely a step (or steplike, in short). To study neutral fermion 
pair production by steplike magnetic fields, we consider that the magnetic field 
inhomogeneity is given by the analytic function 


B, (y) = oB' tanh (y/o), B'»0, o0, (2) 


which meets the conditions discussed above and allows solving the DP equation 
exactly. The amplitude B’ and the length scale o describe, respectively, the “slope” 
of the field with respect to the y-axis and how “rectilinear” it is in the neighborhood 
of the z-axis. Thus, the larger B’ and o, the more “steep” and the more “rectilin- 
ear" the pattern of (2) near the z-axis. Because the field (2) resembles a step-like 
“potential” for charged particles and its gradient has a Sauter profile,* we call the 
field (2) Sauter-like magnetic step. For illustrative purposes, we present the field (2) 
and its gradient for some values of p and B’ in Fig. 1. 


In the Schrödinger form, the DP equation (1) reads3? 33-37 


i (X) = B QO , A = (19.4 xul). (3) 
Here X, = iy!3? and 
IL = îe —IpB.(y), t=. (yb. m), (4) 


is an integral-of-motion spin operator, |i. A] = 0. The subscript “L” la- 
bels quantities perpendicular to the field, e.g. Di = (f2,6,) and I denotes the 
4 x 4 identity matrix. Since the operators po, pz, and p, are compatible with 
the Hamiltonian (and also with IL,), the DP spinor admits the general form 
Un (X) = exp (—ipot + ipa + ipzz) Un (y), where v, (y) depends exclusively on y 
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-B! 


cod resti Lop y 


Fig. 1. Sauter-like magnetic steps (2) (pictures on the left) and its gradient (pictures on the 
right). In the upper panel, Bj = 2 x B4 while in the lower panel, 01 = 2 x o2. 


and is solution of the eigenvalue equation: 


ÍL js (X)= pr TET PPUETUSEIE AE (y); ILVa(y) = swva(y), s—-1, 
IL 24, -InB, (y) , f£; = X, (ype +P by m), pp =w 9 pi. (5) 
Due to the structure of the external field (2), there is an additional integral-of- 
motion spin operator 
-1/2 


R= Arr | dp (6.7) , (6) 


which is compatible with the Hamiltonian [ĝ, H | — 0 and with all previous oper- 
ators, |R. ft. = Lr = L3 = [f.p] — 0. In particular, the operator 
(6) implies that Yn (y) is a solution of the eigenvalue equation 
Run (X) = OU ERT (y), Run (y) = stn (y) ; 
ly 1 
R-Ty (2+ F), T=—— (7) 


w V1 + p/w? 


As a result, the complete set of commuting operators is s, pz, IL, R and the 
corresponding quantum numbers are n = (ps, Dz,W, s). 
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The set of equations (5) and (7) are simultaneously satisfied choosing v, (y) in 
the form 


Wn (y) = (I+ sR) [£z +I (uB; (y) + sw)] en (y) v9 , (8) 
where vu ) belongs to a set of four constant spinors, satisfying the eigenvalue equa- 
tions 

iyu) = yu, ca nOD eo. x=1, s=, (9) 
and the orthonormality conditions d uoo = = by 0," 4. As for the scalar functions 


(9n, x (Y), they are solutions of the second-order ordinary differential equation: 


d? , 
Loa w+ uB GP +22 + ixBLG) bonx) 00. do m +p, Q0 


dy? 
The potential energy of a neutral fermion interacting with the field is Us (y) = 
sU (y), where U (y) = —wB, (y). To facilitate subsequent discussions, it is conve- 


nient to select a fixed sign for particle magnetic moment. From now on, we choose a 
fermion with a negative magnetic moment as the main particle, u = — |u|. Because 
the field (2) increases monotonically with y, the maximum potential energy that 
may be experienced by the fermion is determined by the magnitude of the “step” U 


U = Ug — Ur = 2o|u| B' > 0, (11) 
which is the difference between the asymptotic values UR = U (+00) = |u| oB', 
Uy = U(—oo) = - |u| oB' and is positive, by definition?. At remote distances- 
where the field can be considered homogeneous and no longer accelerates particles- 


the term proportional to x in Eq. (10) is absent. Therefore, solutions of Eq. (10) 
have well-defined “left” ¢Yn,, (y) and “right” Syn, (y) asymptotic forms: 


c¥n,x (y) = N exp (iC|p | y) , ¢ =sen(p") , y 5 —oo, 
Spn x (y) = SNexp (iC |pE ly) , ¢=sen(p®) , y— oo. (12) 


Here, W, SN are normalization constants, |p/F| are y-components of fermions 
momenta at remote regions 


|] = ions L/R]? — 12, ms (L/R) = w — siya, (13) 
and 7,(L/R) are their transverse kinetic energies at remote areas. Correspond- 
ingly, asymptotically-"left" | (v, (X) = exp(—ipot+ipex+ipzz) cn (y) and 
asymptotically-“right” 9, (X) = exp(—ipot + ip,x + ipzz) Sun (y) sets of DP 
spinors are solutions of the Moa equations 


By cs (X) =¢|p"| ae , AE” etn (X) = ens (L) cia (X), y> —oo, 
By Yn (X) =C || Sn (X), AME Stn (X) = sr: (R) Stn (X), y> oo, 
(14) 


“The labels “L” and “R” mean “asymptotic left region y — —oo" and “asymptotic right region 
y — +00”, respectively. 
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where jin = Il, — I|u|Bz(y) is the one-particle transverse kinetic energy 
operator. 

Substituting the field (2) into Eq. (10) and performing a simultaneous change 
of variables 


ena) =P -ET FO, Ely) = 5 [1 + tanh (y/o), (15) 


we may convert Eq. (10) to the form of the differential equation for the Gauss 
Hypergeometric Function?? 


E-E I lee bel) el f abf = 0; (16) 


provided the parameters p, c, a, b, and c are: 


1 io 


a—5(1-x) - 5 (U [p^] -|9^) , 
E 1 | | iQ | R L 
c=1-io|p"|, p=—50\p"| , o= ;elr"| (17) 


Among the 24 Hypergeometric functions satisfying Eq. (16),?5 we select those 
that tend to unity when y > Foo. Solutions meeting this property are proportional 
to Hypergeometric functions of type F (a',b'; c'; £) and F (a", 0": c^:1 — £). For ex- 
ample, a possible set of exact solutions to Eq. (10) behaving asymptotically like 
Eqs. (12) is 


cen (Y) = N exp (ic [p^ | y) [1 + exp 2y/0)] "GI" HED? cu (e) , 
osx (y) = €N exp (ic |p| y) [1 + exp (-2y/9)] ^ IP D? Su ce), (18) 


where 
-u(£) = F (a,b;¢€), su(§)=F(a+1—cb+1—-—cG2-cG6§), 
-u(£) = F (a,ba +b+1-— c1- E), *u(£) 2 F(cCa,c—-b;c-1-a—5;1— £). 
(19) 
With the aid of these solutions, we may finally introduce the sets of DP spinors 
cn (X) = e oto pe7 9.2 (+ sR) ft, +1 [sw — |p| Be (y)]} cnx (v) £9; 
“tn (X) = eet Pat P=2) (+ sR) (4, + I [sw — |u| Be (y)]) es (v) v&? , (20) 
provided the quantum numbers n obey the conditions 
[sr (L/R)]? > 72. (21) 


These inequalities ensure the nontriviality of DP spinors with real asymptotic mo- 
menta p- and p® in remote areas, fulfilling Eqs. (14). 

To calculate the normalization constants (V, SM, we use the inner product on 
the timelike surface y — const., 


(4.9), = f didada QOs v Q0, (22) 


4296 


after imposing specific normalization conditions". We assume that all processes take 
place within a macroscopically large space-time box, of volume T Vy, Vy = L,L;, and 
impose periodic boundary conditions upon DP spinors in the variables t, x, z at the 
boundaries. Thus, the integrals in (22) are calculated from (—T/2, — L,/2, —L,/2) 
to (+T/2,+L,/2,+L,/2) and the limits (T, Lz, Lz) — oo are taken at the end of 
calculations. Under these conditions, the inner product is y-independent and we 
may impose the following normalization conditions: 


( Cw, cn), m CNLOnndere 5 ( Cdn’ wn) = CrRÓwnÓcc 5 (23) 


where rg = sgn [rs (L/R)]. It should be noted that the time independence of the 
magnetic field under consideration is an idealization. Physically, it is meaningful to 
believe that the field inhomogeneity was switched on sufficiently fast before instant 
tin. By this time, it had time to spread to the whole area under consideration and 
then acted as a constant field during a large time T'. It is supposed that one can 
ignore effects of its switching on and off. This is a kind of regularization, which 
could, under certain conditions, be replaced by periodic boundary conditions in t, 
see Refs.?^9? for details. Evaluating the inner product (22) for each DP spinor (20) 
and imposing the normalization conditions (23), we obtain 


oN ITV, Y (1 — skx T)] 1? Dy ITV Y (1— skxY)]- ? 

¢ = , = . 
2 /[p*| [rs (L) — sx¢ [p"]] 2 /|pF| [rs (R) — sx¢ [pP || 

Considering that the “left” and “right” sets of DP spinors (20) are orthonormal 


and complete (with respect to the inner product (22)), we may decompose one set 
into another with the help of some g-coefficients 


ne CWn (X) = 9 (41) +n (X) -9g (-|§) -Yn (X), 


(24) 


m cUn (X) =g (Fl) vs (X) -9 (Cle) Y(X), (25) 
which, by definition, are inner products between different sets of DP spinors 
(ns Cw), = dawg (c) = awg (CI); (26) 


and play an important role in the quantization of DP spinors with steplike magnetic 
fields. These coefficients link different sets of creation and annihilation operators and 
contains all the necessary information about vacuum instability, as shall be seen 
below. Substituting the identities (25) into normalization conditions (23) supply us 
with two important identities 


yd (Ck) g (el) = Cnumedee = X C"g (e) g a , (27) 
- am 


"=4 


from which we may derive a number of identities, for example |g (|~)|” = |g CIDI’, 
2 NC 2 ex 
ig CIE = lg CIE and lg GI = lg GUIDE = mom 


bNote that for Y’ = 7, the inner product (22) divided by T' coincides with the definition of the 
current density accross the y-const. hyperplane. 
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3. Pair production 


Besides providing conditions for the existence of solutions (20), the inequalities 
(21) imposes certain limitations on the quantum numbers. For critical Sauter-like 
magnetic steps, whose step magnitudes (11) meet the condition 


U >U. =2m, (28) 


the whole manifold of quantum numbers divides into five sub-ranges, Qk, k = 
.,9. Neutral fermion pair production takes place only in a well-defined bounded 


set of quantum numbers???4 


Q3 = (n: UL + Tg € sw < Un T4, Taz € U/2$1 , Tez = Vm2-cp, (29) 


which is conventionally called Klein zone, Q3. In this subrange, sz; (L) > 7, and 
STs (R) € —7,, which means that sy, = +1 and sgg = —1. As a result, there exist 
two linearly-independent “left” (1, (X) and “right” CYn, (X) sets of DP spinors 
with quantum numbers within the Klein zone n3 = n € Q3. 

To quantize the DP field operators using sets of solutions in this subrange, 
we need to classify them as particle or antiparticle states and as incoming waves 
(waves traveling toward the “step”) or outgoing waves (waves traveling outward 
the "step") in remote areas. The correct classification demands a careful study of 
the inner product on y- and t-constant hyperplanes because important quantities 
to the scattering problem are expressed as surface integrals on such hyperplanes. 
After a detailed study of these quantities, which was presented in Refs.?^?? for 
charged particles and in?? for neutral fermions, *in"-solutions (incoming waves) 
and *out"-solutions (outgoing waves) are 


in-solutions: -Yna (X) , "Vs, (X), out-solutions: +n; (X), Yn; (X) . (30) 


'The above sets of solutions are complete and orthogonal with respect to the inner 
product on t-constant hyperplane 


KO 
rt 
CN Uem duds a sean DAO), (31) 


in which the lower/upper cutoffs K (L/R) are macroscopic but finite parameters of 
the volume regularization that are situated far beyond the region of a large gradient 
0, Bz (y); see Ref.?^? for details. In particular, the inner product (31) between “in 
and “out” sets of DP spinors have the form 


( CVn; cn’) = ( SW ns San) = Mani i ( Cn, y) LÉI 0, n, n! c Q3 5 (32) 
where M, = 2|g (4|~)|? t@/® /T, ((L/R) = KOR) |n. (L/R) /p./*|. Because there 
are two linearly independent sets of spinors (30), the quantization is performed 
using two distinct “in” and “out” sets of annihilation & creation operators 

in-set: — bn; (in) , E (in) , “an; (in), Ta}, (in), 


out-set: 4bn, (out) , +b), (out) , tan, (out) , tah, (out) , (33) 
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which, in turn, obey the following anticommutation relations 

[ “an; (in), - a], , Gy], =Í - b, (in), bi, (in)] , = Oning s 

[ tap, (out) , E al , (out)] , = [ +n, (out) , +b (out)] | = Onins ; (34) 
and whose annihilation operators (33) annihilate the corresponding vacuum states 


_bn, (in) |0, in) = Tan, (in) |0,in) = 0, +bn, (out) |0, out) = Ta, (out) |0, out) = 0. 


(35) 
Finally, the quantized DP field operator in the Klein zone reads 
X) = SD Mg? [ -an (in) “Yn (X) + -öf (in) -Yn (X)] , 
n€f2s 
= X Mz"? [ tan (out) tyn (X) + +b} (out) ^v. (X)]. — (36) 
nERQ3 


Using orthogonality relations between DP spinors (23), (32) and the relations 
given by Eqs. (25), one may establish a linear relation between the “in”-set of cre- 
ation/annihilation operators in terms of the “out”-set and vice-versa. For example, 
two (out of four) canonical transformations have the following form 


-bi (in) = —g(*|-) ^ tan (out) + g (41-) g (CI) 4.04 (out) , 
tan (out) = —g(-|*) ^ o}, (in) +g (Tl) g (Fle) Tan Gn). — (37) 


With the aid of the canonical transformations (37), we may finally define vacuum in- 


stability quantities, such as the differential mean numbers of “out” particles created 
from the “in” vacuum, 


NS = (0,in| tat (out) tan (out)|in,0) -|g(-]*)| ^, neQs, (38) 
and the flux density of particles created with a given s, 


"gri 


nEQ3 


dp; | dps NR. (39) 


The total flux density of particles created with both spin polarizations is n™ = 
n5, -- n?4 and the vacuum-vacuum transition probability reads: 


P, = |(0, out|0, in)|? = exp z Saut -n ; (40) 


s=t1 nEQ3 
It should be noted that if the total number of created particles N** = V,Tn is 
small, one may neglect higher-order terms in Eq. (40) to conclude that P, ~ 1 — N*'. 
With the aid of this relation, we may link the total number of neutral fermions 


created from the vacuum with the imaginary part of an effective action Seg provided 
it satisfies the Schwinger relation P, = exp (—2ImS¢mr), and it is small, so that 
P, = 1 — 21mS,g. Therefore, 


ImS,g ~ VyTn* /2. (41) 
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From these equations, we observe that all the information about pair creation by 
the external field is enclosed in g (_|*). To obtain this coefficient, we may use an ap- 
propriate Kummer relation?? that connects three Gauss Hypergeometric functions 
appearing in one of the relations given by Eq. (25). After obtaining this coefficient 
and calculating its absolute square |g CŽ, we finally obtain the differential 
mean numbers of pairs created from the vacuum: 

Ne = — sinh (ro |p") mun (ro |p") l 

sinh [ro (U + |p| — |p®|) /2] sinh [ro (U + |p®| — |p|) /2] 

Note that NS" are positive-definite because the difference ||»* | — lp” || bounded 
in this subrange; 0 < ||»* | — |»* 1| < ,/U(U — 27,). The above expression gives 
the exact distribution of neutral fermions created from the vacuum by the field 
(2). When summed over the quantum numbers, it provides exact expressions for 
the flux density of the created particles (39) and the vacuum-vacuum transition 
probability (40). Lastly, it is noteworthy to discuss some peculiarities associated 
with the choice of the quantum number s and its impact on the quantization (36). 


(42) 


As pointed out in Sec. 2, there are two species of neutral fermions, one with s — 
+1 and another with s = —1. In the latter case, the classification differs from 
the one given by Eq (30), namely +Yn; (X), Yn; (X) are “in”-solutions while 
-Yna CX) , “Yn, (X) are “out”-solutions. Although this classification changes the 
quantization (36), it does not change the mean numbers (38). This means that 
the flux density of particles created with s = —1 equals the one with s = +1, 
n9, =n. Therefore, summations over s in Eqs. (39), (40) just produce an extra 
factor of 2 in final expressions and that is why it is enough selecting s fixed to 
perform specific calculations; hereafter, we select s = +1 for convenience. In what 
follows, we analyze vacuum instability quantities when the field lies in two special 
configurations, varying either “gradually” or “sharply” along the inhomogeneity 
direction. 


3.1. “Gradually”-varying field configuration 


This field configuration corresponds to the case where the amplitude B’ is suffi- 
ciently large and the field inhomogeneity stretches over a relatively wide region of 
the space, such that the condition 


QU/2 > max (. 2 : (43) 


is satisfied. Accordingly, the arguments of the hyperbolic functions in (42) are large, 
meaning that the mean numbers of pairs created acquires the following approximate 
form, 


Ny we", r-p(U- |pP| - |pF|) . (44) 


The above distribution is exponentially small for large values of w and p,. Its most 
significant contribution comes from a finite range of values of quantum numbers 
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such that the conditions min (72, (L) , 42, (R)) > n2 remains valid. In this case, 7 
admits the following approximation 


T= —UY a o(a RIP) +O (s2/ rar (f?) (45) 
(U/2)? See x T1 x SE : 

Now, we can estimate the flux density of pairs created n“ for a magnetic step 
evolving gradually along the y-direction according to (43). To this end, it is conve- 
nient to transform the original integral over po into an integral over w through the 
relation between po, w, and p; discussed before, p = w? + p2. Performing such a 
change of variables, the flux density of the particles created by the external field in 
the configuration (43) has the form 


max max 


a 4 b d ii d T d A e 7T 
ny, pz Px W Hc, 
(27)? Jo -pmax 0 Jw? + p? 
p» = J(U/2? — m2, pr = y/(U/2)?— m? —p2, wma =U/2— m4. (46) 


The multiplicative factor 4 comes from the summation over s and from the fact 


that the integrand is symmetric in p,. To obtain an analytical expression to N, 
we formally extend the integration limits of the last two integrals to infinity. This 
procedure amounts to incorporating exponentially small contributions to n™ since 
the differential mean numbers are exponentially small at large p, and w. In this 
case, we may technically interchange the order of the last two integrals in (46) and 
use the approximation given by Eq. (45) to discover that the flux density of the 
created particles is approximately given by 


/ a d 1 1+2 / 
n" us M UVT Iy, k=] i u(? T ud V1- J emn 
(27) o (u+1) Vu 


(47) 


where b! = m?/|u|B' and U = 2o|u| B’. At last, one may use the identity 
In (1 — N£) = — 57%, (N£)' /l and perform integrations similar to the ones dis- 
cussed before to discover that the vacuum-vacuum transition probability admits the 
final form 

Lon 


L e 
P, = exp (—BVyTn™), B= J — exp(-inb) , «= ys (48) 
=o (+ 1) d 


with n** given by Eq. (47). 

It is noteworthy mentioning that relation (40)—which is well-known for strong- 
field QED with external electromagnetic fields-holds for the case under considera- 
tion as well. However, a direct similarity of total quantities for both cases is absent. 
We see that the flux density of created neutral fermion pairs and the quantity In P; ! 
are quadratic in the magnitude of the step. This is a consequence of the fact that 
the number of states with all possible w and p; excited by the magnetic-field inho- 
mogeneity is quadratic in the increment of the kinetic momentum. This is also the 
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reason why the flux density of created pairs and In P; ! per unit of the length are 
not uniform. 


3.2. “Sharply”-varying field configuration 


A second configuration of interest is when the field (2) “sharply” steeps near the 
origin. Such a configuration is specified by the conditions: 

1» Jou > =. (49) 

|a| B' 

The first inequality indicates that the gradient 0,B,(y) sharply peaks about the 
origin, while the second implicates that the Klein zone is relatively small. This 
configuration is particularly important due to a close analogy to charged pair pro- 
duction by the Klein step, see Ref.?? for the review. For electric fields whose spatial 
inhomogeneity meets conditions equivalent to (49), it was demonstrated that the 
imaginary part of the QED effective action features properties similar to those of 
continuous phase transitions.4™ 4! Recently,4? we have demonstrated for the inverse- 
square electric field that this peculiarity also follows from the behavior of total 
quantities when the Klein zone is relatively small. Because of the condition (49), 
not only the parameter @U/2 is small but all parameters involving the quantum 
numbers pr, pz, and w are small as well on account of the inequalities (29). As a 
result, the arguments of the hyperbolic functions in (42) are small, which means 
that we may expand the hyperbolic functions in ascending powers and truncate the 
corresponding series to first-order to demonstrate that the mean numbers admit the 
approximate form: 


e, Ale" [p"| 
n ^v DES 
U? pss Ip) 
To implement the conditions (49), we conveniently introduce the Keldysh pa- 


rameter ^; = 2m/U and observe that it obeys the condition 1 — 4? < 1 on account 
of (49). Next, we perform the change of variables 


2 
= Ala 5-5), (51) 
and expand the asymptotic momenta |p dd in ascending powers of 1 — 4? 
to learn that |p| /m = (1-43? yo + 0 ((1-49)*5), Ip" | / m = 


(1- py? /2—v-r-4O (a py). Substituting these approximations into 
(50) we obtain 


Ne = (1-7) Va -7*-a-» +0(0-77)’) (52) 


We now wish to estimate the total number of pairs created from the vacuum by 
a sharply varying external field. In this case, it is convenient to first integrate over 
pz, Which is allowed as long as we swap the integration limits indicated in (46), i.e. 


(50) 


m 
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ppt = (U/2)? — p2 and p®?* = 4/(U/2)? — m?. Calculating the integral 
2d performing the ur. of variables proposed in (51), we expand the result in 
power series of 1 — 4? to find 


max 


Pa dp; 1 


— 2 | f o 2 2 
Mr 5 In (1 y?) -2112- In V1-r-Iny (17 v)? - O(1— ?). 


(53) 


'The most significant contribution to total quantities in this regime comes from the 
logarithm In (1 — 7°), as 1 — 5? < 1. Neglecting higher-order terms in 1 — 77, the 
flux density of the particles created is approximately given by 


pore (aa kt ate Dim fe Pon fa 0-2, 


(54) 


where Unin © r and Umax © Tmax © 1. After straightforward integrations, the flux 
density of the particles created from the vacuum by a sharply varying Sauter-like 
magnetic step takes the approximate form 


* s am’ (1 7?) In (1—)| 4 (55) 
Due to the smallness of the coefficient (1— yy" ? the total number of neutral 
fermions pairs created from the vacuum is also small N° = V,/Tn*', which means 
that the vacuum-vacuum transition probability is approximately given by P, = 
1— N**. We may use this result to link the flux density of pairs created (55) with 
the imaginary part of the effective action, given by the approximation (41). 


4. Concluding remarks 


Here we review our recent results on the creation of neutral fermion pairs with 
anomalous magnetic moments from the vacuum by Sauter-like magnetic field.?? We 
show that the problem is technically analogous to the problem of charged-particle 
creation by an electric step, for which the nonperturbative formulation of strong- 
field QED exists.?^?? To employ this formulation, we first find exact solutions of the 
DP equation with Sauter-like magnetic field with well-defined spin polarization and 
calculated all quantities characterizing the effect, in particular when the field lies 
in two specific configurations. When the field varies “gradually” along the inhomo- 
geneity direction, we found that the flux density of created neutral fermion pairs is 
quadratic in the magnitude of the step U. This feature is particularly different from 
the case of charged pair production by electric steps, in which the the flux density 
features a linear dependence on the magnitude of the electric step. The quadratic 
dependence for neutral fermions derives from the non-cartesian geometry of the pa- 
rameter space formed by the quantum numbers, and it is inherent to the dynamics 
of neutral fermions with anomalous magnetic moments in inhomogeneous magnetic 
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fields. This also explains why the flux density of created pairs per unit of the length 
are not uniform. In particular, it means that the Schwinger method of the effective 
action works for the case under consideration only after a suitable parameterization. 
'The second feature worth discussing is the behavior of total quantities when the 
field “sharply” varies. It is exactly the form of the Klein effect.?? If we compare 
the flux density of neutral fermion pairs created with the total number of electron- 
positron pairs created from the vacuum by inhomogeneous electric fields (given, for 
example, by Eq. (88) with d = 4 in??), we observe two major differences: the first 
is the presence of a logarithmic coefficient In (1 — 7") , that can be traced back to 
the integration over p, (53) and therefore does not depend on the external field. To 
our knowledge, this term has no precedents in QED (although a logarithmic coef- 
ficient of this type may appear in scalar QED). The second, and more important, 
is the value of the scaling (or critical) exponent seen in (55). In contrast to QED 
in 3 + 1 dimensions, in which N® ~ (1— q2)? A042 the total number of neutral 
fermions pairs created from the vacuum features a larger exponent, 7/2. Aside from 
minor numerical differences, this means that the total number (55) has an extra 
term y1 -— 4? |In (1 = x?) |, which is always less than unity in the range of values to 
y within the interval 0 < y < 1. Formally, this indicates that backreaction effects 
caused by neutral fermions produced by sharply-evolving inhomogeneous magnetic 
fields may be significantly smaller compared to QED under equivalent conditions. 

The mechanism here described raises the question about the critical magnetic 
field intensity, near which the phenomenon could be observed. It is possible to 
estimate such a value based on fermion’s mass and its magnetic moment. Since 
max B, (y) = B; (+œ) = gD' = Bmax, the nontriviality of the Klein zone (29) 
yields the following condition 


U —2|u| 0B! > 2m > Bmax > Ba, Ba = — © 1.73 x 108 x (=) (=) G, 
|u] leV/ \ Jul 
(56) 


where ug = e/2me © 5.8 x 107°? eV /G is the Bohr magneton.! For neutrons, whose 
mass and magnetic moment are my ~ 939.6 x 109 eV, uy zz —1.042 x 10? up, the 
critical magnetic field (56) is Ber zz 1.56 x 107? G. More optimistic values can be 
estimated for neutrinos because of their light masses and small magnetic moments. 
For example, considering recent constraints for neutrinos effective magnetic mo- 
ment u, ~ 2.9 x 107! upt8 and mass m, z 107! eV,9? we find Ber œ~ 5.97 x 10!" G. 
Evidently, this value changes considering different values to neutrinos' magnetic mo- 
ment and mass. Taking, for instance, the experimental estimate to the tau-neutrino 
magnetic moment u, zz 3.9 x 107 "jg!" and assuming its mass m,, œ~ 107! eV we 
obtain a value to Ber near QED critical field Born = m?/e ~ 4.4 x 101? G, namely 
Ber ~ 4.44 x 10? G. On the other hand, assuming the lower bound found in Ref.?° 
Ii, © 1071^ug and the same mass m, z 107! eV we obtain a value to Ber orders 
of magnitude larger than Barp, Ber © 1.73 x 10?! G. The critical magnetic field 
surprisingly increases if one considers the magnetic moment predicted by the SM, 
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Uv £2 3.2 x 1079 ug x (m, /1eV).2^3? Substituting this value into (56) and consid- 
ering m, zz 1eV we find Ber z: 5.41 x 10?° G. Based on these estimates, we believe 
that neutral fermion pair production may occur in astrophysical enviroments, in 
particular during a supernova explosion or in the vicinity of magnetars, whose typ- 
ical order of magnetic field intensities range from 1016 — 1015 G (or up to 107° G), 
as reported in Refs.19 46, 
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We study the screening of a strong magnetic field operated by an initial huge number 
of e* pairs (we do not discuss here their production mechanism). The background fields 
configuration is of crossed fields, (B= Bi, Ë= E$), with E/B < 1. In this system the 
following series of processes occur: 1) the electric field accelerates the pairs, which ra- 
diate high-energy synchrotron photons; 2) these synchrotron photons interact with the 
background magnetic field via the magnetic pair production process (MPP hereafter), 
Le. y+ B —> et +7, producing additional pairs; 3) the dynamic of all the pairs around 
the magnetic field lines generates a current that induces a magnetic field oriented in 
the opposite direction to the background one and then shielding it. We get that, for 
instance, for an initial number of pairs N49 = 10/9, an initial magnetic field of 101? G 
can be reduced by a few percent. The whole screening process described by the steps 
above, occurs in the short timescales 107?! < t < 1075 s, i.e. the time necessary before the 
particles acceleration timescale equals the synchrotron cooling timescale. Further devel- 
opments (as the study of this mechanism in different geometries of the E and B fields, 
quantum effects in overcritical fields, other mechanisms for the production, distribution 
and multiplicity of the e* pairs) are necessary in order to apply this model to specific 
and extreme astrophysical systems (as Black Hole or Neutron Star). 


Keywords: Magnetic Pair Production; Magnetic field screening; Shower processes 


1. Introduction 


For many years the screening of a strong electric field, operated by e* pairs created 
by QED processes, has been studied (e.g. see recently Ref. 1*). No analogous work 
and conclusions have been reached for a magnetic field. The main topic of this paper 
is to build a simple model to analyze the magnetic field screening (MFS hereafter) 
process owing to the motion of e* pairs in a region filled by magnetic B and electric 
E fields, oriented in a crossed configuration. 

'The basic idea of the screening process is described by the following series steps: 


(1) An initial number of e* is placed in a region filled by É and B, with E/B « 1, 
B < Ba = mc? /(eħ) x 4.4 x 10? G and then E < Ea. We do not discuss here the 
creation process of these initial pairs (that could be, for example, the vacuum 
breakdown). 


“In this paper it is shown that an electric field as high as E ~ a Ec, with «y the fine structure 
constant and Eer = mac? [(eh) ~ 1.32 x 1016 V/cm the critical field for vacuum polarization, cannot 
be maintained since the creation of particle showers depletes the field 
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(2) The initial pairs are accelerated by E and emit radiation via the cur- 
vature/synchrotron mechanism (or their combination), due to the B field. 
We assume that the electric and magnetic field strength are related by the 
following relation 


E(t) = Y BO, (1) 


with 0 « Y < 1, since we are interested in conditions of magnetic dominance. 

(3) The photons create a new e* pairs via the magnetic pair production process 
(MPP), y+Broe +e. 

(4) Also these new pairs are accelerated and radiate synchrotron photons. All the 
pairs, initial + created by the MPP process, circularize around the magnetic 
field lines generating a current that gives rise to an induced magnetic field, 
Bina, oriented in the opposite direction with respect to the original one, thereby 
screening it. Because of the creation of these new charged particles and the pro- 
portionality between the strength of the fields, also the electric field is screened. 

(5) This series of the processes occurs at every time f leading to the development 
of a particles shower. 


This model can find useful application in extreme astrophysical systems, as 
GRBs. Indeed, following the “inner engine” model for GRBs?? within the binary- 
driven hypernova (BAHN) framework (see, e.g., Refs. 4-6), these type of systems are 
composed by a rotating back hole, surrounded by the magnetic field and low-density 
ionized matter. The gravitomagnetic interaction of the rotating BH and the mag- 
netic field induces an electric field which accelerates e^ which emit GeV photons by 
synchrotron radiation.? Then a decrease of the magnetic field leads to the decrease 
of the optical depth for synchrotron photons, which can reach the threshold to freely 
escape from the region near the BH and become observable. Therefore, from this 
brief introduction of the model it is easy to understand that the physical process 
that we present here could be necessary for the explanation of some emission in 
extreme astrophysical systems. 


2. Model equations 


Here we analyze the whole screening process for the specific configuration of per- 
pendicular fields: Ë = E $ for the electric field and B = B 2 for the magnetic field. In 
this section we just summarize the fundamental equations that describe the system. 
'The entire set of equations and their derivation can be found in Refs. 7, 8. 

In order to follow the entire screening process we have built a set of ordinary 
differential equations which describe, at the same time: 1) the motion of the par- 
ticles; 2) the creation of new particles via the energy loss and the MPP processes; 
3) the decrease of the magnetic field due to the generation of an induced magnetic 
field by the particles currents. 
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The equations of motion of a particle immersed in an EM field " read (see, e.g., 
Refs. 9, 10) 
dp" — du” 
dr dt 
and for the radiation emitted we use the energy loss formula in quantum regime, 
I =|-dE/dt\, given in Ref. 11. 
In this paper they use the parameter y = &./2 £e to distinguish between emission 


in quantum (y = 1) and classical (y < 1) regimes, where se = ym,c? is the elec- 


E. XGA > A2 
tron energy and e, = fiw* = (3ey? [2m,c) n (E +x B) = (8 . E) the critical photons 


energy. 

The photons production rate, Ny(t, $) (with $ the angle between the parti- 
cle/photon direction and the magnetic field) can be calculated as the product 
between the number of pairs present at the specific time f, N4(t,ġ) and the rate 
of photons production via synchrotron emission, //&5 (with sf, the energy of syn- 
chrotron photons emitted by the e^). The equation for the evolution of the number 
of pairs is strictly related to the one for the number of photons. Indeed, the rate 
of pair production N,(t,$) is given by the product of the photon number N,, the 
attenuation coefficient for the MPP process R$ (t, 9) times the velocity of light c. 

'The motion of a particle inside an electromagnetic field can be considered as the 
combination of an acceleration along the z-direction, and of a circular motion in 
the x — y plane, around the magnetic field lines. This circular motion of the pairs 
produces coils traversed by the electric current. This current creates an induced 
magnetic field, from the Biot-Savart law, whose evolution with time is described by 
the following formula (calculated at the center of the coil): 


dB,, ind E D. dN, 
dt Rt)? dt ` 


e 
=- F ap 
F ug. (2) 


(3) 
with 8, = ( 2 « B )!? the perpendicular component of the particle velocity and 


R! = [dB /eat = (e/ymc?) (Eo: +Bx Bal — (8- Ba) the curvature radius for the 
particle trajectory. 

We have introduced the attenuation coefficient for the magnetic pair production 
and we have called it R4. From now on, we refer to as ¢ = Rc the MPP rate. In 
Ref. 12, the expression for the pair production rate has been derived in the observer 
frame at rest, for strong perpendicular electric and magnetic fields (E -B= 0). In 
order to get the expression of the MPP rate in our frame we have: 1) moved to a 
new K' frame, where no electric field is present, through a Lorentz transformation; 


2) calculated all the necessary quantities (energy, momentum and director cosines of 
the photons, the component of the magnetic field perpendicular to the propagation 
direction of the photons, the MPP rate); 3) transforming back the rate to the 


>We use throughout cgs-Gaussian units, in which the magnetic and electric fields share the same 
dimensions (g!/* cm=!/? s7!) and a -2 signature so the spacetime metric is ny = (4, 71, 71, - 1). 
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original frame. The expression for the MPP rate in the laboratory frame (observer 
at infinity, the frame where we work) assumes the following form (further details on 
this procedure can be found in Refs. 7, 8): 


2094 pu 
d A; Bor B? - Em. 
1/2 
x exp SEITE B k E KC (4) 
du B|? B “ B ? 


which is valid until the following condition is satisfied 


2 2 


3 eh B? E" (E E? E 
Wo iy 2(1- z]4(z- | e - =) +/ -5] «d. (5 

4m c Ba Bef A g A] yo Bj "B (5) 
In Eq. (4) and Eq. (5) the quantities ïf are the photon director cosines, whose 
expression as a function of the electron velocity, polar and azimuthal angle of their 
emission in the comoving frame can be found in Ref. 7. 


3. Results 


We now present the results of the numerical integration of the set of equations 
described in the previous section. We have selected three values for the parameter 
Y = (1/2, 1/10, 1/100). Since the proportionality between the fields is requested 
at any time, when B(t) changes even E(t) changes accordingly to keep Y constant. 
These combination of these effects affect the motion of particles and, consequently, 
all the related processes that give rise to the screening. 

The condition on V. in Eq. (5) brings with it three initials conditions for the 
background magnetic field, the electron Lorentz factor and for the emission direction 
of the pairs (Bo. yo. Bo). A further condition is necessary for the director cosines 
of the photons 7. Then, we need to choose the right values for these variables and 
parameters in order to apply the equation for the rate 

We select three emission directions of the particles: 1) along the $—axis; 2) along 
the 2—axis; 3) along a direction characterized by polar and azimuth angles, respec- 
tively, 0 = 75° and ¢ = 30° (hereafter we refer to this direction as “generic” or 
“G”). For each direction, we have chosen the initial value of the magnetic field Bo 
and, consequently, the maximum value of particles Lorentz factor yo, which sat- 
isfy Eq. (5). After we have integrated the set of equations that describe the entire 
screening process considering different number of emitted particles Nzo = 1, 10?, 
10°, 10!° and photons Nyo = 0; Nyo = 10°, with Nz = 1. Each numerical integration 
starts at fy = 10?! s and stops when the Lorentz factor of the pairs becomes 1, i.e. 
when the particle has lost all of its energy, at t; ~ 107" — 1075 s, 

In Table 1, Table 2, Table 3 we show the results we have obtained from the 
integrations of our set of equations describing, for all the considered initial conditions 


4311 


Table 1. Results for the integrations of the set of equations for the different initial 
conditions, with Y = 1/2. Column (1): initial emission direction for particles; 
Column (2): initial value of the magnetic field strength; Column (3): initial 
value of the Lorentz factor; Column (4): percentage variation of the magnetic 
field (calculated as (8 (to) — B(t;)) /B(to)| x 100); Column (5): initial number of 
emitted particles; Column (6): final number of created particles; Column (7): 
initial number of emitted photons; Column (8): final number of emitted photons. 


Direction Bo(Ber) Yo AB(%) N0 Nf Nyo Ny,f 
Generic 0.1 6.48 -4.7 x 10-296 1 1 0 3.5 
-4.7 x 107? % 10? 10? 0 3500 


10° 0 3.5 x 10° 


-4.7 x 1076% 105. z 
> 1010 0 3.5 x 1010 


—4.66 x 10°2% 1019 


—6.3 x 1078% 1 1 10? 1003 
0.3 227  -134x10-1995 1 1 0 0.45 
-1.34x10°7% 10? 10? 0 447 
-1.34x 1074% . 106 106 0 4.48 x 10° 
—1.0996 1010 — x 1019 0 4.46 x 10? 
-1.46 x 1076% 1 1 10? 1000.4 
Along y 0.1 3.66 | -225x 10-1996 1 1 0 2.79 
-2.25x 107% 10° 10? 0 2798 
-2.2 x 1074% 106 106 0 2.8 x 106 
-1.7296 1010 — > 1019 0 2.84 x 1010 
-1.7 x 1076% 1 1 10? 1002 
Along z 0.1 7.098 -1x 107265 1 1 0 11.3 
-1x 107?96 10? 10? 0 1.13 x 104 
-] x 107995 106 106 0 1.13 x 107 
—0.0196 1000 — z 10!9 0 1.13 x 10!! 
-1.5 x 1078% 1 1 10? 1011 
0.3 2.4 — -1.06 x 10-1995 1 1 0 2.33 
—1.6 x 107796 10? 10° 0 2333 
-1.6 x 1074% 106 106 0 2.3 x 106 
-1.2796 1010 — z 1019 0 2.4 x 1010 
-1.5 x 1076% 1 1 10? 1002 


(emission direction, Bo, yo, No, Nyo). We report the percentage variation of the 
magnetic field AB(%), the final number of created pairs N,¢ and photons NM, f. 
In Table 1 the results are for Y = 1/2, Table 2 is for Y = 1/10 and Table 3 for 
Y = 1/100. From Table 1, Table 2 and Table 3, we can get some interesting results. 
Indeed, we can see that the model (namely the system of equations we have built) 
is strictly correlated to the initial conditions and, in particular, to the particles 
emission direction and to the strength of the background magnetic field. A sufficient 
decrease of B is obtained when a huge initial number of particles N+ 2 1079 is 
injected. For particles emitted along the Z-axis and along the generic direction, the 
stronger the background field, the higher the reduction of the field itself is. Even 
when they are emitted along the $—axis, there is a significant reduction of B, but this 
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Table 2. Same results of Table 1, but for Y = 1/10. 


Direction  Bo(Ber) yo AB(%) N0 n Nyo Ny, f 


Generic 0.1 4.18 -3.2 x 10711 % 1 1 0 4.63 
-3.2 x 10-896 1000 10? 0 4633 
-3.2 x 10596 106 106 0 4.63 x 106 
—0.308% 1019  z 1019 0 4.62 x 1019 
—4.35 x 107796 1 1 10° 1004 
Along y 0.1 371 -9.14x 1071196 1 1 0 4.45 
—9.14 x 1078% 10? 10? 0 4457 
—9.14 x 10% 106 106 0 4.46 x 106 
—0.79890 1010 — z 1010 0 4.42 x 1019 
—9.49 x 107796 1 1 1073 1004 
Along z 0.1 22.66 0% 1 1 0 64 
096 10? 10? 0 6.4 x 104 
-22 x 10-405 106 106 0 6.4 x 107 
-4.2 x 107!!% 10!? 1010 0 6.4 x 10!! 
0% 1 1 10° 1063 
0.3 10.04  -1.13 x 107!2% 1 1 0 19.6 
-1.15 x 107?96 10? 10? 0 1.96 x 10^ 
-1.15 x 107996 106 106 0 1.96 x 107 
-1.15x 102% 10!) >10! 0 1.96 x 10! 
-8 x 10°% 1 10005 10? 1019 
0.5 4.8 -1.75 x 10711 % 1 1 0 10.6 
-1.75 x 107896 10? 10 0 1.05 x 104 
-1.75 x 10296 106 106 0 1.05 x 107 
—0.17196 1010 >10! 0 1.05 x 10!! 
-8.3 x 1078% 1 10036 10° 1010 
0.7 2.63 -8.3 x 10711 oo 1 1 0 5.8 
—8.3 x 1078% 10? 10? 0 5811 
-8.3 x 107596 106 106 0 5.81 x 106 
—0.73496 1019  » 1019 0 5.93 x 1019 
-2.87 x 107796 1 10007 10° 1005 


occurs with a lower strength of the field. These characteristics can be understood by 
looking on how the fundamental ingredients of the model (8. B. DÀ Nx) enter in the 
equations and, in particular, looking at the dependence of the rate Z(r) in Eq. (4) 
on B(t) and 7. 

In Fig. 1 is shown the variation of the parameter in Eq. (5), for three considered 
values of Y and for the three directions of emission (generic, }-axis and 2-axis), 
with Bo = 0.1 By and N+, o = 10°. It is evident that the condition in Eq. (5) is 
well satisfied for all the analyzed cases and for all the integration time. In Fig. 2 
we present the result for the screening of the magnetic field when an initial number 
of particles Nz = 10!? is emitted along the: 1) generic direction with yo = 2.27; 
2) £-axis with yo = 2.14, with initial strength of the background magnetic field 
Bo = 0.3 B4 and Y = 1/2. 
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Table 3. Same results of Table 1, but for Y = 1/100. 


Direction  Bo(Ber) yo AB(%) N&o Naf Nyo Ny f 
Generic 0.1 3.81  -2.5x107!!% 1 1 0 5.15 
-2.5 x 1078% 10? 10? 0 5153 
-2.5 x 105% 106 106 0 5.15 x 106 
—0.237% 1019  z 1010 0 5.14 x 1010 
-34 x 107796 1 1 10? 1005 
Along y 0.1 3.71 -8 x 10711 9o 1 1 0 4.91 
-8 x 107895 10? 10? 0 4912 
-8 x 10596 106 106 0 4.91 x 10° 
-0.711% 1019 x 1019 0 5.02 x 1010 
—8.8 x 107796 1 1 107? 1004 
Along z 0.1 22.66 096 1 1 0 22.23 
096 10? 10? 0 2.22 x 104 
0% 10° 10° 0 2.22 x 107 
0% 1010 1010 0 2.22 x 10!! 
096 1 1 10? 1022 
1.1 1004  -1.6x 107!4% 1 1 0 26.8 
-78x10-29, 10? 10? 0 1.49 x 104 
-7.8x10°% 106 106 0 1.77 x 107 
-7.5x 105% 109 %10! 0 1.75 x 10!! 
-2.7 x 10711 oo 1 1.0002 10? 1026 


2.5 243 -5.7x 107!2% 1 1 0 35.3 
—5.4 x 10°% 10? 10? 0 3.53 x 104 
—5.6 x 107996 106 > 106 0 3.53 x 107 
-5.5x 102% 1019 >10! 0 3.52 x 10!! 
-1.3 x 1078% 1 1.025 10? 1036 


Figure 3, instead, shows the emitted photons energy for Nz,9 = 10!° parti- 
cles emitted along the generic direction, for the three considered values of Y = 
1/2, 1/10, 1/100 and for Bo = 0.1 Ba. 


4. Conclusions 


In this work, we have built a simplified model to study the magnetic field screening 
process operated by a huge number of e* pairs in presence of a strong crossed elec- 
tromagnetic field. The model we have built is based on two principal assumptions: 


(1) We have constructed one-particle equations to describe the particles motion as a 
fluid. This assumption is justified considering the dynamics of the entire process 
and the initial conditions (the particles obey to the continuity equation and are 
forced to follow the same trajectory due to the high strength of the fields). 

(2) Due to the proportionality between the magnetic and electric field, also the 
electric field is screened. T'his effect can be justified considering that the creation 
of new charged particles, via the MPP and synchrotron processes, leads to the 
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Fig. 1. Variation of the ¥ parameter, calculated for the case Y = 1/2 (a), 1/10 (b), 1/100 (c), 


for the three directions of emission (generic, }-axis and 2-axis) and for an initial magnetic field 
strength of Bg = 0.1 Ber. 


formation of a current which screens the electric field too. We address to future 
work a more detailed treatment of this process. 


We briefly summarized here the results that we got from our research. Further 
and more complete details can be found in Refs. 7, 8. We have obtained that the 
screening process occurs and the significance of the process (and, then, of the re- 
duction of the field) depends by 


(I) the number of initial pairs injected in the system: the screening is more efficient 

if one increases N+, from 106 to 1019-105: 

(II) the initial particles emission direction: the major effect is obtained when the 
particles are emitted with a higher perpendicular component of their velocity 
B. (namely along the generic and $-axis directions); 

(III) the parameter Y. For particle with lower B, (generic direction) a decrease of 
Y leads to a stronger screening effect. Instead, for particles with a higher B, 
(namely emitted along the $-axis), the screening increases if Y decreases. 
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Fig. 2. Magnetic field decrease due to an initial number of particles, N+, = 10!°, emitted initially 
along the generic direction (with yo = 2.27) and along the £-axis (with yo = 2.14). Here Y = 1/2 and 
Bo = 0.3 Ber. 
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Fig. 3. Emitted photons energy, as a function of time, for N49 = 10!° emitted along the generic 
direction, with Bp = 0.1 Ber, for Y = 1/2, 1/10, 1/100. 
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We conclude that, under the studied physical conditions, the screening effect occurs 
and leads to a reduction of the field up to a few percent (for the specific initial 
conditions considered in this work). This implies that this process needs to be taken 
into account in the treatment of particles dynamics in extreme astrophysical sys- 
tems, as pulsars and gamma-ray bursts. This study has been the first one on this 
subject and, in order to apply it to real physical systems, some improvements are 
necessary. Future development of this work concern its extension to different config- 
urations between the electric and magnetic fields, the extension of the treatment to 
the case of overcritical fields (where the entire process can be no longer treated clas- 
sically). However, the present approach have helped us to clarify the main physical 
ingredients and the necessary conditions for the occurrence of this effect. 
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Particle creation by strong and time-varying backgrounds is a robust prediction of quan- 
tum field theory. Another well-established feature of field theory is that classical sym- 
metries do not always extend to the quantized theory. When this occurs, we speak of 
quantum anomalies. In this contribution we discuss the entwining relationship between 
both predictions, relating chiral anomalies with an underlying process of particle cre- 
ation. Within this context, we will also argue that the symmetry under electric-magnetic 
duality rotations of the source-free Maxwell theory is anomalous. This is a quantum 
effect, and it can be understood as the generalization of the fermion chiral anomaly to 
fields of spin one. This implies that the net polarization of photons propagating in a 
gravitational field could change in time. 


Keywords: Chiral anomalies, gravitational particle creation, electromagnetic duality ro- 
tations, photon helicity 


1. Introduction 


Two fundamental predictions of quantum field theory in presence of strong field 
backgrounds were established in the sixties: 

i) The spontaneous creation of particles out of the vacuum by time-varying 
gravitational fields. This was first discovered in the analysis of quantized fields in 
an expanding universe! and some years later applied to black holes? (for reviews 
see,? ? and for a historical perspective see?: 10). It also offered a better understanding 
of the pair creation phenomena induced by electric fields, as explored by Heisenberg 
and Euler!!!” and also Schwinger.!® 

ii) The breaking of the axial symmetry of Dirac fermions by quantum effects. 
Classical symmetries of field theories may fail to survive quantization, leading to 
what is known in the literature as quantum anomalies (for a review see!9). The 
origin of the anomalies is rooted in the renormalization mechanism need to tame 
the ultraviolet divergences that affect most models of quantum field theory. Renor- 
malization in presence of an electromagnetic background can spoil the classical 
conservation law of the axial Noether current J} of massless charged fermions. It is 
codified by the Adler-Bell-Jackiw anomaly!*!? (a = e?/(47h) is the fine-structure 


14,15 


*Invited talk given at the Sixteenth Marcel Grossmann Meeting (2021), Session: Strong Electro- 
magnetic and Gravitational Field Physics. 
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constant; we take c — 1) 


a * v 
On HF (1) 


The axial anomaly can also be interpreted as a low-energy phenomena in terms 
of particle production. A time-varying electric field creates both left-handed and 
right-handed fermions. The net amount of created chirality AQ; (i.e., the number 
of right-handed fermions Nr minus the number of left-handed fermions Nz created 
between tı and t2)) is evaluated according to? 


AQs= Wei) = f af dE, (0|J¥10) = af E “F”, (2) 


It is important to stress that the minimum amount of created (massless) fermions 
is obtained in the adiabatic limit,!” and it is just encapsulated in the creation of the 
chirality accounted by the anomaly. This might be somewhat surprising since the 
particle number is naively expected to be an adiabatic invariant”. The breaking of 
the adiabatic invariance of the particle number can then be understood as a signal 
of the chiral anomaly. Furthermore, the existence of the axial anomaly implies that 
there is necessarily a minimum amount of particle creation, even for an adiabatic 


ð, (0| 7510) = 


process, to account for the creation of chirality. In more pedestrian words, the cre- 
ation of chirality can be regarded as the “smoking gun” of the full particle creation 
process. We can summarize these features schematically: 


Quiral Anomaly — Particle creation 


Adiabatic Particle creation — Quiral Anomaly 


The above results on the chiral anomaly can be extended to curved spacetime. 1° 


Expression (1) generalize to 


Q * v * Va 
Vu (0/510) = 5 Fu MY + Ryva R , (3) 


1927? 


where Ry og is the Riemann tensor and * R^"oP its dual, and V, is the covariant 
derivative. We note that the gravitational part of the chiral anomaly persists for 
all type of fermions, either charged or neutral. Therefore, the chirality of (neutral) 
fermions fails also to be conserved in curved spacetimes for which 


h [e ue 
AQ; = — disc B 4 ROO? 4 
(5 = 1925 i L p » 


is non-vanishing. This can be heuristically understood as a consequence of the uni- 
versal character of gravity, as prescribed by Einstein's equivalence principle. If (4) 
is valid for a type of massless spin-1/2 field it must also be valid for any other type. 


*We assume that a consistent particle interpretation is available at early and late times. 
bit can be proved rigorously for a scalar field in an expanding universe.! 18 
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On physical grounds one can also argue that the universality of gravity suggests 
that these anomalies are not specific of spin 1/2 fermions. Therefore, one could also 
expect that a somewhat similar anomaly (also associated to an underlying particle 
production process) will arise for other fields admitting axial-type symmetries. 

In this work we will further discuss the entwining relationship between parti- 
cle creation and quantum anomalies. In particular, we are especially interested in 
exploring a new scenario in which (spontaneous and stimulated) particle creation 
can be relevant. The proposed scenario will be suggested by its link with quantum 
anomalies, as first explored in.?? Our heuristic and intuitive argument is based on 
the universality of gravity, which suggest that the chiral anomaly for spin 1/2 fields 
should also be extended to the electromagnetic field. In the language of particle 
creation, one would also expect that a chiral gravitational configuration will create 
photons with different helicities in unequal amounts, in the same way as it happens, 
according to (4), for spin 1/2 fermions. 


2. Trace and Axial anomalies for massless fermions 


Free massless Dirac spinors are highly symmetric. In addition to their Poincaré 
invariance in Minkowski spacetime, they exhibit two extra symmetries: conformal 
and axial invariance. The conformal (or Weyl symmetry) implies the tracelessness 
of the stress-energy tensor T,,, while the axial symmetry (V — eif! up) implies 
the conservation of the axial current Jf = wy'y>w. Both symmetries cannot be 
extended to the quantum theory when the Dirac field is coupled to an electromag- 
netic background. The conservation of the axial current is broken according to (1). 
Furthermore, the trace of the stress-energy tensor also acquires a non-vanishing 


vacuum expectation value!® ?!;2 (for a more recent derivation, see??) 
p 2 pv 
(THY) = er Pu F E (5) 


which is usually interpreted in terms of the running of the coupling constant in 
quantum electrodynamics.?^ In the same way, neither of the two symmetries is 
preserved when the Dirac field is coupled to a gravitational background. One also 
finds a trace anomaly 


h vpo 
(TEY - 288072 [aC pv oc C" P + bG Tte R] , (6) 
where C,,,4 is the Weyl tensor and G is the integrand of the Gauss-Bonnet topolog- 
ical invariant. The numerical coefficients are given by a = —9, b = 11/2, c — 6, and 


they can be obtained by different methods.???^ It is interesting to point out that 
the specific form of the trace anomaly implies that there are no massless fermions 
created in Friedman-Lemaitre-Robertson-Walker (FLRW) universes (in this case 
the trace anomaly is proportional to G, up to total derivatives, and no further term 
proportional to R? appears?9). This is fully consistent with earlier results! showing 
the absence of particle creation for fields obeying conformally invariant equations. 
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As remarked in the introduction one also finds an axial anomaly of the form 


'This anomaly can be interpreted in terms of particle creation induced by a chi- 
ral gravitational configuration (see?" for a cosmological setting). Here we want to 
remark that (7) is consistent with late-time black hole emission.? Stationary Kerr 
black holes emit fermions with a helicity-dependent angular distribution,?5 °° as 
one could heuristically expect from the local form of the anomaly (7). Fermions 
with positive helicity are emitted preferentially along the direction of rotation, while 
fermions with negative helicity in the opposite direction. [For instance, neutrinos are 
preferentially emitted in the direction opposite to hole’s rotation, while antineutri- 
nos in the direction of rotation]. However, the net contribution when integrated over 
all angles is zero, in agreement with the vanishing of (4) for the Kerr metric. Never- 
theless, in the transient process through the formation of a single Kerr black hole, as 
for instance the merger of two black holes (as the ones currently observed by LIGO- 
Virgo), the net contribution is not zero, as it has been evaluated using numerical 
relativity.?! [For neutrinos/antineutrinos this means creation of matter-antimatter 
asymmetry]. Although the net creation of helicity is still small, due to the short 
duration of the process, it could be more significant in scenarios displaying an accu- 
mulative process over long periods of time. In any case, one should always take into 
account that the net creation of helicity represents only a lower bound of the full 
particle creation process. More particles could be produced without contributing to 
the creation of helicity. 

The above discussion applies equally to the emission of photons. Right-handed 
photons are radiated more abundantly in the direction parallel to the axis of rotation 
of a Kerr black hole, and left-handed photons are emitted more abundantly in the 
opposite direction. This suggests the existence of an “axial anomaly" for spin-1 
fields. 


3. Electro-magnetic duality as an axial anomalous symmetry 


Can we extend the above considerations to the electromagnetic field? Concerning the 
conformal symmetry, it is well-known that it is broken by quantum effects induced 
by the gravitational background. The trace of the renormalized stress-energy tensor 
can be expressed as 


(py = 62 
^^ 28807? 


3 1672 


where c is an ambiguous coefficient, which depend on the particular regularization 
method (c = —1/10 for point-plitting and zeta-function regularization, and c = 1/15 
for dimensional regularization??). We note again?® that, for a FLRW universe, the 
trace anomaly turns out to be proportional to the integrand of the Gauss-Bonnet 
invariant G, up to the ambiguous and total derivative term OR. The absence of 


1 h 
(rn, = jm) + cOR , (8) 
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an extra term proportional R? is crucial to predict the absence of massless, spin-1 
particle creation in an isotropically expanding universe. 

The point now is: what is the analog of axial symmetry for the free electro- 
magnetic field? A natural candidate are the well-known electric-magnetic duality 
transformations, defined by 


Fev — F'™” = sing * F"" + cos F"" , (9) 
'The above transformations leave the action 
S Maxwell = = J d'zy-g(V,A, — V, A,)(V^ A" — V" A") (10) 
invariant, as first proved in Refs.??:?? in Minkowski space and in Refs.?^?? in curved 
space. The associated Noether current can be expressed as 
jp = {An Aer REY (11) 


where the auxiliary field Z,, is defined as V,Z, — V,Z, = *F,,. Jip is gauge in- 
variant, but it cannot be expressed locally in terms of the field strength, in sharp 
contrast with the stress-energy tensor. The conserved charge? 


Qp -— | dYX,4jp (12) 
X. 


evaluates the electromagnetic helicity of a classical electromagnetic configuration.?? 


We note that Qp can be decomposed in two contributions?" 
Qp — Qm t Q., (13) 
where 
1 
Qm = J dX, Ay “PRY 
2 Js, 
1 
Qe = -3 dX,Z, F"". (14) 
2 Jy, 


Qm is the magnetic helicity and Qe the electric helicity. Neither Qm or Qe are 
conserved quantities, in general. 

At the quantum level Qp is proportional to the difference between the number 
of right-handed and left-handed photons** 38 


Qp — h(Ng — Nr). (15) 


'Therefore, this quantity is no longer conserved if the symmetry is afflicted by an 
anomaly. This issue was worked out in Refs.2939^! from different methods and 
viewpoints, arguing that the symmetry under electric-magnetic duality rotations 


*Q p can be written in terms of a non-local integral involving only electric and magnetic fields.*® 
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becomes anomalous in curved spacetime. The result is somewhat parallel to that 
found for spin-1/2 fields 


Vulip) x PRyvap RM? . (16) 


42—44 


We want to remark here that previous works in the eighties computed the 


divergence of the Pauli-Lubansky vector K^ x A,* F"" in curved space 


* V 1 * v h * va 
VulAy E) = 9 (Fu F^) = goa Pag” R" 2. (17) 


This result is indeed related to the (classically non-conserved) magnetic helicity, 
instead of the electromagnetic helicity. We can easily realize this from the fact that 
the Pauli-Lubansky vector is proportional to the current 


1 
jh = ^v "p, (18) 
'This current gives the magnetic helicity as the integral 


Qm(t) = ddim t (19) 
Xe 
je is not a Noether current, hence Qm is not time-independent. The proper Noether 
current associated to the electro-magnetic duality symmetry involves an extra con- 
tribution j^ = —32Z,F"". This additional term is crucial to produce a classical 
conserved current 


ÍD = jh + jË, (20) 
which can be physically interpreted in terms of the spin-1 axial anomaly if V, (j5) 
is different from zero. Since V,(jZ) = — (5, F"") — 3 (Z, V, F""), one gets 

. 1 

Vigo) = -3 4, VF") ; (21) 
It has been argued in??*! that the above vacuum expectation value is nonvanish- 
ing and that it is proportional, as expected, to Ruvag* Ree’ , in parallel with the 
fermionic case. As stressed above, and in the language of particles, this would imply 
that the difference in the number of photons with positive and negative helicities, 

Ng — Nr, is not necessarily conserved in curved spacetimes. 
Nevertheless, we want to remark that the result (17) contains an indirect sig- 
nal of the electromagnetic axial anomaly found in.?? 4! If the invariance of the 
electromagnetic field equations under the duality transformation F"" — F'^" = 


sin * F"" + cos@ F"" is strictly translated to composite quantum operators one 
would get 


(F uu" FH”) = (cos? 0—sin? 0) (F,,* F"") —sin 0 cos 0( (Fp Ft”) —(*E,,* FH”) ) . (22) 


This would force (F,,* F^") = 0 = (F,,F"—(* F,,,* F""). Since neither (F,,* FH”) 
or ((^,, F^") — (* E,,* F"")) are zero (see? for a detailed discussion on this), we 
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should conclude that electro-magnetic duality fails for non-linear vacuum expecta- 
tion values. This is the underlying reason permitting the result 


Valm) + Vise) 7*0. (23) 


3.1. Chiral anomalies and gravitational radiation 


We end this section by outlining an very interesting connection between chiral 
anomalies and gravitation radiation.?^46 It is well-know that the right-hand side 
of (16), as for anomalies in gauge theories, is a total divergence. This simple fact 
suggests to reinterpret the result (16), or the analogous one for massless fermions, 
in a physically appealing manner. To evaluate the produced quirality induced by 
particle creation one should evaluate four-dimensional integrals of the form (4). In 
doing this one gets crucial contributions from the boundary of the spacetime (i.e., 
null infinity) involving the outgoing flux of gravitational waves. The contribution of 
the chiral anomaly can then be exactly related to the amount of circular polarization 
of the outoging gravitation radiation. Following?! 46 
(see*® for details) 


one gets the intriguing relation 


* vro du duw? m -plm m plm 
S émis DO O) PO — O) — Po), 
Lm 


(24) 


where hi, hx are the standard gravitational waves polarization modes. The right- 
hand-side is related to the difference in the intensity between right and left 
circularly-polarized gravitational waves reaching future null infinity. This shows 
that a flux of circularly polarized gravitational waves triggers the spontaneous cre- 
ation of quanta with net helicity. Note the similarity with the Hawking emission 
by rotating black holes. The angular momentum of the Kerr black hole triggers the 
spontaneous creation of quanta with net angular momentum. 


4. Final remarks 


It is well-known that spontaneous emission induces stimulated emission in presence 
of bosons. This is also true for gravitational particle creation.! One can write the 
simple and basic result 


(Ni(t)) = (lal (£)a (D]W) = (NP) + A + 208248 P? (25) 


where N? is the initial number of quanta in mode i contained in the quantum state 
|W) (the effect is reversed for fermions). This was also considered for black hole 


47,48 and more recently in*%°° for non-gaussianities during inflation. 


radiation in, 

The stimulated counterpart effect is the main difference in the consequences 
of the axial anomaly for spin-1/2 fermions and photons. In the latter case, the 
presence of photons in a given mode will trigger the creation of photons of the same 


mode. It is not easy to evaluate quantitatively the consequences of this effect on 
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a macroscopic pulse of radiation. But it not difficult to guess that it will change 
the circular polarization of light-rays, with trajectory r^" = z"(T), propagating 
through a gravitational field with non-trivial R,, A, * R^? (z(7)). This is a quantum 
effect, probably very tiny, to be added to the classical gravitational redshift and the 
deflection of light rays by massive bodies.?! 
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Strong gravity regions, like the neighborhood of black holes or neutron stars, can induce 
non-minimal couplings between electromagnetic fields(EM) and gravity. In these regions, 
gravitational fields behave as a non-linear medium in which the electromagnetic fields 
propagate. For a system of mass M and size R, the surface potential scales as M/R. Pul- 
sar timing array, Double pulsar Shapiro delay, and Event horizon telescope probe that 
largest surface potentials [1074 — 10-?]. With many future experiments, it is possible 
to constrain the non-minimal coupling between electromagnetic fields and gravity. As a 
step in this direction, we consider the non-minimal coupling of EM field tensor through 
Riemann tensor for a dynamical black-hole, described by Sultana-Dyer(SD) metric. The 
non-minimal coupling leads to modified dispersion relations of photons, which get sim- 
plified at E/L >> 1 regime, where FE and L are two conserved quantities obtained by 
taking into account the symmetries of the metric. We calculate polarization-dependent 
photon deflection angle and arrival time from these dispersion relations, which we eval- 
uate considering different astrophysical sources of photons. We compare the analytical 
results with the current astrophysical observations to constraint the non-minimal cou- 
pling parameters to Riemann tensor more stringently. 


Keywords: Non-minimal coupling, time-dependent black hole, strong fields; Based on.! 


1. Introduction 


'The general theory of relativity has been tested in the weak-field regime with great 
accuracy from astrophysical observations — gravitational redshift, light deflection, 
and perihelion precession of planetary orbits.? However, it has not been verified well 
in strong-field regions such as near a black hole or a neutron star and many have pro- 
posed higher-order curvature corrections to GR.?"* Testing theories of gravity both 
in the strong and weak sector requires astrophysical observations, electromagnetic 
wave is an important source of such observations. 

While testing GR through properties associated with photons we consider the 
minimal coupling of EM fields with gravity —Maxwell's action in curved space- 
time. Theories with minimal coupling are well tested in weak, but not in strong 
gravity regions.® Hence, the accuracy of the theories of gravity including the min- 
imal coupling of the electromagnetic field requires investigation. To test GR in the 
strong-field limit it is essential to understand how does gravity interact with elec- 
tromagnetic fields in such regions. One possibility is to consider coupling of the 
electromagnetic field tensor with the curvature of the space-time through Riemann 
and Ricci tensors, known as non-minimal coupling of electromagnetic fields.? 
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A model describing non-minimal coupling of electromagnetic fields with curved 
space-time, violating Einstein's equivalence principle, was first introduced in Ref.?. 
After that different models with more generalized actions were proposed in Refs.^ 7. 
As a result, they obtained polarization-dependent photon propagation obeying dis- 
tinct dispersion relations for the individual polarization modes. Whereas, minimally 
coupled photons follow dispersion relation pp, = 0 irrespective of their polarization 
mode. 

Even though non-minimal coupling in the space-time of static black hole reveals 
new behavior of EM waves, it is essential to study the same for a time-dependent 
black hole as well. One example of a time-dependent black hole is the Sultana-Dyer!? 
black hole which describes a Schwarzschild black hole immersed in background 
FLRW space-time. In this talk we have discussed the properties of photons, non- 
minimally coupled to the curvature produced by a Sultana-Dyer black-hole. We 
expect separate dispersion relations of photons for each polarization mode, different 
than what was obtained for a time-independent black hole. 

We also inspect the trajectory of non-minimally coupled photon for an individual 
mode of polarizations in the vicinity of a time-dependent black hole. In order to do 
so, we calculate the polarization-dependent deflection angle of a photon in Sultana 
Dyer space-time. We include coupling of EM field tensor with Riemann tensor only 
in our analysis as mentioned in.? From the expression of the polarization-dependent 
deflection angles, we constraint the value of the coupling-constant present in action. 
Inclusion of the dynamical black hole instead of a static one improves the bound on 
the coupling constant up to O(10!?) for a solar-mass black hole. 


2. General model 


Action describing the most general model of non-minimal coupling that consists 


coupling of electromagnetic field tensor with Riemann, Ricci tensors and Ricci scalar 


is’: 


R 1 
Snc = J AT E -G FF" x"? EE, (1) 
where, 
R 
yra = a ua quB X g"? g“) a E (Ré g"? — RMB gre 4+ RB guo _ Regn) 
À 
egent (2) 


As mentioned earlier, the models of non-minimal coupling violate the Einstein equiv- 
alence principle(EEP), hence this model also violates EEP while being invariant un- 
der CPT and general coordinate transformation. A simpler model from the above 
action can be obtained by choosing q = q2 = 0.1! 


1 A 
S= nz Vg (-i PEP uo RP E Fap) ; (3) 
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Authors in Ref.!! have studied properties of non-minimally coupled photon obeying 
this action for a spherically symmetric static black hole described by Schwarzschild 
metric. They have obtained non-identical modified dispersion relation for each mode 
of polarization followed by two polarization-dependent photon arrival times. Calcu- 
lating the difference between arrival time for individual polarization they obtained 
constraints on the coupling coefficient À to be O(10??) cm? for a Solar mass black 
hole. 

However, in reality, the black holes are non-static — embedded in the background 
expanding universe. That is why in search of the imprints of a dynamical black 
hole we have done a similar analysis for a time-dependent black hole with mass 
[Mo10-19, Mo]. 

Electromagnetic fields non minimally coupled to the curvature of space-time 
obey the following equation of motion, 


V, F^" —2A | n^? (v, Fap) + (va RE) FF]. (4) 


The LHS of the above equation contains dynamical properties of the EM field, 
whereas the RHS of the EoM depends on the geometry of the space-time. The first 
term in RHS acts as a metric-dependent momentum term which varies with the 
component of the electromagnetic field tensor. The second term in RHS is similar 
to a mass term, in this case, it differs for each value of u. For a static black hole 
described by Schwarzschild or Kerr metric the term with Va R^ g is zero in Eq. (4) 
as Ry, = 0 for such metrics. 

Our goal is to get dispersion relation of photon that depends on photon mo- 
mentum, hence it is reasonable to define a local inertial frame attached to the 
non-inertial one and define the photon momentum in the local inertial frame by 
Peu) Momentum in local frame is related to momentum in non-inertial frame (p,) 
by the relation: p, = e, (^ P(u), Where, e, (4) is the tetrad connecting the two — 
inertial and non-inertial frames. 

In the case of black-hole space-times we consider, the variations of the curva- 
ture along the spatial coordinate (£) and the time (7) are large compared to the 
wavelength and period of electromagnetic waves, i.e. 


LSS STR. T >>1/w (5) 


Under the Eikonal approximation, locally we can treat the EM waves as planar and 
monochromatic! : 


Viy FA = pu) po (6) 


Using this relation into Eq. (4) we get the equation that describes the dynamics of 
the electromagnetic field in the local inertial frame, 


py) FO = 23 | ROOM) p Fr + (Vi RUD y) FOO]. (r) 
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Setting the space-time index u to the 3-space index j followed by incorporation of 
the Bianchi identity in local inertial frame into the above equation leads us to the 
equation below. 


[ p? pi) ty) — pep? + 4A ROWO (5 Dupuy 
+2) (v (a) RO) a p(9 — va RO) ip J FX) — 9 (8) 


Using Eq. (7) into the above equation, the equation of motion of the EM field in 
the Eikonal approximation is: 


LT aD -- 4A (5. 


G) 


draps ) 


0) | 
422 (Ev RO y PO + Vi RO we) 


i) 
— 2) (E voro (a) DO + Va RO? oo) [row =0, (9) 


where, «(© (B) = ROM (8) P(u)P(v) acts as a polarization tensor that generates 
correction to EoM according to the component of electric field. 

From the above equation, one can study the trajectory of non-minimally coupled 
photons considering different space-time metrics. As mentioned earlier for photons 
in Schwarzschild and Kerr black hole terms with Ricci tensor in Eq. (9) will vanish 
and the EoM reduces to, 


(i) 
(3) p j k) _ 
p py (D + 4d ( d TUM )|rex ) 20, (10) 


Our goal is to study the effects of the curvature coupling on photon trajectory near 
a time-dependent black-hole and identify the differences with the same due to a 
static black hole. In literature the analysis has been done only for static black holes 
and as a result constraint on A has also been obtained. As a step ahead, We do this 
analysis for a cosmological black hole described by Sultana Dyer metric.!? 


3. Sultana Dyer metric 


In reality, black holes are non-static and the Sultana Dyer metric describes such a 
time-dependent black hole.!? Sultana Dyer black hole metric can be interpreted as 
a Schwarzchild black hole immersed in the background FLRW metric: 


4 
ds? — (2) | (: 2 dn? + eau dndr + (1+ M) dr? + r? rd 
no r r r 
(11) 


where 77 is the conformal time—related to comoving time t as, dt = a(n)dn;  — no 
at t = to, where to is current cosmic time. M is mass of the black hole. 
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Sultana Dyer metric has been obtained by performing conformal transformation 
a(t) œ t?/3 to the Schwarzschild metric. Thus it corresponds to black-holes in the 
matter-dominated epoch. The conformal transformation preserves the casual struc- 
ture also, as a result, the black hole has the horizon at ry = 2G M/c?. Sultana-Dyer 
space-time is sourced by two non-interacting perfect fluids — null dust and mas- 
sive dust. At the horizon, r = ry the dust particles become superluminal for time 
n> 2rg.19 

Writing the above equation in non-geometrised unit—n — cn, rg — ^£ and 
substituting the following dimensionless variables: 


cr 


r= — 


; 2=Hon; fio = Horo, (12) 
rH 


in the metric we have 
1 2 1 
ds? = a2 ij |- (: = =) Bodh + 58s didF 4 (1 =) di? + 7 d = oe d$? 
T T T 
(13) 


where Ho is Hubble constant, 


(15) 


From here we will be using the dimensionless line-element ds defined in Eq. (14). 
This choice is suitable because the affine parameter (7) and all the physical quan- 
tities in this space-time depend on rT. 


3.1. Conserved quantities from symmetries of the metric 


'The trajectory of a null object such as a photon is being fixed by its momentum 
p". In this work, we focus on photons moving in the orbital plane of the black hole. 
For the metric (13), we define the contravariant photon momentum as, 
pa gif poo, glf 
dt dt dt 
Using the metric and the relation p, = gy ,p" we get the covariant form: 


dij di : Ci = C2 di 
po =i ( BA Cy D)-B pi = B+ a ( +B) (17) 


(16) 


T dr 
pa = ij^ C5 —— i= L (18) 


Though the metric is time-dependent it is —conformally invariant w.r.t 7 or 7 and 
spherically symmetric. Taking into account these two symmetries it can be shown 
that E and L defined in Eq. (17) are conserved w.r.t the affine parameter 7. where, 
A-(1-1,B-(14-1,€0, = 8, Q=. 


T 
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Our goal is to see effects on the non-minimally coupled pud close to the black 
hole, and later it will be clear that the effects depend on H which is: 


E rg M2 , £o dr 

ane 1 a) EN 1 

L te 3 ( ( Bo Hi ont r dd Q9) 
Close to the black hole at radius of photon sphere, r = 3rg/(2c?), it can be shown 
that for M in the range [M10 19, Mo] the ratio E/L >> 1. 


4. Modified dispersion relation 


As a result of the non-minimal coupling dispersion relation for photon near 
Schwarzschild and Sultana Dyer black hole can be obtained from Eq. (10) as! 


6A 
2: I 2 
D'-—3 Tr D(a)- (20) 


From the above expression, we infer that the photon dispersion relation remains 
quadratic also as similar to the relation p"p, = 0 with r—dependent corrections. 
There (+) sign refers to dispersion relation for (+) polarization mode. We have 
verified that for the Kerr metric, describing a time-independent rotating black hole 
the dispersion relation remains quadratic — even in the inertial frame of reference 
it gives the same dispersion relation (20). 

The dispersion relations for the Sultana Dyer metric will be obtained from 
Eq. (9). Unlike Schwarzschild and Kerr black holes, the Ricci tensor is non-zero 
for Sultana-Dyer black hole. Hence, the terms with the Ricci tensor and its deriva- 
tive will contribute to the dispersion relation. However, it is possible to check that 
the contribution arising from the Ricci tensor containing terms is much smaller than 
the other terms in the dispersion relation. Finally, keeping only the relevant terms 
we obtain the dispersion relations for the local inertial frame in the Sultana-Dyer 


metric as: 


Pes (3) 


fi Po) H fi Pio | fo pia) d fs =0 (21) 


— fa Plo) + foray + fs Ris) + dion =0. (22) 


where, f4(?,5) depends on the coupling constant À = A/o2 and the components 
of Riemann tensor in local inertial frame for Sulatana-Dyer metric — Reay) w): 
These two dispersion relations in the local frame lead to the following relations in 
the non-inertial frame: 


C—O 
( E Dy pop = 0 


(23) 


B 
(—faC? — 2f3C1 + f2) p? +2 (fa + faCi) Bpopi — fAB?pi 4 foo Ps =0 (24) 


— f4C B 
+ (1—3c2) pop? + (301 Bp 4 (fa = fa Ci) JD py + 2 


fi C2 E fi C2 
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It is important to note here that the above-mentioned dispersion relations for the 
Sultana Dyer metric are very different than the dispersion relations obtained for 
the Schwarzschild metric. For Schwarzschild case the dispersion relations do not 
contain terms with popi or pip2. Secondly, in the dispersion relations for Sultana 
Dyer metric terms with every component of momentum get modified whereas for 
Schwarzschild metric only the term with pa gets modified. Last point, Eq. (23) is 
cubic and it occurs due to the last term in Eq. (21), while for the Schwarzschild 
case both the dispersion relations are quadratic. 


5. Results 


Till now we have discussed how photon dispersion relations get modified due to 
the presence of non-minimal coupling in Sultana Dyer space-time as compared to 
Schwarzschild metric. In this part we discuss the effects of these modified dispersion 
relations on photon trajectory. To see the effects one needs to study the modification 
to the trajectory of the photon, which can be done through these astrophysical 
observables — 1) Photon arrival-time at the detector, 2) Photon deflection-angle at 
the detector. Since we are working with Sultana Dyer black hole — a time-dependent 
and non-diagonal metric, we prefer deflection-angle over photon arrival-time. 

For verifying the existence of non-minimal coupling we have primarily two 
goals — 1) Put constraint on the non-minimal coupling coefficient, 2) Compare 
the effects on non-minimally coupled photon trajectory caused by time-independent 
and time-dependent black hole. 

Reaching the above-mentioned goals requires derivation of the the deflection 
angle of photon for each polarization mode, and then their difference considering 
time-independent (Schwarzschild) and time-dependent (Sultana Dyer) black hole. For 
simplicity, we derive the difference in the deflection angle comparison at a radius of 
photon sphere — 7 = 3/2 as we are interested in the behavior of photons near the 
black hole. 

For Schwarzschild metric at r = (3/2)rg and ño the difference between the 
deflection angle for (4-) and (-) polarization is, 


NEG 
* — 4fob j 4 fav? 16A * 
sa OTH 27 729 


4 8202 163A]? 
| B C5 (25) 


where, b — Li E at fixed f and fj = fjo. The LHS of the above equation will be real 


if and only if, 
4 Bav? 16A 
Bo (s 5) >0. (26) 


dr 


dó 
dr 


Sch 


27 729 
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From this condition, we determine the value of b, provided the values of £o and À 
are known. 

Now for Sultana Dyer space-time, the difference between the polarization- 
dependent deflection angles can be obtained from the cubic (23) and the quadratic 
dispersion relation (24) separately. For the limit, Bo >> 1 and EJL >> 1 both 
Eqs. (23) and (24) get simplified and the cubic dispersion relation becomes en- 
tirely independent of the coupling coefficient À. This implies the simplified cubic 
dispersion relation does not hold any imprint of non-minimal coupling. Hence we 
stress our analysis into the quadratic dispersion relation only. From the simplified 
quadratic dispersion relation we get the deflection angle: 


du C2? 
do L ($ + B) 
M (27) 
dr - uie BE) (240 BEY -A(- 02) BIS (- 583-48) 7 
Ca +E 
2(—faC?) 4 


The difference between the deflection angle for (+) polarizations at fixed r = 
(3/2)rg and current comoving time rj; = 3 becomes, 


- 162 ZI 163) (8336) | 


sD 16kèrg (8Ã +36) Po 


dó 


+ do 
dr 


dr 


(28) 


SD 


where, k = Ho/c. Eqs. (25) and (28) depend on rg, £o, b and A. But it is crucial 
to note that in Schwarzschild space-time the difference between two deflection an- 
gles (25) depends on b Bo, whereas in Sultana Dyer space time (28) is proportional 
to b/8o. Hence, at this point we stress that photon trajectory gets modified in dif- 
ferent manner while travelling near a Schwarzschild or Sultana Dyer black hole. 
Understanding this fact better requires the value of b and À. 

From the condition that Eq. (28) will be real if and only if the constraint À< DS 
is followed. As À = A/og we get the constraint of the coupling coefficient A as: 
A < (9/16)r. This is another important result regarding which we like to stress 
the following points: First, the coupling constant A is an intrinsic property of the 
field and should be independent of the parameters of the model. However, from 
the above expression, we see that the constraint on A depends on the mass of the 
black hole. On the face of it, this might look unphysical. However, it can be pointed 
that the energy density of the mull dust in Sultana Dyer space-time does not remain 
positive for all values of 7. The condition that the energy density remains positive at 
the photon radius translates to n < 15rg/4. Since, we have fixed n = no, this leads to 
the condition on A. Thus, the above constraint on the coupling parameter À ensures 
that the energy density of the electromagnetic field is non-negative. The table below 
gives the upper limit on A for black holes with different mass ranges. Finally, it is 
interesting to compare the bounds on A compared to obtained in the literature. In 
Ref.!!, the authors obtained constraints on A considering photons in Schwarzschild 
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space-time. Considering signals from radar ranging past the Sun, the authors found 
A ~ 1.1 x 107? cm?, which is about three orders of magnitude more stringent than 
the one obtained in Ref.!?. Our analysis shows that A < 0.563 x 10!°cm? for the 
Sultana-Dyer black hole of solar-mass. Note that, in the case of signals coming from 
binary pulsar PSR B15344+12, the bound on A ~ 0.6 x 10!! cm?.!8 


Black hole mass rg (cm) A (cm?) 
Solar-mass 10° 0.563 x 101° 
107? Mc 10? 0.563 x 104 
107? Mo 1 0.563 

10- Mo 1g-* 0.563 x 10710 


Now using the value of À ranging between [0, 729/16] into condition (26) with 
the (-) sign we get the constraint b8o < 1.8 . Similarly for the (+) sign we get the 
constraint as bfjo < 2.598. However, for the constraint bo < 1.8 Eq. (26) is valid 
for both (+) sign. From this constraint, we have fixed the value of b for a particular 
value of £o, where the value of 89 varies with the mass of the black hole. 

Since we have fixed the variables À, rg, Bo and b, now we compare Eqs. (25) and 
(28) by evaluating their values for black holes with mass — Mọ and 10? M. We 
evaluate the difference between two deflection angles in Schwarzschild and Sultana 
Dyer space-time considering two separate cases, 1) bo ~ 1 and 2) bfg ~ 107%. Both 
these cases satisfies the condition bf < 1.8. All the values has been mentioned in 
the table below. 


dó dó 
Black hole mass bBo A EOM A Cm 
Mo 1 —1.322x107? | 7.893 x 1077 
1078 —1.032 x 10714 | 7.893 x10713 
1075 Mo 1 —1.322 0.079 
1073 —1.0327° 7.893 x 1078 


Inspecting the numbers in the above table we infer one more important key 
feature: for bo ~ 1 the modulus of the difference between the deflection angles for 
Schwarzschild is greater than the same in Sultana Dyer space-time. However, for, 
bg ~ 107? the difference between the deflection angles for Sultana Dyer black hole 
is greater. The reason behind this behavior is that the difference between the de- 
flection angle (28) for the Sultana Dyer black hole is proportional to 67/82 and the 
same quantity (25) for the Schwarzschild black hole depends on b and 6o differently. 
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As a result, we see the larger the value of b larger the effects due to Schwarzschild, 
and smaller the value of b the effects are larger for Sultana Dyer black hole. An- 
other crucialfeature is that, the difference between the photon deflection angles for 
Schwarzschild metric is negative, while for Sultana Dyer it is always positive — 
that manifests two distinct signatures of two black holes. Similar behavior in the 
difference of deflection angles has been observed for a black hole of mass 107? Mc 
as well. 


6. Conclusions and discussions 


In this work, we have studied the effects of non-minimal coupling of electromagnetic 
fields with gravitational field near a cosmological black hole, described by Sultana 
Dyer metric, and compared them with the effects obtained for a Schwarzschild 
black hole. To our knowledge, the analysis for non-minimal coupling near a time- 
dependent black hole has not been explored in literature. For doing the analysis 
we have applied Eikonal approximation in a local inertial frame assuming that the 
wavelength and time period of the propagating electromagnetic wave is lesser than 
the variation of curvature with respect to the space-time. Our study for the Sul- 
tana Dyer metric produced a pair of modified dispersion relations which consist of 
corrections in all components of momentum, while for the Schwarzschild case the 
modification occurs only in the p3 component. Besides that, one of the modified dis- 
persion relations for the Sultana Dyer metric is cubic, while for the Schwarzschild 
metric both the dispersion relations remain quadratic. By calculating photon de- 
flection angle for individual polarization mode in Sultana Dyer space-time we get a 
bound on A for a solar mass black hole which is more stringent of order 10? than 
the bound obtained in Ref.!!. Through the evaluation of the difference between de- 
flection angles for two polarizations we have found distinct signatures of two black 
holes — Schwarzschild and Sultana Dyer. 

We hope that through observing electromagnetic emission in broad wave-band 
from different astrophysical events it is plausible to measure the deflection angle of 
electromagnetic wave and confirm the existence or non-existence of the non-minimal 
coupling. 

For the entire work, we have assumed the time-dependent black hole to be 
spherically symmetric and non-rotating. To observe the signatures mentioned in 
this work from astrophysical observation might involve axially symmetric (like Kerr) 
black hole. Hence, we are investigating the possibilities to extend the analysis for a 
rotating black-hole space-time. 
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We explain a conjecture which states that the proper-time series expansion of the one- 
loop effective Lagrangian of quantum electrodynamics can be partially summed in all 
terms containing the field-strength invariants F = $F BAY (x), G = Pp FY (x). This 
summation is encapsulated in a factor with the same form as the (spacetime-dependent) 
Heisenberg-Euler Lagrangian density. We also discuss some implications and a possible 
extension in presence of gravity. We will focus on the scalar field case. 


Keywords: One-loop effective Lagrangian; Partial resummation; Heisenberg-Euler 
Lagrangian; asymptotic expansion. 


1. Introduction 


In this contribution®, we give more details on a conjecture proposed in Ref.?, that 
claims that it is possible to make a factorization in the proper-time series of the 
one-loop effective Lagrangian of quantum electrodynamics (QED) that captures all 
explicit dependence on the field-strength invariants F and G. The text is organized 
as follows. First, in Sections 1.1 and 1.2 we review some basics about the one-loop 
effective Lagrangian and its proper-time series expansion. We focus on the scalar 
QED effective Lagrangian and also on the corresponding effective Lagrangian in 
presence of gravity. We emphasize the existence of a modified, asymptotic expansion 
(also called R-summed expansion) in the gravitational scenario. In Section 2 we 
explain our conjecture for scalar QED (a sketch for spinor QED is given in Ref.?). 
We also check it up to order n — 6 (the last available coefficient in the literature). In 
Section 3 we explain some physical consequences that can be easily obtained using 
our results. Finally, in Section 4 we give a brief summary of this contribution. For 
simplicity, we will focus on the scalar QED case. In Appendices A and B we give 
the coefficients of the usual and the resummed proper-time series expansions for 
scalar QED. 


1.1. Heisenberg-Euler Lagrangian and the proper-time series 
expansion 


'The Heisenberg-Euler Lagrangian captures the one-loop quantum corrections to the 
classical electromagnetic Lagrangian for quantum electrodynamics. It is obtained 


^? Expanded version of the talk given by S.P. in the Sixteenth Marcel Grossmann Meeting (2021). 
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by integrating out the matter degrees of freedom, keeping the strength of the elec- 
tromagnetic background constant.?^^ The intrinsic nonlinearities of the quantum 
corrections have important implications, such as pair creation from vacuum and 
vacuum polarization,? or light by light scattering or vacuum polarization (see, for 
example, Ref.9 and references therein). It was originally derived by Heisenberg and 
Euler’ for spinor QED in 1936. A few months later, it was obtained by Weisskopf® 
for scalar QED (see Ref? for a charged spin 1 field). These two theories are re- 
garded as the paradigm of the modern effective theories in Quantum Field Theory. 
From now on, we will focus on the scalar QED Heisenberg-Euler Lagrangian. It is 
usually written in terms of the proper time parameter s, but, apart from this, it be 
written in several ways. By convenience, here we use the following form borrowed 


from Ref.!?: 
(1) mr AM 1 R ds —im?s det esF 
E scalar (47)? f 33° | ° sinh(esF) 


where F = F". As we have stressed before, this result was obtained for constant 
electromagnetic backgrounds, but for arbitrary background configurations the form 
of the effective action is, in general, unknown. 

However, it is possible to build a general, asymptotic expansion for the one- 
loop effective Lagrangian in terms of the proper-time parameter. Here we use the 
expansion given in Ref.!!, obtained via the string-inspired method in the world-line 


1/2 


, (1) 


formalism (see Refs.!1-14 and also Refs.!?:16), namely 
£u o f Sermonis), (2) 
0 S 


with 


Oo =1, O41-0, 


Oz = -Š FF" 


Oz = -$ Ə, F, A0" F^ 


'The expression above consist of an expansion in the number of external fields and 
the number of derivatives, and captures some general behaviour of the unknown 
formal one-loop effective Lagrangian for arbitrary backgrounds. The coefficients 
O, are gauge-invariant and have mass dimension 2n. They have been obtained up 
to 12th adiabatic order (n = 6), and their length grows substantially with n. In 
Appendix A can be found the complete list of coefficients. We would like to stress 
that this expansion presents some clear advantages with respect to other proposals. 
In particular, it is written in the most compact form possible. Using the Bianchi 
identity, the antisymmetry of F,, and also integration by parts, the gauge-invariant 
coefficients On have been simplified to the so-called minimal basis.!? 


(3) 
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1.2. One loop effective Lagrangian in presence of gravity 


The role of the classical electromagnetic background can be replaced by a gravita- 
tional field, which is naturally coupled to quantized matter fields. In other words, 
it is possible to obtain quantum corrections to the Einstein-Hilbert Lagrangian in- 
duced by a quantum scalar field. In general, the form of the effective action is not 
known, but it is also possible to make an asymptotic expansion of it,!® as in the 
previous case. 

In this context, the expansion of the one-loop effective Lagrangian is usually 
obtained in terms of the Schwinger proper-time expansion of the Feynman prop- 
agator,? closely connected to the heat-kernel expansion and related techniques.!? 
Specifically, the one loop effective Lagrangian in terms of the heat-kernel reads 


£u o [| Serm ssl). (4 
0 


In this expression, (z',s|z,0) is the kernel or “transition amplitude" associated 
to the Feynman propagator, which obeys a Schrodinger-type equation in terms of 
the proper time parameter with appropriated boundary conditions, and (x, s|x, 0) 
represents the coincident limit z' — z. In general, the kernel admits a general 
asymptotic expansion in terms of the proper time parameter, i.e., 


E 
(x, s|v,0) = Gia? 2,09) An (x). (5) 


The coefficients a; (z) are called DeWitt coefficients. These quantities of mass di- 
mension 2n are local, covariant and gauge invariant.!*:?? We recall here that for 
QED, the expansion g(z;is) [see Eq. (5)] coincides with the heat kernel expansion, 
up to total derivatives 


g(x;is) = (a, s|v, 0) + total derivatives. (6) 


Although the general form of the gravitational one-loop effective Lagrangian is 
not known, there is one special case where it can be evaluated exactly?!: the Static 
Einstein Universe. In this case, the kernel (x, s|x, 0) reads 


g 67 RS 


(z,s|z,0) = Xem (7) 


where R is the Ricci scalar and € is the coupling constant to the scalar field. This 
is a non-perturbative result, that involves all powers of the proper time parameter 
s. From this result, Parker and Toms proposed in 1985 a new asymptotic expansion 
for the kernel,?? defined as 


e E- D RG)s e 


n=0 


(x, s|r, 0) = 


4340 


The new adiabatic expansion in terms of the coefficients a, (x) has an important 
advantage with respect to the previous one: it does not contain any term that van- 
ishes when R(x) is replaced by zero (see Ref.?? for detailed proof). In other words, 
the non-perturbative exponential factor captures the exact dependence on the Ricci 
scalar in the generic Schwinger-DeWitt asymptotic expansion. This factorization 
has some important physical consequences, related, for example, to the effective 
dynamics of the Universe?^ or to the curvature dependence in the running of the 
gauge coupling constants.?? 

The key idea is that, from a solvable case, it is possible to extract a non- 
perturbative factor in the general asymptotic expansion of the one-loop effective 
Lagrangian that completely captures its dependence with the curvature scalar R(x). 
In this context, a natural question arises: is it possible to find a similar factorization 
for the QED Lagrangian? 


2. The conjecture 


Based on the gravitational case, we propose the following conjecture for the elec- 
tromagnetic case?: The proper-time asymptotic expansion of the QED effective 
Lagrangian admits an exact resummation in all terms involving the field-strength 
invariants F = EF PRY and G = lg, Fe, The form of the factor is just the 
Heisenberg-Euler Lagrangian for QED, where the electric and magnetic fields de- 
pend arbitrarily on space-time coordinates, namely 


oo 1/2 
a f Bims - esF(z) Y | nni 
PEE NE =| ; e LZ mu G(x; is) (9) 


[to compare with (5)], where the new asymptotic expansion g(x;is) reads 


crs cod ex [oue 
Hest) = ua. mp Ont), dq) 


and where the coefficients O;(x) do not have terms that vanish when the electro- 
magnetic invariants F(x) and G(x) are replaced by zero. The asymptotic expansions 
g(x;is) and g(z;is) are related by 


1/2 
glz; is) = ac (eS) | g(x; is). (11) 


In summary, we have proposed a new adiabatic expansion g(z;is) that can be built 
from the previous one via Eq. (11), and we have conjectured that, if the pre-factor 
is just the Euler Heisenberg Lagrangian, the new coefficients O,, associated with the 
new expansion will not have terms that vanish when the electromagnetic invariants 
are replaced by zero. 

In the last part of the section, we are going to compute the new coefficients 
and check that, effectively, our conjecture is satisfied. First, we should expand the 
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Heisenberg-Euler determinant in terms of the proper time, 
1/2 
esF(x) xu "T pe 
det | ———————— ~ 1 = — E es 
| : (eeu) |  Us(z)(—is)" + Ua(x)(—is)” + Us(x)(—is)" +--+, 


where 
Us(z) = $5 i (13) 
Us(x) = is = T(E? + & nn), (14) 
Uc(r) = 15368 Jupes 1320 (F°) Tr(F*) + 5670 (F°). (15) 


we note here that the trace Tr(F?") can be always written in terms of powers of 
the electromagnetic invariants F and G. For example, Tr(F?) = —F,,F"" = —4F. 
Now, inserting expansions (12), (3) and (10) in Eq. (11) we find 


Og +O1 4- (—is)4 B (—is)?... = (1+U2(—is)? +...)-(Op + O1(—is) 4 5 (—is)? +...) 
(16) 
and equating order by order we arrive to Og = 1, O1 = 0, 
Oz = Oz — 2Us = 0, (17) 
O3 = Os, (18) 
O4 = O4 — 4! U14, (19) 
Os = Q4 — 20 U303, (20) 
Os = Os — 6! Us — 30 U30,. (21) 


Finally, substituting the values of the coefficients U,, and On in the previous equa- 
tions we arrive at the explicit values of O,, which can be found in Appendix B. It 
is easy to see that our conjecture is satisfied. Comparing the coefficients On (Ap- 
pendix A) with O,, one sees that all terms going with Tr(F?") [or, equivalently, 
with F or G] have disappeared. 


2.1. Some comments about the proper-time series expansion 


The asymptotic expansion (proper-time series expansion) that we are using here [see 
Eqs. (3) and (5)] is an expansion that group terms with the same mass dimension 
(remember that the coefficients O,, and a,, have mass dimension 2n). This expansion 
is closely related with the adiabatic expansion of the scalar field modes, widely used 
in cosmology [see Ref.?9 for the equivalence in curved spacetime, and?" for the 
adiabatic counterpart of the R-summed expansion given in (8)]. In its normal form, 
it is commonly used to renormalize physical quantities. It is important to recall 
that this expansion is not a derivative expansion (i.e., an expansion that groups 
terms with the same number of derivatives; see, for example, Ref.?5). For a detailed 
explanation of the differences between both expansions see Ref.?. 
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3. Main consequences 


Our factorization, allow us to predict or reproduce some interesting physical con- 
sequences. First, it is possible to find some exactly solvable electromagnetic back- 
grounds. For electric and magnetic fields pointing in the 2 direction that depend 
arbitrarily on the light-cone coordinate a+ = (t + z), we find that Op = 1 and 


Onso = 0. Therefore, the exact form of the unrenormalized effective Lagrangian 


should be (in agreement with Refs.?9 31) 
ue == Tg i eg eee (22) 
scalar ^. 162? 0 s3 sinh esE(x*) sin esB(z*) i 


For a single electromagnetic plane wave, F(x) = 0 and G(x) = 0, therefore, accord- 
ing to our conjecture, the one-loop effective action trivially vanishes, in agreement 
with the result obtained in Ref.? by other methods. Second, our results seem to be 
consistent in presence of gravity. P. In this case, it is possible to perform a double 
factorization (the exponential R(x) factorization is ensured??), 


1 esF (x i 
g(x, is) = ei 67g) RG) LZ Green | G(x; is). (23) 


Finally, the conjecture allows us to make some general predictions regarding the 
Schwinger's formula for the pair production rate. The factorization suggests that 
the poles of the imaginary part of the one-loop effective Lagrangian are located at 
the same points as in the constant electric field case Tn = n«/|eE(x)]. 


4. Summary and conclusions 


The one-loop (scalar) QED effective-Lagrangian is, in general, unknown. However, 
it is possible to obtain an adiabatic expansion of it in terms of the functions g(x; is) 
defined in (2). We have proposed an alternative adiabatic expansion g(2; is), which 
encapsulates in a global pre-factor all its dependence on the electromagnetic invari- 
ants F(x) and G(x). The form of the non-perturbative factor involved in this partial 
resummation is just the Heisenberg-Euler Lagrangian for QED, but with the elec- 
tric and magnetic fields depending arbitrarily on spacetime coordinates. The new 
expansion does not contain terms that vanish when F(x) and G(x) are replaced by 
zero. This factorization allows us to obtain some exact solutions and seems to be 
consistent in presence of gravity. In this contribution, we have focused on the scalar 
case, but our conjecture is also valid for the spin-i case. We expect our results 
to be consistent for non-abelian gauge backgrounds. Most of the computations in 
this paper have been done with the help of the xAct package of the Mathematica 
Software.?^ This work was supported in part by Spanish Ministerio de Economia, 
Industria y Competitividad Grants No. FIS2017-84440-C2-1-P(MINECO/FEDER, 
EU), No. FIS2017-91161-EXP and the project PROMETEO/2020/079 (Generalitat 
Valenciana). S. P. is supported by a Ph.D. fellowship, Grant No. FPU16/05287. 


PFor Vg F"" = 0 the factorization of the Euler-Heisenberg Lagrangian was found in Refs.32 33, 


Appendix A 


Here we give the coefficients On of the original expansion g(z; is). Oo = 1, 


O1 20, Oz = -F aF, 03 = - £0, Fe 0 FP, 


01 = 


Os = 


Os = 


oF APOE + SF FOR pF 
e v KA 
— $500, F0" 0" F^, 


2e* p^ p gy p, o, FP — 4 p." FOF’? Op Fup 
-É Fet FAF? 8 ða Fy — BEF pi" 9, Fe’ Oy Fyp 
+52 PO FO, E, OP Fyr + YE F^ F8, Fy DPF, 
ue pa^puvg Rh 0P Fep + E Peg pogagv 
v v ie 
"m ^9, F,, 0^ F^" — 2a, 8,0, F X000" O^ F 


-AE FOF EPFL Foo — Fpa FF, FFF po 
-A Ea FOE pF’ F oF + REPO OFM 0, F” 0,0, Foo 
tag 9,9, F” 0,3 Foe ; E DP 0! F"^8, Foo 0” Fpa 


1260 
KX c 2v KX c 
— XD F"^0,0y F,,0, FP" 0" Fp" — sig FO, FP? 0,0, F,,0" Fp" 


a F0, F/*0,0,F,,0" Fe” — 33.0, F,,0" FO, Fy? O° Fi.” 
+ 3550, F,,0" FO, Fy OF,” — 2-F^0,F,"0P FY’ O50, Fun 
—A FF" 9,.0,0,F,,0? Fra? + 13580, F,, 0" FM O° F,"0? Fx, 
E 0" FOO? Fe” 0, Fp? Fs + 3:0, "0" F™ Og Fp” Fy? 
$B PPMP F. 0,0, FU" F3? + BEY OP FY 0,09 F gy 0 Fup 
— 4&0" FOO” F. 40, F,,0" Fp? + Eh FO F Og Oy F,,0" Fy? 
HIS POO" F.^9,0, F,,0" Fp? — 302- p5^9, F""0,0, Fy 0" Fy? 


+4 as FOO’ F, "0,0, Fy pð? Fy? 4 du F*^8, F" ð, 8, E807 F, p 


398 PRA QV o 62 pk&Aav 
T às E" O” F,"0,0, F4,0" Fu? — i F'^0" F,"0,0, F,,07 FP 


+ de F^^9" F, 0,0, F yp 0? Fy? — EF" F."0,0, Fap Fy? 
+ ag Op FAO F^, F,,0* FY? + 1 F0" F.,0,0,F,,0" F"? 
—dF,'F^0,0,0,F,,0" FY? — 9 F." F"^9,0, F, 0 OF’? 
pB FO pr), OF pO? 0, Fr’ — 43 pr pig, 0, Fap 0, Fn? 
+E FO FH OO, FyyO? O° Fey + 108 F^ FY" Og Oy Fy 0" OPF,, 

+ m aS F^ F""9.0,F,,0 Of Fay + A F,"F"0,0,F,,0 OP Fy” 
LEAF 0,0, F, 07 07r" — ag. Dp OvOyF 40° O° OY OH F"^. 
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(A.1) 


(A.3) 


(A.4) 


The terms that have to disappear when computing the modified expansion g(x; is) 
for our conjecture to be satisfied appeared highlighted. 
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Appendix B 


Here we give the coefficients O, of the (.F, G) -summed expansion g(z; is), Oo = 1, 


OQ; = 
0, 


Qs = 


0, 04-0, 05 = - $0, F0" F^, 


e? v KA 
= - $8,0, Fr 0 0^ F*^, 


BEE PA FU OD) opel de gen EVADE 
-ST F FAF QUELS BÉ FAF O Fuego 
452 pr^ pino, p, OP Foa + NAE. Fy 0? Fp 
6 p^ pig, py, 0? Fray, + AS p, FO Oy FO? Fy” 


-£8, 8,0, Fen? 0" "FO, 


+ OE FOO, FH OF? OO. Foo + d; F^ F""O,0.F'* 0,0 Foo 
+7850, FP? 0" F^0,F,,0" Fen — 1079 PAD A, Fpa 0, FOE," 
— si FO, F” 0,0, F,,0" Fp” — t F^ F” 0,0, F,, 0" Fra" 
— FUR Oy F,,0" F"^0, Fy,’ O° Fp” + 45-9, F,,0" FOO, Fy? 0? F," 

AF 9,F,"0PF""0,0,F. y 3- FO F""0,0,0, FO” Fra? 
S60, F,,0" FO OP Fy O° F, + PE OM FP O° F."0,F,,0" Fs, 
+20, Fo” OUP Oy F,,0? Fy? + £ FOO F,"0,0,F,,0" Fy? 

+ BPO F” 80 F xO” Fu — 3 2 ZONE OF 0,E,,07 Fu? 
+85 FOO, F OO Fy pO? Fy? + 18 pe^gr p. H0, 0,07 Fy? 
— 30 FOO, F""0,0, F4,0" Fy? + 388 FOO F,"0,0, Fy 90° Fy? 
HER FOO, F” Og0p Fy ð? Fy? + 328 FOO" FM Og Op Fv 0” Fy,” 

E2 FOO” F."9.0, F,,0" Fy? + FOO F."0,0, Fap F? 

— 2S FO OY F."0,0,F,,0" F,? + gp Ou Fea" EF Fy p0 F"? 
+5 FOO" Oc Op Fup FY? — i Fut F8,0,0,F,,0" FY? 

— qos FA" F^0,0, F,,0 0, P"? + 3 FO FY O58 F, 0" Oy Fa” 
— a FO F""0,0,F4,0 0, F.? + §FO F""0,0,F,,0" OP Fix 
TOS FO PrO O F,,0 O. Fay + d F^ FY’ 0,0) F x10? OP Frey 


po F'^9,0,F,,0" OP Fy” — 43,0,0,0,0,F.10" 0^0" 0" F"^. 


(B.1) 


(B.2) 


(B.3) 


(B.4) 
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We explore the question whether the presence of soft photons in a system can have 
direct or indirect consequences in the outcome of suitably defined quantum processes 
involving the system. We consider an local quantum detector with dual energy levels and 
coupled to the background gauge invariant charged scalar field in a flat spacetime. The 
de-excitation rate for downward transitions for such a system on an inertial trajectory 
is found to depend on the soft charges corresponding to the radial component of the 
electric field dressing chosen at the asymptotic boundary. While the excitation rate for 
upward transitions still vanishes as expected. The implications are discussed. 


Keywords: Soft photon, gauge invariance, detector 


1. Introduction 


The BMS symmetries! of asymptotically flat spacetimes found by Bondi, Metzner 
and Sachs in 1962; the gravitational memory effect? first proposed by Zeldovich 
and Polnarev in 1974 and the Weinberg’s soft theorems are related to each other 
through the so called Universal triad relations.” ° When acted upon by a BMS 
transformation corresponding to a BMS diffeomorphism vector at the asymptotic 
flat boundary or equivalently due to the passage of a gravitational wave at the 
asymptotic flat boundary, the vacuum state at the boundary - although classically 
same before and after the transformation, differs quantum mechanically in the con- 
tent of soft particles and hence the soft charges defined at the boundary. Analogous 
to the gravitational case, there is a universal triad for the electromagnetic case as 
well. The electromagnetic memory effect, the U(1) large gauge transformations and 
the Weinberg’s soft photon theorem are also related to one other through analogous 
type connections. The significance of these universal triad relations were realised 
by Hawking, Perry and Strominger?? to conjecture soft hair for black holes. In a 
recent work, a quantum version of the gravitational memory effect was shown to 
arise due to the BMS symmetries in a Schwarzschild spacetime.!% 14 
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In the related context. we explore the question whether the presence of soft 
photons in a system can have direct or indirect consequences in the outcome of 
suitably defined quantum processes involving the system.!? We consider a local 
quantum system moving on an inertial trajectory in a flat spacetime and linearly 
couples to a gauge invariant charged scalar field. The gauge invariant form of the 
field is as defined by Dirac!? in 1955 to account for the fact that an electric charge is 
always accompanied by it electric field. We compute the transition rates for such a 
system when the system is at rest in an inertial frame and the electric field is given 
a soft photon dressing. Interestingly, we find that the transition rate of the local 
quantum system shows a de-excitation for downward transitions which depends on 
the soft charges corresponding to the dressed electric field. T'his holds true for a wide 
class of functions that can be chosen for the soft photon dressing of the electric field. 
We find that the excitation rate for upward transitions of the system vanishes as 
expected. 


2. The local quantum system and the dressing field 


We consider a flat spacetime with background electromagnetic and charged scalar 
fields. We then use the gauge invariant construction of a charged scalar field as 
defined by Dirac.'? The ‘dressed’ field gauge invariant operator is defined by 


$(z) = eCa), (1) 
where 
C(x) = / d'a! f" (s, a^) A (a), (2) 


Here A, (z^) is the electromagnetic four vector potential and the two-point function 
f? (x, x’) that specifies the dressing satisfies the four-dimensional Poisson's equation 


9, f^ (a, x") = qó* (x — a). (3) 
Under the gauge transformation, the phase factor eC?) transforms as 
eic G) =e ei€ (2) pu (4) 


Thus rendering the (x) operator to be gauge invariant. The physical significance 
of the construction in Eq. (1) is that a charge can never be completely described 
without its electric field and the exponential phase factor in front of d(x) precisely 
does that. The two-point function f^(r,z') contains the information about the 
electric field of the charge which can include soft dressing contributions in addition 
to the usual Coulombic electric field in the rest frame of the charge. We quantize 
the system by the usual standard procedures and assume the fields Aa (x) and $(x) 
to be free fields at the lowest order in perturbation theory. 

The local quantum system is defined to be a pointlike charged two-level system 
moving on an pointlike trajectory «“(7) and parametrised by the proper time rT. 
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The monopole moment m(7) of the system couples linearly to the gauge invariant 
scalar field operator ® with the interaction Hamiltonian being defined as 


Hint = Ax(7) (m(r)&(7) + mt (7) (7)), (5) 


where A is a real-valued coupling constant, ®(7) is the pull-back of ®(x) to the 
detector's worldline, and the real-valued switching function x specifies how the 
interaction is switched on and off. One can check that the Hinz is gauge invariant 
by construction as well as Hermitian as required for the conservation of total charge. 
The time independent response function for the local quantum system on an 
inertial trajectory t(r) = 7 and x = 0 coupled to the Minkowski vacuum state in 
linear order of perturbation theory is determined to be 
oo 
F(E) = / ds e£? W(s) Wa(s), (6) 
—00 
where E is the difference between the energies of excited state and the ground state 
of the local quantum system. Hence E > 0 determines upward transitions, that is 
excitations, while E « 0 determines downward transitions, that is de-excitations. 
W4(s) is the pull-back of the usual charged scalar field Wightman function 


Wa (z", 2") = Og] oF (z") O(a’) 05) = (al (x) gf (a^) |05) 
zi dk 1 eg ix C t) elk G^ x) 


a 7 
(21)? 2wk í (7) 
on the detector’s worldline and W.4(s) is the pull-back of the electromagnetic dress- 
ing two-point function, 
1 


Wals” 2’) = lal? + |B (ial (0al gU Ey (04) 


+ [BI Oa) et) eH i)). (8) 


where o and ĝ are fixed constants pertaining to the excited energy state of the 
detector more precisely defined in.!? From the form of response function in Eq. (6), 
one can note that for the local quantum system considered here with the gauge 
invariant operator, there is an extra dependence through the WA(s) factor than in 
the corresponding expression of the standard detector!? without the gauge invari- 
ance. It is this extra factor which brings the dependence of the soft photons in the 
de-excitation rate of the system. 


3. The result 


We choose the electric field dressing to have a 1/r? radial dependence but allow the 
magnitude to have arbitrary angular dependence as well, which provides the soft 
photon dressing to the standard Coulombic field. The following form is chosen!* 


- A’ 


— 4n€o [x — x'|? 
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where the function g(60^') depends only on the angular coordinates and it satisfies 
the normalisation condition Je t g(0^) sin 0 dÓ dó = 4r. The soft charge for the 
dressed electric field in Eq. (9) can be found to be 


Que J dQ e(0^) lim (r?E") 


= fa e(04) g(0^), (10) 


where the integral over dQ runs over the transverse angular coordinates, e(04) is a 
weight function and E" is the radial component of the electric field. 

The response function for the dressed field in Eq. (9) is found through the 
expression in Eq. (6) to be!” 

-E)e(-E) | e-9* (C EJA)8 
Weit) BUS EU C OMM. (11) 
2m T(2-c Q) 

where y is the Euler-Mascheroni constant, A is the ultraviolet cut-off and Q depends 
on the averaged squares of soft charges through 


det (2 £492) + (Q2) + ay} (12) 


~ 647462 


In the limit of no soft charges, Q — 0, the response function F(E) reduces to the 
standard expression of the response of a detector without a gauge field coupling.’ 
(E) O(-E) 
27 ] 
In the presence of the soft charges, Q > 0, the excitation rate in Eq. (11) van- 
ishes as expected, but the dependence of the de-excitation rate on the energy gap 
E gets modified through a different power dependence. We conclude that the soft 
charges, and hence the soft photon dressing to the electric field, do not induce spon- 
taneous excitations in our local quantum system, but they do affect the detector's 
de-excitation rate. The general features of these results, in particular the vanishing 
of excitation rate and the dependence of the de-excitation rate on soft charges, were 
shown to hold for our local quantum system for a wide class of soft photon dressed 


Fmink(E) = (13) 


electric fields defined only by their asymptotic properties.!? 
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Particles are spontaneously created from the vacuum by time-varying gravitational or 
electromagnetic backgrounds. It has been proven that the particle number operator in 
an isotropically expanding universe is an adiabatic invariant. In this work we show that, 
in some special cases the expected adiabatic invariance of the particle number breaks 
down in presence of electromagnetic backgrounds. We also show a close relation between 
this breaking of the adiabatic invariance and the emergence of the axial anomaly. 


Keywords: Particle creation, Schwinger effect, adiabatic invariance, axial anomaly. 


1. Introduction 


The proper understanding of the particle creation phenomena, via Bogoliubov trans- 
formations, was pioneered in the analysis of quantized fields in an isotropically ex- 
panding universe. 3 A fundamental issue in the study of particle creation in an 
expanding universe was the adiabatic invariance of the number of created parti- 
cles. The particle number of a quantized field, in the limit of an infinitely slow and 
smooth expansion of the universe, does not change with time,* even if the quantized 
field is massless. In other words, the density of created particles by the expanding 
universe approach zero when the Hubble rate à/a is each time negligible even if the 
final amount of expansion a(tfinat)/a(tinitial) is large. Moreover, pair production 
can also take place in time-varying electric backgrounds,? and it can be regarded 
as a very important non-perturbative process in quantum field theory.? 

'The main purpose of this work is to generalize the analysis of the adiabatic in- 
variance of the particle number observable in presence of an electromagnetic back- 
ground. We find that, for massive fields, adiabatic invariance is, as expected, pre- 
served (for more details see"). For slowly varying electromagnetic potentials no 
quanta is being produced, even if the change in A, over a long period is very large. 
However, in some cases and only for massless fields, the particle number is not an 
adiabatic invariant. We analyze the problem in detail in a two-dimensional scenario, 
for both scalar and Dirac fields. The main results can be easily translated to four 
dimensions. As a by-product of our analysis, we point out a connection between the 


*Talk given by P. Beltran-Palau at the Sixteenth Marcel Grossmann Meeting (2021). 
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(anomalous) breaking of the adiabatic invariance of the particle number operator 
and the emergence of a quantum anomaly in the chiral symmetry. The requirements 
for the non-conservation of chirality seems to be directly related to those found for 
the breaking of the adiabaticity in the particle number observable. Concerning the 
renormalization, it is convenient in this context to use the adiabatic renormalization 
method! for a scalar field in a gravitational background, and recently extended 
for a Dirac field?:? and for an electric background.!9 1? 


2. Brief introduction to particle creation in an expanding universe 


First of all, we will introduce the phenomenon of the spontaneous particle creation 
in the gravitational context. It was firstly introduced by L. Parkert? in the context 
of cosmology, and he developed the analysis for a real scalar field in an expand- 
ing universe, given by the Friedmann-Lemaitre-Robertson- Walker (FLRW) metric 
ds? = dt? — a?(t)d3?. Following the prescription of the Quantum Field Theory in 
curved spacetimes, the gravitational field can be considered as a classical back- 
ground and scalar the quantum field is described by the Klein-Gordon equation in 
curved space-times 


(g"" V, V, +m? + £R)ó — 0, (1) 


where € is the coupling constant of the field with the gravitational background. We 
expand the quantum field as 


Ëk ai "T 

ba) ——————— (Aghi Det? + ALAS (t pu f 2 

6,2) | ay (AO + Apo (2) 

where wp = ym? + (k/a)? and Al and A; are the usual creation and annihilation 

operators. Introducing it into the Klein-Gordon equation we obtain the following 
differential equation for the modes 
dhg 


dB + Ox(t hy — 0, (3) 


Qx(£)? = 2 + (s = i) (8) T (sc = >) = (4) 


This is the equation of a harmonic oscillator with a time-varying frequency, which 
depends on the derivatives of the metric. this idea will be usefull to understand the 
concept of adiabatic invariance. 

It is well-known that the notion of particle is not well defined when the universe 
is in expansion, therefore a useful strategy to analyze the phenomenon is to choose 
a configuration where the expansion is bounded at early and late times, as shown 
in Fig. 1. In this case the number of particles is well defined at early and late times, 
and then we can compare the difference between them. 


where 
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a(t) em 


Fig. l. Scale factor of a bounded expanding universe 


We consider that at t — —oo the vacuum expectation value of the particle 
number is zero, i.e., we choose the vacuum state at early times. This is analogous 
to choose the (normalized) positive frequency solution at early times 


, 1 > in 
Woe- (5) 
Win 
where wi” = \/m? + (k/ai")?. However, the expansion of the universe induces a 
final state which is a combination of positive and negative frequency solutions 
1 - out -out 
hut (t E (exe t + By ele ‘) ; 6 
POT (8) 


where wi” = \/m? + (k/a%*)? and ag and Bp are the well-known Bogoliubov coef- 
ficients. It can be proven that the vacuum expectation value of the particle density 
at late times is not null, as a consequence of the presence of the negative frequency 
solution at late times. It is given by 


(ot) = og | am. (7) 


Therefore, the beta coefficient gives the spectrum of momenta of the spontaneously 
created particles. 


2.1. Adiabatic invariance of the particle number 


Let us now introduce the concept of adiabatic invariance. As we have seen above 

the modes of the field follow an equation of a harmonic oscillator with time-varying 

frequency. In the model we are considering it would be an oscillator that starts 

oscillating with an specific frequency w}” and decreases slowly its frequency tending 
out 


asymptotically to w?"". The energy of an oscillator of this kind changes in time, and 
is be given by the expression 


Ex(t) = EMO + Qi hH). (8) 
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A main property of this kind of oscillators is that the quantity Ex(t)/Q(t) is 
an adiabatic invariant, which means that it remains constant in the limit of an 
infinitely slow variation of the frequency. This limit is known as adiabatic limit. A 
straightforward calculation gives us the expressions of the initial and final energy 
in our particular case of the bounded expansion 


Ep = uf o) 
Eg" = ug" (1 + 2/8, ). (10) 


By the property mentioned above, the difference of quotients (E'"/wi") — 
(E?"! /we"*) should tend to 0 in the adiabatic limit. One can see easily that this 
implies necessarily that |8,|? — 0 in the adiabatic limit. This means that in the 
limit of an infinitely slow expansion of the universe no particles would be created 
by the effect of the gravity, and that’s why we say that the particle number is an 
adiabatic invariant in this context (for more details on this concept see*). But there 
are other scenarios of particle creation in which this adiabatic invariance of the 
particle number can be broken, as we will see in the following sections. 


3. Breaking of the adiabatic invariance by the electric field in 2D 


We know that the phenomenon of particle creation is not a particular property 
of the gravitational field. For instance, a strong electric background can also pro- 
duce spontaneously pairs particle-antiparticle from the vacuum. This phenomenon 
is known as the Schwinger effect. A logical question we can formulate is, does the 
adiabatic invariance of the particle number remains when the particle production 
is induced by an electric field? To answer this question, we will firstly analyze the 
2-dimensional case and then we will extend it to 4 dimensions. Let us consider 
a spatially homogeneous and time dependent classical electric field E(t) acting in 
the unique spatial direction. For convencience we choose a particular form of this 
background, which is a Sauter-type!^ electric pulse given by 


E(t) — E cosh™? (pt), (11) 


shown in Fig. 2(a). It can also be described by the potential A,, = (0,—A(t)), with 
E(t) = —A(t), i.e. 


A(t) = 2 Ao (tanh(pt) +1) . (12) 


This potential, analogously to the scale factor in the gravitational case, is bounded 
at early and late times, as shown explicitly in Fig. 2(b), starting in 0 and tending 
to a constant value that we denote as Ag. Note that p plays the role of a slowness 
parameter. The variation of the potential vector is slower when p decreases, then the 
adiabatic limit is equivalent to the limit p — 0. As a first approach we will consider 
the 2-dimensional case for simplicity, and in the next section we will extend the 
results to the 4-dimensional case. 
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Fig. 2. (a) Sauter-type electric pulse for Ag = 5 and for different values of the slowness parameter 
p. (b) Electric potential associated to the pulse for the same values of p. The adiabatic limit 
corresponds to p — 0. The variables have been scaled with q to obtain dimensionless variables. 


3.1. Scalar field 


We will firstly analyze the case of the creation of scalar particles by an electric field. 
The Klein-Gordon equation for an electric background is given by 


(D,D" +m’) — 0, (13) 


where D,,ó = (0, + iq). We expand the field in terms of the usual annihilation 
and creation operators as 


Ae LOO + Ble" B]. (14) 


^? dk 
bajs ——— 
& rii \/ 2(27) | 
Therefore the differential equation for the modes is given by 
hu (t) + (m? + (k — qA(t))) he(t) =0. (15) 


Analogously to the gravitational case we locate the vacuum at early times, which 
is analogous to choose the positive frequency solution, and solving the equation we 
obtain at late times a combination of positive and negative frequency solutions, 
in terms of Bogoliubov coefficients. Finally we obtain the expression for the 6, 
coefficient which gives the spectrum of momenta of the created scalar particles 


cosh [resur ) + cosh (s (222? — 1) 


2 sinh (m2) sinh (12x) 


where win = Vk? +m? and Wout = /(k — gAo)? + m?. For conservation of the 


charge, the same amount of anti-particles will also be created with the same spec- 


||? = (16) 


trum, but in the opposite direction, i.e., |G_,|?. 

From this expression one can prove’ that in the adiabatic limit, p — 0, |G, 
tends to 0 for massive particles, but in the massless case it tends to 1 inside the 
interval of momenta k € (0,qAo), and it is 0 elsewhere. In other words, in the limit 
of an infinitely slow electric pulse only massless particles would be spontaneously 
created. Therefore, in the case of massless particles the adiabatic invariance of the 
particle number is broken. 


| 2 
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The density of created particles can be obtained by integrating |54|? in all mo- 
menta. In Fig. 3 we represent the density of particles for different values of the 
mass in terms of the slowness parameter p. Note that in all the massive cases the 
production of particles is reduced when the process is more adiabatic, and in the 
limit when it is infinitely adiabatic (p — 0) the number of particles is 0. However, 
in the massless case the particle density tends to a non-null value, which is given 


by (N) = laAo|. 


T 


1 2 3 4 5 9 


Fig. 3. Density of late-time created scalar particles as a function of the adiabaticity parameter 
p, for Ag = 5 and for different values of the mass. 


3.2. Dirac field 


A Dirac field coupled to an electric background in 2 dimensions is described by the 
following Dirac equation 


(iy Dy — mp = 0, (17) 


where 4" are the Dirac matrices and D, = 0, —iqA,. We expand the field in terms 
of the creation and annihilation operators and normalized spinors as follows 


-— œ dk tka hi (t) T,—ikm MIN (t) 
w(t, x) = J. VER [Bre e + Dye "SIE (18) 
The field equation is converted into the system of differential equations 
hl —i(k+qA) hl — imhl! = 0 (19) 
hl! +i(k+qA) hI! — imn] — 0. (20) 


Following a similar procedure as in the scalar case, we impose a positive fre- 
quency solution at early times and solve the equation, obtaining at late times also 
a negative frequency term." From that expression we can obtain the Bogoloiubov 
coefficient that describes the spectrum of momenta of the created particles 


cosh (s 92212.) — cosh (1252) 


P= 21 
dl 2sinh (m=) sinh (15e) e) 
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Note that |8;|? < 1 in accordance with the the Pauli's exclusion principle. As for the 
scalar field, in the adiabatic limit p — 0 this expression tends to 0 in the massive 
case, but in the massless case instead |B,|? = 1 inside the interval k € (0,qAo). 
Therefore, the adiabatic invariance is also broken for massless Dirac fermions. To 
clarify this idea, in Fig. 4 we show the density of particles, after integrating in 
all momenta, in terms of p for different masses. Note that, unlike the scalar case, 
the density of particles in the massless case is the same ((N) = |qAo|/7) for any 
value of p, i.e., it only depends on the final value of the electric potential, not on 
its form. 


1.5 
— míqz1.5 
— miq=1 
1.0 
— m/q=0.5 
— m/q=0.2 
0.5 — m/q=0 


. m 2 
1 2 3 4 5 4 


Fig. 4. Density of late-time created Dirac fermions as a function of the adiabaticity parameter p, 
for Ao = 5 and for different values of the mass. 


3.3. Relation with the axial anomaly 


This breaking of the adiabatic invariance is closely related with the axial anomaly, 
which is also manifested in the creation of massless particles. Let us analyze this 
relation. It is well-known that the classical axial symmetry of the massless Dirac 
field is broken when considering it as a quantum field, which is known as axial 
anomaly. In 2 dimensions this anomaly can be expressed by? 

0 res = ce Fn E, (22) 
where (7^) is the 4-vector that contains the axial charge and current. Note that its 
divergence gives a non-vanishing value, unlike in the classical case. 

In 2 dimensions it is easy to see the relation of this phenomenon with the creation 
of particles, since the chirality of a particle is linked to its electric charge and 
the direction of its movement. For instance, a positive charged particle moving in 
the positive direction of movement would have right-handed chirality. The created 
particles by the electric field are produced in pairs with opposite charge and opposite 
direction of movement, therefore both particles of every pair will have the same 
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chirality, creating a net chiral charge. In fact, the created pairs generate a electric 
current, which in 2 dimensions is directly proportional to the chiral charge. This 
observable can be calculated by using adiabatic renormalization, and the result of 
the total chiral charge of the created massless Dirac fermions is 
qA(t 
(35 Iwan = ( : (23) 


T 


(for more details on the adiabatic renormalization method for Dirac fields 
seet® 12,13) Note that this expression coincides with the one obtained by integrating 
(22), i.e., the chiral charge created by the massless fermions is the one predicted by 
the axial anomaly. This anomaly remains even if the background changes infinitely 
slow, just like the creation of massless particles as we have seen in the previous 
section. Then we can see the close relation between the axial anomaly and the 
breaking of the adibatic invariance. It is also interesting to remark that for massless 
scalar fields in 2 dimensions one can define an analogue axial anomaly, and it can 
be proven to be also compatible with the particle production effect. 


4. Generalization to 4 dimensions 


In this section we will generalize the previous results to the 4-dimensional case, 
and will analyze the influence of the introduction of a magnetic background apart 
from the electric one. We will choose the electric field acting in the direction z. We 
will not give the explicit details of the calculation but a summary of it, since it is 
analogue to the one in 2D. In fact one can see that the differential equations for 
the modes (and therefore the expression of 8x) can be related with the 2D ones by 
changing k by ka and the mass by an effective mass, which depends on the case. 
'This simplifies a lot the analysis, since we know for the previous analysis that the 
breaking of the adiabatic invariance (i.e. |8z| #4 0 when p — 0) is given when this 
effective mass (m. yy) is 0. 

If we consider only an electric background, the effective mass is m? = m? + 
k? + k2, and then for m = kı = kp = 0 the Bogoliubov coefficient would tend to 
a non-null value when p — 0. But since the momentum is a continuous quantum 
number and the density of particles is obtained by the integration in all momenta, 
the amount of created particles with this specific momentum is diluted in the infinite 
space, and the total particle density vanishes in the adiabatic limit. And then the 
adiabatic invariance is preserved in this case. 

But the situation changes when adding a classical magnetic background. We 
choose for simplicity a constant magnetic field in the same direction as the electric 
one. In this case the perpendicular momentum kı is quantized in the well known 
Landau levels. For the scalar field the effective mass is m2;; = m? + (2n + 1)|qB\, 
where n denote the Landau levels. This quantity never vanishes, and then the adi- 
abatic invariance is preserved. On the other hand, for the Dirac field the effective 
mass is m? "E m? + 2n|qB|, which vanishes for m = 0 and in the ground level 
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n = 0. In this case the particle number is obtained by the summation of all levels, 
and then the contribution of n — 0 is not diluted. Therefore in this case the particle 
density does not vanish in the adiabatic limit, which means that there is a breaking 
of the adiabatic invariance. 

We can also see in this cases the close relation between this phenomenon and 
the axial anomaly. On one hand, in 4 dimensions this anomaly appears in the same 
conditions as the breaking of the adiabatic invariance, which are massless fermions 
in presence of not perpendicular electric and magnetic background fields. On the 
other hand, the chiral charge of the created massles fermions is given by 


2 t 
q =n B 
(ja een = Tn dt’ E(t')B, (24) 


oo 
which has been obtained by using adiabatic renormalization. This expression co- 
incides with the axial anomaly in 4 dimensions. And finally, the only mode that 
contributes to the chiral charge created by the axial anomaly is the lower one, 
n = 0, which is also the one that produces the breaking of the adiabatic invariance, 
as seen before. 


5. Summary and conclusions 


We have analyzed the adiabatic invariance of the particle density spontaneously 
created by an electromagnetic background. This property, which is verified in the 
case of a gravitational background, is broken in some cases when the background 
is an electromagnetic field. Specifically for massless scalar and Dirac fields in 2 
dimensions in presence of an electric background, and for massless Dirac fields in 
4 dimensions in presence of non perpendicular electric and magnetic background 
fields. We have also seen that there is a close relation between the breaking of 
the adiabatic invariance and the axial anomaly since both phenomena emerge in 
the same cases. Morover the amount of chiral charge produced by the creation of 
massless particles that remains in the adiabatic limit coincides with the expected 
one by the axial anomaly. 
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Dynamics of relativistic electrons in non-uniform magnetic fields and 
its applications in quantum computing and astrophysics 
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We explore the two-dimensional motion of relativistic electrons when they are trapped in 
magnetic fields having spatial power-law variation. Its impacts include lifting of degener- 
acy that emerged in the case of the constant magnetic field, special alignment of Landau 
levels of spin-up and spin-down electrons depending on whether the magnetic field is 
increasing or decreasing from the centre, splitting of Landau levels of electrons with zero 
angular momentum from that of positive one and the change in the equation of state of 
matter. Landau quantization (LQ) in variable magnetic fields has interdisciplinary appli- 
cations in a variety of disciplines ranging from condensed matter to quantum information. 
As examples, we discuss the increase in quantum speed of the electron in presence of 
spatially increasing magnetic field; and the attainment of super Chandrasekhar mass of 
white dwarfs by taking into account LQ and Lorentz force simultaneously. 


Keywords: Landau quantization; Non-uniform magnetic field; Dirac equation; 
Chandrasekhar-limit; Quantum speed limit 


1. Introduction 


Landau Quantization (LQ) is the phenomenon of the quantization of the cyclotron 
orbits of charged particles in presence of magnetic field. LQ has been widely dis- 
cussed for uniform magnetic fields both in non-relativistic! as well as relativistic? 
cases. It leads to many interesting effects like quantum Hall effect, de Has Van 
Alphen effect, Shubnikov oscillations, modification to the equation of state (EOS) 
and change in the neutron drip line. The modified EOS was later proved to be useful 
in explaining the mass of super Chandrasekhar white dwarfs.? 

However, a complete uniform magnetic field is an idealistic realization. What if 
it is non-uniform as in astrophysical systems and plasmas? In white dwarfs, neutron 
stars and even main sequence stars, the magnetic field varies drastically from centre 
to surface. Plasma can act as a source of both increasing and decreasing magnetic 
fields depending on its properties. Even in laboratories, fluctuations in the magnetic 
field are a common sight. This motivates us to initiate the exploration of the dynamics 
of a relativistic electron in presence of strictly spatially variable magnetic fields. 

We show different arrangements of the energy levels of an electron when it is 
trapped in variable magnetic fields. Further, we explore its applications in the fields 
of quantum information by showing an increase in quantum speed of an electron in 
presence of a spatially increasing magnetic field, and astrophysics, in the magnetized 
white dwarfs. 
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2. Solution of Dirac equation in presence of magnetic fields 


'The Dirac equation in the presence of magnetic field for an electron of mass m, and 
charge q (—€) is given by 
V A 
ince = fea : (-inv — zm) + Bme V, (1) 
c 


where « and £ are Dirac matrices, A is the vector potential, A is the reduced Planck 
constant and c is the speed of light. For stationary states, we can write 


v= emë f], (2) 


where ¢ and x are 2-component spinors. 
Therefore, the decoupled equation for x obtained from Eq. (1) is 


(E -mx = [e (72 - em) x (3) 


where m = —ihV — qA/c. 
We choose a simple power law variation of the magnetic field in compliance with 
Maxwell’s equations as 


B = Bop", (4) 
in cylindrical coordinates (p,¢,z). Such a field profile can take into account the 
uniformity in magnetic field when n = 0 as well as an increase and a decrease in 


fields with respect to radial coordinate with n > 0 and n < 0 respectively, satisfying 
other physics intact. Using a gauge freedom for the vector potential A, we choose 


prt d P 
A = Bo 759 = Ad. (5) 
Let 
x = elmet z) Ry (p). (6) 


Since the electron is confined to a plane perpendicular to the direction of magnetic 
field (z-direction), p, = 0. By substituting x from Eq. (6) into Eq. (3), and dividing 
it by m2c?, Eq. (3) becomes 


9? 18 m?]. 
EN C d GSP RE iN 
SEED di b. toa p | i 


n+1 2 
ea + kde (25 as 1) Bop” 
TL 


+ Re, (7) 


n+2 


where «a is the eigenvalue of the problem and is equal to €? — 1, € = E/m.c’, 
Ae = h/mec and k = e/mec?. Further, choosing Ri(p) = u4(p)/ /p, the above 
equation is reduced to 


Qua = E TV u (8) 
a Ope eff £; 
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such that 


1 m? kBopn t : 2m n 
Veg = AX luxum + (a) + kde (25+ 1) Bop . (9) 


0 0.2 0.4 06 08 1 12 14 16 18 2 
p (pm) 
Fig. 1. The variation of effective potential for different n for Bg = 101? G pm-". The black 


horizontal line represents Veff = 0. Various potentials at p = 1 pm from bottom to top represent 
n = 1,0, —0.5, — 1 and — 1.1 respectively. 


The variation of Vesp for different n is shown in Fig. 1. It can be seen that Ver 
is completely repulsive for n less than or equal to -1, whose solution will depend on 
the distance from the source (origin of the system) upto which a particle can move. 
Therefore, the energy eigenvalues for such cases depend upon where we put a hard 
wall making the system equivalent to confining the electron in a box. However, we 
do not want to apply any such restrictions on the electron. We, therefore, limit our 
analysis to the cases with n greater than -1. 

We use "Shooting and Matching" method to solve Eq. (8). For computational 


=f 


analysis, we choose p and Bo in the units of picometer (pm) and G pm™ respec- 
tively. 
For uniform magnetic field, i.e. n — 0, the eigenvalue of level v is given by 
m| m 1,1 
y = 2kXB, apo ee). 10 
T ? (o t3 "e o 


where ‘m’ is the azimuthal quantum number.! One can easily see from Eq. (10) 
that ground state eigenvalue (ao) is 0 and all the other energy levels are doubly 
degenerate. Also, energies are same for m > 0, which turn out to be 
2 22 24 Bo 
EY = p + mgc 1+ 2w ; (11) 


c 


where Be = m2c? /eh, the Schwinger limit of pair production. 
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3. Eigenspectra and dispersion relations 
3.1. m — 0 


Figures 2 and 3 show the eigenspectra for different n, obtained from Eq. (7) by 
taking m — 0. On comparison of the eigenlevels without Zeeman effect (yellow- 
solid lines in the left) in Fig. 2, it can be observed that the spacing between the 
eigenlevels increases for n > 0, remains same if n = 0 and decreases for n < 0, from 
ground to higher levels. It owes to the chosen magnetic field variation in the region. 
If the magnetic field is spatially increasing, it has low strength near the centre and 
becomes strong near the outer boundary. Hence, the lower levels have lesser spacing, 
and the gap between consecutive levels increases for higher levels. The opposite is 
true for a decaying field profile. 


— — without Zeeman splitting 


=2 n=0 n= -0.4 


Fig. 2. Comparison of eigenlevels and the splitted states of +o.B and — o.B for n = 2,0 and 
—0.4. 


Breaking of degeneracy that arose in uniform magnetic field takes place for both 
increasing and decreasing magnetic fields if Zeeman effect is included. However, 
the alignment of levels for spin-up and spin-down electrons is quite different for 
these two cases as shown in Fig. 2. While the spin pattern for n > 0 is dududu..., 
it becomes ddudud... for n < 0 until n = —0.6, as can be inferred from Fig. 3. 
Below -0.6, the spin pattern is highly ambiguous, say for n — —0.8, it is dddudud..., 
whereas for n = —0.9, it changes to ddddudud.... Here, d and u denote the levels 
for spin-down and spin-up electrons respectively. It is remarkable that the ground 
level for the spin-down electron always lies at 0 for all n. 
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— without Zeeman splitting 


: 
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— V, 
4« v—— 
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= 
— 
^ — > 
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i : : : 
QN ` ' 
— ^" x ' 
wý ` ` ' 
= = = 
n=0 n= -0.3 n= -0.6 n= -0.9 


Fig. 3. Comparison of eigenlevels and the splitted states of +o.B and — ø.B for n = 0 and when 
n is negative. 


One can, thus, obtain the desired spacing between the eigenlevels using non- 
uniform magnetic fields. For example, we can prepare a system with electrons con- 
fined to lower levels in a decaying magnetic field, say with n = —0.8 or —0.9. Such a 
system will then have only spin-down electrons due to the availability of lower levels 
for the same. Thus, we can achieve a single spin system using such variable mag- 
netic fields. Also, a spin-based transition can be observed in presence of increasing 


magnetic fields, if we restrict the energy of electron between spin-up ground level 
and spin-down first excited state energies. 


Table 1. The values of the con- 
stants of Eq. (12) for various 
n. Here Bo in Eq. (12) is cho- 
sen in the units of 1015 Gpm7” 


n C3 Cs 
—0.5 195.66 0.484 
—0.4 134.63 0.486 

—0.3 97 0.488 

—0.2 72.5 0.4934 

—0.1 56 0.50 
0 44.42 0.50 
1 10.95 0.5156 
2 5.72 0.50 
3 3.965 0.51 
4 


3.15 0.51 
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We obtain a general expression for the eigenvalue of a level v for arbitrary n 
using trial and error method, given by? 


(12) 


2 24+2n Cs 
Gt = C3 Bo 7 (V+ Cs) »*3 | 1 + ———]. 
£ 3 20 ( 5) | (v L — 
where C3 and Cs are constants whose value depends on n. The values of these 


constants for some n are given in Table 1. 


3.2. m #0 


We compare the eigenvalues between positive m (m — 1) and negative m (m — —1) 
with m = 0 for different variations in the magnetic fields. When n = 0, positive 
m does not have any impact on the eigenvalues in comparison with m = 0, while 
negative m leads to the increment in energies, as depicted in Fig. 4 as well as can be 
inferred from Eq. (10). The Fig. 4 shows that for variable magnetic fields, the trend 
with respect to negative m remains same as that for the uniform one, however, the 
impact of positive m changes for the varying field. While it leads to an increase in 
energies for n > 0, the energies decrease, if n is negative. 


n=2 n=0 
80 T 300 : : 
70 4 i i 
250 4 d i 
; og 4 
200 4 + t 
$ ù 6 è 
2 150 4 sii MaR in 
i e G 9° + 
100 4 m — 
° u * 
507—873 
& T T t T T t T T 
[ 1 2 3 4 5 6 T 8 9 9 
v v v 


Fig. 4. The variation of eigenvalue with the eigen-index for m = 0 with —ø.B (black solid circles) 
and +o.B (black asterisks); m = +1 with —o.B (cyan upward triangles) and --o.B (cyan downward 
triangles); m = —1 with —o.B (magenta diamonds) and +ø.B (magenta squares), for n = 2,0 and 
—0.4. 


4. Finding ground state energy using variational method 


We can find the upper bound of the ground state eigenvalue o using the variational 
principle,? which states that 


Ej, < (H), (13) 


where Egs represents the ground state energy and (H) is the expectation value of 
Hamiltonian. 
We choose the ground state wavefunction for both the spins of electron as 


J. KBgp^ tl 
Ro =e ^w»2?, (14) 
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The normalisation constant (No) is given by 


(15) 
where 
a ex ài a—1 =z? 
Tr (2) = Zi z^ e * da. 
Hence, the normalised wavefunction Ro = NoRo. T herefore, 
Š KB 2 
R! — _pyrtl 0 R 16 
p ED 0; (16) 
and 
RY = (n +1)» o_ fi Em a (17) 
— —(n 
? Pend) Lane) ^79 
Hence, 
Qrar = (Ro| Q+ | Ro) (18) 
K Bg, (1x 1 2KB M 
_ KBor(1 + 1) 0 (19) 
Ae(n + 2)? 


r(ziz) 


Thus, Eq. (19) provides an upper bound on the ground state energies for spin-down 
and spin-up electrons. (Eq. 19 can be obtained from Eq. 7). 


Table 2. Comparison of analytical 
and computational oo values at dif- 


ferent n for Bo = 10!5 G pm™. 
m Compt XTn + 
—0.5 225.83 256.70084 
—0.4 151.124 162.464 
—0.3 105.612 109.563 
—0.2 76.716 77.840 
—0.1 57.55 57.746 
0 44.4 44.418 
1 8.702 10.090 
2 3.969 5.700 
3 2.534 4.427 
4 1.907 3.953 


Note that aop,- is zero for all n, which is the exact eigenvalue for the ground 
state of spin-down electron. For spin-up electron, the above expression provides 
the exact ground state eigenvalue only for the uniform magnetic field, but deviates 
for the non-uniform one. The comparison of actual ag obtained computationally 
(Q0comp+) and the approximate analytical one obtained in this section (&op,„+) for 
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spin-up electron at By = 10? G pm for different n is shown in Table 2. The 
deviation between the two values increases as one goes away from n — 0 in either 
direction. It is noteworthy that the power-law dependence of a, on Bo in Eq. (19) 
is 2/(n + 2) which is same as in Eq. (12), where a for a general v is obtained using 
an appropriate ansatz. 


5. Applications 


In general, LQ in non-uniform magnetic fields can be useful in multiple domains of 
physics ranging from quantum information to condensed matter systems. Here, we 
will discuss its applications in quantum information via the increase in quantum 
speed of an electron and in astrophysics for the super-Chandrasekhar white dwarfs. 


5.1. Increase of quantum speed 


Quantum speed of a particle is defined as the speed of its transition from one energy 
level to the other. It has a direct influence on the processing speed of quantum infor- 
mation. The electron levels are equivalent to qubits in quantum information. Thus, 
if the transition between the levels takes place at higher pace, switching between the 
qubits will be more rapid, thereby, leading to faster processing of quantum informa- 
tion. Therefore, attaining higher quantum speed is one of the major requirements 
of the researchers in the field of quantum computation. 

Assuming that the initial state of the electron is the superposition of the two 
consecutive states: the ground and the first excited one, given by 

V(p.0) = lolo) n (o) (20) 
with m = 0, p; = 0 and the respective energies Eg and Ei. For the transition of an 
electron from ground state to first excited state, the minimum time of evolution of 
wavefunction (Tmin) is evaluated using Mandelstam-Tamm bound? as 
nh 


Tmin = 2AH' (21) 
where 
AH — m (22) 
The radial displacement of electron in time Tmin is given by 
Ddisp = 2 D: pDs(p)dp |, (23) 
where 
D,(p) = u$ p vs. (24) 
Hence, the quantum speed of electron is 
y= Pus (25) 


, 
Tm in 
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spin-up 
spin—down 


-2 -21 011 2 3 45 67 8 9 0 
n 


Fig. 5. Variation of quantum speed of spin-up and spin-down electrons for transition from ground 
state to first excited state with different n at Bo = 1016 G pm™”. 


Figure 5 illustrates the variation of the quantum speed of an electron with the 
change in non-uniformity index of the magnetic field in the relativistic regime. As 
it can be seen from the figure, the quantum speed of the electron increases with 
increasing n; reaches the maximum and then begins to decrease. Whereas quantum 
speed is maximum for n = 1 for spin-down electron, n has to be 6 to reach the 
highest speed for spin-up electron for By = 101 G pm". This is associated with 
the varied alignment of energy levels in non-uniform magnetic fields lifting the 
degeneracy between n < 0 and n > 0 as shown in Fig. 2. Therefore, if a spin-up 
electron is trapped in a magnetic field that is spatially increasing in magnitude even 
linearly (n = 1), then we can achieve a higher speed of transition of the electron as 
shown in Fig. 5. 


5.2. Super-Chandrasekhar white dwarfs 


Astrophysical bodies like white dwarfs, neutron stars and magnetars are the natural 
sites to observe non-uniform magnetic fields, wherein, the difference between the 
central and the surface magnetic fields lies upto 3 — 4 orders of magnitude or even 
higher. 

The main impact of LQ in stellar physics is to modify the underlying EOS due 
to the discretization of energy levels in presence of strong magnetic fields. For a 
constant magnetic field, the energy levels are degenerate and the spacing between 
the eigenlevels is constant, but for a variable magnetic field case, the degeneracy 
breaks down and the spacing between levels is non-uniform, as shown in Figs. 2 and 
3, which brings a considerable change in EOS in presence of non-uniform magnetic 
fields. 
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(a) (b) 


Fig. 6. (a) EOS for different n at €fmax = 17 for Bo = 2x 1015 Gpm-". (b) Mass-radius relation 
of magnetized white dwarf for the magnetic field profile chosen in Eq. (33). 


In a non-uniform magnetic field, the electron number density at zero temperature 


is given by 
V=Vm— V=Vm+ 
Ne = ae (> > 8-( e? Bev) erry D): (26) 
where ‘+’ sign and ‘—’ sign indicate spin-up and spin-down respectively, 
zrat) = [& - (A as ()]* (27) 
and 
Bs = (a+ (v +1) — a4 (v — 1)) /2. (28) 
Note that vm, is the largest integer value of v such that 
Or, € ep — 1. (29) 
The pressure of an electron gas at zero temperature is given by 
P. = mea (3 L i-e ac (f ——— 
E zr (v) 
+ Y b eos — ; | (30) 
where 
fola) e ; (z 14+22-In(z4+ V14 2 ; (31) 


Figure 6(a) shows how the EOS changes with n at Bo = 2 x 10? G pm™. For 
a given €fmaz, the allowed number of levels decreases with decreasing n. With the 
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decrease in number of levels, EOS becomes stiffer and softer in high and low density 
regimes respectively. Although, the spatially increasing magnetic field is not com- 
mon in stellar objects, we also show the change in EOS of electron in presence of 
an increasing magnetic field that may come handy for future explorations. 

To probe the effect of LQ and Lorentz force simultaneously in white dwarfs, we 
choose the following sample magnetic field profile. 


Boé, if p < 850 km, 
B= < Bo (72) °” 2, if 850 km < p € 900 km, (32) 
Bo (ey 2, otherwise, 


such that the central and the surface magnetic field are 2 x 101? G and around 107? 
G respectively. Also, (B - V)B = 0 and V - B = 0 for the chosen profile. Therefore, 
the non-rotating white dwarfs will be spherical in shape. Hence, in spherical polar 
coordinates with 0 — 7/2, the field profile is given by 


— Bf, if r < 850 km, 
B — 4 -Bo(4 m) 6 if 850 km < r < 900 km, (33) 
— Bo (ar 0, otherwise, 


'The mass and radius of a white dwarf can be obtained by solving 


d B GM (r)(pe + pp) 

a (Pet) = ee (34) 
dM 
T = Anr^ (p. + pB), (35) 


where pg is the magnetic density, B? = B: B, pe = nempe, Mp is the mass of 
proton, He is the mean molecular weight per electron and G is Newton’s gravitation 
constant. 

The mass-radius relation, shown in Fig. 6(b), depicts the existence of super- 
Chandrasekhar mass white dwarfs in presence of central strong magnetic field. Al- 
though, here, the surface magnetic field obtained is around 10!? G, the results are 
unaffected even if the surface magnetic field of white dwarfs is lower, say around 
10? G which is detectable. 

Here, for r « 850 km, since, magnetic field is uniform, EoS would be Landau 
quantized for the same magnetic field at Bọ = 2 x 101? G. For r > 850 km, the 
field decays to a lower strength so that Chandrasekhar’s non-magnetic EoS suffices. 
Only at the interface around 850 km, non-uniform field based LQ applies in EoS, 
but in a very tiny region. Hence practically, for the present example, LQ EOS based 
on non-uniform field does not play an important role in controlling the dynamics of 
magnetised white dwarf. However, it helps to account for the whole system including 
the small zone around 850 km that contains the decay of the magnetic field. 
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6. Summary 


LQ in strictly spatially variable magnetic fields is a new venture on its own. It leads 
to the different alignment of energy levels of an electron as well as the breaking 
of spin degeneracy, depending on the variation of magnetic field. Hence, it can be 
useful in the multitude of fields wherein one can attain the desired spacing and 
alignment of levels through an appropriate non-uniformity in magnetic fields. 

We have explored its application in quantum computing through an increase in 
quantum speed of electron in spatially increasing magnetic field. We also discuss 
the increase in stiffness and softenss of EOS at high and low densities in presence of 
non-uniform magnetic fields as compared to the case of uniform magnetic field (as 
well as Chandrasekhar EOS). This, we, further, use to understand the properties of 
magnetized white dwarfs in the small zone of rapidly decaying magnetic field. 


References 


1. L. D. Landau and E. M. Lifshitz, Quantum mechanics: Non-Relativistic Theory, 
2nd edn. (Elsevier, Amsterdam, the Netherlands, 1965). 

2. P. Strange, Relativistic Quantum Mechanics (Cambridge University Press, Cambridge, 
1998). 

3. U. Das and B. Mukhopadhyay, Strongly magnetized cold degenerate electron gas: Mass- 
radius relation of the magnetized white dwarf, Phys. Rev. D 86, 042001 (2012). 

4. S. Aggarwal, B. Mukhopadhyay and G. Gregori, Relativistic landau quantization in 
non-uniform magnetic field and its applications to white dwarfs and quantum informa- 
tion, SciPost Physics (2021), accepted for publication, arXiv:2110.09543. 

5. D. J. Griffiths, Introduction to Quantum Mechanics, 2nd edn. (Cambridge University 
Press, Cambridge, 2017). 

6. L. Mandelstam and I. Tamm, The energy-time uncertainty relation in non-relativistic 
quantum mechanics, Izv. Akad. Nauk SSSR 9, 122 (1945). 


4374 


Validity of the semiclassical approximation in 1+1 electrodynamics: 
Numerical solutions to the linear response equation 


Ian M. Newsome 


Department of Physics, Wake Forest University, 
Winston-Salem, NC 27109, USA 
Email: newsim18Qwfu.edu 


From previous work,! the semiclassical backreaction equation in 1+1 dimensions was 
solved and a criterion was implemented to assess the validity of the semiclassical approx- 
imation in this case. The criterion involves the behavior of solutions to the linear response 
equation which describes perturbations about solutions to the semiclassical backreaction 
equation. The linear response equation involves a time integral over a two-point cor- 
relation function for the current induced by the quantum field and it is expected that 
significant growth in this two-point function (and therefore in quantum fluctuations) 
will result in significant growth in solutions to the linear response equation. It was con- 
jectured for early times that the difference of two nearby solutions to the semiclassical 
backreaction equation, with similar initial conditions, can act as an approximate solu- 
tion to the linear response equation. A comparative analysis between the approximate 
and numerical solutions to the linear response equation, for the critical scale for particle 
production, will be presented for the case of a massive, quantized spin !/ field in order 
to determine how robust the approximation method is for representing its solutions. 


Keywords: Schwinger effect; semiclassical electrodynamics; linear response; validity. 


1. Introduction 


The semiclassical approximation has been utilized in a wide range of physical situa- 
tions where a quantized field evolves in a classical background. The relevant scenario 
for the following discussion involves the decay of an electric field via the Schwinger 
effect.? The original calculation by Schwinger in 1951 involved a background field 
calculation in which an electric field E, that is constant in space and time, gives rise 
to a particle production rate due to vacuum decay. At leading one-loop order the 
particle production rate is proportional to a factor of exp[—7m?/gE), from which 
one can define a critical scale for pair production that is Ec, ~ m?/. 

The time evolution of the net electromagnetic field is described by the semi- 
classical backreaction equation and has been solved for the case of a homogeneous 
electric field coupled to a massive scalar or a massive spin !? field in 1+1°° and 
3--1*7 dimensions. When particles are produced, they accelerate in reaction to 
the background electric field, creating an electric current. This current produces a 
counter electric field which initially damps the original background electric field, 
and at late times the net electric field will oscillate. 

Given that the semiclassical electrodynamics model is an approximation to 
quantum electrodynamics, it must be asked to what extent is this an accurate 
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approximation? Concerning the model presented here, the semiclassical backreac- 
tion equation involves an expectation value of the current constructed from quantum 
fields and for this to be a satisfactory approximation to what one would measure, 
it is necessary that quantum fluctuations be small. 

To summarize the previous work which led to the development of the numerical 
solution to the linear response equation presented in these proceedings, the main 
goals in [1] had been to study the details of the particle production process when 
backreaction effects were taken into account and subsequently to estimate the sig- 
nificance of certain types of quantum fluctuations to investigate the validity of the 
semiclassical approximation for 1+1 electrodynamics. This included solving the nec- 
essary backreaction equations for scalar and spin 1⁄2 fields coupled to two different 
classical source profiles, one which led to an asymptotically constant electric field 
and the other being the Sauter pulse. To wit, a criterion was implemented to assess 
the validity of the semiclassical approximation which had been previously applied 
to the process of preheating in models of chaotic inflation,® with an earlier version 
applied to semiclassical gravity? This criterion involves the behavior of solutions to 
the linear response equation, which can be derived by perturbing the semiclassical 
backreaction equation about a background field solution. 

In general, the linear response equation is a second order integro-differential 
equation which can be cumbersome to solve numerically. Therefore a method was 
developed? to approximate solutions to the linear response equation which involves 
the difference between solutions to the semiclassical backreaction equation with 
similar initial conditions. For early times, this difference is expected to act as an 
approximate solution to the linear response equation as long as the exact solution 
is relatively small. 

Subsequently, an effort has been made to directly solve for the numerical so- 
lutions to the linear response equation for the case of an asymptotically constant 
background electric field, initially zero, coupled to a spin % field. For the purposes 
of this proceeding, the numerical solutions to the linear response equation are de- 
sired in order to determine how robust the method for approximating its solutions 
will be. Therefore, a comparative analysis between the numerical solutions to the 
linear response equation and its approximate solutions described previously will 
be presented in what follows, with special attention given to the critical scale for 
particle production. 

The structure of this paper is as follows: in Sec. 2 a brief review of the system 
is discussed including quantization of the spin 1⁄2 field, the semiclassical backreac- 
tion equation, and the renormalization procedure used. Sec. 3 contains a review of 
relevant material! including the criterion for the validity of the semiclassical ap- 
proximation with the general and specific forms of the linear response equation 
presented for the case of a spin 1⁄2 field coupled to a background electric field. Also, 
included is a discussion of the method used to approximate solutions to the lin- 
ear response equation. In Sec. 4 an analysis of the numerical solutions to the linear 
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response equation is given, with a comparison drawn between its approximate so- 
lutions, with an emphasis on the critical scale for significant particle production. 
Sec. 5 includes a summary of results and discussion thereof. 


2. Quantization and Renormalization of a Spin V5 Field 


This section describes the model under consideration: a quantized spin 1⁄2 field which 
interacts with a background electric field generated by a prescribed classical source. 
Analysis is restriced to 1+1 Minkowski spacetime with the assumption that the 
background electric field is spatially homogeneous in a given reference frame, i.e. 
E = E(t). Furthermore, the metric signature is chosen to be (—, +) with c =h=1. 

The classical action describing a spin V field Y(t, x) coupled to a background 
electric field is given by 


1 7 E 
g= nz |-in.e" + A, JIE + dy" Du — mpv|. (1) 


Here Fy, = 0, A, — 0, A, is the electromagnetic field strength tensor, m the mass 
of spin ¥ field excitations, D, = 0, — iqA, the gauge covariant derivative, JG 
a classical and conserved external source, and v = v!4?. The Dirac matrices ^" 
satisfy the following anticommutation relations (4^",,") = —2ny,. 

Variation of (1) with respect to the vector potential yields the general form of 
Maxwell’s equation 


-LIA* + 0^0, A" = JE + JË. (2) 


The classical source and background electric field generated by this source is chosen 
to be 

for t > 0 and Jo = 0 for t < 0. Note, the term Jc in (3) is the spatial component 
of Jé. Since the classical current is initially zero, and gives rise to an electric field 
that is initially zero as well, there is no ambiguity in the choice of vacuum state. 
'The source term Jo induced by the spin 1⁄2 field is given by 


Jo = aby . (4) 
Variation of (1) with respect to the field v» yields the Dirac equation 
(is D, — m) v(t,2) =0. (5) 
In what follows, the gauge choice 
AM = (0, A(t) , (6) 


will be implemented. Expanding the spin % field y(t, x) in terms of a complete set 
of modes yields 


Y(t, x) = dk [Bus (t) + Dh ve(t, 2) (7) 


— oo 
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with Bk, B Dk, Dİ the usual creation and annihilation operators obeying the an- 
ticommutation relations (Bi, By } = (Di, D = ó(k — k'). Utilizing a particular 
form for the modes,!° two independent spinor solutions can be constructed as follows 
DO pas iet) 

Uk (t, x) = 


MAE ACD E Vim Ars) 


tka 


(8) 


uy (t, x) = 


Using the Weyl representation of the Dirac matrices y” 


NIE ° 


the functions hi(t) and hi! (t) satisfy the mode equations 


hl — i(k — qA)hl — imh}! =0, (10a) 


hl! + i(k — qA)hl! — imn] =0. (10b) 


The time evolution of this system is governed by the semiclassical backreaction 
equation. This can be obtained by replacing JQ in (2) with its expectation value 
(J6) and then use the gauge choice (6) with (7) to yield 

S s = = ge = Jo + (JQ) (11) 
po ge eh 
Due to the coupling between the classical background electric field and the quan- 
tized spin V? field, charged spin Y? particles will be created. These particles will 
be accelerated by the background electric field, creating a current which generates 
a secondary electric field. In the semiclassical approximation, the current created 
from the accelerated spin V particles is given by (Jo). The renormalized expression 
for (Jg), evaluated in the vacuum state is! 


Uaec f ae tor ror +E- Zao]. 02 


2n Joo 


with w? = k? + m?. Here adiabatic regularization was used to eliminate the ultra- 


violet divergences.!? 


3. Validity Criterion for the Semiclassical Approximation 


'This section gives a review of relevant material! required for the investigation of 
the solutions to the linear response equation. 

Since the current term (Jg), in part, characterizes the quantum particle produc- 
tion process, a natural way to determine the size of quantum fluctuations, compared 
to other relevant quantities, is to evaluate a two-point correlation function for the 
current. In general, there are a number of different correlation functions which could 
be used, but in order to avoid such problems as state-dependent divergences,!! 
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2 or covariance is- 


incompatible results from various renormalization techniques,! 
sues,” it is useful to proceed with a two-point correlation function which emerges 
naturally from the semiclassical theory itself, namely ([Jo(t, x), Jolt, x )]). This 
two-point function measures the extent to which the value of the current (Jọ) at 
two separate spacetime points commutes, thereby having the interpretation of char- 
acterizing the degree to which quantum fluctuations are introduced into the system. 

Perturbing the semiclassical backreaction equation yields the linear response 
equation which contains this two-point correlation function and describes the time 
evolution of perturbations about a given semiclassical solution. A criterion for the 
validity of the semiclassical approximation was originally developed for semiclassical 
gravity? and modified for preheating in chaotic inflation.? This criterion was applied 
to semiclassical electrodynamics! and states: the semiclassical approximation will 
break down if any linearized gauge invariant quantity constructed from solutions to 
the linear response equation with finite non-singular initial data grows rapidly for 
some period of time. It is important to note this is a necessary, but not sufficient 
condition for the validity of the semiclassical approximation. 


3.1. The Linear Response Equation 


'The linear response equation for semiclassical electrodynamics is found by perturb- 
ing the semiclassical backreaction equation about a given solution. From (11) this 
becomes 
a c FRET Eee CER (13) 
dt? ~ dt ee as 
More specifically, the type of perturbation being performed is one that changes 
the classical current by altering the value of the classical background electric field 
amplitude Eo in (3). Thus the term óJc is expressed as 


q 
óJe = -— bp . 14 
E (1a-qt ° (14) 


In conjunction with the validity criterion stated previously, it is useful to break 
up the solutions to the semiclassical backreaction equation into the purely classical 
and quantum pieces 


t 
Ec = -f Jo(tı) dt, , (15a) 
to 
bay. (15b) 


Solutions to the linear response equation can be partitioned in the same way which 
allows for the statement of the validity criterion to be modified to state that if ¿EQ 
grows rapidly during some time interval, then the semiclassical approximation is 
not valid. 
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For the case of a spin V5 field, the renormalized 6(Jg) term present in (13) can 
be expressed as! 


5(Jo) ren --tsansi[" ax’ f dt (Jo(t,2),J9(€,z )) 5A’), — (16) 


with the relationship 


Te Jo(t ay 28. (7 aam [ato CORE GO) RII (E 
x (Jot, z), Jote) = — m4 hg (t)hy (Eh (t )hy *(t ) p. 
(17) 
Thus (13) takes the specific form 
d? q q? 
45940 = i TF wr —6A(t) 
4g qu e IpI pI (pp y i 
-7 | d| at Im {hiak (OI (tall (t boat’) 
T —oo —oo 
(18) 


3.2. Approximate Solutions to the Linear Response Equation 


A technique that was developed to approximate solutions to the linear response 
equation for the case of homogeneous perturbations! involves solving the semiclas- 
sical backreaction equation for two solutions whose initial conditions are similar. It 
is expected that the difference between these two solutions AF is an approximate 
solution to the linear response equation ôE, for early times, as long as AE & ôE. 
If the difference does grow large, then the corresponding solution to the linear re- 
sponse equation should grow significantly as well. This would violate the criterion 
discussed above and thus signal a breakdown in the semiclassical approximation. 
A way to measure the relative growth of two solutions E; and E to the semi- 
classical backreaction equation is with the modified relative difference expression! 
[AE] 
Ae ea AE = F — E . (19) 
From the semiclassical backreaction equation, it is clear the difference AE will be 
a solution of the following equation 


-fag LAANE, (20) 


with the definitions 
AJo —Jo2— Joi, AJa) 0Q2)- Je) - (21) 


For AE to be an approximate solution to the linear response equation, i.e. AE zz OE, 
it is clear that A(JQ) ~ 9(Jg) must hold, since one can set AJc = óJc for all times. 
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A natural way to measure the growth of the approximate quantum contribution 
to the finite difference equation A Eg is with a relative difference Rg given as 


[AEQ] 


= ee AEo = E, =E, . 22 
[Eoal+ Boal’? “20 = Pes- Foi (22) 


Q 
This acts as the gauge invariant quantity constructed from solutions to the linear 
response equation mentioned in the formal statement for the validity criterion. This 
difference can be compared to the relative difference Ro between corresponding 
classical solutions, which does not vary in time. Therefore if Rg grows rapidly for 
some period of time, this signals a breakdown in the semiclassical approximation. 

In Fig. 1, some results! are given for the quantity Rg for a variety of different 
particle masses*. The most significant effect on the behavior of Rg is the size of 
the characteristic dimensionless quantity 4E0/m?. It is therefore useful to distinguish 
between three different regimes: (i) 4Eo/m? >> 1 in which the mass is relatively small 
compared to the electric field, resulting a large amount of particle production, (ii) 
qEo/m? ~ 1 in which the mass is of the same order as the electric field, resulting 
in less but still significant particle production, and (iii) 4£o/m? < 1 in which the 
mass is relatively large compared to the electric field, resulting in very little particle 
production. The critical case for particle production is defined as E ~ E44 = m?/q 
and therefore the most relevant mass value is m?/q? — 1. 

As seen in Fig. 1, this particular mass value corresponds to the most rapid 
growth of Rg based on the cases considered here, and this implies the most severe 
breakdown of the semiclassical approximation for this case. However, one can see 
that Rg has the least amount of growth in the small mass regime and steadily 
increases its early time growth as the mass is increased up to the critical case. 
The conclusion drawn in [1], in the context of the validity criterion put forward, 
is that the semiclassical approximation is most greatly violated when 4Eo/m? ~ 1 
and becomes more accurate as the particle mass is decreased (or increased since 
quantum fluctuations are expected to diminish due to lack of particle production in 
the high mass regime). 


4. Numerical Solutions to the Linear Response Equation 


In this section, an analysis of the numerical solution to the linear response equation 
for the critical case in which the characteristic quantity 4Eo/m? = 1 is presented. 
A comparison is then drawn between its approximate and numerical solutions in 
the context of the validity criterion stated previously. 

To arrive at numerical solutions to the linear response equation, one can par- 
tition the problem into two parts. The first part involves solving the semiclas- 
sical backreaction equation, and the second involves using the output from the 


“This is an aggregate plot built from the results and data presented in [1]. 
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Fig. 1. Results obtained for the quantity Rg. The values Eo,1/q = 1 and Eo,2/q = 1 + 107? 
have been chosen for the solutions which comprise AE. The values of the characteristic quantity 
qEo/ m? for each case are shown along with the type of curve for that solution in the legend. Here 
Ro(t) denotes the relative difference excluding quantum effects. 


semiclassical backreaction equation to supply the necessary data for solving the 
linear response equation. Generating the solutions to the semiclassical backreaction 
equation involves simultaneously solving a set of three coupled differential equa- 
tions, namely (10a), (10b), and (11) with (12). The solution output will be the 
vector potential A(t), and by extension the electric field E(t), and the time de- 
pendent spin Y^ field modes ho (t): The quantities needed for solving the linear 
response equation (18) are the modes hi” (t), which the two-point function in (17) 
depends on. 


4.1. Numerical Details 


The |in} state of the time dependent modes hT (t), prior to the classical source 
being turned on, is defined as positive frequency plane wave solutions to the mode 
equation. When the source term is turned on at qt = 0 and subsequently A(t) 4 0, 
the mode solutions are altered by the presence of the background field, specifically 
k — k—qA(t). This leads to particle production which is measured, in part, by the 
quantity (Jg). Since the two-point function ([Jo(t, x), Jo(t , x )]) depends on these 
time dependent modes in a non-trivial way, the modification to the mode solutions 
will induce a non-zero contribution to the two-point function. 
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It is useful to separate the time dependent modes n (t) into their real and 
imaginary parts 


hi = Re(h1 +ilm{hj} , (23a) 
hi! = Re(h1!) + iIlm(hil). (23b) 


From this, the two mode equations defined in (10a) and (10b) now become four 
mode equations, given as 


Re(h1) + (k — qA) Im(A1) + mIm{hi"} =0, (24a) 
Im{h/} — (k — qA) Ref{hi} — mRe(h]!) =0, (24b) 
Re(h]!) — (k — qA) Im(h]!) + mIm{h}} =0, (24c) 
Im(A]! + (k — qA) Re(h]!) - mRefhi} =0. (24d) 


Furthermore, the quantity (Jg) in (12) can now be expressed in the following way 


2 

(Jg):en = Layee [^ a Re? nl ) Im? [A1 — Re? a1!) — In^(n/) 5 
(35) 

It is straightforward to now implement a numerical routine which will solve Eqs. 

(10) and (11). 

From (17) it is clear that ([Jo(t, x), Jo(t , x )] depends on the modes hp tB. 
However, the time integral present in (18) depends on both the current time t and 
the integration variable t'. In order to make this integral suitable for numerical eval- 
uation, it is convenient to utilize (23a) and (23b) which allows it to be expressed as 


i dt Im{hh (thi Oh E h (6) A) 


— oo 


= (im {nf(o)}tm{ Hf} - RefALO FREAK} 
x / - dt (refar (t) Jima ai (t)) + Im(h]* (Ref) 5A(t ) 
«(Reto (hd) + Im{AL(e)}Re( HL (0} ) 
x [at (netur metit) - mptee mitte) JAC) 


(26) 
Here the inter-dependence of t and t', seen in the product hi (t)hI! (t) hT* (t Jal (t), 
has been separated out. This allows for the time integral to be computed which then 
acts as the integrand for the k-integral in (18), which can be computed as well. From 


this the numerical solutions 6 A(t) and E(t) to the linear response equation can be 
found. 
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4.2. Results and Discussion 


In what follows, numerical results are presented for the critical case of 4Eo/m? = 1. 
In Fig. 2, the net electric field E(t) including backreaction is plotted! with both the 
electric field contributions Ec when quantum effects are absent and Kg generated 
by only quantum effects, seen in (15b) and (15a). One can see that at early times the 
net electric field begins to dampen compared to its classical counterpart Ec. This 
is due to the backreaction of the produced particles, resulting from the coupling 
of the spin 1/2 field to the classical background source, causing an increase in the 
field Eg. 


E(/q | |— | 1 1 ee eee 
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Fig. 2. A plot of the electric field including backreaction. The net electric field E(t) is given by 
the blue curve, the electric field Ec(t) with no quantum effects present is given by the yellow 
dashed curve, and the electric field EQ (t) generated by only quantum effects is given by the red 
curve. 


Numerical solutions to the linear response equation are plotted in Fig. 3. The 
top plot shows the numerical solution óE to the linear response equation, its ap- 
proximate solution given by the finite difference between two nearby semiclassical 
backreaction equation solutions AF, and the classical pieces 6Eg = AEg. The bot- 
tom plot shows the purely quantum contributions to both the approximate A Eg 
and numerical 6Eg solutions to the linear response equation. From (14) the initial 
value ó Eg was chosen in such a way as to equal the finite difference AF at early 
times, with this value being of order 107°. 

For early times, there appears to be agreement between ôE and AE, as well 
as AEQ and 9 EQ since the classical contribution dominates due to a lack particle 
production. However, near the time qt — 1 significant deviation between the two 
begins to occur, as could be measured by (6E — AE)/8E. This deviation and subse- 
quent late time growth in E is driven by the dependence of ([Jo(t, x), Jo(t ,a')]) 
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on the modes he (by. whose positive frequency plane wave solutions are being al- 
tered due to the presence of the classical source term A(t) having been switched on 
and leading to particle production. Since the critical case 4Eo/m? = 1 considered is 
a threshold case for significant particle production, above which even more particle 
production will occur, the growth of JE due to ([Jo(t, £), Jo(t , x )]) is expected. 
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Fig. 3. The top plot shows solutions to the linear response equation, with red and blue curves 
representing the approximate and numerical solutions AF and óE, respectively, with the yellow 
dashed curve being the classical contribution to the solution. The bottom plot isolates the quantum 
contribution to the linear response equation, for both the approximate and numerical solutions 
AE and óEQ. All plots reflect the critical case of 4Eo/m? = 1 and were done with dE and AE 
of order 107° for early times. 


The time qt = 1 is also when one begins to notice substantial deviation between 
the net and classical electric fields, seen in Fig. 2, due to the presence of a nontrivial 
(Jg) factor in (11) which will grow as more particles are produced. Furthermore, 
this time is also when one sees substantial growth of Rg in Fig. 1 for the critical 
case. It therefore appears that for early times the AF is a good approximation to the 
linear response equation solution à E, and for late times 0E 4 AE. Comparing to the 
corresponding Rg behavior, there is a breakdown in the semiclassical approximation 
based on the validity criterion implemented here. This was the conclusion that was 
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arrived at in [9], and it appears the behavior of the solutions ôE as compared with 
the AE validates this conclusion. 


5. Conclusions 


In previous work,! a criterion for the validity of the semiclassical approximation was 
applied to the case of 14-1 semiclassical electrodynamics which involves the behavior 
of solutions to the linear response equation. The linear response equation depends, 
in part, on a two-point correlation function ([Jo (t, x), Jolt, x )), which charac- 
terizes the quantum fluctuations introduced through the current (Jg). Numerical 
solutions to the linear response equation have been obtained for 1+1 semiclassical 
electrodynamics using a model of the Schwinger effect in which particle produc- 
tion occurs in the presence of a strong, spatially homogeneous, electric field. The 
particle production, in the context of the system considered here, is a consequence 
of the coupling between a quantized spin % field and a classical, asymptotically 
constant, background electric field generated by an external source. Since the linear 
response equation depends on ([Jg(t, x), Ja (t , a )]), if there is rapid growth in this 
correlation function for some period of time, then quantum fluctuations must be 
significant, and will drive the growth of solutions 6F to the linear response equation, 
resulting in a breakdown of the semiclassical approximation. 

A previously developed technique to approximate solutions to the linear response 
equation involves the difference AE between two solutions to the semiclassical back- 
reaction equation with similar initial conditions. The behavior of a quantity Rg built 
from this difference of semiclassical backreaction equation solutions gives a measure 
for the validity of the semiclassical approximation. When Rg grows large over some 
time, the corresponding linear response equation solution is expected to do so as 
well. 

An analysis comparing the numerical ôE and approximate AE solutions to the 
linear response equation has been conducted. At the critical scale, where 4Eo/m? ~ 1, 
it was found that at early times the quantity AE approximated the linear response 
equation solutions ó E quite well. It was only after enough time had passed and sig- 
nificant particle production occurred that the numerical and approximate solutions 
deviated from one another. Therefore the claim that AE adequately approximates 
solutions to the linear response equation for early times is substantiated in this 
case. This critical scale was also the case for which the quantity Rg had its largest 
growth! and therefore was the case considered for the purposes of this proceeding. 
The significant growth in both ôE and Rg signals a breakdown of the semiclassical 
approximation based on the validity criterion utilized here. 

Regarding future work, the numerical solutions to the linear response equation 
will be used to further investigate the nature of how quantum fluctuations affect 
these solutions. More specifically, since the linear response equation involves several 
factors which dictate the behavior of its solutions, one of which is a term charac- 
terizing quantum fluctuations introduced through the particle production process, 
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having the numerical solution will allow one to isolate and investigate its respective 
contributions in detail. 
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Doran horizon penetrating coordinates are adopted to study specific perfect MHD pro- 
cesses around a Kerr black hole, focusing in particular on the physical relevance of 
selected electrodynamical quantities. 
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1. Introduction 


General Relativity is a non linear theory which couples any physical field to grav- 
itation described in terms of the geometry of space-time. This makes the search 
of exact or approximate analytical solutions for physical relevant problems an ex- 
traordinary task. Nowadays, Numerical Relativity has greatly circumvented such 
a problem by using the huge computational power available! although analytical 
solutions still remain fundamental to have important physical insights. T'he 60s and 
the 70s represented an important moment of rediscovery of Einstein's Theory. At 
that time, numerical relativity was almost unknown and Mathematical Physics tech- 
niques were widely adopted to find exact or approximate solutions. In particular, 
in the field of Black Holes Physics, the understanding of the electrodynamics and 
magnetohydrodynamics (MHD) around the recently discovered Kerr rotating black 
hole solution? was central. Due to the aforementioned difficulty associated to the 
non-linearity of the equations, approximate techniques of perturbative type were 
applied to this aim as, for instance, in the classical work by Ruffini and Wilson? 
and the one by Damour^ (RWD) based on the properties of the geodesics in Kerr 
background studied by Carter.? In particular Ruffini and Wilson used a simplified 
model to describe possible charge separation processes involving the black hole and 
its magnetosphere. Such a studies have been recently revisited? by using coordi- 
nates regular on the horizon found decades later by Doran? and are here reviewed. 
Doran's work in particular generalizes classical Painlevé-Gullstrand coordinates for 
spherical black holes. These coordinates are horizon penetrating and are naturally 
associated to regular infalling physical observers. They are usually adopted in Nu- 
merical Relativity in union with the excision technique which allows to extend the 
computational domain beyond the black hole event horizon, avoiding to impose 
problematic boundary conditions for the partial differential equations there. More- 
over, Painlevé-Gullstrand type coordinates naturally occur in Analogue Gravity in 
relation with acoustic black holes." Summarizing, what we discuss here is the revis- 
itation of RWD works by using useful coordinates found almost 25 years later. We 
will show in particular that these coordinates are the most natural ones to describe 
plasma physics by comoving with the fluid itself. 


2. The RWD solution 


RWD started from the Kerr metric in Boyer-Lindquist coordinates 


2Mr 4a Mr sin? 6 X 
ds?—— [1 t? tdo + —dr? + Xide? 
s ( Y Ja Y dtdó + Adr + Xd 


2Mra? sin? 6 


+ s Ta? 5 | sin? 0d? , (1) 
with X = r? +a? cos? 0, A = r? -2Mr - à? , a being the specific angular momentum 
and M the black hole mass, while the outer event horizon is located at r} = 


M +v M? — a? and Boyer-Lindquist coordinates are singular there. In the test field 
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approximation (no metric back reaction), neglecting pressure gradients in MHD 
equations as well as magnetic force terms and imposing a perfect plasma condition 
F,,U" = 0, the fluid must follow the geodesics on Kerr background studied by 
Carter: 


U,,,U" =0. (2) 


In particular in their works, RWD consider Ug = 0 and U, = —1 at infinity and this 
implies that Ug is a constant of motion. The four-velocity geodesic vector is then: 


X(r? + a?) + 2Mra? sin? 0 [-AU&? + 2Mr(r? + a2)] 


d T 
MUS EA bn 5 
U, 2M Ra 
U^ - TU DA (3) 


Finally, requiring overall neutral stationary and axisymmetric configuration, the 
vector potential A,, is characterized by the Ag component only. RWD solving the 
simplified MHD equations found in such a a first approximation the analytical 
solution: 


Ag = Al) = Ag(9,7) (4) 
where 
xo = 6 — Up E(r) (5) 
and 
oo dr’ 
g(r) -f V-02 — 2Mr'! +a2)U2 4 2Mr' (r2 + a?) 6) 


From these relations, one case easily reconstruct the entire Maxwell tensor F,,, and 
obtain the associated four-current J”. Great simplification occur by choosing Ug = 0 
because in such a case it results Ay = F(0) with F a being an arbitrary function. 
Specifically, in RWD works it has been assumed the simple form F(0) = Ao|cos 6| 
where quantity Ao is a constant. Concerning Maxwell invariants, for this solution 
they have these properties:? 


; wt’ = (B? - E?) > 0, uds =E-B=0, (7) 
so there must exist a frame in which the observer associated to the geodesics four- 
velocity measures a magnetic field only, while the electric one vanishes in conse- 
quence of the perfect plasma condition. In standard perfect MHD physics, both 
charge density and electric field disappear in a locally comoving (and corotating) 
plasma frame. This frame is in general not easy to be found analytically,® but for 
the RWD solution however, by using Doran coordinates, we will successfully obtain 
it, as now discussed. 
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3. Doran coordinates analysis 


The transformation from Boyer-Lindquist (BL) coordinates (t,r,0,9) to Doran 
Painlevé-Gullstrand-like (DPG) ones (T, R, O, ®) is: 


r-:- f(r)dr , R=r, 0-8, 


= "a " (2Mr)(r? + a?) 
s-e-[ so afd, f(r)= A, 


so Kerr solution becomes 


2a(2M 
ds? — (1 =) dT? +24] s dTdr a P) sin? bd Tae 
r2+a 
2(2M 2M 
-sin?0 |r? +a? + aM] sin? 0| do? — 2a sin? 0 ARN rda 
xy V r2 +a? 


dr? + Xd? . (9) 


r2 +a? 


In the following, due to some of the coordinates’ coincidence, we shall denote R 
with r and O with 0 again. Using the coordinates transformation above, the RWD 
vector potential becomes 


| 2Mr F(0) 
A, = |0,—a 24a A , 0, F(0) (10) 
with F(0) = F(0) = Ao| cos 0|. Concerning the geodesics, we get 
ZAU? + 2Mr(r? + a? 2Mr(r? F a? 
U, = 1, v Sis Hr e 4M HE 3:99. Deo , (11) 
A A 
which in the case of interest Ug = 0 case become 
U, = [-1,0, 0, 0] (12) 
OTR. 4 a2 
U^ = |1, -M a E oo l (13) 


The four-velocity U^ above represents the T = const normal geodesic observer. 
Quantity T is the local proper time of observers in free fall along trajectories char- 
acterized by constant 0 and ®. The DPG electromagnetic tensor of the Ug = 0 RWD 
solution field has the only non vanishing component, undefined on the equatorial 
plane, given by: 


dF (0) A sin ol cos 6| 


saa dó — cosÓÜ ` 


(14) 
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Defining the orthonormal locally Lorentzian frame e(? 4 associated to the DPG 
normal observer discussed above: 


2Mr » 2Mrmr , 
eO, — [-1,0,0,0] , e, = ly eV Taz Vene 
e),, = [0,0,VE,0] , e®, = [0,0,0, vr? + a sine] , (15) 


one can easily show that the Maxwell tensor in the frame F(,)(jj = Eça) eœ "Fu 


has the only non vanishing component (giving a magnetic field only): 
Ao | cos 8| 

F, = -F = Ba) = B; = , 
(3)(4) (4)(3) (1) /(r2 $ a?) COS 0 


Moreover, by computing the charge density J^U,, = J(o) = p measured by the same 
observer one easily finds that it vanishes everywhere. As anticipated, we have found 
the natural frame to describe this perfect MHD problem which is the comoving fluid 
one. Moreover by using the fact that we have horizon penetrating coordinates, we 
can follow the fields inside the black hole. In particular it is possible to plot the 
four current lines for this RWD solution given by the numerical integration of the 
differential equations set dz^/dAÀ = J* with A parametrising the curves. To note 
that while in BL coordinates the current lines whirl infinite times around the event 
horizon without entering inside, in DPG coordinates (we remind that these are 
naturally associated to comoving observers) the current lines are not whirled and 
can be continued regularly in the interior of the black hole. Finally, the use of DPG 
coordinates allows one to obtain elegant expressions for studying the energetics of 
the RWD solution. Always in the Ug — 0 case, one can easily compute an important 
quasi-local quantity i.e. the electromagnetic energy stored outside the event horizon 
through a T' = const cut in space-time as measured by the DPG normal observer. 
This quantity is given by 


(16) 


E,(U) = ip T (9) UH dg" . (17) 


Here c is a bounded hypersurface which contains a portion of spacetime while U^ 
represents the normal observer's four-velocity. In the relation above, 
Aj 


= q(emyrpyv- 
E ur OU 8z(r? + a?) 


=8rF>0, (18) 


is the local electromagnetic energy density obtained from the qm 
netic energy-momentum tensor in DPG coordinates, here proportional to the 
first Maxwell invariant. Assuming the outer boundary of o being the 2-surface 
r = R = const, we get the simple relation: 


electromag- 


A? R r 
Ec, Ry(U)-— J arctan ae arctan r : (19) 
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4. Conclusions 


We have shown that the adoption of recent modern tools is extremely useful for 
revisiting classical studies of the 60s and 70s. We have adopted in particular 
the most natural object to describe the physics of Ruffini- Wilson and Damour 
works, represented by Kerr black hole Doran horizon penetrating coordinates with 
their naturally associated normal observer. We have in particular described plasma 
physics from the fluid comoving frame and found great simplification for the electro- 
dynamical quantities. The limitation of the analysis here presented however rely on 
the Ug — 0 choice which does not allow to obtain possible charge separation pro- 
cesses (charge density is vanishing everywhere in this case in fact), obtained by 
Ruffini and Wilson by imposing Ug(0) = —Ug(m — 0) = const instead. In order to 
address such a more complicated problem one should require a further generaliza- 
tion of Doran's work for the Ug Æ 0 case first. This study is not present in the 
literature and deserves future studies in order to revisit also the problem of Ruffini 
and Wilson charge separation. 
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Photon-graviton conversion in a magnetic field is a process that is usually studied at tree 
level, but the one-loop corrections due to scalars and spinors have also been calculated. 
Differently from the tree-level process, at one-loop one finds the amplitude to depend on 
the photon polarization, leading to dichroism. However, previous calculations overlooked 
a tadpole contribution of the type that was considered to be vanishing in QED for 
decades but erroneously so, as shown by H. Gies and one of the authors in 2016. Here 
we compute this missing diagram in closed form, and show that it does not contribute 
to dichroism. 


Keywords: Photon-graviton; tadpole; Einstein-Maxwell 


1. Introduction: Photon-graviton conversion 


Einstein-Maxwell theory contains a tree-level vertex for photon-graviton conversion 
in a constant electromagnetic field: 


1 Q fV voa 1 Q 
5 hy (Fro f*, + fl, FY”) — RAKE? fap (1) 


Here hy, denotes the graviton, f,, the photon, F"" the external field, and & the 
gravitational coupling constant. 

This interaction leads to photon-graviton oscillations similar to the better-known 
neutrino or photon-axion oscillations! !! 
tional waves). 


(see? for a recent application to gravita- 


4394 


In momentum space, this vertex becomes 


pee Chie F) = eeu (bs F), Tem (hy F) = — Core (2) 


(tree) (tree) 
with 
Quee = FUAR 4. progn — (p. ki — (F-K) 8e 4 (F-K) 8. — (3) 


Since in a constant field the four-momentum is preserved, k” here is the four- 
momentum of the photon as well as of the graviton. 

For the photon polarizations, as is customary we will use the Lorentz frame 
where E and B are collinear, and choose the polarization basis €% , ETE where El lies 
in the plane spanned by k and B or E, and e¢ is perpendicular to it. For convenience 
we construct also the graviton polarization tensor using the same vectors: 


gOnv — gluglv _ glingllv. g8 nv — glnglv 4 glinglv | (4) 


From the CP-invariance of Einstein-Maxwell theory one can then derive the follow- 
ing selection rules: 


e For a purely magnetic field €? couples only to e+ and e? only to ell. 
e For a purely electric field €? couples only to e! and £8 only to e+. 


2. One-loop photon-graviton vacuum polarization 


In^: 4 the worldline formalism was used along the lines of 15-17 to study the one-loop 
corrections to this amplitude due to a scalar or spinor loop, see Fig. 1. 


hy, TOR Aa 


Fig. 1. One-loop correction to the photon-graviton amplitude in a constant field. 


Here we employ the usual double-line notation for the full propagator in the 
external electromagnetic field, Fig. 2. 


— "ue CM m 


Fig. 2. Full scalar or spinor propagator in a constant field. 


These calculations lead to the same type of two-parameter integrals as for the 
well-studied case of the one-loop photon vacuum polarisation in a constant field.!529 
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Both the scalar and the spinor-loop amplitudes are UV divergent, but multiplica- 
tively renormalizable. For example, the scalar-loop contribution in dimensional reg- 
ularization displays the pole 


UE y iek 1 ii 


scal,div m 3(4n) D—4 
where C'"^* is the tree level vertex (3). 

For studying the relative importance of the one-loop amplitudes it is use- 
ful to normalize them by the tree-level amplitude (the “bar” on II denotes 
renormalization) 

; due M at (â, b, Ê) 
A A AE scal,spin ? ? 
Teal spin O's B, E) and —igC^a 


(5) 


where A= 6,8 and a =L,| ,& = 2, B = B , b= 8. 

It then becomes obvious that the one-loop amplitudes become quantitatively 
relevant only for field strengths close to the critical ones Ê, È & 1. Macroscopic 
fields of this magnitude are known to exist only for the magnetic case, so that we 
will set É = 0 in the following. In! it was shown that for this purely magnetic case 
the parameter integrals allow for a straightforward numerical evaluation as long as 
the photon energy w is below the pair-creation threshold We, 


aru = es =2 V 1+ Ê, 
oliin =1+y1+28, 
well in = 2- (6) 


There also a number of special cases were studied that allow for more explicit 
representations: 


(1) The case of small B and arbitrary w leads to single - parameter integrals over 
Airy functions. 
(2) In the large B limit one finds a logarithmic growth in the field strength, 


rha a A >o a ; 

II (eo, B) 127 In(B) , (7) 

1144, (o, B) 72° — (f). (8) 
37 


(3) In the limit of vanishing photon energy the amplitudes can be related to the 
corresponding one-loop effective Lagrangians: 


^ ^ 20/1 ð o? ^ 
el ME =, f EH | 
Ml i spin P E 0, B) = m4 (s 0B | 25) Lgcal,spin(B) , (9) 
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Here LEH lB ) denotes the one-loop effective Lagrangian in a constant mag- 


netic field, obtained for the spinor QED case by Heisenberg and Euler? and 
for scalar QED by Weisskopf?! : 


£ER(B) = D EE. zu: us i}, (11) 


e 167? Jo $8? sin( B8) 
z 4 fds n Ba (Bay? 
pEH(Bj)- Z : e d T 12 
spin( ) 8m2 ð $3 tan( B) 3 ( ) 


3. Dichroism 


For realistic parameters, the one-loop corrections turn out to be small compared 
to the tree-level amplitudes. However, there is also a qualitative difference to the 
tree-level amplitude. As has been emphasized in,? the tree level photon-graviton 
conversion does, contrary to the better known photon-axion case, not lead to a 
dichroism effect for photon beams. This is because both photon polarization com- 
ponents have equal conversion rates. This symmetry gets broken by the loop cor- 
rections. Although this effect is, of course, tiny and hardly measurable in the near 
future, an exhaustive analysis by Ahlers et al.?? has shown that it is still the lead- 
ing contribution to magnetic dichroism in the standard model (including standard 
gravity)! 


4. Quantum electrodynamics in external fields 


In vacuum QED, there is, of course, no one-photon amplitude because of Furry's 
theorem. In the presence of an external field, however, one-photon tadpole diagrams 
such as the one in Fig. 3 will in general be nonzero. 


= 


Fig. 3. Full scalar or spinor propagator in a constant field. 


If the external field is constant, then the one-photon amplitude Fig. 4 can still 
be shown to vanish. 


Fig. 4. One photon amplitude in a constant field. 
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The argument goes as follows: 


(1) A constant field emits only photons with zero energy-momentum, thus there is 
a factor of 6(k). 

(2) Because of gauge invariance, this diagram in a momentum expansion starts with 
the term linear in momentum. 


(3) 6(k)kH — 0. 


Since the tadpole vanishes, it has been assumed for decades that also any dia- 
gram containing it can be discarded. For example, in the book *Quantum Electro- 
dynamics with Unstable Vacuum” by E.S. Fradkin, D.M. Gitman and S.M. Shvarts- 
man** it is stated (on page 225) even more generally that, “Thus, in the constant 
and homogeneous external field combined with that of a plane-wave, all the diagrams 
containing the causal current J" (x) (i.e., those containing tadpoles having a causal 
propagator S*(x,y)), are equal to zero.” 

Sometimes also additional arguments have been given; in the book “Effective 
Lagrangians in Quantum Electrodynamics” by Dittrich and Reuter?? it is argued 
that the “handcuff” diagram of Fig. 5 vanishes because of Lorenz invariance. 


Fig. 5. Handcuff diagram in a constant field. 


However, in 2016 H. Gies and one of the authors?? noted that such diagrams 
can give finite values because of the infrared divergence of the connecting photon 
propagator. In dimensional regularization, the key integral is 

k"k" n” 
ake (ke E 13 
[ eset -t (13) 
Applying this integral to the handcuff diagram one finds a non-vanishing result, 
which can be expressed in the following simple way in terms of the one-loop Euler- 
Heisenberg Lagrangian? 


1 acE® gp EM 


1PR _ spin spin 
spin ^ 
Pn 3 OF OF yy 


(the superscript “IPR” stands for “one-particle reducible”). This adds on to the 
standard diagram for the two-loop Euler-Heisenberg Lagrangian, studied by V.I. 
Ritus?? half a century ago: 


(EH)2—loop . 
L pn ~~ 


Along the same lines, it was found in?^?? that the one-loop tadpole contribution 
Fig. 3 to the scalar or spinor propagator in a constant field is also non-vanishing, 
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and given by 


ðS (p) OLEM) 
MEL xr ; OFW 
Av 


where S(p) denotes the tree-level propagator in the field. 


5. Tadpole contribution to the photon-graviton amplitude 


Returning to the photon-graviton amplitude in a constant field, the point of the 
present talk is that this amplitude, too, has a previously overlooked tadpole contri- 
bution, shown in Fig. 6. 


> — 
k k 


Fig. 6. Tadpole contribution to photon-graviton conversion. 


Using the integral (13) it is easy to show that its contribution to the one-loop 
amplitudes with a scalar or spinor loop can be written as 


p(tadpole) po.» 05 uv Fx )- ~i=n(e -F-e-k+e-e-F- k) 
dz _ m2, coth(z)— 1 
x f^ ciet ca T 
o Z sinh(z) 


PPO) (pde eg: epu; Fpa) = ic (e -F-e-kte-e-F.- k) 
T 


spin 
oo d 3 = = 
xf dz mi. coth(z) — tanh(z) — 1/z 
o 2 tanh(z) 


(16) 
Expanding out the tadpole in powers of the external field we see that the leading 


term, which is linear in the field (Fig. 7), is removed by the photon wave function 
renormalization. 


— — 
k k 


Fig. 7. Expanding the tadpole to lowest order in the field. 


6. 
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This gives the renormalized amplitudes 


(tadpole) 
scal,ren 


(he, €63 Euv; Fx )=~iSn(e-F-e-k+e-e-F-k) 


oo 
dz idi. 
x — e eB 
0 zZ 


pOrdnee (ka eg: epu; Fpa) = i (e -F-e-kte-e-F.- k) 
T 


spin,ren 
^ dz Eu 
x ies eB 
0 Z 


Comparison with the main diagram 


sinh(z) 3 


coth(z) — 1/z J 


tanh(z) E 


coth(z) — tanh(z) — 1/z , | 


These amplitudes are of a structure similar to what we got from the main diagram 
Fig. 1 in the limit of low photon energy w, eqs. (9), (10). 


However, they do not contribute to dichroism since the polarizations are still 


bound up in the tree-level vertex (e- F'-e-k+¢-e-F'-k). Thus the above-mentioned 


analysis of Ahlers et a 


7. 


1.32 remains unaffected by the presence of the tadpole diagram. 


Summary and outlook 


e We have presented the first example of a non-vanishing diagram in Einstein- 


Maxwell theory involving a tadpole in a constant field. 


e This diagram does not contribute to magnetic dichroism. 


e A more quantitative analysis is in progress. 


e In the ultra strong-field limit, the tadpoles have been shown even to dominate 


the (multi-loop) effective action in QED.*° It would be interesting to extend 
this analysis to the Einstein-Maxwell case. 
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It appears that studying data from the catalogue of Gamma-Ray Bursts (GRBs) can be 
used to examine the birefringence phenomenon in the magnetosphere of the magnetars. 
By analysing the data from the McGill Online Magnetar and HEASARC Fermi Burst 
Catalogues, in this work we studied the angular distances between GRBs and magnetars 
in projection, we built their distribution map by the end of 2020, and the relative lag 
time periods of lights coming from GRBs and magnetars. It is confirmed that there 
are 29 galactic magnetars and their candidates, while the other two are located out of 
the Milkyway. The maximum separation angle for GRB and Magnetar projectiles was 
3.76 degrees (4U0142+61 and GRB110818860), while minimum angular resolution was 
0.54 degrees (SGR 1627-41 and GRB090829672). Currently, we discuss the relationship of 
GRB light intensity by their lag time as it would come after bending in the magnetosphere 
of the magnetar. 


Keywords: Neutron stars; magnetars; light bending; gamma-ray bursts; birefringence. 


1. Introduction 


Magnetars emit a variety of electromagnetic waves ranging from gamma-ray to radio 
spectrum. Their bursts last from millisecond to a month.! Magnetar's bursts are 
generated by the powerful magnetic field inside of it. By taking into account the 
probability of boosting of core circular magnetic field covered by forceful reaction 
in a protoneutron star coming after a core-collapse supernova the magnetar model 
was created.” Currently there were detected 34 objects that are considered to be 
magnetars: 10% of them might belong to young neutron star populations. 

To the date nearly thousand research articles were published on the topic of mag- 
netars.! The first observational reviews on magnetars was carried out by Rea and 
Esposito, 2011.? The leading theoretical review was done by Turolla in 2015.4 Also, 


both of observational and theoretical reviews were done by a group of researchers.” © 


*Doctoral student 
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Historically magnetars were first presented by covering the name “Soft gamma 
repeaters” (SGR) and “Anomalous X-ray pulsars” (AXP).! The primary exposure 
of magnetar was done by the interplanetary space probes Venera 11 and 12 by 
detecting the burst activity.” The short-term bursts and outbursts, also continuous 
emissions were described by the sources of the impulsive magnetic field decays. The 
essential relation of SGRs to AXP was studied. It is believed that future SGRs burst 
activity might be detected from AXPs.! 

It was also expected that magnetars might be prolific glitchers, described as 
unusual increase of rotation spin of a neutron star and they are observed basically 
in young neutron stars.*:? The first estimation of an SGR. spin-down was published 
and the SGR 1806-20 was confirmed of a magnetar model by its sign and magnitude. 
Also for SGR 1900+14, as the SGR 1806-20, measurements verified that all SGRs 
are magnetar models.!? 

Contrary possibility of SGRs to be defined as a magnetar model was reviewed 
by using Einstein's observatory. They discovered a new unusual celestial bright X- 
ray source located at the center of the magnetar.!! Then the new unusual celestial 
bright X-ray source's pulsation was estimated with the period of 3.5 s. (later it 
was concluded as a second harmonic of a 7-s fundamental)! The SGR. bursts 
from two AXPs were explored and this confirmed Thompson and Duncans' (1996) 
expectations. Futhermore, the SGR bursts are one of the basic features of AXPs 
and, it is believed that, there is not any difference between them.!? 13 

The first catalogue of observed magnetar models and their complete charac- 
teristics were made by Olausen and Kaspi, in 2014.!4^ Height scale of the known 
magnetar was detected to be about 20-30 pc (parsec). This height scale confirmed 
the magnetars to be young. Majority of magnetars from the catalog were discov- 
ered by their X-ray bursts by the sensitive all-sky monitors such as Burst Alert 
Telescope (BAT) onboard of Swift Gamma-Ray Burst Mission? and Gamma-Ray 
Burst Monitor (GBM)!6 onboard of Fermi Gamma-Ray Space Telescope. As well as 
magnetars X-ray burst activities they make X-ray pulsation in the period of range 
of 2-12 s.! Primary exploration of magnetars’ glitch was carried out by Kaspi et al., 
2000. One of the magnetar candidate had an unusual 6-hr period in X-ray with a 
different pulse and was explored in the source of the supernova remnant RCW 103, 
1E 161348-5055. However, this object was considered not to be the magnetar be- 
cause of their period of the bursts.!” Another object was expected to be a magnetar 
by its bursts coupling with one more large X-ray flux outburst. But these bursts 
had long periods and this might be defined by a fall-back disc that interrupts the 
primarily fast-rotating neutron star.!? 

Some magnetar characteristics was detected from low-B radio pulsars from the 
source of SGR0418--5729.!? The high-B radio pulsars are expected to be the magne- 
tar by the confirmation of the exciting X-ray and soft gamma-rays are bursted by a 
magnetic field of neutron stars.??:?! The relationship of magnetars to high-magnetic- 
field radio pulsars is expected by the research of radio pulsation from magnetars. 
But the magnetars’ radio characters are unlike the common radio pulsars.?” 3 
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Gravitational effect to the light bending is crucial in astrophysics. A weak gravi- 
tational bending effect causes gravitational lensing phenomenon, also a strong grav- 
itational effect takes place near a compact objects, such as black holes or neutron 
stars.The gravitational effect of light bending near pulsars is studied by defining 
the angle of deflection and the flux coming to observer in a symmetrical metric of 
Schwarcshild.?4 

Non-linear electrodynamic bending angle based on the theory of Heisenberg- 
Euler and gravitational bending of a ray passing through the magnetosphere of 
magnetars are defined.?? Due to this work the bending angle of light passing through 
the magnetars is about as a radian or 60 degree. Also the gravitational effect on the 
bending angle on the surface of a magnetar with the radius of about 3 km is up to 
4 degree. Thus the polarisation does not effect on the gravitational bending. These 
non-linear electrodynamics and the gravitational bending are observable by the 
method of lensing. These non-linear electrodynamics and the gravitational bending 
are observable by the method of lensing. Additionally, it is proposed that, if the 
GRB comes from the nearest sources from the magnetars the scattering og light is 
negligible. T'hus the falling of detected emission intensity will not be as deep as in 
the case of extra galaxies. 

It appears that studying the data from the catalogue of Gamma-Ray Bursts 
(GRBs) can be used to study the birefringence phenomenon in the magnetosphere 
of the magnetars. By analysing the data from the McGill Online Magnetar and 
HEASARC Fermi Burst Catalogues, in this work we studied the angular distances 
between the nearest GRBs and magnetars in projection, built their distribution 
map as detected by 2020, and the relative lag time periods of lights coming from 
GRBs and magnetars. Currently, we discuss the relationship of GRB light intensity 
by their lag time as it would come after bending by the magnetosphere. 


2. Methods 


The effects of nonlinear electrodynamics of vacuum on the light propagation in 
dipole magnetic field causes the light to split into two normal modes and they can 
be detected in time interval of At.?° It is said that the two modes of light coming to 
the observer can be observed in different years one by another. Initially, we should 
observe the detected GRBs and magnetars by their spatial distributions. 

All the calculations were done in the Phyton programming platform. We down- 
loaded the fits catalogue as a fits file from the website of HEASARC catalogue 
search (heasarc.gsfc.nasa.gov) in November 2020. By that time there were about 
2915 gamma-ray bursts detected by Fermi GBM satellite telescope. Firstly, we de- 
fined short(less than 2 seconds) and long(more than 2 seconds) period bursts by the 
T90(time duration) table. It is confirmed that the long GRB bursts corresponds 
to core-collapse supernova stars, while the short bursts are the merges of neutron 
stars.?" The number of short GRBs were 478 and the long GRBs were 2437 events. 
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Fig. l. 'The histogram of the GRBs by their periods. 


In Fig. 1 we build the logarithmic histogram of the number of the bursts by their 
periods.?® The minimum period of the short bursts lasted up to 0.008 s, while the 
maximum period was 1.984 s. Furthermore, the minimum period of the long bursts 
lasted up to 2.045 s, while the maximum period was 984.084 s. The majority of 
bursts lay between 10 and 100 s. But other short period bursts have the maximum 
number corresponds approximately to a second. This results are comparable with 
the previous works although in size by the order of magnitude.?5 As can be learned 
from their red shifts the bursts come from different parts of the universe. Let us 
define their spatial distribution. 

Firstly, we took spatial coordinates from catalogue and changed them from the 
ecliptic into galactic (1,b) values. 

We used Aitoff-Hammer projection in order to make the distribution of 2915 
bursts on Fig. 2. Marked as red(long) and blue(short) dots these events isotropically 
distributed, which proves theis extragalactic origin. In previous works the spatial 
distribution were observed as an object of the definite goals. We use the spatial 
distribution to study the delay of light within the distribution of the observed 
magnetars and their candidates. 

Nowadays there are 29 galactic and 2 extragalactic magnetars observed; among 
them there are 26 known magnetars and 5 magnetar candidates.!^ Their distribution 
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Fig. 2. The sky distribution of GRBs from HEASARC Catalogue as for November, 2020 observed 
by Fermi’s Gamma-ray Burst Monitor (Fermi-GBM).?° 


in the Aitoff-Hammer map are made by using the McGill Online Magnetar catalog 
and indicated as black crosses in Fig. 2. As for GRBs we changed their coordinates 
into the galactic coordinates. Indeed, we could present both of the GRB and mag- 
netars in the same map. Most of the magnetars are accumulated along the galactic 
plane. The other two can be seen out of the Galaxy of Milky-way. 

When the light coming from the GRB passes through the magnetosphere of 
the magnetar it declines to some angle and the light splits into two modes.?? This 
phenomena requires first to find out the relation of the spatial coordinates of the 
GRBs and the magnetars. 

In order to illustrate the effect of the light bending we present its schematic view 
in Fig. 3. The light passing through the magnetars inclines to some 0 angle. 

If the light coming directly to the observer passes | distance, while the delayed 
distance is defined as: Al = (1 — ME: cosa) - GE. Here, ME is a distance between 
a magnetar and an observer. GE is a distance between a GRB and the Earth. 

The next step is a calculation of the distance between the GRBs and the mag- 
netars in projection. Here we take a magnetar, then we define the distance between 
this magnetar and the GRBs in order to find the closest pair. 

Thus it is a projection distance: angular separation between the magnetar and 
the GRBs. Firstly, we define the difference of right ascensions of the magnetars and 
the GRBs, we do the same, as well as for the declination. Secondly, we define the 
distance between a magnetar and GRBs by the simple formula for triangle: A D — 


v RA? + Dec. 
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Fig. 3. Light propagation scheme. 


We calculated angular distance corresponded to every 31 magnetars. Hence, 
every magnetars in the map surrounded by 2915 GRBs. The minimum of the an- 
gular distance corresponded to the magnetar is defined as the nearest GRB to the 
magnetar. As in Table 1, o is an angular projection distance for magnetars and 
GRBs. This results help to define the lag time of light coming to the detector by 
passing through the magnetar. 

Delay of the GRB coming to the Earth can be defined by the distance between 
the magnetar and the detector. T'his data can be used from the McGill Online 
Magnetar Catalog website. We changed the units of parsec to light years and then 
we calculated the delayed time of light of GRB by dividing the delayed distance 
by the speed of light. Hopefully, we present the result in Figure 6. Here nan is 
a unknown data of the distance to a given magnetar. We do not use them in the 
future. Minimum of lag time corresponds to the magnetar of SGR 04184-5729, while 
the longest time is for the magnetar of CXOU J010043.1-721134. Futhermore, the 
errors of the distance to a magnetar should be useful for the calculation of delayed 
time period of the light. 


Table 1. 


GRB 


GRB080905570 
GRB110818860 
GRB130304658 
GRB110319628 
GRB181026540 
GRB141102536 
GRB170803415 
GRB140619490 
GRB090829672 
GRB190630257 
GRB120711446 
GRB140511095 
GRB160819852 
GRB160819852 
GRB160819852 
GRB160819852 
GRB140627401 
GRB150811849 
GRB150811849 
GRB171010792 
GRB150705588 
GRB140723067 
GRB140723067 
GRB140723067 
GRB120224898 
GRB171120556 
GRB180517309 
GRB151118554 
GRB130404877 
GRB170511477 
GRB151212064 


3. Summary 


Magnetar 


CXOU J010043.1-721134 
4U 01424-61 
SGR 04184-5729 
SGR 05014-4516 
SGR 0526-66 
1E 1048.1-5937 
1E 1547.0-5408 
PSR, J1622-4950 
SGR 1627-41 
CXOU J164710.2-455216 
1RXS J170849.0-400910 
CXOU J171405.7-381031 
SGR J1745-2900 
SGR 1806-20 
XTE J1810-197 
Swift J1818.0-1607 
Swift J1822.3-1606 
SGR 1833-0832 
Swift J1834.9-0846 
1E 1841-045 
3XMM J185246.6--003317 
SGR 1900+14 
SGR 1935+2154 
1E 2259+586 
SGR 0755-2933 # 
SGR 1801-23 # 
SGR 1808-20 # 

AX J1818.8-1559 # 
AX J1845.0-0258 # 
SGR 2013+34 # 
PSR J1846-0258 ## 


Q 


2.92347 
3.76798 
1.08932 
1.96316 
2.54773 
0.656687 
3.19981 
2.59277 
0.547211 
1.51366 
2.95812 
3.98594 
1.05186 
1.93754 
2.64306 
2.13983 
1.90291 
1.92805 
1.69774 
1.49363 
2.4124 
1.25032 
3.18331 
2.92617 
2.38008 
1.93446 
1.70049 
1.95134 
1.94219 
3.29051 
2.2824 


Minimum distance in projection between magnetars and GRBs. 


Lagtime, ly 


264.873 
25.3813 
1.1789 
3.82867 
172.803 
1.92799 
22.8822 
30.0502 
1.63625 
4.43859 
16.5147 
104.138 
4.56176 
16.2229 
12.1438 
10.9169 
2.87785 
nan 
6.01329 
9.41957 
20.5231 
9.70704 
nan 
13.6084 
nan 
nan 
nan 
nan 
15.9261 
47.3196 
15.5248 
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By building the distribution of magnetars on galactic map, it is confirmed that 


there are 29 galactic magnetars and their candidates, while the other two are 
located out of the Milkyway. The number of GRBs we studied is 2915. The 
maximum separation angle for GRB and Magnetar projectiles was 3.76 degrees 
(4U0142+61 and GRB110818860), while minimum angular resolution was 0.54 de- 
grees (SGR1627-41 and GRB090829672). There are five candidates of lag time pe- 
riod for GRBs (GRB130304658, GRB110319628, GRB141102536, GRB090829672, 
GRB140627401) and corresponding magnetars(SGR 0418+5729, SGR 0501+4516, 
1E 1048.1-5937, SGR 1627-41, Swift J1822.3-1606) we expect to study in the future 
works. We discuss the relationship of GRB light intensity by their lag time as it 
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would come after bending by the magnetosphere. The further steps will include 
modelling of the front emission from GRBs passing through the magnetosphere of 
the given magnetar. 
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We study the absorption cross section of a massless test scalar field, for arbitrary fre- 
quency values, in the background of an Ayón-Beato-García electrically charged regular 
black hole spacetime. We show that Ayón-Beato-García regular black holes can mimic the 
absorption properties of Reissner-Nordstróm black holes in the whole frequency range, 
for small-to-moderate values of the normalized electric charge. 


Keywords: Regular black holes; scalar field; absorption cross section. 


1. Introduction 


General relativity (GR) is a geometric theory of gravity that over more than one 
hundred years has successfully passed several experimental tests." ? The observa- 
tional evidences of GR* confirm the existence of black holes (BHs). These objects 
are characterized by a one-way membrane, called the event horizon, and in standard 
GR they are normally associated to a curvature singularity. Since the known laws 
of physics break down at such singularities, the standard GR is not able to explain 
the physics of a BH singular core. 

An attempt to avoid the curvature singularity issues are the so-called regular 
BH (RBH) spacetimes," i.e., singularity-free black hole geometries. The first exact 
charged RBH solution was proposed in 1998 by Eloy Ayón-Beato and Alberto García 
(ABG).® This solution was based on the minimal coupling between gravity and a 
nonlinear electrodynamics model, and describes a static and electrically charged 
RBH. The nonlinear electrodynamics theory can be seen as a possible generalization 
of Maxwell's linear electrodynamics for strong electromagnetic fields.? 

In real astrophysical scenarios BHs are surrounded by distributions of matter.!? 
Among the bosonic and fermionic distributions of matter, the simplest one is the 
scalar field, corresponding to spinless particles.!! It is possible to study how BHs 
absorb and scatter matter fields as an attempt to better comprehend how BHs inter- 
act with their surroundings.!? 1” We present a selection of results for the massless 
scalar absorption by ABG RBHs, focusing in the possibility of RBHs mimic the 
absorption properties of standard BHs. More details on this work are presented in 
a previously published paper (see Ref. 18). 
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2. Ayón-Beato-García RBH Spacetime 
The line element of the ABG solution is given by? 

ds? = f(r)dt? — f(r) !dr? — r? (d6* + sin? Ody”) ; (1) 
with 

2Mr? 2p2 

f(r) = fPPS(r) =1 (r2 + Q2)3/2 mm Qr 
where M and Q are the mass and the electric charge of the BH, respectively. The 
asymptotic limits of the metric function are given by 


(2) 


; 1 | 3(2/Q|M — Q? 
lim fABS (r) x Fae Sitter (7) zu : | ( us Q | r2 (3) 
and 
lim f^P9(r)z fPN(r)=1— an + Ls (4) 


The ABG solution describes RBHs when |Q| € Qe ~ 0.6341M. For |Q| < Qe 
we have a Cauchy, r_, and an event horizon, r}, given by 


y 9012s? —1) joo ws), 9 i 
7 " u(s) 6 2 u(s) zw 1 5 
faces 2/65 " 12s ^ 4s x se 
where s = |Q|/(2M) and 
u(s) —6 | A(11s? = 3)s Es V/g(s) E As? +4 5) ; (6) 
V g(s) 2 
g(s) = A(TAs? + 3/34/4009 — 11254 + 4752 — 4 + 9s). (7) 


On the other hand, Q = Qext corresponds to the so-called extreme ABG RBH, 
for which we have only one horizon; while Q > Qext corresponds to a horizonless 
solution. The regularity of the solution at the core of the geometry is evidenced by 
the behavior of the scalar invariants presented in Ref. 8, which are all regular there. 


3. Absorption of Massless Test Scalar Fields 
3.1. Massless scalar field 


The massless and chargeless test scalar field ? obeys the Klein-Gordon equation: 


2, (V=99"”,) ® = 0. (8) 


V,V'$ = —— 
; V/-9 
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We can decompose ® as 


ð= 5y Ca (=O nies 9e) ; (9) 


T 


where Cu, are constant coefficients. The indexes w and l denote the frequency and 
the angular momentum of the wave, respectively, v,;(r) is the radial function and 
P, are the Legendre Polynomials. 
By inserting Eq. (9) into Eq. (8) we may find the following radial equation 
d? 
qj RE [w? = V.a(r)] Vui — 0, (10) 
T% 


where Ta = Fe is the tortoise coordinate and the effective potential Vog(r) reads 


1df(r) , (1-1) 


2 . 


Vea(r) = f(r) (11) 

In Fig. 1 we present the effective potential in the background of ABG RBHs. We 
note that the peak of the effective potential increases as we consider higher values 
of the normalized charge a = Q/Qext, as well as higher values of l; and for the 
asymptotic limits, we have lim,, +o V.g(r,) = 0. 


r dr T 


F 24r / ‘ 1 
= a , * 

oO R4 ‘. 
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Fig. 1. The effective potential of scalar waves in the background of the ABG RBH, as a function 
of rx: (i) with | = 0, for different choices of the normalized charge a (left panel); and (ii) for 
different choices of l, with o = 0.8 (right panel). The lower inset in the left panel emphasizes the 


peaks of the effective potential. 


The appropriate boundary conditions are given by plane waves incoming from 
the infinite null past (the so-called in modes), so that the solutions of Eq. (10) reads 
" Te s, r — r, (r, > —oo), (12) 
I~ . . 
ii et + Rye’, r— oo (r, > 00), 
where Tu, and Ru are complex coefficients. By using the conservation of the flux, 
one can show that the transmission |7,;|? and reflection |R,,)|? coefficients satisfy 


IR i + Tal? = 1. (13) 
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3.2. Absorption cross section 


By using the so-called partial-wave method, we may write the total absorption cross 
section (ACS) of the massless scalar wave as a sum of partial-waves contributions, 
given by!? 


o= Xo, (14) 
1=0 


where the partial ACS, o;, reads 
T 
9; = "it -T0[TAP. (15) 


There are analytic approximations for the ACS of massless test scalar fields by 
BHs in the low- and high-frequency regimes. In the low-frequency regime, for sta- 
tionary BH geometries, the ACS tends to the surface area of the BH event horizon, 


namely??:?! 


A = Anr?. (16) 


On the other hand, in the high-frequency regime, the absorption of a massless 
scalar field is governed by the geometric cross section (GCS) of null geodesics, 
i.e., ges = Tb2, where be is the critical impact parameter. By using the so-called 
sinc approximation, it is possible to obtain an improvement for the high-frequency 
approximation, which can be expressed as?? 


Ohf = Cues [1 — 8nb. Ae "e^ sinc (2rb.w)] ; (17) 


where sinc(z) = sin(x)/z, and A is the Lyapunov exponent.?? 


4. Results 
4.1. Main features 


The numerical method employed to obtain the ACS consists in integrating numer- 
ically Eq. (10) from very close to the BH event horizon r,, up to some radial 
position very far from the BH, with the boundary conditions in these regions given 
by Eq. (12). 

In Fig. 2 we show the total ACS, normalized by the BH area, for distinct ABG 
RBHs. We note that, as w — 0, the ratio c/A tends to the unity. Hence, at the low- 
frequency limit, the numerical result for the ACS tends to the BH area, as expected. 

A comparison between the horizon area of ABG and RN BHs is presented in 
Fig. 3. We see that for fixed values of a, ABG and RN BHs have very similar BH 
areas. 

In Fig. 4 we compare the total ACS obtained numerically with the analytic 
approximations for the high-frequency regime (see Subsec. 3.2). As we can see, in 
this frequency regime, the total ACS obtained numerically oscillates around the 
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Fig. 2. The total ACS of the scalar wave for distinct ABG RBHs (divided by the BH area), as a 
function of wM. We also exhibit, for comparison, the results for the Schwarzschild case (a = 0). 
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Fig. 3. The surface area of the BH event horizon of ABG and RN BHs, as a function of the 
normalized charge. The central inset shows the areas of ABG and RN BHs for a between 0.9104 
and 0.9116, emphasizing the high similarity between the corresponding areas. 


corresponding GCS and the oscillatory profile is very well reproduced by the sinc 
approximation. These results, combined with the ones for the low-frequency regime 
(cf. Fig. 2), show that our numerical results are consistent with the analytic approx- 
imations available in the literature. We also see that the total ACS of the ABG RBH 
diminishes as we increase a, so that the wave is more absorbed in the background 
of small-charge ABG RBH spacetimes. This is in accordance with the fact that the 
potential barrier raises as we increase a (see Fig. 1). 

Examples of partial ACSs in the background of different ABG RBHs are shown 
in Fig. 5. We observe that the peak of the partial-wave modes diminishes as we 
consider higher values of the normalized electric charge and the mode | = 0 provides 
the main contributions for the ACS in the low-frequency regime. 
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Fig. 4. Comparison of the total ACS (as a function of wM) of the ABG RBH obtained numerically 
with: (i) the corresponding GCSs (left panel) and (ii) the corresponding sinc approximation (right 
panel), considering distinct values of a. 


Fig. 5. Partial ACSs of the scalar wave considering different ABG RBHs (distinct values of a), 
as functions of wM. 


In Fig. 6 we compare the absorption results for ABG and RN BHs, considering 
two values of a. The total ACS of the ABG RBH is typically larger than the 
corresponding RN case. However, for small values of a, the total ACS of ABG and 
RN BH solutions can be very similar for arbitrary values of the frequency. Notice 
also that the zero-frequency regime of the total ACSs of ABG and RN BHs are very 
similar, for the same o value. This is in agreement with the behavior of their areas 
which are very similar for the same choices of o (cf. Fig. 3). 


4.2. RBHs as standard BHs mimickers 


We can consider the values of (a^PS, aPN) for which the corresponding GCSs co- 
8 


incide in order to find situations in which the absorption results of ABG and RN 


BHs are very similar. In Fig. 7 we display such values, which can be found up to 
(ane aPN) = (1, 0.9161). 
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Fig. 6. The total ACSs of ABG and RN BHs as a function of wM, for œ = 0.1 (left panel) and 


for a = 0.6 (right panel). 


Fig. 7. 'The values of the normalized charges for which the GCSs of ABG and RN BHs coincide. 


In Fig. 8 we exhibit the total ACSs for two pairs of (a^P6, aPN), for which the 
GCSs coincide. For low-to-moderate o values, the total ACSs of the ABG and RN 
BHs are basically indistinguishable along the whole frequency regime. This contrasts 
with the absorption results for massless test scalar fields in the Bardeen case,?* for 
which the ACSs of Bardeen and RN BH solutions can be very similar only in the 
high-frequency regime. 

We can define a function to estimate the percentual deviation between the BH 
area of each pair (o/^P9, aPN), namely 


(18) 


The smaller the function Air is, the more similar are the ABG and RN BHs areas. 
In Table 1 we present the corresponding BH areas, as well as Agir, for several pairs 
(a^PG, aPN) displayed in Fig. 7. As we can see, the function Aqif increases with 
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Fig. 8. The total ACS for the pairs (a4BS, aPN) = (0.2, 0.1794) (left panel) and (a^BG, aRN) = 
(0.4, 0.3594) (right panel). In both cases, the corresponding GCSs coincide. 


Table 1. The BH areas and Aqif for several pairs 


(a^BG, qRN) shown in Fig. 7. 


o RN AABG/M2 ARN /M? Adif 


0.1516 | 0.1365 49.6831 49.7961 | 0.2274% 
0.182 | 0.1629 49.425 49.5963 | 0.3453% 
0.2027 | 0.1815 49.2219 49.4341 | 0.4309% 
0.2852 | 0.2548 48.189 48.6201 | 0.8946% 
0.318 | 0.2855 47.6772 48.1951 | 1.0863% 
0.3417 | 0.3054 47.2708 47.8927 | 1.3156% 
0.4003 | 0.3608 46.1309 46.9368 | 1.7469% 
0.4707 | 0.4226 44.4976 45.6667 | 2.6273% 
0.5003 | 0.4489 43.7207 45.0586 | 3.0601% 


the increase of a. We also note that for an ABG RBH with a < 0.5, we have that 
Aair € 396. Therefore, pairs (a^P6, aPN) that satisfy nol = a correspond to 
very similar BH areas, as long as we consider only low-to-moderate values of a, 
implying that the ACSs of ABG and RN BHs are very similar also at the low- 
frequency regime. This also contrasts with the absorption results for massless test 


scalar field in the Bardeen case.?4 


5. Final Remarks 


We revisited the scalar absorption of massless scalar fields by the first electrically 
charged ABG RBH solution,? presenting a selection of additional results. The 
height of potential barrier (related to the propagation of massless scalar waves 
in the background of the ABG RBH) enhances as we increase l or a. The ACSs 
obtained with our numerical method tend to the corresponding BH area in the low- 
frequency regime, as expected,?? and, in this limit, the mode | = 0 provides the 
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main contribution to the ACS. We also obtained that the BH areas of ABG and 
RN BHs are very similar for certain values of o. 

The total ACS of the ABG RBH, in the mid-to-high frequency limit, oscillates 
around the corresponding GCS and the sinc approximation provides excellent results 
for ACS in this regime. Therefore, considering the results in the low- and high- 
frequency regime, we conclude that our numerical results for the ACS agree very 
well with the analytic approximations. We also noted that the ABG RBH total 
ACS diminishes as we increase a, what is in accordance with the fact that Veg(r) 
increases as we increase a. The ABG RBH total ACS is typically larger than the 
RN one, for the same choice of a, but it is possible to find situations for which 
the total ACSs of ABG and RN BHs are very similar in the whole frequency range, 
mainly for small values of a. This similarity shows that it is possible that electrically 
charged RBHs mimic standard BHs, in what concerns the absorption of massless 
test scalar fields. 
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The progenitor evolution and the explosion mechanism of Type Ia supernovae remain 
unexplained. Nonetheless, substantial progress has been made over the past years with 
three-dimensional hydrodynamic simulations of different scenarios. Here, we review some 
recent work pertaining to the leading paradigms of modeling: thermonuclear explosions of 
white dwarf stars near and below the Chandrasekhar mass limit. We discuss implications 
of the different explosion channels and their predictions of observables. 


Keywords: Type Ia supernovae, thermonuclear explosions, white dwarf stars, numerical 
simulations 


1. Introduction 


Despite substantial progress in theoretical modeling and numerical simulations over 
the past years,! our understanding of the physical mechanism of Type Ia super- 
novae remains incomplete. This has two main reasons. (i) The progenitor systems 
from which these explosions arise have not been identified, and therefore the initial 
conditions for the explosion simulations are uncertain. (ii) Modeling the explosion 
stage itself is a severe multi-scale multi-physics challenge and relies on assumptions 
and approximations. Some of these approximations could be mitigated with multi- 
dimensional hydrodynamical simulations. They form a cornerstone of a consistent 
modeling pipeline that follows a progenitor model over explosion and nucleosynthe- 
sis to the formation of observables. By avoiding tunable parameters, such a modeling 
pipeline facilitates a direct comparison of model predictions with astronomical data. 
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'This allows for conclusions to be drawn on the validity of the assumed progenitor 
scenarios. In the following, we describe the application of this modeling pipeline to 
two different explosion scenarios. 


2. Explosion models 


Ignoring the fascinating but complex and still enigmatic evolution of progenitor 
systems of Type Ia supernovae, the main question to simulations is how to set up 
the state of the white dwarf at the onset of explosion. The two fundamental choices, 
a configuration close to the limit of stability, the Chandrasekhar mass, and a white 
dwarf below that mass limit, imply different explosion scenarios.? The compact 
structure of a near-Chandrasekhar mass object causes high densities of the material 
ahead of the thermonuclear burning front? if it propagates as a supersonic deto- 
nation. The products of such an explosion, almost exclusively iron group elements, 
are inconsistent with observations of Type Ia supernova. To produce the required 
intermediate mass elements detected in their spectra, burning has to start out as a 
subsonic deflagration in a white dwarf close to the Chandrasekhar mass. After some 
time of pre-expansion of the star, the burning front may turn into a supersonic 
detonation. In a sub-Chandrasekhar mass white dwarf, in contrast, the densities 
are lower and allow for the required intermediate-mass elements to be produced in 
a detonation. 

For both scenarios, the actual ignition of the burning remains uncertain and 
is difficult to resolve in multidimensional hydrodynamic simulations.^ Therefore, 
simulations often start out with an assumption on the triggering of the explosive 
burning. 


3. Near-Chandrasekhar mass explosions 


Sets of simulations have been carried out to test the impact of initial parameters on 
the outcome of explosions in near-Chandrasekhar mass white dwarf stars. Testing 
the ignition configuration? revealed that the number and spatial distribution of 
ignition sparks is the most important parameter for the strength of the deflagration. 
Few and asymmetrically distributed sparks lead to an incomplete disruption of the 
white dwarf. With very many ignition kernels (that are less likely to be realized 
^6). a complete unbinding of the star becomes possible, but the mass of 
56Ni produced is too low to explain the brighness of normal Type Ia supernovae. 
A detonation may form later and enhance the thermonuclear burning,’ but here 
we restrict our discussion to cases where the flame propagation remains subsonic 
throughout. 

Pure deflagrations in near-Chandrasekhar mass white dwarfs have been dis- 
cussed as a model for the subclass of Type Iax supernovae. An open question, 
however, remains: Can deflagrations in Chandrasekhar-mass white dwarfs cover the 
entire range of objects in this class, including the very faint events? To explore this, 


in nature 
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we have carried out an extended systematic study of three-dimensional hydrody- 
namic explosion simulations? varying the distance of single-spark ignitions from the 
stellar center, but also other parameters such as the central density of the white 
dwarf at the onset of explosion, its metallicity, its carbon mass fraction, and its 
rotation state. This suite of models shows that it it well possible to decrease the 
96Ni production and thus the brightness of the modeled events to values that would 
match the faintest members of the Type Iax supernova class. However, inconsisten- 
cies were discovered, too. The faint events evolve to quickly in brightness. All models 
fall onto a strong correlation between the produced °°Ni mass and the total eject 
mass. This correlation does not match observations and none of the initial parame- 
ters was able to perturb it significantly. For the brighter models, however, reasonable 
matches with observations were found. Previous claims of chemically layered ejecta 
structures!? based on the “abundance tomography" method contradict the picture 
of Type Iax supernovae originating from deflagrations in Chandrasekhar-mass white 
dwarfs. Because of the intrinsic instabilities of subsonic flame propagation, such a 
scenario would predict well-mixed ejecta. Recent forward-modeling,'! however, finds 
that the predictions of such models may still be consistent with observations. 

Improvements in explosion modeling and - in particular — in the treatment of 
non local thermodynamic equilibrium (NLTE) effects in the radiation transfer calcu- 
lations are needed to settle the question of whether deflagrations in Chandrasekhar- 
mass white dwarfs can explain at least the brighter Type Iax supernovae. Given the 
failure to model the faint events in this framework, it seems possible that not all 
members of the observationally-defined class of Type Iax supernovae pertain to the 
same physical explosion mechanism. 


4. Sub-Chandrasekhar mass explosions 


Explosions of white dwarf stars below the Chandrasekhar mass are an appealing 
model because they seem to reproduce important observational trends.!? The ques- 
tion, however, is how such inert objects trigger a detonation. A classical model is 
that of double detonations: A helium shell is accreted on top of a carbon-oxygen 
white dwarf. Once massive enough, it triggers a shell detonation that initiates a 
secondary detonation of the carbon-oxygen core. If the helium shell is not too mas- 
sive, its products do not strongly impact the observables and the match with data 
from normal Type Ia supernovae improves.!? 16 

We have recently explored the mechanism of triggering of the secondary core det- 
onation and the impact of the shell detonation products on predicted observables 
in an extended sequence of three-dimensional hydrodynamic simulations.” !? This 
study identifies different possibilities for the core detonation initiation depending 
on the mass of the helium shell and the carbon-oxygen core. Although a reason- 
able match is obtained in the predicted observables with observational data, some 
shortcomings remain. These include too red spectra and too wide variations of the 
lightcurve width-luminosity relation with viewing angle. Some of these deficiencies 
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can be attributed to approximations in the treatment of NLTE effects in radiation 
transport, but the mismatches may also call into question the explosion model 
itself. 


5. Imprints on nucleosynthesis yields 


Apart from comparing to optical observables, another approach to discriminate 
between and assess the validity of Type Ia supernova explosion models is by their 
imprints on the nucleosynthesis yields.?? An important difference between near- and 
sub-Chandrasekhar mass explosion models is the production of manganese.?! In ex- 
plosive carbon burning, it can only be produced in (super-)solar ratio to iron if the 
densities are sufficiently high to allow for normal freeze-out from nuclear statistical 
equilibrium. This is the case for explosive burning in the cores of Chandrasekhar- 
mass white dwarfs. Alpha-rich freezeout, as occurring at lower densities in explosions 
of sub-Chandrasekhar mass objects, destroys the mother nucleus of ??Mn, °°Co, 
by proton captures. This produces additional °°Ni at the expense of manganese. 
'Therefore, it was concluded that a substantial fraction of Type Ia supernovae has 
to originate from the Chandrasekhar-mass explosion channel so that these objects 
can drive the manganese-over-iron trend in galactic chemical evolution towards the 
solar value. Our new double-detonation sub-Chandrasekhar mass explosion mod- 
els,!?:29 however, show that additional manganese can be produced in the helium 
shell detonation. T'his lowers the fraction of Chandrasekhar-mass models needed to 
explain the galactic chemical evolution of manganese. 


6. Conclusions 


Three-dimensional hydrodynamic simulations help to avoid tunable parameters in 
the modeling of different explosion scenarios for Type Ia supernovae. The opti- 
cal observables derived from such models via nucleosynthesis postprocessing?” and 
radiative transfer calculations can be exposed directly to observational data. For 
the time being, however, the discriminative power of this approach is insufficient 
to identify a valid model for normal Type Ia supernovae. All considered scenarios 
have some advantages and some shortcomings. The reason may simply be that the 
correct scenario has not yet been found. Sub-Chandrasekhar mass explosions are a 
promising model, but in the double detonation mechanism they still fail to match 
some important observational properties of Type Ia supernovae. Similar explosions 
can, however, also be triggered by mergers of two white dwarfs.?? ?6 

A similar situation is encountered with deflagrations in near-Chandrasekhar 
mass white dwarf stars. While this model looks promising for explaining brighter 
members of the Type Iax supernova class, its fainter end cannot be reproduced. 

To ultimately settle the question of the origin of Type Ia supernovae, constant 
improvement is required in the explosion modeling as well as in the treatment of 
radiative transfer predicting the optical observables. Alternative observables that 
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may help to discriminate between models include the nucleosynthesis yields dis- 
cussed here, but also spectropolarimetry data,?"?? the search for surviving com- 
panion stars in the double degenerate progenitor model?? and imprints of different 


explosion scenarios on the forming supernova remnants.?.: 32 
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What the progenitors of Type Ia supernovae (SNe Ia) are, whether they are near- 
Chandrasekhar mass or sub-Chandrasekhar mass white dwarfs, has been the matter 
of debate for decades. Various observational hints are supporting both models as the 
main progenitors. In this paper, we review the explosion physics and the chemical abun- 
dance patterns of SNe Ia from these two classes of progenitors. We will discuss how 
the observational data of SNe Ia, their remnants, the Milky Way Galaxy, and galactic 
clusters can help us to determine the essential features where numerical models of SNe 
Ia need to match. 


Keywords: Supernova; Hydrodynamics; Nucleosynthesis; Supernova Remnant; Galactic 
Chemical Evolution 


1. Introduction 


Type Ia supernovae (SNe Ia) are well-understood as the thermonuclear explosions 
of carbon-oxygen white dwarfs (CO WDs).*? They produce the majority of iron- 
peak elements in the galaxy, in particular ??Mn. Their light curves can be stan- 
dardized for measuring distance in the cosmological scale.^? Understanding their 
progenitors, the explosion mechanisms and their obseravables are important for 
understanding the Universe in the larger scale.^" In this review paper, we will 
explore possible progenitors of SNe Ia, whether they are the explosions of near- 
Chandrasekhar mass (Ch-mass) WDs or sub-Chandrasekhar mass (subCh-mass) 
WDs. In Table 1 we tabulate the important features to contrast between the 
Ch-mass and subCh-mass WDs. 

The rise of the two classes of models comes from the diversity of observed SNe Ia. 
In the literature, a number of explosion models have been proposed to explain the 
normal and peculiar SNe Ia. For the Ch-mass WD, representative models include the 
pure turbulent deflagration model (PTD),5!? PTD with deflagration-detonation 
transition,!9 7? [23-27 


gravitationally confined detonation mode and pulsation reverse 
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detonation models.?9:?? The subCh-mass WD models include the double-detonation 
model,?93? violent merger model??-4? and WD head-on collision model.4^? 4? On top 
of these, unconventional models such as magnetized WDs, ^6 super-Chandrasekhar 
mass WDs,^' differentially rotating WDs^*:4? and interaction with dark matter 
gravity?? 5! have been proposed to explain some unusual SNe Ia. 


Table 1. Comparing essential features of Ch-mass and subCh-mass WDs. 


unit Ch-mass WD subCh-mass WD 
mass Mo 1.30 — > 1.38 0.9 — 1.2 
central density | g cm-? 10? — 1019 107 — 108 
composition 120-160. -22Ne core: 12C--160.-22Ne 
envelope (env): *He 
reaction subsonic deflagration supersonic detonation 
first site (near-)center off-center (He-env) 


The study of SNe Ia as explosions of (sub)Ch-mass WDs is often linked to the 
open question about the progenitors of SNe Ia: the single degenerate (SD) vs. the 
double degenerate (DD) scenario. The SD scenario means that the primary WD 
develops its nuclear runaway by mass accretion from its companion star, which can 
be a slightly evolved main-sequence, a red-giant, or a He-star. 9:9? The DD scenario 
means that the primary WD triggers the runaway by dynamical interaction with 
its companion WD. 

We remind that the question on whether SNe Ia develop from Ch-mass WDs is 
not equivalent to arguing SNe Ia mainly develop in the SD scenario. For example, in 
the SD scenario, when the WD explodes as an SN Ia depends on the mass accretion 
rate from its companion star and the WD initial mass (see the left panel of Figure 
1). A WD having (1) a high mass accretion rate above ~ 107? Mọ yr^! or (2) 
having a low mass accretion rate and a high initial mass > 1.1 Mo is likely to 
develop nuclear runaway in the Ch-mass limit. Otherwise, the WD is more likely to 
explode as a subCh-mass WD.?? Similar features have been seen also for WDs in 
the DD scenario. 

To understand why the C-deflagration is associated with the Chandrasekhar 
mass WD, we show in the right panel of Figure 1 the relative pressure change of 
the CO-rich matter as a function of the matter density. During the thermonuclear 
runaway, '2C and !6O burn to form iron-peak elements peaked at °°Ni, releasing 
an amount of ~ 10/5 erg g^!. When the density is high ( 10? g cm^?), the elec- 
tron degeneracy pressure dominates the matter pressure, and the overall pressure 
becomes insensitive to its temperature. As a result, the relative pressure jump de- 
creases as the matter becomes more degenerate. Without an abrupt pressure jump, 
the nuclear runaway in the Ch-mass WD may not spontaneously trigger a shock 
wave and hence no detonation may form. The hot matter may ignite !?C in the 
nearby cold matter only by thermal conduction. 
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Fig. 1. (left panel) The final fate of the WD in the SD scenario with the mass accretion rate 
and the initial CO WD mass as parameters (derived and edited from Ref. 53). (right panel) The 
relative pressure change AP/Po and relative internal energy change q/uo before and after nuclear 
runaway as a function of the matter density for the He-rich (solid line) and CO-rich (dashed line) 
matter (Ref. 30). The numbers on the top corresponds to the mass of the WD when the density 
corresponds to the central density of the WD. The red arrow indicates the relative pressure change 
of the CO-rich matter. 


Unlike the detonation, the subsonic deflagration is subject to hydrodynamical 
instabilities such as the Rayleigh- Taylor (RT), Kelvin-Helmholtz (KH) and Landau- 
Derrieus?^6 instabilities. The analytic model suggests that the buoyancy force can 
drive the early flame away from the center.?' In Figure 2 we plot the electron 
fraction Y, profile of a canonical PTD model where the deflagration has quenched 
after the expansion of the WD. The Y, profile is a useful scalar for tracking how the 
fluid elements move inside the star. We observe the elongated “mushroom” shape 
as features of the RT-instabilities and the spiral along and inside the “mushrooms” 
as features of the KH-instabilities. 

However, a WD may not naturally explode if there is only a slow subsonic 
nuclear flame because the WD expands and quenches the flame before the whole 
WD is burnt.® 1? To alleviate this issue, a deflagration-detonation transition? and 
a flame-acceleration scheme? °°? have been proposed for assisting nuclear burning 
to spread around the entire WD before the WD expands. 


2. Typical Type Ia Supernova Explosion 


Both the Ch-mass and subCh-mass WD models have their individual strengths 
and concerns, despite both of them can reproduce the observed features of normal 
SNe Ia,® © including the Philip's relation.?^9? For example, the Ch-mass model 
can produce Mn with an amount consistent with the solar abundance,®* while the 
subCh-mass models do not produce a significant amount of Mn. But the DDT 
mechanism remains a matter of debate whether or not the turbulence is sufficient 
to pre-condition the CO rich matter.°” 65-69 
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Ye profile at 1.15 s 
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Fig. 2. A snapshot of the electron fraction Ye profile in a typical PTD model demonstrating simul- 
taneously the Rayleigh-Taylor and Kelvin-Helmholtz instabilities due to interaction of turbulent 
fluid motion with the deflagration front. 


2.1. Typical Explosion Mechanism of Ch-mass and sub Ch-mass 
Models 


We now examine the typical explosion mechanism in both the Ch-mass and subCh- 
mass WDs. Even though we have described a number of explosion mechanisms in 
the previous section, in general they are only different by the progenitor or the 
initial explosion kernel. The underlying mechanism, namely the deflagration and 
detonation, remains unchanged. Here we examine how the WD explodes accordingly. 

In Figures 3 and 4 we plot the temperature profiles of the representative Ch-mass 
WD explosion using the PTD model with DDT for a WD of 1.37 Mo, metallicity 
Z = 0.02 and a c3 deflagration kernel?? based on two-dimensional simulations."? 
The WD is burnt by subsonic flame for around 1 s, consuming about ~ 30% of the 
CO-rich matter in mass. After that, DDT is assumed to take place and the remaining 
matter is burnt within ^ 0.1 s. Eventually, the WD undergoes homologous expansion 
which quenches both deflagration and detonation. 

In Figures 5 and 6 we plot similar profiles to Figure 3-4 but for the subCh- 
mass model with the initial mass 1.10 Mo, Z = 0.02 and a single He-detonation 
bubble.?? In the first 1 s, the detonation burns the He-rich matter along the envelope. 
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Temperature profile at 0.0987 s 
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Fig. 3. (left panel) The initial temperature profile of the quadrant cross-section in a typical 
Ch-mass model using the PTD model with DDT for an initial mass M = 1.37 Mo, metallicity 


Z = 0.02, and a “three-finger” initial flame kernel.?? (top right panel) Same as the top left panel 
when the DDT is assumed to be triggered. 
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Fig. 4. (left panel) Same as Figure 3 but during the detonation phase. (right panel) Near complete 
disruption of the WD. 


The detonation strength increases during the collision, which creates a shock that 


penetrates into the CO-core. This creates the C-detonation which later disrupts the 
entire WD. 


2.2. General Thermodynamical Features 


Typical multi-dimensional SN Ia simulations solve the Eulerian hydrodynamics 
equations with a simplified nuclear reaction network. To obtain the detailed chemical 


Table 2. Major isotopes of iron-peak elements and their corresponding electron fraction. 


Isotope 54Fe 55Mn 55Fe 55 Fe 56 Fe 56Co — 56Nj 57 Fe 58Ni 60Nj 


Ye 0.481 0.454 0.472 0.490 0.464 0.482 0.500 0.456 0.483 0.467 
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Fig.5. (left panel) The initial temperature profile of a typical subCh-mass model using the double 
detonation model with the initial mass M = 1.10 Mo, Z = 0.02, and a “single bubble" initial 


detonation kernel.?5 (right panel) Same as the top left panel but during the amplification of the 
He detonation. 
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Fig.6. (left panel) Same as Figure 5 but during the onset of the C-detonation. (right panel) Same 
as the left panel but during the C-detonation phase. 


features of the explosion, a passive tracer particle scheme’! is necessary. This 
scheme allocates a number of Lagrangian tracers to follow the fluid motion. The 
notation “passive” means that the tracers do not affect the fluid motion; they only 
record the thermodynamical condition along their trajectories. 

The tracer particles record (p(t), T(t)) as a Lagrangian fluid packet along its path 
for reconstructing the exact chemical abundances. For SNe Ia, the trajectory is less 
convoluted that its peak density and temperature (Ppeak, Tpeak) can characterize the 
typical nucleosynthesis features inside the tracer. We make numerical experiments to 
show how various nucleosynthesis quantities depend on the parameters (Ppeak, Tpeak) 
parameter space. 

We assume that the tracers start from given (Ppeak, Tpeax) and then adiabatically 
expand. The expansion timescale is chosen according to the typical explosion energy 
10°! erg. The nuclear reactions are computed using the 495-isotope network.” 

In Figures 7 and 8 we plot the final mean atomic number A, Y., asymptotic mass 
fraction of °°Mn and °°Fe for tracers under different initial conditions. The region is 
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Fig. 7. (left panel) The final mean atomic mass number A of the tracer particles starting from 
different Ppeak and Tpeak (in units of 10? K). (right panel) Same as the left panel, but for the final 
electron fraction Ye of the tracer. 
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Fig. 8. (left panel) Same as Figure 7, but for the final mass fraction of stable 9» Mn. (right panel) 
Same as the left panel but for the final mass fraction of stable ?9Fe. 


divided into three regions. 9:77 The low-ppeax region corresponds to the incomplete 
Si-burning regime, where the nuclear reaction terminates before reaching Fe-group 
elements, such as Si, S, Ar and so on. The high-T eak (in units of 10? K) and low- 
Ppeak region corresponds to the a-rich freezeout regime. As the name suggests, the 
nuclear reaction is confined to be along the a-chain from !?C to °°Ni. The high- 
T, 


p 
regime. This regime plays an important role in the Ch-mass WD as it allows isotopes 


eak and high-ppeak region corresponds to the nuclear statistical equilibrium (NSE) 


away from the a-chain to form through weak interaction (electron capture). 

As the Y,-profile indicates, the NSE zone is also the region where matter with 
Y, < 0.5 can be formed. The low Y, environment is vital for forming the parents of 
55Mn (see Table 2 for the representative Y, for the major neutron-rich isotopes of 
iron-peak elements). The °°Mn profile also shows that the NSE zone is the primary 
site for generating a significant amount of stable °°Mn after decay. On the other 
hand, °°Fe is mostly formed in the a-rich freezeout and NSE (Y, ~ 0.5) regions. 
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2.3. Thermodynamical Trajectories of SN Ia Models 
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Fig. 9. (left panel) The thermodynamical trajectories of tracer particles of the Ch-mass model 
with the colour being the asymptotic 55Mn abundance. Same as the left panel but for the subCh- 
mass model. 


Having explored which thermodynamical parameter space is responsible for iron- 
peak elements, we show in Figure 9 the thermodynamics trajectories of tracers ob- 
tained from the typical Ch-mass and subCh-mass models. The chemical abundance 
of each tracer is directly computed according to its individual (p, T) time evolution. 

The Ch-mass model (left panel) has two distinctive parts: the high density thin 
tail and the thick body at low density. At high density (Ppeak > 10? g cm ?), 
the tracers are in the NSE regime and have a significantly higher ??Mn and low 
fluctuations in Teak for the same Ppeak. These are the tracers burnt by the subsonic 
deflagration. The absence of shock ensures that nuclear burning does not generate 
strong acoustic waves. On the other hand, the majority of tracers burnt by the 
detonation undergo incomplete Si-burning. The aspherical explosion allows tracers 
with the same initial mass coordinate to be burnt at a range of time. This leads to 
a wide temperature range for the same ppeax. There is also a narrow band of tracers 
for 7 < logio ppeak < 9 and Theak © 5 x 10? K also responsible for synthesizing a 
small fraction of Mn. 

The subCh-mass model (right panel) has a uniform structure where the Teak 
scales with Ppcak with some fluctuations. Only a small part of tracers reaches the 
NSE regime but their density is not high enough for the °°Mn synthesis. There is 
also a narrow band of tracers containing 55Mn by the synthesis of ??Co. In general 
the global °°Mn in the subCh-mass model is lower than that of the Ch-mass model. 


2.4. Typical Nucleosynthesis in Ch-mass and subCh-mass Models 


Now we have examined the thermodynamical differences between the Ch-mass and 
subCh-mass WDs. In Figure 10 we compare the qualitative differences in the nu- 
cleosynthesis pattern. 
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Fig.10. (top panel) The final chemical abundance pattern of the typical Ch-mass WD?? assuming 
the aspherical explosion. (bottom panel) Same as the top panel but for the typical subCh-mass 
WD.?5 [X;/99Fe] = logi9[(X;/?9Fe) / (X;/?9Fe)c]. The two horizontal lines correspond to 50% 
and 20096 of the solar value. 


4436 


Both Ch-mass and subCh-mass WDs share some common features. They are 
responsible for the production of intermediate mass elements (IMEs) from Si to 
Ca, and the iron-peak elements from Ti to Ni. Odd number elements of IMEs are 
underproduced in SNe Ia. Some individual features allow us to distinguish the two 
models. (1) The aspherical explosion of the subCh-mass model can lead to signatures 
of strong Ti, V and Cr. (2) Mn is well-produced in the Ch-mass model but not in 
the subCh-mass model. 


3. Applications of Nucleosynthesis 


We have surveyed the major differences of the nucleosynthetic signature between the 
Ch-mass and subCh-mass WDs. Comparisons with observational data allow us to 
understand the progenitors of observed SNe Ia, which directly constrains the mod- 
eling. We can compare the optical signatures directly (i.e., light curves and spectra) 
by matching the radiative transfer model with SN Ia data.*^ 9? One can also ex- 
tract the chemical abundances from the spectra, and compare with nucleosynthetic 
results.9?:75 We shall focus on the latter method here. 


3.1. Supernova Remnant Sagittarius A East 


Within thousand years after the SN explosion, the shock-heated gas remains ob- 
servable in the X-ray band, where the spectra reveal the metal composition inside 
the ejecta. Such a technique has been applied to the study of galactic supernova 
remnants (SNRs) including Tycho,®° Kepler?! and N103B.°? 

In Ref. 79 the SNR in Sagittarius A (Sgr A) East (G0.04-0.0) is observed based 
on the X-ray data taken by the Chandra telescope. The observed abundance ratios 
relative to Fe (with respect to the solar ratios) [Xi/Fe] are shown in Figure 11. The 
SNR features sub-solar intermediate mass elements (IMEs) and slightly super-solar 
iron-peak elements (Cr, Mn, and Ni). 

The sub-solar IMEs exclude the possibility of associating a core-collapse SN as 
the origin of this remnant. On the left panel, the abundances of two distinctive 
classes of models, the subCh-mass and Ch-mass DDT models are plotted. The 
model uncertainties are shown by the shaded area. The subCh-mass models clearly 
overproduce the IME. Among the Ch-mass DDT models, the model that produces 
enough Mn and Ni overproduces Cr and the IME. There is a model whose Cr and 
Ni are consistent with the data points and IMEs are marginal, but its Mn is too 
small. 

The Ch-mass PTD model (i.e.; no DDT) with the initial central density of 
~ 5 x 10° g cm^? is shown to be compatible with the data (right panel of Figure 
11). [Such a high central density is realized in the rotating WD model.5?] Note that 
this Ch-mass PTD model can well-explain the observed features of SNe Iax. Thus 
this object is the first identified SN Iax in the Milky Way Galaxy observed as SNR. 
'This example also shows how the abundance guides us to identify the explosion 
mechanism. 
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Fig. 11. (left panel) The chemical abundance pattern of the supernova remnant (SNR) Sagittarius 
A (from Ref. 79) for the data points compared with those of the subCh-mass?? and Ch-mass DDT?? 
models shown by the shaded regions. (right panel) Same as the left panel but for the Ch-mass 
PTD! models. 


3.2. Supernova Remnant 3C 897 
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Fig. 12. (left panel) The Cr/Fe distribution of the tracers taken from the Ch-mass model with 
the initial central density 1 x 10? g cm-?.?? The color represents the tracer Fe mass fraction. The 
horizontal line is the measured value in SNR 3C 397 from Ref. 84. (right panel) Same as the left 
panel but for the model with the initial central density 5 x 10? g cm- 3. 


The SNR 3C 397 is a nearby object (8 kpc) on the galactic plane. Its close 
distance allows astronomers to extract the spectra from individual parts similar to 
Ser A. This object features a high Mn/Ni ratio, which is a key evidence of the 
Ch-mass explosion.5? 

In a recent observation using the XMM-Newton telescope, the spectra from the 
South and West hot blobs are measured, which give the constraint on the Cr/Fe mass 
ratio ~ 0.106+9:343.84 The high value is used to distinguish the explosion progenitor 
shown in Figure 12. By comparing the tracer in different Ch-mass models, it becomes 
clear that the low-mass model (p. = 1 x 10? g cm~?) does not have tracers reaching 


the observed high value. Meanwhile the high density tail in the high-mass model 
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(p. = 5 x 10? g cm?) has tracers crossing the expected value. This provides a 
strong indication that this object is the explosion of the high-mass Ch-mass WD. 
'This also demonstrates how a precise measurement of element abundance ratios can 
guide us to select the potential progenitor. 


3.3. Milky Way Galaxy 


In the last two sections we have shown how the SNR abundance determines its pro- 
genitor and the explosion mechanism. While there is no distinctive SNR showing 
chemical abundances exclusively for subCh-mass WD models, it is possible that a 
large sample size is needed to understand the distribution of each model. To under- 
stand the SN Ia explosion globally, we need the chemical abundances from a larger 
system, for example, the Milky Way Galaxy. The elements ejected by supernovae 
become the building block of the next-generation stars. The surface abundance 
of stars in the solar neighbourhood may thus indicate how much each element is 
ejected by generations of SNe Ia. 

In Ref. 86 the galactic chemical evolution model is computed with supernova 
abundance patterns taken from literatures. The Mn/Fe evolution is plotted in 
Figure 13. Two contrasting classes of models are shown, one assuming the pure 
Ch-mass WD explosion, and the other two assuming pure subCh-mass WD. To re- 
produce the trend as well as the magnitude of the data, a non-negligible fraction of 
the Ch-mass WD is necessary. 

We remark that the supernova history can be strongly dependent on the galaxy 
evolution history. Some galaxies (e.g., Sculptor dwarf spheroidal galaxy) have a low 
Mn/Fe ratio that indicates the dominance of the subCh-mass WD explosion in their 
90,91 Meanwhile, some early rise of [Mn/Fe] in this subclass of 
galaxies can be a result of the Ch-mass SN Iax explosion.?? 


evolution histories. 


3.4. Perseus Galactic Cluster 


'The Milky Way Galaxy can provide a detailed reference in how generations of stars 
contributes to the cosmic metal enrichment. However, large N-body simulations 
suggest that each galaxy is unique in their evolution history. To understand how 
each supernova model contributes in the cosmic scale, data from an even larger 
system is important to average out the statistical fluctuations of individual galaxies. 

In Ref. 93 the X-ray spectra of the Perseus Cluster is studied by the Hitomi 
telescope. The highly resolved spectral lines provide the abundance measurement 
with uncertainties down to ~ 10%. The high precision can distinguish supernova 
models and mechanisms explicitly. The fitting using SN Ia and CCSN models from 
literature is shown in Table 3. The best-fit model is found to be the scenario as- 
suming pure Ch-mass WD explosion. If the fraction of the Ch-mass WD is relaxed 
as a model parameter, the expected Ch-mass WD still contributes about 10 — 40% 
of the SN Ia population, depending on the exact CCSN models. 


4439 


0.4 
=== Pure Ch (Leung & Nomoto, 2018) 
«===: Pure subCh (Shen+, 2017) 
uie = = Pure subCh (Leung & Nomoto, 2020) 
0.0 a 
g 
£ -02 
—0.4 
—0.6 
—2.0 —1.5 —1.0 —0.5 0.0 0.5 


[Fe/H] 


Fig. 13. The [Mn/Fe] against metallicity [Fe/H] for the galactic chemical evolution models taken 
from Ref. 86. Solid lines come from theoretical models assuming pure Ch-mass and subCh-mass 
explosion history. Data points are the stellar abundances from the solar neighbourhood.97 59 


Table 3. Models assuming different stellar and supernova models and their corresponding 
(Ch-mass) SN Ia rates (data taken from [Ref. 93]). 


Model fia ÍChand x 
pure Ch-mass[Ref. 22]+ CCSN[Ref. 94] 0.21 + 0.02 N/A 11.78 


Ch-mass[Ref. 95] + subCh-mass[Ref. 32] + CCSN[94] 0.25 + 0.06 0.36 + 0.14 23.96 
Ch-mass[Ref. 95] + subCh-mass[Ref. 32] + CCSN[96] 0.38 + 0.06 0.09 + 0.09 15.73 


4. Conclusion 


In this review article we have presented the physical background about the Ch- 
mass and subCh-mass WD models as the SN Ia explosion progenitors. We discussed 
the differences in their explosion mechanisms and their associated nucleosynthetic 
signatures. We have also demonstrated how the chemical abundances of SNRs, 
Milky Way Galaxy, and galactic clusters can help us distinguish (1) the individual 
SN explosion scenario and (2) the relative importance of each explosion model. 
Nucleosynthesis will remain an important subject in the future supernova study 
thanks to observational projects such as XRISM (X-Ray Imaging and Spectroscopy 
Mission). Given the power of resolving spectral lines as its predecessor Hitomi, we 
can anticipate that the high quality spectral data, and hence the precise chemical 
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abundance measurements, will shed light on supernova models to an unprecedented 
accuracy. 
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We investigate the structure of polarized charged white dwarfs with finite temperature 
as a possible type Ia supernovae source. The white dwarf is modeled considering an 
isothermal core with central temperature 108 [K] and an envelope where the temperature 
distribution depends on the mass density. Regarding the fluid, we assume that it is 
composed of nucleons and electrons. The structure of the polarized charged white dwarfs 
is obtained by solving the Einstein-Maxwell equations with charge densities represented 
by two Gaussians, forming an electric dipole layer at the stellar surface. We obtain larger 
and more massive white dwarfs when polarized charge and the Gaussians width are 
increased. We find that to appreciate effects in the white dwarf’s structure, the electric 
polarized charge must be in the order of 5.0 x 10?9[C]. We obtain a maximum white 
dwarf mass of around 2.4M for a polarized charge of 1.5 x 10?! [C]. This mass result can 
indicate that polarized charged white dwarfs are possible progenitors of superluminous 
type Ia supernovae. Furthermore, the mass-central density curves we obtain are very 
similar to the ones reached recently for ultra-magnetized white dwarfs. 


Keywords: White dwarfs; charged white dwarfs; type Ia supernovae explosions 


Introduction 


The mechanisms that increase the mass of a white dwarf (WD) have been exten- 
sively studied since supermassive WDs were associated with superluminous Type Ia 
supernovae (2003fg,! 2009dc,? 2006gz? and 2007if*). In what concerns the structure 
of WDs, in literature, there are works consider magnetic field, rotation, and electric 
field to explain the increase of such mass. To present considerable effects in the WD 
structure, recent works?^ present magnetic fields are the order of 9 x 10!8[G] and 
electric field of around 10!6 [V/cm] . 
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We investigate charged white dwarfs made up by a non-degenerate fluid with 
isothermal core with central temperature T, = 108[K] and envelope with temper- 
ature distribution.’ Moreover, we assume a charge polarization? in the surface of 
WDs. We obtain very massive white dwarfs which can be the progenitors of Type Ia 
Supernovae. We note that the polarization generate notable effect in the structure 
of WDs and it decreases the electric field outside the star. 


1. Structure equilibrium equations and boundary conditions 


The line element considered to describe a charged WD, in Schwarzschild-like coor- 
dinates, is given by 


ds? = —e"dt? + e^dr? + r?d6? + r° sin? 6d¢?, (1) 


where v and À depend on the radial coordinate only. The inclusion of the electromag- 
netic tensor in the energy-momentum tensor leads to the nonzero Maxwell-Einstein 


equations: 
d 
P. = Anp,r2eM? (2) 
dm — 2 qdq 
ar AE Gp 8) 
dP m al q dq 
— = —(P 4 | 
dr he) | Te r? | 4rrt dr’ (4) 
dv _ 2 dP q dq (5) 
dr (pte) | dr  4ar*dr}’ 


with q and m representing respectively the electric charge and the mass within the 
radius r. The potential metric e^ is described as 


afi e] (6) 


Due to temperature, the white dwarfs are considered to have a partial degener- 
acy, thus the contribution of electrons in the EoS is related to Fermi-Dirac integrals. 
Once the temperature distribution is defined,’ these integrals are solved by using an 
adaptive quadrature method.? Next, we proceed to integrate Eqs. (2)-(5) by using 
the fourth-order Runge-Kutta method for the uncharged star, i.e., Q — 0. For this 
aim, in the center r — 0, it is considered the boundary conditions: 


m(0) — 0, &(0) = £o, and v(0) = vo, (7) 


and the star's surface is determined at P(r = R*) = 0. This first integration enables 
us to find the values of the total star mass M and total radius R*. The location 
of the second and negative Gaussian at R^ is determined through the relation 
R- = R* + AR, where AR = 4b and b = 5[km]. The value of b employed is the 
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smallest necessary to obtain considerable effects on the structure of the white dwarf. 
Once found the polarized charge, by using the charge density, we integrate again 
Eqs. (2)-(5) to obtain the charged white dwarf structure. The boundary conditions 
in Eq. (7) are used together with q(0) = 0 and pe(0) = peo. 


2. Equation of state and charge density profile 


Regarding the stellar fluid, we consider that the equation of state is made of by 
nucleons, electrons, and photons.!?:!! Due to our consideration of very high central 
temperatures (T. = 10° [K]), we neglect the lattice interactions. Thus, the pressure 
P and energy density & is depicted by 


I 


P 


E 


Pet Pn + Py, (8) 
Ee HEN + Ey, (9) 


where the subindexes e, N and y represent the electrons, nucleons, and photons 
contributions, respectively. 

We assume that electrons and protons are susceptible to a centrifugal force 
responsible for accelerating heavy particles away from light ones. Consequently, 
polarization forms in the stellar envelope. Inspired in Negreiros work,? we consider 
the polarization to be defined with the inclusion of two Gaussians in the charge 


density: 
_ pty2 _ p-y2 
Ee: 5 exp (GF) +7 exp C) , (10) 


where r represents the radial coordinate, b = 5 [km] is the Gaussian width, and 
with kt and k_ being constants that depend on the global charge neutrality. The 
R* is the radius for the uncharged configuration. Moreover, R^ = R* + AR, being 
AR = 4b a fixed value for all the central energy densities. 

To obtain k, we solve the integration by considering a total zero charge 


Q, — 7 eM? Arr? pedr — 0. (11) 


By using Eq. (10) in this last relation, we find 


oe g (er | i | (12) 
— T x d 7b? P 
R(E E) w 


With the intent to better illustrate the stellar charge profile, we present the 
charge density as a function of radial coordinate in Fig. 1. 
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Fig. 1. The charge density as a function of the radial coordinate for a star with central energy 
density £e = 1019 [g cm~3] and several polarized charge values. 


3. White dwarf configurations 


Consequently to the polarized charge, we find a very high electric field in the stellar 
envelope and no electric field outside the star (in contrast to previous charge white 
dwarfs studies?). In our calculations, considering a star with central density €e = 
5 x 101? [g/cm?], we find maximum internal electric fields of around 1019 [V/cm]. 
Under these conditions, the radius is increased in 77% and the mass 63% for Q = 
1.5 x 10?! [C]. This electric field induces an increase in the internal star pressure. 

The pressure in the stellar interior enhancing due to the charge density was 
already noticed in previous charge white dwarfs studies. The pressure profile found 
by Carvalho and collaborators increases with charge and decreases due to self- 
gravitation. In our work, the neutralization of charge is the main responsible to 
decrease the stellar charge pressure. Thus, compared to Carvalho's work, the charge 
density we propose affects more the mass than the radius. 

In Fig. 2 we show the mass as a function of central energy density. This figure is 
important to analyze the relation between polarized charge white dwarfs and Type 
Ia Supernovae. We can note that for the uncharged sequence, the mass increases with 
central energy density until it reaches a maximum mass (pink dot) and decreases. 
This behavior is different for sequences of charged stars. These curves increase mass 
with central energy density (the same pattern observed for ultra-magnetized white 
dwarfs?). Another important observation in this figure is related to the maximum 
mass obtained. 

For the maximum polarized charge we find maximum masses around + 2.4Mo 
for 1.5 x 10?! [C]. This increase in mass is obtained for the first time for charged 
white dwarfs with no electric field outside the star, which is the main novelty of 
this work. 
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Fig. 2. 'The mass as a function of the energy density for several sequences of constant polarized 
charge and Te = 108[K]. 


4. Conclusion 


In this work, we investigated the structure of charged hot white dwarfs to associate 
them with superluminous type Ia supernovae. In what concerns to the stellar fluid, 
we consider a central temperature of Te = 10°[K] and a temperature distribution 
in the envelope.'! Besides, due to the high central temperature considered, we ne- 
glected the particles’ interactions. We used Maxwell-Einstein equations to find the 
structure of these charged polarized white dwarfs. We found that more massive and 
bigger white dwarfs are found with our predictions. 

Our calculations enable the finding of maximum masses around 2.4Mo for stable 
charge white dwarfs configurations. Albeit we reach very high electric fields to obtain 
these results (zz 1019 [V/cm]), the electric field outside the star is zero. For the 
first time, isolated charged white dwarfs are obtained with a zero electric field 
outside. 
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This contribution summarises our recent determination of the spin period of the magnetic 
white dwarf in CTCV J2056-3014, a cataclysmic variable binary system. Its X-ray and 
optical emission comes from its magnetic accretion column and is modulated with a 
29.6 s period, due to the WD rotation. We briefly discuss this object in the context of 
other fast-spinning white dwarfs. 


Keywords: White dwarfs; Cataclysmic variable stars; X-rays: stars. 


1. Introduction 


White dwarfs (WDs) are the evolutionary fate of most stars. WDs are composed 
of degenerated matter and, together with neutrons stars and stellar black holes, 
constitute the group of compact stellar objects with strong gravitational fields in 
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their neighborhood. The maximum mass that a WD can reach is around 1.4 Mo, 
the Chandrasekhar limit. The exact limit depends on many assumptions as the 
rotation, the magnetic field strength, and the adopted equation of state, which is 
related to the physical conditions and processes taking place in the stellar interior. 
Due to the compactness of their degenerated interior, WDs can rotate very rapidly, 
reaching spin periods as small as a few tens of seconds. WDs also show the largest 
values of magnetic moments among stellar objects. As stars in general, they are 
found isolated or in binary systems. 

In isolated WDs, high values of mass, spin, and magnetic field seem to appear 
together. WD 0316-849 is one example of such an extreme WD. It has a magnetic 
field (B) of around 500 MG, a spin (Pspin) of 725 s, and a mass (Mwp) equal 
to 0.86 Ma (see Ref. 1 and references therein). ZTF J190132.9+145808.7 has been 
recently associated with a very massive WD, Myp > 1.3 Mo. Its Pipin is 416.4 s 
and its surface magnetic field is estimated to be in the range 600 — 900 MG.? Those 
WDs are probably originated by mergers - see, for instance, the discussion in Ref. 3. 
In particular, mergers can produce remnants with high angular momenta. 

CVs are binary systems in which a WD accretes matter from the secondary star, 
a low-mass on the main sequence or slightly evolved that loses material by Roche 
lobe overflow. The magnetic CVs are those systems in which the WD magnetic field 
is strong enough to play a role in the dynamics of the accretion flow. If the WD 
magnetic field is not strong enough to synchronize the WD spin with the orbital 
period, the system is classified as an intermediate polar. 

The optical and X-ray emission of intermediate polars is caused by mass ac- 
cretion onto the magnetic WD and modulates with the WD spin. It is caused by 
accretion onto a magnetic WD. This process produces a stand-off shock near the WD 
surface where gravitational energy is converted to thermal energy. This enhances 
the gas density and heats it to keV temperatures producing the X-ray emission and 
the high excitation optical spectrum. The footprint of the accretion structure covers 
a small area of the WD surface. Therefore, the WD rotation causes a modulation 
of the emission as seen by the observer. 

In this contribution, we outline our recent finding that CTCV J2056-3014, an 
intermediate polar, harbors a very fast-spinning WD. We also discuss this result in 
the context of similar objects. 


2. CTCV J2056-3014 


The optical spectrum of CTCV J2056-3014*° is characterized by a very blue con- 
tinuum and strong emission lines, including the Bowen complex, indicative of high 
excitation temperatures. The radial velocity variation of the emission lines indi- 
cates an orbital period of 1.76 h.^ The first indications that CTCV J2056-3014 
could be an intermediate polar were the possible association with the X-ray source 
1RXS J205652.1—301433 and a photometric modulation of around 15 min.^ How- 


ever, this periodic variability was not confirmed by further observations.? 
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Recently, XMM-Newton X-ray observations of CTCV J2056-3014 have revealed 
a coherent modulation at 29.6098 + 0.0014 s, also present in the optical emission.” 
'This modulation and the X-ray spectrum of CTCV J2056-3014 confirm that the 
object is an intermediate polar, i.e., an accreting magnetic WD in an asynchronous 
CV. The fit of its X-ray spectrum provides an accretion mass rate, M, of about 
6 x 107? Moyr^! (Ref. 7). 

Most intermediate polars have X-ray luminosities, Lx, of ~ 1033 erg s71. The 
luminosity of CTCV J2056-3014 is around 100 times smaller (10°! erg s71); a prop- 
erty shared with a very small group of CVs named low-luminosity intermediate po- 
lars (LLIPs).5 It is not clear if the number of LLIPs is small because they are rare 
objects or because their X-ray faintness hampers their discovery in X-ray surveys. If 
the true number of LLIPs is high and we are missing them because of observational 
biases, this class of objects is probably a relevant contributor to the Galactic X-ray 
background.? 


3. The fastest spinning WDs 


In this section, we enumerate the bona fide fastest spinning WDs, which are all lo- 
cated in compact binary systems. However, for completeness, we also mention some 
objects that could be WDs with a rapid spin. A summary of selected characteristics 
of individual objects is shown in Table 1. 

There is a debate in the literature if some soft gamma-ray repeaters (SGR) 
and anomalous X-ray pulsars (AXP), the so-called magnetars, could contain a WD 
instead of a neutron star.?!? For example, the spectral energy distribution from 
the infrared to the gamma-rays of 4U 0142+61 (Pspin= 8.62 s) can be fitted in 
a scenario of a fast, massive, and magnetic WD.? If some magnetars were indeed 
WDs, they would put strong constraints on the physics of the WD interiors, to cite 
only one consequence of this hypothesis. In spite of the importance of this subject, 
those objects are not considered here. 

WZ Sge is a short orbital period cataclysmic variable that shows dwarf-nova 
outbursts with a very long recurrence time (a few decades). The system has inter- 
mittent periodical signals at 28.87 s and 28.96 s. One of these periods could be the 
WD spin period, but it is not a settled question (see Ref. 11 and references therein). 
We do not consider this system as a confirmed fast-spinning WD, but we list its 
properties in Table 1. 

Another fast-spinning compact object is RX J0648.0-4418, with a P.pin of 13.2 s. 
This object is in a relatively wide binary system, with an orbital period of 1.55 d. 
However, it is debated if the compact object is a WD or a neutron star.^!? In 
some sense, this object is a link between fast-spinning WDs and magnetars. As for 
WZ Sge, we do not include it in the list of bona fide fast-spinning WDs, but its 
properties can be found in Table 1. 

AE Aqr was the first discovered fast and magnetic WD, and its peculiar prop- 
erties prompted many studies.!? Its WD spins at a 33 s rate. The system is the 
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prototype of a propeller: a system in which the centrifugal force of a magnetic fast- 
rotating object prevents the accretion from a mass reservoir to reach the object's 
surface. This is one of the possible accretion-flow configurations in cataclysmic vari- 
ables. It depends on the WD magnetic field, WD spin, and accretion rate.!^ How- 
ever, even if part of the material is propelled out of the WD magnetosphere, some 
material can reach the WD surface. This is probably the case for AE Aqr,!5 16 since 
its X-ray luminosity is small but not null: M z 10?! erg s7!.!? The radius of the 
companion star is twice as large as is expected for its mass, indicating a very inflated 
object. 

V1460 Her is an intermediate polar with a WD that spins at 38.9 s.!7 The 
companion star is less massive than that of AE Aqr, but it is also significantly 
inflated. Contrary to AE Aqr, there is an accretion disk in V1460 Her, clearly seen 
in optical spectra. 

At the time of this conference, CTCV J2056-3014 was known as the fastest- 
spinning WD. However, a faster WD has been recently discovered: LAM- 
OST J024048.51-4-195226.9, with a spin period of 24.9328 + 0.0038 s.!? The system 
shows strong evidence of an outflow with properties consistent with those expected 


for a propeller.!? 


4. Discussion and conclusions 


'Two possible mechanisms for spinning up WDs are mergers and accretion. 

The isolated WDs with large values of Mwp, B, and Pspin are probably pro- 
duced by mergers. The majority of the most massive WDs have high values of 
magnetic fields, ! 224-26 
mon origin. Simulations show that double-degenerated mergers can produce WDs 


which indicates that these two properties may have a com- 


with high and stable magnetic fields." From an observational perspective, there 
is also evidence for mergers. The color-magnitude distribution of a Gaia sample 
of nearby WDs (d < 100 pc) indicates the presence of two populations of WDs, 
which can be explained if some objects are formed by a merger.?? Considering ob- 
jects within 20 pc, the fraction of WDs in binary systems is considerably smaller 
than the fraction of binary systems composed of two main-sequence objects. This 
can be explained if a portion of the isolated WDs is formed via mergers.?? Al- 
though mergers can play an important role in producing extreme WDs, the bona 
fide fastest-rotating WDs are all located in binary systems, specifically cataclysmic 
variables. 

In cataclysmic variables, the rapid WD spin may be the result of the mass trans- 
fer. Specifically, the accretion transforms the orbital angular momentum into the 
rotational angular momentum of the WD. To reach the observed high Pspin, high 
values of M are necessary. However, a high mass-transfer rate should produce a 
high X-ray luminosity, which is not observed in the fast-spinning WDs (see Ta- 
ble 1). Therefore, the current high spin is explained by a previous phase of high 
mass transfer rate from a secondary star in a thermal time-scale phase. In fact, the 


Table 1. Selected properties of the confirmed fastest spinning WDs and related objects. 


Object Pspin Orbital period Msec Mwp Lx Confirmed Comments References 
(5) (h) (Mo) (Mo) (erg s—*) 

LAMOST J024048.51+195226.9 24.9328 7.33 5 = z Yes Propeller 18, 19 
CTCV J2056-3014 29.6098 1.76 - 0.56 — 1.38 10-31 Yes Below the period gap 4, 7, 20 
AE Aqr 33 9.88 0.37 + 0.04 0.63 + 0.05 10-31 Yes Inflated secondary; Propeller 21, 21 

V1460 Her 38.9 4.99 0.295 + 0.004 0.869 + 0.006 - Yes Inflated secondary 17 

RX J0648.0-4418 13.2 37.2 1.50 + 0.05 1.28 + 0.05 10-32 No WD or neutron star? 22 
WZ Sge 28.87 or 28.96 1.36 0.078 — 0.13 0.88 — 1.53 10-30 No Period is not firmly associated with spin 11, 23 
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secondary stars in AE Aqr!? and V1460 Her!” are twice as large as is expected 
for their masses, which reinforces the idea of a star slightly out of equilibrium. If 
the same is true for CTCV J2056-3014 and LAMOST J024048.51+195226.9 can- 
not be said, because their secondary stars have not yet been directed observed. 
Along its evolution, a CV evolves to shorter orbital periods. Consequently, the 
component separation as well as the radius of the secondary star shrink. In par- 
ticular, the mass of the secondary, Msec, is expected to decrease together with the 
orbital period. Moreover, above the observed period gap in the orbital period dis- 
tribution of CVs, the angular-momentum transfer occurs by magnetic braking and 
produces larger M in comparison with objects below the period gap, which should 
have the angular momentum transfer sustained by gravitational radiation. Interest- 
ingly, CTCV J2056-3014 is the only object among the fast-spinning WD below the 
period gap. 

The WDs in CTCV J2056-3014 and AE Aqr are certainly magnetic." 
The understanding of the origin of the modulation in V1460 Her and 
LAMOST J024048.514-195226.9 would benefit from X-ray observations, which 
could reveal the presence of a magnetic WD. 

Until recently, AE Aqr occupied an isolated position as the fastest-spinning 
confirmed WD. In the last years, other fast-spinning WDs have been discovered, 
all of them in CVs. Although most of them are similar to AE Aqr in the context 
of CV evolution, CTCV J2056-3014 - the only system with an orbital period below 
the CV period gap - seems to be a more evolved object. Those new results can help 
us understanding the physics behind the rapid spin of WDs in CVs and how the 
WD spin evolves along the CV evolution. 
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We discuss some aspects of Sousa et al. [1, 2] concerning two mechanisms of gravita- 
tional wave (GW) emission in fast-spinning white dwarfs (WDs): accretion of matter 
and magnetic deformation. In both cases, the GW emission is generated by an asymme- 
try around the rotation axis of the star. However, in the first case, the asymmetry is due 
to the amount of accreted matter in the magnetic poles, while in the second case it is due 
to the intense magnetic field. We have estimated the GW amplitude and luminosity for 
three binary systems that have a fast-spinning magnetized WD, namely, AE Aquarii, AR 
Scorpii and RX J0648.0-4418. In addition, we applied the magnetic deformation mecha- 
nism for SGRs/AXPs described as WD pulsars. We found that, for the first mechanism, 
the systems AE Aquarii and RX J0648.0-4418 can be observed by the space detectors 
BBO and DECIGO if they have an amount of accreted mass of ôm > 10-7? Mo. For 
the second mechanism, the three systems studied require that the WD has a magnetic 
field above ~ 10° G to emit GWs that can be detected by BBO. Furthermore, we found 
that some SGRs/AXPs as WD pulsars can be detected by BBO and DECIGO, whereas 
SGRs/AXPs as highly magnetized neutron stars are far below the sensitivity curves of 
these detectors. 


Keywords: Gravitational Waves; White Dwarfs; Magnetic Field; Rapid Rotation. 


1. Introduction 


Over the last years, the astrophysical community’s interest in highly magnetized 
white dwarfs (HMWDs) has increased. Recent results of the Sloan Digital Sky Sur- 
vey (SDSS) have confirmed these white dwarfs (WDs) with surface magnetic fields 
ranging from 10° G up to 10? G [see e.g. Refs. 3-5]. Besides their high magnetic 
fields, most of them have been shown to be massive, and responsible for the high- 
mass peak at 1 Mo of the WD mass distribution. 9:7 

Typically, WDs have rotation periods of days or even years. However, recently, 
a WD pulsar was discovered, called AR Scorpii. This star emits from X-ray to radio 
wavelengths, pulsing in brightness with a period of 1.97 min.? Moreover, other 
sources have been proposed as candidates of WD pulsars. Specific examples are 
AE Aquarii with a short rotation period of P — 33.08 s? and RX J0648.0-4418 
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(RX J0648, hereafter) that is a massive WD with M = 1.28M, and with a very 
fast spin period of P — 13.2 s, that belongs to the binary system HD 49798/RX 
J0648.0-4418.!? Nevertheless, it is worth mentioning that the nature of RX J0648 is 
unclear, meaning it is not yet clearly known whether this star is a WD or a neutron 
star.1 ^ 12 

Recently, from XMM-Newton observations, the authors in Ref. 13 reported that 
CTCV J2056-3014 is a X-ray-faint intermediate polar harboring an extremely fast- 
spinning WD with a coherent pulsation of 29.6 s, thus being the fastest confirmed 
spin in a WD [see also Ref. 14]. Other fast-spinning WDs have been observed more 
recently. As examples we can cite: V1460 Her, which is an eclipsing cataclysmic 
variable, with a overluminous K5-type donor star and a WD that rotates with a 
period of 38.9 s!? and ZTF J190132.94-145808.7, which is a highly magnetized and 
rapidly rotating white dwarf, featuring a magnetic field with strengths between 600 
MG and 900 MG on its surface, and a stellar radius that is only slightly larger 
than the radius of the Moon.!6 This WD has a rotation period of 6.94 min which 
is considered short as this star is an isolated WD. 

Notwithstanding, several studies of magnetized and fast-rotating WDs have been 
done. In particular, we can highlight one involving WD pulsars in an alternative de- 
scription for Soft Gamma Repeaters (SGRs) and Anomalous X-Ray Pulsars (AXPs) 
[see e.g. Refs. 17-20]. From this perspective, the process of energy emission released 
by dipole radiation in a WD can be explained by a canonical spin-powered pulsar 
model, since they share quite similar aspects.!9:?! 

On the other hand, LIGO and Virgo detectors have recently made direct ob- 
servations of gravitational waves (GWs).???? All these GW detections are within 
a frequency band ranging from 10 Hz to 1000 Hz, which is the operating band of 
LIGO and Virgo. Nevertheless, as is well known, there are proposed missions for 
lower frequencies, such as LISA,?*?° whose frequency band is of (1074 — 0.01) Hz, 
BBO?9:?? and DECIGO??:?? in the frequency band ranging from 0.01 Hz to 10 Hz. 

The generation of continuous GWs in different possibilities has already been 
proposed.?9 7^ More recently, in Refs. 1, 2, 35, it has been suggested that rotating 
magnetized WDs can emit continuous GWs with amplitudes possibly detected by 
upcoming GW detectors such as LISA, DECIGO and BBO. Here we revisit our two 
works [Refs. 1, 2], where we investigate two mechanisms of gravitational radiation 
emission in fast-rotating magnetized WD: matter accretion and magnetic deforma- 
tion. In both cases, the emission in GW is produced by the asymmetry around the 
star's rotation axis. 


2. Gravitational emission mechanisms 


WDs might generate gravitational radiation whether they are not perfectly symmet- 
ric around their rotation axis. The huge dipole magnetic field that can make the star 
become oblate?6 and accretion of matter are two examples where this asymmetry 
can occur. 
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2.1. Accretion of matter 


The GW emission is shown here for the case of a WD accreting matter via the 
magnetic poles which do not coincide with the rotation axis of the star. In this sce- 
nario, the system's secondary star transfers matter to the WD through an accretion 
column and accumulates an amount of mass on the magnetic poles. 

Thus, we consider a rigid object rotating about a non-major axis (x1, £2, £3) 
and which has a deformity about one of the major axes (xi, £2, £3), where are 
positioned the main moments of inertia J1, I2 e Iz, respectively. 

With this configuration and doing Iı = Io, the gravitational amplitude and 


luminosity are given respectively by?” °° 
AG (L = T3)w? MD 
= 0 1 
hoas c 7 sin” 9, (1) 
2G 
Law, = ^75 -g (Ii — I3)?w® sin? 0(16sin? 0 + cos? 0), (2) 
c 


where, w is the angular velocity, 0 is the angle between the rotation and magnetic 
dipole axes and r is the distance to the emitting source. 

Now, to determine the moments of inertia Jı and I3, we consider that the object 
has an amount of mass accumulated on the x3 axis. We reduce this system to a 
large sphere with two smaller spheres of matter on the x% axis: one at each of the 
poles of the larger sphere. This would be equivalent to a WD accreting matter by 
the two magnetic poles. Therefore, it follows immediately that 


2 
I= ;MR +25m R?, 


I = 2 MR + 25m a’, (3) 
5 5 
where M is the mass of the star, R is the radius of the star, ôm is the amount of 
mass accumulated on one magnetic pole and a its radius. 
Considering that R >> a and by substituting these last expressions into Eqs. (1) 
and (2), one obtains 


8G ôm Rw? > 
hose = a x. 0, (4) 
and 
8G 2p4,.6 :.2 DNA 2 
Lowa. = — pdm R^G? sin” 0(16 sin“ 0 + cos” 0). (5) 
c 


Thereby, we find expressions for the gravitational luminosity and the GW am- 
plitude for the case of a WD accumulating mass, which depends on the accreted 
mass, the distance to the source, the radius of the star and how fast it is rotating. 
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2.2. Magnetic deformation 


This section deals with the deformation of the WD induced by its own huge magnetic 
field. Due to the combination of magnetic field and rotation, a WD can become 
triaxial, presenting therefore a triaxial moment of inertia. In order to investigate the 
effect arising from the magnetic stress on the equilibrium of stars, let us introduce 
the equatorial ellipticity, defined as?” 38 


I, — Io 
e= ———f, 


= (6) 


where J, Iz and Iz are main moments of inertia with respect to the (a, y, z) axes, 
respectively. 

If the star rotates around the z—axis, then it will emit monochromatic GWs 
with a frequency twice the rotation frequency, frot, with amplitude given by?” 38 


167?G Isfrot ¢ 


hoas a c T , (7) 
and luminosity as follows: 
32G 
Lawes zu UUB o5 3€ ups. (8) 


On the other hand, recall that the ellipticity of magnetic origin can be written 


as??: 40 


€ — K— (9) 


where, B, is the magnetic field strength on the star’s surface and & is the distortion 
parameter, which depends on the magnetic field configuration and equation of state 
(EoS) of the star. 

Now, substituting this last equation into Eqs. (7) and (8) and considering I3 = 
2M R?/5, one immediately obtains that 


325? Rê f2, 
hat = x M “BS, (10) 
EE pL NER 
Lows —— s gm Pe "y 


Note that the two equations just above depend on the rotation frequency and 
the magnetic field strength. 

In contrast, the GW amplitude can also be written as a function of the variation 
of the star's rotation frequency T is In this case, we must consider that a part of the 
spindown luminosity is converted into GWs. Thus, we can infer an efficiency, naf, 


for the variation of the rotation frequency as frot = Naf ad. such that frot can be 
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interpreted as the part of doi related to the GW brake. Hence, the GW amplitude 
can be written as follows 


TE NE 
E 3J rot 
ise = (w 2 fe ; (12) 


3. Gravitational waves from rapid rotation white dwarfs 
3.1. Accretion of matter 


Considering the scenario of an amount of mass accumulated on the magnetic poles, 
we apply Eq. (4) for the three binary systems that have fast-spinning WDs: AE 
Aqr, AR Sco and RX J0648. The parameters for the systems are listed in Table 1. 

From Eq. (4), one notes that the amplitude depends on the amount of mass 
accumulated; however, it is not easy to predict how much matter may have been 
accreted to WD and how much has been dispersed on its surface. Thus, for this 
analysis, we assign four values for the mountain of matter for the analyzed systems: 
ôm = (108° Mọo, 107^ Mo, 107? Mo, 1076 Mọ) [see Refs. 41-43 for details about 
accretion in WDs]. Besides that, we consider that the angle between the magnetic 
and rotation axes is 0 = 30°. 


Table 1. Parameters of 3 binary systems: Period (P), 
spindown (P), WD radius (R) and distance to Earth (r). 


Systems a R d 
(s) (10715 s/s) (108 cm) (pc) 
AE Aqr® 33.08 56.4 7.0 100 
AR Sco? 118.2 392 7.1 116 
RX J0648° 13.18 6.0 3.0 650 


Note: *see 44; Psee 34; see 45. 


Assuming these values for 6m and the parameters listed in Table 1, we obtain 
ho,,. for the three systems, which are shown in Figure 1. 

With the amplitude estimations, we compare them with the sensitivity curves of 
the gravitational wave space detectors. T'his outcome is shown in Figure 2 where we 
have the sensitivity curve for LISA, BBO and DECIGO with a signal-to-noise ratio 
(SNR) of 8 and an integration time of T' — 1 yr. We notice from this figure that 
AE Aqr and RX J0648 are good candidates to be detected by BBO and DECIGO 
if they have an accumulated mass of ôm > 107? Mo. For the AR Sco system, the 
gravitational radiation emitted by this process would hardly be able to be detected 
by the three space instruments. This system would need to have a very high mass 
mountain of ~ 107? M, to be above, for example, the sensitivity curve of the BBO 
detector. 
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Fig. l. GW amplitude as a function of accreted mass to AE Aqr, AR Sco and RX J0648. 
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Fig. 2. GW amplitude for AE Aqr, AR Sco and RX J0648 for different values of mass (107? Mo, 
10-4^Mo, 10 5 Mo, 10 6 Mo, from top to bottom) and the sensitivity curves for LISA, BBO and 
DECIGO for SNR = 8 and integration time of T = 1 yr. 


Now, we consider the efficiency of this mechanism with respect to the rotational 
energy rate lost by the systems. To do this, we consider the efficiency of the process 
(Nacer = Lew,,,./Lsa) for the four óm's considered above, i.e., how much of the spin- 
down luminosity is converted to gravitational luminosity for every óm (see Table 2). 
We find that the contribution of gravitational luminosity to the spindown luminos- 
ity is irrelevant, since, for the four values of ôm adopted, the efficiency n. « 1. 
Thereby, the contribution of gravitational luminosity to the spindown luminosity is 
negligible when we consider this mechanism. 


4467 


Table 2. The efficiency of the mechanism of GWs due to the amount of mass 
accumulated at the WD magnetic poles for different values of ôm. 


AE Aquarii AR Scorpii RX J0648 
óm Tlacr óm Tlacr óm Tlacr 
(Mo) (LGWacr/Lsa) (Mo) (LGWacr/Lsa) | (Mo) (Low, / Lsa) 
10-3 1.02 x 107? 10-3 3.41 x 1075 10-3 0.175 
10-4 1.02 x 10-4 10-4 3.41 x 1077 10-4 1.75 x 10-3 
10-5 1.02 x 10-6 10-5 3.41 x 10-? 10-5 1.75 x 1075 
10-6 1.02 x 10-8 10-6 3.41 x 10-H 10-6 1.75 x 1077 


3.2. Magnetic deformation 


Here, we consider the generation of GWs due to the deformation of the WD structure 
of the same binary systems (AE Aqr, AR Sco and RX J0648) caused by their own 
intense magnetic field. For this, we use Eq. (12) to calculate the GW amplitude 
as a function of the efficiency naf = Lew,.;/Lsa. The GW amplitudes are shown 
in Figure 3 as a function of rar, where we use the parameters of Table 1 for all 3 
systems. 


@ AEAqr é 
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[| 
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Fig. 3. GW amplitude for different values of efficiency (naf = Laws /Lsa) to AE Aqr, AR Sco 
and RX J0648. 


From Figure 4, we plot the GW amplitudes inferred in Figure 3, together with 
sensitivity curves for LISA, BBO and DECIGO for one year of integration time and 
SNR = 8. It is worth noting that all three systems are detectable by BBO and 
DECIGO as long as AE Aqr has an efficiency nap > 10 9, AR Sco an efficiency 
nag > 107^ and RX J0648 an efficiency ray > 10~°. Thus, even if the GWs have 
a small contribution to the spindown of these systems, they can emit GWs with 
amplitudes that can be detected by the space antennas. 

Nevertheless, it is interesting to know what the value of the magnetic field 
needed to produce these detectable amplitudes. Thus, we calculate the magnetic 
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Fig. 4. GW amplitudes as presented in Figure 3 compared to the sensitivity curves of LISA, BBO 
and DECIGO for SNR = 8 and integration time of T = 1 year. Here, the efficiency values (1, 


5 


10-1, 10-2, 1073, 10-4, 10-5, 10-6, 1077 and 10 8) are displayed from top to bottom. 


field strength so that these sources can be detected by BBO, which is the most 
sensitive instrument of the three considered in the present work. To do so, we use 
Eq. (10) together with the minimum efficiency for which each system is detectable 
by this instrument and we adopted & ~ 10 [see Ref. 46]. Table 3 shows theses re- 
sults. Notice that the systems must have WDs with high magnetic fields, around 
(10? — 109) G, which are about two orders of magnitude larger than the canonical 
model of WD pulsars. 

In addition, we can further calculate the GW amplitude by considering the upper 
limit values of the magnetic field strength, Byj,, inferred from the canonical model 
of WD pulsars. Table 4 presents the results of this study. Notice that the amplitudes 
of the GW shown in this Table is very small to be observed by the space detectors, 
since they are well below the sensitivities of these detectors. In other words, the 
space detectors will not be able to detect these sources when considering the upper 
limit of the magnetic field strength. 


Table 3. Minimum efficiency for the sources to 
be detected by the BBO detector along with the 
required magnetic field strength. 


Minimum efficiency detected by BBO 
Systems Naf haer B (G) 
AE Aqr 10-6  19x10-?5 2.8 x 10? 
AR Sco 1074 2.3x10-?4^ 3.6 x 1019 
RX J0648 10-5  2.5x10-?6 1.6 x 1019 


3.3. GWs from SGRs/AXPs as fast-spinning WDs 


An alternative model has been proposed for SGRs/AXPs considering they are fast- 
rotating and magnetized WDs [see e.g. Refs. 17-20 for further details]. From this 
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Table 4. Elipticity (c), GW amplitude (haef), GW luminosity (Law, ,) and efficiency 
of the mechanism (ray) for the upper limit of magnetic field (Bqip) of each system. 


Bai L 
SYSTEMS ( a € hae; ae Naf 
AE Aqr 5.0x 107 51x10?  62x1079? 213x107! 11x10 73 
AR Sco 5.0x 108 5.3x1077 46x10728 1.251022 4.02 x 10-12 
RX J0648 10x 108 28x 10719 95x 1073!  1.33x 107? 14x 10714 


perspective, a canonical spin-powered pulsar model can explain the process of en- 
ergy emission released by dipole radiation in a WD, since they share quite similar 
aspects.?! In addition, these sources could also be candidates for GW emission, 
since the high magnetic field can deform the star in a non-symmetrical way, thus 
generating a variation in the quadrupolar moment of the star. 

Therefore, we consider in this section that SGRs/AXPs are fast-spinning and 
magnetized WDs which emit GWs due to the deformation caused by their own 
intense magnetic field. Thus, using Eq. 10 and adopting & ~ 10, we calculate the 
GW amplitude for the 23 confirmed SGRs/AXPs^' ?, considering these objects as a 
very massive WD. To do so, we assume three values of mass and their corresponding 
radius, namely, Mw p = 1.4Mo (Rwp = 1.0 x 108 cm), 1.2 Mo (Rwp = 6.0 x 108 
cm) and 1.0 Mc (Rwp = 7.5 x 105 cm) [see Ref. 48 for further details about the 
mass-radius relation]. 

After estimating the amplitude, we placed them on the sensitivity curves of the 
BBO and DECIGO detectors. Figure 5 shows theses results, such that the GW 
amplitude is presented as a function of frequency for some SGRs/AXPs. In this 
Figure, the bullets stands for Mw p = 1.2Mo and the vertical bars, that crosses the 
bullets, stands for 1.0M5 < Mw p X 1.4Mo, from top to bottom. 

Notice that some SGRs/AXPs produce GWs with amplitudes that can be de- 
tected by BBO and DECIGO. Some of them, for example 1E 1547.0-5408 and SGR 
1806-20, could well be detected for the entire mass range considered, while others 
would be detected depending on how massive they are. 

SGRs/AXPs described as WDs generate GW amplitudes much larger than 
SGRs/AXPs described in the magnetar model where they are neutron stars [see 
e.g. Refs. 49, 50 for details about magnetar model]. This is because WDs have mo- 
ments of inertia four orders of magnitude greater than a neutron star. Consequently, 
the GW amplitudes generated by these sources as neutron stars are far below the 
sensitivity curves of BBO and DECIGO [see Fig. 6]. Therefore, if these space based 
instruments detect continuous GWs from these sources, this would corroborate the 
model of fast spinning and magnetic WDs. 


“For information about the SGRs/AXPs, we refer the reader to the McGill University's online 
catalog available at: http://www.physics.mcgill.ca/-pulsar/magnetar/main.html 
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Fig.5. GW amplitude as a function of frequency for SGRs/AXPs as fast-spinning and magnetized 
WDs for masses in the interval 1.0Mo < Mw p < 1.4Mo, represented by the vertical bars, from 
top to bottom. The bullets stand for Mw p = 1.2Mo. Also plotted the sensitivity curves for BBO 
and DECIGO for SN R — 8 and integration time T' — 1 year. 
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Fig. 6. GW amplitude as a function of frequency for SGRs/AXPs as NSs. Also plotted the 
sensitivity curves for BBO and DECIGO for SNR = 8 and integration time of T = 1 year. We 
consider a NS of M = 1.4Mo, radius R = 10 km. 


4. Final remarks 


We investigate two mechanisms - accretion of matter and magnetic deformation - 
for the production of gravitational waves in fast-spinning WDs. These uncommon 
WDs have high rotation and huge magnetic fields. Also, these stars are considered 
in an alternative model to describe SGRs and AXPs, where they are characterized 
as rotation-powered WD pulsars. 

Then, we firstly study the following three binary systems: AE Aqr, AR Sco and 
RX J0648. For the accretion of matter mechanism, our results show that the AE 
Aqr and RX J0648 are good candidates for BBO and DECIGO if they have an 
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amount of mass accumulated of ôm > 10~°Mo, considering 1 year of integration 
time and SNR = 8. In contrast, AR Sco is unlikely to be detected because it is 
needed a large amount of mass accumulated in the magnetic pole of this WD. 

Now, regarding the magnetic deformation mechanism, to emit gravitational ra- 
diation with amplitudes that are detectable by BBO, for example, the three binary 
systems studied require that the WD has a magnetic field above ~ 10° G. Never- 
theless, these WDs are inferred to have magnetic fields with intensity around two 
orders of magnitude smaller. Moreover, we also conclude that gravitational radia- 
tion has an irrelevant contribution to the spindown luminosity of these systems for 
both mechanism. 

Still, taking into account the magnetic deformation mechanism, we investi- 
gate the SGRs/AXPs as rotation-powered WD pulsars assigning a mass range 
1.0Moọ € Mwp < 1.4Mo for these objects. We conclude that a possible detec- 
tion of continuous GWs coming from SGRs/AXPs would be a good indication that 
could corroborate the WD pulsar model, as for the neutron stars description, they 
are far below the BBO and DECIGO sensitivity curves. 
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Over the last decade or so, we have been developing the possible existence of highly 
magnetized white dwarfs with analytical stellar structure models. While the primary 
aim was to explain the nature of the peculiar overluminous type Ia supernovae, later 
on, these magnetized stars were found to have even wider ranging implications including 
those for white dwarf pulsars, soft gamma-ray repeaters and anomalous X-ray pulsars, 
as well as gravitational radiation. In particular, we have explored in detail the mass- 
radius relations for these magnetized stars and showed that they can be significantly 
different from the Chandrasekhar predictions which essentially leads to a new super- 
Chandrasekhar mass-limit. Recently, using the stellar evolution code STARS, we have 
successfully modelled their formation and cooling evolution directly from the magnetized 
main sequence progenitor stars. Here we briefly discuss all these findings and conclude 
with their current status in the scientific community. 


Keywords: Conduction; equation of state; magnetic fields; magnetohydrodynamics; opac- 
ity; radiative transfer; white dwarfs. 


1. Introduction 


More than a dozen overluminous Type Ia supernovae (SNe Ia) have already been 
observed'? which strongly suggest the existence of massive progenitors with masses 
M > 2Me. Although the evolutions of accreting or rapidly differentially rotating 
white dwarf (WD) binaries have been used to explain such progenitors,*^ these 
models are unable to explain masses up to 2.8Mo that are inferred from the ob- 
servations. Highly magnetised super-Chandrasekhar WDs (B-WDs) have been re- 
cently proposed as the possible progenitors of these peculiar overluminous SNe 
Ia. In addition to SNe Ia, B-WDs are also considered as promising candidates for 
soft gamma-ray repeaters (SGRs) and anomalous X-ray pulsars (AXPs) at lower 
magnetic fields than neutron star (NS) based magnetar, satisfying their ultraviolet 
luminosity cut-off.!? 

It has been shown that strong magnetic fields can modify the equation of state 
(EoS) of electron degenerate matter and yield super-Chandrasekhar WDs,9 5 irre- 
spective of the rotation rate. Indeed, the observational data from the Sloan Digital 
Sky Survey (SDSS) suggest that magnetized WDs tend to have larger masses than 
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their non-magnetic counterparts, even though they span the same effective tem- 
perature range.?:!? Inspired by above findings, the effect of strong magnetic fields 
on the stellar structure, for various field configurations, has been explored for both 
Newtonian? and general relativistic formalisms.5: 1: 12 

Magnetized WDs have many important implications apart from their link to 
peculiar SNe Ia and hence their other properties are worth exploring.!? !? Recent 
works!0-1? have shown that B-WDs can be too dim to detect directly, and have 
also explored??:?! the ability of rotating B-WDs to generate gravitational radiation 
which can be detected by the space-based gravitational wave detectors. Further- 
more, other additional physics such as modified gravity,??:?? ungravity effect,?4 ef- 
fects of net charge,?^?6 lepton number violation?" and anisotropic pressure?? have 
also been explored to show the possible existence of super-Chandrasekhar WDs. 
Here we discuss the broad implications of these magnetized stars as well as their 
current status. 


2. Origin and evolution of strong magnetic fields 


It has been well known that purely poloidally or toroidally dominated fields are 
both structurally unstable.??:?? However, it also has been shown that magnetized 
WDs with toroidally dominated mixed field configuration (along with small poloidal 
component) are one of the most plausible cases?! and have approximately spherical 
shape. Although the surface fields can be observationally inferred, the interior 
field cannot be directly constrained. Nevertheless, there is a sufficient evidence that 
the stars exhibit dipolar fields in their outer regions and hence are expected to 
have stronger interior (toroidally dominated) fields than at the surface. Numerical 
simulations have indeed shown that central fields of B- WDs can be several orders 
of magnitude higher than the surface field.®: 1432 

'The evolution of the poloidal and toroidal magnetic field components along with 
the angular momentum has been modelled recently with the Cambridge stellar evo- 
lution code STARS, ?? using advection-diffusion equations coupled to the structural 
and compositional equations of stars. They have shown that the magnetic field is 
likely to be dipolar, decaying as an inverse square law for most of the star. Their 
results also suggest that at the end of main sequence, the star may have toroidally 
dominated magnetic fields. The left panel of Figure 1 shows the evolution of toroidal 
field in the stellar interior as a function of radius at the end of main sequence, while 
the right panel shows the field as a function of the mass coordinate at various times 
after the helium exhaustion in the core, during the asymptotic giant phase. 

Large-scale magnetic fields can be governed in the degenerate core of B-WDs 
even during the late stages of stellar evolution,?? and very high fields can develop 
in these stars based on the conservation of magnetic flux, besides from the dynamo 
mechanism. Hence, strong fields inside magnetized WDs can also be of fossil origin.?? 
'This can be understood as follows. While the mass of the WD increases due to 
accretion, magnetic field is advected into its interior. Consequently, the gravitational 
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Fig. 1. Left panel: Toroidal field in the interior of the star as a function of the radius at the end of 
the main sequence. Right panel: Toroidal field inside the star as a function of the mass coordinate 
at various times after the helium exhaustion in the core, during the asymptotic giant phase. 


power dominates over the degeneracy pressure leading to the contraction of the star. 
The initial seed magnetic field is then amplified as the total magnetic flux remains 
conserved. For magnetic field B ~ 10° G in a star of size R ~ 109 km, the resultant 
flux will be ~ 107° G km?. From flux freezing, for a 1000 km size B-WD, the magnetic 
field can then grow up to ~ 1014 G. Once the field increases, the total outward force 
further builds up to balance the inward gravitational force and the whole cycle is 
repeated multiple times. Therefore, the magnetic fields of highly magnetized WDs 
are likely to be fossil remnants from their main-sequence progenitor stars. 
Repeated episodes of accretion and spin-down have also been suggested as a 
plausible mechanism that can lead to a highly magnetized WD.!^ Here, the en- 
tire evolution of the B-WD can be classified in two phases: accretion-powered and 
rotation-powered. The accretion-powered phase is governed by three conservation 
laws: linear and angular momenta conservation and conservation of magnetic flux, 


around the stellar surface, given by 
GM(t) 
IQ)? R(t) = 
(PRO) = Fae 
I(t)Q(t) = constant, 
B,(t)R(t)? = constant, 


(1) 


where | accounts for the dominance of gravitational force over the centrifugal force, 

hence l > 1, is the stellar moment of inertia and Q is the angular velocity of 

the star that includes contribution acquired due to accretion as well. Solving these 

equations simultaneously gives the time evolution of radius, magnetic field and 
angular velocity during the accretion phase. Accretion discontinues when 

GM _1d (B? B? 9 

R2  pdr e (2) 
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where p is the density of the inner disk edge. If the magnetic field is dipolar, Q x 0 
for a fixed magnetic field. Generalizing it to Q = kQ” with constant k giving for 
the spin-powered phase, we obtain 


Q = [Q5 — k(1— n)(t — t9)] "7", (3) 


3 n-m 
waa uL Lai (4) 
R6sin?a 


Here Qo is the initial angular velocity for the spin-powered phase (once accretion 
stops) at time t = to. The value of k is fixed such that B, can be constrained at 
t — to, which is known from the field evolution in the preceding accretion-powered 
phase. Here n — m — 3 corresponds to the dipole field configuration, therefore m 
represents the deviation from dipolar field, especially for n — 3. Figure 2 shows 
the sample evolutions of angular velocity and magnetic field as functions of stellar 
mass. In both cases, initially larger Q with accretion drops significantly during the 
spin-powered phase, followed by a phase of its increasing trend. At the end of the 
evolution, the star can be left either as a super-Chandrasekhar WD and/or an 
SGR/AXP candidate with a higher spin frequency. 
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Fig. 2. Time evolution of angular velocity (left) and magnetic field (right) as functions of mass. 
The solid curves correspond to the case with n = 3, m = 2.7, p = 0.05gcm-?, | = 1.5 and dotted 
curves correspond to the case with n = 3, m = 2, p = 0.1gcm-?, L = 2.5. The other parameters 
are fixed with k = 10-14, M = 10-8 Moyr-!, a = 10? and R = 10 km at t = 0. 


3. Rotating magnetized white dwarfs 


Although, in nature, WDs are expected to consist of mixed fixed geometry, here 
we consider toroidally dominated magnetic field cases as they ensure the stability 
of these stars. It has been shown that toroidally dominated (and purely toroidal) 
field not only makes the star (slightly) prolate but also increases its equatorial 
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radius.®: 34:35 Figure 3 shows specific cases for toroidal field configuration combined 


with rotation. In the left panel, as the angular frequency is small, it does not affect 
the star considerably and results in a marginally prolate star. In contrast, the right 
panel, due to high angular velocity, exhibits that the low density region is affected 
more due to rotation than the high density region, resulting in an oblate shaped WD. 
From the magnetic field strength isocontours shown in the center panel, we can see 
that the surface magnetic field can decrease up to ~ 10° G even if the central field 
is ~ 1014 G. For both cases, the magnetic to gravitational energies ratio (ME/GE) 
as well as kinetic to gravitational energies ratio (KE/GE) are chosen to be < 0.1 to 
maintain stable equilibrium.?6-95 

We have also considered differentially rotating B-WDs.° The angular velocity 


profile in the XNS code is specified as??: 40 
F(Q) = 4(, - 9) = 709 (5) 

= 3 = 
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Fig. 3. Density and magnetic field strength isocontours for uniformly rotating B-WDs with 


toroidal magnetic field are shown in the left and center panels, respectively. The parameters used 
for both are Q ~ 0.0628rad/s, Bmax ~ 2.7 x 1014 G, ME/GE ~ 0.1, KE/GE ~ 3.6 x 10-6. 
The density isocontours for the Q ~ 3.6537 rad/s, Bmax ~ 2.7 x 1014 G, ME/GE ~ 0.1, KE/GE 
~ 1.3 x 107? case is shown in the right panel. 
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Fig. 4. Density isocontours for differentially rotating magnetized WD is shown. For the left panel, 


we have toroidal field with Q ~ 0.62 rad/s, Qe ~ 10.15 rad/s, Bmax ~ 3.2x1014 G, ME/GE ~ 0.14, 
KE/GE ~ 0.1. For the right panel, we use poloidal field with €? ~ 2.74rad/s, Qc ~ 20.30 rad/s, 
Bmaz ~ 3.9 x 1011 G, ME/GE ~ 7.8 x 10-8, KE/GE ~ 0.14. 
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where A is a constant that indicates the extent of differential rotation, R = v?rsin, 
w = —B%, Qe is the angular velocity at the center and w is the angular velocity at 
radius r. Figure 4 shows the density isocontours of differentially rotating B-WDs 
for toroidal field with surface angular velocity €? ~ 0.62rad/s, Qe ~ 10.15 rad/s, 
Bmax ~ 3.2 x 1014 G, ME/GE ~ 0.14, KE/GE ~ 0.1 (left panel) and poloidal field 
with €) ~ 2.74rad/s, Qe ~ 20.30rad/s, Bmax ~ 3.9 x 101! G, ME/GE ~ 7.8 x 1075, 
KE/GE ~ 0.14 (right panel). It can be seen that “polar hollow" structure can form 
with differential rotation regardless of the specific geometry of the magnetic field. 


4. Non-rotating magnetized WDs with finite temperature 


Apart from increasing the limiting mass of WDs, strong magnetic fields can also in- 
fluence the thermal properties such as luminosity, temperature gradient and cooling 
rate of the star.19:19:1? In order to model such a WD, the total pressure inside the 
star is modelled by including the contributions from the degenerate electron gas, 
ideal gas and magnetic pressures. The interface is defined to be the radius where 
the contributions from electron degenerate core and outer ideal gas pressures are 
equal. The presence of strong fields gives rise to additional pressure Pg = B?/87 
and density pg = B?/8zc? inside the magnetized WDs.^! 

Assuming the B-WD to be approximately spherical, the model equations for 
magnetostatic equilibrium, photon diffusion and mass conservation can be written 
within a Newtonian framework as 


d Gmí(r) 
qy (Paes + Pig + Pp) = — r2 (p + pp), 
dT 3 Kp L; 1\ T dP 
= —max ,(1 ; 
dr 4ac T? Arr? yj Pdr 
dm 
Ags Arr? (p+ pp). (6) 


Here we have ignored the magnetic tension terms for radially varying B. In these 
equations, Pacg and Pig = pkT'/ um, are the electron degeneracy pressure and hence 
the ideal gas pressure respectively, p is the matter density, T' is the temperature, 
m(r) is the mass enclosed within radius r, & is the radiative opacity, Ly is the 
luminosity at radius r, and y is the adiabatic index of the gas. 

The opacity in the surface layers of non-magnetised WD is approximated with 
the Kramers’ formula, & = KopT??, where ko = 4.34 x 1074Z(1 + X) cm? g-!, 
and X and Z are the mass fractions of hydrogen and heavy elements (other than 
hydrogen and helium) in the stellar interior respectively. To capture the radial vari- 
ation of the field magnitude within the B-WD, we adopt a profile used extensively 
to model magnetized NSs and B-WDs,!': ?? given by 


(pene) om 
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where B, is the surface magnetic field, Bo is a fiducial magnetic field, 7 = 0.8 
and ^ = 0.9 are dimensionless parameters along with pọ = 10? g/cm? determining 
how the field decays from the core to the surface. The radial luminosity can be 
assumed to be constant so that L, = L as there is no hydrogen burning or other 
nuclear fusion reactions taking place within the WD core. We solve the differential 
equations by providing the surface density, mass and surface temperature as the 
boundary conditions. 
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Fig. 5. Left panel: The effect of L on the mass-radius relation of non-magnetised WDs is shown 
for L = 1074 Lc (blue diamonds), L = 10-7? Lọ (green circles) and L = 107? Lọ (red triangles), 
along with the Chandrasekhar result (black squares). Right panel: The effect of field strength 
on the mass-radius relation of B-WDs is shown for B = (Bs,Bo) = (0,0) (blue diamonds), 
B = (109,101?) G (orange crosses), B = (107, 1014) G (green circles) and B = (109, 1014) G (red 
pluses), along with the Chandrasekhar result (black squares) for L = 1074 Lo. 


For strong magnetic fields, variation of radiative opacity with B can be modelled 
as k = Kp & 5.5 x 1091 pT- 15 B-?cm? g—!.43:44 The field dependent Potekhin's 
opacity is used instead of Kramers’ opacity if B/10!? G > T/10° K, which is valid 
for the strong B cases that we consider here. The left panel of Figure 5 shows the 
effect of luminosity on the mass-radius relation for non-magnetized WDs compared 
to Chandrasekhar's results. Although the increase in L leads to progressively 
higher masses for larger WDs, Chandrasekhar mass limit is retained irrespective of 
the luminosity. The right panel of Figure 5 shows the effect of magnetic field on the 
mass-radius relation for B-WDs with L = 1074 Lo and compares them with the 
non-magnetic Chandrasekhar results. It can be seen that the magnetic field affects 
the mass-radius relation in a manner analogous to increasing L, by shifting the 
curve towards higher masses for WDs with larger radii. The mass-radius curves for 
Bo € 10P G practically overlap with each other and retain the Chandrasekhar mass 
limit. However, for strong central fields with Bọ ~ 10!4G, super-Chandrasekhar 
WDs are obtained with masses as high as ~ 1.9 Mo. 

In order to ensure structural stability of a B- WD, an increase in magnetic energy 
density has to be compensated by a corresponding decrease in the thermal energy 
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and hence the luminosity. This effect is especially prominent for B-WDs with larger 
radii where the magnetic, thermal and gravitational energies are comparable with 
each other. We find that a slight decrease in the luminosity for R = 12000 km WDs 
leads to masses that are similar to their non-magnetic counterparts. However, the 
smaller radii B-WDs require a substantial drop in their luminosity (well outside 
the observable range) and still do not really achieve masses that are similar to the 
non-magnetized WDs. 


5. Effect of cooling evolution and field dissipation 


Magnetic fields inside a WD undergo decay by Ohmic dissipation and Hall drift 


processes with timescales given by*® 47 
tonm = (7 x 10 yr) pj Ra!” (Pavg/ Pe): (8) 
tman = (5 x 10'° yr) 13Bo 1417 7Pc,10; (9) 


where pen = p-/10"gem~3, Ry = R/10* km, T..7 = T./107K, Bo44 = Bo/10“G 
and | = lg x 10? cm is characteristic length scale of the flux loops through WD 
outer core. Ohmic decay is the dominant field dissipation process for B € 10!? G, 
while for 101? < B/G < 10!^ the decay occurs via Hall drift and for B > 1014 G, 
the principal decay mechanism is likely to be ambipolar diffusion.“° The magnetic 
field decay in magnetars with surface fields between 1014 and 10!9 G can be solved 
using 


dB 1 1 1 
zn ! 10 
dt (= tamb — Hall ) qu 


where tamp denotes the ambipolar diffusion time scale. 

On the other hand, the thermal energy of WDs is radiated away gradually over 
time in the observed luminosity from the surface layers as the star evolves. The rate 
at which thermal energy of ions is transported to surface and radiated depends on 
the specific heat, given by 


6 Am, ( T a 
L = —— | c,dT = (2 x 10? erg/s) Ms (x) ; (11) 
where c, © 3kp/2 is the specific heat at constant volume. Given an initial L and 
temperature Ty at time to, final temperature after cooling is given by (T/K)-?/? — 
(To/K) -9/2 = 2.406 x 10-94 7/s, where T = t — to is the WD age. 

The left panel of Figure 6 shows the effect of B-WD evolution on their mass- 
radius relations including both magnetic field decay and thermal cooling effects. The 
luminosities are varied with field strength such that the masses can match those 
obtained for the non-magnetized WDs. For B = (Bs, Bo) = (10°, 1014) G, although 
the maximum mass ~ 1.9 Mc shown in the track at small radius turns out to be 
much larger than the Chandrasekhar limit, we find that it is lowered considerably 
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Fig. 6. Left panel: The effect of magnetic field on the WD luminosity set to match with the non- 
magnetised mass-radius relation for the analytical model. The results are shown for B = (0,0) at 
initial time t = 0 (green circles), B = (0,0) at t = 10 Gyr (blue diamonds), B = (109, 10!4)G 
at t = 0 (orange triangles) and B = (10?,1014) G at t = 10 Gyr (magenta crosses). Right panel: 
STARS results to show the effect of magnetic field on the mass-radius relation of highly magnetized 
WDs for B = (0,0) (blue circles), B = (107,10!2) G (orange stars), B = (107,101?) G. (green 
crosses) and B = (107, 1014) G (red pluses). 


to ~ 1.5 Mọ primarily as a result of magnetic field decay and also thermal cooling 
over t = 10 Gyr. 

Further, we use the STARS stellar evolution code to qualitatively investigate 
the B-WD mass-radius relationship at different field strengths, with the objective of 
numerically validating our semi-analytical models. In the right panel of Figure 6, we 
show the mass-radius relations obtained from STARS. We obtain results that are in 
good agreement with our analytical formalism and the magnitude of Bo dictates the 
shape of the mass-radius curve. In validation of our analytical approach, we have 
found that the limiting mass ~ 1.8703 Mo obtained with the STARS numerical 
models is in very good agreement with M ~ 1.87 Mo that is inferred from the semi- 
analytical calculations for WDs with strong fields B = (109-9, 1014) G. We argue 
that the young super-Chandrasekhar B-WDs only sustain their large masses up to 
~ 10° — 108 yr, and this essentially explains their apparent scarcity even without 
the difficulty of detection owing to their suppressed luminosities. 


6. Continuous gravitational waves from magnetized white dwarfs 


The question then remains, how to detect B-WDs directly. Continuous gravitational 
waves can be among the alternate ways to detect super-Chandrasekhar WD can- 
didates directly. If these B-WDs are rotating with certain angular frequency, then 
they can efficiently emit gravitational radiation, provided that their magnetic field 
and rotation axes are not aligned, ^? and these gravitational waves can be detected 
by upcoming instruments such as LISA, BBO, DECIGO, Einstein Telescope, etc. 
'The dimensionless amplitudes of the two polarizations of the gravitational wave 
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(GW) at a time t are given by48 49 
1 1 24 
hy = hosin x E i sin i cos x cos Qt — EE X cos 2nd j 
hy = hosin x 3Sin i cos x sin Qt —cosisin x sin 2Ot | , (12) 


with ho = (—6G/c*)Q. s (0?/d), where Qz; is the quadrupole moment of the 
distorted star, x is the angle between the rotation axis z’ and the body's third 
principal axis z, i is the angle between the rotation axis of the object and our line 
of sight. The left panel of Figure 7 shows a schematic diagram of a pulsar with 2’ 
being the rotational axis and z the magnetic field axis, where the angle between 
these two axes is x. The GW amplitude is 


AG (?cI,, 
ho = c d , 

where € = (Iz, — I;;)/I,, is the ellipticity of the body and Izz, Iy,, Izz are the 
principal moments of inertia. Note, we have used the XNS code?? to simulate the 


underlying axisymmetric equilibrium configuration of B-WDs in general relativity. 
Moreover, we assume the distance between the WD and the detector to be 100 pc. 


(13) 


ei 
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Ar 
Fig. 7. Left panel: Schematic diagram of a B-WD with z’ being the rotational axis and z the 
magnetic axis. Right panel: The dimensionless GW amplitudes for WDs are shown as functions 
of frequency, along with the sensitivity curves of various detectors. Optimum i is chosen for x at 
t=0. 


Since a pulsating WD can emit both dipole and gravitational radiations simulta- 
neously, it is associated with both dipole and quadrupolar luminosities. The dipole 
luminosity for an axisymmetric WD is given by?! 


Lp = ——P sin? x F(20), (14) 
C 
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where zo = RoQ/c, B, is the magnetic field strength at the pole, Rp is radius of 
the pole and Rp is the average WD radius. The function F(xo) is defined as 


x6 1 


F = | à 15 
(70) 5(z8— 3x4 +36) | 3(a2 +1) 45) 

Similarly, the quadrupolar GW luminosity is given by?? 
Low E (L,, — Ing)? O%sin? x (1 + 15sin? x). (16) 


5c5 
It should be noted that this formula is valid if x is very small. The total luminosity 
is due to both dipole and gravitational radiations. Therefore, the changes in Q and 
x with time are dependent on both Lp and Lew. The variations of Q and x with 
respect to time are given by?! 


(OL. 2G l l BREY 
( 2 ) EET (Leg — L4) (sin? y (1 + 15sin? y) — E EE x F (zo), 
(17) 
d 12G BER, 
To a me (Izz — Ing)? O'sin? x cos x — — a, Sinxcosx F (zo), 
(18) 


where Iy» is the moment of inertia about z'-axis. Equations (17) and (18) need to 
be solved simultaneously to obtain the timescale over which a WD can radiate. 

The right panel of Figure 7 shows the dimensionless GW amplitudes for the 
WDs as functions of their frequencies, along with the sensitivity curves of various 
detectors. It can be seen that the isolated WDs may not be detected directly by 
LISA, but can be detected after integrating the signal to noise ratio S/N for 1 
year. As WDs are larger in size compared to NS, they cannot rotate as fast as NS 
and hence ground-based GW detectors such as LIGO, Virgo and KAGRA are not 
expected to detect the isolated WDs. These isolated WDs are also free from the 
noise due to the galactic binaries as well as from the extreme mass ratio inspirals 
(EMRIs). 


7. Summary and conclusions 


We have shown that highly magnetized, stable WDs, namely B-WDs, have a variety 
of implications, including enigmatic peculiar over-luminous SNe Ia. Numerical sim- 
ulations utilizing the stellar evolution code STARS indicate that the central field in 
strongly magnetized B-WDs can be toroidally dominated whereas the surface fields 
are more of dipole nature. The mass ~ 1.87 Mo obtained for these B-WDs from the 
STARS numerical models, as of now, is totally consistent with the estimates from 
the analytical stellar structure models for strong fields B = (1099, 1014) G. These 
young super-Chandrasekhar B-WDs have suppressed luminosities and are difficult 
to observe or rare, due to their decaying magnetic fields. We have found that these 
WDs may not remain super-Chandrasekhar for long i.e. beyond ~ 10?- year due to 
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decaying field primarily, and indicate rapidly losing pulsar nature and/or low lu- 
minosity. However, these stars can be very promising candidates for GW detectors 
such as LISA (with 1 year integrated S/N) and also for Einstein Telescope and 
future DECIGO/BBO missions. Therefore, appropriate missions in GW astronomy 
and otherwise, e.g. radio astronomy, should be planned in order to probe them in 
the future. 
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Electron captures by atomic nuclei in dense matter are among the most important pro- 
cesses governing the late evolution of stars, limiting in particular the stability of white 
dwarfs. Despite considerable progress in the determination of the equation of state of 
dense Coulomb plasmas, the threshold electron Fermi energies are still generally esti- 
mated from the corresponding Q values in vacuum. Moreover, most studies have focused 
on nonmagnetized matter. However, some white dwarfs are endowed with magnetic fields 
reaching 10? G. Even more extreme magnetic fields might exist in super Chandrasekhar 
white dwarfs, the progenitors of overluminous type Ia supernovae like SN 2006gz and 
SN 2009dc. The roles of the dense stellar medium and magnetic fields on the onset of 
electron captures and on the structure of white dwarfs are briefly reviewed. New ana- 
lytical formulas are derived to evaluate the threshold density for the onset of electron 
captures for arbitrary magnetic fields. Their influence on the structure of white dwarfs 
is illustrated by simple analytical formulas and numerical calculations. 


Keywords: White dwarf; Chandrasekhar limit; Electron capture; Magnetic field. 


1. Introduction 


In 1926, the British physicist Ralph Fowler showed that the energy and the pressure 
of matter in the dense core of a white dwarf remain finite at zero temperature due 
to quantum mechanics. Considering that electrons are no longer bound to nuclei 
under such extreme conditions, he derived the equation of state of a degenerate elec- 
tron Fermi gas.! Another British physicist, Edmund Clifton Stoner, calculated the 
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structure of white dwarfs with uniform density in 1929.? The same year, Wilhelm 
Anderson, a physicist at the University of Tartu in Estonia, first stressed the impor- 
tance of taking into account the relativistic motion of electrons.? He showed that 
the mass of a white dwarf tends to some finite value as the electron concentration 
increases, namely Mana ~ 0.69 M assuming an electron fraction ye = 0.4 (with Mo 
the mass of the Sun). Improving Anderson's approximate treatment, Stoner* found 
Mg, ~ 1.10Mo. Soon afterwards, the young Indian physicist Subrahmanyan Chan- 
drasekhar solved the hydrostatic equilibrium equations for an ultrarelativistic elec- 
tron Fermi gas using the theory of polytropes.? His numerical result, Mcn ~ 0.91 Mc 
(for ye = 0.4), thus differed by less than 20% from that obtained earlier by Stoner, a 
remarkably close agreement as pointed out by Chandrasekhar himself. A year later, 
the Russian physicist Lev Landau showed that any degenerate star has a maximum 
mass, which can be expressed in terms of the fundamental constants as 


3 
Tri 
My = 3.173 ’ (1) 


where we have introduced the Planck mass 


he 


G , (2) 


mp = 


(hiis the Planck-Dirac constant, c is the speed of light, G is the constant of gravita- 
tion) and m is the average mass per nucleon. Incidentally, such a scaling was already 
apparent in Stoner's analysis of a uniform density star. Combining his equations 
(17) and (19b) leads to 


154/Ba mè > 
St = 2 9Je' (3) 
16 m 


Landau however did not believe in the physical reality of this limit and even invoked 
some violation of the laws of quantum mechanics inside massive stars to prevent 
them from collapsing (see Ref. 6 for a historical perspective on Landau's contribu- 
tion). As early as 1928, the process by which atoms are crushed at high densities was 
actually discussed by the Russian physicist Yakov Frenkel.” More importantly, he 
calculated the equation of state of an electron Fermi gas for an arbitrary degree of 
relativistic motion as well as the correction due to electrostatic interactions between 
electrons and atomic nuclei. He also studied the conditions for which incompressible 
"superdense stars" can exist and derived indirectly the mass limit. Correcting for 


an error in his expression for the gravitational energy? and neglecting the electro- 
static correction lead to the same result as the one published by Stoner in 1930. 
Frenkel's pioneer work remained unnoticed during several decades, and is still not 
very well-known today.? 


“The factor 5/3 in his key equation (19a) should read 3/5; this error goes back to his incorrect 
expression (18) for the gravitational energy. 
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The analyses of Anderson and Stoner showed that the maximum mass of white 
dwarfs is only reached asymptotically when the electron concentration tends to 
infinity and the stellar radius goes to zero. This conclusion was later confirmed 
by the numerical calculations of Chandrasekhar for more realistic density profiles.? 
However, soon after the discovery of the neutron by James Chadwick in 1932, it 
was realized that matter becomes predominantly composed of neutrons at high 
densities.!?:1! In December 1933, during a meeting of the American Physical Society 
at Stanford, Wilhelm Baade and Fritz Zwicky predicted the existence of neutron 
stars formed from the catastrophic gravitational collapse of stars during supernova 
explosions.!? Baade and Zwicky were apparently unaware of the studies about white 
dwarfs. The connection was first made by Landau!? and Gamow.!^ At a conference 
in Paris in 1939, Chandrasekhar also pointed out: 


If the degenerate core attains sufficiently high densities, the protons and 
electrons will combine to form neutrons. This would cause a sudden diminu- 
tion of pressure resulting in the collapse of the star to a neutron core. 


In 1956, the French physicist Evry Schatzman!? showed that the central density of 
white dwarfs is limited by the onset of electron captures by nuclei, implying that 
the radius of the most massive white dwarfs remains finite. Detailed calculations 
of the structure of white dwarfs taking into account matter neutronization were 
performed at the end of the 1950s and at the beginning of the 1960s.!71? Electron 
captures are now known to play a key role in the late stages of stellar evolution (see 
Ref. 20 for a recent review). 

Although the electrostatic correction to the equation of state of an electron 
Fermi gas was calculated long ago" (see Ref. 21 and references therein for the latest 
developments on the equation of state of dense Coulomb plasmas), the threshold 
electron Fermi energy He for the onset of electron captures by nuclei is still gen- 
erally estimated from the corresponding Q value in vacuum. Moreover, the pres- 
ence of magnetic fields is usually ignored. However, a significant fraction of white 
dwarfs have been found?? to have magnetic fields up to 10? G, and potentially 
much stronger fields may exist in their core.?? Moreover, it has been recently pro- 
posed that very massive so-called super-Chandrasekhar white dwarfs (with a mass 
M = 2M) endowed with extremely strong magnetic fields could be the progenitors 
of overluminous type Ia supernovae like SN 2006gz and SN 2009dc?* °° (see also 
Refs. 27-30). The existence of such stars was actually first studied much earlier by 
Shul'man,?! who found that the maximum mass of degenerate stars could be in- 
creased by two orders of magnitude if the magnetic field is strongly quantizing.??:?? 
However, the stability of such super Chandrasekhar white dwarfs will still be lim- 
ited by electron captures.?^?? Detailed calculations of the global structure of these 
stars taking these processes into account have been carried out in Refs. 36, 37. 

In this paper, we review our recent studies of the role of electron-ion interactions 
and magnetic fields in the onset of electron captures in cold white-dwarf cores.36-38 
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We also present more accurate and more general formulas for the threshold density 
and pressure, applicable not only to nonmagnetic and strongly magnetized white 
dwarfs but also to stars with intermediate magnetic field strengths. The impact 
of electron captures on the global structure of white dwarfs is discussed and new 
numerical results are presented. 


2. Core of white dwarfs with magnetic fields 


'The core of a white dwarf consists of a dense Coulomb plasma of nuclei in a charge 
compensating background of relativistic electrons. Apart from carbon and oxygen 
(the primary ashes of helium burning), the core may contain other nuclei like he- 
S941 42 or even iron. ^^ Iron white dwarfs could be 
formed from the explosive ignition of electron degenerate oxygen-neon-magnesium 


lium, neon and magnesium, 
cores,?? or from failed detonation supernovae.?6 For simplicity, we assume that the 
stellar core is made of only one type of nuclei with charge number Z and mass 
number A (see, e.g. Ref. 38 for the treatment of mixtures). We further suppose that 
the star has sufficiently cooled down such that thermal effects can be neglected. 

Whereas nuclei with number density ny exert a negligible pressure Py = 0, 
they contribute to the mass density 


p — nx M'(A,Z), (4) 


where M'(A, Z) denotes the ion mass including the rest mass of Z electrons and 
can be obtained from the experimental atomic mass M(A, Z) by subtracting out 
the binding energy of the atomic electrons (see Eq. (A4) of Ref. 47). In principle, 
the presence of a magnetic field can have some effect on nuclei.4*:49 However, the 
change of nuclear masses is negligible even for the strongest magnetic fields of order 
1015 G expected in super Chandrasekhar white dwarfs.??: 36.50 

To a very good approximation, electrons can be treated as an ideal Fermi gas. 
In the presence of a magnetic field, the electron motion perpendicular to the field 
is quantized into Landau-Rabi levels.?9? Quantization effects on the equation of 
state are significant when B exceeds Bye, where 


m2 ce 


C— & 44x 10P G, (5) 
eh 

where m, is the electron mass and e is the elementary electric charge. The expres- 
sions for the energy density Ee and pressure P, for arbitrary magnetic field strength 
can be found in Ref. 53. 

The main correction to the ideal electron Fermi gas arises from the electron- 
ion interactions, as first shown by Frenkel’ (see e.g. Ref. 53 for a discussion of 
higher-order corrections). For pointlike ions embedded in a uniform electron gas 
with number density ne = Zny (from electric charge neutrality), the corresponding 
energy density is given by (see e.g. Chap. 2 of Ref. 53) 


Brel = 


Am 1/3 
EL = CM (7) ent 2, (6) 
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where Cm is the Madelung constant. The contribution to the pressure is thus given 
by 
ad(£L/ne) _ Ex 


Pes LE 
L=Nne— ne 3 (7) 


The pressure of the Coulomb plasma finally reads P = P, + Pr. 

In the following, we shall consider that ions are arranged in a body-centered 
cubic lattice since this configuration leads to the lowest energy.?? In this case, the 
Madelung constant is given by? Cm = —0.895929255682. According to the Bohr- 
van Leeuwen theorem,?? the electrostatic corrections (6) and (7) are independent 
of the magnetic field apart from a negligibly small contribution due to quantum 


zero-point motion of ions about their equilibrium position.?9 


3. Onset of electron captures by nuclei in dense environments 


The onset of electron captures by nuclei (A, Z) is formally determined by the same 
condition irrespective of the magnetic field strength by requiring the constancy 
of the Gibbs free energy per nucleon at fixed temperature and pressure.?? The 
threshold electron Fermi energy is found to first order in the fine-structure constant 
a = e?/(hc) from the condition: 


Arn 1/3 
seu ( :) aXF(Z) = 3f (A, Z), (8) 
F(Z) = Ze Ue 5278, (9) 
(A, 2) = - LAF 44, (10) 
mec 


where ye = ue/(mec?), Ae = h/(mec) is the electron Compton wavelength, and we 
have introduced the Q-value (in vacuum) associated with electron capture by nuclei 
(A, Z): 


Qzc(A, Z) = M'(A, Z) — M'(A4,Z2 - 1). (11) 


These Q-values can be obtained from the tabulated Q-values of 8 decay by the 
following relation: 


Qzc(A, Z) = -Qg(A. Z — 1). (12) 


In principle, the daughter nucleus may be in an excited state. However, such a 
transition would occur at a higher density. 

In the absence of magnetic fields, the threshold condition (8) can be solved 
analytically.?" Recalling that the electron Fermi energy is given by 


le = mec? / 1-4 22, (13) 
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where zr, = Acke and ke = (35?n,)!/? is the electron Fermi wave number, the 
solution reads 


Ese i io eet - dh - rer EET, 
with 
: "E. 
F(Z) 5 Cu (=) oF(Z). (15) 


The pressure Pa(A, Z) at the onset of electron captures is given by 


Pj. 2) = gs ot (36 -1) Vie of emet y1 + etn 


87? 3 
Ca 4 1/3 Mec? 
pa (zs) (ay - ZR. (16) 


The corresponding average mass density is found from Eq. (4) and is given by 


M'(A, Z) (28) 

A, Z) = —L— Iu 

Numerical results are summarized in Table 1 for nuclei expected to be found in the 
core of white dwarfs, using data from the 2020 Atomic Mass Evaluation.?? Funda- 
mental constants were taken from NIST CODATA 2018^. We have not considered 


helium since this element is expected to undergo pycnonuclear fusion in white-dwarf 


(17) 


cores before capturing electrons. 


Table 1. Dimensionless threshold electron Fermi energy ye = ue/(mec?), mass density 
pg and pressure Pg for the onset of electron captures by the given nuclei in unmagnetized 
white dwarfs. 


160 12C 20Ne 24Mg 56 Fe 


Ye 22.0 27.8 15.2 12.2 8.74 
pg [g cm-?] 2.06 x 101? 4.16 x 101? 6.81x 10° 351x109 1.37 x 10? 
Pg [dyn cm-?] | 2.73x10?5 6.99 x 1075 6.21 x 10?” — 2.56 x 10?" — 6.46 x 1076 


In the presence of a magnetic field, the threshold condition (8) must be solved 
using the following relation between n, and ye: 


2B, eee 
Ne = Quy 5 Jutelv), (18) 
€ v=0 


te(v) = V y2 —1— 2vB,, (19) 


Phttps://physics.nist.gov/cuu/Constants/index.html 
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where we have introduced B, = B/B,a, and the degeneracy gy = 1 for v = 0 and 
gv = 2 for v > 1. The index Vmax is the highest integer for which 42 —1—2v44,B, > 
0, i.e. 


(20) 


-1 
2B, |’ 


Vmax = | 


where [.] denotes the integer part. 

In the weakly quantizing regime meaning that many Landau-Rabi levels are 
populated (Vmax >> 1), analytical solutions can be found. Remarking that the mag- 
netic field enters explicitly in (8) only through the small electrostatic correction, the 
threshold electron Fermi energy is still approximately given by the solution in the 


absence of magnetic fields, namely ye ~ 4/ 1 + (af)? with zê given by (14). Substi- 
tuting in Eqs. (18) and (19), using the expansions (41) obtained in Ref. 59 leads to 
the following estimate for the density marking the onset of electron captures: 


pa(A, Z) ~ A s (2-1) + a.c (= Ud) ke 2 1 
(21) 
where ¢(z,q) is the Hurwitz zeta function defined by 
c ld 
G(2. q) EN (22) 


for R(z) > 1 and by analytic continuation to other z 4 1 (excluding poles v+q = 0), 
and [.) in the argument denotes the fractional part. The first term in Eq. (21) 
represents the threshold density in the absence of magnetic field. The second term 
accounts for magnetic oscillations while the last term is a higher-order correction. 
The expression for the associated pressure is more involved. Using Eqs. (41), (43) 
and (44) of Ref. 59 yields* 


2c (1 2B? o + 2B, E32 -1 


An?M3 | 2 3 1+\/2B, 


= : (n« 28. +92-1- VB.) + . (ve 2B. FT V2B. ) 


+> ¢3(-1/2,q +1) 
+ B, (arccosh e — ye 7—1) — (2B, 4. N Tua eu 
D: GB) ^ JEXOBGP- | 


*In the notations of Ref. 59, the electron contribution to the pressure can be directly obtained 
. (mon) . 


from the grand potential density by Pe = —wg wfo, The total pressure is found by adding 
the electrostatic correction (7) using the expansion for the electron density. 
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2 QB"*. -3 [42-1 E 2 (2B)? , -5 [42-1 
3 Ae 2 | 2B, 15 43 2° 2B, 


4 1 
1 (B, ; -1 1 1 
ert [ek 4B pees 2 a 
m) i 3i 3 pu ICE 


9 WS 2 
d (+) Cuaz? |? (21)? 


3 (3 
4/3 
+ es. yc (2 {=} | weal \ (23) 
with 
Gle) = (5, - art - 367 - Sgt. (24) 


An analytical solution also exists in the strongly quantizing regime whereby elec- 
trons are all confined to the lowest Landau-Rabi level (Ymax = 0). Introducing 


1 2B, \ 1 
F(Z, B.) = 4CmaF (Z) ( 3 ) <0, (25) 
= yÉ 


(26) 


the solutions are given by the following formulas®®: 


8|F(Z, B,)|/? cosh? (Zarecoshv) if v > 1, 
Ye = (27) 


8|F (Z, B,)|? cos? (4 arccosv) | ifO0 <u <1. 


The threshold pressure and density are respectively given by: 


B mec? 
P(A, Z, By) = TES [ev= - in (VE T+ ye) 


Cua /18B, 22? 2/3 
pa (EBEN 2-1"), (28) 
B, M'(A,Z 

palA, Z, By) = 2123 - ) y 1. (29) 


Let us recall that Eq. (27) is only valid if all electrons lie in the lowest Landau-Rabi 
level, i.e. if their Fermi energy does not exceed ye = V1 + 2B, ~ /2B, or equiva- 
lently if their density does not exceed ne = By!? /(/2n2A3) using Eqs. (18) and (19). 
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This condition translates into a lower bound for the magnetic field B, > B,,. To 
find B,1, we substitute the above expressions for ye and n, in Eq. (8). This leads 
to 


b eg (30) 


Values for some nuclei are summarized in Table 2. For magnetic field strength 
B, S Bus, the threshold condition (8) must be solved numerically. 


Table 2. Magnetic field strength in 
units of Bre] above which electrons are 
confined to the lowest Rabi level when 
captured by the given nuclei. 


160 i268 20Ne 24Mg 56 Fe 


240 384 115 74.1 37.8 


Full results for different nuclei expected to be found in white-dwarf cores are 
shown in Figs. 1 and 2. Changes in the occupation of Rabi levels as the magnetic 
field is increased lead to typical oscillations of the threshold density pg: the onset of 
electron captures can thus be shifted to either lower or higher density as compared 
to unmagnetized matter. The lowest value is reached for B, = B,, and lies about 
2596 below the threshold density in the absence of magnetic fields irrespective of 
the composition (this can be easily shown by taking the ratio of Eqs. (29) and (17) 
using (30) and ignoring all terms in o). In the strongly quantizing regime, pg is 
unbound from above and increases almost linearly with B,. 
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Fig. 1. "Threshold density for the onset of electron captures by nuclei as a function of the magnetic 
field strength in units of the characteristic field (5). (a) Results for !?C. (b) Results for 160. 
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Fig. 2. Same as Fig. 1 for (a) ?"Ne and (b) ?*Mg. 


4. Global structure of white dwarfs 


The core of a white dwarf is expected to be surrounded by a helium mantle and an 
hydrogen envelope. Their contribution to the mass of the star cannot exceed ~ 1% 
to avoid a thermonuclear runaway. For simplicity, we will ignore these layers here. 

In the model originally considered by Chandrasekhar,” the interior of a white 
dwarf was described using the equation of state of an ideal electron Fermi gas. 
The composition, assumed to be uniform, was only included throughout the charge 
neutrality condition. In the ultrarelativistic limit, the resulting equation of state 
reduces to the polytropic form P ~ Kop*/? with 


_ he(3n?)/3 Zo. Am 
aon 4 (ra z) i Pu 


The mass and radius of a white dwarf with central density pe can be deduced from 
the theory of polytropes?! 


AVE 
Ma =4n (42) eren. (32) 
Ko & 
Ron = nG 51/5 (33) 


respectively, where £1 ~ 6.89685 and £7|0'(£1)| ~ 2.01824. Substituting the expres- 
sion for Ko thus yields 


EU mp 2 mi (34) 


Mon = ETIO (E1) PIRE 09798 P. =e Py, 


VOT e mE Ye ~ 10,5869, P. Ve (35) 


2 M Trc M Tre 


Ron = 
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where 

M'(A, Z) 
DET ERE 
and £r c denotes the relativity parameter at the density pe. Equation (34) coincides 
with the maximum mass because the ultrarelativistic regime is only valid at high 


m 


(36) 


densities such that the relativity parameter in the central core of the star satisfies 
Zrc > 1. In the limit £r e + +00, the radius Rcn vanishes. 

The electrostatic corrections (6) and (7) can be easily taken into account by 
simply renormalizing the constant Ko as 


SC fay 
K=Ko mnm (=) A (37) 
The mass and radius thus become? 
8C 4\1/8 3/2 
M= h +a ar (=) zh| Moy < Mon, (38) 
8C ANUS 1/2 
R= Ro, Im t3 zs] < Ron. (39) 


This shows how the electron-ion interactions lower both the mass and the radius. 
It can be seen that the radius of the most massive white dwarfs still vanishes in the 
limit £r — -Foo. However, as discussed earlier, nuclei in the white dwarf core will 
capture electrons as soon as the central density pe exceeds the threshold density pg. 
'The daughter nuclei are generally unstable against a second electron capture. The 
transition is accompanied by a discontinuous increase of density given by 


/ - 1/3 / 2 
T 


Tr 


op 2-2 MAD) 


(40) 
where x, is given by Eq. (14). The density jump is about 50% for carbon, 33% for 
oxygen, 25% for neon, 20% for magnesium, and 8.2% for iron. 

Because these reactions occur at the same pressure, the adiabatic index defined 

by 
. dlog P 
-~ dlogp 


(41) 


therefore vanishes thus making the star unstable. In the limit of ultrarelativistic 
electrons, the average threshold density and pressure reduce to 


/ B 3 1/3 —3 
pA zs ERES esos) ral.  «» 


4Such kind of scaling was briefly mentioned in Ref. 19 through an effective mean molecular weight 
per electron. 
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B 4 1/3 1/3 —4 
He (A, Z) 2/3 4 4 
—— |1 +4CmaZ —— 1 C — F(Z ; 
Ba ^ Mo 2437 TOMAS v 
(43) 
Substituting Eq. (42) in (39) using (35) leads to the following lower bound for the 
radius of a white dwarf: 


1/3 
Ran = Vi c mi Ye jp Pd (=) Fa) 


P(A, Z) & 


2 m yË(A,Z 
4 NV8 1/2 
x | $ ou (=) zh (44) 


The factors in square brackets account for the electron-ion interactions: the first 
arises from the shift in the threshold density for the onset of electron captures 
whereas the second is due to the correction to the equation of state. Both factors 
lead to a reduction of the radius. Results of Eq. (44) are summarized in Table 3. 


Table 3. Minimum radius (in km) of 
nonmagnetic stable white dwarfs. 


12C 160 20Ne 24Mg 56 Fe 


958 1209 1743 2168 2791 


The mass remains unchanged since it does not depend on the density and is 
still given by Eq. (38). However, departure from the polytropic equation of state 
P = Kp*/® and the fact that the central density pe is finite induce a slight reduction 
of the maximum mass. Following the perturbative approach described in Chapter 
6 of Ref. 62 and based on the minimization of some approximation for the total 
energy of the star, we find 


1/3 1/3 25 
6M k3 3m : 3 ido eM 4 72/3 
M kə (42)2 \ 26110" (6)? 6 \9r 


x i +aCm (=) i 272) ; (45) 


where kp = 0.639001 and ka = 0.519723. Results are summarized in Table 4. The 
influence of electron captures and electron-ion interactions are all the more impor- 
tant that matter contains heavier elements: whereas the overall reduction of the 
Chandrasekhar mass Mcn amounts to 3% for carbon, it reaches 13% for iron. 

The stability of a white dwarf can be further limited by general relativity, as 
first shown by Kaplan.9? The critical density above which the stellar core becomes 
unstable can be estimated from the minimization of the total energy. Including the 
electrostatic correction in Eq.(6.10.28) of Ref. 62 we find 


tök) MADE e Sou a a cm 
PCR = (372)2/3 ka (k1)? Z2 X me au. 6 Or a EN 
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Table 4. Maximum mass (in solar units) 
of nonmagnetic white dwarfs for an ultra- 
relativistic electron Fermi gas (first line), 
with electrostatic correction (second line) 
and electron captures (third line). 


128 160 20Ne 24Mfg 56 Fe 


1.456 1.457 1.457 1.458 1.259 
1.424 1.418 1.411 1.406 1.184 
1.413 1.401 1.377 1.353 1.095 


where kı = 1.75579 and k4 = 0.918294. Because Cm < 0, electron-ion interactions 
thus make the star more stable. We have also solved the Tolman-Oppenheimer- 
Volkoff$^65 equations for calculating the whole sequence of white dwarfs in full 
general relativity. In this way, we have determined more accurately the central 
(mass-energy) density pcr at which dM/dpam = 0 marking the onset of insta- 
bility. The hydrostatic equilibrium equations were integrated from the center of 
the star up to the point where electrons start to bind to nuclei at the density 
Peip = ZM'(A, Z)/as with ag the Bohr radius. Results are collected in Table 5. 
The values are systematically lower than those estimated from Eq. (46). Comparing 
'Tables 1 and 5 shows that the central density is limited by general relativity rather 
than electron captures in carbon white dwarfs. Their mass-density relation is plotted 
in Fig. 3. The minimum radii and maximum masses of white dwarfs with different 
composition are indicated in Tables 6 and 7 respectively (note that the mass and 
radius of carbon white dwarfs at the onset of electron captures are respectively 
1.484Mc and 855 km). For comparison, results obtained by solving numerically the 
Newtonian hydrostatic equilibrium equations are also given. Examining Tables 3 
and 6 reveals that the polytropic approximation is more reliable for estimating the 
maximum mass than the minimum radius. 


Table 5. Highest density pan (in g cm-?) in nonmagnetic stable white 
dwarfs in general relativity, as calculated by minimization of the approx- 
imate total energy (first line) and by solving the hydrostatic equilibrium 
equations (second line). 


160 i268 20Ne 24Mg 56 Fe 


2.73 x 1019 2.72 x 1010 2.75 x1010 2.76 x 1019 3.31 x 1019 
2.39 x 1010 2.40x 1010 2.42x1010 2.44x 1019 2.93 x 1019 


'The influence of a very strong magnetic field on the structure of white dwarfs was 
studied in Ref. 24 within the theory of polytropes making use of the fact that P « p? 
in the strongly quantizing regime. However, it was soon realized that this assumption 
is unrealistic and that the influence of the magnetic field itself on the stellar structure 
cannot be ignored.?” 34:66-68 Moreover, the magnetic-field configuration inside the 
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Table 6. Minimum radius (in km) 
of nonmagnetic stable white dwarfs 
in Newtonian theory (first line) and 
general relativity (second line). 


i26 160 20Ne 24Mg 56 Fe 


857.7 1055 1447 1736 2082 
1010 1052 1444 1732 2079 


Table 7. Maximum mass (in solar units) 
of nonmagnetic stable white dwarfs in 
Newtonian theory (first line) and general 
relativity (second line). 


i26 160 20Ne 24Mg 56 Fe 


1.414 1.403 1.382 1.363 1.118 
1.383 1.378 1.366 1.350 1.111 


D Iln————— AAA 1.3843 


1.38425 


"o 
= = 13842 
z z [ 
0.5 4 
[ 1.38415 
— —— Z=6, without ES correction| | 
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Fig. 3. Gravitational mass in solar masses versus central (mass-energy) density in g cm7? of 
carbon white dwarfs in general relativity: (a) comparing results with and without electrostatic 
corrections, (b) closer view of results with electrostatic corrections around the critical point. 


star should be calculated from Maxwell's equations consistently with the stellar 
equilibrium equations. For all these reasons, the structure of magnetic white dwarfs 
is not easily amenable to a simple analytical treatment. 

To study the influence of strong magnetic fields and the role of electron captures 
in white dwarfs, we have thus computed fully self-consistently numerical solutions 
of the Einstein-Maxwell equations using the LORENE library,’ suitably extended to 
allow for magnetic-field dependent equations of state and magnetization effects.’ 
We have found that purely poloidal magnetic fields of order 10!^ G lead to super 
Chandrasekhar white dwarfs with a mass ~ 2M. Although such magnetic fields 
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have been found to have a rather small influence on the equation of state, they induce 
extreme stellar deformations with the most massive white dwarfs adopting a donut- 
like shape.?9 Similarly to nonmagnetic white dwarfs, electron captures limit the 
maximum mass and the minimum radius of magnetic white dwarfs, as summarized 
in Table 8. However, the distortion of the star induced by magnetic fields tends to 
lower their density. For the most extreme configurations, the maximum density thus 
lies below the threshold density for the onset of electron captures. The mass-radius 
relations for magnesium and neon white dwarfs are plotted in Fig. 4. 


Table 8. Maximum mass (in solar units) of magnetic white 
dwarfs, as determined by extreme deformations or electron cap- 
tures (values in parentheses) for different magnetic moments M 


in A m2. 
M 12C 160 20Ne 24Mg 
1083 1.41 (1.41) 1.41 (1.40) 1.40 (1.38) 1.39 (1.38 
5x 1033 1.60 (1.50) 1.59 (1.46) 1.59 (1.41) 1.58 (1.36 
1034 2.00 ( 


1.73 
1.97 


2x 1034 1.99 (1.99 
3x 1034 1.96 (1.96 


1.96 (1.06) 1.97 
1.94 (1.94) 1.98 


1.95 
1.98 


1.95 


) ( (1.38) (1.38) 
) ( (1.41) (1.36) 
1.86) 1.97 (1.67) 1.07 (1.51) 1.96 (1.45) 
) ( (1.95) (1.73) 
) ( (1.98) 1.97 (1.97) 
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Fig. 4. Radius (in km) versus gravitational mass (in solar units) of white dwarfs for different 
magnetic moments: (a) for ?*Mg, (b) for ?°Ne. The onset of electron captures is marked by a filled 
circle. 


The global stability criterion 0M/Op > 0 still remains valid for magnetic white 
dwarfs provided the derivatives are evaluated for a fixed magnetic moment M. 
As shown in Fig. 5, this instability is entirely removed by the presence of strong 
magnetic fields. In other words, the magnetic field makes the star more stable. 
In particular, the maximum mass of magnetic white dwarfs made of carbon is not 
limited by general relativity as their nonmagnetic relatives but by electron captures. 
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For magnetic white dwarfs to be the progenitors of overluminous type Ia super- 
nova, i.e. to have masses ~ 2Mo, their magnetic field must be strong enough. Their 
minimum observable polar magnetic fields are indicated in Table 9 for different 
compositions. In all cases, the magnetic dipole moment is 3 x 10?^ A m?. 


. mom — 10? A-m? 
. mom = 5 x 10? A-m? | 
;. mom = 10°4 A-m? 
ag. mom = 3 x 104 A-m? 
10 10 107 107 
pe(g/em’) 


Fig. 5. Gravitational mass (in solar masses) versus central (mass-energy) density in g cm-? of 
carbon white dwarfs in general relativity with given magnetic moments. The onset of electron 


captures is marked by a filled circle. 


5. Conclusions 


Table 9. Polar magnetic field 
(in 101? G) of white dwarfs with 
M = 3 x 1094 A m?. 


126 160 20Ne 24Mg 


2.73 2.55 2.89 2.85 


The stability of white dwarfs is limited by the onset of electron captures by nuclei 
in their core. We have presented very accurate analytical formulas for calculat- 
ing the threshold electron Fermi energy, mass density and pressure in cold dense 
Coulomb plasmas with magnetic fields, taking into account Landau-Rabi quantiza- 
tion of electron motion. In particular, the density exhibits typical quantum oscilla- 
tions associated with the filling of energy levels. As a consequence, electron captures 
in magnetic white dwarfs may occur at a lower or higher density than in their non- 
magnetic relatives depending on the magnetic field strength. The lowest possible 
density is found to lie about 25% below its value in the absence of magnetic field 
essentially independently of the composition. On the contrary, the density is not 
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limited from above and increases almost linearly with the magnetic field strength 
in the strongly quantizing regime. 

Taking into account electron-ion interactions using the polytropic approximation 
P = Kp’ with K given by Eq. (37), we have explicitly shown how electron captures 
alter the maximum mass of nonmagnetic white dwarfs and set a lower limit to their 
radius. We have also solved numerically the hydrostatic equilibrium equations using 
the full equation of state, both in Newtonian theory and in general relativity. We 
have found that electron captures reduce the maximum mass of white dwarfs by 
3-1396 compared to the Chandrasekhar model. 

Solving the Einstein-Maxwell equations taking into account the magnetization 
of dense matter, we have found that white dwarfs with purely poloidal magnetic 
fields can be significantly more massive than their nonmagnetic relatives. We have 
also shown that the presence of strong magnetic fields makes the star more stable. 
The maximum mass of magnetic white dwarfs (including those made of carbon) 
is thus solely limited by electron captures. In turn, the large stellar deformations 
induced by the strongest magnetic fields lower the stellar density below the electron 
capture threshold. White dwarfs with polar magnetic fields exceeding 10!? G could 
thus be massive enough to explain overluminuous type Ia supernova independently 
of the composition of their core. On the other hand, a purely poloidal magnetic- 
field configuration is unstable. The magnetic field in super Chandrasekhar white 
dwarfs is expected to have both poloidal and toroidal components. The question as 
to whether such stars can exist still remains open. 

Although the present study was focused on white dwarfs, it may be also of 
interest for neutron stars as electron captures by nuclei constituting the outer crust 
of magnetars may explain their persistent luminosity and outbursts.'! The general 
analytical formulas for the threshold density and pressure could thus be applied to 
determine the precise locations of these reactions. 
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In this work, we investigate the observable white dwarfs with high-surface gravity in the 
framework of general relativity. We consider the stellar fluid composed of nucleons and 
electrons confined in a Wigner-Seitz cell surrounded by free photons. Besides, we imple- 
ment a temperature depending on the mass density with the presence of an isothermal 
core. The impact of temperature on the equilibrium and stability of white dwarfs is ob- 
served. We compare our results with massive white dwarfs estimated from the Extreme 
Ultraviolet Explorer Survey and Sloan Digital Sky Survey. We find that the high-surface 
gravity white dwarfs are well described by our curves with higher central temperatures. 
Our results suggest that these hot massive stars detected are within the range of white 
dwarfs with more radial stability. Moreover, we note the radial instability is attained 
before the pycnonuclear reaction for Te > 1.0 x 108[K]. 


Keywords: White dwarfs; charged white dwarfs; type Ia supernovae explosions 


Introduction 


Observable white dwarfs’ structure has been reported in works using the Extreme 
Ultraviolet Explorer Survey (EUVE) and Sloan Digital Sky Survey (SDSS).* 4 Some 
of these stars have a great surface gravity (log(g/go) > 4.4) and a high effective 
temperature (Tug Z 10*[K]).^? Due to their high surface gravity, it is important 
to investigate their instabilities against small radial perturbation and pycnonuclear 
reactions in general relativity scope considering temperature. 

The studies concerning instabilities in white dwarfs^ consider a completely 
degenerate star. To compare results with observable white dwarfs, we include tem- 
perature in the model. Thus, following recent white dwarfs models with finite tem- 


perature,^? we analyze the structure and stability of hot white dwarf? and compare 
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the results with some observable data. In this article, we detail some conclusions of 
the previous work.? 

We study the structure and stability of hot massive white dwarfs and we compare 
our results with those ones reported by EUVE and SDSS. In addition, we made an 
instability analysis against the pycnonuclear reactions and radial perturbations. 
We analyze the stellar fluid by considering nucleons and electrons confined in a 
Wigner-Seitz cell with surrounding free photons. For this case, the pressure and 
energy density are respectively considered as following 


P=P.+Py+P,+Pr, (1) 
E = Ee HEN + Ey HEL, (2) 


with the subscripts e, N, and y representing the respective contributions of electrons, 
nucleons, and photons. Due to the partially degeneracy, the electron contributions 
are obtained with an adaptive quadrature method.® 


1. The stellar structure equations and boundary conditions 


We consider the unperturbed white dwarf is made of by a perfect fluid, whose 
energy-momentum tensor is expressed of the form 


Tug = (P + €)Upug + Pgyg. (3) 


'The background metric employed to describe the spherically symmetric white dwarf, 
in Schwarzschild-like coordinates, is given by 


ds? = —e"d? + e^dr? + 7246? + r° sin? dé’, (4) 


where the functions v and A dependent on the radial coordinate only. The nonzero 
Einstein field equation components, for the line element assumed, lead to obtain 
the stellar structure equations: 


p = Ate 5 (5) 
dP m 

— = -(P +e) [arro + F| è, (6) 
dv 2 dP 


dr (p+e) dr’ 


being m the mass inside the radius r. The potential metric e^ is described as 
5pm 
eè = i = T (8) 


Since we are considering a temperature distribution T dependent on mass density 
p with the presence of an isothermal core, we assume that the parameters T' and p 
are related by the equality 


T/p?/? = constant. (9) 
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The process starts integrating the stellar structure equations from the center 
(r = 0) until the surface of the star (r = R). At the center of the star are considered 
the initial conditions: 


m(0) — 0, €(0) 2 £o, and v(0) = vo. (10) 


The surface of the star is determined at P(r = R) — 0. 


2. Results 


Due to our analysis be restricted to very massive WD, we can use a simple equation 
for the temperature distribution as Eq. (9). To ensure this affirmation, we compare 
the mass and radius obtained with the temperature distribution in Eq. (9) and 
the one found by Kritcher and collaborators!? which considers a more complete 
processes as radiation and convection. To analyze massive WDs, we use the tem- 
perature distribution stated Eq. (9). By using this relation, we obtain similar masses 
to those reported by Kritcher's and collaborators!? for stars near the maximum- 
mass limit. This is due to the more contribution of the WD mass coming from the 
degenerate core, which has a constant temperature. The envelope with a different 
temperature distribution should only modify the stellar radius. In this case, the 
percentage between the difference obtained by Eq. (9) and Kritcher's envelope, for 
g > 10? [cm s~?], is around 2%. 

The surface gravity as a function of radial coordinate is plotted in Fig. 1 for 
several central temperatures and M = 1.37Mo. From the panel, we note that the 
surface gravity increases with the radial coordinate until it reaches the maximum 
gravity point, hereafter, gravity decays monotonically with the increment of the 
radial coordinate. 

The change of surface’s gravity and total radius of the star with the increment 
of the central temperature is also observed in Fig. 1. For larger temperature, greater 
total stellar radius and lower surface’s gravity are found. In this sense, WDs with 
smaller surface gravity -than those ones predicted with the cold catalyzed matter- 
are expected to have high central temperatures. 

The mass against the total radius is shown in Fig. 2 for different values of cen- 
tral temperature. The full triangles in pink over the curves indicate the maximum 
mass points. The blue dots represent the threshold instability due to pycnonuclear 
reactions. In addition, in figure, some observational results obtained from the cata- 
logs Nalezyty? in green diamond, and in Vennes! in brown squares. In all curves of 
the panel, we note that the mass grows with the surface’s gravity until reaches the 
maximum mass point, thereafter, the mass decreases with the grows of gravity. 

In Fig. 2, we observe that the analysis of the pycnonuclear reaction has to be 
considered for central temperatures below T; < 105[K]. For central temperatures 
above 10*[K], the secular stability point is reached before the pycnonuclear reaction. 
It is important to mention that the secular stability point is marked by the maximum 
mass point. 
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Fig. 1. Surface gravity as a function of radial coordinate for several central temperatures with a 
fixed M = 1.37Mo. 


Vennes,! and Nalezyty? have reported some very massive white dwarfs with very 
high surface gravity. In Fig. 2, these white dwarfs are matching with the curves of 
very high central temperatures and are very close to the instabilities thresholds. 
Indeed, one of them, with a mass of M = 1.41Mo can have a central tempera- 
ture higher than 108[K]. From this, we could understand that these massive white 
dwarfs could be treated differently. Using the surface gravity and effective temper- 
ature reported by Vennes, we could investigate these stars by employing the values 
of effective temperature and surface gravity. Moreover, considering the general rel- 
ativity effects, we found that the masses of these stars decrease, thus highlighting 
the importance of general relativity in the study of massive white dwarfs. 
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Fig. 2. Mass as a function of surface gravity for several central temperatures. The green dia- 
monds? and the brown squares! represents observational data. 
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3. Conclusion 


In this work, we investigate the structure and stability of hot white dwarfs. We 
regard the stellar fluid as composed of nucleons and electrons confined in a Wigner- 
Seitz cell, with free photons. We consider the temperature profile depending on the 
mass density with the presence of an isothermal core. We use the stellar structure 
equations to analyze the equilibrium configurations of white dwarfs and the stability 
against the pycnonuclear reactions and small radial perturbations. 

Comparing our results with observational data, we found that the high masses 
white dwarfs provided by Vennes! could be described by our model. Morevoer, 
we dicussed about the importance of considering central temperature and general 
relativity in the study of massive white dwarfs. 
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Soft Gamma-Ray Repeaters and Anomalous X-ray Pulsars (SGR/AXPs) are widely 
accepted to be magnetars, isolated neutron star (NS) with a huge decaying magnetic 
field. They can emit from radio up to hard X-rays, being infrared (IR) one of the most 
interesting and poorly studied energy ranges. The origin of this IR emission is still 
controversial, since some authors argue in favor of a magnetospheric emission, whereas 
others point out to a disk. In this work, we revisit the IR emission of SGR/AXPs in 
a disk perspective. We find that all SGR/AXPs with IR emission in the K-band are 
consistent with the presence of an irradiated disk. Even though this finding does not rule 
out any of the proposed natures, it is a piece of new evidence to confirm the presence 
of disk around this class. If the disk origin where unambiguously confirmed, this would 
have important impacts on understanding the origin of SGR/AXPs. 


Keywords: Soft Gamma-Ray Repeaters; Anomalous X-ray Pulsars; infrared emission. 


1. Introduction 


The soft gamma-repeaters/anomalous X-ray pulsars (SGR/AXPs) are observation- 
ally characterized by a quiescent soft X-ray with luminosity in the range 107?? — 
109? erg.s-!, period of 2 — 12 s, and spin-down of 10715 to 1071? s.s7! see, e.g. ;?^. 
Some SGR/AXPs also present emission in other energy ranges, such as radio, 
optical, infrared (IR), and hard X-rays, as well as soft gamma-ray flares events. 
SGR/AXPs are widely thought to be magnetars, isolated neutron stars (NSs) emit- 
ting by the decay of their ultra-strong magnetic field, in the range of 101? — 1015 G.® 
There is also alternative models, such as the NS accreting scenario,?9 the white 
dwarf (WD) pulsar model,?? and the accreting WD model.! 

The near-infrared (NIR) emission was confirmed or proposed for a total of 13 
SGR/AXPs!* 2*3! and its origin is still debated. For the AXP 4U 0142+61 , the IR 
emission is well modeled by an irradiated disk, reinforced by an unconfirmed silicate 
feature around 9.5 jjm.??: 40 Nonetheless, the lack of mid-IR emission during the 2007 
flare of 1E 1048.1-5937 seems to rule out the presence of a disk in this object.?5 
Thus, some authors still argues in favor of an IR magnetospheric emission.!? 

Two classical observational approaches can confirm magnetospheric origin in the 
IR emission of SGR/AXPs: search for polarization and pulsed emission. High polar- 
ization and pulsed fraction are expected for a magnetospheric emission. However, 
a low pulsed fraction is consistent with both models. Moreover, low polarization 
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discards magnetospheric synchrotron and curvature emission but cannot distin- 
guish between a cyclotron emission and a disk. In this sense, an extensive study of 
IR polarization and periodic emission can be inconclusive. 

For that reason, we suggest a distinct method to determine the IR origin of 
SGR/AXPs. We propose the search for a correlation between the luminosity in IR 
and X-rays that can be confronted with the expected correlation for a disk and 
magnetospheric models. In this sense, the disk could represent the best path to 
confirm the origin of SGR/AXPs. For instance, if the leftover of a supernova event 
formed the disk, it probably contains iron, silicon, oxygen, helium, and traces of 
hydrogen.!* In this sense, an IR spectroscopy of 4U 0142+61, the magnetar with 
the brightest quiescent emission, could give essential clues to the origin of the class. 

This proceeding aims to study the IR emission of SGR/AXPs and is organized 
as follows. In Section 2, we present the disk model we have used to fit the data. In 
section 3, we present the correlation between IR and X-rays. In Section 4, we discuss 
the consequences of the results for the origin of SGR/AXPs, slow rotating NSs, and 
the period of Fast Radio Bursts (FRBs). In Section 5, we summarize our findings. 


2. An irradiated disk model for isolated neutrons stars 


To study the expected correlation between IR and X-rays for an irradiated disk 
emission, we are going to consider the same irradiated disk model used to fit 
AU 01424-61.?? The emitted flux of a debris disk in a given frequency v can be 


expressed by*:?*: 


; Rout 

Peps U J Bs aoynan; (1) 
D? Rin 

where, ¿is the inclination of the disk in respect to the observer, D is the distance 

to the observer, R is the distance from each infinitesimal part of the disk to the 

NS, T; (R) is the debris disk temperature, and B, is the emitted spectrum of each 

element of the disk. Meanwhile T;,, is given by?": 


Ly \2/7 3/7 
(2) = 25,280 K P^ (47) (=) (2) 


where Lg is the Eddington luminosity, Re is the radius of the Sun and the f 
parameter related with the albedo. Since we expect all SGR/AXPs to have similar 
temperature and composition, f can be treated as a constant. 

With those equations in hand, we can estimate the expected correlation between 
IR and X-rays luminosity in IR. Calling z = toe we have: 


p NU, pu P 
m/3-[ dvo HX , 
Rx (=) (+2) ; (3) 
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Considering Tout ~ 500 K and Tin ~ 1500 K, which is consistent with the 
temperature range for 4U 0142+61 and also for disk in isolated WDs,!'?? the flux 
equation can be approximated to: 


4rh cos iv? pads 
Rok EBU ep Cade 
Ke aq ( x) (=) 


T=1500K 11/3 dg 
x ol" (5) 
T-500K € — 
where all parameters are constant, except for Fx,, cosi, and Ly. If we define the 
monochromatic luminosity in the Ks-band such as: 


Lgs = inv? | Fysó(v — vg,)dv 
0 


= An D? Fx vy, (6) 


we find the correlation: 


Lgs x (cosi) L3. 
Since 0 < cosi < 1, we expect, at most, one order of magnitude change for 
a given object. Thus, for a correlation ranging in several orders of magnitude the 
expected correlation between the monochromatic luminosity in the Ks-band and 
the bolometric X-rays luminosity is can be simplified to: 


Desc. (7) 


It is important to highlight that this correlation considers that the disk proper- 
ties (albedo, inner and outer temperatures of the dusty region) are similar among all 
objects. Moreover, this correlation discards the contribution of two different mech- 


anisms in the Ks wavelength (such as a non-thermal component along with the 
disk). 


3. A correlation between infrared and X-rays 


The search for correlations is a valuable tool to understand the emission mechanism 
on different energy ranges. For SGR/AXPs, there are a few preliminary studies of 
the correlation between IR and X-rays. For some outbursts events, an enhance- 
ment of the IR emission was proposed.!®?8:3° In others, no correlation has been 
seen.??:32,385 Nonetheless, those previous studies were limited since they have only 
examined the behavior of a single object per time along with the event and did not 
take into account the hard X-rays. 

In this sense, we decide to revisit the possible correlation between IR and X-rays 
as a tool to confirm the irradiated disk origin. As discussed in sec. 2, if the disk is 
the main emission mechanics for IR, it is expected a correlation between the X-rays 
and IR luminosities. To search for such correlation, we chose the IR k,-band since it 
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is the one with most observations in the magnetar class. For the bolometric X-rays 
luminosity, we have considered the sum of the luminosity of the 0.5-10 keV (Ls) 
and 15 - 60 keV (Ly) ranges. All IR and X-rays data are simultaneous or from close 
dates. 

We have used observation from K,, K’ and K bands, considering that the lu- 
minosity in all bands is the same (justified since their central wavelengths are ex- 
tremely close). Nonetheless, we have used the corrected zero-point magnitude for 
each specific filter. Moreover, not all objects have simultaneous Soft and Hard X- 
rays observation. When only one is available, the following equation was used to 
estimate the other": 


Phara 


= (0.59 + 0.07) x (P/10- H)0-5150.05 (8) 

Fsoft 

where P is the spin-down. 

We first check the correlation using both Spearman (p — 0.87) and Pearson (p — 

0.93) correlation coefficients, which points out to a strong correlation between the 

data. To find the best-fit from the data and its goodness, we consider a linear, 
logarithmic trend and R? defined by: 


R= i Gi = y" 

1(Yi - 9)? 

where y; is the data, j; is the fitted result, and y is the mean of the data. We 

use a lo error for all fits. Figure 1 shows the best correlation between the lu- 

minosity in the K-band (Lps) and X-rays (Lxg). The best fit is (R? = 0.87): 

Lig X UA considering a linear fit without the error-bars (using the python 

class “stats.linregress”) and Lyr « poco considering the error-bars (using the 

python class “scipy.odr.ODR” ). We have used quiescence and outburst events, and 
we do not see any discrepancy in results. 

For the fit with error bars, the expected slope of an irradiated disk is within 
the lo range, which favors the disk interpretation. Moreover, Fig. 1 considers qui- 
escence/outbursts, and confirmed/candidates indistinctly, which argues in favor of: 
(i) the same mechanism is possibly responsible for the IR emission in quiescence 
and outbursts for the majority of objects; (2) candidate emission is possibly correct. 

We have also compared the best fit with the IR emission of some few isolated NSs 
with detected emission in IR: (i) The rotation powered pulsars (RPPs) B0531+21, 
B0833-45, and B1509-58!; (ii) the XDIN RXJ0806.4-4123, and the Central Com- 
pact Object (CCO) 1E 161348-5055. We have also included the data from the SGR 
1935--2154 in the F140W band. We have not used any of those points in the fit 
since they are not SGR/AXPs and/or the IR observation is not in the K-band. Even 
though they were not used in the fit, all but one are in the 9096 prediction bound, 
showing that it is likely that the exact mechanism is responsible for the IR emission 
in magnetars and other pulsars with IR. This is interesting evidence in favor of a 


(9) 


disk: fits using the magnetospheric curvature emission model can reproduce the IR 
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Fig. l. Best-fit (dotted line) correlation between the luminosity in the Ks band and X-rays. The 
best-fit was estimated using only magnetars (colored points). The black squares, diamonds, and 
circles (1E 161348-5055, B0531--21, RXJ0806.4-4123, B0833-45, and B1509-58, respectively) were 
not used in the best-fit estimate and are only represented for comparison. 


luminosity of magnetars using B ~ 1014 G.4? Nonetheless, the highest IR luminosity 
belongs to Crab Pulsar (B0531--21), a young pulsar with a dipole magnetic field of 
“only” 7e+12 G. 


4. Importance of the disk on magnetars 
4.1. Origin of magnetars 


One of the biggest unanswered questions about magnetars is what are their progeni- 
tors. One of the first proposed models relates to massive main-sequence progenitors. 
A supernova explosion with energy higher than 10° erg/s would enable the forma- 
tion of such high magnetic fields, since part of the energy would be transferred 
to the ejecta via the strong magnetic coupling with the proto-neutron star.?? This 
high-mass origin is corroborated by the presence of the magnetar CXOU J164710.2 
in Westerlund 1, a young star cluster, with 4 Myr, which puts a lower limit in the 
mass of the progenitor on 40 M.?? 

Nonetheless, this massive origin has encountered some challenges. For instance, 
the explosion of the associated SNR for magnetars is < 10°? erg/s, which put a 
higher limit on the mass of the progenitor in 20 Mọo.43 For those small progenitor 
masses, the formation of high magnetic fields would have to invoke the amplification 
of a fossil magnetic field. 

For this main-sequence scenario, the presence of the disk can be challenging 
to explain. 1-D simulations have shown that fallback disk in NSs are formed only 
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on very fine-tuned SN events.?? Nonetheless, if this is this case, an IR spectroscopy 
(with the to-be-launched James Webb Space Telescope) of 4U 01424-61could confirm 
the SN origin, since the leftover of a supernova event is expected to contain iron, 
silicon, oxygen, helium, and traces of hydrogen.!” 

Another possible mechanism, that have been long proposed, is the merger sce- 
nario. The merger of compact objects can generate isolated NSs with high magnetic 
fields and WD+WD, WD+NS, and NS+NS mergers have already been proposed 
as progenitors of magnetars.19:15:?! This origin mechanism had gained a lot of 
attention in the last couple of years for being able to explain the occurrence of 
Gamma-Ray Bursts?? and Fast Radio Bursts (FRBs) in a magnetar context.?! 

This merger origin would also be detectable in a IR spectroscopy. For instance, 
for à CO-WD/CO-WD merger, the disk is formed by the remains of the secondary 
and contains carbon and oxygen, with traces of other elements such as neon, magne- 
sium, silicon, and nickel.!? Moreover, the AIC event is expected to produce unusual 
neutron-rich isotopes.? 


4.2. Period of 1E 161348-5055 


The CCO 1E 161348-5055 is one of the most singular NSs: with a period of 6.67 
hours, this is the slowest isolated NS known.^ In the last decade, this curious object 
gained much attention when magnetar-like bursts activities were detected,? which 
raises à canon explanation evoking an ultra-strong magnetic field (in the order 
of ~ 10!? G) and a fallback to explain how this object's large period came to 
happen.9:33.41 

This way, proving that the IR emission of this object is consistent with a disk 
gives an observational evidence for the disk models explaining period of 1E 161348- 
5055. 


4.3. Periodicity in Fast Radio Bursts 


Since the discovery of FRB-like events in the SGR 1935+2154,'4 models invoking 
magnetars have been the focal point in understanding FRBs. In this sense, the 
presence of the disk in magnetars can emerge as an explanation for long periods in 
FRB events, such as the 16.35 days observed in the FRB 180916.J0158+65.? 

In an isolated NS, the most plausible reason for such long period is precession. 
There are some models that were raised in the last years to explain such motion, 
with some invoking a disk, such as a forced precession caused by fallback disk,?^ or 
Lense-Thirring precession of the disk. Thus, proving the presence of the disk gives 
an extra piece of evidence for those models. 


5. Conclusion 


We searched for a correlation between IR and X-rays for magnetars and the result is 
consisted with an irradiated disk. We have also found that the results are consistent 
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the IR emission of some other classes of isolated NSs: RPP, XDINs and CCOs, 
which suggest a similar IR emission mechanism for all isolated NSs and favors a disk 
origin for IR. If the presence of such a disk was confirmed, its composition could 
help determine the origin of magnetars, as well as the long period of 1E 161348-5055 
and the two-week-long period of the FRB 180916.J01584-65. 
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Here we present results from an in-depth search for pulsed emission from both close 
binary systems AE Aquarii (AE Aqr) and AR Scorpii (AR Sco) in radio and gamma- 
ray energies. Both systems were observed recently with the MeerKAT telescope, and 
combined with this, we utilized the combined 10 year Pass 8 Fermi-LAT dataset to 
search for pulsed gamma-ray emission from both white dwarfs in these systems. Pulsed 
emission was detected in MeerKAT data from both these close binary systems at a period 
that is at, or close to, the spin period of the white dwarf. The search for pulsed gamma- 
ray emission revealed pulsed emission at the spin period of the white dwarf of AE Aqr 
after selecting data sets with duration of 2 weeks that show excess emission above the 2 o 
significance level. Braking these two-week sets up in 10 minute intervals and stacking the 
power spectra revealed pulsed emission at both the spin (P* = 33.08 s) and its associated 
first harmonic (Pj = 16.54s). A full 10 year analysis of the AR Sco data revealed pulsed 
emission at the spin period/beat period of the white dwarf, albeit at a lower significance 
level. Several control analyses were performed to verify the authenticity of the emission 
in both radio and gamma-rays, which will be discussed in the main text. The results of 
this study definitely reveal that both white dwarfs in these systems contain a particle 
accelerator that accelerates charged particles to high energies resulting in associated 
non-thermal radio and gamma-ray emission. 


Keywords: Cataclysmic variable, white dwarf, pulsar, close binary system, particle 
acceleration, synchrotron radiation, gamma-rays 
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1. Introduction 


Emission of Very High Energy (VHE) gamma-rays from the novalike variable AE 
Aqr had been reported in the late 1980's early 1990's by two independent groups 
(e.g. 1-3). These reports showed that AE Aqr display sporadic aperiodic burst- 
like gamma-ray emission with associated gamma-ray pulsations at, or close to, the 
spin period of the white dwarf. On occasions the first harmonic of the spin period 
(P, = 16.548) was also detected. 
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Fig. 1. (a) Pulsed VHE gamma-ray emission detected from AE Aqr at both the 33.08 s and 16.54 
S during two contemporaneous burst-like VHE gamma-ray events observed by two independent 
groups. (b) The top panel represents an incoherently stacked power spectrum of VHE observations 
made simultaneous with optical flares and show clear indications of pulsed emission at the spin 
period (P. = 33.088) of the white dwarf while the control off-source stacked power spectrum 
of observations made simultaneously with those above displays a white noise profile without any 
noticeable pulsed signal at or close to the spin period of the white dwarf of AE Aqr. 


These reports have never been confirmed by independent follow-up studies 
(e.g. 4). However, the cadence in these follow-up studies was significantly poorer 
than the initial studies. The potential of white dwarfs as possible particle accelera- 
tors and gamma-ray sources came under the spotlight again with the discovery of 
the unique close binary AR Sco. The majority of AR Sco's Spectral Energy Distri- 
bution (SED) is the result of non-thermal emission since there is no indication of 
mass transfer and accretion in this system (e.g. 5). A follow-up study (6) revealed 
high levels of linear polarization in the optical light, a clear indication of a strong 
synchrotron component. It was shown (see e.g. 7) that the radio to X-ray SED of 
AR Sco can be explained by two component synchrotron spectrum produced by 
a pulsar-like process in the magnetosphere of the white dwarf (optical to X-ray), 
combined with synchrotron emission in the pumped magnetosphere of the secondary 
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star (radio to infrared). See also (8) for a detailed discussion of the properties of 
AR Sco. 

The evidence of particle acceleration and accompanied non-thermal emission, 
combined with the availability of the new Fermi-LAT Pass 8 data and the MeerK AT 
radio telescope array in South Africa, stimulated a new radio and gamma-ray study 
of these two sources. The paper is constructed as follows: In the following section 
the results of the radio observations of these two sources will be reported. This will 
be followed by the results of our Fermi-LAT analysis, after which we will present 
some conclusions and future prospects. 


2. MeerK AT Observations and Results of AE Aqr and AR Sco 


Both AE Aqr and AR Sco were observed by the SKA precursor telescope MeerK AT 
on 25 February 2019 (AE Aqr) and 15-16 June 2020 (AR Sco) respectively. The 
AE Aqr observation was performed under a ThunderK AT project (e.g.9) while AR 
Sco was observed under the Director's Discretionary Time (DDT) proposal (DDT- 
20200615-DB-01). 

The L-band (0.9-1.7 GHz) light curves of these observations (see Fig. 2a,b) are 
presented below. The gaps in the light curves of AE Aqr represent periods when 
calibration sources were observed. For AR Sco only the last short light curve has 
been included for illustration purposes since these results are the main focus of 
another forthcoming publication, i.e Buckley et al. 2021 (in preparation). Both L- 
band light curves display a significant level of variability from both these sources. 
Since both these sources are not driven by the direct accretion of mass onto the 
surface of the white dwarf the variability in the radio band is most probably the 
result of the interaction between the white dwarf magnetosphere and the propeller 
ejected matter in the case of AE Aqr, or the secondary star's magnetosphere in the 
case of AR Sco. 

A search for periodicity was conducted for both these sources (see Fig. 3a,b). 
Here we present the first detection of pulsed emission in the radio band from AE 
Aqr (see Fig. 3a). Similarly, Fig. 3b shows significant pulsed emission from AR Sco, 
probably on the beat period between the spin and orbital periods (see 5). 

The L-Band spectrum of both these sources reveal a power-law, which may in- 
dicate non-thermal synchrotron emission. The exact mechanism driving these pul- 
sations are currently under investigation. The radio flux however displays a non- 
thermal origin with clear power-law spectral profile in the L-band (see Fig. 4a,b), 
which may signify a non-thermal synchrotron emission process. 

The average L-band flux is also presented on the SED for both AE qr and AR 
Sco (see Fig. 5a,b). 


3. Fermi-LAT gamma-ray emission form AE Aqr and AR Sco 


A search was conducted for steady and pulsed gamma-ray emission from both AE 
Aqr and AR Sco using the upgraded Fermi-LAT Pass 8 dataset. The Pass 8 dataset 
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Fig. 2. (a) MeerKAT L-band observation of AE Aqr on 25 February 2019. The light curve was 
broken up into the lower, middle and upper L-band, with the last light curve representing the total 
L-Band light curve. The data was binned in 8 second intervals. (b) L-band radio observation of 
AR Sco performed on 16-17 June 2020. The light curve was broken up in lower, middle and upper 
L-band, with the last light curve representing the total L-band. The data was binned in 8 second 
intervals. 


---- Fe 
---- 2Fo 


Lomb-Scargle Power 


Lomb-Scargle Power 
o 


0.00 


O| ----------========= 


.01 0.02 0.03 0.04 0.05 0.06 
Frequency (Hz) 


T : zL 
3 0.04 0.05 0.06 
Frequency (Hz) 


1 
1 
1 
1 
L 

0 


0. 


Fig. 3. (a) MeerKAT L-band power spectrum of AE Aqr on 25 February 2019. The power spec- 
trum clearly shows pulsed emission at the spin period of the white dwarf vo — 30.23 mHz. This is 
the first report of periodic emission from the white dwarf in AE Aqr in radio. (b) MeerKAT total 
L-band power spectrum of the short AR Sco observation displayed in Fig. 2b. The power spectrum 
shows strong pulsed emission close to a beat period between the white dwarf spin period and the 
orbital period. 


is an upgraded version of the earlier versions and allowed for better background 
estimate, gamma-ray source location and energy determination to name a few. 

By utilizing the full 10 year Pass 8 dataset with standard Fermi-tools revealed 
no steady emission from both these sources. However, when a 10 year light curve 
was determined for AE Aqr there were sections in the light curve that revealed 
gamma-ray emission above the 2 sigma significance level. Focusing on these data 
sections, braking it up in 10 minute sections, each section was searched for period- 
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Fig. 4. (a) MeerKAT L-band radio power-law spectrum of AE Aqr. (b) MeerK AT-L-band radio 
power-law spectrum of AR Sco . 
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Fig. 5. (a) SED of AE Aqr showing the average MeerKAT L-band flux density (green star) on 
the SED. Adapted form (10). (b) SED of AR Sco showing the average L-band radio flux density 
(green cross). Adapted form (11). 


icity. The periodograms of these sections all had the same frequency resolution and 
were then added (stacked) incoherently. These stacked power spectra reveal clear 
indications of pulsations at both 33.08 s and 16.54 s periods (see Fig. 6a for a few 
examples). To test whether these pulsations are not spurious we selected regions in 
the sky consecutively further away from AE Aqr's position in the sky 3? — 15? and 
produced the same power spectra for the same periods. The pulsed power distribu- 
tion of these were determined and the results displayed in Fig. 6b. Clearly visible 
is that the power at the 33.08 s and 16.54 s periods deviates from the theoretical 
white noise distribution for the power spectra produced for data corresponding to 
AE Aqr's position in the sky, while the distribution of power conforms to a white 
noise distribution for data sections further away from the source. Fermi-LAT data 
sections that coincide with optical flares observed with the UFS-Boyden 1.5 m tele- 
scope (see Fig. 7a) were selected for periodic analysis. Individual power spectra 
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Fig. 6. (a) Example of stacked Fermi power spectra of AE Aqr of epochs showing gamma-ray 
emission above the 2 sigma significance level. (b) Control analysis showing how the power in the 
power spectrum return to white noise further away from the source-illustrating that the pulsed 
power is confined to AE Aqr’s position in the sky. 


corresponding to flares have been established with the same resolution to enable 
incoherent stacking (see Fig. 7b). It is clear from Fig. 7b that the gamma-ray peri- 
odograms that coincide with enhanced optical activity show clear pulsed emission 
at a period that corresponds to the spin period of the white dwarf. This result 
confirms the previously reported pulsed behaviour of VHE emission during optical 
flares (1,2). 

The unbinned and binned gamma-ray spectra associated with data sections that 
display a significance above lo were produced (see Fig. 8a). Both spectra display 
a clear power-law profile with photon index IT ~ 2. Also shown in Fig. 8a is that 
the gamma-ray emission seems to be more significant in the lower energy bins. 
The spectra associated with data sections showing emission above 1 o and 2 c 
respectively reveal power-law spectra that clearly indicate that AE Aqr may be of 
interest for more sensitive Air Cherenkov detectors like CTA. It is obvious that 
when the data sections are selected which reveal gamma-ray emission above the 2c 
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Fig. 7. (a) Optical photometry performed using the UFS-Boyden 1.5 m telescope outside Bloem- 
fontein (South Africa). The gamma-ray data that coincided with optical flares are indicated on 
the RHS of Fig. 8a. (b) The stacked Fermi-LAT power spectrum of data sections overlapping with 
optical flares showing clear pulsed emission at or close to the 33.08 s spin period of the white 
dwarf. 
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Fig. 8. (a) Gamma-ray spectra for both binned and unbinned analysis, Clearly showing is that 
the lower energy bins contribute most of the flux. (b) The gamma-ray spectra for quiescence and 
flare sections of the Fermi-LAT data. It can be seen that the flare sections of the data display 
spectral hardening which may indicate that AE Aqr may be a source that is of interest for the 
future Cherenkov Telescope Array (CTA). 


level, spectral hardening is observed (see Fig. 8b (red spectrum)), which may result 
in detectable flux levels during periods of enhanced activity. 

The total 10 year Fermi-LAT data of AR Sco was searched for steady gamma-ray 
emission using the standard Fermi-LAT science tools. No significant steady gamma- 
ray emission could be distinguished above the 2e Fermi-LAT threshold (see Fig. 9a). 
A search for pulsed emission was conducted using the full 10 year Fermi-LAT data. 
The power spectrum (Fig. 9b) reveals pulsed emission at or close to the spin period 
of the white dwarf. The period range has been limited to a narrow region around 
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Fig. 9. (a) Gamma-ray spectrum combined with the multi-wavelength SED for AR Sco showing 
2 sigma Fermi-LAT upperlimits. (b) The 10 year Fermi-LAT gamma-ray power spectrum revealing 
pulsations close to the spin period of the white dwarf. Control power spectra at several spatial 
separations from 3? — 8? away from the location of AR Sco does not reveal similar pulsed emission. 


the spin period of the white dwarf. To test the validity of these results regions in 
the sky further away from the position of AR Sco have been selected and the same 
periodic analysis has been conducted on those sections. These control power spectra 
correspond to regions in the sky separated from the position of AR Sco between 
3? - 8? are also included in Fig. 9b and show no significant pulsed emission at 
or close to the spin period of the white dwarf. This may support the notion that 
low-level pulsed gamma-ray activity may in fact be associated with AR Sco. 


4. Discussion 


'The results from the MeerK AT observations and our analyses of the Fermi-LAT 
data reveal that both AE Aqr and AR Sco contain a particle accelerator of some 
sort. For example, the MeerK AT data reveal pulsed emission from AE Aqr at the 
spin period of the white dwarf. This is the first report of pulsed radio emission from 
AE Aqr and it makes the white dwarf in this system probably one of the fastest 
white dwarf radio pulsars. Similarly AR Sco is showing pulsed radio emission at the 
beat period between the spin and orbital period. This may be the result of the white 
dwarf's magnetosphere pumping the extended magnetosphere of the secondary star, 
resulting in particle acceleration and non-thermal synchrotron emission. The Fermi- 
LAT analysis of both these sources reveal pulsed emission. AE Aqr reveals pulsed 
emission in gamma-rays that resembles reported emission during flare-like events 
by two independent groups. A period search on data sections displaying flux above 
the 2 ø level in both binned and unbinned analyses show clear indications of pulsed 
emission at or close to the white dwarf spin period and its associated first harmonic. 
A full 10 year periodic power spectrum of AR Sco reveals pulsed power at or close 
to the spin period of the white dwarf. For both these sources a control analysis has 
been performed that validates the authenticity of our detection. 

Both these sources are not powered by mass accretion and the majority of the 
emission is in some or other way related to the spin-down power of the white dwarf. 
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Fig.10. (a) The X-ray power vs spin-down power of both AE Aqr and AR Sco showing the familiar 
ratio of X-ray luminosity to spin-down power characteristic of spin-powered neutron stars. Adapted 
from (12). (b) The most recent 2019 detection threshold comparison between Fermi-LAT and 
CTA for various observing periods. (https://www.cta-observatory.org/the-low-end-why- 
cta-interested-low-energy-gamma-rays). 


Both these sources conform to the well known relation found in rotation powered 
neutron stars (Fig. 10a), namely that Lx ~ 10^?L, 4 (12), meaning that the X- 
ray emission is not driven by the accretion of mass onto the surface but is driven 
through a plethora of processes by the spin-down power reservoir. This places both 
these sources in a unique class. The results that we have presented also show that 
both these sources provide an opportunity for detection with a new generation of 
sophisticated ground-based Cherenkov observatories like the Cherenkov Telescope 
Array (CTA). For example, Fig. 10b shows the latest comparison between the low- 
energy sensitivity of Fermi-LAT and CTA, which differs slightly form the earlier 
comparison (13). It is clear that the CTA array will reach the relevant flux levels 
at energies e, < 50 GeV after observing times of tobs ~ few x 104s. However, it 
may be possible to extract a periodic signal after stacking power spectra of shorter 
observations with similar resolution. The confirmed detection of pulsed gamma- 
ray emission from both these sources may in fact establish fast rotating highly 
magnetized white dwarfs in close binaries as a new class of gamma-ray source. 
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The equilibrium configuration of white dwarfs composed of anisotropic fluid distribution 
in the presence of a strong magnetic field is investigated in this work. By considering 
a functional form of the anisotropic stress and magnetic field profile, some physical 
properties of magnetized white dwarfs, such as mass, radius, density, radial and tangential 
pressures, are derived; their dependency on the anisotropy and central magnetic field 
is also explored. We show that the orientations of the magnetic field along the radial 
direction or orthogonal to the radial direction influence the stellar structure and physical 
properties of white dwarfs significantly. Importantly, we show that ignoring anisotropy 
governed by the fluid due to its high density in the presence of a strong magnetic 
field would destabilize the star. Through this work, we can explain the highly massive 
progenitor for peculiar over-luminous type Ia supernovae, and low massive progenitor for 
under-luminous type Ia supernovae, which poses a question of considering 1.4 solar mass 
white dwarf to be related to the standard candle. 


Keywords: Magnetic fields; white dwarfs; super-Chandrasekhar white dwarf; massive stars 


1. Introduction 


In a recent article, we have shown that the presence of strong magnetic field, 
orientations of magnetic field and the combined anisotropy due to both the matter 
and magnetic field exhibit notable influence on the microscopic and thermodynamic 
properties of compact stars, viz., neutron stars and strange quark stars. We have 
also very briefly discussed in their study (hereinafter Paper I) that same effects can 
be observed for magnetized and anisotropic white dwarfs (WDs) which further may 
leads to possible violation of Chandrasekhar critical mass limit. Importantly Paper 
I shows that to achieve hydrostatic stable configuration for the highly magnetized 
compact stars, it is necessary to consider local pressure anisotropy due to matter 
besides the anisotropy due to magnetic field. Following Paper I, in the present 
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work we assume two type of magnetic field orientations, such as radial orientation 
(RO) when the magnetic field is directed toward the radial direction and transverse 
orientation (TO) when field is oriented perpendicular to the radial direction (say 
along 0 or ¢ directions). In this work, we investigate in detail the effects of magnetic 
field strength, their orientations and anisotropy on the highly magnetized WDs and 
their thermodynamic parameters. 

WDs achieve stable stellar configuration via equilibrium of the forces when 
the inward gravitational pull is counterbalanced by the outward repulsive electron 
degeneracy pressure. During the accretion of mass from the companion stars when 
WDs surpass their critical mass limit, immediately a violent explosion triggers, which 
completely disrupt WDs and releases huge amount of energy of the order ~ 10°! erg, 
known as type Ia supernova (SNIa). The critical mass limit was introduced by 
Chandrasekhar in his famous works?? where he predicted that the critical mass 
limit for non-magnetized and non-rotating carbon-oxygen (C-O) WD is 1.4 Mo 
which is known as “Chandrasekhar mass limit” (CML) for WDs. 

The standard and specific set of relations among colour, intrinsic luminosity 
and light-curve width^? make SNIa a perfect candidate for “standard candle 
which helps astronomers to measure accurately the distance of the host galaxy. 


» 


Behind the measurement of cosmological parameters, the disproportional relation 
between distance and luminosity of SNIa is used as a key technique. In fact, SNIa 
as a “standard candle" had pivotal role to confirm the accelerated expansion of 
universe.® 7 However, the idea of “standard candle" faces a major setback with the 
recent series of observation of several peculiar over-luminous type Ia supernovae 
(SNela) such as SN 2003cv,? SN20077fg,? SN2009if'? and SN 2013dc,!* which are 
best explained through WDs as a progenitor having mass beyond CML. Howell 
and collaborators? predicted that to explain SN 2003cv it requires to power by 
the radioactive decay of ~ 1.3Mọ of °°Ni which further predicts ~ 2.1.M>5 WD 
as a progenitor, known as super- Chandrasekhar progenitor WD (SCPWD). Later 
researchers have predicted further massive SCPWD against the overluminous SN 
2009if of mass as high as ~ 2.8Mo. 

To explain these unexpected overluminous SNela, researchers suggested two 
possible conjectures such as (i) explosion of rapidly rotating WDs*!?:13 and (ii) 
merger of two massive WDs.!^!5 Chen and Li?? showed that the differentially 
rotating and accreting WD can not gain mass more than 1.7 Mo. On the other 
hand, further investigations showed that through the double degenerate scenario, it 
is not possible to explain such a highly massive 2.8 Mọ SCPWD.!9?! The results 
from numerical simulation of massive WD merger suggest that due to off-center 
carbon burning accreting WD collapses into neutron star.??^?^ Hence, it is evident 
through the above discussion that the double degenerate scenario conjectures never 
leads to a SNIa which can explain the massive SCPWDs. 

Introducing magnetic model, Mukhopadhyay and collaborators are able 
to explain SCPWDs where they considered Landau levels due to high magnetic 
field in a plane perpendicular to the magnetic field axis and they?" are also able 


25,26 
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to suitably explain ~ 2.6 Mo highly massive SCPWD. In another study, Das 
and Mukhopadhyay?? showed that the average magnetic field and related magnetic 
pressure are significantly low compared to the matter pressure when inside magnetized 
WDs (hereinafter B-WDs) the strong magnetic field is tangled in a length scale 
larger than quantum length scale, which however leads to the Landau quantization 
to matter. The mass-radius relation for B-WDs deviates significantly beyond CML 
when mass accretion continues as the effective pressure counterbalances the inward 
gravitational pull.?°>2° Das and Mukhopadhyay?? further predicated that it requires 
a time scale of 2 x 10” years to turn into a super-Chandrasekhar B-WD (SCBWD) 
for a 0.2 Mo accreting WD having surface magnetic field (B,) 10° G. In fact for 
the last several years, Mukhopadhyay and his group have explored various aspects 
of SCBWDs through different sophisticated models by considering variation of 
magnetic field and geometry, Landau quantization, a pure general relativistic effect, 
differential rotation, deviation from the spherical symmetric stellar configuration and 
3138 They also explored the techniques of the possible direct 
detection of SCBWDs via continuous gravitational wave astronomy by the various 
upcoming detectors, such as BBO, DECIGO and LISA. The idea of SCBWDs has 
been further studied and supported by different independent researcher works.4! 4” 

Bowers and Liang*® raised a strong argument against the oversimplified assump- 
tion of the isotropic perfect fluid as the constituent matter distribution of compact 
stars and proposed a modified Tolman-Oppenheimer-Volkoff (TOV) equation, 9: °° 
which includes another force raised due to pressure anisotropy, besides the hydrody- 
namic and gravitational force. They also explored notable effect of local anisotropy 
due to matter on the different physical properties of the stellar objects, such as 
density, surface redshift, total mass and radius. Letelier®! and Bayin?? pointed out 
that the possible reason behind this local anisotropy is the presence and mixture 
of two (or more) fluid within stellar interior. On the other hand, the breaking of 
spatial rotational symmetry O (3) due to spontaneous creation of magnetic field 
instigates pressure anisotropy in the stellar interior.°? °° Interestingly, during the 
cooling process of WDs at low temperature, they undergoes a first-order phase 
56-58 which is another possible reason for the presence of anisotropy inside 
the dense plasma. Stevenson?? introduced a phase diagram through which they 
predicted that carbon and oxygen remains immiscible when WDs begin to freeze. 
Later, Garcia and collaborators® further explored and confirmed this idea. Nag 
and Chakrabarty®! also supported the idea of first-order phase transition during 
the cooling of WDs through the Bose condensation. In fact, they proposed that 
“crystalline normal crustal matter" is present at the massive WDs core, which is 
also Bose condensed and similar as the ultra-dense structure of the neutron stars. 
So, based on the above discussion we are convinced to consider local anisotropy of 
matter inside WDs. 


In this context, it is worth mentioning that though there are several arti- 
cleg32, 33, 39, 40, 62-71 


thermal luminosity, etc. 


transition, 


which study non-spherical magnetized compact stars in general 


4535 


relativity based on the perturbative approach to solve the the Einstein-Maxwell field 
equations or the numerical techniques (such as Lorene and XNS codes) by considering 
poloidal or toroidal or mixed field geometries, but they did not include the effects 
of anisotropy. Although, a recent work’? has explored the effect of anisotropy on 
WDs in scalar-tensor (ST) theories of gravity but it did not consider magnetic field. 
The idea of magnetic field orientations viz. RO and TO was originally coined by 
Chu et al.” In the present study, we explore the combined effects of magnetic field 
strength, its orientations and anisotropy on the WDs to have a more generalized 
perspective of the WD stellar interior. 

This paper is organized as follows: We discuss the basic mathematical formalism 
in Section 2. Our results and combined effects of the magnetic field, its orientations 
and anisotropy on the physical properties of WDs are discussed in Section 3. Finally, 
we summarise our work and present some concluding remarks in Section 4. 


2. Basic mathematical formulation 


Mukhopadhyay and group????:3? have shown that the magnetized compact stars 
which are toroidally dominated approximately retains their spherical symmetric 
stellar structure. Hence in this work we describe B-WDs by the spherically symmetric 
spacetime metric given by 


ds? = eOe = OO”) dr? E r?(d9? 4 sin? bdo’), (1) 


where we assume that the metric potentials v and A are functions of radial coordinate 
r. We choose c 2 G — 1, where G is Newton's gravitational constant and c is the 
speed of light. 

Now neglecting the effect of the electric field by assuming that inside the B-WDs 
there are no macroscopic charges, the energy-momentum tensor, which describes 
anisotropic and magnetized matter distribution, reads 


TH = (p+ pi)u" u" — pig"" + (pr — pi) vv" 


BY BY B? 1 BY BY 
B pv har 4 H, V nv 
+M (s ua, B2 ) (« u” — 38 ) ls (2) 


where u = óbe-" 7? is a timelike 4-velocity unit vector of fluid and v^ = óte-^(0/? 
is a spacelike unit vector acting along the radial direction. It is noteworthy that 
these orthogonal vectors satisfy u^u, = —v"v, = 1 and u"v, = 0. Here, p, pr 
and p, are the density, radial pressure and tangential pressure of the matter inside 
B-WDs. g,,, denotes metric tensor and M represents magnetization per unit volume. 
B is the magnetic field strength given by B“B, = —B?. On the other hand, we 
do not consider the associated magnetization effect since magnetic pressure is one 
order higher in magnitude compared to the magnetization which has already been 
predicted by a few articles.??:74 So in this work the presented numerical results do 
not include effect of magnetization. 
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Fig. 1. Variation of parallel pressure (pj) and transverse pressure (p, ) with the system density (p) 
normalized by the central system density (pc) for a 1.3 Mo magnetized WD candidate. 


Now using Eqs. (1) and (2) the conservation of energy-momentum tensor, i.e., 
V,T"" = 0, leads to the essential stellar structure equations which describe static 
and anisotropic B-WDs as follows: 


dm EE 
d* Ampr^, (3) 
dp x Anr?py +m 2 
aL =~ (Fn) a = +=A, for RO, 
(4) 
dpi — Sa Anr?p, +m i 2 
dr = (p T pi) r(r — 2m) T A, for TO. 


where p is the system density defined as p = p + in pj and p, are the system 
pressures, which take the form based on the magnetic field orientations as follows: 


2 


B 
Pr — gy? for RO, 
py = 5 (5) 


B 
pe — —, for TO. 
87 


and (6) 


2 


B 
Dic —, for RO, 
8m 


pı = à (7) 


B 
Pr + SCENA: for TO. 
81 


In Eq. (4), A denotes effective anisotropy of the stars and based on the choice of 
magnetic field orientations it takes the forms as p, — pr + B and p — pr — B due 
to RO and TO, respectively. One may get the standard form of TOV equations??? 
for non-magnetized and anisotropic starts for B — 0. 
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Fig. 2. Variation of anisotropy (A) normalized by matter central pressure (pc) with the radial 
coordinate r/R for a 1.3 Mo magnetized WD candidate. 


Bowers and Liang proposed a generalized functional form for the anisotropic 
stress which has been widely used in different studies. However, since for the present 
work we require a functional form for anisotropy which includes both the effects of 
magnetic field strength and magnetic field orientation, we have suitably modified 
the Bowers-Liang anisotropic form which reads 

Utm) + 3PI) 5 &. RO, 
Aes 7 (r— m (8) 
(P -- pL) (0 - Sp) s for TO, 
(r — 2m) 


where « is a constant parameter that controls the amount of anisotropy within the 
2 2 


star and we use & maintaining its permissible range, given by [-à, 2] © Now, one 
may notice that if matter anisotropy is not considered, the anisotropic stress become 
~| B? |, which has a finite, non-zero value at the stellar center. Since at the center, 
the hydrodynamic and gravitational forces are zero, non-zero anisotropic force at 
the center should trigger instability due to nonequilibrium of the forces. We show 
this issue can easily be overcome considering combined anisotropy due to both the 
matter and magnetic field. 

Further, to describe matter distribution of WDs we consider equation of state 


(EoS) proposed by Chandrasekhar which reads 


4,5 


pr = "ee [x (22? — 3) Vz? +14 3sinh-!a], 
8mru,mmg (mec)? 
p= — SEE x, (9) 


where my and m, denote mass of hydrogen atom and electron, respectively, He = 2 
is the mean molecular weight., pr is the Fermi momentum and x = pp /Mec. Note 
that for clarity here we introduce the speed of light c and Planck constant h in their 
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appropriate places. For the present case of C-O WDs we have ue = 2. We consider 
the exterior spacetime is defined by the well-known Schwarzschild exterior spacetime, 
given by 


ds? — (: a ) dt? ü “ay” r?(d0? + sin? 6d¢”), (10) 


where M represents total mass of the star. 
Both the fossil field of the progenitor star 
stronger magnetic field at the center (Be), which decreases gradually to reach its 
minimum value at the surface (Bs). Hence, in this work we consider a density 
dependent functional form for the magnetic field,?!: 26. 79.80 
the spatial dependence of magnetic field strength, given by 


B(p) = B, + Bo I exp { «(5) )]. (11) 


where the ņ and y are the dimensionless constants which controls how fast magnetic 
field strength decays from the center to the surface. In this work we chose pp = 
10? g/cm?, y = 0.9 and n = 0.2.36 We also consider B, = 10? G which is consistent 
with the Sloan Digital Sky Survey.*! 


31,33,77 and dynamo effect"? ensure 


which can suitably mimic 


3. Result and discussion 


In this study, we explore that besides magnetic field strength, the magnetic field 
orientations (such as RO and TO) and combined anisotropy due to matter and field 
significantly influence the mass-radius curve and physical parameters of B-WDs. 
Note that to present some basic properties of thermodynamics and anisotropy we 
consider a 1.3 Mc; B-WD candidate having surface magnetic field 10° G in Figs. 1 
and 2. Further, our choices of Bo for RO and TO are different as they exhibit 
an asymmetric effect on the stellar mass. In the figures, we put RO and TO in 
the subscript of Bo to specify the respective magnetic field orientations. It is also 
noteworthy that our choice of Bo is also motivated by the highly massive SCPWDs 
of peculiar over-luminous SNela. 

In Fig. 1 we feature combined effects of magnetic field strength and its orienta- 
tions on the system parallel pressure pj and transverse pressure p, . We find that for 
TO, as Bo increases, the slope of the system pressures decreases gradually, whereas, 
for RO with the increasing Bo, the system pressures become gradually stiffened. This 
phenomenon is because, as Bo increases in the TO case, the stellar radius increases, 
which reduces gravitational force and consequently decreases the hydrodynamic force. 
However, for increasing Bo in the RO case, the stellar radius of B-WDs decreases, 
consequently increasing outward hydrodynamic force to support the increased gravi- 
tation force. Importantly, note that at the center the effective anisotropy is zero since 
pj = pi at r = 0, which reflects consistency of TOV equations. In Fig. 2 we show 
the profile for system anisotropy A which also shows zero anisotropy at the center. 


4539 


iira [S] 
——— r 
104 4 en S 
~ Eas Le. eo 
K=0.5 ~ SRN = 
= = s os 
n=0.2,y=0.9 NON, z 
= \ * N, E 
E \ E by [7 
n *; [eJ 
z Ü3 NIS 
H o 
j 2 
10? 4 P 
== Bs0G 1 ? 
* Boto =3.7 x 1014 G i 
t Boro=1x104G x 
| 
— B=0G,xK=0 
0.4 0.8 12 16 21 28 


M/Mo 


Fig. 3. Variation of the total mass in the units of solar mass (M/Mo) with the total radius (R) of 
the stars for varying Bo and & = 0.5. Solid circles represent maximum possible mass for the stars. 
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Fig. 4. Variation of M/Mo as a function of the matter central density (pc). Solid circles represent 
maximum possible mass for the stars. 


Further, one may note that the maximum magnitude of anisotropy increases with 
increasing Bo for the TO case, whereas it decreases for the RO case. We find that 
for Bg = 3.7 x 101^ G the maximum magnitude of A is ~ 92% lower compared to 
the central matter pressure p, which is insufficient to drive the spherical symmetric 
stellar structure of B-WDs to non-spherical symmetry. 

The total mass and radius (M-R) curve for B-WDs due to different Bo for 
both RO and TO is shown in Fig. 3. We find the maximum mass (My, x) and 
the corresponding radius (R44) in TO due to By = 3.7 x 10“ G are 2.8 Mo 
and 1457.24 km, respectively, whereas in RO due to Bo,ro = 10 G they are 
1.66 Mo and 507.10 km, respectively. In TO due to Bo,ro = 3.7 x 101^ G, Mmax and 
Rymax increase compared to their non-magnetized anisotropic case of ~66% and 
~57%, respectively, whereas in RO due to Boro = 10'4 G they decrease to ~2% 
and ~45%, respectively. Only considering local anisotropy due to matter and not 
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Fig. 5. Variation of M/Mọ with the central magnetic field (Be). 
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Fig. 6. Variation of the ratio of the magnetic energy (Emag) to the gravitational energy (Egrav) 


with the central magnetic field (Be). 


considering magnetic field through our model one may have 1.81 Mo WD having 
radius 959.63 km which are ~29% and ~7%, respectively, higher compared to their 
values for WD CML. Harrison et al.8? predicted that for the stability of a spherically 
symmetric stellar model the M-R relation should be consistent with dM/dp, > 0 up 
to Mmax- It has been shown in Fig. 4, which confirms stable B-WDs upto maximum 
limiting mass. 

In Fig. 5 we explore the effects of magnetic field orientations on the mass of 
B-WDs. The effects of magnetic field strength on Mmax for the TO and RO cases 
are asymmetric which motivates us to chose different Bo for different magnetic 
field orientations. One may find that for a specific set of constant parameter such 
as r = 0.1, y = 0.9 and & = 0.5 the asymmetry of maximum mass for the TO 
and RO cases due to Be = 4 x 10^ G is ~65% which confirms significant effect of 
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Table 1. Physical parameters of WDs with & = 0.5, 7 = 0.2 and y = 0.9 for different Bo. 


Orientation Corresponding Central Central Central 


of magnetic Bo Maximum predicted magnetic field density pressure Dag 
. : grav 
field (Gauss) mass (Mọ) radius (km) Be (Gauss) pe (gm/em?) pe (dyne/cm?) 
Transverse Orientation 3.7 x 1014 2.80 1457.24 2.538 x 1017 7.040 x 10? 2.809 x 107 1.405 x 107 
No magnetic Field - 1.69 926.91 - 2.560 x 1019 — 9.865 x 1028 - 
Radial Orientation 1014 1.66 507.10 1014 1.665 x 101! 1.152 x 109° 7.227 x 1075 


magnetic field orientations on B-WDs. Fig. 5 features that for TO (RO) the increase 
(decrease) of Mmax is rapid (slow) with the increase of central magnetic field Be. 

Chandrasekhar and Fermi?? predicted that for magnetized spherical symmetric 
stable compact stars it is not sufficient that they are consistent with the inequality 
T > 4/3 as the strong magnetic field may lead to stellar instability. They further 
predicted that for the dynamical stability of the magnetized compact stars the 
necessary condition i$ Emag/|Egrav| << 1, where Emag and |Egray| denote the 
magnetic and gravitational potential energies, respectively. In Fig. 6 we present that 
for both TO and RO due to different Bo, |Egrav| overpowers Emag considerably to 
achieve dynamical stability of B-WDs. 

For the better understanding of the readers, we present the obtained results for 
the different cases in Table 1. We present the variation of Mmax, R, Be, system 
central density (e), system central pressure (pe) and Emag/ | Egray | with different Bo 
for both TO and RO and non-magnetized cases in Table 1. Note that the presented 
results in Table. 1 are based on the chosen set of constants such as 7 = 0.2, y = 0.9 
and « = 0.5. Clearly, for TO with the increase of By, B-WDs become massive, 
larger in size and less dense compact object, whereas for RO as Bo increases B-WDs 
become gradually less massive, smaller in size and highly dense compact object 
compared to their non-magnetized case. 


4. Conclusion 


In the present work we explore the combined effects due to magnetic field strength, 
orientations of magnetic field and effective anisotropy raised due to matter and field 
on B-WDs. Although anisotropic WDs were studied by Chowdhury and Sarkar,"? 
their study was based on the non-magnetised case. On the other hand, Chu et al.” 
explored the effect of magnetic field and their orientation on total mass of compact 
stars. However, they ignored important effect of anisotropy and did not show effects 
of magnetic field orientations on the different physical parameters of compact stars. 
In this work for the first time we have studied the combined effects of magnetic field 
strength, their orientations and anisotropy on WDs in the strong magnetic field. In 
conclusion, the two major results of our study on B-WDs are as follows: 


(i) We show that to achieve magneto-hydrostatic stability at the stellar center 
of B-WDs, the effective anisotropy due to matter and magnetic field should be 
considered. 
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(ii) With the choice of appropriate set of constant parameters such as & and Bo 
our model can appropriately explain massive progenitors of peculiar over luminous 
SNela as high as 2.8 Mo, which further raise question regarding the idea of 1.4 Mo 
WDs as the "standard candle". 
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